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Nicolò Cesa-Bianchi, Claudio Gentile, Yishay Mansour

20(18):1–29 Multiplicative local linear hazard estimation and best one-sided
cross-validation
Maria Luz Gámiz, Marı́a Dolores Martı́nez-Miranda, Jens Perch
Nielsen

20(19):1–5 spark-crowd: A Spark Package for Learning from Crowdsourced
Big Data
Enrique G. Rodrigo, Juan A. Aledo, José A. Gámez
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20(121):1–39 Scaling Up Sparse Support Vector Machines by Simultaneous
Feature and Sample Reduction
Bin Hong, Weizhong Zhang, Wei Liu, Jieping Ye, Deng Cai, Xiaofei
He, Jie Wang

20(122):1–55 Approximate Profile Maximum Likelihood
Dmitri S. Pavlichin, Jiantao Jiao, Tsachy Weissman

20(123):1–26 ADMMBO: Bayesian Optimization with Unknown Constraints
using ADMM
Setareh Ariafar, Jaume Coll-Font, Dana Brooks, Jennifer Dy

20(124):1–62 Deep Exploration via Randomized Value Functions
Ian Osband, Benjamin Van Roy, Daniel J. Russo, Zheng Wen

20(125):1–5 ORCA: A Matlab/Octave Toolbox for Ordinal Regression
Javier Sánchez-Monedero, Pedro A. Gutiérrez, Marı́a Pérez-Ortiz
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20(160):1–56 Learning by Unsupervised Nonlinear Diffusion
Mauro Maggioni, James M. Murphy

20(161):1–44 Sparse Kernel Regression with Coefficient-based `q−regularization
Lei Shi, Xiaolin Huang, Yunlong Feng, Johan A.K. Suykens

20(162):1–56 A Kernel Multiple Change-point Algorithm via Model Selection
Sylvain Arlot, Alain Celisse, Zaid Harchaoui

20(163):1–42 Two-Layer Feature Reduction for Sparse-Group Lasso via De-
composition of Convex Sets
Jie Wang, Zhanqiu Zhang, Jieping Ye

20(164):1–31 The Reduced PC-Algorithm: Improved Causal Structure Learn-
ing in Large Random Networks
Arjun Sondhi, Ali Shojaie

20(165):1–37 On the Convergence of Gaussian Belief Propagation with Nodes
of Arbitrary Size
Francois Kamper, Sarel J. Steel, Johan A. du Preez

20(166):1–40 Unsupervised Evaluation and Weighted Aggregation of Ranked
Classification Predictions
Mehmet Eren Ahsen, Robert M Vogel, Gustavo A Stolovitzky

20(167):1–46 Stochastic Canonical Correlation Analysis
Chao Gao, Dan Garber, Nathan Srebro, Jialei Wang, Weiran Wang

20(168):1–70 Determinantal Point Processes for Coresets
Nicolas Tremblay, Simon Barthelmé, Pierre-Olivier Amblard
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ä
h

n
e

sv
e
n
.d
a
e
h
n
e
@
t
u
-b
e
r
l
in
.d
e

P
ie

te
r-

J
a
n

K
in

d
e
rm

a
n

s
p
.k
in
d
e
r
m
a
n
s@

t
u
-b
e
r
l
in
.d
e

T
ec

h
n

is
ch

e
U

n
iv

er
si

tä
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ré
g
o
ir

e
M

o
n
ta

v
o
n

,
W

o
jc

ie
ch

S
a
m

ek
,

K
la

u
s-

R
o
b

er
t

M
ü
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p
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n
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b
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ra
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p
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h
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b
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ra
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b
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b
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.
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p
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at
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p
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b
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D
ee

p
T

ay
lo

r
(M

on
ta

v
on

et
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re
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b
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p
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p
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p
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p
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b
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b
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ra
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et
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d

is
as

u
n
co

m
p
li
ca

te
d

as
p
as

si
n
g

a
tr

ai
n
ed

n
eu

ra
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p
a
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al

u
at

io
n
s

of
(i

m
ag

e)
cl

as
si

fi
ca

ti
on

ta
sk

w
e

fu
rt

h
er

p
ro

v
id

e
an

im
p
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at
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p
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p
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b
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p
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p
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b
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p
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h
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d
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b
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b
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.
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p
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ra
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p
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ra
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N
v
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r
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d
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d
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p
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d
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b
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h
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m
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h
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p
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d
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b
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p
red

iction
s.

T
h
e

corresp
on

d
in

g
P

y
th

on
co

d
e

is:

1
im

p
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r
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=
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r
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r
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d
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e
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i
t

(
X

t
r
a

in
)

#
i
f

n
e
e
d
e
d

5
a

n
a

ly
s
is

=
a

n
a

ly
z

e
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b
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d
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P
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con
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p
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b
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e-a
rt

m
o
d
els:

V
G

G
16

(S
im

on
yan

an
d

Z
isserm

an
,

2014
),

In
cep

tio
n
V

3
(S

zeged
y

et
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al.,
2017),

D
en

seN
et

(H
u
a
n
g

et
a
l.,

2
017),

N
A

S
N

et
(Z

op
h

et
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pred: baseball

Input
Gradient
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oothGradGuided Backprop

PatternNetInput * Gradient

Integrated Gradients

LRP-EpsilonLRP-PresetADeepTaylorPatternAttribution

logit: 17.28
prob: 0.54
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prob: 0.44

network: nasnet_large
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b
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algorith
m

s.
T

h
e

d
evelop

er
on

ly
n
eed

s
to

im
p
lem

en
t

sp
ecifi

c
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b
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p
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b
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p
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d
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b
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b
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b
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arison

of
an

aly
sis

algorith
m

s
is

th
e

m
eth

o
d

“p
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äld

ch
en

,
A

lex
an

d
er

B
in

d
er,

G
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n
d

is
a

b
as

ic
p
ro

b
le

m
fo

r
m

an
y

al
go

ri
th

m
ic

ta
sk

s.
It

al
so

h
as

im
p
li
ca

ti
on

s
fo

r
th

e
p
ra

ct
ic

al
u
se

of
d
iff

er
en

ti
a
l

p
ri

va
cy

.
C

on
si

d
er

,
fo

r
in

st
an

ce
,

a
h
os

p
it

al
th

at
co

ll
ec

ts
in

fo
rm

at
io

n
ab

ou
t

it
s

p
at

ie
n
ts

a
n
d

w
is

h
es

to
u
se

th
is

in
fo

rm
at

io
n

fo
r

m
ed

ic
al

re
se

ar
ch

.
T

h
e

h
os

p
it

al
re

co
rd

s
fo

r
ea

ch
p
at

ie
n
t

a
co

ll
ec

ti
on

of
at

tr
ib

u
te

s
su

ch
as

ag
e,

se
x
,

an
d

th
e

re
su

lt
s

of
va

ri
ou

s
d
ia

gn
os

ti
c

te
st

s
(f

o
r

ea
ch

p
a
ti

en
t,

th
es

e
at

tr
ib

u
te

s
m

ak
e

u
p

a
p

oi
n
t
x

in
so

m
e

d
om

ai
n
X

)
an

d
,

fo
r

ea
ch

of
k

d
is

ea
se

s,
w

h
et

h
er

th
e

p
at

ie
n
t

su
ff

er
s

fr
om

th
e

d
is

ea
se

(t
h
e
k

la
b

el
s

(y
1
,.
..
,y
k
))

.
B

as
ed

on
th

is
co

ll
ec

ti
o
n

o
f

d
at

a,
th

e
h
os

p
it

al
re

se
ar

ch
er

s
w

is
h

to
le

ar
n

go
o
d

p
re

d
ic

to
rs

fo
r

th
e
k

d
is

ea
se

s.
O

n
e

o
p
ti

o
n

fo
r

th
e

re
se

ar
ch

er
s

is
to

p
er

fo
rm

ea
ch

of
th

e
le

ar
n
in

g
ta

sk
s

on
a

fr
es

h
sa

m
p
le

o
f

p
a
ti

en
ts

,
h
en

ce
en

la
rg

in
g

th
e

n
u
m

b
er

of
p
at

ie
n
t

ex
am

p
le

s
n
ee

d
ed

(i
.e

.
th

e
sa

m
p
le

co
m

p
le

xi
ty

)
b
y

a
fa

ct
or

of
k
,

w
h
ic

h
ca

n
b

e
v
er

y
co

st
ly

.

W
it

h
ou

t
co

n
ce

rn
fo

r
p
ri

va
cy

,
th

e
sa

m
p
le

co
m

p
le

x
it

y
th

at
is

n
ec

es
sa

ry
an

d
su

ffi
ci

en
t

fo
r

p
er

fo
rm

in
g

th
e
k

le
ar

n
in

g
ta

sk
s

is
ac

tu
al

ly
fu

ll
y

ch
ar

ac
te

ri
ze

d
b
y

th
e

V
C

d
im

en
si

o
n

o
f

th
e

co
n
ce

p
t

cl
as

s
C

–
it

is
in

d
ep

en
d
en

t
of

th
e

n
u
m

b
er

of
le

ar
n
in

g
ta

sk
s
k
.

In
th

is
w

o
rk

,
w

e
se

t
ou

t
to

ex
am

in
e

if
th

e
si

tu
at

io
n

is
si

m
il
ar

w
h
en

th
e

le
ar

n
in

g
is

p
er

fo
rm

ed
w

it
h

d
iff

er
en

ti
a
l

p
ri

va
cy

.
In

te
re

st
in

gl
y,

w
e

se
e

th
at

w
it

h
d
iff

er
en

ti
al

p
ri

va
cy

th
e

p
ic

tu
re

is
q
u
it

e
d
iff

er
en

t,
an

d
in

p
ar

ti
cu

la
r,

th
e

re
q
u
ir

ed
n
u
m

b
er

of
ex

am
p
le

s
ca

n
gr

ow
p

ol
y
n
om

ia
ll
y

in
k
.

P
ri

v
a
te

le
a
rn

in
g
.

A
p
ri

va
te

le
a
rn

er
is

an
al

g
or

it
h
m

th
at

is
gi

v
en

a
sa

m
p
le

o
f

la
b

el
ed

ex
am

p
le

s
(x
,c

(x
))

(e
ac

h
re

p
re

se
n
ti

n
g

th
e

in
fo

rm
at

io
n

an
d

la
b

el
p

er
ta

in
in

g
to

a
n

in
d
iv

id
u
a
l)

an
d

ou
tp

u
ts

a
ge

n
er

al
iz

in
g

h
y
p

ot
h
es

is
h

th
at

gu
a
ra

n
te

es
d
iff

er
en

ti
al

p
ri

va
cy

w
it

h
re

sp
ec

t
to

it
s

ex
am

p
le

s.
T

h
e

fi
rs

t
d
iff

er
en

ti
a
ll
y

p
ri

va
te

le
ar

n
in

g
al

go
ri

th
m

s
w

er
e

g
iv

en
b
y

B
lu

m
et

al
.

(2
00

5)
an

d
th

e
n
ot

io
n

of
p
ri

va
te

le
a
rn

in
g

w
as

p
u
t

fo
rw

ar
d

an
d

fo
rm

al
ly

re
se

a
rc

h
ed

b
y

K
as

iv
is

w
an

at
h
an

et
al

.
(2

01
1)

.
A

m
on

g
ot

h
er

re
su

lt
s,

th
e

la
tt

er
w

or
k

p
re

se
n
te

d
a

g
en

er
ic

co
n
st

ru
ct

io
n

of
d
iff

er
en

ti
al

ly
p
ri

va
te

le
ar

n
er

s
w

it
h

sa
m

p
le

co
m

p
le

x
it

y
O

(l
og
|C
|).

In
co

n
tr

as
t,

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

(n
on

-p
ri

va
te

)
P

A
C

le
ar

n
in

g
is

Θ
(V

C
(C

))
,

w
h
ic

h
ca

n
b

e
m

u
ch

lo
w

er
th

an
lo

g
|C
|f

or
sp

ec
ifi

c
co

n
ce

p
t

cl
a
ss

es
.

T
h
is

ga
p

le
d

to
a

li
n
e

o
f

w
o
rk

ex
am

in
in

g
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

p
ri

va
te

le
ar

n
in

g,
w

h
ic

h
h
as

re
ve

al
ed

a
si

g
n
ifi

ca
n
tl

y
m

o
re

co
m

p
le

x
p
ic

tu
re

th
an

th
er

e
is

fo
r

n
on

-p
ri

va
te

le
ar

n
in

g.
In

p
ar

ti
cu

la
r,

fo
r

p
u

re
d
iff

er
en

ti
a
ll
y

p
ri

va
te

le
ar

n
er

s,
it

is
k
n
ow

n
th

at
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

p
ro

p
er

le
ar

n
in

g
(w

h
er

e
th

e
le

a
rn

er
re

tu
rn

s
a

h
y
p

ot
h
es

is
h

ta
ke

n
fr

om
C

)
is

so
m

et
im

es
h
ig

h
er

th
an

th
e

sa
m

p
le

co
m

p
le

x
it

y
o
f

im
p
ro

p
er

le
ar

n
er

s
(w

h
er

e
h

co
m

es
fr

om
an

ar
b
it

ra
ry

h
y
p

o
th

es
is

cl
as

s
H

).
T

h
e

la
tt

er
is

ch
ar

ac
te

ri
ze

d
b
y

th
e

re
p
re

se
n

ta
ti

o
n

d
im

en
si

o
n

of
th

e
co

n
ce

p
t

cl
as

s
C

,
w

h
ic

h
is

g
en

er
a
ll
y

h
ig

h
er

th
an

th
e

V
C

d
im

en
si

on
(B

ei
m

el
et

al
.,

20
14

;
C

h
au

d
h
u
ri

an
d

H
su

,
20

11
;

B
ei

m
el

et
a
l.
,

20
13

a;
F

el
d
m

an
an

d
X

ia
o,

20
14

).
B

y
co

n
tr

as
t,

a
sa

m
p
le

co
m

p
le

x
it

y
ga

p
b

et
w

ee
n

p
ro

p
er

an
d

im
p
ro

p
er

le
ar

n
er

s
d
o
es

n
ot

ex
is

t
fo

r
n
on

-p
ri

va
te

le
ar

n
in

g.
In

th
e

ca
se

o
f

a
p
p
ro

xi
m

a
te

d
iff

er
en

ti
al

p
ri

va
cy

n
o

su
ch

co
m

b
in

at
or

ia
l
ch

ar
ac

te
ri

za
ti

on
is

cu
rr

en
tl

y
k
n
ow

n
.

It
is

h
ow

ev
er

k
n
ow

n
th

at
th

e
sa

m
p
le

co
m

p
le

x
it

y
o
f

su
ch

le
ar

n
er

s
ca

n
b

e
si

gn
ifi

ca
n
tl

y
lo

w
er

th
a
n

th
a
t

o
f

p
u
re

-d
iff

er
en

ti
al

ly
p
ri

va
te

le
ar

n
er

s
an

d
y
et

h
ig

h
er

th
an

th
e

V
C

d
im

en
si

on
o
f
C

(B
ei

m
el

et
al

.,
20

13
a,

b
;

F
el

d
m

an
an

d
X

ia
o,

20
14

;
B

u
n

et
al

.,
20

15
;

A
lo

n
et

al
.,

20
18

).
F

u
rt

h
er

m
o
re

,
th

er
e

ex
is

t
(i

n
fi
n
it

e)
P

A
C

-l
ea

rn
ab

le
co

n
ce

p
t

cl
as

se
s

fo
r

w
h
ic

h
n
o

d
iff

er
en

ti
al

ly
p
ri

va
te

le
a
rn

er
(p

u
re

or
ap

p
ro

x
im

at
e)

ex
is

ts
.

2
JM

L
R

 2
0(
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1-
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9



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

P
riv

a
te

m
u

lti-le
a
rn

in
g
.

In
th

is
w

ork
w

e
ex

am
in

e
th

e
sam

p
le

com
p
lex

ity
of

p
rivate

m
u
lti-

lea
rn

in
g
.

O
u
r

w
ork

is
m

otivated
b
y

th
e

recu
rrin

g
research

th
em

e
of

th
e

d
irect-su

m
,

as
w

ell
a
s

b
y

th
e

n
eed

to
u
n
d
erstan

d
w

h
eth

er
m

u
lti-learn

in
g

rem
ain

s
feasib

le
u
n
d
er

d
iff

eren
tial

p
riva

cy,
a
s

it
is

w
ith

ou
t

p
rivacy

con
strain

ts.

A
t

fi
rst

g
la

n
ce,

p
rivate

m
u
lti-learn

in
g

ap
p

ears
to

b
e

sim
ilar

to
th

e
q
u
ery

release
p
rob

lem
,

th
e

g
o
a
l

of
w

h
ich

is
to

ap
p
rox

im
ate

th
e

average
valu

es
of

a
large

collection
o
f

p
red

icates
on

a
d
a
ta

set.
O

n
e

su
rp

risin
g

resu
lt

in
d
iff

eren
tial

p
rivacy

is
th

at
it

is
p

ossib
le

to
an

sw
er

an
ex

p
o
n
en

tial
n
u
m

b
er

of
su

ch
q
u
eries

on
a

d
ataset

(B
lu

m
et

al.,
2013;

R
oth

an
d

R
ou

gh
gard

en
,

2
0
1
0
;

H
ard

t
a
n
d

R
oth

b
lu

m
,

2010).
F

or
ex

am
p
le,

B
lu

m
et

al.
(2013)

sh
ow

ed
th

at
given

a
d
a
ta

set
D

a
n
d

a
con

cep
t

class
C

,
it

is
p

ossib
le

to
gen

erate
w

ith
d
iff

eren
tial

p
rivacy

a
d
ataset

D̂
su

ch
th

a
t

th
e

average
valu

e
of
c

on
D

ap
p
rox

im
ates

th
e

av
erage

of
c

on
D̂

for
ev

ery
c∈

C
sim

u
lta

n
eo

u
sly

(th
is

retu
rn

ed
d
atab

ase
D̂

is
called

a
sa

n
itized

d
atab

ase,
an

d
th

e
algorith

m
co

m
p
u
tin

g
D̂

is
called

a
sa

n
itizer).

T
h
e

sam
p
le

com
p
lex

ity
req

u
ired

,
i.e.,

th
e

size
of

th
e

d
a
ta

b
a
se
D

,
to

p
erform

th
is

san
itization

is
on

ly
logarith

m
ic

in
|C
|.

R
esu

lts
of

th
is

fl
av

or
su

g
g
est

th
a
t

w
e

can
also

learn
ex

p
on

en
tially

m
an

y
con

cep
ts

sim
u
ltan

eou
sly.

H
ow

ever,
w

e
g
ive

n
eg

a
tive

resu
lts

sh
ow

in
g

th
at

th
is

is
n
ot

th
e

case,
an

d
th

at
m

u
lti-learn

in
g

can
h
av

e
sig

n
ifi

ca
n
tly

h
ig

h
er

sam
p
le

com
p
lex

ity
th

an
q
u
ery

release.

1
.1

.
O

u
r

re
su

lts

P
rio

r
w

o
rk

on
p
rivately

learn
in

g
th

e
sim

p
le

co
n
cep

t
classes

P
O
I
N
T
X

(of
fu

n
ction

s
th

at
eval-

u
a
te

to
1

o
n

ex
actly

on
e

p
oin

t
of

th
eir

d
om

a
in
X

an
d

to
0

oth
erw

ise)
an

d
T
H
R
E
S
H
X

(of
fu

n
ctio

n
s

th
at

evalu
ate

to
1

on
a

p
refi

x
of

th
e

d
om

ain
X

an
d

to
0

oth
erw

ise)
h
as

d
em

on
-

stra
ted

a
rath

er
com

p
lex

p
ictu

re,
d
ep

en
d
in

g
on

w
h
eth

er
learn

ers
are

p
rop

er
or

im
p
rop

er,
a
n
d

w
h
eth

er
learn

in
g

is
p

erform
ed

w
ith

p
u
re

or
ap

p
rox

im
ate

d
iff

eren
tial

p
rivacy

(B
eim

el
et

a
l.,

2
0
1
4
,

2
0
1
3a,b

;
B

u
n

et
al.,

2015).
W

e
a
n
aly

ze
th

e
sam

p
le

com
p
lex

ity
of

m
u
lti-learn

in
g

o
f

th
ese

sim
p
le

con
cep

t
classes,

as
w

ell
as

gen
eral

con
cep

t
classes.

W
e

also
con

sid
er

th
e

class
P
A
R
d

o
f

p
a
rity

fu
n
ction

s,
b
u
t

in
th

is
case

w
e

restrict
ou

r
atten

tion
to

u
n
iform

ly
selected

ex
-

a
m

p
les.

W
e

ex
a
m

in
e

b
oth

p
rop

er
an

d
im

p
rop

er
P

A
C

an
d

agn
o
stic

learn
in

g
u
n
d
er

p
u
re

a
n
d

a
p
p
rox

im
a
te

d
iff

eren
tial

p
rivacy.

F
or

ease
of

referen
ce,

w
e

in
clu

d
e

tab
les

w
ith

o
u
r

resu
lts

in
S
ectio

n
1
.3

,
w

h
ere

w
e

om
it

th
e

d
ep

en
d
en

cy
on

th
e

p
rivacy

an
d

accu
racy

p
aram

eters.

T
e
ch

n
iq

u
e
s

fo
r

p
riv

a
te
k
-le

a
rn

in
g
.

C
o
m

p
o
sition

th
eorem

s
for

d
iff

eren
tial

p
rivacy

sh
ow

th
a
t

th
e

sa
m

p
le

com
p
lex

ity
of

learn
in

g
k

con
cep

ts
sim

u
ltan

eou
sly

is
at

m
ost

a
factor

of
k

la
rg

er
th

a
n

th
e

sam
p
le

com
p
lex

ity
of

learn
in

g
on

e
con

cep
t

(an
d

m
ay

b
e

red
u
ced

to
√
k

fo
r

a
p
p
rox

im
ate

d
iff

eren
tial

p
rivacy

).
U

n
fortu

n
ately,

p
rivately

learn
in

g
on

e
con

cep
t

from
a

co
n
cep

t
cla

ss
C

can
som

etim
es

b
e

q
u
ite

costly,
req

u
irin

g
m

u
ch

h
igh

er
sa

m
p
le

com
p
lex

ity
th

a
n

V
C

(C
)

w
h
ich

is
n
eed

ed
to

learn
n
on

-p
rivately.

B
u
ild

in
g

on
tech

n
iq

u
es

of
B

eim
el

et
al.

(2
0
1
5),

w
e

sh
ow

th
at

th
e

m
u
ltip

licative
d
ep

en
d
en

ce
on

k
can

alw
ay

s
b

e
red

u
ced

to
th

e
V

C
-d

im
en

sio
n

of
C

,
at

th
e

ex
p

en
se

of
p
ro

d
u
cin

g
a

on
e-tim

e
san

itization
of

th
e

d
ataset.

T
h

e
o
re

m
1

(In
fo

rm
a
l)

L
et
C

be
a

co
n

cep
t

cla
ss

fo
r

w
h
ich

th
ere

is
p
u

re
d
iff

eren
tia

lly
p
riva

te
sa

n
itizer

fo
r
C
⊕

=
{
f
⊕
g

:
f
,g
∈
C
}

w
ith

sa
m

p
le

co
m

p
lexity

m
.

T
h
en

th
ere

is
a

p
u

re
d
iff

eren
tia

lly
p
riva

te
a
gn

o
stic

k
-lea

rn
er

fo
r
C

w
ith

sa
m

p
le

co
m

p
lexity

O
(m

+
k·V

C
(C

)).

3
JM

L
R

 20(94):1-34, 2019

B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

S
im

ila
rly,

if
C
⊕

h
a
s

a
n

a
p
p
ro

xim
a
te

d
iff

eren
tia

lly
p
riva

te
sa

n
itizer

w
ith

sa
m

p
le

co
m

-
p
lexity

m
,

th
en

th
ere

is
a
n

a
p
p
ro

xim
a
te

d
iff

eren
tia

lly
p
riva

te
a
gn

o
stic

k
-lea

rn
er

fo
r
C

w
ith

sa
m

p
le

co
m

p
lexity

O
(m

+
√
k·V

C
(C

)).

T
h
e

b
est

k
n
ow

n
gen

eral-p
u
rp

ose
san

itizers
req

u
ire

sam
p
le

com
p
lex

ity
m

=
O

(V
C

(C
)

log|X
|)

for
p
u
re

d
iff

eren
tial

p
rivacy

(B
lu

m
et

al.,
2013)

an
d
m

=
O

(log|C
| √

log|X
|)

for
ap

p
rox

i-
m

ate
d
iff

eren
tial

p
rivacy

(H
ard

t
an

d
R

oth
b
lu

m
,
2010).

H
ow

ev
er,

for
sp

ecifi
c

con
cep

t
classes

(su
ch

as
P
O
I
N
T
X

an
d
T
H
R
E
S
H
X

),
th

e
sam

p
le

com
p
lex

ity
of

san
itization

can
b

e
m

u
ch

low
er.

In
th

e
case

of
ap

p
rox

im
ate

d
iff

eren
tial

p
rivacy,

th
e

sam
p
le

com
p
lex

ity
of
k
-learn

in
g

can
b

e
even

low
er

th
an

w
h
at

is
ach

ievab
le

w
ith

ou
r

gen
eric

lea
rn

er.
U

sin
g

stab
ility

-b
ased

argu
m

en
ts,

w
e

sh
ow

th
at

p
oin

t
fu

n
ction

s
an

d
p
arities

u
n
d
er

th
e

u
n
iform

d
istrib

u
tion

can
b

e
P

A
C
k
-learn

ed
w

ith
sam

p
le

com
p
lex

ity
O

(V
C

(C
))

–
in

d
ep

en
d
en

t
of

th
e

n
u
m

b
er

of
con

cep
ts

k
(see

T
h
eorem

s
40

an
d

39).

L
o
w

e
r

b
o
u

n
d

s.
In

ligh
t

of
th

e
ab

ove
resu

lts,
on

e
m

igh
t

h
op

e
to

b
e

ab
le

to
red

u
ce

th
e

d
ep

en
d
en

ce
on

k
fu

rth
er,

or
to

elim
in

a
te

it
en

tirely
(as

is
p

ossib
le

in
th

e
case

of
n
on

-p
rivate

learn
in

g).
W

e
sh

ow
th

at
th

is
is

n
ot

p
ossib

le,
even

for
th

e
sim

p
lest

of
con

cep
t

classes.
In

th
e

case
of

p
u
re

d
iff

eren
tial

p
rivacy,

a
p
ack

in
g

argu
m

en
t

(F
eld

m
an

et
al.,

2009
;

H
ard

t
an

d
T

alw
ar,

2010;
B

eim
el

et
al.,

2014)
sh

ow
s

th
at

an
y

n
on

-triv
ial

con
cep

t
class

req
u
ires

sam
p
le

com
p
lex

ity
Ω

(k
)

to
p
rivately

k
-learn

(T
h
eorem

52).
F

or
ap

p
rox

im
ate

d
iff

eren
tial

p
rivacy,

w
e

u
se

fi
n
gerp

rin
tin

g
co

d
es

(B
on

eh
an

d
S
h
aw

,
1998;

B
u
n

et
al.,

2014)
to

sh
ow

th
at

u
n
lik

e
p

oin
ts

an
d

p
arities,

th
resh

old
fu

n
ction

s
req

u
ire

sam
p
le

com
p
lex

ity
Ω̃

(k
1
/
3)

to
P

A
C

learn
p
rivately

(C
orollary

46).
M

oreover,
an

y
n
on

-triv
ial

con
cep

t
class

req
u
ires

sam
p
le

com
p
lex

ity
Ω̃

( √
k
)

to
p
rivately

learn
in

th
e

agn
ostic

m
o
d
el

(T
h
eorem

47).
In

th
e

case
of

p
oin

t
fu

n
ction

s,
th

is
m

atch
es

th
e

u
p
p

er
b

ou
n
d

ach
ievab

le
b
y

ou
r

gen
eric

learn
er.

W
e

h
igh

ligh
t

a
few

of
th

e
m

ain
takeaw

ay
s

from
ou

r
resu

lts:

A
c
o
m

p
le

x
a
n

sw
e
r

to
th

e
d

ire
c
t

su
m

q
u

e
stio

n
.

O
u
r

u
p
p

er
b

ou
n
d
s

sh
ow

th
at

solv
-

in
g
k

learn
in

g
p
rob

lem
s

sim
u
ltan

eou
sly

can
req

u
ire

su
b
stan

tially
low

er
sam

p
le

co
m

p
lex

ity
th

an
solv

in
g

th
e

p
rob

lem
s

in
d
iv

id
u
ally.

O
n

th
e

oth
er

h
an

d
,

o
u
r

low
er

b
ou

n
d
s

sh
ow

th
at

a
sign

ifi
can

t
d
ep

en
d
en

ce
on

k
is

gen
erally

n
ecessary.

S
e
p

a
ra

tio
n

b
e
tw

e
e
n

p
riv

a
te

P
A

C
a
n

d
p

riv
a
te

a
g
n

o
stic

le
a
rn

in
g
.

N
on

-p
rivately,

th
e

sam
p
le

com
p
lex

ities
of

P
A

C
an

d
agn

ostic
learn

in
g

are
of

th
e

sam
e

ord
er

(d
iff

erin
g

on
ly

in
th

e
d
ep

en
d
en

cy
in

th
e

accu
racy

p
aram

eters).
B

eim
el

et
al.

(2015)
sh

ow
ed

th
at

th
is

is
also

th
e

case
w

ith
d
iff

eren
tially

p
rivate

learn
in

g
(of

on
e

con
cep

t).
O

u
r

resu
lts

on
learn

in
g

p
oin

t
fu

n
ction

s
sh

ow
th

at
p
rivate

P
A

C
an

d
agn

ostic
m

u
lti-lea

rn
in

g
can

b
e

su
b
sta

n
tially

d
iff

eren
t

(even
for

learn
in

g
u
p

to
con

stan
t

error).
In

th
e

case
of

ap
p
rox

im
ate

d
iff

eren
tial

p
rivacy,

O
(1)

sam
p
les

su
ffi

ce
to

P
A

C
-learn

m
u
ltip

le
p

oin
t

fu
n
ction

s.
H

ow
ever,

Ω̃
( √
k
)

sam
p
les

are
n
eed

ed
to

learn
k

p
oin

ts
agn

ostically.

S
e
p

a
ra

tio
n

b
e
tw

e
e
n

im
p

ro
p

e
r

le
a
rn

in
g

w
ith

a
p

p
ro

x
im

a
te

d
iff

e
re

n
tia

l
p

riv
a
c
y

a
n

d
n

o
n

-p
riv

a
te

le
a
rn

in
g
.

B
u
n

et
al.

(2015)
an

d
A

lo
n

et
al.

(2018)
sh

ow
ed

th
at

th
e

sam
p
le

com
p
lex

ity
of

ap
p
rox

im
ate-p

rivate
learn

in
g

can
b

e
asy

m
p
totically

larger
th

an
th

a
t

of
n
on

-p
rivate

learn
in

g,
b
u
t

th
is

sep
aration

is
very

m
ild

.
S
p

ecifi
cally,

th
ey

sh
ow

ed
th

at
lea

rn
in

g
on

e
th

resh
old

fu
n
ction

over
a

d
om

ain
X

req
u
ires

sam
p
le

com
p
lex

ity
at

least
Ω

(log ∗|X
|)

w
ith

ap
p
rox

im
ate

d
iff

eren
tial

p
rivacy,

as
op

p
osed

to
O

(1)
w

ith
ou

t
p
rivacy.

A
n

in
terestin

g
op

en

4
JM

L
R

 20(94):1-34, 2019



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

q
u
es

ti
on

is
w

h
et

h
er

th
er

e
ar

e
ca

se
s

in
w

h
ic

h
a

st
ro

n
ge

r
se

p
ar

at
io

n
ex

is
ts

,
or

is
it

th
e

ca
se

th
at

th
e

ex
tr

a
co

st
s

in
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

ap
p
ro

x
im

at
e

p
ri

va
te

le
ar

n
in

g
ca

n
al

w
ay

s
b

e
re

d
u
ce

d
to

O
(l

og
∗
|X
|).

W
h
il
e

w
e

d
o

n
ot

ad
d
re

ss
th

is
q
u
es

ti
on

d
ir

ec
tl

y,
w

e
ex

h
ib

it
a

st
ro

n
g

se
p
ar

at
io

n
fo

r
m

u
lt

i-
le

ar
n
in

g.
In

p
ar

ti
cu

la
r,

le
ar

n
in

g
k

th
re

sh
ol

d
s

w
it

h
ap

p
ro

x
im

at
e

d
iff

er
en

ti
al

p
ri

va
cy

re
q
u
ir

es
Ω̃

(k
1
/
3
)

sa
m

p
le

s,
w

h
il
e
O

(1
)

sa
m

p
le

s
su

ffi
ce

s
n
on

-p
ri

va
te

ly
.

1
.2

.
R

e
la

te
d

w
o
rk

D
iff

er
en

ti
al

p
ri

va
cy

w
as

d
efi

n
ed

in
(D

w
or

k
et

al
.,

20
06

b
)

an
d

th
e

re
la

x
at

io
n

to
ap

p
ro

x
im

at
e

d
iff

er
en

ti
al

p
ri

va
cy

is
fr

om
(D

w
or

k
et

al
.,

20
06

a
).

M
os

t
re

la
te

d
to

o
u
r

w
o
rk

is
th

e
w

or
k

on
p
ri

va
te

le
ar

n
in

g
an

d
it

s
sa

m
p
le

co
m

p
le

x
it

y
(B

lu
m

et
al

.,
20

05
;

K
as

iv
is

w
an

at
h
an

et
al

.,
20

11
;

C
h
au

d
h
u
ri

an
d

H
su

,
20

11
;

D
w

or
k

et
al

.,
20

10
;

B
ei

m
el

et
al

.,
20

13
a,

b
,

20
14

,
20

15
,

20
19

;
K

ap
la

n
et

al
.,

20
19

;
F

el
d
m

an
an

d
X

ia
o,

20
14

;
B

u
n

et
al

.,
20

15
;

A
lo

n
et

al
.,

20
1
8)

an
d

th
e

ea
rl

y
w

or
k

on
sa

n
it

iz
at

io
n

(B
lu

m
et

al
.,

20
13

).
T

h
at

m
an

y
“n

at
u
ra

l”
le

a
rn

in
g

ta
sk

s
ca

n
b

e
p

er
fo

rm
ed

p
ri

va
te

ly
w

as
sh

ow
n

in
th

e
ea

rl
y

w
or

k
of

B
lu

m
et

al
.

(2
00

5)
an

d
K

as
iv

is
w

an
at

h
an

et
al

.
(2

01
1)

.
A

ch
ar

ac
te

ri
za

ti
on

fo
r

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

p
u

re
-p

ri
va

te
le

ar
n
er

s
w

as
gi

ve
n

b
y

B
ei

m
el

et
al

.
(2

01
3a

),
in

te
rm

s
of

a
n
ew

co
m

b
in

at
or

ia
l

m
ea

su
re

–
th

e
R

ep
re

se
n

ta
ti

o
n

D
im

en
si

o
n

,
th

at
is

,
gi

ve
n

a
cl

as
s
C

,
th

e
n
u
m

b
er

of
sa

m
p
le

s
n
ee

d
ed

an
d

su
ffi

ci
en

t
fo

r
p
ri

va
te

ly
le

ar
n
in

g
C

is
Θ

(R
ep

D
im

(C
))

.
B

u
il
d
in

g
on

(B
ei

m
el

et
al

.,
20

13
a)

,
F

el
d
m

an
an

d
X

ia
o

(2
01

4)
sh

ow
ed

an
eq

u
iv

al
en

ce
b

et
w

ee
n

th
e

re
p
re

se
n
ta

ti
on

d
im

en
si

on
of

a
co

n
ce

p
t
C

an
d

th
e

ra
n
d
om

iz
ed

on
e-

w
ay

co
m

m
u
n
ic

at
io

n
co

m
p
le

x
it

y
of

th
e

ev
al

u
at

io
n

p
ro

b
le

m
fo

r
co

n
ce

p
ts

fr
om

C
.

T
h
e

p
ro

b
le

m
of

le
ar

n
in

g
m

u
lt

ip
le

co
n
ce

p
ts

si
m

u
lt

an
eo

u
sl

y
(w

it
h
ou

t
p
ri

va
cy

)
h
as

b
ee

n
co

n
si

d
er

ed
b

ef
or

e.
M

ot
iv

at
ed

b
y

th
e

p
ro

b
le

m
of

b
ri

d
gi

n
g

co
m

p
u
ta

ti
on

al
le

ar
n
in

g
an

d
re

a-
so

n
in

g,
V

al
ia

n
t

(2
00

6)
al

so
ob

se
rv

ed
th

at
(w

it
h
ou

t
p
ri

va
cy

)
m

u
lt

ip
le

co
n
ce

p
ts

ca
n

b
e

le
ar

n
ed

fr
om

a
co

m
m

on
d
at

as
et

in
a

d
at

a
effi

ci
en

t
m

an
n
er

.

1
.3

.
T

a
b

le
s

o
f

re
su

lt
s

T
h
e

fo
ll
ow

in
g

ta
b
le

s
su

m
m

ar
iz

e
th

e
re

su
lt

s
of

th
is

w
or

k
.

In
th

e
ta

b
le

s
b

el
ow

C
is

a
cl

as
s

of
co

n
ce

p
ts

(i
.e

.,
p
re

d
ic

at
es

)
d
efi

n
ed

ov
er

d
om

ai
n
X

.
S
am

p
le

co
m

p
le

x
it

y
u
p
p

er
an

d
lo

w
er

b
ou

n
d
s

is
gi

ve
n

in
te

rm
s

of
|C
|a

n
d
|X
|.

N
ot

e
th

at
fo

r
P
O
I
N
T
X

,
T
H
R
E
S
H
X

,
an

d
P
A
R
d

w
e

h
av

e
|C
|=

Θ
(|X
|).

W
h
er

e
n
ot

ex
p
li
ci

tl
y

n
ot

ed
,

u
p
p

er
b

ou
n
d
s

h
ol

d
fo

r
th

e
se

tt
in

g
of

ag
n
os

ti
c

le
ar

n
in

g
an

d
lo

w
er

b
ou

n
d
s

ar
e

fo
r

th
e

(p
ot

en
ti

al
ly

ea
si

er
)

se
tt

in
g

of
P

A
C

le
ar

n
in

g.
S
im

il
ar

ly
,

w
h
er

e
n
ot

ex
p
li
ci

tl
y

n
ot

ed
,

u
p
p

er
b

ou
n
d
s

ar
e

fo
r

p
ro

p
er

le
ar

n
in

g
a
n
d

lo
w

er
b

ou
n
d
s

a
re

fo
r

th
e

(l
es

s
re

st
ri

ct
iv

e)
se

tt
in

g
of

im
p
ro

p
er

le
ar

n
in

g.
F

or
si

m
p
li
ci

ty
,

th
es

e
ta

b
le

s
h
id

e
co

n
st

an
t

an
d

lo
ga

ri
th

m
ic

fa
ct

or
s,

as
w

el
l

as
d
ep

en
d
en

ci
es

on
th

e
le

ar
n
in

g
an

d
p
ri

va
cy

p
ar

am
et

er
s.

M
u

lt
i-

le
a
rn

in
g

w
it

h
p

u
re

d
iff

e
re

n
ti

a
l

p
ri

v
a
c
y
.

U
p
p

er
b

ou
n
d
s:

5
JM

L
R

 2
0(

94
):

1-
34

, 2
01

9

B
u
n
a
n
d

N
is
si
m

a
n
d

S
t
e
m
m
e
r

P
A

C
le

ar
n
in

g
an

d
ag

n
os

ti
c

le
ar

n
in

g
C

p
ro

p
er

im
p
ro

p
er

R
ef

er
en

ce
s

P
O
I
N
T
X

k
+

lo
g
|C
|

k
T

h
m

.
31

,
C

o
r.

3
3

T
H
R
E
S
H
X

k
+

lo
g
|C
|

T
h
m

.
3
1

G
en

er
al

m
in
{k

lo
g
|C
|,k

V
C

(C
)

+
lo

g
|X
|V

C
(C

)}
T

h
m

.
3
1

P
A
R
d

(u
n
if

or
m

)
k

lo
g
|C
|

T
h
m

.
3
1

L
ow

er
b

ou
n
d
s:

P
A

C
le

ar
n
in

g
an

d
ag

n
os

ti
c

le
ar

n
in

g
C

p
ro

p
er

im
p
ro

p
er

R
ef

er
en

ce
s

P
O
I
N
T
X

k
+

lo
g
|C
|

k
T

h
m

.
52

,
(B

ei
m

el
et

a
l.
,

2
0
1
4
)

T
H
R
E
S
H
X

k
+

lo
g
|C
|

T
h
m

.
52

,
(B

ei
m

el
et

a
l.
,

2
0
1
4
)

(F
el

d
m

an
an

d
X

ia
o
,

2
0
1
4
)

P
A
R
d

(u
n
if

or
m

)
k

lo
g
|C
|

T
h
m

.
5
5

M
u

lt
i-

le
a
rn

in
g

w
it

h
a
p

p
ro

x
im

a
te

d
iff

e
re

n
ti

a
l

p
ri

v
a
c
y
.

U
p
p

er
b

ou
n
d
s:

P
A

C
le

ar
n
in

g
A

gn
os

ti
c

le
ar

n
in

g
C

(p
ro

p
er

an
d

im
p
ro

p
er

)
(p

ro
p

er
an

d
im

p
ro

p
er

)

P
O
I
N
T
X

1
(T

h
m

.
40

)
√
k

(C
or

.
37

)

T
H
R
E
S
H
X

2
lo
g
∗
|X
| +
√
k

(C
or

.
3
8)

G
en

er
al
C

m
in
{√

k
lo

g
|C
|,√

k
V

C
(C

)
+

lo
g
|X
|V

C
(C

),
√
k

V
C

(C
)

+
√

lo
g
|X
|lo

g
|C
|}

(T
h
m

.
31

)

P
A
R
d

(u
n
if

or
m

)
lo

g
|C
|

(T
h
m

.
39

)
√
k

lo
g
|C
|

(T
h
m

.
3
1
)

L
ow

er
b

ou
n
d
s:

P
A

C
le

ar
n
in

g
A

gn
os

ti
c

le
ar

n
in

g
C

(p
ro

p
er

an
d

im
p
ro

p
er

)
(p

ro
p

er
an

d
im

p
ro

p
er

)
R

ef
er

en
ce

s

P
O
I
N
T
X

1
√
k

C
o
r.

5
0

T
H
R
E
S
H
X

lo
g
∗
|X
|+

k
1
/
3

lo
g
∗
|X
|+
√
k

C
or

.
4
6
,

C
o
r.

5
0
,

(B
u
n

et
a
l.
,

2
0
1
5
),

(A
lo

n
et

a
l.
,

2
0
1
8
)

P
A
R
d

(u
n
if

or
m

)
lo

g
|C
|

√
k

+
lo

g
|C
|

C
o
r.

5
0

2
.

P
re

li
m

in
a
ri

e
s

W
e

re
ca

ll
an

d
ex

te
n
d

st
an

d
ar

d
d
efi

n
it

io
n
s

fr
om

le
ar

n
in

g
th

eo
ry

an
d

d
iff

er
en

ti
a
l

p
ri

va
cy

.

2
.1

.
M

u
lt

i-
le

a
rn

e
rs

In
th

e
fo

ll
ow

in
g
X

is
so

m
e

ar
b
it

ra
ry

d
om

ai
n
.

A
co

n
ce

p
t

(s
im

il
ar

ly
,

h
y
p

ot
h
es

is
)

ov
er

d
o
m

ai
n

X
is

a
p
re

d
ic

at
e

d
efi

n
ed

ov
er
X

.
A

co
n
ce

p
t

cl
as

s
(s

im
il
ar

ly
,

h
y
p

ot
h
es

is
cl

a
ss

)
is

a
se

t
o
f

co
n
ce

p
ts

.

6
JM

L
R

 2
0(

94
):

1-
34

, 2
01

9



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

D
e
fi

n
itio

n
2

(P
o
p

u
la

tio
n

E
rro

r)
L

et
P
∈

∆
(X
×
{
0,1}

)
be

a
p
ro

ba
bility

d
istribu

tio
n

o
ver

X
×
{
0,1}

.
T

h
e

p
op

u
lation

error
o
f

a
h
ypo

th
esis

h
:
X
→
{0
,1}

w
.r.t.P

is
d
efi

n
ed

a
s

erro
rP

(h
)

=
P

r
(x
,y
)∼
P

[h
(x

)6=
y
].

L
etD

∈
∆

(X
)

be
a

p
ro

ba
bility

d
istribu

tio
n

o
ver

X
a
n

d
let

c
:
x
→
{0,1}

be
a

co
n

cep
t.

T
h
e

p
o
p
u
la

tio
n

error
o
f

h
ypo

th
esis

h
:
X
→
{0,1}

w
.r.t.

c
a
n

d
D

is
d
efi

n
ed

a
s

errorD
(c,h

)
=

P
r
x∼
D

[h
(x

)6=
c(x

)].
If

errorD
(c,h

)≤
α

w
e

sa
y

th
a
t
h

is
α

-go
o
d

fo
r
c

a
n

d
D

.

D
e
fi

n
itio

n
3

(M
u

lti-la
b

e
le

d
d

a
ta

b
a
se

)
A
k
-lab

eled
d
a
ta

ba
se

o
ver

a
d
o
m

a
in

X
is

a
d
a
ta

ba
se
S
∈

(X
×
{0
,1}

k) ∗.
T

h
a
t

is,
S

co
n

ta
in

s
|S|

elem
en

ts
fro

m
X

,
ea

ch
co

n
ca

ten
a
ted

w
ith

k
bin

a
ry

la
bels.

L
etA

: (X
×
{
0
,1}

k )
n
→
(2
X )

k
b

e
an

algorith
m

th
at

op
erates

on
a
k
-lab

eled
d
atab

ase
a
n
d

retu
rn

s
k

h
y
p

oth
eses.

L
et
C

b
e

a
con

cep
t

class
over

a
d
om

ain
X

an
d

let
H

b
e

a
h
y
-

p
o
th

esis
cla

ss
over

X
.

W
e

n
ow

give
a

gen
eralization

of
th

e
n
otion

of
P

A
C

lea
rn

in
g

(V
alian

t,
1
98

4
)

to
m

u
lti-lab

eled
d
atab

ases
(th

e
stan

d
ard

P
A

C
d
efi

n
ition

is
ob

tain
ed

b
y

settin
g
k

=
1):

D
e
fi

n
itio

n
4

(P
A

C
M

u
lti-L

e
a
rn

e
r)

A
lgo

rith
m
A

is
a
n

(α
,β

)-P
A

C
k

-lea
rn

er
fo

r
co

n
cep

t
cla

ss
C

u
sin

g
h
ypo

th
esis

cla
ss
H

w
ith

sa
m

p
le

co
m

p
lexity

n
if

fo
r

every
d
istribu

tio
n
D

o
ver

X
a
n

d
fo

r
every

tu
p
le

(c
1 ,...,c

k )
fro

m
C

,
given

a
k

-la
beled

d
a
ta

ba
se

a
s

a
n

in
p
u

t
S

=
((x

i ,c
1 (x

i ),...,c
k (x

i )))
ni=

1
w

h
ere

ea
ch

x
i

is
d
ra

w
n

i.i.d
.

fro
m
D

,
a
lgo

rith
m
A

o
u

tp
u

ts
k

h
ypo

th
eses

(h
1 ,...,h

k )
fro

m
H

sa
tisfyin

g

P
r [

m
ax

1≤
j≤
k

(errorD
(c
j ,h

j ))
>
α ]
≤
β
.

T
h
e

p
ro

ba
bility

is
ta

ken
o
ver

th
e

ra
n

d
o
m

ch
o
ice

o
f

th
e

exa
m

p
les

in
S

a
cco

rd
in

g
to
D

a
n

d
th

e
co

in
to

sses
o
f

th
e

lea
rn

er
A

.
If
H
⊆
C

th
en

A
is

ca
lled

a
p
rop

er
lea

rn
er;

o
th

erw
ise,

it
is

ca
lled

a
n

im
p
rop

er
lea

rn
er.

D
e
fi

n
itio

n
5

(A
g
n

o
stic

P
A

C
M

u
lti-L

e
a
rn

e
r)

A
lgo

rith
m
A

is
a
n

(α
,β

)-P
A

C
a
gn

o
stic

k
-lea

rn
er

fo
r
C

u
sin

g
h
ypo

th
esis

cla
ss
H

a
n

d
sa

m
p
le

co
m

p
lexity

n
if

fo
r

every
d
istribu

tio
n

P
o
ver

X
×
{0,1}

k,
given

a
k

-la
beled

d
a
ta

ba
se

S
=

((x
i ,y

1
,i ,...,y

k
,i ))

ni=
1

w
h
ere

ea
ch

k
-

la
beled

sa
m

p
le

(x
i ,y

1
,i ...,y

k
,i )

is
d
ra

w
n

i.i.d
.

fro
m
P

,
a
lgo

rith
m
A

o
u

tp
u

ts
k

h
ypo

th
eses

(h
1 ,...,h

k )
fro

m
H

sa
tisfyin

g

P
r [

m
ax

1≤
j≤
k (

errorP
j (h

j )−
m

in
c∈
C

(errorP
j (c) ) )

>
α ]
≤
β
,

w
h
ereP

j
is

th
e

m
a
rgin

a
l

d
istribu

tio
n

o
fP

o
n

th
e

exa
m

p
les

a
n

d
th

e
j
th

la
bel.

T
h
e

p
ro

ba
bility

is
ta

ken
o
ver

th
e

ra
n

d
o
m

ch
o
ice

o
f

th
e

exa
m

p
les

in
S

a
cco

rd
in

g
to
P

a
n

d
th

e
co

in
to

sses
o
f

th
e

lea
rn

er
A

.
If
H
⊆
C

th
en

A
is

ca
lled

a
p
rop

er
lea

rn
er;

o
th

erw
ise,

it
is

ca
lled

a
n

im
p
ro

p
er

lea
rn

er.

2
.2

.
T

h
e

S
a
m

p
le

C
o
m

p
le

x
ity

o
f

M
u

lti-L
e
a
rn

in
g

W
ith

o
u
t

p
riva

cy
con

sid
eration

s,
th

e
sam

p
le

com
p
lex

ities
of

P
A

C
an

d
agn

ostic
learn

in
g

are
essen

tia
lly

ch
a
racterized

b
y

a
com

b
in

atoria
l

q
u
an

tity
called

th
e

V
a
p
n

ik-C
h
ervo

n
en

kis
(V

C
)

d
im

en
sio

n
.

W
e

state
th

ese
ch

aracterization
s

in
th

e
con

tex
t

of
m

u
lti-learn

in
g.

7
JM

L
R

 20(94):1-34, 2019

B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

2
.2
.1
.
T
h
e
V
a
p
n
ik
-C

h
e
r
v
o
n
e
n
k
is

D
im

e
n
sio

n

D
e
fi

n
itio

n
6

F
ix

a
co

n
cep

t
cla

ss
C

o
ver

d
o
m

a
in
X

.
A

set{x
1 ,...,x

d }
∈
X

is
sh

attered
by
C

if
fo

r
every

la
belin

g
b∈
{0
,1}

d,
th

ere
exists

c∈
C

su
ch

th
a
t
b
1

=
c(x

1 ),...,b
d

=
c(x

d ).
T

h
e

V
ap

n
ik

-C
h
ervon

en
k
is

(V
C

)
d
im

en
sion

o
f
C

,
d
en

o
ted

V
C

(C
),

is
th

e
size

o
f

th
e

la
rgest

set
w

h
ich

is
sh

a
ttered

by
C

.

T
h
e

V
ap

n
ik

-C
h
erv

on
en

k
is

(V
C

)
d
im

en
sion

is
an

im
p

ortan
t

com
b
in

atorial
m

easu
re

of
a

con
cep

t
class.

C
lassical

resu
lts

in
statistical

learn
in

g
th

eory
sh

ow
th

at
th

e
p

op
u
lation

error
of

a
h
y
p

oth
esis

h
an

d
its

em
p
irical

error
(ob

served
on

a
large

en
ou

gh
sam

p
le)

are
sim

ilar.

D
e
fi

n
itio

n
7

(E
m

p
iric

a
l

E
rro

r)
L

et
S

=
((x

i ,y
i ))

ni=
1 ∈

(X
×
{
0
,1}

)
n

be
a

la
beled

sa
m

p
le

fro
m
X

.
T

h
e

em
p
irical

error
o
f

a
h
ypo

th
esis

h
:
X
→
{0
,1}

w
.r.t.

S
is

d
efi

n
ed

a
s

error
S

(h
)

=
1n |{i

:
h

(x
i )6=

y
i }|.

L
et
D
∈
X
n

be
a

(u
n

la
beled

)
sa

m
p
le

fro
m
X

a
n

d
let

c
:
x
→
{
0
,1}

be
a

co
n

cep
t.

T
h
e

em
p
irical

error
o
f

h
ypo

th
esis

h
:
X
→
{0
,1}

w
.r.t.

c
a
n

d
D

is
d
efi

n
ed

a
s

error
D

(c,h
)

=
1n |{i

:
h

(x
i )6=

c(x
i )].

T
h

e
o
re

m
8

(V
C

-D
im

e
n

sio
n

G
e
n

e
ra

liz
a
tio

n
B

o
u

n
d
,

e
.g

.
(B

lu
m

e
r

e
t

a
l.,

1
9
8
9
))

L
et

D
a
n

d
C

be,
respectively,

a
d
istribu

tio
n

a
n

d
a

co
n

cep
t

cla
ss

o
ver

a
d
o
m

a
in
X

,
a
n

d
let

c∈
C

.
F

o
r

a
sa

m
p
le
S

=
((x

i ,c(x
i )))

ni=
1

w
h
ere

n
≥

6
4α
(V

C
(C

)
ln

(
6
4α
)
+

ln
(
8β
))

a
n

d
th

e
x
i

a
re

d
ra

w
n

i.i.d
.

fro
m
D

,
it

h
o
ld

s
th

a
t

P
r [∃

h
∈
C

s.t.
errorD

(h
,c)

>
α
∧

error
S

(h
)≤

α2 ]≤
β
.

T
h
is

gen
eralization

argu
m

en
t

ex
ten

d
s

to
th

e
settin

g
of

a
gn

o
stic

lea
rn

in
g,

w
h
ere

a
h
y
-

p
oth

esis
w

ith
sm

all
em

p
irical

error
m

igh
t

n
ot

ex
ist.

T
h

e
o
re

m
9

(V
C

-D
im

e
n

sio
n

A
g
n

o
stic

G
e
n

e
ra

liz
a
tio

n
B

o
u

n
d

,
e
.g

.
(A

n
th

o
n
y

a
n

d
B

a
rtle

tt,
2
0
0
9
;

A
n
th

o
n
y

a
n

d
S

h
a
w

e
-T

a
y
lo

r,
1
9
9
3
))

L
et
H

be
a

co
n

cep
t

cla
ss

o
ver

a
d
o
m

a
in
X

,
a
n

d
letP

be
a

d
istribu

tio
n

o
ver

X
×
{0,1}

.
F

o
r

a
sa

m
p
le
S

=
((x

i ,y
i ))

ni=
1

co
n

ta
in

in
g
n
≥

6
4
α
2 (V

C
(H

)
ln

(
6α
)

+
ln

(
8β
))

i.i.d
.

elem
en

ts
fro

m
P

,
it

h
o
ld

s
th

a
t

P
r [∃

h
∈
H

s.t. ∣∣errorP
(h

)−
error

S
(h

) ∣∣
>
α ]≤

β
.

U
sin

g
th

eorem
s

8
an

d
9,

an
u
p
p

er
b

ou
n
d

of
O

(V
C

(C
))

on
th

e
sam

p
le

com
p
lex

ity
of

learn
in

g
a

con
cep

t
class

C
follow

s
b
y

red
u
ction

to
th

e
em

p
irica

l
lea

rn
in

g
p
rob

lem
.

T
h
e

goal
of

em
p
irical

learn
in

g
is

sim
ilar

to
th

at
of

P
A

C
learn

in
g,

ex
cep

t
accu

racy
is

m
easu

red
on

ly
w

ith
resp

ect
to

a
fi
x
ed

in
p
u
t

d
atab

ase.
T

h
eorem

s
8

an
d

9
state

th
at

w
h
en

an
em

p
irical

learn
er

is
ru

n
on

su
ffi

cien
tly

m
an

y
sam

p
les,

it
is

also
accu

rate
w

ith
resp

ect
to

a
d
istrib

u
tion

on
in

p
u
ts.

D
e
fi

n
itio

n
1
0

(E
m

p
iric

a
l

L
e
a
rn

e
r)

A
lgo

rith
m
A

is
a
n

(α
,β

)-accu
rate

em
p
irica

l
k
-learn

er
fo

r
a

co
n

cep
t

cla
ss
C

u
sin

g
h
ypo

th
esis

cla
ss
H

w
ith

sa
m

p
le

co
m

p
lexity

n
if

fo
r

every
co

l-
lectio

n
o
f

co
n

cep
ts

(c
1 ,...,c

k )
fro

m
C

a
n

d
d
a
ta

ba
se

S
=

((x
i ,c

1 (x
i ),...,c

k (x
i )))

ni=
1
∈

(X
×
{
0
,1}

k)
n

,
a
lgo

rith
m
A

o
u

tp
u

ts
k

h
ypo

th
eses

(h
1 ,...,h

k )
fro

m
H

sa
tisfyin

g

P
r [

m
ax

1≤
j≤
k (

error
S|j (h

j ) )
>
α ]
≤
β
,

8
JM

L
R

 20(94):1-34, 2019



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

w
h
er

e
S
| j

=
((
x
i,
c j

(x
i)

))
n i=

1
.

T
h
e

p
ro

ba
bi

li
ty

is
ta

ke
n

o
ve

r
th

e
co

in
to

ss
es

o
f
A

.

D
e
fi

n
it

io
n

1
1

(A
g
n

o
st

ic
E

m
p

ir
ic

a
l

L
e
a
rn

e
r)

A
lg

o
ri

th
m
A

is
a
n

ag
n
os

ti
c

(α
,β

)-
a
cc

u
ra

te
em

p
ir

ic
al
k
-l

ea
rn

er
fo

r
a

co
n

ce
p
t

cl
a
ss
C

u
si

n
g

h
yp

o
th

es
is

cl
a
ss
H

w
it

h
sa

m
p
le

co
m

p
le

xi
ty

n
if

fo
r

ev
er

y
d
a
ta

ba
se
S

=
((
x
i,
y 1
,i
,.
..
,y
k
,i
))
n i=

1
∈

(X
×
{0
,1
}k

)n
,

a
lg

o
ri

th
m
A

o
u

tp
u

ts
k

h
yp

o
th

es
es

(h
1
,.
..
,h

k
)

fr
o
m
H

sa
ti

sf
yi

n
g

P
r

[
m

ax
1
≤
j≤
k

( er
ro

r S
| j

(h
j
)
−

m
in

c∈
C

( er
ro

r S
| j

(c
)))

>
α

]
≤
β
,

w
h
er

e
S
| j

=
((
x
i,
y j
,i
))
n i=

1
.

T
h
e

p
ro

ba
bi

li
ty

is
ta

ke
n

o
ve

r
th

e
co

in
to

ss
es

o
f
A

.

T
h

e
o
re

m
1
2

L
et
A

be
a
n

(α
,β

)-
a
cc

u
ra

te
em

p
ir

ic
a
l
k

-l
ea

rn
er

fo
r

a
co

n
ce

p
t

cl
a
ss
C

(r
es

p
.

a
gn

o
st

ic
em

p
ir

ic
a
l
k

-l
ea

rn
er

)
u

si
n

g
h
yp

o
th

es
is

cl
a
ss

H
.

T
h
en
A

is
a
ls

o
a

(2
α
,β

+
β
′ )

-
a
cc

u
ra

te
P

A
C

le
a
rn

er
fo

r
C

w
h
en

gi
ve

n
a
t

le
a
st

m
ax
{n
,
3
2 α
(V

C
(H
⊕
C

)
lo

g
(3

2
/α

)+
lo

g
(8
/β
′ )

)}
sa

m
p
le

s
(r

es
p
.

m
ax
{n
,
6
4
α
2
(V

C
(H

)
lo

g
(6
/α

)
+

lo
g
(8
k
/β
′ )

)
sa

m
p
le

s)
.

H
er

e,
H
⊕
C

=
{h
⊕
c

:
h
∈
H
,c
∈
C
}.

P
ro

o
f

W
e

b
eg

in
w

it
h

th
e

n
on

-a
gn

os
ti

c
ca

se
.

L
et
A

b
e

an
(α
,β

)-
ac

cu
ra

te
em

p
ir

ic
al
k
-

le
ar

n
er

fo
r
C

.
L

et
D

b
e

a
d
is

tr
ib

u
ti

on
ov

er
th

e
ex

am
p
le

sp
ac

e
X

.
L

et
S

b
e

a
ra

n
d
om

i.
i.
d
.

sa
m

p
le

of
si

ze
m

fr
om
D

.
T

h
e

ge
n
er

al
iz

at
io

n
b

ou
n
d

fo
r

P
A

C
le

ar
n
in

g
(T

h
eo

re
m

8)
st

at
es

th
at

if
m
≥

3
2 α
(d

lo
g
(3

2/
α

)
+

lo
g
(8
/β
′ )

)}
,

th
en

P
r[
∃c
∈
C
,h
∈
H

:
er

ro
r S

(c
,h

)
≤
α
∧

er
ro

r D
(c
,h

)
>

2
α

]
≤
β
′ ,

w
h
er

e
d

=
V

C
(H
⊕
C

).
T

h
e

re
su

lt
fo

ll
ow

s
b
y

a
u
n
io

n
b

ou
n
d

ov
er

th
e

fa
il
u
re

p
ro

b
ab

il
it

y
of

A
an

d
th

e
fa

il
u
re

of
ge

n
er

al
iz

at
io

n
.

N
ow

w
e

tu
rn

to
th

e
ag

n
os

ti
c

ca
se

.
L

et
A

b
e

an
ag

n
os

ti
c

(α
,β

)-
ac

cu
ra

te
em

p
ir

ic
al
k
-

le
ar

n
er

fo
r
C

.
F

ix
an

in
d
ex
j
∈

[k
],

an
d

le
t
P j

b
e

a
d
is

tr
ib

u
ti

on
ov

er
X
×
{0
,1
}.

L
et
S

b
e

a
ra

n
d
om

i.
i.
d
.

sa
m

p
le

of
si

ze
m

fr
om
P j

.
T

h
en

ge
n
er

al
iz

at
io

n
fo

r
ag

n
os

ti
c

le
a
rn

in
g

(T
h
eo

re
m

9)
y
ie

ld
s

P
r[
∃h
∈
H

:
|er

ro
r S

(h
)
−

er
ro

r P
j
(h

)|
>
α

]
≤
β
′ k

fo
r
m
≥

6
4
α
2
(V

C
(H

)
lo

g
(6
/α

)
+

lo
g
(8
k
/β
′ )

)}
.

T
h
e

re
su

lt
fo

ll
ow

s
b
y

a
u
n
io

n
b

ou
n
d

ov
er

th
e

fa
il
u
re

p
ro

b
ab

il
it

y
of
A

an
d

th
e

fa
il
u
re

of
ge

n
er

al
iz

at
io

n
fo

r
ea

ch
of

th
e

in
d
ic

es
j

=
1,
..
.,
k
.

A
p
p
ly

in
g

th
e

ab
ov

e
th

eo
re

m
in

th
e

sp
ec

ia
l

ca
se

w
h
er

e
A

fi
n
d
s

th
e

co
n
ce

p
t
c
∈
C

th
at

m
in

im
iz

es
th

e
em

p
ir

ic
al

er
ro

r
on

it
s

gi
ve

n
sa

m
p
le

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

sa
m

p
le

co
m

p
le

x
it

y
u
p
p

er
b

ou
n
d

fo
r

p
ro

p
er

m
u
lt

i-
le

ar
n
in

g.

C
o
ro

ll
a
ry

1
3

L
et
C

be
a

co
n

ce
p
t

cl
a
ss

w
it

h
V

C
d
im

en
si

o
n
d

.
T

h
er

e
ex

is
ts

a
n

(α
,β

)-
a
cc

u
ra

te
p
ro

pe
r

P
A

C
k

-l
ea

rn
er

fo
r
C

u
si

n
g
O

(
1 α
(d

lo
g
(1
/α

)
+

lo
g
(1
/β

))
sa

m
p
le

s.
M

o
re

o
ve

r,
th

er
e

ex
is

ts
a
n

(α
,β

)-
a
cc

u
ra

te
p
ro

pe
r

a
gn

o
st

ic
P

A
C
k

-l
ea

rn
er

fo
r
C

u
si

n
g
O

(
1 α
2
(d

lo
g
(1
/α

)+
lo

g
(k
/β

))
sa

m
p
le

s.

9
JM

L
R

 2
0(

94
):

1-
34

, 2
01

9

B
u
n
a
n
d

N
is
si
m

a
n
d

S
t
e
m
m
e
r

P
ro

o
f

F
or

th
e

n
on

-a
gn

os
ti

c
ca

se
,

w
e

si
m

p
ly

le
t
A

b
e

th
e

(0
,0

)-
a
cc

u
ra

te
em

p
ir

ic
a
l

le
a
rn

er
th

at
ou

tp
u
ts

an
y

ve
ct

or
of

h
y
p

ot
h
es

es
th

at
is

co
n
si

st
en

t
w

it
h

it
s

gi
ve

n
ex

a
m

p
le

s
(o

n
e

is
gu

ar
an

te
ed

to
ex

is
t,

si
n
ce

th
e

ta
rg

et
co

n
ce

p
t

sa
ti

sfi
es

th
is

co
n
d
it

io
n
).

T
h
e

cl
a
im

fo
ll
ow

s
fr

om
T

h
eo

re
m

12
n
ot

in
g

th
at

V
C

(C
⊕
C

)
=
O

(V
C

(C
))

.
F

or
th

e
ag

n
os

ti
c

ca
se

,
co

n
si

d
er

th
e

al
go

ri
th

m
A

th
at

on
in

p
u
t
S

ou
tp

u
ts

h
y
p

o
th

es
es

(h
1
,.
..
,h

k
)

th
at

m
in

im
iz

e
th

e
q
u
an

ti
ti

es
er

ro
r S
j
(h
j
).

A
p
p
ly

in
g

th
e

ag
n
os

ti
c

g
en

er
a
li
za

-
ti

on
b

ou
n
d

(A
n
th

on
y

an
d

B
ar

tl
et

t,
20

09
),

th
is

is
an

(α
/2
,β
/
2)

-a
cc

u
ra

te
ag

n
o
st

ic
em

p
ir

ic
a
l

le
ar

n
er

gi
ve

n
O

(
1 α
2
(d

lo
g
(1
/α

)
+

lo
g
(k
/β

))
sa

m
p
le

s.
T

h
e

cl
ai

m
th

en
fo

ll
ow

s
fr

o
m

T
h
eo

re
m

12
.

It
is

k
n
ow

n
th

at
ev

en
fo

r
k

=
1,

th
e

sa
m

p
le

co
m

p
le

x
it

ie
s

of
P

A
C

a
n
d

ag
n
o
st

ic
le

a
rn

in
g

ar
e

at
le

as
t

Ω
(V

C
(C

)/
α

)
an

d
Ω

(V
C

(C
)/
α
2
),

re
sp

ec
ti

v
el

y.
T

h
er

ef
or

e,
th

e
a
b

ov
e

sa
m

p
le

co
m

p
le

x
it

y
u
p
p

er
b

ou
n
d

is
ti

gh
t

u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s.
W

e
d
efi

n
e

a
fe

w
sp

ec
ifi

c
co

n
ce

p
t

cl
as

se
s

w
h
ic

h
w

il
l

p
la

y
an

im
p

or
ta

n
t

ro
le

in
th

is
w

o
rk

.

P
O
I
N
T
X

:
L

et
X

b
e

an
y

d
om

ai
n
.

T
h
e

cl
as

s
of

po
in

t
fu

n
ct

io
n

s
is

th
e

se
t

o
f

a
ll

co
n
ce

p
ts

th
at

ev
al

u
at

e
to

1
on

ex
ac

tl
y

on
e

el
em

en
t

of
X

,
i.
e.

P
O
I
N
T
X

=
{c
x

:
x
∈
X
}

w
h
er

e
c x

(y
)

=
1

iff
y

=
x

.
T

h
e

V
C

-d
im

en
si

on
of

P
O
I
N
T
X

is
1

fo
r

an
y
X

.

T
H
R
E
S
H
X

:
L

et
X

b
e

an
y

to
ta

ll
y

or
d
er

ed
d
om

ai
n
.

T
h
e

cl
as

s
of

th
re

sh
o
ld

fu
n

ct
io

n
s

ta
ke

s
th

e
fo

rm
T
H
R
E
S
H
X

=
{c
x

:
x
∈
X
}

w
h
er

e
c x

(y
)

=
1

iff
y
≤
x

.
T

h
e

V
C

-d
im

en
si

o
n

of
T
H
R
E
S
H
X

is
1

fo
r

an
y
X

.

P
A
R
d
:

L
et
X

=
{0
,1
}d

.
T

h
e

cl
as

s
of

pa
ri

ty
fu

n
ct

io
n

s
on

X
is

gi
ve

n
b
y
P
A
R
d

=
{c
x

:
x
∈
X
}

w
h
er

e
c x

(y
)

=
〈x
,y
〉

(m
o
d

2)
.

T
h
e

V
C

-d
im

en
si

on
of

P
A
R
d

is
d
.

In
th

is
w

or
k
,
w

e
fo

cu
s

ou
r

st
u
d
y

o
f
th

e
co

n
ce

p
t

cl
as

s
P
A
R
d

on
th

e
p
ro

b
le

m
o
f
le

a
rn

in
g

p
a
r-

it
ie

s
u
n
d
er

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
.

T
h
e

P
A

C
an

d
ag

n
os

ti
c

le
ar

n
in

g
p
ro

b
le

m
s

a
re

d
efi

n
ed

as
b

ef
or

e,
ex

ce
p
t

w
e

on
ly

re
q
u
ir

e
a

le
ar

n
er

to
b

e
ac

cu
ra

te
w

h
en

th
e

m
ar

gi
n
a
l

d
is

tr
ib

u
ti

o
n

on
ex

am
p
le

s
is

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
U
d

ov
er
{0
,1
}d

.

D
e
fi

n
it

io
n

1
4

(P
A

C
L

e
a
rn

in
g
P
A
R
d

u
n

d
e
r

U
n

if
o
rm

)
A

lg
o
ri

th
m
A

is
a
n

(α
,β

)-
P

A
C

k
-l

ea
rn

er
fo

r
P
A
R
d

u
si

n
g

h
yp

o
th

es
is

cl
a
ss

H
a
n

d
sa

m
p
le

co
m

p
le

xi
ty

n
if

fo
r

ev
er

y
fi

xe
d

(c
1
,.
..
,c
k
)

fr
o
m
C

,
gi

ve
n

a
k

-l
a
be

le
d

d
a
ta

ba
se

a
s

a
n

in
p
u

t
S

=
((
x
i,
c 1

(x
i)
,.
..
,c
k
(x
i)

))
n i=

1

w
h
er

e
ea

ch
x
i

is
d
ra

w
n

i.
i.

d
.

fr
o
m
U
d
,

a
lg

o
ri

th
m
A

o
u

tp
u

ts
k

h
yp

o
th

es
es

(h
1
,.
..
,h

k
)

fr
o
m

H
sa

ti
sf

yi
n

g

P
r

[
m

ax
1
≤
j≤
k

(e
rr

or
U
d
(c
j
,h

j
))
>
α

]
≤
β
.

D
e
fi

n
it

io
n

1
5

(A
g
n

o
st

ic
a
ll
y

L
e
a
rn

in
g
P
A
R
d

u
n

d
e
r

U
n

if
o
rm

)
A

lg
o
ri

th
m
A

is
a
n

(α
,β

)-
P

A
C

a
gn

o
st

ic
k

-l
ea

rn
er

fo
r
P
A
R
d

u
si

n
g

h
yp

o
th

es
is

cl
a
ss
H

a
n

d
sa

m
p
le

co
m

p
le

xi
ty
n

if
fo

r
ev

-
er

y
d
is

tr
ib

u
ti

o
n
P

o
ve

r
{0
,1
}d
×
{0
,1
}k

,
w

it
h

m
a
rg

in
a
l

d
is

tr
ib

u
ti

o
n
U
d

o
ve

r
th

e
d
a
ta

u
n

iv
er

se
{0
,1
}d

,
gi

ve
n

a
k

-l
a
be

le
d

d
a
ta

ba
se
S

=
((
x
i,
y 1
,i
,.
..
,y
k
,i
))
n i=

1
w

h
er

e
ea

ch
k

-l
a
be

le
d

sa
m

p
le

(x
i,
y 1
,i
..
.,
y k
,i
)

is
d
ra

w
n

i.
i.

d
.

fr
o
m
P

,
a
lg

o
ri

th
m
A

o
u

tp
u

ts
k

h
yp

o
th

es
es

(h
1
,.
..
,h

k
)

fr
o
m

H
sa

ti
sf

yi
n

g

P
r

[
m

ax
1
≤
j≤
k

( er
ro

r P
j
(h
j
)
−

m
in

c∈
C

( er
ro

r P
j
(c

))
)
>
α

]
≤
β
,

w
h
er

e
P j

is
th

e
m

a
rg

in
a
l

d
is

tr
ib

u
ti

o
n

o
f
P

o
n

th
e

ex
a
m

p
le

s
a
n

d
th

e
jt
h

la
be

l.

10
JM

L
R

 2
0(

94
):

1-
34

, 2
01

9



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

2
.3

.
D

iff
e
re

n
tia

l
p

riv
a
c
y

T
w

o
k

-la
beled

d
atab

ases
S
,S
′∈

(X
×
{0
,1}

k)
n

are
called

n
eigh

bo
rin

g
if

th
ey

d
iff

er
on

a
sin

g
le

(m
u
lti-lab

eled
)

en
try,

i.e.,|{i
:

(x
i ,y

1
,i ,...,y

k
,i )6=

(x
′i ,y ′1,i ,...,y ′k

,i )}|
=

1.

D
e
fi

n
itio

n
1
6

(D
iff

e
re

n
tia

l
P

riv
a
c
y

(D
w

o
rk

e
t

a
l.,

2
0
0
6
b

))
L

etA
: (X

×
{
0,1}

k )
n
→

(2
X )

k
be

a
n

a
lgo

rith
m

th
a
t

o
pera

tes
o
n

a
k

-la
beled

d
a
ta

ba
se

a
n

d
retu

rn
s
k

h
ypo

th
eses.

L
et

ε,δ
≥

0
.

A
lgo

rith
m
A

is
(ε,δ)-d

iff
eren

tia
lly

p
riva

te
if

fo
r

a
ll

n
eigh

bo
rin

g
S
,S
′

a
n

d
fo

r
a
ll

T
⊆
(2
X )

k,
P

r[A
(S

)∈
T

]≤
e
ε·

P
r[A

(S
′)∈

T
]+

δ,

w
h
ere

th
e

p
ro

ba
bility

is
ta

ken
o
ver

th
e

co
in

to
sses

o
f

th
e

a
lgo

rith
m
A

.
W

h
en

δ
=

0
w

e
sa

y
th

a
tA

sa
tisfi

es
p
u
re

d
iff

eren
tia

l
p
riva

cy,
o
th

erw
ise

(i.e.,
if
δ
>

0
)

w
e

sa
y

th
a
tA

sa
tisfi

es
a
p
p
rox

im
ate

d
iff

eren
tia

l
p
riva

cy.

O
u
r

lea
rn

in
g

algorith
m

s
are

d
esign

ed
v
ia

rep
eated

ap
p
lication

s
of

d
iff

eren
tially

p
rivate

a
lg

o
rith

m
s

o
n

a
d
atab

ase.
C

om
p

osition
th

eorem
s

for
d
iff

eren
tial

p
rivacy

sh
ow

th
at

th
e

p
rice

o
f

p
riva

cy
fo

r
m

u
ltip

le
(ad

ap
tively

ch
osen

)
in

teraction
s

d
egrad

es
gracefu

lly.

T
h

e
o
re

m
1
7

(C
o
m

p
o
sitio

n
o
f

D
iff

e
re

n
tia

l
P

riv
a
c
y

(D
w

o
rk

e
t

a
l.,

2
0
0
6
a
;

D
w

o
rk

a
n

d
L

e
i,

2
0
0
9
;

D
w

o
rk

e
t

a
l.,

2
0
1
0
))

L
et

0
<
ε,δ ′

<
1

a
n

d
δ
∈

[0,1].
S

u
p
po

se
a
n

a
lgo

rith
m
A

a
ccesses

its
in

p
u

t
d
a
ta

ba
se
S

o
n

ly
th

ro
u

gh
m

a
d
a
p
tively

ch
o
sen

execu
tio

n
s

o
f

(ε,δ)-d
iff

eren
tia

lly
p
riva

te
a
lgo

rith
m

s.
T

h
en
A

is

1
.

(m
ε,m

δ)-d
iff

eren
tia

lly
p
riva

te,
a
n

d

2
.

(ε ′,m
δ

+
δ ′)-d

iff
eren

tia
lly

p
riva

te
fo

r
ε

=
√

2
m

ln
(1/δ ′)·ε

+
2
m
ε
2.

2
.4

.
D

iff
e
re

n
tia

lly
P

riv
a
te

T
o
o
ls

T
h
e

m
o
st

b
a
sic

con
stru

ction
s

of
d
iff

eren
tially

p
rivate

algorith
m

s
are

v
ia

th
e

L
a
p
lace

M
ech

-
a
n
ism

as
follow

s.

D
e
fi

n
itio

n
1
8

(T
h

e
L

a
p

la
c
e

D
istrib

u
tio

n
)

A
ra

n
d
o
m

va
ria

ble
h
a
s

p
ro

ba
bility

d
istribu

-

tio
n

L
a
p
(b)

if
its

p
ro

ba
bility

d
en

sity
fu

n
ctio

n
is
f

(x
)

=
12
b

ex
p
(−
|x|b

),
w

h
ere

x
∈
R

.

D
e
fi

n
itio

n
1
9

(S
e
n

sitiv
ity

)
T

h
e

sen
sitiv

ity
o
f

a
fu

n
ctio

n
f

:
X
n
→

R
d

is
th

e
sm

a
llest

s
su

ch
th

a
t

fo
r

every
n

eigh
bo

rin
g
D
,D
′∈

X
n

,
w

e
h
a
ve
‖
f

(D
)−

f
(D
′)‖

1
≤
s.

W
e

u
se

th
e

term
sen

sitiv
ity

-s
fu

n
ction

to
m

ea
n

a
fu

n
ctio

n
o
f

sen
sitivity

≤
s.

T
h

e
o
re

m
2
0

(T
h

e
L

a
p

la
c
e

M
e
ch

a
n

ism
(D

w
o
rk

e
t

a
l.,

2
0
0
6
b

))
L

et
f

:
X
n
→

R
d

be
a

fu
n

ctio
n

o
f

sen
sitivity

s.
T

h
e

m
ech

a
n

ism
A

th
a
t

o
n

in
p
u

t
D
∈
X
n

a
d
d
s

in
d
epen

d
en

tly
gen

era
ted

n
o
ise

w
ith

d
istribu

tio
n

L
ap

(
sε )

to
ea

ch
o
f

th
e
d

o
u

tp
u

t
term

s
o
f
f

(D
)

p
reserves

ε-d
iff

eren
tia

l
p
riva

cy.

W
e

n
ex

t
d
escrib

e
th

e
ex

p
on

en
tial

m
ech

an
ism

of
M

cS
h
erry

an
d

T
a
lw

ar
(2007),

w
h
ich

is
a
n

im
p

orta
n
t

b
u
ild

in
g

b
lo

ck
in

m
an

y
d
iff

eren
tially

p
rivate

con
stru

ction
s.

A
q
u
ality

fu
n
ction

q
:
X
∗×
F
→

N
d
efi

n
es

an
o
p
tim

iza
tio

n
p
ro

blem
over

th
e

d
om

ain
X

an
d

a
fi
n
ite

solu
tion

set

11
JM

L
R

 20(94):1-34, 2019

B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

F
:

G
iven

a
d
atab

ase
S
∈
X
∗,

ch
o
ose

f
∈
F

th
a
t

(ap
p
rox

im
ately

)
m

ax
im

izes
q(S

,f
).

T
h
e

ex
p

on
en

tial
m

ech
an

ism
solves

su
ch

an
o
p
tim

ization
p
rob

lem
b
y

sam
p
lin

g
a

ra
n
d
om

f
∈
F

w
ith

p
rob

ab
ility

∝
ex

p
(ε·q(S

,f
)/

2∆
q),

w
h
ere

∆
q

is
th

e
sen

sitiv
ity

of
th

e
q
u
ality

fu
n
ction

q,
d
efi

n
ed

as
th

e
m

ax
im

u
m

over
all

f
∈
F

of
th

e
sen

sitiv
ity

of
th

e
fu

n
ction

q(·,f
).

P
ro

p
o
sitio

n
2
1

(P
ro

p
e
rtie

s
o
f

th
e

E
x
p

o
n

e
n
tia

l
M

e
ch

a
n

ism
(M

c
S

h
e
rry

a
n

d
T

a
l-

w
a
r,

2
0
0
7
))

1
.

T
h
e

expo
n

en
tia

l
m

ech
a
n

ism
is

(ε,0)-d
iff

eren
tia

lly
p
riva

te.

2
.

L
et
q

be
a

qu
a
lity

fu
n

ctio
n

w
ith

sen
sitivity

a
t

m
o
st

1
.

F
ix

a
d
a
ta

ba
se
S
∈
X
n

a
n

d
let

O
P

T
=

m
ax

f∈F {
q(S

,f
)}.

L
et
t
>

0
.

T
h
en

expo
n

en
tia

l
m

ech
a
n

ism
o
u

tp
u

ts
a

so
lu

tio
n

f
w

ith
q(S

,f
)≤

O
P

T
−
tn

w
ith

p
ro

ba
bility

a
t

m
o
st|F

|·ex
p
(−
εtn

/
2).

W
e

n
ex

t
d
escrib

e
algorith

m
A

d
ist

of
S
m

ith
an

d
T

h
ak

u
rta

(2013).
O

u
r

d
iscu

ssion
follow

s
th

e
treatm

en
t

of
(B

eim
el

et
al.,

2013b
).

A
s

b
efore,

a
q
u
ality

fu
n
ction

q
:
X
∗×
F
→

N
d
efi

n
es

an
op

tim
ization

p
rob

lem
.

A
lgorith

m
A

d
ist

p
riva

tely
id

en
tifi

es
th

e
exa

ct
m

ax
im

izer
as

lon
g

as
it

is
su

ffi
cien

tly
stab

le.

A
lg

o
rith

m
1
A

d
ist

In
p

u
t:

P
rivacy

p
aram

eters
ε,δ,

d
atab

ase
S
∈
X
∗,

sen
sitiv

ity
-1

q
u
ality

fu
n
ction

q

1.
L

et
f
1 ,f

2 ∈
F

b
e

th
e

h
igh

est
scorin

g
an

d
secon

d
-h

igh
est

scorin
g

solu
tion

s
to
q(S

,·),
resp

ectively.

2.
L

et
gap

=
q(S

,f
1 )−

q(S
,f

2 ),
an

d
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â
x

F
irst,

w
e

argu
e

th
at

A
lgorith

m
2

is
(ε,δ)-d

iff
eren

tially
p
riva

te.
B

elow
,

w
e

w
rite

X
≈

(ε,δ
)

Y
to

d
en

o
te

th
e

fact
th

at
for

every
m

easu
rab

le
set

S
in

th
e

u
n
ion

of
th

e
su

p
p

orts
of
X

an
d

Y
,

w
e

h
ave

P
r[X
∈
S

]≤
e
ε
P

r[Y
∈
S

]+
δ.

L
et
D
∼
D
′

b
e

ad
jacen

t
d
atab

ases
of

size
n

,
w

ith
x
∈
D

rep
laced

b
y
x
′∈

D
′.

T
h
en

th
e

o
u
tp

u
t

d
istrib

u
tion

of
th

e
m

ech
an

ism
d
iff

ers
on

ly
on

its
an

sw
ers

to
th

e
q
u
eries

c
x

an
d
c
x
′.

L
et

u
s

fo
cu

s
o
n
c
x .

If
b

oth
c
x (D

)≤
α
/4

an
d
c
x (D

′)≤
α
/4,

th
en

th
e

m
ech

an
ism

alw
ay

s
releases

0
fo

r
b

o
th

q
u
eries.

If
b

oth
c
x (D

)
>
α
/4

an
d
c
x (D

′)
>
α
/4,

th
en

a
x (D

)
≈

(ε/
2
,0
)
a
x (D

′)

1
5

JM
L

R
 20(94):1-34, 2019

B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

b
y

p
rop

erties
of

th
e

L
ap

lace
m

ech
an

ism
.

F
in

ally,
if
c
x (D

)
>
α
/4

b
u
t
c
x (D

′)≤
α
/4,

th
en

c
x (D

′)
=

0
w

ith
p
rob

ab
ility

1.
M

oreover,
w

e
m

u
st

h
ave

P
O
I
N
T
x (D

)≤
α
/4

+
1
/n

,
so

P
r[a

x (D
)

=
0]≥

P
r[L

a
p
(2/εn

)
<
α
/
4−

1
/n

]
=

1−
12

ex
p
(−
εn
α
/8

+
ε/2)≥

1−
δ/2

.

S
o

in
th

is
case,

a
x (D

)≈
(0
,δ
/
2
)
a
x (D

′).
T

h
erefore,

w
e

co
n
clu

d
e

th
at

overall
a
x (D

)≈
(ε/

2
,δ
/
2
)

a
x (D

′).
A

n
id

en
tical

argu
m

en
t

h
old

s
for

a
x
′,

so
th

e
m

ech
an

ism
is

(ε,δ)-d
iff

eren
tially

p
rivate.

N
ow

w
e

argu
e

th
at

th
e

an
sw

ers
a
x

are
accu

rate.
F

irst,
th

e
an

sw
ers

are
triv

ially
α

-
accu

rate
for

all
q
u
eries

c
x

on
w

h
ich

c
x (D

)≤
α
/4.

F
or

each
of

th
e

rem
ain

in
g

q
u
eries,

it
is

α
-accu

rate
w

ith
p
rob

ab
ility

at
least

P
r[|L

a
p
(2/εn

)|
<
α
/
2]

=
1−

ex
p
(−
εn
α
/4)≥

1−
α
β4
.

T
ak

in
g

a
u
n
ion

b
ou

n
d

over
th

e
at

m
ost

4
/α

q
u
eries

w
ith

P
O
I
N
T
x (D

)
>
α
/
4,

w
e

co
n
clu

d
e

th
at

th
e

m
ech

an
ism

is
α

-accu
rate

for
all

q
u
eries

w
ith

p
rob

ab
ility

at
least

1−
β

.

4
.

U
p
p

e
r

B
o
u
n
d
s

o
n

th
e

S
a
m

p
le

C
o
m

p
le

x
ity

o
f

P
riv

a
te

M
u
lti-L

e
a
rn

e
rs

4
.1

.
G

e
n

e
ric

C
o
n

stru
c
tio

n

In
th

is
section

w
e

p
resen

t
th

e
follow

in
g

g
en

eral
u
p
p

er
b

ou
n
d
s

on
th

e
sam

p
le

com
p
lex

ity
of

p
rivate

k
-learn

ers.

T
h

e
o
re

m
3
1

L
et
C

be
a

fi
n

ite
co

n
cep

t
cla

ss,
a
n

d
let

k
≥

1.
T

h
ere

exists
a

p
ro

per
a
gn

o
stic

(α
,β
,ε)-p

riva
te

P
A

C
k

-lea
rn

er
fo

r
C

w
ith

sa
m

p
le

co
m

p
lexity

O
α
,β
,ε (
k·log

k
+

m
in {

k·log|C
|
,

(k
+

lo
g|X
|)·V

C
(C

) } )
,

a
n

d
th

ere
exists

a
p
ro

per
a
gn

o
stic

(α
,β
,ε,δ)-p

riva
te

P
A

C
k

-lea
rn

er
fo

r
C

w
ith

sa
m

p
le

co
m

-
p
lexity

O
α
,β
,ε,δ (√

k·log
k

+
m

in {√
k·

log|C
|
,

( √
k

+
log|X

|)·
V

C
(C

)
, √

k·
V

C
(C

)
+
√

log|X
|·

log|C
| })

.

T
h
e

straigh
tforw

ard
ap

p
roach

for
con

stru
ctin

g
a

p
rivate

k
-learn

er
for

a
class

C
is

to
sep

arately
ap

p
ly

a
(stan

d
ard

)
p
rivate

learn
er

for
C

for
each

of
th

e
k

target
con

cep
ts.

U
sin

g
com

p
osition

th
eorem

17
to

argu
e

th
e

overall
p
rivacy

gu
aran

tee
of

th
e

resu
ltin

g
learn

er,
w

e
get

th
e

follow
in

g
ob

servation
.

O
b

se
rv

a
tio

n
3
2

L
et
C

be
a

co
n

cep
t

cla
ss

a
n

d
let

k
≥

1
.

If
th

ere
is

a
n

(α
,β
,ε,δ)-P

A
C

lea
rn

er
fo

r
C

w
ith

sa
m

p
le

co
m

p
lexity

n
,

th
en

•
T

h
ere

is
a
n

(α
,k
β
,k
ε,k

δ)-P
A

C
k

-lea
rn

er
fo

r
C

w
ith

sa
m

p
le

co
m

p
lexity

n
.

•
T

h
ere

is
a
n

(α
,k
β
,O

( √
k

log
(
1δ )ε

+
k
ε
2),O

(k
δ))-P

A
C
k

-lea
rn

er
fo

r
C

w
ith

sa
m

p
le

co
m

p
lexity

n
.

M
o
reo

ver,
if

th
e

in
itia

l
lea

rn
er

is
p
ro

per
a
n

d
/
o
r

a
gn

o
stic,

th
en

so
is

th
e

resu
ltin

g
lea

rn
er.

16
JM

L
R

 20(94):1-34, 2019



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

In
ca

se
s

w
h
er

e
sa

m
p
le

effi
ci

en
t

p
ri

va
te

P
A

C
le

ar
n
er

s
ex

is
t,

it
m

ig
h
t

b
e

u
se

fu
l

to
ap

p
ly

O
b
se

rv
at

io
n

32
in

or
d
er

to
ob

ta
in

a
p
ri

va
te
k
-l

ea
rn

er
.

F
or

ex
am

p
le

,
B

ei
m

el
et

al
.

(2
01

4,
20

13
a)

ga
ve

an
im

p
ro

p
er

ag
n
os

ti
c

(α
,β
,ε

)-
P

A
C

le
ar

n
er

fo
r
P
O
I
N
T
X

w
it

h
sa

m
p
le

co
m

p
le

x
it

y
O
α
(1
ε

lo
g

1 β
).

U
si

n
g

O
b
se

rv
at

io
n

32
y
ie

ld
s

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y.

C
o
ro

ll
a
ry

3
3

T
h
er

e
ex

is
ts

a
n

im
p
ro

pe
r

a
gn

o
st

ic
(α
,β
,ε

)-
P

A
C
k

-l
ea

rn
er

fo
r
P
O
I
N
T
X

w
it

h
sa

m
p
le

co
m

p
le

xi
ty
O
α
,β
,ε

(k
lo

g
k
).

F
or

a
ge

n
er

al
co

n
ce

p
t

cl
as

s
C

,
w

e
ca

n
u
se

O
b
se

rv
at

io
n

32
w

it
h

th
e

ge
n
er

ic
co

n
st

ru
ct

io
n

of
T

h
eo

re
m

27
,

st
at

in
g

th
at

fo
r

ev
er

y
co

n
ce

p
t

cl
as

s
C

th
er

e
ex

is
ts

a
p
ri

va
te

ag
n
o
st

ic
p
ro

p
er

le
ar

n
er
A

th
at

u
se

s
O

(l
og
|C
|)

la
b

el
ed

ex
am

p
le

s.

C
o
ro

ll
a
ry

3
4

L
et
C

be
a

co
n

ce
p
t

cl
a
ss

,
a
n

d
α
,β
,ε
>

0
.

T
h
er

e
ex

is
ts

a
n

(α
,β
,ε

)-
p
ri

va
te

a
gn

o
st

ic
p
ro

pe
r
k

-l
ea

rn
er

fo
r
C

w
it

h
sa

m
p
le

co
m

p
le

xi
ty
O
α
,β
,ε

(k
·lo

g
|C
|+
k
·lo

g
k
).

M
o
re

o
ve

r,
th

er
e

ex
is

ts
a
n

(α
,β
,ε
,δ

)-
p
ri

va
te

a
gn

o
st

ic
p
ro

pe
r
k

-l
ea

rn
er

fo
r
C

w
it

h
sa

m
p
le

co
m

p
le

xi
ty

O
α
,β
,ε
,δ

(√
k
·l

og
|C
|+
√
k
·l

og
k
).

E
x
a
m

p
le

1
T

h
er

e
ex

is
ts

a
p
ro

pe
r

a
gn

o
st

ic
(α
,β
,ε

)-
P

A
C
k

-l
ea

rn
er

fo
r
P
A
R
d

w
it

h
sa

m
p
le

co
m

p
le

xi
ty
O
α
,β
,ε

(k
d

+
k

lo
g
k
).

A
s

w
e

w
il
l

se
e

in
S
ec

ti
on

6,
th

e
b

ou
n
d
s

of
C

or
ol

la
ry

33
an

d
E

x
am

p
le

1
o
n

th
e

sa
m

p
le

co
m

p
le

x
it

y
of
k
-l

ea
rn

in
g
P
O
I
N
T
X

an
d
P
A
R
d

ar
e

ti
gh

t
(u

p
to

lo
ga

ri
th

m
ic

fa
ct

or
s)

.
T

h
at

is
,

w
it

h
p
u
re

-d
iff

er
en

ti
al

p
ri

va
cy

,
th

e
d
ir

ec
t

su
m

gi
ve

s
(r

ou
gh

ly
)

op
ti

m
al

b
ou

n
d
s

fo
r

im
p
ro

p
er

ly
le

ar
n
in

g
P
O
I
N
T
X

,
an

d
fo

r
(p

ro
p

er
ly

or
im

p
ro

p
er

ly
)

le
ar

n
in

g
P
A
R
d
.

T
h
is

is
n
ot

th
e

ca
se

fo
r

le
ar

n
in

g
T
H
R
E
S
H
X

or
fo

r
p
ro

pe
rl

y
le

ar
n
in

g
le

ar
n
in

g
P
O
I
N
T
X

.
In

or
d
er

to
av

oi
d

th
e

fa
ct

or
k

lo
g
|C
|(

or
√
k

lo
g
|C
|)

in
C

or
ol

la
ry

34
,

w
e

n
ow

sh
ow

h
ow

an
id

ea
u
se

d
in

(B
ei

m
el

et
al

.,
20

15
)

(i
n

th
e

co
n
te

x
t

of
se

m
i-

su
p

er
v
is

ed
le

ar
n
in

g
)

ca
n

b
e

u
se

d
to

co
n
st

ru
ct

sa
m

p
le

effi
ci

en
t

p
ri

va
te
k
-l

ea
rn

er
s.

In
p
ar

ti
cu

la
r,

th
is

co
n
st

ru
ct

io
n

w
il
l

ac
h
ie

ve
ti

gh
t

b
ou

n
d
s

fo
r

le
ar

n
in

g
T
H
R
E
S
H
X

an
d

fo
r

p
ro

p
er

ly
le

ar
n
in

g
le

ar
n
in

g
P
O
I
N
T
X

u
n
d
er

p
u
re

-d
iff

er
en

ti
al

p
ri

va
cy

.
F

ix
a

co
n
ce

p
t

cl
as

s
C

,
ta

rg
et

co
n
ce

p
ts
c 1
,.
..
,c
k
∈
C

,
an

d
a
k
-l

ab
el

ed
d
at

ab
as

e
S

(w
e

u
se
D

to
d
en

ot
e

th
e

u
n
la

b
el

ed
p

or
ti

on
of
S

).
F

or
ev

er
y

1
≤
j
≤
k
,

th
e

go
al

is
to

id
en

ti
fy

a
h
y
p

ot
h
es

is
h
j
∈
C

w
it

h
lo

w
er

ro
r D

(c
j
,h

j
)

(s
u
ch

a
h
y
p

ot
h
es

is
a
ls

o
h
as

go
o
d

ge
n
er

a
li
za

ti
on

).
B

ei
m

el
et

al
.
(2

01
5)

ob
se

rv
ed

th
at

gi
ve

n
a

sa
n
it

iz
at

io
n
D̂

of
D

w
.r

.t
.
C
⊕

=
{f
⊕
g

:
f
,g
∈
C
},

fo
r

ev
er

y
f
,g
∈
C

it
h
ol

d
s

th
at

er
ro

r D
(f
,g

)
=

1 |D
||{
x
∈
D

:
(f
⊕
g
)(
x

)
=

1}
|≈

1 |D̂
||{
x
∈
D̂

:
(f
⊕
g
)(
x

)
=

1}
|=

er
ro

r D̂
(f
,g

).

H
en

ce
,

a
h
y
p

ot
h
es

is
h

w
it

h
lo

w
er

ro
r D̂

(h
,c
j
)

al
so

h
as

lo
w

er
ro

r D
(h
,c
j
)

an
d

v
ic

e
ve

rs
a.

L
et
H

b
e

a
m

in
im

al
su

b
se

t
of
C

su
ch

th
at

fo
r

ev
er

y
c
∈
C

,
th

er
e

ex
is

ts
f
∗
∈
H

su
ch

th
at

f
∗ (
x

)
=
c(
x

)
fo

r
ev

er
y
x
∈
D̂

.
T

h
en

in
p
ar

ti
cu

la
r,

fo
r

ev
er

y
j,

th
er

e
ex

is
ts
f
∗ j
∈
H

th
at

ag
re

es
w

it
h
c j

on
D̂

,
i.
e.

,
th

er
e

ex
is

ts
f
∗ j
∈
H

s.
t.

er
ro

r D̂
(f
∗ j,
c j

)
=

0
,
an

d
h
en

ce
er

ro
r D

(f
∗ j,
c j

)

is
al

so
lo

w
.

T
h
e

th
in

g
th

at
w

or
k
s

in
ou

r
fa

v
or

h
er

e
is

th
at
H

is
sm

a
ll

–
at

m
os

t
2
|D̂
| ≤

2
V
C
(C

)

–
an

d
h
en

ce
ch

o
os

in
g

a
h
y
p

ot
h
es

is
ou

t
of
H

is
ea

sy
.

T
h
er

ef
o
re

,
fo

r
ev

er
y
j

w
e

ca
n

u
se

th
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

to
id

en
ti

fy
a

h
y
p

ot
h
es

is
h
j
∈
H

w
it

h
lo

w
er

ro
r D

(h
j
,c
j
).

17
JM

L
R

 2
0(

94
):

1-
34

, 2
01

9

B
u
n
a
n
d

N
is
si
m

a
n
d

S
t
e
m
m
e
r

L
e
m

m
a

3
5

L
et
C

be
a

co
n

ce
p
t

cl
a
ss

,
a
n

d
α
,β
,ε
,δ
>

0
.

T
h
er

e
ex

is
ts

a
n

(α
,β
,ε

)-
p
ri

va
te

a
gn

o
st

ic
k

-l
ea

rn
er

fo
r
C

w
it

h
sa

m
p
le

co
m

p
le

xi
ty
O
α
,β
,ε

(V
C

(C
)·

lo
g
|X
|+
k
·V

C
(C

)+
k
·lo

g
k
).

M
o
re

o
ve

r,
th

er
e

ex
is

ts
a
n

(α
,β
,ε
,δ

)-
p
ri

va
te

a
gn

o
st

ic
k

-l
ea

rn
er

fo
r
C

w
it

h
sa

m
p
le

co
m

p
le

xi
ty

O
α
,β
,ε
,δ

(m
in
{V

C
(C

)
·l

og
|X
|,l

og
|C
|·
√

lo
g
|X
|}

+
√
k
·V

C
(C

)
+
√
k
·l

og
k
).

L
em

m
a

35
fo

ll
ow

s
fr

om
th

e
fo

ll
ow

in
g

le
m

m
a.

L
e
m

m
a

3
6

L
et
ε′
>

0
a
n

d
le

t
A

be
a
n

(
α 5
,
β 5

)-
a
cc

u
ra

te
(ε
,δ

)-
p
ri

va
te

sa
n

it
iz

er
fo

r
C
⊕

w
it

h
sa

m
p
le

co
m

p
le

xi
ty
m

.
T

h
en

th
er

e
is

a
n

(α
,β

)-
P

A
C

a
gn

o
st

ic
k

-l
ea

rn
er

fo
r
C

w
it

h
sa

m
p
le

co
m

p
le

xi
ty

O

( m
+

V
C

(C
)

α
3
ε′

lo
g
(

1 α
)

+
1 α
ε′

lo
g
(
k β

)
+

1 α
2

V
C

(C
)

lo
g
(
k α
β

))
.

M
o
re

o
ve

r,
it

is
bo

th
(ε

+
k
ε′
,δ

)
a
n

d
(ε

+
√

2
k

ln
(1
/δ

)ε
′ +

2
k
ε′
2
,2
δ)

-d
iff

er
en

ti
a
ll

y
p
ri

va
te

.

U
si

n
g

L
em

m
a

36
w

it
h

th
e

ge
n
er

ic
sa

n
it

iz
er

of
T

h
eo

re
m

24
or

T
h
eo

re
m

2
5

re
su

lt
s

in
L

em
m

a
35

.

A
lg

o
ri

th
m

3
G
en
er
ic
L
ea
rn
er

In
p

u
t:

C
on

ce
p
t

cl
as

s
C

,
p
ri

va
cy

p
ar

am
et

er
s
ε′
,ε
,δ

,
an

d
a
k
-l

ab
el

ed
d
a
ta

b
a
se

S
=

(x
i,
y i
,1
,.
..
,y
i,
k
)n i
=
1
.

W
e

u
se
D

=
(x
i)
n i=

1
to

d
en

ot
e

th
e

u
n
la

b
el

ed
p

or
ti

on
of
S

.

U
se

d
A

lg
o
ri

th
m

:
A

n
(α
5
,
β 5

)-
ac

cu
ra

te
(ε
,δ

)-
p
ri

va
te

sa
n
it

iz
er

fo
r
C
⊕

w
it

h
sa

m
p
le

co
m

p
le

x
-

it
y
m

.

1.
In

it
ia

li
ze
H

=
∅.

2.
C

on
st

ru
ct

an
(ε
,δ

)-
p
ri

va
te

sa
n
it

iz
at

io
n

D̃
o
f
D

w
.r

.t
.
C
⊕

,
w

h
er

e
|D̃
|

=

O
( V

C
(C
⊕
)

α
2

lo
g
(
1 α
))

=
O
( V

C
(C

)
α
2

lo
g
(
1 α
)) .

3.
L

et
B

=
{b

1
,.
..
,b
|B
|}

b
e

th
e

se
t

of
al

l
p

oi
n
ts

ap
p

ea
ri

n
g

a
t

le
as

t
on

ce
in
D̃

.

4.
F

or
ev

er
y

(z
1
,.
..
,z
|B
|)
∈

Π
C

(B
)

=
{(
c(
b 1

),
..
.,
c(
b |
B
|)
)

:
c
∈
C
},

a
d
d

to
H

a
n

ar
b
it

ra
ry

co
n
ce

p
t
c
∈
C

s.
t.
c(
b `

)
=
z `

fo
r

ev
er

y
1
≤
`
≤
|B
|.

5.
F

or
ev

er
y

1
≤
j
≤
k
,

u
se

th
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

w
it

h
p
ri

va
cy

p
ar

a
m

et
er
ε′

to
ch

o
os

e
an

d
re

tu
rn

a
h
y
p

ot
h
es

is
h
j
∈
H

w
it

h
(a

p
p
ro

x
im

a
te

ly
)

m
in

im
al

er
ro

r
o
n

th
e

ex
am

p
le

s
in
S

w
.r

.t
.

th
ei

r
jt

h
la

b
el

.

P
ro

o
f

[P
ro

of
of

L
em

m
a

36
]

T
h
e

p
ro

of
is

v
ia

th
e

co
n
st

ru
ct

io
n

of
G
en
er
ic
L
ea
rn
er

(a
lg

o
-

ri
th

m
3)

.
N

ot
e

th
at
G
en
er
ic
L
ea
rn
er

on
ly

ac
ce

ss
es
S

v
ia

a
sa

n
it

iz
er

(o
n

S
te

p
2
)

a
n
d

u
si

n
g

th
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

(o
n

S
te

p
5)

.
C

om
p

os
it

io
n

th
eo

re
m

17
st

at
e

th
at
G
en
er
ic
L
ea
rn
er

is
b

ot
h

(ε
+
k
ε′
,δ

)-
d
iff

er
en

ti
al

ly
p
ri

va
te

an
d

(ε
+
√

2
k

ln
(1
/δ

)ε
′ +

2
k
ε′
2
,2
δ)

-d
iff

er
en

ti
a
ll
y

p
ri

-
va

te
.

W
e,

th
u
s,

on
ly

n
ee

d
to

p
ro

ve
th

at
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
th

e
le

ar
n
er

re
tu

rn
s
α

-g
o
o
d

h
y
p

ot
h
es

es
.

F
ix

a
d
is

tr
ib

u
ti

on
P

ov
er
X
×
{0
,1
}k

,
an

d
le

t
P j

d
en

ot
e

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

o
n

o
f
P

on
th

e
ex

am
p
le

s
an

d
th

e
jt

h
la

b
el

.
L

et
S

co
n
si

st
of

ex
am

p
le

s
(x
i,
y i
,1
,.
..
,y
i,
k
)
∼
P

.
W

e
u
se

D
=

(x
i)
n i=

1
to

d
en

ot
e

th
e

u
n
la

b
el

ed
p

or
ti

on
of
S

,
an

d
u
se
S
| j

=
((
x
i,
y j
,i
))
n i=

1
to

d
en

o
te

a
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S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

d
a
ta

b
a
se

co
n
tain

in
g

th
e

ex
am

p
les

in
S

togeth
er

w
ith

th
eir

j
th

lab
el.

D
efi

n
e

th
e

follow
in

g
th

ree
ev

en
ts:

E
1

:
F

o
r

every
f
,h
∈
C

it
h
old

s
th

at|error
D

(f
,h

)−
error

D̃
(f
,h

)|≤
2
α5

.

E
2

:
F

o
r

every
f
∈
C

an
d

for
every

1
≤
j≤

k
it

h
old

s
th

at|error
S|j (f

)−
errorP

j (f
)|≤

α5
.

E
3

:
F

o
r

ev
ery

1
≤
j≤

k
,

th
e

h
y
p

oth
esis

h
j

ch
osen

b
y

th
e

ex
p

on
en

tial
m

ech
a
n
ism

is
su

ch

th
a
t

erro
r
S|j (h

j )≤
α5

+
m

in
f∈
H

{
error

S|j (f
) }

.

W
e

fi
rst

a
rg

u
e

th
at

w
h
en

th
ese

th
ree

ev
en

ts
h
ap

p
en

algorith
m
G
en
ericL

ea
rn
er

retu
rn

s
g
o
o
d

h
y
p

o
th

eses.
F

ix
1
≤
j
≤
k
,

an
d

let
c ∗j

=
arg

m
in
f∈
C {errorP

j (f
)}.

W
e

d
en

ote
∆

=
erro

rP
j (c ∗j ).

W
e

n
eed

to
sh

ow
th

at
if
E

1 ∩
E

2 ∩
E

3
o
ccu

rs,
th

en
th

e
h
y
p

oth
esis

h
j

retu
rn

ed
b
y
G
en
ericL

ea
rn
er

is
s.t.

errorP
j (h

j )≤
α

+
∆

.
F

o
r

every
(y

1 ,...,y|B
| )∈

Π
C

(B
),

algorith
m
G
en
ericL

ea
rn
er

ad
d
s

to
H

a
h
y
p

oth
esis

f
s.t.∀

1
≤
`≤
|B
|,
f

(b
` )

=
y
` .

In
p
articu

lar,
H

con
tain

s
a

h
y
p

oth
esis

h
∗j

s.t.
h
∗j (x

)
=
c ∗j (x

)
fo

r
every

x
∈
B

,
th

at
is,

a
h
y
p

oth
esis

h
∗j

s.t.
error

D̃
(h
∗j ,c ∗j )

=
0.

A
s

even
t
E

1
h
as

o
ccu

rred
w

e

h
ave

th
a
t

th
is
h
∗j

satisfi
es

error
D

(h
∗j ,c ∗j )≤

2
α5

.
U

sin
g

th
e

trian
gle

in
eq

u
ality

(an
d

ev
en

t
E

2 )

w
e

g
et

th
a
t

th
is
h
∗j

satisfi
es

error
S|j (h

∗j )≤
error

D
(h
∗j ,c ∗j )+

error
S|j (c ∗j )≤

3
α5

+
∆

.
T

h
u
s,

ev
en

t
E

3
en

su
res

th
a
t

algorith
m
G
en
ericL

ea
rn
er

ch
o
oses

(u
sin

g
th

e
ex

p
on

en
tial

m
ech

a
n
ism

)
a

h
y
p

o
th

esis
h
j
∈
H

s.t.
error

S|j (h
j )
≤

4
α5

+
∆

.
E

ven
t
E

2
en

su
res,

th
erefore,

th
at

th
is
h
j

sa
tisfi

es
erro

rP
j (h

j )≤
α

+
∆

.
W

e
w

ill
n
ow

sh
ow

E
1 ∩
E

2 ∩
E

3
h
ap

p
en

s
w

ith
h
igh

p
rob

ab
ility.

S
ta

n
d
a
rd

argu
m

en
ts

in
learn

in
g

th
eory

state
th

at
(w

.h
.p

.)
th

e
em

p
irical

error
on

a
(la

rg
e

en
o
u
g
h
)

ran
d
om

sam
p
le

is
close

to
th

e
p

op
u
lation

error.
S
p

ecifi
cally,

b
y

settin
g

n
≥
O

(
1α
2

V
C

(C
)

log
(
kαβ

)),
T

h
eorem

9
en

su
res

th
at

E
ven

t
E

2
o
ccu

rs
w

ith
p
rob

ab
ility

at

lea
st

(1−
25 β

).
A

ssu
m

in
g

th
at

n
≥
m

(th
e

sam
p
le

com
p
lex

ity
of

th
e

san
itizer

u
sed

in
S
tep

5),
w

ith
p
ro

b
a
b
ility

a
t

least
(1−

β5
)

for
every

(h
⊕
f

)∈
C
⊕

(i.e.,
for

every
h
,f
∈
C

)
it

h
old

s
th

at

α5
≥
|Q

(h⊕
f
) (D

)−
Q

(h⊕
f
) (D̃

)|

=

∣∣∣∣∣ |{x
∈
D

:
(h⊕

f
)(x

)=
1}|

|D
|

−
|{x
∈
D̃

:
(h⊕

f
)(x

)=
1}|

|D̃
|

∣∣∣∣∣

=

∣∣∣∣∣ |{x
∈
D

:
h

(x
)6=
f

(x
)}|

|D
|

−
|{x
∈
D̃

:
h

(x
)6=
f

(x
)}|

|D̃
|

∣∣∣∣∣
=

∣∣error
D

(h
,f

)−
error

D̃
(h
,f

) ∣∣
.

E
ven

t
E

1
o
ccu

rs
th

erefore
w

ith
p
rob

ab
ility

at
least

(1−
β5

).
T

h
e

ex
p

o
n
en

tial
m

ech
an

ism
en

su
res

th
at

th
e

p
rob

a
b
ility

of
even

t
E

3
is

at
least

1−
k|H
|·

ex
p
(−
ε ′α

m
/1

0
)

(see
P

rop
osition

21).
N

ote
th

at
log|H

|≤
|B
|≤
|D̃
|

=
O
(
V
C
(C

)
α
2

log
(
1α
) )

.

T
h
erefo

re,
fo

r
n
≥
O
(
V
C
(C

)
α
3
ε ′

log
(
1α
)

+
1α
ε ′

log
(
kβ

) )
,

E
v
en

t
E

3
o
ccu

rs
w

ith
p
rob

ab
ility

at
least

(1−
β5

).

A
ll

in
all,

settin
g
n
≥
O
(
m

+
V
C
(C

)
α
3
ε ′

log
(
1α
)

+
1α
ε ′

log
(
kβ

)
+

1α
2

V
C

(C
)

log
(
kαβ

) )
,

en
su

res

th
a
t

th
e

p
ro

b
a
b
ility

of
G
en
ericL

ea
rn
er

failin
g

is
at

m
ost

β
.
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B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

T
h
eorem

31
n
ow

follow
s

b
y

com
b
in

in
g

L
em

m
a

35
a
n
d

C
orollary

34.

F
or

certain
con

cep
t

classes,
th

ere
are

san
itizers

w
ith

su
b
stan

tially
low

er
sam

p
le

com
-

p
lex

ity
th

an
th

e
gen

eric
san

itizers.
C

om
b
in

in
g

L
em

m
a

35
w

ith
P

rop
osition

30,
w

e
ob

tain
:

C
o
ro

lla
ry

3
7

T
h
ere

is
a
n

(α
,β

)-P
A

C
a
gn

o
stic

k
-lea

rn
er

fo
r
P
O
I
N
T
X

w
ith

sa
m

p
le

co
m

p
lex-

ity

O

(
log

(1/α
β
δ)

α
ε

+
log

(1/α
)

α
3ε ′

+
log

(k
/β

)

α
ε ′

+
log

(k
/α
β

)

α
2

)
.

M
o
reo

ver,
it

is
bo

th
(ε

+
k
ε ′,δ)

a
n

d
(ε

+
√

2
k

ln
(1/

δ)ε ′+
2
k
ε ′2,2

δ)-d
iff

eren
tia

lly
p
riva

te.

S
im

ilarly,
com

b
in

in
g

L
em

m
a

35
w

ith
P

rop
osition

26,
w

e
ob

tain
:

C
o
ro

lla
ry

3
8

T
h
ere

is
a
n

(α
,β

)-P
A

C
a
gn

o
stic

k
-lea

rn
er

fo
r
T
H
R
E
S
H
X

w
ith

sa
m

p
le

co
m

-
p
lexity

O


2
lo
g ∗|X

|·log ∗|X
|·

log (
lo
g ∗|X

|
εδ

)
·log

(1/β
)·log

2
.5(1/α

)

α
ε

+
log

(1/α
)

α
3ε ′

+
lo

g
(k
/β

)

α
ε ′

+
log

(k
/α
β

)

α
2


.

M
o
reo

ver,
it

is
bo

th
(ε

+
k
ε ′,δ)

a
n

d
(ε

+
√

2
k

ln
(1/

δ)ε ′+
2
k
ε ′2,2

δ)-d
iff

eren
tia

lly
p
riva

te.

4
.2

.
U

p
p

e
r

B
o
u

n
d

s
fo

r
A

p
p

ro
x
im

a
te

P
riv

a
te

M
u

lti-L
e
a
rn

e
rs

In
th

is
section

w
e

giv
e

tw
o

ex
am

p
les

of
cases

w
h
ere

th
e

sam
p
le

com
p
lex

ity
of

p
rivate

k
-

learn
in

g
is

of
th

e
sam

e
ord

er
as

th
a
t

of
n
on

-p
rivate

k
-learn

in
g

(th
e

sam
p
le

com
p
lex

ity
d
o
es

n
ot

d
ep

en
d

on
k
).

O
u
r

algorith
m

s
are

(ε,δ)-d
iff

eren
tially

p
rivate,

an
d

rely
on

stab
ility

argu
m

en
ts:

th
e

id
en

tity
of

th
e

b
est

k
con

cep
ts,

as
an

en
tire

vector,
is

u
n
likely

to
ch

an
ge

on
n
earb

y
k
-lab

eled
d
atab

ases.
H

en
ce,

it
can

b
e

released
p
rivately.

4
.2
.1
.
L
e
a
r
n
in
g

P
a
r
it
ie
s
u
n
d
e
r
t
h
e
U
n
if
o
r
m

D
ist

r
ib
u
t
io
n

T
h

e
o
re

m
3
9

F
o
r

every
k
,d

th
ere

exists
a
n

(α
=

0
,β
,ε,δ)-P

A
C

(n
o
n

-a
gn

o
stic)

k
-lea

rn
er

fo
r

P
A
R
d

u
n

d
er

th
e

u
n

ifo
rm

d
istribu

tio
n

w
ith

sa
m

p
le

co
m

p
lexity

O
(d

log
(
1β
)

+
1ε

log
(
1β
δ )).

R
ecall

th
at

(ev
en

w
ith

ou
t

p
rivacy

con
strain

ts)
th

e
sam

p
le

com
p
lex

ity
of

P
A

C
learn

in
g

P
A
R
d

u
n
d
er

th
e

u
n
iform

d
istrib

u
tion

is
Ω

(d
).

H
en

ce
th

e
sam

p
le

com
p
lex

ity
of

p
rivately

k
-learn

in
g
P
A
R
d

(n
on

-agn
ostically

)
u
n
d
er

th
e

u
n
iform

d
istrib

u
tion

is
of

th
e

sa
m

e
ord

er
as

th
at

of
n
on

-p
rivate

k
-learn

in
g.

F
or

th
e

in
tu

ition
b

eh
in

d
T

h
eorem

39,
let

c
1 ,...,c

k
d
en

ote
th

e
k

target
con

cep
ts,

an
d

con
-

sid
er

th
e

q
u
ality

fu
n
ction

q(D
,(h

1 ,...,h
k ))

=
m

ax
1≤
j≤
k {

error
D

(h
j ,c

j )}
.

O
n

a
large

en
ou

gh
sam

p
le
D

w
e

ex
p

ect
th

at
q(D

,(h
1 ,...,h

k ))≈
12

for
every

(h
1 ,...,h

k )6=
(c

1 ,...,c
k ),

w
h
ile

q(D
,(c

1 ,...,c
k ))

=
0.

T
h
e
k

target
con

cep
ts

can
h
en

ce
b

e
p
rivately

id
en

tifi
ed

(ex
actly

)
u
sin

g
stab

ility
tech

n
iq

u
es.

In
ord

er
to

m
ake

ou
r

algorith
m

com
p
u
tation

ally
effi

cien
t,

w
e

ap
p
ly

th
e

“su
b
sam

p
le

an
d

aggregate”
id

ea
of

N
issim

et
al.

(2007).
W

e
d
iv

id
e

th
e

in
p
u
t

sam
p
le

in
to

a
sm

all
n
u
m

b
er
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S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

A
lg

o
ri

th
m

4
P
a
ri
ty
L
ea
rn
er

In
p

u
t:

P
ar

am
et

er
s
ε,
δ,

an
d

a
k
-l

ab
el

ed
d
at

ab
as

e
S

of
si

ze
n

=
O

(d
ε

lo
g
(
1 β
δ
))

.
O

u
tp

u
t:

H
y
p

ot
h
es

es
h
1
,.
..
,h

k
.

1.
S
p
li
t
S

in
to
m

=
O

(1
ε

lo
g
(
1 β
δ
))

d
is

jo
in

t
sa

m
p
le

s
S
1
,.
..
,S

m
o
f

si
ze
O

(d
)

ea
ch

.
In

it
ia

te
Y

as
th

e
em

p
ty

m
u
lt

is
et

.

2.
F

or
ev

er
y

1
≤
t
≤
m

:

(a
)

F
or

ev
er

y
1
≤
j
≤
k

tr
y

to
u
se

G
au

ss
ia

n
el

im
in

at
io

n
to

id
en

ti
fy

a
p
ar

it
y

fu
n
ct

io
n
y j

th
at

ag
re

es
w

it
h

th
e

la
b

el
s

of
th

e
jt

h
co

lu
m

n
of
S
t.

(b
)

If
a

p
ar

it
y

is
id

en
ti

fi
ed

fo
r

ev
er

y
j,

th
en

se
t
Y

=
Y
∪
{(
y 1
,.
..
,y
k
)}

.
O

th
er

w
is

e
se

t
Y

=
Y
∪
{⊥
}.

3.
U

se
al

go
ri

th
m
A

d
is
t

w
it

h
p
ri

va
cy

p
ar

am
et

er
s
ε,
δ

to
ch

o
os

e
an

d
re

tu
rn

a
v
ec

to
r

of
k

p
ar

it
y

fu
n
ct

io
n
s

(h
1
,.
..
,h

k
)
∈

(P
A
R
d
)k

w
it

h
a

la
rg

e
n
u
m

b
er

of
ap

p
ea

ra
n
ce

s
in
Y

.

of
su

b
sa

m
p
le

s,
u
se

G
au

ss
ia

n
el

im
in

at
io

n
to

(n
on

-p
ri

va
te

ly
)

id
en

ti
fy

a
ca

n
d
id

at
e

h
y
p

ot
h
es

is
ve

ct
or

on
ea

ch
su

b
sa

m
p
le

,
an

d
th

en
se

le
ct

fr
om

th
es

e
ca

n
d
id

at
es

p
ri

va
te

ly
.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

39
]

T
h
e

p
ro

of
is

v
ia

th
e

co
n
st

ru
ct

io
n

of
P
a
ri
ty
L
ea
rn
er

(a
lg

o-
ri

th
m

4)
.

F
ir

st
n
ot

e
th

at
ch

an
gi

n
g

a
si

n
gl

e
in

p
u
t

el
em

en
t

in
S

ca
n

ch
an

g
e

(a
t

m
o
st

)
on

e
el

em
en

t
of
Y

.
H

en
ce

,
ap

p
ly

in
g

(t
h
e

(ε
,δ

)-
p
ri

va
te

)
al

go
ri

th
m
A

d
is
t

on
Y

p
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th

en
try

of
~v
x ∈

V
is

0.

T
h
u
s,

w
h
en

ever
E

1 ∩
E

2 ∩
E

3
h
ap

p
en

s,
algorith

m
P
oin

tL
ea
rn
er

retu
rn

s
α

-go
o
d

h
y
-

p
o
th

eses.
W

e
w

ill
n
ow

sh
ow

E
1
∩
E

2
∩
E

3
h
ap

p
en

s
w

ith
h
igh

p
rob

ab
ility.

P
rov

id
ed

n
≥
O

(
1α
ε

log
(

1α
δ )),

even
t
E

2
is

gu
aran

teed
to

h
old

w
ith

a
ll

b
u
t

p
rob

a
b
ility

β
/4

b
y

th
e

u
tility

p
ro

p
erties

of
th

e
san

itizer
u
sed

on
step

1.
S
ee

P
rop

osition
30.

T
h
eo

rem
8

(V
C

b
ou

n
d
)

en
su

res
th

at
even

t
E

1
h
old

s
w

ith
p
rob

ab
ility

1−
β
/4

,
p
rov

id
ed

th
a
t
n
≥
O

(
1α

log
(

1α
β

)).
T

o
see

th
is,

let
z
≡

0
d
en

ote
th

e
con

stan
t

0
h
y
p

oth
esis,

an
d

co
n
sid

er
th

e
class

C
=

P
O
I
N
T
X
∪{z}

.
N

ote
th

at
V

C
(C

)
=

1.
H

en
ce,

T
h
eorem

12
states

th
a
t,

w
ith

a
ll

b
u
t

p
rob

ab
ility

1−
β
/4,

for
every

c
∈
P
O
I
N
T
x

s.t.
error

µ
(c,z

)≥
α

it
h
old

s
th

a
t

erro
r
D

(c,z
)≥

α
/10.

T
h
at

is,
w

ith
all

b
u
t

p
rob

ab
ility

1−
β
/4,

for
every

x
∈
X

s.t.
µ

(x
)≥

α
it

h
o
ld

s
th

at
1n
#
D

(x
)

=
1n
#
S

(x
)≥

α
/10.
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B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

B
efore

an
aly

zin
g

ev
en

t
E

3 ,
w

e
sh

ow
th

at
if
E

2
o
ccu

rs,
th

en
every

x
∈
G

is
s.t.

#
S

(x
)≥

α
/30.

L
et
x
∈
G

,
th

at
is,

x
s.t.

1m
#
D̂

(x
)
≥
α
/15.

A
ssu

m
in

g
even

t
E

2
h
as

o
ccu

rred
,

w
e

th
erefore

h
ave

th
at

1n
#
S

(x
)
≥
α
/30.

S
o

every
x
∈
G

ap
p

ears
in
S

at
least

α
n
/30

tim
es

w
ith

th
e

lab
els

(c
1 (x

),...,c
k (x

)),
~c(x

).
T

h
u
s,
q(S

,x
,~c(x

))≥
α
n
/30.

In
ad

d
ition

,
for

every
~v
6=
~c(x

)
it

h
old

s
th

at
q(S

,x
,~v

)
=

0,
sin

ce
every

ap
p

ea
ran

ce
of

th
e

ex
am

p
le
x

is
lab

eled
b
y

th
e

target
con

cep
ts.

H
en

ce,
p
rov

id
ed

th
at
n
≥
O

(
1α
ε

log
(
1β
δ )),

algorith
m
A

d
ist

en
su

res
th

at
even

t
E

3
h
ap

p
en

s
w

ith
p
rob

ab
ility

at
least

1−
β
/2.

O
verall,

E
1 ∩

E
2 ∩

E
3

h
ap

p
en

s
w

ith
p
rob

a
b
ility

at
least

1−
β

.

5
.

A
p
p
ro

x
im

a
te

P
riv

a
cy

L
o
w

e
r

B
o
u
n
d
s

fro
m

F
in

g
e
rp

rin
tin

g
C

o
d
e
s

In
th

is
section

,
w

e
sh

ow
h
ow

fi
n
gerp

rin
tin

g
co

d
es

can
b

e
u
sed

to
ob

tain
p

oly
(k

)
low

er
b

ou
n
d
s

again
st

p
rivately

learn
in

g
k

con
cep

ts,
even

for
v
ery

sim
p
le

con
cep

t
classes.

F
in

gerp
rin

tin
g

co
d
es

w
ere

in
tro

d
u
ced

b
y

B
on

eh
an

d
S
h
aw

(199
8)

to
ad

d
ress

th
e

p
rob

lem
of

w
aterm

ark
in

g
d
igital

con
ten

t.
T

h
e

con
n
ection

b
etw

een
fi
n
gerp

rin
tin

g
co

d
es

an
d

d
iff

eren
tial

p
rivacy

low
er

b
ou

n
d
s

w
as

estab
lish

ed
b
y

B
u
n

et
al.

(2014)
in

th
e

con
tex

t
of

p
rivate

q
u
ery

release,
an

d
h
as

sin
ce

b
een

ex
ten

d
ed

to
a

n
u
m

b
er

of
oth

er
d
iff

eren
tially

p
rivate

an
aly

ses
(B

assily
et

al.,
2014;

D
w

ork
et

al.,
2014;

S
tein

ke
a
n
d

U
llm

an
,

2015
;

B
u
n

et
al.,

2015).
A

(fu
lly

-collu
sion

-resistan
t)

fi
n
gerp

rin
tin

g
co

d
e

is
a

sch
em

e
for

d
istrib

u
tin

g
co

d
ew

ord
s

w
1 ,...,w

n
to

n
u
sers

th
at

can
b

e
u
n
iq

u
ely

traced
b
a
ck

to
each

u
ser.

M
oreover,

if
an

y
grou

p
of

u
sers

com
b
in

es
its

co
d
ew

ord
s

in
to

a
p
irate

co
d
ew

ord
w
′,

th
en

th
e

p
irate

co
d
ew

ord
can

still
b

e
traced

b
ack

to
on

e
of

th
e

u
sers

w
h
o

con
trib

u
ted

to
it.

O
f

cou
rse,

w
ith

o
u
t

an
y

assu
m

p
tion

on
h
ow

th
e

p
irates

can
p
ro

d
u
ce

th
eir

com
b
in

ed
co

d
ew

ord
,

n
o

secu
re

tracin
g

is
p

ossib
le.

T
o

th
is

en
d
,

th
e

p
irates

are
con

strain
ed

accord
in

g
to

a
m

a
rkin

g
a
ssu

m
p
tio

n
,

w
h
ich

asserts
th

at
th

e
com

b
in

ed
co

d
ew

ord
m

u
st

ag
ree

w
ith

at
least

on
e

of
th

e
p
irates’

co
d
ew

ord
in

each
p

osition
.

N
am

ely,
at

an
in

d
ex

j
w

h
ere

w
ij

=
b

for
every

i
∈
b,

th
e

p
irates

are
con

strain
ed

to
ou

tp
u
t
w
′

w
ith

w
′j

=
b

as
w

ell.
T

o
illu

strate
ou

r
tech

n
iq

u
e,

w
e

start
w

ith
an

in
form

al
d
iscu

ssion
of

h
ow

th
e

origin
al

B
on

eh
-S

h
aw

fi
n
gerp

rin
tin

g
co

d
e

y
ield

s
an

Ω̃
(k

1
/
3)

sam
p
le

com
p
lex

ity
low

er
b

ou
n
d

for
m

u
lti-

learn
in

g
th

resh
old

fu
n
ction

s.
F

or
p
aram

eters
n

an
d
k
,

th
e

(n
,k

)-B
on

eh
-S

h
aw

co
d
eb

o
ok

is
a

m
atrix

W
∈
{0
,1}

n×
k,

w
h
ose

row
s
w
i

are
th

e
co

d
ew

ord
s

given
to

u
sers

i
=

1,...,n
.

T
h
e

co
d
eb

o
ok

is
b
u
ilt

from
a

n
u
m

b
er

o
f

h
igh

ly
stru

ctu
red

colu
m

n
s,

w
h
ere

a
“colu

m
n

of
ty

p
e

i”
con

sists
of
n

b
its

w
h
ere

th
e

fi
rst

i
b
its

are
set

to
1

an
d

th
e

last
n
−
i

b
its

are
set

to
0.

F
or
i

=
1
,...,n

−
1,

each
colu

m
n

of
ty

p
e
i

is
rep

eated
a

total
of
k
/
(n
−

1)
tim

es,
an

d
th

e
co

d
eb

o
ok

W
is

ob
tain

ed
as

a
ran

d
om

p
erm

u
tation

of
th

ese
k

colu
m

n
s.

T
h
e

secu
rity

of
th

e
B

on
eh

-S
h
aw

co
d
e

is
a

con
seq

u
en

ce
of

th
e

secrecy
of

th
is

ran
d
om

p
erm

u
tation

.
If

a
coalition

of
p
irates

is
m

issin
g

th
e

co
d
ew

ord
of

u
ser

i,
th

en
it

is
u
n
ab

le
to

d
istin

gu
ish

colu
m

n
s

of
ty

p
e

i−
1

from
colu

m
n
s

of
ty

p
e
i.

H
en

ce,
if

a
p
irate

co
d
ew

ord
is

to
o

con
sisten

t
w

ith
a

u
ser

i’s
co

d
ew

ord
in

b
oth

th
e

colu
m

n
s

of
ty

p
e
i−

1
an

d
th

e
colu

m
n
s

of
ty

p
e
i,

a
tracin

g
algorith

m
can

reason
ab

ly
con

clu
d
e

th
at

u
ser

i
con

trib
u
ted

to
it.

B
on

eh
an

d
S
h
aw

sh
ow

ed
th

at
su

ch
a

co
d
e

is
in

d
eed

secu
re

for
k

=
Õ

(n
3).

T
o

see
h
ow

th
is

fi
n
gerp

rin
tin

g
co

d
e

gives
a

low
er

b
o
u
n
d

for
m

u
lti-lea

rn
in

g
th

resh
old

s,
con

sid
er

th
resh

old
s

over
th

e
d
ata

u
n
iverse

X
=
{
1
,...,|X

|}
fo

r|X
|≥

n
.

T
h
e

key
ob

ser-
vation

is
th

at
each

colu
m

n
of

th
e

B
on

eh
-S

h
aw

co
d
eb

o
ok

can
b

e
ob

tain
ed

as
a

lab
elin

g
of

24
JM

L
R

 20(94):1-34, 2019



S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

th
e

ex
am

p
le

s
1,
..
.,
n

b
y

a
th

re
sh

ol
d

co
n
ce

p
t.

N
am

el
y,

a
co

lu
m

n
of

ty
p

e
i

is
th

e
la

b
el

in
g

of
1
,.
..
,n

b
y

th
e

co
n
ce

p
t
c i

.
N

ow
su

p
p

os
e

a
co

al
it

io
n

of
u
se

rs
T
⊆

[n
]

co
n
st

ru
ct

s
a

d
a
ta

b
as

e
S

w
h
er

e
ea

ch
ro

w
is

an
ex

am
p
le
i
∈
T

to
ge

th
er

w
it

h
th

e
la

b
el

s
w
i1
,.
..
,w

ik
co

m
in

g
fr

om
th

e
co

d
ew

or
d

gi
ve

n
to

u
se

r
i.

L
et

(h
1
,.
..
,h

k
)

b
e

th
e

h
y
p

ot
h
es

es
p
ro

d
u
ce

d
b
y

ru
n
n
in

g
a

th
re

sh
ol

d
m

u
lt

i-
le

ar
n
er

on
th

e
d
at

ab
as

e.
If

ev
er

y
u
se

r
h
as

a
b
it
b

at
in

d
ex

j
of

h
er

co
d
e-

w
or

d
,

th
en

th
e

h
y
p

ot
h
es

is
p
ro

d
u
ce

d
b
y

th
e

le
ar

n
er

m
u
st

al
so

ev
al

u
at

e
to
b

on
m

os
t

of
th

e
ex

am
p
le

s.
T

h
u
s,

th
e

em
p
ir

ic
al

av
er

ag
es

of
th

e
h
y
p

ot
h
es

es
(h

1
,.
..
,h

k
)

on
th

e
ex

am
p
le

s
ca

n
b

e
u
se

d
to

ob
ta

in
a

p
ir

at
e

co
d
ew

or
d

sa
ti

sf
y
in

g
th

e
m

ar
k
in

g
as

su
m

p
ti

on
.

T
h
e

se
cu

ri
ty

of
th

e
fi
n
ge

rp
ri

n
ti

n
g

co
d
e,

i.
e.

th
e

fa
ct

th
at

th
is

co
d
ew

or
d

ca
n

b
e

tr
ac

ed
b
ac

k
to

a
u
se

r
i
∈
T

,
im

p
li
es

th
at

th
e

le
ar

n
er

ca
n
n
ot

b
e

d
iff

er
en

ti
al

ly
p
ri

va
te

.
H

en
ce

,
n

sa
m

p
le

s
is

in
su

ffi
ci

en
t

fo
r

p
ri

va
te

ly
le

ar
n
in

g
k

=
Õ

(n
3
)

th
re

sh
ol

d
co

n
ce

p
ts

,
gi

v
in

g
a

sa
m

p
le

co
m

p
le

x
it

y
lo

w
er

b
ou

n
d

of
Ω̃

(k
1
/
3
).

T
h
e

lo
w

er
b

ou
n
d
s

in
th

is
se

ct
io

n
ar

e
st

at
ed

fo
r

em
p
ir

ic
al

le
ar

n
in

g,
b
u
t

ex
te

n
d

to
P

A
C

le
ar

n
in

g
b
y

T
h
eo

re
m

28
.

W
e

al
so

re
m

ar
k

th
at

th
ey

h
ol

d
ag

a
in

st
th

e
re

la
x
ed

p
ri

va
cy

n
ot

io
n

of
la

be
l

p
ri

va
cy

,
w

h
er

e
d
iff

er
en

ti
al

p
ri

va
cy

on
ly

n
ee

d
s

to
h
ol

d
w

it
h

re
sp

ec
t

to
ch

an
gi

n
g

th
e

la
b

el
s

of
on

e
ex

am
p
le

.

5
.1

.
F

in
g
e
rp

ri
n
ti

n
g

C
o
d

e
s

A
n

(n
,k

)-
fi

n
ge

rp
ri

n
ti

n
g

co
d
e

co
n
si

st
s

of
a

p
ai

r
of

ra
n
d
om

iz
ed

al
go

ri
th

m
s

(G
en
,T

ra
ce

).
T

h
e

p
ar

am
et

er
n

is
th

e
n
u
m

b
er

of
u
se

rs
su

p
p

or
te

d
b
y

th
e

fi
n
ge

rp
ri

n
ti

n
g

co
d
e,

a
n
d
k

is
th

e
le

n
gt

h
of

th
e

co
d
e.

T
h
e

co
d
eb

o
ok

ge
n
er

at
or

G
en

p
ro

d
u
ce

s
a

co
d
eb

oo
k
W
∈
{0
,1
}n
×
k
.

E
ac

h
ro

w
w
i
∈
{0
,1
}k

of
W

is
th

e
co

d
ew

o
rd

of
u
se

r
i.

F
or

a
su

b
se

t
T
⊆

[n
],

w
e

le
t
W
T

d
en

ot
e

th
e

se
t

{w
i

:
i
∈
T
}

of
co

d
ew

or
d
s

b
el

on
gi

n
g

to
u
se

rs
in
T

.
T

h
e

ac
cu

sa
ti

on
al

go
ri

th
m

T
ra

ce
ta

ke
s

as
in

p
u
t

a
p
ir

at
e

co
d
ew

or
d
w
′

an
d

ac
cu

se
s

so
m

e
i
∈

[n
]

(o
r
⊥

if
it

fa
il
s

to
ac

cu
se

an
y

u
se

r)
.

W
e

d
efi

n
e

th
e

fe
as

ib
le

se
t

of
p
ir

at
e

co
d
ew

or
d
s

fo
r

a
co

al
it

io
n
T

an
d

co
d
eb

o
ok

W
b
y

F
(W

T
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=
{w
′ ∈
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,1
}k

:
∀j

=
1,
..
.,
k
∃i
∈
S

s.
t.
w
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=
w
′ j}
.

T
h
e

b
as

ic
m

ar
k
in

g
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su
m

p
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on
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th
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e

p
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e
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d
ew
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d
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′ ∈
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W
e
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n
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d
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if
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d
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k
W
∈
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,1
}n
×
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a
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d
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r
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er
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o
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ra
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d
o
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ed

)
a
d
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a
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A
F
P

,
a
n

d
ev

er
y
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a
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o
n
T
⊆

[n
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if
w

e
ta

ke
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R
A
F
P

(W
T

),
th

en
th

e
fo

ll
o
w

in
g

p
ro

pe
rt

ie
s

h
o
ld

.

C
o
m

p
le

te
n

e
ss

:
P

r
[w
′ ∈

F
(W

T
)
∧

T
ra

ce
(w
′ )

=
⊥

]
≤
ξ,

S
o
u

n
d

n
e
ss

:
P

r
[T

ra
ce

(w
′ )
∈

[n
]\
T

]
≤
ξ,

E
a
ch

p
ro

ba
bi

li
ty

is
ta

ke
n

o
ve

r
th

e
co

in
s

o
f

G
en
,T

ra
ce

,
a
n

d
A
F
P

.
T

h
e

a
lg

o
ri

th
m

s
G

en
a
n

d
T

ra
ce

m
a
y

sh
a
re

a
co

m
m

o
n

st
a
te

,
w

h
ic

h
is

h
id

d
en

to
ea

se
n

o
ta

ti
o
n

.

5
.2

.
L

o
w

e
r

B
o
u

n
d

fo
r

Im
p

ro
p

e
r

P
A

C
L

e
a
rn

in
g

O
u
r

lo
w

er
b

ou
n
d
s

fo
r

m
u
lt

i-
le

ar
n
in

g
fo

ll
ow

fr
om

co
n
st

ru
ct

io
n
s

of
fi
n
ge

rp
ri

n
ti

n
g

co
d
es

w
it

h
ad

d
it

io
n
al

st
ru

ct
u
ra

l
p
ro

p
er

ti
es

.
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B
u
n
a
n
d

N
is
si
m

a
n
d

S
t
e
m
m
e
r

D
e
fi

n
it

io
n

4
2

L
et
C

be
a

co
n

ce
p
t

cl
a
ss

o
ve

r
a

d
o
m

a
in
X

.
A

n
(n
,k

)-
fi

n
ge

rp
ri

n
ti

n
g

co
d
e

(G
en
,T

ra
ce

)
is

co
m

p
at

ib
le

w
it

h
co

n
ce

p
t

cl
as

s
C

if
th

er
e

ex
is

t
x
1
,.
..
,x

n
∈
X

su
ch

th
a
t

fo
r

ev
er

y
co

d
eb

oo
k
W

in
th

e
su

p
po

rt
o
f

G
en

,
th

er
e

ex
is

t
co

n
ce

p
ts
c 1
,.
..
,c
k

su
ch

th
a
t
w
ij

=
c j

(x
i)

fo
r

ev
er

y
i

=
1,
..
.,
n

a
n

d
j

=
1,
..
.,
k

.

T
h

e
o
re

m
4
3

S
u

p
po

se
th

er
e

ex
is

ts
a
n

(n
,k

)-
fi

n
ge

rp
ri

n
ti

n
g

co
d
e

co
m

pa
ti

bl
e

w
it

h
a

co
n

ce
p
t

cl
a
ss
C

w
it

h
se

cu
ri

ty
ξ.

L
et
α
≤

1/
3,
β
,ε
>

0
,

a
n

d
δ
<

1
−
ξ
−
β

n
−
eε
ξ.

T
h
en

ev
er

y
(i

m
p
ro

pe
r)

(α
,β

)-
a
cc

u
ra

te
a
n

d
(ε
,δ

)-
d
iff

er
en

ti
a
ll

y
p
ri

va
te

em
p
ir

ic
a
l
k

-l
ea

rn
er

fo
r
C

re
qu

ir
es

sa
m

p
le

co
m

p
le

xi
ty

gr
ea

te
r

th
a
n
n

.

T
h
e

p
ro

of
of

T
h
eo

re
m

43
fo

ll
ow

s
th

e
id

ea
s

sk
et

ch
ed

ab
ov

e.

P
ro

o
f

L
et

(G
en
,T

ra
ce

)
b

e
an

(n
,k

)-
fi
n
ge

rp
ri

n
ti

n
g

co
d
e

co
m

p
at

ib
le

w
it

h
th

e
co

n
ce

p
t

cl
as

s
C

,
an

d
le

t
x
1
,.
..
,x

n
∈
X

b
e

it
s

as
so

ci
at

ed
u
n
iv

er
se

el
em

en
ts

.
L

et
D

=
(x

1
,.
..
,x

n
)

a
n
d

le
t

A
b

e
an

(α
,β

)-
ac

cu
ra

te
em

p
ir

ic
al
k
-l

ea
rn

er
fo

r
C

w
it

h
sa

m
p
le

co
m

p
le

x
it

y
n

.
W

e
w

il
l

u
se

A
to

d
es

ig
n

an
ad

ve
rs

ar
y
A
F
P

ag
ai

n
st

th
e

fi
n
ge

rp
ri

n
ti

n
g

co
d
e.

L
et
T
⊆

[n
]

b
e

a
co

al
it

io
n

of
u
se

rs
,

an
d

co
n
si

d
er

a
co

d
eb

o
ok

W
←

R
G

en
.

T
h
e

a
d
ve

rs
a
ry

st
ra

te
gy
A
F
P

(W
T

)
b

eg
in

s
b
y

co
n
st

ru
ct

in
g

a
la

b
el

ed
d
at

ab
as

e
S

=
(S
i)
n i=

1
b
y

se
tt

in
g
S
i

=
(x
i,
w
i1
,.
..
,w

ik
)

fo
r

ea
ch

i
∈
T

an
d

to
a

n
on

ce
ro

w
fo

r
i
/∈
T

.
It

th
en

ru
n
s
A

(S
)

o
b
ta

in
in

g
h
y
p

ot
h
es

es
(h

1
,.
..
,h

k
).

F
in

al
ly

,
it

co
m

p
u
te

s
fo

r
ea

ch
j

=
1,
..
.,
k

th
e

av
er

a
g
es

h
j
(D

)
=

1 n

n ∑ i=
1

h
j
(x
i)

an
d

p
ro

d
u
ce

s
a

p
ir

at
e

w
or

d
w
′

b
y

se
tt

in
g

ea
ch

w
′ j

to
th

e
va

lu
e

of
a
j

ro
u
n
d
ed

to
0

o
r

1
.

N
ow

co
n
si

d
er

th
e

co
al

it
io

n
T

=
[n

].
S
in

ce
th

e
fi
n
ge

rp
ri

n
ti

n
g

co
d
e

is
co

m
p
a
ti

b
le

w
it

h
C

,
ea

ch
co

lu
m

n
(w

1
j
,.
..
,w

n
j
)

=
(c
j
(x

1
),
..
.,
c j

(x
n
))

fo
r

so
m

e
co

n
ce

p
t
c j
∈
C

.
T

h
u
s,

if
th

e
h
y
p

ot
h
es

es
(h

1
,.
..
,h

k
)

ar
e
α

-a
cc

u
ra

te
fo

r
(c

1
,.
..
,c
k
)

on
S

,
th

en
w
′
∈
F

(W
T

)
=
F

(W
).

T
h
er

ef
or

e,
b
y

th
e

co
m

p
le

te
n
es

s
p
ro

p
er

ty
of

th
e

co
d
e

an
d

th
e

(α
,β

)-
ac

cu
ra

cy
o
f
A

,
w

e
h
av

e

P
r

[T
ra

ce
(A

F
P

(W
))
6=
⊥

]
≥

1
−
ξ
−
β
.

In
p
ar

ti
cu

la
r,

th
er

e
ex

is
ts

an
i∗

fo
r

w
h
ic

h

P
r

[T
ra

ce
(A

F
P

(W
))

=
i∗

]
≥

1
−
ξ
−
β

n
.

O
n

th
e

ot
h
er

h
an

d
,

b
y

th
e

so
u
n
d
n
es

s
p
ro

p
er

ty
of

th
e

co
d
e,

P
r

[T
ra

ce
(A

F
P

(W
−
i∗

))
=
i∗

]
≤
ξ.

T
h
u
s,
A

ca
n
n
ot

b
e

(ε
,δ

)-
d
iff

er
en

ti
al

ly
p
ri

va
te

w
h
en

ev
er

1
−
ξ
−
β

n
>
eε
·ξ

+
δ.
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S
im

u
lt
a
n
e
o
u
s
P
r
iv
a
t
e
L
e
a
r
n
in
g

o
f
M
u
lt

ip
l
e
C
o
n
c
e
p
t
s

R
e
m

a
rk

4
4

If
w

e
a
d
d
itio

n
a
lly

a
ssu

m
e

th
a
t

th
ere

exists
a
n

elem
en

t
x
0 ∈

X
w

ith
c
1 (x

0 )
=

c
2 (x

0 )
=
···

=
c
k (x

0 ),
th

en
w

e
ca

n
u

se
a

“
pa

d
d
in

g”
a
rgu

m
en

t
to

o
bta

in
a

stro
n

ger
lo

w
er

bo
u

n
d

o
f
n
/
3α

.
M

o
re

specifi
ca

lly,
su

p
po

se
c
1 (x

0 )
=
···

=
c
k (x

0 )
=

0.
W

e
pa

d
th

e
d
a
ta

ba
se
S

co
n

stru
cted

a
bo

ve
w

ith
(1/3

α−
1)n

co
p
ies

o
f

th
e

ju
n

k
ro

w
(x

0 ,0,...,0).
N

o
w

if
a

h
ypo

th
esis

h
is
α

-a
ccu

ra
te

fo
r

a
0-m

a
rked

co
lu

m
n

,
it’s

em
p
irica

l
a
vera

ge
w

ill
be

a
t

m
o
st
α

.
O

n
th

e
o
th

er
h
a
n

d
,

a
n
α

-a
ccu

ra
te

h
ypo

th
esis

fo
r

a
1-m

a
rked

co
lu

m
n

w
ill

h
a
ve

em
p
irica

l
a
vera

ge
a
t

lea
st

2α
.

S
in

ce
th

ere
is

a
ga

p
betw

een
th

ese
tw

o
qu

a
n

tities,
a

p
ira

te
a
lgo

rith
m

ca
n

still
tu

rn
a
n

a
ccu

ra
te

vecto
r

o
f
k

h
ypo

th
eses

in
to

a
fea

sible
cod

ew
o
rd

.

A
s

o
b
served

earlier,
th

e
(n
,k

)-B
on

eh
-S

h
aw

co
d
e

is
com

p
atib

le
w

ith
th

e
con

cep
t

class
T
H
R
E
S
H
X

fo
r

a
n
y
|X
|≥

n
.

T
h
u
s,

in
stan

tiatin
g

T
h
eorem

43
(an

d
R

em
a
rk

44)
w

ith
th

e
B

o
n
eh

-S
h
aw

co
d
e

y
ield

s
a

low
er

b
ou

n
d

for
k
-learn

in
g

th
resh

old
s.

L
e
m

m
a

4
5

(B
o
n

e
h

a
n

d
S

h
a
w

(1
9
9
8
))

L
et
X

be
a

to
ta

lly
o
rd

ered
d
o
m

a
in

w
ith
|X
|≥

n
fo

r
so

m
e
n
∈
N

.
T

h
en

th
ere

exists
a
n

(n
,k

)-fi
n

gerp
rin

tin
g

cod
e

co
m

pa
tible

w
ith

th
e

co
n

cep
t

cla
ss

T
H
R
E
S
H
X

w
ith

secu
rity

ξ
a
s

lo
n

g
a
s
k
≥

2n
3

log
(2n

/ξ).

C
o
ro

lla
ry

4
6

E
very

im
p
ro

per
(α
,β

)-a
ccu

ra
te

a
n

d
(ε

=
O

(1),δ
=
o(1/

n
))-d

iff
eren

tia
lly

p
riva

te
em

p
irica

l
k

-lea
rn

er
fo

r
T
H
R
E
S
H
X

requ
ires

sa
m

p
le

co
m

p
lexity

m
in{|X

|,Ω̃
(k

1
/
3/α

)}.

D
isc

u
ssio

n
.

C
om

p
atib

ility
w

ith
a

con
cep

t
class

is
an

in
terestin

g
m

easu
re

of
th

e
com

p
lex

-
ity

o
f

a
fi
n
g
erp

rin
tin

g
co

d
e

w
h
ich

w
arran

ts
fu

rth
er

atten
tion

.
P

eikert
et

al.
(2003)

sh
ow

ed
th

a
t

stru
ctu

ra
l

con
strain

ts
(related

to
com

p
atib

ility
)

on
a

fi
n
gerp

rin
tin

g
co

d
e

give
a

low
er

b
o
u
n
d

o
n

its
len

gth
b

ey
on

d
th

e
gen

eral
low

er
b

ou
n
d

of
k

=
Ω̃

(n
2)

for
arb

itrary
fi
n
gerp

rin
t-

in
g

co
d
es.

In
p
articu

lar,
th

ey
sh

ow
ed

th
at

th
e

len
gth

k
=
Õ

(n
3)

of
th

e
B

on
eh

-S
h
aw

co
d
e

is
essen

tia
lly

tigh
t

for
th

e
“m

u
ltip

licity
p
arad

igm
”,

w
h
ere

a
co

d
eb

o
ok

is
a

ran
d
om

p
erm

u
-

ta
tion

o
f

a
fi
x
ed

set
of

colu
m

n
s,

each
rep

eated
th

e
sam

e
n
u
m

b
er

of
tim

es.
W

e
take

th
is

a
s

ev
id

en
ce

th
a
t

ou
r

Ω̃
(k

1
/
3)

low
er

b
ou

n
d

for
T
H
R
E
S
H
X

can
n
ot

b
e

im
p
roved

v
ia

com
p
a
tib

le
fi
n
g
erp

rin
tin

g
co

d
es.

H
ow

ever,
closin

g
th

e
gap

b
etw

een
ou

r
low

er
b

ou
n
d

an
d

th
e

u
p
p

er
b

o
u
n
d

o
f

rou
g
h
ly
√
k

rem
ain

s
an

in
trigu

in
g

op
en

q
u
estion

.
A

n
a
tu

ral
av

en
u
e

for
ob

tain
in

g
stron

ger
p

oly
(k

)
low

er
b

ou
n
d
s

for
p
rivate

k
-learn

in
g

is
to

id
en

tify
com

p
atib

le
fi
n
gerp

rin
tin

g
co

d
es

w
ith

sh
o
rter

len
gth

.
T

ard
os

(2008)
sh

ow
ed

th
e

ex
isten

ce
of

an
(n
,k

)-fi
n
gerp

rin
tin

g
co

d
e

of
op

tim
al

len
gth

k
=
Õ

(n
2)

(see
P

rop
osition

4
9
).

T
h
e

con
stru

ction
of

h
is

co
d
e

d
iff

ers
sign

ifi
can

tly
from

m
u
ltip

licity
p
ara

d
igm

:
for

each
co

lu
m

n
j

o
f

th
e

T
ard

os
co

d
e,

a
b
ias

p
j
∈

(0,1)
is

sam
p
led

from
a

fi
x
ed

d
istrib

u
tion

,
an

d
th

en
ea

ch
b
it

o
f

th
e

colu
m

n
is

sam
p
led

i.i.d
.

w
ith

b
ias

p
j .

H
en

ce,
th

e
colu

m
n
s

o
f

th
e

T
ard

os
co

d
e

a
re

su
p
p

o
rted

on
all

b
it

vectors
in
{0
,1}

n
.

T
h
is

m
ean

s
th

at
for

a
con

cep
t

class
C

to
b

e
co

m
p
a
tib

le
w

ith
th

e
(n
,k

)-T
ard

os
co

d
e,

it
m

u
st

b
e

th
e

case
th

at
V

C
(C

)
≥
n

.
T

h
u
s,

th
e

low
er

b
o
u
n
d

on
e

ob
tain

s
again

st
k
-learn

in
g
C

on
ly

m
atch

es
th

e
low

er
b

ou
n
d

for
P

A
C

lea
rn

in
g
C

(w
ith

ou
t

p
rivacy

).
It

w
ou

ld
b

e
very

in
terestin

g
to

con
stru

ct
a

fi
n
gerp

rin
tin

g
co

d
e

o
f

o
p
tim

a
l

len
gth

k
=
Õ

(n
2)

w
ith

su
b
stan

tially
few

er
th

an
2
n

colu
m

n
ty

p
es

(an
d

h
en

ce
co

m
p
a
tib

le
w

ith
a

con
cep

t
class

of
V

C
-d

im
en

sion
sm

aller
th

an
n

).

5
.3

.
L

o
w

e
r

B
o
u

n
d

fo
r

A
g
n

o
stic

L
e
a
rn

in
g

In
th

e
a
g
n
o
stic

learn
in

g
m

o
d
el,

a
learn

er
h
as

to
p

erform
w

ell
even

w
h
en

th
e

colu
m

n
s

of
a

m
u
lti-lab

eled
d
atab

ase
d
o

n
ot

corresp
on

d
to

an
y

con
cep

t.
T

h
is

a
llow

s
u
s

to
ap

p
ly

th
e
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B
u
n
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

argu
m

en
t

of
T

h
eorem

43
w

ith
ou

t
th

e
con

strain
t

of
com

p
atib

ility.
T

h
e

resu
lt

is
th

at
a
n

y
fi
n
gerp

rin
tin

g
co

d
e,

in
p
articu

lar
on

e
w

ith
op

tim
al

len
gth

,
gives

an
ag

n
ostic

learn
in

g
low

er
b

ou
n
d

for
an

y
n
on

-triv
ial

con
cep

t
class.

T
h

e
o
re

m
4
7

S
u

p
po

se
th

ere
exists

a
n

(n
,k

)-fi
n

gerp
rin

tin
g

cod
e

w
ith

secu
rity

ξ.
L

et
C

be
a

co
n

cep
t

cla
ss

w
ith

a
t
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all
d
ata

ap
p
lication

in
volv

in
g

m
u
l-

tiva
ria

te
co

u
n
t

d
ata

th
at

ou
r

M
R

S
algorith

m
p

erform
s

b
etter

th
an

state-of-th
e-art

O
verD

is-
p

ersio
n

S
co

rin
g

(O
D

S
)

(P
ark

an
d

R
ask

u
tti,2015),

G
E

S
(C

h
ickerin

g,2003),
M

M
H

C
(T

sa
m

a
rd

i-
n
o
s

et
a
l.,

2
0
0
6),

an
d

P
oisson

M
R

F
learn

in
g

(P
M

R
F

)
algorith

m
s

(Y
an

g
et

al.,
2015),

on
avera

ge,
in

term
s

of
th

e
b

oth
ru

n
-tim

e
an

d
accu

racy
of

recov
erin

g
a

grap
h

stru
ctu

re
an

d
its

M
E

C
.

In
ou

r
sim

u
lation

stu
d
y,

w
e

con
sid

er
b

oth
th

e
ex

trem
ely

sp
a
rse

(d
=

1)
an

d
sp

arse
(d

=
1
0
)

h
ig

h
-d

im
en

sion
al

settin
gs.

O
u
r

real
d
ata

ex
am

p
le

in
volv

in
g

M
L

B
p
lay

er
statistics

fo
r

20
0
3

seaso
n

sh
ow

s
th

at
ou

r
M

R
S

algorith
m

is
ap

p
licab

le
to

m
u
ltiva

ria
te

co
u
n
t

d
ata

w
h
ile

th
e

P
M

R
F

algorith
m

fi
n
d
s

to
o

m
an

y
ed

ges,
an

d
th

e
M

M
H

C
algorith

m
ten

d
s

to
select

very
few

ed
g
es

w
h
en

variab
les

rep
resen

t
cou

n
ts.

W
e

also
in

vestigate
th

e
accu

racy
of

ou
r

M
R

S
a
lgo

rith
m

w
h
en

sam
p
les

are
gen

erated
from

gen
eral

P
oisson

D
A

G
m

o
d
els

an
d

(tru
n
-

ca
ted

)
P

o
isso

n
M

R
F

s.
T

h
e

sim
u
lation

resu
lts

em
p
irically

verify
th

at
th

e
M

R
S

algorith
m

ca
n

co
n
sisten

tly
recover

th
e

tru
e

ed
ges.

1
.1

.
O

u
r

C
o
n
trib

u
tio

n
s

W
e

su
m

m
a
rize

th
e

m
a
jor

con
trib

u
tion

s
of

th
e

p
ap

er
as

follow
s:

•
W

e
in

tro
d
u
ce

a
m

ild
er

id
en

tifi
ab

ility
con

d
ition

for
P

oisso
n

D
A

G
m

o
d
els

for
m

u
ltivari-

a
te

co
u
n
t

d
ata.

•
W

e
d
ev

elo
p

th
e

reliab
le

an
d

scalab
le

lasso-b
a
sed

M
R

S
algorith

m
w

h
ich

learn
s

sp
arse

h
ig

h
-d

im
en

sion
al

P
oisson

S
E

M
s.

•
W

e
p
rov

id
e

th
e

m
ore

realistic
con

d
ition

s
for

learn
in

g
P

oisson
S
E

M
s

in
S
ection

3.2.

•
W

e
a
lso

p
rov

id
e

th
e

sam
p
le

com
p
lex

ity
n

=
Ω

(d
2

log
9
p
)

u
n
d
er

w
h
ich

th
e

M
R

S
algo-

rith
m

recovers
th

e
P

oisson
S
E

M
.

W
e

em
p
h
asize

th
at

ou
r

th
eoretical

resu
lt

d
o
es

n
ot

d
ep

en
d

o
n

th
e

d
egree

of
th

e
m

oralized
grap

h
d
m

,
an

d
h
en

ce,
th

e
M

R
S

algorith
m

can
recover

a
grap

h
w

ith
h
u
b

n
o
d
es

in
th

e
h
igh

d
im

en
sion

al
settin

g.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

ou
r

M
R

S
algorith

m
is

th
e

on
ly

p
rovab

le
an

d
realistic

m
eth

o
d

th
a
t

a
p
p
lies

for
th

e
h
igh

-d
im

en
sion

al
m

u
ltivariate

cou
n
t

d
ata

w
h
en

sam
p
les

are
fro

m
P

o
isson

S
E

M
s

w
ith

h
u
b

n
o
d
es.

W
e

m
u
st

p
oin

t
ou

t
th

at
su

ch
im

p
roved

assu
m

p
tio

n
s

a
n
d

sa
m

p
le

co
m

p
lex

ity
are

n
ot

on
ly

from
ou

r
n
ew

id
en

tifi
ab

ility
co

n
d
ition

,
b
u
t

from
th

e
a
d
d
itio

n
a
l

co
n
strain

ts
on

th
e

stan
d
ard

log
lin

k
fu

n
ctio

n
for

th
e

d
ep

en
d
en

cies.

T
h
e

rem
a
in

d
er

of
th

is
p
ap

er
is

stru
ctu

red
as

follow
s.

S
ection

2.1
su

m
m

arizes
th

e
n
eces-

sa
ry

n
o
ta

tio
n
s

an
d

p
rob

lem
settin

gs,
S
ection

2.2
d
iscu

sses
th

e
P

oisson
D

A
G

m
o
d
el

an
d

its
n
ew

id
en

tifi
a
b
ility

con
d
ition

,
an

d
S
ection

2.3
p
rov

id
es

a
d
etailed

com
p
arison

b
etw

een
P

ois-
so

n
D

A
G

m
o
d
els

an
d

M
R

F
s.

In
S
ectio

n
3,

w
e

in
tro

d
u
ce

ou
r

p
oly

n
om

ial-tim
e

D
A

G
learn

in
g

a
lg

o
rith

m
,

w
h
ich

w
e

refer
to

as
th

e
M

om
en

ts
R

atio
S
corin

g
(M

R
S
).

S
ection

3.1
d
iscu

sses

3
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P
a
r
k

a
n
d

P
a
r
k

com
p
u
tation

al
com

p
lex

ity
of

ou
r

algorith
m

,
an

d
S
ection

3.2
p
rov

id
es

statistical
gu

aran
tees

for
learn

in
g

P
oisson

S
E

M
s

v
ia

th
e

M
R

S
algorith

m
.

S
ection

4
em

p
irically

evalu
ates

ou
r

m
eth

o
d
s,

com
p
ared

to
state-of-th

e-art
O

D
S
,

G
E

S
,

an
d

M
M

H
C

algorith
m

s
u
sin

g
sy

n
th

etic
d
ata,

an
d

con
fi
rm

s
th

at
ou

r
algorith

m
is

on
e

of
th

e
few

D
A

G
-learn

in
g

algorith
m

s
th

at
p

er-
form

s
w

ell
in

term
s

of
statistical

an
d

com
p
u
tatio

n
al

com
p
lex

ity
in

low
an

d
h
igh

-d
im

en
sion

al
settin

gs.
In

ad
d
ition

,
w

e
in

vestigate
h
ow

w
ell

th
e

M
R

S
algorith

m
learn

s
gen

eral
P

o
isson

D
A

G
m

o
d
els

an
d

(tru
n
cated

)
P

oisson
M

R
F

s
u
sin

g
sy

n
th

etic
d
ata.

S
ection

5
co

m
p
ares

o
u
r

M
R

S
algorith

m
to

th
e

P
oisson

M
R

F
an

d
M

M
H

C
algorith

m
b
y

an
aly

zin
g

a
real

2003
season

M
L

B
m

u
ltivariate

cou
n
t

d
ata.

L
astly,

S
ection

6
d
iscu

sses
som

e
fu

tu
re

w
ork

s.

2
.
P
o
isso

n
D
A
G

M
o
d
e
ls

W
e

fi
rst

in
tro

d
u
ce

som
e

n
ecessary

n
otation

s
an

d
d
efi

n
ition

s
for

D
A

G
m

o
d
els.

T
h
en

,
w

e
give

a
d
etailed

d
escrip

tion
of

p
rev

iou
s

w
ork

on
learn

in
g

P
oisson

D
A

G
m

o
d
els

(P
ark

an
d

R
ask

u
tti,

2015),
an

d
w

e
p
rop

ose
a

strictly
m

ild
er

id
en

tifi
ab

ility
con

d
ition

.
L

a
stly,

w
e

d
iscu

ss
h
ow

P
oisson

D
A

G
m

o
d
els

an
d

M
R

F
s

(Y
an

g
et

al.,
2015)

are
related

.

2
.1

.
P

ro
b

le
m

S
e
t-u

p
a
n

d
N

o
ta

tio
n

s

A
D

A
G
G

=
(V
,E

)
con

sists
of

a
set

of
n
o
d
es
V

=
{
1,2,···

,p}
an

d
a

set
of

d
irected

ed
ges

E
⊂
V
×
V

w
ith

n
o

d
irected

cy
cles.

A
d
irected

ed
ge

from
n
o
d
e
j

to
k

is
d
en

oted
b
y

(j,k
)

or
j→

k
.

T
h
e

set
of

pa
ren

ts
of

n
o
d
e
k
,

d
en

oted
b
y

P
a(k

),
con

sists
of

all
n
o
d
es
j

su
ch

th
at

(j,k
)
∈
E

.
If

th
ere

is
a

d
irected

p
ath

j
→
···→

k
,

th
en

k
is

called
a

d
escen

d
a
n

t
of
j,

an
d
j

is
an

a
n

cesto
r

of
k
.

T
h
e

set
D

e(k
)

d
en

otes
th

e
set

of
all

d
escen

d
an

ts
of

n
o
d
e
k
.

T
h
e

n
o
n

-d
escen

d
a
n

ts
of

n
o
d
e
k

are
N

d
(k

)
:=

V
\

({k}∪
D

e(k
)).

A
n

im
p

ortan
t

p
rop

erty
of

D
A

G
s

is
th

at
th

ere
ex

ists
a

(p
ossib

ly
n
on

-u
n
iq

u
e)

o
rd

erin
g
π

=
(π

1 ,....,π
p )

of
a

d
irected

grap
h

th
at

rep
resen

ts
d
irection

s
of

ed
ges

su
ch

th
at

for
every

d
irected

ed
ge

(j,k
)
∈
E

,
j

com
es

b
efore

k
in

th
e

ord
erin

g.
H

en
ce,

learn
in

g
a

grap
h

is
eq

u
ivalen

t
to

learn
in

g
th

e
ord

erin
g

an
d

th
e

sk
eleton

th
at

is
th

e
set

of
d
irected

ed
ges

w
ith

ou
t

th
eir

d
irection

s.

W
e

con
sid

er
a

set
of

ran
d
om

variab
les

X
:=

(X
j )
j∈
V

w
ith

a
p
rob

ab
ility

d
istrib

u
tion

tak
in

g
valu

es
in

a
sam

p
le

sp
aceX

V
over

th
e

n
o
d
es

in
G

.
S
u
p
p

ose
th

at
a

ran
d
om

v
ector

X
h
as

a
join

t
p
rob

ab
ility

d
en

sity
fu

n
ction

P
(G

)
=
P

(X
1 ,X

2 ,...,X
p ).

F
or

an
y

su
b
set

S
of
V

,
let

X
S

:=
{
X
j

:
j
∈
S
⊂
V
}

an
d
X
S

:=
×
j∈
S X

j
w

h
ere
X
j

is
a

sam
p
le

sp
ace

of
X
j .

F
or

an
y

n
o
d
e
j
∈
V

,
P

(X
j |

X
S

)
d
en

otes
th

e
con

d
ition

al
d
istrib

u
tion

of
a

variab
le
X
j

given
a

ran
d
om

vector
X
S

.
T

h
en

,
a

D
A

G
m

o
d
el

h
as

th
e

follow
in

g
factorization

(L
au

ritzen
,

1996):

P
(G

)
=
P

(X
1 ,X

2 ,...,X
p )

=

p
∏j=

1

P
(X

j |
X

P
a

(j) ),
(1)

w
h
ere

P
(X

j
|
X

P
a

(j) )
is

th
e

con
d
ition

al
d
istrib

u
tion

of
X
j

given
its

p
aren

ts
variab

les

X
P

a
(j)

:=
{
X
k

:
k
∈

P
a(j)⊂

V
}.

W
e

su
p
p

ose
th

at
th

ere
are

n
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

sam
p
les

X
1
:n

:=

(X
(i))

ni=
1

from
a

given
grap

h
ical

m
o
d
el

w
h
ere

X
(i)

:=
X

(i)
1
:p

=
(X

(i)
1
,X

(i)
2
,···

,X
(i)
p

)
is

a
p
-

variate
ran

d
om

vector.
T

h
e

n
otation

·̂
d
en

otes
an

estim
ate

b
ased

on
sa

m
p
les

X
1
:n

.
W

e
also

accep
t

th
e

cau
sal

su
ffi

cien
cy

assu
m

p
tion

th
at

all
im

p
ortan

t
variab

les
h
av

e
b

een
ob

served
.
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H
ig
h
-D

im
e
n
si
o
n
a
l
P
o
is
so

n
S
E
M

L
e
a
r
n
in
g

v
ia
` 1
-R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ss
io
n

2
.2

.
P

o
is

so
n

D
A

G
M

o
d

e
l

a
n

d
it

s
Id

e
n
ti

fi
a
b

il
it

y

T
h
e

d
efi

n
it

io
n

of
P

oi
ss

on
D

A
G

m
o
d
el

s
in

P
ar

k
an

d
R

as
k
u
tt

i
(2

01
5)

is
th

at
ea

ch
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
gi

ve
n

it
s

p
ar

en
ts
X
j
|X

P
a

(j
)

is
P

oi
ss

o
n

su
ch

th
at

X
j
|X

P
a

(j
)
∼

P
oi

ss
on

(g
j
(X

P
a

(j
))

),
(2

)

w
h
er

e
fo

r
an

y
ar

b
it

ra
ry

p
os

it
iv

e
li
n
k

fu
n
ct

io
n
g j

:
X P

a
(j

)
→

R
+

.
H

en
ce

u
si

n
g

th
e

fa
ct

o
ri

za
-

ti
on

in
E

q
u
at

io
n

(1
),

th
e

jo
in

t
d
is

tr
ib

u
ti

on
is

as
fo

ll
ow

s:

f G
(X

)
=
∏ j∈
V

f j
(X

j
|X

P
a

(j
))
.

(3
)

w
h
er

e
f j

is
th

e
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

of
P

oi
ss

on
.

A
P

oi
ss

on
st

ru
ct

u
ra

l
eq

u
at

io
n

m
o
d
el

(S
E

M
)

is
a

sp
ec

ia
l

ca
se

of
a

P
oi

ss
on

D
A

G
m

o
d
el

w
h
er

e
th

e
li
n
k

fu
n
ct

io
n
s
g j

’s
in

E
q
u
at

io
n

(2
)

ar
e

th
e

st
an

d
ar

d
lo

g
li
n
k

fu
n
ct

io
n

fo
r

P
o
is

-
so

n
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

s
(G

L
M

s)
,

i.
e.

,
g j

(X
P

a
(j

))
=

ex
p
(θ
j

+
∑

k
∈P

a
(j

)
θ j
k
X
k
)

w
h
er

e

(θ
jk

) k
∈P

a
(j

)
re

p
re

se
n
ts

th
e

li
n
ea

r
w

ei
gh

ts
.

U
si

n
g

fa
ct

or
iz

at
io

n
(1

),
th

e
jo

in
t

d
is

tr
ib

u
ti

o
n

of
a

P
oi

ss
on

S
E

M
ca

n
b

e
w

ri
tt

en
as

:

f
(X

1
,X

2
,.
..
,X

p
)

=
ex

p
(
∑ j∈
V

θ j
X
j

+
∑

(k
,j

)∈
E

θ j
k
X
j
X
k
−
∑ j∈
V

lo
g
X
j
!
−
∑ j∈
V

eθ
j
+
∑
k
∈
P

a
(j

)
θ j
k
X
k
) .

(4
)

P
oi

ss
on

D
A

G
m

o
d
el

s
h
av

e
a

u
se

fu
l

m
om

en
ts

re
la

ti
on

fo
r

th
e

id
en

ti
fi
ab

il
it

y
:

P
ro

p
o
si

ti
o
n

1
C

o
n

si
d
er

a
P

o
is

so
n

D
A

G
m

od
el

(3
)

w
it

h
n

o
n

-d
eg

en
er

a
te

d
ra

te
pa

ra
m

et
er

fu
n

ct
io

n
s

(g
j
(X

P
a

(j
))

) j
∈V

.
T

h
en

,
fo

r
a
n

y
n

od
e
j
∈
V

,
a
n

d
a
n

y
se

t
S
j
⊂

N
d
(j

),
th

e
fo

ll
o
w

in
g

m
o
m

en
ts

re
la

ti
o
n

h
o
ld

s:

E(
X

2 j
)

E
[ E

(X
j
|X

S
j
)

+
E(
X
j
|X

S
j
)2
]
≥

1
(5

)

E
qu

iv
a
le

n
tl

y,
E(

V
a
r(
E(
X
j
|X

P
a

(j
))
|X

S
j
))
≥

0.

T
h
e

eq
u

a
li

ty
o
n

ly
h
o
ld

s
w

h
en

S
j

co
n

ta
in

s
a
ll

pa
re

n
ts

o
f
j,

th
a
t

is
,

P
a
(j

)
⊂
S
j
.

W
e

in
cl

u
d
e

th
e

p
ro

of
in

S
ec

ti
on

A
.

P
ro

p
os

it
io

n
1

cl
ai

m
s

th
at

w
h
en

al
l

p
ar

en
ts

of
j,

P
a(
j)

,
co

n
tr

ib
u
te

to
it

s
ra

te
p
ar

am
et

er
,

th
e

m
om

en
ts

ra
ti

o
in

E
q
u
at

io
n

(5
)

is
eq

u
al

to
1

if
a

co
n
d
it

io
n

se
t
S
j

co
n
ta

in
s

al
l

p
ar

en
ts

of
j,

P
a(
j)
⊂
S
j
,

ot
h
er

w
is

e
gr

ea
te

r
th

a
n

1
.

In
P

oi
ss

on
S
E

M
s,

it
is

cl
ea

r
th

at
th

e
n
on

-d
eg

en
er

a
te

d
ra

te
p
ar

am
et

er
fu

n
ct

io
n

as
su

m
p
ti

on
s

ar
e

eq
u
iv

al
en

t
to

th
e

n
o
n

-z
er

o
co

effi
ci

en
ts

co
n
d
it

io
n
s,
|θ j

k
|
>

0
fo

r
al

l
k
∈

P
a(
j)

si
n
ce

g j
(X

P
a

(j
))

=
ex

p
(θ
j

+
∑

k
∈P

a
(j

)
θ j
k
X
k
).

N
ow

,
w

e
b
ri

efl
y

ex
p
la

in
h
ow

P
oi

ss
on

D
A

G
m

o
d
el

s
ar

e
id

en
ti

fi
a
b
le

fr
om

th
e

m
om

en
ts

ra
ti

o
in

P
ro

p
os

it
io

n
1

u
si

n
g

th
e

b
iv

ar
ia

te
P

oi
ss

on
D

A
G

m
o
d
el

s
il
lu

st
ra

te
d

in
F

ig
.

1
:
G

1
:
X

1
∼

P
oi

ss
on

(λ
1
),
X

2
∼

P
oi

ss
on

(λ
2
),

w
h
er

e
X

1
an

d
X

2
ar

e
in

d
ep

en
d
en

t;
G

2
:
X

1
∼

P
oi

ss
on

(λ
1
)

an
d
X

2
|X

1
∼

P
oi

ss
on

(g
2
(X

1
))

;
an

d
G

3
:
X

2
∼

P
o
is

so
n
(λ

2
)

an
d
X

1
|X

2
∼

P
oi

ss
on

(g
1
(X

2
))

fo
r

ar
b
it

ra
ry

n
on

-d
eg

en
er

at
ed

p
os

it
iv

e
fu

n
ct

io
n
s
g 1
,g

2
:
N
∪
{0
}
→

R
+

.

5
JM

L
R

 2
0(

95
):

1-
41

, 2
01

9

P
a
r
k

a
n
d

P
a
r
k

X
1

X
2

G
1

X
1

X
2

G
2

X
1

X
2

G
3

F
ig

u
re

1:
B

iv
ar

ia
te

d
ir

ec
te

d
ac

y
cl

ic
gr

ap
h
s

of
G

1
,
G

2
,

an
d
G

3
.

B
y

P
ro

p
os

it
io

n
1,

w
e

ca
n

se
e

th
at

E(
X

2 j
)

=
E(
X
j
)

+
E(
X
j
)2

fo
r

al
l
j
∈
{1
,2
}

in
G

1
.

In
G

2
,

w
e

ca
n

al
so

se
e

th
at

E(
X

2 1
)

=
E(
X

1
)

+
E(
X

1
)2
,

an
d

E(
X

2 2
)
>

E(
X

2
)

+
E(
X

2
)2
.

S
im

il
ar

ly
,

in
G

3
,

w
e

h
av

e
E(
X

2 1
)
>

E(
X

1
)+

E(
X

1
)2

,
w

h
il
e
E(
X

2 2
)

=
E(
X

2
)+

E(
X

2
)2

.
H

en
ce

,
w

e
ca

n
d
et

er
m

in
e

th
e

tr
u
e

gr
ap

h
b
as

ed
on

th
e

m
om

en
ts

ra
ti

o
E(
X

2 j
)/

(E
(X

j
)

+
E(
X
j
)2

).
T

h
is

id
ea

of
a

m
om

en
ts

re
la

ti
on

in
P

ro
p

os
it

io
n

1
ca

n
ea

si
ly

ap
p
ly

to
ge

n
er

a
l

p
-v

a
ri

a
te

P
oi

ss
on

D
A

G
m

o
d
el

s,
an

d
h
en

ce
,
th

e
m

o
d
el

s
ar

e
id

en
ti

fi
ab

le
b
y

te
st

in
g

w
h
et

h
er

th
e

m
o
m

en
ts

ra
ti

o
in

E
q
u
at

io
n

(5
)

is
eq

u
al

to
1

or
gr

ea
te

r
th

an
1.

T
h

e
o
re

m
2

C
o
n

si
d
er

a
P

o
is

so
n

D
A

G
m

od
el

(3
)

w
it

h
ra

te
pa

ra
m

et
er

s
(g
j
(X

P
a

(j
))

) j
∈V
.

If
fo

r
a
n

y
j
∈
V

,
ra

te
pa

ra
m

et
er

g j
(·)

is
n

o
n

-d
eg

en
er

a
te

d
,

th
e

P
o
is

so
n

D
A

G
m

od
el

is
id

en
ti

fi
a
bl

e.

W
e

in
cl

u
d
e

th
e

p
ro

of
in

S
ec

ti
on

3.
2.

T
h
eo

re
m

2
cl

a
im

s
th

at
an

y
P

oi
ss

on
D

A
G

m
o
d
el

is
id

en
ti

fi
ab

le
if

al
l
p
ar

en
ts

of
n
o
d
e
j

co
n
tr

ib
u
te

to
it

s
ra

te
p
ar

am
et

er
.

H
en

ce
,
T

h
eo

re
m

2
sh

ow
s

th
at

an
y

P
oi

ss
on

S
E

M
is

id
en

ti
fi
ab

le
u
n
d
er

th
e

n
on

-z
er

o
co

effi
ci

en
ts

co
n
d
it

io
n
,
|θ j

k
|>

0
fo

r
al

l
k
∈

P
a(
j)

.
T

h
is

co
n
d
it

io
n

is
al

so
co

m
m

on
ly

as
su

m
ed

in
(G

au
ss

ia
n
)

li
n
ea

r
st

ru
ct

u
ra

l
eq

u
at

io
n

m
o
d
el

s
fo

r
th

e
m

o
d
el

id
en

ti
fi
ab

il
it

y
(S

p
ir

te
s,

19
95

;
G

h
os

h
al

an
d

H
o
n
o
ri

o
,

2
0
1
7
b
,

20
18

;
L

oh
an

d
B

ü
h
lm

an
n
,

20
14

;
P

et
er

s
an

d
B

ü
h
lm

an
n
,

20
14

;
P

ar
k

an
d

P
a
rk

,
2
0
1
9
).

W
e

b
el

ie
ve

th
at

it
is

a
n
at

u
ra

l
co

n
d
it

io
n

th
at

is
in

ac
co

rd
a
n
ce

w
it

h
th

e
in

tu
it

iv
e

u
n
d
er

st
a
n
d
in

g
of

re
la

ti
on

sh
ip

s
am

on
g

va
ri

ab
le

s.
O

u
r

id
en

ti
fi
ab

il
it

y
co

n
d
it

io
n

is
st

ri
ct

ly
m

il
d
er

th
an

th
e

p
re

v
io

u
s

id
en

ti
fi
a
b
il
it

y
re

su
lt

in
P

ar
k

an
d

R
as

k
u
tt

i
(2

01
5)

th
at

is
eq

u
iv

al
en

t
to

V
ar

(E
(X

j
|X

P
a

(j
))
|X

S
j

=
x

)
>

0
fo

r
a
ll
x
∈

X S
j

w
h
en

P
a(
j)
6⊂
S
j

.
F

or
a

b
et

te
r

co
m

p
ar

is
on

,
w

e
co

n
si

d
er

a
fu

ll
y

co
n
n
ec

te
d

g
ra

p
h

w
h
er

e
X

1
∼

P
oi

ss
on

(λ
),
X

2
|X

1
∼

P
oi

ss
on

(λ
+
X

1
),

an
d
X

3
|X

1
,X

2
∼

P
oi

ss
on

(λ
+
X

2
1

(X
1
6=

0
))

w
h
er

e
λ

is
a

p
os

it
iv

e
co

n
st

an
t

an
d

1
(·)

is
an

in
d
ic

at
or

fu
n
ct

io
n
.

In
th

is
ca

se
,

w
e

ca
n

se
e

V
ar

(E
(X

3
|X

1
,X

2
)
|X

1
=

0)
=

0,
an

d
h
en

ce
,

th
e

id
en

ti
fi
ab

il
it

y
co

n
d
it

io
n

in
P

a
rk

a
n
d

R
as

k
u
tt

i
(2

01
5)

is
n
ot

sa
ti

sfi
ed

,
w

h
il
e

ou
r

co
n
d
it

io
n

is
sa

ti
sfi

ed
.

In
a

P
oi

ss
on

S
E

M
,

th
e

id
en

ti
fi
ab

il
it

y
as

su
m

p
ti

on
in

P
ar

k
an

d
R

as
k
u
tt

i
(2

0
1
5
)

is
a
ls

o
sa

ti
sfi

ed
u
n
d
er

th
e

n
on

-z
er

o
co

effi
ci

en
ts

co
n
d
it

io
n
.

H
ow

ev
er

,
in

th
e

fi
n
it

e
sa

m
p
le

se
tt

in
g
,

th
e

d
iff

er
en

ce
of

b
ot

h
as

su
m

p
ti

on
s

ge
ts

m
or

e
cr

u
ci

al
.

F
or

a
p

os
it

iv
e

co
n
st

a
n
t
c,

P
a
rk

a
n
d

R
as

k
u
tt

i
(2

01
5)

re
q
u
ir

es
m

in
x
∈X

S
j

V
ar

(E
(X

j
|X

P
a

(j
))
|X

S
j

=
x

))
>
c,

w
h
il
e

w
e

n
ee

d

E(
V

ar
(E

(X
j
|X

P
a

(j
))
|X

S
j
))
>
c.

H
en

ce
,

ou
r

n
ew

id
en

ti
fi
ab

il
it

y
a
ss

u
m

p
ti

o
n

m
a
ke

s
le

a
rn

-
in

g
P

oi
ss

on
S
E

M
s

ea
si

er
.

W
e

d
is

cu
ss

th
is

m
or

e
in

S
ec

ti
on

3.
2.

2
.3

.
C

o
m

p
a
ri

so
n

to
P

o
is

so
n

M
R

F

In
th

is
se

ct
io

n
,

w
e

co
m

p
ar

e
P

oi
ss

on
D

A
G

m
o
d
el

s
an

d
M

R
F

s
w

h
er

e
th

e
co

n
d
it

io
n
a
l

d
is

tr
i-

b
u
ti

on
s

of
ea

ch
n
o
d
e

gi
ve

n
it

s
p
ar

en
ts

an
d

n
ei

gh
b

or
s

ar
e

P
oi

ss
on

,
re

sp
ec

ti
ve

ly
.

T
o

si
m

p
li
fy
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H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

th
e

co
m

p
a
riso

n
,

w
e

con
sid

er
th

e
join

t
d
istrib

u
tion

of
a

P
oisson

S
E

M
in

E
q
u
ation

(4).
T

h
is

is
a

fo
rm

sim
ila

r
to

th
e

join
t

d
istrib

u
tio

n
of

P
oisson

M
R

F
s

in
Y

an
g

et
al.

(2015),
w

h
ere

th
e

jo
in

t
d
istrib

u
tio

n
h
as

th
e

follow
in

g
form

:

f
(X

1 ,X
2 ,...,X

p )
=

ex
p (
∑j∈
V

θ
j X

j
+

∑(k
,j)∈

E

θ
jk X

j X
k −

∑j∈
V

log
X
j !−

A
(θ) )

,
(6)

w
h
ere

A
(θ)

is
th

e
log

of
th

e
n
orm

alization
con

stan
t.

T
h
e

key
d
iff

eren
ce

b
etw

een
a

P
oisson

S
E

M
a
n
d

a
P

o
isson

M
R

F
is

th
e

n
orm

alization
con

stan
t
A

(θ)
in

E
q
u
ation

(6),
as

op
p

osed

to
th

e
term

∑
j∈
V
e
θ
j +
∑
k∈P

a
(j

)
θ
j
k
X
k

in
E

q
u
ation

(4),
w

h
ich

d
ep

en
d
s

on
variab

les.
Y

a
n
g

et
a
l.

(2015)
p
roves

th
at

a
P

oisson
M

R
F

(6)
is

n
orm

alizab
le

if
an

d
on

ly
if

all
(θ
jk )

va
lu

es
a
re

less
th

an
or

eq
u
al

to
0.

T
h
is

m
ean

s
P

oisson
M

R
F

s
on

ly
cap

tu
re

n
egative

d
ep

en
d
en

cy
relation

s.
In

ad
d
ition

,
Y

an
g

et
al.

(2015)
ad

d
resses

th
e

learn
in

g
P

oisson
M

R
F

s
w

h
en

th
e

fu
n
ction

al
form

of
d
ep

en
d
en

cies
is
X
j |
X
V
\
j ∼

P
oisson

(ex
p
(θ
j
+
∑

k∈N
(j)
θ
jk X

k ))
w

h
ere
N

(j)
d
en

otes
th

e
n
eigh

b
ors

of
a

n
o
d
e
j

in
th

e
grap

h
.

W
h
ile

P
o
isson

M
R

F
s

h
ave

stron
g

restriction
s

on
th

e
fu

n
ction

a
l

form
for

d
ep

en
d
en

cies
a
n
d

th
e

p
a
ra

m
eter

sp
ace,

th
ey

can
b

e
su

ccessfu
lly

learn
ed

in
th

e
h
ig

h
-d

im
en

sion
al

settin
gs

w
ith

less
restrictive

con
strain

ts
of

sp
arsity.

Y
an

g
et

al.
(2015)

sh
ow

s
th

at
P

oisson
M

R
F

s
ca

n
b

e
recov

ered
v
ia
`
1 -regu

larized
regression

if
n

=
Ω
(d

2m
log

3
p ),

w
h
ere

d
m

is
th

e
d
egree

o
f

th
e

u
n
d
irected

grap
h
.

In
con

trast,
P

ark
an

d
R

ask
u
tti

(2018)
sh

ow
s

th
at

P
oisson

D
A

G
m

o
d
els

can
b

e
learn

ed
v
ia

th
e

O
D

S
algorith

m
if
n

=
Ω

(m
ax{d

4m
log

1
2
p
,log

5
+
d
p})

w
h
ere

d
m

is
o
b
ta

in
ed

b
y

th
e

m
oralized

grap
h

an
d
d

is
th

e
m

ax
im

u
m

in
d
egree

of
th

e
gra

p
h
.

T
h
is

b
ig

d
iff

eren
ce

in
th

e
sam

p
le

com
p
lex

ity
p
rim

arily
com

es
from

th
e

u
n
k
n
ow

n
fu

n
ction

al
form

for
th

e
d
ep

en
d
en

cies
in

P
oisson

D
A

G
m

o
d
els.

In
th

e
n
ex

t
sectio

n
,
w

e
w

ill
sh

ow
th

at
a

sign
ifi

can
t

a
d
va

n
ta

g
e

ca
n

b
e

ach
iev

ed
b
y

assu
m

in
g

th
e

p
aram

etric
fu

n
ction

for
th

e
d
ep

en
d
en

cies
in

term
s

o
f

recoverin
g

th
e

grap
h
s.

3
.
A
lg
o
rith

m

H
ere,

w
e

p
resen

t
ou

r
M

om
en

ts
R

atio
S
corin

g
(M

R
S
)

algorith
m

for
learn

in
g

th
e

id
en

tifi
ab

le
P

o
isso

n
S
E

M
(4

).
O

u
r

algorith
m

altern
ates

b
etw

een
an

elem
en

t-w
ise

ord
erin

g
search

u
sin

g
th

e
(co

n
d
itio

n
al)

m
om

en
ts

ratio,
an

d
a

p
aren

t
search

u
sin

g
`
1 -regu

larized
G

L
M

.
H

en
ce,

th
e

a
lg

orith
m

ch
o
oses

a
n
o
d
e

for
th

e
fi
rst

elem
en

t
of

th
e

ord
erin

g,
an

d
th

en
d
eterm

in
es

its
p
a
ren

ts.
T

h
e

a
lgorith

m
iterates

th
is

p
ro

ced
u
re

u
n
til

th
e

last
elem

en
t

of
th

e
ord

erin
g

an
d

its
p
a
ren

ts
a
re

d
eterm

in
ed

.
W

ith
o
u
t

lo
ss

of
gen

erality,
assu

m
e

th
at

π
=

(1
,2,···

,p
)

is
th

e
tru

e
ord

erin
g.

T
h
en

P
o
isso

n
S
E

M
s

(4)
h
av

e
th

e
con

d
ition

al
d
istrib

u
tion

of
X
j

given
th

at
all

variab
les

b
efore

j
in

th
e

o
rd

erin
g

are
red

u
ced

to
th

e
follow

in
g

P
oisson

G
L

M
:

P
(X

j |
X

1
:(j−

1
) )

=
ex

p {
θ
j X

j
+

∑

k∈
1
:(j−

1
) θ
jk X

k X
j

+
log

X
j !−

ex
p (
θ
j

+
∑

k∈
1
:(j−

1
) θ
jk X

k )}
,

(7)

w
h
ere

θ
jk
∈
R

rep
resen

ts
th

e
in

fl
u
en

ce
of

n
o
d
e
k

on
n
o
d
e
j.

F
or

ease
of

n
otation

,
let

θ(j)
b

e
a

set
o
f

p
a
ra

m
eters

related
to

P
oisson

G
L

M
(7

).
T

h
en
θ(j)

=
(θ
j ,θ\

j )∈
R
×
R
j−

1
w

h
ere

θ\
j

=
(θ
jk )

k∈{
1
,2
,...,j−

1}
is

a
zero-p

ad
d
ed

vector
w

ith
n
on

-zero
en

tries
if
k
∈

P
a(j).
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P
a
r
k

a
n
d

P
a
r
k

O
u
r

M
R

S
(A

lgorith
m

1)
in

volves
learn

in
g

th
e

ord
erin

g
b
y

com
p
arin

g
m

om
en

ts
ratio

scores
of

n
o
d
es

u
sin

g
th

e
follow

in
g

eq
u
ation

s:

Ŝ
(1,j)

:=
Ê

(X
2j )

Ê
(X

j )
+

Ê
(X

j )
2

an
d
Ŝ

(m
,j)

:=
Ê

(X
2j )

Ê (Ê
(X

j |
X
π̂
1
:(m
−
1
) )

+
Ê

(X
j |
X
π̂
1
:(m
−
1
) )

2 )
,

(8)

w
h
ere

π̂
1
:m

=
{π̂

1 ,...,π̂
m }

,
Ê

(X
j )

=
1n ∑

ni=
1
X

(i)
j

,
an

d
Ê

(Ê
(X

j |
X
S

))
=

1n ∑
ni=

1
ex

p (θ̂
Sj

+
∑

k∈
S
θ̂
Sjk X

(i)
k

),
an

d
Ê

(Ê
(X

j
|
X
S

)
2)

=
1n ∑

ni=
1

ex
p (2θ̂

Sj
+

2 ∑
k∈
S
θ̂
Sjk X

(i)
k

)
w

h
ere

θ̂
S

(j)
=

(θ̂
Sj
,θ̂
S\j )

is
th

e
solu

tion
of

th
e

follow
in

g
`
1 -regu

larized
G

L
M

:

θ̂
S

(j)
:=

arg
m

in
1n

n
∑i=

1 [−
X

(i)
j

(
θ
j

+
∑k∈
S

θ
jk X

(i)
k

)
+

ex
p (
θ
j

+
∑k∈
S

θ
jk X

(i)
k

)]
+
λ
j ∑k∈

S |θ
jk |.

(9)

T
h
is

score
is

an
estim

ator
of

th
e

m
om

en
ts

ratio
relation

in
E

q
u
ation

(5).
H

en
ce,

th
e

correct
elem

en
t

of
th

e
ord

erin
g

h
as

a
score

o
f

1,
oth

erw
ise

strictly
greater

th
an

1
in

p
op

-
u
lation

.
T

h
e

ord
erin

g
is

d
eterm

in
ed

on
e

n
o
d
e

at
a

tim
e

b
y

selectin
g

th
e

n
o
d
e

w
ith

th
e

sm
allest

score.
S
im

ilar
strategies

of
elem

en
t-w

ise
ord

erin
g

learn
in

g
can

b
e

fou
n
d

in
m

an
y

ex
istin

g
algorith

m
s

(e.g.,
S
h
im

izu
et

al.,
2011;

G
h
osh

al
an

d
H

on
orio,

2017b
,

2018;
D

rton
et

al.,
2018).

T
h
e

n
ovelty

of
ou

r
algorith

m
is

learn
in

g
an

ord
erin

g
b
y

testin
g

w
h
ich

n
o
d
es

h
av

e
th

e
sm

allest
m

om
en

ts
ratio

in
E

q
u
ation

(5)
u
sin

g
th

e
`
1 -regu

larized
G

L
M

.
B

y
su

b
stitu

tin
g

th
e

estim
ation

of
p
aram

eters
θ(j)

for
an

estim
ation

of
th

e
con

d
ition

al
m

ean
,

w
e

ga
in

sign
ifi

can
t

com
p
u
tation

al
an

d
statistical

im
p
rovem

en
ts

com
p
ared

to
th

e
p
rev

iou
s

w
ork

s
in

P
ark

a
n
d

R
ask

u
tti

(2015,
2018)

w
h
ere

th
e

m
eth

o
d

of
m

om
en

ts
is

u
sed

for
estim

a
tin

g
th

e
con

d
ition

al
m

ean
an

d
varian

ce.
In

p
rin

cip
le,

th
e

n
u
m

b
er

of
con

d
ition

al
varian

ces
ex

p
on

en
tially

grow
s

in
th

e
n
u
m

b
er

of
con

d
ition

in
g

variab
les.

H
en

ce,
if

a
con

d
ition

in
g

set
con

tain
s

d
-variab

les
w

ith
10

p
ossib

le
ou

tcom
es,

th
en

th
e

n
u
m

b
er

of
p

ossib
le

co
m

p
u
tation

s
is

10
d.

In
oth

er
w

ord
s,

th
e

m
in

im
u
m

sam
p
le

size
for

th
e

O
D

S
algorith

m
to

b
e

im
p
lem

en
ted

is
p

ossib
ly

10
d,

oth
erw

ise,
n
on

e
of

con
d
ition

al
varian

ces
can

b
e

estim
ated

.
A

s
w

e
d
iscu

ssed
,

th
e

p
rob

lem
of

a
learn

in
g

d
irected

grap
h

stru
ctu

re
is

th
e

sam
e

as
th

e
p
rob

lem
of

an
learn

in
g

u
n
d
irected

grap
h

stru
ctu

re
if

th
e

ord
erin

g
is

k
n
ow

n
.

H
en

ce,
given

th
e

estim
ated

ord
erin

g,
th

e
p
aren

ts
of

each
n
o
d
e
j

can
b

e
learn

ed
v
ia
`
1 -regu

larized
G

L
M

(see
d
etails

in
M

ein
sh

au
sen

an
d

B
ü
h
lm

an
n
,

2006;
W

ain
w

righ
t

et
al.,

2006;
R

av
ik

u
m

a
r

et
al.,

2011;
Y

an
g

et
al.,

2015).
T

h
erefore,

w
e

d
eterm

in
e

th
e

estim
ated

p
a
ren

ts
of

a
n
o
d
e
j

as

P̂
a(j)

:=
{
k
∈
S

:
θ̂
Sjk 6=

0}
w

h
ere

S
=
π̂

1
:(j−

1
)

an
d
θ̂
S

(j)
is

th
e

solu
tion

to
E

q
u
ation

(9).

3
.1

.
C

o
m

p
u

ta
tio

n
a
l

C
o
m

p
le

x
ity

T
h
e

com
p
u
tation

al
com

p
lex

ity
for

th
e

M
R

S
algorith

m
in

volves
th

e
`
1 -regu

larized
G

L
M

algorith
m

(F
ried

m
an

et
al.,

2009)
w

h
ere

th
e

w
orse-case

com
p
lex

ity
is
O

(n
p
)

for
a

sin
gle

`
1 -regu

larized
regression

ru
n
.

M
ore

p
recisely,

th
e

co
ord

in
ate

d
escen

t
m

eth
o
d

u
p

d
ates

each
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H
ig
h
-D

im
e
n
si
o
n
a
l
P
o
is
so

n
S
E
M

L
e
a
r
n
in
g

v
ia
` 1
-R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ss
io
n

A
lg

o
ri

th
m

1
:

M
o
m

e
n
ts

R
a
ti

o
S

c
o
ri

n
g

(M
R

S
)

In
p

u
t

:
n

i.
i.
d
.

sa
m

p
le

s,
X

1
:n

O
u

tp
u

t:
E

st
im

at
ed

or
d
er

in
g
π̂

=
(π̂

1
,.
..
,π̂
p
)

an
d

an
ed

ge
st

ru
ct

u
re

,
Ê
⊂
V
×
V

S
et
π̂

0
=
∅;

fo
r
m

=
{1
,2
,·
··
,p
}

d
o

S
et
S

=
{π̂

1
,·
··
,π̂
m
−

1
};

fo
r
j
∈
{1
,2
,·
··
,p
}\

S
d

o

E
st

im
at

e
θ̂ S

(j
)

fo
r
` 1

-r
eg

u
la

ri
ze

d
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

(9
);

C
al

cu
la

te
sc

or
es
Ŝ(
m
,j

)
u
si

n
g

E
q
u
at

io
n

(8
);

e
n

d

T
h
e
m
th

el
em

en
t

of
th

e
or

d
er

in
g,
π̂
m

=
ar

g
m

in
j
Ŝ(
m
,j

);

T
h
e

p
ar

en
ts

of
th

e
m
th

el
em

en
t

of
th

e
or

d
er

in
g,

P̂
a(
π̂
m

)
=
{k
∈
S
|θ̂

S π̂
m
k
6=

0}
;

e
n

d

R
e
tu

rn
:

E
st

im
at

e
th

e
ed

ge
se

t,
Ê

=
∪ m
∈V
{(
k
,π̂

m
)
|k
∈

P̂
a(
π̂
m

)}

gr
ad

ie
n
t

in
O

(p
)

op
er

at
io

n
s.

H
en

ce
,

w
it

h
d

n
on

-z
er

o
te

rm
s

in
th

e
G

L
M

,
a

co
m

p
le

te
cy

cl
e

co
st

s
O

(p
d
)

op
er

at
io

n
s

if
n
o

n
ew

va
ri

ab
le

s
b

ec
om

e
n
on

-z
er

o,
an

d
co

st
s
O

(n
p
)

fo
r

ea
ch

n
ew

va
ri

ab
le

en
te

re
d

(s
ee

d
et

ai
ls

in
F

ri
ed

m
an

et
al

.,
20

10
).

S
in

ce
ou

r
al

go
ri

th
m

h
as
p

it
er

a
ti

on
s

an
d

th
er

e
ar

e
p
−
j
+

1
re

gr
es

si
on

s
w

it
h
j
−

1
fe

at
u
re

s
fo

r
th

e
jt

h
it

er
at

io
n
,
th

e
to

ta
l
w

or
st

-c
as

e
co

m
p
le

x
it

y
is
O

(n
p

3
).

T
h
e

es
ti

m
at

io
n

of
a

P
oi

ss
on

M
R

F
al

so
in

vo
lv

es
a

n
o
d
e-

w
is

e
` 1

-r
eg

u
la

ri
ze

d
G

L
M

ov
er

al
l

ot
h
er

va
ri

ab
le

s,
an

d
h
en

ce
th

e
w

or
se

-c
as

e
co

m
p
le

x
it

y
is
O

(n
p

2
)

if
th

e
co

or
d
in

at
e

d
e-

sc
en

t
m

et
h
o
d

is
ex

p
lo

it
ed

.
T

h
e

ad
d
it

io
n

of
es

ti
m

at
io

n
of

or
d
er

in
g

m
a
ke

s
p

ti
m

es
m

or
e

co
m

p
u
ta

ti
on

al
ly

in
effi

ci
en

t
th

an
th

e
st

an
d
ar

d
m

et
h
o
d

fo
r

le
ar

n
in

g
P

o
is

so
n

M
R

F
s.

L
ea

rn
in

g
a

D
A

G
m

o
d
el

is
N

P
-h

ar
d

in
ge

n
er

al
(C

h
ic

ke
ri

n
g

et
al

.,
19

94
).

H
en

ce
,

m
an

y
st

at
e-

of
-t

h
e-

ar
t

M
E

C
an

d
D

A
G

le
ar

n
in

g
al

go
ri

th
m

s,
su

ch
as

P
C

(S
p
ir

te
s

et
al

.,
20

00
),

G
E

S
(C

h
ic

ke
ri

n
g,

20
03

),
an

d
M

M
H

C
(T

sa
m

ar
d
in

os
et

al
.,

2
00

6)
,

ar
e

in
h
er

en
tl

y
gr

ee
d
y

se
ar

ch
al

go
ri

th
m

s.
In

th
e

n
u
m

er
ic

al
ex

p
er

im
en

ts
in

S
ec

ti
o
n

4,
w

e
co

m
p
ar

e
M

R
S

to
g
re

ed
y

h
il
l-

cl
im

b
in

g
se

ar
ch

-b
as

ed
G

E
S

an
d

M
M

H
C

al
go

ri
th

m
s

in
te

rm
s

of
ru

n
ti

m
e,

an
d

sh
ow

th
at

M
R

S
h
as

a
si

gn
ifi

ca
n
tl

y
b

et
te

r
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y.

3
.2

.
T

h
e
o
re

ti
c
a
l

G
u

a
ra

n
te

e
s

In
th

is
se

ct
io

n
,
w

e
p
ro

v
id

e
th

eo
re

ti
ca

l
gu

ar
a
n
te

es
on

th
e

M
R

S
al

go
ri

th
m

fo
r

le
ar

n
in

g
P

oi
ss

on
S
E

M
s

(4
).

T
h
e

m
ai

n
re

su
lt

is
ex

p
re

ss
ed

in
te

rm
s

of
th

e
tr

ip
le

(n
,p
,d

),
w

h
er

e
n

is
a

sa
m

p
le

si
ze

,
p

is
a

gr
ap

h
n
o
d
e

si
ze

,
an

d
d

is
th

e
in

d
eg

re
e

of
a

gr
ap

h
.

3
.2
.1
.
A
ss
u
m
p
t
io
n
s

W
e

b
eg

in
b
y

d
is

cu
ss

in
g

th
e

as
su

m
p
ti

on
s

w
e

im
p

os
e

on
P

o
is

so
n

S
E

M
s.

S
in

ce
w

e
ap

p
ly

` 1
-r

eg
u
la

ri
ze

d
re

gr
es

si
on

fo
r

th
e

p
ar

en
t

se
le

ct
io

n
,

m
os

t
as

su
m

p
ti

on
s

ar
e

si
m

il
ar

to
th

os
e

im
p

os
ed

in
W

ai
n
w

ri
gh

t
et

al
.

(2
00

6)
,

R
av

ik
u
m

ar
et

al
.

(2
0
11

),
Y

an
g

et
al

.
(2

01
5
)

an
d

P
ar

k
an

d
R

as
k
u
tt

i
(2

01
8)

w
h
er

e
` 1

-r
eg

u
la

ri
ze

d
re

gr
es

si
on

w
as

u
se

d
fo

r
gr

ap
h
ic

al
m

o
d
el

le
ar

n
in

g.
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P
a
r
k

a
n
d

P
a
r
k

Im
p

or
ta

n
t

q
u
an

ti
ti

es
ar

e
th

e
H

es
si

an
m

at
ri

ce
s

of
th

e
n
eg

at
iv

e
co

n
d
it

io
n
a
l

lo
g
-l

ik
el

ih
o
o
d

of
a

n
o
d
e
j

gi
ve

n
so

m
e

su
b
se

ts
of

th
e

n
o
d
es

in
th

e
or

d
er

in
g,
S
j
∈
{{
π

1
},
{π

1
,π

2
},
..
.,
{π

1
,.
..

,π
j−

1
}}

.
L

et
Q
j,
S
j

:=
5

2
`S
j

j
(θ
∗ S(
j)

;X
1
:n

)
w

h
er

e

`S
j

j
(θ
S
j
(j

),
X

1
:n

)
:=

1 n

n ∑ i=
1

[ −
X

(i
)

j

( θS
j

j
+
∑ k
∈S

j

θS
j

jk
X

(i
)

k

)
+

ex
p

( θS
j

j
+
∑ k
∈S

j

θS
j

jk
X

(i
)

k

)]
, (1

0
)

θ∗ S
j
(j

)
:=

ar
g

m
in

E[ −
X
j

( θS
j

j
+
∑ k
∈S

j

θS
j

jk
X
k

)
+

ex
p

( θS
j

j
+
∑ k
∈S

j

θS
j

jk
X
k

)]
.

(1
1
)

F
or

ea
se

of
n
ot

at
io

n
,

w
e

d
efi

n
e

a
se

t
fo

r
th

e
n
on

-z
er

o
el

em
en

ts
of
θ∗ S

j
(j

),

T
j

:=
{k
∈
S
j
|θ
∗ jk
6=

0
w

h
er

e
θ∗ S

j
(j

)
=

(θ
∗ j,
θ∗ j
k
)}
.

(1
2
)

W
e

n
ot

e
th

at
if
S
j

co
n
ta

in
s

al
l

p
ar

en
ts

of
j,

P
a(
j)
⊂
S
j
,

th
en

T
j

=
P

a(
j)

.
L

a
st

ly
,

fo
r

si
m

p
li
ci

ty
,

w
e

le
t
A
S
S

d
en

ot
e

th
e
|S
|×
|S
|s

u
b
-m

at
ri

x
of

th
e

m
at

ri
x
A

co
rr

es
p

o
n
d
in

g
to

va
ri

ab
le

s
X
S

.

A
ss

u
m

p
ti

o
n

1
(D

e
p

e
n

d
e
n

c
e

A
ss

u
m

p
ti

o
n

)
F

o
r

a
n

y
j
∈
V

a
n

d
a
n

y
S
j
∈
{{
π

1
},
{π

1
,π

2
},

..
.,
{π

1
,.
..
,π
j−

1
}}

,
th

er
e

ex
is

t
po

si
ti

ve
co

n
st

a
n

ts
ρ

m
in

a
n

d
ρ

m
a
x

su
ch

th
a
t

m
in

j∈
V
λ

m
in

( Q
j,
S
j

T
j
T
j

)
≥
ρ

m
in
,

a
n

d
m

ax
j∈
V
λ

m
a
x

(
1 n

n ∑ i=
1

X
(i

)

P
a

(j
)(X

(i
)

P
a

(j
))T

)
≤
ρ

m
a
x
,

w
h
er

e
T
j

is
in

E
qu

a
ti

o
n

(1
2)

,
λ

m
in

(A
)

a
n

d
λ

m
a
x
(A

)
a
re

th
e

sm
a
ll

es
t

a
n

d
la

rg
es

t
ei

ge
n

va
lu

es
o
f

th
e

m
a
tr

ix
A

,
re

sp
ec

ti
ve

ly
.

A
ss

u
m

p
ti

o
n

2
(I

n
c
o
h

e
re

n
c
e

A
ss

u
m

p
ti

o
n

)
F

o
r

a
n

y
j
∈
V

a
n

d
a
n

y
S
j
∈
{{
π

1
},
{π

1
,π

2
},

..
.,
{π

1
,.
..
,π
j−

1
}}

,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
α
∈

(0
,1

]
su

ch
th

a
t

m
ax

j,
S
j

m
ax

t∈
T
c j

‖Q
j,
S
j

tT
j

(Q
j,
S
j

T
j
T
j
)−

1
‖ 1
≤

1
−
α
,

w
h
er

e
T
j

is
in

E
qu

a
ti

o
n

(1
2)

.

A
ss

u
m

p
ti

on
1

en
su

re
s

th
at

th
e

p
ar

en
t

va
ri

ab
le

s
ar

e
n
ot

to
o

d
ep

en
d
en

t.
In

a
d
d
it

io
n
,

A
ss

u
m

p
ti

on
2

en
su

re
s

th
at

p
ar

en
t

an
d

n
on

-p
ar

en
t

va
ri

ab
le

s
ar

e
n
ot

h
ig

h
ly

co
rr

el
a
te

d
.

T
h
es

e
tw

o
as

su
m

p
ti

on
s

ar
e

st
an

d
ar

d
in

al
l
n
ei

gh
b

or
h
o
o
d

re
gr

es
si

on
ap

p
ro

ac
h
es

to
va

ri
a
b
le

se
le

ct
io

n
in

vo
lv

in
g
` 1

-r
eg

u
la

ri
ze

d
b
as

ed
m

et
h
o
d
s,

an
d

th
es

e
co

n
d
it

io
n
s

h
av

e
im

p
os

ed
in

p
ro

p
er

w
o
rk

s
fo

r
b

ot
h

h
ig

h
-d

im
en

si
on

al
re

gr
es

si
on

an
d

g
ra

p
h
ic

al
m

o
d
el

le
ar

n
in

g.

T
o

co
n
tr

ol
th

e
ta

il
b

eh
av

io
r

of
li
k
el

ih
o
o
d

fu
n
ct

io
n
s,

w
e

re
q
u
ir

e
a

b
ou

n
d
ed

sa
m

p
le

a
s-

su
m

p
ti

on
w

h
ic

h
is

al
so

im
p

os
ed

in
th

e
st

an
d
ar

d
` 1

-r
eg

u
la

ri
ze

d
P

oi
ss

on
re

gr
es

si
o
n

(e
.g

.,
J
ia

et
al

.,
20

17
).
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H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

A
ssu

m
p

tio
n

3
(B

o
u

n
d

e
d

S
a
m

p
le

A
ssu

m
p

tio
n

)
F

o
r

a
n

y
i∈
{1,2,...,n}

,
j
∈
V

,
a
n

d
fo

r
a
ll
S
j ∈
{{π

1 },{π
1 ,π

2 }
,...,{π

1 ,...,π
j−

1 }},
th

e
sa

m
p
les

a
re

bo
u

n
d
ed

:

m
a
x

i,j
{
X

(i)
j
}
<
C
x

log
(m

ax{
n
,p})

a
n

d
m

ax
i,j
{exp

(θ ∗j
+
∑k∈
S
j

θ ∗jk X
(i)
k

)}
<
C
x

log
(m

ax{n
,p}

).

w
h
ere

C
x
>

2
is

a
po

sitive
co

n
sta

n
t.

A
ssu

m
p
tio

n
3

is
closely

related
to

th
e

rate
p
aram

eters.
F

or
in

stan
ce,

th
e

rate
p
aram

eter

o
f
X

(i)
j

is
ex

p
(θ ∗j

+
∑

k∈
P

a
(j)
θ ∗jk X

(i)
k

)
b
y

th
e

d
efi

n
ition

of
P

oisson
S
E

M
s.

H
en

ce,
A

ssu
m

p
-

tio
n

3
ca

n
b

e
u
n
d
ersto

o
d

th
at

to
o

large
rate

p
aram

eters,
th

at
lead

s
to

a
larg

e
valu

e
o
f

a
sa

m
p
le,

a
re

n
o
t

allow
ed

for
all

con
d
ition

al
d
istrib

u
tion

s.
In

fa
ct,

A
ssu

m
p
tion

3
is

satisfi
ed

w
ith

a
h
igh

p
rob

ab
ility

w
h
en

(θ ∗jk )
are

n
egative.

S
in

ce
th

e
seco

n
d

co
n
d
ition

in
A

ssu
m

p
tion

3
is

d
irectly

satisfi
ed

w
ith

n
egative

(θ ∗jk ),
w

e
d
iscu

ss
th

e
fi
rst

co
n
d
ition

:
U

sin
g

th
e

u
n
ion

b
ou

n
d
,

P

(
m

a
x

i,j
X

(i)
j
≥
C
x

log
(m

ax{
n
,p}) )

≤
n
.p

m
ax
i,j

E
(ex

p
(X

(i)
j

))

(m
ax{n

,p})
C
x
≤

m
a
x

i,j

E
(ex

p
(X

(i)
j

))

(m
ax{

n
,p})

C
x −

2
.

In
a
d
d
itio

n
,

th
e

m
om

en
t

gen
eratin

g
fu

n
ction

is
b

ou
n
d
ed

w
h
en

(θ ∗jk )
are

n
egative.

E
(ex

p
(X

j ))≤
E

(E
(ex

p
(X

j )|
X

P
a

(j) ))≤
E

(ex
p
(θ ∗j

+
∑

θ ∗jk X
k ))≤

ex
p
(θ ∗j ).

H
en

ce,
g
iven

th
e

n
egativ

e
(θ ∗jk )

assu
m

p
tion

,
A

ssu
m

p
tion

3
is

satisfi
ed

w
ith

p
rob

ab
ility

at

lea
st

1−
m

a
x
j

ex
p
(θ
j )/

(m
ax{

n
,p}

)
C
x −

2.
L

a
stly,

w
e

req
u
ire

a
stron

ger
version

of
th

e
m

om
en

ts
ratio

relation
in

E
q
u
ation

(5),
b

eca
u
se

w
e

m
ove

from
th

e
p

op
u
lation

to
th

e
fi
n
ite

sam
p
les.

T
h
is

assu
m

p
tion

on
ly

in
volves

lea
rn

in
g

th
e

o
rd

erin
g

of
a

grap
h
.

A
ssu

m
p

tio
n

4
F

o
r

a
ll
j
∈
V

a
n

d
S
j ∈
{{π

1 }
,{
π

1 ,π
2 },...,{

π
1 ,...,π

j−
1 }},

th
ere

exists
a
n

M
m

in
>

0
su

ch
th

a
tE

(X
2j )
>

(1
+
M

m
in )E

[E
(X

j |
X
S
j )

+
E

(X
j |
X
S
j )

2].

N
ow

,
w

e
co

m
p
are

A
ssu

m
p
tion

s
1,

2,
3
,

an
d

4
to

th
e

assu
m

p
tion

s
for

learn
in

g
P

oisson
M

R
F

s
a
n
d

D
A

G
m

o
d
els.

A
s

d
iscu

ssed
,

ou
r

assu
m

p
tion

s
are

sim
ilar

to
th

e
assu

m
p
tion

s
in

Y
a
n
g

et
a
l.

(2
0
1
5)

an
d

P
ark

an
d

R
ask

u
tti

(2018)
sin

ce
all

m
eth

o
d
s

ex
p
loit

th
e
`
1 -regu

larized
G

L
M

.
H

ow
ever,

th
e

assu
m

p
tion

s
in

Y
an

g
et

al.
(2015)

on
ly

in
volve

n
eig

h
b

ors
o
f

n
o
d
e
j,

th
a
t

is,
S
j

=
V
\
j.

W
h
ile

ou
r

assu
m

p
tion

s
in

v
olve

som
e

su
b
sets

of
p
aren

ts,
th

at
is,

S
j ∈
{{π

1 }
,{
π

1 ,π
2 },...,{

π
1 ,...,π

j−
1 }}

d
u
e

to
th

e
u
n
k
n
ow

n
ord

erin
g.

In
ad

d
ition

,
th

ey
d
o

n
o
t

a
ssu

m
e

th
e

b
ou

n
d
ed

sam
p
le

assu
m

p
tion

.
H

ow
ev

er,
th

ey
assu

m
e

th
e

restricted
n
egative

p
a
ra

m
eter

sp
ace

θ
jk
<

0
d
u
e

to
th

e
n
orm

alizab
ility

issu
e.

A
s

w
e

ex
p
la

in
ed

,
if

all
p
aram

eters
a
re

n
ega

tive
in

a
P

oisson
S
E

M
,

th
e

m
om

en
t

gen
eratin

g
fu

n
ction

is
b

ou
n
d
ed

,
an

d
h
en

ce,
th

e
b

ou
n
d
ed

sa
m

p
le

assu
m

p
tion

is
satisfi

ed
w

ith
a

h
igh

p
rob

ab
ility.

L
astly,

Y
an

g
et

al.
(2015)

d
o
es

n
o
t

h
av

e
th

e
m

om
en

ts
ratio

assu
m

p
tion

,
sin

ce
it

is
on

ly
u
sed

for
recoverin

g
th

e
ord

erin
g.

W
e

co
m

p
a
re

th
e

req
u
ired

assu
m

p
tion

s
for

th
e

M
R

S
an

d
O

D
S

algorith
m

s
in

P
ark

an
d

R
a
sk

u
tti

(2
0
1
8
).

A
m

a
jor

d
iff

eren
ce

is
th

at
th

e
M

R
S

algorith
m

d
irectly

estim
ates

th
e
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P
a
r
k

a
n
d

P
a
r
k

grap
h
,

w
h
ile

th
e

O
D

S
algorith

m
estim

ates
th

e
m

oralized
grap

h
to

red
u
ce

th
e

search
sp

ace
of

D
A

G
s,

an
d

th
en

,
estim

ates
th

e
grap

h
.

H
en

ce,
ou

r
assu

m
p
tion

s
in

volve
som

e
p
aren

ts
of

n
o
d
e
j,

w
h
ile

th
eir

assu
m

p
tion

s
in

vo
lve

n
ot

on
ly

p
aren

ts,
b
u
t

n
eigh

b
ors

of
n
o
d
e
j,

th
at

is,
S
j

=
{{π

1 ,...,π
j−

1 },V
\
j}

.
In

ad
d
ition

,
th

ey
req

u
ire

a
sp

arse
m

oralized
gra

p
h

an
d

ad
jacen

t
faith

fu
ln

ess
th

at
are

also
k
n
ow

n
to

b
e

restrictive.
W

e
n
ote

th
at

th
e

sp
arse

m
oralized

grap
h

assu
m

p
tion

can
b

e
very

stron
g

sin
ce

a
sp

a
rse

m
oralized

grap
h

is
n
ot

im
p
lied

b
y

a
sp

arse
grap

h
.

F
or

in
stan

ce,
con

sid
er

a
star

grap
h

w
h
ere

X
1 →

X
j

for
all

j∈
{2,3,...,p}

in
F

ig.
2.

T
h
is

star
grap

h
h
as

th
e

m
ax

im
u
m

d
egree

of
th

e
m

oralized
grap

h
is
p−

1,
w

h
ile

th
e

m
ax

im
u
m

in
d
egree

is
1.

A
n
oth

er
m

a
jor

d
iff

eren
ce

is
in

th
e

m
om

en
ts

ra
tio

assu
m

p
tion

.
M

ore
p
recisely,

P
ark

an
d

R
ask

u
tti

(2015,
2018)

assu
m

e
V

ar(E
(X

j
|
X
S

=
x

))
>
c

for
a
ll
x
∈
X
S

w
h
en

P
a(j)6⊂

S
,

w
h
ile

w
e

req
u
ire

E
(V

ar(E
(X

j
|
X
S

=
x

)))
>
c.

T
o

em
p
h
asize

th
e

d
iff

eren
ce,

w
e

con
sid

er
a

3-n
o
d
e

grap
h
X

1 →
X

2 →
X

3
w

h
ere

X
1 ∼

P
oisson

(λ
),X

2 |
X

1 ∼
P
oisson

(ex
p
(θ

1 X
1 )),

an
d
X

3 |
X

2 ∼
P
oisson

(ex
p
(θ

2 X
2 )).

T
h
en

,
for

j
=

3
an

d
S

=
1
,

w
e

h
ave

V
ar(E

(X
3 |
X

2 )|
X

1 )
=

V
ar(ex

p
(θ

2 X
2 )|

X
1 )
<

E
(ex

p
(2θ

2 X
2 )|

X
1 )

=
ex

p
(e
θ
1
X

1(e
2
θ
2−

1)).

H
en

ce,
for

som
e

con
stan

ts
θ

1 ,θ
2

an
d
c,

if
X

1
<

1θ
1 (log

log
c−

log
(e

2
θ
2−

1)),
th

eir
assu

m
p
tion

is
n
ot

satisfi
ed

,
w

h
ile

A
ssu

m
p
tion

4
h
old

s.

L
astly,

th
e

O
D

S
algorith

m
req

u
ires

at
least

tw
o

d
istin

ct
elem

en
t

of
X

(i)

P
a

(j)
for

a
con

-

d
ition

al
varian

ce
estim

ation
,

V
ar(X

j |
X

P
a

(j) ).
In

p
rin

cip
le,

it
can

b
e

2
d

b
y

assu
m

in
g

all
variab

les
are

b
in

ary.
H

en
ce

w
h
en

d
is

n
ot

so
sp

a
rse,

th
e

O
D

S
algorith

m
o
ften

fails
to

b
e

im
p
lem

en
ted

.
In

S
ection

4,
w

e
em

p
irically

v
erify

th
at

it
can

b
e

a
critical

issu
e

for
th

e
O

D
S

algorith
m

w
h
en

a
grap

h
is

n
ot

so
sp

arse
(d

=
5).

T
h
erefore,

w
e

b
elieve

th
at

th
e

assu
m

p
tion

s
for

th
e

M
R

S
algorith

m
are

m
ore

realistic.
A

lth
ou

gh
ou

r
assu

m
p
tion

s
are

stan
d
ard

in
th

e
p
rev

iou
s

w
ork

s
of
`
1 -regu

larized
P

oisson
regression

s,
w

e
h
ave

to
n
ote

th
at

th
e

assu
m

p
tion

s
can

n
ot

b
e

con
fi
rm

ed
from

d
ata

an
d

th
ey

cou
ld

b
e

restrictive.
H

ow
ever,

th
ey

are
n
ot

stron
g

for
`
1 -regu

larized
regression

w
h
en

sam
p
les

are
from

G
au

ssian
S
E

M
s

(see
e.g.,

R
av

ik
u
m

ar
et

al.,
2011).

H
en

ce,
w

e
con

jectu
re

th
at

ou
r

assu
m

p
tion

s
can

b
e

satisfi
ed

w
ith

a
h
igh

p
rob

ab
ility

u
n
d
er

m
ild

con
d
ition

s,
an

d
leave

th
is

to
fu

tu
re

stu
d
y.

3
.2
.2
.
M
a
in

R
e
su

lt

P
u
ttin

g
togeth

er
A

ssu
m

p
tion

s
1,

2,
3,

an
d

4,
w

e
h
ave

th
e

follow
in

g
m

ain
resu

lt
th

at
a

P
oisson

S
E

M
can

b
e

recov
ered

v
ia

ou
r

M
R

S
algorith

m
in

h
igh

-d
im

en
sion

al
settin

gs.
T

h
e

th
eorem

p
rov

id
es

n
ot

on
ly

su
ffi

cien
t

con
d
ition

s,
b
u
t

also
th

e
p
rob

ab
ility

th
at

o
u
r

m
eth

o
d

recovers
th

e
tru

e
grap

h
stru

ctu
re.

T
h

e
o
re

m
3

C
o
n

sid
er

a
P

o
isso

n
S

E
M

(4)
w

ith
pa

ra
m

eter
vecto

r
(θ(j))

j∈
V

a
n

d
th

e
m

a
xi-

m
u

m
in

d
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ra
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=
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4(m
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p
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e
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e
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√
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.
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r
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n
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ε
>
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,

th
er

e
ex
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th
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e
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p
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si
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en
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e
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en
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u
n

iq
u

el
y

re
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ve
rs

th
e

gr
a
p
h

w
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a
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ig
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p
ro

ba
bi

li
ty

:

P
(Ĝ
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p
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p
p
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p
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p
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e
er

ro
r

p
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il
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th
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u
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ri
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d
re

gr
es

si
on

re
-
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e
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er
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h
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te
ch
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iq

u
e
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r

th
e

p
ro
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is

th
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th
e

p
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m
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u

a
l

w
it

n
es

s
m

et
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o
d

u
se

d
in
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ar

se
re
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la

ri
ze

d
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gr
es

si
on

s
an

d
re

la
te

d
te

ch
n
iq

u
es
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n
sh
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se
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an

d
B
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n
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;
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n
w

ri
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et
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;
R
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u
m
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et
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l.
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20
11

;
Y

an
g
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al

.,
20
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T
h
eo
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m

3
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tu

it
iv

el
y
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ak
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se

b
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se
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b

or
h
o
o
d

se
le

ct
io

n
v
ia

th
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d
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b
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b
y
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p
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en
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r
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en
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ra
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o
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n

b
e

su
ffi
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en

tl
y
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o
se

to
th

e
tr

u
e

sc
or

es
to

re
co

ve
r

th
e

tr
u
e

or
d
er

in
g.

T
h
eo

re
m

3
cl

ai
m

s
th

at
if
n

=
Ω

(d
2

lo
g

9
p
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ou
r

M
R

S
al

go
ri

th
m

re
co

v
er

s
an

u
n
d
er

ly
in

g
gr

ap
h

w
it

h
a

h
ig

h
p
ro

b
ab

il
it

y.
H

en
ce
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ou

r
M

R
S

al
go

ri
th

m
w

or
k
s

in
a

h
ig

h
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en
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on
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in
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p
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ed
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e
in

d
eg
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h
d
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b

ou
n
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ed

.
T

h
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m

p
le

b
ou

n
d

re
su

lt
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ow
s

th
at

ou
r

m
et

h
o
d

h
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m
u
ch

m
or

e
re
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x
ed
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n
st

ra
in
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o
n

th
e

sp
ar

si
ty

of
th

e
gr

ap
h

th
an

th
e

p
re

v
io

u
s

w
or

k
in

P
ar

k
an

d
R

as
k
u
tt

i
(2

01
8)

,
w

h
er

e
th

e
sa

m
p
le

b
ou

n
d

is
n

=
Ω

(m
ax
{d

4 m
lo

g
1
2
p
,l

og
5
+
d
p
})

.
M

or
eo

v
er

,
it

al
so

sh
ow

s
th

at
le

ar
n
in

g
P

oi
ss

on
D

A
G

m
o
d
el

s
m

ay
re

q
u
ir

e
m

or
e

sa
m

p
le

s
th

an
th

e
le

ar
n
in

g
P

oi
ss

on
M

R
F

s
in

Y
an

g
et

al
.

(2
01

5)
,

w
h
er

e
th

e
sa

m
p
le

b
ou

n
d

is
n

=
Ω

(d
2 m

lo
g

3
p
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d
u
e

to
th

e
ex

is
te

n
ce

of
th

e
or

d
er

in
g

an
d

th
e

u
n
re

st
ri

ct
ed

p
ar

am
et

er
sp
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e.

3
.2
.3
.
P
o
is
so

n
S
E
M

w
it
h
a
S
t
a
r
G
r
a
p
h
E
x
a
m
p
l
e

In
th

is
se

ct
io

n
,

w
e

d
is

cu
ss

th
e

va
li
d
it

y
of

ou
r

as
su

m
p
ti

on
s

u
si

n
g

a
sp

ec
ia

l
P

o
is

so
n

S
E

M
w

it
h

th
e

st
ar

gr
ap

h
in

F
ig

.
2

w
h
er

e
X

1
∼
P
oi
ss
on

(λ
),
X
j
|X

1
∼
P
oi
ss
on

(e
x
p
(θ
X

1
))

,
fo

r
j
∈
{2
,3
,.
..
p
}.

T
h
is

co
n
si

st
s

of
a

si
n
gl

e
h
u
b

n
o
d
e

co
n
n
ec

te
d

to
th

e
re

st
of

n
o
d
es

.
W

it
h

th
is

st
ar

gr
ap

h
,

w
e

sh
ow

th
at

ou
r
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su

m
p
ti

on
s
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n

b
e

sa
ti

sfi
ed

w
it

h
p

os
it

iv
e

(θ
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).

In
or

d
er

to
d
is

cu
ss

th
e

va
li
d
it

y
of

A
ss

u
m

p
ti

on
s

1,
2,

3,
an

d
4

in
th

is
p
ar

ti
cu

la
r

ex
am

p
le

,
w

e
fi
rs

t
ca

lc
u
la

te
th

e
ex

p
ec

ta
ti

on
of

th
e

H
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si
an

m
at

ri
x

of
E

q
u
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io
n
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:
F

or
an

y
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∈

{2
,3
,.
..
p
}, E(
X

2 1
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(θ
X

1
))

=
∂

2

∂
θ2

E(
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p
(θ
X

1
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λ
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p
(λ

(e
x
p
(θ
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−
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+
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(λ
ex

p
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)
+

1)
,

E(
X

1
X
j
ex

p
(θ
X

1
))

=
∂ ∂
θ
E(

ex
p
(θ

1
X

1
)X

j
)

=
∂ ∂
θ
E(

ex
p
(θ
X

1
)E

(X
j
|X

1
))

=
∂ ∂
θ
E(

ex
p
(2
θX

1
))

=
2λ

ex
p
(λ

(e
x
p
(2
θ)
−

1)
+

2
θ)
.

H
en

ce
,

th
e

p
op

u
la

ti
on

ve
rs

io
n

of
A

ss
u
m

p
ti

on
1

is
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d
u
ce

d
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ρ
m
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<
λ

ex
p
(λ

(e
x
p
(θ

)
−
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+
θ)
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ex
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(θ

)
+

1)
an

d
λ

+
λ

2
<
ρ

m
a
x
.
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P
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r
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r
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X
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X
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·
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u
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p
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n
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F
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=
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p
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−
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=
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−
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d
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b
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−
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+
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T
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d
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lu
es

of
θ.

F
or

λ
=

2
an

d
α

=
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y
ie
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u
m

p
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2
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sa

ti
sfi
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<
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=
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p
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<
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5.
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u
m

p
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on
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w
e
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n

b
e
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w
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e
m
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t
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n
er
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in

g
fu

n
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n
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X

1
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ex
p
(λ
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−
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w
e

h
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P
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(i
)

1
>
C
x

lo
g
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ax
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})
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ex

p
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)

1
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m
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,p
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=
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−
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m
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.

w
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e
C
x
>

2
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a
p

os
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e
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an
t
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A

ss
u
m

p
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F
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n
o
d
es
j
∈
{2
,3
,.
..
,p
},

w
e

h
av

e,

P
(X

(i
)

j
>
C
x

lo
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ex
p
(X

(i
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j
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)

1
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m
ax
{n
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x
=
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ex

p
(e

x
p
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X
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)

1
)(
e
−

1
))

)

m
ax
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x
.

F
or
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<
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g
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1
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)

1
,

w
e
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e,

P
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)

j
>
C
x
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g
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ax
{n
,p
})

)
≤
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ex

p
(X

(i
)

1
(e
−

1)
))

m
ax
{n
,p
}C

x
=

ex
p
(λ
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1
−

1
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m
ax
{n
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x
.

H
en
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r
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<
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g
(C

x
lo

g
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ax
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})
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C
x

lo
g
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ax
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})
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at

is
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e
lo

w
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b
o
u
n
d

o
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g
X
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1
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)

1
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ve
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X
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C
x
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ax
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,
A
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u
m

p
ti

on
3

is
sa

ti
sfi

ed
w

it
h

a
h
ig

h
p
ro

b
a-

b
il
it

y
:

P

( m
ax i,j
X

(i
)

j
>
C
x

lo
g
(m

ax
{n
,p
})
)
≤

ex
p
(λ

(e
e−

1
−

1)
)

m
ax
{n
,p
}C
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−
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.

N
ow

,
w

e
d
is
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ss

A
ss

u
m

p
ti
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4.

A
si

m
p
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ca
lc

u
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ti
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ow

s
th

at
,
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r

an
y
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∈
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E(
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(e
x
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−
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X
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x
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−
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+
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x
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−

1
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en
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u
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p
ti

on
4

is
eq

u
iv

al
en

t
to

th
e

co
n
st

ra
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−
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−
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−
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.
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e
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d
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p
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p
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p
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b
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m
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u
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d
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th
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b
lan

k
et

in
ev

itab
ly

d
ep

en
d

o
n
d
m

.
F

o
r

th
e

star
grap

h
w

ith
d

=
1

an
d
d
m

=
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=
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e

M
R

S
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con
tain

in
g

h
u
b

n
o
d
es

in
h
ig

h
d
im

en
sio

n
al

settin
gs.

4
.
N
u
m
e
rica

l
E
x
p
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p
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p
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b
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d
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p
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b
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b
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u
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d
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=
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p
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w
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d
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e
largest

valu
e

for
p
a
ren

t
selection

.
T

h
a
t

w
a
s

b
eca

u
se

a
less

b
iased

estim
ator

is
p
referred

for
th

e
score

calcu
latio

n
,

an
d

w
e

1
5

JM
L

R
 20(95):1-41, 2019

P
a
r
k

a
n
d

P
a
r
k

(a)
P

rec:p
=

20,d
=

1
(b

)
R

eca:p
=

20
,d

=
1

(c)
P

rec:p
=

20,d
=

1
0

(d
)

R
eca:p

=
2
0,d

=
10

(e)
P

rec:p
=

200,d
=

1
(f)

R
eca:p

=
200

,d
=

1
(g

)
P

rec:p
=

2
00,d

=
1
0

(h
)

R
eca

:p
=

20
0,d

=
1
0

F
igu

re
3:

C
om

p
arison

of
th

e
M

R
S
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∈
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b
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p
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b
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=
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b
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p
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b
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p
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p
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p
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p
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=
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−
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il
l

re
co

v
er

s
th

e
M

E
C

of
th

e
P

oi
ss

on
S
E

M
b

et
te

r
on

av
er

ag
e

th
an

th
e

co
m

p
ar

is
on

m
et

h
o
d
s.

H
ow

ev
er

,
it

m
u
st

b
e

p
oi

n
te

d
ou

t
th

at
ou

r
M

R
S

a
lg

o
ri

th
m

ap
p
li
es

to
P

oi
ss

on
S
E

M
s

(4
),

w
h
il
e

th
e

O
D

S
al

go
ri

th
m

ac
cu

ra
te

ly
le

ar
n
s

sp
ar

se
P

o
is

so
n

17
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P
a
r
k

a
n
d

P
a
r
k

(a
)

P
re

c:
p
=

20
,d

=
2

(b
)

R
ec

a:
p
=

20
,d

=
2

(c
)

P
re

c:
p
=

10
0,
d
=

2
(d

)
R

ec
a:
p
=

10
0
,d

=
2

F
ig

u
re

5:
C

om
p
ar

is
on

of
th

e
M

R
S

al
go

ri
th

m
to

th
e

or
ac

le
,

O
D

S
,

G
E

S
an

d
M

M
H

C
a
l-

go
ri

th
m

s
in

te
rm

s
of

th
e

p
re

ci
si

on
an

d
re

ca
ll

fo
r

P
oi

ss
on

D
A

G
m

o
d
el

s
w

it
h

p
∈
{2

0,
10

0}
,
d

=
2,

an
d

th
e

id
en

ti
ty

li
n
k

fu
n
ct

io
n
.

D
A

G
m

o
d
el

s
w

h
er

e
ar

b
it

ra
ry

li
n
k

fu
n
ct

io
n
s

ar
e

al
lo

w
ed

.
In

ad
d
it

io
n
,

th
e

G
E

S
a
n
d

M
M

H
C

al
go

ri
th

m
s

ap
p
ly

to
m

or
e

ge
n
er

al
cl

as
se

s
of

D
A

G
m

o
d
el

s.

4
.2

.
R

a
n

d
o
m

P
o
is

so
n

D
A

G
M

o
d

e
ls

W
h
en

th
e

d
at

a
ar

e
ge

n
er

at
ed

b
y

a
ra

n
d
om

P
oi

ss
on

D
A

G
m

o
d
el

(2
)

w
h
er

e
g j

is
n
o
t

th
e

st
an

d
ar

d
lo

g
li
n
k

fu
n
ct

io
n
,

ou
r

M
R

S
al

go
ri

th
m

is
n
o
t

gu
ar

an
te

ed
to

es
ti

m
a
te

th
e

tr
u
e

d
ir

ec
te

d
ac

y
cl

ic
gr

ap
h

an
d

it
s

or
d
er

in
g.

H
en

ce
,

an
im

p
or

ta
n
t

q
u
es

ti
o
n

is
h
ow

se
n
si

ti
ve

o
u
r

m
et

h
o
d

is
to

d
ev

ia
ti

on
s

fr
om

th
e

li
n
k

as
su

m
p
ti

on
.

In
th

is
se

ct
io

n
,

w
e

em
p
ir

ic
a
ll
y

in
ve

st
ig

at
e

th
is

q
u
es

ti
on

.

W
e

ge
n
er

at
ed

th
e

20
0

sa
m

p
le

s
w

it
h

th
e

sa
m

e
p
ro

ce
d
u
re

sp
ec

ifi
ed

in
S
ec

ti
o
n

4
.1

,
b
u
t

w
it

h
th

e
in

d
eg

re
e

co
n
st

ra
in

t
d

=
2,

an
d

ex
ce

p
t

th
at

id
en

ti
ty

li
n
k

fu
n
ct

io
n
g j

(η
)

=
η

a
n
d

th
e

ra
n
ge

of
p
ar

am
et

er
s

w
as
θ j
k
∈

[−
1
.5
,−

0
.5

]
∪

[0
.5
,1
.5

].
W

e
n
ot

e
th

at
th

e
li
n
k

fu
n
ct

io
n

m
u
st

b
e

p
os

it
iv

e,
b
u
t

w
e

al
lo

w
th

e
n
eg

at
iv

e
va

lu
e

of
θ j
k

b
y

ra
n
d
om

ly
ch

o
os

in
g
θ j
∈

[1
,1

0]
.

If
an

y
P

oi
ss

on
ra

te
p
ar

am
et

er
is

n
eg

at
iv

e,
w

e
re

ge
n
er

a
te

d
th

e
p
ar

am
et

er
s.

In
F

ig
.

5,
w

e
co

m
p
ar

e
th

e
M

R
S

to
st

at
e-

of
-t

h
e-

ar
t

O
D

S
,

G
E

S
an

d
M

M
H

C
a
lg

o
ri

th
m

s
fo

r
va

ry
in

g
sa

m
p
le

si
ze
n
∈
{2

5,
50
,.
..
,2

50
},

an
d

n
o
d
e

si
ze
p
∈
{2

0,
10

0
}.

F
ig

.
5

sh
ow

s
th

a
t

th
e

M
R

S
al

go
ri

th
m

co
n
si

st
en

tl
y

re
co

ve
rs

th
e

tr
u
e

gr
ap

h
,

an
d

h
en

ce
,

w
e

ca
n

se
e

th
a
t

th
e

M
R

S
al

go
ri

th
m

is
n
ot

so
se

n
si

ti
ve

to
d
ev

ia
ti

on
s

fr
om

th
e

li
n
k

as
su

m
p
ti

on
.

C
o
m

p
a
ri

n
g

it
to

th
e

O
D

S
al

go
ri

th
m

,
th

e
M

R
S

al
go

ri
th

m
sh

ow
s

sl
ig

h
tl

y
w

or
se

p
er

fo
rm

an
ce

b
ec

a
u
se

th
e

O
D

S
al

go
ri

th
m

is
d
es

ig
n
ed

to
le

ar
n

ge
n
er

al
P

oi
ss

on
D

A
G

m
o
d
el

s
w

it
h

an
y

ty
p

e
o
f

li
n
k

fu
n
ct

io
n
s.

H
ow

ev
er

,
w

e
ca

n
se

e
th

at
th

e
M

R
S

al
go

ri
th

m
st

il
l

p
er

fo
rm

s
b

et
te

r
th

a
n

th
e

gr
ee

d
y

se
ar

ch
-b

as
ed

m
et

h
o
d
s

in
b

ot
h

av
er

ag
e

p
re

ci
si

on
an

d
re

ca
ll
.

4
.3

.
R

a
n

d
o
m

P
o
is

so
n

a
n

d
T

ru
n

c
a
te

d
P

o
is

so
n

M
a
rk

o
v

R
a
n

d
o
m

F
ie

ld
s

W
h
en

sa
m

p
le

s
ar

e
ge

n
er

at
ed

b
y

a
P

oi
ss

on
or

tr
u
n
ca

te
d

P
oi

ss
on

M
R

F
,

ou
r

M
R

S
a
lg

o
ri

th
m

is
n
ot

gu
ar

an
te

ed
to

fi
n
d

th
e

tr
u
e

d
ep

en
d
en

ce
re

la
ti

on
sh

ip
s

of
va

ri
ab

le
s.

H
en

ce
,

it
is

a
ls

o
im

p
or

ta
n
t

to
in

ve
st

ig
at

e
h
ow

w
el

l
ou

r
al

go
ri

th
m

re
co

v
er

s
u
n
d
ir

ec
te

d
ed

ge
s

w
h
en

m
u
lt

iv
a
ri

at
e

co
u
n
t

d
at

a
is

fr
om

an
M

R
F

.
In

th
is

se
ct

io
n
,

w
e

co
m

p
ar

e
ou

r
M

R
S

a
lg

or
it

h
m

to
st

a
te

-o
f-

th
e-

ar
t

P
oi

ss
on

M
R

F
(P

M
R

F
)

an
d

tr
u
n
ca

te
d

P
oi

ss
on

M
R

F
le

ar
n
in

g
(T

M
R

F
)

al
g
o
ri

th
m

s
(Y

a
n
g

et
al

.,
20

13
,

20
15

;
In

ou
ye

et
al

.,
20

17
)

w
h
en

m
u
lt

iv
ar

ia
te

co
u
n
t

d
at

a
is

fr
om

P
o
is

so
n

M
R

F
s

an
d

tr
u
n
ca

te
d

P
oi

ss
on

M
R

F
s,

re
sp

ec
ti

v
el

y.
W

e
u
se

d
th

e
R

p
ac

ka
ge

X
M

R
F

(W
a
n

et
a
l.
,

20
16

)
fo

r
tr

u
n
ca

te
d

P
oi

ss
on

M
R

F
s.

1
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H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

(a)
P

oisso
n
:

P
rec

(b
)

P
oisson

:
R

eca
(c)

T
ru

n
cated

:
P

rec
(d

)
T

ru
n
ca

ted
:

R
eca

F
ig

u
re

6:
C

o
m

p
arison

of
th

e
M

R
S

algorith
m

to
th

e
P

oisson
M

R
F

learn
in

g
(P

M
R

F
)

an
d

tru
n
cated

P
oisson

M
R

F
learn

in
g

(T
M

R
F

)
algorith

m
s

in
term

s
of

th
e

p
recision

a
n
d

recall
for

u
n
d
irected

ed
ges

of
ran

d
om

20-n
o
d
es

P
oisson

M
R

F
s

an
d

tru
n
cated

P
o
isson

M
R

F
s

w
ith

d
m

=
5,

an
d
R

=
100

.

W
e

g
en

era
ted

100
sam

p
les

of
20-n

o
d
es

ran
d
om

P
oisson

M
R

F
an

d
tru

n
ca

ted
P

oisson
M

R
F

w
ith

th
e

ran
d
om

ly
gen

erated
u
n
d
erly

in
g

u
n
d
irected

grap
h
s,

resp
ectively.

F
or

P
oisson

M
R

F
s,

w
e

set
th

e
m

ax
im

u
m

M
arkov

b
lan

ket
d
m

=
5

an
d

th
e

n
on

-zero
p
aram

eters
in

E
q
u
a
tio

n
(6

)
w

as
gen

erated
u
n
iform

ly
at

ran
d
om

in
th

e
ran

ge
θ
j
∈

[1,2],
b
u
t

w
e

fi
x
ed

θ
jk

=
−

0
.1

fo
r

all
j∈

V
.

T
h
is

is
a

sim
ilar

settin
g

u
sed

in
Y

an
g

et
al.

(20
15).

F
or

tru
n
cated

P
o
isso

n
M

R
F

s,
w

e
set

d
m

=
5,
θ
j

=
0,
θ
jk

=
0
.1,

an
d

th
e

tru
n
cation

level
is
R

=
1
00,

m
ea

n
in

g
th

a
t

a
ll

sam
p
les

are
less

th
an

100
(see

d
etails

in
E

q
u
ation

3
of

Y
an

g
et

al.,
2013).

In
term

s
o
f

th
e

ch
oice

of
regu

larization
p
aram

eters
for

th
e

M
R

S
an

d
P

M
R

F
algo

rith
m

s,
w

e
u
sed

fi
ve-fo

ld
cross

valid
ation

as
w

e
u
sed

in
S
ection

4.1.
F

or
th

e
T

M
R

F
alg

orith
m

,
w

e
set

th
e

reg
u
la

riza
tion

p
aram

eters
to

0.1
sin

ce
th

is
va

lu
e

seem
s

to
w

ork
w

ell.

F
ig

.
6

com
p
ares

th
e

M
R

S
algorith

m
to

state-of-th
e-art

P
M

R
F

an
d

T
M

R
F

algo
rith

m
s

in
term

s
o
f

recoverin
g

u
n
d
irected

ed
ges

b
y

vary
in

g
sam

p
le

size
n
∈
{
100

,2
00
,...,100

0}.
F

or
a

fa
ir

co
m

p
a
riso

n
,
w

e
u
sed

th
e

skeleton
of

th
e

estim
ated

M
E

C
v
ia

th
e

M
R

S
a
lgo

rith
m

,
b

eca
u
se

o
u
r

a
lg

o
rith

m
retu

rn
s

a
D

A
G

.
A

s
w

e
can

see
in

F
ig.

6,
th

e
M

R
S

algorith
m

con
sisten

tly
fi
n
d
s

th
e

tru
e

ed
g
es

from
b

oth
P

oisson
M

R
F

an
d

tru
n
ca

ted
P

oisson
M

R
F

sam
p
les.

H
en

ce,
w

e
em

p
irically

v
erify

th
at

th
e

M
R

S
algorith

m
can

recover
som

e
d
ep

en
d
en

ce
relation

sh
ip

s
of

va
ria

b
les

even
if

sam
p
les

are
from

P
oisson

or
tru

n
cated

P
oisson

M
R

F
s.

F
ig

.
6

a
lso

sh
ow

s
th

at
th

e
M

R
S

algorith
m

p
erform

s
sign

ifi
can

tly
w

orse
th

an
th

e
com

-
p
a
riso

n
P

M
R

F
an

d
T

M
R

F
algorith

m
,

on
average,

w
h
en

sam
p
les

are
from

P
oisson

M
R

F
s

a
n
d

tru
n
ca

ted
P

oisson
M

R
F

s,
resp

ectively.
It

is
an

ex
p

ected
resu

lt
b

ecau
se

th
e

P
M

R
F

an
d

T
M

R
F

a
lg

o
rith

m
s

are
for

learn
in

g
P

oisson
M

R
F

s
an

d
tru

n
cated

M
R

F
s,

w
h
ile

ou
r

algorith
m

is
fo

r
P

o
isso

n
S
E

M
s.

H
ow

ever,
it

is
w

orth
n
otin

g
th

at
th

e
T

M
R

F
algorith

m
seem

s
n
ot

to
w

o
rk

o
n

avera
g
e

w
h
en

sam
p
les

are
from

a
P

oisson
M

R
F

in
ou

r
settin

g.
It

is
m

ain
ly

b
ecau

se
th

e
T

M
R

F
a
lg

o
rith

m
is

for
learn

in
g

tru
n
cated

P
oisson

M
R

F
s,

n
ot

P
oisson

M
R

F
s.

W
e

em
-

p
h
a
size

th
a
t,

in
an

oth
er

settin
g

w
h
ere

θ
j

is
fi
x
ed

to
1,

th
e

T
M

R
F

algorith
m

w
ork

s
m

u
ch

b
etter.

It
is

a
lso

w
orth

n
otin

g
th

at
th

e
P

M
R

F
algorith

m
seem

s
n
ot

to
recov

er
an

y
u
n
d
i-

rected
ed

g
es

w
h
en

sam
p
les

are
from

a
tru

n
cated

P
oisson

M
R

F
.

It
can

b
e

clearly
ex

p
lain

ed
b
y

th
e

fa
ct

th
a
t

th
e

P
M

R
F

algorith
m

can
n
ot

cap
tu

re
th

e
p

ositive
d
ep

en
d
en

cies,
h
ow

ever
a
ll

p
a
ra

m
eters

are
p

ositive
in

ou
r

settin
g.

1
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P
a
r
k

a
n
d

P
a
r
k

(a)
p

=
100,d

=
5

(b
)
p

=
50

0,d
=

5
(c)

n
=

500,d
=

5

F
igu

re
7:

C
om

p
arison

of
th

e
M

R
S

algorith
m

to
th

e
G

E
S

an
d

M
M

H
C

algo
rith

m
s

in
term

s
of

th
e

ru
n
n
in

g
tim

e
w

ith
resp

ect
to

n
o
d
e

size
p

an
d

sam
p
le

size
n

4
.4

.
C

o
m

p
u

ta
tio

n
a
l

C
o
m

p
le

x
ity

F
ig.

7
com

p
ares

th
e

ru
n
-tim

e
of

th
e

M
R

S
,
G

E
S
,
an

d
M

M
H

C
algorith

m
s

for
learn

in
g

P
oisson

S
E

M
s

w
ith

in
d
egree

d
=

5
b
y

vary
in

g
sam

p
le

size
n
∈
{
100

,20
0,...,1000}

w
ith

fi
x
ed

n
o
d
e

size
p
∈
{100

,500}
,

an
d

vary
in

g
n
o
d
e

size
p
∈
{10,20,...,200}

w
ith

fi
x
ed

sam
p
le

size
n

=
500.

F
ig.

7
su

p
p

orts
th

e
w

orst
case

com
p
u
tation

al
com

p
lex

ity
O

(n
p

3)
d
iscu

ssed
in

S
ection

3.1.
In

ad
d
ition

,
it

sh
ow

s
th

at
th

e
M

R
S

algorith
m

is
sign

ifi
can

tly
faster

th
an

th
e

greed
y

search
-b

ased
G

E
S

an
d

M
M

H
C

algorith
m

s
w

h
en

a
sam

p
le

size
is

large
(n
>

500
).

5
.
R
e
a
l
M

u
ltiv

a
ria

te
C
o
u
n
t
D
a
ta
:
M

L
B

S
ta
tistics

W
e

n
ow

ap
p
ly

th
e

M
R

S
algorith

m
an
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ü
h
lm

an
n
,

20
06

;
W

ai
n
w

ri
g
h
t

et
al

.,
20

06
;

R
av

ik
u
m

ar
et

al
.,

20
11

;
Y

an
g

et
al

.,
20

15
).

In
th

is
p
ro

o
f,

w
e

sh
ow

in
A

p
p

en
d
ix

C
,

th
e

er
ro

r
p
ro

b
ab

il
it

y
fo

r
th

e
re

co
v
er

y
of

th
e

p
ar

en
ts

of
a

n
o
d
e
π
j

fr
om

am
on

g
al

l
th

e
n
o
d
es

g
iv

en
th

e
p
ar

ti
al

or
d
er

in
g

(π
1
,π

2
,.
..
,π
j−

1
)

v
ia
` 1

-r
eg

u
la

ri
ze

d
re

gr
es

si
on

.
In

A
p
p

en
d
ix

D
,

th
e

er
ro

r
b

ou
n
d
s

fo
r

th
e

re
co

ve
ry

of
th

e
or

d
er

in
g

b
ot

h
v
ia
` 1

-r
eg

u
la

ri
ze

d
re

gr
es

si
on

.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
le

t
th

e
tr

u
e

or
d
er

in
g

b
e
π

=
(1
,2
,.
..
,p

),
an

d
h
en

ce
,
π

1
:j

=
(π

1
,π

2
,.
..
,π
j
)

=
(1
,2
,.
..
,j

).
F

or
ea

se
of

n
ot

at
io

n
,
[·]
k

an
d

[·]
S

d
en

ot
e

p
ar

am
et

er
s

co
rr

es
p

o
n
d
-

in
g

to
va

ri
ab

le
X
k

an
d

ra
n
d
om

ve
ct

or
X
S

,
re

sp
ec

ti
ve

ly
.

In
or

d
er

to
m

ak
e

th
e

ar
gu

m
en

ts
ea

si
er

to
u
n
d
er

st
an

d
,

w
e

re
st

at
e

th
e

n
eg

at
iv

e
lo

g
li
ke

li
h
o
o
d

(1
0)

an
d

re
la

te
d

ar
gu

m
en

ts
.

F
ir

st
,

w
e

d
efi

n
e

a
n
ew

p
ar

am
et

er
ve

ct
or
θ S

j
∈
R
|S
j
| w

it
h
ou

t
p
ar

am
et

er
θ j

co
rr

es
p

on
d
in

g
to

th
e

n
o
d
e
j

si
n
ce

th
e

n
o
d
e
j

is
n
ot

p
en

al
iz

ed
in

re
gr

es
si

on
p
ro

b
le

m
(9

).
T

h
en

,
th

e
co

n
d
it

io
n
al

n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d

of
th

e
G

L
M

fo
r
X
j

gi
ve

n
X
S
j

ca
n

b
e

w
ri

tt
en

as
:

`S
j

j
(θ
S
j
;X

1
:n

)
:=

1 n

n ∑ i=
1

( −
X

(i
)

j
〈θ
S
j
,X

(i
)

S
j
〉+

ex
p
( 〈
θ S

j
,X

(i
)

S
j
〉)
) ,

(1
3)

w
h
er

e
〈·,
·〉

is
an

in
n
er

p
ro

d
u
ct

.

W
e

al
so

d
efi

n
e
θ∗ S

j
∈
R
|S
j
|

fo
r

E
q
u
at

io
n

(1
1)

:

θ∗ S
j

:=
ar

g
m

in
θ
∈R
|S
j
|E
( −
X
j
(〈
θ,
X
S
j
〉)

+
ex

p
(〈
θ,
X
S
j
〉)
) .

(1
4)

W
e

d
efi

n
e

a
se

t
n
on

-z
er

o
el

em
en

ts
in

d
ex

of
θ∗ S

j
as

in
E

q
u
at

io
n

(1
2)

,
T
j

:=
{k
∈
S
j
|

[θ
∗ S j

] k
6=

0}
w

h
er

e
θ∗ S

j
is

in
E

q
u
at

io
n

(1
4)

.

T
h
e

m
ai

n
go

al
of

th
e

p
ro

of
is

to
fi
n
d

th
e

u
n
iq

u
e

m
in

im
iz

er
of

th
e

fo
ll
ow

in
g

co
n
ve

x
p
ro

b
le

m
:

θ̂ S
j

:=
ar

g
m

in
θ
∈R
|S
j
|L

j
(θ
,λ

j
)

=
ar

g
m

in
θ
∈R
|S
j
|{`

S
j

j
(θ

;X
1
:n

)
+
λ
j
‖θ
‖ 1
}.

(1
5)

2
5

JM
L

R
 2

0(
95

):
1-

41
, 2

01
9

P
a
r
k

a
n
d

P
a
r
k

B
y

se
tt

in
g

th
e

su
b-

d
iff

er
en

ti
a
l

to
0,
θ̂ S

j
sa

ti
sfi

es
th

e
fo

ll
ow

in
g

co
n
d
it

io
n
:

5
θ
LS

j

j
(θ̂
S
j
,λ

j
)

=
5
θ
`S
j

j
(θ̂
S
j
;X

1
:n

)
+
λ
j
Ẑ
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,Ẑ

S
j

j
).

E
q
u
at

io
n

(1
6)

w
it

h
th
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=
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R
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p
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p
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b
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p
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p
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p
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d
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p
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d
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=
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=
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.
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∈
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−
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√
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‖ ∞
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e
κ

1
(n
,p

)
is

a
n

a
rb

it
ra

ry
fu

n
ct

io
n

o
f
n

a
n

d
p
.

2
6

JM
L

R
 2

0(
95

):
1-

41
, 2

01
9



H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

L
e
m

m
a

7
S

u
p
po

se
th

a
t

fo
r

a
ll
S
j ∈
{
π

1 ,π
1
:2 ,...,π

1
:j−

1 }
,‖W

S
j

j
‖∞
≤

λ
j4
.

T
h
en

,
fo

r
λ
j ≤

ρ
2m
in

1
0
C

2x
ρ
m
a
x
d

lo
g
2
η

,

‖θ̃
S
−
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in √
d
λ
j

L
e
m

m
a

8
S

u
p
po

se
th

a
t

fo
r

a
ll
S
j ∈
{
π

1 ,π
1
:2 ,...,π

1
:j−

1 }
,‖W

S
j

j
‖∞
≤

λ
j4
.

T
h
en

,
fo

r
λ
j ≤

α
ρ
2m
in

1
0
0
C

2x
(2−
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4 √
2
C

4x ·1
0
2
(2−
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=
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con
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‖∞

λ
j

]
≤

(1−
α

)
+
α4

+
α4
<

1
,

(20)

w
ith

a
p
ro

b
a
b
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=
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∈
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o
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recovers

th
e

p
aren

ts
fo

r
ea

ch
n
o
d
e

w
ith

a
h
igh

p
rob

ab
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(Ĝ
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p
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b
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b
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con
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u
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d
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π
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∅
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Ŝ
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(Ê
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∑
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Ê
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(Ê
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∑

t∈
S
k
θ̂
k
t X

(i)
t

)).

W
e

d
efi

n
e

th
e

follow
in

g
n
ecessary

even
ts:

F
or

each
n
o
d
e
j∈

V
,
S
j ∈
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>
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Ŝ
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∣∣∣ Ê
(X

2j )−
E

(X
2j ) ∣∣∣
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∣∣∣ Ê
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(Ŝ
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Ŝ
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Ŝ
(j,π

j )
>

0 )

=
P

(
m

in
j=

1
,...,p−

1
k
=
j+

1
,...,p {(S

(j,π
k )−

S
(j,π

j ) )
−
(S

(j,π
k )−

Ŝ
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Ŝ
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Ŝ
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b
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m
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p
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−
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b
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n
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p
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=
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∈
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m
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m
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m
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)
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=
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p
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>
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−
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si

ti
ve

co
n

st
a
n

ts
C

m
a
x

a
n

d
D

m
a
x

su
ch

th
a
t

P
(ζ
c 3
)
≤

1
−

2
·p
·d
·

ex
p
( −

n
κ
1
(n
,p

)2

)
−

2
·p
·e

xp
{ −

n
ε2 1

D
m
a
x

lo
g
4
η

}
.

w
h
er

e
κ

1
(n
,p

)
≥
C

m
a
x
d

lo
g

4
η

.

(i
ii

)
F

o
r
ζ 4

,
P

(ζ
c 4
)

=
0
.

T
h
er

ef
or

e,
w

e
co

m
p
le

te
th

e
p
ro

of
:

ou
r

m
et

h
o
d

re
co

v
er

s
th

e
tr

u
e

or
d
er

in
g

at
le

a
st

of

P
(π̂

=
π

)
≥

1
−
C

1
p
·d
·e

x
p

( −
C

2
n

κ
1
(n
,p

)2

)
.

fo
r
κ

1
(n
,p

)
≥
C

m
a
x
d

lo
g

4
η
,

an
d

so
m

e
p

os
it

iv
e

co
n
st

an
ts
C

1
an

d
C

2

2
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P
a
r
k

a
n
d

P
a
r
k

A
p
p
e
n
d
ix

E
.
P
ro

p
o
si
ti
o
n
1
2

W
e

b
eg

in
b
y

in
tr

o
d
u
ci

n
g

an
im

p
or

ta
n
t

p
ro

p
os

it
io

n
to

co
n
tr

ol
th

e
ta

il
b

eh
av

io
r

fo
r

th
e

d
is

tr
ib

u
ti

on
of

ea
ch

n
o
d
e,

w
h
ic

h
ar

e
re

q
u
ir

ed
to

p
ro

ve
th

e
le

m
m

as
.

P
ro

p
o
si

ti
o
n

1
2

F
o
r

gi
ve

n
j
∈
V

a
n

d
S
j
∈
{π

1
,π

1
:2
,.
..
,π

1
:(
j−

1
)}

,
th

e
so

lu
ti

o
n
θ̂ S

j
in

E
qu

a
-

ti
o
n

(1
5)

sa
ti

sfi
es

1 n

n ∑ i=
1

ex
p
( 〈
θ̂ S

j
,X

(i
)

S
j
〉)
<
C
x

lo
g
η
.

w
h
er

e
C
x
>

2
is

a
co

n
st

a
n

t
in

A
ss

u
m

p
ti

o
n

3
.

P
ro

o
f

B
y

th
e

fi
rs

t-
or

d
er

op
ti

m
al

it
y

co
n
d
it

io
n

of
LS

j

j
(θ
S
j
,X

1
:n

)
in

E
q
u
at

io
n

(1
5
),

w
e

h
av

e

n ∑ i=
1

X
(i

)
j

=
n ∑ i=

1

ex
p
(〈
θ̂ S

j
,X

(i
)

S
j
〉)

n ∑ i=
1

X
(i

)
j
X

(i
)

k
=

n ∑ i=
1

ex
p
( 〈
θ̂ S

j
,X

(i
)

S
j
〉X

(i
)

k

)
+
λ
j
si

gn
([
θ̂ S

j
] k

).

B
y

A
ss

u
m

p
ti

on
3,

w
e

h
av

e

1 n

n ∑ i=
1

ex
p
( 〈
θ̂ S

j
,X

(i
)

S
j
〉)
≤
C
x

lo
g
η
⇐
⇒

1 n

n ∑ i=
1

X
(i

)
j
≤
C
x

lo
g
η
.

A
p
p
e
n
d
ix

F
.
P
ro

o
f
fo
r
P
ro

p
o
si
ti
o
n
s
5
a
n
d
9

F
.1

.
P

ro
o
f

fo
r

P
ro

p
o
si

ti
o
n

5

P
ro

o
f

W
e

n
ot

e
th

at
θ̃ S

c
=

(0
,0
,.
..
,0

)T
∈
R
|S
c
| i

n
ou

r
p
ri

m
al

-d
u
al

co
n
st

ru
ct

io
n
.

T
o

im
p
ro

ve

re
ad

ab
il
it

y,
w

e
le

t
θ S

=
[θ
S
j
] T
j
,θ
S
c

=
[θ
S
j
] S
j
\T
j

,
an

d
A
S

=
[A

S
j

j
] T
j

an
d
A
S
c

=
[A

S
j

j
] S
j
\T
j
.

W
it

h
th

es
e

n
ot

at
io

n
s,
W
S

an
d
R
S

ar
e

su
b
-v

ec
to

rs
of
W

S
j

j
an

d
R
S
j

j
co

rr
es

p
on

d
in

g
to

va
ri

a
b
le

s
X
S

,
re

sp
ec

ti
ve

ly
.

W
e

ca
n

re
st

at
e

co
n
d
it

io
n

(1
7)

in
b
lo

ck
fo

rm
as

fo
ll
ow

s:

Q
S
c
S

[θ̃
S
−
θ∗ S

]
=

W
S
c
−
λ
j
Z̃
S
c

+
R
S
c
,

Q
S
S

[θ̃
S
−
θ∗ S

]
=

W
S
−
λ
j
Z̃
S

+
R
S
.

S
in

ce
Q
S
S

is
in

v
er

ti
b
le

,
th

e
ab

ov
e

eq
u
at

io
n
s

ca
n

b
e

re
w

ri
tt

en
as

Q
S
c
S
Q
−

1
S
S

[W
S
−
λ
j
Z̃
S
−
R
S

]
=
W
S
c
−
λ
j
Z̃
S
c
−
R
S
c
.

T
h
er

ef
or

e,

[W
S
c
−
R
S
c
]
−
Q
S
c
S
Q
−

1
S
S

[W
S
−
R
S

]+
λ
j
Q
S
c
S
Q
−

1
S
S
Z̃
S

=
λ
j
Z̃
S
c
.
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H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

T
a
k
in

g
th

e
`∞

n
orm

of
b

oth
sid

es
y
ield

s

‖
Z̃
S
c‖∞

≤
|‖
Q
S
cS
Q
−

1
S
S ‖|∞

[‖W
S ‖∞
λ
j

+
‖
R
S ‖∞
λ
j

+
1 ]

+
‖W

S
c‖∞
λ
j

+
‖
R
S
c‖∞
λ
j

.

R
ecallin

g
A

ssu
m

p
tion

(2),
w

e
ob

tain
|‖Q

S
cS
Q
−

1
S
S ‖|∞

≤
(1−

α
),

an
d

h
en

ce,
w

e
h
ave

‖
Z̃
S
c‖∞

≤
(1−

α
) [‖

W
S ‖∞
λ
j

+
‖
R
S ‖∞
λ
j

+
1 ]

+
‖W

S
c‖∞
λ
j

+
‖R

S
c‖∞
λ
j

≤
(1−

α
)

+
(2−

α
) [‖

W
S
j

j
‖∞

λ
j

+
‖R

S
j

j
‖∞

λ
j

]
.

If
b

o
th
‖
W

S
j

j
‖∞

an
d
‖R

S
j

j
‖∞

are
less

th
an

λ
j α

4
(2−

α
) ,

as
assu

m
ed

,
th

en

‖
Z̃
S
c‖∞
≤

(1−
α

)
+
α2
<

1.

F
.2

.
P

ro
o
f

fo
r

P
ro

p
o
sitio

n
9

P
ro

o
f

T
o

p
rove

th
e

su
p
p

ort
of
θ̂
S

is
n
ot

strictly
su

b
set

th
e

tru
e

su
p
p

ort
X
S

,
it

is
su

ffi
cien

t
to

sh
ow

th
a
t

th
e

m
ax

im
u
m

b
ias

is
b

ou
n
d
ed

:

‖θ̂
S
−
θ ∗S ‖∞

≤
m

in
t∈
S

[θ ∗S
]t

2
.

F
ro

m
L

em
m

a
7
,

w
e

h
ave,

w
ith

a
h
igh

p
ro

b
ab

ility,

‖
θ̂
S
−
θ ∗S ‖∞

≤
‖θ̂
S
−
θ ∗S ‖

2 ≤
5

ρ
m

in √
d
λ
j .

T
h
erefo

re,
if

m
in
t∈
S

[θ ∗S
]t ≥

1
0

ρ
m
in √

d
λ
j ,

‖
θ̂
S
−
θ ∗S ‖∞

≤
m

in
t∈
S

[θ ∗S
]t

2
.

A
p
p
e
n
d
ix

G
.
P
ro

o
f
fo
r
L
e
m
m
a
s

G
.1

.
P

ro
o
f

fo
r

L
e
m

m
a

4

P
ro

o
f

T
h
is

lem
m

a
can

b
e

p
roved

b
y

th
e

sam
e

m
a
n
n
er

d
ev

elop
ed

for
th

e
sp

ecial
cases

(W
ain

-
w

rig
h
t

et
a
l.,

2
0
06;

R
av

ik
u
m

ar
et

al.,
2011).

In
ad

d
itio

n
,

th
is

p
ro

of
is

d
irectly

from
L

em
m

a
8

in
Y

a
n
g

et
a
l.

(2015).
A

n
d
,

w
e

restate
th

e
p
ro

of
in

ou
r

fra
m

ew
ork

.
T

h
e

m
ain

id
ea

of
th

e
p
ro

o
f

is
th

e
p
rim

a
l-d

u
a
l-w

itn
ess

m
eth

o
d

w
h
ich

asserts
th

at
th

ere
is

a
solu

tion
to

th
e

d
u
al

p
ro

b
lem

θ̃
S
j

=
θ̂
S
j

if
th

e
follow

in
g

K
aru

sh
-K

u
h
n
-T

u
cker

(K
K

T
)

co
n
d
ition

s
are

satisfi
ed

.

31
JM

L
R

 20(95):1-41, 2019

P
a
r
k

a
n
d

P
a
r
k

(a)
W

e
d
efi

n
e
θ̃
S
j ∈

Θ
S
j ,

w
h
ere

Θ
S
j

=
{
θ∈

R
|S
j |

:
θ
S
c

=
0}

is
th

e
solu

tion
to

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

θ̃
S
j

:=
arg

m
in

θ∈
Θ
S
j L

S
j

j
(θ,λ

j )
=

arg
m

in
θ∈

Θ
S
j {
`
S
j

j
(θ;X

1
:n

)
+
λ
j ‖θ‖

1 }.
(22)

(b
)

D
efi

n
e
Z̃
S
j

j
to

b
e

a
su

b
-d

iff
eren

tial
for

th
e

regu
larizer‖·‖

1
evalu

ated
at
θ̃
S
j .

F
or

an
y

t∈
T
j

in
E

q
u
ation

(12),
[Z̃

S
j

j
]t

=
sign

([θ̃
S
j ]t ).

(c)
F

or
an

y
t
/∈
T
j ,|[Z̃

S
j

j
]t |
<

1.

If
con

d
ition

s
(a)

to
(c)

are
satisfi

ed
,
θ̃
S
j

=
θ̂
S
j

m
ean

in
g

th
at

th
e

solu
tion

to
u
n
restricted

p
rob

lem
(15)

is
th

e
sam

e
as

th
e

solu
tion

to
restricted

p
rob

lem
(22)

(S
ee

R
av

ik
u
m

ar
et

al.,
2011

for
d
etails).

In
ad

d
ition

,
if

th
e

su
b
-m

atrix
of

th
e

H
essian

Q
S
j

S
S

is
in

vertib
le,

restricted
p
ro

b
lem

(22)

is
strictly

con
vex

,
an

d
h
en

ce,
θ̃
S
j

is
u
n
iq

u
e.

G
.2

.
P

ro
o
f

fo
r

L
e
m

m
a

6

P
ro

o
f

In
ord

er
to

im
p
rove

read
ab

ility,
w

e
om

it
th

e
su

p
erscrip

t
S
j

if
it

is
u
n
d
ersto

o
d

(i.e.,

W
j

=
W

S
j

j
).

E
ach

en
try

of
th

e
sam

p
le

score
fu

n
ction

W
j

in
E

q
u
ation

(18)
h
as

th
e

form

W
jt

=
1n ∑

ni=
1
W

(i)
jt

for
an

y
t∈

S
:=
{k
∈
S
j
|

[θ ∗S
j ]k
6=

0}
.

In
ad

d
ition

,
W
jt

=
0

for
all

t
/∈
S

,
sin

ce
[θ ∗S

j ]t
=

0
b
y

th
e

d
efi

n
ition

of
S

.

H
en

ce
sim

p
le

calcu
lation

y
ield

s
th

at,
for

an
y
t∈

S
an

d
i∈
{1
,2
,···

,n}
,

W
(i)
jt

=
X

(i)
t
X

(i)
j
−

ex
p
(〈θ ∗S

,X
(i)
S
〉)X

(i)
t
,

an
d

(|W
(i)
jt |)

ni=
1

h
as

m
ean

0
b
y

th
e

fi
rst-ord

er
op

tim
ality

con
d
ition

,E
(X

j )
=

E
(ex

p
(〈θ ∗S

,X
S 〉)).

N
ow

,
w

e
sh

ow
th

at
W

(i)
jt

is
b

ou
n
d
ed

w
ith

a
h
igh

p
rob

ab
ility

giv
en

A
ssu

m
p
tion

3
b
y

u
sin

g
H

o
eff

d
in

g’s
in

eq
u
ality.

T
h
e

b
oth

term
s

are
b

ou
n
d
ed

ab
ove

C
2x

log
2
η

b
y

A
ssu

m
p
tion

3.

T
h
erefore,|W

(i)
jt |

is
b

ou
n
d
ed

b
y

2C
2x

log
2
η
.

A
p
p
ly

in
g

th
e

u
n
ion

b
ou

n
d

an
d

H
o
eff

d
in

g’s
in

eq
u
ality,

w
e

h
ave

P
(‖W

j ‖∞
>
δ)≤

d·
m

ax
t∈
S
P

(|W
jt |
>
δ)≤

2d·ex
p (−

2
n
δ

2

4C
4x

log
4
η )

.

S
u
p
p

ose
th

at
δ

=
λ
j α

4
(2−

α
)

an
d
λ
j ≥

4
(2−

α
)

α
2
C

2x
lo

g
2
η

√
2
κ
1
(n
,p

) .
T

h
en

,
w

e
com

p
lete

th
e

p
ro

of:

P

(
‖W

j ‖∞
λ
j

>
α

4(2−
α

) )
≤

2
d·

ex
p (
−

α
2

16(2−
α

)
2

2n
λ

2j

4
C

4x
log

4
η )
≤

2
d·ex

p (−
n

κ
1 (n

,p
)
2 )

.

(23)
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im
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P
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L
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v
ia
` 1
-R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ss
io
n

G
.3

.
P

ro
o
f

fo
r

L
e
m

m
a

7

P
ro

o
f

In
or

d
er

to
es

ta
b
li
sh

er
ro

r
b

ou
n
d
‖θ̃
S
−
θ∗ S
‖
≤
B

fo
r

so
m

e
ra

d
iu

s
B

,
se

ve
ra

l
w

or
k
s

(M
ei

n
sh

au
se

n
an

d
B

ü
h
lm

an
n
,

20
06

;
W

ai
n
w

ri
gh

t
et

al
.,

20
06

;
R

av
ik

u
m

ar
et

al
.,

20
11

;
Y

an
g

et
al

.,
20

15
;

P
ar

k
an

d
R

as
k
u
tt

i,
20

18
)

al
re

ad
y

p
ro

ve
d

th
at

it
su

ffi
ce

s
to

sh
ow

F
(u
S

)
>

0
fo

r
al

l
u
S

:=
θ̃ S
−
θ∗ S

su
ch

th
at
‖u

S
‖ 2

=
B

w
h
er

e

F
(a

)
:=

` j
(θ
∗ S

+
a
;X

1
:n

)
−
` j

(θ
∗ S;
X

1
:n

)
+
λ
j
(‖
θ∗ S

+
a
‖ 1
−
‖θ
∗ S‖

1
).

(2
4)

M
or

e
sp

ec
ifi

ca
ll
y,

si
n
ce
u
S

is
th

e
m

in
im

iz
er

of
F

an
d
F

(0
)

=
0

b
y

th
e

co
n
st

ru
ct

io
n

of
E

q
u
at

io
n

(2
4)

,
F

(u
S

)
≤

0.
N

ot
e

th
at
F

is
co

n
ve

x
,

an
d

th
er

ef
or

e
w

e
h
av

e
F

(u
S

)
<

0.

N
ex

t
w

e
cl

ai
m

th
at
‖u

S
‖ 2
≤
B

.
In

fa
ct

,
if
u
S

li
es

ou
ts

id
e

th
e

b
al

l
o
f

ra
d
iu

s
B

,
th

en
th

er
e

ex
is

ts
v
∈

(0
,1

)
su

ch
th

at
th

e
co

n
ve

x
co

m
b
in

at
io

n
v
·u

S
+

(1
−
v
)
·0

w
ou

ld
li
e

on
th

e
b

ou
n
d
ar

y
of

th
e

b
al

l.
H

ow
ev

er
it

co
n
tr

ad
ic

ts
th

e
as

su
m

ed
st

ri
ct

p
os

it
iv

it
y

of
F

on
th

e
b

ou
n
d
ar

y
b

ec
au

se
,

b
y

co
n
ve

x
it

y,

F
(v
·u

S
+

(1
−
v
)
·0

)
≤
v
·F

(u
S

)
+

(1
−
v
)
·0
≤

0
.

(2
5)

T
h
u
s

it
su

ffi
ce

s
to

es
ta

b
li
sh

st
ri

ct
p

os
it

iv
it

y
of
F

on
th

e
b

ou
n
d
ar

y
of

th
e

b
al

l
w

it
h

ra
d
iu

s
B

:=
M
B
λ
j

√
d

w
h
er

e
M
B
>

0
is

a
p
ar

am
et

er
to

b
e

ch
os

en
la

te
r

in
th

e
p
ro

of
.

L
et
u
S
∈
R
|S
|

b
e

an
ar

b
it

ra
ry

ve
ct

or
w

it
h
‖u

S
‖ 2

=
B

.
B

y
th

e
T

ay
lo

r
se

ri
es

ex
p
an

si
on

o
f
F

in
(2

4
),

F
(u
S

)
=

(W
S

)T
u
S

+
u
T S

[5
2
` j

(θ
∗ S

+
v
u
S

;X
1
:n

)]
u
S

+
λ
j
(‖
θ∗ S

+
u
S
‖ 1
−
‖θ
∗ S‖

1
),

(2
6)

fo
r

so
m

e
v
∈

[0
,1

].

T
h
e

fi
rs

t
te

rm
in

E
q
u
at

io
n

(2
6)

h
as

th
e

fo
ll
ow

in
g

b
ou

n
d
:

ap
p
ly

in
g
‖W

S
‖ ∞
≤

λ
j 4

b
y

as
su

m
p
ti

on
an

d
‖u

S
‖ 1
≤
√
d
‖u

S
‖ 2
≤
√
d
·B

,

|(W
S

)T
u
S
|≤
‖W

S
‖ ∞
‖u

S
‖ 1
≤
‖W

S
‖ ∞
√
d
‖u

S
‖ 2
≤

(λ
j

√
d
)2
M
B 4
.

T
h
e

th
ir

d
te

rm
in

E
q
u
at

io
n

(2
6)

h
a
s

th
e

fo
ll
ow

in
g

b
ou

n
d
:

A
p
p
ly

in
g

th
e

tr
ia

n
gl

e
in

-
eq

u
al

it
y,

λ
j
(‖
θ∗ S

+
u
S
‖ 1
−
‖θ
∗ S‖

1
)
≥
−
λ
j
‖u

S
‖ 1
≥
−
λ
j

√
d
‖u

S
‖ 2

=
−
M
B

(λ
j

√
d
)2
.

N
ow

w
e

sh
ow

th
e

b
ou

n
d

fo
r

th
e

se
co

n
d

te
rm

u
si

n
g

th
e

m
in

im
u
m

ei
ge

n
va

lu
e

o
f

a
m

at
ri

x
5

2
` j

(θ
∗ S

+
v
u
S

):

q∗
:=

λ
m

in

( 5
2
` j

(θ
∗ S

+
v
u
S

))

≥
m

in
v
∈[

0
,1

]
λ

m
in

( 5
2
` j

(θ
∗ S

+
v
u
S

))

≥
λ

m
in

( 5
2
` j

(θ
∗ S)
) −

m
ax

v
∈[

0
,1

]

∥ ∥ ∥ ∥ ∥1 n

n ∑ i=
1

ex
p
( 〈
θ∗ S

+
v
u
S
,X

(i
)

S
〉)
u
T S
X

(i
)

S
X

(i
)

S
(X

(i
)

S
)T

∥ ∥ ∥ ∥ ∥ 2

≥
ρ

m
in
−

m
ax

v
∈[

0
,1

]
m

ax
y
:‖
y
‖ 2

=
1

1 n

n ∑ i=
1

ex
p
(〈
θ∗ S

+
v
u
S
,X

(i
)

S

〉)
·(
y
T
X

(i
)

S

) 2
·∣ ∣
u
T S
X

(i
)

S

∣ ∣ .
(2

7)
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P
a
r
k

a
n
d

P
a
r
k

W
e

fi
rs

t
sh

ow
th

e
b

ou
n
d

of
th

e
fi
rs

t
te

rm
in

E
q
u
at

io
n

(2
7
):

N
ot

e
th

at
θ∗ S

+
v
u
S

is
a

li
n
ea

r
(c

on
ve

x
)

co
m

b
in

at
io

n
of
θ∗ S

an
d
θ̃ S

.
H

en
ce

,
b
y

A
ss

u
m

p
ti

on
3

an
d

P
ro

p
o
si

ti
o
n

1
2
,

w
e

ob
ta

in
1 n

n ∑ i=
1

ex
p
( 〈
θ∗ S

+
v
u
S
,X

(i
)

S
〉)
≤
C
x

lo
g
η
.

N
ow

,
w

e
b

ou
n
d

th
e

se
co

n
d

te
rm

in
E

q
u
at

io
n

(2
7)

:
R

ec
al

l
th

at
‖X

(i
)

S
‖ ∞
≤
C
x

lo
g
η

fo
r

al
l
i

b
y

A
ss

u
m

p
ti

on
3.

R
ec

al
l

[u
S

] t
=

0
fo

r
t
/∈
S

b
y

th
e

p
ri

m
al

-d
u
al

co
n
st

ru
ct

io
n

o
f

(1
7
).

A
p
p
ly

in
g
‖u

S
‖ 1
≤
√
d
‖u

S
‖ 2
≤
√
d
·B

,

∣ ∣ u
T S
X

(i
)

S

∣ ∣ ≤
C
x

lo
g
(η

)√
d
‖u

S
‖ 2
≤
C
x

lo
g
(η

)
·M

B
λ
j
d
.

L
as

tl
y,

it
is

cl
ea

r
th

at
m

ax
y
:‖
y
‖ 2

=
1
(y
T
X

(i
)

S
)2
≤
ρ

m
a
x

b
y

th
e

d
efi

n
it

io
n

of
th

e
m

a
x
im

u
m

ei
ge

n
va

lu
e

an
d

A
ss

u
m

p
ti

on
1.

T
og

et
h
er

w
it

h
th

e
ab

ov
e

b
ou

n
d
s,

w
e

ob
ta

in

P
( q
∗
≤
ρ

m
in
−
C

2 x
M
B
ρ

m
a
x
d
λ
j

lo
g

2
η
) ≤

M
η
−

2
.

F
or
λ
j
≤

ρ
m
in

2
C

2 x
M
B
ρ
m
a
x
d

lo
g
2
η
,

w
e

h
av

e
q∗
≥

ρ
m
in 2

w
it

h
a

h
ig

h
p
ro

b
ab

il
it

y.
T

h
er

ef
o
re

,

F
(u

)
≥

(λ
j

√
n

)2
{
−

1 4
M
B

+
ρ

m
in 2
M

2 B
−
M
B

} ,

w
h
ic

h
is

st
ri

ct
ly

p
os

it
iv

e
fo

r
M
B

=
5

ρ
m
in

.
T

h
er

ef
o
re

,
fo

r
λ
j
≤

ρ
2 m
in

1
0
C

2 x
ρ
m
a
x
d

lo
g
2
η
,

‖θ̃
S
−
θ∗ S
‖ 2
≤

5

ρ
m

in

√
d
λ
j
.

G
.4

.
P

ro
o
f

fo
r

L
e
m

m
a

8

P
ro

o
f

T
o

im
p
ro

ve
re

ad
ab

il
it

y,
w

e
u
se
R
S

=
[R

S
j

j
] S

w
h
er

e
S

:=
{k
∈
S
j
|[
θ∗ S

j
] k
6=

0}
.

T
h
en

,
ea

ch
en

tr
y

of
R
S
j

j
in

E
q
u
at

io
n

(1
9)

h
as

th
e

fo
rm

R
jk

=
1 n

∑
n i=

1
R

(i
)

jk
fo

r
a
n
y
k
∈
S
j
,

an
d

it
ca

n
b

e
ex

p
re

ss
ed

as

R
jk

=
1 n

n ∑ i=
1

[5
2
` j

(θ
∗ S j

;X
1
:n

)
−
5

2
` j

(θ̄
S
j
;X

1
:n

)]
T k

(θ̃
S
j
−
θ∗ S

j
)

=
1 n

n ∑ i=
1

[ ex
p
(〈
θ∗ S
,X

(i
)

S

〉)
−

ex
p
(〈
θ̄ S
,X

(i
)

S

〉)
][
X

(i
)

S
(X

(i
)

S
)T
] T k

( θ̃ S
−
θ∗ S
)

fo
r
θ̄ S

,
w

h
ic

h
is

a
p

oi
n
t

on
th

e
li
n
e

b
et

w
ee

n
θ̃ S

a
n
d
θ∗ S

(i
.e

.,
θ̄(t

)
S

=
v
·θ̃
S

+
(1
−
v
)
·θ
∗ S

fo
r

so
m

e
v
∈

[0
,1

])
.

T
h
e

se
co

n
d

eq
u
al

it
y

h
ol

d
s

b
ec

au
se
θ∗ S

c
=
θ̃ S

c
=

(0
,0
,.
..
,0

)
∈
R
|S
c
| .

A
p
p
ly

in
g

th
e

m
ea

n
va

lu
e

th
eo

re
m

ag
ai

n
,

w
e

h
av

e,

R
jk

=
1 n

n ∑ i=
1

{ ex
p
(〈

¯̄ θ S
,X

(i
)

S

〉)
X

(i
)

k

}{
v
(θ̃
S
−
θ∗ S

)T
X

(i
)

S
(X

(i
)

S
)T

(θ̃
S
−
θ∗ S

)}
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H
ig
h
-D

im
e
n
sio

n
a
l
P
o
isso

n
S
E
M

L
e
a
r
n
in
g

v
ia
`
1 -R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ssio

n

fo
r

¯̄θ
S
j

w
h
ich

is
a

p
oin

t
on

th
e

lin
e

b
etw

een
θ̄
S
j

an
d
θ ∗S

j
(i.e.,

¯̄θ
S
j

=
v·θ̄

S
j

+
(1−

v
)·θ ∗S

j
for

v
∈

[0,1
]).

N
o
te

th
a
t

¯̄θ
S
j

is
a

lin
ear

(con
vex

)
com

b
in

ation
of
θ ∗S

an
d
θ̃
S

.
H

en
ce,

from
A

ssu
m

p
tion

3
a
n
d

P
ro

p
o
sitio

n
12,

w
e

ob
tain

,

1n

n
∑i=

1

ex
p (〈

¯̄θ
S
j ,X

(i)
S
j 〉)

≤
C
x

log
η
,

an
d

m
ax
i,j

X
(i)
j
<
C
x

lo
g
η
.

T
h
erefo

re,
w

e
h
ave
|R

jk |≤
ρ

m
a
x C

2x
log

2
η‖θ̃

S
−
θ ∗S ‖

22
for

all
j,k
∈
V

.

In
S
ectio

n
G

.3,
w

e
sh

ow
ed

th
at‖

θ̃
S
−
θ ∗S ‖

2 ≤
5

ρ
m
in √

d
λ
j

for
λ
j ≤

ρ
2m
in

1
0
C

2x
ρ
m
a
x
d

lo
g
2
η
.

T
h
ere-

fo
re,

if
λ
j ≤

ρ
2m
in

2
5·C

2x
ρ
m
a
x
d

lo
g
2
η

α
4
(2−

α
) ,

w
e

ob
tain

,

P

(‖
R
j ‖∞

>
α

4(2−
α

) λ
j )
≤
P

(‖R
j ‖∞

>
25C

2x λ
2j

ρ
m

a
x

ρ
2m

in

d
log

2
η )

=
0.

T
h
erefo

re,
w

e
h
ave,

‖
R
j ‖∞

≤
α

4(2−
α

) λ
j

G
.5

.
P

ro
o
f

fo
r

L
e
m

m
a

1
0

P
ro

o
f

C
o
n
d
ition

in
g

on
th

e
sets

ζ
2 ,ζ

3 ,
an

d
ζ

4 ,
w

e
p
rov

id
e

th
e

follow
in

g
resu

lts
for

d
iff

eren
t

tw
o

ca
ses:

(i)
F

o
r

a
n
y
j∈
{1
,2
,...,p−

1}
,
an

d
X
S

=
X

1
:(j−

1
) ,

w
e

h
ave

E
(X

2j
)

E
(f

(E
(X

j |X
S

)))
=

1.
T

h
erefore,

fo
r
k

=
π
j ,

w
e

h
ave

th
e

follow
in

g
p
rob

ab
ility

b
ou

n
d
:

P

(|Ŝ
(j,k

)−
S

(j,k
)|
<
M
m
in

2

∣∣∣ ζ
2 ,ζ

3 ,ζ
4 )

=
P

(
∣∣∣∣∣

Ê
(X

2k )

Ê
(f

(Ê
(X

k |
X
S

))) −
E

(X
2k )

E
(f

(E
(X

k |
X
S

))) ∣∣∣∣∣
<
M
m
in

2

∣∣∣ ζ
2 ,ζ

3 ,ζ
4 )

≥
P

(
E

(X
2k )

+
ε
1

E
(f

(E
(X

k |
X
S

)))−
2ε

1 −
E

(X
2k ))

E
(f

(E
(X

k |
X
S

)))
<
M
m
in

2
a
n
d

E
(X

2k ))

E
(f

(E
(X

k |
X
S

))) −
E

(X
2k ))−

ε
1

E
(f

(E
(X

k |
X
S

)))
+

2
ε
1
<
M
m
in

2

)

≥
P

(
ε
1
<

E
(f

(E
(X

k |
X
S

)))M
m

in

2(M
m

in
+

3)

)

≥
P

(
ε
1
<

E
(X

2k )M
m

in

2(M
m

in
+

3)(M
m

in
+

1) )
.

(ii)
F

o
r
j∈
{1
,2
,...,p−

1},
k
∈
{π

j+
1 ,...,π

p }
h
av

in
g

p
aren

t
π
j ,

an
d
X
S

=
X

1
:(j−

1
) ,

w
e

h
ave

E
(X

2k )
>

(1
+
M

m
in )E

(f
(E

(X
k |
X
S

)))
b
y

A
ssu

m
p
tion

4.
In

ad
d
ition

,
som

e
elem

en
tary
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P
a
r
k

a
n
d

P
a
r
k

b
u
t

com
p
licated

com
p
u
tation

s
y
ield

P

(∣∣Ŝ
(j,k

)−
S

(j,k
) ∣∣
<
M
m
in

2

∣∣∣ ζ
2 ,ζ

3 ,ζ
4 )

≥
P

(
ε
1
<

E
(f

(E
(X

k |
X
S

)))
2M

m
in

4E
(X

2k )
+

2E
(f

(E
(X

k |
X
S

)))
+

2E
(f

(E
(X

k |
X
S

)))M
m

in )

≥
P

(
ε
1
<

E
(f

(E
(X

k |
X
S

)))
2M

m
in (1

+
M

m
in )

4E
(X

2k )(1
+
M

m
in )

+
2E

(X
2k )

+
2
M

m
in E

(X
2k ) )

≥
P

(
ε
1
<

E
(f

(E
(X

k |
X
S

)))
2M

m
in (1

+
M

m
in )

6(1
+
M

m
in )E

(X
2k )

)

≥
P

(
ε
1
<
M

m
in

6

E
(f

(E
(X

k |
X
S

)))
2

E
(X

2k )

)
.

T
h
erefore

P
(ζ

1 |
ζ

2 ,ζ
3 ,ζ

4 )
=

0
if
ε
1

is
su

ffi
cien

tly
sm

all
en

ou
gh

.
F

or
an

y
n
o
d
e
j,

an
y

set
S
j ∈
{π

1 ,π
1
:2 ,...,π

1
:(j−

1
) }

,
an

d
k
∈
{π

j ,π
j+

1 ,...,π
p },

ε
1
<

m
in {

E
(X

2k
)M

m
in

2
(M

m
in

+
3)(M

m
in

+
1
)
,
M

m
in

6

E
(f

(E
(X

k |
X

S
j )))

2

E
(X

2k
)

}
.

G
.6

.
P

ro
o
f

fo
r

L
e
m

m
a

1
1

T
h
e

p
ro

of
for

L
em

m
a

11
is

closely
related

to
th

e
p
ro

of
in

A
p
p

en
d
ix

C
.

H
en

ce,
for

b
rev

ity,
w

e
d
o

n
ot

p
resen

t
th

e
d
etails

of
th

e
p
ro

of
alread

y
sh

ow
n

in
A

p
p

en
d
ix

C
.

(i)
P

(ζ
c2 )≤

2p·ex
p {−

n
ε
21

2
C

2x
lo

g
2
η }

.

P
ro

o
f

U
sin

g
H

o
eff

d
in

g’s
in

eq
u
ality

given
A

ssu
m

p
tion

3,
for

an
y
ε
>

0
an

d
j∈

V
,

P
( ∣∣∣ Ê

(X
2j )−

E
(X

2j ) ∣∣∣
>
ε
1 )
≤

2·
ex

p {−
n
ε
21

2C
2x

log
2
η }

.
(28)

H
en

ce,
u
sin

g
th

e
u
n
ion

b
ou

n
d
,

w
e

h
ave

P

(
m

ax
j∈
V

∣∣∣ Ê
(X

2j )−
E

(X
2j ) ∣∣∣

>
ε
1 )
≤

2p·
ex

p {−
n
ε
21

2C
2x

log
2
η }

.

(ii)
P

(ζ
c3 )≤

2p
.d·ex

p (−
n

κ
1
(n
,p

)
2 )

+
2
p·ex

p {−
n
ε
21

D
m
a
x

lo
g
4
η }

for
som

e
con

stan
ts
D

m
a
x
>

0.

P
ro

o
f

W
e

restate
th

e
con

d
ition

in
th

e
set

ζ
3

as

∣∣∣ 1n

n
∑i=

1

f (Ê
(X

j |
X

(i)
S
j
) )−

E (f (E
(X

j |
X
S
j ) )) ∣∣∣

<
ε
1 .

3
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H
ig
h
-D

im
e
n
si
o
n
a
l
P
o
is
so

n
S
E
M

L
e
a
r
n
in
g

v
ia
` 1
-R

e
g
u
l
a
r
iz
e
d

R
e
g
r
e
ss
io
n

In
or

d
er

to
ap

p
ly

H
o
eff

d
in

g’
s

in
eq

u
al

it
y,

w
e

fi
rs

t
sh

ow
th

e
b
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p
·e

x
p

{ −
n
ε2 1

D
m

a
x

lo
g

4
η

}
.

(i
ii
)
P

(ζ
c 4
)

=
0.

P
ro

o
f

W
e

re
st

at
e

th
e

co
n
d
it

io
n

in
th

e
se

t
ζ 4

as

∣ ∣ ∣E
( f

(E
(X

j
|X

S
j
))
−
f

(Ê
(X

j
|X

S
j
))
)∣ ∣ ∣

<
ε 1
.

37
JM

L
R

 2
0(

95
):

1-
41

, 2
01

9

P
a
r
k

a
n
d

P
a
r
k

B
y

th
e

m
ea

n
-v

al
u
e

th
eo

re
m

,
fo

r
so

m
e
v
∈

[0
,1

],

f
( Ê
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in

t
a
n
d

n
on

-
sm

o
ot

h
ob

je
ct

iv
e

fu
n
ct

io
n
,

m
ak

es
it

p
ra

ct
ic

al
ly

le
ss

at
tr

ac
ti

ve
.

A
n

al
te

rn
at

iv
e

ap
p
ro

ac
h

to
(2

)
fo

r
m

at
ri

x
co

m
p
le

ti
o
n

is
to

so
lv

e
a

n
u
cl

ea
r

n
o
rm

re
gu

-
la

ri
ze

d
le

as
t

sq
u
ar

es
p
ro

b
le

m m
in

B
∈R

m
×
n

1 2

∑

(i
,j

)∈
Ω

(B
ij
−
A
ij

)2
+
λ
‖B
‖ ∗
.

(3
)

T
h
is

is
th

e
ap

p
ro

ac
h

th
at

is
fa

vo
re

d
b
y

p
ra

ct
it

io
n
er

s
b

ec
au

se
it

ca
n

b
e

so
lv

ed
si

g
n
ifi

ca
n
tl

y
m

or
e

effi
ci

en
tl

y
th

an
(2

).
In

fa
ct

,
a

n
u
m

b
er

of
effi

ci
en

t
op

ti
m

iz
at

io
n

m
et

h
o
d
s

h
av

e
b

ee
n

d
es

ig
n
ed

(J
i

an
d

Y
e,

20
09

;
T

oh
an

d
Y

u
n
,

20
10

;
P

on
g

et
al

.,
20

10
;

Z
h
an

g
et

a
l.
,

2
0
1
2
;

H
si

eh
an

d
O

ls
en

,
20

14
).

U
si

n
g

th
e

ac
ce

le
ra

te
d

gr
ad

ie
n
t

m
et

h
o
d

(N
es

te
ro

v
,

20
13

),
th

e
co

n
ve

rg
en

ce
ra

te
fo

r
so

lv
in

g
(3

)
is
O

(1
/T

2
),

w
h
er

e
T

is
n
u
m

b
er

of
it

er
at

io
n
s,

a
n
d

ca
n

b
e

ev
en

b
o
o
st

ed
to

a
li
n
ea

r
co

n
ve

rg
en

ce
u
n
d
er

m
il
d

co
n
d
it

io
n
s

(H
ou

et
al

.,
20

13
).

In
co

n
tr

as
t,

th
e

co
n
ve

rg
en

ce
ra

te
fo

r
(2

)
co

u
ld

b
e

as
lo

w
as
O

(1
/√

T
).

A
lt

h
ou

gh
(3

)
is

co
m

p
u
ta

ti
on

-f
ri

en
d
ly

,
it

s
re

co
v
er

y
gu

ar
an

te
e

re
m

ai
n
s

u
n
cl

ea
r.

O
n
e

m
ay

ar
gu

e
th

at
(2

)
an

d
(3

)
ar

e
eq

u
iv

al
en

t
b
y

se
tt

in
g
δ

a
n
d
λ

ap
p
ro

p
ri

at
el

y,
b
u
t

th
e

ex
a
ct

co
rr

es
p

on
d
en

ce
b

et
w

ee
n

th
em

is
u
n
k
n
ow

n
in

ge
n
er

al
.

T
o

b
ri

d
ge

th
e

ga
p

b
et

w
ee

n
p
ra

ct
ic

e
an

d
th

eo
ry

,
in

th
is

p
ap

er
w

e
p
ro

v
id

e
a

re
la

ti
ve

er
ro

r
b

ou
n
d

fo
r

th
e

re
gu

la
ri

ze
d

fo
rm

u
la

ti
o
n

in
(3

).
M

or
e

sp
ec

ifi
ca

ll
y,

as
su

m
e
A

is
a

m
at

ri
x

of
fu

ll
ra

n
k

to
b

e
re

co
ve

re
d
.

L
et
A
r

b
e

th
e

b
es

t
ra

n
k
-r

ap
p
ro

x
im

at
io

n
of
A

,
an

d
Â

b
e

th
e

m
at

ri
x

re
co

ve
re

d
fr

om
th

e
ob

se
rv

ed
en

tr
ie

s
in

Ω
.

A
re

la
ti

ve
u
p
p

er
b

ou
n
d

ta
ke

s
th

e
fo

ll
ow

in
g

fo
rm

‖Â
−
A
r
‖ F
≤
U

(r
,m

,n
,|Ω
|)‖
A
−
A
r
‖ F

(4
)

w
h
er

e
U

(·)
is

a
fu

n
ct

io
n

of
r,
m

,
n

an
d
|Ω
|.

1
N

ot
e

th
at

th
is

k
in

d
of

b
ou

n
d
s

is
ve

ry
p

o
p
u
la

r
in

co
m

p
re

ss
iv

e
se

n
si

n
g

(C
oh

en
et

al
.,

2
00

9)
an

d
lo

w
-r

an
k

m
at

ri
x

ap
p
ro

x
im

at
io

n
(B

o
u
ts

id
is

1
.

B
y

th
e

tr
ia

n
g
le

in
eq

u
a
li

ty
‖Â
−
A
‖ F
≤
‖Â
−
A
r
‖ F

+
‖A
−
A
r
‖ F

,
a

re
la

ti
v
e

u
p

p
er

b
o
u

n
d

fo
r

re
co

v
er

in
g

A
r

d
ir

ec
tl

y
im

p
li

es
a

re
la

ti
v
e

u
p

p
er

b
o
u

n
d

fo
r

re
co

v
er

in
g
A

.

2
JM

L
R
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0(

97
):

1-
22

, 2
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N
u
c
l
e
a
r
N
o
r
m

R
e
g
u
l
a
r
iz
e
d

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

et
a
l.,

2
00

9
).

C
om

p
ared

to
th

e
ad

d
itive

error
b

ou
n
d
,

th
e

k
ey

ad
van

tage
of

th
e

relative
error

b
o
u
n
d

is
th

a
t

it
b

ou
n
d
s

th
e

error
b
ased

on
‖A
−
A
r ‖
F

,
th

e
ap

p
rox

im
ation

error
b

etw
een

th
e

o
rig

in
a
l

m
a
trix

A
an

d
its

low
-ran

k
ap

p
rox

im
a
tion

A
r .

A
s

a
resu

lt,
w

h
en

A
is

low
-ran

k
a
n
d
A
−
A
r

=
0

,
relative

error
b

ou
n
d
s

im
p
ly

a
p

erfect
recov

ery
of
A

,
w

h
ich

w
ill

n
ever

b
e

a
cco

m
p
lish

ed
b
y

ad
d
itive

b
ou

n
d
s.

In
th

is
w

o
rk

,
w

e
are

in
terested

in
b

ou
n
d
in

g
‖B
∗ −

A
r ‖
F

in
th

e
form

of
(4),

w
h
ere

B
∗

is
th

e
o
p
tim

a
l

so
lu

tion
to

(3).
S
im

ilar
to

p
rev

iou
s

stu
d
ies,

w
e

assu
m

e
th

at
th

e
top

eigen
sp

aces
o
f
A

sa
tisfy

th
e

classical
in

coh
eren

ce
con

d
ition

(C
an

d
ès

an
d

R
ech

t,
2009).

B
ased

on
th

e
celeb

ra
ted

resu
lt

of
low

-ran
k

m
atrix

com
p
letion

(R
ech

t,
2011),

w
e

d
erive

an
u
p
p

er
b

ou
n
d

for
‖
B
∗ −

A
r ‖
F

,
w

h
ich

in
d
u
ces

a
relativ

e
u
p
p

er
b

ou
n
d

u
n
d
er

favored
con

d
ition

s.
W

e
su

m
m

a
rize

th
e

k
ey

fea
tu

res
of

ou
r

resu
lts

as
follow

s:

•
W

e
p
resen

t
a

gen
eral

th
eorem

th
at

allow
s

u
s

to
b

ou
n
d

th
e

recovery
error

of
(3)

for
a
n
y
λ
>

0.
In

con
trast,

C
an

d
ès

an
d

P
lan

(2010
)

on
ly

an
aly

ze
th

e
p

erform
an

ce
of

(2)

w
h
en

δ≥
√
∑

(i,j)∈
Ω
N

2ij .

•
B

y
ch

o
osin

g
λ

ap
p
rop

riately,
w

e
ob

tain
a

relative
u
p
p

er
b

ou
n
d

of
O

(
m
n √

r
|Ω|
‖
A
−
A
r ‖
F

)

in
g
en

era
l,

an
d

a
tigh

ter
b

ou
n
d

of
O

( √
m
n
r

|Ω| ‖
A
−
A
r ‖
F

)
w

h
en

A
−
A
r

is
fl
at,

i.e.,

‖A
−
A
r ‖∞

/‖
A
−
A
r ‖
F

is
n
ot

to
o

large.
A

lth
ou

gh
K

oltch
in

sk
ii

et
al.

(2011)
an

d
N

eg
a
h
b
a
n

an
d

W
ain

w
righ

t
(20

12)
h
av

e
an

aly
zed

som
e

varia
n
ts

of
(3),

th
eir

b
ou

n
d
s

a
re

ad
d
itive

in
th

e
sen

se
th

at
th

ey
are

n
ot

p
rop

ortion
al

to
‖
A
−
A
r ‖
F

.
T

o
th

e
b

est
of

o
u
r

k
n
ow

led
ge,

th
is

is
th

e
fi

rst
relative

error
b

o
u
n
d

for
th

e
n
u
clear

n
o
rm

regu
larized

m
a
trix

co
m

p
letion

.
•

O
u
r

rela
tive

u
p
p

er
b

ou
n
d

for
(3)

is
tigh

ter
th

an
th

at
for

(2)
d
evelop

ed
b
y

C
an

d
ès

a
n
d

P
lan

(2010),
an

d
m

ore
gen

eral
th

an
th

ose
p
roved

b
y

K
esh

avan
et

al.
(2

010b
)

an
d

E
rik

sso
n

et
al.

(2012)
u
n
d
er

d
iff

eren
t

con
d
ition

s.
•

C
o
m

p
ared

to
th

e
ad

d
itive

u
p
p

er
b

o
u
n
d
s

of
oth

er
m

eth
o
d
s

(K
esh

avan
et

al.,
2010b

;
K

o
ltch

in
sk

ii
et

al.,
2011;

F
oy

gel
an

d
S
reb

ro
,

201
1),

ou
r

relative
u
p
p

er
b

ou
n
d

is
tigh

ter
w

h
en
‖
A
−
A
r ‖
F

is
sm

all.
In

a
d
d
ition

,
ou

r
relative

error
b

ou
n
d

im
p
lies

th
e

p
erfect

recovery
case

w
h
en

th
e

target
m

atrix
A

is
low

-ran
k

w
h
ile

th
e

ad
d
itive

error
n
ev

er
va

n
ish

es.

N
o
ta

tio
n

s
F

or
a

m
atrix

X
,

w
e

u
se‖X

‖∗ ,‖X
‖
F

,‖X
‖
,

an
d
‖
X
‖∞

to
d
en

ote
its

n
u
clear

n
o
rm

,
F

rob
en

iu
s

n
orm

,
sp

ectral
n
orm

,
an

d
th

e
ab

solu
te

valu
e

of
th

e
largest

elem
en

t
in

m
a
g
n
itu

d
e,

resp
ectively,

2
.
R
e
la
te
d
W

o
rk

In
th

is
sectio

n
,

w
e

p
rov

id
e

a
b
rief

rev
iew

of
ex

istin
g

w
ork

.

2
.1

.
L

o
w

-ra
n

k
M

a
trix

C
o
m

p
le

tio
n

T
h
e

m
a
th

em
a
tical

stu
d
y

of
m

atrix
com

p
letion

b
egan

w
ith

C
an

d
ès

an
d

R
ech

t
(2009).

S
p

ecif-
ica

lly,
th

ey
h
ave

p
roved

th
at

if
A

ob
ey

s
th

e
in

co
h
eren

ce
con

d
ition

,|Ω|≥
C
n

6
/
5r

log
(n

)
is

su
ffi

cien
t

to
en

su
re

th
at

w
ith

a
h
igh

p
rob

ab
ility,

A
is

th
e

u
n
iq

u
e

solu
tion

to
(1),

w
h
ere

C
is

a
co

n
sta

n
t

in
d
ep

en
d
en

t
from

r,
m

,
an

d
n

(C
an

d
ès

an
d

R
ech

t,
2009).

T
h
e

low
er

b
ou

n
d

for
th

e
size

o
f

Ω
is

su
b
seq

u
en

tly
im

p
roved

to
n
r

log
6(n

)
u
n
d
er

a
stron

ger
assu

m
p
tion

(C
an

d
ès

an
d

3
JM

L
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Z
h
a
n
g
,
Y
a
n
g
,
J
in
,
a
n
d

Z
h
o
u

T
ao,

2010).
T

h
ese

th
eoretical

gu
aran

tees
are

w
ith

ou
t

q
u
estion

great
b
reak

th
rou

gh
s,

b
u
t

th
e

p
ro

of
tech

n
iq

u
es

are
h
igh

ly
in

v
olved

.
In

tw
o

su
b
seq

u
en

t
stu

d
ies

(R
ech

t,
2011;

G
ross,

2011),
th

e
au

th
ors

p
resen

t
a

v
ery

elegan
t

ap
p
roach

for
an

aly
zin

g
(1),

an
d

give
sligh

tly
b

etter
b

ou
n
d
s.

F
or

ex
am

p
le,

R
ech

t
(2011)

im
p
roves

th
e

b
ou

n
d

for
|Ω|

to
rn

log
2(n

)
an

d
req

u
ires

th
e

w
eakest

assu
m

p
tion

s
on

A
.

T
h
e

sim
p
lifi

cation
of

th
e

an
aly

sis
also

lead
s

to
b

etter
u
n
d
erstan

d
in

g
of

m
atrix

com
p
letion

,
an

d
lay

s
th

e
fou

n
d
ation

s
of

th
e

stu
d
y

in
th

is
p
ap

er.
In

an
altern

ative
lin

e
of

w
ork

,
K

esh
avan

et
al.

(201
0a)

stu
d
y

m
atrix

com
p
letion

u
sin

g
a

com
b
in

ation
of

sp
ectral

tech
n
iq

u
es

an
d

m
an

ifold
op

tim
ization

.
T

h
e

p
rop

osed
algorith

m
n
am

ed
O

P
T

S
P

A
C

E
,

also
ach

ieves
ex

act
recovery

if|Ω|≥
C
n
r

m
ax

(log
(n

),r).
H

ow
ever,

th
e

con
stan

t
C

in
th

eir
b

ou
n
d

d
ep

en
d
s

on
m

an
y

factors
o
f
A

su
ch

as
th

e
asp

ect
ratio

an
d

th
e

con
d
ition

n
u
m

b
er.

A
fter

th
e

p
ion

eerin
g

w
ork

m
en

tion
ed

ab
ov

e,
variou

s
algorith

m
s

an
d

th
eories

of
m

atrix
com

p
letion

h
ave

b
een

d
evelop

ed
,
in

clu
d
in

g
d
istrib

u
ted

m
atrix

com
p
letion

(M
ackey

et
al.,

2011),
m

atrix
com

p
letion

w
ith

sid
e

in
form

ation
(X

u
et

al.,
2013),

1-b
it

m
atrix

com
p
letion

(C
ai

an
d

Z
h
ou

,
2013),

n
oisy

m
atrix

com
p
letion

(K
lop

p
,

2014),
coh

eren
t

m
atrix

com
p
letion

(C
h
en

et
al.,

2014),
u
n
iversal

m
atrix

co
m

p
letion

(B
h
o
jan

a
p
alli

an
d

J
ain

,
2014),

an
d

n
on

-con
v
ex

m
atrix

com
p
letion

(S
u
n

an
d

L
u
o,

20
15),

to
n
am

e
a

few
am

on
g
st

m
an

y.

2
.2

.
F
u

ll-ra
n

k
M

a
trix

C
o
m

p
le

tio
n

S
in

ce
ex

istin
g

stu
d
ies

for
fu

ll-ran
k

m
atrix

com
p
letion

d
iff

er
sign

ifi
can

tly
in

th
eir

assu
m

p
-

tion
s,

th
eir

th
eoretical

gu
aran

tees
m

ay
n
ot

b
e

d
irectly

com
p
arab

le.
In

th
e

follow
in

g,
w

e
w

ill
state

p
rev

iou
s

resu
lts

in
th

e
m

ost
gen

eral
form

,
an

d
(if

p
ossib

le)
ch

ara
cterize

th
eir

b
eh

av
iors

w
ith

resp
ect

to
m

,
n

,
r,

an
d
|Ω|.

D
en

ote
th

e
op

tim
al

solu
tion

of
(2)

b
y
B̂

.
U

n
d
er

th
e

assu
m

p
tion

δ
≥
√
∑

(i,j)∈
Ω
N

2ij ,

T
h
eorem

7
of

C
an

d
ès

an
d

P
lan

(201
0)

sh
ow

s

‖B̂
−
Z‖

F
≤
(

1
+
m

√
n|Ω| )

δ.

L
et
Z

=
A
r ,
N

=
A
−
A
r ,

an
d

con
sid

er
th

e
op

tim
al

ch
oice

th
at
δ

=
O
(√

∑
(i,j)∈

Ω
N

2ij )
.

T
h
e

ab
ov

e
b

ou
n
d

b
ecom

es

‖
B̂
−
A
r ‖
F
≤
(

1
+
m

√
n|Ω| )

√
∑(i,j)∈

Ω

(A
−
A
r )

2ij .
(5)

O
n
e

lim
itation

of
th

is
w

ork
is

th
at

th
e

th
eo

retical
gu

aran
tee

is
on

ly
valid

w
h
en

δ
is

su
ffi

-
cien

tly
large.

O
n

th
e

oth
er

h
an

d
,

if
w

e
u
se

a
very

large
δ,

th
e

u
p
p

er
b

ou
n
d

b
ecom

es
lo

ose.
O

u
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h
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p
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p
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√
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d
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n
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re
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d
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p
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ca
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p
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at
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b
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‖ ∗
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b
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b
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p
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b
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b
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d
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ra
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ra
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n
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verify

th
at

w
ith

a
h
igh

p
rob

ab
ility,

w
e

h
ave

‖A
r −

B
∗ ‖
F
≤
O

(
m
n
r

log
2(n

)

|Ω|

√
m
n

|Ω| )
λ
.

(12)

In
th

e
sp

ecia
l

case
w

h
en

A
is

a
ran

k
-r

m
atrix

,
i.e.,

A
=
A
r ,

(12)
im

p
lies

th
e

sm
aller

th
e
λ

,
th

e
b

etter
th

e
b

ou
n
d
.

In
oth

er
w

ord
s,

w
e

h
ave
‖
A
−
B
∗ ‖
F
→

0
as
λ
→

0.
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Z
h
a
n
g
,
Y
a
n
g
,
J
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,
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n
d

Z
h
o
u

F
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w

e
n
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th
at

w
h
eth

er
th

e
u
p
p

er
b

ou
n
d

in
C

oro
llary

2
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tigh
t

rem
ain

s
op

en
.

A
lth
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gh

b
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K
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et
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T
h
eorem
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an
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N

egah
b
an
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n
d

W
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w
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T
h
eorem

3)
h
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lish
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low

er
b
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n
d
s

for
n
oisy
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ll-ran
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m

atrix
com

p
letion

,
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ou
n
d
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b
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settin
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T
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g
low

er
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n
d
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b
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e
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op

tim
ality
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ou

r
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lt,
an

d
w

e
w

ill
in

vestigate
th

e
low

er
b

ou
n
d

for
n
oisy

-free
settin

g
in

th
e

fu
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re.

3
.1
.2
.
A

S
p
e
c
ia
l
R
e
su

lt
w
it
h
T
ig
h
t
e
r
B
o
u
n
d
s

In
th

e
case

th
at

th
e

resid
u
al

m
atrix

A
−
A
r
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n
ot

to
o

sp
ik

y,
in

oth
er

w
ord

s,‖
A
−
A
r ‖∞

/‖
A
−

A
r ‖
F

is
n
ot

to
o

large,
w

e
ob

tain
a

tigh
ter

th
eorem

as
stated

b
elow

.

T
h

e
o
re

m
3

A
ssu

m
e

|Ω|≥
m

ax (
114

m
ax

(µ
0 ,µ

21 )r(m
+
n

)β
log

2(2n
),

8m
n‖A

−
A
r ‖

2∞
3‖
A
−
A
r ‖

2F

β
log

(n
) )

(13)

fo
r

so
m

e
β
>

1
,

a
n

d
n
≥

5.
W

ith
a

p
ro

ba
bility

a
t

lea
st

1−
6

log
(n

)(m
+
n

)
2−

2
β−

n
2−

2
β
1
/
2−

n
−
β

,
w

e
h
a
ve‖P

T
⊥

(B
∗ )‖

F
≤
‖P

T
⊥

(B
∗ )‖∗ ≤

8|Ω|ε
2

m
n
λ

+
3m

n
r

log
(2n

)λ

|Ω|
,

‖P
T

(A
r −

B
∗ )‖

F
≤

4
ε

+
2
m
n
λ

|Ω|
√

3r
log

(2n
)

+
64

log
(n

) √
m
n
β

6|Ω| ‖P
T
⊥

(B
∗ )‖

F
.

In
th

is
th

eorem
,

w
e

h
ave

tw
o

low
er

b
ou

n
d
s

for
|Ω|

in
(13).

If
A

is
low

-ran
k
,

th
e

secon
d

low
er

b
ou

n
d

w
ill

van
ish

.
F

u
rth

erm
ore,

it
can

b
e

d
rop

p
ed

w
h
en

(‖A
−
A
r ‖

2∞
/‖A
−
A
r ‖

2F
)≤

O
(r

log
n
/m

),
i.e.,

w
h
en

th
e

resid
u
al

m
atrix

d
o
es

n
ot

con
cen

trate
on

a
sm

all
n
u
m

b
er

of
en

tries.
N

ote
th

at
ou

r
fl
atn

ess
assu

m
p
tion

is
a

con
d
ition

over
th

e
resid

u
al

m
atrix

A
−
A
r .

It
is

d
iff

eren
t

from
th

e
`∞

-n
orm

con
strain

t
o
f

N
egah

b
an

an
d

W
ain

w
righ

t
(201

2),
w

h
ich

is
a

req
u
irem

en
t

over
th

e
target

m
atrix

A
.

B
y

ch
o
osin

g
λ

to
m

in
im

ize
th

e
u
p
p

er
b

ou
n
d
s

in
T

h
eorem

3,
w

e
ob

tain
th

e
follow

in
g

relative
u
p
p

er
b

ou
n
d
s.

C
o
ro

lla
ry

4
U

n
d
er

th
e

co
n

d
itio

n
in

T
h
eo

rem
1
.

S
et

λ
=

2|Ω|ε
m
n

√
2

3
r

log
(2n

) .

W
ith

a
p
ro

ba
bility

a
t

lea
st

1−
6

log
(n

)(m
+
n

)
2−

2
β−

n
2−

2
β
1
/
2−

n
−
β

,
w

e
h
a
ve

‖P
T
⊥

(B
∗ )‖

F
≤

4 √
6
r

log
(2n

)ε,

‖P
T

(A
r −

B
∗ )‖

F
≤


10

+
256 √

m
n
r

log
3(2n

)β

|Ω|


ε,

a
n

d
th

u
s

‖A
r −

B
∗ ‖
F
≤
O


√
r

log
(n

)
+

√
m
n
r

log
3(n

)

|Ω|


ε.
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e
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b
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)√
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C
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a
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p
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e
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p
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ri
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p
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n
.

W
e
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en
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|Ω
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m
n

,
an

d
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r
si

m
p
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ig

n
o
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lo
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ri
th

m
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ct
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s.

T
h
e
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os

t
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m
p
ar
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st
u
d
y

is
th

e
re
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ve
u
p
p

er
b
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n
d
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er

iv
ed

b
y

C
an

d
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an
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P
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n
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fo
r

th
e
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n
st

ra
in

ed
p
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b
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th
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r
an
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y
si

s
al
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es

on
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e
in

co
h
er
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co
n
d
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n
.

In
th

e
ge

n
er

al
ca

se
,

C
or

ol
la

ry
2

gi
ve

s
th

e
fo

ll
ow

in
g

re
la

ti
ve

er
ro

r
b

ou
n
d

‖A
r
−
B
∗‖
F
≤
O

(
m
n
√
r

|Ω
|

)
ε.

F
ro

m
(5

)
in

S
ec

ti
on

2.
2,

w
e

ob
se

rv
e

th
at

C
an

d
ès

an
d

P
la

n
(2

01
0)

gi
v
e

th
e

fo
ll
ow

in
g

b
ou

n
d

‖A
r
−
B̂
‖ F
≤
O

( m

√
n |Ω
|)
ε.

B
ec

au
se
|Ω
|≥

C
n
r

fo
r

so
m

e
co

n
st

an
t
C

,
w

e
h
av

e

m

√
n |Ω
|≥
√
C
m
n
√
r

|Ω
|
,

w
h
ic

h
im

p
li
es

ou
r

b
ou

n
d

is
al

w
ay

s
ti

gh
te

r
th

a
n

th
at

of
C

an
d
ès

an
d

P
la

n
(2

01
0)

.
In

th
e

ca
se

th
at

(1
3)

h
ol

d
s,

C
or

ol
la

ry
4

in
d
ic

at
es

ou
r

re
la

ti
ve

er
ro

r
b

ou
n
d

ca
n

b
e

im
p
ro

v
ed

to

‖A
r
−
B
∗‖
F
≤
O

( √
m
n
r

|Ω
|)

ε.

U
si

n
g

L
em

m
a

2
in

S
ec

ti
on

4.
7,

th
e

er
ro

r
b

ou
n
d

of
C

an
d
ès

an
d

P
la

n
(2

01
0)

ca
n

al
so

b
e

im
p
ro

ve
d

an
d

b
ec

om
es

‖A
r
−
B̂
‖ F
≤
O

( m

√
n |Ω
|)
√
〈R

Ω
(A
−
A
r
),
A
−
A
r
〉(4

3
)

≤
O
( √
m
ε)
,

w
h
ic

h
is

ag
ai

n
w

or
se

th
an

ou
r

b
ou

n
d

si
n
ce
|Ω
|≥

C
n
r.

C
om

p
ar

ed
to

th
e

re
la

ti
ve

u
p
p

er
b

ou
n
d
s

of
K

es
h
av

an
et

al
.

(2
01

0b
)

an
d

E
ri

k
ss

o
n

et
al

.
(2

01
2)

,
ou

r
re

su
lt

is
ap

p
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ca

b
le

to
a

m
or

e
ge

n
er

al
ca

se
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th
ei

r
b

ou
n
d
s

on
ly

h
ol

d
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r
a

ve
ry

re
st

ri
ct

ed
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s

of
m

at
ri

ce
s.

N
ex

t,
w

e
co

m
p
ar

e
ou

r
re

la
ti

ve
er

ro
r

b
ou

n
d

w
it

h
th

e
ad

d
it

iv
e

b
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n
d
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p
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v
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u
s

st
u
d
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h
av
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et

al
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b
;

F
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ge
l

an
d

S
re

b
ro

,
2
01

1;
K

ol
tc

h
in

sk
ii

et
al

.,
20

11
;

N
eg
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b
an

an
d

W
ai

n
w

ri
gh

t,
20

12
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S
in

ce
th

os
e

re
su

lt
s

ar
e

d
er

iv
ed

u
n
d
er

d
iff

er
en

t
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su
m

p
ti

on
s,

th
e

co
m

p
ar

-
is

on
sh

ou
ld

b
e

tr
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te
d
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n
se

rv
at

iv
el

y.
W

e
re

m
ar

k
th

at
th

os
e
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su

m
p
ti

on
s

ar
e
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co

m
p
ar

ab
le
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ge

n
er

al
,

si
n
ce

w
e

ca
n
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n
st

ru
ct

m
at

ri
ce

s
to

sa
ti

sf
y

on
e
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su

m
p
ti

o
n

b
u
t

v
io

la
te

ot
h
er

s
(N

eg
ah

b
an

an
d

W
ai

n
w

ri
gh

t,
20

12
,

S
et

io
n

3.
4.

2)
.

O
u
r

go
al

is
to

sh
ow

th
a
t

re
la

ti
ve

b
ou

n
d
s

co
u
ld

b
e

ti
gh

te
r

th
an
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d
it

iv
e

b
ou

n
d
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u
n
d
er

ce
rt

ai
n

co
n
d
it
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n
s.
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Z
h
a
n
g
,
Y
a
n
g
,
J
in
,
a
n
d

Z
h
o
u

F
or

b
re

v
it

y,
w

e
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p
ro

v
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e
th

e
co

m
p
ar

is
on

u
si

n
g

th
e

ti
gh

te
r

b
ou

n
d

in
C

o
ro

ll
a
ry

4
.

O
u
r

re
la

ti
ve

b
ou

n
d
O

(√
m
n
r

|Ω
|
ε)

is
ti

gh
te

r
th

an
th

e
ad

d
it

iv
e

b
ou

n
d

in
(6

)
d
er

iv
ed

b
y

K
es

h
av

a
n

et
al

.
(2

01
0b

),
if
ε
≤
O

(n
3
/
4
/m

1
/
4
)

an
d

al
so

ti
gh

te
r

th
an

th
e

ad
d
it

iv
e

b
ou

n
d

in
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)
d
er

iv
ed

b
y

F
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ge
l

an
d

S
re

b
ro

(2
01

1)
,

if
ε
≤
O

(√
n

).
T

o
co

m
p
ar

e
w

it
h

th
e

ad
d
it

iv
e

b
o
u
n
d

in
(8

)
d
er

iv
ed

b
y

K
ol

tc
h
in

sk
ii

et
al

.
(2

01
1)

,
w

e
se

t
X

=
A
r

an
d

h
av

e,
w

it
h

a
h
ig

h
p
ro

b
a
b
il
it

y,

∥ ∥ ∥B̂
−
A
r

∥ ∥ ∥ F
≤
ε

+
O

(
√
m
n

2
r

|Ω
|

)

w
h
ic

h
is

w
or

se
th

an
ou

r
b

ou
n
d
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≤
O

(√
n

).
O

u
r

b
ou

n
d

is
b

et
te

r
th

a
n

th
e

a
d
d
it

iv
e

b
o
u
n
d

in
(9

)
of

N
eg

ah
b
an

an
d

W
ai

n
w

ri
gh

t
(2

01
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,
w

h
en

ε
≤

m
ax

(
√

Ω r
,√
n

)
.

F
in

al
ly

,
w

e
n
ot

e
th

at
al

th
ou

gh
ou

r
an

al
y
si
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is

d
ev

ot
ed
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ll
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an
k

m
at

ri
x

co
m

p
le

ti
o
n
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it
ca

n
al

so
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e
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p
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oi
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lo

w
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an
k

m
at

ri
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m

p
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ti
on
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In

th
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ca
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,
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e
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e
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h
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k
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d
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x
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d
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b
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b
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at
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p
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=
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at
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w
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p
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=
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=
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p
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.
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b
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b
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b
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b
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p
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h
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)〉

+
〈A

r
−
B
∗,
P T
⊥

(Y
)〉

+
〈B
∗
−
A
r
,Y
〉.

N
ex

t,
w

e
b

ou
n
d

th
e

la
st

th
re

e
te

rm
s

b
y

u
ti

li
zi

n
g

th
e

co
n
cl

u
si

on
s

in
T

h
eo

re
m

5
.

〈B
∗
−
A
r
,U
V
>
−
P T

(Y
)〉

=
〈P

T
(B
∗
−
A
r
),
U
V
>
−
P T

(Y
)〉

≥
−
‖P

T
(B
∗
−
A
r
)‖
F
‖U
V
>
−
P T

(Y
)‖
F

(1
7
)

≥
−
√

r 2n
‖P

T
(A

r
−
B
∗)
‖ F
.

〈A
r
−
B
∗,
P T
⊥

(Y
)〉

=
〈P

T
⊥

(A
r
−
B
∗)
,P

T
⊥

(Y
)〉

=
〈P

T
⊥

(−
B
∗)
,P

T
⊥

(Y
)〉
≥
−
‖P

T
⊥

(B
∗)
‖ ∗
‖P

T
⊥

(Y
)‖

(1
8
)

≥
−

1 2
‖P

T
⊥

(B
∗)
‖ ∗
.

〈B
∗
−
A
r
,Y
〉(1

9
)

≥
−
√

3
m
n
r

lo
g
(2
n

)

8
|Ω
|

√
〈R

Ω
(A

r
−
B
∗)
,A

r
−
B
∗〉
.

P
u
tt

in
g

th
e

ab
ov

e
in

eq
u
al

it
ie

s
to

ge
th

er
,

w
e

h
av

e

〈B
∗
−
A
r
,U
V
>
〉≥
−
√

r 2
n
‖P

T
(A

r
−
B
∗)
‖ F
−

1 2
‖P

T
⊥

(B
∗)
‖ ∗

−
√

3
m
n
r

lo
g
(2
n

)

8|
Ω
|

√
〈R

Ω
(A

r
−
B
∗)
,A

r
−
B
∗〉
.
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1
)
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S
u
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tin
g

(31)
in

to
(20)

an
d

rea
rran

gin
g
,

w
e

get

〈R
Ω

(A
r −

B
∗ ),A

r −
B
∗ 〉

+
λ2
‖P

T
⊥

(B
∗ )‖∗

≤
〈R

Ω
(A

r −
A

),A
r −

B
∗ 〉

+
λ √

r2n ‖P
T

(A
r −

B
∗ )‖

F

+
λ √

3
m
n
r

log
(2n

)

8|Ω|
√
〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

(2
3
)

≤
√
〈R

Ω
(A
−
A
r ),A

−
A
r 〉 √
〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

+
λ √

r2
n ‖P

T
(A

r −
B
∗ )‖

F

+
λ √

3
m
n
r

log
(2n

)

8|Ω|
√
〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉.

(32)

F
rom

th
e

th
e

b
asic

in
eq

u
ality

14 α
2−

α
β

+
β

2≥
0
,

w
e

h
ave

√
〈R

Ω
(A
−
A
r ),A

−
A
r 〉 √
〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

≤
14 〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

+
〈R

Ω
(A
−
A
r ),A

−
A
r 〉,

(33)

λ √
3m

n
r

log
(2n

)

8|Ω|
√
〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

≤
14 〈R

Ω
(A

r −
B
∗ ),A

r −
B
∗ 〉

+
λ

2
3
m
n
r

log
(2n

)

8|Ω|
.

(34)

W
e

co
m

p
lete

th
e

p
ro

of
b
y

su
m

m
in

g
(32),

(33),
an

d
(34)

togeth
er.

4
.6

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

T
h
e

low
er

b
o
u
n
d

of|Ω|
in

(10)
is

d
u
e

to
T

h
eorem

5,
b
u
t

w
e

u
se

a
larger

con
stan

t
(114

in
stea

d
o
f

3
2
)

to
en

su
re

8
log

(n
)

3

√
rm

β

|Ω|
≤

14
(35)

w
h
ich

is
u
sed

la
ter.

B
a
sed

o
n

L
em

m
a

1
an

d
T

h
eorem

5,
w

e
h
ave

√
〈R

Ω
(A
−
A
r ),A

−
A
r 〉

(2
2
)

≤
‖R

Ω
(A
−
A
r )‖

F

(1
6
)

≤
83 √

β
log

(n
)ε.

S
u
b
stitu

tin
g

th
e

ab
ov

e
in

eq
u
ality

in
to

(21),
w

e
h
ave

12 〈R
Ω

(A
r −

B
∗ ),A

r −
B
∗ 〉

+
λ2
‖P

T
⊥

(B
∗ )‖∗ ≤

λ √
r2
n ‖P

T
(A

r −
B
∗ )‖

F
+

Γ
,

(36)

w
h
ere

Γ
=

64β
log

2(n
)ε

2

9
+

3
m
n
r

log
(2n

)λ
2

8|Ω|
.

(37)
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.
U
p
p
e
r
B
o
u
n
d

f
o
r
‖P

T
⊥

(B
∗ )‖

F

W
e

u
p
p

er
b

ou
n
d
‖P

T
(A

r −
B
∗ )‖

2F
in

(36)
b
y

‖P
T

(A
r −

B
∗ )‖

2F
=
〈P

T
(A

r −
B
∗ ),A

r −
B
∗ 〉

(1
5
)

≤
2
m
n

|Ω| 〈P
T R

Ω P
T

(A
r −

B
∗ ),A

r −
B
∗ 〉.

P
lu

ggin
g

th
e

ab
ov

e
in

eq
u
ality

in
(36),

w
e

h
ave

12 〈R
Ω

(A
r −

B
∗ ),A

r −
B
∗ 〉

+
λ2
‖P

T
⊥

(B
∗ )‖∗

≤
λ √

rm|Ω| √
〈P

T R
Ω P

T
(A

r −
B
∗ ),A

r −
B
∗ 〉

+
Γ
.

(38)

S
in

ce
P
T

+
P
T
⊥

=
I
,

w
e

h
ave

12 〈R
Ω

(A
r −

B
∗ ),A

r −
B
∗ 〉

=
12
〈P

T R
Ω P

T
(A

r −
B
∗ ),A

r −
B
∗ 〉

︸
︷︷

︸
:=

Θ
2

+
12
〈P

T
⊥ R

Ω P
T
⊥

(B
∗ ),B

∗ 〉
︸

︷︷
︸

:=
Λ
2

−
〈R

Ω
(P

T
(A

r −
B
∗ )),P

T
⊥

(B
∗ )〉

(2
3
)

≥
12

Θ
2

+
12

Λ
2−

Θ
Λ

=
12

(Θ
−

Λ
)
2.

(39)

S
u
b
stitu

tin
g

(39)
in

to
(38),

w
e

h
ave

12
(Θ
−

Λ
)
2

+
λ2
‖P

T
⊥

(B
∗ )‖∗ ≤

λ √
rm|Ω| Θ

+
Γ
.

C
om

b
in

in
g

w
ith

th
e

fact

12
(Θ
−

Λ
)
2−

λ √
rm|Ω| Θ

+
λ √

rm|Ω| Λ
+
rm

λ
2

2|Ω|
=

12

(
Θ
−

Λ
−
λ √

rm|Ω| )
2≥

0

w
e

h
ave

λ2
‖P

T
⊥

(B
∗ )‖∗ ≤

λ √
rm|Ω| √

〈P
T
⊥ R

Ω P
T
⊥

(B
∗ ),B

∗ 〉
+
rm

λ
2

2|Ω|
+

Γ

(2
2
)

≤
λ √

rm|Ω| ‖R
Ω P

T
⊥

(B
∗ )‖

F
+
rm

λ
2

2|Ω|
+

Γ

(1
6
)

≤
8
λ

log
(n

)

3

√
rm

β

|Ω| ‖P
T
⊥

(B
∗ )‖

F
+
rm

λ
2

2|Ω|
+

Γ

(3
5
)

≤
λ4 ‖P

T
⊥

(B
∗ )‖

F
+
rm

λ
2

2|Ω|
+

Γ

(3
7
)

≤
λ4 ‖P

T
⊥

(B
∗ )‖∗

+
64β

log
2(n

)ε
2

9
+

3
m
n
r

log
(2n

)λ
2

4|Ω|

(40)
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h
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e
in

th
e

la
st

li
n
e

w
e

u
se

th
e

fa
ct

1 2
≤

3
n

lo
g
(2
n

)

8
,
∀n
≥

2
.

F
ro

m
(4

0)
,

w
e

im
m

ed
ia

te
ly

h
av

e

‖P
T
⊥

(B
∗)
‖ ∗
≤

25
6β

lo
g

2
(n

)ε
2

9
λ

+
3
m
n
r

lo
g
(2
n

)λ

|Ω
|

.

4
.6
.2
.
U
p
p
e
r
B
o
u
n
d

f
o
r
‖P

T
(A

r
−
B
∗)
‖ F

S
im

il
ar

to
(3

9)
,

w
e

h
av

e

1 2
〈R

Ω
(A

r
−
B
∗)
,A

r
−
B
∗〉

(2
3
)

≥
1 2
〈P

T
R

Ω
P T

(A
r
−
B
∗)
,A

r
−
B
∗〉

+
1 2

Λ
2
−
√
〈P

T
R

Ω
P T

(A
r
−
B
∗)
,A

r
−
B
∗〉

Λ

(1
5
)

≥
|Ω
|

4
m
n
‖P

T
(A

r
−
B
∗)
‖2 F

+
1 2

Λ
2
−
√

3|
Ω
|

2
m
n
‖P

T
(A

r
−
B
∗)
‖ F

Λ

w
h
er

e

Λ
=
√
〈P

T
⊥
R

Ω
P T
⊥

(B
∗)
,B
∗〉

(2
2
)

≤
‖R

Ω
P T
⊥

(B
∗)
‖ F

(1
6
)

≤
8 3

√
β

lo
g
(n

)‖
P T
⊥

(B
∗)
‖ F
.

B
y

p
lu

gg
in

g
th

e
ab

ov
e

in
eq

u
al

it
ie

s
in

to
(3

6)
,

w
e

h
av

e

|Ω
|

4m
n
‖P

T
(A

r
−
B
∗)
‖2 F

+
1 2

Λ
2

+
λ 2
‖P

T
⊥

(B
∗)
‖ ∗

≤
λ

√
r 2
n
‖P

T
(A

r
−
B
∗)
‖ F

+
Γ

+
8

lo
g
(n

)√
|Ω
|β

6m
n
‖P

T
⊥

(B
∗)
‖ F
‖P

T
(A

r
−
B
∗)
‖ F

an
d

th
u
s

‖P
T

(A
r
−
B
∗)
‖2 F

(3
7
)

≤
2
m
λ
√

2
rn

|Ω
|
‖P

T
(A

r
−
B
∗)
‖ F

+
25

6
β
m
n

lo
g

2
(n

)ε
2

9
|Ω
|

+
3
rm

2
n

2
λ

2
lo

g
(2
n

)

2|
Ω
|2

+
32

lo
g
(n

)√
m
n
β

6
|Ω
|‖
P T
⊥

(B
∗)
‖ F
‖P

T
(A

r
−
B
∗)
‖ F
.

(4
1)

R
ec

al
l

th
at

x
2
≤
bx

+
c
⇒
x
≤

2
b

+
√

2
c.

F
ro

m
(4

1)
,

w
e

h
av

e

‖P
T

(A
r
−
B
∗)
‖ F
≤

4m
λ
√

2
rn

|Ω
|

+
64

lo
g
(n

)√
m
n
β

6
|Ω
|‖
P T
⊥

(B
∗)
‖ F

+
16

lo
g
(n

)ε

3

√
2
β
m
n

|Ω
|

+
m
n
λ

|Ω
|
√

3
r

lo
g
(2
n

).

W
e

co
m

p
le

te
th

e
p
ro

of
b
y

n
ot

ic
in

g

4
√

2n
≤
n
√

3
lo

g
(2
n

),
∀n
≥

5.
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Z
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g
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n
g
,
J
in
,
a
n
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Z
h
o
u

4
.7

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

W
it

h
th

e
se

co
n
d

lo
w

er
b

ou
n
d

of
|Ω
|i

n
(1

3)
,

w
e

ca
n

p
ro

ve
th

e
fo

ll
ow

in
g

u
p
p

er
b

o
u
n
d

fo
r

〈R
Ω

(A
−
A
r
),
A
−
A
r
〉.

L
e
m

m
a

2
S

u
p
po

se

|Ω
|≥

8
m
n
‖A
−
A
r
‖2 ∞

3‖
A
−
A
r
‖2 F

β
lo

g
(n

)
(4

2
)

fo
r

so
m

e
β
>

1
.

T
h
en

,
w

it
h

a
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
n
−
β

,
w

e
h
a
ve

√
〈R

Ω
(A
−
A
r
),
A
−
A
r
〉≤

ε√
2|

Ω
|

m
n
.

(4
3
)

P
ro

o
f

F
or

ea
ch

in
d
ex

(a
k
,b
k
)
∈

Ω
,

w
e

d
efi

n
e

a
ra

n
d
om

va
ri

ab
le

ξ k
=
〈e
a
k
e
> b k
,A
−
A
r
〉2
−

1 m
n
‖A
−
A
r
‖2 F
.

T
h
en

,
it

is
ea

sy
to

ve
ri

fy
th

at

E
[ξ
k
]

=
0,

|ξ k
|=
∣ ∣ ∣ ∣〈e

a
k
e
> b k
,A
−
A
r
〉2
−

1 m
n
‖A
−
A
r
‖2 F
∣ ∣ ∣ ∣

≤
m

ax

( 〈
e
a
k
e
> b k
,A
−
A
r
〉2
,

1 m
n
‖A
−
A
r
‖2 F
)
≤
‖A
−
A
r
‖2 ∞

,

E
[ξ

2 k
]

=
E
[ 〈

e
a
k
e
> b k
,A
−
A
r
〉4
] −

1

m
2
n

2
‖A
−
A
r
‖4 F

≤
1 m
n

∑ i,
j

[A
−
A
r
]4 ij
≤

1 m
n
‖A
−
A
r
‖2 ∞
‖A
−
A
r
‖2 F
.

F
ro

m
B

er
n
st

ei
n
’s

in
eq

u
al

it
y,

w
e

h
av

e

P

[ 〈
R

Ω
(A
−
A
r
),
A
−
A
r
〉≥

2
|Ω
|

m
n
‖A
−
A
r
‖2 F
]

=
P

 
|Ω
|

∑ k
=

1

ξ k
≥
|Ω
|

m
n
‖A
−
A
r
‖2 F

 
≤

ex
p

( −
3
|Ω
|

8
‖A
−
A
r
‖2 ∞

1 m
n
‖A
−
A
r
‖2 F
)

(4
2
)

≤
n
−
β
.

F
ol

lo
w

in
g

th
e

d
er

iv
at

io
n

of
(3

6)
,

w
e

h
av

e

1 2
〈R

Ω
(A

r
−
B
∗)
,A

r
−
B
∗〉

+
λ 2
‖P

T
⊥

(B
∗)
‖ ∗
≤
λ

√
r 2n
‖P

T
(A

r
−
B
∗)
‖ F

+
Γ
′ ,

w
h
er

e

Γ
′ =

2
|Ω
|ε2

m
n

+
3m

n
r

lo
g
(2
n

)λ
2

8
|Ω
|

.
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1.
In

p
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lar,
(40)

b
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es

λ2
‖P

T
⊥

(B
∗ )‖∗ ≤

λ4 ‖P
T
⊥

(B
∗ )‖∗

+
2|Ω|ε

2

m
n

+
3m

n
r

log
(2n

)λ
2

4|Ω|
,

a
n
d

(4
1
)

b
eco

m
es

‖P
T

(A
r −

B
∗ )‖

2F
≤

2
m
λ √

2
rn

|Ω|
‖P

T
(A

r −
B
∗ )‖

F
+

8
ε

2
+

3rm
2n

2λ
2

log
(2n

)

2|Ω| 2

+
32

log
(n

) √
m
n
β

6|Ω| ‖P
T
⊥
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∗ )‖

F ‖P
T

(A
r −

B
∗ )‖

F
.

A
co

m
p
lete

p
ro
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can

b
e

fou
n
d

in
an
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p
ap

er
(Z

h
an

g
et

a
l.,

2015).

5
.
C
o
n
clu

sio
n
a
n
d
F
u
tu

re
W

o
rk

In
th
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p
a
p

er,
w

e
d
evelop

a
relative

error
b

ou
n
d

for
th

e
n
u
clear

n
orm

reg
u
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m
atrix

co
m

p
letion

,
u
n
d
er

th
e

assu
m

p
tion
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p
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h
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p
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p
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b
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b
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p
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b
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c
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b
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p
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b
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ra
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p
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;
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h
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d
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p
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p
u
te

r
v
is

io
n

(H
o

et
al

.,
20

03
)

an
d

m
ot

io
n

se
gm

en
ta

ti
on

(Y
an

an
d

P
ol

le
fe

y
s,

2
0
0
6
).

Y
et

an
ot

h
er

ty
p

e
of

ge
om

et
ri

c
m

o
d
el

gi
ve

s
ri

se
to

m
an

if
ol

d
le

a
rn

in
g,

w
h
er

e
M

is
a
ss

u
m

ed
to

b
e

a
d
-d

im
en

si
on

al
m

an
if

ol
d

is
om

et
ri

ca
ll
y

em
b

ed
d
ed

in
R
D

,
se

e
(T

en
en

b
au

m
et

a
l.
,

2
0
0
0
;

R
ow

ei
s

an
d

S
au

l,
20

00
;
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d
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d
el

to
ev

en
m

or
e

ge
n
er

al
ge

om
et

ri
c

m
o
d
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p
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.
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c
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at
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p
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at
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p
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≥
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d
ecom

p
osition

satisfy
in

g
th

e
tech

n
i-

ca
l

a
ssu

m
p
tio

n
s

A
1-A

5
in

section
2.1.

G
iven

n
i.i.d

.
sam

p
les

of
ρ
,

th
e

in
trin

sic
d
im

en
sion

d
,

a
n
d

a
p
a
ra

m
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→
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d
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ab
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d
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+
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d
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b
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com

p
lex

ity,
co

n
stru

ctin
g

Φ̂
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d
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p
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r
co

n
st

ru
ct

io
n

(A
1
-A

4
)

is
sa

ti
sfi

ed
w

h
en

ρ
is

a
re

gu
la

r
d
ou

b
li
n
g

p
ro

b
ab

il
it

y
m

ea
su

re
1

(s
ee

C
h
ri

st
,

1
9
9
0
;

D
en

g
a
n
d

H
an

,
20

08
).

If
w

e
fu

rt
h
er

as
su

m
e

th
at
M

is
a
d
-d

im
en

si
on

al
Cs
,s
∈

(1
,2

]
cl

o
se

d
m

a
n
if

ol
d

is
om

et
ri

ca
ll
y

em
b

ed
d
ed

in
R
D

,
th

en
(A

5)
is

sa
ti

sfi
ed

as
w

el
l

(S
ee

P
ro

p
os

it
io

n
1
4
).

It
m

ay
h
ap

p
en

th
at

at
th

e
co

ar
se

st
sc

al
es

co
n
d
it

io
n
s

(A
3)

-(
A

5)
ar

e
sa

ti
sfi

ed
b
u
t

w
it

h
ve

ry
p

o
or

co
n
st

an
ts
θ:

it
w

il
l

b
e

cl
ea

r
th

a
t

in
al

l
th

at
fo

ll
ow

s
w

e
m

ay
d
is

ca
rd

a
fe

w
co

a
rs

e
sc

al
es

(i
.e

.
b
y

en
la

rg
in

g
j m

in
),

an
d

on
ly

w
or

k
at

sc
al

es
th

at
ar

e
fi
n
e

en
ou

gh
a
n
d

fo
r

w
h
ic

h
(A

3)
-(

A
5)

tr
u
ly

ca
p
tu

re
th

e
lo

ca
l

ge
om

et
ry

of
M

.
S
om

e
n
ot

at
io

n
:

a
m

as
te

r
tr

ee
T

is
as

so
ci

at
ed

w
it

h
{C

j,
k
} k
∈K

j
,j
≥
j m

in
(u

si
n
g

p
ro

p
er

ty
(A

1)
),

co
n
st

ru
ct

ed
on
M

;
si

n
ce
C
j,
k
’s

at
sc

al
e
j

h
av

e
si

m
il
ar

d
ia

m
et

er
s,

Λ
j

:=
{C

j,
k
} k
∈K

j

is
ca

ll
ed

a
u

n
if

o
rm

pa
rt

it
io

n
a
t

sc
a
le
j.

A
p
ro

p
er

su
b
tr

ee
T̃

of
T

is
a

co
ll
ec

ti
o
n

o
f

n
o
d
es

o
f

T
w

it
h

th
e

p
ro

p
er

ti
es

:
(i

)
th

e
ro

ot
n
o
d
e

is
in
T̃

,
(i

i)
if
C
j,
k

is
in
T̃

th
en

th
e

p
a
re

n
t

o
f
C
j,
k

is
al

so
in
T̃

.
A

n
y

fi
n
it

e
p
ro

p
er

su
b
tr

ee
T̃

is
as

so
ci

at
ed

w
it

h
a

u
n
iq

u
e

p
ar

ti
ti

o
n

Λ
=

Λ
(T̃

)
w

h
ic

h
co

n
si

st
s

of
it

s
ou

te
r

le
av

es
,

b
y

w
h
ic

h
w

e
m

ea
n

th
os

e
C
j,
k
∈
T

su
ch

th
a
t
C
j,
k
/∈
T̃

b
u
t

it
s

p
ar

en
t

is
in
T̃

.

2
.2

.
E

m
p

ir
ic

a
l

G
M

R
A

In
p
ra

ct
ic

e
th

e
m

as
te

r
tr

ee
T

is
n
ot

gi
ve

n
,

n
or

ca
n

b
e

co
n
st

ru
ct

ed
si

n
ce
M

is
n
o
t

k
n
ow

n
:

w
e

w
il
l

co
n
st

ru
ct

on
e

on
sa

m
p
le

s
b
y

ru
n
n
in

g
a

va
ri

at
io

n
of

th
e

co
ve

r
tr

ee
a
lg

o
ri

th
m

(s
ee

B
ey

ge
lz

im
er

et
al

.,
20

06
),

w
h
ic

h
on

ly
cr

ea
te

s
ca

n
d
id

at
e

“c
en

te
rs

”
fo

r
th

e
C
j,
k
,

b
y

a
d
d
in

g
a

m
u
lt

is
ca

le
p
ar

ti
ti

on
in

g
st

ep
.

F
ro

m
n
ow

on
w

e
d
en

ot
e

th
e

tr
ai

n
in

g
d
at

a
b
y
X 2

n
.

W
e

ra
n
d
o
m

ly
sp

li
t

th
e

d
at

a
in

to
tw

o
d
is

jo
in

t
gr

ou
p
s

su
ch

th
at
X 2

n
=
X
′ n
∪X

n
w

h
er

e
X
′ n

=
{x
′ 1
,.
..
,x
′ n}

a
n
d

X n
=
{x

1
,.
..
,x

n
},

ap
p
ly

ou
r

va
ri

at
io

n
on

co
ve

r
tr

ee
s

on
X
′ n

to
co

n
st

ru
ct

a
tr

ee
sa

ti
sf

y
in

g
(A

1-
A

5)
(s

ee
se

ct
io

n
2.

6)
.

A
ft

er
th

e
tr

ee
is

co
n
st

ru
ct

ed
,

w
e

as
si

g
n

p
oi

n
ts

in
th

e
se

co
n
d

1
.
ρ

is
re

g
u

la
r

d
o
u

b
li

n
g

if
th

er
e

ex
is

ts
C

1
>

0
su

ch
th

a
t
C
−

1
1
rd
≤
ρ
(M
∩
B
r
(x

))
≤
C

1
rd

fo
r

a
n
y
x
∈
M

a
n

d
r
>

0
.
C

1
is

ca
ll

ed
th

e
d

o
u

b
li

n
g

co
n

st
a
n
t

o
f
ρ
.
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A
d
a
p
t
iv
e
G
e
o
m
e
t
r
ic

M
u
lt

isc
a
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
In

t
r
in
sic

a
l
ly

L
o
w
-d

im
e
n
sio

n
a
l
D
a
t
a

G
M

R
A

E
m

p
irical

G
M

R
A

L
in

ea
r

p
ro

jection
on

C
j,k

P
j,k (x

)
:=

c
j,k

+
P

ro
jV
j
,k (x
−
c
j,k )

P̂
j,k (x

)
:=

ĉ
j,k

+
P

ro
jV̂
j
,k (x
−
ĉ
j,k )

L
in

ea
r

p
ro

jection
at

scale
j

P
j

:=
∑

k∈K
j P

j,k 1
j,k

P̂
j

:=
∑

k∈K
j P̂

j,k 1
j,k

M
ea

su
re

ρ
(C

j,k )
ρ̂
(C

j,k )
=
n̂
j,k /

n

C
en

ter
c
j,k

:=
E
j,k x

ĉ
j,k

:=
1
n̂
j
,k ∑

x
i ∈
C
j
,k
x
i

P
rin

cip
al

su
b

sp
aces

V
j,k

m
in

im
izes

E
j,k ‖

x
−
c
j,k −

P
ro

jV
(x
−
c
j,k )‖

2

am
on

g
d
-d

im
su

b
sp

aces

V̂
j,k

m
in

im
izes

1
n̂
j
,k ∑

x
i ∈
C
j
,k ‖x

−
ĉ
j,k −

P
ro

jV
(x
−
ĉ
j,k )‖

2

am
on

g
d
-d

im
su

b
sp

aces

C
ovarian

ce
m

atrix
Σ
j,k

:=
E
j,k (x

−
c
j,k )(x

−
c
j,k )

T
Σ̂
j,k

:=
1
n̂
j
,k ∑

x
i ∈
C
j
,k (x

i −
ĉ
j,k )(x

i −
ĉ
j,k )

T

In
n

er
p

ro
d

u
ct

w
ith

resp
ect

to
ρ

〈P
X
,Q
X
〉

:=
´M
〈P
x
,Q
x〉d

ρ
1
/n ∑

x
i ∈X

n 〈P
x
i ,Q

x
i 〉

N
orm

w
ith

resp
ect

to
ρ

‖P
X
‖

:=
(
´M
‖P
x‖

2d
ρ )

12
(1/n ∑

x
i ∈X

n ‖P
x
i ‖

2 )
12

T
a
b
le

1
:

T
h
is

tab
le

su
m

m
arizes

G
M

R
A

-related
q
u
an

tities
an

d
th

eir
em

p
irical

cou
n
terp

arts
(A

lla
rd

et
al.,

2012;
M

aggion
i

et
al.,

2016).
1
j,k

is
th

e
in

d
icator

fu
n
ction

on
C
j,k

(i.e.,1
j,k (x

)
=

1
if
x
∈
C
j,k

an
d

0
oth

erw
ise).

H
ere

E
j,k

stan
d
s

for
ex

p
ectation

w
ith

resp
ect

to
th

e
con

d
ition

al
d
istrib

u
tion

d
ρ|C

j
,k

.
T

h
e

m
easu

re
of
C
j,k

is
ρ
(C

j,k )
an

d

th
e

em
p
irical

m
easu

re
is
ρ̂
(C

j,k )
=
n̂
j,k /n

w
h
ere

n̂
j,k

is
th

e
n
u
m

b
er

of
p

oin
ts

in

C
j,k .

V
j,k

an
d
V̂
j,k

are
th

e
eigen

-sp
aces

asso
ciated

w
ith

th
e

larg
est

d
eigen

valu
es

of
Σ
j,k

an
d

Σ̂
j,k

resp
ectively.

H
ere
P
,Q

:M
→

R
D

are
tw

o
op

erators.

h
a
lf

o
f

d
a
ta
X
n
,

to
th

e
ap

p
rop

riate
cells.

In
th

is
w

ay
w

e
ob

tain
a

fam
ily

of
m

u
ltiscale

p
a
rtition

s
fo

r
th

e
p

oin
ts

in
X
n
,

w
h
ich

w
e

tru
n
cate

to
th

e
larg

est
su

b
tree

w
h
ose

leav
es

co
n
ta

in
a
t

lea
st
d

p
oin

ts
in
X
n
.

T
h
is

su
b
tree

is
called

th
e

d
a
ta

m
a
ster

tree,
d
en

oted
b
y

T
n
.

W
e

th
en

u
se
X
n

to
p

erform
lo

cal
P

C
A

to
ob

tain
th

e
em

p
irical

m
ean

ĉ
j,k

an
d

th
e

em
p
irica

l
d
-d

im
en

sion
al

p
rin

cip
al

su
b
sp

ace
V̂
j,k

on
each

C
j,k .

D
efi

n
e

th
e

em
p
irical

p
ro

jection

P̂
j,k (x

)
:=

ĉ
j,k

+
P

ro
jV̂
j
,k (x
−
ĉ
j,k )

for
x
∈
C
j,k .

T
ab

le
1

su
m

m
arizes

th
e

G
M

R
A

-related

q
u
an

tities
a
n
d

th
eir

em
p
irical

cou
n
terp

arts.

2
.3

.
G

e
o
m

e
tric

M
u

lti-R
e
so

lu
tio

n
A

n
a
ly

sis:
u

n
ifo

rm
p

a
rtitio

n
s

G
M

R
A

w
ith

resp
ect

to
th

e
d
istrib

u
tion

ρ
asso

ciated
w

ith
th

e
m

u
ltiscale

tree
T

con
sists

a
co

llection
o
f

p
iecew

ise
affi

n
e

p
ro

jectors
{P

j
:
R
D
→

R
D}

j≥
j
m

in
on

th
e

m
u
ltiscale

p
ar-

titio
n
s
{
Λ
j

:=
{
C
j,k }

k∈K
j }
j≥
j
m

in .
A

t
scale

j,
M

is
ap

p
rox

im
ated

b
y

th
e

p
iecew

ise
lin

ea
r

sets
{P

j,k (C
j,k )}

k∈K
j .

T
h
e

ap
p
rox

im
ation

error
ofM

b
y

th
e

em
p
irical

lin
ear

sets

{P̂
j,k (C

j,k )}
k∈K

j
is

d
efi

n
ed

as:

E‖
X
−
P̂
j X
‖

2
=

E
ˆM
‖
x
−
P̂
j x‖

2d
ρ

=
E
∑k∈K

j

ˆ

C
j
,k ‖x

−
P̂
j,k x‖

2d
ρ

7
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L
ia
o

a
n
d

M
a
g
g
io
n
i

w
h
ere
P̂
j

an
d
P̂
j,k

are
b
u
ilt

from
ran

d
om

sam
p
les

x
i ∼

ρ
(accord

in
g

to
th

e
G

M
R

A
algo-

rith
m

),
X

is
a

ran
d
om

v
ector

d
istrib

u
ted

acco
rd

in
g

to
ρ
,

a
n
d

th
e

ex
p

ectation
is

taken
ov

er
X

.
T

h
e

sq
u
ared

ap
p
rox

im
ation

error
ab

ove
is

also
called

th
e

M
ean

S
q
u
are

E
rro

r
(M

S
E

)
of

G
M

R
A

.
In

ord
er

to
u
n
d
erstan

d
th

e
error,

w
e

sp
lit

it
in

to
a

b
ias

term
an

d
a

varian
ce

term
:

E‖
X
−
P̂
j X
‖
≤
‖X
−
P
j X
‖

︸
︷︷

︸
b

ia
s

+
E
‖P

j X
−
P̂
j X
‖

︸
︷︷

︸
√

v
a
ria

n
ce

.
(1)

T
o

b
ou

n
d

th
e

b
ias

term
,

w
e

n
eed

regu
larity

assu
m

p
tion

s
on

ρ
,

w
h
ile

fo
r

th
e

varian
ce

term
w

e
p
rove

con
cen

tration
b

ou
n
d
s

of
th

e
relevan

t
q
u
an

tities
arou

n
d

th
eir

ex
p

ected
valu

es.
F

or
a

fi
x
ed

d
istrib

u
tion

ρ
,

th
e

ap
p
rox

im
ation

error
ofM

a
t

scale
j,

m
easu

red
b
y
‖
X
−

P
j X
‖
,

d
ecay

s
at

a
rate

d
ep

en
d
en

t
on

th
e

regu
larity

o
fM

in
th

e
ρ
-m

easu
re

(see
A

llard
et

al.,
2012).

W
e

q
u
an

tify
th

e
regu

larity
of
ρ

a
s

follow
s:

D
e
fi

n
itio

n
1

(M
o
d

e
l

c
la

ss
A
s )

A
p
ro

ba
bility

m
ea

su
re
ρ

su
p
po

rted
o
n
M

is
in
A
s

if

|ρ|A
s

=
su

p
T

in
f{A

0
:‖
X
−
P
j X
‖
≤
A

0 2 −
js,∀

j≥
j
m

in }
<
∞
,

(2)

w
h
ereT

va
ries

o
ver

th
e

set,
a
ssu

m
ed

n
o
n

-em
p
ty,

o
f

m
u

ltisca
le

tree
d
eco

m
po

sitio
n

s
sa

tisfyin
g

A
ssu

m
p
tio

n
s

(A
1
-A

5
).

W
e

cap
tu

re
th

e
case

w
h
ere

th
e
L

2
ap

p
rox

im
ation

error
is

rou
gh

ly
th

e
sam

e
on

every
cell

w
ith

th
e

follow
in

g
d
efi

n
ition

:

D
e
fi

n
itio

n
2

(M
o
d

e
l

c
la

ss
A
∞s

)
A

p
ro

ba
bility

m
ea

su
re
ρ

su
p
po

rted
o
n
M

is
in
A
∞s

if

|ρ|A
∞s

=
su

p
T

in
f{A

0
:‖

(X
−
P
j,k X

)1
j,k ‖
≤
A

0 2 −
js √

ρ
(C

j,k ),
∀
k
∈
K
j ,j≥

j
m

in }
<
∞

(3)

w
h
ereT

va
ries

o
ver

th
e

set,
a
ssu

m
ed

n
o
n

-em
p
ty,

o
f

m
u

ltisca
le

tree
d
eco

m
po

sitio
n

s
sa

tisfyin
g

A
ssu

m
p
tio

n
s

(A
1
-A

5
).

C
learly

A
∞s
⊂
A
s .

A
lso,

sin
ce

d
ia

m
(C

j,k )
≤

2
θ

2 2 −
j,

n
ecessarily

‖(I−
P
j,k )1

j,k X
‖
≤

θ
2 2 −

j √
ρ
(C

j,k ),
∀
k
∈
K
j ,j
≥
j
m

in ,
an

d
th

erefore
ρ
∈
A
∞1

in
an

y
case.

M
oreover,

th
ese

classes
con

tain
su

itab
le

m
easu

res
su

p
p

orted
on

m
an

ifold
s:

P
ro

p
o
sitio

n
3

L
etM

be
a

clo
sed

m
a
n

ifo
ld

o
f

cla
ss
C
s,
s
∈

(1,2]
iso

m
etrica

lly
em

bed
d
ed

in
R
D

,
a
n

d
ρ

be
a

d
o
u

bin
g

p
ro

ba
bility

m
ea

su
re

o
n
M

w
ith

th
e

d
o
u

blin
g

co
n

sta
n

t
C

1 .
T

h
en

o
u

r
co

n
stru

ctio
n

o
f{
C
j,k }

k∈K
j ,j≥

j
m

in
in

S
ectio

n
2
.6

sa
tisfi

es
(A

1
-A

5
),

a
n

d
ρ
∈
A
∞s

.

T
h
e

p
ro

of
is

p
ostp

on
ed

to
A

p
p

en
d
ix

A
.2.

E
x
a
m

p
le

1
W

e
co

n
sid

er
th

e
d

-d
im

S
-m

a
n

ifo
ld

w
h
o
se
x

1
a
n

d
x

2
coo

rd
in

a
tes

a
re

o
n

a
n

S
-

sh
a
ped

cu
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d
x
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ra
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[0,1]
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r
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=
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+
1.

B
y

th
e

P
ro
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sitio

n
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st
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,

th
e

vo
lu

m
e

m
ea

su
re

o
n

th
is

S
-m
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n

ifo
ld
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A
∞2

.
N

u
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n

e
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tify

s
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d
a
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p
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m
ρ
∈
A
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a
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e
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f
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e
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p
p
ro

xim
a
tin

g
log

1
0 ‖X

−
P
j X
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a
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o
f

log
1
0
r
j
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r
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e
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o
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C
j,k ’s

a
t
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j.
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u

r
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u
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erica
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en
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F
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5

(b)
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2
.0
,2
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=

3,4,5
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p
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r
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c
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s
c
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le
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*

(a
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n

d
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ri
a
n

ce
tr

a
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eo
ff

0
0
.5

1
1
.5

2
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3
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4
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0
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e
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rt
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n

if
o
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ti
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e

(b
)

E
rr

o
r

v
er
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th
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a
rt
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io

n
si
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ig

u
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2:
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)
P

lo
t
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th

e
b
ia
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an

d
va

ri
an
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es

ti
m

at
es

in
E

q
.

(1
),

w
it

h
s

=
2
,d

=
5
,n

=
10

0.
(b

)
sh

ow
s

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

on
te

st
d
at

a
v
er

su
s

th
e

p
ar

ti
ti

o
n

si
ze

in
G

M
R

A
an

d
A

d
ap

ti
ve

G
M

R
A

fo
r

th
e

3-
d
im

S
-m

an
if

ol
d
.

W
h
en

th
e

p
a
rt

it
io

n
si

ze
is

b
et

w
ee

n
1

an
d

10
2
.8

,
th

e
b
ia

s
d
om

in
at

es
th

e
er

ro
r

so
th

e
er

ro
r

d
ec

re
as

es
;

af
te

r
th

at
,

th
e

va
ri

an
ce

d
om

in
at

es
th

e
er

ro
r,

w
h
ic

h
b

ec
om

es
in

cr
ea

si
n
g.

E
x
a
m

p
le

2
A

s
a

co
m

pa
ri

so
n

w
e

co
n

si
d
er

th
e
d

-d
im

en
si

o
n

a
l

Z
-m

a
n

if
o
ld

w
h
o
se
x

1
a
n

d
x

2

co
o
rd

in
a
te

s
a
re

o
n

a
Z

-s
h
a
pe

d
cu

rv
e

a
n

d
x
i

ra
n

ge
s

in
[0
,1

],
fo

r
i

=
3
,.
..
,d

+
1.

V
o
lu

m
e

m
ea

su
re

o
n

th
e
Z

m
a
n

if
o
ld

is
in
A

1
.5

(s
ee

a
p
pe

n
d
ix

B
.2

).
O

u
r

n
u

m
er

ic
a
l

ex
pe

ri
m

en
ts

in
F

ig
u

re
5

(c
)

gi
ve

ri
se

to
s
≈

1.
5,

1.
7
,1
.6

w
h
en

d
=

3,
4,

5
re

sp
ec

ti
ve

ly
.

T
h
e

sq
u
ar

ed
b
ia

s
in

(1
)

sa
ti

sfi
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‖X
−
P j
X
‖2
≤
|ρ
|2 A

s
2
−

2
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w
h
en

ev
er
ρ
∈
A
s

(b
y

d
efi

n
it

io
n
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A
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P

ro
p

os
it
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16
w

e
w
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l
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ow

th
at

th
e
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ri

an
ce
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m
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ed
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te

rm
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th

e
sa

m
p
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n

an
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e

sc
al

e
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P j
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2
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Λ
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d
#

Λ
j
]

β
2

2
j
n
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O
(
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−

2
)

n

)
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w
h
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e
α
,β
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e
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an
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d
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d
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θ 2
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3
.
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e
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b
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e
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b
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e
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ee
T
n

y
ie
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th
e

b
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n
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ed
b
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b
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e
as

sh
ow
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a
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b
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ex
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p
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th
at
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er

e
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ri
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se
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re
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te

d
in

st
an

ce
of

th
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p
h
en

om
en

o
n

ap
p
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C

an
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et
al

.
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).
B

y
ch

o
o
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n
g

a
p
ro

p
er
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e
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b
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an
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e
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o
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in
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e
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ow
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g

ra
te

of
co

n
v
er
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n
ce
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r
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ir
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G
M

R
A
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u
n
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d
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e
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:

T
h

e
o
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m
4

S
u
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∈
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s

fo
r
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L
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>
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d
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x
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>
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n
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r
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+
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−
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r
d
≥

2
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)
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1
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2
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:=
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‖
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‖X
−
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‖
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+
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−
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≥
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p
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p
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d
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p
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/
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p
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p
le

d
fr

om
ρ

(a
n
d

n
o
t

ju
st

sa
m

p
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h
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=
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∈
C
j∗
,k

,
a
n
d

th
e

ot
h
er
d

en
tr

ie
s

ar
e

th
e

co
effi

ci
en

ts
V̂
T j∗
,x

(x
−
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p
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Φ
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.
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b
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⇒
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+
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p
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d
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d
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in
g

a
w

ay
of

co
m

p
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d
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h
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p
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e
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d
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h
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p
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p
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p
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j
−
P j

+
1
)1
j,
k

Q̂
j,
k

:=
(P̂

j
−
P̂ j

+
1
)1
j,
k

N
or

m
of

d
iff

er
en

ce
∆

2 j,
k

:=
´

C
j
,k
‖Q

j,
k
x
‖2
d
ρ

∆̂
2 j,
k

:=
1 n

∑
x
i
∈C

j
,k
‖Q̂

j,
k
x
i‖

2

T
ab

le
2:

R
efi

n
em

en
t

cr
it

er
io

n
an

d
th

e
em

p
ir

ic
a
l

co
u
n
te

rp
ar

ts

1
0

JM
L

R
 2

0(
98

):
1-

63
, 2

01
9



A
d
a
p
t
iv
e
G
e
o
m
e
t
r
ic

M
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e
A
p
p
r
o
x
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a
t
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n
s
f
o
r
In

t
r
in
sic

a
l
ly

L
o
w
-d

im
e
n
sio

n
a
l
D
a
t
a

F
ig

u
re

3
:

L
eft:

a
m

aster
tree

in
w

h
ich

red
n
o
d
es

satisfy
∆
j,k ≥

2 −
jτ
n

b
u
t

b
lu

e
n
o
d
es

d
o

n
ot.

R
ig

h
t:

th
e

su
b
tree

of
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red

n
o
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e
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p
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er
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b
tree

th
at
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s
a
ll
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e

n
o
d
es

satisfy
in

g
∆
j,k ≥

2 −
jτ
n
,

i.e.
w

ere
red

in
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e
fi
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re
o
n

th
e

left.
G

reen
n
o
d
es

form
th

e
ad

ap
tive

p
artition

.

d
y
n
a
m
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(R

oh
rd

an
z

et
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2011;
Z

h
en

g
et

al.,
2011)),

in
d
ata

sets
of
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w
h
ere

d
etails
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at
d
iff

eren
t

level
of

resolu
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g
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at
d
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eren
t
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e
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b
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t
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n
d

so
o
n
.
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e
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con
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e

sim
p
lest

m
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s

of
th
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p
h
en

o
m

en
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th

e
ex
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p
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con
sid

ered
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u
n
iform

p
artition

s
w
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w
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for

th
e
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m

e
m
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re
o
n
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e

S
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ifold

b
u
t
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n
ot

op
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th

e
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m
e

m
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re
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th
e

Z
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ifold

,
fo

r
w
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ich

th
e

id
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p
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coarse

o
n

fl
at

region
s

b
u
t

fi
n
er

at
an

d
n
ear

th
e

corn
ers

(see
F

ig
u
re

4
).

In
ap

p
lication

s,
for

ex
am

p
le

to
m

esh
ap

p
rox

im
ation

,
it

is
often

th
e

case
th

a
t

th
e

p
o
in

t
clo

u
d
s

to
b

e
ap

p
rox

im
ated

are
n
ot

u
n
iform

ly
sm

o
oth

an
d

in
clu

d
e

d
iff

eren
t

lev
els

of
d
eta

ils
a
t

d
iff

eren
t

lo
cation

s
an

d
scales

(see
F

igu
re

9).
W

e
th

erefore
p
rop

ose
an

ad
ap

tiv
e

versio
n

o
f

G
M

R
A

th
at

au
tom

atically
ad

ap
ts

to
th

e
regu

larity
of

th
e

d
ata

an
d

ch
o
ose

a
n
ea

r-o
p
tim

a
l

p
artition

.

W
e

ex
p

ect
∆
j,k

d
efi

n
ed

in
T

ab
le

2
to

b
e

sm
all

on
ap

p
rox

im
ately

fl
at

region
s,

an
d

large

∆
j,k

a
t

m
a
n
y

scales
at

irregu
lar

lo
cation

s.
W

e
also

ex
p

ect
∆̂
j,k

to
h
ave

th
e

sam
e

b
eh

av
ior,

at

lea
st

w
h
en

∆̂
j,k

is
w

ith
h
igh

con
fi
d
en

ce
close

to
∆
j,k .

W
e

see
th

is
p
h
en

om
en

on
rep

resen
ted

in
F

ig
u
re

4
(a

,b
):

as
j

in
creases,

for
th

e
S
-m

an
ifold

‖P̂
j+

1 x
i −
P̂
j x
i ‖

d
ecay

s
u
n
iform

ly
a
t

a
ll

p
o
in

ts,
w

h
ile

for
th

e
Z

-m
an

ifold
,

th
e

sam
e

q
u
an

tity
d
ecay

s
rap

id
ly

o
n

fl
at

region
s

b
u
t

rem
a
in

s
la

rge
even

at
fi
n
e

scales
n
ear

th
e

corn
ers

(w
h
ere

“n
ear”

is
scale-d

ep
en

d
en

t,
d
ecrea

sin
g

w
ith

scale).
W

e
w

ish
to

in
clu

d
e

in
ou

r
a
p
p
rox

im
ation

th
e

n
o
d
es

w
h
ere

th
is

q
u
a
n
tity

is
la

rg
e,

sin
ce

w
e

m
ay

ex
p

ect
a

large
im

p
rovem

en
t

in
ap

p
rox

im
ation

b
y

in
clu

d
in

g
su

ch
n
o
d
es.

H
ow

ever
if

to
o

few
sam

p
les

ex
ist

in
a

n
o
d
e,

th
en

th
is

q
u
an

tity
is

n
ot

to
b

e
tru

sted
,

b
eca

u
se

its
varian

ce
is

large.
It

tu
rn

s
ou

t
th

at
it

is
en

ou
gh

to
con

sid
er

th
e

follow
in

g
criterio

n
:

let
T̂
τ
n

b
e

th
e

sm
allest

p
ro

p
er

su
b
tree

ofT
n

th
at

con
tain

s
a
ll
C
j,k
∈
T
n

for

w
h
ich

∆̂
j,k ≥

2 −
jτ
n

w
h
ere

τ
n

=
κ √

(log
n

)/n
.

C
ru

cially,
κ

m
ay

b
e

ch
osen

in
d
ep

en
d
en

tly
of

th
e

reg
u
la

rity
in

d
ex

(see
T

h
eorem

8).
E

m
p
irical

A
d
ap

tiv
e

G
M

R
A

retu
rn

s
p
iecew

ise
affi

n
e

p
ro

jectors
on

Λ̂
τ
n
,

th
e

p
artition

asso
ciated

w
ith

th
e

ou
ter

leaves
ofT̂

τ
n
.

O
u
r

algorith
m

is
su

m
m

a
rized

in
A

lgorith
m

1.
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L
ia
o

a
n
d

M
a
g
g
io
n
i

A
lg

o
rith

m
1

-
A

d
a
p

tiv
e

G
M

R
A

In
p

u
t:

d
ata
X

2
n

=
X
′n ∪
X
n
,

in
trin

sic
d
im

en
sion

d
,

th
resh

old
κ

O
u

tp
u

t:
T
n
,{
C
j,k }

,P̂
Λ̂
τ
n

:
m

u
ltiscale

tree,
corresp

on
d
in

g
cells

an
d

ad
ap

tive
p
iecew

ise

lin
ear

p
ro

jectors
on

an
ad

ap
tive

p
artition

.
1
:

C
on

stru
ctT

n
an

d
{C

j,k }
from

X
′n

2
:

N
ow

u
se
X
n
.

C
om

p
u
te
P̂
j,k

an
d

∆̂
j,k

on
ev

ery
n
o
d
e
C
j,k ∈

T
n
.

3
:T̂

τ
n
←

sm
allest

p
rop

er
su

b
tree

ofT
n

con
tain

in
g

all
C
j,k
∈
T
n

:
∆̂
j,k
≥

2 −
jτ
n

w
h
ere

τ
n

=
κ √

(log
n

)/n
.

4
:

Λ̂
τ
n
←

th
e

p
artition

asso
ciated

w
ith

ou
ter

leaves
ofT̂

τ
n

5
:P̂

Λ̂
τ
n
←
∑

C
j
,k ∈

Λ̂
τ
n P̂

j,k 1
j,k .

A
d
ap

tive
p
artition

s
m

ay
b

e
eff

ectiv
ely

selected
w

ith
a

criterion
th

at
d
eterm

in
es

w
h
eth

er
or

n
ot

a
cell

sh
ou

ld
p
articip

ate
in

th
e

a
d
ap

tiv
e

p
artition

.
T

h
e

q
u
an

tities
in

volved
in

th
e

selection
an

d
th

eir
em

p
irical

version
are

su
m

m
arized

in
T

ab
le

2.
W

e
w

ill
p
rov

id
e

a
fi
n
ite

sam
p
le

p
erform

an
ce

gu
aran

tee
of

th
e

em
p
irical

A
d
ap

tiv
e

G
M

R
A

for
a

m
o
d
el

class
th

at
is

m
ore

gen
eral

th
an
A
∞s

.
G

iven
an

y
fi
x
ed

th
resh

old
η
>

0,
w

e
let

T
(ρ
,η

)
b

e
th

e
sm

allest
p
rop

er
su

b
tree

ofT
th

at
con

ta
in

s
all

C
j,k ∈

T
for

w
h
ich

∆
j,k ≥

2 −
jη

.
T

h
e

corresp
on

d
in

g
ad

ap
tive

p
artition

Λ
(ρ
,η

)
con

sists
of

th
e

ou
ter

leaves
ofT

(ρ
,η

) .
W

e
let

#
j T

(ρ
,η

)
b

e
th

e
n
u
m

b
er

of
cells

in
T

(ρ
,η

)
at

scale
j.

D
e
fi

n
itio

n
5

(M
o
d

e
l

c
la

ss
B
s )

In
th

e
ca

se
d
≥

3
,

given
s
>

0
,

a
p
ro

ba
bility

m
ea

su
re
ρ

su
p
po

rted
o
n
M

is
in
B
s

if
ρ

sa
tisfi

es
th

e
fo

llo
w

in
g

regu
la

rity
co

n
d
itio

n
:

|ρ|B
s

:=


su

p
T

su
p

η
>

0
η
p
∑j≥
j
m

in

2 −
2
j#

j T
(ρ
,η

) 
1p

<
∞
,

w
ith

p
=

2(d−
2)

2
s

+
d−

2
(7)

w
h
ereT

va
ries

o
ver

th
e

set,
a
ssu

m
ed

n
o
n

em
p
ty,

o
f

m
u

ltisca
le

tree
d
eco

m
po

sitio
n

s
sa

tisfyin
g

A
ssu

m
p
tio

n
s

(A
1
-A

5
).

F
or

elem
en

ts
in

th
e

m
o
d
el

class
B
s

w
e

h
av

e
con

trol
on

th
e

g
row

th
rate

of
th

e
tru

n
ca

ted
tree

T
(ρ
,η

)
as
η

d
ecreases,

n
am

ely
it

isO
(η −

p).
O

u
r

k
ey

estim
ates

on
varia

n
ce

an
d

sam
p
le

com
p
lex

ity
in

L
em

m
a

15
in

d
icate

th
at

th
e

n
atu

ral
m

easu
re

of
th

e
com

p
lex

ity
ofT

(ρ
,η

)
is

th
e

w
eigh

ted
tree

com
p
lex

ity
m

easu
re ∑

j≥
j
m

in
2 −

2
j#

j T
(ρ
,η

)
in

th
e

d
efi

n
ition

ab
ove.

F
irst

of
all,

th
e

classB
s

is
in

d
eed

larger
th

an
A
∞s

(see
a
p
p

en
d
ix

A
.4

for
a

p
ro

of):

L
e
m

m
a

6
B
s

is
a

m
o
re

gen
era

l
m

od
el

cla
ss

th
a
n
A
∞s

:
if
ρ
∈
A
∞s

,
th

en
ρ
∈
B
s

a
n

d
|ρ|B

s .
|ρ|A

∞s
.

E
x
a
m

p
le

3
T

h
e

vo
lu

m
e

m
ea

su
res

o
n

th
e
d

-d
im

(d
≥

3)
S

-m
a
n

ifo
ld

a
n

d
Z

-m
a
n

ifo
ld

a
re

in
B

2
a
n

d
B

1
.5

(d−
2
)/

(d−
3
)

respectively
(see

a
p
pen

d
ix

B
).

In
n

u
m

erica
l

experim
en

ts,
s

ca
n

be

a
p
p
ro

xim
a
ted

by
th

e
n

ega
tive

o
f

th
e

slo
pe

in
th

e
log-log

p
lo

t
o
f‖
X
−
P̂

Λ̂
η X
‖
d−

2
versu

s
th

e

w
eigh

ted
co

m
p
lexity

o
f

th
e

tru
n

ca
ted

tree
a
cco

rd
in

g
to

E
q.

(9):
see

n
u

m
erica

l
exa

m
p
les

in
F

igu
re

5
.
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p
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1
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0
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n
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log
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 error)

lo
g
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0
e

rr
o
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v

e
rs

u
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 l
o

g
1

0
(p

a
rt

it
io

n
 s

iz
e

)

d
=

3
 U

n
if
o

rm
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 s
lo

p
e

=
 -

0
.7

8
8

2
5

 t
h

e
o

ry
=
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0

.6
6

6
6

7

d
=

3
 A

d
a
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ti
v
e
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s
lo
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0
.7

6
8

3
6

 t
h

e
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6
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d
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4
 U

n
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rm
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 s
lo

p
e
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 -

0
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9
3
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 t
h

e
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ry
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0
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d
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4
 A
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e
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s
lo

p
e
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0
.6

1
7

0
5

 t
h

e
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ry
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0

.5

d
=

5
 U
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 s
lo

p
e
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0
.4

8
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0
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h

e
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ry
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d
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 A
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s
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 -

0
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9

4
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 t
h

e
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ry
=

 -
0
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(c
)

E
rr

o
r

v
s

p
a
rt

it
io

n
si

ze
,
S

-m
a
n

if
o
ld

(d
)

A
d

a
p

ti
v
e

a
p

p
ro

x
.

o
f

S
(e

)
A

d
a
p

ti
v
e

a
p

p
ro

x
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o
f

Z

0
0

.5
1

1
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.5-3

-2
.5-2

-1
.5-1

-0
.50

log
10

(L
2
 error)

lo
g

1
0
e

rr
o

r 
v

e
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=
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e
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d
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s
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=
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h
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o
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=
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0
.3

7
5

d
=

4
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d
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p
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: 
  

  
s
lo

p
e

=
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0
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4
1

9
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 t
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e
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ry
=
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d
=

5
 U
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lo

p
e

=
 -

0
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0
3

5
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 t
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e
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ry
=
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d
=

5
 A

d
a
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: 
  

  
s
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=
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0
.4

8
8

4
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 t
h

e
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ry
=
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(f
)

E
rr

o
r

v
s

p
a
rt

it
io

n
si

ze
,
Z

-m
a
n

if
o
ld

F
ig

u
re

4:
(a

,b
):

lo
g

1
0
||P̂

j
(x
i)
−
P̂ j

+
1
(x
i)
||

fr
om

th
e

co
ar

se
st

sc
al

e
(t

op
)

to
th

e
fi
n
es

t
sc

al
e

(b
ot

to
m

),
w

it
h

co
lu

m
n
s

in
d
ex

ed
b
y

p
oi

n
ts

,
w

h
ic

h
,

fo
r

v
is

u
a
li
za

ti
on

p
u
rp

os
es

on
ly

,
ar

e
so

rt
ed

ro
u
gh

ly
fr

om
“l

ef
t

to
ri

gh
t”

on
th

e
m

an
if

ol
d
.

(d
,e

):
ad

ap
ti

ve
ap

p
ro

x
im

at
io

n
s:

fo
r

th
e

S
-m

an
if

ol
d

th
e

ad
a
p
ti

ve
ap

p
ro

x
im

at
io

n
is

cl
os

e
to

a
u
n
i-

fo
rm

ap
p
ro

x
im

at
io

n
,

b
u
t

fo
r

th
e

Z
-m

an
if

ol
d

it
co

n
ta

in
s

fe
w

la
rg

e
p
ie

ce
s

n
ea

r
th

e
al

m
os

t-
fl
at

re
gi

on
s,

an
d

se
ve

ra
l

sm
al

l
p
ie

ce
s

n
ea

r
th

e
“c

or
n
er

s”
.

(c
,f

):
lo

g-
lo

g
p
lo

t
of

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

ve
rs

u
s

th
e

p
ar

ti
ti

on
si

ze
in

G
M

R
A

an
d

A
d
ap

-
ti

ve
G

M
R

A
re

sp
ec

ti
ve

ly
.

T
h
eo

re
ti

ca
ll
y,

th
e

sl
op

e
is
−

2
/d

in
b

ot
h

G
M

R
A

an
d

A
d
ap

ti
ve

G
M

R
A

fo
r

th
e

S
-m
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if

ol
d
.

F
or

th
e

Z
-m

an
if

ol
d
,

th
e

sl
op

e
is
−

1
.5
/d

in
G

M
R

A
an

d
−

1.
5/

(d
−

1)
in

A
d
ap

ti
v
e

G
M

R
A

(s
ee
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p
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B
).

W
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n
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d
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r
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‖

q
u
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k
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d
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u
a
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-o
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h
o
g
o
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a
li
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)
T

h
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e
ex
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a
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n
st

a
n

t
B

0
>

0
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co

m
p
le

x
it

y
in

st
ea

d
o
f

th
e

ca
rd

in
al

it
y

si
n
ce

th
e

fo
rm

er
on

e
gi

ve
s

an
u
p
p

er
b

ou
n
d

of
th

e
va

ri
an

ce
in

p
ie

ce
w

is
e

li
n
ea

r
ap

p
ro

x
im

at
io

n
on

p
ar

ti
ti

on
v
ia

P
C

A
(s

ee
L

em
m

a
15

).
U

si
n
g

sc
al

e-
d
ep

en
d
en

t
th

re
sh

o
ld

a
n
d

m
ea

su
ri

n
g

tr
ee

co
m

p
le

x
it

y
in

th
is

w
ay

gi
ve

ri
se

to
th

e
b

es
t

ra
te

of
co

n
ve

rg
en

ce
.

In
co

n
-

tr
as

t,
if

w
e

u
se

sc
al

e-
in

d
ep

en
d
en

t
th

re
sh

ol
d

an
d

d
efi

n
e

a
m

o
d
el

cl
as

s
Γ
s

fo
r

w
h
o
se

el
em

en
ts

#
T (
ρ
,η

)
=
O

(η
−

2
d

2
s
+
d
)

(a
n
al

og
ou

s
to

th
e

fu
n
ct

io
n

cl
as

s
in

B
in

ev
et

al
.

(2
00

5
,

2
0
0
7
))

,
w

e
ca

n

st
il
l

sh
ow

th
at
A
∞ s
⊂

Γ
s
,

b
u
t

th
e

es
ti

m
at

or
on

ly
ac

h
ie

ve
s

M
S
E
.

((
lo

g
n

)/
n

)
2
s

2
s
+
d
.

H
ow

ev
er

m
an

y
el

em
en

ts
2

of
Γ
s

n
ot

in
A
∞ s

ar
e

in
Bs
′

w
it

h
2
(d
−

2
)

2
s′

+
d
−

2
=

2
d

2
s+
d
,

an
d

in
T

h
eo

re
m

8
th

e
es

ti
m

at
or

b
as

ed
on

sc
al

ed
th

re
sh

ol
d
in

g
ac

h
ie

ve
s

a
b

et
te

r
ra

te
,

w
h
ic

h
w

e
b

el
ie

ve
is

o
p
ti

m
a
l.

W
e

re
fe

r
th

e
re

ad
er

to
M

ag
gi

on
i
et

al
.
(2

01
6)

fo
r

a
th

or
ou

gh
d
is

cu
ss

io
n

of
fu

rt
h
er

re
la

te
d

w
or

k
re

la
te

d
to

m
an

if
ol

d
an

d
d
ic

ti
on

ar
y

le
a
rn

in
g.

2
.6

.
C

o
n

st
ru

c
ti

o
n

o
f

a
m

u
lt

is
c
a
le

tr
e
e

d
e
c
o
m

p
o
si

ti
o
n

O
u
r

m
u
lt

is
ca

le
tr

ee
d
ec

om
p

os
it

io
n

is
co

n
st

ru
ct

ed
fr

om
a

va
ri

at
io

n
of

th
e

co
ve

r
tr

ee
a
lg

o
ri

th
m

(s
ee

B
ey

ge
lz

im
er

et
al

.,
20

06
)

ap
p
li
ed

on
h
al

f
o
f

th
e

d
at

a
d
en

o
te

d
b
y
X
′ n.

In
b
ri

ef
th

e
co

v
er

tr
ee
T

(X
′ n)

on
X
′ n

is
a

le
ve

le
d

tr
ee

w
h
er

e
ea

ch
le

ve
l

is
a

“c
ov

er
”

fo
r

th
e

le
ve

l
b

en
ea

th
it

.
E

ac
h

le
ve

l
is

in
d
ex

ed
b
y
j

an
d

ea
ch

n
o
d
e

in
T

(X
′ n)

is
a
ss

o
ci

at
ed

w
it

h
a

p
o
in

t
in
X
′ n.

A
p

oi
n
t

ca
n

b
e

as
so

ci
at

ed
w

it
h

m
u
lt

ip
le

n
o
d
es

in
th

e
tr

ee
b
u
t

it
ca

n
ap

p
ea

r
a
t

m
o
st

o
n
ce

at
ev

er
y

le
ve

l.
L

et
T
j
(X
′ n)
⊂
X
′ n

b
e

th
e

se
t

of
n
o
d
es

of
T

at
le

ve
l
j.

T
h
e

co
ve

r
tr

ee
o
b

ey
s

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

fo
r

al
l
j

=
j m

in
,.
..
,j

m
a
x
:

1.
N

es
ti

n
g:
T
j
(X
′ n)
⊂
T
j+

1
(X
′ n)

;

2.
S
ep

ar
at

io
n
:

fo
r

al
l

d
is

ti
n
ct
p
,q
∈
T
j
(X
′ n)

,
‖p
−
q‖
>

2
−
j
;

3.
C

ov
er

in
g:

fo
r

al
l
q
∈
T
j+

1
(X
′ n)

,
th

er
e

is
p
∈
T
j
(X
′ n)

su
ch

th
at
‖p
−
q‖
<

2
−
j
.

T
h
e

n
o
d
e

at
le

v
el
j

as
so

ci
at

ed
w

it
h
p

is
a

p
ar

en
t

of
th

e
n
o
d
e

at
le

ve
l
j

+
1

as
so

ci
a
te

d
w

it
h
q.

In
th

e
th

ir
d

p
ro

p
er

ty
,
q

is
ca

ll
ed

a
ch

il
d

of
p
.

E
a
ch

n
o
d
e

ca
n

p
ot

en
ti

al
ly

h
av

e
m

u
lt

ip
le

p
ar

en
ts

sa
ti

sf
y
in

g
th

e
d
is

ta
n
ce

co
n
st

ra
in

t
in

3.
ab

ov
e,

b
u
t

is
on

ly
as

si
gn

ed
to

o
n
e

o
f

th
em

in
th

e
tr

ee
.

T
h
e

p
ro

p
er

ti
es

ab
ov

e
im

p
ly

th
at

fo
r

an
y
q
∈
X
′ n,

th
er

e
ex

is
ts
p
∈
T
j

su
ch

th
at

‖p
−
q‖

<
2
−
j+

1
.

T
h
e

au
th

or
s

in
B

ey
ge

lz
im

er
et

al
.

(2
00

6)
sh

ow
ed

th
at

co
ve

r
tr

ee
a
lw

ay
s

ex
is

ts
an

d
th

at
ca

n
b

e
co

n
st

ru
ct

ed
in

ti
m

e
O

(C
d
D
n

lo
g
n

)
.

2
.

F
o
r

th
es

e
el

em
en

ts
,

th
e

av
er

a
g
e

ce
ll

-w
is

e
re

fi
n

em
en

t
is

m
o
n

o
to

n
e

in
th

e
se

n
se

th
a
t

fo
r

ev
er

y
C
j
,k

a
n

d
C
j
+

1
,k

′
⊂
C
j
,k

,
w

e
h

av
e

∆
j
+

1
,k

′ /
√
ρ
(C

j
+

1
,k

′ )
≤

∆
j
,k
/
√
ρ
(C

j
,k

).

1
8

JM
L

R
 2

0(
98

):
1-

63
, 2

01
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A
d
a
p
t
iv
e
G
e
o
m
e
t
r
ic

M
u
lt

isc
a
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
In

t
r
in
sic

a
l
ly

L
o
w
-d

im
e
n
sio

n
a
l
D
a
t
a

W
e

n
ow

sh
ow

th
at

from
a

set
of

n
ets{T

j (X
′n )}

j=
j
m

in
,...,j

m
a
x

as
ab

ove
w

e
can

con
stru

ct
a

set
o
f
C
j,k ’s

w
ith

d
esired

p
rop

erties.
(see

A
p
p

en
d
ix

A
for

th
e

con
stru

ction
of
C
j,k ’s

an
d

th
e

p
ro

o
f

o
f

P
ro

p
o
sition

14).
M̃

d
efi

n
ed

in
(31)

is
eq

u
al

to
th

e
u
n
ion

of
th

e
C
j,k ’s

u
p

to
a

set
w

ith
0

em
p
irica

l
m

easu
re.

P
ro

p
o
sitio

n
1
4

A
ssu

m
e
ρ

is
a

d
o
u

blin
g

p
ro

ba
bility

m
ea

su
re

o
n
M

w
ith

d
o
u

blin
g

co
n

sta
n

t
C

1 .
T

h
en
{
C
j,k }

k∈K
j ,j

m
in ≤

j≤
j
m

a
x

co
n

stru
cted

in
A

p
pen

d
ix

A
sa

tisfi
es

th
e

A
ssu

m
p
tio

n
s

1
.

(A
1
)

w
ith

a
m

a
x ≤

C
21
(24)

d
a
n

d
a

m
in

=
1.

2
.

F
o
r

a
n

y
ν
>

0,

P
{
ρ
(M
\M̃

)
>

28ν
log

n

3n

}
≤

2n
−
ν;

(15)

3
.

(A
3
)

w
ith

θ
1

=
C
−

1
1

4 −
d;

4
.

(A
4
)

w
ith

θ
2

=
3.

5
.

A
d
d
itio

n
a
lly:

5
a
.

if
ρ

sa
tisfi

es
th

e
co

n
d
itio

n
s

in
(A

5
)

w
ith

B
r (z

),
z
∈
M

,
rep

la
cin

g
C
j,k

w
ith

co
n

sta
n

ts
θ̃

3 ,θ̃
4

su
ch

th
a
t
λ
d (C

ov
(ρ|B

r
(z

) ))
≥
θ̃

3 r
2/d

a
n

d
λ
d
+

1 (C
ov

(ρ|B
r
(z

) ))
≤

θ̃
4 λ

d (C
ov

(ρ|B
r
(z

) )),
th

en
th

e
co

n
d
itio

n
s

in
(A

5
)

a
re

sa
tisfi

ed
by

th
e
C
j,k ’s

w
e

co
n

stru
ct

w
ith

θ
3

:=
θ̃

3 (4C
1 ) −

212 −
d

a
n

d
θ

4
:=

θ̃
4 /
θ̃

3 12
2
d
+

2C
41
.

5
b.

if
ρ

is
th

e
vo

lu
m

e
m

ea
su

re
o
n

a
clo

sed
C
s

m
a
n

ifo
ld

iso
m

etrica
lly

em
bed

d
ed

in
R
D

,
th

en
th

e
co

n
d
itio

n
s

in
(A

5
)

a
re

sa
tisfi

ed
by

th
e
C
j,k ’s

w
h
en

j
is

su
ffi

cien
tly

la
rge.

E
ven

th
o
u
g
h

th
e{
C
j,k }

d
o
es

n
o
t

ex
actly

satisfy
A

ssu
m

p
tion

(A
2),

w
e

claim
th

at
(15)

is
su

ffi
cien

t
fo

r
o
u
r

p
erform

an
ce

gu
ara

n
tees

in
th

e
case

th
atM

is
b

ou
n
d
ed

b
y
M

an
d
d
≥

3,
sin

ce
sim

p
ly

a
p
p
rox

im
atin

g
p

oin
ts

on
M
\M̃

b
y

0
gives

th
e

error:

P

{
ˆM
\M̃
‖
x‖

2d
ρ
≥

28
M

2
log

n

3n

}
≤

2n
−
ν.

(16)

T
h
e

co
n
sta

n
ts

in
P

rop
osition

14
are

ex
trem

ely
p

essim
istic,

d
u
e

to
th

e
gen

erality
of

th
e

a
ssu

m
p
tio

n
s

on
th

e
sp

ace
M

.
In

d
eed

w
h
en
M

is
a

n
ice

m
an

ifold
as

in
case

(5b
),

th
e

sta
tem

en
t

in
th

e
P

rop
osition

say
s

th
at

th
e

con
stan

ts
for

th
e
C
j,k ’s

w
e

con
stru

ct
are

sim
ila

r
to

th
o
se

of
th

e
id

eal
C
j,k ’s.

In
p
ractice

w
e

u
se

a
m

u
ch

sim
p
ler

a
n
d

m
ore

effi
cien

t
tree

con
stru

ctio
n

m
eth

o
d

an
d

w
e

ex
p

erim
en

tally
ob

tain
th

e
p
rop

erties
ab

ove
w

ith
a

m
a
x

=
C

21
4
d

a
n
d
a

m
in

=
1,

at
least

for
th

e
vast

m
a

jority
of

th
e

p
o
in

ts,
an

d
θ{

3
,4}

u
θ̃{

3
,4} .

W
e

d
escrib

e
th

is
sim

p
ler

con
stru

ction
for

th
e

m
u
ltiscale

p
artition

s
in

A
p
p

en
d
ix

A
.3,

togeth
er

w
ith

ex
p

erim
en

ts
su

ggestin
g

th
at

at
least

in
relatively

sim
p
le

cases
on

e
m

ay
ex

p
ect

θ{
3
,4}

u
θ̃{

3
,4} .
B

esid
es

cover
trees,

th
ere

are
oth

er
m

eth
o
d
s

th
at

can
b

e
u
sed

in
p
ractice

for
th

e
m

u
lti-

sca
le

p
a
rtitio

n
,

su
ch

as
M

E
T

IS
b
y

K
ary

p
is

an
d

K
u
m

ar
(1999)

th
at

is
u
sed

in
th

e
n
u
m

erical

1
9

JM
L

R
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L
ia
o

a
n
d

M
a
g
g
io
n
i

ex
am

p
les

in
C

h
en

an
d

M
aggion

i
(2010)

an
d

A
llard

et
al.

(2012),
iterated

P
C

A
(see

som
e

an
aly

sis
in

S
zlam

(2009))
or

iterated
k
-m

ean
s.

T
h
ese

can
b

e
com

p
u
tation

ally
m

ore
effi

cien
t

th
an

cover
trees,

w
ith

th
e

d
ow

n
sid

e
b

ein
g

th
at

th
ey

m
ay

lead
to

p
artition

s
n
ot

satisfy
in

g
ou

r
u
su

al
assu

m
p
tion

s
(in

th
eory,

an
d

p
erh

ap
s

in
p
ractice).

3
.
N
u
m
e
rica

l
e
x
p
e
rim

e
n
ts

W
e

con
d
u
ct

n
u
m

erical
ex

p
erim

en
ts

on
b

oth
sy

n
th

etic
an

d
real

d
ata

to
d
em

on
strate

th
e

p
erform

an
ce

of
ou

r
algorith

m
s.

G
iven

{x
i }
ni=

1 ,
w

e
sp

lit
th

em
to

tra
in

in
g

d
ata

for
th

e
con

stru
ction

s
of

em
p
irical

G
M

R
A

an
d

A
d
ap

tive
G

M
R

A
an

d
test

d
a
ta

for
th

e
eva

lu
ation

of
th

e
ap

p
rox

im
ation

errors:

L
2

error
L
∞

erro
r

A
b

solu
te

error

(
1

n
te

st

∑

x
i ∈

test
set ‖x

i −
P̂
x
i ‖

2 )
12

m
a
x

x
i ∈

test
set ‖

x
i −
P̂
x
i ‖

R
elative

error

(
1

n
te

st

∑

x
i ∈

test
set ‖x

i −
P̂
x
i ‖

2/‖
x
i ‖

2 )
12

m
a
x

x
i ∈

test
set ‖

x
i −
P̂
x
i ‖
/‖
x
i ‖

w
h
ere

n
test

is
th

e
card

in
ality

of
th

e
test

set
an

d
P̂

is
th

e
p
iecew

ise
lin

ear
p
ro

jection
given

b
y

em
p
irical

G
M

R
A

or
A

d
ap

tive
G

M
R

A
.
In

ou
r

ex
p

erim
en

ts
w

e
u
se

ab
solu

te
error

for
sy

n
th

etic
d
ata,

3D
sh

ap
e

an
d

relative
error

for
th

e
M

N
IS

T
d
igit

d
ata,

n
atu

ral
im

age
p
atch

es.

3
.1

.
S

y
n
th

e
tic

d
a
ta

W
e

take
sam

p
les
{
x
i }
ni=

1
on

th
e
d
-d

im
S

an
d

Z
-m

an
ifold

s,
w

h
ose

fi
rst

tw
o

co
ord

in
ates

x
i,1 ,x

i,2
are

on
th

e
S

an
d
Z

cu
rve

an
d

oth
er

co
ord

in
ates

x
i,k ∈

[0,1],k
=

3,4
,...,d

+
1.

W
e

even
ly

sp
lit

th
e

sam
p
les

to
th

e
train

in
g

set
an

d
th

e
test

set.
In

th
e

n
oisy

case,
train

in
g

d
ata

are
corru

p
ted

b
y

G
au

ssian
n
oise:

x̃
tra

in
i

=
x

tra
in

i
+

σ
√
D
ξ
i ,i

=
1,...,

n2
w

h
ere

ξ
i ∼
N

(0,I
D
×
D

),

b
u
t

test
d
ata

are
n
oise-free.

T
est

d
ata

error
b

elow
th

e
n
oise

lev
el

im
p
lies

th
at

w
e

are
d
en

oisin
g

th
e

d
ata

.

3
.1
.1
.
R
e
g
u
l
a
r
it
y
pa

r
a
m
e
t
e
r
s
in

t
h
e
A
s
a
n
d
B
s
m
o
d
e
l

W
e

sam
p
le

10
5

train
in

g
p

oin
ts

on
th

e
d
-d

im
S
-

or
Z

-m
an

ifold
s,

for
d

=
3,4

,5.
T

h
e

m
easu

re
on

th
e

S
-m

an
ifold

is
n
ot

ex
actly

th
e

volu
m

e
m

easu
re

b
u
t

is
com

p
arab

le
w

ith
th

e
volu

m
e

m
easu
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Figure 2: 105 points are sampled on the d dimensional S manifold whose x1 and x2 coordi-
nates are on the S curve shown in (a) and xi 2 [0, 1], i = 3, . . . , d + 1. To study
the distribution, we use the data are for GMRA construction as well as evaluat-
ing the approximation error. MM: what do you mean, no train and test? If so,
why? (b) shows the color plot of log10 k bPj+1(xi) � bPj(xi)k2, i = 1, . . . , 100000
(horizontal axis), j = 1, . . . , 16 (vertical axis) when points are ordered from one
end of the 3 dimensional S manifold to the other end. In empirical GMRA, the
approximation error at scale j is measured by kX � bPjXkn. (c) shows the plot

of log1/�c kX � bPjXkn versus scale j. A least square fitting of the line gives rise
to that the distribution is in As with s ⇡ 2.0239, 2.1372, 2.173 when d = 3, 4, 5
respectively. In empirical adaptive GMRA, the approximation error with thresh-
old ⌧n = 

p
(log n)/n is measured by kX � bPb⇤(⌧n)Xkn. (d) shows the log-log

plot of the approximation error versus the number of cells in the partition of
GMRA and adaptive GMRA where the number of cells in the partition varies
as j and  vary in uniform and adaptive GMRA respectively. Theoretically,
error  O

⇥
(#Cells)�2/d

⇤
in both uniform and adaptive GMRA.
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e

u
n
ion
T
n

an
d

so
m

e
em

p
ty

cells,
m

ostly
at

fi
n
e

scales
w

ith
h
igh

p
rob

ab
ility,

th
at

ou
r

d
ata

h
ave

n
ot

ex
p
lo

red
.

•
T

(ρ
,η

) :
th

e
sm

allest
su

b
tree

ofT
w

h
ich

co
n
tain

s{
C
j,k ∈

T
:

∆
j,k ≥

2 −
jη}

.

•
T
η

=
T

(ρ
,η

) ∩
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.
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p
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=
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=
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.
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Λ̂
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Λ̂
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Λ̂
τ
n ∨
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Λ̂
τ
n ∧

Λ
τ
n
/
b X
‖

e
3

:=
‖P

Λ̂
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Λ̂
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⊇
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︸
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+
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+
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+
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>
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>
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p
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>
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+
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+
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/
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/
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∑
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/
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/
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∑
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∑j≥
j
m

in

2 −
2
j#

j T
τ
n
/
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+
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∆
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∆
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Û
1
,x

...
...

U
j+

1
,x

=
P

ro
jS
⊥j,x V

j+
1
,x

Û
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+
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−
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n
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n
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+
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−
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d
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p
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p
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ap

ti
ve
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G

M
R

A
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s
p
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w
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p
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p
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Λ̂
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m
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m

m
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A
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h
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ρ
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k
n
ow
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gi
v
en

an
y

fi
x
ed
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sh
ol

d
η
>
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w

e
le

t
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ρ
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)
b

e
th

e
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al
le

st
p
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p
er
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T

th
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n
ta
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s
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l
C
j,
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T

fo
r

w
h
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h
∆
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T
h
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s
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p
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d
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e
el

em
en

ts
w

e
ca

n
co

n
tr

ol
th

e
gr

ow
th

ra
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e
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d
≥
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>
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∑
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h
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−
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−
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p
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p
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∪
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ap
ti

v
e

p
ie

ce
w

is
e

li
n
ea

r
p
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←
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√
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Λ̂
τ
o n
←

p
ar

ti
ti

on
as

so
ci

at
ed

w
it

h
th

e
ou

te
r

le
av

es
of
T̂ τ

o n

5
:
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∈
Bo s

,
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∑
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−
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−
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−
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−
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p
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≤
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>
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≥
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>
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+
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d
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p

u
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d
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X
′n

O
u
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u

t:
A

m
u
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d
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p
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1
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u
n
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n
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m
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m
a
x
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:
j
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j
m
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C
j
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d
efi
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r
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j
m

in
+
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a
x
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C
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1
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−
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C
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b
y
a
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∈
T
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C
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1
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0
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d
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C
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n
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=
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⋂
V

o
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C
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d
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r
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x

C
(i)
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=
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i,k ′ ∈

C
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1
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j
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B
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C
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1
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F
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a
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C
j,k

=
C

(j
m

a
x
)

j,k
.

A
p
p
e
n
d
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A
.
T
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e
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n
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ctio
n
,
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g
u
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o
f
g
e
o
m
e
tric

sp
a
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A
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T
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e

c
o
n
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c
tio

n
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e

n
ow
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a

set
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n
ets{

T
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m
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a
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C
j,k
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im
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h
a
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o
n
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a
n
a
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(C
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L
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N
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k
=

1
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T
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f
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⊂
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e
V
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z
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d
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s
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∈
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` ‖
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i ‖
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=

j
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a
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T
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C
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con
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p
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k∈K
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m
a
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A
ssu

m
p
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n
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5).
T

h
e
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C
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∈
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∈
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d
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d
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p
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F
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e
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C
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∅
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h
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ever
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,k ′1 ∈
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,k ′2 ∈
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<
12 2 −
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o
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a
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∅
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2 ‖
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jd

.
W

e
co

m
p
u
te

th
e

re
gu

la
ri

ty
p
ar

am
et

er
s

in
th

e
B s

m
o
d
el

cl
as

s
w

h
en

d
≥

3.
It

is
ea

sy
to

se
e

th
at

∆
j,
k

=
0

w
h
en

C
j,
k

is
aw

ay
fr

om
th

e
co

rn
er

s
an

d

∆
j,
k
≤

2
A

0
2
−
j
√
ρ
(C

j,
k
)
.

2−
j(
d 2

+
1
)

w
h
en

C
j,
k

in
te

rs
ec

ts
w

it
h

th
e

co
rn

er
s.

G
iv

en
an

y
fi
x
ed

th
re

sh
ol

d
η
>

0,
in

th
e

tr
u
n
ca

te
d

tr
ee
T (
ρ
,η

),
th

e
p
ar

en
t

of
th

e
le

av
es

in
te

rs
ec

ti
n
g

w
it

h
th

e

co
rn

er
s

sa
ti

sf
y

2−
j(
d 2

+
1
)
&

2
−
j
η
.

In
ot

h
er

w
or

d
s,

at
th

e
co

rn
er

s
th

e
tr

ee
is

tr
u
n
ca

te
d

at
a

sc
al

e
co

ar
se

r
th

an
j∗

su
ch

th
at

2
−
j∗

=
O

(η
2 d
).

S
in

ce
∆
j,
k

=
0

w
h
en

C
j,
k

is
aw

ay
fr

om
th

e
co

rn
er

s,
th

e
en

tr
op

y
of
T (
ρ
,η

)
is

d
om

in
at

ed
b
y

th
e

n
o
d
es

in
te

rs
ec

ti
n
g

w
it

h
th

e
co

rn
er

s
w

h
os

e

ca
rd

in
al

it
y

is
2j

(d
−

1
)

at
sc

al
e
j.

T
h
er

ef
or

e

E
n
tr

op
y

of
T (
ρ
,η

)
.
∑ j≤
j∗

2−
2
j
2
j(
d
−

1
)

=
O
( η
−

2
(d
−

3
)

d

) ,

w
h
ic

h
im

p
li
es

th
at
p
≤

2
(d
−

3
)

d
an

d
s
≥

3
(d
−

2
)

2
(d
−

3
)
>

1
.5

.

T
h
en

w
e

st
u
d
y

th
e

re
la

ti
on

b
et

w
ee

n
th

e
er

ro
r
‖X
−
P Λ

(ρ
,η

)
X
‖

an
d

th
e

p
ar

ti
ti

on
si

ze
#

Λ
(ρ
,η

),
w

h
ic

h
is

n
u
m

er
ic

al
ly

v
er

ifi
ed

in
F

ig
u
re

4.
S
in

ce
al

l
th

e
n
o
d
es

in
T (
ρ
,η

)
th

at
in

te
rs

ec
t

w
it

h
co

rn
er

s
ar

e
at

a
sc

al
e

co
ar

se
r

th
an

j∗
,

#
Λ

(ρ
,η

)
≈

2j
∗ (
d
−

1
)
�
η
−

2
(d
−

1
)

d
.

T
h
er

ef
or

e,

η
.

[#
Λ

(ρ
,η

)]
−

d
2
(d
−

1
)

an
d

‖X
−
P Λ

(ρ
,η

)
X
‖
.
η

2
−
p

2
=
η

2
s

2
s
+
d
−

2
.

[#
Λ

(ρ
,η

)]
−

2
s
d

2
(d
−

1
)(

2
s
+
d
−

2
)

=
[#

Λ
(ρ
,η

)]
−

3
2
(d
−

1
)
.

A
p
p
e
n
d
ix

C
.
P
ro

o
fs

o
f
L
e
m
m
a
1
5
a
n
d
P
ro

p
o
si
ti
o
n
1
6

C
.1

.
C

o
n

c
e
n
tr

a
ti

o
n

in
e
q
u

a
li
ti

e
s

W
e

fi
rs

t
re

ca
ll

a
B

er
n
st

ei
n

in
eq

u
al

it
y

fr
om

T
ro

p
p

(2
01

4)
w

h
ic

h
is

an
ex

p
on

en
ti

al
in

eq
u
al

it
y

to
es

ti
m

at
e

th
e

sp
ec

tr
al

n
or

m
of

a
su

m
in

d
ep

en
d
en

t
ra

n
d
om

H
er

m
it

ia
n

m
at

ri
ce

s
of

si
ze
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L
ia
o

a
n
d

M
a
g
g
io
n
i

D
×
D

.
It

fe
at

u
re

s
th

e
d
ep

en
d
en

ce
on

an
in

tr
in

si
c

d
im

en
si

on
p
ar

am
et

er
w

h
ic

h
is

u
su

a
ll
y

m
u
ch

sm
al

le
r

th
an

th
e

am
b
ie

n
t

d
im

en
si

on
D

.
F

or
a

p
os

it
iv

e-
se

m
id

efi
n
it

e
m

a
tr

ix
A

,
th

e
in

tr
in

si
c

d
im

en
si

on
is

th
e

q
u
an

ti
ty

in
td

im
(A

)
=

tr
ac

e(
A

)

‖A
‖

.

P
ro

p
o
si

ti
o
n

2
8

(T
h

e
o
re

m
7
.3

.1
in

T
ro

p
p

(2
0
1
4
))

L
et
ξ 1
,.
..
,ξ
n

be
D
×
D

in
d
ep

en
-

d
en

t
ra

n
d
o
m

H
er

m
it

ia
n

m
a
tr

ic
es

th
a
t

sa
ti

sf
y

Eξ
i

=
0

a
n

d
‖ξ
i‖
≤
R
,
i

=
1,
..
.,
n
.

F
o
rm

th
e

m
ea

n
ξ

=
1 n

∑
n i=

1
ξ i

.
S

u
p
po

se
E(
ξ2

)
�

Φ
.

In
tr

od
u

ce
th

e
in

tr
in

si
c

d
im

en
si

o
n

pa
ra

m
et

er
d

in
=

in
td

im
(Φ

).
T

h
en

,
fo

r
n
t
≥
n
‖Φ
‖1
/
2

+
R
/3

,

P{
‖ξ
‖
≥
t}
≤

4
d

in
e−

n
t2
/
2

n
‖Φ
‖+
R
t/

3
.

W
e

u
se

th
e

ab
ov

e
in

eq
u
al

it
ie

s
to

es
ti

m
at

e
th

e
d
ev

ia
ti

on
of

th
e

em
p
ir

ic
al

m
ea

n
fr

o
m

th
e

m
ea

n
an

d
th

e
d
ev

ia
ti

on
of

th
e

em
p
ir

ic
al

co
va

ri
an

ce
m

at
ri

x
fr

om
th

e
co

va
ri

an
ce

m
a
tr

ix
w

h
en

th
e

d
at

a
X j

,k
=
{x

1
,.
..
,x

n
}

(w
it

h
a

sl
ig

h
t

ab
u
se

of
n
ot

at
io

n
s)

ar
e

i.
i.
d
.

sa
m

p
le

s
fr

o
m

th
e

d
is

tr
ib

u
ti

on
ρ
| C
j
,k

.

L
e
m

m
a

2
9

S
u

p
po

se
x

1
,.
..
,x

n
a
re

i.
i.

d
.

sa
m

p
le

s
fr

o
m

ρ
| C
j
,k

.
L

et
th

e
lo

ca
l

m
ea

n
a
n

d

co
va

ri
a
n

ce
,

a
n

d
th

ei
r

em
p
ir

ic
a
l

co
u

n
te

rp
a
rt

s,
be

d
efi

n
ed

a
s

c j
,k

=

ˆ

C
j
,k

x
d
ρ
| C
j
,k

,
ĉ j
,k

:=
1 n

n ∑ i=
1

x
i

Σ
j,
k

=

ˆ

C
j
,k

(x
−
c j
,k

)(
x
−
c j
,k

)T
d
ρ
| C
j
,k

,
Σ̂
j,
k

:=
1 n

n ∑ i=
1

(x
i
−
ĉ j
,k

)(
x
i
−
ĉ j
,k

)T

T
h
en

P{
‖ĉ
j,
k
−
c j
,k
‖
≥
t}
≤

8
e−

3
n
t2

6
θ
2 2
2
−

2
j
+

2
θ
2
2
−
j
t
,

(3
3
)

P{
‖Σ̂

j,
k
−

Σ
j,
k
‖
≥
t}
≤

(
4
θ2 2

θ 3
d

+
8

)
e−

3
n
t2

2
4
θ
4 2
2
−

4
j
+

8
θ
2 2
2
−

2
j
t
.

(3
4
)

P
ro

o
f

W
e

st
ar

t
b
y

p
ro

v
in

g
(3

3)
.

W
e

w
il
l

ap
p
ly

B
er

n
st

ei
n

in
eq

u
al

it
y

w
it

h
ξ i

=
x
i
−
c j
,k
∈

R
D

.
C

le
ar

ly
Eξ

i
=

0,
an

d
‖ξ
i‖
≤
θ 2

2−
j

d
u
e

to
A

ss
u
m

p
ti

on
(A

4)
.

W
e

fo
rm

th
e

m
ea

n
ξ

=
1 n

∑
n i=

1
ξ i

=
ĉ j
,k
−
c j
,k

an
d

co
m

p
u
te

th
e

va
ri

an
ce

σ
2

=
n

2
‖E
ξT
ξ‖

=

∥ ∥ ∥ ∥ ∥ ∥E

(
n ∑ i=

1

x
i
−
c j
,k

)
T
(

n ∑ i=
1

x
i
−
c j
,k

)
∥ ∥ ∥ ∥ ∥ ∥

=

∥ ∥ ∥ ∥ ∥
n ∑ i=

1

E(
x
i
−
c j
,k

)T
(x
i
−
c j
,k

)∥ ∥ ∥ ∥ ∥
≤
n
θ2 2

2
−

2
j
.

T
h
en

fo
r
n
t
≥
σ

+
θ 2

2
−
j
/3

,

P{
‖ĉ
j,
k
−
c j
,k
‖
≥
t}
≤

8e
−

n
2
t2
/
3

σ
2
+
θ
2
2
−
j
n
t/

3
≤

8
e−

3
n
t2

6
θ
2 2
2
−

2
j
+

2
θ
2
2
−
j
t
.
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A
d
a
p
t
iv
e
G
e
o
m
e
t
r
ic

M
u
lt

isc
a
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
In

t
r
in
sic

a
l
ly

L
o
w
-d

im
e
n
sio

n
a
l
D
a
t
a

W
e

n
ow

p
rove

(34).
D

efi
n
e

th
e

in
term

ed
iate

m
atrix

Σ̄
j,k

=
1n ∑

ni=
1 (x

i −
c
j,k )(x

i −
c
j,k )

T
.

S
in

ce
Σ̂
j,k −

Σ
j,k

=
Σ̄
j,k −

Σ
j,k −

(ĉ
j,k −

c
j,k )(ĉ

j,k −
c
j,k )

T
,

w
e

h
ave

‖
Σ̂
j,k −

Σ
j,k ‖
≤
‖Σ̄

j,k −
Σ
j,k ‖

+
‖
ĉ
j,k −

c
j,k ‖

2≤
‖Σ̄

j,k −
Σ
j,k ‖

+
θ

2 2 −
j‖ĉ

j,k −
c
j,k ‖.

A
su

ffi
cien

t
con

d
ition

for‖Σ̂
j,k −

Σ
j,k ‖

<
t

is‖
Σ̄
j,k −

Σ
j,k ‖

<
t/2

an
d
‖
ĉ
j,k −

c
j,k ‖

<
2
jt/

(2θ
2 ).

W
e

a
p
p
ly

P
ro

p
osition

28
to

estim
ate

P{‖Σ̄
j,k −

Σ
j,k ‖
≥
t/

2}
:

let
ξ
i

=
(x
i −

c
j,k )(x

i −
c
j,k )

T
−

Σ
j,k ∈

R
D
×
D
.

O
n
e

can
verify

th
at

E
ξ
i

=
0

an
d
‖
ξ
i ‖
≤

2
θ

22 2 −
2
j.

W
e

form
th

e
m

ean
ξ

=
1n ∑

ni=
1
ξ
i

=
Σ̄
j,k −

Σ
j,k ,

an
d

th
en

E
ξ

2
=

E

(
1n
2

n
∑i=

1

ξ
i

n
∑i=

1

ξ
i )

=
1n
2

n
∑i=

1 E
ξ

2i �
1n
2

n
∑i=

1

θ
22 2 −

2
jΣ

j,k �
θ

22 2 −
2
j

n
Σ
j,k ,

w
h
ich

sa
tisfi

es ∥∥∥
θ
22
2 −

2
j

n
Σ
j,k ∥∥∥
≤
θ

42 2 −
4
j/n

.
M

ean
w

h
ile

d
in

=
in

td
im

(Σ
j,k )

=
trace(Σ

j,k )

‖
Σ
j,k ‖

≤
θ

22 2 −
2
j

θ
3 2 −

2
j/d

=
θ

22

θ
3
d
.

T
h
en

,
P

ro
p

o
sition

28
im

p
lies

P{‖
Σ̄
j,k −

Σ
j,k ‖
≥
t/

2}
≤

4θ
22

θ
3
d
e

−
n
t 2
/
8

θ
42
2 −

4
j
+
θ
22
2 −

2
j
t

3
=

4
θ

22

θ
3
d
e

−
3
n
t 2

2
4
θ
42
2 −

4
j
+

8
θ
22
2 −

2
j
t
.

C
o
m

b
in

in
g

w
ith

(33),
w

e
ob

tain

P{‖Σ̂
j,k −

Σ
j,k ‖
≥
t}
≤

P{‖Σ̄
j,k −

Σ
j,k ‖
≥
t/

2}
+

P
{‖
ĉ
j,k −

c
j,k ‖
≥

2
jt

2
θ

2 }

≤
(

4
θ

22

θ
3
d

+
8 )

e −
3
n
t 2

2
4
θ
42
2 −

4
j
+

8
θ
22
2 −

2
j
t
.

In
L

em
m

a
29

d
ata

are
assu

m
ed

to
b

e
i.i.d

.
sam

p
les

from
th

e
con

d
itio

n
al

d
istrib

u
tion

ρ|C
j
,k

.
G

iven
X
n

=
{
x

1 ,...,x
n }

w
h
ich

con
tain

s
i.i.d

.
sam

p
les

from
ρ
,

w
e

w
ill

sh
ow

th
at

th
e

em
p
irica

l
m

ea
su

re
ρ̂
(C

j,k )
=
n̂
j,k /n

is
close

to
ρ
(C

j,k )
w

ith
h
igh

p
rob

ab
ility.

L
e
m

m
a

3
0

S
u

p
po

se
x

1 ,...,x
n

a
re

i.i.d
.

sa
m

p
les

fro
m

ρ
.

L
et
ρ
(C

j,k )
=
´

C
j
,k

1d
ρ

a
n

d

ρ̂
(C

j,k )
=
n̂
j,k /

n
w

h
ere

n̂
j,k

is
th

e
n

u
m

ber
o
f

po
in

ts
in
C
j,k .

T
h
en

P{|ρ̂
(C

j,k )−
ρ
(C

j,k )|≥
t}
≤

2e −
3
n
t 2

6
ρ
(C
j
,k

)+
2
t

(35)

fo
r

a
ll
t≥

0.
S

ettin
g
t

=
12 ρ

(C
j,k )

gives
rise

to

P
{|ρ̂

(C
j,k )−

ρ
(C

j,k )|≥
12
ρ
(C

j,k ) }
≤

2
e −

32
8
n
ρ
(C
j
,k

).
(36)
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L
ia
o

a
n
d

M
a
g
g
io
n
i

C
om

b
in

in
g

L
em

m
a

29
an

d
L

em
m

a
30

gives
rise

to
con

cen
tration

b
ou

n
d
s

on
‖
ĉ
j,k
−

c
j,k ‖

an
d
‖
Σ̂
j,k −

Σ
j,k ‖

w
h
ere

c
j,k ,

ĉ
j,k ,

Σ
j,k

an
d

Σ̂
j,k

are
th

e
con

d
ition

al
m

ea
n
,

em
p
irical

con
d
ition

al
m

ean
,
con

d
ition

al
covarian

ce
m

atrix
an

d
em

p
irical

con
d
ition

al
covarian

ce
m

atrix
on

C
j,k ,

resp
ectively

:

L
e
m

m
a

3
1

S
u

p
po

se
x

1 ,...,x
n

a
re

i.i.d
.

sa
m

p
les

fro
m
ρ

.
D

efi
n

e
c
j,k ,Σ

j,k
a
n

d
ĉ
j,k ,Σ̂

j,k
a
s

in
T

a
ble

1
.

T
h
en

given
a
n

y
t
>

0,

P
{‖ĉ

j,k −
c
j,k ‖
≥
t}
≤

2
e −

32
8
n
ρ
(C
j
,k

)
+

8
e −

3
n
ρ
(C
j
,k

)t 2

1
2
θ
22
2 −

2
j
+

4
θ
2
2 −
j
t
,

(37)

P
{‖Σ̂

j,k −
Σ
j,k ‖
≥
t }
≤

2
e −

32
8
n
ρ
(C
j
,k

)
+

(
4
θ

22

θ
3
d

+
8 )

e −
3
n
ρ
(C
j
,k

)t 2

9
6
θ
42
2 −

4
j
+

1
6
θ
22
2 −

2
j
t
.

(38)

P
ro

o
f

T
h
e

n
u
m

b
er

of
sam

p
les

on
C
j,k

is
n̂
j,k

=
∑

ni=
1
1
j,k (x

i ).
C

learly
E

[n̂
j,k ]

=
n
ρ
(C

j,k ).
L

et
I
⊂
{1
,...,n}

an
d
|I|

=
s.

C
on

d
ition

ally
on

th
e

ev
en

t
A
I

:=
{
x
i
∈
C
j,k

for
i
∈

I
an

d
x
i
/∈
C
j,k

fo
r
i
/∈
I}

,
th

e
ran

d
om

variab
les{x

i ,i∈
I}

are
i.i.d

.
sam

p
les

from
ρ|C

j
,k

.

A
ccord

in
g

to
L
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=
∑

I⊂
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s

P{‖ĉ
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c
j,k ‖
≥
t|

A
I }

1(ns )

=
P{‖ĉ
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c
j,k ‖
≥
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A
{
1
,...,s} }
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3
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θ
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2
j
+

2
θ
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j
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P{‖
Σ̂
j,k −

Σ
j,k ‖
≥
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n̂
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=
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(

4
θ
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θ
3
d

+
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e −
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2
4
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4
j
+
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2
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t
.

F
u
rth
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ρ
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j,k )
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P
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ĉ
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(39)

P
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Σ
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j,k )−

ρ
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≤
(

4
θ

22
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d
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n
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4
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4
j
+

1
6
θ
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2 −

2
j
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.(40)

E
q
.

(39)
(40)
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g
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L
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a

30
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P
{‖ĉ

j,k −
c
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≥
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≤
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8
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)
+
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n
ρ
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j
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1
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2 −

2
j
+

4
θ
2
2 −
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{‖Σ̂

j,k −
Σ
j,k ‖
≥
t }
≤
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8
n
ρ
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j
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)
+

(
4
θ

22

θ
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d

+
8 )

e −
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n
ρ
(C
j
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)t 2

4
8
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j
+

1
6
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2 −

2
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t
.

G
iven

‖Σ̂
j,k −

Σ
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th
e
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ace
of

Σ̂
j,k
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d

Σ
j,k
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e
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‖Σ̂
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δ d
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+
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+
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.
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]
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Λ
X
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P̂ Λ
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=
∑
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∈Λ

ˆ

C
j
,k

‖P
j,
k
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−
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,k
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‖2
d
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∑ j

∑

k
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∈Λ
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k
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−
P̂ j
,k
x
‖2
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{ ‖
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−
P̂ Λ
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‖
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∑ j

P
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k
:C
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∈Λ

ˆ

C
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k
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P̂ j
,k
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j
#
j
Λ
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∑
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Λ
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∈Λ
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Λ
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Λ
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g
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Λ
η

2
/(
∑
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Λ
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∈Λ
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∑
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∈Λ
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2
d
ρ
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∑
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)(
c j
,k
−
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∈Λ
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∈Λ
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] d
ρ
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∈
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≤
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−
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∈Λ
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−
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‖2
] d
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e
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‖ĉ
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√
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Λ
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−
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+
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√
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Λ
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−
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≥
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θ 2
√
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Λ
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+
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d
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Λ
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+
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√
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Λ
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Λ
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b
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=
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=
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b
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∞
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{ ‖
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∞
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Λ
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=
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∞
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Λ
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Λ
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Λ
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+
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Λ
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.
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+

(n−
1
)

(ρ
,η

)
for

n
=
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∑`=

0 (P
Λ

+
`

(ρ
,η

) X
−
P

Λ
+

(`
+

1
)

(ρ
,η

)

X
)

+
P

Λ
+
n

(ρ
,η

) X
−
X
‖

=
‖
∞∑`=

0 (P
Λ

+
`

(ρ
,η

) X
−
P

Λ
+

(`
+

1
)

(ρ
,η

)

X
)

+
lim
n→
∞
P

Λ
+
n

(ρ
,η

) X
−
X
‖

≤
‖

∑

C
j
,k
/∈T

(ρ
,η

) Q
j,k X
‖

+
‖

lim
n→
∞
P

Λ
+
n

(ρ
,η

) X
−
X
‖.

W
e

h
ave
‖

lim
n→
∞
P

Λ
+
n

(ρ
,η

) X
−
X
‖

=
0

d
u
e

to
A

ssu
m

p
tion

(A
4).

T
h
erefore,

‖
X
−
P

Λ
(ρ
,η

) X
‖

2≤
‖

∑

C
j
,k
/∈T

(ρ
,η

) Q
j,k X
‖

2≤
∑

C
j
,k
/∈T

(ρ
,η

) B
0 ‖Q

j,k X
‖

2
=
B

0

∑

C
j
,k
/∈T

(ρ
,η

) ∆
2j,k

≤
B

0 ∑`≥
0

∑

C
j
,k ∈T

(ρ
,2 −

(`
+

1
)
η
) \T

(ρ
,2 −

`
η
) ∆

2j,k ≤
B

0 ∑`≥
0

∑j≥
j
m

in (2 −
j2 −

`η
)
2#

j T
(ρ
,2 −

(`
+

1
)η

)

≤
B

0 ∑`≥
0

2 −
2
`η

2
∑j≥
j
m

in

2 −
2
j#

j T
(ρ
,2 −

(`
+

1
)η

) ≤
B

0 ∑`≥
0

2 −
2
`η

2|ρ| pB
s [2 −

(`+
1
)η

] −
p

≤
B

0 2
p 
∑`≥

0

2 −
`(2−

p
) 
|ρ| pB

s η
2−
p≤

B
s,d |ρ| pB

s η
2−
p.

P
ro

o
f

[o
f

L
em

m
a

17]

∥∥∥∥
(X
−
P
j ∗X

)1
{
C
j ∗
,k

:ρ
(C
j ∗
,k

)≤
2
8
(ν

+
1
)
lo

g
n

3
n

} ∥∥∥∥
2≤

∑
{
C
j ∗
,k

:ρ
(C
j ∗
,k

)≤
2
8
(ν

+
1
)
lo

g
n

3
n

}

ˆ

C
j ∗
,k ‖

x
−
P
j ∗
,k ‖

2d
ρ

≤
#

{
C
j ∗
,k

:
ρ
(C

j ∗
,k )≤

28(ν
+

1)
log

n

3
n

}
θ

22 2 −
2
j ∗

28(ν
+

1)
log

n

3
n

≤
2
8
(ν

+
1
)θ

22
3
θ
1

2
j ∗

(d−
2
)(log

n
)/n
≤

2
8
(ν

+
1
)θ

22
µ

3
θ
1

((log
n

)/n
)
2
.

F
o
r

every
C
j ∗
,k ,

w
e

h
ave

P
{
ρ
(C

j ∗
,k )

>
2
83
(ν

+
1)(log

n
)/n

an
d
ρ̂
(C

j ∗
,k )

<
d
/n }

≤
P
{|ρ̂

(C
j ∗
,k )−

ρ
(C

j ∗
,k )|

>
ρ
(C

j ∗
,k )/

2
an

d
ρ
(C

j ∗
,k )

>
2
83
(ν

+
1)(log

n
)/
n }

fo
r
n

so
large

th
at

14(ν
+

1)
log

n
>

3d

≤
2
e −

32
8
n
ρ
(C
j ∗
,k

)≤
2
n
−
ν−

1.

51
JM

L
R

 20(98):1-63, 2019

L
ia
o

a
n
d

M
a
g
g
io
n
i

T
h
en

P
{

each
C
j ∗
,k

satisfy
in

g
ρ
(C

j ∗
,k )

>
2
83
(ν

+
1)(log

n
)/n

h
as

at
m

ost
d

p
oin

ts }

≤
#
{
C
j ∗
,k

:
ρ
(C

j ∗
,k )

<
2
83
(ν

+
1)(log

n
)/n }

2
n
−
ν−

1≤
#

Λ
j ∗2
n
−
ν−

1≤
2
n
−
ν/

(θ
1 µ

log
n

)
<
n
−
ν,

w
h
en

n
is

so
large

th
at
θ

1 µ
log

n
>

2.

P
ro

o
f

[of
L

em
m

a
19]

S
in

ce
T
bτ
n
⊂
T

(ρ
,bτ
n

) ,
P{e

1
2
>

0}
if

an
d

on
ly

if
th

ere
ex

ists
C
j,k
∈

T
(ρ
,bτ
n

) \T
bτ
n
.

In
oth

er
w

ord
s,P{e

1
2
>

0}
if

an
d

on
ly

if
th

ere
ex

ists
C
j,k ∈

T
(ρ
,bτ
n

)
su

ch
th

at
ρ̂
(C

j,k )
<
d
/n

an
d

∆
j,k
>

2 −
jbτ

n
.

T
h
erefore,

P{e
1
2
>

0}
≤

∑
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∆
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∑
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≤
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−
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j,k )
>

4
b
2τ

2n /
(9θ

22 ).
S
in

ce
ρ
(M

)
=
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at
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≤
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m
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=
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+
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∆̄
j,k

:=
‖Q

j,k ‖
n

=
‖(P

j −
P
j+

1 )1
j,k X
‖
n

an
d

th
en

ob
serve

th
at

P
{
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∆
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∆
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∆
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∆
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≥
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|∆̂
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︸
e 1

+
∑

C
j
+

1
,k
′∈
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︸
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≤
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√
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√
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γ̃
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≤
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≤
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≤

m
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−
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−
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∈
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≤
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+
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≤
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≤
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≤
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Ŝ

Λ
=

∑C
j
,k ∈

Λ Ŝ
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Ŝ Λ̂

τ
o n
∧Λ

τ
o n
/
b
X
‖

e 4
:=
‖Ŝ
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M

a
ju

m
d
ar

et
al.

(2005)
m

o
d
el

d
iscrete

sp
atio-

tem
p

o
ra

l
ch

a
n
g
ep

oin
ts

w
ith

th
ree

ad
d
itive

G
au

ssian
p
ro

cesses:
on

e
for

t≤
t0 ,

on
e

for
t
>
t0 ,

a
n
d

o
n
e

fo
r

a
ll
t.

N
ich

olls
an

d
N

u
n
n

(2010)
u
se

a
B

ayesian
on

set-fi
eld

p
ro

cess
on

a
lattice

to
m

o
d
el

th
e

sp
atio-tem

p
oral

d
istrib

u
tion

of
h
u
m

an
settlem

en
t

on
th

e
F

iji
islan

d
s.

H
ow

ever,
b

o
th

th
e

m
o
d
els

in
th

ese
tw

o
p
ap

ers
are

lim
ited

to
con

sid
erin

g
d
iscrete

ch
an

gep
oin

ts.

1
.1

.
M

a
in

c
o
n
trib

u
tio

n
s

In
th

is
p
a
p

er,
w

e
in

tro
d
u
ce

ch
a
n

ge
su

rfa
ces

as
ex

p
ressive,

m
u
ltid

im
en

sion
al

gen
eralization

s
o
f
ch

a
n
g
ep

oin
ts.

W
e

p
resen

t
a

m
o
d
el-agn

ostic
form

u
lation

of
ch

an
ge

su
rfaces

an
d

in
stan

tiate
th

is
fra

m
ew

o
rk

w
ith

scalab
le

G
au

ssia
n

p
ro

cess
m

o
d
els.

T
h
e

resu
ltin

g
m

o
d
el

is
cap

ab
le

o
f

a
u
to

m
a
tica

lly
learn

in
g

ex
p
ressive

covarian
ce

fu
n
ction

s
an

d
a

sop
h
isticated

con
tin

u
o
u
s

ch
a
n
g
e

su
rfa

ce.
A

d
d
ition

ally,
w

e
d
erive

m
assively

scalab
le

in
feren

ce
p
ro

ced
u
res,

as
w

ell
as

co
u
n
terfa

ctu
a
l

p
red

iction
tech

n
iq

u
es.

F
in

ally,
w

e
ap

p
ly

th
e

p
rop

osed
m

eth
o
d
s

to
a

w
id

e
va

riety
o
f

n
u
m

erical
d
ata

an
d

com
p
lex

h
u
m

an
sy

stem
s.

In
p
articu

lar,
w

e:

1
.

In
tro

d
u
ce

ch
an

ge
su

rfaces
as

m
u
ltid

im
en

sion
al

an
d

h
igh

ly
fl
ex

ib
le

g
en

eralization
s

of
ch

a
n
g
ep

o
in

t
m

o
d
elin

g.

2
.

In
tro

d
u
ce

a
p
ro

ced
u
re

w
h
ich

allow
s

on
e

to
sp

ecify
b
ack

grou
n
d

fu
n
ction

s
an

d
ch

an
ge

fu
n
ctio

n
s,

for
m

ore
p

ow
erfu

l
in

d
u
ctive

b
iases

an
d

ad
d
ed

in
terp

retab
ility.

3
.

P
rov

id
e

a
n
ew

fram
ew

ork
for

co
u
n
terfactu

al
p
red

iction
u
sin

g
ch

an
ge

su
rfaces.

4
.

P
resen

t
th

e
G

au
ssian

P
ro

cess
C

h
an

ge
S
u
rface

m
o
d
el

(G
P

C
S
)

w
h
ich

m
o
d
els

ch
an

ge
su

rfa
ces

w
ith

h
igh

ly
fl
ex

ib
le

R
an

d
om

K
itch

en
S
in

k
(R

ah
im

i
an

d
R

ech
t,

2007)
featu

res.

5
.

D
evelo

p
m

assively
scalab

le
ad

d
itiv

e,
n
on

-station
ary,

n
on

-sep
arab

le
kern

els
b
y

u
sin

g
th

e
W

ey
l

in
eq

u
ality

(W
ey

l,
1912)

an
d

n
ovel

K
ron

ecker
m

eth
o
d
s.

In
ad

d
ition

w
e

in
te-

g
ra

te
o
u
r

ap
p
roach

in
to

th
e

recen
t

K
IS

S
-G

P
fram

ew
ork

(W
ilson

an
d

N
ick

isch
,

2015).
T

h
e

resu
ltin

g
ap

p
roach

is
th

e
fi
rst

scalab
le

G
au

ssia
n

p
ro

cess
m

u
ltid

im
en

sio
n
al

ch
an

ge-
p

o
in

t
m

o
d
el.

6
.

D
escrib

e
a

n
ov

elin
itialization

m
eth

o
d

for
sp

ectralm
ix

tu
re

k
ern

els
(W

ilson
an

d
A

d
am

s,
2
01

3
)

b
y

fi
ttin

g
a

G
au

ssian
m

ix
tu

re
m

o
d
el

to
th

e
F

ou
rier

tran
sform

o
f

th
e

d
ata.

T
h
is

m
eth

o
d

p
rov

id
es

go
o
d

startin
g

valu
es

for
h
y
p

erp
aram

eters
of

ex
p
ressive

station
ary

kern
els,

a
llow

in
g

for
su

ccessfu
l

op
tim

ization
over

a
m

u
ltim

o
d
al

p
aram

eter
sp

ace.

7
.

D
em

o
n
strate

th
at

th
e

G
P

C
S

ap
p
roa

ch
is

rob
u
st

to
m

issp
ecifi

cation
,
an

d
au

tom
atically

d
isco

u
ra

g
es

ex
tran

eou
s

m
o
d
el

com
p
lex

ity,
lead

in
g

to
th

e
d
iscovery

o
f

in
terp

reta
b
le

g
en

era
tive

h
y
p

oth
eses

for
th

e
d
ata.

8
.

P
erfo

rm
cou

n
terfactu

al
p
red

iction
in

com
p
lex

real
w

orld
d
ata

w
ith

p
osterio

r
m

ean
a
n
d

cova
rian

ce
estim

ates
for

each
p

oin
t

in
th

e
in

p
u
t

d
om

ain
.

9
.

U
se

G
P

C
S

for
d
iscoverin

g
an

d
ch

aracterizin
g

con
tin

u
ou

s
ch

an
ges

in
la

rge
ob

servation
al

d
a
ta

.
W

e
d
em

on
strate

ou
r

ap
p
ro

ach
on

a
recen

tly
released

p
u
b
lic

h
ealth

d
ataset

p
rov

id
in

g
n
ew

in
sigh

t
th

at
su

ggests
h
ow

th
e

eff
ect

of
th

e
1963

m
ea

sles
vaccin

e
m

ay
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H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
isc

h
,
a
n
d

W
il
so

n

h
ave

varied
over

sp
ace

an
d

tim
e

in
th

e
U

n
ited

S
tates.

A
d
d
itio

n
ally,

w
e

ap
p
ly

th
e

m
o
d
el

to
req

u
ests

for
lead

testin
g

k
its

in
N

ew
Y

ork
C

ity
from

2014-2016.
T

h
e

resu
lts

illu
strate

d
istin

ct
sp

atial
p
attern

s
in

in
creased

con
cern

ab
ou

t
lead

-ta
in

ted
w

ater.

1
.2

.
O

u
tlin

e

T
h
e

p
ap

er
is

d
iv

id
ed

in
to

th
ree

m
ain

u
n
its.

S
ection

2
form

ally
in

tro
d
u
ces

th
e

n
otion

of
ch

an
ge

su
rfaces

as
a

m
u
ltid

im
en

sion
al,

ex
-

p
ressive

gen
eralization

of
ch

an
gep

oin
ts.

W
e

d
iscu

ss
a

varian
t

of
ch

an
ge

su
rfaces

in
section

2.1
an

d
d
etail

h
ow

to
u
se

ch
an

ge
su

rfaces
for

cou
n
terfactu

al
p
red

iction
in

section
2.2.

T
h
e

d
iscu

ssion
of

ch
an

ge
su

rfaces
in

th
is

u
n
it

is
m

eth
o
d
-agn

ostic,
an

d
sh

o
u
ld

b
e

relevan
t

to
ex

p
erts

from
a

w
id

e
variety

of
statistical

an
d

m
ach

in
e

learn
in

g
d
iscip

lin
es.

W
e

em
p
h
asize

th
e

n
ov

el
con

trib
u
tion

of
th

is
fram

ew
ork

to
th

e
gen

eral
fi
eld

of
ch

an
ge

d
etection

.
S
ection

3
p
resen

ts
th

e
G

au
ssian

P
ro

cess
C

h
an

ge
S
u
rface

(G
P

C
S
)

as
a

scalab
le

m
eth

o
d

for
ch

an
ge

su
rface

m
o
d
elin

g.
W

e
rev

iew
G

au
ssian

p
ro

cess
b
asics

in
section

3.1.
W

e
sp

ecify
th

e
G

P
C

S
m

o
d
el

in
section

3.2.
C

ou
n
terfactu

al
p
red

iction
s

w
ith

G
P

C
S

a
re

d
erived

in
section

3.3.
S
calab

le
in

feren
ce

u
sin

g
n
ovel

K
ron

ecker
m

eth
o
d
s

are
p
resen

ted
in

sectio
n

3.4,
an

d
w

e
d
escrib

e
a

n
ovel

in
itializatio

n
tech

n
iq

u
e

for
ex

p
ressiv

e
G

au
ssian

p
ro

cess
kern

els
in

section
3.5.

S
ection

4
d
em

on
strates

G
P

C
S

on
o
u

t-o
f-cla

ss
n
u
m

erical
d
ata

an
d

com
p
lex

sp
atio-

tem
p

oral
d
ata.

W
e

d
escrib

e
ou

r
n
u
m

erical
setu

p
in

section
4.1

p
resen

tin
g

resu
lts

for
p

oste-
rior

p
red

iction
,

ch
an

ge
su

rface
id

en
tifi

cation
,

an
d

cou
n
terfa

ctu
al

p
red

iction
.

W
e

p
resen

t
a

on
e-d

im
en

sion
al

ap
p
lication

of
G

P
C

S
on

coal
m

in
in

g
d
ata

in
sectio

n
4.2

in
clu

d
in

g
a

com
-

p
arison

to
state-of-th

e-art
ch

an
gep

oin
t

m
eth

o
d
s.

M
ov

in
g

to
sp

atio-tem
p

oral
d
ata,

w
e

ap
p
ly

G
P

C
S

to
m

o
d
el

req
u
ests

for
lead

testin
g

k
its

in
N

ew
Y

ork
C

ity
in

section
4.3

an
d

d
iscu

ss
th

e
p

olicy
relevan

t
con

clu
sion

s.
A

d
d
ition

ally,
w

e
u
se

G
P

C
S

to
m

o
d
el

m
easles

in
cid

en
ce

in
th

e
U

n
ited

S
tates

in
section

4.4
an

d
d
iscu

ss
scien

tifi
cally

relevan
t

in
sigh

ts.
F

in
ally,

w
e

con
clu

d
e

w
ith

su
m

m
ary

rem
ark

s
in

section
5
.

2
.
C
h
a
n
g
e
su

rfa
ce

s

In
h
u
m

an
sy

stem
s

an
d

scien
tifi

c
p
h
en

om
en

a
w

e
a
re

often
con

fron
ted

w
ith

ch
an

ges
o
r

p
er-

tu
rb

ation
s

w
h
ich

m
ay

n
ot

im
m

ed
iately

d
isru

p
t

an
en

tire
sy

stem
.

In
stead

,
ch

an
ges

su
ch

as
p

olicy
in

terven
tion

s
an

d
n
atu

ral
d
isasters

take
tim

e
to

aff
ect

d
eep

ly
in

grain
ed

h
ab

its
or

trick
le

th
rou

gh
a

com
p
lex

b
u
reau

cracy.
T

h
e

d
y
n
am

ics
of

th
ese

ch
an

ges
are

n
on

-triv
ia

l,
w

ith
sop

h
isticated

d
istrib

u
tion

s,
rates,

an
d

in
ten

sity
fu

n
ction

s.
U

sin
g

ex
p
ressiv

e
m

o
d
els

to
fu

lly
ch

aracterize
su

ch
ch

an
ges

is
essen

tial
fo

r
accu

rate
p
red

iction
s

an
d

scien
tifi

cally
m

ean
in

gfu
l

resu
lts.

F
or

ex
am

p
le,

in
th

e
sp

atio-tem
p

oral
d
om

ain
,

ch
an

ges
are

often
h
eterogen

eo
u
sly

d
istrib

u
ted

across
sp

ace
an

d
tim

e.
C

ap
tu

rin
g

th
e

com
p
lex

ity
of

th
ese

ch
an

ges
p
rov

id
es

u
sefu

l
in

sigh
ts

for
fu

tu
re

p
olicy

m
ak

ers
en

ab
lin

g
th

em
to

b
etter

target
or

stru
ctu

re
p

olicy
in

terven
tion

s.
In

ord
er

to
p
rov

id
e

th
e

ex
p
ressive

ca
p
ab

ility
for

su
ch

m
o
d
els,

w
e

in
tro

d
u
ce

th
e

n
otion

of
a

ch
a
n

ge
su

rfa
ce

as
a

gen
eralization

of
ch

an
gep

oin
ts.

W
e

assu
m

e
d
ata

are
(x
,y

),
w

h
ere

x
=
{
x
1 ,...,x

n },x
i
∈

R
D

,
are

in
p
u
ts

or
covariates,

an
d
y

=
{
y
1 ,...,y

n }
,
y
i
∈

R
,

are
ou

tp
u
ts

or
resp

on
se

variab
les

in
d
ex

ed
b
y
x

.
A

ch
an

ge
su

rface
d
efi

n
es

tran
sition

s
b

etw
een

laten
t

fu
n
ction

s
f
1 ,...,f

r
d
efi

n
in

g
r

regim
es

in
th

e
d
ata.

U
n
lik

e
w

ith
ch

an
gep

oin
ts,

w
e
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C
h
a
n
g
e
S
u
r
fa

c
e
s

d
o

n
ot

re
q
u
ir

e
th

at
th

e
tr

an
si

ti
on

s
b

e
d
is

cr
et

e.
In

st
ea

d
w

e
d
efi

n
e
r

w
ar

p
in

g
fu

n
ct

io
n
s

s(
x

)
=

[s
1
(x

),
..
.,
s r

(x
)]

w
h
er

e
s i

(x
)

:
R
D
→

[0
,1

],
w

h
ic

h
h
av

e
su

p
p

or
t

ov
er

th
e

en
ti

re
d
om

ai
n

of
x

.
Im

p
or

ta
n
tl

y,
th

es
e

w
ar

p
in

g
fu

n
ct

io
n
s

h
av

e
an

in
d
u
ct

iv
e

b
ia

s
to

w
ar

d
s
{0
,1
}

cr
ea

ti
n
g

a
so

ft
m

u
tu

al
ex

cl
u
si

v
it

y
b

et
w

ee
n

th
e

fu
n
ct

io
n
s.

W
e

d
efi

n
e

th
e

ca
n
on

ic
al

fo
rm

of
a

ch
an

ge
su

rf
ac

e
as

y
(x

)
=
s 1

(x
)f

1
(x

)
+
··
·+

s r
(x

)f
r
(x

)
+
ε

s.
t. r ∑ i=
1

s i
(x

)
=

1

s i
(x

)
≥

0

(1
)

w
h
er

e
ε(
x

)
is

n
oi

se
.

E
ac

h
s i

(x
)

d
efi

n
es

h
ow

th
e

co
ve

ra
ge

of
f i

(x
)

va
ri

es
ov

er
th

e
in

p
u
t

d
om

ai
n
.

W
h
er

e
s i

(x
)
≈

1,
f i

(x
)

d
om

in
at

es
an

d
p
ri

m
ar

il
y

d
es

cr
ib

es
th

e
re

la
ti

on
sh

ip
b

et
w

ee
n

x
an

d
y
.

In
ca

se
s

w
h
er

e
th

er
e

is
n
o
i

su
ch

th
at
s i

(x
)
≈

1,
a

n
u
m

b
er

of
fu

n
ct

io
n
s

ar
e

d
o
m

in
an

t
in

d
efi

n
in

g
th

e
re

la
ti

on
sh

ip
b

et
w

ee
n
x

an
d
y
.

S
in

ce
s(
x

)
h
as

a
st

ro
n
g

in
d
u
ct

iv
e

b
ia

s
to

w
ar

d
s

1
or

0,
th

e
re

gi
on

s
w

it
h

m
u
lt

ip
le

d
om

in
an

t
fu

n
ct

io
n
s

ar
e

tr
an

si
to

ry
an

d
of

te
n

th
e

a
re

as
of

in
te

re
st

.
T

h
er

ef
or

e,
w

e
ca

n
in

te
rp

re
t

h
ow

th
e

ch
an

ge
su

rf
ac

e
d
ev

el
op

s
an

d
w

h
er

e
d
iff

er
en

t
re

gi
m

es
d
om

in
at

e
b
y

ev
al

u
at

in
g

ea
ch

s(
x

)
ov

er
th

e
in

p
u
t

d
om

ai
n
.

f 1(
x)

f 2
(x
)

s 1
(x
)=
0.
5

R
eg

io
n 

of
 

si
gn

ifi
ca

nt
 

ch
an

ge
 

F
ig

u
re

1:
T

w
o-

d
im

en
si

on
al

d
ep

ic
ti

on
of

th
e

ch
an

ge
su

rf
ac

e
m

o
d
el

w
h
er

e
f 1

(x
)

is
d
ra

w
n

in
or

an
ge

an
d
f 2

(x
)

is
d
ra

w
n

in
b
lu

e.
T

h
e

re
gi

on
in

p
u
rp

le
d
ep

ic
ts

an
a
re

a
of

tr
an

si
ti

on
b

et
w

ee
n

th
e

tw
o

fu
n
ct

io
n
s.

T
h
e

d
as

h
ed

li
n
e

re
p
re

se
n
ts

th
e

d
om

a
in

w
h
er

e
s 1

(x
)

=
0.

5.

F
ig

u
re

1
d
ep

ic
ts

a
tw

o-
d
im

en
si

on
al

ch
an

ge
su

rf
ac

e
m

o
d
el

w
h
er

e
la

te
n
t
f 1

(x
)

is
d
ra

w
n

in
or

an
ge

an
d

la
te

n
t
f 2

(x
)

is
d
ra

w
n

in
b
lu

e.
In

th
o
se

ar
ea

s
th

e
fi
rs

t
w

ar
p
in

g
fu

n
ct

io
n
,
s 1

(x
),

is
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H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
is
c
h
,
a
n
d

W
il
so

n

n
ea

rl
y

1
an

d
0

re
sp

ec
ti

ve
ly

.
T

h
e

re
gi

on
in

p
u
rp

le
d
ep

ic
ts

an
ar

ea
of

tr
an

si
ti

o
n

b
et

w
ee

n
th

e
tw

o
fu

n
ct

io
n
s.

W
e

w
ou

ld
ex

p
ec

t
th

at
s 1

(x
)
≈

0.
5

in
th

is
re

gi
on

si
n
ce

b
o
th

la
te

n
t

fu
n
ct

io
n
s

ar
e

ac
ti

v
e.

In
m

an
y

ap
p
li
ca

ti
on

s
w

e
ca

n
im

ag
in

e
th

at
a

la
te

n
t

b
ac

k
gr

ou
n
d

fu
n
ct

io
n
,
f 0

(x
),

ex
is

ts
th

at
is

co
m

m
on

to
al

l
d
at

a
re

gi
m

es
.

O
n
e

co
u
ld

re
p
a
ra

m
et

ri
ze

th
e

m
o
d
el

in
E

q
.

(1
)

b
y

le
tt

in
g

ea
ch

la
te

n
t

re
gi

m
e

b
e

a
su

m
of

tw
o

fu
n
ct

io
n
s:

f 0
(x

)
+
f i

(x
).

T
h
u
s

ea
ch

re
g
im

e
co

m
p
ar

tm
en

ta
li
ze

s
in

to
f 0

(x
),

a
co

m
m

on
b
ac

k
gr

ou
n
d

fu
n
ct

io
n
,

an
d
f i

(x
),

a
re

g
im

e-
sp

ec
ifi

c
la

te
n
t

fu
n
ct

io
n
.

T
h
is

p
ro

v
id

es
a

ge
n
er

al
iz

ed
ch

an
ge

su
rf

ac
e

m
o
d
el

,

y
(x

)
=
f 0

(x
)

+
s 1

(x
)f

1
(x

)
+
··
·+

s r
(x

)f
r
(x

)
+
ε(
x

).
(2

)

et
ev

en
w

it
h

th
e
f 0

(x
)

b
ac

k
gr

ou
n
d

fu
n
ct

io
n
,

th
e

in
d
u
ct

iv
e

b
ia

s
to

w
ar

d
s
{0
,1
}

is
st

il
l

cr
it

ic
a
l

to
en

su
re

th
at

ea
ch

fu
n
ct

io
n

in
th

e
ch

an
ge

su
rf

ac
e

m
o
d
el

s
a

d
is

ti
n
ct

re
g
im

e
in

th
e

d
a
ta

.
A

t
th

e
b

ou
n
d
ar

y
w

h
en

s i
(x

)
is

0
or

1
fo

r
an

y
x

th
en

th
e

m
o
d
el

d
es

cr
ib

es
d
is

cr
et

e
m

u
lt

iv
a
ri

a
te

ch
an

ge
p

oi
n
ts

(s
ee

m
or

e
ab

ou
t

co
m

p
ar

in
g

ch
an

g
e

su
rf

ac
es

to
ch

an
ge

p
oi

n
ts

in
th

e
se

ct
io

n
b

el
ow

).
A

lt
er

n
at

iv
el

y,
w

h
en

s i
(x

)
is

a
co

n
st

an
t

va
lu

e
fo

r
al

l
x

th
en

th
e

m
o
d
el

d
es

cr
ib

es
a

co
n
st

an
t

m
ix

tu
re

w
it

h
ou

t
ch

an
ge

re
gi

on
s.

C
h
an

ge
su

rf
ac

es
ca

n
b

e
co

n
si

d
er

ed
p
ar

ti
cu

la
r

ty
p

es
of

a
d
a
p
ti

ve
m

ix
tu

re
m

o
d
el

s
(e

.g
.,

W
il
so

n
et

al
.,

20
12

),
w

h
er

e
s(
x

)
ar

e
m

ix
tu

re
w

ei
gh

ts
in

a
si

m
p
le

x
th

at
h
av

e
a

st
ro

n
g

in
-

d
u
ct

iv
e

b
ia

s
to

w
ar

d
s

d
is

cr
et

iz
at

io
n
.

T
h
er

e
ar

e
m

u
lt

ip
le

w
ay

s
to

in
d
u
ce

th
is

b
ia

s
to

w
a
rd

s
d
is

cr
et

iz
at

io
n
.

F
or

ex
am

p
le

,
on

e
ca

n
ch

o
os

e
w

ar
p
in

g
fu

n
ct

io
n
s
s(
x

)
w

h
ic

h
h
av

e
sh

a
rp

tr
a
n
-

si
ti

on
s

b
et

w
ee

n
0

an
d

1,
su

ch
as

th
e

lo
gi

st
ic

si
gm

oi
d

fu
n
ct

io
n
.

W
it

h
m

u
lt

ip
le

fu
n
ct

io
n
s,

r
≥

2,
w

e
ca

n
al

so
ex

p
li
ci

tl
y

p
en

al
iz

e
th

e
w

ar
p
in

g
fu

n
ct

io
n
s

fr
om

h
av

in
g

si
m

il
a
r

va
lu

es
.

S
in

ce
ea

ch
of

th
es

e
w

ar
p
in

g
fu

n
ct

io
n
s

ar
e

co
n
st

ra
in

ed
to

b
e

in
[0
,1

]
th

is
p

en
a
lt

y
w

o
u
ld

te
n
d

m
ov

e
th

ei
r

va
lu

es
to

w
ar

d
s

0
or

1.
M

or
e

ge
n
er

al
ly

,
in

th
e

ca
se

of
m

u
lt

ip
le

fu
n
ct

io
n
a
l

re
g
im

es
,

w
e

ca
n

p
en

al
iz

e
s(
x

)
fr

om
b

ei
n
g

fa
r

fr
om
{0
,1
}.

F
or

ex
am

p
le

,
w

e
co

u
ld

p
la

ce
a

p
ri

o
r

ov
er

s(
x

)
w

it
h

a
h
ea

v
y

w
ei

gh
t

on
1

an
d

0
.

C
o
m

p
a
ri

so
n

to
ch

a
n

g
e
p

o
in

t
m

o
d

e
ls

:
T

h
e

fl
ex

ib
il
it

y
of
s(
x

)
d
efi

n
es

th
e

co
m

p
le

x
it

y
o
f

th
e

ch
an

ge
su

rf
ac

e.
In

th
e

si
m

p
le

st
ca

se
,
x
i
∈
R
1
,s

(x
)
∈
{0
,1
},

a
n
d

th
e

ch
a
n
g
e

su
rf

a
ce

re
-

d
u
ce

s
to

a
u
n
iv

ar
ia

te
ch

an
ge

p
oi

n
t

u
se

d
in

m
u
ch

o
f

th
e

ch
an

ge
p

oi
n
t

li
te

ra
tu

re
.

A
lt

er
n
a
ti

ve
ly

,
if

w
e

co
n
si

d
er
x
∈

R
1
,s

(x
)

=
σ

(x
)

th
e

ch
a
n
ge

su
rf

ac
e

is
a

sm
o
ot

h
u
n
iv

ar
ia

te
ch

a
n
g
ep

o
in

t
w

it
h

a
fi
x
ed

ra
te

of
ch

an
ge

.
S
u
ch

a
m

o
d
el

on
ly

p
er

m
it

s
a

m
on

ot
on

ic
ra

te
o
f

ch
a
n
g
e

a
n
d

si
n
gl

e
ch

an
ge

p
oi

n
t.

W
e

il
lu

st
ra

te
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

w
ar

p
in

g
fu

n
ct

io
n
s,
s(
x

),
of

a
ch

a
n
g
e

su
rf

a
ce

m
o
d
el

an
d

st
an

d
ar

d
ch

an
ge

p
oi

n
t

m
et

h
o
d
s

in
F

ig
u
re

2.
T

h
e

to
p

p
lo

t
sh

ow
s

u
n
id

im
en

si
o
n
a
l

d
at

a
w

it
h

a
cl

ea
r

ch
an

ge
b

et
w

ee
n

tw
o

si
n
u
so

id
s.

T
h
e

su
b
se

q
u
en

t
p
lo

ts
re

p
re

se
n
t

th
e

ch
a
n
g
es

m
o
d
el

ed
in

a
d
is

cr
et

e
ch

an
ge

p
oi

n
t,

si
gm

oi
d

ch
an

ge
p

oi
n
t,

an
d

ch
an

ge
su

rf
ac

e
m

o
d
el

re
sp

ec
-

ti
ve

ly
.

T
h
e

ch
an

ge
p

oi
n
t

m
o
d
el

ca
n

on
ly

id
en

ti
fy

a
ch

an
ge

at
a

p
oi

n
t

in
ti

m
e,

a
n
d

th
e

si
g
m

oi
d

ch
an

ge
p

oi
n
t

is
a

sp
ec

ia
l

ca
se

of
a

ch
an

ge
su

rf
ac

e
co

n
st

ra
in

ed
to

a
fi
x
ed

ra
te

of
ch

a
n
g
e.

H
ow

-
ev

er
,

a
ge

n
er

al
ch

an
ge

su
rf

ac
e

ca
n

m
o
d
el

gr
ad

u
a
l
ch

an
ge

s
as

w
el

l
a
s

n
on

-m
on

o
to

n
ic

ch
a
n
g
es

,
p
ro

v
id

in
g

a
m

u
ch

ri
ch

er
re

p
re

se
n
ta

ti
on

of
th

e
d
at

a’
s

d
y
n
am

ic
s,

an
d

se
am

le
ss

ly
ex

te
n
d
in

g
to

m
u
lt

id
im

en
si

on
al

d
at

a.

E
x
p
re

ss
iv

e
ch

an
ge

su
rf

ac
es

co
n
si

d
er

re
gi

m
es

as
ov

er
la

p
p
in

g
el

em
en

ts
in

th
e

d
o
m

a
in

.
T

h
ey

ca
n

il
lu

st
ra

te
if

ce
rt

ai
n

ch
an

ge
s

o
cc

u
r

m
or

e
sl

ow
ly

or
q
u
ic

k
ly

,
va

ry
ov

er
p
a
rt

ic
u
la

r
su

b
p

op
u
la

ti
on

s,
or

ch
an

ge
ra

p
id

ly
in

ce
rt

ai
n

re
gi

on
s

of
th

e
in

p
u
t

d
om

a
in

.
S
u
ch

in
si

g
h
ts

a
re
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C
h
a
n
g
e
S
u
r
fa

c
e
s

-1 0 1
D

ata

0

0.5 1
D

iscrete C
P
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0

0.5 1
S

ig
m

o
id

 C
P

: sig
m

o
id
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0
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C

h
an

g
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-1 0 1
D

ata

0

0.5 1
D

iscrete C
P

: I(t<T
)

0

0.5 1
S

ig
m

o
id

 C
P

: sig
m

o
id

(t-T
)

0

0.5 1
C

h
an

g
e su

rface: s(t)

F
ig

u
re

2:
U

n
id

im
en

sion
al

com
p
arison

of
ch

an
gep

oin
t

an
d

ch
an

ge
su

rface
m

eth
o
d
s.

In
each

co
lu

m
n
,

th
e

to
p

p
lot

sh
ow

s
u
n
id

im
en

sion
a
l

d
ata

w
ith

a
clear

ch
an

ge
b

etw
een

tw
o

sin
u
soid

s.
T

h
e

su
b
seq

u
en

t
p
lots

rep
resen

t
th

e
w

arp
in

g
fu

n
ction

s
of

a
d
iscrete

ch
an

gep
oin

t,
sigm

oid
ch

a
n
g
ep

o
in

t,
a
n
d

ch
an

ge
su

rface
m

o
d
el.

n
o
t

p
rov

id
ed

b
y

stan
d
ard

ch
an

gep
oin

t
m

o
d
els

b
u
t

are
critical

for
u
n
d
erstan

d
in

g
p

olicy
in

-
terven

tio
n
s

or
scien

tifi
c

p
ro

cesses.
T

ab
le

1
com

p
ares

som
e

of
th

e
lim

itation
s

of
ch

an
gep

oin
ts

w
ith

th
e

a
d
d
ed

fl
ex

ib
ility

of
ch

an
ge

su
rfaces.

T
a
b
le

1
:

C
om

p
arison

of
ch

an
gep

oin
t

lim
itation

s
to

ch
an

ge
su

rface
fl
ex

ib
ility.

C
h

a
n

g
e
p

o
in

ts
lim

ite
d

b
y
:

C
h

a
n

g
e

su
rfa

c
e
s

a
llo

w
fo

r:

C
o
n
sid

erin
g

u
n
id

im
en

sion
al,

often
tem

p
o
ra

l-o
n
ly

p
rob

lem
s

M
u
ltid

im
en

sion
al

in
p
u
ts

w
ith

h
eterogen

eou
s

ch
an

ges
across

th
e

in
p
u
t

d
im

en
sion

s.
In

d
eed

,
w

e
ap

p
ly

ch
an

g
e

su
rfaces

to
3-d

im
en

sion
al,

sp
atio-

tem
p

oral
p
rob

lem
s

in
section

4.

D
etectin

g
d
iscrete

or
n
ear-d

iscrete
ch

a
n
g
es

in
p
a
ram

eter
d
istrib

u
tion

W
a
rp

in
g

fu
n
ction

s,
s(x

),
ca

n
b

e
d
efi

n
ed

fl
ex

i-
b
ly

to
allow

fo
r

d
iscrete

or
con

tin
u
ou

s
ch

an
ges

w
ith

variab
le,

an
d

even
n
on

-m
o
n
oton

ic
rates

of
ch

an
ge.

N
o
t

sim
u
lta

n
eou

sly
m

o
d
elin

g
th

e
la-

ten
t

fu
n
ctio

n
al

regim
es

L
earn

in
g
s
i (x

)
an

d
f
i (x

)
in

E
q
u
atio

n
(1)

to
si-

m
u
ltan

eou
sly

m
o
d
el

th
e

ch
an

ge
su

rfa
ce

a
n
d

u
n
-

d
erly

in
g

fu
n
ction

al
regim

es.

Y
et

th
e

fl
ex

ib
ility

req
u
ired

b
y

ch
an

ge
su

rfaces
as

ap
p
lied

to
real

d
ata

sets
m

igh
t

seem
d
iffi

cu
lt

to
in

stan
tiate

w
ith

an
y

p
articu

lar
m

o
d
el.

In
d
eed

,
m

ach
in

e
learn

in
g

m
eth

o
d
s

are

7
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L
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H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
isc

h
,
a
n
d

W
il
so

n

often
d
esired

to
b

e
ex

p
ressive,

in
terp

retab
le,

an
d

scala
b
le

to
la

rge
d
ata.

T
o

ad
d
ress

th
is

ch
allen

ge
w

e
in

tro
d
u
ce

th
e

G
au

ssian
P

ro
cess

C
h
an

ge
S
u
rface

(G
P

C
S
)

in
section

3
w

h
ich

u
ses

G
au

ssian
p
ro

cess
p
riors

w
ith

fl
ex

ib
le

kern
els

to
p
rov

id
e

rich
m

o
d
elin

g
cap

a
b
ility,

an
d

a
n
ovel

scalab
le

in
feren

ce
sch

em
e

to
p

erm
it

th
e

m
eth

o
d

to
scale

to
m

assive
d
ata.

2
.1

.
C

h
a
n

g
e

su
rfa

c
e

b
a
ck

g
ro

u
n

d
m

o
d

e
l

In
certain

ap
p
lication

s
w

e
are

in
terested

in
m

o
d
elin

g
h
ow

a
ch

an
ge

o
ccu

rs
con

cu
rren

t
w

ith
a

b
ack

grou
n
d

fu
n
ction

w
h
ich

is
com

m
on

to
all

regim
es.

F
or

ex
am

p
le,

con
sid

er
u
rb

an
crim

e.
If

a
p

olice
d
ep

artm
en

t
staged

a
p
rolon

ged
in

terven
tion

in
on

e
sector

of
th

e
city,

w
e

ex
p

ect
th

at
som

e
of

th
e

crim
e

d
y
n
am

ics
in

th
at

sector
m

igh
t

ch
an

ge.
H

ow
ever,

season
al

an
d

oth
er

w
eath

er-related
p
attern

s
m

ay
rem

ain
th

e
sam

e
th

rou
gh

ou
t

th
e

en
tire

city.
In

th
is

case
w

e
w

an
t

a
m

o
d
el

to
id

en
tify

an
d

isolate
th

ose
gen

eral
b
ack

grou
n
d

p
attern

s
as

w
ell

as
on

e
or

m
ore

clearly
in

terp
retab

le
fu

n
ction

s
rep

resen
tin

g
region

s
of

ch
an

ge
from

th
e

b
ack

grou
n
d

d
istrib

u
tion
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n
ce

o
f

a
ll

o
th

er
la

te
n
t

fu
n
ct

io
n
s.

W
e

ca
n

co
m

p
u
te

co
u
n
te

rf
ac

tu
al

es
ti

m
at

es
fo

r
la

te
n
t

fu
n
ct

io
n
s

in
ei

th
er

th
e

re
gu

la
r

ch
an

ge
su

rf
ac

e
m

o
d
el

or
th

e
ch

an
ge

su
rf

ac
e

b
ac

k
gr

ou
n
d

m
o
d
el

.
In

th
e

la
tt

er
ca

se
,

if
r

=
2

re
ca

ll
th

at
th

e
m

o
d
el

ta
ke

s
th

e
fo

rm
y

=
f 0

(x
)

+
s 1

(x
)f

1
(x

)
+
ε.

D
et

er
m

in
in

g
th

e
co

u
n
te

rf
ac

tu
al

fo
r
f 0

(x
)

p
ro

v
id

es
an

es
ti

m
at

e
fo

r
th

e
d
at

a
w

it
h
o
u
t

th
e

d
et

ec
te

d
ch

a
n
g
e,

w
h
il
e

th
e

co
u
n
te

rf
ac

tu
al

fo
r
f 1

(x
)

es
ti

m
at

es
th

e
eff

ec
t

of
th

a
t

ch
an

ge
ac

ro
ss

th
e

en
ti

re
re

g
im

e.

f 1(
x)

f 2
(x
)

f 1(
X
)

F
ig

u
re

4:
T

w
o-

d
im

en
si

on
al

d
ep

ic
ti

on
of

ch
a
n
ge

su
rf

ac
e

co
u
n
te

rf
ac

tu
al

p
re

d
ic

ti
o
n
.

T
h
e

le
ft

p
an

el
il
lu

st
ra

te
s

th
e

ch
an

ge
su

rf
ac

e
of

F
ig

u
re

1.
T

h
e

ri
gh

t
im

ag
e

d
ep

ic
ts

th
e

co
u
n
te

rf
a
ct

u
a
l

of
f 1

ov
er

th
e

en
ti

re
d
om

ai
n
,
X

,
re

p
re

se
n
ti

n
g

w
h
at

th
e

ob
se

rv
ed

d
at

a
co

u
ld

lo
o
k

li
ke

in
th

e
a
bs

en
ce

of
an

in
te

rv
en

ti
on

.
T

h
e

d
ar

ke
r

sh
ad

in
g

of
th

e
p
ic

tu
re

d
ep

ic
ts

la
rg

er
p

o
st

er
io

r
u
n
ce

rt
ai

n
ty

.

F
or

ex
am

p
le

,
F

ig
u
re

4
d
ep

ic
ts

th
e

co
u
n
te

rf
ac

tu
al

of
f 1

fr
om

F
ig

u
re

1,
w

h
er

e
f 1

is
p
re

-
d
ic

te
d

ov
er

th
e

en
ti

re
re

gi
m

e,
X

.
T

h
e

d
ar

k
er

sh
ad

in
g

of
th

e
p
ic

tu
re

d
ep

ic
ts

la
rg

er
p

o
st

er
io

r
u
n
ce

rt
ai

n
ty

.
A

s
w

e
m

ov
e

to
w

ar
d

th
e

ri
gh

t
p

or
ti

on
of

th
e

p
lo

t,
aw

ay
fr

om
d
at

a
re

g
io

n
s

w
h
er

e
f 1

w
as

ac
ti

ve
,

w
e

h
av

e
gr

ea
te

r
u
n
ce

rt
ai

n
ty

in
ou

r
co

u
n
te

rf
ac

tu
a
l

p
re

d
ic

ti
on

s.

1
0

JM
L

R
 2

0(
99

):
1-

51
, 2

01
9



C
h
a
n
g
e
S
u
r
fa

c
e
s

C
o
m

p
u
tin

g
cou

n
terfactu

als
for

each
f
i (x

)
p
rov

id
es

in
sigh

t
in

to
th

e
eff

ect
of

a
ch

a
n
ge

o
n

th
e

va
rio

u
s

regim
es.

W
h
en

com
b
in

ed
w

ith
d
om

ain
ex

p
ertise,

th
ese

m
o
d
els

m
ay

also
b

e
u
sefu

l
for

estim
atin

g
th

e
treatm

en
t

eff
ect

of
sp

ecifi
c

variab
les.

A
d
d
ition

ally,
given

a
B

ayesia
n

fo
rm

u
lation

of
th

e
ch

an
ge

su
rface,

su
ch

as
th

at
p
rop

osed
in

section
3,

w
e

can
co

m
p
u
te

th
e

fu
ll

p
osterior

d
istrib

u
tio

n
over

th
e

cou
n
terfactu

al
p
red

iction
rath

er
th

an
ju

st
a

p
o
in

t
estim

a
te.

F
in

ally,
sin

ce
ch

an
ge

su
rfaces

m
o
d
el

a
ll

d
ata

p
oin

ts
as

a
co

m
b
in

ation
of

la
ten

t
fu

n
ctio

n
s,

w
e

d
o

n
ot

assu
m

e
th

at
ob

served
d
ata

com
es

from
a

p
articu

la
r

trea
tm

en
t

o
r

co
n
tro

l.
R

a
th

er
w

e
learn

th
e

con
trib

u
tion

of
each

fu
n
ction

al
regim

e
to

each
d
ata

p
oin

t.

S
om

e
sim

p
le

ch
an

gep
oin

t
m

o
d
els

cou
ld

,
in

th
eory,

p
rov

id
e

th
e

ab
ility

for
cou

n
terfactu

al
p
red

ictio
n

b
etw

een
regim

es.
B

u
t

sin
ce

ch
a
n
gep

oin
t

m
o
d
els

con
sid

er
each

reg
im

e
eith

er
com

-
p
letely

o
r

n
ea

rly
in

d
ep

en
d
en

tly
of

oth
er

regim
es,

th
ere

is
n
o

in
form

ation
sh

ared
b

etw
een

reg
im

es.
T

h
is

lack
of

in
form

ation
sh

arin
g

across
regim

es
m

akes
accu

rate
cou

n
terfa

ctu
al

p
re-

d
ictio

n
ch

a
llen

g
in

g
w

ith
ou

t
stron

g
assu

m
p
tion

s
ab

ou
t

th
e

d
ata

gen
eratin

g
p
ro

cess.
In

d
eed

,
to

o
u
r

k
n
ow

led
g
e

th
ere

is
n
o

p
rev

iou
s

literatu
re

u
sin

g
ch

an
gep

oin
t

m
o
d
els

for
cou

n
terfactu

al
p
red

ictio
n
.

A
ssu

m
p

tio
n

s
in

ch
a
n

g
e

su
rfa

c
e

c
o
u

n
te

rfa
c
tu

a
ls:

C
h
an

ge
su

rface
m

o
d
els

id
en

tify
ch

a
n
g
in

g
d
a
ta

d
y
n
am

ics
w

ith
ou

t
ex

p
licitly

con
sid

erin
g

in
terven

tion
lab

els.
In

stead
,

cou
n
-

terfa
ctu

a
ls

of
th

e
fu

n
ction

al
regim

es
are

com
p
u
ted

w
ith

resp
ect

to
th

e
ch

an
ge

su
rface

lab
els,

s(x
).

T
h
u
s

th
ese

cou
n
terfactu

als
estim

ate
th

e
valu

e
of

fu
n
ction

al
regim

es
in

th
e

ab
sen

ce
of

th
o
se

ch
a
n
g
es

b
u
t

d
o

n
ot

n
ecessarily

rep
resen

t
cou

n
terfa

ctu
al

estim
ates

of
an

y
p
articu

lar
va

ria
b
le.

T
h
e

in
terp

retation
of

th
ese

cou
n
terfactu

als
as

estim
ates

for
each

fu
n
ctio

n
al

reg
im

e
in

th
e

a
b
sen

ce
of

a
sp

ecifi
c

k
n
ow

n
in

terven
tion

req
u
ires

id
en

tifi
cation

of
th

e
correct

ch
an

ge
su

rfa
ce,

i.e.:

•
T

h
e

in
terven

tion
in

d
u
ces

a
ch

an
ge

in
th

e
d
ata

gen
era

tion
p
ro

cess
th

a
t

can
n
ot

b
e

m
o
d
eled

w
ith

a
sin

gle
laten

t
fu

n
ction

al
reg

im
e.

•
T

h
e

m
a
g
n
itu

d
e

of
th

e
ch

an
ge

is
large

en
ou

gh
to

b
e

d
etected

.

•
T

h
e

ch
a
n
ge

su
rface

m
o
d
el

is
su

ffi
cien

tly
fl
ex

ib
le

to
accu

rately
ch

aracterize
th

is
ch

an
ge.

•
T

h
e

ch
a
n
ge

su
rface

m
o
d
el

d
o
es

n
ot

overfi
t

th
e

d
ata

to
erron

eou
sly

id
en

tify
a

ch
an

ge.

M
o
reover,

th
e

resu
ltin

g
cou

n
terfactu

al
estim

ates
d
o

n
ot

ru
le

ou
t

th
e

p
ossib

ility
th

at
oth

er
ch

a
n
g
es

in
th

e
d
ata

gen
eratin

g
p
ro

cess
o
ccu

r
con

tem
p

oran
eou

sly
w

ith
th

e
in

terven
tion

of
in

terest.
A

s
su

ch
,

th
ese

cou
n
terfactu

als
are

m
ost

n
atu

rally
in

terp
reted

as
estim

atin
g

w
h
at

th
e

d
a
ta

w
o
u
ld

lo
ok

like
in

th
e

ab
sen

ce
of

th
e

in
terven

tion
an

d
an

y
oth

er
con

tem
p

o
ran

eo
u
s

ch
a
n
g
es.

D
isen

tan
glin

g
th

ese
m

u
ltip

le
p

oten
tial

cau
sal

factors
w

ou
ld

req
u
ire

ad
d
ition

al
d
ata

a
b

o
u
t

b
o
th

th
e

in
terven

tion
an

d
oth

er
p

oten
tial

cau
ses.

C
h
a
n
g
e

su
rface

cou
n
terfactu

al
p
red

iction
s

can
p
rov

id
e

im
m

en
se

valu
e

in
p
ractical

set-
tin

g
s.

A
lth

o
u
g
h

in
som

e
d
atasets

ex
p
licit

in
terven

tion
la

b
els

are
availab

le,
m

an
y

ob
serva-

tio
n
al

d
a
ta

sets
d
o

n
ot

h
ave

su
ch

lab
els.

L
earn

in
g

a
ch

a
n
ge

su
rface

eff
ectively

p
rov

id
es

a
rea

l-va
lu

ed
la

b
el

th
at

can
b

e
u
sed

to
p
red

ict
cou

n
terfa

ctu
als.

E
ven

w
h
en

th
e

ap
p
rox

im
ate

b
o
u
n
d
a
ries

o
f

a
n

in
terven

tion
are

k
n
ow

n
,

ch
an

ge
su

rface
m

o
d
elin

g
can

still
p
rov

id
e

an
im

-
p

o
rta

n
t

a
d
va

n
tage

sin
ce

th
e

in
terven

tion
lab

els
m

ay
n
ot

ca
p
tu

re
th

e
tru

e
com

p
lex

ity
o
f

th
e

d
a
ta

.
F

o
r

ex
a
m

p
le,

k
n
ow

in
g

th
e

d
ate

th
at

th
e

m
ea

sles
vaccin

e
w

as
in

tro
d
u
ced

d
o
es

n
ot

1
1

JM
L

R
 20(99):1-51, 2019

H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
isc

h
,
a
n
d

W
il
so

n

accou
n
t

for
region

al
variation

in
vaccin

e
d
istrib

u
tion

an
d

u
p
tak

e
(see

section
4
.4).

B
oth

ob
-

servation
al

stu
d
ies

an
d

ran
d
om

ized
co

n
trol

trials
su

ff
er

from
p
artial

treatm
en

t
or

sp
illover,

w
h
ere

an
in

terven
tion

on
on

e
agen

t
or

reg
ion

secon
d
arily

aff
ects

a
n
o
n
-in

terven
ed

agen
t

or
region

.
F

or
ex

am
p
le,

in
creasin

g
p

olicin
g

in
on

e
area

of
th

e
city

m
ay

d
isp

lace
crim

e
from

th
e

in
terven

ed
region

to
oth

er
areas

of
th

e
city

(V
erb

itsk
y
-S

av
itz

an
d

R
au

d
en

b
u
sh

,
2012).

T
h
is

eff
ect

v
iolates

th
e

S
tab

le
U

n
it

T
reatm

en
t

V
alu

e
A

ssu
m

p
tion

,
w

h
ich

is
th

e
b
asis

for
m

an
y

estim
ation

tech
n
iq

u
es

in
econ

om
ics

(R
u
b
in

,
1986).

B
y

u
sin

g
th

e
assu

m
ed

b
ou

n
d
aries

of
an

in
terven

tion
as

a
p
rior

over
s(x

),
a

ch
an

ge
su

rface
m

o
d
el

can
d
iscover

if,
an

d
w

h
ere,

sp
illover

o
ccu

rs.
T

h
is

sp
illover

w
ill

b
e

cap
tu

red
as

a
n
on

-d
iscrete

ch
a
n
ge

an
d

can
aid

b
oth

in
in

terp
retab

ility
of

th
e

resu
lts

an
d

cou
n
terfactu

al
p
red

iction
.

In
all

th
ese

cases
ch

an
ge

su
rface

cou
n
terfactu

als
m

ay
lead

to
m

o
re

b
elievab

le
cou

n
terfactu

al
p
red

iction
s

b
y

u
sin

g
a

real
valu

ed
ch

an
ge

su
rface

to
d
irectly

m
o
d
el

sp
illover

an
d

in
terven

tion
s.

3
.
G
a
u
ssia

n
P
ro

ce
ss

C
h
a
n
g
e
S
u
rfa

ce
s
(G

P
C
S
)

W
e

ex
em

p
lify

th
e

gen
eral

con
cep

t
of

ch
an

g
e

su
rfaces

u
sin

g
G

au
ssian

p
ro

cesses
(e.g.,

R
as-

m
u
ssen

an
d

W
illiam

s,
2006).

W
e

em
p
h
asize

th
at

ou
r

ch
an

ge
su

rface
form

u
lation

s
from

section
2

are
n
ot

lim
ited

to
a

certain
class

of
m

o
d
els.

Y
et

G
au

ssian
p
ro

cesses
off

er
a

com
-

p
ellin

g
in

stan
tiation

of
ch

an
ge

su
rfaces

sin
ce

th
ey

can
fl
ex

ib
ly

m
o
d
el

n
o
n
-lin

ear
fu

n
ction

s,
seam

lessly
ex

ten
d

to
m

u
ltid

im
en

sion
al

a
n
d

irregu
larly

sam
p
led

d
ata,

an
d

p
rov

id
e

n
atu

rally
in

terp
retab

le
p
ara

m
eters.

P
erh

ap
s

m
ost

im
p

ortan
tly,

d
u
e

to
th

e
B

ay
esian

O
ccam

’s
R

a-
zor

p
rin

cip
le

(R
asm

u
ssen

an
d

G
h
ah

ram
an

i,
2001;

M
acK

ay
,

2003;
R

asm
u
ssen

an
d

W
illiam

s,
2006;

W
ilson

et
al.,

2014),
G

au
ssian

p
ro

cesses
d
o

n
ot

in
gen

eral
overfi

t
th

e
d
ata,

an
d

ex
-

tran
eou

s
m

o
d
el

com
p

on
en

ts
are

au
tom

atically
p
ru

n
ed

.
In

d
eed

,
ev

en
th

ou
gh

w
e

d
evelop

a
rich

ch
an

ge
su

rface
m

o
d
el

w
ith

m
u
ltip

le
m

ix
tu

re
p
aram

eters,
ou

r
resu

lts
b

elow
d
em

on
strate

th
at

th
e

m
o
d
el

d
o
es

n
ot

sp
u
riou

sly
id

en
tify

ch
an

ge
su

rfaces
in

d
ata.

G
au

ssian
p
ro

cesses
h
ave

b
een

p
rev

iou
sly

u
sed

for
n
on

p
aram

etric
ch

an
gep

oin
t

m
o
d
elin

g.
S
aatçi

et
al.

(2010)
ex

ten
d

th
e

seq
u
en

tial
B

ayesian
O

n
lin

e
C

h
an

gep
oin

t
D

etection
algorith

m
(A

d
am

s
an

d
M

acK
ay

,
2007)

b
y

u
sin

g
a

G
au

ssian
p
ro

cess
to

m
o
d
el

tem
p

oral
covarian

ce
w

ith
in

a
p
articu

lar
regim

e.
S
im

ilarly,
G

arn
ett

et
al.

(2009)
p
rov

id
e

G
au

ssian
p
ro

cesses
for

seq
u
en

tial
ch

an
gep

oin
t

d
etection

w
ith

m
u
tu

ally
ex

clu
sive

regim
es.

M
oreov

er,
K

esh
avarz

et
al.

(2018)
p
rov

e
asy

m
p
totic

con
v
ergen

ce
b

ou
n
d
s

for
a

class
of

G
au

ssian
p
ro

cess
ch

an
ge-

p
oin

t
d
etection

b
u
t

are
restricted

to
con

sid
erin

g
a

sin
gle

ab
ru

p
t

ch
an

ge
in

on
e-d

im
en

sion
al

d
ata.

F
o
cu

sin
g

on
an

om
aly

d
etection

,
R

eece
et

al.
(2

015)
d
evelop

a
n
on

-station
ary

kern
el

th
at

cou
ld

con
ceivab

ly
b

e
u
sed

to
m

o
d
el

a
ch

an
gep

oin
t

in
covarian

ce
stru

ctu
re.

H
ow

ev
er,

as
w

ith
m

ost
of

th
e

ch
an

gep
oin

t
m

o
d
els

d
iscu

ssed
in

section
1,

th
ese

m
o
d
els

all
fo

cu
s

on
d
iscrete

ch
an

gep
oin

ts,
w

h
ere
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n
e

each
w

arp
in

g
fu

n
ction

a
s
s
i (x

)
=
σ
i (w

(x
)).

A
n
a
tu

ra
l

ch
oice

for
fl
ex

ib
le

ch
an

ge
su

rfaces
is

to
let

σ
(z

)
b

e
th

e
softm

ax
fu

n
ction

.
In

th
is

w
ay

th
e

ch
an

ge
su

rface
can

a
p
p
rox

im
ate

a
H

eav
isid

e
step

fu
n
ctio

n
,

corresp
on

d
in

g
to

th
e

sh
a
rp

tran
sition

s
of

stan
d
ard

ch
an

gep
oin

ts,
or

m
ore

grad
u
al

ch
an

ges.
F

or
r

laten
t

fu
n
ctio

n
s,

th
e

resu
ltin

g
w

arp
in

g
fu

n
ction

is:

s
i (x

)
=
σ
i (w

(x
))

=
softm

ax
(w

(x
))
i

=
ex

p
(w

i (x
))

∑
rj=

1
ex

p
(w

j (x
))

(14)

T
h
e

G
a
u
ssia

n
p
ro

cess
ch

an
ge

su
rface

(G
P

C
S
)

m
o
d
el

is
th

u
s

y
(x

)
=
σ
1 (w

(x
))f

1 (x
)

+
···

+
σ
r (w

(x
))f

r (x
)

+
ε

(15)

w
h
ere

ea
ch
f
i

is
d
raw

n
from

a
G

au
ssian

p
ro

cess.
Im

p
ortan

tly,
w

e
ex

p
ect

th
at

each
G

au
ssian

p
ro

cess,
f
i (x

),
w

ill
h
ave

d
iff

eren
t

h
y
p

erp
aram

eter
valu

es
corresp

on
d
in

g
to

d
iff

eren
t

d
y
n
am

ics
in

th
e

va
rio

u
s

regim
es.

S
in

ce
a

su
m

of
G

au
ssian

p
ro

cesses
is

a
G

au
ssian

p
ro

cess,
w

e
can

re-w
rite

E
q
.

(1
5)

as
y
(x

)
=
f

(x
)

+
ε,

w
h
ere

f
(x

)
h
as

a
sin

gle
G

au
ssian

p
ro

cess
p
rior

w
ith

covarian
ce

fu
n
ction

,

k
(x
,x
′)

=
σ
1 (w

(x
))k

1 (x
,x
′)σ

1 (w
(x
′))

+
···

+
σ
r (w

(x
))k

r (x
,x
′)σ

r (w
(x
′))

(16)

In
th

is
fo

rm
w

e
can

see
th

at
σ
1 (w

(x
))
...σ

r (w
(x

))
in

d
u
ce

n
on

-station
arity

sin
ce

th
ey

are
d
ep

en
d
en

t
o
n

th
e

in
p
u
t
x

.
T

h
u
s,

ev
en

if
w

e
u
se

station
ary

k
ern

els
for

all
k
i ,

G
P

C
S

ob
ser-

va
tio

n
s

fo
llow

a
G

au
ssian

p
ro

cess
w

ith
a

fl
ex

ib
le,

n
on

-station
ary

kern
el.

3
.2
.1
.
D
e
sig

n
c
h
o
ic
e
s
f
o
r
w

(x
)

T
h
e

fu
n
ctio

n
al

form
of
w

(x
)

d
eterm

in
es

h
ow

ch
an

ges
can

o
ccu

r
in

th
e

d
ata,

an
d

h
ow

m
an

y
ca

n
o
ccu

r.
F

o
r

ex
am

p
le,

a
lin

ear
p
aram

etric
w

eigh
tin

g
fu

n
ctio

n
,

w
(x

)
=
β
0

+
β
T1
x

(17)

o
n
ly

p
erm

its
a

sin
gle

lin
ear

ch
an

ge
su

rface
in

th
e

d
ata.

Y
et

even
th

is
sim

p
le

m
o
d
el

is
m

ore
ex

p
ressive

th
a
n

d
iscrete

ch
an

gep
oin

ts
sin

ce
it

p
erm

its
fl
ex

ib
ility

in
th

e
ra

te
of

ch
an

ge
an

d
ex

ten
d
s

to
ch

a
n
ge

region
s

in
R
D

.

In
o
rd

er
to

d
evelop

a
gen

eral
fram

ew
ork

,
w

e
in

tro
d
u
ce

a
fl
ex

ib
le
w

(x
)

th
at

is
form

ed
as

a
fi
n
ite

su
m

o
f

R
a
n
d
om

K
itch

en
S
in

k
(R

K
S
)

featu
res

w
h
ich

m
ap

th
e
D

d
im

en
sion

al
in

p
u
t
x

to
a
n
m

d
im

en
sion

al
featu

re
sp

ace.
W

e
u
se

R
K

S
featu

res
from

a
F

ou
rier

b
asis

ex
p
an

sion
w

ith
G

a
u
ssia

n
p
aram

eters
an

d
em

p
loy

m
argin

al
lik

elih
o
o
d

op
tim

ization
to

learn
th

e
p
aram

eters
o
f

th
is

ex
p
a
n
sion

.
S
im

ilar
ex

p
an

sion
s

h
av

e
b

een
u
sed

to
effi

cien
tly

ap
p
rox

im
ate

fl
ex

ib
le

n
o
n
-p

a
ra

m
etric

G
au

ssian
p
ro

cesses
(L

ázaro-G
red

illa
et

al.,
2010;

R
ah

im
i

an
d

R
ech

t,
2007).

U
sin

g
m

R
K

S
featu

res,
w

(x
)

is
d
efi

n
ed

a
s,

w
(x

)
=

m
∑i=

1

a
i cos(ω

Ti
x
i
+
b
i )

(18)
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H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
isc

h
,
a
n
d

W
il
so

n

w
h
ere

w
e

in
itially

sam
p
le,

a
i ∼
N

(0,
σ
0

m
I
)

(19)

ω
i ∼
N

(0,
1

4π
2
Λ
−
1)

(20)

b
i ∼

U
n
iform

(0,2
π

)
(21)

In
itialization

of
h
y
p

erp
aram

eters
σ
0

an
d

d
iago

n
alm

atrix
of

len
gth

-scales,
Λ

=
d
iag(l 21 ,...,l 2D

),
is

d
iscu

ssed
in

section
3.5.

E
x
p

erts
w

ith
d
om

ain
k
n
ow

led
ge

can
sp

ecify
a

p
aram

etric
form

for
w

(x
)

oth
er

th
an

R
K

S
featu

res.
S
u
ch

sp
ecifi

cation
can

b
e

ad
van

tageou
s,

req
u
irin

g
relatively

few
,

h
igh

ly
in

-
terp

retab
le

p
aram

eters
to

op
tim

ize.
F

or
ex

am
p
le,

in
an

in
d
u
strial

settin
g

w
h
ere

w
e

are
m

o
d
elin

g
failu

re
of

p
arts

in
a

factory
w

e
cou

ld
d
efi

n
e
w

(x
)

su
ch

th
at

it
w

as
m

on
oton

ically
in

creasin
g

sin
ce

m
ach

in
e

p
arts

d
o

n
ot

self-rep
air.

T
h
is

b
ias

cou
ld

take
th

e
form

of
a

lin
-

ear
fu

n
ction

as
in

E
q
u
ation

(17).
N

ote
th

at
sin

ce
p
aram

eters
are

learn
ed

from
d
ata,

th
e

fu
n
ction

al
form

of
w

(x
)

d
o
es

n
ot

req
u
ire

p
rior

k
n
ow

led
ge

ab
o
u
t

if
or

w
h
ere

ch
a
n
ges

o
ccu

r.

3
.2
.2
.
K
e
r
n
e
l
sp

e
c
if
ic
a
t
io
n

E
ach

laten
t

fu
n
ction

is
sp

ecifi
ed

b
y

a
kern

el
w

ith
its

ow
n

set
of

h
y
p

erp
aram

eters.
B

y
d
esign

,
each

k
i

m
ay

b
e

of
a

d
iff

eren
t

form
.

F
or

ex
am

p
le,

on
e

fu
n
ction

m
ay

h
ave

a
M

atérn
kern

el,
an

oth
er

a
p

erio
d
ic

kern
el,

an
d

a
th

ird
an

ex
p

on
en

tial
kern

el.
S
u
ch

sp
ecifi

cation
is

u
sefu

l
w

h
en

d
om

ain
k
n
ow

led
ge

p
rov

id
es

in
sigh

t
in

to
th

e
covarian

ce
stru

ctu
re

of
th

e
variou

s
regim

es.

In
ord

er
to

m
ain

tain
m

ax
im

al
gen

erality
an

d
ex

p
ressiv

ity,
w

e
d
evelop

G
P

C
S

u
sin

g
m

u
l-

tid
im

en
sion

al
sp

ectral
m

ix
tu

re
kern

els
(W

ilson
an

d
A

d
a
m

s,
2013)

w
h
ere

x
∈
R
D

.

k
S
M

(x
,x
′)

=

Q
∑q
=
1

ω
q

cos(2
π

(x
−
x
′)
T
µ
q )

D∏d
=
1

ex
p
(−

2
π
2(x

(d
)−

x
′(d

))
2v

(d
)

q
)

(22)

T
h
is

kern
el

is
d
eriv

ed
v
ia

sp
ectral

d
en

sities
th

at
are

scale-lo
cation

m
ix

tu
res

of
Q

G
au

ssian
s.

E
ach

com
p

on
en

t
in

th
is

m
ix

tu
re

h
as

m
ean

µ
q ∈

R
D

,
covarian

ce
m

atrix
d
iag(v

(1
)

q
,...,v

(D
)

q
),

an
d

sign
al

varian
ce

p
aram

eter
ω
q
∈

R
1.

W
ith

a
su

ffi
cien

tly
large

Q
,

sp
ectral

m
ix

tu
re

kern
els

can
ap

p
rox

im
ate

an
y

station
ary

kern
el,

p
rov

id
in

g
th

e
fl
ex

ib
ility

to
cap

tu
re

com
p
lex

p
attern

s
over

m
u
ltip

le
d
im

en
sion

s.
T

h
ese

kern
els

h
av

e
b

een
u
sed

in
p
attern

p
red

iction
,

ou
tp

erform
in

g
com

p
lex

com
b
in

ation
s

of
stan

d
a
rd

station
ary

kern
els

(W
ilson

et
al.,

2014).

P
rev

iou
s

w
ork

on
G

au
ssian

p
ro

cesses
ch

an
gep

oin
t

m
o
d
elin

g
h
as

ty
p
ically

b
een

restricted
to

R
B

F
(S

aatçi
et

al.,
2010;

G
arn

ett
et

al.,
2009)

or
ex

p
on

en
tial

kern
els

(M
a
ju

m
d
ar

et
al.,

2005).
H

ow
ever,

ex
p
ressive

covarian
ce

fu
n
ction

s
are

p
a
rticu

larly
critical

for
m

o
d
ellin

g
m

u
l-

tid
im

en
sion

al
an

d
sp

atio-tem
p

oral
d
ata

–
a

key
ap

p
lication

for
ch

an
ge

su
rfaces

–
w

h
ere

stru
ctu

re
is

often
com

p
lex

an
d

u
n
k
n
ow

n
a

p
riori.

In
itializin

g
an

d
train

in
g

ex
p
ressive

kern
els

is
often

ch
allen

gin
g.

W
e

p
rop

ose
a

p
ractical

in
itialization

p
ro

ced
u
re

in
section

3.5,
w

h
ich

can
b

e
u
sed

q
u
ite

gen
erally

to
h
elp

learn
fl
ex

ib
le

kern
els.

1
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C
h
a
n
g
e
S
u
r
fa

c
e
s

3
.2
.3
.
G
P
C
S
b
a
c
k
g
r
o
u
n
d

m
o
d
e
l

F
ol

lo
w

in
g

se
ct

io
n

2.
1

w
e

ex
te

n
d

G
P

C
S

to
th

e
“G

P
C

S
b
ac

k
gr

ou
n
d

m
o
d
el

.”
F

or
th

is
m

o
d
el

w
e

ad
d

a
la

te
n
t

b
ac

k
gr

ou
n
d

fu
n
ct

io
n
,
f 0

(x
),

w
it

h
an

in
d
ep

en
d
en

t
G

au
ss

ia
n

p
ro

ce
ss

p
ri

or
.

U
si

n
g

th
e

sa
m

e
ch

oi
ce

s
fo

r
ex

p
re

ss
iv

e
w

(x
)

an
d

co
va

ri
an

ce
fu

n
ct

io
n
s,

w
e

d
efi

n
e

th
e

G
P

C
S

b
ac

k
gr

ou
n
d

m
o
d
el

as
,

y
(x

)
=
f 0

(x
)

+
σ
1
(w

(x
))
f 1

(x
)

+
··
·+

σ
r
−
1
(w

(x
))
f r
−
1
(x

)
+
ε

(2
3)

R
ec

al
l

th
at

in
th

is
m

o
d
el

w
e

se
t
f r

(x
)

=
0.

A
d
d
it

io
n
al

ly
,

si
n
ce

w
e

co
n
ti

n
u
e

to
en

fo
rc

e
∑

r i=
1
σ
i(
w

(x
))

=
1,

th
u
s
∑

r
−
1

i=
1
σ
i(
w

(x
))
≤

1.
T

h
is

m
o
d
el

eff
ec

ti
ve

ly
p
la

ce
s

d
iff

er
en

t
p
ri

or
s

on
th

e
b
ac

k
gr

ou
n
d

an
d

ch
an

ge
re

gi
on

s,
as

op
p

os
ed

to
th

e
th

e
st

an
d
ar

d
G

P
C

S
m

o
d
el

w
h
ic

h
p
la

ce
s

th
e

sa
m

e
G

P
p
ri

o
r

on
ea

ch
re

gi
m

e.
T

h
e

d
iff

er
en

t
p
ri

or
s

in
th

e
G

P
C

S
b
ac

k
gr

o
u
n
d

m
o
d
el

re
fl
ec

t
an

in
te

n
ti

on
al

in
d
u
ct

iv
e

b
ia

s
w

h
ic

h
co

u
ld

b
e

ad
va

n
ta

ge
ou

s
in

ce
rt

ai
n

d
om

ai
n

se
tt

in
gs

,
su

ch
as

p
ol

ic
y

in
te

rv
en

ti
on

s,
as

d
is

cu
ss

ed
in

se
ct

io
n

2.
1

ab
ov

e.

3
.3

.
G

P
C

S
C

o
u

n
te

rf
a
c
tu

a
l

P
re

d
ic

ti
o
n

W
e

co
n
si

d
er

co
u
n
te

rf
ac

tu
al

s
w

h
en

u
si

n
g

tw
o

la
te

n
t

fu
n
ct

io
n
s

in
a

G
P

C
S
,
f 1

(x
)

an
d
f 2

(x
).

T
h
is

tw
o-

fu
n
ct

io
n

se
tu

p
ad

d
re

ss
es

a
ty

p
ic

al
se

tt
in

g
fo

r
co

u
n
te

rf
ac

tu
a
l

p
re

d
ic

ti
on

w
h
en

co
n
-

si
d
er

in
g

tw
o

al
te

rn
at

iv
es

.
T

h
e

d
er

iv
a
ti

on
s

b
el

ow
ca

n
b

e
ex

te
n
d
ed

to
m

u
lt

ip
le

fu
n
ct

io
n
al

re
gi

m
es

.
A

s
d
is

cu
ss

ed
ab

ov
e,

w
e

n
o
te

th
at

ch
an

ge
su

rf
ac

e
co

u
n
te

rf
ac

tu
a
ls

ar
e

on
ly

va
li
d

w
it

h
re

sp
ec

t
to

th
e

re
gi

m
es

of
th

e
d
at

a
as

id
en

ti
fi
ed

b
y

G
P

C
S
.

S
u
b
se

q
u
en

t
an

al
y
si

s
an

d
d
om

ai
n

ex
p

er
ti

se
ar

e
n
ec

es
sa

ry
to

m
ak

e
an

y
fu

rt
h
er

cl
ai

m
s

ab
ou

t
th

e
re

la
ti

on
sh

ip
b

et
w

ee
n

an
id

en
ti

fi
ed

ch
an

ge
su

rf
ac

e
an

d
so

m
e

la
te

n
t

in
te

rv
en

ti
on

.
In

co
u
n
te

rf
ac

tu
al

p
re

d
ic

ti
on

w
e

w
is

h
to

in
fe

r
th

e
va

lu
e

of
f 1

(x
)

an
d
f 2

(x
)

in
th

e
ab

se
n
ce

of
th

e
ot

h
er

fu
n
ct

io
n
.

T
h
er

ef
or

e
w

e
co

n
d
it

io
n

on
th

e
ob

se
rv

at
io

n
s,

(x
,y

),
an

d
G

P
C

S
m

o
d
el

p
ar

am
et

er
s

in
or

d
er

to
co

m
p
u
te

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
p
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(x
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f 2

(x
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|y
)

fr
om

th
e

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
jo

in
t

d
is

tr
ib

u
ti

on
p
( [f

1
(x

),
f 2

(x
)]
,y
) .

F
o
r

n
o
ta

ti
on

al
co

n
ve

n
ie

n
ce

w
e

om
it

ex
p
li
ci

t
re

fe
re

n
ce

to
th

e
m

o
d
el

p
ar

am
et

er
s

in
th

e
su

b
se

q
u
en

t
d
er

iv
at

io
n
s

b
u
t

n
ot

e
th

at
al

l
d
is

tr
ib

u
ti

on
s

ar
e

co
n
d
it

io
n
al

on
th

es
e

p
ar

am
et

er
s.

T
o

re
ca

ll
,

fo
r

tw
o

la
te

n
t

fu
n
ct

io
n
s,
f 1

(x
)

an
d
f 2

(x
),

G
P

C
S

sp
ec

ifi
es

y
(x

)
=
σ
1
f 1

(x
)

+
σ
2
f 2

(x
)

+
ε

(2
4)

ε
∼
N

(0
,σ

2 ε
)

(2
5)

f 1
(x

)
∼
GP

(0
,K

1
)

(2
6)

f 2
(x

)
∼
GP

(0
,K

2
)

(2
7)

w
h
er

e
fo

r
n
ot

at
io

n
al

si
m

p
li
ci

ty
w

e
le

t
K

1
=
k
1
(x
,x
′ )

,
K

2
=
k
2
(x
,x
′ )

,
σ
1

=
σ
1
(w

(x
))

,
a
n
d

σ
2

=
σ
2
(w

(x
))

.
W

e
co

n
si

d
er

th
e

m
os

t
ge

n
er

al
ca

se
w

h
en

w
e

w
a
n
t

to
p
re

d
ic

t
co

u
n
te

rf
ac

tu
al

s
fo

r
b

ot
h

f 1
(x

)
an

d
f 2

(x
)

ov
er

th
e

d
om

ai
n
X

.
N

o
re

st
ri

ct
io

n
s

ar
e

p
la

ce
d

ov
er
X

.
It

ca
n

in
cl

u
d
e

th
e

en
ti

re
or

ig
in

al
d
om

ai
n
,

p
ar

ts
of

th
e

or
ig

in
al

d
om

ai
n
,

or
d
iff

er
en

t
in

p
u
ts

en
ti

re
ly

.
W

e
co

n
ca

te
n
at

e
f

(X
)

an
d
g
(X

)
to

ge
th

er
,

u
=

[f
(X

),
g
(X

)]
.

(2
8)

17
JM

L
R

 2
0(

99
):

1-
51

, 2
01

9

H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
is
c
h
,
a
n
d

W
il
so

n

S
in

ce
in

se
ct

io
n

3.
2

w
e

as
su

m
ed

th
at
f 1

(x
)

an
d
f 2

(x
)

h
av

e
in

d
ep

en
d
en

t
G

a
u
ss

ia
n

p
ro

ce
ss

p
ri

or
s,

w
e

k
n
ow

th
at

,

u
∼
N
( 0
,[ K

1
0

0
K

2

] )
(2

9
)

C
on

si
d
er

in
g

th
e

o
b
se

rv
ed

d
at

a,
y
,

w
e

k
n
ow

th
at
u

an
d
y

ar
e

jo
in

tl
y

G
au

ss
ia

n
,

[ u y

]
∼
N
( 0,

[ Σ
u
,u

Σ
u
,y

Σ
T u
,y

Σ
y
,y

] )
(3

0
)

an
d

u
si

n
g

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
id

en
ti

ti
es

,
w

e
fi
n
d

th
at

u
h
as

th
e

co
n
d
it

io
n
a
l

G
a
u
ss

ia
n

d
is

tr
ib

u
ti

on

u
|y
∼
N
( Σ

u
,y

Σ
−
1

y
,y
y
,Σ

u
,u
−

Σ
u
,y

Σ
−
1

y
,y

Σ
T u
,y

)
(3

1
)

T
h
u
s

in
or

d
er

to
d
er

iv
e

co
u
n
te

rf
ac

tu
al

s
fo

r
b

ot
h
f

(X
)

an
d
g
(X

)
w

e
on

ly
n
ee

d
to

co
m

p
u
te

Σ
u
,y
,Σ

y
,y

,
an

d
Σ
u
,u

.
N

ot
e

th
at

w
it

h
re

sp
ec

t
to

Σ
u
,u

w
e

h
av

e
al

re
ad

y
d
er

iv
ed

th
e

co
va

ri
a
n
ce

st
ru

ct
u
re

fo
r
u

in
E

q
u
at

io
n

(2
9)

.

C
o
m

p
u

ta
ti

o
n

fo
r

Σ
u
,y

In
or

d
er

to
co

m
p
u
te

Σ
u
,y

,
w

e
ex

p
an

d
th

e
m

u
lt

ip
li
ca

ti
o
n

n
o
ti

n
g

th
at
y

is
d
efi

n
ed

to
b

e
a

tw
o-

fu
n
ct

io
n

G
P

C
S
,

Σ
u
,y

=
E

[u
y
T

]
(3

2
)

=
E[

       f 1
(x

1
)

..
.

f 1
(x
n
)

f 2
(x

1
)

..
.

f 2
(x
n
)       

 
σ
1
(x

1
)f

1
(x

1
)

+
σ
2
(x

1
)f

2
(x

1
)

+
ε

..
.

σ
1
(x
n
)f

1
(x
n
)

+
σ
2
(x
n
)f

2
(x
n
)

+
ε T

]
(3

3)

M
u
lt

ip
ly

in
g

th
es

e
el

em
en

ts
is

as
si

st
ed

b
y

th
e

fo
ll
ow

in
g

id
en

ti
ti

es
.

R
ec

al
l

th
a
t

ke
rn

el
s
K

1

an
d
K

2
d
efi

n
e

th
e

co
va

ri
an

ce
am

on
g

fu
n
ct

io
n

va
lu

es
in
f

an
d
g

re
sp

ec
ti

ve
ly

,

E[
f 1

(x
i)
f 1

(x
j
)]

=
k
1
(i
,j

)
(3

4)

E[
f 2

(x
i)
f 2

(x
j
)]

=
k
2
(i
,j

)
(3

5
)

A
d
d
it

io
n
al

ly
,
si

n
ce
f 1

(x
)

an
d
f 2

(x
)

h
av

e
in

d
ep

en
d
en

t
G

au
ss

ia
n

p
ro

ce
ss

p
ri

or
s,
E[
f 1

(x
i)
f 2

(x
j
)]

=
0.

F
u
rt

h
er

m
or

e,
b

ec
au

se
ε

is
d
is

tr
ib

u
te

d
w

it
h

m
ea

n
ze

ro
,
E[
ε i

]
=

0.
F

in
al

ly
,

si
n
ce
σ
1
(x

)
a
n
d

σ
2
(x

)
ar

e
co

n
st

an
t

(c
on

d
it

io
n
al

on
h
y
p

er
p
ar

am
et

er
s)

E[
σ
1
(x
i)

]
=
σ
1
(x
i)

an
d
E[
σ
2
(x
i)

]
=
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C
h
a
n
g
e
S
u
r
fa

c
e
s

σ
2 (x

i ).
T

h
u
s

w
e

can
con

clu
d
e

th
at

Σ
u
,y

=



σ
1 (x

1 )k
1 (1,1)

σ
1 (x

2 )k
1 (1,2)

...
σ
1 (x

n
)k

1 (1,n
)

σ
1 (x

1 )k
1 (2,1)

σ
1 (x

2 )k
1 (2,2)

...
σ
1 (x

n
)k

1 (2,n
)

...
σ
1 (x

1 )k
1 (n

,1)
σ
1 (x

2 )k
1 (n

,2)
...

σ
1 (x

n
)k

1 (n
,n

)
σ
2 (x

1 )k
2 (1,1)

σ
2 (x

2 )k
2 (1,2)

...
σ
2 (x

n
)k

2 (1,n
)

σ
2 (x

1 )k
2 (2,1)

σ
2 (x

2 )k
2 (2,2)

...
σ
2 (x

n
)k

2 (2,n
)

...
σ
2 (x

1 )k
2 (n

,1)
σ
2 (x

2 )k
2 (n

,2
)
...

σ
2 (x

n
)k

2 (n
,n

) 

(36)

=

[
K

1 �
1
σ
T1

K
2 �

1
σ
T2 ]

(37)

w
h
ere
�

is
elem

en
tw

ise
m

u
ltip

lication
.

C
o
m

p
u

ta
tio

n
fo

r
Σ
y
,y

T
h
e

com
p
u
tation

for
Σ
y
,y

is
v
ery

sim
ilar

to
th

at
of

Σ
u
,y

so
w

e
o
m

it
its

ex
p
an

sion
for

th
e

sake
of

b
rev

ity.
T

h
e

slig
h
t

d
iff

eren
ce

is
th

at
w

e
m

u
st

con
sid

er
E

[ε
i ε
i ]

w
h
ich

eq
u
als

σ
2ε .

T
h
u
s,

Σ
y
,y

=
E

[y
y
T

]
(38)

=
K

1 �
[σ

1 σ
T1

]+
K

2 �
[σ

2 σ
T2

]+
I
n
σ
2ε

(39)

3
.3
.1
.
G
P
C
S
b
a
c
k
g
r
o
u
n
d

m
o
d
e
l
c
o
u
n
t
e
r
fa

c
t
u
a
l
s

T
h
e

co
u
n
terfa

ctu
al

d
erivation

s
ab

ove
d
irectly

ap
p
ly

to
th

e
G

P
C

S
b
ack

grou
n
d

m
o
d
el

w
ith

r
=

2
,

w
h
ere

y
(x

)
=
f
0 (x

)
+
σ
1 (w

(x
))f

1 (x
).

R
ecall

th
at

as
w

e
d
iscu

ssed
in

section
2.1,

th
is

is
a

sp
ecial

ca
se

of
th

e
G

P
C

S
b
ack

grou
n
d

m
o
d
el

w
h
ere

f
1 (x

)
is

an
ad

d
itive

ch
an

ge
fu

n
ction

.
In

th
is

ca
se,

th
e

cou
n
terfactu

al
for

f
0 (x

)
estim

ates
w

h
at

w
ou

ld
h
ave

o
ccu

rred
in

th
e

ab
sen

ce
o
f

th
e

id
en

tifi
ed

ch
an

ge.
T

h
e

cou
n
terfactu

al
for

f
1 (x

)
m

o
d
els

h
ow

th
e

ch
an

ge
w

ou
ld

h
ave

a
ff

ected
th

e
en

tire
d
om

ain
.

If
w

e
let

u
=

[f
0 (X

),f
1 (X

)]
w

e
can

d
erive

cou
n
terfactu

als
for

th
e

G
P

C
S

b
a
ck

grou
n
d

m
o
d
el

b
y

settin
g
σ
0

=
1

in
th

e
eq

u
ation

s
for

Σ
u
,u ,

Σ
u
,y ,

an
d

Σ
y
,y

ab
ove.

E
x
p
licitly,

Σ
u
,u

=

[
K

0
0

0
K

1 ]
(40)

Σ
u
,y

=

[
K

0

K
1 �

1
σ
T1 ]

(41)

Σ
y
,y

=
K

0
+
K

1 �
[σ

1 σ
T1

]+
I
n
σ
2ε

(42)

3
.4

.
S

c
a
la

b
le

in
fe

re
n

c
e

A
n
a
ly

tic
o
p
tim

ization
an

d
in

feren
ce

for
G

au
ssian

p
ro

cesses
req

u
ires

com
p
u
tation

o
f

th
e

log
m

a
rg

in
al

likelih
o
o
d

from
E

q
.

(12).
Y

et
solv

in
g

lin
ear

sy
stem

s
an

d
com

p
u
tin

g
log

d
eter-

m
in

an
ts

ov
er
n
×
n

covarian
ce

m
atrices,

u
sin

g
stan

d
ard

ap
p
roach

es
su

ch
as

th
e

C
h
olesk

y
d
eco

m
p

o
sitio

n
,

req
u
ires

O
(n

3)
com

p
u
tation

s
an

d
O

(n
2)

m
em

ory,
w

h
ich

is
im

p
ractical

for
la

rg
e

d
a
tasets.

R
ecen

t
ad

van
ces

in
scalab

le
G

au
ssian

p
ro

cesses
(W

ilson
,
20

14)
h
ave

red
u
ced
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H
e
r
l
a
n
d
s,

N
e
il
l
,
N
ic
k
isc

h
,
a
n
d

W
il
so

n

th
is

com
p
u
tation

al
b
u
rd

en
b
y

ex
p
loitin

g
K

ron
ecker

stru
ctu

re
u
n
d
er

tw
o

a
ssu

m
p
tion

s:
(1)

th
e

in
p
u
ts

lie
on

a
grid

form
ed

b
y

a
C

artesian
p
ro

d
u
ct,

x
∈
X

=
X

(1
)×

...×
X

(D
);

an
d
,

(2)
th

e
kern

el
is

m
u
ltip

licative
across

each
d
im

en
sion

.
M

u
ltip

licative
kern

els
are

com
m

on
ly

em
p
loyed

in
sp

atio-tem
p

oral
G

au
ssian

p
ro

cess
m

o
d
elin

g
(M

artin
,

1990;
M

a
ju

m
d
ar

et
al.,

2005;
F

lax
m

an
et

al.,
2015),

corresp
on

d
in

g
to

a
soft

a
p
riori

assu
m

p
tion

o
f

in
d
ep

en
d
en

ce
across

in
p
u
t

d
im

en
sion

s,
w

ith
ou

t
ru

lin
g

ou
t

p
osterior

correlation
s.

T
h
e

p
op

u
lar

R
B

F
an

d
A

R
D

kern
els,

for
in

stan
ce,

alread
y

h
ave

th
is

m
u
ltip

licative
stru

ctu
re.

U
n
d
er

th
ese

assu
m

p
-

tion
s,

th
e
n
×
n

covarian
ce

m
atrix

K
=
K

1 ⊗
···⊗

K
D

,
w

h
ere

each
K
d

is
n
d ×

n
d

su
ch

th
at

∏
D1
n
d

=
n

.

U
sin

g
effi

cien
t

K
ron

ecker
algeb

ra
,

S
aatçi

(2011)
sh

ow
s

h
ow

on
e

can
solve

lin
ear

sy
stem

s

an
d

com
p
u
te

log
d
eterm

in
an

ts
in
O

(D
n
D

+
1

D
)

op
eration

s
u
sin

g
O

(D
n

2D
)

m
em

ory.
F

u
rth

er-
m

ore,
W

ilson
et

al.
(2014)

ex
ten

d
s

th
e

K
ron

ecker
m

eth
o
d
s

for
in

com
p
lete

grid
s.

Y
et

for
ad

-
d
itive

com
p

osition
s

of
kern

els,
su

ch
a
s

th
ose

n
eed

ed
for

ch
a
n
ge

su
rface

m
o
d
elin

g
in

E
q
.
(16),

th
e

resu
ltin

g
su

m
of

m
atrix

K
ron

eck
er

p
ro

d
u
cts

d
o
es

n
ot

d
ecom

p
ose

as
a

K
ron

eck
er

p
ro

d
u
ct.

T
h
u
s,

th
e

stan
d
ard

K
ron

ecker
ap

p
roach

es
for

scalab
le

in
feren

ce
an

d
learn

in
g

are
in

ap
p
li-

cab
le.

In
stead

,
solv

in
g

lin
ear

sy
stem

s
for

th
e

kern
el

in
v
erse

can
b

e
effi

cien
tly

carried
ou

t
th

rou
gh

lin
ear

con
ju

gate
grad

ien
ts

as
in

F
lax

m
an

et
al.

(2015
)

th
at

on
ly

rely
on

m
atrix

vector
m

u
ltip

lication
s,

w
h
ich

can
b

e
p

erform
ed

effi
cien

tly
w

ith
su

m
s

of
K

ron
ecker

m
atrices.

H
ow

ever,
th

ere
is

n
o

ex
act

m
eth

o
d

for
effi

cien
t

com
p
u
tation

of
th

e
log

d
eterm

in
an

t
of

th
e

su
m

of
K

ron
ecker

p
ro

d
u
cts.

In
stead

,
F

lax
m

an
et

al.
(2015)

u
p
p

er
b

o
u
n
d

th
e

log
d
eterm

in
an

t
u
sin

g
th

e
F

ied
ler

b
ou

n
d

(F
ied

ler,
1971)

w
h
ich

say
s

th
at

for
n
×
n

H
erm

itian
m

atrices
A

an
d
B

w
ith

sorted
eigen

valu
es
α
1 ,...,α

n
an

d
β
1 ,...,β

n
resp

ectively,

log
(|A

+
B
|)≤

n
∑i=

1

log
(α

i
+
β
n−

i+
1 )

(43)

W
h
ile

effi
cien

t,
th

e
F

ied
ler

b
ou

n
d

d
o
es

n
ot

gen
eralize

to
m

ore
th

an
tw

o
m

a
trices.

3
.4
.1
.
W

e
y
l
b
o
u
n
d

In
ord

er
to

ach
ieve

scalab
le

com
p
u
tation

s
for

an
arb

itrary
ad

d
itive

com
p

osition
of

K
ron

ecker
m

atrices,
w

e
p
rop

ose
to

b
ou

n
d

th
e

log
d
eterm

in
an

t
of

th
e

su
m

of
m

u
ltip

le
covarian

ce
m

a-
trices

u
sin

g
W

ey
l’s

in
eq

u
ality

(W
ey

l,
1912)

w
h
ich

states
th

at
for

n
×
n

H
erm

itian
m

atrices,
M

=
A

+
B

,
w

ith
sorted

eigen
valu

es
µ
1 ,...,µ

n
,
α
1 ,...,α

n
,

an
d
β
1 ,...,β

n
resp

ectively,

µ
i+
j−

1 ≤
α
i
+
β
j
∀
i,j≥

1
(44)

S
in

ce
log

(|A
+
B
|)

=
log

(|M
|)

=
∑

ni=
1

log
(µ
i )

w
e

can
b

ou
n
d

th
e

log
d
eterm

in
an

t
b
y

∑
ni+
j−

1
=
1

log
(α

i
+
β
j ).

F
u
rth

erm
ore,

w
e

can
u
se

th
e

W
ey

l
b

ou
n
d

iteratively
over

p
airs

of
m

atrices
to

b
ou

n
d

th
e

su
m

of
r

covarian
ce

m
atrices

K
1 ,...,K

r .

A
s

th
e

b
ou

n
d

in
d
icates,

th
ere

is
fl
ex

ib
ility

in
th

e
ch

oice
of

w
h
ich

eigen
valu

e
p
air{

α
i ,β

j }
to

u
se

for
b

ou
n
d
in

g
µ
i+
j−

1 .
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ve

n
ap

p
li
ca

ti
on

.
C

on
se

q
u
en

tl
y,

so
m

e
al

go
ri

th
m

s
u
se

su
b
sa

m
p
li
n
g

o
f

th
e

d
a
ta

to
re

d
u
ce

th
e

co
st

of
co

m
p
u
ti

n
g

th
e

p
os

te
ri

or
d
en

si
ty

an
d

it
s

gr
ad

ie
n
ts

.
U

n
fo

rt
u
n
a
te

ly
,
n
a
iv

e
su

b
sa

m
p
li
n
g

m
et

h
o
d
s

ar
e

of
te

n
p
ro

b
le

m
at

ic
an

d
in

p
ar

ti
cu

la
r

th
ey

co
m

p
ro

m
is

e
m

a
n
y

o
f

th
e

2
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
sa

m
p
l
in
g

fea
tu

res
th

a
t

giv
e

H
M

C
its

scalab
ility

(B
etan

cou
rt,

20
15).

In
th

is
article

w
e

in
tro

d
u
ce

a
su

b
sa

m
p
lin

g
H

M
C

sch
em

e
th

at
can

tack
le

very
large

d
ata

sets
an

d
m

ain
ta

in
th

e
scalab

ility.

O
u
r

a
rticle

sp
eed

s
u
p

com
p
u
tation

b
y

u
sin

g
su

b
sets

of
th

e
d
ata

to
com

p
u
te

b
o
th

th
e

d
y
n
a
m

ics
a
n
d

th
e

su
b
seq

u
en

t
M

H
correction

p
erform

ed
w

h
en

d
ecid

in
g

to
accep

t
a

p
ro

p
o
sal.

M
o
re

p
recisely,

w
e

p
rop

ose
a

H
M

C
-w

ith
in

-G
ib

b
s

algorith
m

th
at

altern
ates

i)
sa

m
p
lin

g
sm

all
su

b
sets

o
f

d
a
ta

u
sin

g
a

p
seu

d
o-m

argin
al

step
an

d
ii)

sam
p
lin

g
p
aram

eters
u
sin

g
th

e
H

M
C

d
y
n
a
m

ics
a
n
d

th
e

M
H

correction
b
ased

on
th

e
cu

rren
t

su
b
set

of
th

e
d
ata.

W
e

w
ill

h
ere

fo
cu

s
o
n

H
M

C
a
lg

o
rith

m
s

w
h
ere

th
e

H
am

ilton
ian

d
y
n
am

ics
are

u
sed

to
gen

erate
a

p
rop

osal
w

h
ich

is
su

b
seq

u
en

tly
accep

ted
or

rejected
u
sin

g
a

M
H

step
,
w

h
ich

w
e

refer
to

as
H

M
C

.
E

x
ten

sion
s

to
o
th

er
H

M
C

a
lgorith

m
s

th
at

u
se

th
e

en
tire

tra
jectory

gen
erated

b
y

th
e

d
y
n
am

ics
(H

off
m

an
a
n
d

G
elm

a
n
,

2
0
14;

B
etan

cou
rt,

2017
)

are
in

terestin
g

fu
tu

re
research

d
irection

d
iscu

ssed
in

S
ectio

n
7
.

W
e

p
rop

o
se

tw
o

d
iff

eren
t

su
b
sam

p
lin

g
version

s
of

th
e

H
M

C
algorith

m
.

In
th

e
fi
rst

pertu
rbed

a
p
p
ro

ach
w

e
u
se

a
sligh

tly
b
iased

lik
elih

o
o
d

estim
ator

an
d

sh
ow

th
at

th
e

algorith
m

ta
rg

ets
a

p
ertu

rb
ed

p
osterior

w
h
ich

gets
close

to
th

e
tru

e
p

o
sterior

d
en

sity
as

th
e

su
b
sam

p
le

size
a
n
d

th
e

n
u
m

b
er

of
ob

servation
s

of
th

e
d
ata

set
b

ecom
e

large;
see

S
ection

4.2
for

d
etails.

T
h
e

seco
n
d

a
p
p
roach

u
ses

an
u
n
b
iased

b
u
t

p
ossib

ly
n
egative

lik
elih

o
o
d

estim
ator

w
h
ich

a
llow

s
u
s

to
o
b
tain

sim
u
lation

con
sisten

t
estim

ators
of

th
e

p
osterior

ex
p

ectation
of

an
y

fu
n
ctio

n
o
f

th
e

p
aram

eters.
H

ow
ever,

th
is

ap
p
roach

is
h
ard

er
to

im
p
lem

en
t

effi
cien

tly
th

an
th

e
p

ertu
rb

ed
ap

p
roach

an
d

is
ty

p
ica

lly
slow

er
com

p
u
tation

ally.

W
e

co
m

p
a
re

ou
r

algorith
m

s
to

S
to

ch
astic

G
rad

ien
t

L
an

gev
in

D
y
n
am

ics
(W

ellin
g

an
d

T
eh

,
2
0
1
1
,

S
G

L
D

)
an

d
S
to

ch
astic

G
rad

ien
t

H
am

ilton
ian

M
on

te
C

a
rlo

(C
h
en

et
al.,

2014,
S
G

-H
M

C
),

tw
o

of
th

e
m

ost
p

op
u
lar

su
b
sam

p
lin

g
algorith

m
s

th
at

u
se

gra
d
ien

t
in

form
ation

in
m

a
ch

in
e

lea
rn

in
g.

T
o

m
ake

th
e

com
p
arison

m
ore

ch
allen

gin
g

w
e

im
p
lem

en
t

b
oth

m
eth

o
d
s

w
ith

co
n
tro

l
va

riates
for

im
p
roved

p
erform

an
ce

(B
aker

et
al.,

20
17).

W
e

d
em

on
strate

th
at

o
u
r

a
lg

o
rith

m
s

com
p
are

favorab
ly

to
S
G

L
D

an
d

S
G

-H
M

C
.

It
is

b
y

n
ow

w
ell

k
n
ow

n
th

at
all

p
ro

p
o
sed

su
b
sa

m
p
lin

g
M

C
M

C
an

d
H

M
C

algorith
m

s
n
eed

accu
rate

con
trol

variates
to

low
er

th
e

va
ria

n
ce

o
f

th
e

estim
ated

p
osterior

a
n
d

gra
d
ien

ts,
an

d
w

e
ex

p
lore

th
e

rob
u
stn

ess
o
f

th
e

a
lg

o
rith

m
s

w
h
en

th
e

con
trol

variates
are

d
eg

rad
ed

.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
S
ection

2
rev

iew
s

p
rev

iou
s

resea
rch

an
d

th
e

m
eth

o
d
s

w
e

co
m

p
a
re

a
g
ain

st.
S
ection

3
p
resen

ts
ou

r
m

eth
o
d
ology

u
sin

g
a

gen
eral

likelih
o
o
d

estim
ator

a
n
d

a
rg

u
es

th
a
t

it
circu

m
ven

ts
th

e
in

com
p
atib

ility
of

d
ata

su
b
sam

p
lin

g
an

d
H

M
C

raised
in

recen
t

litera
tu

re.
S
ection

s
4

an
d

5
p
resen

t
tw

o
algorith

m
s

b
a
sed

on
tw

o
sp

ecifi
c

likelih
o
o
d

estim
a
tors.

F
in

ally,
S
ection

6
d
em

on
strates

th
e

u
sefu

ln
ess

of
th

e
m

eth
o
d
s

on
tw

o
large

d
ata

sets
a
n
d

co
m

p
a
res

w
ith

altern
ative

ap
p
roach

es.
T

h
is

section
a
lso

ex
p
lores

th
e

lim
itation

o
f

su
b
sa

m
p
lin

g
ap

p
roach

es
b
y

ex
p

erim
en

tin
g

w
ith

su
ccessively

d
egrad

in
g

th
e

q
u
ality

of
th

e
con

tro
l

va
riates

u
sed

for
varian

ce
red

u
ction

.
S
ection

7
con

clu
d
es

a
n
d

d
iscu

sses
fu

tu
re

resea
rch

.

2
.
R
e
la
te
d
w
o
rk

2
.1

.
H

ig
h

-d
im

e
n

sio
n

a
l

M
C

M
C

fo
r

la
rg

e
d

a
ta

se
ts

T
h
ere

h
a
s

recen
tly

b
een

a
su

rge
of

in
terest

in
d
evelop

in
g

p
osterio

r
sim

u
latio

n
algorith

m
s

th
a
t

sca
le

w
ith

resp
ect

to
b

oth
th

e
n
u
m

b
er

of
ob

servation
s
n

an
d

th
e

n
u
m

b
er

of
p
aram

eters
d
.

S
in

ce
sim

u
la

tion
m

eth
o
d
s

h
av

e
th

e
am

b
itiou

s
goal

o
f

ex
p
lorin

g
all

region
s

in
p
aram

e-

3
JM

L
R

 20(100):1-31, 2019

D
a
n
g
,
Q
u
ir
o
z
,
K
o
h
n
,
T
r
a
n
,
V
il
l
a
n
i

ter
sp

ace
w

ith
sizab

le
p
rob

ab
ility

m
ass,

th
ey

n
atu

rally
req

u
ire

m
an

y
m

ore
iteration

s
th

an
p

osterior
op

tim
ization

algorith
m

s.
P

osterior
op

tim
ization

is
com

p
u
tation

ally
attractiv

e
for

b
ig

d
ata,

b
u
t

d
o
es

n
ot

q
u
an

tify
th

e
p

osterior
u
n
certain

ty,
w

h
ich

is
often

a
cen

tral
task

in
scien

ce.
A

lth
ou

gh
th

ere
ex

ist
op

tim
ization

-b
ased

m
eth

o
d
s

th
at

aim
to

a
p
p
rox

im
ate

th
e

en
tire

p
osterior

d
istrib

u
tion

,
e.g.

variation
al

B
ayes

(B
lei

et
al.,

2017),
L

ap
lace

ap
p
rox

im
a-

tion
s

(B
ern

ard
o

an
d

S
m

ith
,

2001,
C

h
ap

ter
5)

or
in

tegrated
n
ested

L
ap

lace
ap

p
rox

im
ation

s
(R

u
e

et
al.,

2009),
in

p
ractice

it
is

n
early

im
p

ossib
le

to
k
n
ow

h
ow

th
ey

p
erform

w
ith

ou
t

com
p
arin

g
th

e
resu

lts
to

a
p

osterior
sim

u
lation

m
eth

o
d
.

It
is

th
u
s

im
p

orta
n
t

to
d
evelop

p
osterior

sim
u
lation

m
eth

o
d
s

th
at:

i)
rem

ain
com

p
u
tation

ally
effi

cien
t

w
h
en

n
is

large
an

d

ii)
ex

p
lore

th
e

p
osterior

d
istrib

u
tion

effi
cien

tly
w

h
en

d
is

large.

T
w

o
d
istin

ct
ap

p
roach

es
ex

ist
to

resolve
i).

T
h
e

fi
rst

is
to

u
se

p
arallel

com
p
u
tin

g
b
y

d
iv

id
in

g
th

e
n

d
ata

ob
servation

s
in

to
K

p
arts,

p
erform

in
g

in
d
ep

en
d
en

t
p

o
sterior

sim
u
lation

on
each

of
th

e
K

su
b
p

osteriors
an

d
su

b
seq

u
en

tly
m

erge
th

e
d
raw

s
to

rep
resen

t
th

e
fu

ll
d
a
ta

p
osterior.

S
ee,

for
ex

am
p
le,

S
cott

et
al.

(2013);
N

eisw
an

ger
et

al.
(2014);

W
an

g
an

d
D

u
n
so

n
(2014);

M
in

sker
et

al.
(2014);

N
em

eth
an

d
S
h
erlo

ck
(20

18).
T

h
e

secon
d

ap
p
roach

,
w

h
ich

is
th

e
fo

cu
s

of
ou

r
article,

is
to

w
ork

w
ith

su
b
sam

p
les

of
m

ob
servation

s
to

estim
ate

th
e

fu
ll

d
ata

p
osterior

(M
aclau

rin
an

d
A

d
am

s,
2014;

K
orattikara

et
al.,

2
014;

B
ard

en
et

et
al.,

2014,
2017;

M
aire

et
al.,

2018;
B

ierken
s

et
al.,

2019;
Q

u
iroz

et
al.,

2019,
2018b

,a;
G

u
n
aw

an
et

al.,
2018)

or
its

grad
ien

t
(W

ellin
g

an
d

T
eh

,
2011;

C
h
en

et
a
l.,

2014;
M

a
et

al.,
2015;

S
h
an

g
et

al.,
2015;

B
aker

et
al.,

2017).
T

h
e

rest
of

th
is

section
rev

iew
s

sam
p
lers

w
h
ich

u
se

grad
ien

t
in

form
ation

ab
ou

t
th

e
p

osterior
d
en

sity.
T

h
e

p
rim

ary
p
rob

lem
con

fron
ted

in
ii)

is
h
ow

to
gen

erate
p
rop

osals
w

h
ich

m
ain

tain
a

h
igh

accep
tan

ce
p
rob

ab
ility

an
d

are
also

d
istan

t
en

ou
gh

to
avoid

a
h
igh

ly
p

ersisten
t

M
arkov

ch
ain

for
th

e
m

o
d
el

p
aram

eter.
A

u
sefu

l
ap

p
roach

is
to

sim
u
late

a
d
iscretized

L
an

gev
in

d
iff

u
sion

(R
ob

erts
an

d
R

osen
th

al,
1998;

N
em

eth
et

al.,
2
016)

or,
m

ore
gen

erally,
H

am
ilton

’s
eq

u
ation

s
(D

u
an

e
et

al.,
1987)

an
d

u
se

th
e

sim
u
lated

d
raw

as
a

p
rop

osal
in

th
e

M
H

algorith
m

to
correct

for
th

e
b
ia

s
in

tro
d
u
ced

b
y

th
e

d
iscretization

(N
eal,

2011).
H

M
C

p
rov

id
es

a
solu

tio
n

to
ii)

(N
eal,

2011;
B

etan
cou

rt,
2
017),

b
u
t

w
h
en

com
b
in

ed
w

ith
i),

th
e

algorith
m

b
ecom

es
com

p
u
tation

ally
in

tractab
le

sin
ce

sim
u
latin

g
th

e
H

am
ilton

ian
d
y
n
am

ics
req

u
ires

a
large

n
u
m

b
er

of
costly

grad
ien

t
evalu

ation
s

for
every

p
rop

osed
p
aram

eter
valu

e.

2
.2

.
S

u
b

sa
m

p
lin

g
H

M
C

a
lg

o
rith

m
s

a
n

d
re

la
te

d
a
p

p
ro

a
ch

e
s

A
com

p
u
tation

ally
attractiv

e
w

ay
to

accelerate
H

M
C

is
to

u
se

a
fi
x
ed

su
b
sam

p
le

of
th

e
d
ata

to
u
n
b
iased

ly
estim

ate
th

e
com

p
u
tation

ally
costly

grad
ien

ts
in

each
step

of
th

e
d
iscretized

H
am

ilton
ian

tra
jectory,

an
d

sk
ip

th
e

M
H

correction
to

avoid
evalu

atin
g

th
e

p
osterior

on
th

e
fu

ll
d
ata.

B
etan

cou
rt

(2015)
d
em

on
strates

th
at

th
is

sim
p
le

strategy
p
ro

d
u
ces

h
igh

ly
b
iased

tra
jectories,

w
h
ere

th
e

b
ias

d
ep

en
d
s

u
p

on
th

e
q
u
ality

of
th

e
grad

ien
t

estim
ator.

M
oreover,

B
etan

cou
rt

(2015)
sh

ow
s

th
at

attem
p
ts

to
average

ou
t

th
e

b
ias

b
y

ren
ew

in
g

th
e

su
b
sam

p
le

in
each

step
of

th
e

tra
jectory

still
p

erform
p

o
orly

;
see

also
th

e
n

a
ive

stoch
a

stic
gra

d
ien

t
H

M
C

in
C

h
en

et
al.

(2014).
B

etan
cou

rt
(2015)

illu
strates

th
at

ad
d
in

g
a

M
H

correctio
n

step
b
ased

on
th

e
fu

ll
d
ata

to
fu

lly
correct

for
th

e
b
iased

tra
jectories

lead
s

to
a

ra
p
id

d
eterioration

of
th

e
accep

tan
ce

p
rob

ab
ility

of
H

M
C

as
d

in
creases,

an
d

con
clu

d
es

th
at

th
ere

is
a

fu
n
d
am

en
tal
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
sa

m
p
l
in
g

in
co

m
p
at

ib
il
it

y
of

H
M

C
an

d
d
at

a
su

b
sa

m
p
li
n
g.

A
s

a
re

m
ed

y
to

th
e

p
o
or

p
er

fo
rm

an
ce

b
y

th
e

n
ai

ve
st

o
ch

as
ti

c
gr

ad
ie

n
t

H
M

C
,

C
h
en

et
a
l.

(2
01

4)
p
ro

p
os

e
ad

d
in

g
a

fr
ic

ti
on

te
rm

to
th

e
d
y
n
am

ic
s

to
co

rr
ec

t
fo

r
th

e
b
ia

s.
F

or
th

e
re

st
of

ou
r

ar
ti

cl
e,

w
e

re
fe

r
to

th
e

m
et

h
o
d

u
si

n
g

th
e

fr
ic

ti
on

te
rm

in
th

e
d
y
n
am

ic
s

as
S
to

ch
as

ti
c

G
ra

d
ie

n
t

H
am

il
to

n
ia

n
M

on
te

C
ar

lo
(S

G
-H

M
C

).
C

h
en
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al

.
(2

01
4)

om
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b
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d
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p
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b
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d
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b
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re
la
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n
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n
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v
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b
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at
io

n
(R

ob
b
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v
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b
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b
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d
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b
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b
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re
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,
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11
).

H
ow

ev
er

,
th
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d
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ra
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n
v
er
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m

a
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b
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er

e
R
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e
n
u
m

b
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m
p
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s
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om
th

e
p

os
te

ri
or
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et
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op

p
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ed
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R
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1
/
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r

M
C

M
C

(R
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er
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an
d

R
os

en
th
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p
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H
M
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p
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m
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S
G

L
D

u
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a
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q
u
en

ce
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ep
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s
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d
o
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n
o
t

d
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re
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e
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th

e
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it
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d

V
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.
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e
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te
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p
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b
y

S
G

L
D

ca
n
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b
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u
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e
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u
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p
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B
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01
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.
B

ar
d
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d
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L
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b
e

ac
cu
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b
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at
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d
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n
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p
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d
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a
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e
co

m
p
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x
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y
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e
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o
d
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R
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b
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p
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S
G

L
D
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n
g
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n
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,
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o
B
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d
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n
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u
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co
n
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va

ri
at
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in
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e

S
G

-H
M

C
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p
ro
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C
h
en

et
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.
(2

01
4)

.
W

e
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p
le
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en

t
b
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h

S
G

L
D

an
d

S
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-H
M
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w

it
h
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en
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n
tr
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va
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at
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w

h
en
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m

p
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g
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r
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h
o
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W
e
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p
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en

t
th

e
m

et
h
o
d
s

w
it

h
ou

t
co

n
tr
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b
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b
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m

en
ta

l
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h
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et
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.,
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b
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it
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b
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m
p
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re
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b
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h
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d
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n
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u
se

s
H
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p
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s
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th

ei
r

en
er
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p
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p
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m

p
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effi
ci

en
tl

y
in

h
ig

h
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h
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p
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rv
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h
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b
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b
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d
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p
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b
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b
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b
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d
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p
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b
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b
e

m
ai

n
ta

in
ed

fo
r

ea
ch

su
b
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d
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ra
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5
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,
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,
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h
n
,
T
r
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n
,
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l
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b
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m
p
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C
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b
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d
is

cu
ss

es
w

h
y

o
u
r

ap
p
ro

ac
h

av
oi

d
s

th
e

p
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.
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d
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p
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b
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b
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b
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p
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l.

(2
01

8b
),

re
sp

ec
ti

ve
ly

.

3
.1

.
P

se
u

d
o
-m

a
rg
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b
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⊂
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b
e

it
s

p
os

te
ri

or
d
en

si
ty

gi
ve

n
a

d
at

a
se

t
y

w
it

h
n

ob
se

rv
a
ti

o
n
s.

W
e

fi
rs

t
b
ri

efl
y

d
es

cr
ib

e
p
se

u
d
o-

m
ar

gi
n
al

M
C

M
C

(A
n
d
ri

eu
an

d
R

ob
er

ts
,

20
09

),
w

h
ic

h
se

rv
es

as
in

sp
ir

at
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b
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p
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∝
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b
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p
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b
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ke

li
h
o
o
d

an
d
m

d
en

ot
es

th
e

su
b
sa

m
p
le

si
ze

,
se

e
S
ec

ti
on

4.
1

fo
r

d
et

a
il
s.

N
ot

e
th

a
t
L̂
m

a
n
d

an
y

q
u
an

ti
ty

in
cl

u
d
ed

in
it

s
d
efi

n
it

io
n

d
ep

en
d

on
n

,
b
u
t

th
is

is
su

p
p
re

ss
ed

in
th

e
n
o
ta

ti
o
n

fo
r

co
n
ci

se
n
es

s.
W

e
ca

n
n
ow

d
es

ig
n

an
M

C
M

C
ch

ai
n

to
sa

m
p
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p
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p
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p
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p
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p
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p
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p
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p
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n
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al

.,
20

15
;

T
ra

n
et

al
.,

20
17

;
D

el
ig

ia
n
n
id

is
et

a
l.
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20

18
).

R
ec

en
t

d
ev

el
op

m
en

ts
in

p
se

u
d
o-

m
ar

gi
n
al

m
et

h
o
d
s

in
d
u
ce

d
ep

en
d
en

ce
in

th
e

au
x
il
ia

ry
va

ri
ab

le
s
u

ov
er

th
e

M
C

M
C

it
er

at
io

n
s

su
ch

th
at

th
e

li
k
el

ih
o
o
d

es
ti

m
a
te

s
ov

er
th

e
it

er
at

io
n
s

b
ec

om
e

d
ep

en
d
en

t
(D

el
ig

ia
n
n
id

is
et

al
.,

20
18

).
T

h
is

m
a
ke

s
it

p
o
ss

ib
le

to
to

le
ra

te
a

su
b
st

an
ti

al
ly

la
rg

er
va

ri
an

ce
of

th
e

li
ke

li
h
o
o
d

es
ti

m
at

or
,

an
d

h
en

ce
sm

a
ll
er

su
b
sa

m
p
le

s
in

ou
r

co
n
te

x
t.

W
e

fo
ll
ow

T
ra

n
et

al
.

(2
01

7)
an

d
in

d
u
ce

th
e

d
ep

en
d
en

ce
ov

er
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
sa

m
p
l
in
g

th
e

itera
tio

n
s

b
y

p
artion

in
g

th
e
u

’s
in

to
b
lo

ck
s

a
n
d

on
ly

u
p

d
ate

a
su

b
set

of
th

e
b
lo

ck
s

in
ea

ch
itera

tio
n
.

T
h
e

op
tim

al
su

b
sam

p
le

size
m

is
th

en
ob

tain
ed

b
y

targetin
g

a
certain

valu
e

fo
r

th
e

co
n
d
itio

n
al

varian
ce

of
th

e
likelih

o
o
d

estim
ator

for
a

giv
en

in
d
u
ced

correlation
ρ

(T
ra

n
et

a
l.,

2
0
17).

3
.2

.
A

n
e
n

e
rg

y
c
o
n

se
rv

in
g

H
M

C
-w

ith
in

-G
ib

b
s

fra
m

e
w

o
rk

F
o
llow

in
g

th
e

stan
d
ard

H
M

C
algorith

m
,

ou
r

su
b
sam

p
lin

g
H

M
C

algorith
m

in
tro

d
u
ces

a
fi
ctitiou

s
co

n
tin

u
ou

s
m

om
en

tu
m

vector
~p∈
P
⊂

R
d

of
th

e
sam

e
d
im

en
sion

as
th

e
con

tin
u
ou

s
p
a
ra

m
eter

v
ector

θ.
T

h
e

ex
ten

d
ed

target
in

(1)
is

th
en

fu
rth

er
au

gm
en

ted
b
y
~p

to

π
m

(θ,~p,u
)∝

ex
p (−

Ĥ
(θ,~p) )

p
U

(u
),
Ĥ

(θ,~p)
=
Û

(θ)
+
K

(~p)
(3)

w
ith

Û
(θ)

=
−

log
L̂
m

(θ)−
log

p
Θ

(θ)
an

d
K

(~p)
=

12
~p
′M
−

1~p,
(4)

w
h
ere

M
is

a
sy

m
m

etric
p

ositive-d
efi

n
ite

m
atrix

.
In

(3)
w

e
assu

m
e

th
at

th
e

H
am

ilton
ian

Ĥ
is

sep
a
ra

b
le.

W
e

p
rop

ose
a

H
M

C
-w

ith
in

-G
ib

b
s

m
eth

o
d

to
sam

p
le

from
(3),

altern
atin

g
sa

m
p
lin

g
fro

m

1
.
u|θ,~p,y

-
P

seu
d
o-m

argin
al

M
H

u
p

d
ate

(S
ection

3.3)

2
.
θ,~p|u

,y
-

H
M

C
u
p

d
ate

given
u

from
S
tep

1
(S

ection
3.4).

T
h
is

sch
em

e
h
a
s

(3)
as

its
in

varian
t

d
istrib

u
tion

.
In

tegratin
g

ou
t

th
e

m
om

en
tu

m
variab

les
y
ield

s
π
m

(θ,u
)

in
(1)

an
d
,

fu
rth

er
in

tegratin
g

ou
t
u

,
y
ield

s
π

(θ)
if

th
e

likelih
o
o
d

estim
ator

L̂
m

(θ)
is

u
n
b
ia

sed
.

L
in

d
sten

an
d

D
ou

cet
(2016)

p
rop

ose
th

e
rela

ted
p
seu

d
o-m

argin
al

H
M

C
sa

m
p
ler,

in
w

h
ich

a
m

om
en

tu
m

vector
is

a
lso

in
tro

d
u
ced

for
th

e
au

x
iliary

varia
b
les

u
.

T
h
at

sch
em

e,
h
ow

ev
er,

is
n
ot

ap
p
licab

le
h
ere

as
th

e
p
seu

d
o-m

argin
al

variab
les

w
e

em
p
loy

are
d
iscrete

a
n
d

n
o
t

am
en

ab
le

to
H

am
ilton

ian
d
y
n
am

ics
th

em
selves.

T
h
e

n
ex

t
su

b
section

s
d
escrib

e
in

d
etail

th
e

tw
o

u
p

d
ates

of
ou

r
algorith

m
an

d
ex

p
lain

w
h
y

o
u
r

a
p
p
ro

a
ch

d
o
es

n
ot

com
p
rom

ise
th

e
H

am
ilto

n
ian

fl
ow

.

3
.3

.
U

p
d

a
tin

g
th

e
d

a
ta

su
b

se
t

G
iven

θ
(j−

1
),~p

(j−
1
)

an
d
u

(j−
1
),

at
iteration

j
w

e
p
rop

ose
u
′∼

p
U

(u
)

an
d

set
u

(j)
=
u
′

w
ith

p
ro

b
a
b
ility

α
u

=
m

in {
1
,

L̂
m

(θ
(j−

1
);u
′)

L̂
m

(θ
(j−

1
);u

(j−
1
)) }

,
(5)

w
h
ere

th
e

n
o
ta

tion
em

p
h
asizes

th
at

th
e

estim
ators

are
b
ased

on
d
iff

eren
t

d
ata

su
b
sets.

If
th

e
p
ro

p
o
sa

l
is

rejected
w

e
set

u
(j)

=
u

(j−
1
).

S
in

ce
u
′
is

p
rop

osed
in

d
ep

en
d
en

tly
o
f
u

(j−
1
),

th
e

log
of

th
e

ratio
in

(5)
can

b
e

h
igh

ly
vari-

a
b
le,

p
o
ssib

ly
gettin

g
th

e
sam

p
ler

stu
ck

w
h
en

th
e

n
u
m

erator
is

sign
ifi

can
tly

overestim
ated

.
T

o
p
reven

t
th

is,
w

e
im

p
lem

en
t

th
e

b
lo

ck
u
p

d
ate

of
u

for
d
ata

su
b
sam

p
lin

g
in

Q
u
iro

z
et

al.
(2

0
1
9
,

2
0
1
8
b
)

w
ith

G
b
lo

ck
s,

w
h
ich

gives
a

correlation
ρ

of
rou

gh
ly

1−
1/G

b
etw

een
th

e
lo

g
L̂
m

a
t

th
e

cu
rren

t
an

d
p
rop

osed
d
raw

s
(T

ran
et

al.,
2017;

Q
u
iroz

et
al.,

2018b
).

S
ettin

g
G

=
1
0
0,

g
ives

ρ
≈

0.99,
w

h
ich

h
elp

s
th

e
ch

ain
to

m
ix

w
ell.
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D
a
n
g
,
Q
u
ir
o
z
,
K
o
h
n
,
T
r
a
n
,
V
il
l
a
n
i

3
.4

.
U

p
d

a
tin

g
th

e
p

a
ra

m
e
te

rs

G
iven

u
(j),

w
e

u
se

H
am

ilton
’s

eq
u
ation

s

d
θ
l

d
t

=
∂Ĥ

(θ,~p)

∂
~p
l

,
d
~p
l

d
t

=
−
∂Ĥ

(θ,~p)

∂
θ
l

,
l

=
1,...,d

,
(6)

to
p
rop

ose
θ

an
d
~p.

N
ote

th
at

th
is

tra
jectory

follow
s

th
e

H
am

ilton
ian

fl
ow

forĤ
v
iew

ed
as

a
fu

n
ction

of
θ

an
d
~p

for
a

given
d
ata

su
b
set

selected
b
y
u

(j),
sin

ce
u

(j)
is

fi
x
ed

th
rou

gh
tim

e
t.

W
e

ob
tain

th
e

p
rop

osal
as

in
stan

d
ard

H
M

C
,

u
sin

g
a

leap
frog

in
tegrator

w
ith

in
tegration

tim
e
εL

,
b
u
t

w
ith
Ĥ

in
p
lace

ofH
.

S
p

ecifi
cally,

at
iteration

j,
given

th
e

d
ata

su
b
set

u
(j),

if
th

e
leap

frog
in

tegrator
starts

at
(θ

(j−
1
),~p

0 )
w

ith
~p

0 ∼
K

(~p)
an

d
en

d
s

at
(θ
L
,−
~p
L

),
w

e
let

(θ
(j),~p

(j))
=

(θ
L
,−
~p
L

)
w

ith
p
rob

ab
ility

α
θ
,~p

=
m

in {
1,ex

p (−
Ĥ

(θ
L
,−
~p
L

)
+
Ĥ

(θ
(j−

1
),~p

0 ) )}
,

(7)

w
ith
Ĥ

in
(3).

If
(θ
L
,−
~p
L

)
is

rejected
,

w
e

set
(θ

(j),~p
(j))

=
(θ

(j−
1
),~p

0 ).
In

p
ra

ctice,
it

is
u
n
n
ecessary

to
sto

re
th

e
sam

p
led

m
om

en
tu

m
.

U
sin

g
th

e
term

in
ology

in
B

etan
cou

rt
(2015),

w
e

can
th

in
k

of
th

e
d
y
n
am

ics
in

(6)
as

gen
eratin

g
a

tra
jectory

follow
in

g
a

m
od

ifi
ed

level
set

(Ĥ
),

as
op

p
osed

to
th

e
exa

ct
level

set
ob

tain
ed

u
sin

g
d
y
n
am

ics
th

at
d
o

n
ot

su
b
sam

p
le

th
e

d
ata

(H
).

A
k
ey

p
rop

erty
of

ou
r

fra
m

e-
w

ork
is

th
at

th
e

sa
m

e
estim

ate
Ĥ

is
u
sed

in
gen

eratin
g

th
e

d
iscretized

leap
frog

tra
jectory

as
in

th
e

accep
tan

ce
p
rob

ab
ility

in
(7).

T
h
e

con
n
ection

b
etw

een
th

e
m

o
d
ifi

ed
lev

el
setĤ

an
d

its
d
y
n
am

ics
is

kep
t

in
tact,

an
d

th
u
s

th
e

origin
al

en
ergy

con
serv

in
g

p
rop

erty
of

H
M

C
rem

ain
s,

even
for

d
istan

t
p
rop

osals.
W

e
th

erefore
n
am

e
ou

r
algorith

m
H

am
ilton

ian
M

on
te

C
arlo

w
ith

E
n
ergy

C
on

serv
in

g
S
u
b
sam

p
lin

g
(H

M
C

-E
C

S
).

N
ote

th
at

en
ergy

con
servation

is
on

ly
p

ossib
le

b
ecau

se
of

th
e

p
seu

d
o-m

argin
al

m
ech

an
ism

w
h
ere

w
e

u
p

d
ate

th
e

su
b
sam

p
le

in
each

G
ib

b
s

iteration
,

th
ereb

y
gu

aran
teein

g
th

at
ou

r
sam

p
les

are
from

th
e

target
p

osterior
b
ased

on
all

th
e

d
ata.

B
etan

cou
rt

(20
15)

illu
strates

th
e

p
ro

b
lem

s
w

ith
u
sin

g
Ĥ

for
th

e
d
y
n
am

ics,
b
u
tH

in
th

e
accep

tan
ce

p
rob

ab
ility.

G
iven

a
sen

sib
le

step
len

gth
ε,

d
iscretizin

g
th

e
H

am
ilton

ian
w

ith
a

sy
m

p
lectic

in
tegrator

in
tro

d
u
ces

a
n

error
of
O

(ε
2)

(N
eal,

2011)
relative

to
th

e
m

o
d
ifi

ed
level

set
an

d
h
en

ce
th

e
d
iscretization

error
is

very
sm

all.
B

etan
cou

rt
(2015)

n
otes

th
at

th
e

m
o
d
ifi

ed
level

set
an

d
th

e
d
iscretized

tra
jectory

b
ased

o
n

it
m

igh
t

b
e

very
far

from
th

e
ex

act
level

set,
resu

ltin
g

in
low

accep
tan

ce
p
rob

ab
ilities

n
o

m
atter

h
ow

sm
all

ε
is.

S
G

-H
M

C
(C

h
en

et
al.,

2014)
d
elib

erately
circu

m
ven

ts
th

e
d
iscon

n
ect

p
rob

lem
b
y

gen
eratin

g
p
rop

osals
from

th
e

tra
jectories

b
ased

on
a

m
o
d
ifi

ed
H

am
ilton

ian
,

b
u
t

sk
ip

th
e

rejection
step

.
T

h
e

d
isad

van
tage

of
S
G

-H
M

C
is

th
erefore

th
at

th
e

b
ias

in
th

e
targeted

p
osterior

n
ow

grow
s

w
ith

th
e

step
len

gth
ε.

K
eep

in
g
ε

sm
all

m
akes

S
G

-H
M

C
v
ery

com
p
u
tation

ally
d
em

an
d
in

g
sin

ce
a

v
ery

large
n
u
m

b
er

of
leap

frog
step

s
are

n
eed

ed
for

d
istan

t
p
rop

osals.
In

con
trast,

th
e

d
y
n
am

ics
of

H
M

C
-E

C
S

target
th

e
su

b
sam

p
led

H
am

ilton
ian

,
an

d
so

m
ain

tain
a

h
igh

accep
tan

ce
p
rob

ab
ility

even
for

a
large

ε.
T

h
e

b
ias

in
tro

d
u
ced

b
y

th
e

su
b
sam

p
lin

g
is

th
en

con
fi
n
ed

to
th

e
p
seu

d
o-m

argin
al

step
,

w
h
ich

is
ch

osen
so

th
at

th
e

b
ias

is
very

sm
all

as
ou

r
th

eoretical
an

aly
sis

b
elow

sh
ow

s.
A

lgorith
m

1
sh

ow
s

on
e

iteration
of

ou
r

p
rop

osed
H

M
C

-E
C

S
algorith

m
b
ased

on
th

e
leap

frog
in

tegrator
u
sin

g
th

e
estim

ated
lik

elih
o
o
d
L̂
m

(θ).
T

h
e

n
ex

t
tw

o
section

s
con

sid
er

p
rev

iou
sly

p
rop

osed
likelih

o
o
d

estim
ators

an
d

sh
ow

h
ow

w
e

u
se

th
em

in
H

M
C

-E
C

S
.
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
sa

m
p
l
in
g

A
lg

o
ri

th
m

1
:

O
n
e

it
er

at
io

n
of

H
M

C
-E

C
S
.

In
p

u
t:

C
u
rr

en
t

p
os

it
io

n
u

(j
−

1
) ,
θ(
j−

1
) ,

st
ep

si
ze
ε

an
d

in
te

gr
at

in
g

ti
m

e
εL

P
ro

p
os

e
u
′ ∼

p
U

(u
)

S
et
u

(j
)
←
u
′

w
it

h
p
ro

b
ab

il
it

y

α
u

=
m

in

{
1
,

L̂
m

(θ
(j
−

1
) ;
u
′ )

L̂
m

(θ
(j
−

1
) ;
u

(j
−

1
) )

}
,

el
se
u

(j
)
←
u

(j
−

1
)

G
iv

e
n
u

(j
)

:

~p
0
∼
K

(~p
);
θ 0
←
θ(
j−

1
) ;
Ĥ

0
←
Ĥ

(θ
(j
−

1
) ,
~p

0
)

~p
0
←
~p

0
−

ε 2
∇
θ
Û(
θ 0

)

fo
r
l

=
1

to
L

d
o

θ l
←
θ l
−

1
+
εM
−

1
~p
l−

1

if
i
<
L

th
e
n
~p
l
←
~p
l−

1
−
ε∇

θ
Û(
θ l

);

e
ls

e
~p
L
←
~p
L
−

1
−

ε 2
∇
θ
Û(
θ l

);

e
n

d
~p
L
←
−
~p
L

Ĥ
L
←
Ĥ

(θ
L
,~p
L

)

S
et

(θ
(j

) ,
~p

(j
)
)
←

(θ
L
,~p
L

)
w

it
h

p
ro

b
ab

il
it

y

α
θ
,~p

=
m

in
{ 1
,e

x
p
( −
Ĥ

(θ
L
,−
~p
L

)
+
Ĥ

(θ
(j
−

1
) ,
~p

0
))}

,

el
se

(θ
(j

) ,
~p

(j
)
)
←

(θ
(j
−

1
) ,
~p

0
)

O
u

tp
u

t:
u

(j
) ,
θ(
j)
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0(

10
0)

:1
-3

1,
 2

01
9

D
a
n
g
,
Q
u
ir
o
z
,
K
o
h
n
,
T
r
a
n
,
V
il
l
a
n
i

4
.
P
e
rt
u
rb

e
d
H
M

C
-E

C
S

4
.1

.
E

ffi
c
ie

n
t

e
st

im
a
to

rs
o
f

th
e

lo
g
-l

ik
e
li
h

o
o
d

Q
u
ir

oz
et

al
.

(2
01

9)
p
ro

p
os

e
sa

m
p
li
n
g
m

ob
se

rv
at

io
n
s

w
it

h
re

p
la

ce
m

en
t

an
d

es
ti

m
a
te

a
n

ad
d
it

iv
e

lo
g-

li
k
el

ih
o
o
d `(
θ)

=
lo

g
L

(θ
)

=
n ∑ k
=

1

` k
(θ

),
` k

(θ
)

=
lo

g
p
(y
k
|θ

)

b
y

th
e

u
n
b
ia

se
d

d
iff

er
en

ce
es

ti
m

at
or

̂̀ m
(θ

)
=

n ∑ k
=

1

q k
(θ

)
+
d̂
m

(θ
),

(8
)

w
h
er

e

d̂
m

(θ
)

=
1 m

m ∑ i=
1

` u
i
(θ

)
−
q u
i
(θ

)

ω
u
i
(θ

)
,

u
i
∈
{1
,.
..
,n
}

ii
d

w
it

h
P

r(
u
i

=
k
)

=
ω
k
,

(9
)

an
d
q k

(θ
)

ar
e

co
n
tr

ol
va

ri
at

es
.

W
e

co
n
ti

n
u
e

to
su

p
p
re

ss
d
ep

en
d
en

ce
on

n
in

th
e

n
o
ta

ti
o
n

fo
r

m
an

y
q
u
an

ti
ti

es
in

tr
o
d
u
ce

d
in

th
is

se
ct

io
n
.

If
th

e
q k

(θ
)

ap
p
ro

x
im

at
e

th
e
` k

(θ
)

re
a
so

n
a
b
ly

w
el

l,
th

en
w

e
ob

ta
in

an
effi

ci
en

t
es

ti
m

at
or

b
y

ta
k
in

g
ω
k

=
1/
n

fo
r

al
l
k
.

Q
u
ir

o
z

et
a
l.

(2
0
1
9)

es
ti

m
at

e
σ

2
(θ

)
=

V
[ ̂̀
m

(θ
)]

b
y

σ̂
2 m

(θ
)

=
n

2

m
2

m ∑ i=
1

( d
u
i
(θ

)
−
d
u
(θ

))
2
,

w
it

h
d
u
i
(θ

)
=
` u
i
(θ

)
−
q u
i
(θ

)
(1

0
)

w
h
er

e
d
u

d
en

ot
es

th
e

m
ea

n
of

th
e
d
u
i

in
th

e
sa

m
p
le
u

=
(u

1
,.
..
,u

m
).

T
o

ob
ta

in
effi

ci
en

t
co

n
tr

ol
va

ri
at

es
,

Q
u
ir

oz
et

al
.

(2
01

9)
fo

ll
ow

B
ar

d
en

et
et

a
l.

(2
0
1
7)

an
d

le
t
q k

(θ
)

b
e

a
se

co
n
d

or
d
er

T
ay

lo
r

ap
p
ro

x
im

at
io

n
ar

ou
n
d

a
fi
x
ed

ce
n
tr

al
va

lu
e
θ?

,

q k
(θ

)
=
` k

(θ
?
)

+
∇
θ
` k

(θ
?
)>

(θ
−
θ?

)
+

1 2
(θ
−
θ?

)>
H
k
(θ
?
)(
θ
−
θ?

),
H
k
(θ
?
)

: =
∇
θ
∇
> θ
` k

(θ
?
).

(1
1
)

A
ft

er
p
ro

ce
ss

in
g

th
e

fu
ll

d
at

a
on

ce
b

ef
or

e
th

e
M

C
M

C
to

co
m

p
u
te

si
m

p
le

su
m

m
a
ry

st
a
ti

st
ic

s,
∑

n k
=

1
q k

(θ
)

ca
n

b
e

co
m

p
u
te

d
in
O

(1
)

ti
m

e
(B

ar
d
en

et
et

al
.,

20
17

).

4
.2

.
E

ffi
c
ie

n
t

e
st

im
a
to

rs
o
f

th
e

li
k
e
li
h

o
o
d

a
n

d
it

s
g
ra

d
ie

n
t

Q
u
ir

oz
et

al
.

(2
01

9)
u
se

th
e

li
ke

li
h
o
o
d

es
ti

m
at

or

L̂
m

(θ
)

=
ex

p

(
̂̀ m

(θ
)
−

1 2
σ̂

2 m
(θ

))
(1

2
)

fi
rs

t
p
ro

p
os

ed
b
y

C
ep

er
le

y
an

d
D

ew
in

g
(1

9
99

)
an

d
N

ic
h
ol

ls
et

al
.
(2

01
2)

.
T

h
e

m
o
ti

va
ti

o
n

fo
r

th
is

es
ti

m
at

or
is

th
at

it
is

u
n
b
ia

se
d

fo
r

th
e

li
k
el

ih
o
o
d

if
i)
̂̀ m

(θ
)
∼
N

(`
(θ

),
σ

2
(θ

))
(j

u
st

ifi
ed

b
y

th
e

ce
n
tr

al
li
m

it
th

eo
re

m
)

an
d

ii
)
σ̂

2 m
(θ

)
in

(1
2)

is
re

p
la

ce
d

b
y

th
e

p
op

u
la

ti
o
n

q
u
a
n
ti

ty

1
0
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
sa

m
p
l
in
g

σ
2(θ).

H
ow

ever,
σ

2(θ)
is

n
ot

availab
le

in
p
ractice

an
d

th
e

estim
ato

r
in

(1
2
)

is
b
iased

.
T

h
is

b
ia

s
m

a
kes

th
e

M
C

M
C

algorith
m

in
Q

u
iroz

et
al.

(2019
)

target
a

sligh
tly

p
ertu

rb
ed

p
osterior

π
m

(θ).
A

ssu
m

in
g

th
at

th
e

ex
p
an

sion
p

oin
t
θ
?

in
th

e
con

trol
variates

is
th

e
p

osterior
m

o
d
e

b
ased

o
n

a
ll

th
e

d
ata,

Q
u
iroz

et
al.

(2019)
p
rove

th
at

∫

Θ
|π
m

(θ)−
π

(θ)|d
θ

=
O

(
1

n
m

2 )
an

d
|E
π
m

[h
(θ)]−

E
π
[h

(θ)]|
=
O

(
1

n
m

2 )
,

(13)

w
h
ere

π
m

(θ)
=

E
p
U

[L̂
m

(θ) ]
is

th
e

p
ertu

rb
ed

m
argin

al
for

θ
w

h
en

u
sin

g
th

e
likelih

o
o
d

estim
a
to

r
in

(1
2
).

T
h
ese

resu
lts

carry
over

to
ou

r
H

am
ilton

ian
ap

p
roach

straig
h
tforw

ard
ly

as
w

e
o
b
ta

in
th

e
au

gm
en

ted
target

in
Q

u
iroz

et
al.

(2019)
after

in
tegratin

g
ou

t
th

e
m

om
en

tu
m

in
(3)

a
n
d

u
sin

g
(12).

H
en

ce,
th

e
θ

iterates
from

H
M

C
-E

C
S

con
verge

to
a

p
ertu

rb
ed

p
o
sterio

r
w

h
ich

m
ay

get
arb

itrarily
close

to
th

e
tru

e
p

osterior
b
y

in
creasin

g
th

e
su

b
sa

m
p
le

size
m

,
o
r

b
y

in
creasin

g
n

an
d

lettin
g
m

=
O

(n
ν)

for
som

e
ν
>

0.
F

o
r

ex
a
m

p
le,

if
ν

=
1/2,

th
en

th
e

a
b

ove
ord

ers
are

O
(1/n

2)
w

ith
resp

ect
to

n
.

H
ow

ev
er,

th
is

ex
trem

ely
rap

id
ly

va
n
ish

in
g

p
ertu

rb
ation

is
u
su

ally
n
ot

p
ractically

attain
ab

le
sin

ce
th

e
resu

lt
in

(13)
assu

m
es

th
a
t
θ
?

is
th

e
p

osterior
m

o
d
e

b
ased

on
a
ll

d
ata.

C
o
rollary

1
in

Q
u
iroz

et
al.

(201
9)

p
roves

ra
tes

u
n
d
er

th
e

m
ore

realistic
assu

m
p
tion

th
at
θ
?

is
th

e
p

osterior
m

o
d
e

b
ased

o
n

a
fi
x
ed

su
b
set

o
f
ñ
�

n
ob

servation
s.

If,
for

ex
am

p
le,

ñ
=
O

( √
n

)
th

en
th

e
rates

in
(13)

b
ecom

e
O

(1/ √
n

).
Im

p
ortan

tly,
th

e
op

tim
al

su
b
sam

p
le

size
in

th
is

case
b

ecom
es
m

=
O

( √
n

),
w

h
ich

sh
ow

s
th

a
t

H
M

C
-E

C
S

scales
w

ell
w

ith
th

e
size

of
th

e
d
ata.

S
ee

Q
u
iroz

et
al.

(2019)
for

su
g
g
estio

n
s

on
h
ow

to
get

closer
to

th
e

rates
in

(1
3)

in
a

co
m

p
u
tation

ally
tractab

le
w

ay.
In

a
d
d
itio

n
to

estim
atin

g
th

e
likelih

o
o
d

an
d

th
e

log-likelih
o
o
d
,
ou

r
H

am
ilton

ian
ap

p
roach

a
lso

n
eed

s
to

estim
ate

a
grad

ien
t.

It
is

straigh
tfo

rw
ard

to
m

o
d
ify

(8)
to

in
stea

d
p
rov

id
e

an
u
n
b
ia

sed
estim

ator
of

th
e

grad
ien

t
of

th
e

log-likelih
o
o
d
.

W
ith

ω
k

=
1
/n

an
d
∇
θ q
k (θ)

=
∇
θ `
k (θ

?)
+
H
k (θ

?)(θ−
θ
?),

∇
θ ̂̀
m

(θ)
=
A

(θ
?)

+
B

(θ
?)(θ−

θ
?)

+
nm

m
∑i=

1

(∇
θ `
u
i (θ)−

∇
θ q
u
i (θ))

,
(14)

w
h
ere

A
(θ
?)

:=
n
∑k

=
1 ∇

θ `
k (θ

?)∈
R
d

an
d
B

(θ
?)

:=
n
∑k

=
1

H
k (θ

?)∈
R
d×
d

a
re

o
b
tain

ed
at

th
e

cost
of

com
p
u
tin

g
over

th
e

fu
ll

d
ata

set
on

ce
b

efore
th

e
M

C
M

C
sin

ce
θ
?

is
fi
x
ed

.
It

is
also

straigh
tforw

ard
to

com
p
u
te
∇
θ σ̂

2m
(θ)

u
sin

g
(10)

w
ith

th
is

ch
oice

of
co

n
tro

l
va

ria
te.

It
is

im
p

o
rtan

t
to

n
ote

th
at

th
e

p
ertu

rb
ation

in
th

e
targeted

p
osterio

r
in

p
ertu

rb
ed

H
M

C
-E

C
S

is
in

d
ep

en
d
en

t
of

th
e

step
len

gth
in

th
e

lea
p
frog

iteration
s,
ε.

H
en

ce,
w

e
can

g
en

era
te

d
ista

n
t

p
rop

osals
from

a
sm

all
n
u
m

b
er

of
leap

frog
step

s
w

ith
o
u
t

in
creasin

g
th

e
p

o
sterio

r
b
ia

s.

5
.
S
ig
n
e
d
H
M

C
-E

C
S

W
e

n
ow

p
resen

t
an

altern
ative

H
M

C
-E

C
S

algo
rith

m
b
ased

on
th

e
B

lo
ck

-P
o
isson

estim
ator

in
Q

u
iro

z
et

a
l.

(2
018b

).
T

h
is

algorith
m

gives
sim

u
lation

con
sisten

t
estim

ates
of

ex
p

ecta
tion

s
w

ith
resp

ect
to

th
e

tru
e

p
osterior

d
en

sity
w

ith
ou

t
an

y
p

ertu
rb

ation
.

1
1

JM
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D
a
n
g
,
Q
u
ir
o
z
,
K
o
h
n
,
T
r
a
n
,
V
il
l
a
n
i

5
.1

.
T

h
e

b
lo

ck
-P

o
isso

n
e
stim

a
to

r

Q
u
iroz

et
al.

(2018b
)

p
rop

ose
th

e
b
lo

ck
-P

oisson
estim

ator,
form

ed
b
y

sam
p
lin

gX
l ∼

P
ois(1)

for
l

=
1,...λ

,
an

d
com

p
u
tin

g
d̂

(h
,l)

m
,
h

=
1,...,X

l ,
u
sin

g
(9)

b
ased

on
a

m
in

i-b
atch

sam
p
le

size
m

,
an

d
th

en
estim

ate
th

e
likelih

o
o
d

b
y

L̂
m

(θ)
=

ex
p (

n
∑k

=
1

q
k (θ) )

λ
∏l=

1

ξ
l ,

ξ
l

=
ex

p (
a

+
λ

λ

)
X
l
∏h
=

1 (
d̂

(h
,l)

m
(θ)−

a

λ

)
,

(15)

w
h
ere

λ
is

a
p

ositive
in

teger,
a

is
a

real
n
u
m

b
er

an
d
ξ
l

=
ex

p
((a

+
λ

)/λ
)

ifX
l

=
0.

P
ois(1)

d
en

otes
th

e
P

oisson
d
istrib

u
tion

w
ith

m
ean

1.
N

ote
th

at
th

e
total

su
b
sam

p
le

size
m
λX

l
is

ran
d
om

w
ith

m
ean

m
λ

in
a

given
M

C
M

C
iteration

.
S
in

ce
L̂
m

(θ)
is

u
n
b
iased

for
L

(θ),
d
efi

n
in

g
th

e
au

gm
en

ted
d
en

sity
as

in
(3)

gives

∫

U

∫P
π
m

(θ,~p,u
)d
~pd
u

=
π

(θ).

H
en

ce,
if

(3)
is

a
p
rop

er
d
en

sity
u
sin

g
(15),

w
e

ob
tain

sam
p
les

from
th

e
d
esired

m
argin

al
for

θ.
H

ow
ev

er,
(3)

is
a

p
rop

er
d
en

sity
on

ly
if
τ

:=
P

r (
L̂
m

(θ)≥
0 )

=
1,

w
h
ich

req
u
ires

th
at
a

in
(15)

is
a

low
er

b
ou

n
d

of
d̂

(h
,l)

m
(J

acob
an

d
T

h
iery

,
2015)

w
h
ich

resu
lts

in
a

p
roh

ib
itively

costly
estim

ator
(Q

u
iroz

et
al.,

2018b
).

In
stead

,
w

e
follow

Q
u
iroz

et
al.

(2018b
)

w
h
o

u
se

th
e

ap
p
roach

of
L

y
n
e

et
al.

(2015)
for

ex
act

in
feren

ce
on

an
ex

p
ectation

of
an

arb
itrary

fu
n
ction

ψ
(θ)

w
ith

resp
ect

to
π

(θ).
F

or
ou

r
H

am
ilton

ian
ap

p
ro

ach
,

th
is

en
tails

d
efi

n
in

g
a

p
rop

er
au

gm
en

ted
d
en

sity,

π̃
m

(θ,~p,u
)∝

∣∣∣ L̂
m

(θ) ∣∣∣
p

Θ
(θ)p

U
(u

)
ex

p
(−
K

(~p))
,

(16)

an
d

w
ritin

g

E
π
[ψ

]
=

∫
Θ
ψ

(θ)L
(θ)p

Θ
(θ)d

θ
∫

Θ
L

(θ)p
Θ

(θ)d
θ

=

∫U ∫P
∫

Θ
ψ

(θ)S
(θ,u

)π̃
(θ,~p,u

)d
θd
~pd
u

∫U ∫P
∫

Θ
S

(θ,u
)π̃

(θ,~p,u
)d
θd
~pd
u

=
E
π̃
[ψ
S

]

E
π̃
[S

]
,

(17)

w
h
ere

S
(θ,u

)
=

sign (
L̂
m

(θ) )
an

d
sign

(·)
=

1
if
L̂
m

(θ)
≥

0
an

d
sign

(·)
=
−

1
oth

erw
ise.

E
q
u
ation

(17)
su

g
gests

ru
n
n
in

g
th

e
H

M
C

-E
C

S
sam

p
ler

ou
tlin

ed
in

S
ection

3.2
on

th
e

target
(16),

an
d

th
en

estim
atin

g
(17)

b
y

Î
R

=

∑
Rj=

1
ψ

(θ
(j))s

(j)

∑
Rj=

1
s

(j)
,

w
h
ere

s
(j)

is
th

e
sign

of
th

e
estim

ate
at

th
e
jth

iteration
.

W
e

follow
Q

u
iroz

et
al.

(2018b
)

an
d

u
se

th
e

term
sign

ed
P

M
for

an
y

p
seu

d
o-m

argin
al

algorith
m

th
at

u
ses

th
e

tech
n
iq

u
e

in
L

y
n
e

et
al.

(2015)
w

h
ere

a
p
seu

d
o-m

argin
al

sam
p
ler

is
ru

n
on

th
e

ab
solu

te
valu

e
of

th
e

estim
ated

p
osterior

an
d

su
b
seq

u
en

tly
sign

-corrected
b
y

im
p

ortan
ce

sam
p
lin

g.
S
im

ilarly,
w

e
call

th
e

algorith
m

d
escrib

ed
in

th
is

section
sign

ed
H

M
C

-E
C

S
.

T
h
e

b
lo

ck
-P

oisson
estim

ator
in

(15)
h
as

m
ore

tu
n
in

g
p
aram

eters
th

an
th

e
estim

ator
in

(12).
Q

u
iroz

et
al.

(2018b
)

ex
ten

d
th

e
op

tim
al

tu
n
in

g
ap

p
roach

in
P

itt
et

al.
(2012)

to
th

e

1
2
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H
M
C

w
it
h
E
n
e
r
g
y
C
o
n
se

r
v
in
g

S
u
b
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A

P
referen

ce
of

u
ser

Y
for

m
ov

ie
B
.

In
w

o
rd

s,
th

e
low

n
on

-n
egative

ran
k

m
o
d
el

in
h
eren

tly
im

p
oses

a
con

d
ition

th
at

is
p

oten
tially

u
n
rea

listic—
n
a
m

ely,
th

at
for

an
y

giv
en

featu
re,

th
e

ratio
of

p
referen

ces
for

an
y

p
air

of
m

ov
ies

is
id

en
tical

fo
r

all
u
sers.

L
ik

ew
ise,

for
an

y
giv

en
featu

re,
th

e
ratio

of
p
referen

ces
of

an
y

p
air

o
f

u
sers

is
id

en
tical

for
all

m
ov

ies.
W

ith
th

e
goal

of
circu

m
v
en

tin
g

th
is

p
ossib

ly
trou

b
lesom

e
co

n
d
itio

n
,

let
u
s

n
ow

d
escrib

e
a

gen
eralization

th
at

w
e

call
p

erm
u
tation

ran
k
,

w
h
ich

is
th

e
m

ain
fo

cu
s

of
o
u
r

p
ap

er.

2
.

A
slig

h
tly

d
iff

eren
t,

a
ltern

a
tiv

e
in

terp
reta

tio
n

is
d

iscu
ssed

in
A

p
p

en
d

ix
A

.
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S
h
a
h
,
B
a
l
a
k
r
ish

n
a
n
,
W
a
in
w
r
ig
h
t

P
e
rm

u
ta

tio
n

ra
n

k
:

A
s

w
ith

th
e

ord
in

ary
ran

k
,

th
e

p
erm

u
tation

ran
k

of
th

e
all-zeros

m
atrix

is
zero.

O
th

erw
ise,

for
an

y
n
on

-zero
m

atrix
,

th
e

p
erm

u
tation

ran
k
ρ

takes
valu

es
in

th
e

set
{
1,...,m

in{
n
,d}}.

W
e

b
egin

b
y

d
escrib

in
g

th
e

set
C

P
R
(1)

of
m

atrices
w

ith
p

erm
u
tation

ran
k

on
e:

C
P
R
(1)

:=
{
M
∈

[0,1] n×
d|∃

p
erm

u
tation

s
π

1
:

[n
]→

[n
]

an
d
π

2
:

[d
]→

[d
]

su
ch

th
at

M
ij ≥

M
i ′j ′

for
ev

ery
q
u
ad

ru
p
le

(i,j,i ′,j ′)
su

ch
th

at
π

1 (i)≥
π

1 (i ′)
an

d
π

2 (j)≥
π

2 (j ′)}
.

In
w

ord
s,

a
n
on

-zero
m

atrix
is

said
to

h
ave

a
p

erm
u
tation

ran
k

of
1

if
th

ere
ex

ists
a

p
erm

u
ta-

tion
of

its
row

s
an

d
colu

m
n
s

su
ch

th
at

th
e

en
tries

of
th

e
resu

ltin
g

m
atrix

are
n
o
n
-d

ecreasin
g

d
ow

n
an

y
colu

m
n

an
d

to
th

e
righ

t
alon

g
an

y
row

.
O

b
serve

th
at

an
y

m
atrix

w
ith

th
e

con
-

ven
tion

al
(n

on
-n

egative)
ran

k
eq

u
al

to
1

also
b

elon
gs

to
th

e
set

C
P
R
(1).

H
ow

ever,
a

m
atrix

in
C

P
R
(1)

can
h
ave

an
y

n
on

-n
egative

ran
k
,

m
ean

in
g

th
e

set
of

m
atrices

w
ith

a
p

erm
u
tation

-
ran

k
of

1
also

in
clu

d
es

som
e

m
atrices

w
ith

a
fu

ll
n
on

-n
ega

tive
ran

k
.

W
e

n
ow

ex
ten

d
th

e
d
efi

n
ition

of
th

e
p

erm
u
tation

ran
k

to
an

y
in

teger
ρ
∈
{1,...,m

in{
n
,d}}.

In
p
articu

lar,
th

e
set

of
m

atrices
w

ith
p

erm
u
tation

ran
k

at
m

ost
ρ

is
giv

en
b
y

C
P
R
(ρ

)
:=
{
M
∈

[0,1] n×
d
∣∣∣
M

=
∑

ρ`=
1
Q
`

for
so

m
e

m
atrices

Q
1,...,Q

ρ∈
C

P
R
(1) }

,

N
ote

th
at

th
is

d
efi

n
ition

red
u
ces

to
C

P
R
(1)

in
th

e
sp

ecial
case

ρ
=

1.
O

th
erw

ise,
for

ρ
>

1,
th

e
p

erm
u
tation

s
d
efi

n
in

g
m

em
b

ersh
ip

of
each

con
stitu

en
t

m
atrix

Q
`

in
C

P
R
(ρ

)
are

allow
ed

to
b

e
d
iff

eren
t.

F
or

an
y

m
atrix

M
,

th
e

sm
allest

va
lu

e
of
ρ

su
ch

th
at
M
∈
C

P
R
(ρ

)
is

term
ed

its
perm

u
ta

tio
n

ra
n

k,
an

d
is

d
en

oted
b
y
ρ
(M

).

R
ev

isitin
g

th
e

ex
am

p
le

of
m

ov
ie

recom
m

en
d
ation

s,
th

e
in

terp
retation

of
th

is
m

ore
gen

-
eral

p
erm

u
tation

-ran
k

m
o
d
el

is
th

at
con

d
ition

ed
o
n

an
y

featu
re

`
∈

[r],
th

e
p
referen

ce
ord

erin
g

across
m

ov
ies

con
tin

u
es

to
b

e
con

sisten
t

for
d
iff

eren
t

u
sers,

b
u
t

th
e

valu
es

of
th

ese
p
referen

ces
n

eed
n

o
t

b
e

id
en

tical
scalin

gs
of

ea
ch

o
th

er.
O

b
serve

th
at

th
e

con
ven

tion
al

n
on

-n
egative

m
atrix

-com
p
letion

settin
g
C

N
R
(r)

is
a

sp
ecial

case
of

th
e

p
erm

u
tation

-ran
k

m
atrix

-com
p
letion

settin
g

w
h
ere

each
m

atrix
Q
`

is
restricted

to
b

e
of

ran
k

on
e.

W
h
en

ever
r
<

m
in{

d
,n}

,
w

e
h
ave

th
e

strict
in

clu
sion

C
N
R
(r)⊂

C
P
R
(r).

O
u

tlin
e

a
n

d
m

a
in

c
o
n
trib

u
tio

n
s:

H
av

in
g

d
iscu

ssed
th

e
lim

itation
s

of
th

e
n
on

-n
egative

ran
k

m
o
d
el

an
d

in
tro

d
u
ced

th
e

p
erm

u
tation

ran
k
,

w
e

n
ow

ou
tlin

e
th

e
rem

ain
d
er

of
th

e
p
ap

er.
In

S
ection

2,
w

e
p
resen

t
ou

r
m

ain
resu

lts
on

th
e

p
rob

lem
of

estim
atin

g
th

e
m

a-
trix

M
∗

(in
th

e
F

rob
en

iu
s

n
orm

)
from

p
artial

an
d

n
oisy

ob
servation

s.
S
p

ecifi
cally,

w
e

p
resen

t
a

certain
regu

larized
least

sq
u
ares

estim
ator,

an
d

p
rove

th
at

it
ach

ieves
(n

early
)

m
in

im
ax

-op
tim

al
rates

for
estim

ation
over

th
e

p
erm

u
tation

-ran
k

m
o
d
el.

W
e

also
sh

ow
th

at
su

rp
risin

gly,
even

if
on

e
con

sid
ers

th
e

m
ore

restrictive
n
on

-n
egative

ran
k

m
o
d
el,

an
d

even
if

th
e

ran
k

is
k
n
ow

n
,

n
o

estim
ator

can
ach

ieve
low

er
estim

ation
error

u
p

to
logarith

m
ic

factors.
W

e
also

an
aly

ze
th

e
com

p
u
tation

ally
effi

cien
t

S
in

gu
lar

V
alu

e
T

h
resh

old
in

g
(S

V
T

)
algorith

m
,

an
d

sh
ow

th
at

it
y
ield

s
con

sisten
t

estim
ates

over
th

e
p

erm
u
tation

-ran
k

m
o
d
el,

in
ad

d
ition

to
y
ield

in
g

th
e

op
tim

al
estim

ate
u
n
d
er

th
e

n
on

-n
egative

ran
k

m
o
d
el.

In
S
ec-

tion
3,

w
e

estab
lish

som
e

in
terestin

g
p
rop

erties
of

th
e

p
erm

u
tation

-ran
k

m
o
d
el,

an
d

also
d
erive

certain
relation

sh
ip

s
of

th
is

m
o
d
el

w
ith

th
e

n
on

-n
egative

ran
k

m
o
d
el.

In
S
ection

4
w

e
p
resen

t
th

e
p
ro

ofs
of

ou
r

resu
lts.

W
e

con
clu

d
e

th
e

p
ap

er
w

ith
a

d
iscu

ssion
in

S
ection

5.
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

T
h
e

p
ap

er
al

so
co

n
ta

in
s

tw
o

ap
p

en
d
ic

es
.

A
p
p

en
d
ix

A
d
es

cr
ib

es
an

al
te

rn
at

iv
e

in
te

rp
re

-
ta

ti
on

of
th

e
n
on

-n
eg

at
iv

e
ra

n
k

m
o
d
el

.
A

p
p

en
d
ix

B
is

d
ev

ot
ed

to
n
eg

at
iv

e
re

su
lt

s,
w

h
er

e
w

e
sh

ow
th

at
ce

rt
ai

n
in

tu
it

iv
e

al
go

ri
th

m
s

p
ro

va
b
ly

fa
il
.

2
.
M

a
in

re
su

lt
s
o
n
e
st
im

a
ti
n
g
M
∗

W
e

b
eg

in
b
y

co
n
si

d
er

in
g

th
e

p
ro

b
le

m
of

es
ti

m
at

in
g

a
lo

w
p

er
m

u
ta

ti
on

ra
n
k

m
at

ri
x
M
∗

b
as

ed
on

n
oi

sy
an

d
p
ar

ti
al

ob
se

rv
at

io
n
s.

W
e

fi
rs

t
an

al
y
ze

a
co

m
p
u
ta

ti
on

al
ly

ex
p

en
si

ve
es

ti
m

at
or

,
b
as

ed
on

re
gu

la
ri

zi
n
g

th
e

le
as

t-
sq

u
ar

es
co

st
w

it
h

a
m

u
lt

ip
le

of
th

e
p

er
m

u
ta

ti
on

ra
n
k
,

an
d

sh
ow

th
at

it
ac

h
ie

ve
s

m
in

im
ax

-o
p
ti

m
al

ra
te

s
u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s.
W

e
th

en
tu

rn
to

a
p

ol
y
n
om

ia
l-

ti
m

e
al

go
ri

th
m

b
as

ed
on

n
u
cl

ea
r

n
or

m
re

gu
la

ri
za

ti
on

,
w

h
ic

h
is

eq
u
iv

al
en

t
si

n
gu

la
r

va
lu

e
th

re
sh

ol
d
in

g
in

th
e

cu
rr

en
t

se
t-

u
p
.

2
.1

.
O

p
ti

m
a
l

o
ra

c
le

in
e
q
u

a
li
ti

e
s

fo
r

e
st

im
a
ti

o
n

S
u
p
p

os
e

th
at

w
e

co
ll
ec

t
an

ob
se

rv
at

io
n

m
at

ri
x
Y

of
th

e
fo

rm
(1

),
w

h
er

e
th

e
u
n
k
n
ow

n
m

at
ri

x
M
∗

b
el

on
gs

C
P
R
.

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

a
re

gu
la

ri
ze

d
fo

rm
of

le
as

t-
sq

u
ar

es
es

ti
m

at
io

n
,

as
ap

p
li
ed

to
th

e
re

ce
n
te

re
d

m
at

ri
x

Y
′ :

=
1

p
o
b

s
Y
−

1
−
p

o
b

s

2p
o
b

s
11
T
.

(2
a)

W
e

p
er

fo
rm

th
is

re
ce

n
te

ri
n
g

in
or

d
er

to
ob

ta
in

an
u
n
b
ia

se
d

es
ti

m
at

e
Y
′

of
th

e
tr

u
e

m
at

ri
x

M
∗

in
th

e
p
re

se
n
ce

of
m

is
si

n
g

ob
se

rv
at

io
n
s,

w
h
ic

h
is

u
se

d
in

th
e

le
as

t-
sq

u
ar

es
es

ti
m

at
or

d
es

cr
ib

ed
b

el
ow

.
A

s
a

sa
n
it

y
ch

ec
k
,

ob
se

rv
e

th
at

w
h
en
p

o
b

s
=

1,
w

e
h
av

e
th

e
d
ir

ec
t

re
la

ti
on

Y
′ =

Y
.

L
et

ti
n
g
ρ
(M

)
d
en

ot
e

th
e

p
er

m
u
ta

ti
on

-r
an

k
of

an
y

m
at

ri
x
M

,
w

e
th

en
co

n
si

d
er

th
e

es
ti

m
at

or

M̂
L
S
∈

ar
g

m
in

M
∈[

0
,1

]n
×
d

( ||
|Y
′ −

M
|||2 F

+
ρ
(M

)
m

ax
{n
,d
}l

og
2
.0

1
d

p
o
b

s

) .
(2

b
)

O
b
se

rv
e

th
at

im
p

or
ta

n
tl

y,
th

e
es

ti
m

at
or
M̂

L
S

d
o
es

n
o
t

n
ee

d
to

k
n
ow

th
e

va
lu

e
of

th
e

tr
u
e

p
er

m
u
ta

ti
on

-r
an

k
of

th
e

u
n
d
er

ly
in

g
m

at
ri

x
.

M
or

eo
ve

r,
w

h
il
e

th
e

es
ti

m
a
to

r
(a

s
st

at
ed

)
is

b
as

ed
on

a
k
n
ow

n
va

lu
e

of
p

o
b

s,
th

is
as

su
m

p
ti

on
is

n
ot

cr
it

ic
al

,
si

n
ce
p

o
b

s
ca

n
b

e
es

ti
m

at
ed

ac
cu

ra
te

ly
fr

om
th

e
ob

se
rv

ed
m

at
ri

x
Y

.
W

e
n
ow

tu
rn

to
so

m
e

th
eo

re
ti

ca
l

gu
ar

an
te

es
on

th
e

p
er

fo
rm

an
ce

of
th

is
es

ti
m

at
o
r.

R
at

h
er

th
an

as
su

m
in

g
th

at
,

fo
r

a
gi

ve
n

ra
n
k
ρ
,

th
e

ta
rg

et
m

at
ri

x
M
∗

h
a
s

p
er

m
u
ta

ti
on

ra
n
k

ex
ac

tl
y

eq
u
al

to
ρ
,

w
e

in
st

ea
d

p
ro

v
id

e
b

ou
n
d
s

th
at

d
ep

en
d

on
d
is

ta
n
ce

s
to

th
e

se
t

of
al

l
m

at
ri

ce
s

w
it

h
a

gi
v
en

p
er

m
u
ta

ti
on

ra
n
k
.

M
or

e
p
re

ci
se

ly
,

fo
r

an
y

gi
ve

n
to

le
ra

n
ce
ε
≥

0,
d
efi

n
e

th
e

se
t

B
P

(ρ
,ε

)
:=
{ M
∈

[0
,1

]n
×
d
|∃
M
′ ∈

[0
,1

]n
×
d

s.
t.
ρ
(M
′ )
≤
ρ

an
d
|||M
−
M
′ ||| F
≤
ε}
,

co
rr

es
p

on
d
in

g
to

th
e

se
t

of
al

l
m

at
ri

ce
s

th
at

a
re

at
m

os
t
ε

d
is

ta
n
t

fr
om

th
e

se
t

of
m

at
ri

ce
s

w
it

h
p

er
m

u
ta

ti
on

ra
n
k
ρ
.

S
im

il
ar

ly
,

w
e

d
efi

n
e

th
e

se
t

B
N

(r
,ε

)
:=
{ M
∈

[0
,1

]n
×
d
|∃
M
′ ∈

[0
,1

]n
×
d

s.
t.
r(
M
′ )
≤
r

an
d
|||M
−
M
′ ||| F
≤
ε}
,
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 2
0(

10
1)

:1
-4

3,
 2

01
9

S
h
a
h
,
B
a
l
a
k
r
is
h
n
a
n
,
W
a
in
w
r
ig
h
t

co
rr

es
p

on
d
in

g
to

m
at

ri
ce

s
th

at
ar

e
at

m
os

t
ε

aw
ay

fr
om

so
m

e
m

at
ri

x
w

it
h

n
on

-n
eg

a
ti

ve
-r

a
n
k

r.
In

st
at

in
g

th
e

fo
ll
ow

in
g

th
eo

re
m

,
as

w
el

l
as

th
ro

u
gh

ou
t

th
e

re
m

ai
n
d
er

of
th

e
p
a
p

er
,

w
e

u
se
c,
c′
,c

1
et

c.
to

d
en

ot
e

p
os

it
iv

e
u
n
iv

er
sa

l
co

n
st

an
ts

.
T

h
e

va
lu

es
of

th
es

e
co

n
st

a
n
ts

m
ay

d
iff

er
fr

om
li
n
e

to
li
n
e.

T
h

e
o
re

m
1

(a
)

F
o
r

a
n

y
m

a
tr

ix
M
∗
∈

[0
,1

]n
×
d

a
n

d
a
n

y
in

te
ge

r
ρ
∈

[m
in
{n
,d
}]

,
th

e
re

gu
-

la
ri

ze
d

le
a
st

sq
u

a
re

s
es

ti
m

a
to

r
M̂

L
S

sa
ti

sfi
es

th
e

u
p
pe

r
bo

u
n

d

1 n
d
|||M̂

L
S
−
M
∗ |||

2 F
≤
c 1

m
in
{ 1
,

m
in

M
∈C

P
R

(ρ
)

|||M
−
M
∗ |||

2 F

n
d

+
ρ

lo
g

2
.0

1
(n
d
)

m
in
{n
,d
}p

o
b

s

} ,
(3

a
)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

c 0
m

a
x
{n
,d
}l

o
g
(n
d
) .

(b
)

C
o
n

ve
rs

el
y,

fo
r

a
n

y
in

te
ge

r
ρ
∈

[m
in
{n
,d
}]

,
a
n

y
sc

a
la

r
ε
≥

0,
a
n

d
a
n

y
es

ti
m

a
to

r
M̂

,
th

er
e

ex
is

ts
a

m
a
tr

ix
M
∗
∈
B

N
(ρ
,ε

)
su

ch
th

a
t

E[
1 n
d
|||M̂
−
M
∗ |||

2 F

] ≥
c 2

m
in
{ 1
,

ε2 n
d

+
ρ

m
in
{n
,d
}p

o
b

s

} .
(3

b
)

S
ee

S
ec

ti
on

4.
1

fo
r

th
e

p
ro

of
of

th
is

cl
ai

m
.

In
te

rp
re

ta
ti

o
n

a
s

o
ra

c
le

in
e
q
u

a
li
ty

:
T

h
e

u
p
p

er
b

ou
n
d

(3
a)

is
an

in
st

an
ce

o
f

a
n

o
ra

cl
e

in
eq

u
a
li

ty
:

it
p
ro

v
id

es
a

fa
m

il
y

of
u
p
p

er
b

ou
n
d
s,

on
e

fo
r

ea
ch

ch
oi

ce
of

th
e

in
te

g
er
ρ
∈

[m
in
{n
,d
}]

,
on

th
e

es
ti

m
at

io
n

er
ro

r
as

so
ci

at
ed

w
it

h
an

ar
b
it

ra
ry

m
a
tr

ix
M
∗
∈

[0
,1

]n
×
d
.

F
or

ea
ch

ch
oi

ce
of
ρ
,

th
e

u
p
p

er
b

ou
n
d

(3
a)

co
n
si

st
s

of
tw

o
te

rm
s.

T
h
e

fi
rs

t
te

rm
,

in
vo

lv
in

g
th

e
m

in
im

u
m

ov
er
M
∈
C

P
R
(ρ

),
is

a
fo

rm
of

ap
p
ro

x
im

at
io

n
er

ro
r:

it
m

ea
su

re
s

h
ow

w
el

l
th

e
u
n
k
n
ow

n
m

at
ri

x
M
∗

ca
n

b
e

ap
p
ro

x
im

at
ed

w
it

h
a

m
at

ri
x
M

of
p

er
m

u
ta

ti
on

ra
n
k

a
t

m
o
st

ρ
.

T
h
e

se
co

n
d

te
rm

is
a

fo
rm

of
es

ti
m

at
io

n
er

ro
r,

m
ea

su
ri

n
g

th
e

d
iffi

cu
lt

y
o
f

es
ti

m
a
ti

n
g

a
m

at
ri

x
th

at
h
as

p
er

m
u
ta

ti
on

ra
n
k

at
m

os
t
ρ
.

S
in

ce
on

e
su

ch
an

u
p
p

er
b

ou
n
d

h
o
ld

s
fo

r
ea

ch
ch

oi
ce

of
ρ
,

th
e

b
ou

n
d

(3
a)

sh
ow

s
th

at
th

e
es

ti
m

a
to

r
m

im
ic

k
s

th
e

b
eh

av
io

r
o
f

a
n

“
o
ra

cl
e”

,
w

h
ic

h
is

al
lo

w
ed

to
ch

o
os

e
ρ

so
as

to
op

ti
m

iz
e

th
e

tr
a
d
e-

off
b

et
w

ee
n

th
e

ap
p
ro

x
im

a
ti

o
n

a
n
d

es
ti

m
at

io
n

er
ro

r.

S
a
n

d
w

ic
h

in
g

o
f

th
e

ri
sk

:
T

h
e

u
p
p

er
b

ou
n
d

(3
a)

of
T

h
eo

re
m

1
ca

n
eq

u
iv

a
le

n
tl

y
b

e
st

at
ed

in
th

e
fo

ll
ow

in
g

m
an

n
er

.
F

or
an

y
in

te
ge

r
ρ
∈

[m
ax
{n
,d
}]

an
d

an
y

sc
a
la

r
ε
≥

0
su

ch

th
at
M
∗
∈
B

P
(ρ
,ε

),
th

e
re

gu
la

ri
ze

d
le

as
t

sq
u
ar

es
es

ti
m

at
or
M̂

L
S

sa
ti

sfi
es

th
e

u
p
p

er
b

o
u
n
d

1 n
d
|||M̂

L
S
−
M
∗ |||

2 F
≤
c 1

m
in
{
ε2 n
d

+
ρ

lo
g

2
.0

1
(n
d
)

m
in
{n
,d
}p

o
b

s
,1
} ,

(4
a
)

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

c 0
m

a
x
{n
,d
}l

o
g
(m

a
x
{n
d
})

.
O

n
th

e
ot

h
er

h
an

d
,

si
n
ce
B

N
(ρ
,ε

)
⊆

B
P

(ρ
,ε

)
fo

r
ev

er
y

va
lu

e
of
ρ

an
d
ε,

th
e

lo
w

er
b

ou
n
d

(3
b
)

of
T

h
eo

re
m

1
im

p
li
es

th
e

fo
ll
ow

in
g

re
su

lt
.

F
or

an
y

in
te

ge
r
ρ
∈

[m
in
{n
,d
}]

,
an

y
sc

al
ar
ε
≥

0,
an

d
an

y
es

ti
m

at
or
M̂

,
th

er
e

ex
is

ts
a

m
at

ri
x
M
∗
∈
B

N
(ρ
,ε

)
su

ch
th

at

E[
1 n
d
|||M̂
−
M
∗ |||

2 F

] ≥
c 2

m
in
{ 1
,

ε2 n
d

+
ρ

m
in
{n
,d
}p

o
b

s

} .
(4

b
)

C
om

p
ar

in
g

th
e

b
ou

n
d
s

(4
a)

an
d

(4
b
),

w
e

se
e

th
at

ou
r

re
su

lt
s

ar
e

sh
ar

p
u
p

to
lo

g
a
ri

th
m

ic
fa

ct
or

s.
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

S
p

e
c
ia

liz
a
tio

n
to

m
in

im
a
x

risk
:

W
h
en

su
itab

ly
sp

ecialized
to

m
atrices

th
at

h
ave

som
e

fi
x
ed

p
erm

u
ta

tion
(or

n
on

-n
egative)

ran
k
,
T

h
eorem

1
lead

s
to

sh
arp

u
p
p

er
an

d
low

er
b

ou
n
d
s

o
n

th
e

m
in

im
a
x

risk
s

for
th

e
p
rob

lem
s

of
m

atrix
com

p
letion

over
th

e
sets

C
N
R

a
n
d
C

P
R
.

In
o
rd

er
for

a
clea

r
com

p
arison

b
etw

een
th

e
tw

o
b

ou
n
d
s,

let
u
s

in
d
ex

b
oth

th
e

n
on

-n
egative

ra
n
k

a
n
d

th
e

p
erm

u
tation

-ran
k

u
sin

g
a

gen
eric

n
otation

k
—

th
e

m
ean

in
g

of
th

e
n
ota

tion
w

ill
b

e
clea

r
fro

m
th

e
con

tex
t.

P
a
rt

(a
)

o
f

T
h
eorem

1
im

p
lies

th
at

for
an

y
valu

e
k
∈

[m
in{

n
,d}

]
an

d
an

y
m

atrix
M
∗∈

C
P
R
(k

),
th

e
reg

u
larized

least
sq

u
ares

estim
ator

M̂
L
S

satisfi
es

th
e

b
ou

n
d

1d
n |||M̂

L
S −

M
∗||| 2F ≤

c
1 m

in {
k

log
2
.0

1(n
d
)

m
in{n

,d}p
o
b

s ,1 }
,

w
ith

p
ro

b
a
b
ility

at
least

1−
e −

c
0
m

a
x{
n
,d}

lo
g
(n
d
).

W
ith

in
th

e
set

of
m

atrices
[0
,1] n×

d
u
n
d
er

co
n
sid

era
tio

n
,

w
e

h
ave

th
e

d
eterm

in
istic

u
p
p

er
b

ou
n
d

1n
d |||M̂

L
S −

M
∗||| 2F ≤

1.
C

on
seq

u
en

tly,
o
u
r

h
ig

h
p
rob

ab
ility

u
p
p

er
b

ou
n
d

also
im

p
lies

a
u
n
iform

b
ou

n
d

on
th

e
m

ean
-sq

u
ared

error
over

th
e

set
C

P
R
(k

)—
th

at
is

su
p

M
∗∈

C
P
R

(k
)

1d
n
E

[|||M̂
L
S −

M
∗||| 2F ]≤

c ′1 m
in {

k
log

2
.0

1(n
d
)

m
in{

n
,d}p

o
b

s ,1 }
.

(5a)

S
in

ce
C

P
R
(k

)
is

a
su

p
erset

of
C

N
R
(k

),
th

e
sam

e
u
p
p

er
b

ou
n
d

h
old

s
for

th
e

m
in

im
a
x

risk
over

C
N
R
(k

):

su
p

M
∗∈

C
N
R

(k
)

1d
n
E

[|||M̂
L
S −

M
∗||| 2F ]≤

c ′1 m
in {

ρ
log

2
.0

1(n
d
)

m
in{n

,d}
p

o
b

s ,1 }
.

(5b
)

C
o
n
versely,

p
art

(b
)

of
T

h
eorem

1
im

p
lies

th
at

for
an

y
k
∈

[m
ax{n

,d}],
th

e
error

in
cu

rred
b
y

a
n
y

estim
ator

M̂
over

th
e

set
C

N
R
(k

)
is

error
low

er
b

ou
n
d
ed

as

su
p

M
∗∈

C
N
R

(k
)

1d
n
E

[|||M̂
−
M
∗||| 2F ]≥

c
2 m

in {
k

m
in{n

,d}p
o
b

s ,1 }
.

(5c)

S
in

ce
C

N
R
(k

)⊆
C

P
R
(k

),
th

e
error

in
cu

rred
b
y

an
y

estim
ator

M̂
over

th
e

set
C

P
R
(k

)
is

also
low

er
b

o
u
n
d
ed

as

su
p

M
∗∈

C
P
R

(k
)

1d
n
E

[|||M̂
−
M
∗||| 2F ]≥

c
2 m

in {
k

m
in{

n
,d}

p
o
b

s ,1 }
.

(5d
)

W
e

h
ave

th
u
s

ch
aracterized

th
e

m
in

im
ax

risk
ov

er
b

oth
th

e
fam

ilies
C

P
R

or
C

N
R
,

w
ith

b
o
u
n
d
s

(5
)

th
a
t

are
m

atch
in

g
u
p

to
logarith

m
ic

factors.

A
w

in
-w

in
fo

r
p

e
rm

u
ta

tio
n

-b
a
se

d
m

o
d

e
ls:

A
n

im
p

ortan
t

con
seq

u
en

ce
of

ou
r

or-
a
cle

a
n
d

m
in

im
ax

resu
lts

is
th

e
m

u
lti-fold

b
en

efi
t

of
m

ov
in

g
from

th
e

restrictive
n
on

-
n
eg

a
tive-ran

k
a
ssu

m
p
tion

s
to

th
e

m
ore

gen
eral

p
erm

u
tation

-ran
k

assu
m

p
tion

s.
F

ittin
g

a
p

erm
u
ta

tio
n
-ran

k
k

m
o
d
el

w
h
en

th
e

tru
e

m
atrix

actu
ally

h
as

a
n
o
n
-n

egative
ran

k
o
f
k

lea
d
s

to
rela

tively
little

ad
d
ition

al
(overfi

ttin
g)

error.
O

n
th

e
oth

er
h
an

d
,

w
e

sh
ow

later
in

th
e

p
a
p

er
th

at
fi
ttin

g
a

n
on

-n
egativ

e
ran

k
k

m
o
d
el

w
h
en

th
e

tru
e

m
atrix

actu
ally

h
as

a
p

erm
u
ta

tio
n
-ra

n
k

of
k

can
lead

to
very

h
igh

error,
d
u
e

to
m

o
d
el

m
ism

atch
.
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S
h
a
h
,
B
a
l
a
k
r
ish

n
a
n
,
W
a
in
w
r
ig
h
t

R
e
so

lv
in

g
a
n

o
p

e
n

p
ro

b
le

m
in

e
stim

a
tio

n
fro

m
p
a
irw

ise
c
o
m

p
a
riso

n
s:

T
h
e

afore-
m

en
tion

ed
resu

lts
resolve

an
im

p
ortan

t
op

en
p
rob

lem
in

th
e

area
of

estim
ation

from
p
airw

ise
com

p
arison

s.
T

h
e

p
airw

ise-com
p
arison

settin
g

in
v
olves

a
n
u
m

b
er

of
item

s
(su

ch
as

a
n
u
m

-
b

er
of

cars
or

fo
otb

all
team

s),
an

d
th

e
ob

serv
ed

d
ata

com
p
rises

n
oisy

com
p
arison

s
b

etw
een

variou
s

p
airs

of
th

ese
item

s.
T

h
e

classical
literatu

re
in

th
is

area
assu

m
es

th
at

th
e

p
rob

ab
il-

ity
of

an
y

item
b

eatin
g

an
oth

er
in

a
p
airw

ise
com

p
arison

b
etw

een
th

em
follow

s
a

restrictive
p
aram

eter-b
ased

m
o
d
el.

R
ecen

tly,
th

e
p
ap

er
S
h
ah

et
al.

(20
17)

estab
lish

ed
m

in
im

ax
rates

of
estim

atin
g

th
ese

p
airw

ise
com

p
arison

p
rob

ab
ilities

u
n
d
er

a
strictly

an
d

sign
ifi

can
tly

m
ore

gen
eral

m
o
d
el

called
stron

g
sto

ch
astic

tra
n
sitiv

ity
(S

S
T

).
U

n
d
erstan

d
in

g
m

in
im

ax
rates

w
h
en

th
e

p
airw

ise
com

p
arison

p
rob

a
b
ilities

follow
m

ix
tu

res
of

S
S
T

m
o
d
els

rem
ain

ed
op

en
.

T
h
e

p
airw

ise-com
p
arison

settin
g

u
n
d
er

th
e

S
S
T

m
o
d
el

is
a

sp
ecial

case
of

ou
r

p
resen

t
p
rob

lem
an

d
corresp

on
d
s

to
th

e
settin

g
w

h
ere

th
e

valu
e

of
ρ

is
k
n
ow

n
an

d
eq

u
al

to
1,

th
e

m
atrix

M
∗

is
sq

u
are

w
ith

n
=
d
,

an
d

all
en

tries
of
M
∗

satisfy
th

e
sh

ifted
-skew

-sy
m

m
etry

con
d
ition

M
∗ij

+
M
∗ji

=
1.

T
h
eorem

1
p
rov

id
es

gu
aran

tees
on

th
e

estim
ation

of
m

ix
tu

res
of

d
iff

eren
t

S
S
T

m
o
d
els,

th
ereb

y
resolv

in
g

an
im

p
ortan

t
op

en
p
rob

lem
on

th
is

to
p
ic.

In
ad

d
ition

,
th

e
resu

lts
of

T
h
eorem

1
are

ob
tain

ed
in

th
e

fram
ew

ork
of

oracle
in

eq
u
alities,

w
h
ich

is
m

ore
gen

eral
th

an
th

e
m

in
im

ax
fram

ew
ork

of
S
h
ah

et
al.

(2017),
a
n
d

sh
ed

s
ligh

t
on

situ
ation

s
w

h
en

th
e

tru
e

m
atrix

d
o
es

n
ot

follow
th

e
assu

m
ed

m
o
d
el.

2
.2

.
C

o
m

p
u

ta
tio

n
a
lly

e
ffi

c
ie

n
t

e
stim

a
to

r

A
t

th
is

p
oin

t,
w

e
d
o

n
ot

k
n
ow

h
ow

to
com

p
u
te

th
e

regu
larized

least
sq

u
ares

estim
a
tor

(2b
)

in
an

effi
cien

t
m

an
n
er,

an
d

w
e

su
sp

ect
th

at
it

m
ay

b
e

com
p
u
tation

ally
in

tractab
le

to
d
o

so.
C

on
seq

u
en

tly,
in

th
is

section
,

w
e

tu
rn

to
an

aly
zin

g
a

d
iff

eren
t

m
eth

o
d

b
ased

on
sin

gu
lar

valu
e

th
resh

old
in

g
(S

V
T

).
S
in

gu
lar

valu
e

th
resh

old
in

g
h
as

b
een

u
sed

eith
er

d
irectly

or
as

a
su

b
rou

tin
e

in
sev

eral
p
ast

p
ap

ers
on

th
e

con
ven

tion
al
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u
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p
u
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.
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u
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h
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d
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u
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u
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∈
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b
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b
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=
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[m
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.
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p
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√
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h
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p
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b
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p
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w
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Π̃
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∈C

D
IF

F
(Π̃
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p
l
e
t
io
n

T
h
en

b
y
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efi
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,
w

e
h
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E
[Z

Π̃
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),Σ̃
(k
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1

p
o
b
s E

[Z̃
Π̃

(k
),Σ̃

(k
) ]

for
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δ
>

0.
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ad
d
i-
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n
,
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M
0
∈
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P
R
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d
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M
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∑
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1
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∈
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d
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en
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∑
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(b
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)
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e
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Π̃
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Π̃
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ρ
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0
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F
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F
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p
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th
at
d
≥
n
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⊂
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Π̃
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∫
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.
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a
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n
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etric
en

trop
y

o
f

th
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b
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Π̃
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Π̃
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Π̃
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a
B
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p

e
b
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n
d
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u
m
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p
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cesses
d
u
e
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K
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n
d
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T
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w
e
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p
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e
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n
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⊂
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.
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E
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p
v∈V
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L
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g
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F
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C
D
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F (Π̃
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≤
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d
X
†

=
p

o
b

s Z
Π̃
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T
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e
m
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m

u
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d
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h
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m
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d
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b
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n
d
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b
y

1
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T

h
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w
e
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E
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=
p

o
b
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Π̃
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D
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4
p

o
b
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D
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4
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b
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2
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M
D
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W
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Π̃
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Π̃

(k
),Σ̃

(k
) (δ)]+

u )≤
ex

p (
−
u

2p
o
b

s

8
δ

2
+
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Π̃
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3
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.
P

ro
o
f

o
f

T
h

e
o
re

m
1
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)

A
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m
e

w
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t

loss
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at
d
≥
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.
T

h
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t
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e
p
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of,
w

e
ign

ore
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o
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an
d

ceilin
g

con
d
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s
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n
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p
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d
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e
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er
b

ou
n
d

b
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a
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O
u
r

p
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b
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e
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F
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in
eq

u
ality

w
h
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a

stan
d
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m
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o
d

in
m

in
im
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(see
C

ov
er

an
d

T
h
o
m

as,
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or
T

sy
b
akov

,
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H

ere
w

e
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te
th

e
in

eq
u
ality
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e
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tex
t

of
ou

r
p
ro

b
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L
e
m

m
a

1
0
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a
n

o
’s
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e
q
u

a
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)
C

o
n
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er

a
n

y
in

teger
η
≥

2
a
n

d
a
n

y
set

o
f
η

m
a
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G
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η
∈
B

N
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F
o
r
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`
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P
`

d
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o
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th
e

p
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d
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n

o
f

th
e

m
a
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Y
o
bta
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g
M
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=
G
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S
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g
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1
a
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d
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2
a
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ξ
1
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m
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` ′∈
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] D

K
L
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a
n

d
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2
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m
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[η
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G
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m
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a
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o
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a
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g
M
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m
Y
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w
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u

n
d
ed

a
s
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p
M
∗∈
B

N
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ξ
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(
1−

ξ
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(30)
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b
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n
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u
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g
F
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eq

u
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w
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m
u
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con
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a

set
of

m
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w
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1
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2 .
O

u
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rst

step
tow

ard
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l
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u
p

on
th

e
G

ilb
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ert,
1952;

V
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b
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n
d
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at
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e
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c
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a
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L
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a
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n
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at
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s
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:
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b
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p
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=
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b
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b
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b
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∈
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=
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∈
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∈
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ra
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∈
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`
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∈
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ra
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b
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∈
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p
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ra
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b
it

ra
ry

m
an

n
er

as
lo

n
g

as
it

is
co

n
si

st
en

t
a
cr

os
s

ev
er

y

`
∈
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p
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p
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at
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p
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p
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p
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−
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b
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m

of
th

is
m

at
ri

x
,

an
d

d
en

ot
e

th
e

re
su

lt
an

t
(n
×
d
)

m
at

ri
x

as
G
` .

T
h
e

se
t

of
m

at
ri

ce
s
{G

1
,.
..
,G

η
}

is
ou

r
ca

n
d
id

at
e

se
t

fo
r

u
se

in
F

an
o’

s
in

eq
u
al

it
y.

A
p
p
ly

in
g

F
an

o’
s

in
eq

u
al

it
y
:
In

or
d
er

to
ap

p
ly

F
an

o’
s

in
eq

u
al

it
y,

w
e

fi
rs

t
es

ta
b
li
sh

ce
rt

ai
n

p
ro

p
er

ti
es

of
th

e
ca

n
d
id

at
e

se
t

of
m

at
ri

ce
s

co
n
st

ru
ct

ed
ab

ov
e.

L
e
m

m
a

1
2

T
h
e

se
t

o
f

m
a
tr

ic
es
{G

1
,.
..
,G

η
}

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

th
re

e
p
ro

pe
rt

ie
s:

(a
)
G
`
∈
B

N
(r
,ε

)
fo

r
ev

er
y
`
∈

[η
].

(b
)

F
o
r

ev
er

y
pa

ir
` 1
6=
` 2
∈

[η
],

it
m

u
st

be
th

a
t

|||G
` 1
−
G
` 2
|||2 F
≥
δ2 10

(
d
r

p
o
b

s
+
ε2
) .

(c
)

F
o
r

ev
er

y
`
∈

[η
],

le
t
P`

d
en

o
te

s
th

e
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

o
f

th
e

m
a
tr

ix
Y

o
bt

a
in

ed
by

se
tt

in
g
M
∗

=
G
` .

T
h
en

fo
r

ev
er

y
pa

ir
` 1
6=
` 2
∈

[η
],

it
m

u
st

be
th

a
t

D
K

L
(P
` 1
‖P

` 2
)
≤
c′
δ2
p

o
b

s(
d
r

p
o
b

s
+
ε2
) .

P
ar

t
(a

)
of

L
em

m
a

12
en

su
re

s
th

at
th

e
co

n
d
it

io
n

of
m

em
b

er
sh

ip
in
B

N
(r
,ε

)
in

th
e

st
at

em
en

t
of

L
em

m
a

10
is

sa
ti

sfi
ed

.
T

h
en

p
ar

ts
(b

)
an

d
(c

)
of

L
em

m
a

1
2

al
lo

w
u
s

to
se

t
ξ 1

=

2
1
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S
h
a
h
,
B
a
l
a
k
r
is
h
n
a
n
,
W
a
in
w
r
ig
h
t

c′
δ2
p

o
b

s(
d
r

p
o
b
s

+
ε2
)

an
d
ξ 2

=
δ
2

1
0

(
d
r

p
o
b
s

+
ε2
)

in
L

em
m

a
10

.
S
u
b
st

it
u
ti

n
g

th
es

e
re

la
ti

o
n
s

in

L
em

m
a

10
y
ie

ld
s

a
lo

w
er

b
ou

n
d

on
an

y
es

ti
m

at
or
M̂

fo
r
M
∗

as

in
f

M̂
su

p
M
∗ ∈
B

N
(r
,ε

)

E[
|||M̂
−
M
∗ |||

2 F
]
≥
δ2 20

(
d
r

p
o
b

s
+
ε2
)(

1
−
c′
δ2
p

o
b

s(
d
r

p
o
b
s

+
ε2
) +

lo
g

2

c(
d
r

+
p

o
b

sε
2
)

)

(i
) ≥
c′
′(
d
r

p
o
b

s
+
ε2
) ,

w
h
er

e
in

eq
u
al

it
y

(i
)

is
ob

ta
in

ed
b
y

ch
o
os

in
g
δ2

as
a

sm
al

l
en

ou
gh

co
n
st

an
t

(w
h
ic

h
d
ep

en
d
s

on
ly

on
c

an
d
c′

).
R

ec
al

li
n
g

ou
r

as
su

m
p
ti

on
d
≥

n
,

an
d

co
n
se

q
u
en

tl
y

re
p
la

ci
n
g
d

b
y

m
ax
{n
,d
}

in
th

e
b

ou
n
d

y
ie

ld
s

th
e

cl
ai

m
ed

re
su

lt
.

P
ro

o
f

o
f

L
e
m

m
a

1
2

P
ar

t
(a

) :
W

e
sh

ow
th

at
th

e
m

at
ri

x
G
`
∈

[0
,1

]n
×
d

ca
n

b
e

d
ec

o
m

-
p

os
ed

in
to

a
su

m
of

a
lo

w
-r

an
k

m
at

ri
x

(o
f

n
on

-n
eg

at
iv

e
ra

n
k

at
m

os
t
r)

an
d

a
sp

a
rs

e
m

a
tr

ix
(n

u
m

b
er

of
n
on

-z
er

o
en

tr
ie

s
at

m
os

t
ε2

).
T

o
th

is
en

d
,

w
e

fi
rs

t
sh

ow
th

at
G
`
∈
B

N
(r
,ε

)
fo

r
ev

er
y
`
∈

[η
],

th
at

is
,

w
e

sh
ow

th
at

th
e

m
at

ri
x
G
`
∈

[0
,1

]n
×
d

ca
n

b
e

d
ec

o
m

p
o
se

d
in

to
a

su
m

of
a

lo
w

-r
an

k
m

at
ri

x
(o

f
n
on

-n
eg

at
iv

e
ra

n
k

at
m

os
t
r)

an
d

a
sp

ar
se

m
a
tr

ix
(n

u
m

b
er

of
n
on

-z
er

o
en

tr
ie

s
at

m
os

t
ε2

).
F

ir
st

w
e

se
t

to
ze

ro
th

e
en

tr
ie

s
in
G
`

w
h
ic

h
co

rr
es

p
o
n
d

to
th

e
la

st
p

o
b

sε
2

en
tr

ie
s

of
th

e
ve

ct
or
g̃
` .

L
et

u
s

d
en

ot
e

th
e

re
su

lt
in

g
m

at
ri

x
a
s
G̃
` .

E
a
ch

ro
w

of
th

e
m

at
ri

x
G̃
`

is
ei

th
er

al
l

ze
ro

or
is

id
en

ti
ca

l
to

on
e

am
on

g
th

e
fi
rs

t
r

ro
w

s
o
f
G
` .

C
on

se
q
u
en

tl
y

w
e

h
av

e
r(
G̃
` )
≤
r.

A
ls

o
ob

se
rv

e
th

at
in

th
e

m
at

ri
x

(G
`
−
G̃
` )

,
th

e
n
u
m

b
er

of
n
on

-z
er

o
en

tr
ie

s
is

at
m

os
t

1
p
o
b
s
×
p

o
b

sε
2

=
ε2

,
an

d
fu

rt
h
er

m
or

e,
ea

ch
of

th
es

e
en

tr
ie

s
li
e

in
th

e
in

te
rv

al
[0
,1

].
H

en
ce

w
e

h
av

e
|||G

`
−
G̃
` |||

2 F
≤
ε2

.
T

h
e

m
at

ri
x
G
`

th
u
s

sa
ti

sfi
es

a
ll

th
e

re
q
u
ir

em
en

ts
fo

r
m

em
b

er
sh

ip
in

th
e

se
t
B

N
(r
,ε

).

P
ar

t
(b

):
T

h
e

cl
ai

m
p

er
ta

in
in

g
to

th
e

lo
w

er
b

ou
n
d

on
th

e
F

ro
b

en
iu

s
n
or

m
d
iff

er
en

ce
is

ea
si

ly
ob

ta
in

ed
v
ia

si
m

p
le

al
ge

b
ra

:

|||G
` 1
−
G
` 2
|||2 F

=
1

p
o
b

s
|||g̃
` 1
−
g̃
` 2
|||2 2

=
4δ

2

p
o
b

s
D
H

(g
` 1
,g
` 2

),

w
h
er

e
D
H

(g
` 1
,g
` 2

)
d
en

ot
es

th
e

H
am

m
in

g
d
is

ta
n
ce

b
et

w
ee

n
th

e
tw

o
b
in

ar
y

ve
ct

o
rs
g
` 1

a
n
d

g
` 2

.
F

ro
m

ou
r

co
n
st

ru
ct

io
n
,

th
e

H
am

m
in

g
d
is

ta
n
ce

b
et

w
ee

n
an

y
p
ai

r
of

ve
ct

o
rs

in
th

e
se

t

{g
1
,.
..
,g
η
}

is
at

le
as

t
d
r
+
p
o
b
s
ε2

1
0

,
th

er
eb

y
y
ie

ld
in

g
th

e
cl

ai
m

ed
re

su
lt

.

P
ar

t
(c

):
S
in

ce
th

e
en

tr
ie

s
of
Y

ar
e

m
u
tu

al
ly

in
d
ep

en
d
en

t,
w

e
h
av

e
th

e
d
ec

o
m

p
o
si

ti
o
n

D
K

L
(P
` 1
‖P

` 2
)

=
∑

i∈
[n

],
j∈

[d
]

D
K

L
(P
` 1 ij
‖P

` 2 ij
),

w
h
er

e
w

e
h
av

e
sl

ig
h
tl

y
ab

u
se

d
n
ot

at
io

n
to

le
t
P` i
j

d
en

ot
e

th
e

(m
ar

gi
n
al

)
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
-

ti
on

in
d
u
ce

d
on

Y
ij

u
n
d
er

P`
.

N
ow

,
th

e
st

ru
ct

u
re

of
th

e
m

at
ri

ce
s
G

1
,.
..
,G

η
h
el

p
s

si
m

p
li
fy

2
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

th
is

b
o
u
n
d

to

D
K

L
(P
`
1‖P

`
2)

=
1

p
o
b

s

∑

i∈
[r

+
p
o
b
s
ε
2

d
],j∈

[d
] D

K
L
(P
`
1
ij ‖P

`
2
ij )

(i)

≤
1

p
o
b

s (
p

o
b

s δ
2(d

r
+
p

o
b

s ε
2)

(1/4−
δ

2)

)

(ii)

≤
c ′δ

2p
o
b

s (
d
r

p
o
b

s
+
ε
2 ),

w
h
ere

in
eq

u
a
lity

(i)
follow

s
from

th
e

elem
en

tary
id

en
tity

a
log

ab
≤

(a
−
b)
ab

fo
r

all
a
,b
∈

(0,1
)

a
lo

n
g

w
ith

som
e

algeb
raic

sim
p
lifi

cation
s,

an
d

in
eq

u
ality

(ii)
is

d
u
e

to
th

e
restriction

δ∈
(0,

14 ).
W

e
th

u
s

ob
tain

th
e

claim
ed

resu
lt.

4
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
2

W
e

n
ow

tu
rn

to
an

aly
sis

of
th

e
sin

gu
lar-valu

e
th

resh
old

in
g

(S
V

T
)

estim
ator.

T
h
is

p
ro

of
is

b
a
sed

o
n

th
e

fram
ew

ork
of

a
p
ro

of
from

ou
r

earlier
w

ork
(S

h
ah

et
a
l.,

2017
,

T
h
eorem

2
),

w
h
ich

ca
n

b
e

seen
as

a
p
articu

lar
case

w
ith

n
=
d

an
d
ρ

=
1.

W
e

in
tro

d
u
ce

certain
a
d
d
itio

n
a
l
trick

s
in

ord
er

to
gen

eralize
th

e
p
ro

of
for

gen
eral

valu
es

of
ρ

an
d

to
ob

tain
a

sh
arp

d
ep

en
d
en

ce
o
n
ρ
.

A
s

in
ou

r
p
rev

iou
s

p
ro

ofs,
w

e
m

ay
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
at

n
≤
d
.

T
h
e

h
ig

h
-level

id
ea

b
eh

in
d

th
e

p
ro

of
is

as
follow

s.
T

h
e

goal
is

to
b

ou
n
d

th
e

term
|||M̂

S
V

T −
M
∗||| 2F .

O
b
serve

th
at
M̂

S
V

T
d
ep

en
d
s

on
th

e
tru

e
m

atrix
M
∗,

th
e

rea
lizatio

n
of

th
e

n
o
ise

Y
a
n
d

th
e

th
resh

old
λ

.
T

h
e

fi
rst

step
is

to
b

ou
n
d

th
e

target
term

in
a

m
an

n
er

th
at

ex
p
licitly

co
n
stitu

tes
th

ese
com

p
on

en
ts

of
M̂

S
V

T .
S
u
ch

a
d
ecom

p
osition

w
ill

th
en

allow
for

a
sim

p
lifi

ed
a
n
aly

sis
w

h
ere

w
e

can
sep

arately
an

aly
ze

th
e

in
d
iv

id
u
al

con
stitu

en
ts.

T
h
e

term
s

co
rresp

o
n
d
in

g
to
M
∗

are
th

en
b

ou
n
d
ed

in
an

algeb
raic

m
an

n
er,

an
d

th
e

n
oise

term
is

b
o
u
n
d
ed

u
sin

g
to

ols
from

ran
d
om

m
atrix

th
eory.

T
h
ese

in
d
iv

id
u
al

resu
lts

are
th

en
p
u
t

to
g
eth

er
b
y

m
ean

s
of

som
e

carefu
l

algeb
ra

in
ord

er
to

o
b
tain

th
e

claim
ed

resu
lt.

L
et

u
s

n
ow

p
resen

t
th

e
com

p
lete

p
ro

of.
R

ecall
from

eq
u
a
tion

(19a)
th

at
w

e
can

w
rite

o
u
r

o
b
serva

tio
n

m
o
d
el

as
Y
′
=
M
∗

+
1

p
o
b
s W
′,

w
h
ere

W
′∈

[−
1
,1

] n×
d

is
a

zero-m
ean

m
a
trix

w
ith

m
u
tu

a
lly

in
d
ep

en
d
en

t
en

tries.
A

lso
recall

th
at

th
ese

en
tries

fo
llow

th
e

d
istrib

u
tio

n

[W
′]ij

=



p
o
b

s (
12 −

[M
∗]ij )

+
12

w
ith

p
rob

ab
ility

p
o
b

s [M
∗]ij

p
o
b

s (
12 −

[M
∗]ij )−

12
w

ith
p
rob

ab
ility

p
o
b

s (1−
[M
∗]ij )

p
o
b

s (
12 −

[M
∗]ij )

w
ith

p
rob

ab
ility

1−
p

o
b

s .

(31)

F
o
r

a
n
y

m
a
trix

A
,

let
σ

1 (A
),σ

2 (A
),...

d
en

ote
its

sin
gu

lar
valu

es
in

d
escen

d
in

g
ord

er.
O

u
r

p
ro

o
f

o
f

th
e

u
p
p

er
b

ou
n
d

is
b
ased

on
th

ree
lem

m
as.

T
h
e

fi
rst

lem
m

a
is

a
resu

lt
fro

m
o
u
r

ea
rlier

w
ork

(S
h
ah

et
al.,

2017).
T

h
e

key
id

ea
b

eh
in

d
th

is
lem

m
a

is
to

b
o
u
n
d

th
e

term
|||M̂

S
V

T −
M
∗||| 2F

in
a

m
an

n
er

th
at

ex
p
licitly

cap
tu

res
th

e
term

s
con

stitu
tin

g
M̂

S
V

T .

L
e
m

m
a

1
3

(S
h
a
h

et
a
l.,

2
0
1
7
,

L
em

m
a

3
)

If
λ
≥

1
.0

1|||W
′|||o

p

p
o
b
s

,
th

en

|||M̂
S

V
T −

M
∗||| 2F ≤

c
n
∑j=

1

m
in {

λ
2,σ

2j (M
∗) }

(32)

23
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L
R

 20(101):1-43, 2019

S
h
a
h
,
B
a
l
a
k
r
ish

n
a
n
,
W
a
in
w
r
ig
h
t

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1 e −
c ′n

,
w

h
ere

c,
c

1
a
n

d
c ′

a
re

po
sitive

u
n

iversa
l

co
n

sta
n

ts.

O
u
r

secon
d

lem
m

a
n
ow

h
elp

s
to

b
ou

n
d

th
e

righ
t

h
an

d
sid

e
of

th
e

in
eq

u
ality

(32).
T

h
e

lem
m

a
p
resen

ts
an

ap
p
rox

im
ation

-th
eoretic

resu
lt

th
at

b
ou

n
d
s

th
e

tail
of

th
e

sin
gu

lar
valu

es
of

an
y

m
atrix

w
ith

a
given

p
erm

u
tation

-ran
k

or
n
on

-n
egativ

e
ran

k
.

T
h
e

p
ro

of
of

th
is

lem
m

a
b
u
ild

s
on

a
con

stru
ction

d
u
e

to
C

h
atterjee

(2014).

L
e
m

m
a

1
4

(a
)

F
o
r

a
n

y
m

a
trix

M
∈
C

P
R
(ρ

)
a
n

d
a
n

y
s∈
{1,2,...,n

−
1}

,
w

e
h
a
ve

n
∑j=
s+

1

σ
2j (M

)≤
n
d
ρ

2

s
.

(b)
F

o
r

a
n

y
m

a
trix

M
∈
C
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p
G
α
.

W
it

h
th

is
ch

oi
ce

,
w

e
h
av

e
th

e
p
ro

p
er

ty

M̃
(`

)
ij
≤
M

(`
)

ij
fo

r
ev

er
y
`
∈

[ρ
],
i
∈

[n
],
j
∈

[d
].

(4
0
)
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

N
ow

let
M̃

:=
∑

ρ`=
1
M̃

(`).
S
in

ce
every

en
try

of
ev

ery
m

atrix
M̃

(`)
is

n
on

-n
egative,

w
e

h
ave

th
a
t

every
en

try
of
M̃

is
also

n
on

-n
egative.

W
e

a
lso

claim
th

at

M̃
ij

=

ρ
∑`=

1

M̃
(`)
ij

(i)

≤
ρ
∑`=

1

M
(`)
ij

=
M
ij ≤

1,

w
h
ere

th
e

in
eq

u
ality

(i)
is

a
con

seq
u
en

ce
of

th
e

set
of

in
eq

u
alities

(40).
T

h
u
s

w
e

h
ave

th
at

M̃
∈

[0,1
] n×

d,
M
∈

[0,1] n×
d,

an
d

th
at

th
e

ran
k

of
M̃

is
at

m
ost

ρ
s̃.

T
h
is

resu
lt

th
en

y
ield

s
th

e
b

o
u
n
dn
∑j=
ρ
s̃+

1

σ
2j (M

)≤
|||M
−
M̃
||| 2F ≤

n
∑i=

1

d
∑j=

1 |M
ij −

M̃
ij |

=
n
∑i=

1

d
∑j=

1 |
ρ
∑`=

1 (M
(`)
ij
−
M̃

(`)
ij

)|

(i)

≤
n
∑i=

1

d
∑j=

1

ρ
∑`=

1 |M
(`)
ij
−
M̃

(`)
ij
|,

w
h
ere

in
eq

u
a
lity

(i)
follow

s
from

th
e

trian
gle

in
eq

u
ality.

N
ow

recall
th

at
every

m
atrix

M̃
(`)

is
o
b
ta

in
ed

fro
m

C
h
atterjee’s

con
stru

ction
,

an
d

rew
ritin

g
C

h
atterjee’s

resu
lt

(39)
for

th
e

m
atrices

M̃
(`)

p
resen

tly
u
n
d
er

con
sid

era
tion

,
w

e
ob

tain

n
∑i=

1 |M̃
(`)
ij
−
M

(`)
ij
|≤

ns̃
,

fo
r

every
`∈

[ρ
].

A
s

a
con

seq
u
en

ce,
w

e
h
av

e

n
∑j=
ρ
s̃+

1

σ
2j (M

)≤
ρ
n
d

s̃
=
ρ

2n
d

s
,

w
h
ere

w
e

h
ave

su
b
stitu

ted
th

e
relation

s̃
=

sρ
to

ob
tain

th
e

fi
n
al

resu
lt.

P
a
rt

(b
):

T
h
is

resu
lt

follow
s

d
irectly

from
th

e
facts

th
at

th
e

ran
k

of
M

is
a
t

m
ost

r,
an

d
th

e
sq

u
a
re

o
f

its
F

rob
en

iu
s

n
orm

is
at

m
ost

n
d
.

P
ro

o
f

o
f

L
e
m

m
a

1
5

D
efi

n
e

an
((n

+
d
)×

(n
+
d
))

m
atrix

W
′′

as

W
′′

=
1

√
p

o
b

s [
0

W
′

(W
′)
T

0

]
.

F
ro

m
(3

1
)

a
n
d

th
e

con
stru

ction
ab

ove,
w

e
h
ave

th
at

th
e

m
atrix

W
′′

is
sy

m
m

etric,
an

d
h
as

m
u
tu

a
lly

in
d
ep

en
d
en

t
en

tries
ab

ov
e

th
e

d
iago

n
al

th
at

h
ave

a
m

ean
of

zero
an

d
a

va
rian

ce
u
p
-

p
er

b
o
u
n
d
ed

b
y

1.
C

on
seq

u
en

tly,
k
n
ow

n
resu

lts
in

ran
d
om

m
atrix

th
eory

(e.g.,
see

C
h
atter-

jee,
2
0
1
4
,
T

h
eo

rem
3.4

or
T

ao,
2012,

T
h
eorem

2.3.21)
y
ield

th
e

b
ou

n
d
|||W

′′|||
o
p ≤

2.01 √
n

+
d

w
ith

p
ro

b
ab

ility
at

least
1−

e −
c

m
a
x{
n
,d},

u
n
d
er

th
e

assu
m

p
tion

p
o
b

s ≥
1

m
in{

n
,d}

log
7(n

d
).

O
n
e

ca
n

a
lso

verify
th

at|||W
′′|||

o
p

=
1

√
p
o
b
s |||W

′|||
o
p ,

y
ield

in
g

th
e

claim
ed

resu
lt.
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S
h
a
h
,
B
a
l
a
k
r
ish

n
a
n
,
W
a
in
w
r
ig
h
t

4
.4

.
P

ro
o
f

o
f

P
ro

p
o
sitio

n
3

W
e

recall
th

at
for

an
y

in
teger

k
≥

0,
th

e
n
otation

J
k

d
en

o
tes

an
u
p
p

er
trian

gu
lar

m
atrix

of
size

(k×
k
)

w
ith

all
en

tries
on

an
d

ab
ove

th
e

d
iago

n
al

set
a
s

1,
an

d
I
k

d
en

otes
th

e
id

en
tity

m
atrix

of
size

(k×
k
).

C
on

sid
er

an
(n
×
d
)

m
atrix

M
w

ith
th

e
follow

in
g

b
lo

ck
stru

ctu
re:

M
:=


J
r−
ρ
+

1
0

0
0

I
ρ−

1
0

0
0

0 
.

In
th

e
rem

ain
d
er

of
th

e
p
ro

of,
w

e
sh

ow
th

at
r(M

)
=
r

an
d
ρ
(M

)
=
ρ
.

U
sin

g
th

e
id

eas
in

th
e

con
stru

ction
of
M

an
d

th
e

asso
ciated

p
ro

of
to

follow
,

on
e

can
con

stru
ct

m
an

y
oth

er
m

atrices
th

at
h
ave

a
n
on

-n
egative

ran
k

of
r

an
d

a
p

erm
u
tatio

n
-ran

k
of
ρ
,

for
an

y
giv

en
valu

e
1
≤
ρ
≤
r≤

m
in{

n
,d}

.

W
e

p
artition

th
e

p
ro

of
in

to
fou

r
p
arts.

P
ro

of
of
r(M

)≤
r:

O
n
e

can
w

rite
M

as
a

su
m

of
r

m
atrices,

each
h
av

in
g

a
n
on

-n
egative

ran
k

of
on

e:
for

each
n
on

-zero
row

,
con

sid
er

a
com

p
on

en
t

m
atrix

com
p
risin

g
th

at
row

an
d

zeros
elsew

h
ere.

C
on

seq
u
en

tly,
w

e
h
ave

r(M
)≤

r.

P
ro

of
of
r(M

)≥
r:

O
b
serve

th
at

th
e

(con
ven

tion
al)

ran
k

of
M
∗

eq
u
als

r.
S
in

ce
th

e
ran

k
of

an
y

m
atrix

is
a

low
er

b
ou

n
d

on
its

n
on

-n
egativ

e
ran

k
,

w
e

h
av

e
th

at
r(M

)≥
r.

W
e

h
ave

th
u
s

estab
lish

ed
th

at
th

e
n
on

-n
egativ

e
ran

k
o
f

th
is

m
atrix

eq
u
als

ex
actly

r.

P
ro

of
of
ρ
(M

)≤
ρ
:

O
b
serve

th
at

th
e

(n
×
d
)

m
atrix

w
ith

J
r−
ρ
+

1
as

its
top

-left
su

b
m

atrix
an

d
zeros

elsew
h
ere

h
as

a
p

erm
u
tation

-ran
k

of
1.

M
oreov

er,
an

y
(n×

d
)

m
atrix

w
ith

ex
actly

on
e

en
try

as
1

an
d

th
e

rem
ain

in
g

en
tries

0
also

h
as

a
p

erm
u
tation

-ran
k

of
1,

an
d

h
en

ce
a

(n×
d
)

m
atrix

w
ith

I
ρ−

1
as

its
su

b
m

atrix
an

d
zeros

elsew
h
ere

h
as

a
p

erm
u
tation

-ran
k

of
at

m
ost

(ρ−
1).

P
u
ttin

g
th

ese
argu

m
en

ts
tog

eth
er,

w
e

ob
tain

th
e

b
ou

n
d
ρ
(M

)≤
ρ
.

P
ro

of
th

at
ρ
(M

)≥
ρ
:

F
irst

ob
serv

e
th

at
th

e
m

atrix

I
2×

2
=

[
1

0
0

1 ]

d
o
es

n
ot

b
elon

g
to

C
P
R
(1).

It
follow

s
th

at
an

y
m

atrix
con

tain
in

g
I

2×
2

as
a

su
b
m

atrix
can

n
ot

b
elon

g
to

th
e

set
C

P
R
(1).

It
fu

rth
er

follow
s

th
at

for
an

y
p

ositiv
e

in
teger

k
,

th
e

m
a
trix

I
k×

k

m
u
st

h
ave

a
p

erm
u
tation

ran
k

of
at

least
k
.

F
in

ally,
ob

serve
th

at
th

e
m

atrix
M

con
tain

s
I
ρ×
ρ

as
its

su
b
m

atrix
(given

b
y

th
e

in
tersection

of
row

s
{
r−

ρ
,...,r}

w
ith

th
e

colu
m

n
s

{
r−

ρ
,...,r}).

It
follow

s
th

at
M

m
u
st

h
ave

a
p

erm
u
tation

ran
k

of
at

least
ρ
,

th
ereb

y
p
rov

in
g

th
e

claim
.

4
.5

.
P

ro
o
f

o
f

P
ro

p
o
sitio

n
4

W
e

assu
m

e
for

ea
se

of
ex

p
osition

th
at

n
an

d
d

are
d
iv

isib
le

b
y
k
.

O
th

erw
ise,

sin
ce

k
≤

12
m

in{
n
,d}

,
on

e
m

ay
take

fl
o
ors

or
ceilin

gs
w

h
ich

w
ill

ch
an

ge
th

e
resu

lt
on

ly
b
y

a
con

stan
t
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

fa
ct

or
s.

S
in

ce
C

N
R
(k

)
⊆

C
P
R
(k

),
w

e
h
av

e
su

p
M
∈C

N
R

(k
)

in
f

M
′ ∈

C
P
R

(k
)
|||M
−
M
′ |||2 F

=
0.

In
w

h
at

fo
ll
ow

s,
w

e
sh

ow
th

at
su

p
M
∈C

P
R

(k
)

in
f

M
′ ∈

C
N
R

(k
)
|||M
−
M
′ |||2 F
≥

cn
d
k

.

C
on

si
d
er

th
e

b
lo

ck
m

at
ri

x
M̃
∈

[0
,1

]n k
×
d k
:

M̃
=

[ 1
1

1
0

] ,
(4

1)

w
h
er

e
ea

ch
of

th
e

fo
u
r

b
lo

ck
s

is
of

si
ze

(
n 2
k
×

d 2
k
).

T
h
e

fo
ll
ow

in
g

le
m

m
a

sh
ow

s
th

at
th

e
b

es
t

ra
n
k
-1

ap
p
ro

x
im

at
io

n
to
M̃

h
as

a
la

rg
e

ap
p
ro

x
im

at
io

n
er

ro
r:

L
e
m

m
a

1
7

F
o
r

th
e

m
a
tr

ix
M̃

d
efi

n
ed

in
(4

1)
,

fo
r

a
n

y
ve

ct
o
rs
u
∈
R
n

a
n

d
v
∈
R
d
,

it
m

u
st

be
th

a
t

|||M̃
−
u
v
T
|||2 F
≥
c
n
d

k
2
,

w
h
er

e
c
>

0
is

a
u

n
iv

er
sa

l
co

n
st

a
n

t.

W
e

n
ow

u
se

th
e

m
at

ri
x
M̃

d
efi

n
ed

in
(4

1)
to

b
u
il
d

th
e

fo
ll
ow

in
g

b
lo

ck
m

a
tr

ix
M
∈

C
P
R
(k

):

M
:=

     M̃
0
··
·

0

0
M̃
··
·

0
. . .

. . .
. .

.
. . .

0
0
··
·

M̃

     
.

In
w

or
d
s,

th
e

m
at

ri
x
M

is
a

b
lo

ck
-d

ia
go

n
al

m
at

ri
x

w
h
er

e
th

e
d
ia

go
n
al

h
as
k

co
p
ie

s
of
M̃

.
D

u
e

to
th

e
b
lo

ck
d
ia

go
n
al

st
ru

ct
u
re

of
M

,
th

e
si

n
gu

la
r

va
lu

es
of
M

ar
e

si
m

p
ly
k

co
p
ie

s
of

th
e

si
n
gu

la
r

va
lu

es
of

it
s

co
n
st

it
u
en

t
m

at
ri

x
M̃

.
C

on
se

q
u
en

tl
y,

w
e

h
av

e
th

at
fo

r
an

y
m

at
ri

x
M
′ ∈

C
N
R
(k

):

|||M
−
M
′ |||2 F
≥
k
(|||
M̃
|||2 F
−
|||M̃
|||2 o

p
)

(i
) ≥
c
n
d k
,

as
cl

ai
m

ed
,

w
h
er

e
th

e
in

eq
u
al

it
y

(i
)

is
a

co
n
se

q
u
en

ce
of

L
em

m
a

17
.

P
ro

o
f

o
f

L
e
m

m
a

1
7

C
on

si
d
er

an
y

va
lu

e
i
∈

[
n 2
k
]

an
d
j
∈

[
d 2
k
].

T
h
en

w
e

cl
a
im

th
at

(M̃
i,
j
−

[u
v
T

] i
,j

)2
+

(M̃
i+

n 2
k
,j
−

[u
v
T

] i
+
n 2
k
,j

)2
+

(M̃
i,
j+

d 2
k
−

[u
v
T

] i
,j

+
d 2
k
)2

+
(M̃

i+
n 2
k
,j

+
d 2
k
−

[u
v
T

] i
+
n 2
k
,j

+
d 2
k
)2
≥

0
.0

1. (4
2)

If
n
ot

,
th

en
fo

r
th

e
ch

oi
ce

of
M̃

in
(4

1)
,

w
e

m
u
st

h
av

e
[u
v
T

] i
,j
∈

(0
.9
,1
.1

),
[u
v
T

] i
+
n 2
k
,j
∈

(0
.9
,1
.1

),
[u
v
T

] i
,j

+
d 2
k
∈

(0
.9
,1
.1

)
an

d
[u
v
T

] i
+
n 2
k
,j

+
d 2
k
<

0
.1

.
H

ow
ev

er
,
si

n
ce

[u
v
T

] i
′ ,
j′

=
u
i′
v j
′

fo
r

ev
er

y
co

or
d
in

at
e

(i
′ ,
j′

),
w

e
al

so
h
av

e

[u
v
T

] i
,j
×

[u
v
T

] i
+
n 2
k
,j

+
d 2
k

=
[u
v
T

] i
+
n 2
k
,j
×

[u
v
T

] i
,j

+
d 2
k
,

w
h
ic

h
co

n
tr

ad
ic

ts
th

e
re

q
u
ir

ed
ra

n
ge

s
of

th
e

in
d
iv

id
u
al

co
or

d
in

at
es

.
S
u
m

m
in

g
th

e
b

ou
n
d

(4
2)

ov
er

al
l

va
lu

es
of
i
∈

[
n 2
k
]

an
d
j
∈

[
d 2
k
]

y
ie

ld
s

th
e

cl
ai

m
ed

re
su

lt
.
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3,
 2

01
9

S
h
a
h
,
B
a
l
a
k
r
is
h
n
a
n
,
W
a
in
w
r
ig
h
t

4
.6

.
P

ro
o
f

o
f

P
ro

p
o
si

ti
o
n

5

C
on

si
d
er

an
y

se
t
S

an
d

an
y

co
n
ve

x
se

t
C

.
W

e
b

eg
in

w
it

h
a

ke
y

le
m

m
a

th
a
t

es
ta

b
li
sh

es
a

re
la

ti
on

b
et

w
ee

n
H

(S
,C

)
an

d
a

p
ro

p
os

ed
n
ot

io
n

of
th

e
in

h
er

en
t

co
n
v
ex

it
y

of
S.

L
e
m

m
a

1
8

F
o
r

a
n

y
se

t
S
⊆

[0
,1

]n
×
d

a
n

d
a
n

y
co

n
ve

x
se

t
C
⊆

[0
,1

]n
×
d
,

it
m

u
st

be
th

a
t

H
(S
,C

)
≥

2 9
su

p
M

1
∈S
,
M

2
∈S

in
f

M
0
∈S
|||1 2

(M
1

+
M

2
)
−
M

0
|||2 F
.

(4
3
)

T
h
e

le
ft

h
an

d
si

d
e

of
in

eq
u
al

it
y

(4
3)

is
th

e
H

au
sd

or
ff

d
is

ta
n
ce

b
et

w
ee

n
th

e
se

ts
S

a
n
d
C

in
te

rm
s

of
th

e
sq

u
ar

ed
F

ro
b

en
iu

s
n
or

m
.

T
h
e

ri
gh
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S.

W
it

h
th
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p
le

te
th

e
re

m
ai

n
d
er

of
th

e
p
ro

of
.

T
o

th
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∈
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b
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∈
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∈
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=
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w
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=
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w
is

e.
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b
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=
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≤
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≤
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w
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∈
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+
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/
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/
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0
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b
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×
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∈
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∈
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b
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b
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p
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n
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+
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p
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+
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o
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d
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d
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>
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d
iff

eren
t

from
all

oth
er

en
tries

in
M

(`
1
),

an
d

(c)
T

h
e

va
lu

e
of
M

(`
2
)

ij
is

d
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d
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>
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d
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p
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h
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relativ

e

o
rd

erin
g

o
f

th
e

en
tries

of
M

(`
1
)

ε
.

P
ro

p
erties

(i)
a
n
d

(ii)
im

p
ly

th
at
M̃

(`
1
)

ε
∈
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∈
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∈
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∑
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con
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u
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d
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p
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ũ
`

=

  α
(`

)
1
u
` 1

. . .

α
(`

)
n
u
` n

  
.

T
h
is

co
m

p
le

te
s

th
e

al
te

rn
at

iv
e

d
es

cr
ip

ti
on

of
th

e
n
on

-n
eg

at
iv

e
ra

n
k

m
o
d
el

.

O
n
e

ca
n

ob
se

rv
e

th
at

th
e

re
st

ri
ct

io
n
∑

r `=
1
α

(`
)

i
=

1
m

ak
es

th
is

m
o
d
el

sl
ig

h
tl

y
m

or
e

re
st

ri
ct

iv
e

th
an

th
e

n
on

-n
eg

at
iv

e
ra

n
k

m
o
d
el

d
es

cr
ib

ed
ea

rl
ie

r
in

th
e

m
ai

n
te

x
t.

H
ow

ev
er

,
al

l
of

ou
r

re
su

lt
s

on
es

ti
m

at
io

n
fo

r
th

e
n
on

-n
eg

at
iv

e
ra

n
k

m
o
d
el

d
es

cr
ib

ed
in

S
ec

ti
on

2.
1

co
n
ti

n
u
e

to
ap

p
ly

to
th

is
m

o
d
el

as
w

el
l.

3
7

JM
L

R
 2

0(
10

1)
:1

-4
3,

 2
01

9

S
h
a
h
,
B
a
l
a
k
r
is
h
n
a
n
,
W
a
in
w
r
ig
h
t

A
p
p
e
n
d
ix

B
.
In

tu
it
iv
e
a
lg
o
ri
th

m
s
th

a
t
p
ro
v
a
b
ly

fa
il

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

tw
o

in
tu

it
iv

e
p

ol
y
n
om

ia
l-

ti
m

e
co

m
p
u
ta

b
le

al
go

ri
th

m
s

fo
r

th
e

p
er

m
u
ta

ti
on

-r
an

k
se

tt
in

g—
on

e
fo

r
es

ti
m

at
in

g
M
∗

fr
om

Y
,
an

d
on

e
fo

r
d
ec

om
p

o
si

n
g
M
∗

in
to

it
s

co
n
st

it
u
en

t
p

er
m

u
ta

ti
on

-r
an

k
-o

n
e

m
at

ri
ce

s—
an

d
sh

ow
th

at
th

es
e

al
go

ri
th

m
s

p
ro

va
b
ly

fa
il
.

O
u
r

go
al

in
d
es

cr
ib

in
g

th
es

e
n
eg

at
iv

e
re

su
lt

s
is

as
a

co
m

p
le

m
en

t
to

th
e

p
o
si

ti
v
e

re
su

lt
s

p
ro

v
id

ed
in

th
e

m
ai

n
te

x
t,

an
d

w
it

h
th

e
h
op

e
th

at
th

e
p

oi
n
ts

of
fa

il
u
re

of
th

es
e

a
lg

o
ri

th
m

s
m

ay
fo

rm
st

ar
ti

n
g

p
oi

n
ts

fo
r

su
b
se

q
u
en

t
re

se
ar

ch
.

B
.1

.
A

n
in

tu
it

iv
e

p
o
ly

n
o
m

ia
l-

ti
m

e
e
st

im
a
to

r
fo

r
M
∗

fr
o
m

Y

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

es
ti

m
at

in
g

th
e

m
at

ri
x
M
∗

fr
om

n
o
is

y
a
n
d

p
a
rt

ia
l

ob
se

rv
at

io
n
s
Y

as
d
efi

n
ed

ea
rl

ie
r

in
eq

u
at

io
n

(1
).

F
or

si
m

p
li
ci

ty
,

w
e

as
su

m
e

th
a
t
p

o
b

s
=

1.
F

or
an

y
ve

ct
or
z
∈
R
m

,
w

e
le

t
ve

ct
or
z +
∈
R
m

w
it

h
en

tr
ie

s
[z

+
] i

=
m

ax
{z
i,

0
}

re
p
re

se
n
t

th
e

p
os

it
iv

e
co

m
p

on
en

t
of
z
,

an
d

ve
ct

or
z −
∈
R
m

w
it

h
en

tr
ie

s
[z
−

] i
=

m
in
{z
i,

0}
re

p
re

se
n
t

th
e

n
eg

at
iv

e
co

m
p

on
en

t
of
z
.

W
e

fi
rs

t
p
ro

v
id

e
so

m
e

in
tu

it
io

n
an

d
b
ac

k
gr

ou
n
d

to
m

ot
iv

at
e

th
e

es
ti

m
at

o
r

w
e

st
u
d
y

in
th

is
se

ct
io

n
,

an
d

th
en

p
re

se
n
t

a
fo

rm
al

d
efi

n
it

io
n
.

D
en

ot
e

th
e

p
er

m
u
ta

ti
on

-r
a
n
k

o
f

m
a
tr

ix
M
∗

as
ρ
∗

:=
ρ
(M
∗ )

,
an

d
as

su
m

e
th

at
th

e
va

lu
e

o
f
ρ
∗

is
k
n
ow

n
.

T
h
e

go
a
l

is
to

o
b
ta

in

an
es

ti
m

at
e
M̂
∈

C
P
R
(ρ
∗ )

fr
om

th
e

ob
se

rv
ed

m
at

ri
x
Y

su
ch

th
at

th
e

er
ro

r
1 n
d
|||M

∗
−
M̂
|||2 F

is
as

sm
al

l
as

p
os

si
b
le

.
F

or
an

y
su

ch
m

at
ri

x
M̂

,
le

t
u
s

u
se

th
e

fo
ll
ow

in
g

n
o
ta

ti
o
n

fo
r

it
s

p
er

m
u
ta

ti
on

-r
an

k
d
ec

om
p

os
it

io
n
:
M̂

=
∑

ρ
∗
`=

1
M̂

(`
)

w
h
er

e
M̂

(`
)
∈
C

P
R
(1

)
fo

r
ev

er
y
`
∈

[ρ
∗ ]

.
F

u
rt

h
er

,
w

e
le

t
π̂

(`
)

an
d
σ̂

(`
)

re
sp

ec
ti

ve
ly

d
en

ot
e

th
e

p
er

m
u
ta

ti
on

of
th

e
ro

w
s

a
n
d

co
lu

m
n
s

of
M̂

(`
) .

P
as

t
li
te

ra
tu

re
on

co
m

p
u
ta

ti
on

al
ly

-e
ffi

ci
en

t
es

ti
m

at
io

n
fo

r
su

ch
p
ro

b
le

m
s

p
ro

v
id

es
u
s

w
it

h
es

ti
m

at
or

s
w

it
h

th
e

fo
ll
ow

in
g

tw
o

d
is

ti
n
ct

go
al

s:
(i

)
to

es
ti

m
at

e
th

e
p

er
m

u
ta

ti
o
n
s

of
th

e
co

n
st

it
u
en

t
m

at
ri

ce
s

in
th

e
p

er
m

u
ta

ti
on

-r
an

k
d
ec

om
p

os
it

io
n
,

an
d

(i
i)

es
ti

m
a
to

rs
to

co
m

p
u
te

th
e

en
tr

ie
s

of
th

e
co

n
st

it
u
en

t
m

at
ri

ce
s

gi
v
en

th
e

p
er

m
u
ta

ti
on

s.
F

o
r

ea
ch

o
f

th
es

e
tw

o
go

al
s,

w
e

d
es

cr
ib

e
a

n
at

u
ra

l
es

ti
m

at
or

b
el

ow
fr

om
p
as

t
w

or
k
s.

E
st

im
a
ti

n
g

th
e

pe
rm

u
ta

ti
o
n

s
vi

a
si

n
gu

la
r

va
lu

e
d
ec

o
m

po
si

ti
o
n

:
C

om
p
u
te

th
e

si
n
g
u
la

r

va
lu

e
d
ec

om
p

os
it

io
n
Y

=
∑

m
in
{n
,d
}

`=
1

a
(`

) [
b(
`)

]T
su

ch
th

at
th

e
ve

ct
or

s
{a

(1
) ,
..
.,
a

(m
in
{n
,d
})
}

ar
e

m
u
tu

al
ly

or
th

og
on

al
,

th
e

ve
ct

or
s
{b

(1
) ,
..
.,
b(

m
in
{n
,d
})
}

ar
e

m
u
tu

al
ly

or
th

o
g
o
n
a
l,

a
n
d

[a
(1

) ]
T
b(

1
)
≥
..
.
≥

[a
(m

in
{n
,d
})

]T
b(

m
in
{n
,d
})

.
In

or
d
er

to
re

so
lv

e
a

gl
ob

al
si

gn
a
m

b
ig

u
it

y,
w

e

al
so

m
an

d
at

e
th

e
co

n
d
it

io
n
|||a

(`
)

+
||| 2
≥
|||a

(`
)
−
||| 2

fo
r

ev
er

y
`
∈

[m
in
{n
,d
}]

.
F

in
a
ll
y,

fo
r

ea
ch

`
∈

[ρ
∗ ]

,
se

t
π̂

(`
)

an
d
σ̂

(`
)

as
th

e
or

d
er

in
g

of
th

e
en

tr
ie

s
of
a

(`
)

an
d
b(
`)

re
sp

ec
ti

ve
ly

.

F
ro

m
p
as

t
w

or
k
s

(S
h
ah

et
al

.,
20

16
),

th
is

es
ti

m
at

or
fo

r
th

e
p

er
m

u
ta

ti
on

s
is

k
n
ow

n
to

p
os

se
ss

ap
p

ea
li
n
g

p
ro

p
er

ti
es

fo
r

th
e

ca
se

w
h
en

ρ
∗

=
1.

F
or

in
st

an
ce

,
it

is
n
o
t

h
a
rd

to
se

e
th

at
in

a
n
oi

se
le

ss
se

tt
in

g
w

h
er

e
Y

=
M
∗ ,

th
e

es
ti

m
at

or
w

il
l

y
ie

ld
ex

ac
tl

y
th

e
ro

w
a
n
d

co
lu

m
n

p
er

m
u
ta

ti
on

s
of
M
∗
∈
C

P
R
(1

).
T

h
is

fa
ct

is
em

p
lo

y
ed

in
S
h
ah

et
al

.
(2

0
1
6
)

to
o
b
ta

in
co

n
si

st
en

t
es

ti
m

at
es

of
th

e
p

er
m

u
ta

ti
on

s
as

so
ci

at
ed

to
an

u
n
k
n
ow

n
m

at
ri

x
in

C
P
R
(1

)
in

th
e

co
n
te

x
t

of
a

“c
ro

w
d

la
b

el
in

g”
p
ro

b
le

m
.

It
is

al
so

n
ot

h
ar

d
to

ve
ri

fy
th

at
th

e
es

ti
m

a
to

r
is

ca
n

b
e

co
m

p
u
te

d
in

a
co

m
p
u
ta

ti
on

al
ly

-e
ffi

ci
en

t
m

an
n
er

.
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

E
stim

a
tin

g
th

e
en

tries
via

lea
st

squ
a
res,

w
h
en

given
th

e
perm

u
ta

tio
n

s:
G

iven
som

e
estim

a
te
π̂

(1
),σ̂

(1
),...,π̂

(ρ ∗
),σ̂

(ρ ∗
)

of
th

e
p

erm
u
tation

s
asso

ciated
to

th
e

p
erm

u
tation

-ran
k

d
eco

m
p

o
sitio

n
of
M
∗,

th
e

follow
in

g
estim

ator
M̂

p
rov

id
es

an
estim

a
te

of
th

e
m

atrix
M
∗

as
w

ell
a
s

th
e

m
a
trices

in
its

p
erm

u
tatio

n
-ran

k
d
ecom

p
osition

.

M̂
∈

a
rg

m
in

M
∈

[0
,1

] n×
d |||Y

−
M
||| 2F

(46)

su
ch

th
a
t
M

=

ρ ∗
∑`=

1

M̃
(`),

an
d

M̃
(`)∈

C
P
R
(1)

w
ith

row
s

an
d

colu
m

n
s

ord
ered

b
y

(π̂
(`),σ̂

(`)),
for

every
`∈

[ρ ∗].

T
h
e

a
fo

rem
en

tion
ed

estim
ator

M̂
is

a
n
atu

ral
ex

ten
sion

of
th

e
least-sq

u
ares

estim
ators

stu
d
ied

in
p
a
st

w
ork

s
(S

h
ah

et
al.,

2017,
201

9)
for

th
e

case
w

h
en

M
∗∈

C
P
R
(1).

T
h
e

esti-
m

ato
r

is
k
n
ow

n
to

h
ave

ap
p

ealin
g

p
rop

erties
from

b
oth

th
e

statistical
an

d
com

p
u
tation

al
p

ersp
ectives.

F
rom

a
com

p
u
tation

al
stan

d
p

oin
t,

all
of

th
e

con
stra

in
ts

in
th

e
op

tim
ization

p
ro

g
ra

m
(4

6
)

ca
n

b
e

ex
p
ressed

as
a

set
of

(p
oly

n
om

ial
n
u
m

b
er

of)
lin

ear
in

eq
u
alities,

th
ereb

y
m

ak
in

g
th

e
op

tim
ization

p
rob

lem
com

p
u
tation

ally
tractab

le.
F

rom
a

statistical
stan

d
p

oin
t,

if
th

e
g
iven

p
erm

u
tation

s
(π̂

(1
),σ̂

(1
),...,π̂

(ρ ∗
),σ̂

(ρ ∗
))

are
ex

actly
(or

ap
p
rox

im
ately

)
eq

u
al

to
th

e
p

erm
u
ta

tion
s

asso
ciated

to
a

p
erm

u
ta

tion
-ran

k
d
ecom

p
osition

of
M
∗,

th
e

p
ro

ofs
of

th
e

resu
lts

in
S
h
ah

et
al.

(2017,
2019)

as
w

ell
as

T
h
eorem

1
in

th
e

p
resen

t
p
a
p

er
im

p
ly

th
a
t

th
e

estim
a
tor

M̂
is

m
in

im
ax

op
tim

al
for

estim
atin

g
M
∗

from
Y

.
T

h
e

estim
ator

M̂
co

n
tin

u
es

to
rem

ain
statistically

effi
cien

t
if

th
e

p
erm

u
tation

s
are

k
n
ow

n
u
p

to
a

reason
ab

le
a
p
p
rox

im
a
tio

n
.

G
iven

th
e

tw
o

in
tu

itive
estim

ators
d
iscu

ssed
a
b

ove,
a

n
a
tu

ral
m

ean
s

to
estim

ate
M
∗

fro
m
Y

is
to

co
n
caten

ate
th

ese
tw

o
estim

ators
to

ob
tain

th
e

follow
in

g
tw

o-step
estim

ator:
S
tep

1
:

F
rom

Y
,

ob
tain

an
estim

ate
(π̂

(1
),σ̂

(1
),...,π̂

(ρ ∗
),σ̂

(ρ ∗
))

of
th

e
p

erm
u
tation

s
of

th
e

d
eco

m
p

o
sitio

n
of
M
∗

v
ia

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

-b
ased

estim
ator

d
escrib

ed
ab

ov
e.

S
tep

2
:

U
sin

g
th

e
estim

ates
of

th
e

p
erm

u
tation

s,
ob

tain
an

estim
ate

M̂
of
M
∗

v
ia

th
e

least
sq

u
a
res

p
ro

jection
(46).

W
e

b
elieve

th
at

w
h
en
ρ ∗

=
1,

th
is

estim
ator

is
n
ot

on
ly

con
sisten

t,
b
u
t

it
h
as

an
ex

p
ected

erro
r

d
ecay

in
g

a
t

th
e

rateO
(m

in{n
,d} −

1
/
2).

W
e

n
ow

sh
ow

th
at

in
fact

as
so

on
as

on
e

m
oves

to
th

e
settin

g
o
f
ρ ∗
>

1,
th

is
estim

ator
is

n
o

lon
ger

even
con

sisten
t—

ev
en

if
th

ere
is

n
o

n
oise.

P
ro

p
o
sitio

n
1
9

T
h
ere

exists
a

m
a
trix

M
∗∈

C
P
R
(2)

su
ch

th
a
t

w
h
en

Y
=
M
∗,

th
e

tw
o
-step

estim
a
to

r
M̂

h
a
s

a
n

erro
r

lo
w

er
bo

u
n

d
ed

a
s

1n
d |||M

∗−
M̂
||| 2F ≥

c
2 ,

w
ith

p
ro

ba
bility

1.

T
h
e

p
ro

o
f

of
th

is
resu

lt
is

p
rov

id
ed

in
A

p
p

en
d
ix

B
.3.1.

T
h
e

p
ro

of
also

d
em

on
strates

a
n

id
en

tica
l

n
eg

ative
resu

lt
for

th
e

follow
in

g
m

o
d
ifi

ed
estim

ation
algorith

m
:

In
com

p
u
tin

g
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S
h
a
h
,
B
a
l
a
k
r
ish

n
a
n
,
W
a
in
w
r
ig
h
t

M̂
as

ab
ove,

in
stead

of
tak

in
g

on
ly

th
e

p
erm

u
tation

s
of

th
e

top
ρ ∗

sin
g
u
lar

vectors,
collect

p
erm

u
tation

s
from

sin
gu

lar
vectors

u
n
til

you
ob

tain
ρ ∗

d
istin

ct
p

erm
u
tation

s;
th

en
ap

p
ly

th
e

least
sq

u
ares

p
ro

jection
step

to
th

ese
ρ ∗

d
istin

ct
p

erm
u
tation

s.

B
.2

.
A

n
in

tu
itiv

e
g
re

e
d

y
a
lg

o
rith

m
fo

r
p

e
rm

u
ta

tio
n

-ra
n

k
d

e
c
o
m

p
o
sitio

n

C
on

sid
er

an
y

m
atrix

an
y

m
atrix

M
∈

[0,1] n×
d.

T
h
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
M

in
to

com
p

on
en

ts
h
av

in
g

a
(con

ven
tion

al)
ran

k
of

on
e

ca
n

b
e

p
erform

ed
w

ith
th

e
follow

in
g

greed
y

algorith
m

:

•
L

et
k̂

=
1

•
W

h
ile

M
6=
∑

k̂−
1

`=
1
M̂

(`):

–
L

et
M̂

(k̂
)∈

arg
m

in
M
′=
a
b
T

(a
,b)∈

R
n×

R
d |||M

−
∑

k̂−
1

`=
1
M̂

(`)−
M
′|||F

–
k̂

=
k̂

+
1

•
O

u
tp

u
t
k̂

as
th

e
ran

k
of
M

an
d
{M̂

(1
),...,M̂

(k̂
)}

as
its

sin
gu

lar
valu

e
d
ecom

p
osition

.

A
n

ob
v
iou

s
q
u
estion

th
at

arises
is

w
h
eth

er
a

sim
ilar

g
reed

y
algorith

m
w

ork
s

to
ob

tain
a

p
erm

u
tation

-ran
k

d
ecom

p
osition

.

T
o

th
is

en
d
,

con
sid

er
an

y
valu

e
q
≥

1,
an

d
for

an
y

m
atrix

M
,

let
|||M
|||q

d
en

ote
its

en
try

-w
ise

n
orm

|||M
|||q

:=
(∑

i,j (M
ij )

q )
1q.

T
h
en

th
e

n
atu

ral
an

alog
u
e

of
th

e
a
fored

escrib
ed

algorith
m

in
th

e
con

tex
t

of
p

erm
u
tation

-ra
n
k

d
ecom

p
osition

is
as

follow
s:

•
L

et
ρ̂

=
1

•
W

h
ile

M
6=
∑

ρ̂−
1

`=
1
M̂

(`):

–
L

et
M̂

(ρ̂
)∈

arg
m

in
M
′∈

C
P
R

(1
) |||M

−
∑

ρ̂−
1

`=
1
M̂

(`)−
M
′|||q

–
ρ̂

=
ρ̂

+
1

•
O

u
tp

u
t
ρ̂

as
th

e
p

erm
u
tation

-ran
k

o
f
M

an
d
{M̂

(1
),...,M̂

(ρ̂
)}

as
its

p
erm

u
tation

-
d
ecom

p
osition

T
h
e

follow
in

g
p
rop

osition
in

vestigates
w

h
eth

er
su

ch
an

a
lgorith

m
w

ill
w

ork
.

P
ro

p
o
sitio

n
2
0

F
o
r

a
n

y
va

lu
es

o
f
n

,
d

a
n

d
ρ
≥

2
,

th
ere

exists
a
n

(n
×
d
)

m
a
trix

M
∈

C
P
R
(ρ

)
su

ch
th

a
t

th
e

a
bo

ve
a
lgo

rith
m

o
u

tp
u

ts
a

d
eco

m
po

sitio
n

o
f

perm
u

ta
tio

n
-ra

n
k

a
t

lea
st

(ρ
+

1).

T
h
e

gu
aran

teed
in

correctn
ess

of
th

e
p

erm
u
tation

ran
k

of
th

e
ou

tp
u
t

of
th

e
algo

rith
m

also
d
irectly

im
p
lies

th
at

th
e

d
ecom

p
osition

is
also

in
correct.

B
.3

.
P

ro
o
fs

W
e

n
ow

p
resen

t
th

e
p
ro

ofs
of

th
e

n
egative

resu
lts

in
tro

d
u
ced

in
th

is
section

.
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

B
.3
.1
.
P
r
o
o
f
o
f
P
r
o
p
o
si
t
io
n
1
9

In
w

h
at

fo
ll
ow

s,
fo

r
cl

ar
it

y
of

ex
p

os
it

io
n
,

w
e

ig
n
or

e
is

su
es

p
er

ta
in

in
g

to
fl
o
or

s
an

d
ce

il
in

gs
of

n
u
m

b
er

s,
as

th
ey

aff
ec

t
th

e
re

su
lt

s
on

ly
b
y

a
co

n
st

an
t

fa
ct

or
.

W
e

b
eg

in
b
y

d
efi

n
in

g
a

m
at

ri
x
M
∗
∈
C

P
R
(2

)
as

M
∗

=
M

(1
)

+
M

(2
) ,

w
it

h

M
(1

)
=
a

(1
) (b

(1
) )T

+
a

(2
) (b

(2
) )T

an
d

M
(2

)
=
a

(3
) (b

(3
) )T

.

S
et

a
(1

)
=

[1
.9
··
·
.9

.8
··
·
.8

0
··
·

0
]T

a
(2

)
=

[0
.2
··
·
.2

−
.1
··
·
−
.1

0
··
·

0
]T

a
(3

)
=

[0
0
··
·

0
︸
︷︷
︸

ν
1
(n
−

1
)

0
··
·

0
︸
︷︷
︸

ν
2
(n
−

1
)

1
··
·

1
︸
︷︷
︸

ν
3
(n
−

1
)

]T
,

an
d

b(
1
)

=
[1

.9
··
·
.9

.8
··
·
.8

0
··
·

0
]T

b(
2
)

=
[0

.2
··
·
.2

−
.1
··
·
−
.1

0
··
·

0
]T

b(
3
)

=
[0

0
··
·

0
︸
︷︷
︸

ν
1
(d
−

1
)

0
··
·

0
︸
︷︷
︸

ν
2
(d
−

1
)

1
··
·

1
︸
︷︷
︸

ν
3
(d
−

1
)

]T
,

w
h
er

e
ν 1

=
.6

84
,
ν 2

=
.3

04
,

an
d
ν 3

=
.0

12
.

It
is

ea
sy

to
v
er

if
y

th
at

al
l

en
tr

ie
s

o
f

th
e

m
at

ri
ce

s
M
∗ ,
M

(1
) ,
M

(2
)

li
e

in
th

e
in

te
rv

al
[0
,1

]
an

d
th

at
M

(1
)
∈
C

P
R
(1

)
an

d
M

(2
)
∈
C

P
R
(1

)
an

d
M
∗
∈
C

P
R
(2

)\
C

P
R
(1

).

O
n
e

ca
n

fu
rt

h
er

ve
ri

fy
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

of
th

is
co

n
st

ru
ct

io
n
:

1.
〈a

(`
) ,
a

(`
′ )
〉=

0
an

d
〈b

(`
) ,
b(
`′

) 〉
=

0
fo

r
ev

er
y
`
6=
`′
∈
{1
,2
,3
}.

2.
|||a

(1
) |||

2
>
|||a

(2
) |||

2
>
|||a

(3
) |||

2
an

d
|||b

(1
) |||

2
>
|||b

(2
) |||

2
>
|||b

(3
) |||

2
.

3.
T

h
e

(c
on

ve
n
ti

on
al

)
ra

n
k

of
M
∗

is
3.

4.
a

(1
) ,
a

(2
)

an
d
a

(3
)

h
av

e
d
iff

er
en

t
p

er
m

u
ta

ti
on

s
of

th
ei

r
en

tr
ie

s;
li
k
ew

is
e,
b(

1
) ,
b(

2
)

an
d

b(
3
)

h
av

e
d
iff

er
en

t
p

er
m

u
ta

ti
on

s
of

th
ei

r
en

tr
ie

s.

5.
|||a

(`
)

+
||| 2
≥
|||a

(`
)
−
||| 2

an
d
|||b

(`
)

+
||| 2
≥
|||b

(`
)
−
||| 2

fo
r

ev
er

y
`
∈

[3
].

T
h
e

fi
ve

p
ro

p
er

ti
es

li
st

ed
ab

ov
e

im
p
ly

th
at

th
e

fo
ll
ow

in
g

d
ec

om
p

os
it

io
n

of
M
∗ ,

M
∗

=
3 ∑ `=

1

a
(`

) (b
(`

) )T
,

is
a

va
li
d

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

w
it

h
th

e
gl

ob
al

si
g
n
s

of
th

e
co

n
st

it
u
en

t
ve

ct
or

s
sa

ti
sf

y
in

g
th

e
co

n
d
it

io
n
s

of
S
te

p
1

of
th

e
al

go
ri

th
m

.
C

on
se

q
u
en

tl
y,

th
e
ρ
∗

=
2

es
ti

m
at

ed
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S
h
a
h
,
B
a
l
a
k
r
is
h
n
a
n
,
W
a
in
w
r
ig
h
t

p
er

m
u
ta

ti
on

s
in

S
te

p
1

of
th

e
al

go
ri

th
m

ar
e

th
os

e
gi

ve
n

b
y

th
e

re
sp

ec
ti

v
e

o
rd

er
in

g
s

o
f

th
e

en
tr

ie
s

of
th

e
ve

ct
or

s
{a

(1
) ,
b(

1
) }

an
d
{a

(2
) ,
b(

2
) }

.
O

b
se

rv
e

th
at

th
e

en
tr

ie
s

2
to

(1
+
ν 1

(n
−

1)
)

of
b

ot
h
a

(1
)

an
d
a

(2
)

h
av

e
va

lu
es

h
ig

h
er

th
a
n

th
e

la
st
ν 3

(n
−

1)
en

tr
ie

s
of

th
es

e
ve

ct
or

s,
an

d
h
en

ce
th

is
or

d
er

in
g

is
re

fl
ec

te
d

in
th

e
re

sp
ec

ti
v
e

p
er

m
u
ta

ti
on

s
d
er

iv
ed

fr
om

th
es

e
ve

ct
or

s.
L

ik
ew

is
e,

th
e

en
tr

ie
s

2
th

ro
u
gh

(1
+
ν 1

(d
−

1
))

a
re

ra
n
ke

d
h
ig

h
er

th
an

th
e

la
st
ν 3

(d
−

1)
en

tr
ie

s
in

th
e

p
er

m
u
ta

ti
on

d
er

iv
ed

fr
o
m

th
e

v
ec

to
rs

b(
1
)

an
d
b(

2
) .

D
u
e

to
th

is
co

ll
ec

ti
on

o
f

in
eq

u
a
li
ti

es
,

th
e

le
as

t
sq

u
ar

es
p
ro

gr
a
m

in
S
te

p
2

o
f

th
e

al
go

ri
th

m
m

u
st

m
an

d
at

e
th

at

M
ij
≥
M
i′
j′
≥
M
i′
′ j
′′
,

(4
7
)

w
h
en

ev
er

2
≤
i,
i′
≤

1
+
ν 1

(n
−

1)
;
n
−
ν 3

(n
−

1)
<
i′′
≤
n

;
2
≤
j
≤

1
+
ν 1

(d
−

1
);

an
d
d
−
ν 3

(d
−

1)
<
j′
,j
′′
≤
d
.

H
ow

ev
er

,
fo

r
ea

ch
co

or
d
in

at
e

in
th

is
ra

n
ge

,
w

e
a
ls

o
h
av

e
M
∗ ij

=
.8

5,
M
∗ i′ j
′

=
0,
M
∗ i′′
j′
′

=
1.

C
on

se
q
u
en

tl
y,

an
y

tr
ip

le
t

of
va

lu
es

(M
ij
,M

i′
j′
,M

i′
′ j
′′
)

th
at

fo
ll
ow

s
th

e
or

d
er

in
g

(4
7)

m
u
st

n
ec

es
sa

ri
ly

in
cu

r
an

er
ro

r
lo

w
er

b
ou

n
d
ed

as

(M
ij
−
M
∗ ij

)2
+

(M
i′
j′
−
M
∗ i′ j
′)

2
+

(M
i′
′ j
′′
−
M
∗ i′′
j′
′)

2
≥
c,

fo
r

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
c
>

0.
S
u
m

m
in

g
u
p

th
e

er
ro

rs
ov

er
al

l
th

e
en

tr
ie

s
o
f

th
e

m
a
tr

ix
in

th
e

af
or

em
en

ti
o
n
ed

co
or

d
in

at
e

se
t

y
ie

ld
s

th
at

an
y

m
at

ri
x
M

sa
ti

sf
y
in

g
th

e
co

n
st

ra
in

ts
o
f

th
e

le
as

t
sq

u
ar

es
p
ro

b
le

m
m

u
st

h
av

e
sq

u
ar

ed
F

ro
b

en
iu

s
er

ro
r

at
le

as
t
|||M
−
M
∗ |||

2 F
≥
c′
n
d
,

fo
r

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
c′
>

0.

B
.3
.2
.
P
r
o
o
f
o
f
P
r
o
p
o
si
t
io
n
2
0

F
ir

st
le

t
n

=
d

=
ρ

=
2.

C
on

si
d
er

th
e

(2
×

2)
m

at
ri

x
M

d
efi

n
ed

a
s

M
:=

[ 0
.6

.6
.4

] .

It
is

ea
sy

to
v
er

if
y

th
at
M
∈
C

P
R
(2

)\
C

P
R
(1

).
L

et
u
s

n
ow

in
ve

st
ig

at
e

th
e

op
er

at
io

n
of

th
e

p
ro

p
os

ed
al

g
or

it
h
m

on
th

is
m

a
tr

ix
M

.
T

h
e

fo
ll
ow

in
g

le
m

m
a

co
n
tr

ol
s

th
e

fi
rs

t
st

ep
of

th
e

al
go

ri
th

m
.

L
e
m

m
a

2
1

W
h
en

th
e

in
p
u

t
m

a
tr

ix
M

is
a
s

d
efi

n
ed

a
bo

ve
,

th
e

a
lg

o
ri

th
m

w
il

l
se

le
ct

M̂
(1

)
=

[ 0
.4

.4
.4

]

in
th

e
fi

rs
t

it
er

a
ti

o
n

.

A
s

a
co

n
se

q
u
en

ce
of

th
is

le
m

m
a
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
si

d
u
al

th
at

is
u
se

d
fo

r
th

e
su

b
se

q
u
en

t
it

er
at

io
n
s

of
th

e
al

go
ri

th
m

:

M
−
M̂

(1
)

=

[ 0
.2

.2
0

] .

It
is

ea
sy

to
se

e
th

e
th

at
th

e
re

si
d
u
al

m
at

ri
x

(M
−
M̂

(1
) )
∈

C
P
R
(2

)\
C

P
R
(1

).
A

ls
o

o
b
se

rv
e

th
at

in
ea

ch
it

er
at

io
n
,

th
e

al
go

ri
th

m
su

b
tr

ac
ts

ou
t

a
m

at
ri

x
in

C
P
R
(1

)
fr

om
th

e
re

si
d
u
al

.
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L
o
w

P
e
r
m
u
t
a
t
io
n
-r
a
n
k

M
a
t
r
ix

C
o
m
p
l
e
t
io
n

C
o
n
seq

u
en

tly,
th

e
algorith

m
w

ill
req

u
ire

at
least

tw
o

m
ore

iteration
s

to
term

in
ate.

T
h
e

a
lg

o
rith

m
th

u
s

n
ecessarily

ou
tp

u
ts

a
d
ecom

p
ositio

n
w

ith
ρ̂
≥

3
,

as
claim

ed
.

N
ex

t
w

e
ex

ten
d

th
ese

argu
m

en
ts

to
an

y
arb

itrary
valu

es
of
n
≥

2
,d
≥

2
,ρ
≥

2.
C

on
sid

er
m

a
trix

M
w

ith
en

tries:

•
M

1
1

=
0
,
M

1
2

=
M

2
1

=
.6,

M
2
2

=
.4

•
M
ii

=
1

for
ev

ery
i∈
{3
,...,ρ}

•
M
ij

=
0

for
ev

ery
oth

er
co

ord
in

ate
(i,j).

T
h
e

m
a
trix

M
h
as

a
b
lo

ck
-d

iagon
al

stru
ctu

re
w

ith
th

e
top

-left
(2×

2)
b
lo

ck
as

o
n
e

n
on

-
zero

co
m

p
o
n
en

t
an

d
(ρ
−

2)
oth

er
en

tries
on

th
e

d
iagon

al
as

(ρ
−

2)
ad

d
ition

al
n
on

-zero
co

m
p

o
n
en

ts.
T

h
e

rest
o
f

th
e

p
ro

of
is

p
artition

ed
in

to
tw

o
cases:

C
a
se

I:
S
u
p
p

o
se

th
at

at
som

e
step

ρ̂
of

th
e

algorith
m

,
som

e
en

try
of

th
e

resid
u
al

m
atrix

(M
−
∑

ρ̂`=
1
M̂

(`)
is

strictly
n
egative.

T
h
en

th
e

algorith
m

w
ill

n
ever

term
in

ate
b

ecau
se

every
su

b
seq

u
en

t
ca

n
d
id

ate
m

atrix
in

th
e

m
in

im
ization

step
of

th
e

algorith
m

m
u
st

lie
in

C
P
R
(1)

a
n
d

h
en

ce
m

u
st

h
av

e
n
on

-n
egative

en
tries.

T
h
e

algorith
m

w
ill

th
u
s

ou
tp

u
t
ρ̂

=
∞

.

C
a
se

II:
N

ow
su

p
p

ose
th

at
th

e
resid

u
al

m
atrices

a
lw

ay
s

h
ave

n
on

-n
egative

en
tires.

T
h
en

g
iven

th
e

b
lo

ck
-d

iagon
al

stru
ctu

re
of
M

,
an

y
m

atrix
M̂

(1
),M̂

(2
),...

in
th

e
iteration

s
of

th
e

a
lg

o
rith

m
ca

n
b

e
n
on

-zero
in

ex
actly

on
e

of
th

ese
d
ia

gon
al

com
p

on
en

ts.
A

s
a

resu
lt,

th
e

overa
ll

d
eco

m
p

osition
y
ield

ed
b
y

th
e

algorith
m

d
ecou

p
les

in
to
ρ

in
d
iv

id
u
a
l

d
ecom

p
osition

s
o
f

th
e
ρ

resp
ective

b
lo

ck
s,

each
of

w
h
ich

w
ill

con
trib

u
te

a
p

erm
u
tation

-ran
k

of
at

least
1.

M
o
reover,

fro
m

th
e

argu
m

en
ts

for
th

e
case

of
n

=
d

=
2

ab
ove,

w
e

also
h
ave

th
at

th
e

to
p
-left

(2×
2
)

b
lo

ck
w

ill
in

d
u
ce

a
d
ecom

p
osition

of
p

erm
u
tatio
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m
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at
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n
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T
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M
P

L
E

T
IO

N
A

N
D

R
E

L
A

T
E

D
P

R
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B
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E
M

S
V

IA
S

T
R

O
N

G
D

U
A

L
IT

Y

com
pletion

(G
e

etal.,2016),m
atrix

sensing
(B

hojanapallietal.,2016b),dictionary
learning

(Sun
etal.,2017b),phase

retrieval(Sun
etal.,2016),linear

deep
neuralnetw

orks
(K

aw
aguchi,2016),

etc.
H

ow
ever,these

results
are

based
on

concrete
form

s
of

objective
functions.

A
lso,even

w
hen

any
localm

inim
um

is
guaranteed

to
be

globally
optim

al,in
generalitrem

ains
N

P-hard
to

escape
high-ordersaddle

points
(A

nandkum
arand

G
e,2016),and

additionalargum
ents

are
needed

to
show

the
achievem

entofa
localm

inim
um

.M
ostim

portantly,allexisting
resultsrely

on
strong

assum
ptions

on
the

sam
ple

size.

1.1.O
ur

R
esults

O
urw

ork
studies

a
variety

ofnon-convex
m

atrix
factorization

problem
s,and

the
goalis

to
provide

a
unified

fram
ew

ork
to

analyze
a

large
class

ofm
atrix

factorization
problem

s
and

to
provide

efficient
algorithm

s
to

achieve
globaloptim

um
.

O
ur

m
ain

results
show

thatalthough
m

atrix
factorization

problem
s

are
hard

to
optim

ize
in

general,under
certain

dualconditions
the

duality
gap

is
zero,and

thus
the

problem
can

be
converted

to
an

equivalentconvex
program

.
To

state
the

m
ain

theorem
of

our
fram

ew
ork,recallthata

function
H

(·)
is

closed
if

for
each

α
∈

R
,the

sub-level
set{X

∈
R
n

1 ×
n

2
:
H

(X
)
≤
α}

is
a

closed
set.

A
lso,recall

the
nuclear

norm
(a.k.a.trace

norm
)ofa

m
atrix

X
is‖X

‖∗
=
∑

ri=
1
σ
i (X

).D
efine

the
r ∗-norm

to
be‖

X
‖
r∗

=
m

ax
M
〈M

,X
〉−

12 ‖
M
‖

2r
w

here‖M
‖

2r
=
∑

ri=
1
σ

2i (M
)

is
the

sum
of

the
first

r
largest

squared
singular

values.
N

ote
thatboth

‖
X
‖∗

and
‖X
‖
r∗

are
convex

functions.
O

ur
m

ain
results

are
as

follow
s.

T
heorem

s3
and

4
(Strong

D
uality.Inform

al).U
nder

certain
dualconditions,strong

duality
holds

for
the

non-convex
optim

ization
problem

(Ã
,B̃

)
=

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

H
(A

B
)

+
12 ‖

A
B
‖

2F
,

(1)

w
here

H
(·)

is
convex

and
closed.In

other
w

ords,problem
(1)and

its
bi-dualproblem

X̃
=

argm
in

X
∈
R
n

1 ×
n

2

H
(X

)
+
‖
X
‖
r∗ ,

(2)

have
exactly

the
sam

e
optim

alsolutions
in

the
sense

that
Ã

B̃
=

X̃
.

Sim
ilarly,under

certain
dualconditions,strong

duality
holds

for
the

non-convex
optim

ization
problem

(Ā
,B̄

)
=

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

H
(A

B
)

+
12 ‖A
‖

2F
+

12 ‖B
‖

2F
,

(3)

w
here

H
(·)

is
convex

and
closed.In

other
w

ords,problem
(1)and

its
bi-dualproblem

X̄
=

argm
in

X
∈
R
n

1 ×
n

2

H
(X

)
+
‖X
‖∗ ,

(4)

have
exactly

the
sam

e
optim

alsolutions
in

the
sense

that
Ā

B̄
=

X̄
.

D
escription

ofD
ualC

onditions.Intuitively,the
dualconditions

in
the

above-m
entioned

theorem
s

state
thatthe

angle
betw

een
∂
H

(Ã
B̃

)
and

the
row

and
colum

n
spaces

of
Ã

B̃
is

sm
all.

In
other

w
ords,there

is
a

m
atrix

in
the

sub-differentialset
∂
H

(Ã
B̃

)
w

hich
has

alm
ostthe

sam
e

row
and

3
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O

N
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U
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A

N
D

Z
H

A
N

G

X	
	Prim

al	Problem
s	(1)(3)																																							Bi-Duals	(2)(4)			

Strong	Duality	

By	Theorem
s	3	and	4	

+	Dual	Certificate	
	

Surface	of	(1)(3)	
Surface	of	(2)(4)	

Com
m
on	O

ptim
al	Solution	

AB	

Figure
1:Strong

duality
ofm

atrix
factorizations.

colum
n

spaces
as

m
atrix

Ã
B̃

.
For

exam
ple,w

e
have

∂
H

(Ã
B̃

)
=

Ω
for

the
m

atrix
com

pletion
problem

,w
here

Ω
represents

the
subspace

ofm
atrices

supported
on

the
observed

indices.T
hen

the
dualconditions

require
thatthere

is
a

m
atrix

w
hich

is
supported

on
the

observed
indices

and
shares

alm
ostthe

sam
e

row
and

colum
n

spaces
as

Ã
B̃

.
Theorem

3
connects

the
non-convex

program
s

(1)to
its

convex
counterpart(2)via

strong
duality;

see
Figure

1.N
ote

thatstrong
duality

rarely
holds

in
the

non-convex
optim

ization
region:low

-rank
m

atrix
approxim

ation
(O

verton
and

W
om

ersley,1992;Zhang
etal.,2019)and

quadratic
optim

ization
w

ith
tw

o
quadratic

constraints
(B

eck
and

Eldar,2006)are
am

ong
the

few
paradigm

s
thatenjoy

such
a

nice
property.G

iven
strong

duality,the
com

putationalissuesofthe
originalproblem

can
be

overcom
e

by
solving

the
convex

bi-dualproblem
(2).

T
he

theorem
connects

the
regularization

12 ‖
A

B
‖

2F
to

the
r ∗

norm
‖
X
‖
r∗ .T

his
regularization

is
ofspecialinterestto

m
any

m
atrix

factorization
problem

s.
For

exam
ple,

w
hen

H
(A

B
)

=
12 ‖

X
‖

2F
−
〈X
,A

B
〉,

problem
(1)

reduces
to

the
PC

A
problem

:
m

in
A
,B

12 ‖X
−

A
B
‖

2F
.

W
hen

H
(A

B
)

=
12 ‖X
‖

2F
−
〈X
,A

B
〉

+
γ‖A
‖

2F
+
γ‖B
‖

2F
,problem

(1)
reduces

to
the

quadratically
regularized

PC
A

problem
(U

delletal.,2016):
m

in
A
,B

12 ‖
X
−

A
B
‖

2F
+

γ‖
A
‖

2F
+
γ‖B
‖

2F
.O

urfram
ew

ork
ofstrong

duality
is

then
applicable

to
allthese

problem
s.

Furtherm
ore,T

heorem
4

also
connects

the
non-convex

program
s

(3)to
its

convex
counterpart

(4):
the

theorem
connects

12 ‖A
‖

2F
+

12 ‖B
‖

2F
to

the
nuclear

norm
‖X
‖∗ .

T
his

gives
new

insights
forthe

nuclearnorm
relaxation

technique
com

m
only

used
foroptim

ization
problem

s
w

ith
low

rank
constraints

from
the

perspective
ofstrong

duality.
T

he
positive

results
of

our
fram

ew
ork

are
com

plem
ented

by
a

low
er

bound
to

form
alize

the
hardness

ofthe
above

problem
in

general.A
ssum

ing
thatthe

random
4-SA

T
problem

(R
azenshteyn

etal.,2016)is
hard

(see
C

onjecture
32),w

e
give

a
strong

negative
resultfordeterm

inistic
algorithm

s.
If

also
B

P
P

=
P

(see
Section

7
fora

discussion),then
the

sam
e

conclusion
holds

forrandom
ized

algorithm
s

succeeding
w

ith
probability

atleast
2
/3.

T
heorem

10
(H

ardnessStatem
ent.Inform

al).A
ssum

ing
thatrandom

4-SAT
is

hard
on

average,
there

is
a

problem
in

the
form

of
(1)such

thatany
determ

inistic
algorithm

achieving
(1

+
ε)O

P
T

in
the

objective
function

value
w

ith
ε
≤
ε
0

requires
2

Ω
(n

1
+
n

2
)

tim
e,w

here
O

P
T

is
the

optim
um

and
ε
0
>

0
is

an
absolute

constant.
IfB

P
P

=
P

,then
the

sam
e

conclusion
holds

for
random

ized
algorithm

s
succeeding

w
ith

probability
atleast

2/
3.

N
ow

w
e

turn
to

the
application

ofourfram
ew

ork.T
his

only
requires

the
verification

ofthe
dual

conditions
in

Theorem
3.W

e
w

illshow
thattw

o
prototypicalproblem

s,m
atrix

com
pletion

and
robust

PC
A

,obey
the

conditions.
T

hey
belong

to
the

linear
inverse

problem
s

of
form

(1)
w

ith
a

proper
choice

offunction
H

(·),w
hich

aim
atexactly

recovering
a

hidden
m

atrix
X
∗

w
ith

rank(X
∗)≤

r
given

a
lim

ited
num

beroflinearobservations
ofit.4
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Fo
rm

at
ri

x
co

m
pl

et
io

n,
th

e
lin

ea
rm

ea
su

re
m

en
ts

ar
e

of
th

e
fo

rm
{X
∗ ij

:
(i
,j

)
∈

Ω
},

w
he

re
Ω

is
th

e
su

pp
or

ts
et

w
hi

ch
is

un
ifo

rm
ly

di
st

rib
ut

ed
am

on
g

al
ls

ub
se

ts
of

[n
1
]×

[n
2
]

of
ca

rd
in

al
ity
m

.W
ith

st
ro

ng
du

al
ity

,w
e

ca
n

ei
th

er
st

ud
y

th
e

ex
ac

tr
ec

ov
er

ab
ili

ty
of

th
e

pr
im

al
pr

ob
le

m
(1

),
or

in
ve

st
ig

at
e

th
e

va
lid

ity
of

its
co

nv
ex

du
al

(o
rb

i-
du

al
)p

ro
bl

em
(2

).
H

er
e

w
e

st
ud

y
th

e
fo

rm
er

w
ith

to
ol

s
fr

om
ge

om
et

ric
fu

nc
tio

na
la

na
ly

si
s.

R
ec

al
lt

ha
ti

n
th

e
an

al
ys

is
of

m
at

rix
co

m
pl

et
io

n,
on

e
ty

pi
ca

lly
re

qu
ire

s
a
µ

-i
nc

oh
er

en
ce

co
nd

iti
on

fo
r

a
gi

ve
n

ra
nk

-r
m

at
ri

x
X
∗

w
ith

sk
in

ny
SV

D
U

Σ
V
T

(R
ec

ht
,2

01
1;

C
an

dè
s

an
d

Ta
o,

20
10

):

‖U
T
e
i‖

2
≤
√
µ
r

n
1

fo
ra

ll
i
∈

[n
1
],

an
d

‖V
T
e
i‖

2
≤
√
µ
r

n
2

fo
ra

ll
i
∈

[n
2
],

(5
)

w
he

re
e
i’s

ar
e

ba
si

s
ve

ct
or

s
w

ith
i-

th
en

tr
y

eq
ua

lt
o

1
an

d
ot

he
re

nt
ri

es
eq

ua
lt

o
0
.T

he
in

co
he

re
nc

e
co

nd
iti

on
cl

ai
m

st
ha

ti
nf

or
m

at
io

n
sp

re
ad

st
hr

ou
gh

ou
tt

he
le

ft
an

d
rig

ht
si

ng
ul

ar
ve

ct
or

sa
nd

is
st

an
da

rd
in

th
e

m
at

ri
x

co
m

pl
et

io
n

lit
er

at
ur

e.
U

nd
er

th
is

st
an

da
rd

co
nd

iti
on

,w
e

ha
ve

th
e

fo
llo

w
in

g
re

su
lts

.

T
he

or
em

s
6,

7,
an

d
8

(M
at

ri
x

C
om

pl
et

io
n.

In
fo

rm
al

).
Th

er
e

ex
is

t
op

tim
iz

at
io

n
pr

ob
le

m
s

fo
r

m
at

ri
x

co
m

pl
et

io
n

in
th

e
fo

rm
s

of
(1

)a
nd

(2
)t

ha
te

nj
oy

st
ro

ng
du

al
ity

w
ith

ea
ch

ot
he

r
an

d
ex

ac
tly

re
co

ve
rs

X
∗

w
ith

hi
gh

pr
ob

ab
ili

ty
,p

ro
vi

de
d

th
at
m

=
O

(κ
2
µ

(n
1
+
n

2
)r

lo
g
(n

1
+
n

2
)

lo
g

2
κ
(n

1
+
n

2
))

(f
or

th
e

fo
rm

ul
at

io
n

in
Th

eo
re

m
8)

or
m

=
O

(µ
(n

1
+
n

2
)r

lo
g

2
(n

1
+
n

2
))

(f
or

th
e

fo
rm

ul
at

io
n

in
Th

eo
re

m
7)

,
w

he
re
κ

is
th

e
co

nd
iti

on
nu

m
be

r
of

X
∗ .

Th
e

sa
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,and
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ice-differentialpreclude

H
(·)
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(1)

and
(3)
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generalresults
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duality
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existence
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dualcertificate
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.Forconcrete
applications,the

existence
ofa

dual
certificate

is
then

converted
to

m
ild

assum
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approxim
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easurem

ents
m

ade
on

the
underlying

low
rank

m
atrix,itis

N
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m
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-rank)
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Strong
duality
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plies

that
the

prim
alproblem

(1)and
itsbi-dualproblem

(2)have
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the
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e
solutionsin

the
sense

that Ã
B̃

=
X̃

.Thus,to
show

exactre-
coverability

oflinearinverse
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s
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m

atrix
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and
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A
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to
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non-convex
prim
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problem
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convex
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ere

w
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atrix
com

pletion.W
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m
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problem
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non-convex

geo-
m

etric
analysis

is
in

stark
contrastto

priortechniques
ofconvex

geom
etric

analysis
Vershynin

(2015)w
here

convex
com

binations
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the
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should

be
consistent

w
ith

the
sam

pled
m

easurem
ents,i.e.,P

Ω
(A

B
)

=
P

Ω
(X
∗).

W
e

study
the

feasibility
condition

of
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Non-Convex	Problem
s	(1)(3)	

(N
P-hard	in	general)	

Random
ness	

Geom
etric	

Analysis	

Construction	of	
Dual	Certificate	Reduction	to	

Low
-Rank	

Approxim
ation	 Strong	Duality	

Exact	Recovery	by	Non-Convex	Problem
s	(1)(3)	

w
ith	Nearly	Optim

al	Sam
ple	Com

plexity	

Exact	Recovery	by	Convex	
Problem

s	(2)(4)	
	

Figure
3:N

ew
analyticalfram

ew
ork

in
this

paper.

problem
(1)from

a
geom

etric
perspective:

Ã
B̃

=
X
∗

is
the

unique
optim

alsolution
to

problem
(1)if

and
only

ifstarting
from

X
∗,eitherthe

rank
of

X
∗
+

D
or‖X

∗
+

D
‖
F

increasesforalldirections
D

’s
in

the
constraintset

Ω
⊥

=
{
D
∈
R
n

1 ×
n

2
:P

Ω
(X
∗

+
D

)
=
P

Ω
(X
∗)}.

T
his

can
be

geom
etrically

interpreted
as

the
requirem

entthatthe
setD

S
(X
∗)

=
{
X
−

X
∗∈

R
n

1 ×
n

2
:rank(X

)≤
r,‖X

‖
F
≤

‖
X
∗‖
F }

and
the

constraintset
Ω
⊥

m
ustintersectuniquely

at
0

(see
Figure

2).
T

his
can

then
be

show
n

by
a

dualcertificate
argum

ent.

Putting
T

hingsTogether.W
e

sum
m

arize
ournew

analyticalfram
ew

ork
w

ith
Figure

3.

O
ther

Techniques. A
n

alternative
m

ethod
is

to
investigate

the
exactrecoverability

ofproblem
(2)

via
standard

convex
analysis.

W
e

find
thatthe

sub-differentialof
our

induced
function‖·‖

r∗
has

sim
ilarproperties

as
thatofthe

nuclearnorm
.W

ith
this

observation,w
e

prove
the

validity
ofrobust

PC
A

in
the

form
of(2)by

com
bining

this
property

of‖·‖
r∗

w
ith

standard
techniques

from
(C

andès
etal.,2011).

1.3.Paper
O

rganization

Section
2

review
s

related
w

ork
and

Section
3

defines
the

notations.
T

he
m

ain
theorem

s
for

our
fram

ew
ork

are
presented

in
Section

4.
T

heir
applications

to
m

atrix
com

pletion
are

in
Section

5,
and

those
to

robustPC
A

are
in

Section
6.T

he
com

putationalaspects
ofthe

problem
are

discussed
in

Section
7,and

experim
entalresults

on
synthetic

and
realdata

sets
are

presented
in

Section
8.

Section
9

concludes
the

paper.Forclarity
ofpresentation,som

e
proofs

in
ouranalysis

are
deferred

to
the

appendix.

2.R
elated

W
ork

N
on-convex

m
atrix

factorization
is

a
populartopic

studied
in

theoreticalcom
puterscience

(Jain
etal.,

2013;H
ardt,2014;Sun

and
L

uo,2015;R
azenshteyn

etal.,2016),m
achine

learning
(B

hojanapalli
etal.,2016b;G

e
etal.,2016,2015;Jain

etal.,2010;L
ietal.,2016),and

optim
ization

(W
en

etal.,
2012;Shen

etal.,2014).W
e

review
severallines

ofresearch
on

studying
the

globaloptim
ality

of
such

optim
ization

problem
s.

G
lobalO

ptim
ality

of
M

atrix
Factorization.

W
hile

lots
of

m
atrix

factorization
problem

s
have

been
show

n
to

have
no

spurious
local

m
inim

a,
they

either
require

additional
conditions

on
the

localm
inim

a,or
are

based
on

particular
form

s
of

the
objective

function.
Specifically,B

ach
etal.
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ta

nd
in

g
of

th
e

lo
ss

su
rf

ac
e

of
de

ep
ne

ur
al

ne
tw

or
ks

w
ith

no
n-

lin
ea

ra
ct

iv
at

io
n

fu
nc

tio
ns

(K
aw

ag
uc

hi
,2

01
6;

C
ho

ro
m

an
sk

a
et

al
.,

20
15

).
In

di
ct

io
na

ry
le

ar
ni

ng
,w

e
ai

m
to

re
co

ve
ra

di
ct

io
na

ry
m

at
ri

x
A

fr
om

a
gi

ve
n

si
gn

al
X

in
th

e
fo

rm
of

X
=

A
B

,p
ro

vi
de

d
th

at
th

e
re

pr
es

en
ta

tio
n

co
ef

fic
ie

nt
B

is
su

ffi
ci

en
tly

sp
ar

se
.

T
hi

s
pr

ob
le

m
ce

nt
er

s
ar

ou
nd

so
lv

in
g

a
no

n-
co

nv
ex

m
at

ri
x

fa
ct

or
iz

at
io

n
pr

ob
le

m
w

ith
a

sp
ar

si
ty

co
ns

tr
ai

nt
on

th
e

re
pr

es
en

ta
tio

n
co

ef
fic

ie
nt

B
(B

ac
h

et
al

.,
20

08
;S

un
et

al
.,

20
17

b,
a;

A
ro

ra
et

al
.,

20
14

).
O

th
er

hi
gh

-i
m

pa
ct

ex
am

pl
es

of
m

at
ri

x
fa

ct
or

iz
at

io
n

m
od

el
s

ra
ng

e
fr

om
th

e
cl

as
si

c
un

su
pe

rv
is

ed
le

ar
ni

ng
pr

ob
le

m
s

lik
e

PC
A

,i
nd

ep
en

de
nt

co
m

po
ne

nt
an

al
ys

is
,a

nd
cl

us
te

ri
ng

,t
o

th
e

m
or

e
re

ce
nt

pr
ob

le
m

s
su

ch
as

no
n-

ne
ga

tiv
e

m
at

ri
x

fa
ct

or
iz

at
io

n,
w

ei
gh

te
d

lo
w

-r
an

k
m

at
ri

x
ap

pr
ox

im
at

io
n,

sp
ar

se
co

di
ng

,
te

ns
or

de
co

m
po

si
tio

n
(B

ha
sk

ar
a

et
al

.,
20

14
;A

na
nd

ku
m

ar
et

al
.,

20
14

),
su

bs
pa

ce
cl

us
te

ri
ng

(Z
ha

ng
et

al
.,

20
15

b,
20

14
),

et
c.

A
pp

ly
in

g
ou

rf
ra

m
ew

or
k

to
th

es
e

ot
he

rp
ro

bl
em

s
is

le
ft

fo
rf

ut
ur

e
w

or
k.

A
to

m
ic

N
or

m
s.

Th
e

at
om

ic
no

rm
is

a
re

ce
nt

ly
pr

op
os

ed
fu

nc
tio

n
fo

rl
in

ea
ri

nv
er

se
pr

ob
le

m
s

(C
ha

n-
dr

as
ek

ar
an

et
al

.,
20

12
).

M
an

y
w

el
l-

kn
ow

n
no

rm
s,

e.
g.

,t
he
` 1

no
rm

an
d

th
e

nu
cl

ea
r

no
rm

,s
er

ve
as

sp
ec

ia
l

ca
se

s
of

at
om

ic
no

rm
s.

It
ha

s
be

en
w

id
el

y
ap

pl
ie

d
to

th
e

pr
ob

le
m

s
of

co
m

pr
es

se
d

se
ns

in
g

(T
an

g
et

al
.,

20
13

),
lo

w
-r

an
k

m
at

ri
x

re
co

ve
ry

(C
an

dè
s

an
d

R
ec

ht
,2

01
3)

,b
lin

d
de

co
nv

ol
u-

tio
n

(A
hm

ed
et

al
.,

20
14

),
et

c.
T

he
no

rm
is

de
fin

ed
by

th
e

M
in

ko
w

sk
if

un
ct

io
na

la
ss

oc
ia

te
d

w
ith

th
e

co
nv

ex
hu

ll
of

a
se

tA
:‖

X
‖ A

=
in

f{
t
>

0
:

X
∈
tA
}.

In
pa

rt
ic

ul
ar

,i
fw

e
se

tA
to

be
th

e
co

nv
ex

hu
ll

of
th

e
in

fin
ite

se
to

f
un

it-
` 2

-n
or

m
ra

nk
-o

ne
m

at
ri

ce
s,

th
en
‖·
‖ A

eq
ua

ls
to

th
e

nu
cl

ea
r

no
rm

.
W

e
m

en
tio

n
th

at
ou

ro
bj

ec
tiv

e
te

rm
‖A

B
‖ F

in
pr

ob
le

m
(1

)i
s

si
m

ila
rt

o
th

e
at

om
ic

no
rm

,b
ut

w
ith

sl
ig

ht
di

ff
er

en
ce

s:
un

lik
e

th
e

at
om

ic
no

rm
,w

e
se

tA
to

be
th

e
in

fin
ite

se
to

fu
ni

t-
` 2

-n
or

m
m

at
ri

ce
s

fo
r

ra
nk

(X
)
≤
r.

T
hi

s
le

ad
s

to
be

tte
r

sa
m

pl
e

co
m

pl
ex

ity
gu

ar
an

te
es

th
an

th
e

at
om

ic
-n

or
m

ba
se

d
m

et
ho

ds
.

C
om

pa
ri

so
n

w
ith

O
ur

W
or

k.
D

es
pi

te
a

la
rg

e
am

ou
nt

of
w

or
ks

on
m

at
ri

x
fa

ct
or

iz
at

io
ns

an
d

th
ei

r
co

nv
ex

re
la

xa
tio

n,
fe

w
w

or
ks

st
ud

y
th

e
co

nn
ec

tio
n

be
tw

ee
n

th
em

.
H

er
eb

y,
w

e
em

ph
as

iz
e

th
e

di
ff

er
en

ce
be

tw
ee

n
ex

ac
tr

ec
ov

er
ab

ili
ty

an
d

tig
ht

ne
ss

of
co

nv
ex

re
la

xa
tio

n:
ex

ac
tr

ec
ov

er
ab

ili
ty

st
ud

ie
sw

he
th

er
on

e
al

go
rit

hm
ca

n
ex

ac
tly

re
co

ve
rt

he
un

de
rly

in
g

m
at

rix
,w

hi
le

th
e

tig
ht

ne
ss

of
co

nv
ex

re
la

xa
tio

n
ch

ar
ac

te
riz

es
th

e
co

nn
ec

tio
n

be
tw

ee
n

no
n-

co
nv

ex
pr

ob
le

m
an

d
its

co
nv

ex
co

un
te

rp
ar

t.
Th

e
st

an
da

rd
pr

oo
ft

ec
hn

iq
ue

on
ly

fo
cu

se
s

on
th

e
fo

rm
er

pr
ob

le
m

fo
rb

ot
h

m
at

ri
x

co
m

pl
et

io
n

an
d

ro
bu

st
PC

A
.I

n
co

nt
ra

st
,t

hi
s

w
or

k
ex

pl
or

es
th

e
la

tte
rp

ro
bl

em
an

d
br

id
ge

s
th

e
ga

p
be

tw
ee

n
th

e
no

n-
co

nv
ex

m
at

ri
x

fa
ct

or
iz

at
io

n
an

d
its

co
nv

ex
co

un
te

rp
ar

t.
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N
O

N
-C

O
N

V
E

X
M

A
T

R
IX

C
O

M
P

L
E

T
IO

N
A

N
D

R
E

L
A

T
E

D
P

R
O

B
L

E
M

S
V

IA
S

T
R

O
N

G
D

U
A

L
IT

Y

3.N
otations

W
e

w
illuse

calligraphy
to

representa
set,bold

capitalletters
to

representa
m

atrix,bold
low

er-case
letters

to
represent

a
vector,

and
low

er-case
letters

to
represent

scalars.
Specifically,

w
e

denote
by

X
∗∈

R
n

1 ×
n

2
the

underlying
m

atrix.
W

e
use

X
:t ∈

R
n

1 ×
1

(X
t: ∈

R
1×
n

2)
to

indicate
the

t-th
colum

n
(row

)of
X

.The
entry

in
the

i-th
row

,j-th
colum

n
of

X
is

represented
by

X
ij .The

condition
num

ber
of

X
is
κ

=
σ

1 (X
)/σ

r (X
).

W
e

let
n

(1
)

=
m

ax{n
1 ,n

2 }
and

n
(2

)
=

m
in{n

1 ,n
2 }.

For
SV

D
U

Σ
V
>

of
m

atrix
X

,w
e

define
svd

r (X
)

=
U

:,1
:r Σ

(1
:r

):(1
:r

) V
>:,1

:r .
For

a
function

H
(M

)
on

an
inputm

atrix
M

,its
conjugate

function
H
∗

is
defined

by
H
∗(Λ

)
=

m
ax

M
〈Λ
,M
〉−

H
(M

).
Furtherm

ore,let
H
∗∗

denote
the

conjugate
function

of
H
∗.

W
e

w
ill

frequently
use

rank(X
)
≤
r

to
constrain

the
rank

of
X

.
T

his
can

be
equivalently

represented
as

X
=

A
B

,by
restricting

the
num

ber
of

colum
ns

of
A

and
row

s
of

B
to

be
r.

For
norm

s,denote
by
‖X
‖
F

=
√
∑

ij
X

2ij
the

Frobenius
norm

of
m

atrix
X

.
L

et
σ

1 (X
)≥

σ
2 (X

)≥
...
≥

σ
r (X

)
be

the
non-zero

singular
values

of
X

.
T

he
nuclear

norm
(a.k.a.

trace
norm

)
of

X
is

defined
by
‖
X
‖∗

=
∑

ri=
1
σ
i (X

),
and

the
operator

norm
of

X
is‖

X
‖

=
σ

1 (X
).

D
enote

by
‖
X
‖∞

=
m

ax
ij |X

ij |.
D

efine
the

r ∗-norm
to

be
‖
X
‖
r∗

=
m

ax
M
〈M

,X
〉−

12 ‖M
‖

2r
w

here
‖
M
‖

2r
=
∑

ri=
1
σ

2i (M
)

is
the

sum
ofthe

first
r

largestsquared
singularvalues.Fortw

o
m

atrices
A

and
B

ofequaldim
ensions,w

e
denote

by〈A
,B
〉

=
∑

ij
A
ij B

ij .W
e

denote
by
∂
H

(X
)

=
{
Λ
∈

R
n

1 ×
n

2
:
H

(Y
)≥

H
(X

)
+
〈Λ
,Y
−

X
〉

forany
Y
}

the
sub-differentialoffunction

H
evaluated

at
X

.
W

e
define

the
indicator

function
of

convex
setC

by
IC (X

)
=

{
0,

if
X
∈
C

;

+
∞
,

otherw
ise.

For
any

non-em
pty

setC,denote
by

cone
(C

)
=
{
tX

:
X
∈
C
,
t≥

0}.
W

e
denote

by
Ω

the
set

of
indices

of
observed

entries,
and

Ω
⊥

its
com

plem
ent.

W
ithout

confusion,
Ω

also
indicates

the
linear

subspace
form

ed
by

m
atrices

w
ith

entries
in

Ω
⊥

being
0.

W
e

denote
by
P

Ω
:
R
n

1 ×
n

2
→

R
n

1 ×
n

2
the

orthogonal
projector

to
the

subspace
Ω

.
W

e
w

ill
considera

single
norm

forthese
operators,nam

ely,the
operatornorm

denoted
by‖A

‖
and

defined
by
‖A
‖

=
su

p‖
X
‖
F

=
1 ‖A

(X
)‖
F

.
For

any
orthogonal

projection
operatorP

T
to

any
subspace

T
,

w
e

know
that‖P

T ‖
=

1
w

henever
dim

(T
)
6=

0.
For

distributions,
denote

by
N

(0,1)
the

standard
G

aussian
distribution,U

niform
(m

)
the

uniform
distribution

ofcardinality
m

,and
B

er(p
)

the
B

ernoullidistribution
w

ith
success

probability
p.

4.Strong
D

uality
ofM

atrix
Factorizations:A

N
ew

A
nalyticalFram

ew
ork

T
his

section
develops

a
novel

fram
ew

ork
to

analyze
non-convex

m
atrix

factorization
problem

s.
T

he
fram

ew
ork

can
be

applied
to

differentspecific
problem

s
and

leads
to

nearly
optim

alsam
ple

com
plexity

guarantees.

4.1.
12 ‖

A
B
‖

2F
R

egularization

W
e

firststudy
the

12 ‖
A

B
‖

2F
-regularized

m
atrix

factorization
problem

(P
)

m
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2
F

(A
,B

)
=
H

(A
B

)
+

12 ‖A
B
‖

2F
,
H

(·)
is

convex
and

closed.

W
e

w
illshow

in
this

section
thatundersuitable

conditions
the

duality
gap

betw
een

(P
)and

its
dual

(bi-dual)problem
is

zero,so
problem

(P
)can

be
converted

to
an

equivalentconvex
problem

.
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B
A

L
C

A
N

,L
IA

N
G

,S
O

N
G

,W
O

O
D

R
U

FF,
A

N
D

Z
H

A
N

G

First,w
e

consideran
easy

case
w

here
H

(A
B

)
=

12 ‖
Ŷ
‖

2F
−
〈Ŷ
,A

B
〉

fora
fixed

Ŷ
,leading

to
the

objective
function

12 ‖
Ŷ
−

A
B
‖

2F
.Forthis

case,w
e

establish
the

follow
ing

lem
m

a.Its
proofis

basically
to

calculate
the

gradientof
f

(A
,B

)
and

letitequalto
zero

(Srebro,2004);see
A

ppendix
A

fordetails.

L
em

m
a

1
For

any
given

m
atrix

Ŷ
,any

localm
inim

um
of
f

(A
,B

)
=

12 ‖Ŷ
−

A
B
‖

2F
is

globally
optim

al,given
by

svd
r (Ŷ

).The
objective

function
f

(A
,B

)
around

any
saddle

pointhas
a

negative
second-order

directionalcurvature.M
oreover,f

(A
,B

)
has

no
localm

axim
um

.

N
ow

w
e

turn
to

the
generalcase.G

iven
L

em
m

a
1,w

e
can

reduce
F

(A
,B

)
to

the
form

12 ‖
Ŷ
−

A
B
‖

2F
forsom

e
Ŷ

plus
an

extra
term

:

F
(A
,B

)
=

12 ‖
A

B
‖

2F
+
H

(A
B

)

=
12 ‖

A
B
‖

2F
+
H
∗∗(A

B
)

=
m

ax
Λ

12 ‖
A

B
‖

2F
+
〈Λ
,A

B
〉−

H
∗(Λ

)

=
m

ax
Λ

12 ‖−
Λ
−

A
B
‖

2F
−

12 ‖
Λ
‖

2F
−
H
∗(Λ

)

,
m

ax
Λ

L
(A
,B
,Λ

),

(7)

w
here

w
e

define
L

(A
,B
,Λ

),
12 ‖−

Λ
−

A
B
‖

2F
−

12 ‖Λ
‖

2F
−
H
∗(Λ

)

as
the

L
agrangian

ofproblem
(P

), 2
and

the
second

equality
in

E
qn.(7)holds

because
H

is
closed

and
convex

w
ith

respectto
the

argum
ent

A
B

.
B

y
L

em
m

a
1

and
the

definition
of
L

(A
,B
,Λ

),for
any

fixed
value

of
Λ

,any
localm

inim
um

of
L

(A
,B
,Λ

)
is

globally
optim

al,because
m

inim
izing

L
(A
,B
,Λ

)
is

equivalentto
m

inim
izing

12 ‖−
Λ
−

A
B
‖

2F
fora

fixed
Λ

.
So

the
rem

aining
partofouranalysis

is
to

choose
a

proper
Λ̃

fora
solution

(Ã
,B̃

)
ofproblem

(P
),such

that
(Ã
,B̃
,Λ̃

)
is

a
prim

al-dualsaddle
pointof

L
(A
,B
,Λ

),w
hich

then
im

plies
strong

duality.Forthis,w
e

introduce
the

follow
ing

condition.

C
ondition

1
For

a
solution

(Ã
,
B̃

)to
problem

(P
),there

exists
a

Λ̃
∈
∂

X
H

(X
)|X

=
Ã

B̃
such

that

−
Ã

B̃
B̃
T

=
Λ̃

B̃
T

and
Ã
T

(−
Ã

B̃
)

=
Ã
T
Λ̃
.

(8)

E
xplanation

ofC
ondition

1.W
e

note
that∇

A
L

(A
,B
,Λ

)
=

A
B

B
T

+
Λ

B
T

and∇
B
L

(A
,B
,Λ

)
=

A
T
A

B
+

A
T
Λ

fora
fixed

Λ
.In

particular,ifw
e

setΛ
to

be
the

Λ̃
in

(8),then∇
A
L

(A
,B̃
,Λ̃

)|A
=

Ã
=

0
and
∇

B
L

(Ã
,B
,Λ̃

)|B
=

B̃
=

0.
So

C
ondition

1
im

plies
that

(Ã
,B̃

)
is

either
a

saddle
pointor

a
localm

inim
izer

of
L

(A
,B
,Λ̃

)
as

a
function

of
(A
,B

)
for

the
fixed

Λ̃
.

T
he

follow
ing

lem
m

a
states

thatif
(Ã
,B̃

)
is

indeed
a

localm
inim

izer,then
(Ã
,B̃
,Λ̃

)
is

a
prim

al-dualsaddle
pointof

L
(A
,B
,Λ

)
and

strong
duality

holds.

2.O
ne

can
easily

check
that

L
(A
,B
,Λ

)
=

m
in

M
L
′(A

,B
,M

,Λ
),w

here
L
′(A

,B
,M

,Λ
)

is
the

L
agrangian

ofthe
constraintoptim

ization
problem

m
in

A
,B
,M

12 ‖
A

B
‖

2F
+
H
(M

),
s.t.M

=
A

B
.W

ith
a

little
abuse

ofnotation,w
e

call
L
(A
,B
,Λ

)
the

L
agrangian

ofthe
unconstrained

problem
(P

)as
w

ell.
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P

R
O

B
L

E
M

S
V

IA
S

T
R

O
N

G
D

U
A

L
IT

Y

L
em

m
a

2
(D

ua
lC

er
tifi

ca
te

)
Le

t(
Ã
,B̃

)
be

a
so

lu
tio

n
to

pr
ob

le
m

(P
).

If
th

er
e

ex
is

ts
a

du
al

ce
rt

ifi
-

ca
te

Λ̃
sa

tis
fy

in
g

C
on

di
tio

n
1

an
d

th
e

pa
ir

(Ã
,B̃

)
is

a
lo

ca
lm

in
im

iz
er

of
L

(A
,B
,Λ̃

)
fo

r
th

e
fix

ed
Λ̃

,t
he

n
st

ro
ng

du
al

ity
ho

ld
s.

M
or

eo
ve

r,
w

e
ha

ve
th

e
re

la
tio

n
Ã

B̃
=

sv
d r

(−
Λ̃

).

Pr
oo

f
W

e
be

gi
n

by
sh

ow
in

g
th

at
(Ã
,B̃
,Λ̃

)
is

a
pr

im
al

-d
ua

ls
ad

dl
e

po
in

to
f
L

(A
,B
,Λ

).
B

y
th

e
as

su
m

pt
io

n
of

th
e

le
m

m
a,

(Ã
,B̃

)
is

a
lo

ca
lm

in
im

iz
er

of
L

(A
,B
,Λ̃

)
=

1 2
‖−

Λ̃
−

A
B
‖2 F

+
c(

Λ̃
),

w
he

re
c(

Λ̃
)

is
a

fu
nc

tio
n

th
at

is
in

de
pe

nd
en

to
f

A
an

d
B

.
So

ac
co

rd
in

g
to

L
em

m
a

1,
(Ã
,B̃

)
=

ar
gm

in
A
,B
L

(A
,B
,Λ̃

),
na

m
el

y,
(Ã
,B̃

)
gl

ob
al

ly
m

in
im

iz
es
L

(A
,B
,Λ

)
w

he
n

Λ
is

fix
ed

to
Λ̃

.
Fu

rth
er

m
or

e,
Λ̃
∈
∂

X
H

(X
)| X

=
Ã

B̃
im

pl
ie

s
th

at
Ã

B̃
∈
∂

Λ
H
∗ (

Λ
)| Λ

=
Λ̃

by
th

e
co

nv
ex

ity
of

fu
nc

tio
n

H
,

m
ea

ni
ng

th
at

0
∈
∂

Λ
L

(Ã
,B̃
,Λ

).
So

Λ̃
=

ar
gm

ax
Λ
L

(Ã
,B̃
,Λ

)
du

e
to

th
e

co
nc

av
ity

of
L

(Ã
,B̃
,Λ

)
w

.r.
t.

va
ri

ab
le

Λ
.T

hu
s

(Ã
,B̃
,Λ̃

)
is

a
pr

im
al

-d
ua

ls
ad

dl
e

po
in

to
fL

(A
,B
,Λ

).
N

ow
w

e
pr

ov
e

th
e

st
ro

ng
du

al
ity

.
B

y
th

e
fa

ct
th

at
F

(A
,B

)
=

m
ax

Λ
L

(A
,B
,Λ

)
an

d
th

at
Λ̃

=
ar

gm
ax

Λ
L

(Ã
,B̃
,Λ

),
w

e
ha

ve

F
(Ã
,B̃

)
=
L

(Ã
,B̃
,Λ̃

)
≤
L

(A
,B
,Λ̃

),
∀A

,B
.

w
he

re
th

e
in

eq
ua

lit
y

ho
ld

s
be

ca
us

e
(Ã
,B̃
,Λ̃

)
is

a
pr

im
al

-d
ua

ls
ad

dl
e

po
in

to
fL

.S
o

on
th

e
on

e
ha

nd
,

w
e

ha
ve

m
in

A
,B

m
ax Λ
L

(A
,B
,Λ

)
=
F

(Ã
,B̃

)
≤

m
in

A
,B
L

(A
,B
,Λ̃

)
≤

m
ax Λ

m
in

A
,B
L

(A
,B
,Λ

).

O
n

th
e

ot
he

rh
an

d,
by

w
ea

k
du

al
ity

,

m
in

A
,B

m
ax Λ
L

(A
,B
,Λ

)
≥

m
ax Λ

m
in

A
,B
L

(A
,B
,Λ

).

T
he

re
fo

re
,m

in
A
,B

m
ax

Λ
L

(A
,B
,Λ

)
=

m
ax

Λ
m

in
A
,B
L

(A
,B
,Λ

),
i.e

.,
st

ro
ng

du
al

ity
ho

ld
s.

Fi
na

lly
,

Ã
B̃

=
ar

gm
in

A
B

L
(A
,B
,Λ̃

)

=
ar

gm
in

A
B

1 2
‖−

Λ̃
−

A
B
‖2 F
−

1 2
‖Λ̃
‖2 F
−
H
∗ (

Λ̃
)

=
ar

gm
in

A
B

1 2
‖−

Λ̃
−

A
B
‖2 F

=
sv

d r
(−

Λ̃
),

as
de

si
re

d.

T
hi

s
le

m
m

a
th

en
le

ad
s

to
th

e
fo

llo
w

in
g

th
eo

re
m

.

T
he

or
em

3
Le

t(
Ã
,B̃

)
de

no
te

an
op

tim
al

so
lu

tio
n

of
pr

ob
le

m
(P

).
D

efi
ne

a
m

at
ri

x
sp

ac
e

T
,
{Ã

X
T

+
Y

B̃
,

X
∈
R
n

2
×
r
,

Y
∈
R
n

1
×
r
}.

(9
)

Th
en

st
ro

ng
du

al
ity

ho
ld

s
fo

r
pr

ob
le

m
(P

),
pr

ov
id

ed
th

at

(1
)Λ̃
∈
∂
H

(Ã
B̃

)
,

Ψ
,

(2
)P
T

(−
Λ̃

)
=

Ã
B̃
,

(3
)‖
P T
⊥
Λ̃
‖
<
σ
r
(Ã

B̃
).

(1
0)
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l	c
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O	

sm
al
l	

.	
la
rg
e	

Fi
gu

re
4:

G
eo

m
et

ry
of

du
al

co
nd

iti
on

(1
0)

fo
rg

en
er

al
m

at
ri

x
fa

ct
or

iz
at

io
n

pr
ob

le
m

s.

Pr
oo

f
T

he
pr

oo
fi

de
a

is
to

co
ns

tr
uc

ta
du

al
ce

rt
ifi

ca
te

Λ̃
so

th
at

th
e

co
nd

iti
on

s
in

L
em

m
a

2
ho

ld
.I

t
su

ffi
ce

s
fo

rΛ̃
to

sa
tis

fy
th

e
fo

llo
w

in
g:

(a
)

Λ̃
∈
∂
H

(Ã
B̃

),
(b

y
C

on
di

tio
n

1)

(b
)

(Ã
B̃

+
Λ̃

)B̃
T

=
0

an
d

Ã
T

(Ã
B̃

+
Λ̃

)
=

0
,

(b
y

C
on

di
tio

n
1)

(c
)

Ã
B̃

=
sv

d r
(−

Λ̃
).

(b
y

th
e

lo
ca

lm
in

im
iz

er
as

su
m

pt
io

n
an

d
L

em
m

a
1)

(1
1)

It
tu

rn
s

ou
t

th
at

fo
r

an
y

m
at

ri
x

M
∈

R
n

1
×
n

2
,
P T
⊥
M

=
(I
−

Ã
Ã
† )

M
(I
−

B̃
B̃
† )

an
d

so
‖P
T
⊥
M
‖
≤
‖M
‖,

a
fa

ct
th

at
w

e
w

ill
fr

eq
ue

nt
ly

us
e

in
th

e
se

qu
el

.
D

en
ot

e
by
U

th
e

le
ft

si
ng

ul
ar

sp
ac

e
of

Ã
B̃

an
d
V

th
e

rig
ht

si
ng

ul
ar

sp
ac

e.
Th

en
th

e
lin

ea
rs

pa
ce
T

ca
n

be
eq

ui
va

le
nt

ly
re

pr
es

en
te

d
as
T

=
U

+
V.

T
he

re
fo

re
,T
⊥

=
(U

+
V)
⊥

=
U⊥
∩
V⊥

.
W

ith
th

is
,w

e
w

ill
sh

ow
th

e
co

nd
iti

on
s

in
(1

1)
ar

e
eq

ui
va

le
nt

to
th

os
e

in
(1

0)
.

C
on

di
tio

n
(b

)
im

pl
ie

s
Ã

B̃
+

Λ̃
∈

N
ul

l(Ã
T

)
=

C
ol

(Ã
)⊥

an
d

Ã
B̃

+
Λ̃
∈

R
ow

(B̃
)⊥

(s
o

Ã
B̃

+
Λ̃
∈
T
⊥

),
an

d
vi

ce
ve

rs
a.

C
on

di
tio

n
(c

)
Ã

B̃
=

sv
d r

(−
Λ̃

)
im

pl
ie

s
th

at
fo

r
an

or
th

og
on

al
de

co
m

po
si

-
tio

n
−

Λ̃
=

Ã
B̃

+
E
,

w
he

re
Ã

B̃
∈
T
,

an
d

E
∈
T
⊥

,
w

e
ha

ve
‖E
‖
<
σ
r
(Ã

B̃
).

C
on

ve
rs

el
y,

‖E
‖
<
σ
r
(Ã

B̃
)

an
d

co
nd

iti
on

(b
)i

m
pl

y
Ã

B̃
=

sv
d r

(−
Λ̃

).
T

he
re

fo
re

,t
he

co
nd

iti
on

s
in

(1
0)

ar
e

eq
ui

va
le

nt
to

th
e

co
nd

iti
on

s
in

(1
1)

,w
hi

ch
im

pl
y

th
e

co
nd

iti
on

s
in

L
em

m
a

2
an

d
gi

ve
st

ro
ng

du
al

ity
as

de
si

re
d.

To
sh

ow
th

e
du

al
co

nd
iti

on
in

T
he

or
em

3,
in

tu
iti

ve
ly

,w
e

ne
ed

to
sh

ow
th

at
th

e
an

gl
e
θ

be
tw

ee
n

th
e

su
bs

pa
ce

s
T

an
d

Ψ
is

sm
al

l(
se

e
Fi

gu
re

4)
fo

r
a

sp
ec

ifi
c

fu
nc

tio
n
H

(·)
.

In
Se

ct
io

n
5,

w
e

w
ill

de
m

on
st

ra
te

ap
pl

ic
at

io
ns

th
at

,w
ith

ra
nd

om
ne

ss
,o

be
y

th
is

du
al

co
nd

iti
on

w
ith

hi
gh

pr
ob

ab
ili

ty
.

4.
2.

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F

R
eg

ul
ar

iz
at

io
n

W
e

no
w

st
ud

y
an

ot
he

rc
la

ss
of

m
at

ri
x

fa
ct

or
iz

at
io

n
pr

ob
le

m
s

(P
’)

m
in

A
∈R

n
1
×
r
,B
∈R

r
×
n

2
F

(A
,B

)
=
H

(A
B

)
+

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F
,
H

(·)
is

co
nv

ex
an

d
cl

os
ed

.

Th
e

an
al

ys
is

is
si

m
ila

rt
o

th
e

an
al

ys
is

in
Se

ct
io

n
4.

1.
To

se
e

th
is

,w
e

fir
st

no
te

th
at

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F

ha
s

a
na

tu
ra

lv
ar

ia
tio

na
lf

or
m

of
th

e
nu

cl
ea

rn
or

m
:

‖A
B
‖ ∗

=
m

in
A
′ ∈

R
n

1
×
r
,B
′ ∈

R
r
×
n

2
,A
′ B
′ =

A
B

1 2
‖A
′ ‖2 F

+
1 2
‖B
′ ‖2 F

.
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T
herefore,problem

(P’)is
equivalentto

(P”
)

(Ā
,B̄

)
=

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

F
(A
,B

)
=
H

(A
B

)
+
‖A

B
‖∗ ,

H
(·)

is
convex

and
closed.

Thus
w

e
can

analyze
problem

(P”)as
in

Section
4.1.M

ore
specifically,w

e
have

the
follow

ing
result.

T
heorem

4
Let

(Ā
,B̄

)
denote

an
optim

alsolution
ofproblem

(P”).Let
U

Σ
V
>

denote
the

skinny
SV

D
of

Ā
B̄

.D
efine

a
m

atrix
space

T
,
{
U

X
T

+
Y

V
T
,

X
∈
R
n

2 ×
r,

Y
∈
R
n

1 ×
r}.

(12)

Ifthere
exists

a
dualcertificate

Λ̃
such

that

(a)
Λ̃
∈
∂
H

(Ā
B̄

),
Ψ
,

(b)
P
T

(−
Λ̃

)
=

U
V
>
,

(c)
‖P
T
⊥

(−
Λ̃

)‖
<

12
,

(13)

then
strong

duality
holds

for
problem

s(P”)and
(P’).

R
em

ark
5

There
is

a
key

difference
betw

een
Theorem

4
and

the
standard

optim
ality

resultby
C

andès
and

R
echt(2009).

O
n

one
hand,Theorem

4
show

s
thatunder

certain
conditions,the

non-convex
m

atrix
com

pletion
and

its
convex

counterpartshare
a

com
m

on
globaloptim

ality,i.e.,the
strong

duality.O
n

the
other

hand,the
standard

optim
ality

resultin
Lem

m
a

3.1
of(C

andès
and

R
echt,2009)

studies
the

conditions
under

w
hich

the
convex

m
atrix

com
pletion

exactly
recovers

the
underlying

low
-rank

m
atrix.Their

lem
m

a
does

notconcern
aboutthe

non-convex
m

atrix
com

pletion
form

ulation.

Proof
W

e
note

that

F
(A
,B

)
=
‖A

B
‖∗

+
H

(A
B

)

=
‖A

B
‖∗

+
H
∗∗(A

B
)

=
‖A

B
‖∗

+
m

ax
Λ
∈
R
n

1 ×
n

2 〈Λ
,A

B
〉−

H
∗(Λ

)

=
m

ax
Λ
∈
R
n

1 ×
n

2 ‖
A

B
‖∗

+
〈Λ
,A

B
〉−

H
∗(Λ

)

=
m

ax
Λ
∈
R
n

1 ×
n

2
L

(A
,B
,Λ

),

w
here

the
second

equality
holds

because
H

(·)
is

closed
and

convex
w

ith
respectto

the
argum

ent
A

B
and

the
third

equality
holds

by
the

definition
ofconjugate

function.To
prove

T
heorem

4,w
e

need
the

follow
ing

tw
o

claim
s.

C
laim

1
Λ̃

=
argm

ax
Λ
L

(Ā
,B̄
,Λ

).

Proof
W

e
only

need
to

show
0
∈
∂

Λ
L

(Ā
,B̄
,Λ̃

)
=

Ā
B̄
−
∂

Λ
H
∗(Λ̃

),
because

L
(Ā
,B̄
,Λ

)
is

a
concave

function
of

Λ
for

the
fixed

Ā
and

B̄
.

N
ote

that
Ā

B̄
∈
∂

Λ
H
∗(Λ̃

)
is

im
plied

by
Λ̃
∈
∂
H

(Ā
B̄

)
by

the
convexity

of
function

H
(·).

T
herefore,condition

(a)
im

m
ediately

im
plies

Λ̃
=

a
rgm

a
x

Λ
L

(Ā
,B̄
,Λ

).
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C
laim

2
(Ā
,B̄

)
=

argm
in

A
,B
L

(A
,B
,Λ̃

).

Proof
First,w

e
have

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

L
(A
,B
,Λ̃

)
=

argm
in

A
,B
‖A

B
‖∗ −

〈−
Λ̃
,A

B
〉−

H
∗(Λ̃

)

=
argm

in
A
,B
‖A

B
‖∗ −

〈−
Λ̃
,A

B
〉

=
argm

in
A
,B

r
∑i=

1

σ
i (A

B
)−
〈−

Λ̃
,A

B
〉,

w
here

the
firststep

follow
s

by
definition

of
L

(A
,B
,Λ̃

),the
second

step
follow

s
since

Λ
is

fixed,the
third

step
follow

s
by

definition
ofnuclearnorm

.
U

sing
conditions

(b)and
(c)in

(13),−
Λ̃

can
be

rew
ritten

as

−
Λ̃

=
U

V
T

︸︷︷︸
in

spaceT
w

ith
eigenvalues

1

+
P
T
⊥

(−
Λ̃

)
︸

︷︷
︸

in
spaceT

⊥
w

ith
eigenvalues

<
1
/
2 ,

w
hich

im
plies∀

i∈
[r],σ

i (−
Λ̃

)
=

1.
U

sing
von

N
eum

ann’s
trace

inequality
(see

L
em

m
a

25),w
e

can
show

m
in

A
,B

r
∑i=

1

σ
i (A

B
)−
〈−

Λ̃
,A

B
〉≥

m
in

A
,B

r
∑i=

1

σ
i (A

B
)−

r
∑i=

1

σ
i (−

Λ̃
)σ
i (A

B
)

=
m

in
A
,B

r
∑i=

1

σ
i (A

B
)−

r
∑i=

1

σ
i (A

B
)

by
σ
i (−

Λ
)

=
1,∀

i∈
[r]

=
0
.

T
herefore,on

the
one

hand,w
e
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A
∈
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n

1 ×
r
,B
∈
R
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n

2
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(A
,B
,Λ̃
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H
∗(Λ̃

).
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n

the
otherhand,according
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definition
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Ā
,B̄

,and−
Λ̃

,

L
(Ā
,B̄
,Λ̃
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‖Ā

B̄
‖∗ −

〈−
Λ̃
,Ā

B̄
〉−

H
∗(Λ̃
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=
−
H
∗(Λ̃
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hus,w
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(Ā
,B̄
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=

argm
in

A
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L

(A
,B
,Λ̃
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C
laim
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laim

2
togethershow
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,B̄
,Λ̃
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prim

al-dualsaddle
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Lagrangian
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(A
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).
W

e
now

prove
the

strong
duality.
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=

m
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Λ̃
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L

(Ā
,B̄
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(Ā
,B̄
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L

(Ā
,B̄
,Λ̃
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L

(A
,B
,Λ̃
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∀
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,B
,
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Ã
B̃
,

(3
)‖
P T
⊥
Λ̃
‖
<

2 3
σ
r
(Ã
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n

(1
) and

X
∗

obeys
µ

-incoherence
(5),w

here
X̃

is
the

outputofthe
nuclear

norm
m

inim
ization

m
in

X
∈
R
n

1 ×
n

2 ‖X
‖∗ ,

s.t.
P

Ω
(X

)
=
P

Ω
(X
∗).

(18)

6.R
obustPrincipalC

om
ponentA

nalysis

T
his

section
develops

ourtheory
forrobustPC

A
based

on
ourfram

ew
ork.In

the
problem

ofrobust
PC

A
,w

e
are

given
an

observed
m

atrix
of

the
form

D
=

X
∗

+
S
∗,w

here
X
∗

is
the

ground-truth
m

atrix
w

hich
is

incoherentand
low

rank,and
S
∗

is
the

corruption
m

atrix
w

hich
is

sparse.The
goalis

to
recoverthe

hidden
m

atrices
X
∗

and
S
∗

from
the

observation
D

.W
e

set
H

(X
)

=
λ‖D

−
X
‖

1 .
To

m
ake

the
inform

ation
spreads

evenly
throughoutthe

m
atrix,the

m
atrix

cannothave
one

entry
w

hose
absolute

value
is

significantly
largerthan

otherentries.C
andès

etal.(2011)
introduced

an
extra

incoherence
condition

(R
ecallthat

X
∗

=
U

Σ
V
T

is
the

skinny
SV

D
of

X
∗)

‖
U

V
T‖∞

≤
√

µ
r

n
1 n

2
.

(19)

In
this

w
ork,w

e
m

ake
the

follow
ing

incoherence
assum

ption
forrobustPC

A
instead

of(19):

‖
X
∗‖∞

≤
√

µ
r

n
1 n

2
σ
r (X

∗).
(20)

N
ote

thatcondition
(20)is

very
sim

ilarto
the

incoherence
condition

(19)forthe
robustPC

A
problem

,
butthe

tw
o

notions
are

notdirectly
com

parable.O
n

the
otherhand,the

condition
(20)has

an
intuitive

explanation,nam
ely,thatthe

entries
m

ustscatteralm
ostuniform

ly
across

the
low

-rank
m

atrix.
W

e
have

the
follow

ing
results

forrobustPC
A

.

T
heorem

9
(R

obustPC
A

)
Suppose

X
∗

is
an
n

1 ×
n

2
m

atrix
ofrank

r,and
obeys

incoherence
(5)

and
(20).A

ssum
e

thatthe
supportset

Ω
of

S
∗

is
uniform

ly
distributed

am
ong

allsets
ofcardinality

m
.Then

w
ith

probability
atleast

1−
cn
−

1
0

(1
)

,the
outputofthe

optim
ization

problem

(X̃
,S̃

)
=

argm
in

X
,S
‖
X
‖
r∗

+
λ‖S‖

1 ,
s.t.

D
=

X
+

S
,

w
ith
λ

=
σ
r
(X
∗
)

√
n

(1
)

is
exact,nam

ely,X̃
=

X
∗

and
S̃

=
S
∗,provided

thatrank(X
∗)≤

ρ
r

n
(2

)

µ
lo

g
2
n

(1
)

and

m
≤
ρ
s n

1 n
2 ,w

here
c,ρ

r ,and
ρ
s

are
allpositive

absolute
constants,and

function‖·‖
r∗

is
given

by
(21).

T
he

bounds
on

the
rank

of
X
∗

and
the

sparsity
of

S
∗

in
T

heorem
9

m
atch

the
bestknow

n
results

for
robustPC

A
in

priorw
ork

w
hen

w
e

assum
e

the
supportsetof

S
∗

is
sam

pled
uniform

ly
(C

andès
etal.,

2011).
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Z
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A
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7.C
om

putationalA
spects

C
om

putationalE
fficiency.

W
e

discuss
our

com
putational

efficiency
given

that
w

e
have

strong
duality.W

e
note

thatthe
dualand

bi-dualofprim
alproblem

(P
)are

given
by

(see
A

ppendix
H

.1)

(D
ual,D

1
)

m
ax

Λ
∈
R
n

1 ×
n

2 −
H
∗(Λ

)−
12 ‖

Λ
‖

2r ,
w

here‖
Λ
‖

2r
=

r
∑i=

1

σ
2i (Λ

),

(B
i-D

ual,D
2)

m
in

M
∈
R
n

1 ×
n

2
H

(M
)

+
‖
M
‖
r∗ ,

w
here‖M

‖
r∗

=
m

ax
X
〈M

,X
〉−

12 ‖
X
‖

2r .

(21)

and
the

dualand
bi-dualofprim

alproblem
(P”)are

given
by

(see
A

ppendix
H

.2)

(D
ual,D

1”)
m

ax
‖
Λ
‖≤

1 −
H
∗(Λ

),

(B
i-D

ual,D
2”)

m
in

M
∈
R
n

1 ×
n

2
H

(M
)

+
‖M
‖∗ .

Problem
s

(D
1),

(D
1”)

and
(D

2),
(D

2”)
can

be
solved

efficiently
due

to
their

convexity.
In

particular,
G

russler
et

al.(2016)
provided

a
com

putationally
efficient

algorithm
to

com
pute

the
proxim

al
operators

of
functions

12 ‖
·‖

2r
and
‖
·‖

r∗ .
H

ence,
there

exist
algorithm

s
that

can
find

globalm
inim

um
up

to
an
ε

error
in

function
value

in
tim

e
poly(1/ε),e.g.,the

D
ouglas-R

achford
algorithm

(H
e

and
Y

uan,2012).

C
om

putationalL
ow

er
B

ounds.
U

nfortunately,strong
duality

does
notalw

ays
hold

for
general

non-convex
problem

s
(P

)(and
(P’)).H

ere
w

e
presenta

very
strong

low
erbound

based
on

the
random

4-SA
T

hypothesis.T
his

is
by

now
a

fairly
standard

conjecture
in

com
plexity

theory
(Feige,2002)

and
gives

us
constantfactorinapproxim

ability
ofproblem

(P
)(and

(P’))fordeterm
inistic

algorithm
s,

even
those

running
in

exponentialtim
e.

If
w

e
additionally

assum
e

thatB
P

P
=

P
,w

here
B

P
P

is
the

class
of

problem
s

w
hich

can
be

solved
in

probabilistic
polynom

ial
tim

e,
and

P
is

the
class

of
problem

s
w

hich
can

be
solved

in
determ

inistic
polynom

ialtim
e,then

the
sam

e
conclusion

holds
forrandom

ized
algorithm

s.T
his

is
also

a
standard

conjecture
in

com
plexity

theory,as
itis

im
plied

by
the

existence
ofcertain

strong
pseudo-random

generators
or

if
any

problem
in

determ
inistic

exponential
tim

e
has

exponential
size

circuits
(Im

pagliazzo
and

W
igderson,1997).

T
herefore,any

sub-exponentialtim
e

algorithm
achieving

a
sufficiently

sm
allconstantfactor

approxim
ation

to
problem

(P
)

(and
(P’))

in
general

w
ould

im
ply

a
m

ajorbreakthrough
in

com
plexity

theory.
T

he
low

erbound
is

proved
by

a
reduction

from
the

M
axim

um
E

dge
B

i-clique
problem

(A
m

bühl
etal.,2011).T

he
details

are
presented

in
A

ppendix
G

.

T
heorem

10
(C

om
putationalL

ow
er

B
ound)

A
ssum

e
the

hardness
ofR

andom
4-SAT

(See
C

onjec-
ture

32
in

A
ppendix

G
).Then

there
exists

an
absolute

constant
ε
0
>

0
for

w
hich

any
determ

inistic
algorithm

achieving
(1

+
ε)O

P
T

in
the

objective
function

value
for

problem
(P

)
(and

(P’))
w

ith
ε≤

ε
0 ,requires

2
Ω

(n
1
+
n

2
)

tim
e,w

here
O

P
T

is
the

optim
um

.Ifin
addition,B

P
P

=
P

,then
the

sam
e

conclusion
holds

for
random

ized
algorithm

s
succeeding

w
ith

probability
atleast

2/
3.

Itis
clear

thatthe
bi-dualis

typically
solvable

in
polynom

ialtim
e.

T
hus,the

hardness
result

im
pliesthat(a)undercertain

circum
stances,strong

duality
doesnothold,and

(b)the
originalproblem

is
hard,w

hile
the

bi-dualis
easy.
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re
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at
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m
at

ri
x

fa
ct
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at
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at
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ra
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w
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al
ity

is
im

po
ss

ib
le

w
ith

ou
tt

he
ra

nd
om

ne
ss

of
sa

m
pl

in
g.

T
he

an
al

yt
ic

al
fr

am
ew

or
k

m
ay

be
of

in
de

pe
nd

en
ti

nt
er

es
tt

o
no

n-
co

nv
ex

op
tim

iz
at

io
n

m
or

e
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d
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ra
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at
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N
O

N
-C

O
N

V
E

X
M

A
T

R
IX

C
O

M
P

L
E

T
IO

N
A

N
D

R
E

L
A

T
E

D
P

R
O

B
L

E
M

S
V

IA
S

T
R

O
N

G
D

U
A

L
IT

Y

G
rant,

and
O

N
R

-N
00014-16-1-2329.

W
e

w
ould

like
to

also
thank

C
hristian

G
russler,

A
nders

R
antzer,and

Pontus
G

iselsson
w

ho
kindly

provided
the

code
forcom

puting
the

proxim
alm

ap
ofthe

r ∗
function.

A
.ProofofL

em
m

a
1

L
em

m
a

1
(R

estated).For
any

given
m

atrix
Ŷ

,any
localm

inim
um

of
f

(A
,B

)
=

12 ‖
Ŷ
−

A
B
‖

2F
is

globally
optim

al,given
by

svd
r (Ŷ

).The
objective

function
f

(A
,B

)
around

any
saddle

pointhas
a

negative
second-order

directionalcurvature.M
oreover,f

(A
,B

)
has

no
localm

axim
um

.
Proof

W
e

have
that

(A
,B

)
is

a
critical

point
of
f

(A
,B

)
if

and
only

if∇
A
f

(A
,B

)
=

0
and

∇
B
f

(A
,B

)
=

0,orequivalently,

A
B

B
T

=
Ŷ

B
T

and
A
T
A

B
=

A
T
Ŷ
.

(22)

N
ote

thatforany
fixed

m
atrix

A
(respectively

B
),the

function
f

(A
,B

)
is

convex
in

the
coefficients

of
B

(respectively
A

).
To

prove
the

desired
lem

m
a,w

e
need

the
follow

ing
claim

.

C
laim

3
If

tw
o

m
atrices

A
and

B
define

a
critical

point
of
f

(A
,B

),
then

the
global

m
apping

M
=

A
B

is
ofthe

form
M

=
P

A
Ŷ
,

w
ith

A
satisfying

A
A
†Ŷ

Ŷ
T

=
A

A
†Ŷ

Ŷ
T
A

A
†

=
Ŷ

Ŷ
T
A

A
†.

(23)

Proof
If

A
and

B
define

a
criticalpointof

f
(A
,B

),then
(22)holds

and
the

generalsolution
to

(22)
satisfies

B
=

(A
T
A

) †A
T
Ŷ

+
(I−

A
†A

)L
,

(24)

for
som

e
m

atrix
L

.
So

M
=

A
B

=
A

(A
T
A

) †A
T
Ŷ

=
A

A
†Ŷ

=
P

A
Ŷ

by
the

property
of

the
M

oore-Penrose
pseudo-inverse

A
†

=
(A

T
A

) †A
T

.
B

y
(22),w

e
also

have

A
B

B
T
A
T

=
Ŷ

B
T
A
T

orequivalently
M

M
T

=
Ŷ

M
T
.

Plugging
in

the
relation

M
=

A
A
†Ŷ

,(A
)can

be
rew

ritten
as

A
A
†Ŷ

Ŷ
T
A

A
†

=
Ŷ

Ŷ
T
A

A
†.

N
ote

thatthe
m

atrix
A

A
†Ŷ

Ŷ
T
A

A
†

is
sym

m
etric.T

hus

A
A
†Ŷ

Ŷ
T

=
A

A
†Ŷ

Ŷ
T
A

A
†,

as
desired.

To
prove

L
em

m
a

1,w
e

also
need

the
follow

ing
claim

.
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B
A

L
C

A
N

,L
IA

N
G

,S
O

N
G

,W
O

O
D

R
U

FF,
A

N
D

Z
H

A
N

G

C
laim

4
D

enote
by
I

=
{
i1 ,i2 ,...,ir }

any
ordered

r-index
set

(ordered
by

λ
ij ,j

∈
[r]

from
the

largest
to

the
sm

allest)
and

λ
i ,
i∈

[n
1 ],the

eigenvalues
of

Ŷ
Ŷ
T
∈

R
n

1 ×
n

1
w

ith
p

distinct
values.Let

U
I

=
[u
i1 ,u

i2 ,...,u
ir ]denote

the
m

atrix
form

ed
by

the
orthonorm

aleigenvectors
U

=
[u

1 ,u
2 ,...,u

n
1 ]of

Ŷ
Ŷ
T
∈
R
n

1 ×
n

1
associated

w
ith

the
ordered

p
eigenvalues,w

hose
m

ultiplicities
are

m
1 ,m

2 ,...,m
p

(m
1

+
m

2
+
...+

m
p

=
n

1 ).Then
tw

o
m

atrices
A

and
B

define
a

criticalpoint
of
f

(A
,B

)
ifand

only
ifthere

exists
an

ordered
r-index

setI
,an

invertible
m

atrix
C

,and
an
r×

n
m

atrix
L

such
that

A
=

(U
D

)
:I

C
and

B
=

A
†Ŷ

+
(I−

A
†A

)L
,

(25)

w
here

D
is

a
p-block-diagonalm

atrix
w

ith
each

block
equalto

the
orthogonalprojector

ofdim
ension

m
i .For

such
a

criticalpoint,w
e

have

A
B

=
P

A
Ŷ
,

f
(A
,B

)
=

12

(
tr(Ŷ

Ŷ
T

)−
∑i∈I

λ
i )

=
12

∑i6∈I
λ
i .

(26)

Proof
N

ote
that

Ŷ
Ŷ
T

is
a

real
sym

m
etric

covariance
m

atrix.
So

it
can

alw
ays

be
represented

as
U

Λ
U
T

,w
here

U
∈
R
n

1 ×
n

1
is

an
orthonorm

alm
atrix

consisting
of

eigenvectors
of

Ŷ
Ŷ
T

and
Λ
∈
R
n

1 ×
n

1
is

a
diagonalm

atrix
w

ith
non-increasing

eigenvalues
of

Ŷ
Ŷ
T

.
If

A
and

B
satisfy

(25)forsom
e

C
,
L

,andI
,then

A
B

B
T

=
Ŷ

B
T

and
A
T
A

B
=

A
T
Ŷ
,

w
hich

is
(22).So

A
and

B
define

a
criticalpointof

f
(A
,B

).
Forthe

converse,notice
that

P
U
T

A
=

U
T
A

(U
T
A

) †
=

U
T
A

A
†U

=
U
TP

A
U
,

orequivalently,P
A

=
U
P

U
T

A
U
T

.T
hus

(23)yields

U
P

U
T

A
U
T
U

Λ
U
T

=
U

Λ
U
T
U
P

U
T

A
U
T
,

orequivalently,P
U
T

A
Λ

=
Λ
P

U
T

A
.N

otice
that

Λ
∈
R
n

1 ×
n

1
is

a
diagonalm

atrix
w

ith
p

distinct
eigenvalues

of
Ŷ

Ŷ
T

.
So
P

U
T

A
is

a
block-diagonal

m
atrix

w
ith

p
blocks,

each
of

w
hich

is
an

orthogonalprojectorofdim
ension

m
i ,corresponding

to
the

eigenvalues
λ
i ,i∈

[p
].T

herefore,there
exists

an
index

setI
such

thatP
U
T

A
=

D
:I

D
T:I ,w

here
D

is
a

block-diagonalm
atrix.Itfollow

s
that

P
A

=
U
P

U
T

A
U
T

=
U

D
:I

D
T:I

U
T

=
(U

D
)
:I

(U
D

)
T:I
.

Since
the

colum
n

space
of

A
coincides

w
ith

the
colum

n
space

of
(U

D
)
:I ,

A
is

of
the

form
A

=
(U

D
)
:I

C
,and

B
is

given
by

(24).T
hus

A
B

=
A

(A
T
A

) †A
T
Ŷ

+
A

(I−
A
†A

)L
=
P

A
Ŷ
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an
d

f
(A
,B

)
=

1 2
‖Ŷ
−

A
B
‖2 F

=
1 2
‖Ŷ
−
P A

Ŷ
‖2 F

=
1 2
‖P

A
⊥
Ŷ
‖2 F

=
1 2

∑ i6∈
I
λ
i.

So
th

e
lo

ca
l

m
in

im
iz

er
of
f

(A
,B

)
is

gi
ve

n
by

(2
5)

w
ith
I

=
Φ

,w
hi

ch
is

gl
ob

al
ly

op
tim

al
ac

co
rd

in
g

to
(2

6)
,w

he
re

Φ
is

th
e

in
de

x
se

tc
or

re
sp

on
di

ng
to

th
e
r

la
rg

es
te

ig
en

va
lu

es
of

Ŷ
Ŷ
T

.W
e

th
en

sh
ow

th
at

w
he

n
I

co
ns

is
ts

of
ot

he
r

co
m

bi
na

tio
ns

of
in

di
ce

s
of

ei
ge

nv
al

ue
s,

i.e
.,
I
6=

Φ
,t

he
co

rr
es

po
nd

in
g

pa
ir

(A
,B

)
gi

ve
n

by
(2

5)
is

a
st

ri
ct

sa
dd

le
po

in
t.

C
la

im
5

If
I
6=

Φ
,t

he
n

th
e

pa
ir

(A
,B

)
gi

ve
n

by
(2

5)
is

a
st

ri
ct

sa
dd

le
po

in
t.

Pr
oo

f
L

et
i
∈

Φ
bu

ti
6∈
I,

an
d

de
no

te
by

U
D

=
R

.
It

is
en

ou
gh

to
sl

ig
ht

ly
pe

rt
ur

b
th

e
co

lu
m

n
sp

ac
e

of
A

to
w

ar
ds

th
e

di
re

ct
io

n
of

an
ei

ge
nv

ec
to

ro
fλ

i.
M

or
e

pr
ec

is
el

y,
fix

tw
o

in
di

ce
s
i

an
d
j

su
ch

th
at
i
∈

Φ
,i
6∈
I,

an
d
j

is
th

e
la

rg
es

ti
nd

ex
in
I.

Fo
r

an
y
ε,

le
tR̃

:j
=

(1
+
ε2

)−
1
/
2
(R

:j
+
εR

:i
).

N
ot

ic
e

th
at
i
6∈
I.

T
hu

s
R̃
T :j
R̃

:j
=

I.
L

et
Ã

=
R̃
IC

an
d

B̃
=

Ã
† Y

+
(I
−

Ã
† Ã

)L
.

A
di

re
ct

ca
lc

ul
at

io
n

sh
ow

s
th

at

f
(Ã
,B̃

)
=
f

(A
,B

)
−
ε2

(λ
i
−
λ
j
)/

(2
+

2
ε2

).

H
en

ce
,

li
m

ε→
0

f
(Ã
,B̃

)
−
f

(A
,B

)

ε2
=
−

1 2
(λ
i
−
λ
j
)
<

0
.

N
ot

e
th

at
al

lc
ri

tic
al

po
in

ts
of
f

(A
,B

)
ar

e
in

th
e

fo
rm

of
(2

5)
,a

nd
if
I
6=

Φ
,t

he
pa

ir
(A
,B

)
gi

ve
n

by
(2

5)
is

a
st

ric
ts

ad
dl

e
po

in
t,

w
hi

le
if
I

=
Φ

,t
he

n
th

e
pa

ir
(A
,B

)
gi

ve
n

by
(2

5)
is

a
lo

ca
lm

in
im

um
.

W
e

co
nc

lu
de

th
at
f

(A
,B

)
ha

s
no

lo
ca

lm
ax

im
um

.T
he

pr
oo

fi
s

co
m

pl
et

ed
.

B
.E

xi
st

en
ce

of
D

ua
lC

er
tifi

ca
te

fo
r

M
at

ri
x

C
om

pl
et

io
n

I

L
et

Ã
∈
R
n

1
×
r

an
d

B̃
∈
R
r
×
n

2
su

ch
th

at
Ã

B̃
=

X
∗ .

T
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n
w

e
ha

ve
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e
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g
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m

m
a.

L
em

m
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e
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y
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µ
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g
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)
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g
2
κ
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c

an
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Th

en
th

er
e

ex
is

ts
Λ̃

su
ch

th
at

(1
)

Λ̃
∈

Ω
,

(2
)

P T
(−

Λ̃
)

=
Ã

B̃
,

(3
)

‖P
T
⊥
Λ̃
‖
<

2 3
σ
r
(Ã

B̃
).

(2
7)

w
ith

pr
ob

ab
ili

ty
at

le
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t1
−
n
−

1
0

(1
)

.

Th
e

re
st

of
th

e
se
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io

n
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de
vo

te
d
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th

e
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fL
em

m
a
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e
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n

w
ith

th
e
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w
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g
le

m
m

a.

L
em

m
a
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w
e
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n
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n

Λ
su

ch
th

at

(a
)

Λ
∈

Ω
,

(b
)

‖P
T

(−
Λ

)
−

Ã
B̃
‖ F
≤
√

r

3n
2 (1

)

σ
r
(Ã

B̃
),

(c
)

‖P
T
⊥
Λ
‖
<

1 3
σ
r
(Ã

B̃
),

(2
8)

th
en

w
e

ca
n

co
ns

tr
uc

ta
n

Λ̃
su

ch
th

at
E

qn
.(

27
)h

ol
ds

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0

(1
)

.

Pr
oo

f
To

pr
ov

e
th

e
le

m
m

a,
w

e
fir

st
cl

ai
m

th
e

fo
llo

w
in

g
th

eo
re

m
.

T
he

or
em

13
(C

an
dè

sa
nd

R
ec

ht
(2

00
9)

,T
he

or
em

4.
1)

A
ss

um
e

th
at

Ω
is

sa
m

pl
ed

ac
co

rd
in

g
to

th
e

B
er

no
ul

li
m

od
el

w
ith

su
cc

es
s

pr
ob

ab
ili

ty
p

=
Θ

(
m

n
1
n

2
),

an
d

in
co

he
re

nc
e

co
nd

iti
on

(5
)

ho
ld

s.
Th

en
th

er
e

is
an

ab
so

lu
te

co
ns

ta
nt
C
R

su
ch

th
at

fo
r
β
>

1,
w

e
ha

ve

‖p
−

1
P T
P Ω
P T
−
P T
‖
≤
C
R

√
β
µ
n

(1
)r

lo
g
n

(1
)

m
,
ε,

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

3
n
−
β

pr
ov

id
ed

th
at
C
R

√
β
µ
n

(1
)
r

lo
g
n

(1
)

m
<

1
.

Su
pp

os
e

th
at

C
on

di
tio

n
(2

8)
ho

ld
s.

Le
tY

=
Λ̃
−

Λ
∈

Ω
be

th
e

pe
rtu

rb
at

io
n

m
at

rix
be

tw
ee

n
Λ

an
d

Λ̃
su

ch
th

at
P T

(−
Λ̃

)
=

Ã
B̃

.S
uc

h
a

Y
ex

is
ts

by
se

tti
ng

Y
=
P Ω
P T

(P
T
P Ω
P T

)−
1
(P
T

(−
Λ

)
−

Ã
B̃

).
So
‖P
T

Y
‖ F
≤
√

r
3
n

2 (1
)

σ
r
(Ã

B̃
).

W
e

no
w

pr
ov

e
C

on
di

tio
n

(3
)i

n
E

qn
.(

27
).

O
bs

er
ve

th
at

‖P
T
⊥
Λ̃
‖
≤
‖P
T
⊥
Λ
‖+
‖P
T
⊥
Y
‖

≤
1 3
σ
r
(Ã

B̃
)

+
‖P
T
⊥
Y
‖.

(2
9)

So
w

e
on

ly
ne

ed
to

sh
ow
‖P
T
⊥
Y
‖
≤

1 3
σ
r
(Ã

B̃
).

B
ef

or
e

pr
oc

ee
di

ng
,w

e
be

gi
n

by
in

tr
od

uc
in

g
a

no
rm

al
iz

ed
ve

rs
io

n
Q

Ω
:
R
n

1
×
n

2
→

R
n

1
×
n

2
of

P Ω
:

Q
Ω

=
p
−

1
P Ω
−
I.

26
JM

L
R

 2
0(

10
2)

:1
-5

6,
 2

01
9



N
O

N
-C

O
N

V
E

X
M

A
T

R
IX

C
O

M
P

L
E

T
IO

N
A

N
D

R
E

L
A

T
E

D
P

R
O

B
L

E
M

S
V

IA
S

T
R

O
N

G
D

U
A

L
IT

Y

W
ith

this,w
e

have
P
T P

Ω P
T

=
pP
T

(I
+
Q

Ω
)P
T
.

N
ote

thatforany
operatorP

:T
→
T

,w
e

have

P
−

1
=
∑k≥

0 (P
T
−
P

)
k

w
henever‖P

T
−
P
‖
<

1.

So
according

to
T

heorem
13,

the
operator

p
(P
T P

Ω P
T

) −
1

can
be

represented
as

a
convergent

N
eum

ann
series

p
(P
T P

Ω P
T

) −
1

=
∑k≥

0 (−
1)
k(P

T Q
Ω P
T

)
k,

because‖P
T Q

Ω P
T ‖
≤
ε
<

12
once

m
≥
C
µ
n

(1
) r

log
n

(1
) fora

sufficiently
large

absolute
constant

C
.W

e
also

note
that

p
(P
T
⊥ Q

Ω P
T

)
=
P
T
⊥ P

Ω P
T
,

becauseP
T
⊥ P
T

=
0.T

hus

‖P
T
⊥
Y
‖

=
‖P
T
⊥ P

Ω P
T

(P
T P

Ω P
T

) −
1(P
T

(−
Λ

)−
Ã

B̃
))‖

=
‖P
T
⊥ Q

Ω P
T
p
(P
T P

Ω P
T

) −
1((P

T
(−

Λ
)−

Ã
B̃

))‖
=
‖ ∑k≥

0 (−
1)
kP
T
⊥ Q

Ω
(P
T Q

Ω P
T

)
k((P

T
(−

Λ
)−

Ã
B̃

))‖

≤
∑k≥

0 ‖
(−

1)
kP
T
⊥ Q

Ω
(P
T Q

Ω P
T

)
k((P

T
(−

Λ
)−

Ã
B̃

))‖
F

≤
‖Q

Ω ‖ ∑k≥
0 ‖P

T Q
Ω P
T ‖

k‖P
T

(−
Λ

)−
Ã

B̃
))‖

F

≤
4p ‖P

T
(−

Λ
)−

Ã
B̃

)‖
F

≤
Θ
(
n

1 n
2

m

) √
r

3
n

2(1
) σ

r (Ã
B̃

)

≤
13
σ
r (Ã

B̃
)

w
ith

high
probability.T

he
proofis

com
pleted.

Itthus
suffices

to
constructa

dualcertificate
Λ

such
thatallconditions

in
(28)hold.To

this
end,

partition
Ω

=
Ω

1 ∪
Ω

2 ∪
...∪

Ω
b

into
b

partitions
ofsize

q.B
y

assum
ption,w

e
m

ay
choose

q≥
128

3
C
β
κ

2µ
rn

(1
)
log

n
(1

)
and

b≥
12

log
2
κ (

24
2n

2(1
) κ

2 )

fora
sufficiently

large
constant

C
.L

et
Ω
j ∼

B
er(q)

denote
the

setofindices
corresponding

to
the

j-th
partitions.

D
efine

W
0

=
Ã

B̃
and

set
Λ
k

=
n

1
n

2
q

∑
kj=

1 P
Ω
j (W

j−
1 ),

W
k

=
Ã

B̃
−
P
T

(Λ
k )

for
k

=
1,2

,...,b.T
hen

by
T

heorem
13,

‖W
k ‖
F

=

∥∥∥∥
W

k−
1 −

n
1 n

2

q
P
T P

Ω
k (W

k−
1 ) ∥∥∥∥

F

=

∥∥∥∥ (P
T
−
n

1 n
2

q
P
T P

Ω
k P
T )

(W
k−

1 ) ∥∥∥∥
F

≤
12κ ‖

W
k−

1 ‖
F
.
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So
it

follow
s

that‖Ã
B̃
−
P
T

(Λ
b )‖

F
=
‖W

b ‖
F
≤

(2κ
) −
b‖W

0 ‖
F
≤

(2κ
) −
b √
rσ

1 (Ã
B̃

)
≤

√
r

2
4

2
n

2(1
) σ
r (Ã

B̃
).

T
he

follow
ing

lem
m

a
togetherim

plies
the

strong
duality

of(15)straightforw
ardly.

L
em

m
a

14
U

nder
the

assum
ptions

ofTheorem
7,the

dualcertification
Λ
b

obeys
the

dualcondition
(28)w

ith
probability

atleast
1−

n
−

1
0

(1
)

.

Proof
Itisw

ellknow
n

thatform
atrix

com
pletion,the

U
niform

m
odelΩ

∼
U

niform
(m

)isequivalent
to

the
B

ernoullim
odel

Ω
∼

B
er(p

),w
here

each
elem

entin
[n

1 ]×
[n

2 ]is
included

w
ith

probability
p

=
Θ

(m
/
(n

1 n
2 ))

independently;see
Section

Ifora
briefjustification.B

y
the

equivalence,w
e

can
suppose

Ω
∼

B
er(p

).
To

prove
L

em
m

a
14,as

a
prelim

inary,w
e

need
the

follow
ing

lem
m

as.

L
em

m
a

15
(C

hen
(2015),L

em
m

a
2)

Suppose
Z

is
a

fixed
m

atrix.
Suppose

Ω
∼

B
er(p

).
Then

w
ith

high
probability,

‖(I
−
p −

1P
Ω

)Z‖
≤
C
′0 

log
n

(1
)

p
‖Z‖∞

+

√
log

n
(1

)

p
‖
Z‖∞

,2 
,

w
here

C
′0
>

0
is

an
absolute

constantand

‖
Z‖∞

,2
=

m
ax 

m
ax
i

√
∑

b

Z
2ib ,m

ax
j

√
∑

a

Z
2a
j 

.

L
em

m
a

16
(C

andèsetal.(2011),L
em

m
a

3.1)
Suppose

Ω
∼

B
er(p

)
and

Z
is

a
fixed

m
atrix.Then

w
ith

high
probability,

‖
Z
−
p −

1P
T P

Ω
Z‖∞

≤
ε‖

Z‖∞
,

provided
that

p
≥
C

0 ε −
2(µ

r
log

n
(1

) )/n
(2

)
for

som
e

absolute
constant

C
0
>

0.

L
em

m
a

17
(C

hen
(2015),L

em
m

a
3)

Suppose
that

Z
is

a
fixed

m
atrix

and
Ω
∼

B
er(p

).
If
p
≥

c
0 µ
r

log
n

(1
) /n

(2
)

for
som

e
c

0
sufficiently

large,then
w

ith
high

probability,

‖
(p −

1P
T P

Ω
−
P
T

)Z‖∞
,2 ≤

12 √
n

(1
)

µ
r
‖
Z‖∞

+
12 ‖

Z‖∞
,2 .

O
bserve

thatby
L

em
m

a
16,

‖W
j ‖∞

≤
(

12 )
j‖

Ã
B̃
‖∞

,

and
by

L
em

m
a

17,

‖
W

j ‖∞
,2 ≤

12 √
n

(1
)

µ
r
‖
W

j−
1 ‖∞

+
12 ‖W

j−
1 ‖∞

,2 .
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So

‖W
j
‖ ∞

,2

≤
(

1 2

) j
√
n

(1
)

µ
r
‖Ã

B̃
‖ ∞

+
1 2
‖W

j−
1
‖ ∞

,2

≤
j

(
1 2

) j
√
n

(1
)

µ
r
‖Ã

B̃
‖ ∞

+

(
1 2

) j
‖Ã

B̃
‖ ∞

,2
.

T
he

re
fo

re
,

‖P
T
⊥
Λ
b
‖

≤
b ∑ j=

1

‖n
1
n

2

q
P T
⊥
P Ω

j
W

j−
1
‖

=
b ∑ j=

1

‖P
T
⊥

(n
1
n

2

q
P Ω

j
W

j−
1
−

W
j−

1
)‖

≤
b ∑ j=

1

‖(
n

1
n

2

q
P Ω

j
−
I)

(W
j−

1
)‖
.

L
et
p

de
no

te
Θ
(

q
n

1
n

2

) .B
y

L
em

m
a

15
,

‖P
T
⊥
Λ
b
‖

≤
C
′ 0

lo
g
n

(1
)

p

b ∑ j=
1

‖W
j−

1
‖ ∞

+
C
′ 0

√
lo

g
n

(1
)

p

b ∑ j=
1

‖W
j−

1
‖ ∞

,2

≤
C
′ 0

lo
g
n

(1
)

p

b ∑ j=
1

(
1 2

) j
‖Ã

B̃
‖ ∞

+
C
′ 0

√
lo

g
n

(1
)

p

b ∑ j=
1

[ j

(
1 2

) j
√
n

(1
)

µ
r
‖Ã

B̃
‖ ∞

+

(
1 2

) j
‖Ã

B̃
‖ ∞

,2

]

≤
C
′ 0

lo
g
n

(1
)

p
‖Ã

B̃
‖ ∞

+
2
C
′ 0

√
lo

g
n

(1
)

p

√
n

(1
)

µ
r
‖Ã

B̃
‖ ∞

+
C
′ 0

√
lo

g
n

(1
)

p
‖Ã

B̃
‖ ∞

,2
.

Se
tti

ng
Ã

B̃
=

X
∗ ,

w
e

no
te

th
e

fa
ct

s
th

at
(w

e
as

su
m

e
W

L
O

G
n

2
≥
n

1
)

‖X
∗ ‖
∞
,2

=
m

ax i
‖e

T i
U

Σ
V
T
‖ 2
≤

m
ax i
‖e

T i
U
‖σ

1
(X
∗ )
≤
√
µ
r

n
1
σ

1
(X
∗ )
≤
√
µ
r

n
1
κ
σ
r
(X
∗ )
,

an
d

th
at ‖X

∗ ‖
∞

=
m

ax ij
〈X
∗ ,

e
ie
T j
〉=

m
ax ij
〈U

Σ
V
T
,e
ie
T j
〉=

m
ax ij
〈e
T i
U

Σ
,e
T j
V
〉

≤
m

ax ij
‖e

T i
U

Σ
V
T
‖ 2
‖e

T j
V
‖ 2
≤

m
ax j
‖X
∗ ‖
∞
,2
‖e

T j
V
‖ 2
≤

µ
rκ

√
n

1
n

2
σ
r
(X
∗ )
.
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Su
bs

tit
ut

in
g
p

=
Θ
( κ

2
µ
r
n

(1
)

lo
g
(n

(1
)
)

lo
g

2
κ

(n
(1

)
)

n
1
n

2

) ,w
e

ob
ta

in
‖P
T
⊥
Λ
b
‖
<

1 3
σ
r
(X
∗ )

.
T

he
pr

oo
f

is
co

m
pl

et
ed

.

C
.S

ub
gr

ad
ie

nt
of

th
e
r∗

Fu
nc

tio
n

L
em

m
a

18
Le

tU
Σ

V
T

be
th

e
sk

in
ny

SV
D

of
m

at
ri

x
X
∗

of
ra

nk
r.

Th
e

su
bd

iff
er

en
tia

lo
f‖
·‖

r
∗

ev
al

ua
te

d
at

X
∗

is
gi

ve
n

by

∂
‖X
∗ ‖
r
∗

=
{X
∗

+
W

:
U
T
W

=
0
,W

V
=

0
,‖

W
‖
≤
σ
r
(X
∗ )
}.

(3
0)

Pr
oo

f
N

ot
e

th
at

fo
ra

ny
fix

ed
fu

nc
tio

n
f

(·)
,t

he
se

to
fa

ll
op

tim
al

so
lu

tio
ns

of
th

e
pr

ob
le

m

f
∗ (

X
∗ )

=
m

ax Y
〈X
∗ ,

Y
〉−

f
(Y

)
(3

1)

fo
rm

th
e

su
bd

iff
er

en
tia

lo
ft

he
co

nj
ug

at
e

fu
nc

tio
n
f
∗ (
·)

ev
al

ua
te

d
at

X
∗ .

Se
tf

(·)
to

be
1 2
‖·
‖2 r

an
d

no
tic

e
th

at
th

e
fu

nc
tio

n
1 2
‖·
‖2 r

is
un

ita
ril

y
in

va
ria

nt
.B

y
Vo

n
N

eu
m

an
n’

s
tra

ce
in

eq
ua

lit
y,

th
e

op
tim

al
so

lu
tio

ns
to

pr
ob

le
m

(3
1)

ar
e

gi
ve

n
by

[U
,U
⊥

]D
ia

g(
[σ

1
(Y

),
..
.,
σ
r
(Y

),
σ
r
+

1
(Y

),
..
.,
σ
n

(2
)
(Y

)]
)[

V
,V
⊥

]T
,

w
he

re
{σ

i(
Y

)}
n

(2
)

i=
r
+

1
ca

n
be

an
y

va
lu

e
no

la
rg

er
th

an
σ
r
(Y

)
an

d
{σ

i(
Y

)}
r i=

1
ar

e
gi

ve
n

by
th

e
op

tim
al

so
lu

tio
n

to
th

e
pr

ob
le

m m
ax

{σ
i
(Y

)}
r i=

1

r ∑ i=
1

σ
i(

X
∗ )
σ
i(

Y
)
−

1 2

r ∑ i=
1

σ
2 i
(Y

).

T
he

so
lu

tio
n

is
un

iq
ue

su
ch

th
at
σ
i(

Y
)

=
σ
i(

X
∗ )

,i
=

1,
2,
..
.,
r.

T
he

pr
oo

fi
s

co
m

pl
et

e.

D
.P

ro
of

of
T

he
or

em
7

W
e

w
ill

pr
ov

e
T

he
or

em
7

in
th

is
se

ct
io

n.

D
.1

.E
xa

ct
R

ec
ov

er
ab

ili
ty

of
N

on
-C

on
ve

x
Fo

rm
ul

at
io

n

T
he

or
em

19
(U

ni
qu

en
es

so
fS

ol
ut

io
n)

Le
t

Ω
∼

U
ni

fo
rm

(m
)

be
th

e
su

pp
or

t
se

t
un

ifo
rm

ly
di

s-
tr

ib
ut

ed
am

on
g

al
ls

et
s

of
ca

rd
in

al
ity

m
.

Su
pp

os
e

th
at
m
≥
cκ

2
µ
n

(1
)r

lo
g
n

(1
)
lo

g
2
κ
n

(1
)

fo
r

an
ab

so
lu

te
co

ns
ta

nt
c

an
d

X
∗

ob
ey

s
µ

-i
nc

oh
er

en
ce

(5
).

Th
en

X
∗

is
th

e
un

iq
ue

so
lu

tio
n

of
no

n-
co

nv
ex

op
tim

iz
at

io
n

m
in

A
,B

1 2
‖A

B
‖2 F
,

s.
t.
P Ω

(A
B

)
=
P Ω

(X
∗ )
,

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0

(1
)

.
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Proof
W

e
note

thata
recovery

resultunderthe
B

ernoullim
odelautom

atically
im

pliesa
corresponding

resultforthe
uniform

m
odelC

andès
etal.(2011);see

Section
Iforthe

details.So
in

the
follow

ing,
w

e
assum

e
the

B
ernoullim

odel.
C

onsiderthe
feasibility

ofthe
m

atrix
com

pletion
problem

:

Find
a

m
atrix

X
∈
R
n

1 ×
n

2
such

that
P

Ω
(X

)
=
P

Ω
(X
∗),

‖
X
‖
F
≤
‖X
∗‖
F
,

rank(X
)≤

r.
(32)

N
ote

thatif
X
∗

is
the

unique
solution

of(32),then
X
∗

is
the

unique
solution

of(14).W
e

now
show

the
form

er.
O

ur
proof

firstidentifies
a

feasibility
condition

for
problem

(32),and
then

show
s

that
X
∗

is
the

only
m

atrix
thatobeys

this
feasibility

condition
w

hen
the

sam
ple

size
is

large
enough.W

e
denote

by
D
S

(X
∗)

=
{X
−

X
∗∈

R
n

1 ×
n

2
:rank(X

)≤
r,‖X

‖
F
≤
‖X
∗‖
F }
,

and
T

=
{
U

X
T

+
Y

V
T
,

X
∈
R
n

2 ×
r,

Y
∈
R
n

1 ×
r},

w
here

U
Σ

V
T

is
the

skinny
SV

D
of

X
∗.

W
e

have
the

follow
ing

proposition
forthe

feasibility
ofproblem

(32).

Proposition
20

(Feasibility
C

ondition)
X
∗

isthe
unique

feasible
solution

to
problem

(32)ifD
S

(X
∗)∩

Ω
⊥

=
{0}.

Proof
N

otice
thatproblem

(32)is
equivalentto

anotherfeasibility
problem

Find
a

m
atrix

D
∈
R
n

1 ×
n

2
such

that
rank(X

∗
+

D
)≤

r,
‖X
∗

+
D
‖
F
≤
‖X
∗‖
F
,

D
∈

Ω
⊥
.

Suppose
thatD

S
(X
∗)∩

Ω
⊥

=
{0}.

Since
rank(X

∗
+

D
)
≤
r

and
‖X
∗

+
D
‖
F
≤
‖X
∗‖
F

are
equivalentto

D
∈
D
S

(X
∗),and

note
that

D
∈

Ω
⊥

,w
e

have
D

=
0,w

hich
m

eans
X
∗

is
the

unique
feasible

solution
to

problem
(32).

T
he

rem
ainderofthe

proofis
to

show
D
S

(X
∗)∩

Ω
⊥

=
{0}.To

proceed,w
e

note
that

D
S

(X
∗)

=

{
X
−

X
∗∈

R
n

1 ×
n

2
:rank(X

)≤
r,

12 ‖X
‖

2F
≤

12 ‖
X
∗‖

2F }

⊆
{X
−

X
∗∈

R
n

1 ×
n

2
:‖

X
‖
r∗ ≤

‖X
∗‖
r∗ }

(
since

12 ‖Y
‖

2F
=
‖
Y
‖
r∗

forany
rank-r

m
atrix )

,
D
S
∗ (X

∗).

W
e

now
show

that
D
S
∗ (X

∗)∩
Ω
⊥

=
{
0}
,

(33)

w
hen

m
≥
cκ

2µ
rn

(1
)
log

2
κ (n

(1
) )

log
(n

(1
) ),w

hich
w

illproveD
S

(X
∗)∩

Ω
⊥

=
{0}

as
desired.

B
y

L
em

m
a

11,there
exists

a
Λ

such
that

(1)
Λ
∈

Ω
,

(2)
P
T

(−
Λ

)
=

X
∗,

(3)
‖P
T
⊥
Λ
‖
<

23
σ
r (X

∗).
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C
onsiderany

D
∈

Ω
⊥

such
that

D
6=

0.B
y

L
em

m
a

18,forany
W
∈
T
⊥

and‖W
‖
≤
σ
r (X

∗),

‖X
∗

+
D
‖
r∗ ≥

‖X
∗‖
r∗

+
〈X
∗

+
W
,D
〉.

Since〈W
,D
〉

=
〈P
T
⊥
W
,D
〉

=
〈W

,P
T
⊥
D
〉,w

e
can

choose
W

such
that

〈W
,D
〉

=
σ
r (X

∗)‖P
T
⊥
D
‖∗ .

T
hen

‖X
∗

+
D
‖
r∗ ≥

‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈X
∗,D
〉

=
‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈X
∗

+
Λ
,D
〉

(since
Λ
∈

Ω
and

D
∈

Ω
⊥

)

=
‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈X
∗

+
P
T

Λ
,D
〉

+
〈P
T
⊥
Λ
,D
〉

=
‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈P
T
⊥
Λ
,D
〉

(by
condition

(2))

=
‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈P
T
⊥ P
T
⊥
Λ
,D
〉

=
‖
X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗

+
〈P
T
⊥
Λ
,P
T
⊥
D
〉

≥
‖X
∗‖
r∗

+
σ
r (X

∗)‖P
T
⊥
D
‖∗ −

‖P
T
⊥
Λ
‖‖P

T
⊥
D
‖∗

(by
H

ölder’s
inequality)

≥
‖X
∗‖
r∗

+
13
σ
r (X

∗)‖P
T
⊥
D
‖∗

(by
condition

(3)).

So
ifT
∩

Ω
⊥

=
{
0},since

D
∈

Ω
⊥

and
D
6=

0,w
e

have
D
6∈
T

.T
herefore,

‖
X
∗

+
D
‖
r∗
>
‖X
∗‖
r∗

w
hich

then
leads

toD
S
∗ (X

∗)∩
Ω
⊥

=
{0}.

T
he

restofproofis
to

show
thatT

∩
Ω
⊥

=
{0}.W

e
have

the
follow

ing
lem

m
a.

L
em

m
a

21
A

ssum
e

thatΩ
∼

B
er(p

)
and

the
incoherence

condition
(5)holds.Then

w
ith

probability
atleast

1−
n
−

1
0

(1
)

,w
e

have‖P
Ω
⊥ P
T ‖
≤
√

1−
p

+
εp,provided

that
p
≥
C

0 ε −
2(µ

r
log

n
(1

) )/n
(2

) ,
w

here
C

0
is

an
absolute

constant.

Proof
If

Ω
∼

B
er(p

),w
e

have,by
T

heorem
13,thatw

ith
high

probability

‖P
T
−
p −

1P
T P

Ω P
T ‖
≤
ε,

provided
that

p
≥
C

0 ε −
2
µ
r

lo
g
n

(1
)

n
(2

)
.N

ote,how
ever,thatsinceI

=
P

Ω
+
P

Ω
⊥

,

P
T
−
p −

1P
T P

Ω P
T

=
p −

1(P
T P

Ω
⊥ P
T
−

(1−
p
)P
T

)

and,therefore,by
the

triangle
inequality

‖P
T P

Ω
⊥ P
T ‖
≤
εp

+
(1−

p
).

Since‖P
Ω
⊥ P
T ‖

2≤
‖P
T P

Ω
⊥ P
T ‖,the

proofis
com

pleted.

W
e

note
that‖P

Ω
⊥ P
T ‖

<
1

im
plies

Ω
⊥
∩
T

=
{
0}.T

he
proofoflatterpartofthe

theorem
is

com
pleted.
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D
.2

.S
tr

on
g

D
ua

lit
y

W
e

ha
ve

sh
ow

n
in

T
he

or
em

19
th

at
th

e
pr

ob
le

m
(Ã
,B̃

)
=

ar
gm

in
A
,B

1 2
‖A

B
‖2 F
,s

.t.
P Ω

(A
B

)
=

P Ω
(X
∗ )
,

ex
ac

tly
re

co
ve

rs
X
∗ ,

i.e
.,

Ã
B̃

=
X
∗ ,

w
ith

ne
ar

ly
op

tim
al

sa
m

pl
e

co
m

pl
ex

ity
.S

o
if

st
ro

ng
du

al
ity

ho
ld

s,
th

is
no

n-
co

nv
ex

op
tim

iz
at

io
n

pr
ob

le
m

ca
n

be
eq

ui
va

le
nt

ly
co

nv
er

te
d

to
th

e
co

nv
ex

pr
og

ra
m

(1
5)

.T
he

n
T

he
or

em
7

is
st

ra
ig

ht
fo

rw
ar

d
fr

om
st

ro
ng

du
al

ity
.

It
no

w
su

ffi
ce

s
to

ap
pl

y
ou

ru
ni

fie
d

fr
am

ew
or

k
in

Se
ct

io
n

4
to

pr
ov

e
th

e
st

ro
ng

du
al

ity
.L

et

H
(X

)
=

I {
M
∈R

n
1
×
n

2
:
P Ω

M
=
P Ω

X
∗ }

(X
)

in
Pr

ob
le

m
(P

),
an

d
le

t(
Ã
,B̃

)
be

a
gl

ob
al

so
lu

tio
n

to
th

e
pr

ob
le

m
.T

he
n

by
Th

eo
re

m
19

,Ã
B̃

=
X
∗ .

Fo
rP

ro
bl

em
(P

)w
ith

th
is

sp
ec

ia
lH

(X
),

w
e

ha
ve

Ψ
=
∂
H

(Ã
B̃

)
=
{G
∈
R
n

1
×
n

2
:
〈G
,Ã

B̃
〉≥
〈G
,Y
〉,

fo
ra

ny
Y
∈
R
n

1
×
n

2
s.

t.
P Ω

Y
=
P Ω

X
∗ }

=
{G
∈
R
n

1
×
n

2
:
〈G
,X
∗ 〉
≥
〈G
,Y
〉,

fo
ra

ny
Y
∈
R
n

1
×
n

2
s.

t.
P Ω

Y
=
P Ω

X
∗ }

=
Ω
,

w
he

re
th

e
th

ir
d

eq
ua

lit
y

ho
ld

s
si

nc
e

Ã
B̃

=
X
∗ .

C
om

bi
ni

ng
w

ith
L

em
m

a
11

sh
ow

s
th

at
th

e
du

al
co

nd
iti

on
in

T
he

or
em

3
ho

ld
s

w
ith

hi
gh

pr
ob

ab
ili

ty
,w

hi
ch

le
ad

s
to

st
ro

ng
du

al
ity

an
d

th
us

pr
ov

in
g

T
he

or
em

7.

E
.P

ro
of

of
T

he
or

em
8

G
iv

en
su

pp
or

ts
et

Ω
⊂

[n
1
]×

[n
2
]a

nd
ra

nk
-r

m
at

rix
X
∗
∈
R
n

1
×
n

2
,d

efi
ne

th
e

fo
llo

w
in

g
op

tim
iz

at
io

n
pr

ob
le

m
m

in
A
∈R

n
1
×
r
,B
∈R

r
×
n

2
‖A

B
‖ ∗
,

s.
t.
P Ω

(A
B

)
=
P Ω

(X
∗ )
.

(3
4)

W
e

ha
ve

th
e

fo
llo

w
in

g
le

m
m

a.

L
em

m
a

22
Fo

r
an

y
fix

ed
su

pp
or

ts
et

Ω
an

d
ra

nk
-r

m
at

ri
x

X
∗
∈

R
n

1
×
n

2
,p

ro
bl

em
(1

7)
an

d
th

e
no

n-
co

nv
ex

pr
ob

le
m

(3
4)

ha
ve

th
e

sa
m

e
so

lu
tio

n,
i.e

.,

Ã
B̃

=
Ā

B̄
,

w
he

re
Ã
,B̃

is
th

e
op

tim
al

so
lu

tio
n

of
(1

7)
an

d
Ā

B̄
is

th
e

op
tim

al
so

lu
tio

n
of

(3
4)

.

Pr
oo

f
Fi

rs
t,

in
tr

od
uc

e
an

ot
he

ro
pt

im
iz

at
io

n
pr

ob
le

m
as

a
co

nn
ec

tio
n

be
tw

ee
n

th
e

tw
o

in
th

e
le

m
m

a.
Fo

ra
ny

m
at

ri
x

Z
∈
R
n

1
×
n

2
of

ra
nk

at
m

os
tr

,w
e

co
ns

id
er

th
e

fo
llo

w
in

g
op

tim
iz

at
io

n
pr

ob
le

m

m
in

A
∈R

n
1
×
r
,B
∈R

r
×
n

2

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F
,

(3
5)

s.
t.

A
B

=
Z
,

P Ω
(A

B
)

=
P Ω

(X
∗ )
.

W
e

w
an

tt
o

sh
ow

th
at

th
e

op
tim

al
co

st
of

ob
je

ct
iv

e
fu

nc
tio

n
(3

5)
is
‖Z
‖ ∗

an
d

th
e

m
in

im
um

is
ac

hi
ev

ed
w

he
n
‖A
‖ F

=
‖B
‖ F

.D
en

ot
e

by
U

Σ
V
>

th
e

sk
in

ny
SV

D
of

m
at

ri
x

Z
=

A
B

.
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FF
,A

N
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O
n

on
e

ha
nd

,w
e

ha
ve

‖Z
‖ ∗

=
tr(

Σ
)

=
tr(

U
>

U
Σ

V
>

V
)

(
by

U
>

U
=

I,
V
>

V
=

I
∈
R
r
×
r
)

=
tr(

U
>

A
B

V
)

(
by

U
Σ

V
>

=
Z

=
A

B
)

≤
r ∑ i=
1

σ
i(

U
>

A
)
·σ

i(
B

V
)

(
by

tr
ac

e
in

eq
ua

lit
y)

≤
1 2
‖U
>

A
‖2 F

+
1 2
‖B

V
‖2 F

(∀
a
,b

:
a
b
≤

1 2
(a

2
+
b2

))

=
1 2
‖A
‖2 F

+
1 2
‖B
‖2 F
.

Th
er

ef
or

e,
‖Z
‖ ∗
≤

m
in

A
,B
,

s.
t.

A
B

=
Z
,P

Ω
(A

B
)=
P Ω

(X
∗ )

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F

fo
ra

ny
m

at
rix

Z
∈
R
n

1
×
n

2

sa
tis

fie
s

th
at

ra
nk

(Z
)
≤
r

an
d
P Ω

(Z
)

=
P Ω

(X
∗ )

.
O

n
th

e
ot

he
rh

an
d,

ta
ki

ng
A

=
U

Σ
1
/
2

an
d

B
=

Σ
1
/
2
V
>

,w
e

ca
n

ve
ri

fy
th

es
e

pr
op

er
tie

s

A
B

=
U

Σ
1
/
2
Σ

1
/
2
V
>

=
U

Σ
V
>

=
Z
,

P Ω
(A

B
)

=
P Ω

(X
∗ )
,

‖A
‖ F

=
‖Σ

1
/
2
‖ F

=
‖B
‖ F
,

1 2
‖A
‖2 F

+
1 2
‖B
‖2 F

=
‖Σ

1
/
2
‖2 F

=
‖Z
‖ ∗
.

T
hu

s
(3

5)
ho

ld
s

an
d

th
e

m
in

im
um

is
ac

hi
ev

ed
w

he
n
‖A
‖ F

=
‖B
‖ F

.
W

e
no

w
pr

ov
e

Le
m

m
a

22
by

co
nt

ra
di

ct
io

n.
A

ss
um

e
fo

rc
on

tra
di

ct
io

n
th

at
(A
∗ ,

B
∗ )

is
a

so
lu

tio
n

to
(3

4)
su

ch
th

at
‖A
∗ ‖
F

=
‖B
∗ ‖
F

(f
or

an
y

so
lu

tio
n

(Ā
,B̄

)
to

pr
ob

le
m

(3
4)

,w
e

ca
n

al
w

ay
s

fin
d

th
e

pa
ir

(A
∗ ,

B
∗ )

su
ch

th
at

A
∗ B
∗

=
Ā

B̄
an

d
‖A
∗ ‖
F

=
‖B
∗ ‖
F

),
w

hi
le

it
is

no
ta

so
lu

tio
n

to
(1

7)
.S

o
th

er
e

ex
is

ts
(A
′ ,

B
′ )

su
ch

th
at
P Ω

(A
′ B
′ )

=
P Ω

(X
∗ )

an
d

‖A
′ B
′ ‖ ∗

=
1 2
‖A
′ ‖2 F

+
1 2
‖B
′ ‖2 F

(b
y

Pr
ob

le
m

35
)

<
1 2
‖A
∗ ‖

2 F
+

1 2
‖B
∗ ‖

2 F
(b

y
(A
′ ,

B
′ )

is
no

ta
so

lu
tio

n
to

Pr
ob

le
m

17
)

=
‖A
∗ B
∗ ‖
∗,

(b
y

Pr
ob

le
m

35
)

w
hi

ch
is

co
nt

ra
di

ct
or

y
w

ith
th

e
op

tim
al

ity
of

(A
∗ ,

B
∗ )

to
pr

ob
le

m
(3

4)
.

Si
m

ila
rl

y,
as

su
m

e
fo

rc
on

tr
ad

ic
tio

n
th

at
(A
∗ ,

B
∗ )

is
a

so
lu

tio
n

to
(1

7)
,w

hi
le

it
is

no
ta

so
lu

tio
n

to
(3

4)
.S

o
th

er
e

ex
is

ts
(A
′ ,

B
′ )

su
ch

th
at
P Ω

(A
′ B
′ )

=
P Ω

(X
∗ )

an
d

1 2
‖A
′ ‖2 F

+
1 2
‖B
′ ‖2 F

=
‖A
′ B
′ ‖ ∗

<
‖A
∗ B
∗ ‖
∗

=
1 2
‖A
∗ ‖

2 F
+

1 2
‖B
∗ ‖

2 F
,

w
hi

ch
is

co
nt

ra
di

ct
or

y
w

ith
th

e
op

tim
al

ity
of

(A
∗ ,

B
∗ )

to
pr

ob
le

m
(1

7)
.T

he
pr

oo
fi

s
co

m
pl

et
ed

.

B
ef

or
e

pr
oc

ee
di

ng
,w

e
pr

ov
id

e
th

e
de

fin
iti

on
of

a
m

at
ri

x
sp

ac
e.
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N
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R
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E
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P

R
O

B
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E
M

S
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D
efinition

23
G

iven
m

atrices
Ā
∈

R
n

1 ×
r

and
B̄
∈

R
r×
n

2,w
e

denote
byT

,
{Ā

X
>

+
Y

B̄
:

X
∈
R
n

2 ×
r,

Y
∈
R
n

1 ×
r}

a
m

atrix
space.For

any
m

atrix
M
∈
R
n

1 ×
n

2,w
e

have

P
T

M
=

Ā
Ā
†M

+
M

B̄
B̄
†−

Ā
Ā
†M

B̄
B̄
†,

and

P
T
⊥
M

=
(I−

Ā
Ā
†)M

(I−
B̄

B̄
†).

L
et

U
Σ

V
>

be
the

skinny
SV

D
of

m
atrix

Ā
B̄

.
D

enote
by
U

=
{U

X
>

:
X
∈

R
n

2 ×
r}

and
V

=
{
Y

V
>

:
Y
∈
R
n

1 ×
r}.Then

the
linearspaceT

can
be

equivalently
represented

asT
=
U

+
V

.
T

herefore,T
⊥

=
(U

+
V

) ⊥
=
U
⊥
∩
V
⊥

.
T

he
follow

ing
lem

m
a

is
a

restated
resultofT

heorem
4

forthe
m

atrix
com

pletion
problem

.For
com

pleteness,w
e

include
its

proofhere.

L
em

m
a

24
(D

ualC
ertificate)

Let
(Ā
,B̄

)
be

a
solution

ofproblem
(34).

Let
U

Σ
V
>

denote
the

skinny
SV

D
of

Ā
B̄

.Ifthere
exists

a
dualcertificate

Λ̃
such

that

(a)
Λ̃
∈

Ω
,

(b)
P
T

(−
Λ̃

)
=

U
V
>
,

(c)
‖P
T
⊥

(−
Λ̃

)‖
<

12
,

(36)

then
strong

duality
holds,i.e.,problem

(18)and
problem

(17)have
the

sam
e

solution.

Proof
Forany

convex
setC,w

e
define

indicatorfunction
IC

:R
n

1 ×
n

2→
R

such
that

IC (X
)

=

{
0,

if
X
∈
C

;

+
∞
,

otherw
ise.

W
e

setC
to

be{
X

:P
Ω

(X
)

=
P

Ω
(X
∗),X

∈
R
n

1 ×
n

2},and
define

function
H

:R
n

1 ×
n

2→
R

such
thatforany

X
,H

(X
)

=
IC (X

).
T

hen
problem

(34)can
be

equivalently
represented

by

(Ā
,B̄

)
=

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

F
(A
,B

)
=
‖A

B
‖∗

+
H

(A
B

).

D
efine

L
(A
,B
,Λ

)
to

be‖A
B
‖∗

+
〈Λ
,A

B
〉−

H
∗(Λ

).T
hen

w
e

have

F
(A
,B

)
=
‖A

B
‖∗

+
H

(A
B

)

=
‖A

B
‖∗

+
H
∗∗(A

B
)

=
‖A

B
‖∗

+
m

ax
Λ
∈
R
n

1 ×
n

2 〈Λ
,A

B
〉−

H
∗(Λ

)

=
m

ax
Λ
∈
R
n

1 ×
n

2 ‖
A

B
‖∗

+
〈Λ
,A

B
〉−

H
∗(Λ

)

=
m

ax
Λ
∈
R
n

1 ×
n

2
L

(A
,B
,Λ

),
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B
A

L
C

A
N

,L
IA

N
G

,S
O

N
G

,W
O

O
D

R
U

FF,
A

N
D

Z
H

A
N

G

w
here

the
second

equality
holds

because
H

(·)
is

closed
and

convex
w

ith
respectto

the
argum

ent
A

B
and

the
third

equality
holds

by
the

definition
ofthe

conjugate
function.

W
e

first
show

that
(Ā
,B̄
,Λ̃

)
is

a
prim

al-dual
saddle

point
of

the
L

agrangian
L

(A
,B
,Λ

),
nam

ely,
Λ̃

=
argm

ax
Λ
L

(Ā
,B̄
,Λ

)
and

(Ā
,B̄

)
=

argm
in

A
,B
L

(A
,B
,Λ̃

).
U

sing
C

laim
6,w

e
have

Λ̃
=

argm
ax

Λ
L

(Ā
,B̄
,Λ

) .
U

sing
C

laim
7,

w
e

have
(Ā
,B̄

)
=

arg
m

in
A
,B
L

(A
,B
,Λ̃

).
T

herefore,(Ā
,B̄
,Λ̃

)
is

a
prim

al-dualsaddle
pointofthe

L
agrangian

L
(A
,B
,Λ

).
W

e
now

prove
the

strong
duality.

B
y

the
fact

that
F

(A
,B

)
=

m
ax

Λ
L

(A
,B
,Λ

)
and

that
Λ̃

=
argm

ax
Λ
L

(Ā
,B̄
,Λ

),w
e

have

F
(Ā
,B̄

)
=
L

(Ā
,B̄
,Λ̃

)≤
L

(A
,B
,Λ̃

),
∀
A
,B
.

w
here

the
inequality

holds
because

(Ā
,B̄
,Λ̃

)
is

a
prim

al-dualsaddle
pointof

L
(·,·,·).So

on
the

one
hand,w

e
have

m
in

A
,B

m
ax
Λ

L
(A
,B
,Λ

)
=
F

(Ā
,B̄

)≤
m

in
A
,B
L

(A
,B
,Λ̃

)≤
m

ax
Λ

m
in

A
,B
L

(A
,B
,Λ

).

O
n

the
otherhand,by

w
eak

duality,

m
in

A
,B

m
ax
Λ

L
(A
,B
,Λ

)≥
m

ax
Λ

m
in

A
,B
L

(A
,B
,Λ

).

T
herefore,m

in
A
,B

m
ax

Λ
L

(A
,B
,Λ

)
=

m
ax

Λ
m

in
A
,B
L

(A
,B
,Λ

),i.e.,strong
duality

holds.

C
laim

6
Λ̃

=
argm

ax
Λ
L

(Ā
,B̄
,Λ

).

Proof
W

e
only

need
to

show
0
∈
∂

Λ
L

(Ā
,B̄
,Λ̃

)
=

Ā
B̄
−
∂

Λ
H
∗(Λ̃

),
because

L
(Ā
,B̄
,Λ

)
is

a
concave

function
of

Λ
for

the
fixed

Ā
and

B̄
.

N
ote

that
Ā

B̄
∈
∂

Λ
H
∗(Λ̃

)
is

im
plied

by
Λ̃
∈
∂
H

(Ā
B̄

)
by

the
convexity

offunction
H

(·),and

∂
H

(Ā
B̄

)
=
{G
∈
R
n

1 ×
n

2
:〈G

,Ā
B̄
〉≥
〈G
,Y
〉,

forany
Y
∈
R
n

1 ×
n

2
s.t.P

Ω
Y

=
P

Ω
X
∗}

=
{G
∈
R
n

1 ×
n

2
:〈G

,Ā
B̄
〉≥
〈G
,Y
〉,

forany
Y
∈
R
n

1 ×
n

2
s.t.P

Ω
Y

=
P

Ω
(Ā

B̄
)}

=
Ω
.

T
herefore,condition

(a)im
m

ediately
im

plies
Λ̃

=
argm

ax
Λ
L

(Ā
,B̄
,Λ

).

C
laim

7
(Ā
,B̄

)
=

argm
in

A
,B
L

(A
,B
,Λ̃

).

Proof
To

see
(Ā
,B̄

)
=

argm
in

A
,B
L

(A
,B
,Λ̃

)
for

the
fixed

Λ̃
w

ith
conditions

(b)
and

(c),w
e

have

argm
in

A
∈
R
n

1 ×
r
,B
∈
R
r×
n

2

L
(A
,B
,Λ̃

)
=

argm
in

A
,B
‖A

B
‖∗ −

〈−
Λ̃
,A

B
〉−

H
∗(Λ̃

)

=
argm

in
A
,B
‖A

B
‖∗ −

〈−
Λ̃
,A

B
〉

=
argm

in
A
,B

r
∑i=

1

σ
i (A

B
)−
〈−

Λ̃
,A

B
〉
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w
he

re
th

e
fir

st
st

ep
fo

llo
w

s
by

de
fin

iti
on

of
L

(A
,B
,Λ̃

),
th

e
se

co
nd

st
ep

fo
llo

w
s

by
Λ

is
fix

ed
,t

he
th

ir
d

st
ep

fo
llo

w
s

by
de

fin
iti

on
of

nu
cl

ea
rn

or
m

.
U

si
ng

co
nd

iti
on

s
(b

)a
nd

(c
)i

n
E

qn
.(

36
),

w
e

ca
n

re
w

ri
te
−

Λ̃
as

fo
llo

w
s,

−
Λ̃

=
U

V
>

︸︷
︷︸

in
sp

ac
e
T

w
ith

ei
ge

nv
al

ue
s

1

+
P T
⊥

(−
Λ̃

)
︸

︷︷
︸

in
sp

ac
e
T
⊥

w
ith

ei
ge

nv
al

ue
s
<

1
/
2

,

w
hi

ch
im

pl
ie

s
∀i
∈

[r
],
σ
i(
−

Λ̃
)

=
1.

W
e

al
so

ne
ed

th
e

fo
llo

w
in

g
vo

n
N

eu
m

an
n’

s
tr

ac
e

in
eq

ua
lit

y.

L
em

m
a

25
(v

on
N

eu
m

an
n’

st
ra

ce
in

eq
ua

lit
y,

L
in

an
d

Z
ha

ng
(2

01
7)

)
Fo

r
an

y
m

at
ri

ce
s

A
,B
∈

R
m
×
n

(m
≤
n

),
tr(

A
>

B
)
≤
∑

m i=
1
σ
i(

A
)σ
i(

B
).

Th
e

eq
ua

lit
y

ho
ld

s
if

an
d

on
ly

if
th

er
e

ex
is

ts
co

l-
um

n
or

th
on

or
m

al
m

at
ri

ce
s
U

an
d

V
su

ch
th

at
A

=
U

D
ia

g(
σ

(A
))

V
>

an
d

B
=

U
D

ia
g(
σ

(B
))

V
>

ar
e

th
e

SV
D

s
of

A
an

d
B

,s
im

ul
ta

ne
ou

sl
y.

U
si

ng
vo

n
N

eu
m

an
n’

s
tr

ac
e

in
eq

ua
lit

y,
w

e
ca

n
sh

ow

m
in

A
,B

r ∑ i=
1

σ
i(

A
B

)
−
〈−

Λ̃
,A

B
〉≥

m
in

A
,B

r ∑ i=
1

σ
i(

A
B

)
−

r ∑ i=
1

σ
i(
−

Λ̃
)σ
i(

A
B

)

=
m

in
A
,B

r ∑ i=
1

σ
i(

A
B

)
−

r ∑ i=
1

σ
i(

A
B

)
(b

y
σ
i(
−

Λ
)

=
1,
∀i
∈

[r
])

=
0
,

T
he

re
fo

re
,o

n
on

e
ha

nd
,w

e
al

re
ad

y
ha

ve

m
in

A
∈R

n
1
×
r
,B
∈R

r
×
n

2
L

(A
,B
,Λ̃

)
≥
−
H
∗ (

Λ̃
).

O
n

th
e

ot
he

rh
an

d,
ac

co
rd

in
g

to
de

fin
iti

on
of

A
,B

an
d
−

Λ̃
,w

e
ca

n
sh

ow

L
(Ā
,B̄
,Λ̃

)
=
‖Ā

B̄
‖ ∗
−
〈−

Λ̃
,Ā

B̄
〉−

H
∗ (

Λ̃
)

=
−
H
∗ (

Λ̃
).

T
hu

s,
w

e
ca

n
co

nc
lu

de
(Ā
,B̄

)
=

ar
gm

in
A
,B
L

(A
,B
,Λ̃

).

To
sh

ow
th

e
du

al
co

nd
iti

on
in

L
em

m
a

24
,i

nt
ui

tiv
el

y,
w

e
ne

ed
to

sh
ow

th
at

th
e

an
gl

e
θ

be
tw

ee
n

su
bs

pa
ce
T

an
d

Ψ
is

sm
al

l(
se

e
Fi

gu
re

4)
fo

ra
sp

ec
ifi

c
fu

nc
tio

n
H

(·)
.

T
he

pr
oo

fo
ft

he
du

al
co

nd
iti

on
s

is
si

m
ila

rt
o

th
at

in
A

pp
en

di
x

D
,w

ith
so

m
e

sl
ig

ht
di

ff
er

en
ce

s.
W

e
in

cl
ud

e
th

e
pr

oo
ff

or
co

m
pl

et
en

es
s.

L
em

m
a

26
If

w
e

ca
n

co
ns

tr
uc

ta
n

Λ
su

ch
th

at

(a
)

Λ
∈

Ω
,

(b
)

‖P
T

(−
Λ

)
−

U
V
>
‖ F
≤
√

r

3n
2 (1

)

,

(c
)

‖P
T
⊥
Λ
‖
<

1 3
,

(3
7)

th
en

w
e

ca
n

co
ns

tr
uc

ta
n

Λ̃
su

ch
th

at
(3

6)
ho

ld
s

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
n
−

1
0

(1
)

.
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Pr
oo

f
Su

pp
os

e
th

at
C

on
di

tio
n

(3
7)

ho
ld

s.
Le

tY
=

Λ̃
−

Λ
∈

Ω
be

th
e

pe
rtu

rb
at

io
n

m
at

rix
be

tw
ee

n
Λ

an
d

Λ̃
su

ch
th

at
P T

(−
Λ̃

)
=

Ã
B̃

.S
uc

h
a

Y
ex

is
ts

by
se

tti
ng

Y
=
P Ω
P T

(P
T
P Ω
P T

)−
1
(P
T

(−
Λ

)−
U

V
>

).
So
‖P
T

Y
‖ F
≤
√

r
3
n

2 (1
)

.W
e

no
w

pr
ov

e
C

on
di

tio
n

(3
)i

n
(3

6)
.O

bs
er

ve
th

at

‖P
T
⊥
Λ̃
‖
≤
‖P
T
⊥
Λ
‖+
‖P
T
⊥
Y
‖

≤
1 3
σ
r
(U

V
>

)
+
‖P
T
⊥
Y
‖.

(3
8)

So
w

e
on

ly
ne

ed
to

sh
ow
‖P
T
⊥
Y
‖
≤

1 3
.

B
ef

or
e

pr
oc

ee
di

ng
,w

e
be

gi
n

by
in

tr
od

uc
in

g
Q

Ω
:
R
n

1
×
n

2
→

R
n

1
×
n

2
,w

hi
ch

is
a

no
rm

al
iz

ed
ve

rs
io

n
of
P Ω

,d
efi

ne
d

as
Q

Ω
=
p
−

1
P Ω
−
I.

W
ith

th
is

,w
e

ha
ve

P T
P Ω
P T

=
p
P T

(I
+
Q

Ω
)P
T
.

N
ot

e
th

at
fo

ra
ny

op
er

at
or
P

:
T
→
T

,w
e

ha
ve

P
−

1
=
∑ k
≥

0

(P
T
−
P

)k
w

he
ne

ve
r‖
P T
−
P
‖
<

1.

So
ac

co
rd

in
g

to
T

he
or

em
13

,
th

e
op

er
at

or
p
(P
T
P Ω
P T

)−
1

ca
n

be
re

pr
es

en
te

d
as

a
co

nv
er

ge
nt

N
eu

m
an

n
se

ri
es

p
(P
T
P Ω
P T

)−
1

=
∑ k
≥

0

(−
1)
k
(P
T
Q

Ω
P T

)k
,

be
ca

us
e
‖P
T
Q

Ω
P T
‖
≤
ε
<

1 2
on

ce
m
≥
C
µ
n

(1
)r

lo
g
n

(1
)

fo
ra

su
ffi

ci
en

tly
la

rg
e

ab
so

lu
te

co
ns

ta
nt

C
.W

e
al

so
no

te
th

at
p
(P
T
⊥
Q

Ω
P T

)
=
P T
⊥
P Ω
P T

,

be
ca

us
e
P T
⊥
P T

=
0.

T
hu

s

‖P
T
⊥
Y
‖

=
‖P
T
⊥
P Ω
P T

(P
T
P Ω
P T

)−
1
(P
T

(−
Λ

)
−

U
V
>

))
‖

=
‖P
T
⊥
Q

Ω
P T

p
(P
T
P Ω
P T

)−
1
((
P T

(−
Λ

)
−

U
V
>

))
‖

=
‖∑ k
≥

0

(−
1)
k
P T
⊥
Q

Ω
(P
T
Q

Ω
P T

)k
((
P T

(−
Λ

)
−

U
V
>

))
‖

≤
∑ k
≥

0

‖(
−

1)
k
P T
⊥
Q

Ω
(P
T
Q

Ω
P T

)k
((
P T

(−
Λ

)
−

U
V
>

))
‖ F

≤
‖Q

Ω
‖∑ k
≥

0

‖P
T
Q

Ω
P T
‖k
‖P
T

(−
Λ

)
−

U
V
>

))
‖ F

≤
4 p
‖P
T

(−
Λ

)
−

U
V
>

)‖
F

≤
Θ
( n

1
n

2

m

)√
r

3
n

2 (1
)

≤
1 3
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S

T
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L
IT

Y

w
ith

high
probability.T

he
proofis

com
pleted.

Itthus
suffices

to
constructa

dualcertificate
Λ

such
thatallconditions

in
(37)hold.T

he
proof

follow
s

from
(R

echt,
2011).

Partition
Ω

=
Ω

1 ∪
Ω

2 ∪
...∪

Ω
b

into
b

partitions
of

size
q.

B
y

assum
ption,w

e
m

ay
choose

q≥
128

3
C
β
µ
rn

(1
)
log

n
(1

)
and

b≥
12

log (
24

2n
2(1

) )

fora
sufficiently

large
constant

C
.Let

Ω
j ∼

B
er(q)

denote
the

setofindices
corresponding

to
the

j-
th

partitions.D
efine

W
0

=
U

V
>

and
set

Λ
k

=
n

1
n

2
q

∑
kj=

1 P
Ω
j (W

j−
1 ) ,W

k
=

U
V
>
−
P
T

(Λ
k )

for
k

=
1,2

,...,b.T
hen

by
T

heorem
13,

‖W
k ‖
F

=

∥∥∥∥
W

k−
1 −

n
1 n

2

q
P
T P

Ω
k (W

k−
1 ) ∥∥∥∥

F

=

∥∥∥∥ (P
T
−
n

1 n
2

q
P
T P

Ω
k P
T )

(W
k−

1 ) ∥∥∥∥
F

≤
12κ ‖

W
k−

1 ‖
F
.

So
itfollow

s
that‖W

b ‖
F
≤

(2κ
) −
b‖W

0 ‖
F
≤

(2κ
) −
b √
r≤

√
r

2
4

2
n

2(1
) .

T
he

follow
ing

lem
m

a
togetherim

plies
the

strong
duality

of(18)straightforw
ardly.

L
em

m
a

27
U

nder
the

assum
ptions

ofTheorem
8,the

dualcertification
W

b
obeys

the
dualcondition

(37)w
ith

probability
atleast

1−
n
−

1
0

(1
)

.

Proof
Itisw

ellknow
n

thatform
atrix

com
pletion,the

U
niform

m
odelΩ

∼
U

niform
(m

)isequivalent
to

the
B

ernoullim
odel

Ω
∼

B
er(p

),w
here

each
elem

entin
[n

1 ]×
[n

2 ]is
included

w
ith

probability
p

=
Θ

(m
/
(n

1 n
2 ))

independently;see
A

ppendix
Ifora

briefjustification.B
y

the
equivalence,w

e
can

suppose
Ω
∼

B
er(p

).
O

bserve
thatby

L
em

m
a

16,

‖W
j ‖∞

≤
(

12 )
j‖

U
V
>‖∞

,

and
by

L
em

m
a

17,

‖
W

j ‖∞
,2 ≤

12 √
n

(1
)

µ
r
‖
W

j−
1 ‖∞

+
12 ‖W

j−
1 ‖∞

,2 .

C
om

bining
the

tw
o

leads
to‖W

j ‖∞
,2

≤
(

12 )
j √

n
(1

)

µ
r
‖U

V
>‖∞

+
12 ‖

W
j−

1 ‖∞
,2

≤
j (

12 )
j √

n
(1

)

µ
r
‖U

V
>‖∞

+

(
12 )

j‖
U

V
>‖∞

,2 .
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FF,
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N
D

Z
H

A
N

G

T
herefore,

‖P
T
⊥
Λ
b ‖

≤
b
∑j=

1 ‖
n

1 n
2

q
P
T
⊥ P

Ω
j W

j−
1 ‖

=
b
∑j=

1 ‖P
T
⊥

( n
1 n

2

q
P

Ω
j W

j−
1 −

W
j−

1 )‖

≤
b
∑j=

1 ‖( n
1 n

2

q
P

Ω
j −
I

)(W
j−

1 )‖.

L
et
p

denote
Θ
(

q
n

1
n

2 ).B
y

L
em

m
a

15,

‖P
T
⊥
Λ
b ‖

≤
C
′0

log
n

(1
)

p

b
∑j=

1 ‖W
j−

1 ‖∞
+
C
′0 √

log
n

(1
)

p

b
∑j=

1 ‖
W

j−
1 ‖∞

,2

≤
C
′0

log
n

(1
)

p

b
∑j=

1 (
12 )

j‖
U

V
>‖∞

+
C
′0 √

log
n

(1
)

p

b
∑j=

1 [
j (

12 )
j √

n
(1

)

µ
r
‖
U

V
>‖∞

+

(
12 )

j‖U
V
>‖∞

,2 ]

≤
C
′0

log
n

(1
)

p
‖U

V
>‖∞

+
2
C
′0 √

log
n

(1
)

p

√
n

(1
)

µ
r
‖U

V
>‖∞

+
C
′0 √

log
n

(1
)

p
‖
U

V
>‖∞

,2 .

W
e

note
the

facts
that(assum

e
w

ithoutloss
ofgenerality

that
n

2 ≥
n

1 )

‖U
V
>‖∞

,2
=

m
ax
i
‖e

Ti
U

V
T‖

2
=

m
ax
i
‖
e
Ti
U
‖

2 ≤
√
µ
r

n
1
,

and
that

‖U
V
>‖∞

=
m

ax
ij
〈U

V
>
,e
i e
Tj 〉

=
m

ax
ij
〈e
Ti
U
,e
Tj
V
〉

≤
m

ax
ij
‖
e
Ti
U
‖

2 ‖
e
Tj
V
‖

2 ≤
µ
r

√
n

1 n
2
.

Substituting
p

=
Θ
(
µ
r
n

(1
)

lo
g

2
(n

(1
) )

n
1
n

2

),w
e

obtain‖P
T
⊥
Λ̃
‖
<

13 .T
he

proofis
com

pleted.

W
e

note
thatthe

bi-dualproblem
of

problem
(34)

is
problem

(18);see
A

ppendix
H

.2
for

the
details.

B
y

L
em

m
as

24,26
and

27,w
e

have
Ã

B̃
=

X̃
.

W
e

also
notice

from
T

heorem
1

of
C

hen
(2015)that

X̃
=

X
∗.T

he
proofofT

heorem
8

is
then

com
pleted.
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F.
Pr

oo
fo

fT
he

or
em

9

T
he

or
em

9
(R

ob
us

t
PC

A
.

R
es

ta
te

d)
.

Su
pp

os
e

X
∗

is
n

1
×
n

2
,

ob
ey

s
in

co
he

re
nc

e
(5

)
an

d
(2

0)
.

A
ss

um
e

th
at

th
e

su
pp

or
ts

et
Ω

of
S
∗

is
un

ifo
rm

ly
di

st
ri

bu
te

d
am

on
g

al
ls

et
s

of
ca

rd
in

al
ity
m

.T
he

n
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
cn
−

1
0

(1
)

,t
he

ou
tp

ut
of

th
e

op
tim

iz
at

io
n

pr
ob

le
m

(X̃
,S̃

)
=

ar
gm

in
X
,S
‖X
‖ r
∗

+
λ
‖S
‖ 1
,

s.
t.

D
=

X
+

S
,

(3
9)

w
ith
λ

=
σ
r
(X
∗ )

√
n

(1
)

is
ex

ac
t,

i.e
.,

X̃
=

X
∗

an
d

S̃
=

S
∗ ,

pr
ov

id
ed

th
at

ra
nk

(X
∗ )
≤

ρ
r
n

(2
)

µ
lo

g
2
n

(1
)

an
d
m
≤

ρ
s
n

1
n

2
,w

he
re
c,
ρ
r
,a

nd
ρ
s

ar
e

al
lp

os
iti

ve
ab

so
lu

te
co

ns
ta

nt
s,

an
d

fu
nc

tio
n
‖·
‖ r
∗

is
gi

ve
n

by
(2

1)
.

F.
1.

D
ua

lC
er

tifi
ca

te
s

L
em

m
a

28
A

ss
um

e
th

at
‖P

Ω
P T
‖
≤

1/
2

an
d
λ
<
σ
r
(X
∗ )

.T
he

n
(X
∗ ,

S
∗ )

is
th

e
un

iq
ue

so
lu

tio
n

to
pr

ob
le

m
(9

)i
ft

he
re

ex
is

ts
a

pa
ir

(W
,F

)
fo

r
w

hi
ch

X
∗

+
W

=
λ

(s
ig

n(
S
∗ )

+
F

+
P Ω

K
),

w
he

re
W
∈
T
⊥

,‖
W
‖
≤

σ
r
(X
∗ )

2
,F
∈

Ω
⊥

,‖
F
‖ ∞
≤

1 2
,a

nd
‖P

Ω
K
‖ F
≤

1 4
.

Pr
oo

f
L

et
(X
∗

+
H
,S
∗
−

H
)

be
an

y
op

tim
al

so
lu

tio
n

to
pr

ob
le

m
(3

9)
.

B
y

th
e

de
fin

iti
on

of
th

e
su

bg
ra

di
en

t,
th

e
in

eq
ua

lit
y

fo
llo

w
s

‖X
∗

+
H
‖ r
∗

+
λ
‖S
∗
−

H
‖ 1

≥
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
〈X
∗

+
W
∗ ,

H
〉−

λ
〈s

ig
n(

S
∗ )

+
F
∗ ,

H
〉

=
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
〈X
∗
−
λ

si
gn

(S
∗ )
,H
〉+
〈W

∗ ,
H
〉−

λ
〈F
∗ ,

H
〉

=
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
〈X
∗
−
λ

si
gn

(S
∗ )
,H
〉+

σ
r
(X
∗ )
‖P
T
⊥
H
‖ ∗

+
λ
‖P

Ω
⊥
H
‖ 1

=
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
〈λ

F
+
λ
P Ω

K
−

W
,H
〉+

σ
r
(X
∗ )
‖P
T
⊥
H
‖ ∗

+
λ
‖P

Ω
⊥
H
‖ 1

=
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
σ
r
(X
∗ )

2
‖P
T
⊥
H
‖ ∗

+
λ 2
‖P

Ω
⊥
H
‖ 1
−
λ 4
‖P

Ω
H
‖ F
.

W
e

no
te

th
at

‖P
Ω
H
‖ F
≤
‖P

Ω
P T

H
‖ F

+
‖P

Ω
P T
⊥
H
‖ F

≤
1 2
‖H
‖ F

+
‖P
T
⊥
H
‖ F

≤
1 2
‖P

Ω
H
‖ F

+
1 2
‖P

Ω
⊥
H
‖ F

+
‖P
T
⊥
H
‖ F
,

w
hi

ch
im

pl
ie

st
ha

tλ
4
‖P

Ω
H
‖ F
≤

λ 4
‖P

Ω
⊥
H
‖ F

+
λ 2
‖P
T
⊥
H
‖ F
≤

λ 4
‖P

Ω
⊥
H
‖ 1

+
λ 2
‖P
T
⊥
H
‖ ∗

.T
he

re
-

fo
re

, ‖X
∗

+
H
‖ r
∗

+
λ
‖S
∗
−

H
‖ 1
≥
‖X
∗ ‖
r
∗

+
λ
‖S
∗ ‖

1
+
σ
r
(X
∗ )
−
λ

2
‖P
T
⊥
H
‖ ∗

+
λ 4
‖P

Ω
⊥
H
‖ 1

≥
‖X
∗

+
H
‖ r
∗

+
λ
‖S
∗
−

H
‖ 1

+
σ
r
(X
∗ )
−
λ

2
‖P
T
⊥
H
‖ ∗

+
λ 4
‖P

Ω
⊥
H
‖ 1
,
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G

w
he

re
th

e
se

co
nd

in
eq

ua
lit

y
ho

ld
s

be
ca

us
e

(X
∗

+
H
,S
∗
−

H
)

is
op

tim
al

.T
hu

s
H
∈
T
∩

Ω
.N

ot
e

th
at
‖P

Ω
P T
‖
<

1
im

pl
ie

s
T
∩

Ω
=
{0
}.

T
hi

s
co

m
pl

et
es

th
e

pr
oo

f.

A
cc

or
di

ng
to

L
em

m
a

28
,t

o
sh

ow
th

e
ex

ac
tr

ec
ov

er
ab

ili
ty

of
pr

ob
le

m
(3

9)
,i

ti
s

su
ffi

ci
en

tt
o

fin
d

an
ap

pr
op

ri
at

e
W

fo
rw

hi
ch
          

W
∈
T
⊥
,

‖W
‖
≤

σ
r
(X
∗ )

2
,

‖P
Ω

(X
∗

+
W
−
λ

si
gn

(S
∗ )

)‖
F
≤

λ 4
,

‖P
Ω
⊥

(X
∗

+
W

)‖
∞
≤

λ 2
.

(4
0)

F.
2.

D
ua

lC
er

tifi
ca

tio
n

by
L

ea
st

Sq
ua

re
sa

nd
th

e
G

ol
fin

g
Sc

he
m

e

T
he

re
m

ai
nd

er
of

th
e

pr
oo

fi
s

to
co

ns
tr

uc
tW

su
ch

th
at

th
e

du
al

co
nd

iti
on

(4
0)

ho
ld

s
tr

ue
.B

ef
or

e
in

tr
od

uc
in

g
ou

r
co

ns
tr

uc
tio

n,
w

e
as

su
m

e
Ω
∼

B
er

(p
),

or
eq

ui
va

le
nt

ly
Ω
⊥
∼

B
er

(1
−
p
),

w
he

re
p

is
al

lo
w

ed
be

as
la

rg
e

as
an

ab
so

lu
te

co
ns

ta
nt

.
N

ot
e

th
at

Ω
⊥

ha
s

th
e

sa
m

e
di

st
ri

bu
tio

n
as

th
at

of
Ω

1
∪

Ω
2
∪
..
.
∪

Ω
j 0

,w
he

re
th

e
Ω
j
’s

ar
e

dr
aw

n
in

de
pe

nd
en

tly
w

ith
re

pl
ac

em
en

tf
ro

m
B

er
(q

),
j 0

=
dlo

g
n

(1
)e

,a
nd
q

ob
ey

s
p

=
(1
−
q)
j 0

(q
=

Ω
(1
/

lo
g
n

(1
))

im
pl

ie
s
p

=
O

(1
))

.
W

e
co

ns
tr

uc
t

W
ba

se
d

on
su

ch
a

di
st

ri
bu

tio
n.

O
ur

co
ns

tr
uc

tio
n

se
pa

ra
te

s
W

in
to

tw
o

te
rm

s:
W

=
W

L
+

W
S

.T
o

co
ns

tr
uc

tW
L

,w
e

ap
pl

y
th

e
go

lfi
ng

sc
he

m
e

in
tr

od
uc

ed
in

(G
ro

ss
,2

01
1;

R
ec

ht
,2

01
1)

.S
pe

ci
fic

al
ly

,W
L

is
co

ns
tr

uc
te

d
by

an
in

du
ct

iv
e

pr
oc

ed
ur

e:

Y
j

=
Y
j−

1
+
q−

1
P Ω

j
P T

(X
∗
−

Y
j−

1
),

Y
0

=
0
,

W
L

=
P T
⊥
Y
j 0
.

(4
1)

To
co

ns
tr

uc
tW

S
,w

e
ap

pl
y

th
e

m
et

ho
d

of
le

as
ts

qu
ar

es
by

C
an

dè
s

et
al

.(
20

11
),

w
hi

ch
is

W
S

=
λ
P T
⊥
∑ k
≥

0

(P
Ω
P T
P Ω

)k
si

gn
(S
∗ )
.

(4
2)

N
ot

e
th

at
‖P

Ω
P T
‖
≤

1/
2.

Th
us
‖P

Ω
P T
P Ω
‖
≤

1/
4

an
d

th
e

N
eu

m
an

n
se

rie
s

in
(4

2)
is

w
el

l-d
efi

ne
d.

O
bs

er
ve

th
at
P Ω

W
S

=
λ

(P
Ω
−
P Ω
P T
P Ω

)(
P Ω
−
P Ω
P T
P Ω

)−
1
si

gn
(S
∗ )

=
λ

si
gn

(S
∗ )

.S
o

to
pr

ov
e

th
e

du
al

co
nd

iti
on

(4
0)

,i
ts

uf
fic

es
to

sh
ow

th
at

(a
)
‖W

L
‖
≤
σ
r
(X
∗ )

4
,

(b
)
‖P

Ω
(X
∗

+
W

L
)‖
F
≤
λ 4
,

(c
)
‖P

Ω
⊥

(X
∗

+
W

L
)‖
∞
≤
λ 4
,

(4
3)

an
d

(d
)
‖W

S
‖
≤
σ
r
(X
∗ )

4
,

(e
)
‖P

Ω
⊥
W

S
‖ ∞
≤
λ 4
.

(4
4)
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F.3.ProofofD
ualC

onditions

Since
w

e
have

constructed
the

dual
certificate

W
,the

rem
ainder

is
to

show
that

W
obeys

dual
conditions

(43)and
(44)w

ith
high

probability.W
e

have
the

follow
ing.

L
em

m
a

29
A

ssum
e

Ω
j
∼

B
er(q),

j
=

1,2
,...,j

0 ,and
j
0

=
2dlog

n
(1

) e.
Then

under
the

other
assum

ptions
ofTheorem

9,W
L

given
by

(41)obeys
dualcondition

(43).

Proof
L

et
Z
j

=
P
T

(X
∗−

Y
j )∈

T
.T

hen
w

e
have

Z
j

=
P
T

Z
j−

1 −
q −

1P
T P

Ω
j P
T

Z
j−

1
=

(P
T
−
q −

1P
T P

Ω
j P
T

)Z
j−

1 ,

and
Y
j

=
∑

jk
=

1
q −

1P
Ω
k Z

k−
1 ∈

Ω
⊥

.W
e

set
q

=
Ω

(ε −
2µ
r

log
n

(1
) /n

(2
) ).

P
roofof(a).Itholds

that

‖W
L‖

=
‖P
T
⊥
Y
j
0 ‖
≤

j
0
∑k

=
1 ‖q −

1P
T
⊥ P

Ω
k Z

k−
1 ‖

=

j
0
∑k

=
1 ‖P

T
⊥

(q −
1P

Ω
k Z

k−
1 −

Z
k−

1 )‖

≤
j
0
∑k

=
1 ‖
q −

1P
Ω
k Z

k−
1 −

Z
k−

1 ‖

≤
C
′0 

log
n

(1
)

q

j
0
∑k

=
1 ‖

Z
k−

1 ‖∞
+

√
log

n
(1

)

q

j
0
∑k

=
1 ‖

Z
k−

1 ‖∞
,2 

.
(by

L
em

m
a

15)

W
e

note
thatby

L
em

m
a

16
and

L
em

m
a

17,respectively,

‖
Z
k−

1 ‖∞
≤
(

12 )
k−

1‖
Z

0 ‖∞
,

‖Z
k−

1 ‖∞
,2 ≤

12 √
n

(1
)

µ
r
‖
Z
k−

2 ‖∞
+

12 ‖Z
k−

2 ‖∞
,2 .

T
herefore,

‖
Z
k−

1 ‖∞
,2 ≤

(
12 )

k−
1 √

n
(1

)

µ
r
‖
Z

0 ‖∞
+

12 ‖Z
k−

2 ‖∞
,2

≤
(k−

1) (
12 )

k−
1 √

n
(1

)

µ
r
‖Z

0 ‖∞
+

(
12 )

k−
1‖Z

0 ‖∞
,2 ,
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R
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N
D

Z
H

A
N

G

and
so

w
e

have

‖
W

L‖
≤
C
′0 [

log
n

(1
)

q

j
0
∑k

=
1 (

12 )
k−

1‖Z
0 ‖∞

+

√
log

n
(1

)

q

j
0
∑k

=
1 (

(k−
1) (

12 )
k−

1 √
n

(1
)

µ
r
‖
Z

0 ‖∞
+ (

12 )
k−

1‖
Z

0 ‖∞
,2 )

]

≤
2
C
′0 

log
n

(1
)

q
‖
X
∗‖∞

+

√
n

(1
)
log

n
(1

)

qµ
r

‖
X
∗‖∞

+

√
log

n
(1

)

q
‖
X
∗‖∞

,2 

≤
2
C

0 [
n

(2
)

µ
r
‖X
∗‖∞

+

√
n

1 n
2

µ
r
‖
X
∗‖∞

+

√
n

(2
)

µ
r
‖
X
∗‖∞

,2 ]
(since

q
=

Ω
(µ
r

log
n

(1
) )/n

(2
) )

≤
σ
r (X

∗)
4

,
(by

incoherence
(20))

w
here

w
e

have
used

the
factthat

‖X
∗‖∞

,2 ≤
√
n

(1
) ‖

X
∗‖∞

≤
√

µ
r

n
(2

) σ
r (X

∗).

P
roofof(b).B

ecause
Y
j
0 ∈

Ω
⊥

,w
e

haveP
Ω

(X
∗

+
P
T
⊥
Y
j
0 )

=
P

Ω
(X
∗−
P
T

Y
j
0 )

=
P

Ω
Z
j
0 .It

then
follow

s
from

T
heorem

13
that

‖
Z
j
0 ‖
F
≤
t j

0‖
X
∗‖
F

≤
t j

0 √
n

1 n
2 ‖X

∗‖∞

≤
t j

0 √
n

1 n
2 √

µ
r

n
1 n

2
σ
r (X

∗)

≤
λ8
.

(t j
0≤

e −
2

lo
g
n

(1
)≤

n
−

2
(1

) )

P
roofof(c).B

y
definition,X

∗
+

W
L

=
Z
j
0

+
Y
j
0 .Since

w
e

have
show

n‖Z
j
0 ‖
F
≤
λ
/
8,itsuffices

to
prove‖

Y
j
0 ‖∞

≤
λ
/
8.W

e
have

‖Y
j
0 ‖∞

≤
q −

1
j
0
∑k

=
1 ‖P

Ω
k Z

k−
1 ‖∞

≤
q −

1
j
0
∑k

=
1

ε
k−

1‖X
∗‖∞

(by
L

em
m

a
16)

≤
n

(2
) ε

2

C
0 µ
r

log
n

(1
) √

µ
r

n
1 n

2
σ
r (X

∗)
(by

incoherence
(20))

≤
λ8
,

ifw
e

choose
ε

=
C
(
µ
r
(lo

g
n

(1
) )

2

n
(2

)

)
1
/
4

foran
absolute

constant
C

.T
his

can
be

true
once

the
constant

ρ
r

is
sufficiently

sm
all.
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W
e

no
w

pr
ov

e
th

at
W

S
gi

ve
n

by
(4

2)
ob

ey
s

du
al

co
nd

iti
on

(4
4)

.

L
em

m
a

30
A

ss
um

e
Ω
∼

B
er

(p
).

Th
en

un
de

r
th

e
ot

he
r

as
su

m
pt

io
ns

of
Th

eo
re

m
9,

W
S

gi
ve

n
by

(4
2)

ob
ey

s
du

al
co

nd
iti

on
(4

4)
.

Pr
oo

f
A

cc
or

di
ng

to
th

e
st

an
da

rd
de

-r
an

do
m

iz
at

io
n

ar
gu

m
en

t(
C

an
dè

s
et

al
.,

20
11

),
it

is
eq

ui
va

le
nt

to
st

ud
yi

ng
th

e
ca

se
w

he
n

th
e

si
gn

s
δ i
j

of
S
∗ ij

ar
e

in
de

pe
nd

en
tly

di
st

ri
bu

te
d

as

δ i
j

=

    

1
,

w
.p

.p
/
2,

0
,

w
.p

.1
−
p
,

−
1
,

w
.p

.p
/
2
.

P
ro

of
of

(d
).

R
ec

al
lt

ha
t

W
S

=
λ
P T
⊥
∑ k
≥

0

(P
Ω
P T
P Ω

)k
si

gn
(S
∗ )

=
λ
P T
⊥

si
gn

(S
∗ )

+
λ
P T
⊥
∑ k
≥

1

(P
Ω
P T
P Ω

)k
si

gn
(S
∗ )
.

To
bo

un
d

th
e

fir
st

te
rm

,
w

e
ha

ve
‖s

ig
n(

S
∗ )
‖
≤

4
√
n

(1
)p

as
sh

ow
n

in
(V

er
sh

yn
in

,
20

10
).

So
‖λ
P T
⊥

si
gn

(S
∗ )
‖
≤
λ
‖s

ig
n(

S
∗ )
‖
≤

4√
p
σ
r
(X
∗ )
≤
σ
r
(X
∗ )
/8

.
W

e
no

w
bo

un
d

th
e

se
co

nd
te

rm
.L

et
G

=
∑

k
≥

1
(P

Ω
P T
P Ω

)k
,w

hi
ch

is
se

lf
-a

dj
oi

nt
,a

nd
de

no
te

by
N
n

1
an

d
N
n

2
th

e
1 2
-n

et
s

of
Sn

1
−

1
an

d
Sn

1
−

1
of

si
ze

s
at

m
os

t6
n

1
an

d
6n

2
,r

es
pe

ct
iv

el
y

(L
ed

ou
x,

20
05

).
V

er
sh

yn
in

(2
01

0)
ha

s
sh

ow
n

th
at

‖G
(s

ig
n(

S
∗ )

)‖
=

su
p

x
∈S

n
2
−

1
,y
∈S

n
1
−

1

〈G
(y

x
T

),
si

gn
(S
∗ )
〉

≤
4

su
p

x
∈N

n
2
,y
∈N

n
1

〈G
(y

x
T

),
si

gn
(S
∗ )
〉.

C
on

si
de

r
th

e
ra

nd
om

va
ri

ab
le
X

(x
,y

)
=
〈G

(y
x
T

),
si

gn
(S
∗ )
〉w

hi
ch

ha
s

ze
ro

ex
pe

ct
at

io
n.

B
y

H
oe

ff
di

ng
’s

in
eq

ua
lit

y,
w

e
ha

ve

P
r(
|X

(x
,y

)|
>
t|Ω

)
≤

2
ex

p

( −
2
t2

‖G
(x

y
T

)‖
2 F

)
≤

2
ex

p

( −
2t

2

‖G
‖2
)
.

T
he

re
fo

re
,b

y
a

un
io

n
bo

un
d,

P
r(
‖G

(s
ig

n(
S
∗ )

)‖
>
t|Ω

)
≤

2
×

6
n

1
+
n

2
ex

p

( −
t2

8
‖G
‖2
)
.

N
ot

e
th

at
co

nd
iti

on
ed

on
th

e
ev

en
t{
‖P

Ω
P T
‖
≤
σ
},

w
e

ha
ve
‖G
‖

=
∥ ∥ ∥∑

k
≥

1
(P

Ω
P T
P Ω

)k
∥ ∥ ∥
≤

σ
2

1
−
σ

2
.

So

P
r(
λ
‖G

(s
ig

n(
S
∗ )

)‖
>
t)

≤
2
×

6n
1
+
n

2
ex

p

(
−
t2 8
λ

2

(
1
−
σ

2

σ
2

) 2
)

P
r(
‖P

Ω
P T
‖
≤
σ

)
+

P
r(
‖P

Ω
P T
‖
>
σ

).

T
he

fo
llo

w
in

g
le

m
m

a
gu

ar
an

te
es

th
at

ev
en

t{
‖P

Ω
P T
‖
≤
σ
}h

ol
ds

w
ith

hi
gh

pr
ob

ab
ili

ty
fo

ra
ve

ry
sm

al
la

bs
ol

ut
e

co
ns

ta
nt
σ

.
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L
em

m
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31
(C

an
dè

se
ta

l.
(2

01
1)

,C
or

ol
la

ry
2.

7)
Su

pp
os

e
th

at
Ω
∼

B
er

(p
)

an
d

in
co

he
re

nc
e

(5
)

ho
ld

s.
Th

en
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
n
−

1
0

(1
)

,
‖P

Ω
P T
‖2
≤

p
+
ε,

pr
ov

id
ed

th
at

1
−
p
≥

C
0
ε−

2
µ
r

lo
g
n

(1
)/
n

(2
)

fo
r

an
ab

so
lu

te
co

ns
ta

nt
C

0
.

Se
tti

ng
t

=
σ
r
(X
∗ )

8
,t

hi
s

co
m

pl
et

es
th

e
pr

oo
fo

f(
d)

.

P
ro

of
of

(e
).

R
ec

al
lt

ha
tW

S
=
λ
P T
⊥
∑

k
≥

0
(P

Ω
P T
P Ω

)k
si

gn
(S
∗ )

an
d

so

P Ω
⊥
W

S
=
λ
P Ω
⊥

(I
−
P T

)
∑ k
≥

0

(P
Ω
P T
P Ω

)k
si

gn
(S
∗ )

=
−
λ
P Ω
⊥
P T
∑ k
≥

0

(P
Ω
P T
P Ω

)k
si

gn
(S
∗ )
.

T
he

n
fo

ra
ny

(i
,j

)
∈

Ω
⊥

,w
e

ha
ve

W
S ij

=
〈W

S
,e
ie
T j
〉=

〈
λ

si
gn

(S
∗ )
,−
∑ k
≥

0

(P
Ω
P T
P Ω

)k
P Ω
P T

(e
ie
T j

)〉
.

L
et
X

(i
,j

)
=
−
∑

k
≥

0
(P

Ω
P T
P Ω

)k
P Ω
P T

(e
ie
T j

).
B

y
H

oe
ff

di
ng

’s
in

eq
ua

lit
y

an
d

a
un

io
n

bo
un

d,

P
r

(
su

p
ij
|W

S ij
|>

t|Ω
)
≤

2
∑ ij

ex
p

( −
2
t2

λ
2
‖X

(i
,j

)‖
2 F

)
.

W
e

no
te

th
at

co
nd

iti
on

ed
on

th
e

ev
en

t{
‖P

Ω
P T
‖
≤
σ
},

fo
ra

ny
(i
,j

)
∈

Ω
⊥

,

‖X
(i
,j

)‖
F
≤

1

1
−
σ

2
σ
‖P
T

(e
ie
T j

)‖
F

≤
1

1
−
σ

2
σ
√

1
−
‖P
T
⊥

(e
ie
T j

)‖
2 F

=
1

1
−
σ

2
σ
√

1
−
‖(

I
−

U
U
T

)e
i‖

2 2
‖(

I
−

V
V
T

)e
j
‖2 2

≤
1

1
−
σ

2
σ

√
1
−
( 1
−
µ
r

n
1

)
( 1
−
µ
r

n
2

)

≤
1

1
−
σ

2
σ

√
µ
r

n
1

+
µ
r

n
2
.

T
he

n
un

co
nd

iti
on

al
ly

,

P
r

(
su

p
ij
|W

S ij
|>

t)
≤

2n
1
n

2
ex

p

( −
2t

2

λ
2

(1
−
σ

2
)2
n

1
n

2

σ
2
µ
r(
n

1
+
n

2
))

P
r(
‖P

Ω
P T
‖
≤
σ

)

+
P

r(
‖P

Ω
P T
‖
>
σ

).

B
y

L
em

m
a

31
an

d
se

tti
ng
t

=
λ
/
4,

th
e

pr
oo

fo
f(

e)
is

co
m

pl
et

ed
.
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.ProofofT

heorem
10

O
urcom

putationallow
erbound

forproblem
(P

)(and
(P’))assum

es
the

average-case
hardness

of
SA

T,w
hich

has
been

used
in

(R
azenshteyn

etal.,2016;Song
etal.,2019).

C
onjecture

32
(R

andom
4-SAT,R

azenshteyn
etal.(2016))

Let
c
>

ln
2

be
a

constant.C
onsider

a
random

4-SAT
form

ula
on
n

variables
in

w
hich

each
clause

has
4

literals,and
in

w
hich

each
of

the
1
6n

4
clauses

is
picked

independently
w

ith
probability

c/n
3.Then

any
algorithm

w
hich

alw
ays

outputs
1

w
hen

the
random

form
ula

is
satisfiable,and

outputs
0

w
ith

probability
atleast

1
/2

w
hen

the
random

form
ula

is
unsatisfiable,m

ustrun
in

2
c ′n

tim
e

on
som

e
input,w

here
c ′
>

0
is

an
absolute

constant.

B
ased

on
C

onjecture
32,w

e
have

the
follow

ing
com

putationallow
erbound

forproblem
(P

)(and
(P’)).W

e
show

thatproblem
(P

)
(and

(P’))
is

in
generalhard

for
determ

inistic
algorithm

s.
If

w
e

additionally
assum

e
B

P
P

=
P

,then
the

sam
e

conclusion
holds

forrandom
ized

algorithm
s

w
ith

high
probability.

T
heorem

10
(C

om
putationalL

ow
erB

ound.R
estated).A

ssum
e

C
onjecture

32.Then
there

exists
an

absolute
constant

ε
0
>

0
for

w
hich

any
algorithm

thatachieves
(1

+
ε)O

P
T

in
objective

function
value

for
problem

(P
)(and

(P’))w
ith
ε≤

ε
0 ,and

w
ith

constantprobability,requires
2

Ω
(n

1
+
n

2
)

tim
e,

w
here

O
P

T
is

the
optim

um
.Ifin

addition,B
P

P
=

P
,then

the
sam

e
conclusion

holds
for

random
ized

algorithm
s

succeeding
w

ith
probability

atleast
2/

3.
Proof

Theorem
10

is
proved

by
using

the
hypothesis

thatrandom
4-SAT

is
hard

to
show

hardness
of

the
M

axim
um

E
dge

B
iclique

problem
fordeterm

inistic
algorithm

s.T
he

sam
e

construction
is

used
forboth

problem
(P

)and
problem

(P’),so
w

e
only

presentthe
proofforthe

form
erin

the
follow

ing.

D
efinition

33
(M

axim
um

E
dge

B
iclique)

The
problem

is

Input:
A

n
n

-by-n
bipartite

graph
G

.

O
utput:

A
k

1 -by-k
2

com
plete

bipartite
subgraph

of
G

,such
that

k
1 ·k

2
is

m
axim

ized.

G
oerdt

and
L

anka
(2004)

show
ed

that
under

the
random

4-SA
T

assum
ption

there
exist

tw
o

constants
1
>
ε
1
>
ε
2
>

0
such

thatno
efficientdeterm

inistic
algorithm

isable
to

distinguish
betw

een
bipartite

graphs
G

(U
,V
,E

)
w

ith|U
|
=
|V
|
=
n

w
hich

have
a

clique
ofsize≥

(n
/16)

2(1
+
ε
1 )

and
those

in
w

hich
allbipartite

cliques
are

of
size≤

(n
/16)

2(1
+
ε
2 ).

T
he

reduction
uses

a
bipartite

graph
G

w
ith

atleast
tn

2
edges

w
ith

large
probability,fora

constant
t.

G
iven

a
bipartite

graph
G

(U
,V
,E

),
define

H
(·)

as
follow

s.
D

efine
the

m
atrix

Y
and

W
:

Y
ij

=
1

if
edge

(U
i ,V

j )∈
E

,
Y
ij

=
0

if
edge

(U
i ,V

j )6∈
E

;
W

ij
=

1
if

edge
(U

i ,V
j )∈

E
,and

W
ij

=
poly(n

)
if

edge
(U

i ,V
j )6∈

E
.

C
hoose

a
large

enough
constant

β
>

0
and

let
H

(A
B

)
=

β
∑

ij
W

2ij (Y
ij −

(A
B

)
ij )

2.
N

ow
,if

there
exists

a
biclique

in
G

w
ith

at
least

(n
/
16)

2(1
+
ε
1 )

edges,then
the

num
ber

of
rem

aining
edges

is
atm

ost
tn

2−
(n
/
16)

2(1
+
ε
1 ),and

so
the

solution
to

m
in
H

(A
B

)
+

12 ‖
A

B
‖

2F
has

costatm
ost

β
[tn

2−
(n
/16

)
2(1

+
ε
1 )]

+
n

2.
O

n
the

other
hand,

if
there

does
notexista

biclique
thathas

m
ore

than
(n
/
16)

2(1
+
ε
2 )

edges,then
the

num
ber

of
rem

aining
edges

is
atleast

(n
/
16)

2(1
+
ε
2 ),and

so
any

solution
to

m
in
H

(A
B

)
+

12 ‖
A

B
‖

2F
has

costatleast
β

[tn
2−

(n
/16)

2(1
+
ε
2 )].C

hoose
β

large
enough

so
that

β
[tn

2−
(n
/16)

2(1
+
ε
2 )]

>
β

[tn
2−

(n
/
1
6
)
2(1

+
ε
1 )]+

n
2.Thiscom

bined
w

ith
the

resultin
(G

oerdtand
Lanka,2004)com

pletes
the

prooffordeterm
inistic

algorithm
s.
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B
A

L
C

A
N

,L
IA

N
G

,S
O

N
G

,W
O

O
D

R
U

FF,
A

N
D

Z
H

A
N

G

To
rule

outrandom
ized

algorithm
s

running
in

tim
e

2
α

(n
1
+
n

2
)

for
som

e
function

α
of
n

1 ,n
2

for
w

hich
α

=
o(1),observe

thatw
e

can
define

a
new

problem
w

hich
is

the
sam

e
as

problem
(P

)
exceptthe

inputdescription
of
H

is
padded

w
ith

a
string

of
1’s

oflength
2

(α
/
2
)(n

1
+
n

2
).This

string
is

irrelevantforsolving
problem

(P
)butchanges

the
inputsize

to
N

=
p

oly
(n

1 ,n
2 )

+
2

(α
/
2
)(n

1
+
n

2
).

B
y

the
argum

entin
the

previous
paragraph,any

determ
inistic

algorithm
stillrequires

2
Ω

(n
)

=
N
ω

(1
)

tim
e

to
solve

this
problem

,
w

hich
is

super-polynom
ial

in
the

new
input

size
N

.
H

ow
ever,

if
a

random
ized

algorithm
can

solve
itin

2
α

(n
1
+
n

2
)tim

e,then
itruns

in
p

oly
(N

)
tim

e.T
his

contradicts
the

assum
ption

thatB
P

P
=

P
.T

his
com

pletes
the

proof.

H
.D

ualand
B

i-D
ualProblem

s

In
this

section,w
e

w
illpresentthe

dualand
bi-dualproblem

s
of
r ∗

m
inim

ization
and

nuclearnorm
m

inim
ization,respectively.

H
.1.

r ∗
M

inim
ization

W
e

derive
the

dualand
bi-dualproblem

s
ofnon-convex

program
(P

).A
ccording

to
(7),the

prim
al

problem
(P

)is
equivalentto

m
in

A
,B

m
ax
Λ

12 ‖−
Λ
−

A
B
‖

2F
−

12 ‖
Λ
‖

2F
−
H
∗(Λ

).

T
herefore,the

dualproblem
is

given
by

m
ax
Λ

m
in

A
,B

12 ‖−
Λ
−

A
B
‖

2F
−

12 ‖Λ
‖

2F
−
H
∗(Λ

)

=
m

ax
Λ

12

n
(2

)
∑i=
r
+

1

σ
2i (−

Λ
)−

12 ‖
Λ
‖

2F
−
H
∗(Λ

)

=
m

ax
Λ
−

12 ‖
Λ
‖

2r −
H
∗(Λ

),
(D

1
)

w
here‖

Λ
‖

2r
=
∑

ri=
1
σ

2i (Λ
).T

he
bi-dualproblem

is
derived

by

m
in

M
m

ax
Λ
,Λ
′ −

12 ‖
Λ
‖

2r −
H
∗(Λ

′)
+
〈M

,Λ
′−

Λ
〉

=
m

in
M

m
ax
−

Λ

[〈M
,−

Λ
〉−

12 ‖−
Λ
‖

2r ]
+

m
a
x

Λ
′

[〈M
,Λ
′〉−

H
∗(Λ

′) ]

=
m

in
M
‖M
‖
r∗

+
H

(M
),

(D
2
)

w
here

‖M
‖
r∗

=
m

ax
X 〈M

,X
〉−

12 ‖
X
‖

2r
is

a
convex

function,
and

the
argum

ent
H

(M
)

=
m

ax
Λ
′[〈M

,Λ
′〉−

H
∗(Λ

′)]holds
by

the
definition

ofconjugate
function.
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e.
D
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)

an
d

P
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P
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1
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P
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P
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∑
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P
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≤

P
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P
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P
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P
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m
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1
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2
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>
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m
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e

le
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rn
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g

p
ro

b
le

m
s.

C
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n
t
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va

n
ce
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op
ti

m
iz

at
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n
u
n
d
er

u
n
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ai

n
ty
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av

e
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ed
m

an
y

n
ew
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h
in

e
le
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in
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o
d
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s.
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ro
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a
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tu
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l

p
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f

v
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w
,
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y
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ti
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l

le
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rn

in
g
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s
g
iv

e
n
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tu

ra
ll
y

ri
se

to
st

o
ch
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st
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o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
s.

In
d
ee

d
,

th
ey
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im

to
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n
d

a
n

es
ti

m
a
to

r
fr

o
m

w
it

h
in

a
p

re
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ri
b

ed
h
y
p

o
th

es
is

sp
a
ce

th
a
t
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in
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iz
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th

e
ex

p
ec

te
d

va
lu

e
o
f

so
m

e
lo

ss
fu

n
ct

io
n

.
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h
e
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n
ct
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n
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u
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n
ti
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th
e
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ti
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s
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b
il
it

y
to
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rr
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tl
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p
re
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n
d
o
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o
u
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u
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.e
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d

ep
en

d
en
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va

ri
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or
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b
el
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fr

om
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n
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om
in

p
u
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.e
.,

in
d
ep

en
d

en
t

va
ri
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le

s
or

fe
at

u
re

s)
.

U
n
fo

rt
u
n
at

el
y,

su
ch

st
o
ch
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ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
s
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n
n
ot

b
e

so
lv

ed
ex

ac
tl

y
b
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au

se
th

e
in

p
u
t-

o
u
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u
t

d
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tr
ib

u
ti

o
n
,

w
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ic

h
is

n
ee

d
ed

to
ev

a
lu
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te

th
e

ex
p
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te
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lo

ss
in

th
e

o
b
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ct
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e
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h
n

a
n

d
P

ey
m

a
n

M
o
h

a
je

ri
n

E
sf

a
h

a
n

i.
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p
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c
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b
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tt
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n
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u
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en
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ro
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p
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h
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S
h
a
f
ie
e
z
a
d
e
h
-A

b
a
d
e
h
a
n
d

K
u
h
n
a
n
d

M
o
h
a
je
r
in

E
sf
a
h
a
n
i

fu
n
ct

io
n
,

is
n
o
t

a
cc

es
si

b
le

a
n
d

o
n
ly

in
d
ir

ec
tl

y
o
b
se

rv
a
b
le

th
ro

u
g
h

fi
n
it

el
y

m
a
n
y

tr
a
in

in
g

sa
m

p
le

s.
A

p
p
ro

x
im

at
in

g
th

e
ex

p
ec

te
d

lo
ss

w
it

h
th

e
em

p
ir

ic
al

lo
ss

,
th

at
is

,
th

e
av

er
ag

e
lo

ss
a
cr

o
ss

a
ll

tr
a
in

in
g

sa
m

p
le

s,
y
ie

ld
s

fr
a
g
il

e
es

ti
m

a
to

rs
th

a
t

a
re

se
n

si
ti

v
e

to
p

er
tu

rb
a
ti

o
n

s
in

th
e

d
at

a
an

d
su

ff
er

fr
om

ov
er

fi
tt

in
g.

R
eg

u
la

ri
za

ti
on

is
th

e
st

an
d
ar

d
re

m
ed

y
to

co
m

b
at

ov
er

fi
tt

in
g.

R
eg

u
la

ri
ze

d
le

ar
n
in

g
m

o
d
el

s
m

in
im

iz
e

th
e

su
m

o
f

th
e

em
p
ir

ic
a
l

lo
ss

a
n
d

a
p

en
a
lt

y
fo

r
h
y
p

o
th

es
is

co
m

p
le

x
it

y,
w

h
ic

h
is

ty
p
ic

a
ll
y

ch
o
se

n
a
s

a
n
o
rm

o
f

th
e

h
y
p

o
th

es
is

.
T

h
er

e
is

a
m

p
le

em
p
ir

ic
a
l

ev
id

en
ce

th
a
t

re
g
u
la

ri
za

ti
o
n

re
d
u
ce

s
a

m
o
d
el

’s
g
en

er
a
li
za

ti
o
n

er
ro

r.
S
ta

ti
st

ic
a
l

le
a
rn

in
g

th
eo

ry
re

a
so

n
s

th
a
t

re
g
u
la

ri
za

ti
o
n

im
p
li
ci

tl
y

re
st

ri
ct

s
th

e
h
y
p

o
th

es
is

sp
a
ce

,
th

er
eb

y
co

n
tr

o
ll
in

g
th

e
g
a
p

b
et

w
ee

n
th

e
tr

a
in

in
g

er
ro

r
a
n
d

th
e

te
st

in
g

er
ro

r,
se

e,
e.

g.
,

B
a
rt

le
tt

a
n
d

M
en

d
el

so
n

(2
0
0
2
).

H
ow

ev
er

,
al

te
rn

at
iv

e
ex

p
la

n
at

io
n
s

fo
r

th
e

p
ra

ct
ic

al
su

cc
es

s
of

re
gu

la
ri

za
ti

on
ar

e
p

os
si

b
le

.
In

p
ar

ti
cu

la
r,

id
ea

s
fr

om
m

o
d

er
n

ro
b

u
st

op
ti

m
iz

at
io

n
(B

en
-T

al
et

al
.

(2
00

9)
)

re
ce

n
tl

y
le

d
to

a
fr

es
h

p
er

sp
ec

ti
ve

on
re

gu
la

ri
za

ti
on

.

R
ob

u
st

re
gr

es
si

on
an

d
cl

as
si

fi
ca

ti
on

m
o
d

el
s

se
ek

es
ti

m
at

or
s

th
at

ar
e

im
m

u
n
iz

ed
ag

ai
n

st
a
d
v
er

sa
ri

a
l

p
er

tu
rb

a
ti

o
n

s
in

th
e

tr
a
in

in
g

d
a
ta

.
T

h
ey

h
av

e
re

ce
iv

ed
co

n
si

d
er

a
b
le

a
tt

en
ti

o
n

si
n
ce

th
e

se
m

in
al

tr
ea

ti
se

on
ro

b
u
st

le
as

t-
sq

u
ar

es
re

gr
es

si
on

b
y

E
l

G
h
ao

u
i

an
d

L
eb

re
t

(1
99

7)
,

w
h

o
se

em
to

b
e

th
e

fi
rs

t
au

th
or

s
to

d
is

co
ve

r
an

in
ti

m
at

e
co

n
n

ec
ti

on
b

et
w

ee
n

ro
b
u

st
ifi

ca
ti

on
a
n
d

re
g
u
la

ri
za

ti
o
n
.

S
p

ec
ifi

ca
ll
y,

th
ey

sh
ow

th
a
t

m
in

im
iz

in
g

th
e

w
o
rs

t-
ca

se
re

si
d
u
a
l

er
ro

r
w

it
h

re
sp

ec
t

to
a
ll

p
er

tu
rb

a
ti

o
n
s

in
a

F
ro

b
en

iu
s

n
o
rm

-u
n
ce

rt
a
in

ty
se

t
is

eq
u
iv

a
le

n
t

to
a

T
ik

h
on

ov
re

gu
la

ri
za

ti
on

p
ro

ce
d
u
re

.
X

u
et

al
.

(2
01

0)
d
is

cl
os

e
a

si
m

il
ar

eq
u
iv

al
en

ce
b

et
w

ee
n

ro
b
u
st

le
a
st
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q
u
a
re
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n
w
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h

a
fe

a
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e
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d
ep
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t
u
n
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a
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t
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n
d

th
e
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b
ra

te
d

L
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so
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st
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lu
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ri

n
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d
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io
n

op
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)
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m

.
L
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b
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re
ta
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,
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n
d

L
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w
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s
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la
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h
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il
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p
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b
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w

it
h

d
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n
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th
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t
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u

p
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s.
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t
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o
n
,

X
u
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a
l.
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)

p
ro
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e
a
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n
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g
e

b
et

w
ee
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b
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o
n
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n
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a
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n

sc
h

em
e
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p
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r
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h
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p
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b
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re
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p
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b
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d
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b
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d
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b
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b
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b
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t
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,
a

fa
m
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y
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d
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u
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n
s
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n
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en
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w
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n
p
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at
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e
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n
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g.
,

C
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afi
or
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an

d
E

l
G

h
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u
i
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,

D
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a
g
e

a
n
d

Y
e

(2
0
1
0
),

G
o
h
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n
d

S
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0
1
0
),

W
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m

a
n
n

et
a
l.

(2
0
1
4
)

a
n
d

th
e

re
fe

re
n
ce

s
th

er
ei

n
.

A
m

b
ig

u
it

y
se

ts
ar

e
of

te
n

ch
ar

ac
te

ri
ze

d
th

ro
u
gh

ge
n
er
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iz

ed
m

om
en

t
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n
d
it

io
n
s.

F
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in
st
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n
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,
L

a
n
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ri
et
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a
l.

(2
0
0
2
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)

p
ro

p
o
se

a
d
is

tr
ib

u
ti

o
n
a
ll
y

ro
b
u
st

m
in

im
a
x

p
ro

b
a
b
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y
m

a
ch
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e
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r

b
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cl
a
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ti
o
n
,

w
h
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e
b

o
th
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a
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es
a
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d
ed

b
y

th
e

fi
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t
a
n
d

se
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n
d

m
om

en
ts

of
th
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r

fe
at

u
re

s,
an

d
th

e
go

al
is

to
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n
d

a
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n
ea

r
cl
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si

fi
er

th
at

m
in

im
iz
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th

e
w

or
st

-
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m
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si
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ca

ti
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er
ro

r
in
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w
of
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l
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b
le

in
p
u
t

d
is

tr
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u
ti

on
s
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n
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st
en

t
w

it
h

th
e
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n
m

om
en

t
in
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rm

at
io

n
.

B
y

co
n
st

ru
ct
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n
,

th
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ap
p
ro

ac
h

fo
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es
th

e
w

or
st

-c
as

e
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of
b

ot
h
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to
b

e
eq

u
al

.
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.
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p
ro

p
os

e
a
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n
er

al
iz

at
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n
of

th
e

m
in
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p
ro

b
ab

il
it

y
m

ac
h

in
e

th
at
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lo

w
s

fo
r

u
n

ev
en

w
or

st
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as
e
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fi
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cu
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es

.
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et
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.
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)
ex
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n
d

th
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in
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ax
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ro
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il
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y
m
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h
in
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to
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u
n
t
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r
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ti
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at

io
n
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ro
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in

th
e
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ve
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or
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ri
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s.
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d
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R
e
g
u
l
a
r
iz
a
t
io
n
v
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M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

m
in

im
ax

p
rob

ab
ility

m
ach

in
es

for
regression

an
d

featu
re

selection
,

resp
ectively.

S
h
ivasw

am
y

et
al.

(2006)
stu

d
y

lin
ear

classifi
cation

p
rob

lem
s

train
ed

w
ith

in
com

p
lete

an
d

n
oisy

featu
res,

w
h

ere
ea

ch
tra

in
in

g
sa

m
p

le
is

m
o
d

eled
b
y

a
n

a
m

b
ig

u
o
u

s
d

istrib
u

tio
n

w
ith

k
n

ow
n

fi
rst

a
n

d
seco

n
d

-o
rd

er
m

o
m

en
ts.

T
h

e
a
u

th
o
rs

p
ro

p
o
se

to
a
d

d
ress

su
ch

cla
ssifi

ca
tio

n
p

ro
b

lem
s

w
ith

a
d
istrib

u
tio

n
a
lly

ro
b
u
st

so
ft

m
a
rg

in
su

p
p

o
rt

v
ecto

r
m

a
ch

in
e

a
n
d

th
en

p
rov

e
th

a
t

it
is

eq
u
ivalen

t
to

a
classical

rob
u
st

su
p
p

ort
vector

m
ach

in
e

w
ith

a
featu

re-w
ise

u
n
certain

ty
set.

F
a
rn

ia
a
n
d

T
se

(2
0
1
6
)

in
v
estig

a
te

d
istrib

u
tio

n
a
lly

ro
b
u
st

lea
rn

in
g

m
o
d
els

w
ith

m
o
m

en
t

a
m

b
ig

u
ity

sets
th

a
t

restrict
th

e
m

a
rg

in
a
l

o
f

th
e

fea
tu

res
to

th
e

em
p
irica

l
m

a
rg

in
a
l.

T
h
e

a
u
th

o
rs

h
igh

ligh
t
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ilarities

an
d

d
iff

eren
ces

to
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l
regression

m
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b
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ity
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u
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s
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t
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u
tation
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b
u
t

fail
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verge
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a
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w
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e
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u
m

b
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N
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g
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T
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u
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p
reclu
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y
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m

p
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A
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b
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b
ility

d
ista

n
ce

fu
n
ctio

n
s

a
n
d

to
d
riv

e
th

eir
ra

d
ii

to
zero

a
s
N

g
row

s.
E

x
a
m

p
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b
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b
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d
G
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K
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con
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d
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b
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b
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b
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d
efi

n
ed

a
s

th
e

m
in

im
u
m

cost
of

tran
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b
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s.
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e
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m
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p
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n
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b
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et
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F
o
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g

M
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h
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E
sfa
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d
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b
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e

em
p
irica

l
d
istrib

u
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in
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b
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u
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t

ca
n

b
e

co
n
v
erted

to
th

e
(d

iscrete)
em

p
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tion
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sserstein
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n
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m
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in
e
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in
g

to
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m
p
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g
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o
r

ex
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p
le,
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u
b
n
er

et
a
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0
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)
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th
e

W
a
sserstein

d
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n
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m
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a
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e
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lication
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to
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d
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to
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p
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W
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d
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etw
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im

en
sion
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d
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u
tion
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for
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an
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p
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te
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b
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een
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l
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ro
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b
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u
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n
s
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e

W
a
sserstein
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n
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b
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d
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u
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u
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b
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p
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b
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e
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g
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y
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b
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d
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u
tion
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st
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p
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s
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a
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d
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m
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b
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d
e
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d
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u
h
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d
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o
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r
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d

u
e
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L

u
o
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n

d
M
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ro

tra
(2

0
1
9
).

S
u

p
p

o
rt

v
ecto

r
m

a
ch

in
e

m
o
d

els
w

ith
d

istrib
u

-
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n
a
lly

ro
b
u

st
ch
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ce

co
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stra

in
ts

ov
er

W
a
sserstein

a
m

b
ig

u
ity

sets
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d

ied
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y

L
ee

a
n
d

M
eh

ro
tra

(2
0
1
5
).

T
h
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m

o
d
els

a
re

eq
u

iva
len

t
to

h
a
rd

sem
i-in

fi
n

ite
p
ro

g
ra

m
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n

d
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n
b

e
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ap
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rox

im
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sserstein

a
m

b
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p
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r
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r
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l
p
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p
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F
o
r
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a
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p
le,

F
o
u
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ier

a
n

d
G

u
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1
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)

p
rov

e
th
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e

em
p
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l
d
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u
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n
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n
N
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g
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p
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n
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W
a
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d
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ra
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p
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b
alls

con
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u
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p
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u
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p
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tru
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d
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u
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h

a
jerin
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n
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u
h
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1
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).
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la
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)
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ra
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g
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b
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con
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th
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d
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p
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th
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n
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m
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o
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d
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b
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d
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b
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a
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b
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b
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c
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b
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b
u
st

reg
ressio

n
a
n
d

cla
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u
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b
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p
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b
le

a
n
d

th
u
s

o
ff

er
a
n

effi
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u
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a
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ra
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b
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b
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b
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re
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e
g
u

la
riz

a
tio

n
T

e
ch

n
iq

u
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d
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b
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b
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d
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d
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u
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p
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n
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b
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p
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b
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d
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b
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h
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p
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n
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p
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R
e
g
u
l
a
r
iz
a
t
io
n
v
ia

M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

b
etw

een
th

e
ou

tp
u
t

p
red

icted
b
y
h

(x
)

an
d

th
e

actu
al

ou
tp

u
t
y

for
a

p
articu

lar
in

p
u
t-ou

tp
u
t

p
a
ir

(x
,y

).
A

n
y

su
ch

algorith
m

solves
a

m
in

im
ization

p
rob

lem
of

th
e

form

in
f

h∈
H {

1N

N
∑i=

1

`(h
(x̂

i ),ŷ
i )

=
E
P̂
N

[`(h
(x

),y
)] }

,
(1)

w
h

ere
P̂
N

=
1N

∑
Ni=

1
δ

(x̂
i ,ŷ
i )

d
en

o
tes

th
e

em
p
irica

l
d
istribu

tio
n

,
th

a
t

is,
th

e
u

n
ifo

rm
d

istri-
b
u
tio

n
o
n

th
e

tra
in

in
g

d
a
ta

.
F

o
r

d
iff

eren
t

ch
o
ices

o
f

th
e

th
e

lo
ss

fu
n
ctio

n
`,

th
e

g
en

eric
su

p
erv

ised
lea

rn
in

g
p
ro

b
lem

(1)
red

u
ces

to
d
iff

eren
t

p
o
p
u
la

r
reg

ressio
n

a
n
d

cla
ssifi

ca
tio

n
p
ro

b
lem

s
fro

m
th

e
literatu

re.

E
x
a
m
p
l
e
s
o
f
R
e
g
r
e
ssio

n
M
o
d
e
l
s

F
o
r

ea
se

o
f

ex
p

o
sitio

n
,

w
e

fo
cu

s
h
ere

o
n

lea
rn

in
g

m
o
d
els

w
ith

X
⊆

R
n

a
n
d
Y
⊆

R
,

w
h
ere

H
is

set
to

th
e

sp
a
ce

o
f

a
ll

lin
ea

r
h
y
p

o
th

eses
h

(x
)

=
〈w
,x〉

w
ith

w
∈
R
n
.

T
h
u

s,
th

ere
is

a
o
n

e-to
-o

n
e

co
rresp

o
n

d
en

ce
b

etw
een

h
y
p

o
th

eses
a
n

d
w

eig
h
t

v
ecto

rs
w

.
M

o
reov

er,
w

e
fo

cu
s

on
loss

fu
n

ction
s

of
th

e
form

`(h
(x

),y
)

=
L

(h
(x

)−
y
)

=
L

(〈w
,x〉)−

y
)

th
at

are
gen

erated
b
y

a
u
n
iva

ria
te

loss
fu

n
ction

L
.

1
.

A
rich

class
of

ro
bu

st
regressio

n
p

rob
lem

s
is

ob
tain

ed
from

(1)
if
`

is
gen

erated
b
y

th
e

H
u

ber
lo

ss
fu

n
ctio

n
w

ith
rob

u
stn

ess
p
aram

eter
δ
>

0,
w

h
ich

is
d
efi

n
ed

as
L

(z
)

=
12 z

2
if

|z|≤
δ;

=
δ(|z|−

12 δ)
oth

erw
ise.

N
ote

th
at

th
e

H
u
b

er
loss

fu
n
ction

is
b

oth
con

vex
an

d
sm

o
oth

an
d

red
u
ces

to
th

e
sq

u
ared

loss
L

(z
)

=
12 z

2
for

δ↑
∞

,
w

h
ich

is
rou

tin
ely

u
sed

in
ord

in
ary

least
sq

u
ares

regression
.

P
rob

lem
(1)

w
ith

sq
u
ared

loss
seek

s
a

h
y
p

oth
esis

w
u
n
d
er

w
h
ich
〈w
,x〉

ap
p
rox

im
ates

th
e

m
ean

of
y

con
d
ition

al
on
x

.
T

h
e

H
u
b

er
loss

fu
n
ctio

n
for

fi
n
ite

δ
favors

sim
ilar

h
y
p

oth
eses

b
u
t

is
less

sen
sitiv

e
to

ou
tliers.

2
.

T
h
e

su
p
po

rt
vecto

r
regressio

n
p
rob

lem
(S

m
ola

an
d

S
ch

ölkop
f,

2004)
em

erges
as

a
sp

ecial
ca

se
o
f

(1
)

if
`

is
g
en

era
ted

b
y

th
e
ε-in

sen
sitive

lo
ss

fu
n

ctio
n
L

(z
)

=
m

ax{
0
,|z|−

ε}
w

ith
ε≥

0
.

In
th

is
settin

g
,

a
tra

in
in

g
sa

m
p
le

(x̂
i ,ŷ

i )
is

p
en

a
lized

in
(1)

o
n
ly

if
th

e
ou

tp
u
t〈w

,x̂
i 〉

p
red

icted
b
y

h
y
p

oth
esis

w
d
iff

ers
from

th
e

tru
e

ou
tp

u
t
ŷ
i

b
y

m
ore

th
an

ε.
S
u
p
p

ort
vector

regression
th

u
s

seek
s

h
y
p

oth
eses

w
u
n
d
er

w
h
ich

all
train

in
g

sam
p
les

resid
e

w
ith

in
a

slab
of

w
id

th
2ε

cen
tered

arou
n
d

th
e

h
y
p

erp
lan

e{(x
,y

)
:〈w

,x〉
=
y}.

3
.

T
h

e
qu

a
n

tile
regressio

n
p

rob
lem

(K
o
en

ker,
2005)

is
ob

tain
ed

from
(1)

if
`

is
gen

erated
b
y

th
e

p
in

ba
ll

lo
ss

fu
n

ctio
n
L

(z
)

=
m

ax{−
τ
z
,(1−

τ
)z}

d
efi

n
ed

for
τ
∈

[0,1].
Q

u
an

tile
reg

ressio
n

seek
s

h
y
p

o
th

eses
th

a
t

a
p
p
rox

im
a
te

th
e
τ
×

1
0
0
%

-q
u
a
n
tile

o
f

th
e

o
u
tp

u
t

con
d
ition

al
on

th
e

in
p
u
t.

M
ore

p
recisely,

it
seek

s
h
y
p

oth
eses

w
for

w
h
ich

τ×
100%

of
a
ll

tra
in

in
g

sam
p
les

lie
in

th
e

h
alfsp

ace
{
(x
,y

)
:〈w

,x〉≥
y}.

E
x
a
m
p
l
e
s
o
f
C
l
a
ssif

ic
a
t
io
n
M
o
d
e
l
s

W
e

fo
cu

s
h

ere
on

lin
ear

learn
in

g
m

o
d

els
w

ith
X
⊆

R
n

an
d
Y

=
{+

1,−
1}

,
w

h
ere

H
is

again
id

en
tifi

ed
w

ith
th

e
sp

a
ce

o
f

a
ll

lin
ea

r
h
y
p

o
th

eses
h

(x
)

=
〈w
,x〉

w
ith

w
∈

R
n
.

M
o
reov

er,
w

e
fo

cu
s

o
n

lo
ss

fu
n
ctio

n
s

o
f

th
e

fo
rm

`(x
,y

)
=
L

(y
h

(x
))

=
L

(y〈w
,x〉)

g
en

era
ted

b
y

a
u
n
iva

riate
lo

ss
fu

n
ction

L
.
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S
h
a
f
ie
e
z
a
d
e
h
-A

b
a
d
e
h
a
n
d

K
u
h
n
a
n
d

M
o
h
a
je
r
in

E
sfa

h
a
n
i

1.
T

h
e

su
p
po

rt
vecto

r
m

a
ch

in
e

p
ro

b
lem

(C
o
rtes

a
n

d
V

a
p

n
ik

,
1
9
9
5
)

is
o
b

ta
in

ed
fro

m
(1)

if
`

is
gen

erated
b
y

th
e

h
in

ge
lo

ss
fu

n
ctio

n
L

(z
)

=
m

ax{
0,1−

z},
w

h
ich

is
large

if
z

is
sm

a
ll.

T
h
u

s,
a

tra
in

in
g

sa
m

p
le

(x̂
i ,ŷ

i )
is

p
en

a
lized

in
(1)

if
th

e
o
u

tp
u

t
sign

(〈w
,x̂

i 〉)
p

red
icted

b
y

h
y
p

oth
esis

w
an

d
th

e
tru

e
ou

tp
u

t
ŷ
i

h
ave

op
p

osite
sign

s.
M

ore
p

recisely,
su

p
p

o
rt

v
ecto

r
m

a
ch

in
es

seek
h
y
p

o
th

eses
w

u
n
d
er

w
h
ich

th
e

in
p
u
ts

o
f

a
ll

tra
in

in
g

sa
m

p
les

w
ith

o
u
tp

u
t

+
1

resid
e

in
th

e
h
a
lfsp

a
ce
{
x

:〈w
,x〉≥

1},
w

h
ile

th
e

in
p
u

ts
o
f

train
in

g
sam

p
les

w
ith

ou
tp

u
t−

1
are

con
fi
n
ed

to
{
x

:〈w
,x〉≤

−
1}

.

2.
A

n
altern

ative
su

p
p

ort
vector

m
ach

in
e

p
rob

lem
is

ob
tain

ed
from

(1)
if
`

is
gen

erated
b
y

th
e

sm
oo

th
h
in

ge
lo

ss
fu

n
ctio

n
,

w
h

ich
is

d
efi

n
ed

as
L

(z
)

=
12 −

z
if
z
≤

0;
=

12 (1−
z
)
2

if
0
<
z
<

1
;

=
0

o
th

erw
ise.

T
h
e

sm
o
o
th

h
in

g
e

lo
ss

in
h
erits

m
a
n
y

p
ro

p
erties

o
f

th
e

o
rd

in
a
ry

h
in

g
e

lo
ss

b
u
t

h
a
s

a
co

n
tin

u
o
u
s

d
eriva

tiv
e.

T
h
u
s,

it
m

ay
b

e
a
m

en
a
b
le

to
faster

op
tim

ization
algorith

m
s.

3.
T

h
e

logistic
regressio

n
p
ro

b
lem

(H
o
sm

er
et

a
l.,

2
0
1
3
)

em
erg

es
a
s

a
sp

ecia
l

ca
se

o
f

(1)
if
`

is
g
en

era
ted

b
y

th
e

loglo
ss

fu
n

ctio
n
L

(z
)

=
log

(1
+
e −

z),
w

h
ich

is
la

rg
e

if
z

is
sm

a
ll—

sim
ila

r
to

th
e

h
in

g
e

lo
ss

fu
n
ctio

n
.

In
th

is
ca

se
th

e
o
b

jectiv
e

fu
n
ctio

n
o
f

(1)
ca

n
b

e
v
iew

ed
a
s

th
e

lo
g
-lik

elih
o
o
d

fu
n
ctio

n
co

rresp
o
n
d
in

g
to

th
e

lo
g
istic

m
o
d
el

P
(y

=
1|x

)
=

[1
+

ex
p
(−
〈w
,x〉)] −

1
fo

r
th

e
co

n
d
itio

n
a
l

p
ro

b
a
b
ility

o
f
y

=
1

g
iv

en
x

.
T

h
u
s,

logistic
regression

allow
s

u
s

to
learn

th
e

con
d
ition

al
d
istrib

u
tion

of
y

given
x

.

R
e
m

a
rk

1
(C

o
n
v
e
x

a
p

p
ro

x
im

a
tio

n
)

N
o
te

th
a
t

th
e

h
in

ge
lo

ss
a
n

d
th

e
loglo

ss
fu

n
ctio

n
s

rep
resen

t
co

n
vex

a
p
p
ro

xim
a
tio

n
s

fo
r

th
e

(d
isco

n
tin

u
o
u

s)
on

e-zero
loss

d
efi

n
ed

th
ro

u
gh
L

(z
)

=
1

if
z
≤

0;
=

0
o
th

erw
ise.

In
p
ra

ctice
th

ere
m

ay
b

e
m

a
n
y

h
y
p

o
th

eses
th

a
t

a
re

co
m

p
a
tib

le
w

ith
th

e
g
iv

en
tra

in
in

g
d
a
ta

a
n
d

th
u
s

a
ch

iev
e

a
sm

a
ll

em
p
irica

l
lo

ss
in

(1).
A

n
y

su
ch

h
y
p

o
th

esis
w

o
u
ld

a
ccu

ra
tely

p
red

ict
o
u
tp

u
ts

fro
m

in
p
u
ts

w
ith

in
th

e
tra

in
in

g
d
a
ta

set
(D

efo
u
rn

y
,

2
0
1
0
).

H
ow

ev
er,

d
u
e

to
ov

erfi
ttin

g
,

th
ese

h
y
p

o
th

eses
m

ig
h
t

co
n
stitu

te
p

o
o
r

p
red

icto
rs

beyo
n

d
th

e
tra

in
in

g
d
a
ta

set,
th

at
is,

on
in

p
u
ts

th
at

h
ave

n
ot

yet
b

een
record

ed
in

th
e

d
atab

ase.
M

ath
em

atically,
even

if

th
e

in
-sa

m
p
le

erro
r
E
P̂
N

[`(〈w
,x〉,y

)]
o
f

a
g
iv

en
h
y
p

o
th

esis
w

is
sm

a
ll,

th
e

o
u
t-o

f-sa
m

p
le

erro
r
E
P

[`(〈w
,x〉,y

)]
w

ith
resp

ect
to

th
e

u
n
k
n
ow

n
tru

e
in

p
u
t-o

u
tp

u
t

d
istrib

u
tio

n
P

m
ay

b
e

large.
R

egu
larization

is
th

e
stan

d
ard

rem
ed

y
to

com
b
at

overfi
ttin

g.
In

stead
of

n
äıvely

m
in

im
iz-

in
g

th
e

in
-sa

m
p

le
erro

r
a
s

is
d

o
n

e
in

(1),
it

m
ay

th
u

s
b

e
a
d
v
isa

b
le

to
so

lv
e

th
e

reg
u

la
rized

learn
in

g
p
rob

lem

in
f
w
E
P̂
N

[`(〈w
,x〉,y

)]+
c

Ω
(w

),
(2)

w
h
ich

m
in

im
izes

th
e

su
m

of
th

e
em

ip
rial

average
loss

an
d

a
p

en
alty

for
h
p

oth
esis

com
p
lex

ity,
w

h
ich

co
n
sists

o
f

a
reg

u
la

riza
tio

n
fu

n
ctio

n
Ω

(w
)

a
n
d

its
a
sso

cia
ted

reg
u
la

riza
tio

n
w

eig
h
t

c.
T

ik
h

o
n

ov
reg

u
la

riza
tio

n
(T

ik
h

o
n

ov
et

a
l.,

1
9
7
7
),

fo
r

ex
a
m

p
le,

co
rresp

o
n

d
s

to
th

e
ch

o
ice

Ω
(w

)
=
‖Γ
w
‖

22
for

som
e

T
ik

h
on

ov
m

atrix
Γ
∈
R
n×

n
.

S
ettin

g
Γ

to
th

e
id

en
tity

m
atrix

gives
rise

to
sta

n
d
a
rd
L

2 -reg
u

la
riza

tio
n

.
S

im
ila

rly,
L

a
sso

(lea
st

a
b

so
lu

te
sh

rin
ka

g
e

a
n

d
selectio

n
o
p

era
to

r)
reg

u
la

riza
tio

n
o
r
L

1 -reg
u
la

riza
tio

n
(T

ib
sh

ira
n
i,

1
9
9
6
)

is
o
b
ta

in
ed

b
y

settin
g

Ω
(w

)
=
‖w
‖

1 .
L

a
sso

reg
u
la

riza
tio

n
h
a
s

g
a
in

ed
p

o
p
u
la

rity
b

eca
u
se

it
fav

o
rs

p
a
rsim

o
n
io

u
s

in
terp

retab
le

h
y
p

oth
eses.
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R
e
g
u
l
a
r
iz
a
t
io
n
v
ia

M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

M
os

t
p

op
u

la
r

re
gu

al
iz

at
io

n
m

et
h

o
d

s
ad

m
it

p
ro

b
ab

il
is

ti
c

in
te

rp
re

ta
ti

on
s.

H
ow

ev
er

,
th

es
e

in
te

rp
re

ta
ti

on
s

ty
p
ic

al
ly

re
ly

on
p
ri

or
d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

th
at

re
m

ai
n

to
so

m
e

ex
te

n
t

a
rb

it
ra

ry
(e

.g
.,
L

2
-

a
n
d
L

1
-r

eg
u
la

ri
za

ti
o
n

ca
n

b
e

ju
st

ifi
ed

if
w

is
g
ov

er
n
ed

b
y

a
G

a
u
ss

ia
n

o
r

L
a
p
la

ci
a
n

p
ri

o
r

d
is

tr
ib

u
ti

o
n
,

re
sp

ec
ti

v
el

y
(T

ib
sh

ir
a
n
i,

1
9
9
6
))

.
T

h
u
s,

in
sp

it
e

o
f

th
ei

r
m

an
y

d
es

ir
ab

le
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

,
th

er
e

is
a

co
n
se

n
su

s
th

at
“m

o
st

o
f

th
e

(r
eg

u
la

ri
za

ti
o
n

)
m

et
h
od

s
u

se
d

su
cc

es
sf

u
ll

y
in

p
ra

ct
ic

e
a
re

h
eu

ri
st

ic
m

et
h
od

s”
(A

b
u
-M

os
ta

fa
et

a
l.
,

20
12

).

2
.2

.
A

N
e
w

P
e
rs

p
e
c
ti

v
e

o
n

R
e
g
u

la
ri

z
a
ti

o
n

W
h
en

li
n

ea
r

h
y
p

ot
h
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ar

e
u
se

d
,
p
ro

b
le

m
(1

)
m

in
im

iz
es

th
e

in
-s

am
p
le

er
ro

r
E
P̂
N
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(〈w

,x
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y
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H

ow
ev

er
,

a
h
y
p

ot
h

es
is
w
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y
in

g
a

lo
w

in
-s

am
p

le
er

ro
r
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ay
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il
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ff
er
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a
h

ig
h

ou
t-

of
-
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m

p
le
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ro

r
E
P

[`
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w
,x
〉,
y
)]

d
u

e
to

ov
er

fi
tt

in
g.

T
h

is
is

u
n

fo
rt

u
n

at
e

as
w

e
se

ek
h
y
p

ot
h

es
es

th
a
t

o
ff

er
h
ig

h
p
re

d
ic

ti
o
n

a
cc

u
ra

cy
o
n

fu
tu

re
d
a
ta

,
m

ea
n
in

g
th

a
t

th
e

o
u
t-

o
f-

sa
m

p
le

er
ro

r
is

th
e

a
ct

u
a
l

q
u
a
n
ti

ty
o
f

in
te

re
st

.
A

n
id

ea
l

le
a
rn

in
g

m
o
d
el

w
o
u
ld

th
er

ef
o
re

m
in

im
iz

e
th

e
ou

t-
of

-s
am

p
le

er
ro

r.
T

h
is

is
im

p
os

si
b
le

,
h
ow

ev
er

,
fo

r
th

e
fo

ll
ow

in
g

re
as

on
s:

•
T

h
e

tr
u
e

in
p
u
t-

o
u
tp

u
t

d
is

tr
ib

u
ti

o
n
P

is
u
n
k
n
ow

n
a
n
d

o
n
ly

in
d
ir

ec
tl

y
o
b
se

rv
a
b
le

th
ro

u
g
h

th
e
N

tr
a
in

in
g

sa
m

p
le

s.
T

h
u
s,

w
e

la
ck

es
se

n
ti

a
l

in
fo

rm
a
ti

o
n

to
co

m
p
u
te

th
e

ou
t-

of
-s

am
p
le

er
ro

r.

•
E

v
en

if
th

e
d
is

tr
ib

u
ti

o
n
P

w
a
s

k
n
ow

n
,

co
m

p
u
ti

n
g

th
e

o
u
t-

o
f-

sa
m

p
le

er
ro

r
w

o
u
ld

ty
p
ic

a
ll
y

b
e

h
a
rd

d
u
e

to
th

e
in

tr
a
ct

a
b
il
it

y
o
f

h
ig

h
-d

im
en

si
o
n
a
l

in
te

g
ra

ti
o
n
;

se
e,

e.
g.

,
(H

an
as

u
sa

n
to

et
al

.,
20

16
,

C
or

ol
la

ry
1)

.

T
h
e

re
gu

la
ri

ze
d

lo
ss
E
P̂
N

[`
(〈w

,x
〉,
y
)]

+
c

Ω
(w

)
u
se

d
in

(2
),

w
h
ic

h
co

n
si

st
s

of
th

e
in

-s
am

p
le

er
ro

r
an

d
an

ov
er

fi
tt

in
g

p
en

al
ty

,
ca

n
b

e
v
ie

w
ed

as
an

in
-s

am
p
le

es
ti

m
at

e
of

th
e

ou
t-

of
-s

am
p
le

er
ro

r.
Y

et
,

p
ro

b
le

m
(2

)
re

m
ai

n
s

d
iffi

cu
lt

to
ju

st
if

y
ri

go
ro

u
sl

y.
T

h
er

ef
or

e,
w

e
ad

vo
ca

te
h
er

e
a

m
o
re

p
ri

n
ci

p
le

d
a
p
p
ro

a
ch

to
re

g
u
la

ri
za

ti
o
n
.

S
p

ec
ifi

ca
ll
y,

w
e

p
ro

p
o
se

to
ta

k
e

in
to

a
cc

o
u
n
t

th
e

ex
p

ec
te

d
lo

ss
o
f

h
y
p

o
th

es
is
w

u
n
d
er

ev
er

y
d
is

tr
ib

u
ti

o
n
Q

th
a
t

is
cl

o
se

to
th

e
em

p
ir

ic
a
l

d
is

tr
ib

u
ti

o
n
P̂
N

,
th

a
t

is
,

ev
er

y
Q

th
a
t

co
u
ld

h
av

e
g
en

er
a
te

d
th

e
tr

a
in

in
g

d
a
ta

w
it

h
h
ig

h
co

n
fi
d
en

ce
.

T
o

th
is

en
d
,

w
e

fi
rs

t
in

tr
o
d
u
ce

a
d
is

ta
n
ce

m
ea

su
re

fo
r

d
is

tr
ib

u
ti

on
s.

F
or

ea
se

of
n
ot

at
io

n
,

w
e

h
en

ce
fo

rt
h

d
en

ot
e

th
e

in
p
u
t-

ou
tp

u
t

p
ai

r
(x
,y

)
b
y
ξ
,

an
d

w
e

se
t

Ξ
=

X
×

Y
.

D
e
fi

n
it

io
n

2
(W

a
ss

e
rs

te
in

m
e
tr

ic
)

T
h
e

W
a
ss

er
st

ei
n

d
is

ta
n

ce
be

tw
ee

n
tw

o
d
is

tr
ib

u
ti

o
n

s
Q

a
n

d
Q
′

su
p
po

rt
ed

o
n

Ξ
is

d
efi

n
ed

a
s

W
(Q
,Q
′ )

:=
in

f
Π

{ ∫

Ξ
2

d
(ξ
,ξ
′ )

Π
(d
ξ
,d
ξ
′ )

:
Π

is
a

jo
in

t
d
is

tr
ib

u
ti

o
n

o
f
ξ

a
n

d
ξ
′

w
it

h
m

a
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in
a
ls
Q

a
n

d
Q
′ ,

re
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ec
ti

ve
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}
,

w
h
er

e
d

is
a

m
et

ri
c

o
n

Ξ
.

B
y

d
efi

n
it
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n
,
W

(Q
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′ )

re
p
re

se
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e
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lu
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n
it

e-
d
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en
si
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al

tr
an

sp
or
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ti
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p
ro

b
le

m
,
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,
it
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p
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d
s

to
th

e
m
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r
m
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g
th

e
d
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tr
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u
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Q
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w
h
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r
m
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g
a

u
n
it

p
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b
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il
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y
m
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s
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ξ
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ξ
′ i

s
gi

ve
n

b
y

th
e

tr
an

sp
or

ta
ti

on
d
is

ta
n
ce

d
(ξ
,ξ
′ )

.
D

u
e

to
th

is
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te
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re
ta
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o
n
,

th
e

m
et

ri
c
d

is
o
ft

en
re
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rr

ed
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a
s

th
e

tr
a
n
sp

o
rt

a
ti

o
n
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st

(V
il
la

n
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20
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)
or
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n
d

m
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ri
c

(C
u
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ri
an

d
A

v
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,
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),

w
h
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e

th
e

W
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se
rs
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et

ri
c

is
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et

im
es
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m
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n

d
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n
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r
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h
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d
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n
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u
b
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S
h
a
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z
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d
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h
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b
a
d
e
h
a
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d

K
u
h
n
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n
d

M
o
h
a
je
r
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E
sf
a
h
a
n
i

C
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si
d
er
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ow

th
e

W
as

se
rs

te
in

b
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l
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ra
d
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s
ρ
≥

0
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n
d
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e

em
p
ir

ic
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d
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tr
ib

u
ti
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P̂
N

,

B
ρ
(P̂

N
)

=
{ Q

:
Q
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)

=
1,
W

(Q
,P̂

N
)
≤
ρ
} ,

(3
)

w
h
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h
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l
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p
u
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u
t

d
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ib

u
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Q
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p
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Ξ
w
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W
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d
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N
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ρ
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T
h
is

m
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s
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Q

ca
n

b
e
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d
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P̂
N
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r

v
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e
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t
ρ
.

T
h
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e
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gh
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b
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in
d
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n
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e
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d
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p
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p
Q
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)
E
Q
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,x
〉,
y
)]
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n
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u
p
p
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n
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n
d
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p
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r
E
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y
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.
T

h
is

m
ot
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at
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u
s

to
in

tr
o
d
u
ce

a
n
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ze
d
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n
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g
m

o
d
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,
w

h
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h
m

in
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p
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ci
se

ly
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is
w
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st

-c
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e
ex

p
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ta
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on
.

in
f
w

su
p

Q
∈B

ρ
(P̂
N

)

E
Q

[`
(〈
w
,x
〉,
y
)]

(4
)

P
ro

b
le

m
(4

)
re

p
re

se
n
ts

a
d
is

tr
ib

u
ti

o
n
a
ll
y

ro
b
u
st

co
n
v
ex

p
ro

g
ra

m
o
f

th
e

ty
p

e
co

n
si

d
er

ed
in

(M
oh

a
je

ri
n

E
sf

ah
an

i
an

d
K

u
h

n
,

20
18

).
N

ot
e

th
at

if
`(
〈w
,x
〉,
y
)

is
co

n
ve

x
in
w

fo
r

ev
er

y
fi
x
ed

(x
,y

),
i.

e.
,
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`

is
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n
v
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in
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s
fi
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t
a
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u
m
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t,
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en
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e

o
b
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ct
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e
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n
ct
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n

o
f

(4
)
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n
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x
b
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n
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x
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y
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p
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u
n
d
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n
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d

m
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at
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n
.

N
o
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a
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o
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a
t
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ρ
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t
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ro

,
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en
(4

)
co

ll
a
p
se

s
to

th
e

u
n
re

g
u
la

ri
ze

d
in

-s
a
m

p
le

er
ro

r
m
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iz
a
ti

o
n

p
ro

b
le

m
(1

).

R
e
m

a
rk

3
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u
p

p
o
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a
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o
n

)
T

h
e

u
n
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a
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t
Ξ
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s

p
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n
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e

ra
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o
f
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e
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p
u

ts
a
n

d
o
u
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.
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im

a
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p
ro
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r
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a
m

p
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,
p
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in

te
n
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ti
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n
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o
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r
a
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o
w

n
in
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a
l.

S
im

il
a
rl

y,
in

d
ia
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o
st
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m
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e,

p
h
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l
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ra
m
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s
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a
s
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d
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u
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se
o
r

ch
o
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st
er

o
l
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n
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n
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a
ti

o
n

s
a
re

re
st
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ct

ed
to

be
n

o
n

-n
eg

a
ti

ve
.

S
o
m

et
im

es
it
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a
ls

o
u

se
fu

l
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n

st
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ct
Ξ

a
s

a
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n
fi

d
en
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t
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a
t
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ve

rs
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e
su

p
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o
f
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w
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h
a

p
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d

p
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.
S

u
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n
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d
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se
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a
re
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n
st
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ed
a
s
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p
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a
s
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o
n

s
o
f

d
iff

er
en

t
n

o
rm

ba
ll

s
(B

en
-T

a
l

et
a
l.

,
2
0
0
9
;

D
el

a
ge

a
n

d
Y

e,
2
0
1
0
)

o
r

a
s

su
bl

ev
el

se
ts

o
f

ke
rn

el
ex

pa
n

si
o
n

s
(S

ch
ö
lk

o
p

f
et

a
l.

,
2
0
0
1
).

In
th

e
re

m
ai

n
d
er

w
e

es
ta

b
li
sh

th
at

th
e

d
is

tr
ib

u
ti

on
al

ly
ro

b
u
st

le
ar

n
in

g
p
ro

b
le

m
(4

)
h
as

se
v
er

a
l

d
es

ir
a
b
le

p
ro

p
er

ti
es

.
(i

)
P

ro
b
le

m
(4

)
is
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m

p
u
ta
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o
n
a
ll
y

tr
a
ct

a
b
le

u
n
d
er
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a
n
d
a
rd

a
ss

u
m

p
ti

o
n
s

a
b

o
u
t

th
e
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fu
n
ct
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n
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e
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p
u
t-
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u
tp

u
t
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a
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Ξ
a
n
d
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e
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a
n
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c
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.

F
o
r
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c
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o
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o
f
d
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ev

en
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d
u
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s
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a
re

g
u
la
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d
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a
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g

p
ro

b
le
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o
f
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e
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(2
).
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u
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a
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a
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n
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n
s
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v
ie
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S
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o
n

2
.1

,
a
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g
h
t
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n
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a
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v
e
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p
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x
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at
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n
of

(4
)
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rn
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le
,

th
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,
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n
b

e
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ed
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p
li
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y
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er

h
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h
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n
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n
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r
h
y
p

ot
h
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th
e
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m

e
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m
p
u
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q
u
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ed
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r
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n
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r
h
y
p

ot
h
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.
(i

ii
)

L
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er
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g

m
o
d
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n
m
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n
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n
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at
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n
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e
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m
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n
b
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p
p
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p
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b
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o
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a
ce

in
o
rd

er
to

es
ta

b
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b
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a
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a
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ra
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m

(4
)
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p
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v
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ŷ k
a
n

d
sa

ti
sfi

es
|L
′ (
〈w
,x̂

k
〉−

ŷ k
)|

=
li
p
(L

).

R
e
m

a
rk

1
1

(M
in

im
a
l

d
is

p
e
rs

io
n

)
A

ss
u

m
p
ti

o
n

1
0

is
re

m
in

is
ce

n
t

o
f

th
e

n
o
n

-s
ep

a
ra

bi
li

ty
co

n
d
it

io
n

in
(X

u
et

a
l.

,
2
0
0
9
,

T
h
eo

re
m

3
),

w
h
ic

h
is

n
ec

es
sa

ry
to

p
ro

ve
th

e
eq

u
iv

a
le

n
ce

o
f

ro
bu

st
a
n

d
re

gu
la

ri
ze

d
su

p
po

rt
ve

ct
o
r

m
a
ch

in
es

.
In

th
e

re
gr

es
si

o
n

co
n

te
xt

st
u

d
ie

d
h
er

e,
A

ss
u

m
p
ti

o
n

1
0

en
su

re
s

th
a
t,

fo
r

ev
er

y
w

,
th

er
e

ex
is

ts
a

tr
a
in

in
g

sa
m

p
le

th
a
t

a
ct

iv
a
te

s
th

e
la

rg
es

t
a
bs

o
lu

te
sl

o
pe

o
f
L

.

F
o
r

in
st

a
n

ce
,

in
su

p
po

rt
ve

ct
o
r

re
gr

es
si

o
n

,
it

m
ea

n
s

th
a
t

fo
r

ev
er

y
w

th
er

e
ex

is
ts

a
d
a
ta

po
in

t
o
u

ts
id

e
o
f

th
e

sl
a
b

o
f

w
id

th
2ε
/‖

(w
,−

1)
‖ 2

ce
n

te
re

d
a
ro

u
n

d
th

e
h
yp

er
p
la

n
e
H
w

=
{(
x
,y

)
∈
R
n
×
R

:
〈w
,x
〉−

y
=

0}
(i

.e
.,

th
e

em
p
ir

ic
a
l
ε-

in
se

n
si

ti
ve

lo
ss

is
n

o
t

ze
ro

).
S

im
il

a
rl

y,
in

ro
bu

st
re

gr
es

si
o
n

w
it

h
th

e
H

u
be

r
lo

ss
fu

n
ct

io
n

,
A

ss
u

m
p
ti

o
n

1
0

st
ip

u
la

te
s

th
a
t

fo
r

ev
er

y
w

th
er

e
ex

is
ts

a
d
a
ta

po
in

t
o
u

ts
id

e
o
f

th
e

sl
a
b

o
f

w
id

th
2δ
/‖

(w
,−

1)
‖ 2

ce
n

te
re

d
a
ro

u
n

d
H
w

.
H

o
w

ev
er

,
qu

a
n

ti
le

re
gr

es
si

o
n

w
it

h
τ
6=

0
.5

fa
il

s
to

sa
ti

sf
y

A
ss

u
m

p
ti

o
n

1
0
.

In
d
ee

d
,

fo
r

a
n

y
tr

a
in

in
g

d
a
ta

se
t

th
er

e
a
lw

a
ys

ex
is

ts
so

m
e
w

su
ch

th
a
t

a
ll

d
a
ta

po
in

ts
re

si
d
e

o
n

th
e

si
d
e

o
f

H
w

w
h
er

e
th

e
p
in

ba
ll

lo
ss

fu
n

ct
io

n
is

le
ss

st
ee

p
.

T
h

e
o
re

m
1
2

(R
o
b

u
st

re
g
re

ss
io

n
)

If
Ξ

=
R
n

+
1

a
n

d
th

e
lo

ss
fu

n
ct

io
n
L

(z
)

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s,
th

en
th

e
w

o
rs

t-
ca

se
ex

pe
ct

ed
lo

ss
(1

3)
p
ro

vi
d
es

a
n

u
p
pe

r
bo

u
n

d
o
n

th
e

(r
o
bu

st
)

w
o
rs

t-
ca

se
lo

ss

          

su
p

∆
x
i
,∆
y
i

1 N

N ∑ i=
1

[L
(〈
w
,x̂

i
+

∆
x
i〉
−
ŷ i
−

∆
y i

)]

s.
t.

1 N

N ∑ i=
1

‖(
∆
x
i,

∆
y i

)‖
≤
ρ
.

(1
5
)

M
o
re

o
ve

r,
if

A
ss

u
m

p
ti

o
n

1
0

h
o
ld

s,
th

en
(1

3)
a
n

d
(1

5)
a
re

eq
u

a
l.

R
e
m

a
rk

1
3

(T
ra

c
ta

b
il
it

y
o
f

ro
b

u
st

re
g
re

ss
io

n
)

A
ss

u
m

e
th

a
t

Ξ
=

R
n

+
1
,

w
h
il

e
L

a
n

d
‖·
‖

bo
th

a
d
m

it
a

tr
a
ct

a
bl

e
co

n
ic

re
p
re

se
n

ta
ti

o
n

.
B

y
T

h
eo

re
m

4
,

th
e

w
o
rs

t-
ca

se
ex

p
ec

te
d

lo
ss

(1
3)

ca
n

th
en

be
co

m
p
u

te
d

in
po

ly
n

o
m

ia
l

ti
m

e
by

so
lv

in
g

a
tr

a
ct

a
bl

e
co

n
ve

x
p

ro
gr

a
m

.
T

h
eo

re
m

1
2

th
u

s
im

p
li

es
th

a
t

th
e

w
o
rs

t-
ca

se
lo

ss
(2

8)
ca

n
a
ls

o
be

co
m

p
u

te
d

in
po

ly
n

o
m

ia
l

ti
m

e
if

A
ss

u
m

p
ti

o
n

1
0

h
o
ld

s.
T

o
o
u

r
be

st
kn

o
w

le
d
ge

,
th

er
e

ex
is

ts
n

o
ge

n
er

ic
effi

ci
en

t
m

et
h
od

fo
r

co
m

p
u

ti
n

g
(2

8)
if

A
ss

u
m

p
ti

o
n

1
0

fa
il

s
to

h
o
ld

a
n

d
L

is
n
o
t

p
ie

ce
w

is
e

a
ffi

n
e.

T
h
is

re
in

fo
rc

es
o
u

r
be

li
ef

th
a
t

a
d
is

tr
ib

u
ti

o
n

a
ll

y
ro

bu
st

a
p
p
ro

a
ch

to
re

gr
es

si
o
n

is
m

o
re

n
a
tu

ra
l.

1
4

JM
L

R
 2

0(
10

3)
:1

-6
8,

 2
01

9



R
e
g
u
l
a
r
iz
a
t
io
n
v
ia

M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

3
.2

.
D

istrib
u

tio
n

a
lly

R
o
b

u
st

L
in

e
a
r

C
la

ssifi
c
a
tio

n

T
h
ro

u
g
h
o
u
t

th
is

sectio
n

w
e

fo
cu

s
o
n

lin
ea

r
cla

ssifi
ca

tio
n

p
ro

b
lem

s,
w

h
ere

`(〈w
,x〉,y

)
=

L
(y〈w

,x〉)
for

som
e

con
vex

u
n
ivariate

loss
fu

n
ction

L
.

W
e

also
assu

m
e

th
atX

is
b

oth
con

vex
a
n
d

clo
sed

a
n
d

th
a
t
Y

=
{
+

1
,−

1}
.

M
o
reov

er,
w

e
a
ssu

m
e

th
a
t

th
e

tra
n

sp
o
rta

tio
n

m
etric

d
is

d
efi

n
ed

v
ia

d
((x

,y
),(x

′,y ′))
=
‖x
−
x
′‖

+
κ
1
{
y6=
y ′} ,

(16)

w
h
ere‖·‖

rep
resen

ts
a

n
orm

on
th

e
in

p
u
t

sp
ace

R
n
,

an
d
κ
>

0
q
u
an

tifi
es

th
e

cost
of

sw
itch

in
g

a
la

b
el.

In
th

is
settin

g
,

th
e

d
istrib

u
tio

n
a
lly

ro
b
u
st

cla
ssifi

ca
tio

n
p
ro

b
lem

(4)
a
d
m

its
a
n

eq
u
ivalen

t
reform

u
lation

as
a

fi
n
ite

con
vex

op
tim

ization
p
rob

lem
if

eith
er

(i)
th

e
u
n
ivariate

lo
ss

fu
n
ctio

n
L

is
p
iecew

ise
a
ffi

n
e

o
r

(ii)
X

=
R
n

a
n
d
L

is
L

ip
sch

itz
co

n
tin

u
o
u
s

(b
u
t

n
o
t

n
ecessa

rily
p
iecew

ise
affi

n
e).

T
h

e
o
re

m
1
4

(D
istrib

u
tio

n
a
lly

ro
b

u
st

lin
e
a
r

c
la

ssifi
c
a
tio

n
)

T
h
e

fo
llo

w
in

g
sta

tem
en

ts
h
o
ld

.

(i)
If
L

(z
)

=
m

ax
j∈
J {a

j z
+
b
j }

,
th

en
(4)

is
equ

iva
len

t
to



in
f

w
,λ
,s
i

p
+ij ,p
−ij

λ
ρ

+
1N

N
∑i=

1

s
i

s.t.
S
X

(a
j ŷ
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t
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r
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t
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−
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l

re
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∞
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a
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∞
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p
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p
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ra
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R
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(ŷ
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.
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p
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p
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p
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‖ ∗
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≥
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≥
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b
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b
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d
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b
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d
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w
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d
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c
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+
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∈
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∈
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∈
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∈
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∈
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∈
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∈
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d
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ŷ
i
)

+
α
− ij
?
δ (
x̂
i
−
q
− ij
?
/
α
− ij
?
,
−
ŷ
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N ∑ i=
1

α
i

=
ρ
−
γ

0
≤
α
i
≤

1
i
∈
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≥
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=
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,ŷ
k
)

fo
r

so
m

e
k
≤
N

su
ch

th
a
t

th
e

d
er

iv
a
ti

ve
L
′ e

xi
st

s
a
t
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h
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th
e

fu
n
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n
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∈
H
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n
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H
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ed
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∈
X
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T
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e

R
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rep
resen
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th

en
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p
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th
at
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x
∈
X

th
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a
u
n
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u
e
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(x

)∈
H
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th
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h
(x

)
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〈h
,Φ
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∈
H
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W

e
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en
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Φ
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m
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p
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X
→
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+

w
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k
(x
,x
′)

=
〈Φ
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th
e
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el

fu
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.
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n
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th
e
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fu
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ction
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m
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p
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efi

n
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th
at
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el
m

a
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∈
R
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d
efi
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K
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d
efi
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⊆
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.

B
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M
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ore-A
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an
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an
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d
efi
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H
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⊆
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e
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=
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∀
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N
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β
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∞
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,

w
h
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th

e
in

n
er

p
ro

d
u
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of
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fu
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ction
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h
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H
w

ith
h
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)

=
∑
∞i=
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β
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∞j=

1
β
i k

(x
i ,x
′j )β
′j .

O
n
e

m
ay

n
ow

u
se

th
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d
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h
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o
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m
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b
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e
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d
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′∈

X
.

In
su

m
m

a
ry,

g
iv

en
a

sy
m

m
etric

a
n
d

p
o
sitiv

e
d
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Φ
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p
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w
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p
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d
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b
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b
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∈
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(P̂
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E
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b
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b
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b
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b
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∈
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∈
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∈
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∈
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y
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∈
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e
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H
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en
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H
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T
h
u
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th
e

lifted
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in
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p
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lem
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b
e
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resen

ted
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Ĵ
H

(ρ
)
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h∈

H
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p
Q
∈
B
ρ
(P̂

HN
)

E
Q

[`(〈h
,x

H 〉H
,y

)],
(30)

w
h
ere

P̂
HN

=
1/N

∑
Ni=

1
δ

(Φ
(x̂
i ),ŷ

i )
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H
×
Y

d
en
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e
p
u
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forw
ard

m
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re
of

th
e

em
p
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d
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u
tio
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P̂
N

u
n
d
er

th
e

fea
tu

re
m

a
p

Φ
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d
u
ced

b
y
k
,

w
h
ile
B
ρ (P̂

HN
)
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n
stitu

tes
th

e

W
asserstein

b
all
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iu
s
ρ

arou
n
d
P̂

HN
corresp

on
d
in

g
to

th
e

tran
sp

ortation
m

etric

d
H
((x

H
,y

),(x
′H
,y ′) )

=

{
√
‖x

H
−
x
′H ‖

2H
+

(y−
y ′)

2
for

reg
ression

p
rob

lem
s,

‖x
H
−
x
′H ‖

H
+
κ
1
{
y6=
y ′}

for
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cation
p
ro

b
lem

s.

E
ven

th
ou

gh
P̂

HN
con

stitu
tes

th
e

p
u
sh

forw
ard

m
easu

re
of
P̂
N

u
n
d
er

Φ
,

n
ot

every
d
istrib

u
tion

Q
H
∈
B
ρ (P̂

HN
)

ca
n

b
e

o
b
ta

in
ed

a
s

th
e

p
u
sh

fo
rw

a
rd

m
ea

su
re

o
f

so
m

e
Q
∈
B
ρ (P̂

N
).

T
h
u
s,

w
e

sh
o
u
ld

n
o
t

ex
p

ect
(29)

to
b

e
eq

u
iva

len
t

to
(30).

In
stea

d
,

o
n
e

ca
n

sh
ow

th
a
t

u
n
d
er

a
ju

d
icio

u
s

tra
n

sfo
rm

a
tio

n
o
f

th
e

W
a
sserstein

ra
d

iu
s,

(30)
p

rov
id

es
a
n

u
p

p
er

b
o
u

n
d

o
n

(29)
w

h
en

ever
th

e
kern

el
fu

n
ction

satisfi
es

a
calm

n
ess

con
d
ition

.

A
ssu

m
p

tio
n

2
5

(C
a
lm

n
e
ss

o
f

th
e

k
e
rn

e
l)

T
h
e

kern
el

fu
n

ctio
n
k

is
ca

lm
fro

m
a
bo

ve,
th

a
t

is,
th

ere
exist

a
co

n
ca

ve
sm

oo
th

gro
w

th
fu

n
ctio

n
g

:
R

+
→

R
+

w
ith

g
(0

)
=

0
a
n

d
g ′(z

)≥
1

fo
r

a
ll
z
∈
R

+
su

ch
th

a
t

√
k
(x

1 ,x
1 )−

2k
(x

1 ,x
2 )

+
k
(x

2 ,x
2 )≤

g
(‖
x

1 −
x

2 ‖
2 )
∀
x

1 ,x
2 ∈

X
.

T
h

e
calm

n
ess

con
d

ition
is

n
on

-restrictive.
In

fact,
it

is
satisfi

ed
b
y

m
ost

com
m

on
ly

u
sed

kern
els.

E
x
a
m

p
le

1
(G

ro
w

th
F
u

n
c
tio

n
s

fo
r

P
o
p

u
la

r
K

e
rn

e
ls)

F
o
r

m
o
st
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m

m
o
n

ly
u

sed
ker-

n
els

k
o
n
X
⊆

R
n

,
w

e
ca

n
co

n
stru

ct
a
n

exp
licit

gro
w

th
fu

n
ctio

n
g

th
a
t

certifi
es

th
e

ca
lm

n
ess

o
f

k
in

th
e

sen
se

o
f

A
ssu

m
p
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n
2
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.

T
h
is

co
n

stru
ctio

n
typ

ica
lly

relies
o
n

elem
en

ta
ry

estim
a
tes.

D
eriva

tio
n

s
a
re

o
m

itted
fo

r
brevity.

1
.

L
in

ea
r

k
e
rn

e
l:

F
o
r
k
(x

1 ,x
2 )

=
〈x

1 ,x
2 〉,

w
e

m
a
y

set
g
(z

)
=
z
.

2
.

G
a
u

ssia
n

k
e
rn

e
l:

F
o
r
k
(x

1 ,x
2 )

=
e −

γ‖
x

1 −
x

2 ‖
22

w
ith

γ
>

0
,

w
e

m
a
y

set
g
(z

)
=

m
ax{ √

2
γ
,1}z

.

3
.

L
a
p
la

c
ia

n
k
e
rn

e
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F
o
r
k
(x

1 ,x
2 )

=
e −

γ‖
x

1 −
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1

w
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e
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a
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set
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=

√
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z √

n
if

0
≤
z
≤
γ √
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n
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g
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+
γ √

n
/2
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2
0
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t
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m
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e
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e
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h
e

ke
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el
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,x

2
)

=
(γ
〈x

1
,x

2
〉+

1
)d

w
it

h
γ
>

0
a
n

d
d
∈
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√
k
(x

1
,x

1
)
−

2k
(x

1
,x

2
)

+
k
(x

2
,x

2
)

gr
o
w
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X
⊆
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∈
R
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R
}
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r
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e
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h
o
w

ev
er
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e
po
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n
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m
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l
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1 2
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√
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m
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√
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d
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b
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≥
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.
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p
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Ĵ
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b
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p
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p
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r
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d
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→
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∈
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,ŷ

1
,h

(x̂
1
))
,.
..
,(
x̂
N
,ŷ
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∈
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∑
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b
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n
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d
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ra
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p
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d
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R
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d
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h
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h
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=
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p
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R
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−
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`
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h
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=
L

(y
h

(x
))

,
th
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n
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ŷ i
K
ij
β
j

)
−
κ
λ
≤
s i

i
∈

[N
]

li
p
(L

)‖
K

1 2
β
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∑
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p
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b
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b
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R
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d
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r
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p
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d
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p
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d
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th

e
se

n
se

o
f

A
ss

u
m

p
ti

o
n

2
1
.

O
n

e
ca

n
sh

o
w

th
a
t

T
h
eo

re
m

s
1
2

a
n

d
2
3

n
a
tu

ra
ll

y
ex

te
n

d
to

n
o
n

li
n

ea
r

re
gr

es
-

si
o
n

a
n

d
cl

a
ss

ifi
ca

ti
o
n

m
od

el
s

o
ve

r
a
n

R
K

H
S

in
d
u

ce
d

by
so

m
e

sy
m

m
et

ri
c

a
n

d
po

si
ti

ve
d
efi

n
it

e
ke

rn
el

.
S

pe
ci

fi
ca

ll
y,

o
n

e
ca

n
sh

o
w

th
a
t

so
m

e
li
ft

ed
ro

bu
st

le
a
rn

in
g

p
ro

bl
em

is
eq

u
iv

a
le

n
t

to
th

e
li

ft
ed

d
is

tr
ib

u
ti

o
n

a
ll

y
ro

bu
st

le
a
rn

in
g

p
ro

bl
em

(3
0)

w
h
en

ev
er

th
e

li
ft

ed
tr

a
in

in
g

sa
m

p
le

s
(Φ

(x̂
1
),
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h
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p
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.
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d
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p
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p
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n
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.
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e
li

ft
ed

d
is

tr
ib

u
ti

o
n

a
ll

y
ro

bu
st

cl
a
ss

ifi
ca

ti
o
n

p
ro

bl
em

o
f

th
e

fo
rm

(3
0
).

In
fa

ct
,

n
o

effi
ci

en
t

m
et

h
od

fo
r

so
lv

in
g

th
e

li
ft

ed
ro

bu
st

cl
a
ss

ifi
ca

ti
o
n

p
ro

bl
em

se
em

s
to

be
kn

o
w

n
.

In
co

n
tr

a
st

,
th

e
li

ft
ed

d
is

tr
ib

u
ti

on
al

ly
ro

bu
st

le
a
rn

in
g

p
ro

bl
em

s
a
re

a
lw

a
ys

effi
ci

en
tl

y
so

lv
a
bl

e
u

n
d
er

st
a
n

d
a
rd

re
gu

la
ri

ty
co

n
d
it

io
n

s.

3
.4

.
N

o
n

li
n

e
a
r

H
y
p
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e
se

s:
N

e
u

ra
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ra
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p
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p
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p
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w
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R
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→
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t
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∈
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:∃
W

m
∈
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∈
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∈
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ra
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b
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p
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w
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p
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=

(ex
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=
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+
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=

m
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=

m
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cla

ss
H

ca
n

n
ow

b
e

rep
resen

ted
a
s

in
f

h∈
H

su
p

Q
∈
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m
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a
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=
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b
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w
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‖
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p
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d
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p
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M∏m
=

1

lip
(σ
m

)‖
W

m ‖,
cκ }

,
(34)

w
h
ere

c
=

1
fo

r
regressio

n
p
ro

blem
s

a
n

d
c

=
m

ax{1
,2

su
p
h∈

H
,x∈

X |h
(x

)|}
fo

r
cla

ssifi
ca

tio
n

p
ro

blem
s.

M
o
reo

ver,‖
W

m ‖
=

su
p‖
x
m
‖
=

1 ‖
W

m
x
m ‖

is
th

e
o
pera

to
r

n
o
rm

in
d
u

ced
by

th
e

n
o
rm

s
o
n
R
n
m

a
n

d
R
n
m

+
1.

R
e
m

a
rk

3
2

(U
n

ifo
rm

u
p

p
e
r

b
o
u

n
d

o
n

a
ll

n
e
u

ra
l

n
e
tw

o
rk

s)
F

o
r

cla
ssifi

ca
tio

n
p
ro

b-
lem

s
th

e
co

n
sta

n
t
c

in
(34)

rep
resen

ts
a

u
n

ifo
rm

u
p
per

bo
u

n
d

o
n

a
ll

n
eu

ra
l

n
etw

o
rks

a
n

d
m

a
y

be
d
iffi

cu
lt

to
eva

lu
a
te

in
gen

era
l.

It
is

ea
sy

to
estim

a
te
c,

h
o
w

ever,
if

th
e

la
st

a
ctiva

tio
n

fu
n

ctio
n

is
itself

bo
u

n
d
ed

su
ch

a
s

th
e

so
ftm

a
x

fu
n

ctio
n

,
w

h
ich

yield
s

a
p
ro

ba
bility

d
istribu

tio
n

o
ver

th
e

o
u

tp
u

t
spa

ce.
In

th
is

ca
se

o
n

e
m

a
y

sim
p
ly

set
c

=
2.

T
h
e

p
ro

d
u
ct

term
∏
Mm

=
1

lip
(σ
m

)‖W
m ‖

in
(34)

rep
resen

ts
an

u
p
p

er
b

ou
n
d

on
th

e
L

ip
sch

itz
m

o
d
u
lu

s
o
f
h

(x
;W

[M
] ).

W
e

em
p
h
a
size

th
a
t

co
m

p
u
tin

g
th

e
ex

a
ct

L
ip

sch
itz

m
o
d
u
lu

s
o
f

a
n
eu

ral
n
etw

ork
is

N
P

-h
ard

even
if

th
ere

are
on

ly
tw

o
layers

an
d

all
activation

fu
n
ction

s
are

of
th

e
R

eL
U

ty
p

e
(S

cam
an

an
d

V
irm

au
x
,

2018,
T

h
eorem

2).
In

con
trast,

th
e

u
p
p

er
b

ou
n
d

a
t

h
a
n
d

is
ea

sy
to

co
m

p
u
te

a
s

a
ll

a
ctiva

tio
n

fu
n
ctio

n
s

listed
in

E
x
a
m

p
le

2
h
av

e
L

ip
sch

itz
m

o
d
u
lu

s
1

w
ith

resp
ect

to
th

e
E

u
clid

ea
n

n
o
rm

s
o
n

th
e

d
o
m

a
in

a
n
d

ra
n
g
e

sp
a
ces

(G
o
u
k

et
a
l.,

2
0
1
8
;

W
ia

tow
sk

i
et

a
l.,

2
0
1
6
).

F
o
r

m
o
re

d
eta

ils
o
n

h
ow

to
estim

a
te

th
e

L
ip

sch
itz

m
o
d
u
li

o
f

n
eu

ra
l

n
etw

o
rk

s
w

e
refer

to
(G

o
u
k

et
a
l.,

2
0
1
8
;

M
iy

a
to

et
a
l.,

2
0
1
8
;

N
ey

sh
a
b
u
r

et
al.,

2018;
S
zeged

y
et

al.,
2013).

N
o
te

th
a
t

ev
en

th
o
u
g
h

(34)
rep

resen
ts

a
fi
n
ite-d

im
en

sio
n
a
l

o
p
tim

iza
tio

n
p
ro

b
lem

ov
er

th
e

w
eig

h
t

m
a
trices

o
f

th
e

n
eu

ra
l

n
etw

o
rk

,
b

o
th

th
e

em
p
irica

l
p
red

ictio
n

lo
ss

a
s

w
ell

a
s

th
e

reg
u

la
riza

tio
n

term
a
re

n
o
n

-co
n
v
ex

in
W

[M
] ,

w
h

ich
co

m
p

lica
tes

n
u

m
erica

l
so

lu
tio

n
.

If
κ

=
∞

,
h
ow

ev
er,

o
n
e

ca
n

d
eriv

e
a
n

a
ltern

a
tiv

e
u
p
p

er
b

o
u
n
d

o
n

th
e

d
istrib

u
tio

n
a
lly

ro
b
u
st

learn
in

g
m

o
d
el

(33)
w

ith
a

co
n

vex
regu

larization
term

.

C
o
ro

lla
ry

3
3

(C
o
n
v
e
x

re
g
u

la
riz

a
tio

n
te

rm
)

If
κ

=
∞

,
th

en
th

ere
is
ρ
≥

0
su

ch
th

a
t

th
e

d
istribu

tio
n

a
lly

ro
bu

st
lea

rn
in

g
m

od
el

(33)
is

bo
u

n
d
ed

a
bo

ve
by

th
e

regu
la

rized
em

p
irica

l
lo

ss
m

in
im

iza
tio

n
p
ro

blemin
f

W
[M

]

1N

N
∑i=

1

`(h
(x̂

i ;W
[M

] ),ŷ
i )

+
ρ

M∑m
=

1 ‖W
m ‖
.

(35)

A
s

th
e

em
p
irica

l
p
red

ictio
n

lo
ss

rem
a
in

s
n
o
n
-co

n
v
ex

,
it

is
ex

p
ed

ien
t

to
a
d
d
ress

p
ro

b
-

lem
(35)

w
ith

lo
ca

l
o
p
tim

iza
tio

n
m

eth
o
d
s

su
ch

a
s

sto
ch

a
stic

g
ra

d
ien

t
d
escen

t
a
lg

o
rith

m
s.

F
or

a
com

p
reh

en
sive

rev
iew

of
fi
rst-

an
d

th
e

secon
d
-ord

er
sto

ch
astic

grad
ien

t
algorith

m
s

w
e

refer
to

(A
garw

al
et

al.,
2017)

an
d

th
e

referen
ces

th
erein

.
In

th
e

n
u
m

erical
ex

p
erim

en
ts

w
e

w
ill

u
se

a
sto

ch
astic

p
rox

im
al

grad
ien

t
d
escen

t
algorith

m
th

at
ex

p
loits

th
e

con
vex

ity
of

th
e

regu
larization

term
an

d
gen

erates
itera

tes
W

k[M
]

for
k
∈
N

accord
in

g
to

th
e

u
p

d
ate

ru
le

W
k
+

1
m

=
p
rox

η
k
ρ‖
W
m
‖ (
W

km
−
η
k ∇

W
m
`(h

(x̂
ik ;W

k[M
] ),ŷ

ik ) )
∀
m
∈

[M
],
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R
e
g
u
l
a
r
iz
a
t
io
n
v
ia

M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

w
h
er

e
η k

>
0

is
a

g
iv

en
st

ep
si

ze
a
n
d
i k

is
d
ra

w
n

ra
n
d
o
m

ly
fr

o
m

th
e

in
d
ex

se
t

[N
],

se
e,

e.
g.

,
N

it
a
n
d
a

(2
0
1
4
).

H
er

e,
th

e
p
ro

x
im

a
l

o
p

er
a
to

r
a
ss

o
ci

a
te

d
w

it
h

a
co

n
v
ex

fu
n
ct

io
n

ϕ
:
R
n
m

+
1
×
n
m
→

R
is

d
efi

n
ed

th
ro

u
gh

p
ro

x
ϕ
(W

m
)

:=
ar

g
m

in
W
′ m
ϕ

(W
′ m

)
+

1 2
‖W

′ m
−
W

m
‖2 F
,

w
h
er

e
‖
·‖

F
st

a
n
d
s

fo
r

th
e

F
ro

b
en

iu
s

n
o
rm

.
T

h
e

a
lg

o
ri

th
m

is
st

o
p
p

ed
a
s

so
o
n

a
s

th
e

im
p
ro

v
em

en
t

o
f

th
e

o
b

je
ct

iv
e

va
lu

e
fa

ll
s

b
el

ow
a

p
re

sc
ri

b
ed

th
re

sh
o
ld

.
A

s
th

e
em

p
ir

ic
a
l

p
re

d
ic

ti
o
n

lo
ss

is
n

o
n

-c
o
n
v
ex

a
n

d
p

o
te

n
ti

a
ll

y
n

o
n

-s
m

o
o
th

,
th

e
a
lg

o
ri

th
m

fa
il

s
to

o
ff

er
a
n
y

st
ro

n
g

p
er

fo
rm

an
ce

gu
ar

an
te

es
.

F
or

th
e

sc
al

ab
il

it
y

of
th

e
al

go
ri

th
m

,
h

ow
ev

er
,

it
is

es
se

n
ti

al
th

at
th

e
p
ro

x
im

al
op

er
at

or
ca

n
b

e
ev

al
u
at

ed
effi

ci
en

tl
y.

E
x
a
m

p
le

3
(P

ro
x
im

a
l

o
p

e
ra

to
r)

S
u

p
po

se
th

a
t

a
ll

fe
a
tu

re
sp

a
ce

s
R
n
m

a
re

eq
u

ip
pe

d
w

it
h

th
e
p
-n

o
rm

fo
r

so
m

e
p
∈
{1
,2
,∞
},

w
h
ic

h
im

p
li

es
th

a
t

a
ll

pa
ra

m
et

er
sp

a
ce

s
R
n
m

+
1
×
n
m

a
re

eq
u

ip
pe

d
w

it
h

th
e

co
rr

es
po

n
d
in

g
m

a
tr

ix
p
-n

o
rm

.
In

th
is

ca
se

th
e

p
ro

xi
m

a
l

o
pe

ra
to

r
o
f

ϕ
(W

m
)

=
η
‖W

m
‖ p

fo
r

so
m

e
fi

xe
d
η
>

0
ca

n
be

ev
a
lu

a
te

d
h
ig

h
ly

effi
ci

en
tl

y.

1
.

M
A

C
S

(p
=

1
):

T
h
e

m
a
tr

ix
1
-n

o
rm

re
tu

rn
s

th
e

m
a
xi

m
u

m
a
bs

o
lu

te
co

lu
m

n
su

m
(M

A
C

S
).

E
va

lu
a
ti

n
g

th
e

p
ro

xi
m

a
l

o
pe

ra
to

r
o
f
ϕ

(W
m

)
=
η
‖W

m
‖ 1

a
m

o
u

n
ts

to
so

lv
in

g
th

e
m

in
im

iz
a
ti

o
n

p
ro

bl
em

p
ro

x
ϕ
(W

m
)

=

    
m

in
W
′ m
,u

η
u

+

n
m ∑ i=
1

‖[
W
′ m

] :,
i
−

[W
m

] :,
i‖

2 2

s.
t.
‖[
W
′ m

] :,
i‖

1
≤
u

i
∈

[n
m

],

w
h
er

e
[W

m
] :,
i

a
n

d
[W
′ m

] :,
i

re
p
re

se
n

t
th

e
i-

th
co

lu
m

n
s

o
f
W

m
a
n

d
W
′ m

,
re

sp
ec

ti
ve

ly
.

F
o
r

a
n

y
fi

xe
d
u

,
th

e
a

bo
ve

p
ro

bl
em

d
ec

o
m

po
se

s
in

to
n
m

p
ro

je
ct

io
n

s
o
f

th
e

ve
ct

o
rs

[W
m

] :,
i,

i
∈

[n
m

],
to

th
e
` 1

-b
a
ll

o
f

ra
d
iu

s
u

ce
n

te
re

d
a
t

th
e

o
ri

gi
n

.
E

a
ch

o
f

th
es

e
p
ro

je
ct

io
n

s
ca

n
be

co
m

p
u

te
d

vi
a

a
n

effi
ci

en
t

so
rt

in
g

a
lg

o
ri

th
m

p
ro

po
se

d
in

(D
u

ch
i

et
a
l.

,
2
0
0
8
).

N
ex

t,
w

e
ca

n
u

se
a
n

y
li

n
e

se
a
rc

h
m

et
h
od

su
ch

a
s

th
e

go
ld

en
-s

ec
ti

o
n

se
a
rc

h
a
lg

o
ri

th
m

to
o
p
ti

m
iz

e
o
ve

r
u

,
th

er
eb

y
so

lv
in

g
th

e
fu

ll
p
ro

xi
m

a
l

p
ro

bl
em

.

2
.

S
p
ec

tr
a
l

(p
=

2)
:

T
h
e

m
a
tr

ix
2-

n
o
rm

co
in

ci
d
es

w
it

h
th

e
sp

ec
tr

a
l

n
o
rm

,
w

h
ic

h
re

tu
rn

s
th

e
m

a
xi

m
u

m
si

n
gu

la
r

va
lu

e.
In

th
is

ca
se

,
th

e
p
ro

xi
m

a
l

p
ro

bl
em

fo
r
ϕ

(W
m

)
=
η
‖W

m
‖ 2

ca
n

be
so

lv
ed

a
n

a
ly

ti
ca

ll
y

vi
a

si
n

gu
la

r
va

lu
e

th
re

sh
o
ld

in
g

(C
a
i

et
a
l.

,
2
0
1
0
,

T
h
eo

re
m

2
.1

),
th

a
t

is
,

gi
ve

n
th

e
si

n
gu

la
r

va
lu

e
d
ec

o
m

po
si

ti
o
n
W

m
=
U
S
V
>

w
it

h
U
∈
R
n
m

+
1
×
n
m

+
1

o
rt

h
og

o
n

a
l,
S
∈

R
n
m

+
1
×
n
m

+
d
ia

go
n

a
l

a
n

d
V
∈

R
n
m
×
n
m

o
rt

h
og

o
n

a
l,

th
e

p
ro

xi
m

a
l

o
pe

ra
to

r
sa

ti
sfi

es

p
ro

x
ϕ
(W

m
)

=
p
ro

x
ϕ
(U
S
V
>

)
=
U
S̃
V
>
,

w
h
er

e
S̃
ij

=
m

ax
{S

ij
−
η
,0
}.

T
h
e

si
n

gu
la

r
va

lu
e

d
ec

o
m

po
si

ti
o
n

ca
n

be
a
cc

el
er

a
te

d
u

si
n

g
a

ra
n

d
o
m

iz
ed

a
lg

o
ri

th
m

p
ro

po
se

d
in

(H
a
lk

o
et

a
l.

,
2
0
1
1
).

3
.

M
A

R
S

(p
=
∞

):
T

h
e

m
a
tr

ix
∞

-n
o
rm

re
tu

rn
s

th
e

m
a
xi

m
u

m
a
bs

o
lu

te
ro

w
su

m
(M

A
R

S
)

a
n

d
th

u
s

sa
ti

sfi
es
‖W

m
‖ ∞

=
‖W

> m
‖ 1

.
T

h
er

ef
o
re

,
o
n

e
ca

n
u

se
th

e
it

er
a
ti

ve
sc

h
em

e
d
ev

el
o
pe

d
fo

r
M

A
C

S
to

co
m

p
u

te
th

e
p
ro

xi
m

a
l

o
pe

ra
to

r
o
f
ϕ

(W
m

)
=
η
‖W

m
‖ ∞

by
si

m
p
ly

tr
a
n

sp
o
si

n
g

th
e

w
ei

gh
t

m
a
tr

ix
W

m
.
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 2
0(

10
3)

:1
-6

8,
 2

01
9

S
h
a
f
ie
e
z
a
d
e
h
-A

b
a
d
e
h
a
n
d

K
u
h
n
a
n
d

M
o
h
a
je
r
in

E
sf
a
h
a
n
i

T
h
e

co
n
v
er

g
en

ce
b

eh
av

io
r

o
f

th
e

st
o
ch

a
st

ic
p
ro

x
im

a
l

g
ra

d
ie

n
t

d
es

ce
n
t

a
lg

o
ri

th
m

ca
n

b
e

fu
rt

h
er

im
p
ro

v
ed

b
y

in
cl

u
d
in

g
a

m
o
m

en
tu

m
te

rm
in

si
d
e

th
e

p
ro

x
im

a
l

o
p

er
a
to

r,
se

e,
e.

g.
,

L
oi

zo
u

an
d

R
ic

h
tá

ri
k

(2
01

7)
.

4
.
G
e
n
e
ra

li
za

ti
o
n
B
o
u
n
d
s

G
en

er
al

iz
at

io
n

b
ou

n
d

s
co

n
st

it
u

te
u

p
p

er
co

n
fi

d
en

ce
b

ou
n

d
s

on
th

e
ou

t-
of

-s
am

p
le

er
ro

r.
T

ra
-

d
it

io
n
al

ly
,

ge
n
er

al
iz

at
io

n
b

ou
n
d
s

ar
e

d
er

iv
ed

b
y

co
n
tr

ol
li
n
g

th
e

co
m

p
le

x
it

y
of

th
e

h
y
p

ot
h
es

is
sp

a
ce

,
w

h
ic

h
is

ty
p

ic
a
ll

y
q
u

a
n
ti

fi
ed

in
te

rm
s

o
f

it
s

V
C

-d
im

en
si

o
n

o
r

v
ia

co
v
er

in
g

n
u

m
b

er
s

o
r

R
a
d

em
a
ch

er
av

er
a
g
es

(S
h

a
le

v
-S

h
w

a
rt

z
a
n

d
B

en
-D

av
id

,
2
0
1
4
).

S
tr

en
g
th

en
ed

g
en

er
a
li

za
-

ti
o
n

b
o
u
n
d
s

fo
r

la
rg

e
m

a
rg

in
cl

a
ss

ifi
er

s
ca

n
b

e
o
b

ta
in

ed
b
y

im
p
ro

v
in

g
th

e
es

ti
m

a
te

s
o
f

th
e

V
C

-d
im

en
si

on
an

d
th

e
R

ad
em

ac
h

er
av

er
ag

e
(S

h
iv

as
w

am
y

an
d

J
eb

ar
a,

20
07

,
20

10
).

W
e

w
il
l

n
ow

d
em

on
st

ra
te

th
at

d
is

tr
ib

u
ti

on
al

ly
ro

b
u
st

le
ar

n
in

g
m

o
d
el

s
of

th
e

ty
p

e
(4

)
or

(3
0
)

en
jo

y
si

m
p
le

n
ew

g
en

er
a
li
za

ti
o
n

b
o
u
n
d
s

th
a
t

ca
n

b
e

o
b
ta

in
ed

u
n
d
er

m
in

im
a
l

a
ss

u
m

p
ti

o
n
s.

In
p
ar

ti
cu

la
r,

th
ey

d
o

n
ot

re
ly

on
an

y
n
ot

io
n
s

of
h
y
p

ot
h
es

is
co

m
p
le

x
it

y
an

d
m

ay
th

er
ef

or
e

ev
en

ex
te

n
d

to
h
y
p

o
th

es
is

sp
a
ce

s
w

it
h

in
fi
n
it

e
V

C
-d

im
en

si
o
n
s.

O
u
r

a
p
p
ro

a
ch

is
re

m
in

is
ce

n
t

o
f

th
e

ge
n
er

al
iz

at
io

n
th

eo
ry

fo
r

ro
b
u
st

su
p
p

or
t

ve
ct

or
m

ac
h
in

es
p

or
tr

ay
ed

in
(X

u
et

al
.,

20
09

),
w

h
ic

h
al

so
re

p
la

ce
s

m
ea

su
re

s
of

h
y
p

ot
h

es
is

co
m

p
le

x
it

y
w

it
h

ro
b

u
st

n
es

s
p
ro

p
er

ti
es

.
H

ow
ev

er
,

w
e

d
er

iv
e

ex
p
li

ci
t

fi
n

it
e

sa
m

p
le

g
u

a
ra

n
te

es
,

w
h

il
e

(X
u

et
a
l.

,
2
0
0
9
)

es
ta

b
li

sh
es

a
sy

m
p
to

ti
c

co
n

si
st

en
cy

re
su

lt
s.

M
o
re

ov
er

,
w

e
re

la
x

so
m

e
te

ch
n

ic
a
l

co
n

d
it

io
n

s
u

se
d

in
(X

u
et

a
l.

,
2
0
0
9
)

su
ch

as
th

e
co

m
p
a
ct

n
es

s
of

th
e

in
p
u
t

sp
ac

e
X

.

T
h
e

ke
y

en
ab

li
n
g

m
ec

h
an

is
m

of
ou

r
an

al
y
si

s
is

a
m

ea
su

re
co

n
ce

n
tr

at
io

n
p
ro

p
er

ty
of

th
e

W
a
ss

er
st

ei
n

m
et

ri
c,

w
h
ic

h
h
o
ld

s
w

h
en

ev
er

th
e

u
n
k
n
ow

n
d
a
ta

-g
en

er
a
ti

n
g

d
is

tr
ib

u
ti

o
n

h
a
s

ex
p

on
en

ti
al

ly
d
ec

ay
in

g
ta

il
s.

A
ss

u
m

p
ti

o
n

3
4

(L
ig

h
t-

ta
il
e
d

d
is

tr
ib

u
ti

o
n

)
T

h
er

e
ex

is
t

co
n

st
a
n

ts
a
>

1
a
n

d
A
>

0
a
n

d
a

re
fe

re
n

ce
po

in
t
ξ
′
∈

R
n

+
1

su
ch

th
a
t
E
P

[e
x
p

(d
(ξ
,ξ
′ )

)a
)]
≤
A

,
w

h
er

e
d

d
en

o
te

s
th

e
u

su
a
l

m
a
ss

tr
a
n

sp
o
rt

a
ti

o
n

co
st

.

T
h

e
o
re

m
3
5

(M
e
a
su

re
c
o
n

c
e
n
tr

a
ti

o
n

(F
o
u

rn
ie

r
a
n

d
G

u
il
li
n

,
2
0
1
5
,

T
h

e
o
re

m
2
))

If
A

ss
u

m
p
ti

o
n

3
4

h
o
ld

s,
th

en
w

e
h
a
ve

P
N
{ W

(P
,P̂

N
)
≥
ρ
}
≤
{
c 1

ex
p
( −
c 2
N
ρ

m
a
x
{n

+
1
,2
})

if
ρ
≤

1
,

c 1
ex

p
( −
c 2
N
ρ
a
)

if
ρ
>

1
,

(3
6
)

fo
r

a
ll
N
≥

1,
n
6=

1,
a
n

d
ρ
>

0,
w

h
er

e
th

e
co

n
st

a
n

ts
c 1
,c

2
>

0
d
ep

en
d

o
n

ly
o
n
a

,
A

,
d

a
n

d
n

.3

T
h

eo
re

m
3
5

a
ss

er
ts

th
a
t

th
e

em
p

ir
ic

a
l

d
is

tr
ib

u
ti

o
n
P̂
N

co
n
v
er

g
es

ex
p

o
n

en
ti

a
ll

y
fa

st
to

th
e

u
n
k
n
ow

n
d
at

a-
ge

n
er

at
in

g
d
is

tr
ib

u
ti

on
P

,
in

p
ro

b
ab

il
it

y
w

it
h

re
sp

ec
t

to
th

e
W

as
se

rs
te

in
m

et
ri

c,
a
s

th
e

sa
m

p
le

si
ze
N

te
n
d
s

to
in

fi
n
it

y.
W

e
ca

n
n
ow

d
er

iv
e

si
m

p
le

g
en

er
a
li
za

ti
o
n

b
o
u
n
d
s

b
y

in
cr

ea
si

n
g

th
e

W
a
ss

er
st

ei
n

ra
d
iu

s
ρ

u
n
ti

l
th

e
v
io

la
ti

o
n

p
ro

b
a
b

il
it

y
o
n

th
e

o
f

th
e

ri
g
h
t

h
a
n
d

si
d
e

o
f

(3
6)

d
ro

p
s

b
el

ow
a

p
re

sc
ri

b
ed

si
g
n
ifi

ca
n
ce

le
v
el
η
∈

(0
,1

].
S
p

ec
ifi

ca
ll
y,

3
.

A
si

m
il
a
r

b
u
t

sl
ig

h
tl

y
m

o
re

co
m

p
li
ca

te
d

in
eq

u
a
li
ty

a
ls

o
h
o
ld

s
fo

r
th

e
sp

ec
ia

l
ca

se
n

=
1
;

se
e

(F
o
u
rn

ie
r

a
n
d

G
u

il
li

n
,

2
0
1
5
,

T
h

eo
re

m
2
)

fo
r

d
et

a
il

s.
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R
e
g
u
l
a
r
iz
a
t
io
n
v
ia

M
a
ss

T
r
a
n
sp

o
r
t
a
t
io
n

T
h
eorem

36
b

orrow
ed

from
(M

oh
a

jerin
E

sfah
an

i
an

d
K

u
h
n
,

2018,
T

h
eorem

3.5)
im

p
lies

th
at

P
N{
P
∈
B
ρ (P̂

N
)}
≥

1−
η

for
an

y
ρ
≥
ρ
N

(η
),

w
h
ere

ρ
N

(η
)

=



(
log

(c
1 /
η
)

c
2 N

)
1

m
a
x{
n

+
1
,2}

if
N
≥

lo
g
(c

1
/
η
)

c
2

,

(
log

(c
1 /η

)

c
2 N

)
1a

if
N
<

lo
g
(c

1
/
η
)

c
2

.

(37)

T
h

e
o
re

m
3
6

(B
a
sic

g
e
n

e
ra

liz
a
tio

n
b

o
u

n
d

)
If

A
ssu

m
p
tio

n
3
4

h
o
ld

s,
th

en

P
N

{
E
P

[`(〈w
,x〉,y

)]≤
su

p
Q
∈
B
ρ
(P̂
N

)

E
Q

[`(〈w
,x〉,y

)]
∀
w
∈
R
n }
≥

1−
η

(38)

fo
r

a
n

y
N
≥

1,
n
6=

1,
η
∈

(0,1]
a
n

d
ρ
≥
ρ
N

(η
).

R
e
m

a
rk

3
7

(D
isc

u
ssio

n
o
f

b
a
sic

g
e
n

e
ra

liz
a
tio

n
b

o
u

n
d

)
T

h
e

fo
llo

w
in

g
co

m
m

en
ts

a
re

in
o
rd

er.

I.
P

e
rfo

rm
a
n

ce
g
u

a
ra

n
tee

s
fo

r
o
p
tim

a
l

h
y
p
o
th

e
se

s:
If
Ĵ

(ρ
)

d
en

o
tes

th
e

m
in

im
u

m
a
n

d
ŵ

a
m

in
im

izer
o
f

th
e

d
istribu

tio
n

a
lly

ro
bu

st
lea

rn
in

g
p
ro

blem
(4),

th
en

T
h

eo
rem

3
6

im
p
lies

th
a
t

P
N
{
E
P

[`(〈ŵ
,x〉,y

)]≤
Ĵ

(ρ
) }
≥

1−
η

fo
r

a
n

y
N
≥

1,
n
>

1
,
η
∈

(0,1
]

a
n

d
ρ
≥
ρ
N

(η
).

II.
L

ig
h
t-ta

il
a
ssu

m
p
tio

n
:

A
ssu

m
p
tio

n
3
4

is
restrictive

bu
t

u
n

a
vo

id
a
ble

fo
r

a
n

y
m

ea
su

re
co

n
cen

tra
tio

n
resu

lt
o
f

th
e

type
d
escribed

in
T

h
eo

rem
3
5
.

It
is

a
u

to
m

a
tica

lly
sa

tisfi
ed

if
th

e
in

p
u

t-o
u

tp
u

t
pa

ir
h
a
s

bo
u

n
d
ed

su
p
po

rt
o
r

is
kn

o
w

n
to

fo
llo

w
a

G
a
u

ssia
n

o
r

expo
n

en
tia

l
d
istribu

tio
n

,
fo

r
in

sta
n

ce.

III.
A

sy
m

p
to

tic
co

n
siste

n
c
y
:

It
is

clea
r

fro
m

(37)
th

a
t

fo
r

a
n

y
fi

xed
η
∈

(0,1],
th

e
ra

d
iu

s
ρ
N

(η
)

ten
d
s

to
0

a
s
N

in
crea

ses.
M

o
reo

ver,
T

h
eo

rem
3
.6

in
(M

o
h
a
jerin

E
sfa

h
a
n

i
a
n

d
K

u
h
n

,
2
0
1
8
)

im
p
lies

th
a
t

if
η
N

co
n

verges
to

0
a
t

a
ca

refu
lly

ch
o
sen

ra
te

(e.g
.,

η
N

=
ex

p
(−
√
N

)),
th

en
th

e
so

lu
tio

n
o
f

th
e

d
istribu

tio
n

a
lly

ro
bu

st
lea

rn
in

g
p
ro

blem
(4)

w
ith

W
a
sserstein

ra
d
iu

s
ρ

=
ρ
N

(η
N

)
co

n
verges

a
lm

o
st

su
rely

to
th

e
so

lu
tio

n
o
f

th
e

id
ea

l
lea

rn
in

g
p
ro

blem
th

a
t

m
in

im
izes

th
e

o
u

t-o
f-sa

m
p
le

erro
r

u
n

d
er

th
e

u
n

kn
o
w

n
tru

e
d
istribu

tio
n
P

.

IV
.

C
u

rse
o
f

d
im

e
n

sio
n

a
lity

:
T

h
e

W
a
sserstein

ra
d
iu

s
(37)

h
a
s

tw
o

d
eca

y
regim

es.
F

o
r

sm
a
ll
N

,
ρ
N

(η
)

d
eca

ys
a
s
N
−

1a
,

a
n

d
fo

r
la

rge
N

it
is

p
ro

po
rtio

n
a
l

to
N
−

1
n

+
1.

W
e

th
u

s
fa

ce
a

cu
rse

o
f

d
im

en
sio

n
a
lity

fo
r

la
rge

sa
m

p
le

sizes.
In

o
rd

er
to

h
a
lf

th
e

W
a
sserstein

ra
d
iu

s,
o
n

e
h
a
s

to
in

crea
se

N
by

a
fa

cto
r

o
f

2
n
.

T
h
is

cu
rse

o
f

d
im

en
sio

n
a
lity

is
fu

n
d
a
m

en
ta

l,
i.e.,

th
e

d
epen

d
en

ce
o
f

th
e

m
ea

su
re

co
n

cen
tra

tio
n

resu
lt

in
T

h
eo

rem
3
5

o
n

th
e

in
p
u

t
d
im

en
sio

n
n

ca
n

n
o

t
be

im
p
ro

ved
fo

r
gen

eric
d
istribu

tio
n

s
P

;
see

(W
eed

a
n

d
B

a
ch

,
2
0
1
9
)

o
r

(F
o
u

rn
ier

a
n

d
G

u
illin

,
2
0
1
5
,

S
ectio

n
1
.3

).
Im

p
ro

vem
en

ts
a
re

o
n

ly
po

ssible
in

specia
l

ca
ses,

e.g.,
if
P

is
fi

n
itely

su
p
po

rted
.
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S
h
a
f
ie
e
z
a
d
e
h
-A

b
a
d
e
h
a
n
d

K
u
h
n
a
n
d

M
o
h
a
je
r
in

E
sfa

h
a
n
i

V
.

E
x
te

n
sio

n
to

n
o
n

lin
ea

r
h
y
p
o
th

e
se

s:
T

h
eo

rem
3
6

d
irectly

exten
d
s

to
a
n

y
d
istribu

-
tio

n
a
lly

ro
bu

st
lea

rn
in

g
p
ro

blem
o
ver

a
n

R
K

H
S
H

in
d
u

ced
by

so
m

e
sym

m
etric

a
n

d
po

sitive
d
efi

n
ite

kern
el

fu
n

ctio
n
k

.
S

pecifi
ca

lly,
if
k

is
ca

lm
in

th
e

sen
se

o
f

A
ssu

m
p
-

tio
n

2
5

w
ith

gro
w

th
fu

n
ctio

n
g

,
th

en
w

e
h
a
ve

P
N


E
P

[`(h
(x

),y
)]≤

su
p

Q
∈
B
ρ
(P̂

HN
)

E
Q

[`(〈h
,x

H 〉H
,y

)]
∀
h
∈
H


≥

1−
η

(39)

fo
r

a
n

y
N
≥

1
,
n
6=

1
,
η
∈

(0
,1

]
a
n

d
ρ
≥
cg

(ρ
N

(η
)),

w
h
ere

c
=
√

2
fo

r
regressio

n
p
ro

blem
s

a
n

d
c

=
1

fo
r

cla
ssifi

ca
tio

n
p
ro

blem
s.

T
o

see
th

is,
n

o
te

th
a
t

th
e

in
clu

sio
n

P
∈
B
ρ (P̂

N
)

im
p
lies

E
P

[`(h
(x

),y
)]≤

su
p

Q
∈
B
ρ
(P̂
N

)

E
Q

[`(h
(x

),y
)]≤

su
p

Q
∈
B
ρ
(P̂

HN
)

E
Q

[`(〈h
,x

H 〉H
,y

)]
∀
h
∈
H
,

(40)
w

h
ere

th
e

seco
n

d
in

equ
a
lity

fo
llo

w
s

fro
m

th
e

p
roo

f
o
f

T
h
eo

rem
2
6
.

T
h
e

gen
era

liza
tio

n
bo

u
n

d
(39)

th
u

s
h
o
ld

s
beca

u
se

P
N{
P
∈
B
ρ (P̂

N
)}
≥

1−
η

fo
r

a
n

y
ρ
≥
ρ
N

(η
).

N
o
te

th
a
t

th
e

righ
tm

o
st

term
in

(40)
ca

n
be

co
m

p
u

ted
fo

r
a
n

y
fi

n
itely

gen
era

ted
h
ypo

th
esis

h
∈
H

rep
resen

ta
ble

a
s
h

(x
)

=
∑

Ni=
1
β
i k

(x
,x̂

i ),
w

h
ich

fo
llo

w
s

fro
m

T
h
eo

rem
s

2
8

a
n

d
2
9
,

w
h
ile

th
e

m
id

d
le

term
is

h
a
rd

to
co

m
p
u

te.
W

e
em

p
h
a
size

th
a
t

th
e

gen
era

liza
tio

n
bo

u
n

d
(39)

d
oes

n
o
t

rely
o
n

a
n

y
n

o
tio

n
o
f

h
ypo

th
esis

co
m

p
lexity

a
n

d
rem

a
in

s
va

lid
even

ifH
h
a
s

in
fi

n
ite

V
C

-d
im

en
sio

n
(e.g.,

ifH
is

gen
era

ted
by

th
e

G
a
u

ssia
n

kern
el).

T
h
eo

rem
3
5

p
rov

id
es

a
co

n
fi
d
en

ce
set

fo
r

th
e

u
n
k
n
ow

n
p
ro

b
a
b
ility

d
istrib

u
tio

n
P

,
a
n
d

T
h
eo

rem
3
6

u
ses

th
is

co
n
fi
d
en

ce
set

to
co

n
stru
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b
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p
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con
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con
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c
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⊆
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∈
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∈
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p
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≥
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p
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d
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=
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=

R
n
×
{−

1
,1}

a
n

d
M
n

=
m

ax
i≤
n ‖
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ni ‖∗

if
(4)

is
a

cla
ssifi

ca
tio

n
p
ro

blem
,

w
h
ere

e
ni

is
th

e
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≥
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>
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d
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t
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m
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∈
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√
n

lo
g
(√
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h
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ra

d
iu

s
ρ
′ N

(η
),

it
su

ffi
ce

s
to
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b
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p
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R
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p
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v
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b
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.
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p
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p
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p
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h
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h
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d
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d
em

a
ch

er
ge

n
er

a
li

za
ti

o
n

bo
u

n
d
s

(s
ee

,
e.
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h
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p
pe

r
bo

u
n

d
s

bo
th

o
n

th
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p
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p
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p
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p
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u
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R
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ra
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p
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ra
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∝

O
([

lo
g
(η
−

1
)/
N

]1
/
(n

+
1
) )

,
w

h
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∝
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R
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p
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h
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‖ ∗
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‖ ∗
,0

}
(4

1
b
)

In
th

e
co

n
te

x
t

of
cl

as
si

fi
ca

ti
on

,
w

e
ai

m
to

q
u
an

ti
fy

th
e

ri
sk
R

(w
)

=
P

[y
6=

si
g
n
(〈
w
,x
〉)

],
th

at
is

,
th

e
m

is
cl

as
si

fi
ca

ti
on

p
ro

b
ab

il
it

y
u

n
d

er
th

e
u

n
k
n

ow
n

tr
u
e

d
is

tr
ib

u
ti

on
P

.
N

ot
e

th
at

th
e

ri
sk

ca
n

eq
u

iv
a
le

n
tl

y
b

e
d

efi
n

ed
a
s

th
e

ex
p

ec
ta

ti
o
n

o
f

a
ch

a
ra

ct
er

is
ti

c
fu

n
ct

io
n

,
th

a
t

is
,

R
(w

)
=
E
P

[1
{y
6=
〈w
,x
〉}

].
A

s
u
su

a
l,

w
e

a
ss

u
m

e
th

a
t

th
e

tr
a
n
sp

o
rt

a
ti

o
n

m
et

ri
c
d

is
o
f

th
e

fo
rm

(1
6)

,
w

h
er

e
κ
≥

0
is

th
e

co
st

of
fl
ip

p
in

g
a

la
b

el
.

T
h

e
o
re

m
4
2

(R
is

k
b

o
u

n
d

s
in

li
n

e
a
r

c
la

ss
ifi

c
a
ti

o
n

)
T

h
e

ri
sk

a
d
m

it
s

th
e

fo
ll

o
w

in
g

es
-

ti
m

a
te

s.

(i
)

T
h
e

w
o
rs

t-
ca

se
ri

sk
R

m
a
x
(w

)
=

su
p
Q
∈B

ρ
(P̂
N

)
E
Q

[1
{y
6=
〈w
,x
〉}

]
is

gi
ve

n
by

R
m

a
x
(w

)
=

                    

m
in

λ
,s
i

r i
,t
i

λ
ρ

+
1 N

N ∑ i=
1

s i

s.
t.

1
−
r i
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)]
w

ith
co

n
fi

d
en

ce
1−

η
fo

r
a
n

y
ŵ
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ŷ
i )

+
b
j )

+
a
j (〈w

,q
ij 〉−

v
ij )

s.t.
N
∑i=

1

J
∑j=

1

γ
ij

=
ρ

J
∑j=

1

α
ij

=
1N

i∈
[N

]

‖(q
ij ,v

ij )‖
≤
γ
ij

i∈
[N

],j∈
[J

]
(x̂

i −
q
ij /α

ij ,ŷ
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1
+

ρ
Nγ
y
?)〉

−
` ∗w

(x
,y

) )
∀
(x
,y

)∈
R
n

+
1,

w
h

ere
th

e
last

estim
ate

follow
s

from
F

en
ch

el’s
in

eq
u

ality.
S

ettin
g

(x
,y

)
=

lip
(L

)(w
,−

1)
w

e
th

u
s

h
aveJ

?(w
)≥

lim
γ→

0
+

1N

N
∑i=

1

`
w

(x̂
i ,ŷ
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=
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−
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+
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li
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‖ ∗
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t
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a
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ll
ow

s
fr
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∈
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∈
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b
ec

au
se
J
?
(w

)
co

in
ci

d
es

w
it

h
th
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T
h
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→
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Q
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h

e
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L
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at
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∞
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20
(i

)
im

p
li
es

th
at

(2
5)
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b
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α
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a
j
ŷ i
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+
a
j
ŷ i
〈w
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〉+
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1
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‖
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∈
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∈
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∈
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]
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∆
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∑j=

1

α
ij

=
1

i∈
[N

]

α
ij ≥

0
i∈

[N
],j∈

[J
]

≥



su
p

α
ij ,∆

x
i

1N

N
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b
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∞
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con
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in
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n
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le
so
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x
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,
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{
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q
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=
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+ij ∆
x
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α
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=
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r
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fea
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T
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e
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th
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a
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∆
x
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m
u
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b
e
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o
f
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th
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p
rob
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eq
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b
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p
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N
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d
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u
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er
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n
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(25).
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p
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A
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p
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h
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d
n
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b
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p
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p

∆
x
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y
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N
∑i=
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m
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J
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j ŷ
i 〈w

,x̂
i
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∆
x
i 〉

+
b
j ]
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1N

N
∑i=

1 ‖
∆
x
i ‖
≤
ρ

≥
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p

∆
x
,∆
y

1N

∑i6=
k

m
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j≤
J
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j ŷ
i 〈w

,x̂
i 〉

+
b
j ]+

1N
m

ax
j≤
J

[a
j ŷ
k 〈w

,x̂
k

+
∆
x〉

+
b
j ]

s.t.
1N
‖∆
x‖
≤
ρ
.

T
h

e
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u
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s
from
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g

∆
x
i

=
0
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d

∆
y
i
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k

,
w

h
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k ,ŷ

k )
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p
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g
|L
′(ŷ

k 〈w
,x̂
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),
w

h
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d
u
e
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A

ssu
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p
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T

h
e
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eq
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m
a
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J
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j ŷ
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p

∆
x
,∆
y
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j ŷ
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+
b
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j ŷ
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‖(∆

x
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y
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≤
ρ

51
JM

L
R

 20(103):1-68, 2019

S
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a
f
ie
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h
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b
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d
e
h
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h
a
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E
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h
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=
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m
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J
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j ŷ
i 〈w

,x̂
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j ŷ
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,x̂
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b
j

+
ρ
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‖
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‖∗ |a

j | ]

=
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∑i6=
k

m
ax

j≤
J

[a
j ŷ
i 〈w

,x̂
i 〉

+
b
j ]+

1N
m

ax
j≤
J

[a
j ŷ
k 〈w
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k 〉

+
b
j ]+

m
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j≤
J
ρ‖w
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j |

=
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N
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(ŷ
i 〈w

,x̂
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w
h
ere

th
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ŷ
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e
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est
lin

ear
p
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e
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fu
n
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L
b
y

v
irtu

e
of

A
ssu

m
p
tion

21.
T

h
e

claim
th

en
follow

s
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T
h
eorem

14(ii)
b

ecau
se

lip
(L

)
=

m
ax

j≤
J |a

j |.
N

ote
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at
gen

eric
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L
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u
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n
ction

s
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b
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n
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con
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p
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n
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T

h
u
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e

a
b
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e

a
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u
m
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d
d
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en
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n
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o
u
s
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fu
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etails
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for
b
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f

o
f

T
h

e
o
re

m
2
6

B
y

th
e

d
efi

n
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of
th

e
featu

re
m
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Φ

corresp
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d
in

g
to

th
e

kern
el

k
,

w
e

h
ave

‖Φ
(x

1 )−
Φ

(x
2 )‖

H
=
√
〈Φ

(x
1 ),Φ

(x
1 )〉H

−
2〈Φ

(x
1 ),Φ

(x
2 )〉H

+
〈Φ

(x
2 ),Φ

(x
2 )〉H

=
√
k
(x

1 ,x
1 )−

2
k
(x

1 ,x
2 )

+
k
(x

2 ,x
2 )
≤

g
(‖x

1 −
x

2 ‖
2 )

(A
.3)

fo
r

a
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x

1 ,x
2 ∈

X
,

w
h
ere

th
e

in
eq

u
a
lity

fo
llow

s
fro

m
A

ssu
m

p
tio

n
2
5
.

A
s

fo
r

a
ssertio

n
(i),

w
e

m
ay

u
se

sim
ila

r
a
rg

u
m

en
t

a
s
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e
p
ro

o
f

o
f

L
em

m
a

4
5
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refo

rm
u
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te
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e
w

o
rst-ca

se
ex

p
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in
(29)
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su
p

Q
∈
B
ρ
(P̂
N

)

E
Q

[`(h
(x

),y
)]

(A
.4)

=



su
p

Q
i

1N

N
∑i=
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X×
Y
`(h

(x
),y

)Q
i(d
x
,d
y
)

s.t.
1N

N
∑i=
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X×
Y
d ((x

,y
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i ,ŷ
i ) )
Q
i(d
x
,d
y
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ρ

∫X×
Y
Q
i(d
x
,d
y
)

=
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su
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Q
i

1N
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1 ∫
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Y
`(h

(x
),y

)Q
i(d
x
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y
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N
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2
d ((x
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i ,ŷ
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Q
i(d
x
,d
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) )
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g
( √
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)

∫X×
Y
Q
i(d
x
,d
y
)

=
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≤
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p

Q
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1N

N
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Y
`(h

(x
),y
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i(d
x
,d
y
)

s.t.
1N

N
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X×
Y
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2
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,y
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i ,ŷ
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Q
i(d
x
,d
y
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g
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2
ρ
)

∫X×
Y
Q
i(d
x
,d
y
)

=
1

i∈
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(A
.5)
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p
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b
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th
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n
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re
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ro

b
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w
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en

fi
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( √
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2 2
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−
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2
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−
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,ŷ
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w
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h
o
ld
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ec
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u
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+
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≥
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a
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≥
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≥
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≤
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≥
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b
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p
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,ŷ
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∈
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,ŷ
i)
) Q

i (
d
x
H
,d
y
)
≤
g
(√

2
ρ
)

∫ H
×
Y
Q
i (

d
x
H
,d
y
)

=
1

i
∈

[N
]

=
su

p
Q
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re
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b
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⊆
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ŷ i

)
+
ρ

li
p
(L

)√
‖h
‖2 H

+
1
.

B
y

th
e

re
p
re

se
n
te

r
th

eo
re

m
,

w
h
ic

h
a
p
p
li
es

b
ec

a
u
se

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n

o
f

th
e

a
b

ov
e

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
is

n
o
n
-d

ec
re

a
si

n
g

in
‖h
‖ H

,
w

e
m

ay
re

st
ri

ct
th

e
fe

a
si

b
le

se
t

fr
o
m

H
to

th
e

su
b
se

t
o
f

a
ll

li
n
ea

rl
y

p
a
ra

m
et

ri
ze

d
h
y
p

o
th

es
es

o
f

th
e

fo
rm

h
(x

)
=
∑

N j=
1
β
j
k
(x
,x̂

j
)

fo
r

so
m

e
β
∈
R
N

w
it

h
o
u
t

sa
cr

ifi
ci

n
g

o
p
ti

m
a
li
ty

.
T

h
e

cl
a
im

th
en

fo
ll
ow

s
b
y

o
b
se

rv
in

g
th

a
t

h
(x̂

i)
=
∑

N j=
1
K
ij
β
j

an
d
‖h
‖2 2

=
〈β
,K
β
〉.

P
ro

o
f

o
f

T
h

e
o
re

m
2
9

U
si

n
g

si
m

il
a
r

a
rg

u
m

en
ts

a
s

in
th

e
p
ro

o
f

o
f

T
h
eo

re
m

1
4
(i

i)
a
n
d

ob
se

rv
in

g
th

at
an

y
H

il
b

er
t

n
or

m
is

se
lf

-d
u
al

,
on

e
ca

n
sh

ow
th

at

in
f

h
∈H

su
p

Q
∈B

ρ
(P̂

H N
)

E
Q

[L
(y
〈h
,x

H
〉 H

)]
=

            

m
in

h
,λ
,s
i

λ
ρ

+
1 N

N ∑ i=
1

s i

s.
t.

L
(ŷ
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ŷ
i |)

≤
1N

N
∑i=

1

`(h
(x̂

i ),ŷ
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p
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>
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∈
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∈
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∈
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Ξ
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∈
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∈
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d
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b
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E
P
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] ≤

E
P
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( d
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p
ti

o
n

3
4
.

H
en

ce
,

th
e

d
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d

is
ta

n
ce

s
o
n
R

a
re

m
ea

su
re

d
b
y

th
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ta
il

co
n
st

a
n
ts
a

a
n
d
A

fr
o
m
P

.
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th
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st
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>

0
w

it
h

P
N
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(f
∗(
P

),
f ∗

(P̂
N
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≥
δ}
≤
c 3

ex
p
( −
c 4
N
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∀δ
∈

[0
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w
h

er
e
f ∗

(P̂
N

)
re

p
re
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th
e

em
p
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ic

al
d
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tr

ib
u

ti
on
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ξ f
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w
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ic
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er
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at
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b
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w
ee

n
u

n
iv
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te

d
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u
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er
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e
a
b
so
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te
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e
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u
se

d
a
s

th
e

g
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u
n
d

m
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N
o
te

th
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t

th
e

a
b
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e

u
n
iv
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ri

a
te

m
ea
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re
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n
ce

n
tr

a
ti

o
n

re
su

lt
h
o
ld

s
fo

r
a
n
y

li
n
ea

r
g
ro

w
th

fu
n
ct

io
n
f

w
it

h
a
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m
p
to

ti
c

g
ro

w
th

ra
te
≤

1
.

W
e

em
p
h
a
si
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th

a
t
c 3
≥

1
b

ec
a
u
se

ot
h
er

w
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e
th

e
ab

ov
e
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ti

m
at

e
w

ou
ld
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il

to
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ol

d
fo

r
δ

=
0.

B
y

co
n
st

ru
ct

io
n

of
th

e
W

as
se

rs
te

in
d
is

ta
n
ce

in
D

efi
n
it

io
n
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w

e
h
av

e
W

(f
∗(
P

),
f ∗

(P̂
N
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<

δ
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a
n
d

o
n
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th

e
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a
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r
ra

n
d
o
m
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a
b
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s
ξ f

a
n
d
ξ′ f

a
d
m
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a
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t
d
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tr
ib

u
ti

o
n

Π
w

it
h

E
Π
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f
−
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<
δ

u
n
d
er

w
h
ic

h
ξ f

a
n
d
ξ′ f

h
av

e
m

a
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in
a
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f ∗

(P
)

a
n
d
f ∗

(P̂
N

),
re

sp
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v
el

y.

T
h
e

in
eq

u
al

it
y
W

(f
∗(
P

),
f ∗

(P̂
N

))
<
δ

th
u
s

im
p
li
es

∣ ∣ ∣E
P

[f
(ξ

)]
−
E
P̂
N

[f
(ξ
′ )

]∣ ∣ ∣=
∣ ∣ ∣E

f
∗(
P

) [ξ
f
]
−
E
f
∗(
P̂
N

) [ξ
′ f]
∣ ∣ ∣≤

∣ ∣ E
Π

[ξ
f
−
ξ′ f

]∣ ∣
=
E

Π
[∣ ∣ ξ

f
−
ξ′ f
∣ ∣]
<
δ.

B
y

co
n
tr
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it
io

n
,

w
e

th
en
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in
th

e
im

p
li
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ti
on

∣ ∣ ∣E
P

[f
(ξ

)]
−
E
P̂
N

[f
(ξ
′ )

]∣ ∣ ∣≥
δ

=
⇒

W
(f
∗(
P

),
f ∗

(P̂
N

))
≥
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w
h
ic

h
le

ad
s

to
th

e
d
es

ir
ed

in
eq

u
al

it
y

P
N
{ ∣ ∣
E
P

[f
(ξ

)]
−
E
P̂
N

[f
(ξ

)]
∣ ∣ ≥

δ}
≤
P
N
{ W

(f
∗(
P

),
f ∗

(P̂
N

))
≥
δ}
≤
c 3

ex
p
( −
c 4
N
δ2
) .
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∈
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∈
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n
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R
e
m

a
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5
0
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o
e
ff

d
in

g
’s

in
e
q
u

a
li
ty

)
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o
w

n
th

a
t
P
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f
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≤
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=
1
,

th
en
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em

m
a
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9
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d
u
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H
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ff
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g’
s
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eq

u
a
li

ty
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o
u
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er

o
n
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a
l.

,
2
0
1
3
,

T
h
eo

re
m

2
.8

),
in

w
h
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h
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se
w

e
m

a
y
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t
c 3

=
2

a
n

d
c 4

=
2/

(f
−
f
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.

P
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o
f

o
f

T
h

e
o
re

m
3
9

T
o
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d
cu

m
b

er
so

m
e

ca
se

d
is

ti
n
ct

io
n
s,

w
e

p
ro

ve
th

e
th

eo
re

m
on

ly
in

th
e

ca
se

w
h
en

(4
)

is
a

cl
a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
.

T
h
u
s,

w
e

a
ss

u
m

e
th

a
t

Ξ
=

R
n
×
{−

1
,1
}

an
d

th
at

th
e

tr
an

sp
or
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ti

on
co

st
is

of
th

e
fo

rm
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6)
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w
h
er

e
‖·
‖

d
en
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a
n
or

m
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e

in
p
u
t
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ac

e
R
n
.

T
h
e

p
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r
re
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b
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m
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m
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m
o
d
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s.
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w

il
l

b
e
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d

fo
r

b
re

v
it

y.

F
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m
T

h
eo

re
m

14
(i

i)
w

e
k
n
ow

th
at

su
p

Q
∈B

ρ
(P̂
N

)

E
Q

[`
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w
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y
)]

=
E
P̂
N
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w
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y
)]

+
ρ
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p
(L

)Ω
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)
∀w
∈
W
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w
h
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e
Ω

(w
)

=
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‖ ∗
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n

b
e

v
ie

w
ed

a
s

a
re

g
u
la

ri
za

ti
o
n

fu
n
ct

io
n
.

F
o
r

ev
er

y
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≥
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)

w
e

th
u
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e
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{
E
P
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∈B
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)

E
Q

[`
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w
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〉,
y
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∈
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≥
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≤

m
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w
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E
P̂
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(〈
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′ N
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)
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p
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)
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E
P
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w
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y
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1
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PN
{

m
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∈W
E
P̂
N
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(〈
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y
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+
ρ
′ N
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)

li
p
(L
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(w
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−
E
P
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w
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y
)]
<
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b
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is
L

ip
sc

h
it

z
co

n
ti
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w
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y
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b
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n
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b
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m
p
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p
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w
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e
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〉,
y
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x
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w
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p
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W
.
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∆
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0
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e
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a
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t
W
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∆
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∆
‖w
−
w
′ ‖ ∞
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∆
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1
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a
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∆
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Ω
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∆
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〉,
y
)

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
in
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,
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∈
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∆
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y
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)∆
‖x
‖ 1
.

A
p
p
ly

in
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m
a
te
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n
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p
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Ω
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r
a
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∈
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R
e
g
u
l
a
r
iz
a
t
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n
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M
a
ss

T
r
a
n
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o
r
t
a
t
io
n

≤
P
N {

m
in

w
∈
W

∆

E
P̂
N

[`(〈w
,x〉,y

)]−
E
P

[`(〈w
,x〉,y

)]−
lip

(L
)∆
(
E
P̂
N

[‖x‖
1 ]+

E
P

[‖x‖
1 ] )

<
−
ρ ′N

(η
)

lip
(L

)Ω }

≤
P
N {

m
in

w
∈
W

∆

E
P̂
N

[`(〈w
,x〉,y

)]−
E
P

[`(〈w
,x〉,y

)]−
lip

(L
)∆
(
E
P̂
N

[‖x‖
1 ]−

E
P

[‖
x‖

1 ] )

<
2

lip
(L

)∆
M
n
n
A
−
ρ ′N

(η
)

lip
(L

)Ω }
.

(A
.8)

T
h
e

seco
n
d

in
eq

u
ality

in
th

e
ab

ove
ex

p
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fo
llow

s
from

th
e

estim
ate

M
n

=
m

a
x

i≤
n
‖e

ni ‖∗
=

m
ax

i≤
n

su
p

‖
x‖≤

1 〈e
ni
,x〉

=
m

ax
i≤
n
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p

‖
x‖≤

1 |x
i |

=
su

p
‖
x‖≤

1 ‖x‖∞
≥

su
p

x∈
R
n

‖x‖
1

n‖
x‖
,

w
h
ich

ca
n

b
e

p
arap

h
rased

as‖
x‖

1 ≤
M
n
n‖
x‖

for
every

x
∈
R
n

an
d

th
u
s

im
p
lies

E
P

[‖
x‖

1 ]≤
M
n
n
E
P

[‖x‖]≤
M
n
n
E
P

[ex
p
(‖
x‖

a)]≤
M
n
n
E
P

[ex
p (d

(ξ
,ξ ′))

a )]≤
M
n
n
A
.

N
ex

t,
w

e
in

tro
d
u
ce

an
au

x
iliary

p
aram

eter

δ
=
ρ ′N

(η
)Ω
−
M
n
A

∆
+

Ω
=

2 √
n

log
( √
N

)/c
4

+
log
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)/c
4

1
+
√
N

,

w
h
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e

secon
d
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d
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e
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∆
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>
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√
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√
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a
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o
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√
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√
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2
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w
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n
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a
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b
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( √
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√
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∈

N
a
n
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m
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d
ec

is
io

n
tr

ee
s.

It
re

li
es

on
a

ke
y

p
ru

n
in

g
co

n
d
it

io
n

th
at

is
a

co
n
se

rv
a
ti

ve
ex

te
n
si

o
n

of
th

e
co

n
d
it

io
n

ab
ov

e.
If

,
fo

r
a

fe
at

u
re

a
∈
S

,
w

e
h
av

e
th

at
er

r
(D
T

(R
∪
S

))
≤
δ

+
er

r
(D
T

(R
∪
S
\{
a
})

),
th

en
R
∪
S
\{
a
}

ca
n

b
e

p
ru

n
ed

fr
om

th
e

se
ar

ch
w

it
h

th
e

g
u
a
ra

n
te

e
of

on
ly

m
is

si
n
g

d
ec

is
io

n
tr

ee
s

w
h
os

e
er

ro
r

is
at

m
os

t
δ

fr
om

th
e

b
es

t
er

ro
r

o
f

v
is

it
ed

tr
ee

s.
H

en
ce

,
v
is

it
ed

fe
at

u
re

su
b
se

ts
in

cl
u
d
e

ac
ce

p
ta

b
le

o
n
es

.

C
ou

p
le

d
w

it
h

th
e

tr
em

en
d
ou

s
co

m
p
u
ta

ti
on

al
op

ti
m

iz
at

io
n

an
d

m
u
lt

i-
co

re
p
a
ra

ll
el

iz
a
ti

o
n

of
gr

ee
d
y

d
ec

is
io

n
tr

ee
in

d
u
ct

io
n

al
go

ri
th

m
s,

ou
r

ap
p
ro

ac
h

m
ak

es
it

p
os

si
b
le

to
in

cr
ea

se
th

e
li
m

it
of

p
ra

ct
ic

al
ap

p
li
ca

b
il
it

y
of

th
eo

re
ti

ca
ll
y

h
ar

d
co

m
p
le

te
se

ar
ch

es
.

W
e

sh
ow

ex
p

er
im

en
-

ta
ll
y

th
at

th
e

b
es

t
fe

at
u
re

su
b
se

ts
ca

n
b

e
fo

u
n
d

in
re

as
on

a
b
le

ti
m

e
fo

r
u
p

to
6
0

fe
a
tu

re
s

fo
r

sm
al

l-
si

ze
d

d
at

as
et

s.
B

ey
on

d
su

ch
a

li
m

it
,

ev
en

h
eu

ri
st

ic
ap

p
ro

ac
h
es

m
ay

re
q
u
ir

e
a

la
rg

e
am

ou
n
t

of
ti

m
e.

W
e

d
ev

is
e

a
w

h
it

e-
b

ox
im

p
le

m
en

ta
ti

on
D

T
sb

e
of

S
B

E
,
sp

ec
ifi

c
fo

r
g
re

ed
y

d
ec

is
io

n
tr

ee
al

go
ri

th
m

s,
th

at
ex

p
lo

it
s

so
m

e
of

th
e

p
ru

n
in

g
an

d
co

m
p
u
ta

ti
on

a
l

o
p
ti

m
iz

a
ti

o
n

id
ea

s.
O

u
r

th
ir

d
co

n
tr

ib
u

ti
o
n

co
n
si

st
s

of
a

w
h
it

e-
b

ox
op

ti
m

iz
at

io
n

of
S

B
E

w
h
ic

h
ex

te
n
d
s

it
s

ap
p
li
ca

b
il
it

y
to

la
rg

e
d
im

en
si

on
al

d
at

as
et

s,
an

d
w

h
ic

h
ex

h
ib

it
s,

fo
r

m
ed

iu
m

a
n
d

lo
w

d
im

en
si

on
al

d
at

as
et

s,
a

co
m

p
u
ta

ti
on

al
sp

ee
d
u
p

of
u
p

to
10

0
×

.
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C
o
m
p
l
e
t
e
S
e
a
r
c
h
f
o
r
F
e
a
t
u
r
e
S
e
l
e
c
t
io
n
in

D
e
c
isio

n
T
r
e
e
s

B
o
th

D
T

a
c
c
e
p

t
δ

an
d

D
T

sb
e

are
im

p
lem

en
ted

in
a

m
u
lti-core

d
ata

p
arallel

C
+

+
sy

s-
tem

,
w

h
ich

is
m

ad
e

p
u
b
licly

availab
le.

W
e

rep
ort

ex
p

erim
en

ts
on

20
b

en
ch

m
ark

d
atasets

of
sm

a
ll-to

-la
rge

d
im

en
sion

ality.
R

esu
lts

con
fi
rm

p
rev

iou
s

stu
d
ies

th
at

ov
ersearch

in
g

in
crea

ses
overfi

ttin
g
.

In
a
d
d
ition

,
th

ey
also

h
igh

ligh
t

th
at

oversearch
in

g
in

creases
in

stab
ility,

n
am

ely
varia

b
ility

o
f

th
e

su
b
set

of
selected

featu
res

d
u
e

to
p

ertu
rb

ation
of

th
e

train
in

g
set.

M
ore-

over,
w

e
sh

ow
th

at
seq

u
en

tial
b
ack

w
ard

elim
in

ation
ca

n
im

p
rove

th
e

gen
era

lization
error

o
f

ra
n
d
o
m

fo
rests

for
m

ed
iu

m
to

large
d
im

en
sion

al
d
atasets.

S
u
ch

an
ex

p
erim

en
t

is
m

ad
e

p
o
ssib

le
o
n
ly

th
an

k
s

to
th

e
com

p
u
tation

al
sp

eed
u
p

of
D

T
sb

e
over

S
B

E
.

T
h
is

p
a
p

er
is

organ
ized

as
follow

s.
F

irst,
w

e
recall

related
w

ork
in

S
ection

2.
T

h
e

v
isit

o
f

th
e

la
ttice

o
f

featu
re

su
b
sets

is
b
ased

on
a

gen
eralization

of
b
in

ary
cou

n
tin

g
en

u
m

eration
o
f

su
b
sets

d
ev

ised
in

S
ection

3.
N

ex
t,

S
ection

4
in

tro
d
u
ces

a
p
ro

ced
u
re

for
th

e
en

u
m

eration
o
f

d
istin

ct
d
ecision

trees
as

a
p
ru

n
in

g
of

th
e

featu
re

su
b
set

lattice.
C

o
m

p
lete

search
of

b
est

a
n
d

a
ccep

tab
le

featu
re

su
b
set

is
th

en
p
resen

ted
in

S
ection

5.
O

p
tim

ization
of

th
e

seq
u
en

tia
l

b
a
ck

w
ard

elim
in

ation
h
eu

ristic
is

d
iscu

ssed
in

S
ection

6.
E

x
p

erim
en

tal
resu

lts
a
re

p
resen

ted
in

S
ection

7,
w

ith
ad

d
ition

al
tab

les
rep

orted
in

A
p
p

en
d
ix

A
.

F
in

ally,
w

e
su

m
m

a
rize

th
e

con
trib

u
tion

of
th

e
p
ap

er
in

th
e

con
clu

sio
n
s.

2
.
R
e
la
te
d
W

o
rk

B
lu

m
a
n
d

L
a
n
g
ley

(1997);
D

ash
an

d
L

iu
(1997);

G
u
yon

a
n
d

E
lisseeff

(2
003);

L
iu

an
d

Y
u

(2
0
0
5
);

B
o
ló

n
-C

an
ed

o
et

al.
(2013)

p
rov

id
e

a
categorization

of
ap

p
roach

es
of

featu
re

su
b
set

selectio
n

alo
n
g

th
e

orth
ogon

al
ax

es
of

th
e

evalu
ation

criteria,
th

e
search

strategies,
an

d
th

e
m

a
ch

in
e

learn
in

g
task

s.
C

om
m

on
evalu

ation
criteria

in
clu

d
e

fi
lter

m
o
d
els,

em
b

ed
d
ed

a
p
p
ro

a
ch

es,
a
n
d

w
rap

p
er

ap
p
roach

es.
F

ilters
are

p
re-p

ro
cessin

g
algorith

m
s

th
at

select
a

su
b
set

of
fea

tu
res

b
y

lo
ok

in
g

at
th

e
d
ata

d
istrib

u
tion

,
in

d
ep

en
d
en

tly
fro

m
th

e
in

d
u
ction

a
lg

o
rith

m
(C

over,
1977).

E
m

bed
d
ed

ap
p
roach

es
p

erform
featu

re
selection

in
th

e
p
ro

cess
of

tra
in

in
g

a
n
d

a
re

sp
ecifi

c
to

th
e

learn
in

g
algorith

m
(L

al
et

al.,
2006).

W
ra

p
pers

ap
p
roach

es
o
p
tim

ize
in

d
u
ction

algorith
m

p
erform

an
ces

as
p
art

of
featu

re
selection

(K
oh

av
i

an
d

J
oh

n
,

1
9
9
7
).

In
p
articu

lar,
train

in
g

d
ata

is
sp

lit
in

to
a

b
u
ild

in
g

set
an

d
a

search
set,

an
d

th
e

sp
ace

o
f

fea
tu

re
su

b
sets

is
ex

p
lored

.
F

or
each

featu
re

su
b
set

con
sid

ered
,

th
e

b
u
ild

in
g

set
is

u
sed

to
tra

in
a

cla
ssifi

er,
w

h
ich

is
th

en
evalu

ated
on

th
e

search
set.

S
earch

sp
ace

ex
p
loration

stra
teg

ies
in

clu
d
e

(D
oak

,
1992):

h
ill-clim

bin
g

search
(forw

ard
selection

,
b
ack

w
ard

elim
in

a-
tio

n
,

b
id

irectio
n
al

selection
,

b
eam

search
,

gen
etic

search
),

ra
n

d
o
m

search
(ran

d
om

start
h
ill-clim

b
in

g
,

sim
u
lated

an
n
ealin

g,
L

as
V

egas),
an

d
co

m
p
lete

search
.

T
h
e

aim
of

com
p
lete

sea
rch

is
to

fi
n
d

a
featu

re
su

b
set

th
at

op
tim

izes
an

evalu
ation

m
etric.

T
y
p
ical

ob
jectives

in
clu

d
e

m
in

im
izin

g
th

e
size

of
th

e
featu

re
su

b
set

p
rov

id
ed

th
at

th
e

classifi
er

b
u
ilt

from
it

h
a
s

a
n

a
ccu

ra
cy

greater
or

eq
u
al

to
a

given
th

resh
old

(d
im

en
sio

n
a
lity

red
u

ctio
n

),
or

m
in

i-
m

izin
g

th
e

em
p
irical

m
isclassifi

catio
n

erro
r

of
th

e
classifi

er
on

th
e

search
set

(perfo
rm

a
n

ce
m

a
xim

iza
tio

n
).

F
in

ally,
featu

re
su

b
set

selection
h
as

b
een

con
sid

ered
for

cla
ssifi

cation
,

re-
g
ressio

n
,
a
n
d

clu
sterin

g
task

s.
M

ach
in

e
learn

in
g

m
o
d
els

an
d

algorith
m

s
can

b
e

eith
er

treated
a
s

bla
ck-bo

xes
or,

in
stead

,
featu

re
selection

m
eth

o
d
s

can
b

e
sp

ecifi
c

to
th

e
m

o
d
el

an
d
/or

a
lg

o
rith

m
a
t

h
a
n
d

(w
h
ite-bo

x
).

W
h
ite-b

ox
ap

p
roach

es
are

less
gen

eral,
b
u
t

can
ex

p
loit

as-
su

m
p
tio

n
s

o
n

th
e

m
o
d
el

or
algorith

m
to

d
irect

an
d

sp
eed

u
p

th
e

search
.

F
or

in
stan

ce,
th

e
b

est
k
-su

b
set

p
rob

lem
for

lin
ear

regression
(M

iller,
2002)

sm
o
oth

ly
gen

eralizes
th

e
lin

ear
re-
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R
u
g
g
ie
r
i

gression
p
rob

lem
to

fi
n
d

ou
t

th
e

su
b
set

of
u
p

to
k

featu
res

th
at

b
est

p
red

ict
an

in
d
ep

en
d
en

t
variab

le.

O
n
ly

com
p
lete

sp
ace

ex
p
loration

can
p
rov

id
e

th
e

gu
ara

n
tee

of
fi
n
d
in

g
b

est
featu

re
su

b
-

sets
w

ith
resp

ect
to

a
given

error
estim

ation
fu

n
ction

.
S
everal

estim
ators

h
ave

b
een

p
rop

osed
in

th
e

literatu
re,

in
clu

d
in

g:
th

e
em

p
irical

m
isclassifi

cation
error

on
th

e
train

in
g

set
o
r

in
th

e
search

d
ataset;

estim
ators

ad
op

ted
for

tree
sim

p
lifi

cation
(B

reslow
an

d
A

h
a,

1997;
E

sp
osito

et
al.,

1997);
b

o
otstrap

an
d

cross-valid
ation

(K
oh

av
i,

199
5;

S
ton

e,
1997);

an
d

th
e

recen
t

jeff
m

eth
o
d

(F
an

,
2016),

w
h
ich

is
sp

ecifi
c

to
d
ecision

tree
m

o
d
els.

H
eu

ristic
search

ap
-

p
roach

es
can

lead
to

resu
lts

arb
itrarily

w
orse

th
an

th
e

b
est

featu
re

su
b
set

(M
u
rth

y
,

1998).
C

om
p
lete

search
is

k
n
ow

n
to

b
e

N
P

-h
ard

(A
m

ald
i

an
d

K
an

n
,

1998
).

H
ow

ever,
com

p
lete

strategies
d
o

n
ot

n
eed

to
b

e
ex

h
au

stiv
e

in
ord

er
to

fi
n
d

a
b

est
featu

re
su

b
set.

F
or

in
stan

ce,
fi
lter

m
o
d
els

can
rely

on
m

on
oton

ic
evalu

ation
m

etrics
to

su
p
p

ort
B

ran
ch

&
B

ou
n
d

sea
rch

(L
iu

et
al.,

1998).
R

egard
in

g
w

rap
p

er
ap

p
roach

es,th
e

em
p
irical

m
isclassifi

cation
error

lack
s

th
e

m
on

oton
icity

p
rop

erty
th

at
w

ou
ld

allow
for

p
ru

n
in

g
th

e
search

sp
ace

in
a

com
p
lete

search
.

A
p
p
rox

im
ate

M
on

oton
icity

w
ith

B
ran

ch
&

B
ou

n
d

(A
M

B
&

B
)

(F
orou

tan
an

d
S
k
lan

-
sk

y
,

1987)
tries

an
d

tack
les

th
is

lim
itation

,
b
u
t

it
p
rov

id
es

n
o

form
al

g
u
aran

tee
th

a
t

a
b

est
featu

re
su

b
set

is
fou

n
d
.

A
n
oth

er
form

of
search

sp
ace

p
ru

n
in

g
in

w
rap

p
er

ap
p
roach

es
for

d
ecision

trees
h
as

b
een

p
oin

ted
ou

t
b
y

C
aru

an
a

an
d

F
reitag

(19
94),

w
h
o

ex
am

in
e

fi
v
e

h
illclim

b
in

g
p
ro

ced
u
res.

T
h
ey

ad
op

t
a

cach
in

g
ap

p
ro

ach
to

p
rev

en
t

re-b
u
ild

in
g

d
u
p
licate

d
ecision

trees.
T

h
e

b
asic

p
rop

erty
th

ey
ob

serve
is

rep
orted

in
a

gen
eralized

form
in

th
is

p
ap

er
as

R
em

ark
6.

W
h
ile

cach
in

g
im

p
roves

on
th

e
effi

cien
cy

of
a

lim
ited

search
,

in
th

e
case

of
a

com
p
lete

search
,

it
req

u
ires

an
ex

p
on

en
tial

n
u
m

b
er

o
f

d
ecision

trees
to

b
e

stored
in

cach
e,

w
h
ile

ou
r

ap
p
roach

req
u
ires

a
lin

ear
n
u
m

b
er

o
f

th
em

.
W

e
w

ill
also

ob
serv

e
th

at
R

em
ark

6
m

ay
still

leav
e

d
u
p
licate

trees
in

th
e

search
sp

ace,
i.e.,

it
is

a
n
ecessary

b
u
t

n
ot

su
ffi

cien
t

con
d
itio

n
for

en
u
m

eratin
g

d
istin

ct
d
ecision

trees,
w

h
ile

w
e

w
ill

p
rov

id
e

an
ex

act
en

u
m

eration
an

d
,

in
ad

d
ition

,
a

fu
rth

er
p
ru

n
in

g
of

trees
th

at
can

n
ot

lead
to

b
est/

accep
ta

b
le

featu
re

su
b
sets.

A
p
rob

lem
related

to
th

e
fo

cu
s

o
f

th
is

p
ap

er
regard

s
th

e
con

stru
ction

of
op

tim
al

d
ecision

trees
u
sin

g
n
on

-greed
y

algorith
m

s.
In

su
ch

a
p
rob

lem
,

th
e

stru
ctu

re
of

a
d
ecision

tree
an

d
th

e
sp

lit
attrib

u
tes

are
d
eterm

in
ed

at
on

ce
as

a
glob

al
op

tim
ization

p
rob

lem
.

B
ertsim

as
an

d
D

u
n
n

(2017)
an

d
M

en
ickelly

et
al.

(20
16);

V
erw

er
an

d
Z

h
an

g
(2017

)
form

u
late

tree
in

d
u
ction

as
a

m
ix

ed
-in

teger
op

tim
ization

p
ro

b
lem

an
d

as
an

in
teger

p
rogram

m
in

g
p
rob

lem
resp

ectively.
T

h
e

op
tim

ization
fu

n
ction

is
th

e
m

isclassifi
cation

error
on

th
e

train
in

g
set,
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C
o
m
p
l
e
t
e
S
e
a
r
c
h
f
o
r
F
e
a
t
u
r
e
S
e
l
e
c
t
io
n
in

D
e
c
isio

n
T
r
e
e
s

A
lg

o
rith

m
1

su
b

se
t(R

,
S

)
en

u
m

erates
R

1
P
ow

(S
)

1
:

o
u

tp
u

t
R
∪
S

2
:
R
′←

R
∪
S

3
:
S
′←
∅

4
:

fo
r
a
i ∈

S
d

o
5
:

R
′←

R
′\{

a
i }

6
:

su
b
set(R

′,
S
′)

7
:

S
′←

S
′∪
{
a
i }

8
:

e
n

d
fo

r

R
e
m

a
rk

3
T

h
e

selectio
n

o
rd

er
o
f
a
i ∈

S
a
t

lin
e

4
o
f

A
lgo

rith
m

1
is

irreleva
n

t.

T
h
e

p
ro

ced
u
re

d
o
es

n
ot

rely
on

an
y

sp
ecifi

c
ord

er
of

selectin
g

m
em

b
ers

of
S

,
w

h
ich

is
a

fo
rm

o
f

d
o
n’t

ca
re

n
o
n

-d
eterm

in
ism

in
th

e
v
isit

of
th

e
lattice.

A
n
y

ch
oice

gen
erates

all
elem

en
ts

in
R

1
P
ow

(S
).

In
case

of
an

a
p
rio

ri
p

osition
al

ord
er

of
attrib

u
tes,

n
am

ely
lin

e
4

is
“fo

r
a
i ∈

S
o
rd

e
r

b
y
i

d
e
sc

d
o

”,
A

lgorith
m

1
p
ro

d
u
ces

p
recisely

th
e

reversed
b
in

ary
cou

n
tin

g
o
rd

er.
H

ow
ever,

if
th

e
selection

ord
er

varies
from

on
e

recu
rsive

call
to

a
n
oth

er,
th

en
th

e
o
u
tp

u
t

is
still

a
n

en
u
m

eration
of

su
b
sets.

4
.
G
e
n
e
ra

tin
g
A
ll
D
istin

ct
D
e
cisio

n
T
re
e
s

W
e

b
u
ild

o
n

th
e

su
b
set

gen
eration

p
ro

ced
u
re

to
d
ev

ise
an

algorith
m

for
th

e
en

u
m

eration
of

a
ll

d
istin

ct
d
ecision

trees
b
u
ilt

on
su

b
sets

of
th

e
p
red

ictive
featu

res.

4
.1

.
O

n
T

o
p

-D
o
w

n
G

re
e
d

y
D

e
c
isio

n
T

re
e

In
d

u
c
tio

n

L
et

u
s

fi
rst

in
tro

d
u
ce

som
e

n
otation

an
d

assu
m

p
tion

s.
L

et
F

=
{a

1 ,...,a
N }

b
e

th
e

set
o
f

p
red

ictive
featu

res,
an

d
S
⊆
F

a
su

b
set

of
th

em
.

W
e

w
rite

T
=
D
T

(S
)

to
d
en

ote
th

e
d
ecisio

n
tree

b
u
ilt

from
featu

res
in
S

on
a

fi
x
ed

train
in

g
set.

T
h
ro

u
gh

ou
t

th
e

p
ap

er,
w

e
m

a
ke

th
e

fo
llow

in
g

assu
m

p
tion

on
th

e
n
o
d
e

sp
lit

criterion
in

top
-d

ow
n

greed
y

d
ecision

tree
in

d
u
ctio

n
.

A
ssu

m
p

tio
n

4
L

et
T

=
D
T

(S
).

A
sp

lit
a
ttribu

te
a
t

a
d
ecisio

n
n

od
e

o
f
T

is
ch

o
sen

a
s

a
rgm

a
x
a∈
S
f

(a
,C

),
w

h
ere

f
()

is
a

qu
a
lity

m
ea

su
re

a
n

d
C

a
re

th
e

ca
ses

o
f

th
e

tra
in

in
g

set
rea

ch
in

g
th

e
n

od
e.

W
h
ile

th
e

a
ssu

m
p
tion

regard
s

u
n
ivariate

sp
lits,

it
can

b
e

restated
for

b
i-va

riate
o
r

m
u
lti-

va
ria

te
sp

lit
co

n
d
ition

s,
an

d
th

e
th

eoretical
resu

lts
in

th
is

p
ap

er
can

b
e

ad
ap

ted
to

su
ch

g
en

era
l

ca
ses.

H
ow

ever,
sin

ce
w

e
b
u
ild

on
a

softw
are

th
at

d
eals

w
ith

u
n
ivariate

sp
lits

o
n
ly

(see
S
ectio

n
7),

ex
p

erim
en

ts
are

restricted
to

su
ch

a
case.

M
oreover,

th
e

resu
lts

w
ill

h
old

for
a
n
y

q
u
a
lity

m
easu

re
f

()
as

far
as

th
e

sp
lit

attrib
u
tes

are
ch

osen
as

th
e

on
es

th
at

m
ax

im
ize

f
().

E
x
a
m

p
les

of
q
u
ality

m
easu

res
u
sed

in
th

is
w

ay
in

clu
d
e

In
form

ation
G

a
in

(IG
),

G
ain

R
a
tio

1
(G

R
),

a
n
d

th
e

G
in

i
in

d
ex

,
w

h
ich

are
ad

op
ted

in
th

e
C

4.5
(Q

u
in

lan
,

1993)
an

d
in

th
e

C
A

R
T

sy
stem

s
(B

reim
an

et
al.,

1984).
A

secon
d

assu
m

p
tion

rega
rd

s
th

e
stop

p
in

g
criterion

1
.

G
a
in

R
a
tio

n
o
rm

a
lizes

In
fo

rm
a
tio

n
G

a
in

ov
er

th
e

S
p

lit
In

fo
rm

a
tio

n
(S

I)
o
f

a
n

a
ttrib

u
te,

i.e.,
G

R
=

IG
/
S

I.
T

h
is

d
efi

n
itio

n
d

o
es

n
o
t

w
o
rk

w
ell

fo
r

a
ttrib

u
tes

w
h

ich
a
re

(a
lm

o
st)

co
n

sta
n
ts

ov
er

th
e

ca
ses

C
,
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R
u
g
g
ie
r
i

in
top

-d
ow

n
d
ecision

tree
con

stru
ction

.
L

et
sto

p
(S
,C

)
b

e
th

e
b

o
olean

resu
lt

of
th

e
stop

p
in

g
criterion

at
a

n
o
d
e

w
ith

cases
C

an
d

p
red

ictive
featu

res
S

.

A
ssu

m
p

tio
n

5
If

sto
p

(S
,C

)
=

tru
e

th
en

sto
p

(S
′,C

)
=

tru
e

fo
r

every
S
′⊆

S
.

T
h
e

assu
m

p
tion

states
th

at
eith

er:
(1)

th
e

stop
p
in

g
criterion

d
o
es

n
ot

d
ep

en
d

on
S

;
or,

if
it

d
o
es,

th
en

(2)
stop

p
in

g
is

m
on

oton
ic

w
ith

regard
to

th
e

set
of

p
red

ictive
featu

res.
(1)

is
a

fairly
gen

eral
assu

m
p
tion

,
sin

ce
ty

p
ical

stop
p
in

g
criteria

are
b
ased

on
th

e
size

of
cases

C
at

a
n
o
d
e

an
d
/or

on
th

e
p
u
rity

of
th

e
class

attrib
u
te

in
C

.
W

e
w

ill
later

on
con

sid
er

th
e

stop
p
in

g
criterion

of
C

4.5
w

h
ich

h
alts

tree
con

stru
ction

if
th

e
n
u
m

b
er

of
cases

of
th

e
train

in
g

set
reach

in
g

th
e

cu
rren

t
n
o
d
e

is
low

er
th

an
a

m
in

im
u
m

th
resh

old
m

(fo
rm

ally,
sto

p
(S
,C

)
is

tru
e

iff
|C
|
<
m

).
A

n
oth

er
w

id
ely

u
sed

stop
p
in

g
criterion

satisfy
in

g
(1)

con
sists

of
settin

g
a

m
ax

im
u
m

d
ep

th
of

th
e

d
ecision

tree.
(2)

ap
p
lies

to
criteria

w
h
ich

req
u
ire

m
in

im
u
m

q
u
ality

of
featu

res
for

sp
littin

g
a

n
o
d
e.

E
.g.,

th
e

C
4
.5

ad
d
ition

al
criterion

of
stop

p
in

g
if

IG
of

all
featu

res
is

b
elow

a
m

in
im

u
m

th
resh

old
satisfi

es
th

e
assu

m
p
tion

.
T

h
e

follow
in

g
rem

ark
,

w
h
ich

is
p
art

of
th

e
d
ecision

tree
folk

lore
(see

e.g.,
C

aru
an

a
an

d
F

reitag
(1994)),

states
a

u
sefu

l
con

seq
u
en

ce
of

A
ssu

m
p
tion

s
4

an
d

5.
R

em
ov

in
g

an
y

featu
re

n
ot

u
sed

in
a

d
ecision

tree
from

th
e

in
itial

set
of

featu
res

d
o
es

n
ot

aff
ect

th
e

resu
lt

of
tree

b
u
ild

in
g.

L
e
m

m
a

6
L

et
fea

tu
res(T

)
d
en

o
te

th
e

set
o
f

sp
lit

a
ttribu

tes
in

a
d
ecisio

n
tree

T
=
D
T

(S
).

F
o
r

every
S
′

su
ch

th
a
t
S
⊇
S
′⊇

fea
tu

res(T
),
D
T

(S
′)

=
T

.

P
ro

o
f

If
a

d
ecision

tree
T

b
u
ilt

fro
m
S

u
ses

o
n
ly

featu
res

from
U

=
fea

tu
res(T

)⊆
S

,
th

en
at

an
y

d
ecision

n
o
d
e

of
T

it
m

u
st

b
e

tru
e

th
at

a
rgm

a
x
a∈
S
f

(a
,C

)
=

a
rgm

a
x
a∈
U
f

(a
,C

).
H

en
ce,

rem
ov

in
g

an
y

u
n
u
sed

attrib
u
te

in
S
\
U

w
ill

n
ot

ch
an

ge
th

e
resu

lt
o
f

m
ax

im
izin

g
th

e
q
u
ality

m
easu

re
an

d
th

en
,

b
y

A
ssu

m
p
tion

4,
th

e
sp

lit
a
ttrib

u
te

at
a

d
ecision

n
o
d
e.

M
oreover,

b
y

A
ssu

m
p
tion

5,
a

leaf
n
o
d
e

in
T

w
ill

rem
ain

a
leaf

n
o
d
e

for
an

y
su

b
set

of
S

.

4
.2

.
E

n
u
m

e
ra

tin
g

D
istin

c
t

D
e
c
isio

n
T

re
e
s

C
on

sid
er

a
su

b
set

of
featu

res
R
∪
S

,
w

h
ere

R
m

u
st

b
e

n
ecessarily

u
sed

b
y

a
d
ecision

tree
an

d
S

=
{a

1 ,...,a
n }

m
ay

b
e

u
sed

or
n
ot.

L
et
T

=
D
T

(R
∪
S

),
an

d
U

=
fea

tu
res(T

)⊇
R

b
e

th
e

featu
res

u
sed

in
sp

lit
n
o
d
es

of
T

.
T

h
erefore,

S∩
U

=
{
a
1 ,...,a

k }
is

th
e

set
of

featu
res

in
S

actu
ally

selected
as

sp
lit

featu
res,

an
d
S
\
U

=
{
a
k
+
1 ,...,a

n }
is

th
e

set
of

featu
res

n
ever

selected
as

sp
lit

featu
res.

B
y

L
em

m
a

6,
th

e
d
ecision

tree
T

is
eq

u
al

to
th

e
on

e
b
u
ilt

startin
g

from
featu

res
R
∪{
a
1 ,...,a

k }
p
lu

s
an

y
su

b
set

o
f{a

k
+
1 ,...,a

n }
.

In
sy

m
b

ols,
all

th
e

d
ecision

trees
for

featu
re

su
b
sets

in
(R
∪
{a

1 ,...,a
k })

1
P
ow

({a
k
+
1 ,...,a

n }
)

d
o

coin
cid

e
w

ith
T

.
W

e
w

ill
u
se

th
is

ob
servation

to
rem

ove
from

th
e

recu
rren

ce
relation

of
L

em
m

a
1

som
e

sets
in
R

1
P

o
w

(S
)

w
h
ich

lead
to

d
u
p
licate

d
ecision

trees.
F

orm
ally,

w
h
en

sea
rch

in
g

for
featu

re
su

b
sets

th
at

lead
to

d
istin

ct
d
ecision

trees,
th

e
recu

rren
ce

relation
can

b
e

m
o
d
ifi

ed
as:

R
1

P
o
w

(S
)

=
{
R
∪
S}∪

⋃

i=
k
,...,1 (R

∪
{
a
1 ,...,a

i−
1 }

)
1

P
o
w

({
a
i+

1 ,...,a
n }

)

i.e.,
w

h
en

S
I
≈

0
.

Q
u

in
la

n
(1

9
8
6
)

p
ro

p
o
sed

th
e

h
eu

ristic
o
f

restrictin
g

th
e

eva
lu

a
tio

n
o
f

G
R

o
n

ly
to

a
ttrib

u
tes

w
ith

a
b

ov
e
a
vera

ge
IG

.
T

h
e

h
eu

ristic
is

im
p

lem
en

ted
in

th
e

C
4
.5

sy
stem

(Q
u

in
la

n
,

1
9
9
3
).

It
clea

rly
b

rea
k
s

A
ssu

m
p

tio
n

4
,

m
a
k
in

g
th

e
selectio

n
o
f

th
e

sp
lit

a
ttrib

u
te

d
ep

en
d

en
t

o
n

th
e

set
S

.
A

n
h

eu
ristic

th
a
t

sa
tisfi

es
A

ssu
m

p
tio

n
4

co
n

sists
o
f

restrictin
g

th
e

eva
lu

a
tio

n
o
f

G
R

o
n

ly
fo

r
a
ttrib

u
tes

w
ith

IG
h

ig
h
er

th
a
n

a
m
in
im

u
m

th
resh

o
ld

.
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C
o
m
p
l
e
t
e
S
e
a
r
c
h
f
o
r
F
e
a
t
u
r
e
S
e
l
e
c
t
io
n
in

D
e
c
is
io
n
T
r
e
e
s

A
lg

o
ri

th
m

2
D

T
d

is
ti

n
c
t(
R

,
S

)
en

u
m

er
at

es
d
is

ti
n
ct

d
ec

is
io

n
tr

ee
s

u
si

n
g

fe
at

u
re

su
b
se

ts
in
R

1
P
ow

(S
).

1
:

b
u

il
d

tr
e
e
T

=
D
T

(R
∪
S

)
2
:
U
←

fe
a
tu

re
s(
T

)
3
:

if
R
⊆
U

th
e
n

4
:

o
u

tp
u

t
T

5
:

e
n

d
if

6
:
R
′ ←

R
∪

(S
∩
U

)
7
:
S
′ ←

S
\U

8
:

fo
r
a
i
∈
S
∩
U

o
rd

e
r

b
y

rk
fr
o
n
ti
er

(T
)

d
o

9
:

R
′ ←

R
′ \
{a

i}
1
0
:

D
T

d
is

ti
n
ct

(R
′ ,
S
′ )

1
1
:

S
′ ←

S
′ ∪
{a

i}
1
2
:

e
n

d
fo

r

si
n
ce

th
e

m
is

si
n
g

u
n
io

n
: ⋃

i=
n
,.
..
,k
+
1

(R
∪
{a

1
,.
..
,a
i−

1
})

1
P

o
w

({
a
i+

1
,.
..
,a
n
})

(1
)

is
in

cl
u
d
ed

in
(R
∪{
a
1
,.
..
,a
k
})

1
P
ow

({
a
k
+
1
,.
..
,a
n
})

,
an

d
th

en
it

co
n
ta

in
s

se
ts

of
fe

at
u
re

s
V

su
ch

th
at
D
T

(V
)

=
D
T

(R
∪
S

).
In

p
ar

ti
cu

la
r,

th
is

im
p
li
es

th
e

fo
ll
ow

in
g

p
ro

p
er

ty
,

fo
r

an
y

er
ro

r
es

ti
m

at
io

n
fu

n
ct

io
n

er
r
()

,
w

h
ic

h
w

il
l

b
e

u
se

fu
l

la
te

r
on

:

er
r
(D
T

(R
∪
{a

1
,.
..
,a
k
})

)
=

er
r
(D
T

(V
))

(2
)

fo
r

al
l
V
∈
⋃
i=
n
,.
..
,k
+
1
(R
∪
{a

1
,.
..
,a
i−

1
})

1
P

o
w

({
a
i+

1
,.
..
,a
n
})
.

T
h
e

si
m

p
li
fi
ed

re
cu

rr
en

ce
re

la
ti

on
p
ru

n
es

fr
om

th
e

th
e

se
ar

ch
sp

ac
e

fe
at

u
re

su
b
se

ts
th

at
le

ad
to

d
u
p
li
ca

te
d

d
ec

is
io

n
tr

ee
s.

H
ow

ev
er

,
w

e
w

il
l

sh
ow

in
E

x
am

p
le

1
th

at
su

ch
a

p
ru

n
in

g
al

on
e

is
n
ot

su
ffi

ci
en

t
to

ge
n
er

at
e

d
is

ti
n
ct

d
ec

is
io

n
tr

ee
s

on
ly

,
i.
e.

,
d
u
p
li
ca

te
s

m
ay

st
il
l
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b
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p
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.
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d
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b
set,

th
ey

u
p

d
ate

th
e

b
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h
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P
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b
le

(S
a
a
r-T

sech
a
n

sk
y

a
n

d
P

rov
o
st,

2
0
0
7
;

T
w

a
la

,
2
0
0
9
).
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f
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b
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d
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p
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u
e

w
h
en

:

lb
er

r
(R
,{
a
1
,.
..
,a
k
})
≤

er
r
(D
T

(V
))

(4
)

fo
r

al
l
V
∈
⋃
i=
n
,.
..
,k
+
1
(R
∪
{a

1
,.
..
,a
i−

1
})

1
P

o
w

({
a
i+

1
,.
..
,a
n
})
.

h
en

ce
,
th

e
ad

je
ct

iv
e

“l
ow

er
-b

ou
n
d
”

fu
n
ct

io
n

fo
r

lb
er

r
()

.
O

u
r

lo
w

er
-b

ou
n
d

fu
n
ct

io
n

is
d
efi

n
ed

as
fo

ll
ow

s
fo

r
a

ca
n
d
id

at
e
{a

1
,.
..
,a
k
}.

W
e

st
ar

t
fr

om
th

e
d
ec

is
io

n
tr

ee
T

=
D
T

(R
∪
S

)
=

D
T

(R
∪

(S
∩
U

))
an

d
re

m
ov

e
su

b
-t

re
es

in
T

ro
ot

ed
at

fr
on

ti
er

n
o
d
es

w
it

h
sp

li
t

fe
at

u
re

s
in

(S
∩
U

)
\{
a
1
,.
..
,a
k
}.

L
et
T
′

b
e

th
e

p
ar

ti
al

tr
ee

ob
ta

in
ed

an
d

ca
ll

th
e

re
m

ov
ed

fr
o
n
ti

er
n
o
d
es

th
e

“t
o-

b
e-

ex
p
an

d
ed

”
n
o
d
es

.
T

h
e

fe
at

u
re

s
u
se

d
in
T
′

b
el

on
g

to
R
∪
{a

1
,.
..
,a
k
},

w
h
ic

h
is

in
cl

u
d
ed

in
an

y
V

q
u
an

ti
fi
ed

ov
er

in
(4

).
D

u
e

to
th

e
A

ss
u
m

p
ti

o
n
s

4-
5,

an
y

tr
ee

D
T

(V
)

m
ay

d
iff

er
fr

om
T

on
ly

at
th

e
n
o
d
es

to
-b

e-
ex

p
an

d
ed

an
d

th
ei

r
su

b
-t

re
es

,
i.
e.

,
T
′

is
a

su
b
-t

re
e

of
D
T

(V
).

A
t

th
e

b
es

t,
th

e
er

ro
r

of
th

e
su

b
-t

re
es

in
V

th
at

ex
p
an

d
T
′

w
il
l

b
e

ze
ro

8
.

T
h
u
s,

w
e

h
av

e
er

r
(T
′ )
≤

er
r
(D
T

(V
))

,
w

h
er

e
er

r
(T
′ )

ad
d
s
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n
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n
g

a
tt

ri
bu

te
s

in
th

e
o
rd

er
p
ro

vi
d
ed

by
rk

fr
o
n
ti
er

(T
),

w
h
ic

h
is
a
4
,a

2
,a

3
,a

1

(s
ee

E
xa

m
p
le

4
).

A
t

th
e

fi
rs

t
st

ep
,

th
e

su
b-

tr
ee

ro
o
te

d
a
t
a
4

is
te

n
ta

ti
ve

ly
re

m
o
ve

d
,

a
n

d
re

p
la

ce
d

w
it

h
a
n

o
ra

cl
e

w
it

h
ze

ro
er

ro
r

es
ti

m
a
te

,
a
s

sh
o
w

n
in

F
ig

u
re

3
(b

).
If

th
e

er
ro

r
lb

=
lb

er
r
(∅
,{
a
4
})

o
f

su
ch

a
tr

ee
is

su
ch

th
a
t
e a

cc
≤

lb
+
δ,

w
e

ca
n

co
m

m
it

th
e

re
m

o
va

l
o
f
a
4
.

A
ss

u
m

e
th

is
is

th
e

ca
se

.
In

th
e

n
ex

t
st

ep
,

th
e

su
b-

tr
ee

ro
o
te

d
a
t
a
2

is
a
ls

o
te

n
ta

ti
ve

ly
re

m
o
ve

d
a
n

d
re

p
la

ce
d

w
it

h
a
n

o
ra

cl
e.

A
ga

in
,

if
th

e
es

ti
m

a
te

d
er

ro
r

lb
=

lb
er

r
(∅
,{
a
4
,a

2
})

o
f

su
ch

a
tr

ee
is

su
ch

th
a
t
e a

cc
≤

lb
+
δ,

w
e

ca
n

co
m

m
it

th
e

re
m

o
va

l
o
f
a
2
.

A
ss

u
m

e
th

is
is

n
o
t

th
e

ca
se

,
a
n

d
a
2

is
n

o
t

re
m

o
ve

d
.

In
th

e
th

ir
d

st
ep

,
th

e
su

b-
tr

ee
ro

o
te

d
a
t
a
3

is
te

n
ta

ti
ve

ly
re

m
o
ve

d
a
n

d
re

p
la

ce
d

w
it

h
a
n

o
ra

cl
e,

a
s

sh
o
w

n
in

F
ig

u
re

3
(c

).
If

th
e

es
ti

m
a
te

d
er

ro
r

lb
=

lb
er

r
(∅
,{
a
4
,a

3
})

o
f

su
ch

a
tr

ee
is

su
ch

th
a
t
e a

cc
≤

lb
+
δ,

w
e

ca
n

co
m

m
it

th
e

re
m

o
va

l
o
f
a
3
.

A
ss

u
m

e
th

is
is

th
e

ca
se

.
In

th
e

la
st

st
ep

,
w

e
tr

y
a
n

d
re

m
o
ve

th
e

su
b-

tr
ee

ro
o
te

d
a
t
a
1
,

a
n

d
re

p
la

ce
it

w
it

h
a
n

o
ra

cl
e.

T
h
e

es
ti

m
a
te

d
er

ro
r

o
f

su
ch

a
tr

ee
is

lb
=

lb
er

r
(∅
,{
a
4
,a

3
,a

1
})

=
0.

C
o
n

d
it

io
n

e a
cc
≤

lb
+
δ

d
oe

s
n

o
t

h
o
ld

(o
th

er
w

is
e,

it
w

o
u

ld
h
a
ve

be
en

sa
ti

sfi
ed

a
t

th
e

se
co

n
d

st
ep

a
s

w
el

l)
.

In
su

m
m

a
ry

,
g
re
ed

y
δ

re
tu

rn
s
{a

2
,a

1
},

w
h
il

st
{a

4
,a

3
}

ca
n

be
sa

fe
ly

n
o
t

it
er

a
te

d
o
ve

r
a
t

st
ep

1
1

o
f

A
lg

o
ri

th
m

3
.

E
x
a
m

p
le

1
0

R
ec

o
n

si
d
er

E
xa

m
p
le

5
.

F
ig

u
re

6
(a

)
sh

o
w

s
th

e
el

a
p
se

d
ru

n
n

in
g

ti
m

es
o
f

D
T
a
cc
e
p
t δ
(∅
,
F
)

w
h
er

e
F

is
th

e
se

t
o
f

a
ll

fe
a
tu

re
s

o
f

th
e

A
d
u

lt
d
a
ta

se
t.

R
es

u
lt

s
a
re

sh
o
w

n
fo

r
se

ve
ra

l
va

lu
es

o
f

th
e

pa
ra

m
et

er
δ.

It
is

w
o
rt

h
n

o
ti

n
g

th
a
t,

fo
r
δ

=
0,

th
e

el
a
p
se

d
ti

m
e

is
sm

a
ll

er
th

a
n

th
e

en
u

m
er

a
ti

o
n

o
f

d
is

ti
n

ct
tr

ee
s

by
D
T
d
is
ti
n
c
t.

In
fa

ct
,

w
h
en

w
e
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C
o
m
p
l
e
t
e
S
e
a
r
c
h
f
o
r
F
e
a
t
u
r
e
S
e
l
e
c
t
io
n
in

D
e
c
isio

n
T
r
e
e
s

 0

 0.2

 0.4

 0.6

 0.8  1

 0
 16

 32
 48

 64
 80

 96
 112

 128

Elapsed time (secs)

m

A
dult, IG

S
B

E
D

Tsbe

(a
)

E
la

p
sed

ru
n

n
in

g
tim

e.

 14.2
 14.4
 14.6
 14.8

 15
 15.2
 15.4
 15.6
 15.8

 0
 16

 32
 48

 64
 80

 96
 112

 128

Estimated error (%)

m

A
dult, IG

all features
D

Taccept0
D

Tsbe,S
B

E

(b
)

M
iscla

ssifi
ca

tio
n

erro
r

o
n

sea
rch

set.

F
ig

u
re

7
:

S
B

E
an

d
D

T
sb

e
elap

sed
tim

es
an

d
estim

ated
errors

on
th

e
A

d
u
lt

d
ataset.

sea
rch

fo
r

a
best

fea
tu

re
su

bset,
D
T
a
cce

p
t
0

p
ru

n
es

fro
m

th
e

sea
rch

spa
ce

th
o
se

(d
istin

ct)
d
ecisio

n
trees

fo
r

w
h
ich

th
e

lo
w

er
bo

u
n

d
o
n

th
e

estim
a
ted

erro
r

is
h
igh

er
th

a
n

th
e

best
erro

r
estim

a
tio

n
fo

u
n

d
d
u

rin
g

th
e

sea
rch

.
F

igu
re

6
(b)

sh
o
w

s
th

e
estim

a
ted

erro
r

(m
iscla

ssifi
ca

tio
n

erro
r

o
n

th
e

sea
rch

set)
o
f

th
e

d
ecisio

n
tree

bu
ilt

o
n

fea
tu

res
retu

rn
ed

by
D
T
a
cce

p
t
δ

a
n

d
o
n

a
ll

fea
tu

res
F

.
T

h
e

d
iff

eren
ce

betw
een

th
e

estim
a
ted

erro
r

o
f
D
T

(F
)

a
n

d
th

e
estim

a
ted

erro
r

o
f

a
best

fea
tu

re
su

bset
(δ

=
0)

p
ro

vid
es

th
e

ra
n

ge
o
f

erro
r

estim
a
tio

n
s

th
a
t

m
a
y

be
retu

rn
ed

by
h
eu

ristic
fea

tu
re

selectio
n

a
p
p
roa

ch
es

a
d
h
erin

g
to

th
e

w
ra

p
per

m
od

el.
N

o
tice

th
a
t

th
e

estim
a
ted

erro
r

o
f
δ-a

ccep
ta

ble
fea

tu
re

su
bsets

fo
r
δ

=
0
.02

a
n

d
δ

=
0
.04

is
very

clo
se

to
th

e
estim

a
ted

erro
r

o
f

a
best

fea
tu

re
su

bset
(o

n
ly

+
2
%

a
n

d
+

4%
respectively).

T
h
e

ex
am

p
le

sh
ow

s
th

at
th

e
p
ru

n
in

g
strategy

of
D

T
a
c
c
e
p

t
δ

is
eff

ective
in

th
e

sp
ecifi

c
ca

se
o
f

th
e

A
d
u
lt

d
ataset.

In
th

e
w

orst
case,

h
ow

ever,
th

e
search

sp
ace

rem
ain

s
th

e
o
n
e

of
d
istin

ct
d
ecisio

n
trees,

w
h
ich

,
for

low
m

valu
es,

is
ex

p
on

en
tial

in
th

e
n
u
m

b
er

of
featu

res.
In

S
ectio

n
7
,

w
e

w
ill

test
p

erform
an

ces
on

d
atasets

of
larger

d
im

en
sion

alities.
A

s
a

fi
n
a
l

n
ote,

w
e

ob
serv

e
th

at
ou

r
ap

p
roach

can
b

e
easily

ad
ap

ted
to

oth
er

varian
ts

of
th

e
fea

tu
re

selection
p
rob

lem
.

O
n
e

varian
t

co
n
sists

of
reg

u
larizin

g
th

e
erro

r
estim

a
tion

w
ith

a
p

en
a
lty

ε
for

ev
ery

featu
re

in
a

su
b
set.

In
su

ch
a

case,
th

e
on

ly
ch

an
ges

in
A

lgorith
m

3
w

o
u
ld

b
e:

th
e

test
at

lin
e

4
b

ecom
es

err
(T

)+
|U
|·ε≤

e
a
cc ;

th
e

assign
m

en
t

at
lin

e
5

b
ecom

es
e
a
cc ←

err
(T

)
+
|U
|·
ε.

R
egard

in
g

th
e

low
er

b
ou

n
d

fu
n
ction

lberr
(R
,S
∩
Ŵ

)
called

at
lin

e
4

o
f

g
re

e
d

y
δ ,

b
y

ad
d
in

g
th

e
p

en
alty
|S
∩
Ŵ
|·ε

w
e

ob
tain

a
low

er
b

ou
n
d

on
th

e
regu

larized
erro

r
estim

a
tio

n
of

trees
b
u
ilt

from
su

b
sets

V
p
ru

n
ed

in
(4).

6
.
A

W
h
ite

-B
o
x
O
p
tim

iza
tio

n
o
f
S
B
E

O
n

th
e

p
ra

ctica
l

sid
e,

D
T

a
c
c
e
p

t
δ

d
o
es

n
ot

scale
to

large
d
im

en
sion

al
d
ata

sets.
M

oreover,
a
ccep

ta
b
ility

/
b

est
error

on
th

e
search

set
m

ay
b

e
ob

tain
ed

at
th

e
cost

of
overfi

ttin
g

(D
oak

,
1
9
9
2
;

R
eu

n
a
n
en

,
2003)

an
d

in
stab

ility
(N

ogu
eira

an
d

B
row

n
,

2016).
W

e
w

ill
d
iscu

ss
th

ese
issu

es
in

th
e

ex
p

erim
en

tal
section

.
T

h
e

id
eas

u
n
d
erly

in
g

ou
r

ap
p
roach

,
h
ow

ev
er,

can
im

p
act

a
lso

o
n

th
e

effi
cien

cy
of

w
ell-p

erform
in

g
h
eu

ristic
search

es.
In

p
articu

lar,
w

e
con

sid
er

h
ere

th
e

co
rn

ersto
n
e

seq
u
en

tial
b
ack

w
ard

elim
in

ation
(S

B
E

)
h
eu

ristic.
It

starts
b
u
ild

in
g

a
classi-
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R
u
g
g
ie
r
i

fi
er
T

u
sin

g
th

e
set

S
of

all
featu

res,
i.e.,

S
=
F

.
F

o
r

every
a
∈
S

,
a

classifi
er
T
a

is
b
u
ilt

u
sin

g
featu

res
in
S\{a}

.
If

n
o
T
a ’s

h
as

a
low

er
o
r

eq
u
al

estim
ated

error
th

an
T

,
th

e
algorith

m
stop

s
retu

rn
in

g
S

as
th

e
su

b
set

of
selected

featu
res.

O
th

erw
ise,

th
e

p
ro

ced
u
re

is
rep

ea
ted

rem
ov

in
g

â
from

S
,

w
h
ere

T
â

is
th

e
classifi

er
w

ith
th

e
sm

allest
estim

ated
error.

In
su

m
m

ary,
featu

res
are

elim
in

ated
on

e
at

a
tim

e
in

a
greed

y
w

ay.
S

B
E

is
a

b
lack

-b
ox

ap
p
roach

.
T

h
e

p
ro

ced
u
re

ap
p
lies

to
an

y
ty

p
e

of
classifi

er.
A

w
h
ite-b

ox
op

tim
izatio

n
can

b
e

d
ev

ised
for

d
ecision

tree
classifi

ers
th

at
satisfy

th
e

assu
m

p
tion

s
o
f

S
ection

4.1.
L

et
U

=
fea

tu
res(T

)
b

e
th

e
set

of
featu

res
u
sed

in
th

e
cu

rren
t

d
ecision

tree
T

=
D
T

(S
).

B
y

L
em

m
a

6,
for

a
n
on

-u
sed

featu
re

a
∈
S
\
U

,
it

tu
rn

s
ou

t
th

at
T
a

=
D
T

(S
\{
a})

=
D
T

(S
)

=
T

.
T

h
u
s,

on
ly

trees
T
a

for
a
∈
U

n
eed

to
b

e
b
u
ilt

an
d

evalu
ated

at
each

step
,

sav
in

g
th

e
con

stru
ction

of|S
\
U
|
d
ecision

trees.
T

h
e

follow
in

g
oth

er
p
ru

n
in

g
can

b
e

d
ev

ised
.

L
et
b̂

b
e

th
e

featu
re

rem
ov

ed
at

th
e

cu
rren

t
step

,
an

d
a
∈
U

=
fea

tu
res(T

)
su

ch
th

at
b̂6∈

fea
tu

res(T
a ),

w
h
ere

fea
tu

res(T
a )

is
k
n
ow

n
from

th
e

p
rev

iou
s

step
.

B
y

L
em

m
a

6,
it

tu
rn

s
ou

t
th

at
(T
b̂ )
a

=
D
T

(S\{b̂,a})
=
D
T

(S\{a})
=
T
a .

In

su
m

m
ary,

(T
b̂ )
a

can
b

e
p
ru

n
ed

if
a
6∈

fea
tu

res(T
b̂ )

or
if
b̂6∈

fea
tu

res(T
a ).

T
h
e

op
tim

ization
s

of
in

crem
en

tal
tree

b
u
ild

in
g

an
d

p
arallelization

d
iscu

ssed
for

D
T

d
istin

c
t

read
ily

a
p
p
ly

for
su

ch
h
eu

ristic
as

w
ell.

W
e

call
th

e
resu

ltin
g

w
h
ite-b

ox
op

tim
ized

algorith
m

D
T

sb
e
.

E
x
a
m

p
le

1
1

F
igu

re
7
(a

)
co

n
tra

sts
th

e
ela

p
sed

ru
n

n
in

g
tim

es
o
f
S
B
E

a
n

d
D
T
sbe

o
n

th
e

A
d
u

lt
d
a
ta

set.
T

h
e

effi
cien

cy
im

p
ro

vem
en

t
o
f
D
T
sbe

o
ver

S
B
E

is
co

n
sisten

tly
in

th
e

o
rd

er
o
f

2×
.

F
igu

re
7
(b)

sh
o
w

s
in

stea
d

th
eir

estim
a
ted

erro
r

(m
iscla

ssifi
ca

tio
n

erro
r

o
n

th
e

sea
rch

set),
w

h
ich

a
re

o
bvio

u
sly

th
e

sa
m

e.
E

stim
a
tes

a
re

very
clo

se
to

th
e

estim
a
ted

erro
r

o
f

a
best

fea
tu

re
su

bset
p
ro

vid
ed

by
D
T
a
cce

p
t
0 .

7
.
E
x
p
e
rim

e
n
ts

7
.1

.
D

a
ta

se
ts

a
n

d
E

x
p

e
rim

e
n
ta

l
S

e
ttin

g
s

W
e

p
erform

ex
p

erim
en

ts
on

20
sm

all
an

d
large

d
im

en
sion

al
b

en
ch

m
ark

d
atasets

p
u
b
licly

availab
le

from
th

e
U

C
I

M
L

rep
ository

(L
ich

m
an

,
2013).

S
om

e
of

th
e

d
atasets

h
ave

b
een

u
sed

in
th

e
N

IP
S

2003
ch

allen
ge

on
featu

re
selection

,
an

d
are

d
escrib

ed
in

d
etail

b
y

G
u
y
on

et
al.

(2006a).
T

ab
le

1
rep

orts
th

e
n
u
m

b
er

of
in

stan
ces

an
d

featu
res

of
th

e
d
a
tasets.

F
ollow

in
g

(K
oh

av
i,

1995;
R

eu
n
an

en
,

2003),
th

e
gen

eralization
error

of
a

classifi
er

is
esti-

m
ated

b
y

rep
eated

stratifi
ed

10-fold
cross

valid
ation

9.
C

ross-valid
ation

is
rep

eated
10

tim
es.

A
t

each
rep

etition
,

th
e

availab
le

d
ataset

is
sp

lit
in

to
10

fold
s,

u
sin

g
stratifi

ed
ra

n
d
om

sam
-

p
lin

g.
E

ach
fold

is
u
sed

to
com

p
u
te

th
e

m
isclassifi

cation
error

of
th

e
classifi

er
b
u
ilt

on
th

e
rem

ain
in

g
9

fold
s

u
sed

as
train

in
g

set
for

b
u
ild

in
g

classifi
cation

m
o
d
els.

T
h
e

gen
eralization

error
is

th
en

th
e

average
m
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ö

tt
in

ge
n

G
o

ld
sc

h
m

id
ts

tr
.

7
,

3
7

0
7

7
G

ö
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p
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d
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p
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h
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p
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b
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p
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S
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e
op
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b
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b
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b
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m
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b
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d
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(S
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p
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re
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v
u
re
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l.

(2
0
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b
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b
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p
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d
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p
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at
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p
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p
o
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H

er
e,
N
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e
n
u
m

b
er
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p
ix

el
s

o
r

v
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el
s

a
n
d

is
ty

p
ic

al
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of
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ze
1
0

5
to

1
0

7
.

N
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u
ra

ll
y,
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p
ro

b
le

m
is
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gr

av
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ed
w

h
en

m
an

y
d
is
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n
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s
h
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e
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b
e
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m

p
u
te

d
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a
s
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th

e
ca
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fo

r
W

a
ss

er
st
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n

b
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y
ce

n
te

rs
(A

gu
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an
d

C
ar

li
er

,
20

11
;

C
u
tu

ri
a
n
d

D
ou

ce
t,

20
1
4)

,
w

h
ic

h
h
av

e
b

ec
om

e
a
n

im
p

or
ta

n
t

u
se

ca
se

.
T

o
b
y
p
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e
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m
p
u
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b
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en
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k
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y
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a
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s
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r
o
p
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m
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d
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b
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b
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h
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p
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p
os

ed
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t
d
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b
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b
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b
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ra
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d
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b
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d
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at
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b
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b
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b
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p
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−
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−
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R
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e
com

p
ared

to
th

e
ex

act
com

p
u
tation

of
th

e
p
rop

osed
sch

em
e.
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b
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d
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p
oin

t
rep

resen
ts

a
sp
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p
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e
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e
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n
d
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a
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d
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p
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solvers
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d
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n
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ts.
F
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e
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ru

n
tim
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th

e
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m
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F
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A
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l.

(2
017

).
B
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n
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a
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n
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e
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W
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d
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p
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e
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p
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p
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.
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b
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u
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-b
ox

b
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b
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p
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p
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b
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b
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d
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clu
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P
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n
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d
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m
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p
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p
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u
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2013);
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w
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th
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n
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m
p
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g
u
a
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e

a
p
p
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n
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e
W
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d
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p
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r
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a
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p
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m
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y
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n
t
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d
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g
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d
)

w
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s
w
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p
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F
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a
m

p
le,

th
e

W
asserstein

d
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n
ce

b
etw
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o
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2-p
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n
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p
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b

e
a
p
p
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im
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w
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a
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tive
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of
less
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5
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m
p
u
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S
o
m
m
e
r
f
e
l
d
,
S
c
h
r
ie
b
e
r
,
Z
e
m
e
l
,
a
n
d

M
u
n
k

2
.
P
ro

b
le
m

a
n
d
A
lg
o
rith

m

A
lth

ou
gh

ou
r

m
eta-algo

rith
m

is
ap

p
lica

b
le

to
ex

act
solvers

for
a
n
y

op
tim

a
l

tra
n
sp

ort
d
istan

ce
b

e-
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een
p
rob

ab
ility

m
easu

res,
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r
ex
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p
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e

S
in

k
h
orn

d
ista

n
ce

(C
u
tu

ri,
201

3
),

th
e

th
eo

ry
w

e
p
resen

t
h
ere

con
cern

s
th

e
K

a
n
torov

ich
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2)
tra

n
sp

ort
d
istan

ce,
o
ften

also
d
en

o
ted

a
s

W
a
sserstein

d
ista

n
ce.

W
a
sse

rste
in

D
ista

n
c
e

C
o
n
sid

er
a

fi
x
ed

fi
n
ite

sp
a
ceX

=
{
x

1 ,...,x
N }

w
ith

a
m

etric
d

:X
×
X
→

[0
,∞

).
E

v
ery

p
rob

a
b
ility

m
easu

re
o
n
X

is
giv

en
b
y

a
vector

r
in

P
X

=

{
r

=
(r
x
)
x∈X
∈
R
X≥

0
: ∑x∈X

r
x

=
1 }

,

v
ia
P
r ({x})

=
r
x
.

W
e

w
ill

n
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d
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g
u
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b
etw

een
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e
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r
r
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d
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e

m
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re
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d
efi

n
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r
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e
p
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W
a
sserstein

d
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n
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b
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een
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o
p
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ab
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m
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res

r
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∈
P
X
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d
efi

n
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W
p (r
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)

=


m

in
w
∈

Π
(r
,s

)

∑x
,x
′∈X

d
p(x
,x
′)w

x
,x
′ 

1
/
p

,
(1

)

w
h
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Π
(r
,s

)
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th
e
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a
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p
rob

ab
ility

m
ea
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o
n
X
×
X

w
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m
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al
d
istrib

u
tion

s
r
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d
s
,

resp
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T
h
e

m
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(1)

ca
n

b
e

w
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a
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r
p
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m
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,x
′∈X

w
x
,x
′d
p(x
,x
′)
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′∈X

w
x
,x
′

=
r
x
,
∑x∈X

w
x
,x
′

=
s
x
′,

w
x
,x
′≥
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(2

)

w
ith

N
2
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w
x
,x
′

an
d

2
N
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strain

ts,
w

h
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th
e

w
eigh
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d
p(x
,x
′)
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k
n
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n
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d
h
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e
b

een
p
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lcu
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.
A

p
p
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x
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a
tin

g
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e
W

a
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rste
in

D
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n
c
e

T
h
e
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ea
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e
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o
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m
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p
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b
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)

w
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p
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m
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r̂
S

b
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i.i.d

.
p
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S
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:
X
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x
∈
X
.
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)

L
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rep
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s

w
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ŝ
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.
T

h
en

,
u
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e

em
p
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l
o
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a
l
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W
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,ŝ
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)
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p
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W
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A
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o
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m
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S
tatistical
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p
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n
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:

In
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u
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P
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ab
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m
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∈
P
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b
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i.i.d
.
X

1 ,...,X
S
∼
r

an
d

in
d
ep

en
d
en

tly
Y

1 ,...,Y
S
∼
s

4
:

r̂
S
,x
←
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ŝ
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Ŵ

(i)←
W
p (r̂

S
,ŝ
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8
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Ŵ
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Ŵ
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A
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b
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e
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b

e
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b
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b
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.
T

h
is

m
ea

n
s

a
d
ra

m
at

ic
re

d
u
ct

io
n

of
co

m
p
u
ta

ti
o
n

ti
m

e
if
S

(a
n
d
B

)
ar

e
sm

al
l

co
m

p
ar

ed
to
N

.

T
h
e

ap
p
li
ca

ti
on

of
A

lg
or

it
h
m

1
to

ot
h
er

o
p
ti

m
al

tr
an

sp
o
rt

d
is

ta
n
ce

s
is

st
ra

ig
h
tf

or
w

ar
d
.

O
n
e

ca
n

si
m

p
ly

re
p
la

ce
W
p
(r̂
S
,ŝ
S

)
w

it
h

th
e

d
es

ir
ed

d
is

ta
n
ce

,
e.

g.
,

th
e

S
in

k
h
o
rn

d
is

ta
n
ce

(C
u
tu

ri
,

20
13

),
se

e
a
ls

o
o
u
r

n
u
m

er
ic

al
ex

p
er

im
en

ts
b

el
ow

.
F

u
rt

h
er

,
th

e
al

go
ri

th
m

ca
n

b
e

ap
p
li
ed

to
n
on

-d
is

cr
et

e
in

st
an

ce
s

a
s

lo
n
g

as
w

e
ca

n
sa

m
p
le

fr
om

th
e

m
ea

su
re

s.
H

ow
ev

er
,

th
e

th
eo

re
ti

ca
l

re
su

lt
s

b
el

ow
on

ly
a
p
p
ly

to
th

e
E

O
T

o
n

a
fi
n
it

e
g
ro

u
n
d

sp
ac

e
X

.

3
.
T
h
e
o
re
ti
ca

l
R
e
su

lt
s

W
e

g
iv

e
ge

n
er

al
n
o
n
-a

sy
m

p
to

ti
c

g
u
a
ra

n
te

es
fo

r
th

e
q
u
al

it
y

of
th

e
a
p
p
ro

x
im

a
ti

on
Ŵ

(S
)

p
(r
,s

)
=

B
−

1
∑
B i=

1
W
p
(r̂
S
,i
,ŝ
S
,i

)
(w

h
er

e
r̂
S
,i

ar
e

in
d
ep

en
d
en

t
em

p
ir

ic
al

m
ea

su
re

s
of

si
ze
S

fr
om

r
;

se
e

A
lg

o
-

ri
th

m
1)

in
te

rm
s

of
th

e
ex

p
ec

te
d
L

1
-e

rr
or

.
T

h
at

is
,

w
e

g
iv

e
b

ou
n
d
s

o
f

th
e

fo
rm

E
[∣ ∣ ∣
Ŵ

(S
)

p
(r
,s

)
−
W
p
(r
,s

)∣ ∣ ∣]
≤
g
(S
,X

,p
),

(4
)

fo
r

so
m

e
fu

n
ct

io
n
g
.

W
e

a
re

p
ar

ti
cu

la
rl

y
in

te
re

st
ed

in
th

e
d
ep

en
d
en

ce
of

th
e

b
ou

n
d

on
th

e
si

ze
N

o
f
X

a
n
d

on
th

e
sa

m
p
le

si
ze
S

as
th

is
d
et

er
m

in
es

h
ow

th
e

n
u
m

b
er

of
sa

m
p
li
n
g

p
oi

n
ts
S

(a
n
d

h
en

ce
th

e
co

m
p
u
ta

ti
on

a
l

eff
o
rt

o
f

A
lg

or
it

h
m

1)
m

u
st

b
e

in
cr

ea
se

d
fo

r
in

cr
ea

si
n
g

p
ro

b
le

m
si

ze
N

in
o
rd

er
to

re
ta

in
(o

n
av

er
a
ge

)
a

ce
rt

ai
n

a
p
p
ro

x
im

a
ti

o
n

q
u
al

it
y.

In
a

se
co

n
d

st
ep

,
w

e
ob

ta
in

d
ev

ia
ti

on
in

eq
u
a
li
ti

es
fo

r
Ŵ

(S
)
(r
,s

)
v
ia

co
n
ce

n
tr

at
io

n
o
f

m
ea

su
re

te
ch

n
iq

u
es

.

R
e
la

te
d

w
o
rk

T
h
e

q
u
es

ti
on

of
th

e
co

n
v
er

g
en

ce
o
f

em
p
ir

ic
al

m
ea

su
re

s
to

th
e

tr
u
e

m
ea

su
re

in
ex

p
ec

te
d

W
a
ss

er
st

ei
n

d
is

ta
n
ce

h
a
s

b
ee

n
co

n
si

d
er

ed
in

d
et

ai
l

b
y

B
oi

ss
ar

d
an

d
L

e
G

ou
ic

(2
01

4)
an

d
F

o
u
rn

ie
r

an
d

G
u
il
li
n

(2
0
15

).
T

h
e

ca
se

of
th

e
u
n
d
er

ly
in

g
m

ea
su

re
s

b
ei

n
g

d
iff

er
en

t
(t

h
at

is
,

th
e

co
n
ve

rg
en

ce
o
f
E
W
p
(r̂
S
,ŝ
S

)
to
W
p
(r
,s

)
w

h
en
r
6=
s
)

h
as

n
ot

b
ee

n
co

n
si

d
er

ed
to

th
e

b
es

t
of

o
u
r

k
n
ow

le
d
ge

.
T

h
eo

re
m

1
is

re
m

in
is

ce
n
t

of
th

e
m

ai
n

re
su

lt
of

B
oi

ss
ar

d
an

d
L

e
G

o
u
ic

(2
01

4)
.

H
ow

ev
er

,
w

e
g
iv

e
a

re
su

lt
h
er

e,
w

h
ic

h
is

ex
p
li
ci

tl
y

ta
il
o
re

d
to

fi
n
it

e
sp

ac
es

a
n
d

m
a
ke

s
ex

p
li
ci

t
th

e
d
ep

en
d
en

ce
of

th
e

co
n
st

an
ts

on
th

e
si

ze
N

o
f

th
e

u
n
d
er

ly
in

g
se

t
X

.
In

fa
ct

,
w

h
en

w
e

co
n
si

d
er

fi
n
it

e
sp

ac
es
X

w
h
ic

h
ar

e
su

b
se

ts
of

R
D

la
te

r
in

T
h
eo

re
m

3,
w

e
w

il
l

se
e

th
at

in
co

n
tr

as
t

to
th

e
re

su
lt

s
of

B
oi

ss
ar

d
an

d
L

e
G

ou
ic

(2
0
14

),
th

e
ra

te
o
f

co
n
v
er

ge
n
ce

(i
n
S

)
d
o
es

n
ot

ch
an

g
e

w
h
en

th
e

d
im

en
si

on
ge

ts
la

rg
e,

b
u
t

ra
th

er
th

e
d
ep

en
d
en

ce
of

th
e

co
n
st

an
ts

o
n
N

ch
a
n
ge

s.
T

h
is

is
a

va
lu

a
b
le

in
si

gh
t

as
ou

r
m

ai
n

co
n
ce

rn
h
er

e
is

h
ow

th
e

su
b
sa

m
p
le

si
ze
S

(d
ri

v
in

g
th

e
co

m
p
u
ta

ti
o
n
al

co
st

)
m

u
st

b
e

ch
os

en
w

h
en

N
g
ro

w
s

in
or

d
er

to
re

ta
in

a
ce

rt
ai

n
a
p
p
ro

x
im

at
io

n
q
u
al

it
y.

3
.1

.
E

x
p

e
c
te

d
A

b
so

lu
te

E
rr

o
r

R
ec

a
ll

th
a
t,

fo
r
δ
>

0
th

e
co

ve
ri

n
g

n
u

m
be

r
N

(X
,δ

)
o
f
X

is
d
efi

n
ed

as
th

e
m

in
im

a
l

n
u
m

b
er

of
cl

os
ed

b
al

ls
w

it
h

ra
d
iu

s
δ

a
n
d

ce
n
te

rs
in
X

th
at

is
n
ee

d
ed

to
co

ve
r
X

.
N

ot
e

th
a
t

in
co

n
tr

as
t

to
co

n
ti

n
u
ou

s
sp

ac
es

,
N

(X
,δ

)
is

b
ou

n
d
ed

b
y
N

fo
r

a
ll
δ
>

0
.

T
h

e
o
re

m
1
.

L
et
r̂
S

be
th

e
em

p
ir

ic
a
l

m
ea

su
re

o
bt

a
in

ed
fr

o
m

i.
i.

d
.

sa
m

p
le

s
X

1
,.
..
,X

S
∼
r

,
th

en

E
[ W

p p
(r̂
S
,r

)]
≤
E q
/
√
S
,

(5
)

w
h
er

e
th

e
co

n
st

a
n

t
E q

:=
E q

(X
,p

)
is

gi
ve

n
by

E q
=

2p
−

1
q2
p
(

d
ia

m
(X

))
p

(
q−

(l
m

a
x
+

1
)p
√
N

+

l m
a
x

∑ l=
0

q−
lp
√
N

(X
,q
−
l
d
ia

m
(X

))

)
(6

)

fo
r

a
n

y
2
≤
q
∈
N

a
n

d
l m

a
x
∈
N

.
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S
o
m
m
e
r
f
e
l
d
,
S
c
h
r
ie
b
e
r
,
Z
e
m
e
l
,
a
n
d

M
u
n
k

R
e
m

a
rk

1
.

S
in

ce
T

h
eo

re
m

1
h
ol

d
s

fo
r

a
n
y

in
te

ge
r
q
≥

2
an

d
l m

a
x
∈
N

,
th

ey
ca

n
b

e
ch

os
en

fr
ee

ly
to

m
in

im
iz

e
th

e
co

n
st

an
t
E q

.
In

th
e

p
ro

of
th

ey
ap

p
ea

r
as

th
e

b
ra

n
ch

in
g

n
u
m

b
er

an
d

d
ep

th
of

a
sp

an
n
in

g
tr

ee
th

at
is

co
n
st

ru
ct

ed
on
X

(s
ee

a
p
p

en
d
ix

).
In

ge
n
er

al
,

an
op

ti
m

al
ch

oi
ce

o
f
q

an
d
l m

a
x

ca
n
n
o
t

b
e

gi
ve

n
.

H
ow

ev
er

,
in

th
e

E
u
cl

id
ea

n
ca

se
,

th
e

op
ti

m
al

va
lu

es
fo

r
q

an
d
l m

a
x

w
il
l

b
e

d
et

er
m

in
ed

,
an

d
in

p
ar

ti
cu

la
r

w
e

w
il
l

sh
ow

th
at
q

=
2

is
op

ti
m

al
(s

ee
th

e
d
is

cu
ss

io
n

af
te

r
T

h
eo

re
m

3
,

an
d

L
em

m
a

1
).

R
e
m

a
rk

2
(c

ov
er

in
g

b
y

ar
b
it

ra
ry

se
ts

).
A

t
th

e
p
ri

ce
of

a
fa

ct
or

2p
,

w
e

ca
n

re
p
la

ce
th

e
b
al

ls
d
efi

n
in

g
th

e
co

ve
ri

n
g

n
u
m

b
er

s
N

w
it

h
ar

b
it

ra
ry

se
ts

,
an

d
ob

ta
in

th
e

b
ou

n
d

E q
=

22
p
−

1
q2
p
(

d
ia

m
(X

))
p

(
q−

(l
m

a
x
+

1
)p
√
N

+

l m
a
x

∑ l=
0

q−
lp
√
N

1
(X
,q
−
l
d
ia

m
(X

))

)
,

w
h
er

e
N

1
(X
,δ

)
is

th
e

m
in

im
a
l

n
u
m

b
er

of
cl

os
ed

se
ts

o
f

d
ia

m
et

er
≤

2
δ

n
ee

d
ed

to
co

ve
r
X

.
T

h
e

p
ro

o
f

is
gi

ve
n

in
th

e
ap

p
en

d
ix

.
T

h
es

e
al

te
rn

at
iv

e
co

v
er

in
g

n
u
m

b
er

s
le

a
d

to
b

et
te

r
b

o
u
n
d
s

in
h
ig

h
-

d
im

en
si

on
al

E
u
cl

id
ea

n
sp

ac
es

w
h
en

p
>

2.
5

(s
ee

R
em

a
rk

3
).

B
as

ed
on

T
h
eo

re
m

1
,

w
e

ca
n

fo
rm

u
la

te
a

b
o
u
n
d

fo
r

th
e

m
ea

n
ap

p
ro

x
im

a
ti

on
er

ro
r

o
f

A
lg

or
it

h
m

1.
A

m
ea

n
sq

u
ar

ed
er

ro
r

ve
rs

io
n

is
gi

ve
n

b
el

ow
,

in
T

h
eo

re
m

5
.

T
h

e
o
re

m
2
.

L
et
Ŵ

(S
)

p
(r
,s

)
be

a
s

in
A

lg
o

ri
th

m
1

fo
r

a
n

y
ch

o
ic

e
o
f
B
∈
N

.
T

h
en

fo
r

ev
er

y
in

te
ge

r
q
≥

2

E
[∣ ∣ ∣
Ŵ

(S
)

p
(r
,s

)
−
W
p
(r
,s

)∣ ∣ ∣]
≤

2E
1
/
p

q
S
−

1
/
(2
p
)
.

(7
)

P
ro

o
f.

T
h
e

st
at

em
en

t
is

a
n

im
m

ed
ia

te
co

n
se

q
u
en

ce
o
f

th
e

re
v
er

se
tr

ia
n
gl

e
in

eq
u
al

it
y

fo
r

th
e

W
a
ss

er
-

st
ei

n
d
is

ta
n
ce

,
J
en

se
n
’s

in
eq

u
al

it
y

a
n
d

T
h
eo

re
m

1
,

E
[∣ ∣ ∣
Ŵ

(S
)

p
(r
,s

)
−
W
p
(r
,s

)∣ ∣ ∣]
≤
E

[W
p
(r̂
S
,r

)
+
W
p
(ŝ
S
,s

)]

≤
E
[ W

p p
(r̂
S
,r

)]
1
/
p

+
E
[ W

p p
(ŝ
S
,s

)]
1
/
p
≤

2
E1
/
p

q
/S

1
/
(2
p
)
.

M
e
a
su

re
s

o
n

E
u

c
li

d
e
a
n

S
p

a
c
e

W
h
il
e

th
e

co
n
st

a
n
t
E q

in
T

h
eo

re
m

1
m

ay
b

e
d
iffi

cu
lt

to
co

m
p
u
te

or
es

ti
m

at
e

in
ge

n
er

a
l,

w
e

g
iv

e
ex

p
li
ci

t
b

ou
n
d
s

in
th

e
ca

se
w

h
en
X

is
a

fi
n
it

e
su

b
se

t
of

a
E

u
cl

id
ea

n
sp

ac
e.

T
h
ey

ex
h
ib

it
th

e
d
ep

en
d
en

ce
of

th
e

a
p
p
ro

x
im

at
io

n
er

ro
r

on
N

=
|X
|.

In
p
ar

ti
cu

la
r,

it
co

m
p
ri

se
s

th
e

ca
se

w
h
en

th
e

m
ea

su
re

s
re

p
re

se
n
t

im
ag

es
(t

w
o-

or
m

o
re

d
im

en
si

on
a
l)

.

T
h

e
o
re

m
3
.

L
et
X

be
a

fi
n

it
e

su
bs

et
o
f
R
D

w
it

h
th

e
u

su
a
l

E
u

cl
id

ea
n

m
et

ri
c.

T
h
en

,

E 2
≤
D
p
/
2
2

3
p
−

1
(

d
ia

m
(X

))
p
·C

D
,p

(N
),

w
h
er

e
N

=
|X
|a

n
d

C
D
,p

(N
)

=

    

1/
(1
−

2D
/
2
−
p
)

D
<

2
p
,

2
+
D
−

1
lo

g
2
N

D
=

2p
,

N
1
/
2
−
p
/
D

[2
+

1
/(

2
D
/
2
−
p
−

1)
]
D
>

2
p
.

(8
)

O
n
e

ca
n

ob
ta

in
b

o
u
n
d
s

fo
r
E q

,
q
>

2
(s

ee
th

e
p
ro

o
f)

,
b
u
t

th
e

ch
oi

ce
q

=
2

le
a
d
s

to
th

e
sm

al
le

st
b

ou
n
d

(L
em

m
a

1a
,

p
a
ge

17
).

F
u
rt

h
er

,
if
p

is
a
n

in
te

ge
r,

th
en

C
D
,p

(N
)
≤

    

2
+
√

2
D
<

2
p
,

2
+
D
−

1
lo

g
2
N

D
=

2p
,

(3
+
√

2
)N

1
/
2
−
p
/
D

D
>

2
p

(s
ee

L
em

m
a

1b
).

In
p
ar

ti
cu

la
r,

w
e

h
av

e
fo

r
th

e
m

o
st

im
p

or
ta

n
t

ca
se

s
p

=
1,
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O
p
t
im

a
l
T
r
a
n
sp

o
r
t
:
F
a
st

P
r
o
b
a
b
il
ist

ic
A
p
p
r
o
x
im

a
t
io
n
w
it
h
E
x
a
c
t
S
o
lv

e
r
s

C
o
ro

lla
ry

1
.

U
n

d
er

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
3
,

p
=

1
=⇒

E
2 ≤

4
D

1
/
2

d
iam

(X
)· 

1/(1−
2
D
/
2−
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(S

)
p

(r
,s

)−
W
p (r

,s
)|≥

z
+

2E
1
/
p

q

S
1/

2
p ]
≤

2
ex

p (−
S
B
z

2
p

8
d
iam

(X
)
2
p )

.
(9)

N
ote

th
at

w
h
ile

th
e

m
ea

n
ap

p
rox

im
ation

q
u
a
lity

2E
1
/
p

q
/
S

1
/
(2
p
)

o
n
ly

d
ep

en
d
s

o
n

th
e

su
b
sam

p
le

size
S

,
th

e
sto

ch
astic

va
ria

b
ility

(see
th

e
righ

t
h
an

d
sid

e
term

in
E

q
u
ation

9
)

d
ep

en
d
s

on
th

e
p
ro

d
u
ct

S
B

.
T

h
is

m
ean

s
th

at
th

e
rep

etition
n
u
m

b
er
B

can
n
o
t

d
ecrease

th
e

ex
p

ected
error

b
u
t

it
d
ecreases

th
e

m
agn

itu
d
e

of
fl
u
ctu

ation
arou

n
d

it.
F

rom
th

ese
con

cen
tration

b
ou

n
d
s

w
e

can
o
b
ta

in
a

m
ea

n
sq

u
ared

error
v
ersion

o
f

T
h
eorem

2
:

T
h

e
o
re

m
5
.

L
et
Ŵ
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es

,
an

d
a
ll
ow

s
to

o
b
ta

in
a

b
et

te
r

d
ep

en
d
en

ce
on

N
=
|X
|i

n
T

h
eo

re
m

3
w

h
il
e

p
re

se
rv

in
g

th
e

ra
te
S
−

1
/
2
.

M
or

e
p
re

ci
se

ly
,

in
ou

r
ca

se
o
f

fi
n
it

e
sp

ac
es

,
le

t
T

b
e

a
sp

a
n
n
in

g
tr

ee
on
X

(t
h
a
t

is
,

a
tr

ee
w

it
h

ve
rt

ex
se

t
X

an
d

ed
g
e

le
n
gt

h
s

g
iv

en
b
y

th
e

m
et

ri
c
d

on
X

)
an

d
d
T

th
e

m
et

ri
c

o
n
X

d
efi

n
ed

b
y

th
e

p
at

h
le

n
gt

h
s

in
th

e
tr

ee
.

C
le

ar
ly

,
th

e
tr

ee
m

et
ri

c
d
T

d
om

in
at

es
th

e
or

ig
in

a
l

m
et

ri
c
d

on
X

an
d

h
en

ce
W
p
(r
,s

)
≤
W
T p

(r
,s

)
fo

r
al

l
r
,s
∈
P

(X
),

w
h
er

e
W
T p

d
en

o
te

s
th

e
W

a
ss

er
st

ei
n

d
is

ta
n
ce

ev
al

u
a
te

d

w
it

h
re

sp
ec

t
to

th
e

tr
ee

m
et

ri
c.

T
h
e

go
al

is
n
ow

to
b

ou
n
d
E
[ (W

T p
(r̂
S
,r

))
p
] .

W
e

re
fe

r
to

T
a
m

el
in

g
an

d
M

u
n
k

(2
01

8)
fo

r
ex

am
p
le

s
a
n
d

co
m

p
ar

is
on

s
o
f

d
iff

er
en

t
sp

an
n
in

g
tr

ee
s

o
n

tw
o-

d
im

en
si

o
n
a
l
gr

id
s.

A
ss

u
m

e
T

is
ro

ot
ed

at
ro

ot
(T

)
∈
X

.
T

h
en

,
fo

r
x
∈
X

a
n
d
x
6=

ro
ot

(T
)

w
e

m
ay

d
efi

n
e

p
a
r(
x

)
∈
X

as
th

e
im

m
ed

ia
te

n
ei

gh
b

o
r

o
f
x

in
th

e
u
n
iq

u
e

p
a
th

co
n
n
ec

ti
n
g
x

an
d

ro
ot

(T
).

W
e

se
t

p
a
r(

ro
ot

(T
))

=
ro

ot
(T

).
W

e
al

so
d
efi

n
e

ch
il
d
re

n
(x

)
a
s

th
e

se
t

of
v
er

ti
ce

s
x
′
∈
X

su
ch

th
at

th
er

e
ex

is
ts

a
se

q
u
en

ce
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O
p
t
im

a
l
T
r
a
n
sp

o
r
t
:
F
a
st

P
r
o
b
a
b
il
ist

ic
A
p
p
r
o
x
im

a
t
io
n
w
it
h
E
x
a
c
t
S
o
lv

e
r
s

x
′

=
x

1 ,...,x
l

=
x
∈
X

w
ith

p
ar(x

j )
=
x
j
+

1
fo

r
j

=
1,...,l−

1.
N

ote
th

a
t

w
ith

th
is

d
efi

n
ition

x
∈

ch
ild

ren
(x

).
A

d
d
ition

a
lly,

d
efi

n
e

th
e

lin
ear

op
era

tor
S
T

:R
X
→

R
X

(S
T
u

)
x

=
∑

x
′∈

ch
ild

re
n
(x

) u
x
′.

(10)

B
u

ild
in

g
th

e
tre

e
W

e
b
u
ild

a
q-ary

tree
on
X

.
T

o
th

is
en

d
,

w
e

sp
litX

to
lm

a
x

+
2

grou
p
s

an
d

b
u
ild

th
e

tree
in

su
ch

a
w

ay
th

at
a

n
o
d
e

at
level

l+
1

h
as

a
u
n
iq

u
e

p
a
ren

t
a
t

level
l

w
ith

ed
ge

len
g
th

q −
l.

T
h
e

fo
rm

al
co

n
stru

ction
fo

llow
s.

F
o
r
l∈
{0,...,lm

a
x }

w
e

let
Q
l ⊂
X

b
e

th
e

cen
ter

p
oin

ts
o
f

a
q −

l
d
iam

(X
)

coverin
g

ofX
,

th
at

is

⋃x∈
Q

l B
(x
,q −

l
d
ia

m
(X

))
=
X
,

an
d
|Q

l |
=
N

(X
,q −

l
d
ia

m
(X

)),

w
h
ere

B
(x
,ε)

=
{x
′∈
X

:
d
(x
,x
′)≤

ε}
.

A
d
d
ition

ally
set

Q
l
m

a
x
+

1
=
X

.
N

ow
d
efi

n
e
Q̃
l

=
Q
l ×
{l}

;
w

e
w

ill
b
u
ild

a
tree

stru
ctu

re
on
∪
l
m

a
x
+

1
l=

0
Q̃
l .

S
in

ce
w

e
m

u
st

h
ave
|Q̃

0 |
=

1
w

e
can

ta
ke

th
is

elem
en

t
as

th
e

ro
o
t.

A
ssu

m
e

n
ow

th
at

th
e

tree
a
lread

y
co

n
ta

in
s

all
elem

en
ts

of∪
lj
=

0 Q̃
j .

T
h
en

,
w

e
ad

d
to

th
e

tree
all

elem
en

ts
o
f
Q̃
l+

1
b
y

ch
o
osin

g

fo
r

(x
,l+

1)∈
Q̃
l+

1
(ex

a
ctly

o
n
e)

p
aren

t
elem

en
t

(x
′,l)∈

Q̃
l

su
ch

th
at
d
(x
,x
′)≤

q −
ld

iam
(X

).
T

h
is

is
p

o
ssib

le,
sin

ce
Q
l

is
a
q −

l
d
iam

(X
)

coverin
g

ofX
.

W
e

set
th

e
len

gth
of

th
e

con
n
ectin

g
ed

ge
to

q −
l
d
iam

(X
).

In
th

is
fash

ion
w

e
o
b
ta

in
a

sp
an

n
in

g
treeT

of∪
l
m

a
x
+

1
l=

0
Q̃
l

an
d

a
p
artitio

n
{Q̃

l }
l=

0
,...,l

m
a
x
+

1 .
A

b
ou

t
th

is
tree

w
e

k
n
ow

th
at:

•
it

is
in

fa
ct

a
tree.

F
irst,

it
is

con
n
ected

,
b

ecau
se

th
e

con
stru

ction
starts

w
ith

on
e

con
n
ected

com
p

o
n
en

t
an

d
in

ev
ery

su
b
seq

u
en

t
step

a
ll

ad
d
ition

al
vertices

a
re

co
n
n
ected

to
it.

S
econ

d
,

it
con

tain
s

n
o

cy
cles.

T
o

see
th

is
let

((x
1 ,l1 ),...,(x

K
,lK

))
b

e
a

cy
cle

in
T

.
W

ith
ou

t
loss

o
f

gen
era

lity
w

e
m

ay
assu

m
e
l1

=
m

in{l1 ,...,lK }.
T

h
en

,
(x

1 ,l1 )
m

u
st

h
ave

at
least

tw
o

ed
ges

con
n
ectin

g
it

to
vertices

in
a
Q̃
l

w
ith

l≥
l1

w
h
ich

is
im

p
ossib

le
b
y

co
n
stru

ction
.

•
|Q̃

l |
=
N

(X
,q −

l
d
iam

(X
))

for
0
≤
l≤

lm
a
x .

•
d
(x
,p

a
r(x

))
=
q −

l+
1

d
iam

(X
)

w
h
en

ev
er
x
∈
Q̃
l ,
l≥

1
.

•
d
(x
,x
′)≤

dT
((x

,lm
a
x

+
1
),(x

′,lm
a
x

+
1
)).

S
in

ce
th

e
leaves

ofT
can

b
e

id
en

tifi
ed

w
ith
X

,
a

m
easu

re
r
∈
P

(X
)

can
on

ica
lly

d
efi

n
es

a
p
rob

ab
ility

m
ea

su
re
r
T
∈
P

(T
)

for
w

h
ich

r T(x
,l
m

a
x
+

1
)

=
r
x

a
n
d
r T(x

,l)
=

0
fo

r
l≤

lm
a
x .

In
slig

h
t

ab
u
se

of
n
otation

w
e

w
ill

d
en

ote
th

e
m

easu
re
r
T

sim
p
ly

b
y
r

.
W

ith
th

is
n
otatio

n
,

w
e

h
av

e
W
p (r

,s
)≤

W
Tp

(r
,s

)
fo

r
all
r
,s
∈
P

(X
).

W
a
sse

rste
in

d
ista

n
c
e

o
n

tre
e
s

N
ote

a
lso

th
atT

is
u

ltra
-m

etric,
th

a
t

is,
all

its
leaves

are
at

th
e

sam
e

d
ista

n
ce

fro
m

th
e

ro
ot.

F
o
r

trees
of

th
is

ty
p

e,
w

e
ca

n
d
efi

n
e

a
h
eigh

t
fu

n
ction

h
:X
→

[0
,∞

)
su

ch
th

a
t
h

(x
)

=
0

if
x
∈
X

is
a

lea
f

a
n
d
h

(p
ar(x

))−
h

(x
)

=
dT

(x
,p

ar(x
))

for
all

x
∈
X
\

ro
ot(X

).
T

h
ere

is
an

ex
p
licit

form
u
la

for
th

e
W

asserstein
d
istan

ce
on

u
ltra-m

etric
trees

(K
lo

eck
n
er,

2015
).

In
d
eed

,
if
r
,s
∈
P

(X
)

th
en

(W
Tp

(r
,s

))
p

=
2
p−

1 ∑x∈X
(h

(p
ar(x

))
p−

h
(x

)
p)|(S

T
r

)
x −

(S
T
s
)
x |,

(11)

w
ith

th
e

op
erato

r
S
T

as
d
efi

n
ed

in
(10

).
F

or
th

e
tree

T
con

stru
cted

ab
ove

an
d
x
∈
Q̃
l

w
ith

l
=

0,...,lm
a
x

w
e

h
ave

h
(x

)
=

l
m

a
x

∑j
=
l

q −
j

d
iam

(X
),

1
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S
o
m
m
e
r
f
e
l
d
,
S
c
h
r
ie
b
e
r
,
Z
e
m
e
l
,
a
n
d

M
u
n
k

an
d

th
erefore

d
iam

(X
)q −

l≤
h

(x
)≤

2
d
ia

m
(X

)q −
l.

T
h
is

y
ield

s

(h
(p

a
r(x

))
p−

(h
(x

))
p)≤

(
d
ia

m
(X

))
pq −

(l−
2
)p.

T
h
en

(11)
y
ield

s

E
[W

pp (r̂
S
,r

) ]≤
2
p−

1q
2
p(

d
ia

m
(X

))
p
l
m

a
x
+

1
∑l=

0

q −
lp
∑x∈
Q̃

l E
|(S
T
r̂
S

)
x −

(S
T
r

)
x |.

S
in

ce
(S
T
r̂
S

)
x

is
th

e
m

ea
n

o
f
S

i.i.d
.

B
ern

ou
lli

varia
b
les

w
ith

ex
p

ectation
(S
T
r

)
x

w
e

h
ave

∑x∈
Q̃

l E
|(S
T
r̂
S

)
x −

(S
T
r

)
x |≤

∑x∈
Q̃

l √
(S
T
r

)
x
(1−

(S
T
r

)
x
)

S

≤
1
√
S


∑x∈
Q̃

l (S
T
r

)
x 

1
/
2 

∑x∈
Q̃

l (1−
(S
T
r

)
x
) 

1
/
2≤

√
|Q̃

l |/S
,

u
sin

g
H

öld
er’s

in
eq

u
a
lity

an
d

th
e

fa
ct

th
a
t ∑

x∈
Q̃

l (S
T
r

)
x

=
1

for
all

l
=

0,...,lm
a
x

+
1
.

T
h
is

fi
n
ally

y
ield

s

E
[W

pp (r̂
S
,r

) ]≤
2
p−

1q
2
p(

d
iam

(X
))
p (

q −
(l

m
a
x
+

1
)p √

N
+

l
m

a
x

∑l=
0

q −
lp √
N

(X
,q −

l
d
iam

(X
)) )

/ √
S

≤
E
q (X

,p
)/ √

S
.

C
o
v
e
rin

g
b
y

a
rb

itra
ry

se
ts

W
e

n
ow

ex
p
lain

h
ow

to
ob

tain
th

e
secon

d
fo

rm
u
la

fo
rE

q
a
s

stated
in

R
em

ark
2.

T
h
e

id
ea

is
to

d
efi

n
e

th
e

cov
erin

gs
w

ith
arb

itrary
sets,

n
ot

n
ecessa

rily
b
a
lls.

L
et

N
1 (X

,δ)
=

in
f{m

:∃
A

1 ,...,A
m
⊆
X
,

d
iam

(A
i )≤

2δ,∪
A
i ⊇
X
}
.

S
in

ce
b
alls

satisfy
th

e
d
iam

eter
co

n
d
ition

,N
1
≤
N

.
F

u
rth

erm
o
re,

ifX
′⊇
X

,
th

en
N

1 (X
,δ)
≤

N
1 (X

′,δ),
w

h
ich

is
n
ot

th
e

ca
se

forN
.

F
or

ex
am

p
le,

letX
=
{−

1
,1}
⊂
{−

1,0,1}
=
X
′

a
n
d

o
b
serve

th
at

N
1 (X

,1)
=

1
=
N

1 (X
′,1),

b
u
t

N
(X
,1

)
=

2
>

1
=
N

(X
′,1).

T
h
e

tree
con

stru
ctio

n
w

ith
resp

ect
to

th
e

n
ew

coverin
g

n
u
m

b
ers

is
d
on

e
in

a
sim

ilar
m

an
n
er.

F
or

each
0
≤
l≤

lm
a
x

let
Q
′l

b
e

a
co

llection
of

d
isjoin

t
sets

o
f

d
ia

m
eter

2
q −

l
d
iam

(X
)

th
at

cover
X

an
d
|Q
′l |

=
N

1 (X
,q −

l
d
iam

(X
)).

L
et
Q
l

=
{
x

1 ,...,x
|Q
′l | }
⊆
X

b
e

an
a
rb

itrary
collection

of
rep

resen
tatives

from
th

e
sets

in
Q
′l .

S
u
ch

rep
resen

ta
tives

ex
ist

b
y

m
in

im
ality

of|Q
′l |

a
n
d

th
ey

are
d
iff

eren
t

b
y

th
e

d
isjoin

t
n
a
tu

re
of
Q
′l .

A
d
d
itio

n
a
lly

set
Q
l
m

a
x
+

1
=
X

.
C

o
n
stru

ct
th

e
tree

in
th

e
sam

e

w
ay,

ex
cep

t
th

at
n
ow

w
e

o
n
ly

h
av

e
th

e
b

ou
n
d
d
(x
,x
′)≤

2
q −

l
d
ia

m
(X

)
for

(x
,l

+
1)∈

Q̃
l+

1
an

d
a

corresp
on

d
in

g
(x
,l)∈

Q̃
l ,

so
w

e
n
eed

to
set

th
e

ed
g
e

len
gth

to
b

e
2q −

ld
ia

m
(X

),
tw

ice
as

m
u
ch

as
in

th
e

origin
al

con
stru

ction
.

T
h
e

p
ro

of
th

en
go

es
in

th
e

sam
e

w
ay,

w
ith

a
n

ex
tra

fa
cto

r
2
p.

W
e

ob
ta

in
an

altern
ative

b
ou

n
d

E
q

=
2

2
p−

1q
2
p(

d
iam

(X
))
p (

q −
(l

m
a
x
+

1
)p √

N
+

l
m

a
x

∑l=
0

q −
lp √
N

1 (X
,q −

l
d
iam

(X
)) )

.

In
com

p
arison

w
ith

(6),
w

e
rep

laced
N

b
y
N

1 .
T

h
e

p
rice

to
p
ay

fo
r

th
is

is
an

ad
d
ition

al
factor

of
2
p.

1
6
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O
p
t
im

a
l
T
r
a
n
sp

o
r
t
:
F
a
st

P
r
o
b
a
b
il
is
t
ic

A
p
p
r
o
x
im

a
t
io
n
w
it
h
E
x
a
c
t
S
o
lv

e
r
s

A
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

W
e

m
ay

as
su

m
e

w
it

h
ou

t
lo

ss
o
f

g
en

er
al

it
y

th
at
X
⊆

[0
,

d
ia

m
(X

)]
D

.
T

h
e

co
ve

ri
n
g

n
u
m

b
er

s
of

th
e

cu
b

e
w

it
h

E
u
cl

id
ea

n
b
a
ll
s

b
eh

av
e

b
a
d
ly

in
h
ig

h
d
im

en
si

on
s,

so
it

w
il
l

p
ro

ve
u
se

fu
l

to
re

p
la

ce
th

e
E

u
cl

id
ea

n
n
or

m
b
y

th
e

in
fi
n
it

y
n
or

m
‖x
‖ ∞

=
m

a
x
i
|x
i|,
x

=
(x

1
,.
..
,x
D

)
∈
R
D

.
W

it
h

th
is

n
or

m
w

e
h
av

e
N

([
0,

d
ia

m
(X

)]
D
,ε

d
ia

m
(X

),
‖·
‖ ∞

)
≤

(d
1/

(2
ε)
e)
D

.
If
q

is
a
n

in
te

g
er

,
th

en

N
(X
,q
−
l
d
ia

m
(X

),
‖·
‖ ∞

)
≤
N

([
0,

d
ia

m
(X

)]
D
,q
−
l
d
ia

m
(X

)/
2,
‖·
‖ ∞

)
≤
dq
l eD

=
ql
D
.

T
h
is

y
ie

ld
s

l m
a
x

∑ l=
0

q−
lp
√
N

(X
,q
−
l
d
ia

m
(X

))
≤
l m

a
x

∑ l=
0

ql
(D
/
2
−
p
)

=

{
(1
−
q(
l m

a
x
+

1
)(
D
/
2
−
p
)
)/

(1
−
qD

/
2
−
p
)

D
6=

2p
,

l m
a
x

+
1

D
=

2p
.

D
en

ot
e

fo
r

b
re

v
it

y
p
′

=
D
/2
−
p

an
d

p
lu

g
th

is
in

to
(6

)
to

b
ou

n
d
S

1
/
2
E
[ W

p p
(r̂
S
,r
,‖
·‖
∞

)]
b
y

2p
−

1
q2
p
(

d
ia

m
(X

))
p

[ q−
p
(l

m
a
x
+

1
)
√
N

+

{
(1
−
q(
l m

a
x
+

1
)p
′ )/

(1
−
qp
′ )

p
′
6=

0,

l m
a
x

+
1

p
′

=
0.

]

If
p
′
<

0
,

th
en

le
t
l m

a
x
→
∞

.
O

th
er

w
is

e,
ch

o
o
se
l m

a
x

=
bD
−

1
lo

g
q
N
c

(g
iv

in
g

th
e

b
es

t
d
ep

en
d
en

ce
on

N
),

so
th

a
t

th
e

el
em

en
t

in
si

d
e

th
e

sq
u
ar

e
b
ra

ck
et

s
is

sm
al

le
r

th
an

    

1/
(1
−
qp
′ )

p
′
<

0
,

2
+
D
−

1
lo

g
q
N

p
′

=
0,

N
1
/
2
−
p
/
D

+
(N

1
/
2
−
p
/
D
qp
′
−

1)
/
(q
p
′
−

1
)

p
′
>

0

≤

    

1/
(1
−
qp
′ )

p
′
<

0,

2
+
D
−

1
lo

g
q
N

p
′

=
0,

(2
qp
′
−

1)
N

1
/
2
−
p
/
D
/(
qp
′
−

1)
p
′
>

0. (1
2
)

T
h
e

ri
gh

t-
h
an

d
si

d
e

is
C
D
,p

(N
)

fo
r
q

=
2.

T
o

ge
t

b
ac

k
to

th
e

E
u
cl

id
ea

n
n
or

m
u
se
‖a
‖ 2
≤
‖a
‖ ∞
√
D

,
so

th
at

E
[ W

p p
(r̂
S
,r

)]
≤
D
p
/
2
E
[ W

p p
(r̂
S
,r
,‖
·‖
∞

)]
≤
D
p
/
2
2
p
−

1
q2
p
(

d
ia

m
(X

))
p
C
D
,p

(N
)/
√
S
,

w
h
ic

h
is

th
e

d
es

ir
ed

co
n
cl

u
si

on
.

L
e
m

m
a

1
.

(a
)

L
et
C̃
D
,p

(q
,N

)
d
en

o
te

th
e

ri
gh

t-
h
a
n

d
si

d
e

o
f

(1
2
).

T
h
en

th
e

m
in

im
u

m
o
f

th
e

fu
n

ct
io

n
q
7→
q2
p
C̃
D
,p

(q
,N

)
o
n

[2
,∞

)
is

a
tt

a
in

ed
a
t
q

=
2.

(b
)

L
et
q
≥

2,
p
,D

in
te

ge
rs

,
a
n

d
p
′

=
D
/2
−
p
.

If
p
′
<

0,
th

en
1/

(1
−
qp
′ )
≤

2
+
√

2
a
n

d
if
p
′
>

0
,

th
en

2
+

1
/(
qp
′
−

1)
≤

3
+
√

2.

P
ro

o
f.

W
e

b
eg

in
w

it
h

(b
).

If
p
′
<

0
th

en
1/

(1
−
qp
′ )

is
d
ec

re
as

in
g

in
q

an
d

in
cr

ea
si

n
g

in
p
′ .

T
h
e

in
te

ge
r

co
n
st

ra
in

ts
on

D
an

d
p

im
p
ly

th
at

th
e

m
ax

im
al

va
lu

e
p
′

ca
n

a
tt

ai
n

is
−

0.
5.

T
h
e

sm
al

le
st

va
lu

e
q

ca
n

at
ta

in
is

2
.

T
h
u
s

1/
(1
−
qp
′ )
≤

1
/(

1
−

2−
0
.5

)
=

√
2

√
2
−

1
=
√

2
(√

2
+

1)
=

2
+
√

2
.

W
h
en

p
′
>

0
th

e
te

rm
2

+
1
/
(q
p
′
−

1)
is

d
ec

re
as

in
g

in
p
′
≥

0.
5

a
n
d

in
q
≥

2,
so

it
is

b
ou

n
d
ed

b
y

2
+

1
/(
√

2
−

1)
=

3
+
√

2.

T
o

p
ro

v
e

(a
)

w
e

sh
al

l
d
iff

er
en

ti
at

e
th

e
fu

n
ct

io
n
q2
p
C̃
D
,p

(q
,N

)
w

it
h

re
sp

ec
t

to
q

an
d

sh
ow

th
at

th
e

d
er

iv
at

iv
e

is
p

os
it

iv
e

fo
r

al
l
q
≥

2
,

an
d
p
,D
,N
≥

1
.
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S
o
m
m
e
r
f
e
l
d
,
S
c
h
r
ie
b
e
r
,
Z
e
m
e
l
,
a
n
d

M
u
n
k

F
or

n
eg

at
iv

e
p
′

co
n
si

d
er

th
e

fu
n
ct

io
n

f 1
(q

)
=

q2
p

1
−
qp
′
,

q
≥

2;
p
≥

1;
p
′
<

0.

It
s

d
er

iv
at

iv
e

is

f
′ 1
(q

)
=

2p
q2
p
−

1
(1
−
qp
′ )

+
p
′ q
p
′ −

1
q2
p

(1
−
qp
′ )

2
=

q2
p
−

1

1
−
qp
′

[ 2
p

+
p
′ q
p
′

1
−
qp
′

] .

It
su

ffi
ce

s
to

sh
ow

th
at

th
e

te
rm

in
sq

u
ar

e
b
ra

ck
et

s
is

p
os

it
iv

e,
si

n
ce

1
−
qp
′
>

0
.

L
et

u
s

b
o
u
n
d

qp
′

an
d

th
e

d
en

om
in

at
o
r

(1
−
qp
′ )−

1
.

S
in

ce
ex
≥

1
+
x

fo
r
x
≥

0
,
e−

x
≤

1
/(

1
+
x

)
a
n
d

se
tt

in
g

x
=
−
p
′ l

og
q

gi
ve

s

qp
′

=
ep
′
lo

g
q
≤

1

1
−
p
′ l

o
g
q
.

H
en

ce

1
−
qp
′
≥

1
−

1

1
−
p
′ l

og
q

=
1
−
p
′ l

og
q
−

1

1
−
p
′ l

o
g
q

=
−
p
′ l

o
g
q

1
−
p
′ l

o
g
q
,

so
th

at
qp
′

1
−
qp
′
≤

1

1
−
p
′ l

og
q

1
−
p
′ l

og
q

−
p
′ l

og
q

=
1

−
p
′ l

og
q
.

C
o
n
cl

u
d
e

th
at

,
si

n
ce
p
′
<

0
,

2p
+

p
′ q
p
′

1
−
qp
′
≥

2
p

+
p
′

1

−
p
′ l

og
q

=
2p

+
1

−
lo

g
q

=
2p
−

1

lo
g
q
≥

2p
−

1

lo
g

2
≥

2
−

1

lo
g

2
>

0.

F
or
p
′

=
0

co
n
si

d
er

th
e

fu
n
ct

io
n

f 2
(q

)
=
q2
p
(2

+
D
−

1
lo

g
q
N

)
=

2q
2
p

+
q2
p

lo
g
N

D
lo

g
q
,

q
≥

2;
D

=
2p
≥

2
.

It
s

d
er

iv
at

iv
e

is

f
′ 2
(q

)
=

4p
q2
p
−

1
+

lo
g
N

D
(l

o
g
q)

2

[ 2p
q2
p
−

1
lo

g
q
−
q−

1
q2
p
] =

q2
p
−

1

[ 4
p

+
lo

g
N

D
(l

o
g
q)

2
(2
p

lo
g
q
−

1
)]
>

0

si
n
ce

2
p

lo
g
q
≥

2
lo

g
2
>

1
.

F
or
p
′
>

0
co

n
si

d
er

th
e

fu
n
ct

io
n

f 3
(q

)
=
q2
p
[2

+
1
/(
qp
′
−

1)
]

=
2
q2
p

+
q2
p

qp
′
−

1
=

2q
2
p
−
f 1

(q
),

q
≥

2;
p
≥

1;
p
′
>

0
.

T
h
e

d
er

iv
at

iv
e

is 4p
q2
p
−

1
−

q2
p
−

1

1
−
qp
′

[ 2p
+

p
′ q
p
′

1
−
qp
′

]
=

4p
q2
p
−

1
+

q2
p
−

1

qp
′
−

1

[ 2p
−

p
′ q
p
′

qp
′
−

1

] .

T
h
is

fu
n
ct

io
n

is
m

or
e

co
m

p
li
ca

te
d

an
d

w
e

n
ee

d
to

sp
li
t

in
to

ca
se

s
ac

co
rd

in
g

to
sm

al
l,

la
rg

e
o
r

m
o
d
er

at
e

va
lu

es
of
p
′ .

C
a
se

1
:
p
′
≤

0.
5.

T
h
en

th
e

n
eg

at
iv

e
te

rm
ca

n
b

e
b

o
u
n
d
ed

u
si

n
g
qp
′
−

1
≥
p
′ l

og
q

as

p
′ q
p
′

qp
′
−

1
=
p
′ +

p
′

qp
′
−

1
≤
p
′ +

1

lo
g
q
≤
p
′ +

1

lo
g

2
≤

0.
5

+
1

lo
g

2
<

2
≤

2p
.
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O
p
t
im

a
l
T
r
a
n
sp

o
r
t
:
F
a
st

P
r
o
b
a
b
il
ist

ic
A
p
p
r
o
x
im

a
t
io
n
w
it
h
E
x
a
c
t
S
o
lv

e
r
s

T
h
u
s
f
′3 (q)≥

0
in

th
is

case.
T

o
d
ea

l
w

ith
larg

er
valu

es
of
p ′

rew
rite

th
e

d
eriva

tive
as

q
2
p−

1 [
4p

+
2p

q
p
′−

1
−

p ′q
p
′

(q
p
′−

1)
2 ]

,

an
d

b
o
u
n
d

th
e

n
egative

p
a
rt:

p ′q
p
′

(q
p
′−

1)
2

=
p ′

q
p
′−

1
+

p ′

(q
p
′−

1)
2
≤

1

lo
g
q

+
1

(q
p
′−

1)
log

q
.

C
a
se

2
:
p ′≥

1.
T

h
en

q
p
′−

1
≥

1
so

th
is

is
sm

a
ller

th
an

1

log
2

+
1

lo
g

2
=

2

log
2
<

4
≤

4
p
.

H
en

ce
th

e
d
eriva

tive
is

p
o
sitive

in
th

is
case.

C
a
se

3
:
p ′≥

1/
2

a
n

d
q≥

e.
T

h
en

th
is

is
sm

aller
th

a
n

1
+

1

e
1
/
2−

1
≤

1
+

1
√

2−
1

=
2

+
√

2
<

4
≤

4p
.

H
en

ce
th

e
d
erivative

is
p

ositive
in

th
is

ca
se.

C
a
se

4
:
q≤

e
a
n

d
p ′∈

[1
/2
,1

].
T

h
e

n
ega

tiv
e

term
is

b
ou

n
d
ed

a
b

ove
b
y

1

log
q

+
1

(q
p
′−

1)
log

q
≤

1

lo
g

2
+

1

(q
p
′−

1)
log

2
≤

1

log
2

+
1

( √
2−

1
)

log
2

=
2

+
√

2

log
2
≈

4
.93
,

w
h
erea

s
th

e
p

o
sitiv

e
term

can
b

e
b

ou
n
d
ed

b
elow

as

4p
+

2
p

q
p
′−

1
≥

4
+

2

e−
1
≈

5
.16

>
4.93

.

T
h
is

com
p
letes

th
e

p
ro

of.

A
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
4

W
e

in
tro

d
u
ce

som
e

a
d
d
ition

al
n
o
tation

.
F

or
(x
,y

),(x
′,y ′)∈

X
2

w
e

set

dX
2((x

,y
),(x

′,y ′))
=
{d
p(x

,x
′)

+
d
p(y

,y ′)}
1
/
p

W
e

fu
rth

er
d
efi

n
e

th
e

fu
n
ction

Z
:

(X
2)
S
B
→

R
v
ia

((x
1
1 ,y

1
1 ),...,(x

S
B
,y
S
B

))7→
1B

B
∑i=

1 
W
p 

1S

S
∑j
=

1

δ
x
j
i ,

1S

S
∑j
=

1

δ
y
j
i 
−
W
p (r

,s
) 
.

S
in

ce
W

pp (·,·)
is

join
tly

con
vex

(V
illan

i,
2
00

8,
T

h
eorem

4.8),

W
p 

1S

S
∑j
=

1

δ
x
j ,

1S

S
∑j
=

1

δ
y
j 
≤


1S

S
∑j
=

1

W
pp (δ

x
j ,δ

y
j ) 

1
/
p

=
S
−

1
/
p 

S
∑j
=

1

d
p(x

j ,y
j ) 

1
/
p

.
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S
o
m
m
e
r
f
e
l
d
,
S
c
h
r
ie
b
e
r
,
Z
e
m
e
l
,
a
n
d

M
u
n
k

O
u
r

fi
rst

goal
is

to
sh

ow
th

a
t
Z

is
L

ip
sch

itz
con

tin
u
ou

s.
L

et
((x

1
1 ,y

1
1 ),...,(x

S
B
,y
S
B

))
a
n
d

((x
′1
1 ,y ′1

1 ),...,(x
′S
B
,y ′S

B
))

b
e

arb
itrary

elem
en

ts
o
f

(X
2)
S
B

.
T

h
en

,
u
sin

g
th

e
rev

erse
trian

gle
in

-
eq

u
ality

an
d

th
e

relation
s

a
b

ov
e

|Z
((x

1
1 ,y

1
1 ),...,(x

S
B
,y
S
B

))−
Z

((x
′1
1 ,y ′1

1 ),...,(x
′S
B
,y ′S

B
))|

≤
1B

B
∑i=

1 ∣∣∣∣ W
p 

1S

S
∑j
=

1

δ
x
j
i ,

1S

S
∑j
=

1

δ
y
j
i 
−
W
p 

1S

S
∑j
=

1

δ
x
′j
i ,

1S

S
∑j
=

1

δ
y
′j
i 
∣∣∣∣

≤
1B

B
∑i=

1 [
W
p 

1S

S
∑j
=

1

δ
x
j
i ,

1S

S
∑j
=

1

δ
x
′j
i 

+
W
p 

1S

S
∑j
=

1

δ
y
j
i ,

1S

S
∑j
=

1

δ
y
′j
i 
]

≤
S
−

1
/
p

B

B
∑i=

1 [ 
S
∑j
=

1

d
p(x

j
i ,x
′j
i ) 

1
/
p

+


S
∑j
=

1

d
p(y

j
i ,y ′ji ) 

1
/
p]

≤
S
−

1
/
p

B
(2
B

)
p−

1
p


∑i,j

d
pX

2 ((x
j
i ,y

j
i ),(x

′j
i ,y ′ji )) 

1
/
p

.

H
en

ce,
Z
/2

is
L

ip
sch

itz
con

tin
u
ou

s
w

ith
con

sta
n
t

(S
B

) −
1
/
p

relative
to

th
e
p
-m

etric
gen

erated
b
y

dX
2

on
(X

2)
S
B

.
F

or
r̃
∈
P

(X
2)

let
H

(·|
r̃

)
d
en

ote
th

e
relativ

e
en

trop
y

w
ith

resp
ect

to
r̃

.
S
in

ce
X

2
h
a
s
dX

2-
d
iam

eter
2

1
/
p

d
iam

(X
),

w
e

h
ave

b
y

B
o
lley

an
d

V
illan

i
(2

00
5,

P
a
rticu

lar
case

2
.5,

p
age

3
37

)
th

at
for

every
s̃

W
p (r̃

,s̃
)≤

(8
d
iam

(X
)
2
pH

(r̃
|
s̃
) )

1
/
2
p
.

(1
3)

If
X

1
1 ,...,X

S
B
∼
r

an
d
Y

1
1 ,...,Y

S
B
∼
s

a
re

all
in

d
ep

en
d
en

t,
w

e
h
ave

Z
((X

1
1 ,Y

1
1 ),...,(X

S
B
,Y
S
B

))∼
Ŵ

(S
)

p
(r
,s

)−
W
p (r

,s
).

T
h
e

L
ip

sch
itz

con
tin

u
ity

o
f
Z

an
d

th
e

tran
sp

ortation
in

eq
u
ality

(13)
y
ield

s
a

co
n
cen

tration
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en

t
sp

ar
se

m
o
d
el

in
g

to
o
l

w
it

h
au

to
m

at
ic

fe
at

u
re

gr
ou

p
in

g
b
y

em
p
lo

y
in

g
th

e
` 1

-n
or

m
re

gu
la

ri
ze

r
to

ge
th

er
w

it
h

a
p
a
ir

w
is

e
` ∞

p
en

al
ty

.
T

h
e

O
S
C

A
R

p
en

al
iz

ed
p
ro

b
le

m
fo

r
li
n
ea

r
re

gr
es

si
on

w
it

h
th

e
le

a
st

sq
u
a
re

s
lo

ss
fu

n
ct

io
n

ta
ke

s
th

e
fo

rm
of

m
in

x
∈R

n

1 2
‖A
x
−
b‖

2
+
w

1
‖x
‖ 1

+
w

2

∑ i<
j

m
ax
{|
x
i|,
|x
j
|}
,

(1
)

w
h
er

e
b
∈
R
m

is
th

e
re

sp
on

se
ve

ct
or

,
A
∈
R
m
×
n

is
th

e
d
es

ig
n

m
a
tr

ix
,
x
∈
R
n

is
th

e
v
ec

to
r

of
u
n
k
n
ow

n
co

effi
ci

en
ts

to
b

e
es

ti
m

at
ed

,
w

1
an

d
w

2
ar

e
tw

o
n
on

n
eg

at
iv

e
tu

n
in

g
p
a
ra

m
et

er
s

fo
r

th
e

tr
ad

eo
ff

of
th

e
sp

ar
si

ty
an

d
eq

u
al

it
y

of
co

effi
ci

en
ts

fo
r

co
rr

el
at

ed
fe

at
u
re

s
p
ro

m
o
te

d
b
y

th
e
` 1

-n
or

m
an

d
th

e
p
ai

rw
is

e
` ∞

te
rm

,
re

sp
ec

ti
ve

ly
.

N
ot

e
th

at
in

h
ig

h
d
im

en
si

o
n
a
l

st
at

is
ti

ca
l

re
gr

es
si

on
s,

w
e

of
te

n
h
av

e
n
�
m

,
th

at
is

,
th

e
n
u
m

b
er

of
fe

at
u
re

s
is

la
rg

er
th

a
n

th
e

sa
m

p
le

si
ze

.
T

h
e

O
S
C

A
R

p
en

al
iz

ed
p
ro

b
le

m
(1

)
is

a
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

W
h
en

th
e

p
a
ir

-
w

is
e
` ∞

te
rm

is
re

m
ov

ed
,

th
e

p
ro

b
le

m
(1

)
is

re
d
u
ce

d
to

th
e

w
el

l-
k
n
ow

n
L

A
S
S
O

m
o
d
el

p
ro

p
os

ed
b
y

T
ib

sh
ir

an
i

(1
99

6)
in

st
at

is
ti

cs
an

d
a

ri
ch

va
ri

et
y

of
al

go
ri

th
m

s
h
av

e
b

ee
n

p
ro

-
p

os
ed

,
m

os
t

of
th

em
h
av

e
ta

ke
n

th
e

ad
va

n
ta

ge
of

th
e

co
m

p
on

en
tw

is
e

se
p
a
ra

b
il
it

y
o
f

th
e

` 1
-n

or
m

in
th

ei
r

al
go

ri
th

m
ic

d
es

ig
n
.

W
it

h
th

e
ad

d
it

io
n
al

p
ai

rw
is

e
` ∞

te
rm

,
th

e
p
ro

b
le

m
(1

)
b

ec
om

es
u
n
d
er

st
an

d
ab

ly
m

or
e

ch
al

le
n
gi

n
g

d
u
e

to
th

e
la

ck
of

se
p
ar

ab
il
it

y
of

th
e

O
S
C

A
R

re
g
-

u
la

ri
za

ti
on

te
rm

.
In

B
on

d
el

l
an

d
R

ei
ch

(2
00

8)
,
th

e
tr

ad
it

io
n
al

q
u
ad

ra
ti

c
p
ro

g
ra

m
m

in
g

(Q
P

)
an

d
se

q
u
en

ti
al

q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g
(S

Q
P

)
b
as

ed
al

go
ri

th
m

s
ar

e
em

p
lo

ye
d

fo
r

so
lv

in
g

(1
)

w
it

h
n
u
m

er
ic

al
im

p
le

m
en

ta
ti

on
s

li
m

it
ed

to
sm

al
l

d
at

a
se

ts
.

E
ffi

ci
en

t
n
u
m

er
ic

a
l

a
lg

o
ri

th
m

s
ar

e
in

d
ir

e
n
ee

d
es

p
ec

ia
ll
y

fo
r

la
rg

e
sc

al
e

p
ro

b
le

m
s

re
su

lt
in

g
fr

om
th

e
ex

p
lo

si
o
n

in
th

e
si

ze
an

d
co

m
p
le

x
it

y
of

m
o
d
er

n
d
at

a
se

ts
in

p
ra

ct
ic

al
ap

p
li
ca

ti
on

s.
In

Z
h
on

g
an

d
K

w
o
k

(2
0
1
2
),

th
e

ac
ce

le
ra

te
d

p
ro

x
im

al
gr

ad
ie

n
t

(A
P

G
)

m
et

h
o
d
,

p
ro

p
os

ed
b
y

N
es

te
ro

v
(1

9
8
3
)

a
n
d

co
in

ed
as

F
IS

T
A

fo
r

th
e
` 1

-n
or

m
re

gu
la

ri
za

ti
on

p
ro

b
le

m
b
y

B
ec

k
an

d
T

eb
ou

ll
e

(2
00

9
),

is
a
d
o
p
te

d
fo

r
so

lv
in

g
re

la
ti

ve
ly

la
rg

e
sc

al
e

in
st

an
ce

s
b
y

ta
k
in

g
ad

va
n
ta

ge
of

th
e

effi
ci

en
t

co
m

p
u
ta

ti
o
n

of
th

e
p
ro

x
im

al
m

ap
p
in

g
of

th
e

O
S
C

A
R

p
en

al
ty

fu
n
ct

io
n
,

w
h
ic

h
is

ex
p
la

in
ed

in
th

e
n
ex

t
p
ar

ag
ra

p
h
.

W
e

b
eg

in
b
y

in
tr

o
d
u
ci

n
g

so
m

e
n
ot

at
io

n
.

F
or

a
gi

ve
n

ve
ct

or
x
∈

R
n
,

d
en

o
te
|x
|t

o
b

e
th

e
ve

ct
or

ob
ta

in
ed

fr
om

x
b
y

ta
k
in

g
th

e
ab

so
lu

te
va

lu
e

of
it

s
co

m
p

on
en

ts
.

L
et
|x
| (i

)
b

e
th

e
i-

th
la

rg
es

t
co

m
p

o
n
en

t
of
|x
|s

u
ch

th
at
|x
| (1

)
≥
|x
| (2

)
··
·≥
|x
| (n

).
W

it
h

th
e

a
b

ov
e

n
o
ta

ti
o
n
,

th
e

O
S
C

A
R

p
en

al
ty

ca
n

b
e

w
ri

tt
en

as

w
1
‖x
‖ 1

+
w

2

n ∑ i=
1

m
ax

i<
j
{|
x
i|,
|x
j
|}

=
n ∑ i=

1

λ
i|x
| (i

),
(2

)

w
h
er

e
λ
i

=
w

1
+
w

2
(n
−
i)
,
i

=
1
,.
..
,n

,
sa

ti
sf

y
th

e
p
ro

p
er

ty
th

at
λ

1
≥
λ

2
≥
··
·≥

λ
n
≥

0
.

T
h
e

re
su

lt
in

g
re

gu
la

ri
za

ti
on

fu
n
ct

io
n
κ
λ
(x

)
:=
∑

n i=
1
λ
i|x
| (i

)
fo

r
an

y
x
∈
R
n
,

te
rm

ed
a
s

th
e

2
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L
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S
e
m
ism

o
o
t
h
N
e
w
t
o
n
-b
a
se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

d
ecrea

sin
g

w
eig

h
ted

sorted
`
1 -n

orm
(D

W
S
L

1)
b
y

Z
en

g
an

d
F

igu
eired

o
(2

014b
),

is
ex

actly
th

e
w

eig
h
ted

K
y

F
an

n
orm

as
stu

d
ied

in
W

u
et

al.
(2014

)
as

lon
g

as
λ

1
>

0.
T

h
e

com
p
u
tation

o
f

th
e

p
rox

im
a
l

m
ap

p
in

g
of

D
W

S
L

1
h
as

b
een

stu
d
ied

in
th

e
literatu

re
(see,

e.g.,
Z

en
g

an
d

F
ig

u
eired

o
,
2
01

4a,b
;
B

ogd
an

et
al.,

2015).
It

is
h
eav

ily
related

to
th

e
p

o
ol

ad
jacen

t
v
iolators

a
lg

o
rith

m
(P

A
V

A
)

for
solv

in
g

isoton
ic

regression
p
rob

lem
s

(B
arlow

an
d

B
ru

n
k
,

1
972)

in
th

e
fi
eld

o
f

o
rd

ered
statistics

(see,
e.g.,

R
ob

ertson
et

al.,
1988;

S
ilvap

u
lle

an
d

S
en

,
201

1).
A

s
a

m
o
re

gen
eral

fram
ew

ork
of

th
e

O
S
C

A
R

p
rob

lem
(1),

th
e

least-sq
u
ares

p
ro

b
lem

w
ith

th
e

D
W

S
L

1
reg

u
larization

term
is

called
th

e
sorted

L
-on

e
p

en
alized

estim
ation

(S
L

O
P

E
),

w
h
ich

h
a
s

b
een

sh
ow

n
to

h
ave

go
o
d

p
erform

an
ce

for
con

trollin
g

th
e

false
d
iscov

ery
rate

(F
D

R
)

in
sp

a
rse

statistical
m

o
d
els

in
B

ogd
an

et
al.

(2015).
T

h
e

A
P

G
m

eth
o
d

is
em

p
loyed

in
th

e
la

tter
p
ap

er
for

solv
in

g
th

e
S
L

O
P

E
m

o
d
el

b
y

rely
in

g
on

th
e

effi
cien

t
n
u
m

erical
eva

lu
a
tio

n
o
f

th
e

p
rox

im
al

m
ap

p
in

g
of

th
e

sorted
`
1 -n

orm
.

A
s

can
b

e
seen

,
m

ost
of

th
e

ex
istin

g
m

eth
o
d
s

for
solv

in
g

th
e

O
S
C

A
R

m
o
d
el

an
d

th
e

m
ore

gen
eral

S
L

O
P

E
m

o
d
el

in
th

e
la

rg
e

scale
settin

gs
are

b
ased

on
th

e
fi
rst-ord

er
in

form
ation

of
th

e
u
n
d
erly

in
g

n
on

sm
o
oth

o
p
tim

iza
tio

n
m

o
d
el.

H
ow

ever,
as

d
em

on
strated

b
y

th
e

w
ork

s
of

L
i

et
al.

(2018
a)

for
th

e
L

A
S
S
O

an
d

L
i
et

al.
(2018b

)
for

th
e

fu
sed

L
A

S
S
O

,
th

ere
are

com
p

ellin
g

ev
id

en
ces

to
su

g
gest

th
a
t

o
n
e

ca
n

d
esign

a
m

u
ch

m
ore

effi
cien

t
algo

rith
m

if
on

e
can

fu
lly

ex
p
loit

th
e

in
h
eren

t
seco

n
d
-o

rd
er

sp
arsity

an
d

low
-ran

k
p
rop

erty
p
resen

t
in

th
e

O
S
C

A
R

m
o
d
el

or
th

e
m

ore
g
en

era
l

S
L

O
P

E
m

o
d
el.

In
th

is
p
ap

er,
w

e
w

ill
sh

ow
h
ow

th
is

can
b

e
ach

ieved
b
y

fo
cu

sin
g

o
n

th
e

fo
llow

in
g

S
L

O
P

E
m

o
d
el:m

in
x∈

R
n

12 ‖
A
x
−
b‖

2
+

n
∑i=

1

λ
i |x|(i)

(3)

w
ith

p
a
ra

m
eters

λ
1 ≥

λ
2 ≥
···≥

λ
n
≥

0
an

d
λ

1
>

0.
N

ote
th

at
h
ere

th
e

p
aram

eter
vector

λ
is

a
g
en

era
l

v
ector

satisfy
in

g
th

e
p
rev

iou
s

con
d
ition

.
It

n
eed

s
n
ot

b
e

restricted
to

th
e

p
a
ra

m
eter

v
ector

asso
ciated

w
ith

th
e

O
S
C

A
R

p
en

alty
in

(2).
T

h
e

m
a
in

g
oal

of
th

is
p
ap

er
is

to
d
esign

a
sem

ism
o
oth

N
ew

ton
-b

ased
au

g
m

en
ted

L
a-

g
ra

n
g
ia

n
m

eth
o
d

(N
ew

t-A
L

M
for

sh
ort)

for
solv

in
g

th
e

S
L

O
P

E
m

o
d
el

(2)
from

th
e

d
u
al

p
ersp

ective.
A

s
a

m
ain

con
trib

u
tion

of
th

is
p
ap

er,
in

S
ection

2
an

d
S
u
b
section

3.4,
w

e
w

ill
see

th
at

on
e

can
ex

tract
som

e
sp

ecial
low

-ran
k

an
d

sp
arsity

stru
ctu

res
in

th
e

gen
-

era
lized

J
a
co

b
ian

of
th

e
p
rox

im
al

m
ap

p
in

g
asso

ciated
w

ith
th

e
sorted

`
1 -n

orm
.

In
tu

rn
,

th
e

H
essia

n
m

a
trices

in
volved

in
th

e
A

L
M

su
b
p
rob

lem
s

also
in

h
erit

th
e

sp
ecial

stru
ctu

res
w

h
ich

w
e

can
w

isely
ex

p
loit

to
d
esign

a
very

effi
cien

t
sem

ism
o
oth

N
ew

ton
m

eth
o
d

to
solv

e
th

e
su

b
p
ro

b
lem

s.
T

h
e

latter
fact,

com
b
in

ed
w

ith
th

e
fast

lin
ear

con
v
ergen

ce
of

th
e

au
g-

m
en

ted
L

ag
ra

n
gian

m
eth

o
d

w
h
ich

w
e

w
ill

estab
lish

in
S
ection

3,
w

ill
en

ab
le

ou
r

N
ew

t-A
L

M
a
lg

o
rith

m
to

p
erform

h
igh

ly
effi

cien
tly

later
in

th
e

n
u
m

erical
ex

p
erim

en
ts

on
large

sca
le

in
sta

n
ces.

T
h
e

com
p
arison

of
ou

r
algorith

m
w

ith
th

e
in

ex
act

A
D

M
M

(iA
D

M
M

)
p
rop

osed
in

C
h
en

et
a
l.

(2017)
an

d
th

e
A

P
G

m
eth

o
d

im
p
lem

en
eted

in
th

e
S
L

O
P

E
solver

in
B

ogd
an

et
a
l.

(2
0
1
5)

fo
r

solv
in

g
O

S
C

A
R

p
rob

lem
s

in
d
icates

th
at

ou
r

N
ew

t-A
L

M
can

ou
tp

erform
th

ese
sta

te-o
f-th

e-art
fi
rst-ord

er
algorith

m
s

su
b
stan

tially.
T

h
e

rem
a
in

in
g

p
arts

of
th

e
p
ap

er
are

organ
ized

as
fo

llow
s.

In
S
ection

2,
som

e
an

aly
tical

p
ro

p
erties

o
f

th
e

p
rox

im
al

m
ap

p
in

g
of

th
e

sorted
`
1 -n

orm
a
n
d

th
eir

gen
eralized

J
acob

ian
s

a
re

rev
iew

ed
a
n
d

d
evelop

ed
.

T
h
ese

p
rop

erties
are

critical
for

th
e

su
b
seq

u
en

t
an

aly
sis

on
th

e
lo

cal
co

n
vergen

ce
rate

of
th

e
algorith

m
in

th
e

n
ex

t
section

.
S
ectio

n
3

is
d
ed

icated
to

th
e

sem
ism

o
o
th

N
ew

ton
au

gm
en

ted
L

agran
gian

m
eth

o
d

an
d

its
con

vergen
ce

an
aly

sis.
In

3
JM

L
R

 20(106):1-25, 2019

L
u
o
,
S
u
n
,
T
o
h
a
n
d

X
iu

ad
d
ition

,
w

e
also

ex
tract

th
e

low
-ran

k
an

d
sp

arsity
stru

ctu
res

p
resen

t
in

th
e

gen
eralized

J
acob

ian
s

of
th

e
p
rox

im
al

m
ap

p
in

g
of

th
e

sorted
`
1 -n

orm
.

T
h
ese

stru
ctu

res
are

cru
cial

for
th

e
effi

cien
t

n
u
m

erical
com

p
u
tation

in
th

e
sem

ism
o
oth

N
ew

ton
m

eth
o
d
.

N
u
m

erical
resu

lts
are

rep
orted

in
S
ection

4
to

d
em

on
strate

th
e

h
igh

effi
cien

cy
an

d
rob

u
stn

ess
of

ou
r

algorith
m

.
W

e
con

clu
d
e

ou
r

p
ap

er
in

S
ection

5.
T

ech
n
ical

p
ro

ofs
are

p
rov

id
ed

in
A

p
p

en
d
ix

A
.

2
.
T
h
e
g
e
n
e
ra

lize
d
J
a
co

b
ia
n
o
f
th

e
p
ro
x
im

a
l
m
a
p
p
in
g
o
f
th

e
D
W

S
L
1

n
o
rm

A
s

m
en

tion
ed

in
th

e
in

tro
d
u
ction

,
a

key
factor

con
trib

u
tin

g
to

th
e

h
igh

com
p
u
tation

al
effi

cien
cy

of
ou

r
p
rop

osed
N

ew
t-A

L
M

is
th

e
ch

aracterization
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th
e

gen
eralized

J
acob

ian
m

atrix
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th
e

p
rox

im
al

m
ap

p
in

g
for

th
e

D
W

S
L

1
n
orm

(or
sorted

`
1 -n

orm
).

In
p
articu

lar,
th

e
ch

aracterization
w

ill
en

ab
le

u
s

to
ex

tract
th

e
u
n
d
erly

in
g

low
-ran

k
an

d
sp

arsity
stru

ctu
res

p
resen

t
in

th
e

gen
eralized

J
acob

ian
w

h
ich

w
e
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fu

lly
ex

p
loit

for
co

m
p
u
tation

al
effi

cien
cy

w
ith

in
th

e
sem

ism
o
oth

N
ew

ton
m

eth
o
d

for
solv

in
g

th
e

su
b
p
rob

lem
in

each
iteration

of
th

e
au

gm
en

ted
L

agran
gian

m
eth

o
d
.

T
h
e

p
u
rp

ose
of

th
is

section
is

to
p
resen

t
th

e
ch

aracteri-
zation

of
th

e
gen

eralized
J
acob

ain
of

th
e

p
rox

im
al

m
ap

p
in

g
for

th
e

D
W

S
L

1
n
orm

an
d

its
an

aly
tical

p
rop

erties.
L

et
Π

sn
b

e
th

e
set

of
all

sign
ed

p
erm

u
tation

m
atrices

in
R
n×

n
.

R
ecall

th
at

an
n
×
n

sign
ed

p
erm

u
tation

m
atrix

is
a

m
atrix

w
h
ose

row
s

a
re

th
e

p
erm

u
tation

of
th

o
se

of
th

e
n×

n
id

en
tity

m
atrix

an
d

th
e

on
ly

n
on

-zero
elem

en
t

in
ea

ch
row

can
take

th
e

valu
e
±

1.
N

ote
th

at
th

e
card

in
ality

of
Π

sn
is

2
n
n

!.
F

or
an

y
g
iven

v
ector

y
∈
R
n
,

d
en

ote

Π
s(y

)
:=
{
π
∈

Π
sn
|
(π
y
)
i

=
|y|(i) ,

i
=

1,...,n }
.

L
et
κ
λ (x

)
:=
∑

ni=
1
λ
i |x|(i)

w
ith

λ
1 ≥
···≥

λ
n
≥

0.
T

h
e

p
rox

im
al

m
ap

p
in

g
of
κ
λ

is

P
rox

κ
λ (y

)
=

arg
m

inx {
12 ‖x
−
y‖

2
+
κ
λ (x

) }
,
∀
y
∈
R
n
.

S
in

ce
th

e
in

v
olved

ob
jectiv

e
fu

n
ction

is
stron

gly
con

vex
(see,

e.g.,
W

u
et

a
l.,

2014;
B

ogd
an

et
al.,

2015)
an

d
p
iecew

ise
q
u
ad

ratic,
th

e
p
rox

im
al

m
ap

p
in

g
P

rox
κ
λ

is
th

en
p
iecew

ise
affi

n
e,

a
resu

lt
k
n
ow

n
from

S
u
n

(1986)
or

(R
o
ckafellar

an
d

W
ets,

1998,
P

rop
osition

12.30).
D

efi
n
e

x
λ (w

)
:=

arg
m

inx {
12 ‖x
−
w‖

2
+
λ
>
x
|
B
x
≥

0 }
,

w
∈
<
n
,

(4)

w
h
ere

B
x

=
[x

1 −
x

2 ,x
2 −

x
3 ,...,x

n−
1 −

x
n
,x

n
] >
∈
R
n
.

It
is

k
n
ow

n
from

(B
ogd

an
et

al.,
2015,

P
rop

osition
2.2)

th
at

for
an

y
y
∈
R
n

an
d
π
∈

Π
s(y

),
P

rox
κ
λ (π

y
)

=
x
λ (π

y
).

F
u
rth

erm
ore,

for
an

y
λ
∈

R
n+

satisfy
in

g
λ

1
≥
···≥

λ
n
,

an
d

an
y

vector
y
∈
R
n
,

w
e

h
ave

P
rox

κ
λ (y

)
=
π
−

1x
λ (π

y
),
∀
π
∈

Π
s(y

)⊆
Π

sn
.

(5)

G
iven

th
e

stru
ctu

re
of
x
λ (·),

on
e

can
see

th
at

th
e

J
acob

ian
o
f
x
λ (·)

at
an

y
w
∈
R
n
,

as
con

stru
cted

in
(H

an
an

d
S
u
n
,

1997),
is

given
b
y

P
(w

)
=

{
P
∈
R
n×

n
|
P

=
I−

B
>Γ

(
B

Γ
B
>Γ )
−

1
B

Γ
,Γ
∈
K

(w
) }

.
(6)
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S
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o
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h
N
e
w
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n
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se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

H
er

e
K

(w
)

:=
{Γ
⊆
{1
,.
..
,n
}
|S

u
p
p
(z
λ
(w

))
⊆

Γ
⊆

I(
x
λ
(w

))
},

w
h
er

e
z λ

(w
)

=
(B
B
>

)−
1
B

(w
−
λ
−
x
λ
(w

))
is

an
op

ti
m

al
d
u
al

m
u
lt

ip
li
er

v
ec

to
r
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so

ci
at

ed
w

it
h

th
e
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eq

u
al

it
y

co
n
st

ra
in

ts
in

(4
),

I(
x
λ
(w

))
=
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∈
{1
,.
..
,n
}
|(
B
x
λ
(w

))
i

=
0
}

is
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e
se

t
of
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ti

v
e
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d
ic

es
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h
e

in
d
ic

es
of

th
e

a
ct

iv
e

co
n
st

ra
in

ts
)

in
(4

),
an

d
B

Γ
is

th
e

su
b
m

at
ri

x
ob

ta
in

ed
b
y

ex
tr

ac
ti

n
g

th
e

ro
w

s
of
B

w
it

h
in

d
ic

es
in

Γ
.

In
th

e
ab

ov
e,

S
u
p
p
(z
λ
(w

))
is

th
e

su
p
p

or
t

of
z λ

(w
),

i.
e.

,
th

e
in

d
ex

se
t

of
n
on

ze
ro

co
m

p
om

on
en

ts
of
z λ

(w
).

O
b
se

rv
e

th
at

ea
ch

el
em

en
t

of
P

(w
)

is
th

e
p
ro

je
ct

io
n

on
to

th
e

n
u
ll

sp
ac

e
of
B

Γ
fo

r
so

m
e

in
d
ex

se
t

Γ
sa

n
d
w

ic
h
ed

b
et

w
ee

n
th

e
se

t
of

ac
ti

ve
in

d
ic

es
I(
x
λ
(w

))
an

d
S
u
p
p
(z
λ
(w

))
.

It
is

k
n
ow

n
fr

om
L

em
m

a
2.

1
in

H
an

an
d

S
u
n

(1
99

7)
th

at
fo

r
an

y
w
∈
R
n
,

th
er

e
ex

is
ts

a
n
ei

gh
b

or
h
o
o
d
W

of
w

su
ch

th
at

fo
r

al
l
w
′ ∈

W
,

  
K

(w
′ )
⊆
K

(w
),

P
(w
′ )
⊆
P

(w
),

x
λ
(w
′ )
−
x
λ
(w

)
−
P

(w
′ −

w
)

=
0,
∀P
∈
P

(w
′ )
.

(7
)

D
efi

n
e

th
e

m
u
lt

if
u
n
ct

io
n
M

:
R
n
⇒

R
n
×
n

b
y

M
(y

)
:=
{ M
∈
R
n
×
n
|M

=
π
−

1
P
π
,π
∈

Π
s
(y

),
P
∈
P

(π
y
)}
.

(8
)

R
ec

al
l

th
at

th
e

se
t-

va
lu

ed
m

ap
p
in

g
M

:
<n

⇒
<n
×
n

is
sa

id
to

b
e

u
p
p

er
se

m
ic

o
n
ti

n
-

u
ou

s
(A

u
b
in

an
d

F
ra

n
ko

w
sk

a,
19

90
,

D
efi

n
it

io
n

1.
4.

1)
at

a
ce

rt
ai

n
p

oi
n
t
y
∈
<n

if
fo

r
an

y
n
ei

gh
b

or
h
o
o
d
N

of
M

(y
),

th
er

e
ex

is
ts

a
co

n
st

an
t
ρ
>

0
su

ch
th

at

M
(y
′ )
⊂
N
,
∀y
′ ∈

B(
y
,ρ

)
:=
{ y
′ ∈
<n
|‖
y
′ −

y
‖
≤
ρ
} .

T
h
en

w
e

h
av

e
th

e
fo

ll
ow

in
g

th
eo

re
m

w
h
ic

h
is

ad
ap

te
d

fr
om

(L
i
et

al
.,

20
18

b
,

P
ro

p
o
si

ti
on

7)
.

It
s

p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.

T
h

e
o
re

m
1

L
et
λ
∈

R
n +

be
su

ch
th

a
t
λ

1
≥
λ

2
≥
··
·≥

λ
n

.
T

h
en
M

(·)
is

a
n

o
n

em
p
ty

a
n

d
co

m
pa

ct
va

lu
ed

,
u

p
pe

r
se

m
ic

o
n

ti
n

u
o
u

s
m

u
lt

if
u

n
ct

io
n

,
a
n

d
fo

r
a
n

y
gi

ve
n
y
∈
R
n

,
ev

er
y

M
∈
M

(y
)

is
sy

m
m

et
ri

c
a
n

d
po

si
ti

ve
se

m
id

efi
n

it
e.

M
o
re

o
ve

r,
th

er
e

ex
is

ts
a

n
ei

gh
bo

rh
oo

d
U

o
f
y

su
ch

th
a
t

fo
r

a
ll
y
′ ∈

U
,

P
ro

x
κ
λ
(y
′ )
−

P
ro

x
κ
λ
(y

)
−
M

(y
′ −

y
)

=
0,
∀M
∈
M

(y
′ )
.

(9
)

E
x
a
m

p
le

.
N

ex
t,

w
e

p
re

se
n
t

an
ex

a
m

p
le

to
il
lu

st
ra

te
th

e
re

su
lt

in
eq

u
at

io
n

(9
)

of
T

h
eo

re
m

1
ex

p
li
ci

tl
y.

C
on

si
d
er

th
e

v
ec

to
r
y

=
[4
,3
,0

]>
an

d
th

e
p
ar

am
et

er
ve

ct
or

λ
=

[3
,1
,1

]>
.

F
or

an
y
y
′ =

[y
′ 1
,y
′ 2
,y
′ 3
]>

th
at

is
su

ffi
ci

en
tl

y
cl

os
e

to
y
,

sa
y
‖y
′ −

y
‖
≤

0.
1,

w
e

ca
n

sh
ow

b
y

u
si

n
g

th
e

p
o
ol

ad
ja

ce
n
t

v
io

la
to

rs
al

go
ri

th
m

th
at

P
ro

x
κ
λ
(y

)
=

 
1.

5
1.

5 0

 
,

P
ro

x
κ
λ
(y
′ )

=

  
y
′ 1+
y
′ 2−

4
2

y
′ 1+
y
′ 2−

4
2 0

  
.

T
h
u
s

P
ro

x
κ
λ
(y
′ )
−

P
ro

x
κ
λ
(y

)
=
M

(y
′ −

y
)

w
it

h
M

=

 
1/

2
1
/2

0
1/

2
1
/2

0
0

0
0

 
.
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9

L
u
o
,
S
u
n
,
T
o
h
a
n
d

X
iu

In
th

is
ca

se
M

(y
′ )

=
{M
}.

N
ex

t,
w

e
d
is

cu
ss

th
e

se
m

is
m

o
ot

h
n
es

s
p
ro

p
er

ty
of

th
e

p
ro

x
im

a
l

m
ap

p
in

g
P

ro
x
κ
λ
.

R
ec

a
ll

fr
om

M
iffl

in
(1

97
7)

;
K

u
m

m
er

(1
98

8)
;
Q

i
an

d
S
u
n

(1
99

3)
;
S
u
n

an
d

S
u
n

(2
00

2)
o
r

d
ir

ec
tl

y
fr

o
m

(L
i

et
al

.,
20

18
b
,

D
efi

n
it

io
n

1)
th

at
th

e
se

m
is

m
o
ot

h
n
es

s
w

it
h

re
sp

ec
t

to
a

g
iv

en
n
o
n
em

p
ty

co
m

p
ac

t
va

lu
ed

,
u
p
p

er
se

m
ic

on
ti

n
u
ou

s
m

u
lt

if
u
n
ct

io
n

is
d
efi

n
ed

as
fo

ll
ow

s.
L

et
O
⊆

R
n

b
e

an
y

gi
ve

n
op

en
se

t,
K

:
O

⇒
R
m
×
n

b
e

a
n
on

em
p
ty

co
m

p
a
ct

va
lu

ed
,

u
p
p

er
se

m
ic

on
ti

n
u
ou

s
m

u
lt

if
u
n
ct

io
n
,

an
d
F

:
O
→

R
m

b
e

a
lo

ca
ll
y

L
ip

sc
h
it

z
co

n
ti

n
u
o
u
s

fu
n
ct

io
n
,

i.
e.

,
fo

r
an

y
x
∈
O

,
th

er
e

ex
is

t
p

os
it

iv
e

co
n
st

an
ts
L
x

an
d
δ x

su
ch

th
a
t

fo
r

a
ll

y
,y
′ ∈
O

sa
ti

sf
y
in

g
‖y
−
x
‖
≤
δ x

an
d
‖y
′ −

x
‖
≤
δ x

,
w

e
ge

t
‖F

(y
)
−
F

(y
′ )
‖
≤
L
x
‖y
−
y
′ ‖.

F
is

sa
id

to
b

e
se

m
is

m
oo

th
at
x
∈
O

w
it

h
re

sp
ec

t
to

th
e

m
u
lt

if
u
n
ct

io
n
K

if
F

is
d
ir

ec
ti

o
n
a
ll
y

d
iff

er
en

ti
ab

le
at
x

an
d

fo
r

an
y
V
∈
K

(x
+
d
)

w
it

h
d
→

0,

F
(x

+
d
)
−
F

(x
)
−
V
d

=
o(
‖d
‖)
.

L
et
γ

b
e

a
p

os
it

iv
e

sc
al

ar
.
F

is
sa

id
to

b
e
γ

-o
rd

er
se

m
is

m
o
ot

h
(s

to
n
gl

y
se

m
is

m
o
o
th

if
γ

=
1
)

at
x
∈
O

w
it

h
re

sp
ec

t
to
K

if
F

is
d
ir

ec
ti

on
al

ly
d
iff

er
en

ti
ab

le
at
x

an
d

fo
r

an
y
V
∈
K

(x
+
d
)

w
it

h
d
→

0,
F

(x
+
d
)
−
F

(x
)
−
V
d

=
O

(‖
d
‖1

+
γ
).

F
is

sa
id

to
b

e
a

se
m

is
m

o
ot

h
(γ

-o
rd

er
se

m
is

m
o
o
th

,
st

on
gl

y
)

fu
n
ct

io
n

on
O

w
it

h
re

sp
ec

t
to
K

if
F

is
se

m
is

m
o
ot

h
(γ

-o
rd

er
se

m
is

m
o
o
th

,
st

ro
n
gl

y
se

m
is

m
o
ot

h
)

ev
er

y
w

h
er

e
in
O

w
it

h
re

sp
ec

t
to
K

.
It

is
k
n
ow

n
fr

om
T

h
eo

re
m

1
th

at
P

ro
x
κ
λ

is
γ

-o
rd

er
se

m
is

m
o
o
th

o
n
R
n

w
it

h
re

sp
ec

t
to
M

fo
r

an
y

gi
ve

n
p

os
it

iv
e
γ

.

3
.
A

se
m
is
m
o
o
th

N
e
w
to
n
a
u
g
m
e
n
te
d
L
a
g
ra

n
g
ia
n
m
e
th

o
d

3
.1

.
T

h
e

a
lg

o
ri

th
m

ic
fr

a
m

e
w

o
rk

G
iv

en
A
∈
R
m
×
n
,
b
∈
R
m

an
d
λ

1
≥
··
·≥

λ
n
≥

0
w

it
h
λ

1
>

0,
th

e
D

W
S
L

1
re

g
u
la

ri
ze

d
le

a
st

sq
u
ar

es
p
ro

b
le

m
ca

n
b

e
re

w
ri

tt
en

as

(P
)

m
ax

x
∈R

n

{ −
f

(x
)

:=
−

1 2
‖A
x
−
b‖

2
−
κ
λ
(x

)}
.

(1
0
)

It
s

d
u
al

p
ro

b
le

m
ta

ke
s

th
e

fo
rm

of

(D
)

m
in

y
∈R

m
,ξ
∈R

n

{
1 2
‖y
‖2

+
〈b
,y
〉+

κ
∗ λ(
ξ)
∣ ∣ ∣A
>
y

+
ξ

=
0}

,
(1

1
)

w
h
er

e
κ
∗ λ(
v
)

:=
su

p
x
∈R

n
{〈
x
,v
〉−

κ
λ
(x

)}
is

th
e

F
en

ch
el

co
n
ju

ga
te

fu
n
ct

io
n

o
f
κ
λ
.

F
o
r

a
n
y

gi
ve

n
sc

al
ar
σ
>

0,
th

e
co

rr
es

p
on

d
in

g
re

d
u
ce

d
au

gm
en

te
d

L
ag

ra
n
gi

an
fu

n
ct

io
n

a
ss

o
ci

a
te

d
w

it
h

(D
)

is
d
efi

n
ed

b
y

L
σ
(y

;x
)

:=
in

f
ξ
∈R

n

{
1 2
‖y
‖2

+
〈b
,y
〉+

κ
∗ λ(
ξ)
−
〈A
>
y

+
ξ,
x
〉+

σ 2
‖A
>
y

+
ξ‖

2

}

=
1 2
‖y
‖2

+
〈b
,y
〉+

in
f

ξ
∈R

n

{ κ
∗ λ(
ξ)

+
σ 2
‖A
>
y

+
ξ
−
σ
−

1
x
‖2
−

1 2σ
‖x
‖2
}

=
1 2
‖y
‖2

+
〈b
,y
〉−

1 2
σ
‖x
‖2

+
σ
φ
κ
∗ λ
/
σ

( σ
−

1
x
−
A
>
y
) ,
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S
e
m
ism

o
o
t
h
N
e
w
t
o
n
-b
a
se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

w
h
ere

φ
κ
∗λ
/
σ

is
th

e
M

oreau
-Y

osid
a

regu
larization

of
κ
∗λ /σ

d
efi

n
ed

as

φ
κ
∗λ
/
σ
(x

)
:=

m
in

u∈
R
n {

1σ
κ
∗λ (u

)
+

12 ‖u
−
x‖

2 }
,
∀
x
∈
R
n
.

T
h
e

in
ex

a
ct

a
u
gm

en
ted

L
agran

gian
m

eth
o
d

(R
o
ckafellar,

1976b
)

togeth
er

w
ith

th
e

sem
is-

m
o
o
th

N
ew

ton
m

eth
o
d

w
ill

b
e

em
p
loyed

to
solv

e
(D

)
w

ith
th

e
algorith

m
ic

fram
ew

ork
as

d
escrib

ed
in

A
lgorith

m
1.

N
ote

th
at

th
e

m
ost

ex
p

en
sive

p
art

in
each

iteration
of

th
e

A
L

M
is

in
so

lv
in

g
th

e
su

b
p
rob

lem
in

S
tep

1
.

A
lg

o
rith

m
1
:

A
n

in
ex

act
au

gm
en

ted
L

agran
gian

m
eth

o
d

for
(D

)
(N

ew
t-A

L
M

)

C
h
o
o
se
σ

0
>

0
an

d
(y

0,x
0 )∈

R
m
×
R
n

.
F

or
k

=
0,1,...,

p
erform

th
e

follow
in

g
step

s
in

ea
ch

iteration
:

S
te

p
1
.

C
om

p
u
te
y
k
+

1≈
arg

m
in

y∈
R
m

{
Ψ
k (y

)
:=

L
σ
k (y

;x
k) }

;

S
te

p
2
.

C
o
m

p
u
te
x
k
+

1
=

P
rox

σ
k
κ
λ (x

k−
σ
k A
>
y
k
+

1 );
S

te
p

3
.

U
p

d
ate

σ
k
+

1 ↑
σ
∞
≤
∞

.

T
h
e

sto
p
p
in

g
criteria

for
th

e
ap

p
rox

im
ation

in
S
tep

1
of

th
e

in
ex

act
au

gm
en

ted
L

a-
g
ra

n
g
ia

n
m

eth
o
d

h
ave

b
een

w
ell

d
iscu

ssed
in

R
o
ckafellar

(1976b
,a).

G
iven

tw
o

su
m

m
ab

le
seq

u
en

ces
o
f

n
on

n
egative

n
u
m

b
ers,

{
ε
k }
k≥

0
an

d
{δ
k }
k≥

0 ,
an

d
a

n
on

n
ega

tive
con

v
ergen

t
seq

u
en

ce{δ ′k }
k≥

0
w

ith
lim

it
0,

th
e

stop
p
in

g
criteria

can
b

e
sim

p
lifi

ed
as

follow
s

in
ou

r
case:

(A
)
‖∇

Ψ
k (y

k
+

1)‖
≤
ε
k / √

σ
k ;

(B
1
)
‖∇

Ψ
k (y

k
+

1)‖
≤

(δ
k / √

σ
k )‖

x
k
+

1−
x
k‖;

(B
2
)
‖∇

Ψ
k (y

k
+

1)‖
≤

(δ ′k /σ
k )‖

x
k
+

1−
x
k‖.

3
.2

.
C

o
n
v
e
rg

e
n

c
e

th
e
o
ry

T
h
e

p
iecew

ise
lin

ear-q
u
ad

ratic
p
rop

erty
of
f

as
d
efi

n
ed

in
(10)

lead
s

to
th

e
p

oly
h
ed

ral
m

u
ltifu

n
ctio

n
∂
f

(th
e

su
b
-d

iff
eren

tial
o
f
f

).
B

y
a

fu
n
d
am

en
tal

resu
lt

in
R

o
b
in

son
(1981),

th
is

fu
rth

er
im

p
lies

th
at
∂
f

satisfi
es

th
e

error
b

ou
n
d

co
n
d
ition

w
ith

a
com

m
on

m
o
d
u
lu

s,
say

a
f .

S
p

ecifi
ca

lly,
th

e
error

b
ou

n
d

con
d
ition

states
th

at
for

th
e

op
tim

al
solu

tion
set

(∂
f

) −
1(0)

o
f

(P
),

w
h
ich

w
e

d
en

ote
b
y
S
∗,

th
ere

ex
ists

som
e
ε
>

0
su

ch
th

at
for

an
y
x
∈
R
n

satisfy
in

g
d
ist(0,∂

f
(x

))≤
ε,

it
h
old

s
th

atd
ist(x

,S
∗)≤

a
f

d
ist(0

,∂
f

(x
)).

(12)

S
im

ila
rly,

con
sid

er
th

e
L

agran
gian

fu
n
ction

asso
ciated

w
ith

(D
)

w
h
ich

is
d
efi

n
ed

b
y

l(y
;x

)
:=

12 ‖y‖
2

+
〈b,y〉

+
κ
∗λ (ξ)−

〈A
>
y

+
ξ,
x〉.

F
o
r

th
e

p
oly

h
ed

ral
m

u
ltifu

n
ction

T
l

d
efi

n
ed

as
T
l (y
,x

)
=
{
(y ′,x

′)
|

(y ′,−
x
′)
∈
∂
l(y

;x
)}

,
th

ere
ex

ist
so

m
e
a
l
an

d
ε ′
>

0
su

ch
th

at
for

an
y

(y
,x

)∈
R
m×

R
n

satisfy
in

g
d
ist(0

,T
l (y
,x

))≤
ε ′,

it
h
a
s

d
ist

((y
,x

),{y ∗}×
S
∗)≤

a
l

d
ist(0,T

l (y
,x

)),
(13)
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L
u
o
,
S
u
n
,
T
o
h
a
n
d

X
iu

w
h
ere

y ∗
is

th
e

u
n
iq

u
e

op
tim

al
solu

tion
of

(D
).

F
ollow

in
g

th
e

resu
lts

on
glob

al
an

d
lo

cal
con

vergen
ce

of
th

e
A

L
M

as
stated

in
(R

o
ckafellar,

197
6b

,a;
L

i
et

al.,
2
018a,b

),
w

e
can

read
ily

ob
tain

th
e

follow
in

g
con

vergen
ce

resu
lts

on
A

lgorith
m

1
w

ith
th

e
ab

ove
stop

p
in

g
criteria.

A
s

th
e

p
ro

ofs
of

th
e

th
eorem

s
are

alm
ost

th
e

sam
e

as
th

ose
ap

p
eared

in
(L

i
et

al.,
2018a,

T
h
eorem

s
3.2

an
d

3.3),
w

e
w

ill
om

it
th

em
h
ere.

T
h

e
o
re

m
2

(G
lo

b
a
l

c
o
n
v
e
rg

e
n

c
e
)

L
et {

(y
k,x

k) }
be

th
e

in
fi

n
ite

sequ
en

ce
gen

era
ted

by
A

lgo
rith

m
1

w
ith

sto
p
p
in

g
criterio

n
(A

)
a
p
p
lied

to
Ψ
k

in
S

tep
1
.

T
h
en
{
x
k }

co
n

verges
to

a
n

o
p
tim

a
l

so
lu

tio
n

to
(P

),
a
n

d
{
y
k }

co
n

verges
to

th
e

u
n

iqu
e

o
p
tim

a
l

so
lu

tio
n

o
f

(D
).

T
h

e
o
re

m
3

(L
o
c
a
l

lin
e
a
r-ra

te
c
o
n
v
e
rg

e
n

c
e
)

L
et {

(y
k,x

k) }
be

th
e

in
fi

n
ite

sequ
en

ce
gen

-
era

ted
by

A
lgo

rith
m

1
w

ith
sto

p
p
in

g
criteria

(A
)

a
n

d
(B

1
)

a
p
p
lied

to
Ψ
k

in
S

tep
1
.

T
h
en

fo
r

a
ll
k

su
ffi

cien
tly

la
rge,

d
ist (

x
k
+

1,S
∗ )
≤
θ
k d

ist (
x
k,S

∗ )
,

w
h
ere

θ
k

:=


a
f

√
a

2f
+
σ

2k

+
2
δ
k 

1

1−
δ
k
→

θ∞
:=

a
f

√
a

2f
+
σ

2∞
<

1

a
s
k
→

+
∞

,
a
n

d
a
f

is
fro

m
(1

2
).

A
d
d
itio

n
a
lly,

if
th

e
criterio

n
(B

2
)

is
a
lso

a
d
o
p
ted

,
th

en
fo

r
a
ll
k

su
ffi

cien
tly

la
rge,

‖
y
k
+

1−
y ∗‖
≤
θ ′k ‖

x
k
+

1−
x
k‖
,

w
h
ere

θ ′k
:=

a
l (1

+
δ ′k )

σ
k

→
a
l

σ
∞

a
s
k
→

+
∞

,
a
n

d
a
l

is
fro

m
(1

3
).

R
e
m

a
rk

4
(G

lo
b

a
l

lin
e
a
r-ra

te
c
o
n
v
e
rg

e
n

c
e
)

B
esid

es
th

e
loca

l
lin

ea
r-ra

te
co

n
vergen

ce
a
s

sta
ted

in
T

h
eo

rem
3
,

o
n

e
ca

n
a
lso

o
bta

in
th

e
glo

ba
l

Q
-lin

ea
r

co
n

vergen
ce

o
f

th
e

p
rim

a
l

sequ
en

ce
{x

k}
a
n

d
th

e
glo

ba
l

R
-lin

ea
r

co
n

vergen
ce

o
f

th
e

d
u

a
l

in
fea

sibility
a
n

d
th

e
d
u

a
lity

ga
p
s

fo
r

th
e

sequ
en

ce
gen

era
ted

by
A

lgo
rith

m
1

ba
sed

o
n

(C
u

i
et

a
l.,

2
0
1
8
,

P
ro

po
sitio

n
2

a
n

d
L

em
m

a
3
)

o
r

by
m

im
ickin

g
th

e
p
roo

fs
o
f

(Z
h
a
n

g
et

a
l.,

2
0
1
8
,

T
h
eo

rem
4
.1

a
n

d
R

em
a
rk

4
.1

)
sin

ce
p
ro

blem
(P

)
po

ssesses
th

e
fo

llo
w

in
g

p
ro

perty:
F

o
r

a
n

y
po

sitive
sca

la
r
r,

th
ere

exists
t
>

0
su

ch
th

a
t

d
ist(x

,S
∗)≤

t
d
ist(0

,∂
f

(x
)),
∀
x
∈
R
n

sa
tisfyin

g
d
ist(x

,S
∗)≤

r,

(see,
Z

h
a
n

g
et

a
l.,

2
0
1
8
,

P
ro

po
sitio

n
2
.2

).
W

e
o
m

it
th

e
d
eta

ils
h
ere.

3
.3

.
T

h
e

se
m

ism
o
o
th

N
e
w

to
n

m
e
th

o
d

fo
r

so
lv

in
g

th
e

su
b

p
ro

b
le

m
in

S
te

p
1

It
is

k
n
ow

n
from

M
oreau

(1965)
or

(R
o
ckafellar,

1970,
T

h
eorem

31
.5)

th
at

Ψ
k

is
con

tin
u
ou

sly
d
iff

eren
tiab

le
an

d

∇
Ψ
k (y

)
=
y

+
b−

A
P

rox
σ
k
κ
λ (x

k−
σ
k A
>
y
),
∀
y
∈
R
m
.
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S
e
m
is
m
o
o
t
h
N
e
w
t
o
n
-b
a
se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

S
in

ce
Ψ
k

is
st

ro
n
gl

y
co

n
v
ex

w
it

h
b

ou
n
d
ed

le
v
el

se
ts

,
th

e
u
n
iq

u
e

so
lu

ti
on

of
th

e
m

in
im

iz
at

io
n

su
b
p
ro

b
le

m
,
m

in
y
∈R

m
Ψ
k
(y

),
in

S
te

p
1

of
th

e
A

L
M

ca
n

b
e

co
m

p
u
te

d
b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

fi
rs

t-
or

d
er

op
ti

m
al

it
y

co
n
d
it

io
n

∇
Ψ
k
(y

)
=

0
.

(1
4)

F
or

an
y
y
∈
R
m

,
d
efi

n
e

G k
(y

)
:=
{ V
∈
R
m
×
m
|V

=
I m

+
σ
k
A
M
A
>
,
M
∈
M
( (σ

k
)−

1
x
k
−
A
>
y
)}

,

w
h
er

e
M

is
d
efi

n
ed

in
(8

).
T

h
e

fo
ll
ow

in
g

se
m

is
m

o
ot

h
N

ew
to

n
(S

S
N

)
m

et
h
o
d

is
th

en
ap

p
li
ed

to
so

lv
e

th
e

se
m

is
m

o
ot

h
eq

u
at

io
n

(1
4)

,
as

p
re

se
n
te

d
in

A
lg

or
it

h
m

2.

A
lg

o
ri

th
m

2
:

A
se

m
is

m
o
ot

h
N

ew
to

n
m

et
h
o
d

fo
r

so
lv

in
g

(1
4)

C
h
o
os

e
µ
∈

(0
,1
/
2)

,
η̄
∈

(0
,1

),
δ
∈

(0
,1

),
τ
∈

(0
,1

],
y

0
∈
R
m

.
F

o
r
j

=
0,

1,
..
.,

p
er

fo
rm

th
e

fo
ll
ow

in
g

st
ep

s
in

ea
ch

it
er

at
io

n
:

S
te

p
1
.

(C
om

p
u
ti

n
g

th
e

N
ew

to
n

d
ir

ec
ti

on
)

C
h
o
os

e
an

el
em

en
t

M
j
∈
M

((
σ
k
)−

1
x
k
−
A
>
y
j
)

an
d

se
t
V
j

:=
I m

+
σ
k
A
M
j
A
>

.
S
ol

v
e

th
e

N
ew

to
n

eq
u
at

io
n

V
j
d

=
−
∇

Ψ
k
(y
j
)

(1
5)

ex
ac

tl
y

or
b
y

th
e

co
n
ju

ga
te

gr
ad

ie
n
t

(C
G

)
al

go
ri

th
m

to
ge

t
d
j

su
ch

th
at

‖V
j
d
j

+
∇

Ψ
k
(y
j
)‖
≤

m
in
{η̄
,‖
∇

Ψ
k
(y
j
)‖

1
+
τ
}.

S
te

p
2
.

(L
in

e
se

ar
ch

)
S
et
α
j

=
δm

j
,

w
h
er

e
m
j

is
th

e
le

as
t

n
on

n
eg

at
iv

e
in

te
ge

r
m

sa
ti

sf
y
in

g
Ψ
k
(y
j

+
δm
d
j
)
≤

Ψ
k
(y
j
)

+
µ
δm
〈∇

Ψ
k
(y
j
),
d
j
〉.

S
te

p
3
.

S
et
y
j+

1
=
y
j

+
α
j
d
j
.

3
.4

.
E

ffi
c
ie

n
t

im
p

le
m

e
n
ta

ti
o
n

s
o
f

th
e

se
m

is
m

o
o
th

N
e
w

to
n

m
e
th

o
d

In
th

is
su

b
se

ct
io

n
,

th
e

sp
ar

si
ty

an
d

lo
w

-r
an

k
st

ru
ct

u
re

of
th

e
co

effi
ci

en
t

m
at

ri
x

in
th

e
li
n
ea

r
sy

st
em

(1
5)

w
il
l

fi
rs

t
b

e
u
n
co

ve
re

d
.

T
h
en

th
e

st
ru

ct
u
re

s
w

il
l

b
e

ex
p
lo

it
ed

th
ro

u
gh

d
es

ig
n
in

g
n
ov

el
n
u
m

er
ic

al
te

ch
n
iq

u
es

fo
r

so
lv

in
g

th
e

la
rg

e
sc

al
e

sy
st

em
(1

5)
to

ac
h
ie

ve
effi

ci
en

t
im

p
le

m
en

ta
ti

on
s

of
th

e
se

m
is

m
o
ot

h
N

ew
to

n
m

et
h
o
d

in
A

lg
or

it
h
m

2.
F

or
an

y
gi

ve
n

in
d
ex

se
t

Γ
⊆
{1
,.
..
,n
},

d
efi

n
e

th
e

d
ia

go
n
al

m
at

ri
x

Σ
Γ
∈
R
n
×
n

b
y

(Σ
Γ
) i
i

=

{
1,

if
i
∈

Γ
;

0,
ot

h
er

w
is

e.

S
im

il
ar

to
th

e
ca

se
in

(L
i

et
al

.,
20

18
b
,

P
ro

p
os

it
io

n
6)

,
th

er
e

ex
is

ts
so

m
e

p
os

it
iv

e
in

te
ge

r
N

su
ch

th
at

Σ
Γ

ca
n

b
e

re
w

ri
tt

en
as

a
b
lo

ck
d
ia

go
n
al

m
at

ri
x

Σ
Γ

=
D

ia
g
(Λ

1
,.
..
,Λ

N
)

w
it

h
Λ
i
∈
{O

n
i
,I
n
i
}

fo
r

ea
ch
i
∈
{1
,.
..
,N
}

w
h
er

e
an

y
tw

o
co

n
se

cu
ti

v
e

b
lo

ck
s

Λ
i

an
d

Λ
i+

1

ar
e

n
ot

of
th

e
sa

m
e

ty
p

e.
N

ot
e

th
at
O
n
i

d
en

ot
es

th
e
n
i

b
y
n
i

ze
ro

m
at

ri
x
.

D
en

o
te

J
=
{j
∈
{1
,.
..
,N
}
|Λ

j
=
I n

j
}.

9
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L
R

 2
0(

10
6)

:1
-2

5,
 2

01
9

L
u
o
,
S
u
n
,
T
o
h
a
n
d

X
iu

T
h
en

w
e

h
av

e

P
=
I n
−
B
> Γ

(B
Γ
B
> Γ

)−
1
B

Γ
=

D
ia

g
(P

1
,.
..
,P

N
),

w
h
er

e

P
i

=

      

1
n
i
+

1
e n

i
+

1
e> n

i
+

1
,

if
i
∈
J

an
d
i
6=
N

;

O
n
i
,

if
i
∈
J

an
d
i

=
N

;
I n

i
−

1
,

if
i
/∈
J

an
d
i
6=

1;
I n

i
,

if
i
/∈
J

an
d
i

=
1

w
it

h
th

e
co

n
ve

n
ti

on
I 0

=
∅.

T
h
is

b
lo

ck
d
ia

go
n
al

m
at

ri
x
P

ca
n

b
e

fu
rt

h
er

d
ec

o
m

p
o
se

d
in

to
th

e
su

m
of

a
sp

ar
se

d
ia

go
n
al

te
rm

an
d

a
lo

w
-r

an
k

te
rm

as
P

=
H

+
U
U
T

,
w

h
er

e
H

=
D

ia
g
(H

1
,.
..
,H

N
)
∈
R
n
×
n

w
it

h

H
i

=

      

O
n
i
+

1
,

if
i
∈
J

an
d
i
6=
N

;
O
n
i
,

if
i
∈
J

an
d
i

=
N

;
I n

i
−

1
,

if
i
/∈
J

an
d
i
6=

1;
I n

i
,

if
i
/∈
J

an
d
i

=
1

an
d
U
∈
R
n
×
N

w
it

h
it

s
(k
,j

)-
th

en
tr

y
gi

ve
n

b
y

U
k
j

=

  
1/
√
n
j

+
1
,

if
j−

1
∑ t=

1
n
t
+

1
≤
k
≤

j ∑ t=
1
n
t
+

1
an

d
j
∈
J
\{
N
};

0,
ot

h
er

w
is

e.

D
efi

n
e
α

:=
{j
∈
{1
,.
..
,n
}
|H

ii
=

1}
=
{1
,.
..
,n
}\

Γ
,

an
d

le
t
U
J
N

b
e

th
e

su
b
m

a
tr

ix
o
f

U
ge

n
er

at
ed

b
y

ex
tr

ac
ti

n
g

it
s

co
lu

m
n
s

in
d
ex

ed
b
y
J
\{
N
}.

T
h
en

fo
r

an
y

gi
ve

n
A
∈
R
m
×
n
,

an
y

Γ
∈
{1
,.
..
,n
}

w
it

h
it

s
co

rr
es

p
on

d
in

g
m

at
ri

x
P

d
efi

n
ed

as
ab

ov
e,

a
n
d

a
n
y

si
g
n
ed

p
er

m
u
ta

ti
on

m
at

ri
x
π

,
w

e
h
av

e

A
π
>
P
π
A
>

=
A
π
>
H
π
A
>

+
A
π
>
U
U
>
π
A
>

=
A
π

(α
,:

)>
π

(α
,:

)A
>

+
Ã
Ũ
J
N
Ũ
> J N
Ã
>

=
:
V

1
V
> 1

+
V

2
V
> 2
,

(1
6
)

w
h
er

e
V

1
=
A
π

(α
,:

)>
,
V

2
=
Ã
Ũ
J
N

w
it

h
Ũ
J
N

b
ei

n
g

th
e

su
b
m

at
ri

x
of
U
J
N

o
b
ta

in
ed

b
y

d
ro

p
p
in

g
al

l
it

s
ze

ro
ro

w
s

an
d
Ã

is
th

e
su

b
m

at
ri

x
ob

ta
in

ed
fr

o
m

th
e

p
er

m
u
te

d
m

a
tr

ix
A
π
>

b
y

d
ro

p
p
in

g
th

e
co

lu
m

n
s

co
rr

es
p

on
d
in

g
to

th
os

e
ze

ro
ro

w
s

in
U
J
N

.
W

e
ca

ll
th

e
st

ru
ct

u
re

u
n
co

ve
re

d
in

(1
6)

th
at

is
in

h
er

it
ed

fr
om

th
e

sp
ar

se
p
lu

s
lo

w
-r

an
k

st
ru

ct
u
re

of
th

e
g
en

er
a
li
ze

d
J
ac

ob
ia

n
P

as
th

e
se

co
n

d
-o

rd
er

sp
a
rs

it
y.

B
as

ed
on

th
e

st
ru

ct
u
re

in
(1

6)
,
th

e
co

st
of

co
m

p
u
ti

n
g
A
π
>
P
π
A
>

is
d
ra

m
a
ti

ca
ll
y

re
d
u
ce

d
fr

om
O

(m
n

(n
+
m

))
b
y

n
ai

ve
co

m
p
u
ta

ti
on

to
O

(m
2
(r

1
+
r 2

))
,
w

h
er

e
r 1

is
n
u
m

b
er

o
f

co
lu

m
n
s

in
V

1
an

d
r 2

is
th

e
n
u
m

b
er

of
co

lu
m

n
s

in
V

2
.

H
er

e
r 1

re
fe

rs
to

th
e

n
u
m

b
er

o
f

in
a
ct

iv
e

co
n
st

ra
in

ts
in
B
x
≥

0,
an

d
r 2

re
fe

rs
to

th
e

n
u
m

b
er

of
d
is

ti
n
ct

n
on

ze
ro

id
en

ti
ca

l
co

m
p

o
n
en

ts
in
B
x

,
b

ot
h

of
w

h
ic

h
ar

e
ge

n
er

al
ly

n
o

la
rg

er
th

an
th

e
n
u
m

b
er

of
n
on

ze
ro

co
m

p
o
n
en

ts
o
f

x
.

In
th

e
se

tt
in

g
of

h
ig

h
-d

im
en

si
o
n
al

sp
ar

se
gr

ou
p
in

g
li
n
ea

r
re

gr
es

si
on

m
o
d
el

s,
m

,
r 1

,
r 2

an
d
N

ar
e

ge
n
er

al
ly

m
u
ch

sm
al

le
r

th
an

n
,

th
er

ef
or

e
th

e
a
fo

re
m

en
ti

on
ed

re
d
u
ct

io
n

o
f

th
e

co
m

p
u
ta

ti
on

al
co

st
ca

n
b

e
h
ig

h
ly

si
gn

ifi
ca

n
t. 10
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S
e
m
ism

o
o
t
h
N
e
w
t
o
n
-b
a
se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

If
m

is
n
ot

to
o

large,
w

e
can

u
se

th
e

(sp
arse)

C
h
olesk

y
fa

ctorization
to

d
irectly

solv
e

th
e

lin
ea

r
sy

stem
(15).

In
th

e
case

w
h
ere

r
1

+
r

2 �
m

,
th

e
cost

of
solv

in
g

(15)
can

b
e

fu
rth

er
red

u
ced

b
y

u
sin

g
th

e
S
h
erm

an
-M

orrison
-W

o
o
d
b
u
ry

(S
M

W
)

form
u
la

as
follow

s:

(
I
m

+
σ
A
π
>
P
π
A
> )
−

1
=

(I
m

+
W
W
>

) −
1

=
I
m
−
W

(I
r
1
+
r
2

+
W
>
W

) −
1W
>
,

w
h
ere

W
=
√
σ

[V
1
V

2 ]∈
R
m
×

(r
1
+
r
2
).

In
th

e
even

t
w

h
en

m
is

ex
trem

ely
large

an
d
r

1
+
r

2
is

n
o
t

sm
a
ll

so
th

at
u
sin

g
th

e
S
M

W
form

u
la

is
also

ex
p

en
sive,

w
e

can
u
se

th
e

p
recon

d
ition

ed
co

n
ju

g
a
te

g
ra

d
ien

t
(P

C
G

)
m

eth
o
d

to
solv

e
th

e
lin

ear
sy

stem
(15).

4
.
N
u
m
e
rica

l
e
x
p
e
rim

e
n
ts

T
h
e

p
erfo

rm
a
n
ce

of
ou

r
p
rop

osed
sp

arse
sem

ism
o
oth

N
ew

ton
-b

ased
au

gm
en

ted
L

a
gran

gian
m

eth
o
d

(N
ew

t-A
L

M
)

for
solv

in
g

S
L

O
P

E
(3)

an
d

th
e

sp
ecial

case
of

th
e

O
S
C

A
R

m
o
d
el

in
(1

)
w

ill
b

e
eva

lu
ated

b
y

com
p
arin

g
it

w
ith

th
e

follow
in

g
fi
rst-ord

er
m

eth
o
d
s:

•
th

e
a
ccelerated

p
rox

im
al

grad
ien

t
(A

P
G

)
algorith

m
im

p
lem

en
ted

in
B

ogd
an

et
a
l.

(2
0
1
5
)

w
ith

its
M
a
t
l
a
b

co
d
e

availab
le

at
h
t
t
p
:
/
/
s
t
a
t
w
e
b
.
s
t
a
n
f
o
r
d
.
e
d
u
/
~
c
a
n
d
e
s
/

S
o
r
t
e
d
L
1
;

•
th

e
sem

i-p
rox

im
al

altern
atin

g
d
irectio

n
m

eth
o
d

of
m

u
ltip

liers
(sP

A
D

M
M

)
(see,

e.g.,
F

a
zel

et
a
l.

(2013))
ap

p
lied

to
th

e
d
u
al

p
rob

lem
(w

ith
im

p
lem

en
tation

d
etails

p
resen

ted
in

S
u
b
section

4.2).

A
ll

th
e

com
p
u
tation

al
resu

lts
are

ob
tain

ed
from

a
d
esk

to
p

com
p
u
ter

ru
n
n
in

g
on

64-b
it

W
in

-
d
ow

s
O

p
era

tin
g

S
y
stem

h
av

in
g

4
cores

w
ith

In
tel(R

)
C

ore(T
M

)
i5-5257U

C
P

U
at

2.70
G

H
z

a
n
d

8
G

B
m

em
ory.

4
.1

.
S

to
p

p
in

g
c
rite

ria

T
o

m
ea

su
re

th
e

accu
racy

of
an

ap
p
rox

im
ate

op
tim

al
solu

tion
(y
,x

)
for

th
e

d
u
al

p
rob

lem
(1

1
)

a
n
d

th
e

p
rim

al
p
rob

lem
(10),

th
e

relativ
e

d
u
ality

gap
an

d
th

e
d
u
al

in
fea

sib
ility

w
ill

b
e

a
d
o
p
ted

.
S
p

ecifi
cally,

d
en

ote

O
b

jP
:=

12 ‖A
x
−
b‖

2
+
κ
λ (x

),
an

d
O

b
jD

:=
−
b >
y−

12 ‖y‖
2.

T
h
en

th
e

rela
tive

d
u
ality

gap
can

b
e

d
efi

n
ed

b
y

η
G

:=
|O

b
jP
−

O
b

jD |
m

ax{1
,|O

b
jP |}

.

N
o
te

th
a
t
κ
∗λ (·)

is
actu

ally
th

e
in

d
icator

fu
n
ction

in
d
u
ced

b
y

th
e

closed
co

n
v
ex

set

C
λ

:=


z
∣∣∣
∑j≤

i |z|(j) ≤
∑j≤

i

λ
j ,
i

=
1,...,n 

,

1
1
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L
u
o
,
S
u
n
,
T
o
h
a
n
d

X
iu

w
h
ich

is
ex

actly
th

e
u
n
it

b
all

of
th

e
d
u
al

n
orm

to
κ
λ

(see,
e.g.,

B
ogd

an
et

al.,
2015;

W
u

et
al.,

2014).
T

o
ch

aracterize
th

e
d
u
al

in
feasib

ility
of
y
,

or
eq

u
ivalen

tly
−
A
>
y
∈
C
λ ,

w
e

ad
op

t
th

e
m

easu
re

p
rop

osed
in

B
ogd

an
et

al.
(2015)

w
h
ich

is

η
D

:=
m

ax 
0
,

m
ax

1≤
i≤
n ∑j≤

i (|A
>

(A
x
−
b)|(j) −

λ
j ) 

.

F
or

given
accu

racy
p
aram

eters
ε
G

an
d
ε
D

,
ou

r
algorith

m
N

ew
t-A

L
M

w
ill

b
e

term
in

ated
on

ce
η
G
≤
ε
G

an
d
η
D
≤
ε
D
,

(17)

w
h
ile

b
oth

th
e

sP
A

D
M

M
an

d
th

e
A

P
G

m
eth

o
d

w
ill

b
e

term
in

ated
if

(17)
h
o
ld

s
or

if
th

e
n
u
m

b
er

of
iteration

s
reach

es
th

e
m

ax
im

u
m

of
50,000.

In
ou

r
n
u
m

erical
ex

p
erim

en
ts,

w
e

ch
o
ose

ε
G

=
ε
D

=
1e-6.

T
h
e

relative
K

K
T

resid
u
al

η
=
‖
x
−

P
rox

κ
λ (x
−
A
>

(A
x
−
b))‖

1
+
‖x‖

+
‖
A
>

(A
x
−
b)‖

is
ad

op
ted

to
m

easu
re

th
e

accu
racy

of
an

a
p
p
rox

im
ate

op
tim

al
solu

tion
x

gen
erated

from
an

y
of

th
e

algorith
m

s
tested

in
th

e
n
u
m

erical
ex

p
erim

en
ts.

4
.2

.
A

D
M

M
fo

r
th

e
d

u
a
l

p
ro

b
le

m
(1

1
)

T
h
e

im
p
lem

en
tation

d
etails

of
th

e
(sem

i-p
rox

im
al)

A
D

M
M

for
solv

in
g

p
rob

lem
(11)

are
elab

orated
in

th
is

su
b
section

.
R

ecall
th

e
d
u
al

p
rob

lem
(11)

(D
)

m
in

y∈
R
m
,ξ∈

R
n {

12 ‖y‖
2

+
〈b,y〉

+
κ
∗λ (ξ) ∣∣∣

A
>
y

+
ξ

=
0 }

.

W
e

can
ap

p
ly

th
e

A
D

M
M

fram
ew

ork
to

solve
(D

)
as

follow
s:



y
k
+

1≈
arg

m
in
y L

σ
(y
,ξ
k;x

k)
+

12 ‖y−
y
k‖

2S
,

ξ
k
+

1≈
arg

m
in
ξ L

σ
(y
k
+

1,ξ;x
k)

+
12 ‖ξ−

ξ
k‖

2T
,

x
k
+

1
=
x
k−

τ
σ
(A
>
y
k
+

1
+
ξ
k
+

1 )
,

(18)

w
h
ere

σ
>

0
is

a
giv

en
p

en
alty

p
aram

eter,
τ
∈

(0,
1
+
√

5
2

)
is

th
e

d
u
al

step
len

gth
,

w
h
ich

is
ty

p
ically

ch
osen

to
b

e
1.618,

L
σ
(y
,ξ;x

)
:=

12 ‖y‖
2

+
〈b,y〉

+
κ
∗λ (ξ)−

〈x
,A
>
y

+
ξ〉

+
σ2 ‖A

>
y

+
ξ‖

2

is
th

e
au

gm
en

ted
L

agran
gian

fu
n
ction

asso
ciated

w
ith

(D
)

an
d
S

an
d
T

are
tw

o
sy

m
m

etric
p

ositive
sem

id
efi

n
ite

m
atrices.

T
h
e

con
vergen

ce
resu

lts
of

su
ch

a
gen

eral
A

D
M

M
in

clu
d
-

in
g

th
e

classical
on

es
w

ith
th

e
su

b
p
rob

lem
s

solved
ex

actly
h
av

e
b

een
d
iscu

ssed
in

F
azel

et
al.

(2013)
u
n
d
er

som
e

m
ild

con
d
ition

s.
A

n
in

ex
act

version
for

th
e

gen
eral

sem
i-p

rox
im

al
A

D
M

M
sch

em
e

an
d

its
con

vergen
ce

p
ro

of
can

b
e

fou
n
d

in
th

e
recen

t
p
ap

er
b
y

C
h
en

et
al.

(2017).

1
2
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S
e
m
is
m
o
o
t
h
N
e
w
t
o
n
-b
a
se

d
A
u
g
m
e
n
t
e
d

L
a
g
r
a
n
g
ia
n
M
e
t
h
o
d

In
(1

8)
,

th
e

su
b
p
ro

b
le

m
fo

r
u
p

d
at

in
g
y

ca
n

b
e

h
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iterativ
e

sin
gu

lar
valu

e
th

resh
old

in
g

(C
ai

et
al.,

20
10)

for
so

lv
in

g
th

e
jo

in
t
L
1

an
d

n
u
clear

n
orm

regu
larization

.
Iterative

sin
gu

lar
valu

e
th

resh
o
ld

in
g

is
k
n
ow

n
to

b
e

co
m

p
u
tation

ally
ex

p
en

sive
sin

ce
it

p
erform

s
a

fu
ll

sin
gu

lar
valu

e
d
ecom

p
osition

o
f

th
e

p
a
ra

m
eter

m
atrix

in
each

iteration
.

O
n

th
e

oth
er

h
an

d
,

R
C

G
L

(B
u
n
ea

et
al.,

2012)
is

co
m

p
u
ta

tio
n
ally

m
u
ch

faster
th

an
A

D
M

M
sin

ce
it

on
ly

p
erform

s
top

-r
sin

g
u
lar

valu
e

d
e-

co
m

p
o
sitio

n
fo

r
estim

atin
g

a
ran

k
-r

m
atrix

in
each

iteration
.

D
esp

ite
a

low
er

com
p
u
tation

al
co

st
p

er
itera

tion
,

it
is

u
n
clear

h
ow

m
an

y
iteration

s
R

C
G

L
n
eed

s
for

co
n
vergen

ce.
IE

E
A

(C
h
en

et
a
l.,

2
012)

p
erform

s
n
ested

lo
op

s
of

altern
atin

g
L
1 -p

en
alized

regressio
n

for
each

sin
g
u
lar

vecto
r

w
h
ich

can
b

e
ex

p
en

sive,
esp

ecially
on

p
arallel

com
p
u
tin

g
d
ev

ices.
T

h
e

iter-
a
tive

n
a
tu

re
of

th
ese

th
ree

ap
p
roach

es
m

akes
th

em
n
o
t

scalab
le

an
d

ren
d
ers

th
em

in
effi

cien
t

fo
r

la
rg

e
m

a
trix

estim
ation

even
on

h
igh

p
erform

an
ce

com
p
u
tin

g
d
ev

ices.

T
o

ov
erco

m
e

th
e

scalab
ility

issu
es

of
th

e
p
rev

iou
s

ap
p
roach

es,
w

e
p
rop

ose
a

sim
p
le

an
d

sca
la

b
le

sp
a
rse

red
u
ced

-ran
k

regression
p
ro

ced
u
re

called
seq

u
en

tial
estim

ation
w

ith
eig

en
-

d
eco

m
p

o
sitio

n
(S

E
E

D
).

S
E

E
D

is
d
esign

ed
for

h
igh

-p
erform

in
g

com
p
u
tin

g
p
latform

s.
It

co
n
verts

th
e

sp
arse

an
d

low
-ran

k
regression

p
rob

lem
to

a
sp

arse
gen

eralized
eigen

va
lu

e
p
ro

b
lem

a
n
d

th
en

solves
th

e
p
rob

lem
u
sin

g
th

e
recen

t
algorith

m
s

for
sp

arse
eigen

valu
e

d
eco

m
p

o
sitio

n
(C

ai
et

al.,
2013;

M
a,

2013
;

Y
u
an

an
d

Z
h
an

g,
2013).

A
s

a
p
u
re

learn
in

g
a
lg

o
rith

m
,
S
E

E
D

is
ex

p
ected

to
p

erform
on

ly
a

sin
gle

top
-r

sp
arse

eig
en

valu
e

d
ecom

p
osition

fo
r

estim
a
tin

g
a

ran
k
-r

m
atrix

,
w

h
ich

m
akes

it
tru

ly
scalab

le
an

d
effi

cien
t

for
la

rge
m

atrix
estim

a
tion

p
ro

b
lem

s.

T
h
e

m
a
in

con
trib

u
tion

s
of

ou
r

p
ap

er
are

th
reefold

.
F

irst,
for

th
e

sp
a
rse

red
u
ced

-ran
k

reg
ressio

n
p
ro

b
lem

,
ou

r
p
rop

osed
p
ro

ced
u
re

S
E

E
D

p
rov

id
es

a
scalab

le
ap

p
roach

to
u
n
-

coverin
g

th
e

sp
arse

p
red

ictor-resp
on

se
asso

ciation
n
etw

ork
w

h
ile

sim
u
ltan

eou
sly

a
ch

iev
in

g
d
im

en
sio

n
red

u
ction

an
d

variab
le

selection
.

S
econ

d
,

for
th

e
h
igh

-d
im

en
sion

al
settin

gs,
ou

r
th

eo
retica

l
a
n
a
ly

sis
sh

ow
s

th
at

S
E

E
D

can
con

sisten
tly

estim
ate

th
e

sin
gu

lar
vectors,

laten
t

fa
cto

rs
a
s

w
ell

as
th

e
regression

co
effi

cien
t

m
atrix

,
id

en
tify

th
e

correct
ra

n
k

o
f

th
e

m
atrix

,
a
ccu

ra
tely

p
red

ict
th

e
m

u
ltivariate

resp
on

se
vector,

an
d

recov
er

th
e

su
p
p

ort
of

th
e

sin
g
u
lar

vecto
rs

u
n
d
er

m
ild

con
d
ition

s.
N

ote
th

at,
com

p
ared

w
ith

C
h
en

et
al.

(20
12),

w
e

d
o

n
ot

m
a
ke

a
n
y

a
ssu

m
p
tion

on
th

e
p

ositive
d
efi

n
iten

ess
of

th
e

d
esign

m
a
trix

fo
r

p
rov

in
g

ou
r

con
-

sisten
cy

resu
lts.

T
h
ird

,
w

e
em

p
irically

d
em

on
strate

th
a
t

S
E

E
D

can
n
ot

on
ly

b
e

effi
cien

tly
im

p
lem

en
ted

o
n

b
oth

cen
tral

p
ro

cessin
g

u
n
its

(C
P

U
)

an
d

grap
h
ics

p
ro

cessin
g

u
n
its

(G
P

U
)

fo
r

la
rg

e-scale
a
p
p
lication

s,
b
u
t

it
also

o
u
tp

erform
s

th
e

state-of-th
e-art

sp
arse

red
u
ced

-ran
k

reg
ressio

n
ap

p
roach

es.
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

R
ecen

tly,
M

ish
ra

et
al.

(2017)
p
rop

osed
th

e
seq

u
en

tial
co-sp

arse
factor

regression
in

a
sim

ilar
sp

arse
a
n
d

low
-ran

k
m

o
d
el

settin
g,

w
h
ere

a
u
n
it

ran
k

sp
arse

co
effi

cien
t

m
atrix

w
as

recovered
at

each
step

su
ch

th
at

b
oth

th
e

left
an

d
th

e
righ

t
sin

gu
lar

vectors
cou

ld
b

e
estim

ated
w

ith
co-sp

arse
p
attern

(an
earlier

version
o
f

th
e

cu
rren

t
p
ap

er
w

as
cited

in
th

eirs).
C

om
p
ared

w
ith

th
eir

m
eth

o
d
,

ou
r

ap
p
roach

sep
arates

th
e

estim
a
tion

of
th

e
sin

gu
lar

v
ectors

at
each

step
w

ith
th

e
left

on
es

ob
tain

ed
th

rou
gh

a
gen

eralized
sp

arse
eigen

valu
e

p
rob

lem
an

d
th

e
righ

t
on

es
recovered

d
irectly

b
ased

on
th

e
left

on
es.

M
oreover,

w
e

p
rov

id
e

com
p
reh

en
sive

th
eoretical

p
rop

erties
to

ju
stify

th
e

valid
ity

of
seq

u
en

tial
estim

ation
for

sp
arse

an
d

low
-ran

k
co

effi
cien

t
m

atrices
in

h
igh

d
im

en
sion

s.
T

h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
in

tro
d
u
ces

ou
r

S
E

E
D

m
eth

o
d
.

W
e

d
iscu

ss
th

e
im

p
lem

en
tation

d
etails

of
S
E

E
D

in
S
ection

3
an

d
p
resen

t
its

asy
m

p
totic

p
rop

erties
in

S
ection

4.
W

e
d
em

on
strate

th
e

ad
van

tages
of

S
E

E
D

on
b

oth
sy

n
th

etic
an

d
real

d
ata

sets
in

S
ection

5,
an

d
in

S
ection

6
w

e
d
iscu

ss
som

e
ex

ten
sion

s
of

ou
r

S
E

E
D

m
eth

o
d
.

T
h
e

p
ro

ofs
of

som
e

m
ain

resu
lts

are
relegated

to
th

e
A

p
p

en
d
ix

.
A

d
d
ition

al
tech

n
ical

d
etails

are
p
rov

id
ed

in
th

e
S
u
p
p
lem

en
tary

M
aterial.

2
.
S
e
q
u
e
n
tia

l
E
stim

a
tio

n
w
ith

E
ig
e
n
-D

e
co

m
p
o
sitio

n

W
e

w
ill

fi
rst

in
tro

d
u
ce

th
e

m
o
d
el

setu
p

an
d

th
en

th
e

p
rop

osed
m

eth
o
d
o
logy.

2
.1

.
M

o
d

e
l

a
n

d
P

ro
b

le
m

F
o
rm

u
la

tio
n

D
en

ote
b
y{(x

i ,y
i )}

ni=
1
n

ob
servation

s
in

th
e

fi
x
ed

d
esign

settin
g,

w
h
ere

x
i ∈

R
p

an
d

y
i ∈

R
q

rep
resen

t
th

e
ith

p
red

ictor
an

d
th

e
corresp

on
d
in

g
resp

on
se

vectors,
resp

ectiv
ely.

G
iven

a
p
red

ictor
vector

x
,

th
e

corresp
on

d
in

g
resp

on
se

v
ector

y
is

d
raw

n
from

th
e

follow
in

g
m

o
d
el

y
=

C
∗
T
x

+
ε
,

w
h
ere

th
e

n
oise

vector
ε
∼
N

(0
,Σ

)
is

a
q-d

im
en

sion
al

m
u
ltivariate

G
au

ssian
ran

d
om

vector
w

ith
m

ean
zero

an
d

covarian
ce

m
atrix

Σ
,

an
d

C
∗
∈

R
p×
q

is
th

e
regression

co
effi

cien
t

m
atrix

. 1
W

e
can

rew
rite

th
e

m
o
d
el

in
th

e
m

atrix
form

as
follow

s

Y
=

X
C
∗

+
E
,

(1)

w
h
ere

Y
=

[y
1 ,...,y

n
] T

,
X

=
[x

1 ,...,x
n
] T

,
an

d
E

=
[ε

1 ,...,ε
n
] T

d
en

ote
th

e
m

atrices
of

stack
ed

resp
on

se,
p
red

ictor
an

d
n
oise

vectors,
resp

ectively.
L

et
P

=
n
−
1X

T
X

b
e

th
e

G
ram

m
atrix

of
th

e
p
red

ictors.
W

e
con

sid
er

m
o
d
el

(1)
from

a
laten

t
factor

p
o
in

t
of

v
iew

,
w

h
ere

th
e

tru
e

regression
co

effi
cien

t
m

atrix
C
∗

is
join

tly
low

-ran
k

an
d

sp
arse,

sim
ilar

to
B

u
n
ea

et
al.

(2012)
an

d
C

h
en

et
al.

(2012).
In

p
articu

lar,
ran

k
(C
∗)

=
r ∗

w
ith

th
e

m
atrix

ran
k
r ∗�

m
in

(p
,q).

W
ith

ou
t

loss
of

gen
erality,

w
e

assu
m

e
th

at
ran

k
(X

C
∗)

=
ran

k
(C
∗)

sin
ce

if
ran

k
(X

C
∗)
<

ran
k
(C
∗),

th
e

red
u
n
d
an

t
p
art

of
C
∗

can
b

e
rem

oved
su

ch
th

at
it

refl
ects

th
e

tru
e

n
u
m

b
er

of
laten

t
fa

ctors.
T

h
en

C
∗

w
ill

h
ave

th
e

follow
in

g
d
ecom

p
osition

C
∗

=
r ∗
∑k
=
1

u
∗k v
∗
T
k

=
r ∗
∑k
=
1

C
∗k ,

(2)

1
.
N
o
te

th
a
t
th
e
G
a
u
ssia

n
ity

o
f
n
o
ise

va
ria

b
les

is
n
o
t
essen

tia
l
to

eith
er

o
u
r
p
ro
ced

u
re

o
r
th
e
th
eo
retica

l
resu

lts
a
n
d
sim

ila
r
resu

lts
w
o
u
ld

h
o
ld

u
n
d
er

th
e
su
b
-G

a
u
ssia

n
a
ssu

m
p
tio

n
(B

ü
h
lm

a
n
n
a
n
d
va
n
d
e
G
eer,

2
0
1
1
,
C
h
a
p
ter

1
4
).
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S
E
E
D

w
h
er

e
th

e
le

ft
si

n
gu

la
r

ve
ct

or
s
u
∗ k
∈
R
p

ar
e

P
-o

rt
h
og

on
al

w
it

h
u
n
it

le
n
gt

h
,
th

at
is

,
u
∗T k

P
u
∗ k′

=
0

if
k
6=
k
′

an
d
‖u
∗ k‖

2
=

1,
w

h
il
e

th
e

ri
gh

t
si

n
gu

la
r

v
ec

to
rs

v
∗ k
∈
R
q

ar
e

or
th

o
go

n
al

,
th

at
is

,
v
∗T k

v
∗ k′

=
0

fo
r
k
6=
k
′ ,

an
d

C
∗ k

is
th

e
la

ye
r
k

u
n
it

ra
n
k

m
at

ri
x

of
C
∗ .

T
h
e

si
n
gu

la
r

ve
ct

or
s

ar
e

so
rt

ed
b
y

th
e

m
ag

n
it

u
d
es

of
th

e
si

n
gu

la
r

va
lu

es
σ
k

=
1 √
n
q
‖X

C
∗ k‖
F

in
d
es

ce
n
d
in

g
or

d
er

,

co
n
si

st
en

t
w

it
h

th
ei

r
co

n
tr

ib
u
ti

on
s

to
th

e
p
re

d
ic

ti
on

of
Y

.

W
e

co
n
si

d
er

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s

(b
ot

h
th

e
p

op
u
la

ti
on

an
d

es
ti

m
at

ed
on

es
)

in
th

e
co

n
st

ra
in

t
sp

ac
e

u
⊥

K
er

(P
),

w
h
er

e
K

er
(P

)
d
en

ot
es

th
e

n
u
ll

sp
ac

e
of

P
,

to
gu

ar
an

te
e

th
e

m
o
d
el

id
en

ti
fi
ab

il
it

y.
O

th
er

w
is

e,
u

w
ou

ld
co

n
ta

in
ce

rt
ai

n
co

m
p

on
en

t
ũ

su
ch

th
at

X
ũ

=
0,

w
h
ic

h
d
o
es

n
ot

co
n
tr

ib
u
te

to
th

e
p
re

d
ic

ti
on

of
Y

.
It

is
w

or
th

n
ot

ic
in

g
th

at
th

e
d
ec

om
p

os
it

io
n

in
th

e
fo

rm
of

C
∗

=
∑

r
∗
k
=
1
u
∗ kv
∗T k

is
n
ot

u
n
iq

u
e

w
it

h
ou

t
or

th
og

on
al

it
y

co
n
st

ra
in

ts
a
n
d

th
e

en
tr

y
w

is
e

sp
ar

si
ty

in
th

e
si

n
gu

la
r

ve
ct

or
s

is
n
ot

in
va

ri
an

t
to

ro
ta

ti
on

s.
T

h
e

d
ec

om
p

os
it

io
n

in
(2

)
is

a
sp

ec
ia

l
on

e
si

n
ce

th
e

P
-o

rt
h
og

on
al

it
y

of
u
∗ k

ar
is

es
n
a
tu

ra
ll
y

fr
om

th
e

p
ow

er
m

et
h
o
d

an
d

le
ad

s
to

a
la

te
n
t

fa
ct

or
an

al
y
si

s
in

te
rp

re
ta

ti
on

of
th

e
re

d
u
ce

d
ra

n
k

es
ti

m
at

io
n

in
w

h
ic

h
th

e
la

te
n
t

fa
ct

or
s

X
u
∗ k

ar
e

u
n
co

rr
el

at
ed

.
M

or
eo

ve
r,

d
ec

om
p

os
it

io
n

(2
)

co
in

ci
d
es

w
it

h
th

e
si

n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
X

C
∗

ex
ce

p
t

fo
r

d
iff

er
en

t
sc

al
in

gs
on

th
e

si
n
gu

la
r

v
ec

to
rs

.
W

e
d
ef

er
th

e
d
is

cu
ss

io
n

on
th

e
id

en
ti

fi
ab

il
it

y
of

d
ec

om
p

os
it

io
n

(2
)

(e
x
is

te
n
ce

an
d

u
n
iq

u
en

es
s

u
p

to
si

m
u
lt

an
eo

u
s

si
gn

ch
an

ge
s

of
u
∗ k

an
d

v
∗ k)

to
S
u
p
p
le

m
en

ta
ry

M
at

er
ia

l.

T
h
e

af
or

em
en

ti
on

ed
m

o
d
el

in
g

of
th

e
re

gr
es

si
on

co
effi

ci
en

t
m

at
ri

x
gi

ve
s

a
la

te
n
t

fa
ct

or
m

o
d
el

w
it

h
r∗

la
te

n
t

fa
ct

or
s,

w
h
er

e
X

u
∗ k

is
th

e
k
th

la
te

n
t

fa
ct

or
a
n
d

v
∗ k

d
es

cr
ib

es
th

e
im

p
ac

ts
of

th
e
k
th

fa
ct

or
on

th
e

re
sp

on
se

va
ri

ab
le

s.
A

s
il
lu

st
ra

te
d

in
Y

u
an

et
al

.
(2

00
7)

,
th

e
lo

w
-

ra
n
k
n
es

s
of

C
∗

re
n
d
er

s
d
im

en
si

on
re

d
u
ct

io
n

su
ch

th
at

al
l

re
sp

on
se

s
ca

n
b

e
p
re

d
ic

te
d

b
y

a
re

la
ti

ve
ly

sm
al

l
se

t
of

co
m

m
on

fa
ct

or
s.

F
u
rt

h
er

m
or

e,
th

e
le

ft
si

n
gu

la
r

ve
ct

or
s
u
∗ k

a
re

a
ss

u
m

ed
to

b
e

sp
ar

se
,

y
ie

ld
in

g
th

e
n
ec

es
si

ty
of

p
re

d
ic

to
r

se
le

ct
io

n
.

S
im

il
ar

sp
ar

si
ty

a
ss

u
m

p
ti

on
s

w
er

e
m

ad
e

in
B

u
n
ea

et
al

.
(2

01
2)

an
d

C
h
en

et
al

.
(2

01
2)

to
en

h
an

ce
m

o
d
el

in
te

rp
re

ta
b
il
it

y
b
y

re
m

ov
in

g
ir

re
le

va
n
t

fe
at

u
re

s
in

h
ig

h
d
im

en
si

on
s.

S
p

ec
ifi

ca
ll
y,

C
h
en

et
al

.
(2

01
2)

as
su

m
ed

th
at

b
ot

h
th

e
le

ft
an

d
ri

gh
t

si
n
gu

la
r

ve
ct

or
s

ar
e

sp
ar

se
w

h
il
e

B
u
n
ea

et
al

.
(2

01
2)

im
p

o
se

d
re

st
ri

ct
io

n
on

th
e

n
u
m

b
er

of
n
on

ze
ro

ro
w

s
of

th
e

re
gr

es
si

on
co

effi
ci

en
t

m
at

ri
x
.

In
th

is
p
ap

er
,

w
e

ar
e

in
te

re
st

ed
in

tw
o

ca
se

s:
(i

)
w

h
en

th
e

ri
gh

t
si

n
gu

la
r

ve
ct

or
s

ar
e

n
ot

re
q
u
ir

ed
to

b
e

sp
ar

se
an

d
(i

i)
w

h
en

it
is

d
es

ir
ab

le
to

h
av

e
sp

ar
se

ri
gh

t
si

n
gu

la
r

ve
ct

or
s,

w
h
ic

h
en

ta
il
s

th
e

re
sp

on
se

se
le

ct
io

n
.

W
e

w
il
l

sh
ow

th
at

b
ot

h
ca

se
s

ar
e

effi
ci

en
tl

y
ac

co
m

m
o
d
at

ed
b
y

o
u
r

p
ro

ce
d
u
re

.

O
u
r

go
al

is
to

ac
cu

ra
te

ly
es

ti
m

at
e

th
e

si
n
gu

la
r

ve
ct

or
s

u
∗ k

an
d

v
∗ k,

an
d

th
e

tr
u
e

ra
n
k
r∗

su
ch

th
at

w
e

ca
n

re
co

ve
r

th
e

la
te

n
t

fa
ct

or
s,

th
ei

r
im

p
ac

ts
,

an
d

th
e

u
n
d
er

ly
in

g
n
u
m

b
er

of
la

te
n
t

fa
ct

or
s

as
w

el
l
as

th
e

si
gn

ifi
ca

n
t

p
re

d
ic

to
rs

.
A

s
a

si
n
gu

la
r

ve
ct

or
ca

n
h
av

e
tw

o
op

p
os

it
e

d
ir

ec
ti

on
s,

w
e

al
w

ay
s

as
su

m
e

th
at

th
e

es
ti

m
at

ed
le

ft
si

n
gu

la
r

v
ec

to
r

ta
ke

s
th

e
co

rr
ec

t
on

e,
th

at
is

,
th

e
an

gl
es

b
et

w
ee

n
es

ti
m

at
ed

an
d

p
op

u
la

ti
on

le
ft

si
n
gu

la
r

ve
ct

or
s

ar
e

n
o

m
or

e
th

an
a

ri
gh

t
an

gl
e.

O
n
ce

th
e

es
ti

m
at

ed
ra

n
k

an
d

si
n
gu

la
r

ve
ct

or
s

ar
e

ob
ta

in
ed

,
th

e
es

ti
m

at
e

Ĉ
of

th
e

tr
u
e

m
at

ri
x

C
∗

fo
ll
ow

s
im

m
ed

ia
te

ly
fr

om
(2

).
U

n
li
ke

m
o
st

ex
is

ti
n
g

sp
ar

se
an

d
lo

w
-r

an
k

es
ti

m
at

io
n

m
et

h
o
d
s

w
h
ic

h
ad

op
t

th
e

re
gu

la
ri

za
ti

on
fr

am
ew

or
k

of
m

in
im

iz
in

g
a

lo
ss

fu
n
ct

io
n

p
lu

s
ce

rt
ai

n
p

en
al

ti
es

,
w

e
w

il
l

sh
ow

th
at

th
e

p
ro

p
os

ed
p
ro

ce
d
u
re

S
E

E
D

is
in

d
ee

d
a

p
u
re

le
ar

n
in

g
al

go
ri

th
m

th
at

p
re

d
ic

ts
Y

u
si

n
g

X
Ĉ
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

2
.2

.
D

e
sc

ri
p

ti
o
n

o
f

S
E

E
D

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
p
ro

v
id

es
u
s

in
si

gh
t

in
to

es
ti

m
at

in
g

th
e

to
p
-r
∗

le
ft

a
n
d

ri
g
h
t

si
n
-

gu
la

r
ve

ct
or

s
of

C
∗ .

P
ro

p
o
si

ti
o
n

1
C

o
n

si
d
er

th
e

n
o
is

el
es

s
ca

se
Y
∗

=
X

C
∗

w
it

h
C
∗

=
∑

r
∗
k
=
1
u
∗ kv
∗T k

d
efi

n
ed

in
(2

).
T

h
en

u
∗ 1,
..
.,

u
∗ r∗

a
re

th
e
r∗

n
o
n

-d
eg

en
er

a
te

le
ft

si
n

gu
la

r
ve

ct
o
rs

o
f

C
∗

if
a
n

d
o
n

ly
if

th
ey

a
re

ei
ge

n
ve

ct
o
rs

o
f

th
e

fo
ll

o
w

in
g

ge
n

er
a
li

ze
d

ei
ge

n
va

lu
e

p
ro

bl
em

X
T
Y
∗ Y
∗T

X
u

=
λ
X
T
X

u
(3

)

w
it

h
re

sp
ec

t
to

th
e

n
o
n

ze
ro

ei
ge

n
va

lu
es

λ
1
,·
··
,λ

r
∗
,

w
h
er

e
λ
k

=
n
qσ

2 k
is

th
e
k

th
la

rg
es

t
ei

ge
n

va
lu

e
o
f

Y
∗ Y
∗T

w
it

h
σ
k

=
‖X

C
∗ k‖
F
/
√
n
q

d
efi

n
ed

in
S

ec
ti

o
n

2
.1

.
F

u
rt

h
er

m
o
re

,
gi

ve
n

th
e

le
ft

si
n

gu
la

r
ve

ct
o
r

u
∗ k,

th
e

co
rr

es
po

n
d
in

g
ri

gh
t

si
n

gu
la

r
ve

ct
o
r

v
∗ k

ca
n

be
w

ri
tt

en
a
s

v
∗ k

=
1

u
∗T k

X
T
X

u
∗ k
Y
∗T

X
u
∗ k.

(4
)

P
ro

p
os

it
io

n
1

sh
ow

s
th

at
th

e
p
ro

b
le

m
of

es
ti

m
a
ti

n
g

th
e

si
n
gu

la
r

ve
ct

or
s

ca
n

b
e

tr
a
n
s-

fo
rm

ed
in

to
th

e
ge

n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
in

(3
),

th
an

k
s

to
th

e
P

-o
rt

h
o
g
o
n
a
li
ty

o
f

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s.

It
m

ot
iv

at
es

u
s

to
es

ti
m

at
e

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s

in
th

e
n
o
is

y
ca

se
Y

=
X

C
∗

+
E

b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m

X
T
Y

Y
T
X

u
=
λ
X
T
X

u
.

(5
)

T
h
e

es
ti

m
at

io
n

co
n
si

st
en

cy
ca

n
b

e
gu

a
ra

n
te

ed
b
y

th
e

m
at

ri
x

p
er

tu
rb

at
io

n
th

eo
ry

(s
ee

S
ec

-
ti

on
4

fo
r

d
et

ai
ls

).
O

n
th

e
ot

h
er

h
an

d
,

it
is

n
ot

d
iffi

cu
lt

to
se

e
th

at
th

e
ei

g
en

ve
ct

o
rs

w
it

h
re

sp
ec

t
to

d
iff

er
en

t
ei

ge
n
va

lu
es

of
p
ro

b
le

m
(5

)
ar

e
P

-o
rt

h
og

on
al

,
w

h
ic

h
fu

rt
h
er

g
iv

es
th

e
or

th
og

on
al

it
y

of
th

e
ri

gh
t

si
n
gu

la
r

v
ec

to
rs

es
ti

m
at

ed
ac

co
rd

in
g

to
(4

).
It

im
p
li
es

th
a
t

th
e

ri
gh

t
an

d
le

ft
si

n
gu

la
r

ve
ct

or
s

ob
ta

in
ed

b
y

so
lv

in
g

th
e

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
w

il
l

au
to

m
at

ic
al

ly
b

e
or

th
og

on
al

an
d

P
-o

rt
h
og

on
al

,
re

sp
ec

ti
ve

ly
.

R
el

at
ed

re
su

lt
s

of
p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s
in

lo
w

d
im

en
si

on
s

ca
n

b
e

fo
u
n
d

in
B

a
ld

i
an

d
H

or
n
ik

(1
98

9)
,
D

ia
m

an
ta

ra
s

an
d

K
u
n
g

(1
99

6)
,
an

d
D

e
L

a
T

or
re

an
d

B
la

ck
(2

0
0
3
).

N
o
te

th
at

in
th

e
h
ig

h
-d

im
en

si
on

al
se

tt
in

g,
th

e
re

gi
m

e
of

in
te

re
st

fo
r

th
is

p
ap

er
,

th
e

G
ra

m
m

a
tr

ix
P

ca
n

n
ot

b
e

in
ve

rt
ib

le
an

d
th

e
ge

n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
is

p
ot

en
ti

a
ll
y

ch
a
ll
en

g
in

g
to

so
lv

e.
W

e
w

il
l

ad
d
re

ss
th

e
im

p
le

m
en

ta
ti

on
ch

al
le

n
ge

s
in

S
ec

ti
o
n

3.

B
as

ed
on

P
ro

p
os

it
io

n
1,

ou
r

p
ro

p
os

ed
p
ro

ce
d
u
re

S
E

E
D

p
er

fo
rm

s
a

tw
o-

st
ep

es
ti

m
a
ti

o
n

fo
r

th
e

re
gr

es
si

on
co

effi
ci

en
t

m
at

ri
x
.

It
fi
rs

t
so

lv
es

th
e

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
(5

)
to

ob
ta

in
th

e
es

ti
m

at
ed

le
ft

si
n
gu

la
r

ve
ct

or
s

û
1
,.
..
,û

r
w

it
h

u
n
it

le
n
g
th

an
d

th
en

fi
n
d
s

th
e

es
ti

m
at

ed
ri

gh
t

si
n
gu

la
r

ve
ct

or
s

v̂
1
,.
..
,v̂

r
ac

co
rd

in
g

to
(4

)
as

fo
ll
ow

s

v̂
k

=
1

û
T k
X
T
X

û
k

Y
T
X

û
k
.

(6
)

T
h
e

m
ax

im
u
m

ra
n
k
r

d
ep

en
d
s

on
th

e
m

ag
n
it

u
d
e

of
th

e
es

ti
m

at
ed

si
n
gu

la
r

va
lu

e
σ̂
k

=
‖X

Ĉ
k
‖ F
/√

n
q

w
it

h
Ĉ
k

=
û
k
v̂
T k

(w
h
et

h
er

it
is

la
rg

er
th

an
a

th
re

sh
ol

d
µ

)
a
n
d

th
e

o
p
ti

m
a
l

ra
n
k

ca
n

b
e

tu
n
ed

b
y

cr
os

s
va

li
d
at

io
n

or
th

e
in

fo
rm

at
io

n
cr

it
er

io
n

d
es

cr
ib

ed
in

S
ec

ti
o
n

4
.
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S
E
E
D

A
lg

o
rith

m
1
:

S
E

E
D

In
p

u
t:

(1
)

D
ata

Y
∈
R
n×

q
an

d
X
∈
R
n×

p
(2)

T
erm

in
ation

accu
racy

µ
an

d
sp

a
rsity

p
a
ram

eter
θ

1
C

o
m

p
u
te

m
atrices:

P
←

1n
X
T
X
,

R
←

1n
Y
T
X
,

Q
←

1q R
>

R

2
k
←

1
3

re
p

e
a
t

4
(û

k ,σ̂
k )←

k
th
θ-sp

arse
eigen

vector
a
n
d

eigen
valu

e
of

Q
u

=
λ
P

u
5

if
σ̂
k
>
µ

th
e
n

6
v̂
k ←

1
û
>k
P

û
k
R

û
k

#
O

p
tio

n
a
l

th
resh

o
ld

in
g

o
f

v̂
k

fo
r

spa
rsity

7
Ĉ
k ←

û
k v̂
>k

8
k
←
k

+
1

9
e
n

d

1
0

u
n
til

σ̂
k
<
µ

1
1

tu
n
e

th
e

o
p
tim

al
ran

k
r̂

1
2

re
tu

rn
Ĉ

=
∑

r̂k
=
1
Ĉ
k

T
h
e

d
eta

ils
of

th
e

p
ro

ced
u
re

are
p
rov

id
ed

in
A

lgorith
m

1.
T

o
a
ch

ieve
a

sp
arse

solu
tion

,
w

e
n
eed

to
fi
n
d

th
e

ran
k
-r

sp
arse

m
atrix

v
ia

a
sp

arse
eigen

valu
e

d
ecom

p
osition

p
ro

ced
u
re

in
L

in
e

4
of

A
lg

orith
m

1.
T

h
is

can
b

e
d
on

e
in

a
seq

u
en

tial
w

ay
an

d
p
ractical

m
eth

o
d
s

w
ill

b
e

p
rov

id
ed

in
S
ection

3.
T

h
e

p
ractical

m
eth

o
d
s

n
eed

a
sp

a
rsity

p
aram

eter
θ,

su
ch

as
a

th
resh

o
ld

(M
a
,

2013)
or

a
sp

arsity
size

(Y
u
an

an
d

Z
h
an

g,
2013).

W
e

w
ill

sh
ow

in
S
ectio

n
5

th
a
t

S
E

E
D

is
rob

u
st

to
th

e
ch

oices
of

p
aram

eters
θ

an
d
µ

.
If

th
e

righ
t

sin
gu

lar
vectors

are
a
lso

req
u
ired

to
b

e
sp

arse,
w

e
p

erform
a

sim
p
le

elem
en

t-w
ise

th
resh

old
in

g
on

v̂
k

after
w

e
o
b
ta

in
it

in
L

in
e

6.

3
.
S
ca

la
b
le

Im
p
le
m
e
n
ta
tio

n
o
f
S
E
E
D

A
lg

o
rith

m
1

req
u
ires

a
sp

arse
solu

tion
of

(5)
w

h
ich

is
a

gen
eralized

eigen
va

lu
e

p
rob

lem
w

ith
a

ra
n
k

d
efi

cien
t

m
atrix

P
.

In
th

is
section

,
w

e
p
rop

ose
tw

o
d
iff

eren
t

p
ro

ced
u
res

to
solve

(5)
a
n
d

stu
d
y

m
u
ltip

le
p
ractical

asp
ects

of
S
E

E
D

.

3
.1

.
F
a
st

A
p

p
ro

a
ch

T
h
e

b
o
ttlen

eck
in

sp
eed

in
g

u
p

A
lgorith

m
1

is
L

in
e

4
w

h
ere

w
e

n
eed

to
solve

a
sp

arse
g
en

eralized
eig

en
valu

e
p
rob

lem
.

T
o

ov
ercom

e
th

is
b

ottlen
eck

,
w

e
p
ro

p
ose

a
n
ew

solu
tio

n
to

estim
a
tin

g
th

e
left

sin
gu

lar
vectors

b
y

rew
ritin

g
eq

u
ation

(5)
as

X
T

(Y
Y
T
−
λ
I)X

u
=

0
.

S
im

ila
r

to
P

ro
p

osition
1,

w
h
en

X
is

of
fu

ll
row

ran
k

(w
h
ich

is
easy

to
satisfy

in
th

e
h
igh

-
d
im

en
sio

n
a
l

settin
g),

th
e

ab
ove

eq
u
ation

sh
ares

th
e

sam
e

n
on

zero
eigen

valu
es

w
ith

Y
Y
T

.
E

ven
if

X
is

row
ran

k
d
efi

cien
t,

w
e

still
h
ave

n
on

zero
solu

tion
u

w
h
en

th
e

p
ertu

rb
a
tion

is
rela

tively
sm

a
ll,

en
su

red
b
y

th
e

p
ertu

rb
ation

th
eory

in
L

em
m

a
6.

T
h
u
s,

w
e

p
rop

o
se

th
e

fo
llow

in
g

tw
o
-step

p
ro

ced
u
re

for
L

in
e
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

(1)
λ
←
λ
m
a
x (Y

Y
T

).

(2)
û
1 ←

sp
arse

eigen
vector

relative
to

th
e

zero
eig

en
valu

e
o
f
X
T
Y

Y
T
X
−
λ
X
T
X

.

B
ased

on
û
1 ,

th
e

corresp
on

d
in

g
righ

t
sin

gu
lar

vector
v̂
1

an
d

th
e

u
n
it

ran
k

m
atrix

Ĉ
1

w
ill

b
e

ob
tain

ed
.

T
o

con
tin

u
e,

w
e

com
p
u
te

th
e

resid
u
al

Y
k

=
Y
−

X
∑

k−
1

j=
1

Ĉ
j

in
th

e
k
th

step
an

d
rep

lace
Y

w
ith

Y
k

in
th

e
ab

ove
tw

o-step
p
ro

ced
u
re

to
ob

tain
th

e
k
th

left
sin

gu
lar

vector
û
k .

O
verall,

th
e

fi
rst

step
req

u
ires

ca
lcu

lation
of

th
e

to
p
-r

eigen
valu

es
for

an
n
×
n

m
a
trix

(or
q×

q
if
q
<
n

)
w

h
ile

th
e

secon
d

step
fi
n
d
s

th
e

corresp
on

d
in

g
eigen

vectors
b
y

solv
in

g
a

regu
lar

sp
arse

eigen
valu

e
p
rob

lem
.

T
h
e

ab
ove

p
ro

ced
u
re

sign
ifi

can
tly

accelerates
th

e
sp

eed
of

S
E

E
D

as
it

con
v
erts

a
d
e-

gen
erate

sp
arse

g
en

eralized
eigen

valu
e

p
rob

lem
to

tw
o

sim
p
ler

regu
lar

sp
arse

eigen
valu

e
p
rob

lem
s.

E
x
istin

g
p
ro

ced
u
res

su
ch

as
th

e
iterativ

e
th

resh
old

in
g

m
eth

o
d

(M
a,

2013)
can

b
e

u
sed

to
com

p
u
te

b
oth

eigen
valu

e
p
rob

lem
s

effi
cien

tly.
G

en
erally

sp
eak

in
g,

S
E

E
D

w
ill

b
e

ex
trem

ely
effi

cien
t

in
ap

p
lication

s
w

ith
low

ran
k

stru
ctu

re
su

ch
as

im
age

p
ro

cessin
g

as
it

stop
s

early
after

ach
iev

in
g

a
few

im
p

o
rtan

t
sign

als.
M

oreov
er,

th
e

sp
eed

o
f

S
E

E
D

can
b

e
greatly

en
h
an

ced
b
y

p
arallel

im
p
lem

en
tation

on
h
igh

p
erform

an
ce

com
p
u
tin

g
d
ev

ices
su

ch
as

G
P

U
,

d
u
e

to
th

e
fact

th
at

it
em

p
loy

s
on

ly
b
asic

m
atrix

o
p

eration
s.

3
.2

.
A

lte
rn

a
tiv

e
w

ith
E

n
h

a
n

c
e
d

S
ta

b
ility

In
cases

w
h
ere

th
e

p
ertu

rb
ation

can
b

e
large,

for
n
u
m

erical
stab

ility
p
u
rp

oses,
w

e
can

also
solve

(5)
b
y

th
e

follow
in

g
m

o
d
ifi

ed
p
rob

lem
w

ith
a

very
sm

all
p

ositive
ρ
:

X
T
Y

Y
T
X

u
=
λ

(X
T
X

+
ρ
I)u

.
(7)

N
ote

th
at

X
T
X

+
ρ
I

is
in

vertib
le

sin
ce

th
e

eigen
valu

es
of

X
T
X

are
n
on

n
egative.

D
en

ote

b
y

X̃
∈

R
p×
p

th
e

m
o
d
ifi

ed
p
red

ictor
m

atrix
su

ch
th

at
X̃
T
X̃

=
X
T
X

+
ρ
I,

w
h
ich

can
b

e

ob
tain

ed
v
ia

th
e

C
h
olesk

y
d
ecom

p
osition

,
an

d
Ỹ

=
(X̃

T
) −

1X
T
Y

th
e

m
o
d
ifi

ed
resp

on
se

m
atrix

.
T

h
en

th
e

ab
ove

eq
u
ation

(7)
can

b
e

rew
ritten

as

X̃
T
Ỹ

Ỹ
T
X̃

u
=
λ
X̃
T
X̃

u
,

(8)

w
h
ich

ad
op

ts
th

e
sam

e
form

as
(5).

A
com

p
u
tation

ally
effi

cien
t

tech
n
iq

u
e

for
solv

in
g

eq
u
ation

(8)
is

to
solve

th
e

sp
arse

eigen
valu

e
p
rob

lem
P̃
−
1Q̃

u
=
λ
u

,
w

h
ere

th
e

m
o
d
ifi

ed
G

ram
m

atrix
P̃

=
n
−
1X̃

T
X̃

an
d

Q̃

is
d
efi

n
ed

accord
in

gly
as

in
A

lgorith
m

1
.

W
e

ca
n

com
p
u
te

P̃
−
1

b
y

th
e

S
h
erm

an
-M

orrison
-

W
o
o
d
b
u
ry

form
u
la

as
follow

s:

(ρ
I
p

+
X
T
X

) −
1

=
1ρ
I
p −

1ρ
2
X
T

(I
n

+
1ρ
X

X
T

) −
1X

.

T
h
e

ab
ov

e
eq

u
ation

req
u
ires

in
version

of
an

n
×
n

m
atrix

in
stead

of
a
p×

p
m

atrix
,

w
h
ich

is
sign

ifi
can

tly
faster

in
th

e
h
igh

-d
im

en
sion

al
settin

g
w

h
en

p
�
n

.

R
em

a
rk.

T
h
e

form
u
lation

of
X̃

an
d

Ỹ
can

b
e

reg
ard

ed
as

a
gen

eralization
of

th
e

rid
ge

regression
to

th
e

m
u
ltivariate

resp
on

se
settin

g.
In

fact,
sin
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C
∗
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th

e
m
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S
E
E
D

of
‖Y
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−

X
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‖2 F

,
w

e
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n
en
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an

ce
th

e
st

ab
il
it

y
b
y

ad
d
in

g
a
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al

l
F

ro
b

en
iu

s
n
or

m
re

gu
la
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iz

at
io
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fo
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ow
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C̃
=

ar
gm

in
C

{ ‖
Y
−

X
C
‖2 F

+
ρ
‖C
‖2 F

}
,

w
h
er

e
th

e
F

ro
b

en
iu

s
n
or

m
is

d
efi

n
ed

as
‖C
‖2 F

=
∑

i,
j
C

2 i,
j

fo
r

an
y

m
at

ri
x

C
.

A
ft

er
co

m
p
le

t-
in

g
th

e
sq

u
ar

es
,

w
e

ge
t

C̃
=

ar
gm

in
C

{ ‖
Ỹ
−

X̃
C
‖2 F
}
,

w
h
ic

h
m

ea
n
s

th
at

X̃
an

d
Ỹ

ar
e

th
e
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rr

es
p

on
d
in

g
p
re

d
ic

to
r

an
d

re
sp
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se

m
at
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th

at
ta
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sh
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an
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61

;
Z

h
en

g
et
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20
1
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.

3
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.
P

ra
c
ti

c
a
l

A
sp

e
c
ts

N
ow

w
e

an
al

y
ze

se
ve

ra
l

p
ra

ct
ic

al
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p
ec

ts
of

S
E

E
D

as
fo

ll
ow

s.

R
efi

tt
in

g.
In

A
lg

or
it

h
m

1,
a

re
fi
tt

in
g

ca
n

b
e

p
er

fo
rm

ed
d
u
ri

n
g

th
e

ei
g
en

va
lu

e
d
ec

om
p

o-
si

ti
on

in
L

in
e

4
to

en
h
an

ce
th

e
st

ab
il
it

y.
T

h
e

re
fi
tt

in
g

p
ro

ce
d
u
re

is
as

fo
ll
ow

s.
In

th
e
k
th

st
ep

,
w

e
p

er
fo

rm
th

e
to

p
-k

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

Ĉ
=

U
Ŝ

V
T

fo
r

Ĉ
=
∑

k j=
1
Ĉ
j

an
d

re
fi
t

th
e

so
lu

ti
on

b
y

fi
n
d
in

g
S̃

=
ar

gm
in

S
∥ ∥ Y
−

X
U

S
V
T
∥ ∥2 F

.
T

h
e

es
ti

m
a
te

w
it

h
re

fi
tt

in
g

is
d
efi

n
ed

as
C̃

=
U

S̃
V
T

.
In

p
ra

ct
ic

e,
w

e
fi
n
d

th
is

ap
p
ro

ac
h

m
or

e
st

ab
le

a
n
d

re
p

or
t

th
e

re
su

lt
s

b
as

ed
on

th
is

va
ri

at
io

n
of

S
E

E
D

in
n
u
m

er
ic

al
st

u
d
ie

s.

S
pa

rs
e

ei
ge

n
ve

ct
o
r

es
ti

m
a
ti

o
n

.
T

h
e

p
re

v
io

u
s

ap
p
ro

ac
h
es

fo
r

so
lv

in
g

th
e

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

d
ec

om
p

os
it

io
n

p
ro

b
le

m
in

d
ic

at
e

th
at

w
e

ca
n

so
lv

e
th

e
p
ro

b
le

m
v
ia

re
gu

la
r

sp
ar

se
ei

ge
n
va

lu
e

d
ec

om
p

os
it

io
n
.

T
h
is

al
lo

w
s

u
s

to
re

u
se

th
e

ex
is

ti
n
g

p
ro

ce
d
u
re

s
fo

r
sp

ar
se

ei
ge

n
-

va
lu

e
d
ec

om
p

os
it

io
n

su
ch

as
C

ai
et

al
.

(2
01

3)
,

M
a

(2
01

3)
,

Y
u
an

an
d

Z
h
an

g
(2

01
3)

,
an

d
L

ei
an

d
V

u
(2

01
5)

to
so

lv
e

th
e

p
ro

b
le

m
in

(5
).

In
n
u
m

er
ic

al
st

u
d
ie

s,
w

e
u
se

th
e

it
er

at
iv

e
th

re
sh

ol
d
in

g
m

et
h
o
d

(M
a,

20
13

),
w

h
ic

h
is

d
et
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le

d
in

A
lg

o
ri

th
m

2
fo

r
es

ti
m

a
ti

n
g

th
e

sp
ar

se
ei

ge
n
ve
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or

re
la
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v
e

to
th

e
la
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t
ei

ge
n
va

lu
e

of
a

gi
ve

n
sp

ar
se

ei
ge

n
va

lu
e

p
ro

b
le

m
S

u
=
λ
u

w
it

h
sp

ar
si

ty
p
ar
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et

er
θ

(t
h
re

sh
ol

d
le

ve
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.

It
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w
or

th
p
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n
ti

n
g

ou
t

th
at

al
th

ou
gh

sp
ar

se
ei

ge
n
va

lu
e

d
ec

om
p

os
it

io
n
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a

n
on
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n
ve

x
p
ro

b
le

m
,

M
a

(2
01

3)
p
ro

v
ed

th
at

th
e

sp
ar

se
ei

ge
n
ve

ct
or

s
ob

ta
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ed
b
y

th
e

it
er
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iv

e
th

re
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ol
d
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w
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p
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p
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b
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y
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e
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h
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og
n

)
it

er
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n
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T
h
e
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ia
l

es
ti

m
at

e
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(0
)
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ge

n
er
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ed

fr
om

th
e

d
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go
n
al

th
re
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ol

d
in

g
sp
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se

P
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A
al

go
ri

th
m

p
ro
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ed
in

J
oh

n
st

on
e

an
d

L
u

(2
00
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,

w
h
ic

h
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a
re

g-
u
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r
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ge
n
va
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e

p
ro

b
le

m
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te
r
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n
st

ra
in

in
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e
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d
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ar
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n
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.

T
h
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it
er
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e
th
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d
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g
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go
ri

th
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al
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b
e

a
p
p
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ve

r
se

v
er

al
sp
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n
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u
lt

an
eo

u
sl

y.

P
a
ra

ll
el
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p
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al
e

u
p

th
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u
re
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te
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p
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b
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p
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p
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p
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ra
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r
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p
er
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h

G
P

U
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h
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ta
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b
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p
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d
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.
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p
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re
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.
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∈
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∈
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=
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û
(k
) R

(k
)

=
t̂(k

)
w

it
h
R

(k
)

=
‖t̂

(k
) ‖

2

6
k
←
k

+
1.

7
u

n
ti

l
co

n
ve

rg
en

ce

8
re

tu
rn

û
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ar

si
ty

le
ve

l
of

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s

a
s
s∗

=
m

ax
r
∗
k
=
1
‖u
∗ k‖

0
�

p
,

w
h
ic

h
is

a
ss

u
m

ed
m

ai
n
ly

fo
r

th
eo

re
ti

ca
l

an
al

y
si

s
(s

ee
C

on
d
it

io
n

1
b

el
ow

)
an

d
u
n
k
n
ow

n
in

ou
r

p
ra

ct
ic

a
l

im
-

p
le

m
en

ta
ti

on
.

W
e

co
n
si

d
er

th
e

es
ti

m
at

ed
le

ft
si

n
gu

la
r

ve
ct

or
s

w
it

h
th

e
n
u
m

b
er

o
f

n
o
n
ze

ro
el

em
en

ts
le

ss
th

an
ce

rt
ai

n
sp

ar
si

ty
le

ve
l
s
>
s∗

,
th

at
is

,
‖û

k
‖ 0
≤
s

fo
r
k

=
1,
··
·,
r,

w
h
er

e
r
>
r∗

is
an

u
p
p

er
b

ou
n
d

of
th

e
es

ti
m

at
ed

ra
n
k

th
at

ca
n

b
e

co
n
tr

ol
le

d
b
y

th
e

a
lg

o
ri

th
m

in
p
ra

ct
ic

e.
W

h
en

th
e

ge
n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
(5

)
d
o
es

n
ot

h
av

e
an

s-
sp

a
rs

e
so

lu
ti

o
n
,

th
e

es
ti

m
at

ed
la

rg
es

t
s-

sp
ar

se
ei

ge
n
va

lu
e

ca
n

b
e

re
fo

rm
u
la

te
d

as

λ̂
=

m
ax

u
6=
0
,‖
u
‖ 0
≤
s

u
T

(X
T
Y

Y
T
X

)u

u
T

(X
T
X

)u

d
u
e

to
th

e
ex

tr
em

al
p
ro

p
er

ty
of

ei
ge

n
va

lu
es

,
an

d
th

e
co

rr
es

p
on

d
in

g
m

ax
im

iz
er

û
w

il
l

b
e

tr
ea

te
d

as
th

e
es

ti
m

at
ed

le
ft

si
n
gu

la
r

ve
ct

o
r.

N
ot

e
th

at
th

er
e

is
n
o

sp
ar

si
ty

co
n
st

ra
in

t
o
n

ei
th

er
th

e
p

op
u
la

ti
on

or
th

e
es

ti
m

at
ed

ri
gh

t
si

n
gu

la
r

ve
ct

or
s

si
n
ce

v
∗ k

ca
n

b
e

re
co

v
er

ed
fr

o
m

(4
)

b
as

ed
on

ac
cu

ra
te

es
ti

m
at

io
n

of
u
∗ k.

4
.1

.
T

e
ch

n
ic

a
l

C
o
n

d
it

io
n

s

H
er

e
w

e
li
st

a
fe

w
te

ch
n
ic

al
co

n
d
it

io
n
s

a
n
d

d
is

cu
ss

th
ei

r
re

le
va

n
ce

in
d
et

ai
l.

C
o
n

d
it

io
n

1
(R

e
st

ri
c
te

d
Is

o
m

e
tr

y
)

T
h
er

e
ex

is
ts

a
po

si
ti

ve
co

n
st

a
n

t
φ
s

su
ch

th
a
t

th
e

G
ra

m
m

a
tr

ix
P

sa
ti

sfi
es

φ
s
≤

m
in

z
∈R

p

{
‖P

z
‖ 2

‖z
‖ 2

:
‖z
‖ 0
≤

2
s}
≤

m
ax

z
∈R

p

{
‖P

z
‖ 2

‖z
‖ 2

:
‖z
‖ 0
≤

2s

}
≤
φ
−
1

s

fo
r

so
m

e
s
>
s∗

.

C
o
n

d
it

io
n

2
(M

in
im

u
m

S
in

g
u

la
r

V
a
lu

e
S

e
p

a
ra

ti
o
n

)
T

h
e

n
o

n
-z

er
o

si
n

gu
la

r
va

lu
es
σ
k

sa
ti

sf
y
σ
2 k
−
σ
2 k
+
1
≥
d
σ
>

0
fo

r
so

m
e

po
si

ti
ve

co
n

st
a
n

t
d
σ

a
n

d
k

=
1,
..
.,
r∗

.
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S
E
E
D

C
o
n

d
itio

n
3

(B
o
u

n
d

e
d

E
ig

e
n
v
a
lu

e
s)

T
h
e

eigen
va

lu
es

o
f

th
e

po
p
u

la
tio

n
co

va
ria

n
ce

m
a
-

trix
o
f

th
e

n
o
ise

vecto
r
ε

sa
tisfy

0
<
γ
2l ≤

λ
j (Σ

)≤
γ
2u
<
∞

fo
r
j

=
1
,...,q,

w
h
ere

γ
l

a
n

d
γ
u

a
re

po
sitive

co
n

sta
n

ts
w

ith
γ
u ≤

c
γ σ

r ∗
fo

r
so

m
e

po
sitive

co
n

sta
n

t
c
γ .

C
o
n

d
itio

n
4

(M
in

im
u

m
S

ig
n

a
l

S
tre

n
g
th

)
T

h
ere

exists
so

m
e

po
sitive

co
n

sta
n

t
δ∈

(0,1)
su

ch
th

a
t

th
e

fo
llo

w
in

g
lo

w
er

bo
u

n
d
s

o
n

th
e

m
a
gn

itu
d
es

o
f

th
e

n
o
n

-zero
elem

en
ts

o
f

u
∗k

a
n

d
v
∗k

h
o
ld

fo
r

a
n

y
1
≤
k
≤
r ∗

m
in

i∈
su

p
p
(u
∗k
) |u
∗i |≥

3C
u √

sn
log

p
qδ
,

m
in

i∈
su

p
p
(v
∗k
)

1√q |v ∗i |≥
3C

v √
sn

log
p
qδ
,

w
h
ere

C
u

a
n

d
C
v

a
re

co
n

sta
n

ts
d
efi

n
ed

in
T

h
eo

rem
1
.

C
o
n
d
itio

n
1

im
p

oses
b

ou
n
d
s

on
th

e
2
s-sp

arse
eigen

valu
es

of
P

,
w

h
ich

is
w

eaker
th

an
th

e
reg

u
la

r
b

o
u
n
d
ed

eigen
valu

e
assu

m
p
tion

sin
ce

th
e

sp
arse

eigen
valu

es
d
o

n
o
t

grow
as

fast
a
s

th
e

reg
u
la

r
eigen

valu
es

w
h
en

th
e

d
im

en
sion

ality
p

in
creases.

A
s

a
ty

p
ical

con
d
ition

in
h
ig

h
d
im

en
sio

n
s,

it
restricts

th
e

correlation
s

b
etw

een
sm

all
n
u
m

b
ers

of
featu

res
an

d
th

u
s

g
u
a
ra

n
tees

th
e

id
en

tifi
ab

ility
of

th
e

tru
e

su
p
p

ort.
S
ee,

for
in

sta
n
ce,

C
an

d
ès

an
d

T
ao

(2005)
a
n
d

Z
h
a
n
g

(2
0
1
1)

for
m

ore
d
iscu

ssion
on

it.
R

eca
ll

th
a
t
σ
k

is
th

e
k
th

largest
sin

gu
lar

valu
e

of
X

C
∗/ √

n
q.

C
on

d
ition

2
req

u
ires

strict
sep

a
ra

tio
n

a
m

o
n
g

th
e

sin
gu

lar
valu

es
su

ch
th

at
th

e
left

sin
gu

lar
v
ectors

are
d
istin

gu
ish

ab
le.

F
o
r

ea
se

o
f

p
resen

tation
,

w
e

assu
m

e
d
σ

to
b

e
a

con
stan

t
an

d
in

d
icate

th
e

roles
of
d
σ

clea
rly

in
th

e
co

n
stan

ts
of

th
e

th
eoretical

resu
lts.

In
fact,

X
C
∗

ad
op

ts
a

sp
iked

eigen
-stru

ctu
re

(J
o
h
n
ston

e,
2
0
0
1;

S
h
en

et
al.,

2016)
w

ith
th

e
sp

iked
sin

g
u
lar

valu
es

allow
ed

to
d
iverge

at
th

e
ra

te
o
f √

n
q.

T
h
is

rate
is

reason
ab

le
for

an
n

b
y
q

m
atrix

as
w

e
d
o

n
ot

im
p

ose
an

y
sp

a
rsity

o
n

th
e

colu
m

n
s

of
C
∗.

T
h
e

elem
en

ts
of

th
e

u
n
ob

serv
ed

n
oise

vector
ε

w
ere

assu
m

ed
to

b
e

in
d
ep

en
d
en

t
an

d
id

en
tica

lly
d
istrib

u
ted

(i.i.d
.)

in
B

u
n
ea

et
al.

(2012).
W

e
relax

it
a

b
it

in
C

on
d
ition

3
b
y

im
p

o
sin

g
b

o
u
n
d
ed

eigen
valu

es
for

th
e

n
oise

covarian
ce

m
a
trix

for
recoverin

g
th

e
tru

e
ran

k
in

T
h
eo

rem
2
.

O
u
r

tech
n
ical

argu
m

en
t

still
ap

p
lies

w
h
en

eith
er
γ
l →

0
or
γ
u
→
∞

as
lon

g
a
s

th
eir

ra
tes

o
f

con
vergen

ce
can

b
e

con
trolled

w
ith

in
certain

m
agn

itu
d
es.

T
h
e

tw
o

in
eq

u
alities

in
C

on
d
ition

4
are

im
p

o
sed

for
th

e
m

o
d
el

selectio
n

con
sisten

cy
of

th
e

p
red

icto
rs

an
d

resp
on

ses,
resp

ectively.
T

h
e

m
agn

itu
d
e

of
th

e
m

in
im

u
m

sign
al

stren
gth

is
O
(√

s
lo

g
(p
q)/n )

,
w

h
ich

is
relativ

ely
m

ild
as

it
con

verges
to

zero
in

ou
r

settin
g.

S
in

ce

u
∗k

is
a
ssu

m
ed

to
h
ave

u
n
it

len
gth

,
th

e
sin

gu
lar

valu
es

of
C
∗

are
ab

sorb
ed

in
to

v
∗k

in
v
iew

o
f

d
eco

m
p

ositio
n

(2)
so

th
at

th
ere

is
an

ex
tra

scalin
g

factor
1√q

in
th

e
secon

d
in

eq
u
ality.

4
.2

.
M

a
in

R
e
su

lts

D
en

o
te

b
y
P

2
=

m
ax

pj=
1
P
jj

an
d
γ
2

=
m

ax
qj=

1
Σ
jj

th
e

m
ax

im
u
m

d
iagon

al
com

p
on

en
ts

of
th

e
G

ra
m

m
a
trix

an
d

n
oise

covarian
ce

m
atrix

,
resp

ectively.
W

ith
ou

t
loss

of
gen

erality,
w

e
a
ssu

m
e

th
a
t
V

=
m

ax
r ∗k
=
1

1√q ‖
v
∗k ‖

2
is

fi
n
ite

for
th

e
q-d

im
en

sion
al

v
ectors

v
∗k .

M
oreover,

it

is
clea

r
th

a
t

u
n
d
er

C
on

d
ition

s
1

an
d

3,
P

a
n
d
γ

are
also

fi
n
ite

con
stan

ts.
T

h
e

estim
ated

reg
ressio

n
co

effi
cien

t
m

atrix
is

given
b
y

Ĉ
=
∑

r̃k
=
1
Ĉ
k ,

w
h
ere

r̃
is

th
e

op
tim

al
ran

k
tu

n
ed

1
1
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

b
y

in
form

ation
criterion

(9)
an

d
Ĉ
k

=
û
k v̂

Tk
.

T
h
e

follow
in

g
th

eorem
b

ou
n
d
s

th
e

estim
ation

errors
of

S
E

E
D

w
ith

th
e

estim
ated

left
sin

gu
la

r
vectors

û
k

tak
in

g
th

e
correct

sign
s

as
d
iscu

ssed
b

efore.

T
h

e
o
re

m
1

(C
o
n

siste
n

c
y

o
f

E
stim

a
tio

n
a
n

d
P

re
d

ic
tio

n
)

S
u

p
po

se
th

a
t

C
o
n

d
itio

n
s

1
a
n

d
2

h
o
ld

,
γ

is
fi

n
ite,

a
n

d
s

log
(p
q)

=
o(n

),
th

en
w

ith
p
ro

ba
bility

a
t

lea
st

1
−
δ

fo
r

a
n

y
δ∈

(0,1)
a
n

d
u

n
ifo

rm
ly

o
ver

k
=

1,...,r ∗,
w

e
h
a
ve

‖û
k −

u
∗k ‖

2 ≤
C
u √

sn
log

p
qδ

+
o ( √

sn
log

p
qδ

)
,

1√q ‖v̂
k −

v
∗k ‖

2 ≤
C
v √

sn
log

p
qδ

+
o ( √

sn
log

p
qδ

)
,

‖
X

(û
k −

u
∗k )‖

2
√
n

≤
C
u

√
φ
s √

sn
lo

g
p
qδ

+
o ( √

sn
log

p
qδ

)
,

1√q ‖Ĉ
k −

C
∗k ‖
F
≤

(V
C
u

+
C
v ) ( √

sn
log

p
qδ

)
+
o ( √

sn
lo

g
p
qδ

)
,

‖
X

(Ĉ
k −

C
∗k )‖

F
√
n
q

≤
(V
C
u

+
C
v )

√
φ
s

( √
sn

log
p
qδ

)
+
o ( √

sn
log

p
qδ

)
,

w
h
ere

th
e

co
n

sta
n

ts
C
u

=
4
γ
P
σ
1

d
σ
φ
5
/
2

s

a
n

d
C
v

=
2 √

2φ
−
3
/
2

s
(2V

φ
−
1
/
2

s
+
σ
1 )C

u
+

2 √
2φ
−
1

s
γ
P

.

T
h
eorem

1
is

estab
lish

ed
b
ased

on
th

e
p

ertu
rb

ation
th

eory
of

sp
a
rse

gen
eralized

eigen
-

valu
e

p
rob

lem
(L

em
m

a
6).

It
sh

ow
s

th
at

th
e

u
n
ifo

rm
estim

ation
error

b
ou

n
d
s

for
b

oth
top

-r ∗
sin

gu
lar

vectors
u
∗k

an
d

1√q v
∗k ,

top
-r ∗

laten
t

factors
1√n

X
u
∗k

an
d

u
n
it

ran
k

m
a
trices

1√q C
∗k ,

an
d

th
e

u
n
iform

p
red

iction
error

b
ou

n
d
s

of
th

e
top

-r ∗
laten

t
factors

are
all

in
th

e

sam
e

ord
er

of
O
( √

sn
log

p
qδ

)
.

T
h
e

tail
p
rob

ab
ility

δ
ca

n
d
ecay

to
zero

q
u
ick

ly
as
p

an
d
q

grow
w

ith
rates

su
ch

as
δ∝

(p
q) −

α
for

som
e

p
ositive

con
stan

t
α
>

1.
T

h
is

is
d
u
e

to
th

e
fact

th
at

w
h
en

δ∝
(p
q) −

α
,

w
e

h
ave √

sn
log

p
qδ
→

0
u
n
d
er

th
e

assu
m

p
tion

th
at
s

log
(p
q)

=
o(n

).

F
u
rth

erm
ore,

th
e

estim
ation

an
d

p
red

iction
accu

racy
w

ou
ld

th
en

b
e

w
ith

in
th

e
rate

of

O
(√

s
log

(p
q)/n )

,
w

h
ere

th
e

factor
log

(p
q)

refl
ects

th
e

cu
rse

of
d
im

en
sion

ality
as

th
ere

are

p
q

p
aram

eters
in

total
from

th
e

regression
co

effi
cien

t
m

atrix
C
∗.

If
th

e
tru

e
ran

k
r ∗

can
b

e
correctly

id
en

tifi
ed

,
it

is
n
ot

d
iffi

cu
lt

to
see

th
at

th
e

estim
ation

accu
racy

for
1√q C

∗
w

ill
b

e
w

ith
in

th
e

rate
of
O
{ √

r ∗s
log

(p
q)/n}

(see
C

orollary
3

b
elow

),

w
h
ich

coin
cid

es
w

ith
th

e
m

in
im

ax
error

b
ou

n
d

for
estim

atin
g

th
e

regression
co

effi
cien

t
vector

in
th

e
u
n
ivariate

resp
on

se
settin

g
(R

ask
u
tti

et
al.,

2011)
w

ith
th

e
d
im

en
sio

n
ality

p
an

d
sp

arsity
level

s
rep

laced
b
y

th
e

overall
d
im

en
sion

ality
p
q

an
d

th
e

p
ro

d
u
ct
r ∗s,

resp
ectiv

ely.

S
im

ilarly,
w

ith
th

e
tru

e
ran

k
r ∗,

th
e

n
orm

alized
p
red

iction
error

‖X
(Ĉ
−

C
∗)‖

F
/ √

n
q

w
ill

b
e

w
ith

in
th

e
rate

of
O
{√

r ∗s
log

(p
q)/n }

,
w

h
ich

is
sim

ilar
to

th
e

p
red

iction
error

b
ou

n
d

estab
lish

ed
in

B
u
n
ea

et
al.

(2012).
B

u
t

w
e

h
ave

an
ex

tra
scalin

g
facto

r
of √

q
sin

ce
th

e
sin

gu
lar

valu
es

of
X

C
∗

are
allow

ed
to

d
iv

erge
at

th
e

rate
of
√
n
q,

larger
th

an
th

e
rate

√
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d
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2 ∥∥∥

X
T
Y

Y
T
X
−

X
T
Y
∗Y
∗
T
X
∥∥∥
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b
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b
y

C
o
n
d
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b
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√
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p
qδ
→
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b
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d
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p
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=
1
q
n
2 X

T
Y

Y
T
X

,

Q
=
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=
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√
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û
an

d
e
2 ,

Y
∗
T
X

u
∗−
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∥∥∥∥∥
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‖
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‖
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‖
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‖
E
T
X

u
∗‖

2 /n
+
‖
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‖
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√
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√
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√
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‖Ĉ
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Ĉ
k
)T

P
(C
∗ k
−

Ĉ
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e
la

st
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
d
ec

om
p

os
it

io
n

C
∗ k
−
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−
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ow

th
at

th
e

am
o
u
n
t

of
d
ec

re
as

e
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
th

e
k
th

st
ep

eq
u
al

s
to

th
e

th
e
k
th

la
rg

es
t

ei
ge

n
va

lu
e

of
th

e
p
ro

b
le

m
Q̂

u
=
λ
P

u
.

G
iv

en
th

e
p

er
tu

rb
at

io
n

b
ou

n
d
s

in
L

em
m

a
6,

w
e

ca
n

b
ou

n
d

it
s

d
iff

er
en

ce
fr

om
th

e
tr

u
e

ei
g
en

va
lu

e
a
n
d

sh
ow

th
at

af
te

r
r∗

gr
ee

d
y

st
ep

s,
th

e
ei

ge
n
va

lu
es

b
ec

om
e

al
m

os
t

ze
ro

.
T

o
p
ro

v
e

th
e

re
su

lt
in

T
h
eo

re
m

2,
w

e
n
ee

d
to

b
ou

n
d

lo
g
L k
−
1
−

lo
g
L k

,
w

h
er

e
L k

=
1 n
q
‖Y
−

X
C
k
‖2 F

is
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

w
it

h
C
k

=
∑

k j=
1
Ĉ
j

th
e

es
ti

m
a
te

d
co

effi
ci

en
t

m
at

ri
x

u
p

to
th

e
k
th

st
ep

.
B

y
u
si

n
g

th
e

fa
ct

th
at

1
−

1 x
≤

lo
g
(x

)
≤
x
−

1
fo

r
x
>

0
,

w
e

ca
n

w
ri

te

L k
−
1
−
L k

L k
−
1

≤
lo

g

(
L k
−
1

L k

)
≤
L k
−
1
−
L k

L k
.
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S
E
E
D

N
ex

t,
w

e
sh

ow
th

at
th

e
am

ou
n
t

of
th

e
d
ecrease

in
th

e
ob

jective
fu

n
ction

in
th

e
k
th

step
is

eq
u
a
l

to
th

e
th

e
k
th

largest
eigen

valu
e

of
th

e
p
rob

lem
Q̂

u
=
λ
P

u
,

w
h
ich

satisfi
es

th
e

fo
llow

in
g

eq
u
a
lity

L
k−

1 −
L
k

=
1n
q ‖Y

−
X

C
k−

1 ‖
2F
−

1n
q ‖Y

−
X

C
k ‖

2F

=
1n
q ‖Y

−
X

C
k−

1 ‖
2F
−

1n
q ‖Y

−
X

C
k−

1 −
X

û
k v̂
>k ‖

2F

=
1n
q (

2 〈
Y
−

X
C
k−

1 ,X
û
k v̂
>k 〉
−
‖
X

û
k v̂
>k ‖

2F )
.

N
ow

,
u
sin

g
th

e
P

-orth
ogon

ality
of

û
k ’s,

w
e

h
ave

L
k−

1 −
L
k

=
1n
q (

2 〈
Y
,X

û
k v̂
>k 〉
−
‖
X

û
k v̂
>k ‖

2F )

=
1n
q (

2
û
>k

X
T
Y

Y
T
X

û
k

û
>k

X
T
X

û
k

−
û
>k

X
T
Y

Y
T
X

û
k

û
>k

X
T
X

û
k

)

=
û
>k

Q̂
û
k

û
>k

P
û
k

=
σ̂
2k ,

w
h
ere

th
e

seco
n
d

step
is

d
u
e

to
th

e
su

b
stitu

tion
of

th
e

so
lu

tion
for

v̂
k

in
(6)

an
d

a
few

step
s

o
f

a
lgeb

ra
ic

rea
rran

gem
en

t.
U

n
d
erfi

tted
regim

e
k
≤
r ∗.

U
n
d
er

C
o
n
d
ition

1,
u
sin

g
th

e
p

ertu
rb

ation
b

ou
n
d

in
L

em
m

a
6

fo
r

th
e

eig
en

valu
es
σ
2k ’s

w
ith

k
≤
r ∗,

w
e

can
w

rite

σ̂
2k ≥

σ
2k −

φ
−
1

s
‖
∆
Q ‖

2
,s .

F
u
rth

er
ap

p
ly

in
g

in
eq

u
ality

(16),
w

e
k
n
ow

th
at

th
ere

ex
ists

som
e

p
ositiv

e
con

stan
t
C

su
ch

th
a
t

φ
−
1

s
‖∆

Q ‖
2
,s ≤

2
a ∗φ

−
1

s
γ
P

√
2sn

log
p
qδ

+
o ( √

sn
log

p
qδ

)
≤
C

√
sn

log
p
qδ
.

T
h
erefo

re,
it

fo
llow

s
th

at
w

ith
p
rob

ab
ility

at
least

1−
δ,

σ̂
2k ≥

σ
2k −

C

√
sn

log
p
qδ
.

(22)

T
h
en

w
e

ca
n

d
erive

th
e

follow
in

g
low

er
b

ou
n
d

√
L
k−

1 −
L
k

L
k−

1
≥

√
σ
2k −

C
√

sn
log

p
qδ

1
√
n
q (∑

r ∗j=
k ‖X

C
∗j ‖
F

+
∑

k−
1

j=
1 ‖X

(C
∗j −

Ĉ
j )‖

F
+
‖
E‖

F )
,

(23)

w
h
ere

C
∗j

=
u
∗j v
∗
T
j

,
Ĉ
j

=
û
j v̂
j ,

in
th

e
n
om

in
ator

w
e

h
ave

u
sed

th
e

resu
lt

ob
tain

ed
in

(22)
a
n
d

th
e

d
en

o
m

in
ator

is
th

e
resu

lt
of

th
e

trian
gu

lar
in

eq
u
ality.

W
e

w
ill

th
en

b
ou

n
d

th
e

th
ree

term
s

in
th

e
d
en

om
in

ator
su

ccessiv
ely.
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

F
or

th
e

fi
rst

term
,

given
th

e
d
efi

n
ition

o
f

C
∗j

=
u
∗j v
∗
T
j

,
v
∗
T
j

v
∗j

=
qa

2j
an

d
u
∗
T
j

P
u
∗j

=
c
2j ,

w
e

h
ave

‖
X

C
∗j ‖
F

√
n
q

=

√
trace(X

u
∗j v
∗
T
j

v
∗j u
∗
T
j

X
T

)

n
q

=
a
j √

u
∗
T
j

X
T
X

u
∗j

n
=
a
j c
j

=
σ
j .

It
follow

s
th

at
1
√
n
q ∑

r ∗j=
k ‖

X
C
∗j ‖
F

=
∑

r ∗j=
k
σ
j .

T
o

b
ou

n
d

th
e

secon
d

term
,

b
y

T
h
eorem

1,
w

e
h
ave

1n
q ‖X

(C
∗j −

Ĉ
j )‖

2F
≤
φ
−
1

s
(V
C
u

+
C
v )

2 (
sn

log
p
qδ

)
+
o (

sn
log

p
qδ

)
,

w
h
ich

giv
es

k−
1

∑j=
1 ‖X

(C
∗j −

Ĉ
j )‖

F
√
n
q

≤
(k−

1)(V
C
u

+
C
v )

φ
1
/
2

s

√
sn

lo
g
p
qδ

+
o ( √

sn
log

p
qδ

)
.

(24)

T
o

b
ou

n
d

th
e

last
term

,
as

th
e

com
p

on
en

ts
of

E
Σ
−
1
/
2

are
in

d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

w
ith

th
e

stan
d
ard

G
au

ssian
d
istrib

u
tion

,
given

th
e

tail
b

ou
n
d

for
th

e
χ
2

d
istri-

b
u
tion

in
(L

au
ren

t
an

d
M

assart,
2000,

L
em

m
a

1),
w

e
can

see
th

at
w

ith
p
rob

ab
ility

at
least

1−
δ,

‖
E

Σ
−
1
/
2‖

2F
/n
q≤

1
+

2 √
1n
q

log
1δ

+
2n
q

log
1δ
.

M
oreover,

b
y

C
on

d
ition

3,
w

e
h
ave

‖
E

Σ
−
1
/
2‖

2F
=

n
∑i=

1 ‖
E
i: Σ
−
1
/
2‖

22 ≥
n
∑i=

1 ‖
E
i: ‖

22 /γ
2u

=
‖E‖

2F
/γ

2u .

It
giv

es

‖
E‖

F
/ √

n
q≤

γ
u (

1
+

√
2n
q

log
1δ

)
.

(25)

T
h
u
s,

ap
p
ly

in
g

th
e

u
n
ion

b
ou

n
d
,

w
e

can
see

th
at

w
ith

p
rob

ab
ility

at
least

1−
2
δ,

th
e

resu
lts

in
T

h
eorem

1
(in

clu
d
in

g
in

eq
u
ality

(16) ),
in

eq
u
alities

(24)
an

d
(25)

h
old

sim
u
ltan

e-
ou

sly.
In

v
iew

of
(23),

it
y
ield

s
th

at

√
L
k−

1 −
L
k

L
k−

1
≥

σ
k

+
O
( √

sn
log

p
qδ

)

∑
r ∗j=
k
σ
j

+
γ
u

+
O
(
r ∗ √

sn
log

p
qδ

)
,

(26)

w
h
ere

w
e

u
sed

th
e

in
eq

u
ality

√
b−

x
≥
√
b−

x
/ √

b
for

0
≤
x
≤
b

in
th

e
n
u
m

erator.
L

et
δ −

1
=

O
{
(p
q)
α}

for
som

e
p

ositive
con

stan
t
α
>

1.
S
in

ce
∑

r ∗j=
k
σ
j
≤

(r ∗−
k

+
1)σ

k ,
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S
E
E
D

γ
u
≤
c γ
σ
r
∗
≤
c γ
σ
k

b
y

C
on

d
it

io
n

3
an

d
r∗
{
s
lo
g
(p
q
)

n

} 1
/
4

=
o(

1)
,

w
e

ge
t

√
L k
−
1
−
L k

L k
−
1

≥
1

r∗
−
k

+
1

+
c γ

+
O

( r∗
√
s n

lo
g
p
q δ

)
(2

7)

=
1

r∗
−
k

+
1

+
c γ

+
o

(
1 r∗

)
.

O
ve

rfi
tt

ed
re

gi
m

e
k
>
r∗

.
S
im

il
ar

to
th

e
p
re

v
io

u
s

ar
gu

m
en

t,
b
y

C
on

d
it

io
n

1
an

d
L

em
m

a
6,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ,

fo
r

a
ll
k
>
r∗

w
e

h
av

e

σ̂
2 k
≤
φ
−
1

s
‖∆

Q
‖ 2
,s
≤
C

√
s n

lo
g
p
q δ
.

(2
8)

T
h
en

w
e

d
er

iv
e

th
e

fo
ll
ow

in
g

u
p
p

er
b

ou
n
d

√
L k
−
1
−
L k

L k
≤

O
{ (

s n
lo

g
p
q δ

) 1
/
4
}

1 √
n
q

( ‖
E
‖ F
−
∑

r
∗
j=

1
‖X

(C
∗ j
−

Ĉ
j
)‖
F
−
∑

k j=
r
∗ +

1
‖X

Ĉ
j
‖ F
) .

(2
9)

B
ou

n
d
s

on
th

e
th

re
e

te
rm

s
in

th
e

d
en

om
in

at
or

w
il
l
b

e
d
er

iv
ed

su
cc

es
si

ve
ly

.
F

ir
st

,
a
n
ot

h
er

ap
p
li
ca

ti
on

of
th

e
ta

il
b

ou
n
d

fo
r

th
e
χ
2

d
is

tr
ib

u
ti

on
in

(L
au

re
n
t

an
d

M
as

sa
rt

,
2
00

0,
L

em
m

a
1)

gi
v
es

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ,

‖E
Σ
−
1
/
2
‖2 F
/n
q
≥

1
−

2

√
1 n
q

lo
g

1 δ
.

S
im

il
ar

ly
,

to
ge

th
er

w
it

h
C

on
d
it

io
n

3,
w

e
h
av

e

‖E
‖ F
/
√
n
q
≥
γ
l

( 1
−

2√
1 n
q

lo
g

1 δ

)
.

M
or

eo
ve

r,
b
y

in
eq

u
al

it
y

(2
4)

,
w

e
ge

t

r
∗ ∑ j=
1

1 √
n
q

∥ ∥ X
(C
∗ j
−

Ĉ
j
)∥ ∥
F
≤
O

( r∗
√
s n

lo
g
p
q δ

)
.

F
or

th
e

la
st

te
rm

,
b
y

th
e

es
ti

m
at

io
n

p
ro

ce
d
u
re

of
v̂
j

in
eq

u
at

io
n

(6
)

an
d

th
e

fa
ct

th
at

û
j

is
th

e
ei

ge
n
v
ec

to
r

of
th

e
ge

n
er

al
iz

ed
ei

ge
n
va

lu
e

p
ro

b
le

m
Q̂

u
=
λ
P

u
w

it
h

re
sp

ec
t

to
th

e
jt

h
la

rg
es

t
ei

ge
n
va

lu
e
σ̂
2 j
,

w
e

h
av

e

1 n
q
‖X

Ĉ
j
‖2 F

=
1 n
q

tr
ac

e(
v̂
j
û
T j
X
T
X

û
j
v̂
T j

)
=

1 n
q

(û
T j
X
T
X

û
j
)v̂
T j
v̂
j

=
1 n
q

(
û
T j
X
T
Y

Y
T
X

û
j

û
T j
X
T
X

û
j

)
=

û
T j
Q̂

û
j

û
T j
P

û
j

=
σ̂
2 j
.
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01
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Z
h
e
n
g
,
B
a
h
a
d
o
r
i,
L
iu

a
n
d

L
v

T
h
u
s,

it
fo

ll
ow

s
fr

om
in

eq
u
al

it
y

(2
8)

th
at

k ∑

j=
r
∗ +

1

1 √
n
q
‖X

Ĉ
j
‖ F

=
k ∑

j=
r
∗ +

1

σ̂
j
≤
O

{ (r
−
r∗

)
(
s n

lo
g
p
q δ

) 1
/
4
}
.

In
v
ie

w
of

in
eq

u
al

it
y

(2
9)

,
u
si

n
g

th
e

sa
m

e
ar

gu
m

en
t

as
in

(2
6)

,
th

e
ab

ov
e

b
o
u
n
d
s

y
ie

ld

√
L k
−
1
−
L k

L k
≤

O
{ (

s n
lo

g
p
q δ

) 1
/
4
}

γ
l
+
O
( r∗
√

s n
lo

g
p
q δ

)
+
O
{ (r
−
r∗

)
( s n

lo
g
p
q δ

) 1
/
4
}
.

S
in

ce
δ−

1
=
O
{(
p
q)
α
},
r∗
{
s
lo
g
(p
q
)

n

} 1
/
4

=
o(

1)
an

d
r
{
s
lo
g
(p
q
)

n

} 1
/
4

=
o(

1)
,

w
e

co
n
cl

u
d
e

th
a
t

√
L k
−
1
−
L k

L k
≤
O

{ (
s n

lo
g
p
q δ

) 1
/
4
}
.

(3
0
)

In
v
ie

w
of

th
e

b
ou

n
d
s

in
(2

7)
an

d
(3

0)
,

u
si

n
g

th
e

u
n
io

n
b

ou
n
d
,

it
is

n
ot

d
iffi

cu
lt

to
se

e
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

3
δ

(b
ot

h
b

ou
n
d
s

ar
e

b
as

ed
on

th
e

ev
en

t
in

L
em

m
a

5
su

ch
th

at
th

e
re

su
lt

s
in

T
h
eo

re
m

1
h
ol

d
),

th
e

fo
ll
ow

in
g

b
ou

n
d
s

h
ol

d
,

F
or
k
≤
r∗

:
lo

g

(
L k
−
1

L k

)
≥

1

(r
∗
−
k

+
1

+
c γ

)2
+
o
{ (r
∗ )
−
2
} ,

F
or
k
>
r∗

:
lo

g

(
L k
−
1

L k

)
≤
O

{ (
s n

lo
g
p
q δ

) 1
/
2
}
.

T
h
u
s,

gi
v
en

th
e

in
fo

rm
at

io
n

cr
it

er
io

n
C n

=
ra

n
k
(Ĉ

)√
lo

g
(p
q)

lo
g

lo
g
n

+
√
n

lo
g
L n

a
n
d

th
e

as
su

m
p
ti

on
(r
∗ )

2
√

lo
g
(p
q)

=
o(
√
n
/

lo
g

lo
g
n

),
b
y

se
tt

in
g
δ

=
1 3
(p
q)
−
α
,

w
e

ca
n

sh
ow

th
at

th
e

fo
ll
ow

in
g

st
at

em
en

ts
h
ol

d
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

(p
q)
−
α
:

C n
(r

an
k
(Ĉ

)
=
k
−

1)
−
C n

(r
an

k
(Ĉ

)
=
k
)
>

0
,

if
k
≤
r∗

;

C n
(r

an
k
(Ĉ

)
=
k
−

1)
−
C n

(r
an

k
(Ĉ

)
=
k
)
<

0
,

if
k
>
r∗
.

T
h
e

ab
ov

e
eq

u
at

io
n
s

in
d
ic

at
e

th
at
C n

w
il
l

at
ta

in
it

s
m

in
im

u
m
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rd

er
.

2
.2

.
T

h
e

Im
p

li
c
a
ti

o
n

s
o
f

Ig
n

o
ri

n
g

A
sc

e
rt

a
in

m
e
n
t

in
G

P
s

U
p

u
n
ti

l
n
ow

w
e

im
p
li
ci

tl
y

as
su

m
ed

th
at
n

u
n
it

s
w

er
e

sa
m

p
le

d
co

m
p
le

te
ly

a
t

ra
n
d
o
m

fr
om

an
u
n
d
er

ly
in

g
p

op
u
la

ti
on

.
W

e
n
ow

as
su

m
e

th
at

th
e

sa
m

p
le

is
as

ce
rt

ai
n
ed

,
i.
e.

,
th

a
t

th
e

p
ro

b
ab

il
it

y
of

sa
m

p
li
n
g

ca
se

s
(u

n
it

s
w

it
h
y i

=
1)

an
d

co
n
tr

ol
s

(y
i

=
0)

is
d
iff

er
en

t.

W
e

fi
rs

t
d
em

on
st

ra
te

th
at

u
si

n
g

G
P

s
w

h
il
e

ig
n
or

in
g

as
ce

rt
ai

n
m

en
t

le
ad

s
to

n
o
n
se

n
si

ca
l

co
n
cl

u
si

on
s

w
h
ic

h
st

an
d

in
co

n
tr

as
t

to
fu

n
d
am

en
ta

l
m

ot
iv

at
io

n
s

fo
r

G
P

u
se

,
li
ke

th
e

ce
n
tr

a
l

li
m

it
th

eo
re

m
.

W
e

fo
cu

s
on

b
in

ar
y

G
P

s,
w

h
ic

h
ca

n
b

e
fo

rm
u
la

te
d

ac
co

rd
in

g
to

th
e

li
a
b
il
it

y
th

re
sh

ol
d

m
o
d
el

(D
em

p
st

er
an

d
L

er
n
er

,
19

50
).

U
n
d
er

th
is

m
o
d
el

,
ev

er
y

u
n
it
i

h
a
s

a
la

te
n
t

li
ab

il
it

y
l i

=
g i

+
ε i

,
w

h
er

e
ε i

is
an

ii
d

la
te

n
t

re
si

d
u
al

va
ri

ab
le

w
h
os

e
d
is

tr
ib

u
ti

o
n

d
ep

en
d
s

o
n

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n

(e
.g

.
n
or

m
al

ly
d
is

tr
ib

u
te

d
fo

r
p
ro

b
it

,
or

lo
gi

t
d
is

tr
ib

u
te

d
fo

r
lo

g
it

),
an

d
u
n
it
i

is
a

ca
se

(h
av

in
g
y i

=
1)

if
an

d
on

ly
if
l i
>
t

fo
r

so
m

e
cu

to
ff
t.

T
h
e

p
re

va
le

n
ce
K

is
th

e
p
ro

p
or

ti
on

of
u
n
it

s
in

th
e

p
op

u
la

ti
on

h
av

in
g
l i
>
t.

W
e

em
p
h
a
si

ze
th

a
t

a
n
o
rm

a
ll
y

d
is

tr
ib

u
te

d
ε i

is
co

m
p
le

te
ly

eq
u
iv

al
en

t
to

a
st

an
d
a
rd

G
P

w
it

h
a

p
ro

b
it

li
ke

li
h
o
o
d
h

(·)
.

It
is

co
m

m
on

to
u
se

li
ke

li
h
o
o
d

fu
n
ct

io
n
s

as
so

ci
at

ed
w

it
h

a
sm

o
ot

h
an

d
sy

m
m

et
ri

ca
ll
y

d
is

tr
ib

u
te

d
ε i

,
su

ch
as

lo
gi

t
or

p
ro

b
it

,
w

h
ic

h
le

ad
s

to
a

sm
o
o
th

an
d

sy
m

m
et

ri
c

d
is

tr
ib

u
ti

o
n

of
li
ab

il
it

ie
s

in
th

e
p

op
u
la

ti
on

.
H

ow
ev

er
,

d
u
e

to
th

e
as

ce
rt

ai
n
m

en
t

m
ec

h
an

is
m

,
th

e
li
a
b
il
i-

ti
es

an
d

la
te

n
t

va
ri

ab
le

s
g i

in
an

as
ce

rt
ai

n
ed

sa
m

p
le

fo
ll
ow

a
n
on

-s
y
m

m
et

ri
c

a
n
d

p
o
ss

ib
ly

d
is

co
n
ti

n
u
ou

s
d
is

tr
ib

u
ti

on
(F

ig
u
re

3a
),

an
d

th
u
s

ca
n
n
ot

b
e

an
al

y
ze

d
w

it
h

st
a
n
d
a
rd

li
ke

li
-

h
o
o
d

fu
n
ct

io
n
s.

T
h
is

p
ro

b
le

m
m

ot
iv

at
es

o
u
r

p
ro

p
os

ed
so

lu
ti

on
s

fo
r

an
al

y
si

s
o
f

ca
se

-c
o
n
tr

ol
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L
ik
e
l
ih
o
o
d

f
o
r
G
P
s
u
n
d
e
r
C
a
se

-C
o
n
t
r
o
l
S
a
m
p
l
in
g

2
1

0
1

2
3

4
Liability

0.0

0.5

1.0

1.5

Sample density

0.1%
 Prev.

1%
 Prev.

10%
 Prev.

50%
 Prev.

2
1

0
1

2
3

4
Liability

0.0

0.2

0.4

0.6

0.8

Population density
2

1
0

1
2

3
Latent variable

Assum
e norm

ality in population

(a)

0.0

0.2

0.4

Sample density

2
1

0
1

2
3

Latent variable

Assum
e norm

ality in sam
ple

(b)

0.00

0.25

0.50

0.75

1.00

Population density

F
ig

u
re

3
:

T
h
e

im
p
lication

s
of

assu
m

in
g

n
orm

ality
of

laten
t

variab
les

in
th

e
p

op
u
lation

from
w

h
ich

u
n
its

are
sam

p
led

(p
an

el
a)

or
in

a
ca

se-con
trol

stu
d
y

(p
an

el
b
),

fo
r

a
G

P
w

ith
a

p
rob

it
lik

elih
o
o
d

an
d

a
sam

p
le

con
sistin

g
o
f

50%
cases.

T
h
e

liab
ility

is
g
iven

b
y
li

=
g
i

+
ε
i ,
g
i ,ε

i
∼
N

(0, √
0
.5).

U
n
its

w
ith

lia
b
ilities

g
reater

th
an

th
eir

(1-p
revalen

ce)
p

op
u
lation

q
u
an

tile
are

cases.
(a)

W
h
en

assu
m

in
g

n
o
rm

ality
in

th
e

p
op

u
lation

,
laten

t
variab

les
an

d
lia

b
ilities

in
a

case-con
tro

l
stu

d
y

are
n
ot

n
o
rm

ally
d
istrib

u
ted

(u
n
less

th
e

ca
ses

p
revalen

ce
is

50%
,

in
w

h
ich

case
th

ere
is

n
o

a
scertain

m
en

t).
(b

)
W

h
en

n
aively

assu
m

in
g

n
orm

ality
of

laten
t

variab
les

in
a

ca
se-con

trol
stu

d
y,

th
e

laten
t

variab
les

an
d

th
e

liab
ilities

are
n

o
t

n
orm

ally
d
is-

trib
u
ted

in
th

e
p

op
u
lation

from
w

h
ich

th
e

d
ata

w
as

sam
p
led

,
in

con
trad

ictio
n

to
th

e
liab

ility
th

resh
old

m
o
d
el.

S
p

ecifi
cally,

th
e

liab
ilities

d
istrib

u
tion

is
d
iscon

tin
-

u
o
u
s,

an
d

th
e

laten
t

variab
les

d
istrib

u
tion

h
as

a
h
eav

y
left

tail.
A

ll
d
istrib

u
tion

s
w

ere
com

p
u
ted

an
aly

tically
b
y

con
d
ition

in
g

on
th

e
sam

p
lin

g
in

d
icators

d
efi

n
ed

in
S
ection

2.3.

stu
d
ies.

M
a
n
y

stu
d
ies

in
p
ractice

ign
ore

th
e

com
p
lex

ities
ab

ove,
an

d
in

stead
u
se

com
m

on
likelih

o
o
d

fu
n
ction

s
su

ch
as

a
logit

or
a

p
rob

it
in

case-con
trol

stu
d
ies

(e.g.
C

h
en

et
al.

2
0
1
6
;

J
ian

g
et

al.
2015;

K
ram

er
et

al.
2017;

Q
i

et
al.

2017).
H

ow
ev

er,
th

is
solu

tion
im

p
lies

a
n
o
n
-sy

m
m

etric
an

d
d
iscon

tin
u
ou

s
d
istrib

u
tion

of
laten

t
variab

les
in

th
e

p
op

u
lation

from
w

h
ich

u
n
its

a
re

sam
p
led

,
in

stark
co

n
trast

to
th

e
cen

tral
lim

it
th

eorem
assu

m
p
tion

s
(F

igu
re

3
b
).

T
h
u
s,

ig
n
o
rin

g
th

e
ascertain

m
en

t
sch

em
e

in
G

P
s

m
ay

lead
to

n
on

sen
sical

p
rob

ab
ilistic

settin
g
s

u
n
d
er

com
m

on
assu

m
p
tion

s.

T
h
e

p
ra

ctical
im

p
lication

s
of

m
o
d
elin

g
v
iolation

s
d
u
e

to
ascertain

m
en

t
h
ave

b
een

in
-

vestig
a
ted

ex
ten

sively
in

th
e

statistical
gen

etics
literatu

re.
T

h
ese

in
clu

d
e

severe
b
iases

in
estim

a
tio

n
o
f

q
u
an

tities
su

ch
as

d
isease

h
eritab

ility
(G

olan
et

al.,
2014;

W
eissb

ro
d

et
al.,

7
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W
e
issb

r
o
d
,
K
a
u
f
m
a
n
,
G
o
l
a
n
a
n
d

R
o
sse

t

2018),
in

accu
rate

risk
p
red

iction
(G

olan
an

d
R

osset,
2
014)

an
d

loss
of

p
ow

er
in

h
y
p

oth
esis

testin
g

(W
eissb

ro
d

et
al.,

2015;
H

ayeck
et

al.,
2015;

Y
an

g
et

al.,
2014).

2
.3

.
M

o
d

e
lin

g
A

sc
e
rta

in
m

e
n
t

in
G

P
s

A
n
aly

sis
of

ascertain
ed

d
ata

is
ty

p
ically

p
erform

ed
b
y

(1)
d
efi

n
in

g
a

b
in

ary
sam

p
lin

g
in

-
d
icator

s
i

for
ev

ery
u
n
it
i

su
ch

th
at
s
i

d
ep

en
d
s

on
ly

on
y
i

(F
igu

re
2);

an
d

(2)
p

erform
in

g
all

statistical
in

feren
ce

task
s

con
d
ition

al
on

s
1

=
1
,...,s

n
=

1.
T

h
is

req
u
ires

sp
ecify

-
in

g
tw

o
n
u
m

b
ers:

th
e

sam
p
lin

g
p
rob

ab
ilities

of
cases

P
(s
i

=
1|y

i
=

1)
an

d
of

con
trols

P
(s
i

=
1|y

i
=

0).
T

h
ere

are
tw

o
m

ain
a
p
p
roach

es
for

estim
atin

g
th

e
h
y
p

erp
aram

eters
θ
y|X

,Z
of

th
e

d
istrib

u
tion

P
(y|X

,Z
)

w
ith

su
ch

in
d
icato

rs,
d
iff

erin
g

w
ith

resp
ect

to
h
ow

th
e

sam
p
lin

g
p
rob

ab
ilities

are
d
eterm

in
ed

.

M
a
xim

u
m

p
ro

fi
le

likelih
ood

estim
ates

θ
y|X

,Z
b
y

join
tly

m
ax

im
izin

g
th

e
so-called

p
rofi

le
likelih

o
o
d
P

(y|X
,Z
,s

1
=

1,...,s
n

=
1)

ov
er

b
oth

θ
y|X

,Z
a
n
d

th
e

n
u
isan

ce
h
y
p

erp
aram

e-

ters
θ
s|y

of
th

e
d
istrib

u
tion

s
P

(s
i

=
1|y

i )
of

every
p

ossib
le

valu
e

of
y
i ,

i.e.,
θ̂
y|X

,Z
,
θ̂
s|y =

argm
ax
θ
y|X

,Z
,θ
s|y
P
(y
|
X
,Z
,s

1
=

1,...,s
n

=
1,θ

y|X
,Z
,θ
s|y )

(S
cott

an
d

W
ild

,
2001).

T
h
e

resu
ltin

g
estim

ator
is

m
ax

im
ally

effi
cien

t
as

it
attain

s
th

e
C

ram
ér-R

ao
low

er
b

ou
n
d
.

A
scerta

in
ed

M
a
xim

u
m

L
ikelih

ood
(A

M
L

)
estim

ates
θ
y|X

,Z
u
sin

g
a

p
re-sp

ecifi
ed

assign
-

m
en

t
θ
s|y

=
θ

0s|y ,
i.e.,

θ̂
y|X

,Z
=

argm
ax
θ
y|X

,Z
P
(
y
|
X
,Z
,s

1
=

1,...,s
n

=
1,θ

y|X
,Z
,θ

0s|y )

(S
cott

an
d

W
ild

,
1997).

F
or

a
b
in

ary
ou

tco
m

e
w

ith
a

p
op

u
lation

p
revalen

ce
K

an
d

an

in
-sam

p
le

p
revalen

ce
P

,
an

y
assign

m
en

t
θ

0s|y
ob

ey
in

g
th

e
con

strain
t
P

(s
i =

1|y
i =

0
)

P
(s
i =

1|y
i =

1
)

=
K

(1−
P

)
(1−

K
)P

gu
aran

tees
con

sisten
t

estim
ates

(i.e.,
estim

ators
con

v
erg

e
to

th
e

tru
e

p
aram

eter
valu

es
as

sam
p
le

size
ten

d
s

to
in

fi
n
ity

if
th

e
m

o
d
el

is
tru

e),
b

ecau
se

it
y
ield

s
th

e
ob

served
case-co

n
trol

ratio
in

ex
p

ectation
.

T
h
is

ap
p
roach

is
often

term
ed

p
seu

d
o

likelih
o
o
d

or
con

d
ition

al
like-

lih
o
o
d

(M
an

sk
i,

1981;
H

sieh
et

al.,
1985),

b
u
t

as
b

oth
term

s
h
ave

altern
ative

m
ean

in
gs

in
G

L
M

M
literatu

re,
w

e
u
se

th
e

term
ascertain

ed
likelih

o
o
d

in
stead

.
A

M
L

is
less

statistically
effi

cien
t

th
an

m
ax

im
u
m

p
rofi

le
likelih

o
o
d
,

in
th

e
sen

se
th

at
th

e
estim

ator
h
as

a
larger

vari-
an

ce.
H

ow
ever,

th
e

loss
of

effi
cien

cy
h
as

b
een

sh
ow

n
to

b
e

n
egligib

le
in

p
ractice

(W
ild

,
1991;

S
cott

an
d

W
ild

,
1997).

A
M

L
h
as

p
rev

iou
sly

b
een

u
sed

for
fam

ily
-b

ased
stu

d
ies

(G
lid

d
en

an
d

L
ian

g,
2002;

E
p
stein

et
al.,

2002),
b
u
t

to
ou

r
k
n
ow

led
ge

it
h
as

n
ot

b
een

u
sed

u
n
d
er

th
e

com
b
in

ation
of

a
d
ep

en
d
en

cy
stru

ctu
re

an
d

u
n
it-level

sam
p
lin

g.

T
o

com
b
in

e
G

P
s

w
ith

th
e

A
M

L
fram

ew
ork

,
w

e
d
efi

n
e

th
e

ascertain
ed

G
P

likelih
o
o
d

an
d

ap
p
ly

B
ay

es’
law

as
follow

s:

L
∗

(β
,θ

)
=
P

(y
|
X
,Z
,s

=
1,θ

,β
)

=
P

(y
|
X
,Z
,θ
,β

)

P
(s

=
1
|
X
,Z
,θ
,β

) ∏

i

P
(s
i

=
1|y

i ),
(2)

w
h
ere

s
=

1
is

a
sh

orth
an

d
n
otation

for
s

1
=

1,...,s
n

=
1

an
d
θ
y|X

,Z
=
{
θ
,β}.

T
h
e

last
term

in
th

e
rh

s
of

E
q
u
ation

2
is

con
sid

ered
k
n
ow

n
u
n
d
er

A
M

L
an

d
req

u
ires

n
o

sp
ecial

treatm
en

t.
T

h
e

n
u
m

erator
is

th
e

likelih
o
o
d

of
a

stan
d
ard

G
P

u
n
d
er

n
o

ascertain
m

en
t,

an
d

th
e

d
en

om
in

ator
is

th
e

likelih
o
o
d

of
a

G
P

in
w

h
ich

th
e

ou
tcom

e
is
s
i

in
stead

of
y
i .

A
n
aive

ap
p
roach

is
to

ap
p
rox

im
ate

th
e

n
u
m

erator
an

d
d
en

om
in

ator
sep

arately.
H

ow
ever,

ob
tain

in
g

an
accu

rate
estim

ate
of

th
e

ratio
is

ex
trem

ely
ch

allen
gin

g,
b

ecau
se

b
oth

th
e

n
u
m

erator
an

d
d
en

om
in

ator
are

ch
allen

gin
g

to
ap

p
rox

im
ate,

an
d

an
y

in
accu

racy
is

com
p

ou
n
d
ed

b
y

th
e

d
iv

ision
.

In
ou

r
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p
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al

u
at

io
n

of
ea

ch
ja

ck
k
n
if

e
sa

m
p
le

re
q
u
ir

es
in

ve
rt

in
g

a
m

at
ri

x
th

at
is

a
su

b
m

at
ri

x
of

a
m

at
ri

x
th

at
w

as
in

ve
rt

ed
in

th
e

or
ig

in
al

co
m

p
u
ta

ti
o
n
,

w
it

h
on

e
ro

w
an

d
on

e
co

lu
m

n
re

m
ov

ed
.

S
u
ch

an
in

v
er

si
on

ca
n

b
e

co
m

p
u
te

d
ra

p
id

ly
w

h
il
e

re
-

ta
in

in
g

n
u
m

er
ic

al
st

ab
il
it

y,
b
y

co
m

b
in

in
g

a
C

h
ol

es
k
y

d
ec

om
p

os
it

io
n

w
it

h
a

se
ri

es
o
f

G
iv

en
s

10
JM

L
R

 2
0(

10
8)

:1
-3

0,
 2

01
9



L
ik
e
l
ih
o
o
d

f
o
r
G
P
s
u
n
d
e
r
C
a
se

-C
o
n
t
r
o
l
S
a
m
p
l
in
g

ro
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d
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b
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p
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w
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p
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d
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.
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b
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w
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eritab

ility,
d
efi

n
ed

a
s

th
e

p
rop

ortion
of

var(li )
ex

p
lain

ed
b
y

gen
etics.

W
e

sim
u
la

ted
gen

etic
d
ata

b
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b
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b
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a
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b
tractin

g
th

e
m

ean
an

d
d
iv

id
in

g
b
y

th
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a
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d
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d
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(
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(
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b
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(
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p
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d
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se-co
n
tro

l
stu

d
ies

(G
olan

et
al.,

2014).
W

e
estim

ated
h
y
p

erp
aram

eters
in

th
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m
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b
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p
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b
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b
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con
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h
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d
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d
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revalen
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b
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p
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d
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p

e
rp

a
ra

m
e
te

rs

O
u
r

fi
rst

ex
p

erim
en

t
evalu

ated
varian

ce
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b
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b
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rem
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p
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b
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b
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b
u
t

P
C

G
C

h
ad

a
con

sisten
tly

larger
sam

p
lin

g
varian

ce,
b

ecau
se

it
u
ses

a
m

om
en

t-b
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b
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p
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at
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b
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d
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p
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p
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b
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b
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ra
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b
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ra
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b
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h
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d
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ra
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b
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b
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d
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b
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at
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h
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at
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u
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h
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h
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d
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h
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ra
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at
is

ti
ca

l
co

n
si

st
en

cy
of

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

or
s

fo
r

li
n
ea

r
m

ix
ed

m
o
d
el

s
(i

.e
.,

G
P

s
w

it
h

a
li
n
ea

r
ke

rn
el

an
d

a
n
or

m
al

li
ke

li
h
o
o
d
)

in
si

m
il
ar

se
tt

in
gs

u
si

n
g

ra
n
d
o
m

m
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tr

ix
th

eo
ry
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on

n
et

et
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.,
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;

J
ia

n
g

et
al

.,
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16
b
;

D
ic

ke
r

an
d

E
rd

o
gd

u
,

20
1
6
),

b
u
t

to
o
u
r

k
n
ow

le
d
ge

su
ch

re
su

lt
s

h
av

e
n
ot

b
ee

n
d
er

iv
ed

fo
r

G
P

s
w

it
h

n
o
n
-n

or
m

al
li
ke

li
h
o
o
d
s.

W
e

co
n
cl

u
d
e

th
at

th
er

e
is

a
m

a
jo

r
ga

p
in

st
at

is
ti

ca
l

th
eo

ry
re

ga
rd

in
g
r/
m
→

0
a
sy

m
p
to

ti
cs

,
re

p
re

se
n
ti

n
g

q
u
es

ti
on

s
of

b
ot

h
th

eo
re

ti
ca

l
an

d
p
ra

ct
ic

al
im

p
or

ta
n
ce

.

S
ev

er
al

to
p
ic

s
th

at
re

m
ai

n
u
n
ex

p
lo

re
d

in
th

is
w

or
k

a
re

G
P

s
w

it
h

m
or

e
ad

va
n
ce

d
ke

rn
el

s,
ou

tc
om

e
p
re

d
ic

ti
on

an
d

te
st

in
g

of
fi
x
ed

eff
ec

ts
,
fo

r
w

h
ic

h
se

ve
ra

l
h
eu

ri
st

ic
m

et
h
o
d
s

h
av

e
b

ee
n

p
ro

p
os

ed
in

th
e

st
at

is
ti

ca
l

ge
n
et

ic
s

li
te

ra
tu

re
(H

ay
ec

k
et

al
.,

20
15

;
W

ei
ss

b
ro

d
et

a
l.
,

2
0
1
5;

C
h
en

et
al

.,
20

16
;

J
ia

n
g

et
al

.,
20

16
a)

.
E

x
te

n
d
in

g
ou

r
ap

p
ro

ac
h

to
h
an

d
le

th
es

e
to

p
ic

s
is

a
p

ot
en

ti
al

av
en

u
e

fo
r

fu
tu

re
w

or
k
.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
is

w
or

k
w

as
su

p
p

or
te

d
b
y

gr
an

t
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om
th

e
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ra
el

S
ci

en
ce

F
ou

n
d
at

io
n
.

T
h
is

st
u
d
y

m
ak

es
u
se

of
d
at

a
ge

n
er

at
ed

b
y

th
e

W
el

lc
om

e
T

ru
st

C
as

e
C

on
tr

o
l

C
on

so
rt

iu
m

.
A

fu
ll

li
st

of
th

e
in

ve
st

ig
at

or
s

w
h
o

co
n
tr

ib
u
te

d
to

th
e

g
en

er
at

io
n

of
th

e
d
at

a
is

av
a
il
a
b
le

fr
o
m

w
w

w
.w

tc
cc

.o
rg

.u
k
.

F
u
n
d
in

g
fo

r
th

e
p
ro

je
ct

w
as

p
ro

v
id

ed
b
y

th
e

W
el

lc
om

e
T

ru
st

u
n
d
er

aw
ar

d
07

61
13

.
W

e
th

an
k

M
al

ka
G

or
fi
n
e

fo
r

fr
u
it

fu
l

d
is

cu
ss

io
n
s.

A
p
p

e
n
d
ix

A

H
er

e
w

e
d
es

cr
ib

e
a

fa
st

T
ay

lo
r

ex
p
an

si
on

-b
as

ed
ap

p
ro

x
im

at
io

n
to

A
P

L
es

ti
m

a
ti

o
n

o
f

G
P

s
w

it
h

a
p
ro

b
it

li
ke

li
h
o
o
d

an
d

a
sc

al
in

g
p
ar

am
et

er
σ

2
.

D
en

ot
e

co
v
(g
i,
g j

)
=

ρ
σ

2 g
,

w
h
er

e
g i

is
th

e
la

te
n
t

va
ri

ab
le

of
u
n
it
i

an
d
ρ

d
ep

en
d
s

on
Z
i,
Z
j
,

an
d

on
al

l
th

e
o
th

er
ke

rn
el

h
y
p

er
p
ar

am
et

er
s.

T
h
e

jo
in

t
li
ke

li
h
o
o
d

of
ea

ch
p
ai

r
of

u
n
it

s
ca

n
b

e
w

ri
tt

en
a
s:

P
(y
i

=
a
,y
j

=
b
|X

i,
X
j
,Z

i,
Z
j
,s
i

=
s j

=
1)

=
A
a
b
(ρ

)

B
(ρ

)
P

(s
i

=
1
|y
i)
P

(s
j

=
1
|y
j
),

(4
)

w
h
er

e
A
a
b
(ρ

)
,
P

(y
i

=
a
,y
j

=
b
|X

i,
X
j
,ρ

),
B

(ρ
)
,
P

(s
i

=
s j

=
1
|X

i,
X
j
,ρ

),
a
n
d

w
e

om
it

te
d

th
e

h
y
p

er
p
ar

am
et

er
s
θ

,
β

fo
r

b
re

v
it

y.
U

si
n
g

th
e

la
w

of
to

ta
l

p
ro

b
a
b
il
it

y,
w

e
ca

n
w

ri
te

:
B

(ρ
)

=
(s

1
)2
A

1
1
(ρ

)
+
s1
s0

(A
1
0
(ρ

)
+
A

0
1
(ρ

))
+

(s
0
)2
A

0
0
(ρ

),
w

h
er

e
st

=
P

(s
i

=
1|
y i

=
t)

.
N

ex
t,

w
e

ex
p
li
ci

tl
y

ev
al

u
at

e
th

es
e

q
u
an

ti
ti

es
at

ρ
=

0
:
A
a
b
(0

)
=

K
a i
(1
−
K
i)

1
−
a
K
b j
(1
−
K
j
)1
−
b
,
B

(0
)

=
( s

0
(1
−
K
i)

+
s1
K
i)
( s

0
(1
−
K
j
)

+
s1
K
j

) ,
w

h
er

e
K
i

=
P

(y
i

=
1|
X
i)

,
an

d
w

e
om

it
te

d
th

e
d
ep

en
d
en

ce
on

Z
i

b
ec

a
u
se

w
e

a
ss

u
m

e
th

a
t

g i
∼
N

(0
,σ

2 g
)

m
ar

gi
n
al

ly
re

ga
rd

le
ss

of
Z
i.

T
h
e
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ov

e
eq

u
at

io
n
s

h
ol

d
b

ec
a
u
se
y i
,y
j

a
n
d

s i
,s
j
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e

in
d
ep

en
d
en

t
gi

ve
n
ρ

=
0.
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L
ik
e
l
ih
o
o
d

f
o
r
G
P
s
u
n
d
e
r
C
a
se

-C
o
n
t
r
o
l
S
a
m
p
l
in
g

W
e

n
ex

t
co

m
p
u
te

th
e

p
artial

d
erivatives

of
b

oth
ex

p
ression

s
w

ith
resp

ect
to
ρ

at
ρ

=
0.

F
o
llow

in
g

(G
ola

n
et

al.,
2014),

w
e

h
ave:

dd
ρ
A
a
b (ρ

)|ρ
=

0
=
φ

(ti )φ
(tj )σ

2(−
1)
a6=

b

dd
ρ
B

(ρ
)|ρ

=
0

=
(s

1)
2
dd
ρ
A

1
1 (ρ

)|ρ
=

0
+

2
s

1s
0
dd
ρ
A
a6=

b (ρ
)|ρ

=
0

+
(s

0)
2
dd
ρ
A

0
0 (ρ

)|ρ
=

0

=
φ

(ti )φ
(tj )σ

2 ((s
1)

2
+

(s
0)

2−
2s

1s
0 )
,

w
h
ere

φ
(·)

is
th

e
stan

d
ard

n
orm

al
d
en

sity,
an

d
ti

=
Φ
−

1(1−
K

)−
X

Ti
β

is
th

e
lia

b
ility

cu
toff

fo
r

u
n
it
i,

w
ith

Φ
(·)

rep
resen

tin
g

th
e

sta
n
d
ard

n
orm

al
cu

m
u
lative

d
en

sity
an

d
K

b
ein

g
th

e
p
reva

len
ce

o
f

ca
ses

in
th

e
p

op
u
lation

.
F

in
a
lly,

w
e

p
lu

g
in

th
e

ab
ove

ex
p
ression

s
in

to
th

e
T

ay
lor

ex
p
an

sion
of

E
q
u
ation

4
at

ρ
=

0
,

w
h
ich

ca
n

b
e

w
ritten

as
follow

s:

A
a
b (ρ

)

B
(ρ

)
P

(s
i |y

i )P
(s
j |y

j )
=

(
A
′a
b (0)B

(0)−
B
′(0)A

a
b (0)

B
(0)

2
ρ

+
O

(ρ
2) )

P
(s
i |y

i )P
(s
j |y

j ).

A
p
p

e
n
d
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B

H
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w
e

p
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id
e

an
in
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al
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sis
m

otivatin
g

th
e

u
se

of
A

E
P

.
A

form
al
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aly

sis
of

A
E

P
is

d
iffi

cu
lt

b
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u
se

th
ere

are
relatively

few
th

eoretical
gu

aran
tees

for
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n
d
ard

E
P

(D
eh

aen
e

a
n
d

B
a
rth

elm
é,

2016,
2018).

In
stea

d
,

w
e

state
several

assu
m

p
tion

s
an

d
th

en
p
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e

an
in

fo
rm

a
l

a
n
a
ly

sis
u
n
d
er

th
ese

assu
m

p
tion

s.
T

h
rou

gh
ou

t
th

is
A

p
p

en
d
ix

,
th

e
n
otation

s
is

a
sh

o
rth

an
d

n
otation

for
s

1
=
...

=
s
n

=
1,
u
−
i

in
d
icates

th
e

vector
u

w
ith

th
e
i th

en
try

rem
oved

,
a
n
d

w
e

om
it

th
e

d
ep

en
d
en

ce
on
β
,θ

fo
r

b
rev

ity.

T
h

e
p

a
ra

m
e
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rm

o
f

th
e

A
E

P
site

a
p

p
ro

x
im

a
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n

W
e
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rst

d
em

on
strate

th
at

in
ord

er
for

A
E

P
to

ap
p
rox

im
ate

th
e

ascerta
in

ed
likelih

o
o
d

P
(y|X

,Z
,s

)
(u

p
to

a
scalin

g
factor)

at
its

fi
x
ed

p
oin

t,
th

e
site

fu
n
ction

ti (g
i )

n
eed

s
to

a
p
p
rox

im
a
tely

tak
e

th
e

follow
in

g
p
aram

etric
form

:

ti (g
i )≈

P
(y
i ,s

i |g
i ,X

i )

P
(s
i |X

,Z
,s−

i ) .
(5)

N
o
te

th
a
t

th
is

is
d
iff

eren
t

from
th

e
stan

d
ard

E
P

ap
p
rox

im
ation

ti (g
i )≈

P
(y
i |X

i ,g
i ).

O
u
r

d
eriva

tion
req

u
ires

an
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d
ition
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ap

p
rox

im
a
tion

:

A
p

p
ro

x
im

a
tio

n
1

P
(s|X

,Z
)≈

1

C
(X

,Z
) ∏

i

P
(s
i |X

,Z
,s−

i ),
for

som
e

p
rop

ortion
ality

factor
C

(X
,Z

).

A
p
p
rox

im
atio

n
1

is
m

otivated
b
y

th
e

th
eory

of
com

p
osite

likelih
o
o
d

estim
a
tors

(V
a
rin

et
al.,

2
0
1
1
).

S
p

ecifi
cally,

th
e

com
p

osite
m

ax
im

u
m

likelih
o
o
d

estim
ator

of
β
,θ

is
asy

m
p
totically

n
o
rm

a
lly

d
istrib

u
ted

arou
n
d

th
eir

tru
e

valu
es

u
n
d
er

su
itab

le
regu

larity
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d
ition

s
(C

ox
a
n
d

R
eid

,
2
0
0
4
).

S
in

ce
b

oth
th

e
fu

ll
an

d
th

e
com

p
osite

m
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im
u
m

likelih
o
o
d

estim
ators
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W
e
issb

r
o
d
,
K
a
u
f
m
a
n
,
G
o
l
a
n
a
n
d

R
o
sse

t

are
asy

m
p
totically

n
orm

al
w

ith
th

e
sam

e
m

ean
,

th
e

com
p

osite
likelih

o
o
d

is
ap

p
rox

im
a
tely

p
rop

ortion
al

to
th

e
fu

ll
likelih

o
o
d

arou
n
d

th
is

m
ean

,
w

ith
th

e
ap

p
rox

im
ation

accu
racy

d
ep

en
d
in

g
on

th
e

ratio
b

etw
een

th
eir

varian
ces.

T
h
is

ratio
d
ep

en
d
s

o
n

th
e

ratio
b

etw
een

th
e

d
iagon

al
en

tries
of

th
e

F
ish

er
an

d
th

e
G

o
d
am

b
e

in
form

ation
m

atrices
(V

arin
et

al.,
2011).

N
ote

th
at

if
A

p
p
rox

im
ation

1
h
o
ld

s,
th

is
im

p
lies

th
at

it
also

h
old

s
w

h
en

rep
lacin

g
s

w
ith

s−
j

an
d

om
ittin

g
j

from
th

e
p
ro

d
u
ct.

T
h
is

p
rop

erty
w

ill
b

e
u
sed

in
th

e
d
erivation

s
b

elow
.

U
n
d
er

E
q
u
ation

5
an

d
A

p
p
rox

im
ation

1
,

th
e

A
E

P
likelih

o
o
d
∫
P

(g|Z
) ∏

i ti (g
i )d
g

is
ap

p
rox

im
ately

p
rop

ortion
al

to
th

e
ascertain

ed
likelih

o
o
d
P

(y|X
,Z
,s

):

∫
P

(g|Z
) ∏

i

ti (g
i )d
g

E
q
u

a
tio

n
5

≈
∫
P

(g|Z
) ∏

i

P
(y
i ,s

i |g
i ,X

i )

P
(s
i |X

,Z
,s−

i ) d
g

=

∫
P

(g|Z
) ∏

i P
(s
i |g

i ,X
i )

∏
i P

(s
i |X

,Z
,s−

i )

∏

i

P
(y
i |s

i ,g
i ,X

i )d
g

A
p

p
ro

x
im

a
tio

n
1

≈
C

(X
,Z

) ∫
P

(g|Z
)P

(s|g
,X

)

P
(s|X

,Z
)

P
(y|s

,g
,X

)d
g

=
C

(X
,Z

) ∫
P

(g|X
,Z
,s

)P
(y|s

,g
,X

)d
g

=
C

(X
,Z

)·P
(y|X

,Z
,s

).

T
h
e

last
tw

o
eq

u
alities

u
se

th
e

fact
th

at
y

,
s

are
con

d
ition

ally
in

d
ep

en
d
en

t
o
f
Z

given
g

.
W

e
con

clu
d
e

th
at

if
ti (g

i )
ap

p
rox

im
ately

takes
th

e
form

of
E

q
u
ation

5
th

en
th

e
h
y
p

erp
aram

-
eters

β
,
θ

w
h
ich

m
ax

im
ize

th
e

A
E

P
likelih

o
o
d

are
ap

p
rox

im
a
tely

th
e

m
ax

im
u
m

likelih
o
o
d

estim
ates.

D
e
riv

a
tio

n
o
f

th
e

A
E

P
S

te
p

H
ere

w
e

p
rov

id
e

a
h
eu

ristic
m

otivation
for

th
e

A
E

P
step

p
ro

ced
u
re.

R
ecall

from
S
ection

3.2
th

at
th

e
A

E
P

step
con

sists
of

fi
n
d
in

g
th

e
u
n
n
orm

alized
G

au
ssian

ti (g
i )

th
at

op
tim

izes
th

e
follow

in
g

ap
p
rox

im
ation

:

∫
q−

i (g
i )ti (g

i )d
g
i ≈

∫
q−

i (g
i )P

(y
i ,s

i |g
i ,X

i )d
g
i

∫
q−

i (g
i )P

(s
i |g

i ,X
i )d
g
i
,

(6)

w
h
ere

q−
i (g

i )∝
∫
P

(g|Z
) ∏

j6=
i tj (g

j )d
g−

i ,
an

d
th

e
op

tim
ization

is
p

erform
ed

b
y

m
atch

in
g

th
e

zeroth
,

fi
rst,

an
d

secon
d

d
erivatives

of
b

oth
fu

n
ction

s
w

ith
resp

ect
to
µ
−
i .

W
e

fi
rst

w
rite

d
ow

n
th

e
n
atu

ral
an

alogu
e

of
th

e
stan

d
ard

E
P

step
o
b

jectiv
e

for
A

E
P

.
A

c-
cord

in
g

to
E

q
u
ation

5,
th

is
ob

jectiv
e

fi
n
d
s

th
e

u
n
n
orm

alized
G

au
ssian

ti (g
i )

th
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el
a
n
ic̆

(2
0
1
2
))

.
It

is
n
at

u
ra

l
th

er
ef

or
e

to
st

u
d
y

th
es

e
k
in

d
s

of
gr

ap
h
s.

W
e

w
il
l

ex
am

in
e

gr
ap

h
le

a
rn

in
g

fo
r

th
is

gr
ap

h
cl

as
s

in
th

is
p
ap

er
.

In
ou

r
p
ap

er
,

w
e

m
ak

e
th

e
fo

ll
ow

in
g

co
n
tr

ib
u
ti

o
n
s:

•
W

e
p
ro

p
os

e
an

al
go

ri
th

m
to

te
st

th
e

fa
it

h
fu

ln
es

s
of

a
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
re

-
la

ti
on

of
th

e
fo

rm
X
u
⊥
X
v
|X

S
,

w
h
er

e
X
u
,X

v
an

d
X

S
ar

e
th

e
ra

n
d
o
m

va
ri

a
b
le

s
as

so
ci

at
ed

w
it

h
th

e
n
o
d
es
u

,
v

an
d

th
e

n
o
d
e

se
t
S

.
T

h
is

al
go

ri
th

m
u
se

s
o
th

er
co

n
d
i-

ti
on

al
in

d
ep

en
d
en

ce
re

la
ti

on
s

of
th

e
fo

rm
X
i
⊥
X
j
|X

S
,

w
h
er

e
i,
j
/∈
S

to
d
et

er
m

in
e

th
is

.
T

h
e

fa
it

h
fu

ln
es

s
te

st
d
o
es

n
ot

re
q
u
ir

e
an

y
as

su
m

p
ti

on
on

th
e

p
op

u
la

ti
o
n

v
er

si
on

of
co

va
ri

an
ce

m
at

ri
x

Σ
an

d
ca

n
b

e
ap

p
li
ed

to
an

y
G

au
ss

ia
n

gr
ap

h
ic

a
l

m
o
d
el

.
T

o
th

e
b

es
t

of
ou

r
k
n
ow

le
d
ge

,
th

is
is

th
e

fi
rs

t
al

g
or

it
h
m

th
at

u
se

s
lo

ca
l

in
fo

rm
a
ti

o
n

o
f
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-se

pa
r
a
b
l
e
G
a
u
ssia

n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

a
m

a
trix

to
test

for
th

e
faith

fu
ln

ess
of

a
con

d
ition

al
in

d
ep

en
d
en

ce
relation

.
W

e
also

p
rov

id
e

sa
m

p
le

com
p
lex

ity
b

ou
n
d
s

for
th

is
algorith

m
.

•
W

e
p
ro

p
o
se

a
stru

ctu
re

learn
in

g
algorith

m
for

w
eak

ly
K

-sep
arab

le
G

au
ssian

grap
h
ical

m
o
d
els.

T
h
e

q
u
an

tity
K

con
trols

th
e

size
of
S

th
at

w
e

n
eed

to
con

d
ition

on
to

learn
th

e
g
ra

p
h
.

T
h
is

algorith
m

search
es

th
rou

gh
d
iff

eren
t

p
ossib

le
n
o
d
e

sets
S

an
d

m
akes

u
se

o
f

th
e

fa
ith

fu
ln

ess
test

to
id

en
tify

w
h
en

a
con

d
ition

a
l

in
d
ep

en
d
en

ce
relation

im
p
lies

th
a
t

th
ere

is
n
o

ed
ge

b
etw

een
tw

o
n
o
d
es

in
th

e
top

ology
of

th
e

grap
h
ical

m
o
d
el.

T
h
ere

is
n
o

p
articu

lar
assu

m
p
tion

on
h
ow

sm
all

K
n
eed

s
to

b
e,

ex
cep

t
th

at
K

scales
a
cco

rd
in

g
to
O

(n
/

log
p
)

w
h
ere

n
is

th
e

n
u
m

b
er

of
sam

p
les

an
d
p

is
th

e
d
im

en
sion

of
th

e
m

u
ltivariate

G
au

ssian
d
istrib

u
tion

.
T

h
ere

are
tw

o
m

ain
n
ovelties

of
th

is
algorith

m
.

T
h
e

fi
rst

is
th

at
w

e
m

ake
n
o

assu
m

p
tion

on
th

e
m

o
d
el

of
th

e
grap

h
oth

er
th

a
n

it
is

w
ea

k
ly
K

-sep
arab

le.
T

h
erefore,

w
e

d
o

n
ot

req
u
ire

assu
m

p
tion

s
for

th
e

grap
h

to
b

e
fa

ith
fu

l
o
r

to
satisfy

certain
irrep

resen
tab

ility
con

d
ition

s,
w

h
ich

ten
d

to
b

e
h
ard

to
verfi

y.
T

h
e

secon
d

n
ovelty

is
th

at
th

e
w

eak
ly
K

-sep
arab

le
con

d
ition

su
b
su

m
es

oth
er

k
n
ow

n
d
egree

b
ou

n
d

(sp
arsity

)
assu

m
p
tion

s.
T

h
is

m
ean

s
th

at
ou

r
algorith

m
caters

to
a

larger
class

of
G

au
ssian

grap
h
ical

m
o
d
els.

•
W

e
p
rop

o
se

a
p
recision

m
atrix

learn
in

g
algorith

m
fo

r
stron

gly
K

-sep
ara

b
le

G
au

ssian
g
ra

p
h
ica

l
m

o
d
els.

T
h
is

algorith
m

n
ot

on
ly

learn
s

th
e

stru
ctu

re
o
f

th
e

g
rap

h
,

it
learn

s
th

e
en

tries
of

th
e

p
recision

m
atrix

(ed
ge

w
eigh

ts)
as

w
ell.

O
f

cou
rse,

to
d
o

so
w

e
can

sim
p
ly

in
v
ert

th
e

m
atrix

.
H

ow
ev

er,
w

ith
sm

a
ll
K

,
w

e
can

get
b

etter
sam

p
le

com
p
lex

ity
in

th
e

h
ig

h
-d

im
en

sion
al

settin
g.

T
h
e

algorith
m

is
sim

ilar
to

th
e

w
eak

ly
K

-sep
a
rab

le
lea

rn
in

g
a
lgorith

m
in

th
e

sen
se

th
at

it
again

ru
n
s

th
rou

gh
d
iff

eren
t

n
o
d
e

sets
S

to
co

n
d
itio

n
on

.
H

ow
ever,

it
u
ses

th
e

faith
fu

ln
ess

test
som

ew
h
at

d
iff

eren
tly

to
id

en
tify

sep
a
ra

to
r

n
o
d
es
S

.
T

h
e

goal
is,

for
an

y
p
air

of
n
o
d
es
i

an
d
j,

to
fi
n
d
S

su
ch

th
at

a
ll

p
a
th

s
from

i
to
j

th
at

is
of

ed
ge

len
g
th

greater
th

an
on

e
m

u
st

p
ass

th
rou

gh
som

e
n
o
d
e

in
S

.
T

h
is

gives
u
s

a
n
ice

ex
p
ression

for
th

e
p
recision

m
atrix

en
tries

Ω
ij .

T
h
is

p
a
p

er
is

stru
ctu

red
as

follow
s:

In
S
ection

2,
w

e
d
iscu

ss
som

e
p
relim

in
aries

ab
ou

t
G

a
u
ssia

n
g
ra

p
h
ical

m
o
d
els.

In
S
ection

3,
w

e
state

ou
r

algorith
m

for
testin

g
th

e
faith

fu
ln

ess
o
f

a
co

n
d
ition

a
l

in
d
ep

en
d
en

ce
relation

an
d

th
e

th
eoretical

gu
aran

tees
of

th
e

algorith
m

.
In

S
ectio

n
4,

w
e

lay
ou

t
an

algorith
m

th
at

learn
s

th
e

stru
ctu

re
of

a
w

eak
ly
K

-sep
arab

le
G

au
s-

sia
n

g
ra

p
h
ical

m
o
d
el.

In
S
ection

5,
w

e
in

tro
d
u
ce

ou
r

algorith
m

for
learn

in
g

th
e

stru
ctu

re
a
n
d

p
recisio

n
m

atrix
en

tries
of

a
stron

gly
K

-sep
arab

le
G

au
ssian

grap
h
ical

m
o
d
el.

In
S
ection

6
,

w
e

lo
o
k

a
t

so
m

e
ex

am
p
les

w
h
ere

ou
r

algorith
m

can
p

erform
stru

ctu
ral

estim
ation

w
h
ile

o
th

ers
th

at
rely

on
sp

arsity
can

n
ot.

1
.1

.
R

e
la

te
d

W
o
rk

T
h
e

u
se

of
co

n
d
ition

al
in

d
ep

en
d
en

ce
relation

s
to

in
fer

grap
h

stru
ctu

re
in

th
e

h
igh

d
im

en
-

sio
n
a
l

settin
g

w
as

fi
rst

in
tro

d
u
ced

in
A

n
a
n
d
k
u
m

ar
et

al.
(2012).

T
h
e

au
th

ors
in

th
is

w
ork

a
lso

u
se

a
sea

rch
algorith

m
to

search
th

rou
gh

d
iff

eren
t

n
o
d
e

sets
S

for
every

n
o
d
e

p
air

i
a
n
d
j

so
a
s

to
d
eterm

in
e

w
h
eth

er
an

ed
ge

ex
ists

b
etw

een
i

an
d
j.

T
h
ey

con
sid

er
w

alk
-

su
m

m
a
b
le

G
a
u
ssian

grap
h
ical

m
o
d
els

th
at

satisfy
a

sep
arab

ility
con

d
ition

k
n
ow

n
as

th
e

lo
ca

l
sep

arab
ility

p
rop

erty.
B

ecau
se

con
d
ition

al
in

d
ep

en
d
en

ce
relation

s
are

u
sed

to
im

p
ly

so
m

eth
in

g
ab

o
u
t

th
e

top
ology

of
th

e
grap

h
ical

m
o
d
el,

th
e

p
rob

lem
of

u
n
faith

fu
l

con
d
ition

al

3
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S
o
h
a
n
d

T
a
t
ik
o
n
d
a

in
d
ep

en
d
en

ce
relation

s
n
eed

ed
to

b
e

d
ea

lt
w

ith
.

A
n

assu
m

p
tion

on
th

e
p
recision

m
atrix

(A
ssu

m
p
tion

A
4)

restricts
th

eir
m

o
d
els

to
faith

fu
l

grap
h
ical

m
o
d
els.

W
e

also
n
ote

h
ere

th
at

th
is

assu
m

p
tion

alon
g

w
ith

a
m

in
im

u
m

p
recision

m
atrix

en
try

assu
m

p
tion

(A
ssu

m
p
tion

A
1)

im
p
lies

th
at

th
e

m
ax

im
u
m

n
o
d
e

d
egree

of
th

e
grap

h
is
O

( √
n
/

log
p
).

A
n
oth

er
class

of
p
ap

ers
th

at
w

ork
on

h
igh

-d
im

en
sion

a
l
G

au
ssian

grap
h
ical

m
o
d
els

stru
c-

tu
ral

estim
ation

are
th

ose
th

at
m

ake
u
se

of
con

v
ex

op
tim

ization
on

sp
arse

p
recision

m
atrices

(M
ein

sh
au

sen
an

d
B

ü
h
lm

an
n

(2006);
R

av
ik

u
m

ar
et

al.
(2011);

R
en

et
al.

(2015
)).

T
h
ese

p
ap

ers
m

ake
u
se

of
op

tim
ization

p
ro

ced
u
res

su
ch

as
`
1 -regu

larization
to

learn
th

e
stru

ctu
re

of
th

e
grap

h
ical

m
o
d
el.

T
h
ese

tech
n
iq

u
es

ex
p
loit

th
e

sp
arsity

of
th

e
p
recision

m
atrix

of
th

e
grap

h
ical

m
o
d
el,

w
h
ich

takes
th

e
form

of
b

o
u
n
d
ed

n
o
d
e

d
egree.

T
h
e

ord
er

of
th

e
m

ax
im

u
m

n
o
d
e

d
egree

is
d
iff

eren
t

for
d
iff

eren
t

p
ap

ers,
an

d
w

e
d
iscu

ss
th

is
later

w
h
en

w
e

com
p
are

ou
r

resu
lts

to
th

eirs.
B

esid
es

th
e

sp
arsity

elem
en

t,
th

e
op

tim
ization

m
eth

o
d
s

(M
ein

sh
au

sen
an

d
B

ü
h
lm

an
n

(2006);
R

av
ik

u
m

ar
et

al.
(2011))

a
lso

req
u
ire

som
e

assu
m

p
tion

s
on

th
e

p
reci-

sion
m

atrix
th

at
are

h
ard

to
verify

in
gen

eral,
w

h
ich

are
th

e
in

co
h
eren

ce
assu

m
p
tio

n
s

an
d

n
eigh

b
orh

o
o
d

stab
ility

assu
m

p
tion

s.
P

art
of

th
e

m
otivation

of
ou

r
w

o
rk

w
as

to
overcom

e
th

e
n
eed

for
su

ch
assu

m
p
tion

s.

2
.

P
re

lim
in

a
rie

s

2
.1

.
L

in
e
a
r

A
lg

e
b

ra

W
e

fi
rst

d
efi

n
e

som
e

lin
ear

algeb
ra

n
o
tation

.
F

or
a

m
atrix

M
,

let
M

T
d
en

o
te

its
tran

sp
ose

an
d

let|M
|

d
en

ote
its

d
eterm

in
an

t.
If
I

is
a

su
b
set

of
its

row
in

d
ices

an
d
J

a
su

b
set

of
its

colu
m

n
in

d
ices,

th
en

w
e

d
efi

n
e

th
e

su
b
m

atrix
M

I
J

as
th

e
|I|×

|J|
m

atrix
w

ith
elem

en
ts

w
ith

b
oth

row
an

d
colu

m
n

in
d
ices

from
I

an
d
J

resp
ectively.

If
I

=
J

,
w

e
u
se

th
e

n
ota

tion
M

I
for

con
ven

ien
ce.

In
th

e
sam

e
w

ay,
for

a
vector

v
,

w
e

d
efi

n
e
v
I

to
b

e
th

e
su

b
v
ector

of
v

w
ith

in
d
ices

from
I
.

L
et

th
e

sp
ectral

n
orm

of
M

b
e

d
en

oted
b
y
‖M
‖

2 ,
an

d
let

th
e

trace
of

M
b

e
d
en

oted
b
y

tr(M
).

F
or

a
sq

u
are

m
atrix

M
,

w
e

d
en

ote
its

m
ax

im
u
m

an
d

m
in

im
u
m

eigen
valu

es
b
y
λ

m
a
x (M

)
an

d
λ

m
in (M

).
In

th
is

p
ap

er,
w

e
w

ill
often

refer
to

th
e
p

b
y
p

covarian
ce

m
atrix

Σ
,

so
w

e
w

ill
u
se

th
e

sh
orth

an
d
λ

m
a
x

=
λ

m
a
x (Σ

)
a
n
d
λ

m
in

=
λ

m
in (Σ

).
L

et
M
∈

R
p×
p

an
d

let
W

=
{1
,...,p}

b
e

th
e

in
d
ex

set
of
M

.
L

et
S
⊂
W

an
d

let
S
c

=
W
\
S

.
T

h
e

m
atrix

M
h
as

th
e

b
lo

ck
stru

ctu
re

M
=

[
M

S
M

S
S
c

M
S
cS

M
S
c ]

.
(1)

T
h
e

S
ch

u
r

com
p
lem

en
t

of
M

S
in
M

is
d
efi

n
ed

b
y

M
S
c|S

=
M

S
c−

M
S
cS
M
−

1
S
M

S
S
c.

(2)

U
sin

g
th

e
S
ch

u
r

com
p
lem

en
t,

w
e

can
w

rite
th

e
in

verse
of
M
−

1
in

th
e

form

M
−

1
=

[
M
−

1
S|S

c
−
M
−

1
S|S

c M
S
cS
M
−

1
S

−
M
−

1
S
M

S
S
cM

−
1

S|S
c
M
−

1
S

+
M
−

1
S
M

S
S
cM

−
1

S|S
c M

S
cS
M
−

1
S

]
.

(3)

2
.2

.
G

ra
p

h
T

h
e
o
ry

L
et
G

=
(W

,E
)

b
e

an
u
n
d
irected

grap
h
,

w
h
ere
W

=
{1
,...,p}

is
th

e
set

of
n
o
d
es

an
d

E
is

th
e

set
of

ed
ges,

n
am

ely,
a

su
b
set

of
th

e
set

of
all

u
n
ord

ered
p
airs

{
(u
,v

)
|
u
,v
∈

4
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-s
e
pa

r
a
b
l
e
G
a
u
ss
ia
n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

W
}.

In
ou

r
p
ap

er
,

w
e

ar
e

d
ea

li
n
g

w
it

h
gr

ap
h
s

th
at

h
av

e
n
o

se
lf

-l
o
op

s
an

d
n
o

m
u
lt

ip
le

ed
ge

s
b

et
w

ee
n

th
e

sa
m

e
p
ai

r
of

n
o
d
es

.
F

or
I
⊆
W

,
w

e
d
en

ot
e

th
e

in
d
u
ce

d
su

b
gr

ap
h

on
n
o
d
es
I

b
y
G I

.
F
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p
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p
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b
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d
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h
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p
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⊂
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d
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d
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p
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p
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ee
gr

a
p
h

th
a
t

a
re

n
o
t

n
ei

gh
bo

rs
a
re

co
n

n
ec

te
d

by
o
n

e
u

n
iq

u
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p
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p
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p
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e
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p
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p
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e
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p
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ra
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th
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ei
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bo
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n
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th
e
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p
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kl

y
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ep
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ra

bl
e
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a
p
h
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h
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eg

re
e
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a
p
h
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ep
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w
el
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v
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gh
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r
n
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te
d
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T

h
en

th
e
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o
f
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e

n
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bo
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o
f
u

m
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u

a
n

d
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,v
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h
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g

w
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th

e
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ct
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e
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a
p

h
is
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gl
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w
el
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is
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rt
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t
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n
o
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er
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y
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a
p
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e
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u

n
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a
p
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a
p
h

o
f

a
rb
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a
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d
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p
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bo
u

n
d
ed

.

5
JM

L
R

 2
0(
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p
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S
e
p
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p
h
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m
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r
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a
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et
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a
p
h
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p
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∈
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p
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d
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e

(η
,γ

)-
lo

ca
l

se
pa

ra
ti

o
n

p
ro

pe
rt

y
if

fo
r

a
n

y
tw

o
n

o
n

-n
ei

gh
bo

ri
n

g
n

od
es
u

a
n

d
v

,
th
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l
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p
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ro

u
gh

S
m

u
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p
ri

n
ci

p
le

,
it

is
ea

sy
to

se
e

th
a
t

th
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h
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h
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p
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.
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h
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b
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d
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n
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Σ
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b
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at
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ra
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d
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√
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{ −
1 2
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Ω
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(4
)
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⊂
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∈
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X
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X
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w
h
ic

h
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X
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⊥
X
v
.
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X
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X
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d
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ra
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Z

,
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d
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n
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y

X
u
⊥
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⊥
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}.
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⊆
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n
d
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n
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m
u
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n
d
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u
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w
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h
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n
d
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n
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n
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S
c
−

Σ
S
c
S
Σ
−

1
S
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S
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µ
S

)
a
n
d
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n
d
it
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n
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co
va

ri
an

ce
m

at
ri

x

Σ
S
c
|S

=
Σ
S
c
−

Σ
S
c
S
Σ
−

1
S

Σ
S
S
c
.

(5
)

O
b
se

rv
e

th
at

th
e

co
n
d
it

io
n
al

co
va

ri
an

ce
is

th
e

S
ch

u
r

co
m

p
le

m
en

t
of

Σ
S

in
Σ

.
F

o
r

d
is

ti
n
ct

n
o
d
es
u
,v
∈
W

an
d
S
⊆
W
\{
u
,v
},

w
e

h
av

e

(Σ
S
c
|S

) u
v

=
Σ
u
v
−

Σ
u
S
Σ
−

1
S

Σ
S
v
.

(6
)
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-se

pa
r
a
b
l
e
G
a
u
ssia

n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

T
h
e

fo
llow

in
g

p
rop

erty
easily

follow
s.

P
ro

p
o
sitio

n
4
X
u ⊥

X
v |
X

S
if

a
n

d
o
n

ly
if

(Σ
S
c|S

)
u
v

=
0

.

T
o

d
en

o
te

co
n
d
ition

al
covarian

ce,
w

e
u
se

th
e

n
otation

s
Σ

(u
,v
|
S

)
an

d
(Σ

S
c|S

)
u
v

in
ter-

ch
a
n
g
ea

b
ly.

T
h
e

co
n
cen

tration
grap

h
G
Σ

=
(W

,E
)

of
a

m
u
ltivariate

G
au

ssian
d
istrib

u
tion

X
is

d
efi

n
ed

a
s

fo
llow

s:
W

e
h
av

e
n
o
d
e

setW
=
{
1,...,p}

,
w

ith
ran

d
om

varia
b
le
X
u

asso
ciated

w
ith

n
o
d
e
u

,
a
n
d

ed
ge

set
E

w
h
ere

u
n
ord

ered
p
air

(u
,v

)
is

in
E

if
an

d
on

ly
if

Ω
u
v
6=

0.
T

h
e

m
u
ltiva

ria
te

G
au

ssian
d
istrib

u
tion

,
alon

g
w

ith
its

con
cen

tration
grap

h
,

is
a
lso

k
n
ow

n
a
s

a
G

a
u
ssian

g
rap

h
ical

m
o
d
el.

A
n
y

G
au

ssian
grap

h
ical

m
o
d
el

satisfi
es

th
e

glob
al

M
arkov

p
ro

p
erty,

w
h
ich

is
th

e
follow

in
g.

P
ro

p
o
sitio

n
5

(G
lo

b
a
l

M
a
rk

o
v

P
ro

p
e
rty

)
If
S

is
a

n
od

e
sepa

ra
to

r
o
f

n
od

es
u

a
n

d
v

in
G
Σ

,
th

en
X
u ⊥

X
v |
X

S
.

T
h
e

co
n
verse,

h
ow

ever,
is

n
ot

n
ecessarily

tru
e.

T
h
erefore,

th
is

m
o
tivates

u
s

to
d
efi

n
e

faith
-

fu
ln

ess
in

a
gra

p
h
ical

m
o
d
el.

D
e
fi

n
itio

n
6

T
h
e

co
n

d
itio

n
a
l

in
d
epen

d
en

ce
rela

tio
n
X
u ⊥

X
v |
X

S
is

sa
id

to
be

fa
ith

fu
l

if
S

is
a

n
od

e
sepa

ra
to

r
o
f
u

a
n

d
v

in
th

e
co

n
cen

tra
tio

n
gra

p
h
G
Σ

.
O

th
erw

ise,
it

is
u

n
fa

ith
fu

l.
A

m
u

ltiva
ria

te
G

a
u

ssia
n

d
istribu

tio
n

is
fa

ith
fu

l
if

a
ll

its
co

n
d
itio

n
a
l

in
d
epen

d
en

ce
rela

tio
n

s
a
re

fa
ith

fu
l.

T
h
e

d
istribu

tio
n

is
u

n
fa

ith
fu

l
if

it
is

n
o
t

fa
ith

fu
l.

E
x
a
m

p
le

5
(E

x
a
m

p
le

o
f

a
n

u
n

fa
ith

fu
l

G
a
u

ssia
n

d
istrib

u
tio

n
)

C
o
n

sid
er

th
e

m
u

lti-
va

ria
te

G
a
u

ssia
n

d
istribu

tio
n
X

=
(X

1 ,X
2 ,X

3 ,X
4 )

w
ith

zero
m

ea
n

a
n

d
po

sitive
d
efi

n
ite

co
va

ria
n

ce
m

a
trix

Σ
=



3
2

1
2

2
4

2
1

1
2

7
1

2
1

1
6 

.
(7)

B
y

P
ro

po
sitio

n
4
,

w
e

h
a
ve
X

1 ⊥
X

3 |
X

2
sin

ce
Σ

1
3

=
Σ

1
2 Σ
−

1
2
2

Σ
2
3 .

H
o
w

ever,
th

e
p
recisio

n
m

a
trix

Ω
=

Σ
−

1
h
a
s

n
o

zero
en

tries,
so

th
e

co
n

cen
tra

tio
n

gra
p
h

is
a

co
m

p
lete

gra
p
h
.

T
h
is

m
ea

n
s

th
a
t

n
od

e
2

is
n

o
t

a
n

od
e

sepa
ra

to
r

o
f

n
od

es
1

a
n

d
3
.

T
h
e

in
d
epen

d
en

ce
rela

tio
n

X
1 ⊥

X
3 |
X

2
is

th
u

s
n

o
t

fa
ith

fu
l

a
n

d
th

e
d

istribu
tio

n
X

is
n

o
t

fa
ith

fu
l

a
s

w
ell.

W
e

ca
n

th
in

k
of

th
e

su
b
m

atrix
Σ
S∪{

u
,v}

as
a

lo
cal

p
atch

of
th

e
cova

rian
ce

m
atrix

Σ
.

W
h
en

X
u
⊥
X
v
|
X

S
,

n
o
d
es
u

an
d
v

are
n
ot

con
n
ected

b
y

an
ed

ge
in

th
e

con
cen

tration
g
ra

p
h

o
f

th
e

lo
cal

p
atch

Σ
S∪{

u
,v} ,

th
at

is,
w

e
h
ave

(Σ
−

1
S∪{

u
,v} )

u
v

=
0.

T
h
is

d
o
es

n
ot

im
p
ly

th
a
t
u

a
n
d
v

a
re

n
ot

con
n
ected

in
th

e
con

cen
tratio

n
grap

h
G
Σ

.
If
X
u ⊥

X
v |
X

S
is

faith
fu

l,
th

en
th

e
im

p
lication

follow
s.

If
X
u ⊥

X
v |
X

S
is

u
n
faith

fu
l,

th
en
u

a
n
d
v

m
ay

b
e

con
n
ected

in
G
Σ

(S
ee

F
igu

re
1).

F
a
ith

fu
ln

ess
is

im
p

ortan
t

in
stru

ctu
ral

estim
ation

,
esp

ecially
in

h
igh

-d
im

en
sion

al
set-

tin
g
s.

If
w

e
a
ssu

m
e

faith
fu

ln
ess,

th
en

fi
n
d
in

g
a

n
o
d
e

set
S

su
ch

th
at
X
u
⊥
X
v |
X

S
w

ou
ld

im
p
ly

th
a
t

th
ere

is
n
o

ed
ge

b
etw

een
u

an
d
v

in
th

e
co

n
cen

tration
grap

h
.

W
h
en

w
e

h
ave

a
ccess

o
n
ly

to
th

e
sam

p
le

covarian
ce

in
stead

of
th

e
p

op
u
lation

cova
rian

ce
m

atrix
,

if
th

e
size

o
f
S

is
sm

a
ll

com
p
ared

to
n

,
th

e
error

of
com

p
u
tin

g
X
u
⊥
X
v |
X

S
is

m
u
ch

less
th

an
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S
o
h
a
n
d

T
a
t
ik
o
n
d
a

F
igu

re
1:

E
ven

th
ou

gh
Σ
S∪{

u
,v}

is
a

su
b
m

atrix
of

Σ
,G

Σ
S
∪
{
u
,v}

n
eed

n
ot

b
e

a
su

b
grap

h
ofG

Σ
.

E
d
ge

p
rop

erties
d
o

n
ot

tran
slate

as
w

ell.
T

h
at

m
ean

s
th

e
lo

cal
p
atch

Σ
S∪{

u
,v}

n
eed

n
ot

refl
ect

th
e

ed
ge

p
rop

erties
of

th
e

glob
al

grap
h

stru
ctu

re
of

Σ
.

th
e

error
of

in
vertin

g
th

e
en

tire
covarian

ce
m

atrix
.

T
h
is

m
eth

o
d

of
search

in
g

th
rou

gh
all

p
ossib

le
n
o
d
e

sep
arator

sets
of

a
certain

size
is

em
p
loyed

in
A

n
an

d
k
u
m

ar
et

al.
(2012);

W
u

et
al.

(2013).
A

s
m

en
tion

ed
b

efore,
th

ese
au

th
ors

im
p

ose
oth

er
restriction

s
on

th
eir

m
o
d
els

to
overcom

e
th

e
p
rob

lem
of

u
n
faith

fu
ln

ess.
W

e
d
o

n
ot

p
lace

an
y

restriction
on

th
e

G
au

ssian
m

o
d
els.

2
.4

.
S

a
m

p
le

C
o
v
a
ria

n
c
e

L
et
x

(1
),...,x

(n
)∈

R
p

b
e
n

sam
p
les

of
th

e
ran

d
o
m

varia
b
le
X

w
ith

d
istrib

u
tion

N
(0
,Σ

).
T

h
e

scatter
m

atrix
S

is
d
efi

n
ed

as

S
=

n
∑i=

1

x
(i)(x

(i))
T
.

(8)

T
h
e

sam
p
le

covarian
ce

m
atrix

d
eterm

in
ed

b
y

th
ese

n
sam

p
les

is
d
efi

n
ed

as

Σ̂
=

1n
S
.

(9)

In
d
eterm

in
in

g
th

e
sam

p
le

con
d
ition

al
covarian

ces,
w

e
w

ill
m

ake
u
se

of
th

e
scatter

m
atrix

S
in

stead
of

Σ̂
.

L
et
u

an
d
v

b
e

d
istin

ct
elem

en
ts

ofW
an

d
let

S
⊆
W
\{u

,v}.
T

h
e

sam
p
le

con
d
ition

al
covarian

ce
of
X
u

an
d
X
v

given
X

S
is

d
en

oted
b
y

Σ̂
(u
,v
|
S

)
=

1

n
−
|S| (S

u
v −

S
u
S
S
−

1
S
S
S
v )
.

(10)

In
ou

r
algorith

m
s,

w
e

u
su

ally
h
ave

to
d
ecid

e
w

h
eth

er
a

co
n
d
ition

al
in

d
ep

en
d
en

ce
relation

h
old

s.
W

e
h
ave

to
d
eterm

in
e

w
h
eth

er
X
u
⊥
X
v |
X

S
or
X
u
6⊥
X
v |
X

S
.

T
o

d
o

so
w

ith
th

e
sam

p
le

covarian
ce

m
atrix

,
w

e
n
eed

to
d
efi

n
e

a
con

d
ition

al
in

d
ep

en
d
en

ce
th

resh
old

α
>

0,
su

ch
th

at
if

|Σ̂
(u
,v
|
S

)|
<
α
,

(11)

w
e

w
ill

d
ecid

e
th

at
X
u
⊥
X
v
|
X

S
.

O
th

erw
ise,

w
e

d
ecid

e
th

a
t
X
u
6⊥
X
v
|
X

S
.

In
ou

r
an

aly
sis,

α
w

ill
scale

d
ep

en
d
in

g
on

p
,n

an
d
|S|.
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-s
e
pa

r
a
b
l
e
G
a
u
ss
ia
n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

3
.

T
e
st

in
g

C
o
n
d
it

io
n
a
l

In
d
e
p

e
n
d
e
n
ce

R
e
la

ti
o
n
s

In
th

is
se

ct
io

n
,

w
e

w
il
l

d
es

cr
ib

e
a

n
ov

el
al

go
ri

th
m

fo
r

te
st

in
g

fa
it

h
fu

ln
es

s
of

a
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
re

la
ti

on
X
u
⊥
X
v
|X

S
.

O
u
r

m
ai

n
g
oa

l
is

to
d
ec

id
e

if
a

co
n
d
it

io
n
al

in
d
ep

en
-

d
en

ce
re

la
ti

on
X
u
⊥
X
v
|X

S
is

fa
it

h
fu

l
or

n
ot

.
F

or
co

n
v
en

ie
n
ce

,
w

e
w

il
l

d
en

o
te
G Σ

si
m

p
ly

b
y
G

=
(W

,E
)

fo
r

th
e

re
st

of
th

is
p
ap

er
.

N
ow

le
t

u
s

su
p
p

os
e

th
at

it
is

fa
it

h
fu

l;
S

is
a

n
o
d
e

se
p
ar

at
or

fo
r
u

an
d
v

in
G.

T
h
en

w
e

sh
ou

ld
n
ot

b
e

a
b
le

to
fi
n
d

a
p
at

h
fr

om
u

to
v

in
th

e
in

d
u
ce

d
su

b
gr

ap
h
G S

c
.

T
h
e

m
ai

n
id

ea
th

er
ef

or
e

is
to

se
a
rc

h
fo

r
a

p
a
th

b
et

w
ee

n
u

an
d
v

in
G S

c
.

If
th

is
fa

il
s,

th
en

w
e

k
n
ow

th
at

th
e

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
re

la
ti

on
is

fa
it

h
fu

l.
B

y
th

e
gl

ob
al

M
ar

ko
v

p
ro

p
er

ty
,

fo
r

an
y

tw
o

d
is

ti
n
ct

n
o
d
es
i,
j
∈
S
c
,

if
X
i
6⊥
X
j
|X

S
,

th
en

w
e

k
n
ow

th
at

th
er

e
is

a
p
at

h
b

et
w

ee
n
i

an
d
j

in
G S

c
.

T
h
u
s,

if
w

e
fi
n
d

so
m

e
w
∈

W
\(
S
∪
{i
,j
})

su
ch

th
at
X
u
6⊥
X
w
|X

S
an

d
X
v
6⊥
X
w
|X

S
,

th
en

a
p
a
th

ex
is

ts
fr

om
u

to
w

an
d

an
ot

h
er

ex
is

ts
fr

om
v

to
w

,
so

u
an

d
v

ar
e

co
n
n
ec

te
d

in
G S

c
.

T
h
is

w
ou

ld
im

p
ly

th
at

X
u
⊥
X
v
|X

S
is

u
n
fa

it
h
fu

l.
H

ow
ev

er
,

te
st

in
g

fo
r

p
at

h
s

th
is

w
ay

d
o
es

n
ot

n
ec

es
sa

ri
ly

ru
le

ou
t

al
l

p
os

si
b
le

p
at

h
s

in
G S

c
.

T
h
e

p
ro

b
le

m
is

th
at

so
m

e
p
at

h
s

m
ay

b
e

ob
sc

u
re

d
b
y

ot
h
er

u
n
fa

it
h
fu

l
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
re

la
ti

on
s.

T
h
er

e
m

ay
b

e
so

m
e
w

w
h
er

eb
y
X
u
6⊥
X
w
|X

S
an

d
X
v
⊥
X
w
|X

S
,

b
u
t

th
e

la
tt

er
re

la
ti

on
is

u
n
fa

it
h
fu

l.
T

h
is

p
at

h
fr

om
u

to
v

th
ro

u
gh

w
is

th
u
s

n
ot

d
et

ec
te

d
b
y

th
es

e
tw

o
in

d
ep

en
d
en

ce
re

la
ti

on
s.

W
e

w
il
l

sh
ow

h
ow

ev
er

,
th

at
if

th
er

e
is

n
o

p
at

h
fr

om
u

to
v

in
G S

c
,

th
en

w
e

ca
n
n
o
t

fi
n
d

a
se

ri
es

of
d
is

ti
n
ct

n
o
d
es
w

1
,.
..
,w

t
∈
W
\(
S
∪
{u
,v
})

fo
r

so
m

e
n
at

u
ra

l
n
u
m

b
er
t
>

0
su

ch
th

at
X
u
6⊥
X
w

1
|X

S
,
X
w

1
6⊥
X
w

2
|X

S
,
..
.,
X
w
t−

1
6⊥
X
w
t
|X

S
,
X
w
t
6⊥
X
v
|X

S
.

T
h
is

is
to

b
e

ex
p

ec
te

d
b

ec
au

se
of

th
e

gl
ob

a
l

M
a
rk

ov
p
ro

p
er

ty
.

W
h
at

is
m

or
e

su
rp

ri
si

n
g

a
b

o
u
t

ou
r

re
su

lt
is

th
at

th
e

co
n
v
er

se
is

tr
u
e.

If
w

e
ca

n
n
ot

fi
n
d

su
ch

n
o
d
es
w

1
,.
..
,w

t,
th

en
u

an
d

v
ar

e
n
ot

co
n
n
ec

te
d

b
y

a
p
at

h
in
G S

c
.

T
h
is

m
ea
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−
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h
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b
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.
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b
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⊥
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b
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p
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d
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d
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d
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p
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b
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d
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d
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b
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d
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d
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b
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b
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b
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m
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d
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b
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d
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p
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d
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com
p
lex

ity
req

u
ired

for
stru

ctu
ra

l
estim

ation
.

F
or

K
sign

ifi
can

tly
sm

aller
th

an
p
,

th
e

sam
p
le
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d
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p
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b
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d
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g
to

p
ol

og
y

of
w

ea
k
ly
K

-s
ep

ar
ab

le
G

G
M

In
p

u
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⊂
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⊥
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Ê.
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Ê.
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e

co
rr

es
po

n
d
in

g
o
u

tp
u

t
w

il
l

be
th

e
co

rr
ec

t
ed

ge
se

t
E. T

h
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.
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d
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( Ê
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p
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−
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a
ri

so
n

s
to
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p
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:
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p
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p
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n
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b
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h
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e
fa

it
h
fu

ln
es

s
or

u
n
fa

it
h
fu

ln
es

s
of

a
co

n
d
it

io
n
al

in
d
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.
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n
d
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d
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u
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d
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b
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h
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p
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h
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b
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d
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d
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h
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w
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p
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b
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w
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d
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at
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n
d
a

w
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h
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b
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n
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p
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p
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p
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d

th
es

e
in

co
h
er

en
ce

co
n
d
it

io
n
s

ar
e

a
re

st
ri

ct
io

n
on

th
e

p
re

ci
si

on
m

at
ri

x
a
n
d

a
re

h
a
rd

to
ch

ec
k

in
ge

n
er

al
.

In
M

ei
n
sh

au
se

n
an

d
B

ü
h
lm

an
n

(2
00

6)
,

th
ey

p
la

ce
a
ss

u
m

p
ti

o
n
s

o
n

n
ei

gh
b

or
h
o
o
d

st
ab

il
it

y
th

at
al

lo
w

s
th

em
to

d
o

su
p
p

or
t

re
co

v
er

y.
T

h
e

n
ei

g
h
b

o
rh

o
o
d

st
ab

il
it

y
as

su
m

p
ti

on
is

h
ar

d
to

ve
ri

fy
an

d
th

e
p
re

ci
si

on
m

at
ri

ce
s

th
at

sa
ti

sf
y

fo
rm

a
su

b
se

t
of

d
ia

go
n
al

ly
d
om

in
an

t
m

at
ri

ce
s.

5
.

S
tr

o
n
g
ly

K
-s

e
p
a
ra

b
le

G
a
u
ss

ia
n

g
ra

p
h
ic

a
l

m
o
d
e
ls

In
th

is
se

ct
io

n
,

w
e

im
p

os
e

an
ad

d
it

io
n
al

as
su

m
p
ti

on
on

th
e

gr
ap

h
ic

al
m

o
d
el

so
th

a
t

w
e

ca
n

n
ot

on
ly

le
ar

n
th

e
to

p
ol

og
y

of
th

e
gr

ap
h
,

b
u
t

le
ar

n
th

e
en

tr
ie

s
of

th
e

p
re

ci
si

o
n

m
a
tr

ix
a
s

w
el

l.
W

e
ca

n
th

in
k

of
th

e
p
re

ci
si

on
m

at
ri

x
as

th
e

m
at

ri
x

of
ed

ge
w

ei
g
h
ts

,
w

h
er

e
Ω
ij

is
th

e
w

ei
gh

t
of

ed
ge

(i
,j

).
If

th
e

ed
ge

w
ei

gh
t

is
ze

ro
,

it
m

ea
n
s

th
at

th
er

e
is

n
o

ed
g
e

b
et

w
ee

n
th

e
co

rr
es

p
on

d
in

g
tw

o
n
o
d
es

.

T
h
e

ad
d
it

io
n
al

as
su

m
p
ti

on
is

th
at

th
e

gr
ap

h
ic

al
m

o
d
el

m
u
st

n
ot

on
ly

b
e

w
ea

k
ly
K

-
se

p
ar

ab
le

,
b
u
t

it
m

u
st

b
e

st
ro

n
gl

y
K

-s
ep

ar
ab

le
as

w
el

l.
T

h
is

m
ea

n
s

th
at

ev
en

fo
r

ed
g
es

(i
,j

)
th

at
b

el
on

g
to
E,

th
er

e
is

a
n
o
d
e

se
t
S
⊂
W
\{
i,
j}

,
|S
|≤

K
,

su
ch

th
a
t

th
e

re
m

ov
al

of
ed

ge
(i
,j

)
fr

om
G

re
su

lt
s

in
a

gr
ap

h
w

h
er

e
S

se
p
ar

at
es

n
o
d
es
i

an
d
j.

T
h
is

se
p
a
ra

ti
on

p
ro

p
er

ty
is

ex
ac

tl
y

w
h
er

e
w

e
ca

n
ap

p
ly

ou
r

fa
it

h
fu

ln
es

s
te

st
.

If
w

e
ca

n
re

m
ov

e
th

e
ed

g
e

(i
,j

)
fr

om
th

e
gr

ap
h

an
d

u
se

ou
r

fa
it

h
fu

ln
es

s
te

st
to

fi
n
d

a
n
o
d
e

se
p
ar

at
o
r
S

o
f
i

a
n
d
j

in
th

e
re

su
lt

an
t

gr
ap

h
G −

(i
,j

),
w

e
ca

n
d
ed

u
ce

th
e

p
re

ci
si

on
m

at
ri

x
en

tr
y

Ω
ij

.
A

s
sh

ow
n

in
th

e
fo

ll
ow

in
g

al
go

ri
th

m
,

if
w

e
ca

n
fi
n
d

su
ch

an
S

,
th

e
en

tr
y

Ω
ij

ca
n

b
e

ca
lc

u
la

te
d

fr
o
m

th
e

co
n
d
it

io
n
al

co
va

ri
an

ce
of
X
i

an
d
X
j
,

an
d

th
e

co
n
d
it

io
n
al

va
ri

a
n
ce

s
of
X
i

an
d

o
f
X
j
,

a
ll

o
f

w
h
ic

h
ar

e
co

n
d
it

io
n
ed

on
X

S
.

T
h
e

m
ai

n
id

ea
b

eh
in

d
th

e
al

go
ri

th
m

is
to

fi
n
d

su
ch

a
n
o
d
e

se
p
ar

at
or
S

,
b
y

a
p
p
ro

p
ri

a
te

ly
“r

em
ov

in
g”

th
e

ed
ge

(i
,j

).
W

e
ca

n
n
ot

si
m

p
ly

co
n
d
it

io
n

on
X

S
,

b
ec

au
se

,
if

(i
,j

)
is

in
E,

w
e

1
4
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-se

pa
r
a
b
l
e
G
a
u
ssia

n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

w
ill

h
av

e
th

e
con

d
ition

d
ep

en
d
en

ce
relation

X
i 6⊥

X
j |
X

S
.

W
e

cou
ld

rem
ove

th
e

in
fl
u
en

ce
o
f

th
e

ed
g
e

(i,j)
in

th
e

grap
h

b
y

con
d
ition

in
g

on
X

S∪{
i,j} ,

h
ow

ever
th

is
d
o
es

n
ot

en
su

re
th

a
t
i

a
n
d
j

a
re

sep
arated

b
y
S

in
G
−

(i,j) .
T

o
overcom

e
th

is
p
rob

lem
,

w
e

con
d
ition

on
b

oth
X

S∪{
i}

a
n
d
X

S∪{
j} .

W
e

u
se

th
e

co
n
d
itio

n
a
l

in
d
ep

en
d
en

ce
relation

s
given

th
ese

ran
d
om

varia
b
les

to
d
ed

u
ce

th
at
S

is
a

n
o
d
e

sep
a
ra

to
r

o
f
i

a
n
d
j

in
G
−

(i,j) .
R

u
n
n
in

g
th

rou
gh

n
o
d
e

su
b
sets

S
⊂
W
\{i,j}

of
size

k
,

w
e

fi
rst

co
n
d
itio

n
o
n
X

S∪{
j}

to
see

h
ow

S
sep

aratesG
S
c\{

j} .
W

e
th

en
con

d
ition

on
X

S∪{
i}

to
see

h
ow

S
sep

a
ratesG

S
c\{

i} .
U

sin
g

th
ese

tw
o

p
ieces

of
in

form
ation

,
w

e
can

in
fer

w
h
eth

er
S

sep
a
ra

tes
i

a
n
d
j

in
G
−

(i,j) .
In

th
e

fa
ith

fu
ln

ess
test

for
a

relation
X
u ⊥

X
v |
X

S
in

S
ection

3
.1,

w
e

d
efi

n
ed

th
e

grap
h

o
f

co
n
d
ition

al
d
ep

en
d
en

ces,Ḡ
.

T
h
e

con
n
ectiv

ity
o
fḠ

refl
ects

th
e

con
n
ectiv

ity
ofG

S
c,

w
h
ich

fu
rth

er
im

p
lies

w
h
eth

er
S

sep
arates

u
an

d
v
.

H
ere,

w
e

n
eed

to
d
efi

n
e
Ḡ

for
d
iff

eren
t

n
o
d
e

su
b
sets

S
.

F
o
r

an
y

su
b
set

S
⊂
W

,
w

e
d
en

ote
th

e
grap

h
Ḡ
S
c

=
(S

c,Ē
S
c),

w
h
ere

(i,j)∈
Ē
S
c

if
a
n
d

o
n
ly

if
X

i 6⊥
X
j |
X

S
.

F
or

a
n
o
d
e
h
∈
S
c,

let
th

e
con

n
ected

n
o
d
e

set
com

p
on

en
t

of
Ḡ
S
c

co
n
ta

in
in

g
h

b
e

d
en

oted
b
y
Ū
S
c(h

).
T

h
erefore

Ū
S
c(h

)
is

th
e

set
of

n
o
d
es

in
S
c

th
at

are
co

n
n
ected

to
h

b
y

a
p
ath

in
Ḡ
S
c,

in
clu

d
in

g
h

.
F

o
r

a
n
y

n
o
d
e
i∈
W

,
w

e
d
en

ote
th

e
set

Γ
(i,j)

=
{S
⊂
W
\{
i,j}

:|S|≤
K
}.

(1
7)

o
f

a
ll

p
o
ssib

le
n
o
d
e

su
b
sets

S
of

size
K

in
W
\{
i,j}

.
W

e
d
efi

n
e

a
su

b
set

o
f

th
is

set,
w

h
ich

is

Γ
i|j

=
{S
∈

Γ
(i,j)

:
∃
h
∈
S
c\{

i,j}
s.t.

Σ
(i,h

|
S
∪
{
j})

=
0

an
d

is
faith

fu
l}
.

(1
8)

T
h
is

q
u
a
n
tity

en
com

p
asses

th
e

d
iff

eren
t

sets
S

su
ch

th
atG

S∪{
j}

is
a

d
isjo

in
t

gra
p
h
.

H
ow

ev
er,

th
is

set
d
o
es

n
o
t

su
b
su

m
e

all
p

ossib
le
S

th
at

sep
arate

i
an

d
j

in
G
−

(i,j) .
T

o
in

clu
d
e

all
su

ch
p

o
ssib

le
n
o
d
e

sets
S

,
w

e
sp

ecify
a

su
b
set

o
f

Γ
i|j ,

n
am

ely,

Ψ
i|j

=
{
S
∈

Γ
(i,j)

:
|S|≤

K
,Σ

(i,h
|
S
∪
{
j}

)
=

0
,
∀
h
∈
S
c\{

i,j}}.
(19)

T
h
ese

q
u
an

tities
allow

u
s

to
b
rin

g
d
efi

n
ition

to
Λ

1 ,
Λ

2
an

d
Λ

3 ,
w

h
ich

are
given

in
A

lgorith
m

3
.

B
a
sica

lly,
a
ll
S

in
Λ

1 ∪
Λ

2 ∪
Λ

3
are

n
o
d
e

sets
th

at
sep

arate
i

an
d
j

in
G
−

(i,j) .
T

h
e

set
Λ

1 ∪
Λ

2 ∪
Λ

3
a
lso

h
as

to
b

e
n
on

-em
p
ty,

w
h
ich

w
e

p
rove

in
th

e
ap

p
en

d
ix

.
W

e
o
n
ly

n
eed

to
fi
n
d

on
e

elem
en

t
of

th
e

set
Λ

1 ∪
Λ

2 ∪
Λ

3 .
It

is
easy

to
test

if
S

is
an

elem
en

t
o
f

th
e

set
Ψ
i|j

or
Ψ
j|i .

F
in

d
in

g
an

elem
en

t
of

Ψ
i|j

or
Ψ
j|i

is
a

sp
ecial

case
of

th
e

test
fo

r
fa

ith
fu

ln
ess.

T
o

d
o

so,
in

th
e

ca
se

of
Ψ
i|j ,

ru
n

th
rou

gh
th

e
su

b
sets

S
of

size
K

,
an

d
d
eterm

in
e

if
Σ

(i,h
|
S
∪
{
j}

)
=

0
for

all
h
∈
S
c\{

i,j}.
T

o
test

if
S

b
elon

gs
to

Γ
i|j ,

w
e

h
ave

to
ru

n
th

rou
gh

th
e
K

+
1

n
o
d
e

set
of
S
∪
{h}

,
w

h
ere

h
∈
S
c\{i,j}

.
F

or
each

n
o
d
e

set
S
∪
{h},

w
e

em
p
loy

A
lgorith

m
1,

th
e

faith
fu

ln
ess

test,
to

test
w

h
eth

er
Σ

(i,h
|
S
∪
{j})

is
zero

an
d

is
a

faith
fu

l
con

d
ition

al
in

d
ep

en
d
en

ce
relation

.
If

w
e

ca
n

fi
n
d

su
ch

a
n
o
d
e

set
S
∪
{h},

th
en

S
b

elon
gs

to
Γ
i|j .

If
th

ere
is

n
o
h
∈
S
c\{i,j}

w
h
ereb

y
Σ

(i,h
|
S
∪
{
j}

)
is

zero
an

d
faith

fu
l,

th
en

S
b

elon
gs

to
Γ

(i,j) \
Γ
i|j .

In
th

is
w

ay,
u
sin

g
A

lgorith
m

1,
w

e
ca

n
d
eterm

in
e

w
h
eth

er
S

b
elon

gs
to

th
e

set
Λ

1 ∪
Λ

2 ∪
Λ

3 .
L

et
ea

ch
com

p
u
tation

of
a

con
d
ition

al
in

d
ep

en
d
en

ce
relation

b
e

on
e

step
.

F
or

ea
ch

(i,j)
p
air,

th
ere

are
(
p−

2
K

)
p

ossib
le

sets
S

.
F

or
each

S
,

th
ere

are
p−

2−
K

p
ossib

le
n
o
d
es

h
∈
S
c\{i,j}

to
p
ick

from
,

w
ith

each
h

p
ossib

ly
req

u
ire

a
faith

fu
ln

ess
test,

of
w

h
ich

th
e

ru
n
n
in

g
tim

e
is
O

(p
2).

T
h
erefore,

A
lgorith

m
3

h
as

a
ru

n
n
in

g
tim

e
of
O

(p
K

+
5).
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S
o
h
a
n
d

T
a
t
ik
o
n
d
a

A
lg

o
rith

m
3
:

L
earn

in
g

th
e

p
recision

m
atrix

of
stron

gly
K

-sep
arab

le
G

G
M

In
p

u
t:

C
ovarian

ce
m

atrix
Σ

1.
F

or
each

p
air

(i,j):

•
L

et
Λ

1
=
{
S
∈

Γ
i|j ∩

Γ
j|i

:
Ū
S
c\{

i} (j)⊆
(S

c\
Ū
S
c\{

j} (i) )}
.

•
L

et
Λ

2
=

Ψ
j|i .

•
L

et
Λ

3
=

Ψ
i|j .

•
C

h
o
ose

a
set

S
∗∈

Λ
1 ∪

Λ
2 ∪

Λ
3 .

•
L

et
Ω̂
ij

=
−

Σ
(i,j|

S
∗)/ [Σ

(i,i|
S
∗)Σ

(j,j|
S
∗)−

Σ
(i,j|

S
∗)

2 ]
.

2.
O

u
tp

u
t

Ω̂
.

T
h

e
o
re

m
1
1

F
o
r

a
stro

n
gly

K
-sepa

ra
ble

G
a
u

ssia
n

gra
p
h
ica

l
m

od
el,

given
th

e
exa

ct
co

-
va

ria
n

ce
m

a
trix

Σ
a
s

th
e

in
p
u

t
in

A
lgo

rith
m

3
,

th
e

co
rrespo

n
d
in

g
o
u

tp
u

t
w

ill
be

th
e

co
rrect

p
recisio

n
m

a
trix

Ω
.

F
or

each
n
o
d
e

p
air

i,j,
w

e
d
efi

n
e

Λ
0 (i,j)

=
{
S
∈

Γ
(i,j) ,S

sep
arates

i
an

d
j

in
G
−

(i,j) }
.

(20)

T
h

e
o
re

m
1
2

L
et
K
≤
p
−

2
.

L
etG

be
a

stro
n

gly
K

-sepa
ra

ble
gra

p
h
,

a
n

d
let
S

be
u

sed
a
cco

rd
in

g
to

(10)
to

d
eterm

in
e

th
e

sa
m

p
le

co
n

d
itio

n
a
l

co
va

ria
n

ces
in

A
lgo

rith
m

3
,

in
stea

d
o
f

th
e

tru
e

co
va

ria
n

ce
m

a
trix

Σ
.

L
et
L

be
a

co
n

sta
n

t
su

ch
th

a
t

0
<
L
<

1
.

L
et

C
1

=
L
λ

2m
in

+
2
λ

m
a
x (1

+
2
λ

m
a
x )

(1−
L

)L
λ

4m
in

.
(21)

T
h
en

,
fo

r

ε∈
(

0
,C

1 ·m
in {

1
,

L
λ

2m
in

2(1
+

2
λ

m
a
x ) }]

,
(22)

w
e

h
a
ve

P


m

ax
i,j∈W

,i6=
j,

S∈
Λ
0
(i,j) |Ω̂

ij −
Ω
ij |≥

ε 
≤

4p
K

+
2

ex
p {−

(n
−
K

)ε
2

6
C

21
λ

2m
a
x

+
4
C

1 ελ
m

a
x }

.
(23)

A
gain

,
w

h
en

w
e

u
se

th
e

scatter
m

atrix
S

to
d
eterm

in
e

Ω̂
ij ,

w
e

get

Ω̂
ij

=
−

Σ̂
(i,j|

S
∗)

Σ̂
(i,i|

S
∗)Σ̂

(j,j|
S
∗)−

Σ̂
(i,j|

S
∗)

2
,

(24)

w
h
ere

th
e

sam
p
le

con
d
ition

al
covarian

ce
a
re

d
erived

from
S

u
sin

g
(10).

S
om

e
rem

ark
s:

1
6
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t
S

is
a

sep
arator

of
u

a
n
d
v

in
G

.
T

h
u
s,

A
lgorith

m
1

h
as

correctly
d
ed

u
ced

th
at
X
u
⊥
X
v
|
X

S
is

a
faith

fu
l

co
n
d
itio

n
a
l

in
d
ep

en
d
en

ce
relation

.

A
.2

P
ro

o
f

o
f

T
h

e
o
re

m
9

P
ro

o
f

If
F
6=
φ

,
F

is
n
on

-em
p
ty

so
th

ere
ex

ists
an

S
su

ch
th

at
X
i ⊥

X
j |
X

S
is

faith
fu

l.
T

h
erefo

re,
S

sep
arates

i
an

d
j

in
G

an
d

(i,j)
/∈
E

.
If
F

=
φ

,
th

en
for

an
y
S
⊆
W
,|S|≤

K
,

w
e

h
ave

eith
er
X
i 6⊥

X
j |
X

S
or
X
i ⊥

X
j |
X

S
b
u
t

it
is

u
n
faith

fu
l.

In
b

oth
cases,

S
d
o
es

n
o
t

sep
a
ra

te
i

an
d
j

in
G

,
for

an
y
S
⊆
W
,|S|≤

K
.

B
y

th
e

assu
m

p
tion

on
th

e
g
rap

h
ical

m
o
d
el,

(i,j)
m

u
st

b
e

in
E

.
T

h
is

sh
ow

s
th

at
A

lgorith
m

2
w

ill
correctly

ou
tp

u
t

th
e

ed
ges

of
G

.

A
.3

C
o
n

d
itio

n
a
l

c
o
v
a
ria

n
c
e

in
te

rm
s

o
f

th
e

p
re

c
isio

n
m

a
trix

W
e

estab
lish

so
m

e
p
rop

erties
of

th
e

covaria
n
ce

m
atrix

in
term

s
of

th
e

p
recision

m
atrix

.
In

m
ost

o
f

th
e

w
o
rk

in
th

is
p
ap

er,
w

e
are

try
in

g
to

learn
p
rop

erties
of

th
e

p
recision

m
atrix

,
su

ch
as

th
e

su
p
p

ort
or

th
e

en
tries

of
th

e
m

atrix
,

u
sin

g
con

d
ition

al
in

d
ep

en
d
en

ce
relation

s.
T

h
ese

con
d
itio

n
al

in
d
ep

en
d
en

ce
relation

s
are

refl
ected

b
y

en
tries

of
th

e
covarian

ce
m

atrix
.

H
ere,

in
th

is
section

,
w

e
fu

rth
er

d
escrib

e
som

e
of

th
e

relation
sh

ip
b

etw
een

th
e

covarian
ce

m
atrix

Σ
a
n
d

th
e

p
recision

m
atrix

Ω
.

L
et
i,j

b
e

tw
o

elem
en

ts
of

th
e

in
d
ex

setW
=
{
1
,...,p}

of
th

e
sq

u
are

m
atrix

Σ
a
n
d

let
Q

=
{
i,j}.

L
et
S

b
e

a
su

b
set

ofW
\
Q

.
L

et
S
c

=
W
\
S

an
d

let
T

=
S
c\

Q
.

C
on

sid
er

th
e

m
a
trix

Ω
S
c.

C
om

p
u
tin

g
th

e
S
ch

u
r

com
p
lem

en
t

of
Ω
S
c\
Q

w
ith

resp
ect

to
Ω
S
c

an
d

u
sin

g
(3

),
w

e
g
et

[(Ω
−

1
S
c
)
Q

] −
1

=
Ω
Q
−

Ω
Q
T
Ω
−

1
T

Ω
T
Q
.

(29)

U
sin

g
(2

7
),

w
e

get

[(Σ
S
c|S

)
Q

] −
1

=
Ω
Q
−

Ω
Q
T
Ω
−

1
T

Ω
T
Q
.

(30)

N
ow

(Σ
S
c|S

)
Q

h
as

th
e

form(Σ
S
c|S

)
Q

=

[
Σ

(i,i|
S

)
Σ

(i,j|
S

)
Σ

(i,j|
S

)
Σ

(j,j|
S

) ]
.

(31)

T
h
erefo

re,
co

m
p
arin

g
off

-d
iagon

al
en

tries
in

(30),
w

e
get

−
Σ

(i,j|
S

)

Σ
(i,i|

S
)Σ

(j,j|
S

)−
Σ

(i,j|
S

)
2

=
Ω
ij −

Ω
iT

Ω
−

1
T

Ω
T
j .

(32)

W
e

w
ill

m
ake

u
se

of
th

is
last

eq
u
ation

to
learn

th
e

en
tries

of
th

e
p
recision

m
atrix

for
a

stro
n
g
ly
K

-sep
arab

le
grap

h
.
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S
o
h
a
n
d

T
a
t
ik
o
n
d
a

A
.4

P
ro

o
f

o
f

T
h

e
o
re

m
1
1

P
ro

o
f

If
S
∗

sep
arates

i
an

d
j

in
th

e
ed

ge-tru
n
cated

grap
h
G
−

(i,j) ,
th

is
m

ea
n
s

th
at

th
ere

ex
ists

n
o
d
e

sets
T
i ,T

j ⊂
W
\
S
∗,

su
ch

th
at

•
T
i ∪

T
j

=
W
\
S
∗

an
d
T
i ∩

T
j

=
φ

;

•
i∈

T
i ,
j∈

T
j ;

•
Ω
h
1
h
2

=
0,

for
all

h
1 ∈

T
i ,h

2 ∈
T
j ,

(h
1 ,h

2 )6=
(i,j).

T
h
is

im
p
lies

th
at

Ω
iT

Ω
−

1
T

Ω
T
j

=
[Ω

iT
i

0 ] [
Ω
T
i

0
0

Ω
T
j ]−

1[0
Ω
T
j j ]

=
[Ω

iT
i

0 ] [
Ω
−

1
T
i

0

0
Ω
−

1
T
j ][0

Ω
T
j j ]

=
0
.

(33)

T
h
is

red
u
ces

(32)
to

Ω
ij

=
−

Σ
(i,j|

S
)

Σ
(i,i|

S
)Σ

(j,j|
S

)−
Σ

(i,j|
S

)
2
,

(34)

w
h
ich

is
th

e
correct

ou
tp

u
t

th
at

w
e

w
an

t
from

th
e

algo
rith

m
.

T
o

com
p
lete

th
e

p
ro

of,
w

e
n
eed

to
sh

ow
th

at
th

e
set

Λ
1 ∪

Λ
2 ∪

Λ
3

is
n
on

-em
p
ty

for
an

y
p
air

of
n
o
d
es
i

an
d
j,

an
d

th
at

an
y

elem
en

t
of

Λ
1 ∪

Λ
2 ∪

Λ
3

sep
arates

i
an

d
j

in
G
−

(i,j) .
L

et

Λ
0

=
{S
∈

Γ
(i,j)

:
S

sep
arates

i
an

d
j

in
G
−

(i,j) }
.

(35)

If
Λ

0
=

Λ
1 ∪

Λ
2 ∪

Λ
3 ,

b
y

th
e

d
efi

n
ition

of
a

stron
gly

K
-sep

ara
b
le

grap
h
,

th
ere

ex
ists

a
set

S
∈

Γ
i,j

su
ch

th
at
S

sep
arates

i
an

d
j

in
G
−

(i,j) .
T

h
is

m
ean

s
th

at
Λ

0
is

n
on

-em
p
ty,

an
d

b
y

asso
ciation

,
Λ

1 ∪
Λ

2 ∪
Λ

3
is

n
on

-em
p
ty

as
w

ell.
It

also
follow

s
th

at
an

y
elem

en
t

of
Λ

1 ∪
Λ

2 ∪
Λ

3
sep

arates
i

an
d
j

in
G
−

(i,j) .
T

h
erefore,

it
rem

ain
s

to
sh

ow
th

at
Λ

0
=

Λ
1 ∪

Λ
2 ∪

Λ
3 .

S
u
p
p

ose
S
∈

Λ
0 ,

th
at

is,
S
∈

Γ
i,j

th
at

sep
arates

i
a
n
d
j

in
G
−

(i,j) .
If
i

is
an

isolated
n
o
d
e

in
(G
−

(i,j) )
S
c,

th
en

S
∈

Λ
3 .

If
j

is
an

isolated
n
o
d
e

in
(G
−

(i,j) )
S
c,

th
en

S
∈

Λ
2 .

S
u
p
p

ose
i

an
d
j

are
b

oth
n
ot

isolated
n
o
d
es.

L
et
U
i ∈

S
c

b
e

th
e

set
of

n
o
d
es

con
n
ected

to
i

b
y

som
e

p
a
th

in
(G
−

(i,j) )
S
c

in
clu

d
in

g
i,

an
d

let
U
j ∈

S
c

b
e

th
e

set
of

n
o
d
es

con
n
ected

to
j

b
y

som
e

p
ath

in
(G
−

(i,j) )
S
c

in
clu

d
in

g
j.

S
in

ce
i

an
d
j

are
n
ot

isolated
n
o
d
es,

b
oth

U
i

an
d
U
j

con
tain

s
at

least
tw

o
elem

en
ts.

L
et
h
∈
U
i

su
ch

th
at
h
6=
i.

T
h
en

Σ
(j,h

|
S
∪
{i}

)
=

0
an

d
is

faith
fu

l
sin

ce
S
∪
{j}

sep
arates

h
an

d
j

in
G

.
T

h
is

im
p
lies

th
at
S
∈

Γ
j|i .

S
im

ilarly,
S
∈

Γ
i|j .

O
b
serv

e
also

th
at

Ū
S
c\{

i} (j)⊆
U
j ⊆

(S
c\

U
i )⊆

(S
c\

Ū
S
c\{

j} (i) )
.

(36)

T
h
e

fi
rst

relation
follow

s
from

th
e

fact
th

at
Ū
S
c\{

i} (j)
con

tain
s

on
ly

th
e

n
o
d
es

from
U
j

th
at

are
con

n
ected

to
j

b
y

som
e

p
ath

in
(G
−

(i,j) )
S
c

th
at

d
o
es

n
ot

p
ass

th
rou

gh
n
o
d
e
i.

T
h
e

last
relation

also
follow

s
from

a
sim

ilar
argu

m
en

t.
T

h
e

m
id

d
le

relation
follow

s
b

ecau
se
S

sep
arates

i
an

d
j

in
G
−

(i,j) .
T

h
is

im
p
lies

th
at
S
∈

Λ
1 .

T
h
erefore

Λ
0 ⊆

Λ
1 ∪

Λ
2 ∪

Λ
3 .

N
ow

,
let

S
∈

Λ
1 .

F
or

th
e

sake
of

con
trad

iction
,
su

p
p

ose
th

at
th

ere
is

a
p
ath

in
(G
−

(i,j) )
S
c

from
i

to
j.

T
h
is

im
p
lies

th
at

th
ere

is
a

n
o
d
e
h

su
ch

th
at

2
0
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L
e
a
r
n
in
g

U
n
fa

it
h
f
u
l
K
-s
e
pa

r
a
b
l
e
G
a
u
ss
ia
n
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

•
i

is
co

n
n
ec

t
b
y

a
p
at

h
to
h

in
(G
−

(i
,j

))
S
c

th
at

d
o
es

n
ot

p
a
ss

th
ro

u
gh

j;

•
j

is
co

n
n
ec

t
b
y

a
p
at

h
to
h

in
(G
−

(i
,j

))
S
c

th
at

d
o
es

n
ot

p
as

s
th

ro
u
gh

i.

T
h
e

fi
rs

t
p
ro

p
er

ty
is

eq
u
iv

al
en

t
to

th
er

e
b

ei
n
g

a
p
at

h
fr

om
i

to
h

in
(G
−

(i
,j

))
S
c
\{
j}

,
w

h
ic

h
is

if
an

d
on

ly
if
h
∈
Ū
S
c
\{
j}

(i
).

S
im

il
ar

ly
,
h
∈
Ū
S
c
\{
i}

(j
).

T
h
is

im
p
li
es

th
at
h
/∈

(S
c
\Ū

S
c
\{
j}

(i
))

,
w

h
ic

h
m

ea
n
s

th
at
Ū
S
c
\{
i}

(j
)
6⊆

(S
c
\Ū

S
c
\{
j}

(i
))

,
w

h
ic

h
co

n
tr

ad
ic

ts
S
∈

Λ
1
.

T
h
er

ef
or

e,
th

er
e

is
n
o

p
at

h
in

(G
−

(i
,j

))
S
c

fr
om

i
to
j,

w
h
ic

h
im

p
li
es

th
at
S

is
a

n
o
d
e

se
p
ar

a
to

r
of
i

a
n
d
j

in
G −

(i
,j

),
th

at
is

,
S
∈

Λ
0
.

N
ex

t,
le

t
S
∈

Λ
2
.

T
h
is

m
ea

n
s

th
at
S
∈

Ψ
j|
i.

S
u
p
p

os
e

th
a
t
j

is
co

n
n
ec

te
d

b
y

a
p
at

h
to

i
in

(G
−

(i
,j

))
S
c
.

T
h
en

th
er

e
ex

is
ts

a
n
o
d
e
h

on
th

is
p
at

h
su

ch
th

at
j

is
co

n
n
ec

te
d

to
h

b
y

a
p
at

h
in

(G
−

(i
,j

))
S
c
\i

th
at

d
o
es

n
ot

p
as

s
th

ro
u
gh

i.
T

h
er

ef
or

e,
Σ

(i
,h
|S
∪
{i
})

ca
n
n
ot

b
e

ze
ro

an
d

fa
it

h
fu

l
at

th
e

sa
m

e
ti

m
e.

T
h
is

co
n
tr

ad
ic

ts
S
∈

Ψ
j|
i,

b
y

d
efi

n
it

io
n
.

T
h
er

ef
or

e,
j

is
n
ot

co
n
n
ec

te
d

b
y

a
p
at

h
to
i

in
(G
−

(i
,j

))
S
c
,

w
h
ic

h
al

so
m

ea
n
s

th
at
S
∈

Λ
0
.

T
h
u
s

Λ
2
⊆

Λ
0
.

S
im

il
ar

ly
,

b
y

sy
m

m
et

ry
Λ

3
⊆

Λ
0
.

T
h
er

ef
or

e,
Λ

0
=

Λ
1
cu
p
Λ

2
∪

Λ
3
.

A
p
p

e
n
d
ix

B
.

S
a
m

p
le

A
n
a
ly

si
s

B
.1

W
is

h
a
rt

D
is

tr
ib

u
ti

o
n

L
et
X

=
(X

1
,.
..
,X

p
)
∼
N

(0
,Σ

).
L

et
x

(1
) ,
..
.,
x

(n
)

b
e
n

in
d
ep

en
d
en

t
sa

m
p
le

s
of
X

.
T

h
e

ra
n
d
om

sc
at

te
r

m
at

ri
x
S

fo
ll
ow

s
a

W
is

h
ar

t
d
is

tr
ib

u
ti

on
,

w
h
ic

h
d
ep

en
d
s

on
p
ar

am
et

er
s

Σ
,

p
an

d
n

.
W

e
d
en

ot
e

th
e

W
is

h
ar

t
d
is

tr
ib

u
ti

on
b
y
W

(Σ
,p
,n

).
F

or
co

n
ve

n
ie

n
ce

,
w

e
d
en

ot
e

A
n
,Σ

=
1 n
‖Σ
‖ 2

(t
r(

Σ
)

+
‖Σ
‖ 2

)
,

(3
7)

B
n
,Σ

=
2 n

tr
(Σ

).
(3

8)

W
e

w
il
l

m
ak

e
u
se

of
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
fr

om
Z

h
u

(2
0
12

)
in

ou
r

sa
m

p
le

an
al

y
si

s.

P
ro

p
o
si

ti
o
n

1
3

L
et
S
∼
W

(Σ
,p
,n

).
T

h
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty

P
(∥ ∥ ∥ ∥

1 n
S
−

Σ

∥ ∥ ∥ ∥ 2

≥
ε)
≤

2p
ex

p

{ −
ε2

2
A
n
,Σ

+
2
εB

n
,Σ

}
.

(3
9)

h
o
ld

s
fo

r
a
ll
ε
≥

0
.

W
e

ca
n

si
m

p
li
fy

th
e

ab
ov

e
p
ro

p
os

it
io

n
to

th
e

fo
ll
ow

in
g

fo
rm

.

L
e
m

m
a

1
4

L
et
S
∼
W

(Σ
,p
,n

).
T

h
en

,

P
(∥ ∥ ∥ ∥

1 n
S
−

Σ

∥ ∥ ∥ ∥ 2

≥
ε)
≤

2p
ex

p

{ −
n
ε2

(2
+
C

)(
p

+
1)
‖Σ
‖2 2

}
.

(4
0)

fo
r

a
ll
ε
∈
[ 0,

C
‖Σ
‖ 2

4

( 1
+
‖Σ
‖ 2

tr
(Σ

)

)]
,

w
h
er

e
C
>

0
is

a
co

n
st

a
n

t.

2
1
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L

R
 2

0(
10

9)
:1

-3
0,

 2
01

9

S
o
h
a
n
d

T
a
t
ik
o
n
d
a

P
ro

o
f

F
or
ε
∈
[ 0
,
C
‖Σ
‖ 2

4

( 1
+
‖Σ
‖ 2

tr
(Σ

)

)]
,

w
e

h
av

e

2
εB

n
,Σ
≤

2
B
n
,Σ
·C
‖Σ
‖ 2

4

( 1
+
‖Σ
‖ 2

tr
(Σ

)
=
C
A
n
,Σ
.

(4
1
)

A
ls

o,
si

n
ce

tr
(Σ

)
≤
p
‖Σ
‖ 2
,

(4
2
)

w
e

h
av

e

A
n
,Σ
≤

1 n
(p

+
1)
‖Σ
‖2 2
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p
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≤
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+
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b
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p
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p
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d
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⊆
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p
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e

d
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p
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d
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Σ̂
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Σ̂
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d
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d
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ra
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−
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w
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p
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d
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∈
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.
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at
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S∪{

i,j} ,|S|+
2
,n

).
L

et
Q

=
{
i,j}

,
a
n
d

let
Σ
Q
|S

=
Σ
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−
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−
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=
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−
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‖
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≥
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b
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∪
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∪
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‖Σ
‖
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.
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b
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S
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=
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S
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S
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∥∥∥∥
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n
−
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Q
|S
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Σ
Q
|S ∥∥∥∥
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h
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S
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( ∥∥∥∥

1

n
−
|S| S

Q
|S
−

Σ
Q
|S ∥∥∥∥
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S
⊂
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2
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=
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A
p
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p
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of{
i,j}.

C
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ro
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ry

1
8

L
et
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.

T
h
e
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w
in
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in

equ
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P


m

ax
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a
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C
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ex

cep
t
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b
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n
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n
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n
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d
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eren
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an
d
S
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oices,
w
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ro
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Υ
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w

e
d
efi

n
e
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even
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m

ore
u
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l.
L

et
ξ

b
e

th
e
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t

th
at,
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g
S

,
A
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m

1
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en
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for
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S
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w
h
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er
X
i
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d
ition
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d
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en
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or
n
ot
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S
.
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each
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ese (
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d
ition
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d
ep

en
d
en
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s
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en
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ed
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A
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m

1
w
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b

e
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to

correctly
id

en
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w
h
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X
u ⊥

X
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S
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T

h
u
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ξ

o
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o
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T
h
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o
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ev

en
ts
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o
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rs
in

th
e

com
p
lem

en
t

even
t
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ξ
c
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ξ.

T
h
e
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even
t
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error,

is
w

h
en

X
i ⊥

X
j |
X

S
,

b
u
t

A
lgorith

m
1

ou
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u
ts

th
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relation
con

d
ition

a
lly

d
ep

en
d
en

t.
W

e
n
am

e
th
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even

t
ξ

(1
)

ij
.

T
h
u
s,

th
e

even
t
ξ

(1
)

ij
o
ccu

rs
w

h
en

Σ
(i,j|

S
)

=
0

b
u
t

|Σ̂
(i,j
|
S

)|≥
α

,
w

h
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Σ̂
(i,j
|
S

)
is

d
efi

n
ed
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in

g
to
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T

h
e

secon
d
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p

e
of

error
o
ccu

rs
w
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en
X
i 6⊥

X
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X

S
b
u
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m
1

ou
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u
ts
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is

relation
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d
ition

ally
in

d
ep

en
d
en

t.

L
et

th
is

even
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b
e
ξ

(2
)

ij
.

E
v
en

t
x
i (2

)
ij

o
ccu

rs
w
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en

Σ
(i,j|

S
)6=

0,
b
u
t|Σ̂
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S
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α

.
A

s
a
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lt,

w
e

h
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P
(ξ
c)

=
P


⋃
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S
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i ⊥
X
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S
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)
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+
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⋃
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S
c,X

i 6⊥
X
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S
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.
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u
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)∣ ∣ ∣≥
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⊥
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⊥
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x
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,
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r
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≥
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+
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⊥
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b
st

it
u
ti

n
g

eq
u
at

io
n
s

(6
4)

an
d

(6
6)

in
to

(5
9)

,
w

e
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≥
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≥
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p
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p
an

si
on

is
at

th
e

h
ea

rt
of

th
e

w
h
o
le

cl
a
ss

of
ke

rn
el

s
m

et
h
o
d
s,

in
cl

u
d
in

g
ra

d
ia

l-
b
as

is
fu

n
ct

io
n
s

an
d

su
p
p

o
rt

-v
ec

to
r

m
ac

h
in

es
(S

ch
ö
lk

o
p
f

et
al

.,
19

97
;

V
ap

n
ik

,
20

13
;

S
ch

öl
ko

p
f

an
d

S
m

ol
a,

20
0
2)

.
T

h
e

el
eg

an
ce

of
k
er

n
el

es
ti

m
at

or
s

li
es

in
th

at
th

ey
ca

n
b

e
ju

st
ifi

ed
b
as

ed
on

re
g
u
la

ri
za

ti
o
n

th
eo

ry
(P

og
gi

o
an

d
G

ir
os

i,
19

90
;

E
v
ge

n
io

u
et

al
.,

20
00

;
P

og
gi

o
an

d
S
m

al
e,

2
0
0
3
).

T
h
e

in
ce

n
ti

ve
th

er
e

is
to

re
m

ov
e

so
m

e
of

th
e

ar
b
it

ra
ri

n
es

s
of

m
o
d
el

se
le

ct
io

n
b
y

fo
rm

u
la

ti
n
g

th
e

le
ar

n
in

g
ta

sk
as

a
gl

ob
al

m
in

im
iz

at
io

n
p
ro

b
le

m
th

at
ta

k
es

ca
re

of
th

e
d
es

ig
n

a
n
d

tr
a
in

in
g

jo
in

tl
y.

T
h
e

p
ro

p
er

ty
th

at
m

ak
es

su
ch

an
in

te
gr

at
ed

ap
p
ro

ac
h

fe
as

ib
le

is
th

a
t

a
n
y

H
il
b

er
t

sp
ac

e
H

of
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

on
R
N

h
as

a
u
n
iq

u
e

re
p
ro

d
u

ci
n

g
ke

rn
el
h
H

:
R
N
×
R
N
→

R
su

ch
th

at
(i

)
h
H

(·,
x
m

)
∈
H

;
an

d
(i

i)
〈f
,h
H

(·,
x
m

)〉
H

=
f

(x
m

)
fo

r
an

y
x
m
∈
R
N

a
n
d
f
∈
H

(A
ro

n
sz

a
jn

,
19

50
).

T
h
e

id
ea

,
th

en
,

is
to

fo
rm

u
la

te
th

e
“r

eg
u
la

ri
ze

d
”

v
er

si
on

o
f

P
ro

b
le

m
(1

)
as

f R
K
H
S

=
ar

g
m

in
f
∈H

(
M ∑ m
=
1

E
( y
m
,f

(x
m

))
+
λ
‖f
‖2 H

)
,

(3
)

w
h
er

e
th

e
se

co
n
d

te
rm

p
en

al
iz

es
so

lu
ti

on
s

w
it

h
a

la
rg

e
‖
·‖
H

-n
or

m
an

d
λ
∈

R
+

is
a
n

ad
ju

st
ab

le
tr

ad
eo

ff
fa

ct
or

.
U

n
d
er

th
e

as
su

m
p
ti

on
th

at
th

e
lo

ss
fu

n
ct

io
n
E

is
co

n
ve

x
,

th
e

re
p
re

se
n
te

r
th

eo
re

m
(K

im
el

d
or

f
an

d
W

ah
b
a,

19
7
1;

S
ch

öl
ko

p
f

et
al

.,
20

01
;

S
ch

ö
lk

o
p
f

a
n
d

S
m

ol
a,

20
02

)
st

at
es

th
at

th
e

so
lu

ti
on

of
(3

)
ex

is
ts

,
is

u
n
iq

u
e,

an
d

is
su

ch
th

a
t
f R

K
H
S
∈

sp
an
{h
H

(·,
x
m

)}
M m
=
1
.

T
h
is

u
lt

im
at

el
y

re
su

lt
s

in
th

e
sa

m
e

li
n
ea

r
ex

p
an

si
on

a
s

(2
).

T
h
e

ar
gu

m
en

t
al

so
ap

p
li
es

th
e

ot
h
er

w
ay

ro
u
n
d

si
n
ce

an
y

p
os

it
iv

e-
d
efi

n
it

e
ke

rn
el
h

sp
ec

ifi
es

a
u
n
iq

u
e

re
p
ro

d
u
ci

n
g-

k
er

n
el

H
il
b

er
t

sp
ac

e
(R

K
H

S
)
H

,
w

h
ic

h
th

en
p
ro

v
id

es
th

e
re

g
u
la

ri
za

ti
o
n

fu
n
ct

io
n
al
‖f
‖2 H

in
(3

)
th

at
is

m
at

ch
ed

to
th

e
k
er

n
el

es
ti

m
a
to

r
sp

ec
ifi

ed
b
y

(2
).

T
h
e

ot
h
er

re
m

ar
ka

b
le

fe
at

u
re

of
ke

rn
el

ex
p
an

si
on

s
is

th
ei

r
u

n
iv

er
sa

li
ty

,
u
n
d
er

m
il
d

co
n
-

d
it

io
n
s

on
h

(M
ic

ch
el

li
et

al
.,

20
06

).
In

ot
h
er

w
or

d
s,

on
e

h
as

th
e

gu
ar

an
te

e
th

a
t

th
e

g
en

er
ic

li
n
ea

r
m

o
d
el

of
(2

)
ca

n
re

p
ro

d
u
ce

a
n

y
co

n
ti

n
u
ou

s
fu

n
ct

io
n
f

:
R
N
→

R
to

a
d
es

ir
ed

d
eg

re
e

of
ac

cu
ra

cy
b
y

in
cl

u
d
in

g
su

ffi
ci

en
tl

y
m

an
y

ce
n
te

rs
,

w
it

h
th

e
er

ro
r

va
n
is

h
in

g
a
s
M
→
∞

.
M

or
eo

ve
r,

b
ec

au
se

of
th

e
ti

gh
t

co
n
n
ec

ti
on

b
et

w
ee

n
ke

rn
el

s,
R

K
H

S
,
an

d
sp

li
n
es

(d
e

B
o
o
r

a
n
d

2
JM

L
R

 2
0(

11
0)

:1
-3

0,
 2

01
9



A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

L
y
n
ch

,
1
9
6
6
;

M
icch

elli,
1986;

W
ah

b
a,

1990),
on

e
can

in
voke

stan
d
ard

resu
lts

in
ap

p
rox

im
a-

tio
n

th
eory

to
o
b
tain

q
u
an

titativ
e

estim
ates

of
th

e
ap

p
rox

im
ation

error
of

sm
o
oth

fu
n
ctio

n
s

a
s

a
fu

n
ctio

n
o
f
M

an
d

of
th

e
w

id
est

gap
b

etw
een

d
ata

cen
ters

(W
en

d
lan

d
,

20
05).

F
in

ally,
th

ere
is

a
w

ell-k
n
ow

n
lin

k
b

etw
een

kern
el

m
eth

o
d
s

d
erived

from
regu

larization
th

eory
a
n
d

n
eu

ra
l

n
etw

o
rk

s,
alb

eit
“sh

allow
”

on
es

th
at

in
vo

lve
a

sin
gle

n
on

lin
ear

layer
(P

oggio
an

d
G

iro
si,

1
9
9
0
).

1
.2

.
D

e
e
p

N
e
u

ra
l

N
e
tw

o
rk

s

W
h
ile

kern
el

m
eth

o
d
s

h
av

e
b

een
a

m
a
jor

(an
d

w
in

n
in

g)
p
layer

in
m

ach
in

e
learn

in
g

sin
ce

th
e

m
id

’9
0
s,

th
ey

h
ave

b
een

recen
tly

ou
tp

erform
ed

b
y

d
eep

n
eu

ral
n
etw

ork
s

(D
N

N
s)

in
m

a
n
y

rea
l-w

o
rld

ap
p
lication

s
su

ch
as

im
age

classifi
cation

(K
rizh

ev
sk

y
et

al.,
2012),

sp
eech

reco
g
n
itio

n
(H

in
ton

et
al.,

2012),
an

d
im

ag
e

segm
en

tation
(R

on
n
eb

erger
et

al.,
2015).

T
h
e

lea
d
in

g
id

ea
of

d
eep

learn
in

g
is

to
b
u
ild

m
ore

p
ow

erfu
l

lea
rn

in
g

arch
itectu

res
v
ia

th
e

sta
ck

in
g/

co
m

p
osition

of
sim

p
ler

en
tities

(see
th

e
rev

iew
p
ap

ers
b
y

L
eC

u
n
,

B
en

g
io

an
d

H
in

to
n

(L
eC

u
n

et
al.,

2015),
S
ch

m
id

h
u
b

er
(S

ch
m

id
h
u
b

er,
2015),

an
d

G
o
o
d
fellow

’s
recen

t
tex

tb
o
ok

(G
o
o
d
fellow

et
al.,

2016)
for

m
ore

d
etailed

ex
p
lan

ation
s).

In
th

is
w

ork
,

w
e

fo
cu

s
o
n

th
e

p
o
p
u
lar

class
of

feed
forw

ard
n
etw

ork
s

th
at

in
volve

a
layered

com
p

osition
of

affi
n
e

tra
n
sfo

rm
a
tio

n
s

(lin
ear

w
eigh

ts)
an

d
p

oin
tw

ise
n
on

lin
earities.

T
h
e

d
eep

stru
ctu

re
of

su
ch

a
n
etw

ork
is

sp
ecifi

ed
b
y

its
n

od
e

d
escrip

to
r

(N
0 ,N

1 ,...,N
L

),
w

h
ere

L
is

th
e

total
n
u
m

b
er

o
f

layers
(d

ep
th

of
th

e
n
etw

ork
)

an
d
N
`

is
th

e
n
u
m

b
er

of
n
eu

ron
s

at
th

e
`th

layer.
T

h
e

a
ctio

n
o
f

a
(sca

lar)
n
eu

ron
(or

n
o
d
e)

in
d
ex

ed
b
y

(n
,`)

is
d
escrib

ed
b
y
σ

(w
Tn
,` x
−
b
n
,` )

w
h
ere

x
∈
R
N
`−

1
d
en

o
tes

th
e

m
u
ltivariate

in
p
u
t

of
th

e
n
eu

ron
,
σ

:R
→

R
is

a
p
red

efi
n
ed

activation
fu

n
ctio

n
su

ch
as

a
sigm

oid
or

a
R

eL
U

(rectifi
ed

lin
ear

u
n
it),

w
n
,` ∈

R
N
`−

1
a

set
of

lin
ear

w
eig

h
ts,

a
n
d
b
n
,` ∈

R
an

ad
d
itive

b
ias.

T
h
e

ou
tp

u
ts

of
lay

er
`

are
th

en
fed

as
th

e
in

p
u
ts

of
layer

(`
+

1
)

fo
r
`

=
1,...,L

−
1.

T
o

o
b
ta

in
a

glob
al

d
escrip

tion
,

w
e

grou
p

th
e

n
eu

ron
s

w
ith

in
a

given
layer

`
an

d
sp

ecify
tw

o
co

rresp
on

d
in

g
vector-valu

ed
m

ap
s.

1
.

L
in

ea
r

step
f
`

:R
N
`−

1→
R
N
`

(affi
n
e

tran
sform

ation
)

f
`

:
x
7→
f
` (x

)
=

W
` x
−

b
`

(4)

w
ith

w
eig

h
tin

g
m

atrix
W

`
=

[w
1
,` ···w

N
` ,` ] T

∈
R
N
` ×
N
`−

1
an

d
b
ias

vector
b
`

=
(b

1
,` ,...,b

N
` ,` )∈

R
N
`.

2
.

N
o
n
lin

ea
r

step
σ
`

:R
N
`→

R
N
`

(activation
fu

n
ction

s)

σ
`

:
x

=
(x

1 ,...,x
N
` )7→

σ
` (x

)
=
(σ

1
,` (x

1 ),...,σ
N
` ,` (x

N
` ) )

(5)

w
ith

th
e

p
ossib

ility
to

ad
ap

t
th

e
scalar

activation
fu

n
ction

s
σ
n
,`

on
a

p
er-n

o
d
e

b
asis.

T
h
is

a
llow

s
u
s

to
d
escrib

e
th

e
overall

action
of

th
e

fu
ll
L

-layer
d
eep

n
etw

ork
b
y

fd
eep (x

)
=

(σ
L
◦
f
L
◦
σ
L−

1 ◦···◦
σ
2 ◦
f
2 ◦
σ
1 ◦
f
1 )

(x
),

(6)

w
h
ich

m
akes

its
com

p
osition

al
stru

ctu
re

ex
p
licit.

T
h
e

d
esign

step
th

erefore
con

sists
in

fi
x
in

g
th

e
a
rch

itectu
re

of
th

e
d
eep

n
eu

ral
n
et:

O
n
e

m
u
st

sp
ecify

(N
0 ,N

1 ,...,N
L

)
togeth

er
w

ith
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U
n
se

r

th
e

activation
fu

n
ction

s
σ
`

:R
N
`→

R
N
`.

T
h
e

activation
s

are
trad

ition
ally

ch
osen

to
b

e
n
ot

on
ly

th
e

sam
e

for
all

n
eu

ron
s

w
ith

in
a

layer,
b
u
t

also
th

e
sam

e
across

layers.
T

h
is

resu
lts

in
a

com
p
u
tation

al
stru

ctu
re

w
ith

ad
ju

stab
le

p
ara

m
eters

θ
=

(W
1 ,...,W

L
,b

1 ,...,b
L

)
(w

eigh
ts

of
th

e
lin

ear
step

s).
T

h
ese

are
th

en
set

d
u
rin

g
train

in
g

v
ia

th
e

m
in

im
ization

of
(1),

w
h
ich

is
ach

iev
ed

b
y

sto
ch

astic
grad

ien
t

d
escen

t
w

ith
effi

cien
t

error
b
ack

p
rop

aga
tion

(R
u
m

elh
art

et
al.,

1986).

W
h
ile

research
ers

h
ave

con
sid

ered
a

variety
of

p
ossib

le
activation

fu
n
ction

s,
su

ch
as

th
e

trad
ition

al
sigm

oid
,

a
p
referred

ch
oice

th
at

h
as

em
erged

over
th

e
years

is
th

e
rectifi

ed
lin

ear
u
n
it

R
eL

U
(x

)
=

m
ax

(x
,0)

(G
lorot

et
al.,

2011).
T

h
e

reason
s

th
at

su
p
p

ort
th

is
ch

oice
are

m
u
ltip

le.
T

h
e

in
itial

m
otivation

w
as

to
p
rom

ote
sp

arsity
(in

th
e

sen
se

of
a

d
ecrease

in
th

e
n
u
m

b
er

of
active

u
n
its),

cap
italizin

g
on

th
e

p
rop

erty
th

at
R

eL
U

a
cts

as
a

gate
an

d
w

ork
s

w
ell

in
com

b
in

ation
w

ith
`
1 -regu

larization
(G

lo
rot

et
al.,

2011).
S
econ

d
is

th
e

em
p
irical

ob
servation

th
at

th
e

train
in

g
of

very
d
eep

n
etw

ork
s

is
m

u
ch

faster
if

th
e

h
id

d
en

lay
ers

are
com

p
osed

of
R

eL
U

activation
fu

n
ction

s
(L

eC
u
n

et
al.,

2015).
L

ast
b
u
t

n
ot

least
is

th
e

con
n
ection

b
etw

een
d
eep

R
eL

U
n
etw

ork
s

an
d

sp
lin

es—
to

b
e

fu
rth

er
d
evelop

ed
in

th
is

p
ap

er.

A
key

ob
servation

is
th

at
a

d
eep

R
eL

U
n
etw

ork
im

p
lem

en
ts

a
m

u
ltivaria

te
in

p
u
t-ou

tp
u
t

relation
th

at
is

con
tin

u
ou

s
an

d
p
iecew

ise-lin
ear

(C
P

W
L

)
(M

on
tu

far
et

al.,
2014

).
T

h
is

rem
arkab

le
p
rop

erty
is

d
u
e

to
th

e
R

eL
U

itself
b

ein
g

a
lin

ear
sp

lin
e,

w
h
ich

h
as

p
rom

p
ted

P
oggio

et
al.

to
in

terp
ret

d
eep

n
eu

ral
n
etw

ork
s

as
h
ierarch

ical
sp

lin
es

(P
oggio

et
a
l.,

2015).
M

oreover,
it

h
as

b
een

sh
ow

n
th

at
an

y
C

P
W

L
fu

n
ction

ad
m

its
a

d
eep

R
eL

U
im

p
lem

en
tation

(W
an

g
an

d
S
u
n
,

2
005;

A
rora

et
al.,

2016),
w

h
ich

is
q
u
ite

sign
ifi

can
t

sin
ce

th
e

C
P

W
L

fam
ily

h
as

u
n
iversal-ap

p
rox

im
ation

p
rop

erties.

T
h
e

ab
ility

of
sp

lin
es

to
eff

ectiv
ely

rep
resen

t
arb

itra
ry

(u
n
ivariate)

fu
n
ction

s
(d

e
B

o
or,

1978;
S
ch

u
m

aker,
1981;

U
n
ser,

1999)
h
as

also
b

een
ex

p
loited

at
th

e
m

ore
lo

cal
level

o
f

a
n
eu

ron
/n

o
d
e

in
a

n
etw

ork
.

S
ev

eral
au

th
ors

h
av

e
p
rop

osed
to

u
se

sp
lin

e-related
p
aram

etric
m

o
d
els

to
op

tim
ize

th
e

sh
ap

e
of

n
eu

ral
activa

tion
u
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u
m

en
ta

ti
o
n
.

P
ro

p
er

ty
3

is
ve

ry
re

le
va

n
t

as
w

el
l
si

n
ce

it
im

p
li
es

th
at

B
V

(2
) (
R

)
is

ri
ch

en
ou

g
h

to
re

p
ro

d
u
ce

an
y

co
n
ti

n
u
ou

s
fu

n
ct

io
n
—

in
th

e
p
re

se
n
t

ca
se

,
an

y
n
eu

ro
n
al

ac
ti

va
ti

on
—

w
it

h
a
n

a
rb

it
ra

ry
d
eg

re
e

of
p
re

ci
si

on
.

T
h
is

ca
n

b
e

d
ed

u
ce

d
b
y

tr
an

si
ti

v
it

y
fr

om
th

e
u
n
iv

er
sa

l
a
p
p
ro

x
im

a
ti

o
n

p
ro

p
er

ti
es

of
S
ch

w
ar

tz
’

sp
ac

e
S(

R
),

w
h
ic

h
ev

en
h
ap

p
en

s
to

b
e

d
en

se
in
S′

(R
)

(S
ch

w
a
rt

z,
19

66
).

6
JM

L
R

 2
0(

11
0)

:1
-3

0,
 2

01
9



A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

2
.3

.
S

u
p

p
o
rtin

g
O

p
tim

a
lity

R
e
su

lts

A
s

p
rep

a
ra

tio
n

for
ou

r
rep

resen
ter

th
eorem

,
w

e
n
ow

p
resen

t
ou

r
lem

m
a

on
th

e
T

V
(2
)-

o
p
tim

a
lity

o
f
p
iecew

ise-lin
ear

in
terp

olation
.

T
h
is

en
ab

lin
g

resu
lt

is
d
ed

u
ced

from
th

e
gen

eral
sp

lin
e

th
eo

ry
p
resen

ted
in

(U
n
ser

et
al.,

2017),
as

d
etailed

in
A

p
p

en
d
ix

D
.

W
e

th
en

p
rov

id
e

a
rg

u
m

en
ts

to
d
isq

u
alify

th
e

u
se

of
th

e
m

ore
con

ven
tion

al
S
ob

olev
-ty

p
e

regu
larization

.
T

h
e

su
b
p
ro

b
lem

of
in

terest
is

to
search

for
th

e
op

tim
al

in
terp

olan
t

of
a

series
of

d
ata

p
o
in

ts
w

ith
in

th
e

n
ative

sp
ace

B
V

(2
)(R

).

L
e
m

m
a

2
(T

V
(2
)-o

p
tim

a
lity

o
f

p
ie

c
e
w

ise
-lin

e
a
r

in
te

rp
o
la

n
ts)

C
o
n

sid
er

a
series

o
f

sca
la

r
d
a
ta

po
in

ts
(x
m
,y
m

),m
=

1,...,M
w

ith
M

>
2

a
n

d
x
1
6=
x
2 .

T
h
en

,
u

n
d
er

th
e

h
ypo

th
esis

o
f

fea
sibility

(i.e.,
y
m

1
=
y
m

2
w

h
en

ever
x
m

1
=
x
m

2 ),
th

e
extrem

a
l

po
in

ts
o
f

th
e

in
terpo

la
tio

n
p
ro

blem

arg
m

in
f∈

B
V

(2
)(R

) ‖
D

2f‖M
s.t.

f
(x
m

)
=
y
m
,m

=
1,...,M

a
re

n
o
n

u
n

ifo
rm

sp
lin

es
o
f

d
egree

1
(a

.k.a
.

p
iecew

ise-lin
ea

r
fu

n
ctio

n
s)

w
ith

n
o

m
o
re

th
a

n
(M
−

2
)

a
d
a
p
tive

kn
o
ts.

T
h
e

p
ro

o
f,

tog
eth

er
w

ith
th

e
releva

n
t

b
ack

grou
n
d

in
fu

n
ction

al
an

aly
sis,

is
given

in
th

e
a
p
p

en
d
ix

.
T

h
e

feasib
ility

h
y
p

oth
esis

in
L

em
m

a
2

is
n
ot

restrictive
sin

ce
a

fu
n
ction

retu
rn

s
a

sin
g
le

va
lu

e
for

each
in

p
u
t

p
oin

t.
W

e
are

aw
are

o
f

tw
o

an
teced

en
ts

to
L

em
m

a
2

(i.e.,
(F

ish
er

a
n
d

J
erom

e,
1975,

C
orollary

2.2),
(M

am
m

en
an

d
van

d
e

G
eer,

1997
,

P
rop

osition
1
));

th
ese

ea
rlier

resu
lts,

h
ow

ever,
are

n
ot

in
a

form
su

itab
le

to
ou

r
p
u
rp

o
se

b
ecau

se
th

ey
restrict

th
e

d
o
m

ain
of
f

to
a

fi
n
ite

in
terval.

M
oreover,

in
b

oth
cases,

th
e

au
th

ors
im

p
licitly

a
ssu

m
e

th
e

w
ea

k
*

con
tin

u
ity

of
th

e
sam

p
lin

g
fu

n
ction

als,
w

h
ich

is
n
ot

ob
v
io

u
s

a
p
riori.

In
fa

ct,
it

is
th

e
g
rou

n
d
w

ork
for

estab
lish

in
g

th
is

p
rop

erty
—

n
am

ely,
th

e
ch

aracterization
of

th
e

p
red

u
a
l

sp
a
ce
C
0
,D

2 (R
)

in
T

h
eorem

1
1—

th
at

is
th

e
m

ost
in

volv
ed

p
art

of
ou

r
d
erivation

(see
A

p
p

en
d
ix

B
).

T
h
e

statem
en

t
in

L
em

m
a

2
is

also
m

ore
p
recise

b
ecau

se
it

y
ield

s
th

e
fu

ll
so

lu
tio

n
set

(as
th

e
con

vex
h
u
ll

of
th

e
ex

trem
al

p
oin

ts)
an

d
gives

a
stron

ger
b

ou
n
d

on
th

e
m

a
x
im

u
m

n
u
m

b
er

of
k
n
ots.

L
em

m
a

2
im

p
lies

th
at

th
ere

ex
ists

an
op

tim
al

in
terp

olator,
n
ot

n
ecessarily

u
n
iq

u
e,

w
h
ose

g
en

eric
p
a
ra

m
etric

form
is

giv
en

b
y

f
sp

lin
e (x

)
=
b
1

+
b
2 x

+
K
∑k
=
1

a
k (x
−
τ
k )

+
,

(12)

w
h
ere

(x
)
+

M=
m

ax
(x
,0)

=
R

eL
U

(x
),

w
ith

th
e

caveat
th

at
th

e
in

trin
sic

sp
lin

e
d
escrip

tors,
g
iven

b
y

th
e

(m
in

im
al)

n
u
m

b
er
K

of
k
n
ots

an
d

th
e

k
n
ot

lo
catio

n
s
τ
1 ,...,τ

K
∈

R
are

n
ot

k
n
ow

n
b

efo
reh

an
d
.

T
h
is

m
ean

s
th

at
th

ese
d
escrip

tors
n
eed

to
b

e
op

tim
ized

join
tly

w
ith

th
e

ex
p
a
n
sio

n
co

effi
cien

ts
b

=
(b

1 ,b
2 )
∈

R
2

an
d
a

=
(a

1 ,...,a
K

)
∈

R
K

.
U

ltim
ately,

th
is

tra
n
sla

tes
in

to
a

solu
tion

th
at

h
as

a
p

oly
gon

al
grap

h
w

ith
b
reak

p
oin

ts
f
sp

lin
e (τ

k ),k
=

1,...,K
an

d
th

at
p

erfectly
in

terp
olates

th
e

d
ata

p
oin

ts
oth

erw
ise,

as
sh

ow
n

in
F

igu
re

1.
S
in

ce
T

V
(2
)-regu

larization
p

en
alizes

th
e

variation
s

of
th

e
d
erivative,

it
w

ill
n
atu

rally
p
ro

d
u
ce

(sp
arse)

solu
tion

s
w

ith
a

sm
all

n
u
m

b
er

of
k
n
ots.

T
h
is

m
ean

s
th

at
an

op
tim

al
sp

lin
e

w
ill

ty
p
ically

h
ave

few
er

k
n
ots

th
an

th
ere

are
d
ata

p
oin

ts,
w

h
ile

th
e

list{τ
1 ,...,τ

K }
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U
n
se

r

0.5
1.0

1.5
2.0

2.5
3.0

0.5

1.0

1.5

F
igu

re
1:

C
on

ven
tio

n
a
l
(solid

lin
e)

v
s.

sp
arse

(d
ash

ed
lin

e)
p
iecew

ise-lin
ear

in
terp

o
la

n
ts.

T
h
e

5
d
ata

p
oin

ts
are

sh
ow

n
as

d
ots;

th
ey

coin
cid

e
w

ith
th

e
k
n
o
ts

of
th

e
con

ven
tion

al
in

terp
o
la

n
t.

T
h
e

sp
arse

solu
tion

,
b
y

con
tra

st,
h
a
s

a
sin

g
le

k
n
ot

at
τ
1

=
1.5

(circle),
an

a
rg

u
m

en
t

va
lu

e
th

at
is

fou
n
d

in
n
o
n
e

o
f

th
e

d
ata

p
oin

ts.

of
its

k
n
ots,

w
ith

K
<
M

,
m

ay
n
ot

n
ecessarily

b
e

a
su

b
set

of{
x
1 ,...,x

M
},

a
s

illu
strated

in
F

igu
re

1.
T

h
is

p
u
sh

tow
ard

s
m

o
d
el

sim
p
lifi

cation
(O

ccam
’s

razor)
is

h
igh

ly
d
esirab

le.
It

d
istin

gu
ish

es
th

is
form

u
lation

of
sp

lin
es

from
th

e
m

ore
con

v
en

tion
al

on
e,

w
h
ich

,
in

th
e

case
of

in
terp

olation
,

sim
p
ly

tells
u
s

“to
con

n
ect

th
e

d
ots”

w
ith

K
=
M

an
d
τ
m

=
x
m

for
m

=
1,...,M

(see
th

e
solid

-lin
e

cu
rve

in
F

igu
re

1).

It
is

w
ell

k
n
ow

n
th

at
th

e
classical

lin
ear

in
terp

olator
is

th
e

solu
tion

of
th

e
variation

al
p
rob

lem
in

P
rop

osition
3,

w
h
ich

w
e

like
to

see
as

th
e

p
recu

rso
r

of
R

K
H

S
kern

el
m

eth
o
d
s

(P
ren

ter,
1975;

W
ah

b
a,

1990).

P
ro

p
o
sitio

n
3

(S
o
b

o
le

v
o
p

tim
a
lity

o
f

p
ie

c
e
w

ise
-lin

e
a
r

in
te

rp
o
la

tio
n
)

L
et

th
e

n
a
-

tive
spa

ce
be

th
e

fi
rst-o

rd
er

S
o
bo

lev
spa

ce
H

1(R
)

=
{
f

:R
→

R
∣∣‖D

f‖
2L
2

+
|f

(0)| 2
<
∞
}
.

G
iven

a
series

o
f

d
istin

ct
d
a
ta

po
in

ts
(x
m
,y
m

),m
=

1,...,M
,

th
e

in
terpo

la
tio

n
p
ro

blem

arg
m

in
f∈
H

1
(R

) ∫

R |D
f

(x
)| 2d

x
s.t.

f
(x
m

)
=
y
m
,
m

=
1,...,M

h
a
s

a
u

n
iqu

e
p
iecew

ise-lin
ea

r
so

lu
tio

n
th

a
t

ca
n

be
w

ritten
a
s

s
2 (x

)
=
b
1

+
M∑m
=
1

a
m

(x
−
x
m

)
+
.

(13)

W
h
ile

th
e

resu
lt

is
elegan

t
an

d
tran

slates
in

to
a

straigh
tforw

ard
im

p
lem

en
tation

,
th

e
sch

em
e

can
b

e
cu

m
b

ersom
e

for
large

d
ata

sets
b

ecau
se

th
e

n
u
m

b
er

of
p
aram

eters
in

(13)
in

-
creases

w
ith

th
e

n
u
m

b
er

of
d
ata

p
oin

ts.
T

h
e

oth
er

lim
itation

is
th

at
th

e
u
se

of‖D
f‖

L
2 -

regu
larization

d
isq

u
alifi

es
th

e
sim

p
le

lin
ear

solu
tion

f
(x

)
=
a
x

,
w

h
ich

h
as

an
in

fi
n
ite

cost.
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

A
s

on
e

m
ay

ex
p

ec
t,

th
er

e
ar

e
al

so
d
ir

ec
t

ex
te

n
si

on
s

of
L

em
m

a
2

an
d

P
ro

p
os

it
io

n
3

fo
r

re
gu

la
ri

ze
d

le
as

t-
sq

u
ar

es
ap

p
ro

x
im

at
io

n
s.

M
or

eo
ve

r,
th

e
d
is

ti
n
ct

io
n

b
et

w
ee

n
th

e
tw

o
ty

p
es

of
so

lu
ti

on
s—

sm
o
ot

h
in

g
sp

li
n
es

(S
ch

o
en

b
er

g,
19

64
)

v
s.

ad
ap

ti
v
e

re
gr

es
si

on
sp

li
n
es

(M
am

m
en

an
d

va
n

d
e

G
ee

r,
19

97
)—

is
ev

en
m

or
e

st
ri

k
in

g1
fo

r
n
oi

sy
-d

at
a

fi
tt

in
g

ap
p
li
ca

ti
on

s,
w

h
ic

h
b
ri

n
gs

u
s

b
ac

k
to

ou
r

in
it

ia
l

go
al

:
th

e
d
es

ig
n

an
d

tr
ai

n
in

g
of

n
eu

ra
l

n
et

w
or

k
s.

2
.4

.
R

e
p

re
se

n
te

r
T

h
e
o
re

m
fo

r
D

e
e
p

N
e
u

ra
l

N
e
tw

o
rk

s

O
u
r

ai
m

is
to

d
et

er
m

in
e

th
e

op
ti

m
al

ac
ti

va
ti

on
fu

n
ct

io
n
s

fo
r

a
d
ee

p
n
eu

ra
l

n
et

w
or

k
in

a
ta

sk
-d

ep
en

d
en

t
fa

sh
io

n
.

T
h
is

p
ro

b
le

m
is

in
h
er

en
tl

y
il
l-

p
os

ed
b

ec
au

se
a
ct

iv
at

io
n
s

a
re

in
fi
n
it

e-
d
im

en
si

on
al

en
ti

ti
es

w
h
il
e

w
e

on
ly

h
av

e
ac

ce
ss

to
fi
n
it

e
d
at

a.
A

s
in

th
e

ca
se

of
in

te
rp

ol
at

io
n
,

w
e

re
so

lv
e

th
e

am
b
ig

u
it

y
b
y

im
p

os
in

g
an

ap
p
ro

p
ri

at
e

fo
rm

of
re

gu
la

ri
za

ti
on

.
H

av
in

g
si

n
g
le

d
ou

t
T

V
(2
)

as
th

e
m

os
t

fa
vo

ra
b
le

ch
oi

ce
,

w
e

n
ow

p
ro

ce
ed

w
it

h
th

e
en

u
n
ci

at
io

n
o
f

ou
r

re
p
-

re
se

n
te

r
th

eo
re

m
fo

r
d
ee

p
n
eu

ra
l

n
et

w
or

k
s.

W
e

h
av

e
p
u
rp

os
ef

u
ll
y

st
a
te

d
th

e
o
p
ti

m
iz

at
io

n
p
ro

b
le

m
in

a
ge

n
er

ic
fo

rm
th

at
is

co
m

p
at

ib
le

w
it

h
th

e
cu

rr
en

t
p
ra

ct
ic

e
in

D
N

N
.

S
p

ec
ifi

ca
ll
y,

th
e

co
st

fu
n
ct

io
n

in
(1

5)
in

cl
u
d
es

a
st

an
d
ar

d
d
at

a
te

rm
th

at
p

en
al

iz
es

d
at

a
m

is
fi
t

p
lu

s
a

re
gu

-
la

ri
za

ti
on

to
co

n
st

ra
in

th
e

va
lu

es
of

th
e

li
n
ea

r
w

ei
gh

ts
of

th
e

n
et

w
or

k
(e

.g
.,
R
`(

U
`)

=
‖U

`‖
2 F

in
th

e
ca

se
of

th
e

p
op

u
la

r
w

ei
gh

t-
d
ec

ay
p

en
al

ty
).

T
h
e

n
ov

el
ty

is
th

e
ad

d
it

io
n
al

op
ti

m
iz

at
io

n
ov

er
th

e
n
eu

ro
n
al

ac
ti

va
ti

on
s
σ
n
,`

an
d

th
e

in
se

rt
io

n
of

th
e

T
V

(2
)

te
rm

to
re

g
u
la

ri
ze

th
ei

r
sh

ap
e.

T
h

e
o
re

m
4

(T
V

(2
) -

o
p

ti
m

a
li
ty

o
f

d
e
e
p

sp
li
n

e
n

e
tw

o
rk

s)
L

et
th

e
L

-l
a
ye

r
fe

ed
fo

rw
a
rd

n
eu

ra
l

n
et

w
o
rk

f
:
R
N

0
→

R
N
L

w
it

h
n

od
e

d
es

cr
ip

to
r

(N
0
,N

1
,.
..
,N

L
)

ta
ke

th
e

fo
rm

x
7→

f(
x

)
=

(σ
L
◦`

L
◦σ

L
−
1
◦·
··
◦`

2
◦σ

1
◦`

1
)

(x
),

(1
4)

w
h
ic

h
is

a
n

a
lt

er
n

a
ti

n
g

co
m

po
si

ti
o
n

o
f

th
e

n
o
rm

a
li

ze
d

li
n

ea
r

tr
a
n

sf
o
rm

a
ti

o
n

s
` `

:
R
N
`
−
1
→

R
N
`
,x
7→

U
`x

w
it

h
li

n
ea

r
w

ei
gh

ts
U
`

=
[u

1
,`
··
·

u
N
`
,`

]T
∈
R
N
`
×
N
`
−
1

su
ch

th
a
t
‖u

n
,`
‖

=
1

a
n

d
th

e
n

o
n

li
n

ea
r

a
ct

iv
a
ti

o
n

s
σ
`

:
R
N
`
→

R
N
`
,x
7→
( σ

1
,`

(x
1
),
..
.,
σ
N
`
,`

(x
n
))

w
it

h
σ
1
,`
,.
..

,

σ
N
`
,`
∈

B
V

(2
) (
R

).
G

iv
en

a
se

ri
es

o
f

d
a
ta

po
in

ts
(x

m
,y

m
)M m

=
1
,

w
e

th
en

d
efi

n
e

th
e

tr
a
in

in
g

p
ro

bl
em

ar
g

m
in

(U
`
),
(σ
n
,`
∈B

V
(2

)
(R

))

(
M ∑ m
=
1

E
( y

m
,f

(x
m

))
+
µ

N ∑ `=
1

R
`(

U
`)

+
λ

L ∑ `=
1
,

N ∑̀ n
=
1

T
V

(2
) (
σ
n
,`

) 
,

(1
5)

w
h
er

e
E

:
R
N
L
×

R
N
L
→

R
+

is
a
n

a
rb

it
ra

ry
co

n
ve

x
er

ro
r

fu
n

ct
io

n
su

ch
th

a
t
E

(y
,y

)
=

0
fo

r
a
n

y
y
∈
R
N
`
,
R
`

:
R
N
`
×
N
`
→

R
+

is
so

m
e

a
rb

it
ra

ry
co

n
ve

x
co

st
th

a
t

fa
vo

rs
ce

rt
a
in

ty
pe

s
o
f

li
n

ea
r

tr
a
n

sf
o
rm

a
ti

o
n

s,
a
n

d
λ
,µ
∈

R
+

a
re

tw
o

a
d
ju

st
a
bl

e
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
s.

If
th

e
so

lu
ti

o
n

o
f

(1
5)

ex
is

ts
,

th
en

it
is

a
ch

ie
ve

d
by

a
d
ee

p
sp

li
n

e
n

et
w

o
rk

w
it

h
in

d
iv

id
u

a
l

a
ct

iv
a
ti

o
n

s
o
f

th
e

fo
rm

σ
n
,`

(x
)

=
b 1
,n
,`

+
b 2
,n
,`
x

+

K
n
,`

∑ k
=
1

a
k
,n
,`

(x
−
τ k
,n
,`

) +
,

(1
6)

1
.

In
th

e
le

a
st

-s
q
u

a
re

s
se

tt
in

g
,

o
n

e
ca

n
a
d

ju
st

th
e

st
re

n
g
th

o
f

T
V

(2
)
-r

eg
u

la
ri

za
ti

o
n

to
co

n
tr

o
l

th
e

n
u

m
b

er
o
f

k
n

o
ts

a
n

d
th

er
eb

y
p

ro
d

u
ce

so
lu

ti
o
n

s
w

it
h
K
�
M

.
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01
9

U
n
se

r

w
it

h
a
d
a
p
ti

ve
pa

ra
m

et
er

s
K
n
,`
≤

(M
−

2)
,
τ 1
,n
,`
,.
..
,τ
K
n
,`
,n
,`
∈

R
,

a
n

d
b 1
,n
,`
,b

2
,n
,`
,a

1
,n
,`

,
..
.,
a
K
n
,`
,n
,`
∈
R

.

P
ro

o
f

L
et

th
e

fu
n
ct

io
n

f̃
:
R
N

0
→

R
N
L

b
e

a
(n

ot
n
ec

es
sa

ri
ly

u
n
iq

u
e)

so
lu

ti
o
n

o
f

th
e

p
ro

b
le

m
su

m
m

ar
iz

ed
b
y

(1
5)

.
T

h
is

so
lu

ti
on

is
d
es

cr
ib

ed
b
y

(1
4)

w
it

h
so

m
e

o
p
ti

m
a
l

ch
o
ic

e
of

tr
an

sf
or

m
at

io
n

m
at

ri
ce

s
Ũ
`

an
d

p
o
in

tw
is

e
n
on

li
n
ea

ri
ti

es
σ̃
n
,`

:
R
→

R
fo

r
`

=
1
,.
..
,L

an
d
n

=
1,
..
.,
N
`.

A
s

w
e

ap
p
ly

f̃
to

th
e

d
at

a
p

oi
n
t
x

=
x
m

an
d

p
ro

gr
es

si
ve

ly
m

ov
e

th
ro

u
g
h

th
e

la
ye

rs
o
f

th
e

n
et

w
or

k
,

w
e

ge
n
er

at
e

a
se

ri
es

of
v
ec

to
rs
z
m
,`
∈
R
N
`
,

ac
co

rd
in

g
to

a
re

cu
rs

iv
e

d
efi

n
it

io
n

as
fo

ll
ow

s.

•
In

it
ia

li
za

ti
on

(i
n
p
u
t

of
th

e
n
et

w
or

k
):
ỹ
m
,0

=
x
m

.

•
R

ec
u
rs

iv
e

u
p

d
at

e:
F

or
`

=
1,
..
.,
L

,
ca

lc
u
la

te

z
m
,`

=
(z

1
,m
,`
,.
..
,z
N
`
,m
,`

)
=

Ũ
`
ỹ
m
,`
−
1

(1
7
)

an
d

co
n
st

ru
ct
ỹ
m
,`

=
(ỹ

1
,m
,`
,.
..
,ỹ
N
`
,m
,`

)
∈
R
N
`

w
it

h

ỹ n
,m
,`

=
σ̃
n
,`

(z
n
,m
,`

)
n

=
1,
..
.,
N
`.

(1
8
)

A
t

th
e

ou
tp

u
t

le
v
el

,
w

e
ge

t
f̃(
x
m

)
=
ỹ
m
,L

fo
r
m

=
1
,.
..
,M

,
w

h
ic

h
ar

e
th

e
va

lu
es

th
a
t

d
et

er
m

in
e

th
e

d
at

a-
fi
d
el

it
y

p
ar

t
of

th
e

cr
it

er
io

n
as

so
ci

at
ed

w
it

h
th

e
op

ti
m

a
l

n
et

w
o
rk

a
n
d

re
p
re

se
n
te

d
b
y

th
e

te
rm

∑
M m
=
1
E
( y

m
,f

(x
m

))
in

(1
5)

.
L

ik
ew

is
e,

th
e

sp
ec

ifi
ca

ti
o
n

o
f

th
e

op
ti

m
al

li
n
ea

r
tr

an
sf

or
m

s
Ũ

1
,.
..
,Ũ

L
fi
x
es

th
e

re
gu

la
ri

za
ti

on
co

st
∑

L `=
1
R
`(

U
`)

.
H

av
in

g
se

t
th

es
e

q
u
an

ti
ti

es
,

w
e

co
n
ce

n
tr

at
e

on
th

e
fi
n
al

el
em

en
t

of
th

e
p
ro

b
le

m
:

th
e

ch
ar

a
ct

er
iz

a
ti

o
n

of
th

e
“o

p
ti

m
al

”
ac

ti
va

ti
on

s
σ̃
n
,`

:
R
→

R
in

-b
et

w
ee

n
th

e
lo

ca
ti

on
s
z n
,m
,`

as
so

ci
a
te

d
w

it
h

th
e

“a
u
x
il
ia

ry
”

d
at

a
p

oi
n
ts
ỹ n
,m
,`

=
σ̃
n
,`

(z
n
,m
,`

),
m

=
1,
..
.,
M

.
T

h
e

ke
y

is
to

re
co

g
n
iz

e
th

a
t

w
e

ca
n

n
ow

co
n
si

d
er

th
e

va
ri

ou
s

ac
ti

va
ti

on
fu

n
ct

io
n
s

in
d
iv

id
u
al

ly
b

ec
au

se
th

e
va

ri
a
ti

o
n

of
σ̃
n
,`

in
-b

et
w

ee
n

d
at

a
p

oi
n
ts

is
en

ti
re

ly
co

n
tr

ol
le

d
b
y

T
V

(2
) (
σ̃
n
,`

)
w

it
h
ou

t
an

y
in

fl
u
en

ce
o
n

th
e

ot
h
er

te
rm

s
of

th
e

co
st

fu
n
ct

io
n
al

.
S
in

ce
th

e
so

lu
ti

on
f̃

ac
h
ie

ve
s

th
e

gl
o
b
a
l

o
p
ti

m
u
m

,
w

e
h
av

e
th

at

σ̃
n
,`
∈

ar
g

m
in

f
∈B

V
(2

)
(R

)
‖D

2
f
‖ M

s.
t.

f
(z
n
,m
,`

)
=
ỹ n
,m
,`
,
m

=
1,
..
.,
M
,

w
h
er

e
th

e
“a

u
x
il
ia

ry
”

d
at

a
p
ai

rs
(z
n
,m
,`
,ỹ
n
,m
,`

)
ar

e
sp

ec
ifi

ed
b
y

(1
8)

.
A

ft
er

th
is

re
fo

rm
u
-

la
ti

on
,

w
e

ca
n

ap
p
ly

L
em

m
a

2,
w

h
ic

h
p
ro

ve
s

th
at

,
at

ea
ch

n
o
d
e

(n
,`

),
th

e
m

in
im

u
m

is
ac

h
ie

ve
d

b
y

a
n
on

u
n
if

or
m

sp
li
n
e

w
it

h
a

n
u
m

b
er
K
n
,`

of
k
n
ot

s
sm

al
le

r
th

an
th

e
n
u
m

b
er

o
f

d
at

a
p

oi
n
ts

.
S
in

ce
th

e
h
y
p

ot
h
es

is
of

fe
as

ib
il
it

y
is

im
p
li
ci

t
in

th
e

co
n
st

ru
ct

io
n
,
th

er
e

is
on

ly
o
n
e

ca
se

n
o
t

co
ve

re
d

b
y

L
em

m
a

2:
th

e
si

n
gu

la
r

sc
en

ar
io

w
h
er

e
al

l
th

e
au

x
il
ia

ry
d
at

a
p

oi
n
ts

a
ss

o
ci

a
te

d
to

a
n
o
d
e

ar
e

eq
u
al

.
F

or
tu

n
at

el
y,

th
is

d
o
es

n
ot

b
re

a
k

th
e

ar
g
u
m

en
t

b
ec

a
u
se

su
ch

a
co

n
fi
g
u
ra

ti
o
n

ca
ll
s

fo
r

a
(z

er
o-

co
st

)
so

lu
ti

on
of

th
e

fo
rm

b 1
+
b 2
x

(w
h
ic

h
is

a
sp

ec
ia

l
ca

se
of

(1
2
)

w
it

h
K

=
0
),

ex
ce

p
t

fo
r

th
e

tw
is

t
th

at
th

er
e

ar
e

n
ow

in
fi
n
it

el
y

m
an

y
p

o
ss

ib
il
it

ie
s

w
it

h
b 1

+
b 2
z 1

=
ỹ 1

.

T
h
is

re
su

lt
tr

an
sl

at
es

in
to

a
co

m
p
u
ta

ti
on

al
st

ru
ct

u
re

w
h
er

e
ea

ch
n
o
d
e

o
f

th
e

n
et

w
o
rk

( w
it

h
fi
x
ed

in
d
ex

(n
,`

))
is

ch
ar

ac
te

ri
ze

d
b
y

1
0
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

•
its

n
u
m

b
er

0
≤
K

=
K
n
,`

of
k
n
ots

(id
eally,

m
u
ch

sm
aller

th
an

M
);

•
th

e
lo

ca
tion

{τ
k
,n
,` }

K
n
,`

k
=
1

of
th

ese
k
n
ots

(eq
u
ivalen

t
to

R
eL

U
b
iases);

•
th

e
ex

p
a
n
sion

co
effi

cien
ts
b
1
,n
,` ,b

2
,n
,` ,a

1
,n
,` ,...,a

K
,n
,` ,

also
w

ritten
as

b
=

(b
1 ,b

2 )∈
R
2

an
d

a
=

(a
1 ,...,a

K
)∈

R
K

to
avoid

n
ota

tion
al

ov
erload

.

T
h
e

fu
n
d
a
m

en
tal

p
oin

t
is

th
at

th
ese

p
aram

eters
(in

clu
d
in

g
th

e
n
u
m

b
er

of
k
n
ots)

are
d
ata-

d
ep

en
d
en

t
a
n
d

ad
ju

sted
au

tom
atically

th
rou

gh
th

e
m

in
im

ization
of

(15
).

A
ll

th
is

tak
es

p
la

ce
d
u
rin

g
train

in
g.

3
.
In

te
rp

re
ta
tio

n
a
n
d
D
iscu

ssio
n

T
h
eo

rem
4

tells
u
s

th
at

w
e

can
con

fi
g
u
re

a
n
eu

ral
n
etw

ork
op

tim
ally

b
y

restrictin
g

ou
r

a
tten

tio
n

to
p
iecew

ise-lin
ear

activation
fu

n
ction

s
σ
n
,` ,

or
sp

lin
e

a
ctiva

tio
n

s,
for

sh
ort.

In
eff

ect,
th

is
m

ea
n
s

th
at

th
e

“in
fi
n
ite-d

im
en

sion
al”

m
in

im
ization

p
rob

lem
sp

ecifi
ed

b
y

(15)
ca

n
b

e
co

n
verted

in
to

a
tractab

le
fi
n
ite-d

im
en

sion
al

p
rob

lem
w

h
ere,

for
each

n
o
d
e

(n
,`),

th
e

p
a
ra

m
eters

to
b

e
op

tim
ized

are
th

e
n
u
m

b
er
K
n
,`

of
k
n
ots,

th
e

lo
cation

s{τ
k
,n
,` }

K
n
,`

k
=
1

of
th

e
sp

lin
e

k
n
o
ts,

an
d

th
e

lin
ear

w
eigh

ts
b
1
,n
,` ,b

2
,n
,` ,a

1
,n
,` ,...,

a
K
n
,` ,n

,` ∈
R

.
T

h
e

en
ab

lin
g

p
ro

p
erty

is
g
oin

g
to

b
e

(21),
w

h
ich

con
verts

th
e

con
tin

u
ou

s-d
om

ain
regu

larization
in

to
a

d
iscrete

`
1 -n

o
rm

.
T

h
is

is
con

sisten
t

w
ith

th
e

ex
p

ectation
th

at
b

ou
n
d
in

g
th

e
secon

d
-ord

er
to

ta
l-va

riatio
n

favors
solu

tion
s

w
ith

sp
arse

secon
d

d
erivatives—

i.e.,
lin

ear
sp

lin
es

w
ith

th
e

few
est

p
o
ssib

le
n
u
m

b
er

of
k
n
ots.

T
h
e

id
ea

is
th

at
`
1 -m

in
im

ization
p
rom

otes
a

red
u
ction

of
th

e
n
u
m

b
er

o
f

active
co

effi
cien

ts
a
k
,n
,`

(D
on

oh
o,

2006;
U

n
ser

et
al.,

2
016).

T
h
e

oth
er

im
p

ortan
t

featu
re

is
th

at
th

e
k
n
ots

are
ad

ap
tiv

e
an

d
th

at
th

ey
can

b
e

learn
ed

d
u
rin

g
tra

in
in

g
u
sin

g
th

e
stan

d
ard

b
ack

p
rop

agation
algorith

m
.

W
h
at

is
req

u
ired

is
th

e
d
erivativ

e
o
f

th
e

activation
fu

n
ction

s.
It

is
given

b
y

σ
′n
,` (x

)
=
b
2
,n
,`

+

K
n
,`

∑k
=
1

a
k
,n
,`
1
[τ
k
,n
,` ,+
∞

) (x
),

(19)

w
h
ere

1
[τ
,+
∞

) (x
)

is
an

in
d
icator

fu
n
ction

th
at

is
zero

for
x
<
τ

an
d

1
o
th

erw
ise.

T
h
ese

d
erivativ

es
a
re

p
iecew

ise-con
stan

t
sp

lin
es

w
ith

ju
m

p
s

of
h
eigh

t
a
k
,n
,`

at
th

e
k
n
ot

lo
cation

s
τ
k
,n
,` .

B
y

d
iff

eren
tiatin

g
(19)

on
ce

m
ore,

w
e

get
th

at

σ
′′n,` (x

)
=

K
n
,`

∑k
=
1

a
k
,n
,` δ(x

−
τ
k
,n
,` ),

(20)

w
h
ere

δ
is

th
e

D
irac

d
istrib

u
tion

.
O

w
in

g
to

th
e

p
rop

erty
th

at‖δ(·−
τ
k
,n
,` )‖M

=
1,

w
e

th
en

rea
d
ily

d
ed

u
ce

th
at

T
V

(2
){
σ
n
,` }

=
‖
σ
′′n,` ‖M

=

K
n
,`

∑k
=
1 |a

k
,n
,` |

=
‖
a
n
,` ‖

1 ,
(2

1)

w
h
ich

co
n
verts

th
e

con
tin

u
ou

s-d
om

ain
regu

larization
in

to
a

m
ore

fam
iliar

m
in

im
u
m
`
1 -n

orm
co

n
stra

in
t

o
n

th
e

u
n
d
erly

in
g

ex
p
an

sion
co

effi
cien

ts.

11
JM

L
R

 20(110):1-30, 2019

U
n
se

r

3
.1

.
L

in
k

w
ith

E
x
istin

g
T

e
ch

n
iq

u
e
s

W
h
at

is
ev

en
m

ore
in

terestin
g,

from
a

p
ractical

p
oin

t
of

v
iew

,
is

th
at

th
e

corresp
o
n
d
in

g
sy

stem
tran

slates
in

to
a

d
eep

R
eL

U
n
etw

o
rk

m
o
d
u
lo

a
sligh

t
m

o
d
ifi

cation
of

th
e

sta
n
d
ard

arch
itectu

re
d
escrib

ed
b
y

(6).
In

d
eed

,
th

e
p
rim

ary
b
asis

fu
n
ction

s
in

(16)
are

sh
ifted

R
eL

U
s,

so
th

at
each

sp
lin

e
activation

σ
n
,`

can
b

e
realized

b
y

w
ay

of
a

sim
p
le

on
e-lay

er
R

eL
U

su
b
n
etw

ork
w

ith
th

e
sp

lin
e

k
n
ots

b
ein

g
en

co
d
ed

in
th

e
b
iases.

In
p
articu

lar,
w

h
en

th
e

on
ly

active
co

effi
cien

ts
is
a
n
,`

=
a
1
,n
,`

(i.e.,
b
1
,n
,`

=
0,
b
2
,n
,`

=
0,

an
d
K
n
,`

=
1),

w
e

h
ave

a
p

erfect
eq

u
ivalen

ce
w

ith
th

e
classical

d
eep

R
eL

U
stru

ctu
re

d
escrib

ed
b
y

(6)
w

ith
σ
n
,` (x

)
=

(x
)
+

.
T

h
e

en
ab

lin
g

p
rop

erty
is

th
at

(w
Tn
,` x
−
z
n
,` )

+
=

(a
n
,` u

Tn
,` x
−
z
n
,` )

+
=
a
n
,` (u

Tn
,` x
−
τ
n
,` )

+
,

w
ith

u
n
,`

=
w
n
,` /‖w

n
,` ‖,

a
n
,`

=
‖
w
n
,` ‖

,
an

d
τ
n
,`

=
z
n
,` /a

n
,` .

C
on

cretely,
th

is
m

ean
s

th
at,

for
every

layer
`,

w
e

can
ab

sorb
th

e
sin

gle
R

eL
U

co
effi

cien
ts
a
n
,` ,n

=
1,...,N

`
in

to
th

e
p
rior

lin
ear

tran
sform

ation
an

d
con

sid
er

u
n
n
orm

alized
tran

sfo
rm

atio
n
s

W
`

=
[w

1
,`
...

w
N
` ,` ] T

(as
in

(4) )
rath

er
th

an
th

e
n
orm

alized
on

es
of

T
h
eorem

4
w

ith
u
n
,`

=
w
n
,` /‖

w
n
,` ‖

.

T
h
eorem

4
th

en
su

ggests
th

at
th

e
n
ex

t
step

in
com

p
lex

ity
is

to
ad

d
th

e
lin

ear
term

b
1
,n
,` +

b
2
,n
,` x

to
each

n
o
d
e,

sin
ce

its
regu

larization
cost

va
n
ish

es.
In

terestin
gly,

th
e

su
ggested

con
fi
gu

ration
—

on
e

R
eL

U
p
lu

s
an

ad
ju

stab
le

lin
ear

term
p

er
n
eu

ron
—

is
eq

u
ivalen

t
to

th
e

p
aram

etric
R

eL
U

m
o
d
el

(P
R

eL
U

)
of

H
e

et
a
l.

(2015)
w

h
ich

h
as

b
een

fou
n
d

to
sy

stem
atically

ou
tp

erform
th

e
b
aselin

e
R

eL
U

con
fi
gu

ration
in

real-w
orld

ap
p
lica

tion
s.

T
h
e

oth
er

d
esign

ex
trem

e
is

to
let

λ
→
∞

,
in

w
h
ich

case
th

e
w

h
ole

n
etw

ork
collap

ses,
lead

in
g

to
an

affi
n
e

m
ap

p
in

g
of

th
e

form
f(x

)
=

W
x
−

b
w

ith
W
∈

R
N
L ×

N
0

an
d

b
∈

R
N
L
.

M
ore

gen
erally,

th
e

fram
ew

ork
p
rov

id
es

u
s

w
ith

th
e

p
ossib

ility
of

con
trollin

g
th

e
n
u
m

b
er

of
k
n
ots

(an
d
,

h
en

ce,
th

e
com

p
lex

ity
of

th
e

n
etw

ork
)

th
rou

gh
th

e
sim

p
le

ad
ju

stm
en

t
of

th
e

regu
larization

p
aram

eter
λ

,
w

ith
th

e
n
u
m

b
er

of
k
n
ots

in
creasin

g
as
λ
→

0.

A
m

on
g

th
e

variou
s

attem
p
ts

in
th

e
literatu

re
to

op
tim

ize
th

e
sh

ap
e

o
f

th
e

activation
fu

n
ction

s
in

d
eep

n
eu

ral
n
etw

ork
s,

th
ere

is
on

e
sch

em
e

th
at

is
rem

arkab
ly

close
to

th
e

op
-

tim
al

solu
tion

su
ggested

b
y

ou
r

th
eorem

:
th

e
A

P
L

(ad
ap

tive
p
iecew

ise-lin
ear

activatio
n
)

fram
ew

ork
of

A
gostin

elli
et

al.
(2015)

in
w

h
ich

each
n
eu

ron
is

rep
resen

ted
as

a
lin

ear
com

-
b
in

ation
of

sh
ifted

R
eL

U
s,

w
ith

th
e

p
aram

eter
b

ein
g

d
eterm

in
ed

d
u
rin

g
train

in
g.

T
h
e

on
ly

d
iff

eren
ce

is
th

at
th

eir
n
u
m

b
er

of
R

eL
U

s
is

fi
x
ed

a
p
riori

an
d

th
at

th
eir

m
o
d
el

d
o
es

n
ot

in
clu

d
e

th
e

lin
ear

term
b
1

+
b
2 x

.
W

h
ile

th
e

form
u
lation

of
A

gostin
elli

et
al.’s

d
o
es

n
ot

in
volv

e
an

y
ex

p
licit

regu
larization

,
th

ey
fou

n
d

in
th

eir
ex

p
erim

en
ts

th
at

is
w

as
h
elp

fu
l

to
ad

d
som

e
m

ild
`
2

p
en

alty
on

th
e

R
eL

U
co

effi
cien

ts
(in

con
trast

to
th

e
sp

arsity
-p

rom
otin

g
`
1 -p

en
alty

th
at

resu
lts

from
ou

r
th

eorem
)

to
avoid

n
u
m

erical
in

sta
b
ility.

T
h
e

go
o
d

n
ew

s
in

su
p
p

ort
of

ou
r

th
eorem

is
th

at
th

ey
rep

ort
su

b
stan

tial
im

p
rovem

en
t

(9.4%
an

d
7.5%

relative-
error

d
ecrease,

resp
ectively

)
on

state-of-th
e-art

C
N

N
(w

ith
fi
x
ed

R
E

L
U

activation
s)

on
th

e
C

IF
A

R
-10

an
d

C
IF

A
R

-100
classifi

cation
b

en
ch

m
ark

s.

A
ch

aracteristic
p
rop

erty
of

d
eep

sp
lin

e
n
etw

ork
s,

to
b

e
con

sid
ered

h
ere

as
a

su
p

erset
of

th
e

trad
ition

al
d
eep

R
eL

U
n
etw

ork
s,

is
th

at
th

ey
p
ro

d
u
ce

an
in

p
u
t-ou

tp
u
t

relation
th

at
is

con
tin

u
ou

s
an

d
p
iecew

ise-lin
ear

(C
P

W
L

)
in

th
e

follow
in

g
sen

se:
th

e
corresp

on
d
in

g
fu

n
ction

f
is

con
tin

u
ou

s
R
N

0→
R
N
L
;

its
d
om

ain
R
N

0
=
⋃
Kk
=
1
P
k

can
b

e
p
artition

ed
in

to
a

fi
n
ite

set
of

n
on

-overlap
p
in

g
con

vex
p

oly
top

es
P
k

over
w

h
ich

it
is

affi
n
e

(T
arela

an
d

M
artin

ez,
1999;

W
an

g
an

d
S
u
n
,

20
05).

M
ore

p
recisely,

f(x
)

=
f
k (x

)
for

all
x
∈
P
k

w
h
ere

f
k

:R
N

0→
R
N
L

1
2

JM
L

R
 20(110):1-30, 2019



A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

(a
)

(b
)

f
(x
)
=

m
ax
� f

1
(x
),
f 2
(x
)�

=
f 1
(x
)
+

a
(x
�
⌧ 1
) +

0.
0

0.
5

1.
0

1.
5

2.
0

0.
5

1.
0

1.
5

2.
0

2.
5

f 1
(x
)
=

b 1
+
a
1
x

f 2
(x
)
=

b 2
+
a
2
x

x
⌧ 1

f
(x

)
=

m
ax
� f

1
(x

),
f 2
(x

)�

F
ig

u
re

2:
D

ee
p
-s

p
li
n
e

im
p
le

m
en

ta
ti

on
of

M
ax

O
u
t

w
it

h
N

=
2.

(a
)

In
o
n
e

d
im

en
si

on
,

th
e

sp
li
n
e

p
ar

am
et

er
s

ar
e
a

=
(a

2
−
a
1
)

a
n
d
τ 1

=
(b

2
−
b 1

)/
(a

2
−
a
1
).

(b
)

In
tw

o
or

m
or

e
d
im

en
si

on
s,

f
(x

)
=
b 1

+
a
T 1
x

+
a
(u

T
x
−
τ 1

) +
,

w
h
er

e
u

is
th

e
u
n
it

ve
ct

or
p

er
p

en
d
ic

u
la

r
to

th
e

h
in

ge
.

h
as

th
e

sa
m

e
p
ar

am
et

ri
c

fo
rm

as
in

(4
).

T
h
is

si
m

p
ly

fo
ll
ow

s
fr

om
th

e
ob

se
rv

at
io

n
th

at
σ
`

=
(σ

1
,`
,.
..
,σ

N
`
,`

),
w

it
h
σ
n
,`

as
sp

ec
ifi

ed
b
y

(1
6)

,
is

C
P

W
L

an
d

th
at

th
e

C
P

W
L

p
ro

p
er

ty
is

co
n
se

rv
ed

th
ro

u
gh

fu
n
ct

io
n
al

co
m

p
os

it
io

n
.

In
fa

ct
,

th
e

C
P

W
L

p
ro

p
er

ty
fo

r
N

=
1

is
eq

u
iv

al
en

t
to

th
e

fu
n
ct

io
n

b
ei

n
g

a
n
on

u
n
if

or
m

sp
li
n
e

of
d
eg

re
e

1.

A
n
ot

h
er

p
ow

er
fu

l
ar

ch
it

ec
tu

re
th

at
is

k
n
ow

n
to

ge
n
er

at
e

C
P

W
L

fu
n
ct

io
n
s

is
th

e
M

ax
O

u
t

n
et

w
or

k
(G

o
o
d
fe

ll
ow

et
al

.,
20

13
).

T
h
er

e,
th

e
n
on

li
n
ea

r
st

ep
s
σ
`

in
(6

)
ar

e
re

p
la

ce
d

b
y

m
ax

-
p

o
ol

in
g

op
er

at
io

n
s.

It
tu

rn
s

ou
t

th
at

th
es

e
op

er
at

io
n
s

ar
e

al
so

ex
p
re

ss
ib

le
in

te
rm

s
of

d
ee

p
sp

li
n
es

,
as

il
lu

st
ra

te
d

in
F

ig
u
re

2
fo

r
th

e
si

m
p
le

ca
se

w
h
er

e
th

e
m

ax
im

u
m

is
ta

ke
n

ov
er

tw
o

in
p
u
ts

.
In

te
re

st
in

gl
y,

th
is

co
n
ve

rs
io

n
re

q
u
ir

es
th

e
u
se

of
th

e
li
n
ea

r
te

rm
w

h
ic

h
is

ab
se

n
t

in
co

n
ve

n
ti

on
al

R
eL

U
n
et

w
or

k
s.

T
h
is

re
in

fo
rc

es
th

e
ar

gu
m

en
t

m
ad

e
b
y

G
o
o
d
fe

ll
ow

et
al

.
co

n
ce

rn
in

g
th

e
ca

p
ab

il
it

y
of

M
ax

O
u
t

to
le

ar
n

ac
ti

va
ti

on
fu

n
ct

io
n
s.

A
n

at
tr

ac
ti

ve
fe

at
u
re

th
at

is
off

er
ed

b
y

th
e

d
ee

p
-s

p
li
n
e

p
ar

a
m

et
er

iz
at

io
n

is
th

e
p

os
si

b
il
it

y
of

su
p
p
re

ss
in

g
a

n
et

w
or

k
la

ye
r

or
,

ra
th

er
,

of
m

er
gi

n
g

tw
o

ad
ja

ce
n
t

on
es

w
h
en

th
e

o
p
ti

m
al

so
lu

ti
on

is
su

ch
th

at
K
n
,`

=
0

fo
r
`

fi
x
ed

an
d
n

=
1,
..
.,
N
`.

T
h
is

is
a

p
ro

p
er

ty
th

at
re

su
lt

s
fr

om
th

e
p
re

se
n
ce

of
th

e
li
n
ea

r
co

m
p

on
en

t
an

d
h
as

n
ot

b
ee

n
ex

p
lo

it
ed

so
fa

r.

3
.2

.
G

e
n

e
ra

li
z
a
ti

o
n

s

T
h
e

op
ti

m
al

it
y

re
su

lt
in

T
h
eo

re
m

4
h
ol

d
s

fo
r

a
re

m
a
rk

ab
ly

b
ro

ad
fa

m
il
y

of
co

st
fu

n
ct

io
n
s,

w
h
ic

h
sh

ou
ld

co
v
er

al
l

ca
se

s
of

p
ra

ct
ic

al
in

te
re

st
.

T
h
e

fi
rs

t
co

n
d
it

io
n

is
th

at
th

e
d
at

a
te

rm
,

as
it

s
n
am

e
su

gg
es

t,
b

e
so

le
ly

d
ep

en
d
en

t
u
p

on
y
m

an
d
f

(x
m

).
T

h
e

se
co

n
d

is
th

at
th

e
re

gu
-

la
ri

za
ti

on
of

th
e

w
ei

gh
ts

(t
h
e

p
ar

t
th

at
co

n
st

ra
in

s
th

e
li
n
ea

r
st

ep
s)

an
d

th
e

re
gu

la
ri

za
ti

o
n

of
th

e
in

d
iv

id
u
al

ac
ti

va
ti

on
fu

n
ct

io
n
s

b
e

d
ec

ou
p
le

d
fr

om
ea

ch
ot

h
er

s.
O

b
v
io

u
s

ge
n
er

al
iz

a
ti

on
s

of
th

e
re

su
lt

in
cl

u
d
e

•
ca

se
s

w
h
er

e
th

e
op

ti
m

iz
at

io
n

in
(1

5)
is

p
er

fo
rm

ed
ov

er
a

su
b
se

t
of

th
e

co
m

p
on

en
ts

w
h
il
e

ot
h
er

n
et

w
or

k
el

em
en

ts
su

ch
as

cr
it

ic
al

li
n
ea

r
w

ei
gh

ts
,

ac
ti

va
ti

on
fu

n
ct

io
n
s2

,
or

2
.

A
p

ro
m

in
en

t
ex

a
m

p
le

is
th

e
u

se
o
f

th
e

so
ft

m
a
x

fu
n

ct
io

n
(B

is
h

o
p

,
2
0
0
6
;
G

o
o
d

fe
ll

ow
et

a
l.

,
2
0
1
6
)

to
co

n
v
er

t
th

e
o
u
tp

u
t

o
f

a
n

eu
ra

l
n

et
w

o
rk

in
to

a
se

t
o
f

p
se

u
d

o
-p

ro
b

a
b

il
it

ie
s.

1
3

JM
L

R
 2

0(
11

0)
:1

-3
0,

 2
01

9

U
n
se

r

ev
en

p
o
ol

in
g

op
er

at
or

s
ar

e
fi
x
ed

b
ef

or
eh

an
d

(i
n

p
ar

ti
cu

la
r,

th
is

in
cl

u
d
es

th
e

im
p

o
rt

an
t

su
b

cl
as

s
of

n
et

w
or

k
s

th
at

ar
e

n
ot

fu
ll
y

co
n
n
ec

te
d
);

•
co

n
fi
gu

ra
ti

on
s

su
ch

as
th

os
e

fo
u
n
d

in
co

n
v
ol

u
ti

on
al

n
et

w
or

k
s

w
h
er

e
so

m
e

(t
u
n
a
b
le

)
ac

ti
va

ti
on

fu
n
ct

io
n
s

ar
e

sh
ar

ed
am

on
g

m
u
lt

ip
le

n
o
d
es

;

•
ge

n
er

al
iz

ed
fo

rm
s

of
re

gu
la

ri
za

ti
on

w
h
er

e
T

V
(2
) (
σ
n
,`

)
is

su
b
st

it
u
te

d
b
y
ψ
( T

V
(2
) (
σ
n
,`

))
,

w
h
er

e
ψ

:
R
+
→

R
+

is
an

y
m

on
ot

on
ic

al
ly

in
cr

ea
si

n
g

fu
n
ct

io
n
.

W
h
il
e

th
e

fi
rs

t
tw

o
sc

en
ar

io
s

re
q
u
ir

e
a

sl
ig

h
t

re
fo

rm
u
la

ti
on

of
th

e
op

ti
m

iz
a
ti

o
n

p
ro

b
le

m
,

it
is

st
il
l

p
os

si
b
le

to
in

vo
ke

th
e

sa
m

e
k
in

d
of

“i
n
te

rp
ol

at
io

n
”

ar
gu

m
en

t
as

in
th

e
p
ro

o
f

o
f

T
h
eo

re
m

4.
T

h
e

th
ir

d
ge

n
er

al
iz

at
io

n
is

ob
v
io

u
s

si
n
ce

th
e

(c
on

st
ra

in
ed

)
m

im
in

iz
a
ti

o
n

o
f

T
V

(2
) (
σ
n
,`

)
is

eq
u
iv

al
en

t
to

th
e

m
in

im
iz

at
io

n
o
f
ψ
( T

V
(2
) (
σ
n
,`

))
.

T
h
e

st
at

em
en

t
in

T
h
eo

re
m

4
re

fe
rs

to
th

e
gl

ob
al

op
ti

m
u
m

of
(1

5)
,

w
h
ic

h
is

o
ft

en
h
a
rd

to
re

ac
h

in
p
ra

ct
ic

e
b

ec
au

se
th

e
u
n
d
er

ly
in

g
p
ro

b
le

m
is

h
ig

h
ly

n
on

-c
on

v
ex

.
It

tu
rn

s
o
u
t

th
at

th
e

ar
gu

m
en

t
of

th
e

p
ro

of
is

al
so

ap
p
li
ca

b
le

to
lo

ca
l

m
in

im
a

an
d
/o

r
sa

d
d
le

p
o
in

ts
o
f

th
e

co
st

fu
n
ct

io
n
al

.
B

y
re

ly
in

g
on

th
e

su
p
p

or
ti

n
g

m
at

h
em

at
ic

s
in

A
p
p

en
d
ix

D
fo

r
ge

n
er

al
sp

li
n
e-

a
d
m

is
si

b
le

op
er

at
or

s
L

,
it

is
p

os
si

b
le

to
re

v
is

it
th

e
p
ro

of
of

T
h
eo

re
m

4
to

d
et

er
m

in
e

th
e

p
a
ra

m
et

-
ri

c
fo

rm
of

th
e

op
ti

m
al

ac
ti

va
ti

on
s

fo
r

h
ig

h
er

-o
rd

er
ve

rs
io

n
s

of
T

V
re

gu
la

ri
za

ti
o
n
;

i.
e.

,
T

V
(n

) (
σ

)
=
‖D

n
σ
‖ M

.
T

h
is

y
ie

ld
s

op
ti

m
al

ac
ti

va
ti

on
s

th
at

ar
e

n
on

u
n
if

or
m

p
o
ly

n
o
m

ia
l

sp
li
n
es

of
d
eg

re
e
n
>

2.
W

h
il
e

su
ch

so
lu

ti
on

s
h
av

e
a

h
ig

h
er

or
d
er

of
d
iff

er
en

ti
a
b
il
it

y,
th

ey
ar

e
le

ss
fa

v
or

ab
le

gl
ob

al
ly

b
ec

au
se

th
e

u
n
d
er

ly
in

g
sp

li
n
e

p
ro

p
er

ty
is

n
ot

re
ta

in
ed

th
ro

u
g
h

co
m

p
os

it
io

n
,

m
ea

n
in

g
th

at
th

e
la

rg
er

th
e

n
u
m

b
er

of
la

ye
rs

,
th

e
la

rg
er

th
e

p
ol

y
n
o
m

a
l

d
eg

re
e

of
th

e
“p

ol
y
to

p
es

”
of

th
e

re
su

lt
in

g
n
et

w
or

k
.

B
y

co
n
tr

as
t,

th
e

C
P

W
L

p
ro

p
er

ty
o
f

th
e

li
n
ea

r
sp

li
n
es

in
(1

6)
is

p
re

se
rv

ed
th

ro
u
gh

co
m

p
os

it
io

n
,

so
th

at
th

e
re

su
lt

in
g

d
ee

p
sp

li
n
e

D
N

N
ca

n
b

e
al

so
b

e
in

te
rp

re
te

d
as

a
fl
at

(o
r

sh
al

lo
w

)
m

u
lt

id
im

en
si

on
al

p
ie

ce
w

is
e-

li
n
ea

r
sp

li
n
e.

T
h
e

ot
h
er

w
ay

of
in

d
u
ci

n
g

C
P

W
L

ac
ti

va
ti

on
s

is
th

ro
u
gh

th
e

q
u
ad

ra
ti

c
S
ob

ol
ev

1
re

g
u
la

ri
za

ti
o
n

of
P

ro
p

os
it

io
n

3.
H

ow
ev

er
,

th
is

so
lu

ti
on

h
as

tw
o

sh
or

tc
om

in
gs

:
(i

)
it

s
in

ab
il
it

y
to

re
p
re

se
n
t

th
e

id
en

ti
ty

,
w

h
ic

h
w

ou
ld

re
su

lt
in

an
in

fi
n
it

e
co

st
,

an
d

(i
i)

it
s

la
ck

of
sp

ar
si

ty
.

3
.3

.
C

o
m

p
a
ri

so
n

w
it

h
K

e
rn

e
l

M
e
th

o
d

s

W
e

li
ke

to
co

n
tr

as
t

th
e

re
su

lt
in

T
h
eo

re
m

4
w

it
h

th
e

cl
as

si
ca

l
re

p
re

se
n
te

r
th

eo
re

m
o
f

m
a
-

ch
in

e
le

ar
n
in

g
(S

ch
öl

k
op

f
et

al
.,

20
01

).
T

h
e

co
m

m
on

al
it

y
is

th
at

b
ot

h
th

eo
re

m
s

p
ro

v
id

e
a

p
ar

am
et

ri
c

re
p
re

se
n
ta

ti
on

of
th

e
so

lu
ti

on
in

th
e

fo
rm

of
a

li
n
ea

r
“k

er
n
el

”
ex

p
a
n
si

o
n
.

T
h
e

p
ri

m
ar

y
d
is

ti
n
ct

io
n

is
th

at
th

e
cl

as
si

ca
l

re
p
re

se
n
te

r
th

eo
re

m
is

re
st

ri
ct

ed
to

“
sh

a
ll
ow

”
n
et

-
w

or
k
s

w
it

h
L

=
1.

Y
et

,
th

er
e

is
an

ot
h
er

d
iff

er
en

ce
ev

en
m

or
e

cr
u
ci

al
fo

r
ou

r
p
u
rp

o
se

:
th

e
fa

ct
th

at
th

e
k
n
ot

s
τ k

in
(1

6)
ar

e
a
d
a
p
ti

ve
an

d
fe

w
(K
�

M
),

w
h
il
e

th
e

ce
n
te

rs
x
m

in
(2

)
ar

e
fi

xe
d

an
d

as
n
u
m

er
ou

s
as

th
er

e
ar

e
d
at

a
p

oi
n
ts

in
th

e
tr

ai
n
in

g
se

t.
In

ad
d
it

io
n
,
th

e
R

eL
U

fu
n
ct

io
n

(x
) +

is
n
ot

a
ke

rn
el

in
th

e
tr

ad
it

io
n
al

se
n
se

of
th

e
te

rm
b

ec
au

se
it

is
n
o
t

p
o
si

ti
ve

-
d
efi

n
it

e.
W

e
n
ot

e,
h
ow

ev
er

,
th

at
it

ca
n

b
e

su
b
st

it
u
te

d
b
y

an
ot

h
er

eq
u
iv

al
en

t
sp

li
n
e

g
en

er
a
to

r
|x
|,

w
h
ic

h
is

co
n
d
it

io
n
al

ly
p

os
it

iv
e-

d
efi

n
it

e
(M

ic
ch

el
li
,

19
86

;
W

en
d
la

n
d
,

20
0
5
).

A
g
a
in

,
th

e
p
ro

p
er

ty
th

at
m

ak
es

th
is

fe
as

ib
le

is
th

e
p
re

se
n
ce

of
th

e
li
n
ea

r
te

rm
b 1
,n
,`

+
b 2
,n
,`
x

.
T

h
er

e
is

al
so

a
co

n
ce

p
tu

al
si

m
il
ar

it
y

b
et

w
ee

n
th

e
re

su
lt

of
T

h
eo

re
m

4
a
n
d

a
re

ce
n
t

re
p
re

se
n
te

r
th

eo
re

m
fo

r
d
ee

p
ke

rn
el

n
et

w
or

k
s

(B
oh

n
et

al
.,

20
18

)
th

at
re

su
lt

s
in

a
so

lu
ti

o
n

th
at

is
a

co
m

p
os

it
io

n
of
L

m
u
lt

iv
al

u
ed

ke
rn

el
es

ti
m

at
or

s
of

th
e

cl
as

si
ca

l
R

K
H

S
fo

rm
g
iv

en

1
4
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L

R
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

b
y

(2
).

A
ga

in
,

th
e

tw
o

m
ain

d
iff

eren
ces

w
ith

th
e

p
resen

t
fram

ew
ork

are:
(i)

each
layer

o
f

th
e

d
eep

k
ern

el
n
etw

ork
is

a
m

u
ltivariate

n
on

lin
ear

m
ap

,
w

h
ich

d
o
es

n
ot

n
ecessarily

allow
for

a
ffi

n
e

tra
n
sfo

rm
ation

s
(e.g.,

lin
ear

regression
s)

an
d

(ii)
th

e
k
ern

el
ex

p
an

sion
in

each
layer

req
u
ires

a
s

m
a
n
y

b
asis

fu
n
ction

s
as

th
ere

are
train

in
g

d
ata;

th
is

am
ou

n
ts

to
a

total
of
L
×
M

lin
ea

r
p
a
ra

m
eters.

T
h
is

can
rap

id
ly

b
ecom

e
p
roh

ib
itive,

n
ot

to
m

en
tion

th
e

com
p
lex

ity
of

th
e

u
n
d
erly

in
g

(n
on

-con
v
ex

)
op

tim
ization

task
.

T
h
e

fi
rst

sh
ortcom

in
g

can
easily

b
e

fi
x
ed

b
y

in
sertin

g
in

term
ed

iate
affi

n
e

tran
sfo

rm
ation

s,
in

d
irect

an
alogy

w
ith

th
e

ty
p

e
of

arch
itectu

re
covered

b
y

T
h
eorem

4.
T

h
e

secon
d

lim
itation

is
m

ore
fu

n
d
am

en
tal

an
d

can
p
rob

ab
ly

on
ly

b
e

rem
oved

b
y

ad
op

tin
g

som
e

k
in

d
of

gen
eralized

T
V

regu
larization

in
th

e
sp

irit
of

U
n
ser

et
a
l.

(2
0
1
7
);

in
sh

ort,
th

is
calls

for
an

ex
ten

sion
of

T
h
eorem

4
to

m
u
ltivariate

activation
s,

w
h
ich

is
cu

rren
tly

w
ork

in
p
rogress.

3
.4

.
T

o
w

a
rd

s
a

P
ra

c
tic

a
l

Im
p

le
m

e
n
ta

tio
n

W
h
ile

th
e

so
lu

tion
of

T
h
eorem

4
is

con
cep

tu
ally

ap
p

ealin
g,

it
can

b
e

ex
p

ected
to

b
e

h
ard

er
to

im
p
lem

en
t

th
an

fi
x
ed

-k
ern

el/R
K

H
S

m
eth

o
d
s

sin
ce

th
e

op
tim

ization
is

n
ot

on
ly

over
th

e
lin

ea
r

w
eigh

ts
a
n
,`

an
d
b
n
,` ,

b
u
t

also
over

th
e

n
u
m

b
er

a
n
d

p
osition

of
th

e
co

rresp
o
n
d
in

g
sp

lin
e

k
n
o
ts.

T
h
ere

is
also

alw
ay

s
a

risk
th

at
an

in
crease

in
th

e
n
u
m

b
er

o
f

d
egrees

o
f

free-
d
o
m

m
ay

co
m

p
rom

ise
th

e
gen

eralization
a
b
ility

of
th

e
resu

ltin
g

n
etw

ork
,

w
h
ich

m
ean

s
th

at
th

e
m

eth
o
d

w
ill

n
eed

to
b

e
carefu

lly
tested

an
d

valid
ated

on
real

d
ata.

A
p

ossib
le

strategy
fo

r
m

a
k
in

g
th

e
op

tim
ization

easier
is

to
con

strain
th

e
R

eL
U

u
n
its

to
lie

on
a

grid
,

in
th

e
sp

irit
o
f

G
u
p
ta

et
al.

(2018),
an

d
th

en
to

rely
on

stan
d
ard

iterative
`
1 -n

o
rm

m
in

im
ization

tech
n
iq

u
es

to
p
ro

d
u
ce

a
sp

arse
solu

tion
(D

on
oh

o,
2006;

F
ou

cart
an

d
R

au
h
u
t,

2013;
U

n
ser

et
a
l.,

20
1
6
).

S
u
ch

a
sch

em
e

m
ay

still
req

u
ire

som
e

ex
p
licit

k
n
ot-d

eletio
n

step
,

eith
er

as
p

o
st-p

ro
cessin

g
or

d
u
rin

g
th

e
train

in
g

iteration
s,

to
eff

ectively
trim

d
ow

n
th

e
n
u
m

b
er

of
p
a
ra

m
eters.

A
p

oten
tial

d
iffi

cu
lty

is
th

at
m

in
im

u
m

T
V

(2
)

in
terp

olan
ts

are
ty

p
ically

n
on

-
u
n
iq

u
e,

b
eca

u
se

th
e

u
n
d
erly

in
g

regu
larization

is
sem

i-con
v
ex

.
T

h
is

m
ean

s
th

a
t

th
e

solu
tion

fo
u
n
d

b
y

a
n

iterativ
e

algorith
m

,
assu

m
in

g
th

at
th

e
m

in
im

u
m

of
th

e
regu

larization
en

ergy
is

a
ch

ieved
,

is
n
ot

n
ecessarily

th
e

sp
arsest

on
e

w
ith

in
th

e
(con

vex
)

solu
tio

n
set.

D
esign

in
g

a
n

a
lgo

rith
m

th
at

can
eff

ectively
d
eal

w
ith

th
is

issu
e

w
ill

b
e

a
very

valu
ab

le
con

trib
u
tion

to
th

e
fi
eld

.

4
.
C
o
n
clu

sio
n

T
h
e

m
a
in

co
n
trib

u
tion

of
th

is
w

ork
is

to
p
rov

id
e

th
e

th
eoretical

fou
n
d
ation

s
for

an
in

te-
g
ra

ted
a
p
p
ro

a
ch

to
n
eu

ral
n
etw

ork
s

w
h
ere

a
su

b
p
art

of
th

e
d
esign

—
th

e
op

tim
al

sh
ap

in
g

o
f

a
ctiva

tio
n
s—

can
b

e
tran

sferred
to

th
e

train
in

g
p
art

o
f

th
e

p
ro

cess
a
n
d

form
u
lated

as
a

g
lo

b
a
l

o
p
tim

iza
tion

p
rob

lem
.

It
also

d
eep

en
s

th
e

con
n
ection

b
etw

een
sp

lin
es

an
d

m
u
lti-

layer
R

eL
U

n
etw

ork
s,

as
a

p
leasin

g
sid

e
p
ro

d
u
ct.

W
h
ile

th
e

con
cep

t
seem

s
p
ro

m
isin

g
an

d
in

clu
d
es

th
e

th
eoretical

p
ossib

ility
of

su
p
p
ressin

g
u
n
n
ecessary

layers,
it

raises
a

n
u
m

b
er

of
issu

es
th

a
t

ca
n

on
ly

b
e

an
sw

ered
th

rou
gh

ex
ten

sive
ex

p
erim

en
tation

w
ith

real
d
ata.

T
h
ere

a
re

alrea
d
y

stro
n
g

in
d
ication

s
in

th
e

literatu
re

(e.g.,
th

e
im

p
roved

p
erform

an
ce

of
P

R
eL

U
)

o
f

th
e

p
ra

ctica
l

u
sefu

ln
ess

of
th

e
lin

ear-activation
com

p
on

en
t

th
at

is
su

ggested
b
y

th
e

th
e-

o
ry

a
n
d

n
o
t

p
resen

t
in

trad
ition

al
R

eL
U

sy
stem

s.
T

h
e

task
ah

ead
is

to
d
em

on
strate

th
e

ca
p
a
b
ility

o
f

m
ore

com
p
lex

sp
lin

e
activation

s
to

im
p
rove

u
p

on
th

e
state-of-th

e-art.
(E

x
cep

t

1
5

JM
L

R
 20(110):1-30, 2019

U
n
se

r

for
a

p
oten

tial
risk

of
over-p

aram
eterization

,
d
eep

-sp
lin

e
n
etw

ork
s

sh
ou

ld
p

erform
at

least
as

w
ell

as
d
eep

R
eL

U
,

P
R

eL
U

,
or

A
P

L
n
etw

ork
s

sin
ce

th
e

latter
con

stitu
te

a
su

b
set

of
th

e
form

er.)
W

e
ex

p
ect

th
e

greatest
ch

allen
ge

for
tra

in
in

g
a

d
eep

sp
lin

e
n
etw

ork
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ac
te

ri
za

ti
on

of
th

e
p
re

d
u
a
l
o
f
B

V
(2
) (
R

).
T

h
is

d
es

cr
ip

ti
on

is
co

n
si

st
en

t
w

it
h

an
ea

rl
ie

r
th

eo
re

m
of

ou
rs

(U
n
se

r
et

al
.,

2
0
1
7
,

T
h
eo

re
m

6)
ap

p
li
ca

b
le

to
ge

n
er

al
sp

li
n
e

sp
ac

es
;

h
ow

ev
er

,
it

co
n
tr

ib
u
te

s
tw

o
n
ov

el
el

em
en

ts
:

(i
)

th
e

op
er

at
io

n
al

cr
it

er
io

n
fo

r
sp

ac
e

m
em

b
er

sh
ip

p
ro

v
id

ed
b
y

th
e

fi
rs

t
p
ro

p
er

ty
,

a
n
d

(i
i)

th
e

co
n
st

ru
ct

io
n

of
th

e
p
re

d
u
al

sp
ac

e
C
D

2
,φ

(R
)

v
ia

th
e

co
m

p
le

ti
on

of
S(

R
),

w
h
ic

h
re

q
u
ir

es
ad

d
it

io
n
al

h
y
p

ot
h
es

es
on
φ

.

D
e
fi

n
it

io
n

1
0

L
et
p

=
(p

1
,p

2
)

be
a

ba
si

s
o
f
N

D
2

=
sp

an
{1
,x
}

a
n

d
φ

=
(φ

1
,φ

2
)

a
co

m
-

p
le

m
en

ta
ry

se
t

o
f

(g
en

er
a
li

ze
d
)

fu
n

ct
io

n
s

w
h
o
se

F
o
u

ri
er

tr
a
n

sf
o
rm

s
a
re

d
en

o
te

d
by

φ̂
1
,φ̂

2
.

T
h
en

,
th

e
sy

st
em

(p
,φ

)
is

sa
id

to
be

a
d
m

is
si

bl
e

fo
r

D
2

if

1
.

th
e

ba
si

s
fu

n
ct

io
n

s
a
re

bi
o
rt

h
og

o
n

a
l;

i.
e.

,
〈φ
m
,p
n
〉=

δ m
,n
,

(m
,n

=
1,

2
)

2
.
φ̂
1
,φ̂

2
∈
L
1
,2

(R
)

=
{f

:
R
7→

R
∣ ∣
∫ R

(1
+
|ω
|)−

2
|f

(ω
)|d
ω
<
∞
},

w
it

h
th

e
tw

o
fu

n
ct

io
n

s
be

in
g

co
n

ti
n

u
o
u

sl
y

d
iff

er
en

ti
a
bl

e
tw

ic
e

a
t
ω

=
0.

T
h

e
o
re

m
1
1

(P
re

d
u

a
l

o
f

n
a
ti

v
e

sp
a
c
e
)

L
et

(φ
,p

)
be

a
n

a
d
m

is
si

bl
e

sy
st

em
in

th
e

se
n

se
o
f

D
efi

n
it

io
n

1
0
.

T
h
en

,
th

e
fu

n
ct

io
n

sp
a
ce

C
D

2
,φ

(R
)

=
{g

=
D

2
v

+
a
1
φ
1

+
a
2
φ
2

:
v
∈
C
0
(R

),
a

=
(a

1
,a

2
)
∈
R
2
}

(2
7
)

h
a
s

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s:

1
.

ev
er

y
g
∈
C
D

2
,φ

(R
)

h
a
s

a
u

n
iq

u
e

d
ir

ec
t-

su
m

re
p
re

se
n

ta
ti

o
n

a
s

in
(2

7)
w

it
h
v

=
G
∗ φ
{g
},

a
1

=
〈p

1
,g
〉,

a
n

d
a
2

=
〈p

2
,g
〉,

w
h
er

e
G
∗ φ

is
th

e
a
d
jo

in
t

o
f

G
φ

sp
ec

ifi
ed

by
(2

4
);
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

2
.
C
D

2
,φ

(R
)

is
a

(n
o
n

-refl
exive)

B
a
n

a
ch

spa
ce

equ
ip

ped
w

ith
th

e
n

o
rm

‖g‖
C

D
2
,φ

M=
m

ax
(‖

G
∗φ
g‖∞

,‖
p

(g
)‖

2 )
=

m
ax

(‖v‖∞
,‖
a‖

2 );
(28)

3
.
C
D

2
,φ

(R
)

is
th

e
p
red

u
a
l

o
f

B
V

(2
)(R

)
in

P
ro

po
sitio

n
9
;

i.e.,
B

V
(2
)(R

)
=
(C

D
2
,φ

(R
) )′;

4
.
C
D

2
,φ

(R
)

is
th

e
co

m
p
letio

n
o
fS

(R
)

equ
ip

ped
w

ith
th

e
‖·‖

C
D
2
,φ

-n
o
rm

.

P
ro

o
f

:
T

h
e

m
ain

id
ea

is
th

at
th

e
con

stru
ctio

n
ex

p
ressed

b
y

(27
)

is
th

e
d
irect

su
m

of
th

e
tw

o
lin

ea
r

sp
a
cesU

an
d
N
φ

w
h
ose

B
an

ach
top

ology
an

d
com

p
letion

p
rop

erties
are

revealed
n
ex

t.

(i)
T

o
po

logy
o
f

th
e

S
pa

ce
N
φ

=
sp

an{
φ
1 ,φ

2 }
a
n

d
o
f

Its
D

u
a
l

T
h
e

sp
a
ceN

φ
collects

th
e

tw
o

last
com

p
on

en
ts

of
g

in
(27)

an
d

is
eq

u
ip

p
ed

w
ith

th
e

d
iscrete

`
2 -n

o
rm
‖φ‖N

φ
=
‖
a‖

2
w

ith
a

=
p

(φ
)

=
(〈p

1 ,φ〉,〈p
2 ,φ〉).

W
e

also
sp

ecify
th

e
p
ro

jection
o
p

era
to

r
C
D

2
,φ

(R
)→
N
φ

:

P
ro

jN
φ {
g}

=
〈p

1 ,g〉φ
1

+
〈p

2 ,g〉φ
2 .

T
h
e

co
m

p
lem

en
tary

sp
ace

isN
p

=
sp

an{
p
1 ,p

2 }
eq

u
ip

p
ed

w
ith

th
e

n
orm
‖p‖N

p
=
‖
p

(p
)‖

2
=

‖b‖
2

w
ith

b
=
φ

(p
)

=
(〈φ

1 ,p〉,〈φ
2 ,p〉).

T
h
an

k
s

to
th

e
b
iorth

ogon
ality

of
φ

an
d
p

,
for

all
p

=
b
1 p

1
+
b
2 p

2 ∈
N
p
,

w
e

h
ave

th
at

‖
p‖N

′φ
=

su
p

φ∈N
φ
:‖
φ‖N

φ ≤
1 〈φ

,p〉
=

su
p

a∈
R
2
:‖
a‖

2 ≤
1

a
T
b

=
‖
b‖

2
=
‖p‖N

p
,

w
h
ich

sh
ow

s
th

atN
p

=
N
′φ

is
th

e
con

tin
u
ou

s
d
u
al

ofN
′φ .

(ii)
R

a
n

ge
o
f

th
e

O
pera

to
r

G
∗φ

T
o

d
erive

th
e

req
u
ired

p
rop

erties,
w

e
restrict

th
e

d
om

ain
of

G
∗φ

to
th

e
su

b
sp

ace

S
p
⊥

(R
)

=
{
ψ
∈
S

(R
)

:〈p
1 ,ψ〉

=
0,〈p

2 ,ψ〉
=

0}
⊂
S

(R
).

B
y

u
sin

g
th

e
ex

p
licit

form
(24)

of
th

e
k
ern

el
of

G
φ

,
w

e
fi
n
d

th
at,

for
an

y
ψ
∈
S
p
⊥

(R
),

G
∗φ {ψ}(x

)
=

∫

R ((y−
x

)
+
−
q
1 (x

)p
1 (y

)−
q
2 (x

)p
2 (y

) )ψ
(y

)d
y

=

∫

R
(y−

x
)
+
ψ

(y
)d
y−

q
1 (x

)〈p
1 ,ψ〉

︸
︷︷
︸

0

−
q
2 (x

)〈p
2 ,ψ〉

︸
︷︷
︸

0

=
D
−
2∗{

ψ}
(x

),
(29)

w
h
ere

q
n
(y

)
=
〈φ
n
,(·−

y
)
+ 〉

for
n

=
1
,2,

an
d

D
−
2∗

is
th

e
2-fold

(ad
join

t)
in

tegration
o
p

era
to

r
w

h
o
se

freq
u
en

cy
resp

on
se

is (−
1/ω

2−
iπ
δ ′(ω

) )
=
F
{
(−
x

)
+ }

(ω
).

B
ased

on
(29),

w
e

th
en

sh
ow

th
at

∀
ψ
∈
S
p
⊥

(R
)

:
G
∗φ {
ψ}
∈
C
0 (R

),
(30)
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U
n
se

r

w
h
ich

,
as

w
e

sh
all

see,
im

p
lies

th
e

b
ou

n
d
ed

n
ess

of
G
∗φ

:S
p
⊥

(R
)→

C
0 (R

)
↪−→
S
′(R

).
P

rop
erty

(30)
is

estab
lish

ed
b
y

ex
am

in
in

g
th

e
F

o
u
rier

tran
sform

3
of
f

=
D
−
2∗{

ψ}
given

b
y

f̂
(ω

)
=
−
ψ̂

(ω
)/ω

2−
iπ (ψ̂

(0)δ ′(ω
)−

ψ̂
(1
)(0)δ(ω

) )
(31)

w
ith

ψ̂
=
F
{
ψ}
∈
S

(R
).

S
in

ce
p

(ψ
)

=
0
⇔

ψ̂
(0)

=
ψ̂
(1
)(0)

=
0,

w
e

fi
rst

sim
p
lify

(31)
to

f̂
(ω

)
=
(−

ψ̂
(ω

)/ω
2 )

an
d

th
en

in
vok

e
a

T
ay

lor-series
argu

m
en

t
to

d
ed

u
ce

th
e

con
tin

u
ity

of
f̂

(ω
)

at
ω

=
0.

T
h
is,

togeth
er

w
ith

th
e

b
ou

n
d
ed

n
ess

a
n
d

rap
id

d
ecay

of
ψ̂

(ω
),

im
p
lies

th
at
f̂
∈
L
1 (R

).
T

h
e

an
n
ou

n
ced

resu
lt—

th
e

con
tin

u
ity,

b
ou

n
d
ed

n
ess,

an
d

d
ecay

of
f

(x
)

at
in

fi
n
ity

—
th

en
follow

s
from

th
e

R
iem

an
n
-L

eb
esgu

e
lem

m
a.

(iii)
T

h
e

B
a
n

a
ch

T
o
po

logy
o
fU

T
h
e

d
efi

n
ition

ofU
,

w
h
ich

corresp
on

d
s

to
th

e
fi
rst

com
p

on
en

t
in

(27),
is

U
=
{f

=
D

2v
:
v
∈
C
0 (R

)},

eq
u
ip

p
ed

w
ith

th
e

n
orm

‖D
2v‖U

=
‖v‖∞

,
w

h
ich

estab
lish

es
an

isom
etric

isom
orp

h
ism

w
ith

C
0 (R

).
O

u
r

in
ten

t
n
ow

is
to

p
rove

th
at‖f‖U

=
‖
G
∗φ
f‖∞

for
all

f
∈
U

,
w

h
ich

is
eq

u
ivalen

t

to
sh

ow
in

g
th

at
G
∗φ

is
th

e
in

verse
of

D
2

:
C
0 (R

)→
U

.
W

e
sh

all
ach

ieve
th

is
th

rou
gh

an
ex

ten
sion

p
ro

cess
th

at
b
u
ild

s
u
p

on
th

e
p
rop

erties
of

th
e

op
erator

G
∗φ

estab
lish

ed
in

S
tep

(ii).
W

e
start

b
y

con
sid

erin
g

th
e

sem
i-n

orm
ψ
7→

‖
ψ‖Ũ

M=
‖G
∗φ
ψ‖∞

,
w

h
ich

is
w

ell-d
efi

n
ed

over
S
p
⊥

(R
)
⊂
S

(R
).

S
in

ce
G
∗φ
ψ

=
D
−
2∗ψ

for

all
ψ
∈
S
p
⊥

(R
)

a
n
d

D
2D
−
2∗ϕ

=
ϕ

an
y
ϕ
∈
S

(R
),

w
e

h
av

e
th

at
‖G
∗φ
ψ‖∞

=
0
⇔

ψ
=

0,
w

h
ich

sh
ow

s
th

at‖·‖Ũ
is

a
n
orm

overS
p
⊥

(R
),

as
ex

p
ected

.
T

h
is

allow
s

u
s

to
rep

h
rase

th
e

in
clu

sion
p
rop

erty
from

S
tep

(ii)
as:

G
∗φ

isom
etrically

m
ap

s
(S
p
⊥

(R
),‖·‖Ũ

)
to

th
e

B
an

ach
sp

ace
(C

0 (R
),‖
·‖∞

),
w

h
ich

is
th

e
form

su
itab

le
for

th
e

b
ou

n
d
ed

lin
ear

tran
sform

ation
(B

L
T

)
ex

ten
sion

th
eorem

.

T
h

e
o
re

m
1
2

(R
eed

an
d

S
im

on
(1980,

T
h
eo

rem
I.7,

p
.

9))
L

et
G

be
a

bo
u

n
d
ed

lin
ea

r
tra

n
s-

fo
rm

a
tio

n
fro

m
a

n
o
rm

ed
spa

ce
(X
,‖·‖X

)
to

a
co

m
p
lete

n
o
rm

ed
spa

ce
(Y
,‖·‖Y

).
T

h
en

,
G

h
a
s

a
u

n
iqu

e
exten

sio
n

to
a

bo
u

n
d
ed

lin
ea

r
tra

n
sfo

rm
a
tio

n
(w

ith
th

e
sa

m
e

bo
u

n
d
)

fro
m

th
e

co
m

p
letio

n
o
fX

to
(Y
,‖·‖Y

).

C
on

seq
u
en

tly,
th

e
restricted

op
era

tor
from

S
tep

(ii)
u
n
iq

u
ely

ex
ten

d
s

to
an

isom
etry

G
∗φ

:Ũ
→
C
0 (R

)
w

h
ere

th
e

B
an

ach
sp

aceŨ
is

th
e

com
p
letion

ofS
p
⊥

(R
)

in
th

e‖·‖Ũ
-n

orm
.

T
h
e

fi
n
al

elem
en

t
is

th
at

D
2G
∗φ
ψ

=
D

2D
−
2∗ψ

=
ψ

for
allS

p
⊥

(R
)⊆
Ũ

,
w

h
ich

in
d
icates

th
at

D
2

is
th

e
in

verse
of

G
∗φ

on
S
p
⊥

(R
).

S
in

ce
th

e
latter

is
a

d
en

se
su

b
set

ofŨ
,

w
e

can
ex

ten
d

th
e

p
rop

erty
to

th
e

en
tire

sp
ace,

w
h
ich

u
ltim

ately
p
roves

th
atU

=
Ũ

.

(iv)
T

h
e

spa
ce
C
D

2
,φ

(R
)

=
U
⊕
N
φ

T
h
e

in
clu

sion
g
∈
C
D

2
,φ

(R
)

is
eq

u
iva

len
t

to
g

=
f

+
φ

w
h
ere

f
=

D
2v

w
ith

v
∈
C
0 (R

)
an

d
φ

=
a
1 φ

1
+
a
2 φ

2 .
T

h
e

com
p

on
en

ts
(f
,φ

)
are

retrieved
as

f
=

P
ro

jU {
g}

=
D

2G
∗φ
g

an
d
φ

=
P

ro
jN
φ {
g}

.
T

h
e

con
d
ition

s
G
∗φ
φ

=
0

an
d

P
ro

jN
φ {D

2v}
=

0
for

all
φ
∈
N
φ

an
d

v
∈
C
0 (R

)
en

su
re

th
atU

∩
N
φ

=
{
0}

so
th

at
th

e
su

m
is

d
irect.

T
h
e

oth
er

relevan
t

id
en

tity

3
.

W
e

u
se

th
e

p
ro

d
u

ct
ru

le
ψ

(·)δ ′
=
ψ

(0
)δ ′−

ψ
′(0

)δ,
w

h
ich

fo
llow

s
fro

m
th

e
d

efi
n

itio
n

o
f

th
e

d
istrib

u
tio

n
δ ′

:
ϕ
7→
〈δ ′,ϕ〉

=
−
ϕ
′(0

).
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k
s

fr
om

S
te

p
(i

ii
)

is
f

=
D

2
G
∗ φ
f

fo
r

al
l
f
∈
U.

C
on

se
q
u
en

tl
y,
C
D

2
,φ

(R
)

=
U
⊕
N
φ

is
a

B
an

ac
h

sp
ac

e
w

h
en

eq
u
ip

p
ed

w
it

h
‖(
f
,φ

)‖
∞

,
w

h
ic

h
is

th
e

co
m

p
os

it
e

n
or

m
gi

ve
n

b
y

(2
8)

.

(v
)

T
h
e

Id
en

ti
fi

ca
ti

o
n

o
f

B
V

(2
) (
R

)
=
( C

D
2
,φ

(R
))
′

F
ir

st
,

w
e

id
en

ti
fy

th
e

n
or

m
of
U′

b
y

ap
p
ly

in
g

a
st

an
d
ar

d
d
u
al

it
y

ar
gu

m
en

t:

‖u
∗ ‖
U′

=
su

p
u
∈U

:‖
u
‖ U
≤
1
〈u
∗ ,
u
〉=

su
p

v
∈C

0
(R

):
‖v
‖ ∞
≤
1
〈u
∗ ,

D
2
v
〉

=
su

p
v
∈S

(R
):
‖v
‖ ∞
≤
1
〈D

2
u
∗ ,
v
〉=
‖D

2
u
∗ ‖
M

w
h
er

e
w

e
h
av

e
u
se

d
th

e
id

en
ti

ty
u

=
D

2
v

w
it

h
v
∈
C
0
(R

)
an

d
th

e
d
en

se
n
es

s
of
S(

R
)

in
C
0
(R

).
T

h
e

d
u
al

of
C
D

2
,φ

(R
)

in
S
te

p
(i

v)
is

th
en

gi
v
en

b
y
U′
⊕
N
′ φ

=
U′
⊕
N
p

eq
u
ip

p
ed

w
it

h
th

e
co

m
p

os
it

e
n
or

m
‖(
u
∗ ,
p
)‖

1
=
‖u
∗ ‖
U′

+
‖φ

(p
)‖

2
=
‖D

2
f
‖ M

+
‖φ

(f
)‖

2
=
‖f
‖ B

V
(2

)
,

w
h
ic

h
is

th
e

d
u
al

n
or

m
of
‖(
f
,φ

)‖
∞

=
m

ax
(‖
f
‖ U
,‖
p

(φ
)‖

2
).

(v
i)

T
h
e

S
pa

ce
C
D

2
,φ

(R
)

Is
T

h
e

C
o
m

p
le

ti
o
n

o
f
S(

R
)

in
th

e
‖·
‖ C

D
2
,φ

-N
o
rm

T
h
e

id
ea

is
to

am
en

d
th

e
ex

te
n
si

on
te

ch
n
iq

u
e

of
S
te

p
(i

ii
)

b
y

se
le

ct
in

g
a

se
co

n
d

b
io

rt
h
og

on
al

sy
st

em
(ϕ
,p

)
su

ch
th

at
N
ϕ

=
sp

an
{ϕ

1
,ϕ

2
}
⊂
S(

R
).

T
h
is

y
ie

ld
s

th
e

d
ir

ec
t-

su
m

d
ec

om
p

o
si

-
ti

on
of
ϕ

=
ψ̃

+
φ̃
∈
S(

R
)

w
it

h
φ̃

=
P

ro
j N
ϕ
{ϕ
}
∈
N
ϕ

an
d
ψ̃

=
(ϕ
−
φ̃

)
∈
S p
⊥

(R
).

W
h
il
e

w
e

al
re

ad
y

k
n
ow

th
at

G
∗ φ
ψ̃
∈
C
0
(R

),
th

e
d
el

ic
at

e
p

oi
n
t

is
to

m
ak

e
su

re
th

a
t

th
e

sa
m

e
h
ol

d
s

tr
u
e

fo
r

G
∗ φ
φ̃

.
S
in

ce
φ̃
∈

sp
an
{ϕ

1
,ϕ

2
},

th
e

la
st

re
q
u
ir

em
en

t
is

eq
u
iv

al
en

t
to

G
∗ φ
{ϕ

n
}

=
D
−
2
∗ (

Id
−

P
ro

j N
φ

){
ϕ
n
}

=
D
−
2
∗ {
ϕ
n
−
φ
n
}
∈
C
0
(R

)
(3

2)

fo
r
n

=
1
,2

.
W

it
h

th
e

sa
m

e
ar

gu
m

en
ts

as
in

S
te

p
(i

i)
(R

ie
m

an
n
-L

eb
es

g
u
e

le
m

m
a)

,
w

e
en

su
re

th
at

(3
2)

is
m

et
b
y

im
p

os
in

g
th

e
F

ou
ri

er
-d

om
ai

n
co

n
d
it

io
n

φ̂
n
(ω

)
−
ϕ̂
n
(ω

)

ω
2

∈
L
1
(R

),
(3

3)

w
h
ic

h
re

su
lt

s
fr

om
th

e
se

co
n
d

h
y
p

ot
h
es

is
in

D
efi

n
it

io
n

10
.

In
eff

ec
t,

th
e

ro
le

of
ϕ̂
n
∈

S(
R

)
in

(3
3)

is
to

te
m

p
er

th
e

si
n
gu

la
ri

ty
of

1
/ω

2
at

th
e

or
ig

in
,

in
re

as
on

of
th

e
co

n
d
it

io
n

p
(ϕ

n
−
φ
n
)

=
0

,
w

h
ic

h
in

d
u
ce

s
a

se
co

n
d
-o

rd
er

ze
ro

in
th

e
n
u
m

er
at

or
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T
h
is

co
rr

ec
ti

on
d
o
es

n
ot

im
p
ac

t
in

te
gr

ab
il
it

y
ot

h
er

w
is

e
b

ec
au

se
of

th
e

ra
p
id

d
ec

ay
of
ϕ̂
n
.

H
av

in
g

es
ta

b
li
sh

ed
th

at
G
∗ φ
{ψ̃

+
φ̃
}
∈
C
0
(R

),
w

e
ca

n
n
ow

ch
ec

k
th

at

‖ϕ
‖ C

D
2
,φ

=
m

ax
(‖

G
∗ φ
{ψ̃

+
φ̃
}‖
∞
,‖
p

(φ̃
)‖

2
)

=
0
⇔

(ψ̃
,φ̃

)
=

(0
,0

)
⇔
ϕ

=
0,

w
h
ic

h
p
ro

ve
s

th
at
‖·
‖ C

D
2
,φ

is
a

va
li
d

n
or

m
ov

er
S(

R
)

=
S p
⊥

(R
)
⊕
N
ϕ

.
W

e
th

en
d
ed

u
ce

th
e

d
es

ir
ed

co
m

p
le

ti
on

re
su

lt
fr

om
th

e
B

L
T

th
eo

re
m

b
y

ob
se

rv
in

g
th

at
G
∗ φ

:
(ψ̃
,φ̃

)
7→

G
∗ φ
{ψ̃

+
φ̃
}

is
b

ou
n
d
ed

fr
om

(S
(R

),
‖·
‖ C

D
2
,φ

)
to

(C
0
(R

),
‖·
‖ ∞

).
T

h
e

b
ou

n
d
ed

n
es

s
of

th
e

op
er

at
or

si
m

p
ly

fo
ll
ow

s
fr

om
th

e
in

eq
u
al

it
y

‖G
∗ φ
ϕ
‖ ∞
≤
‖ϕ
‖ C

D
2
,φ

=
m

ax
(‖

G
∗ φ
ϕ
‖ ∞

,‖
p

(ϕ
)‖

2
)
<
∞

fo
r

an
y
ϕ
∈
S(

R
).
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U
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d
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p
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in
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(w

h
ic

h
is
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n
ew

re
su

lt
,

to
th

e
b

es
t
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r
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n
ow

le
d
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w

e
ob

ta
in

an
al

te
rn

at
iv

e,
se

lf
-c

on
ta

in
ed

d
efi

n
it

io
n

o
f

o
u
r

n
a
ti

v
e

sp
ac

e
as

B
V

(2
) (
R

)
=
{f
∈
S′

(R
)

:
su

p
ϕ
∈S

(R
):
‖ϕ
‖ C

D
2
,φ
≤
1
〈f
,ϕ
〉<
∞
},

(3
4
)

w
h
ic

h
is

th
e

d
ir

ec
t

an
al

og
of

(7
).

A
n
ot

h
er

im
p

or
ta

n
t

ob
se

rv
at

io
n

is
th

at
th

e
“c

an
on

ic
a
l”

ch
oi

ce
φ

=
(δ
,−
δ′

)
fr

o
m

(U
n
se

r
et

al
.,

20
17

)
d
o
es

n
ot

fu
lfi

ll
th

e
se

co
n
d

co
n
d
it

io
n

in
D

efi
n
it

io
n
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t
ac

tu
a
ll
y

fa
il
s

b
y

a
ti

n
y

m
ar

gi
n

b
ec

au
se

(−
iω

)
is

on
ly

in
L
1
,2
+
ε(
R

)
fo

r
an

y
ε
>

0)
.

T
h
is

m
ea

n
s

th
a
t

P
ro

p
er

ty
4

d
o
es

n
ot

ap
p
ly

to
th

at
p
ar

ti
cu

la
r

ca
se

,
ev

en
th

ou
gh

th
e

u
n
d
er

ly
in

g
n
at

iv
e

sp
a
ce

s
a
re

h
ar

d
ly

d
is

ti
n
gu

is
h
ab

le
as

se
ts

.
T

h
e

on
ly

si
gn

ifi
ca

n
t

d
iff

er
en

ce
is

in
th

e
sp

ec
ifi

ca
ti

o
n

o
f

th
e

co
rr

es
p

on
d
in

g
w

ea
k
*

to
p

ol
og

y
w

h
ic

h
,

as
w

e
sh

al
l

se
e,

is
es

se
n
ti

al
to

th
e

p
ro

o
f

o
f

L
em

m
a

2.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

(i
)

E
xp

li
ci

t
B

a
n

a
ch

T
o

po
lo

gy
a
n

d
Id

en
ti

fi
ca

ti
o
n

o
f

th
e

R
ig

h
t

In
ve

rs
e

o
f

D
2

T
h
e

fi
rs

t
st

at
em

en
t

in
T

h
eo

re
m

1
re

su
lt

s
fo

r
th

e
ap

p
li
ca

ti
on

of
P

ro
p

os
it

io
n

9
w

it
h

o
u
r

sp
ec

ifi
c

ch
oi

ce
of

b
io

rt
h
og

on
al

sy
st

em
φ

=
(φ

1
,φ

2
)

=
( δ
,−
δ
+
δ(
·−

1)
) an

d
p

=
(p

1
,p

2
),

w
it

h
p
1
(x

)
=

1
an

d
p
2
(x

)
=
x

.
T

h
is

sy
st

em
sa

ti
sfi

es
th

e
ad

m
is

si
b
il
it

y
co

n
d
it

io
n
s

in
D

efi
n
it

io
n

10
.

In
p
ar

ti
cu

la
r,

w
e

h
av

e
th

at
〈p

1
,φ

1
〉

=
p
1
(0

)
=

1,
〈p

1
,φ

2
〉

=
−
p
1
(0

)
+
p
1
(1

)
=

0
,

〈p
2
,φ

1
〉=

p
2
(0

)
=

0
an

d
〈p

2
,φ

2
〉=
−
p
2
(0

)
+
p
2
(1

)
=

1
(b

io
rt

h
og

on
al

it
y
).

B
y

in
se

rt
in

g
th

es
e

fu
n
ct

io
n
al

s
in

(2
2)

,
w

e
ob

ta
in

th
e

fo
rm

u
la

of
th

e
n
or

m
fo

r
B

V
(2
) (
R

)
in

(1
1)

.
T

h
e

co
rr

es
p

on
d
in

g
ex

p
re

ss
io

n
(2

4)
of

th
e

ke
rn

el
of

G
φ

is

g φ
(x
,y

)
=

(x
−
y
) +
−

(1
−
x

)(
−
y
) +
−
x

(1
−
y
) +
,

(3
5
)

w
h
os

e
ov

er
al

l
b

eh
av

io
r

is
il
lu

st
ra

te
d

in
F

ig
u
re

3.
W

e
ob

se
rv

e
th

at
th

e
fu

n
ct

io
n
s
y
7→
g φ

(x
,y

)
ar

e
co

n
ti

n
u
ou

s,
tr

ia
n
gl

e-
sh

ap
ed

B
-s

p
li
n
es

w
it

h
th

e
fo

ll
ow

in
g

ch
ar

ac
te

ri
st

ic
s:

•
fo

r
x
≤

0:
y
7→
g φ

(x
,y

)
is

su
p
p

or
te

d
in

[x
,1

]
an

d
ta

ke
s

it
s

m
ax

im
u
m

a
t
y

=
0
;

•
fo

r
x
∈

(0
,1

):
y
7→
g φ

(x
,y

)
is

su
p
p

or
te

d
in

[0
,1

]
an

d
ta

ke
s

it
s

ex
tr

em
u
m

a
t
y

=
x

;

•
fo

r
x
≥

1:
y
7→
g φ

(x
,y

)
is

su
p
p

or
te

d
in

[0
,x

]
an

d
ta

ke
s

it
s

m
ax

im
u
m

a
t
y

=
1
.

(i
i)

W
ea

k*
C

o
n

ti
n

u
it

y
o
f

S
a
m

p
li

n
g

F
u

n
ct

io
n

a
ls

T
h
e

ke
y

h
er

e
is

th
at

G
∗ φ
{δ

(·
−
x
m

)}
(y

)
=
g φ

(x
m
,y

)
w

h
er

e
g φ

(x
m
,·)

,
as

d
efi

n
ed

b
y

(3
5
),

is
co

n
ti

n
u
ou

s,
b

ou
n
d
ed

an
d

co
m

p
ac

tl
y

su
p
p

or
te

d
,

an
d
,

h
en

ce
,

va
n
is

h
in

g
at
±
∞

.
C

o
n
se

-
q
u
en

tl
y,
δ(
·−

x
m

)
=

D
2
v

+
a
1
φ
1

+
a
2
φ
2

w
it

h
v

=
g φ

(x
m
,·)
∈
C
0
(R

),
a
1

=
〈1
,δ

(·
−
x
m

)〉
=

1,
an

d
a
2

=
〈x
,δ

(·
−
x
m

)〉
=
x
m

in
ac

co
rd

an
ce

w
it

h
(2

7)
in

T
h
eo

re
m

11
,

w
h
ic

h
p
ro

ve
s

th
a
t

δ(
·−

x
m

)
∈
C
D

2
,φ

(R
).

T
h
is

es
ta

b
li
sh

es
it

s
w

ea
k
*

co
n
ti

n
u
it

y
on
( C

D
2
,φ

(R
))
′ (b

y
P

ro
p

o
si

ti
o
n

8)
.

B
as

ed
on

th
e

ob
se

rv
at

io
n

th
at
‖g
φ

(x
m
,·)
‖ ∞
≤
|x
m
|,

w
e

th
en

ea
si

ly
es

ti
m

a
te

th
e

n
o
rm

of
δ(
·−

x
m

)
as

‖δ
(·
−
x
m

)‖
′ B
V

(2
)

=
m

ax
( su

p
y
∈R
|g φ

(x
m
,y

)|,
‖a
‖ 2
)

≤
(1

+
|x
m
|)
<
∞
.
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p
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F
ig

u
re

3
:

G
rap

h
s

of
th

e
fu

n
ction

y
7→

g
φ

(x
,y

)
for

a
series

of
va

lu
es

of
x

=
−

2
,...,2

w
ith

step
of

0.25.
T

h
is

illu
strates

th
e

p
ro

p
erty

th
a
t
g
φ

(x
,·)∈

C
0 (R

)
for

an
y
x
∈
R

,
w

h
ich

is
critica

l
to

th
e

p
ro

of
o
f

L
em

m
a

2.
B

y
con

tra
st,

th
e

ca
n
o
n
ical

so
lu

tion
o
f

(U
n
ser

et
al.,

2017)
w

ith
φ

=
(δ,−

δ ′)
w

ou
ld

h
av

e
resu

lted
in

a
series

of
p
iecew

ice-lin
ear

fu
n
ction

s
w

ith
a

d
iscon

tin
u
ou

s
d
ro

p
to

0
a
t
x

=
0
.

F
in

a
lly,

w
e

recall
th

at
th

e
p
rop

erty
th

at
tw

o
B

an
ach

sp
aces

U
an

d
U
′

form
a

d
u
al

p
air

im
p
lies

th
a
t|〈u

,u
′〉|≤

‖
u‖U ‖u

′‖U
′

for
an

y
u
∈
U

an
d
u
′∈
U
′.

T
ak

in
g
U

=
C
D

2
,φ

(R
)

an
d

u
=
δ(·−

x
m

)
a
llow

s
u
s

to
tran

slate
th

e
ab

ove
n
orm

estim
a
te

in
to

th
e

an
n
ou

n
ced

con
tin

u
ity

b
o
u
n
d
.
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E

m
bed

d
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g
P

ro
perties

P
ro

p
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4
in

T
h
eorem
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u
s
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at
S

(R
)
↪−→

C
D

2
,φ

(R
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w
ith
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e

em
b

ed
d
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g
b

ein
g

d
en

se.
T

h
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w
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e
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servation
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↪−→
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p
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↪−→

B
V
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)(R

)
↪−→
S
′(R

)
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y
d
u
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)
w

ith
th

e
ou
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em

b
ed

d
in

g
b

ein
g

d
en

se
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ce
S

(R
)
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itself

d
en

se
in
S
′(R

).
A

s
for

th
e

em
b

ed
d
in

g
in
C
b
,1 (R

),
w

e
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rst
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voke

P
rop

ositio
n

14
b

elow
,
w

h
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th
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B
V

(2
)(R

)
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p
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p
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h
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ra
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h
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d
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b
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p
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e
m

os
t

su
cc

es
sf

u
l

m
et

h
o
d
s

fo
r

a
n
a
ly

si
n
g

h
ig

h
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d
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b
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re
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b
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b
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d
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re
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p
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p
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b
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d
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b
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b
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h
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h
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h
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b
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h
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re
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h
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al

.
(2

01
6)

,
a
n
d

L
ee

et
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.
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w
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h
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β
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e
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d
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p
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∞
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b
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d
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d
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ü
h
lm

an
n

(2016),
L

ee
et

al.
(20

16)
an

d
L

ee
et

al.
(2018).

S
im

ilar
to

m
o
d
el

(1
.1

),
L

ee
et

al.
(2016)

an
d

L
ee

et
al.

(2018)
con

sid
er

a
h
igh

d
im

en
sio

n
al

m
o
d
el

w
ith

o
n
ly

a
sin

gle
u
n
k
n
ow

n
ch

an
ge

p
oin

t,
w

h
ereas,

Z
h
an

g
et

al.
(2015),

a
n
d

L
eon

ard
i

an
d

B
ü
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p
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p
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p
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p
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p
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com

p
u
ted

for
each

τ
∈
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p
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p
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p
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p
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h
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b
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b
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con
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d
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ab
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b
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p
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p
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∈
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⊆
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.
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e
g
r
e
ss
io
n

w
e

le
t
|T
|r

ep
re

se
n
t

th
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at
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p
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∧
b

=
m

in
{a
,b
},

an
d
a
∨
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p
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p
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b
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∧
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p
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.
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re
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) ,
γ̂

(1
))

=
ar

g
m

in
β
,γ
∈R

p

{ Q
(τ̂

(1
) ,
β
,γ

)
+
λ

2
‖(
β
T
,γ

T
)T
‖ 1
} ,

λ
2
>

0
.

A
fi
rs

t
co

n
ce

rn
th

at
m

ay
ar

is
e

to
re

ad
er

re
ga

rd
in

g
S

te
p

0
of

A
lg

o
ri

th
m

1
p

er
ta

in
s

to
th

e
in

it
ia

li
zi

n
g

co
n
d
it

io
n
s

in
(2

.3
)

of
C

on
d
it

io
n

I.
T

h
e

fi
rs

t
of

th
es

e
co

n
d
it

io
n
s

is
cl

ea
rl

y
in

n
o
cu

ou
s,

al
l

it
re

q
u
ir

es
is

th
e

in
it

ia
l

u
se

r
ch

o
se

n
τ

(0
)

to
b

e
m

ar
gi

n
al

ly
aw

ay
fr

o
m

th
e

b
ou

n
d
ar

ie
s

of
R
.

T
h
e

se
co

n
d

co
n
d
it

io
n

in
(2

.3
)

re
q
u
ir

es
th

at
th

e
in

it
ia

l
va

lu
e
τ

(0
)

b
e

in

an
u

(0
)

n
-n

ei
gh

b
or

h
o
o
d

of
τ 0
.

W
h
il
e

at
fi
rs

t,
th

is
m

ig
h
t

co
m

e
ac

ro
ss

as
a

li
m

it
a
ti

o
n

o
f

th
e

al
go

ri
th

m
,

h
ow

ev
er

th
e

fo
ll
ow

in
g

d
is

cu
ss

io
n

sh
al

l
sh

ow
h
ow

b
ro

ad
th

is
u

(0
)

n
-n

ei
g
h
b

o
rh

o
o
d

tr
u
ly

ca
n

b
e.

F
ir

st
n
ot

e
th

at
th

e
co

n
st

an
t
k
∈

[1
,∞

)
is

ar
b
it

ra
ri

ly
la

rg
e,

su
b

je
ct

to
C

o
n
d
it

io
n

A
(i

ii
),

i.
e.

,
th

is
co

n
d
it

io
n

is
ad

ap
ta

b
le

to
th

e
u
se

r
ch

os
en

va
lu

e
o
f

th
e

in
it

ia
li
ze

r
τ

(0
) .

In
o
th

er
w

or
d
s,

th
e

fa
rt

h
er

th
e

u
se

r
ch

os
en
τ

(0
)

is
fr

om
th

e
tr

u
e

ch
an

ge
p

oi
n
t
τ 0
,

th
e

la
rg

er
th

e
va

lu
e

of
k

ca
n

b
e,

in
or

d
er

to
sa

ti
sf

y
th

is
co

n
d
it

io
n
.

A
d
d
it

io
n
al

ly
,

n
ot

e
th

a
t

th
e

la
rg

es
t

p
o
ss

ib
le

d
is

ta
n
ce

(i
n

th
e

cd
f

sc
al

e)
b

et
w

ee
n

an
y

tw
o
τ 1
,τ

2
∈
R
,

is
su

ch
th

at
|Φ

(τ
1
)
−

Φ
(τ

2
)|
≤

1
.

N
ow

fo
r
c u

=
1,

co
n
si

d
er

fi
rs

t
th

e
d
is

al
lo

w
ed

ca
se

of
k

=
∞
,

th
en

th
e

in
it

ia
l

co
n
d
it

io
n

is
tr

iv
ia

ll
y

sa
ti

sfi
ed

,
si

n
ce
|Φ

(τ
(0

) )
−

Φ
(τ

0
)|
≤

1
.

T
h
u
s,

v
ir

tu
al

ly
an

y
in

it
ia

l
va

lu
e

in
th

e
p
a
ra

m
et

ri
c

sp
ac

e
of
τ 0
,

se
p
ar

at
ed

fr
om

it
s

b
ou

n
d
ar

ie
s,

w
il
l

sa
ti

sf
y

th
e

re
q
u
ir

ed
in

it
ia

l
co

n
d
it

io
n

fo
r

a
la

rg
e

en
ou

gh
k
∈

[1
,∞

),
th

er
eb

y
il
lu

st
ra

ti
n
g

th
at

th
is

in
it

ia
l

co
n
d
it

io
n

is
in

fa
ct

ve
ry

m
il
d
.

R
em

ar
ka

b
ly

,
on

e
of

ou
r

m
ai

n
re

su
lt

s
sh

ow
s

th
at

,
u
n
d
er

su
it

ab
le

co
n
d
it

io
n
s,

th
e

u
p

d
a
te

d
ch

an
ge

p
oi

n
t

es
ti

m
at

e
τ̂

(1
)

of
S

te
p

1
of

A
lg

or
it

h
m

1,
w

il
l

sa
ti

sf
y

op
ti

m
al

er
ro

r
b

o
u
n
d
s,

ir
re

sp
ec

ti
ve

of
th

e
va

lu
e

of
k
.

S
im

p
ly

st
at

ed
,

th
e

u
p

d
at

e
in

S
te

p
1

sh
ar

p
en

s
th

e
in

it
ia

l
ch

an
ge

p
oi

n
t

gu
es

s
fr

om
an

y
ar

b
it

ra
ry

fr
ac

ti
on

al
ra

te
to

a
n
ea

r
op

ti
m

al
ra

te
.

T
h
e

co
n
d
it

io
n

(2
.3

),
al

so
p
ro

v
id

es
a

p
re

ci
se

d
es

cr
ip

ti
on

of
th

e
n
ot

io
n

of
‘f

ra
ct

io
n
al

in
fo

rm
at

io
n
’

m
en

ti
o
n
ed

in
th

e
in

tr
o
d
u
ct

io
n

se
ct

io
n
.

T
h
e

se
q
u
en

ce
u

(0
)

n
fo

rm
s

a
m

et
ri

c
m

ea
su

ri
n
g

th
e

a
m

o
u
n
t

o
f

in
fo

rm
at

io
n

in
th

e
gu

es
s
τ

(0
)

ab
ou

t
τ 0
,

an
d

th
e

ex
is

te
n
ce

of
a

fi
n
it

e
k
<
∞

p
ro

v
id

es
a

w
ay

of
sa

y
in

g
th

at
th

e
gu

es
s
τ

(0
)

p
os

se
ss

es
so

m
e

fr
ac

ti
on

al
am

ou
n
t

of
in

fo
rm

a
ti

o
n

o
n
τ 0
.

T
o

n
u
m

er
ic

al
ly

il
lu

st
ra

te
th

is
su

rp
ri

si
n
g

p
h
en

om
en

on
,

in
S
ec

ti
on

5
w

e
u
se

th
e

‘n
o

in
-

fo
rm

at
io

n
’

in
it

ia
li
ze

r
τ

(0
)

=
w

(0
.5

) ,
i.
e.

th
e

50
th

p
er

ce
n
ti

le
of
w
.e

N
ot

e
th

at
th

is
ch

o
ic

e
is

d
.

N
o
te

th
a
t

w
h

il
e

th
e

in
it

ia
li

zi
n

g
τ
(0

)
in

S
te

p
0

is
ch

o
se

n
in

R
,

h
ow

ev
er

th
e

o
p

ti
m

iz
a
ti

o
n

in
S
te

p
1

is
p

er
fo

rm
ed

ov
er

th
e

ex
te

n
d

ed
E

u
cl

id
ea

n
sp

a
ce

R̄
?

=
R
∪
{−
∞
}.

e.
T

h
e

5
0
th

p
er

ce
n
ti

le
is

th
e

b
es

t
‘n

o
in

fo
rm

a
ti

o
n

’
g
u

es
s,

si
n

ce
it

is
th

e
em

p
ir

ic
a
l

g
u

es
s

th
a
t

is
eq

u
id

is
ta

n
t

to
th

e
en

d
s

o
f

th
e

su
p

p
o
rt

o
f
w

.
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H
ig
h
d
im

e
n
sio

n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ssio

n

th
e

m
o
st

sen
sib

le
valu

e
of

th
e

in
itializer

in
th

e
a
b
sen

ce
o
f

an
y

in
form

a
tion

ab
ou

t
τ

0 .
T

h
ese

n
u
m

erica
l

resu
lts

p
rov

id
e

stron
g

ev
id

en
ce

to
su

p
p

ort
A

lgorith
m

1
b
y

sh
ow

in
g

th
at

th
e

p
re-

cisio
n

o
f

th
e

estim
ates

ob
tain

ed
from

th
e

p
rop

osed
m

eth
o
d

are
in

fact
in

d
istin

gu
ish

ab
le

from
ex

istin
g

g
rid

search
ty

p
e

ap
p
roach

es,
an

d
are

ob
tain

ed
w

ith
a

sm
all

fraction
of

th
e

com
-

p
u
ta

tio
n
a
l

b
u
rd

en
.

A
n
oth

er
eq

u
ivalen

t
w

ay
o
f

v
iew

in
g

th
e

ab
ove

d
iscu

ssion
is

th
at,

if
w

e

p
ick

tw
o

d
istin

ct
in

itializers
τ

(0
)

1
an

d
τ

(0
)

2
carry

in
g

so
m

e
fraction

al
in

form
ation

ab
ou

t
τ

0 ,

i.e.,
th

ey
sa

tisfy
th

e
in

itializin
g

con
d
ition

for
som

e
1
≤
k

1
<
k

2
<
∞
,

resp
ectively

(τ
(0

)
1

is

clo
ser

to
τ

0
th

an
τ

(0
)

2
),

th
en

,
th

e
corresp

on
d
in

g
u
p

d
ated

ch
an

ge
p

oin
t

estim
ates

τ̂
(1

)
1
,
τ̂

(1
)

2

w
ill

b
o
th

b
e

in
a

n
ear

op
tim

al
n
eigh

b
orh

o
o
d

of
τ

0 .
T

h
is

b
asically

im
p
lies

th
a
t

th
e

q
u
ality

of
th

e
g
u
ess

d
o
es

n
ot

in
fl
u
en

ce
th

e
u
p

d
ated

estim
ate

in
its

even
tu

al
rate

of
con

vergen
ce.

T
h
is

o
b
serva

tio
n

is
also

n
u
m

erically
illu

strated
in

S
ection

5.

F
in

ally,
w

e
also

m
en

tion
th

at
a

sligh
t

relax
ation

o
f

C
on

d
itio

n
I

is
also

p
ossib

le,
sp

ecifi
-

ca
lly,

th
e

seq
u
en

ce
u

(0
)

n
in

th
is

con
d
ition

can
in

stead
b

e
relax

ed
to
u

(0
)

n
=

1∧
c
u (

1n
)
1
/
k,

for
a
n
y

co
n
sta

n
ts
k
∈

[1,∞
)

an
d

an
y
c
u
>

0,
w

h
ile

p
reserv

in
g

all
resu

lts
to

follow
.

H
ow

ever,
C

o
n
d
ition

I
in

its
cu

rren
t

form
p
rov

id
es

a
coh

eren
ce

w
ith

oth
er

n
oise

b
ou

n
d
s

th
at

sh
ow

u
p

in
th

e
sta

tem
en

t
an

d
p
ro

of
of

ou
r

resu
lts,

an
d

th
u
s

is
a

n
otation

ally
con

ven
ien

t
rep

resen
ta-

tio
n
.

F
u
rth

erm
ore,

th
is

relax
ation

of
C

on
d
ition

I
sh

all
n
ot

y
ield

error
b

ou
n
d
s

th
a
t

a
re

an
y

sh
a
rp

er
th

a
n

th
ose

to
follow

.

A
seco

n
d

con
cern

th
at

m
ay

arise
to

th
e

read
er

rega
rd

in
g

im
p
lem

en
tation

of
A

lgorith
m

1
is

th
e

fea
sib

ility
of

im
p
lem

en
tin

g
S

te
p

1
.

A
t

fi
rst,

th
is

op
tim

ization
seem

s
in

tracta
b
le

ow
in

g
to

its
n
on

sm
o
oth

,
n
on

con
vex

(w
ith

n
o

ap
p
aren

t
con

vex
relax

ation
s)

con
stru

ction
.

H
ow

ever,
u
p

o
n

closer
in

sp
ection

,
it

is
ob

serv
ed

th
at

th
e

loss
fu

n
ction

Q
(·,β̂

(0
),γ̂

(0
))

in
S

te
p

1
is

a
step

fu
n
ction

w
ith

step
ch

an
ges

o
ccu

rrin
g

at
an

y
p

o
in

t
on

th
e

on
e-d

im
en

sion
al

g
rid

(−
∞
,w

1 ,w
2 ,...,w

n
)
T
.

S
econ

d
ly,

th
e
`
0

term
in

th
e

ob
jectiv

e
fu

n
ction

on
ly

d
ep

en
d
s

on
w

h
eth

er
Φ

(τ
)

is
zero

or
n
on

zero.
T

h
is

im
p
lies

th
at

th
e

d
istan

ce
b

etw
een

an
y

tw
o
τ

1
an

d
τ

2

d
o
es

n
o
t

in
fl
u
en

ce
th

e
valu

e
of

th
e
`
0

n
orm

(n
o
te

th
at

th
is

w
ill

n
ot

b
e

th
e

case
if

in
stead

an
`
1

n
o
rm

is
u
sed

).
T

h
ese

tw
o

ob
servation

s
togeth

er
im

p
ly

th
at

an
y

glob
al

op
tim

u
m

ach
ieved

in
th

e
ex

ten
d
ed

E
u
clid

ean
sp

ace
R̄
?

w
ill

also
b

e
atta

in
ed

at
som

e
p

oin
t

on
th

e
fi
n
ite

grid
(−
∞
,w

1 ,w
2 ,...,w

n
)
T
.

A
n

illu
stration

of
th

is
step

b
eh

av
ior

is
p
rov

id
ed

in
F

ig
u
re

1.

A
fi
n
a
l

co
n
cern

in
im

p
lem

en
tin

g
S

te
p

1
is

th
at

it
req

u
ires

k
n
ow

led
ge

of
th

e
d
istri-

b
u
tio

n
fu

n
ctio

n
Φ

(·),
w

h
ich

is
ty

p
ically

u
n
k
n
ow

n
.

T
h
is

con
cern

is
also

easily
ov

ercom
e

u
p

o
n

o
b
serv

in
g

th
at

th
e

ob
jective

fu
n
ction

in
S

te
p

1
is

a
step

fu
n
ction

over
th

e
grid

(−
∞
,w

1 ,w
2 ,...,w

n
)
T
.

S
p

ecifi
cally,

on
th

is
grid

,
th

e
term

‖
Φ

(τ
)‖

0
=
‖τ‖ ∗0 ,

w
h
ere
‖
τ‖ ∗0

=
1
,

if
τ
∈
{w

1 ,...,w
n }

an
d
‖
τ‖ ∗0

=
0,

if
τ

=
−
∞
.

In
v
iew

o
f

th
e

ab
ov

e
d
iscu

ssion
,
S

te
p

1
of

A
lgorith

m
1

ca
n

b
e

rep
laced

b
y

th
e

follow
in

g
o
p
tim

iza
tio

n
,τ̂

(1
)

=
arg

m
in

τ∈{−
∞
}∪{

w
1
,...,w

n } {
Q

(τ,β̂
(0

),γ̂
(0

))
+
µ‖
τ‖ ∗0 }

,
µ
>

0.
(2.5)

T
h
u
s,

th
e

o
p
tim

ization
(2.4)

in
S

te
p

1
of

A
lgorith

m
1

is
red

u
ced

to
th

e
op

tim
ization

(2.5),
w

h
ich

ca
n

b
e

easily
solved

in
n
egligib

le
tim

e
b
y

ex
p
licitly

com
p
u
tin

g
n

valu
es

of
th

e
o
b

jective
fu

n
ctio

n
a
n
d

th
en

lo
catin

g
th

e
m

in
im

u
m

.
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K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

F
igu

re
1:

S
tep

b
eh

av
io

r
o
f

th
e

fu
n

ctio
n
Q

(·,β̂
,γ̂

)
+
µ‖

Φ
(τ

)‖
0 ,

w
ith

µ
=

0
.1
,

eva
lu

a
ted

ov
er

g
rid

o
f

p
o
in

ts
{−
∞
}∪{

0
,0
.0

1
,...,1}

.
H

ere
w
i ∼
U

(0
,1

),
n

=
6
,
τ
0

=
0
.2

5
,
p

=
3
,
β
0

=
(1
,0
,0

)
T
,
γ
0

=
(0
,1
,0

)
T
,

a
n

d
w

e
u

se
β̂

=
(0
.4

1
,0
,0

)
T
,
γ̂

=
(0
.1

3
,0
.9

2
,0

)
T
.

T
h

e
rea

liza
tio

n
s{
w

1 ,..,w
n }

h
av

e
b

een
so

rted
(a

scen
d

in
g
)

in
th

e
illu

stra
tio

n
.

O
b

serv
e

th
a
t

step
ch

a
n

g
es

o
ccu

r
a
t−
{∞
}∪
{
w

1 ,w
2 ,...,w

n }
.

A
n
oth

er
n
ote

of
in

terest
is

th
e

con
ven

ien
ce

o
f

sep
arab

ility
in

com
p
u
tin

g
th

e
op

tim
izers

β̂
,γ̂

in
S

te
p

0
an

d
S

te
p

2
,

i.e.,
for

an
y

fi
x
ed

τ,
w

e
can

o
b
tain

β̂
(τ

)
=

arg
m

in
β∈

R
p

{
1n

∑i;w
i ≤
τ (y

i −
x
Ti
β

)
2

+
λ

1 ‖
β‖

1 }
,

(2.6)

γ̂
(τ

)
=

arg
m

in
β∈

R
p

{
1n

∑i;w
i >
τ (y

i −
x
Ti
γ

)
2

+
λ

1 ‖
γ‖

1 }
.

(2.7)

T
h
ese

are
ord

in
ary

L
asso

op
tim

ization
s

an
d

can
b

e
carried

ou
t

b
y

an
y

on
e

of
th

e
several

m
eth

o
d
s

availab
le

in
th

e
literatu

re.
S
om

e
of

th
ese

m
eth

o
d
s

in
clu

d
e,

co
ord

in
ate

or
grad

ien
t

d
escen

t
algorith

m
s

(see,
e.g.

H
astie

et
a
l.

(2015)),
or

v
ia

in
terior

p
oin

t
m

eth
o
d
s

for
lin

ear
op

tim
ization

u
n
d
er

secon
d

ord
er

con
ic

con
strain

ts
(see,

e.g.,
K

o
en

k
er

an
d

M
izera

(2014)).

T
h
e

m
ain

resu
lts

of
th

is
article

estab
lish

selection
con

sisten
cy

of
th

e
u
n
k
n
ow

n
ch

an
ge

p
oin

t
an

d
p
rov

id
e

fi
n
ite

sam
p
le

b
ou

n
d
s

for
th

e
error

in
estim

ates
ob

tain
ed

from
A

lgorith
m

1
u
n
d
er

su
itab

le
con

d
ition

s.
L

et
ξ
n

:=
‖
β

0 −
γ

0 ‖
2

b
e

th
e

ju
m

p
size

b
etw

een
th

e
p
re

an
d

p
ost

regression
p
aram

eters.
T

h
en

th
e

sp
ecifi

c
resu

lts
w

e
d
erive

are,

(i)
If

Φ
(τ

0 )
=

0,
th

en
Φ

(τ̂
(1

))
=

0
,

(2.8)

(ii)
If

Φ
m

in (τ
0 )≥

c
u ln

,
th

en
|Φ

(τ̂
(1

))−
Φ

(τ
0 )|≤

tn
:=

c
u c
m

m
ax {

s
log

p

n
,

1

(1∨
ξ

2n )l 2n

s
log

p

n

}
,

(iii)
∥∥
β̂

(1
)−

β
0 ∥∥
q ≤

c
u c
m
s

1
/
q

1

Φ
m

in (τ
0 )

m
ax { √

log
p

n
,
ξ
n
tn }

,
q

=
1,2,

(iv
)
∥∥
γ̂

(1
)−

γ
0 ∥∥
q ≤

c
u c
m
s

1
/
q

1

Φ
m

in (τ
0 )

m
ax { √

log
p

n
,
ξ
n
tn }

,
q

=
1,2

,

w
ith

p
rob

ab
ility

at
least

1−
c

1
ex

p
(−
c

2
log

p
),

for
n

su
ffi

cien
tly

large.

T
h
ese

an
d

oth
er

related
resu

lts
ab

ou
t

estim
ates

from
A

lgorith
m

1
are

covered
in

S
ection

s
3

an
d

4.
T

h
e

sh
arp

n
ess

an
d
/or

n
ear

op
tim

ality
of

th
e

ab
ov

e
b

ou
n
d
s

m
ay

b
e

ob
serv

ed
from
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H
ig
h
d
im

e
n
si
o
n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ss
io
n

th
e

fo
ll
ow

in
g

sp
ec

ia
l

ca
se

.
U

p
on

le
tt

in
g
ξ n
s√

lo
g
p
/n
→

0,
an

d
l n
≥
c u
,

in
(2

.8
),

th
e

la
st

th
re

e
re

su
lt

s
of

(2
.8

)
re

d
u
ce

to
,

(i
)

If
Φ

m
in

(τ
0
)
≥
c u
l n
,

th
en
|Φ

(τ̂
(1

) )
−

Φ
(τ

0
)|
≤
c u
c m
s

lo
g
p

n
,

(2
.9

)

(i
i)

∥ ∥ β̂
(1

)
−
β

0

∥ ∥ q
≤
c u
c m
s

1 q

√
lo

g
p

n
,

q
=

1,
2,

(i
ii

)
∥ ∥ γ̂

(1
)
−
γ

0

∥ ∥ q
≤
c u
c m
s

1 q

√
lo

g
p

n
,

q
=

1,
2
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
c 1

ex
p
(−
c 2

lo
g
p
),

fo
r
n

su
ffi

ci
en

tl
y

la
rg

e.
In

an
or

d
in

ar
y

h
ig

h
d
im

en
si

on
al

li
n
ea

r
re

gr
es

si
on

m
o
d
el

w
it

h
ou

t
ch

an
ge

p
oi

n
ts

,
it

h
as

b
ee

n
sh

ow
n

th
at

th
e

op
ti

m
al

ra
te

of
co

n
ve

rg
en

ce
fo

r
re

gr
es

si
on

es
ti

m
at

es
is
√
s

lo
g
p
/n

u
n
-

d
er

th
e
` 2

n
or

m
(s

ee
,

e.
g.

,Y
e

an
d

Z
h
an

g
(2

01
0)

,
R

as
k
u
tt

i
et

al
.

(2
01

1)
,

an
d

B
el

lo
n
i

et
al

.
(2

01
7b

))
.

T
h
is

im
p
li
es

th
at

th
e

ra
te

o
f

co
n
ve

rg
en

ce
of

th
e

re
gr

es
si

on
es

ti
m

at
es

fr
om

A
lg

o-
ri

th
m

1
(w

h
ic

h
st

op
s

af
te

r
on

e
it

er
at

io
n
)

ca
n
n
ot

b
e

u
n
if

or
m

ly
im

p
ro

ve
d

u
p

on
b
y

ca
rr

y
in

g
ou

t
fu

rt
h
er

it
er

at
io

n
s

(o
ve

r
su

b
ga

u
ss

ia
n

d
is

tr
ib

u
ti

on
s)

.
A

ls
o,

th
e

ra
te

of
co

n
v
er

ge
n
ce

of
th

e
ch

an
ge

p
oi

n
t

es
ti

m
at

e
in

(2
.9

)
is

th
e

fa
st

es
t

av
ai

la
b
le

ra
te

in
th

e
li
te

ra
tu

re
.

W
e

sh
al

l
n
ow

st
at

e
th

e
co

n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
re

su
lt

s
of

th
is

ar
ti

cl
e

ar
e

d
er

iv
ed

.

C
o
n

d
it

io
n

A
(a

ss
u

m
p

ti
o
n

s
o
n

m
o
d

e
l

p
a
ra

m
e
te

rs
):

(i
)

L
et
S

=
S

1
∪
S

2
,

w
h
er

e
S

1
=
{j

;β
0
j
6=

0
}

an
d
S

2
=
{j

;γ
0
j
6=

0
}.

T
h
en

fo
r

so
m

e
s

=
s n
≥

1
,

w
e

as
su

m
e

th
at
|S
|≤

s.

(i
i)

T
h
e

m
o
d
el

d
im

en
si

on
s
s,
p
,n
,

sa
ti

sf
y
s

lo
g
p
/ n
→

0.
A

d
d
it

io
n
al

ly
,

th
e

se
q
u
en

ce
l n

of
C

on
d
it

io
n

I
sa

ti
sfi

es
s

lo
g
p
/ n
l2 n
→

0
.

(i
ii
)

If
a

fi
n
it

e
ch

an
ge

p
oi

n
t

ex
is

ts
,

i.
e.

,
Φ

m
in

(τ
0
)
>

0,
th

en
th

e
se

q
u
en

ce
l n

an
d

co
n
st

an
t

k
∈

[1
,∞

)
of

C
on

d
it

io
n

I
sa

ti
sf

y

s l2 n

( s
lo

g
p

n
l2 n

)1 k
→

0
.

A
d
d
it

io
n
al

ly
,

in
th

is
ca

se
Φ

m
in

(τ
0
)
≥
c u
l n
.

(i
v
)

If
Φ

m
in

(τ
0
)
>

0,
th

en
th

e
ju

m
p

si
ze

is
b

ou
n
d
ed

b
el

ow
b
y

a
co

n
st

an
t,

i.
e,
ξ n

:=
‖β

0
−

γ
0
‖ 2
>
c
>

0.

C
o
n

d
it

io
n

B
(a

ss
u

m
p

ti
o
n

s
o
n

m
o
d

e
l

d
is

tr
ib

u
ti

o
n

s)
:

(i
)

T
h
e

ve
ct

or
s
x
i

=
(x
i1
,.
..
,x

ip
)T
,
i

=
1,
..
,n
,

ar
e

i.
i.
d

su
b
ga

u
ss

ia
n

f
w

it
h

m
ea

n
ve

ct
or

ze
ro

,
an

d
va

ri
an

ce
p
ar

am
et

er
σ

2 x
≤
C
.

F
u
rt

h
er

m
or

e,
th

e
co

va
ri

an
ce

m
at

ri
x

Σ
:=

E
x
ix
T i

h
as

b
ou

n
d
ed

ei
ge

n
va

lu
es

,
i.
e.

,
0
<
κ
≤

m
in

ei
ge

n
(Σ

)
<

m
ax

ei
ge

n
(Σ

)
≤
φ
<
∞
.

(i
i)

T
h
e

er
ro

rs
ε i

’s
ar

e
i.
i.
d
.

su
b
ga

u
ss

ia
n

w
it

h
m

ea
n

ze
ro

an
d

va
ri

an
ce

p
ar

am
et

er
σ

2 ε
≤
C
.

(i
ii
)

T
h
e

va
ri

ab
le

s
w
i,
i

=
1,
..
.,
n

ar
e

i.
i.
d

r.
v
.’
s

(c
on

ti
n
u
ou

s
or

d
is

cr
et

e)
,

w
it

h
it

s
cd

f
Φ

(a
)

=
P

(w
i
≤
a
),
a
∈
R
.

f.
R

ec
a
ll

th
a
t

fo
r
α
>

0
,

th
e

ra
n

d
o
m

va
ri

a
b

le
η

is
sa

id
to

b
e
α

-s
u

b
g
a
u

ss
ia

n
if

,
fo

r
a
ll
t
∈

R
,
E

[e
x
p

(t
η
)]
≤

ex
p

(α
2
t2
/
2
).

S
im

il
a
rl

y,
a

ra
n

d
o
m

v
ec

to
r
ξ
∈

R
p

is
sa

id
to

b
e
α

-s
u

b
g
a
u

ss
ia

n
if

th
e

in
n

er
p

ro
d

u
ct

s
〈ξ
,v
〉

a
re
α

-s
u

b
g
a
u

ss
ia

n
fo

r
a
n
y
v
∈
R
p

w
it

h
‖v
‖ 2

=
1
.
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 2
0(

11
1)

:1
-4

0,
 2

01
9

K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

(i
v
)

T
h
e

r.
v
.’
s
x
i,
w
i,
ε i

ar
e

in
d
ep

en
d
en

t
of

ea
ch

ot
h
er

.

C
on

d
it

io
n
s

A
(i

)
an

d
A

(i
i)

to
ge

th
er

fo
rm

th
e

u
su

al
sp

ar
si

ty
as

su
m

p
ti

on
o
f

h
ig

h
d
im

en
-

si
on

al
m

o
d
el

s.
C

on
d
it

io
n
s

A
(i

i)
an

d
A

(i
ii
)

ar
e

b
ot

h
re

st
ri

ct
io

n
s

on
th

e
m

o
d
el

d
im

en
si

o
n
s

an
d

in
fa

ct
A

(i
i)

is
im

p
li
ed

b
y

A
(i

ii
)

w
h
en

it
is

ap
p
li
ca

b
le

.
H

ow
ev

er
,

b
ot

h
co

n
d
it

io
n
s

a
re

st
at

ed
h
er

e
si

n
ce

so
m

e
of

ou
r

re
su

lt
s

in
S
ec

ti
on

s
3

an
d

4,
h
ol

d
u
n
d
er

th
e

w
ea

k
er

C
o
n
d
it

io
n

A
(i

i)
.

T
h
e

C
on

d
it

io
n

A
(i

ii
)

is
on

th
e

m
o
d
el

p
ar

am
et

er
s

an
d

al
so

re
la

te
d

to
th

e
in

it
ia

l
co

n
d
i-

ti
on

of
C

on
d
it

io
n

I,
v
ia

th
e

se
q
u
en

ce
l n

an
d

th
e

co
n
st

a
n
t
k
∈

[1
,∞

).
T

h
is

co
n
d
it

io
n

a
ss

u
m

es
th

e
on

ly
ad

d
it

io
n
al

co
n
tr

ol
on

h
ow

la
rg

e
a

co
n
st

an
t
k

an
d

h
ow

sm
al

l
th

e
se

q
u
en

ce
l n
,

ca
n

b
e

to
le

ra
te

d
b
y

A
lg

or
it

h
m

1,
gi

v
en

th
e

m
o
d
el

d
im

en
si

on
s.

H
eu

ri
st

ic
al

ly
,

th
is

co
n
d
it

io
n

en
su

re
s

th
at

th
e

fr
ac

ti
on

al
in

fo
rm

at
io

n
p

os
se

ss
ed

b
y

th
e

in
it

ia
l

gu
es

s
τ

(0
) ,

is
n
ot

d
om

in
a
te

d
b
y

th
e

n
oi

se
in

d
u
ce

d
in

th
e

li
n
ea

r
sy

st
em

d
u
e

to
it

s
la

rg
e

d
im

en
si

on
s.

N
ot

e
th

at
C

o
n
d
it

io
n

A
(i

ii
)

is
on

ly
as

su
m

ed
if

a
ch

an
ge

p
oi

n
t

ex
is

ts
,

i.
e.

,
Φ

m
in

(τ
0
)
>

0.
In

th
e

ca
se

of
‘n

o
ch

a
n
g
e’

in
m

o
d
el

(1
.1

),
i.
e.

,
Φ

(τ
0
)

=
0,

an
y

in
it

ia
l

va
lu

e
τ

(0
)

sa
ti

sf
y
in

g
Φ

(τ
(0

) )
≥
c u
l n
,

i.
e.

,
se

p
a
ra

te
d

fr
om

th
e

b
ou

n
d
ar

ie
s

of
R
,

ca
n

b
e

u
se

d
to

in
it

ia
li
ze

A
lg

or
it

h
m

1
.

A
se

co
n
d
a
ry

p
u
rp

o
se

th
at

C
on

d
it

io
n

A
(i

ii
)

se
rv

es
is

to
en

su
re

th
at

if
a

fi
n
it

e
ch

an
ge

p
oi

n
t

ex
is

ts
,

th
en

,
to

k
ee

p
Φ

m
in

(τ
0
)
≥
c u
l n

aw
ay

fr
om

th
e

b
ou

n
d
ar

ie
s

of
(0
,1

),
w

h
en

ev
er

a
fi
n
it

e
ch

an
g
e

p
o
in

t
ex

is
ts

in
th

e
m

o
d
el

.
N

ot
e

th
at

,
th

is
co

n
d
it

io
n

d
o
es

n
ot

as
su

m
e

lo
w

er
b

o
u
n
d
ed

n
es

s
o
f

Φ
m

in
(τ

0
)

a
s

is
co

m
m

on
ly

th
e

ca
se

in
th

e
li
te

ra
tu

re
,

si
n
ce

th
e

se
q
u
en

ce
l n

m
ay

co
n
v
er

ge
to

ze
ro

.
F

in
a
ll
y,

C
on

d
it

io
n

A
(i

v
)

re
q
u
ir

es
th

at
if

a
fi
n
it

e
ch

an
ge

p
oi

n
t

ex
is

ts
,

th
en

th
e

co
rr

es
p

o
n
d
in

g
ju

m
p

si
ze
ξ n

is
b

ou
n
d
ed

b
el

ow
.

W
e

al
so

m
en

ti
on

h
er

e
th

at
w

e
d
o

n
ot

m
ak

e
an

y
a
ss

u
m

p
ti

o
n
s

o
n

th
e

u
p
p

er
b

ou
n
d

of
ξ n
,

an
d

th
is

ju
m

p
si

ze
is

al
lo

w
ed

to
p

os
si

b
ly

d
iv

er
ge

w
it

h
n
.

T
h
e

su
b
ga

u
ss

ia
n

as
su

m
p
ti

on
s

in
C

on
d
it

io
n
s

B
(i

)
an

d
B

(i
i)

ar
e

n
ow

st
a
n
d
a
rd

in
h
ig

h
d
im

en
si

on
al

li
n
ea

r
re

gr
es

si
on

m
o
d
el

s
an

d
ar

e
k
n
ow

n
to

ac
co

m
m

o
d
at

e
a

la
rg

e
cl

a
ss

o
f
ra

n
d
o
m

d
es

ig
n
s.

In
or

d
in

ar
y

h
ig

h
d
im

en
si

on
al

li
n
ea

r
re

gr
es

si
on

,
th

es
e

as
su

m
p
ti

on
s

a
re

u
se

d
to

es
ta

b
li
sh

w
el

l
b

eh
av

ed
re

st
ri

ct
ed

ei
ge

n
va

lu
es

of
th

e
G

ra
m

m
at

ri
x
∑
x
ix
T i
/n

(R
a
sk

u
tt

i
et

a
l.

(2
01

0)
,

an
d

R
u
d
el

so
n

an
d

Z
h
ou

(2
01

2)
),

w
h
ic

h
ar

e
in

tu
rn

u
se

d
to

d
er

iv
e

co
n
ve

rg
en

ce
ra

te
s

of
` 1

re
gu

la
ri

ze
d

es
ti

m
at

or
s

(B
ic

ke
l

et
al

.
(2

00
9)

,
an

d
se

ve
ra

l
ot

h
er

s)
.

T
h
es

e
co

n
d
it

io
n
s

p
la

y
a

si
m

il
ar

ro
le

in
ou

r
ch

an
ge

p
oi

n
t

se
tu

p
.

O
n
e

m
ai

n
ad

va
n
ta

ge
of

th
e

p
ro

p
os

ed
A

lg
or

it
h
m

1
ov

er
ex

is
ti

n
g

m
et

h
o
d
s

is
it

s
a
b
il
it

y
to

p
ro

v
id

e
n
ea

r
op

ti
m

al
es

ti
m

at
es

w
it

h
ou

t
a

gr
id

se
ar

ch
.

A
s

m
en

ti
on

ed
ea

rl
ie

r
in

th
e

a
rt

ic
le

,
th

e
co

m
p
u
ta

ti
on

al
co

st
of

A
lg

or
it

h
m

1
is

2L
as

so
(n
,p

),
si

gn
ifi

ca
n
tl

y
b

el
ow

th
e
n

L
a
ss

o
(n
,p

)
co

st
of

ex
is

ti
n
g

m
et

h
o
d
s

an
d

is
th

u
s

sc
al

ab
le

to
d
ea

l
w

it
h

la
rg

e
d
at

a.
A

n
ov

el
ty

o
f

A
lg

o
ri

th
m

1
in

co
m

p
ar

is
on

to
th

os
e

p
ro

p
os

ed
in

L
eo

n
ar

d
i

an
d

B
ü
h
lm

an
n

(2
01

6)
,

L
ee

et
a
l.

(2
0
1
6
)

a
n
d

L
ee

et
al

.
(2

01
8)

is
it

s
ab

il
it

y
to

d
et

ec
t

th
e

ca
se

w
h
er

e
Φ

(τ
0
)

=
0
.

T
h
is

is
re

le
va

n
t

si
n
ce

it
re

m
ov

es
th

e
n
ec

es
si

ty
to

p
re

-t
es

t
fo

r
th

e
ex

is
te

n
ce

of
a

ch
a
n
ge

p
oi

n
t.

In
co

n
tr

a
st

,
w

h
il
e

th
e

m
et

h
o
d
s

of
L

ee
et

al
.
(2

01
6)

,
an

d
L

ee
et

al
.
(2

01
8)

ar
e

im
p
le

m
en

ta
b
le

in
th

e
ca

se
o
f
n
o

ch
a
n
g
e

p
oi

n
t,

th
ey

ar
e

h
ow

ev
er

u
n
ab

le
to

d
et

ec
t

th
e

ab
se

n
ce

of
th

e
ch

an
ge

p
oi

n
t.

In
st

ea
d
,

in
th

is
ca

se
of

Φ
(τ

0
)

=
0,

th
es

e
m

et
h
o
d
s

re
tu

rn
a

va
li
d

2
p

d
im

en
si

on
al

es
ti

m
at

e
(γ̂
T
,α̂

T
)T
,

w
h
er

e
α

0
=
β

0
−
γ

0
,

th
at

ca
n

b
e

u
se

d
fo

r
p
re

d
ic

ti
v
e

p
u
rp

o
se

s
u
si

n
g

th
e

m
o
d
el

(1
.1

).
N

o
te

th
a
t,

th
e

ab
il
it

y
to

d
et

ec
t

th
e

ab
se

n
ce

of
a

ch
an

ge
p

oi
n
t

is
a

st
ro

n
ge

r
st

at
em

en
t

an
d

m
ay

p
ro

v
id

e
ad

d
it

io
n
al

re
le

va
n
t

in
fo

rm
at

io
n
,

w
h
il
e

al
so

p
re

se
rv

in
g

th
e

in
te

rp
re

ta
b
le
p

d
im

en
si

o
n
a
l

li
n
ea

r
re

gr
es

si
on

m
o
d
el

in
th

e
ca

se
w

h
er

e
Φ

(τ
0
)

=
0.

T
h
e

or
ga

n
iz

at
io

n
of

th
e

re
m

ai
n
d
er

of
th

is
ar

ti
cl

e
is

as
fo

ll
ow

s.
S
ec

ti
on

3
d
ev

el
o
p
s

p
re

li
m

-
in

ar
y

re
su

lt
s

re
q
u
ir

ed
fo

r
an

al
y
si

s
of

es
ti

m
at

es
gi

ve
n

b
y

A
lg

or
it

h
m

1
an

d
S
ec

ti
o
n

4
p
ro

v
id

es
th

e
m

ai
n

re
su

lt
s

re
ga

rd
in

g
es

ti
m

at
es

ob
ta

in
ed

fr
om

A
lg

or
it

h
m

1.
P

ro
of

s
of

a
ll

re
su

lt
s

a
re

1
0
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H
ig
h
d
im

e
n
sio

n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ssio

n

g
iven

in
A

p
p

en
d
ix

A
,

w
h
ile

A
p
p

en
d
ix

B
con

sists
of

som
e

relevan
t

au
x
iliary

resu
lts

from
th

e
litera

tu
re,

sta
ted

w
ith

ou
t

p
ro

ofs.
T

h
e

p
erfo

rm
an

ce
o
f

A
lg

orith
m

1
is

em
p
irica

lly
evalu

ated
in

S
ectio

n
5
.

In
th

is
n
u
m

erical
sectio

n
,

th
e

im
p
lem

en
tation

of
A

lgorith
m

1
a
ssu

m
es

n
o

p
rio

r
in

fo
rm

a
tion

of
th

e
u
n
k
n
ow

n
ch

an
ge

p
oin

t
τ

0 ,
ad

d
itio

n
ally

w
e

n
u
m

erically
illu

strate
th

a
t

th
e

q
u
a
lity

of
th

e
in

itial
gu

ess
h
as

n
o

d
iscern

ib
le

im
p
act

o
n

th
e

fi
n
a
l

estim
ates

an
d

fi
n
a
lly,

w
e

a
lso

sh
ow

th
at

th
e

p
recision

of
th

e
p
rop

osed
estim

ates
is

in
d
istin

g
u
ish

ab
le

from
g
rid

sea
rch

a
p
p
roach

es.
S
ection

6
con

sists
of

an
ap

p
lication

o
f

th
e

p
rop

osed
m

eth
o
d
ology

to
so

cio
-eco

n
o
m

ic
d
ata

of
U

.S
.

collected
from

th
e

1990
U

.S
.

cen
su

s,
an

d
oth

er
sou

rces.

3
.

P
re

lim
in

a
ry

R
e
su

lts

In
th

is
sectio

n
w

e
p
resen

t
p
relim

in
ary

resu
lts

th
at

are
im

p
ortan

t
for

statin
g

an
d

p
rov

in
g

o
u
r

m
a
in

resu
lts

in
S
ection

4.
F

irst,
for

an
y

fi
x
ed

τ,
w

e
d
efi

n
e

ζ
i (τ

)
=

{
1

[τ
0
<
w
i ≤

τ
],

if
τ
>
τ

0

1
[τ
≤
w
i
<
τ

0 ],
if
τ
≤
τ

0 .

T
h
en

clearly,
fo

r
an

y
fi
x
ed

τ
∈
R
,
E
ζ
i (τ

)
:=

Φ
∗(τ

0 ,τ
)

=
|Φ

(τ
)−

Φ
(τ

0 )|.
W

e
sh

all
n
ow

state
a

k
ey

resu
lt

th
at

u
n
iform

ly
con

trols
(ov

er
τ
)

th
e

q
u
an

tity
n
−

1 ∑
ni=

1
ζ
i (τ

).

L
e
m

m
a

3
.1

L
et
u
n
,

a
n

d
v
n

be
a
n

y
n

o
n

-n
ega

tive
sequ

en
ces

su
ch

th
a
t
v
n
≥
c

log
p
/n
,
c
>

0
a
n

d
letT

(τ
0 ,u

n
)

=
{
τ

:
Φ
∗(τ

0 ,τ
)≤

u
n }

be
a
u
n

-n
eigh

bo
rh

ood
o
f
τ

0 .
T

h
en

u
n

d
er

C
o
n

d
itio

n
B

(iii),
w

e
h
a
ve,

(i)
su

p
τ∈T

(τ
0
,u
n

)

1n

n
∑i=

1

ζ
i (τ

)≤
c
u

m
ax {

log
p

n
,u

n }
,

(ii)
in

f
τ∈

R
;

Φ
∗
(τ

0
,τ

)≥
v
n

1n

n
∑i=

1

ζ
i (τ

)≥
c
u v
n
,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1
ex

p
(−
c

2
log

p
).

T
o

p
ro

ceed
fu

rth
er,

d
efi

n
e

for
an

y
τ

th
e

follow
in

g
set

of
ran

d
o
m

in
d
ices,

n
w

:=
n
w

(τ
0 ,τ

)
=

{
i∈
{1
,...,n}

;
τ

0
<
w
i ≤

τ,
if
τ
≥
τ

0 ,

i∈
{1
,...,n};

τ
≤
w
i
<
τ

0 ,
if
τ
≤
τ

0 .
(3.1)

N
o
te

th
a
t

th
e

card
in

ality
of

th
e

ran
d
om

set
n
w

is
p
recisely

th
e

sto
ch

astic
term

con
tro

lled
in

L
em

m
a

3
.1

,
i.e.,|n

w |
=
∑

ni=
1
ζ
i (τ

).
T

h
is

relation
serves

to
p
rov

id
e

b
ou

n
d
s

on
several

oth
er

sto
ch

a
stic

term
s

con
sid

ered
in

su
b
seq

u
en

t
lem

m
as.

T
h
e

relation
sh

ip
b

etw
een

th
e

card
in

ality
o
f

th
e

ra
n
d
o
m

in
d
ex

set
n
w

an
d

th
e

r.v
.’s
ζ
i (τ

),
i

=
1,...,n

h
as

a
lso

b
een

u
sed

b
y

K
au

l
et

al.
(2

0
1
7
)

in
th

e
co

n
tex

t
of

grap
h
ical

m
o
d
els

w
ith

m
issin

g
d
a
ta.

L
e
m

m
a

3
.2

L
et
u
n

be
a
n

y
n

o
n

-n
ega

tive
sequ

en
ce

a
n

d
let

n
w

be
th

e
ra

n
d
o
m

set
o
f

in
d
ices

a
s

d
efi

n
ed

in
(3

.1
).

A
lso

,
letT

(τ
0 ,u

n
)

be
a
u
n

-n
eigh

bo
rh

ood
o
f
τ

0
a
s

d
efi

n
ed

in
L

em
m

a
3
.1

.

1
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K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

T
h
en

u
n

d
er

C
o
n

d
itio

n
B

,
w

e
h
a
ve

fo
r

a
n

y
fi

xed
δ∈

R
p

th
a
t,

(i)
su

p
τ∈T

(τ
0
,u
n

) ∥∥∥
1n

∑i∈
n
w

δ
T
x
i x
Ti ∥∥∥∞

≤
c
u c
m

1 ‖
δ‖

2
m

ax {
log

p

n
,
u
n }
,

(ii)
su

p
τ∈T

(τ
0
,u
n

)

1n

∑i∈
n
w

δ
T
x
i x
Ti
δ≤

c
u c
m

1 ‖δ‖
22

m
ax {

log
p

n
,
u
n }
,

(iii)
su

p
τ∈T

(τ
0
,u
n

)

1n ∥∥
∑i∈
n
w

ε
i x
Ti ∥∥∞

≤
c
u c
m

2 √
log

p

n
m

ax { √
log

p

n
, √

u
n }
,

w
ith

p
ro

ba
bility

a
t

lea
st

1
−
c

1
ex

p
(−
c

2
log

p
).

H
ere

c
u
>

0
is

a
u

n
iversa

l
co

n
sta

n
t,

a
n

d
c
m

1
=

(φ
+
σ
x

+
σ

2x ),
c
m

2
=

( √
σ
ε σ
x

+
σ
ε σ
x )

a
re

m
od

el
co

n
sta

n
ts.

F
in

ally
in

ord
er

to
ob

tain
th

e
d
esired

error
b

ou
n
d
s

(2.8)
an

d
(2.9)

w
e

req
u
ire

re-
stricted

eigen
valu

e
con

d
ition

s
on

th
e

gram
m

atrix
∑

ni=
1
x
i x
Ti
.

F
or

an
y

d
eterm

in
istic

set
S
⊂
{1
,2
,...,p}

,
d
efi

n
e

th
e

collection
A

as,

A
=
{
δ∈

R
p;‖δ

S
c‖

1 ≤
3‖δ

S ‖
1 , }

.
(3.2)

T
h
en

,
B

ickel
et

al.
(2009)

d
efi

n
e

th
e

low
er

restricted
eigen

valu
e

con
d
ition

as,

in
f

δ∈
A

1n

n
∑i=

1

δ
T
x
i x
Ti
δ≥

c
u κ‖

δ‖
22 ,

for
som

e
con

stan
t
κ
>

0.
(3.3)

O
th

er
sligh

tly
w

eaker
v
ersion

s
of

th
is

con
d
ition

are
also

availab
le

in
th

e
literatu

re
su

ch
as

th
e

com
p
atib

ility
con

d
ition

of
B

ü
h
lm

an
n

an
d

V
an

D
e

G
eer

(2011),
an

d
th

e
`
q

sen
sitiv

ity
of

G
au

tier
an

d
T

sy
b
akov

(2011).
In

th
e

setu
p

of
com

m
on

ran
d
om

d
esign

s,
it

is
also

w
ell

estab
lish

ed
th

at
con

d
ition

(3.3)
h
old

s
w

ith
p
rob

ab
ility

con
v
ergin

g
to

1,
see

for
e.g.

R
ask

u
tti

et
al.

(2010),
an

d
R

u
d
elson

an
d

Z
h
ou

(201
2),

for
G

au
ssian

d
esig

n
s.

In
th

e
su

b
gau

ssian
case,

th
e

p
lau

sib
ility

of
th

is
con

d
ition

is
a

con
seq

u
en

ce
of

a
gen

eral
resu

lt
stated

as
L

em
m

a
B

.2
in

A
p
p

en
d
ix

B
.

U
n
d
er

ou
r

h
igh

d
im

en
sion

al
ch

a
n
ge

p
oin

t
setu

p
,

w
e

sh
all

req
u
ire

version
s

of
th

e
restricted

eigen
valu

e
con

d
ition

(3.3).
In

th
e

follow
in

g
lem

m
a,

w
e

sh
all

sh
ow

th
at

all
req

u
ired

con
d
ition

s
h
old

w
ith

p
rob

ab
ility

con
vergin

g
to

1
.

A
m

on
g

oth
er

argu
m

en
ts,

th
e

p
ro

of
of

th
ese

con
d
ition

s
sh

all
rely

on
L

em
m

a
B

.2.
In

L
em

m
a

3.3
b

elow
,

th
e

collection
A

in
(3.2)

ap
p
lies

for
th

e
set

S
in

C
on

d
ition

A
.

L
e
m

m
a

3
.3

(R
estricted

E
igen

valu
e

C
on

d
ition

s):
L

et
u
n
,

a
n

d
v
n

be
a
n

y
n

o
n

-n
ega

tive
se-

qu
en

ces
su

ch
th

a
t
v
n
≥
c

log
p
/n
,
c
>

0.
L

etT
(τ

0 ,u
n
)

be
a
s

in
L

em
m

a
3
.1

a
n

d
th

e
set

A
a
s

d
efi

n
ed

in
(3

.2
)

fo
r
S

given
in

C
o
n

d
itio

n
A

.
F

u
rth

erm
o
re,

d
efi

n
e

th
e

set
A

2
=
{
δ
∈

R
p;‖

δ
S
c‖

1 ≤
3‖
δ
S ‖

1
+

3‖
β

0 −
γ

0 ‖
1 }
,

a
n

d
let

a
n

y
τ
∈
R

be
su

ch
th

a
t

Φ
−

1
m

in (τ
)s

log
p
/n

=
o(1).

T
h
en

u
n

d
er

C
o
n

d
itio

n
s

A
(i),

A
(ii),

a
n

d
B

,
a
n

d
fo

r
n

su
ffi

cien
tly

la
rge,

th
e

fo
llo

w
in

g
re-

1
2
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H
ig
h
d
im

e
n
si
o
n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ss
io
n

st
ri

ct
ed

ei
ge

n
va

lu
e

co
n

d
it

io
n

s
h
o
ld

w
it

h
p

ro
ba

bi
li

ty
a
t

le
a
st

1
−
c 1

ex
p
(−
c 2

lo
g
p
),

(i
)

in
f

δ
∈A

1 n

∑

i;
w
i
≤
τ

δT
x
ix
T i
δ
≥
c u
κ

Φ
(τ

)‖
δ‖

2 2
,

(i
i)

in
f

δ
∈A

1 n

∑

i;
w
i
>
τ

δT
x
ix
T i
δ
≥
c u
κ

(1
−

Φ
(τ

))
‖δ
‖2 2
,

(i
ii

)
su

p
τ
∈T

(τ
0
,u
n

)
su

p
δ
∈A

1 n

∑ i∈
n
w

δT
x
ix
T i
δ
≤
c u
c m
‖δ
‖2 2

m
ax
{
s

lo
g
p

n
,u

n

} ,

(i
v
)

in
f

τ
∈R

;
Φ
∗ (
τ 0
,τ

)≥
v
n

in
f

δ
∈A

2

1 n
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c m
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δ‖

2 2
+
ξ2 n

) .
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th
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of

th
e

se
t
A

2
.

R
e
m

a
rk
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ot

e
th

at
if
β
−
β

0
∈

A
,
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e.

,
‖β

S
c
−
β

0
S
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‖ 1
≤

3
‖β

S
−
β

0
S
‖ 1
,
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en

fo
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δ

=
β

0
−
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0
+
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−
β

0
,

w
e
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e,
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S
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‖ 1
≤
‖β

S
c
−
β

0
S
c
‖ 1
≤

3
‖β

S
−
β

0
S
‖ 1
≤
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δ S
‖ 1

+
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‖β

0
−
γ
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‖ 1
.

T
h
u
s
β
−
β

0
∈
A
,

im
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es

th
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δ
∈
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2
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h
is

re
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on

is
u
se
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4.

1
an

d
T

h
eo

re
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.
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t
m

ai
n
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th
e

ra
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en
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th
e

re
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si
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es
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m

at
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ed
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an

d
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)

w
h
en

τ
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os
si

b
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n
d
om

)
is

in
a

u
n
-n

ei
gh

b
or
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o
o
d

of
τ 0
.
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h

e
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m
4
.1

S
u

p
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se
C

o
n

d
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A
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A
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i)
,
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n

d
B
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ld
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n
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er
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n

y
τ
∈
R
,
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ti
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fy

in
g

Φ
−

1
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in
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)s
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g
p
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=
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1)
.

L
et
β̂

(τ
)

a
n

d
γ̂

(τ
)

be
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ti

o
n

s
to

(2
.6

)
a
n

d
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).

T
h
en

,

(i
)

W
h
en

Φ
(τ

0
)

=
0

a
n

d
λ

1
≥
c u
c m
√

lo
g
p
/n
,

fo
r
n

su
ffi

ci
en

tl
y
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rg

e,
w

e
h
a
ve
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r
q

=
1,

2
,

‖β̂
(τ

)
−
γ

0
‖ q
≤
c u
c m

1

Φ
m

in
(τ

)s
1
/
q

√
lo

g
p

n
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
c 1

ex
p
(−
c 2

lo
g
p
).

T
h
e

sa
m

e
bo

u
n

d
h
o
ld

s
fo

r
‖γ̂

(τ
)−
γ

0
‖ q
,
q

=
1,

2
.

(i
i)

W
h
en

Φ
m

in
(τ

0
)
>

0
,

le
t
u
n

be
a
n

y
n

o
n

-n
eg

a
ti

ve
se

qu
en

ce
sa

ti
sf

yi
n

g
u
n

=
o(

Φ
m

in
(τ

0
))
.

A
ls

o
,

le
t
T

(τ
0
,u

n
)
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a
s

d
efi

n
ed
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L

em
m

a
3
.1

a
n

d
λ

1
=
c u
c m

m
ax
{√

lo
g
p
/n
,
ξ n
u
n
}.

T
h
en

fo
r
n

su
ffi

ci
en

tl
y

la
rg

e,
a
n

d
q

=
1,

2
,

th
e

fo
ll

o
w

in
g

u
n

if
o
rm

bo
u

n
d

h
o
ld

s,

su
p

τ
∈T

(τ
0
,u
n

)
‖β̂

(τ
)
−
β

0
‖ q
≤
c u
c m

1

Φ
m

in
(τ

0
)s

1
/
q

m
ax
{√

lo
g
p

n
,‖
β

0
−
γ

0
‖ 2
u
n

} ,

w
it

h
p
ro
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bi

li
ty

a
t

le
a
st

1
−
c 1

ex
p
(−
c 2

lo
g
p
).

T
h
e
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m

e
u

n
if

o
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u
p
pe
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u
n

d
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o
h
o
ld
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p
τ
∈T

(τ
0
,u
n

)
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−
γ

0
‖ q
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q

=
1,

2
.
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ra
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.
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p
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u
n
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e
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n
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n
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T
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4.
1,

(i
)

W
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en

Φ
m

in
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0
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=
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(0
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γ

0
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c m

1
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q

√
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p

n
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=
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2
,

w
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h
p
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b
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il
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y
at
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t
1
−
c 1

ex
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c 2

lo
g
p
).

T
h
e

sa
m

e
b

ou
n
d

h
ol

d
s

fo
r
‖γ̂

(0
)
−
γ

0
‖ q
,

q
=

1,
2.

(i
i)

W
h
en

Φ
m

in
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0
)
>

0
,

an
d
∣ ∣ ∣Φ
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(0
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−

Φ
(τ

0
)∣ ∣ ∣≤

u
(0

)
n
,

w
e

h
av

e,

‖β̂
(0

)
−
β

0
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c m

1

Φ
m
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0
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1
/
q

m
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{√
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g
p

n
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u
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)

n
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)

w
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h
p
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b
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t
1
−
c 1

ex
p
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g
p
).

T
h
e

sa
m

e
b
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n
d

h
ol

d
s
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r
‖γ̂

(0
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−
γ

0
‖ q
,
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=
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2
.

In
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se
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n
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/
q
ξ n
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)

n

/
Φ
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0
)

m
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m
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n
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b
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)
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d
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p
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p

or
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ve

rg
en
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te
s
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m
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or
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fr

om
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b
se

q
u
en
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st

ep
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A
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h
m

1.

W
e
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r
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n
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b
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g
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d
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m

at
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n
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s
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r
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m

a
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p
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A
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h
m

1.
T

o
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h
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th
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g
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w

e
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q
u
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e
th

e
fo
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in
g

n
ot
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n
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F
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y
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∈
R
,
β
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∈
R
p
,
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t

R
n
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=
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)
−
Q
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0
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).

S
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,γ

)
=
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‖Φ
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A
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e
u
n
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d
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d
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n
e
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e
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ll
ec

ti
on

H
(u
n
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∈
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Φ
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d
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r
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d
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/ Φ
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w
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w
e
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e

b
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{√

s
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g
p
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,√
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n
u
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>
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ra
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p
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p
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p
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p
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u
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H
ig
h
d
im

e
n
sio

n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ssio

n

(i)
W

h
en

Φ
(τ

0 )
=

0,
fo

r
a
n

y
v
n
>

0
,

w
e

h
a
ve

in
f

τ∈H
(1
,v
n

) S
n
(τ,β̂

(0
),γ̂

(0
))≥

µ
−
c
u c
m

s
log

p

n
Φ

2m
in (τ

(0
))

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1
ex

p
(−
c

2
log

p
).

(ii)
W

h
en

Φ
m

in (τ
0 )
>

0
,

fo
r

a
n

y
v
n
≥
c

log
p
/n
,
c
>

0
,

w
e

h
a
ve,

in
f

τ∈H
(u
n
,v
n

) S
n
(τ,β̂

(0
),γ̂

(0
))≥

ξ
2n (
c
u c
m
v
n −

c
u c
m
s

log
p

n
−

c
u c
m

1∨
ξ
n √

s
log

p

n
m

ax { √
lo

g
p

n
, √
u
n }

−
c
u c
m

r
2n

1∨
ξ

2n

m
ax {

s
log

p

n
,
u
n }
−

c
u µ

1∨
ξ

2n

F
(u
n
) )
.

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1
ex

p
(−
c

2
log

p
).

O
u
r

m
a
in

resu
lt
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rate
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vergen
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of
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e
estim

ates
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tain
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from
A

lg
o
rith

m
1
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sta
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in

T
h
eorem

4.2
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.

W
h
ile
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e
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p
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p
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e

th
eorem
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e
a
p
p
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d
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,
h
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w
e

p
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e

a
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e
m
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b
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in

d
th

e
p
ro

of.
W

e
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a
n

a
p
p
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p
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y
v
n
>
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w

h
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Φ
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0 )
=
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n
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n
o
n
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a
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u
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v
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(2.8)
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e
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w

h
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Φ
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>
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w
e
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all
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Φ
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S
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p
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b
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n
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a
l

o
p
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izer
τ̂
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)
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(2.8).
A
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u
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recu
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en

th
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b
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S
u
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e
even
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b
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n
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sa

tisfi
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w
ith

p
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at
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log
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).
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em
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fu
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se
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itio

n
s

A
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h
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u c
m

m
ax{ √

log
p
/n
,
ξ
n
u

(0
)

n
},

a
n

d
µ

=
c
u c
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log
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T

h
en

fo
r
n

su
ffi
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h
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0 )
=

0,
th

en
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(τ̂
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=
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w

ith
p
ro
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bility

a
t

lea
st
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1
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log
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h
en
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th
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u c
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log
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(−
c 2

lo
g
p
).

(A
.1

)

W
e

d
iv

id
e

th
e

ar
gu

m
en

t
in

to
tw

o
ca

se
s.

F
ir

st
,

fo
r

an
y

ar
b
it

ra
ry

co
n
st

an
t
c u

>
0,

w
e

le
t

Φ
∗ (
τ 0
,τ

1
)
≥
c u

lo
g
p
/n
,

u
p

on
ch

o
os

in
g
t

=
n

Φ
∗ (
τ 0
,τ

1
)

w
e

ob
ta

in
,

P
(

n ∑ i=
1

ζ i
(τ

1
)
>

2n
Φ
∗ (
τ 0
,τ

1
))
≤
e[
−

2
sn

Φ
∗ (
τ 0
,τ

1
)]

[1
+

(Φ
∗ (
τ 0
,τ

1
))

(e
s
−

1)
]n
.

U
si

n
g

th
e

d
et

er
m

in
is

ti
c

in
eq

u
al

it
y

(1
+
x

)k
≤

ex
p
(k
x

),
fo

r
an

y
k
,x
>

0
,

w
e

ob
ta

in
th

at

P
(

n ∑ i=
1

ζ i
(τ

1
)
>

2
n

Φ
∗ (
τ 0
,τ

1
))
≤
e−

2
sn

Φ
∗ (
τ 0
,τ

1
) e

(e
s
−

1
)n

Φ
∗ (
τ 0
,τ

1
)
≤
e−

c 2
lo

g
p
.

T
h
e

in
eq

u
al

it
y

to
th

e
ri

gh
t

fo
ll
ow

s
b
y

ch
o
os

in
g
s

=
lo

g
2,

w
h
ic

h
m

ax
im

iz
es

th
e

fu
n
ct

io
n

f
(s

)
=

2s
−
es

+
1

an
d

p
ro

v
id

es
a

p
os

it
iv

e
va

lu
e

at
th

e
m

ax
im

u
m

,
a
n
d

b
y

u
si

n
g

th
e

re
st

ri
ct

io
n

Φ
∗ (
τ 0
,τ

)
≥
c u

lo
g
p
/n
.
N

ex
t

w
e

le
t

Φ
∗ (
τ 0
,τ

1
)
<
c u

lo
g
p
/n
.
H

er
e

ch
o
os

e
t

=
c u

lo
g
p

to
ob

ta
in

,

P
(

n ∑ i=
1

ζ i
(τ

1
)
>
c u

lo
g
p

+
n

Φ
∗ (
τ 0
,τ

1
))
≤
e[
−
sc
u

lo
g
p
−
sn

Φ
∗ (
τ 0
,τ

1
)]

[1
+

(Φ
∗ (
τ 0
,τ

1
))

(e
s
−

1)
]n
.(A

.2
)

C
al

li
n
g

u
p

on
th

e
in

eq
u
al

it
y

(1
+
x

)k
≤

ex
p
(k
x

),
fo

r
an

y
k
,x
>

0,
w

e
ca

n
b

ou
n
d

th
e

R
H

S
of

(A
.2

)
fr

om
ab

ov
e

b
y

ex
p
[ −

sc
u

lo
g
p

+
(e
s
−
s
−

1)
lo

g
p
] .

N
ow

s
=

lo
g
(1

+
c u

)
p
ro

v
id

es
a

p
os

it
iv

e
va

lu
e

at
th

e
m

ax
im

u
m

,
si

n
ce

it
m

ax
im

iz
es
f

(s
)

=
(1

+
c u

)s
−
es

+
1.

T
h
en

fo
r

an
y

c u
>

0
,

w
e

ob
ta

in
,

P
(

n ∑ i=
1

ζ i
(τ

1
)
>
c u

lo
g
p

+
n

Φ
∗ (
τ 0
,τ

1
))
≤

e−
c 2

lo
g
p
.
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K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

U
p

on
co

m
b
in

in
g

b
ot

h
ca

se
s,

(A
.1

)
fo

ll
ow

s
b
y

n
ot

in
g

Φ
?
(τ

0
,τ

1
)

=
u
n
.

N
ow

re
p

ea
ti

n
g

th
e

sa
m

e
ar

gu
m

en
t

fo
r

a
fi
x
ed

b
ou

n
d
ar

y
p

oi
n
t
τ 2

on
th

e
le

ft
o
f
τ 0
,

su
ch

th
at

Φ
(τ

0
)
−

Φ
(τ

2
)

=
u
n
,

an
d

ap
p
ly

in
g

a
u
n
io

n
b

ou
n
d

w
e

ob
ta

in
,

P
(

m
ax

τ
∈{
τ 1
,τ

2
}

1 n

n ∑ i=
1

ζ i
(τ

)
≤
c u

m
ax
{

lo
g
p

n
,u

n

})
≥

1
−
c 1

ex
p
(−
c 2

lo
g
p
).

(A
.3

)

It
re

m
ai

n
s

to
sh

ow
th

at
(A

.1
)

h
ol

d
s

u
n
if

or
m

ly
ov

er
T

(τ
0
,u

n
).

F
or

th
is

,
w

e
b

eg
in

b
y

n
o
ti

n
g

th
at

fo
r

an
y
τ
∈
T

(τ
0
,u

n
),

w
h
er

e
τ
>
τ 0

w
e

h
av

e
ζ i

(τ
)

=
1
[ w

i
∈

(τ
0
,τ

]]
≤

1
[ w

i
∈

(τ
0
,τ

1
]] .

S
im

il
ar

ly
fo

r
an

y
τ
∈
T

(τ
0
,u

n
)

w
h
er

e
τ
<
τ 0

w
e

h
av

e
ζ i

(τ
)
≤

1
[ w

i
∈

[τ
2
,τ

0
)]
.

T
h
u
s

su
p

τ
∈T

(τ
0
,u
n

)

1 n

n ∑ i=
1

ζ i
(τ

)
≤

m
ax

τ
∈{
τ 1
,τ

2
}

1 n

n ∑ i=
1

ζ i
(τ

).
(A

.4
)

P
ar

t
(i

)
of

th
is

le
m

m
a

fo
ll
ow

s
b
y

co
m

b
in

in
g

(A
.4

)
w

it
h

th
e

b
ou

n
d

in
(A

.3
).

T
o

p
ro

ve
P

ar
t

(i
i)

w
e

u
se

a
lo

w
er

b
ou

n
d

fo
r

su
m

s
of

n
on

-n
eg

at
iv

e
r.

v
.s

’
st

a
te

d
in

L
em

m
a

B
.3

.
T

h
is

re
su

lt
w

as
or

ig
in

al
ly

p
ro

ve
d

b
y

M
au

re
r

(2
00

3
).

F
or

a
fi
x
ed

ri
gh

t
b

o
u
n
d
a
ry

p
o
in

t
τ 1
>
τ 0

su
ch

th
at

Φ
(τ

1
)
−

Φ
(τ

0
)

=
v n
,

se
t
t

=
v n
/
2

in
L

em
m

a
B

.3
.

T
h
en

w
e

h
av

e

P
( 1 n

n ∑ i=
1

ζ i
(τ

1
)
≤
v n 2

)
≤

ex
p
(
−
n
v n

)
≤
c 1

ex
p
(−
c 2

lo
g
p
),

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
v n
≥
c u

lo
g
p
/n
.

W
e

ob
ta

in
th

e
sa

m
e

b
o
u
n
d

a
p
p
ly

in
g

a
si

m
il
ar

ar
gu

m
en

t
fo

r
th

e
le

ft
b

ou
n
d
ar

y
p

oi
n
t
τ 2
<
τ 0

su
ch

th
at

Φ
(τ

0
)
−

Φ
(τ

2
)

=
v n
.

N
ow

ap
p
ly

in
g

an
el

em
en

ta
ry

u
n
io

n
b

ou
n
d

w
e

ob
ta

in

P
(

m
in

τ
∈{
τ 1
,τ

2
}

1 n

n ∑ i=
1

ζ i
(τ

)
≥
c u
v n

)
≥

1
−
c 1

ex
p
(−
c 2

lo
g
p
).

(A
.5

)

F
in

al
ly

to
ob

ta
in

u
n
if

or
m

it
y

ov
er
τ
∈
{ τ

;
Φ
∗ (
τ 0
,τ

)
≥
v n
}

n
ot

e
th

at
fo

r
τ
>
τ 0
,

w
e

h
av

e
ζ i

(τ
)

=
1
[ w

i
∈

(τ
0
,τ

]]
≥

1
[ w

i
∈

(τ
0
,τ

1
]]

an
d

fo
r

an
y
τ
<
τ 0
,

w
e

h
av

e
ζ i

(τ
)

=
1
[ w

i
∈

[τ
,τ

0
)]
≥

1
[ w

i
∈

[τ
2
,τ

0
)]
.

T
h
is

im
p
li
es

th
at

in
f

{τ
;Φ
∗ (
τ 0
,τ

)≥
v
n
}

1 n

n ∑ i=
1

ζ i
(τ

)
≥

m
in

τ
∈{
τ 1
,τ

2
}

1 n

n ∑ i=
1

ζ i
(τ

).
(A

.6
)

P
ar

t(
ii
)

fo
ll
ow

s
b
y

co
m

b
in

in
g

(A
.5

)
an

d
(A

.6
).

T
h
is

co
m

p
le

te
th

e
p
ro

of
of

L
em

m
a

3
.1

.
�

P
ro

o
f

o
f

L
e
m

m
a

3
.2

:
W

e
b

eg
in

w
it

h
th

e
p
ro

of
of

P
ar

t
(i

).
N

ot
e

th
at

th
e

R
H

S
o
f

th
e

in
eq

u
al

it
y

in
P

ar
t

(i
)

is
n
or

m
al

iz
ed

b
y

th
e
` 2

n
or

m
of
δ.

H
en

ce
,

w
it

h
ou

t
lo

ss
o
f

g
en

er
a
li
ty

w
e

ca
n

as
su

m
e
‖δ
‖ 2

=
1.

N
ow

,
th

e
p
ro

of
o
f

th
is

le
m

m
a

re
li
es

on
|n
w
|=

∑
n i=

1
ζ i

(τ
),

w
h
er

e
ζ i

(τ
)

ar
e

as
d
efi

n
ed

fo
r

L
em

m
a

3.
1.

N
ot

e
th

at
if
|n
w
|=

0
th

en
L

em
m

a
3.

2
h
o
ld

s
tr

iv
ia

ll
y

w
it

h
p
ro

b
ab

il
it

y
1
,

th
u
s

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
w

e
sh

al
l

as
su

m
e

th
at
|n
w
|>

0
.

N
ow

,
fo

r
an

y
fi
x
ed

τ
∈
T

(τ
0
,u

n
),

w
e

h
av

e

∥ ∥ ∥1 n

∑ i∈
n
w

δT
x
ix
T i

∥ ∥ ∥ ∞
≤
|n
w
|

n

∥ ∥ ∥
1 |n
w
|∑ i∈

n
w

δT
x
ix
T i

∥ ∥ ∥ ∞
(A

.7
)
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H
ig
h
d
im

e
n
sio

n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ssio

n

T
h
e

seco
n
d

key
ob

servation
is

th
at

u
n
d
er

C
on

d
ition

A
(iv

)
an

d
b
y

p
rop

erties
of

con
d
ition

al
ex

p
ecta

tion
s

(see
e.g.

L
em

m
a

B
.4),

th
e

con
d
ition

al
p
rob

ab
ility

P
w

(·)
=
P

(·|w
)

can
b

e
b

o
u
n
d
ed

b
y

treatin
g
w

as
a

con
stan

t.
T

h
u
s,

P
w ( ∥∥∥ ∑

i∈
n
w
δ
T
x
i x
Ti

|n
w |

−
δ
T

Σ ∥∥∥∞
>
t )
≤

6p
ex

p
(−
c
u |n

w |m
in {

t 2σ
4x

,
tσ
2x }

)

w
h
ere

th
e

a
b

ov
e

p
rob

ab
ility

b
ou

n
d

is
ob

tain
ed

b
y

an
ap

p
lication

of
P

art
(ii)

of
L

em
m

a
1
4

o
f

L
o
h

a
n
d

W
ain

w
righ

t
(2012):

su
p
p
lem

en
tary

m
aterials.

T
h
is

lem
m

a
is

rep
ro

d
u
ced

as

L
em

m
a

B
.1

in
th

e
A

p
p

en
d
ix

.
N

ow
ch

o
osin

g
t

=
c
u

m
ax {

σ
2x √

lo
g
p

|n
w | ,σ

x
lo

g
p

|n
w | }

w
e

ob
tain

,

P
w

(
∥∥∥ ∑

i∈
n
w
δ
T
x
i x
Ti

|n
w |

∥∥∥∞
≤
‖δ
T

Σ‖∞
+
c
u

m
ax {

σ
2x √

log
p

|n
w | ,σ

x
log

p

|n
w | } )

≥
1−

c
1

ex
p
(−
c

2
log

p
).

(A
.8)

T
h
e

resu
lt

in
(A

.8)
togeth

er
w

ith
(A

.7)
y
ield

s,

P
w

(
∥∥∥

1n

∑i∈
n
w

δ
T
x
i x
Ti ∥∥∥∞

≤
|n
w |
n
‖
δ
T

Σ‖∞
+
|n
w |
n
c
u

m
ax {

σ
2x √

log
p

|n
w | ,σ

x
lo

g
p

|n
w | } )

≥
1−

c
1

ex
p
(−
c

2
log

p
).

(A
.9)

T
a
k
in

g
ex

p
ecta

tion
s

on
b

oth
sid

es
of

th
e

in
eq

u
ality

(A
.9)

an
d

ob
serv

in
g

th
a
t

th
e

R
H

S
of

th
e

co
n
d
itio

n
a
l

p
rob

ab
ility

(A
.9)

is
free

of
w
,

w
e

ob
ta

in
,

P

(
∥∥∥

1n

∑i∈
n
w

δ
T
x
i x
Ti ∥∥∥∞

≤
|n
w |
n
‖δ
T

Σ‖∞
+
|n
w |
n
c
u

m
ax {

σ
2x √

lo
g
p

|n
w | ,σ

x
log

p

|n
w | } )

≥
1−

c
1

ex
p
(−
c

2
log

p
)

(A
.10)

O
n

th
e

o
th

er
h
an

d
,

w
e

h
ave

b
y

th
e

resu
lt

of
L

em
m

a
3.1

th
at

w
ith

p
rob

ab
ility

a
t

least
1−

c
1

ex
p
(−
c

2
log

p
)

th
at

su
p
τ∈T
|n
w |/n

≤
c
u

m
ax{

log
p
/n
,u

n }.
A

lso,
it

is
straig

h
tforw

ard
to

see
th

a
t‖δ

T
Σ‖∞

≤
c
u φ
,

for
som

e
con

stan
t
c
u
>

0.
T

h
u
s

w
ith

th
e

sam
e

p
rob

ab
ility

w
e

h
ave

th
e

b
ou

n
d
,

su
p

τ∈T
(τ

0
,u
n

) |n
w |
n
‖
δ
T

Σ‖∞
≤
c
u φ

m
ax {

log
p

n
,u

n }
.

(A
.11)

B
y

a
p
p
ly

in
g

P
art

(i)
of

L
em

m
a

3.1
w

e
also

h
ave

th
e

follow
in

g
b

ou
n
d

w
ith

p
rob

ab
ility

at
lea

st
1−

c
1

ex
p
(−
c

2
log

p
),

su
p

τ∈T
(τ

0
,u
n

) |n
w |
n

√
log

p

|n
w | ≤

c
u √

log
p

n
m

ax { √
log

p

n
, √
u
n }
≤
c
u

m
ax {

log
p

n
,u

n }
.

(A
.12)

T
h
e

fi
n
a
l

in
eq

u
ality

follow
s

u
p

on
n
otin

g
th

at
if √

log
p
/n √

u
n
≥
u
n

th
en

u
n
≤

log
p
/n
.

F
in

a
lly

also
n
o
te

th
at

su
p
τ∈T

(|n
w |/n

)(log
p
/|n

w |)≤
log

p
/n
.

P
art

(i)
of

th
e

lem
m

a
fo

llow
s

2
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K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

b
y

com
b
in

in
g

th
ese

resu
lts

togeth
er

w
ith

th
e

b
ou

n
d
s

(A
.11)

an
d

(A
.12)

in
(A

.10).
T

h
e

p
ro

ofs
of

P
art

(ii)
an

d
P

art
(iii)

are
sim

ilar
an

d
are

th
u
s

om
itted

.
�

P
ro

o
f

o
f

L
e
m

m
a

3
.3

T
o

p
rov

e
P

art
(i),

fi
rst

d
efi

n
e
z
i

=
x
i 1

[w
i
≤

τ
].

C
learly

z
i

is
also

su
b
gau

ssian
w

ith
th

e
sam

e
varian

ce
p
aram

eter
as

x
i ’s,

i.e.,
σ

2x .
F

u
rth

erm
ore,

sin
ce

b
y

assu
m

p
tion

Φ
(τ

)
>

0,
th

u
s

Σ
z

=
E
z
i z
Ti

=
Φ

(τ
)Σ

x ,
w

h
ich

im
p
lies

th
at

λ
m

in (Σ
z )

=
Φ

(τ
)λ

m
in (Σ

x )≥
Φ

(τ
)κ
.

S
im

ilarly
λ

m
a
x (Σ

z )≤
Φ

(τ
)φ
.

N
ow

ap
p
ly

in
g

L
em

m
a

B
.2

w
e

ob
tain

1n

∑

{
i;w

i ≤
τ}
δ
T
x
i x
Ti
δ

=
1n

n
∑i=

1

δ
T
z
i z
Ti
δ≥

c
u κ

Φ
(τ

)‖δ‖
22 −

c
u

1

Φ
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=
∑i;w
i ≤
τ (y

i −
x
Ti
β̂

(0
))

2
+
∑i;w
i >
τ (y

i −
x
Ti
γ̂

(0
))

2−
∑i;w
i >
τ
0 (y

i −
x
Ti
γ̂

(0
))

2

=
∑i;w
i ≤
τ (y

i −
x
Ti
β̂

(0
))

2−
∑

i;τ
0
<
w
i ≤
τ (y

i −
x
Ti
γ̂

(0
))

2

=
∑i;w
i ≤
τ (β̂

(0
)−

γ
0 )
T
x
i x
Ti

(β̂
(0

)−
γ

0 )−
∑

i;τ
0
<
w
i ≤
τ (γ̂

(0
)−

γ
0 )
T
x
i x
Ti

(γ̂
(0

)−
γ

0 )

−
2
∑i;w
i ≤
τ

ε
i x
Ti

(β̂
(0

)−
γ

0 )
+

2
∑i;w
i ≤
τ

ε
i x
Ti

(γ̂
(0

)−
γ

0 )

≥
−
∑i∈
n
w

(γ̂
(0

)−
γ

0 )
T
x
i x
Ti

(γ̂
(0

)−
γ

0 )−
2
∑i;w
i ≤
τ

ε
i x
Ti

(β̂
(0

)−
γ

0 )

+
2
∑i;w
i ≤
τ

ε
i x
Ti

(γ̂
(0

)−
γ

0 )
(A

.25)

N
ow

,
b
y

th
e

resu
lt

in
R

em
ark

4.1,
w

e
h
ave

th
at‖β̂

(0
)−
γ

0 ‖
2 ,‖γ̂

(0
)−
γ

0 ‖
≤
c
u c
m √

s
log

p /
n

Φ
2m

in (τ
(0

)),

w
ith

p
ro

b
a
b
ility

at
least

1−
c

1
ex

p
(−
c

2
log

p
).

A
d
d
ition

ally
from

th
e

p
ro

o
f

of
T

h
eorem

4.1,
it

h
a
s

a
lso

b
een

sh
ow

n
th

at
β̂

(0
)−

γ
0

an
d
γ̂

(0
)−

γ
0

lie
in

th
e

setA
of

(3.2),
w

ith
th

e
sa

m
e

p
ro

b
a
b
ility.

T
h
u
s

th
e

b
ou

n
d
s

of
L

em
m

a
3.2

are
ap

p
licab

le.
S
u
b
stitu

tin
g

th
ese

b
ou

n
d
s

in
(A

.2
5
),

fo
r

a
n
y
v
n
>

0
,

w
e

ob
tain

u
n
iform

ly
overH

(1,v
n
)

th
at,

in
f

τ∈H
(u
n
,v
n

) R
n
(τ,β̂

(0
),γ̂

(0
))≥

−
c
u c
m

s
log

p

n
Φ

2m
in (τ

(0
)) −

c
u c
m

s
log

p

n
Φ

m
in (τ

(0
))

F
in

a
lly,

reca
ll

th
at
S
n
(τ,β̂

(0
),γ̂

(0
))

=
R
n
(τ,β̂

(0
),γ̂

(0
))

+
µ (‖

Φ
(τ

)‖
0 −
‖Φ

(τ
0 )‖

0 ),
an

d
sin

ce
in

th
is

ca
se‖Φ

(τ
)‖

0
=

0,
an

d
for

an
y
τ
∈
H

(1,v
n
),

w
e

h
ave‖

Φ
(τ

)‖
0

=
1

(sin
ce
v
n
>

0),
h
en

ce
th

e
sta

tem
en

t
of

P
art

(i)
follow

s
d
irectly.

T
o

p
rove

P
art

(ii),
w

h
ere

Φ
(τ

0 )
>

0
,

w
e

d
iv

id
e

th
e

argu
m

en
t

in
to

tw
o

cases.
F

irst
co

n
sid

er
th

e
ca

se
w

h
ere

τ
∈
H

(u
n
,v
n
),

w
ith

τ
≥
τ

0 ,
h
ere,

n
R
n
(τ,β̂

(0
),γ̂

(0
))

=
n
Q

(τ,β̂
(0

),γ̂
(0

))−
n
Q

(τ
0 ,β̂

(0
),γ̂

(0
))

=
∑

i∈
τ
0
<
w
i ≤
τ (y

i −
x
Ti
β

)
2−

∑

i∈
τ
0
<
w
i ≤
τ (y

i −
x
Ti
γ

)
2

(A
.26)

R
eca

ll
b
y

co
n
stru

ction
of

m
o
d
el

(1.1),
ε
i

=
y
i −

x
Ti
γ

0 ,
for

i;w
i
>
τ

0 .
U

sin
g

th
is

relation
in

(A
.2

6
)

an
d

p
erform

in
g

som
e

algeb
raic

m
an

ip
u
lation

w
e

h
ave

th
at

R
n
(τ,β̂

(0
),γ̂

(0
))

=
1n

∑i∈
n
w

(β̂
(0

)−
γ

0 )
T
x
i x
Ti

(β̂
(0

)−
γ

0 )−
1n

∑i∈
n
w

(γ̂
(0

)−
γ

0 )
T
x
i x
Ti

(γ̂
(0

)−
γ

0 )

−
2n

∑i∈
n
w

ε
i x
Ti

(β̂
(0

)−
γ

0 )
+

2n

∑i∈
n
w

ε
i x
Ti

(γ̂
(0

)−
γ

0 )

:=
T

1
+
T

2
+
T

3
+
T

4
(A

.27)
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K
a
u
l
,
J
a
n
d
h
y
a
l
a
a
n
d

F
o
t
o
p
o
u
l
o
s

S
u
b
stitu

tin
g

b
ou

n
d
s

for
term

(T
1)-(T

4)
given

in
L

em
m

a
.1

(stated
after

th
is

p
ro

of),
w

e
ob

tain
,

in
f

τ∈H
(u
n
,v
n

) R
n
(τ,β̂

(0
),γ̂

(0
))≥

c
u c
m
ξ

2n v
n −

c
u c
m
ξ

2n

s
log

p

n

−
c
u c
m
ξ
n √

s
log

p

n
m

ax { √
log

p

n
, √
u
n }
−
c
u c
m
r

2n
m

ax {
s

log
p

n
,
u
n }
.

N
ow

,
n
ote

th
at

for
an

y
τ
∈
R
,
w

e
h
ave

th
at‖Φ

(τ
)‖

0 −
‖
Φ

(τ
0 )‖

0 ≤
1
.
A

lso,
w

h
en
u
n
/
Φ

(τ
0 )→

0
,
for

an
y
τ
∈
H

(u
n
,v
n
),

th
e

q
u
an

tities
Φ

(τ
0 )

an
d

Φ
(τ

)
w

ill
h
ave

th
e

sa
m

e
sign

,
con

seq
u
en

tly
‖
Φ

(τ
)‖

0 −
‖Φ

(τ
0 )‖

0
=

0.
In

eff
ect,

w
e

h
av

e
for

an
y
τ
∈
H

(u
n
,v
n
),

th
at,‖

Φ
(τ

)‖
0 −
‖Φ

(τ
0 )‖

0 ≤
F

(u
n
).

U
sin

g
th

is
relation

in
th

e
d
efi

n
ition

of
S

(τ,β̂
(0

),γ̂
(0

)),
togeth

er
w

ith
th

e
assu

m
p
tion

th
at
ξ
n
>
c
u

w
e

ob
tain

,

in
f

τ∈H
(u
n
,v
n

) S
n
(τ,β̂

(0
),γ̂

(0
))≥

ξ
2n (
c
u c
m
v
n −

c
u c
m
s

log
p

n
−

c
u c
m

1∨
ξ
n √

log
p

n
m

ax { √
log

p

n
, √
u
n }

−
c
u c
m

r
2n

1∨
ξ

2n

m
ax {

s
log

p

n
,
u
n }
−

c
u µ

1∨
ξ

2n

F
(u
n
) )
.

w
ith

p
rob

ab
ility

at
least

1−
c

1
ex

p
(−
c

2
log

p
).

T
h
is

com
p
letes

th
e

p
ro

of
of

th
is

lem
m

a.
�

L
e
m

m
a

.1
S

u
p
po

se
th

e
co

n
d
itio

n
s

o
f

L
em

m
a

4
.1

a
n

d
let

th
e

term
s
T

1
,
T

2
,
T

3
a
n

d
T

4
be

a
s

d
efi

n
ed

in
(A

.2
7
).

T
h
en

fo
r
n

su
ffi

cien
tly

la
rge,

w
e

h
a
ve

th
e

fo
llo

w
in

g
bo

u
n

d
s,

(i)
in

f
τ∈H

(u
n
,v
n

) |T
1|≥

c
u c
m
ξ

2n v
n −

ξ
2n

s
log

p

n

(ii)
su

p
τ∈H

(u
n
,v
n

) |T
2|≤

c
u c
m
r

2n
m

ax {
s

log
p

n
,
u
n }

(iii)
su

p
τ∈H

(u
n
,v
n

) |T
3|≤

c
u c
m
ξ
n √

s
log

p

n
m

ax { √
log

p

n
, √

u
n }

(iv
)

su
p

τ∈H
(u
n
,v
n

) |T
4|≤

c
u c
m
r
n √

s
log

p

n
m

ax { √
log

p

n
, √

u
n }

w
ith

p
ro

ba
bility

a
t

lea
st

1−
c

1
ex

p
(−
c

2
log

p
).

P
ro

o
f

o
f

L
e
m

m
a

.1
:

C
on

sid
er

th
e

term
T

1
=
n
−

1 ∑
i∈
n
w

(β̂
(0

)−
γ

0 )
T
x
i x
Ti

(β̂
(0

)−
γ

0 ).

F
irst,

recall
from

th
e

p
ro

of
of

T
h
eorem

4.1
th

at
β̂

(0
)−

β
0
∈

A
,

w
ith

p
ro

b
ab

ility
at

least
1
−
c

1
ex

p
(−
c

2
log

p
).

T
h
u
s,

as
d
escrib

ed
in

R
em

ark
3.1,

w
e

h
ave

th
at

δ
=
β̂

(0
)−

γ
0

=
β̂

(0
)−

β
0

+
β

0 −
γ

0 ∈
A

2
w

ith
th

e
sam

e
p
rob

ab
ility.

N
ow

ap
p
ly

in
g

P
art

(iv
)

of
L

em
m

a
3.3

w
e

ob
tain

,

in
f

τ∈H
(u
n
,v
n

)

1n

∑i∈
n
w

δ
T
x
i x
Ti
δ≥

c
u c
m
v
n ‖δ‖

22 −
c
u c
m
s

log
p

n

(‖δ‖
22

+
ξ

2n )

w
ith

p
rob

ab
ility

at
least

1
−
c

1
ex

p
(−
c

2
log

p
).

A
p
p
ly

in
g

th
e

algeb
raic

in
eq

u
ality,

‖δ
1

+
δ

2 ‖
22
≥
‖
δ

1 ‖
22

+
‖
δ

2 ‖
22 −

2‖
δ

1 ‖
2 ‖
δ

2 ‖
2

w
h
ich

is
ap

p
licab

le
for

an
y
δ

1 ,δ
2
∈

R
p,

w
e

ob
tain

,

3
2
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H
ig
h
d
im

e
n
si
o
n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ss
io
n

‖β̂
(0

)
−
β

0
+
β

0
−
γ

0
‖2 2
≥
r2 n

+
ξ2 n
−

2r
n
ξ n
.

N
ow

,
b
y

d
efi

n
it

io
n

of
r n
,

w
e

al
so

h
av

e
th

at
r n

=
o(

1)
ξ n
,

th
u
s
‖β̂

(0
)
−
β

0
+
β

0
−
γ

0
‖2 2
≥
c u
ξ2 n
,

fo
r
n

la
rg

e.
S
im

il
ar

ly
,

u
si

n
g

th
e

in
eq

u
al

it
y

‖δ
1
+
δ 2
‖2 2
≤
‖δ

1
‖2 2

+
‖δ

2
‖2 2

+
2‖
δ 1
‖ 2
‖δ

2
‖ 2
,
w

e
ca

n
sh

ow
th

at
fo

r
n

la
rg

e,
‖β̂

(0
)
−
β

0
+
β

0
−
γ

0
‖2 2
≤

c u
ξ2 n
.
S
u
b
st

it
u
ti

n
g

th
es

e
b

ou
n
d
s

b
ac

k
in

(A
.2

8)
w

e
ob

ta
in

th
e

re
su

lt
of

P
ar

t
(i

).
N

ex
t

co
n
si

d
er

P
ar

t
(i

i)
,

w
h
er

e
w

e
h
av

e
T

2
=
n
−

1
∑

i∈
n
w

(γ̂
(0

)
−
γ

0
)T
x
ix
T i

(γ̂
(0

)
−
γ

0
).

R
ec

al
l

fr
om

th
e

p
ro

of

of
T

h
eo

re
m

4.
1,
γ̂

(0
)
−
γ

0
∈
A
.

N
ow

ap
p
ly

in
g

P
ar

t
(i

ii
)

of
L

em
m

a
3.

3
w

e
ob

ta
in

,

su
p

τ
∈H

(u
n
,v
n

)

1 n

∑ i∈
n
w

(γ̂
(0

)
−
γ

0
)T
x
ix
T i

(γ̂
(0

)
−
γ

0
)
≤
c u
c m
r2 n

m
ax
{
s

lo
g
p

n
,
u
n

}

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
c 1

ex
p
(−
c 2

lo
g
p
).

T
h
is

p
ro

v
es

P
ar

t
(i

i)
.

T
h
e

p
ro

of
of

P
ar

t
(i

ii
)

fo
ll
ow

s
b
y

an
ap

p
li
ca

ti
on

of
P

ar
t

(i
ii
)

of
L

em
m

a
3.

2,
i.
e.

,

su
p

τ
∈H

(u
n
,v
n

)
|1 n

∑ i∈
n
w

ε i
x
T i

(β̂
−
γ

0
)|
≤

su
p

τ
∈H

(u
n
,v
n

)
‖1 n

∑ i∈
n
w

ε i
x
T i
‖ ∞
‖(
β̂

(0
)
−
γ

0
)‖

1

≤
su

p
τ
∈H

(u
n
,v
n

)

∥ ∥1 n

∑ i∈
n
w

ε i
x
T i

∥ ∥ ∞
√
s(
‖(
β̂

(0
)
−
β

0
)‖

2
+
‖β

0
−
γ

0
‖ 1
)

≤
c u
c m
r n

√
s

lo
g
p

n
m

ax
{√

lo
g
p

n
,
√
u
n

}
+
c u
c m
ξ n

√
s

lo
g
p

n
m

ax
{√

lo
g
p

n
,
√
u
n

}

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
c 1

ex
p
(−
c 2

lo
g
p
).

T
h
is

p
ro

ve
s

P
ar

t
(i

ii
).

T
h
e

p
ro

of
of

P
ar

t
(i

v
)

is
v
er

y
si

m
il
ar

an
d

is
th

u
s

om
it

te
d
.

�

P
ro

o
f

o
f

T
h

e
o
re

m
4
.2

:
F

ir
st

co
n
si

d
er

P
ar

t
(i

),
w

h
er

e
Φ

(τ
0
)

=
0
.

A
p
p
ly

in
g

P
ar

t
(i

)
of

L
em

m
a

4.
1

fo
r

an
y
v n
>

0,
w

e
h
av

e,

in
f

τ
∈H

(1
,v
n

)
S
n
(τ
,β̂

(0
) ,
γ̂

(0
) )
≥
µ
−
c u
c m

s
lo

g
p

n
Φ

2 m
in

(τ
(0

) )

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
c 1

ex
p
(−
c 2

lo
g
p
).

R
ec

al
l
th

e
ch

oi
ce

of
µ

=
c u
c m
( s

lo
g
p
/n
l2 n
) 1
/
k
∗
,

an
d

th
e

in
it

ia
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n
g

co
n
d
it

io
n

Φ
m

in
(τ

(0
) )
≥
c u
l n
.
C

on
se

q
u
en

tl
y,

in
f τ
∈H

(1
,v
n

)
S
n
(τ
,β̂

(0
) ,
γ̂

(0
) )
>

0,
fo

r
n

su
ffi
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en

tl
y

la
rg

e,
w

it
h

th
e

sa
m

e
p
ro

b
ab

il
it

y.
T

h
is

im
p
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es

th
a
t
τ̂

(1
)
/∈
H

(1
,v
n
)

fo
r

an
y
v n

>
0
.

T
h
er

eb
y

p
ro

v
in

g
th

at
Φ

(τ̂
(1

) )
=

0
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th
e
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ly

re
m
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n
in

g
p
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b
il
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y
w
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h
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e
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m
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it
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T

h
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p
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s
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e

p
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of
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T
o

p
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ve
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ar
t

(i
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,
fo

r
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y
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≥
s

lo
g
p
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,

w
e
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p
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P
ar

t
(i
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of

L
em

m
a
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1

on
th

e
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t
H

(1
,v
n
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to
ob
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,

in
f

τ
∈H

(1
,v
n

)
S
n
(τ
,β̂

(0
) ,
γ̂

(0
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≥
ξ2 n

( c u
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−
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s
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g
p

n
−
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1
∨
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√
s
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g
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1
∨
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−
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µ

1
∨
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) ,

w
it

h
p
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b
ab

il
it

y
at
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t
1
−
c 1

ex
p
(−
c 2

lo
g
p
).
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ot

e
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b
y

C
on

d
it

io
n

A
(i

ii
)

w
e

h
av

e
th

at

(s
/l

2 n
)u

(0
)

n
=
o(

1)
.

T
h
en

,
u
p
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o
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g,
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≥
v
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m
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∨
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b
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b
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it
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p
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ap

p
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e
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e
ar
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u
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en
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g
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( c u
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g
p

n
−

c u
c m

1
∨
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g
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m
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e
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F
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n
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fo
r
u
n

=
v
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th
e

si
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th
e

sa
m

e
a
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th
a
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Φ
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0
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fo
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rg

e.
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u
p
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ch
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m
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lo
g
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∨
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g
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=

m
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γ̂

(0
) )
>

0
,

w
it

h
p
ro

b
ab

il
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−

c 1
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lo
g
p
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C
on
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(τ̂
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te

th
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g
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e

ab
ov

e
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e
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m
en
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w
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ra
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if
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e
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b
y
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p
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p
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e

ca
n
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r
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e
m
th
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io

n
th
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(τ̂
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) )
−

Φ
(τ
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c u
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m
ax
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g
p
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,

1

1
∨
ξb
m
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g
p
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) a
m
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w
h
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a
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=
m
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{ 1 2
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a
m
−

1

2
,
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∗

+
a
m
−
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an

d
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=
1

+
b m
−

1
/2
,

w
it

h
a

1
=

b 1
=

1/
k
∗ .

N
ot

e
th

at
,

d
es

p
it

e
th

e
re

cu
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io
n
s

in
th

e
ab

ov
e

a
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u
m

en
t,
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e

p
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b
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il
it

y
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e

b
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n
d
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r
ev
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n
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m
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n
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b

e
a
t

le
a
st

1
−

c 1
ex

p
(−
c 2

lo
g
p
),

th
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fo
ll
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s
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R

em
a
rk

.1
.

T
o

fi
n
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h
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e
p
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of
,

n
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e
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a
t
k
∗
∈
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a
m

=
1
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+
a
m
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1
/
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∀m
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d

w
h
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k
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m

=
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a
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−

1
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fo
r
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e
en
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u
g
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.

F
in
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if

w
e
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n
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n
u
e

th
e

ab
ov

e
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n
s

an
in
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n
it

e
n
u
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b
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w
e

o
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∑
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p
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h
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p
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p
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b
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o
ld

in
g

si
m

u
l-

ta
n
eo

u
sl

y
at

ea
ch

re
cu

rs
io

n
b

ei
n
g

at
le

as
t

1
−
c 1

ex
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p
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b
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→

0
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∞
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=
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.
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H
ig
h
d
im

e
n
sio

n
a
l
c
h
a
n
g
e
p
o
in
t
r
e
g
r
e
ssio

n

seq
u
en
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n
verges
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zero
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an
th

e
p
reced

in
g
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e.

L
et
E
u
1 ,E

u
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b
e

even
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each
w

ith
p
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b
a
b
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1
−
c

1
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p
(−
c

2
log

p
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on
w

h
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th
e

u
p
p

er
b

ou
n
d
s
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L

em
m

a
.1

h
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u

1n
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,...
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ectively.

C
learly,

on
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e
in
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n
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u
1 ∩
E
u
2 ∩
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all

u
p
p

er
b

o
u
n
d
s

of
L

em
m

a
.1

h
old
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u
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over
an

y
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u
en
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u
jn
,
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=
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N
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,
n
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th
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b
y

th
e
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n
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seq
u
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d
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u
p
p
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n
d
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e
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u
∞
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u
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.
H

ere
E
u
∞
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ts
th

e
set

co
rresp

on
d
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u
∞
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c
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c

2
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T
h
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m
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e
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for
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en
t
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f

T
h

e
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re
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:
R
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th

e
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lt
of
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(ii)
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T
h
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4
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n
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setT
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h
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p
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b
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b
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p
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u
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w
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p
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∈
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bga
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n
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∈
R
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w
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−
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m
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ver,
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n
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bga

u
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n
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a
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Y
T
X

n
−

cov
(y
i ,x

i )‖∞
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≥
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h
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a
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n
d
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b
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p
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tial

r.v
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o
f

L
o
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p
p
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h
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d
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a
rt

are
d
erived

v
ia

a
lg

eb
ra

ic
m

a
n
ip

u
lation

s
of

th
e

p
ro

d
u
ct

u
n
d
er

con
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i ∈
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bga

u
ssia

n
ra

n
d
o
m

vecto
rs

w
ith

va
ria

n
ce

pa
ra

m
eter

σ
2z

a
n

d
co

va
ria

n
ce

Σ
z

=
E
z
i z
Ti
.

A
lso

,
let

λ
m

in (Σ
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e

m
in

im
u

m
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∀
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∀
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b
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b
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p
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d
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∞
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∑
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2 ∑
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ra
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p
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p
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p
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a
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p
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p
le

s,
d
at

a
p
a
ra

ll
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b
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m
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ra
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p
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p
u
ta

ti
on

ac
ro

ss
d
iff

er
en

t
p
ro

ce
ss

o
rs

fo
r

th
e

sa
m

e
tr

ai
n
in

g
ex

am
p
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d
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p
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d
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p
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d
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ra
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b
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u
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p
re

ce
d
en

te
d

sc
al

es
of

d
at

a
p
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b
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p
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b
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p
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b
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-
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p
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p
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ra
l

n
et

w
or

k
tr

ai
n
in

g
an

d
se

ve
ra

l
p
ap

er
s

ta
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p
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p
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h
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h
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b
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b
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p
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i-b
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b
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p
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b
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p
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u
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n
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b
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p
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b
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p
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b
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>
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p
ro

ac
h

a
ta

sk
b
y

re
p
la

ci
n
g

it
s

lo
ss

w
it

h
an

ot
h
er

th
a
t

is
m

o
re

am
en

ab
le

to
tr

ai
n
in

g.
F

or
in

st
an

ce
,

in
su

p
er

v
is

ed
cl

as
si

fi
ca

ti
on

,
w

e
m

ig
h
t

b
e

ta
sk

ed
w

it
h

le
ar

n
in

g
u
n
d
er

th
e

0/
1

lo
ss

,
w

h
ic

h
is

an
in

d
ic

at
or

of
w

h
et

h
er

a
p
re

d
ic

ti
on

is
co

rr
ec

t
(e

.g
.

m
at

ch
es

a
gr

ou
n
d
-t

ru
th

la
b

el
),

b
u
t

w
e

tr
ai

n
b
y

co
n
si

d
er

in
g

in
st

ea
d

a
su

rr
o
g
a
te

lo
ss

(e
.g

.
th

e
lo

gi
st

ic
lo

ss
)

th
at

is
m

or
e

am
en

ab
le

to
co

n
ti

n
u
ou

s
op

ti
m

iz
at

io
n
.

W
h
en

th
e

su
rr

o
g
at

e
lo

ss
b

ou
n
d
s

th
e

or
ig

in
al

,
ac

h
ie

v
in

g
lo

w
lo

ss
u
n
d
er

th
e

su
rr

og
at

e
im

p
li
es

lo
w

lo
ss

u
n
d
er

th
e

or
ig

in
al

.
T

o
d
is

ti
n
gu

is
h

th
e

tw
o,

w
e

sa
y

er
ro

r
to

d
es

cr
ib

e
th

e
or

ig
in

al
lo

ss
(e

.g
.

0
/
1
),

a
n
d

w
e

sa
ve

lo
ss

to
re

fe
r

to
th

e
su

rr
og

at
e

u
se

d
in

tr
ai

n
in

g.

2
.2

.
A

lg
o
ri

th
m

s

T
h
e

d
om

in
an

t
al

go
ri

th
m

s
fo

r
tr

ai
n
in

g
n
eu

ra
l

n
et

w
or

k
s

ar
e

b
as

ed
on

m
in

i-
ba

tc
h

st
oc

h
a
st

ic
gr

a
d
ie

n
t

d
es

ce
n

t
(S

G
D

,
R

ob
b
in

s
an

d
M

on
ro

,
19

51
;

K
ie

fe
r

et
al

.,
19

52
;

R
u
m

el
h
a
rt

et
al

.,
19

86
;

B
ot

to
u

an
d

B
ou

sq
u
et

,
20

08
;

L
eC

u
n

et
al

.,
2
01

5)
.

G
iv

en
an

in
it

ia
l

p
o
in

t
θ 0
∈

Θ
,

m
in

i-
b
at

ch
S
G

D
at

te
m

p
ts

to
d
ec

re
as

e
th

e
ob

je
ct

iv
e
J

v
ia

th
e

se
q
u
en

ce
of

it
er

a
te

s

θ t
←
θ t
−

1
−
η t
g
(θ
t−

1
;B

t)
,

w
h
er

e
ea

ch
B
t

is
a

ra
n
d
om

su
b
se

t
of

tr
a
in

in
g

ex
am

p
le

s,
th

e
se

q
u
en

ce
{η
t}

of
p

o
si

ti
v
e

sc
a
la

rs
is

ca
ll
ed

th
e

le
a
rn

in
g

ra
te

,
an

d
w

h
er

e,
fo

r
an

y
θ
∈

Θ
an

d
B
⊂
S

,

g
(θ

;B
)

=
1 |B
|∑ z
∈B
∇
`(
θ;
z
)

+
λ
∇
R

(θ
).

(4
)

W
h
en

th
e

ex
am

p
le

s
B

ar
e

a
u
n
if

or
m

ly
ra

n
d
om

su
b
se

t
of

tr
ai

n
in

g
ex

am
p
le

s,
g
(θ

;B
)

fo
rm

s
an

u
n
b
ia

se
d

es
ti

m
at

e
of

th
e

gr
ad

ie
n
t

of
th

e
ob

je
ct

iv
e
J

th
at

w
e

ca
ll

a
st

oc
h
a
st

ic
gr

a
d
ie

n
t.

In
ou

r
la

rg
er

-s
ca

le
ex

p
er

im
en

ts
,

w
h
en

w
e

sa
m

p
le

su
b
se

q
u
en

t
b
at

ch
es
B
t,

w
e

a
ct

u
a
ll
y

fo
ll
ow

th
e

co
m

m
on

p
ra

ct
ic

e
of

cy
cl

in
g

th
ro

u
gh

p
er

m
u
ta

ti
on

s
of

th
e

tr
ai

n
in

g
se

t
(S

h
a
m

ir
,

2
0
1
6
).

T
h
e

re
su

lt
of

m
in

i-
b
at

ch
S
G

D
ca

n
b

e
an

y
of

th
e

it
er

at
es
θ t

fo
r

w
h
ic

h
w

e
es

ti
m

a
te

th
a
t
L

(θ
t)

is
lo

w
u
si

n
g

a
va

li
d
at

io
n

d
at

a
se

t.
V

ar
ia

n
ts

of
S
G

D
co

m
m

on
ly

u
se

d
w

it
h

n
eu

ra
l

n
et

w
or

k
s

in
cl

u
d
e

S
G

D
w

it
h

m
o
m

en
tu

m
(P

ol
ya

k
,

19
64

;
R

u
m

el
h
ar

t
et

al
.,

19
86

;
S
u
ts

ke
ve

r
et

al
.,

20
13

),
N

es
te

ro
v

m
o
m

en
tu

m
(N

es
-

te
ro

v
,
19

83
;
S
u
ts

ke
ve

r
et

al
.,

20
13

),
R

M
S
P

ro
p

(H
in

to
n

et
al

.,
20

12
),

an
d

A
d
am

(K
in

g
m

a
a
n
d

B
a,

20
15

).
A

ll
of

th
es

e
op

ti
m

iz
at

io
n

p
ro

ce
d
u
re

s,
or

o
p
ti

m
iz

er
s,

in
te

ra
ct

w
it

h
th

e
tr

a
in

in
g

ex
am

p
le

s
on

ly
b
y

re
p

ea
te

d
ly

co
m

p
u
ti

n
g

st
o
ch

as
ti

c
gr

ad
ie

n
ts

(E
q
u
at

io
n

4)
,

so
th

ey
su

p
p

o
rt

th
e

sa
m

e
n
ot

io
n

o
f

b
at

ch
si

ze
th

at
w

e
eq

u
at

e
w

it
h

th
e

sc
al

e
of

d
at

a
p
ar

a
ll
el

is
m

.
In

th
is

w
or

k
,

w
e

fo
cu

s
on

th
e

S
G

D
,

S
G

D
w

it
h

m
om

en
tu

m
,

an
d

N
es

te
ro

v
m

om
en

tu
m

o
p
ti

m
iz

er
s.

T
h
e

la
tt

er
tw

o
op

ti
m

iz
er

s
ar

e
co

n
fi
gu

re
d

b
y

a
le

ar
n
in

g
ra

te
{η
t}

an
d

a
sc

al
ar
γ
∈

(0
,1

)
th

a
t

w
e

ca
ll

m
o
m

en
tu

m
.

T
h
ey

d
efi

n
e

th
e

it
er

at
es

6

S
G

D
w

it
h

m
om

en
tu

m
N

es
te

ro
v

m
om

en
tu

m

v t
+

1
←
γ
v t

+
g
(θ
t;
B
t)

v t
+

1
←
γ
v t

+
g
(θ
t;
B
t)

θ t
+

1
←
θ t
−
η t
v t

+
1

θ t
+

1
←
θ t
−
η t
g
(θ
t;
B
t)
−
η t
γ
v t

+
1
,

6
.

T
h

es
e

ru
le

s
ta

k
e

sl
ig

h
tl

y
d

iff
er

en
t

fo
rm

s
a
cr

o
ss

th
e

li
te

ra
tu

re
a
n

d
a
cr

o
ss

li
b

ra
ry

im
p

le
m

en
ta

ti
o
n

s.
W

e
p

re
se

n
t

a
n

d
u

se
th

e
u

p
d

a
te

ru
le

s
fr

o
m

th
e
M
o
m
e
n
t
u
m
O
p
t
i
m
i
z
e
r

cl
a
ss

in
T

en
so

rF
lo

w
(A

b
a
d

i
et

a
l.

,
2
0
1
6
).
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M
e
a
su

r
in
g

t
h
e
E
f
f
e
c
t
s
o
f
D
a
t
a
P
a
r
a
l
l
e
l
ism

o
n
N
e
u
r
a
l
N
e
t
w
o
r
k

T
r
a
in
in
g

g
iven

v
0

=
0

an
d

an
in

itial
θ

0 .
N

ote
th

at
p
lain

S
G

D
can

b
e

recovered
from

eith
er

op
tim

izer
b
y

ta
k
in

g
γ

=
0.

T
h
e

ou
tcom

e
of

u
sin

g
th

ese
op

tim
izers

sh
ou

ld
th

erefore
b

e
n
o

w
orse

if
th

a
n

S
G

D
,

in
a
n
y

ex
p

erim
en

t,
th

e
m

om
en

tu
m
γ

is
tu

n
ed

across
valu

es
in

clu
d
in

g
zero.

If
w

e
ru

n
S
G

D
w

ith
m

om
en

tu
m

u
n
d
er

a
con

stan
t

learn
in

g
rate

η
t

=
η
,

th
en

,
at

a
giv

en
itera

tio
n
t,

th
e

algorith
m

com
p
u
tes

θ
t+

1
=
θ
t −

η
v
t+

1
=
θ

0 −
η

t
∑u

=
0

v
u

+
1

=
θ

0 −
η

t
∑u

=
0

u
∑s=

0

γ
u−

sg
(θ
s ;B

s ).

F
o
r

a
n
y

fi
x
ed

τ
∈
{0,...,t}

,
th

e
co

effi
cien

t
a
ccom

p
a
n
y
in

g
th

e
sto

ch
astic

gra
d
ien

t
g
(θ
τ ;B

τ )
in

th
e

a
b

ov
e

u
p

d
ate

is
η ∑

tu
=
τ
γ
u−

τ.
W

e
d
efi

n
e

th
e

eff
ective

lea
rn

in
g

ra
te,

η
eff

as
th

e
valu

e
o
f

th
is

co
effi

cien
t

at
th

e
en

d
of

train
in

g
(t

=
T

),
in

th
e

lim
it

of
a

large
n
u
m

b
er

of
train

in
g

step
s

(T
→
∞

,
w

h
ile

τ
is

h
eld

fi
x
ed

):

η
eff

=
lim
T→
∞

T
∑u
=
τ

η
γ
u−

τ
=

η

1−
γ
.

P
u
t

in
tu

itiv
ely,

η
eff

cap
tu

res
th

e
con

trib
u
tion

of
a

given
m

in
i-b

atch
grad

ien
t

to
th

e
p
aram

eter
valu

es
a
t

th
e

en
d

of
train

in
g.

2
.3

.
A

d
d

itio
n

a
l

T
e
rm

in
o
lo

g
y

in
E

x
p

e
rim

e
n
ts

A
d
a
ta

-pa
ra

llel
im

p
lem

en
ta

tio
n

of
m

in
i-b

atch
S
G

D
(or

on
e

of
its

varian
ts)

com
p
u
tes

th
e

su
m

m
a
n
d
s

of
E

q
u
ation

4
in

p
arallel

an
d

th
en

sy
n
ch

ron
izes

to
co

ord
in

ate
th

eir
su

m
m

ation
.

T
h
e

m
o
d
els

an
d

algorith
m

s
in

ou
r

ex
p

erim
en

ts
are

m
o
d
ifi

ab
le

b
y

w
h
at

w
e

call
m

eta
-

pa
ra

m
eters. 7

T
h
ese

in
clu

d
e

arch
itectu

ral
ch

oices,
su

ch
as

th
e

n
u
m

b
er

of
lay

ers
in

a
n
eu

ral
n
etw

o
rk

,
a
n
d

train
in

g
p
aram

eters,
su

ch
as

learn
in

g
rates{

η
t }

an
d

regu
larization

w
eigh

ts
λ

.
W

h
en

w
e

u
se

th
e

term
m

od
el,

w
e

ty
p
ically

assu
m

e
th

at
all

arch
itectu

ral
m

etap
aram

eters
h
ave

b
een

set.
In

ou
r

ex
p

erim
en

ts,
w

e
tu

n
e

th
e

train
in

g
m

etap
aram

eters
b
y

selectin
g

th
e

valu
es

th
a
t

y
ield

th
e

b
est

p
erform

an
ce

on
a

valid
ation

set.
W

e
u
se

th
e

term
w

o
rkloa

d
to

jo
in

tly
refer

to
a

d
ata

set,
m

o
d
el,

an
d

train
in

g
algorith

m
.

3
.

R
e
la

te
d

W
o
rk

In
th

is
sectio

n
w

e
rev

iew
p
rior

w
ork

related
to

ou
r

th
ree

m
ain

q
u
estion

s
from

S
ection

1.1.
F

irst
w

e
rev

iew
stu

d
ies

th
at

con
sid

ered
th

e
relation

sh
ip

b
etw

een
b
atch

size
an

d
n
u
m

b
er

of
tra

in
in

g
step

s
(Q

u
estion

s
1

an
d

2),
an

d
th

en
w

e
rev

iew
stu

d
ies

th
at

con
sid

ered
th

e
eff

ects
o
f

b
a
tch

size
on

solu
tion

q
u
ality

(Q
u
estion

3
).

3
.1

.
S

te
p

s
to

R
e
a
ch

a
D

e
sire

d
O

u
t-O

f-S
a
m

p
le

E
rro

r

W
e

b
ro

a
d
ly

ca
tegorize

th
e

related
w

ork
on

th
is

top
ic

as
eith

er
an

aly
tical

or
em

p
irical

in
n
a
tu

re.

7
.

S
o
m

etim
es

ca
lled

“
h
y
p

erp
a
ra

m
eters,”

b
u

t
w

e
p

refer
a

d
iff

eren
t

n
a
m

e
so

a
s

n
o
t

to
cla

sh
w

ith
th

e
n

o
tio

n
o
f

h
y
p

erp
a
ra

m
eters

in
B

ay
esia

n
sta

tistics.
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S
h
a
l
l
u
e
,
L
e
e
,
A
n
t
o
g
n
in
i,
S
o
h
l
-D

ic
k
st

e
in
,
F
r
o
st

ig
,
a
n
d

D
a
h
l

3
.1
.1
.
A
n
a
ly

t
ic
a
l
S
t
u
d
ie
s

C
on

vergen
ce

u
p
p

er
b

ou
n
d
s

from
th

e
th

eory
of

sto
ch

astic
(con

vex
)

op
tim

izatio
n

can
b

e
sp

e-
cialized

to
in

volv
e

term
s

d
ep

en
d
en

t
on

b
atch

size,
so

in
th

is
sen

se
th

ey
com

p
rise

b
a
sic

related
w

ork
.

T
h
ese

u
p
p

er
b

ou
n
d
s

arise
from

w
orst-case

an
a
ly

sis,
an

d
m

oreover
m

ake
con

v
ex

ity
an

d
regu

larity
assu

m
p
tion

s
th

at
are

tech
n
ically

v
iolated

in
n
eu

ral
n
etw

ork
train

in
g,

so
w

h
eth

er
th

ey
p
red

ict
th

e
actu

al
ob

served
b

eh
av

ior
of

ou
r

ex
p

erim
en

tal
w

ork
load

s
is

an
em

p
irical

q
u
estion

in
its

ow
n

righ
t.

G
iven

a
seq

u
en

ce
of

ex
am

p
les

d
raw

n
i.i.d

.
from

a
d
ata

sou
rce,

an
u
p
p

er
b

o
u
n
d

on
th

e
p

erform
an

ce
of

S
G

D
ap

p
lied

to
L

-L
ip

sch
itz

con
vex

losses
is

(H
azan

,
201

6;
S
h
alev

-S
h
w

artz
an

d
B

en
-D

av
id

,
2014)

J
(θ
T

)−
J
?≤

O

(
√
L

2

T

)
,

(5)

for
an

y
b
atch

size.
H

ere,
J

is
th

e
ob

jective
fu

n
ction

,
J
?

is
its

valu
e

at
th

e
glob

al
op

tim
u
m

,
an

d
θ
T

d
en

otes
th

e
fi
n
al

ou
tp

u
t

of
th

e
algorith

m
su

p
p

osin
g

it
to

ok
T

iteratio
n
s. 8

M
ean

w
h
ile,

w
h
en

losses
are

con
vex

an
d

th
e

ob
jectiv

e
is
H

-sm
o
oth

,
accelerated

p
arallel

m
in

i-b
atch

S
G

D
en

joy
s

th
e

b
ou

n
d

(L
an

,
2012)J

(θ
T

)−
J
?≤

O

(
HT

2
+

√
L

2

T
b )

,
(6)

w
h
ere

b
is

th
e

b
atch

size.
C

om
p
ared

to
seq

u
en

tial
p
ro

cessin
g

w
ith

ou
t

b
atch

in
g

(i.e.
a

b
atch

size
of

on
e),

th
e

b
ou

n
d
s

E
q
u
ation

5
an

d
E

q
u
ation

6
off

er
tw

o
ex

trem
es,

resp
ectively

:

1.
N

o
b

e
n

e
fi

t:
In

creasin
g

th
e

b
atch

size
b

d
o
es

n
ot

ch
an

ge
th

e
n
u
m

b
er

of
step

s
to

con
vergen

ce,
as

p
er

E
q
u
ation

5.

2.
A

b-fo
ld

b
e
n

e
fi

t:
T

h
e

term
in

E
q
u
ation

6
p
ro

p
ortion

al
to

1/ √
T
b

d
om

in
ates

th
e

b
ou

n
d
.
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creasin

g
th

e
b
atch
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b

b
y

a
m

u
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d
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th
e

n
u
m

b
er

of
step

s
T

to
a

given
ach

ievab
le
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jective

valu
e

b
y

th
e

sam
e

factor.

In
oth

er
w

ord
s,

u
n
d
er

th
ese

sim
p
lifi

cation
s,

b
atch

in
g

can
n
ot

h
u
rt

th
e

asy
m

p
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gu
aran

tees
of

step
s

to
con

vergen
ce,

b
u
t

it
cou

ld
b

e
w

astefu
l

o
f

ex
am

p
les.

T
h
e
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o

ex
trem

es
im

p
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rad
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d
iff

eren
t
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id

an
ce
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p
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n
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th

e
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g

a
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b
etw

een
b
atch

size
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d
n
u
m

b
er

of
train

in
g
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s

rem
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s
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e
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ex

p
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en
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few

recen
t

p
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p
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aly
tical

n
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s
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a
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b
a
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size:
a

p
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t
at

w
h
ich

a
tran
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o
ccu
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from

a
b-fold
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en

efi
t
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n
o

b
en

efi
t.

U
n
d
er
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m

p
tion

s
in

clu
d
in

g
con

vex
ity,

M
a

et
al.
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a
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b
atch
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d
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ed
th
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a

b
atch

size
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e
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m
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g
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e

n
u
m

b
er
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train

in
g

ep
o
ch
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error.

U
n
d
er

d
iff

eren
t
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m

p
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Y

in
et

al.
(2018)
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a
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b
atch

size
an

d
a

p
ath

ological
loss

fu
n
ction

th
at

togeth
er

ex
h
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it
a

tran
sition

from
a
b-fold

b
en

efi
t

to
n
o

b
en

efi
t.

A
lth

ou
gh

th
ey

ran
ex

p
erim

en
ts

w
ith

n
eu

ral
n
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ork
s,

th
eir

ex
p

erim
en

ts
w

ere
d
esign

ed
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in
vestigate

th
e

eff
ect

of
d
ata

red
u
n
d
an

cy
an

d
d
o

n
ot

p
rov

id
e

en
ou

gh

8
.

N
o
t

n
ecessa

rily
th

e
T

th
itera

te,
w

h
ich

m
ay

d
iff

er
fro

m
θ
T

if
th

e
a
lg

o
rith

m
av

era
g
es

its
itera

tes.
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r
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e
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l
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e
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k
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b
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si
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m

b
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o
f
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ep
s.
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g
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r
le
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t-
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u
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on

,
J
ai

n
et

al
.

(2
01

8)
al

so
d
er

iv
ed

a
th

re
sh

ol
d

b
at

ch
si

ze
in

te
rm

s
of

th
e

op
er

at
or

n
or

m
of

th
e
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ct
iv

e’
s

H
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si
an

an
d

a
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n
st

an
t
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a
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u
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h
-m
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en

t
b

ou
n
d
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p
le
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p
u
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.
T
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r
k
n
ow

le
d
ge

,
in

al
l
p
re

v
io

u
s

w
or

k
th

at
an

al
y
ti
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ll
y

d
er

iv
ed

a
cr

it
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al
b
at

ch
si

ze
,

th
e

th
re

sh
ol

d
s

d
efi

n
ed
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e
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er
(i

)
p
ar
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et

er
-d

ep
en

d
en
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i)
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ec

ifi
c
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li
n
ea

r
le
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st
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q
u
ar

es
re

gr
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si
on

.
A

cr
it

ic
al
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at

ch
si

ze
th

at
d
ep

en
d
s

on
m

o
d
el

p
ar
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et

er
s

ca
n

ch
an
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er
th

e
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u
rs

e
of

op
ti
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at
io

n
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ot
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p
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b
le

m
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id
e

th
re

sh
ol

d
th
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n
b

e
es

ti
m

at
ed

effi
ci

en
tl

y
a

p
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.
F

o
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si
n
g
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le
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u
ar
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h
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a
s

w
el
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w
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il
e

it
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ed
s
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it
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e
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c
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m
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e
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es
d
efi
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y
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n
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ot
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al
iz

e
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r
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at
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ra
l
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et
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n
in

g
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b
ot

h
b

ec
a
u
se
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e
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iv

e’
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H
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an

is
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ot
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an
t
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p
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b
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an
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b
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b
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n
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r
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h
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th
e

H
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an
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th

e
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je
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iv
e

is
st

il
l
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e

co
rr

ec
t

an
al

og
u
e
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n
si

d
er

.

3
.1
.2
.
E
m
p
ir
ic
a
l
S
t
u
d
ie
s

W
il
so

n
an

d
M

ar
ti

n
ez

(2
00

3)
in

v
es

ti
ga

te
d

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
b
at

ch
si

ze
an

d
tr

ai
n
in

g
sp

ee
d

fo
r

p
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in
m
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S
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D
.

T
h
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u
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at
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si

m
p
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y
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n
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te
d

n
eu

ra
l
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n
ve

rg
e

w
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h
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er

b
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ch
si

ze
s
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a

d
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a
se

t
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20
,0

00
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a
m

p
le

s,
an

d
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so
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u
si

n
g

a
b
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ch
si

ze
eq

u
al

to
th

e
si

ze
of

th
e
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n
in

g
se

t
to
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m

or
e

ep
o
ch

s
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co
n
ve

rg
e

th
an

a
b
at

ch
si

ze
of
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e
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se

v
er
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l

d
at

a
se
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of

si
ze
≤

60
0.

H
ow

ev
er

,
th

ei
r

ex
p

er
im

en
ta

l
p
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to
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l
an

d
as

su
m

p
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s
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m

it
th

e
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n
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u
si

on
s

w
e
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n

d
ra

w
fr

om
th

ei
r

re
su

lt
s.

O
n
e

is
su

e
is

th
at

tr
ai

n
in

g
ti

m
e

w
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m
ea

su
re

d
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d
iff

er
en

t
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p
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er
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r
d
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er
en

t
b
at

ch
si

ze
s

on
th

e
sa

m
e

d
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a
se

t.
T

o
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m
p
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e
tr

ai
n
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g
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ee
d
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th
e

er
ro

r
go

al
sh

ou
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b
e
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x
ed
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ss
al

l
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ai
n
in

g
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n
s

b
ei

n
g
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m

p
ar

ed
.

A
d
d
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io
n
al

ly
,

o
n
ly

fo
u
r

le
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n
in

g
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s

w
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e
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ie
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r
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d
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a
se
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b
u
t
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u
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e
of
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n

th
e

b
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t
le
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n
in

g
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te
w

a
s
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e
of

th
e

tw
o

ex
tr

em
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an
d
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p
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re
d

th
at

a
b

et
te

r
le
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g
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m
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h
t

b
e
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u
n
d

ou
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id
e
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e
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u
r
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b
il
it

ie
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lo

w
ed

.
F

in
al

ly
,

d
es

p
it

e
th

e
co

n
te

n
ti

on
of

th
e
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or
s,

th
ei

r
re

su
lt

s
d
o

n
ot

im
p
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sl
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er
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ai
n
in

g
w

it
h
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rg

er
b
at

ch
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ze
s
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d
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p
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l
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n
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r
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e
m

os
t

p
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t,
th

ei
r
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er
b
at

ch
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ze
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p
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im
en

ts
to
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w
er

tr
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n
in

g
st

ep
s

th
an

th
e

co
rr

es
p

on
d
in

g
b
at

ch
si

ze
on

e
ex

p
er

im
en

ts
.

In
th

e
la

st
fe

w
ye

ar
s,

in
cr

ea
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n
gl

y
sp

ec
ia

li
ze

d
co

m
p
u
ti

n
g

sy
st

em
s

h
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e
sp

u
rr

ed
p
ra

ct
i-

ti
on

er
s

to
tr

y
m

u
ch
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rg

er
b
at

ch
si

ze
s

th
an

ev
er

b
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or
e,

w
h
il
e

in
cr

ea
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n
gl

y
p
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m
is

in
g

re
su

lt
s

h
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e
d
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ve
n

h
ar

d
w

ar
e

d
es
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n
er

s
to

cr
ea

te
sy

st
em

s
ca

p
ab

le
of

ev
en

m
or

e
d
at

a
p
a
ra

ll
el

is
m

.
C

h
en

et
al

.
(2

01
6)

u
se

d
a

p
o
ol

of
sy

n
ch

ro
n
iz

ed
w

or
k
er

m
a
ch

in
es

to
in

cr
ea

se
th

e
eff

ec
ti

ve
b
at

ch
si

ze
of

m
in
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b
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S
G

D
.

T
h
ey

d
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st

ra
te

d
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ee
d
u
p
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b
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h

w
al

l
ti

m
e
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d
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s
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n
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p
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d
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d
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al
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b
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b
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M
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e
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ce
n
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y,
G
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al

et
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.
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u
m

b
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n
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b
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b
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m
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d
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r
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e
et

al
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2
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b
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b
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d
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u
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it

h
in
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n
g

b
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ch
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ze
p
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d
u
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d
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rl
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p
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p
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w
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l
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d
u
p
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h
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d
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A
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gh
th

is
h
in

ts
at

a
b-

fo
ld

b
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n
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b
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e
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u
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,
L
e
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,
A
n
t
o
g
n
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i,
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o
h
l
-D
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e
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,
F
r
o
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,
a
n
d

D
a
h
l

n
u
m

b
er

of
tr
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n
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g
st

ep
s

b
y

th
e
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m

e
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,
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e
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th
or

s
d
id

n
ot

at
te

m
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b
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h
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b
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ze
se

p
a
ra

te
ly

.
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n
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h
er
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b
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si

ze
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,
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e

ot
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b
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ch
si

ze
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e
n
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e
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u
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p
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n
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en
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y
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w
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k
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ra
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b
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ep
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b
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h
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n
d

th
at
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n
d
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a
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k
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h
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e
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b
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ch
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an
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il
e
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r
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u
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o
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l
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r
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is
p
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r
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ai

m
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e
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d
b
at
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n
d
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o
f

b
ot

h
th

e
d
at

a
se

t
an

d
th

e
m

o
d
el

.
A

d
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8)
st

u
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h
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th
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e
p
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y
p
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h
eu
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s
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r
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e
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ar
n
in

g
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a
fu

n
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n
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f

b
a
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in
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r
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u
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ot
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an
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o

sc
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n
u
m

b
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u
ir

ed
to

re
ac

h
a

p
ar

ti
cu

la
r

re
su

lt
.

T
h
ey

fo
u
n
d

th
at

if
th

e
le

ar
n
in

g
ra

te
is

tu
n
ed

fo
r

th
e

th
e

sm
al

le
st

b
at

ch
si

ze
on

ly
,

al
l

th
re

e
of

th
es

e
co

m
m

on
sc

al
in

g
te

ch
n
iq

u
es

b
re

a
k

d
ow

n
fo

r
la

rg
er

b
at

ch
si

ze
s

an
d

re
su

lt
in

ei
th

er
(i

)
d
iv

er
ge

n
t

tr
ai

n
in

g,
or

(i
i)

tr
ai

n
in

g
th

a
t

ca
n
n
o
t

re
ac

h
th

e
er

ro
r

go
al

w
it

h
in

a
fi
x
ed

n
u
m

b
er

of
tr

ai
n
in

g
ep

o
ch

s.
T

h
ey

al
so

d
es

cr
ib

e
a

b
a
si

c
re

la
ti

on
sh

ip
b

et
w

ee
n

b
at

ch
si

ze
an

d
tr

ai
n
in

g
st

ep
s

to
a

fi
x
ed

er
ro

r
go

al
,

w
h
ic

h
is

co
m

p
ri

se
d

of
th

re
e

re
gi

on
s:

b-
fo

ld
b

en
efi

t
in

it
ia

ll
y,

th
en

d
im

in
is

h
in

g
re

tu
rn

s,
an

d
fi
n
a
ll
y

n
o

b
en

efi
t

fo
r

al
l

b
at

ch
si

ze
s

gr
ea

te
r

th
an

a
m

ax
im

u
m

u
se

fu
l

b
at

ch
si

ze
.

H
ow

ev
er

,
th

ei
r

re
su

lt
s

a
re

in
co

n
cl

u
si

ve
b

ec
au

se
(i

)
n
ot

al
l

m
o
d
el

an
d

d
at

a
se

t
p
ai

rs
ex

h
ib

it
th

is
b
a
si

c
re

la
ti

o
n
sh

ip
,

(i
i)

it
d
o
es

n
ot

ap
p

ea
r

co
n
si

st
en

tl
y

ac
ro

ss
er

ro
r

go
al

s,
an

d
(i

ii
)

th
e

re
la

ti
o
n
sh

ip
is

p
ri

m
a
ri

ly
ev

id
en

t
in

tr
ai

n
in

g
er

ro
r

b
u
t

n
ot

ou
t-

of
-s

am
p
le

er
ro

r.
T

h
es

e
in

co
n
si

st
en

t
re

su
lt

s
m

ay
b

e
d
u
e

to
su

b
op

ti
m

al
p
re

-d
et

er
m

in
ed

le
ar

n
in

g
ra

te
s

ar
is

in
g

fr
om

th
e

sc
al

in
g

ru
le

s,
es

p
ec

ia
ll
y

at
la

rg
er

b
at

ch
si

ze
s.

F
in

al
ly

,
th

ey
al

so
fo

u
n
d

th
at

th
e

m
ax

im
u
m

u
se

fu
l

b
at

ch
si

ze
d
ep

en
d
s

on
as

p
ec

ts
of

th
e

m
o
d
el

an
d

th
e

d
at

a
se

t
ty

p
e,

b
u
t

n
ot

on
th

e
d
at

a
se

t
si

ze
.

S
in

ce
a
ll

th
ei

r
ex

p
er

im
en

ts
u
se

p
la

in
m

in
i-

b
at

ch
S
G

D
,

th
ei

r
re

su
lt

s
ar

e
u
n
ab

le
to

re
ve

al
an

y
eff

ec
ts

fr
o
m

th
e

ch
oi

ce
of

op
ti

m
iz

er
an

d
m

ig
h
t

n
ot

ge
n
er

al
iz

e
to

ot
h
er

p
op

u
la

r
op

ti
m

iz
er

s,
su

ch
a
s

S
G

D
w

it
h

m
om

en
tu

m
.

3
.2

.
S

o
lu

ti
o
n

Q
u

a
li
ty

T
h
e

li
te

ra
tu

re
co

n
ta

in
s

so
m

e
se

em
in

gl
y

co
n
fl
ic

ti
n
g

cl
ai

m
s

ab
ou

t
th

e
eff

ec
ts

o
f

b
a
tc

h
si

ze
o
n

so
lu

ti
on

q
u
al

it
y

(o
u
t-

of
-s

am
p
le

er
ro

r
at

th
e

co
n
cl

u
si

on
of

tr
ai

n
in

g
).

P
ri

m
ar

il
y,

th
e

d
eb

a
te

ce
n
te

rs
on

w
h
et

h
er

in
cr

ea
si

n
g

th
e

b
at

ch
si

ze
in

cu
rs

a
co

st
in

so
lu

ti
on

q
u
al

it
y.

K
es

ka
r

et
a
l.

(2
01

7)
ar

gu
e

th
at

la
rg

e
b
at

ch
9

tr
ai

n
in

g
co

n
ve

rg
es

to
so

-c
al

le
d

“s
h
ar

p
”

m
in

im
a

w
it

h
w

o
rs

e
ge

n
er

al
iz

at
io

n
p
ro

p
er

ti
es

.
H

ow
ev

er
,

D
in

h
et

al
.

(2
01

7)
sh

ow
th

at
a

m
in

im
u
m

w
it

h
fa

vo
ra

b
le

ge
n
er

al
iz

at
io

n
p
ro

p
er

ti
es

ca
n

b
e

m
ad

e,
th

ro
u
gh

re
p
ar

am
et

er
iz

at
io

n
,

ar
b
it

ra
ri

ly
sh

a
rp

in
th

e
sa

m
e

se
n
se

.
L

e
C

u
n

et
al

.
(1

99
8)

su
gg

es
t

th
at

a
b
at

ch
si

ze
of

on
e

ca
n

re
su

lt
in

b
et

te
r

so
lu

ti
on

s
b

ec
au

se
th

e
n
oi

si
er

u
p

d
at

es
al

lo
w

fo
r

th
e

p
os

si
b
il
it

y
of

es
ca

p
in

g
fr

om
lo

ca
l

m
in

im
a

in
a

d
es

ce
n
t

al
go

ri
th

m
.

H
ow

ev
er

,
th

ey
al

so
n
o
te

th
at

w
e

u
su

al
ly

st
op

tr
ai

n
in

g
lo

n
g

b
ef

o
re

9
.

T
h

e
te

rm
“
la

rg
e

b
a
tc

h
”

is
in

h
er

en
tl

y
a
m

b
ig

u
o
u

s,
a
n

d
in

th
is

ca
se

a
cc

o
m

p
a
n

ie
s

ex
p

er
im

en
ts

in
K

es
ka

r
et

a
l.

(2
0
1
7
)

th
a
t

o
n

ly
co

m
p

a
re

tw
o

a
b

so
lu

te
b

a
tc

h
si

ze
s

p
er

d
a
ta

se
t,

ra
th

er
th

a
n

ch
a
rt

in
g

o
u

t
a

cu
rv

e
to

it
s

a
p

p
a
re

n
t

ex
tr

em
es

.
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M
e
a
su

r
in
g

t
h
e
E
f
f
e
c
t
s
o
f
D
a
t
a
P
a
r
a
l
l
e
l
ism

o
n
N
e
u
r
a
l
N
e
t
w
o
r
k

T
r
a
in
in
g

rea
ch

in
g

a
n
y

so
rt

of
critical

p
oin

t.
H

off
er

et
al.

(2
017)

arg
u
e

th
at

in
crea

sin
g

th
e

b
atch

size
n
eed

n
o
t

d
eg

ra
d
e

ou
t-of-sam

p
le

error
at

all,
assu

m
in

g
train

in
g

h
as

gon
e

on
lon

g
en

ou
gh

.
G

oya
l

et
a
l.

(2
0
17),

am
on

g
oth

ers,
tested

b
atch

sizes
larger

th
an

th
ose

u
sed

in
K

eskar
et

al.
(2

0
1
7
)

w
ith

o
u
t

n
oticin

g
an

y
red

u
ction

in
solu

tion
q
u
ality.

S
till,

th
eir

resu
lts

w
ith

yet
larger

b
a
tch

sizes
d
o

n
ot

ru
le

ou
t

th
e

ex
isten

ce
o
f

a
m

ore
su

d
d
en

d
egrad

ation
on

ce
th

e
b
atch

size
is

la
rg

e
en

o
u
g
h
.

M
ean

w
h
ile,

G
o
o
d
fellow

et
al.

(2016)
sta

te
th

at
sm

all
b
atch

es
can

p
rov

id
e

a
reg

u
la

riza
tio

n
eff

ect
su

ch
th

at
th

ey
resu

lt
in

th
e

b
est

ob
serv

ed
ou

t-of-sam
p
le

error,
alth

ou
gh

in
th

is
ca

se
o
th

er
regu

larization
tech

n
iq

u
es

m
igh

t
serve

eq
u
ally

w
ell.

A
las,

th
e

b
est

p
ossib

le
ou

t-of-sam
p
le

erro
r

for
a

p
articu

la
r

m
o
d
el

an
d

d
ata

set
can

n
ot

b
e

m
ea

su
red

u
n
con

d
ition

ally
d
u
e

to
p
ractical

lim
its

on
w

all
tim

e
an

d
h
ard

w
are

resou
rces,

a
s

w
ell

a
s

p
ra

ctical
lim

its
on

ou
r

ab
ility

to
tu

n
e

op
tim

ization
m

etap
aram

eters
(e.g

.
th

e
lea

rn
in

g
ra

te).
A

n
em

p
irical

stu
d
y

can
on

ly
h
op

e
to

m
easu

re
solu

tion
q
u
ality

su
b

ject
to

th
e

b
u
d
g
ets

a
llow

ed
for

each
m

o
d
el

ex
p

erim
en

t,
p

oten
tially

w
ith

caveats
d
u
e

to
lim

itation
s

of
th

e
sp

ecifi
c

p
ro

ced
u
res

for
selectin

g
th

e
m

etap
aram

eters.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

all
p
u
b
lish

ed
resu

lts
h
an

d
le

th
e

train
in

g
b
u
d
get

issu
e

in
ex

actly
on

e
of

th
ree

w
ay

s:
b
y

ign
orin

g
b
u
d
g
ets

(tra
in

to
con

v
ergen

ce,
w

h
ich

is
n
ot

alw
ay

s
p

ossib
le);

b
y

u
sin

g
a

step
b
u
d
g
et

(restrict
th

e
n
u
m

b
er

o
f

grad
ien

t
d
escen

t
u
p

d
ates

p
erform

ed
);

or
b
y

u
sin

g
an

ep
o
ch

b
u
d
get

(restrict
n
u
m

b
er

o
f

tra
in

in
g

ex
am

p
les

p
ro

cessed
). 1

0
F

u
rth

erm
ore,

w
h
ile

som
e

p
u
b
lish

ed
resu

lts
tu

n
e

th
e

lea
rn

in
g

ra
te

an
ew

for
each

b
atch

size,
o
th

ers
tu

n
e

for
on

ly
a

sin
gle

b
atch

size
an

d
u
se

a
p
reo

rd
a
in

ed
h
eu

ristic
to

set
th

e
learn

in
g

rate
for

th
e

rem
ain

in
g

b
atch

sizes
(th

e
m

ost
co

m
m

o
n

h
eu

ristics
are

con
stan

t,
sq

u
are

ro
ot,

an
d

lin
ear

learn
in

g
rate

scalin
g

ru
les).

T
u
n
in

g
m

eta
p
a
ra

m
eters

at
a

sin
gle

b
atch

size
an

d
th

en
h
eu

ristically
ad

ju
stin

g
th

em
for

oth
ers

cou
ld

clea
rly

create
a

sy
stem

atic
ad

van
tage

for
trials

at
b
atch

sizes
n
ear

to
th

e
on

e
tu

n
ed

.
A

ll
in

all,
th

e
co

n
clu

sio
n
s

w
e

can
d
raw

from
p
rev

iou
s

stu
d
ies

d
ep

en
d

o
n

th
e

b
u
d
gets

th
ey

assu
m

e
an

d
o
n

h
ow

th
ey

select
m

etap
aram

eters
across

b
atch

sizes.
T

h
e

follow
in

g
su

b
section

s
attem

p
t

a
n

in
v
estig

a
tio

n
of

th
eir

ex
p

erim
en

tal
p
ro

ced
u
res

to
th

is
en

d
.

3
.2
.1
.
S
t
u
d
ie
s
T
h
a
t
Ig

n
o
r
e
B
u
d
g
e
t
s

A
ll

stu
d
ies

in
th

is
section

com
p
ared

solu
tion

q
u
ality

for
d
iff

eren
t

b
atch

sizes
after

d
eem

in
g

th
eir

m
o
d
els

to
h
av

e
con

verged
.

T
h
ey

d
eterm

in
ed

train
in

g
stop

p
in

g
tim

e
b
y

u
sin

g
eith

er
m

a
n
u
a
l

in
sp

ection
,

con
v
ergen

ce
h
eu

ristics,
or

fi
x
ed

com
p
u
te

b
u
d
gets

th
a
t

th
ey

con
sid

ered
la

rg
e

en
o
u
g
h

to
gu

aran
tee

con
vergen

ce. 1
1

K
eska

r
et

a
l.

(2017)
train

ed
several

n
eu

ral
n
etw

ork
arch

itectu
res

on
M

N
IS

T
an

d
C

IF
A

R
-

1
0
,

ea
ch

w
ith

tw
o

b
atch

sizes,
u
sin

g
th

e
A

d
am

op
tim

izer
an

d
w

ith
ou

t
ch

an
g
in

g
th

e
lea

rn
in

g
ra

te
b

etw
een

b
a
tch

sizes.
T

h
ey

fou
n
d

th
at

th
e

larger
b
atch

size
con

sisten
tly

ach
ieved

w
orse

o
u
t-o

f-sa
m

p
le

error
after

train
in

g
error

h
ad

ceased
to

im
p
rove.

H
ow

ever,
all

m
o
d
els

u
sed

b
a
tch

n
o
rm

a
lization

(Ioff
e

an
d

S
zeged

y
,

2015)
an

d
p
resu

m
ab

ly
com

p
u
ted

th
e

b
atch

n
or-

1
0
.

O
f

co
u

rse,
th

ere
a
re

b
u

d
g
ets

in
b

etw
een

a
n

ep
o
ch

b
u

d
g
et

a
n

d
a

step
b

u
d

g
et

th
a
t

m
ig

h
t

a
llow

th
e

p
o
ssib

ility
o
f

tra
d

in
g

o
ff

tim
e,

co
m

p
u

ta
tio

n
,

a
n

d
/
o
r

so
lu

tio
n

q
u

a
lity.

F
o
r

ex
a
m

p
le,

it
m

ay
b

e
p

o
ssib

le
to

in
crea

se
th

e
n
u

m
b

er
o
f

tra
in

in
g

ep
o
ch

s
a
n

d
still

ta
k
e

few
er

step
s

to
rea

ch
th

e
sa

m
e

q
u

a
lity

so
lu

tio
n

.
H

ow
ev

er,
w

e
a
re

n
o
t

aw
a
re

o
f

w
o
rk

th
a
t

em
p

h
a
sizes

th
ese

b
u

d
g
ets.

1
1
.

A
s

d
iscu

ssed
fu

rth
er

in
S

ectio
n

4
.8

,
w

e
fi

n
d

th
a
t

m
illio

n
s

o
f

tra
in

in
g

step
s

fo
r

sm
a
ll

b
a
tch

sizes,
o
r

th
o
u

sa
n

d
s

o
f

ep
o
ch

s
fo

r
la

rg
e

b
a
tch

sizes,
a
re

req
u

ired
to

sa
tu

ra
te

p
erfo

rm
a
n

ce
ev

en
fo

r
d

a
ta

sets
a
s

sm
a
ll

a
n

d
sim

p
le

a
s

M
N

IS
T

.
In

o
u

r
ex

p
erim

en
ts,

th
is

co
rresp

o
n

d
ed

to
m

o
re

th
a
n

2
5

h
o
u

rs
o
f

w
a
ll-tim

e
fo

r
ea

ch
m

eta
p

a
ra

m
eter

co
n

fi
g
u

ra
tio

n
.
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S
h
a
l
l
u
e
,
L
e
e
,
A
n
t
o
g
n
in
i,
S
o
h
l
-D

ic
k
st

e
in
,
F
r
o
st

ig
,
a
n
d

D
a
h
l

m
alization

statistics
u
sin

g
th

e
fu

ll
b
atch

size.
F

or
a

fair
co

m
p
arison

b
etw

een
b
atch

sizes,
b
atch

n
orm

alization
statistics

sh
ou

ld
b

e
com

p
u
ted

over
th

e
sam

e
n
u
m

b
er

of
ex

am
p
les

or
else

th
e

train
in

g
ob

jective
d
iff

ers
b

etw
een

b
atch

sizes
(G

oyal
et

al.,
2017).

In
d
eed

,
H

off
er

et
al.

(2017)
fou

n
d

th
at

com
p
u
tin

g
b
atch

n
orm

alizatio
n

statistics
ov

er
larger

b
a
tch

es
can

d
egrad

e
solu

tion
q
u
ality,

w
h
ich

su
ggests

an
altern

ative
ex

p
lan

ation
for

th
e

resu
lts

of
K

eskar
et

al.
(2017).

M
oreover,

K
eskar

et
al.

(2017)
rep

orted
th

at
d
ata

au
gm

en
tation

elim
in

ated
th

e
d
iff

eren
ce

in
solu

tion
q
u
ality

b
etw

een
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ra
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d
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S
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f
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a
se
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S
iz

e
re

fe
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to
th

e
n
u
m

b
er

of
ex

am
p
le

s
in

th
e

tr
ai

n
in

g
se

t,
w

h
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h
w

e
m

ea
su

re
in

se
n
te

n
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s
fo

r
te

x
t

d
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a
se

ts
.

S
ee

A
p
p

en
d
ix

A
fo

r
fu

ll
d
et

a
il
s.

M
o
d

e
l

C
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ss
S

iz
e
s

O
p

ti
m

iz
e
rs

D
a
ta

S
e
ts

L
e
a
rn

in
g

ra
te

sc
h

e
d

u
le

F
u
ll
y

C
on

n
ec

te
d

V
ar

io
u
s

S
G

D
M

N
IS

T
C

on
st

an
t

S
im

p
le

C
N

N
B

a
se

S
G

D
M

N
IS

T
C

on
st

an
t

N
a
rr

ow
M

om
en

tu
m

F
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h
io

n
M

N
IS

T
W

id
e

N
es

te
ro

v
m

o
m

.
R

es
N

et
R

es
N

et
-8

S
G

D
C

IF
A

R
-1

0
L

in
ea

r
d
ec

ay
N

es
te

ro
v

m
o
m

.
R

es
N

et
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0
N

es
te

ro
v

m
o
m

.
Im

ag
eN

et
L

in
ea

r
d
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ay
O

p
en
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ag

es
V

G
G

V
G

G
-1

1
N

es
te

ro
v

m
o
m

.
Im

ag
eN

et
L

in
ea

r
d
ec

ay
T

ra
n
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or
m

er
B

a
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S
G

D
L

M
1
B

C
on

st
an

t
N

a
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an

d
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al
lo

w
M
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en
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m

C
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m
on
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S
h
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w

N
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ro

v
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o
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W
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L
S
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v
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u
m
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ar

y
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m
o
d
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A
p
p

en
d
ix

B
fo

r
fu

ll
d
et

ai
ls

.

M
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su
ri

n
g

st
ep

s
to

re
su

lt
re

q
u
ir

es
a

p
ar

ti
cu

la
r

va
lu

e
of

ou
t-

of
-s

am
p
le

er
ro

r
to

b
e

ch
o
se

n
as

th
e

go
al

.
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ea
ll
y,

w
e

w
ou

ld
se

le
ct

th
e

b
es

t
ac

h
ie

va
b
le

er
ro

r
fo

r
ea

ch
ta

sk
a
n
d

m
o
d
el

,
b
u
t

si
n
ce

va
li
d
at

io
n

er
ro

r
is

n
oi

sy
,

th
e

b
es

t
er

ro
r

is
so

m
et

im
es

ob
ta

in
ed

u
n
re

li
a
b
ly

.
M

o
re

ov
er

,
fo

r
so

m
e

w
or

k
lo

ad
s,

th
e

va
li
d
at

io
n

er
ro

r
co

n
ti

n
u
es

to
im

p
ro

ve
st

ea
d
il
y

b
ey

on
d

th
e

m
a
x
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u
m

p
ra

ct
ic

al
tr

ai
n
in

g
ti

m
e.

T
h
er

ef
or

e,
w

e
ge

n
er

al
ly

tr
ie

d
to

se
le

ct
th

e
b

es
t

va
li
d
a
ti

o
n

er
ro

r
th

at
w

e
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u
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h
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ve
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ra
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al
tr

ai
n
in

g
ti

m
e.
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2
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sh
ow

s
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e
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n
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g
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h
ed

u
le

w
e

u
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d
fo

r
ea
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m

o
d
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a
n
d

d
a
ta

se
t.

L
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g
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te
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h
ed

u
le
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ar

e
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te
n

u
se

d
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le
ra
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n
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l

n
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w
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k
tr

ai
n
in

g
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b
u
t

fi
n
d
in

g
th

e
b

es
t

sc
h
ed

u
le
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an

op
ti

m
iz
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io

n
p
ro

b
le

m
in

it
s

ow
n

ri
gh

t
(W

u
et

al
.,

2
0
1
8
).

In
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ea
d
,

re
se
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ch

er
s

ty
p
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a
ll
y
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o
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e
fr

om
a

ra
n
ge

of
co

m
m

on
le

ar
n
in

g
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te
fu

n
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io
n
s

b
a
se

d
o
n
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n

p
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p
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e
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ra
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m
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p
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e
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.g
.

H
e

et
al

.,
20

16
a)

,
p
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b
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p
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b
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M
e
a
su

r
in
g

t
h
e
E
f
f
e
c
t
s
o
f
D
a
t
a
P
a
r
a
l
l
e
l
ism

o
n
N
e
u
r
a
l
N
e
t
w
o
r
k

T
r
a
in
in
g

tra
in

in
g

tim
e

fo
r

th
ose

m
o
d
els.

W
e

selected
ou

r
d
ecay

fu
n
ction

b
y

ru
n
n
in

g
an

ex
ten

sive
set

o
f

ex
p

erim
en

ts
w

ith
R

esN
et-50

on
Im

ageN
et

(see
A

p
p

en
d
ix

C
for

d
etails).

W
e

ch
ose

lin
ear

d
ecay

b
eca

u
se

it
p

erform
ed

at
least

as
w

ell
as

all
oth

er
sch

ed
u
les

w
e

tried
,

w
h
ile

also
b

ein
g

th
e

sim
p
lest

a
n
d

req
u
irin

g
on

ly
tw

o
ad

d
ition

al
m

etap
aram

eters.
In

ex
p

erim
en

ts
th

a
t

u
sed

lin
ea

r
d
ecay,

w
e

sp
ecifi

ed
m

etap
aram

eters
(η

0 ,α
,T

)
su

ch
th

at
th

e
learn

in
g

rate
d
ecayed

lin
ea

rly
fro

m
η

0
to
η
T

=
α
η

0 .
T

h
at

is,
th

e
learn

in
g

rate
at

step
t

is
giv

en
b
y

η
t

=

{
η

0 −
(1−

α
)η

0
tT

if
t≤

T
,

α
η

0
if
t
>
T
.

S
tep

s
to

resu
lt

d
ep

en
d
s
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th

e
train

in
g

m
etap

aram
eters,

an
d
,
for

a
given

task
an

d
m

o
d
el,

ea
ch

b
a
tch

size
m

igh
t

h
ave

a
d
iff

eren
t

m
etap

aram
eter

con
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ration
th

at
m
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im

izes
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s
to
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lt.

In
a
ll
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p

erim
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w

e
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d
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d
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n
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e

m
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b
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d
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g
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e
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g
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η

0
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d
,

w
h
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learn
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g
rate

d
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w
a
s

u
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,
th

e
d
ecay
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ed

u
le

(α
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A
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u
n
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oth
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,
w

e
u
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e

N
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m
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m
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u
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a
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d
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n
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th
e

m
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m
γ
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2

T
u
n
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b
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ex
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p
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t
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w
e

w
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b
e

m
easu
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g
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s
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n
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b
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w
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b
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b
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c
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e
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d
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m
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m
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e

th
e
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u
d
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t
1
3
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d
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t

b
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e
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y
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e
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m

b
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n
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t
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u
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le
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d
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d
s
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e
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b
u
t
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o
u
r
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p

erim
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4
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o
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n
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e

b
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n
d
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e
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e

g
o
a
l

va
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a
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w
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w

ith
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e
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sp

ace,
w

e
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th

e
search

w
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a
n
ew
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e
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p
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n
u
m

b
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s.

4
.1

.
S

te
p

s
to

R
e
su

lt
D

e
p

e
n

d
s

o
n

B
a
tch

S
iz

e
in

a
S

im
ila

r
W

a
y

A
c
ro

ss
P

ro
b

le
m

s

T
o

g
et

a
sen

se
o
f

th
e

b
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p
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,

w
e

m
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th

e
n
u
m

b
er
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step
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req

u
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a

g
o
a
l
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ation

error
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a
fu

n
ction

of
b
atch

size
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l

d
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eren
t

d
ata

sets
a
n
d

m
o
d
els

(F
igu

re
1).

In
all

cases,
as

th
e

b
atch

size
grow

s,
th

ere
is

an
in

itial
p

erio
d

of
p

e
rfe

c
t

sc
a
lin

g
(b-fold

b
en

efi
t,

in
d
icated

w
ith

a
d
ash

ed
lin

e
on

th
e

p
lots)

w
h
ere

th
e

step
s

n
eed

ed
to

a
ch

ieve
th

e
error

goal
h
alves

for
each

d
ou

b
lin

g
of

th
e

b
atch

size.
H

ow
ever,

for
a
ll

p
ro

b
lem

s,
th

is
is

follow
ed

b
y

a
region

of
d

im
in

ish
in

g
re

tu
rn

s
th

at
even

tu
ally

lead
s

to
a

reg
im

e
o
f

m
a
x
im

a
l

d
a
ta

p
a
ra

lle
lism

w
h
ere

ad
d
ition

al
p
arallelism

p
rov

id
es

n
o

b
en

efi
t

w
h
a
tso

ever.
In

oth
er

w
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s,
for

an
y

giv
en

p
rob

lem
an

d
w

ith
ou

t
m

ak
in

g
stron

g
assu

m
p
tion

s
a
b

o
u
t

lea
rn

in
g

rates
or

oth
er

op
tim

izer
p
aram

eters,
w

e
can

ach
ieve

b
oth

ex
trem

es
su

ggested
b
y

th
eo

ry
(see

S
ection

3.1.1).
A

p
rio

ri,
it

is
n
ot

ob
v
iou

s
th

at
every

w
ork

load
in

o
u
r

ex
-

p
erim

en
ts

sh
o
u
ld

ex
h
ib

it
p
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scalin

g
at

th
e

sm
allest

b
atch

sizes
in

stead
o
f

im
m

ed
iately

sh
ow

in
g

d
im

in
ish

in
g

retu
rn

s.

1
2
.

F
o
r

L
S

T
M

fo
r

L
M

1
B

,
w

e
u

sed
a

fi
x
ed

va
lu

e
o
f
γ

=
0
.9

9
.

W
e

ch
o
se

th
is

va
lu

e
b

a
sed

o
n

in
itia

l
ex

p
erim

en
ts

a
n

d
va

lid
a
ted

th
a
t

tu
n

in
g
γ

d
id

n
o
t

sig
n

ifi
ca

n
tly

a
ff

ect
th

e
resu

lts
fo

r
b

a
tch

sizes
2
5
6
,

1
,0

2
4
,

o
r

4
,0

9
6
.

1
3
.

W
e

d
isca

rd
ed

tria
ls

w
ith

a
d

iv
erg

en
t

tra
in

in
g

lo
ss,

w
h

ich
o
ccu

rred
w

h
en

th
e

lea
rn

in
g

ra
te

w
a
s

to
o

h
ig

h
.

1
4
.

W
e

u
sed

1
0
0

n
o
n

-d
iv

erg
en

t
tria

ls
fo

r
a
ll

ex
p

erim
en

ts
ex

cep
t

T
ra

n
sfo

rm
er

S
h

a
llow

o
n

L
M

1
B

w
ith

S
G

D
,

T
ra

n
sfo

rm
er

o
n

C
o
m

m
o
n

C
raw

l,
a
n

d
L

S
T

M
o
n

L
M

1
B

,
fo

r
w

h
ich

w
e

u
sed

5
0

tria
ls

ea
ch

.

15
JM

L
R

 20(112):1-49, 2019

S
h
a
l
l
u
e
,
L
e
e
,
A
n
t
o
g
n
in
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S
o
h
l
-D

ic
k
st

e
in
,
F
r
o
st

ig
,
a
n
d

D
a
h
l

2
0

2
2

2
4

2
6

2
8

2
1
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2

1
2

2
1

4
2

1
6

B
a
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 S
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2
0
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2

2
4

2
6

2
8
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1

0

2
1

2

2
1

4

2
1
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S
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p
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e
a
ch
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.0

1
 V

a
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n
 E

rro
r
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p
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a
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e
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.1

 V
a
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r
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p
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T
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a
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a
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R
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t

d
eg

ra
d
at

io
n

in
so

lu
ti

o
n

q
u
a
li
ty

as
so

ci
at

ed
w

it
h

in
cr

ea
si

n
g

th
e

b
at

ch
si

ze
,

d
ep

en
d
in

g
on

th
e

co
m

p
u
te

b
u
d
g
et

,
it

m
ay

b
ec

om
e

in
cr

ea
si

n
gl

y
d
iffi

cu
lt

to
fi
n
d

go
o
d

va
lu

es
fo

r
th

e
m

et
ap

ar
am

et
er

s
w

it
h

la
rg

er
b
at

ch
si

ze
s.

S
p

ec
ifi

ca
ll
y,

in
cr

ea
si

n
g

th
e

b
at

ch
si

ze
m

ay
sh

ri
n
k

th
e

re
g
io

n
in

m
et

a
p
a-

ra
m

et
er

sp
ac

e
co

rr
es

p
on

d
in

g
to

ra
p
id

tr
ai

n
in

g
in

te
rm

s
of

ep
o
ch

s
(s

ee
F

ig
u
re

9
a
),

as
p
re

v
io

u
sl

y
re

p
or

te
d

b
y

B
re

u
el

(2
01

5b
).

O
n

th
e

ot
h
er

h
an

d
,

in
cr

ea
si

n
g

th
e

b
a
tc

h
si

ze
m

ay
in

cr
ea

se
th

e
re

gi
on

in
m

et
ap

ar
am

et
er

sp
ac

e
co

rr
es

p
on

d
in

g
to

ra
p
id

tr
a
in

in
g

in
te

rm
s

of
st

ep
s

(s
ee

F
ig

u
re

9b
).

5
.1

.
L

im
it

a
ti

o
n

s
o
f

o
u

r
e
x
p

e
ri

m
e
n
ta

l
p

ro
to

c
o
l

W
h
en

in
te

rp
re

ti
n
g

ou
r

re
su

lt
s,

on
e

sh
o
u
ld

ke
ep

in
m

in
d

an
y

li
m

it
at

io
n
s

o
f

ou
r

ex
p

er
im

en
ta

l
p
ro

to
co

l.
W

e
d
o

n
ot

b
el

ie
ve

an
y

of
th

es
e

li
m

it
at

io
n
s

ar
e

d
eb

il
it

at
in

g,
an

d
w

e
h
o
p

e
th

a
t

d
es

cr
ib

in
g

th
es

e
p

ot
en

ti
al

ar
ea

s
of

co
n
ce

rn
w

il
l

sp
u
r

m
et

h
o
d
ol

og
ic

a
l

in
n
ov

a
ti

o
n

in
fu

tu
re

w
or

k
.

F
ir

st
ly

,
w

e
w

er
e

u
n
ab

le
to

av
oi

d
so

m
e

am
ou

n
t

of
h
u
m

an
ju

d
gm

en
t

w
h
en

tu
n
in

g
m

et
a-

p
ar

am
et

er
s.

A
lt

h
ou

gh
w

e
d
id

n
ot

tu
n
e

m
et

ap
ar

am
et

er
s

b
y

h
an

d
,

w
e

sp
ec

ifi
ed

th
e

se
a
rc

h
sp

ac
es

fo
r

au
to

m
at

ic
tu

n
in

g
b
y

h
an

d
an

d
th

ey
m

ay
n
ot

h
av

e
b

ee
n

eq
u
al

ly
a
p
p
ro

p
ri

a
te

fo
r

al
l

b
at

ch
si

ze
s,

d
es

p
it

e
ou

r
b

es
t

eff
or

ts
.

W
e

ar
e

m
os

t
co

n
fi
d
en

t
in

ou
r

se
ar

ch
sp

a
ce

s
th

a
t

tu
n
ed

th
e

fe
w

es
t

m
et

ap
ar

am
et

er
s

(s
u
ch

as
in

ou
r

ex
p

er
im

en
ts

th
a
t

on
ly

tu
n
ed

le
a
rn

in
g

ra
te

an
d

m
om

en
tu

m
).

W
e

fo
u
n
d

it
q
u
it

e
d
iffi

cu
lt

to
b

e
co

n
fi
d
en

t
th

at
ou

r
tu

n
in

g
w

a
s

su
ffi

ci
en

t
w

h
en

w
e

se
ar

ch
ed

ov
er

le
ar

n
in

g
ra

te
d
ec

ay
sc

h
ed

u
le

s;
re

ad
er

s
sh

ou
ld

b
e

aw
ar

e
th

a
t

th
e

st
ep

s
to

re
su

lt
m

ea
su

re
m

en
t

is
ge

n
er

al
ly

q
u
it

e
se

n
si

ti
ve

to
th

e
le

ar
n
in

g
ra

te
sc

h
ed

u
le

.
T

h
u
s,

w
e
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M
e
a
su

r
in
g

t
h
e
E
f
f
e
c
t
s
o
f
D
a
t
a
P
a
r
a
l
l
e
l
ism

o
n
N
e
u
r
a
l
N
e
t
w
o
r
k

T
r
a
in
in
g

m
ay

n
o
t

h
av

e
sam

p
led

en
ou

gh
trials

at
som

e
b
atch

sizes
or,

n
early

eq
u
ivalen

tly,
ou

r
search

sp
a
ces

m
ay

h
ave

b
een

to
o

w
id

e
at

som
e

b
atch

sizes.
E

ven
th

ou
gh

w
e

verifi
ed

th
a
t

th
e

b
est

tria
l

w
a
s

n
o
t

o
n

th
e

b
ou

n
d
ary

of
th

e
search

sp
ace,

th
is

b
y

n
o

m
ean

s
gu

aran
tees

th
at

w
e

fo
u
n
d

th
e

g
lob

ally
op

tim
al

m
etap

aram
eters.

S
m

a
ller

b
a
tch

sizes
ty

p
ically

h
ad

m
ore

op
p

ortu
n
ities

to
m

easu
re

valid
atio

n
error

an
d
,

w
h
en

va
lid

atio
n

error
w

as
n
oisy,

got
m

o
re

ch
an

ces
to

sam
p
le

a
lu

ck
y

valid
a
tion

error.
B

atch
sizes

(u
su

ally
la

rger
on

es)
th

at
d
id

n
ot

reach
th

e
goal

valid
ation

error
u
sin

g
th

e
fi
rst

search
sp

a
ce

u
sed

rev
ised

search
sp

aces
th

at
gave

th
em

an
ex

tra
b
ite

of
th

e
ap

p
le,

so
to

sp
eak

.
F

in
a
lly,

o
u
r

an
aly

sis
d
o
es

n
ot

con
sid

er
h
ow

rob
u
stly

w
e

can
reach

a
goal

error
rate.

F
or

in
sta

n
ce,

w
e

d
id

n
ot

d
istin

gu
ish

b
etw

een
b
atch

sizes
w

h
ere

a
ll

100
tria

ls
ach

iev
ed

th
e

goal
valid

a
tio

n
erro

r
an

d
b
atch

sizes
w

h
ere

on
ly

on
e

of
th

e
100

trials
ach

ieved
th

e
goal.

T
h
e

m
ax

im
u
m

or
m

in
im

u
m

valu
e

ov
er

a
set

of
trials

is
n
o
t

u
su

ally
a

very
rob

u
st

statistic,
b
u
t

so
m

eth
in

g
like

th
e

50
th

p
ercen

tile
trial

m
ostly

reveals
in

form
ation

ab
ou

t
th

e
sea

rch
sp

ace.
W

e
tried

to
strik

e
a

b
alan

ce
b

etw
een

stu
d
y
in

g
rea

listic
w

ork
load

s
an

d
b

ein
g

ab
le

to
rep

eat
o
u
r

ex
p

erim
en

ts
so

m
an

y
tim

es
th

at
th

ese
u
n
certain

ty
q
u
estio

n
s

b
ecam

e
triv

ial.
U

ltim
ately,

w
e

o
p
ted

to
stu

d
y

realistic
w

ork
load

s
an

d
sim

p
ly

rep
ort

resu
lts

for
th

e
op

tim
al

trials.

6
.

C
o
n
clu

sio
n
s

a
n
d

F
u
tu

re
W

o
rk

In
crea

sin
g

th
e

b
atch

size
is

a
sim

p
le

w
ay

to
p
ro

d
u
ce

valu
ab

le
sp

eed
u
p
s

across
a

ran
ge

of
w

o
rk

lo
a
d
s,

b
u
t,

for
all

w
ork

load
s

w
e

tried
,

th
e

b
en

efi
ts

d
im

in
ish

ed
w

ell
w

ith
in

th
e

lim
its

of
cu

rren
t

h
ard

w
a
re.

U
n
fortu

n
ately,

b
lin

d
ly

in
creasin

g
th

e
b
atch

size
to

th
e

h
ard

w
are

lim
it

w
ill

n
o
t

p
ro

d
u
ce

a
large

sp
eed

u
p

for
all

w
ork

lo
ad

s.
H

ow
ever,

ou
r

resu
lts

su
ggest

th
at

so
m

e
o
p
tim

iza
tion

algorith
m

s
m

ay
b

e
ab

le
to

con
sisten

tly
ex

ten
d

p
erfect

scalin
g

a
cross

m
a
n
y

m
o
d
els

a
n
d

d
ata

sets.
F

u
tu

re
w

ork
sh

ou
ld

p
erform

ou
r

sam
e

m
easu

rem
en

ts
w

ith
o
th

er
o
p
tim

izers,
b

eyon
d

th
e

closely
-related

on
es

w
e

tried
,

to
see

if
an

y
ex

istin
g

op
tim

izer
ex

ten
d
s

p
erfect

scalin
g

across
m

an
y

p
rob

lem
s.

A
ltern

atively,
if

w
e

on
ly

n
eed

sp
eed

u
p
s

for
sp

ecifi
c,

h
ig

h
-valu

e
p
rob

lem
s,

w
e

cou
ld

also
con

sid
er

d
esign

in
g

m
o
d
els

th
at

ex
ten

d
p

erfect
sca

lin
g

to
m

u
ch

larger
b
atch

sizes.
H

ow
ev

er,
u
n
like

th
e

op
tim

izer,
p
ractition

ers
are

likely
to

ta
ilo

r
th

eir
m

o
d
el

arch
itectu

res
to

th
e

sp
ecifi

c
p
rob

lem
s

at
h
an

d
.

T
h
erefore,

in
stea

d
of

sea
rch

in
g

fo
r

m
o
d
el

arch
itectu

res
th

at
h
ap

p
en

to
scale

ex
trem

ely
w

ell,
fu

tu
re

w
ork

sh
ou

ld
try

to
u
n
cover

gen
eral

p
rin

cip
les

for
d
esign

in
g

m
o
d
els

th
at

can
scale

p
erfectly

to
larger

b
a
tch

sizes.
E

ven
if

su
ch

p
rin

cip
les

rem
ain

elu
sive,

w
e

w
ou

ld
still

b
en

efi
t

from
m

eth
o
d
s

to
p
ro

sp
ectively

p
red

ict
th

e
scalin

g
b

eh
av

ior
of

a
given

w
ork

load
w

ith
ou

t
req

u
irin

g
carefu

l
m

eta
p
a
ra

m
eter

tu
n
in

g
at

several
d
iff

eren
t

b
a
tch

sizes.
F

in
ally,

th
e

d
eep

learn
in

g
com

m
u
n
ity

ca
n

a
lw

ay
s

b
en

efi
t

from
m

eth
o
d
ical

ex
p

erim
en

ts
d
esign

ed
to

test
h
y
p

oth
eses,

ch
ara

cterize
p
h
en

o
m

en
a
,

a
n
d

red
u
ce

con
fu

sion
,

to
b
a
lan

ce
m

ore
ex

p
loratory

w
ork

d
esign

ed
to

g
en

erate
n
ew

id
ea

s
fo

r
a
lgorith

m
s

an
d

m
o
d
els.

A
ck

n
o
w

le
d

g
e
m

e
n
ts

W
e

th
a
n
k

T
o
m

er
K

oren
for

h
elp

fu
l

d
iscu

ssion
s.

W
e

also
th

an
k

J
u
stin

G
ilm

er
an

d
S
im

on
K

o
rn

b
lith

for
h
elp

fu
l

su
ggestion

s
an

d
com

m
en

ts
on

th
e

m
an

u
scrip

t.
F

in
ally,

w
e

th
an

k
M

att
J
.

J
o
h
n
so

n
fo

r
len

d
in

g
u
s

som
e

com
p
u
tin

g
resou

rces.
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S
h
a
l
l
u
e
,
L
e
e
,
A
n
t
o
g
n
in
i,
S
o
h
l
-D

ic
k
st

e
in
,
F
r
o
st

ig
,
a
n
d

D
a
h
l

A
p
p

e
n
d
ix

A
.

D
a
ta

S
e
t

D
e
ta

ils

T
h
is

section
con

tain
s

d
etails

of
th

e
d
ata

sets
su

m
m

arized
in

T
ab

le
1.

A
.1

.
D

a
ta

S
e
t

D
e
sc

rip
tio

n
s

a
n

d
P

re
-P

ro
c
e
ssin

g

M
N

IS
T

(L
eC

u
n

et
al.,

1998)
is

a
classic

h
an

d
w

ritten
d
igit

im
age

cla
ssifi

cation
d
a
ta

set
w

ith
10

m
u
tu

ally
ex

clu
sive

classes.
W

e
sp

lit
th

e
origin

al
train

in
g

set
in

to
55,000

train
in

g
im

ages
an

d
5,000

valid
ation

im
ages,

an
d

u
sed

th
e

offi
cia

l
test

set
of

10,000
im

ages.
W

e
d
id

n
ot

u
se

d
ata

au
gm

en
tation

.
F
a
sh

io
n

M
N

IS
T

(X
iao

et
al.,

20
17)

is
an

oth
er

reason
ab

ly
sim

p
le

im
age

classifi
cation

d
ata

set
w

ith
10

m
u
tu

ally
ex

clu
sive

classes.
It

w
as

d
esign

ed
as

a
d
rop

-in
rep

lacem
en

t
for

M
N

IS
T

.
W

e
sp

lit
th

e
origin

al
train

in
g

set
in

to
55,000

train
in

g
im

ages
an

d
5,000

valid
ation

im
ages,

an
d

u
sed

th
e

offi
cial

test
set

of
10,000

im
ages.

W
e

d
id

n
ot

u
se

d
ata

au
gm

en
tation

.
C

IF
A

R
-1

0
(K

rizh
ev

sk
y
,
2009)

is
an

im
age

classifi
cation

d
ata

set
of

32×
32

color
im

a
ges

w
ith

10
m

u
tu

ally
ex

clu
sive

classes.
W

e
sp

lit
th

e
origin

al
train

in
g

set
in

to
45,000

train
in

g
im

ages
an

d
5,000

valid
ation

im
ages.

W
e

u
sed

th
e

offi
cial

test
set

of
10,000

im
ages.

W
e

p
re-p

ro
cessed

each
im

age
b
y

su
b
tractin

g
th

e
average

valu
e

across
all

p
ix

els
an

d
ch

an
n
els

an
d

d
iv

id
in

g
b
y

th
e

stan
d
ard

d
ev

iation
. 1

5
W

e
d
id

n
ot

u
se

d
ata

au
gm

en
tation

.
Im

a
g
e
N

e
t

(R
u
ssakov

sk
y

et
al.,

2015)
is

an
im

age
classifi

cation
d
ata

set
w

ith
1,000

m
u
tu

ally
ex

clu
sive

classes.
W

e
sp

lit
th

e
offi

cial
tra

in
in

g
set

in
to

1,281,167
train

in
g

im
ages

an
d

50,045
test

im
ages,

an
d

u
sed

th
e

offi
cial

valid
ation

set
of

5
0,000

im
ages.

W
e

p
re-

p
ro

cessed
th

e
im

ages
an

d
p

erform
ed

d
ata

au
gm

en
tation

in
a

sim
ilar

w
ay

to
S
im

on
yan

an
d

Z
isserm

an
(2014).

S
p

ecifi
cally,

at
train

in
g

tim
e,

w
e

sam
p
led

a
ran

d
om

in
teger

S
∈

[256,51
2],

p
erform

ed
an

asp
ect-p

reserv
in

g
resize

so
th

at
th

e
sm

allest
sid

e
h
ad

len
gth

S
,

an
d

to
ok

a
ran

d
om

crop
of

size
(224

,224).
W

e
ran

d
om

ly
refl

ected
th

e
im

ages
h
orizon

ally,
b
u
t

u
n
like

S
im

on
yan

an
d

Z
isserm

an
(2014),

w
e

d
id

n
ot

d
istort

th
e

colors.
A

t
evalu

ation
tim

e,
w

e
p

erform
ed

an
asp

ect-p
reserv

in
g

resize
so

th
at

th
e

sm
allest

sid
e

h
ad

len
gth

256,
an

d
to

ok
a

cen
tral

crop
of

size
(224

,224).
In

b
oth

train
in

g
an

d
evalu

ation
,
w

e
th

en
su

b
tra

cted
th

e
glob

al
m

ean
R

G
B

valu
e

from
each

p
ix

el
u
sin

g
th

e
valu

es
com

p
u
ted

b
y

S
im

on
yan

an
d

Z
isserm

an
(2014). 1

6

O
p

e
n

Im
a
g
e
s

v
4

(K
rasin

et
al.,

2017)
is

a
d
ata

set
of

9
m

illion
im

ages
th

at
are

an
n
otated

w
ith

im
age-level

lab
els

an
d

ob
ject

b
ou

n
d
in

g
b

ox
es. 1

7
T

h
e

im
age

lab
els

w
ere

gen
erated

b
y

a
com

p
u
ter

v
ision

m
o
d
el

an
d

th
en

verifi
ed

as
eith

er
po

sitive
or

n
ega

tive
lab

els
b
y

h
u
m

an
an

n
otators.

W
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éon
B

ottou
,
G

en
ev

ieve
B

.
O

rr,
an

d
K

lau
s-R

ob
ert

M
ü
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n
ct

io
n

of
S
V

M
th

at
is

d
efi

n
ed

on
gi

ve
n

fi
n
it

e
sa

m
p
le

s.
In

co
n
tr

a
st

,
o
u
r

p
a
p

er
ai

m
s

to
ad

d
re

ss
th

e
st

at
is

ti
ca

l
in

fe
re

n
ce

p
ro

b
le

m
,

w
h
ic

h
is

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t.
M

o
re

p
re

ci
se

ly
,

th
e

ta
sk

of
d
is

tr
ib

u
te

d
in

fe
re

n
ce

is
to

co
n
st

ru
ct

an
es

ti
m

at
or

fo
r

th
e

po
p
u

la
ti

o
n

ri
sk

m
in

im
iz

er
in

a
d
is

tr
ib

u
te

d
se

tt
in

g
an

d
to

ch
ar

ac
te

ri
ze

it
s

a
sy

m
p
to

ti
c

be
h
a
vi

o
r

(e
.g

.,
es

ta
b
li
sh

in
g

it
s

li
m

it
in

g
d
is

tr
ib

u
ti

on
).

A
s

th
e

si
ze

of
d
at

a
b

ec
om

es
in

cr
ea

si
n
gl

y
la

rg
e,

d
is

tr
ib

u
te

d
in

fe
re

n
ce

h
as

re
ce

iv
ed

a
lo

t
o
f

at
te

n
ti

on
s

an
d

al
go

ri
th

m
s

h
av

e
b

ee
n

p
ro

p
os

ed
fo

r
va

ri
ou

s
p
ro

b
le

m
s

(p
le

as
e

se
e

th
e

re
la

te
d

w
or

k
S
ec

ti
on

2
an

d
re

fe
re

n
ce

s
th

er
ei

n
fo

r
m

or
e

d
et

ai
ls

).
H

ow
ev

er
,

th
e

p
ro

b
le

m
o
f

S
V

M
p

os
se

ss
es

it
s

ow
n

u
n
iq

u
e

ch
al

le
n
ge

s
in

d
is

tr
ib

u
te

d
in

fe
re

n
ce

.
F

ir
st

,
S
V

M
is

a
cl

a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
th

at
in

vo
lv

es
b
in

ar
y

ou
tp

u
ts
{−

1
,1
}.

T
h
u
s,

as
co

m
p
ar

ed
to

re
gr

es
si

o
n

p
ro

b
le

m
s,

th
e

n
oi

se
st

ru
ct

u
re

in
S
V

M
is

d
iff

er
en

t
an

d
m

or
e

co
m

p
li
ca

te
d
,

w
h
ic

h
b
ri

n
gs

n
ew

te
ch

n
ic

a
l

ch
al

le
n
ge

s.
W

e
w

il
l

el
ab

or
at

e
th

is
p

oi
n
t

w
it

h
m

or
e

d
et

a
il
s

in
R

em
a
rk

1.
S
ec

o
n
d
,

th
e

h
in

g
e

lo
ss

in
S
V

M
is

n
on

-s
m

o
ot

h
.

T
h
ir

d
,

in
st

ea
d

of
co

n
si

d
er

in
g

th
e

fi
x
ed

d
im

en
si

o
n
p

a
s

in
m

a
n
y

ex
is

ti
n
g

th
eo

ri
es

on
as

y
m

p
to

ti
c

p
ro

p
er

ti
es

o
f

S
V

M
p
ar

am
et

er
s

(s
ee

,
e.

g.
,

L
in

,
1
9
9
9
;

Z
h
a
n
g
,

20
04

;
B

la
n
ch

ar
d

et
al

.,
20

08
;

K
o
o

et
al

.,
20

08
),

w
e

ai
m

to
st

u
d
y

th
e

d
iv

er
gi

n
g
p

ca
se

,
i.
e.

,
p
→
∞

as
th

e
sa

m
p
le

si
ze
n
→
∞

.

T
o

ad
d
re

ss
af

or
em

en
ti

on
ed

ch
al

le
n
ge

s,
w

e
fo

cu
s

ou
rs

el
v
es

on
th

e
d
is

tr
ib

u
te

d
in

fe
re

n
ce

fo
r

li
n
ea

r
S
V

M
,
as

th
e

fi
rs

t
st

ep
to

th
e

st
u
d
y

of
d
is

tr
ib

u
te

d
in

fe
re

n
ce

fo
r

m
or

e
g
en

er
a
l
S
V

M
.1

O
u
r

go
al

is
th

re
e-

fo
ld

:

1
.
O
u
r
re
su
lt
re
li
es

o
n
th
e
B
a
h
a
d
u
r
re
p
re
se
n
ta
ti
o
n
o
f
th
e
li
n
ea
r
S
V
M

es
ti
m
a
to
r
(s
ee
,
e.
g
.,
K
o
o
et

a
l.
,
2
0
0
8
).

F
o
r
g
en

er
a
l
S
V
M
,
to

th
e
b
es
t
o
f
o
u
r
k
n
ow

le
d
g
e,

th
e
B
a
h
a
d
u
r
re
p
re
se
n
ta
ti
o
n
in

a
si
n
g
le

m
a
ch
in
e
se
tt
in
g

is
st
il
l
o
p
en

,
w
h
ic
h
h
a
s
to

b
e
d
ev
el
o
p
ed

b
ef
o
re

in
v
es
ti
g
a
ti
n
g
d
is
tr
ib
u
te
d
in
fe
re
n
ce

fo
r
g
en

er
a
l
S
V
M
.
T
h
u
s,

w
e
le
av
e
th
is

fo
r
fu
tu
re

in
v
es
ti
g
a
ti
o
n
.

2
JM

L
R

 2
0(

11
3)

:1
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 2

01
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D
ist

r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

1
.

T
h
e

ob
ta

in
ed

estim
ator

sh
ou

ld
ach

ieve
th

e
sam

e
statistical

effi
cien

cy
as

m
ergin

g
all

th
e

d
a
ta

togeth
er.

T
h
at

is,
th

e
d
istrib

u
ted

in
feren

ce
sh

ou
ld

n
ot

lose
an

y
statistical

effi
cien

cy
as

com
p
ared

to
th

e
“oracle”

sin
gle

m
ach

in
e

settin
g.

2
.

W
e

a
im

to
avoid

an
y

con
d
ition

on
th

e
n
u
m

b
er

of
m

ach
in

es
(o

r
th

e
n
u
m

b
er

of
d
ata

b
a
tch

es).
A

lth
ou

gh
th

is
con

d
ition

is
w

id
ely

assu
m

ed
in

d
istrib

u
ted

in
feren

ce
litera

tu
re

(see
L

ia
n

an
d

F
an

,
2017

an
d

S
ection

2
for

m
ore

d
etails),

rem
ov

in
g

su
ch

a
con

d
ition

w
ill

m
ak

e
th

e
resu

lts
m

ore
u
sefu

l
in

cases
w

h
en

th
e

size
of

th
e

en
tire

d
ata

set
is

m
u
ch

la
rg

er
th

an
th

e
m

em
ory

size
or

in
ap

p
lication

s
of

sen
sor

n
etw

ork
s

w
ith

a
large

n
u
m

b
er

o
f

sen
so

rs.

3
.

T
h
e

p
ro

p
osed

algorith
m

sh
ou

ld
b

e
com

p
u
tation

ally
effi

cien
t.

T
o

sim
u
lta

n
eou

sly
ach

iev
e

th
ese

th
ree

goals,
w

e
d
evelop

a
m

u
lti-rou

n
d

d
istrib

u
ted

lin
ear-

ty
p

e
(M

D
L

)
estim

ator
for

lin
ear

S
V

M
.
In

p
articu

lar,
b
y

sm
o
oth

in
g

th
e

h
in

ge
loss

u
sin

g
a

sp
e-

cia
l

kern
el

sm
o
oth

in
g

tech
n
iq

u
e

ad
op

ted
from

th
e

q
u
an

tile
regression

literatu
re

(H
orow

itz,
1
9
9
8
;

P
a
n
g

et
a
l.,

2012;
C

h
en

et
al.,

2018),
w

e
fi
rst

in
tro

d
u
ce

a
lin

ear-ty
p

e
estim

a
tor

in
a

sin
g
le

m
a
ch

in
e

setu
p
.

O
u
r

lin
ear-ty

p
e

estim
ator

req
u
ires

a
con

sisten
t

in
itial

S
V

M
estim

ator
th

a
t

ca
n

b
e

ea
sily

ob
tain

ed
b
y

solv
in

g
S
V

M
on

on
e

lo
cal

m
ach

in
e.

G
iven

th
e

in
itial

estim
a-

to
r
β̃

0 ,
th

e
lin

ear-ty
p

e
estim

ator
h
as

a
sim

p
le

an
d

ex
p
licit

form
u
la

th
at

grea
tly

fa
cilitates

th
e

d
istrib

u
ted

com
p
u
tin

g.
R

ou
gh

ly
sp

eak
in

g,
giv

en
n

sam
p
les

(y
i ,X

i )
for

i
=

1,...,n
,

ou
r

lin
ea

r-ty
p

e
estim

ator
takes

th
e

form
of

“w
eig

h
ted

least
sq

u
ares”

:

β̃
=
[

1n

n
∑i=

1

u
i (y

i ,X
i ,β̃

0 )X
i X

Ti

︸
︷︷

︸
A

1

]−
1 {

1n

n
∑i=

1

v
i (y

i ,X
i ,β̃

0 )y
i X

i −
w

(β̃
0 )

︸
︷︷

︸
A

2

}
,

(1)

w
h
ere

th
e

term
A

1
is

a
w

eigh
ted

gram
m

atrix
an

d
u
i (y

i ,X
i ,β̃

0 )∈
R

is
th

e
w

eigh
t

th
at

on
ly

d
ep

en
d
s

o
n

th
e
i-th

d
ata

(y
i ,X

i )
an

d
β̃

0 .
In

th
e

v
ector

A
2 ,
w

(β̃
0 )

is
a

fi
x
ed

vector
th

at
o
n
ly

d
ep

en
d
s

o
n
β̃

0
an

d
v
i (y

i ,X
i ,β̃

0 )∈
R

is
th

e
w

eigh
t

th
at

on
ly

d
ep

en
d
s

on
(y
i ,X

i ,β̃
0 ).

T
h
e

fo
rm

u
la

in
(1)

h
as

a
sim

ilar
stru

ctu
re

as
w

eigh
ted

least
sq

u
ares,

an
d

th
u
s

can
b

e
easily

co
m

p
u
ted

in
a

d
istrib

u
ted

en
v
iron

m
en

t
(n

otin
g

th
at

each
term

in
A

1
an

d
A

2
on

ly
in

volves
th

e
i-th

d
a
ta

p
oin

t
(y
i ,X

i )
an

d
th

ere
is

n
o

in
teraction

term
in

E
q
u
ation

1).
In

ad
d
ition

,
th

e
lin

ea
r-ty

p
e

estim
ator

in
(1)

can
b

e
effi

cien
tly

com
p
u
ted

b
y

solv
in

g
a

lin
ear

eq
u
ation

sy
stem

(in
stea

d
of

com
p
u
tin

g
m

atrix
in

version
ex

p
licitly

),
w

h
ich

is
com

p
u
tation

ally
m

ore
a
ttra

ctive
th

a
n

solv
in

g
th

e
n
on

-sm
o
oth

op
tim

ization
in

th
e

origin
al

lin
ear

S
V

M
form

u
lation

.
T

h
e

lin
ea

r-ty
p

e
estim

ator
can

easily
refi

n
e

itself
b
y

u
sin

g
th

e
β̃

on
th

e
left

h
an

d
sid

e
o
f

(1
)

a
s

th
e

in
itial

estim
ator.

In
oth

er
w

ord
s,

w
e

can
ob

tain
a

n
ew

lin
ea

r-ty
p

e
estim

a
tor

b
y

reco
m

p
u
tin

g
th

e
righ

t
h
an

d
sid

e
of

(1)
u
sin

g
β̃

as
th

e
in

itial
estim

ator.
B

y
su

ccessiv
ely

refi
n
in

g
th

e
in

itial
estim

ator
for

q
rou

n
d
s/iteration

s,
w

e
cou

ld
ob

tain
th

e
fi
n
al

m
u
lti-rou

n
d

d
istrib

u
ted

lin
ear-ty

p
e

(M
D

L
)

estim
ator

β̃
(q

).
T

h
e

estim
ator

β̃
(q

)
n
ot

on
ly

h
as

its
ad

van
tag

e
in

term
s

o
f

co
m

p
u
tation

in
a

d
istrib

u
ted

en
v
iron

m
en

t,
b
u
t

also
h
as

d
escrib

ab
le

statistical

p
ro

p
erties.

In
p
articu

lar,
w

ith
a

sm
all

n
u
m

b
er
q,

th
e

estim
ator

β̃
(q

)
is

ab
le

to
ach

iev
e

th
e

o
p
tim

a
l

sta
tistical

effi
cien

cy,
th

at
is,

th
e

sam
e

effi
cien

cy
as

th
e

classical
lin

ear
S
V

M
estim

a-
to

r
co

m
p
u
ted

o
n

th
e

en
tire

d
ata

set.
T

o
estab

lish
th

e
lim

itin
g

d
istrib

u
tio

n
an

d
statistical

effi
cien

cy
resu

lts,
w

e
fi
rst

d
evelop

th
e

B
ah

ad
u
r

rep
resen

tation
of

ou
r

M
D

L
estim

ator
o
f

S
V

M

3
JM

L
R

 20(113):1-41, 2019

W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

(see
T

h
eorem

1).
T

h
en

th
e

asy
m

p
totic

n
orm

ality
follow

s
im

m
ed

iately
from

th
e

B
ah

ad
u
r

rep
resen

tation
.

It
is

w
orth

w
h
ile

n
otin

g
th

at
th

e
B

ah
ad

u
r

rep
resen

tation
(see,

e.g.,
B

ah
ad

u
r,

1966;
K

o
en

ker
an

d
B

assett
J
r,

1978;
C

h
au

d
h
u
ri,

1991)
p
rov

id
es

an
im

p
ortan

t
ch

aracteriza-
tion

of
th

e
asy

m
p
totic

b
eh

av
ior

of
an

estim
ator.

F
or

th
e

origin
al

lin
ear

S
V

M
form

u
lation

,
K

o
o

et
al.

(2008)
fi
rst

estab
lish

ed
th

e
B

ah
ad

u
r

rep
resen

tation
.

In
th

is
p
ap

er,
w

e
estab

lish
th

e
B

ah
ad

u
r

rep
resen

tation
of

ou
r

m
u
lti-rou

n
d

d
istrib

u
ted

lin
ear-ty

p
e

estim
ator.

F
in

ally,
it

is
w

orth
w

h
ile

n
otin

g
th

at
ou

r
algorith

m
is

sim
ilar

to
a

recen
tly

d
evelop

ed
algorith

m
for

d
istrib

u
ted

q
u
an

tile
regression

(C
h
en

et
al.,

2018
),

w
h
ere

b
oth

algorith
m

s
rely

on
a

kern
el

sm
o
oth

in
g

tech
n
iq

u
e

a
n
d

lin
ear-ty

p
e

estim
ators.

H
ow

ever,
th

e
tech

n
iq

u
e

for
estab

lish
in

g
th

e
th

eoretical
p
rop

erty
for

lin
ear

S
V

M
is

q
u
ite

d
iff

eren
t

from
th

at
for

q
u
an

tile
regressio

n
.

T
h
e

d
iff

eren
ce

an
d

n
ew

tech
n
ical

ch
a
llen

ges
in

lin
ear

S
V

M
w

ill
b

e
illu

strated
in

R
em

ark
1

(see
S
ection

3).

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
p
rov

id
e

a
b
rief

overv
iew

of
related

w
ork

s.
S
ection

3
fi
rst

in
tro

d
u
ces

th
e

p
rob

lem
setu

p
an

d
th

en
d
escrib

es
th

e
p
rop

osed
lin

ear-ty
p

e
estim

ator
an

d
M

D
L

estim
ator

for
lin

ear
S
V

M
.
In

S
ection

4,
th

e
m

ain
th

eoretical
resu

lts
are

given
.

S
ection

5
p
rov

id
es

th
e

sim
u
lation

stu
d
ies

to
illu

strate
th

e
p

erform
an

ce
of

M
D

L
estim

ator
of

S
V

M
.

C
on

clu
sion

s
an

d
fu

tu
re

w
ork

s
are

given
in

S
ectio

n
6.

W
e

p
rov

id
e

th
e

p
ro

ofs
of

ou
r

th
eoretical

resu
lts

in
A

p
p

en
d
ix

A
.

2
.
R
e
la
te
d
W

o
rk

s

In
d
istrib

u
ted

in
feren

ce
literatu

re,
th

e
d
iv

id
e-an

d
-con

q
u
er

(D
C

)
ap

p
roach

is
on

e
of

th
e

m
ost

p
op

u
lar

ap
p
roach

es
an

d
h
as

b
een

ap
p
lied

to
a

w
id

e
ran

ge
of

statistical
p
rob

lem
s.

In
th

e
stan

d
ard

D
C

fram
ew

ork
,

th
e

en
tire

d
ata

set
of
n

i.i.d
.

sam
p
les

is
even

ly
sp

lit
in

to
N

b
atch

es
or

d
istrib

u
ted

on
N

lo
cal

m
ach

in
es.

E
ach

m
ach

in
e

com
p
u
tes

a
lo

cal
estim

ator
u
sin

g
th

e
m

=
n
/N

lo
cal

sam
p
les.

T
h
en
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en

o
te

b
y
δ(
·)

th
e

D
ir

ac
d
el

ta
fu

n
ct

io
n
,

w
e

d
efi

n
e

S
(β̃

)
=
−
E[
I
{1
−
Y
X̃

T
β̃
≥

0
}Y
X̃

],

D
(β̃

)
=

E[
δ(

1
−
Y
X̃

T
β̃

)X̃
X̃

T
],

(5
)

w
h
er

e
I
{·
}

is
th

e
in

d
ic

at
or

fu
n
ct

io
n
.

T
h
e

q
u
an

ti
ti

es
S

(β̃
)

an
d
D

(β̃
)

ca
n

b
e

v
ie

w
ed

as
th

e
gr

ad
ie

n
t

an
d

H
es

si
a
n

m
a
tr

ix
o
f

L
(β̃

)
an

d
w

e
as

su
m

e
th

at
th

e
sm

al
le

st
ei

g
en

va
lu

e
of
D

(β̃
∗ )

is
b

ou
n
d
ed

aw
ay

fr
o
m

0
.

In
fa

ct
th

es
e

as
su

m
p
ti

on
s

ca
n

b
e

ve
ri

fi
ed

u
n
d
er

so
m

e
re

gu
la

r
co

n
d
it

io
n
s

(s
ee

K
o
o

et
a
l.
,

2
0
0
8

L
em

m
a

2,
L

em
m

a
3

an
d

L
em

m
a

5
fo

r
d
et

ai
ls

)
an

d
ar

e
co

m
m

on
in

S
V

M
li
te

ra
tu

re
(e

.g
.,

Z
h
an

g
et

al
.,

20
16

b
C

on
d
it

io
n

2
an

d
6)

.

3
.2

.
A

L
in

e
a
r-

ty
p

e
E

st
im

a
to

r
fo

r
S

V
M

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
p
ro

p
os

e
a

li
n
ea

r-
ty

p
e

es
ti

m
at

or
fo

r
S
V

M
on

a
si

n
gl

e
m

a
ch

in
e

w
h
ic

h
ca

n
b

e
la

te
r

ex
te

n
d
ed

to
a

d
is

tr
ib

u
te

d
al

go
ri

th
m

.
T

h
e

m
ai

n
ch

al
le

n
ge

in
so

lv
in

g
th

e
op

-
ti

m
iz

at
io

n
p
ro

b
le

m
in

(2
)

is
th

at
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
n
on

-d
iff

er
en

ti
ab

le
d
u
e

to
th

e
ap

p
ea

ra
n
ce

of
h
in

ge
lo

ss
.

M
ot

iv
at

ed
b
y

a
sm

o
ot

h
in

g
te

ch
n
iq

u
e

fr
om

q
u
an

ti
le

re
g
re

ss
io

n
li
te

ra
tu

re
(s

ee
,

e.
g.

,
C

h
en

et
al

.,
20

18
;

H
or

ow
it

z,
19

98
;

P
an

g
et

al
.,

20
1
2)

,
w

e
co

n
si

d
er

a
sm

o
ot

h
fu

n
ct

io
n
H

(·)
sa

ti
sf

y
in

g
H

(u
)

=
1

if
u
≥

1
an

d
H

(u
)

=
0

if
u
≤
−

1.
W

e
re

p
la

ce
th

e
h
in

ge
lo

ss
w

it
h

it
s

sm
o
ot

h
ap

p
ro

x
im

at
io

n
K
h
(u

)
=
u
H

(u h
),

w
h
er

e
h

is
th

e
b
a
n
d
w

id
th

.
A

s
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D
ist

r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

F
ig

u
re

1
:

A
n

ex
am

p
le

of
th

e
sm

o
oth

ed
h
in

ge
loss

fu
n
ction

K
h

w
ith

d
iff

eren
t

b
an

d
w

id
th
h

.
S
ee

S
ection

5
for

d
etails

in
th

e
con

stru
ction

of
H

(·).

th
e

b
a
n
d
w

id
th

h
→

0,
H

(
uh

)
an

d
1h
H
′(
uh

)
ap

p
roach

es
th

e
in

d
icator

fu
n
ction

I{
u
≥

0}
an

d
D

ira
c

d
elta

fu
n
ction

δ(u
)

resp
ectively,

an
d
K
h (u

)
ap

p
rox

im
a
tes

th
e

h
in

ge
loss

m
ax

(u
,0)

(see
F

ig
u
re

1
for

an
ex

am
p
le

of
K
h

w
ith

d
iff

eren
t

b
an

d
w

id
th

s).
T

o
m

otiva
te

o
u
r

lin
ear-ty

p
e

estim
a
to

r,
w

e
fi
rst

con
sid

er
th

e
follow

in
g

estim
ator

w
ith

th
e

n
on

-sm
o
oth

h
in

ge
loss

in
lin

ear
S
V

M
rep

la
ced

b
y

its
sm

o
oth

ap
p
rox

im
ation

:

β̃
h

=
arg

m
in

β̃∈
R
p
+
1

1n

n
∑i=

1 [1−
y
i l(X

i ;β̃
) ]
H

(
1−

y
i l(X

i ;β̃
)

h

)
+
λ2 ‖β‖

22

=
arg

m
in

β̃∈
R
p
+
1

1n

n
∑i=

1

K
h (1−

y
i l(X

i ;β̃
))

+
λ2 ‖
β‖

22 .

(6)

S
in

ce
th

e
o
b

jective
fu

n
ction

is
d
iff

eren
tiab

le
an

d
d
K
h

(x
)

d
x

=
H

(x
/h

)
+

xh
H
′(x
/h

),
b
y

th
e

fi
rst

o
rd

er
co

n
d
ition

(i.e.,
settin

g
th

e
d
erivativ

e
of

th
e

ob
jectiv

e
fu

n
ction

in
(6)

to
zero),

β̃
h

sa
tisfi

es

1n

n
∑i=

1 (−
y
i X̃

i ) [
H

(
1−

y
i l(X

i ;β̃
h )

h

)
+

1−
y
i l(X

i ;β̃
h )

h
H
′ (

1−
y
i l(X

i ;β̃
h )

h

)
]

+
λ (

0β
h )

=
0.

W
e

fi
rst

rea
rra

n
ge

th
e

eq
u
ation

an
d

ex
p
ress

β̃
h

b
y

β̃
h

=

[
1n

n
∑i=

1

X̃
i X̃

Ti

1h
H
′ (

1−
y
i l(X

i ;β̃
h )

h

)
]
−

1

×
{

1n

n
∑i=

1

y
i X̃

i [
H

(
1−

y
i l(X

i ;β̃
h )

h

)
+

1h
H
′ (

1−
y
i l(X

i ;β̃
h )

h

)
]
−
λ (

0β
h ) }

.(7)
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W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

T
h
is

fi
x
ed

-p
oin

t
form

form
u
la

for
β̃
h

can
n
ot

b
e

solved
ex

p
licitly

sin
ce
β̃
h

ap
p

ears
o
n

b
oth

sid
es

of
(7).

N
everth

eless,
β̃
h

is
n
ot

ou
r

fi
n
al

estim
ato

r
an

d
is

m
ain

ly
in

tro
d
u
ced

to
m

otivate
ou

r
estim

ator.
T

h
e

key
id

ea
is

to
rep

lace
β̃
h

on
th

e
righ

t
h
an

d
sid

e
of

(7)
b
y

a
con

sisten
t

in
itial

estim
ator

β̃
0

(e.g.,
β̃

0
can

b
e

con
stru

cted
b
y

solv
in

g
a

lin
ear

S
V

M
on

a
sm

all
b
atch

of
sam

p
les).

T
h
en

,
w

e
ob

tain
th

e
follow

in
g

lin
ear-ty

p
e

estim
ator

for
β̃
∗:

β̃
=

[
1n

n
∑i=

1

X̃
i X̃

Ti

1h
H
′ (

1−
y
i l(X

i ;β̃
0 )

h

)
]
−

1

×
{

1n

n
∑i=

1

y
i X̃

i [
H

(
1−

y
i l(X

i ;β̃
0 )

h

)
+

1h
H
′ (

1−
y
i l(X

i ;β̃
0 )

h

)
]
−
λ (

0β
0 ) }

.

(8)

N
otice

th
at

(8)
h
as

a
sim

ilar
stru

ctu
re

as
w

eigh
ted

least
sq

u
ares

(see
th

e
ex

p
lan

ation
s

in
th

e
p
aragrap

h
b

elow
(1)

in
th

e
in

tro
d
u
ction

).
A

s
sh

ow
n

in
th

e
follow

in
g

section
,

th
is

w
eigh

ted
least

sq
u
ares

form
u
lation

can
b

e
com

p
u
ted

effi
cien

tly
in

a
d
istrib

u
ted

settin
g.

3
.3

.
M

u
lti-R

o
u

n
d

D
istrib

u
te

d
L

in
e
a
r-ty

p
e

(M
D

L
)

E
stim

a
to

r

It
is

im
p

ortan
t

to
n
otice

th
at

given
th

e
in

itial
estim

ato
r
β̃

0 ,
th

e
lin

ear-ty
p

e
estim

ator
in

(8)
on

ly
in

volv
es

su
m

m
ation

of
m

atrices
an

d
vectors

com
p
u
ted

for
each

in
d
iv

id
u
al

d
ata

p
oin

t.
T

h
erefore

b
ased

on
(8),

w
e

w
ill

con
stru

ct
a

m
u
lti-rou

n
d

d
istrib

u
ted

lin
ear-ty

p
e

estim
ator

(M
D

L
estim

ator)
th

at
can

b
e

effi
cien

tly
im

p
lem

en
ted

in
a

d
istrib

u
ted

settin
g.

F
irst,

let
u
s

assu
m

e
th

at
th

e
total

d
ata

in
d
ices

{1
,...,n}

are
d
iv

id
ed

in
to

N
su

b
sets

{H
1 ,...,H

N }
w

ith
eq

u
al

size
m

=
n
/N

.
D

en
ote

b
y
D
k

=
{
(X

i ,y
i )

:
i∈
H
k }

th
e

d
ata

in
th

e
k
-th

lo
cal

m
ach

in
e.

In
ord

er
to

com
p
u
te
β̃

,
for

each
b
atch

of
d
ata
D
k

for
k

=
1,...,N

,
w

e
d
efi

n
e

th
e

follow
in

g
q
u
an

tities

U
k

=
1n

∑i∈H
k

y
i X̃

i [
H

(
1−

y
i l(X

i ;β̃
0 )

h

)
+

1h
H
′ (

1−
y
i l(X

i ;β̃
0 )

h

)
]
,

V
k

=
1n

∑i∈H
k

X̃
i X̃

Ti

1h
H
′ (

1−
y
i l(X

i ;β̃
0 )

h

)
.

(9)

G
iven

β̃
0 ,

th
e

q
u
an

tities
U
k ,V

k
can

b
e

com
p
u
ted

in
d
ep

en
d
en

tly
in

each
m

ach
in

e
an

d
on

ly
(U

k ,V
k )

h
as

to
b

e
stored

an
d

tran
sferred

to
th

e
cen

tral
m

a
ch

in
e.

T
h
en

a
fter

receiv
in

g
(U

k ,V
k )

from
all

th
e

m
ach

in
es,

th
e

cen
tral

m
ach

in
e

can
aggregate

th
e

d
ata

an
d

com
p
u
te

th
e

estim
ator

b
y

β̃
(1

)
=

(
N
∑k

=
1

V
k )
−

1 (
N
∑k

=
1

U
k −

λ (
0β
0 ) )

.

T
h
en
β̃

(1
)

can
b

e
sen

t
to

all
th

e
m

ach
in

es
to

rep
eat

th
e

w
h
ole

p
ro

cess
to

con
stru

ct
β̃

(2
)

u
sin

g
β̃

(1
)

as
th

e
n
ew

in
itial

estim
ator.

T
h
e

algorith
m

is
rep

eated
q

tim
es

fo
r

a
p
re-sp

ecifi
ed

q
(see

E
q
u
ation

21
for

d
etails),

an
d
β̃

(q
)

is
taken

to
b

e
th

e
fi
n
al

estim
ato

r
(see

A
lgorith

m
1

for
d
etails).

W
e

n
am

e
th

is
estim

ator
as

th
e

m
u
lti-rou

n
d

d
istrib

u
ted

lin
ear-ty

p
e

(M
D

L
)

estim
ator.
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D
is
t
r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

A
lg

o
ri

th
m

1
M

u
lt

i-
ro

u
n
d

d
is

tr
ib

u
te

d
li
n
ea

r-
ty

p
e

es
ti

m
at

or
(M

D
L

)
fo

r
S
V

M

In
p

u
t:

S
am

p
le

s
st

or
ed

in
th

e
m

ac
h
in

es
{D

1
,.
..
,D

N
},

th
e

n
u
m

b
er

of
it

er
at

io
n
s
q,

sm
o
ot

h
fu

n
ct

io
n
H

,
b
an

d
w

id
th

s
{h

1
,.
..
,h

q
}

an
d

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ

.
1
:

fo
r
g

=
1,
..
.,
q

d
o

2
:

if
g

=
1

th
e
n

3
:

C
om

p
u
te

th
e

in
it

ia
l

es
ti

m
at

or
b
as

ed
on
D 1

:

β̃
0

=
ar

g
m

in
β̃
∈R

p
+
1

1 m

∑ i∈
H

1

( 1
−
y i
l(
X

i;
β̃

)) +
.

4
:

e
ls

e

5
:

β̃
0

=
β̃

(g
−

1
)

6
:

e
n

d
if

7
:

β̃
0

is
tr

an
sf

er
re

d
to

al
l

th
e

lo
ca

l
m

ac
h
in

es
.

8
:

fo
r
k

=
1,
..
.,
N

d
o

9
:

C
om

p
u
te

(U
k
,V

k
)

ac
co

rd
in

g
to

(9
)

w
it

h
d
at

a
in
D k

u
si

n
g

th
e

b
an

d
w

id
th
h
g
.

1
0
:

T
ra

n
sf

er
(U

k
,V

k
)

to
th

e
ce

n
tr

al
m

ac
h
in

e.
1
1
:

e
n

d
fo

r

1
2
:

T
h
e

ce
n
tr

al
m

ac
h
in

e
co

m
p
u
te

s
th

e
es

ti
m

at
or
β̃

(g
)

b
y

β̃
(g

)
=

(
N ∑ k
=

1

V
k

)
−

1
(

N ∑ k
=

1

U
k
−
λ

(
0 β
0

))
.

(1
0)

1
3
:

e
n

d
fo

r

O
u

tp
u

t:
T

h
e

fi
n
al

M
D

L
es

ti
m

at
or
β̃

(q
) .

W
e

n
ot

ic
e

th
at

in
st

ea
d

of
co

m
p
u
ti

n
g

m
at

ri
x

in
ve

rs
io

n
( ∑

N k
=

1
V
k

) −
1

in
ev

er
y

it
er

at
io

n

w
h
ic

h
h
as

a
co

m
p
u
ta

ti
on

co
st
O

(p
3
),

on
e

on
ly

n
ee

d
s

to
so

lv
e

a
li
n
ea

r
sy

st
em

in
(1

0)
.

L
in

ea
r

sy
st

em
h
as

b
ee

n
st

u
d
ie

d
in

n
u
m

er
ic

op
ti

m
iz

at
io

n
fo

r
se

ve
ra

l
d
ec

ad
es

an
d

m
an

y
effi

ci
en

t
al

go
ri

th
m

s
h
av

e
b

ee
n

d
ev

el
op

ed
,

su
ch

as
co

n
ju

ga
te

gr
ad

ie
n
t

m
et

h
o
d

(H
es

te
n
es

an
d

S
ti

ef
el

,
19

52
).

W
e

al
so

n
ot

ic
e

th
at

w
e

on
ly

h
av

e
to

so
lv

e
a

si
n
gl

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
on

on
e

lo
ca

l
m

ac
h
in

e
to

co
m

p
u
te

th
e

in
it

ia
l
es

ti
m

at
or

.
T

h
en

at
ea

ch
it

er
at

io
n
,
on

ly
m

at
ri

x
m

u
lt

ip
li
ca

ti
on

an
d

su
m

m
at

io
n

n
ee

d
s

to
b

e
co

m
p
u
te

d
lo

ca
ll
y

w
h
ic

h
m

ak
es

th
e

al
go

ri
th

m
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t.

It
is

w
or

th
w

h
il
e

n
ot

ic
in

g
th

at
ac

co
rd

in
g

to
T

h
eo

re
m

2
in

S
ec

ti
on

4,
u
n
d
er

so
m

e

m
il
d

co
n
d
it

io
n
s,

if
w

e
ch

o
os

e
h

:=
h
g

=
m

ax
( λ
,√

p
/n
,(
p
/m

)2
g
−
2
)

fo
r

1
≤
g
≤
q,

th
e

M
D

L
es

ti
m

at
or
β̃

(q
)

ac
h
ie

ve
s

op
ti

m
al

st
at

is
ti

ca
l

effi
ci

en
cy

as
lo

n
g

as
q

sa
ti

sfi
es

(2
1)

,
w

h
ic

h
is

u
su

al
ly

a
sm

al
l

n
u
m

b
er

.
T

h
er

ef
or

e,
a

fe
w

ro
u
n
d
s

of
it

er
at

io
n
s

w
ou

ld
gu

ar
an

te
e

go
o
d

p
er

fo
rm

an
ce

fo
r

th
e

M
D

L
es

ti
m

at
or

.

F
or

th
e

ch
oi

ce
of

th
e

in
it

ia
l

es
ti

m
at

or
in

th
e

fi
rs

t
it

er
at

io
n
,

w
e

p
ro

p
os

e
to

co
n
st

ru
ct

it
b
y

so
lv

in
g

th
e

or
ig

in
al

S
V

M
op

ti
m

iz
at

io
n

(2
)

on
ly

on
a

sm
al

l
b
at

ch
of

sa
m

p
le

s
(e

.g
.,

th
e

sa
m

p
le

s
on

th
e

fi
rs

t
m

ac
h
in

e
D 1

).
T

h
e

es
ti

m
at

or
β̃

0
is

o
n
ly

a
cr

u
d
e

es
ti

m
at

or
fo

r
β̃
∗ ,

b
u
t

w
e

w
il
l

p
ro

ve
la

te
r

th
at

it
is

en
o
u
gh

fo
r

th
e

al
go

ri
th

m
to

p
ro

d
u
ce

a
n

es
ti

m
at

or
w

it
h

9
JM

L
R

 2
0(

11
3)

:1
-4

1,
 2

01
9

W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

op
ti

m
al

st
at

is
ti

ca
l

effi
ci

en
cy

u
n
d
er

so
m

e
re

gu
la

ri
ty

co
n
d
it

io
n
s.

In
p
ar

ti
cu

la
r,

if
w

e
co

m
p
u
te

th
e

in
it

ia
l

es
ti

m
at

or
in

th
e

fi
rs

t
ro

u
n
d

on
th

e
fi
rs

t
b
at

ch
of

d
at

a,
w

e
w

il
l

so
lv

e
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m

β̃
0

=
ar

g
m

in
β̃
∈R

p
+
1

1 m

∑ i∈
H

1

( 1
−
y i
l(
X

i;
β̃

)) +
.

T
h
en

w
e

h
av

e
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
fr

o
m

Z
h
an

g
et

al
.

(2
01

6b
).

P
ro

p
o
si

ti
o
n

1
(Z

h
a
n

g
e
t

a
l.

(2
0
1
6
b

))
U

n
d
er

co
n

d
it

io
n

s
(C

1
)-

(C
6
)

in
Z

h
a
n

g
et

a
l.

(2
0
1
6
b)

,
w

e
h
a
ve

‖β̃
0
−
β̃
∗ ‖

2
=
O

P
(√

p
/
m

).

A
cc

or
d
in

g
to

ou
r

T
h
eo

re
m

1,
th

e
in

it
ia

l
es

ti
m

at
or
β̃

0
n
ee

d
s

to
sa

ti
sf

y
‖β̃

0
−
β̃
∗ ‖

2
=

O
P
(√

p
/m

),
an

d
th

er
ef

or
e

th
e

es
ti

m
at

or
co

m
p
u
te

d
on

th
e

fi
rs

t
m

ac
h
in

e
is

a
va

li
d

in
it

ia
l

es
ti

m
at

or
.

O
n

th
e

ot
h
er

h
an

d
,

on
e

ca
n

a
lw

ay
s

u
se

d
iff

er
en

t
a
p
p
ro

ac
h
es

to
co

n
st

ru
ct

th
e

in
it

ia
l

es
ti

m
at

or
β̃

0
as

lo
n
g

as
it

is
a

co
n
si

st
en

t
es

ti
m

at
or

.

R
e
m

a
rk

1
W

e
n
ot

e
th

at
al

th
ou

gh
A

lg
or

it
h
m

1
h
as

a
si

m
il
ar

fo
rm

as
th

e
D

C
-L

E
Q

R
es

ti
-

m
at

or
fo

r
q
u
an

ti
le

re
gr

es
si

on
(Q

R
)

in
C

h
en

et
a
l.

(2
01

8)
,

th
e

st
ru

ct
u
re

s
of

th
e

S
V

M
a
n
d

Q
R

p
ro

b
le

m
s

ar
e

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t
a
n
d

th
u
s

th
e

th
eo

re
ti

ca
l

d
ev

el
op

m
en

t
fo

r
es

ta
b
li
sh

in
g

th
e

B
ah

ad
u
r

re
p
re

se
n
ta

ti
on

s
fo

r
S
V

M
is

m
or

e
ch

al
le

n
gi

n
g.

T
o

se
e

th
at

,
le

t
u
s

re
ca

ll
th

e
q
u
an

ti
le

re
gr

es
si

on
m

o
d
el

:

Y
=
X̃

T
β̃
∗

+
ε,

(1
1
)

w
h
er

e
ε

is
th

e
u
n
ob

se
rv

ed
ra

n
d
om

n
oi

se
sa

ti
sf

y
in

g
P

r(
ε
≤

0|
X̃

)
=
τ

an
d
τ

is
k
n
ow

n
a
s

th
e

q
u
an

ti
le

le
v
el

.
T

h
e

as
y
m

p
to

ti
c

re
su

lt
s

of
Q

R
es

ti
m

at
or

s
h
ea

v
il
y

re
ly

on
th

e
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
as

su
m

p
ti

on
on

th
e

co
n
d
it

io
n
al

d
en

si
ty

f
(ε
|X̃

)
of
ε

gi
ve

n
X̃

,
w

h
ic

h
h
a
s

b
ee

n

as
su

m
ed

in
al

m
os

t
al

l
ex

is
ti

n
g

li
te

ra
tu

re
.

In
th

e
S
V

M
p
ro

b
le

m
,
th

e
q
u
an

ti
ty
ε

:=
1
−
Y
X̃

T
β̃
∗

p
la

y
s

a
si

m
il
ar

ro
le

as
th

e
n
oi

se
in

a
re

gr
es

si
on

p
ro

b
le

m
.

H
ow

ev
er

,
si

n
ce

Y
∈
{−

1
,1
}

is

b
in

ar
y,

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
f

(ε
|X̃

)
b

ec
o
m

es
a

tw
o-

p
oi

n
t

d
is

tr
ib

u
ti

o
n
,

w
h
ic

h
n
o

lo
n
ge

r
h
as

a
d
en

si
ty

fu
n
ct

io
n
.

T
o

ad
d
re

ss
th

is
ch

al
le

n
ge

an
d

d
er

iv
e

th
e

as
y
m

p
to

ti
c

b
eh

av
io

r
of

S
V

M
,

w
e

d
ir

ec
tl

y
w

or
k

on
th

e
jo

in
t

d
is

tr
ib

u
ti

on
of
ε

an
d
X̃

.
A

s
th

e
d
im

en
si

o
n

o
f
X̃

(i
.e

.,
p

+
1)

ca
n

go
to

in
fi
n
it

y,
w

e
u
se

a
sl

ic
in

g
te

ch
n
iq

u
e

b
y

co
n
si

d
er

in
g

th
e

on
e-

d
im

en
si

o
n
al

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
of
X̃

(s
ee

C
on

d
it

io
n

(C
2)

an
d

p
ro

of
of

T
h
eo

re
m

1
fo

r
m

o
re

d
et

a
il
s)

.

3
.4

.
C

o
m

m
u

n
ic

a
ti

o
n

-E
ffi

c
ie

n
t

Im
p

le
m

e
n
ta

ti
o
n

In
th

is
se

ct
io

n
,

w
e

d
is

cu
ss

a
co

m
m

u
n
ic

at
io

n
-e

ffi
ci

en
t

im
p
le

m
en

ta
ti

on
of

th
e

p
ro

p
o
se

d
M

D
L

es
ti

m
at

or
.

N
ot

e
th

at
in

A
lg

or
it

h
m

1,
ea

ch
lo

ca
l

m
ac

h
in

e
tr

an
sm

it
s

a
(p

+
1
)-

b
y
-(
p

+
1)

m
at

ri
x
V
k

to
th

e
ce

n
tr

al
m

ac
h
in

e
at

ea
ch

it
er

at
io

n
.

In
fa

ct
,

th
e

co
m

m
u
n
ic

at
io

n
o
f

(p
+

1)
-

b
y
-(
p

+
1)

m
at

ri
ce

s
ca

n
b

e
av

oi
d
ed

b
y

u
si

n
g

th
e

ap
p
ro

x
im

at
e

N
ew

to
n

m
et

h
o
d

(s
ee

,
e.

g
.,

S
h
am

ir
et

al
.,

20
14

;
W

an
g

et
al

.,
20

17
;

J
or

d
an

et
al

.,
20

18
).

In
st

ea
d

of
tr

a
n
sm

it
ti

n
g

th
e

H
es

si
an

m
at

ri
x
V
k
,

w
e

w
il
l

on
ly

u
se

th
e

lo
ca

l
H

es
si

an
m

at
ri

x
V

1
co

m
p
u
te

d
o
n

th
e

fi
rs

t

m
ac

h
in

e.
M

or
e

sp
ec

ifi
ca

ll
y,

th
e

es
ti

m
at

or
β̃

(g
)

in
(1

0)
es

se
n
ti

al
ly

so
lv

es
th

e
m

in
im

iz
a
ti

o
n

p
ro

b
le

m

ar
g

m
in

β̃
∈R

p
+
1

1 2
β̃

T

(
N ∑ k
=

1

V
k

)
β̃
−
β̃

T

(
N ∑ k
=

1

U
k
−
λ

(
0 β
0

))
.

(1
2
)

1
0

JM
L

R
 2

0(
11

3)
:1

-4
1,

 2
01

9



D
ist

r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

T
h
e

ap
p
rox

im
a
te

N
ew

ton
m

eth
o
d

u
ses

th
e

follow
in

g
iteration

s
to

solve
th

e
ab

ove
m

in
im

iza-
tio

n
p
ro

b
lem

:

β̃
(g
,t)

=
β̃

(g
,t−

1
)−
(
N
V̂

1 )
−

1 (
N
∑k

=
1 (
V
k β̃

(g
,t−

1
)−

U
k )

+
λ (

0β
0 ) )

,
β̃

(g
,0

)
=
β̃

0 ,
(1

3)

a
s

a
n

in
n
er

iterative
p
ro

ced
u
re,

w
h
ich

ap
p
rox

im
ately

solves
th

e
eq

u
ation

(10).
In

(13),
w

e
let

V̂
1

=
V

1
in

(9)
w

ith
th

e
b
an

d
w

id
th

h
=
√
p
/m

.
T

h
e

m
atrix

N
V̂

1
is

u
sed

to

a
p
p
rox

im
a
te

th
e

H
essian

m
atrix

∑
Nk
=

1
V
k

in
(12).

T
o

com
p
u
te

th
e

m
in

im
izer

of
(1

3),
w

e

n
o
te

th
a
t

th
e

m
atrix

V̂
1

on
ly

in
volves

th
e

d
ata

on
th

e
fi
rst

m
ach

in
e,

a
n
d

th
u
s

th
ere

is
n
o

n
eed

to
co

m
m

u
n
icate

(p
+

1)-b
y
-(p

+
1)

m
atrices

to
com

p
u
te

(13).
In

fact,
ea

ch
lo

cal

m
a
ch

in
e

o
n
ly

tran
sm

its
a

(p
+

1)-b
y
-1

v
ector

V
k β̃

(g
,t−

1
)−

U
k

to
th

e
cen

tral
m

ach
in

e.
W

e
p
resen

t
th

e
en

tire
com

m
u
n
ication

-effi
cien

t
im

p
lem

en
tatio

n
in

A
lgorith

m
2.

R
eca

ll
th

a
t
β̃

(g
)

is
th

e
estim

ator
d
efi

n
ed

in
(1

0).
It

is
easy

to
sh

ow
th

at
β̃

(g
,t)

in
(13)

co
n
verg

es
to
β̃

(g
)

at
a

su
p

er-lin
ear

rate:

‖β̃
(g
,t)−

β̃
(g

)‖
2 ≤

∥∥∥
I−

V̂
−

1

1

1N

N
∑k

=
1

V
k ∥∥∥ ‖β̃

(g
,t−

1
)−

β̃
(g

)‖
2 ,

w
h
ere
‖·‖

d
en

otes
th

e
sp

ectral
n
orm

of
a

m
atrix

.
B

y
rep

ea
ted

ly
ap

p
ly

in
g

th
e

argu
m

en
t,

w
e

h
ave

th
e

fo
llow

in
g

p
rop

osition
,

w
h
ose

p
ro

of
is

relegated
to

A
p
p

en
d
ix

A
.3.

P
ro

p
o
sitio

n
2

A
ssu

m
e

th
a
t

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
1

in
S

ectio
n

4
h
o
ld

.
S

u
p
po

se
th

a
t

p
=
O

(m
ν)

fo
r

so
m

e
0
<
ν
<

1
a
n

d
n

=
O

(m
A

)
fo

r
so

m
e
A
>

0.
W

e
h
a
ve

‖
β̃

(g
,t)−

β̃
(g

)‖
2

=
O

P (m
−
δ
t)

(14)

fo
r

so
m

e
co

n
sta

n
t
δ
>

0
,

w
h
ere

δ
a
n

d
O

P (1)
d
o

n
o
t

d
epen

d
o
n
t.

P
ro

p
o
sitio

n
2

a
n
d

th
e

con
vergen

ce
ra

te
of
β̃

(g
)

(see
T

h
eorem

1)
im

p
ly

th
at

th
e

in
n
er

p
ro-

ced
u
re

ta
kes

a
t

m
ost

con
stan

t-valu
ed

iteration
s

to
ach

ieve
th

e
sam

e
con

vergen
ce

rate
as

β̃
(g

).
T

h
erefo

re
th

e
th

eoretical
resu

lts
of

th
e

M
D

L
estim

ator
in

A
lgorith

m
1

(see
T

h
eorem

1
a
n
d

2
in

S
ection

4)
still

h
old

for
A

lgorith
m

2.
In

su
m

m
ary,

as
com

p
ared

to
A

lgorith
m

1
,

A
lg

o
rith

m
2

on
ly

req
u
ires

O
(p

)
com

m
u
n
ication

cost
for

each
lo

cal
m

a
ch

in
e.

T
h
erefore,

A
lg

o
rith

m
2

is
com

m
u
n
ication

ally
m

ore
effi

cien
t

w
h
en

p
is

large.

4
.
T
h
e
o
re
tica

l
R
e
su

lts

In
th

is
sectio

n
,

w
e

give
a

B
ah

ad
u
r

rep
resen

tation
of

th
e

M
D

L
estim

a
tor

β̃
(q

)
an

d
esta

b
lish

its
a
sy

m
p
to

tic
n
orm

ality
resu

lt.
F

rom
(8

),
th

e
d
iff

eren
ce

b
etw

een
th

e
M

D
L

estim
ator

an
d

th
e

tru
e

co
effi

cien
t

can
b

e
w

ritten
as

β̃
−
β̃
∗

=
D
−

1
n
,h (

A
n
,h −

λ (
0β
0 ))

,
(15)

w
h
ere

A
n
,h

=
A
n
,h (β̃

0 ),
D
n
,h

=
D
n
,h (β̃

0 ),
an

d
for

an
y
α̃

,
A
n
,h (α̃

)
an

d
D
n
,h (α̃

)
a
re

d
efi

n
ed

a
s

fo
llow

s,

1
1

JM
L

R
 20(113):1-41, 2019

W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

A
lg

o
rith

m
2

C
om

m
u
n
ication

-effi
cien

t
M

D
L

for
S
V

M

In
p

u
t:

S
am

p
les

stored
in

th
e

m
ach

in
es{D

1 ,...,D
N },

th
e

n
u
m

b
er

of
ou

ter
iteration

s
q,

th
e

n
u
m

b
er

of
in

n
er

iteration
s
T

,
sm

o
oth

fu
n
ction

H
,

b
an

d
w

id
th

s{
h

1 ,...,h
q }

an
d

regu
lar-

ization
p
aram

eter
λ

.
1
:

fo
r
g

=
1,...,q

d
o

2
:

if
g

=
1

th
e
n

3
:

C
om

p
u
te

th
e

in
itial

estim
ator

b
ased

on
D

1 :

β̃
0

=
arg

m
in

β̃∈
R
p
+
1

1m

∑i∈H
1 (

1−
y
i l(X

i ;β̃
) )

+
.

4
:

e
lse

5
:

β̃
0

=
β̃

(g−
1
)

6
:

e
n

d
if

7
:

L
et
β̃

(g
,0

)
=
β̃

0 .
8
:

fo
r
t

=
1,...,T

d
o

9
:

β̃
(g
,t−

1
)

is
tran

sferred
to

a
ll

th
e

lo
cal

m
ach

in
es.

1
0
:

fo
r
k

=
1,...,N

d
o

1
1
:

C
om

p
u
te
V
k β̃

(g
,t−

1
)−

U
k

an
d

tran
sfer

it
to

th
e

cen
tral

m
ach

in
e.

1
2
:

e
n

d
fo

r

1
3
:

T
h
e

cen
tral

m
ach

in
e

com
p
u
tes

β̃
(g
,t)

b
y

β̃
(g
,t)

=
β̃

(g
,t−

1
)−
(
N
V̂

1 )
−

1 (
N
∑k

=
1 (
V
k β̃

(g
,t−

1
)−

U
k )

+
λ (

0β
0 ) )

,

1
4
:

w
h
ere

V̂
1

is
d
efi

n
ed

as
V

1
in

(9)
b
u
t

w
ith

th
e

b
an

d
w

id
th
h

=
√
p
/m

.
1
5
:

e
n

d
fo

r

1
6
:

L
et
β̃

(g
)

=
β̃

(g
,T

).
1
7
:

e
n

d
fo

r

O
u

tp
u

t:
T

h
e

fi
n
al

M
D

L
estim

ator
β̃

(q
).

A
n
,h (α̃

)
=

1n

n
∑i=

1

y
i X̃

i [
H

(
1−

y
i l(X

i ;α̃
)

h

)
+

1−
y
i l(X

i ;β̃
∗)

h
H
′ (

1−
y
i l(X

i ;α̃
)

h

) ]
,

D
n
,h (α̃

)
=

1n
h

n
∑i=

1

X̃
i X̃

Ti
H
′ (

1−
y
i l(X

i ;α̃
)

h

)
.
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L
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r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

F
or

a
go

o
d

in
it

ia
l

es
ti

m
at

or
β̃

0
w

h
ic

h
is

cl
os

e
to
β̃
∗ ,

th
e

q
u
an

ti
ti

es
A
n
,h

(β̃
0
)

an
d

D
n
,h

(β̃
0
)

ar
e

cl
os

e
to
A
n
,h

(β̃
∗ )

an
d
D
n
,h

(β̃
∗ ).

R
ec

a
ll

th
at
ε i

=
1
−
y i
X̃

T i
β̃
∗

an
d

w
e

h
av

e

A
n
,h

(β̃
∗ )

=
1 n

n ∑ i=
1

y i
X̃

i

[ H
( ε

i h

)
+
ε i h
H
′(
ε i h

)]
,

D
n
,h

(β̃
∗ )

=
1 n
h

n ∑ i=
1

X̃
iX̃

T i
H
′(
ε i h

) .

W
h
en
h

is
cl

os
e

to
ze

ro
,
th

e
te

rm
H
( ε
i h

) +
ε i h
H
′(
ε i h

) in
p
ar

en
th

es
is

of
A
n
,h

(β̃
∗ )

ap
p
ro

x
im

at
es

I
{ε
i
≥

0
}.

T
h
er

ef
or

e,
A
n
,h

(β̃
∗ )

w
il
l

b
e

cl
os

e
to

1 n

∑
n i=

1
y i
X̃

iI
{ε
i
≥

0}
.

M
or

eo
ve

r,
si

n
ce

1 h
H
′ (
·/
h

)
ap

p
ro

x
im

at
es

D
ir

ac
d
el

ta
fu

n
ct

io
n

as
h
→

0,
D
n
,h

(β̃
∗ )

ap
p
ro

ac
h
es

D
n
(β̃
∗ )

=
1 n

n ∑ i=
1

[δ
(ε
i)
X̃

iX̃
T i

].

W
h
en

n
is

la
rg

e,
D
n
(β̃
∗ )

w
il
l

b
e

cl
os

e
to

it
s

co
rr

es
p

on
d
in

g
p

op
u
la

ti
o
n

q
u
a
n
ti

ty
D

(β̃
∗ )

=

E[
δ(
ε)
X̃
X̃

T
]

d
efi

n
ed

in
(5

).

A
cc

or
d
in

g
to

th
e

ab
ov

e
ar

gu
m

en
t,

w
h
en
β̃

0
is

cl
os

e
to
β̃
∗ ,
A
n
,h

(β̃
0
)

an
d
D
n
,h

(β̃
0
)

ap
p
ro

x
im

at
e

1 n

∑
n i=

1
y i
X̃

iI
{ε
i
≥

0}
an

d
D

(β̃
∗ ),

re
sp

ec
ti

ve
ly

.
T

h
er

ef
or

e,
b
y

(1
5)

,
w

e
w

ou
ld

ex
p

ec
t
β̃
−
β̃
∗

to
b

e
cl

os
e

to
th

e
fo

ll
ow

in
g

q
u
an

ti
ty

,

D
(β̃
∗ )−

1

(
1 n

n ∑ i=
1

y i
X̃

iI
{ε
i
≥

0
}−

λ

(
0 β
∗))

.
(1

6)

W
e

w
il
l

se
e

la
te

r
th

at
(1

6)
is

ex
ac

tl
y

th
e

m
ai

n
te

rm
of

th
e

B
a
h
ad

u
r

re
p
re

se
n
ta

ti
on

of
th

e
es

ti
m

at
or

.
N

ex
t,

w
e

fo
rm

al
iz

e
th

es
e

st
at

em
en

ts
an

d
p
re

se
n
t

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
A
n
,h

an
d
D
n
,h

in
P

ro
p

os
it

io
n

3
an

d
4.

T
h
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
th

e
M

D
L

es
ti

m
at

or
w

il
l

b
e

p
ro

v
id

ed
in

T
h
eo

re
m

1.
T

o
th

is
en

d
,

w
e

fi
rs

t
in

tr
o
d
u
ce

so
m

e
n
ot

at
io

n
s

an
d

as
su

m
p
ti

on
s

fo
r

th
e

th
eo

re
ti

ca
l

re
su

lt
.

R
ec

al
l

th
at
β
∗

=
(β
∗ 1
,.
..
,β
∗ p)

T
an

d
fo

r
X

=
(X

1
,.
..
,X

p
)T

,
le

t
X
−
s

b
e

a
(p
−

1)
-

d
im

en
si

on
al

ve
ct

or
w

it
h
X
s

re
m

ov
ed

fr
o
m
X

.
S
im

il
ar

n
ot

at
io

n
s

ar
e

u
se

d
fo

r
β

.
S
in

ce
w

e
as

su
m

ed
th

at
β̃
∗
6=

0
,

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
β
∗ 1
6=

0
an

d
it

s
a
b
so

lu
te

va
lu

e
is

lo
w

er
b

ou
n
d
ed

b
y

so
m

e
co

n
st

an
t
c
>

0
(i

.e
.,
|β
∗ 1
|≥

c)
.

L
et
f

a
n
d
g

b
e

th
e

d
en

si
ty

fu
n
ct

io
n
s

of
X

w
h
en
Y

=
1

an
d
Y

=
−

1
re

sp
ec

ti
ve

ly
.

L
et
f

(x
|X
−

1
)

b
e

th
e

co
n
d
it

io
n
al

d
en

-
si

ty
fu

n
ct

io
n

of
X

1
gi

ve
n

(X
2
,.
..
,X

p
)T

an
d
f −

1
(x
−

1
)

b
e

th
e

jo
in

t
d
en

si
ty

of
(X

2
,.
..
,X

p
)T

.
S
im

il
ar

n
ot

at
io

n
s

ar
e

u
se

d
fo

r
g
(·)

.
W

e
st

at
e

so
m

e
re

gu
la

ri
ty

co
n
d
it

io
n
s

to
fa

ci
li
ta

te
th

eo
re

ti
ca

l
d
ev

el
op

m
en

t
of

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
A
n
,h

an
d
D
n
,h

.

(C
0)

T
h
er

e
ex

is
ts

a
u
n
iq

u
e

n
on

ze
ro

m
in

im
iz

er
β̃
∗

fo
r

(4
)

w
it

h
S

(β̃
∗ )

=
0,

an
d
c
≤

λ
m

in
(D

(β̃
∗ ))
≤
λ

m
a
x
(D

(β̃
∗ ))
≤
c−

1
fo

r
so

m
e

co
n
st

an
t
c
>

0.

(C
1)
|β
∗ 1
|≥

c
an

d
‖β̃
∗ ‖

2
≤
C

fo
r

so
m

e
co

n
st

an
ts
c,
C
>

0.
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W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

(C
2)

A
ss

u
m

e
th

at
su

p
x
∈R
|f

(x
|X
−

1
)|
≤
C

,
su

p
x
∈R
|f
′ (
x
|X
−

1
)|
≤
C

,
su

p
x
∈R
|x
f
′ (
x
|X
−

1
)|
≤

C
,

su
p
x
∈R
|x
f

(x
|X
−

1
)|
≤
C

,
su

p
x
∈R
|x

2
f

(x
|X
−

1
)|
≤
C

an
d

su
p
x
∈R
|x

2
f
′ (
x
|X
−

1
)|
≤

C
fo

r
so

m
e

co
n
st

an
t
C
>

0.
A

ls
o

as
su

m
e
∫ R
|x
|f

(x
|X
−

1
)d
x
<
∞

.
S
im

il
a
r

a
ss

u
m

p
ti

o
n
s

ar
e

m
ad

e
fo

r
g
(·)

.

(C
3)

A
ss

u
m

e
th

at
p

=
o(
n
h
/

lo
g
n

)
an

d
su

p
‖v
‖ 2
≤

1
E

ex
p
(t

0
|v

T
X
|2 )
≤
C

fo
r

so
m

e
t 0
>

0
an

d
C
>

0.

(C
4)

T
h
e

sm
o
ot

h
in

g
fu

n
ct

io
n
H

(x
)

sa
ti

sfi
es
H

(x
)

=
1

if
x
≥

1
an

d
H

(x
)

=
0

if
x
≤
−

1,
an

d
al

so
as

su
m

e
th

at
H

is
tw

ic
e

d
iff

er
en

ti
ab

le
an

d
H

(2
)

is
b

ou
n
d
ed

.
M

o
re

ov
er

,
a
ss

u
m

e
th

at
h

=
o(

1)
.

A
s

w
e

d
is

cu
ss

ed
in

S
ec

ti
on

3.
1,

co
n
d
it

io
n

(C
0)

is
a

st
an

d
ar

d
as

su
m

p
ti

on
w

h
ic

h
ca

n
b

e
im

p
li
ed

b
y

so
m

e
m

il
d

co
n
d
it

io
n
s

(s
ee

K
o
o

et
al

.,
20

08
(A

1)
-(

A
4)

).
C

on
d
it

io
n
s

(C
1
)

is
a

m
il
d

co
n
d
it

io
n

on
th

e
b

ou
n
d
n
es

s
of
β̃
∗ .

C
on

d
it

io
n

(C
2)

is
a

re
gu

la
ri

ty
co

n
d
it

io
n

o
n

th
e

co
n
d
it

io
n
al

d
en

si
ty

of
f

an
d
g
,

an
d

it
is

sa
ti

sfi
ed

b
y

co
m

m
on

ly
u
se

d
d
en

si
ty

fu
n
ct

io
n
s,

e.
g
.,

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
an

d
u
n
if

or
m

d
is

tr
ib

u
ti

on
.

C
on

d
it

io
n

(C
3)

is
a

su
b
-G

au
ss

ia
n

co
n
d
it

io
n

on
X

.
C

on
d
it

io
n

(C
4)

is
a

sm
o
ot

h
n
es

s
co

n
d
it

io
n

on
th

e
sm

o
ot

h
fu

n
ct

io
n
H

(·)
a
n
d

ca
n

b
e

ea
si

ly
sa

ti
sfi

ed
b
y

a
p
ro

p
er

ly
ch

os
en

H
(·)

(e
.g

.,
se

e
an

ex
am

p
le

in
S
ec

ti
on

5)
.

U
n
d
er

th
e

ab
ov

e
co

n
d
it

io
n
s,

w
e

gi
ve

P
ro

p
os

it
io

n
3

an
d

P
ro

p
os

it
io

n
4

fo
r

th
e

a
sy

m
p
to

ti
c

b
eh

av
io

r
of
A
n
,h

an
d
D
n
,h

,
re

sp
ec

ti
ve

ly
.

R
ec

al
l

th
at

ε i
=

1
−
y i
X̃

T i
β̃
∗

an
d

w
e

h
av

e
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
s.

T
h
e

p
ro

of
s

of
al

l
re

su
lt

s
in

th
is

se
ct

io
n

ar
e

re
le

ga
te

d
to

A
p
p

en
d
ix

A
.2

.

P
ro

p
o
si

ti
o
n

3
U

n
d
er

co
n

d
it

io
n

s
(C

0
)-

(C
4
),

a
ss

u
m

e
th

a
t

w
e

h
a
ve

a
n

in
it

ia
l

es
ti

m
a
to

r
β̃

0

w
it

h
‖β̃

0
−
β̃
∗ ‖

2
=
O

P
(a
n
),

w
h
er

e
a
n

is
th

e
co

n
ve

rg
en

ce
ra

te
o
f

th
e

in
it

ia
l

es
ti

m
a
to

r.
W

e
ch

oo
se

th
e

ba
n

d
w

id
th

su
ch

th
a
t
a
n

=
O

(h
),

th
en

w
e

h
a
ve

∥ ∥ ∥ ∥ ∥A
n
,h

(β̃
0
)
−

1 n

n ∑ i=
1

y i
X̃

iI
{ε
i
≥

0
}∥ ∥ ∥ ∥ ∥ 2

=
O

P

(
√
p
h

lo
g
n

n
+
a

2 n
+
h

2

)
.

P
ro

p
o
si

ti
o
n

4
S

u
p
po

se
th

e
sa

m
e

co
n

d
it

io
n

s
in

P
ro

po
si

ti
o
n

s
3

h
o
ld

,
w

e
h
a
ve

∥ ∥ ∥D
n
,h

(β̃
0
)
−
D

(β̃
∗ )∥ ∥ ∥

=
O

P

(
√
p

lo
g
n

n
h

+
a
n

+
h

)
.

A
cc

or
d
in

g
to

th
e

ab
ov

e
p
ro

p
os

it
io

n
s,

w
it

h
so

m
e

al
ge

b
ra

ic
m

an
ip

u
la

ti
on

s
a
n
d

co
n
d
it

io
n

(C
0)

,
w

e
h
av

e

β̃
−
β̃
∗

=
D

(β̃
∗ )−

1

(
1 n

n ∑ i=
1

y i
X̃

iI
{ε
i
≥

0}
−
λ

(
0 β
∗))

+
r
n
,

(1
7
)

w
it

h

‖r
n
‖ 2

=
O

P

(
√
p

2
lo

g
n

n
2
h

+

√
p
h

lo
g
n

n
+
a

2 n
+
h

2

)
.

(1
8
)
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D
ist

r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

B
y

a
p
p
ro

p
riately

ch
o
osin

g
th

e
b
an

d
w

id
th

h
su

ch
th

at
it

sh
rin

k
s

w
ith

a
n

at
th

e
sam

e
ra

te
(see

T
h
eorem

1),
a

2n
b

ecom
es

th
e

d
om

in
atin

g
term

on
th

e
righ

t
h
an

d
sid

e
of

(18).
T

h
is

im
p
lies

th
a
t

b
y

tak
in

g
on

e
rou

n
d

of
refi

n
em

en
t,

th
e
L

2
n
orm

of
β̃−

β̃
∗

im
p
roves

fro
m
O

P (a
n
)

to
O

P (a
2n
)

(n
o
te

th
at
‖β̃

0 −
β̃
∗‖

2
=
O

P (a
n
),

see
P

rop
osition

3).
T

h
erefore

b
y

recu
rsively

a
p
p
ly

in
g

th
e

a
rgu

m
en

t
in

(17)
an

d
settin

g
th

e
ob

tain
ed

estim
ator

as
th

e
n
ew

in
itial

estim
ator

β̃
0 ,

th
e

a
lg

o
rith

m
iteratively

refi
n
es

th
e

estim
ator

β̃
.

T
h
is

gives
th

e
B

a
h
ad

u
r

rep
resen

tation

o
f

o
u
r

M
D

L
estim

ator
β̃

(q
)

for
q

rou
n
d
s

of
refi

n
em

en
ts

(see
A

lgorith
m

1).

T
h

e
o
re

m
1

U
n

d
er

co
n

d
itio

n
s

(C
0
)-(C

4
),

a
ssu

m
e

th
a
t

th
e

in
itia

l
estim

a
to

r
β̃

0
sa

tisfi
es

‖
β̃

0 −
β̃
∗‖

2
=
O

P ( √
p
/m

).
A

lso
,

a
ssu

m
e
p

=
O

(m
/
(log

n
)
2)

a
n

d
λ

=
O

(1/
log

n
).

F
o
r

a
given

in
teger

q≥
1,

let
th

e
ba

n
d
w

id
th

in
th

e
g

-th
itera

tio
n

be

h
:=

h
g

=
m

ax
(λ
, √

p
/n
,(p

/m
)
2
g−

2)

fo
r

1
≤
g
≤
q.

T
h
en

w
e

h
a
ve

β̃
(q

)−
β̃
∗

=
D

(β̃
∗) −

1 (
1n

n
∑i=

1

y
i X̃

i I{
ε
i ≥

0}−
λ (

0β
∗ ) )

+
r
n
,

(19)

w
ith

‖r
n ‖

2
=
O

P (
√
p
h
q

log
n

n
+
(
pm

)
2
q−

1

+
λ

2 )
.

(20)

It
is

w
orth

w
h
ile

n
otin

g
th

at
th

e
ch

oice
of

b
an

d
w

id
th
h
g

in
T

h
eorem

1
is

u
p

to
a

con
stan

t.

O
n
e

ca
n

ch
o
o
se

h
g

=
C

0
m

ax
( √

p
/n
,(p

/m
)
2
g−

2)
for

a
con

stan
t
C

0
>

0
in

p
ractice

an
d

T
h
eo

rem
1

still
h
old

s.
W

e
om

it
th

e
con

stan
t
C

0
for

sim
p
licity

of
th

e
statem

en
t

(i.e.,
settin

g
C

0
=

1
).

W
e

n
otice

th
at

th
e

algorith
m

is
n
ot

sen
sitive

to
th

e
ch

oice
of
C

0 .
E

ven
w

ith
a

su
b

o
p
tim

a
l

con
stan

t
C

0 ,
th

e
algo

rith
m

still
sh

ow
s

go
o
d

p
erform

an
ce

w
ith

a
few

m
ore

ro
u
n
d
s

o
f

itera
tion

s
(i.e.,

u
sin

g
a

larger
q).

P
lease

see
S
ection

5
for

a
sim

u
lation

stu
d
y

th
at

sh
ow

s
th

e
in

sen
sitiv

ity
to

th
e

scalin
g

con
stan

t.
A

cco
rd

in
g

to
ou

r
ch

oice
of
h
q ,

w
e

can
see

th
at

a
s

lon
g

as
th

e
n
u
m

b
er

of
iteration

s
satisfi

es

q≥
1

+
log

2 (
log

n
−

log
p

log
m
−

log
p )

,
(21)

th
e

b
a
n
d
w

id
th

is
h
q

=
√
p
/n

.
T

h
en

b
y

(20),
th

e
B

ah
ad

u
r

rem
a
in

d
er

term
r
n

b
ecom

es

‖
r
n ‖

2
=
O

P ((p
/n

)
3
/
4(log

n
)
1
/
2

+
λ

2).
(22)

W
h
en

λ
≥
√
p
/n

,
th

e
con

vergen
ce

rate
β̃

(q
)−

β̃
∗

in
(19)

is
d
om

in
ated

b
y
λ

.
O

n
th

e

o
th

er
h
a
n
d
,

if
λ

=
O

( √
p
/n

),
th

en
β̃

(q
)−

β̃
∗

ach
ieves

th
e

o
p
tim

al
ra

te
O

P ( √
p
/n

).

R
e
m

a
rk

2
(T

h
e

c
o
n

d
itio

n
s

o
n
p

a
n

d
‖
β̃

0 −
β̃
∗‖

2 )
In

th
is

p
ap

er,
w

e
assu

m
e

th
at

th
e

in
itia

lizer
is

co
m

p
u
ted

on
th

e
fi
rst

m
ach

in
e

w
ith

th
e

con
v
ergen

ce
rate

‖
β̃

0
−
β̃
∗‖

2
=

O
P ( √

p
/
m

).
W

e
req

u
ire

p
=
O

(m
/
(log

n
)
2),

w
h
ich

n
ot

on
ly

gu
aran

tees
th

e
con

sisten
cy
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W
a
n
g
,
Y
a
n
g
,
C
h
e
n
a
n
d

L
iu

of
th

e
estim

ator,
b
u
t

also
p
rov

id
es

u
s

w
ith

a
con

cise
rate

in
th

e
B

ah
ad

u
r

rem
ain

d
er

term
(see

E
q
u
ation

20).

In
fact,

th
e

assu
m

p
tion

is
n
ot

n
ecessary

if
w

e
assu

m
e

th
at

th
ere

is
an

in
itializer

β̃
0

th
at

satisfi
es‖

β̃
0 −

β̃
∗‖

2
=
O

P (n
−
δ)

for
som

e
con

stan
t
δ
>

0.
L

et
h
g

=
m

ax
(λ
, √

p
/n
,n
−

2
g−

1
δ)

an
d

assu
m

e
th

at
con

d
ition

s
(C

0)-(C
4)

h
old

.
B

y
th

e
p
ro

of
of

T
h
eorem

1,
w

e
h
av

e

‖
r
n ‖

2
=
O

P (
√
p
h
q

log
n

n
+
n
−

2
q
δ

+
λ

2 )
.

A
s

lon
g

as
th

e
n
u
m

b
er

of
iteration

s
q

satisfi
es

q≥
log

2 (
log

n
−

log
p

δ
log

n

)
,

(23)

w
h
ich

is
u
su

ally
a

sm
all

n
u
m

b
er

in
p
ractice,

w
e

still
ob

tain
th

e
op

tim
al

rate
of

th
e

B
ah

ad
u
r

rem
ain

d
er

term
in

(22).

R
e
m

a
rk

3
(C

h
o
ic

e
o
f

th
e

b
a
tch

siz
e
m

)
T

h
e

d
ata

b
atch

size
m

b
alan

ces
th

e
trad

eoff
b

etw
een

com
m

u
n
ication

cost
an

d
com

p
u
tation

cost.
M

ore
sp

ecifi
cally,

w
h
en

th
e

b
atch

size
m

is
large,

th
e

con
v
ergen

ce
rate

of
th

e
in

itial
estim

ator
is

faster.
T

h
en

,
th

e
req

u
ired

n
u
m

b
er

of
iteration

s
b

eco
m

es
sm

aller
(see

E
q
u
ation

21),
w

h
ich

lead
s

to
a

sm
aller

com
m

u
n
ication

cost.
O

n
th

e
oth

er
h
an

d
,

for
a

large
b
atch

size
m

,
th

e
com

p
u
tation

cost
of

th
e

in
itial

estim
ator

is
large.

M
oreover,

th
e

com
p
u
tation

tim
e

of
U
k

an
d
V
k

on
each

lo
cal

m
ach

in
e

also
grow

s
lin

early
in
m

.
W

h
en

th
e

b
atch

size
m

is
sm

all,
th

e
com

p
u
tation

of
th

e
in

itial
estim

ator
b

ecom
es

faster
b
u
t

it
req

u
ires

m
ore

iteration
s

to
ach

ieve
th

e
sam

e
p

erform
an

ce.

In
p
ractice,

w
h
en

th
e

d
ata

is
collected

b
y

m
u
ltip

le
m

ach
in

es,
th

e
b
atch

size
w

ill
n
atu

rally
b

e
th

e
storage

size
of

each
lo

cal
m

ach
in

e.
If

w
e

are
allow

ed
to

sp
ecify

m
,
w

e
fi
rst

n
eed

to
m

ake
su

re
th

at
m

sh
ou

ld
b

e
large

en
ou

gh
so

th
a
t

th
e

in
itia

l
estim

ator
is

con
sisten

t.
M

oreover,
sin

ce
th

e
com

m
u
n
ication

is
u
su

ally
th

e
b

ottlen
eck

in
d
istrib

u
ted

com
p
u
tin

g,
it

is
d
esirab

le
to

ch
o
ose

m
to

b
e

as
large

as
p

ossib
le

to
reach

th
e

cap
acity

/m
em

ory
lim

it
of

each
lo

cal
m

ach
in

e.
T

h
is

w
ill

p
rov

id
e

a
faster

con
vergen

ce
rate

of
th

e
in

itial
estim

ator,
an

d
th

u
s

lead
s

to
a

sm
aller

n
u
m

b
er

of
iteration

s.

R
e
m

a
rk

4
(U

n
b

a
la

n
c
e
d

b
a
tch

siz
e

c
a
se

)
W

h
en

th
e

sa
m

p
le

sizes
o
n

lo
cal

m
ach

in
es

are
n
ot

b
alan

ced
,

w
e

w
ill

ch
o
ose

th
e

m
ach

in
e

w
ith

th
e

largest
lo

cal
sam

p
le

size
as

th
e

fi
rst

m
ach

in
e

to
com

p
u
te

th
e

in
itial

estim
ator.

T
h
is

w
ill

p
rov

id
e

u
s

an
in

itial
estim

ator
w

ith
faster

con
vergen

ce
rate.

A
s

com
p
ared

to
th

e
b
alan

ced
case,

ou
r

M
D

L
estim

ator
w

ill
req

u
ire

a
sm

aller
n
u
m

b
er

of
iteration

s
to

ach
iev

e
th

e
op

tim
a
l
statistical

effi
cien

cy.
It

is
w

orth
n
otin

g
th

at
after

th
e

in
itial

estim
ator

is
given

,
th

e
M

D
L

estim
ator

in
A

lgorith
m

1
d
o
es

n
ot

d
ep

en
d

on
th

e
sam

p
le

size
on

each
lo

cal
m

ach
in

e.

D
efi

n
e
G

(β̃
∗)

=
E

[X̃
X̃

T
I{1−

Y
X̃

T
β̃
∗≥

0}
].

B
y

ap
p
ly

in
g

th
e

cen
tral

lim
it

th
eo

rem
to

(19),
w

e
h
ave

th
e

follow
in

g
resu

lt
on

th
e

asy
m

p
totic

d
istrib

u
tion

of
β̃

(q
)−

β̃
∗.
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D
is
t
r
ib
u
t
e
d

In
f
e
r
e
n
c
e
f
o
r
L
in
e
a
r
S
u
p
p
o
r
t
V
e
c
t
o
r
M
a
c
h
in
e

T
h

e
o
re

m
2

S
u

p
po

se
th

a
t

a
ll

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
h
o
ld

w
it

h
h

=
h
g

a
n

d
λ

=
o(
n
−

1
/
2
).

F
u

rt
h
er

,
a
ss

u
m

e
th

a
t
n

=
O

(m
A

)
fo

r
so

m
e

co
n

st
a
n

t
A
≥

1,
p

=
o(

m
in
{n

1
/
3
/(

lo
g
n

)2
/
3
,m

ν
})

fo
r

so
m

e
0
<
ν
<

1
a
n

d
q

sa
ti

sfi
es

(2
1)

.
F

o
r

a
n

y
n

o
n

ze
ro
ṽ
∈
R
p
+

1
,

w
e

h
a
ve

a
s
n
,p
→
∞

,

n
1
/
2
ṽ

T
(β̃

(q
)
−
β̃
∗ )

√
ṽ

T
D

(β̃
∗ )−

1
G

(β̃
∗ )D

(β̃
∗ )−

1
ṽ

→
N

(0
,1

).

P
le

as
e

se
e

A
p
p

en
d
ix

A
.2

fo
r

th
e

p
ro

of
s

of
T

h
eo

re
m

1
an

d
T

h
eo

re
m

2
.

W
e

im
p

os
e

th
e

co
n
d
it

io
n
s
n

=
O

(m
A

)
an

d
p

=
o(
m
ν
)

fo
r

so
m

e
co

n
st

an
ts
A
≥

1
a
n
d
ν
∈

(0
,1

)
in

or
d
er

to
en

su
re

th
e

ri
gh

t
h
an

d
si

d
e

of
(2

1)
is

b
ou

n
d
ed

b
y

a
co

n
st

an
t,

w
h
ic

h
im

p
li
es

th
at

w
e

on
ly

n
ee

d
to

p
er

fo
rm

a
co

n
st

an
t

n
u
m

b
er

of
it

er
a
ti

on
s

ev
en

w
h
en

n
,m
→
∞

.

W
e

in
tr

o
d
u
ce

th
e

v
ec

to
r
ṽ

si
n
ce

w
e

co
n
si

d
er

th
e

d
iv

er
gi

n
g
p

re
gi

m
e

an
d

th
u
s

th
e

d
i-

m
en

si
on

of
th

e
“s

an
d
w

ic
h

m
at

ri
x
”
D

(β̃
∗ )−

1
G

(β̃
∗ )D

(β̃
∗ )−

1
is

gr
ow

in
g

in
p
.

T
h
er

ef
or

e,
it

is
n
ot

at
io

n
al

ly
co

n
v
en

ie
n
t

to
in

tr
o
d
u
ce

an
ar

b
it

ra
ry

ve
ct

or
ṽ

to
m

ak
e

th
e

li
m

it
in

g
va

ri
-

an
ce
ṽ

T
D

(β̃
∗ )−

1
G

(β̃
∗ )D

(β̃
∗ )−

1
ṽ

a
p

os
it

iv
e

re
al

n
u
m

b
er

.
A

ls
o

n
ot

e
th

at
th

e
co

n
d
it

io
n
s

p
=
o(
n

1
/
3
/
(l

og
n

)2
/
3
)

gu
ar

an
te

es
th

at
th

e
re

m
ai

n
d
er

te
rm

(2
2)

sa
ti

sfi
es
‖r

n
‖ 2

=
o P

(n
−

1
/
2
),

w
h
ic

h
en

ab
le

s
th

e
ap

p
li
ca

ti
on

of
th

e
ce

n
tr

al
li
m

it
th

eo
re

m
.

It
is

al
so

im
p

or
ta

n
t

to
n
ot

e
th

at
th

e
as

y
m

p
to

ti
c

va
ri

an
ce
ṽ

T
D

(β̃
∗ )−

1
G

(β̃
∗ )D

(β̃
∗ )−

1
ṽ

in
T

h
eo

re
m

2
m

at
ch

es
th

e
op

ti
m

al
as

y
m

p
to

ti
c

va
ri

an
ce

of
β̃

S
V

M
a
ll

in
(3

),
w

h
ic

h
is

d
ir

ec
tl

y
co

m
p
u
te

d
on

al
l

sa
m

p
le

s
(s

ee
T

h
eo

re
m

2
in

K
o
o

et
al

.,
20

08
).

T
h
is

re
su

lt
sh

ow
s

th
at

th
e

M
D

L
es

ti
m

at
or
β̃

(q
)

d
o
es

n
ot

lo
se

an
y

st
at

is
ti

ca
l

effi
ci

en
cy

a
s

co
m

p
ar

ed
to

th
e

li
n
ea

r
S
V

M
in

a
si

n
gl

e
m

ac
h
in

e
se

tu
p
.

B
y

co
n
tr

as
t,

th
e

n
äı

ve
d
iv

id
e-

an
d
-c

on
q
u
er

ap
p
ro

ac
h

re
q
u
ir

es
th

e
n
u
m

b
er

of
lo

ca
l

m
ac

h
in

es
N

to
sa

ti
sf

y
th

e
co

n
d
it

io
n
N
≤

(n
/

lo
g
(p

))
1
/
3

(s
ee

R
em

a
rk

1
in

L
ia

n
an

d
F

an
,

20
17

).
W

h
en

th
is

co
n
d
it

io
n

fa
il
s,

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
th

e
es

ti
m

at
or

n
o

lo
n
ge

r
h
ol

d
s.

T
h
e

M
D

L
es

ti
m

at
or

re
m

ov
es

th
e

re
st

ri
ct

io
n

on
th

e
n
u
m

b
er

of
m

a
ch

in
es

b
u
t

re
q
u
ir

es
m

or
e

co
m

m
u
n
ic

at
io

n
s

ov
er

h
ea

d
.

In
p
ar

ti
cu

la
r,

th
e

to
ta

l
co

m
m

u
n
ic

at
io

n
co

st
fo

r
th

e
M

D
L

ap
p
ro

ac
h

is
O

(p
2
N
q)

(o
r
O

(p
N
qT

)
fo

r
A

lg
or

it
h
m
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,

as
co

m
p
ar

ed
to

th
e

on
e-

sh
ot

co
m

m
u
n
ic

at
io

n
O

(p
N

)
in

th
e

n
äı

ve
d
iv

id
e-

an
d
-c

on
q
u
er

ap
p
ro

ac
h
.

It
is

w
or

th
n
ot

in
g

th
at

,
u
n
d
er

th
e

as
su

m
p
ti

on
s
n

=
O

(m
A

)
an

d
p

=
O

(m
ν
)

fo
r

so
m

e
co

n
st

an
ts
A
>

0
an

d
0
<
ν
<

1
(s

ee
P

ro
p

os
it

io
n

2)
,

a
co

n
st

an
t

n
u
m

b
er

of
it

er
at

io
n
s

(i
.e

.,
qT

=
O

(1
))

is
en

ou
gh

to
ac

h
ie

ve
th

e
op

ti
m

al
ra

te
.

W
e

n
ot

e
th

at
to

co
n
st

ru
ct

th
e

co
n
fi
d
en

ce
in

te
rv

al
of
ṽ
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b
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b
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Ĝ
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b
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b
y
D
n
,h

(β̃
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∑
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b
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ra
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ṽ

T
β̃
∗

is
g
iv

en
b
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Ĝ
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m
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√
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(β̃
(q
−

1
) )−

1
Ĝ
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d
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∈
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Ĝ
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p
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p

en
d
ix

A
.2

.

R
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p
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d
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p
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d
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p
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d
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b
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p
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p
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p
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→
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φ
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al

n
on

li
n
ea

r
S
V

M
p
ro

b
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n ∑ i=
1

( 1
−
y i

(ψ
(X

i)
T
β

+
β

0
))

+
+
λ 2
‖β
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p
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b
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p
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p
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at
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d
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d
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p
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h
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b
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d
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h
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p
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at
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√
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∈
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d
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d
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e
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b
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p
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c
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h
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d
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cally,
th

e
regu

larized
ap

p
rox

im
ate

N
ew

to
n

m
eth

o
d

con
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∇
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b
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b
y

rep
eated

ly
u
p

d
a
tin

g
th

e
estim

ator
u
sin

g
(27).

H
ow

ever,
th

ere
are

tw
o

tech
n
ical

ch
a
llen

ges.
F

irst,
th

e
sm

o
o
th

ed
loss

fu
n
ction

b
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b
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s

In
th
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=
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−
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=
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∈
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d
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ab
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∈
R
p
+

1,
w

h
ere

a
is

th
e

so
lu

tio
n

to
∫
a−∞
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−
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+
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b
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d
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b
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h
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T
x̃|K

(x̃
,θ̃

)) [
H

(
1−

x̃
T
α̃

h

)
−
I{ε≥

0} ]
2

f
(x

)d
x

=
−

hα
1 ∫

R
p−

1

f−
1 (x
−

1 ) ∫

R
(ṽ
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1
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−
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α
1
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−
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1
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‖α̃
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w
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p
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th
e
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b
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in
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P
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p
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n

3
an

d
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T
h
eo

re
m

1
an

d
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P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

3
.
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ec

al
l
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at
ε i

=
1
−
y i
X̃

T i
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∗ .

D
efi

n
e

∆
(α̃

)
=
α̃
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β̃
∗ ,
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d
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n
,h
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)
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n
,h
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)
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1 n
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≥
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T i
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ṽ
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1
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2

b
e
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1/

2
n
et
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e
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e
S
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E
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n
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R
p
+

1
.
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in
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th

e
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L
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3
in

C
ai

et
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01
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e
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+
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/
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≤
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+
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,ṽ
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p
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1

b
e

th
e
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n
te
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e
d
p
+

1
el

em
en
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e
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et

.
T

h
er

ef
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e
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r
an

y
ṽ
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S
p
,
w

e
h
av

e

‖ṽ
−
ṽ
j
‖ 2
≤

1
/
2
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r

so
m

e
j.

T
h
er

ef
or

e,
‖C

n
,h
‖ 2
≤

2
su

p
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d
p
+
1
|ṽ

T j
C
n
,h
|.

It
is

ea
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to
se

e
th

a
t

fo
r

an
y
M

>
0,

th
er

e
ex

is
ts

a
se

t
of

p
oi

n
ts

in
R
p
+

1
,
{α̃

k
,1
≤
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≤
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+
1
}w

it
h
s p

+
1
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n
M
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+

1
) ,

su
ch

th
at
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r

an
y
α̃

in
th

e
b
al

l
‖α̃
−
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∗ ‖

2
≤
a
n
,

w
e

h
av

e
‖α̃
−
α̃
k
‖ 2
≤

2√
p

+
1
a
n
/
n
M

fo
r

so
m

e
1
≤
k
≤
s p

+
1

an
d
‖α̃

k
−
β̃
∗ ‖

2
≤
a
n
.

D
efi

n
e

C
n
,h
,j

(α̃
)

=
1 n

n ∑ i=
1

ṽ
T j
y i
X̃

i

[ H

(
1
−
y i
X̃

T i
α̃

h

)
−
I
{ε
i
≥

0
}+

ε i h
H
′(

1
−
y i
X̃

T i
α̃

h

)
]

,
1 n

n ∑ i=
1

ṽ
T j
y i
X̃

iH
h
,i
(α̃

).

A
cc

or
d
in

g
to

th
e

p
ro

of
of

P
ro

p
os

it
io

n
4.

1
in

C
h
en

et
a
l.

(2
01

8)
,

it
is

en
ou

gh
to

sh
ow

th
at

su
p
j

su
p
k
|C
n
,h
,j

(α̃
k
)|

=
O

P

(
√
p
h

lo
g
n

n
+
a

2 n
+
h

2

)
.

S
in

ce
H

an
d
x
H
′ (
x

)
ar

e
b

ou
n
d
ed

,
it

is
ea

sy
to

se
e

th
at

|H
h
,i
(α̃

)|
≤
C

(1
+
|X̃

T i
(α̃
−
β̃
∗ )|/
‖α̃
−
β̃
∗ ‖

2
)

=
:
K

(X̃
i,
α̃
,β̃
∗ ).

B
y

L
em

m
a

3,
w

e
h
av

e
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r
so

m
e
t
>

0,

E(
ṽ

T j
y i
X̃

iH
h
,i
(α̃

))
2

ex
p
(t
|ṽ

T j
X̃

i|K
(X̃

i,
α̃
,β̃
∗ ))
≤
C
h

(1
+
‖α̃
−
β̃
∗ ‖

2
/h

+
‖α̃
−
β̃
∗ ‖

2 2
/
h

2
).

B
y
√
p

lo
g
n

=
o(
√
n
h

)
an

d
L

em
m

a
1
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C

a
i

an
d

L
iu

(2
01

1)
,

w
e
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n

ge
t

fo
r

an
y
γ
>

0
,

th
er

e
ex

is
ts

a
co

n
st

an
t
C

su
ch

th
at

su
p
j

su
p
k

P

(
|C
n
,h
,j

(α̃
k
)
−

EC
n
,h
,j

(α̃
k
)|
≥
C

√
p
h

lo
g
n

n

)
=
O

(n
−
γ
p
).

T
h
e

re
m

ai
n
in

g
w

o
rk

is
to
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ve

a
b

ou
n
d

fo
r
EC

n
,h
,j

(α̃
k
).

A
cc

or
d
in

g
to

L
em

m
a

1
,

w
e

k
n
ow

th
at

EC
n
,h
,j

(α̃
k
)

=
O

(h
2

+
‖α̃

k
−
β̃
∗ ‖

2 2
).

H
en

ce
,

su
p
j

su
p
k
|E
C
n
,h
,j

(α̃
k
)|

=
O

(h
2

+
‖α̃

k
−

β̃
∗ ‖

2 2
).

C
om

b
in

in
g

w
it

h
th

e
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ov
e

an
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y
si
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th

e
p
ro
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is
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m

p
le

te
d
.

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

4
.

F
or

si
m

p
li
ci

ty
,

d
en

ot
e
D

(β̃
∗ )

b
y
D

.
A

cc
or

d
in

g
to

th
e

p
ro

o
f

o
f

L
em

m
a

3
in

C
ai

et
al

.
(2

01
0)

,
fo

r
D
n
,h

w
e

h
av

e

‖D
n
,h
−
D
‖
≤

10
su

p
j≤
b p

+
1

|ṽ
T j

(D
n
,h
−
D

)ṽ
j
|.

w
h
er

e
ṽ
j
,

1
≤
j
≤
b p

+
1
,

ar
e

so
m

e
n
on

-r
a
n
d
om

v
ec

to
rs

w
it

h
‖ṽ

j
‖ 2

=
1

an
d
b p

+
1
≤

5p
+

1
.

D
efi

n
e

D
n
,h
,j

(α̃
)

=
1 n
h

n ∑ i=
1

(ṽ
T j
X̃

i)
2
H
′(

1
−
y i
X̃

T i
α̃

h

)
.
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t
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r
M
a
c
h
in
e

W
h
en
‖
β̃

0 −
β̃
∗‖

2 ≤
a
n
,

th
en

su
p

j≤
b
p
+
1 |ṽ

Tj
(D

n
,h −

D
)ṽ
j |≤

su
p

j≤
b
p
+
1

su
p

‖
α̃
−
β̃
∗‖

2 ≤
a
n |D

n
,h
,j (α̃

)−
ṽ

Tj
D
ṽ
j |.

A
s

th
e

p
ro

of
o
f

L
em

m
a

3,
w

e
ob

tain
th

at

E

[
ṽ

T
x̃
i H
′ (

ε
i −

y
i x̃

Ti
∆

(α̃
)

h

)
]

2

=
O

(h
).

A
cco

rd
in

g
to

th
e

p
ro

of
of

P
rop

osition
4.2

in
C

h
en

et
al.

(2018),
D
n
,h
,j

sa
tisfi
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su
pj

su
pk
|D

n
,h
,j (α̃

k )−
E
D
n
,h
,j (α̃

k )|
=
O

P (
√
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log
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n
h
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.

T
h
e

rem
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g

w
ork

is
to

give
a

b
ou

n
d

forE
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n
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,j (α̃
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ṽ
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D
ṽ
j .

F
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L
em

m
a

2,
w

e
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tain
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a
t

E
D
n
,h
,j (α̃

)−
ṽ

Tj
D
ṽ
j

=
O

(h
+
‖
α̃
−
β̃
∗‖

2 ).

H
en

ce,
su

p
j

su
p
k |E

D
n
,h
,j (α̃

k )−
ṽ

Tj
D
ṽ
j |

=
O

(h
+
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k −
β̃
∗‖

2 ).
C

om
b
in

in
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w
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e
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=
O

P (a
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=
o(1)

a
n
d
a
n

=
O

(h
).

F
or

in
d
ep

en
d
en

t
ran

d
om

vectors{
(y
i ,X̃

i ),i
=

1,...,n}
w
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=
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e
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th
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‖
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1

y
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i I
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=
O

P ( √
p
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).
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o
te

th
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0 −
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∗‖

=
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4
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n ‖
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√
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+

√
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+

√
p
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∗‖
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n ‖
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=
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√
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+

√
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≥
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=
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=
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=
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√
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( √
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=
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itial
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ator
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=
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1
).
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ow

w
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ro
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h
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2
follow

s
d
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e
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e
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T
h
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w

e
fi
rst

in
tro

d
u
ce

th
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→
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ṽ
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+
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n
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=
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1 (ṽ
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≥
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ai
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>
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con
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0
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) ∣∣∣ ≥
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b
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2 √

p
+

1
a
n
/n

M
.

In
th

e
follow

in
g,

w
e

sh
ow

th
at

P

(
m

ax
j

m
ax
k

su
p

‖
α̃
−
α̃
k ‖

2 ≤
t
M

∣∣∣ G
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ṽ

T
X̃

i)
2
I
{1
−
Y
X̃

T i
α̃
≥

0
}−

E(
ṽ
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d

al
so

fin
ds

en
gi
ne

er
in
g
ap

pl
ic
at
io
ns

in
ph

as
e
re
tr
ie
va
l
(C

an
de

s
et

al
.,

20
13

)
an

d
po

w
er

sy
st
em

st
at
e

es
ti
m
at
io
n
(Z

ha
ng

et
al
.,
20

18
b)
.

In
th
e
sy
m
m
et
ri
c,

no
is
el
es
s
va
ri
an

t
of

lo
w
-r
an

k
m
at
ri
x
re
co
ve
ry
,t
he

gr
ou

nd
tr
ut
h
M

?
is

ta
ke
n
to

be
po

si
ti
ve

se
m
id
efi

ni
te

(d
en

ot
ed

as
M

?
�

0
),

an
d
th
e
m

lin
ea
r
m
ea
su
re
m
en
ts

ar
e

m
ad

e
w
it
ho

ut
er
ro
r,
as

in

b
≡
A

(M
)

w
he

re
A

(M
)

=
[ 〈
A

1
,M
〉
··
·
〈A

m
,M
〉]
T
.

(1
)

c ©
20

19
R

ic
ha

rd
Y

.
Z
ha

ng
,
So

m
ay

eh
So

jo
ud

i,
an

d
Ja

va
d

L
av

ae
i.

L
ic

en
se

:
C

C
-B

Y
4.

0,
se

e
ht

tp
s:

//
cr

ea
ti

ve
co

mm
on

s.
or

g/
li

ce
ns

es
/b

y/
4.

0/
.

A
tt

ri
bu

ti
on

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
ht

tp
:/

/j
ml

r.
or

g/
pa

pe
rs

/v
20

/1
9-

02
0.

ht
ml

.

JM
L

R
 2

0(
11

4)
:1

-3
4,

 2
01

9

Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
av

a
ei

T
o
re
co
ve
r
M

?
fr
om

b,
th
e
st
an

da
rd

ap
pr
oa

ch
in

th
e
m
ac
hi
ne

le
ar
ni
ng

co
m
m
un

it
y
is

to
fa
ct
or

a
ca
nd

id
at
e
M

in
to

it
s
lo
w
-r
an

k
fa
ct
or
s
X
X
T
,a

nd
to

so
lv
e
a
no

nl
in
ea
r
le
as
t-
sq
ua

re
s

pr
ob

le
m

on
X

us
in
g
a
lo
ca
ls

ea
rc
h
al
go
ri
th
m

(u
su
al
ly

st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t)
:

m
in
im

iz
e

X
∈R

n
×
r

f
(X

)
≡
‖A

(X
X
T

)
−
b‖

2
.

(2
)

T
he

fu
nc

ti
on

f
is

no
nc

on
ve
x,

so
a
“g
re
ed

y”
lo
ca
l
se
ar
ch

al
go
ri
th
m

ca
n
be

co
m
e
st
uc
k
at

a
sp
ur
io
us

lo
ca
lm

in
im

um
,e

sp
ec
ia
lly

if
a
ra
nd

om
in
it
ia
lp

oi
nt

is
us
ed
.
D
es
pi
te

th
is

ap
pa

re
nt

ri
sk

of
fa
ilu

re
,t
he

no
nc

on
ve
x
ap

pr
oa

ch
re
m
ai
ns

bo
th

w
id
el
y
po

pu
la
ra

sw
el
la

sh
ig
hl
y
eff

ec
ti
ve

in
pr
ac
ti
ce
.

R
ec
en
tl
y,

B
ho

ja
na

pa
lli

et
al
.(
20

16
b)

pr
ov
id
ed

a
ri
go

ro
us

th
eo
re
ti
ca
lj
us
ti
fic

at
io
n
fo
r
th
e

em
pi
ri
ca
ls
uc

ce
ss

of
lo
ca
ls
ea
rc
h
on

pr
ob

le
m

(2
).

Sp
ec
ifi
ca
lly

,t
he

y
sh
ow

ed
th
at

th
e
pr
ob

le
m

co
nt
ai
ns

no
sp
ur
io
us

lo
ca
lm

in
im

a
un

de
r
th
e
as
su
m
pt
io
n
th
at
A

sa
ti
sfi
es

th
e
re
st
ri
ct
ed

is
om

-
et
ry

pr
op
er
ty

(R
IP

)
of

R
ec
ht

et
al
.(
20

10
)
w
it
h
a
su
ffi
ci
en
tl
y
sm

al
lc

on
st
an

t.
T
he

no
nc

on
ve
x

pr
ob

le
m

is
ea
si
ly

so
lv
ed

us
in
g
lo
ca
l
se
ar
ch

al
go

ri
th
m
s
be

ca
us
e
ev
er
y
lo
ca
l
m
in
im

um
is

al
so

a
gl
ob

al
m
in
im

um
.

D
efi

n
it
io
n
1
(R

es
tr
ic
te
d
Is
om

et
ry

P
ro
p
er
ty
)
T
he

lin
ea
r
m
ap
A

:
R
n
×
n
→

R
m

is
sa
id

to
sa
ti
sf
y
δ-
R
IP

if
th
er
e
is

co
ns
ta
nt
δ
∈

[0
,1

)
su
ch

th
at

(1
−
δ)
‖M
‖2 F
≤
‖A

(M
)‖

2
≤

(1
+
δ)
‖M
‖2 F

(3
)

ho
ld
s
fo
r
al
lM
∈
R
n
×
n
sa
ti
sf
yi
ng

ra
n
k

(M
)
≤

2r
.

T
h
eo
re
m

2
(B

h
o
ja
n
ap

al
li
et

al
.,
20

16
b
;
G
e
et

al
.,
20

17
)
Le

tA
sa
ti
sf
y
δ-
R
IP

w
it
h
δ
<

1
/5
.
T
he
n,

(2
)
ha
s
no

sp
ur
io
us

lo
ca
lm

in
im

a:

∇
f

(X
)

=
0
,
∇

2
f

(X
)
�

0
⇐
⇒

X
X
T

=
M

?
.

H
en
ce
,
an

y
al
go
ri
th
m

th
at

co
nv
er
ge
s
to

a
se
co
nd

-o
rd
er

cr
it
ic
al

po
in
t
is

gu
ar
an

te
ed

to
re
co
ve
r

M
?
ex
ac
tly

.

W
hi
le
T
he

or
em

2
sa
ys

th
at

an
R
IP

co
ns
ta
nt

of
δ
<

1
/
5
is
su
ffi
ci
en
t
fo
r
ex
ac
t
re
co
ve
ry
,Z

ha
ng

et
al
.
(2
01

8a
)
pr
ov
ed

th
at
δ
<

1
/
2
is

ne
ce
ss
ar
y.

Sp
ec
ifi
ca
lly

,
th
ey

ga
ve

a
co
un

te
re
xa

m
pl
e

sa
ti
sf
yi
ng

1
/
2-
R
IP

th
at

ca
us
es

ra
nd

om
iz
ed

st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t
to

fa
il
12

%
of

th
e

ti
m
e.

A
nu

m
be

r
of

pr
ev
io
us

au
th
or
s
ha

ve
at
te
m
pt
ed

to
cl
os
e
th
e
ga

p
be

tw
ee
n
su
ffi
ci
en
cy

an
d
ne
ce
ss
it
y,

in
cl
ud

in
g
B
ho

ja
na

pa
lli

et
al
.
(2
01

6b
);

G
e
et

al
.
(2
01

7)
;
P
ar
k
et

al
.
(2
01

7)
;

Zh
an

g
et

al
.(

20
18

a)
;Z

hu
et

al
.(

20
18

).
In

th
is

pa
pe

r,
w
e
pr
ov
e
th
at

in
th
e
ra
nk

-1
ca
se
,a

n
R
IP

co
ns
ta
nt

of
δ
<

1/
2
is

bo
th

ne
ce
ss
ar
y
an

d
su
ffi
ci
en
t
fo
r
ex
ac
t
re
co
ve
ry
.

O
nc

e
th
e
R
IP

co
ns
ta
nt

ex
ce
ed
s
δ
≥

1
/
2,

gl
ob

al
gu

ar
an

te
es

ar
e
no

lo
ng

er
po

ss
ib
le
.
Zh

an
g

et
al
.
(2
01

8a
)
pr
ov
ed

th
at

co
un

te
re
xa

m
pl
es

ex
is
t
ge
ne
ri
ca
lly

:
al
m
os
t
ev
er
y
ch
oi
ce

of
x
,z
∈

R
n
ge
ne

ra
te
s
an

in
st
an

ce
of

no
nc

on
ve
x
re
co
ve
ry

sa
ti
sf
yi
ng

R
IP

w
it
h
x
as

a
sp
ur
io
us

lo
ca
l

m
in
im

um
an

d
M

?
=
z
z
T
as

gr
ou

nd
tr
ut
h.

In
pr
ac
ti
ce
,
lo
ca
l
se
ar
ch

m
ay

co
nt
in
ue

to
w
or
k

w
el
l,
of
te
n
w
it
h
a
10

0%
su
cc
es
s
ra
te

as
if
sp
ur
io
us

lo
ca
lm

in
im

a
do

no
t
ex
is
t.

H
ow

ev
er
,t

he
in
ex
is
te
nc

e
of

sp
ur
io
us

lo
ca
lm

in
im

a
ca
n
no

lo
ng

er
be

as
su
re
d.

In
st
ea
d,

w
e
tu
rn

ou
r
at
te
nt
io
n
to

lo
ca
l
gu

ar
an

te
es
,
ba

se
d
on

go
od

in
it
ia
l
gu

es
se
s
th
at

of
te
n

ar
is
e
fr
om

do
m
ai
n

ex
pe

rt
is
e,

or
ev
en

ch
os
en

ra
nd

om
ly
.
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

satisfies
f

(x
0 )
≤

(1−
δ)

2‖
M

?‖
2F

w
here

δ
is

the
R
IP

constant
and

M
?

=
z
z
T

is
a
rank-1

ground
truth,w

e
prove

that
a
descent

algorithm
that

converges
to

second-order
optim

ality
is
guaranteed

to
recover

the
ground

truth.
E
xam

ples
ofsuch

algorithm
s
include

random
ized

full-batch
gradient

descent
(Jin

et
al.,

2017)
and

trust-region
m
ethods

(C
onn

et
al.,

2000;
N
esterov

and
P
olyak,2006).

2.
M

ain
R

esu
lts

O
ur

m
ain

contribution
in

this
paper

is
a
prooftechnique

capable
ofestablishing

R
IP

thresh-
olds

that
are

both
necessary

and
suffi

cient
for

exact
recovery.

T
he

key
idea

is
to

disprove
the

counterfactual.
T
o
prove

for
som

e
λ
∈

[0,1)
that

“λ-R
IP

im
plies

no
spurious

localm
in-

im
a”,w

e
instead

establish
the

inexistence
of

a
counterexam

ple
that

adm
its

a
spurious

local
m
inim

um
despite

satisfying
λ-R

IP.In
particular,

if
δ
?
is

the
sm

allest
R
IP

constant
associ-

ated
w
ith

a
counterexam

ple,
then

any
λ
<
δ
?
cannot

adm
it

a
counterexam

ple
(or

it
w
ould

contradict
the

definition
of
δ
?
as

the
sm

allest
R
IP

constant).
A
ccordingly,

δ
?
is

precisely
the

sharp
threshold

needed
to

yield
a
necessary

and
suffi

cient
recovery

guarantee.
T
he

m
ain

diffi
culty

w
ith

the
above

line
of

reasoning
is

the
need

to
optim

ize
over

the
set

of
counterexam

ples.
Indeed,

verifying
R
IP

for
a
fixed

operator
A

is
already

N
P
-hard

in
general(T

illm
ann

and
P
fetsch,2014),

so
it

is
reasonable

to
expect

that
optim

izing
over

the
set

of
R
IP

operators
is

at
least

N
P
-hard.

Surprisingly,
this

is
not

the
case.

C
onsider

finding
the

sm
allest

R
IP

constant
associated

w
ith

a
counterexam

ple
w
ith

fixed
ground

truth
M

?
=
Z
Z
T
and

fixed
spurious

point
X
:

δ(X
,Z

)
≡

m
inim

um
A

δ
(4)

subject
to

f
(X

)
=

12 ‖A
(X
X
T
−
Z
Z
T

)‖
2

∇
f

(X
)

=
0,
∇

2f
(X

)�
0

A
satisfies

δ-R
IP
.

In
Section

5,
w
e
reform

ulate
problem

(4)
into

a
convex

linear
m
atrix

inequality
(LM

I)
optim

ization,
and

prove
that

the
reform

ulation
is

exact
(T

heorem
8).

A
ccordingly,

w
e
can

evaluate
δ(X

,Z
)
to

arbitrary
precision

in
polynom

ial
tim

e
by

solving
an

LM
I
using

an
interior-point

m
ethod.

In
the

rank
r

=
1
case,the

LM
Ireform

ulation
is
suffi

ciently
sim

ple
that

it
can

be
relaxed

and
then

solved
in

closed-form
(T

heorem
12).

T
his

yields
a
low

er-bound
δ
lb (x

,z
)≤

δ(x
,z

)
that

w
e
optim

ize
over

all
spurious

choices
of
x
∈

R
n
to

prove
that

δ
?
≥

1
/
2.

G
iven

that
δ
?≤

1
/2

due
to

the
counterexam

ple
ofZhang

et
al.(2018a),w

e
m
ust

actually
have

δ
?

=
1/

2.

T
h
eorem

3
(G

lob
al

gu
arantee)

Let
r

=
ran

k
(M

?)
=

1,
letA

satisfy
δ-R

IP
,
and

define
f

(x
)

=
‖A

(x
x
T
−
M

?)‖
2.

•
If
δ
<

1
/2,

then
f
has

no
spurious

localm
inim

a:

∇
f

(x
)

=
0,
∇

2f
(x

)�
0

⇐
⇒

x
x
T

=
M

?.

3
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Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
ava

ei

•
If
δ≥

1/
2
,then

there
exists

a
counterexam

ple
A
?
satisfying

δ-R
IP

,but
w
hose

f
?(x

)
=

‖A
?(x

x
T
−
M

?)‖
2
adm

its
a
spurious

point
x
∈
R
n
satisfying:

‖x‖
2

=
12 ‖M

?‖
F
,

f
(x

)
=

34 ‖M
?‖

2F
,

∇
f

(x
)

=
0,

∇
2f

(x
)�

8
x
x
T
.

W
e
can

also
optim

ize
δ
lb (x

,z
)
over

spurious
choices

x
∈

R
n
w
ithin

an
ε-neighborhood

of
the

ground
truth.

T
he

resulting
guarantee

is
applicable

to
m
uch

larger
R
IP

constants
δ,

including
those

arbitrarily
close

to
one.

T
h
eorem

4
(L
ocal

gu
arantee)

Let
r

=
ran

k
(M

?)
=

1,
and

letA
satisfy

δ-R
IP

.
If

δ
<

(
1−

ε
2

2(1−
ε) )

1
/
2

w
here

0
≤
ε≤
√

5−
1

2

then
f

(x
)

=
‖A

(x
x
T
−
M

?)‖
2
has

no
spurious

localm
inim

a
w
ithin

an
ε-neighborhood

of
the

solution:∇
f

(x
)

=
0
,
∇

2f
(x

)�
0,
‖
x
x
T
−
M

?‖
F
≤
ε‖M

?‖
F

⇐
⇒

x
x
T

=
M

?.

T
heorem

4
gives

an
R
IP

-based
exact

recovery
guarantee

for
descent

algorithm
s,

such
as

random
ized

full-batch
gradient

descent
(Jin

et
al.,

2017)
and

trust-region
m
ethods

(C
onn

et
al.,2000;N

esterov
and

P
olyak,2006),that

generate
a
sequence

of
iterates

x
1 ,x

2 ,...,x
k

from
an

initialguess
x
0
w
ith

each
iterate

no
w
orse

than
the

one
before:

f
(x
k )≤

···≤
f

(x
2 )≤

f
(x

1 )≤
f

(x
0 ).

(5)

H
euristically,

it
also

applies
to

nondescent
algorithm

s,
like

stochastic
gradient

descent
and

N
esterov’s

accelerated
gradient

descent,under
the

m
ild

assum
ption

that
the

finaliterate
x
k

is
no

w
orse

than
the

initialguess
x
0 ,as

in
f

(x
k )≤

f
(x

0 ).

C
orollary

5
Let

r
=

ran
k

(M
?)

=
1,

and
letA

satisfy
δ-R

IP
.
If
x
0 ∈

R
n
satisfies

f
(x

0 )
<

(1−
δ)ε

2f
(0)

w
here

ε
=

m
in {√

1−
δ
2,( √

5−
1)/

2 }
,

w
here

f
(x

)
=
‖A

(x
x
T−

M
?)‖

2,then
the

sublevelset
defined

by
x
0
contains

no
spurious

local
m
inim

a:
∇
f

(x
)

=
0,
∇

2f
(x

)�
0,

f
(x

)≤
f

(x
0 )

⇐
⇒

x
x
T

=
M

?.

W
hen

the
R
IP

constant
satisfies

δ
≥

0
.787,

C
orollary

5
guarantees

exact
recovery

from
an

initialpoint
x
0
satisfying

f
(x

0 )
<

(1−
δ)

2f
(0).

In
practice,such

an
x
0
can

often
be

found
using

a
spectralinitializer

(K
eshavan

et
al.,2010a;Jain

et
al.,2013;N

etrapalliet
al.,2013;

C
andes

et
al.,2015;C

hen
and

C
andes,2015).

If
δ
is
not

too
close

to
one,then

even
a
random

point
m
ay

suffi
ce

w
ith

a
reasonable

probability
(see

the
related

discussion
by

G
oldstein

and
Studer

(2018)).
In

the
rank-r

case
w
ith

r
>

1,
our

proof
technique

continues
to

w
ork,

but
δ(X

,Z
)

becom
es

very
challenging

to
solve

in
closed-form

.
T
he

exact
R
IP

threshold
δ
?
requires

m
inim

izing
δ(X

,Z
)
over

allpairs
ofspurious

X
and

ground
truth

Z
,so

the
lack

ofa
closed-

form
solution

w
ould

be
a
significant

im
pedim

ent
to

further
progress.

N
evertheless,

w
e
can

probe
at

an
upper-bound

on
δ
?
by

heuristically
optim

izing
over

X
and

Z
,
in

each
case

evaluating
δ(X

,Z
)
num

erically
using

an
interior-point

m
ethod.

D
oing

this
in

Section
8,w

e
obtain

em
piricalevidence

that
higher-rank

have
larger

R
IP

thresholds,and
so

are
in

a
sense

“easier”
to

solve.

4
JM

L
R

 20(114):1-34, 2019



S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

3.
R

el
at

ed
w

or
k

3.
1.

N
o
sp
u
ri
ou

s
lo
ca
l
m
in
im

a
in

m
at
ri
x
co
m
p
le
ti
on

E
xa

ct
re
co
ve
ry

gu
ar
an

te
es

lik
e
T
he

or
em

2
ha

ve
al
so

be
en

es
ta
bl
is
he

d
fo
r
“h
ar
de

r”
ch
oi
ce
s

of
A

th
at

do
no

t
sa
ti
sf
y
R
IP

ov
er

it
s
en
ti
re

do
m
ai
n.

In
pa

rt
ic
ul
ar
,
th
e
m
at
ri
x
co
m
pl
et
io
n

pr
ob

le
m

ha
s
sp
ar
se

m
ea
su
re
m
en
t
m
at
ri
ce
s
A

1
,.
..
,A

m
,
w
it
h
ea
ch

co
nt
ai
ni
ng

ju
st

a
si
ng

le
no

nz
er
o
el
em

en
t.

In
th
is

ca
se
,
th
e
R
IP

-li
ke

co
nd

it
io
n
‖A

(M
)‖

2
≈
‖M
‖2 F

ho
ld
s
on

ly
w
he

n
M

is
bo

th
lo
w
-r
an

k
an

d
su
ffi
ci
en
tl
y
de

ns
e;

se
e
th
e
di
sc
us
si
on

by
C
an

dè
s
an

d
R
ec
ht

(2
00

9)
.

N
ev
er
th
el
es
s,
G
e
et

al
.(
20

16
)
pr
ov
ed

a
si
m
ila

r
re
su
lt
to

T
he

or
em

2
by

ad
di
ng

a
re
gu

la
ri
zi
ng

te
rm

to
th
e
ob

je
ct
iv
e.

O
ur

re
co
ve
ry

re
su
lt
s
ar
e
de

ve
lo
pe

d
fo
r
th
e
cl
as
si
ca
lf
or
m

of
R
IP

—
a
m
uc
h
st
ro
ng

er
no

ti
on

th
an

th
e
R
IP

-li
ke

co
nd

it
io
n
sa
ti
sfi
ed

by
m
at
ri
x
co
m
pl
et
io
n.

In
tu
it
iv
el
y,

if
ex
ac
t
re
co
ve
ry

ca
nn

ot
be

gu
ar
an

te
ed

un
de

r
st
an

da
rd

R
IP
,t
he

n
ex
ac
t
re
co
ve
ry

un
de

r
a
w
ea
ke
r
no

ti
on

w
ou

ld
se
em

un
lik

el
y.

It
re
m
ai
ns

fu
tu
re

w
or
k
to

m
ak
e
th
is
ar
gu

m
en
t
pr
ec
is
e,
an

d
to

ex
te
nd

ou
r
pr
oo

f
te
ch
ni
qu

e
to

th
es
e
“h
ar
de

r”
ch
oi
ce
s
of
A
.

3.
2.

N
oi
sy

m
ea
su
re
m
en
ts

an
d
n
on

sy
m
m
et
ri
c
gr
ou

n
d
tr
u
th

R
ec
ov
er
y
gu

ar
an

te
es

fo
r
th
e
no

is
y
an

d/
or

no
ns
ym

m
et
ri
c
va
ri
an

ts
of

no
nc

on
ve
x
m
at
ri
x
re
-

co
ve
ry

ty
pi
ca
lly

re
qu

ir
e
a
sm

al
le
r
R
IP

co
ns
ta
nt

th
an

th
e
sy
m
m
et
ri
c,

no
is
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at
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√
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ra
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ra
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r
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at
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ca
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at
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at
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d
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e
th
at

sa
ti
sf
yi
ng

se
co
nd

-o
rd
er

op
ti
m
al
it
y
to
ε-
ac
cu

ra
cy

w
ill

yi
el
d
a
po

in
t
w
it
hi
n
an

ε-
ne

ig
hb

or
ho

od
of

th
e
so
lu
ti
on

:

‖∇
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∇
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⇒
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ra
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∇
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∇
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os
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

‖
X
‖
2F
≡
〈X
,X
〉
are

the
Frobenius

inner
product

and
norm

.
W
e
w
rite

M
�

0
(resp.

M
�

0)
to

m
ean

that
M

is
positive

sem
idefinite

(resp.
positive

definite),
and

M
�
S

to
denote

M
−
S
�

0
(resp.

M
�
S

to
denote

M
−
S
�

0).
T
hroughout

the
paper,w

e
use

X
∈
R
n×

r
(resp.

x
∈
R
n)

to
refer

to
any

candidate
point,

and
M

?
=
Z
Z
T

(resp.
M

?
=
z
z
T)

or
to

refer
to

a
rank-r

(resp.
rank-1)

factorization
of

the
ground

truth
M

?.
T
he

vector
e
and

m
atrix

X
are

defined
in

(11).
W
e
also

denote
the

optim
al

value
of

the
nonconvex

problem
(15)

as
δ(X

,Z
),

and
later

show
it

to
be

equal
to

the
optim

alvalue
of

the
convex

problem
(21)

denoted
as

L
M

I(X
,Z

).

4.2.
B
asic

d
efi

n
ition

s

T
he

vectorization
operator

stacks
the

colum
ns

ofan
m
×
n
m
atrix

A
into

a
single

colum
n

vector:

vec
(A

)
=
[A

1
,1
···

A
m
,1

A
1
,2
···

A
m
,2
···

A
1
,n
···

A
m
,n ]

T
.

It
defines

an
isom

etry
betw

een
the

m
×
n
m
atrices

A
,B

and
their

m
n
underlying

degrees
of

freedom
vec

(A
),vec

(B
):

〈A
,B
〉≡

tr(A
T
B

)
=

v
ec

(A
)
T

vec
(B

)≡
〈vec

(A
),vec

(B
)〉.

T
he

m
atricization

operator
is

the
inverse

of
vectorization,

m
eaning

that
A

=
m

at(a
)

if
and

only
if
a

=
vec

(A
).

T
he

K
ron

ecker
p
rod

u
ct

betw
een

the
m
×
n
m
atrix

A
and

the
p×

q
m
atrix

B
is

the
m
p×

p
q
m
atrix

defined

A
⊗
B

=


A

1
,1 B

···
A

1
,n
B

...
...

...
A
m
,1 B

···
A
m
,n
B



to
satisfy

the
K
ronecker

identity

vec
(A
X
B
T

)
=

(B
⊗
A

)
vec

(X
).

T
he

orth
ogon

al
b
asis

ofa
given

m
×
n
m
atrix

A
(w

ith
m
≥
n)

is
a
m
atrix

P
=

orth
(A

)
com

prising
ra

n
k

(A
)
orthonorm

alcolum
ns

of
length-m

that
span

ran
ge(A

):

P
=

orth
(A

)
⇐
⇒

P
P
T
A

=
A
,

P
T
P

=
I
ra
n
k
(A

) .

W
e
can

com
pute

P
using

either
a
rank-revealing

Q
R

factorization
(C

han,1987)
or

a
(thin)

singular
value

decom
position

(G
olub

and
V
an

Loan,
1996,

p.
254)

in
O

(m
n
2)

tim
e
and

O
(m
n

)
m
em

ory.

4.3.
G
lob

al
op

tim
ality

an
d
local

op
tim

ality

G
iven

a
choice

of
A

:
S
n
→

R
m

and
the

rank-r
ground

truth
M

?
�

0,
w
e
define

the
nonconvex

objective

f
:R

n×
r→

R
such

that
f

(X
)

=
12 ‖A

(X
X
T
−
M

?)‖
2.

(6)
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u
d
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ei

If
the

point
X

attains
f

(X
)

=
0,

then
w
e
call

it
a
globally

m
inim

um
;
otherw

ise,
w
e
call

it
a
spurious

point.
IfA

satisfies
δ-R

IP,
then

X
is

a
global

m
inim

um
if
and

only
if
X
X
T

=
M

?
(R

echt
et

al.,2010,T
heorem

3.2).
T
he

point
X

is
said

to
be

a
local

m
inim

um
if
f

(X
)≤

f
(X
′)

holds
for

all
X
′
w
ithin

a
local

neighborhood
of
X
.
If
X

is
a
local

m
inim

um
,
then

it
m
ust

satisfy
the

second-order
necessary

condition
for

localoptim
ality:

∇
f

(X
)

=
0,

∇
2f

(X
)�

0.
(7)

C
onversely,a

point
X

satisfying
(7)

is
called

a
second-order

criticalpoint,and
can

be
either

a
local

m
inim

um
or

a
saddle

point.
It

is
w
orth

em
phasizing

that
local

search
algorithm

s
can

only
guarantee

convergence
to

a
second-order

criticalpoint,and
not

necessarily
a
local

m
inim

um
;see

G
e
et

al.(2015);Lee
et

al.(2016);Jin
et

al.(2017);D
u
et

al.(2017)
for

the
literature

on
gradient

m
ethods,and

C
onn

et
al.(2000);N

esterov
and

P
olyak

(2006);C
artis

et
al.(2012);B

oum
alet

al.(2018)
for

the
literature

on
trust-region

m
ethods.

If
a
point

X
satisfies

the
second-order

suffi
cient

condition
for

local
optim

ality
(w

ith
µ
>

0):
∇
f

(X
)

=
0,

∇
2f

(X
)�

µ
I

(8)

then
it
is
guaranteed

to
be

a
localm

inim
um

.
H
ow

ever,it
is
also

possible
for

X
to

be
a
local

m
inim

um
w
ithout

satisfying
(8).

Indeed,
certifying

X
to

be
a
local

m
inim

um
is

N
P
-hard

in
the

w
orst

case
(M

urty
and

K
abadi,

1987).
H
ence,

the
finite

gap
betw

een
necessary

and
suffi

cient
conditions

for
localoptim

ality
reflects

the
inherent

hardness
of

the
problem

.

4.4.
E
xp

licit
exp

ression
s
for
∇
f

(X
)
an

d
∇

2f
(X

)

D
efine

f
(X

)
as

the
nonlinear

least-squares
objective

show
n
in

(6).
W

hile
not

im
m
ediately

obvious,
both

the
gradient∇

f
(X

)
and

the
H
essian

∇
2f

(X
)
are

linear
w
ith

respect
to

the
the

kernel
operator

H
≡
A
TA

.
T
o
show

this,
w
e
define

the
m
atrix

representation
of

the
operatorA

A
=
[vec

(A
1 )

vec
(A

2 )
···

vec
(A

m
) ]
T
,

(9)

w
hich

satisfies

A
(M

)
=


〈A

1 ,M
〉

...
〈A

m
,M
〉 

=


vec

(A
1 )
T

vec
(M

)
...

vec
(A

m
)
T

vec
(M

) 
=


vec

(A
1 )
T

...
vec

(A
m

)
T 

vec
(M

)
=

A
vec

(M
).

T
hen,som

e
linear

algebra
reveals

f
(X

)
=

12
e
T
A
T
A

e
,

(10a)

∇
f

(X
)

=
X
T
A
T
A

e
,

(10b)

∇
2f

(X
)

=
2·

[I
r ⊗

m
at(A

T
A

e
)]+

X
T
A
T
A

X
,

(10c)

w
here

e
and

X
are

defined
w
ith

respect
to
X

and
M

?
to

satisfy

e
=

vec
(X
X
T
−
M

?),
(11a)

X
vec

(U
)

=
vec

(X
U
T

+
U
X
T

)
∀
U
∈
R
n×

r.
(11b)
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

(N
ot
e
th
at

X
is

si
m
pl
y

th
e
Ja

co
bi
an

of
e

w
it
h

re
sp
ec
t
to

X
.)

C
le
ar
ly
,
f

(X
),
∇
f

(X
),

an
d
∇

2
f

(X
)
ar
e
al
l
lin

ea
r
w
it
h
re
sp
ec
t
to

H
=

A
T
A
.

In
tu
rn
,

H
is

si
m
pl
y
th
e
m
at
ri
x

re
pr
es
en
ta
ti
on

of
th
e
ke
rn
el

op
er
at
or
H
.

A
s
an

im
m
ed

ia
te

co
ns
eq
ue

nc
e
no

te
d

by
Zh

an
g
et

al
.
(2
01

8a
),

bo
th

th
e
se
co
nd

-o
rd
er

ne
ce
ss
ar
y
co
nd

it
io
n
(7
)
an

d
th
e
se
co
nd

-o
rd
er

su
ffi
ci
en
t
co
nd

it
io
n
(8
)
fo
r
lo
ca
lo

pt
im

al
it
y
ar
e

lin
ea
r
m
at
ri
x
in
eq
ua

lit
ie
s
(L

M
Is
)
w
it
h
re
sp
ec
t
to

H
.
In

pa
rt
ic
ul
ar
,t

hi
s
m
ea
ns

th
at

fin
di
ng

an
in
st
an

ce
of

(2
)
w
it
h
a
fix

ed
M

?
as

th
e
gr
ou

nd
tr
ut
h
an

d
X

as
a
sp
ur
io
us

lo
ca
lm

in
im

um
is

a
co
nv
ex

op
ti
m
iz
at
io
n
pr
ob

le
m
:

fin
d
A

fin
d

H
�

0
(1
2)

su
ch

th
at
f

(X
)

=
1 2
‖A

(X
X
T
−
M

?
)‖

2
,

⇐
⇒

su
ch

th
at

X
T
H

e
=

0,

∇
f

(X
)

=
0
,

2
·[
I r
⊗

m
at

(H
e
)]

∇
2
f

(X
)
�
µ
I
.

+
X
T
H

X
�
µ
I
.

G
iv
en

a
fe
as
ib
le

po
in
t

H
,
w
e
co
m
pu

te
an

A
sa
ti
sf
yi
ng

H
=

A
T
A

us
in
g
C
ho

le
sk
y
fa
ct
or
-

iz
at
io
n
or

an
ei
ge
nd

ec
om

po
si
ti
on

.
T
he

n,
m
at
ri
ci
zi
ng

ea
ch

ro
w

of
A

re
co
ve
rs

th
e
m
at
ri
ce
s

A
1
,.
..
,A

m
im

pl
em

en
ti
ng

a
fe
as
ib
le

ch
oi
ce

of
A
.

5.
M

ai
n

id
ea

:
T

h
e

in
ex

is
te

n
ce

of
co

u
nt

er
ex

am
p
le

s

A
t
th
e
he

ar
t
of

th
is

w
or
k
is

a
si
m
pl
e
ar
gu

m
en
t
by

th
e
in
ex
is
te
nc

e
of

co
un

te
re
xa

m
pl
es
.
T
o

ill
us
tr
at
e
th
e
id
ea
,
co
ns
id
er

m
ak

in
g
th
e
fo
llo

w
in
g
cl
ai
m

fo
r
a
fix

ed
ch
oi
ce

of
λ
∈

[0
,1

)
an

d
X
,Z
∈
R
n
×
r
:

If
A

sa
ti
sfi
es
λ
-R

IP
,t

he
n
X

is
no

t
a
sp
ur
io
us

se
co
nd

-o
rd
er

cr
it
ic
al

po
in
t
fo
r
th
e
no

nc
on

ve
x
re
co
ve
ry

of
M

?
=
Z
Z
T
.

(1
3)

T
he

cl
ai
m

is
re
fu
te
d
by

a
co
un

te
re
xa

m
pl
e:

an
in
st
an

ce
of

(2
)
sa
ti
sf
yi
ng

λ
-R

IP
w
it
h
gr
ou

nd
tr
ut
h
M

?
=
Z
Z
T
an

d
sp
ur
io
us

lo
ca
lm

in
im

um
X
.
T
he

pr
ob

le
m

of
fin

di
ng

a
co
un

te
re
xa

m
pl
e

is
a
no

nc
on

ve
x
fe
as
ib
ili
ty

pr
ob

le
m
:

fin
d
A

(1
4)

su
ch

th
at

f
(X

)
=

1 2
‖A

(X
X
T
−
Z
Z
T

)‖
2

∇
f

(X
)

=
0,
∇

2
f

(X
)
�

0

A
sa
ti
sfi
es
δ-
R
IP
.

If
pr
ob

le
m

(1
4)

is
fe
as
ib
le

fo
r
δ

=
λ
,t
he

n
an

y
fe
as
ib
le

po
in
t
is
a
co
un

te
re
xa

m
pl
e
th
at

re
fu
te
s

th
e
cl
ai
m

(1
3)
.
H
ow

ev
er
,
if
pr
ob

le
m

(1
4)

is
in
fe
as
ib
le

fo
r
δ

=
λ
,
th
en

co
un

te
re
xa

m
pl
es

do
no

t
ex
is
t,
so

w
e
m
us
t
ac
ce
pt

th
e
cl
ai
m

(1
3)

at
fa
ce

va
lu
e.

In
ot
he

r
w
or
ds
,t
he

in
ex
is
te
nc
e
of

co
un

te
re
xa
m
pl
es

is
pr
oo
f
fo
r
th
e
or
ig
in
al

cl
ai
m
.
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S
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a
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L
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a
ei

T
he

sa
m
e
ar
gu

m
en
t
ca
n
be

po
se
d
in

an
op

ti
m
iz
at
io
n
fo
rm

.
In
st
ea
d
of

fin
di
ng

an
y
ar
bi
-

tr
ar
y
co
un

te
re
xa

m
pl
e,

w
e
w
ill

lo
ok

fo
r
th
e
co
un

te
re
xa

m
pl
e
w
it
h
th
e
sm

al
le
st

R
IP

co
ns
ta
nt

δ(
X
,Z

)
≡

m
in
im

um
A

δ
(1
5)

su
bj
ec
t
to

f
(X

)
=

1 2
‖A

(X
X
T
−
Z
Z
T

)‖
2

∇
f

(X
)

=
0,
∇

2
f

(X
)
�

0

A
sa
ti
sfi
es
δ-
R
IP
.

Su
pp

os
e
th
at

pr
ob

le
m

(1
5)

at
ta
in
s
it
s
m
in
im

um
at
A
?
.
If
λ
≥
δ(
X
,Z

),
th
en

th
e
m
in
im

iz
er

A
?
is
a
co
un

te
re
xa

m
pl
e
th
at

re
fu
te
s
th
e
cl
ai
m

(1
3)
.
O
n
th
e
ot
he

r
ha

nd
,i
fλ

<
δ(
X
,Z

),
th
en

pr
ob

le
m

(1
4)

is
in
fe
as
ib
le

fo
r
δ

=
λ
,s
o
co
un

te
re
xa

m
pl
es

do
no

t
ex
is
t,
so

th
e
cl
ai
m

(1
3)

m
us
t

be
tr
ue

.
R
ep

ea
ti
ng

th
es
e
ar
gu

m
en
ts

ov
er

al
lc
ho

ic
es

of
X

an
d
Z

yi
el
ds

th
e
fo
llo

w
in
g
gl
ob

al
re
co
v-

er
y
gu

ar
an

te
e.

L
em

m
a
6
(S
h
ar
p
gl
ob

al
gu

ar
an

te
e)

Su
pp
os
e
th
at

pr
ob
le
m

(1
5)

at
ta
in
s
it
s
m
in
im

um
of

δ(
X
,Z

).
D
efi

ne
δ?

as
in

δ?
≡

in
fim

um
X
,Z
∈R

n
×
r

δ(
X
,Z

)
su
bj
ec
t
to

X
X
T
6=
Z
Z
T
.

(1
6)

If
A

sa
ti
sfi
es
λ
-R

IP
w
it
h
λ
<
δ?
,t
he
n
f

(X
)

=
‖A

(X
X
T
−
M

?
)‖

2
w
it
h
gr
ou

nd
tr
ut
h
M

?
�

0
an

d
ra

n
k

(M
?
)
≤
r
sa
ti
sfi
es
:

∇
f

(X
)

=
0
,
∇

2
f

(X
)
�

0
⇐
⇒

X
X
T

=
M

?
.

(1
7)

M
or
eo
ve
r,

if
th
er
e
ex
is
t
X
?
,Z

?
su
ch

th
at
δ?

=
δ(
X
?
,Z

?
),

th
en

th
e
th
re
sh
ol
d
δ?

is
sh
ar
p.

P
ro
of

T
o
pr
ov
e
(1
7)
,w

e
si
m
pl
y
pr
ov
e
th
e
cl
ai
m

(1
3)

fo
r
λ
<
δ?

an
d
ev
er
y
po

ss
ib
le

ch
oi
ce

of
X
,Z
∈
R
n
×
r
.
In
de

ed
,
if
X
X
T

=
Z
Z
T
,
th
en

X
is

no
t
a
sp
ur
io
us

po
in
t
(a
s
it

is
a
gl
ob

al
m
in
im

um
),

w
he

re
as

if
X
X
T
6=
Z
Z
T
,
th
en

λ
<
δ?
≤
δ(
X
,Z

)
pr
ov
es

th
e
in
ex
is
te
nc

e
of

a
co
un

te
re
xa

m
pl
e.

Sh
ar
pn

es
s
fo
llo

w
s
be

ca
us
e
th
e
m
in
im

um
δ?

=
δ(
X
?
,Z

?
)
is
at
ta
in
ed

by
th
e

m
in
im

iz
er
A
?
th
at

re
fu
te
s
th
e
cl
ai
m

(1
3)

fo
r
al
lλ
≥
δ?

an
d
X

=
X
?
an

d
Z

=
Z
?
.

R
ep

ea
ti
ng

th
e
sa
m
e
ar
gu

m
en
ts

ov
er

an
ε-
lo
ca
ln

ei
gh

bo
rh
oo

d
of

th
e
gr
ou

nd
tr
ut
h
yi
el
ds

th
e

fo
llo

w
in
g
lo
ca
l
re
co
ve
ry

gu
ar
an

te
e.

L
em

m
a
7
(S
h
ar
p
lo
ca
l
gu

ar
an

te
e)

Su
pp
os
e
th
at

pr
ob
le
m

(1
5)

at
ta
in
s
it
s
m
in
im

um
of

δ(
X
,Z

).
G
iv
en

ε
>

0
,
de
fin

e
δ?

(ε
)
as

in

δ?
(ε

)
≡

in
fim

um
X
,Z
∈R

n
×
r

δ(
X
,Z

)
su
bj
ec
t
to

X
X
T
6=
Z
Z
T
,
‖X

X
T
−
Z
Z
T
‖ F
≤
ε‖
Z
Z
T
‖ F
.

(1
8)

If
A

sa
ti
sfi
es

λ
-R

IP
w
it
h
λ
<
δ?

(ε
),

th
en

f
(X

)
=
‖A

(X
X
T
−
M

?
)‖

2
w
it
h
gr
ou

nd
tr
ut
h

M
?
�

0
an

d
ra

n
k

(M
?
)
≤
r
sa
ti
sfi
es
:

∇
f

(X
)

=
0
,
∇

2
f

(X
)
�

0,
‖X

X
T
−
Z
Z
T
‖ F
≤
ε‖
Z
Z
T
‖ F
⇐
⇒

X
X
T

=
M

?
.

(1
9)

M
or
eo
ve
r,

if
th
er
e
ex
is
t
X
?
,Z

?
su
ch

th
at
δ?

=
δ(
X
?
,Z

?
),

th
en

th
e
th
re
sh
ol
d
δ?

is
sh
ar
p.
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

O
ur

m
ain

diffi
culty

w
ith

Lem
m
a
6
and

Lem
m
a
7
is

the
evaluation

of
δ(X

,Z
).

Indeed,
verifying

δ-R
IP

for
a
fixed

A
is
already

N
P
-hard

in
general(T

illm
ann

and
P
fetsch,2014),so

it
is
reasonable

to
expect

that
solving

an
optim

ization
problem

(15)
w
ith

a
δ-R

IP
constraint

w
ould

be
at

least
N
P
-hard.

Instead,
Zhang

et
al.

(2018a)
suggests

replacing
the

δ-R
IP

constraint
w
ith

a
convex

suffi
cient

condition,obtained
by

enforcing
the

R
IP

inequality
(3)

over
all

n
×
n
m
atrices

(and
not

just
rank-2

r
m
atrices):

(1−
δ)‖

M
‖
2F
≤
‖A

(M
)‖

2≤
(1

+
δ)‖M

‖
2F

∀
M
∈
R
n×

n
.

(20)

T
he

resulting
problem

is
a
linear

m
atrix

inequality
(LM

I)
optim

ization
over

the
kernel

operatorH
=
A
TA

that
yields

an
upper-bound

on
δ(X

,Z
):

L
M

I(X
,Z

)
≡

m
inim

um
H
=
A
TA

δ
(21)

subject
to

f
(X

)
=

12 ‖A
(X
X
T
−
Z
Z
T

)‖
2

∇
f

(X
)

=
0
,
∇

2f
(X

)�
0

(1−
δ)I
�
A
TA
�

(1
+
δ)I

Surprisingly,
the

upper-bound
is

tight—
problem

(21)
is

actually
an

exact
reform

ulation
of

problem
(15).

T
h
eorem

8
(E

xact
convex

reform
u
lation

)
G
iven

X
,Z
∈

R
n×

r,
w
e
have

δ(X
,Z

)
=

L
M

I(X
,Z

)
w
ith

both
problem

s
attaining

their
m
inim

a.
M
oreover,

every
m
inim

izer
H
?
for

the
latter

problem
is

related
to

a
m
inim

izerA
?
for

the
form

er
problem

via
H
?

=
(A

?)
TA

?.

T
heorem

8
is
the

key
insight

that
allow

s
us

to
establish

our
m
ain

results.
W

hen
rank

r
=

1,
the

LM
Iis

suffi
ciently

sim
ple

that
it
can

be
suitably

relaxed
and

solved
in

closed-form
,as

w
e

w
illsoon

show
in

Section
7.

B
ut

even
w
hen

r
>

1,the
LM

I
can

stillbe
solved

num
erically

using
an

interior-point
m
ethod.

T
his

allow
s
us

to
perform

num
ericalexperim

ents
to

probe
at

the
true

value
of
δ
?
and

δ
?(ε),even

w
hen

analyticalargum
ents

are
not

available.
Section

5.1
below

gives
a
proofofT

heorem
8.

A
key

step
ofthe

proofis
to

establish
the

follow
ing

equivalence:

L
M

I(X
,Z

)
=

L
M

I(P
T
X
,P

T
Z

)
w
here

P
=

orth
([X

,Z
]).

(22)

For
sm

all
values

of
the

rank
r
�

n,
equation

(22)
also

yields
an

effi
cient

algorithm
for

evaluating
L

M
I(X

,Z
)
in

linear
tim

e:
com

pute
P
,
P
T
X
,
and

P
T
Z
,
and

then
evaluate

L
M

I(P
T
X
,P

T
Z

).
M
oreover,the

associated
m
inim

izerA
?
can

also
be

effi
ciently

recovered.
T
hese

practicalaspects
are

discussed
in

detailin
Section

5.2.

5.1.
P
roof

of
T
h
eorem

8

G
iven

X
,Z
∈
R
n×

r,w
e
define

e∈
R
n
2
and

X
∈
R
n
2×
n
r
to

satisfy
equation

(11)
w
ith

respect
to
X

and
M

?
=
Z
Z
T.

T
hen,problem

(21)
can

be
explicitly

w
ritten

as

L
M

I(X
,Z

)
=

m
inim

um
δ,H

δ
(23)

subject
to

X
T
H

e
=

0,

2·[I
r ⊗

m
a
t(H

e
)]+

X
T
H

X
�

0,

(1−
δ)I
�

H
�

(1
+
δ)I

,
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Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
ava

ei

w
ith

Lagrangian
dual

m
axim

ize
y
,U

1
,U

2
,V

tr(U
1 −

U
2 )

(24)

subject
to

tr(U
1

+
U
2 )

=
1,

r
∑j=

1 (X
y−

vec
(V
j,j ))e

T
+

e
(X
y−

vec
(V
j,j ))

T

−
X
V

X
T

=
U
1 −

U
2 ,

V
=


V
1
,1
···

V
r,1

...
...

...
V
Tr,1
···

V
r,r 
�

0
,

U
1 �

0,
U
2 �

0
.

T
he

dual
problem

adm
its

a
strictly

feasible
point

(for
suffi

ciently
sm

all
ε
>

0,
set

y
=

0
,

V
=
εI
,
U
1

=
η
I
−
εW

,
and

U
2

=
η
·
I

+
εW

w
here

2η
=
n
−
2
and

2W
=
r[vec

(I
)e
T

+
e
vec

(I
)
T

]−
X

X
T)

and
the

prim
al

problem
is

bounded
(the

constraints
im

ply
δ
≥

0).
H
ence,

Slater’s
condition

is
satisfied,

strong
duality

holds,
and

the
prim

al
problem

attains
its

optim
alvalue

at
a
m
inim

izer.
It

turns
out

that
both

the
m
inim

izer
and

the
m
inim

um
are

invariant
under

an
orthogonal

projection.

L
em

m
a
9
(O

rth
ogon

al
p
ro
jection

)
G
iven

X
,Z
∈
R
n×

r,let
P
∈
R
n×

q
w
ith

q≤
n
satisfy

P
T
P

=
I
q ,

P
P
T
X

=
X
,

P
P
T
Z

=
Z
.

Let
(δ̂,Ĥ

)
be

a
m
inim

izer
for

L
M

I(P
T
X
,P

T
Z

).
T
hen,

(δ,H
)
is
a
m
inim

izer
for

L
M

I(X
,Z

),
w
here

P
=
P
⊗
P

andδ
=
δ̂,

H
=

P
Ĥ

P
T

+
(I−

P
P
T

).

P
roof

C
hoose

arbitrarily
sm

all
ε
>

0.
Strong

duality
guarantees

the
existence

of
a
dual

feasible
point

(ŷ
,Û

1 ,Û
2 ,V̂

)
w
ith

duality
gap

ε.
T
his

is
a
certificate

that
proves

(δ̂,Ĥ
)
to

be
ε-suboptim

alfor
L

M
I(P

T
X
,P

T
Z

).
W
e
can

m
echanically

verify
that

(δ,H
)
is
prim

alfeasible
and

that
(y
,U

1 ,U
2 ,V

)
is

dualfeasible,w
here

y
=

(I
r ⊗

P
)ŷ
,

U
1

=
P
Û
1 P

T
,

U
2

=
P
Û
2 P

T
,

V
=

(I
r ⊗

P
)V̂

(I
r ⊗

P
)
T
.

T
hen,

(y
,U

1 ,U
2 ,V

)
is

a
certificate

that
proves

(δ,H
)
to

be
ε-suboptim

al
for

L
M

I(X
,Z

),
since

δ−
tr(U

1 −
U
2 )

=
δ̂−

tr(Û
1 −

Û
2 )

=
ε.

G
iven

that
ε-suboptim

al
certificates

exist
for

all
ε
>

0,
the

point
(δ,H

)
m
ust

actually
be

optim
al.

T
he

details
for

verifying
prim

aland
dualfeasibility

are
straightforw

ard
but

tedious;
they

are
included

in
A
ppendix

A
for

com
pleteness.

R
ecallthat

w
e
developed

an
upper-bound

L
M

I(X
,Z

)
on

δ(X
,Z

)
by

replacing
δ-R

IP
w
ith

a
convex

suffi
cient

condition
(20).

T
he

sam
e
idea

can
also

be
used

to
produce

a
low

er-bound.
Specifically,

w
e
replace

the
δ-R

IP
constraint

w
ith

a
convex

necessary
condition,

obtained
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

by
en

fo
rc
in
g
th
e
R
IP

in
eq
ua

lit
y
(3
)
ov
er

a
su
bs
et

of
ra
nk

-2
r
m
at
ri
ce
s
(i
ns
te
ad

of
ov
er

al
l

ra
nk

-2
r
m
at
ri
ce
s)
:

(1
−
δ)
‖P
Y
P
T
‖2 F
≤
‖A

(P
Y
P
T

)‖
2
≤

(1
+
δ)
‖P
Y
P
T
‖2 F

∀Y
∈
R
d
×
d

(2
5)

w
he

re
P

is
a
fix

ed
n
×
d
m
at
ri
x
w
it
h
d
≤

2r
.
T
he

re
su
lt
in
g
pr
ob

le
m

is
al
so

co
nv

ex
(w

e
w
ri
te

P
=
P
⊗
P
)

δ(
X
,Z

)
≥

m
in
im

iz
e

δ
(2
6)

su
bj
ec
t
to

X
T
H

e
=

0,

2
·[
I r
⊗

m
at

(H
e
)]

+
X
T
H

X
�

0
,

(1
−
δ)

P
T
P
�

P
T
H

P
�

(1
+
δ)

P
T
P

w
it
h
La

gr
an

gi
an

du
al

m
ax

im
iz
e

y
,U

1
,U

2
,V

tr
[P

(U
1
−
U
2
)P

T
]

(2
7)

su
bj
ec
t
to

tr
[P

(U
1

+
U
2
)P

T
]

=
1
,

r ∑ j=
1

(X
y
−

ve
c

(V
j,
j
))

e
T

+
e
(X
y
−

ve
c

(V
j,
j
))
T

−
X
V

X
T

=
P

(U
1
−
U
2
)P

T
,

V
=

  V
1
,1
··
·

V
r,
1

. . .
. .
.

. . .
V
T r,
1
··
·

V
r,
r

  
�

0
,

U
1
�

0,
U
2
�

0
.

It
tu
rn
s
ou

tt
ha

tf
or

th
e
sp
ec
ifi
c
ch
oi
ce

of
P

=
or

th
([
X
,Z

])
,t
he

lo
w
er
-b
ou

nd
in

(2
6)

co
in
ci
de
s

w
it
h
th
e
up

pe
r-
bo

un
d
in

(2
3)
.

L
em

m
a
10

(T
ig
ht
n
es
s)

D
efi

ne
P

=
or

th
([
X
,Z

])
.
Le

t(
δ̂,

Ĥ
)
be

a
m
in
im

iz
er

fo
r

L
M

I(
P
T
X
,P

T
Z

).
T
he
n,

(δ
,H

)
is

a
m
in
im

iz
er

fo
r
pr
ob
le
m

(2
6)
,
w
he
re

P
=
P
⊗
P

an
d

δ
=
δ̂,

H
=

P
Ĥ

P
T
.

P
ro
of

T
he

pr
oo

f
is

al
m
os
t
id
en
ti
ca
l
to

th
at

of
Le

m
m
a
9.

A
ga

in
,
ch
oo

se
ar
bi
tr
ar
ily

sm
al
l

ε
>

0.
Le

t
(ŷ
,Û

1
,Û

2
,V̂

)
be

a
du

al
fe
as
ib
le

po
in
t
fo
r

L
M

I(
P
T
X
,P

T
Z

)
w
it
h
du

al
it
y
ga

p
ε.

T
he

n,
(y
,U

1
,U

2
,V

)
w
he

re

y
=

(I
r
⊗
P

)ŷ
,

U
1

=
Û
1
,

U
2

=
Û
2
,

V
=

(I
r
⊗
P

)V̂
(I
r
⊗
P

)T

is
a
ce
rt
ifi
ca
te

th
at

pr
ov
es

(δ
,H

)
to

be
ε-
su
bo

pt
im

al
fo
r
pr
ob

le
m

(2
6)
.

T
he

de
ta
ils

fo
r

ve
ri
fy
in
g
pr
im

al
an

d
du

al
fe
as
ib
ili
ty

ar
e
in
cl
ud

ed
in

A
pp

en
di
x
B
.

P
ut
ti
ng

th
e
up

pe
r-

an
d
lo
w
er
-b
ou

nd
s
to
ge
th
er

th
en

yi
el
ds

a
sh
or
t
pr
oo

f
of

T
he

or
em

8.
P
ro
of

[P
ro
of

of
T
he

or
em

8]
D
en

ot
e
δ u

b
=

L
M

I(
X
,Z

)
as

th
e
op

ti
m
al

va
lu
e
to

th
e
up

pe
r-

bo
un

d
pr
ob

le
m

(2
3)

an
d
H
?
as

th
e
co
rr
es
po

nd
in
g
m
in
im

iz
er
.
(T

he
m
in
im

iz
er
H
?
al
w
ay

s
ex
is
ts

du
e
to

th
e
bo

un
de

dn
es
s
of

th
e
pr
im

al
pr
ob

le
m

an
d
th
e
ex
is
te
nc

e
of

a
st
ri
ct
ly

fe
as
ib
le
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 2
0(
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:1
-3

4,
 2

01
9

Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
av

a
ei

A
lg
or
it
h
m

1
E
ffi
ci
en
t
al
go

ri
th
m

fo
r
δ(
X
,Z

)
an

d
A
?
.

In
p
u
t.

C
ho

ic
es

of
X
,Z
∈
R
n
×
r
.

O
u
tp
u
t.

T
he

va
lu
e
δ̂

=
δ(
X
,Z

)
an

d
th
e
co
rr
es
po

nd
in
g
m
in
im

iz
er
A
?
(i
f
de

si
re
d)
.

A
lg
or
it
h
m
.

1.
C
om

pu
te
P

=
or

th
([
X
,Z

])
∈
R
n
×
d
an

d
pr
oj
ec
t
X̂

=
P
T
X

an
d
Ẑ

=
P
T
Z
.

2.
So

lv
e
δ̂

=
L

M
I(
X̂
,Ẑ

)
us
in
g
an

in
te
ri
or
-p
oi
nt

m
et
ho

d
to

ob
ta
in

m
in
im

iz
er

Ĥ
.
O
u
tp
u
t

δ̂.

3.
C
om

pu
te

th
e
or
th
og
on

al
co
m
pl
em

en
t
P
⊥

=
o
rt

h
(I
−
P
P
T

)
∈
R
n
×
(n
−
d
) .

4.
Fa

ct
or

Ĥ
=

Â
T
Â

us
in
g
(d
en

se
)
C
ho

le
sk
y
fa
ct
or
iz
at
io
n.

5.
A
na

ly
ti
ca
lly

fa
ct
or

(A
?
)T

A
?

=
H
?

=
P

Ĥ
P
T

+
(I
−

P
P
T

)
us
in
g
th
e
fo
rm

ul
a

(A
?
)T

=
[ (P
⊗
P

)Â
T

P
⊗
P
⊥

P
⊥
⊗
P

P
⊥
⊗
P
⊥
]

w
hi
le

us
in
g
th
e
K
ro
ne

ck
er

id
en
ti
ty

(P
⊗
P

)v
ec

(U
)

=
v
ec

(P
U
P
T

)
to

ev
al
ua

te
ea
ch

co
lu
m
n
of

(P
⊗
P

)Â
T
.

6.
R
ec
ov
er

th
e
m
at
ri
ce
s
A
? 1
,.
..
,A

? m
as
so
ci
at
ed

w
it
h

th
e
m
in
im

iz
er
A
?
by

m
at
ri
ci
zi
ng

ea
ch

ro
w

of
A
?
.
O
u
tp
u
t
A
?
.

po
in
t
in

th
e
du

al
pr
ob

le
m
.)

D
en

ot
e
δ l
b
as

th
e
op

ti
m
al

va
lu
e
to

th
e
lo
w
er
-b
ou

nd
pr
ob

le
m

(2
6)
.
Fo

r
P

=
or

th
([
X
,Z

])
,
th
e
se
qu

en
ce

of
in
cl
us
io
ns

{P
Y
P
T

:
Y
∈
R
d
×
d
}
⊆
{M
∈
R
n
×
n

:
ra

n
k

(M
)
≤

2
r}
⊆

R
n
×
n
,

im
pl
ie
s
δ l
b
≤
δ(
X
,Z

)
≤
δ u

b
.

H
ow

ev
er
,
by

Le
m
m
a
9
an

d
Le

m
m
a
10

,
w
e
ac
tu
al
ly

ha
ve

δ u
b

=
δ l
b

=
L

M
I(
P
T
X
,P

T
Z

),
an

d
he

nc
e
δ l
b

=
δ(
X
,Z

)
=
δ u

b
.
F
in
al
ly
,
th
e
m
in
im

iz
er
H
?

fa
ct
or
si
nt
o

(A
?
)T
A
?
,w

he
re
A
?
sa
ti
sfi
es

th
e
su
ffi
ci
en
tc

on
di
ti
on

(2
0)
,a

nd
he

nc
e
al
so
δ-
R
IP
.

5.
2.

E
ffi
ci
en
t
ev
al
u
at
io
n
of
δ(
X
,Z

)
an

d
A
?

W
e
no

w
tu
rn

to
th
e
pr
ac
ti
ca
l
pr
ob

le
m

of
ev
al
ua

ti
ng

δ(
X
,Z

)
an

d
th
e
as
so
ci
at
ed

m
in
im

iz
er

A
?
us
in
g
a
nu

m
er
ic
al

al
go

ri
th
m
.

W
hi
le

it
s
ex
ac
t
re
fo
rm

ul
at
io
n

L
M

I(
X
,Z

)
=
δ(
X
,Z

)
is

in
de

ed
co
nv

ex
,n

aï
¿œ

ve
ly

so
lv
in
g
it
us
in
g
an

in
te
ri
or
-p
oi
nt

so
lu
ti
on

ca
n
re
qu

ir
e
up

to
O

(n
1
3
)

ti
m
e
an

d
O

(n
8
)
m
em

or
y
(a
s
it

re
qu

ir
es

so
lv
in
g
an

or
de

r-
n
2
se
m
id
efi

ni
te

pr
og

ra
m
).

In
ou

r
ex
pe

ri
m
en
ts
,
th
e
la
rg
es
t
in
st
an

ce
s
of

(2
1)

th
at

w
e
co
ul
d
ac
co
m
m
od

at
e
us
in
g
th
e
st
at
e-
of
-

th
e-
ar
t
so
lv
er

M
O
SE

K
(A

nd
er
se
n

an
d

A
nd

er
se
n,

20
00

)
ha

d
di
m
en

si
on

s
no

gr
ea
te
r
th
an

n
≤

12
.

In
st
ea
d,

w
e
ca
n
effi

ci
en
tl
y
ev
al
ua

te
δ(
X
,Z

)
us
in
g
A
lg
or
it
hm

1.
W

he
n
th
e
ra
nk

r
�

n
is

sm
al
l,
th
e
al
go

ri
th
m

ev
al
ua

te
s
δ(
X
,Z

)
in

lin
ea
r
O

(n
)
ti
m
e
an

d
m
em

or
y,

an
d
if
de

si
re
d,

al
so

re
co
ve
rs

th
e
m
in
im

iz
er
A
?
in

O
(n

4
)
ti
m
e
an

d
m
em

or
y.

In
pr
ac
ti
ce
,
ou

r
nu

m
er
ic
al

ex
pe

ri
m
en
ts

w
er
e
ab

le
to

ac
co
m
m
od

at
e
fo
r
ra
nk

as
la
rg
e
as
r
≤

1
0
.
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L
o
ca

l
M

in
im

a

P
rop

osition
11

A
lgorithm

1
correctly

outputs
the

m
inim

um
value

δ̂
=
δ(X

,Z
)
and

the
m
inim

izerA
?.

M
oreover,

Steps
1-2

for
δ̂
use

O
(n
r
2

+
r
1
3

log
(1/ε))

tim
e
and

O
(n
r

+
r
8)

m
em

ory,
(28)

w
hile

Steps
3-6

forA
?
use

O
(n

4
+
n
2r

3
+
n
r
4

+
r
6)

tim
e
and

O
(n

4)
m
em

ory.
(29)

P
roof

W
e
begin

by
verifying

correctness.
T
he

fact
that

the
m
inim

um
value

δ(X
,Z

)
=

L
M

I(P
T
X
,P

T
Z

)
follow

s
from

T
heorem

8
and

Lem
m
a
9.

T
o
prove

correctness
for

the
m
ini-

m
izerA

?,w
e
recallthat

A
lgorithm

1
defines

P
⊥
∈
R
n×

(n−
d
)
as

the
orthogonalcom

plem
ent

of
P
∈
R
n×

d,and
note

that

P
P
T
⊗
P
⊥
P
T⊥

+
P
⊥
P
T⊥
⊗
P
P
T

+
P
⊥
P
T⊥
⊗
P
⊥
P
T⊥

=
(P
P
T

+
P
⊥
P
T⊥

)⊗
(P
P
T

+
P
⊥
P
T⊥

)−
P
P
T
⊗
P
P
T

=
I−

P
P
T
,

w
here

P
=
P
⊗
P
.H

ence,A
lgorithm

1
produces

the
m
inim

izer
H
?

=
P

Ĥ
P
T

+
(I−

P
P
T

)
for

L
M

I(X
,Z

)
in

Lem
m
a
9
as

desired.
N
ow

,let
us

quantify
com

plexity.
N
ote

that
d
≤

2
r

=
O

(r)
by

construction.
Step

1
takes

O
(n
r
2)

tim
e
and

O
(n
r)

m
em

ory.
Step

2
requires

solving
an

order
θ

=
O

(r
2)

sem
idefinite

program
in
O

(θ
6
.5

log
(1/ε))

=
O

(r
1
3

log
(1/ε))

tim
e
and

O
(θ

4)
=
O

(r
8)

m
em

ory.
Stopping

here
yields

(28).
Step

3
uses

O
(n

3
+
n
2r)

tim
e
and

O
(n

2)
m
em

ory.
Step

4
uses

O
(r

6)
tim

e
and

O
(r

4)
m
em

ory.
Step

5
perform

s
O

(r
2)

m
atrix-vector

products
each

costing
O

(n
r
2
+
n
2r)

tim
e
and

O
(n

4)
m
em

ory,and
then

filling
the

rest
of

A
in
O

(n
4)

tim
e
and

m
em

ory.
Step

6
costs

O
(n

4)
tim

e
and

m
em

ory.
Sum

m
ing

the
term

s
and

substituting
O

(n
4

+
r
4)

=
O

(n
4)

in
the

m
em

ory
com

plexity
yields

the
desired

figures.

6.
C

ou
nterexam

p
le

w
ith

δ
=

1/2
for

th
e

ran
k-1

p
rob

lem

In
this

section,
w
e
use

a
fam

ily
of

counterexam
ples

to
prove

that
δ-R

IP
w
ith

δ
<

1
/2

is
necessary

for
the

exact
recovery

of
any

arbitrary
rank-1

ground
truth

M
?

=
z
z
T

(and
not

just
the

2×
2
ground

truth
studied

by
Zhang

et
al.

(2018a)).
Specifically,

w
e
state

a
choice

ofA
?
that

satisfies
1
/2-R

IP
but

w
hose

f
?(x

)
=
‖A

?(x
x
T
−
M

?)‖
2
adm

its
a
spurious

second-order
point.

E
xam

p
le

1
G
iven

rank-1
ground

truth
M

?
=
z
z
T
6=

0,
define

a
set

of
orthonorm

al
vec-

tors
u
1 ,u

2 ,...,u
n
∈

R
n

w
ith

u
1

=
z
/‖
z‖,

and
define

m
=

n
2
m
easurem

ent
m
atrices

A
1 ,A

2 ,...,A
m
,
w
ith

A
1

=
u
1 u
T1

+
12
u
2 u
T2
,

A
2

=

√
32

(u
1 u
T2

+
u
2 u
T1

),

A
n
+
1

=
1√2

(u
1 u
T2
−
u
2 u
T1

),
A
n
+
2

=

√
32
u
2 u
T2
,
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Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
ava

ei

and
the

rem
aining

n
2−

4
m
easurem

ent
m
atrices

sequentially
assigned

as

A
k

=
u
i u
Tj
,

k
=
i

+
n
·(j−

1),
∀
(i,j)∈

{1
,2
,...,n}

2\{1
,2}

2.

T
hen,

the
associated

operatorA
?
satisfies

1
/2-R

IP
:

(
1−

12 )
‖
M
‖
2F
≤
‖A

?(M
)‖

2≤
(

1
+

12 )
‖M
‖
2F

∀
M
∈
R
n×

n
,

but
the

corresponding
f
?(x

)
≡
‖A

?(x
x
T
−
M

?)‖
2
adm

its
x

=
(‖
z‖/ √

2)
u
2
as

a
spurious

second-order
criticalpoint:

f
?(x

)
=

34 ‖
M

?‖
2F
,

∇
f
?(x

)
=

0,
∇

2f
?(x

)�
8x
x
T
.

W
e
derived

E
xam

ple
1
by

num
erically

solving
δ(x

,z
)
w
ith

any
x
satisfying

x
T
z

=
0
and

‖
x‖

=
‖
z‖/ √

2
using

A
lgorithm

1.
T
he

1
/2-R

IP
counterexam

ple
of

Zhang
et

al.
(2018a)

arises
as

the
instance

ofE
xam

ple
1
associated

w
ith

the
2×

2
ground

truth
ẑ
ẑ
T
and

ẑ
=

(1,0):

Â
1

=

[
1

0
0

1
/2 ]

,
Â

2
=

[
0

√
3/

2
√

3
/
2

0

]
,

Â
3

=

[
0

−
1
/ √

2

1/ √
2

0

]
,

Â
4

=

[
0

0

0
√

3
/2 ]

.

T
he

associated
operatorÂ

:S
2→

R
4
is

invertible
and

satisfies
1
/
2-R

IP,but
x̂

=
(0
,1
/ √

2)
is

a
spurious

second-order
point:

f̂
(x̂

)≡
‖Â

(x̂
x̂
T
−
ẑ
ẑ
T

)‖
2

=
34
,

∇
f̂

(x̂
)

=
0,

∇
2f̂

(x̂
)

=

[
0

0
0

4 ]
.

W
e
can

verify
the

correctness
of

E
xam

ple
1
for

a
general

rank-1
ground

truth
by

reducing
it
dow

n
to

this
specific

2×
2
exam

ple.
P
roof

[P
roof

of
correctness

for
E
xam

ple
1]

W
e
can

m
echanically

verify
E
xam

ple
1
to

be
correct

w
ith

ground
truth

ẑ
ẑ
T

and
ẑ

=
(1,0).

D
enote

Â
,
f̂

(x̂
)

=
‖Â

(x̂
x̂
T
−
ẑ
ẑ
T

)‖
2,

and
x̂

=
(0
,1/ √

2)
as

the
corresponding

m
inim

izer,
nonconvex

objective,
and

spurious
second-

order
criticalpoint.

For
a
general

rank-1
ground

truth
M

?
=

z
z
T,

recall
that

w
e
have

defined
a
set

of
orthonorm

al
vectors

u
1 ,u

2 ,...,u
n
∈

R
n
w
ith

u
1

=
z
/‖
z‖.

T
hen,

setting
P

=
[u

1 ,u
2 ]

and
P
⊥

=
[u

3 ,...,u
n
]show

s
that

the
m
atrix

version
ofA

?
can

be
perm

uted
row

-w
ise

to
satisfy

(A
?)
T

=
[(P
⊗
P

)Â
T

P
⊗
P
⊥

P
⊥
⊗
P

P
⊥
⊗
P
⊥ ]

w
here

Â
is

the
m
atrix

version
ofÂ

.
R
epeating

the
proof

of
P
roposition

11
show

s
that

(A
?)
T
A
?

=
P

Â
T
Â

P
+

(I−
P

P
T

)

w
here

P
=
P
⊗
P
,and

so
A
?
also

satisfies
1
/2-R

IP.M
oreover,this

im
plies

that

f
?(x

)≡
‖A

?(x
x
T
−
z
z
T

)‖
2

=
‖
z‖

4f̂
(P

T
x
/‖z‖

)
+

(‖
x‖

4−
‖
P
T
x‖

4).
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

D
iff
er
en
ti
at
in
g
yi
el
ds

th
e
fo
llo

w
in
g
at
x

=
(‖
z
‖/
√

2)
u
2
:

f
?
(x

)
=
‖z
‖4
f̂

(x̂
)

=
(3
/4

)‖
z
‖4
,

∇
f
?
(x

)
=
‖z
‖3
P
∇
f̂

(x̂
)

=
0,

∇
2
f
?
(x

)
=
‖z
‖2
P
∇

2
f̂

(x̂
)P

T
+

2
‖x
‖2

(I
−
P
P
T

)
�

4‖
z
‖2
u
2
u
T 2
.

7.
C

lo
se

d
-f
or

m
lo

w
er

-b
ou

n
d

fo
r

th
e

ra
n
k-
1

p
ro

b
le

m

It
tu
rn
s
ou

t
th
at

th
e
LM

Ip
ro
bl
em

(2
1)

in
th
e
ra
nk

-1
ca
se

is
su
ffi
ci
en
tl
y
si
m
pl
e
to

be
su
it
ab

ly
re
la
xe
d
an

d
th
en

so
lv
ed

in
cl
os
ed

-f
or
m
.
O
ur

m
ai
n
re
su
lt
in

th
is
se
ct
io
n
is
th
e
fo
llo

w
in
g
lo
w
er
-

bo
un

d
on

δ(
x
,z

)
=

L
M

I(
x
,z

).

T
h
eo
re
m

12
(C

lo
se
d
-f
or
m

lo
w
er
-b
ou

n
d
)
Le

t
x
,z
∈

R
n
be

ar
bi
tr
ar
y
no

nz
er
o
ve
ct
or
s,

an
d
de
fin

e
th
ei
r
le
ng
th

ra
ti
o
ρ
an

d
in
ci
de
nc
e
an

gl
e
φ
:

ρ
≡
‖x
‖

‖z
‖,

φ
≡

ar
cc

os

(
x
T
z

‖x
‖‖
z
‖)

.
(3
0)

D
efi

ne
th
e
fo
llo

w
in
g
tw
o
sc
al
ar
s
w
it
h
re
sp
ec
t
to
ρ
an

d
φ
:

α
=

si
n
2
φ

√
(ρ

2
−

1)
2

+
2
ρ
2

si
n
2
φ
,

β
=

ρ
2

√
(ρ

2
−

1)
2

+
2
ρ
2

si
n
2
φ
.

T
he
n,

w
e
ha
ve
δ(
x
,z

)
≥
δ l
b
(x
,z

),
w
he
re

δ l
b
(x
,z

)
≡

√
1
−
α
2

if
β
≥

α

1
+
√

1
−
α
2
,

(3
1)

1
−

2α
β

+
β
2

1
−
β
2

if
β
≤

α

1
+
√

1
−
α
2
.

(3
2)

T
he

ra
nk

-1
gl
ob

al
an

d
lo
ca
lr
ec
ov
er
y
gu

ar
an

te
es

fo
llo

w
qu

ic
kl
y
fr
om

th
is
th
eo
re
m
,a

s
sh
ow

n
be

lo
w
.

P
ro
of

[P
ro
of

of
T
he

or
em

3]
T
he

ex
is
te
nc

e
of

E
xa

m
pl
e
1
al
re
ad

y
pr
ov
es

th
at

δ?
=

m
in

x
,z
∈R

n
δ(
x
,z

)
≤

1
/2
.

(3
3)

B
el
ow

,
w
e
w
ill

sh
ow

th
at
δ l
b
(x
,z

)
at
ta
in
s
it
s
m
in
im

um
of

1
/2

at
an

y
x
sa
ti
sf
yi
ng

x
T
z

=
0

an
d
‖x
‖/
‖z
‖

=
1/
√

2
,a

s
in

1/
2

=
m

in
x
,z
∈R

n
δ l
b
(x
,z

)
≤
δ?
.

(3
4)

Su
bs
ti
tu
ti
ng

δ?
=

1
/2

in
to

Le
m
m
a
6
th
en

co
m
pl
et
es

th
e
pr
oo

f
of

ou
r
gl
ob

al
re
co
ve
ry

gu
ar
-

an
te
e
in

T
he

or
em

3.
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 2
0(

11
4)

:1
-3

4,
 2

01
9

Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
av

a
ei

T
o
pr
ov
e
(3
4)
,
w
e
be

gi
n
by

op
ti
m
iz
in
g
δ l
b
(x
,z

)
ov
er

th
e
re
gi
on

β
≥
α
/(

1
+
√

1
−
α
2
)

us
in
g
eq
ua

ti
on

(3
1)
,a

nd
fin

d
th
at

th
e
m
in
im

um
va
lu
e
is

at
ta
in
ed

al
on

g
th
e
bo

un
da

ry

β
=

α

1
+
√

1
−
α
2

=
1
−
√

1
−
α
2

α
.

N
ot
e
th
at

th
e
tw

o
eq
ua

ti
on

s
(3
1)

an
d
(3
2)

co
in
ci
de

at
th
is

bo
un

da
ry
:

(
1
−

2
α
β

+
β
2

1
−
β
2

)
(
α
/β

α
/β

)
=

(1
+
√

1
−
α
2
)
−

2
α
2

+
(1
−
√

1
−
α
2
)

(1
+
√

1
−
α
2
)
−

(1
−
√

1
−
α
2
)

=
√

1
−
α
2
.

N
ow

,w
e
op

ti
m
iz
e
δ l
b
(x
,z

)
ov
er

th
e
re
gi
on

β
≤
α
/(

1
+
√

1
−
α
2
)
us
in
g
eq
ua

ti
on

(3
2)
.
F
ir
st
,

su
bs
ti
tu
ti
ng

th
e
de

fin
it
io
ns

of
α
an

d
β
yi
el
ds

δ l
b
(x
,z

)
=

1
−

2α
β

+
β
2

1
−
β
2

=
(ρ

4
+

1
−

2ρ
2

co
s2
φ

)
−

2
ρ
2

si
n
2
φ

+
ρ
4

(ρ
4

+
1
−

2
ρ
2

co
s2
φ

)
−
ρ
4

=
(ρ

2
−

1
)2

+
ρ
4

1
−

2
ρ
2

co
s2
φ
.

T
hi
s
ex
pr
es
si
on

is
m
in
im

iz
ed

at
φ

=
±
π
/2

an
d
ρ

=
1
/
√

2,
w
it
h

a
m
in
im

um
va
lu
e
of

1
/2

.
T
he

co
rr
es
po

nd
in
g
po

in
t
α

=
2
/
√

5
an

d
β

=
α
/4

lie
s
in

th
e
st
ri
ct

in
te
ri
or

β
<

α
/(

1
+
√

1
−
α
2
).

T
hi
s
po

in
t
m
us
t
be

th
e
gl
ob

al
m
in
im

um
,b

ec
au

se
it
do

m
in
at
es

th
e
bo

un
d-

ar
y
β

=
α
/(

1
+
√

1
−
α
2
),

w
hi
ch

in
tu
rn

do
m
in
at
es

th
e
ot
he
r
re
gi
on

β
>
α
/
(1

+
√

1
−
α
2
).

P
ro
of

[P
ro
of

of
T
he

or
em

4]
W
e
w
ill

op
ti
m
iz
e
ov
er

an
ε-
ne

ig
hb

or
ho

od
of

th
e
gr
ou

nd
tr
ut
h

an
d
sh
ow

th
at

( 1
−

ε2

2(
1
−
ε)

) 1
/
2

≤
m

in
x
,z
∈R

n
{δ

lb
(x
,z

)
:
‖x
x
T
−
z
z
T
‖ F
≤
ε‖
z
z
T
‖ F
}
≤
δ?

(ε
).

(3
5)

Su
bs
ti
tu
ti
ng

th
is

lo
w
er
-b
ou

nd
on

δ?
(ε

)
in
to

Le
m
m
a
7
th
en

co
m
pl
et
es

th
e
pr
oo

f
of

ou
r
lo
ca
l

re
co
ve
ry

gu
ar
an

te
e
in

T
he

or
em

4.
T
o
ob

ta
in

(3
5)
,w

e
fir
st

no
te

th
at

th
e
ε-
ne

ig
hb

or
ho

od
co
ns
tr
ai
nt

im
pl
ie
s
th
e
fo
llo

w
in
g

‖x
x
T
−
z
z
T
‖ F
≤
ε‖
z
z
T
‖ F

⇐
⇒

(ρ
2
−

1)
2

+
2
ρ
2

si
n
2
φ
≤
ε2
.

T
hi
s
in

tu
rn

im
pl
ie
s
ε2
≥

(ρ
2
−

1)
2
an

d
ε2
≥

[(
ρ
2
−

1)
2

+
2
ρ
2
]s

in
2
φ
,
an

d
he

nc
e

1
−
ε
≤
ρ
2
≤

1
+
ε,

si
n
2
φ
≤
ε2
.

W
e
w
is
h
to

de
ri
ve

a
th
re
sh
ol
d
ε̂
su
ch

th
at

if
ε
≤
ε̂,

th
en

β α
=

ρ
2

si
n
2
φ
≥

1
−
ε

ε2
≥

1
≥

1

1
+
√

1
−
α
2
,

an
d

so
δ l
b
(x
,z

)
=
√

1
−
α
2
as

di
ct
at
ed

en
ti
re
ly

by
eq
ua

ti
on

(3
1)
.

C
le
ar
ly
,
th
is

re
qu

ir
es

so
lv
in
g
th
e
qu

ad
ra
ti
c
eq
ua

ti
on

(1
−
ε̂)

=
ε̂2

fo
r
th
e
po

si
ti
ve

ro
ot

at
ε̂

=
(−

1
+
√

5
)/

2
≥

0.
6
1
8.

N
ow

,w
e
up

pe
r-
bo

un
d
α
2
to

lo
w
er
-b
ou

nd
√

1
−
α
2
:

α
2

=
si

n
4
φ

(ρ
2
−

1)
2

+
2
ρ
2

si
n
2
φ
≤

si
n
4
φ

[(
ρ
2
−

1)
2

+
2
ρ
2
]s

in
2
φ

=
si

n
2
φ

ρ
4

+
1

≤
ε2

(1
−
ε)

2
+

1
=

ε2

2
−

2
ε

+
ε2
≤

ε2

2(
1
−
ε)
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

and
so

δ(x
,z

)≥
δ
lb (x

,z
)

=
√

1−
α
2≥

√
1−

ε
2

2(1−
ε) .

P
roof

[P
roof

of
C
orollary

5]
U
nder

δ-R
IP,

a
point

w
ith

a
sm

all
residual

m
ust

also
have

a
sm

allerror:

(1−
δ)‖x

x
T
−
M

?‖
2F
≤
f

(x
)≤

(1−
δ)ε

2‖M
?‖

2F
.

(36)

In
particular,any

point
in

the
levelset

f
(x

)≤
f

(x
0 )

m
ust

also
lie

in
the

ε-neighborhood:

f
(x

)≤
f

(x
0 )
<

(1−
δ)ε

2f
(0)

=⇒
‖
x
x
T
−
M

?‖
F
≤
ε‖
M

?‖
F
.

A
dditionally,note

that

ε
2≤

1−
δ
2,

ε
2≤
√

5−
1

2
=⇒

δ≤
√

1−
ε
2

2(1−
ε)

because
2
(1−

ε)≤
1.

T
he

result
then

follow
s
by

applying
T
heorem

4.

T
he

rest
of

this
section

is
devoted

to
proving

T
heorem

12.
W
e
begin

by
providing

a
few

im
portant

lem
m
as

in
Section

7.1,and
then

m
ove

to
the

proof
itself

in
Section

7.2.

7.1.
T
ech

n
ical

lem
m
as

G
iven

M
∈
S
n
w
ith

eigendecom
position

M
=
∑

mi=
1
λ
i v
i v
Ti ,w

e
define

its
projection

onto
the

sem
idefinite

cone
as

the
follow

ing

[M
]+
≡

arg
m

in
S�

0 ‖M
−
S‖

2F
=

n
∑i=

1

m
a
x{λ

i ,0}
v
i v
Ti
.

For
notationalconvenience,w

e
also

define
a
com

plem
ent

projection

[M
]−
≡

[−
M

]+
=

[M
]+
−
M
,

thereby
allow

ing
us

to
decom

pose
every

M
into

a
positive

and
a
negative

part
as

in

M
=

[M
]+
−

[M
]−

w
here

[M
]+
�

0
,

[M
]−
�

0.

L
em

m
a
13

G
iven

M
∈
S
n
w
ith

tr(M
)≥

0,
the

follow
ing

problem

m
inim

ize
α
,U
,V

tr(V
)

subject
to

tr(U
)

=
1
,

α
M

=
U
−
V
,

U
,V
�

0

has
m
inim

izer

α
?

=
1/

tr([M
]+

),
U
?

=
α
?·

[M
]+
,

V
?

=
α
?·

[M
]−
.

19
JM

L
R

 20(114):1-34, 2019

Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
ava

ei

P
roof

W
rite

p
?
as

the
optim

alvalue.
T
hen,

p
?

=
m

ax
β

m
in

α∈
R

U
,V
�
0 {tr(V

)
+
β
·[tr(U

)−
1
]

:
α
M

=
U
−
V
}

=
m

ax
β≥

0
m

in
α∈

R {−
β

+
m

in
U
,V
�
0 {tr(V

)
+
β
·tr(U

)
:
α
M

=
U
−
V
}}

=
m

ax
β≥

0
m

in
α∈

R {−
β

+
α
·
[tr([M

]−
)

+
β
·tr([M

]+
)]}

=
m

ax
β≥

0 {−
β

:
tr([M

]−
)

+
β
·
tr([M

]+
)

=
0}

=
tr([M

]−
)/

tr([M
]+

)
=

tr(V
?).

T
he

first
line

converts
an

equality
constraint

into
a
Lagrangian.

T
he

second
line

isolates
the

optim
ization

over
U
,V
�

0
w
ith

β
≥

0,
noting

that
β
<

0
w
ould

yield
tr(U

)→
∞

.
T
he

third
line

solves
the

m
inim

ization
over

U
,V
�

0
in

closed-form
.
T
he

fourth
line

view
s
α
as

a
Lagrange

m
ultiplier.

For
sym

m
etric

indefinite
m
atrices

of
a
particular

rank-2
form

,
the

positive
and

negative
eigenvalues

can
be

com
puted

in
closed-form

.

L
em

m
a
14

G
iven

a
,b
∈

R
n,

the
m
atrix

M
=
a
b
T

+
ba
T

has
eigenvalues

λ
1
≥
···≥

λ
n

w
here:

λ
i

=



+
‖
a‖‖b‖(1

+
cos

θ)
i

=
1

−
‖
a‖‖b‖(1−

cos
θ)

i
=
n

0
otherw

ise,

and
θ
≡

arccos (
a
T
b

‖
a‖‖

b‖ )
is

the
angle

betw
een

a
and

b.

P
roof

W
ithout

loss
of

generality,
assum

e
that

‖a‖
=
‖
b‖

=
1.

(O
therw

ise,
rescale

â
=

a
/‖
a‖
,
b̂

=
b/‖b‖

and
w
rite

M
=
‖
a‖‖b‖·

(â
b̂
T

+
b̂â
T

).)
D
ecom

pose
b
into

a
tangent

and
norm

alcom
ponent

w
ith

respect
to
a,as

in

b
=
a
a
T
b

︸︷︷︸
co

s
θ

+
(I−

a
a
T

)b
︸

︷︷
︸

c
sin

θ

=
a

cos
θ

+
c

sin
θ,

w
here

c
is

a
unit

norm
alvector

w
ith
‖c‖

=
1
and

a
T
c

=
0.

T
his

allow
s
us

to
w
rite

a
b
T

+
ba
T

=
[a

c ] [
2

cos
θ

sin
θ

sin
θ

0

][a
c ]
T

and
hence

M
is

spectrally
sim

ilar
a

2×
2
m
atrix

w
ith

eigenvalues
cos

θ±
√

cos
2
θ

+
sin

2
θ.

G
iven

x
,z
∈
R
,recallthat

e
and

X
are

im
plicitly

defined
in

(11)
to

satisfy

e
=

vec
(x
x
T
−
z
z
T

),
X
y

=
vec

(x
y
T

+
y
x
T

)
∀
y
∈
R
n
.
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S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

Le
t
us

gi
ve

a
pr
ef
er
re
d
or
th
og

on
al

ba
si
s
to

st
ud

y
th
es
e
tw

o
ob

je
ct
s.

W
e
de
fin

e
v 1

=
x
/‖
x
‖

in
th
e
di
re
ct
io
n
of
x
.
T
he

n,
w
e
de

co
m
po

se
z
in
to

a
ta
ng

en
t
an

d
no

rm
al

co
m
po

ne
nt

w
it
h

re
sp
ec
t
to
v 1
,a

s
in z

=
v 1

v
T 1
z

︸︷
︷︸

‖z
‖c

o
s
φ

+
(I
−
v 1
v
T 1

)z
︸

︷︷
︸

v
2
‖z
‖s

in
φ

=
‖z
‖·

(v
1

co
s
φ

+
v 2

si
n
φ

).
(3
7)

H
er
e,
φ
is
th
e
in
ci
de

nc
e
an

gl
e
be

tw
ee
n
x
an

d
z
,a

nd
v 2

is
th
e
as
so
ci
at
ed

un
it
no

rm
al

ve
ct
or

w
it
h
‖v

2
‖

=
1
an

d
v
T 1
v 2

=
0.

U
si
ng

th
e
G
ra
m
-S
ch
m
id
t
pr
oc
es
s,
w
e
co
m
pl
et
e
v 1
,v

2
w
it
h
th
e

re
m
ai
ni
ng

n
−

2
se
t
of

or
th
on

or
m
al

un
it

ve
ct
or
s
v 3
,v

4
,.
..
,v
n
.
T
hi
s
re
su
lt
s
in

a
se
t
of

ri
gh

t
si
ng

ul
ar

ve
ct
or
s
fo
r

X
.

L
em

m
a
15

T
he

m
at
ri
x

X
∈

R
n
2
×
n
ha
s
si
ng
ul
ar

va
lu
e
de
co
m
po
si
ti
on

X
=
∑

n i=
1
σ
iu
iv
T i

w
he
re
v i

ar
e
de
fin

ed
as

ab
ov
e,

an
d

σ
i

=

{
2
‖x
‖

i
=

1
√

2
‖x
‖

i
>

1
,

u
i

=

{
v 1
⊗
v 1

i
=

1
1 √
2
(v
i
⊗
v 1

+
v 1
⊗
v i

)
i
>

1
.

P
ro
of

It
is

ea
sy

to
ve
ri
fy

th
at

X
y

=
y
⊗
x

+
x
⊗
y

=
‖x
‖(
y
⊗
v 1

+
v 1
⊗
y
)

=
‖x
‖·

n ∑ i=
1

(v
T i
y
)(
v i
⊗
v 1

+
v 1
⊗
v i

).

N
or
m
al
iz
in
g
th
e
le
ft

si
ng

ul
ar

ve
ct
or
s
th
en

yi
el
ds

th
e
de

si
gn

ed
u
i
an

d
σ
i.

W
e
ca
n
al
so

de
co
m
po

se
e
in
to

a
ta
ng

en
t
an

d
no

rm
al

co
m
po

ne
nt

w
it
h
re
sp
ec
t
to

ra
n
g
e(

X
)

as
in

e
=

X
X
† e

︸
︷︷
︸

ê 1
‖e
‖c

o
s
θ

+
(I
−

X
X
† )

e
︸

︷︷
︸

ê 2
‖e
‖s

in
θ

=
‖e
‖·

(ê
1

co
s
θ

+
ê 2

si
n
θ)

(3
8)

w
he

re
X
†

=
(X

T
X

)−
1
X
T
is

th
e
us
ua

lp
se
ud

oi
nv

er
se
.
T
he

fo
llo

w
in
g
Le

m
m
a
gi
ve
s
th
e
ex
ac
t

va
lu
es

of
ê 2

an
d

si
n
θ
(t
he

re
by

al
so

im
pl
ic
it
ly

gi
vi
ng

ê 1
an

d
co

s
θ)
.

L
em

m
a
16

D
efi

ne
φ
an

d
v 2

as
in

(3
7)
,
w
e
ha
ve

(I
−

X
X
† )

e
=
−

(v
2
⊗
v 2

)(
‖z
‖s

in
φ

)2

an
d
he
nc
e
ê 2

=
v 2
⊗
v 2

an
d

si
n
θ

=
(‖
z
‖s

in
φ

)2
/‖

e
‖.

P
ro
of

W
e
so
lv
e
th
e
pr
oj
ec
ti
on

pr
ob

le
m

‖(
I
−

X
X
† )

e
‖

=
m

in y
‖e
−

X
y
‖

=
‖(
x
x
T
−
z
z
T

)
−

(x
y
T

+
y
x
T

)‖
F

=
m

in
α
,β

∥ ∥ ∥ ∥[ ‖
x
‖2
−
‖z
‖2

co
s2
φ
−
‖z
‖2

si
n
φ

co
s
φ

−
‖z
‖2

si
n
φ

co
s
φ

−
‖z
‖2

si
n
2
φ

] −
[ 2
α

β
β

0

]∥ ∥ ∥ ∥
=
‖z
‖2

si
n
2
φ

in
w
hi
ch

th
e
se
co
nd

lin
e
m
ak

es
a
ch
an

ge
of

ba
se
s
to
v 1

an
d
v 2
.
C
le
ar
ly
,t

he
m
in
im

iz
er

is
in

th
e
di
re
ct
io
n
of
−
v 2
⊗
v 2
.

U
si
ng

th
es
e
pr
op

er
ti
es

of
X

an
d

e
,w

e
ca
n
no

w
so
lv
e
th
e
fo
llo

w
in
g
pr
ob

le
m

in
cl
os
ed

-f
or
m
.
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L
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m
a
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D
efi

ne
α

=
(‖
z
‖s

in
φ

)2
/‖
e‖

=
si

n
θ
an

d
β

=
‖x
‖2
/
‖e
‖.

T
he
n,

th
e
fo
llo

w
in
g

op
ti
m
iz
at
io
n
pr
ob
le
m ψ

(γ
)
≡

m
ax

im
um

y
,W

e
T

[X
y
−

ve
c

(W
)]

su
bj
ec
t
to
‖e
‖·
‖X

y
−

ve
c

(W
)‖

=
1

tr
(X
W

X
T

)
=

2β
·γ

W
�

0

is
fe
as
ib
le

if
an

d
on

ly
if

0
≤
γ
≤

1
w
it
h
op
ti
m
al

va
lu
e

ψ
(γ

)
=
γ
α

+
√

1
−
γ
2
√

1
−
α
2
.

P
ro
of

T
he

ca
se

of
γ
<

0
is
in
fe
as
ib
le
as

it
w
ou

ld
re
qu

ir
e

tr
(W

)
<

0
w
it
h
W
�

0
.
Fo

r
γ
≥

0
,

w
e
be

gi
n
by

re
la
xi
ng

th
e
no

rm
co
ns
tr
ai
nt

in
to

an
in
eq
ua

lit
y,

as
in
‖e
‖·
‖X

y
−

ve
c

(W
)‖
≤

1.
So

lv
in
g
th
e
re
su
lt
in
g
co
nv

ex
op

ti
m
iz
at
io
n
ov
er
y
w
it
h
a
fix

ed
W

yi
el
ds

y
?

=
X
† [
τ
·e

+
ve

c
(W

)]
,

‖e
‖‖

X
y
?
−

ve
c

(W
)‖

=
1,

τ
≥

0
.

(3
9)

T
he

pr
ob

le
m

is
fe
as
ib
le

if
an

d
on

ly
if
‖e
‖‖

(I
−

X
X
† )

ve
c

(W
)‖
≤

1
.
W

he
ne

ve
r
fe
as
ib
le
,t

he
re
la
xa

ti
on

is
ti
gh

t,
an

d
eq
ua

lit
y
is

at
ta
in
ed

.
T
he

re
m
ai
ni
ng

pr
ob

le
m

ov
er
W

re
ad

s
(a
ft
er

so
m
e
re
ar
ra
ng

in
g)
:

m
in
im

iz
e

W
�
0

e
T

(I
−

X
X
† )

ve
c

(W
)

su
bj
ec
t
to

〈X
T
X
,W
〉=

2β
·γ

an
d
th
is

re
du

ce
s
to

th
e
fo
llo

w
in
g
us
in
g
Le

m
m
a
15

an
d
Le

m
m
a
16

:

m
in
im

iz
e

W
�
0

−
(‖
e‖

si
n
θ)
〈v

2
v
T 2
,W
〉

su
bj
ec
t
to

2
‖x
‖2
〈I

+
2
v 1
v
T 1
,W
〉=

2β
·γ

w
it
h
m
in
im

iz
er

ve
c

(W
?
)

=
2β
·γ

2‖
x
‖2

(v
2
⊗
v 2

)
=

γ ‖e
‖ê

2
.

C
le
ar
ly
,w

e
ha

ve
fe
as
ib
ili
ty
‖e
‖‖

(I
−

X
X
† )

ve
c

(W
?
)‖
≤

1
if
an

d
on

ly
if
γ
≤

1
.
Su

bs
ti
tu
ti
ng

th
is

pa
rt
ic
ul
ar
W

?
in
to

(3
9)

yi
el
ds

X
y
?
−

ve
c

(W
?
)

=

√
1
−
γ
2

‖e
‖

ê 1
+

γ ‖e
‖ê

2
.

Su
bs
ti
tu
ti
ng

(3
8)

yi
el
ds

e
T

[X
y
?
−

ve
c

(W
?
)]

=
√

1
−
γ
2

co
s
θ

+
γ

si
n
θ

as
de

si
re
d.
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p
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B
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N
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S
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r
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L
o
ca

l
M

in
im

a

7.2.
P
roof

of
T
h
eorem

12

W
e
consider

the
condition

num
ber

optim
ization

problem
from

Zhang
et

al.(2018a):

η
(x
,z

)
≡

m
ax

η
,H

{
η

:
X
T
H

e
=

0,
2m

at(H
e
)

+
X
T
H

X
�

0
,

η
I
�

H
�
I }
.
(40)

Its
optim

alvalue
satisfies

the
follow

ing
identity

w
ith

respect
to

our
originalLM

I
in

(21):

δ(x
,z

)
=

L
M

I(x
,z

)
=

1−
η
(x
,z

)

1
+
η
(x
,z

)
=

1−
2

1
+

1
/η

(x
,z

) .
(41)

T
he

latter
equality

show
s
that

δ(x
,z

)
is

a
decreasing

function
of
η
(x
,z

).
T
his

allow
s
us

to
low

er-bound
δ(x

,z
)
by

upper-bounding
η
(x
,z

).
N
ext,w

e
relax

(40)
to

the
follow

ing
problem

η
u
b (x

,z
)
≡

m
ax

η
,H

{
η

:
X
T
H

e
=

0,
2m

at(H
e
)

+
X
T
X
�

0
,

η
I
�

H
�
I }
.
(42)

T
his

yields
an

upper-bound
η
u
b (x

,z
)
on

η
(x
,z

)
because

H
�
I
im

plies
X
T
X
�

X
T
H

X
.

P
roblem

(42)
has

Lagrangian
dual(w

e
w
rite

v
=

vec
(V

)
to

sim
plify

notation)

m
inim

ize
y
,U

1
,U

2
,V

=
m
a
t(v

)
tr(U

2 )
+
〈X

T
X
,V
〉

(43)

subject
to

(X
y−

v
)e
T

+
e
(X
y−

v
)
T

=
U
1 −

U
2

tr(U
1 )

=
1,

U
1 ,U

2 ,V
�

0.

T
he

dual
is

strictly
feasible

(for
suffi

ciently
sm

all
ε,

set
y

=
0,
V

=
εI
,
U
1

=
η
I
−
εW

,
and

U
2

=
η
·
I
n
2

+
εW

w
ith

suitable
η
and

W
),

so
Slater’s

condition
is

satisfied,
strong

duality
holds,and

the
objectives

coincide.
W
e
w
illim

plicitly
solve

the
prim

alproblem
(42)

by
solving

the
dualproblem

(43).
In

the
case

that
x

=
0,

problem
(43)

yields
a
trivial

solution
y

=
0
,
V

=
z
z
T
/
(2‖z‖

4),
U
1

=
(z⊗

z
)(z⊗

z
)
T
/‖z‖

4,and
U
2

=
0
w
ith

objective
value

η
u
b (0,z

)
=

0.
In

the
case

that
x
6=

0,w
e
define

α
=

(‖z‖
sin

φ
)/‖

e‖
and

β
=
‖
x‖

2/‖
e‖

>
0
and

m
ake

a
num

ber
ofreductions

on
the

dualproblem
(43).

F
irst,w

e
use

Lem
m
a
13

to
optim

ize
over

U
1
and

U
2
and

the
length

of
y
to

yield

m
inim

ize
y
,V

=
m
a
t(v

)�
0

tr([M
]−

)
+
〈X

T
X
,V
〉

tr([M
]+

)
w
here

M
=

(X
y−

v
)e
T

+
e
(X
y−

v
)
T
.

(44)

H
ere,w

e
have

divided
the

objective
by

the
constraint

tr([M
]+

)
=

1
noting

that
the

problem
is

hom
ogenous

over
y
and

V
.
Substituting

explicit
expressions

for
the

eigenvalues
of
M

in
Lem

m
a
14

yields

m
inim

ize
y
,V

=
m
a
t(v

)�
0

〈X
T
X
,V
〉

+
‖e‖‖X

y−
v‖

(1−
cos

θ)

‖
e‖‖X

y−
v‖

(1
+

cos
θ)

w
here

cos
θ

=
e
T

(X
y−

v
)

‖e‖‖X
y−

v‖
.

(45)

T
his

is
a
m
ulti-objective

optim
ization

over
tw

o
com

peting
trade-offs:

m
inim

izing
〈X

T
X
,V
〉

and
m
axim

izing
cos

θ.
T
o
balance

these
tw

o
considerations,w

e
param

eterize
over

a
fixed

γ
=
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〈X
T
X
,V
〉/

2β
and

use
Lem

m
a
17

to
m
axim

ize
cos

θ.
T
he

resulting
univariate

optim
ization

reads

η
u
b (x

,z
)

=
m

in
0≤
γ≤

α Ψ
(γ

)≡
2
β
·
γ

+
[1−

ψ
(γ

)]

1
+
ψ

(γ
)

(46)

w
here

the
function

ψ
(γ

)
=
γ
α

+
√

1−
γ
2 √

1−
α
2
defined

on
Lem

m
a
17

takes
on

the
role

of
the

best
choice

of
cos

θ.
H
ere,one

lim
it
γ

=
0
sets〈X

T
X
,V
〉

=
0
,w

hile
the

other
γ

=
α

sets
cos

θ
=

1.
W
e
cannot

have
γ
<

0
because

V
�

0.
A
ny

choice
of
γ
>
α

w
illbe

strictly
dom

inated
by

γ
=
α
,because

γ
=
α
already

m
axim

izes
cos

θ.
T
he

univariate
problem

(46)
is
quasiconvex.

T
his

follow
s
from

the
concavity

of
ψ

(γ
)
over

this
range:ψ

′(γ
)

=
α
−
γ √

1−
α
2

√
1−

γ
2
,

ψ
′′(γ

)
=
−
√

1−
α
2

√
1−

γ
2 −

γ
2

√
1−

α
2

(1−
γ
2)

3
/
2
.

H
ence,the

levelsets
of

Ψ
(γ

)≥
0
are

convex:

Ψ
(γ

)≤
c
⇐
⇒

2β
·γ

+
(1−

c)≤
(1

+
c)ψ

(γ
).

W
e
w
illproceed

to
solve

the
problem

in
closed-form

and
obtain

Ψ
(γ
?)

=
m

in
0≤
γ≤

α
Ψ

(γ
)

=
1−
√

1−
α
2

1
+
√

1−
α
2

if
β
≥

α

1
+
√

1−
α
2
,

(47)

β
(β
−
α

)

β
α
−

1
if
β
≤

α

1
+
√

1−
α
2
.

(48)

Substituting
Ψ

(γ
?)

=
η
u
b (x

,z
)
into

η
u
b (x

,z
)
≥
η
(x
,z

)
and

using
η
(x
,z

)
to

low
er-bound

δ(x
,z

)
via

(41)
com

pletes
the

proof
of

the
lem

m
a.

(N
ote

that
setting

x
=

0
sets

β
=

0
and

yields
Ψ

(γ
?)

=
η
u
b (0,z

)
=

0
as

desired.)
F
irst,

w
e
verify

w
hether

the
optim

al
solution

γ
?
lies

on
the

boundary
of

the
search

interval
[0,α

],that
is
γ
?∈
{0
,α}.

T
aking

derivatives
yields

Ψ
′(γ

)
=

[2β
−
ψ
′(γ

)](1
+
ψ

(γ
))−

ψ
′(γ

)[2
β
·
γ

+
1−

ψ
(γ

)]

(1
+
ψ

(γ
))

2
.

For
γ

=
0
to

be
a
stationary

point,w
e
require

Ψ
′(0)≥

0,and
hence

[2β
−
ψ
′(0)](1

+
ψ

(0))≥
ψ
′(0)[2β

·0
+

1−
ψ

(0)]

⇐
⇒

β
≥

α

1
+
√

1−
α
2
.

In
this

case,w
e
have

Ψ
(0)

=
(1−

√
1−

α
2)/(1

+
√

1−
α
2),w

hich
is

the
expression

in
(47).

T
he

choice
γ

=
α
cannot

be
stationary,because

Ψ
′(α

)≤
0
w
ould

im
ply

[2β
−
ψ
′(α

)](1
+
ψ

(α
))−

ψ
′(α

)[2β
·α

+
1−

ψ
(α

)]≤
0
,

⇐
⇒

2β
(1

+
1)≤

0
,

24
JM

L
R

 20(114):1-34, 2019



S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

w
hi
ch

is
im

po
ss
ib
le

as
w
e
ha

ve
β

=
‖x
‖2
/‖
e‖
>

0
by

hy
po

th
es
is
.

O
th
er
w
is
e,

th
e
op

ti
m
al

so
lu
ti
on

γ
?
lie

s
in

th
e
in
te
ri
or

of
th
e
se
ar
ch

in
te
rv
al

[0
,α

],
th
at

is
γ
?
∈

(0
,α

).
In

th
is

ca
se
,
w
e
si
m
pl
y
re
la
x
th
e
bo

un
d

co
ns
tr
ai
nt
s
on

γ
an

d
so
lv
e
th
e

un
co
ns
tr
ai
ne

d
pr
ob

le
m

as
a
lin

ea
r
fr
ac
ti
on

al
co
ni
c
pr
og

ra
m

m
in

|γ
|≤

1
Ψ

(γ
)

=
m

in
‖ξ
‖≤

1

{
1

+
(c
−
d
)T
ξ

1
+
d
T
ξ

}

w
he

re

c
=

[ 2
β 0

] ,
d

=

[
α

√
1
−
α
2

] ,
ξ

=

[
γ

√
1
−
γ
2

] .

(N
ot
e
th
at

th
e
re
la
xa

ti
on
‖ξ
‖
≤

1
is

al
w
ay
s
ti
gh

t,
be

ca
us
e
th
e
lin

ea
r
fr
ac
ti
on

al
ob

je
ct
iv
e

is
al
w
ay
s
m
on

ot
on

ou
s
w
it
h
re
sp
ec
t
to

sc
al
in
g
of
ξ.
)

D
efi

ni
ng

q
=
ξ/

(1
+
d
T
ξ)

an
d
q 0

=
1
/(

1
+
d
T
ξ)
≥

0
re
w
ri
te
s
th
is

as
th
e
se
co
nd

-o
rd
er

co
ne

pr
og

ra
m

Ψ
(γ
?
)

=
m

in
‖q
‖≤
q 0

{
[ c
−
d

1

] T
[ q q 0

]
:

[ d 1

] T
[ q q 0

]
=

1}

th
at

ad
m
it
s
a
st
ri
ct
ly

fe
as
ib
le

po
in
t
q

=
0
an

d
q 0

=
1.

A
cc
or
di
ng

ly
,t
he

La
gr
an

gi
an

du
al

ha
s

ze
ro

du
al
it
y
ga

p:
Ψ

(γ
?
)

=
m

ax λ
{λ

:
‖c
−

(1
+
λ

)d
‖
≤

(1
−
λ

)}
.

If
th
e
m
ax

im
um

λ
?
ex
is
ts
,t
he

n
it
m
us
t
at
ta
in

th
e
in
eq
ua

lit
y,

as
in

‖c
−

(1
+
λ
?
)d
‖2

=
(1
−
λ
?
)2
.

W
e
ca
n
si
m
pl
y
so
lv
e
th
is

qu
ad

ra
ti
c
eq
ua

ti
on

cT
c
−

2c
T
d
(1

+
λ
?
)

+
(1

+
λ
?
)2
d
T
d

=
4
−

4(
λ
?

+
1)

+
(λ
?

+
1)

2

fo
r
th
e
op

ti
m
al
λ
?

=
Ψ

(γ
?
).

N
ot
in
g
th
at
d
T
d

=
1,

w
e
ac
tu
al
ly

ha
ve

ju
st

a
si
ng

le
ro
ot

1
+
λ
?

=
(c
T
c
−

4)

2(
cT
d
−

2)
=
β
2
−

1

α
β
−

1
=

1
+
β

(β
−
α

)

α
β
−

1
,

an
d
th
is

yi
el
ds

th
e
ex
pr
es
si
on

(4
8)
.

8.
N

u
m

er
ic

al
R

es
u
lt

s

A
n
im

po
rt
an

t
ad

va
nt
ag
e
of

ou
r
fo
rm

ul
at
io
n
is
th
at
δ(
X
,Z

)
ca
n
be

ev
al
ua

te
d
nu

m
er
ic
al
ly

in
ca
se
s
w
he

re
an

ex
ac
t
cl
os
ed
-f
or
m

so
lu
ti
on

do
es

no
t
ex
is
t
(o
r
is

to
o
di
ffi
cu

lt
to

ob
ta
in
).

In
th
is

se
ct
io
n,

w
e
au

gm
en
t
ou

r
an

al
ys
is

w
it
h
a
nu

m
er
ic
al

st
ud

y.
In

th
e
ra
nk

r
=

1
ca
se
,
w
e

ex
ha

us
ti
ve
ly

ev
al
ua

te
δ(
x
,z

)
ov
er

it
s
tw

o
de

gr
ee
s
of

fr
ee
do

m
to

ga
in

in
si
gh

t
on

it
s
be

ha
vi
or
,

an
d
al
so

to
qu

an
ti
fy

th
e
co
ns
er
va
ti
sm

of
th
e
lo
w
er
-b
ou

nd
in

T
he

or
em

12
.
In

th
e
ra
nk

r
≥

1
ca
se
,
w
e
sa
m
pl
e
δ(
X
,Z

)
un

ifo
rm

ly
at

ra
nd

om
ov
er
X

an
d
Z
,
in

or
de

r
to

un
de

rs
ta
nd

it
s

di
st
ri
bu

ti
on

an
d
hy

po
th
es
iz
e
on

hi
gh

er
-r
an

k
ve
rs
io
ns

of
ou

r
re
co
ve
ry

gu
ar
an

te
es
.

In
ou

r
ex
pe

ri
m
en
ts
,w

e
im

pl
em

en
t
A
lg
or
it
hm

1
in

M
A
T
LA

B
.W

e
pa

rs
e
th
e
LM

I
pr
ob

le
m

us
in
g
Y
A
LM

IP
(L

of
be

rg
,2

00
4)

an
d
so
lv
e
it
us
in
g
M
O
SE

K
(A

nd
er
se
n
an

d
A
nd

er
se
n,

20
00

).
A
ll
al
go

ri
th
m
s
pa

ra
m
et
er
s
(e
.g
.
ac
cu
ra
cy
,i
te
ra
ti
on

s,
et
c.
)
ar
e
le
ft

at
th
ei
r
de

fa
ul
t
va
lu
es
.
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F
ig
ur
e
1:

T
he

fu
nc

ti
on

δ(
x
,z

)
an

d
it
s
lo
w
er

bo
un

d
δ l
b
(x
,z

)
vi
su
al
iz
ed

w
it
h
re
sp
ec
t
to

th
e

le
ng

th
ra
ti
o
ρ

=
‖x
‖/
‖z
‖a

nd
th
e
in
ci
de

nc
e
an

gl
e
φ

=
a
rc

co
s(
x
T
z
/‖
x
‖‖
z
‖)
:
(t
op

)
th
e
fu
nc

ti
on

δ(
x
,z

);
(m

id
d
le
)
th
e
lo
w
er
-b
ou

nd
δ l
b
(x
,z

);
(b
ot
to
m
)
th
e
er
ro
r

δ(
x
,z

)
−
δ l
b
(x
,z

);
(l
ef
t)

re
ct
an

gu
la
r
co
or
di
na

te
s;
(r
ig
ht
)
po

la
r
co
or
di
na

te
s.
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S
h
a
r
p

R
IP

B
o
u
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fo
r

N
o

S
pu

r
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u
s

L
o
ca

l
M

in
im

a

8.1.
V
isu

alizin
g
δ(x

,z
)
an

d
δ
lb (x

,z
)
for

ran
k
r

=
1

U
sing

a
suitable

orthogonal
projector

P
,
w
e
can

reduce
the

function
δ(x

,z
)
dow

n
to

tw
o

underlying
degrees

of
freedom

:
the

length
ratio

ρ
=
‖
x‖/‖

z‖
and

the
incidence

angle
φ

=
a
rcco

s(x
T
z
/‖
x‖‖z‖).

F
irst,

w
ithout

loss
of

generality,
w
e
assum

e
that

the
ground

truth
M

?
=
z
z
T
has

unit
norm

‖M
?‖
F

=
1.

(O
therw

ise,
w
e
can

suitably
rescale

all
argum

ents
below

.)
T
hen,the

follow
ing

projector
P

satisfies
P
P
T
x

=
x
and

P
P
T
z

=
z
w
ith

P
=

[
z

(I−
z
z
T

)x

‖(I−
z
z
T

)x‖ ]
,

P
T
x

=

[
ρ

cos
φ

ρ
sin

φ ]
,

P
T
z

=

[
10 ]
.

(49)

A
pplying

this
particular

P
to

Lem
m
a
9
yields

the
follow

ing

δ(x
,z

)
=
δ(P

T
x
,P

T
z
)

=
δ ([

ρ
cos

φ
ρ

sin
φ ]

, [
10 ])

.
(50)

In
fact,this

tw
o-variable

function
is

sym
m
etric

over
its

four
rectangular

quadrants

δ ([
ρ

cos
φ

ρ
sin

φ ]
, [

10 ])
=
δ ([±

ρ
cos

φ
±
ρ

sin
φ ]

, [
10 ])

(51)

because
either±

z
corresponds

to
the

sam
e
ground

truth,and
because

the
second

colum
n
of

P
can

point
in

either±
(I−

z
z
T

)x.
A
ccordingly,

w
e
can

use
(50)

and
(51)

to
visualize

δ(x
,z

)
as

a
tw

o-dim
ensional

graph,
either

in
rectangular

coordinates
over

(ρ
cos

φ
,ρ

sin
φ

)∈
[0,ρ

m
a
x ] 2,

or
in

polar
coordinates

over
(ρ
,φ

)∈
[0,ρ

m
a
x ]×

[0,π
/2].

M
oreover,w

e
can

plot
our

closed-form
low

er-bound
δ
lb (x

,z
)

on
the

sam
e
axes,in

order
to

quantify
its

conservatism
δ(x

,z
)−

δ
lb (x

,z
).

T
he

top
row

of
F
igure

1
plots

δ(x
,z

)
in

rectangular
and

polar
coordinates.

T
he

plot
show

s
δ(x

,z
)
as

a
sm

ooth
function

w
ith

a
single

basin
at
ρ

=
1/ √

2
and

φ
=

90 ◦.
O
utside

of
a
narrow

region
w
ith

1/
2
≤
ρ
≤

1
and

φ
≥

45 ◦,
w
e
have

δ(x
,z

)
≥

0.9.
For

sm
aller

R
IP

constants,
spurious

local
m
inim

a
m
ust

appear
in

a
narrow

region—
they

cannot
occur

arbitrarily
anyw

here.
E
xcluding

this
region—

as
in

our
localguarantee

in
T
heorem

4—
allow

s
m
uch

larger
R
IP

constants
δ
to

be
accom

m
odated.

T
he

m
iddle

and
bottom

row
s
of

F
igure

1
plots

δ
lb (x

,z
)
and

δ(x
,z

)−
δ
lb (x

,z
)
in

rect-
angular

and
polar

coordinates.
T
he

tw
o
functions

m
atch

w
ithin

0.01
for

either
ρ
≥

1
or

φ
≤

3
0 ◦,

and
fully

concur
in

the
asym

ptotic
lim

its
ρ
→
{0
,+
∞
}
and

φ
→
{0 ◦,90 ◦}.

T
he

greatest
error

of
around

0.1
occurs

at
ρ
≈

0.5
and

φ
≈

55 ◦.
W
e
conclude

that
δ
lb (x

,z
)
is

a
high

quality
approxim

ation
for

δ(x
,z

).

8.2.
D
istrib

u
tion

of
δ(X

,Z
)
for

ran
k
r≥

1

In
the

high-rank
case,

a
sim

ple
characterization

of
δ(X

,Z
)
is

m
uch

m
ore

elusive.
G
iven

a
fixed

rank-r
ground

truth
M

?,
let

its
corresponding

eigendecom
position

be
w
ritten

as
M

?
=
V

Λ
V
T
w
here

V
∈
R
n×

r
is

orthogonaland
Λ

is
diagonal.

B
y
setting

Z
=
V

Λ
1
/
2
and

suitably
selecting

an
orthogonalprojector

P
,it

is
alw

ays
possible

to
satisfy

δ(X
,Z

)
=
δ(P

T
X
,P

T
Z

)
=
δ ([

X̂
1

X̂
2 ]
, [

Λ
1
/
2

0

])
,

(52)
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Z
h
a
n
g
,
S
o
jo

u
d
i,

a
n
d

L
ava

ei

0.5
0.6

0.7
0.8

0.9
1

λ

0

0.2

0.4

0.6

0.8 1

P[δ(X,Z) ≤ λ]

r
=

1
r
=

2
r
=

3

10
-3

10
-2

10
-1

10
0

ǫ

10
-4

10
-3

10
-2

10
-1

10
0

P[δ(X,Z) ≤ 1− ǫ]

r
=

1
r
=

2
r
=

3

F
igure

2:
E
m
pirical

cum
ulative

distribution
of
δ(X

,Z
)
over

N
=

10
4
sam

ples
of
X
,Z
∈

R
n×

r
w
here

X
i,j ,Z

i,i ∼
G
aussian

(0,1):
(left)

linear
plot

of
P

[δ(X
,Z

)≤
λ

]
over

λ
∈

[1/
2
,1];

(right)
logarithm

ic
plot

of
P

[δ(X
,Z

)
≤

1
−
ε]

over
the

tail
ε
∈

[10 −
3,10

0].

w
here

X̂
1 ,X̂

2
∈

R
r×
r.

W
hile

(52)
bares

superficial
sim

ilarities
to

(50),
the

equation
now

contains
at

least
2
r
2

+
r−

1
degrees

offreedom
.
E
ven

r
=

2
results

in
9
degrees

offreedom
,

w
hich

is
too

m
any

to
visualize.

Instead,w
e
sam

ple
δ(X

,Z
)
uniform

ly
at

random
over

its
underlying

degrees
offreedom

.
Specifically,w

e
select

allelem
ents

in
X
∈
R
n×

r
and

only
the

diagonalelem
ents

of
Z
∈
R
n×

r

independently
and

identically
distributed

from
the

standard
G
aussian,

as
in
X
i,j ,Z

i,i
∼

G
aussian

(0,1).
W
e
then

use
A
lgorithm

1
to

evaluate
δ(X

,Z
).

F
igure

2
plots

the
em

pirical
cum

ulative
distributions

for
r
∈
{
1
,2
,3}

from
N

=
10

4

sam
ples.

W
e
see

that
each

increase
in

rank
r
results

in
a
sizable

reduction
in

the
distribution

tail.
T
he

rank
r

=
1
trials

yielded
δ(x

,z
)
arbitrarily

close
to

the
m
inim

um
value

of
1/

2,
but

the
rank

r
=

2
trials

w
ere

only
able

to
find

δ(X
,Z

)≈
0.8.

T
he

rank
r

=
3
trials

w
ere

even
m
ore

closely
concentrated

about
one,

w
ith

the
m
inim

um
at

δ(X
,Z

)
≈

0.97.
T
hese

results
suggest

that
higher

rank
problem

s
are

generically
easier

to
solve,because

larger
R
IP

constants
are

suffi
cient

to
prevent

the
points

from
being

spurious
local

m
inim

a.
T
hey

also
suggest

that
δ(X

,Z
)
≥

1/
2
over

all
rank

r
≥

1,
though

this
is

not
guaranteed,

because
“bad”

choices
of
X
,Z

can
alw

ays
exist

on
a
low

er-dim
ensionalzero-m

easure
set.

9.
C

on
clu

sion
s

T
he

low
-rank

m
atrix

recovery
problem

is
know

n
to

contain
no

spurious
localm

inim
a
under

a
restricted

isom
etry

property
(R

IP
)
w
ith

a
suffi

ciently
sm

allR
IP

constant
δ.

In
this

paper,
w
e
introduce

a
proof

technique
capable

of
establishing

R
IP

thresholds
that

are
both

neces-
sary

and
suffi

cient
for

exact
recovery.

Specifically,
w
e
define

δ(X
,Z

)
as

the
sm

allest
R
IP

constant
associated

w
ith

a
counterexam

ple
w
ith

fixed
ground

truth
M

?
=
Z
Z
T

and
fixed

spurious
point

X
,
and

define
δ
?

=
m

in
X
,Z
δ(X

,Z
)
as

the
sm

allest
R
IP

constant
over

all
counterexam

ples.
T
hen,

δ-R
IP

low
-rank

m
atrix

recovery
contains

no
spurious

localm
inim

a
if
and

only
if
δ
<
δ
?.

O
ur

key
insight

is
to

show
that

δ(X
,Z

)
has

an
exact

convex
reform

ulation.
In

the
rank-1

case,the
resulting

problem
is
suffi

ciently
sim

ple
that

it
can

be
relaxed

and
solved

in
closed-
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S
h
a
r
p

R
IP

B
o
u
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d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

fo
rm

.
U
si
ng

th
is

cl
os
ed

-f
or
m

bo
un

d,
w
e
pr
ov
e
th
at
δ
<

1
/2

is
bo

th
ne

ce
ss
ar
y
an

d
su
ffi
ci
en
t

fo
r
ex
ac
t
re
co
ve
ry

fr
om

an
y
ar
bi
tr
ar
y
in
it
ia
l
po

in
t.

Fo
r
la
rg
er

R
IP

co
ns
ta
nt
s
δ
≥

1/
2
,
w
e

sh
ow

th
at

an
in
it
ia
l
po

in
t
x
0
sa
ti
sf
yi
ng

f
(x

0
)
≤

(1
−
δ)

2
f

(0
)
is

en
ou

gh
to

gu
ar
an

te
e
ex
ac
t

re
co
ve
ry

us
in
g
a
de

sc
en
t
al
go

ri
th
m
.
It

is
im

po
rt
an

t
to

em
ph

as
iz
e,

ho
w
ev
er
,t
ha

t
th
es
e
sh
ar
p

re
su
lt
s
ar
e
de

ri
ve
d
sp
ec
ifi
ca
lly

fo
r
th
e
ra
nk

-1
ca
se
.

A
ck

n
ow

le
d
ge

m
en

ts

W
e
ar
e
gr
at
ef
ul

to
Sa

la
r
Fa

tt
ah

i
fo
r
a
m
et
ic
ul
ou

s
re
ad

in
g
an

d
de
ta
ile

d
co
m
m
en
ts
,
an

d
to

Sa
la
r
Fa

tt
ah

ia
nd

C
ï¿
œ
dr
ic
Jo

sz
fo
r
fr
ui
tf
ul

di
sc
us
si
on

s.
W
e
th
an

k
tw

o
an

on
ym

ou
s
re
vi
ew

er
s

fo
r
he

lp
fu
lc

om
m
en
ts

an
d
fo
r
po

in
ti
ng

ou
t
ty
po

s.
T
hi
s
w
or
k
w
as

su
pp

or
te
d
by

gr
an

ts
fr
om

O
N
R
,A

FO
SR

,A
R
O
,a

nd
N
SF

.

A
p
p
en

d
ix

A
.

D
et

ai
le

d
p
ro

of
of

L
em

m
a

9

G
iv
en

X
,Z
∈
R
n
×
r
,
de

fin
e

e
∈
R
n
2
an

d
X
∈
R
n
2
×
n
r
to

sa
ti
sf
y
th
e
fo
llo

w
in
g
w
it
h
re
sp
ec
t
to

X
an

d
Z

e
=

ve
c

(X
X
T
−
Z
Z
T

),
X

ve
c

(Y
)

=
ve

c
(X
Y
T

+
Y
X
T

)
∀Y
∈
R
n
×
r
,

(5
3)

Le
t
P
∈
R
n
×
d
w
it
h
d
≤
n
sa
ti
sf
y

P
T
P

=
I d
,

P
P
T
X

=
X
,

P
P
T
Z

=
Z

an
d
de

fin
e

P
=
P
⊗
P

an
d
th
e
pr
oj
ec
ti
on

s
X̂

=
P
T
X

an
d
Ẑ

=
P
T
Z
.
D
efi

ne
ê
∈
R
d
2
an

d
X̂
∈
R
d
×
d
r
to

sa
ti
sf
y
(5
3)

w
it
h
X
,Z

re
pl
ac
ed

by
X̂
,Ẑ

.
O
ur

go
al

is
to

sh
ow

th
at

δ
=
δ̂,

H
=

P
Ĥ

P
T

+
(I
−

P
P
T

),

sa
ti
sf
y
th
e
pr
im

al
fe
as
ib
ili
ty

eq
ua

ti
on

s

X
T
H

e
=

0,
(5
4a

)

2[
I r
⊗

m
at

(H
e
)]

+
X
T
H

e
�

0
,

(5
4b

)
(1
−
δ)
I
�

H
�

(1
+
δ)
I
,

(5
4c
)

an
d
th
at

y
=

(I
r
⊗
P

)ŷ
,

U
1

=
P
Û
1
P
T
,

U
2

=
P
Û
2
P
T
,

V
=

(I
r
⊗
P

)V̂
(I
r
⊗
P

)T

sa
ti
sf
y
th
e
du

al
fe
as
ib
ili
ty

eq
ua

ti
on

s

r ∑ j=
1

(X
y
−

ve
c

(V
j,
j
))

e
T

+
e
(X
y
−

ve
c

(V
j,
j
))
T
−

X
V

X
T

=
U
1
−
U
2
,

(5
5a

)

tr
(U

1
+
U
2
)

=
1,

(5
5b

)
V
�

0,
U
1
�

0
,

U
2
�

0,
(5
5c
)
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de

r
th
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hy

po
th
es
is
th
at

(δ̂
,Ĥ

)
an

d
(ŷ
,Û

1
,Û

2
,V̂

)
sa
ti
sf
y
(5
4)

an
d
(5
5)

w
it
h

e
,X

re
pl
ac
ed

by
ê
,X̂

.
W
e
ca
n
im

m
ed

ia
te
ly

ve
ri
fy

(5
4c
),

(5
5b

),
an

d
(5
5c
)
us
in
g
th
e
or
th
og

on
al
it
y
of

P
.

T
o

ve
ri
fy

th
e
re
m
ai
ni
ng

eq
ua

ti
on

s,
w
e
w
ill

us
e
th
e
fo
llo

w
in
g
id
en
ti
ti
es
.

C
la
im

18
W
e
ha
ve

e
=

P
ê
,

X
(I
r
⊗
P

)
=

P
X̂

P
T
X

=
X̂

(I
r
⊗
P

)T
.

P
ro
of

Fo
r
al
lY
∈
R
n
×
r
an

d
Ŷ
∈
R
d
×
r
,
w
e
ha

ve

e
=

ve
c

(X
X
T
−
Z
Z
T

)
=

ve
c

[P
(X̂
X̂
T
−
Ẑ
Ẑ
T

)P
T

]
=

(P
⊗
P

)ê
,

X
(I
r
⊗
P

)v
ec

(Ŷ
)

=
X

ve
c

(P
Ŷ

)
=

ve
c

[P
(X̂
Ŷ
T

+
Ŷ
X̂
T

)P
T

]
=

P
X̂

ve
c

(Ŷ
),

P
T
X

ve
c

(Y
)

=
v
ec

[(
P
T
X

)(
P
T
Y

)T
+

(P
T
Y

)(
P
T
X

)T
]

=
X̂

ve
c

(P
T
Y

)
=

X̂
(I
r
⊗
P

)T
ve

c
(Y

).

N
ow

,w
e
ha

ve
(5
5a

)
fr
om

X
y
−

ve
c

(V
j,
j
)

=
X

(I
r
⊗
P

)ŷ
−

P
ve

c
(V̂
j,
j
)

=
P

(X̂
ŷ
−

ve
c

(V̂
j,
j
))
,

X
V

X
T

=
X

(I
r
⊗
P

)V̂
(I
r
⊗
P

)T
X

=
P

(X̂
V̂

X̂
T

)P
T
.

T
o
pr
ov
e
(5
4a

),
w
e
us
e

X
T
H

e
=

X
T
H

(P
ê
)

=
X
T

(P
Ĥ

)ê
=

(I
r
⊗
P

)X̂
T
Ĥ

ê
.

La
st
ly
,t

o
pr
ov
e
(5
4b

),
w
e
de

fin
e

S
=

2
·[
I r
⊗

m
at

(H
e)

]+
X
T
H

X

an
d
P
⊥
as

th
e
or
th
og

on
al

co
m
pl
em

en
t
of
P
.
T
he

n,
ob

se
rv
e
th
at

I r
⊗

m
at

(H
e)

=
I r
⊗

(P
m

at
(Ĥ
ê)
P
T

)
=

(I
r
⊗
P

)(
I r
⊗

m
at

(Ĥ
ê)

)(
I r
⊗
P

)T
,

an
d
th
at

X
T
H

X
(I
r
⊗
P

)
=

X
T
H

(P
X̂

)
=

X
T

(P
Ĥ

)X̂
=

(I
r
⊗
P

)X̂
T
Ĥ

X̂
.

H
en

ce
,w

e
ha

ve

(I
r
⊗
P

)T
S

(I
r
⊗
P

)
=

2
·[
I r
⊗

m
at

(Ĥ
ê)

]+
X̂

Ĥ
X̂
�

0,

(I
r
⊗
P
⊥

)T
S

(I
r
⊗
P
⊥

)
=

(I
r
⊗
P
⊥

)T
X
T
H

X
(I
r
⊗
P
⊥

)
�

0
,

(I
r
⊗
P
⊥

)T
S

(I
r
⊗
P

)
=

0
,

an
d
th
is

sh
ow

s
th
at

S
�

0
as

de
si
re
d.

30
JM

L
R

 2
0(

11
4)

:1
-3

4,
 2

01
9



S
h
a
r
p

R
IP

B
o
u
n
d
s

fo
r

N
o

S
pu

r
io

u
s

L
o
ca

l
M

in
im

a

A
p
p
en

d
ix

B
.

D
etailed

p
roof

of
L
em

m
a

10

G
iven

X
,Z
∈
R
n×

r,let
P

=
orth

([X
,Z

])
and

P
=
P
⊗
P
.
O
ur

goalis
to

show
that

δ
=
δ̂,

H
=

P
Ĥ

P
T

satisfy
the

prim
alfeasibility

equations

X
T
H

e
=

0,
(56a)

2[I
r ⊗

m
at(H

e
)]+

X
T
H

e
�

0
,

(56b)

(1−
δ)I
�

P
T
H

P
�

(1
+
δ)I

,
(56c)

and
thaty

=
(I
r ⊗

P
)ŷ
,

U
1

=
Û
1 ,

U
2

=
Û
2 ,

V
=

(I
r ⊗

P
)V̂

(I
r ⊗

P
)
T

satisfy
the

dualfeasibility
equations

r
∑j=

1 (X
y−

vec
(V
j,j ))e

T
+

e
(X
y−

vec
(V
j,j ))

T
−

X
V

X
T

=
P

(U
1 −

U
2 )P

T
,

(57a)

tr[P
(U

1
+
U
2 )P

T
]

=
1,

(57b)
V
�

0,
U
1 �

0
,

U
2 �

0,
(57c)

under
the

hypothesis
that

(δ̂,Ĥ
)
and

(ŷ
,Û

1 ,Û
2 ,V̂

)
satisfy

(54)
and

(55)
w
ith

e
,X

replaced
by

ê
,X̂

.
T
he

exact
steps

for
verifying

(56)
and

(57)
are

identicalto
the

proof
of

Lem
m
a
9,

and
are

om
itted

for
brevity.
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d
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ra
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b
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b
le

to
S
L

A
M

s.

W
it

h
th

e
ai

d
of

th
e

st
ru

ct
u
ra

l
co

n
st

ra
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b
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d
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;
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d
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b
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ra
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b
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p
at

te
rn

s
a
re

k
n
ow

n
a

p
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p
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d
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d
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n
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re
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d
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d
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ein
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b
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b
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b
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b
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con
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b
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b
e

learn
ab

le,
an

d
estab

lish
m

ild
id

en
tifi

ab
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d
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p
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b
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con
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con
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m
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d
ition

,
w

e
p
rop

ose
a

fast
screen

in
g

stra
teg

y
fo

r
S
L

A
M

s
as

a
p
rep

ro
cessin

g
step

th
at

can
sca

le
to

a
h
u
ge

n
u
m

b
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b
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d
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d
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p
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d
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d
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p
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p
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b
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b
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=
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a
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∈
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∈
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e

ob
served

resp
on

ses
d
ep

en
d

on
th

e
laten

t
attrib

u
tes

is
called

th
e
Q

-m
atrix

,
w

h
ich

is
a
J
×
K

m
atrix

w
ith

b
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∈
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j,k

=
1

im
p
lies

th
e
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e
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b
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b
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d
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=
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p
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p
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bilities

o
f

fo
u

rth
a
n

d
eigh

th
gra

d
ers

every
fo

u
r

yea
rs

sin
ce

1
9
9
5
.
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;
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p
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a
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a
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0
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d
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p
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∈
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b
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m
atrix

Θ
=
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b
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b
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∈
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b
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p
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U
α

(2
)
−
f
>

R
−
b
> 1
α

(1
)
−
b
> 2
α

(2
))
,

(6
)
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L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

w
h
ere

f
∈
R
J

,
b
i
∈
R
K
i

fo
r
i

=
1,2

,
a
n

d
W

Q
=

(w
j,k )
∈
R
J×

K
1,
U
∈
R
K

1 ×
K

2
a
re

m
od

el
pa

ra
m

eters;
F

igu
re

1
gives

a
n

exa
m

p
le

o
f

a
D

B
M

w
ith

a
5×

4
Q

-m
a
trix.

F
o
r
f

=

(f
1 ,...,f

J
) >

a
n

d
α

(1
)

=
(α

(1
)

1
,...,α

(1
)

K
1 ),

th
e

co
n

d
itio

n
a
l

d
istribu

tio
n

o
f

a
n

o
bserved

va
ria

ble
R
j

given
th

e
la

ten
t

va
ria

bles
is

P
(R

j
=

1
|
α

(1
),α

(2
),···)

=
P

(R
j

=
1
|
α

(1
))

=
ex

p (∑
K

1
k
=

1
w
j,k α

(1
)

k
+
f
j )

1
+

ex
p (∑

K
1

k
=

1
w
j,k α

(1
)

k
+
f
j )
,

(7)

w
h
ere

“
···”

rep
resen

ts
d
eeper

la
ten

t
la

yers
th

a
t

po
ten

tia
lly

exist
in

a
D

B
M

.
M

o
reo

ver,
fro

m
(6

)
w

e
h
a
ve
P

(R
|
α

(1
))

=
∏
Jj=

1 P
(R

j
|
α

(1
)),

so
a

D
B

M
sa

tisfi
es

th
e

loca
l

in
d
epen

d
en

ce

a
ssu

m
p
tio

n
th

a
t

th
e
R
j ’s

a
re

co
n

d
itio

n
a
lly

in
d
epen

d
en

t
given

th
e
α

(1
).

T
h
erefo

re,
a

D
B

M
ca

n
be

view
ed

a
s

a
m

u
lti-pa

ra
m

eter
m

a
in

-eff
ect

S
L

A
M

in
(4)

w
ith

a
sigm

o
id

lin
k

fu
n

ctio
n

.
V

iew
in

g
a

D
B

M
in

th
is

w
a
y,

(7)
gives

th
e

item
pa

ra
m

eter
θ
j,α

(1
) ,

a
n

d
th

e
co

n
stra

in
t

set
o
f

ea
ch

item
j

a
lso

ta
kes

th
e

fo
rm
C
j

=
{
α

(1
)∈
{0,1}

K
1

:
α

(1
)�

q
j }.

Q
=



1
0

1
0

1
1

0
0

0
1

1
0

0
0

1
1

0
1

0
1 

;

R
1

R
2

R
3

R
4

R
5

R
∈
{0,1}

5

α
(1

)
1

α
(1

)
2

α
(1

)
3

α
(1

)
4

α
(1

)∈
{0
,1}

4

W
Q
∈
R

5×
4

w
1,1

w5,4

α
(2

)
1

α
(2

)
2

α
(2

)
3

α
(2

)
4

α
(2

)∈
{0,1}

4

F
igu

re
1:

D
eep

B
oltzm

an
n

M
ach

in
e

2
.2

.
M

o
tiv

a
tio

n
a
n

d
P

ro
b

le
m

O
n
e

ch
allen

g
e

in
m

o
d
ern

ap
p
lication

s
of

S
L

A
M

s
is

th
at

th
e

n
u
m

b
er

of
p

oten
tial

laten
t

a
ttrib

u
te

p
a
ttern

s
2
K

in
creases

ex
p

o
n
en

tially
w

ith
K

an
d

cou
ld

b
e

m
u
ch

larger
th

an
th

e
sa

m
p
le

size
N

.
It

is
often

assu
m

ed
th

at
a

relatively
sm

a
ll

p
ortion

of
attrib

u
te

p
attern

s
ex

ist
in

th
e

p
op

u
la

tion
.

F
or

in
stan

ce,
E

x
am

p
le

1
h
as

2
K

=
2

1
3

=
8192

d
iff

eren
t

con
fi
gu

ration
s

o
f

a
ttrib

u
te

p
a
ttern

s;
for

th
e

lim
ited

sam
p
le

size
757

th
ere,

it
is

d
esirab

le
to

learn
th

e
p

o
ten

tia
lly

sm
a
ll

set
of

sign
ifi

can
t

attrib
u
te

p
attern

s
from

d
ata.

A
n
o
th

er
m

o
tivation

for
assu

m
in

g
a

sm
all

n
u
m

b
er

of
attrib

u
te

p
attern

s
ex

ist
in

th
e

p
o
p
u
la

tio
n

resu
lts

from
th

e
p

ossib
le

h
ierarch

ical
stru

ctu
re

am
on

g
th

e
targeted

attrib
u
tes.

F
o
r

in
sta

n
ce,

in
an

ed
u
cation

al
assessm

en
t

of
a

set
of

u
n
d
erly

in
g

laten
t

sk
ill

a
ttrib

u
tes,

so
m

e
a
ttrib

u
tes

often
serve

as
p
rereq

u
isites

for
som

e
oth

ers
(L

eigh
ton

et
a
l.,

2
004;

T
em

p
lin

a
n
d

B
ra

d
sh

aw
,

2014).
S
p

ecifi
cally,

th
e

p
rereq

u
isite

relation
sh

ip
d
ep

icts
th

e
d
iff

eren
t

level
of

d
iffi

cu
lty

o
f

th
e

sk
ill

attrib
u
tes,

an
d

also
reveals

th
e

ord
er

in
w

h
ich

th
ese

sk
ills

are
learn

ed
in

th
e

p
o
p
u
la

tion
of

stu
d
en

ts.
F

or
in

stan
ce,

if
attrib

u
te
α

1
is

a
p
rereq

u
isite

for
attrib

u
te

α
2 ,

th
en

th
e

a
ttrib

u
te

p
attern

(α
1

=
0,α

2
=

1)
d
o
es

n
ot

ex
ist

in
th

e
p

op
u
lation

,
n
atu

rally
resu

ltin
g

in
a

sp
arsity

stru
ctu

re
of

th
e

ex
isten

ce
of

attrib
u
te

p
attern

s.
W

h
en

th
e

n
u
m

b
er

o
f

a
ttrib

u
tes

is
large

an
d

th
e

u
n
d
erly

in
g

h
ierarch

y
stru

ctu
re

is
com

p
lex

an
d

u
n
k
n
ow

n
,

it
is
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G
u
a
n
d

X
u

d
esirab

le
to

learn
th

e
h
ierarch

y
of

attrib
u
tes

d
irectly

from
d
ata.

In
su

ch
cases

w
ith

attrib
u
te

h
ierarch

y,
th

e
n
u
m

b
er

of
p
attern

s
resp

ectin
g

th
e

h
ierarch

y
cou

ld
b

e
far

few
er

th
an

2
K

.

T
h
e

p
rob

lem
of

in
terest

is
th

at,
given

a
m

o
d
erate

sa
m

p
le

size,
h
ow

to
con

sisten
tly

esti-
m

ate
th

e
sm

all
set

of
laten

t
attrib

u
te

p
a
ttern

s
am

on
g

all
th

e
p

ossib
le

2
K

on
es.

A
s

d
iscu

ssed
in

th
e

in
tro

d
u
ctio

n
,

in
th

e
h
igh

-d
im

en
sion

al
case

w
h
en

th
e

total
n
u
m

b
er

of
attrib

u
te

p
at-

tern
s

is
large

or
even

larger
th

an
th

e
sam

p
le

size,
th

e
q
u
estio

n
s

o
f

w
h
en

th
e

tru
e

m
o
d
el

w
ith

th
e

sign
ifi

can
t

laten
t

p
attern

s
are

learn
ab

le
from

d
ata,

an
d

h
ow

to
p

erform
con

sisten
t

p
attern

selection
,

rem
ain

op
en

in
th

e
literatu

re.

T
h
is

p
rob

lem
is

eq
u
ivalen

t
to

selectin
g

th
e

n
on

zero
elem

en
ts

of
th

e
p

op
u
lation

p
rop

ortion
p
aram

eters
p

=
(p
α

:
α
∈
{0
,1}

K
),

w
h
ere

p
α

d
en

otes
th

e
p
rop

ortion
o
f

th
e

su
b

jects
w

ith
laten

t
p
attern

α
in

th
e

p
op

u
lation

.
T

h
e
p

satisfi
es
p
α
∈

[0,1]
for

all
α
∈
{0
,1}

K
an

d
∑
α
∈{

0
,1}

K
p
α

=
1.

In
th

is
w

ork
,

w
e

w
ill

treat
th

e
laten

t
attrib

u
te

p
attern

s
α

as
ran

d
om

variab
les

(ran
d
om

eff
ects).

F
or

an
y

su
b

ject,
h
is/h

er
attrib

u
te

p
attern

is
a

ran
d
om

vector
A
∈
{0,1}

K
th

at
(m

argin
ally

)
follow

s
a

categorical
d
istrib

u
tion

w
ith

p
op

u
lation

p
rop

ortion
p
aram

eters
p

=
(p
α

:
α
∈
{
0,1}

K
).

O
n
e

m
ain

reason
for

th
is

ran
d
om

eff
ect

assu
m

p
tion

is
th

at,
w

h
en

th
e

n
u
m

b
er

of
ob

served
variab

les
p

er
su

b
ject

(i.e.,
J

)
d
o
es

n
ot

in
crease

w
ith

th
e

sam
p
le

size
N

asy
m

p
totically,

th
e

cou
n
terp

art
fi
x
ed

eff
ect

m
o
d
el

can
n
ot

con
sisten

tly
estim

ate
th

e
m

o
d
el

p
aram

eters.
A

s
a

con
seq

u
en

ce,
th

e
fi
x
ed

eff
ect

ap
p
roach

can
n
ot

give
con

sisten
t

selection
of

sign
ifi

can
t

attrib
u
te

p
attern

s.
T

h
is

scen
ario

w
ith

relativ
ely

sm
all

J
b
u
t

larger
N

an
d

2
K

is
com

m
on

ly
seen

in
th

e
m

otivatin
g

ap
p
lication

s
in

ed
u
cation

al
an

d
p
sy

ch
ological

assessm
en

ts.

W
e

w
ou

ld
like

to
p

oin
t

ou
t

th
at

w
e

give
th

e
join

t
d
istrib

u
tion

of
th

e
attrib

u
tes

fu
ll

fl
ex

ib
ility

b
y

m
o
d
elin

g
it

as
a

categorical
d
istrib

u
tion

w
ith

2
K
−

1
free

p
rop

o
rtio

n
p
aram

eters
p
α

’s.
M

o
d
elin

g
in

th
is

w
ay

allow
s

th
ose

“sp
arse”

sign
ifi

can
t

attrib
u
te

p
attern

s
to

h
av

e
arb

itrary
stru

ctu
res

am
on

g
th

e
2
K

p
ossib

ilities.
O

n
th

e
con

trary,
an

y
sim

p
ler

p
aram

etric
m

o
d
el

of
th

e
d
istrib

u
tion

of
α

w
ith

few
er

p
aram

eters
w

ou
ld

fail
to

cap
tu

re
all

th
e

p
ossib

ilities
of

th
e

attrib
u
tes’

d
ep

en
d
en

cy.

U
n
d
er

th
e

in
tro

d
u
ced

n
otation

s,
th

e
p
rob

ab
ility

m
ass

fu
n
ction

of
a

su
b

ject’s
resp

on
se

vector
R

=
(R

1 ,...,R
J
) >

can
b

e
w

ritten
asP

(R
=
r
|
Θ
,
p

)
=
∑
α
∈{

0
,1}

K
p
α
∏
Jj=

1
θ
r
j

j,α
(1−

θ
j,α

)
1−
r
j,

for
r
∈
{0,1}

J
.

A
ltern

atively,
th

e
resp

on
ses

can
b

e
v
iew

ed
as

a
J

-th
o
rd

er
ten

sor
an

d
th

e
p
rob

ab
ility

m
ass

fu
n
ction

of
R

can
b

e
w

ritten
as

a
p
rob

ab
ility

ten
sor

P
(R
|
Θ
,
p

)
=

2
K
∑l=

1

p
α
l (

θ
1
,α
l

1−
θ

1
,α
l )
◦ (

θ
2
,α
l

1−
θ

2
,α
l )
◦···◦ (

θ
J
,α
l

1−
θ
J
,α
l )
,

(8)

w
h
ere

“◦
”

d
en

otes
th

e
ten

sor
ou

ter
p
ro

d
u
ct

an
d
θ
j,α

’s
are

con
strain

ed
b
y

(2)
an

d
(3).

In
th

e
follow

in
g

section
s,

w
e

fi
rst

in
vestigate

th
e

learn
ab

ility
req

u
irem

en
t

of
learn

in
g

a
S
L

A
M

w
ith

an
arb

itrary
set

of
tru

e
laten

t
p
attern

s,
an

d
p
rov

id
e

id
en

tifi
ab

ility
con

d
ition

s
in

S
ection

3.
T

h
en

in
S
ection

4,
w

e
p
rop

ose
a

p
en

alized
lik

elih
o
o
d

m
eth

o
d

to
select

th
e

laten
t

attrib
u
te

p
attern

s,
an

d
estab

lish
th

eoretical
gu

ara
n
tee

for
th

e
p
rop

osed
m

eth
o
d
.

3
.
L
e
a
rn

a
b
ility

R
e
q
u
ire

m
e
n
t
a
n
d
C
o
n
d
itio

n
s

T
o

facilitate
th

e
d
iscu

ssion
on

id
en

tifi
ab

ility
of

S
L

A
M

s,
w

e
n
eed

to
in

tro
d
u
ce

a
n
ew

n
otation

,
th

e
Γ

-m
atrix

.
W

e
fi
rst

in
tro

d
u
ce

th
e
J×

2
K

con
strain

t
m

atrix
Γ

a
llth

at
is

en
tirely

d
eterm

in
ed
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L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

b
y

th
e
Q

-m
at

ri
x
.

T
h
e

ro
w

s
of

Γ
a
ll

ar
e

in
d
ex

ed
b
y

th
e
J

it
em

s,
an

d
co

lu
m

n
s

b
y

th
e

2
K

la
te

n
t

at
tr

ib
u
te

p
at

te
rn

s
in
{0
,1
}K

.
T

h
e

(j
,α

)t
h

en
tr

y
of

Γ
a
ll
j,
α

is
d
efi

n
ed

as

Γ
a
ll
j,
α

=
I
(α
�
q
j
)

=
I
(α
∈
C j

),
j
∈
{1
,.
..
,J
},
α
∈
{0
,1
}K
,

(9
)

w
h
ic

h
is

a
b
in

ar
y

in
d
ic

at
or

of
w

h
et

h
er

at
tr

ib
u
te

p
at

te
rn
α

p
os

se
ss

al
l
th

e
re

q
u
ir

ed
at

tr
ib

u
te

s
of

it
em

j.
W

e
w

il
l

al
so

ca
ll

Γ
a
ll

th
e

co
n

st
ra

in
t

m
a
tr

ix
,

si
n
ce

it
s

en
tr

ie
s

in
d
ic

at
e

w
h
at

la
te

n
t

p
at

te
rn

s
ar

e
co

n
st

ra
in

ed
to

h
av

e
th

e
h
ig

h
es

t
le

ve
l

of
B

er
n
o
u
ll
i

p
ar

am
et

er
s

fo
r

ea
ch

it
em

.
F

or
ex

am
p
le

,
co

n
si

d
er

th
e

2
×

2
Q

-m
at

ri
x

in
th

e
fo

ll
ow

in
g

(1
0)

.
T

h
en

it
s

co
rr

es
p

on
d
in

g
Γ

-m
at

ri
x

Γ
a
ll

w
it

h
a

sa
tu

ra
te

d
se

t
of

at
tr

ib
u
te

p
at

te
rn

s
ta

ke
s

th
e

fo
ll
ow

in
g

fo
rm

.

Q
=

( 0
1

1
1

)
=
⇒

Γ
a
ll

=

α
1

α
2

α
3

α
4

(0
,0

)
(0
,1

)
(1
,0

)
(1
,1

)
(

)
0

1
0

1
0

0
0

1

.
(1

0)

M
or

e
ge

n
er

al
ly

,
w

e
ge

n
er

al
iz

e
th

e
d
efi

n
it

io
n

of
th

e
co

n
st

ra
in

t
m

at
ri

x
Γ

a
ll

in
(9

)
to

an
ar

b
it

ra
ry

su
b
se

t
of

la
te

n
t

p
at

te
rn

s
A
⊆
{0
,1
}K

,
an

d
an

ar
b
it

ra
ry

se
t

of
it

em
s
S
⊆

[J
].

F
or
S
⊆

[J
]

an
d
A
⊆
{0
,1
}K

,
w

e
si

m
p
ly

d
en

ot
e

b
y

Γ
(S
,A

)
th

e
|S
|×
|A
|s

u
b
m

at
ri

x
of

Γ
a
ll

w
it

h
ro

w
in

d
ic

es
fr

om
S

an
d

co
lu

m
n

in
d
ic

es
fr

om
A

.
W

h
en

S
=
{1
,.
..
,J
},

w
e

w
il
l

so
m

et
im

es
ju

st
d
en

ot
e

Γ
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ld

in
th

e
pa

ra
m

et
er

sp
a
ce

.
T

h
er

ef
o
re

,
T

h
eo

re
m

6
a
n

d
C

o
ro

ll
a
ry

7
su

p
p
le

m
en

t
T

h
eo

re
m

2
by

re
la

xi
n

g
th

e
o
ri

gi
n

a
l

co
n

d
it

io
n

s
a
n

d
es

ta
bl

is
h
in

g
id

en
ti

fi
a
bi

li
ty

w
h
en

(Θ
,p

)
sa

ti
sf

y
ce

rt
a
in

sh
a
pe

co
n

st
ra

in
ts

,
i.

e.
,

(Θ
,p

)
d
o

n
o
t

fa
ll

o
n

th
a
t

m
a
n

if
o
ld
V

in
th

e
pa

ra
m

et
er

sp
a
ce

.

T
h
e

ab
ov

e
ge

n
er

ic
id

en
ti

fi
ab

il
it

y
re

su
lt

s
of
A

0
en

su
re

th
at

n
on

id
en

ti
fi
ab

il
it

y
h
ap

p
en

s
on

ly
in

a
m

ea
su

re
ze

ro
se

t
in

th
e

p
ar

am
et

er
sp

ac
e.

N
ex

t,
w

e
d
ev

el
o
p

a
se

co
n
d

ex
te

n
si

on
of

T
h
eo

re
m

2
fo

r
sc

en
ar

io
s

w
h
er

e
n
on

id
en

ti
fi
ab

il
it

y
ca

se
s

o
cc

u
p
y

a
p

os
it

iv
e

m
ea

su
re

se
t

in
th

e
p
ar

am
et

er
sp

ac
e.

T
h
is

si
tu

at
io

n
h
ap

p
en

s
w

h
en

ce
rt

ai
n

la
te

n
t

at
tr

ib
u
te

p
at

te
rn

s
al

w
ay

s
h
av

e
th

e
sa

m
e

it
em

p
ar

am
et

er
s

ac
ro

ss
al

l
th

e
it

em
s,

i.
e.

,
Θ
·,α

=
Θ
·,α
′

fo
r

so
m

e
α
6=
α
′ .

W
e

d
efi

n
e
α

an
d
α
′

to
b

e
in

th
e

sa
m

e
eq

u
iv

al
en

ce
cl

as
s

if
Θ
·,α

=
Θ
·,α
′.

F
or

in
st

an
ce

,
st

il
l

co
n
si

d
er

th
e

fo
ll
ow

in
g

2
×

2
Q

-m
a
tr

ix
u
n
d
er

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

in
tr

o
d
u
ce

d
in

E
x
am

p
le

2,

Q
=

( 0
1

1
1

)
,

(1
4)

th
en

at
tr

ib
u
te

p
at

te
rn

s
α

1
=

(0
,0

)
an

d
α

3
=

(1
,0

)
ar

e
eq

u
iv

al
en

t
u
n
d
er

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

,
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ca
n

b
e

se
en

fr
om

th
e

Γ
a
ll

in
(1

0)
.

T
h
er

ef
or

e
th

e
tw

o
la

te
n
t

p
at

te
rn

s
α

1
an

d
α

3

ar
e

n
ot

id
en

ti
fi
ab

le
,

n
o

m
at

te
r

w
h
ic

h
va

lu
es

th
e

tr
u
e

m
o
d
el

p
ar

am
et

er
s

ta
ke

.
In

th
is

ca
se

w
h
er

e
b

ot
h

st
ri

ct
an

d
ge

n
er

ic
id

en
ti

fi
ab

il
it

y
d
o

n
ot

h
ol

d
,

w
e

st
u
d
y

th
e

p
-p

ar
ti

al
id

en
ti

fi
ab

il
it

y,
a

co
n
ce

p
t

in
tr

o
d
u
ce

d
in

G
u

an
d

X
u

(2
01

9b
).

S
p

ec
ifi

ca
ll
y,

w
h
en

so
m

e
at

tr
ib

u
te

p
at

te
rn

s
h
av

e
th

e
sa

m
e

it
em

p
ar

am
et

er
s

ac
ro

ss
al

l
it

em
s,

w
e

d
efi

n
e

th
e

se
t

of
th

es
e

at
tr

ib
u
te

p
at

te
rn

s
as

an
eq

u
iv

al
en

ce
cl

as
s,

an
d

ai
m

to
id

en
ti

fy
th

e
p
ro

p
or

ti
on

of
th

is
eq

u
iv

al
en

ce
cl

as
s,

in
st

ea
d

of
th

e
se

p
ar

at
e

p
ro

p
o
rt

io
n
s

of
th

es
e

eq
u
iv

al
en

t
p
at

te
rn

s,
in

th
e

p
op

u
la

ti
on

.
F

or
in

st
an

ce
,

in
th

e
ab

ov
e

ex
a
m

p
le

in
(1

4)
,

b
ec

au
se
α

1
a
n
d
α

3
ar

e
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G
u
a
n
d

X
u

eq
u
iv

al
en

t,
th

er
e

ar
e

th
re

e
eq

u
iv

al
en

ce
cl

as
se

s:
{α

1
=

(0
,0

),
α

3
=

(1
,0

)}
,
{α

2
=

(0
,1

)}
,

an
d
{α

4
=

(1
,1

)}
.

W
e

d
en

ot
e

th
es

e
th

re
e

eq
u
iv

a
le

n
ce

cl
as

se
s

b
y

[α
1
]

(o
r

[α
3
],

si
n
ce

[α
1
]

=
[α

3
])

,
[α

2
]

an
d

[α
4
],

si
n
ce
α

1
,
α

2
an

d
α

4
fo

rm
a

co
m

p
le

te
se

t
of

re
p
re

se
n
ta

ti
ve

s
o
f

th
e

eq
u
iv

al
en

ce
cl

as
se

s.
F

or
an

y
Q

,
w

e
d
en

ot
e

th
e

in
d
u
ce

d
se

t
of

eq
u
iv

al
en

ce
cl

as
se

s
b
y
A

eq
u

iv
=

{[
α

1
],
..
.,

[α
C

]}
,

w
h
er

e
α

1
,.
..
,α

C
fo

rm
a

co
m

p
le

te
se

t
of

re
p
re

se
n
ta

ti
ve

s
of

th
e

eq
u
iv

a
le

n
ce

cl
as

se
s.

In
th

is
ca

se
,

th
e

p
at

te
rn

se
le

ct
io

n
p
ro

b
le

m
of

in
te

re
st

is
to

le
ar

n
w

h
ic

h
eq

u
iv

a
le

n
ce

cl
as

se
s

in
A

eq
u

iv
ar

e
si

gn
ifi

ca
n
t.

F
or

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

in
tr

o
d
u
ce

d
in

E
x
am

p
le

2,
tw

o
at

tr
ib

u
te

p
a
tt

er
n
s
α

1
,α

2

ar
e

in
th

e
sa

m
e

eq
u
iv

al
en

ce
cl

as
s

if
an

d
on

ly
if

Γ
A ·,α

1
=

Γ
A ·,α

2
.

T
h
is

is
b

ec
au

se
u
n
d
er

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

,
th

e
Γ

-m
at

ri
x

d
et

er
m

in
ed

b
y

th
e
Q

-m
at

ri
x

w
it

h
Γ
j,
α

=
I
(α
�
q
j
)

fu
ll
y

ca
p
tu

re
s

th
e

m
o
d
el

st
ru

ct
u
re

in
th

e
se

n
se

th
at
θ j
,α

=
θ+ j

Γ
j,
α

+
θ− j

(1
−

Γ
j,
α

).
T

h
er

ef
o
re

u
n
d
er

a
tw

o-
p
ar

am
et

er
S
L

A
M

,
w

e
ca

n
ob

ta
in

a
co

m
p
le

te
se

t
of

re
p
re

se
n
ta

ti
ve

s
of

th
e

eq
u
iv

a
le

n
ce

cl
as

se
s

d
ir

ec
tl

y
fr

om
th

e
q

-v
ec

to
rs

,
w

h
ic

h
ar

e

A
Q

=
{∨

j∈
S
q
j

:
S
⊆
{1
,.
..
,J
}}
,

(1
5
)

w
h
er

e
∨ j
∈S
q
j

=
(m

ax
j∈
S
q j
,1
,.
..
,m

ax
j∈
S
q j
,K

).
F

or
S

=
∅

,
w

e
d
efi

n
e

th
e

ve
ct

o
r
∨ j
∈S
q
j

to
b

e
0
K

,
th

e
al

l-
ze

ro
at

tr
ib

u
te

p
at

te
rn

.
T

h
e

re
as

on
s

fo
r
A
Q

b
ei

n
g

a
co

m
p
le

te
se

t
of

re
p
re

se
n
ta

ti
ve

s
ar

e
th

at
,

fi
rs

t,
Γ
A
Q

h
as

d
is

ti
n
ct

co
lu

m
n
s

an
d

co
n
ta

in
s

al
l

th
e

u
n
iq

u
e

co
lu

m
n

ve
ct

or
s

in
Γ

a
ll
;

an
d

se
co

n
d
,

fo
r

an
y

ot
h
er

p
at

te
rn

n
ot

in
A
Q

,
th

er
e

is
so

m
e

p
a
tt

er
n

in
A
Q

su
ch

th
at

th
e

tw
o

p
at

te
rn

s
h
av

e
id

en
ti

ca
l

co
lu

m
n

ve
ct

o
rs

in
Γ

a
ll
.

It
is

n
ot

h
a
rd

to
se

e
th

a
t

A
Q

=
{0
,1
}K

if
an

d
on

ly
if

th
e
Q

-m
at

ri
x

co
n
ta

in
s

a
su

b
m

at
ri

x
I K

.
F

or
m

u
lt

i-
p
ar

am
et

er
S
L

A
M

s
in

tr
o
d
u
ce

d
in

E
x
am

p
le

3,
tw

o
at

tr
ib

u
te

p
a
tt

er
n
s
α

1
,α

2

ar
e

in
th

e
sa

m
e

eq
u
iv

al
en

ce
cl

as
s

if
Γ
·,α

1
=

Γ
·,α

2
=

1
.

T
h
is

ca
n

b
e

se
en

b
y

co
n
si

d
er

in
g

Γ
·,α

1
=

Γ
·,α

1
6=

1
,

i.
e.

,
Γ
j,
α

1
=

Γ
j,
α

2
=

0
fo

r
so

m
e

it
em

j.
T

h
en

d
iff

er
en

t
fr

o
m

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

s,
fo

r
su

ch
it

em
j,

th
e
θ j
,α

1
an

d
θ j
,α

2
ar

e
n
ot

al
w

ay
s

th
e

sa
m

e
b
y

th
e

m
o
d
el

in
g

as
su

m
p
ti

on
s

of
m

u
lt

i-
p
ar

am
et

er
S
L

A
M

s.
In

d
ee

d
,

u
n
d
er

a
m

u
lt

i-
p
a
ra

m
et

er
S
L

A
M

,
fo

r
it

em
j,

p
at

te
rn

s
in

th
e

se
t
A

0
\C

j
ca

n
h
av

e
m

u
lt

ip
le

le
ve

ls
of

it
em

p
a
ra

m
et

er
s.

W
e

h
av

e
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
of

T
h
eo

re
m

2
on

id
en

ti
fi
ab

il
it

y,
w

h
en

ce
rt

a
in

a
tt

ri
b
u
te

p
at

te
rn

s
ar

e
n
ot

d
is

ti
n
gu

is
h
ab

le
.

D
en

ot
e

th
e

se
t

of
si

g
n
ifi

ca
n
t

eq
u
iv

al
en

ce
cl

as
se

s
b
y
A

eq
u

iv
0

=
{[
α
` 1

],
..
.,

[α
` m

]}
,

w
h
ic

h
is

a
su

b
se

t
of

th
e

sa
tu

ra
te

d
se

t
A

eq
u

iv
=
{[
α

1
],
..
.,

[α
C

]}
.

D
en

o
te

th
e

se
t

of
re

p
re

se
n
ta

ti
v
e

p
at

te
rn

s
of

th
e

si
gn

ifi
ca

n
t

eq
u
iv

al
en

ce
cl

as
se

s
b
y
{α

` 1
,.
..
,α

` m
}

=
A

re
p
.

C
o
ro

ll
a
ry

1
0

If
th

e
m

a
tr

ix
Γ
A

re
p

sa
ti

sfi
es

C
o
n

d
it

io
n

s
A

,
B

a
n

d
C

,
A

eq
u

iv
0

is
id

en
ti

fi
a
bl

e.

R
e
m

a
rk

1
1

U
n

d
er

th
e

tw
o
-p

a
ra

m
et

er
S

L
A

M
w

it
h
A

eq
u

iv
=
{[
α

1
],
..
.,

[α
C

]}
,

th
e

Γ
-m

a
tr

ix
Γ
{α

1
,.
..
,α
C
}

by
d
efi

n
it

io
n

w
o
u

ld
h
a
ve

d
is

ti
n

ct
co

lu
m

n
ve

ct
o
rs

.
T

h
er

ef
o
re

a
n

y
co

lu
m

n
ve

ct
o
r

o
f

Γ
A

re
p

in
C

o
ro

ll
a
ry

1
0

m
u

st
be

d
iff

er
en

t
fo

rm
a

n
y

co
lu

m
n

ve
ct

o
r

o
f

Γ
{α

1
,.
..
,α
C
}\
A

re
p
.

In
th

is
ca

se
,

C
o
n

d
it

io
n
C

is
a
u

to
m

a
ti

ca
ll

y
sa

ti
sfi

ed
.

A
n

d
in

o
rd

er
to

id
en

ti
fy
A

eq
u

iv
0

,
o
n

e
o
n

ly
n

ee
d
s

to
ch

ec
k

if
Γ
A

re
p

sa
ti

sfi
es

C
o
n

d
it

io
n

s
A

a
n

d
B

.

4
.
P
e
n
a
li
ze

d
L
ik
e
li
h
o
o
d
a
p
p
ro

a
ch

to
p
a
tt
e
rn

se
le
ct
io
n

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
p
re

se
n
t

th
e

m
et

h
o
d

of
sh

ri
n
ka

ge
es

ti
m

at
io

n
,

an
d

th
en

d
es

cr
ib

e
a

sc
re

en
in

g
ap

p
ro

ac
h

as
a

p
re

p
ro

ce
ss

in
g

st
ep

.
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L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

4
.1

.
S

h
rin

k
a
g
e

E
stim

a
tio

n

T
h
e

d
evelo

p
ed

id
en

tifi
ab

ility
con

d
ition

s
gu

aran
tee

th
at

th
e

tru
e

set
of

p
attern

s
can

b
e

d
istin

g
u
ish

ed
from

an
y

altern
ative

set
th

at
h
as

n
ot

m
ore

th
an
|A

0 |
p
attern

s,
sin

ce
th

ey
w

o
u
ld

lea
d

to
d
iff

eren
t

p
rob

ab
ility

m
ass

fu
n
ction

s
of

th
e

resp
on

ses.
A

sA
0

=
{
α
∈
{0,1}

K
:

p
α
>

0},
w

e
k
n
ow

th
at

learn
in

g
th

e
sign

ifi
can

t
attrib

u
te

p
a
ttern

s
is

eq
u
ivalen

t
to

selectin
g

th
e

n
o
n
zero

elem
en

ts
of

th
e

p
op

u
lation

p
rop

o
rtion

vector
p

.
In

p
ractice,

if
w

e
d
irectly

overfi
t

th
e

d
ata

w
ith

all
th

e
2
K

p
ossib

le
attrib

u
te

p
attern

s,
th

e
corresp

on
d
in

g
m

ax
im

u
m

likelih
o
o
d

estim
ator

(M
L

E
)

can
n
ot

correctly
recover

th
e

sp
arsity

stru
ctu

re
of

th
e

vector
p

.
In

th
is

ca
se,

w
e

p
rop

ose
to

im
p

ose
som

e
regu

larization
on

th
e

p
rop

ortion
p
aram

eters
p

,
a
n
d

p
erfo

rm
p
a
ttern

selection
th

rou
gh

m
ax

im
izin

g
a

p
en

alized
likelih

o
o
d

fu
n
ction

.

In
g
en

era
l,

w
e

d
en

ote
b
y
A

in
p

u
t

th
e

set
of

can
d
id

ate
a
ttrib

u
te

p
attern

s
given

to
th

e
sh

rin
ka

g
e

estim
ation

m
eth

o
d

as
in

p
u
t.

If
th

e
satu

rated
sp

ace
of

all
th

e
p

ossib
le

attrib
u
te

p
a
ttern

s
a
re

co
n
sid

ered
,

th
en
A

in
p

u
t

=
{
0,1}

K
an

d
it

con
tain

s
all

th
e

2
K

p
ossib

le
con

fi
gu

-
ra

tio
n
s

o
f

a
ttrib

u
tes.

W
h
en

2
K
�
N
,

w
e

p
rop

ose
to

u
se

a
p
rep

ro
cessin

g
step

th
at
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n
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r
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p

erfect
p
attern

selection
resu

lts,
a
s

sh
ow

n
in

th
e

last
row

of
T

ab
le

2.

W
e

g
ive

som
e

d
iscu

ssion
s

on
th

e
com

p
arison

of
th

e
P

E
M

an
d

th
e

F
P

-V
E

M
algorith

m
s.

T
h
e

estim
a
tio

n
accu

racies
p
resen

ted
in

T
ab

le
2

g
en

erally
sh

ow
th

e
tw

o
algorith

m
s

h
ave

co
m

p
a
ra

b
le

p
erform

an
ce

on
p
attern

selection
.

In
term

s
of

selectin
g

th
e

tu
n
in

g
p
aram

eter,
th

e
F

P
-V

E
M

can
b

e
easier

to
tu

n
e

b
ecau

se
th

e
fraction

al
p

ow
er

Υ
is

a
lw

ay
s

b
etw

een
0

a
n
d

1
,

w
h
ile

th
e

P
E

M
algorith

m
h
as

a
n
egative

tu
n
in

g
p
aram

eter
λ
∈

(−
∞
,0)

th
at

can
h
ave

a
n

a
rb

itra
rily

large
m

agn
itu

d
e.

S
p

ecifi
cally,

th
e

scen
ario

of
an

in
crea

sin
g

sp
arsity

co
rresp

on
d
s

to
Υ
→

0
an

d
λ
→
−
∞

,
an

d
w

h
en

ex
trem

al
sp

arsity
ex

ists,
th

e
F

P
-V

E
M

n
eed

s
to

ch
o
o
se

Υ
close

to
zero

w
ith

a
sm

all
m

agn
itu

d
e

an
d

th
e

P
E

M
n
eed

s
to

ch
o
ose

λ
w

ith
a

la
rge

m
a
gn

itu
d
e.

T
h
erefore,

in
su

ch
cases

th
e

tu
n
in

g
of

P
E

M
m

ay
take

m
ore

tim
e,

sin
ce
λ
<

0
n
eed

s
to

b
e

search
ed

over
a

relatively
large

in
terval;

an
ex

p
on

en
tial

grid
search

m
ig

h
t

b
e

o
f

h
elp

in
th

is
case,

w
h
ile

fu
rth

er
in

v
estigation

in
to

h
ow

to
b

est
sp

ecify
th

e
grid

fo
r

sea
rch

in
g

tu
n
in

g
p
aram

eters
w

ou
ld

b
e

n
eed

ed
.

M
ean

w
h
ile,

w
e

fi
n
d

in
sim

u
lation

stu
d
ies

th
a
t

ch
o
o
sin

g
a

sm
all

Υ
in

F
P

-V
E

M
to

o
close

to
zero

m
ay

resu
lt

in
th

e
a
lgorith

m
to

b
e

less
sta

b
le

in
so

m
e

cases.
In

p
ractice,

if
th

e
com

p
u
ta

tion
tim

e
is

n
ot

a
p
rim

ary
con

cern
,

w
e

reco
m

m
en

d
fi
rst

con
sid

erin
g

th
e

P
E

M
algorith

m
for

th
e

b
etter

stab
ility.

W
e

fu
rth

er
con

d
u
ct

a
sim

u
lation

stu
d
y

to
in

vestigate
h
ow

th
e

th
resh

old
va

lu
e
ρ
N

for
th

e
estim

a
ted

p
rop

ortion
s

im
p
act

th
e

p
attern

selection
resu

lts
of

d
iff

eren
t

m
eth

o
d
s.

In
th

e
settin

g
w

ith
1
−
θ

+j
=
θ −j

=
0.2

an
d
N

=
150

(th
e

sam
e

settin
g

a
s

th
e

fi
rst

lin
e

in
T

a
b
le

2),
w

e
sim

u
late

200
in

d
ep

en
d
en

t
d
atasets,

an
d

ap
p
ly

th
e

p
rop

osed
P

E
M

(A
lgorith

m
1
),

F
P

-V
E

M
(A

lgorith
m

2)
an

d
th

e
u
su

al
E

M
algorith

m
w

ith
variou

s
th

resh
o
ld

s
ρ
N
∈

{
1/

(5
0N

)}∪
{i/

(2N
),
i

=
1
,3
,5
,...,15}

.
F

igu
re

4
p
lots

th
e

average
“T

P
R

”
an

d
average

“
1−

F
D

R
”

versu
s

th
e

th
resh

old
valu

es.
It

ca
n

b
e

seen
th

at
d
irectly

th
resh

old
in

g
th

e
M

L
E

of
th

e
p
ro

p
o
rtio

n
s

(corresp
on

d
in

g
to

th
e

th
resh

old
in

g
after

E
M

)
d
o
es

n
ot

y
ield

go
o
d

selection
resu

lts.
F

o
r

a
sm

all
th

resh
old

ρ
N

=
1
/
(2N

),
th

e
F

D
R

of
th

resh
old

ed
E

M
is

q
u
ite

h
igh

.
W

h
en

fu
rth

er
d
ecreasin

g
th

e
th

resh
old

ρ
N

from
1/

(2N
)

to
1/

(50N
),

th
e

F
D

R
of

th
resh

old
ed

E
M

b
eco

m
es

w
orse

w
h
ile

th
e

p
rop

osed
m

eth
o
d
s

h
ave

stab
le

p
erform

an
ce.

O
n

th
e

oth
er

h
a
n
d
,

a
s

th
e

th
resh

old
ρ
N

in
creases

from
1/(2N

)
to

larger
valu

es,
th

e
T

P
R

of
E

M
q
u
ick

ly
d
ecrea

ses.
In

con
trast,

th
e

p
rop

osed
m

eth
o
d
s

P
E

M
an

d
F

P
-V

E
M

give
reason

ab
ly

go
o
d

selectio
n

resu
lts

across
all

th
e

th
resh

old
valu

es,
an

d
h
ave

sligh
tly

b
etter

p
erform

an
ce

for
sm

a
ller

th
resh

old
s.

E
ven

th
e

b
est

selectio
n

resu
lt

given
b
y

th
resh

old
in

g
E

M
corresp

on
d
in

g
to

th
e

th
resh

o
ld
ρ
N

=
7/(2N

)
is

n
ot

com
p
arab

le
to

th
ose

given
b
y

th
e

p
rop

osed
m

eth
o
d
s.

W
e

n
ex

t
eva

lu
ate

th
e

p
erform

an
ce

of
th

e
screen

in
g

p
ro

ced
u
re.

W
e

fi
n
d

th
at

th
e

screen
in

g
p
ro

ced
u
re

d
ra

stically
red

u
ces

th
e

com
p
u
tation

al
cost

in
th

e
su

b
seq

u
en

t
sh

rin
kage

estim
ation

sta
g
e.

F
o
r

in
sta

n
ce,

in
th

e
settin

g
(N
,K

)
=

(150
,15)

w
h
en

n
oise

rate
is

1−
θ

+j
=
θ −j

=
20%

,
b
a
sed

o
n

2
0
0

ru
n
s,

th
e

variation
al

screen
in

g
p
ro

ced
u
re

takes
1.55

secon
d
s

on
average,

an
d

2
7
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G
u
a
n
d

X
u

F
igu

re
4:

S
election

accu
racies

versu
s

th
resh

old
s

for
th

e
tw

o-p
aram

eter
S
L

A
M

w
ith

1−
θ

+j
=

θ −j
=

0.2
an

d
N

=
150.

F
or

each
m

eth
o
d
,

“acc1”
d
en

otes
th

e
T

ru
e

P
ositive

R
ate

(T
P

R
),

th
e

p
rop

ortion
of

tru
e

p
attern

s
th

at
are

selected
;

an
d

“acc2”
d
en

otes
“1−

F
alse

D
iscovery

R
ate

(F
D

R
)”,

th
e

p
rop

ortion
of

selected
p
attern

s
th

at
are

tru
e.

th
e

su
b
seq

u
en

t
P

E
M

algorith
m

takes
6.42

secon
d
s

on
average;

w
h
ile

if
n
o

screen
in

g
is

p
erform

ed
,

th
e

P
E

M
algorith

m
takes

7
.96×

10
3

secon
d
s

on
avera

ge.

A
s

d
escrib

ed
earlier,

th
e

screen
in

g
is

con
sid

ered
su

ccessfu
l
if

all
tru

e
p
attern

s
are

in
clu

d
ed

in
th

e
can

d
id

ate
set
Â

screen .
U

n
d
er

each
sim

u
lation

scen
ario

in
T

ab
le

2
corresp

on
d
in

g
to

K
=

15
or
K

=
20

,
w

e
record

th
e

coverage
p
rob

a
b
ilities

of
th

e
tru

e
p
attern

s
for

each
o
f

200
ru

n
s,

w
h
ere

in
each

ru
n
∑
α
∈A

0
I
(α
∈
Â

screen )/|A
0 |

is
record

ed
as

th
e

coverage
p
rob

ab
ility.

T
h
e

b
ox

p
lots

of
coverage

p
rob

ab
ilities

u
n
d
er

th
ese

scen
arios

are
p
resen

ted
in

F
igu

re
5(a),

(c),
(e)

an
d

(g).
W

e
also

record
th

e
size

ofÂ
screen ,

i.e.,
th

e
n
u
m

b
er

of
can

d
id

ate
p
attern

s
given

b
y

th
e

screen
in

g
p
ro

ced
u
re

in
ea

ch
ru

n
,

an
d

p
resen

t
th

eir
b

ox
p
lots

in
F

igu
re

5(b
),

(d
),

(f)
an

d
(h

).
T

h
e

screen
in

g
p
ro

ced
u
re

gen
erally

h
as

go
o
d

p
erform

an
ce.

O
n

th
e

o
th

er
h
an

d
,

F
igu

re
5(e)

an
d

(g)
sh

ow
th

at
for

th
e

relatively
larg

e
n
oise

rate
a
n
d

sm
all

sam
p
le

size,
th

e
screen

in
g

accu
racy

is
n
ot

v
ery

h
igh

.

T
o

im
p
rove

th
e

p
erform

an
ce

of
screen

in
g,

w
e

ap
p
ly

th
e

strategy
of

screen
in

g
en

h
a
n

ced
by

G
ibbs

exp
lo

ra
tio

n
d
escrib

ed
in

R
em

ark
1
8

an
d

take
M

=
3.

T
h
at

is,
alon

g
th

e
sto

ch
astic

E
M

iteration
s

of
th

e
screen

in
g

algorith
m

,
after

ev
ery

th
ree

iteration
s

w
e

ad
d

th
e

cu
rren

t
set

of
laten

t
p
attern

s
to

th
e

can
d
id

ate
setÂ

screen .
T

h
e

resu
ltin

g
screen

in
g

accu
racies

an
d

sizes
of

Â
screen

are
p
resen

ted
in

F
igu

re
6.

C
om

p
ared

to
th

e
seco

n
d

row
of

p
lots

in
F

igu
re

5,
on

e
can

clearly
see

th
at

th
e

en
h
an

cin
g

p
ro

ced
u
re

im
p
roves

th
e

screen
in

g
accu

racy
sign

ifi
can

tly,
w

h
ile

th
e

size
ofA

screen
also

in
creases

b
u
t

still
rem

ain
s

q
u
ite

m
an

ageab
le.

U
n
d
er

th
e

n
oise

rate
1−

θ
+j

=
θ −j

=
20%

,
th

e
size

ofA
screen

is
alw

ay
s

b
elow

N
for

screen
in

g
w

ith
ou

t
en

h
an

cin
g,

w
h
ile

for
screen

in
g

w
ith

en
h
an

cin
g,

th
e

size
ofA

screen
is

arou
n
d

2
N

for
K

=
15

an
d

arou
n
d

3
N

for
K

=
20.

T
h
e

en
h
an

cin
g

b
y

G
ib

b
s

ex
p
loration

w
ou

ld
n
ot

sacrifi
ce

th
e

effi
cien

cy
of

2
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L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

(a
)
K

=
15

,
n
o
is

e
10

%
;

sc
re

en
in

g
ac

cu
ra

cy

(b
)
K

=
15

,
n
o
is

e
10

%
;

si
ze

of
Â

sc
re
e
n

(c
)
K

=
20

,
n
o
is

e
10

%
;

sc
re

en
in

g
a
cc

u
ra

cy

(d
)
K

=
20

,
n
oi

se
10

%
;

si
ze

of
Â

sc
re
e
n

(e
)
K

=
15

,
n
o
is

e
20

%
;

sc
re

en
in

g
ac

cu
ra

cy

(f
)
K

=
1
5,

n
oi

se
20

%
;

si
ze

of
Â

sc
re
e
n

(g
)
K

=
20

,
n
oi

se
20

%
;

sc
re

en
in

g
ac

cu
ra

cy

(h
)
K

=
20

,
n
oi

se
20

%
;

si
ze

of
Â

sc
re
e
n

F
ig

u
re

5:
S
cr

ee
n
in

g:
p
lo

ts
(a

),
(c

),
(e

)
an

d
(g

)
ar

e
co

ve
ra

ge
p
ro

b
ab

il
it

ie
s

of
th

e
tr

u
e

p
at

te
rn

s,
fr

om
th

e
sc

re
en

in
g

p
ro

ce
d
u
re

u
n
d
er

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

;
p
lo

ts
(b

),
(d

),
(f

)
an

d
(h

)
ar

e
si

ze
s

of
Â

sc
re

en
.

T
h
e

“n
oi

se
”

re
fe

rs
to

th
e

va
lu

e
of

1
−
θ+ j

=
θ− j

.

(a
)
K

=
1
5,

n
oi

se
20

%
;

sc
re

en
in

g
a
cc

u
ra

cy

(b
)
K

=
15

,
n
oi

se
2
0%

;

si
ze

of
Â

sc
re
e
n

(c
)
K

=
20

,
n
oi

se
20

%
;

sc
re

en
in

g
ac

cu
ra

cy

(d
)
K

=
20

,
n
oi

se
20

%
;

si
ze

of
Â

sc
re
e
n

F
ig

u
re

6:
S
cr

ee
n
in

g
en

h
an

ce
d

b
y

G
ib

b
s

ex
p
lo

ra
ti

on
:

sc
re

en
in

g
a
cc

u
ra

cy
an

d
si

ze
of
Â

sc
re

en
.

N
oi

se
ra

te
is

1
−
θ+ j

=
θ− j

=
20

%
.

th
e

sc
re

en
in

g
p
ro

ce
d
u
re

it
se

lf
,

th
ou

gh
it

re
su

lt
s

in
a

la
rg

er
se

t
of
Â

sc
re

en
w

h
ic

h
in

cu
rs

h
ig

h
er

co
m

p
u
ta

ti
on

al
co

st
in

th
e

sh
ri

n
ka

ge
st

ag
e.

In
p
ra

ct
ic

e,
on

e
sh

ou
ld

le
ve

ra
ge

th
is

tr
ad

eo
ff

ac
co

rd
in

g
to

th
e

sa
m

p
le

si
ze

.
S
p

ec
ifi

ca
ll
y,

w
h
en

sa
m

p
le

si
ze
N

is
sm

al
l,

ch
o
os

in
g

a
m

or
e

co
n
se

rv
at

iv
e

sc
re

en
in

g
p
ro

ce
d
u
re

(w
it

h
a

sm
al

le
r

in
te

ge
r
M

)
is

re
co

m
m

en
d
ed

,
b

ec
au

se
th

is
w

ou
ld

in
cr

ea
se

th
e

sc
re

en
in

g
ac

cu
ra

cy
w

it
h
ou

t
ca

u
si

n
g

m
u
ch

co
m

p
u
ta

ti
on

al
b
u
rd

en
fo

r
th

e
sh

ri
n
ka

ge
al

go
ri

th
m

.
W

it
h

th
e

en
h
an

ce
d

sc
re

en
in

g
p
ro

ce
d
u
re

,
in

th
e

re
la

ti
ve

ly
w

ea
k

si
gn

al
ca

se
1
−
θ+ j

=
θ− j

=
0
.2

an
d

u
n
d
er

(K
,N

)
=

(1
5,

15
0)

,
th

e
tw

o
ac

cu
ra

cy
m

ea
su

re
s

1−
F

D
R

an
d

T
P

R
fo

r
th

e
P

E
M

al
go

ri
th

m
,

b
ec

om
e

(0
.8

50
,0
.8

60
)

(p
re

v
io

u
sl

y
it

w
a
s

(0
.5

23
,0
.5

30
)

29
JM

L
R

 2
0(
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5)

:1
-5

8,
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01
9

G
u
a
n
d

X
u

in
T

ab
le

2)
,

an
d

th
os

e
u
n
d
er

th
e

F
P

-V
E

M
al

go
ri

th
m

b
ec

om
e

(0
.8

39
,0
.8

5
3
)

(p
re

v
io

u
sl

y
(0
.5

44
,0
.5

43
)

in
T

ab
le

2)
.

U
n
d
er

(K
,N

)
=

(2
0,

15
0)

,
th

e
tw

o
a
cc

u
ra

cy
m

ea
su

re
s

fo
r

th
e

P
E

M
b

ec
om

e
(0
.6

08
,0
.6

48
)

(p
re

v
io

u
sl

y
(0
.2

13
,0
.2

55
)

in
T

ab
le

2)
an

d
th

os
e

fo
r

th
e

F
P

-V
E

M
b

ec
om

e
(0
.6

20
,0
.6

34
)

(p
re

v
io

u
sl

y
(0
.2

64
,0
.2

71
)

in
T

ab
le

2)
.

M
u
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Â
(·,
k

2
),

th
en

at
tr

ib
u
te
k

1

is
co

n
si

d
er

ed
as

a
p
re

re
q
u
is

it
e

fo
r

at
tr

ib
u
te

k
2
.

E
x
am

in
in

g
th

es
e

9
se

le
ct

ed
k
n
ow

le
d
ge

st
at

es
,

w
e

fi
n
d

th
at

th
e

to
ta

l
n
u
m

b
er

of
8

at
tr

ib
u
te

s
ar

e
se

p
ar

at
ed

in
to

5
gr

ou
p
s
G

1
=
{7
},

G
2

=
{2
,8
},
G

3
=
{6
}

an
d
G

4
=
{4
}

an
d
G

5
=
{1
,3
,5
},

su
ch

th
at

th
e

at
tr

ib
u
te

s
in

th
e

sa
m

e
gr

ou
p

p
la

y
th

e
sa

m
e

ro
le

in
cl

u
st

er
in

g
th

e
st

u
d
en

ts
p

op
u
la

ti
on

in
to

th
e

9
k
n
ow

le
d
ge

st
at

es
.

In
p
ar

ti
cu

la
r,

b
as

ed
on

th
e

ob
se

rv
ed

d
at

a,
at

tr
ib

u
te

s
2

an
d

8
ar

e
eq

u
iv

al
en

t
in

d
is

ti
n
gu

is
h
in

g
th

e
st

u
d
en

ts
p

op
u
la

ti
on

’s
k
n
ow

le
d
ge

st
at

es
;

an
d

so
a
re

at
tr

ib
u
te

s
1,

3,
5.

T
h
e

es
ti

m
at

ed
p
re

re
q
u
is

it
e

re
la

ti
on

sh
ip

am
on

g
th

es
e

5
g
ro

u
p
s

is
d
ep

ic
te

d
in

F
ig

u
re

7(
b
).

F
ig

u
re

7(
b
)

im
p
li
es

th
at

at
tr

ib
u
te

(α
7
)

S
u

bt
ra

ct
n

u
m

er
a
to

rs
,

is
a

q
u
it

e
b
as

ic
sk

il
l

at
tr

ib
u
te

an
d

se
rv

es
as

p
re

re
q
u
is

it
e

fo
r

al
l
th

e
re

m
ai

n
in

g
at

tr
ib

u
te

s.
T

h
is

su
it

s
th

e
co

m
m

on
se

n
se

th
at

in
th

e
p
ro

b
le

m
s

ab
ou

t
fr

ac
ti

on
an

d
su

b
tr

a
ct

io
n
,

th
e

ab
il
it

y
of

su
b
tr

ac
ti

n
g

in
te

ge
rs

sh
ou

ld
b

e
th

e
m

os
t

b
as

ic
.

F
ig

u
re

7
al

so
sh

ow
s

th
at

at
tr

ib
u
te

s
(α

2
),

(α
6
),

(α
8
)

ar
e

m
id

d
le

le
ve

l
sk

il
ls

th
at

on
ly

h
as

on
e

p
re

re
q
u
is

it
e

at
tr

ib
u
te

(α
7
),

an
d

se
rv

e
as

p
re

re
q
u
is

it
es

fo
r

m
u
lt

ip
le

ot
h
er

sk
il
ls

.
F

in
al

ly
,

th
e

re
m

ai
n
in

g
at

tr
ib

u
te

s
(α

4
),

(α
1
),

(α
3
)

an
d

(α
5
)

ar
e

h
ig

h
le

ve
l

sk
il
ls

in
th

e
h
ie

ra
rc

h
ic

al
st

ru
ct

u
re

.
W

e
w

ou
ld

li
ke

to
p

oi
n
t

ou
t

th
at

th
e

d
ir

ec
te

d
ed

ge
s

in
th

e
at

tr
ib

u
te

h
ie

ra
rc

h
y

in
F

ig
u
re

7(
b
)

(a
n
d

al
so

in
th

e
la

te
r

F
ig

u
re

9
fo

r
th

e
T

IM
S
S

d
at

as
et

)
d
o

n
ot

n
ec

es
sa

ri
ly

co
rr

es
p

on
d

to
ca

u
sa

l
re

la
ti

on
s

b
et

w
ee

n
th

e
sk

il
l

at
tr

ib
u
te

s.
In

st
ea

d
,

th
e

at
tr

ib
u
te

h
ie

ra
rc

h
y

re
su

lt
s

fr
om

th
e

le
ar

n
ed

su
b
se

t
of

at
tr

ib
u
te

p
at

te
rn

s,
a
n
d

it
ju

st
re

fl
ec

ts
th

e
es

ti
m

at
ed

co
gn

it
iv

e
st

ru
ct

u
re

of
th

e
st

u
d
en

ts
b

ei
n
g

m
ea

su
re

d
.

F
or

th
e

F
ra

ct
io

n
S
u
b
tr

ac
ti

on
d
at

a,
in

ad
d
it

io
n

to
th

e
at

tr
ib

u
te

st
ru

ct
u
re

ch
os

en
b
y

E
B

IC
sh

ow
n

in
F

ig
u
re

7(
b
),

w
e

al
so

p
re

se
n
t

th
os

e
se

ts
of

at
tr

ib
u
te

p
at

te
rn

s
se

le
ct

ed
b
y

d
iff

er
en

t
Υ

’s
in

th
e

so
lu

ti
on

p
at

h
.

T
h
e

fo
u
r

se
ts

of
p
at

te
rn

s
an

d
th

ei
r

co
rr

es
p

o
n
d
in

g
at

tr
ib

u
te

st
ru

ct
u
re

s
ar

e
p
re

se
n
te

d
in

F
ig

u
re

8.
A

s
sh

ow
n

in
F

ig
u
re

8(
a)

–(
d
),

th
e

la
te

n
t

p
at

te
rn

s
se

le
ct

ed
b
y

a
sm

al
le

r
Υ

al
w

ay
s

fo
rm

a
su

b
se

t
of

th
os

e
p
at

te
rn

s
se

le
ct

ed
b
y

a
la

rg
er

Υ
.

A
ls

o,
th

e
at

tr
ib

u
te

st
ru

ct
u
re

s
se

le
ct

ed
b
y

d
iff

er
en

t
Υ

’s
sh

ar
e

so
m

e
co

m
m

on
al

it
ie

s.
A

m
on

g
th

e
se

co
n
d

ro
w

of
F

ig
u
re

8,
p
lo

t
(h

)
is

eq
u
iv

al
en

t
to

th
e

at
tr

ib
u
te

st
ru

ct
u
re

in
F

ig
u
re

7(
b
).

A
n

a
ly

si
s

o
f

T
IM

S
S

D
a
ta

.
W

e
al

so
ap

p
ly

th
e

p
ro

p
os

ed
m

et
h
o
d

to
th

e
T

IM
S
S

20
03

8t
h

gr
ad

e
d
at

a.
T

h
e

d
at

as
et

co
n
ta

in
s
N

=
75

7
st

u
d
en

ts
’

re
sp

on
se

s
to
J

=
23

te
st

it
em

s,
an

d
th

e
Q

-m
at

ri
x

is
of

si
ze

23
×

13
.

U
n
d
er

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

,
th

e
Q

-m
a
tr

ix
gi

v
es

|{
∨ j
∈S
q
j

:
S
⊆
{1
,.
..
,J
}}
|=

16
25

eq
u
iv

al
en

ce
cl

as
se

s.
F

ig
u
re

9
sh

ow
s

th
e

re
su

lt
s

of
fi
tt

in
g

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

w
it

h
β

=
0
.0

1.
T

h
e

fr
ac

ti
on

al
p

ow
er

Υ
se

le
ct

ed
b
y

E
B

IC
is

0.
84

an
d

th
e

co
rr

es
p

on
d
in

g
n
u
m

b
er

of
eq

u
iv

al
en

ce
cl

a
ss

es
is

5.
T

h
e

sm
al

le
st

E
B

IC
va

lu
e

in
F

ig
u
re

9(
a)

is
1
.9

6
×

10
4
.

W
e

re
m

ar
k

th
at

w
e

al
so

fi
t

th
e

ge
n
er

al
m

u
lt

i-
p
ar

am
et

er
al

l-
eff

ec
t

S
L

A
M

to
th

e
d
at

as
et

,
w

h
il
e

th
e

sm
al

le
st

E
B

IC
gi

ve
n

b
y

th
e

m
u
lt

i-
p
ar

am
et

er
m

o
d
el

is
7.

38
×

10
4
,

w
h
ic

h
is

m
u
ch

la
rg

er
th

an
th

e
b

es
t

E
B

IC
gi

v
en

b
y

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

.
S
o

w
e

n
ex

t
fo

cu
s

on
th

e
re

su
lt

s
gi

ve
n

b
y

th
e

tw
o-

p
ar

am
et

er
S
L

A
M

.

F
ig

u
re

9(
b
)

p
lo

ts
th

e
at

tr
ib

u
te

st
ru

ct
u
re

gi
ve

n
b
y

th
e

se
le

ct
ed

5
k
n
ow

le
d
ge

st
at

es
.

T
h
e

13
at

tr
ib

u
te

s
ar

e
se

p
ar

at
ed

in
to

fi
v
e

gr
ou

p
s
G

1
=
{3
,1

1
,1

3}
,
G

2
=
{5
,9
},
G

3
=
{6
,7
,1

0,
12
}

an
d
G

4
=
{1
,2
,8
}

an
d
G

5
=
{4
},

su
ch

th
at

th
e

at
tr

ib
u
te

s
in

th
e

sa
m

e
gr

ou
p

p
la

y
th

e
sa

m
e

ro
le

in
cl

u
st

er
in

g
th

e
st

u
d
en

t
p

op
u
la

ti
o
n

in
to

th
e

fi
ve

k
n
ow

le
d
ge

st
at

es
.

T
h
e

p
re

re
q
u
is

it
e

re
-

la
ti

on
sh

ip
s

am
on

g
gr

ou
p
s

of
at

tr
ib

u
te

s
is

al
so

sh
ow

n
in

F
ig

u
re

9(
b
).

A
tt

ri
b
u
te

(α
3
)

co
m

p
u

te
fl

u
en

tl
y

w
it

h
m

u
lt

i-
d
ig

it
n

u
m

be
rs

a
n

d
fi

n
d

co
m

m
o
n

fa
ct

o
rs

a
n

d
m

u
lt

ip
le

s,
at

tr
ib

u
te

(α
1
1
)

co
m

pa
re

tw
o

fr
a
ct

io
n

s
w

it
h

d
iff

er
en

t
n

u
m

er
a
to

rs
a
n

d
d
iff

er
en

t
d
en

o
m

in
a
to

rs
,

at
tr

ib
u
te

(α
1
3
)

u
se

eq
u

iv
a
le

n
t

fr
a
ct

io
n

a
s

a
st

ra
te

gy
to

a
d
d

a
n

d
su

bt
ra

ct
fr

a
ct

io
n

s,
ar

e
th

e
m

os
t

b
as

ic
sk

il
ls

33
JM

L
R

 2
0(

11
5)

:1
-5

8,
 2

01
9

G
u
a
n
d

X
u

4

1
2

8

6
7

1
0

1
2

5
9

3
11

13

(a
)

E
B

IC
va

lu
es

an
d

su
p
p

or
t

si
ze

s
ve

rs
u
s

Υ
(b

)
at

tr
ib

u
te

st
ru

ct
u
re

se
le

ct
ed

b
y

E
B

IC

F
ig

u
re

9:
R

es
u
lt

s
of

T
IM

S
S

20
03

8t
h

G
ra

d
e

D
at

a
an

al
y
ze

d
u
si

n
g

tw
o-

p
ar

a
m

et
er

S
L

A
M

.

in
th

e
at

tr
ib

u
te

h
ie

ra
rc

h
y

an
d

se
rv

e
as

th
e

p
re

re
q
u
is

it
es

fo
r

al
l

th
e

re
m

a
in

in
g

a
tt

ri
b
u
te

s.
In

d
ee

d
,

th
es

e
th

re
e

ar
e

b
as

ic
al

go
ri

th
m

ic
op

er
at

io
n
s

n
ee

d
ed

to
so

lv
e

th
e

m
at

h
em

a
ti

ca
l
p
ro

b
-

le
m

s
in

th
e

T
IM

S
S

te
st

.
In

ad
d
it

io
n

to
th

e
st

ru
ct

u
re

se
le

ct
ed

b
y

E
B

IC
p
re

se
n
te

d
in

F
ig

u
re

9(
b
),

ot
h
er

at
tr

ib
u
te

st
ru

ct
u
re

s
co

rr
es

p
on

d
in

g
to

d
iff

er
en

t
Υ
∈

[0
.7
,0
.9

]
ar

e
p
re

se
n
te

d
in

F
ig

u
re

14
in

A
p
p

en
d
ix

B
.

E
x
is

ti
n
g

w
or

k
s

in
th

e
li
te

ra
tu

re
an

al
y
zi

n
g

th
e

fr
ac

ti
on

su
b
tr

ac
ti

on
d
at

a
a
n
d

th
e

T
IM

S
S

d
at

a
ei

th
er

m
ak

e
th

e
as

su
m

p
ti

on
th

at
al

l
p

os
si

b
le

co
n
fi
gu

ra
ti

on
s

of
la

te
n
t

at
tr

ib
u
te

p
a
tt

er
n
s

ex
is

t
in

th
e

p
op

u
la

ti
on

or
p
re

-s
p

ec
if

y
th

e
at

tr
ib

u
te

st
ru

ct
u
re

b
as

ed
on

d
o
m

a
in

ex
p

er
ts

’
ju

d
ge

m
en

ts
(S

u
et

al
.,

20
13

).
T

o
ou

r
k
n
ow

le
d
ge

,
th

er
e

h
as

n
ot

b
ee

n
a

sy
st

em
a
ti

c
a
p
p
ro

a
ch

to
se

le
ct

in
g

a
p

ot
en

ti
al

ly
sm

al
l

se
t

of
la

te
n
t

p
at

te
rn

s
fr

om
a

h
ig

h
-d

im
en

si
o
n
a
l

sp
a
ce

.
F

o
r

th
e

tw
o

re
al

d
at

as
et

s,
w

e
al

so
fi
n
d

th
at

th
e

E
B

IC
va

lu
es

of
th

e
ex

is
ti

n
g

E
M

a
lg

o
ri

th
m

a
re

m
u
ch

la
rg

er
th

an
th

e
p
ro

p
os

ed
m

et
h
o
d
,

as
in

d
ic

at
ed

in
F

ig
u
re

s
7

an
d

9
w

h
en

Υ
cl

o
se

to
1
;

th
u
s

th
e

p
ro

p
os

ed
m

et
h
o
d

p
ro

v
id

es
a

b
et

te
r

fi
t

of
th

e
tw

o
d
at

as
et

s.

7
.
D
is
cu

ss
io
n

In
th

is
p
ap

er
w

e
p
ro

p
os

e
a

p
en

al
iz

ed
li
ke

li
h
o
o
d

m
et

h
o
d

to
le

ar
n

th
e

at
tr

ib
u
te

p
a
tt

er
n
s

in
th

e
st

ru
ct

u
re

d
la

te
n
t

at
tr

ib
u
te

m
o
d
el

s,
a

sp
ec

ia
l

fa
m

il
y

of
d
is

cr
et

e
la

te
n
t

va
ri

a
b
le

m
o
d
el

s.
W

e
al

lo
w

th
e

n
u
m

b
er

of
la

te
n
t

p
at

te
rn

s
to

go
to

in
fi
n
it

y
an

d
p

er
fo

rm
p
a
tt

er
n

se
le

ct
io

n
b
y

p
en

al
iz

in
g

th
e

p
ro

p
or

ti
on

p
ar

am
et

er
s

of
th

e
la

te
n
t

at
tr

ib
u
te

p
at

te
rn

s.
T

h
e

th
eo

ry
o
f

p
at

te
rn

se
le

ct
io

n
co

n
si

st
en

cy
is

es
ta

b
li
sh

ed
fo

r
th

e
p
ro

p
o
se

d
re

gu
la

ri
ze

d
M

L
E

.
T

h
e

n
ic

e
fo

rm
of

th
e

p
en

al
ty

te
rm

fa
ci

li
ta

te
s

th
e

co
m

p
u
ta

ti
on

.
T

w
o

al
go

ri
th

m
s

ar
e

d
ev

el
o
p

ed
to

so
lv

e
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
,
on

e
b

ei
n
g

a
m

o
d
ifi

ca
ti

on
of

th
e

E
M

al
go

ri
th

m
,
a
n
d

th
e

o
th

er
b

ei
n
g

a
va

ri
at

io
n
al

E
M

al
go

ri
th

m
th

at
re

su
lt

s
fr

om
an

al
te

rn
at

iv
e

B
ay

es
ia

n
fo

rm
u
la

ti
o
n

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
.

T
h
e

si
m

u
la

ti
on

st
u
d
y

an
d

re
al

d
at

a
an

al
y
si

s
sh

ow
th

e
p
ro

p
o
se

d
m

et
h
o
d
s

h
av

e
go

o
d

p
at

te
rn

se
le

ct
io

n
p

er
fo

rm
a
n
ce

.

T
h
is

w
or

k
as

su
m

es
th

e
d
es

ig
n

m
at

ri
x
Q

is
p
re

sp
ec

ifi
ed

an
d

co
rr

ec
t.

In
p
ra

ct
ic

e,
if

th
er

e
is

re
as

on
to

su
sp

ec
t

th
at

th
e
Q

-m
at

ri
x

co
u
ld

b
e

m
is

sp
ec

ifi
ed

,
th

en
on

e
n
ee

d
s

to
si

m
u
lt

a
n
eo

u
sl

y

3
4

JM
L

R
 2

0(
11

5)
:1

-5
8,

 2
01

9



L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

estim
a
te

th
e
Q

-m
atrix

an
d

learn
th

e
attrib

u
te

p
a
ttern

s
from

d
ata.

G
iven

fi
x
ed

n
u
m

b
er

of
a
ttrib

u
te

p
a
ttern

s,
p
rev

iou
s

w
ork

s
in

clu
d
in

g
X

u
an

d
S
h
a
n
g

(2018)
an

d
C

h
en

et
al.

(2018)
u
sed

th
e

likelih
o
o
d

b
ased

m
eth

o
d
s

an
d

th
e

B
ay

esian
m

eth
o
d
s,

resp
ectively,

to
estim

a
te
Q

.
It

is
a
lso

d
esira

b
le

to
d
evelop

m
eth

o
d
s

to
join

tly
estim

ate
Q

a
n
d

lea
rn

attrib
u
te

p
a
ttern

s
w

ith
th

e
ex

isten
ce

of
large

n
u
m

b
er

of
attrib

u
tes.

W
e

w
ou

ld
lik

e
to

p
oin

t
ou

t
th

at
th

e
id

en
tifi

a
b
ility

resu
lts

d
evelop

ed
in

th
is

w
ork

(in
S
ection

3)
d
irectly

ap
p
ly

to
th

is
case,

an
d

ca
n

g
u
a
ra

n
tee

b
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e
d
eep

B
oltzm

an
n

m
ach

in
es

in
term

s
o
f

th
e

b
ip

artite
grap

h
stru

ctu
re

am
on

g
th

e
la

ten
t

an
d

ob
served

m
u
ltivariate

b
in

ary
va

ria
b
les.

C
u
rren

t
tech

n
iq

u
es

for
p
rov

in
g

id
en

tifi
ab

ility
of

S
L

A
M

s
cou

ld
b

e
ad

ap
ted

to
d
evelo

p
th

eo
ry

for
u
n
iq

u
en

ess
of

stru
ctu

red
ten

sor
d
ecom

p
osition

s
an

d
learn

a
b
ility

of
som

e
m

o
re

co
m

p
lica

ted
laten

t
variab

le
m

o
d
els.

W
e

leav
e

th
ese

d
irection

s
for

fu
tu

re
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l
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b
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p
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a
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(Γ̄
,Θ̄
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∈
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>
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h
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Γ
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p
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L
0 )

w
ith

p̄
l ≥

0
an

d
∑

L
0

l=
1
p̄
l

=
1,

w
h
ich

can
b

e
v
iew

ed
as

a
p

op
u
latio

n
p
rop

ortion
vector

giv
in

g
p
rop

ortion
s

of
th

e
L

0
laten

t
classes,

if

T
(Γ
,Θ

)p
=
T

(Γ̄
,Θ̄

)p̄
(26)

h
old

s,
th

en
(Γ
,Θ

,p
)

=
(Γ̄
,Θ̄

,p̄
)

u
p

to
a

lab
el

sw
a
p
p
in

g
of

th
e

laten
t

classes.
If

th
is

is
p
roved

,
th

en
com

b
in

in
g

C
on

d
ition

C
th

at
an

y
colu

m
n

vector
of

Γ
A

0
is

d
iff

eren
t

from
an

y
colu

m
n

vector
of

Γ
A
c0,

w
e

w
ou

ld
h
ave

th
e

con
clu

sion
th

at
th

e
id

en
tifi

ed
Γ
A

0
u
n
iq

u
ely

m
ap

s
to

th
e

tru
e

set
of

attrib
u
te

p
attern

sA
0 .

W
e

ad
d

a
rem

ark
h
ere

th
at

given
(26),

th
e

colu
m

n
s

of
th

e
Γ̄

d
o

n
ot

n
ecessarily

h
ave

th
e

in
terp

retation
of

rep
resen

tin
g

som
e
K

-d
im

en
sion

al
b
in

a
ry

attrib
u
te

p
attern

s;
in

stead
,

th
ese

colu
m

n
s

ju
st

corresp
on

d
to
L

0
laten

t
classes.

A
n
d

after
w

e
ob

tain
(Γ
,Θ

,p
)

=
(Γ̄
,Θ̄

,p̄
)

u
p

to
a

lab
el

sw
ap

p
in

g,
w

e
w

ou
ld

h
ave

th
e

con
clu

sion
th

at
Γ̄

eq
u
als

Γ
u
p

to
colu

m
n

p
erm

u
tation

;
T

h
en

w
ith

C
on

d
ition

C
,

th
e

Γ̄
w

ou
ld

h
ave

th
e

in
terp

retation
of

b
ein

g
th

e
con

strain
t

m
atrix

for
th

e
attrib

u
te

p
attern

s
in
A

0 .
B

ecau
se

of
th

is,
in

th
e

follow
in

g
p
ro

of,
w

e
som

etim
es

w
ill

also
ign

ore
th

e
in

terp
retation

of
th

e
colu

m
n
s

of
th

e
tru

e
Γ
A

0,
an

d
sim

p
ly

d
en

ote
th

e
colu

m
n
s

of
it

b
y

th
e

colu
m

n
in

d
ex

in
teger

l,
i.e.,

Γ
A

0
h
as

colu
m

n
s

Γ
A

0

·
,l

for
l

=
1,...,L

0 .

F
or

n
otation

al
sim

p
licity,

w
e

d
en

ote
Γ

(S
i ,A

0
)

b
y

Γ
i

for
i

=
1
,2

an
d

Γ
((S

1 ∪
S
2
)
c,A

0
)

b
y

Γ
3.

W
e

also
d
en

ote
item

p
aram

eter
m

atrix
Θ

(S
1
,A

0
),

Θ
(S

2
,A

0
)

an
d

Θ
((S

1 ∪
S
2
)
c,A

0
)

b
y

Θ
1,

Θ
2

an
d

Θ
3,

resp
ectively.

S
o

each
Θ
i

h
as

th
e

sam
e

size
as

Γ
i

an
d

resp
ects

th
e

con
strain

ts
sp

ecifi
ed

b
y

Γ
i.

W
ith

ou
t

loss
of

gen
erality,

su
p
p

ose
Γ

takes
th

e
form

Γ
>

=
[(Γ

1) >
,(Γ

2) >
,(Γ

3) >
],

w
h
ere

each
Γ
i

is
of

size
J
i ×

L
0

an
d
J

1
+
J

2
+
J

3
=
J

.
F

or
an

y
item

j,
b
y

th
e

d
efi

n
ition

of
S
L

A
M

w
e

h
ave

all
th

ose
α

w
ith

Γ
A

0
j,α

=
1

h
ave

th
e

sam
e

h
igh

est
valu

e
of

item
p
aram

eter.
F

or
sim

p
licity,

w
e

d
en

ote
th

is
valu

e
of

th
e

item
p
aram

eter
b
y
θ
j,H

,
w

h
ere

“
H

”
stan

d
s

for
“h

igh
est”

lev
el

item
p
aram

eter
for

item
j.

W
e

fi
rst

sh
ow

T
(Γ̄

1,Θ̄
1)

an
d
T

(Γ̄
2,Θ̄

2)
b

oth
h
ave

fu
ll

colu
m

n
ran

k
L

0 ,
an

d
th

at
p̄
l
>

0
for

all
l∈
{1
,...,L

0 }.
B

y
P

rop
osition

3
in

G
u

an
d

X
u

(2019b
),

C
on

d
ition

A
en

su
res

th
at

T
(Γ

1,Θ
1)

of
size

2
J
1

an
d
T

(Γ
2,Θ

2)
of

size
2
J
2

b
o
th

h
ave

fu
ll

colu
m

n
ran

k
L

0 ,
sin

ce
Γ

1
an

d
Γ

2
are

b
oth

sep
arab

le.
M

oreover,
in

th
e

p
ro

of
of

th
at

con
clu

sion
,
an

in
vertib

le
sq

u
are

m
atrix

W
1

of
size

2
J
1×

2
J
1

as
w

ell
as
L

0
resp

on
se

p
attern

s
r

1 ,
...,

r
L
0 ∈
{0
,1}

L
w

ere
con

stru
cted

3
6

JM
L

R
 20(115):1-58, 2019



L
e
a
r
n
in
g

A
t
t
r
ib
u
t
e
P
a
t
t
e
r
n
s
in

S
L
A
M
s

su
ch

th
at

th
e

ro
w

ve
ct

or
s

in
th

e
tr

an
sf

or
m

ed
W

1
·T

(Γ
1
,Θ

1
),

w
h
ic

h
ar

e
in

d
ex

ed
b
y

th
e

ch
o
se

n
r

1
,
..
.,
r
L
0
,

fo
rm

a
L

0
×
L

0
lo

w
er

tr
ia

n
gu

la
r

m
at

ri
x

w
it

h
n
on

ze
ro

d
ia

go
n
al

el
em

en
ts

.
In

ot
h
er

w
or

d
s,

in
th

e
2J

1
×
L

0
re

ct
an

gu
la

r
m

at
ri

x
W

1
T

(Γ
1
,Θ

1
),

th
er

e
is

a
L

0
×
L

0
su

b
m

at
ri

x
th

at
is

lo
w

er
tr

ia
n
gu

la
r

an
d

fu
ll
-r

an
k
.

F
or

n
ot

at
io

n
al

si
m

p
li
ci

ty
,

w
e

d
en

o
te

th
is

su
b
m

at
ri

x
b
y
{W

1
T

(Γ
1
,Θ

1
)}
r
1
:L

0
.

S
im

il
ar

ly
,

th
er

e
ex

is
ts
W

2
an

d
r
′ 1
,
..
.,
r
′ L 0
∈
{0
,1
}L

0
su

ch
th

at

th
er

e
is

a
L
×
L

fu
ll
-r

an
k

su
b
m

at
ri

x
of
W

2
T

(Γ
2
,Θ

2
)

w
it

h
ro

w
s

in
d
ex

ed
b
y
r
′ 1
,
..
.,
r
′ L 0

,

w
h
ic

h
w

e
d
en

ot
e

b
y
{W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0
.

B
as

ed
on

th
e

ab
ov

e
co

n
st

ru
ct

io
n
s,

th
er

e
ex

is
t

tw
o

in
ve

rt
ib

le
sq

u
ar

e
m

at
ri

ce
s
U

1
an

d
U

2

su
ch

th
at
U

1
·{
W

1
T

(Γ
1
,Θ

1
)}
r
1
:L

0
=
I L

0
an

d
U

2
·{
W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0

=
I L

0
.

D
en

ot
e

th
e
C

ro
w

ve
ct

or
s

of
U

1
b
y
{u
> l
,
l
∈

[L
0
]}

,
th

en
w

e
h
av

e
th

at
fo

r
a
n
y
l
∈

[L
0
],

u
> l
·{
W

1
T

(Γ
1
,Θ

1
)}
r
1
:L

0
=

(0
,

1 ︸︷
︷︸

co
lu

m
n
l,0

).
(2

7)

N
ex

t
w

e
p
ro

ve
b
y

co
n
tr

ad
ic

ti
on

th
at
{W

1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
an

d
{W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

m
u
st

al
so

b
e

in
ve

rt
ib

le
.

W
e

fo
cu

s
on
{W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

an
d

co
n
cl

u
si

on
fo

r
th

e
ot

h
er

is
th

e
sa

m
e.

If
{W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

d
o
es

n
ot

h
av

e
fu

ll
ra

n
k
,

th
en

U
2
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

al
so

d
o
es

n
ot

h
av

e
fu

ll
ra

n
k
,

so
th

er
e

ex
is

ts
a

n
on

ze
ro

ve
ct

or
x

=
(x

1
,.
..
,x

L
0
)

su
ch

th
a
t

x
>
·U

2
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

=
0
.

N
ot

e
th

at
x
>
·U

2
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

=
x

fr
om

th
e

p
re

v
io

u
s

co
n
st

ru
ct

io
n

of
W

2
.

S
in

ce

x
6=

0
,

su
p
p

os
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
x
l
6=

0
fo

r
so

m
e
l,

th
en

w
e

h
av

e

[u
> α
·{
W

1
T

(Γ
1
,Θ

1
)}
r
1
:L

0
]�

[x
>
·U

2
·{
W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0
]
·p

=
x
lp
l
6=

0,

[u
> α
·{
W

1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
]�

[x
>
·U

2
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0
]·
p̄

=
0,

w
h
ic

h
co

n
tr

ad
ic

ts
(2

6)
.

H
er

e
a
�
b

d
en

ot
es

th
e

el
em

en
tw

is
e

p
ro

d
u
ct

of
tw

o
ve

ct
or

s
a

an
d

b
of

th
e

sa
m

e
le

n
gt

h
.

T
h
er

ef
or

e
{W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

m
u
st

h
av

e
fu

ll
ra

n
k
C

,
an

d
so

as

{W
1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
.

B
as

ed
on

th
e

ab
ov

e
co

n
cl

u
si

on
,

w
e

n
ex

t
sh

ow
th

at
p̄
l
>

0
fo

r
an

y
l
∈

[L
0
].

S
u
p
p

os
e

th
is

is
n
ot

tr
u
e

an
d
p̄
l

=
0

fo
r

so
m

e
l,

th
en

th
er

e
ex

is
ts

a
n
on

ze
ro

v
ec

to
r
y

=
(y

1
,.
..
,y
L
0
)>

su
ch

th
at

y
>
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

=
(0
,

1 ︸︷
︷︸

co
lu

m
n
l,0

).

S
in

ce
{W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0

h
as

fu
ll

ra
n
k

an
d
y
6=

0
,

w
e

h
av

e
y
>
·{
W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0
6=

0
.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
su

p
p

os
e

th
e
l?

-t
h

co
lu

m
n

of
th

is
p
ro

d
u
ct

ve
ct

or
is

n
on

ze
ro

an
d

d
en

ot
e

th
e

n
on

ze
ro

va
lu

e
b
y
b l
?
,

th
en

u
si

n
g

th
e
u

-v
ec

to
rs

co
n
st

ru
ct

ed
p
re

v
io

u
sl

y
in

(2
7)

,
w

e
h
av

e

[u
> α
?
·{
W

1
T

(Γ
1
,Θ

1
)}
r
1
:L

0
]�

[y
>
·{
W

2
T

(Γ
2
,Θ

2
)}
r
′ 1:
L
0
]
·p

=
b l
?
p
l?
6=

0,

[u
> α
?
·{
W

1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
]�

[y
>
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0
]
·p̄

=
0,

37
JM

L
R

 2
0(

11
5)

:1
-5

8,
 2

01
9

G
u
a
n
d

X
u

w
h
ic

h
co

n
tr

ad
ic

ts
(2

6)
.

T
h
is

sh
ow

s
th

at
p̄
l
>

0
m

u
st

h
ol

d
fo

r
al

l
l
∈

[L
0
].

W
e

n
ex

t
sh

ow
th

at
fo

r
an

y
j
∈

(S
1
∪
S

2
)c

a
n
d

an
y
l
∈
{1
,.
..
,L

0
},
θ j
,l

=
θ j
,σ

(l
),

w
h
er

e
σ

(·)
is

a
p

er
m

u
ta

ti
on

m
ap

fr
om
{1
,.
..
,L

0
}

to
{1
,.
..
,L

0
}.

T
h
er

e
m

u
st

ex
is

t
a

p
er

m
u
ta

ti
on

m
ap

σ
:
{1
,.
..
,L
}
→
{1
,.
..
,L
}

su
ch

th
at

fo
r

ea
ch

l
∈

[L
0
],

f̄ σ
(l

)
:=

[u
> l
·{
W

1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
] σ

(l
)
6=

0.

T
h
is

is
b

ec
au

se
ot

h
er

w
is

e
th

er
e

w
ou

ld
ex

is
t
l
∈

[L
0
]

su
ch

th
at
{U

1
·T

(Γ̄
1
,Θ̄

1
)}

·,l
eq

u
a
ls

th
e

ze
ro

ve
ct

or
,

w
h
ic

h
co

n
tr

ad
ic

ts
th

e
fa

ct
th

at
b

ot
h
U

1
an

d
{W

1
T

(Γ̄
1
,Θ̄

1
)}
r
1
:L

0
a
re

in
ve

rt
ib

le
m

at
ri

ce
s.

G
iv

en
th

e
p

er
m

u
ta

ti
on

σ
,

th
er

e
ex

is
ts

a
L

0
×
L

0
in

ve
rt

ib
le

m
at

ri
x
V

w
it

h
ro

w
ve

ct
or

s
d
en

ot
ed

b
y
{v

l,
l
∈

[L
0
]}

su
ch

th
at

fo
r

ea
ch
α
∈
A

,

v
> l
·{
W

2
T

(Γ̄
2
,Θ̄

2
)}
r
′ 1:
L
0

=
(0
,

1 ︸︷
︷︸

co
lu

m
n
σ

(l
),0

).
(2

8
)

T
h
en

w
e

h
av

e

[u
> l
·{
W

1
T

(Γ
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p
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p
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p
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in
g

as
a

sp
ecial

case.
A

s
a

con
seq

u
en

ce,
th

e
im

p
lication

s
o
f

restricted
ap

p
rox

im
ation

are
p
roven

in
a

fairly
g
en

eral
settin

g
w

h
ere

sp
ecifi

cs
of

th
e

red
u
ction

,
su

ch
as

th
e

ty
p

e
of

grap
h

rep
resen

tation
an

d
th

e
red

u
ction

m
a
trices

in
volv

ed
,

are
ab

stracted
.

•
C

o
n
tra

ry
to

p
rev

iou
s

resu
lts

on
th

e
an

aly
sis

of
coarsen

in
g

(L
ou

kas
an

d
V

an
d
ergh

ey
n
st,

2
01

8
),

th
e

an
aly

sis
h
old

s
for

m
u
ltip

le
levels

of
red

u
ction

.
G

iven
th

at
th

e
m

a
jority

of
co

a
rsen

in
g

m
eth

o
d
s

red
u
ce

th
e

n
u
m

b
er

of
v
ertices

b
y

a
con

stan
t

factor
at

each
level,

a
m

u
lti-level

ap
p
roach

is
n
ecessary

to
ach

ieve
sign

ifi
can

t
red

u
ction

.
A

lon
g

th
at

lin
e,

th
e

an
aly

sis
also

b
rin

gs
an

in
tu

itiv
e

in
sigh

t:
ra

th
er

th
an

tak
in

g
th

e
stan

d
ard

ap
p
roach

o
f

a
p
p
rox

im
atin

g
at

each
level

th
e

grap
h

p
ro

d
u
ced

b
y

th
e

p
rev

iou
s

level,
o
n
e

sh
ou

ld
strive

to
p
reserve

th
e

p
rop

erties
of

th
e

o
rigin

al
grap

h
at

every
level.

2
.

E
v
en

a
fter

d
eco

u
p

lin
g
,

th
e

p
ro

b
lem

o
f

ca
n

d
id

a
te

set
selectio

n
is

n
o
t

o
n

ly
N

P
-h

a
rd

b
u

t
a
lso

ca
n

n
o
t

b
e

a
p

p
rox

im
a
ted

to
a

co
n

sta
n
t

fa
cto

r
in

p
o
ly

n
o
m

ia
l
tim

e
(b

y
red

u
ctio

n
to

th
e

m
a
x
im

u
m

-w
eig

h
t

in
d

ep
en

d
en

t
set

p
ro

b
lem

).
F

o
r

th
e

sp
ecifi

c
ca

se
o
f

ed
g
e-b

a
sed

fa
m

ilies,
w

h
ere

o
n

e
ca

n
d

id
a
te

set
is

co
n

stru
cted

fo
r

ea
ch

p
a
ir

o
f

a
d

ja
cen

t
v
ertices,

th
e

g
reed

y
itera

tiv
e

co
n
tra

ctio
n

ca
n

b
e

su
b

stitu
ted

b
y

m
o
re

so
p

h
istica

ted
p

ro
ced

u
res

a
cco

m
p

a
n

ied
b
y

im
p

rov
ed

g
u

a
ra

n
tees.3
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L
o
u
k
a
s

•
T

h
e

p
rop

osed
lo

cal
variation

algorith
m

s
are

n
ot

h
eu

ristically
d
esign

ed
,

b
u
t

op
tim

ize
(an

u
p
p

er
b

ou
n
d

of)
th

e
restricted

sp
ectral

ap
p
rox

im
ation

ob
jective.

D
esp

ite
th

e
b
read

th
of

th
e

literatu
re

th
at

u
tilizes

som
e

form
of

grap
h

red
u
ction

an
d

coarsen
in

g,
th

e
overw

h
elm

in
g

m
a

jority
of

k
n
ow

n
m

eth
o
d
s

are
h
eu

ristics
(S

afro
et

a
l.,

2015).
A

n
otab

le
ex

cep
tion
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K

ron
red

u
ction

(D
örfl

er
an

d
B

u
llo,

2013),
an

elegan
t

m
eth

o
d

th
at

aim
s

to
p
reserve

th
e

eff
ectiv

e
resistan

ce
d
istan

ce.
C

om
p
ared

to
K

ro
n

red
u
ction

,
th

e
m

eth
o
d
s

p
rop

osed
h
ere

are
accom

p
an

ied
b
y

stron
ger

sp
ectra

l
gu

aran
tees

(i.e.,
b

eyon
d

in
terlacin

g),
d
o

n
ot

sacrifi
ce

th
e

sp
arsity

of
th

e
grap

h
,

an
d

can
u
ltim

ately
b

e
m

ore
scalab

le
as

th
ey

d
o

n
ot

rely
on

th
e

S
ch

u
r

com
p
lem

en
t

of
th

e
L

ap
lacia

n
m

atrix
.

T
o

d
em

on
strate

th
e

p
ractical

b
en

efi
ts
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lo

cal
variation

m
eth

o
d
s,

th
e

an
aly

sis
is

com
p
le-

m
en

ted
w

ith
n
u
m

erical
resu

lts
on

rep
resen

tative
grap

h
s

ran
g
in

g
from

scale-free
to

p
lan

ar
grap

h
s.

C
om

p
ared

to
b

oth
stan

d
ard

(K
ary

p
is

an
d

K
u
m

ar,
1998

)
an

d
ad

van
ced

red
u
ction

m
eth

o
d
s

(R
on

et
al.,

2011;
L

iv
n
e

an
d

B
ran

d
t,

2012;
S
h
u
m

an
et

al.,
2016),

th
e

p
rop

osed
m

eth
o
d
s

y
ield

sm
all

grap
h
s

of
im

p
roved

sp
ectral

q
u
ality,

often
b
y

a
large

m
argin

,
w

ith
ou

t
b

ein
g

m
u
ch

slow
er

th
an

n
aive

h
eav

y
-ed

ge
m

atch
in

g.
A

case
in

p
oin

t:
w

h
en

ex
am

in
in

g
h
ow

close
are

th
e

p
rin

cip
al

eigen
valu

es
of

th
e

coarse
an

d
origin

al
grap

h
for

a
red

u
ction

of
70

%
,

lo
cal

variation
m

eth
o
d
s

attain
on

av
erage

2.6×
sm

aller
error;

th
is

gain
b

eco
m

es
3.9×

if
on

e
d
o
es

n
ot

in
clu

d
e

K
ron

red
u
ction

in
th

e
com

p
arison

.

2
.
G
ra

p
h
R
e
d
u
ctio

n
a
n
d
C
o
a
rse

n
in
g

T
h
e

follow
in

g
section

in
tro

d
u
ces

grap
h

red
u
ction

.
T

h
e

ex
p

osition
starts

b
y

con
sid

erin
g

a
gen

eral
red

u
ction

sch
em

e.
It

is
th

en
sh

ow
n

h
ow

grap
h

coarsen
in

g
arises

if
on

e
ad

d
ition

ally
im

p
oses

few
n
atu

ral
restriction

s
on

th
e

in
terp

retab
ility

of
red

u
ced

variab
les.

2
.1

.
G

ra
p

h
R

e
d

u
c
tio

n

C
on

sid
er

a
p

ositive
sem

id
efi

n
ite

(P
S
D

)
m

atrix
L
∈
R
N
×
N

w
h
ose

sp
arsity

stru
ctu

re
cap

tu
res

th
e

con
n
ectiv

ity
stru

ctu
re

of
a

con
n
ected

w
eigh

ted
u
n
d
irected

grap
h
G

=
(V
,E
,W

)
of

N
=
|V|

vertices
an

d
M

=
|E|

ed
ges.

In
oth

er
w

ord
s,
L

(i,j)6=
0

on
ly

if
e
ij

is
a

valid
ed

ge
b

etw
een

vertices
v
i

an
d
v
j .

M
oreover,

let
x

b
e

an
arb

itrary
vector

of
size

N
.

I
stu

d
y

th
e

follow
in

g
gen

eric
red

u
ction

sch
em

e:

S
ch

e
m

e
1
:

G
ra

p
h

re
d

u
c
tio

n

C
om

m
en

ce
b
y

settin
g
L

0
=
L

an
d
x

0
=
x

an
d

p
ro

ceed
accord

in
g

to
th

e
follow

in
g

tw
o

recu
rsive

eq
u
ation

s:

L
`

=
P
∓`
L
`−

1 P
+`

an
d

x
`

=
P
`
x
`−

1 ,

w
h
ere

P
` ∈

R
N
` ×
N
`−

1
are

m
atrices

w
ith

m
ore

colu
m

n
s

th
an

row
s,
`

=
1,2

,...,c
is

th
e

level
of

th
e

red
u
ction

,
sy

m
b

ol
+

(resp
.∓

)
d
en

otes
th

e
p
seu

d
oin

verse
(resp

.
tran
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4
JM

L
R

 20(116):1-42, 2019



G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
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r
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n
d

C
u
t
G
u
a
r
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s

S
ch

e
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e
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:

G
ra

p
h

re
d

u
c
ti

o
n

(c
o
n
t.

)

p
se

u
d
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n
ve

rs
e)

,
an

d
N
`

is
th

e
d
im

en
si

on
al

it
y

at
le

ve
l
`

su
ch

th
at
N

0
=
N

an
d
N
c

=
n
�
N

.

V
ec

to
r
x
c

is
li
ft

ed
b
ac

k
to

R
N

b
y

re
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rs
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n
x̃
`−

1
=
P

+ `
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`,

w
h
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e
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=
x
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.

G
ra

p
h
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d
u
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io
n
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u
s
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1
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h
s

G
=
G

0
=

(V
0
,E

0
,W

0
)

G
1

=
(V

1
,E

1
,W

1
)
··
·

G
c

=
(V
c
,E
c
,W

c
)

(1
)

of
d
ec

re
as

in
g

si
ze
N

=
N

0
>
N

1
>
··
·>

N
c

=
n

,
w

h
er

e
th

e
sp

ar
si

ty
st

ru
ct

u
re

of
L
`

m
at

ch
es

th
at

of
gr

ap
h
G
`,

an
d

ea
ch

ve
rt

ex
of
G
`

re
p
re

se
n
ts

on
e

of
m

or
e

ve
rt

ic
es

of
G
`−

1
.

T
h
e

m
u
lt

i-
le

ve
l

d
es

ig
n

al
lo

w
s

u
s

to
ac

h
ie

ve
h
ig

h
d
im

en
si

o
n

a
li

ty
re

d
u

ct
io

n
ra

ti
o

r
=

1
−
n N
,

ev
en

w
h
en

at
ea

ch
le

ve
l

th
e

ra
ti

o
r `

=
1
−

N
`

N
`
−
1

is
sm

al
l.

F
or

in
st

an
ce

,
su

p
p

os
in

g
th

at
r `
≥
%

fo
r

ea
ch

`,
th

en
c

=
O

(l
og

(n
/N

)/
lo

g
(1
−
%
))

le
v
el

s
su

ffi
ce

to
re

d
u
ce

th
e

d
im

en
si

on
to
n

.

O
n
e

m
ay

ex
p
re

ss
th

e
re

d
u
ce

d
q
u
an

ti
ti

es
in

a
m

or
e

co
m

p
ac

t
fo

rm
:

x
c

=
P
x
,

L
c

=
P
∓
L
P

+
an

d
x̃

=
Π
x
,

(2
)

w
h
er

e
P

=
P
c
··
·P

1
,
P

+
=
P

+ 1
··
·P

+ c
,

Π
=
P

+
P

,
an

d
fo

r
co

n
v
en

ie
n
ce

,
I

d
ro

p
ze

ro
in

d
ic

es
an

d
re

fe
r

to
a

li
ft

ed
ve

ct
or

as
x̃

(=
x̃

0
).

T
h
e

ra
ti

on
al

of
th

is
sc

h
em

e
is

th
at

ve
ct

or
x̃

sh
ou

ld
b

e
th

e
b

es
t

ap
p
ro

x
im

at
io

n
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x

gi
ve

n
P

in
an

` 2
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en
se

,
w

h
ic

h
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a
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n
se

q
u
en

ce
o
f

th
e

fo
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ow

in
g

p
ro

p
er

ty
:

P
ro

p
e
rt

y
1

Π
is

a
p
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ct

io
n

m
a
tr
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.

O
n

th
e

ot
h
er

h
an

d
,

m
at

ri
x
L

is
re

d
u
ce

d
su

ch
th

at
x
> c
L
c
x
c

=
x̃
>
L
x̃

.

T
h
ou

gh
in

tr
o
d
u
ce

d
h
er

e
fo

r
th

e
re

d
u
ct

io
n

of
sp
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P
S
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m
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s
re

p
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n
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n
g
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e

sp
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st
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u
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h
,

S
ch

em
e

1
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n
al

so
b

e
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p
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ed

to
an

y
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S
D

m
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x
L

.
T

h
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an
d

si
m

il
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re
d
u
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io
n
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h
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es
b
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on

g
to
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e
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s
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N
y
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rö
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m
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h
o
d
s

an
d
,
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e
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te
n
t
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m

y
k
n
ow
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,
w
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e
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t
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d
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d
in
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e
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n
te

x
t
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p
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x
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a
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w
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k
m
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x
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p
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x
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at
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n
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et
al

.,
20

11
;

W
an

g
an

d
Z

h
an

g,
20

13
).

D
es

p
it

e
th

e
co

m
m

on
st

ar
ti

n
g

p
oi

n
t,

in
te

rp
re

ti
n
g
L

an
d
L
c
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ra

p
h

m
at

ri
ce

s”
,
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it

is
d
on

e
h
er

e,
in

co
rp

or
at

es
a

gr
ap

h
-t

h
eo

re
ti

c
tw

is
t

to
re

d
u
ct

io
n
,

d
is

ti
n
gu

is
h
in

g
it

fr
om

p
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v
io

u
s

ap
p
ro
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h
es

3
:

th
e

co
n
st

ru
ct

io
n
s

th
at

w
e

w
il
l

st
u
d
y

ar
e

ev
en
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al

ly
m

or
e

sc
al

ab
le

an
d

in
te

rp
re

ta
b
le

as
th

ey
m
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n
ta

in
th

e
gr

ap
h

st
ru

ct
u
re
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L
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te

r
re
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u
ct

io
n
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O
b
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in
in

g
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is
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so
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m

or
e
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n
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n
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b
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u
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n
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m
b
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l.

3
.

T
o

a
ch
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v
e

lo
w

-r
a
n

k
a
p

p
ro

x
im

a
ti

o
n

,
m

a
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u
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a
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y
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u
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t
b
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n
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o
f
L

.
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o
u
k
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2
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.
P
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e
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R
e
d

u
c
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G
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p
h
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E
ve

n
in
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e
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n
er
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n
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h
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b
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ri
x
,

ce
rt

ai
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h
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d
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p
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b
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b
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si
m

p
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e
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e
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p
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,
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L
c
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T
h
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p
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if
L
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D
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e
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m
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ri
x
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a
t
L
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S
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,
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p
ly
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L
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P
∓
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+
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n
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e
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ri
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L
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S
> c
S
c
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e
se
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S
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S
P

+
.

I
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h
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n
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d
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e
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u
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e
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o
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a
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S
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t
th

e
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n
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o
f
L

a
s
λ

1
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λ
2
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.
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λ
N
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d
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b
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e
k
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h
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n
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L
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d
ũ
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a
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o
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a
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n
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e
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n
va

lu
es
λ̃

an
d
λ

ar
e

in
te

rl
ac

ed
.

T
h

e
o
re

m
3

F
o
r

a
n

y
P

w
it

h
fu

ll
-r

o
w

ra
n

k
a
n

d
k

=
1,
..
.,
n

,
w

e
h
a
ve

γ
1
λ
k
≤
λ̃
k
≤
γ

2
λ
k
+
N
−
n

w
it

h
γ

1
=
λ

1
((
P
P
>

)−
1
)

a
n

d
γ

2
=
λ
n
((
P
P
>

)−
1
),

re
sp

ec
ti

ve
ly

th
e

sm
a
ll

es
t

a
n

d
la

rg
es

t
ei

ge
n

-
va

lu
e

o
f

(P
P
>

)−
1
.

T
h
e

ab
ov

e
re

su
lt

is
a

ge
n
er

al
iz

at
io

n
of

th
e

C
au

ch
y

in
te

rl
ac

in
g

th
eo

re
m

fo
r

th
e

ca
se

th
at

P
P
>
6=
I
.

It
al

so
re

se
m

b
le

s
th

e
in

te
rl

ac
in

g
in

eq
u
al

it
ie

s
k
n
ow

n
fo

r
th

e
n
or

m
a
li
ze

d
L

a
p
la

-
ci

an
,

w
h
er

e
th

e
re

-n
or

m
al

iz
at

io
n

is
ob

ta
in

ed
b
y

co
n
st

ru
ct

io
n
.

C
h
en

et
al

.
(2

0
0
4
)

sh
ow

ed
in

T
h
eo

re
m

2.
7

of
th

ei
r

p
ap

er
th

at
af

te
r

co
n
tr

ac
ti

n
g
N
−
n

ed
ge

s
λ
k
−
N

+
n
≤
λ
k
≤
λ
k
+
N
−
n

fo
r

k
=

1,
2
,.
..
,n

an
d

w
it

h
λ
`

=
0

w
h
en

`
≤

0,
re

se
m

b
li
n
g

th
e

u
p
p

er
b

ou
n
d

ab
ov

e.
T

h
e

lo
w

er
b

ou
n
d

is
ak

in
to

th
at

gi
ve

n
b
y

C
h
u
n
g

(1
99

7,
L

em
m

a
1.

15
),

ag
ai

n
fo

r
th

e
n
or

m
a
li
ze

d
L

a
p
la

-
ci

an
.

A
ls

o
n
ot

ab
ly

,
th

e
in

eq
u
al

it
ie

s
ar

e
si

m
il
ar

to
th

os
e

k
n
ow

n
fo

r
K

ro
n

re
d
u
ct

io
n

(D
ö
rfl

er
an

d
B

u
ll
o,

20
13

,
L

em
m

a
3.

6)
.

T
h
eo

re
m

3
is

p
ar

ti
cu

la
rl

y
p

es
si

m
is

ti
c

as
it

h
as

to
h
ol

d
fo

r
ev

er
y

p
os

si
b
le
P

a
n
d
L

(s
u
b

je
ct

to
γ

1
an

d
γ

2
).

M
u
ch

st
ro

n
ge

r
re

su
lt

s
w

il
l

b
e

ob
ta

in
ed

la
te

r
on

b
y

re
st

ri
ct

in
g

th
e

a
tt

en
ti

o
n

to
co

n
st

ru
ct

io
n
s

th
at

sa
ti

sf
y

ad
d
it

io
n
al

p
ro

p
er

ti
es

(s
ee

T
h
eo

re
m

13
).

O
n
e

ca
n

al
so

sa
y

so
m

et
h
in

g
ab

ou
t

th
e

ac
ti

on
of
L
c

on
ve

ct
or

s.

P
ro

p
e
rt

y
4

F
o
r

ev
er

y
ve

ct
o
r
x
∈

im
(Π

),
o
n

e
h
a
s

x
> c
L
c
x
c

=
x
>

Π
L

Π
x

=
x
>
L
x

a
n

d
x̃

=
Π
x

=
x
.

In
ot

h
er

w
or

d
s,

re
d
u
ct

io
n

m
ai

n
ta

in
s

th
e

ac
ti

on
of
L

of
ev

er
y

ve
ct

or
th

at
li
es

in
th

e
im

a
g
e

of
Π

.
N

at
u
ra

ll
y,

af
te

r
li
ft

in
g

th
e

ei
ge

n
ve

ct
or

s
ũ
k

of
L
c

ar
e

in
cl

u
d
ed

in
th

is
se

t.

6
JM

L
R

 2
0(

11
6)

:1
-4

2,
 2

01
9



G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

2
.3

.
C

o
a
rse

n
in

g
a
s

a
T

y
p

e
o
f

G
ra

p
h

R
e
d

u
c
tio

n

C
o
a
rsen

in
g

is
a

ty
p

e
of

grap
h

red
u
ction

a
b
id

in
g

to
a

set
of

con
strain

ts
th

at
ren

d
er

th
e

g
ra

p
h

tra
n
sfo

rm
ation

in
terp

retab
le.

M
ore

p
recisely,

in
coarsen

in
g

on
e

selects
for

ea
ch

level
`

a
su

rjective
(i.e.,

m
an

y
-to-on

e)
m

ap
ϕ
`

:V
`−

1 →
V
`

b
etw

een
th

e
origin

al
v
ertex

setV
`−

1

a
n
d

th
e

sm
a
ller

vertex
setV

` .
I

refer
to

th
e

set
of

verticesV
(r

)
`−

1
⊆
V
`−

1
m

ap
p

ed
on

to
th

e
sa

m
e

v
ertex

v ′r
ofV

`
as

a
co

n
tra

ctio
n

set:

V
(r

)
`−

1
=
{
v
∈
V
`−

1
:
ϕ
` (v

)
=
v ′r }

F
or

a
g
ra

p
h
ica

l
d
ep

iction
of

con
traction

sets,
see

F
igu

re
1.

I
also

con
stra

in
ϕ
`

slig
h
tly

b
y

req
u
irin

g
th

at
th

e
su

b
grap

h
of
G
`−

1
in

d
u
ced

b
y

each
con

traction
setV

(r
)

`−
1

is
con

n
ected

.

It
is

ea
sy

to
d
ed

u
ce

th
at

con
traction

sets
in

d
u
ce

a
p
artition

in
g

ofV
`−

1
in

to
N
`

su
b
g
rap

h
s,

ea
ch

co
rresp

o
n
d
in

g
to

a
sin

gle
vertex

ofV
` .

E
very

red
u
ced

variab
le

th
u
s

corresp
on

d
s

to
a

sm
a
ll

set
o
f

a
d
jacen

t
vertices

in
th

e
origin

al
grap

h
an

d
coarsen

in
g

am
o
u
n
ts

to
a

scalin
g

o
p

era
tio

n
.

A
n

ap
p
rop

riately
con

stru
cted

coarse
grap

h
aim

s
to

cap
tu

re
th

e
glob

al
p
ro

b
lem

stru
ctu

re,
w

h
ereas

n
eglected

d
etails

ca
n

b
e

recovered
in

a
lo

cal
refi

n
em

en
t

p
h
ase.

C
o
a
rsen

in
g

ca
n

b
e

p
laced

in
th

e
co

n
tex

t
o
f

S
ch

em
e

1
b
y

restrictin
g

each
P
`

to
lie

in
th

e
fa

m
ily

o
f

co
a
rsen

in
g

m
atrices,

d
efi

n
ed

n
ex

t:

D
e
fi

n
itio

n
5

(C
o
a
rse

n
in

g
m

a
trix

)
M

a
trix

P
` ∈

R
N
` ×
N
`−

1
is

a
coa

rsen
in

g
m

a
trix

w
.r.t.

gra
p
h
G
`−

1
if

a
n

d
o
n

ly
if

it
sa

tisfi
es

th
e

fo
llo

w
in

g
tw

o
co

n
d
itio

n
s:

a
.

It
is

a
su

rjective
m

a
p
p
in

g
o
f

th
e

vertex
set,

m
ea

n
in

g
th

a
t

if
P
` (r,i)6=

0
th

en
P
` (r ′,i)

=
0

fo
r

every
r ′6=

r.

b.
It

is
loca

lity
p
reservin

g,
equ

iva
len

tly,
th

e
su

bgra
p
h

o
f
G
`−

1
in

d
u

ced
by

th
e

n
o
n

-zero
en

tries
o
f
P
` (r,:)

is
co

n
n

ected
fo

r
ea

ch
r.

A
n

in
terestin

g
con

seq
u
en

ce
of

th
is

d
efi

n
ition

is
th

at,
in

con
trast

to
g
rap

h
red

u
ction

,
w

ith
co

a
rsen

in
g

m
a
trices

th
e

ex
p

en
sive

p
seu

d
o-in

verse
com

p
u
tation

can
b

e
su

b
stitu

ted
b
y

sim
p
le

tra
n
sp

o
sitio

n
a
n
d

re-scalin
g:

P
ro

p
o
sitio

n
6

(E
a
sy

in
v
e
rsio

n
)

T
h
e

p
seu

d
o
-in

verse
o
f

a
coa

rsen
in

g
m

a
trix

P
`

is
given

by
P

+`
=
P
>`
D
−

2
`

,
w

h
ere

D
`

is
th

e
d
ia

go
n

a
l

m
a
trix

w
ith

D
` (r,r)

=
‖P

` (r,:)‖
2 .

P
ro

p
ositio

n
6

carries
tw

o
con

seq
u
en

ces.
F

irst,
coarsen

in
g

can
b

e
d
on

e
in

lin
ear

tim
e.

E
ach

co
a
rsen

in
g

level
(b

oth
in

th
e

forw
ard

an
d

b
ack

w
ard

d
irection

s)
en

tails
m

u
ltip

licatio
n

b
y

a
sp

a
rse

m
a
trix

.
F

u
rth

erm
ore,

b
oth

P
`

an
d
P

+`
h
ave

on
ly
N
`−

1
n
on

-zero
en

tries
m

ean
in

g
th

a
t
O

(N
)

a
n
d
O

(M
)

op
eration

s
su

ffi
ce

to
coarsen

resp
ectively

a
vector

an
d

a
m

atrix
L

w
h
o
se

sp
a
rsity

stru
ctu

re
refl

ects
th

e
grap

h
con

n
ectiv

ity.
In

ad
d
ition

,
th

e
n
u
m

b
er

o
f

grap
h

ed
g
es

a
lso

d
ecreases

at
each

level.
D

en
o
tin

g
b
y
µ
`

th
e

av
erage

n
u
m

b
er

of
ed

ges
of

th
e

g
ra

p
h
s

in
d
u
ced

b
y

con
traction

setsV
(r

)
`−

1
for

every
r,

th
en

a
q
u
ick

calcu
lation

reveals
th

at
th

e
co

a
rsest

g
rap

h
h
as

m
=

M
−
∑

c`=
1
N
` µ
`

ed
ges.

If,
for

in
stan

ce,
at

each
level

all
vertices

are
p

erfectly
con

tracted
in

to
p
airs

th
en

µ
`

=
2

an
d
N
`

=
N
/2
`,

m
ean

in
g

th
at

m
=
M
−

2N
(1−

2 −
c).
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L
o
u
k
a
s

(a
)

G
ra

p
h
G

(b
)

C
o
a
rse

g
ra

p
h
G
c

F
igu

re
1:

T
oy

coarsen
in

g
ex

am
p
le.

G
rey

d
iscs

d
en

ote
co

n
tra

ction
sets.

T
h
e

fi
rst

th
ree

vertices
of
G

form
in

g
con

traction
setV

10
a
re

co
n
tracted

on
to

v
ertex

v ′1 .
A

ll
o
th

er
vertices

rem
ain

u
n
aff

ected
.

2
.4

.
L

a
p

la
c
ia

n
C

o
n

siste
n
t

C
o
a
rse

n
in

g

A
fu

rth
er

restriction
th

at
can

b
e

im
p

osed
is

th
at

coarsen
in

g
is

con
sisten

t
w

.r.t.
th

e
L

ap
la

cian
form

.
S
u
p
p

ose
th

at
L

is
th

e
com

b
in

atorial
L

ap
lacian

of
G

d
efi

n
ed

as

L
(i,j)

=



d
i

if
i

=
j

−
w
ij

if
e
ij ∈
E

0
oth

erw
ise,

w
h
ere

w
ij

is
th

e
w

eigh
t

asso
ciated

w
ith

ed
ge

e
ij

an
d
d
i

th
e

w
eigh

ted
d
egree

of
v
i .

T
h
e

follow
in

g
p
rop

osition
can

b
e

p
roven

:

P
ro

p
o
sitio

n
7

(C
o
n

siste
n

c
y
)

L
et
P

be
a

coa
rsen

in
g

m
a
trix

w
.r.t.

a
gra

p
h

w
ith

co
m

bi-
n

a
to

ria
l

L
a
p
la

cia
n
L

.
M

a
trix

L
c

=
P
∓
L
P

+
is

a
co

m
bin

a
to

ria
l

L
a
p
la

cia
n

if
a
n

d
o
n

ly
if

th
e

n
o
n

-zero
en

tries
o
f
P

+
a
re

equ
a
lly

va
lu

ed
.

It
is

a
corollary

of
P

rop
osition

s
6

an
d

7
th

at
in

L
ap

lacian
con

sisten
t

coarsen
in

g,
for

an
y

v ′r ∈
V
`

an
d
v
i ∈
V
`−

1
m

atrices
P
` ∈

R
N
` ×
N
`−

1
an

d
P

+`
∈
R
N
`−

1 ×
N
`

are
giv

en
b
y
:

P
` (r,i)

=



1

|V
(r

)
`−

1 |
if
v
i ∈
V

(r
)

`−
1

0
oth

erw
ise

an
d

[P
+`

](i,r)
=

{
1

if
v
i ∈
V

(r
)

`−
1

0
oth

erw
ise,

w
h
ere

th
e

con
traction

setsV
(1

)
`−

1 ,...,V
(N

` )
`−

1
w

ere
d
efi

n
ed

in
S
ection

2.3.

2
.4
.1
.
A

T
o
y
E
x
a
m
p
l
e

T
h
e

toy
grap

h
sh

ow
n

in
F

igu
re

1a
w

h
ose

L
ap

lacian
is

giv
en

b
y

L
=



3
−

1
−

1
−

1
0

−
1

3
−

1
0
−

1
−

1
−

1
2

0
0

−
1

0
0

1
0

0
−

1
0

0
1
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G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

il
lu

st
ra

te
s

an
ex

am
p
le

w
h
er

e
th

e
gr

ay
ve

rt
ic

es
V(1

)
0

=
{v

1
,v

2
,v

3
}

of
G

ar
e

co
n
tr

ac
te

d
on

to
ve

rt
ex

v
′ 1
,

as
sh

ow
n

in
F

ig
u
re

1b
.

T
h
e

m
ai

n
m

at
ri

ce
s

I
h
av

e
d
efi

n
ed

ar
e

P
1

=

 1 /
3

1 /
3

1 /
3

0
0

0
0

0
1

0
0

0
0

0
1 

P
+ 1

=

     1
0

0
1

0
0

1
0

0
0

1
0

0
0

1

     
Π

=
P

+ 1
P

1
=

     1 /
3

1 /
3

1 /
3

0
0

1 /
3

1 /
3

1 /
3

0
0

1 /
3

1 /
3

1 /
3

0
0

0
0

0
1

0
0

0
0

0
1     

an
d

co
ar

se
n
in

g
re

su
lt

s
in

L
c

=
P
∓ 1
L
P

+ 1
=

 
2
−

1
−

1
−

1
1

0
−

1
0

1

 
x
c

=
P

1
x

=

 (x
(1

)
+
x

(2
)

+
x

(3
))
/3

x
(4

)
x

(5
)

 
.

F
in

al
ly

,
w

h
en

li
ft

ed
x
c

b
ec

om
es

x̃
=
P

+ 1
x
c

=

     

(x
(1

)
+
x

(2
)

+
x

(3
))
/3

(x
(1

)
+
x

(2
)

+
x

(3
))
/3

(x
(1

)
+
x

(2
)

+
x

(3
))
/3

x
(4

)
x

(5
)

     
.

S
in

ce
ve

rt
ic

es
v 4

an
d
v 5

ar
e

n
ot

aff
ec

te
d
,

th
e

re
sp

ec
ti

ve
co

n
tr

ac
ti

on
se

ts
V(2

)
0

an
d
V(3

)
0

ar
e

si
n
gl

et
on

se
ts

.

2
.5

.
P

ro
p

e
rt

ie
s

o
f

L
a
p

la
c
ia

n
C

o
n

si
st

e
n
t

C
o
a
rs

e
n

in
g

D
u
e

to
it

s
p
ar

ti
cu

la
r

co
n
st

ru
ct

io
n
,

L
ap

la
ci

an
co

n
si

st
en

t
co

a
rs

en
in

g
is

ac
co

m
p
an

ie
d

so
m

e
in

te
re

st
in

g
p
ro

p
er

ti
es

.
I

p
re

se
n
t

th
re

e
in

th
e

fo
ll
ow

in
g:

C
u

ts
.

T
o

b
eg

in
w

it
h
,

w
ei

gh
ts

of
ed

ge
s

in
G
c

co
rr

es
p

on
d

to
w

ei
gh

ts
of

cu
ts

in
G

.

P
ro

p
e
rt

y
8

F
o
r

a
n

y
le

ve
l
`,

th
e

w
ei

gh
t
W
`(
r,
q)

be
tw

ee
n

ve
rt

ic
es
v
′ r,
v
′ q
∈
V `

is
eq

u
a
l

to

W
`(
r,
q)

=
∑

v
i
∈S

(r
)

`

∑

v
j
∈S

(q
)

`

w
ij
,

w
h
er

e
S(r

)
`

=
{v
i
∈
V

:
ϕ
`
◦·
··
◦ϕ

1
(v
i)

=
v
′ r}
⊂
V

co
n

ta
in

s
a
ll

ve
rt

ic
es

o
f
G

co
n

tr
a
ct

ed
o
n

to
v
′ r
∈
V `

.

In
th

e
to

y
ex

am
p
le

,
th

er
e

ex
is

ts
a

si
n
gl

e
ed

ge
of

u
n
it

w
ei

gh
t

co
n
n
ec

ti
n
g

ve
rt

ic
es

in
V(1

)
0

an
d

V(2
)

0
,

an
d

as
su

ch
th

e
w

ei
gh

t
b

et
w

ee
n
v
′ 1

an
d
v
′ 2

is
eq

u
al

to
on

e.

E
ig

en
va

lu
e

in
te

rl
a
ci

n
g.

F
or

a
si

n
gl

e
le

ve
l
of

L
ap

la
ci

an
co

n
si

st
en

t
co

ar
se

n
in

g,
m

at
ri

x
P
P
>

=

P
1
P
> 1

is
gi

ve
n

b
y

d
ia

g(
1/
|V

(1
)

0
|,.
..
,1
/|
V(N

1
)

0
|),

im
p
ly

in
g

th
at

th
e

m
u
lt

ip
li
ca

ti
v
e

co
n
st

an
ts

in
T

h
eo

re
m

3
ar

e:
γ

1
=

m
in

v
i
∈V
|V
ϕ
1
(v
i
)

0
|≥

1
an

d
γ

2
=

m
ax

v
i
∈V
|V
ϕ
1
(v
i
)

0
|.
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L
o
u
k
a
s

A
b

ov
e,
v
′ r

=
ϕ

1
(v
i)
∈
V 1

is
th

e
ve

rt
ex

to
w

h
ic

h
v i

is
m

ap
p

ed
to

an
d

th
e

se
t
Vϕ

1
(v
i
)

0
co

n
ta

in
s

al
l

ve
rt

ic
es

al
so

co
n
tr

ac
te

d
to

v
′ r.

T
h
u
s

in
th

e
to

y
ex

am
p
le

,
λ
k
≤
λ̃
k
≤

3λ
k
+

2
fo

r
ev

er
y

k
≤

3.
If

m
u
lt

ip
le

le
ve

ls
ar

e
u
ti

li
ze

d
th

es
e

te
rm

s
b

ec
om

e
d
ep

en
d
en

t
on

th
e

se
q
u
en

ce
o
f

co
n
tr

ac
ti

on
s.

T
o

ob
ta

in
a

ge
n
er

al
b

ou
n
d

le
t
ϕ
` 1
(v
i)

=
ϕ
`
◦·
··
◦ϕ

1
(v
i)
∈
V `

b
e

th
e

ve
rt

ex
on

to
w

h
ic

h
v i
∈
V

is
co

n
tr

ac
te

d
to

in
th

e
`-

th
le

ve
l.

P
ro

p
e
rt

y
9

If
L
c

is
o
bt

a
in

ed
fr

o
m
L

by
L

a
p
la

ci
a
n

co
n

si
st

en
t

co
a
rs

en
in

g,
th

en

γ
1
≥

m
in

v
i
∈V

c ∏ `=
1

|V
ϕ
` 1
(v
i
)

`−
1
|≥

1
a
n

d
γ

2
≤

m
ax

v
i
∈V

c ∏ `=
1

|V
ϕ
` 1
(v
i
)

`−
1
|,

w
it

h
th

e
se

t
Vϕ

` 1
(v
i
)

`−
1

co
n

ta
in

in
g

a
ll

ve
rt

ic
es

o
f
V `
−

1
th

a
t

a
re

co
n

tr
a
ct

ed
o
n

to
ϕ
` 1
(v
i)

.

T
h
e

p
ro

of
fo

ll
ow

s
fr

om
th

e
d
ia

go
n
al

fo
rm

of
P
`
··
·P

1
P
> 1
··
·P
> `

an
d

th
e

sp
ec

ia
l
ro

w
st

ru
ct

u
re

of
ea

ch
P
`

fo
r

ev
er

y
`,

b
u
t

it
’s

n
ot

in
cl

u
d
ed

fo
r

b
re

v
it

y.
T

h
e

d
ep

en
d
en

cy
of
λ̃
k

o
n

th
e

si
ze

o
f

co
n
tr

ac
ti

on
se

ts
ca

n
b

e
re

m
ov

ed
ei

th
er

b
y

en
fo

rc
in

g
at

ea
ch

le
ve

l
th

at
al

l
co

n
tr

a
ct

io
n

se
ts

h
av

e
id

en
ti

ca
l

si
ze

an
d

d
iv

id
in

g
th

e
g
ra

p
h

w
ei

gh
ts

b
y

th
at

si
ze

,
or

b
y

re
-n

or
m

a
li
zi

n
g

ea
ch
P
`

su
ch

th
at
P
> `

=
P

+ `
.

T
h
e

la
tt

er
ap

p
ro

ac
h

w
as

u
se

d
b
y

L
ou

ka
s

an
d

V
an

d
er

g
h
ey

n
st

(2
0
18

)
b
u
t

is
n
ot

ad
op

te
d

h
er

e
as

it
re

su
lt

s
in
L
c

lo
si

n
g

it
s

L
ap

la
ci

an
fo

rm
.

N
u

ll
sp

a
ce

.
F

in
al

ly
,

as
is

d
es

ir
ab

le
,

th
e

st
ru

ct
u
re

of
th

e
n
u
ll
sp

ac
e

of
L

is
p
re

se
rv

ed
b

o
th

b
y

co
ar

se
n
in

g
an

d
li
ft

in
g:

P
ro

p
e
rt

y
1
0

If
P

is
a

(m
u

lt
i-

le
ve

l)
L

a
p
la

ci
a
n

co
n

si
st

en
t

co
a
rs

en
in

g
m

a
tr

ix
,

th
en

P
1
N

=
1 n

a
n

d
P

+
1 n

=
1 N
,

w
h
er

e
th

e
su

bs
cr

ip
t

in
d
ic

a
te

s
th

e
d
im

en
si

o
n

a
li

ty
o
f

th
e

co
n

st
a
n

t
ve

ct
o
r.

T
h
u
s,

w
e

ca
n

ca
su

al
ly

ig
n
or

e
ve

ct
or

s
p
ar

al
le

l
to

th
e

co
n
st

a
n
t

ve
ct

or
in

ou
r

a
n
a
ly

si
s.

3
.
R
e
st
ri
ct
e
d
N
o
ti
o
n
s
o
f
A
p
p
ro
x
im

a
ti
o
n

T
h
is

se
ct

io
n

fo
rm

al
iz

es
h
ow

sh
ou

ld
a

gr
ap

h
b

e
re

d
u
ce

d
su

ch
th

at
fu

n
d
am

en
ta

l
st

ru
ct

u
ra

l
p
ro

p
er

ti
es

(e
.g

.,
it

s
sp

ec
tr

u
m

an
d

cu
ts

)
ar

e
p
re

se
rv

ed
.

In
sp

ir
ed

b
y

w
or

k
in

gr
a
p
h

sp
a
rs

ifi
ca

-
ti

on
,

I
in

tr
o
d
u
ce

a
m

ea
su

re
of

ap
p
ro

x
im

a
ti

on
th

at
is

ta
il
or

ed
to

gr
ap

h
re

d
u
ct

io
n
.

T
h
e

n
ew

d
efi

n
it

io
n

im
p
li
es

st
ro

n
g

gu
ar

an
te

es
ab

ou
t

th
e

d
is

ta
n
ce

of
th

e
or

ig
in

al
an

d
co

a
rs

en
ed

sp
ec

-
tr

u
m

an
d

gi
v
es

co
n
d
it

io
n
s

su
ch

th
at

th
e

cu
t

st
ru

ct
u
re

of
a

gr
ap

h
is

p
re

se
rv

ed
b
y

co
a
rs

en
in

g
.

3
.1

.
R

e
st

ri
c
te

d
S

p
e
c
tr

a
l

A
p

p
ro

x
im

a
ti

o
n

O
n
e

w
ay

to
d
efi

n
e

h
ow

cl
os

e
a

P
S
D

m
at

ri
x
L

is
to

it
s

re
d
u
ce

d
co

u
n
te

rp
ar

t
is

to
es

ta
b
li
sh

an
is

om
et

ry
gu

ar
an

te
e

w
.r

.t
.

th
e

fo
ll
ow

in
g

in
d
u
ce

d
se

m
i-

n
or

m
s:

‖x
‖ L

=
√
x
>
L
x

an
d
‖x

c
‖ L

c
=
√
x
> c
L
c
x
c
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G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

Id
ea

lly,
o
n
e

w
o
u
ld

h
op

e
th

at
th

ere
ex

ists
ε
>

0
su

ch
th

at

(1−
ε)‖x‖

L
≤
‖x

c ‖
L
c ≤

(1
+
ε)‖

x‖
L

(3)

fo
r

a
ll
x
∈
R
N

.

If
th

e
in

eq
u
a
lities

in
(3)

h
old

,
m

atrices
L
c

an
d
L

are
called

ε-sim
ilar.

T
h
e

ob
jectiv

e
of

co
n
stru

ctin
g

sp
arse

sp
ectrally

sim
ilar

grap
h
s

is
th

e
m

ain
id

ea
of

sp
ectral

grap
h

sp
arsifi

ers,
a

p
o
p
u
la

r
m

eth
o
d

for
acceleratin

g
th

e
solu

tion
of

lin
ear

sy
stem

s
in

vo
lv

in
g

th
e

L
ap

lacia
n
.

In
a
d
d
itio

n
,

sp
ectral

sim
ilarity

carries
several

in
terestin

g
con

seq
u
en

ces
th

at
are

of
great

h
elp

in
th

e
co

n
stru

ction
of

ap
p
rox

im
ation

alg
orith

m
s:

th
e

eigen
valu

es
an

d
eigen

vectors
of

tw
o

sim
ila

r
g
ra

p
h
s

are
close

an
d
,

m
oreover,

all
vertex

p
artition

s
h
ave

sim
ilar

cu
t

size.

In
co

n
tra

st
to

grap
h

sp
arsifi

cation
h
ow

ever,
sin

ce
h
ere

th
e

d
im

en
sion

of
th

e
sp

ace
ch

an
ges

it
is

im
p

o
ssib

le
to

satisfy
(3)

for
ev

ery
x
∈
R
N

u
n
less

o
n
e

triv
ially

sets
ε

=
1

(th
is

follow
s

b
y

a
sim

p
le

ra
n
k

argu
m

en
t).

T
o

carry
ou

t
a

m
ean

in
gfu

l
an

aly
sis,

on
e

n
eed

s
to

con
sid

er
a

su
b
sp

a
ce

o
f

d
im

en
sion

k
≤
n

an
d

aim
to

ap
p
rox

im
ate

th
e

b
eh

av
ior

of
L

solely
w

ith
in

it.

W
ith

th
is

in
m

in
d
,

I
d
efi

n
e

th
e

follow
in

g
gen

eralization
of

sp
ectral

sim
ilarity

:

D
e
fi

n
itio

n
1
1

(R
e
stric

te
d

sp
e
c
tra

l
a
p

p
ro

x
im

a
tio

n
)

L
et

R
be

a
k

-d
im

en
sio

n
a
l

su
b-

spa
ce

o
fR

N
.

M
a
trices

L
c

a
n

d
L

a
re

(R
,ε)-sim

ila
r

if
th

ere
exists

a
n
ε≥

0
su

ch
th

a
t

‖
x
−
x̃‖

L
≤
ε‖
x‖

L
fo

r
a
ll

x
∈

R
,

w
h
ere

x̃
=
P

+
P
x

.

In
a
d
d
itio

n
to

th
e

restriction
on

R
,

th
e

ab
ove

d
efi

n
ition

d
iff

ers
from

(3)
in

h
ow

th
e

error
is

m
ea

su
red

.
In

fact,
it

asserts
a

p
rop

erty
th

at
is

sligh
tly

stron
ger

th
an

an
ap

p
rox

im
ate

iso
m

etry
w

.r.t.
a

sem
i-n

orm
w

ith
in

R
.

T
h
e

stren
gth

en
in

g
of

th
e

n
otion

of
ap

p
rox

im
a-

tio
n

d
ev

ia
tes

from
th

e
restricted

sp
ectral

sim
ilarity

p
rop

erty
p
rop

osed
b
y

L
ou

kas
an

d
V

an
-

d
erg

h
ey

n
st

(2
0
18)

an
d

is
a

k
ey

in
gred

ien
t

in
ob

tain
in

g
m

u
lti-level

b
ou

n
d
s.

N
everth

eless,
o
n
e

m
ay

recover
a

restricted
sp

ectral
sim

ilarity
-ty

p
e

gu
aran

tee
as

a
d
irect

con
seq

u
en

ce:

C
o
ro

lla
ry

1
2

If
L
c

a
n

d
L

a
re

(R
,ε)-sim

ila
r,

th
en

(1−
ε)‖

x‖
L
≤
‖x

c ‖
L
c ≤

(1
+
ε)‖

x‖
L

fo
r

a
ll

x
∈

R
.

P
ro

o
f

L
et
S

b
e

d
efi

n
ed

su
ch

th
at
L

=
S
>
S

.
B

y
th

e
trian

gle
in

eq
u
ality

:

|‖x‖
L
−
‖
x
c ‖
L
c |

=
|‖S

x‖
2 −

∥∥
S
P

+
P
x ∥∥

2 |≤
‖S
x
−
S
P

+
P
x‖

2
=
‖x
−
x̃‖

L
≤
ε‖x‖

L
,

w
h
ich

is
eq

u
ivalen

t
to

th
e

claim
ed

relation
.

C
lea

rly,
if
L
c

a
n
d
L

are
(R
,ε)-sim

ilar
th

en
th

ey
are

also
(R
′,ε ′)-sim

ilar,
w

h
ere

R
′

is
an

y
su

b
sp

a
ce

o
f

R
an

d
ε ′≥

ε.
A

s
su

ch
,

resu
lts

ab
ou

t
large

su
b
sp

aces
an

d
sm

all
ε

are
th

e
m

ost
d
esira

b
le.

It
w

ill
b

e
sh

ow
n

in
S
ection

s
3.2

an
d

3.3
th

at
th

e
ab

ove
d
efi

n
ition

im
p
lies

restricted
version

s
o
f

th
e

sp
ectra

l
an

d
cu

t
gu

aran
tees

p
rov

id
ed

b
y

sp
ectral

sim
ilarity.

F
or

in
stan

ce,
in

stead
of

a
ttem

p
tin

g
to

a
p
p
rox

im
ate

th
e

en
tire

sp
ectru

m
as

d
on

e
b
y

sp
ectral

grap
h

sp
arsifi

ers,
h
ere

o
n
e

ca
n

fo
cu

s
on

a
su

b
set

of
th

e
sp

ectru
m

w
ith

p
articu

lar
sign

ifi
can

ce.
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L
o
u
k
a
s

3
.2

.
Im

p
lic

a
tio

n
s

fo
r

th
e

G
ra

p
h

S
p

e
c
tru

m

O
n
e

of
th

e
p
rim

ary
b

en
efi

ts
of

restricted
sp

ectral
ap

p
rox

im
ation

is
th

at
it

im
p
lies

a
relation

b
etw

een
th

e
sp

ectra
of

m
atrices

L
an

d
L
c

th
at

go
es

b
eyon

d
in

terlacin
g

(see
T

h
eorem

3).

T
o

th
is

eff
ect,

con
sid

er
th

e
sm

allest
k

eigen
valu

es
an

d
corresp

on
d
in

g
eigen

v
ectors

an
d

d
efi

n
e

th
e

follow
in

g
m

atrices:

U
k ∈

R
N
×
k

=
[u

1 ,u
2 ,...,u

k ]
an

d
Λ
k

=
d
iag

(λ
1 ,λ

2 ,...,λ
k )

A
s

I
w

ill
sh

ow
n
ex

t,
en

su
rin

g
th

at
ε

in
P

rop
osition

17
is

sm
all

w
h
en

R
=

U
k

∆=
sp

an
(U

k )
su

ffi
ces

to
gu

aran
tee

th
at

th
e

fi
rst

k
eigen

valu
es

an
d

eigen
vectors

of
L

an
d
L
c

are
align

ed
.

T
h
e

fi
rst

resu
lt

con
cern

s
eigen

valu
es.

T
h

e
o
re

m
1
3

(E
ig

e
n
v
a
lu

e
a
p

p
ro

x
im

a
tio

n
)

If
L
c

a
n

d
L

a
re

(U
k ,ε

k )-sim
ila

r,
th

en

γ
1
λ
k ≤

λ̃
k ≤

γ
2

(1
+
ε
k )

2

1−
ε
2k (λ

k /λ
2 )
λ
k ,

w
h
en

ever
ε
2k
<
λ

2 /
λ
k .

C
ru

cially,
th

e
b

ou
n
d

d
ep

en
d
s

on
λ
k

in
stead

of
λ
k
+
N
−
n

an
d

th
u
s

can
b

e
sign

ifi
can

tly
tigh

ter
th

an
th

e
on

e
given

b
y

T
h
eorem

3.
N

o
ticin

g
th

at
ε
k ≤

ε
k ′

w
h
en

ever
k
<
k ′,

on
e

also
d
ed

u
ces

th
at

it
is

stron
ger

for
sm

aller
eigen

valu
es.

F
or
k
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b
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p
rin

cip
al
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Ũ
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Ũ
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Ũ
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Ũ
>k
P

Ũ
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Ũ
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d
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Ũ
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Ũ
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b
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re
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at
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=
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re
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.
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ra
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p
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p
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b
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g
is

d
on

e
w

el
l
an

d
G
c

co
n
ta

in
s

a
g
o
o
d

n
or

m
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c
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d
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b
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⊂
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m
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b
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p
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at
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=
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−
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e
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.
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w
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R
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−
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≤
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.
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p
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d
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√
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p
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p
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b
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p
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p
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Ũ
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m
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p
ar

ti
ti

on
in

g
a
s

P
∗

=
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Ũ
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b
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p
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.
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b
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p
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algorith

m
s

follow
th

e
sam

e
gen

eral
m

eth
o
d
ology

an
d

aim
to

m
in

im
ize

a
n

u
p
p

er
b

ou
n
d

of
ε.

T
o

th
is

en
d
,

tw
o

b
ou

n
d
s

are
ex

p
loited

:
F

irst,
L
c

is
sh

ow
n

to
b

e
(R
,ε)-sim

ila
r

to
L

w
ith

ε≤
∏
` (1

+
σ
` )−

1,
w

h
ere

th
e

va
ria

tio
n

co
st
σ
`

d
ep

en
d
s

on
ly

o
n

p
rev

io
u
s

levels
(see

S
ection

4.1).
T

h
e

m
ain

d
iffi

cu
lty

w
ith

m
in

im
izin

g
σ
`

is
th

at
it

d
ep

en
d
s

o
n

in
tera

ctio
n
s

b
etw

een
con

traction
sets.

F
or

th
is

reason
,

th
e

secon
d

b
ou

n
d

sh
ow

s
th

at
th

ese
in

tera
ction

s
can

b
e

d
ecou

p
led

b
y

con
sid

erin
g

each
loca

l
va

ria
tio

n
co

st,
i.e.,

th
e

cost

o
f

co
n
tra

ctin
g

solely
th

e
vertices

in
V

(r
)

`−
1 ,

in
d
ep

en
d
en

tly
on

a
sligh

tly
m

o
d
ifi

ed
su

b
gra

p
h

(see
S
ectio

n
4
.2

).
H

av
in

g
ach

ieved
th

is,
S
ection

4.3
con

sid
ers

w
ay

s
of

effi
cien

tly
id

en
tify

in
g

d
isjo

in
t

co
n
tra

ction
sets

w
ith

sm
all

lo
cal

variation
cost.

4
.1

.
D

e
c
o
u

p
lin

g
L

e
v
e
ls

a
n

d
th

e
V

a
ria

tio
n

C
o
st

G
u
a
ra

n
teein

g
restricted

sp
ectral

ap
p
rox

im
atio

n
w

.r.t.
su

b
sp

ace
R

b
oils

d
ow

n
to

m
in

im
izin

g
a
t

ea
ch

level
`

th
e

va
ria

tio
n

co
st

σ
`

=
‖
Π
⊥`
A
`−

1 ‖
L
`−

1
=
‖S

`−
1 Π
⊥`
A
`−

1 ‖
2 ,

w
h
ere

L
`−

1
=
S
>`−

1 S
`−

1
an

d
Π
⊥`

=
I−

P
+`
P
`

is
a

p
ro

jection
m

atrix
.

M
atrix

A
`−

1
cap

tu
res

tw
o

ty
p

es
o
f

in
form

ation
:

4
.

F
o
r

th
e

n
o
rm

a
lized

L
a
p

la
cia

n
,

o
n

e
sh

o
u
ld

p
erfo

rm
(co

m
b

in
a
to

ria
l)

L
a
p

la
cia

n
co

n
sisten

t
co

a
rsen

in
g

o
n

a
m

o
d
ifi

ed
eig

en
sp

a
ce,

a
s

in
th

e
p

ro
o
f

o
f

T
h

eo
rem

1
5
.
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L
o
u
k
a
s

1.
F

orem
ost,

it
en

co
d
es

th
e

b
eh

av
ior

o
f

th
e

target
L

ap
lacian

m
atrix

L
w

.r.t.
R

.
T

h
is

is
clearly

seen
in

th
e

fi
rst

level,
fo

r
w

h
ich

o
n
e

h
as

th
at
A

0
=
V
V
>
L

+
1/

2
w

ith
V
∈
R
N
×
k

b
ein

g
an

orth
on

orm
al

b
asis

of
R

.

2.
W

h
en
`
>

1
on

e
n
eed

s
to

con
sid

er
A

0
in

v
iew

of
th

e
red

u
ction

d
on

e
in

p
rev

iou
s

levels.
T

h
e

n
ecessary

m
o
d
ifi

cation
tu

rn
s

ou
t

to
b

e
A
`−

1
=
B
`−

1 (B
>`−

1 L
`−

1 B
`−

1 )
+

1/
2,

w
ith

B
`−

1
=
P
`−

1 B
`−

2 ∈
R
N
`−

1 ×
N

ex
p
ressed

in
a

recu
rsive

m
an

n
er

an
d
B

0
=
A

0 .

T
h
e

follow
in

g
resu

lt
m

akes
ex

p
licit

th
e

con
n
ection

b
etw

een
ε

an
d
σ
` .

P
ro

p
o
sitio

n
1
7

M
a
trices

L
c

a
n

d
L

a
re

(R
,ε)-sim

ila
r

w
ith

ε≤
∏
c`=

1 (1
+
σ
` )−

1
.

C
ru

cially,
th

e
p
rev

iou
s

resu
lt

m
akes

it
p

ossib
le

to
d
esign

a
m

u
lti-level

coarsen
in

g
greed

ily,
b
y

startin
g

from
th

e
fi
rst

level
an

d
op

tim
izin

g
follow

in
g

lev
els

on
e

at
a

tim
e.

T
h
u
s,

every
lo

cal
variation

algorith
m

op
erates

in
th

e
follow

in
g

m
an

n
er:

A
lg

o
rith

m
1
M
u
lti-level

coarsen
in
g

1
:

in
p

u
t:

C
om

b
in

atorial
L

ap
lacian

L
,

th
resh

old
ε ′,

an
d

target
size

n
.

2
:

S
et
`←

0,
L
` ←

L
,

an
d
ε
` ←

0.
3
:

w
h

ile
N
`
>
n

an
d
ε
`
<
ε ′

d
o

4
:

`←
`

+
1

5
:

C
oarsen

L
`−

1
u
sin

g
A

lgorith
m

2
w

ith
th

resh
old

σ
′

=
1
+
ε ′

1
+
ε
`−

1 −
1

an
d

target
size

n
.

L
et
L
`

b
e

th
e

resu
ltin

g
L

ap
lacian

of
size

N
`

w
ith

variatio
n

cost
σ
` .

6
:

ε
` ←

(1
+
ε
`−

1 )(1
+
σ
` )−

1.

7
:

re
tu

rn
L
`

A
lgorith

m
1

retu
rn

s
a

L
ap

lacian
m

atrix
L
c

th
at

is
(R
,ε)-sim

ilar
to

L
w

ith
ε
≤
ε
c
≤
ε ′,

w
h
ere

c
is

th
e

last
level

`.
O

n
th

e
oth

er
h
an

d
,

settin
g
ε ′

to
a

large
valu

e
en

su
res

th
at

th
e

sam
e

algorith
m

alw
ay

s
attain

s
th

e
target

red
u
ction

at
th

e
ex

p
en

se
of

lo
ose

restricted
ap

p
rox

im
ation

gu
aran

tees.

R
em

a
rk.

T
h
e

variation
cost

sim
p
lifi

es
w

h
en

R
is

an
eigen

sp
ace

of
L

.
I

d
em

o
n
stra

te
th

is
for

th
e

ch
oice

of
U
k ,

th
ou

gh
an

id
en

tical
argu

m
en

t
can

b
e

easily
d
eriv

ed
for

an
y

eigen
sp

ace.
D

en
ote

b
y

Λ
th

e
d
iagon

al
N
×
N

eigen
valu

e
m

atrix
p
laced

from
to

p
-left

to
b

ottom
-righ

t
in

n
on

-d
ecreasin

g
ord

er
an

d
b
y
U

th
e

resp
ective

fu
ll

eigen
vector

m
atrix

.
F

u
rth

erm
ore,

let
Λ
k

b
e

th
e
k
×
k

su
b
-m

atrix
of

Λ
w

ith
th

e
sm

allest
k

eigen
valu

es
in

its
d
iagon

al.
B

y
th

e
u
n
itary

in
varian

ce
of

th
e

sp
ectral

n
orm

,
it

follow
s

th
at

σ
0

=
‖Π
⊥1
U
k U
>k
L

+
1/

2‖
L
0

=
‖
Π
⊥1
U
k U
>k
L

+
1/

2U
‖
L
0

=
‖Π
⊥1
U
k U
>k
U

Λ
+

1/
2‖
L
0

.
S
im

p
lify

in
g

an
d

elim
in

atin
g

zero
colu

m
n
s,

on
e

m
ay

red
efi

n
e
B

0
=
U
k Λ

+
1/

2

k
∈

R
N
×
k,

su
ch

th
at

on
ce

m
ore

σ
0

=
‖
Π
⊥1
B

0 ‖
L
0 .

T
h
is

is
com

p
u
tation

ally
attractive

b
ecau

se
n
ow

at
each

level
on

e
n
eed

s
to

take
th

e
p
seu

d
o-in

verse-
sq

u
are-ro

ot
of

a
k×

k
m

atrix
B
>`−

1 L
`−

1 B
`−

1 ,
w

ith
k
�
N

.
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G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

4
.2

.
D

e
c
o
u

p
li
n

g
C

o
n
tr

a
c
ti

o
n

S
e
ts

a
n

d
L

o
c
a
l

V
a
ri

a
ti

o
n

S
u
p
p

os
e

th
at

Π
⊥ C

is
th

e
(c

om
p
le

m
en

t)
p
ro

je
ct

io
n

m
at

ri
x

ob
ta

in
ed

b
y

co
n
tr

a
ct

in
g

so
le

ly
th

e
ve

rt
ic

es
in

se
t
C,

w
h
il
e

le
av

in
g

al
l

ot
h
er

ve
rt

ic
es

in
V `
−

1
u
n
to

u
ch

ed
:

[ Π
⊥ C
x
] (i

)
=

{
x

(i
)
−
∑

v
j
∈C

x
(j

)
|C
|

if
v i
∈
C

0
ot

h
er

w
is

e.

(H
er

e,
fo

r
co

n
ve

n
ie

n
ce

,
th

e
le

ve
l

in
d
ex

is
su

p
p
re

ss
ed

.)

F
u
rt

h
er

m
or

e,
le

t
L
C

b
e

th
e
N
`−

1
×
N
`−

1
co

m
b
in

at
or

ia
l

L
ap

la
ci

an
w

h
os

e
w

ei
gh

t
m

at
ri

x
is

[W
C]

(i
,j

)
=

    

W
`−

1
(i
,j

)
if
v i
,v
j
∈
C

2
W
`−

1
(i
,j

)
if
v i
∈
C

an
d
v j
/∈
C

0
ot

h
er

w
is

e.

(5
)

T
h
at

is
,
W
C

is
ze

ro
ev

er
y
w

h
er

e
ot

h
er

th
an

at
th

e
ed

ge
s

to
u
ch

in
g

at
le

as
t

on
e

ve
rt

ex
in
C.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
sh

ow
s

u
s

h
ow

to
d
ec

ou
p
le

th
e

co
n
tr

ib
u
ti

on
of

ea
ch

co
n
tr

ac
ti

on
se

t
to

th
e

va
ri

at
io

n
co

st
.

P
ro

p
o
si

ti
o
n

1
8

T
h
e

va
ri

a
ti

o
n

co
st

is
bo

u
n

d
ed

by

σ
2 `
≤
∑ C∈
P `
‖Π
⊥ C
A
`−

1
‖2 L
C
,

w
h
er

e
P `

=
{V

(1
)

`−
1
,.
..
,V

(N
`
)

`−
1
}

is
th

e
fa

m
il

y
o
f

co
n

tr
a
ct

io
n

se
ts

o
f

le
ve

l
`.

T
h
e

ab
ov

e
ar

gu
m

en
t

th
er

ef
or

e
en

ta
il
s

b
ou

n
d
in

g
th

e,
d
iffi

cu
lt

to
op

ti
m

iz
e,

va
ri

at
io

n
co

st
as

a
fu

n
ct

io
n

of
lo

ca
ll
y

co
m

p
u
ta

b
le

an
d

in
d
ep

en
d
en

t
co

st
s
‖Π
⊥ C
A
`−

1
‖2 L
C
.

T
h
e

ob
ta

in
ed

ex
p
re

ss
io

n
is

a
re

la
x
at

io
n
,

as
it

as
su

m
es

th
at

th
e

in
te

ra
ct

io
n

b
et

w
ee

n
co

n
tr

ac
ti

o
n

se
ts

w
il
l

b
e

th
e

w
or

st
p

os
si

b
le

.
It

m
ig

h
t

b
e

in
te

re
st

in
g

to
n
o
ti

ce
th

at
th

e
q
u
al

it
y

o
f

th
e

re
la

x
at

io
n

d
ep

en
d
s

on
th

e
w

ei
gh

t
of

th
e

cu
t

b
et

w
ee

n
co

n
tr

ac
ti

on
se

ts
.

T
ak

in
g

th
e

li
m

it
,

th
e

in
eq

u
a
li
ty

co
n
ve

rg
es

to
an

eq
u
al

it
y

as
th

e
w

ei
gh

t
o
f

th
e

cu
t

sh
ri

n
k
s.

A
ls

o
of

n
ot

e,
th

e
b

ou
n
d

b
ec

om
es

ti
gh

te
r

th
e

la
rg

er
th

e
p

er
-l

ev
el

d
im

en
si

o
n
al

it
y

re
d
u
ct

io
n

re
q
u
es

te
d

(t
h
e

sm
al

le
r
N
`

=
|P
`|

is
,

th
e

fe
w

er
in

eq
u
al

it
ie

s
ar

e
in

vo
lv

ed
in

th
e

d
er

iv
at

io
n
).

4
.3

.
L

o
c
a
l

V
a
ri

a
ti

o
n

C
o
a
rs

e
n

in
g

A
lg

o
ri

th
m

s

S
ta

rt
in

g
fr

om
a

ca
n

d
id

a
te

fa
m

il
y
F `

=
{C

1
,C

2
,C

3
,.
..
},

th
at

is
,

an
ap

p
ro

p
ri

at
el

y
si

ze
d

fa
m

il
y

of
ca

n
d
id

at
e

co
n
tr

ac
ti

on
se

ts
,

th
e

st
ra

te
gy

w
il
l

b
e

to
se

ar
ch

fo
r

a
sm

al
l

co
n

tr
a
ct

io
n

fa
m

il
y

P `
=
{V

(1
)

`−
1
,.
..
,V

(N
`
)

`−
1
}

w
it

h
m

in
im

al
va

ri
at

io
n

co
st
σ
`

(P
`

is
va

li
d

if
it

p
ar

ti
ti

o
n
s
V `
−

1
in

to
N
`

co
n
tr

ac
ti

on
se

ts
).

E
v
er

y
co

ar
se

ve
rt

ex
v
′ r
∈
V `

is
th

en
fo

rm
ed

b
y

co
n
tr

a
ct

in
g

th
e

ve
rt

ic
es

in
V(r

)
`−

1
.

A
s

a
th

ou
gh

t
ex

p
er

im
en

t,
su

p
p

os
e

th
at

se
t
C
∈
F `

is
ch

os
en

to
b

e
p
ar

t
of
P `

.
F

ro
m

th
e

d
ec

ou
p
li
n
g

ar
gu

m
en

t,
it

s
co

n
tr

ib
u
ti

on
to
σ

2 `
w

il
l

b
e

at
m

o
st
‖Π
⊥ C
A
`−

1
‖2 L
C

in
d
ep

en
d
en

tl
y

of

1
7

JM
L

R
 2

0(
11

6)
:1

-4
2,

 2
01

9

L
o
u
k
a
s

h
ow

ot
h
er

ca
n
d
id

at
e

se
ts

ar
e

ch
os

en
.

M
or

eo
ve

r,
th

e
se

le
ct

io
n

w
il
l

re
d
u
ce
N
`−

1
b
y
|C
|−

1
ve

rt
ic

es
.

T
h
u
s,

on
e

n
ee

d
s

to
lo

ok
fo

r
th

e
n
on

-s
in

gl
et

on
ca

n
d
id

at
e

se
ts
C

w
it

h
co

st

co
st
`(
C)

∆ =
‖Π
⊥ C
A
`−

1
‖2 L
C

|C
|−

1
(6

)

th
at

is
as

sm
al

l
as

p
os

si
b
le

.
I

re
fe

r
to

(6
)

as
lo

ca
l

va
ri

a
ti

o
n

co
st

b
ec

au
se

it
ca

p
tu

re
s

th
e

m
ax

im
al

va
ri

at
io

n
of

al
l

si
gn

al
s

fr
om

an
ap

p
ro

p
ri

at
e

su
b
sp

ac
e

(i
m

p
li
ed

b
y
A
`−

1
)

w
it

h
su

p
-

p
or

t
on
C.

O
n

th
e

ot
h
er

h
an

d
,

si
n
ce

an
y

p
er

m
is

si
b
le

co
n
tr

ac
ti

on
fa

m
il
y
P `

sh
o
u
ld

b
e

a
p
ar

ti
ti

on
in

g
of
V `
−

1
,

ch
o
os

in
g
C

p
re

cl
u
d
es

u
s

fr
om

se
le

ct
in

g
an

y
C′

w
it

h
w

h
ic

h
it

in
te

rs
ec

ts
.

B
as

ed
on

th
is

in
tu

it
io

n
,

A
lg

or
it

h
m

2
se

q
u
en

ti
al

ly
ex

am
in

es
ca

n
d
id

at
e

se
ts

fr
o
m
F `

,
st

a
rt

in
g

fr
om

th
os

e
w

it
h

m
in

im
al

co
st

.
T

o
d
ec

id
e

w
h
et

h
er

a
ca

n
d
id

at
e

se
t
C

w
il
l

b
e

a
d
d
ed

to
P `

th
e

al
go

ri
th

m
as

se
rt

s
th

at
al

l
ve

rt
ic

es
in
C

ar
e

u
n
m

ar
ke

d
—

es
se

n
ti

al
ly

en
fo

rc
in

g
th

a
t

al
l

co
n
tr

ac
ti

on
se

ts
ar

e
d
is

jo
in

t.
A

cc
or

d
in

gl
y,

as
so

on
as
C

is
ad

d
ed

to
P `

,
al

l
v
er

ti
ce

s
th

a
t

a
re

in
C

b
ec

om
e

m
ar

k
ed

.
C

an
d
id

at
e

se
ts

w
it

h
m

ar
ke

d
v
er

ti
ce

s
ar

e
p
ru

n
ed

(C
′ ←
C\

m
ar
ke
d
)

a
n
d

th
ei

r
co

st
is

u
p

d
at

ed
.

T
h
e

al
go

ri
th

m
te

rm
in

at
es

if
ei

th
er

th
e

ta
rg

et
re

d
u
ct

io
n

is
a
ch

ie
v
ed

,
th

e
er

ro
r

th
re

sh
ol

d
is

ex
ce

ed
ed

,
or

n
o

ca
n
d
id

at
e

se
ts

re
m

ai
n
.

E
ve

n
th

ou
g
h

th
is

re
m

a
in

s
im

p
li
ci

t
in

th
e

d
is

cu
ss

io
n
,

if
at

te
rm

in
at

io
n
P `

d
o
es

n
ot

co
ve

r
ev

er
y

ve
rt

ex
o
f
V `
−

1
,

th
en

I
co

m
p
li
m

en
t

it
w

it
h

si
n
gl

et
on

se
ts

,
fe

at
u
ri

n
g

on
e

v
er

te
x

ea
ch

(a
n
d

ze
ro

co
st

).

A
lg

o
ri

th
m

2
S
in
gl
e-
le
ve
l
co
ar
se
n
in
g
by

lo
ca
l
va
ri
at
io
n

1
:

in
p

u
t:

C
om

b
in

at
or

ia
l

L
ap

la
ci

an
L
`−

1
,

th
re

sh
ol

d
σ
′ ,

an
d

ta
rg

et
si

ze
n

.
2
:

F
or

m
th

e
fa

m
il
y

of
ca

n
d
id

at
e

se
ts
F `

=
{C

1
,C

2
,C

3
,.
..
}

(a
lg

or
it

h
m

-s
p

ec
ifi

c
st

ep
).

3
:
N
`
←
N
`−

1
,
m
ar
ke
d
←

∅
,
σ

2 `
←

0.
4
:

S
or

t
F `

in
te

rm
s

of
in

cr
ea

si
n
g

co
st
`(
C)

.
5
:

w
h

il
e
|F
`|
>

0
an

d
N
`
>
n

an
d
σ
`
≤
σ
′
d

o
6
:

P
op

th
e

ca
n
d
id

at
e

se
t
C

of
m

in
im

al
co

st
s

fr
om
F `

.

7
:

if
al

l
ve

rt
ic

es
of
C

ar
e

n
ot

m
ar
ke
d

an
d
σ
′ ≥

√
σ

2 `
+

(|C
|−

1)
s

th
e
n

8
:

m
ar
ke
d
←

m
ar
ke
d
∪
C,
P `
←
P `
∪
C,
N
`
←
N
`
−
|C
|+

1,
σ

2 `
←
σ

2 `
+

(|C
|−

1
)s

9
:

e
ls

e
1
0
:

C′
←
C
\m

ar
ke
d

1
1
:

if
|C
′ |
>

1
th

e
n

1
2
:

C
om

p
u
te

co
st
`(
C′

)
an

d
in

se
rt
C′

in
to
F `

w
h
il
e

ke
ep

in
g

th
e

la
tt

er
so

rt
ed

.

1
3
:

F
or

m
th

e
N
`
×
N
`−

1
co

ar
se

n
in

g
m

at
ri

x
P
`

b
as

ed
on
P `

.
1
4
:

re
tu

rn
L
`
←
P
∓ `
L
`−

1
P

+ `
an

d
σ
`

U
n
d
en

ia
b
ly

,
A

lg
or

it
h
m

2
is

on
ly

on
e

of
th

e
p

os
si

b
le

w
ay

s
to

se
le

ct
a

p
ar

ti
ti

o
n
in

g
o
f

sm
a
ll

va
ri

at
io

n
co

st
.

H
ow

ev
er

,
th

is
al

go
ri

th
m

st
an

d
s

ou
t

fr
om

ot
h
er

al
go

ri
th

m
s

I
ex

p
er

im
en

te
d

w
it

h
,

as
it

is
effi

ci
en

t
w

h
en

th
e

su
b
sp

ac
e

of
in

te
re

st
is

an
ei

ge
n
sp

ac
e

(e
.g

.,
V

=
U
k
),
k

is
sm

al
l,

an
d

th
e

fa
m

il
ie

s
F `

h
av

e
b

ee
n

se
le

ct
ed

ap
p
ro

p
ri

at
el

y.
D

en
ot

e
b
y

Φ
=

m
a
x
`
∑
C∈
F `
|C
|

th
e

m
ax

im
u
m

n
u
m

b
er

of
ve

rt
ic

es
in

al
l

ca
n
d
id

at
e

se
ts

an
d

b
y
δ

=
m

ax
`,
C∈
F `
|C
|t

h
e

ca
r-

d
in

al
it

y
of

th
e

m
ax

im
u
m

ca
n
d
id

at
e

se
t—

I
re

fe
r

to
th

es
e

m
ea

su
re

s
as

fa
m

il
y

w
ei

gh
t

a
n
d

w
id

th
,

re
sp

ec
ti

ve
ly

.
C

h
o
os

in
g

R
=

U
k
,

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

A
lg

o
ri

th
m

2
is

Õ
(c
k
M

+
k

2
N

+
ck

3
+
c

Φ
( m

in
{k

2
δ

+
k
δ2
,
k
δ2

+
δ3
}+

lo
g

m
ax

`
|F
`|)

),
w

h
ic

h
u
p

to
p

o
ly

-
lo

g
fa

ct
or

s
is

li
n
ea

r
on

th
e

n
u
m

b
er

of
ed

ge
s,

ve
rt

ic
es

,
an

d
Φ

(s
ee

A
p
p

en
d
ix

B
fo

r
d
et

a
il
s)

.
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G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

If
co

m
p
u
ta

tion
al

com
p
lex

ity
is

of
n
o

con
cern

,
on

e
m

ay
con

sid
er

th
e

follow
in

g
tw

o
m

ore
so

p
h
isticated

a
lgorith

m
s:

T
h
e

o
p
tim

a
l

a
lgo

rith
m

.
G

iven
a

can
d
id

ate
fam

ily,
th

e
algo

rith
m

th
a
t

o
p
tim

a
lly

m
in

im
izes

th
e

su
m

of
lo

cal
variatio

n
costs

con
stru

cts
a

grap
h

w
ith

on
e

vertex
fo

r
ea

ch
su

b
set

of
a

can
d
id

ate
set

a
n
d

ad
d
s

an
ed

ge
b

etw
een

every
tw

o
vertices

w
h
o
se

resp
ectiv

e
sets

h
ave

a
n
on

-em
p
ty

in
tersection

.
It

th
en

selects
P
`

a
s

th
e

m
a
x
im

u
m

in
d
ep

en
d
en

t
set

of
m

in
im

al
w

eigh
t

(th
e

w
eig

h
t

of
each

vertex
is

a
lo

cal
variation

cost
w

.r.t
a

set).
U

n
fo

rtu
n
ately,

even
if

th
e

size
of

th
is

grap
h

is
p

oly
n
o
m

ial
in

N
,

th
is

p
rob

lem
ca

n
n
o
t

b
e

solved
effi

cien
tly,

sin
ce

th
e

m
in

im
u
m

-w
eigh

t
in

d
ep

en
d
en

t
set

p
rob

lem
is

N
P

-
h
a
rd

.
N

everth
eless,

for
th

e
sp

ecifi
c

case
w

h
ere

can
d
id

ate
sets

corresp
on

d
to

ed
ges

th
e

p
ro

b
lem

sim
p
lifi

es
to

a
m

in
im

u
m

-w
eigh

t
m

atch
in

g
p
rob

lem
,

w
h
ich

can
b

e
com

p
u
ted

in
O

(N
3`−

1 )
tim

e
ex

actly,
w

h
ereas

a
(2

+
δ)-ap

p
rox

im
ation

can
b

e
fou

n
d

m
u
ch

fa
ster

(P
az

a
n
d

S
ch

w
artzm

an
,

2017).
T

h
e

qu
a
d
ra

tic
va

ria
n

t.
A

secon
d

p
ossib

ility
is

to
p
ro

ceed
as

w
ith

A
lg

o
rith

m
2,

b
u
t

to
p
ru

n
e

each
C
′∈
F
`

after
a

setC
is

ad
d
ed

to
P
` .

T
h
e

n
u
m

erical
ex

p
erim

en
ts

in
d
icated

th
at

th
is

ad
d
ition

al
step

m
ay

im
p
rove

th
e

coarsen
in

g
q
u
ality

sligh
tly,

b
u
t

it
is

n
o
t

recom
m

en
d
ed

for
large

grap
h
s

as
it

in
tro

d
u
ces

a
q
u
ad

ratic
d
ep

en
d
en

cy
of

th
e

co
m

p
lex

ity
o
n
N

.

4
.3
.1
.
C
a
n
d
id
a
t
e
C
o
n
t
r
a
c
t
io
n
F
a
m
il
ie
s

T
o

keep
co

a
rsen

in
g

effi
cien

t,
I

fo
cu

s
on

fam
ilies

of
lin

ear
w

eigh
t

an
d

alm
ost

con
stan

t
w

id
th

.
T

w
o

p
o
ssib

ilities
are

con
sid

ered
:

E
d
ge-ba

sed
.

H
ere
F
`

con
tain

s
on

e
can

d
id

ate
set

for
each

ed
ge

of
G
`−

1 .
T

h
is

is
a

n
atu

ral
ch

o
ice

fo
r

co
a
rsen

in
g—

in
d
eed

,
m

ost
coarsen

in
g

algorith
m

s
in

th
e

literatu
re

u
se

som
e

form
of

ed
g
e

co
n
tra

ctio
n
.

It
is

straigh
tforw

ard
to

see
th

at
in

th
is

case
Φ

=
2M

a
n
d
δ

=
2,

m
ean

in
g

th
a
t

th
e

ex
p
ression

of
th

e
com

p
u
tation

al
com

p
lex

ity
sim

p
lifi

es
to
Õ

(ck
M

+
ck

3
+
k

2N
).

T
h
e

d
raw

b
a
ck

o
f

co
n
tractin

g
ed

ges
is

th
at

at
each

lev
el

th
e

grap
h

size
can

on
ly

b
e

red
u
ced

b
y

at
m

ost
a

fa
cto

r
o
f

2,
m

ean
in

g
th

at
a

large
n
u
m

b
er

of
levels

is
n
ecessary

to
ach

iev
e

sign
ifi

can
t

red
u
ctio

n
5.

N
eigh

bo
rh

ood
-ba

sed
.

A
m

ore
attractive

ch
oice

is
to

con
stru

ct
on

e
can

d
id

ate
set

for
th

e
n
eig

h
b

o
rh

o
o
d

o
f

each
vertex

,
in

clu
d
in

g
th

e
vertex

itself.
D

en
otin

g
b
y

∆
th

e
largest

com
b
i-

n
a
toria

l
d
eg

ree
an

d
sin

ce
Φ

=
2M

,
th

e
com

p
lex

ity
h
ere

is
b

o
u
n
d
ed

b
y
Õ

(cM
(k

+
m

in{
k

2∆
+

k
∆

2,
k
∆

2
+

∆
3}

)
+
ck

3
+
k

2N
).

T
h
e

ex
p

erim
en

ts
sh

ow
th

at
th

e
n
eigh

b
orh

o
o
d
-b

ased
vari-

a
n
t

g
en

erally
ach

ieves
b

etter
red

u
ction

w
h
ile

b
ein

g
m

argin
ally

slow
er

th
an

th
e

ed
ge-b

ased
va

ria
n
t.

A
s

a
fi
n
a
l

rem
a
rk

,
w

h
en

G
is

d
en

se,
th

e
d
ep

en
d
en

cy
on

M
can

b
e

d
rop

p
ed

b
y

sp
arsify

in
g

th
e

g
ra

p
h

b
efore

u
sin

g
A

lgorith
m

1.

5
.
N
u
m
e
rica

l
R
e
su

lts

T
h
e

eva
lu

atio
n

w
as

p
erform

ed
on

fou
r

rep
resen

tative
grap

h
s,

each
ex

h
ib

itin
g

d
iff

eren
t

stru
c-

tu
ra

l
ch

ara
cteristics:

5
.

In
p

ra
ctice,

d
ep

en
d

in
g

o
n

th
e

g
ra

p
h

in
q
u

estio
n

,
th

e
p

er-lev
el

red
u

ctio
n

ra
tio

r
`

is
u

su
a
lly

b
etw

een
0
.3

5
a
n

d
0
.4

5
.
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L
o
u
k
a
s

•
Y

ea
st.

P
rotein

-to-p
rotein

in
teraction

n
etw

ork
in

b
u
d
d
in

g
yeast,

an
aly

zed
b
y

J
eon

g
et

al.
(2001).

T
h
e

n
etw

ork
h
as
N

=
1458

vertices,
M

=
1948

ed
ges,

d
iam

eter
of

19,
an

d
d
egree

b
etw

een
1

an
d

56.

•
A

irfo
il.

F
in

ite-elem
en

t
grap

h
ob

tain
ed

b
y

airfl
ow

sim
u
lation

P
reis

an
d

D
iek

m
an

n
(1997),

con
sistin

g
of
N

=
4000

vertices,
M

=
11490

ed
ges,

d
iam

eter
of

65,
an

d
d
egree

b
etw

een
1

an
d

9.

•
M

in
n

eso
ta

.
R

oad
n
etw

ork
w

ith
N

=
2642

vertices,
M

=
330

4
ed

g
es,

d
iam

eter
of

99,
an

d
d
egree

b
etw

een
1

an
d

5
(G

leich
,

2008).

•
B

u
n

n
y.

P
oin

t
clou

d
con

sistin
g

of
N

=
2503

v
ertices,

M
=

65490
ed

ges,
d
iam

eter
of

15,
an

d
d
egree

b
etw

een
13

an
d

97
(T

u
rk

an
d

L
evoy

,
1994).

T
h
e

p
oin

t
clou

d
h
as

b
een

su
b
-sam

p
led

from
its

origin
al

size.

I
com

p
are

to
th

e
follow

in
g

m
eth

o
d
s

for
m

u
lti-lev

el
grap

h
red

u
ction

:

•
H

ea
vy

ed
ge

m
a
tch

in
g.

A
t

each
level

of
th

e
sch

em
e,

th
e

con
traction

fam
ily

is
o
b
tain

ed
b
y

com
p
u
tin

g
a

m
ax

im
u
m

-w
eigh

t
m

atch
in

g
w

ith
th

e
w

eig
h
t

of
each

con
traction

set
(v
i ,v

j )
calcu

lated
as
w
ij /

m
ax{d

i ,d
j }

.
In

th
is

m
an

n
er,

h
eav

ier
ed

ges
con

n
ectin

g
v
er-

tices
th

at
are

w
ell

sep
arated

from
th

e
rest

of
th

e
grap

h
are

con
tracted

fi
rst.

H
eav

y
ed

ge
m

atch
in

g
w

as
fi
rst

in
tro

d
u
ced

in
th

e
algeb

raic
m

u
ltigrid

literatu
re

an
d
,

p
erh

ap
s

d
u
e

to
its

sim
p
licity,

its
varian

ts
h
ave

b
een

rep
eated

ly
u
sed

for
p
artition

in
g

(K
ary

p
is

an
d

K
u
m

ar,
1998;

D
h
illon

et
al.,

2007)
an

d
d
raw

in
g

(W
alsh

aw
,

2000;
H

u
,

2
005)

grap
h
s,

as
w

ell
as

m
ore

recen
tly

in
grap

h
con

v
olu

tion
al

n
eu

ra
l

n
etw

ork
s

(D
eff

errard
et

al.,
20

16).

•
A

lgebra
ic

d
ista

n
ce.

T
h
is

m
eth

o
d

d
iff

ers
from

h
eav

y
ed

ge
m

atch
in

g
in

th
at

th
e

w
eigh

t
of

each
can

d
id

ate
set

(v
i ,v

j )∈
E

is
calcu

lated
as

( ∑
Qq
=

1 (x
q (i)−

x
q (j))

2)
1
/
2,

w
h
ere

x
k

is
an

N
-d

im
en

sion
al

test
v
ector

com
p
u
ted

b
y

su
ccessiv

e
sw

eep
s

of
J
acob

i
relax

ation
.

T
h
e

com
p
lete

m
eth

o
d

is
d
escrib

ed
b
y

R
on

et
al.

(2011),
see

also
(C

h
en

an
d

S
afro,

2011).
A

s
recom

m
en

d
ed

b
y

th
e

au
th

ors,
I

p
erform

ed
20

relax
ation

sw
eep

s.
F

u
rth

er,
I

set
th

e
n
u
m

b
er

of
test

vectors
Q

to
eq

u
al

th
e

d
im

en
sion

k
of

th
e

sp
ace

I
aim

ed
to

ap
p
rox

im
ate
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el

es
s,

m
or

e
of

te
n

th
an

n
ot

th
es

e
te

ch
n
iq

u
es

h
av

e
b

ee
n

d
es

ig
n
ed

b
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b
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b
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b
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b
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p
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.
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h
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b
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p
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at
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p
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h
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re
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p
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p
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at
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th
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ro
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b
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ro

x
im
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e
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or
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e
gr

ap
h

sp
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tr
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el
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th
e
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t
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u
re
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a
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rg

e
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ra

p
h
.
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er

ta
in

im
p

or
ta

n
t
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ti
on

s
re
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n
op

en
at

th
e
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n
t
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u
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in
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th
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m
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ri
p
t.
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b
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w
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,
I
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en
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y

u
n
aw
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e
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a
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g
or

ou
s
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er
m
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e
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ow
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u
ch
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n
e
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ay

b
en
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b
e
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d
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d
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l-

ti
m

e
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m
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r

gr
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ar
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n
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at

p
ro

va
b
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p
ro

x
im

a
te

s
th
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al
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va
b
le
ε.

F
in

al
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,
th
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I
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a

fo
rm

al
p
ro

of
,

I
al

so
su

sp
ec

t
th

a
t

st
ro

n
g
er

cu
t

gu
ar

an
te

es
ca

n
b

e
d
er

iv
ed

fr
om

re
st

ri
ct

ed
sp

ec
tr

a
l

ap
p
ro

x
im

at
io

n
.

I
a
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u
e

th
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t
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e

p
ot

en
ti

al
of
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ap

h
re

d
u
ct

io
n
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n
n
ot

b
e

fu
ll
y

re
al

iz
ed

u
n
ti

l
th

es
e

fu
n
d
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en
ta

l
q
u
es

ti
o
n
s

a
re
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ti
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ad

d
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ed

.

A
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o
w
le
d
g
m
e
n
ts

I
w

ou
ld

li
k
e

to
th

an
k

th
e

S
w

is
s

N
at

io
n
al

S
ci

en
ce

F
ou

n
d
at

io
n

(S
N

S
F

)
fo

r
su

p
p

o
rt

in
g

th
is

w
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k
in

th
e

co
n
te

x
t

of
th

e
p
ro

je
ct

“
D

ee
p

L
ea

rn
in

g
fo

r
G

ra
p
h
-S

tr
u

ct
u

re
d

D
a
ta

”
,

g
ra

n
t

n
u
m

-
b

er
P

Z
00

P
2

17
99

81
.

I
w

ou
ld

li
ke

to
th

an
k

R
o
d
ri

go
C

.
G

.
P

en
a

an
d

N
gu

y
en

Q
.

T
ra

n
a
s

w
el

l
as

th
e

ed
it

or
K

ar
st

en
B

or
gw

ar
d
t

an
d

th
e

an
on

y
m

ou
s

re
v
ie

w
er

s
fo

r
th
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r

u
se

fu
l

co
m

m
en

ts
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A
p
p
e
n
d
ix

A
.
D
e
fe
rr
e
d
P
ro

o
fs

A
.1

.
P

ro
o
f

o
f

P
ro

p
e
rt

y
1

I
d
ra

w
u
p

an
in

d
u
ct

iv
e

ar
gu

m
en

t
d
em

on
st

ra
ti

n
g

th
a
t

Π
is

a
p
ro

je
ct

io
n

m
a
tr

ix
.

T
h
e

ba
se

ca
se

,
i.
e.

,
th

at
A
c

=
P

+ c
P
c

is
a

p
ro

je
ct

io
n

m
at

ri
x

fo
ll
ow

s
b
y

th
e

d
efi

n
it

io
n

o
f

th
e

p
se

u
d
o
-

in
ve

rs
e:
A
c
A
c

=
P

+ c
P
c
P

+ c
P
c

=
P

+ c
P
c

=
A
c
,

w
h
er

e
on

e
u
se

s
th

e
p
ro

p
er

ty
P
c

=
P
c
P

+ c
P
c
.

F
or

th
e

in
d
u

ct
iv

e
st

ep
,

I
ar

gu
e

th
at

if
A
`+

1
is

a
p
ro

je
ct

io
n

m
at

ri
x

th
e

sa
m

e
h
o
ld

s
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r

A
`

=
P
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A
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o
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P
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U

Σ
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>

b
e
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e
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e
d
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p
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h
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;0
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∈
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`
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1
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N
`
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om
p
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in
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e
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N
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1
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go
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al

m
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D
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d

th
e
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l
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m
a
tr
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0
.

T
h
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A
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V
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A
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1
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Σ
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R
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n
g

th
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a
p
ro
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m
at
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x
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m
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n
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p
ro

je
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iv
e

if
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u
n
d
er
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a
si

m
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a
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a
n
sf

o
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m
at
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n
,

w
e

d
ed

u
ce

th
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U
>
A
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1
U
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p
ro

je
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iv
e

an
d
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m
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eo
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Σ
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U
>
A
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1
U

Σ
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a
p
ro
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ct

io
n

m
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ri
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so
is
A
`.

H
ow

ev
er
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on

e
m

ay
w

ri
te

Σ
+
U
>
A
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1
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Σ
=
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−

1
0
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U
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A
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1
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0
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0
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=
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U
>
A
`+

1
U
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0
0
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p
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c
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atrix
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p
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−
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p
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p
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con
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b
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Π
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-m
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L
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λ
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)=
k

m
ax
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L
x
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6=
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w
h
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s
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e
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m
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for
L
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λ̃
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d
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m
ax

x
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L
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Π
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Π
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∓
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ra
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e

fo
llo

w
in

g
h
o
ld

s:

λ
1 (P
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Π
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Π
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=
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p
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+

=
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+

=
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=
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>
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Π
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=
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P
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m
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b
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p
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S
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(at
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ex
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P
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‖Π
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=

Π
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a
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h
e
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m
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=
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=
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Π
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P
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m
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=
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=
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Π
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⊆
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h
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e

on
e

for
λ
k ,

given
in

(8).
A

s
su

ch
,

th
e

form
er’s

solu
tion

m
u
st

b
e

strictly
larger

(sin
ce

it
is

a
m

ore
con

strain
ed

p
rob

lem
)

an
d
λ̃
k ≥
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o
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P

is
an

n
×
N

coarsen
in
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cien

t
to

sh
ow

th
at

m
atrix

Π
=
P
>
D
−

2P
is

a
p
ro

jection
m

atrix
of

ran
k
n

(an
d

th
u
s

eq
u
al

to
P

+
P

).
M

atrix
P̃

=
D
−

1P
h
as

th
e

sa
m

e
sp

arsity
stru

ctu
re

as
P

an
d

is
th

u
s

also
a

coarsen
in

g
m

atrix
.

W
.l.o.g.

let
th

e
row

s
of
P

b
e

sorted
b
ased

on
th

eir
su

p
p

ort,
su

ch
th

at
for

an
y

tw
o

row
s
r
<
r ′

an
d
P

(r,i),P
(r ′,i ′)

6=
0

w
e

n
ecessarily

h
ave

i
<
i ′.

F
u
rth

erm
ore,

d
en

ote
b
y
p
r

th
e

vector
con

tain
in

g
all

n
on

-zero
en

tries
of
P

(r,:)
su

ch
th

at‖p
r ‖

2
=
‖
P

(r,:)‖
2

=
D

(r,r).
D

u
e

to
th

e
d
isjoin

t
su

p
p

ort
of

th
e

row
s

of
P

an
d

u
n
d
er

th
is

p
articu

lar
sortin

g,
m

atrix
Π

is
b
lo

ck
-d

iagon
al.

M
oreover,

each
b
lo

ck
B
r

in
its

d
iagon

al
is

a
ran

k
1

p
ro

jection
m

atrix
as
B

2r
=
B
r B

r
=
(p
r D

(r,r) −
2p >r )(p

r D
(r,r) −

2p >r )
=

p
r D

(r,r) −
2p >r

p >r
p
r

‖
p
r ‖

22

=
B
r .

W
e

h
ave

th
u
s

arrived
to

th
e

relation
Π

2
=

Π
,

w
h
ich

con
stitu

tes

a
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
Π

to
b

e
a

p
ro

jection
m

atrix
.

T
h
e

b
lo

ck
-d

iago
n
al

stru
ctu

re
of

Π
also

im
p
lies

th
at

its
ran

k
(as

w
ell

as
th

a
t

o
f
P

)
is
n

.

A
.4

.
P

ro
o
f

o
f

P
ro

p
o
sitio

n
7

L
et

u
s

fi
rst

rem
ark

th
at,

b
y

P
rop

osition
6,
A

=
P
∓

is
also

a
co

arsen
in

g
m

atrix
w

ith
th

e
sam

e
sp

arsity
stru

ctu
re

as
P

.

N
ecessity.

I
start

b
y

con
sid

erin
g

th
e

n
u
llsp

ace
of
L
c

=
A
L
A
>

an
d

aim
to

en
su

re
th

at
it

is
eq

u
al

to
th

e
sp

an
of

th
e

con
stan

t
vector

1,
w

h
ich

is
a

n
ecessity

for
all

com
b
in

atorial
L

ap
lacian

m
atrices.

S
in

ce
m

atrix
A

is
fu

ll
row

-ran
k

an
d
L

h
as

ran
k
N
−

1,
th

e
n
u
llsp

ace
of

L
c

is
on

e
d
im

en
sion

al.
T

h
erefore,

th
e

n
u
llsp

ace
is

correct
as

lon
g

as
1 >
A
L
A
>

1
=

0,
w

h
ich

2
8

JM
L

R
 20(116):1-42, 2019



G
r
a
p
h
R
e
d
u
c
t
io
n
w
it
h
S
p
e
c
t
r
a
l
a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

h
ap

p
en

s
if

ei
th

er
A
>

1
=
α

1
fo

r
a

co
n
st

an
t
α

or
A
>

1
=

0.
In

b
ot

h
ca

se
s,

(A
>

1)
(r

)
=
α

1
fo

r
ev

er
y
r.

B
y

th
e

d
efi

n
it

io
n

of
A

h
ow

ev
er

,
w

e
k
n
ow

th
at

it
s

ro
w

s
h
av

e
d
is

jo
in

t
su

p
p

or
t

an
d
,

as
su

ch
,

ve
ct

or
A
>

1
ex

ac
tl

y
co

n
ta

in
s

th
e

n
on

-z
er

o
en

tr
ie

s
of
A

.
In

ot
h
er

w
or

d
s,

fo
r

th
e

n
u
ll
sp

ac
e

of
L
c

to
b

e
p
ro

p
er

ly
fo

rm
ed

,
th

e
n
on

-z
er

o
en

tr
ie

s
of
A

sh
ou

ld
ei

th
er

al
l

b
e

eq
u
al

to
α

(s
u
ch

th
at
A
>

1
=
α

1)
or

ze
ro

(i
n

w
h
ic

h
ca

se
A
>

1
=

0)
.

T
h
e

la
tt

er
ca

se
ca

n
cl

ea
rl

y
b

e
d
is

ca
rd

ed
as

it
w

ou
ld

d
is

co
n
n
ec

t
th

e
gr

ap
h
.

W
e

h
av

e
th

u
s

d
is

co
ve

re
d

th
at
A
L
A
>

h
as

a
p
ro

p
er

ly
fo

rm
ed

n
u
ll
sp

ac
e

if
an

d
on

ly
if

th
e

n
on

-z
er

o
en

tr
ie

s
of
A

ar
e

eq
u
a
l,

re
n
d
er

in
g

th
e

la
tt

er
co

n
d
it

io
n

n
ec

es
sa

ry
.

S
u

ffi
ci

en
cy

.
C

on
si

d
er

in
g

th
at

ev
er

y
L

ap
la

ci
an

of
M

ed
ge

s
ca

n
b

e
re

-w
ri

tt
en

as
L

=
S
>
S

,
w

h
er

e
S

is
th

e
M
×
N

in
ci

d
en

ce
m

at
ri

x
,

on
e

m
ay

co
n
fi
rm

th
at

th
e

co
n
d
it

io
n

is
al

so
su

ffi
ci

en
t

b
y

sh
ow

in
g

th
at

,
fo

r
ev

er
y
A

w
it

h
eq

u
al

n
on

-z
er

o
en

tr
ie

s,
th

e
m

at
ri

x
S
c

=
S
A
>

is
an

in
ci

d
en

ce
m

at
ri

x
of
L
c

su
ch

th
at
L
c

=
S
> c
S
c
.

W
.l
.o

.g
.,

su
p
p

os
e

th
at
α

=
1

(α
2
L

is
a

va
li
d

L
ap

la
ci

an
fo

r
al

l
α

).
B

y
co

n
st

ru
ct

io
n
,

ea
ch

ro
w

of
S
c

is
S
c
(q
,:

)>
=
A
S

(q
,:

)>
.

N
am

e
as

e i
j

th
e

co
rr

es
p

on
d
in

g
ed

ge
,

su
ch

th
at

S
(q
,:

)>
=
δ i
−
δ j

,
w

h
er

e
δ i

is
a

d
ir

ac
ce

n
te

re
d

at
ve

rt
ex

v i
.

It
fo

ll
ow

s
th

at
S
c
(q
,:

)>
=
A
δ i
−
A
δ j

.
O

b
v
io

u
sl

y,
if

n
on

e
of
v i
,v
j

ar
e

co
n
tr

ac
te

d
th

en
S
c
(q
,:

)>
=
δ i
−
δ j

,
w

h
ic

h
is

a
va

li
d

ro
w

.
M

or
eo

ve
r,

b
y

co
n
st

ru
ct

io
n

of
A

,
if

ei
th

er
of
v i
,v
j

is
co

n
tr

ac
te

d
(b

u
t

n
ot

b
ot

h
)

or
if
v i
,v
j

ar
e

co
n
tr

ac
te

d
in

to
d
iff

er
en

t
ve

rt
ic

es
th

en
b

ot
h

re
la

ti
on

s
A
δ i

=
δ i

an
d
A
δ j

=
δ j

h
ol

d
an

d
th

u
s

on
ce

m
or

e
S
c
(q
,:

)>
=
δ i
−
δ j

is
a

va
li
d

ro
w

.
L

as
tl

y,
if
v i
,v
j

ar
e

co
n
tr

ac
te

d
in

to
th

e
sa

m
e

ve
rt

ex
th

en
fo

r
so

m
e
r

it
m

u
st

b
e

th
at
A

(r
,i

)
=
A

(r
,j

),
w

h
er

ea
s
A

(r
′ ,
i)

=
A

(r
′ ,
j)

=
0

fo
r

al
l
r′
6=
r

an
d

th
u
s
S
c
(r
,:

)>
=

0,
si

gn
if

y
in

g
th

at
th

e
ed

ge
is

n
ot

p
re

se
n
t.

S
u
m

m
a
ri

zi
n
g,

in
ev

er
y

ca
se
S
c

is
a

va
li
d

in
ci

d
en

ce
m

at
ri

x
,

re
n
d
er

in
g

th
e

co
n
d
it

io
n

al
so

su
ffi

ci
en

t.

A
.5

.
P

ro
o
f

o
f

P
ro

p
e
rt

y
8

F
or

an
y

tw
o

d
is

jo
in

t
su

b
se

ts
S 1
,S

2
of
V

d
en

ot
e

b
y
w

(S
1
,S

2
)

=
∑

v
i
∈S

1

∑
v
j
∈S

j
w
ij

th
e

cu
t

w
ei

gh
t

in
G

.

T
h
e

cl
ai

m
is

p
ro

ve
n

b
y

in
d
u
ct

io
n

on
th

e
n
u
m

b
er

of
le

ve
ls

.
F

or
th

e
ba

se
ca

se
,

se
t
`

=
1

an
d

d
efi

n
e
C

=
P

+ 1
su

ch
th

at
c r

=
C

(:
,r

)
is

th
e

in
d
ic

at
or

ve
ct

or
of

th
e

co
n
tr

ac
ti

on
se

t
V(r

)
0

.
It

is
a

co
n
se

q
u
en

ce
of

th
e

L
ap

la
ci

an
fo

rm
of
L

th
at

,
fo

r
an

y
v r
,v
q
∈
V 1

w
it

h
r
6=
q,

w
e

h
av

e

W
1
(r
,q

)
=
−
L

1
(r
,q

)
=
−
c> r
L
c q

=
∑ v
i
6=
v
j

w
ij
c r

(i
)c
q
(j

)
+
∑ v
i

d
ic
r
(i

)c
q
(i

)

=
∑

v
i
∈V

(r
)

0
,v
j
∈V

(q
)

0

w
ij

=
w

(S
(r

)
1
,S

(q
)

1
),

w
h
er

e
th

e
p

en
u
lt

im
at

e
st

ep
u
se

s
c r

(i
)c
q
(i

)
=

0
si

n
ce

co
n
tr

ac
ti

on
st

ep
s

ar
e

d
is

jo
in

t,
an

d
th

e

la
st

st
ep

ex
p
lo

it
s

th
e

eq
u
iv

al
en

ce
V(q

)
0

=
S(q

)
1

.
F

or
th

e
in

d
u

ct
iv

e
st

ep
,

co
n
si

d
er

le
ve

l
`
>

1.
S
in

ce
L
`−

1
is

a
L

ap
la

ci
an

m
at

ri
x
,

on
e

m
ay

em
p
lo

y
an

id
en

ti
ca

l
ar

gu
m

en
t

as
w

h
en

`
=

1
to

fi
n
d

th
at

th
e

w
ei

gh
t

b
et

w
ee

n
ve

rt
ic

es
v r
,v
q
∈
V `

w
it

h
r
6=
q

is

W
`(
r,
q)

=
∑

v
i
∈V

(r
)

`
−
1
,v
j
∈V

(q
)

`
−
1

W
`−

1
(i
,j

).

29
JM

L
R

 2
0(

11
6)

:1
-4

2,
 2

01
9

L
o
u
k
a
s

B
y

th
e

in
d
u
ct

io
n

h
y
p

ot
h
es

is
h
ow

ev
er

,
it

m
u
st

b
e
W
`−

1
(i
,j

)
=
w

(S
(i

)
`−

1
,S

(j
)

`−
1
),

im
p
ly

in
g

W
`(
r,
q)

=
∑

v
i
∈V

(r
)

`
−
1
,v
j
∈V

(q
)

`
−
1

w
(S

(i
)

`−
1
,S

(j
)

`−
1
)

=
w

(S
(r

)
`
,S

(q
)

`
),

w
it

h
th

e
fi
n
al

eq
u
al

it
y

b
ei

n
g

tr
u
e

d
u
e

to
th

e
re

cu
rs

iv
e

d
efi

n
it

io
n

of
se

ts
S(r

)
`

an
d
S(q

)
`

,
a
s

w
el

l
as

th
e

fo
ll
ow

in
g

p
ro

p
er

ty
of

cu
ts

:
fo

r
an

y
tw

o
se

ts
(c

al
l

th
em

la
rg

e
se

ts
)

an
d

a
n
y

p
a
rt

it
io

n
of

ea
ch

in
to

an
ar

b
it

ra
ry

n
u
m

b
er

of
su

b
se

ts
,

th
e

cu
t

b
et

w
ee

n
th

e
la

rg
e

se
ts

is
eq

u
a
l

to
th

e
su

m
of

al
l

cu
ts

b
et

w
ee

n
p
ai

rs
of

su
b
se

ts
b

el
o
n
gi

n
g

to
d
iff

er
en

t
la

rg
e

se
ts

.
T

h
is

co
m

p
le

te
s

th
e

p
ro

of
.

A
.6

.
P

ro
o
f

o
f

T
h

e
o
re

m
1
3

T
h
e

lo
w

er
b

ou
n
d

is
gi

v
en

b
y

T
h
eo

re
m

3.
F

or
th

e
u
p
p

er
b

ou
n
d
,

I
re

as
on

si
m

il
a
rl

y
to

th
e

p
ro

of
of

th
e

la
tt

er
to

fi
n
d
:

λ̃
k

=
m

in
d

im
(U

c
)=
k

m
ax

x
c
∈U

c

{
x
> c
L
c
x
c

x
> c
x
c
|x

c
6=

0}
≤
γ

2
m

in
d

im
(U

)=
k
,U
⊆

im
(Π

)
m

ax
x
∈U

{
x
>

Π
L

Π
x

x
>

Π
x
|x
6=

0}
.

A
b

ov
e,

th
e

in
eq

u
al

it
y

is
d
u
e

to
L

em
m

a
19

w
it

h
γ

2
=

1
/λ

1
(P
P
>

).
T

h
u
s,

fo
r

a
n
y

m
a
tr

ix
V

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y

h
ol

d
s

λ̃
k
≤
γ

2
m

ax
x
∈s

p
a
n

(V
)

{
x
>

Π
L

Π
x

x
>

Π
x
|x
6=

0}
,

as
lo

n
g

as
th

e
im

ag
e

of
V

is
of

d
im

en
si

on
k

an
d

d
o
es

n
ot

in
te

rs
ec

t
th

e
n
u
ll
sp

a
ce

o
f

Π
.

W
ri

te
U
k

to
d
en

ot
e

th
e
N
×
k

m
at

ri
x

w
it

h
th

e
k

fi
rs

t
ei

ge
n
ve

ct
o
rs

of
L

,
w

h
o
se

im
a
g
e

is
o
f

d
im

en
si

on
k

as
n
ee

d
ed

.
A

ss
u
m

e
fo

r
n
ow

th
at

th
e

n
u
ll
sp

ac
e

re
q
u
ir

em
en

t
is

a
ls

o
m

et
:

λ̃
k
≤
γ

2
m

ax
x
∈s

p
a
n

(U
k
)

{
x
>

Π
L

Π
x

x
>

Π
x
|x
6=

0}
=
γ

2
m

ax
x
∈s

p
a
n

(U
k
)

{
‖S

Π
x
‖2 2

‖Π
x
‖2 2

|x
6=

0}
.

It
w

il
l

b
e

co
n
ve

n
ie

n
t

to
m

an
ip

u
la

te
th

e
sq

u
ar

e-
ro

ot
of

th
is

q
u
an

ti
ty

:

√
λ̃
k

γ
2
≤

m
ax

a
∈R

k

‖S
Π
U
k
a
‖ 2

‖Π
U
k
a
‖ 2

=
‖S

Π
U
k
‖ 2

‖Π
U
k
‖ 2
≤
‖S
U
k
‖ 2

+
‖S

Π
⊥
U
k
‖ 2

‖Π
U
k
‖ 2

=

√
λ
k

+
‖S

Π
⊥
U
k
‖ 2

‖Π
U
k
‖ 2

,
(9

)

w
it

h
S

d
efi

n
ed

su
ch

th
at
L

=
S
>
S
.

T
h
e

n
or

m
in

th
e

n
u
m

er
at

or
is

u
p
p

er
b

ou
n
d
ed

b
y

‖S
Π
⊥
U
k
‖ 2

=
‖S

Π
⊥
U
k
Λ
−

1
/2

k
Λ

1
/2 k
‖ 2
≤
‖S

Π
⊥
U
k
Λ

+
1
/2

k
‖ 2
‖Λ

1
/2 k
‖ 2

=
√
λ
k
‖S

Π
⊥
U
k
Λ

+
1
/2

k
‖ 2

=
√
λ
k
ε k
.

If
th

e
la

st
st

ep
is

n
ot

im
m

ed
ia

te
ly

ob
v
io

u
s,

on
e

ca
n

b
e

co
n
v
in

ce
d

b
y

fi
rs

t
ex

p
lo

it
in

g
th

e

u
n
it

ar
y
-i

n
va

ri
an

ce
of

th
e

sp
ec

tr
al

n
or

m
to

w
ri

te
‖S

Π
⊥
U
k
Λ

+
1
/2

k
‖ 2

=
‖S

Π
⊥
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.
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p
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S
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Π
⊥

=
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Π
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a
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p
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en
t

p
ro
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m

a
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,
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e
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iou
s
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o
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s
w

h
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‖
Π
⊥
U
k ‖
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1
.

S
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‖
Π
⊥
u
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=

0,
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e
m
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w
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d
e

th
e

fi
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eigen
vector

u
1
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th

e
sp

a
ce

o
f
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terest.

F
or

th
e

rem
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d
er

of
im

(U
k )

th
e
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in

g
h
old

s:

‖
Π
⊥
U
k ‖

22
=

m
ax

x∈
U
k

a
n

d
x⊥

u
1 ‖Π

⊥
x‖

22

‖
x‖

22

≤
1λ
2

m
ax

x∈
U
k

a
n

d
x⊥

u
1 ‖Π

⊥
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2L

‖
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=
ε
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λ
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λ
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T
h
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en

ε
2k
<
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λ
k
,

th
e

n
u
llsp

ace
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n
d
ition
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m
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T

h
e

p
ro

of
is

th
en

con
clu

d
ed

b
y

su
b
stitu

tin
g

th
e
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ou

n
d
‖Π
U
k ‖

22
=

1−
‖
Π
⊥
U
k ‖

22 ≥
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ε
2k
λ
k
λ
2
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d
en
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in
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(9).
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.
P
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o
f

o
f

T
h

e
o
re

m
1
4

L
i

(1
9
9
4
)

sh
ow

ed
th

at
w

e
can

ex
p
ress

th
e

sin
Θ

as
a

su
m

of
sq

u
ared

in
n
er

p
ro

d
u
cts:

∥∥∥
sin

Θ
(U

k ,P
>
Ũ
k ) ∥∥∥

2F
=
∥∥∥
Ũ
>k ⊥
P
U
k ∥∥∥

2F
=
∑i≤
k ∑j>

k (ũ
>j
P
u
i )

2
(10)
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L
c

a
n
d
L

a
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(U
i ,ε

i )-sim
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s
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C
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1
2

th
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u
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P
>
L
c P
u
i ≤
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+
ε
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S
u
m

m
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g
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u
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+
ε
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∑i≤
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j (ũ
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P
u
i )

2
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λ
j (ũ
>j
P
u
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k

λ ∑i≤
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(ũ
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P
u
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2
+
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λ
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(ũ
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P
u
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(11)

w
h
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g

T
h
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I
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1
=
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P
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i
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γ

1 λ
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λ
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(ũ
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P
u
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λ
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(ũ
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P
u
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λ
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λ
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u
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u
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w
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g
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er
w
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(10)

an
d

(11)
y
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s

∥∥∥
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Θ
(U
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>
Ũ
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2F
≤
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k
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+
ε
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i
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λ
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⊥
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λ
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s
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L
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⊥
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u
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u
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Π
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Π
⊥
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⊥
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Π
⊥
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Π
⊥
L

Π
⊥
u
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λ
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⊥
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i
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Π
⊥
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Π
⊥
u
i
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in
g
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‖Π
⊥
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L
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⊥
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i
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u
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L
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u
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+
ε
2i −
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h
e
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ality
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b
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⊥
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⊥
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ε
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ε
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‖
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i ‖
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i ‖
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∥∥∥
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Ũ
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+
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b
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con
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n
e
S
⊂
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ϕ
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S
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(S
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w
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w

h
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b
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t
c
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efi
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L
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con
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set
b
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eith
er
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S
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(b
u
t

n
ot
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b
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s
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w
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)
=
w
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w
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S
c
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set
S
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th
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φ
(S
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=
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m
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(S
),w

(S̄
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w
c (S
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m
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c (S
c ),w

c (S̄
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φ
c (S
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p
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g
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e
k
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G
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d
G
c

are
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b
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φ
k (G
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φ
k (G
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F
or

th
e

u
p
p

er
b

ou
n
d
,

I
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p
loit

th
e

follow
in
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m

u
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ay
C

h
eeger

in
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u
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:

T
h

e
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m
2
1

(R
e
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te
m

e
n
t

o
f

T
h

e
o
re

m
1
.2

b
y

L
e
e

e
t

a
l.

(2
0
1
4
))

F
o
r
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p
h

G
a
n

d
every

k
∈
N

,
w

e
h
a
ve

µ
k2
≤
φ
k (G

)
=
O

( √
µ

2
k
ξ
k (G

)),

w
ith

ξ
k (G

)≤
log

k
.

If
G

is
p
la

n
a
r

th
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ξ
k (G

)≤
1

a
n

d
if
G

exclu
d
es
K
h

a
s

a
m

in
o
r
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t

is
n

o
t

p
la

n
a
r)
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ξ
k (G
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h
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b
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√
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e
th
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m
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−
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=
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st
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n
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.t

.
to

th
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b
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at
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L
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ot
L
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T
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b
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d
efi
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L
c
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L
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2
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en
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r

ev
er

y
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R
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e
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⊥
x
‖ L
≤
ε 2
k
‖x
‖ L
.

T
h
e

su
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st

it
u
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on
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D

1
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∈
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an
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lo

w
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u
s

to
tr

an
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or
m

th
e

se
m
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n
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rm

s
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ov
e

in
to
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m
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n
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m
s
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n
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in

g
L
n

a
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fo
ll
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=
x
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L
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=
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D
−

1
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L
D
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1
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=
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‖2 L
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an
d
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⊥
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‖D
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1
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D

1
/2

Π
⊥
D
−

1
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D

1
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‖ L
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1
/2

Π
⊥
D
−

1
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‖ L

n
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I
−

Π
n
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A
b

ov
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Π
n

=
D

1
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Π
D
−

1
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th

e
p
ro
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ct
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n

m
at
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x
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h
e
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t

of
p
ro

je
ct
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n

m
a
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u
n
d
er

si
m

il
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it
y
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an

sf
or

m
at

io
n
s)
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rr

es
p

on
d
in

g
to

th
e
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ar

se
n
in

g
m

at
ri

x
P
n

=
P
D
−

1
/2

,
an

d
n
ow

y c
=

Π
n
y
.

It
fo

ll
ow

s
th

at
,

fo
r

ev
er

y
y
∈

V
2
k

=
sp

an
(V

2
k
),

w
e

h
av

e

‖y
−

Π
n
y
‖ L

n
≤
ε 2
k
‖y
‖ L

n

an
d

th
u
s
L
n c

an
d
L
n

ar
e
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2
k
,ε

2
k
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si
m

il
ar
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C
om

b
in
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th
e
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u
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w

ay
C

h
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u
al

it
y

w
it
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m
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r
L
n c

an
d
L
n
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e
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s

φ
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(G
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)

=
O
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2
k
ξ k

(G
))

=
O
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2
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+
ε 2
k
)2

µ
2

µ
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−
ε 2
k
µ

2
k
µ

2
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ξ k

(G
))

=
O
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γ

2
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+
ε 2
k
)2
ξ k
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)

1
−
ε2 2
k
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2
k
/
µ

2
)
φ
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er

e
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n
va
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ar
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e

p
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d
s

w
h
en

ev
er
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<
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2
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2
k
.

F
u
rt

h
er

,
w

h
en
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=

2
th

e
u
p
p

er
b
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n
d

si
m

p
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2 2
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c
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≤
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+
ε 2
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−
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p
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h
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b
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Π
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b
y
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Π
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∈
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b
e

a
b
as

is
of

R
.

I
st

ar
t

b
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∈
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Π
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‖ L
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⊥
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∈
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Π
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d
er

iv
e

m
ax

x
∈R
‖x
−

Π
x
‖ L

‖x
‖ L

=
m

ax
x
∈R
‖S

Π
⊥
x
‖ 2

‖L
1
/2
x
‖ 2

=
m

ax
x
∈R
‖S

Π
⊥
V
V
>
x
‖ 2

‖L
1
/2
x
‖ 2

(1
3
)

=
m

ax
x
∈i

m
(L
V

)

‖S
Π
⊥
V
V
>
L

+
1
/2
x
‖ 2

‖x
‖ 2

(1
4
)

≤
‖S

Π
⊥
V
V
>
L

+
1
/2
‖ 2

=
‖Π
⊥
B

0
‖ L
,

w
h
er

e
eq

u
al

it
y

(1
3)

h
ol

d
s

b
ec

au
se
V
V
>

is
a

p
ro

je
ct

io
n

on
to

R
,

w
h
er

ea
s

eq
u
a
li
ty

(1
4
)

is
tr

u
e

si
n
ce
L

is
in

v
er

ti
b
le

w
it

h
in

R
.

O
n
e

sh
ou

ld
al

so
n
ot

e
th

at
,

fo
r

th
e

sp
ec

ifi
c

ca
se

w
h
er

e
V

is
an

ei
ge

n
sp

ac
e

of
L

,
im

(L
V

)
=

R
an

d
as

su
ch
ε

=
‖Π
⊥
x
‖ L
/
‖x
‖ L

=
‖S

Π
⊥
V
V
>
L

+
1
/2
‖ 2

(o
n
ce

m
or

e
w

.l
.o

.g
.

th
e

n
u
ll
sp

a
ce

o
f
L

ca
n

b
e

ig
n
or

ed
).

In
ad

d
it

io
n
,

as
th

e
fo

ll
ow

in
g

te
ch

n
ic

al
le

m
m

a
cl

a
im

s,
in

a
m

u
lt

i-
le

ve
l

sc
h
em

e,
a
n
y
‖Π
⊥
x
‖ L

ca
n

b
e

b
ro

k
en

d
ow

n
in

to
th

e
co

n
tr

ib
u
ti

on
s

of
ea

ch
le

v
el

:

L
e
m

m
a

2
2

D
efi

n
e

p
ro

je
ct

io
n

m
a
tr

ic
es

Π
`

=
P

+ `
P
`

a
n

d
Π
⊥ `

=
I
−

Π
`.

If

‖Π
⊥ `
x
`−

1
‖ L

`
−
1
≤
σ
`
‖x

`−
1
‖ L

`
−
1

a
t

ea
ch

le
ve

l
`
≤
c,

th
en

th
e

m
u

lt
i-

le
ve

l
er

ro
r

is
bo

u
n

d
ed

by

‖Π
⊥
x
‖ L
≤

 
c ∑ `=

1

σ
`

`−
1

∏ q
=

1

(1
+
σ
q
) 
‖x
‖ L

=

(
c ∏ `=

1

(1
+
σ
`)
−

1)
‖x
‖ L
.

P
ro

o
f

R
ec

u
rs

iv
el

y
ap

p
ly

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y

∥ ∥ ∥S
`−

1
Π
⊥ `
x
`−

1

∥ ∥ ∥ 2
≤
σ
`
‖S

`−
1
x
`−

1
‖ 2

=
σ
`
‖S

`−
2
Π
`−

1
x
`−

2
‖ 2

≤
σ
`

( ‖
S
`−

2
x
`−

2
‖ 2

+
∥ ∥ ∥S

`−
2
Π
⊥ `−

1
x
`−

2

∥ ∥ ∥ 2

)

≤
σ
`
(‖
S
`−

2
x
`−

2
‖ 2

+
σ
`−

1
‖S

`−
2
x
`−

2
‖ 2

)
=
σ
`
(1

+
σ
`−

1
)
‖S

`−
2
x
`−

2
‖ 2

to
d
ed

u
ce

th
at

∥ ∥ ∥S
`−

1
Π
⊥ `
x
`−

1

∥ ∥ ∥ 2
≤
σ
`

`−
1

∏ q
=

1

(1
+
σ
q
)‖
S

0
x

0
‖ 2

=
σ
`

`−
1

∏ q
=

1

(1
+
σ
q
)‖
x
‖ L
.
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h
S
p
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c
t
r
a
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a
n
d

C
u
t
G
u
a
r
a
n
t
e
e
s

T
h
e

en
d
-to

-en
d

error‖
S

Π
⊥
x‖

2
is

con
trolled

w
ith

a
sim

p
le

telescop
ic

series
argu

m
en

t.

‖
Π
⊥
x‖

L
=
‖
S

0 Π
⊥
x

0 ‖
2

=
‖
S

0 x
0 −

S
c x
c ‖

2

≤
‖S

0 x
0 −

S
1 x

1 ‖
2

+
‖
S

1 x
1 −

S
2 x

2 ‖
2

+
...

+
‖
S
c−

1 x
c−

1 −
S
c x
c ‖

2

=
‖
S

0 Π
⊥1
x

1 ‖
2

+
‖
S

1 Π
⊥1
x

1 ‖
2

+
...

+
‖S

c−
1 Π
⊥c
x
c−

1 ‖
2

T
o
g
eth

er,
th

e
ab

ove
tw

o
resu

lts
im

p
ly

th
e

d
esired

b
ou

n
d
.

T
h
erefo

re,
to

g
u
aran

tee
th

at
in

a
m

u
lti-level

sch
em

e

‖
Π
⊥
B

0 ‖
L

=
m

ax
b∈

R
N

‖
S

Π
⊥
B

0
b‖

2

‖
b‖

2
≤
ε,

o
n
e

n
eed

s
to

m
ake

su
re

th
at,

for
each

level
`

=
1,...,c,

th
e

follow
in

g
h
old

s:

‖S
`−

1 Π
⊥`
x
`−

1 ‖
2

‖
S
`−

1 x
`−

1 ‖
2
≤
σ
` ,

for
all

x
`−

1
=
P
`−

1 ···P
1 B

0
b

B
y

th
e

sa
m

e
a
rgu

m
en

t
u
sed

for
th

e
m

u
lti-level

error,
w

h
en

`
=

1,
w

e
h
ave

th
at

σ
1

=
‖
Π
⊥1
B

0 ‖
L
0 .

F
o
r

all
oth

er
`,

set
B
`−

1
=
P
`−

1 ···P
1 B

0
an

d
fu

rth
er

let
(B
>`−

1 L
`−

1 B
`−

1 )
+

1/
2

b
e

th
e

p
seu

d
o
-in

verse
of

th
e

m
atrix

sq
u
are-ro

ot
of

th
e
N
×
N

m
atrix

B
>`−

1 L
`−

1 B
`−

1 .
B

y
th

e
su

b
stitu

tio
n
b

=
S
`−

1 B
`−

1 a
,

th
e

ab
ove

can
b

e
rew

ritten
as

m
a
x

b∈
R
N

‖S
`−

1 Π
⊥`
B
`−

1 b‖
2

‖S
`−

1 B
`−

1 b‖
2

=
m

ax
b∈

R
N

‖S
`−

1 Π
⊥`
B
`−

1 (B
>`−

1 L
`−

1 B
`−

1 )
+

1/
2b‖

2

‖b‖
2

.

F
o
r
`
>

1
,

th
erefore

σ
`

=
‖
Π
⊥`
A
`−

1 ‖
L
`−

1
w

ith
A
`−

1
=
B
`−

1 (B
>`−

1 L
`−

1 B
`−

1 )
+

1/
2.

A
.1

0
.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1
8

F
o
r

n
o
ta

tio
n
a
l

sim
p
licity

in
th

e
con

tex
t

of
th

is
p
ro

of
I

d
rop

level
in

d
ices

an
d

assu
m

e
th

at
o
n
ly

a
sin

g
le

coarsen
in

g
level

is
u
sed

—
th

is
is

w
ith

ou
t

loss
of

gen
erality,

as
an

id
en

tical
a
rg

u
m

en
t

h
o
ld

s
for

every
level

of
th

e
sch

em
e.

C
o
n
sid

er
a
n
y
x

an
d

set
y

=
Π
⊥
x

.
F

u
rth

erm
ore,

d
efi

n
e

for
each

con
traction

set
th

e
(i)

in
tern

a
l

ed
g
e

setE
(r

)
=
{e
ij |v

i ,v
j ∈
V

(r
)

an
d
e
ij ∈
E
`−

1 }
,

an
d

(ii)
th

e
bo

u
n

d
a
ry

ed
ge

set
∂E

(r
),

su
ch

th
a
t
e
ij ∈

∂E
(r

)
if

an
d

on
ly

if
v
i ∈
V

(r
)

an
d
v
j
/∈
V

(r
).

It
is

tru
e

th
at

‖
Π
⊥
x‖

2L
=
∑e
ij ∈E

w
ij (y

(i)−
y
(j))

2

=
n
∑r
=

1 (
∑e
ij ∈E

(r
) w

ij (y
(i)−

y
(j))

2

︸
︷︷

︸
a
r

+
12

∑

e
ij ∈

∂E
(r

) w
ij (y

(i)−
y
(j))

2

︸
︷︷

︸
b
r

)
.
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L
o
u
k
a
s

In
th

e
follow

in
g,

I
w

ill
ex

p
ress

a
r

an
d
b
r

as
a

fu
n
ction

of
th

e
vector

y
r

=
Π
⊥V
(r

) x
.

T
erm

a
r

is
lu

ck
ily

in
d
ep

en
d
en

t
of

an
y

oth
er

con
traction

set:

a
r

=
∑e
ij ∈E

(r
) w

ij (y
(i)−

y
(j))

2
=

∑e
ij ∈E

(r
) w

ij (y
r (i)−

y
r (j))

2.

O
n

th
e

oth
er

h
an

d
,
b
r

is
sm

aller
th

an

b
r

=
∑

e
ij ∈

∂E
(r

) w
ij (y

(i)−
y
(j))

2≤
2
∑

e
ij ∈

∂E
(r

) w
ij (y

(i)−
0)

2
+

2
∑

e
ij ∈

∂E
(r

) w
ij (0−

y
(j))

2.

D
istrib

u
tin

g
th

e
secon

d
q
u
an

tities,
resp

ectively,
am

on
gst

th
e

con
traction

sets
th

at
in

clu
d
e

said
v
ertices,

on
e

gets

‖Π
⊥
x‖

2L
≤

n
∑r
=

1 (
∑e
ij ∈E

(r
) w

ij (y
r (i)−

y
r (j))

2
+

2
∑

e
ij ∈

∂E
(r

) w
ij (y

(i)−
0)

2 )

=
n
∑r
=

1 (
∑e
ij ∈E

(r
) w

ij (y
r (i)−

y
r (j))

2
+

∑

e
ij ∈

∂E
(r

) (2w
ij )(y

r (i)−
y
r (j))

2 )

=
n
∑r
=

1 ‖
y
r ‖

2L
V
(r

)
=
∑C∈P ‖

y
r ‖

2L
C .

T
h
e

secon
d

step
ab

ove
u
sed

th
e

fact
th

at
[Π
⊥

](i)
=

0
for

all
v
i
/∈
C

.
A

d
ecou

p
led

b
ou

n
d

can
th

en
b

e
ob

tain
ed

as
follow

s:

‖
Π
⊥
A‖

2L
=

m
ax

a∈
R
k−

1 ‖S
Π
⊥
A
a‖

22

‖a‖
22

≤
∑C∈P

m
ax

a∈
R
k−

1 ‖Π
⊥C
A
a‖

2L
C

‖a‖
22

=
∑C∈P ‖

Π
⊥C
A‖

2L
C

T
h
e

fi
n
al

in
eq

u
ality

is
d
erived

b
y

tak
in

g
th

e
sq

u
are-ro

ot
of

th
e

last
eq

u
ation

.

A
p
p
e
n
d
ix

B
.
C
o
m
p
le
x
ity

A
n
a
ly
sis

T
h
e

com
p
u
tation

al
com

p
lex

ity
of

A
lgorith

m
1

d
ep

en
d
s

on
th

e
n
u
m

b
er

of
n
o
d
es
N

an
d

ed
ges

M
of
G

,
th

e
n
u
m

b
er

of
levels

c,
th

e
su

b
sp

ace
size

k
,

as
w

ell
as

on
h
ow

th
e

fam
ilies

of
can

d
id

ate
sets

are
form

ed
.

T
o

d
erive

w
orst-case

b
ou

n
d
s,

I
d
en

ote
b
y

Φ
`

=
∑
C∈F

` |C|
th

e
n
u
m

b
er

of
vertices

in
all

can
d
id

ate
sets

an
d

b
y
δ

=
m

ax
`,C∈F

` |C|
th

e
card

in
ality

o
f

th
e

m
ax

im
u
m

can
d
id

ate
set

ov
er

all
levels.

F
u
rth

erm
ore,

I
su

p
p

o
se

th
at

th
e

p
er-level

red
u
ction

ratio
r
`

is
a

con
stan

t.

I
start

w
ith

som
e

b
asic

ob
servation

s:

•
C

o
m

p
u

tin
g
A

0 ,...,A
c−

1
is

po
ssible

in
Õ

(ck
M

+
k

2N
+
ck

3)
o
pera

tio
n

s
w

h
en

V
=
U
k .

E
ach

A
`−

1
is

com
p
u
ted

on
ce

for
each

level.
F

or
`

=
1,

on
e

n
eed

s
to

ap
p
rox

im
ate

th
e

fi
rst

k
eigen

p
airs

of
L

,
w

h
ich

can
b

e
ach

iev
ed

in
Õ

(k
M

)
op

eration
s

u
sin

g
in

verse
iteration

as
d
escrib

ed
b
y

V
ish

n
oi

et
al.

(2013).
F

or
con

secu
tive

lev
els,

form
in

g
m

atrix
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1
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1
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1
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ke
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1
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1
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er

at
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h
er
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p
u
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th
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u
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1
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1
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si

b
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at
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n
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S
u
m

m
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u
p
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e
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ou

n
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O
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∑
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1
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k

2
∑
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2
N
`−

1
+
ck

3
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=
O

(c
k
M

+
k

2
N

+
ck

3
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w
h
er

e
I

u
se

d
th

e
ob

se
rv

at
io

n
th
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∑

c `=
2
N
`−

1
=
O

(N
).

•
A

t
ea

ch
le

ve
l,

th
e

co
st

fu
n

ct
io

n
is

ev
a
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a
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d
a
t

m
o
st

Φ
`

ti
m

es
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O
n
e

st
ar

ts
b
y

co
m

p
u
ti

n
g

th
e
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st
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ea
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n
d
id

at
e

se
t
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F `

.
M

or
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ve
r,

ev
er

y
C

ad
d
ed

to
P `

ca
u
se

s
th

e
p
ru

n
in

g
of

at
m

os
t
∑

v
i
∈C

(φ
i
−

1)
ot

h
er

se
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,
w

h
er

e
φ
i

is
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e
n
u
m

b
er

of
ca

n
d
id

at
e

se
ts

th
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in
cl

u
d
e
v i

.
S
in

ce
P `

is
a

p
ar

ti
ti

on
in

g
of
V `
−

1
,

at
m

os
t
∑
C∈
P `
∑

v
i
∈C

(φ
i
−

1
)
≤

∑
v
i
∈V

`
−
1
φ
i
−
|F
`|

=
Φ
`
−
|F
`|

co
st

re
-e

va
lu

at
io

n
ar

e
n
ee

d
ed

.

•
G

iv
en

A
`−

1
,

ea
ch

ca
ll

o
f

co
st
`(
C)

re
qu

ir
es
O

(m
in
{k

2
δ

+
k
δ2
,
k
δ2

+
δ3
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o
pe

ra
ti

o
n

s.
T

h
e

in
v
ol

ve
d

m
at

ri
ce

s
th

em
se

lv
es

ca
n

b
e

ea
si

ly
fo

rm
ed

si
n
ce

,
ex

cl
u
d
in

g
al

l-
ze

ro
ro

w
s

an
d

co
lu

m
n
s,

b
ot

h
L
C

an
d

Π
⊥ C

ar
e
|C
|×
|C
|m

at
ri

ce
s

an
d

on
e

ca
n

sa
fe

ly
re

st
ri
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A
`−

1

to
b

e
of

si
ze
|C
|×
k

b
y

d
el

et
in

g
al

l
ro

w
s

th
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w
ou

ld
h
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e
b

ee
n

m
u
lt

ip
li
ed

b
y

ze
ro

.
N

ow
,

b
y

d
efi

n
it

io
n
,

th
e

in
ci

d
en

ce
m

a
tr
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S
C

of
L
C

h
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m

os
t
δ
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lu

m
n
s

an
d

2δ
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w
s

(s
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ce
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e
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n
b
u
n
d
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b
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n
d
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y
w
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a
v
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C
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n
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e
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w
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D
ep

en
d
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g
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e

re
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k
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d
δ
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p
u
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p
ro

ac
h
es

,
ar

e
b
as

ed
o
n

o
p
ti

m
iz

at
io

n
te

ch
n
iq

u
es

a
n
d

in
cl

u
d
e

va
ri

at
io

n
al

in
fe

re
n
ce

(v
i,

J
or

d
an

et
al

.,
19

98
),

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
(s

ee
e.

g
.

M
a
cK

ay
,

20
03

,
C

h
ap

te
r

27
)

an
d

ex
p

ec
ta

ti
on

p
ro

p
ag

at
io

n
(e
p

,
M

in
ka

,
20

01
).

O
n

th
e

on
e

h
an

d
,

al
th

ou
gh

st
o
ch

as
ti

c
te

ch
n
iq

u
es

su
ch

as
m
c
m
c

p
ro

v
id

e
a

fl
ex

ib
le

fr
a
m

e-
w

or
k

fo
r

sa
m

p
li
n
g

fr
om

co
m

p
le

x
p

os
te

ri
or

d
is

tr
ib

u
ti

o
n
s

of
p
ro

b
ab

il
is

ti
c

m
o
d
el

s,
th

ei
r

g
en

-
er

al
it

y
co

m
es

at
th

e
ex

p
en

se
of

a
ve

ry
h
ig

h
co

m
p
u
ta

ti
on

al
co

st
as

w
el

l
as

cu
m

b
er

so
m

e
co

n
-
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

verg
en

ce
an

a
ly

sis.
O

n
th

e
oth

er
h
an

d
,

d
eterm

in
istic

m
eth

o
d
s

su
ch

as
variation

a
l

in
feren

ce
b
u
ild

u
p

o
n

th
e

m
ain

in
sigh

t
th

at
op

tim
ization

is
gen

erally
easier

th
a
n

in
tegration

.
C

on
se-

q
u
en

tly,
th

ey
estim

ate
a

p
osterior

b
y

m
ax

im
izin

g
a

low
er

b
ou

n
d

of
th

e
m

a
rgin

al
likelih

o
o
d
,

th
e

so
-ca

lled
ev

id
en

ce
low

er
b

ou
n
d

(e
l
b
o

).
V

ariation
a
l

m
eth

o
d
s

can
b

e
con

sid
erab

ly
faster

th
a
n

m
c
m
c

b
u
t

th
ey

lack
m
c
m
c

’s
b
road

er
ap

p
licab

ility,
u
su

ally
req

u
irin

g
m

ath
em

atical
d
eriva

tio
n
s

o
n

a
m

o
d
el-b

y
-m

o
d
el

b
asis. 1

1
.2

.
C

o
n
trib

u
tio

n
s

In
th

is
p
a
p

er
w

e
ad

d
ress

th
e

ab
ove

ch
allen

ges
b
y

d
evelop

in
g

a
scalab

le
au

to
m

ated
variation

al
m

eth
o
d

fo
r

in
feren

ce
in

m
o
d
els

w
ith

G
au

ssian
p
ro

cess
p
riors

an
d

gen
eral

likelih
o
o
d
s.

T
h
is

m
eth

o
d

red
u
ces

th
e

overh
ead

of
th

e
ted

iou
s

m
ath

em
atical

d
erivation

s
trad

ition
ally

in
h
eren

t
to

va
ria

tion
a
l

a
lgorith

m
s,

allow
in

g
th

eir
ap

p
lication

to
a

w
id

e
ran

ge
of

p
rob

lem
s.

In
p
a
r-

ticu
la

r,
w

e
co

n
sid

er
m

o
d
els

w
ith

m
u
ltip

le
laten

t
fu

n
ctio

n
s,

m
u
ltip

le
ou

tp
u
ts

an
d

n
on

-lin
ear

likelih
o
o
d
s

th
a
t

satisfy
th

e
follow

in
g

p
rop

erties:
(i)

factorization
across

laten
t

fu
n
ction

s
an

d
(ii)

facto
riza

tion
across

ob
servation

s.
T

h
e

form
er

a
ssu

m
es

th
at,

w
h
en

th
ere

are
m

ore
th

an
o
n
e

la
ten

t
fu

n
ction

,
th

ey
are

gen
erated

from
in

d
ep

en
d
en

t
g
p

s.
T

h
e

latter
assu

m
es

th
at,

g
iven

th
e

la
ten

t
fu

n
ction

s,
th

e
ob

servation
s

are
con

d
ition

ally
in

d
ep

en
d
en

t.
E

x
istin

g
g
p

m
o
d
els,

su
ch

as
regression

(R
asm

u
ssen

an
d

W
illiam

s,
2006),

b
in

ary
a
n
d

m
u
lti-cla

ss
cla

ssifi
cation

(N
ick

isch
an

d
R

asm
u
ssen

,2008;W
illiam

s
an

d
B

arb
er,

1998),
w

arp
ed

g
p

s
(S

n
elson

et
al.,

2003),
log

G
au

ssian
C

ox
p
ro

cess
(M

øller
et

al.,
1998),

an
d

m
u
lti-ou

tp
u
t

reg
ressio

n
(W

ilson
et

al.,
2012),

all
fall

in
to

th
is

class
of

m
o
d
els.

F
u
rth

erm
o
re,

ou
r

ap
-

p
ro

a
ch

g
o
es

w
ell

b
eyon

d
stan

d
ard

settin
g
s

for
w

h
ich

elab
orate

learn
in

g
m

ach
in

ery
h
as

b
een

d
evelo

p
ed

,
a
s

w
e

on
ly

req
u
ire

access
to

th
e

lik
elih

o
o
d

fu
n
ction

in
a

b
lack

-b
ox

m
an

n
er.

A
s

w
e

sh
a
ll

see
b

elow
,

ou
r

in
feren

ce
m

eth
o
d

can
scale

u
p

to
very

large
d
a
tasets,

h
en

ce
w

e
w

ill
refer

to
it

a
s
sa
v
ig
p

,
w

h
ich

stan
d
s

for
sca

la
ble

a
u

to
m

a
ted

va
ria

tio
n

a
l

in
feren

ce
fo

r
G

a
u

ssia
n

p
rocess

m
o
d
els.

T
h
e

key
ch

aracteristics
of

ou
r

m
eth

o
d

an
d

con
trib

u
tion

s
of

th
is

w
ork

are
su

m
m

a
rized

b
elow

.

•
B

la
ck-bo

x
likelih

ood
s:

A
s

m
en

tion
ed

ab
ove,

th
e

m
ain

con
trib

u
tion

o
f

th
is

w
ork

is
to

b
e

a
b
le

to
carry

ou
t

p
osterior

in
feren

ce
w

ith
g
p

p
riors

an
d

gen
eral

likelih
o
o
d

m
o
d
els,

w
ith

o
u
t

k
n
ow

in
g

th
e

d
etails

of
th

e
co

n
d
ition

al
likelih

o
o
d

(or
its

gra
d
ien

ts)
an

d
on

ly
req

u
irin

g
its

evalu
ation

as
a

b
lack

-b
ox

fu
n
ction

.

•
S

ca
la

ble
in

feren
ce

a
n

d
stoch

a
stic

o
p
tim

iza
tio

n
:

B
y

b
u
ild

in
g

u
p

on
th

e
in

d
u
cin

g-variab
le

a
p
p
ro

a
ch

u
n
d
erp

in
n
in

g
m

ost
sp

arse
ap

p
rox

im
ation

s
to

g
p

m
o
d
els

(Q
u
iñ

on
ero-C

an
d
ela

a
n
d

R
a
sm

u
ssen

,
2005;

T
itsias,

2009),
th

e
com

p
u
tatio

n
al

com
p
lex

ity
of

ou
r

m
eth

o
d

is
d
om

in
a
ted

b
y
O

(M
3)

op
eration

s
in

tim
e,

w
h
ere

M
�

N
is

th
e

n
u
m

b
er

of
in

d
u
cin

g
va

ria
b
les

an
d
N

th
e

n
u
m

b
er

of
ob

servation
s.

T
h
is

is
in

con
trast

to
n
aive

in
feren

ce
in

g
p

m
o
d
els

w
h
ich

h
as

a
tim

e
com

p
lex

ity
ofO

(N
3).

A
s

th
e

resu
ltin

g
e
l
b
o

d
ecom

p
oses

over
th

e
train

in
g

d
atap

oin
ts,

ou
r

m
o
d
el

is
am

en
ab

le
to

p
arallel

com
p
u
tation

an
d

sto
ch

astic
op

tim
ization

.
In

fact,
w

e
p
rov

id
e

an
im

p
lem

en
tatio

n
th

a
t

can
sca

le
u
p

to
a

v
ery

la
rge

n
u
m

b
er

of
ob

servation
s,

ex
p
loitin

g
sto

ch
astic

op
tim

ization
,

m
u
lti-core

a
rch

itectu
res

an
d
g
p
u

com
p
u
tation

.

1
.

H
ow

ev
er,

w
e

n
o
te

recen
t

d
ev

elo
p

m
en

ts
su

ch
a
s

va
ria

tio
n

a
l

a
u

to
-en

co
d

ers
(K

in
g
m

a
a
n

d
W

ellin
g
,

2
0
1
4
)

a
n

d
refer

th
e

rea
d

er
to

th
e

rela
ted

w
o
rk

a
n

d
th

e
d

iscu
ssio

n
(S

ectio
n

s
2
.4

a
n

d
1
0
,

resp
ectiv

ely
).
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

•
J

o
in

t
lea

rn
in

g
o
f

m
od

el
pa

ra
m

eters:
A

s
ou

r
ap

p
roach

is
u
n
d
erp

in
n
ed

b
y

variatio
n
al

in
feren

ce
p
rin

cip
les,

sa
v
ig
p

allow
s

for
learn

in
g

of
all

m
o
d
el

p
aram

eters,
in

clu
d
in

g
p

osterior
p
aram

eters,
in

d
u
cin

g
in

p
u
ts,

covarian
ce

h
y
p

erp
aram

eters
a
n
d

likelih
o
o
d

p
a-

ram
eters,

w
ith

in
th

e
sam

e
fram

ew
ork

v
ia

m
ax

im
ization

of
th

e
ev

id
en

ce
low

er
b

ou
n
d

(e
l
b
o

).

•
M

u
ltip

le
o
u

tp
u

ts
a
n

d
m

u
ltip

le
la

ten
t

fu
n

ctio
n

s:
sa
v
ig
p

is
d
esign

ed
to

su
p
p

ort
m

o
d
els

w
ith

m
u
ltip

le
ou

tp
u
ts

an
d

m
u
ltip

le
laten

t
fu

n
ction

s,
su

ch
as

in
m

u
lti-class

classifi
ca-

tion
(W

illiam
s

an
d

B
arb

er,
1998)

an
d

n
on

-station
ary

m
u
lti-ou

tp
u
t

regression
(W

ilson
et

al.,
2012).

It
d
o
es

so
in

a
very

fl
ex

ib
le

w
ay,

allow
in

g
th

e
d
iff

eren
t
g
p

p
riors

on
th

e
laten

t
fu

n
ction

s
to

h
ave

d
iff

eren
t

covarian
ce

fu
n
ction

s
an

d
in

d
u
cin

g
in

p
u
ts.

•
F

lexible
po

sterio
r:

sa
v
ig
p

u
ses

a
m

ix
tu

re
of

G
au

ssian
s

a
s

th
e

ap
p
rox

im
atin

g
p

osterior
d
istrib

u
tion

.
T

h
is

is
a

very
gen

eral
ap

p
roa

ch
as

it
is

w
ell

k
n
ow

n
th

at,
w

ith
a

su
ffi

cien
t

n
u
m

b
er

of
com

p
on

en
ts,

alm
ost

an
y

con
tin

u
ou

s
d
en

sity
can

b
e

ap
p
rox

im
ated

w
ith

arb
itrary

accu
racy

(M
az’y

a
an

d
S
ch

m
id

t,
1996).

•
S

ta
tistica

l
effi

cien
cy:

B
y

u
sin

g
k
n
ow

led
ge

of
th

e
ap

p
rox

im
ate

p
osterior

an
d

th
e

stru
c-

tu
re

of
th

e
g
p

p
rior,

w
e

ex
p
loit

th
e

d
ecom

p
osition

of
th

e
e
l
b
o

,
in

to
a

K
L

-d
ivergen

ce
term

an
d

an
ex

p
ected

log
likelih

o
o
d

term
,

to
p
rov

id
e

sta
tistica

lly
effi

cien
t

p
a
ram

eter
estim

ates.
In

p
articu

lar,
w

e
d
erive

an
an

aly
tical

low
er

b
ou

n
d

for
th

e
K

L
-d

iv
ergen

ce
term

an
d

w
e

sh
ow

th
at,

for
gen

eral
b
lack

-b
ox

likelih
o
o
d

m
o
d
els,

th
e

ex
p

ected
log

likeli-
h
o
o
d

term
an

d
its

grad
ien

ts
can

b
e

com
p
u
ted

effi
cien

tly
u
sin

g
sam

p
les

from
u

n
iva

ria
te

G
au

ssian
d
istrib

u
tion

s.

•
E

ffi
cien

t
re-pa

ra
m

etriza
tio

n
:

F
or

th
e

case
of

a
sin

gle
fu

ll
G

au
ssian

variation
al

p
os-

terior,
w

e
sh

ow
th

at
it

is
p

ossib
le

to
re-p

aram
etrize

th
e

m
o
d
el

so
th

at
th

e
op

tim
al

p
osterior

can
b

e
rep

resen
ted

u
sin

g
a

p
aram

etrization
th

at
is

lin
ear

in
th

e
n
u
m

b
er

of
ob

servation
s.

T
h
is

p
aram

etrization
b

ecom
es

u
sefu

l
for

d
en

ser
m

o
d
els,

i.e.
for

m
o
d
els

th
at

h
av

e
a

larger
n
u
m

b
er

of
in

d
u
cin

g
variab

les.

•
E

xten
sive

experim
en

ta
tio

n
:

W
e

evalu
ate

sa
v
ig
p

w
ith

ex
p

erim
en

ts
on

sm
all

d
atasets,

m
ed

iu
m

-scale
d
atasets

an
d

tw
o

large
d
atasets.

T
h
e

ex
p

erim
en

ts
on

sm
all

d
ata

sets
(N

<
1,300)

evalu
ate

th
e

m
eth

o
d

u
n
d
er

d
iff

eren
t

likelih
o
o
d

m
o
d
els

an
d

sp
arsity

levels
(as

d
eterm

in
ed

b
y

th
e

n
u
m

b
er

of
in

d
u
cin

g
variab

les),
in

clu
d
in

g
p
rob

lem
s

su
ch

as
regression

,
classifi

cation
,

L
og

G
au

ssian
C

ox
p
ro

cesses,
an

d
w

arp
ed

g
p

s
(S

n
elson

et
al.,

2003).
W

e
sh

ow
th

at
sa
v
ig
p

can
p

erform
as

w
ell

as
h
ard

-co
d
ed

in
feren

ce
m

eth
o
d
s

u
n
d
er

h
igh

levels
of

sp
arsity.

T
h
e

m
ed

iu
m

-scale
ex

p
erim

en
ts

con
sid

er
b
in

ary
an

d
m

u
lti-class

classifi
cation

u
sin

g
th

e
m
n
ist

d
ataset

(N
=

60,000)
an

d
n
on

-station
ary

regression
u
n
d
er

th
e
g
p
r
n

m
o
d
el

(W
ilson

et
al.,

2012)
u
sin

g
th

e
sa

r
c
o
s

d
ataset

(N
≈

45,000).
B

esid
es

sh
ow

in
g

th
e

com
p

etitiven
ess

of
ou

r
m

o
d
el

for
p
rob

lem
s

at
th

is
scale,

w
e

an
aly

ze
th

e
eff

ect
of

learn
in

g
th

e
in

d
u
cin

g
in

p
u
ts,

i.e.
th

e
lo

cation
of

in
d
u
cin

g
variab

les.
In

ou
r

fi
rst

large-scale
ex

p
erim

en
t,

w
e

stu
d
y

th
e

p
rob

lem
of

p
red

ictin
g

airlin
e

d
elay

s
(u

sin
g
N

=
700,000),

an
d

sh
ow

th
at

ou
r

m
eth

o
d

is
on

p
ar

w
ith

th
e

state-of-th
e-art

ap
p
roach

for
scalab

le
g
p

regression
(H

en
sm

an
et

al.,
2013),

w
h
ich

u
ses

fu
ll

k
n
ow

led
ge

of
th

e
likelih

o
o
d

m
o
d
el.

In
ou

r
secon

d
large-scale

ex
p

erim
en

t,
w

e
con

sid
er

th
e
m
n
ist

8
m

d
ataset,

w
h
ich

is
an

au
gm

en
ted

version
of

m
n
ist

(con
tain

in
g
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ss
ia
n
P
r
o
c
e
ss

M
o
d
e
l
s

N
=

8
,1

00
,0

00
ob

se
rv

at
io

n
s)

.
W

e
sh

ow
th

at
b
y

u
si

n
g

th
is

au
gm

en
te

d
d
at

a
se

t
w

e
ca

n
im

p
ro

v
e

p
er

fo
rm

an
ce

si
gn

ifi
ca

n
tl

y.
F

in
al

ly
,

in
an

ex
p

er
im

en
t

co
n
ce

rn
in

g
a

n
on

-
li
n
ea

r
se
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u
ts

ar
e

in
d
u
ce

d
v
ia

li
n
ea

r
co

m
b
in

at
io

n
s

o
f

a
se

t
o
f

in
d
ep

en
d
en

t
la

te
n
t

p
ro

ce
ss

es
.

S
u
ch

li
n
ea

r
co

m
b
in

at
io

n
s

ca
n

u
se

fi
x
ed

co
effi

ci
en

ts
(s

ee
e.

g
.

T
eh

et
al

.,
20

05
)

or
in

p
u
t-

d
ep

en
d
en

t
co

effi
ci

en
ts

(W
il
so

n
et

al
.,

20
12

;
N

gu
ye

n
a
n
d

B
o
n
il
la

,
20

13
).

T
as

k
s

d
ep

en
d
en

ci
es

ca
n

al
so

b
e

d
efi

n
ed

ex
p
li
ci

tl
y

th
ro

u
gh

th
e

co
va

ri
an

ce
fu

n
ct

io
n

a
s

d
on

e
b
y

B
on

il
la

et
al

.
(2

00
8)

,
w

h
o

as
su

m
e

a
co

va
ri

an
ce

d
ec

om
p

os
it

io
n

b
et

w
ee

n
ta

sk
s

a
n
d

in
p
u
ts

.
M

or
e

co
m

p
le

x
d
ep

en
d
en

ci
es

ca
n

b
e

m
o
d
el

ed
b
y

u
si

n
g

th
e

co
n
vo

lu
ti

o
n

fo
rm

a
li
sm

as
d
on

e
in

ea
rl

ie
r

w
or

k
b
y

B
oy

le
an

d
F

re
an

(2
00

5)
an

d
ge

n
er

al
iz

ed
b
y

A
lv

a
re

z
a
n
d

L
aw

re
n
ce

(2
00

9)
;

Á
lv

ar
ez

et
al

.
(2

01
0)

,
w

h
os

e
la

te
r

w
or

k
al

so
p
ro

v
id

es
effi

ci
en

t
in

fe
re

n
ce

a
lg

o
ri

th
m

s
fo

r
su

ch
m

o
d
el

s
(Á

lv
ar

ez
an

d
L

aw
re

n
ce

,
2
01

1)
.

F
in

al
ly

,
th

e
w

or
k

o
f

N
gu

ye
n

a
n
d

B
o
n
il
la

(2
01

4b
)

al
so

as
su

m
es

a
li
n
ea

r
co

m
b
in

at
io

n
of

in
d
ep

en
d
en

t
la

te
n
t

p
ro

ce
ss

es
b
u
t

it
ex

p
lo

it
s

th
e

d
ev

el
op

m
en

ts
of

H
en

sm
an

et
al

.
(2

01
3)

to
sc

al
e

u
p

to
ve

ry
la

rg
e

d
at

as
et

s.
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

B
esid

es
th

e
w

ork
of

N
gu

yen
an

d
B

o
n
illa

(2014b
),

th
ese

ap
p
roach

es
d
o

n
ot

scale
to

a
very

la
rg

e
n
u
m

b
er

of
ob

servation
s

an
d

all
of

th
em

are
m

ain
ly

con
cern

ed
w

ith
reg

ression
p
ro

b
lem

s.

2
.3

.
G

e
n

e
ra

l
N

o
n

lin
e
a
r

L
ik

e
lih

o
o
d

s

T
h
e

p
ro

b
lem

o
f

in
feren

ce
in

m
o
d
els

w
ith

g
p

p
riors

an
d

n
on

lin
ear

lik
elih

o
o
d
s

h
as

b
een

ta
ck

led
fro

m
a

sam
p
lin

g
p

ersp
ective

w
ith

algo
rith

m
s

su
ch

as
ellip

tical
slice

sam
p
lin

g
(e
ss,

M
u
rray

et
a
l.,

2010),
w

h
ich

are
m

ore
eff

ective
at

d
raw

in
g

sa
m

p
les

from
stro

n
gly

correlated
G

a
u
ssia

n
s

th
a
n

gen
eric

m
c
m
c

algorith
m

s.
N

everth
eless,

as
w

e
sh

all
see

in
S
ection

9.3.5,
th

e
sa

m
p
lin

g
co

st
o
f
e
ss

rem
ain

s
a

m
a
jor

ch
allen

ge
for

p
ractical

u
sa

ges.

F
ro

m
a

va
riation

al
in

feren
ce

p
ersp

ective,
th

e
w

ork
b
y

O
p
p

er
an

d
A

rch
a
m

b
eau

(2009)
h
a
s

b
een

slig
h
tly

u
n
d
er-recogn

ized
b
y

th
e

com
m

u
n
ity

even
th

ou
gh

it
p
rop

oses
an

effi
cien

t
fu

ll
G

au
ssia

n
p

osterior
ap

p
rox

im
ation

for
g
p

m
o
d
els

w
ith

i.i.d
.

ob
servation

s.
O

u
r

w
ork

p
u
sh

es
th

is
b
reak

th
rou

gh
fu

rth
er

b
y

allow
in

g
m

u
ltip

le
laten

t
fu

n
ction

s,
m

u
ltip

le
ou

tp
u
ts,

a
n
d

m
o
re

im
p

o
rtan

tly,
scalab

ility
to

large
d
atasets.

A
n
o
th

er
a
p
p
roach

to
d
eterm

in
istic

ap
p
rox

im
ate

in
feren

ce
is

th
e

in
tegrated

n
ested

L
ap

lace
a
p
p
rox

im
a
tio

n
(in

l
a

,
R

u
e

et
al.,

2009).
in
l
a

u
ses

n
u
m

erical
in

tegration
to

ap
p
rox

im
ate

th
e

m
a
rg

in
al

likelih
o
o
d
,

w
h
ich

m
akes

it
u
n
su

itab
le

for
g
p

m
o
d
els

th
at

con
tain

a
large

n
u
m

b
er

o
f

h
y
p

erp
a
ra

m
eters.

2
.4

.
M

o
re

R
e
c
e
n
t

D
e
v
e
lo

p
m

e
n
ts

A
s

m
en

tio
n
ed

in
§1,

th
e

scalab
ility

p
ro

b
lem

con
tin

u
es

to
attra

ct
th

e
in

terest
of

research
ers

w
o
rk

in
g

w
ith

g
p

m
o
d
els,

w
ith

recen
tly

d
ev

elop
ed

d
istrib

u
ted

in
feren

ce
fram

ew
ork

s
(G

al
et

a
l.,

2
0
1
4;

D
eisen

roth
an

d
N

g,
2015),

an
d

th
e

variation
al

in
feren

ce
fram

ew
ork

s
for

scal-
a
b
le

g
p

reg
ression

an
d

classifi
cation

b
y

H
en

sm
an

et
al.

(2013)
an

d
H

en
sm

an
et

al.
(2015),

resp
ectively.

A
s

w
ith

th
e

p
rev

iou
s

w
ork

d
escrib

ed
in
§2.1,

th
ese

ap
p
roach

es
h
ave

b
een

lim
-

ited
to

cla
ssifi

cation
or

regression
p
rob

lem
s

or
sp

ecifi
c

to
a

p
articu

lar
cla

ss
of

likelih
o
o
d

m
o
d
els

su
ch

a
s
g
p

-m
o
d
u
lated

C
ox

p
ro

cesses
(J

oh
n

an
d

H
en

sm
an

,
2018).

C
o
n
tem

p
o
ra

rily
to

th
e

w
ork

of
N

gu
yen

an
d

B
on

illa
(2014a),

w
h
ich

u
n
d
erp

in
s

ou
r

ap
-

p
ro

a
ch

,
R

a
n
g
an

ath
et

al.
(2014)

d
evelop

ed
b
lack

-b
ox

variation
al

in
feren

ce
(b
b
v
i)

for
gen

-
era

l
la

ten
t

va
riab

le
m

o
d
els.

D
u
e

to
th

is
gen

erality,
it

u
n
d
er-u

tilizes
th

e
rich

am
ou

n
t

of
in

fo
rm

a
tio

n
availab

le
in

G
au

ssian
p
ro

cess
m

o
d
els.

F
or

ex
am

p
le,

b
b
v
i

ap
p
rox

im
ates

th
e

K
L

-d
iverg

en
ce

term
of

th
e

ev
id

en
ce

low
er

b
ou

n
d

b
u
t

th
is

is
com

p
u
ted

an
aly

tically
in

ou
r

m
eth

o
d
.

A
d
d
ition

ally,
for

p
ractical

reason
s,

b
b
v
i

im
p

oses
th

e
variation

al
d
istrib

u
tion

to
fu

lly
fa

cto
rize

ov
er

th
e

laten
t

variab
les,

w
h
ile

w
e

m
ake

n
o

su
ch

a
restrictio

n
.

A
clear

d
is-

a
d
va

n
ta

g
e

o
f
b
b
v
i

is
th

at
it

d
o
es

n
ot

p
rov

id
e

a
p
ractical

w
ay

of
learn

in
g

th
e

covarian
ce

h
y
p

erp
a
ra

m
eters

of
g
p

s—
in

fact,
th

ese
are

set
to

fi
x
ed

valu
es.

In
p
rin

cip
le,

th
ese

valu
es

can
b

e
lea

rn
ed

in
b
b
v
i

u
sin

g
sto

ch
astic

op
tim

ization
,

b
u
t

ex
p

erim
en

tally,
w

e
h
ave

fou
n
d

th
is

to
b

e
p
ro

b
lem

a
tic,

in
eff

ectu
al,

an
d

tim
e-con

su
m

in
g.

V
ery

recen
tly,

B
on

illa
et

al.
(2016)

h
ave

u
sed

th
e

ran
d
om

-featu
re

ap
p
ro

ach
m

en
tion

ed
in

S
ectio

n
2
.1

a
lo

n
g

w
ith

lin
earization

tech
n
iq

u
es

to
p
rov

id
e

scalab
le

m
eth

o
d
s

for
in

feren
ce

in
g
p

m
o
d
els

w
ith

gen
eral

likelih
o
o
d
s.

U
n
like

ou
r

ap
p
roach

for
estim

atin
g

ex
p

ectation
s

of
th

e
co

n
d
itio

n
a
l

likelih
o
o
d
,

su
ch

lin
earization

s
of

th
e

con
d
ition

al
likelih

o
o
d

are
ap

p
rox

im
ation

s
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

an
d

gen
erally

d
o

n
ot

con
v
erge

to
th

e
ex

act
ex

p
ectation

s
even

in
th

e
lim

it
of

a
larg

e
n
u
m

b
er

of
ob

servation
s.

F
ollow

in
g

th
e

recen
t

ad
van

ces
in

m
ak

in
g

au
tom

atic
d
iff

eren
tiation

w
id

ely
availab

le
an

d
easy

to
u
se

in
p
ractical

sy
stem

s
(see

e.g.
B

ay
d
in

et
al.,

2015),
d
evelop

m
en

ts
on

sto
ch

astic
variation

al
in

feren
ce

for
fairly

com
p
lex

p
rob

ab
ilistic

m
o
d
els

(R
ezen

d
e

et
al.,

2014;
K

in
gm

a
an

d
W

ellin
g,

2014)
can

b
e

u
sed

w
h
en

th
e

likelih
o
o
d

can
b

e
im

p
lem

en
ted

in
su

ch
sy

stem
s

an
d

can
b

e
ex

p
ressed

u
sin

g
th

e
so-called

re-pa
ra

m
etriza

tio
n

trick
(see

e.g.
K

in
gm

a
an

d
W

ellin
g,

2014,
for

d
etails).

N
everth

eless,
th

e
ad

van
tage

of
ou

r
m

eth
o
d

over
th

ese
gen

eric
ap

p
roach

es
is

tw
ofold

.
F

irstly,
as

w
ith

b
b
v
i,

in
p
ractice

su
ch

a
gen

erality
com

es
at

th
e

cost
of

m
ak

in
g

assu
m

p
tion

s
ab

ou
t

th
e

p
osterior

(su
ch

as
factorizatio

n
),

w
h
ich

is
n
ot

su
itab

le
for

g
p

m
o
d
els.

S
econ

d
ly,

an
d

m
ore

im
p

ortan
tly,

su
ch

m
eth

o
d
s

are
n
ot

tru
ly

b
lack

-b
ox

as
th

ey
req

u
ire

ex
p
licit

access
to

th
e

im
p
lem

en
tation

of
th

e
co

n
d
ition

al
likelih

o
o
d
.

A
n

in
terestin

g
ex

am
p
le

w
h
ere

on
e

can
n
ot

ap
p
ly

th
e

re-p
aram

etrization
trick

is
given

b
y

C
h
allis

an
d

B
arb

er
(2013),

w
h
o

d
escrib

e
a

large
class

of
fu

n
ction

s
(th

at
in

clu
d
e

th
e

L
ap

lace
log

likelih
o
o
d
)

th
at

are
n
eith

er
d
iff

eren
tiab

le
or

con
tin

u
ou

s
b
u
t

th
eir

ex
p

ectation
over

a
G

au
ssian

p
osterior

is
sm

o
oth

.
A

m
ore

gen
eral

settin
g

w
h
ere

a
tru

ly
b
lack

-b
ox

ap
p
roach

is
req

u
ired

con
cern

s
in

version
p
rob

lem
s

(T
aran

tola,
2004)

w
h
ere

laten
t

fu
n
ction

s
are

p
assed

th
rou

gh
d
om

ain
-

sp
ecifi

c
forw

ard
m

o
d
els

follow
ed

b
y

a
k
n
ow

n
n
oise

m
o
d
el

(B
on

illa
et

al.,
2
016;

R
eid

et
al.,

2013).
T

h
ese

forw
ard

m
o
d
els

m
ay

b
e

n
on

-d
iff

eren
tiab

le,
given

as
an

ex
ecu

tab
le,

or
to

o
com

p
lex

to
re-im

p
lem

en
t

q
u
ick

ly
in

an
au

tom
atic

d
iff

eren
tiation

fram
ew

ork
.

T
o

illu
strate

th
is

case,
w

e
p
resen

t
resu

lts
on

a
seism

ic
in

version
ap

p
lication

in
§9.8.

N
everth

eless,
w

e
ack

n
ow

led
ge

th
a
t

som
e

of
th

ese
d
evelop

m
en

ts
m

en
tion

ed
ab

ov
e

h
ave

b
een

ex
ten

d
ed

to
th

e
g
p

literatu
re,

w
h
ere

th
e

re-p
aram

etrizatio
n

trick
h
as

b
een

u
sed

(K
rau

th
et

al.,
2017;

M
atth

ew
s

et
al.,

2017;
H

en
sm

an
et

al.,
2017;

C
u
ta

jar
et

al.,
2017).

T
h
ese

con
tem

p
orary

w
ork

s
sh

ow
th

at
it

is
w

orth
w

h
ile

b
u
ild

in
g

m
ore

tailored
m

eth
o
d
s

th
at

m
ay

req
u
ire

a
low

er
n
u
m

b
er

of
sam

p
les

to
estim

ate
th

e
ex

p
ectation

s
in

ou
r

fram
ew

ork
.

F
in

ally,
a

related
area

of
research

is
th

at
of

m
o
d
elin

g
com

p
lex

d
ata

w
ith

d
eep

b
elief

n
et-

w
ork

s
b
ased

on
G

au
ssian

p
ro

cess
m

ap
p
in

gs
(D

am
ian

ou
an

d
L

aw
ren

ce,
2013),

w
h
ich

h
av

e
b

een
p
rop

osed
p
rim

arily
as

h
ierarch

ica
l

ex
ten

sion
s

of
th

e
G

au
ssian

p
ro

cess
laten

t
variab

le
m

o
d
el

(L
aw

ren
ce,

2005).
U

n
like

ou
r

a
p
p
roach

,
th

ese
m

o
d
els

target
th

e
u
n
su

p
erv

ised
p
rob

-
lem

of
d
iscoverin

g
stru

ctu
re

in
h
igh

-d
im

en
sion

al
d
a
ta

an
d

h
ave

fo
cu

sed
m

ain
ly

on
sm

all-d
ata

ap
p
lication

s.
H

ow
ev

er,
m

u
ch

like
th

e
recen

t
w

ork
on

“sh
a
llow

”-g
p

arch
itectu

res,
in

feren
ce

in
th

ese
m

o
d
els

h
ave

also
b

een
m

ad
e

scalab
le

for
su

p
erv

ised
an

d
u
n
su

p
erv

ised
learn

in
g,

ex
-

p
loitin

g
th

e
rep

aram
eterization

trick
,

e.g.
u
sin

g
ran

d
om

-featu
re

ex
p
an

sion
s

(C
u
ta

jar
et

al.,
2017)

or
in

d
u
cin

g-variab
le

ap
p
rox

im
ation

s
(S

alim
b

en
i

an
d

D
eisen

roth
,

201
7).

3
.

L
a
te

n
t

G
a
u
ssia

n
P

ro
ce

ss
M

o
d
e
ls

B
efore

startin
g

ou
r

d
escrip

tion
of

th
e

ty
p

es
of

m
o
d
els

w
e

are
ad

d
ressin

g
in

th
is

p
ap

er,
w

e
refer

th
e

read
er

to
A

p
p

en
d
ix

L
for

a
su

m
m

ary
of

th
e

n
otation

u
sed

h
en

ceforth
.

W
e

con
sid

er
su

p
erv

ised
learn

in
g

p
rob

lem
s

w
h
ere

w
e

are
given

a
d
atasetD

=
{
x
n
,y

n }
Nn
=
1 ,

w
h
ere

x
n

is
a
D

-d
im

en
sion

al
in

p
u
t

vecto
r

an
d

y
n

is
a
P

-d
im

en
sion

al
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iñ

on
er

o-
C

an
d
el

a
an

d
R

as
m

u
ss

en
,

2
0
0
5
),

w
e

ke
ep

an
ex

p
li
ci

t
re

p
re

se
n
ta

ti
on

of
th

es
e

va
ri

ab
le

s
(a

n
d

in
te

gr
at

e
th

em
ou

t
va

ri
a
ti

o
n
a
ll
y
),

w
h
ic

h
fa

ci
li
ta

te
s

th
e

d
ec

om
p

os
it

io
n

of
th

e
va

ri
at

io
n
al

ob
je

ct
iv

e
in

to
a

su
m

on
th

e
in

d
iv

id
u
a
l

d
at

ap
oi

n
ts

.
T

h
is

al
lo

w
s

u
s

to
d
ev

is
e

st
o
ch

as
ti

c
op

ti
m

iz
at

io
n

st
ra

te
gi

es
an

d
p
a
ra

ll
el

im
p
le

-
m

en
ta

ti
on

s
in

cl
ou

d
co

m
p
u
ti

n
g

se
rv

ic
es

su
ch

as
A

m
a
zo

n
E

C
2.

S
u
ch

a
st

ra
te

gy
,
a
ls

o
a
ll
ow

s
u
s

to
le

ar
n

th
e

lo
ca

ti
on

of
th

e
in

d
u
ci

n
g

va
ri

ab
le

s
(i

.e
.

th
e

in
d
u
ci

n
g

in
p
u
ts

)
in

co
n
ju

n
ct

io
n

w
it

h
va

ri
at

io
n
al

p
ar

am
et

er
s

an
d

h
y
p

er
p
ar

am
et

er
s,

w
h
ic

h
in

ge
n
er

al
p
ro

v
id

es
b

et
te

r
p

er
fo

rm
a
n
ce

,
es

p
ec

ia
ll
y

in
h
ig

h
-d

im
en

si
on

al
p
ro

b
le

m
s.

T
o

ad
d
re

ss
th

e
n

o
n

li
n

ea
r

li
ke

li
h
oo

d
ch

a
ll

en
ge

,
w

h
ic

h
fr

om
a

va
ri

at
io

n
al

p
er

sp
ec

ti
v
e

b
o
il
s

d
ow

n
to

es
ti

m
at

in
g

ex
p

ec
ta

ti
on

s
of

a
n
on

li
n
ea

r
fu

n
ct

io
n

ov
er

th
e

ap
p
ro

x
im

a
te

p
o
st

er
io

r,
w

e
fo

ll
ow

a
st

o
ch

a
st

ic
es

ti
m

at
io

n
ap

p
ro

ac
h
,

in
w

h
ic

h
w

e
d
ev

el
op

lo
w

-v
ar

ia
n
ce

M
o
n
te

C
a
rl

o
es

ti
m

at
es

of
th

e
ex

p
ec

te
d

lo
g-

li
ke

li
h
o
o
d

te
rm

in
th

e
va

ri
at

io
n
al

ob
je

ct
iv

e.
C

ru
ci

a
ll
y,

w
e

w
il
l

sh
ow

th
at

th
e

ex
p

ec
te

d
lo

g-
li
ke

li
h
o
o
d

te
rm

ca
n

b
e

es
ti

m
a
te

d
effi

ci
en

tl
y

b
y

u
si

n
g

o
n
ly

sa
m

p
le

s
fr

om
u
n
iv

ar
ia

te
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s.

4
.

S
ca

la
b
le

In
fe

re
n
ce

H
er

e
w

e
d
es

cr
ib

e
ou

r
sc

al
ab

le
in

fe
re

n
ce

m
et

h
o
d

fo
r

th
e

m
o
d
el

cl
as

s
sp

ec
ifi

ed
in
§3

.
W

e
b
u
il
d

u
p

on
th

e
in

d
u
ci

n
g-

va
ri

ab
le

fo
rm

al
is

m
u
n
d
er

ly
in

g
m

os
t

sp
ar

se
g
p

a
p
p
ro

x
im

a
ti

o
n
s

(Q
u
iñ
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g

au
gm

en
te

d
p
ri

or
is

gi
ve

n
b
y
:

p
(u

)
=

Q ∏ j=
1

N
(u
·j

;0
,K

j z
z
),

p
(f
|u

)
=

Q ∏ j=
1

N
(f
·j

;µ̃
j
,K̃

j
),

w
h
er

e
(3

)

µ̃
j

=
K
j x
z
(K

j z
z
)−

1
u
·j

,
an

d

1
0
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L
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

K̃
j

=
K
jx
x −

A
j K

jz
x

w
ith

A
j

=
K
jx
z (K

jz
z ) −

1,
(4)

w
h
ere

u
·j

a
re

th
e

in
d
u
cin

g
variab

les
for

laten
t

p
ro

cess
j

an
d

u
is

th
e

set
of

all
th

e
in

d
u
c-

in
g

va
ria

b
les.

T
h
e

covarian
ce

m
atrices

ab
ove

are
ob

ta
in

ed
b
y

evalu
atin

g
th

e
covaria

n
ce

fu
n
ctio

n
s

at
th

e
corresp

on
d
in

g
in

p
u
ts,

i.e.,
K
jz
z

d
e
f

=
κ
j (Z

j ,Z
j ;θ

j ),
K
jx
x

d
e
f

=
κ
j (X

,X
;θ

j ),

K
jx
z

d
e
f

=
κ
j (X

,Z
j ;θ

j )
=

(K
jz
x
)
T

,
w

h
ere

Z
j

are
all

th
e

in
d
u
cin

g
in

p
u
ts

for
laten

t
p
ro

cess
j

a
n
d

X
is

th
e

m
atrix

of
all

in
p
u
t

lo
cation

s
{
x
n }

.
W

e
n
ote

th
at

w
h
ile

each
of

th
e

in
d
u
c-

in
g

va
riab

les
in

u
·j

lies
in

th
e

sam
e

sp
ace

as
th

e
elem

en
ts

in
f·j ,

each
of

th
e
M

in
d
u
cin

g
in

p
u
ts

in
Z
j

lies
in

th
e

sam
e

sp
ace

as
each

in
p
u
t

d
ata

p
oin

t
x
n
.

T
h
erefore,

w
h
ile

u
·j

is
a
M

-d
im

en
sio

n
al

vector,
Z
j

is
a
M
×
D

m
atrix

w
h
ere

each
of

th
e

row
s

co
rresp

on
d
s

to
a

D
-d

im
en

sio
n
a
l

in
d
u
cin

g
in

p
u
t.

W
e

refer
th

e
read

er
to

A
p
p

en
d
ix

L
for

a
su

m
m

ary
of

th
e

n
o
ta

tio
n

a
n
d

d
im

en
sion

ality
of

th
e

ab
ov

e
kern

el
m

atrices.
A

s
th

o
ro

u
g
h
ly

in
vestigated

b
y

Q
u
iñ

on
ero-C

an
d
ela

an
d

R
asm

u
ssen

(20
05),

m
ost

g
p

a
p
-

p
rox

im
a
tio

n
s

can
b

e
form

u
lated

u
sin

g
th

e
au

gm
en

ted
p
rio

r
ab

ov
e

an
d

ad
d
ition

al
assu

m
p
-

tio
n
s

o
n

th
e

train
in

g
an

d
test

con
d
ition

al
d
istrib

u
tion

s
p
(f|u

)
an

d
p
(f?· |u

),
resp

ectively.
S
u
ch

a
p
p
ro

a
ch

es
h
ave

b
een

trad
ition

ally
referred

to
as

spa
rse

ap
p
rox

im
a
tion

s
an

d
w

e
w

ill
u
se

th
is

term
in

ology
as

w
ell.

A
n
alog

ou
sly,

w
e

w
ill

refer
to

m
o
d
els

w
ith

a
larg

er
n
u
m

b
er

of
in

d
u
cin

g
in

p
u
ts

as
d
en

ser
m

o
d
els.

It
is

im
p

o
rtan

t
to

em
p
h
asize

th
at

th
e

join
t

p
rior

p
(f,u

)
d
efi

n
ed

in
E

q
u
ation

(3)
is

an
eq

u
iva

len
t

p
rio

r
to

th
at

in
th

e
origin

al
m

o
d
el,

as
if

w
e

in
tegrate

ou
t

th
e

in
d
u
cin

g
variab

les
u

fro
m

th
is

jo
in

t
p
rior

w
e

w
ill

ob
tain

th
e

p
rior

p
(f)

in
E

q
u
ation

(1
)

ex
actly.

N
everth

eless,
a
s

w
e

sh
a
ll

see
later,

follow
in

g
a

variation
al

in
feren

ce
ap

p
roa

ch
an

d
h
av

in
g

an
ex

p
licit

rep
-

resen
tation

of
th

e
(ap

p
rox

im
ate)

p
osterior

over
th

e
in

d
u
cin

g
variab

les
w

ill
b

e
fu

n
d
am

en
tal

to
sca

lin
g

u
p

in
feren

ce
in

th
ese

ty
p

es
of

m
o
d
els

w
ith

ou
t

m
ak

in
g

th
e

assu
m

p
tion

s
on

th
e

tra
in

in
g

or
test

con
d
ition

als
d
escrib

ed
in

Q
u
iñ

on
ero-C

an
d
ela

an
d

R
asm

u
ssen

(2005).
A

lo
n
g

w
ith

th
e

join
t

p
rior

d
efi

n
ed

ab
ove,

w
e

m
ain

tain
th

e
factorization

assu
m

p
tion

of
th

e
co

n
d
itio

n
a
l

lik
elih

o
o
d

giv
en

in
E

q
u
ation

(2).

4
.2

.
V

a
ria

tio
n

a
l

In
fe

re
n

c
e

a
n

d
th

e
E

v
id

e
n

c
e

L
o
w

e
r

B
o
u

n
d

G
iven

th
e

p
rio

r
in

E
q
u
ation

(3)
an

d
th

e
likelih

o
o
d

in
E

q
u
ation

(2),
p

osterior
in

feren
ce

fo
r

g
en

era
l

(n
o
n
-G

au
ssian

)
lik

elih
o
o
d
s

is
an

aly
tically

in
tractab

le.
T

h
erefore,

w
e

resort
to

a
p
p
rox

im
a
te

m
eth

o
d
s

su
ch

as
variation

al
in

feren
ce

(J
ord

an
et

al.,
1998).

V
a
riation

al
in

-
feren

ce
m

eth
o
d
s

en
tail

p
ositin

g
a

tractab
le

fam
ily

of
d
istrib

u
tion

s
an

d
fi
n
d
in

g
th

e
m

em
b

er
o
f

th
e

fa
m

ily
th

at
is

“closest”
to

th
e

tru
e

p
osterior

in
term

s
o
f

th
eir

th
e

K
u
llb

ack
-L

eib
ler

d
iverg

en
ce.

In
ou

r
case,

w
e

are
seek

in
g

to
ap

p
rox

im
a
te

th
e

join
t

p
osterio

r
p
(f,u|y

)
w

ith
a

va
ria

tio
n
a
l

d
istrib

u
tion

q(f,u|λ
).

4
.3

.
A

p
p

ro
x
im

a
te

P
o
ste

rio
r

M
o
tivated

b
y

th
e

fact
th

at
th

e
tru

e
join

t
p

osterior
is

giv
en

b
y
p
(f,u|y

)
=
p
(f|u

,y
)p

(u|y
),

o
u
r

a
p
p
rox

im
a
te

p
osterior

h
as

th
e

form
:

q(f,u|λ
)

=
p
(f|u

)q(u|λ
),

(5)

w
h
ere

p
(f|u

)
is

th
e

con
d
ition

al
p
rior

given
in

E
q
u
ation

(3)
an

d
q(u|λ

)
is

ou
r

ap
p
rox

im
ate

(va
ria

tio
n
a
l)

p
o
sterior.

T
h
is

d
ecom

p
osition

h
as

p
roved

eff
ective

in
regression

p
rob

lem
s

w
ith

a
sin

g
le

la
ten

t
p
ro

cess
an

d
a

sin
gle

ou
tp

u
t

(see
e.g.

T
itsias,

2009).
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

H
en

ce,
w

e
can

d
efi

n
e

ou
r

variation
al

d
istrib

u
tion

u
sin

g
a

m
ix

tu
re

of
G

au
ssian

s
(m

o
g

):

q(u|λ
)

=
K
∑k
=
1

π
k q
k (u|m

k ,S
k )

=
K
∑k
=
1

π
k

Q∏j=
1 N

(u
·j ;m

k
j ,S

k
j ),

(6)

w
h
ere

λ
=
{
π
k ,m

k
j ,S

k
j }

are
th

e
variation

al
p
aram

eters:
th

e
m

ix
tu

re
p
rop

ortion
s
{
π
k }

,
th

e
p

osterior
m

ean
s
{m

k
j }

an
d

p
osterior

covaria
n
ces
{S

k
j }

of
th

e
in

d
u
cin

g
variab

les
cor-

resp
on

d
in

g
to

m
ix

tu
re

com
p

on
en

t
k

an
d

laten
t

fu
n
ction

j.
W

e
also

n
ote

th
at

each
of

th
e

m
ix

tu
re

com
p

on
en

ts
q
k (u|m

k ,S
k )

is
a

G
au

ssian
w

ith
m

ean
m
k

an
d

b
lo

ck
-d

iagon
al

covari-
an

ce
S
k .

A
n

early
referen

ce
for

u
sin

g
a

m
ix

tu
re

of
G

au
ssian

s
(m

o
g

)
w

ith
in

variation
al

in
feren

ce
is

given
b
y

B
ish

op
et

al.
(1998)

in
th

e
con

tex
t

of
B

ayesian
n
etw

ork
s.

S
im

ilarly,
G

ersh
m

an
et

al.
(2012)

h
ave

u
sed

m
o
g

for
n
on

-g
p

m
o
d
els

an
d
,
u
n
like

ou
r

ap
p
roach

,
u
sed

a
secon

d
-ord

er
T

ay
lor

series
ap

p
rox

im
ation

of
th

e
variation

al
low

er
b

ou
n
d
.

4
.4

.
V

a
ria

tio
n

a
l

L
o
w

e
r

B
o
u

n
d

It
is

easy
to

sh
ow

th
at

m
in

im
izin

g
th

e
K

u
llb

ack
-L

eib
ler

d
ivergen

ce
b

etw
een

ou
r

ap
p
rox

im
ate

p
osterior

an
d

th
e

tru
e

p
osterior,

K
L

(q(f,u|λ
)‖p

(f,u|y
))

is
eq

u
ivalen

t
to

m
ax

im
izin

g
th

e
log-ev

id
en

ce
low

er
b

ou
n
d

(L
elb

o ),
w

h
ich

is
com

p
osed

of
a

K
L

-term
(L

k
l )

an
d

an
ex

p
ected

log-likelih
o
o
d

term
(L

ell ).
In

oth
er

w
ord

s:

log
p
(y

)≥
L
elb

o (λ
)

d
e
f

=
L
k
l (λ

)
+
L
ell (λ

),
w

h
ere

(7)

L
k
l (λ

)
=
−

K
L

(q(f,u|λ
)‖
p
(f,u

)),
an

d
(8)

L
ell (λ

)
=

E
q
(f,u|λ

) [log
p
(y|f)],

(9)

w
h
ere

E
q
(x

) [g
(x

)]
d
en

otes
th

e
ex

p
ectation

of
fu

n
ction

g
(x

)
over

d
istrib

u
tion

q(x
).

H
ere

w
e

n
ote

th
at
L
k
l

is
a

n
egative

K
L

d
iv

ergen
ce

b
etw

een
th

e
join

t
ap

p
rox

im
ate

p
osterior

q(f,u|λ
)

an
d

th
e

join
t

p
rior

p
(f,u

).
T

h
erefore,

m
ax

im
ization

of
th

e
L
elb

o
in

E
q
u
ation

(7)
en

tails
m

in
im

ization
of

an
ex

p
ected

loss
(given

b
y

th
e

n
egativ

e
ex

p
ected

log-lik
elih

o
o
d
L
ell )

regu
larized

b
y
L
k
l ,

w
h
ich

im
p

oses
th

e
con

strain
t

of
fi
n
d
in

g
solu

tion
s

to
ou

r
ap

p
rox

im
ate

p
osterior

th
at

are
close

to
th

e
p
rior

in
th

e
K

L
-sen

se.

A
n

in
terestin

g
ob

servation
of

th
e

d
ecom

p
osition

of
th

e
L
elb

o
ob

jective
is

th
at,

u
n
lik

e
L
ell ,L

k
l

in
E

q
u
ation

(8)
d
o
es

n
ot

d
ep

en
d

on
th

e
con

d
ition

al
likelih

o
o
d
p
(y|f),

for
w

h
ich

w
e

d
o

n
ot

assu
m

e
an

y
sp

ecifi
c

p
aram

etric
form

(i.e.
b
lack

-b
ox

likelih
o
o
d
).

W
e

can
th

u
s

ad
d
ress

th
e

tech
n
ical

d
iffi

cu
lties

regard
in

g
each

com
p

on
en

t
a
n
d

th
eir

grad
ien

ts
sep

arately
u
sin

g
d
iff

eren
t

ap
p
roach

es.
In

p
articu

lar,
forL

k
l

w
e

w
ill

ex
p
loit

th
e

stru
ctu

re
of

th
e

variation
al

p
osterior

in
ord

er
to

avoid
com

p
u
tin

g
K

L
-d

iverg
en

ces
over

d
istrib

u
tion

s
in

volv
in

g
a
ll

th
e

d
ata.

F
u
rth

erm
ore,

w
e

w
ill

ob
tain

a
low

er
b

ou
n
d

fo
rL

k
l

in
th

e
gen

eral
case

of
q(u

)
b

ein
g

a
m

ix
tu

re-of-G
au

ssian
s

(m
o
g

)
as

given
in

E
q
u
ation

(6).
F

or
th

e
ex

p
ected

log-likelih
o
o
d

term
(L

ell )
w

e
w

ill
u
se

a
M

on
te

C
arlo

ap
p
roach

in
ord

er
to

estim
ate

th
e

req
u
ired

ex
p

ectation
an

d
its

grad
ien

ts.

1
2
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ss
ia
n
P
r
o
c
e
ss

M
o
d
e
l
s

4
.5

.
C

o
m

p
u

ta
ti

o
n

o
f

th
e

K
L

-d
iv

e
rg

e
n

c
e

te
rm

(L
k
l)

In
or

d
er

to
h
av

e
an

ex
p
li
ci

t
fo

rm
fo

r
L k

l
an

d
it

s
gr

a
d
ie

n
ts

,
w

e
st

ar
t

b
y

ex
p
an

d
in

g
E

q
u
a
ti

on
(8

):

L k
l(
λ

)
=
−

K
L

(q
(f
,u
|λ

)‖
p
(f
,u

))
=
−
E q

(f
,u
|λ

)[ lo
g
q(

f,
u
|λ

)

p
(f
,u

)

] ,
(1

0)

=
−
E p

(f
|u
)q
(u
|λ

)[ lo
g
q(

u
|λ

)

p
(u

)

] ,
(1

1)

=
−

K
L

(q
(u
|λ

)‖
p
(u

))
,

(1
2)

w
h
er

e
w

e
h
av

e
ap

p
li
ed

th
e

d
efi

n
it

io
n

of
th

e
K

L
-d

iv
er

ge
n
ce

in
E

q
u
at

io
n

(1
0)

;
u
se

d
th

e
va

ri
at

io
n
al

jo
in

t
p

os
te

ri
or

q(
f,

u
|λ

)
gi

ve
n

in
E

q
u
at

io
n

(5
)

to
go

fr
om

E
q
u
at

io
n

(1
0)

to
E

q
u
at

io
n

(1
1)

;
an

d
in

te
gr

at
ed

ou
t

f
to

ob
ta

in
E

q
u
at

io
n

(1
2)

.
W

e
n
ot

e
th

at
th

e
d
efi

n
it

io
n

of
th

e
jo

in
t

p
os

te
ri

or
q(

f,
u
|λ

)
in

E
q
u
at

io
n

(5
)

h
as

b
ee

n
cr

u
ci

al
to

tr
an

sf
or

m
a

K
L

-d
iv

er
ge

n
ce

b
et

w
ee

n
th

e
jo

in
t

ap
p
ro

x
im

at
e

p
os

te
ri

or
an

d
th

e
jo

in
t

p
ri

or
in

to
a

K
L

-d
iv

er
ge

n
ce

b
et

w
ee

n
th

e
va

ri
at

io
n
al

p
os

te
ri

or
q(

u
|λ

)
an

d
th

e
p
ri

or
p
(u

)
ov

er
th

e
in

d
u
ci

n
g

va
ri

ab
le

s.
In

d
oi

n
g

th
at

,
w

e
h
av

e
av

oi
d
ed

co
m

p
u
ti

n
g

a
K

L
-d

iv
er

ge
n
ce

b
et

w
ee

n
d
is

tr
ib

u
ti

on
s

ov
er

th
e
N

-d
im

en
si

on
al

va
ri

ab
le

s
f ·j

.
A

s
w

e
sh

al
l

se
e

la
te

r,
th

is
im

p
li
es

a
re

d
u
ct

io
n

in
ti

m
e

co
m

p
le

x
it

y
fr

om
O

(N
3
)

to
O

(M
3
),

w
h
er

e
N

is
th

e
n
u
m

b
er

of
d
at

ap
oi

n
ts

an
d
M

is
th

e
n
u
m

b
er

of
in

d
u
ci

n
g

va
ri

ab
le

s.

W
e

n
ow

d
ec

om
p

os
e

th
e

re
su

lt
in

g
K

L
-d

iv
er

ge
n
ce

te
rm

in
E

q
u
at

io
n

(1
2)

as
fo

ll
ow

s,

L k
l(
λ

)
=
−

K
L

(q
(u
|λ

)‖
p
(u

))
=
L e

n
t(
λ

)
+
L c

ro
ss

(λ
),

w
h
er

e:

L e
n
t(
λ

)
=
−
E q

(u
|λ

)[
lo

g
q(

u
|λ

)]
,

an
d

L c
ro
ss

(λ
)

=
E q

(u
|λ

)[
lo

g
p
(u

)]
,

(1
3)

w
h
er

e
L e

n
t(
λ

)
d
en

ot
es

th
e

d
iff

er
en

ti
al

en
tr

op
y

of
th

e
ap

p
ro

x
im

at
in

g
d
is

tr
ib

u
ti

on
q(

u
|λ

)
an

d
L c

ro
ss

(λ
)

d
en

ot
es

th
e

n
eg

at
iv

e
cr

os
s-

en
tr

op
y

b
et

w
ee

n
th

e
ap

p
ro

x
im

at
in

g
d
is

tr
ib

u
ti

on
q(

u
|λ

)
an

d
th

e
p
ri

or
p
(u

).

C
om

p
u
ti

n
g

th
e

en
tr

op
y

of
th

e
va

ri
at

io
n
al

d
is

tr
ib

u
ti

on
in

E
q
u
at

io
n

(6
),

w
h
ic

h
is

a
m

ix
tu

re
-o

f-
G

au
ss

ia
n
s

(m
og

),
is

an
al

y
ti

ca
ll
y

in
tr

ac
ta

b
le

.
H

ow
ev

er
,

a
lo

w
er

b
ou

n
d

of
th

is
en

tr
op

y
ca

n
b

e
ob

ta
in

ed
u
si

n
g

J
en

se
n
’s

in
eq

u
al

it
y

(s
ee

e.
g.

H
u
b

er
et

al
.,

2
00

8)
gi

v
in

g:

L e
n
t(
λ

)
≥
−

K ∑ k
=
1

π
k

lo
g

K ∑ `=
1

π
`N

(m
k
;m

`,
S
k

+
S
`)

d
e
f

=
L̂ e

n
t.

(1
4)

T
h
e

n
eg

at
iv

e
cr

os
s-

en
tr

op
y

in
E

q
u
at

io
n

(1
3)

b
et

w
ee

n
a

G
au

ss
ia

n
m

ix
tu

re
q(

u
|λ

)
a
n
d

a
G

au
ss

ia
n
p
(u

),
ca

n
b

e
ob

ta
in

ed
an

al
y
ti

ca
ll
y,

L c
ro
ss

(λ
)

=
−

1 2

K ∑ k
=
1

π
k

Q ∑ j=
1

[M
lo

g
2π

+
lo

g
∣ ∣ K

j z
z

∣ ∣ +
m
T k
j
(K

j z
z
)−

1
m
k
j

+
tr

(K
j z
z
)−

1
S
k
j
].

(1
5)

T
h
e

d
er

iv
at

io
n

of
th

e
en

tr
op

y
te

rm
an

d
th

e
cr

os
s-

en
tr

op
y

te
rm

in
E

q
u
at

io
n
s

(1
4)

an
d

(1
5)

is
gi

v
en

in
A

p
p

en
d
ix

A
.
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

4
.6

.
E

st
im

a
ti

o
n

o
f

th
e

e
x
p

e
c
te

d
lo

g
li
k
e
li
h

o
o
d

te
rm

(L
e
ll
)

W
e

n
ow

ad
d
re

ss
th

e
co

m
p
u
ta

ti
on

of
th

e
ex

p
ec

te
d

lo
g

li
ke

li
h
o
o
d

te
rm

in
E

q
u
a
ti

o
n

(9
).

T
h
e

m
ai

n
d
iffi

cu
lt

y
of

co
m

p
u
ti

n
g

th
is

te
rm

is
th

at
,

u
n
li
ke

th
e
L k

l
w

h
er

e
w

e
h
av

e
fu

ll
k
n
ow

le
d
g
e

of
th

e
p
ri

or
an

d
th

e
ap

p
ro

x
im

at
e

p
os

te
ri

or
,

h
er

e
w

e
d
o

n
ot

as
su

m
e

a
sp

ec
ifi

c
fo

rm
fo

r
th

e
co

n
d
it

io
n
al

li
ke

li
h
o
o
d
p
(y
|f,
φ

).
F

u
rt

h
er

m
or

e,
w

e
on

ly
re

q
u
ir

e
ev

al
u
at

io
n
s

of
lo

g
p
(y
n
|f n
·,
φ

)
fo

r
ea

ch
d
at

ap
oi

n
t
n

,
h
en

ce
y
ie

ld
in

g
a

tr
u
ly

b
la

ck
-b

ox
li
ke

li
h
o
o
d

m
et

h
o
d
.

W
e

w
il
l

sh
ow

on
e

of
ou

r
m

ai
n

re
su

lt
s,

th
at

of
st

a
ti

st
ic

a
l

effi
ci

en
cy

of
ou

r
L e

ll
es

ti
m

a
to

r.
T

h
is

m
ea

n
s

th
at

,
d
es

p
it

e
h
av

in
g

a
fu

ll
G

au
ss

ia
n

ap
p
ro

x
im

at
e

p
os

te
ri

or
,

es
ti

m
a
ti

o
n

o
f

th
e

L e
ll

an
d

it
s

gr
ad

ie
n
ts

on
ly

re
q
u
ir

es
sa

m
p
le

s
fr

om
u
n
iv

ar
ia

te
G

au
ss

ia
n

d
is

tr
ib

u
ti

o
n
s.

W
e

st
ar

t
b
y

ex
p
an

d
in

g
E

q
u
at

io
n

(9
)

u
si

n
g

ou
r

d
efi

n
it

io
n
s

of
th

e
ap

p
ro

x
im

at
e

p
o
st

er
io

r
a
n
d

th
e

fa
ct

or
iz

at
io

n
of

th
e

co
n
d
it

io
n
al

li
ke

li
h
o
o
d
:

L e
ll
(λ

)
=

E q
(f
,u
|λ

)[
lo

g
p
(y
|f,
φ

)]
=

E q
(f
|λ

)[
lo

g
p
(y
|f,
φ

)]
,

(1
6)

w
h
er

e,
gi

v
en

th
e

d
efi

n
it

io
n

of
th

e
ap

p
ro

x
im

at
e

jo
in

t
p

os
te

ri
or
q(

f,
u
|λ

)
in

E
q
u
a
ti

o
n

(5
),

th
e

d
is

tr
ib

u
ti

on
q(

f|λ
)

re
su

lt
in

g
fr

om
m

ar
gi

n
al

iz
in

g
u

fr
om

th
is

jo
in

t
p

os
te

ri
or

ca
n

b
e

o
b
ta

in
ed

an
al

y
ti

ca
ll
y,

q(
f|λ

)
=

K ∑ k
=
1

π
k
q k

(f
|λ
k
)

=
K ∑ k
=
1

π
k

Q ∏ j=
1

N
(f
·j

;b
k
j
,Σ

k
j
),

w
it

h
(1

7
)

b
k
j

=
A
j
m
k
j
,

an
d

(1
8)

Σ
k
j

=
K̃
j

+
A
j
S
k
j
A
T j

,
(1

9
)

w
h
er

e
K̃
j

an
d

A
j

ar
e

gi
v
en

in
E

q
u
at

io
n

(4
)

an
d
,

as
d
efi

n
ed

b
ef

or
e,
{m

k
j
}

a
n
d
{S

k
j
}

a
re

th
e

p
os

te
ri

or
m

ea
n
s

an
d

p
os

te
ri

or
co

va
ri

an
ce

s
of

th
e

in
d
u
ci

n
g

va
ri

ab
le

s
co

rr
es

p
o
n
d
in

g
to

m
ix

tu
re

co
m

p
on

en
t
k

an
d

la
te

n
t

fu
n
ct

io
n
j.

W
e

ar
e

n
ow

re
ad

y
to

st
at

e
o
u
r

re
su

lt
o
f

a
st

at
is

ti
ca

ll
y

effi
ci

en
t

es
ti

m
at

or
fo

r
th

e
L e

ll
:

T
h

e
o
re

m
1

F
o
r

th
e
g
p

m
od

el
w

it
h

p
ri

o
r

d
efi

n
ed

in
E

qu
a
ti

o
n

s
(3

)
to

(4
),

a
n

d
co

n
d
it

io
n

a
l

li
ke

li
h
oo

d
d
efi

n
ed

in
E

qu
a
ti

o
n

(2
),

th
e

ex
pe

ct
ed

lo
g

li
ke

li
h
oo

d
o
ve

r
th

e
va

ri
a
ti

o
n

a
l

d
is

tr
ib

u
ti

o
n

in
E

qu
a
ti

o
n

(5
)

a
n

d
it

s
gr

a
d
ie

n
ts

ca
n

be
es

ti
m

a
te

d
u

si
n

g
sa

m
p
le

s
fr

o
m

u
n

iv
a
ri

a
te

G
a
u

ss
ia

n
d
is

tr
ib

u
ti

o
n

s.

T
h
e

p
ro

of
is

co
n
st

ru
ct

iv
e

an
d

ca
n

b
e

fo
u
n
d

in
A

p
p

en
d
ix

B
.

W
e

n
ot

e
th

at
a

le
ss

g
en

er
a
l

re
su

lt
,

fo
r

th
e

ca
se

of
on

e
la

te
n
t

fu
n
ct

io
n

an
d

a
si

n
gl

e
va

ri
at

io
n
al

G
au

ss
ia

n
p

o
st

er
io

r,
w

a
s

ob
ta

in
ed

in
O

p
p

er
an

d
A

rc
h
am

b
ea

u
(2

00
9)

u
si

n
g

a
d
iff

er
en

t
d
er

iv
at

io
n
.

H
er

e
w

e
st

a
te

o
u
r

fi
n
al

re
su

lt
on

h
ow

to
co

m
p
u
te

th
es

e
es

ti
m

at
es

:

L e
ll
(λ

)
=

N ∑ n
=
1

K ∑ k
=
1

π
k
E q

k
(n

)
(f
n
·|λ

k
)[

lo
g
p
(y
n
|f n
·,
φ

)]
,

(2
0
)

∇
λ
k
L e

ll
(λ

)
=
π
k

N ∑ n
=
1

E q
k
(n

)
(f
n
·|λ

k
)[ ∇

λ
k

lo
g
q k

(n
)(

f n
·|λ

k
)

lo
g
p
(y
n
|f n
·,
φ

)]
,

fo
r
λ
k
∈
{m

k
,S

k
},

(2
1
)
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

∇
π
k L

ell (λ
)

=
N
∑n
=
1 E

q
k
(n

) (fn· |λ
k
) [log

p
(y
n |fn· ,φ

)],
(22)

w
h
ere

q
k
(n

) (fn· |λ
k )

is
a
Q

-d
im

en
sio

n
al

G
a
u
ssian

w
ith

:

q
k
(n

) (fn· |λ
k )

=
N

(fn· ;b
k
(n

) ,Σ
k
(n

) ),

w
h
ere

Σ
k
(n

)
is

a
d
ia

go
n

a
l

m
atrix

.
T

h
e
jth

elem
en

t
of

th
e

m
ean

an
d

th
e

(j,j)th
en

try
of

th
e

cova
rian

ce
of

th
e

ab
ove

d
istrib

u
tion

are
given

b
y
:

[b
k
(n

) ]j
=

a
Tjn

m
k
j ,

[Σ
k
(n

) ]j,j
=

[K̃
j ]n

,n
+

a
Tjn

S
k
j a
jn

,
(23)

w
h
ere

a
Tjn

d
e
f

=
[A

j ]n
,:

d
en

otes
th

e
M

-d
im

en
sion

al
v
ector

corresp
on

d
in

g
to

th
e
n

th
row

of
m

a-

trix
A
j ;

K̃
j

an
d

A
j

are
given

in
E

q
u
ation

(4);
an

d
,

as
b

efore,{m
k
j ,S

k
j }

are
th

e
variation

al
p
a
ra

m
eters

corresp
on

d
in

g
to

th
e

m
ean

an
d

covarian
ce

of
th

e
ap

p
rox

im
a
te

p
osterior

over
th

e
in

d
u
cin

g
va

riab
les

for
m

ix
tu

re
com

p
on

en
t
k

an
d

laten
t

p
ro

cess
j.

W
e

em
p
h
a
size

th
at

w
h
en

Q
>

1,
q
k
(n

) (fn· |λ
k )

is
n
ot

a
u
n
ivariate

m
argin

al
b
u
t

a
Q

-
d
im

en
sio

n
a
l

m
a
rgin

al
p

osterior
w

ith
d
iag

on
al

covarian
ce.

T
h
erefore,

on
ly

sam
p
les

from
u
n
iva

ria
te

G
a
u
ssian

s
are

req
u
ired

to
estim

ate
th

e
ex

p
ression

s
in

E
q
u
atio

n
s

(20)
to

(22).

4
.6
.1
.
P
r
a
c
t
ic
a
l
c
o
n
se

q
u
e
n
c
e
s
a
n
d

u
n
b
ia
se

d
e
st

im
a
t
e
s

T
h
ere

a
re

tw
o

im
m

ed
iate

p
ractical

con
seq

u
en

ces
of

th
e

resu
lt

in
T

h
eorem

1.
T

h
e

fi
rst

co
n
seq

u
en

ce
is

th
at

w
e

can
u
se

u
n
b
iased

em
p
irical

estim
a
tes

of
th

e
ex

p
ected

log
likelih

o
o
d

term
a
n
d

its
g
rad

ien
ts.

In
ou

r
ex

p
erim

en
ts

w
e

u
se

M
on

te
C

arlo
(m

c
)

estim
ates,

h
en

ce
w

e
ca

n
co

m
p
u
te
L
ell

as:

{
f
(k
,i)

n·
}
Si=

1 ∼
N

(fn· ;b
k
(n

) ,Σ
k
(n

) ),
k

=
1,...,K

,

L̂
ell

=
1S

N
∑n
=
1

K
∑k
=
1

π
k

S
∑i=

1

log
p
(y
n |f

(k
,i)

n·
,φ

),
(24)

w
h
ere

b
k
(n

)
a
n
d

Σ
k
(n

)
are

th
e

vector
an

d
m

atrix
form

s
of

th
e

m
ean

an
d

covarian
ce

of
th

e
p

o
sterio

r
over

th
e

laten
t

fu
n
ction

s
as

given
in

E
q
u
atio

n
(23).

A
n
alogou

s
m
c

estim
ates

of
th

e
g
ra

d
ien

ts
a
re

given
in

A
p
p

en
d
ix

C
.2.

T
h
e

seco
n
d

p
ractical

con
seq

u
en

ce
is

th
at

in
ord

er
to

estim
ate

th
e

grad
ien

ts
of

th
e
L
ell ,

u
sin

g
E

q
u
a
tion

s
(21)

an
d

(22),
w

e
on

ly
req

u
ire

evalu
ation

s
of

th
e

con
d
ition

al
likelih

o
o
d

in
a

b
la

ck
-b

ox
m

a
n
n
er,

w
ith

ou
t

resortin
g

to
n
u
m

erical
ap

p
rox

im
atio

n
s

o
r

an
aly

tical
d
erivation

s
o
f

its
g
ra

d
ien

ts.

5
.

P
a
ra

m
e
te

r
O

p
tim

iza
tio

n

In
o
rd

er
to

learn
th

e
p
aram

eters
of

ou
r

m
o
d
el

w
e

seek
to

m
ax

im
ize

ou
r

(estim
ated

)
log-

ev
id

en
ce

low
er

b
ou

n
d

(L̂
elb

o )
u
sin

g
grad

ien
t-b

ased
op

tim
ization

.
L

et
η

=
{λ
,θ
,φ}

b
e

all
th

e
m

o
d
el

p
a
ra

m
eters

for
w

h
ich

p
oin

t
estim

ates
are

req
u
ired

.
W

e
h
ave

th
at:

L̂
elb

o (η
)

d
e
f

=
L̂
en

t (η
)

+
L
cro

ss (η
)

+
L̂
ell (η

),
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

∇
η L̂

elb
o

=
∇

η L̂
en

t
+
∇

η L
cro

ss
+
∇

η L̂
ell ,

w
h
ere

w
e

h
ave

m
ad

e
ex

p
licit

th
e

d
ep

en
d
en

cy
o
f

th
e

log-ev
id

en
ce

low
er

b
ou

n
d

on
an

y
p
a-

ram
eter

of
th

e
m

o
d
el

an
d
L̂
en

t ,
L
cro

ss ,
an

d
L̂
ell

are
given

in
E

q
u
ation

s
(1

4),
(15),

(24)
resp

ectively.
T

h
e

grad
ien

ts
ofL̂

elb
o

w
rt

variation
al

p
aram

eters
λ

,
covarian

ce
h
y
p

erp
aram

-
eters

θ
an

d
likelih

o
o
d

p
aram

eters
φ

are
given

in
A

p
p

en
d
ices

C
,

D
.1

,
an

d
D

.2,
resp

ectively.
A

s
sh

ow
n

in
th

ese
ap

p
en

d
ices,

n
ot

all
con

stitu
en

ts
ofL̂

elb
o

con
trib

u
te

to
learn

in
g

all
p
a-

ram
eters,

for
ex

am
p
le
∇

θ L̂
en

t
=
∇

φ L̂
en

t
=
∇

φ L
cro

ss
=

0.

U
sin

g
th

e
ab

ove
ob

jectiv
e

fu
n
ction

(L̂
elb

o )
an

d
its

grad
ien

ts
w

e
can

con
sid

er
b
atch

op
ti-

m
ization

w
ith

lim
ited

-m
em

ory
b
f
g
s

for
sm

all
d
atasets

an
d

m
ed

iu
m

-size
d
atasets.

H
ow

ever,
u
n
d
er

th
is

b
atch

settin
g,

th
e

com
p
u
tation

al
cost

can
b

e
to

o
la

rge
to

b
e

aff
ord

ed
in

p
ractice

even
for

m
ed

iu
m

-size
d
atasets

on
sin

gle-core
arch

itectu
res.

5
.1

.
S

to
ch

a
stic

o
p

tim
iz

a
tio

n

T
o

d
eal

w
ith

th
e

ab
ove

p
rob

lem
,

w
e

fi
rst

n
ote

th
at

th
e

term
s

corresp
on

d
in

g
to

th
e

K
L

-
d
ivergen

ceL̂
en

t
an

d
L
cro

ss
in

E
q
u
ation

s
(1

4)
an

d
(15)

d
o

n
ot

d
ep

en
d

on
th

e
ob

served
d
ata,

h
en

ce
th

eir
com

p
u
tation

al
com

p
lex

ity
is

in
d
ep

en
d
en

t
of
N

.
M

ore
im

p
ortan

tly,
w

e
n
ote

th
at

L̂
ell

in
E

q
u
ation

(24)
d
ecom

p
oses

as
a

su
m

of
ex

p
ecta

tion
s

over
in

d
iv

id
u
al

d
atap

oin
ts.

T
h
is

m
akes

ou
r

in
feren

ce
fram

ew
ork

am
en

ab
le

to
p
arallel

com
p
u
tation

an
d

sto
ch

astic
op

tim
iza-

tion
(R

ob
b
in

s
an

d
M

on
ro,

1951).
M

ore
p
recisely,

w
e

can
rew

rite
L̂
elb

o
as:

L̂
elb

o
=

N
∑n
=
1 [

1N

(L̂
en

t
+
L
cro

ss )
+
L̂
(n

)
ell ]

,

w
h
ere
L̂
(n

)
ell

=
1S

∑
Kk
=
1
π
k ∑

Si=
1

log
p
(y
n |f

(k
,i)

n·
,φ

),
w

h
ich

en
ab

les
u
s

to
ap

p
ly

sto
ch

astic
op

ti-
m

ization
tech

n
iq

u
es

su
ch

as
sto

ch
astic

grad
ien

ts
d
escen

d
(sg

d
,

R
ob

b
in

s
an

d
M

on
ro,

1951)
or

a
d
a
d
e
lt
a

(Z
eiler,

2012).
T

h
e

com
p
lex

ity
of

th
e

resu
ltin

g
algorith

m
is

in
d
ep

en
d
en

t
of

N
an

d
d
om

in
ated

b
y

algeb
raic

op
eration

s
th

at
are
O

(M
3)

in
tim

e,
w

h
ere

M
is

th
e

n
u
m

-
b

er
of

in
d
u
cin

g
p

oin
ts

p
er

laten
t

p
ro

cess.
T

h
is

m
akes

ou
r

au
tom

ated
variation

al
in

feren
ce

fram
ew

ork
p
ractical

for
very

large
d
a
tasets.

5
.2

.
R

e
d

u
c
in

g
th

e
v
a
ria

n
c
e

o
f

th
e

g
ra

d
ie

n
ts

w
ith

c
o
n
tro

l
v
a
ria

te
s

T
h
eorem

1
is

fu
n
d
am

en
tal

to
h
av

in
g

a
statistica

l
effi

cien
t

algorith
m

th
at

on
ly

req
u
ires

sam
-

p
lin

g
from

u
n
ivariate

G
au

ssian
d
istrib

u
tion

s
(in

stead
of

sam
p
lin

g
from

very
h
igh

-d
im

en
sion

al
G

au
ssian

s)
for

th
e

estim
ation

of
th

e
ex

p
ected

log
lik

elih
o
o
d

term
an

d
its

grad
ien

ts.

H
ow

ever,
th

e
varian

ce
of

th
e

grad
ien

t
estim

ates
m

ay
b

e
to

o
large

for
th

e
algorith

m
to

w
ork

in
p
ractice,

an
d

varian
ce

red
u
ction

tech
n
iq

u
es

b
ecom

e
n
ecessary.

H
ere

w
e

u
se

th
e

w
ell-

k
n
ow

n
tech

n
iq

u
e

of
con

trol
variates

(see
e.g.

R
oss,

2006,§8.2),
w

h
ere

a
n
ew

grad
ien

t
estim

ate
is

con
stru

cted
so

as
to

h
ave

th
e

sam
e

ex
p

ectation
b
u
t

low
er

varian
ce

th
an

th
e

origin
al

estim
ate.

O
u
r

con
trol

variate
is

th
e

so-called
score

fu
n
ction

h
(fn· )

=
∇
λ
k

log
q
k
(n

) (fn· |λ
k )

an
d

fu
ll

d
etails

are
given

in
A

p
p

en
d
ix

F
.
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ss
ia
n
P
r
o
c
e
ss

M
o
d
e
l
s

5
.3

.
O

p
ti

m
iz

a
ti

o
n

o
f

th
e

in
d

u
c
in

g
in

p
u

ts

S
o

fa
r

w
e

h
av

e
d
is

cu
ss

ed
op

ti
m

iz
at

io
n

of
va

ri
at

io
n
al

p
ar

a
m

et
er

s
(λ

),
i.
e.

th
e

p
a
ra

m
et

er
s

of
th

e
ap

p
ro

x
im

at
e

p
os

te
ri

or
({
π
k
,m

k
,S

k
})

;
co

va
ri

an
ce

h
y
p

er
p
a
ra

m
et

er
s

(θ
);

an
d

li
ke

li
h
o
o
d

p
ar

am
et

er
s

(φ
).

H
ow

ev
er

,
as

d
is

cu
ss

ed
b
y

T
it

si
as

(2
00

9)
,

th
e

in
d
u
ci

n
g

in
p
u
ts
{Z

j
}

ca
n

b
e

se
en

as
ad

d
it

io
n
al

va
ri

at
io

n
al

p
ar

am
et

er
s

an
d
,

th
er

ef
or

e,
th

ei
r

op
ti

m
iz

at
io

n
sh

ou
ld

b
e

so
m

eh
ow

ro
b
u
st

to
ov

er
fi
tt

in
g.

A
s

d
es

cr
ib

ed
in

th
e

E
x
p

er
im

en
ts

(S
ec

ti
on

9.
5
),

le
ar

n
in

g
of

th
e

in
d
u
ci

n
g

in
p
u
ts

ca
n

im
p
ro

ve
p

er
fo

rm
an

ce
,
re

q
u
ir

in
g

a
lo

w
er

n
u
m

b
er

of
in

d
u
ci

n
g

va
ri

ab
le

s
th

an
w

h
en

th
es

e
ar

e
fi
x
ed

.
T

h
is

,
of

co
u
rs

e,
co

m
es

at
an

ad
d
it

io
n
al

co
m

p
u
ta

ti
on

al
co

st
w

h
ic

h
ca

n
b

e
si

gn
ifi

ca
n
t

w
h
en

co
n
si

d
er

in
g

h
ig

h
-d

im
en

si
on

al
in

p
u
t

sp
ac

es
.

A
s

w
it

h
th

e
va

ri
at

io
n
al

p
ar

am
et

er
s,

w
e

st
u
d
y

le
ar

n
in

g
of

th
e

in
d
u
ci

n
g

in
p
u
ts

v
ia

gr
ad

ie
n
t-

b
as

ed
op

ti
m

iz
at

io
n
,

fo
r

w
h
ic

h
w

e
u
se

th
e

gr
ad

ie
n
ts

p
ro

v
id

ed
in

A
p
p

en
d
ix

E
.

E
ar

ly
re

fe
re

n
ce

s
in

th
e

m
ac

h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y
w

h
er

e
a

si
n
gl

e
va

ri
at

io
n
al

ob
je

ct
iv

e
is

u
se

d
fo

r
p
ar

am
et

er
in

fe
re

n
ce

(i
n

ad
d
it

io
n

to
p

os
te

ri
or

es
ti

m
a
ti

on
ov

er
la

te
n
t

va
ri

ab
le

s)
ca

n
b

e
fo

u
n
d

in
H

in
to

n
an

d
va

n
C

am
p

(1
99

3)
;

M
ac

K
ay

(1
99

5)
;

L
a
p
p
al

a
in

en
an

d
M

is
k
in

(2
00

0)
.

T
h
es

e
m

et
h
o
d
s

ar
e

n
ow

k
n
ow

n
u
n
d
er

th
e

u
m

b
re

ll
a

te
rm

of
va

ri
at

io
n
al

B
ay

es
2

an
d

co
n
si

d
er

a
p
ri

or
an

d
an

ap
p
ro

x
im

at
e

p
os

te
ri

or
fo

r
th

es
e

p
ar

am
et

er
s

w
it

h
in

th
e

va
ri

a
ti

on
al

fr
am

ew
or

k
.

A
s

m
en

ti
on

ed
ab

ov
e,

ra
th

er
th

an
a

fu
ll

va
ri

at
io

n
al

B
ay

es
ap

p
ro

ac
h
,

w
e

p
ro

v
id

e
p

oi
n
t

es
ti

m
at

es
of
{θ
,φ
}

an
d
{Z

j
},

an
d

ou
r

ex
p

er
im

en
ts

in
§9

co
n
fi
rm

th
e

effi
ca

cy
of

ou
r

ap
p
ro

ac
h
.

M
or

e
sp

ec
ifi

ca
ll
y,

w
e

sh
ow

in
§9

.5
th

at
p

oi
n
t-

es
ti

m
at

io
n

of
th

e
in

d
u
ci

n
g

in
p
u
ts

{Z
j
}

u
si

n
g

th
e

va
ri

at
io

n
al

ob
je

ct
iv

e
ca

n
b

e
si

gn
ifi

ca
n
tl

y
b

et
te

r
th

an
u
si

n
g

h
eu

ri
st

ic
s

su
ch

as
k
-m

ea
n
s

cl
u
st

er
in

g.

6
.

D
e
n
se

P
o
st

e
ri

o
r

a
n
d

P
ra

ct
ic

a
l

D
is

tr
ib

u
ti

o
n
s

In
th

is
se

ct
io

n
w

e
co

n
si

d
er

th
e

ca
se

w
h
en

th
e

in
d
u
ci

n
g

in
p
u
ts

ar
e

p
la

ce
d

at
th

e
tr

ai
n
in

g
p

oi
n
ts

,
i.
e.

Z
j

=
X

an
d

co
n
se

q
u
en

tl
y
M

=
N

.
A

s
m

en
ti

on
ed

in
S
ec

ti
on

4.
1
,

w
e

re
fe

r
to

th
is

se
tt

in
g

as
d
en

se
to

d
is

ti
n
gu

is
h

it
fr

om
th

e
ca

se
w

h
en

M
<
N

,
fo

r
w

h
ic

h
th

e
re

su
lt

in
g

m
o
d
el

s
ar

e
u
su

al
ly

ca
ll
ed

sp
ar

se
ap

p
ro

x
im

at
io

n
s.

It
is

im
p

or
ta

n
t

to
re

al
iz

e
th

at
n
ot

al
l

re
al

d
at

as
et

s
ar

e
ve

ry
la

rg
e

an
d

th
at

in
m

an
y

ca
se

s
th

e
re

su
lt

in
g

ti
m

e
an

d
m

em
or

y
co

m
p
le

x
it

y
O

(N
3
)

an
d
O

(N
2
)

ca
n

b
e

aff
or

d
ed

.
B

es
id

es
th

e
d
en

se
p

os
te

ri
or

ca
se

,
w

e
al

so
st

u
d
y

so
m

e
p
ar

ti
cu

la
r

va
ri

at
io

n
al

d
is

tr
ib

u
ti

on
s

th
at

m
ak

e
ou

r
fr

am
ew

or
k

m
or

e
p
ra

ct
ic

al
,

es
p

ec
ia

ll
y

in
la

rg
e-

sc
al

e
ap

p
li
ca

ti
on

s.

6
.1

.
D

e
n

se
A

p
p

ro
x
im

a
te

P
o
st

e
ri

o
r

W
h
en

ou
r

p
os

te
ri

or
is

d
en

se
th

e
on

ly
ap

p
ro

x
im

at
io

n
m

ad
e

is
th

e
as

su
m

ed
va

ri
at

io
n
al

d
is

-
tr

ib
u
ti

on
in

E
q
u
at

io
n

(6
).

W
e

w
il
l

sh
ow

th
at

,
in

th
is

ca
se

,
w

e
re

co
ve

r
th

e
o
b

je
ct

iv
e

fu
n
ct

io
n

in
N

gu
ye

n
an

d
B

on
il
la

(2
01

4a
)

an
d

th
at

h
y
p

er
-p

ar
am

et
er

le
ar

n
in

g
is

ea
si

er
as

th
e

te
rm

s
in

th
e

re
su

lt
in

g
ob

je
ct

iv
e

fu
n
ct

io
n

th
at

d
ep

en
d

on
th

e
h
y
p

er
p
ar

am
et

er
s

d
o

n
ot

in
vo

lv
e
m
c

es
ti

m
at

es
.

T
h
er

ef
or

e,
th

ei
r

an
al

y
ti

ca
l

gr
ad

ie
n
ts

ca
n

b
e

u
se

d
.

F
u
rt

h
er

m
or

e,
in

th
e

fo
ll
ow

in
g

2
.

W
e

n
o
te

th
a
t

th
es

e
m

et
h

o
d

s
w

er
e

th
en

re
fe

rr
ed

to
a
s

“
E

n
se

m
b

le
L

ea
rn

in
g
”
,

si
n

ce
a

fu
ll

d
is

tr
ib

u
ti

o
n

(i
.e

.
a
n

en
se

m
b

le
o
f

p
a
ra

m
et

er
s)

w
a
s

u
se

d
in

st
ea

d
o
f

a
si

n
g
le

p
o
in

t
es

ti
m

a
te

.
F

o
rt

u
n

a
te

ly
,

n
ow

a
d

ay
s,

va
ri

a
ti

o
n

a
l
B

ay
es

is
a

p
re

fe
rr

ed
te

rm
si

n
ce

E
n

se
m

b
le

L
ea

rn
in

g
is

m
o
re

co
m

m
o
n

ly
a
ss

o
ci

a
te

d
w

it
h

m
et

h
o
d

s
fo

r
co

m
b

in
in

g
m

u
lt

ip
le

m
o
d

el
s.
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:1
-6

3,
 2

01
9

B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

se
ct

io
n
,

w
e

w
il
l

p
ro

v
id

e
an

effi
ci

en
t

ex
ac

t
p
ar

am
et

ri
za

ti
on

of
th

e
p

os
te

ri
or

co
va

ri
a
n
ce

th
at

re
d
u
ce

s
th

e
O

(N
2
)

m
em

or
y

co
m

p
le

x
it

y
to

a
li
n
ea

r
co

m
p
le

x
it

y
O

(N
).

W
e

st
ar

t
b
y

lo
ok

in
g

at
th

e
co

m
p

on
en

ts
of
L e

lb
o

w
h
en

w
e

m
ak

e
Z
j

=
X

,
w

h
ic

h
w

e

ca
n

si
m

p
ly

ob
ta

in
b
y

m
ak

in
g

K
j z
z

=
K
j x
x

an
d
M

=
N

,
an

d
re

al
iz

in
g

th
at

th
e

p
o
st

er
io

r
p
ar

am
et

er
s
{m

k
j
,S

k
j
}

ar
e

n
ow

N
-d

im
en

si
on

al
ob

je
ct

s.
T

h
er

ef
or

e,
w

e
le

av
e

th
e

en
tr

o
p
y

te
rm
L̂ e

n
t

in
E

q
u
at

io
n

(1
4)

u
n
ch

an
ge

d
an

d
w

e
re

p
la

ce
al

l
th

e
ap

p
ea

ra
n
ce

s
of

K
j z
z

w
it

h
K
j x
x

an
d

al
l

th
e

ap
p

ea
ra

n
ce

s
of
M

w
it

h
N

fo
r

th
e
L c

ro
ss

.
W

e
re

fe
r

th
e

re
ad

er
to

A
p
p

en
d
ix

G
fo

r
d
et

ai
ls

of
th

e
eq

u
a
ti

on
s

b
u
t

it
is

ea
sy

to
se

e
th

at
th

e
re

su
lt

in
g
L̂ e

n
t

an
d
L c

ro
ss

a
re

id
en

ti
ca

l
to

th
os

e
ob

ta
in

ed
b
y

N
gu

y
en

an
d

B
on

il
la

(2
01

4a
,

E
q
u
at

io
n
s

5
an

d
6)

.

F
or

th
e

ex
p

ec
te

d
lo

g
li
k
el

ih
o
o
d

te
rm

,
th

e
ge

n
er

ic
ex

p
re

ss
io

n
in

E
q
u
at

io
n

(1
6
)

st
il
l
a
p
p
li
es

b
u
t

w
e

n
ee

d
to

fi
gu

re
ou

t
th

e
re

su
lt

in
g

ex
p
re

ss
io

n
s

fo
r

th
e

ap
p
ro

x
im

at
e

p
os

te
ri

o
r

p
a
ra

m
e-

te
rs

in
E

q
u
at

io
n
s

(1
8)

an
d

(1
9)

.
It

is
ea

sy
to

sh
ow

th
at

th
e

re
su

lt
in

g
p

os
te

ri
o
r

m
ea

n
s

a
n
d

co
va

ri
an

ce
s

ar
e

in
fa

ct
b
k
j

=
m
k
j

an
d

Σ
k
j

=
S
k
j

(s
ee

A
p
p

en
d
ix

G
fo

r
d
et

ai
ls

).
T

h
is

m
ea

n
s

th
at

in
th

e
d
en

se
ca

se
w

e
si

m
p
ly

es
ti

m
at

e
th

e
L̂ e

ll
b
y

u
si

n
g

em
p
ir

ic
al

ex
p

ec
ta

ti
o
n
s

ov
er

th
e

u
n
co

n
st

ra
in

ed
va

ri
at

io
n
al

p
os

te
ri

or
q(

f|λ
),

w
it

h
‘f

re
e’

m
ea

n
an

d
co

va
ri

an
ce

p
a
ra

m
et

er
s.

In
co

n
tr

as
t,

in
th

e
sp

ar
se

ca
se

,
al

th
ou

gh
th

es
e

ex
p

ec
ta

ti
on

s
ar

e
st

il
l

co
m

p
u
te

d
ov

er
q(

f|λ
),

th
e

p
ar

am
et

er
s

of
th

e
va

ri
at

io
n
al

p
os

te
ri

or
q(

f|λ
)

ar
e

co
n
st

ra
in

ed
b
y

E
q
u
at

io
n
s

(1
8
)

a
n
d

(1
9)

w
h
ic

h
ar

e
fu

n
ct

io
n
s

of
th

e
p
ri

or
co

va
ri

an
ce

an
d

th
e

p
ar

am
et

er
s

of
th

e
va

ri
at

io
n
a
l
d
is

tr
ib

u
ti

o
n

ov
er

th
e

in
d
u
ci

n
g

va
ri

ab
le

s
q(

u
|λ

).
A

s
w

e
sh

al
l

se
e

in
th

e
fo

ll
ow

in
g

se
ct

io
n
,

th
is

d
is

ti
n
c-

ti
on

b
et

w
ee

n
th

e
d
en

se
ca

se
an

d
sp

ar
se

ca
se

h
as

cr
it

ic
al

co
n
se

q
u
en

ce
s

on
h
y
p

er
p
a
ra

m
et

er
le

ar
n
in

g.

6
.1
.1
.
E
x
a
c
t
H
y
p
e
r
pa

r
a
m
e
t
e
r
O
p
t
im

iz
a
t
io
n

T
h
e

ab
ov

e
in

si
gh

t
re

ve
al

s
a

re
m

ar
ka

b
le

p
ro

p
er

ty
of

th
e

m
o
d
el

in
th

e
d
en

se
ca

se
.

U
n
li
ke

th
e

sp
ar

se
ca

se
,

th
e

ex
p

ec
te

d
lo

g
li
ke

li
h
o
o
d

te
rm

d
o
es

n
ot

d
ep

en
d

on
th

e
co

va
ri

a
n
ce

h
y
p

er
-

p
ar

am
et

er
s,

as
th

e
ex

p
ec

ta
ti

on
of

th
e

co
n
d
it

io
n
al

li
ke

li
h
o
o
d

is
ta

ke
n

ov
er

th
e

va
ri

a
ti

o
n
a
l

d
is

tr
ib

u
ti

on
q(

f|λ
)

w
it

h
‘f

re
e’

p
ar

am
et

er
s.

T
h
er

ef
or

e,
on

ly
th

e
cr

os
s-

en
tr

o
p
y

te
rm
L c

ro
ss

d
ep

en
d
s

on
th

e
h
y
p

er
p
ar

am
et

er
s

(a
s

w
e

al
so

k
n
ow

th
at
∇

θ
L̂ e

n
t

=
0)

.
F

or
th

is
te

rm
,

a
s

se
en

in
A

p
p

en
d
ix

G
.1

an
d

co
rr

es
p

on
d
in

g
gr

ad
ie

n
ts

in
E

q
u
at

io
n

(3
7)

,
w

e
h
av

e
d
er

iv
ed

th
e

ex
a
ct

(a
n
al

y
ti

ca
l)

ex
p
re

ss
io

n
s

fo
r

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

an
d

it
s

gr
ad

ie
n
ts

,
av

oi
d
in

g
em

p
ir

ic
a
l
m
c

es
ti

m
at

es
al

to
ge

th
er

.
T

h
is

h
as

a
si

gn
ifi

ca
n
t

p
ra

ct
ic

al
im

p
li
ca

ti
on

:
d
es

p
it

e
u
si

n
g

b
la

ck
-b

ox
in

fe
re

n
ce

,
th

e
h
y
p

er
p
ar

am
et

er
s

ar
e

op
ti

m
iz

ed
w

rt
th

e
tr

u
e

ev
id

en
ce

lo
w

er
b

o
u
n
d

(g
iv

en
fi
x
ed

va
ri

at
io

n
al

p
ar

am
et

er
s)

.
T

h
is

is
an

ad
d
it

io
n
al

an
d

cr
u
ci

al
ad

va
n
ta

ge
of

o
u
r

a
u
to

m
a
te

d
in

fe
re

n
ce

m
et

h
o
d

ov
er

ot
h
er

ge
n
er

ic
in

fe
re

n
ce

te
ch

n
iq

u
es

(s
ee

e.
g.

R
an

ga
n
at

h
et

a
l.
,

2
0
1
4
),

w
h
ic

h
d
o

n
ot

ex
p
lo

it
k
n
ow

le
d
ge

of
th

e
p
ri

or
.

6
.1
.2
.
E
x
a
c
t
S
o
l
u
t
io
n
w
it
h
G
a
u
ss
ia
n
L
ik
e
l
ih
o
o
d
s

A
n
ot

h
er

in
te

re
st

in
g

p
ro

p
er

ty
of

ou
r

ap
p
ro

ac
h

ar
is

es
fr

om
th

e
fa

ct
th

at
,

as
w

e
a
re

u
si

n
g
m
c

es
ti

m
at

es
,
L̂ e

ll
is

an
u
n
b
ia

se
d

es
ti

m
at

or
of
L e

ll
.

T
h
is

m
ea

n
s

th
at

,
as

th
e

n
u
m

b
er

o
f

sa
m

p
le

s
S

in
cr

ea
se

s,
L̂ e

lb
o

w
il
l

co
n
ve

rg
e

to
th

e
tr

u
e

va
lu

e
L e

lb
o
.

In
th

e
ca

se
of

a
G

au
ss

ia
n

li
ke

li
h
o
o
d
,

th
e

p
os

te
ri

or
ov

er
th

e
la

te
n
t

fu
n
ct

io
n
s

is
al

so
G

au
ss

ia
n

an
d

a
va

ri
at

io
n
al

ap
p
ro

a
ch

w
it

h
a

fu
ll

G
au

ss
ia

n
p

os
te

ri
or

w
il
l

co
n
v
er

ge
to

th
e

tr
u
e

p
ar

am
et

er
s

of
th

e
p

os
te

ri
or

,
se

e
e.

g
.

O
p
p

er
an

d
A

rc
h
am

b
ea

u
(2

00
9)

an
d

A
p
p

en
d
ix

G
.2

fo
r

d
et

ai
ls

.
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

6
.2

.
P

ra
c
tic

a
l

V
a
ria

tio
n

a
l

D
istrib

u
tio

n
s

A
s

w
e

h
ave

seen
in

S
ection

5,
learn

in
g

of
all

p
aram

eters
in

th
e

m
o
d
el

can
b

e
d
on

e
in

a
sca

la
b
le

w
ay

th
rou

gh
sto

ch
astic

op
tim

ization
for

gen
eral

lik
elih

o
o
d

m
o
d
els,

p
rov

id
in

g
au

-
to

m
a
ted

va
ria

tion
al

in
feren

ce
for

m
o
d
els

w
ith

G
au

ssian
p
ro

cess
p
riors.

H
ow

ever,
th

e
gen

-
era

l
m

og
a
p
p
rox

im
ate

p
osterior

in
E

q
u
ation

(6)
req

u
iresO

(M
2)

variation
a
l

p
a
ram

eters
for

ea
ch

cova
ria

n
ce

m
atrix

of
th

e
corresp

on
d
in

g
laten

t
p
ro

cess,
y
ield

in
g

a
total

req
u
irem

en
t

of
O

(Q
K
M

2)
p
aram

eters.
T

h
is

m
ay

cau
se

d
iffi

cu
lties

for
learn

in
g

w
h
en

th
ese

p
aram

eters
are

o
p
tim

ized
sim

u
ltan

eou
sly.

In
th

is
section

w
e

in
tro

d
u
ce

tw
o

sp
ecial

m
em

b
ers

of
th

e
assu

m
ed

va
ria

tio
n
a
l

p
o
sterior

fam
ily

th
at

im
p
rove

th
e

p
ractica

l
tractab

ility
of

ou
r

in
feren

ce
fram

e-
w

o
rk

.
T

h
ese

m
em

b
ers

are
a

fu
ll

G
a
u
ssian

p
osterior

an
d

a
m

ix
tu

re
of

d
iag

on
al

G
au

ssian
s

p
o
sterio

r.

6
.2
.1
.
F
u
l
l
G
a
u
ssia

n
P
o
st

e
r
io
r

T
h
is

in
sta

n
ce

con
sid

ers
th

e
case

of
on

ly
on

e
com

p
on

en
t

in
th

e
m

ix
tu

re
(K

=
1
)

in
E

q
u
ation

(6
),w

h
ich

h
a
s

a
G

au
ssian

d
istrib

u
tion

w
ith

a
fu

ll
co

va
ria

n
ce

m
atrix

for
each

laten
t

p
ro

cess.
T

h
erefo

re,
fo

llow
in

g
th

e
factorization

assu
m

p
tion

in
th

e
p

osterior
across

laten
t

p
ro

cesses,
th

e
p

osterio
r

d
istrib

u
tion

over
th

e
in

d
u
cin

g
va

riab
les

u
,

an
d

con
seq

u
en

tly
over

th
e

la
ten

t
fu

n
ctio

n
s

f,
is

a
G

au
ssian

w
ith

b
lo

ck
d
iagon

al
covaria

n
ce,

w
h
ere

each
b
lo

ck
is

a
fu

ll
covari-

a
n
ce

co
rresp

o
n
d
in

g
to

th
at

of
a

sin
gle

laten
t

fu
n
ction

.
W

e
th

u
s

refer
to

th
is

ap
p
rox

im
ate

p
o
sterio

r
a
s

th
e

fu
ll

G
au

ssian
p

osterior
(f
g

).

6
.2
.2
.
M
ix
t
u
r
e
o
f
D
ia
g
o
n
a
l
G
a
u
ssia

n
s
P
o
st

e
r
io
r

O
u
r

secon
d

p
ractical

variation
al

p
osterior

con
sid

ers
a

m
ix

tu
re

d
istrib

u
tion

as
in

E
q
u
ation

(6
),

co
n
stra

in
in

g
each

of
th

e
m

ix
tu

re
co

m
p

on
en

ts
for

each
laten

t
p
ro

cess
to

b
e

a
G

au
s-

sia
n

d
istrib

u
tio

n
w

ith
d
ia

go
n

a
l

co
va

ria
n

ce
m

a
trix

.
T

h
erefore,

follow
in

g
th

e
factorizatio

n
a
ssu

m
p
tio

n
in

th
e

p
osterior

across
laten

t
p
ro

cesses,
th

e
p

osterior
d
istrib

u
tion

over
th

e
in

-
d
u
cin

g
va

ria
b
les

u
is

a
m

ix
tu

re
of

d
iago

n
al

G
au

ssian
s.

H
ow

ever,
w

e
n
ote

th
at,

as
seen

in
E

q
u
a
tio

n
s

(1
8)

an
d

(19),
th

e
p

osterior
over

th
e

laten
t

fu
n
ction

s
f

is
n
ot

a
m

ix
tu

re
of

d
ia

g
o
n
a
l

G
a
u
ssian

s
in

th
e

gen
eral

sp
arse

case.
O

b
v
io

u
sly,

in
th

e
d
en

se
case

(w
h
ere

Z
j

=
X

)
th

e
p

o
sterio

r
covarian

ce
over

f
of

each
com

p
on

en
t

d
o
es

h
ave

a
d
iagon

al
stru

ctu
re.

H
en

ce-
fo

rth
,

w
e

w
ill

refer
to

th
is

ap
p
rox

im
ation

sim
p
ly

as
m

og
,

to
d
istin

gu
ish

it
from

th
e
f
g

case
a
b

ove,
w

h
ile

avoid
in

g
th

e
u
se

of
ad

d
ition

al
n
otation

.
O

n
e

im
m

ed
iate

b
en

efi
t

of
u
sin

g
th

is
a
p
p
rox

im
a
te

p
o
sterior

is
com

p
u
tation

a
l,

as
w

e
av

oid
th

e
in

version
of

a
fu

ll
covarian

ce
for

ea
ch

co
m

p
on

en
t

in
th

e
m

ix
tu

re.

A
s

w
e

sh
a
ll

see
in

th
e

follow
in

g
section

s,
th

ere
are

ad
d
ition

al
b

en
efi

ts
fro

m
th

e
assu

m
ed

p
ra

ctica
l

d
istrib

u
tion

s
an

d
th

ey
con

cern
th

e
effi

cien
t

p
aram

etrizatio
n

of
th

e
cova

rian
ce

for
b

o
th

d
istrib

u
tion

s
an

d
th

e
low

er
varian

ce
of

th
e

grad
ien

t
estim

ates
for

th
e
m

o
g

p
osterio

r.

6
.3

.
E

ffi
c
ie

n
t

R
e
-p

a
ra

m
e
triz

a
tio

n

A
s

m
en

tio
n
ed

ab
ove,

on
e

of
th

e
m

ain
m

otivation
s

for
h
av

in
g

sp
ecifi

c
p
ra

ctical
d
istrib

u
-

tio
n
s

is
to

red
u
ce

th
e

com
p
u
tation

al
overh

ead
d
u
e

to
th

e
large

n
u
m

b
er

of
p
aram

eters
to

o
p
tim

ize.
F

o
r

th
e
m

o
g

ap
p
rox

im
ation

,
it

is
ob

v
iou

s
th

at
on

ly
O

(M
)

p
aram

eters
for

each
la

ten
t

p
ro

cess
a
n
d

m
ix

tu
re

com
p

on
en

t
are

req
u
ired

to
rep

resen
t

th
e

p
osterior

covarian
ce,
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

h
en

ce
on

e
ob

tain
s

an
effi

cien
t

p
aram

etrization
b
y

d
efi

n
ition

.
H

ow
ever,

for
th

e
fu

ll
G

au
ssian

(f
g

)
ap

p
rox

im
ation

,
n
aively,

on
e

w
ou

ld
req

u
ireO

(M
2)

p
aram

eters.
T

h
e

follow
in

g
th

eorem
states

th
at

for
settin

gs
th

at
req

u
ire

a
large

n
u
m

b
er

of
in

d
u
cin

g
variab

les,
th

e
f
g

variation
al

d
istrib

u
tion

can
b

e
rep

resen
ted

u
sin

g
a

sign
ifi

can
tly

low
er

n
u
m

b
er

of
p
aram

eters.

T
h

e
o
re

m
2

T
h
e

o
p
tim

a
l

fu
ll

G
a
u

ssia
n

va
ria

tio
n

a
l

po
sterio

r
ca

n
be

rep
resen

ted
u

sin
g

a
pa

ra
m

etriza
tio

n
th

a
t

is
lin

ea
r

in
th

e
n

u
m

ber
o
f

o
bserva

tio
n

s
(N

).

B
efore

p
ro

ceed
in

g
w

ith
th

e
an

aly
sis

of
th

is
th

eorem
,

w
e

rem
in

d
th

e
read

er
th

at
th

e
gen

eral
form

of
ou

r
variation

al
d
istrib

u
tion

in
E

q
u
ation

(6)
req

u
iresO

(K
Q
M

2)
p
aram

eters
for

th
e

covarian
ce,

for
a

m
o
d
el

w
ith

K
m

ix
tu

re
com

p
on

en
ts,

Q
laten

t
p
ro

cesses
an

d
M

in
d
u
cin

g
variab

les.
N

everth
eless,

for
sim

p
licity

an
d

b
ecau

se
u
su

ally
K
�

M
an

d
Q
�

M
,

w
e

w
ill

om
it
K

an
d
Q

in
in

th
e

follow
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.

T
h
e

p
ro

of
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can

b
e
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n
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A

p
p

en
d
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H
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w
h
ere

it
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ow

n
th

a
t
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e
f
g
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e
op

tim
al
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for
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e
p

osterior
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y
:

Ŝ
j

=
K
jz
z (K

jz
z

+
K
jz
x
Λ
j K

jx
z )−

1
K
jz
z ,

(25)
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h
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Λ
j
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a
N
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en
sion
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d
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m
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.

S
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b

e
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s
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x
ed

kern
el
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u
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d
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p
aram

eters
given

b
y

Λ
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aram
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e

p
osterior

covarian
ce.
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w
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6
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itrary

lo
catio

n
s

an
d
,

m
ore

im
p

o
rtan

tly,
M
�

N
,

th
e

n
u
m

b
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con
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b
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p
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d
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b
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b
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√
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b
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b
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=
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w
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b
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b
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b
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p
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Ŝ
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=
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p
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d
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b
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p
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b
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d
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c
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p
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h
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h
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e

va
ri

-
a
ti

o
n

a
l

pa
ra

m
et

er
s

u
si

n
g

th
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d
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d
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p
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w
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u
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b
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u
e
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e
an
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ac

ta
b
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y
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K
L
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iv

er
ge
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k
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e
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n
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el
b
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T
h
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p
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en
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n
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at
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P
re

d
ic

ti
o
n
s

G
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en
th

e
ge

n
er
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p

os
te

ri
or
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er

th
e
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d
u
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n
g

va
ri
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s
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u
|λ

)
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eq
u
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io
n
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),

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti
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fo

r
a

n
ew

te
st

p
oi

n
t

x
?

is
g
iv

en
b
y
:

p
(y
?
|x
?
)
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K ∑ k
=
1

π
k

∫
p
(y
?
|f ?
·)
∫
p
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?
·|u

)q
k
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|λ
k
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u
d
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π
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∫
p
(y
?
|f ?
·)
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?
·|λ

k
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·,
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w
h
er

e
q k

(f
?
·|λ

k
)
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e
p
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d
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ti
ve

d
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tr
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u
ti
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e
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n
t
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n
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n
s
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d
in

g
to

m
ix

tu
re

co
m

p
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t
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n
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e
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n
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at
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n
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p
ar
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s
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k
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k
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?
·|λ

k
)

=
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1

N
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?
j
;µ

? k
j
,σ

?
2
k
j
),

w
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h

µ
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j
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κ
j
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?
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j
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K
j z
z
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1
m
k
j
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d

σ
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2
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κ
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?
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?
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?
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−
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p
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b
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p
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p
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p
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p
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ra
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n
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p
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p
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d
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p
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b
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b
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at
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is

se
ct

io
n
.

W
e

an
al

y
ze

th
e

m
or

e
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b
e

th
e

n
u
m

b
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at
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b
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b
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b
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at
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b
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p
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b
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c
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p
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n
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p
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b
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a
n
d

w
e
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te
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h
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og
p
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∈
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ke

li
h
o
o
d
.

8
.1

.
O

v
e
ra

ll
C
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p
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it
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e
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p
u
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p
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at
e
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e
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p
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b
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b
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∈
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+
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K
B
M

+
K
B
S
L

))
.

W
e

n
ot

e
th

at
it

ta
ke

s
dN
/B
e

gr
ad

ie
n
t

u
p

d
at

es
to

go
ov

er
an

en
ti

re
p
as

s
of

th
e

d
a
ta

.
If

w
e

as
su

m
e

th
at
K

is
a

sm
al

l
co

n
st

an
t,

th
e

as
y
m

p
to

ti
c

co
m

p
le

x
it

y
of

a
si

n
gl

e
p
as

s
ov

er
th

e
d
at

a
d
o
es

n
ot

im
p
ro

ve
b
y

in
cr

ea
si

n
g
B

b
ey

on
d
B

=
M

.
H

en
ce

if
w

e
as

su
m

e
th

at
B
∈
O

(M
)

th
e

co
m

p
u
ta

ti
on

al
co

st
of

a
si

n
gl

e
gr

ad
ie

n
t

u
p

d
at

e
is

gi
v
en

b
y

T
(L

el
b
o
)
∈
O

(Q
M

(M
D

+
M

2
+
S
L

))
,

fo
r

b
ot

h
d
ia

go
n
al

an
d

fu
ll

co
va

ri
an

ce
s.

If
w

e
as

su
m

e
th

at
it

ta
ke

s
a

co
n
st

an
t

a
m

o
u
n
t

o
f

ti
m

e
to

co
m

p
u
te

th
e

li
k
el

ih
o
o
d

fu
n
ct

io
n

b
et

w
ee

n
a

sa
m

p
le

an
d

an
ou

tp
u
t,

w
e

se
e

th
a
t

se
tt

in
g

S
∈
O

(M
D

+
M

2
)

d
o
es

n
ot

in
cr

ea
se

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

ou
r

al
g
o
ri

th
m

.
A

s
w

e
sh

al
l

se
e

in
se

ct
io

n
9.

4,
ev

en
a

co
m

p
le

x
li
ke

li
h
o
o
d

fu
n
ct

io
n

on
ly

re
q
u
ir

es
10
,0

0
0

sa
m

p
le

s
to

ap
p
ro

x
im

at
e

it
.

S
in

ce
w

e
ex

p
ec

t
to

h
av

e
m

or
e

th
an

10
0

in
d
u
ci

n
g

p
oi

n
ts

in
m

o
st

la
rg

e
sc

a
le

se
tt

in
gs

,
it

is
re

as
on

ab
le

to
as

su
m

e
th

at
th

e
ov

er
h
ea

d
fr

om
ge

n
er

a
te

d
sa

m
p
le

s
w

il
l

n
o
t

b
e

si
gn

ifi
ca

n
t

in
m

os
t

ca
se

s.

9
.

E
x
p

e
ri

m
e
n
ts

In
th

is
se

ct
io

n
w

e
an

al
y
ze

th
e

b
eh

av
io

r
of

ou
r

m
o
d
el

on
a

w
id

e
ra

n
ge

of
ex

p
er

im
en

ts
in

vo
lv

in
g

sm
al

l-
sc

al
e

to
la

rg
e-

sc
al

e
d
at

as
et

s.
T

h
e

m
ai

n
ai

m
of

th
e

ex
p

er
im

en
ts

is
to

ev
a
lu

a
te

th
e
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

p
erfo

rm
a
n
ce

of
th

e
m

o
d
el

w
h
en

con
sid

erin
g

d
iff

eren
t

likelih
o
o
d
s

an
d

d
iff

eren
t

d
ataset

sizes.
W

e
a
n
a
ly

ze
h
ow

ou
r

algorith
m

’s
p

erform
an

ce
is

aff
ected

b
y

th
e

d
en

sity
an

d
lo

cation
of

th
e

in
d
u
cin

g
varia

b
les,

an
d

h
ow

th
e

p
erform

an
ce

of
b
atch

an
d

sto
ch

astic
op

tim
ization

com
p
are.

W
e

sta
rt

b
y

evalu
atin

g
ou

r
algorith

m
u
sin

g
fi
ve

sm
all-scale

d
atasets

(N
<

1,300)
u
n
d
er

d
iff

eren
t

likelih
o
o
d

m
o
d
els

an
d

n
u
m

b
er

of
in

d
u
cin

g
variab

les
(§9

.3).
T

h
en

,
u
sin

g
m

ed
iu

m
-

sca
le

ex
p

erim
en

ts
(N

<
70,000),

w
e

com
p
are

sto
ch

astic
an

d
b
atch

op
tim

iza
tion

settin
gs,

a
n
d

d
eterm

in
e

th
e

eff
ect

of
learn

in
g

th
e

in
d
u
cin

g
in

p
u
ts

on
th

e
p

erform
an

ce
(§9.4).

S
u
b
-

seq
u
en

tly,
w

e
u
se

sa
v
ig
p

on
tw

o
large-scale

d
atasets.

T
h
e

fi
rst

on
e

in
volves

th
e

p
red

iction
o
f

a
irlin

e
d
elay

s,
w

h
ere

w
e

com
p
are

th
e

con
v
ergen

ce
p
rop

erties
of

ou
r

algorith
m

to
m

o
d
els

th
a
t

leverag
e

fu
ll

k
n
ow

led
ge

of
th

e
likelih

o
o
d

(§9.7.1).
T

h
e

secon
d

large
d
ata

set
con

sid
ers

a
n

a
u
g
m

en
ted

v
ersion

of
th

e
p

op
u
la

r
m
n
ist

d
ata

set
for

h
an

d
w

ritten
d
igit

recogn
ition

,
in

-
vo

lv
in

g
m

o
re

th
an

8
m

illion
ob

servation
s

(§9.7.3).
F

in
ally,

w
e

sh
ow

case
ou

r
algorith

m
on

a
n
o
n
-sta

n
d
a
rd

in
feren

ce
p
rob

lem
con

cern
in

g
a

seism
ic

in
version

task
,
w

h
ere

w
e

sh
ow

th
a
t

ou
r

varia
tio

n
a
l

in
feren

ce
algorith

m
can

y
ield

solu
tio

n
s

th
at

closely
m

atch
(n

on
-scalab

le)
sam

-
p
lin

g
a
p
p
roa

ch
es

(§9.8).
B

efore
p
ro

ceed
in

g
w

ith
th

e
ex

p
erim

en
tal

set-u
p
,

w
e

give
d
etails

of
o
u
r

im
p
lem

en
ta

tion
w

h
ich

u
ses

g
p
u

s.

9
.1

.
Im

p
le

m
e
n
ta

tio
n

W
e

h
ave

im
p
lem

en
ted

ou
r
sa
v
ig
p

m
eth

o
d

in
P

y
th

on
an

d
all

th
e

co
d
e

is
p
u
b
licly

availab
le

a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
K
a
r
l
-
K
r
a
u
t
h
/
S
p
a
r
s
e
-
G
P
.

M
ost

cu
rren

t
m

ain
stream

im
p
lem

en
-

ta
tio

n
s

o
f

G
a
u
ssian

p
ro

cess
m

o
d
els

d
o

n
ot

su
p
p

ort
g
p
u

com
p
u
tation

,
an

d
in

stead
o
p
t

to
o
ffl

o
a
d

m
o
st

o
f

th
e

w
ork

to
th

e
c
p
u

,
w

ith
th

e
n
otab

le
ex

cep
tion

of
M

atth
ew

s
et

al.
(2017).

F
o
r

ex
a
m

p
le,

n
eith

er
of

th
e

p
op

u
lar

p
ackages

g
p
m
l
3

or
g
p
y
4

p
rov

id
e

su
p
p

ort
for

g
p
u

s.
T

h
is

is
d
esp

ite
th

e
fact

th
at

m
atrix

m
an

ip
u
lation

op
eration

s,
w

h
ich

are
easily

p
ara

lleliz-
a
b
le,

a
re

a
t

th
e

core
of

an
y

G
au

ssian
p
ro

cess
m

o
d
el.

In
fact,

th
e

rate
of

p
rogress

b
etw

een
su

b
seq

u
en

t
g
p
u

m
o
d
els

h
as

b
een

m
u
ch

larger
th

an
for

c
p
u

s,
th

u
s

en
su

rin
g

th
at

a
n
y
g
p
u

im
p
lem

en
ta

tio
n

w
ou

ld
ru

n
at

an
accelerated

rate
as

faster
h
ard

w
are

gets
released

.

W
ith

th
ese

ad
van

tages
in

m
in

d
,

w
e

p
rov

id
e

an
im

p
lem

en
tation

of
sa
v
ig
p

th
at

u
ses

T
h
ea

n
o

(A
l-R

fo
u

et
al.,

2016),
a

lib
rary

th
at

allow
s

u
sers

to
d
efi

n
e

sy
m

b
olic

m
ath

em
atical

ex
p
ressio

n
s

th
a
t

get
com

p
iled

to
h
igh

ly
op

tim
ized

g
p
u

c
u
d
a

co
d
e.

A
n
y

op
eration

th
at

in
vo

lv
ed

th
e

m
an

ip
u
lation

of
large

m
atrices

or
vectors

w
as

d
on

e
in

T
h
ean

o.
M

ost
of

ou
r

ex
p

erim
en

ts
w

ere
eith

er
ru

n
on

g2.2
a
w
s

in
stan

ces,
or

on
a

d
esk

top
m

ach
in

e
w

ith
an

In
tel

co
re

i5
-4

4
6
0
c
p
u

,
8G

B
of

r
a
m

,
an

d
a
g
t
x
7
6
0
g
p
u

.

D
esp

ite
u
sin

g
a

low
-en

d
ou

td
ated

g
p
u

,
w

e
fou

n
d

a
tim

e
sp

eed
-u

p
of

5x
on

avera
ge

w
h
en

w
e

o
ffl

o
a
d
ed

w
ork

to
th

e
g
p
u

.
F

or
ex

am
p
le,

in
th

e
case

of
th

e
m
n
ist

-b
d
ataset

(u
sed

in
sectio

n
9
.4

),
w

e
averaged

th
e

tim
e

it
to

ok
to

com
p
u
te

ten
grad

ien
t

evalu
atio

n
s

of
th

e
L
elb

o

w
ith

resp
ect

to
th

e
p

osterior
p
aram

eters
ov

er
th

e
en

tire
train

in
g

set,
w

h
ere

w
e

ex
p
ressed

th
e

p
o
sterio

r
a
s

a
fu

ll
G

au
ssian

an
d

u
sed

a
sp

arsity
factor

of
0.04.

W
h
ile

it
to

ok
42.35

seco
n
d
s,

on
average,

p
er

grad
ien

t
com

p
u
ta

tion
w

h
en

m
ak

in
g

u
se

of
th

e
c
p
u

on
ly,

it
to

ok
a

m
ere

8.5
2

secon
d
s

w
h
en

w
ork

w
as

offl
oad

ed
to

th
e
g
p
u

.
W

e
ex

p
ect

th
e

d
iff

eren
ce

to
b

e
even

g
rea

ter
g
iven

a
h
igh

-en
d

cu
rren

t-gen
eration

g
p
u

.

3
.

A
va

ila
b

le
a
t
h
t
t
p
:
/
/
w
w
w
.
g
a
u
s
s
i
a
n
p
r
o
c
e
s
s
.
o
r
g
/
g
p
m
l
/
c
o
d
e
/
m
a
t
l
a
b
/
d
o
c
/
.

4
.

A
va

ila
b

le
a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
S
h
e
f
f
i
e
l
d
M
L
/
G
P
y
.
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

9
.2

.
D

e
ta

ils
o
f

th
e

E
x
p

e
rim

e
n
ts

H
ere

w
e

give
d
etails

of
ou

r
ex

p
erim

en
tal

evalu
ation

con
cern

in
g

p
erform

an
ce

m
easu

res,
in

-
d
u
cin

g
in

p
u
t

learn
in

g,
op

tim
ization

m
eth

o
d
s,

h
ow

to
read

th
e

fi
gu

res
rep

o
rted

an
d

th
e

d
iff

eren
t

m
o
d
el

con
fi
gu

ration
s

ex
p
lored

.

9
.2
.1
.
P
e
r
f
o
r
m
a
n
c
e
M
e
a
su

r
e
s

W
e

evalu
ated

th
e

p
erform

an
ce

of
th

e
algorith

m
u
sin

g
n
on

-p
rob

a
b
ilistic

an
d

p
rob

ab
ilistic

m
easu

res
accord

in
g

to
th

e
ty

p
e

of
learn

in
g

p
rob

lem
w

e
are

ad
d
ressin

g.
T

h
e

stan
d
ard

ized
sq

u
ared

error
(sse

)
an

d
th

e
n
egative

log
p
red

ictiv
e

d
en

sity
(n

l
p
d

)
w

ere
u
sed

in
th

e
case

of
con

tin
u
ou

s-ou
tp

u
t

p
rob

lem
s.

T
h
e

error
rate

(e
r

)
a
n
d

th
e

n
egative

log
p
rob

ab
ility

(n
l
p

)
w

ere
u
sed

in
th

e
case

of
d
iscrete-ou

tp
u
t

p
rob

lem
s.

In
th

e
ex

p
erim

en
ts

u
sin

g
th

e
airlin

e
d
ataset,

w
e

u
sed

th
e

ro
ot

m
ean

sq
u
ared

erro
r

(r
m
se

)
in

stead
of

th
e
sse

to
b

e
ab

le
to

com
p
are

ou
r

m
eth

o
d

w
ith

p
rev

iou
s

w
o
rk

th
at

u
sed

r
m
se

for
p

erform
an

ce
evalu

ation
.

9
.2
.2
.
E
x
p
e
r
im

e
n
t
a
l
S
e
t
t
in
g
s

In
sm

all-scale
ex

p
erim

en
ts,

in
d
u
cin

g
in

p
u
ts

w
ere

p
laced

on
a

su
b
set

o
f

th
e

train
in

g
d
ata

in
a

n
ested

fash
ion

,
so

th
at

ex
p

erim
en

ts
on

less
sp

arse
m

o
d
els

con
tain

ed
th

e
in

d
u
cin

g
p

oin
ts

of
th

e
sp

arser
m

o
d
els.

In
m

ed
iu

m
-scale

an
d

large-scale
ex

p
erim

en
ts

th
e

lo
cation

of
th

e
in

d
u
cin

g
p

oin
ts

w
as

in
itialized

u
sin

g
th

e
k
-m

ean
s

clu
sterin

g
m

eth
o
d
.

In
all

ex
p

erim
en

ts
th

e
sq

u
ared

ex
p

on
en

tial
covarian

ce
fu

n
ction

w
as

u
sed

.

9
.2
.3
.
O
p
t
im

iz
a
t
io
n
M
e
t
h
o
d
s

L
earn

in
g

th
e

m
o
d
el

in
v
olves

op
tim

izin
g

variation
al

p
aram

eters,
h
y
p

erp
aram

eters,
likelih

o
o
d

p
aram

eters,
an

d
in

d
u
cin

g
in

p
u
ts.

T
h
ese

w
ere

op
tim

ized
iteratively

in
a

glob
al

lo
op

.
In

every
iteration

,
each

set
of

p
aram

eters
w

as
op

tim
ized

sep
arately

w
h
ile

keep
in

g
th

e
oth

er
sets

of
p
aram

eters
fi
x
ed

,
an

d
th

is
p
ro

cess
w

as
con

tin
u
ed

u
n
til

th
e

ch
an

ge
in

th
e

ob
jective

fu
n
ction

b
etw

een
tw

o
su

ccessive
iteration

s
w

as
less

th
an

10 −
6.

F
or

op
tim

ization
in

th
e

b
atch

settin
gs,

each
set

of
p
aram

eters
w

as
op

tim
ized

u
sin

g
l
-b
f
g
s,

w
ith

th
e

m
ax

im
u
m

n
u
m

b
er

of
glob

al
iteration

s
lim

ited
to

200.
In

th
e

case
of

sto
ch

astic
op

tim
ization

,
w

e
u
sed

th
e
a
d
a
d
e
lt
a

m
eth

o
d

(Z
eiler,

2012)
w

ith
p
aram

eters
ε

=
10 −

6
an

d
a

d
ecay

rate
of

0
.95.

T
h
e

ch
oice

of
th

is
op

tim
ization

algorith
m

w
as

m
otivated

b
y

(an
d

to
b

e
con

sisten
t

w
ith

)
th

e
w

ork
of

H
en

sm
an

et
al.

(2013),
w

h
o

fou
n
d

th
is

sp
ecifi

c
algorith

m
su

ccessfu
l
in

th
e

con
tex

t
of

G
au

ssian
p
ro

cess
regression

.
W

e
com

p
are

w
ith

th
e

m
eth

o
d

of
H

en
sm

an
et

al.
(201

3)
in

th
is

con
tex

t
in
§9.7.

9
.2
.4
.
R
e
a
d
in
g

t
h
e
G
r
a
p
h
s

R
esu

lts
are

p
resen

ted
u
sin

g
b

ox
p
lots

an
d

b
ar/lin

e
ch

arts.
In

th
e

case
of

b
ox

p
lots,

th
e

low
er,

m
id

d
le,

an
d

u
p
p

er
h
in

ges
corresp

on
d

to
th

e
25
th,

50
th,

a
n
d

75
th

p
ercen

tile
of

th
e

d
ata.
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a
n
d
m
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2

m
o
d
els,

w
h
ich

can
b

e
attrib

u
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to
th

e
fact

th
at

th
ese

d
en

ser
m

o
d
els

a
re

overly
co

n
fi
d
en

t
in

th
eir

p
red

iction
s.

9
.3
.4
.
M
u
lt

i-c
l
a
ss

C
l
a
ssif

ic
a
t
io
n

F
o
r

m
u
lti-cla

ss
classifi

cation
,

w
e

u
sed

th
e

softm
ax

likelih
o
o
d
p
(y
n

=
c)

=
e −

f
c/ ∑

i e −
f
i,

a
n
d

tra
in

ed
th

e
m

o
d
el

to
classify

th
e

d
igits

4,
7,

an
d

9
from

th
e
u
sp

s
d
ataset

(R
asm

u
ssen

a
n
d

W
illia

m
s,

2
006).

W
e

com
p
ared

ou
r

m
o
d
el

again
st

a
varia

tion
al

in
feren

ce
m

eth
o
d

(v
q

)
w

h
ich

rep
resen

ts
th

e
e
l
b
o

u
sin

g
a

q
u
ad

ratic
low

er
b

ou
n
d

on
th

e
likelih

o
o
d

term
s

(K
h
an

et
a
l.,

20
1
2
).

A
s

w
e

see
in

F
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4,

th
e

error
rates

are
sligh

tly
low

er
in

d
en
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f
g

m
o
d
els.
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E
rror

rates
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d
n
l
p

for
b
in

ary
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cation
u
sin

g
a

logistic
likelih

o
o
d

m
o
d
el

on
th

e
W

iscon
sin

b
reast

c
a
n
c
e
r

d
ataset.

T
h
ree

ap
p
rox

im
ate

p
osteriors

are
u
sed

:
f
g

(fu
ll

G
au

ssian
),

m
o
g
1

(d
iagon

al
G

au
ssian

),
an

d
m

o
g
2

(m
ix

tu
re

of
tw

o
d
iag-

on
al

G
au

ssian
s),

alon
g

w
ith

variou
s

sp
arsity

factors
(S

F
=
M
/N

).
T

h
e

sm
aller

th
e
sf

th
e

sp
arser

th
e

m
o
d
el,

w
ith

S
F

=
1

corresp
on

d
in

g
to

th
e

orig
in

al
m

o
d
el

w
ith

ou
t

sp
arsity.

T
h
e

p
erform

an
ce

of
in

feren
ce

u
sin

g
ex

p
ectation

p
rop

agation
an

d
variation

al
b

ou
n
d
s

are
d
en

oted
b
y
e
p

an
d
v
b
o

resp
ectively.

W
e

also
n
ote

th
at

all
version

s
of

sa
v
ig
p

ach
ieve

com
p
arab

le
error

rates
to

v
q

’s.
S
im

ilarly
to

th
e

b
in

ary
classifi

cation
case,

n
l
p

sh
ow

s
h
igh

er
variation

w
ith

h
igh

er
sp

a
rsity

factor,
esp

ecially
in

m
o
g
1

an
d
m

og
2

m
o
d
els.

9
.3
.5
.
L
o
g

G
a
u
ssia

n
C
o
x
P
r
o
c
e
ss

T
h
e

log
G

au
ssian

C
ox

p
ro

cess
(l
g
c
p

)
is

an
in

h
om

ogen
eou

s
P

oisson
p
ro

cess
in

w
h
ich

th
e

log-in
ten

sity
fu

n
ction

is
a

sh
ifted

d
raw

from
a

G
au

ssian
p
ro

cess.
F

ollow
in

g
M

u
rray

et
al.

(2010),
w

e
u
sed

th
e

likelih
o
o
d
p
(y
n |f

n
)

=
λ
y
n
n

ex
p
(−
λ
n
)

y
n
!

,
w

h
ere

λ
n

=
ex

p
f
n

+
m

is
th

e
m

ean
of

a
P

oisson
d
istrib

u
tion

an
d
m

is
th

e
off

set
of

th
e

log
m

ean
.

W
e

ap
p
lied

sa
v
ig
p

w
ith

th
e
l
g
c
p

likelih
o
o
d

on
a

coal-m
in

in
g

d
isaster

d
ataset

(J
arrett,

19
79),

w
h
ich

can
b

e
seen

in
F

igu
re

5
(top

).

A
s

b
aselin

e
com

p
arison

s,
w

e
u
se

h
y
b
rid

M
on

te
C

arlo
(h

m
c

)
an

d
ellip

tical
slice

sam
p
lin

g
(e
ss)

d
escrib

ed
b
y

D
u
an

e
et

al.
(1987)

an
d

M
u
rray

et
al.

(2010)
resp

ectively.
W

e
collected

every
100

th
sam

p
le

for
a

total
of

10k
sam

p
les

after
a

b
u
rn

-in
p

erio
d

of
5
k

sam
p
les

an
d

u
sed
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C
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ti
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er
ro

r
ra

te
s
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p
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r

th
e

m
u
lt

i-
cl

as
s

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
u
si

n
g

a
so

ft
m

ax
li
ke

li
h
o
o
d

m
o
d
el

on
th

e
u
sp

s
d
at

as
et

.
T

h
re

e
ap

p
ro

x
im

at
e

p
os

te
ri

or
s

in
sa
v
ig
p

ar
e

u
se

d
:
f
g

(f
u
ll

G
au

ss
ia

n
),

m
o
g
1

(d
ia

go
n
al

G
au

ss
ia

n
),

an
d
m

o
g
2

(m
ix

tu
re

of
tw

o
d
ia

go
n
al

G
au

ss
ia

n
s)

,
al

on
g

w
it

h
va

ri
ou

s
sp

ar
si

ty
fa

ct
or

s
(S

F
=

M
/N

).
T

h
e

sm
al

le
r

th
e
sf

th
e

sp
ar

se
r

th
e

m
o
d
el

,
w

it
h

S
F

=
1

co
rr

es
p

o
n
d
in

g
to

th
e

or
ig

in
al

m
o
d
el

w
it

h
ou

t
sp

ar
si

ty
.
v
q

co
rr

es
p

on
d
s

to
a

va
ri

at
io

n
a
l

in
fe

re
n
ce

m
et

h
o
d
,

w
h
ic

h
re

p
re

se
n
ts

th
e
e
l
b
o

as
a

q
u
ad

ra
ti

c
lo

w
er

b
ou

n
d

to
th

e
li
ke

li
h
o
o
d

te
rm

s.

th
e

G
el

m
an

-R
u
b
in

p
ot

en
ti

al
sc

al
e

re
d
u
ct

io
n

fa
ct

or
s

(G
el

m
an

a
n
d

R
u
b
in

,
19

92
)

to
ch

ec
k

fo
r

co
n
ve

rg
en

ce
.

T
h
e

b
ot

to
m

p
lo

t
of

F
ig

u
re

5
sh

ow
s

th
e

m
ea

n
an

d
va

ri
an

ce
of

th
e

p
re

d
ic

ti
o
n
s

m
ad

e
b
y

sa
v
ig
p

,
h
m
c

an
d
e
ss

.
W

e
se

e
th

at
th

e
f
g

m
o
d
el

p
ro

v
id

es
si

m
il
a
r

re
su

lt
s

ac
ro

ss
al

l
sp

ar
si

ty
fa

ct
or

s,
w

h
ic

h
is

al
so

co
m

p
ar

ab
le

to
th

e
re

su
lt

s
p
ro

v
id

ed
b
y
h
m
c

an
d
e
ss

.
m

o
g
1

an
d
m

o
g
2

m
o
d
el

s
p
ro

v
id

e
th

e
sa

m
e

m
ea

n
as

th
e
f
g

m
o
d
el

s,
b
u
t

te
n
d

to
u
n
d
er

es
ti

m
at

e
th

e
p

os
te

ri
or

va
ri

an
ce

.
T

h
is

u
n
d
er

-e
st

im
at

io
n

of
p

os
te

ri
o
r

va
ri

an
ce

is
w

el
l
k
n
ow

n
fo

r
va

ri
at

io
n
al

m
et

h
o
d
s,

es
p

ec
ia

ll
y

u
n
d
er

fa
ct

or
iz

ed
p

os
te

ri
or

s.
T

h
is

re
su

lt
s

ar
e

m
or

e
si

gn
ifi

ca
n
t

w
h
en

co
m

p
ar

in
g

th
e

ru
n
n
in

g
ti

m
es

ac
ro

ss
m

o
d
el

s.
W

h
en

u
si

n
g

a
sl

ow
er

M
at

la
b

im
p
le

m
en

ta
ti

on
of

ou
r

m
o
d
el

,
fo

r
a

fa
ir

co
m

p
ar

is
on

ac
ro

ss
al

l
m

et
h
o
d
s,
sa
v
ig
p

w
as

at
le

as
t

tw
o

or
d
er

s
of

m
ag

n
it

u
d
e

fa
st

er
th

an
h
m
c

an
d

on
e

or
d
er

of
m

ag
n
it

u
d
e

fa
st

er
th

an
e
ss

.
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T

op
:

th
e

co
al

-m
in

in
g

d
is

as
te

rs
d
at

a.
B

ot
to

m
:

th
e

p
os

te
ri

or
s

fo
r

a
L

o
g

G
a
u
ss

ia
n

C
ox

p
ro

ce
ss

on
th

e
d
at

a
w

h
en

u
si

n
g

a
f
g

(f
u
ll

G
au

ss
ia

n
),
m

o
g
1

(d
ia

g
o
n
a
l

G
a
u
s-

si
an

),
an

d
m

o
g
2

(m
ix

tu
re

of
tw

o
d
ia

go
n
al

G
au

ss
ia

n
s)

,
al

on
g

w
it

h
va

ri
o
u
s

sp
a
rs

it
y

fa
ct

or
s

(S
F

=
M
/N

).
T

h
e

sm
al

le
r

th
e
sf

th
e

sp
ar

se
r

th
e

m
o
d
el

,
w

it
h

S
F

=
1

co
rr

es
p

on
d
in

g
to

n
on

-s
p
ar

se
m

o
d
el

.
T

h
e

so
li
d

li
n
e

is
th

e
p

os
te

ri
o
r

m
ea

n
a
n
d

th
e

sh
ad

ed
ar

ea
re

p
re

se
n
ts

95
%

co
n
fi
d
en

ce
in

te
rv

al
s.

h
m
c

an
d
e
ss

co
rr

es
p

o
n
d

to
h
y
b
ri

d
M

on
te

C
ar

lo
an

d
el

li
p
ti

ca
l

sl
ic

e
sa

m
p
li
n
g

in
fe

re
n
ce

m
et

h
o
d
s

a
n
d

ar
e

re
p
re

se
n
te

d
b
y

or
an

ge
d
ot

s
an

d
d
as

h
ed

gr
ee

n
li
n
es

re
sp

ec
ti

ve
ly

.
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.4

.
M

e
d

iu
m

-s
c
a
le

E
x
p

e
ri

m
e
n
ts

In
th

is
se

ct
io

n
w

e
in

ve
st

ig
at

e
th

e
p

er
fo

rm
an

ce
of

sa
v
ig
p

on
fo

u
r

m
ed

iu
m

-s
ca

le
p
ro

b
le

m
s

on
th

e
d
at

as
et

s
su

m
m

ar
iz

ed
in

T
ab

le
9.

4.
O

u
r

go
a
l

h
er

e
is

to
ev

al
u
at

e
th

e
m

o
d
el

o
n

m
ed

iu
m

-
sc

al
e

d
at

as
et

s,
to

st
u
d
y

th
e

eff
ec

t
of

op
ti

m
iz

in
g

th
e

in
d
u
ci

n
g

in
p
u
ts

,
an

d
to

co
m

p
a
re

th
e

p
er

fo
rm

an
ce

of
b
at

ch
an

d
st

o
ch

as
ti

c
op

ti
m

iz
at

io
n

of
th

e
p
ar
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et
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s.
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h
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b
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m
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a
t
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e
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L
a
t
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G
a
u
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n
P
r
o
c
e
ss

M
o
d
e
l
s

D
a
ta

set
N
tr
a
in

N
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D
Q

P
M

o
d
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m
n
ist

-b
60,000

10,000
784

1
1

B
in

ary
classifi

catio
n

m
n
ist

60,000
10,000

784
10

10
M

u
lti-class

cla
ssifi

cation
sa

r
c
o
s-2

44,484
4,449

21
3

2
g
p
r
n

(W
ilson

et
a
l.,

2012)
sa

r
c
o
s

44,484
4,449

21
8

7
g
p
r
n

(W
ilson

et
a
l.,

2012)

T
a
b
le

2
:

D
a
ta

sets
u
sed

on
th

e
m

ed
iu

m
-scale

ex
p

erim
en

ts.
g
p
r
n

stan
d
s

for
G

au
ssian

p
ro

cess
reg

ression
n
etw

ork
s;
N
tr
a
in
,N

test ,D
are

th
e

n
u
m

b
er

of
train

in
g

p
oin

ts,
test

p
oin

ts
a
n
d

in
p
u
t

d
im

en
sion

s
resp

ectively
;
Q

is
th

e
n
u
m

b
er

of
laten

t
p
ro

cesses;
P

is
th

e
d
im

en
sion

ality
of

th
e

ou
tp

u
t

d
ata;

an
d

‘m
o
d
el’

is
th

e
m

o
d
el

a
sso

ciated
w

ith
th

e
con

d
ition

al
likelih

o
o
d

u
sed

.

w
e

co
n
sid

er
is

m
u
lti-class

classifi
cation

of
h
a
n
d
w

ritin
g

d
igits

on
th

e
m
n
ist

d
ataset

u
sin

g
a

softm
a
x

likelih
o
o
d

m
o
d
el.

T
h
e

secon
d

p
rob

lem
u
ses

th
e

sam
e

d
ataset,

b
u
t

th
e

ta
sk

in
vo

lves
b
in

a
ry

classifi
cation

of
o
d
d

an
d

even
d
igits

u
sin

g
th

e
logistic

likelih
o
o
d

m
o
d
el.

T
h
erefore

w
e

refer
to

th
is

d
ataset

as
th

e
m
n
ist

b
in

ary
d
ataset

(m
n
ist

-b
).

T
h
e

th
ird

p
rob

lem
u
ses

th
e
sa

r
c
o
s

d
a
taset

(V
ijayak

u
m

ar
an

d
S
ch

aal,
2000)

an
d

con
cern

s
an

in
verse-d

y
n
am

ics
p
ro

b
lem

fo
r

a
sev

en
d
egrees-of-freed

o
m

sa
r
c
o
s

an
th
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om

o
rp

h
ic

rob
ot
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.

T
h
e
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to
m

a
p
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a

21-d
im

en
sion

al
in

p
u
t
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ace

(7
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t
p
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s,

7
join

t
velo
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7

join
t

a
ccelera

tio
n
s)

to
th

e
corresp

on
d
in

g
7
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t

to
rq

u
es.

F
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u
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u
t

regressio
n

p
rob
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w
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u
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th
e

G
a
u
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regression

n
etw

ork
(g

p
r
n

)
likelih

o
o
d

m
o
d
el

of
W

ilson
et

al.
(2

0
1
2
),

w
h
ich

a
llow

s
for

n
on

lin
ear

m
o
d
els

w
h
ere

th
e

correlation
b

etw
een

th
e

ou
tp

u
ts

can
b

e
sp

a
tia

lly
a
d
ap

tive.
T

h
is

is
ach

ieved
b
y

tak
in

g
a

lin
ear

com
b
in

ation
of

laten
t

G
au

ssian
p
ro

cesses,
w

h
ere

th
e

w
eigh

ts
are

also
d
raw

n
from

G
au

ssian
p
ro

cesses.
F

in
a
lly,

sa
r
c
o
s-2

is
th

e
sa

m
e

a
s
sa

r
c
o
s,

b
u
t

th
e

m
o
d
el

is
learn

ed
u
sin

g
on

ly
d
ata

from
join

ts
4

an
d

7.
F

or
b

o
th

sa
r
c
o
s

a
n
d
sa

r
c
o
s-2

,
th

e
m

ean
of

th
e
sse

an
d
n
l
p
d

across
join

ts
4

an
d

7
are

u
sed

fo
r

p
erfo

rm
a
n
ce

evalu
ation

.
W

e
on

ly
con

sid
er

join
ts

4
an

d
7

for
sa

r
c
o
s,

d
esp

ite
th

e
fact

th
a
t

p
red

ictio
n
s

are
m

ad
e

across
all

7
join

ts
to

p
rov

id
e

a
d
irect

com
p
arison

w
ith

sa
r
c
o
s-2

a
n
d

w
ith

p
rev

io
u
s

literatu
re

(N
gu

y
en

an
d

B
on

illa,
2014b

).
W

e
also

m
ad

e
u
se

of
au

tom
atic

releva
n
ce

d
eterm

in
ation

(a
r
d

)
for

b
oth

th
e
sa

r
c
o
s

an
d
sa

r
c
o
s-2

d
atasets.

9
.4
.1
.
B
a
t
c
h
O
p
t
im

iz
a
t
io
n

W
e

fi
rst

eva
lu

a
te

th
e

p
erform

an
ce

of
b
atch

op
tim

iza
tion

of
m

o
d
el

p
aram

eters
on

m
u

lti-cla
ss

cla
ssifi

ca
tio

n
u
sin

g
m
n
ist

an
d

refer
th

e
read

er
to

A
p
p

en
d
ix

K
.2

for
th

e
resu

lts
on

b
in

ary
cla

ssifi
ca

tio
n

u
sin

g
m
n
ist

-b
.

W
e

op
tim

ized
th

e
kern

el
h
y
p

erp
aram

eters
an

d
th

e
variation

al
p
a
ra

m
eters,

b
u
t

fi
x
ed

th
e

in
d
u
cin

g
p

oin
t

lo
catio

n
s

u
sin

g
k
-m

ean
s

clu
sterin

g
.

U
n
like

m
ost

p
rev

io
u
s

a
p
p
ro

ach
es

(R
an

zato
et

al.,
2006;

J
arrett

et
al.,

2009),
w

e
d
id

n
ot

tu
n
e

m
o
d
el

p
a
ra

m
eters

u
sin

g
th

e
valid

ation
set.

In
stead

,
w

e
con

sid
ered

th
e

valid
ation

set
to

b
e

p
art

o
f

th
e

tra
in

in
g

set
an

d
u
sed

ou
r

variation
al

fram
ew

ork
to

learn
all

m
o
d
el

p
aram

eters.
A

s
su

ch
,

th
e

cu
rren

t
settin

g
likely

p
rov

id
es

a
low

er
p

erform
an

ce
on

test
accu

racy
com

p
ared

to
th

e
a
p
p
ro

a
ch

es
th

at
u
se

a
valid

ation
d
ataset,

h
ow

ever
ou

r
goal

is
sim

p
ly

to
sh

ow
th

at
w

e
w

ere
ab

le
to

a
ch

ieve
com

p
etitiv

e
p

erfo
rm

an
ce

in
a

sp
arse

settin
g

w
h
en

n
o

k
n
ow

led
ge

of
th

e
likelih

o
o
d

m
o
d
el

is
u
sed

.
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E
rror
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an

d
n
l
p
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m

u
lti-class
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cation
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e
m
n
ist

d
ataset.

W
e

u
sed

a
fu

ll
G

au
ssian

(f
g

)
p

osterior
ap

p
rox

im
ation

across
variou

s
sp

a
rsity

facto
rs

(S
F

=
M
/N

).
T

h
e

sm
aller

th
e

S
F

th
e
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th
e

m
o
d
el.

F
igu

re
6
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s
th

e
resu

lt
on
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e
m
n
ist

d
ataset.

w
e
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th

at
th

e
p

erform
an

ce
im

p
roves

w
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d
en

ser
m

o
d
els.

O
verall,

sa
v
ig
p

ach
ieves

an
erro

r
rate

of
2
.77%

at
S
F

=
0.04.

T
h
is

is
a

sign
ifi

can
t

im
p
rovem

en
t

over
th

e
resu

lts
rep

orted
b
y

G
al

et
al.

(2014),
in

w
h
ich

a
sep

arate
m

o
d
el

w
as

train
ed

for
each

d
igit,

w
h
ich

ach
ieved

an
error

rate
of

5
.95%

.
A

s
a

referen
ce,

p
rev

iou
s

literatu
re

rep
orts

ab
ou

t
12%

error
rate

b
y

lin
ear

classifi
ers

an
d

less
th

an
1%

error
rate

b
y

state-of-th
e-art

d
eep
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v
olu

tion
al

n
ets.

O
u
r

resu
lts

sh
ow

th
at

ou
r

m
eth

o
d

red
u
ces

th
e

gap
b

etw
een

g
p

s
an

d
d
eep

n
ets

w
h
ile

solv
in

g
th

e
h
ard

er
p
rob

lem
o
f

fu
ll

p
osterior

estim
ation

.
In

A
p
p

en
d
ix

K
.2

w
e

sh
ow

th
at

ou
r

m
o
d
el

can
ach

ieve
sligh

tly
b

etter
p

erform
an

ce
th

an
th

at
rep

orted
b
y

H
en

sm
an

et
al.

(2015)
on

m
n
ist

-b
.

N
ow

w
e
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rn

ou
r
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tion

to
evalu

atin
g

b
atch

op
tim

ization
w

h
en

u
sin

g
G

a
u

ssia
n

p
ro

-
cess

regressio
n

n
etw

o
rks.

F
igu

re
7

sh
ow

s
th

at
sa

r
c
o
s-2

gets
a

sig
n
ifi

can
t

b
en

efi
t

from
a

h
igh

er
n
u
m

b
er

of
in

d
u
cin

g
p

oin
ts,

w
h
ich

is
con

sisten
t

w
ith

p
rev

iou
s

w
ork

th
at

fou
n
d

th
at

th
e

p
erform

an
ce

on
th

is
d
ataset

im
p
roves

as
m

ore
d
ata

is
b

ein
g

u
sed

to
train

th
e

m
o
d
el

(V
ijayak

u
m

ar
an

d
S
ch

aal,
2000).

T
h
e

p
erform

an
ce

is
sign

ifi
can

tly
b

etter
th

an
th

e
resu

lts
rep

orted
b
y

N
gu

yen
an

d
B

on
illa

(2
014b

),
w

h
o

ach
ieved

a
m

ean
stan

d
ard

ized
sq

u
ared

error
(m

sse
)

of
0
.2631

an
d

0
.0127

across
join

ts
4

an
d

7,
again

st
ou

r
valu

es
of

0.0033
an

d
0
.0065

for
S
F

=
0.04.

H
ow

ever,
w

e
n
ote

th
at

th
eir

settin
g

w
as

m
u
ch

sp
arser

th
an

ou
rs

on
join

t
4.

T
h
e

resu
lts

on
sa

r
c
o
s

(p
red

ictin
g

on
all

join
ts)

are
given

in
A

p
p

en
d
ix

K
.3.

9
.5

.
In

d
u

c
in

g
-in

p
u

t
L

e
a
rn

in
g

W
e

n
ow

com
p
are

th
e

eff
ect

of
ad

ap
tively

learn
in

g
th

e
in

d
u
cin

g
in

p
u
ts,

v
ersu

s
in

itializin
g

th
em

u
sin

g
k
-m

ean
s

an
d

leav
in

g
th

em
fi
x
ed

.
W

e
lo

ok
at

th
e

p
erform

an
ce

of
ou

r
m

o
d
el

u
n
d
er

tw
o

settin
gs:

(i)
a

low
n
u
m

b
er

of
in

d
u
cin

g
variab

les
(S

F
=

0.001
,0
.004)

w
h
ere

th
e

in
d
u
cin

g
in

p
u
ts

are
learn

ed
,

an
d

(ii)
a

larg
e

n
u
m

b
er

of
in

d
u
cin

g
variab

les
(S

F
=

0
.02,0.04)

w
ith

ou
t

learn
in

g
of

th
eir

lo
cation

s.

F
igu

re
8

sh
ow

s
th

e
p

erform
an

ce
of

th
e

m
o
d
el

u
n
d
er

th
e

tw
o

settin
gs

on
m
n
ist

-b
.

W
e

see
th

at
learn

in
g

th
e

lo
cation

of
th

e
in

d
u
cin

g
variab

les
y
ield

s
a

large
gain

in
p

erform
an

ce.
In

fact,
th

e
sp

arser
m

o
d
els

w
ith

in
d
u
cin

g
p

oin
t

lea
rn

in
g

p
erform

ed
sim

ilarly
to

th
e

d
en

ser
m

o
d
els,

d
esp

ite
th

e
fact

th
at

th
e

tw
o

m
o
d
els

d
iff

ered
b
y

an
ord

er
of

m
agn

itu
d
e

w
h
en

it
cam

e
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ra
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b
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n
in

g
(f
g

)
an

d
w

it
h

le
ar

n
in

g
(i
n
d

)
of

in
d
u
ci

n
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b
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e
m
n
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t
-b

d
at
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.

to
th

e
n
u
m

b
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in

d
u
ci

n
g
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ab
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s.
A

d
d
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n
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m
n
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t

,
sa

r
c
o
s

a
n
d
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r
c
o
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2
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e
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ow

n
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A
p
p

en
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K
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.
O

u
r

an
al

y
se

s
in

d
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a
te
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th
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e
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ad
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m
p
u
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b
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n
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p
u
ta

ti
on

al
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st
of

ca
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u
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n
g
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d
u
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n
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p
u
t
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n
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.
A

s
su
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,

th
e

ad
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n
ta

ge
of
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ar

n
in

g
th

e
in

d
u
ci

n
g

in
p
u
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is
d
at
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en
d
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an

d
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a
ff
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d
m
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n
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b
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th
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p
u
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d
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a
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h
O

p
ti

m
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a
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o
n

v
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S
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a
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p
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m
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p
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b
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c
se

tt
in

g.
W

e
u
se

d
a
d
a
d
e
lt
a

as
ou

r
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u
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h
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c
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n
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ra
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p
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c
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b
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.
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ra
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p
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-
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c
gr

ad
ie

n
t

d
es

ce
n
t

(s
g
d

).
H

ow
ev

er
,

ou
r

g
o
a
l

w
a
s

si
m

p
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d
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p
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c
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p
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at
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n
ct

io
n
s
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rr

es
p

on
d
in

g
to

se
is

m
ic

p
ro

p
ag

at
io

n
ve

lo
ci

ti
es

.
F

o
r
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it
y,

in
th

is
se
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io

n
w

e
re

fe
r

to
th

e
la

te
n
t

fu
n
ct

io
n
s

co
rr

es
p

on
d
in

g
to

d
ep

th
an

d
ve

lo
ci

ty
as
f
d

an
d
f
v
,
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ec
ti

ve
ly

.
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L
ik
e
l
ih
o
o
d

T
h
e

li
k
el

ih
o
o
d

of
th

e
ob

se
rv

ed
ti

m
es
y n
p

fo
r

lo
ca

ti
on

x
n

an
d

in
te

rf
ac

e
p

is
gi

v
en

b
y
:

y n
p

=

    

2
( f

d n
p

f
v n
p

)
+
ε n
p
,

fo
r
p

=
1,

2

(
f
d n
p
−
f
d n
p
−
1

f
v n
p

)
+
y n
p
−
1

+
ε n
p
,

fo
r

1
<
p
≤
P

,

w
h
er

e
ε n
p
∼
N

(0
,σ

2 p
)

an
d
σ
2 p

is
th

e
ou

tp
u
t-

d
ep

en
d
en

t
n
oi

se
va

ri
an

ce
.

A
s

in
B

on
il
la

et
al

.
(2

01
6)

,
w

e
se

t
th

e
co

rr
es

p
on

d
in

g
st

an
d
ar

d
d
ev

ia
ti

on
s

to
0.

02
5s

,
0.

05
s,

0.
0
75

s
an

d
0.

1s
.

9
.8
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.
P
r
io
r
S
e
t
t
in
g

W
e

u
se

d
th

e
sa

m
e

p
ri

or
as

in
B

on
il
la

et
al

.
(2

01
6)

,
w

it
h

p
ri

or
m

ea
n

d
ep

th
s

of
20

0m
,

50
0m

,
16

00
m

an
d

22
00

m
an

d
p
ri

or
m

ea
n

v
el

o
ci

ti
es

of
19

50
m

/s
,

23
00

m
/s

,
27

50
m

/
s

an
d

36
5
0m

/s
.

T
h
e

co
rr

es
p

on
d
in

g
st

an
d
ar

d
d
ev

ia
ti

on
s

fo
r

th
e

d
ep

th
s

w
er

e
se

t
to

15
%

of
th

e
la

ye
r

m
ea

n
,
an

d
fo

r
th

e
ve

lo
ci

ti
es

th
ey

w
er

e
se

t
to

10
%

of
th

e
la

ye
r

m
ea

n
.

A
sq

u
ar

ed
ex

p
on

en
ti

al
co

va
ri

an
ce

fu
n
ct

io
n

w
it

h
u
n
it

le
n
gt

h
-s

ca
le

w
as

u
se

d
.

9
.8
.4
.
P
o
st

e
r
io
r
E
st

im
a
t
io
n

W
e

ra
n

ou
r

al
go

ri
th

m
fo

r
th

e
d
en

se
ca

se
(Z

=
X

)
u
si

n
g

a
fu

ll
G

au
ss

ia
n

p
o
st

er
io

r
a
n
d

b
at

ch
op

ti
m

iz
at

io
n
,
in

it
ia

li
zi

n
g

th
e

p
os

te
ri

or
m

ea
n
s

to
th

e
p
ri

or
m

ea
n
s

an
d

th
e

p
os

te
ri

or
co

va
ri

an
ce

to
a

d
ia

go
n
al

m
at

ri
x

w
it

h
en

tr
ie

s
co

rr
es

p
on

d
in

g
to

0
.1

%
of

th
e

p
ri

or
va

ri
a
n
ce

s.
T

h
e

re
su

lt
s

ar
e

gi
ve

n
in

F
ig

u
re

12
,

w
h
er

e
w

e
se

e
th

at
sa
v
ig
p

’s
p

os
te

ri
or

cl
os

el
y

m
at

ch
th

e
“t

ru
e”

p
os

te
ri

or
ob

ta
in

ed
b
y

th
e
m
c
m
c

al
go

ri
th

m
d
ev

el
op

ed
in

B
on

il
la

et
a
l.

(2
0
16

),
al

th
ou

gh
th

e
va

ri
an

ce
s

ar
e

ov
er

es
ti

m
at

ed
,

w
h
ic

h
ca

n
b

e
se

e
as

a
co

n
se

q
u
en

ce
of

ou
r

va
ri

at
io

n
al

a
p
p
ro

ac
h

u
si

n
g

a
fu

ll
G

au
ss

ia
n

ap
p
ro

x
im

at
e

p
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te
ri
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u
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R
es

u
lt

s
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r
th

e
se

is
m
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in

ve
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io
n

ex
p

er
im

en
t

u
si

n
g

o
u
r

al
go

ri
th

m
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a
v
ig
p

)
a
n
d

th
e
m
c
m
c

al
go

ri
th

m
d
ev

el
op

ed
b
y

B
on

il
la

et
al

.
(2

01
6)

.
T

h
e

m
ea

n
a
n
d

st
a
n
d
a
rd

d
ev

ia
ti

on
s

en
ve

lo
p

es
ar

e
sh

ow
n

fo
r
sa
v
ig
p

an
d
m
c
m
c

in
so

li
d

an
d

d
a
sh

ed
li
n
es

,
re

sp
ec

ti
ve

ly
.

L
ef

t:
in

fe
rr

ed
la

ye
r

b
ou

n
d
ar

ie
s.

R
ig

h
t:

in
fe

rr
ed

se
is

m
ic

ve
lo

ci
ti

es
.
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T

h
e

R
o
le

o
f

th
e

N
u

m
b

e
r

o
f

M
ix

tu
re

C
o
m

p
o
n

e
n
ts

(K
),

th
e

N
u

m
b

e
r

o
f

L
a
te

n
t

F
u

n
c
ti

o
n

s
(Q

),
th

e
N

u
m

b
e
r

o
f

S
a
m

p
le

s
(S

)
a
n

d
th

e
M

in
i-

B
a
tc

h
S

iz
e

(B
)

A
s

d
es

cr
ib

ed
in
§4

,
ou

r
p
ro

p
os

ed
va

ri
at

io
n
al

in
fe

re
n
ce

m
et

h
o
d

ca
n

b
e

ap
p
li
ed

w
h
en

u
si

n
g

ge
n
er

al
m

ix
tu

re
s

of
G

au
ss

ia
n

d
is

tr
ib

u
ti

o
n
s

(m
o
g

s)
,

i.
e.
∀K
≥

1
an

d
w

it
h
o
u
t

im
p

o
si

n
g

co
n
st

ra
in

ts
on

th
e

co
rr

es
p

on
d
in

g
co

va
ri

an
ce

s
of

ea
ch

co
m

p
on

en
t.

T
h
e

m
ai

n
re

su
lt

re
g
a
rd

in
g

st
at

is
ti

ca
l

effi
ci

en
cy

of
ou

r
al

go
ri

th
m

(a
s

st
at

ed
in

T
h
eo

re
m

1)
st

il
l

h
ol

d
s

in
th

is
g
en

er
a
l

ca
se

.
H

ow
ev

er
,

ad
d
it

io
n
al

re
su

lt
s

su
ch

as
th

os
e

in
T

h
eo

re
m

s
2

an
d

3
ar

e
sp

ec
ifi

c
to

u
si

n
g

K
=

1
an

d
a

fu
ll

G
au

ss
ia

n
p

os
te

ri
or

or
K

>
1

an
d

a
m

ix
tu

re
of

d
ia

go
n
a
ls

p
o
st

er
io

r.
F

u
rt

h
er

m
or

e,
in

ou
r

ex
p

er
im

en
ts

w
e

h
av

e
on

ly
re

p
or

te
d

re
su

lt
s

fo
r
m

o
g

m
o
d
el

s
w

it
h
K

=
1
,2

an
d

d
ia

go
n
al

co
va

ri
an

ce
s.

In
th

es
e

ca
se

s
w

e
fo

u
n
d

th
a
t

th
ey

ca
n

p
ro

v
id

e
g
o
o
d

p
o
in

t-
p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

b
u
t

u
n
d
er

es
ti

m
at

e
th

e
p
re

d
ic

ti
ve

va
ri

an
ce

s.
A

d
d
it

io
n
a
l

ex
p

er
im

en
ts

w
it

h
m

or
e

co
m

p
on

en
ts

n
ot

re
p

or
te

d
h
er

e
d
id

n
ot

y
ie

ld
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
ts

a
n
d

in
so

m
e

ca
se

s
th

e
b

es
t

re
su

lt
ob

ta
in

ed
af

te
r

op
ti

m
iz

at
io

n
of

th
e
e
l
b
o

co
n
ve

rg
ed

to
a

si
n
g
le

G
a
u
ss

ia
n

p
os

te
ri

or
.

T
h
er

e
ar

e
ob

v
io

u
s

co
m

p
u
ta

ti
on

al
b

en
efi

ts
w

h
en

co
n
si

d
er

in
g

th
es

e
a
p
p
ro

x
im

a
te

p
os

te
ri

or
s

an
d

fu
rt

h
er

in
ve

st
ig

at
io

n
fo

r
m

o
re

co
m

p
le

x
se

tt
in

gs
su

ch
as

th
os

e
in

D
a
m

ia
n
o
u

an
d

L
aw

re
n
ce

(2
01

3)
ca

n
p
ro

v
id

e
su

p
p

or
t

fo
r

m
or

e
fl
ex

ib
le

d
is

tr
ib

u
ti

on
s.

W
it

h
re

ga
rd

s
to

th
e

n
u
m

b
er

of
la

te
n
t

fu
n
ct

io
n
s,
Q

,
in

so
m

e
ca

se
s

th
is

is
ob

ta
in

ed
st

ra
ig

h
t-

fo
rw

ar
d
ly

fr
om

th
e

p
ro

b
le

m
d
efi

n
it

io
n
,

fo
r

ex
am

p
le

,
in

th
e

ca
se

of
m

u
lt

i-
cl

as
s

cl
a
ss

ifi
ca

ti
o
n

w
h
er

e
Q

is
th

e
n
u
m

b
er

of
cl
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se

s.
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ot
h
er

p
ro

b
le

m
s

w
e

k
n
ow

th
e

n
u
m

b
er

o
f

la
te

n
t

fu
n
c-

ti
on

s
u
n
d
er

ly
in

g
a

p
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ti
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la
r

p
h
en

om
en

on
,
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w
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th

e
ca

se
fo

r
th

e
in

ve
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io
n

p
ro

b
le

m
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.8

.
H

ow
ev

er
,
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n
er

al
,

w
e

d
o

n
ot

k
n
ow

Q
an

d
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is
n
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u
p
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p
a
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m
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

b
y

em
p
irica

l
tech

n
iq

u
es

su
ch

as
cross-valid

ation
.

F
u
rth

erm
ore,

cau
tion

m
u
st

tak
en

w
h
en

in
terp

retin
g

th
e

resu
lts

as
th

e
m

o
d
el

m
ay

n
ot

b
e

id
en

tifi
ab

le.

F
in

a
lly,

con
cern

in
g

th
e

n
u
m

b
er

of
sam

p
les

(S
)

an
d

th
e

m
in

i-b
atch

size
(B

),
o
u
r

ex
p

e-
rien

ce
in

d
ica

tes
th

at
th

e
m

ain
gu

id
in

g
p
rin

cip
le

is
d
ictated

b
y

com
p
u
tation

al
con

strain
ts.

In
th

e
form

er
case,

S
h
elp

s
red

u
ce

th
e

varian
ce

in
th

e
e
l
b
o

an
d

grad
ien

t
estim

ates,
so

th
e

la
rg

er
th

e
b

etter.
M

oreover,
b

ecau
se

of
com

p
u
ter-arch

itectu
re

sp
ecifi

cs
th

ere
m

ay
b

e
zero

overh
ea

d
w

h
en

goin
g

from
1

sam
p
le

to,
say,

250
sam

p
les.

S
im

ilarly,
in

som
e

of
ou

r
ex

p
erim

en
ts

th
e

larger
th

e
m

in
i-b

atch
size

th
e

m
ore

stab
le

th
e

b
eh

av
ior

of
th

e
e
l
b
o

,
al-

th
o
u
g
h

fo
r

la
rg

e
p
rob

lem
s

su
ch

as
m
n
ist

8
m

in
§9.7.3,

w
e

fou
n
d

th
a
t
B

=
1,00

0
p
rov

id
ed

su
ffi

cien
t

stab
ility

in
ou

r
ex

p
erim

en
ts.

U
n
fortu

n
ately,

stab
ility

of
sto

ch
astic

op
tim

iza
tion

w
h
en

u
sin

g
m
c

estim
ates

an
d

m
in

i-b
atch

es,
d
o
es

d
ep

en
d

on
th

e
n
atu

re
of

th
e

con
d
ition

al
likelih

o
o
d

u
sed

,
as

d
escrib

ed
in
§K

.3
w

h
ere

w
e

req
u
ired

10
,000

sam
p
les

to
reach

stab
ility

o
n

th
e
sa

r
c
o
s

d
ataset.

W
e

attrib
u
te

th
is

to
th

e
h
igh

-varian
ce

of
th

e
con

d
ition

al
likelih

o
o
d

(w
h
ich

req
u
ires

th
e

m
u
ltip

lication
of

tw
o

laten
t

p
ro

cesses)
alon

g
w

ith
th

e
ty

p
e

of
grad

ien
t

estim
a
to

r
w

e
h
ave

u
sed

(th
e

score-fu
n
ction

estim
ator).

R
ecen

tly,
K

rau
th

et
a
l.

(2
017)

h
ave

sh
ow

n
th

a
t

th
is

can
b

e
red

u
ced

sign
ifi

can
tly

w
h
en

u
sin

g
th

e
re-p

aram
etrization

trick
.

1
0
.

C
o
n
clu

sio
n
s

a
n
d

D
iscu

ssio
n

W
e

h
ave

d
evelo

p
ed

sca
la

ble
a
u

to
m

a
ted

va
ria

tio
n

a
l

in
feren

ce
fo

r
G

a
u

ssia
n

p
rocess

m
o
d
els

(sa
v
ig
p

),
a
n

in
feren

ce
m

eth
o
d

for
m

o
d
els

w
ith

G
au

ssia
n

p
ro

cess
(g

p
)

p
riors,

m
u
ltip

le
ou

t-
p
u
ts,

a
n
d

n
on

lin
ear

likelih
o
o
d
s.

T
h
e

m
eth

o
d

is
gen

erally
ap

p
licab

le
to

b
lack

-b
ox

likelih
o
o
d
s,

i.e.
it

d
o
es

n
o
t

n
eed

to
k
n
ow

th
e

d
etails

of
th

e
con

d
itio

n
al

lik
elih

o
o
d

(or
its

grad
ien

ts),
on

ly
req

u
irin

g
its

evalu
ation

as
a

b
lack

-b
ox

fu
n
ction

.

O
n
e

of
th

e
k
ey

p
rop

erties
of

th
is

m
eth

o
d

is
th

at,
d
esp

ite
u
sin

g
a

fl
ex

ib
le

va
riation

al
p

o
sterio

r
su

ch
as

a
m

ix
tu

re-of-G
au

ssian
s

d
istrib

u
tion

,
it

is
sta

tistica
lly

effi
cien

t
in

th
at

it
req

u
ires

sa
m

p
les

from
u
n
ivariate

G
au

ssian
d
istrib

u
tion

s
to

estim
ate

th
e

ev
id

en
ce

low
er

b
o
u
n
d

(e
l
b
o

)
an

d
its

grad
ien

ts.

In
o
rd

er
to

p
rov

id
e

scalab
ility

to
very

large
d
atasets,

w
e

h
ave

u
sed

an
au

gm
en

ted
p
rior

v
ia

th
e

so
-called

in
d
u
cin

g
variab

les,
w

h
ich

a
re

p
revalen

t
in

m
ost

sp
arse

g
p

ap
p
rox

im
atio

n
s.

T
h
is

h
a
s

a
llow

ed
u
s

to
d
ecom

p
ose

th
e
e
l
b
o

as
a

su
m

of
term

s
over

th
e

d
atap

oin
ts,

h
en

ce
g
iv

in
g

w
ay

fo
r

th
e

ap
p
lication

of
sto

ch
astic

op
tim

ization
a
n
d

p
arallel

com
p
u
tation

.

O
u
r

sm
a
ll-scale

ex
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h
-s

ca
le

of
th

e
d
im

en
si

on
`2 d

, [Z̃
(d
)

j
] o
,p

=
[Z
j
] o
,d
−

[Z
j
] p
,d

`2 d
.

H
en

ce
,

in
th

e
ca

se
of

th
e

sq
u
ar

ed
ex

p
on

en
ti

al
co

va
ri

an
ce

fu
n
ct

io
n

th
e

ab
ov

e
g
ra

d
ie

n
t

ca
n

b
e

ca
lc

u
la

te
d

as
fo

ll
ow

s
(f

or
al

l
d
at

a
p

oi
n
ts

):

∇
[Z
j
] :
,d

t(
1
)

=
−

((
Z̃
(d
)

j
�

K
j z
z
)W

)
�

V
−

((
Z̃
(d
)

j
�

K
j z
z
)V

)
�

W
,

w
h
er

e
∇

[Z
j
] :
,d

t(
1
)

is
th

e
M
×
N

m
at

ri
x

of
g
ra

d
ie

n
ts

co
rr

es
p

on
d
in

g
to

d
im

en
si

o
n
d

fo
r

al
l

m
=

1,
..
.,
M

an
d
n

=
1,
..
.N

.
S
im

il
ar

ly
,

th
e

se
co

n
d

ty
p

e
of

te
rm

is
of

th
e

fo
rm

:

∇
θ
t(
2
)

n
d
e
f

=
v
T n
∇
θ
k
j z
n
,

w
h
er

e
v
n

an
d

V
ar

e
d
efi

n
ed

as
b

ef
or

e.
T

h
e

gr
a
d
ie

n
ts

in
th

e
ab

ov
e

ex
p
re

ss
io

n
w

rt
to

th
e

in
d
u
ci

n
g

p
oi

n
ts

(f
or

al
l

d
at

ap
oi

n
ts

or
a

m
in

i-
b
at

ch
)

ca
n

b
e

ca
lc

u
la

te
d

as
fo

ll
ow

s:

∇
[Z
j
] :
,d

t(
2
)

=
−

(K
j x
z
�

V
T
�

X̃
(d
) )
T

,

w
h
er

e
in

th
e

ab
ov

e
eq

u
at

io
n

X̃
(d
)

is
th

e
N
×
M

m
at

ri
x

of
al

l
p
ai

rw
is

e
d
iff

er
en

ce
s

o
n

d
im

en
si

o
n

d
b

et
w

ee
n

al
l

d
at

ap
oi

n
ts

an
d

in
d
u
ci

n
g

p
oi

n
ts

d
iv

id
ed

b
y

th
e

sq
u
ar

ed
le

n
g
th

-s
ca

le
o
f

th
e

d
im

en
si

on
`2 d

:

[X̃
(d
) ]
o
,p

=
[X

] o
,d
−

[Z
j
] p
,d

`2 d
.

A
p
p

e
n
d
ix

F
.

C
o
n
tr

o
l

V
a
ri

a
te

s

W
e

u
se

co
n
tr

ol
va

ri
at

es
(s

ee
e.

g.
R

os
s,

20
06

,
§8

.2
)

to
re

d
u
ce

th
e

va
ri

an
ce

o
f

th
e

g
ra

d
ie

n
t

es
ti

m
at

es
.

In
p
ar

ti
cu

la
r,

w
e

ar
e

in
te

re
st

ed
in

es
ti

m
at

in
g

gr
ad

ie
n
ts

of
th

e
fo

rm
:

∇
λ
k
E q

k
(n

)
(f
n
·|λ

k
)[

lo
g
p
(y
n
|f n
·)

]
=

E q
k
(n

)
(f
n
·|λ

k
)[
g
(f
n
·)

],
w

it
h

g
(f
n
·)

=
∇
λ
k

lo
g
q k

(n
)(

f n
·|λ

k
)

lo
g
p
(y
n
|f n
·)

,

w
h
er

e
th

e
ex

p
ec

ta
ti

on
s

ar
e

co
m

p
u
te

d
u
si

n
g

sa
m

p
le

s
fr

om
q k

(n
)(

f n
·|λ

k
),

w
h
ic

h
d
ep

en
d
s

o
n

th
e

va
ri

at
io

n
al

p
a
ra

m
et

er
λ
k
.

A
s

su
gg

es
te

d
b
y

R
an

ga
n
at

h
et

al
.

(2
01

4)
,

a
se

n
si

b
le

co
n
tr

o
l

va
ri

at
e

is
th

e
so

-c
al

le
d

sc
or

e
fu

n
ct

io
n

h
(f
n
·)

=
∇
λ
k

lo
g
q k

(n
)(

f n
·|λ

k
),

w
h
os

e
ex

p
ec

ta
ti

on
is

ze
ro

.
H

en
ce

,
th

e
fu

n
ct

io
n
:

g̃
(f
n
·)

=
g
(f
n
·)
−
â
h

(f
n
·)

,

h
as

th
e

sa
m

e
ex

p
ec

ta
ti

on
as
g
(f
n
·)

b
u
t

lo
w

er
va

ri
an

ce
w

h
en

â
is

gi
v
en

b
y
:

â
=

C
ov

[g
(f
n
·)
,h

(f
n
·)

]

V
[h

(f
n
·)

]
,
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G
e
n
e
r
ic

In
f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ssia

n
P
r
o
c
e
ss

M
o
d
e
l
s

w
h
ere

C
ov

[g
(fn· ),h

(fn· )]
is

th
e

covarian
ce

b
etw

een
g
(fn· )

an
d
h

(fn· );V
[h

(fn· )]
is

th
e

varian
ce

o
f
h

(fn· );
a
n
d

b
oth

are
estim

ated
u
sin

g
sam

p
les

from
q
k
(n

) (fn· |λ
k ).

T
h
erefo

re,
ou

r
corrected

g
ra

d
ien

t
is

g
iven

b
y
:

∇̃
λ
k E

q
k
(n

) (fn· |λ
k
) [log

p
(y
n |fn· )]

d
e
f

=
E
q
k
(n

) (fn· |λ
k
) [g̃

(fn· )]

=
E
q
k
(n

) (fn· |λ
k
) [∇

λ
k

log
q
k
(n

) (fn· |λ
k )(log

p
(y
n |fn· )−

â
) ].

A
p
p

e
n
d
ix

G
.

D
e
riv

a
tio

n
s

fo
r

th
e

D
e
n
se

P
o
ste

rio
r

C
a
se

In
th

is
sectio

n
w

e
con

sid
er

th
e

case
of

h
av

in
g

a
d
en

se
variation

al
p

osterior,
i.e.

n
ot

u
sin

g
th

e
so

-ca
lled

sp
a
rse

ap
p
rox

im
ation

s.
W

e
d
eriv

e
th

e
ex

p
ression

s
for

th
e

com
p

o
n
en

ts
of

th
e

log-
ev

id
en

ce
low

er
b

ou
n
d

an
d

sh
ow

th
at

th
e

p
osterior

p
aram

eters
of

th
e

variation
al

d
istrib

u
tion

q(f|λ
)

a
re,

in
fact,

of
‘free’-form

.
F

u
rth

erm
ore,

w
e

an
aly

ze
th

e
case

of
a

G
a
u
ssian

likelih
o
o
d

sh
ow

in
g

th
a
t,

in
th

e
lim

it
of

a
large

n
u
m

b
er

of
sam

p
les,

ou
r

estim
ates

con
verge

to
th

e
ex

act
a
n
a
ly

tica
l

so
lu

tion
.

G
.1

.
E

v
id

e
n

c
e

L
o
w

e
r

B
o
u

n
d

H
ere

w
e

sh
ow

th
e

d
erivation

s
of

all
th

e
term

s
in
L
elb

o
w

h
en

con
sid

erin
g

th
e

d
en

se
case,

i.e.
M

=
N

a
n
d

Z
j

=
X

.
A

s
d
escrib

ed
in

th
e

m
ain

tex
t,

th
e

resu
ltin

g
ch

an
ges

to
th

ese

term
s

ca
n

b
e

o
b
tain

ed
b
y

rep
lacin

g
M

w
ith

N
an

d
K
jz
z

w
ith

K
jx
x
.

H
en

ce,
for

th
e

term
s

in
th

e
K

L
-d

iverg
en

ce
p
art

ofL
elb

o
w

e
h
ave

th
at:

L̂
en

t (λ
)

=
−

K
∑k
=
1

π
k

log
K
∑`=

1

π
` N

(m
k ;m

` ,S
k

+
S
` ),

(38)

L
cro

ss (λ
)

=
−

12

K
∑k
=
1

π
k

Q
∑j=

1 [N
log

2π
+

log ∣∣K
jx
x ∣∣

+
m
Tk
j (K

jx
x
) −

1m
k
j

+
tr

(K
jx
x
) −

1S
k
j ],(39)

w
h
ere

w
e

reca
ll

th
at

n
ow

m
k
j

an
d

S
k
j

are
N

-d
im

en
sion

al
ob

jects.
F

or
th

e
L̂
ell

w
e

still
n
eed

to
co

m
p
u
te

em
p
irical

ex
p

ectation
s

over
th

e
variation

al
d
istrib

u
tion

q(f|λ
),

w
h
ere

th
e

co
rresp

on
d
in

g
p
aram

eters
are

given
b
y
:

b
k
j

=
A
j m

k
j

=
K
jx
x
(K

jx
x
) −

1m
k
j

=
m
k
j ,

Σ
k
j

=
K̃
j −

A
j K

jx
x

+
A
j S

k
j A

j

=
K
jx
x −

K
jx
x
(K

jx
x
) −

1K
jx
x

+
K
jx
x
(K

jx
x
) −

1S
k
j K

jx
x
(K

jx
x
) −

1

=
S
k
j .

G
.2

.
G

a
u

ssia
n

L
ik

e
lih

o
o
d

s

C
on

sid
er

th
e

case
of

a
sin

gle
ou

tp
u
t

an
d

a
sin

gle
laten

t
fu

n
ction

(Q
=
P

=
1)

w
ith

a
G

a
u
ssia

n
con

d
ition

al
lik

elih
o
o
d

an
d

a
sin

gle
fu

ll
G

au
ssian

variation
al

p
osterior

(K
=

1).

p
(y|f)

=
N

(y
;f,σ

2I),
an

d

q(f|λ
)

=
N

(f;m
,S

).
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B
o
n
il
l
a
,
K
r
a
u
t
h
a
n
d

D
e
z
f
o
u
l
i

T
h
e

en
trop

y
an

d
th

e
cross

en
trop

y
term

s
are

given
in

E
q
u
ation

s
(38)

an
d

(39)
w

ith
Q

=
K

=
1.

T
h
e

ex
p

ect
log

likelih
o
o
d

term
can

b
e

d
eterm

in
ed

an
aly

tically,

L
ell (λ

)
=

N
∑n
=
1 E

q
(f|λ

) [log
p
(y
n |f

n
,φ

)],

=
logN

(y
;m

,σ
2I)−

1

2
σ
2

tr
S

.

H
en

ce
th

e
grad

ien
ts

ofL
elb

o
can

also
b

e
d
eterm

in
ed

an
aly

tically,
y
ield

in
g

th
e

op
tim

al
m

ean
p

osterior
as

follow
s:

∇
m
L
elb

o
=

K
−
1

x
x
m

+
1σ
2
(y
−

m
)

=
0

(
K
−
1

x
x

+
1σ
2 )

m
=

1σ
2
y

m̂
=
(σ

2K
−
1

x
x

+
I )−

1
y

=
K

x
x (K

x
x

+
σ
2I )−

1
y

.

S
im

ilarly
for

th
e

p
osterior

covarian
ces

w
e

h
ave

th
at:

∇
S L

elb
o

=
12
S
−
1−

12
K
−
1

x
x
−

1

2
σ
2
I

=
0

Ŝ
=

(
K
−
1

x
x

+
1σ
2
I )
−
1

(40)

=
K

x
x −

K
x
x

1σ
2 (

I
+

K
x
x

1σ
2 )
−
1

K
x
x

(41)

=
K

x
x −

K
x
x (K

x
x

+
σ
2I )−

1
K

x
x
,

w
h
ere

w
e

h
ave

u
sed

W
o
o
d
b
u
ry

’s
form

u
la

to
go

from
E

q
u
ation

(40)
to

E
q
u
ation

(41).
T

h
e

E
q
u
ation

s
ab

ov
e

for
th

e
op

tim
al

p
osterior

m
ean

a
n
d

p
osterior

covaria
n
ce,

m̂
a
n
d

Ŝ
,

are
th

e
ex

act
an

aly
tical

ex
p
ression

s
for

regression
s

w
ith

G
au

ssian
p
ro

cess
p
riors

an
d

isotro
p
ic

n
oise

lik
elih

o
o
d
s,

see
R

asm
u
ssen

an
d

W
illiam

s
(2006,§2.2).

A
p
p

e
n
d
ix

H
.

E
ffi

cie
n
t

P
a
ra

m
e
triza

tio
n

In
th

is
ap

p
en

d
ix

w
e

p
rove

T
h
eorem

2,
sh

ow
in

g
th

at
it

is
p

ossib
le

to
ob

tain
an

effi
cien

t
p
aram

eterization
of

th
e

p
osterior

covarian
ces

w
h
en

u
sin

g
a

fu
ll

G
au

ssian
ap

p
rox

im
ation

.
In

th
is

case
w

e
h
ave

th
at:

∇
S
j L

elb
o

=
∇

S
j L

en
t

+
∇

S
j L

cro
ss

+
∇

S
j L

ell

=
−

12
(K

jz
z ) −

1
+

12
S
−
1

j
+

N
∑n
=
1 ∇

S
j E

q
(n

) (fn· ) [log
p
(y
n |fn· )]
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G
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f
e
r
e
n
c
e
in

L
a
t
e
n
t
G
a
u
ss
ia
n
P
r
o
c
e
ss

M
o
d
e
l
s

S
et

ti
n
g

th
e

gr
ad

ie
n
ts

to
ze

ro
w

e
h
av

e
th

at

1 2
S
−
1

j
=

1 2
(K

j z
z
)−

1
+

1 2
(K

j z
z
)−

1
N ∑ n
=
1

k
j z
n
λ
jn

(k
j z
n
)T

(K
j z
z
)−

1
,

w
h
er

e

λ
jn

=
−

2
d

¯̀ n
d
[Σ

j
] n
,n

¯̀ n
=

E q
(n

)
(f
n
·)

[l
og
p
(y
n
|f n
·)

].

T
h
er

ef
or

e,
th

e
op

ti
m

al
so

lu
ti

on
fo

r
th

e
p

o
st

er
io

r
co

va
ri

an
ce

is
gi

ve
n

b
y
:

Ŝ
j

=
( (K

j z
z
)−

1
+

(K
j z
z
)−

1
K
j z
x
Λ
j
K
j x
z
(K

j z
z
)−

1
) −

1
,

=
K
j z
z

( K
j z
z

+
K
j z
x
Λ
j
K
j x
z

) −
1
K
j z
z
,

w
h
er

e
Λ
j

is
a
N
×
N

d
ia

go
n
al

m
at

ri
x

w
it

h
{λ

jn
}N n

=
1

on
th

e
d
ia

go
n
al

.
�

A
p
p

e
n
d
ix

I.
L

o
w

e
r

V
a
ri

a
n
ce

o
f

M
ix

tu
re

-o
f-

D
ia

g
o
n
a
ls

P
o
st

e
ri

o
r

In
th

is
se

ct
io

n
w

e
p
ro

ve
T

h
eo

re
m

3.
F

ir
st

w
e

re
v
ie

w
R

ao
-B

la
ck

w
el

li
za

ti
on

(C
as

el
la

an
d

R
ob

er
t,

19
96

),
w

h
ic

h
is

al
so

k
n
ow

n
as

p
ar

ti
al

av
er

ag
in

g
or

co
n
d
it

io
n
al

M
on

te
C

a
rl

o.
S
u
p
-

p
os

e
w

e
w

an
t

to
es

ti
m

at
e
V

=
E p

(x
,y
)[
h

(X
,Y

)]
w

h
er

e
(X
,Y

)
is

a
ra

n
d
om

va
ri

ab
le

w
it

h
p
ro

b
ab

il
it

y
d
en

si
ty
p
(x
,y

)
an

d
h

(X
,Y

)
is

a
ra

n
d
om

va
ri

ab
le

th
at

is
a

fu
n
ct

io
n

of
X

an
d

Y
.

It
is

ea
sy

to
se

e
th

at

E p
(x
,y
)[
h

(X
,Y

)]
=

∫
p
(x
,y

)h
(x
,y

)d
x

d
y

=

∫
p
(y

)p
(x
|y

)h
(x
,y

)d
x

d
y

=
E p

(y
)[ ĥ

(Y
)] ,

w
it

h
ĥ

(Y
)

=
E p

(x
|y
)[
h

(X
,Y

)|Y
],

an
d
,

fr
om

th
e

co
n
d
it

io
n
al

va
ri

an
ce

fo
rm

u
la

,

V
[ĥ

(Y
)]
<

V
[h

(X
,Y

)]
.

T
h
er

ef
or

e
w

h
en
ĥ

(Y
)

is
ea

sy
to

co
m

p
u
te

,
it

ca
n

b
e

u
se

d
to

es
ti

m
at

e
V

w
it

h
a

lo
w

er
va

ri
an

ce
th

an
th

e
or

ig
in

al
es

ti
m

at
or

.
W

h
en

p
(x
,y

)
=
p
(x

)p
(y

),
th

en
ĥ

(Y
)

is
si

m
p
li
fi
ed

to

ĥ
(Y

=
y

)
=

∫
p
(x

)h
(x
,y

)d
x
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of
features

and
cuts

that
m

inim
ize

som
e

purity
m

easure
(intra-variance,

G
ini

index,
inform

ation
gain

are
the

m
ain

exam
ples).

T
hese

approaches
build

decision
functions

that
are

therefore
very

sim
ple,by

looking
only

ata
single

feature
ata

tim
e,and

a
single

cutata
tim

e.
E

nsem
ble

m
ethods

(boosting
(L

ugosiand
V

ayatis,2004),random
forests

(B
reim

an,2001))im
prove

this
by

com
bining

such
decisions

trees,atthe
expense

ofm
odels

thatare
harderto

interpret.

M
ain

contribution.
T

his
paperconsiders

the
setting

oflinearsupervised
learning.T

he
m

ain
con-

tribution
ofthis

paperis
the

idea
to

use
a

total-variation
penalization,w

ith
an

extra
linearconstraint,

on
the

w
eightsofa

generalized
linearm

odeltrained
on

a
binarization

ofthe
raw

continuousfeatures,
leading

to
a

procedure
thatselects

m
ultiple

cut-points
per

feature,looking
atallfeatures

sim
ulta-

neously.O
urapproach

therefore
increases

the
capacity

ofthe
considered

generalized
linearm

odel:
severalw

eights
are

used
for

the
binarized

features
instead

of
a

single
one

for
the

raw
feature.

T
his

leads
to

a
m

ore
flexible

decision
function

com
pared

to
the

linear
one:

w
hen

looking
at

the
deci-

sion
function

as
a

function
ofa

single
raw

feature,itis
now

piecew
ise

constantinstead
oflinear,as

illustrated
in

Figure
2

below
.

O
rganization

of
the

paper.
T

he
proposed

m
ethodology

is
described

in
Section

2.
Section

3
establishes

an
oracle

inequality
for

generalized
linear

m
odels

and
provides

a
convergence

rate
for

ourprocedure
in

the
particularcase

ofa
sparse

additive
m

odel.Section
4

highlightsthe
resultsofthe

m
ethod

on
various

datasets
and

com
pares

its
perform

ances
to

w
ellknow

n
classification

algorithm
s.

Finally,w
e

discuss
the

obtained
results

in
Section

5.

N
otations.

T
hroughoutthe

paper,for
every

q
>

0
,w

e
denote

by
‖
v‖

q
the

usual
`
q -quasinorm

of
a

vector
v
∈

R
m
,

nam
ely
‖v‖

q
=

( ∑
mk
=
1 |v

k | q)
1
/
q,

and
‖
v‖∞

=
m

ax
k
=
1
,...,m
|v
k |.

W
e

also
denote‖

v‖
0

=
|{k

:
v
k 6=

0}|,w
here|A|stands

forthe
cardinality

ofa
finite

set
A

.For
u
,v
∈
R
m

,
w

e
denote

by
u
�
v

the
H

adam
ard

product
u
�
v

=
(u

1 v
1 ,...,u

m
v
m

) >
.

For
any

u
∈

R
m

and
any

L
⊂
{1
,...,m

}
,

w
e

denote
u
L

as
the

vector
in

R
m

satisfying
(u
L

)
k

=
u
k

for
k
∈
L

and
(u
L

)
k

=
0

for
k
∈
L
{

=
{1
,...,m

}\L
.

W
e

w
rite,

for
short,

1
(resp.

0)
for

the
vector

ofR
m

having
all

coordinates
equal

to
one

(resp.
zero).

Finally,
w

e
denote

by
sign

(x
)

the
set

of
sub-

differentials
of

the
function

x
7→
|x|,nam

ely
sign

(x
)

=
{
1}

if
x
>

0,
sign

(x
)

=
{−

1}
if
x
<

0
and

sig
n
(0

)
=

[−
1
,1].

2.T
he

proposed
m

ethod

C
onsidera

supervised
training

dataset
(x
i ,y

i )
i=

1
,...,n

containing
features

x
i

=
[x
i,1 ···x

i,p ] >
∈
R
p

and
labels

y
i ∈
Y
⊂

R
,that

are
independent

and
identically

distributed
sam

ples
of

(X
,Y

)
w

ith
unknow

n
distribution

P
.L

etus
denote

X
=

[x
i,j ]1≤

i≤
n
;1≤

j≤
p

the
n
×
p

features
m

atrix
vertically

stacking
the

n
sam

ples
of
p

raw
features.L

et
X
•
,j

be
the

j-th
feature

colum
n

of
X

.

B
inarization.

T
he

binarized
m

atrix
X

B
is

a
m

atrix
w

ith
an

extended
num

ber
d
>
p

ofcolum
ns,

w
here

the
j-th

colum
n
X
•
,j

is
replaced

by
d
j
≥

2
colum

ns
X

B•
,j,1 ,...,X

B•
,j,d

j
containing

only
zeros

and
ones.Its

i-th
row

is
w

ritten

x
Bi

=
[x
Bi,1
,1 ···x

Bi,1
,d

1 x
Bi,2
,1 ···x

Bi,2
,d

2 ···x
Bi,p
,1 ···x

Bi,p
,d
p ] >
∈
R
d,

w
here

d
=
∑

pj=
1
d
j .

In
order

to
sim

plify
the

presentation
of

our
results,w

e
assum

e
in

the
paper

thatallraw
features

X
•
,j

are
continuous,so

thatthey
are

transform
ed

using
the

follow
ing

one-hot

3
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A
L

A
Y

A
,B

U
S

S
Y,G

A
ÏFF

A
S

A
N

D
G

U
IL

L
O

U
X

encoding.Foreach
raw

feature
j,w

e
considera

partition
ofintervals

I
j,1 ,...,I

j,d
j

ofrange(X
•
,j ),

nam
ely

satisfying∪
d
j

k
=
1 I
j,k

=
range(X

•
,j )

and
I
j,k ∩

I
j,k ′

=
∅

for
k
6=
k ′and

define

x
Bi,j,k

=

{
1

if
x
i,j ∈

I
j,k ,

0
otherw

ise

for
i

=
1
,...,n,

j
=

1
,...,p

and
k

=
1
,...,d

j .
A

n
exam

ple
is

interquantiles
intervals,nam

ely
I
j,1

=
[q
j (0),q

j (
1d
j ) ]

and
I
j,k

=
(q
j (
k−

1
d
j

),q
j (

kdj ) ]
for

k
=

2
,...,d

j ,
w

here
q
j (α

)
denotes

a
quantile

of
order

α
∈

[0,1]for
X
•
,j .

In
practice,if

there
are

ties
in

the
estim

ated
quantiles

for
a

given
feature,w

e
sim

ply
choose

the
set

of
ordered

unique
values

to
construct

the
intervals.

T
his

principle
of

binarization
is

a
w

ell-know
n

trick
(G

arcia
et

al.,2013),
that

allow
s

to
im

prove
over

the
lineardecision

function
w

ith
respectto

the
raw

feature
space:

ituses
a

largernum
berofm

odel
w

eights,for
each

intervalof
values

for
the

feature
considered

in
the

binarization.
If

training
data

contains
also

unordered
qualitative

features,one-hotencoding
w

ith
`
1 -penalization

can
be

used
for

instance.

G
oodness-of-fit.

G
iven

a
loss

function
`

:Y
×

R
→

R
,w

e
considerthe

goodness-of-fitterm

R
n
(θ)

=
1n

n
∑i=

1

`(y
i ,m

θ (x
i )),

(1)

w
here

m
θ (x

i )
=

θ >
x
Bi

and
θ
∈

R
d

w
here

w
e

recall
that

d
=
∑

pj=
1
d
j .

W
e

then
have

θ
=

[θ >1,• ···θ >p,• ] >
,w

ith
θ
j,•

corresponding
to

the
group

ofcoefficients
w

eighting
the

binarized
raw

j-th
feature.W

e
focus

on
generalized

linearm
odels

(G
reen

and
Silverm

an,1994),w
here

the
conditional

distribution
Y
|X

=
x

is
assum

ed
to

be
from

a
one-param

eter
exponentialfam

ily
distribution

w
ith

a
density

ofthe
form

y|x
7→
f
0(y|x

)
=

ex
p (

y
m

0(x
)−

b(m
0(x

))

φ
+
c(y

,φ
) )
,

(2)

w
ith

respectto
a

reference
m

easure
w

hich
iseitherthe

L
ebesgue

m
easure

(e.g.in
the

G
aussian

case)
orthe

counting
m

easure
(e.g.in

the
logistic

orPoisson
cases),leading

to
a

loss
function

ofthe
form

` (y
1 ,y

2 )
=
−
y
1 y

2
+
b(y

2 ).

T
he

density
described

in
(2)encom

passes
severaldistributions,see

Table
1.T

he
functions

b(·)
and

c(·)
are

know
n,w

hile
the

naturalparam
eter

function
m

0(·)
is

unknow
n.

T
he

dispersion
param

eter
φ

is
assum

ed
to

be
know

n
in

w
hatfollow

s.
Itis

also
assum

ed
that

b(·)
is

three
tim

es
continuously

differentiable.Itis
standard

to
notice

that

E
[Y
|X

=
x

]
=

∫
y
f
0(y|x

)d
y

=
b ′(m

0(x
)),

w
here

b ′standsforthe
derivative

of
b.T

hisform
ula

explainshow
b ′linksthe

conditionalexpectation
to

the
unknow

n
m

0.T
he

results
given

in
Section

3
rely

on
the

follow
ing

A
ssum

ption.

A
ssum

ption
1

A
ssum

e
that

b
is

three
tim

es
continuously

differentiable,thatthere
is
C
b
>

0
such

that|b ′′′(z
)|≤

C
b |b ′′(z

)|for
any

z
∈

R
and

thatthere
existconstants

C
n
>

0
and

0
<
L
n
≤
U
n

such
that

C
n

=
m

ax
i=

1
,...,n |m

0(x
i )|
<
∞

and
L
n
≤

m
ax

i=
1
,...,n

b ′′ (m
0(x

i ) )≤
U
n
.

T
his

assum
ption

is
satisfied

for
m

oststandard
generalized

linear
m

odels.
In

Table
1,w

e
listsom

e
standard

exam
ples

thatfitin
this

fram
ew

ork,see
also

van
de

G
eer(2008)and

R
igollet(2012).
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N
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m
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z
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L
og
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lo

g
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+
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ez

1
+
ez

ez

(1
+
ez

)2
1
−
ez

1
+
ez
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z
)

2
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n
)2

1 4

Po
is

so
n

1
ez
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)

1
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Ta
b.

1:
E

xa
m

pl
es

of
st

an
da

rd
di

st
ri

bu
tio

ns
th

at
fit

in
th

e
co

ns
id

er
ed

se
tti

ng
of

ge
ne

ra
liz

ed
lin

ea
r

m
od

el
s,

w
ith

th
e

co
rr

es
po

nd
in

g
co

ns
ta

nt
s

in
A

ss
um

pt
io

n
1.

B
in

ar
si

ty
.

Se
ve

ra
lp

ro
bl

em
s

oc
cu

rw
he

n
us

in
g

th
e

bi
na

ri
za

tio
n

tr
ic

k
de

sc
ri

be
d

ab
ov

e:

(P
1)

T
he

on
e-

ho
t-

en
co

di
ng

s
sa

tis
fy
∑

d
j

k
=
1
X

B i,
j,
k

=
1

fo
rj

=
1,
..
.,
p

,m
ea

ni
ng

th
at

th
e

co
lu

m
ns

of
ea

ch
bl

oc
k

su
m

to
1

,m
ak

in
g
X

B
no

to
ff

ul
lr

an
k

by
co

ns
tr

uc
tio

n.

(P
2)

C
ho

os
in

g
th

e
nu

m
be

ro
fi

nt
er

va
ls
d
j

fo
rb

in
ar

iz
at

io
n

of
ea

ch
ra

w
fe

at
ur

e
j

is
no

ta
n

ea
sy

ta
sk

,
as

to
o

m
an

y
m

ig
ht

le
ad

to
ov

er
fit

tin
g:

th
e

nu
m

be
r

of
m

od
el

-w
ei

gh
ts

in
cr

ea
se

s
w

ith
ea

ch
d
j
,

le
ad

in
g

to
a

ov
er

-p
ar

am
et

ri
ze

d
m

od
el

.

(P
3)

So
m

e
of

th
e

ra
w

fe
at

ur
es
X
•,
j

m
ig

ht
no

tb
e

re
le

va
nt

fo
r

th
e

pr
ed

ic
tio

n
ta

sk
,s

o
w

e
w

an
tt

o
se

le
ct

ra
w

fe
at

ur
es

fr
om

th
ei

ro
ne

-h
ot

en
co

di
ng

s,
na

m
el

y
in

du
ce

bl
oc

k-
sp

ar
si

ty
in
θ.

A
us

ua
lw

ay
to

de
al

w
ith

(P
1)

is
to

im
po

se
a

lin
ea

rc
on

st
ra

in
t(

A
gr

es
ti,

20
15

)i
n

ea
ch

bl
oc

k.
In

or
de

r
to

do
so

,l
et

us
in

tr
od

uc
e

fir
st
n
j,
k

=
|{
i

:
x
i,
j
∈
I j
,k
}|

an
d

th
e

ve
ct

or
n
j

=
[n
j,
1
··
·n

j,
d
j
]
∈

N
d
j
.

In
ou

rp
en

al
iz

at
io

n
te

rm
,w

e
im

po
se

th
e

lin
ea

rc
on

st
ra

in
t

n
> j
θ j
,•

=

d
j ∑ k
=
1

n
j,
k
θ j
,k

=
0

(3
)

fo
r

al
lj

=
1,
..
.,
p

.
N

ot
e

th
at

if
th

e
I j
,k

ar
e

ta
ke

n
as

in
te

rq
ua

nt
ile

s
in

te
rv

al
s,

th
en

fo
r

ea
ch
j,

w
e

ha
ve

th
at
n
j,
k

fo
r
k

=
1
,.
..
,d
j

ar
e

eq
ua

la
nd

th
e

co
ns

tr
ai

nt
(3

)
be

co
m

es
th

e
st

an
da

rd
co

ns
tr

ai
nt

∑
d
j

k
=
1
θ j
,k

=
0.

T
he

tr
ic

k
to

ta
ck

le
(P

2)
is

to
re

m
ar

k
th

at
w

ith
in

ea
ch

bl
oc

k,
bi

na
ry

fe
at

ur
es

ar
e

or
de

re
d.

W
e

us
e

a
w

ith
in

bl
oc

k
to

ta
l-

va
ri

at
io

n
pe

na
liz

at
io

n

p ∑ j=
1

‖θ
j,
•‖

T
V
,ŵ
j
,•

w
he

re

‖θ
j,
•‖

T
V
,ŵ
j
,•

=

d
j ∑ k
=
2

ŵ
j,
k
|θ j

,k
−
θ j
,k
−
1
|,

(4
)

w
ith

w
ei

gh
ts
ŵ
j,
k
>

0
to

be
de

fin
ed

la
te

r,
to

ke
ep

th
e

nu
m

be
r

of
di

ff
er

en
tv

al
ue

s
ta

ke
n

by
θ j
,•

to
a

m
in

im
al

le
ve

l.
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IL

L
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U
X

Fi
na

lly
,

de
al

in
g

w
ith

(P
3)

is
ac

tu
al

ly
a

by
-p

ro
du

ct
of

de
al

in
g

w
ith

(P
1)

an
d

(P
2)

.
In

de
ed

,
if

th
e

ra
w

fe
at

ur
e
j

is
no

t-
re

le
va

nt
,t

he
n
θ j
,•

sh
ou

ld
ha

ve
al

le
nt

ri
es

co
ns

ta
nt

be
ca

us
e

of
th

e
pe

na
liz

a-
tio

n
(4

),
an

d
in

th
is

ca
se

al
le

nt
ri

es
ar

e
ze

ro
,b

ec
au

se
of

(3
).

W
e

th
er

ef
or

e
in

tr
od

uc
e

th
e

fo
llo

w
in

g
pe

na
liz

at
io

n,
ca

lle
d

bi
na

rs
ity

b
in

a(
θ)

=

p ∑ j=
1

(
d
j ∑ k
=
2

ŵ
j,
k
|θ j

,k
−
θ j
,k
−
1
|+

δ j
(θ
j,
•)
)

(5
)

w
he

re
th

e
w

ei
gh

ts
ŵ
j,
k
>

0
ar

e
de

fin
ed

in
Se

ct
io

n
3

be
lo

w
,a

nd
w

he
re

δ j
(u

)
=

{
0

if
n
> j
u

=
0,

∞
ot

he
rw

is
e.

(6
)

W
e

co
ns

id
er

th
e

go
od

ne
ss

-o
f-

fit
(1

)p
en

al
iz

ed
by

(5
),

na
m

el
y

θ̂
∈

ar
gm

in
θ
∈R

d

{ R
n
(θ

)
+

b
in

a(
θ)
} .

(7
)

A
n

im
po

rt
an

tf
ac

ti
s

th
at

th
is

op
tim

iz
at

io
n

pr
ob

le
m

is
nu

m
er
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al

ly
ch

ea
p,
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ex
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ai
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d
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e
ne

xt
pa

ra
gr
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h.

Fi
gu

re
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ill
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tr
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es
th

e
ef

fe
ct

of
th

e
bi

na
rs
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na
liz

at
io

n
w

ith
a

va
ry
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g

st
re

ng
th

on
an

ex
am

pl
e.

In
Fi

gu
re

2,
w

e
ill

us
tr

at
e

on
a

to
y

ex
am

pl
e,

w
he

n
p

=
2,

th
e

de
ci

si
on

bo
un

da
ri

es
ob

ta
in

ed
fo

r
lo

gi
st

ic
re

gr
es

si
on

(L
R

)o
n

ra
w

fe
at

ur
es

,L
R

on
bi

na
ri

ze
d

fe
at

ur
es

an
d

L
R

on
bi

na
ri

ze
d

fe
at

ur
es

w
ith

th
e

bi
na

rs
ity

pe
na

liz
at

io
n.

Pr
ox

im
al

op
er

at
or

of
bi

na
rs

ity
.

T
he

pr
ox

im
al

op
er

at
or

an
d

pr
ox

im
al

al
go

ri
th

m
s

ar
e

im
po

rt
an

t
to

ol
s

fo
r

no
n-

sm
oo

th
co

nv
ex

op
tim

iz
at

io
n,

w
ith

im
po

rt
an

t
ap

pl
ic

at
io

ns
in

th
e

fie
ld

of
su

pe
rv

is
ed

le
ar

ni
ng

w
ith

st
ru

ct
ur

ed
sp

ar
si

ty
(B

ac
h

et
al

.,
20

12
).

T
he

pr
ox

im
al

op
er

at
or

of
a

pr
op

er
lo

w
er

se
m

i-
co

nt
in

uo
us

(B
au

sc
hk

e
an

d
C

om
be

tte
s,

20
11

)c
on

ve
x

fu
nc

tio
n
g

:
R
d
→

R
is

de
fin

ed
by

p
ro

x
g
(v

)
∈

ar
gm

in
u
∈R

d

{
1 2
‖v
−
u
‖2 2

+
g
(u

)} .

Pr
ox

im
al

op
er

at
or

s
ca

n
be

in
te

rp
re

te
d

as
ge

ne
ra

liz
ed

pr
oj

ec
tio

ns
.

N
am

el
y,

if
g

is
th

e
in

di
ca

to
r

of
a

co
nv

ex
se

tC
⊂

R
d

gi
ve

n
by

g
(u

)
=
δ C

(u
)

=

{
0

if
u
∈
C
,

∞
ot

he
rw

is
e,

th
en

p
ro

x
g

is
th

e
pr

oj
ec

tio
n

op
er

at
or

on
to
C

.I
tt

ur
ns

ou
tt

ha
tt

he
pr

ox
im

al
op

er
at

or
of

bi
na

rs
ity

ca
n

be
co

m
pu

te
d

ve
ry

ef
fic

ie
nt

ly
,u

si
ng

an
al

go
ri

th
m

(C
on

da
t,

20
13

)t
ha

tw
e

m
od

if
y

in
or

de
rt

o
in

cl
ud

e
w

ei
gh

ts
ŵ
j,
k
.

It
ap

pl
ie

s
in

ea
ch

gr
ou

p
th

e
pr

ox
im

al
op

er
at

or
of

th
e

to
ta

l-
va

ri
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io
n

si
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e
bi

na
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ity
pe
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liz

at
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bl
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si
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oj
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n
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to
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(n
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)⊥

th
e

or
th

og
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al
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sp
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(n
j
),

se
e

A
lg

or
ith

m
1

be
lo

w
.W

e
re

fe
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o
A

lg
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m

2
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Se
ct

io
n

6.
2
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he
w

ei
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te
d

to
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ox
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al
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A
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or
ith

m
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m

pu
te

s
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e
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b
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n
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(5
).

A
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ro

po
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1
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n
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Se
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n
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A
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s
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a
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m
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e
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n
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re
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Day Calls

Day Charge
Eve Mins
Eve Calls

Eve Charge
Night Mins
Night CallsNight Charge

Intl Mins
Intl Calls

Intl Charge

−
0.2

−
0.1

0.0

0.1

0.2

0.3

(a)−
1.0

−
0.5

0.0

0.5

1.0

1.5

(b)−
0.4
−

0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

(c)−
0.2

0.0

0.2

0.4

0.6

0.8

1.0

(d)

Fig.1:
Illustration

of
the

binarsity
penalization

on
the

“C
hurn”

dataset(see
Section

4
for

details)
using

lo-
gistic

regression.Figure
(a)show

s
the

m
odelw

eights
learned

by
the

L
asso

m
ethod

on
the

continuous
raw

features.
Figure

(b)
show

s
the

unpenalized
w

eights
on

the
binarized

features,w
here

the
dotted

green
lines

m
ark

the
lim

its
betw

een
blocks

corresponding
to

each
raw

features.
Figures

(c)
and

(d)
show

the
w

eights
w

ith
m

edium
and

strong
binarsity

penalization
respectively.

W
e

observe
in

(c)
thatsom

e
significantcut-points

startto
be

detected,w
hile

in
(d)

som
e

raw
features

are
com

pletely
rem

oved
from

the
m

odel,the
sam

e
features

as
those

rem
oved

in
(a).
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A
L

A
Y

A
,B

U
S

S
Y,G

A
ÏFF

A
S

A
N

D
G

U
IL

L
O

U
X

Fig.2:
Illustration

of
binarsity

on
3

sim
ulated

toy
datasets

for
binary

classification
w

ith
tw

o
classes

(blue
and

red
points).

W
e

set
n

=
100

0,
p

=
2

and
d
1

=
d
2

=
10

0.
In

each
row

,
w

e
display

the
sim

ulated
dataset,

follow
ed

by
the

decision
boundaries

for
a

logistic
regression

classifier
trained

on
initial

raw
features,

then
on

binarized
features

w
ithout

regularization,
and

finally
on

binarized
features

w
ith

binarsity.
T

he
corresponding

testing
A

U
C

score
is

given
on

the
low

er
rightcorner

of
each

figure.O
urapproach

allow
s

to
keep

an
alm

ostlineardecision
boundary

in
the

firstrow
,w

hile
a

good
decision

boundaries
are

learned
on

the
tw

o
other

exam
ples,w

hich
correspond

to
non-linearly

separable
datasets,w

ithoutapparentoverfitting.

A
lgorithm

1:Proxim
aloperatorof

b
in

a(θ),see
(5)

Input:
vector

θ
∈
R
d

and
w

eights
ŵ
j,k

and
n
j,k

for
j

=
1,...,p

and
k

=
1,...,d

j

O
utput:

vector
η

=
p
rox

b
in
a (θ)

for
j

=
1

to
p

do
β
j,• ←

p
rox‖

θ
j
,• ‖

T
V
,ŵ
j
,• (θ

j,• )
(T

V
-w

eighted
prox

in
block

j,see
(4))

η
j,• ←

β
j,• −

n
>j
β
j
,•

‖
n
j ‖

22
n
j

(projection
onto

span(n
j ) ⊥

)

R
eturn:

η

3.T
heoreticalguarantees

W
e

now
investigate

the
statisticalproperties

of
(8)

w
here

the
w

eights
in

the
binarsity

penalization
have

the
form

ŵ
j,k

=
O
( √

log
d

n
π̂
j,k )

,
w

ith
π̂
j,k

=

∣∣ {
i

=
1,...,n

:
x
i,j ∈

∪
d
j

k ′=
k I
j,k ′ } ∣∣

n
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},

se
e

T
he

or
em

2
fo

ra
pr

ec
is

e
de

fin
iti

on
of
ŵ
j,
k
.N

ot
e

th
at
π̂
j,
k

co
rr

es
po

nd
s

to
th

e
pr

op
or

tio
n

of
on

es
in

th
e

su
b-

m
at

ri
x

ob
ta

in
ed

by
de

le
tin

g
th

e
fir

st
k

co
lu

m
ns

in
th

e
j-

th
bi

na
ri

ze
d

bl
oc

k
m

at
ri

x
X

B •,
j
.

In
pa

rt
ic

ul
ar

,w
e

ha
ve
π̂
j,
k
>

0
fo

ra
ll
j,
k

.W
e

co
ns

id
er

th
e

ri
sk

m
ea

su
re

de
fin

ed
by

R
(m

θ
)

=
1 n

n ∑ i=
1

{
−
b′

(m
0
(x
i)

)m
θ
(x
i)

+
b(
m
θ
(x
i)

)}
,

w
hi

ch
is

st
an

da
rd

w
ith

ge
ne

ra
liz

ed
lin

ea
rm

od
el

s
(v

an
de

G
ee

r,
20

08
).

3.
1.

A
ge

ne
ra

lo
ra

cl
e

in
eq

ua
lit

y

W
e

ai
m

at
ev

al
ua

tin
g

ho
w

“c
lo

se
”

to
th

e
m

in
im

al
po

ss
ib

le
ex

pe
ct

ed
ri

sk
ou

re
st

im
at

ed
fu

nc
tio

n
m
θ̂

w
ith

θ̂
gi

ve
n

by
(8

)
is

.
To

m
ea

su
re

th
is

cl
os

en
es

s,
w

e
es

ta
bl

is
h

a
no

n-
as

ym
pt

ot
ic

or
ac

le
in

eq
ua

lit
y

w
ith

a
fa

st
ra

te
of

co
nv

er
ge

nc
e

co
ns

id
er

in
g

th
e

ex
ce

ss
ri

sk
of
m
θ̂
,

na
m

el
y
R

(m
θ̂
)
−
R

(m
0
).

To
de

riv
e

th
is

in
eq

ua
lit

y,
w

e
co

ns
id

er
fo

rt
ec

hn
ic

al
re

as
on

s
th

e
fo

llo
w

in
g

pr
ob

le
m

in
st

ea
d

of
(7

):

θ̂
∈

ar
gm

in
θ
∈B

d
(ρ
)

{ R
n
(θ

)
+

b
in

a(
θ)
} ,

(8
)

w
he

re

B
d
(ρ

)
=
{ θ
∈
R
d

:

p ∑ j=
1

‖θ
j,
•‖
∞
≤
ρ
} .

T
hi

s
co

ns
tr

ai
nt

is
st

an
da

rd
in

lit
er

at
ur

e
fo

r
th

e
pr

oo
f

of
or

ac
le

in
eq

ua
lit

ie
s

fo
r

sp
ar

se
ge

ne
ra

liz
ed

lin
ea

rm
od

el
s,

se
e

fo
ri

ns
ta

nc
e

va
n

de
G

ee
r(

20
08

),
an

d
is

di
sc

us
se

d
in

de
ta

ils
be

lo
w

.
W

e
al

so
im

po
se

a
re

st
ri

ct
ed

ei
ge

nv
al

ue
as

su
m

pt
io

n
on
X

B
.

Fo
r

al
l
θ
∈

R
d
,

le
t
J

(θ
)

=
[J

1
(θ

),
..
.,
J
p
(θ

)]
be

th
e

co
nc

at
en

at
io

n
of

th
e

su
pp

or
ts

et
s

re
la

tiv
e

to
th

e
to

ta
l-

va
ri

at
io

n
pe

na
liz

a-
tio

n,
th

at
is

J
j
(θ

)
=
{k

=
2,
..
.,
d
j

:
θ j
,k
6=
θ j
,k
−
1
}.

Si
m

ila
rl

y,
w

e
de

no
te
J
{ (
θ)

=
[ J
{ 1(
θ)
,.
..
,J
{ p(
θ)
] th

e
co

m
pl

em
en

ta
ry

of
J

(θ
).

T
he

re
st

ri
ct

ed
ei

ge
n-

va
lu

e
co

nd
iti

on
is

de
fin

ed
as

fo
llo

w
.

A
ss

um
pt

io
n

2
Le

tK
=

[K
1
,.
..
,K

p
]

be
a

co
nc

at
en

at
io

n
of

in
de

x
se

ts
su

ch
th

at
p ∑ j=
1

|K
j
|≤

J
?
,

(9
)

w
he

re
J
?

is
a

po
si

tiv
e

in
te

ge
r.

D
efi

ne

κ
(K

)
∈

in
f

u
∈C

T
V
,ŵ

(K
) \
{0
}{
‖X

B
u
‖ 2

√
n
‖u

K
‖ 2

}

w
ith

C
T
V
,ŵ

(K
)

=

{ u
∈
R
d

:

p ∑ j=
1

‖(
u
j,
•)
K
j
{‖

T
V
,ŵ
j
,•
≤

2

p ∑ j=
1

‖(
u
j,
•)
K
j
‖ T

V
,ŵ
j
,•

} .
(1

0)

W
e

as
su

m
e

th
at

th
e

fo
llo

w
in

g
co

nd
iti

on
ho

ld
s κ

(K
)
>

0
(1

1)

fo
r

an
y
K

sa
tis

fy
in

g
(9

).
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T
he

se
tC

T
V
,ŵ

(K
)

is
a

co
ne

co
m

po
se

d
by

al
lv

ec
to

rs
w

ith
a

su
pp

or
t“

cl
os

e”
to
K

.T
he

or
em

2
gi

ve
s

a
ri

sk
bo

un
d

fo
rt

he
es

tim
at

or
m
θ̂
.

T
he

or
em

2
Le

tA
ss

um
pt

io
ns

1
an

d
2

be
sa

tis
fie

d.
Fi

x
A
>

0
an

d
ch

oo
se

ŵ
j,
k

=

√
2U

n
φ

(A
+

lo
g
d
)

n
π̂
j,
k
.

(1
2)

Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

2e
−
A

,a
ny
θ̂

gi
ve

n
by

(8
)s

at
is

fie
s

R
(m

θ̂
)
−
R

(m
0
)
≤

in
f
θ

{ 3(
R

(m
θ
)
−
R

(m
0
))

+
25

60
(C

b
(C

n
+
ρ
)

+
2)

L
n
κ
2
(J

(θ
))

|J
(θ

)|
m

ax
j=

1
,.
..
,p
‖(
ŵ
j,
•)
J
j
(θ
)‖

2 ∞
} ,

w
he

re
th

e
in

fim
um

is
ov

er
th

e
se

to
fv

ec
to

rs
θ
∈
B
d
(ρ

)
su

ch
th

at
n
> j
θ j
,•

=
0

fo
r

al
lj

=
1
,.
..
,p

an
d

su
ch

th
at
|J

(θ
)|
≤
J
∗ .

T
he

pr
oo

f
of

T
he

or
em

2
is

gi
ve

n
in

Se
ct

io
n

6.
3

be
lo

w
.

N
ot

e
th

at
th

e
“v

ar
ia

nc
e”

te
rm

or
“c

om
-

pl
ex

ity
”

te
rm

in
th

e
or

ac
le

in
eq

ua
lit

y
sa

tis
fie

s

|J
(θ

)|
m

ax
j=

1
,.
..
,p
‖(
ŵ
j,
•)
J
j
(θ
)‖

2 ∞
≤

2
U
n
φ
|J

(θ
)|(
A

+
lo

g
d
)

n
.

(1
3)

T
he

va
lu

e
|J

(θ
)|

ch
ar

ac
te

ri
ze

s
th

e
sp

ar
si

ty
of

th
e

ve
ct

or
θ,

gi
ve

n
by

|J
(θ

)|
=

p ∑ j=
1

|J
j
(θ

)|
=

p ∑ j=
1

|{
k

=
1,
..
.,
d
j

:
θ j
,k
6=
θ j
,k
−
1
}|
.

It
co

un
ts

th
e

nu
m

be
r

of
no

n-
eq

ua
lc

on
se

cu
tiv

e
va

lu
es

of
θ.

If
θ

is
bl

oc
k-

sp
ar

se
,n

am
el

y
w

he
ne

ve
r

|J
(θ

)|
�

p
w

he
re
J

(θ
)

=
{j

=
1
,.
..
,p

:
θ j
,•
6=

0
d
j
}

(m
ea

ni
ng

th
at

fe
w

ra
w

fe
at

ur
es

ar
e

us
ef

ul
fo

r
pr

ed
ic

tio
n)

,t
he

n
|J

(θ
)|
≤
|J

(θ
)|

m
ax

j∈
J
(θ
)
|J
j
(θ

)|,
w

hi
ch

m
ea

ns
th

at
|J

(θ
)|

is
co

nt
ro

lle
d

by
th

e
bl

oc
k

sp
ar

si
ty
|J

(θ
)|.

T
he

or
ac

le
in

eq
ua

lit
y

fr
om

T
he

or
em

2
is

st
at

ed
un

if
or

m
ly

fo
r

ve
ct

or
s
θ
∈
B
d
(ρ

)
sa

tis
fy

in
g

n
> j
θ j
,•

=
0

fo
ra

ll
j

=
1,
..
.,
p

an
d
|J

(θ
)|
≤
J
∗ .

W
ri

tin
g

th
is

or
ac

le
in

eq
ua

lit
y

un
de

rt
he

as
su

m
p-

tio
n
|J

(θ
)|
≤
J
∗

m
ee

ts
th

e
st

an
da

rd
w

ay
of

st
at

in
g

sp
ar

se
or

ac
le

in
eq

ua
lit

ie
s,

se
e

e.
g.

B
üh

lm
an

n
an

d
va

n
D

e
G

ee
r(

20
11

).
N

ot
e

th
at
J
∗

is
in

tr
od

uc
ed

in
A

ss
um

pt
io

n
2

an
d

co
rr

es
po

nd
s

to
a

m
ax

im
al

sp
ar

si
ty

fo
r

w
hi

ch
th

e
m

at
ri

x
X

B
sa

tis
fie

s
th

e
re

st
ri

ct
ed

ei
ge

nv
al

ue
as

su
m

pt
io

n.
A

ls
o,

th
e

or
ac

le
in

eq
ua

lit
y

st
at

ed
in

T
he

or
em

2
st

an
ds

fo
r

ve
ct

or
s

su
ch

th
at
n
> j
θ j
,•

=
0,

w
hi

ch
is

na
tu

ra
ls

in
ce

th
e

bi
na

rs
ity

pe
na

liz
at

io
n

im
po

se
s

th
es

e
ex

tr
a

lin
ea

rc
on

st
ra

in
ts

.
T

he
as

su
m

pt
io

n
th

at
θ
∈
B
d
(ρ

)
is

a
te

ch
ni

ca
l

on
e,

th
at

al
lo

w
s

to
es

ta
bl

is
h

a
co

nn
ec

tio
n,

vi
a

th
e

no
tio

n
of

se
lf

-c
on

co
rd

an
ce

,s
ee

B
ac

h
(2

01
0)

,b
et

w
ee

n
th

e
em

pi
ri

ca
l

sq
ua

re
d
` 2

-n
or

m
an

d
th

e
em

pi
ri

ca
lK

ul
lb

ac
k

di
ve

rg
en

ce
(s

ee
L

em
m

a
9

in
Se

ct
io

n
6.

3)
.I

tc
or

re
sp

on
ds

to
a

te
ch

ni
ca

lc
on

st
ra

in
t

w
hi

ch
is

co
m

m
on

ly
us

ed
in

lit
er

at
ur

e
fo

rt
he

pr
oo

fo
fo

ra
cl

e
in

eq
ua

lit
ie

sf
or

sp
ar

se
ge

ne
ra

liz
ed

lin
ea

r
m

od
el

s,
se

e
fo

ri
ns

ta
nc

e
va

n
de

G
ee

r(
20

08
),

a
re

ce
nt

co
nt

ri
bu

tio
n

fo
rt

he
pa

rt
ic

ul
ar

ca
se

of
Po

is
so

n
re

gr
es

si
on

be
in

g
Iv

an
of

fe
ta

l.
(2

01
6)

.A
ls

o,
no

te
th

at

m
ax

i=
1
,.
..
,n
|〈x

B i
,θ
〉|
≤

p ∑ j=
1

‖θ
j,
•‖
∞
≤
|J

(θ
)|
×
‖θ
‖ ∞

,
(1

4)
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B
IN

A
R

S
IT

Y:
A

P
E

N
A

L
IZ

A
T
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N

F
O

R
O

N
E-H

O
T

E
N

C
O

D
E

D
F

E
A

T
U

R
E

S
IN

L
IN

E
A

R
S

U
P

E
R

V
IS

E
D

L
E

A
R

N
IN

G

w
here‖

θ‖∞
=

m
ax

j=
1
,...,p ‖

θ
j,• ‖∞

.T
he

firstinequality
in

(14)com
es

from
the

factthatthe
entries

of
X

B
are

in{
0,1},and

itentails
that

m
ax

i=
1
,...,n |〈x

Bi
,θ〉|≤

ρ
w

henever
θ
∈
B
d (ρ

).T
he

second
inequality

in
(14)entailsthatρ

can
be

upperbounded
by|J

(θ)|×
‖
θ‖∞

,and
therefore

the
constraint

θ∈
B
d (ρ

)
becom

es
only

a
box

constrainton
θ,w

hich
depends

on
the

dim
ensionality

ofthe
features

through|J
(θ)|only.T

he
factthatthe

procedure
depends

on
ρ,and

thatthe
oracle

inequality
stated

in
T

heorem
2

depends
linearly

on
ρ

is
com

m
only

found
in

literature
aboutsparse

generalized
linear

m
odels,see

van
de

G
eer(2008);B

ach
(2010);Ivanoffetal.(2016).H

ow
ever,the

constraint
B
d (ρ

)
is

a
technicality

w
hich

is
notused

in
the

num
ericalexperim

ents
provided

in
Section

4
below

.
In

the
nextSection,w

e
exhibita

consequence
ofT

heorem
2,w

heneverone
considers

the
G

aus-
sian

case
(least-squares

loss)
and

w
here

m
0

has
a

sparse
additive

structure
defined

below
.

T
his

structure
allow

s
to

controlthe
bias

term
from

T
heorem

2
and

to
exhibita

convergence
rate.

3.2.Sparse
linear

additive
regression

T
heorem

2
allow

sto
study

a
particularcase,nam

ely
an

additive
m

odel,see
e.g.H

astie
and

Tibshirani
(1990);H

orow
itz

etal.(2006)and
in

particulara
sparse

additive
linearm

odel,w
hich

is
ofparticular

interestin
high-dim

ensionalstatistics,see
M

eier
etal.(2009);R

avikum
ar

etal.(2009);B
ühlm

ann
and

van
D

e
G

eer(2011).W
e

prove
in

T
heorem

3
below

thatourprocedure
m

atches
the

convergence
rates

previously
know

n
from

literature.In
this

setting,w
e

w
ork

underthe
follow

ing
assum

ptions.

A
ssum

ption
3

W
e

assum
e

to
sim

plify
that

x
i
∈

[0,1] d
for

all
i

=
1
,...,n

.
W

e
consider

the
G

aussian
setting

w
ith

the
least-squares

loss,nam
ely

`(y
,y ′)

=
12 (y−

y ′)
2,b(y

)
=

12 y
2

and
φ

=
σ
2

(noise
variance)

in
E

quation
(2),

w
ith

L
n

=
U
n

=
1,
C
b

=
0

in
A

ssum
ption

1.
M

oreover,
w

e
assum

e
that

m
0

has
the

follow
ing

sparse
additive

structure

m
0(x

)
=
∑j∈J
∗

m
0j (x

j )

for
x

=
[x

1 ···x
p ]∈

R
p,w

here
m

0j
:R
→

R
are

L
-Lipschitz

functions,nam
ely

satisfying|m
0j (z

)−
m

0j (z ′)|≤
L|z−

z ′|forany
z
,z ′∈

R
,and

w
hereJ

∗ ⊂
{1,...,p}

isa
setofactive

features(sparsity
m

eans
that|J

∗ |�
p).A

lso,w
e

assum
e

the
follow

ing
identifiability

condition

n
∑i=

1

m
0j (x

i,j )
=

0

for
all

j
=

1,...,p.

A
ssum

ption
3

contains
identifiability

and
sm

oothness
requirem

ents
that

are
standard

w
hen

studying
additive

m
odels,

see
e.g.

M
eier

et
al.

(2009).
W

e
restrict

the
functions

m
0j

to
be

L
ips-

chitz
and

notsm
oother,since

our
procedure

produces
a

piecew
ise

constantdecision
function

w
ith

respectto
each

j,thatcan
approxim

ate
optim

ally
only

L
ipschitz

functions.
For

m
ore

regular
func-

tions,ourprocedure
w

ould
lead

to
suboptim

alrates,see
also

the
discussion

below
the

statem
entof

T
heorem

3.

T
heorem

3
C

onsider
procedure

(7)
w

ith
d
j

=
D

,w
here

D
is

the
integer

partof
n
1
/
3,and

I
j,1

=
[0,

1D
],
I
j,k

=
(
k−

1
D
,
kD

]for
all

k
=

2
,...,D

and
j

=
1
,...,p,and

keep
the

w
eights

ŵ
j,k

the
sam

e
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as
in

Theorem
2.

Introduce
also

θ ∗j,k
=
∑

ni=
1
m

0j (x
i,j )1

I
k (x

i,j )/ ∑
ni=

1
1
I
k (x

i,j )
for

j
∈
J
∗

and
θ ∗j,•

=
0
D

for
j
/∈
J
∗ .Then,under

A
ssum

ption
2

w
ith

J
∗

=
J

(θ ∗)
and

A
ssum

ption
3,w

e
have

‖
m
θ̂ −

m
0‖

2n
≤
(

3
L
2|J
∗ |

+
5120M

n
σ
2(A

+
log

(p
n
1
/
3M

n
)

κ
2(J

(θ ∗))

)
|J
∗ |

n
2
/
3
,

w
here

M
n

=
m

ax
j=

1
,...,p

m
ax

i=
1
,...,n |m

0j (x
i,j )|.

T
he

proof
of

T
heorem

3
is

given
in

Section
6.8

below
.

It
is

an
easy

consequence
of

T
heorem

2
under

the
sparse

additive
m

odelassum
ption.

Ituses
A

ssum
ption

2
w

ith
J
∗

=
J

(θ ∗),since
θ ∗j,•

is
the

m
inim

izerofthe
bias

foreach
j∈
J
∗ ,see

the
proofofT

heorem
3

fordetails.
T

he
rate

ofconvergence
is,up

to
constants

and
logarithm

ic
term

s,oforder|J
∗ | 2n

−
2
/
3.R

ecall-
ing

thatw
e

w
ork

under
a

L
ipschitz

assum
ption,nam

ely
H

ölder
sm

oothness
of

order
1,the

scaling
of

this
rate

w
.r.t.

to
n

is
n
−
2
r
/
(2
r
+
1
)

w
ith

r
=

1,
w

hich
m

atches
the

one-dim
ensional

m
inim

ax
rate.

T
his

rate
m

atches
the

one
obtained

in
B

ühlm
ann

and
van

D
e

G
eer

(2011),
see

C
hapter

8
p.272,w

here
the

rate|J
∗ | 2n

−
2
r
/
(2
r
+
1
)

=
|J
∗ | 2n

−
4
/
5

is
derived

under
a
C

2
sm

oothness
assum

p-
tion,nam

ely
r

=
2.H

ence,T
heorem

3
show

s
that,in

the
particularcase

ofa
sparse

additive
m

odel,
ourprocedure

m
atches

in
term

s
ofconvergence

rate
the

state
ofthe

art.Furtherim
provem

ents
could

considerm
ore

generalsm
oothness

(beyond
L

ipschitz)and
adaptation

w
ith

respectto
the

regularity,
atthe

costofa
m

ore
com

plicated
procedure

w
hich

is
beyond

the
scope

ofthis
paper.

4.N
um

ericalexperim
ents

In
this

section,w
e

firstillustrate
the

factthatthe
binarsity

penalization
is

roughly
only

tw
o

tim
es

slow
erthan

basic
`
1 -penalization,see

the
tim

ings
in

Figure
3.W

e
then

com
pare

binarsity
to

a
large

num
ber

of
baselines,see

Table
2,using

9
classicalbinary

classification
datasets

obtained
from

the
U

C
IM

achine
L

earning
R

epository
(L

ichm
an,2013),see

Table
3.

For
each

m
ethod,w

e
random

ly
splitalldatasets

into
a

training
and

a
testset(30%

for
testing),

and
allhyper-param

eters
are

tuned
on

the
training

setusing
V

-fold
cross-validation

w
ith

V
=

10.
Forsupportvectorm

achine
w

ith
radialbasiskernel(SV

M
),random

forests(R
F)and

gradientboost-
ing

(G
B

),w
e

use
the

reference
im

plem
entationsfrom

the
s
c
i
k
i
t
-
l
e
a
r
n

library
(Pedregosa

etal.,
2011),and

w
e

use
the

L
o
g
i
s
t
i
c
G
A
M

procedure
from

the
p
y
g
a
m

library
1

forthe
G

A
M

baseline.
T

he
binarsity

penalization
is

proposed
in

the
t
i
c
k

library
(B

acry
etal.,2018),w

e
provide

sam
-

ple
code

forits
use

in
Figure

4.L
ogistic

regression
w

ith
no

penalization
orridge

penalization
gave

sim
ilarorlow

erscoresforallconsidered
datasets,and

are
therefore

notreported
in

ourexperim
ents.

T
he

binarsity
penalization

does
notrequire

a
carefultuning

of
d
j

(num
ber

of
bins

for
the

one-
hotencoding

ofraw
feature

j).Indeed,pasta
large

enough
value,increasing

d
j

even
furtherbarely

changes
the

results
since

the
cut-points

selected
by

the
penalization

do
notchange

anym
ore.

T
his

is
illustrated

in
Figure

5,w
here

w
e

observe
thatpast

5
0

bins,increasing
d
j

even
further

does
not

affectthe
perform

ance,and
only

leads
to

an
increase

of
the

training
tim

e.
In

allour
experim

ents,
w

e
therefore

fix
d
j

=
50

for
j

=
1,...,p.

T
he

results
of

allour
experim

ents
are

reported
in

Figures
6

and
7.

In
Figure

6
w

e
com

pare
the

perform
ance

ofbinarsity
w

ith
the

baselines
on

all9
datasets,using

R
O

C
curves

and
the

A
rea

U
nder

the
C

urve
(A

U
C

),w
hile

w
e

reportcom
puting

(training)tim
ings

in
Figure

7.W
e

observe
thatbina-

rsity
consistently

outperform
s

L
asso,as

w
ellas

G
roup

L
1:this

highlights
the

im
portance

ofthe
T

V

1.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
d
s
w
a
h
/
p
y
G
A
M
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Fig.6:
Perform

ance
com

parison
using

R
O

C
curves

and
A

U
C

scores
(given

betw
een

parenthesis)com
puted

on
testsets.T

he
4

lastdatasets
contain

too
m

any
exam

ples
forSV

M
(R

B
F

kernel).B
inarsity

consis-
tently

does
a

betterjob
than

L
asso,G

roup
L

1,G
roup

T
V

and
G

A
M

.Its
perform

ance
is

com
parable

to
SV

M
,R

F
and

G
B

butw
ith

com
putationaltim

ingsthatare
ordersofm

agnitude
faster,see

Figure
7.
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Fig.7:
C

om
puting

tim
e

com
parisons

(in
seconds)

betw
een

the
m

ethods
on

the
considered

datasets.
N

ote
thatthe

tim
e

values
are

log-scaled.T
hese

tim
ings

concern
the

learning
task

foreach
m

odelw
ith

the
besthyper

param
eters

selected,after
the

cross
validation

procedure.
T

he
4

lastdatasets
contain

too
m

any
exam

ples
forthe

SV
M

w
ith

R
B

F
kernelto

be
trained

in
a

reasonable
tim

e.R
oughly,binarsity

is
betw

een
2

and
5

tim
es

slow
erthan

`
1

penalization
on

the
considered

datasets,butis
m

ore
than

100
tim

es
fasterthan

random
forests

orgradientboosting
algorithm

s
on

large
datasets,such

as
H

IG
G

S.

norm
w

ithin
each

group.
T

he
A

U
C

of
G

roup
T

V
is

alw
ays

slightly
below

the
one

of
binarsity,and

m
ore

im
portantly

itinvolves
a

m
uch

largertraining
tim

e:convergence
is

slow
erforG

roup
T

V,since
itdoes

notuse
the

linearconstraintofbinarsity,leading
to

a
ill-conditioned

problem
(sum

ofbinary
features

equals
1

in
each

block).
Finally,binarsity

outperform
s

also
G

A
M

and
its

perform
ance

is
com

parable
in

allconsidered
exam

ples
to

R
F

and
G

B
,w

ith
com

putationaltim
ings

thatare
orders

of
m

agnitude
faster,see

Figure
7.A

llthese
experim

ents
illustrate

thatbinarsity
achieves

an
extrem

ely
com

petitive
com

prom
ise

betw
een

com
putationaltim

e
and

perform
ance,com

pared
to

allconsidered
baselines.

5.C
onclusion

In
this

paper,w
e

introduced
the

binarsity
penalization

forone-hotencodings
ofcontinuous

features.
W

e
illustrated

the
good

statisticalproperties
of

binarsity
for

generalized
linear

m
odels

by
proving

non-asym
ptotic

oracle
inequalities.

W
e

conducted
extensive

com
parisons

of
binarsity

w
ith

state-
of-the-art

algorithm
s

for
binary

classification
on

several
standard

datasets.
E

xperim
ental

results
illustrate

that
binarsity

significantly
outperform

s
L

asso,
G

roup
L

1
and

G
roup

T
V

penalizations
and

also
generalized

additive
m

odels,w
hile

being
com

petitive
w

ith
random

forests
and

boosting.
M

oreover,itcan
be

trained
orders

of
m

agnitude
faster

than
boosting

and
other

ensem
ble

m
ethods.

E
ven

m
ore

im
portantly,itprovides

interpretability.
Indeed,in

addition
to

the
raw

feature
selection

ability
ofbinarsity,the

m
ethod

pinpoints
significantcut-points

forallcontinuous
feature.T

his
leads

to
a

m
uch

m
ore

precise
and

deeper
understanding

of
the

m
odel

than
the

one
provided

by
L

asso
on

raw
features.

T
hese

results
illustrate

the
fact

that
binarsity

achieves
an

extrem
ely

com
petitive

com
prom

ise
betw

een
com

putationaltim
e

and
perform

ance,com
pared

to
allconsidered

baselines.
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,ŵ
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ŵ
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‖ŵ
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∂
( ‖
θ j
,•
‖ T

V
,ŵ
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∂
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ra
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ŵ
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ŵ
j,
•
�

si
gn
( D

j

( θ
j,
•
−
n
> j
θ j
,•
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m

pr
ov

id
ed

in
A

la
ya

et
al

.(
20

15
)

fo
r

th
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,ŵ
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,ŵ
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A
lgorithm

2:
Proxim

aloperatorofw
eighted

T
V

penalization

Input:
vector

θ
=
(θ

1 ,...,θ
m )>

∈
R

m
and

w
eights

ŵ
=

(ŵ
1 ,...,ŵ

m
)∈

R
m+
.

O
utput:

vector
β

=
p
rox‖·‖

T
V
,ŵ

(θ)

1.
Set

k
=
k
0

=
k−

=
k
+
←

1
β
m
in ←

θ
1 −

ŵ
2

;
β
m
a
x ←

θ
1

+
ŵ

2

u
m
in ←

ŵ
2

;
u
m
a
x ←

−
ŵ

2

2.
if
k

=
m

then
β
m
←
β
m
in

+
u
m
in

3.
if
θ
k
+
1

+
u
m
in
<
β
m
in −

ŵ
k
+
2

then
/
*
n
e
g
a
t
i
v
e
j
u
m
p

*
/

β
k
0

=
···

=
β
k
−
←
β
m
in

k
=
k
0

=
k−

=
k
+
←
k−

+
1

β
m
in ←

θ
k −

ŵ
k
+
1

+
ŵ

k
;
β
m
a
x ←

θ
k

+
ŵ

k
+
1

+
ŵ

k

u
m
in ←

ŵ
k
+
1

;
u
m
a
x ←

−
ŵ

k
+
1

4.
else

if
θ
k
+
1

+
u
m
a
x
>
β
m
a
x

+
ŵ

k
+
2

then
/
*
p
o
s
i
t
i
v
e
j
u
m
p

*
/

β
k
0

=
...

=
β
k
+
←
β
m
a
x

k
=
k
0

=
k−

=
k
+
←
k
+

+
1

β
m
in ←

θ
k −

ŵ
k
+
1 −

ŵ
k

;
β
m
a
x ←

θ
k

+
ŵ

k
+
1 −

ŵ
k

u
m
in ←

ŵ
k
+
1

;
u
m
a
x ←

−
ŵ

k
+
1

5.
else

/
*
n
o
j
u
m
p

*
/

set
k
←
k

+
1

u
m
in ←

θ
k

+
ŵ

k
+
1 −

β
m
in

u
m
a
x ←

θ
k −

ŵ
k
+
1 −

β
m
a
x

if
u
m
in ≥

ŵ
k
+
1

then
β
m
in ←

β
m
in

+
u
m

in −
ŵ

k
+

1

k−
k
0
+
1

u
m
in ←

ŵ
k
+
1

k−
←
k

if
u
m
a
x ≤
−
ŵ

k
+
1

then
β
m
a
x ←

β
m
a
x

+
u
m

a
x
+
ŵ

k
+

1

k−
k
0
+
1

u
m
a
x ←

−
ŵ

k
+
1

k
+
←
k

6.
if
k
<
m

then
go

to
3.

7.
if
u
m
in
<

0
then

β
k
0

=
···

=
β
k
−
←
β
m
in

k
=
k
0

=
k−
←
k−

+
1

β
m
in ←

θ
k −

ŵ
k
+
1

+
ŵ

k

u
m
in ←

ŵ
k
+
1

;
u
m
a
x ←

θ
k

+
ŵ

k −
v
m
a
x

go
to

2.
8.

else
if
u
m
a
x
>

0
then

β
k
0

=
···

=
β
k
+
←
β
m
a
x

k
=
k
0

=
k
+
←
k
+

+
1

β
m
a
x ←

θ
k

+
ŵ

k
+
1 −

ŵ
k

u
m
a
x ←

−
ŵ

k
+
1

;
u
m
in ←

θ
k −

ŵ
k −

u
m
in

go
to

2.
9.

else
β
k
0

=
···

=
β
m
←
β
m
in

+
u
m

in

k−
k
0
+
1
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6.4.O
ptim

ality
conditions

A
s

explained
in

the
follow

ing
Proposition,a

solution
to

problem
(8)can

be
characterized

using
the

K
arush-K

uhn-Tucker(K
K

T
)optim

ality
conditions

(B
oyd

and
V

andenberghe,2004).

Proposition
5

A
vector

θ̂
=

[θ̂ >1,• ···θ̂ >p,• ] >
∈

R
d

is
an

optim
um

of
the

objective
function

(8)
if

and
only

if
there

are
subgradients

ĥ
=

[ĥ
j,• ]j=

1
,...,p

∈
∂‖θ̂‖

T
V
,ŵ

and
ĝ

=
[ĝ
j,• ]j=

1
,...,p

∈
∂

[δ
j (θ̂

j,• )]j=
1
,...,p

such
that

∇
R
n
(θ̂
j,• )

+
ĥ
j,•

+
ĝ
j,•

=
0
,

w
here

{
ĥ
j,•

=
D
>j (ŵ

j,• �
sign

(D
j θ̂
j,• ) )

if
j∈

J
(θ̂),

ĥ
j,• ∈

D
>j (ŵ

j,• �
[−

1,+
1] d

j )
if
j∈

J
{(θ̂),

(19)

and
w

here
w

e
recallthat

J
(θ̂)

is
the

supportsetof
θ̂.The

subgradient
ĝ
j,•

belongs
to

∂ (δ
j (θ̂

j,• ) )
=
{
µ
j,• ∈

R
d
j

:
µ
>j,• θ

j,• ≤
µ
>j,• θ̂

j,•
for

all
θ
j,•

such
that

n
>j
θ
j,•

=
0 }
.

For
the

generalized
linear

m
odel,w

e
have

1n (X
B•
,j )> (b ′(m

θ̂ (X
))−

y )
+
ĥ
j,•

+
ĝ
j,•

+
f̂
j,•

=
0
,

(20)

w
here

f̂
=

[f̂
j,• ]j=

1
,...,p

belongs
to

the
norm

alcone
ofthe

ball
B
d (ρ

).

Proof.T
he

function
θ7→

R
n
(θ)

is
differentiable,so

the
subdifferentialof

R
n
(·)

+
b
in

a(·)
ata

point
θ

=
(θ
j,• )

j=
1
,...,p ∈

R
d

is
given

by

∂
(R

n
(θ)

+
b
in

a(θ))
=
∇
R
n
(θ)

+
∂

(b
in

a
(θ)),

w
here∇

R
n
(θ)

=
[
∂
R
n
(θ
)

∂
θ
1
,•
···

∂
R
n
(θ
)

∂
θ
p
,•

]>
and

∂
b
in

a(θ)
=
[∂‖θ

1
,• ‖

T
V
,ŵ

1
,•

+
∂
δ
j (θ

1
,• )
···

∂‖
θ
p
,• ‖

T
V
,ŵ
p
,•

+
∂
δ
j (θ

p
,• ) ]>

.

W
e

have‖
θ
j,• ‖

T
V
,ŵ
j
,•

=
‖
ŵ
j,• �

D
j θ
j,• ‖

1
forall

j
=

1,...,p.T
hen,by

applying
som

e
properties

ofthe
subdifferentialcalculus,w

e
get

∂‖θ
j,• ‖

T
V
,ŵ
j
,•

=

{
D
>j

sign
(ŵ

j,• �
D
j θ
j,• )

if
D
j θ6=

0
,

D
>j (ŵ

j,• �
v
j )

otherw
ise,

(21)

w
here

v
j ∈

[−
1
,+

1] d
j

forall
j

=
1,...,p.Forgeneralized

linearm
odels,w

e
rew

rite

θ̂
∈

argm
in
θ∈

R
d {
R
n
(θ)

+
b
in

a(θ)
+
δ
B
d
(ρ
) (θ) }

,
(22)

w
here

δ
B
d
(ρ
)

is
the

indicator
function

of
B
d (ρ

).
N

ow
,
θ̂

=
[θ̂ >1,• ···θ̂ >p,• ] >

is
an

optim
um

of
(22)

if
and

only
if

0
∈
∇
R
n
(m

θ̂ )
+
∂‖θ̂‖

T
V
,ŵ

+
∂
δ
B
d
(ρ
) (θ̂

).R
ecallthatthe

subdifferentialof
δ
B
d
(ρ
) (·)

is
the

norm
alcone

of
B
d (ρ

),nam
ely

∂
δ
B
d
(ρ
) (θ̂)

=
{
η
∈
R
d

:
η >
θ≤

η >
θ̂

forall
θ
∈
B
d (ρ

)}.
(23)

O
ne

has
∂
R
n
(θ)

∂
θ
j,•

=
1n

(X
B•
,j ) >

(b ′(m
θ̂ (X

))−
y

),
(24)

so
thattogetherw

ith
(24)and

(23)w
e

obtain
(20),w

hich
concludes

the
proofofProposition

5.
�
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5.

C
om

pa
tib

ili
ty

co
nd

iti
on

s

L
et

us
de

fin
e

th
e

bl
oc

k
di

ag
on

al
m

at
ri

x
D

=
d
ia

g
(D

1
,.
..
,D

p
)

w
ith
D
j

de
fin

ed
in

(1
6)

.W
e

de
no

te
its

in
ve

rs
e
T
j

w
hi

ch
is

de
fin

ed
by

th
e
d
j
×
d
j

lo
w

er
tr

ia
ng

ul
ar

m
at

ri
x

w
ith

en
tr

ie
s

(T
j
) r
,s

=
0

if
r
<
s

an
d

(T
j
) r
,s

=
1

ot
he

rw
is

e.
W

e
se

tT
=

d
ia

g
(T

1
,.
..
,T

p
),

so
th

at
on

e
ha

s
D
−
1

=
T

.
In

or
de

r
to

pr
ov

e
T

he
or

em
2,

w
e

ne
ed

th
e

fo
llo

w
in

g
re

su
lts

w
hi

ch
gi

ve
a

co
m

pa
tib

ili
ty

pr
op

-
er

ty
(v

an
de

G
ee

r,
20

08
;v

an
de

G
ee

ra
nd

L
ed

er
er

,2
01

3;
D

al
al

ya
n

et
al

.,
20

17
)f

or
th

e
m

at
ri

x
T

,s
ee

L
em

m
a

6
be

lo
w

an
d

fo
r

th
e

m
at

ri
x
X

B
T

,s
ee

L
em

m
a

7
be

lo
w

.
Fo

r
an

y
co

nc
at

en
at

io
n

of
su

bs
et

s
K

=
[K

1
,.
..
,K

p
],

w
e

se
t

K
j

=
{τ

1 j
,.
..
,τ
b j j
}
⊂
{1
,.
..
,d
j
}

(2
5)

fo
ra

ll
j

=
1,
..
.,
p

w
ith

th
e

co
nv

en
tio

n
th

at
τ
0 j

=
0

an
d
τ
b j
+
1

j
=
d
j

+
1

.

L
em

m
a

6
Le

tγ
∈
R
d +

be
gi

ve
n

an
d
K

=
[K

1
,.
..
,K

p
]

w
ith
K
j

gi
ve

n
by

(2
5)

fo
r

al
lj

=
1,
..
.,
p

.
Th

en
,f

or
ev

er
y
u
∈
R
d
\{

0
},

w
e

ha
ve

‖T
u
‖ 2

|‖
u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1
|≥

κ
T
,γ

(K
),

w
he

re

κ
T
,γ

(K
)

=

{ 32

p ∑ j=
1

d
j ∑ k
=
1

|γ
j,
k
+
1
−
γ
j,
k
|2

+
2
|K

j
|‖
γ
j,
•‖

2 ∞
∆
−
1

m
in
,K
j

} −
1
/
2

,

an
d

∆
m
in
,K
j

=
m

in
r
=
1
,.
..
bj
|τ
r j j
−
τ
r j
−
1

j
|.

Pr
oo

f.
U

si
ng

Pr
op

os
iti

on
3

in
D

al
al

ya
n

et
al

.(
20

17
),

w
e

ha
ve

‖u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1

=

p ∑ j=
1

‖u
K
j
�
γ
K
j
‖ 1
−
‖u

K
j
{
�
γ
K
j
{‖

1

≤
p ∑ j=
1

4
‖T

j
u
j,
•‖

2

{ 2

d
j ∑ k
=
1

|γ
j,
k
+
1
−
γ
j,
k
|2

+
2(
b j

+
1)
‖γ

j,
•‖

2 ∞
∆
−
1

m
in
,K
j

} 1
/
2

.

U
si

ng
H

öl
de

r’
s

in
eq

ua
lit

y
fo

rt
he

ri
gh

th
an

d
si

de
of

th
e

la
st

in
eq

ua
lit

y
gi

ve
s

‖u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1

≤
‖T
u
‖ 2
{ 32

p ∑ j=
1

d
j ∑ k
=
1

|γ
j,
k
+
1
−
γ
j,
k
|2

+
2
|K

j
|‖
γ
j,
•‖

2 ∞
∆
−
1

m
in
,K
j

} 1
/
2

,

w
hi

ch
co

m
pl

et
es

th
e

pr
oo

fo
ft

he
L

em
m

a.
�

C
om

bi
ni

ng
A

ss
um

pt
io

n
2

an
d

L
em

m
a

6
al

lo
w

s
to

es
ta

bl
is

h
a

co
m

pa
tib

ili
ty

co
nd

iti
on

sa
tis

fie
d

by
X

B
T

.
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7
Le

tγ
∈

R
d +

be
gi

ve
n

an
d
K

=
[K

1
,.
..
,K

p
]

w
ith

K
j

gi
ve

n
by

(2
5)

fo
r
j

=
1,
..
.,
p

.
Th

en
,i

fA
ss

um
pt

io
n

2
ho

ld
s,

on
e

ha
s

in
f

u
∈C

1
,ŵ

(K
)\
{0
}{

‖X
B

T
u
‖ 2

√
n
|‖
u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1
|}
≥
κ
T
,γ

(K
)κ

(K
),

(2
6)

w
he

re

C
1
,ŵ

(K
)

=
{ u
∈
R
d

:

p ∑ j=
1

‖(
u
j,
•)
K
j
{‖

1
,ŵ
j
,•
≤

2

p ∑ j=
1

‖(
u
j,
•)
K
j
‖ 1
,ŵ
j
,•

} .
(2

7)

Pr
oo

f.
L

em
m

a
6

gi
ve

s

‖X
B

T
u
‖ 2

√
n
|‖
u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1
|≥

κ
T
,γ

(K
)‖
X

B
T
u
‖ 2

√
n
‖T
u
‖ 2
.

N
ow

,w
e

no
te

th
at

if
u
∈

C
1
,ŵ

(K
),

th
en

T
u
∈

C
T
V
,ŵ

(K
).

H
en

ce
,A

ss
um

pt
io

n
2

en
ta

ils

‖X
B

T
u
‖ 2

√
n
|‖
u
K
�
γ
K
‖ 1
−
‖u

K
{
�
γ
K

{‖
1
|≥

κ
T
,γ

(K
)κ

(K
),

w
hi

ch
co

nc
lu

de
s

th
e

pr
oo

fo
ft

he
L

em
m

a.
�

6.
6.

C
on

ne
ct

io
n

be
tw

ee
n

th
e

em
pi

ri
ca

lK
ul

lb
ac

k-
L

ei
bl

er
di

ve
rg

en
ce

an
d

th
e

em
pi

ri
ca

l
sq

ua
re

d
no

rm

T
he

ne
xt

L
em

m
a

is
fr

om
B

ac
h

(2
01

0)
(s

ee
L

em
m

a
1

he
re

in
).

L
em

m
a

8
Le

tϕ
:
R
→

R
be

a
th

re
e

tim
es

di
ffe

re
nt

ia
bl

e
co

nv
ex

fu
nc

tio
n

su
ch

th
at

fo
r

al
lt
∈

R
,

|ϕ
′′′

(t
)|
≤
M
|ϕ
′′ (
t)
|f

or
so

m
e
M
≥

0
.

Th
en

,f
or

al
lt
≥

0
,o

ne
ha

s

ϕ
′′ (

0)

M
2
ψ

(−
M
t)
≤
ϕ

(t
)
−
ϕ

(0
)
−
ϕ
′ (

0)
t
≤
ϕ
′′ (

0)

M
2
ψ

(M
t)
,

w
ith

ψ
(u

)
=
eu
−
u
−

1
.

T
hi

s
L

em
m

a
en

ta
ils

th
e

fo
llo

w
in

g
in

ou
rs

et
tin

g.

L
em

m
a

9
U

nd
er

A
ss

um
pt

io
n

1,
on

e
ha

s

L
n
ψ

(−
2(
C
n

+
ρ
))

4φ
(C

n
+
ρ
)2

1 n
‖m

0
(X

)
−
m
θ
(X

)‖
2 2
≤

K
L
n
(m

0
(X

),
m
θ
(X

))
,

U
n
ψ

(2
(C

n
+
ρ
))

4φ
(C

n
+
ρ
)2

1 n
‖m

0
(X

)
−
m
θ
(X

)‖
2 2
≥

K
L
n
(m

0
(X

),
m
θ
(X

))
,

fo
r

al
lθ
∈
B
d
(ρ

).

Pr
oo

f.
L

et
us

co
ns

id
er

th
e

fu
nc

tio
n
G
n

:
R
→

R
de

fin
ed

by
G
n
(t

)
=
R
n
(m

0
+
tm

η
),

w
ith

m
η

to
be

de
fin

ed
la

te
r,

w
hi

ch
w

ri
te

s

G
n
(t

)
=

1 n

n ∑ i=
1

b(
m

0
(x
i)

+
tm

η
(x
i)

)
−

1 n

n ∑ i=
1

y i
(m

0
(x
i)

+
tm

η
(x
i)

).
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R
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S
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L
IN

E
A

R
S

U
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E
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V
IS

E
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L
E

A
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N
IN

G

W
e

have

G
′n
(t)

=
1n

n
∑i=

1

m
η (x

i )b ′(m
0(x

i )
+
tm

η (x
i ))−

1n

n
∑i=

1

y
i m

η (x
i ),

G
′′n (t)

=
1n

n
∑i=

1

m
2η (x

i )b ′′(m
0(x

i )
+
tm

η (x
i )),

and
G
′′′n (t)

=
1n

n
∑i=

1

m
3η (x

i )b ′′′(m
0(x

i )
+
tm

η (x
i )).

U
sing

A
ssum

ption
1,w

e
have|G

′′′n (t)|≤
C
b ‖
m
η ‖∞
|G
′′n (t)|

w
here‖

m
η ‖∞

:=
m

ax
i=

1
,...,n |m

η (x
i )|.

L
em

m
a

8
w

ith
M

=
C
b ‖
m
η ‖∞

gives

G
′′n (0) ψ

(−
C
b ‖
m
η ‖∞

t)

C
2b ‖m

η ‖
2∞

≤
G
n
(t)−

G
n
(0)−

tG
′n
(0)≤

G
′′n (0) ψ

(C
b ‖m

η ‖∞
t)

C
2b ‖m

η ‖
2∞

forall
t≥

0
and

t
=

1
leads

to

G
′′n (0

) ψ
(−
C
b ‖
m
η ‖∞

)

C
2b ‖
m
η ‖

2∞
≤
R
n
(m

0
+
m
η )−

R
n
(m

0)−
G
′n
(0)≤

G
′′n (0) ψ

(C
b ‖
m
η ‖∞

)

C
2b ‖
m
η ‖

2∞
.

A
n

easy
com

putation
gives

−
G
′n
(0)

=
1n

n
∑i=

1

m
η (x

i ) (y
i −

b ′(m
0(x

i )) )
and

G
′′n (0)

=
1n

n
∑i=

1

m
2η (x

i )b ′′(m
η (x

i )),

and
since

obviously
E
P

y|X
[G
′n
(0)]

=
0,w

e
obtain

G
′′n (0

) ψ
(−
C
b ‖
m
η ‖∞

)

C
2b ‖
m
η ‖

2∞
≤
R

(m
0

+
m
η )−

R
(m

0)≤
G
′′n (0) ψ

(C
b ‖m

η ‖∞
)

C
2b ‖
m
η ‖

2∞
.

N
ow

,choosing
m
η

=
m
θ −

m
0

and
com

bining
A

ssum
ption

1
w

ith
E

quation
(14)gives

C
b ‖
m
η ‖∞

≤
C
b

m
a
x

i=
1
,...,n (|〈x

Bi
,θ〉|+

|m
0(x

i )|)≤
C
b (ρ

+
C
n
).

H
ence,since

x
7→
ψ

(x
)/x

2
is

an
increasing

function
on

R
+

,w
e

end
up

w
ith

G
′′n (0) ψ

(−
C
b (C

n
+
ρ
))

C
2b (C

n
+
ρ
)
2
≤
R

(m
θ )−

R
(m

0 )
=
φ

K
L
n
(m

0(X
),m

θ (X
)),

G
′′n (0) ψ

(C
b (C

n
+
ρ
))

C
2b (C

n
+
ρ
)
2
≥
R

(m
θ )−

R
(m

0 )
=
φ

K
L
n
(m

0(X
),m

θ (X
)),

and
since

G
′′n (0

)
=
n
−
1 ∑

ni=
1 (m

θ (x
i )−

m
0(x

i ))
2b ′′(m

0(x
i )),w

e
obtain

L
n
ψ

(−
C
b (C

n
+
ρ
))

C
2n φ

(C
n

+
ρ
)
2

1n ‖m
0(X

)−
m
θ (X

)‖
22 ≤

K
L
n
(m

0(X
),m

θ (X
)),

U
n
ψ

(C
b (C

n
+
ρ
))

C
2b φ

(C
n

+
ρ
)
2

1n ‖m
0(X

)−
m
θ (X

)‖
22 ≥

K
L
n
(m

0(X
),m

θ (X
)),

w
hich

concludes
the

proofofthe
L

em
m

a.
�
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heorem

2

L
etus

recallthat

R
n
(m

θ )
=

1n

n
∑i=

1

b(m
θ (x

i ))−
1n

n
∑i=

1

y
i m

θ (x
i )

forall
θ
∈
R
d

and
that

θ̂∈
argm

in
θ∈
B
d
(ρ
) {
R
n
(θ)

+
b
in

a(θ) }
.

(28)

Proposition
5

above
entails

that
there

is
ĥ

=
[ĥ
j,• ]j=

1
,...,p

∈
∂‖θ̂‖

T
V
,ŵ

,
ĝ

=
[ĝ
j,• ]j=

1
,···,p

∈
[∂
δ
j (θ̂

j,• )]j=
1
,...,p

and
f̂

=
[f̂
j,• ]j=

1
,...,p ∈

∂
δ
B
d
(ρ
) (θ̂)

such
that

〈
1n

(X
B

) >
(b ′(m

θ̂ (X
))−

y
)

+
ĥ

+
ĝ

+
f̂
,θ̂−

θ 〉
=

0

forall
θ
∈
R
d.T

his
can

be
rew

ritten
as

1n 〈b ′(m
θ̂ (X

))−
b ′(m

0(X
)),m

θ̂ (X
)−

m
θ (X

)〉

−
1n 〈y
−
b ′(m

0(X
)),m

θ̂ (X
)−

m
θ (X

)〉
+
〈ĥ

+
ĝ

+
f̂
,θ̂−

θ〉
=

0.

For
any

θ
∈
B
d (ρ

)
such

that
n
>j
θ
j,•

=
0

for
all

j
and

h
∈
∂‖
θ‖

T
V
,ŵ

,
the

m
onotony

of
the

subdifferentialm
apping

im
plies〈ĥ

,θ−
θ̂〉≤

〈h
,θ−

θ̂〉,〈ĝ
,θ−

θ̂〉≤
0
,and〈f̂

,θ−
θ̂〉≤

0,so
that

1n 〈b ′(m
θ̂ (X

))−
b ′(m

0(X
)),m

θ̂ (X
)−

m
θ (X

)〉

≤
1n 〈y
−
b ′(m

0(X
)),m

θ̂ (X
)−

m
θ (X

)〉−
〈h
,θ̂−

θ〉.
(29)

N
ow

,considerthe
function

H
n

:R
→

R
defined

by

H
n
(t)

=
1n

n
∑i=

1

b(m
θ̂
+
tη (x

i ))−
1n

n
∑i=

1

b ′(m
0(x

i ))m
θ̂
+
tη (x

i ),

w
here

η
w

illbe
defined

later.
W

e
use

again
the

sam
e

argum
ents

as
in

the
proof

of
L

em
m

a
9.

W
e

differentiate
H
n

three
tim

es
w

ith
respect

t,so
that

H
′n (t)

=
1n

n
∑i=

1

m
η (x

i )b ′(m
θ̂
+
tη (x

i ))−
1n

n
∑i=

1

b ′(m
0(x

i ))m
η (x

i ),

H
′′n (t)

=
1n

n
∑i=

1

m
2η (x

i )b ′′(m
θ̂
+
tη (x

i )),

and
H
′′′n (t)

=
1n

n
∑i=

1

m
3η (x

i )b ′′′(m
θ̂
+
tη (x

i )),

and
in

the
w

ay
as

in
the

proofofL
em

m
a

9,w
e

have|H
′′′n (t)|≤

C
b (C

n
+
ρ
)|H

′′n (t)|,and
L

em
m

a
8

entails

H
′′n (0) ψ

(−
C
b t(C

n
+
ρ
))

C
2b (C

n
+
ρ
)
2
≤
H
n
(t)−

H
n
(0)−

tH
′n (0)≤

H
′′n (0) ψ

(C
b t(C

n
+
ρ
))

C
2b (C

n
+
ρ
)
2
,
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E
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fo
ra

ll
t
≥

0
.T

ak
in

g
t

=
1

an
d
η

=
θ
−
θ̂

im
pl

ie
s

H
n
(1

)
=

1 n

n ∑ i=
1

b(
m
θ
(x
i)

)
−

1 n

n ∑ i=
1

b′
(m

0
(x
i)

)m
θ
(x
i)

=
R

(m
θ
),

an
d

H
n
(0

)
=

1 n

n ∑ i=
1

b(
m
θ̂
(x
i)

)
−

1 n

n ∑ i=
1

b′
(m

0
(x
i)

)m
θ̂
(x
i)

=
R

(m
θ̂
).

M
or

eo
ve

r,
w

e
ha

ve H
′ n(

0)
=

1 n

n ∑ i=
1

〈x
B i
,θ
−
θ̂〉
b′

(m
θ̂
(x
i)

)
−

1 n

n ∑ i=
1

b′
(m

0
(x
i)

)〈
x
B i
,θ̂
−
θ〉

=
1 n
〈b
′ (
m
θ̂
(X

))
−
b′

(m
0
(X

))
,X

B
(θ
−
θ̂)
〉,

an
d

H
′′ n(

0)
=

1 n

n ∑ i=
1

〈x
B i
,θ̂
−
θ〉

2
b′
′ (
m
θ̂
(x
i)

).

T
he

n,
w

e
de

du
ce

th
at

H
′′ n(

0)
ψ

(−
C
b
(C

n
+
ρ
))

C
2 b
(C

n
+
ρ
)2

≤
R

(m
θ
)
−
R

(m
θ̂
)
−

1 n
〈b
′ (
m
θ̂
(X

))
−
b′

(m
0
(X

))
,X

B
(θ
−
θ̂)
〉

=
φ

K
L
n
(m

0
(X

),
m
θ
(X

))
−
φ

K
L
n
(m

0
(X

),
m
θ̂
(X

))

+
1 n
〈b
′ (
m
θ̂
(X

))
−
b′

(m
0
(X

))
,m

θ̂
(X

)
−
m
θ
(X

)〉
.

T
he

n,
w

ith
E

qu
at

io
n

(2
9)

,o
ne

ha
s

φ
K

L
n
(m

0
(X

),
m
θ̂
(X

))
+
H
′′ n(

0)
ψ

(−
C
b
(C

n
+
ρ
))

C
2 b
(C

n
+
ρ
)2

≤
φ

K
L
n
(m

0
(X

),
m
θ
(X

))
+

1 n
〈y
−
b′

(m
0
(X

))
,m

θ̂
(X

)
−
m
θ
(X

)〉
−
〈h
,θ̂
−
θ〉
.

(3
0)

A
s
H
′′ n(

0)
≥

0
,i

ti
m

pl
ie

s
th

at

φ
K

L
n
(m

0
(X

),
m
θ̂
(X

))
≤
φ

K
L
n
(m

0
(X

),
m
θ
(X

))

+
1 n
〈y
−
b′

(m
0
(X

))
,m

θ̂
(X

)
−
m
θ
(X

)〉
−
〈h
,θ̂
−
θ〉
.

(3
1)

If
1 n
〈y
−
b′

(m
0
(X

))
,X

B
(θ̂
−
θ)
〉−
〈h
,θ̂
−
θ〉
<

0,
it

fo
llo

w
s

th
at

K
L
n
(m

0
(X

),
m
θ̂
(X

))
≤

K
L
n
(m

0
(X

),
m
θ
(X

))
,

th
en

T
he

or
em

2
ho

ld
s.

Fr
om

no
w

on
,l

et
us

as
su

m
e

th
at

1 n
〈y
−
b′

(m
0
(X

))
,m

θ̂
(X

)
−
m
θ
(X

)〉
−
〈h
,θ̂
−
θ〉
≥

0.
(3

2)
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L
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A
,B

U
S

S
Y

,G
A

ÏF
F

A
S

A
N

D
G

U
IL

L
O

U
X

W
e

fir
st

de
riv

e
a

bo
un

d
on

1 n
〈y
−
b′

(m
0
(X

))
,m

θ̂
(X

)
−
m
θ
(X

)〉
.

R
ec

al
l

th
at

D
−
1

=
T

(s
ee

be
gi

nn
in

g
of

Se
ct

io
n

6.
5)

.W
e

fo
cu

so
n

fin
di

ng
ou

ta
bo

un
d

fo
r
1 n
〈(
X

B
T

)>
(y
−
b′

(m
0
(X

))
),

D
(θ̂
−

θ)
〉.

O
n

th
e

on
e

ha
nd

,o
ne

ha
s

1 n
〈(
X

B
)>

(y
−
b′

(m
0
(X

))
),
θ̂
−
θ〉

=
1 n
〈(
X

B
T

)>
(y
−
b′

(m
0
(X

))
),

D
(θ̂
−
θ)
〉

≤
1 n

p ∑ j
=
1

d
j ∑ k
=
1

|((
X

B •,
j
T
j
) •

,k
)>

(y
−
b′

(m
0
(X

))
)|
|(D

j
(θ̂

j,
•
−
θ j

,•
))

k
|

w
he

re
(X

B •,
j
T
j
) •
,k

=
[(
X

B •,
j
T
j
) 1
,k
··
·(
X

B •,
j
T
j
) n
,k

]>
∈

R
n

is
th

e
k

-t
h

co
lu

m
n

of
th

e
m

at
ri

x
X

B •,
j
T
j
.

L
et

us
co

ns
id

er
th

e
ev

en
t

E n
=

p ⋂ j=
1

d
j ⋂ k
=
2

E n
,j
,k
,

w
he

re
E n
,j
,k

=
{

1 n
|(X

B •,
j
T
j
)> •
,k

(y
−
b′

(m
0
(X

))
)|
≤
ŵ
j,
k

} ,

so
th

at
,o

n
E n

,w
e

ha
ve

1 n
〈(
X

B
)>

(y
−
b′

(m
0
(X

))
,θ̂
−
θ〉
≤

p ∑ j=
1

d
j ∑ k
=
1

ŵ
j,
k
|(D

j
(θ̂
j,
•
−
θ j
,•

))
k
|

≤
p ∑ j=
1

‖ŵ
j,
•
�
D
j
(θ̂
j,
•
−
θ j
,•

)‖
1
.

(3
3)

O
n

th
e

ot
he

r
ha

nd
,

fr
om

th
e

de
fin

iti
on

of
th

e
su

bg
ra

di
en

t
[h
j,
•]
j=

1
,.
..
,p
∈
∂
‖θ
‖ T

V
,ŵ

(s
ee

E
qu

a-
tio

n
(1

9)
),

on
e

ca
n

ch
oo

se
h

su
ch

th
at

h
j,
k

=
(D
> j

(ŵ
j,
•
�

si
gn

(D
j
θ j
,•

))
) k

fo
ra

ll
k
∈
J
j
(θ

)
an

d

h
j,
k

=
(D
> j

(ŵ
j,
•
�

si
gn

(D
j
θ̂ j
,•

))
k

=
(D
> j

(ŵ
j,
•
�

si
gn

(D
j
(θ̂
j,
•
−
θ j
,•

))
) k

fo
ra

ll
k
∈
J
{ j(
θ)

.U
si

ng
a

tr
ia

ng
le

in
eq

ua
lit

y
an

d
th

e
fa

ct
th

at
si

gn
(x

)>
x

=
‖x
‖ 1

,w
e

ob
ta

in

−
〈h
,θ̂
−
θ〉
≤

p ∑ j=
1

‖(
ŵ
j,
•)
J
j
(θ
)
�
D
j
(θ̂
j,
•
−
θ j
,•

) J
j
(θ
)‖

1

−
p ∑ j=
1

‖(
ŵ
j,
•)
J
{ j(
θ
)
�
D
j
(θ̂
j,
•
−
θ j
,•

) J
{ j(
θ
)‖

1

≤
p ∑ j=
1

‖(
θ̂ j
,•
−
θ j
,•

) J
j
(θ
)‖

T
V
,ŵ
j
,•
−

p ∑ j=
1

‖(
θ̂ j
,•
−
θ j
,•

) J
{ j(
θ
)‖

T
V
,ŵ
j
,•
.

(3
4)
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C
om

bining
inequalities

(33)and
(34),w

e
get

p
∑j=

1 ‖
(θ̂
j,• −

θ
j,• )

J
{j
(θ
) ‖

T
V
,ŵ
j
,• ≤

2

p
∑j=

1 ‖
(θ̂
j,• −

θ
j,• )

J
j (θ

) ‖
T
V
,ŵ
j
,•

onE
n .H

ence

p
∑j=

1 ‖
(ŵ

j,• )
J
{j
(θ
) �

D
j (θ̂

j,• −
θ
j,• )

J
{j
(θ
) ‖

1 ≤
2

p
∑j=

1 ‖
(ŵ

j,• )
J
j (θ

) �
D
j (θ̂

j,• −
θ
j,• )

J
j (θ

) ‖
1 .

T
his

m
eans

that
θ̂−

θ
∈

C
T
V
,ŵ

(J
(θ))

and
D

(θ̂−
θ)∈

C
1
,ŵ

(J
(θ)),

(35)

see
(10)and

(27).N
ow

,going
back

to
(31)and

taking
into

account(35),the
com

patibility
of
X

B
T

given
in

E
quation

(26)provides
the

follow
ing

on
the

eventE
n :

φ
K

L
n
(m

0(X
),m

θ̂ (X
))≤

φ
K

L
n
(m

0(X
),m

θ (X
))

+
2

p
∑j=

1 ‖
(ŵ

j,• )
J
j (θ

) �
D
j (θ̂

j,• −
θ
j,• )

J
j (θ

) ‖
1 .

T
hen

K
L
n
(m

0(X
),m

θ̂ (X
))≤

K
L
n
(m

0(X
),m

θ (X
))

+
‖
m
θ̂ (X

)−
m
θ (X

)‖
2

√
n
φ
κ
T
,γ̂ (J

(θ))κ
(J

(θ)) ,
(36)

w
here

γ̂
=

(γ̂
>1,• ,...,γ̂

>p,• ) >
is

such
that

γ̂
j,k

=

{
2
ŵ
j,k

if
k
∈
J
j (θ),

0
if
k
∈
J
{j (θ),

forall
j

=
1,...,p

and

κ
T
,γ̂ (J

(θ))
=

{
32

p
∑j=

1

d
j
∑k
=
1 |γ̂

j,k
+
1 −

γ̂
j,k | 2

+
2|J

j (θ)|‖γ̂
j,• ‖

2∞
∆
−
1

m
in
,J
j (θ

) }
−
1
/
2.

N
ow

,w
e

find
an

upperbound
for

1

κ
2T
,γ̂ (J

(θ))
=

32

p
∑j=

1

d
j
∑k
=
1 |γ̂

j,k
+
1 −

γ̂
j,k | 2

+
2|J

j (θ)|‖γ̂
j,• ‖

2∞
∆
−
1

m
in
,J
j (θ

) .

N
ote

that‖
γ̂
j,• ‖∞

≤
2‖
ŵ
j,• ‖∞

.L
etusw

rite
J
j (θ)

=
{
k
1j ,...,k |J

j (θ
)|

j

}
and

setB
r

=
[[k
r−

1
j

,k
rj [[

=

{k
r−

1
j

,k
r−

1
j

+
1,...,k

rj −
1}

for
r

=
1
,...,|J

j (θ)|
+

1
w

ith
the

convention
that

k
0j

=
0

and
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A
L

A
Y

A
,B

U
S

S
Y,G

A
ÏFF

A
S

A
N

D
G

U
IL

L
O

U
X

k |J
j (θ

)|+
1

j
=
d
j

+
1.T

hen

d
j
∑k
=
1 |γ̂

j,k
+
1 −

γ̂
j,k | 2

=

|J
j (θ

)|+
1

∑r
=
1

∑k∈
B
r |γ̂

j,k
+
1 −

γ̂
j,k | 2

=

|J
j (θ

)|+
1

∑r
=
1

|γ̂
j,k

r−
1

j
+
1 −

γ̂
j,k

r−
1

j
| 2

+
|γ̂
j,k

rj −
γ̂
j,k

rj −
1 | 2

=

|J
j (θ

)|+
1

∑r
=
1

γ̂
2j,k
r−

1
j

+
γ̂
2j,k
rj

=

|J
j (θ

)|
∑r
=
1

2
γ̂
2j,k
rj

≤
8|J

j (θ)|‖
(ŵ

j,• )
J
j (θ

) ‖
2∞
.

T
herefore1

κ
2T
,γ̂ (J

(θ))
≤

512

p
∑j=

1 (|J
j (θ)|‖(ŵ

j,• )
J
j (θ

) ‖
2∞

+
|J
j (θ)|‖(ŵ

j,• )
J
j (θ

) ‖
2∞

∆
−
1

m
in
,J
j (θ

) )

≤
512

p
∑j=

1 (
1

+
1

∆
m
in
,J
j (θ

) )|J
j (θ)|‖(ŵ

j,• )
J
j (θ

) ‖
2∞

≤
512|J

(θ)|
m

ax
j=

1
,...,p ‖

(ŵ
j,• )

J
j (θ

) ‖
2∞
.

(37)

N
ow

,w
e

use
the

connection
betw

een
the

em
piricalnorm

and
K

ullback-L
eiblerdivergence.Indeed,

using
L

em
m

a
9,w

e
get

‖
m
θ̂ (X

)−
m
θ (X

)‖
2

√
n
φ
κ
T
,γ̂ (J

(θ))κ
(J

(θ))

≤
1

√
φ
κ
T
,γ̂ (J

(θ))κ
(J

(θ)) (
1√n ‖

m
θ̂ (X

)−
m

0(X
)‖

2
+

1√n ‖
m

0(X
)−

m
θ (X

)‖
2 )

≤
2

√
φ
κ
T
,γ̂ (J

(θ))κ
(J

(θ)) √
C
n
(ρ
,L

n
) (

K
L
n
(m

0(X
),m

θ̂ (X
))

1
/
2

+
K

L
n
(m

0(X
),m

θ (X
))

1
/
2 )
,

w
here

w
e

defined
C
n
(ρ
,L

n
)

=
L
n
ψ
(−
C
b (C

n
+
ρ
))

C
2b
φ
(C
n
+
ρ
)
2

,so
thatcom

bined
w

ith
E

quation
(36),w

e
obtain

K
L
n
(m

0(X
),m

θ̂ (X
))≤

K
L
n
(m

0(X
),m

θ (X
))

+
2

√
φ
κ
T
,γ̂ (J

(θ))κ
(J

(θ)) √
C
n
(ρ
,L

n
) (K

L
n
(m

0(X
),m

θ̂ (X
))

1
/
2

+
K

L
n
(m

0(X
),m

θ (X
))

1
/
2 ).
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T
hi

s
in

eq
ua

lit
y

en
ta

ils
th

e
fo

llo
w

in
g

up
pe

rb
ou

nd

K
L
n
(m

0
(X

),
m
θ̂
(X

))
≤

3K
L
n
(m

0
(X

),
m
θ
(X

))
+

5

φ
κ
2 T
,γ̂

(J
(θ

))
κ
2
(J

(θ
))
C
n
(ρ
,L

n
),

si
nc

e
w

he
ne

ve
r

w
e

ha
ve

x
≤
c

+
b√
x

fo
r

so
m

e
x
,b
,c

>
0

,
th

en
x
≤

2
c

+
b2

.
In

tr
od

uc
in

g
g
(x

)
=
x
2
/ψ

(−
x

)
=
x
2
/
(e
−
x

+
1
−
x

),
w

e
no

te
th
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1

C
n
(ρ
,L

n
)

=
φ L
n
g
(C

b
(C

n
+
ρ
))
≤

φ L
n
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b
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n
+
ρ
)

+
2)
,

si
nc

e
g
(x

)
≤
x

+
2

fo
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x
>

0
.F

in
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ly
,b

y
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g

al
so

(3
7)

,w
e
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d
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w
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K
L
n
(m

0
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m
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(X
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≤

3K
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n
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0
(X
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m
θ
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+

25
60
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b
(C

n
+
ρ
)

+
2)
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n
κ
2
(J

(θ
))
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(θ
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ŵ
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•)
J
j
(θ
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2 ∞
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w
hi
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e
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em
en
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ro
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T
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or
em

2.
T
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ly
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g
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m
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th
e
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en

tE
{ n.

T
hi

s
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gi
ve

n
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th
e

fo
llo

w
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g:

P
[E
{ n]
≤

p ∑ j=
1

d
j ∑ k
=
2

P
[ 1 n
|(X

B •,
j
T
j
)> •
,k

(y
−
b′

(m
0
(X

))
)|
≥
ŵ
j,
k

]

≤
p ∑ j=
1

d
j ∑ k
=
2

P
[

n ∑ i=
1

|(X
B •,
j
T
j
) i
,k
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i
−
b′
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0
(x
i)

))
|≥

n
ŵ
j,
k

] .

L
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,j
,k

=
(X

B •,
j
T
j
) i
,k
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d
Z
i

=
y i
−
b′

(m
0
(x
i)

).
N
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e

th
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x
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e

ra
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e
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t.

It
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n
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T
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em

5.
10
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L
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m
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n
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d

C
as

el
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(1
99

8)
)t
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m

om
en

tg
en

er
at

in
g
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nc

tio
n
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Z
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op

y
of
Z
i)
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gi
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n

by

E
[e

x
p
(t
Z
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=
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p
(φ
−
1
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0
(x

)
+
t)
−
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′ (
m

0
(x

)
−
b(
m

0
(x

))
)}
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(3

8)

A
pp

ly
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g
L

em
m

a
6.

1
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R
ig

ol
le

t(
20

12
),

us
in

g
(3

8)
an

d
A

ss
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pt
io

n
1,

w
e
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n

de
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e
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e
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w

in
g

C
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f-
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ds P
[
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1
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,k
Z
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≥
n
ŵ
j,
k

] ≤
2
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p
(
−

n
2
ŵ

2 j,
k

2U
n
φ
‖ξ
•,
j,
k
‖2 2
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(3

9)

w
he
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ξ •
,j
,k

=
[ξ
1
,j
,k
··
·ξ
n
,j
,k

]>
∈
R
n
.

W
e
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X
B •,
j
T
j

=

   1
∑

d
j

k
=
2
x
B 1
,j
,k

∑
d
j

k
=
3
x
B 1
,j
,k
··
·
∑

d
j

k
=
d
j
−
1
x
B 1
,j
,k

x
B 1
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j

. . .
. . .

. . .
. . .

. . .
1
∑
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∑
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∑

d
j

k
=
d
j
−
1
x
B n
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j

   
,
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n ∑ i=
1

(X
B •,
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T
j
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#
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i

:
x
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k
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n
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k
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(4
0)
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e
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ŵ
j,
k
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(1
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w
ith

(3
9)

an
d

(4
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∈
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∑
n i=

1
g
(x
i)
2
,

an
d

th
at
b(
y
)

=
1 2
y
2
,
φ

=
σ
2

(n
oi

se
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=
0.

T
he

or
em

2
pr

ov
id

es

‖m
θ̂
−
m

0
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∈
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=
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∞
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‖ ∞
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∈
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=
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=
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=
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=
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=
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.
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‖
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p
p

ort
of

th
e

esti-
m

a
ted

fu
n
ctio

n
from

th
e

p
rev

iou
s

step
an

d
estim

ate
th

e
fu

n
ction

b
ased

o
n

th
e

h
ierarch

ical
stru

ctu
ra

l
a
ssu

m
p
tion

in
(2).

T
h
is

p
ro

cess
is

con
tin

u
ed

u
n
til

n
o

m
ore

h
igh

er
ord

er
in

terac-
tio

n
eff

ects
are

active.
In

stead
of

fi
ttin

g
th

e
S
S
A

N
O

V
A

m
o
d
el

w
ith

d
+
(
d2 )

+
···+

(
dr )

term
s,

o
u
r

p
ro

p
o
sa

l
fi
ts

th
e

S
S
A

N
O

V
A

m
o
d
el

w
ith

at
m

ost
d

+
(
s
12 )

+
···+

(
s
r−

1

r

)
term

s,
w

h
ere

s
k

is
th

e
ca

rd
in

a
lity

of
th

e
su

p
p

ort
of

th
e

estim
ated

k
th

ord
er

in
teraction

eff
ects.

T
h
u
s,

ou
r

al-
g
o
rith

m
is

scala
b
le

to
m

o
d
elin

g
h
igh

er
ord

er
in

teraction
term

s
w

ith
large

d
im

en
sion

d
.

O
u
r

p
ro

p
o
sed

fra
m

ew
ork

can
b

e
in

terp
reted

as
an

ex
ten

sion
of

H
ao

an
d

Z
h
an

g
(2014)

an
d

H
ao

et
a
l.

(2
0
1
8
)

to
m

o
d
elin

g
m

u
ltivariate

fu
n
ction

s,
as

w
ell

as
m

o
d
elin

g
h
igh

er
o
rd

er
in

terac-
tio

n
eff

ects.
C

o
m

p
ared

to
R

ad
ch

en
ko

a
n
d

J
am

es
(2

010)
th

at
in

volves
m

o
d
elin

g
all

tw
o-w

ay
in

teraction
term

s,
ou

r
ap

p
roach

is
a

m
u
lti-stag

e
p
ro

ced
u
re

an
d

th
erefore

is
com

p
u
tation

ally
effi

cien
t

a
n
d

scalab
le

for
p
rob

lem
s

w
ith

large
d
im

en
sion

d
.

T
o

q
u
a
n
tify

th
e

th
eoretical

p
rop

erties
of

ou
r

estim
ator,

w
e

p
rop

ose
th

e
n
otion

of
p

ost-
selectio

n
p

ersisten
cy.

W
e

sh
ow

th
at

con
d
ition

ed
on

th
e

su
p
p

ort
of

th
e

estim
ator

ob
tain

ed
fro

m
th

e
(r−

1
)th

step
of

th
e

algorith
m

,
th

e
ex

cessive
risk

b
etw

een
th

e
estim

ator
ob

tain
ed

fro
m

th
e
rth

step
an

d
th

e
b

est
rth

ord
er

S
S
A

N
O

V
A

m
o
d
el

con
v
erges

to
zero.

O
u
r

resu
lts

h
o
ld

w
ith

o
u
t

a
ssu

m
in

g
th

at
th

e
tru

e
m

u
ltivariate

fu
n
ctio

n
takes

th
e

form
of

th
e

S
S
A

N
O

V
A

m
o
d
el

in
(1

).
In

ad
d
ition

,
w

e
im

p
ose

m
in

im
al

d
istrib

u
tion

al
assu

m
p
tion

s
on

th
e

d
ata.

W
e

a
p
p
ly

th
e

p
rop

osed
m

eth
o
d

to
fi
ttin

g
n
on

p
aram

etric
regression

an
d

grap
h
ical

m
o
d
-

els.
F

o
r

n
o
n
p
a
ram

etric
grap

h
ical

m
o
d
els,

ou
r

p
rop

osal
is

th
e

fi
rst

feasib
le

ap
p
roach

to
learn

th
e

g
ra

p
h

w
ith

ou
t

restrictin
g

th
e

m
o
d
el

to
con

tain
o
n
ly

p
airw

ise
in

tera
ction

term
s.

In
S
ectio

n
2
,

w
e

d
escrib

e
th

e
p
rob

lem
setu

p
an

d
d
efi

n
e

th
e

ten
sor

p
ro

d
u
ct

sp
ace

for
th

e
fu

n
c-

3
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T
a
n
,
L
u
,
Z
h
a
n
g
,
L
iu

tion
al

com
p

on
en

t
in

th
e

S
S
A

N
O

V
A

d
ecom

p
osition

in
(1).

W
e

th
en

p
rop

ose
th

e
layer-w

ise
learn

in
g

algorith
m

for
estim

atin
g

m
u
ltivaria

te
fu

n
ction

u
n
d
er

a
gen

eric
loss

fu
n
ction

.
W

e
ap

p
ly

th
e

p
rop

osed
algorith

m
to

fi
ttin

g
n
on

p
aram

etric
regression

an
d

grap
h
ical

m
o
d
els

in
S
ection

s
3

an
d

4,
resp

ectively.
N

u
m

erical
stu

d
ies

are
p

erform
ed

in
S
ection

5.
W

e
close

w
ith

a
d
iscu

ssion
in

S
ection

6.
T

h
e

p
ro

ofs
of

th
e

th
eoretical

resu
lts

are
given

in
th

e
A

p
p

en
d
ix

.

2
.
L
a
y
e
r-W

ise
L
e
a
rn

in
g
S
tra

te
g
y

W
e

d
escrib

e
th

e
p
rob

lem
setu

p
an

d
d
efi

n
e

som
e

n
otation

.
W

e
th

en
p
rop

ose
th

e
lay

er-w
ise

learn
in

g
strategy

for
estim

atin
g

n
on

p
aram

etric
fu

n
ction

s
w

ith
h
igh

ord
er

in
teraction

s.

2
.1

P
ro

b
le

m
S

e
tu

p
a
n

d
N

o
ta

tio
n

W
e

start
w

ith
a

b
rief

overv
iew

of
th

e
ten

sor
p
ro

d
u
ct

sp
ace

of
S
ob

olev
sp

aces
an

d
refer

th
e

read
er

to
L

in
(2000)

for
a

d
etailed

rev
iew

.
F

or
an

y
n
on

-n
egativ

e
in

teger
m

,
th

e
m

th
ord

er
S
ob

olev
sp

ace
w

ith
a

u
n
ivariate

variab
le
x
j ∈

[0,1]
is

d
efi

n
ed

as

H
mj

=

{
g
∣∣∣
g

(ν
)

is
a
b
solu

tely
con

tin
u
ou

s
for

0
≤
ν
≤
m
−

1
;
g

(m
)∈

L
2([0,1

]); ∫
1

0

g
(u

)d
u

=
0 }

,

w
h
ere

g
(ν

)
is

th
e
ν

th
ord

er
d
erivative

of
g
.

T
h
e

S
o
b

olev
n
orm

for
fu

n
ction

g
∈
H
mj

is
d
efi

n
ed

as

‖g‖
2H
mj

=
m
∑ν

=
0 ∫

1

0

[g
(ν

)(u
) ]

2
d
u
.

F
or

n
otation

al
con

ven
ien

ce,
let

[d
]

=
{
1,...,d}.

L
et

J
⊆

[d
]

b
e

an
in

d
ex

set
w

ith
card

in
ality

|J|
=
r,

an
d

letH
J

=
⊗
j∈
J
H
mj

b
e

th
e

com
p
leted

ten
sor

p
ro

d
u
ct

sp
ace

of
H
mj

for
all

j∈
J

.
W

e
assu

m
e

th
at
g
J
∈
H
J
.

L
et
α

=
(α

1 ,...,α
r )
T

b
e

an
r-d

im
en

sion
al

v
ector

w
ith

in
teger

en
tries

an
d

let‖
α‖

1
=
∑

ri=
1
α
i ≤

m
.

L
et
J

=
{
j
1 ,...,j

r }.
T

h
e

S
ob

olev
n
orm

for
th

e
m

u
ltivariate

fu
n
ction

g
J
∈
H
J

is
d
efi

n
ed

as

‖g
J ‖

2H
J

=
∑

α
:‖
α
‖
1 ≤
m

‖
D

α
g
J ‖

2
w

h
ere

D
α

=
∂
‖
α
‖
1

∂
x
α
1
j
1
···∂

x
α
r
j
r

.
(3)

W
e

d
efi

n
e

th
e

sm
o
oth

in
g

sp
lin

e
A

N
O

V
A

fu
n
ction

class
as

{1}
⊕

d
∑j=

1

H
mj
⊕

∑

J⊆
[d

],|J|=
2 H

J
⊕

∑

J⊆
[d

],|J|=
3 H

J
⊕
···

.

E
ach

fu
n
ction

al
com

p
on

en
t

in
th

e
S
S
A

N
O

V
A

d
eco

m
p

osition
(1)

lies
in

a
su

b
sp

ace
in

th
e

orth
ogon

al
d
ecom

p
osition

of
th

e
ten

sor
p
ro

d
u
ct

sp
ace.

W
e

d
efi

n
e

th
e
rth

ord
er

sm
o
oth

in
g

sp
lin

e
A

N
O

V
A

fu
n
ction

class
as

H
(r

)
=
{
1}
⊕

d
∑j=

1

H
mj
⊕

∑

J⊆
[d

],|J|=
2 H

J
⊕
···
⊕

∑

J⊆
[d

],|J|=
r H

J
.

(4)

T
h
e

ad
d
itive

m
o
d
el

in
tro

d
u
ced

in
S
ton

e
(1985)

is
a

sp
ecial

case
of

(4)
w

ith
r

=
1.
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L
A
S
E
R
:
L
a
y
e
r
-W

is
e
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

2
.2

L
a
y
e
r-

W
is

e
L

e
a
rn

in
g

A
lg

o
ri

th
m

W
e

p
ro

p
os

e
th

e
la

ye
r-

w
is

e
le

ar
n
in

g
al

g
or

it
h
m

to
le

ar
n

a
d
-d

im
en

si
on

al
m

u
lt

iv
ar

ia
te

fu
n
ct

io
n

u
n
d
er

th
e

S
S
A

N
O

V
A

fr
am

ew
or

k
.

R
ec

al
l

fr
om

(2
)

th
at

w
e

as
su

m
e

a
h
ie

ra
rc

h
ic

al
st

ru
ct

u
re

on
th

e
m

o
d
el

,
i.
e.

,
h
ig

h
er

or
d
er

in
te

ra
ct

io
n

te
rm

s
ar

e
n
ot

a
ct

iv
e

w
h
en

th
e

lo
w

er
or

d
er

te
rm

s
ar

e
n
ot

ac
ti

ve
.

T
o

th
is

en
d
,

w
e

d
efi

n
e

so
m

e
ad

d
it

io
n
al

n
ot

at
io

n
th

at
w

il
l
b

e
u
se

d
th

ro
u
gh

ou
t

th
e

p
ap

er
.

G
iv

en
a

se
t
S
⊆
{J
|J
⊆

[d
]}

,
le

t
|S
| m

a
x

=
m

a
x
{|
I
||

I
∈
S}

b
e

th
e

la
rg

es
t

ca
rd

in
al

it
y

am
on

g
th

e
se

ts
in
S.

In
ad

d
it

io
n
,

w
e

d
efi

n
e

σ
(S

)
=

  
I
∣ ∣ ∣|
I
|=
|S
| m

a
x

+
1
,I
⊆

⋃

|J
|=
|S
| m

a
x
,
J
∈S
J

  
.

F
or

ex
am

p
le

,
if
S

=
{{

1
},
{2
},
{3
}}

,
th

en
σ

(S
)

=
{{

1,
2}
,{

1,
3}
,{

2
,3
}}

.
F

or
n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
w

e
al

so
d
efi

n
e
δ(
S)

=
S
∪
σ

(S
)

th
ro

u
gh

ou
t

th
e

p
ap

er
.

T
h
u
s,

in
th

is
ex

am
p
le

,
δ(
S)

=
{{

1}
,{

2
},
{3
},
{1
,2
},
{1
,3
},
{2
,3
}}

.

T
h
e

m
ai

n
cr

u
x

of
ou

r
p
ro

p
os

al
is

to
es

ti
m

at
e

th
e

m
u
lt

iv
ar

ia
te

fu
n
ct

io
n

se
q
u
en

ti
a
ll
y

st
ar

ti
n
g

fr
om

th
e

m
ai

n
eff

ec
ts

.
U

si
n
g

th
e

su
p
p

or
t

of
th

e
es

ti
m

at
ed

fu
n
ct

io
n

fr
om

th
e

p
re

v
io

u
s

st
ep

,
w

e
es

ti
m

at
e

th
e

m
u
lt

iv
ar

ia
te

fu
n
ct

io
n

b
y

co
n
si

d
er

in
g

h
ig

h
er

or
d
er

te
rm

s
on

ly
w

h
en

th
e

lo
w

er
or

d
er

te
rm

s
ar

e
es

ti
m

at
ed

to
b

e
n
on

-z
er

os
.

L
et
D

b
e

th
e

d
at

a
an

d
le

t
L n

(D
,f

)
b

e
a

ge
n
er

ic
lo

ss
fu

n
ct

io
n

fo
r

es
ti

m
at

in
g
f

.
A

t
th

e
fi
rs

t
st

ep
of

th
e

al
go

ri
th

m
,

w
e

es
ti

m
at

e
th

e
fu

n
ct

io
n
f

su
b

je
ct

to
f
∈
H

(1
) .

In
ot

h
er

w
or

d
s,
f

is
a
ss

u
m

ed
to

b
e

ad
d
it

iv
e

an
d

w
e

p
ro

p
os

e
to

es
ti

m
at

e
f

b
y

f̂
(1

)
=

ar
gm

in
f
∈H

(1
)

L n
(D
,f

),
su

b
je

ct
to

d ∑ j=
1

‖P
j
(f

)‖
2
≤
τ,

(5
)

w
h
er

e
P
j
(f

)
is

th
e

or
th

og
on

al
p
ro

je
ct

io
n

of
f

on
to
H
m j

.
T

h
e

p
en

al
ty

te
rm
∑

d j=
1
‖P

j
(f

)‖
2
≤

τ
ca

n
b

e
in

te
rp

re
te

d
as

an
` 1

co
n
st

ra
in

t
ac

ro
ss

co
m

p
on

en
ts

to
en

co
u
ra

ge
sp

ar
si

ty
,

an
d

an
` 2

co
n
st

ra
in

t
w

it
h
in

co
m

p
on

en
ts

to
en

co
u
ra

ge
sm

o
o
th

n
es

s.
T

h
e

tu
n
in

g
p
ar

a
m

et
er
τ

co
n
tr

ol
s

th
e

n
u
m

b
er

of
m

ai
n

eff
ec

ts
th

at
ar

e
es

ti
m

at
ed

to
b

e
n
on

-z
er

o.

L
et
S(

1
)

b
e

th
e

su
p
p

or
t

of
f̂

(1
) ,

th
at

is
,
S(

1
)

=
{j
|P

j
(f̂

(1
) )
6=

0
}.

G
iv

en
th

e
su

p
p

or
t

S(
1
) ,

w
e

fi
t

th
e

fo
ll
ow

in
g

m
o
d
el

at
th

e
se

co
n
d

st
ep

of
ou

r
al

go
ri

th
m

f̂
(2

)
=

ar
gm

in
f
∈H

(2
)
,S

(f
)=
δ
(S

(1
)
)

L n
(D
,f

),

su
b

je
ct

to
∑

j∈
S(

1
)

‖P
j
(f

)‖
2 2

+
∑

{j
1
,j
2
}∈
σ

(S
(1

)
)

‖P
j 1
j 2

(f
)‖

2
≤
τ,

(6
)

w
h
er

e
P
j 1
j 2

(f
)

is
th

e
or

th
og

on
al

p
ro

je
ct

io
n

of
f

on
to
H
m j 1
⊗
H
m j 2

.
F

or
n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
le

t
S(
f

)
b

e
th

e
su

p
p

or
t

of
f

.
A

t
th

e
se

co
n
d

st
ep

of
ou

r
al

go
ri

th
m

,
w

e
u
p

d
at

e
b

ot
h

th
e

m
ai

n
eff

ec
ts

an
d

th
e

se
co

n
d

or
d
er

in
te

ra
ct

io
n
s,

w
it

h
th

e
su

p
p

or
t

of
th

e
fu

n
ct

io
n

co
n
st

ra
in

ed
on

S(
f

)
=
δ(
S(

1
) )

.
S
in

ce
w

e
h
av

e
se

le
ct

ed
th

e
su

p
p

or
t

fo
r

th
e

m
ai

n
eff

ec
ts

,
w

e
u
se

a
ri

d
ge

p
en

al
ty

to
en

co
u
ra

ge
sm

o
ot

h
n
es

s
fo

r
th

e
m

ai
n

eff
ec

ts
.

M
or

e
ge

n
er

al
ly

,
le

t
S(
r
−

1
)

b
e

th
e

su
p
p

or
t

id
en

ti
fi
ed

at
th

e
(r
−

1)
th

st
ep

of
ou

r
p
ro

p
os

ed
al

go
ri

th
m

.
L

et
J
⊆

[d
]

b
e

an
in

d
ex

se
t

a
n
d

le
t
P
J
(f

)
b

e
th

e
or

th
og

on
a
l

p
ro

je
ct

io
n

of
f

on
to
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0(

11
9)

:1
-3

8,
 2

01
9

T
a
n
,
L
u
,
Z
h
a
n
g
,
L
iu

A
lg

o
ri

th
m

1
L

ay
er

-W
is

e
L

ea
rn

in
g

M
et

h
o
d

(L
A

S
E

R
).

In
p

u
t:

:
D

at
a
D

.
In

it
ia

li
z
e
:
S(

0
)

=
∅,
σ

(S
(0

) )
=
{1
,.
..
,d
},

an
d
r

=
1.

re
p

e
a
t

1.
U

p
d
at

e
th

e
fu

n
ct

io
n

w
it

h
rt

h
or

d
er

in
te

ra
ct

io
n

eff
ec

ts
:

f̂
(r

)
=

ar
gm

in
f
∈H

(r
)
,S

(f
)=
δ
(S

(r
−
1
)
)

L n
(D
,f

),

su
b

je
ct

to
∑

J
∈S

(r
−
1
)

‖P
J
(f

)‖
2 2

+
∑

J
∈σ

(S
(r
−
1
)
)

‖P
J
(f

)‖
2
≤
τ.

2.
U

p
d
at

e
th

e
su

p
p

or
t
S(
r
)

=
S(
f̂

(r
) )

.
3.
r
←
r

+
1.

u
n
ti

l
S(
r
−

1
)

=
S(
r
) .

O
u

tp
u

t:
A

se
q
u
en

ce
of

es
ti

m
at

or
s
{f̂

(`
) }
r `=

1
.

th
e
|J
|th

or
d
er

in
te

ra
ct

io
n

eff
ec

t
sp

ac
e
⊗
j∈
J
H
m j

.
A

t
th

e
rt

h
st

ep
of

th
e

al
g
o
ri

th
m

,
w

e
fi
t

th
e

m
o
d
el

f̂
(r

)
=

ar
gm

in
f
∈H

(r
)
,S

(f
)=
δ
(S

(r
−
1
)
)

L n
(D
,f

),

su
b

je
ct

to
∑

J
∈S

(r
−
1
)

‖P
J
(f

)‖
2 2

+
∑

J
∈σ

(S
(r
−
1
)
)

‖P
J
(f

)‖
2
≤
τ.

(7
)

W
e

co
n
ti

n
u
e

th
is

p
ro

ce
ss

u
n
ti

l
n
o

m
or

e
h
ig

h
er

or
d
er

in
te

ra
ct

io
n

eff
ec

ts
ar

e
es

ti
m

a
te

d
to

b
e

n
on

-z
er

o.
W

e
su

m
m

ar
iz

e
th

e
p
ro

p
os

ed
m

et
h
o
d

in
A

lg
or

it
h
m

1.
S
te

p
1

in
A

lg
o
ri

th
m

1
d
ep

en
d
s

on
a

sp
ec

ifi
c

lo
ss

fu
n
ct

io
n
L n

(D
,f

).
W

e
w

il
l

p
re

se
n
t

th
e

d
et

a
il
s

fo
r

S
te

p
1

in
th

e
co

n
te

x
t

of
n
on

p
ar

am
et

ri
c

re
gr

es
si

on
an

d
n
on

p
ar

am
et

ri
c

gr
ap

h
ic

al
m

o
d
el

s
in

S
ec

ti
o
n
s

3
an

d
4,

re
sp

ec
ti

v
el

y.

2
.3

P
o
st

-S
e
le

c
ti

o
n

P
e
rs

is
te

n
c
y

W
e

fi
rs

t
p
ro

v
id

e
a

b
ri

ef
re

v
ie

w
of

th
e

d
efi

n
it

io
n

of
p

er
si

st
en

cy
in

tr
o
d
u
ce

d
b
y

G
re

en
sh

te
in

a
n
d

R
it

ov
(2

00
4)

.
W

e
d
efi

n
e

th
e

ri
sk

of
so

m
e

fu
n
ct

io
n
f

as
R

(f
)

=
E[
L n

(D
,f

)]
.

A
n

es
ti

m
a
to

r
f̂

is
sa

id
to

b
e

p
er

si
st

en
t

re
la

ti
v
e

to
a

cl
as

s
of

fu
n
ct

io
n
F

if

R
(f̂

)
−

in
f

f
∈F

R
(f

)
=
o P

(1
).

(8
)

In
ot

h
er

w
or

d
s,

th
e

ri
sk

of
th

e
es

ti
m

at
or
f̂

is
co

n
si

st
en

t
to

th
at

of
th

e
or

ac
le

fu
n
ct

io
n

u
n
d
er

th
e

m
o
d
el

cl
as

s
F

.
In

th
e

st
at

is
ti

ca
l
li
te

ra
tu

re
,
m

an
y

au
th

o
rs

h
av

e
sh

ow
n

th
at

th
e

es
ti

m
a
to

rs
fo

r
va

ri
ou

s
st

at
is

ti
ca

l
m

o
d
el

s
ar

e
p

er
si

st
en

t
(s

ee
,

fo
r

in
st

an
ce

,
G

re
en

sh
te

in
a
n
d

R
it

ov
,

2
0
0
4

fo
r

th
e

la
ss

o
re

gr
es

si
on

,
an

d
R

av
ik

u
m

ar
et

al
.,

20
09

fo
r

th
e

sp
ar

se
ad

d
it

iv
e

m
o
d
el

).
H

ow
ev

er
,

m
os

t
of

th
e

ex
is

ti
n
g

re
su

lt
s

on
p

er
si

st
en

cy
ar

e
d
er

iv
ed

fo
r

a
si

n
gl

e
es

ti
m

at
or

,
a
n
d

n
o
t

m
u
ch

w
or

k
h
as

b
ee

n
d
on

e
to

ch
ar

ac
te

ri
ze

a
se

q
u
en

ce
of

es
ti

m
at

or
s.

W
e

es
ta

b
li
sh

th
e

n
ot

io
n

of
p

os
t-

se
le

ct
io

n
p

er
si

st
en

cy
to

ch
ar

ac
te

ri
ze

th
e

th
eo

re
ti

ca
l
p
ro

p
-

er
ti

es
of

a
se

q
u
en

ce
of

es
ti

m
at

or
s.

R
ec

al
l

fr
om

A
lg

or
it

h
m

1
th

at
ou

r
p
ro

p
o
se

d
m

et
h
o
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L
A
S
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R
:
L
a
y
e
r
-W

ise
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

y
ield

s
a

seq
u
en

ce
of

estim
ators{

f̂
(`)}

r`=
1 .

A
lso

reca
ll

th
at

w
e

d
en

ote
S

(r−
1
)

to
b

e
th

e
su

p
-

p
o
rt

o
f
f̂

(r−
1
).

L
et
F

(r
)

b
e

som
e

fu
n
ction

class
w

ith
su

p
p

ort
con

strain
ed

on
δ(S

(r−
1
))

=
S

(r−
1
)∪

σ
(S

(r−
1
)).

C
on

d
ition

ed
on

th
e

su
p
p

ort
S

(r−
1
),

w
e

say
th

at
f̂

(r
)

is
po

st-selectio
n

persisten
t

if
R

(f̂
(r

))−
in

f
f∈F

(r
)
R

(f
)

=
o
P

(1).
(9)

W
e

w
ill

sh
ow

th
at

ou
r

p
rop

osed
estim

ators
are

p
ost-selection

p
ersisten

t
in

th
e

con
tex

t
of

n
o
n
p
a
ra

m
etric

regression
an

d
n
on

p
aram

etric
grap

h
ical

m
o
d
els

in
S
ection

s
3

an
d

4,
resp

ec-
tively.

3
.
N
o
n
p
a
ra

m
e
tric

R
e
g
re
ssio

n

W
e

a
p
p
ly

th
e

layer-w
ise

learn
in

g
strategy

to
th

e
settin

g
of

n
on

p
aram

etric
reg

ression
.

W
e

co
n
sid

er
a

n
o
n
p
aram

etric
regression

p
rob

lem
of

a
u
n
ivariate

resp
on

se
Y
∈

R
on

a
d
-

d
im

en
sio

n
a
l

covariates
X
∈

[0,1] d:

Y
=
f

(x
)

+
ε,

w
h
ere

ε
is

th
e

ran
d
om

n
oise

variab
le.

It
is

gen
erally

agreed
u
p

on
in

th
e

literatu
re

th
at

estim
a
tin

g
a

g
en

eral
m

u
ltivariate

fu
n
ction

w
ith

ou
t

restrictin
g

th
e

fu
n
ction

in
to

a
sm

aller
fu

n
ctio

n
cla

ssF
is

in
feasib

le.
H

a
stie

a
n
d

T
ib

sh
iran

i
(1990)

an
d

S
ton

e
(1985)

in
tro

d
u
ced

a
class

of
ad

d
itive

m
o
d
els

o
f

th
e

fo
rm

f
(x

)
=
∑

dj=
1
f
j (x

j ),
w

h
ich

d
ecom

p
osed

th
e

m
u
ltivariate

fu
n
ction

f
(·)

in
to

th
e

su
m

m
a
tio

n
o
f
d

u
n
ivariate

fu
n
ction

s.
O

n
e

caveat
of

th
e

ad
d
itive

m
o
d
el

is
th

e
a
ssu

m
p
tion

th
a
t

th
ere

a
re

n
o

in
teraction

term
s

am
on

g
th

e
covariates.

T
o

a
d
d
ress

th
is

issu
e,

L
in

(2000)
p
ro

p
o
sed

to
estim

ate
f

(·)
b
y

assu
m

in
g

th
at

it
tak

es
th

e
form

in
(1)

in
th

e
n
on

p
a
ram

etric
reg

ression
settin

g.
H

ow
ever,

th
eir

p
rop

osal
is

in
feasib

le
for

h
igh

-d
im

en
sio

n
al

p
rob

lem
in

w
h
ich

th
e

n
u
m

b
er

of
covariates

d
an

d
th

e
ord

er
of

in
teraction

term
s

are
large.

T
h
u
s,

th
ey

tru
n
ca

ted
(1

)
to

on
ly

m
o
d
elin

g
tw

o-w
ay

in
teraction

term
s.

M
ore

sp
ecifi

cally,
th

ey
con

sid
ered

th
e

fo
llow

in
g

d
ecom

p
osition

for
f

(·):

f
(x

)
=
µ

+
d
∑j=

1

f
j (x

j )
+
∑j<
k

f
jk (x

j ,x
k ).

S
evera

l
a
u
th

ors
h
av

e
ex

ten
d
ed

th
e

aforem
en

tion
ed

m
o
d
els

to
p

erform
variab

le
selection

a
n
d

estim
a
tio

n
sim

u
ltan

eou
sly

(am
on

g
oth

ers,
L

in
an

d
Z

h
an

g,
20

06;
R

av
ik

u
m

ar
et

al.,
2
0
0
9
).

H
ow

ever,
R

av
ik

u
m

ar
et

al.
(2009)

m
o
d
els

on
ly

th
e

m
ain

eff
ects

an
d

L
in

an
d

Z
h
an

g
(2

00
6
)

is
co

m
p
u
tation

ally
in

feasib
le

for
large

d
p
rob

lem
s

even
w

h
en

th
ey

m
o
d
el

on
ly

th
e

seco
n
d

o
rd

er
in

teraction
term

s.
T

h
e

n
on

p
aram

etric
regression

literatu
re

is
vast

an
d

w
e

refer
th

e
rea

d
er

to
several

recen
t

p
rop

osals
fo

r
m

ore
referen

ces
(see,

T
ib

sh
iran

i,
2014

;
F

an
et

al.,
2
0
1
5
;

L
o
u

et
al.,

2016).
W

e
n
ow

a
p
p
ly

th
e

p
rop

osed
layer-w

ise
learn

in
g

strategy
for

fi
ttin

g
a

n
on

p
aram

etric
reg

ressio
n
.

O
u
r

p
rop

osal
is

scalab
le

to
th

e
d
im

en
sion

of
th

e
covariates

an
d

d
o
es

n
ot

n
eed

to
tru

n
ca

te
m

o
d
el

(1)
to

on
ly

m
o
d
elin

g
th

e
tw

o-w
ay

in
teraction

term
s.

W
e

sh
ow

th
at

th
e

resu
ltin

g
seq

u
en

ce
of

estim
ators

from
ou

r
algorith

m
is

p
ost-selection

p
ersisten

t
u
n
d
er

th
e

sq
u
a
red

erro
r

risk
in

th
e

h
igh

-d
im

en
sion

al
settin

g
in

w
h
ich

d
>
n

.
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T
a
n
,
L
u
,
Z
h
a
n
g
,
L
iu

3
.1

M
e
th

o
d

a
n

d
O

p
tim

iz
a
tio

n
P

ro
b

le
m

L
et

(y
1 ,x

1 ),...,(y
n
,x

n
)

b
e
n

in
d
ep

en
d
en

t
p
airs

of
ob

servation
s.

W
e

assu
m

e
th

at
th

e
co-

variates
x

1 ,...,x
n

are
stan

d
ard

ized
su

ch
th

at
x
i ∈

[0,1] d
an

d
th

at
y
i

=
f

(x
i )

+
ε
i

w
ith

E
[ε
i ]

=
0

an
d
E

[ε
2i ]
<
∞

.
T

h
e

fu
n
ction

f
(·)

is
an

arb
itrary

fu
n
ction

an
d

is
n
ot

assu
m

ed
to

take
th

e
form

of
(1).

T
o

ap
p
rox

im
ate

th
e

fu
n
ction

f
(·),

w
e

fi
t

th
e

m
o
d
el

in
(7)

w
ith

th
e

sq
u
ared

error
loss

fu
n
ction

L
n
(D
,f

)
=
∑

ni=
1 (y

i −
f

(x
i ))

2/n
.

T
h
is

y
ield

s
th

e
op

tim
ization

p
rob

lem

m
in

im
ize

f∈H
(r

),S
(f

)=
δ
(S

(r−
1
))

1n

n
∑i=

1 (y
i −

f
(x
i ))

2,

su
b

ject
to

∑

J∈S
(r−

1
) ‖P

J
(f

)‖
22

+
∑

J∈
σ

(S
(r−

1
)) ‖P

J
(f

)‖
2 ≤

τ,
(10)

w
h
ere

τ
>

0
is

a
p

ositive
tu

n
in

g
p
ara

m
eter.

It
is

u
sefu

l
to

w
rite

th
e

fu
n
ction

f
(·)

in
term

s
of

its
b
a
sis

fu
n
ction

.
L

et{φ
j` ,`

=
1,2

,...}
d
en

ote
a

u
n
iform

ly
b

ou
n
d
ed

b
asis

w
ith

resp
ect

to
H
mj

.
G

iven
J

=
{j

1 ,...,j
r }

,
for

an
y

f
J
∈
H
J
,

th
e

b
asis

ex
p
an

sion
of
f
J

is

f
J

=
∑

1≤
k
1
,...,k

r
<
∞
θ
k
1 ···k

r
j
1 ···j

r
φ
j
1
k
1 (x

j
1 )···φ

j
r
k
r (x

j
r ).

(11)

In
p
ractice,

w
e

ap
p
rox

im
ate

(11)
b
y

its
k
th

ord
er

b
asis

ex
p
an

sion

f̃
J

=
∑

1≤
k
1
,...,k

r ≤
k

θ
k
1 ···k

r
j
1 ···j

r
φ
j
1
k
1 (x

j
1 )···φ

j
r
k
r (x

j
r )

=
φ
TJ

(x
)θ
J
,

(12)

w
h
ere

θ
J

=
vec({

θ
k
1 ···k

r
j
1 ···j

r })
an

d
φ
J
(x

)
=

vec({
φ
j
1
k
1 (x

j
1 )···φ

j
r
k
r (x

j
r )}).

L
et

Φ
J

d
en

ote
th

e
n×

k |J|m
atrix

w
ith

row
s
φ
J
(x

1 ),...,φ
J
(x
n
)

an
d

let
y

=
(y

1 ,...,y
n
)
T

.
W

e
ap

p
rox

im
ate

(10)
in

term
s

of
th

e
k
th

ord
er

b
asis

ex
p
an

sion
:

m
in

im
ize

θ
J
,S

(f
)=
δ
(S

(r−
1
))

1n ∥∥∥
y
−
∑J∈S

(f
) Φ

J
θ
J ∥∥∥

22 ,

su
b

ject
to

1n

∑

J∈S
(r−

1
) ‖

Φ
J
θ
J ‖

22
+

1√n
∑

J∈
σ

(S
(r−

1
)) ‖Φ

J
θ
J ‖

2 ≤
τ.

(13)

In
stead

of
solv

in
g

op
tim

ization
p
rob

lem
in

(13)
d
irectly,

w
e

con
sid

er
solv

in
g

th
e

follow
in

g
p
rob

lem

m
in

im
ize

θ
J
,S

(f
)=
δ
(S

(r−
1
))

1n ∥∥∥
y
−
∑J∈S

(f
) Φ

J
θ
J ∥∥∥

22
+
λ (

1n

∑

J∈S
(r−

1
) ‖

Φ
J
θ
J ‖

22
+

1√n
∑

J∈
σ

(S
(r−

1
)) ‖

Φ
J
θ
J ‖

2 )

(14)

P
rob

lem
s

(13)
an

d
(14)

are
eq

u
ivalen

t
in

th
e

sen
se

th
at

fo
r

a
given

tu
n
in

g
p
aram

eter
λ
>

0,
th

ere
ex

ists
a
τ
>

0
su

ch
th

at
th

e
tw

o
p
rob

lem
s

sh
are

th
e

sam
e

solu
tion

,
an

d
v
ice

versa.
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:
L
a
y
e
r
-W

is
e
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

A
lg

o
ri

th
m

2
B

lo
ck

C
o
or

d
in

at
e

D
es

ce
n
t

A
lg

or
it

h
m

fo
r

S
o
lv

in
g

(1
4)

.

In
it

ia
li
ze
θ̂

(0
)

J
.

re
p

e
a
t

fo
r
J
∈
δ(
S(
r
−

1
) )

d
o

U
p

d
at

e
th

e
co

effi
ci

en
ts

:

θ̂
(t

)
J

=
( Φ

T J
Φ
J

) −
1
( Φ

T J
y
−

Φ
T J

∑

J
′ ∈
{δ

(S
(r
−
1
)
)\
J
}Φ

T J
′θ̂

(t
−

1
)

J
′

) .

P
en

al
iz

e
th

e
co

effi
ci

en
ts

:

θ̂
(t

)
J

=

    

θ̂
(t

)
J
/(

1
+
λ

)
if
J
∈
S(
r
−

1
) ,

( 1
−

√
n
λ

2
‖Φ

J
θ̂
(t
)

J
‖ 2

) +

θ̂
(t

)
J

if
J
∈
σ

(S
(r
−

1
) )
,

w
h
er

e
(a

) +
=

m
ax

(0
,a

).
e
n

d
fo

r
U

p
d
at

e
t

=
t

+
1.

u
n
ti

l
co

n
ve

rg
e

su
ch

th
at
∑

J

∥ ∥ ∥θ̂
(t

)
J
−
θ̂

(t
−

1
)

J

∥ ∥ ∥ 2
≤
ε.

It
ca

n
b

e
ve

ri
fi
ed

th
at

w
h
en

r
=

1,
(1

4)
is

eq
u
iv

al
en

t
to

th
e

sp
ar

se
a
d
d
it

iv
e

m
o
d
el

in
R

av
ik

u
m

ar
et

al
.

(2
00

9)
.

S
in

ce
(1

4)
is

q
u
ad

ra
ti

c
in

te
rm

s
of
θ
J

an
d

b
ot

h
th

e
p

en
al

ty
te

rm
s

a
re

co
n
ve

x
,

st
an

d
ar

d
co

n
ve

x
it

y
th

eo
ry

im
p
li
es

th
e

ex
is

te
n
ce

of
a

gl
ob

al
m

in
im

iz
er

.
W

e
p
ro

p
os

e
a

b
lo

ck
co

o
rd

in
at

e
d
es

ce
n
t

al
go

ri
th

m
to

so
lv

e
(1

4)
,

w
h
ic

h
d
et

ai
ls

ar
e

gi
ve

n
in

A
lg

or
it

h
m

2.
T

h
e

co
n
ve

rg
en

ce
of

b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
is

st
u
d
ie

d
in

T
se

n
g

(2
00

1)
.

T
h
e

d
er

iv
at

io
n

of
A

lg
o-

ri
th

m
2

is
st

ra
ig

h
tf

or
w

ar
d

an
d

h
en

ce
om

it
te

d
.

In
th

is
se

ct
io

n
,

ou
r

es
ti

m
at

io
n

p
ro

ce
d
u
re

an
d

al
go

ri
th

m
ar

e
d
es

ig
n
ed

b
as

ed
on

b
as

is
re

p
re

se
n
ta

ti
on

of
th

e
fu

n
ct

io
n
s.

W
e

n
ot

e
th

a
t

in
p
ri

n
ci

p
le

,
ot

h
er

n
on

p
ar

am
et

ri
c

m
et

h
o
d
s

su
ch

as
th

at
of

W
an

g
et

al
.

(2
01

6)
an

d
B

en
ke

se
r

an
d

va
n

d
er

L
aa

n
(2

01
6)

ca
n

b
e

u
se

d
to

es
ti

m
at

e
th

e
in

d
iv

id
u
al

fu
n
ct

io
n
s

in
ou

r
fr

am
ew

or
k
.

3
.2

P
o
st

-S
e
le

c
ti

o
n

P
e
rs

is
te

n
c
y

fo
r

N
o
n

p
a
ra

m
e
tr

ic
R

e
g
re

ss
io

n

In
th

is
se

ct
io

n
,

w
e

sh
ow

th
at

th
e

se
q
u
en

ce
of

es
ti

m
at

or
s

ob
ta

in
ed

fr
om

o
u
r

p
ro

p
os

al
is

p
os

t-
se

le
ct

io
n

p
er

si
st

en
t.

T
h
e

p
op

u
la

ti
on

ve
rs

io
n

of
th

e
op

ti
m

iz
a
ti

on
p
ro

b
le

m
in

(1
0)

is

m
in

im
iz

e
f
∈H

(r
)
,S

(f
)=
δ
(S

(r
−
1
)
)
E
[ (Y
−
f

(X
))

2
] ,

su
b

je
ct

to
∑

J
∈S

(r
−
1
)

E
[ (P

J
(f

))
2
] +

∑

J
∈σ

(S
(r
−
1
)
)

√
E

[(
P
J
(f

))
2
]
≤
τ,

E
[P
J
(f

)]
=

0
,

(1
5)

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

ta
ke

n
w

it
h

re
sp

ec
t

to
X

an
d

th
e

n
oi

se
ε.

T
o

si
m

p
li
fy

ou
r

th
eo

re
ti

ca
l

an
al

y
si

s,
le

t
f J

(X
J
)

=
β
J
g J

(X
J
)

an
d

co
n
si

d
er

th
e

fo
ll
ow

in
g

eq
u
iv

al
en

t
p

o
p
u
la

ti
on

p
ro

b
le

m

9
JM

L
R

 2
0(

11
9)

:1
-3

8,
 2

01
9

T
a
n
,
L
u
,
Z
h
a
n
g
,
L
iu

m
in

im
iz

e
g
∈H

(r
)
,β
J
,S

(g
)=
δ
(S

(r
−
1
)
)
E

  
Y
−

∑

J
∈δ

(S
(r
−
1
)
)

β
J
g J

(X
J
) 

2
 
,

su
b

je
ct

to
∑

J
∈S

(r
−
1
)

β
2 J

+
∑

J
∈σ

(S
(r
−
1
)
)

|β
J
|≤

τ,
E[
P
J
(g

)]
=

0,
E
[ (P

J
(g

))
2
] =

1.

(1
6
)

P
ro

b
le

m
s

(1
6)

an
d

(1
5)

ar
e

eq
u
iv

al
en

t
in

th
e

se
n
se

th
at

th
ei

r
so

lu
ti

on
s

a
re

eq
u
iv

a
le

n
t.

A
si

m
il
ar

fo
rm

u
la

ti
on

w
as

al
so

co
n
si

d
er

ed
in

R
av

ik
u
m

ar
et

al
.

(2
00

9)
fo

r
sp

a
rs

e
a
d
d
it

iv
e

m
o
d
el

s.

L
et

(X
,Y

)
d
en

ot
e

a
n
ew

p
ai

r
of

in
d
ep

en
d
en

t
d
at

a
an

d
d
efi

n
e

th
e

p
re

d
ic

ti
ve

ri
sk

a
s

R
(f

)
=

E
[ (Y
−
f

(X
))

2
] .

In
th

is
se

ct
io

n
,
w

e
as

su
m

e
th

at
ou

r
es

ti
m

at
o
r
f̂

(r
)

is
ch

os
en

to
m

in
im

iz
e

th
e

em
p
ir

ic
a
l
ve

rs
io

n
of

(1
6)

.
L

et

F
(r

)
=

  
f

:
f

(x
)

=
∑

J
∈δ

(S
(
r
−

1
)
)

β
J
g J

(x
J

),
E[
g J

]
=

0,
‖g
J
‖ H

J
≤

1
,
∑

J
∈S

(
r
−

1
)

β
2 J

+
∑

J
∈σ

(S
(
r
−

1
)
)

|β
J
|≤

τ

  
.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

es
ta

b
li
sh

es
th

at
th

e
se

q
u
en

ce
of

es
ti

m
at

or
s

is
p

o
st

-s
el

ec
ti

o
n

p
er

si
s-

te
n
t.

T
h

e
o
re

m
1
.

L
et
s 0

=
1

a
n

d
le

t
s r
−

1
be

th
e

ca
rd

in
a
li

ty
o
f

th
e

su
p
po

rt
S(
r
−

1
) .

C
o
n

d
it

io
n

ed
o
n
S(
r
−

1
) ,

u
n

d
er

th
e

sq
u

a
re

er
ro

r
ri

sk
R

(f
)

=
E[

(Y
−
f

(X
))

2
]

a
n

d
fo

r
a
n

y
1
≤
r
<

2
m

,
w

e
h
a
ve

R
(f̂

(r
) )
−

in
f

f
∈F

(r
)
R

(f
)

=
O
P

 
τ

2
·√

rs
2 r
−

1
lo

g
d

n

 
.

T
h
u

s,
if
τ

=
o(

[n
/(
rs

2 r
−

1
lo

g
d
)]

1
/
4
),

th
e

es
ti

m
a
to

r
f̂

(r
)

is
po

st
-s

el
ec

ti
o
n

pe
rs

is
te

n
t.

In
ot

h
er

w
or

d
s,

T
h
eo

re
m

1
st

at
es

th
a
t

co
n
d
it

io
n
ed

on
th

e
se

le
ct

ed
su

p
p

o
rt

o
n

th
e

(r
−

1)
th

st
ep

of
ou

r
p
ro

p
os

ed
m

et
h
o
d
,
S(
r
−

1
) ,

th
e

es
ti

m
at

or
f̂

(r
)

co
n
ve

rg
es

to
th

e
b

es
t
rt

h
or

d
er

ap
p
ro

x
im

at
io

n
of

th
e

fo
rm

(1
)

w
it

h
su

p
p

or
t

co
n
st

ra
in

ed
on

δ(
S(
r
−

1
) )

.
G

iv
en

th
e

su
p
p

or
t
S(
r
−

1
) ,

th
e

te
rm

s r
−

1
is

a
fi
x
ed

co
n
st

an
t

th
at

is
m

u
ch

sm
al

le
r

th
an

n
.

T
h
e

p
ro

o
f

o
f

T
h
eo

re
m

1
in

vo
lv

es
ob

ta
in

in
g

th
e

b
ra

ck
et

in
g

n
u
m

b
er

of
so

m
e

fu
n
ct

io
n

cl
as

se
s

a
n
d

a
p
p
ly

in
g

em
p
ir

ic
al

p
ro

ce
ss

to
ol

s
to

ob
ta

in
an

u
p
p

er
b

ou
n
d

of
th

e
su

p
re

m
u
m

b
et

w
ee

n
th

e
em

p
ir

ic
a
l

an
d

th
e

ex
p

ec
te

d
va

lu
e

of
th

e
fu

n
ct

io
n
.

T
h
e

co
n
d
it

io
n
r
<

2
m

in
T

h
eo

re
m

1
is

n
ee

d
ed

to
gu

ar
an

te
e

th
at

th
e

in
te

gr
al

of
th

e
lo

g
b
ra

ck
et

in
g

n
u
m

b
er

is
w

el
l

d
efi

n
ed

.
T

h
e

d
et

a
il
s

a
re

gi
ve

n
in

A
p
p

en
d
ix

A
.

T
h
eo

re
m

1
h
ol

d
s

w
it

h
ou

t
as

su
m

in
g

th
at

th
e

tr
u
e

re
g
re

ss
io

n
fu

n
ct

io
n
f

(·)
ta

ke
s

th
e

fo
rm

of
S
S
A

N
O

V
A

fr
am

ew
or

k
in

(1
).

In
ad

d
it

io
n
,

w
e

d
o

n
ot

im
p

os
e

an
y

d
is

tr
ib

u
ti

o
n
a
l

as
su

m
p
ti

on
s

on
(Y
,X

).
W

e
re

co
v
er

th
e

p
er

si
st

en
cy

re
su

lt
in

R
av

ik
u
m

ar
et

a
l.

(2
0
0
9
)

fo
r

th
e

sp
ar

se
ad

d
it

iv
e

m
o
d
el

as
a

sp
ec

ia
l

ca
se

w
h
en

r
=

1
an

d
m

=
2.
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L
A
S
E
R
:
L
a
y
e
r
-W

ise
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

3
.3

F
ro

m
P

o
st-S

e
le

c
tio

n
P

e
rsiste

n
c
y

to
P

e
rsiste

n
c
y

P
o
st-selectio

n
p

ersisten
cy

resu
lts

can
serve

as
m

otivation
s

for
in

term
ed

iate
step

s
of

L
A

S
E

R
.

H
ow

ever,
th

e
resu

lts
d
o

n
ot

con
cern

p
rop

erties
of

th
e

fi
n
al

estim
ator.

In
th

is
section

,
w

e
esta

b
lish

su
ffi

cien
t

con
d
ition

s
su

ch
th

at
a

p
ost-selection

p
ersisten

cy
resu

lt
can

b
e

stren
gth

en
in

to
a

p
ersisten

cy
resu

lt
for

th
e

fi
n
al

estim
ato

r.
F

or
sim

p
licity,

w
e

con
sid

er
n
on

p
aram

etric
reg

ressio
n

m
o
d
els

w
ith

tw
o-w

ay
in

teraction
term

s,
i.e.,

f
∈
H

(2
).

In
g
en

era
l,

w
ith

ou
t

an
y

con
d
ition

s
on

th
e

b
ivariate

fu
n
ction

s
f
jk ,

it
is

ex
trem

ely
ch

al-
len

g
in

g
to

sh
ow

th
at

th
e

m
ain

eff
ects

f
j

can
b

e
id

en
tifi

ed
w

ith
ou

t
m

o
d
elin

g
th

e
tw

o-w
ay

in
teractio

n
eff

ects.
T

h
is

p
rob

lem
is

related
to

p
rov

in
g

m
o
d
el

selection
con

sisten
cy

u
n
d
er

m
o
d
el

m
issp

ecifi
cation

for
sp

arse
ad

d
itiv

e
m

o
d
el,

an
d

su
ch

th
eoretical

resu
lts

h
ave

n
ot

b
een

w
ell

esta
b
lish

ed
in

th
e

literatu
re.

In
fact,

th
e

sam
e

p
rob

lem
is

n
ot

w
ell

u
n
d
ersto

o
d

in
th

e
co

n
tex

t
o
f

lin
ea

r
regression

w
ith

tw
o-w

ay
in

teraction
eff

ects
u
n
til

recen
tly

(H
ao

et
al.,

2018).
In

th
e

fo
llow

in
g,

w
e

im
p

ose
su

ffi
cien

t
con

d
ition

s
o
n

th
e

b
ivariate

fu
n
ction

s
su

ch
th

at
th

e
a
ctive

m
a
in

eff
ects

can
b

e
id

en
tifi

ed
at

th
e

fi
rst

stage
of

L
A

S
E

R
in

th
e

con
tex

t
of

n
o
n
p
a
ra

m
etric

regression
.

T
h
erefore,

con
d
ition

ed
on

th
e

correctly
id

en
tifi

ed
m

ain
eff

ects,
th

e
estim

a
to

r
o
b
tain

ed
from

th
e

secon
d

stage
is

p
ersisten

t.
W

ith
som

e
ab

u
se

of
n
otation

,
letS̄

(1
)

a
n
d
S̄

(2
)

b
e

tw
o

sets
con

tain
in

g
in

d
ices

for
th

e
u
n
d
erly

in
g

active
m

ain
an

d
b
ivariate

eff
ects,

resp
ectiv

ely.
A

ssu
m

e
th

atS̄
(2

)
satisfi

es
th

e
h
ierarch

ical
stru

ctu
ral

assu
m

p
tion

in
(2).

R
eca

ll
fro

m
S
ection

3.1
th

at
w

e
ap

p
rox

im
ate

th
e

m
ain

eff
ects

b
y

its
k
th

ord
er

b
a
sis

ex
p
a
n
sio

n
,

i.e.,
θ
∗

=
argm

in
θ

=
(θ
T1
,...,θ

Td
)
T ‖ ∑

dj=
1
f
j −
∑

dj=
1
θ
Tj
φ
j ‖

22 .
In

th
e

follow
in

g
p
rop

o-
sitio

n
,

o
u
r

con
d
ition

s
are

w
ritten

in
term

s
of

an
ap

p
rox

im
ation

of
b

oth
th

e
m

ain
an

d
th

e
p
a
rtia

l
d
eriva

tiv
es

of
th

e
b
ivariate

fu
n
ctio

n
u
sin

g
fi
rst

ord
er

b
asis

ex
p
a
n
sion

.
T

o
th

is
en

d
,

w
e

d
efi

n
e

so
m

e
ad

d
ition

al
n
otation

.
G

iven
a

b
ivariate

fu
n
ction

g
(x

1 ,x
2 ),

let

g
(2

)(x
1 ,x

2 ) ∣∣a
1
,a

2
=
g
(a

1 ,a
2 )

+
∑j∈{

1
,2} (

∂
g
(a

1 ,a
2 )

∂
x
j

(x
j −

a
j )

+
12

∂
2g

(a
1 ,a

2 )

∂
x

2j

(x
j −

a
j )

2 )
,

a
n
d

β
∗

=
argm

in
β

=
(β
T1
,...,β

Td
)
T ∥∥∥∥

d
∑j=

1

f
j

+
∑s<

t

f
(2

)
st

∣∣1
/
2
,1
/
2 −

d
∑j=

1

β
Tj
φ
j ∥∥∥∥

22 .

T
h
e

fo
llow

in
g

p
rop

osition
estab

lish
es

th
at

th
e

tru
e

u
n
d
erly

in
g

su
p
p

ort,S̄
(1

),
is

a
su

b
set

of
th

e
estim

a
ted

su
p
p
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).
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∈
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∂
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p
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d
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b
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m
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rem
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con
d
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b
e

correlated
.

R
elax

in
g

th
e

im
p

osed
assu

m
p
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.
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d
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con
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b
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=
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p
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p
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p
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d
els

as
its

sp
ecial

cases.

E
x
a
m

p
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d
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=
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Θ
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=
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r
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0
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;
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0
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0
0
8
;

P
en

g
et

a
l.,

2
0
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a
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;

T
a
n

et
a
l.,

2
0
1
4
,

2
0
1
5
;

L
iu

a
n

d
L

u
o
,

2
0
1
5
;

D
rto

n
a
n

d
M

a
a
th

u
is,

2
0
1
7
).

1
2

JM
L

R
 20(119):1-38, 2019



L
A
S
E
R
:
L
a
y
e
r
-W

is
e
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

E
x
a
m

p
le

2
.

E
x
p

on
en

ti
al

fa
m

il
y

gr
a
p
h
ic

al
m

o
d
el

s:
T

h
e

ex
po

n
en

ti
a
l

fa
m

il
y

gr
a
p
h
ic

a
l

m
od

el
h
a
s

jo
in

t
d
en

si
ty

p
(x

)
∝

ex
p

  
d ∑ j=

1

(t
(x
j
)

+
C

(x
j
))

+
d
−

1
∑ j=

1
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−

Θ
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−
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p
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p
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d
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a
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d
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Σ
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h
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h
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ca
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Θ
jk
g j

(x
j
)g
k
(x
k
)

a
n

d
f j

(x
j
)

=
Θ
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;
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;
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w
h
ic

h
in

vo
lv

es
a

co
m

p
u
ta

ti
on

al
ly

in
tr

ac
ta

b
le

lo
g-

p
ar

ti
ti

on
fu

n
ct

io
n
Z

(f
).

In
th

e
fo

ll
ow

in
g,

w
e

p
ro

v
id

e
a

b
ri

ef
d
is

cu
ss

io
n

on
th

e
sc

or
e

m
at

ch
in

g
lo

ss
an

d
re

fe
r

th
e

re
ad

er
to

H
y
v
ä
ri

n
en

(2
00

5)
an

d
H

y
v
är

in
en

(2
00

7)
fo

r
m

or
e

d
et

ai
ls

.
L

et
X

b
e

a
d
-d

im
en

si
on

al
co

n
ti

n
u
o
u
s

ra
n
d
om

ve
ct

or
w

it
h

d
is

tr
ib

u
ti

on
P

an
d

jo
in

t
d
en

si
ty

fu
n
ct

io
n
p
(·)

.
F

o
r

a
tw

ic
e

d
iff

er
en

ti
a
b
le

fu
n
ct

io
n

f
:
R
d
→

R
,

w
e

d
efi

n
e

th
e

L
ap

la
ci

an
op

er
at

or
an

d
th

e
gr

ad
ie

n
t

of
f

(·)
as

∆
f

(x
)

=
d ∑ j=

1

∂
2

∂
x

2 j

f
(x

)
∈
R

an
d

∇
j
f

(x
)

=
∂ ∂
x
j
f

(x
),

(1
9
)

re
sp

ec
ti

ve
ly

.
F

or
a

d
is

tr
ib

u
ti

on
Q

w
it

h
d
en

si
ty

q(
·),

H
y
v
är

in
en

(2
00

5)
d
efi

n
ed

th
e

sc
o
re

m
at

ch
in

g
lo

ss
of
Q

w
it

h
re

sp
ec

t
to
P

as

1 2

∫ R
d

p
(x

)‖
∇

lo
g
p
(x

)
−
∇

lo
g
q(
x

)‖
2 2
d
x
.

(2
0
)

E
q
u
at

io
n

(2
0)

is
al

so
re

fe
rr

ed
to

as
th

e
F

is
h
er

d
iv

er
ge

n
ce

.
It

ca
n

b
e

se
en

th
a
t

(2
0
)

is
m

in
im

iz
ed

as
a

fu
n
ct

io
n

of
Q

w
h
en
Q

=
P

,
w

h
ic

h
d
ep

en
d
s

on
th

e
tr

u
e

d
is

tr
ib

u
ti

o
n

P
.

H
y
v
är

in
en

(2
00

5)
sh

ow
ed

th
at

u
n
d
er

th
e

co
n
d
it

io
n

th
at
‖p

(x
)∇

lo
g
q(
x

)‖
2
→

0
as

‖x
‖ 2
→
∞

,
th

e
sc

or
e

m
at

ch
in

g
lo

ss
ca

n
b

e
re

w
ri

tt
en

as

∫ R
d

p
(x

)

[ ∆
lo

g
q(
x

)
+

1 2
‖∇

lo
g
q(
x

)‖
2 2

] d
x

+
C
,

(2
1
)

w
h
er

e
C

is
a

co
n
st

an
t

th
at

is
in

d
ep

en
d
en

t
of
Q

.
T

h
e

te
rm

in
th

e
in

te
gr

an
d

(2
1
)

is
re

fe
rr

ed
to

as
th

e
H

y
v
är

in
en

sc
or

in
g

ru
le

,
an

d
n
o

lo
n
ge

r
d
ep

en
d
s

on
th

e
tr

u
e

d
is

tr
ib

u
ti

o
n
P

a
n
d

th
e

lo
g-

p
ar

ti
ti

on
fu

n
ct

io
n
.

T
h
u
s,

an
es

ti
m

at
or

of
f

(·)
ca

n
b

e
ob

ta
in

ed
b
y

m
in

im
iz

in
g

th
e

H
y
v
är

in
en

sc
or

in
g

ru
le

.
T

h
e

st
at

is
ti

ca
l

p
ro

p
er

ti
es

of
th

e
es

ti
m

at
or

ob
ta

in
ed

b
y

m
in

im
iz

in
g

th
e

H
y
v
är

in
en

sc
or

in
g

ru
le

h
av

e
b

ee
n

st
u
d
ie

d
in

th
e

cl
as

si
ca

l
se

tt
in

g
in

w
h
ic

h
n
>
d

(a
m

o
n
g

ot
h
er

s,
H

y
v
är

in
en

,
20

05
,

20
07

;
F

or
b

es
an

d
L

au
ri

tz
en

,
20

15
).

R
ec

en
tl

y,
L

in
et

al
.

(2
01

6)
p
ro

p
o
se

d
to

es
ti

m
at

e
p
a
ra

m
et

ri
c

p
a
ir

w
is

e
gr

a
p
h
ic

a
l

m
o
d
el

s
in

th
e

h
ig

h
-d

im
en

si
on

al
se

tt
in

g
in

w
h
ic

h
d
>
n

u
n
d
er

th
e

sc
or

e
m

at
ch

in
g

lo
ss

fu
n
ct

io
n
.

In
ad

d
it

io
n
,

in
h
is

d
is

se
rt

at
io

n
,

J
an

of
sk

y
(2

01
5)

p
ro

p
os

ed
to

es
ti

m
at

e
fu

ll
y

n
o
n
p
a
ra

m
et

ri
c

p
ai

rw
is

e
gr

ap
h
ic

al
m

o
d
el

s
as

in
(1

8)
u
si

n
g

th
e

sc
or

e
m

at
ch

in
g

lo
ss

fu
n
ct

io
n
.

H
ow

ev
er

,
th

ei
r

p
ro

p
os

al
is

li
m

it
ed

to
p
ai

rw
is

e
in

te
ra

ct
io

n
s

b
et

w
ee

n
tw

o
ra

n
d
om

va
ri

ab
le

s
an

d
a
re

n
o
t

a
b
le

to
es

ti
m

at
e

cl
iq

u
e

of
si

ze
gr

ea
te

r
th

a
n

tw
o

in
a

gr
ap

h
.

W
e

n
ow

ge
n
er

al
iz

e
th

e
a
fo

re
m

en
ti

o
n
ed

p
ro

p
os

al
s

to
ac

co
m

m
o
d
at

e
ge

n
er

al
n
on

p
ar

am
et

ri
c

gr
ap

h
ic

al
m

o
d
el

s
of

th
e

fo
rm

(1
7
)

u
si

n
g

th
e

sc
or

e
m

at
ch

in
g

lo
ss

fu
n
ct

io
n
.

W
e

st
ar

t
w

it
h

es
ta

b
li
sh

in
g

a
p
ro

p
er

sc
or

e
m

at
ch

in
g

lo
ss

fu
n
ct

io
n

fo
r

es
ti

m
a
ti

n
g

n
o
n
p
a
ra

-
m

et
ri

c
gr

ap
h
ic

al
m

o
d
el

s
in

(1
7)

.
In

th
e

co
n
te

x
t

of
n
o
n
p
ar

am
et

ri
c

gr
ap

h
ic

al
m

o
d
el

se
tt

in
g
,

w
e

co
n
si

d
er

d
is

tr
ib

u
ti

on
P

th
at

is
su

p
p

or
te

d
o
n

[0
,1

]d
.

T
h
e

H
y
v
är

in
en

sc
or

in
g

ru
le

(2
1
)

n
o

lo
n
ge

r
ap

p
li
es

si
n
ce

it
is

d
er

iv
ed

fo
r

d
is

tr
ib

u
ti

on
th

at
is

su
p
p

or
te

d
on

R
d
.

W
e

n
ow

m
a
ke

a
m

o
d
ifi

ca
ti

on
to

th
e

H
y
v
är

in
en

sc
or

in
g

ru
le

fo
r

d
en

si
ti

es
w

it
h

su
p
p

or
t

[0
,1

]d
.

T
o

th
is

en
d
,

w
e

d
efi

n
e
r j

(x
j
)

to
b

e
a

fu
n
ct

io
n

of
x
j

an
d

r(
x

)
=

(r
1
(x

1
),
..
.,
r d

(x
d
))
T

.
W

e
d
efi

n
e

r′
(x

)
=

(r
′ 1
(x

1
),
..
.,
r′ d

(x
d
))
T

to
b

e
th

e
el

em
en

t-
w

is
e

d
iff

er
en

ti
at

io
n

of
th

e
ve

ct
o
r

r(
x

),
th

at

1
4
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L
A
S
E
R
:
L
a
y
e
r
-W

ise
L
e
a
r
n
in
g

S
t
r
a
t
e
g
y

is,
r ′j (x

j )
=
∂
r
j (x

j )/∂
x
j .

W
e

d
efi

n
e

th
e

m
o
d
ifi

ed
score

m
atch

in
g

loss
ofQ

w
ith

resp
ect

to
P

a
s

12

∫

[0
,1

] d
p
(x

)‖r(x
)◦

[∇
log

p
(x

)−
∇

log
q(x

)]‖
22
d
x
,

(22)

w
h
ere
◦

is
th

e
H

ad
am

ard
p
ro

d
u
ct

b
etw

een
tw

o
v
ectors.

T
h
e

follow
in

g
lem

m
a

estab
lish

es
a

sco
rin

g
ru

le
sim

ilar
to

th
at

of
(21)

for
ran

d
om

variab
les
X
∈

[0,1] d.

L
e
m

m
a

1
.

A
ssu

m
e

th
a
t

th
e

d
en

sity
p
(x

)
fo

r
P

sa
tisfi

es
th

e
regu

la
rity

co
n

d
itio

n
s

th
a
t

lim
x
j →

0
p
(x

)·∇
j

log
q(x

)r
2j (x

j )→
0

an
d

lim
x
j →

1
p
(x

)·∇
j

log
q(x

)r
2j (x

j )→
0
.

fo
r

a
n

y
1
≤
j≤

d
.

T
h
en

,
th

e
m

od
ifi

ed
sco

re
m

a
tch

in
g

lo
ss

ca
n

be
w

ritten
a
s

∫

[0
,1

] d
p
(x

)S
(x
,q)d

x
+
C
,

w
h
ere

S
(x
,q)

=
2 (r(x

)◦
r ′(x

) )
T∇

log
q(x

)
+

(r(x
)◦

r(x
))
T∇

2
log

q(x
)

+
12 ‖r(x

)◦∇
log

q(x
)‖

22 ,

(23)
C

is
so

m
e

co
n

sta
n

t
in

d
epen

d
en

t
o
fQ

,
a
n

d
∇

2
log

q(x
)

is
a

vecto
r

o
f

seco
n

d
o
rd

er
d
eriva

tive
o
f
x

.T
h
e

a
ssu

m
p
tion

in
L

em
m

a
1

req
u
ires

th
at

r
j (x

j )
→

0
as

x
j
→

0
an

d
x
j
→

1.
O

n
e

p
o
ssib

le
ch

o
ice

of
r
j

is
r
j (x

j )
=
x
j (1
−
x
j ),

w
h
ich

w
as

con
sid

ered
in

J
an

ofsk
y

(2015)
in

th
e

co
n
tex

t
of

p
airw

ise
n
on

p
aram

etric
grap

h
ical

m
o
d
els.

T
h
u
s,

an
estim

ate
of
f

(·)
for

th
e

n
o
n
p
a
ra

m
etric

grap
h
ical

m
o
d
el

(17)
can

b
e

ob
tain

ed
b
y

m
in

im
izin

g
th

e
m

o
d
ifi

ed
scorin

g
ru

leS
(x
,f

)
=
−

2
d
∑j=

1

r
j (x

j )r ′j (x
j )f

(j)(x
)−

d
∑j=

1

r
2j (x

j )f
(jj)(x

)
+

12

d
∑j=

1

r
2j (x

j ) (
f

(j)(x
) )

2
,

(24)

w
h
ere

f
(j)

a
n
d
f

(jj)
are

th
e

fi
rst

an
d

secon
d

ord
er

d
erivative

of
f

(x
)

w
ith

resp
ect

to
x
j ,

resp
ectively.

F
rom

(24),
w

e
see

th
at

th
e

score
m

atch
in

g
loss

fu
n
ction

d
ep

en
d
s

on
ly

on
∇

lo
g
q(x

)
a
n
d
∇

2
log

q(x
),

w
h
ich

are
free

of
th

e
log-p

artition
fu

n
ction

Z
(f

).

4
.2

M
e
th

o
d

a
n

d
O

p
tim

iz
a
tio

n
P

ro
b

le
m

L
et

x
1 ,...,x

n
b

e
n

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

ob
servation

s
d
raw

n
from

P
w

ith
su

p
p

o
rt

[0
,1

] d.
T

o
estim

ate
th

e
con

d
ition

al
d
ep

en
d
en

cies
am

on
g

th
e

ran
d
om

variab
les,

w
e

fi
t

th
e

m
o
d
el

in
(7)

w
ith

th
e

score
m

atch
in

g
loss

fu
n
ction

L
n
(D
,f

)
=

1n ∑
ni=

1
S

(x
i ,f

),
w

h
ere

S
(x
i ,f

)
is

a
s

d
efi

n
ed

in
(24).

In
th

e
con

tex
t

of
grap

h
ical

m
o
d
els,

th
e

m
ain

eff
ect

f
j

is
alw

ay
s

n
on

-zero
u
n
less

th
e

jth
ran

d
o
m

va
riab

le
is

u
n
iform

ly
d
istrib

u
ted

.
T

h
u
s,

w
e

start
estim

atin
g

n
on

p
aram

etric
g
ra

p
h
ica

l
m

o
d
els

w
ith

th
e

secon
d

step
of

ou
r

algorith
m

sin
ce

w
e

d
o

n
ot

h
ave

to
p

erform

1
5
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T
a
n
,
L
u
,
Z
h
a
n
g
,
L
iu

variab
le

selection
for

th
e

m
ain

eff
ects.

T
h
is

y
ield

s
th

e
follow

in
g

op
tim

ization
p
rob

lem
at

th
e
rth

step
of

ou
r

p
rop

osed
algorith

m

m
in

im
ize

f∈H
(r

),S
(f

)=
δ
(S

(r−
1
))

1n

n
∑i=

1

S
(x
i ,f

),

su
b

ject
to

∑

J∈S
(r−

1
) ‖P

J
(f

)‖
22

+
∑

J∈
σ

(S
(r−

1
)) ‖
P
J
(f

)‖
2 ≤

τ.
(25)

S
im

ilar
to

S
ection

3.1,
w

e
solv

e
th

e
p

en
alized

version
of

(25)
in

term
s

of
its

b
asis

ex
p
an

-

sion
.

T
o

th
is

en
d
,
w

e
d
efi

n
e

ad
d
ition

al
n
otation

.
L

et
φ

(j)
J

(x
)

an
d
φ

(jj)
J

b
e

th
e

fi
rst

an
d

secon
d

ord
er

d
erivative

of
φ
J
(x

)
w

ith
resp

ect
to
x
j ,

resp
ectively.

S
im

ilarly,
let

Φ
(j)
J

an
d

Φ
(jj)
J

d
e-

n
ote

th
e
n×

k |J|
m

atrix
w

ith
row

s
φ

(j)
J

(x
1 )
T
,...,φ

(j)
J

(x
n
)
T

an
d
φ

(jj)
J

(x
1 )
T
,...,φ

(jj)
J

(x
n
)
T

,
resp

ectively.
W

ritin
g

(25)
in

term
s

of
its

b
asis

ex
p
an

sion
y
ield

s
th

e
op

tim
iza

tion
p
rob

lem

m
in

im
ize

θ
J
,S

(f
)=
δ
(S

(r−
1
))

1n

n
∑i=

1

S
φ
(x
i ,θ

)
+
λ (

1n

∑

J∈S
(r−

1
) ‖

Φ
J
θ
J ‖

22
+

1√n
∑

J∈
σ

(S
(r−

1
)) ‖Φ

J
θ
J ‖

2 )
,

(26)

w
h
ere

S
φ
(x
i ,θ

)
is

a
fu

n
ction

of
Φ
J
,Φ

(j)
J

,
an

d
Φ

(jj)
J

.
P

rob
lem

(26)
is

con
vex

an
d

ca
n

b
e

solved
d
irectly

v
ia

th
e

b
lo

ck
co

ord
in

ate
d
escen

t
algorith

m
(T

sen
g,

2001).
T

h
e

b
lo

ck
co

ord
in

ate
d
escen

t
algorith

m
in

volves
cy

clin
g

th
rou

gh
th

e
u
p

d
ates

fo
r
θ
J

for
all

J
u
n
til

con
vergen

ce.
S
in

ce
th

e
loss

fu
n
ction

1n ∑
ni=

1
S
φ
(x
i ,θ

)
is

q
u
ad

ratic
in
θ
J
,

th
ere

is

a
closed

form
u
p

d
ate

for
an

y
J
∈
S

(r−
1
).

H
ow

ev
er,

fo
r
J
∈
σ

(S
(r−

1
)),

th
ere

is
n
o

closed
form

u
p

d
ate

for
θ
J

d
u
e

to
th

e
com

p
osite

fu
n
ction

in
th

e
grou

p
lasso

p
en

alty.
In

th
e

con
tex

t
of

p
airw

ise
n
on

p
aram

etric
grap

h
ical

m
o
d
els,

J
an

ofsk
y

(2015)
p
rop

osed
to

u
se

th
e

altern
atin

g
d
irection

m
eth

o
d

of
m

u
ltip

lies
algorith

m
to

ob
tain

u
p

d
ates

for
θ
J

w
ith

J
∈
σ
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p
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n
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d
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d
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d
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h
old

for
th

e
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b
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d
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d
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d
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d
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d
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p
u
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p
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con
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con
d
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p
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d
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b
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.
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m
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r
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e
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th
e
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s
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a
+
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√
a

+
√
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e
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eq
u
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p
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<
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,
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d
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a
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m
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e
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B
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n
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p
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M
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’s
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eq

u
ality,
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e
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r
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p

g
J ∈H

J
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J ′ ∈H
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n −

E
)[g

J
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O
P

(
√
r

log
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n
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.
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C
o
m

b
in
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g

th
e
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(32),
w
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=
O
P


τ

2 √
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1
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g
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.
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p
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n
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.
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f
P
ro

p
o
sitio

n
1

T
h
e

p
ro
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o
f

P
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osition
1
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at

of
th

e
p
ro

of
of

T
h
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2
in

R
av

ik
u
m

ar
et

al.
(2

0
0
9
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T
h
e

m
a
in

d
iff

eren
ce

is
th

at
w

e
h
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e
ad

d
ition

al
b
ivariate

in
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s
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th

e
tru

e
u
n
d
erly

in
g

m
o
d
el.

R
ecall

th
atS

(1
)

is
th

e
su

p
p

ort
of

th
e

estim
ator

ob
tain

ed
from

solv
in

g
(1

4)
w

ith
r

=
1.

R
ecall

from
S
ection

3.1
th

at
w

e
ap

p
rox

im
ate

th
e

m
ain

eff
ects

f
j

b
y

its

k
th

o
rd

er
b
a
sis

ex
p
an

sion
,

i.e.,
f̃
j

=
∑

kl=
1
θ
lj φ
jl (x

j )
=
θ
Tj
φ
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L

et
θ
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b
e

th
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u
n
d
erly
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g
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effi
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d
in

g
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th
e
k
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er

b
asis
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sion
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e

m
ain
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T
o

sim
p
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e

n
o
ta

tio
n
,

w
e

let
S

=
S̄

(1
).

L
et

Φ
S

b
e

th
e
n
×
k|S|
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w
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φ
S
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S
(x
n
),

w
h
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φ
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ob
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ed
b
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n
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∈
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con
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∈
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e
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=
∑

(s,t)∈S̄
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secon
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f
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t )
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f
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.5)

+
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∂
x
j f
st (0.5,0.5)(x

j −
0
.5)

+
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∂

2x
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st (0.5,0.5)(x
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0
.5)
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+
∂
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s
x
t f
st (0.5
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0
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0
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0
.5
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T
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Φ
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∆

,
w
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e
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e
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b
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j f
s
t (0
.5,0.5)(x
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∆
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∂
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s
x
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+
η
(x
is −

0
.5),0

.5
+
η
(x
it −

0.5))(x
is −

0
.5)(x

it −
0.5).

T
h
u
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‖∞
≤
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w
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‖ ∑

(s,t)∈S̄
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)
∂
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s
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t f
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S
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Φ
S

.
L

et
ε
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∆
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b
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d
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∆
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∥∥∥∥
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∥∥∥∥
Σ
−

1
S
S (

1n
Φ
TS

(v
+

∆
) ) ∥∥∥∥∞
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=
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>
0

for
each

j∈
S

,
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S
.
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d
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Φ
TS

∆
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S
in
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∆
)‖∞
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e
p
ro
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u
re
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‖
Σ
−

1
S
S

(
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Φ
TS
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A
ccord

in
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E

q
u
ation

s
(99)

an
d

(111)
in

R
av
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u
m

ar
et

al.
(2009),

if
√
|S̄

(1
)|k
q ∗n /ρ ∗n

=
o(1)

an
d
√
k
q ∗n /λ

=
o(1),

term
s

related
to

∆
w

ill
b

e
d
om

in
ated

b
y

term
s

related
to
ε

an
d

v
,

an
d

th
e

rem
ain

in
g

p
ro

of
in

R
av

ik
u
m

ar
et

a
l.

(2009)
follow

s
th

rou
gh

.
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p
p
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L
e
m
m
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R
ecall
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4.3
th

at
w

e
d
efi

n
e

r ′(x
)

to
b

e
th

e
elem

en
t-w

ise
d
iff

eren
tiation

of
th

e
vector

r(x
).

A
lso,

recall
from

(22)
th

at
th

e
m

o
d
ifi

ed
F

ish
er

d
iverg

en
ce

is
d
efi

n
ed

as

12

∫

[0
,1

] d
p
(x

)‖r(x
)◦

[∇
log

p
(x

)−
∇

log
q(x

)]‖
22
d
x

=
T

1
+
T

2
+
T

3 ,
w

h
ere

(39)

T
1

=
12

∫

[0
,1

] d
p
(x

)‖r(x
)◦∇

lo
g
q(x

)‖
22 d
x
,

T
2

=
−
∫

[0
,1

] d
p
(x

)
(r(x

)◦∇
log

p
(x

))
T

(r(x
)◦∇

log
q(x

))
d
x
,

T
3

=
12

∫

[0
,1

] d
p
(x

)‖r(x
)◦∇

lo
g
p
(x

)‖
22 d
x
.

B
y

som
e

algeb
raic

m
an

ip
u
lation

,
w

e
h
ave

T
2

=
−
∫

[0
,1

] d
p
(x

)
(r(x

)◦∇
log

p
(x

))
T

(r(x
)◦∇

log
q(x

))
d
x

=
−
∫

[0
,1

] d
(∇
p
(x

))
T

(r(x
)◦

r(x
))◦∇

log
q(x

)d
x

=
d
∑j=

1 [−
p
(x

)∇
j

log
q(x

)r
2j (x

j ) ∣∣ 10
+

∫

[0
,1

] d
p
(x

)
∂∂
x
j {
r

2j (x
j )∇

j
log

q(x
) }
d
x ]

=

∫

[0
,1

] d
p
(x

) [(2
r(x

)◦
r ′(x

) )
T∇

log
q(x

)
+

(r(x
)◦

r(x
))
T∇

2
log

q(x
) ]
d
x
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=
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)d
x

+
C

w
it

h

S
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=
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( r(
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)
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′ (
x
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T
∇

lo
g
q(
x
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+

(r
(x
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◦r

(x
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∇
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g
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an
d
C

is
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st
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t
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es
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ot
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ep

en
d

on
q(
x
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p
p
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ro

o
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f
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h
e
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re
m

2

R
ec

al
l

th
at

w
e

d
efi

n
e

th
e
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sk

fu
n
ct

io
n
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th

e
F

is
h
er

’s
d
iv

er
ge

n
ce

b
et

w
ee

n
tw

o
d
en

si
ti

es

R
(p
,q

)
=

1 2

∫ [0
,1

]d
p
(x

)

∥ ∥ ∥ ∥r
(x

)
◦∇

lo
g
p
(x

)

q(
x

)

∥ ∥ ∥ ∥2 2

d
x
.

F
or

n
ot

at
io

n
al

co
n
ve

n
ie

n
t,

le
t
q∗

=
ar

g
in

f q
∈Q

(r
)
R

(p
,q

)
b

e
th

e
or

ac
le

es
ti

m
a
to

r
an

d
le

t

p̂
(r

)
∝

ex
p
(−
f̂

(r
) )

.
T

h
e

go
al

is
to

sh
ow

th
at
R

(p
,p̂

(r
) )
−
R

(p
,q
∗ )

=
o P

(1
).

B
y

L
em

m
a

1,
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

ri
sk

fu
n
ct

io
n
s

ca
n

b
e

re
w

ri
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en
as

R
(p
,p̂

(r
) )
−
R

(p
,q
∗ )

=
E[
S

(X
,p̂

(r
) )]
−

E[
S

(X
,q
∗ )
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si
n
ce

th
e
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n
st

an
t

te
rm

in
L
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m

a
1

is
in

d
ep

en
d
en

t
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q.

B
y

an
a
rg

u
m

en
t

si
m

il
ar
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(3

1)
,

w
e

h
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e

0
≤

E[
S

(X
,p̂

(r
) )]
−

E[
S

(X
,q
∗ )

]

≤
∣ ∣ ∣ ∣ ∣E

[S
(X

,p̂
(r

) )]
−

1 n

n ∑ i=
1

S
(x
i,
p̂

(r
) )∣ ∣ ∣ ∣ ∣+

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
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S
(x
i,
q∗

)
−

E[
S

(X
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∗ )

]∣ ∣ ∣ ∣ ∣

≤
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q
∈Q
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)
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−
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∑
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ra
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∈
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∇
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∇

2
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r j
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J
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it

io
n
s.

C
o
n
-

st
ra

in
ts

of
th

is
n
at

u
re

ca
n

b
e

im
p

os
ed

b
y

b
ou

n
d
in

g
th

e
n
or

m
of

th
e

tr
a

je
ct

or
y

in
a

S
o
b

o
le

v
sp

ac
e.

C
er

ta
in

S
ob

ol
ev

sp
ac

es
ar

e
R

K
H

S
s,

so
it

is
p

os
si

b
le

to
u
se

Iv
an

ov
re

g
u
la

ri
sa

ti
o
n

to
en

fo
rc

e
p
h
y
si

ca
l

co
n
d
it

io
n
s

on
an

es
ti

m
at

or
of

th
e

tr
a

je
ct

or
y

w
h
ic

h
m

at
ch

th
o
se

o
f

th
e

tr
a

je
ct

or
y

it
se

lf
.

Iv
an

ov
re

gu
la

ri
sa

ti
on

ca
n

al
so

b
e

u
se

d
w

it
h
in

la
rg

er
in

fe
re

n
ce

m
et

h
o
d
s.

It
is

co
m

p
at

ib
le

w
it

h
va

li
d
at

io
n
,

al
lo

w
in

g
u
s

to
co

n
tr

ol
an

es
ti

m
at

or
se

le
ct

ed
fr

o
m

a
n

u
n
-

co
u
n
ta

b
le

co
ll
ec

ti
on

.
T

h
is

is
b

ec
au

se
th

e
Iv

an
ov

-r
eg

u
la

ri
se

d
es

ti
m

at
or

is
co

n
ti

n
u
o
u
s

in
th

e
si

ze
of

th
e

b
al

l
co

n
ta

in
in

g
it

(s
ee

L
em

m
a

32
),

so
th

e
es

ti
m

at
or

s
p
ar

am
et

ri
se

d
b
y

a
n

in
te

rv
al

of
b
al

l
si

ze
s

ca
n

b
e

co
n
tr

ol
le

d
si

m
u
lt

an
eo

u
sl

y
u
si

n
g

ch
ai

n
in

g.

In
ad

d
it

io
n

to
th

e
ot

h
er

u
se

fu
l

p
ro

p
er

ti
es

of
th

e
Iv

an
ov

-r
eg

u
la

ri
se

d
es

ti
m

at
o
r,

Iv
a
n
ov

re
g-

u
la

ri
sa

ti
on

ca
n

b
e

p
er

fo
rm

ed
al

m
os

t
as

q
u
ic

k
ly

as
T

ik
h
on

ov
re

gu
la

ri
sa

ti
on

.
T

h
e

Iv
a
n
ov

-
re

gu
la

ri
se

d
es

ti
m

at
or

is
a

su
p
p

or
t

ve
ct

or
m

a
ch

in
e

(S
V

M
)

w
it

h
re

gu
la

ri
sa

ti
o
n

p
a
ra

m
et

er
se

le
ct

ed
to

m
at

ch
th

e
n
or

m
co

n
st

ra
in

t
(s

ee
L

em
m

a
3)

.
T

h
is

p
ar

a
m

et
er

ca
n

b
e

se
le

ct
ed

to
w

it
h
in

a
to

le
ra

n
ce
ε

u
si

n
g

in
te

rv
al

b
is

ec
ti

on
w

it
h

or
d
er

lo
g
(1
/ε

)
it

er
at

io
n
s.

In
g
en

er
a
l,

Iv
an

ov
re

gu
la

ri
sa

ti
on

re
q
u
ir

es
th

e
ca

lc
u
la

ti
on

of
o
rd

er
lo

g
(1
/ε

)
S
V

M
s.

In
th

is
p
ap

er
,

w
e

st
u
d
y

th
e

b
eh

av
io

u
r

of
th

e
Iv

an
ov

-r
eg

u
la

ri
se

d
le

as
t-

sq
u
a
re

s
es

ti
m

a
to

r
w

it
h

re
gu

la
ri

sa
ti

on
fu

n
ct

io
n

eq
u
al

to
th

e
n
or

m
of

th
e

R
K

H
S
.

W
e

d
er

iv
e

a
n
u
m

b
er

o
f

n
ov

el
re

su
lt

s
co

n
ce

rn
in

g
th

e
ra

te
of

co
n
ve

rg
en

ce
of

th
e

es
ti

m
a
to

r
in

va
ri

ou
s

se
tt

in
gs

an
d

u
n
d
er

va
ri

o
u
s

as
su

m
p
ti

on
s.

O
u
r

an
al

y
si

s
is

p
er

fo
rm

ed
b
y

co
n
tr

ol
li
n
g

em
p
ir

ic
al

p
ro

ce
ss

es
ov

er
b
a
ll
s

in
th

e
R

K
H

S
.

B
y

co
n
tr

as
t,

th
e

an
al

y
si

s
of

T
ik

h
on

ov
-r

eg
u
la

ri
se

d
es

ti
m

at
or

s
u
su

a
ll
y

re
li
es

o
n

th
e

sp
ec

tr
al

d
ec

om
p

os
it

io
n

of
th

e
k
er

n
el

op
er

at
or

T
on

L
2
(P

).
H

er
e,
P

is
th

e
co

va
ri

a
te

d
is

tr
ib

u
ti

on
.

2
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Iv
a
n
o
v
-R

e
g
u
l
a
r
ise

d
E
st

im
a
t
o
r
s
o
v
e
r
R
K
H
S
s

W
e

fi
rst

p
rove

an
ex

p
ectation

b
ou

n
d

on
th

e
sq

u
ared

L
2(P

)
error

of
ou

r
estim

ator
of

ord
er

n
−
β
/
2,

u
n
d
er

th
e

w
eak

assu
m

p
tion

th
at

th
e

resp
on

se
variab

les
h
av

e
b

ou
n
d
ed

varian
ce.

H
ere,

n
is

th
e

n
u
m

b
er

of
d
ata

p
oin

ts,
an

d
β

p
aram

etrises
th

e
in

terp
olation

sp
ace

b
etw

een
L

2(P
)

an
d
H

con
tain

in
g

th
e

regression
fu

n
ction

.
A

s
far

as
w

e
are

aw
are,

th
e

an
aly

sis
o
f

a
n

estim
a
tor

in
th

is
settin

g
h
as

n
ot

p
rev

io
u
sly

b
een

con
sid

ered
.

T
h
e

d
efi

n
ition

of
an

in
terp

o
la

tio
n

sp
ace

is
given

in
S
ection

2.
T

h
e

ex
p

ected
sq

u
ared

L
2(P

)
error

can
b

e
v
iew

ed
a
s

th
e

ex
p

ected
sq

u
ared

error
of

ou
r

estim
ator

a
t

a
n
ew

in
d
ep

en
d
en

t
covaria

te,
w

ith
th

e
sa

m
e

d
istrib

u
tion

P
.

If
w

e
also

assu
m

e
th

a
t

th
e

regression
fu

n
ction

is
b

ou
n
d
ed

,
th

en
it

m
a
k
es

sen
se

to
clip

ou
r

estim
ator

so
th

at
it

takes
valu

es
in

th
e

sam
e

in
terval

as
th

e
reg

ressio
n

fu
n
ction

.
T

h
is

fu
rth

er
assu

m
p
tion

allow
s

u
s

to
ach

iev
e

an
ex

p
ectatio

n
b

ou
n
d

on
th

e
sq

u
a
red

L
2(P

)
error

of
th

e
clip

p
ed

estim
ator

of
ord

er
n
−
β
/
(1

+
β

).

W
e

th
en

m
ove

aw
ay

from
th

e
average

b
eh

av
iou

r
of

th
e

error
tow

ard
s

its
b

eh
av

iou
r

in
th

e
w

o
rst

ca
se.

W
e

ob
tain

h
igh

-p
rob

ab
ility

b
ou

n
d
s

of
th

e
sam

e
ord

er,
u
n
d
er

th
e

stron
ger

a
ssu

m
p
tio

n
th

a
t

th
e

resp
on

se
variab

les
h
ave

su
b
gau

ssia
n

errors
an

d
th

e
in

terp
olation

sp
ace

is
b

etw
een

L
∞

an
d
H

.
T

h
e

secon
d

assu
m

p
tion

is
q
u
ite

n
atu

ral
as

w
e

alread
y

assu
m

e
th

at
th

e
reg

ressio
n

fu
n
ction

is
b

ou
n
d
ed

,
an

d
H

can
b

e
con

tin
u
ou

sly
em

b
ed

d
ed

in
L
∞

sin
ce

it
h
as

a
b

o
u
n
d
ed

kern
el
k
.

N
ote

th
at

th
is

assu
m

p
tion

m
ean

s
th

at
th

e
set

of
p

ossib
le

regression
fu

n
ctio

n
s

is
in

d
ep

en
d
en

t
of

th
e

covariate
d
istrib

u
tion

.

W
h
en

th
e

reg
ression

fu
n
ction

is
b

ou
n
d
ed

,
w

e
a
lso

an
aly

se
an

ad
ap

tive
version

of
ou

r
esti-

m
a
to

r,
w

h
ich

d
o
es

n
ot

req
u
ire

u
s

to
k
n
ow

w
h
ich

in
terp

olation
sp

ace
con

tain
s

th
e

regressio
n

fu
n
ctio

n
.

T
h
is

a
d
ap

tive
estim

ator
ob

tain
s

b
ou

n
d
s

o
f
th

e
sam

e
ord

er
as

th
e

n
on

-ad
ap

tiv
e

on
e.

T
h
e

a
d
a
p
tive

estim
ator

is
created

u
sin

g
train

in
g

an
d

valid
ation

.
T

h
e

b
ou

n
d
s

d
o

n
ot

con
tain

h
igh

er-o
rd

er
term

s
b

ecau
se

w
e

treat
th

e
valid

ation
step

as
a

form
of

Ivan
ov

regu
larisa

tion
,

a
s

o
p
p

o
sed

to,
for

ex
am

p
le,

u
sin

g
a

u
n
ion

b
ou

n
d
.

O
u
r

ex
p

ecta
tio

n
b

ou
n
d

of
ord

er
n
−
β
/
(1

+
β

),
w

h
en

th
e

regression
fu

n
ction

is
b

ou
n
d
ed

,
im

-
p
roves

o
n

th
e

h
igh

-p
rob

ab
ility

b
ou

n
d

of
S
m

ale
an

d
Z

h
ou

(2007)
of

ord
er
n
−
β
/
2.

T
h
eir

b
ou

n
d

is
a
tta

in
ed

u
n
d
er

th
e

stron
ger

assu
m

p
tion

th
at

th
e

regression
fu

n
ction

lies
in

th
e

im
age

of
a

p
ow

er
o
f

th
e

kern
el

op
erator,

in
stead

of
a
n

in
terp

ola
tion

sp
ace

(see
S
tein

w
art

an
d

S
covel,

2
0
1
2
).

T
h
e

a
u
th

ors
also

assu
m

e
th

at
th

e
resp

on
se

variab
les

are
b

ou
n
d
ed

.
F

u
rth

erm
ore,

for
a

fi
x
ed
β
∈

(0,1
),

S
tein

w
art

et
al.

(2009)
sh

ow
th

at
th

ere
is

an
in

stan
ce

of
ou

r
p
rob

lem
w

ith
a

b
o
u
n
d
ed

reg
ression

fu
n
ction

su
ch

th
at

th
e

follow
in

g
h
old

s.
F

or
all

estim
ators

f̂
o
f
g
,

for
so

m
e
ε
>

0
,

w
e

h
ave

‖
f̂
−
g‖

2L
2
(P

) ≥
C
α
,ε n
−
α

w
ith

p
ro

b
a
b
ility

at
least

ε
for

all
n
≥

1,
for

som
e

co
n
stan

t
C
α
,ε
>

0,
for

all
α
>
β
/
(1

+
β

).

H
en

ce,
for

a
ll

estim
ators

f̂
of
g
,

w
e

h
ave

E
(‖
f̂
−
g‖

2L
2
(P

) )
≥
C
α
,ε εn

−
α

fo
r

a
ll
n
≥

1
,

for
all

α
>
β
/(1

+
β

).
In

th
is

sen
se,

ou
r

ex
p

ectation
b

ou
n
d

in
th

is
settin

g
is

o
p
tim

a
l

b
eca

u
se

it
attain

s
th

e
ord

er
n
−
β
/
(1

+
β

),
th

e
sm

allest
p

ossib
le

p
ow

er
of
n

.
O

u
r

ex
p

ectatio
n

b
o
u
n
d

on
th

e
ad

ap
tive

version
of

ou
r

estim
ator

is
also

op
tim

al,
b

eca
u
se

th
e

b
o
u
n
d

is
o
f

th
e

sam
e

ord
er

as
in

th
e

easier
n
on

-ad
ap

tive
settin

g.
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P
a
g
e
a
n
d

G
r
ü
n
e
w
ä
l
d
e
r

T
h
e

h
igh

-p
rob

ab
ility

b
ou

n
d

of
S
tein

w
art

et
al.

(2009)
is

op
tim

al
in

a
sim

ilar
sen

se,
alth

ou
gh

th
e

au
th

ors
ach

ieve
faster

rates
b
y

assu
m

in
g

a
fi
x
ed

rate
of

d
ecay

of
th

e
eigen

valu
es

of
th

e
kern

el
op

erator
T

,
as

d
iscu

ssed
in

S
ection

3.
S
in

ce
th

ere
is

an
ad

d
ition

al
p
aram

eter
for

th
e

d
ecay

of
th

e
eigen

valu
es,

th
e

collection
of

p
rob

lem
in

stan
ces

for
a

fi
x
ed

set
of

p
aram

eters
is

sm
aller

in
th

eir
p
ap

er.
T

h
is

m
ean

s
th

at
ou

r
op

tim
al

rates
are

th
e

slow
est

of
th

e
op

tim
al

rates
in

S
tein

w
art

et
al.

(2009).

N
ote

th
at

all
of

th
e

b
ou

n
d
s

in
th

is
p
ap

er
are

on
th

e
sq

u
ared

L
2(P

)
erro

r
of

ou
r

estim
ato

rs.
W

e
d
o

n
ot

con
sid

er
errors

b
ased

on
oth

er
n
orm

s,
su

ch
as

th
e

in
terp

olation
sp

a
ce

n
orm

s,
as

it
is

u
n
clear

h
ow

th
e

tech
n
iq

u
es

u
sed

in
th

is
p
a
p

er
cou

ld
b

e
ad

ap
ted

to
su

ch
errors.

It
seem

s
likely

th
at

a
com

p
letely

d
iff

eren
t

ap
p
roach

w
ou

ld
b

e
n
ecessary

to
b

ou
n
d

th
ese

oth
er

errors.

2
.

R
K

H
S
s

a
n
d

T
h
e
ir

In
te

rp
o
la

tio
n

S
p
a
ce

s

A
H

ilb
ert

sp
ace

H
of

real-valu
ed

fu
n
ction

s
on

S
is

an
R

K
H

S
if

th
e

evalu
ation

fu
n
ction

al
L
x

:
H
→

R
,
L
x h

=
h

(x
),

is
b

ou
n
d
ed

for
all

x
∈
S

.
In

th
is

case,
L
x
∈
H
∗

th
e

d
u
al

of
H

an
d

th
e

R
iesz

rep
resen

tation
th

eorem
tells

u
s

th
at

th
ere

is
som

e
k
x
∈
H

su
ch

th
at

h
(x

)
=
〈h
,k
x 〉
H

for
all

h
∈
H

.
T

h
e

kern
el

is
th

en
given

b
y
k
(x

1 ,x
2 )

=
〈k
x
1 ,k

x
2 〉
H

for
x

1 ,x
2 ∈

S
,

an
d

is
sy

m
m

etric
an

d
p

ositiv
e-d

efi
n
ite.

N
ow

su
p
p

ose
th

at
(S
,S

)
is

a
m

easu
rab

le
sp

ace
on

w
h
ich

P
is

a
p
ro

b
ab

ility
m

easu
re.

W
e

can
d
efi

n
e

a
ran

ge
of

in
terp

olation
sp

aces
b

etw
een

L
2(P

)
an

d
H

(B
ergh

an
d

L
öfström

,
1976).

L
et

(Z
,‖·‖

Z
)

b
e

a
B

an
ach

sp
ace

an
d

(V
,‖·‖

V
)

b
e

a
d
en

se
su

b
sp

ace
of
Z

.
T

h
e
K

-fu
n
ction

al
of

(Z
,V

)
is

K
(z
,t)

=
in

f
v∈
V

(‖
z−

v‖
Z

+
t‖
v‖

V
)

for
z
∈
Z

an
d
t
>

0.
F

or
β
∈

(0,1)
an

d
1
≤
q
<
∞

,
w

e
d
efi

n
e

‖
z‖
β
,q

=

(∫
∞0

(t −
β
K

(z
,t))

qt −
1d
t )

1
/
q

an
d
‖
z‖
β
,∞

=
su

p
t>

0
(t −

β
K

(z
,t))

for
z
∈
Z

.
T

h
e

in
terp

olation
sp

ace
[Z
,V

]β
,q

is
d
efi

n
ed

to
b

e
th

e
set

of
z
∈
Z

su
ch

th
at

‖
z‖
β
,q
<
∞

.
S
m

aller
valu

es
of
β

give
larger

sp
aces.

T
h
e

sp
ace

[Z
,V

]β
,q

is
n
ot

m
u
ch

la
rger

th
an

V
w

h
en

β
is

close
to

1,
b
u
t

w
e

ob
tain

sp
aces

w
h
ich

get
clo

ser
to
Z

as
β

d
ecreases.

T
h
e

follow
in

g
resu

lt
is

essen
tially

T
h
eorem
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n

se
t,

w
h
ic

h
h
a
s
ñ

d
a
ta

p
oi

n
ts

.
W

e
as

su
m

e
th

at
ñ

is
eq

u
al

to
so

m
e

m
u
lt

ip
le

of
n

.
A

ga
in

,
or

d
er

s
o
f

b
o
u
n
d
s

m
a
rk

ed
w

it
h

(∗
)

ar
e

k
n
ow

n
to

b
e

op
ti

m
al

.

R
eg

re
ss

io
n

F
u
n
ct

io
n

L
∞

B
ou

n
d

L
∞

In
te

rp
ol

at
io

n
R

es
p

on
se

V
ar

ia
b
le

s
S
u
b
ga

u
ss

ia
n

E
rr

or
s

S
u
b
ga

u
ss

ia
n

E
rr

or
s

B
ou

n
d

T
y
p

e
E

x
p

ec
ta

ti
on

H
ig

h
P

ro
b
ab

il
it

y

B
ou

n
d

O
rd

er
n
−
β
/
(1

+
β

)
(∗

)
n
−
β
/
(1

+
β

)

T
ab

le
2:

O
rd

er
s

of
va

li
d
at

io
n

b
ou

n
d
s

on
sq

u
ar

ed
L

2
(P

)
er

ro
r

T
h
e

va
li
d
at

io
n

re
su

lt
s

ar
e

su
m

m
ar

is
ed

in
T

ab
le

2.
A

ga
in

,
th

e
co

lu
m

n
s

fo
r

w
h
ic

h
th

er
e

is
a
n

L
∞

b
ou

n
d

on
th

e
re

gr
es

si
on

fu
n
ct

io
n

al
so

m
ak

e
th

e
L

2
(P

)
in

te
rp

ol
at

io
n

as
su

m
p
ti

o
n
.

T
h
e
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Iv
a
n
o
v
-R

e
g
u
l
a
r
ise

d
E
st

im
a
t
o
r
s
o
v
e
r
R
K
H
S
s

a
ssu

m
p
tio

n
s

o
n

th
e

resp
on

se
variab

les
relate

to
th

ose
in

th
e

valid
ation

set,
w

h
ich

h
as
ñ

d
ata

p
o
in

ts.
W

e
a
ssu

m
e

th
at
ñ

is
eq

u
al

to
som

e
m

u
ltip

le
of
n

.
A

gain
,

ord
ers

of
b

ou
n
d
s

m
arked

w
ith

(∗
)

a
re

k
n
ow

n
to

b
e

op
tim

al.

5
.

P
ro

b
le

m
D

e
fi
n
itio

n

W
e

n
ow

fo
rm

ally
d
efi

n
e

ou
r

regression
p
rob

lem
.

F
or

a
top

ologica
l

sp
ace

T
,

letB
(T

)
b

e
th

e
B

o
rel

σ
-a

lg
eb

ra
of
T

.
L

et
(S
,S

)
b

e
a

m
easu

rab
le

sp
ace.

A
ssu

m
e

th
at

(X
i ,Y

i )
for

1
≤
i≤

n
a
re

(S
×
R
,S
⊗
B

(R
))-valu

ed
ran

d
om

variab
les

on
th

e
p
rob

ab
ility

sp
ace

(Ω
,F
,P

),
w

h
ich

are
i.i.d

.
w

ith
X
i ∼

P
an

d
E

(Y
2i )
<
∞

,
w

h
ere

E
d
en

otes
in

tegration
w

ith
resp

ect
to

P
.

S
in

ce
a
n
y

v
ersio

n
o
fE

(Y
i |X

i )
is
σ

(X
i )-m

easu
rab

le,
w

h
ere

σ
(X

i )
is

th
e
σ

-algeb
ra

gen
erated

b
y
X
i ,

w
e

h
ave

th
a
t
E

(Y
i |X

i )
=
g
(X

i )
alm

ost
su

rely
for

som
e

fu
n
ction

g
w

h
ich

is
m

easu
rab

le
on

(S
,S

)
(S

ectio
n

A
3.2

of
W

illiam
s,

1991).
F

rom
th

e
d
efi

n
ition

of
co

n
d
ition

al
ex

p
ectation

an
d

th
e

id
en

tica
l

d
istrib

u
tion

of
th

e
(X

i ,Y
i ),

it
is

clear
th

at
w

e
can

ch
o
ose

g
to

b
e

th
e

sam
e

fo
r

a
ll

1
≤
i≤

n
.

T
h
e

con
d
ition

al
ex

p
ectatio

n
u
sed

is
th

at
of

K
olm

ogorov
,

d
efi

n
ed

u
sin

g
th

e
R

a
d
o
n
–
N

iko
d
y
m

d
erivative.

Its
d
efi

n
ition

is
u
n
iq

u
e

alm
ost

su
rely.

S
in

ce
E

(Y
2i )
<
∞

,
it

fo
llow

s
th

a
t
g
∈
L

2(P
)

b
y

J
en

sen
’s

in
eq

u
ality.

T
o

su
m

m
arise,E

(Y
i |X

i )
=
g
(X

i )
alm

ost
su

rely
for

1
≤
i≤

n
w

ith
g
∈
L

2(P
).

W
e

assu
m

e
th

rou
gh

ou
t

th
at

(Y
1
)

var(Y
i |X

i )≤
σ

2
alm

ost
su

rely
for

1
≤
i≤

n
.

O
u
r

resu
lts

d
ep

en
d

on
h
ow

w
ell

g
can

b
e

ap
p
rox

im
ated

b
y

elem
en

ts
of

an
R

K
H

S
H

w
ith

kern
el
k
.

W
e

m
ake

th
e

follow
in

g
assu

m
p
tion

s.

(H
)

T
h
e

R
K

H
S
H

w
ith

kern
el
k

h
as

th
e

follow
in

g
p
rop

erties:

•
T

h
e

R
K

H
S
H

is
sep

arab
le.

•
T

h
e

k
ern

el
k

is
b

ou
n
d
ed

.

•
T

h
e

k
ern

el
k

is
a

m
easu

rab
le

fu
n
ction

on
(S
×
S
,S
⊗
S

).

W
e

d
efi

n
e

‖
k‖∞

=
su

p
x∈
S
k
(x
,x

)
1
/
2
<
∞
.

W
e

ca
n

g
u
a
ran

tee
th

at
H

is
sep

arab
le

b
y,

for
ex

am
p
le,

assu
m

in
g

th
at
k

is
con

tin
u
ou

s
a
n
d
S

is
a

sep
a
ra

b
le

to
p

ological
sp

ace
(L

em
m

a
4.33

of
S
tein

w
art

an
d

C
h
ristm

an
n
,

2008).
T

h
e

fact
th

at
H

h
as

a
kern

el
k

w
h
ich

is
m

easu
rab

le
on

(S
×
S
,S
⊗
S

)
gu

aran
tees

th
at

all
fu

n
ction

s
in
H

a
re

m
ea

su
rab

le
on

(S
,S

)
(L

em
m

a
4
.24

of
S
tein

w
a
rt

an
d

C
h
ristm

an
n
,

2008).

6
.

Iv
a
n
o
v

R
e
g
u
la

risa
tio

n

W
e

n
ow

co
n
sid

er
Ivan

ov
regu

larisation
for

least-sq
u
ares

estim
ators.

L
et
P
n

b
e

th
e

em
p
irical

d
istrib

u
tio

n
o
f

th
e
X
i

for
1
≤
i≤

n
.

T
h
e

d
efi

n
ition

o
f

Ivan
ov

regu
larisation

p
rov

id
es

u
s

w
ith

th
e

fo
llow

in
g

resu
lt.
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P
a
g
e
a
n
d

G
r
ü
n
e
w
ä
l
d
e
r

L
e
m

m
a

2
L

et
A
⊆
L

2(P
).

It
m

a
y

be
th

a
t
A

is
a

fu
n

ctio
n

o
f
ω
∈

Ω
a
n

d
d
oes

n
o
t

co
n

ta
in

g
.

L
et

f̂
∈

arg
m

in
f∈
A

1n

n
∑i=

1 (f
(X

i )−
Y
i )

2.

T
h
en

,
fo

r
a
ll
f
∈
A

a
n

d
a
ll
ω
∈

Ω
,

w
e

h
a
ve

‖f̂
−
f‖

2L
2
(P
n

) ≤
4n

n
∑i=

1 (Y
i −

g
(X

i ))(f̂
(X

i )−
f

(X
i ))

+
4‖
f
−
g‖

2L
2
(P
n

) .

T
h
e

fu
n
ction

g
in

L
em

m
a

2
n
eed

n
ot

b
e

th
e

regression
fu

n
ction

,
h
ow

ever
th

is
is

th
e

case
of

in
terest.

In
gen

eral,
th

e
fi
rst

term
of

th
e

righ
t-h

an
d

sid
e

of
th

e
in

eq
u
ality

m
u
st

b
e

co
n
trolled

b
y

b
ou

n
d
in

g
it

w
ith

su
p

f
1
,f

2 ∈
A

4n

n
∑i=

1 (Y
i −

g
(X

i ))(f
1 (X

i )−
f

2 (X
i )).

(1)

T
h
is

is
u
su

ally
n
ot

m
easu

rab
le.

H
ow

ever,
if
A

is
a

fi
x
ed

su
b
set

of
a

sep
arab

le
R

K
H

S
,
th

en
A

is
sep

arab
le

an
d

th
e

fu
n
ction

w
h
ich

evalu
ates

f
∈
A

at
X
i

is
con

tin
u
ou

s
for

1
≤
i≤

n
.

T
h
is

m
ean

s
th

at
th

e
su

p
rem

u
m

can
b

e
rep

laced
w

ith
a

cou
n
tab

le
su

p
rem

u
m

,
so

th
e

q
u
an

tity
is

a
ran

d
om

variab
le

on
(Ω
,F

).
C

learly,
th

is
term

in
creases

as
A

gets
larger.

H
ow

ever,
if
A

gets
larger,

th
en

w
e

m
ay

select
f
∈
A

closer
to
g
.

H
en

ce,
w

e
can

m
ake

th
e

secon
d

term
of

th
e

righ
t-h

an
d

sid
e

of
th

e
in

eq
u
ality

in
L

em
m

a
2

sm
aller.

T
h
is

d
em

on
strates

th
e

trad
e-off

in
selectin

g
th

e
size

of
A

for
th

e
Ivan

ov
-regu

larised
least-sq

u
ares

estim
a
tor

co
n
stra

in
ed

to
lie

in
A

.

T
h
e

n
ex

t
step

in
a
n
aly

sin
g
f̂

is
to

m
ove

to
a

b
ou

n
d

on

‖
f̂
−
f‖

2L
2
(P

) ≤
‖f̂
−
f‖

2L
2
(P
n

)
+

su
p

f
1
,f

2 ∈
A ∣∣∣ ‖

f
1 −

f
2 ‖

2L
2
(P
n

) −
‖
f

1 −
f

2 ‖
2L
2
(P

) ∣∣∣
.

(2)

T
h
e

secon
d

term
on

th
e

righ
t-h

an
d

sid
e

of
th

is
in

eq
u
ality

is
m

easu
rab

le
w

h
en

A
is

a
fi
x
ed

su
b
set

of
a

sep
arab

le
R

K
H

S
.

It
also

in
creases

w
ith

A
.

F
in

ally,
w

e
ob

tain
a

b
o
u
n
d

on

‖f̂
−
g‖

2L
2
(P

) ≤
2‖f̂
−
f‖

2L
2
(P

)
+

2‖f
−
g‖

2L
2
(P

) .

T
h
is

again
d
em

on
strates

w
h
y
f
∈
A

sh
ou

ld
b

e
close

to
g
.

7
.

E
stim

a
to

r
D

e
fi
n
itio

n

In
th

is
section

,
w

e
con

sid
er

th
e

Ivan
ov

-regu
larised

estim
ators

of
S
ection

6
in

th
e

con
tex

t
of

R
K

H
S

regression
.

R
ecall

th
e

R
K

H
S
H

from
th

e
d
efi

n
ition

of
ou

r
regression

p
rob

lem
in

S
ection

5.
L

et
B
H

b
e

th
e

closed
u
n
it

b
all

of
H

a
n
d
r
>

0.
T

h
e

Ivan
ov

-regu
larised

least-sq
u
ares

estim
ator

con
strain

ed
to

lie
in
rB

H
is

ĥ
r

=
arg

m
in

f∈
r
B
H

1n

n
∑i=

1 (f
(X

i )−
Y
i )

2.
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Iv
a
n
o
v
-R

e
g
u
l
a
r
is
e
d

E
st

im
a
t
o
r
s
o
v
e
r
R
K
H
S
s

W
e

al
so

d
efi

n
e
ĥ

0
=

0.
T

h
e

n
ex

t
re

su
lt

sh
ow

s
th

at
ĥ
r

is
an

S
V

M
w

it
h

re
gu

la
ri

sa
ti

on
p
ar

am
et

er
µ

(r
).

L
e
m

m
a

3
A

ss
u

m
e

(H
).

L
et
K

be
th

e
n
×
n

sy
m

m
et

ri
c

m
a
tr

ix
w

it
h
K
i,
j

=
k
(X

i,
X
j
).

T
h
en

K
is

a
n

(R
n
×
n
,B

(R
n
×
n
))

-v
a
lu

ed
m

ea
su

ra
bl

e
m

a
tr

ix
o
n

(Ω
,F

)
a
n

d
th

er
e

ex
is

t
a
n

o
rt

h
og

o
-

n
a
l

m
a
tr

ix
A

a
n

d
a

d
ia

go
n

a
l

m
a
tr

ix
D

w
h
ic

h
a
re

bo
th

(R
n
×
n
,B

(R
n
×
n
))

-v
a
lu

ed
m

ea
su

ra
bl

e
m

a
tr

ic
es

o
n

(Ω
,F

)
su

ch
th

a
t
K

=
A
D
A

T
.

F
u

rt
h
er

m
o
re

,
th

e
d
ia

go
n

a
l

en
tr

ie
s

o
f
D

a
re

n
o
n

-n
eg

a
ti

ve
a
n

d
n

o
n

-i
n

cr
ea

si
n

g.
L

et
m

=
rk
K

,
w

h
ic

h
is

a
ra

n
d
o
m

va
ri

a
bl

e
o
n

(Ω
,F

).
F

o
r

r
>

0
,

if

r2
<

m ∑ i=
1

D
−

1
i,
i

(A
T
Y

)2 i
,

th
en

d
efi

n
e
µ

(r
)
>

0
by

m ∑ i=
1

D
i,
i

(D
i,
i
+
n
µ

(r
))

2
(A

T
Y

)2 i
=
r2
.

(3
)

O
th

er
w

is
e,

le
t
µ

(r
)

=
0.

W
e

h
a
ve

th
a
t
µ

(r
)

is
st

ri
ct

ly
d
ec

re
a
si

n
g

w
h
en

µ
(r

)
>

0
,

a
n

d
µ

(r
)

is
m

ea
su

ra
bl

e
o
n

(Ω
×

(0
,∞

),
F
⊗
B(

(0
,∞

))
),

w
h
er

e
r

va
ri

es
in

(0
,∞

).
L

et
a
∈
R
n

be
d
efi

n
ed

by
(A

T
a
) i

=
(D

i,
i
+
n
µ

(r
))
−

1
(A

T
Y

) i

fo
r

1
≤
i
≤
m

a
n

d
(A

T
a
) i

=
0

fo
r
m

+
1
≤
i
≤
n

,
n

o
ti

n
g

th
a
t
A

T
h
a
s

th
e

in
ve

rs
e
A

si
n

ce
it

is
a
n

o
rt

h
og

o
n

a
l

m
a
tr

ix
.

F
o
r
r
≥

0
,

w
e

ca
n

u
n

iq
u

el
y

d
efi

n
e
ĥ
r

by
d
em

a
n

d
in

g
th

a
t

ĥ
r
∈

sp
{k

X
i

:
1
≤
i
≤
n
}.

T
h
is

gi
ve

s

ĥ
r

=
n ∑ i=

1

a
ik
X
i

fo
r
r
>

0
a
n

d
ĥ

0
=

0
.

W
e

h
a
ve

th
a
t
ĥ
r

is
a

(H
,B

(H
))

-v
a
lu

ed
m

ea
su

ra
bl

e
fu

n
ct

io
n

o
n

(Ω
×

[0
,∞

),
F
⊗
B(

[0
,∞

))
),

w
h
er

e
r

va
ri

es
in

[0
,∞

).

L
et
r
>

0.
T

h
er

e
ar

e
m

u
lt

ip
le

m
et

h
o
d
s

fo
r

ca
lc

u
la

ti
n
g
µ

(r
)

to
w

it
h
in

a
gi

ve
n

to
le

ra
n
ce

ε
>

0.
W

e
ca

ll
th

is
va

lu
e
ν

(r
).

7
.1

.
D

ia
g
o
n
a
li
si

n
g
K

F
ir

st
ly

,
µ

(r
)

=
0

if
an

d
on

ly
if

r
≥
(

m ∑ i=
1

D
−

1
i,
i

(A
T
Y

)2 i

)
1
/
2

,

so
in

th
is

ca
se

w
e

se
t
ν

(r
)

=
0.

O
th

er
w

is
e,
µ

(r
)
>

0
an

d

r2
=

m ∑ i=
1

D
i,
i

(D
i,
i
+
n
µ

(r
))

2
(A

T
Y

)2 i

≤
n
−

2

(
m ∑ i=

1

D
i,
i(
A

T
Y

)2 i

)
µ

(r
)−

2
.
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01
9

P
a
g
e
a
n
d

G
r
ü
n
e
w
ä
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h
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Ỹ
i −

g
(X̃

i )
is
σ̃

2-su
b
gau

ssian
giv

en
X̃
i

for
1
≤
i≤

ñ
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ĥ
r̂

of
o
rd

er
n
−
β
/
(1

+
β

).
T

h
is

is
th

e
sam

e
ord

er
in
n

as
th

e
secon

d
b

ou
n
d

in
T

h
eorem

7.

T
h

e
o
re

m
9

A
ssu

m
e

(Y
1
),

(H
),

(g
1
),

(g
2
)

a
n

d
(Ỹ
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ĥ
r
−
g
‖2 L

2
(P

)
≤
( D

1
+
D

2
r1
/
2

+
D

3
r)
t1
/
2
n
−

1
/
2

+
D

4
tn
−

1
+
D

5
r−

2
β
/
(1
−
β

)

fo
r

so
m

e
co

n
st

a
n

ts
D

1
,D

2
,D

3
,D

4
,D

5
>

0
n

o
t

d
ep

en
d
in

g
o
n
n

o
r
t.

L
et
D

6
>

0
.

S
et

ti
n

g

r
=
D

6

( n
t

)
1
−
β

2
(1

+
β
)

gi
ve

s

‖V
ĥ
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ü
n
e
w
ä
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r −
g‖

2L
2
(P

) )
≤
(

64D
21

+
10
D
−

2
β
/
(1−

β
)

1

)‖k‖
2
β
∞
B

2n
−
β
/
2

+
8
D

1 ‖
k‖

β∞
B
σ
n
−

(1
+
β

)/
4.

H
en

ce,
th

e
n
ex

t
b

ou
n
d

follow
s

w
ith

D
2

=
64D

21
+

10
D
−

2
β
/
(1−

β
)

1
an

d
D

3
=

8D
1 .

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

E
x
p

e
cta

tio
n

B
o
u
n
d

fo
r

B
o
u
n
d
e
d

R
e
g
re

ssio
n

F
u
n
ctio

n

W
e

ca
n

o
b
ta

in
a

b
ou

n
d

on
th

e
d
istan

ce
b

etw
een

V
ĥ
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ñ
1
/
2

0
(log

(2N
(F
,σ̃‖·‖∞

/
ñ

1
/
2,ε)))

1
/
2d
ε

=
2

5
/
2 ∫

C
σ̃
/
ñ
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(Ỹ

).
L

et
r

0 ∈
R

.
W

e
h
a
ve

E
(‖
V
ĥ
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ĥ
r̂

an
d
V
ĥ
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ñ
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ĥ
r 0
‖2 L

2
(P

))

is
a
t

m
o
st

16
C

(4
C

+
σ̃

)

ñ
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ĥ
r 0
‖2 L

2
(P

))

is
at

m
os

t

16
C

(4
C

+
σ̃

)

ñ
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ĥ
r

an
d
V
h
r

fr
om

th
e
L

2
(P

n
)

n
or

m
to

th
e

L
2
(P

)
n
or

m
fo

r
r
>

0
an

d
h
r
∈
rB

H
.

C
o
ro

ll
a
ry

2
7

A
ss

u
m

e
(Y

2
)

a
n

d
(H

).
L

et
r
>

0,
h
r
∈
rB

H
a
n

d
t
≥

1.
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

3e
−
t ,

w
e

h
a
ve

‖V
ĥ
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ñ

)
=

1ñ
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ĥ
r
0 (X̃

i )−
g
(X̃

i ))
2−
‖
V
ĥ
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ñ

1
/
2)

b
y

L
em

m
a

20.
T

h
e

d
iam

eter
of

(F
,σ̃‖·‖∞

/ñ
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ĥ
r 0
−
g
‖2 L

2
(P

)

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

2e
−
t .

L
et
f 0

=
V
ĥ
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ĥ

0
=

0.

W
e

p
rove

a
co

n
tin

u
ity

resu
lt

ab
ou

t
ou

r
estim

ator.

L
e
m

m
a

3
2

L
et
r,s∈

[0,∞
).

W
e

h
a
ve
‖ĥ
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ĥ
r

=
ĥ
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ári

(2011).
W

e
h
ave

E
(ex

p
(ti ε

i /σ
)|G

)≤
ex

p
(t 2i /2

)

alm
ost

su
rely

for
all

1
≤
i≤

n
an

d
ti ∈

R
.

F
u
rth

erm
ore,

th
e
ε
i

are
in

d
ep

en
d
en

t
con

d
ition

al
on
G

,
so

E
(ex

p
(t T

ε/σ
)|G

)≤
ex

p
(‖
t‖

22 /
2)

alm
ost

su
rely

for
all

t∈
R
n
.

B
y

L
em

m
a

31
w

ith
F

rep
laced

b
y
G

,
th

ere
ex

ist
an

orth
ogon

al
m

atrix
A

an
d

a
d
iagon

al
m

atrix
D

w
h
ich

are
b

oth
(R

n×
n
,B

(R
n×

n
))-valu

ed
m

easu
rab

le
m

atrices
on

(Ω
,G

)
su

ch
th

at
M

=
A
D
A

T
.

H
en

ce,
M

h
as

a
sq

u
a
re

ro
ot
M

1
/
2

=
A
D

1
/
2A

T

w
h
ich

is
an

(R
n×

n
,B

(R
n×

n
))-valu

ed
m

easu
ra

b
le

m
atrix

on
(Ω
,G

),
w

h
ere

D
1
/
2

is
th

e
d
iagon

al
m

atrix
w

ith
en

tries
eq

u
al

to
th

e
sq

u
are

ro
ot

of
th

ose
of
D

.
N

ote
th

at
th

ese
en

tries
are

n
on

-
n
egative

b
ecau

se
M

is
n
on

-n
egative

d
efi

n
ite.

W
e

can
th

en
rep

lace
t

w
ith

sM
1
/
2u

fo
r
s∈

R
an

d
u
∈
R
n

to
get

E
(ex

p
(su

T
M

1
/
2ε/σ

)|G
)≤

ex
p
(s

2‖
M

1
/
2u‖

22 /2)

44
JM

L
R

 20(120):1-49, 2019



Iv
a
n
o
v
-R

e
g
u
l
a
r
is
e
d

E
st

im
a
t
o
r
s
o
v
e
r
R
K
H
S
s

al
m

os
t

su
re

ly
.

In
te

gr
at

in
g

ov
er
u

w
it

h
re

sp
ec

t
to

th
e

d
is

tr
ib

u
ti

on
of
δ

g
iv

es

E(
ex

p
(s
δT
M

1
/
2
ε/
σ

)|G
)
≤

E(
ex

p
(s

2
δT
M
δ/

2)
|G

)

al
m

os
t

su
re

ly
.

T
h
e

m
om

en
t

ge
n
er

at
in

g
fu

n
ct

io
n

of
δ

gi
ve

s
th

e
le

ft
-h

an
d

si
d
e

as
b

ei
n
g

E(
ex

p
(s

2
εT
M
ε/

2)
|G

)

al
m

os
t

su
re

ly
.

T
h
e

re
su

lt
fo

ll
ow

s.

H
av

in
g

es
ta

b
li
sh

ed
th

is
re

la
ti

on
sh

ip
,

w
e

ca
n

n
ow

ob
ta

in
a

p
ro

b
ab

il
it

y
b

ou
n
d

on
a

q
u
ad

ra
ti

c
fo

rm
of

su
b
ga

u
ss

ia
n
s

b
y

u
si

n
g

C
h
er

n
off

b
ou

n
d
in

g.
T

h
e

fo
ll
ow

in
g

re
su

lt
is

a
co

n
d
it

io
n
al

su
b
ga

u
ss

ia
n

ve
rs

io
n

of
th

e
H

an
so

n
–W

ri
gh

t
in

eq
u
al

it
y.

L
e
m

m
a

3
5

L
et
ε i

fo
r

1
≤
i
≤
n

be
ra

n
d
o
m

va
ri

a
bl

es
o
n

(Ω
,F
,P

)
w

h
ic

h
a
re

in
d
ep

en
d
en

t
co

n
d
it

io
n

a
l

o
n

so
m

e
su

b-
σ

-a
lg

eb
ra
G
⊆
F

a
n

d
le

t

E(
ex

p
(t
ε i

)|G
)
≤

ex
p
(σ

2
t2
/2

)

a
lm

o
st

su
re

ly
fo

r
a
ll
t
∈

R
.

L
et
M

be
a
n
n
×
n

n
o
n

-n
eg

a
ti

ve
-d

efi
n

it
e

m
a
tr

ix
w

h
ic

h
is

a
n

(R
n
×
n
,B

(R
n
×
n
))

-v
a
lu

ed
m

ea
su

ra
bl

e
m

a
tr

ix
o
n

(Ω
,G

)
a
n

d
z
≥

0.
W

e
h
a
ve

εT
M
ε
≤
σ

2
tr

(M
)

+
2
σ

2
‖M
‖z

+
2
σ

2
(‖
M
‖2
z

2
+

tr
(M

2
)z

)1
/
2

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

z
a
lm

o
st

su
re

ly
co

n
d
it

io
n

a
l

o
n
G.

H
er

e,
‖M
‖

is
th

e
o
pe

ra
to

r
n

o
rm

o
f
M

,
w

h
ic

h
is

a
ra

n
d
o
m

va
ri

a
bl

e
o
n

(Ω
,G

).

P
ro

o
f

T
h
is

p
ro

of
m

et
h
o
d

fo
ll
ow

s
th

at
o
f

T
h
eo

re
m

3.
1.

9
of

G
in

é
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ä
l
d
e
r

al
m

os
t

su
re

ly
fo

r
0
≤
t
<

1/
(2
σ

2
D
i,
i)

an
d

1
≤
i
≤
n

.
S
in

ce
th

e
D
i,
i

ar
e

ra
n
d
o
m

va
ri

a
b
le

s
on

(Ω
,G

)
an

d
th

e
D
i,
iδ
i

fo
r

1
≤
i
≤
n

ar
e

in
d
ep

en
d
en

t
co

n
d
it

io
n
al

on
G,

w
e

h
av

e

E(
ex

p
(t

(δ
T
D
δ
−
σ

2
tr

(D
))

)|G
)
≤

ex
p

(
σ

4
tr

(D
2
)t

2

1
−

2
σ

2
(m

ax
i
D
i,
i)
t)

al
m

os
t

su
re

ly
fo

r
0
≤
t
<

1
/(

2σ
2
(m

ax
i
D
i,
i)

).
C

om
b
in

in
g

th
is

w
it

h
E(

ex
p
(t
εT
M
ε)
|G

)
≤

E(
ex

p
(t
δT
D
δ)
|G

),
w

e
fi
n
d

E(
ex

p
(t

(ε
T
M
ε
−
σ

2
tr

(M
))

)|G
)
≤

ex
p

(
σ

4
tr

(M
2
)t

2

1
−

2σ
2
‖M
‖t

)

al
m

os
t

su
re

ly
fo

r
0
≤
t
<

1
/(

2σ
2
‖M
‖)

.
B

y
C

h
er

n
off

b
ou

n
d
in

g,
w

e
h
av

e

εT
M
ε
−
σ

2
tr

(M
)
>
s

fo
r
s
≥

0
w

it
h

p
ro

b
ab

il
it

y
at

m
os

t ex
p

(
σ

4
tr

(M
2
)t

2

1
−

2σ
2
‖M
‖t
−
ts

)

al
m

os
t

su
re

ly
co

n
d
it

io
n
al

on
G

fo
r

0
≤
t
<

1/
(2
σ

2
‖M
‖)

.
L

et
ti

n
g

t
=

s

2σ
4

tr
(M

2
)

+
2
σ

2
‖M
‖s

gi
ve

s
th

e
b

ou
n
d

ex
p

( −
s2

4σ
4

tr
(M

2
)

+
4
σ

2
‖M
‖s

)
.

R
ea

rr
an

gi
n
g

gi
ve

s
th

e
re

su
lt

.

A
p
p

e
n
d
ix

H
.

C
o
v
e
ri

n
g

N
u
m

b
e
rs

T
h
e

fo
ll
ow

in
g

le
m

m
a

gi
ve

s
a

b
ou

n
d

on
th

e
co

ve
ri

n
g

n
u
m

b
er

s
of
F

.

L
e
m

m
a

3
6

L
et
ε
>

0
.

W
e

h
a
ve N

(F
,‖
·‖
∞
,ε

)
≤

1
+
‖k
‖2 ∞

ρ
2

2
ε2

.

P
ro

o
f

L
et
a
≥

1
an

d
r i
∈
R

an
d
f i

=
V
ĥ
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ĥ
r i
‖ ∞
≤
ε

w
h
en

ev
er
|r2
−
r2 i
|≤

ε2
/
‖k
‖2 ∞

.
H

en
ce

,
if

w
e

le
t

r2 i
=
ε2

(2
i
−

1)
/‖
k
‖2 ∞

an
d

le
t
ρ

b
e

su
ch

th
at

ρ
2
−
ε2

(2
a
−

1)
/
‖k
‖2 ∞
≤
ε2
/‖
k
‖2 ∞

,

46
JM

L
R

 2
0(

12
0)

:1
-4

9,
 2

01
9



Iv
a
n
o
v
-R

e
g
u
l
a
r
ise

d
E
st

im
a
t
o
r
s
o
v
e
r
R
K
H
S
s

th
en

w
e

fi
n
d
N

(F
,‖·‖∞

,ε)≤
a
.

R
earran

gin
g

th
e

ab
ove

sh
ow

s
th

at
w

e
can

ch
o
ose

a
=

⌈‖
k‖

2∞
ρ

2

2ε
2

⌉

a
n
d

th
e

resu
lt

follow
s.

W
e

a
lso

calcu
late

in
tegrals

of
th

ese
coverin

g
n
u
m

b
ers.

L
e
m

m
a

3
7

L
et
a
≥

1
.

W
e

h
a
ve

∫
L

0
(lo

g
(a
N

(F
,‖·‖∞

,ε)))
1
/
2d
ε≤

(
log ((

1
+
‖
k‖

2∞
ρ

2

2
L

2

)
a ))

1
/
2

L
+
(
π2 )

1
/
2
L

fo
r
L
∈

(0,∞
).

W
h
en

a
=

1,
w

e
h
a
ve

∫
L

0
(lo

g
(N

(F
,‖·‖∞

,ε)))
1
/
2d
ε≤

2 (
log (

1
+
‖k‖

2∞
ρ

2

8
C

2

))
1
/
2

C
+

(2
π

)
1
/
2C

fo
r
L
∈

(0,∞
].

P
ro

o
f

L
et
L
∈

(0,∞
).

T
h
en

∫
L

0
(log

(a
N

(F
,‖·‖∞

,ε)))
1
/
2d
ε≤

∫
L

0

(
log (

a (
1

+
‖k‖

2∞
ρ

2

2
ε

2

)))
1
/
2

d
ε

b
y

L
em

m
a

3
6
.

C
h
an

gin
g

variab
les

to
u

=
ε/L

gives

L

∫
1

0

(
log (

a (
1

+
‖
k‖

2∞
ρ

2

2
L

2u
2

)))
1
/
2

d
u

≤
L

∫
1

0

(
log (

a (
1

+
‖
k‖

2∞
ρ

2

2
L

2

)
1u
2 ))

1
/
2

d
u

=
L

∫
1

0

(
log (

a (
1

+
‖
k‖

2∞
ρ

2

2
L

2

))
+

log (
1u
2 ))

1
/
2

d
u
.

F
o
r
b,c≥

0
w

e
h
ave

(b
+
c)

1
/
2≤

b
1
/
2

+
c

1
/
2,

so
th

e
ab

ove
is

a
t

m
ost

L

∫
1

0

(
log (

a (
1

+
‖
k‖

2∞
ρ

2

2L
2

)))
1
/
2

d
u

+
L

∫
1

0

(
log (

1u
2 ))

1
/
2

d
u

=
L

(
log (

a (
1

+
‖
k‖

2∞
ρ

2

2
L

2

)))
1
/
2

+
L

∫
1

0

(
log (

1u
2 ))

1
/
2

d
u
.

C
h
a
n
g
in

g
va

ria
b
les

to

s
=

(
log (

1u
2 ))

1
/
2

47
JM

L
R

 20(120):1-49, 2019

P
a
g
e
a
n
d

G
r
ü
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ra
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e

p
rim

a
l

(resp
.

d
u
a
l)

o
p
tim

u
m

,
w

h
ich

in
tu

rn
d
ra

m
a
tica

lly
en

h
a
n
ces

th
e

ca
p
a
b
ility

o
f

IS
S

(resp
.

IF
S
)

in
d
etectin

g
in

a
ctiv

e
sa

m
p
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p
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b
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d
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b
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b
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p
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b
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a
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m
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d
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w
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p
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p
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n
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n
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d
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b
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b
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b
e

ord
ers

of
m

agn
itu

d
e.

F
or

th
e

con
ven

ien
ce

of
p
resen

tation
,

w
e

p
ostp

on
e

th
e

d
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p
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b
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e
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.
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b
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a
lity

o
fJ

.
F

o
r

a
v
ecto

r
x

,
let

[x
]J

=
([x

]j
1 ,...,[x

]j
k ) >
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=
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e
i th

row
an

d
j
th

colu
m

n
of

X
,

resp
ectively.

F
or

a
scalar

t,
w

e
d

en
ote

m
ax{
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k ∈

R
K

b
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at
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b
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b
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d
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∑i=

1

`(1−
〈x̄
i ,w
〉)

+
α2 ‖

w
‖
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∈
R
p

is
th

e
p
aram

eter
vector

to
b

e
estim

ated
,{

x
i ,y

i }
ni=
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m
eters,

a
n
d
`(·)

:R
→

R
+

is
th

e
sm

o
oth

ed
h
in

ge
loss,

i.e.,

`(t)
=



0,
if
t
<

0
,

t
2

2
γ
,

if
0
≤
t≤

γ
,

t−
γ2
,

if
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∈
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=
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ra
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em

o
f

(P
∗ )

is

m
in

θ
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θ)∥ ∥ ∥ ∥
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∈
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l
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p
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=
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0
,

if
1
−
〈x̄
i,

w
∗ (
α
,β

)〉
<
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=

{ j
∈
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]
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∈
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<

0
},

E
=
{i
∈
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∈

[0
,γ

]}
,

L
=
{i
∈
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⇒
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∈
R
⇒
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p
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w
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Ĝ
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Ĝ

2
=
F̂
c
[X̄

] L̂
,

w
h
er

e
F̂
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=
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Ĝ
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Ĝ
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.
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a
ll

er
th

a
n

th
e

fe
a
tu

re
d

im
en

si
o
n
p

a
n

d
th

e
sa

m
p

le
si

ze
n

,
w

e
o
n

ly
n

ee
d

to
so

lv
e

p
ro

b
le

m
(s

ca
le

d
-D
∗ )

th
at

m
ay

b
e

m
u

ch
sm

a
ll

er
th

an
p

ro
b
le

m
(D
∗ )

to
ex

ac
tl

y
re

co
ve

r
th

e
op

ti
m

a
w
∗ (
α
,β

)
an

d
θ∗

(α
,β

)
w

it
h
o
u

t
sa

cr
ifi

ci
n

g
a
n

y
a
cc

u
ra

cy
.

H
ow

ev
er

,
w

e
ca

n
n

o
t

d
ir

ec
tl

y
a
p

p
ly

R
u

le
s

in
(R

)
to

id
en

ti
fy

su
b

se
ts

o
f
F

,
R

,
a
n

d
L,

a
s

th
ey

re
q
u
ir

e
th

e
k
n
ow

le
d
g
e

o
f

w
∗ (
α
,β

)
a
n
d
θ∗

(α
,β

)
th

a
t

a
re

u
su

a
ll
y

u
n
av

a
il
a
b
le

.
In

sp
ir

ed
b
y

th
e

id
ea

in
E

l
G

h
a
o
u
i

et
a
l.

2
0
1
2
,

w
e

ca
n

fi
rs

t
es

ti
m

a
te

re
g
io

n
s
W

a
n
d

Θ
th

a
t

co
n
ta

in
w
∗ (
α
,β

)
an

d
θ∗

(α
,β

),
re

sp
ec

ti
ve

ly
.

T
h
en

,
b
y

d
en

ot
in

g

F̂
: =

{ j
∈

[p
]

:
m

ax
θ
∈Θ

{∣ ∣ ∣ ∣
1 n

[X̄
θ]
j

∣ ∣ ∣ ∣}
≤
β

}
,

(2
)

R̂
: =

{ i
∈

[n
]

:
m

ax
w
∈W
{1
−
〈w
,x̄

i〉}
<

0}
,

(3
)

L̂
: =

{ i
∈

[n
]

:
m

in
w
∈W
{1
−
〈w
,x̄

i〉}
>
γ

}
,

(4
)

si
n

ce
it

is
ea

sy
to

k
n

ow
th

at
F̂
⊂
F
,R̂
⊂
R
,

an
d
L̂
⊂
L,

th
e

ru
le

s
in

(R
)

ca
n

b
e

re
la

x
ed

as
:

(i
)
j
∈
F̂
⇒

[w
∗ (
α
,β

)]
j

=
0,

(R
1)

(i
i)

{
i
∈
R̂
⇒

[θ
∗ (
α
,β

)]
i

=
0,

i
∈
L̂
⇒

[θ
∗ (
α
,β

)]
i

=
1.

(R
2)

In
v
ie

w
of

R
u
le

s
R

1
an

d
R

2,
w

e
sk

et
ch

th
e

d
ev

el
o
p
m

en
t

of
S
IF

S
as

fo
ll
ow

s.

S
te

p
1
:

D
er

iv
e

es
ti

m
at

io
n
s
W

an
d

Θ
su

ch
th

at
w
∗ (
α
,β

)
∈
W

an
d
θ∗

(α
,β

)
∈

Θ
,

re
sp

ec
ti

ve
ly

.

S
te

p
2
:

D
ev

el
o
p

S
IF

S
b
y

d
er

iv
in

g
th

e
re

la
x
ed

sc
re

en
in

g
ru

le
s

R
1

a
n

d
R

2
,

i.
e.

,
b
y

so
lv

in
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

in
E

q
s.

(2
),

(3
)

an
d

(4
).

3
.
E
st
im

a
te

th
e
P
ri
m
a
l
a
n
d
D
u
a
l
O
p
ti
m
a

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
sh

ow
th

at
th

e
p
ri

m
al

an
d

d
u
al

op
ti

m
a

ad
m

it
cl

os
ed

-f
or

m
so

lu
ti

on
s

fo
r

sp
ec

ifi
c

va
lu

es
of
α

an
d
β

(S
ec

ti
on

3.
1)

.
T

h
en

,
in

S
ec

ti
on

s
3.

2
an

d
3.

3,
w

e
p
re

se
n
t

ac
cu

ra
te

es
ti

m
at

io
n

s
of

th
e

p
ri

m
al

an
d

d
u

al
op

ti
m

a,
re

sp
ec

ti
ve

ly
.

W
e

w
ou

ld
li

ke
to

p
oi

n
t

ou
t

th
at

in
or

d
er

to
ex

te
n

d
th

e
op

ti
m

u
m

es
ti

m
at

io
n

re
su

lt
s

b
el

ow
to

m
u

lt
i-

cl
as

s
sp

ar
se

S
V

M
an

d
av

oi
d

re
d
u
n
d
an

cy
,

w
e

co
n
si

d
er

th
e

op
ti

m
u
m

es
ti

m
at

io
n
s

fo
r

th
e

p
ri

m
al

an
d

d
u
al

p
ro

b
le

m
s

in
m

or
e

ge
n
er

al
fo

rm
s.

3
.1

.
E

ff
e
c
ti

v
e

In
te

rv
a
ls

o
f

P
a
ra

m
e
te

rs
α

a
n

d
β

B
el

ow
w

e
sh

ow
tw

o
th

in
gs

.
O

n
e

is
th

at
if

th
e

va
lu

e
of
β

is
su

ffi
ci

en
tl

y
la

rg
e,

n
o

m
at

te
r

w
h
at

α
is

,
th

e
p
ri

m
a
l

so
lu

ti
o
n

is
0
.

T
h
e

o
th

er
is

fo
r

a
n
y
β

,
if
α

is
la

rg
e

en
o
u
g
h
,

th
e

p
ri

m
a
l

a
n
d

d
u
al

op
ti

m
a

ad
m

it
cl

os
ed

-f
or

m
so

lu
ti

on
s.

L
e
m

m
a

4
L

et
β

m
a
x

=
‖1 n

X̄
1
‖ ∞

a
n

d
α

m
a
x
(β

)
=

1
1
−
γ

m
ax

i∈
[n

]

{ 〈
x̄
i,
S β

(
1 n
X̄

1
)〉
} .

T
h
en

,
(i

)
fo

r
α
>

0
a
n

d
β
≥
β

m
a
x
,

w
e

h
a
ve

w
∗ (
α
,β

)
=

0
,

θ∗
(α
,β

)
=

1
;
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S
c
a
l
in
g

U
p
S
pa

r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

(ii)
fo

r
a
ll
α
∈

[m
ax{

α
m

a
x (β

),0}
,∞

)∩
(0,∞

),
w

e
h
a
ve

w
∗(α

,β
)

=
1α S

β (
1n

X̄
1 )

,
θ ∗(α

,β
)

=
1
.

(5)

B
y

L
em

m
a

4,
w

e
on

ly
n
eed

to
con

sid
er

th
e

cases
w

h
ere

β
∈

(0,β
m

a
x ]

an
d
α
∈

(0,α
m

a
x (β

)].

3
.2

.
P

rim
a
l

O
p

tim
u

m
E

stim
a
tio

n

In
S
ectio

n
1
,

w
e

m
en

tio
n

th
a
t

th
e

p
ro

p
o
sed

S
IF

S
co

n
sists

o
f

IF
S

a
n
d

IS
S
,

w
h
ich

ca
n

id
en

tify
th

e
in

active
featu

res
an

d
sam

p
les,

resp
ectively.

W
e

also
m

en
tion

th
at

an
altern

atin
g

a
p
p
lica

tio
n

o
f

IF
S

a
n
d

IS
S

ca
n

im
p
rov

e
th

e
estim

a
tio

n
a
ccu

ra
cy

o
f

th
e

p
rim

a
l

a
n
d

d
u
a
l

o
p
tim

u
m

estim
a
tio

n
s,

w
h
ich

ca
n

in
tu

rn
m

a
k
e

IS
S

a
n
d

IF
S

m
o
re

eff
ectiv

e
in

id
en

tify
in

g
in

active
sam

p
les

an
d

featu
res,

resp
ectively.

W
e

w
ou

ld
like

to
sh

ow
th

at
d

iscard
in

g
in

active
fea

tu
res

b
y

IF
S

lead
s

to
a

m
ore

accu
rate

estim
atio

n
of

th
e

p
rim

al
op

tim
u
m

.
W

e
co

n
sid

er
th

e
follow

in
g

gen
eral

p
rob

lem
(g-P

∗):

m
in

w
∈
R
p
P

(w
;α
,β

)
=
L

(w
)

+
α2 ‖

w
‖

2
+
β||w

||1 ,
(g-P

∗)

w
h
ere

L
(w

)
:
R
p
→

R
+

is
sm

o
o
th

a
n
d

co
n
v
ex

.
E

x
p
lo

itin
g

th
e

stro
n
g

co
n
v
ex

ity
o
f

th
e

o
b

jective
fu

n
ction

,
w

e
ob

tain
th

e
op

tim
u
m

estim
ation

in
th

e
follow

in
g

lem
m

a.

L
e
m

m
a

5
S

u
p
po

se
th

a
t

th
e

o
p
tim

u
m

w
∗(α

0 ,β
0 )

o
f

p
ro

blem
(g

-P
∗)

a
t

(α
0 ,β

0 )
w

ith
β

0 ∈
(0
,β

m
a
x ]

a
n

d
α

0 ∈
(0
,α

m
a
x (β

0 )]
is

kn
o
w

n
.

C
o
n

sid
er

p
ro

blem
(g

-P
∗)

w
ith

pa
ra

m
eters

α
>

0
a
n

d
β

0 .
L

etF̂
be

th
e

in
d
ex

set
sa

tisfyin
g

[w
∗(α

,β
0 )]F̂

=
0

a
n

d
d
efi

n
e

c
=
α

0
+
α

2
α

[w
∗(α

0 ,β
0 )]F̂

c ,
(6)

r
2

=
(α

0 −
α

)
2

4α
2
‖
w
∗(α

0 ,β
0 )‖

2−
(α

0
+
α

)
2

4α
2
‖
[w
∗(α

0 ,β
0 )]F̂ ‖

2.
(7)

T
h
en

,
th

e
fo

llo
w

in
g

h
o
ld

s:

[w
∗(α

,β
0 )]F̂

c ∈
{w

:‖w
−

c‖
≤
r}.

F
o
r

p
ro

b
lem

(P
∗),

let
F̂

b
e

th
e

in
d
ex

set
o
f

in
a
ctiv

e
fea

tu
res

id
en

tifi
ed

b
y

p
rev

io
u
s

IF
S

step
s.

W
e

h
av

e
[w
∗(α

,β
0 )]F̂

=
0

.
H

en
ce,

w
e

o
n
ly

n
eed

to
fi
n
d

a
n

estim
a
tio

n
fo

r
[w
∗(α

,β
0 )]F̂

c .
S
in

ce
p
ro

b
lem

(P
∗)

is
a

sp
ecia

l
ca

se
o
f

p
ro

b
lem

(g
-P
∗),

g
iv

en
th

e
referen

ce

so
lu

tio
n

w
∗(α

0 ,β
0 )

an
d

th
e

setF̂
,

fro
m

L
em

m
a

5
w

e
h
ave:

[w
∗(α

,β
0 )]F̂

c ∈
W

:=
{
w

:‖
w
−

c‖
≤
r}
,

(8)

w
h
ere

c
a
n
d

r
a
re

d
efi

n
ed

in
E

q
s.

(6)
an

d
(7),

resp
ectively.

It
sh

ow
s

th
at

[w
∗(α

,β
0 )]F̂

c
lies

in
a

b
all

of
rad

iu
s
r

cen
tered

at
c
.

N
ote

th
at,

b
efore

w
e

p
erform

IF
S
,

th
e

setF̂
is

em
p
ty

an
d

th
e

secon
d

term
on

th
e

righ
t

h
an

d
sid

e
of

E
q
.

(7)
is

th
u
s

0
.

If
w

e
a
p
p
ly

IF
S

m
u
ltip

le
tim

es
a
ltern

a
tiv

ely
w

ith
IS

S
,

th
e

setF̂
w

ill
b

e
m

o
n
o
to

n
ica

lly
in

crea
sin

g
.

T
h
u
s,

E
q
.

(7
)

im
p
lies

th
a
t

th
e

ra
d

iu
s

w
ill

b
e

m
o
n
o
to

n
ica

lly
d
ecrea

sin
g
,

lea
d
in

g
to

a
m

o
re

a
ccu

rate
p
rim

al
op

tim
u
m

estim
ation

.
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H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

3
.3

.
D

u
a
l

O
p

tim
u

m
E

stim
a
tio

n

W
e

con
sid

er
a

gen
eral

d
u
al

p
rob

lem
(g-D

∗)
b

elow
:

m
in

θ∈
[0
,1

] n
D

(θ;α
,β

)
=

12
α
f
β
(θ)

+
γ2
n ‖
θ‖

2−
1n 〈v

,θ〉,
(g-D

∗)

w
h
ere

v
∈
R
n

an
d
f
β
(θ)

:R
n
→

R
+

is
sm

o
oth

an
d

con
vex

.
It

is
ob

v
iou

s
th

at
p
rob

lem
(g-D

∗)

ca
n

b
e

red
u
ced

to
p
ro

b
lem

(D
∗)

b
y

lettin
g
f
β
(θ)

=
∥∥S

β (
1n
X̄
θ ) ∥∥

2
a
n
d

v
=

1
.

T
h
e

lem
m

a
b

elow
gives

an
op

tim
u
m

estim
ation

of
p
rob

lem
(g-D

∗)
b
ased

on
th

e
stro

n
g

con
vex

ity
of

its
ob

jective
fu

n
ction

.

L
e
m

m
a

6
S

u
p
po

se
th

a
t

th
e

o
p
tim

u
m
θ ∗(α

0 ,β
0 )

o
f

p
ro

blem
(g-D

∗)
w

ith
β

0 ∈
(0,β

m
a
x ]

a
n

d
α

0 ∈
(0,α

m
a
x (β

0 )]
is

kn
o
w

n
.

C
o
n

sid
er

p
ro

blem
(g-D

∗)
a
t

(α
,β

0 )
w

ith
α
>

0
a
n

d
letR̂

a
n

d
L̂

be
tw

o
in

d
ex

sets
sa

tisfyin
g

[θ ∗(α
,β

0 )]R̂
=

0
a
n

d
[θ ∗(α

,β
0 )]L̂

=
1

,
respectively.

W
e

d
en

o
te

D̂
=
R̂
∪
L̂

a
n

d
d
efi

n
e

c
=
α
−
α

0

2
γ
α

[v
]D̂

c
+
α

0
+
α

2α
[θ ∗(α

0 ,β
0 )]D̂

c ,
(9)

r
2

=
( α
−
α

0

2α
)
2||θ ∗(α

0 ,β
0 )−

1γ
v|| 2−

||1
−
α
−
α

0

2
γ
α

[v
]L̂
−
α

0
+
α

2
α

[θ ∗(α
0 ,β

0 )]L̂ || 2

−
|| α
−
α

0

2
γ
α

[v
]R̂

+
α

0
+
α

2α
[θ ∗(α

0 ,β
0 )]R̂ || 2.

(10)

T
h
en

,
th

e
fo

llo
w

in
g

h
o
ld

s:

[θ ∗(α
,β

0 )]D̂
c ∈
{θ

:‖
θ−

c‖
≤
r}.

W
e

n
ow

tu
rn

b
ack

to
p

rob
lem

(D
∗).

A
s

it
is

a
sp

ecial
case

of
p

rob
lem

(g-D
∗),

given
th

e
referen

ce
solu

tion
θ ∗(α

0 ,β
0 )

at
(α

0 ,β
0 )

an
d

th
e

in
d

ex
sets

of
in

active
sam

p
les

id
en

tifi
ed

b
y

th
e

p
rev

iou
s

IS
S

step
sR̂

an
d
L̂

,
u
sin

g
L

em
m

a
6,

w
e

can
ob

tain
:

[θ ∗(α
,β

0 )]D̂
c ∈

Θ
:=
{
θ

:‖
θ−

c‖
≤
r},

(11)

w
h
ere

c
a
n
d

r
a
re

d
efi

n
ed

b
y

E
q
s.

(9
)

a
n
d

(1
0
)

w
ith

v
=

1
,

resp
ectiv

ely.
T

h
erefo

re,
[θ ∗(α

,β
0 )]D̂

c
lies

in
th

e
b
a
ll

Θ
.

In
v
iew

o
f

E
q
.

(1
0
),

th
e

in
d
ex

setsL̂
a
n
d
R̂

m
o
n
o
to

n
ica

lly
in

crea
se

a
n
d

h
en

ce
th

e
la

st
tw

o
term

s
o
n

th
e

rig
h
t

h
a
n
d

sid
e

o
f

E
q
.

(1
0
)

m
o
n
o
to

n
ica

lly
in

crease
w

h
en

w
e

p
erform

IS
S

m
u
ltip

le
tim

es
(altern

atin
g

w
ith

IF
S
),

w
h
ich

im
p
lies

th
at

th
e

IS
S

step
s

can
red

u
ce

th
e

rad
iu

s
an

d
th

u
s

im
p
rove

th
e

d
u
al

op
tim

u
m

estim
ation

.
In

a
d
d
itio

n
,

fro
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s

5
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6
,

w
e
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n

see
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a
t
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e
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d
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o
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a
n
d

Θ
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n
b

e
p

o
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la
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e
w

h
en

α
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v
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h
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a
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o
u
r
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a
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n
a
ccu

ra
cy.

W
e

ca
n
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th
is
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e

b
y

lettin
g

th
e

ratio
α
/α

0
b

e
a
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t.
T

h
at
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w

h
y

w
e
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ace

th
e
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of
α

eq
u
ally

at
th

e
logarith

m
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th
e

p
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eter
valu

e
p
ath
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th

e
ex

p
erim

en
ts.
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e
m
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7
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o
estim
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te

th
e

o
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tim

a
w
∗(α

,β
0 )
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n
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θ ∗(α
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0 )
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f

p
ro
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n
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u
sin

g
L
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5
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n

d
6
,

w
e

h
a
ve

a
free
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ce
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tio
n
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∗(α

0 ,β
0 )
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n

d
θ ∗(α

0 ,β
0 )
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α
0

=
α

m
a
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0 ).
T

h
e
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n
is

th
a
t
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0 ,β
0 )
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n

d
θ ∗(α
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in
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b
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e
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d

S
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m
p
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e
R
e
d
u
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io
n

4
.
T
h
e
P
ro

p
o
se
d
S
IF

S
S
cr
e
e
n
in
g
R
u
le

W
e

fi
rs

t
p
re

se
n
t

th
e

IF
S

an
d

IS
S

ru
le

s
in

S
ec

ti
on

s
4.

1
an

d
4.

2,
re

sp
ec

ti
ve

ly
.

T
h
en

,
in

S
ec

ti
on

4.
3,

w
e

d
ev

el
op

th
e

S
IF

S
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re
en

in
g

ru
le

b
y

an
al

te
rn

at
in
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ap

p
li
ca

ti
on

of
IF

S
an

d
IS

S
.

4
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.
In

a
c
ti

v
e

F
e
a
tu

re
S

c
re

e
n

in
g

(I
F

S
)

S
u
p
p

os
e

th
at

w
∗ (
α

0
,β

0
)

an
d
θ∗

(α
0
,β

0
)

ar
e

k
n
ow

n
,

w
e

d
er

iv
e

IF
S

to
id

en
ti

fy
in

ac
ti

ve
fe

at
u
re

s
fo

r
p
ro

b
le

m
(P
∗ )

at
(α
,β

0
)

b
y

so
lv

in
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

E
q
.

(2
)

(s
ee

S
ec

ti
on

A
.5

in
th

e
ap

p
en

d
ix

):

si
(α
,β

0
)

=
m

ax
θ
∈Θ

{
1 n
|〈[

x̄
i ]
D̂
c
,θ
〉+
〈[x̄

i ]
L̂
,1
〉|}

,i
∈
F̂
c
,

(1
2)

w
h

er
e

Θ
is

g
iv

en
b
y

E
q
.

(1
1
)

a
n

d
F̂

a
n

d
D̂

=
R̂
∪
L̂

a
re

th
e

in
d

ex
se

ts
o
f

in
a
ct

iv
e

fe
a
tu

re
s

a
n
d

sa
m

p
le

s
th

a
t

h
av

e
b

ee
n

id
en

ti
fi
ed

in
p
re

v
io

u
s

sc
re

en
in

g
p
ro

ce
ss

es
,

re
sp

ec
ti

v
el

y.
T

h
e

n
ex

t
re

su
lt

sh
ow

s
th

e
cl

os
ed

-f
or

m
so

lu
ti

on
of

p
ro

b
le

m
(1

2)
.

L
e
m

m
a

8
C

o
n

si
d
er

p
ro

bl
em

(1
2)

.
L

et
c

a
n

d
r

be
gi

ve
n

by
E

q.
(9

)
a
n

d
E

q.
(1

0
)

w
it

h
v

=
1

.
T

h
en

,
fo

r
a
ll
i
∈
F̂
c
,

w
e

h
a
ve

si
(α
,β

0
)

=
1 n

(|〈
[x̄
i ]
D̂
c
,c
〉+
〈[x̄

i ]
L̂
,1
〉|

+
‖[

x̄
i ]
D̂
c
‖r

).

W
e

ar
e

n
ow

re
ad

y
to

p
re

se
n
t

th
e

IF
S

ru
le

.

T
h

e
o
re

m
9

[F
ea

tu
re

sc
re

en
in

g
ru

le
IF

S
]

C
o
n

si
d
er

p
ro

bl
em

(P
∗ )

.
W

e
su

p
po

se
th

a
t
w
∗ (
α

0
,β

0
)

a
n

d
θ∗

(α
0
,β

0
)

a
re

kn
o
w

n
.

T
h
en

:

(1
)

th
e

fe
a
tu

re
sc

re
en

in
g

ru
le

IF
S

ta
ke

s
th

e
fo

rm
o
f

si
(α
,β

0
)
≤
β

0
⇒
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∗ (
α
,β

0
)]
i

=
0,
∀i
∈
F̂
c
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(I
F

S
)

(2
)

w
e
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n

u
pd

a
te
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e
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d
ex
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t
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by

F̂
←
F̂
∪

∆
F̂

w
it

h
∆
F̂

=
{i

:
si
≤
β

0
,i
∈
F̂
c
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(1
3)

R
ec

a
ll

th
a
t
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ee

L
em

m
a

6
)

p
re
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io

u
s

sa
m

p
le

sc
re

en
in

g
re

su
lt

s
g
iv

e
u
s

a
ti

g
h
te

r
d
u
a
l

es
ti

m
a
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o
n
,

i.
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,
a

sm
a
ll
er

fe
a
si

b
le

re
g
io

n
Θ

fo
r

p
ro

b
le

m
(1

2
),

w
h
ic

h
re

su
lt

s
in

a
sm

a
ll
er

si
(α
,β

0
).

It
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n

a
ll

y
b
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n

g
s

a
b

o
u

t
a

m
o
re

p
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er
fu

l
fe

a
tu
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sc

re
en

in
g

ru
le

IF
S

.
T

h
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th

e
so
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ed
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n
er
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eff

ec
t.
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.2

.
In

a
c
ti

v
e

S
a
m

p
le

S
c
re

e
n

in
g

(I
S

S
)

S
im

il
a
r

to
IF

S
,

w
e

d
er

iv
e
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S
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id

en
ti

fy
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a
ct

iv
e

sa
m

p
le

s
b
y

so
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in
g

th
e

o
p
ti

m
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a
ti
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n

p
ro

b
le

m
s

in
E

q
.

(3
)

an
d

E
q
.

(4
)

(s
ee

S
ec

ti
on

A
.7

in
th

e
ap

p
en

d
ix

fo
r

d
et

ai
ls

):

u
i(
α
,β

0
)

=
m

ax
w
∈W
{1
−
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F̂
c
,w
〉}
,i
∈
D̂
c
,

(1
4)

l i
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,β
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)

=
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w
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−
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F̂
c
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∈
D̂
c
,

(1
5)
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(8
)

an
d
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an
d
D̂

=
R̂
∪
L̂
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e

in
d
ex
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ts
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in
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ti
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an
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p
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en
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p
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en
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W

e
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a
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ro

b
le

m
s

(1
4)

an
d

(1
5)
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it
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os
ed
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or

m
so

lu
ti

on
s.

L
e
m

m
a

1
0

C
o
n

si
d
er

p
ro

bl
em

s
(1

4)
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n

d
(1

5)
.

L
et

c
a
n

d
r

be
gi

ve
n

by
E

q.
(6

)
a
n

d
E

q.
(7

).
T

h
en

,

u
i(
α
,β

0
)

=
1
−
〈[x̄

i]
F̂
c
,c
〉+
‖[

x̄
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F̂
c
‖r
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∈
D̂
c
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c
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∈
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W
e

ar
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n
ow

re
ad

y
to

p
re

se
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th
e

IS
S

ru
le
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h

e
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re
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am

p
le

sc
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en
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S
]

C
o
n

si
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p
ro
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em
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n
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su

p
po

se
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w
∗ (
α

0
,β
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)
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n

d
θ∗

(α
0
,β

0
)
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re

kn
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,

th
en

:

(1
)

th
e
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m

p
le
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re

en
in

g
ru

le
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S
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ke
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th
e
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o
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⇒

[θ
∗ (
α
,β

0
)]
i

=
0,
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⇒
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α
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0
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1,
∀i
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D̂
c
;

(I
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)

(2
)

w
e

ca
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pd
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e
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ex
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w
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∆
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)

L̂
←
L̂
∪

∆
L̂
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∆
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∈
D̂
c
}.
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)
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ti
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e.
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ee
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p
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fe
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en
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to
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b
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b
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an
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0
).
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p
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.
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n
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p
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c
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p
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a
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n
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p
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a
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p
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a
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n
d
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ee
d
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so
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e

th
e
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d
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a
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o
f

p
a
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m
et
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va
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α
i,
j
,β
j
)

:
i
∈
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],
j
∈
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]}

w
it

h
β

m
a
x
>
β

1
>
..
.
>
β
N
>

0
a
n
d
α

m
a
x
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j
)
>
α

1
,j
>
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.
>
α
M
,j
>

0
.

T
h
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ca
n

b
e

v
er

y
ti

m
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n
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m
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g
.
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ed

b
y

S
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n
g

R
u
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a
n
i
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a
l.
,

2
0
1
2
)
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S
A

F
E
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l

G
h
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u
i
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w
e

d
ev
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a
se

q
u
en
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n
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S
IF

S
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A
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h
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S
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e
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d
d

u
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ti

m
a

w
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1
,j
,β
j
)

an
d
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1
,j
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j
)
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1
,j
,β
j
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w
e
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S
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e
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a
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s
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b
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∗ )
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j
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).
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h
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p
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m
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j
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).

W
e
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p
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u
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b
le

m
(P
∗ )

at
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e
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w
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j
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∈
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1
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b
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e
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.
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,
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b
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∈
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]

d
ir

ec
tl

y
(w
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,
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to
p

oi
n
t

ou
t

th
at

th
e

va
lu

es
{(
α
i,
j
,β
j
)

:
i
∈
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∈
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S
c
a
l
in
g

U
p
S
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r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

A
lg

o
rith

m
1

S
IF

S

1
:

In
p

u
t:
β

m
a
x
>
β

1
>
...
>
β
N
>

0
an

d
α

m
a
x (β

j )
=
α

0
,j
>
α

1
,j
>
...
>
α
M
,j
>

0.
2
:

fo
r
j

=
1

to
N

d
o

3
:

C
om

p
u

te
th

e
fi

rst
referen

ce
solu

tion
w
∗(α

0
,j ,β

j )
an

d
θ ∗(α

0
,j ,β

j )
u

sin
g

th
e

close-form
fo

rm
u
la

s
in

E
q
.

(5).
4
:

fo
r
i

=
1

to
M

d
o

5
:

In
itia

liz
a
tio

n
:
F̂

=
R̂

=
L̂

=
∅.

6
:

re
p

e
a
t

7
:

R
u
n

sam
p
le

screen
in

g
u
sin

g
ru

le
IS

S
b
ased

on
w
∗(α

i−
1
,j ,β

j ).
8
:

U
p

d
ate

th
e

in
activ

e
sam

p
le

setsR̂
a
n
d
L̂

:
R̂
←
R̂
∪

∆
R̂

an
d
L̂
←
L̂
∪

∆
L̂
.

9
:

R
u
n

featu
re

screen
in

g
u
sin

g
ru

le
IF

S
b
ased

on
θ ∗(α

i−
1
,j ,β

j ).
1
0
:

U
p

d
ate

th
e

in
activ

e
featu

re
setF̂

:
F̂
←
F̂
∪

∆
F̂

.
1
1
:

u
n
til

N
o

n
ew

in
active

featu
res

o
r

sam
p
les

are
id

en
tifi

ed
1
2
:

C
o
m

p
u
te

w
∗(α

i,j ,β
j )

an
d
θ ∗(α

i,j ,β
j )

b
y

solv
in

g
th

e
scaled

p
rob

lem
.

1
3
:

e
n

d
fo

r
1
4
:

e
n

d
fo

r
1
5
:

O
u

tp
u

t:w
∗(α

i,j ,β
j )

an
d
θ ∗(α

i,j ,β
j ),i∈

[M
],j∈

[N
].

S
IF

S
a
p
p
lies

IS
S

a
n
d

IF
S

in
a
n

a
ltern

a
tin

g
m

a
n
n
er

to
rein

fo
rce

th
eir

ca
p
a
b
ility

in
id

en
tify

in
g

in
active

sam
p

les
an

d
featu

res.
In

A
lgorith

m
1,

w
e

ap
p

ly
IS

S
fi

rst.
O

f
cou

rse,
w

e
ca

n
a
lso

a
p
p
ly

IF
S

fi
rst.

T
h
e

th
eo

rem
b

elow
d
em

o
n
stra

tes
th

a
t

th
e

o
rd

ers
h
av

e
n
o

im
p
a
ct

o
n

th
e

p
erfo

rm
an

ce
of

S
IF

S
.

T
h

e
o
re

m
1
2

G
iven

th
e

o
p
tim

a
l

so
lu

tio
n

s
w
∗(α

i−
1
,j ,β

j )
a
n

d
θ ∗(α

i−
1
,j ,β

j )
a
t

(α
i−

1
,j ,β

j )
a
s

th
e

referen
ce

so
lu

tio
n

pa
ir

a
t

(α
i,j ,β

j )
fo

r
S

IF
S

,
w

e
a
ssu

m
e

S
IF

S
w

ith
IS

S
fi

rst
sto

p
s

a
fter

a
p
p
lyin

g
IF

S
a

n
d

IS
S

fo
r
s

tim
es

a
n

d
d
en

o
te

th
e

id
en

tifi
ed

in
a
ctive

fea
tu

res
a
n

d
sa

m
p
les

a
s

F̂
As
,R̂

As
,

a
n

d
L̂
As

.
S

im
ila

rly,
w

h
en

w
e

a
p
p
ly

IF
S

fi
rst,

th
e

resu
lts

a
re

d
en

o
ted

a
s
F̂
Bt
,R̂

Bt
,

a
n

d
L̂
Bt

.
T

h
en

,
th

e
fo

llo
w

in
gs

h
o
ld

:
(1

)F̂
As

=
F̂
Bt
,R̂

As
=
R̂
Bt

,
a
n

d
L̂
As

=
L̂
Bt

.
(2

)
w

ith
d
iff

eren
t

o
rd

ers
o
f

a
p
p
lyin

g
IS

S
a
n

d
IF

S
,

th
e

d
iff

eren
ce

betw
een

th
e

tim
es

o
f

IS
S

a
n

d
IF

S
w

e
n

eed
to

a
p
p
ly

in
S

IF
S

ca
n

n
ever

be
la

rger
th

a
n

1
,

th
a
t

is,|s−
t|≤

1.

4
.4

.
D

isc
u
ssio

n

A
fter

d
evelop

in
g

th
e

p
rop

osed
m

eth
o
d

S
IF

S
ab

ove,
w

e
n
ow

tu
rn

to
th

e
related

w
ork

d
iscu

ssion
in

o
rd

er
to

h
ig

h
lig

h
t

th
e

d
iff

eren
ces

b
etw

een
S
IF

S
a
n
d

th
e

ex
istin

g
m

eth
o
d
s

a
n
d

a
lso

th
e

n
ovelty

of
ou

r
m

eth
o
d
,

alth
ou

gh
w

e
h
ave

m
en

tion
ed

som
e

of
th

em
in

th
e

in
tro

d
u
ction

section
.

W
e

d
iv

id
e

th
e

p
rev

iou
s

w
ork

in
to

tw
o

p
arts:

screen
in

g
for

sp
arse

S
V

M
an

d
for

oth
er

sp
arse

lea
rn

in
g

m
o
d
els.

T
o

th
e

b
est

o
f

o
u
r

k
n
ow

led
g
e,

th
e

screen
in

g
m

eth
o
d

in
S
h
ib

a
g
a
k
i

et
a
l.

2
0
1
6

is
th

e
o
n
ly

m
eth

o
d

b
esid

es
o
u
r

S
IF

S
,

w
h
ich

ca
n

sim
u
lta

n
eo

u
sly

id
en

tify
th

e
in

a
ctiv

e
fea

tu
res

a
n
d

sa
m

p
les

fo
r

sp
a
rse

S
V

M
.

T
h
ere

a
re

m
a
in

ly
th

ree
b
ig

d
iff

eren
ces

b
etw

een
S
IF

S
a
n
d

th
is

m
eth

o
d

.
F

irst,
th

e
tech

n
iq

u
es

u
sed

in
th

e
o
p

tim
a

estim
a
tio

n
s

o
f

S
IF

S
a
n

d
S

h
ib

a
g
a
k
i

11
JM

L
R

 20(121):1-39, 2019

H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

et
a
l.

2
0
1
6

a
re

q
u
ite

d
iff

eren
t.

T
o

b
e

sp
ecifi

c,
th

e
estim

a
tio

n
s

in
S
IF

S
a
re

d
ev

elo
p

ed
b
y

ex
p
lo

itin
g

th
e

referen
ce

so
lu

tio
n

p
a
ir

a
n
d

ca
refu

lly
stu

d
y
in

g
th

e
stro

n
g

co
n
v
ex

ity
o
f

th
e

o
b

jectiv
e

fu
n
ctio

n
s

a
n
d

th
e

o
p
tim

u
m

co
n

d
itio

n
s

o
f

p
ro

b
lem

s
(P
∗)

a
n
d

(D
∗)

a
t

th
e

cu
rren

t
a
n
d

referen
ce

p
a
ra

m
eter

va
lu

e
p
a
irs

(see
L

em
m

a
s

5
a
n
d

6
a
n
d

a
lso

th
eir

p
ro

o
fs

fo
r

th
e

d
eta

ils).
In

co
n
tra

st,
S
h
ib

a
g
a
k
i

et
a
l.

(2
0
1
6
)

estim
a
ted

th
e

o
p
tim

a
h
eav

ily
b
a
sed

o
n

th
e

d
u
a
lity

g
a
p
.

A
s

w
e

m
en

tio
n
ed

in
th

e
in

tro
d
u
ctio

n
sectio

n
,

d
u
a
lity

g
a
p

is
u
su

a
lly

la
rg

e
in

th
e

ea
rly

sta
g
es

a
n
d

d
ecrea

ses
g
ra

d
u
a
lly,

w
h
ich

w
ea

k
en

s
its

ca
p
a
b
ility

in
th

e
ea

rly
sta

g
es

a
n
d

lea
d
s

to
a

lim
ited

ov
era

ll
sp

eed
u
p
.

S
eco

n
d
,

a
lg

o
rith

m
ica

lly,
S
h
ib

a
g
a
k
i

et
a
l.

(2
0
1
6
)

is
d

y
n

a
m

ic
w

h
ile

o
u

r
m

eth
o
d

is
sta

tic.
In

o
th

er
w

o
rd

s,
S

h
ib

a
g
a
k
i

et
a
l.

(2
0
1
6
)

id
en

tifi
es

th
e

in
a
ctiv

e
fea

tu
res

a
n
d

sa
m

p
les

d
u
rin

g
th

e
tra

in
in

g
p
ro

cess,
a
n
d

in
o
u
r

m
eth

o
d
,

w
e

d
o

th
is

b
efore

th
e

train
in

g
p
ro

cess
(see

step
s

6
to

11
in

A
lgorith

m
1),

w
h
ich

m
ean

s
S
h
ib

agak
i

et
al.

(2
0
1
6
)

n
eed

s
to

a
p
p
ly

its
screen

in
g

ru
les

fo
r

m
a
n
y

tim
es

w
h
ile

w
e

trig
g
er

S
IF

S
o
n
ly

o
n
ce.

T
h
ese

tw
o

tech
n
ica

l
a
n
d

a
lg

o
rith

m
ic

d
iff

eren
ces

m
a
k
e

o
u
r

m
eth

o
d

o
u
tp

erfo
rm

S
h
ib

a
g
a
k
i

et
a
l.

(2
0
1
6
),

w
h
ich

w
ill

b
e

v
erifi

ed
in

th
e

ex
p

erim
en

ta
l

sectio
n
.

A
t

la
st,

w
e

th
eo

retica
lly

p
rov

e
th

a
t

in
th

e
sta

tic
scen

a
rio

th
e

o
rd

ers
o
f

a
p
p
ly

in
g

th
e

fea
tu

re
a
n
d

sa
m

p
le

screen
in

g
ru

les
h
ave

n
o

im
p
act

on
th

e
fi
n
al

p
erform

an
ce,

w
h
ile

S
h
ib

agak
i

et
al.

(2016)
d
id

n
ot

give
th

e
th

eoretical
resu

lt
accord

in
gly

in
d
y
n
am

ic
screen

in
g.

T
h
ere

a
re

m
a
in

ly
th

ree
b
ig

d
iff

eren
ces

b
etw

een
o
u
r

S
IF

S
a
n
d

ex
istin

g
m

eth
o
d
s

fo
r

o
th

er
sp

a
rse

lea
rn

in
g

m
o
d
els.

F
irst,

th
ese

ex
istin

g
m

eth
o
d
s

id
en

tify
eith

er
fea

tu
res

o
r

sa
m

p
les

in
d
iv

id
u
a
lly

a
n
d

w
o
u
ld

b
e

h
elp

less
in

rea
l

a
p
p
lica

tio
n
s

in
v
o
lv

in
g

a
h
u
g
e

n
u
m

b
er

o
f

sa
m

p
les

a
n
d

ex
trem

ely
h
ig

h
-d

im
en

sio
n
a
l

fea
tu

res,
w

h
ile

S
IF

S
id

en
tifi

es
fea

tu
res

a
n
d

sam
p
les

sim
u
ltan

eou
sly.

S
econ

d
,

tech
n
ically,

S
IF

S
can

in
corp

orate
th

e
featu

re
(resp

.
sam

p
le)

screen
in

g
resu

lts
o
f

th
e

p
rev

io
u
s

step
s

a
s

th
e

p
rio

r
k
n
ow

led
g
e

in
to

th
e

p
rim

a
l

(rep
s.

d
u
a
l)

o
p
tim

u
m

estim
a
tio

n
to

o
b
ta

in
a

m
o
re

a
ccu

ra
te

estim
a
tio

n
.

T
h
is

is
v
erifi

ed
w

ith
a

stro
n
g

th
eoretical

gu
aran

tee
(see

L
em

m
as

5
an

d
6).

A
t

last,
w

e
give

a
th

eoretical
p
ro

of
(see

S
ection

s
4
.1

a
n
d

4
.2

)
to

sh
ow

th
e

ex
isten

ce
o
f

th
e

sy
n
erg

istic
eff

ect
b

etw
een

fea
tu

re
a
n
d

sa
m

p
le

screen
in

g
for

th
e

fi
rst

tim
e

in
th

e
sta

tic
scen

ario.

F
in

a
lly,

w
e

w
o
u
ld

lik
e

to
p

o
in

t
o
u
t

th
a
t

a
lth

o
u
g
h

th
e

k
ey

id
ea

s
u
sed

in
so

m
e

o
f

th
e

screen
in

g
m

eth
o
d
s

in
clu

d
in

g
S
IF

S
seem

to
b

e
sim

ilar,
th

ey
are

d
evelop

ed
sp

ecifi
cally

for
th

e
sp

arse
m

o
d
els

th
ey

fo
cu

s
on

,
w

h
ich

m
akes

it
n
on

triv
ial

an
d

even
very

d
iffi

cu
lt

to
red

u
ce

on
e

m
eth

o
d

to
a
n
o
th

er
b
y

sim
p
ly

resettin
g

th
e

lo
ss

a
n
d

reg
u
la

rizer
o
f

th
e

m
o
d
el.

F
o
r

ex
a
m

p
le,

S
IF

S
ca

n
n
o
t

b
e

red
u
ced

to
W

a
n
g

et
a
l.

(2
0
1
4
b
)

b
y

settin
g
α

=
0

a
n
d

lettin
g

lo
ss

b
e

th
e

lo
g
istic

lo
ss,

a
lth

o
u
g
h

b
o
th

o
f

th
eir

d
u
a
l

o
p
tim

u
m

estim
a
tio

n
s

a
re

b
a
sed

o
n

th
e

stro
n
g

con
vex

ity
of

th
e

ob
jective.

T
h
e

reason
is

th
at

th
ey

u
se

th
e

stron
g

con
vex

ity
in

q
u
ite

d
iff

eren
t

w
ay

s
d

u
e

to
th

eir
d

iff
eren

t
d

u
al

p
rob

lem
s

in
clu

d
in

g
th

e
feasib

le
region

s
an

d
th

e
ex

p
ression

s
o
f

th
e

d
u
a
l

o
b

jectiv
es

(see
T

h
eo

rem
2

in
W

a
n
g

et
a
l.,

2
0
1
4
b
,

L
em

m
a

6
a
b

ov
e,

a
n
d

th
eir

p
ro

ofs
for

th
e

d
etails).

M
oreover,

w
e

can
n
ot

red
u
ce

S
IF

S
to

th
e

m
eth

o
d
s

(O
gaw

a
et

al.,
2013;

W
an

g
et

al.,
2014a)

for
S
V

M
b
y

settin
g
β

to
b

e
0,

sin
ce

th
ey

are
b
ased

on
th

e
con

vex
ity

of
th

e
ob

jective
w

h
ile

S
IF

S
ex

p
loits

th
e

stron
g

con
vex

ity.

5
.
S
IF

S
fo
r
M

u
lti-cla

ss
S
p
a
rse

S
V
M

s

In
th

is
sectio

n
,

w
e

co
n
sid

er
ex

ten
d
in

g
S
IF

S
to

m
u
lti-cla

ss
sp

a
rse

S
V

M
s.

W
e

w
ill

b
riefl

y
rev

iew
th

e
b

asics
of

m
u

lti-class
sp

arse
S

V
M

s
an

d
th

en
d

erive
a

series
of

th
eorem

s
as

w
e

d
id
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S
c
a
l
in
g

U
p
S
pa

r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

fo
r

sp
a
rs

e
S

V
M

s
a
b

ov
e.

F
in

a
ll

y,
w

e
w

il
l

p
re

se
n
t

th
e

d
et

a
il

ed
sc

re
en

in
g

ru
le

fo
r

m
u

lt
i-

cl
a
ss

sp
ar

se
S
V

M
s.

5
.1

.
B

a
si

c
s

o
f

M
u

lt
i-

c
la

ss
S

p
a
rs

e
S

V
M

s

W
e

fo
cu

s
on

th
e
` 1

-r
eg

u
la

ri
ze

d
m

u
lt

i-
cl

as
s

S
V

M
w

it
h

a
sm

o
ot

h
ed

h
in

ge
lo

ss
,

w
h
ic

h
ta

ke
s

th
e

fo
rm

of

m
in

w
∈R

K
p
P

(w
;α
,β

)
=

1 n

n ∑ i=
1

` i
(w

)
+
α 2
‖w
‖2

+
β
||w
|| 1
,

(m
-P
∗ )

w
h
er

e
w

=
[w

1
;w

2
;.
..
;w

K
]
∈

R
K
p

is
th

e
p
a
ra

m
et

er
v
ec

to
r

to
b

e
es

ti
m

a
te

d
w

it
h

w
k
∈

R
p
,k

=
1
,.
..
,K

.
T

h
e

lo
ss

fu
n
ct

io
n
` i

(w
)

=
∑

k
6=
y
i
`(

w
> k

x
i
−

w
> y i

x
i
+

1
),

w
it

h
{x

i,
y i
}n i=

1
is

th
e

tr
a
in

in
g

d
a
ta

se
t

o
f
K

cl
a
ss

es
,
x
i
∈
R
p
,y
i
∈
{1
,.
..
,K
},

a
n
d
`(
·)

is
th

e
sm

o
o
th

ed
h
in

g
e

lo
ss

d
efi

n
ed

in
E

q
.

(1
).

T
h
e

fo
ll
ow

in
g

th
eo

re
m

p
re

se
n
ts

th
e

L
a
g
ra

n
g
ia

n
d
u
a
l

p
ro

b
le

m
o
f

(m
-P
∗ )

a
n
d

th
e

K
K

T
co

n
d
it

io
n
s,

w
h
ic

h
ar

e
es

se
n
ti

al
fo

r
d
ev

el
op

in
g

th
e

sc
re

en
in

g
ru

le
s.

T
h

e
o
re

m
1
3

F
o
r

ea
ch

sa
m

p
le

(x
i,
y i

),
w

e
d
efi

n
e

u
i

=
1−

e
y
i
∈
R
K

a
n

d
X
i

=
[X

1 i
,X

2 i
,.
..
,X

K i
]
∈

R
K
p
×
K

,
w

h
er

e
X
k i

=
ve

c(
x
i(

e
k
−

e
y
i
)>

)
∈

R
K
p
.

L
et

u
=

[u
1
;.
..
;u

n
]
∈

R
K
n

a
n

d
X

=
[X

1
,X

2
,.
..
,X

n
]
∈
R
K
p
×
K
n

.
T

h
en

,
fo

r
th

e
p
ro

bl
em

(m
-P
∗ )

,
th

e
fo

ll
o
w

in
gs

h
o
ld

:
(i

)
th

e
d
u

a
l

p
ro

bl
em

o
f

(m
-P
∗ )

is

m
in

θ
∈[

0
,1

]K
n
D

(θ
;α
,β

)
=

1 2
α

∥ ∥ ∥ ∥S
β

(
1 n

X
θ)∥ ∥ ∥ ∥

2

+
γ 2n
‖θ
‖2
−

1 n
〈u
,θ
〉,

(m
-D
∗ )

w
h
er

e
θ

=
[θ

1
;.
..
;θ
n
]

w
it

h
θ i
∈

[0
,1

]K
,i

=
1,
..
.,
n

;
(i

i)
d
en

o
te

th
e

o
p
ti

m
a

o
f

p
ro

bl
em

s
(m

-P
∗ )

a
n

d
(m

-D
∗ )

by
w
∗ (
α
,β

)
a
n

d
θ∗

(α
,β

),
re

sp
ec

ti
ve

ly
,

th
en

, w
∗ (
α
,β

)
=

1 α
S β
( −

1 n
X
θ∗

(α
,β

))
,

(m
-K

K
T

-1
)

[θ
∗ i(
α
,β

)]
k

=

    

0
,

if
〈X

k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
≤

0;

1
,

if
〈X

k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
≥
γ

;
1 γ
(〈

X
k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
),

o
th

er
w

is
e;

k
=

1,
2,
..
.,
K
.

(m
-K

K
T

-2
)

A
s

w
e

d
id

in
S
ec

ti
on

2,
w

e
ca

n
al

so
d
efi

n
e

3
in

d
ex

se
ts

h
er

e:

F
=

{ (k
,j

)
∈

[K
]
×

[p
]

:
1 n
|[X

θ∗
(α
,β

)]
k
,j
|≤

β

}
,

R
=
{ (i

,k
)
∈

[n
]
×

[K
]

:
〈X

k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
≤

0
}
,

L
=
{ (i

,k
)
∈

[n
]
×

[K
]

:
〈X

k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
≥
γ
}
,

w
h
ic

h
im

p
ly

th
at

(i
)

(k
,j

)
∈
F
⇒

[w
∗ k(
α
,β

)]
j

=
0,

(i
i)

{
(i
,k

)
∈
R
⇒

[θ
∗ i(
α
,β

)]
k

=
0,

(i
,k

)
∈
L
⇒

[θ
∗ i(
α
,β

)]
k

=
1.

(m
-R

)
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 2
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H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

S
u
p
p

o
se

th
a
t

w
e

a
re

g
iv

en
th

re
e

su
b
se

ts
o
f
F
,R

,
a
n
d
L,

th
en

w
e

ca
n

in
fe

r
th

e
va

lu
es

o
f

m
an

y
co

effi
ci

en
ts

of
w
∗ (
α
,β

)
an

d
θ∗

(α
,β

)
v
ia

R
u
le

m
-R

.
T

h
e

le
m

m
a

b
el

ow
sh

ow
s

th
at

th
e

re
st

co
effi

ci
en

ts
of

w
∗ (
α
,β

)
an

d
θ∗

(α
,β

)
ca

n
b

e
re

co
ve

re
d

b
y

so
lv

in
g

a
sm

al
l

si
ze

d
p
ro

b
le

m
.

L
e
m

m
a

1
4

G
iv

en
in

d
ex

se
ts
F̂
⊆
F
,R̂
⊆
R

,
a
n

d
L̂
⊂
L,

th
e

fo
ll

o
w

in
gs

h
o
ld

:
(i

)
[w
∗ (
α
,β

)]
F̂

=
0,

[θ
∗ (
α
,β

)]
R̂

=
0,

[θ
∗ (
α
,β

)]
L̂

=
1;

(i
i)

le
t
D̂

=
R̂
∪
L̂,

Ĝ
1

=
F̂
c
[X

] D̂
c
,

a
n

d
Ĝ

2
=
F̂
c
[X

] L̂
,

w
h
er

e
F̂
c

=
[K

]
×

[p
]
\F̂

,
D̂
c

=

[n
]×

[K
]\
D̂

,
L̂c

=
[n

]×
[K

]\
L̂

a
n

d
û

=
[u

] D̂
c
,

th
en

,
[θ
∗ (
α
,β

)]
D̂
c

so
lv

es
th

e
fo

ll
o
w

in
g

sc
a
le

d
d
u

a
l

p
ro

bl
em

:

m
in

θ̂
∈[

0
,1

]|D̂
c
|{

1 2α

∥ ∥ ∥ ∥S
β

(
1 n

Ĝ
1
θ̂

+
1 n

Ĝ
2
1

)∥ ∥ ∥ ∥
2

+
γ 2n
‖θ̂
‖2
−

1 n
〈û
,θ̂
〉}

;
(m

-s
ca

le
d
-D
∗ )

(i
ii
)

su
p
po

se
th

a
t
θ∗

(α
,β

)
is

kn
o
w

n
,

th
en

,

[w
∗ (
α
,β

)]
F̂
c

=
1 α
S β
( −

1 n
F̂
c
[X

]θ
∗ (
α
,β

))
.

G
iv

en
tw

o
es

ti
m

a
ti

o
n
s
W

a
n
d

Θ
fo

r
w
∗ (
α
,β

)
a
n
d
θ∗

(α
,β

),
w

e
ca

n
d

efi
n
e

th
re

e
su

b
se

ts
o
f
F
,R

,
a
n
d
L

b
el

ow
a
s

w
e

d
id

in
th

e
b
in

a
ry

ca
se

to
re

la
x

R
u
le

m
-R

in
to

th
e

a
p
p
li
ca

b
le

ve
rs

io
n
:

F̂
=

{ (k
,j

)
∈

[K
]×

[p
]

:
m

ax
θ
∈Θ

{
1 n
|[X

θ]
k
,j
|}
≤
β

}
,

R̂
=

{ (i
,k

)
∈

[n
]
×

[K
]

:
m

ax
w
∈W

{ 〈
X
k i
,w
〉+

[u
i]
k

}
≤

0

}
,

L̂
=

{ (i
,k

)
∈

[n
]
×

[K
]

:
m

in
w
∈W

{ 〈
X
k i
,w
∗ (
α
,β

)〉
+

[u
i]
k
〉}
≥
γ

}
.

5
.2

.
E

st
im

a
te

th
e

P
ri

m
a
l

a
n

d
D

u
a
l

O
p

ti
m

a

W
e

fi
rs

t
d
er

iv
e

th
e

eff
ec

ti
ve

in
te

rv
al

s
of

th
e

p
ar

am
et

er
s
α

an
d
β

.

L
e
m

m
a

1
5

L
et
β

m
a
x

=
‖1 n

X
u
‖ ∞

a
n

d
α

m
a
x
(β

)
=

1
1
−
γ

m
ax

(i
,k

)∈
[n

]×
[K

]

{ 〈
X
k i
,S

β
(

1 n
X

u
)〉
} .

T
h
en

:
(i

)
fo

r
α
>

0
a
n

d
β
≥
β

m
a
x
,

w
e

h
a
ve

w
∗ (
α
,β

)
=

0
,
θ∗

(α
,β

)
=

u
;

(i
i)

fo
r

a
ll
α
∈

[m
ax
{α

m
a
x
(β

),
0}
,∞

)
∩

(0
,∞

),
w

e
h
a
ve

w
∗ (
α
,β

)
=

1 α
S β
( −

1 n
X

u

)
,
θ∗

(α
,β

)
=

u
.

(1
8
)

H
en

ce
,

w
e

on
ly

n
ee

d
to

co
n
si

d
er

th
e

ca
se

s
w

it
h
β
∈

(0
,β

m
a
x
]

an
d
α
∈

(0
,α

m
a
x
(β

)]
.

S
in

ce
p
ro

b
le

m
(m

-P
∗ )

is
a

sp
ec

ia
l

ca
se

o
f

p
ro

b
le

m
(g

-P
∗ )

w
it

h
L

(w
)

=
1 m

∑
n i=

1
` i

(w
),

gi
ve

n
th

e
re

fe
re

n
ce

so
lu

ti
on

w
∗ (
α

0
,β

0
)

an
d

th
e

in
d
ex

se
t
F̂

of
th

e
in

ac
ti

ve
fe

at
u
re

s
id

en
ti

fi
ed

b
y

th
e

p
re

v
io

u
s

IF
S

st
ep

s,
w

e
ca

n
ap

p
ly

L
em

m
a

5
to

ob
ta

in
th

e
es

ti
m

at
io

n
fo

r
w
∗ (
α
,β

0
)]
F̂
c
:

[w
∗ (
α
,β

0
)]
F̂
c
∈
W

: =
{w

:
‖w
−

c
‖
≤
r}
,

(1
9
)
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S
c
a
l
in
g

U
p
S
pa

r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

w
h
ere

c
a
n
d
r

a
re

d
efi

n
ed

in
E

q
s.

(6)
an

d
(7),

resp
ectively.

M
oreover,

n
otin

g
th

at
p
rob

lem
(m

-D
∗)

is
also

a
sp

ecial
case

of
p
rob

lem
(g-D

∗),
given

th
e

referen
ce

solu
tion

θ ∗(α
0 ,β

0 )
an

d
th

e
in

d
ex

sets
of

in
active

sam
p
les

id
en

tifi
ed

b
y

th
e

p
rev

iou
s

IS
S

step
sR̂

an
d
L̂

,
w

e
can

ob
tain

an
estim

ation
for

[θ ∗(α
,β

0 )]D̂
c

from
L

em
m

a
6:

[θ ∗(α
,β

0 )]D̂
c ∈

Θ
:=
{θ

:‖
θ−

c‖
≤
r},

(20)

w
h
ere

c
a
n
d
r

are
d
efi

n
ed

b
y

E
q
s.

(9)
an

d
(10)

w
ith

v
=

u
,

resp
ectively.

5
.3

.
S

c
re

e
n

in
g

R
u

le
S

IF
S

G
iv

en
th

e
o
p
tim

a
w
∗(α

0 ,β
0 )

a
n
d
θ ∗(α

0 ,β
0 ),

to
d
eriv

e
th

e
fea

tu
re

screen
in

g
ru

le
IF

S
,

w
e

n
eed

to
so

lve
th

e
op

tim
ization

p
rob

lem
b

elow
fi
rst:

s
(k
,j)(α

,β
0 )

=
m

ax
θ∈

Θ

{
1n |〈[X

k
,j ]D̂

c ,θ〉
+
〈[X

k
,j ]L̂

,1〉| }
,(k

,j)∈
F̂
c,

(21)

w
h
ere

X
k
,j

is
th

e
((k−

1)p
+
j)-th

row
of

X
,

Θ
is

given
b
y

E
q
.

(20),
an

d
F̂

an
d
D̂

=
R̂
∪
L̂

a
re

th
e

in
d

ex
sets

o
f

th
e

in
a
ctiv

e
fea

tu
res

a
n

d
sa

m
p

les
id

en
tifi

ed
in

th
e

p
rev

io
u

s
screen

in
g

p
ro

cess.
W

e
n
o
tice

th
a
t

th
is

p
ro

b
lem

h
a
s

ex
a
ctly

th
e

sa
m

e
fo

rm
a
s

p
ro

b
lem

(1
2
).

H
en

ce,
from

L
em

m
a

8
w

e
can

ob
tain

its
closed

-form
solu

tion
d
irectly.

N
ow

,
from

R
u
le

m
-R

,
w

e
can

o
b
ta

in
o
u
r

IF
S

ru
le

b
elow

.

•
T

h
e

fea
tu

re
screen

in
g

ru
le

IF
S

takes
th

e
form

of

s
(k
,j)(α

,β
0 )≤

β
0 ⇒

[w
∗k (α

,β
0 )]j

=
0,∀

(k
,j)∈

F̂
c.

(IF
S
)

•
T

h
e

in
d
ex

setF̂
can

b
e

u
p

d
ated

b
y

F̂
←
F̂
∪

∆
F̂

w
ith

∆
F̂

=
{
(k
,j)

:
s

(k
,j)≤

β
0 ,(k

,j)∈
F̂
c}
.

(22)

S
im

ila
rly,

w
e

n
eed

to
so

lv
e

th
e

fo
llow

in
g

p
ro

b
lem

s
to

d
eriv

e
o
u
r

sa
m

p
le

screen
in

g
ru

le
IS

S
:

u
(i,k

) (α
,β

0 )
=

m
ax

w
∈W
{〈[X

ki ]F̂
c ,w
〉

+
[u
i ]k },(i,k

)∈
D̂
c,

(23)

l(i,k
) (α

,β
0 )

=
m

in
w
∈W
{〈[X

ki ]F̂
c ,w
〉

+
[u
i ]k }

,(i,k
)∈
D̂
c,

(24)

w
h
ere
W

is
g
iv

en
b
y

E
q
.

(1
9
).

W
e

fi
n
d

th
a
t

th
ey

ca
n

b
e

so
lv

ed
b
y

L
em

m
a

1
0

d
irectly.

T
h
erefo

re,
w

e
can

ob
tain

ou
r

sam
p
le

screen
in

g
ru

le
IS

S
b

elow
.

•
T

h
e

sa
m

p
le

screen
in

g
ru

le
IS

S
ta

kes
th

e
form

of

u
(i,k

) (α
,β

0 )≤
0
⇒

[θ ∗i (α
,β

0 )]k
=

0,

l(i,k
) (α

,β
0 )≥

γ
⇒

[θ ∗i (α
,β

0 )]k
=

1,
∀
(i,k

)∈
D̂
c.

(IS
S
)

•
W

e
ca

n
u
p

d
ate

th
e

in
d
ex

setsR̂
an

d
L̂

b
y

R̂
←
R̂
∪

∆
R̂

w
ith

∆
R̂

=
{(i,k

)
:
u

(i,k
) (α

,β
0 )≤

0
,(i,k

)∈
D̂
c}
,

(25)

L̂
←
L̂
∪

∆
L̂

w
ith

∆
L̂

=
{(i,k

)
:
l(i,k

) (α
,β

0 )≥
γ
,(i,k

)∈
D̂
c}
.

(26)
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H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

T
h

e
sam

e
as

w
e

d
id

sp
arse

S
V

M
,

w
e

can
also

d
evelop

S
IF

S
to

rein
force

th
e

cap
ab

ilities
of

IS
S

an
d

IF
S

b
y

ap
p
ly

in
g

th
em

altern
atively.

T
h
e

fram
ew

ork
of

S
IF

S
for

solv
in

g
th

e
m

o
d
el

ov
er

a
g
rid

o
f

p
a
ra

m
eter

va
lu

es
h
ere

is
th

e
sa

m
e

a
s

th
a
t

in
th

e
ca

se
o
f

sp
a
rse

S
V

M
,

i.e.
A

lgorith
m

1,
ex

cep
t

for
th

e
d
iff

eren
t

ru
les

IF
S

an
d

IS
S
,

an
d

th
e

u
p

d
ates

ofR̂
,L̂

,
an

d
F̂

.

In
th

is
v
ersio

n
o
f

S
IF

S
,

th
e

o
rd

er
o
f

a
p
p
ly

in
g

IF
S

a
n
d

IS
S

a
lso

h
a
s

n
o

im
p
a
ct

o
n

th
e

fi
n

al
p

erform
an

ce.
S

in
ce

th
e

form
of

th
e

th
eorem

an
d

its
p

ro
of

are
n

early
th

e
sam

e
as

th
at

of
T

h
eorem

12,
to

avoid
red

u
n
d
an

cy,
w

e
om

it
th

em
in

th
is

section
.

6
.
E
x
p
e
rim

e
n
ts

W
e

eva
lu

a
te

S
IF

S
o
n

b
o
th

sy
n
th

etic
a
n
d

rea
l

d
a
ta

sets
in

term
s

o
f

th
ree

m
ea

su
rem

en
ts:

speed
u

p
,

sca
lin

g
ra

tio
,

an
d

rejectio
n

ra
tio

.
S

p
eed

u
p

is
given

b
y

th
e

ratio
of

th
e

ru
n

n
in

g
tim

e
of

th
e

solver
w

ith
ou

t
screen

in
g

to
th

at
w

ith
screen

in
g.

F
o
r

sp
a
rse

S
V

M
s,

sca
lin

g
ra

tio
is

d
efi

n
ed

a
s

1−
(n−

ñ
)(p−

p̃
)

n
p

,
w

h
ere

ñ
,
p̃
,
n

,
a
n
d
p

a
re

th
e

n
u

m
b

ers
o
f

in
a
ctiv

e
sa

m
p

les
a
n

d
fea

tu
res

id
en

tifi
ed

b
y

S
IF

S
,

sa
m

p
le

size,
a
n

d
fea

tu
re

d
im

en
sion

of
th

e
d
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d
-D
∗ )

,
w

e
ca

n
se

e
th

at
[θ̃
∗ (
C
,α

)]
D̂
c

ca
n

b
e

re
co

ve
re

d
fr

om
th

e
fo

ll
ow

in
g

p
ro

b
le

m
:

m
in

θ̂
∈[

0
,1

]|D̂
c
|

1 2
α
||S

β
(
1 n

Ĝ
1
θ̂

+
1 n

Ĝ
2
1

)||
2

+
γ 2n
||θ̂
||2
−

1 n
〈1
,θ̂
〉.

S
in

ce
[θ̃
∗ (
α
,β

)]
D̂
c

=
[θ
∗ (
α
,β

)]
D̂
c
,

th
e

p
ro
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is

th
er

ef
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e
co

m
p
le

te
d
.
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d
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P
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ro

o
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)

W
e

p
ro

v
e

th
is

le
m

m
a

b
y

v
er

if
y
in

g
th

a
t

th
e

so
lu

ti
o
n
s

w
∗ (
α
,β

)
=

0
a
n
d
θ∗

(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

(K
K

T
-1

)
an

d
(K

K
T

-2
).

F
ir

st
ly

,
si

n
ce
β
≥
β

m
a
x

=
||1 n

X̄
1
|| ∞

,
w

e
h
av

e
S β

(
1 n
X̄

1
)

=
0
.

T
h
u
s

w
∗ (
α
,β

)
=

0
a
n
d

θ∗
(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
it

io
n

(K
K

T
-1

).

T
h
en

,
fo

r
al

l
i
∈

[n
],

w
e

h
av

e

1
−
〈x̄
i,

w
∗ (
α
,β

)〉
=

1
−

0
>
γ
.

T
h
u
s,

w
∗ (
α
,β

)
=

0
a
n
d
θ∗

(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
it

io
n

(K
K

T
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H

en
ce

,
th

ey
a
re

th
e

so
lu

ti
on

s
of

th
e

p
ri

m
al

p
ro

b
le

m
(P
∗ )

an
d

th
e

d
u
al

p
ro

b
le

m
(D
∗ )

,
re

sp
ec

ti
ve

ly
.

(i
i)

S
im

il
a
r

to
th

e
p

ro
o
f

o
f

(i
),

w
e

p
ro

v
e

th
is

b
y

v
er

if
y
in

g
th

a
t

th
e

so
lu

ti
o
n

s
w
∗ (
α
,β

)
=

1 α
S β

(
1 n
X̄
θ∗

(α
,β

))
an

d
θ∗

(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

(K
K

T
-1

)
an

d
(K

K
T

-2
).

1.
C

a
se

1
:
α

m
a
x
(β

)
≤

0.
T

h
en

fo
r

al
l
α
>

0,
w

e
h
av

e

m
in

i∈
[n

]{
1
−
〈x̄
i,

w
∗ (
α
,β

)〉
}

=
m

in
i∈

[n
]{

1
−

1 α
〈x̄
i,
S β

(
1 n

X̄
θ∗

(α
,β

))
〉}

=
m

in
i∈

[n
]{

1
−

1 α
〈x̄
i,
S β

(
1 n

X̄
1

)〉
}

=
1
−

1 α
m

ax
i∈

[n
]〈x̄

i,
S β

(
1 n

X̄
1

)〉
=

1
−

(1
−
γ

)
1 α
α

m
a
x
(β

)

≥
1
>
γ
.

T
h
en

,
L

=
[n

],
a
n
d

w
∗ (
α
,β

)
=

1 α
S β

(
1 n
X̄
θ∗

(α
,β

))
a
n
d
θ∗

(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
i-

ti
on

s
(K

K
T

-1
)

an
d

(K
K

T
-2

).
H

en
ce

,
th

ey
ar

e
th

e
op

ti
m

al
so

lu
ti

on
of

th
e

p
ri

m
al

an
d

d
u
al

p
ro

b
le

m
s

(P
∗ )

an
d

(D
∗ )

.

2.
C

a
se

2
:
α

m
a
x
(β

)
>

0.
T

h
en

fo
r

an
y
α
≥
α

m
a
x
(β

),
w

e
h
av

e

m
in

i∈
[n

]{
1
−
〈x̄
i,

w
∗ (
α
,β

)〉
}

=
m

in
i∈

[n
]{

1
−

1 α
〈x̄
i,
S β

(
1 n

X̄
θ∗

(α
,β

))
〉}

=
m

in
i∈

[n
]{

1
−

1 α
〈x̄
i,
S β

(
1 n

X̄
1

)〉
}

=
1
−

1 α
m

ax
i∈

[n
]〈x̄

i,
S β

(
1 n

X̄
1

)〉
=

1
−

(1
−
γ

)
1 α
α

m
a
x
(β

)
≥

1
−

(1
−
γ

)
=
γ
.

T
h
u
s,
E
∪
L

=
[n

],
a
n
d

w
∗ (
α
,β

)
=

1 α
S β

(
1 n
X̄
θ∗

(α
,β

))
a
n
d
θ∗

(α
,β

)
=

1
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

(K
K

T
-1

)
an

d
(K

K
T

-2
).

H
en

ce
,

th
ey

ar
e

th
e

op
ti

m
al

so
lu

ti
on

of
th

e
p
ri

m
al

an
d

d
u
al

p
ro

b
le

m
s

(P
∗ )

an
d

(D
∗ )

.
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p
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.
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r
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e
m
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5

P
ro

o
f

o
f

L
em

m
a

5:
D

u
e

to
th

e
α

-stron
g

con
vex

ity
of

th
e

ob
jectiv

e
P

(w
;α
,β

),
w

e
h
ave

P
(w
∗(α

0 ,β
0 );α

,β
0 )≥

P
(w
∗(α

,β
0 );α

,β
0 )

+
α2 ||w

∗(α
0 ,β

0 )−
w
∗(α

,β
0 )|| 2,

P
(w
∗(α

,β
0 );α

0 ,β
0 )≥

P
(w
∗(α

0 ,β
0 );α

0 ,β
0 )

+
α

02
||w
∗(α

0 ,β
0 )−

w
∗(α

,β
0 )|| 2,

w
h
ich

a
re

eq
u
ivalen

t
to

α2 ||w
∗(α

0 ,β
0 )|| 2

+
β

0 ||w
∗(α

0 ,β
0 )||1

+
L

(w
∗(α

0 ,β
0 ))

≥
α2 ||w

∗(α
,β

0 )|| 2
+
β

0 ||w
∗(α

,β
0 )||1

+
L

(w
∗(α

,β
0 ))

+
α2 ||w

∗(α
0 ,β

0 )−
w
∗(α

,β
0 )|| 2,

α
02
||w
∗(α

,β
0 )|| 2

+
β

0 ||w
∗(α

,β
0 )||1

+
L

(w
∗(α

,β
0 ))

≥
α

02
||w
∗(α

0 ,β
0 )|| 2

+
β

0 ||w
∗(α

0 ,β
0 )||1

+
L

(w
∗(α

0 ,β
0 ))

+
α

02
||w
∗(α

0 ,β
0 )−

w
∗(α

,β
0 )|| 2.

A
d
d
in

g
th

e
a
b

ov
e

tw
o

in
eq

u
alities

togeth
er,

w
e

ob
tain

α
−
α

0

2
||w
∗(α

0 ,β
0 )|| 2≥

α
−
α

0

2
||w
∗(α

,β
0 )|| 2

+
α

0
+
α

2
||w
∗(α

0 ,β
0 )−

w
∗(α

,β
0 )|| 2

⇒
||w
∗(α

,β
0 )−

α
0

+
α

2
α

w
∗(α

0 ,β
0 )|| 2≤

(α
−
α

0 )
2

4
α

2
||w
∗(α

0 ,β
0 )|| 2.

(28)

S
u
b
stitu

tin
g

th
e

p
rior

th
at

[w
∗(α

,β
0 )]F̂

=
0

in
to

E
q
.

(28),
w

e
ob

tain

||[w
∗(α

,β
0 )]F̂

c −
α

0
+
α

2
α

[w
∗(α

0 ,β
0 )]F̂

c || 2

≤
(α
−
α

0 )
2

4α
2
||w
∗(α

0 ,β
0 )|| 2−

(α
0

+
α

)
2

4
α

2
||[w

∗(α
0 ,β

0 )]F̂ || 2.

T
h
e

p
ro
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f
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m
p
lete.

A
.4

.
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r

L
e
m

m
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6

P
ro

o
f
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f

L
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m
a

6:
F

irstly,
w

e
n
eed

to
ex

ten
d

th
e

d
efi

n
ition

of
D

(θ;α
,β

)
to

R
n
:

D̃
(θ;α

,β
)

=

{
D

(θ;α
,β

),
if
θ
∈

[0,1] n
,

+
∞
,

oth
erw

ise.
(29)

D
u
e

to
th

e
stro

n
g

con
v
ex

ity
of

ob
jective

D̃
(θ;α

,β
),

w
e

h
ave

D̃
(θ ∗(α

0 ,β
0 ),α

,β
0 )≥

D̃
(θ ∗(α

,β
0 ),α

,β
0 )

+
γ2n ||θ ∗(α

0 ,β
0 )−

θ ∗(α
,β

0 )|| 2,

D̃
(θ ∗(α

,β
0 ),α

0 ,β
0 )≥

D̃
(θ ∗(α

0 ,β
0 ),α

0 ,β
0 )

+
γ2n ||θ ∗(α

0 ,β
0 )−

θ ∗(α
,β

0 )|| 2.
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S
in

ce
θ ∗(α

0 ,β
0 ),θ ∗(α

,β
0 )∈

[0,1] n
,

th
e

ab
ove

in
eq

u
alities

are
eq

u
ivalen

t
to

12
α
f
β
0 (θ ∗(α

0 ,β
0 ))

+
γ2
n ||θ ∗(α

0 ,β
0 )|| 2−

1n 〈1
,θ ∗(α

0 ,β
0 )〉

≥
12
α
f
β
0 (θ ∗(α

,β
0 ))

+
γ2
n ||θ ∗(α

,β
0 )|| 2−

1n 〈1
,θ ∗(α

,β
0 )〉

+
γ2
n ||θ ∗(α

0 ,β
0 )−

θ ∗(α
,β

0 )|| 2,
1

2
α

0
f
β
0 (θ ∗(α

,β
0 ))

+
γ2
n ||θ ∗(α

,β
0 )|| 2−

1n 〈1
,θ ∗(α

,β
0 )〉

≥
1

2
α

0
f
β
0 (θ ∗(α

0 ,β
0 ))

+
γ2
n ||θ ∗(α

0 ,β
0 )|| 2−

1n 〈1
,θ ∗(α

0 ,β
0 )〉

+
γ2
n ||θ ∗(α

0 ,β
0 )−

θ ∗(α
,β

0 )|| 2.

A
d
d
in

g
th

e
ab

ov
e

tw
o

in
eq

u
alities,

w
e

ob
tain

γ
(α
−
α

0 )

2n
||θ ∗(α

0 ,β
0 )|| 2−

α
−
α

0

n
〈1
,θ ∗(α

0 ,β
0 )〉

≥
γ

(α
−
α

0 )

2
n

||θ ∗(α
,β

0 )|| 2−
α
−
α

0

n
〈1
,θ ∗(α

,β
0 )〉

+
γ

(α
0

+
α

)

2
n

||θ ∗(α
0 ,β

0 )−
θ ∗(α

,β
0 )|| 2.

T
h
at

is
eq

u
ivalen

t
to

||θ ∗(α
,β

0 )|| 2−
〈 α
−
α

0

γ
α

1
+
α

0
+
α

α
θ ∗(α

0 ,β
0 ),θ ∗(α

,β
0 )〉

≤
−
α

0

α
||θ ∗(α

0 ,β
0 )|| 2−

α
−
α

0

γ
α
〈1
,θ ∗(α

0 ,β
0 )〉.

(30)

T
h
at

is

||θ ∗(α
,β

0 )−
( α
−
α

0

2
γ
α

1
+
α

0
+
α

2
α

θ ∗(α
0 ,β

0 ))|| 2≤
( α
−
α

0

2
α

)
2||θ ∗(α

0 ,β
0 )−

1γ
1|| 2.

(31)

S
u
b
stitu

tin
g

th
e

p
riors

th
at

[θ ∗(α
,β

0 )]R̂
=

0
an

d
[θ ∗(α

,β
0 )]L̂

=
1

in
to

E
q
.

(31),
w

e
h
ave

||[θ ∗(α
,β

0 )]D̂
c −

( α
−
α

0

2γ
α

1
+
α

0
+
α

2α
[θ ∗(α

0 ,β
0 )]D̂

c )|| 2

≤
( α
−
α

0

2α
)
2||θ ∗(α

0 ,β
0 )−

1γ
1|| 2−

|| (2γ
−

1)α
+
α

0

2
γ
α

1
−
α

0
+
α

2α
[θ ∗(α

0 ,β
0 )]L̂ || 2

−
|| α
−
α

0

2γ
α

1
+
α

0
+
α

2α
[θ ∗(α

0 ,β
0 )]R̂ || 2.

T
h
e

p
ro

of
is

com
p
lete.

A
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.
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f
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L
e
m

m
a

8

B
efo

re
th

e
p
ro

o
f

o
f

L
em

m
a

8
,

w
e

sh
o
u
ld

p
rov

e
th

a
t

th
e

o
p
tim

iza
tio

n
p
ro

b
lem

in
(2

)
is

eq
u
ivalen

t
to

s
i(α

,β
0 )

=
m

ax
θ∈

Θ

{
1n |〈[x̄

i]D̂
c ,θ〉

+
〈[x̄

i]L̂
,1〉| }

,i∈
F̂
c.

(32)
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S
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T
o

av
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d
n
ot

at
io

n
al

co
n
fu

si
on

,
w

e
d
en

ot
e

th
e

fe
as

ib
le

re
gi

on
Θ

an
d
θ

in
E

q
.

(2
)

as
Θ̃

an
d
θ̃,

re
sp

ec
ti

ve
ly

.
T

h
en

,

m
ax

θ̃
∈Θ̃

{∣ ∣ ∣ ∣
1 n

[X̄
θ̃]
i∣ ∣ ∣ ∣}

=
m

ax
θ̃
∈Θ̃

{
1 n

∣ ∣ ∣x̄
i θ̃
∣ ∣ ∣}

=
m

ax
θ̃
∈Θ̃

{
1 n

∣ ∣ ∣[x̄
i ]
D̂
c
[θ̃

] D̂
c

+
[x̄
i ]
L̂

[θ̃
] L̂

+
[x̄
i ]
R̂

[θ̃
] R̂

∣ ∣ ∣}

=
m

ax
θ̃
∈Θ̃

{
1 n
|〈[

x̄
i ]
D̂
c
,[
θ̃]
D̂
c
〉+
〈[x̄

i ]
L̂
,1
〉|}

=
m

ax
θ
∈Θ

{
1 n
|〈[

x̄
i ]
D̂
c
,θ
〉+
〈[x̄

i ]
L̂
,1
〉|}

=
si

(α
,β

0
).

T
h
e

la
st

tw
o

eq
u
at

io
n
s

h
ol

d
si

n
ce

[θ
] L̂

=
1

,
[θ

] R̂
=

0,
an

d
[θ
D̂
c
]
∈

Θ
.

P
ro

o
f

of
L

em
m

a
8:

si
(α
,β

0
)

=
m

ax
θ
∈B

(c
,r

){
1 n
|〈[

x̄
i ]
D̂
c
,θ
〉+
〈[x̄

i ]
L̂
,1
〉|}

=
m

ax
η
∈B

(0
,r

){
1 n
|〈[

x̄
i ]
D̂
c
,c
〉+
〈[x̄

i ]
L̂
,1
〉+
〈[x̄

i ]
D̂
c
,η
〉|}

=
1 n

( |〈
[x̄
i ]
D̂
c
,c
〉+
〈[x̄

i ]
L̂
,1
〉|

+
‖[

x̄
i ]
D̂
c
‖r
) .

T
h
e

la
st

eq
u
al

it
y

h
ol

d
s

si
n
ce
−
‖[

x̄
i ]
D̂
c
‖r
≤
〈[x̄

i ]
D̂
c
,η
〉≤
‖[

x̄
i ]
D̂
c
‖r

.
T

h
e

p
ro

of
is

co
m

p
le

te
.

A
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.
P

ro
o
f

fo
r

T
h

e
o
re

m
9

P
ro

o
f
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T

h
eo

re
m

9:
(1

)
It

ca
n

b
e

ob
ta

in
ed

fr
om

th
e

ru
le

R
1.

(2
)

It
is

fr
om

th
e

d
efi

n
it

io
n

of
F̂

.

A
.7

.
P

ro
o
f

fo
r

L
e
m

m
a

1
0

F
ir

st
ly

,
w

e
n
ee

d
to

p
o
in

t
o
u
t

th
a
t

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
s

in
E

q
s.

(3
)

a
n
d

(4
)

a
re

eq
u
iv

al
en

t
to

th
e

p
ro

b
le

m
s: u
i(
α
,β

0
)

=
m

ax
w
∈W
{1
−
〈[x̄

i]
F̂
c
,w
〉}
,i
∈
D̂
c
,

l i
(α
,β

0
)

=
m

in
w
∈W
{1
−
〈[x̄

i]
F̂
c
,w
〉}
,i
∈
D̂
c
.

T
h
ey

fo
ll
ow

fr
om

th
e

fa
ct

th
at

[w
] F̂

c
∈
W

an
d

{1
−
〈w
,x̄

i〉}
=
{1
−
〈[w

] F̂
c
,[

x̄
i]
F̂
c
〉−
〈[w

] F̂
,[

x̄
i]
F̂
〉}

=
{1
−
〈[w

] F̂
c
,[

x̄
i]
F̂
c
〉}

(s
in

ce
[w

] F̂
=

0)
.
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01

9

H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

P
ro

o
f

of
L

em
m

a
10

: u
i(
α
,β

0
)

=
m

ax
w
∈B

(c
,r

){
1
−
〈[x̄

i]
F̂
c
,w
〉}

=
m

ax
η
∈B

(0
,r

){
1
−
〈[x̄

i]
F̂
c
,c
〉−
〈[x̄

i]
F̂
c
,η
〉}

=
1
−
〈[x̄

i]
F̂
c
,c
〉+

m
ax

η
∈B

(0
,r

){
−
〈[x̄

i]
F̂
c
,η
〉}

=
1
−
〈[x̄

i]
F̂
c
,c
〉+
‖[

x̄
i]
F̂
c
‖r
.

l i
(α
,β

0
)

=
m

in
w
∈B

(c
,r

){
1
−
〈[x̄

i]
F̂
c
,w
〉}

=
m

in
η
∈B

(0
,r

){
1
−
〈[x̄

i]
F̂
c
,c
〉−
〈[x̄

i]
F̂
c
,η
〉}

=
1
−
〈[x̄

i]
F̂
c
,c
〉+

m
in

η
∈B

(0
,r

){
−
〈[x̄

i]
F̂
c
,η
〉}

=
1
−
〈[x̄

i]
F̂
c
,c
〉−
‖[

x̄
i]
F̂
c
‖r
.

T
h
e

p
ro

of
is

co
m

p
le

te
.

A
.8

.
P

ro
o
f

fo
r

T
h

e
o
re

m
1
1

P
ro

o
f

of
T

h
eo

re
m

11
:

(1
)

It
ca

n
b

e
ob

ta
in

ed
fr

om
th

e
ru

le
R

2.
(2

)
It

is
fr

om
th

e
d
efi

n
it

io
n
s

of
R̂

an
d
L̂.

A
.9

.
P

ro
o
f

fo
r

T
h

e
o
re

m
1
2

P
ro

o
f

of
T

h
eo

re
m

12
:

(1
)

G
iv

en
th

e
re

fe
re

n
ce

so
lu

ti
o
n
s

p
a
ir

w
∗ (
α
i−

1
,j
,β
j
)

a
n
d
θ∗

(α
i−

1
,j
,β
j
),

if
w

e
d
o

IS
S

fi
rs

t
in

S
IF

S
an

d
ap

p
ly

IS
S

an
d

IF
S

fo
r

in
fi
n
it

e
ti

m
es

.
If

af
te

r
s

ti
m

es
of

tr
ig

ge
ri

n
g,

n
o

n
ew

in
ac

ti
ve

fe
at

u
re

s
or

sa
m

p
le

s
ar

e
id

en
ti

fi
ed

,
th

en
w

e
ca

n
d
en

ot
e

th
e

se
q
u
en

ce
of
F̂
,R̂

,
a
n
d
L̂

a
s:

F̂
A 0

=
R̂
A 0

=
L̂A 0

=
∅
I
S
S

−→
F̂
A 1
,R̂

A 1
,L̂

A 1
I
F
S

−→
F̂
A 2
,R̂

A 2
,L̂

A 2
I
S
S

−→
..
.F̂

A s
,R̂

A s
,L̂

A s
I
F
S
/
I
S
S

−→
..
.

(3
3
)

w
it

h
F̂
A s

=
F̂
A s+

1
=
F̂
A s+

2
=
..
.,
R̂
A s

=
R̂
A s+

1
=
R̂
A s+

2
=
..
.

an
d
L̂A s

=
L̂A s

+
1

=
L̂A s

+
2

=
..
.

(3
4
)

In
th

e
sa

m
e

w
ay

,
if

w
e

d
o

IF
S

fi
rs

t
in

S
IF

S
a
n
d

n
o

n
ew

in
a
ct

iv
e

fe
a
tu

re
s

o
r

sa
m

p
le

s
a
re

id
en

ti
fi
ed

af
te

r
t

ti
m

es
of

tr
ig

ge
ri

n
g

of
IS

S
an

d
IF

S
,

th
en

th
e

se
q
u
en

ce
ca

n
b

e
d
en

o
te

d
a
s:

F̂
B 0

=
R̂
B 0

=
L̂B 0

=
∅
I
F
S

−→
F̂
B 1
,R̂

B 1
,L̂

B 1
I
S
S

−→
F̂
B 2
,R̂

B 2
,L̂

B 2
I
F
S

−→
..
.F̂

B t
,R̂

B t
,L̂

B t
I
F
S
/
I
S
S

−→
..
.

(3
5
)

w
it

h
F̂
B t

=
F̂
B t+

1
=
F̂
B t+

2
=
..
.,
R̂
B t

=
R̂
B t+

1
=
R̂
B t+

2
=
..
.a

n
d
L̂B t

=
L̂B t

+
1

=
L̂B t

+
2

=
..
.

(3
6
)

W
e

fi
rs

t
p
ro

ve
th

at
F̂
B k
⊆
F̂
A k
+

1
,R̂

B k
⊆
R̂
A k
+

1
an

d
L̂B k
⊆
L̂A k

+
1

h
ol

d
fo

r
al

l
k
≥

0
b
y

in
d
u
ct

io
n
.
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S
c
a
l
in
g

U
p
S
pa

r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

1
)

W
h
en

k
=

0
,

th
e

eq
u
a
lities

F̂
B0
⊆
F̂
A1
,R̂

B0
⊆
R̂
A1

a
n
d
L̂
B0
⊆
L̂
A1

h
o
ld

sin
ce
F̂
B0

=
R̂
B0

=
L̂
B0

=
∅
.

2
)

IfF̂
Bk
⊆
F̂
Ak+

1 ,R̂
Bk
⊆
R̂
Ak
+

1
a
n

d
L̂
Bk
⊆
L̂
Ak
+

1
h

o
ld

,
b
y

th
e

sy
n

erg
istic

eff
ect

o
f

IS
S

a
n

d

IF
S
,

w
e

h
ave

th
atF̂

Bk+
1 ⊆
F̂
Ak+

2 ,R̂
Bk
+

1 ⊆
R̂
Ak
+

2
an

d
L̂
Bk
+

1 ⊆
L̂
Ak
+

2
h
old

.

T
h
u
s,F̂

Bk
⊆
F̂
Ak+

1 ,R̂
Bk
⊆
R̂
Ak
+

1
an

d
L̂
Bk
⊆
L̂
Ak
+

1
h
old

fo
r

all
k
≥

0.

S
im

ila
r

to
th

e
a
n
a
ly

sis
in

(1
),

w
e

ca
n

a
lso

p
rov

e
th

a
t
F̂
Ak
⊆
F̂
Bk+

1 ,R̂
Ak
⊆
R̂
Bk
+

1
a
n
d

L̂
Ak
⊆
L̂
Bk
+

1
h
o
ld

for
all

k
≥

0.

C
om

b
in

in
g

(1)
an

d
(2),

w
e

can
acq

u
ire

F̂
B0
⊆
F̂
A1
⊆
F̂
B2
⊆
F̂
A3
....

(37)

F̂
A0
⊆
F̂
B1
⊆
F̂
A2
⊆
F̂
B3
....

(38)

R̂
B0
⊆
R̂
A1
⊆
R̂
B2
⊆
R̂
A3
....

(39)

R̂
A0
⊆
R̂
B1
⊆
R̂
A2
⊆
R̂
A3
....

(40)

L̂
B0
⊆
L̂
A1
⊆
L̂
B2
⊆
L̂
A3
....

(41)

L̂
A0
⊆
L̂
B1
⊆
L̂
A2
⊆
L̂
B3
....

(42)

B
y

th
e

fi
rst

eq
u
a
lity

o
f

E
q
s.

(3
4
),

(3
7
),

a
n
d

(3
8
),

w
e

ca
n

o
b
ta

in
F̂
Ap

=
F̂
Bt

.
S
im

ila
rly,

w
e

ca
n

o
b
ta

in
R̂
Ap

=
R̂
Bt

an
d
L̂
Ap

=
L̂
Bt

.

(2
)

If
p

is
o
d
d
,

th
en

b
y

E
q
s.

(3
7
),

(3
9
,

a
n
d

(4
1
),

w
e

h
av

e
F̂
As
⊆
F̂
Bp+

1 ,R̂
As
⊆
R̂
Bp
+

1 ,
a
n
d

L̂
As
⊆
L̂
Bp
+

1 .
T

h
u
s
q≤

p
+

1.

E
lse

if
p

is
ev

en
,

th
en

b
y

E
q
s.

(3
8
),

(4
0
),

a
n
d

(4
2
),

w
e

h
av

e
F̂
As
⊆
F̂
Bp+

1 ,R̂
As
⊆
R̂
Bp
+

1 ,

a
n
d
L̂
As
⊆
L̂
Bp
+

1 .
T

h
u
s
q≤

p
+

1.

D
o
in

g
th

e
sam

e
an

aly
sis

for
q,

w
e

can
ob

tain
p
≤
q

+
1.

H
en

ce,|p−
q|≤

1.

T
h
e

p
ro

o
f

is
com

p
lete.

A
.1

0
.

P
ro

o
f

fo
r

T
h

e
o
re

m
1
3

P
ro

o
f

o
f

T
h
eo

rem
13:

W
e

n
otice

(X
ki ) >

w
=

w
>k

x
i −

w
>y
i x
i .

B
y

d
en

otin
g
φ
i (a

)
=
∑

Kk
=

1
`([u

i ]k
+

[a
]k ),

it
is

easy

to
v
erify

th
a
t
`
i (w

)
=
φ
i (X

>i
w

).
T

h
u
s,

th
e

p
rob

lem
(m

-P
∗)

can
b

e
rew

ritten
as:

m
in

w
∈
R
K
p
P

(w
;α
,β

)
=

1n

n
∑i=

1

φ
i (X

>i
w

)
+
α2 ‖

w
‖

2
+
β||w

||1 .

L
et

z
i

=
X
>i

w
.

T
h
e

p
rim

al
p
rob

lem
(P
∗)

is
th

en
eq

u
ivalen

t
to

m
in

w
∈
R
p
,z∈

R
n

α2 ||w
|| 2

+
β||w

||1
+

1n

n
∑i=

1

φ
i (z

i ),

s.t.
z
i

=
X
>i

w
,i

=
1,2

,..,n
.
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H
o
n
g
,
Z
h
a
n
g
,
L
iu
,
Y
e
,
C
a
i,
H
e
a
n
d

W
a
n
g

T
h
e

L
agran

gian
th

en
b

ecom
es

L
(w
,z
,θ)

=
α2 ||w

|| 2
+
β||w

||1
+

1n

n
∑i=

1

φ
i (z

i )
+

1n

n
∑i=

1 〈X
>i

w
−

z
i ,θ

i 〉

=
α2 ||w

|| 2
+
β||w

||1
+

1n 〈X
θ,w
〉

︸
︷︷

︸
:=
f
1
(w

)

+
1n

n
∑i=

1 (φ
i (z

i )−
〈z
i ,θ

i 〉)
︸

︷︷
︸

:=
f
2
(z

)

.
(43)

W
e

fi
rst

con
sid

er
th

e
su

b
p
rob

lem
m

in
w
L

(w
,z
,θ):

0
∈
∂
w
L

(w
,z
,θ)

=
∂
w
f

1 (w
)

=
α

w
+

1n
X
θ

+
β
∂||w
||1 ⇔

1n
X
θ∈
−
α

w
−
β
∂||w
||1 ⇒

w
=
−

1α S
β
(
1n

X
θ).

(44)

B
y

su
b
stitu

tin
g

E
q
.

(44)
in

to
f

1 (w
),

w
e

ob
tain

f
1 (w

)
=
α2 ||w

|| 2
+
β||w

||1 −
〈α

w
+
β
∂||w
||1 ,w

〉
=
−
α2 ||w

|| 2
=
−

12
α ||S

β
(
1n

X
θ)|| 2.

(45)

T
h
en

,
w

e
con

sid
er

th
e

p
rob

lem
m

in
z
L

(w
,z
,θ):

0
=
∇

[z
i ]k L

(w
,z
,θ)

=
∇

[z
i ]k f

2 (z
)

=



−
1n
[θ
i ]k ,

if
[z
i ]k

+
[u
i ]k

<
0,

1γ
n

([z
i ]k

+
[u
i ]k )−

1n
[θ
i ]k ,

if
0
≤

[z
i ]k

+
[u
i ]k ≤

γ
,

1n
−

1n
[θ
i ]k ,

if
[z
i ]k

+
[u
i ]k

>
γ
.

⇒
[θ
i ]k

=



0
,

if
[z
i ]k

+
[u
i ]k

<
0
,

1γ
([z

i ]k
+

[u
i ]k ),

if
0
≤

[z
i ]k

+
[u
i ]k ≤

γ
,

1
,

if
[z
i ]k

+
[u
i ]k

>
γ
.

(46)

T
h
u
s,

w
e

h
av

ef
2 (z

)
=

{
−

γ2
n ||θ|| 2

+
1n 〈u

,θ〉,
if

[θ
i ]k ∈

[0,1],∀
i∈

[n
],k
∈

[K
],

−
∞
,

oth
erw

ise
.

(47)

C
om

b
in

in
g

E
q
s.(43),

(45),
an

d
(47),

w
e

o
b
tain

th
e

d
u
al

p
rob

lem
:

m
in

θ∈
[0
,1]
K
n

12
α ||S

β
(
1n

X
θ)|| 2

+
γ2
n ||θ|| 2−

1n 〈u
,θ〉.

A
.1

1
.

P
ro

o
f

fo
r

L
e
m

m
a

1
4

L
em

m
a

14
can

b
e

p
roved

q
u
ite

sim
ilarly

w
ith

L
em

m
a

3.
T

h
erefore,

w
e

om
it

th
is

p
ro

of
h
ere.
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S
c
a
l
in
g

U
p
S
pa

r
se

S
V
M
s
b
y
S
im

u
lt
a
n
e
o
u
s
F
e
a
t
u
r
e
a
n
d

S
a
m
p
l
e
R
e
d
u
c
t
io
n

A
.1

2
.

P
ro

o
f

fo
r

L
e
m

m
a

1
5

P
ro

o
f

of
L

em
m

a
15

:
(i

)
W

e
p
ro

v
e

th
is

le
m

m
a

b
y

v
er

if
y
in

g
th

a
t

th
e

so
lu

ti
o
n
s

w
∗ (
α
,β

)
=

0
a
n
d
θ∗

(α
,β

)
=

u
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

(m
-K

K
T

-1
)

an
d

(m
-K

K
T

-2
).

F
ir

st
ly

,
si

n
ce
β
≥
β

m
a
x

=
||1 n

X
u
|| ∞

,
w

e
h
av

e
S β

(
1 n
X

u
)

=
0
.

T
h
u
s,

w
∗ (
α
,β

)
=

0
a
n
d

θ∗
(α
,β

)
=

u
sa

ti
sf

y
th

e
co

n
d
it

io
n

(m
-K

K
T

-1
).

T
h
en

,
fo

r
al

l
i
∈

[n
],

w
e

h
av

e

〈X
k i
,w
∗ (
α
,β

)〉
+

[u
i]
k

=
[u
i]
k

=

{
1
,

if
k
6=
y i

;

0
,

if
k

=
y i

;
∀i

=
1,
..
.,
n
,k

=
1,
..
.,
K
.

T
h
u
s,

w
∗ (
α
,β

)
=

0
an

d
θ∗

(α
,β

)
=

u
sa

ti
sf

y
th

e
co

n
d
it

io
n

(m
-K

K
T

-2
).

H
en

ce
,

th
ey

ar
e

th
e

so
lu

ti
on

s
of

th
e

p
ri

m
al

p
ro

b
le

m
(m

-P
∗ )

an
d

th
e

d
u
al

p
ro

b
le

m
(m

-D
∗ )

,
re

sp
ec

ti
ve

ly
.

(i
i)

S
im

il
a
r

to
th

e
p

ro
o
f

o
f

(i
),

w
e

p
ro

v
e

th
is

b
y

v
er

if
y
in

g
th

a
t

th
e

so
lu

ti
o
n

s
w
∗ (
α
,β

)
=

1 α
S β

(−
1 n
X

u
)

an
d
θ∗

(α
,β

)
=

u
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

(m
-K

K
T

-1
)

an
d

(m
-K

K
T

-2
).

1.
C

a
se

1
:
α

m
a
x
(β

)
≤

0.
T

h
en

fo
r

al
l
α
>

0,
w

e
h
av

e

if
k

=
y i
,
〈X

k i
,w
∗ (
α
,β

)〉
+

u
k i

=
u
k i

=
0,

if
k
6=
y i
,
〈X

k i
,w
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á
je

k,
1
9
6
7
)

S
u

p
po

se
pa

ra
m

et
er

θ
ca

n
be

re
p
re

se
n

te
d

a
s
θ

=
(τ
,g

),
w

h
er

e
g
∈
G

,
a
n

d
G

is
a

gr
o
u

p
o
f

o
n

e-
to

-o
n

e
tr

a
n

sf
o
rm

a
ti

o
n

s
o
f

th
e
X

sp
a
ce

o
n

it
se

lf
.

S
u

p
po

se
th

er
e

ex
is

ts
a

fa
m

il
y

o
f

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

s
{P

τ
}

in
d
ex

ed
by

τ
su

ch
th

a
t

P
θ
(A

)
=
P
τ
(g
X
∈
A

),
(8

)

2
.

F
o
r

o
th

er
d

efi
n

it
io

n
s

o
f

su
ffi

ci
en

cy
,

se
e

(L
e,

1
9
6
4
;

B
ir

n
b

a
u

m
,

1
9
6
2
;

B
la

ck
w

el
l

a
n

d
G

ir
sh

ic
k
,

1
9
7
9
).

3
.

N
o
te

th
a
t

it
is

w
ea

k
er

th
a
n

th
e

u
su

a
l
R

a
o
-B

la
ck

w
el

l
th

eo
re

m
,

w
h

ic
h

h
o
ld

s
p

o
in

tw
is

e
fo

r
th

e
ri

sk
fu

n
ct

io
n

.

5
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
is
sm

a
n

w
h
er

e
X
∼
P
τ
.

T
h
en

,
u

n
d
er

m
il

d
co

n
d
it

io
n

s
4
,

th
e

su
b-
σ

-a
lg

eb
ra

o
f
G

-i
n

va
ri

a
n

t
ev

en
ts

is
pa

rt
ia

ll
y

su
ffi

ci
en

t
fo

r
τ

u
n

d
er

st
a
ti

st
ic

a
l

m
od

el
{X

,P
θ
}

in
th

e
se

n
se

o
f

D
ef

.
5
.

T
h
eo

re
m

6
ca

n
b

e
in

te
rp

re
te

d
in

th
e

fo
ll
ow

in
g

w
ay

.
W

e
in

tr
o
d
u
ce

th
e

eq
u
iv

a
le

n
ce

re
la

ti
o
n

x
1
∼
x

2
if

an
d

on
ly

if
th

er
e

ex
is

ts
so

m
e
g
∈
G

su
ch

th
at
x

1
=
g
x

2
.

T
h
en

,
T

h
eo

re
m

6
st

a
te

s
th

at
it

is
p
ar

ti
al

ly
su

ffi
ci

en
t

fo
r
τ

to
lo

ok
at

th
e

eq
u
iv

al
en

ce
cl

a
ss

es
[a

]
=
{x
∈
X
|x
∼
a
}.

3
.

D
is

cr
e
te

d
is

tr
ib

u
ti

o
n
s

u
p

to
re

la
b

e
li
n
g

In
th

is
se

ct
io

n
,

w
e

sp
ec

ia
li
ze

T
h
eo

re
m

6
to

se
ve

ra
l

d
iff

er
en

t
se

tt
in

gs
,

ce
n
te

re
d

a
ro

u
n
d

th
e

p
ro

b
le

m
of

es
ti

m
at

in
g

fu
n
ct

io
n
al

s
of

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s.

3
.1

.
P

e
rm

u
ta

ti
o
n

g
ro

u
p

a
n

d
si

n
g
le

so
rt

e
d

p
ro

b
a
b

il
it

y
v
e
c
to

r

T
h
e

st
an

d
ar

d
P

M
L

p
ro

b
le

m
ca

n
b

e
v
ie

w
ed

a
s

a
sp

ec
ia

l
ca

se
of

T
h
eo

re
m

6
w

it
h

th
e

g
ro

u
p

b
ei

n
g

th
e

p
er

m
u
ta

ti
on

gr
ou

p
.

C
on

cr
et

el
y,

le
t
G

b
e

th
e

p
er

m
u
ta

ti
on

gr
ou

p
S X

o
n
X

,
le

t
p

b
e

a
d
is

tr
ib

u
ti

on
su

p
p

or
te

d
on

se
t
X

–
th

at
is

,
p
x
>

0
∀x
∈
X

–
an

d
le

t
τ

b
e

th
e

so
rt

ed
n
o
n
-

in
cr

ea
si

n
g

p
ro

b
ab

il
it

y
ve

ct
or

(p
(1

),
p

(2
),
..
.,
p

(|X
|))

of
p
.

It
is

cl
ea

r
th

at
th

e
la

b
el

-i
n
va

ri
a
n
t

p
ro

p
er

ti
es

of
a

d
is

tr
ib

u
ti

on
,
su

ch
as

th
e

en
tr

op
y,

R
én

y
i
en

tr
op

y,
an

d
su

p
p

or
t

se
t

si
ze

,
d
ep

en
d

on
p

on
ly

th
ro

u
gh

τ
.

S
u
p
p

os
e

w
e

ob
se

rv
e
n

i.
i.
d
.

sa
m

p
le

s
x
n 1

=
(x

1
,.
..
,x

n
)

w
it

h
d
is

tr
ib

u
ti

on
p
.

D
en

o
te

b
y

p̂
=
p̂
(x
n 1
)

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
:

p̂
=

(p̂
x
) x
∈X

=

(
1 n

n ∑ i=
1

1
(x
i

=
x

))

x
∈X

(9
)

It
is

w
el

l
k
n
ow

n
th

at
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
is

th
e

m
in

im
u
m

co
m

p
le

te
su

ffi
ci

en
t

st
at

is
ti

c
fo

r
p

(L
eh

m
an

n
an

d
C

as
el

la
,
19

98
).

T
h
e

p
ro

b
ab

il
it

y
of

ob
se

rv
in

g
a

sp
ec

ifi
c

em
p
ir

ic
a
l

d
is

tr
ib

u
ti

on
is

gi
v
en

b
y

P p
(p̂

)
=

(
n n
p̂

)
∏ x
∈X

p
n
p̂
x

x
(1

0
)

w
h
er

e
th

e
p
re

fa
ct

or
in

(1
0)

is
a

m
u
lt

in
om

ia
l

co
effi

ci
en

t5
.

A
p
p
ly

in
g

T
h
eo

re
m

6
w

it
h
θ

=
p

=
(τ
,g

),
w

e
ob

ta
in

th
at

th
e

fi
n

ge
rp

ri
n

t
st

a
ti

st
ic

(V
a
li
a
n
t

an
d

V
al

ia
n
t,

20
11

b
,

20
13

)6
is

p
ar

ti
al

ly
su

ffi
ci

en
t

fo
r
τ
.

C
on

cr
et

el
y,

th
e

fi
n
g
er

p
ri

n
t
F

=
(F

i)
i≥

0
is

d
efi

n
ed

so
th

at
F i

is
th

e
n
u
m

b
er

of
sy

m
b

o
ls

ob
se

rv
ed

ex
ac

tl
y
i

ti
m

es
in
x
n 1
:

F
=
F

(p̂
(x
n 1
))

=
(F

i)
i≥

0
,

(|{
x
∈
X

:
n
p̂
x

=
i}
|) i
≥

0
(1

1
)

4
.

P
re

ci
se

ly
,

C
o
n

d
it

io
n

3
.1

in
(H

á
je

k
,

1
9
6
7
).

5
.

(
n n
p̂

)
,
n

!∏
x
∈
X

1
(n
p̂
x
)!

.

6
.

T
h

e
fi

n
g
er

p
ri

n
t

is
a
ls

o
ca

ll
ed

th
e

p
ro

fi
le

(O
rl

it
sk

y
et

a
l.

,
2
0
0
4
b

),
h

is
to

g
ra

m
o
rd

er
st

a
ti

st
ic

s
(P

a
n

in
sk

i,
2
0
0
3
),

a
n

d
h

is
to

g
ra

m
o
f

h
is

to
g
ra

m
s

(B
a
tu

et
a
l.

,
2
0
0
0
).
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A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

B
elow

,
w

e
co

m
p
u
te

th
e

p
rob

ab
ility

of
a

sp
ecifi

c
fi
n
gerp

rin
t

for
th

e
case

th
a
t
p

is
su

p
p

orted
o
n

fi
n
ite

a
lp

h
a
b

etX
=

S
u
p
p
(p

)
w

ith

K
,
|X
|

(12)

a
n
d

th
e

em
p
irical

d
istrib

u
tion

p̂
is

su
p
p

orted
on

em
p
irical

alp
h
ab

etX̂
,

S
u
p
p
(p̂

)
=
{
x
∈

X
:
p̂
x
>

0}
⊂
X

w
ith

K̂
,
|X̂
|.

(13)

T
h
en
F

0
=
|X
\X̂
|

=
K
−
K̂

cou
n
ts

th
e

n
u
m

b
er

of
“
u
n
seen

”
sy

m
b

ols,
an

d
is

th
u
s

u
n
k
n
ow

n
if

th
e

su
p
p

o
rt

set
size

K
is

u
n
k
n
ow

n
.

In
A

p
p

en
d
ix

A
w

e
d
erive

th
e

follow
in

g
ex

p
ression

for
th

e
p
rob

ab
ility

of
a

sp
ecifi

c
fi
n
-

g
erp

rin
t

fo
r

th
e

case
of

fi
n
ite
X

:

P
p (F

)
=


∏i≥

0

1F
i ! 

(
nn
p̂

)
p

erm

(
(
p
n
p̂
x ′

x

)
x
,x
′∈X

︸
︷︷

︸
Q

)
(14)

w
h
ere

p
erm

(A
)

d
en

otes
th

e
m

atrix
p

erm
an

en
t

of
th

e
K
×
K

m
atrix

A
:

p
erm

(A
)

=
∑σ∈S
X

∏x∈X
A
x
,σ

(x
)

(15)

w
h
ere

th
e

su
m

is
ov

er
th

e
sy

m
m

etric
grou

p
S
X

on
X

.
T

o
sim

p
lify

n
otation

,
w

e
let

Q
d
en

ote
th

e
K
×
K

m
a
trix

in
(14).

N
ote

th
at

to
eva

lu
ate

ex
p
ression

(14)
w

e
n
eed

to
k
n
ow

th
e

su
p
p

o
rt

setX
,

b
oth

to
evalu

ate
p

erm
(Q

)
an

d
F

0
=
|X
\X̂
|.

A
p
p

en
d
ix

B
sh

ow
s

ex
am

p
les

o
f

th
e

co
m

p
u
ta

tion
ofP

p (F
)

over
sm

all
alp

h
ab

ets.
F

o
r

co
m

p
leten

ess,
A

p
p

en
d
ix

A
also

con
tain

s
ex

p
ression

(8
7)

fo
r
P
p (F

)
for

th
e

case
of

in
fi
n
ite

co
u
n
ta

b
leX

,
th

ou
gh

th
is

ex
p
ression

is
n
ot

u
sed

elsew
h
ere

in
th

is
w

ork
for

th
e

reason
sta

ted
in

th
e

la
st

p
aragrap

h
of

S
ection

3
.1.

F
o
r

a
g
iven

collection
of

d
istrib

u
tion

sP
,

th
e

p
ro

fi
le

m
a
xim

u
m

likelih
ood

d
istrib

u
tion

is
d
efi

n
ed

a
s

p ∗,
argm

ax
p∈P

P
p (F

)
=

argm
ax

p∈P

p
erm

(Q
)

(K
−
K̂

)! ,
(16)

w
h
ere

in
th

e
secon

d
eq

u
ality

w
e

d
iscard

ed
all

p
-in

d
ep

en
d
en

t
factors

of
P
p (F

)
(14

).
F

0
=

K
−
K̂

=
|X
\X̂
|

d
ep

en
d
s

on
p

th
rou

gh
its

su
p
p

ort
set

size.
N

ote
th

at
P
p (F

)
is

in
varian

t
u
n
d
er

rela
b

elin
g

of
th

e
com

p
on

en
ts

of
p
,

so
w

e
can

ch
o
ose

p ∗
to

b
e

n
on

-in
crea

sin
g

in
th

e
sa

m
e

o
rd

erin
g

as
w

e
ch

o
ose

for
th

e
su

p
p

ort
setX

.
N

ote
th

at
th

e
setP

is
n
ot

n
ecessarily

th
e

sa
m

e
a
s

th
e

set
of

all
d
iscrete

d
istrib

u
tion

s.
If

th
e

co
llection

of
d
istrib

u
tion

sP
in

clu
d
es

d
istrib

u
tion

s
w

ith
d
iff

eren
t

su
p
p

ort
set

sizes
(fo

r
ex

a
m

p
le,

a
ll

fi
n
ite

su
p
p

ort
set

sizes
at

least
as

large
as
K̂

),
th

en
w

e
can

estim
ate

th
e

su
p
p

o
rt

set
size

b
y

b
reak

in
g

u
p

th
e

op
tim

izatio
n

in
(16)

in
to

tw
o

step
s:

K
∗,

argm
ax

K

(
1

(K
−
K̂

)!
m

ax
p∈P

K

p
erm

(Q
) )

(17)
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P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
issm

a
n

w
h
en

ever
th

e
m

ax
over

K
ex

ists,
w

h
ere
P
K

,
{
p
∈
P

:|S
u
p
p
(p

)|
=
K
}
.

T
h
e

m
ax

im
izer

K
∗

u
su

ally
ex

ists
b

ecau
se

in
creasin

g
K

m
akes

th
e

fi
rst

factor
in

(1
7)

sm
aller,

b
u
t

m
akes

th
e

K
×
K

m
atrix

Q
b
igger,

b
o
ostin

g
th

e
n
u
m

b
er
K

!
of

p
erm

u
tation

s
to

su
m

over
in

com
p
u
tin

g
th

e
p

erm
an

en
t.

It
m

ay
h
ap

p
en

th
at
K
∗

d
o
es

n
ot

ex
ist

7,
in

w
h
ich

case
w

e
are

still
ab

le
to

d
efi

n
e

a
P

M
L

d
istrib

u
tion

in
term

s
of

a
d
iscrete

p
a
rt

an
d

con
tin

u
ou

s
p
art

in
th

e
term

in
ology

of
(O

rlitsk
y

et
al.,

2004b
).

(O
rlitsk

y
et

al.,
2004b

)
sh

ow
ed

th
at

for
an

y
fi
n
gerp

rin
t
F

,
th

ere
ex

ists
a

d
istrib

u
tion

p ∗
m

ax
im

izin
g
P
p (F

),
b
u
t

th
is

d
istrib

u
tion

m
ay

assign
som

e
sy

m
b

ols
to

th
e

con
tin

u
ou

s
p
art,

a
n
d

oth
ers

to
th

e
d
iscrete

p
art

w
ith

fi
n
ite

su
p
p

ort.
T

h
e

in
tu

ition
is

th
at

if
th

ere
are

su
ffi

cien
tly

m
an

y
sy

m
b

ols
th

at
ap

p
ear

ex
actly

on
ce

in
th

e
sam

p
le,

th
en

th
e

P
M

L
d
istrib

u
tion

p ∗
assign

s
d
iscrete

p
rob

ab
ility

0
to

in
fi
n
itely

m
an

y
sy

m
b

ols
to

m
ax

im
ize

th
e

p
rob

ab
ility

th
at

each
of

th
em

is
seen

on
ly

on
ce.

T
h
en

w
e

can
d
efi

n
e
K
∗d

to
b

e
th

e
op

tim
al

su
p
p

ort
set

size
of

th
e

d
iscrete

p
art

of
p ∗.

(O
rlitsk

y
et

al.,
2004b

)
fu

rth
er

d
erived

con
d
ition

s
low

er-
an

d
u
p
p

er-b
ou

n
d
in

g
K
∗d

in
term

s
of

m
ax

x
p̂
x

an
d

m
in
x
p̂
x

an
d

th
u
s

sh
ow

in
g
K
∗d

ex
ists,

an
d

u
p
p

er-b
ou

n
d
in

g
th

e
size

of
th

e
con

tin
u
ou

s
p
art

in
term

s
ofF

1
(th

e
n
u
m

b
ers

of
sy

m
b

ols
o
ccu

rrin
g

on
ce).

(A
ch

arya
et

al.,
2009)

com
p
u
ted

p ∗
for

all
sam

p
le

sizes
u
p

to
n

=
7.

N
ote

th
at

eith
er
K
∗

ex
ists

or
th

e
P

M
L

d
istrib

u
tion

p ∗
h
as

a
con

tin
u
ou

s
p
art,

b
u
t

it
is

n
ever

th
e

case
th

at
p ∗

h
as

in
fi
n
ite

cou
n
tab

le
su

p
p

ort.
F

or
th

is
reason

w
e

n
ev

er
u
se

ex
p
ression

(87)
for

th
e

p
rob

ab
ility

of
a

fi
n
gerp

rin
t

w
h
en
X

is
cou

n
tab

ly
in

fi
n
ite.

3
.2

.
P

e
rm

u
ta

tio
n

g
ro

u
p

a
n

d
m

u
ltip

le
p

ro
b

a
b

ility
v
e
c
to

rs

S
u
p
p

ose
w

e
h
ave

tw
o

d
istrib

u
tion

s
p
,
q

on
th

e
sam

e
alp

h
ab

etX
,

su
ch

th
at
p
x

+
q
x
>

0
∀
x
∈

X
.

T
h
is

con
d
ition

en
su

res
th

at
th

ere
are

n
o

sy
m

b
ols

x
su

ch
th

a
t
p
x

=
q
x

=
0,

w
h
ich

sim
p
lifi

es
th

e
ex

p
ression

s
b

elow
.

D
raw

n
sam

p
les

i.i.d
.

from
p

w
ith

em
p
irical

d
istrib

u
tion

p̂
an

d
d
raw

m
sa

m
p
les

i.i.d
.

from
q

w
ith

em
p
irical

d
istrib

u
tion

q̂.
It

is
clear

th
at

th
e

lab
el-in

varian
t

p
rop

erties
of

tw
o

d
istrib

u
tion

s,
su

ch
as

th
e

K
u
llb

ack
-L

eib
ler

d
ivergen

ce,
L

1
d
istan

ce,
an

d
th

e
gen

eral
fam

ily
of

d
ivergen

ces
∑

x∈X
f

(p
x ,q

x ),
are

in
varian

t
to

th
e

p
erm

u
tation

grou
p
S
X

actin
g

on
p
airs

of
d
istrib

u
tion

s
as
σ

(p
,q),

(σ
p
,σ
q)

for
all

σ
∈
S
X

.
D

en
ote

th
e

2-D
fi
n
gerp

rin
t

(R
agh

u
n
ath

an
et

al.,
2017)

b
y
F

(p̂
,q̂),

an
alog

ou
s

to
(11):

F
=
F

(p̂
,q̂)

=
(F

i,j )
i,j≥

0 ,
(|{x

∈
X

:
n
p̂
x

=
i,m

q̂
x

=
j|)

i,j≥
0

(18)

T
h
e

p
rob

ab
ility

to
d
raw

th
e

2-D
fi
n
gerp

rin
t

u
n
d
er
p
,
q

is:

P
p
,q (F

)
=


∏i,j≥

0

1

F
i,j ! 

(
nn
p̂

)
(

mm
q̂

)
p

erm

(
(
p
n
p̂
x ′

x
q
m
q̂
x ′

x

)
x
,x
′∈X

)
(19)

F
ollow

in
g

th
e

gen
eral

p
rofi

le
m

ax
im

u
m

likelih
o
o
d

m
eth

o
d
ology,

for
a

collection
P

of
p
airs

of
d
istrib

u
tion

s
on

alp
h
ab

etX
,

th
e

P
M

L
d
istrib

u
tion

s
p ∗,

q ∗
are:

(p ∗,q ∗),
argm

ax
(p
,q

)∈P
P
p
,q (F

)
(20)

N
ote

th
at

fi
n
d
in

g
th

e
P

M
L

p
air

(p ∗,q ∗)
is

n
o
t

eq
u
ivalen

t
to

solv
in

g
tw

o
in

d
ep

en
d
en

t
op

ti-
m

ization
p
rob

lem
s

sin
ce

th
e

m
atrix

p
erm

an
en

t
in

(1
9)

d
o
es

n
ot

factor
in

to
tw

o
term

s.
A

s

7
.

F
o
r

ex
a
m

p
le,

if
n
≥

2
a
n

d
ea

ch
sy

m
b

o
l

o
ccu

rs
ex

a
ctly

o
n

ce
in

th
e

sa
m

p
le,

so
p̂
x

=
1n

fo
r

a
ll
x
∈
X

(p̂
).
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A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

in
th

e
1D

P
M

L
ca

se
,

if
th

e
su

p
p

or
t

se
t

si
ze
K

=
|X
|i

s
u
n
k
n
ow

n
,

th
en

w
e

ca
n

at
te

m
p
t

to
es

ti
m

at
e

it
an

al
og

ou
sl

y
to

(1
7)

.
S
ee

A
p
p

en
d
ix

H
fo

r
a

p
re

ci
se

st
at

em
en

t.

A
p
p

en
d
ix

H
ge

n
er

al
iz

es
th

e
ar

gu
m

en
t

ab
ov

e
in

a
st

ra
ig

h
tf

or
w

ar
d

m
an

n
er

to
D

-d
im

en
si

on
al

fi
n
ge

rp
ri

n
ts

(R
ag

h
u
n
at

h
an

et
al

.,
20

17
).

T
h
is

al
lo

w
s

es
ti

m
at

io
n

of
fu

n
ct

io
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p
le

s
(a

n
al

og
ou

s
to

F
ig

u
re

3)
,

co
m

p
u
te

d
b
y

a
n

ex
p

ec
ta

ti
o
n
-

m
ax

im
iz

at
io

n
(E

M
)

al
go

ri
th

m
as

d
is

cu
ss

ed
in

S
ec

ti
on

4.
2.

2
an

d
A

p
p

en
d
ix

D
.

W
e

p
lo

t
a

m
ar

ke
r

fo
r

ea
ch

p
os

si
b
le

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
–

a
ty

p
e

–
on

th
e

si
m

p
le

x
.

E
a
ch

ty
p

e
h
as

th
re

e
co

or
d
in

at
es

,
w

h
ic

h
w

e
th

en
p
ro

je
ct

on
to

th
e

2-
d
im

en
si

o
n
al

im
ag

e
sh

ow
n

(s
o
,

e.
g
.,

th
e

u
n
if

or
m

ty
p

e
n
p̂

=
(1

0,
10
,1

0)
is

in
th

e
ce

n
te

r)
.

T
h
e

sh
ap

e
of

th
e

m
ar

ke
r

a
t

p
o
si

ti
o
n
n
p̂

co
rr

es
p

on
d
s

to
th

e
le

ve
l

se
t

d
ec

om
p

os
it

io
n

of
th

e
d
is

tr
ib

u
ti

on
p
∗ E

M
,

w
it

h
co

m
p

o
n
en

ts
so

rt
ed

in
n
on

-i
n
cr

ea
si

n
g

or
d
er

.

4
.2
.4
.
E
m
p
ir
ic
a
l
o
b
se

r
v
a
t
io
n
s
o
f
t
h
e
e
x
a
c
t
so

l
u
t
io
n
s

F
ig

u
re

s
3,

4,
an

d
5

su
gg

es
t

th
at

th
e

P
M

L
d
is

tr
ib

u
ti

on
te

n
d
s

to
“c

lu
st

er
”

to
g
et

h
er

si
m

il
ar

en
tr

ie
s

of
th

e
em

p
ir

ic
al

h
is

to
gr

am
p̂
,

ra
th

er
th

an
sm

o
ot

h
th

em
ou

t.
If
n
|p̂
x
−
p̂
x
′ |

is
sm

a
ll
er

th
an

ap
p
ro

x
im

at
el

y
√
n
p̂
x
,

th
en

th
e

re
la

ti
ve

ra
n
k
in

g
of

th
e

tr
u
e

d
is

tr
ib

u
ti

o
n
’s
x

a
n
d
x
′

co
m

p
on

en
ts

is
n
ot

w
el

l
re

so
lv

ed
st

at
is

ti
ca

ll
y,

an
d

th
e

p
er

m
an

en
t

of
Q

(1
4
)

te
n
d
s

to
b

e
m

ax
im

iz
ed

w
it

h
p
∗ x

=
p
∗ x′

.
O

n
th

e
ot

h
er

h
an

d
if
n
|p̂
x
−
p̂
x
′ |

is
la

rg
er

th
an

a
p
p
ro

x
im

a
te

ly
√
n
p̂
x
,

th
en

it
te

n
d
s

to
h
ap

p
en

th
at
p
∗ x
6=
p
∗ x′

.
T

h
e

si
m

il
ar

p
h
en

om
en

on
of

a
p
h
a
se

tr
a
n
si

ti
on

b
et

w
ee

n
a

u
n
if

or
m

an
d

n
on

u
n
if

or
m

P
M

L
d
is

tr
ib

u
ti

on
(f

or
a

d
iff

er
en

t
ap

p
ro

x
im

a
ti

o
n

o
f

th
e

P
M

L
(V

on
to

b
el

,
20

12
))

h
as

b
ee

n
re

p
or

te
d

b
y

(F
er

n
an

d
es

an
d

K
as

h
ya

p
,

20
1
3
;

C
h
a
n

et
a
l.
,

20
15

). T
h
es

e
ob

se
rv

at
io

n
s

le
ad

to
th

e
in

tu
it

io
n

th
at

p
er

m
u
ta

ti
on

s
σ
∈
S X

th
at

ex
ch

a
n
g
e

su
ffi

-
ci

en
tl

y
d
iff

er
en

t
co

m
p

on
en

ts
of
p̂

d
o

n
ot

co
n
tr

ib
u
te

m
u
ch

to
th

e
p

er
m

an
en

t
p

er
m

(Q
).

T
h
is

in
tu

it
io

n
m

ot
iv

at
es

ou
r

id
ea

of
si

m
p
li
fy

in
g

th
e

co
m

p
u
ta

ti
on

of
th

e
p

er
m

an
en

t
b
y

su
m

m
in

g
ov

er
on

ly
th

os
e

p
er

m
u
ta

ti
on

s
th

at
co

n
tr

ib
u
te

“a
lo

t”
to

th
e

su
m

.
S
ec

ti
on

4.
3

d
ev

el
o
p
s

th
is

id
ea

.
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A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

p̂
1
(em

p
irical)

0
0

.1
0

.2
0

.3
0

.4
0

.5
0

.6
0

.7
0

.8
0

.9
1

q̂1 (empirical)

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

1/
√

n

1/
√

m

p
∗,q

∗
n
ot

b
o
th

u
n
iform

F
ig

u
re

5
:

“
P

h
a
se

d
iagram

”
for

th
e

2-D
P

M
L

p
air

of
d
istrib

u
tion

s
p ∗,q ∗

(20)
on

b
in

ary
a
lp

h
a
b

etX
=
{
1,2}

an
d

em
p
irical

d
istrib

u
tion

s
(p̂

1 ,1−
p̂

1 ),
(q̂

1 ,1−
q̂

1 )
o
n
n

=
10,m

=
20

sa
m

p
les.

p ∗,q ∗
are

n
ot

b
oth

u
n
iform

w
h
en

ever
th

e
em

p
irical

d
istrib

u
tion

com
p

on
en

ts
p̂

1 ,q̂
1

b
o
th

lie
o
u
tsid

e
th

e
sh

ad
ed

ellip
se

4n (p̂
1 −

12 )
2

+
4
m
(q̂

1 −
12 )

2≤
1.

4
.3

.
A

p
p

ro
x
im

a
te

P
M

L
:

th
e

c
a
se

o
f

a
sin

g
le

d
istrib

u
tio

n

In
th

e
seq

u
el,

d
en

ote
b
y
A

(p
)

=
{
α}

th
e

p
artition

ofX
in

to
th

e
level

sets
of
p
:

A
(p

),
{{x
∈
X

:
p
x

=
u}

:
u
∈
{p
x

:
x
∈
X
}}

(29)

In
th

is
S
ection

w
e

assu
m

e
th

at
th

e
u
n
d
erly

in
g

d
istrib

u
tion

p
is

su
p
p

orted
on

fi
n
ite

setX
o
f

k
n
ow

n
card

in
ality.

T
h
e

case
of

u
n
k
n
ow

n
o
r

in
fi
n
ite

su
p
p

ort
set

size
is

treated
in

S
ection

4
.6

.
If

th
e

su
p
p

ort
set

size
is

k
n
ow

n
,

th
en

so
is

th
e

n
u
m

b
er

of
“u

n
seen

”
sy

m
b

olsF
0 ,

so
from

(1
6)

w
e

co
n
clu

d
e

th
at

th
e

P
M

L
d
istrib

u
tion

p ∗
is

a
m

ax
im

izer
of

th
e

fu
n
ction

:

V
(p

),
log

(p
erm

(Q
))

(30)

W
e

low
er

b
o
u
n
d

th
e

log
p

erm
an

en
t
V

(p
)

b
y

su
m

m
in

g
over

a
su

b
set

of
th

e
term

s
in

th
e

su
m

m
a
tio

n
–

a
su

b
grou

p
of

th
e

sy
m

m
etric

grou
p
S
X

.
D

en
ote

th
e

low
er

b
ou

n
d

b
y
V̄

(p
):

V̄
(p

),
log 

∑σ∈S
X
,p ∏x∈X

p
n
p̂
σ
(x

)
x


≤

log 
∑σ∈S
X

∏x∈X
p
n
p̂
σ
(x

)
x


=
V

(p
)

(31)

w
h
ere
S
X
,p

is
a

su
b
grou

p
ofS

X
con

sistin
g

of
all

p
erm

u
tation

s
th

at
ex

ch
an

ge
on

ly
th

ose
a
lp

h
a
b

et
sy

m
b

ols
x
,x
′∈
X

th
at

are
w

ith
in

th
e

sam
e

level
set

of
p
.

E
q
u
ivalen

tly,S
X
,p

is
th

e
stab

ilizer
of

d
istrib

u
tion

p
u
n
d
er

th
e

action
of

relab
elin

g
its

com
p

on
en

ts:

S
X
,p ,
{σ
∈
S
X

:
σ
p

=
p}
∼=
×α∈A

(p
) S

α
(32)

w
h
ere

(σ
p
)
x
,
p
σ

(x
) , ∼=

d
en

otes
grou

p
isom

orp
h
ism

,×
d
en

otes
th

e
d
irect

p
ro

d
u
ct

of
grou

p
s,

a
n
d
S
α

is
th

e
sy

m
m

etric
grou

p
actin

g
on

level
set

α
⊂
X

.
T

h
en
|S
X
,p |

=
∏
α∈A

(p
) |α|!.
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P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
issm

a
n

O
u
r

ap
p
rox

im
ate

p
rofi

le
m

ax
im

u
m

lik
elih

o
o
d

d
istrib

u
tion

p̄ ∗
m

ax
im

izes
th

e
low

er
b

o
u
n
d

V̄
(p

).
In

oth
er

w
ord

s,
for

th
e

case
of

every
d
istrib

u
tion

in
collection

P
h
av

in
g

th
e

sam
e

su
p
p

ort
set

size,

p̄ ∗,
argm

ax
p∈P

V̄
(p

)
(33)

T
h
e

case
of

u
n
k
n
ow

n
su

p
p

ort
set

size
is

treated
in

S
ection

4.6.

S
om

e
in

tu
ition

for
th

e
com

p
u
tation

al
d
iffi

cu
lty

of
th

e
p
rop

osed
ap

p
rox

im
ation

:
th

e
p
ro

d
u
ct

stru
ctu

re
(32)

ofS
X
,p

allow
s

u
s

to
low

er
b

ou
n
d

th
e

log
m

atrix
p

erm
an

en
t
V

(p
)

=
log

(p
erm

(Q
))
≥

log
(p

erm
(Q̄

))
=

V̄
(p

),
w

h
ere

Q̄
is

th
e

b
lo

ck
-d

iagon
al

m
a
trix

Q̄
x
,x
′

=
Q
x
,x
′1

(p̂
x

=
p̂
x
′)

w
h
ose

p
erm

an
en

t
is

th
e

p
ro

d
u
ct

of
th

e
p

erm
an

en
ts

in
each

b
lo

ck
.

S
in

ce
p

is
con

stan
t

w
ith

in
each

b
lo

ck
,

th
e

p
erm

an
en

t
of

each
b
lo

ck
is

easy
to

evalu
ate,

so
evalu

a
tion

of
th

e
low

er
b

ou
n
d
V̄

(p
)

is
d
ram

atically
sim

p
ler

th
an

evalu
atio

n
o
f
V

(p
),

tak
in

g
tim

e
O

(|X
|).

It
m

oreover
tu

rn
s

ou
t

to
b

e
p

ossib
le

to
op

tim
ize

V̄
(p

)
com

p
u
tation

ally
effi

cien
tly

to
fi
n
d

th
e

ap
p
rox

im
ate

P
M

L
d
istrib

u
tion

p̄ ∗;
th

is
is

d
on

e
b

elow
.

T
h
e

restriction
to

su
m

m
in

g
overS

X
,p

rath
er

th
an
S
X

seem
s

large,
b
u
t

th
e

h
op

e
is

th
at

p̄ ∗
clu

sters
togeth

er
on

ly
com

p
arab

ly
freq

u
en

t
sy

m
b

ols
(th

at
is,
p̄ ∗x

=
p̄ ∗x
′

im
p
lies

n|p̂
x −

p̂
x
′|

is
less

th
an

ab
ou

t √
n
p̂
x ),

so
w

e
h
op

e
th

at
V̄

(p̄ ∗)≈
V

(p̄ ∗)
an

d
th

at
p̄ ∗

is
close

to
p ∗,

th
e

ex
act

p
rofi

le
m

ax
im

u
m

likelih
o
o
d

(16).
F

igu
re

1
sh

ow
s

th
at

th
e

ap
p
rox

im
ate

P
M

L
d
istrib

u
tion

p̄ ∗

clu
sterin

g
togeth

er
sim

ilar
en

ou
gh

b
in

s
of
p̂
.

W
e

th
u
s

ex
p

ect
ou

r
ap

p
rox

im
ate

P
M

L
sch

em
e

to
p

erform
b

est
w

h
en

d
ata

is
d
raw

n
from

a
d
istrib

u
tion

w
ith

a
few

w
ell-sep

arated
level

sets
(like

a
u
n
iform

d
istrib

u
tion

or
m

ix
tu

re
of

u
n
iform

s)
an

d
less

w
ell

for
m

ore
sm

o
oth

ly
-vary

in
g

d
istrib

u
tion

s
(like

a
Z

ip
f

d
istrib

u
tion

);
th

is
in

tu
ition

is
b

o
rn

e
b
y

th
e

n
u
m

erical
ex

p
erim

en
ts

of
S
ection

5.

W
e

can
rew

rite
ou

r
log

p
erm

an
en

t
low

er
b

ou
n
d
V̄

(p
)

(31)
as

(see
p
ro

of
in

A
p
p

en
d
ix

F
):

V̄
(p

)
=

log 
∑σ∈S
X
,p ∏x∈X

p
n
p̂
σ
(x

)
x


(34)

=
−
n (D

(p̂||p
)

+
H

(p̂
) )

+
∑α∈A

(p
) log

(|α|!)
(35)

w
h
ere
A

(p
)

(29)
is

th
e

p
artition

ofX
in

to
level

sets
of
p
,
D

(p̂||p
)

is
th

e
K

u
llb

ack
-L

eib
ler

d
ivergen

ce
an

d
H

(p̂
)

is
th

e
en

trop
y

of
th

e
em

p
irical

d
istrib

u
tion

.

E
x
p
ression

(35)
y
ield

s
som

e
in

tu
ition

ab
ou

t
th

e
ap

p
rox

im
ate

P
M

L
d
istrib

u
tion

p̄ ∗
–

a
m

ax
im

izer
of
V̄

(p
).

A
d
istrib

u
tion

p
th

at
“clu

m
p
s”

m
an

y
sy

m
b

ols
togeth

er
(th

at
is,

h
as

a
few

large
level

sets
α

)
b

o
osts

th
e

secon
d

term
(th

e
su

m
m

ation
over

α
∈
A

(p
))

in
(35),

b
u
t

is
very

d
iff

eren
t

from
p̂
,

th
u
s

low
erin

g
th

e
fi
rst

term
.

O
n

th
e

oth
er

h
an

d
,

b
y

settin
g

p
=
p̂
,

w
e

m
ax

im
ize

th
e

fi
rst

term
,

b
u
t

red
u
ce

th
e

secon
d

term
.

A
s

th
e

sam
p
le

size
n
→
∞

,
th

e
con

trib
u
tion

of
th

e
secon

d
term

in
(3

5)
van

ish
es

relative
to

th
e

fi
rst

term
,

an
d

w
e

h
ave

p̄ ∗→
p̂
,

th
e

M
L

d
istrib

u
tion

,
in

th
is

lim
it.

S
ection

4.4
estab

lish
es

som
e

p
rop

erties
o
f

th
e

ap
p
rox

im
ate

P
M

L
solu

tio
n
p̄ ∗

(33)
th

at
en

ab
le

u
s

to
com

p
u
te

it
effi

cien
tly

v
ia

a
d
y
n
am

ic
p
rog

ram
m

in
g

algorith
m

in
S
ection

4.5.

16
JM

L
R

 20(122):1-55, 2019



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

4
.4

.
P

ro
p

e
rt

ie
s

o
f

th
e

a
p

p
ro

x
im

a
te

P
M

L
d

is
tr

ib
u

ti
o
n

L
et
α
⊂
X

an
d

d
en

ot
e

b
y
p̂
α

th
e

av
er

ag
e

va
lu

e
of

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
p̂

ov
er
α

:

p̂
α
,

1 |α
|∑ x
∈α
p̂
x

(3
6)

W
e

ca
n

sh
ow

th
at

th
e

P
M

L
d
is

tr
ib

u
ti

on
ap

p
ro

x
im

at
io

n
p̄
∗

(3
3)

sa
ti

sfi
es

fo
r

al
l
x
∈
X

p̄
∗ x

=
p̂
α

(x
,p̄
∗ )

(3
7)

w
h
er

e
α

(x
,p̄
∗ )

=
{x
′

:∈
X

:
p̄
∗ x′

=
p̄
∗ x}

is
th

e
le

v
el

se
t

of
p̄
∗

co
n
ta

in
in
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ib

u
ti

on
p

(d
)

w
it

h
em

p
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b
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≥
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p
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b
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∑
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h
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;
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.
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p
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+
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+
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D ∑ d
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=
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∈
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ca
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al

fi
n
ge

rp
ri

n
t

is
st

il
l

su
b
-e

x
p

on
en

ti
al

in
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p
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h
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m
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p
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d
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p
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d
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d
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p
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P
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d
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d
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m
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=
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d
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∪
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p
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n
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p
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th

e
2-

D
fi
n
ge

rp
ri

n
t

se
tt

in
g
,

b
u
t

d
o

n
o
t

re
le

as
e

co
d
e

to
re

p
ea

t
th

ei
r

ex
p

er
im

en
ts

.

6
.1

.
K

L
d

iv
e
rg

e
n

c
e

e
st

im
a
ti

o
n

F
or

th
e

K
L

d
iv

er
ge

n
ce
D

(p
||q

)
=
∑

x
∈X

p
x

lo
g
( p

x

q x

) ,
th

e
co

rr
es

p
on

d
in

g
ap

p
ro

x
im

a
te

P
M

L

es
ti

m
at

or
is

th
e

p
lu

gi
n
D

(¯̄ p
∗ ||

¯̄ q∗
),

w
h
er

e
¯̄ p
∗ ,

¯̄ q∗
ar

e
as

in
(7

4)
,

op
ti

m
iz

ed
ov

er
co

ll
ec

ti
o
n

of
d
is

tr
ib

u
ti

on
s
P

=
∆
ρ
,

w
h
er

e

∆
ρ

=
{(
p
,q

)
:

su
p
x

(p
x
/q
x
)
≤
ρ
}

(7
5
)

d
en

ot
es

th
e

se
t

of
al

l
p
ai

rs
of

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s

w
it

h
fi
n
it

e
su

p
p

or
t

an
d

m
a
x
im

u
m

ra
ti

o
ρ
.

F
ig

u
re

12
sh

ow
s

th
e

p
er

fo
rm

an
ce

of
o
u
r

ap
p
ro

x
im

at
e

P
M

L
sc

h
em

e
fo

r
es

ti
m

a
ti

n
g

th
e

K
L

d
iv

er
ge

n
ce

.
T

h
e

ap
p
ro

x
im

at
e

P
M

L
es

ti
m

at
or

lo
ok

s
m

os
tl

y
b

et
te

r
th

an
(H

an
et

a
l.
,
2
0
1
6
a
,b

)

30
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

a
n
d

th
e

M
L

E
.

A
ll

th
ree

estim
ators

sh
ow

n
on

-m
on

oton
icity

of
th

eir
ro

ot
m

ean
sq

u
ared

p
er-

fo
rm

a
n
ce

in
th

e
sam

p
le

size.
Q

u
alitativ

ely,
th

e
ap

p
rox

im
ate

P
M

L
estim

ator’s
p

erform
an

ce
lo

o
k
s

b
est-b

eh
aved

am
on

g
th

e
th

ree
in

term
s

of
b

ein
g

rou
gh

ly
m

on
oton

e
d
ecay

in
g

in
th

e
sa

m
p
le

size.

6
.2

.
L

1
d

ista
n

c
e

F
o
r

th
e
L

1
d
istan

ce
‖
p−

q‖
1

=
∑

x∈X
|p
x −

q
x |,

th
e

co
rresp

on
d
in

g
ap

p
rox

im
ate

P
M

L
es-

tim
a
to

r
is

th
e

p
lu

gin
‖

¯̄p ∗−
¯̄q ∗‖

1 ,
w

h
ere

¯̄p ∗,
¯̄q ∗

are
as

in
(74),

op
tim

ized
over

co
llection

of
d
istrib

u
tion

sP
=

∆
,

w
h
ere

∆
d
en

otes
th

e
set

of
all

p
airs

of
d
iscrete

d
istrib

u
tion

s
w

ith
fi
n
ite

su
p
p

o
rt

set
size

(p
ossib

ly
d
iff

eren
t

su
p
p

ort
set

sizes
w

ith
in

th
e

p
air).

F
ig

u
re

1
3

sh
ow

s
th

e
p

erform
an

ce
of

ou
r

ap
p
rox

im
ate

P
M

L
sch

em
e

for
estim

atin
g

th
e
L

1

d
istan

ce
b

etw
een

tw
o

d
istrib

u
tion

s.
T

h
e

ap
p
rox

im
ate

P
M

L
estim

ator
lo

ok
s

overall
stron

ger
th

an
th

e
M

L
E

p
lu

gin
estim

ator
for

all
d
istrib

u
tion

s
an

d
sam

p
le

sizes,
an

d
seem

s
to

p
erform

b
est

w
h
en

th
e

tw
o

u
n
k
n
ow

n
d
istrib

u
tion

s
p

an
d
q

are
th

e
sam

e
(corresp

on
d
in

g
to

th
e

d
ia

g
o
n
a
l

o
f

th
e

m
atrix

of
p
lots

in
th

e
fi
gu

re).
A

lth
ou

gh
(V

alian
t

an
d

V
alian

t,
2013)

d
id

n
ot

relea
se

th
eir

co
d
e

for
estim

atin
g

th
e
L

1
d
istan

ce,
th

eir
F

ig
u
re

2,
leftm

ost
p
an

e
corresp

on
d
s

ex
a
ctly

in
its

p
aram

eters
to

th
e

top
-leftm

ost
p
an

e
of

ou
r

F
igu

re
13;

from
rou

gh
ly

ch
eck

in
g

a
few

sa
m

p
le

sizes
v
isu

ally,
th

e
ap

p
rox

im
ate

P
M

L
seem

s
to

p
erform

sign
ifi

can
tly

b
etter.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

a
re

g
ra

tefu
l

to
H

u
ach

en
g

Y
u

for
p
rov

id
in

g
th

e
p
ro

of
of

T
h
eorem

12.
W

e
w

ou
ld

like
to

th
a
n
k

J
aya

d
ev

A
ch

arya,
N

ick
L

o
eh

r,
G

reta
P

an
ova,

R
ich

ard
S
tan

ley,
an

d
A

rth
u
r

Y
an

g
for

h
elp

fu
l

d
iscu

ssion
s

on
th

e
size

of
th

e
su

ffi
cien

t
statistic.

A
p
p

e
n
d
ix

A
.

P
ro

o
f

o
f

e
x
p
re

ssio
n

(1
4
)

fo
r

th
e

p
ro

b
a
b
ility

o
f

a
fi
n
g
e
rp

rin
t

L
et
S
X

d
en

o
te

th
e

sy
m

m
etric

grou
p

on
th

e
d
iscrete,

p
ossib

ly
in

fi
n
ite

set
X

an
d

let
S
X
p̂

d
en

o
te

th
e

o
rb

it
of

em
p
irical

d
istrib

u
tion

p̂
u
n
d
er

th
e

action
ofS

X
b
y

relab
elin

g
th

e
com

p
o-

n
en

ts
o
f
p̂
.

T
h
a
t

is,
if
σ
∈
S
X

,
th

en
(σ
p̂
)
x
,
p̂
σ

(x
) ,

an
d
S
X
p̂

=
{σ
p̂}
σ∈S

X
.

E
ach

d
istrib

u
tion

in
th

e
o
rb

itS
X
p̂

h
as

th
e

sam
e

fi
n
gerp

rin
t

an
d

d
istin

ct
orb

its
h
ave

d
istin

ct
fi
n
gerp

rin
ts,

so
th

e
set

o
f

d
istin

ct
fi
n
gerp

rin
ts
F

is
in

b
ijection

w
ith

th
e

set
of

d
istin

ct
o
rb

its
u
n
d
er

th
e

a
ction

o
fS
X

,
so

th
e

p
rob

ab
ility

of
a

sp
ecifi

c
fi
n
gerp

rin
tF

is
g
iv

en
b
y

P
p (F

)
=

P
p (S
X
p̂
)

=
∑p̂ ′∈S
X
p̂ P

p (p̂ ′)
=

(
nn
p̂

)
∑p̂ ′∈S
X
p̂ ∏x∈X

p
n
p̂ ′x
x

(76)

w
h
ere

th
e

la
st

eq
u
ality

follow
s

from
(10).

W
h
en

th
e

a
lp

h
ab

etX
is

fi
n
ite,

th
en

w
e

can
rep

lace
th

e
su

m
m

a
tion

over
th

e
orb

itS
X
p̂

in
(7

6
)

w
ith

a
su

m
m

ation
over

th
e

fi
n
ite

sy
m

m
etric

grou
p
S
X

,
tak

in
g

care
to

av
o
id

d
o
u
b
le-

co
u
n
tin

g
,

sin
ce
|S
X
p̂|≤

|S
X |

w
ith

strict
in

eq
u
ality

if
th

ere
ex

ist
d
istin

ct
x
,x
′∈
X

su
ch

th
a
t
p̂
x

=
p̂
x
′

(see
A

p
p

en
d
ix

B
for

an
ex

am
p
le

of
th

is).
T

h
e

fi
n
gerp

rin
t

n
otation

lets
u
s

31
JM

L
R

 20(122):1-55, 2019

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
issm

a
n

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

Uniform

1
0

-5

1
0

-4

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
U

n
ifo

rm

1
0

1
1
0

2
1
0

3
1

0
4

1
0

5
1
0

6
1

0
7

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
M

ix
 2

 U
n

ifo
rm

s

1
0

1
1

0
2

1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

1
0

-2

1
0

-1

1
0

0

1
0

1
Z

ip
f(-1

)

1
0

1
1

0
2

1
0

3
1

0
4

1
0

5
1

0
6

1
0

7
1
0

-2

1
0

-1

1
0

0

1
0

1
Z

ip
f(-0

.6
)

H
J
W

M
L
E

t
h
is

w
o
r
k

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

Mix 2 Uniforms

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1

0
4

1
0

5
1
0

6
1

0
7

1
0

-5

1
0

-4

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1

0
2

1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1

0
2

1
0

3
1

0
4

1
0

5
1

0
6

1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

Zipf(-1)

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

2

1
0

1
1
0

2
1
0

3
1

0
4

1
0

5
1
0

6
1

0
7

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1

0
2

1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

1
0

-4

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
1

0
2

1
0

3
1

0
4

1
0

5
1

0
6

1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

Zipf(-0.6)

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1

0
4

1
0

5
1
0

6
1

0
7

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1

0
2

1
0

3
1
0

4
1
0

5
1
0

6
1

0
7

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1

0
2

1
0

3
1

0
4

1
0

5
1

0
6

1
0

7
1
0

-4

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

F
igu

re
12:

R
o
ot

m
ean

sq
u
ared

error
for

estim
ation

of
K

L
d
ivergen

ce
b

etw
een

d
istrib

u
tion

s
in

d
icated

in
row

an
d

colu
m

n
n
am

es
(th

at
is,
D

(p
ro

w ||p
co

lu
m

n )).
In

all
cases

K
=
|X
|

=
10

4.
“U

n
iform

”
is

u
n
iform

on
X

,
“M

ix
2

U
n
ifo

rm
s”

is
a

m
ix

tu
re

of
tw

o
u
n
iform

d
istrib

u
tion

s,
w

ith
h
alf

th
e

p
rob

ab
ility

m
ass

on
th

e
fi
rst

K
/5

sy
m

b
ols,

an
d

th
e

oth
er

h
alf

on
th

e
rem

ain
in

g
sy

m
b

ols,
an

d
Z

ip
f(α

)∼
1
/i α

w
ith

i∈
{
1,...,K

}
.

M
L

E
d
en

otes
th

e
M

L
p
lu

gin
(“n

aiv
e”)

ap
p
roach

of
com

p
u
tin

g
D

(p̂||q̂).
H

J
W

is
(H

an
et

al.,
2016a,b

).
E

ach
d
ata

p
oin

t
rep

resen
ts

100
ran

d
om

trials,
w

ith
2

stan
d
ard

error
b
ars

sm
aller

th
an

th
e

p
lo

t
m

arker
for

m
ost

p
oin

ts.
L

og
b
ase

2.

32
JM

L
R

 20(122):1-55, 2019



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7

Uniform 1
0

-4

1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
U

n
if

o
rm

M
L
E

t
h
is

w
o
r
k

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
M

ix
 2

 U
n

if
o

rm
s

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0
Z

ip
f(

-1
)

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
Z

ip
f(

-0
.6

)

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7

Mix 2 Uniforms 1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7

Zipf(-1) 1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-2

1
0

-1

1
0

0

1
0

1

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7

Zipf(-0.6) 1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

s
a
m

p
le

 s
iz

e

1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

7
1
0

-3

1
0

-2

1
0

-1

1
0

0

1
0

1

F
ig

u
re

13
:

R
o
ot

m
ea

n
sq

u
ar

ed
er

ro
r

fo
r

es
ti

m
at

io
n

of
L

1
d
is

ta
n
ce

b
et

w
ee

n
d
is

tr
ib

u
ti

on
s

in
d
ic

at
ed

in
ro

w
an

d
co

lu
m

n
n
am

es
.

S
am

e
p
ar

am
et

er
s

as
in

F
ig

u
re

12
.

S
in

ce
th

e
L

1

d
is

ta
n
ce

is
sy

m
m

et
ri

c
in

it
s

ar
gu

m
en

ts
,

th
e

p
er

fo
rm

an
ce

m
at

ri
x

is
sy

m
m

et
ri

c.

33
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
is
sm

a
n

co
n
ve

n
ie

n
tl

y
ex

p
re

ss
|S
X
p̂
|:

|S
X
p̂
|=

(
|X
|
F

)
=
|X
|!∏ i≥

0

1 F i
!.

(7
7
)

T
h
e

p
ro

b
ab

il
it

y
of

a
sp

ec
ifi

c
fi
n
ge

rp
ri

n
t
F

u
n
d
er

d
is

tr
ib

u
ti

on
p

w
it

h
fi
n
it

e
su

p
p

o
rt
X

is
gi

ve
n

b
y

P p
(F

)
=

P p
(S
X
p̂
)

=
∑

p̂
′ ∈
S X

p̂

P p
(p̂
′ )

(7
8
)

(a
)

=
|S
X
p̂
|

|S
X
|
∑ σ
∈S
X

P p
(σ
p̂
)

(7
9)

(b
)

=
1 |X
|!

(
|X
|
F

)
∑ σ
∈S
X

P p
(σ
p̂
)

(8
0)

(c
)

=

 
∏ i≥

0

1 F i
! 
(

n n
p̂

)
∑ σ
∈S
X

∏ x
∈X

p
n
p̂
σ
(x

)
x

(8
1
)

=

 
∏ i≥

0

1 F i
! 
(

n n
p̂

)
p

er
m

(
(
p
n
p̂
x
′

x

) x
,x
′ ∈
X

︸
︷︷

︸
Q

)
(8

2
)

(d
)

=
1

|X
\S

u
p
p
(p̂

)|!

 
∏ i≥

1

1 F i
! 
(

n n
p̂

)
p

er
m

(Q
)

(8
3
)

w
h
er

e
in

(a
)

th
e

p
re

fa
ct

or
co

rr
ec

ts
fo

r
m

u
lt

ip
le

-c
ou

n
ti

n
g

p
oi

n
ts

in
th

e
or

b
it
S X

p̂
w

h
en

w
e

su
m

ov
er
σ
∈
S X

,
(b

)
fo

ll
ow

s
fr

om
(7

7)
,

(c
)

fo
ll
ow

s
fr

om
(1

0)
,

an
d

(d
)

fo
ll
ow

s
si

n
ce

F 0
=
|X
\S

u
p
p
(p̂

)|.
W

h
en

th
e

al
p
h
ab

et
X

is
co

u
n
ta

b
ly

in
fi
n
it

e,
th

en
w

e
gr

ou
p

te
rm

s
in

th
e

su
m

(7
6
)

b
y

th
e

su
p
p

or
t

se
t

S
u
p
p
(p̂
′ )

.
L

et
K̂

=
|S

u
p
p
(p̂

)|
(1

3)
d
en

ot
e

th
e

em
p
ir

ic
al

su
p
p

o
rt

se
t

si
ze

a
n
d

le
t

Π
K̂

(X
)

d
en

ot
e

th
e

se
t

of
al

l
su

b
se

ts
of
X

of
si

ze
K̂

.
T

h
en

P p
(F

)
=

∑

p̂
′ ∈
S X

p̂

P p
(p̂
′ )

(8
4
)

=
∑

X
′ ∈
Π
K̂

(X
)

∑

p̂
′ ∈
S
X
p̂
:

S
u

p
p

(p̂
′ )

=
X
′P p

(p̂
′ )

(8
5)

(a
)

=
∑

X
′ ∈
Π
K̂

(X
)

|S
X
′ p̂
|

|S
X
′ |
∑

σ
∈S
X
′

P p
(σ
p̂
)

(8
6)

(b
)

=

 
∏ i≥

1

1 F i
! 
(

n n
p̂

)
∑

X
′ ∈
Π
K̂

(X
)

p
er

m

(
(
p
n
p̂
x
′

x

) x
,x
′ ∈
X
′

)
(8

7
)

w
h
er

e
in

(a
)

th
e

p
re

fa
ct

or
co

rr
ec

ts
fo

r
m

u
lt

ip
le

-c
ou

n
ti

n
g

p
oi

n
ts

in
th

e
or

b
it
S X
′ p̂

w
h
en

w
e

su
m

ov
er
σ
∈
S X
′

an
d

(b
)

fo
ll
ow

s
fr

om
(1

0)
an

d
th

e
fa

ct
th

at
p̂
′

is
su

p
p

o
rt

ed
o
n
X
′

(s
o

th
er

e
is

n
o
F 0

te
rm

,
u
n
li
ke

th
e

ca
se

w
h
en
X

is
fi
n
it

e)
.

34
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

A
p
p

e
n
d
ix

B
.

Illu
stra

tio
n

o
f

co
m

p
u
tin

g
th

e
p
ro

b
a
b
ility

o
f

a
fi
n
g
e
rp

rin
t

T
o

illu
stra

te
th

e
com

p
u
tation

of
th

e
p
rob

ab
ility

of
th

e
fi
n
gerp

rin
t,

su
p
p

ose
th

at
w

e
h
ave

an
a
lp

h
a
b

et
o
f

3
sy

m
b

olsX
=
{a
,b
,c}

an
d

con
sid

er
th

e
seq

u
en

ce
x

71
=

(a,b
,b

,a,b
,b

,c).
T

h
en

th
e

em
p
irica

l
d
istrib

u
tion

is
p̂
(x

71 )
=

(p̂
a ,p̂

b ,p̂
c )

=
17

(2,4
,1)

an
d

th
e

fi
n
gerp

rin
t
F

(p̂
)

is
F
i

=
1

if
i∈
{
1
,2
,3}

an
d
F
i

=
0

oth
erw

ise.
T

h
e

p
rob

ab
ility

u
n
d
er
p

=
(p

a ,p
b ,p

c )
ofF

(p̂
)

is
in

d
ica

ted
p
ictorially

b
elow

:

P
(F

(p̂
))

=
P
p 
S
X


a

b
c 


=

P
p 


+

P
p 


+

P
p 



+
P
p 


+

P
p 


+

P
p 


(88)

=
1

1!1!1!

7!

2!
4!

1!
p

erm


p

2a
p

4a
p

1a

p
2b

p
4b

p
1b

p
2c

p
4c

p
1c


(89)

w
h
ere

ea
ch

term
on

th
e

righ
t

h
an

d
sid

e
of

(88)
is

com
p
u
ted

v
ia

(10)
an

d
in

(8
9)

th
e

tw
o

p
refa

cto
rs

are
th

e
m

u
ltin

om
ial

co
effi

cien
ts

in
(83).

S
u
p
p

o
se

n
ow

th
at

w
e

h
ap

p
en

to
ob

serve
on

ly
th

e
sy

m
b

ol
‘b

’
in
x

41
=

(b
,b

,b
,b

),
b
u
t

k
n
ow

th
a
tX

con
sists

of
3

sy
m

b
ols

as
in

th
e

p
rev

iou
s

ex
am

p
le.

T
h
en

p̂
(x

41 )
=

14
(0,1,0)

an
d

th
e

fi
n
g
erp

rin
t

is
F

0
=

2,F
1

=
1,

an
d
F
i

=
0

for
i≥

2.
O

u
r

p
ictorial

com
p
u
tation

of
th

e
p
ro

b
a
b
ility

u
n
d
er
p

=
(p

a ,p
b ,p

c )
ofF

(p̂
)

is
sh

ow
n

in
(90):

P
p (F

(p̂
))

=
P
p 
S
X


a

b
c 


=

P
p 


+

P
p 


+

P
p 


(90)

=
1

2!1!

4!

0!4!0!
p

erm


1

p
4a

1

1
p

4b
1

1
p

4c
1


=
p

4a
+
p

4b
+
p

4c
(91)

N
o
te

th
a
t

th
ere

are
n
ow

few
er

th
an
|S
X |

=
|X
|!

d
istin

ct
p

erm
u
ta

tion
s

to
su

m
over,

refl
ected

in
th

e
p
refacto

r
1/F

0 !
w

ith
F

0
=

2
sin

ce
th

ere
are

tw
o

“u
n
seen

”
sy

m
b

ols.

A
p
p

e
n
d
ix

C
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
2

L
et
Z

b
e

th
e

n
u
m

b
er

in
T

h
eorem

12.
W

e
fi
rst

p
rov

e
th

e
low

er
b

ou
n
d
.

F
ix

a
(co

n
stan

t)
p
aram

eter
α
∈

(0,1).
C

on
sid

er
all

0
-1

assign
m

en
ts

to
an

α
n×

α
n

a
rray

su
ch

th
a
t

th
e

total
n
u
m

b
er

of
1’s

is
ex

actly
n

.
T

h
e

n
u
m

b
er

of
su

ch
assign

m
en

ts
is

(
α

2n
2

n

)
≥
(α

2n )
n
.

O
n

th
e

o
th

er
h
an

d
,

each
eq

u
ivalen

t
class

g
en

erates
at

m
ost

((α
n

)!)
2≤

(α
n

)
2
α
n

35
JM

L
R

 20(122):1-55, 2019

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
issm

a
n

su
ch

assign
m

en
ts.

T
h
erefore,

th
e

n
u
m

b
er

of
eq

u
ivalen

t
classes

Z
is

at
least

Z
≥
(α

2n )
n
/(α

n
)
2
α
n

=
n

(1−
2
α

)n·α
2
n

(1−
α

).

T
h
e

ab
ove

in
eq

u
ality

h
old

s
for

an
y
α
>

0.
In

p
articu

lar,
for

an
y

con
stan

t
α

,
w

e
h
ave

Z
≥
n

(1−
2
α−

o
(1

))n
,

w
h
ich

im
p
lies

th
e

claim
ed

b
ou

n
d
.

N
ow

w
e

p
rove

th
e

u
p
p

er
b

ou
n
d
.

C
on

sid
er

th
e

follow
in

g
p
ro

ced
u
re

for
gen

eratin
g

an
assign

m
en

t
to

a
n
×
n

array.

1.
C

h
o
ose

an
in

teger
1
≤
m
≤
n

arb
itrarily

;

2.
C

h
o
ose

m
en

tries
from

th
e
n

2
en

tries
arb

itrarily
;

3.
F

or
each

of
th

e
m

ch
osen

en
tries

from
last

step
,

fi
ll

in
a

p
ositive

in
teger

su
ch

th
at

th
e

m
en

tries
su

m
u
p

to
n

.

It
is

easy
to

verify
th

at
for

ev
ery

eq
u
ivalen

t
class,

som
e

assign
m

en
t

in
th

e
class

can
b

e
gen

erated
b
y

th
e

ab
ove

p
ro

ced
u
re.

O
n

th
e

oth
er

h
an

d
,

th
e

n
u
m

b
er

of
d
iff

eren
t

a
ssign

m
en

ts
th

at
can

b
e

gen
erated

is
at

m
ost

n
∑m

=
1 (
n

2

m

)
· (

nm

)
≤

2
n·n

·
m

ax
1≤
m
≤
n (

n
2

m

)
≤

2
n·n

·
(e·

n
)
n

=
n

(1
+
o
(1

))n
.

T
h
is

p
rov

es
th

e
u
p
p

er
b

ou
n
d
.

A
p
p

e
n
d
ix

D
.

T
h
e

E
M

a
lg

o
rith

m
u
se

d
to

n
u
m

e
rica

lly
so

lv
e

th
e

P
M

L
fo

r
sm

a
ll

a
lp

h
a
b

e
ts

in
S
e
ctio

n
4

D
.1

.
1
-D

c
a
se

W
e

treat
p

as
th

e
u
n
k
n
ow

n
p
aram

eter
to

b
e

in
ferred

an
d

assu
m

e
th

at
p

is
sorted

.
R

ecall
th

at
for

a
fi
x
ed

alp
h
ab

et
size,

th
e

P
M

L
d
istrib

u
tion

is:

p ∗
=

argm
ax

p

∑σ∈S
X

∏x∈X
p
n
p̂
σ
(x

)
x

(92)

W
e

treat
p

erm
u
tation

σ
as

th
e

h
id

d
en

d
ata

d
raw

n
u
n
ifo

rm
ly

on
S
X

,
an

d
th

e
ob

served
d
ata

p̂
d
raw

n
from

th
e

p
erm

u
ted

d
istrib

u
tion

σ
p
.

T
h
en

if
p

(t)
is

ou
r

estim
ate

for
p

after
t

iteration
s

of
th

e
E

M
algorith

m
,

th
e

n
ex

t
valu

e
is:

p
(t+

1
) ∼

∑σ∈S
X

(σ
p̂
) ∏x∈X

p
n
p̂
σ
(x

)

(t),x
(93)

w
h
ere

σ
p̂

d
en

otes
th

e
p

erm
u
ted

em
p
irical

h
istogram

an
d
∼

d
en

otes
eq

u
ality

u
p

to
n
orm

al-
ization

.
F

or
th

e
startin

g
p

oin
t

w
e

ch
o
ose

p
(0

)
=
p̂
.

36
JM

L
R

 20(122):1-55, 2019



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

D
.2

.
2
-D

c
a
se

A
n
al

og
ou

sl
y

to
th

e
1D

ca
se

ab
ov

e,
le

t
p

(t
),
q (
t)

b
e

ou
r

es
ti

m
at

es
fo

r
p
,
q

af
te

r
t

it
er

at
io

n
s

of
th

e
E

M
al

go
ri

th
m

.
T

h
en

th
e

n
ex

t
va

lu
es

ar
e:

p
(t

+
1
)
∼
∑ σ
∈S
X

(σ
p̂
)w

σ
(9

4)

q (
t+

1
)
∼
∑ σ
∈S
X

(σ
q̂)
w
σ

(9
5)

w
h
er

e

w
σ
,
∏ x
∈X

p
n
p̂
σ
(x

)

(t
),
x
qm

q̂ σ
(x

)

(t
),
x

(9
6)

an
d
∼

d
en

ot
es

eq
u
al

it
y

u
p

to
n
or

m
al

iz
at

io
n
.

F
or

th
e

st
ar

ti
n
g

p
oi

n
t

w
e

ch
o
os

e
p

(0
)

=
p̂
,

q (
0
)

=
q̂.

A
p
p

e
n
d
ix

E
.

P
ro

o
f

o
f

T
h
e
o
re

m
8

(D
-d

im
e
n
si

o
n
a
l

P
M

L
d
is

tr
ib

u
ti

o
n

o
n

a
b
in

a
ry

a
lp

h
a
b

e
t)

T
h
e
D

-d
im

en
si

on
al

P
M

L
d
is

tr
ib

u
ti

on
s
p
∗
,

(p
(d

)∗
)D d

=
1

ar
e

(s
ee

A
p
p

en
d
ix

H
fo

r
a

d
er

iv
at

io
n
):

p
∗
,

ar
gm

ax
p
∈P

p
er

m

 
(

D ∏ d
=

1

(p
(d

)
x

)n
d
p̂
(d

)

x
′

)

x
,x
′ ∈
{1
,2
} 

(9
7)

=
ar

gm
ax

p
∈P

(
D ∏ d
=

1

(p
(d

)
1

)n
d
p̂
(d

)
1

(1
−
p

(d
)

1
)n
d
(1
−
p̂
(d

)
1

)
+

D ∏ d
=

1

(p
(d

)
1

)n
d
(1
−
p̂
(d

)
1

) (1
−
p

(d
)

1
)n
d
p̂
(d

)
1

)
(9

8)

w
h
er

e
P

is
a

co
ll
ec

ti
on

of
D

-t
u
p
le

s
of

d
is

tr
ib

u
ti

on
s

on
th

e
b
in

ar
y

al
p
h
ab

et
X

=
{1
,2
}.

T
o

li
gh

te
n

n
ot

at
io

n
,

le
t

r d
,
p

(d
)

1
(9

9)

an
d

∆
d
,
n
d

( p̂
(d

)
1
−

1 2

)
(1

00
)

T
h
en

p
∗

=
((
r∗ d
,1
−
r∗ d

))
D d
=

1
,

w
h
er

e

(r
∗ d)
D d
=

1
=

ar
gm

ax
(r
d
)D d

=
1
∈[

0
,1

]D

(
D ∏ d
=

1

rn
d
/
2
+

∆
d

d
(1
−
r d

)n
d
/
2
−

∆
d

+
D ∏ d
=

1

rn
d
/
2
−

∆
d

d
(1
−
r d

)n
d
/
2
+

∆
d

︸
︷︷

︸
−
U

(r
1
,.
..
,r
d
)

) (1
01

)

=
ar

gm
in

(r
d
)D d

=
1
∈[

0
,1

]D
U

(r
1
,.
..
,r
d
)

(1
02

)

3
7

JM
L

R
 2

0(
12

2)
:1

-5
5,

 2
01

9

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
is
sm

a
n

If
r∗ d

=
1/

2
fo

r
al

l
d
,

th
en
U

(r
1
,.
..
,r
d
)

m
u
st

h
av

e
p

o
si

ti
ve

d
efi

n
it

e
H

es
si

an
H
U

a
t

(r
d
)D d

=
1

=
(1
/
2)
D d
=

1
.

L
et

’s
co

m
p
u
te

th
e

H
es

si
an

at
r d

=
1/

2
fo

r
al

l
d
,

le
tt

in
g

[D
]
,
{1
,.
..
,D
}:

H
∗ U
,
H
U
| (r

d
)D d

=
1
=

(1
/
2
)D d

=
1

=

(
∂

2
U

∂
r d
∂
r d
′) d

,d
′ ∈

[D
]∣ ∣ ∣ ∣ ∣ (r

d
)D d

=
1
=

(1
/
2
)D d

=
1

(1
0
3
)

=
c

( (∆
d
∆
d
′ )
d
,d
′ ∈

[D
]
−

d
ia

g

( (
n
d 4

) d
∈[
D

]))
(1

0
4)

w
h
er

e
c

=
2

5
−
∑
D d
=
1
n
d

an
d

in
th

e
se

co
n
d

te
rm

in
(1

04
)

d
ia

g(
·)

d
en

ot
es

th
e

d
ia

g
o
n
a
l

m
a
tr

ix
w

it
h

en
tr

y
n
d

in
th

e
d
-t

h
ro

w
an

d
d
-t

h
co

lu
m

n
.

T
h
e

m
at

ri
x
H
∗ U

is
p

os
it

iv
e

d
efi

n
it

e
w

h
en

∆
d

=
0

fo
r

al
l
d

w
it

h
ei

ge
n
va

lu
es

(−
cn

d
/
4
)D d

=
1
.

S
in

ce
th

e
ei

ge
n
va

lu
es

of
H
∗ U

va
ry

co
n
ti

n
u
ou

sl
y

in
(∆

d
)D d

=
1
,

w
e

co
n
cl

u
d
e

th
at
H
∗ U

is
p

o
si

ti
ve

d
efi

n
it

e
w

h
en

(∆
d
)D d

=
1

is
in

th
e

n
ei

gh
b

or
h
o
o
d

of
(0

)D d
=

1
d
et

er
m

in
ed

b
y
:

d
et

(H
)

=
c′
(
−

1
+

D ∑ d
=

1

4∆
2 d

n
d

)
>

0
(1

0
5)

m
D ∑ d
=

1

4
n
d

( p̂
(d

)
1
−

1 2

) 2
>

1
(1

0
6
)

w
h
er

e
c′

=
c

2
2
D
∏
D d
=

1
n
d
.

T
h
u
s
H
∗ U

is
n
ot

p
os

it
iv

e
d
efi

n
it

e
at

(r
d
)D d

=
1

=
(1
/2

)D d
=

1
w

h
en

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
co

m
p

on
en

ts
(p̂

(d
)

1
)D d

=
1

li
e

ou
ts

id
e

th
e

el
li
p
se

d
et

er
m

in
ed

b
y

(1
0
6
),

so
th

e
D

P
M

L
d
is

tr
ib

u
ti

on
s

(p
(d

)∗
)D d

=
1

ar
e

n
ot

u
n
if

or
m

in
th

is
ca

se
.

A
p
p

e
n
d
ix

F
.

P
ro

o
f

o
f

p
e
rm

a
n
e
n
t

lo
w

e
r

b
o
u
n
d

id
e
n
ti

ty
(3

5
)

G
iv

en
d
is

tr
ib

u
ti

on
p

su
p
p

or
te

d
on

se
t
X

,
d
en

ot
e

b
y
X u

(p
)

a
le

ve
l

se
t

of
p
:

X u
(p

)
,
{x
∈
X

:
p
x

=
u
}

(1
0
7)

D
en

ot
e

b
y
U(
p
)

th
e

se
t

of
u
n
iq

u
e

en
tr

ie
s

of
p
:

U(
p
)
,
{p
x

:
x
∈
X
}

(1
0
8)

an
d

d
en

ot
e

b
y
A

(p
)

th
e

p
ar

ti
ti

on
of
X

in
to

le
v
el

se
ts

of
p

(e
q
u
iv

al
en

t
to

th
e

d
efi

n
it

io
n

(2
9
))

:

A
(p

)
,
{X

u
(p

)
:
u
∈
U(
p
)}

(1
0
9
)

It
is

co
n
ve

n
ie

n
t

to
ex

p
re

ss
th

e
gr

ou
p
S X

,p
(3

2)
as

is
om

or
p
h
ic

to
:

S X
,p
∼ =
×

α
∈A

(p
)

S α
=
×

u
∈U

(p
)

S X
u

(1
1
0)

38
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

W
e

w
rite

V
(p

)
=

lo
g
(p

erm
(Q

))≥
V̄

(p
)

(111)

=
log 

∑σ∈S
X
,p ∏x∈X

p
n
p̂
σ
(x

)
x


(112)

(a
)

=
log 

∑σ∈S
X
,p ∏x∈X

p
n
p̂
x

σ
(x

) 
(113)

(b
)

=
log 

∑

σ∈×
u∈
U
(p

) S
X
u

∏x∈X
p
n
p̂
x

σ
(x

) 
(114)

(c)
=

log 
∏u∈U

(p
)

∑σ∈S
X
u

∏x∈X
u

u
n
p̂
x 

(115)

(d
)

=
log 

∏u∈U
(p

) |S
X
u |
u
n
∑
x∈
X
u
p̂
x 

(116)

=
∑u∈U

(p
) (

log
(|S
X
u |)

+
n (

∑x∈X
u

p̂
x )

log
(u

) )
(117)

=
∑u∈U

(p
) log

(|S
X
u |!)

+
n
∑u∈U

(p
) ∑x∈X

u

p̂
x

log
(u

)
(118)

(e)
=

∑u∈U
(p

) log
(|X

u |!)
+
n
∑x∈X

p̂
x

log
(p
x )

(119)

=
∑u∈U

(p
) log

(|X
u |!)

+
n
∑x∈X

p̂
x (

log (
p
x

p̂
x )

+
log

(p̂
x ) )

(120)

(f)
=

∑α∈A
(p

) log
(|α|!)−

n
(D

(p̂||p
)

+
H

(p̂
))

(121)

w
h
ere

in
(a

)
w

e
ch

an
ged

ord
er

of
su

m
m

ation
ov

er
th

e
grou

p
S
X

,
in

(b
)

w
e

su
m

m
ed

over
th

e
iso

m
o
rp

h
ic

g
ro

u
p

(110),
in

(c)
w

e
u
sed

th
e

p
ro

d
u
ct

stru
ctu

re
(110)

ofS
X
,p

to
rew

rite
th

e
su

m
a
s

a
p
ro

d
u
ct

of
su

m
s

an
d

u
sed

th
e

fact
th

at
p
x

=
u

for
all

x
∈
X
u

(107
).

In
(d

)
w

e
u
sed

th
e

fa
ct

th
a
t

th
e

su
m

m
an

d
s

are
in

d
ep

en
d
en

t
of
σ

an
d

m
oved

th
e

su
m

in
to

th
e

ex
p

on
en

t.
In

(e)
w

e
u
sed
|S
α |

=
|α|!

an
d

u
sed

th
e

fact
th

at
u

=
p
x

for
all

x
∈
X
u .

In
(f)

w
e

u
sed

α
∈
A

(p
)⇔
∃
u
∈
U

(p
)

:X
u

=
α

.

A
p
p

e
n
d
ix

G
.

P
ro

o
f

o
f

T
h
e
o
re

m
9

(p
ro

p
e
rtie

s
o
f

th
e

a
p
p
ro

x
im

a
te

P
M

L
d
istrib

u
tio

n
’s

le
v
e
l

se
t

p
a
rtitio

n
Ā
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Ā
∗

h
ave

th
e

sam
e

sizes,
so
∑

α∈A
′ log

(|α|!)
=
∑

α∈Ā
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Ā
∗

sa
ti

sfi
es

th
e

is
o-

cl
u
m

p
in

g
p
ro

p
er

ty
;

se
e

S
ec

ti
on

H
.3

)
an

d
th

en
it

er
at

iv
el

y
m

er
ge

p
ar

ti
ti

on
el

em
en

ts
u
n
ti

l
it

is
n
o

lo
n
ge

r
p
ro

fi
ta

b
le

to
d
o

so
in

te
rm

s
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
V̄

in
cr

ea
si

n
g.

A
t

ea
ch

st
ep

w
e

m
er

ge
tw

o
p
ar

ti
ti

on
el

em
en

ts
th

at
m

os
t

b
o
os

t
th

e
va

lu
e

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
.

A
lg

o
ri

th
m

1
A

p
p
ro

x
im

at
io

n
to

le
ve

l
se

t
p
ar

ti
ti

on
of

th
e

ap
p
ro

x
im

at
e
D

-d
im

en
si

o
n
al

P
M

L
d
is

tr
ib

u
ti

on

1
:

fu
n

c
ti

o
n

¯̄ A
∗ (

p̂
,n
,|X
|)

.
In

p
u
t:
D

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
s,
D

sa
m

p
le

si
ze

s,
an

d
as

su
m

ed
su

p
p

or
t

se
t

si
ze
|X
|

2
:

A
←
A

(p̂
)

.
In

it
ia

l
p
ar

ti
ti

on
in

to
le

ve
l

se
ts

of
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
p̂

3
:

w
h

il
e

m
ax

α
1
,α

2
∈A

:α
1
6=
α
2

( V̄
(α

1
∪
α

2
)
−

(V̄
(α

1
)

+
V̄

(α
2
))
) >

0
d

o
4
:

(α
∗ 1
,α
∗ 2
)
←

ar
gm

ax
α
1
,α

2
∈A

:α
1
6=
α
2

( V̄
(α

1
∪
α

2
)
−

(V̄
(α

1
)

+
V̄

(α
2
))
)

5
:

A
←

(A
∪
{α
∗ 1
∪
α
∗ 2
})
\{
α
∗ 1
,α
∗ 2
}

.
M

er
ge

tw
o

le
ve

l
se

ts
in

to
on

e
6
:

e
n

d
w

h
il
e

7
:

re
tu

rn
A

.
O

u
tp

u
t:

¯̄ A
∗ (

p̂
)

8
:

e
n

d
fu

n
c
ti

o
n

T
h
e

in
p
u
ts

p̂
an

d
n

in
al

go
ri

th
m

(1
)

ar
e

u
se

d
w

h
en

ev
al

u
at

in
g
V̄

(α
)

(1
46

)
fo

r
α
⊂
X

.
T

h
e

in
p
u
t

of
th

e
su

p
p

or
t

se
t

si
ze
|X
|i

s
u
se

d
in

li
n
e

(2
)

to
in

it
ia

ll
y

as
si

gn
th

e
|X
|−
|X

(p̂
)|

u
n
-

ob
se

rv
ed

sy
m

b
ol

s
to

a
p
ar

ti
ti

on
el

em
en

t.
T

h
e

lo
op

in
al

go
ri

th
m

(1
)

al
w

ay
s

te
rm

in
at

es
si

n
ce

w
e

on
ly

m
er

ge
d
is

ti
n
ct

p
ar

ti
ti

on
el

em
en

ts
of

th
e

fi
n
it

e
su

p
p

or
t

se
t
X

.
W

e
ca

n
im

p
le

m
en

t
al

go
ri

th
m

(1
)

effi
ci

en
tl

y
b
y

ob
se

rv
in

g
th

at
fo

r
α

1
,α

2
⊂
X
α

1
6=
α

2
:

p̂
α
1
∪α

2
=
|α

1
|p̂
α
1

+
|α

2
|p̂
α
2

|α
1
|+
|α

2
|

(1
50

)

R
el

at
io

n
(1

50
)

le
ts

u
s

ev
al

u
at

e
V̄

(α
1
∪
α

2
)

w
it

h
ou

t
su

m
m

in
g

ov
er

al
l

p
o
in

ts
in
α

1
∪
α

,
so

w
e

ca
n

re
u
se

th
e

w
or

k
w

e
d
id

w
h
en

w
e

p
re

v
io

u
sl

y
co

m
p
u
te

d
V̄

(α
1
),
V̄

(α
2
).

W
e

ob
ta

in
th

e
d
ou

b
ly

-a
p
p
ro

x
im

at
e

se
t

of
D

d
is

tr
ib

u
ti

on
s

¯̄ p
∗

b
y

se
tt

in
g

fo
r

al
l
x
∈
X

,
d
∈
{1
,.
..
,D
}

¯̄ p
(d

)∗
x

=
p̂

(d
)

α
(x

)
(1

51
)

w
h
er

e
α

(x
)
∈

¯̄ A
∗

is
th

e
p
ar

ti
ti

on
el

em
en

t
co

n
ta

in
in

g
x

,
an

d
p̂

(d
)

α
(3

6)
is

th
e

av
er

ag
e

of
p̂

(d
)

ov
er
α
⊂
X

.

W
e

k
n
ow

th
at

th
e

p
ar

ti
ti

on
¯̄ A
∗

co
m

p
u
te

d
b
y

al
go

ri
th

m
(1

)
is

su
b

op
ti

m
a
l

(t
h
at

is
,

d
o
es

n
ot

m
ax

im
iz

e
V̄

(1
47

))
b

ec
au

se
it

on
ly

tr
ie

s
to

m
er

ge
p
ai

rs
of

ex
is

ti
n
g

p
ar

ti
ti

on
el

em
en

ts
ra

th
er

th
an

tr
ip

le
ts

or
la

rg
er

co
ll
ec

ti
on

s;
it

is
p

os
si

b
le

to
co

n
st

ru
ct

an
ex

am
p
le

w
h
er

e
th

e
op

ti
m

al
p
ar

ti
ti

on
co

n
si

st
s

of
a

si
n
gl

e
se

t
(a

ll
of
X

)
b
u
t

n
o

p
ai

r
of

p
ar

ti
ti

on
el

em
en

ts
of
A

(p̂
)

is
“w

or
th

”
m

er
gi

n
g

in
th

e
se

n
se

of
sa

ti
sf

y
in

g
th

e
lo

op
co

n
d
it

io
n

in
li
n
e

(3
).

4
5

JM
L

R
 2

0(
12

2)
:1

-5
5,

 2
01

9

P
a
v
l
ic
h
in
,
J
ia
o
,
a
n
d

W
e
is
sm

a
n

T
h
e

ru
n
n
in

g
ti

m
e

of
th

e
h
eu

ri
st

ic
(1

)
is
O

(|
S
u
p
p
(F

)|2
)

=
O

(n
),

w
h
er

e
n

=
∑

D d
=

1
n
d
:

In
li
n
e

(2
),

w
e

h
av

e
|A

(p̂
)|

=
|S

u
p
p
(F

)|
=
O

(√
n

).
T

o
ev

al
u
at

e
th

e
m

ax
ov

er
α

1
,α

2
∈
A

fo
r

th
e

fi
rs

t
ti

m
e

in
li
n
e

(3
)

w
e

co
n
si

d
er
O

(|A
(p̂

)|2
)

=
O

(n
)

p
ai

rs
of

p
ar

ti
ti

on
el

em
en

ts
.

O
n

ev
er

y
su

b
se

q
u
en

t
it

er
at

io
n

of
th

e
lo

op
,

w
e

ad
d

on
e

n
ew

p
ar

ti
ti

on
el

em
en

t
(α
∗ 1
∪
α
∗ 2
)

to
A

a
n
d

re
m

ov
e

tw
o

p
ar

ti
ti

on
el

em
en

ts
(α
∗ 1

an
d
α
∗ 2
)

fr
o
m
A

,
so

th
er

e
ar

e
O

(|A
|)

=
O

(√
n

)
n
ew

p
a
ir

s
of

d
is

ti
n
ct

p
ar

ti
ti

on
el

em
en

ts
to

ch
ec

k
in

co
m

p
u
ti

n
g

th
e

m
ax

in
li
n
e

(3
).

T
h
e

si
ze

o
f
|A
|

d
ec

re
m

en
ts

b
y

on
e

ea
ch

ti
m

e
th

e
lo

op
is

ru
n
,

so
th

e
lo

op
is

ru
n

at
m

os
t
O

(|A
(p̂

)|)
=
O

(√
n

)
ti

m
es

,
so

th
e

ov
er

al
l

co
m

p
le

x
it

y
of

al
go

ri
th

m
1

is
O

(n
)

+
O

(√
n

)O
(√
n

)
=
O

(n
).

If
th

e
su

p
p

or
t

se
t

si
ze
|X
|i

s
u
n
k
n
ow

n
,

th
en

w
e

va
ry

th
e

as
su

m
ed

su
p
p

o
rt

se
t

si
ze
|X
|

to
op

ti
m

iz
e
V̄

(
¯̄ A
∗ (

p̂
,n
,|X
|))

u
si

n
g

a
b
is

ec
ti

on
se

ar
ch

on
th

e
ra

n
ge

[|X
(p̂

)|,
m

a
x
d
∈[

1
,D

]
n

2 d
],

in
cr

ea
si

n
g

th
e

ov
er

al
l

ru
n
n
in

g
ti

m
e

of
th

e
al

go
ri

th
m

(o
p
ti

m
iz

in
g

ov
er

b
ot

h
th

e
le

ve
l

se
t

p
ar

ti
ti

on
A

an
d

th
e

su
p
p

or
t

se
t

si
ze

)
to

O
(n

lo
g
(n

))
.

N
u
m

er
ic

al
ex

p
er

im
en

ts
sh

ow
th

at
V̄

(
¯̄ A
∗ (

p̂
,n
,|X
|))

is
n
ot

u
n
im

o
d
al

in
|X
|,

so
th

is
h
eu

ri
st

ic
m

ig
h
t

ch
o
os

e
a

su
b

o
p
ti

m
a
l
su

p
p

o
rt

se
t

si
ze

.

T
h
e
O

(n
)

w
or

st
-c

as
e

ru
n
n
in

g
ti

m
e

of
al

go
ri

th
m

(1
)

tu
rn

s
ou

t
to

b
e

sl
ow

fo
r

ex
a
m

p
le

s
o
f

p
ra

ct
ic

al
in

te
re

st
(i

n
m

ak
in

g
th

e
p

er
fo

rm
an

ce
p
lo

ts
of

S
ec

ti
on

6)
,

so
w

e
in

tr
o
d
u
ce

a
n
o
th

er
h
eu

ri
st

ic
to

sp
ee

d
th

in
gs

u
p

at
th

e
co

st
of

ad
d
in

g
so

m
e

tu
n
ab

le
k
n
ob

s
to

th
e

a
lg

o
ri

th
m

.
T

h
e

h
eu

ri
st

ic
is

to
av

oi
d

ch
ec

k
in

g
al

l
p
ai

rs
of

p
a
rt

it
io

n
el

em
en

ts
α

1
,α

2
∈
A

,
in

st
ea

d
ch

ec
k
in

g
o
n
ly

th
e

“p
ro

m
is

in
g”

p
ai

rs
.

A
p
ai

r
α

1
,α

2
∈
A

is
ca

ll
ed

p
ro

m
is

in
g

if
th

e
p

o
in

t
(p̂

(d
)

α
1
)D d

=
1
∈

R
D

is
on

e
of

th
e
k

n
ea

re
st

n
ei

gh
b

or
s

of
th

e
p

oi
n
t

(p̂
(d

)
α
2
)D d

=
1
∈

R
D

in
E

u
cl

id
ea

n
d
is

ta
n
ce

1
0
.

T
h
is

h
eu

ri
st

ic
is

m
ot

iv
at

ed
b
y

th
e

ob
se

rv
at

io
n

th
at

th
e

le
ve

l
se

ts
th

at
ge

t
m

er
g
ed

in
th

e
lo

op
of

al
go

ri
th

m
(1

)
te

n
d

to
co

rr
es

p
on

d
to

n
ea

rb
y

p
oi

n
ts

in
E

u
cl

id
ea

n
d
is

ta
n
ce

.
T

h
en

w
e

m
o
d
if

y
al

go
ri

th
m

(1
)

to
fi
rs

t
co

m
p
u
te

th
e

se
t

of
k

n
ea

re
st

n
ei

gh
b

or
s

(d
o
a
b
le

in
ti

m
e

O
(|

S
u
p
p
(F

)|
lo

g
(|

S
u
p
p
(F

)|)
)

=
O

(√
n

lo
g
(√
n

))
=
O

(√
n

lo
g
(n

))
)

an
d

th
en

to
u
p

d
a
te

th
e

se
t

of
n
ea

re
st

n
ei

gh
b

or
s

af
te

r
ea

ch
lo

op
ex

ec
u
ti

on
.

T
h
is

u
p

d
at

in
g

ca
n

b
e

d
on

e
h
eu

ri
st

ic
a
ll
y

b
y

ta
k
in

g
th

e
k

n
ea

re
st

n
ei

gh
b

or
s

of
p̂

(d
)

α
1
∪α

2
to

b
e

th
e
k

n
ea

re
st

p
oi

n
ts

ch
os

en
fr

o
m

a
m

o
n
g

on
ly

th
e

u
n
io

n
of

th
e
k

n
ea

re
st

n
ei

gh
b

or
s

of
(p̂

(d
)

α
1
)D d

=
1

an
d

th
e
k

n
ea

re
st

n
ei

gh
b

o
rs

o
f
(p̂

(d
)

α
2
)D d

=
1

(r
at

h
er

th
an

th
e
k

n
ea

re
st

p
oi

n
ts

ch
os

en
fr

om
am

on
g

(p̂
(d

)
α

)D d
=

1
fo

r
al

l
α
∈
A

).
T

h
e

lo
o
p

is
ex

ec
u
te

d
O

(√
n

)
ti

m
es

,
so

th
e

ov
er

al
l

ru
n
n
in

g
ti

m
e

of
th

e
al

go
ri

th
m

is
O

(√
n

lo
g
(n

)
+
k
√
n

).
T

h
e

ti
m

e
to

co
m

p
u
te

th
e

em
p
ir

ic
al

h
is

to
gr

am
s

p̂
is
O

(n
),

as
y
m

p
to

ti
ca

ll
y

in
n

d
o
m

in
a
ti

n
g

th
e

ru
n
ti

m
e

of
ou

r
al

go
ri

th
m

fo
r

la
rg

e
n

,
b
u
t

te
n
d
s

to
ta

ke
le

ss
ti

m
e

in
ou

r
u
se

ca
se

s
th

a
n

ru
n
n
in

g
al

go
ri

th
m

1
m

o
d
ifi

ed
w

it
h

ou
r
k

n
ea

re
st

n
ei

g
h
b

or
h
eu

ri
st

ic
.

F
or

th
e

p
er

fo
rm

a
n
ce

p
lo

ts
of

S
ec

ti
on

6
w

e
u
se

d
k

=
5.

F
ig

u
re

s
2

an
d

14
sh

ow
th

e
d
ou

b
ly

-a
p
p
ro

x
im

at
e

P
M

L
le

ve
l

se
t

p
ar

ti
ti

on
¯̄ A
∗

(1
4
9
)

fo
r

D
=

2
an

d
D

=
3,

re
sp

ec
ti

ve
ly

.

A
p
p

e
n
d
ix

I.
M

u
tu

a
l

a
n
d

L
a
u
tu

m
in

fo
rm

a
ti

o
n

F
or

th
e

ca
se

of
es

ti
m

at
in

g
th

e
m

u
tu

a
l

in
fo

rm
at

io
n
I
(X

;Y
),

d
efi

n
ed

as

I
(X

;Y
)

=
∑

x
∈X

,y
∈Y
p
x
,y

lo
g

(
p
x
,y

p
x
p
y

)
,

(1
5
2)

1
0
.

T
h

e
n

ea
re

st
n

ei
g
h
b

o
r

re
la

ti
o
n

is
n

o
t

sy
m

m
et

ri
c,

so
α
1
,α

2
b

ei
n
g

p
ro

m
is

in
g

d
o
es

n
o
t

im
p

ly
th

a
t
α
2
,α

1
is

a
p

ro
m

is
in

g
p

a
ir

.

46
JM

L
R

 2
0(

12
2)

:1
-5

5,
 2

01
9



A
p
p
r
o
x
im

a
t
e
P
r
o
f
il
e
M
a
x
im

u
m

L
ik
e
l
ih
o
o
d

n2

10
50

20
15

n
1

10
5

0

0 5

10

15

20

n3

n1

10 0

20
10

n
2

5
0

0 5

10

15

20

n3

n2

14121086420

20
15

n
1

10
5

0 0
10

20

n
3

F
ig

u
re

1
4
:

C
o
m

p
u
tin

g
th

e
d
ou

b
ly

-ap
p
rox

im
ate

P
M

L
d
istrib

u
tion

level
set

p
artition

¯̄A ∗
(1

4
9
)

b
y

clu
m

p
in

g
en

tries
of

a
3-D

fi
n
gerp

rin
t
F
i,j,k

u
sin

g
algorith

m
1

m
o
d
ifi

ed
w

ith
th

e
5
-n

ea
rest

n
eig

h
b

ors
h
eu

ristic
as

d
escrib

ed
in

S
ection

H
.4,

sh
ow

n
in

th
ree

p
ro

jection
s.

T
h
e

u
n
d
erly

in
g

d
istrib

u
tion

s
are

p
(1

)
=
p

(2
)

u
n
iform

o
n
{1
,...,100}

an
d
p

(3
)

is
a

m
ix

tu
re

of
tw

o
u
n
ifo

rm
s,

w
ith

h
alf

its
m

ass
u
n
iform

on
{1
,...,2

0}
an

d
th

e
oth

er
h
alf

u
n
iform

on
{
2
1,...,1

0
0}.

T
h
e

sam
p
le

size
is

500
for

all
th

ree
em

p
irical

d
istrib

u
tion

s
(p̂

(d
))

3d
=

1 .
C

olo
red

co
n
vex

h
u
lls

co
rresp

on
d

to
sy

m
b

ols
assign

ed
to

th
e

sam
e

clu
m

p
(p

artitio
n

elem
en

t).
T

h
e

m
a
rker

size
o
f

p
oin

t
(i,j,k

)
is

rou
gh

ly
p
rop

ortio
n
al

to
F
i,j,k .

W
e

can
see

tw
o

large
clu

m
p
s,

co
rresp

o
n
d
in

g
to

sy
m

b
ols{

1,...,20}
an

d
{21,...,100}

.

o
r

la
u
tu

m
in

fo
rm

ation
(P

alom
ar

an
d

V
erd

ú
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L

a
g
ra

n
g
ia

n
fo

r
B

ay
es

ia
n

O
p
ti

m
iz

at
io

n
(A

L
B

O
)

(G
ra

m
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y
et

al
.,

20
16

)
an

d
S
la

ck
ed

-a
u
gm

en
te

d
L

a
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n
g
ia

n
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r
B
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n

O
p
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m
iz

at
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n
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)
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et

al
.,

20
16
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re

q
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ir
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jo

in
t

ev
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ti
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n
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f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

an
d
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l
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n
st

ra
in
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a
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n
d
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e

p
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n
t

in
ea

ch
st

ep
,

in
o
rd

er
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q
u
an

ti
fy

it
s

u
ti
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r

fi
n
d
in

g
a

gl
ob

al
op

ti
m

u
m

.
H

ow
ev

er
,

fo
r

a
la

rg
e

cl
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s
o
f

p
ro

b
le

m
s,

la
b

el
ed
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“d

ec
ou

p
le

d
”,

th
e
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je

ct
iv

e
fu

n
ct

io
n

an
d

th
e

co
n
st

ra
in
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n
ea

ch
b

e
ev

a
lu

a
te

d
in

d
ep

en
d
en
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y.

T
h
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b
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p
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y

ad
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n
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s
in
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tt

in
gs

w
h
er

e
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m
e

fu
n
ct

io
n
s

m
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h
t

b
e
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n
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y
m

or
e

ex
p

en
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v
e

to
ev

al
u
at

e
th

an
th

e
ot
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er

s
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el
b
a
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,
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F
o
r

ex
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p
le

,
in
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y
p

er
p
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et
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g
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b
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m
,
ev
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d
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re
q
u
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t
it
l
e

th
e

m
o
d
el

a
n
d

is
often

m
u
ch

ch
eap

er
th

an
evalu

atin
g

th
e

valid
ation

error.
T

h
u
s,

m
eth

o
d
s

th
a
t

req
u
ire

jo
in

t
evalu

ation
of

all
u
n
k
n
ow

n
fu

n
ction

s,
in

clu
d
in

g
E

IC
,

IE
C

I,
E

V
R

,
A

L
B

O
,

a
n
d

S
la

ck
-A

L
cou

ld
in

crease
th

e
ov

erall
cost

of
solv

in
g

d
eco

u
p
led

p
rob

lem
s

m
ore

th
an

m
igh

t
b

e
n
ecessa

ry.
T

h
ird

,
th

e
m

a
jority

o
f

ex
istin

g
m

eth
o
d
s,

in
clu

d
in

g
IE

C
I,

E
V

R
,

A
L

B
O

an
d

P
red

ictive
E

n
trop

y
S
earch

w
ith

C
on

strain
ts

(P
E

S
C

)
(H

ern
án

d
ez-L

o
b
ato

et
al.,

2015),
d
o

n
o
t

h
ave

clo
sed

form
ex

p
ression

s
fo

r
th

e
so-called

‘acq
u
isition

fu
n
ction

’,
w

h
ich

is
a

key
step

in
th

e
B

O
alg

orith
m

.
T

h
u
s,

th
ese

m
eth

o
d
s

n
eed

to
ap

p
rox

im
ate

th
e

acq
u
isition

fu
n
ction

,
ty

p
ica

lly
v
ia

a
lgorith

m
s

su
ch

as
E

x
p

ectation
P

rop
ag

ation
(M

in
ka,

2001)
or

M
on

te-C
arlo

S
a
m

p
lin

g
(P

ich
en

y
et

al.,
2013),

w
h
ich

often
su

ff
er

from
im

p
lem

en
tation

d
iffi

cu
lty

an
d

slow
ex

ecu
tio

n
tim

e,
or

m
ay

cau
se

in
stab

ilities
(P

ich
en

y
et

al.,
2016;

G
elb

art,
2015).

F
in

ally,
m

ost
o
f

th
e

B
O

m
eth

o
d
s

fi
x

a
com

p
u
tation

al
b
u
d
get

in
term

s
of

eith
er

w
all-clo

ck
tim

e
or

th
e

n
u
m

b
er

o
f

fu
n
ction

evalu
ation

s,
an

d
sto

p
w

h
en

th
e

b
u
d
get

is
ex

h
au

sted
.

H
ow

ev
er,

th
is

b
u
d
g
et

is
an

a
d
d
ition

al
p
aram

eter
w

h
ich

m
u
st

b
e

h
an

d
tu

n
ed

,
an

d
th

e
p

erform
an

ce
of

th
e

B
O

m
eth

o
d

ty
p
ically

is
h
igh

ly
d
ep

en
d
en

t
on

it.
A

valu
e

th
at

is
to

o
sm

all
m

ay
resu

lt
in

m
issin

g
easy

im
p
rov

em
en

t
w

h
ile

on
e

th
at

is
to

o
large

m
igh

t
in

cu
r

ad
d
ition

al
cost

for
an

in
sig

n
ifi

ca
n
t

g
a
in

.
T

h
u
s,

h
av

in
g

an
au

tom
atic

stop
p
in

g
criterion

is
h
igh

ly
d
esirab

le
w

h
ile

m
an

y
B

O
m

eth
o
d
s,

in
clu

d
in

g
E

IC
,

IE
C

I,
E

V
R

an
d

P
E

S
C

,
lack

su
ch

a
criterion

.

In
th

is
p
ap

er,
w

e
p
rop

ose
a

n
ovel

con
strain

ed
B

O
fram

ew
ork

for
op

tim
izin

g
an

u
n
k
n
ow

n
o
b

jective
fu

n
ction

su
b

ject
to

u
n
k
n
ow

n
con

strain
ts

th
at

resolves
all

th
e

aforem
en

tion
ed

ch
al-

len
g
es.

F
irst,

w
e

reform
u
late

th
e

p
rob

lem
in

to
an

eq
u
ivalen

t
u
n
con

strain
ed

op
tim

ization
.

S
in

ce
th

e
jo

in
t

(B
ay

esian
)

op
tim

ization
of

th
e

u
n
con

strain
ed

p
rob

lem
ov

er
th

e
u
n
k
n
ow

n
ob

-
jective

fu
n
ctio

n
an

d
u
n
k
n
ow

n
au

gm
en

ted
con

strain
ts

is
ch

allen
gin

g,
w

e
in

tro
d
u
ce

au
x
iliary

varia
b
les,

o
n
e

p
er

con
strain

t,
an

d
th

en
force

th
ese

varia
b
les

to
b

e
eq

u
al

to
th

e
th

e
origin

al
varia

b
le,

resu
ltin

g
in

an
eq

u
ivalen

t
con

strain
ed

fo
rm

u
la

tion
,

w
h
ere

th
e

con
strain

ts
are

n
ow

k
n
ow

n
.

T
h
e

n
ew

form
u
lation

allow
s

to
p

erform
th

e
(B

ayesia
n
)

op
tim

ization
over

each
term

in
d
ep

en
d
en

tly,
d
ecou

p
lin

g
th

e
ob

jective
fu

n
ction

op
tim

ization
from

con
strain

t
satisfaction

.
T

o
effi

cien
tly

so
lv

e
ou

r
p
rop

osed
op

tim
iza

tion
,

w
e

a
d
op

t
th

e
A

ltern
atin

g
D

irection
M

eth
o
d

o
f

M
u
ltip

liers
(A

D
M

M
)

fram
ew

ork
(B

oy
d

et
al.,

2011;
H

on
g

an
d

L
u
o,

2017;
P

arik
h

et
a
l.,

2
0
1
4
),

w
h
ich

lead
s

to
solv

in
g

an
‘op

tim
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su
b
p
rob

lem
’,

an
d

a
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ility
su

b
p
rob

lem
’

fo
r

ea
ch

co
n
strain

t,
at

each
iteration

.
T

h
e

op
tim

ality
su

b
p
rob

lem
m
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th

e
ob

jective
fu

n
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n
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t
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of
th

e
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w
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p
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b
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es
for

a
feasib
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th

e
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o
p
tim
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b
p
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lem
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O
u
r

fram
ew
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w
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w
e
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A

ltern
atin

g
D

irection
M

eth
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d
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f

M
u
ltip

liers
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O
p
tim
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D
M

M
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p
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th
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e
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m

eth
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le
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a
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e
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a
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v
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solv
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g
th

e
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ility
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b
p
rob

lem
s.

–
D

u
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tim
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n
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jective
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n
ction
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d
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A
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M
M
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O
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d
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p
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p
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s
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t
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u
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g
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t
evalu

ation
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all
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fu

n
ction

s
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each
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d
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p

o
in

t.

–
B

eca
u
se

it
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p
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th
e

overall
p
rob

lem
in

to
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su

b
p
rob

lem
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each
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g
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o
n
e

ex
p

en
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to
evalu

ate
fu

n
ction

,
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ltin
g

in
sim

p
ler

B
O

step
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A
D

M
M

B
O
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b
e

a
b
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-form
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n
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A
r
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fa

r
,
C
o
l
l
-F

o
n
t
,
B
r
o
o
k
s,

D
y
.

A
d
v
a
n
ta
g
es

In
fea

sib
le

in
itia

liza
tio

n
D
eco

u
p
led

p
ro
b
lem

s
C
lo
sed

-fo
rm

a
cq

u
isitio

n
fu
n
c.

S
to
p
p
in
g
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n

E
IC

–
–

X
–

IE
C

I
–

–
–

–

P
E

S
C

X
X

–
–

E
V

R
–

–
–

–

A
L

B
O

X
–

–
X

S
lack

-A
L

X
–

X
X

A
D

M
M

B
O

X
X

X
X

T
ab

le
1:

A
d
van
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A
D

M
M

B
O

w
ith

resp
ect

to
th

e
state-of-th

e-art
m

eth
o
d
s.

–
A

D
M

M
B

O
off

ers
a

w
ell-d

efi
n
ed

stop
p
in

g
criterion

,
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h
erited

from
A

D
M

M
,

w
h
ich
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p
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s
u
n
n
ecessary

fu
n
ction

evalu
ation

s.
T

h
e

stop
p
in

g
criterion

is
satisfi

ed
w

h
en

th
e

solu
tion

s
of

th
e

op
tim

ality
an

d
feasib

ility
su

b
p
rob

lem
s

con
verge

to
each

oth
er.

–
O

u
r

ex
p

erim
en
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em

p
irically

sh
ow

th
at

A
D

M
M

B
O

ach
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go
o
d

solu
tion

s
sign

ifi
can

tly
faster

th
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th
e

state-of-th
e-art

m
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o
d
s,
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in
sen
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to

in
itialization

,
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d
re-

q
u
ires

few
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fu
n
ction

evalu
ation

s
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fi
n
d

d
esirab

le
solu

tion
s.

M
oreover,

ou
r

resu
lts

su
ggest

th
at

A
D

M
M

B
O

’s
p

erform
an

ce
d
o
es

n
ot

d
ep

en
d

on
w

h
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er
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e
op

tim
al

solu
tion

lies
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th
e

b
ou

n
d
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e
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e
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n
,
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d
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in
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to
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e
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volu

m
e

of
th

e
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ility
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.
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.
P

a
p

e
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a
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w

e
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b
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a
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M
M
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m
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w

e
b
u
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u
p
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.

W
e

m
otivate

an
d

in
tro

d
u
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ou
r

p
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osed
reform

u
lation
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th

e
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strain
ed

p
rob
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an

d
p
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D
M

M
B

O
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m
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e
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is
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u
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ization
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S
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In

S
ection

4,
w

e
d
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istin
g

related
w

ork
on

con
strain

ed
B

O
th

at
h
an

d
les

u
n
k
n
ow

n
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u
n
k
n
ow

n
-con

strain
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ization
p
rob
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s.

W
e

p
resen

t
ex

p
erim

en
tal

resu
lts
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sy

n
th
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an

d
real

d
ata

in
S
ection

5.
F

in
ally,

in
S
ection

6,
w

e
d
iscu
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ou

r
resu

lts
an

d
op

en
aven

u
es

for
fu

tu
re

research
an

d
con

clu
d
e

th
e

p
a
p

er.

2
.
B
a
ck

g
ro

u
n
d

In
th

is
section

,
w

e
rev

iew
th

e
u
n
d
erly

in
g

com
p

on
en

ts
of

ou
r

p
rop

osed
m

eth
o
d
:

B
ayesian

O
p
tim

ization
in

its
stan

d
ard

settin
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w
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a
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cu
s
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E

I
as

th
e

acq
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isition

fu
n
ction

,
an
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th

e
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D
M
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algorith
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2
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B

a
y
e
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n
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p
tim
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a
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n

B
ayesian

op
tim

ization
(S

h
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et

al.,
2016;

B
ro

ch
u

et
al.,
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)

ad
d
resses

th
e

p
rob

lem
of

fi
n
d
in

g
a

glob
al

m
in

im
u
m
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m

ax
im

u
m

),
x
∗,
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an

ob
jective

fu
n
ction

f
(x

)
ov

er
a

b
ou

n
d
ed

b
ox
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R
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w
h
ere

f
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u
n
k
n
ow

n
b
u
t
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evalu

ate
p

oin
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v
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p
u
tation

ally
costly

q
u
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T
h
u
s,

th
e
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is

to
fi
n
d
x
∗

w
ith
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evalu
ation

s
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f

(x
)
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p
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le.

G
iven

a
collection

of
in

itial
p

oin
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in
B

an
d
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jective
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d
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oted
b
y

F
=
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B
O

m
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o
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t
b
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d
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x
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t
it
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g
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e

va
lu

e
a
t

it
er

at
io

n
l+

1.
M

or
e

sp
ec

ifi
ca

ll
y,

to
fi
n
d
x
l+

1
,

B
O

fi
rs

t
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su
m

es
a

p
ri

or
p
ro

b
ab

il
it

y
m

o
d
el
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r

th
e

u
n
k
n
ow

n
fu

n
ct

io
n
f
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en

ot
ed

b
y
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p
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b
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b
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∈
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čk

u
s,

19
75

;
J
on

es
et

al
.,

19
98

;
H

er
n
án

d
ez

-L
ob

at
o

et
al

.,
20

14
;
K

u
sh

n
er

,
19

64
;
C

ox
an

d
J
oh

n
,
19

92
).

G
P

s
ar

e
n
on

-p
ar

am
et

ri
c

B
ay

es
ia

n
m

o
d
el

s
w

h
ic

h
ar

e
w

id
el

y
u
se

d
in

th
e

B
ay

es
ia

n
op

ti
m

iz
a-

ti
on

li
te

ra
tu

re
si

n
ce

th
ey

p
ro

v
id

e
a

fl
ex

ib
le

fi
t

fo
r

m
o
d
el

in
g

u
n
k
n
ow

n
fu

n
ct

io
n
s.

M
o
re

ov
er

gi
ve

n
G

P
m

o
d
el

s,
so

m
e

ac
q
u
is

it
io

n
fu

n
ct

io
n
s

gi
ve

cl
os

ed
-f

or
m

ex
p
re

ss
io

n
s,

w
h
ic

h
ca

n
b

e
ef

-
fi
ci

en
tl

y
op

ti
m

iz
ed

w
it

h
n
u
m

er
ic

al
op

ti
m

iz
at

io
n

te
ch

n
iq

u
es

(R
as

m
u
ss

en
an

d
W

il
li
am

s,
20

06
;

H
ou

ls
b
y

et
al

.,
20

12
).

A
s

an
ex

am
p
le

,
w

h
ic

h
w

e
w

il
l

th
en

em
p
lo

y
in

th
e

ex
p

os
it

io
n

of
ou

r
m

et
h
o
d

b
el

ow
,

w
e

d
es

cr
ib

e
a

p
op

u
la

r
ac

q
u
is

it
io

n
fu

n
ct

io
n

ca
ll
ed

E
x
p

ec
te

d
Im

p
ro

v
em

en
t

(J
on

es
et

al
.,

19
98

;
B

ro
ch

u
et

al
.,

20
10

b
).

G
iv

en
d
at

a
F

,
le

t
f
+

d
en

ot
e

th
e

b
es

t
ob

je
ct

iv
e

va
lu

e
ac

h
ie

v
ed

b
y

th
e

p
oi

n
ts

in
F

.
T

h
en

th
e

im
p
ro

ve
m

en
t

of
an

y
gi

v
en

p
oi

n
t
x

,
d
en

ot
ed

b
y
I
(x

),
co

rr
es

p
on

d
s

to
th

e
im

p
ro

ve
m

en
t

of
f

(x
)

re
la

ti
ve

to
f
+

,
i.
e.

,
I
(x

)
,

m
ax

(0
,f

+
−
f

(x
))

.
A

n
effi

ci
en

t
st

ra
te

gy
in

B
O

w
ou

ld
b

e
to

ch
o
os

e
th

e
n
ex

t
ca

n
d
id

at
e

fo
r

fu
n
ct

io
n

ev
al

u
at

io
n

b
y

fi
n
d
in

g
a

p
oi

n
t
x

w
h
ic

h
off

er
s

th
e

la
rg

es
t

im
p
ro

v
em

en
t

(J
on

es
et

al
.,

19
98

).
H

ow
ev

er
,

si
n
ce
f

(x
)

is
u
n
k
n
ow

n
a
n
d

ex
p

en
si

ve
to

ev
al

u
at

e
p

oi
n
tw

is
e,

it
is

d
iffi

cu
lt

to
ca

lc
u
la

te
im

p
ro

ve
m

en
t
I
(x

).
A

lt
er

n
at

iv
el

y,
E

x
p

ec
te

d
Im

p
ro

ve
m

en
t

of
x

,
d
en

ot
ed

b
y
E
I
(x

),
is

an
ac

q
u
is

it
io

n
fu

n
ct

io
n

w
h
ic

h
co

m
p
u
te

s
th

e
ex

p
ec

-
ta

ti
on

of
I
(x

)
w

it
h

re
sp

ec
t

to
p
[ f

(x
)|F
] .

M
oč
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).
A

ss
u
m

in
g
f

an
d
g

a
re

cl
o
se

d
,

p
ro

p
er

an
d

co
n
ve

x
,

an
d

al
so

th
at

th
e

u
n
au

gm
en

te
d

L
ag

ra
n
gi

an
L
ρ
(x
,z
,y

)
−

ρ 2

∥ ∥ x
−
z
∥ ∥2 2

h
as

a
sa

d
d
le

p
oi

n
t,

B
oy

d
et

al
.

(2
01

1)
p
ro

v
es

th
at

as
k
→
∞

,
rk
→

0,
f

(x
k
)

+
g
(z
k
)
→
p
∗ ,

a
n
d

6
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t
it
l
e

y
k
→

y ∗
w

h
ere

p ∗
is

th
e

op
tim

al
ob

jective
valu

e
of

p
rim

al
p
rob

lem
(2

)
an

d
y ∗

is
th

e
d
u
al

o
p
tim

a
l

p
oin

t.
T

h
e

n
ecessary

an
d

su
ffi

cien
t

op
tim

ality
con

d
ition

s
for

th
e

A
D

M
M

p
rob

lem
a
re

p
rim

a
l

fea
sib

ility
an

d
d
u
al

feasib
ility,

an
d

th
ey

are
eff

ecively
m

et
in

p
ractice

w
h
en

th
e

`
2 -n

orm
o
f

b
o
th

th
e

p
rim

al
an

d
d
u
al

resid
u
als

of
(2)

fall
b

elow
an

ap
p
rop

riately
sm

all
to

lera
n
ce.

B
oy

d
et

a
l.

(2011)
sh

ow
s

th
at

A
D

M
M

can
b

e
ex

ten
d
ed

to
p
rob

lem
s

o
p
tim

izin
g

su
m

of
m

o
re

th
a
n

tw
o

fu
n
ction

s.
In

th
is

situ
ation

,
A

D
M

M
d
efi

n
es

a
d
istin

ct
au

x
iliary

variab
le
z
i

fo
r

ea
ch

ad
d
itio

n
al

fu
n
ction

g
i ,
i

=
1,...,N

,
an

d
en

forces
each

su
ch

va
riab

le
to

b
e

eq
u
al

to
th

e
m

a
in

va
ria

b
le
x

.
T

h
e

rest
of

th
e

a
lgorith

m
n
atu

rally
follow

s.
S
ee

(B
oy

d
et

al.,
2
011),

ch
a
p
ter

7
fo

r
a

d
etailed

d
iscu

ssion
.

3
.
C
o
n
stra

in
e
d
B
a
y
e
sia

n
O
p
tim

iza
tio

n
v
ia

A
D
M

M
B
O

In
th

is
sectio

n
,

w
e

d
escrib

e
ou

r
p
rop

osed
fram

ew
ork

,
w

h
ich

w
e

refer
to

as
A

D
M

M
B

O
,

for
so

lv
in

g
th

e
B

ayesian
op

tim
ization

p
rob

lem
u
n
d
er

u
n
k
n
ow

n
con

strain
ts.

M
ore

sp
ecifi

cally,
w

e
co

n
sid

er
th

e
con

strain
ed

op
tim

ization
p
rob

lem
of

m
in

x∈B
f

(x
)

s.t.
c
i (x

)≤
0,
i

=
1,...,N

,
(5)

w
h
ere,B

⊂
R
d

is
a

b
ou

n
d
ed

d
om

ain
an

d
f
,c
i

:R
d→

R
are

u
n
k
n
ow

n
fu

n
ction

s
w

h
ich

can
b

e
eva

lu
a
ted

p
o
in

tw
ise.

H
ow

ev
er,

su
ch

evalu
ation

s
are

ex
p

en
sive.

O
u
r

goa
l

is
to

d
eterm

in
e

a
sa

m
p
lin

g
p
ro

ced
u
re

for
x

th
at

seq
u
en

tially
ap

p
roach

es
a

glob
al

op
tim

u
m

,
x
∗,

w
ith

a
s

few
fu

n
ctio

n
q
u
eries

from
f

an
d

all
c
i ’s

as
p

ossib
le.

T
o

ta
ck

le
th

e
p
rob

lem
,

w
e

fi
rst

reform
u
late

(5)
in

to
th

e
u
n
con

strain
ed

op
tim

ization

m
in

x∈B
f

(x
)

+
N
∑i=

1

M
1(c

i (x
)
>

0),
(6)

w
h
ere

1
(·)

is
a
n

in
d
icator

fu
n
ction

,
w

h
ich

is
on

e
w

h
en

its
argu

m
en

t
is

tru
e

an
d

is
zero

o
th

erw
ise,

a
n
d
M

is
a

p
ositiv

e
con

stan
t

(B
oy

d
et

al.,
2011).

F
or

a
su

ffi
cien

tly
la

rge
M

,
th

e
co

n
stra

in
ed

p
ro

b
lem

in
(5)

w
ill

b
e

eq
u
ivalen

t
to

th
e

u
n
con

strain
ed

on
e

in
(6).

P
ro

p
o
sitio

n
1
.

G
iven

L
ip

sch
itz

con
tin

u
ity

of
f

an
d

com
p
a
ctn

ess
ofB

,
f

is
b

ou
n
d
ed

for
every

x
in
B

.
L

et
η
`

an
d
η
u

d
en

ote,
resp

ectively,
th

e
low

er
an

d
u
p
p

er
b

ou
n
d

of
f

,
i.e.,

η
` ≤

f
(x

)≤
η
u ,∀

x
∈
B

.
A

ssu
m

e
th

e
feasib

le
region

of
(5)

is
n
on

-em
p
ty.

F
or
M

>
η
u −

η
` ,

th
e

u
n
co

n
stra

in
ed

op
tim

ization
in

(6)
w

ill
b

e
eq

u
ivalen

t
to

(5).

P
roo

f.
L

et
J

(x
)

d
en

ote
th

e
valu

e
of

th
e

ob
jective

fu
n
ction

of
(6).

F
or

an
y

in
feasib

le
p

oin
t

of
(5

)
x
i ∈
B

,
w

e
h
ave

J
(x
i )≥

η
` +

M
,

sin
ce

th
e

m
in

im
u
m

valu
e

th
at
f

can
attain

is
η
`

an
d

th
e

seco
n
d

term
in

(6)
w

ill
b

e
at

least
M

,
as
x
i

is
in

feasib
le

for
a
t

least
on

e
con

strain
t.

O
n

th
e

o
th

er
h
a
n
d
,

fo
r

an
y

feasib
le

p
oin

t
x
f
∈
B

of
(5),

w
e

h
ave

J
(x
f )≤

η
u .

S
in

ce
M

>
η
u −

η
` ,

w
e

a
lw

ay
s

h
ave

J
(x
f )
<
J

(x
i ),

h
en

ce
(6)

alw
ay

s
fi
n
d
s

a
feasib

le
solu

tion
,

w
h
ich

m
ak

es
th

e
seco

n
d

term
of

th
e

ob
jective

fu
n
ction

van
ish

.
A

s
a

resu
lt,

th
e

m
in

im
ization

in
(6),

ob
tain

s
th

e
m

in
im

izer
o
f
f

,
w

h
ich

satisfi
es

all
th

e
con

strain
ts,

h
en

ce
b

ein
g

eq
u
iva

len
t

to
(5).
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A
r
ia
fa

r
,
C
o
l
l
-F

o
n
t
,
B
r
o
o
k
s,

D
y
.

A
key

ob
servation

in
ou

r
p
rop

osed
fram

ew
ork

is
th

at
w

h
ile

join
tly

m
in

im
izin

g
th

e
o
b

jec-
tive

fu
n
ction

in
(6)

is
d
iffi

cu
lt,

in
d
iv

id
u
ally

m
in

im
izin

g
each

term
of

th
e

ob
jective

fu
n
ction

u
sin

g
B

ay
esian

op
tim

ization
allow

s
in

d
ep

en
d
en

t
fu

n
ction

evalu
ation

s
for

f
an

d
each

c
i .

M
ore

sp
ecifi

cally,
w

e
can

m
in

im
ize

f
(x

)
w

ith
resp

ect
to

x
b
y

assu
m

in
g

a
G

P
m

o
d
el

for
p [f

(x
) ]

an
d

u
sin

g
B

O
afterw

ard
s.

S
im

ilarly,
w

e
can

m
in

im
ize

1(c
i (x

)
>

0)
w

ith
resp

ect
to

x
b
y

assu
m

in
g

a
G

P
m

o
d
el

for
p [c

i (x
) ]

an
d

u
sin

g
it

to
b
u
ild

a
B

ern
ou

lli
ran

d
om

variab
le

w
ith

p
aram

eter
θ
i ,

p [c
i (x

)
>

0 ]
to

rep
resen

t
1(c

i (x
)
>

0),
an

d
th

en
ap

p
ly

in
g

B
O

.
In

con
-

trast,
op

tim
izin

g
th

e
en

tire
ob

jectiv
e

fu
n
ction

in
(6)

is
d
iffi

cu
lt

an
d

also
m

ay
req

u
ire

join
t

fu
n
ction

evalu
ation

s
for

f
an

d
ev

ery
c
i .

T
o

take
ad

van
tage

of
th

e
sim

p
licity

of
in

d
iv

id
u
ally

op
tim

izin
g

each
term

in
th

e
ob

jective
fu

n
ction

of
(6),

w
e

in
tro

d
u
ce
N

au
x
iliary

variab
les,

on
e

p
er

con
strain

t
fu

n
ction

,
an

d
con

sid
er

th
e

follow
in

g
op

tim
ization

p
rob

lem

m
in

x
,z

1
,...,z

N
∈B

f
(x

)
+

N
∑i=

1

M
1(c

i (z
i )
>

0)

s.t.
x

=
z
i ,
i

=
1,...,N

.

(7)

w
h
ich

clearly
is

eq
u
ivalen

t
to

(6).
N

otice
th

at
in

con
trast

to
th

e
u
n
k
n
ow

n
-o

b
jectiv

e
u
n
k
n
ow

n
-

con
strain

t
p
rob

lem
in

(5),
in

(7)
th

e
eq

u
ality

con
strain

ts
a
re

k
n
ow

n
(d

eterm
in

istic)
an

d
on

ly
th

e
ob

jective
fu

n
ction

is
u
n
k
n
ow

n
.

M
oreover,

each
of

th
e

u
n
k
n
ow

n
term

s
in

th
e

ob
jectiv

e
fu

n
ction

of
(7)

is
d
efi

n
ed

ov
er

a
d
iff

eren
t

variab
le,

lead
in

g
to

a
variab

le
sep

aration
p
rop

erty
w

h
ich

w
e

w
ill

take
ad

van
tage

of.
N

ex
t,

w
e

d
escrib

e
h
ow

A
D

M
M

B
O

co
m

b
in

es
B

ay
esian

op
tim

ization
w

ith
an

A
D

M
M

-in
sp

ired
fram

ew
ork

to
solve

(7)
effi

cien
tly.

3
.1

.
A

D
M

M
B

O
F
o
rm

u
la

tio
n

In
th

is
section

,
w

e
d
escrib

e
ou

r
ap

p
roach

to
com

b
in

e
th

e
A

D
M

M
algorith

m
w

ith
B

O
step

s
to

solve
th

e
p
rop

osed
eq

u
ivalen

t
reform

u
latio

n
in

(7).
W

e
fi
rst

n
eed

to
b
u
ild

th
e

A
L

F
for

th
e

op
tim

ization
in

(7),
w

h
ich

is
given

b
y

L
ρ (x

,z
i ,y

i )
=
f

(x
)

+
N
∑i=

1 [M
1(c

i (z
i )
>

0)
+
y
Ti

(x
−
z
i )

+
ρ2 ∥∥
x
−
z
i ∥∥

22 ]

=
f

(x
)

+
N
∑i=

1 [M
1(c

i (z
i )
>

0)
+
ρ2 ∥∥
x
−
z
i
+
y
iρ ∥∥

22 −
ρ2 ∥∥
y
i ∥∥

22 ],

(8)

w
h
ere

y
i ∈

R
d

is
a

L
agran

ge
m

u
ltip

lier
vector,

an
d
ρ

is
a

p
ositive

p
en

alty
p
aram

eter.
N

ote
th

at
th

e
secon

d
lin

e
in

(8)
follow

s
from

th
e

fi
rst

lin
e

b
y

com
p
letin

g
th

e
sq

u
are

an
d

reord
erin

g
term

s.
H

av
in

g
form

ed
th

e
A

L
F

,
to

ap
p
ly

th
e

A
D

M
M

algorith
m

,
as

d
iscu

ssed
in

S
ection

2.2,
w

e
in

itialize
th

e
u
n
k
n
ow

n
va

riab
les

an
d

th
e

L
agran

ge
m

u
ltip

lier
vectors

an
d

at
A

D
M

M
iteration

k
,

w
e

solve
for

each
variab

le
in

tu
rn

,
u
sin

g
B

O
,

h
av

in
g

fi
x
ed

th
e

rest.
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t
it
l
e

M
or

e
sp

ec
ifi

ca
ll
y,

fo
r

(8
),

th
e
k
th

A
D

M
M

it
er

at
io

n
w

il
l

b
ec

om
e

x
k
+
1

=
ar

gm
in

x
∈B

f
(x

)
+

N ∑ i=
1

ρ 2

∥ ∥ x
−
z
k i

+
y
k i ρ

∥ ∥2 2
,

z
k
+
1

i
=

ar
gm

in
z i
∈B

M
1(
c i

(z
i)
>

0)
+
ρ 2
‖x

k
+
1
−
z i

+
y
k i ρ
‖2 2
,
∀i

=
1,
..
.,
N

y
k
+
1

i
=

y
k i

+
ρ

(x
k
+
1
−
z
k
+
1

i
),
∀i

=
1,
..
.,
N
.

(9
)

T
h
e
x

u
p

d
at

e,
w

h
ic

h
w

e
re

fe
r

to
as

th
e

o
p
ti

m
a
li

ty
su

bp
ro

bl
em

,
m

in
im

iz
es

th
e

u
n
co

n
st

ra
in

ed
ob

je
ct

iv
e

fu
n
ct

io
n

of
th

e
or

ig
in

al
p
ro

b
le

m
in

(5
),
f

,
p
lu

s
a

su
m

of
q
u
ad

ra
ti

c
te

rm
s

th
at

fo
rc

e
th

e
so

lu
ti

on
to

b
e

cl
os

e
to

th
e

fe
as

ib
le

re
gi

on
.

O
n

th
e

ot
h
er

h
an

d
,

ea
ch
z i

u
p

d
at

e,
w

h
ic

h
w

e
re

fe
r

to
as

fe
a
si

bi
li

ty
su

bp
ro

bl
em

s,
lo

ok
s

fo
r

a
fe

as
ib

le
p

oi
n
t

of
th

e
co

n
st

ra
in

t
c i

th
at

is
al

so
cl

os
e

to
th

e
u
n
co

n
st

ra
in

ed
op

ti
m

u
m

fo
u
n
d

in
th

e
op

ti
m

al
it

y
su

b
p
ro

b
le

m
.

S
in

ce
b

ot
h

th
e

op
ti

m
al

it
y

an
d

fe
as

ib
il
it

y
su

b
p
ro

b
le

m
s

in
vo

lv
e

u
n
k
n
ow

n
ob

je
ct

iv
es

,
w

e
so

lv
e

ea
ch

of
th

em
u
si

n
g

B
ay

es
ia

n
op

ti
m

iz
at

io
n

w
it

h
u

n
co

n
st

ra
in

ed
ac

q
u
is

it
io

n
fu

n
ct

io
n
s.

T
h
u
s,

in
A

D
M

M
B

O
th

er
e

ar
e

tw
o

le
ve

ls
of

it
er

at
io

n
:

A
D

M
M

it
er

at
io

n
s

(f
ro

m
n
ow

on
re

fe
rr

ed
to

as
m

ai
n

lo
op

it
er

at
io

n
s)

,
an

d
B

O
it

er
at

io
n
s,

w
h
ic

h
ar

e
p

er
fo

rm
ed

to
so

lv
e

ea
ch

su
b
p
ro

b
le

m
d
u
ri

n
g

ea
ch

m
ai

n
lo

op
it

er
at

io
n
.

A
D

M
M

B
O

’s
ge

n
er

al
fr

am
ew

or
k

al
lo

w
s

it
to

in
co

rp
or

at
e

a
n

y
u
n
co

n
st

ra
in

ed
ac

q
u
is

it
io

n
fu

n
ct

io
n
,

in
cl

u
d
in

g
E

I,
P

re
d
ic

ti
ve

E
n
tr

op
y

S
ea

rc
h

(P
E

S
)(

H
er

n
án

d
ez

-L
ob

at
o

et
al

.,
20

14
),

an
d

K
n
ow

le
d
ge

G
ra

d
ie

n
t

(K
G

)(
W

u
et

al
.,

20
17

),
as

b
es

t
fi
ts

a
gi

v
en

p
ro

b
le

m
.

F
or

ex
am

p
le

,
w

h
il
e

P
E

S
is

re
p

or
te

d
to

ou
tp

er
fo

rm
E

I
b
y

H
er

n
án

d
ez

-L
ob

at
o

et
al

.
(2

01
4)

,
b
u
t

h
as

al
so

b
ee

n
re

p
or

te
d

to
b

e
re

la
ti

ve
ly

sl
ow

d
u
e

to
it

s
n
ee

d
to

sa
m

p
le
x
∗

an
d

co
m

p
u
te

ex
p

ec
ta

ti
on

p
ro

p
ag

at
io

n
ap

p
ro

x
im

at
io

n
s

(H
er

n
án

d
ez

-
L

ob
at

o
et

al
.,

20
16

).
E

I
h
as

a
cl

os
ed

-f
or

m
so

lu
ti

o
n

w
h
ic

h
,

in
p
ra

ct
ic

e,
m

ay
m

ak
e

it
fa

st
er

th
an

P
E

S
(J

on
es

et
al

.,
19

98
).

T
h
e

ch
oi

ce
of

ac
q
u
is

it
io

n
fu

n
ct

io
n

fo
r

ea
ch

su
b
p
ro

b
le

m
in

an
y

m
ai

n
lo

op
it

er
at

io
n

of
A

D
M

M
B

O
is

a
m

at
te

r
of

u
se

r
p
re

fe
re

n
ce

an
d

d
o
es

n
ot

ch
an

ge
A

D
M

M
B

O
’s

st
ru

ct
u
re

.
In

th
is

p
ap

er
w

e
ch

os
e

to
u
se

E
I

to
so

lv
e

b
ot

h
th

e
op

ti
m

a
li
ty

an
d

fe
as

ib
il
it

y
su

b
p
ro

b
le

m
s

b
ec

au
se

of
it

s
w

id
e

p
op

u
la

ri
ty

an
d

b
ec

au
se

it
s

st
ru

ct
u
re

m
or

e
ea

si
ly

le
ad

s
to

cl
os

ed
fo

rm
so

lu
ti

on
s.

In
ad

d
it

io
n
,

w
h
il
e

w
e

co
u
ld

h
av

e
m

o
d
el

ed
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

of
ea

ch
su

b
p
ro

b
le

m
w

it
h

a
si

n
gl

e
G

P
,

th
is

w
ou

ld
h
av

e
ig

n
or

ed
av

a
il
ab

le
p
ar

ti
al

k
n
ow

le
d
ge

ab
ou

t
th

e
st

ru
ct

u
re

of
th

es
e

ob
je

ct
iv

es
.

In
st

ea
d
,

w
e

d
es

ig
n
ed

a
sp

ec
ifi

c
B

ay
es

ia
n

m
o
d
el

fo
r

ea
ch

su
b
p
ro

b
le

m
ob

je
ct

iv
e

th
at

ta
ke

s
ad

va
n
ta

ge
of

th
is

k
n
ow

le
d
ge

to
b

et
te

r
gu

id
e

th
e

op
ti

m
iz

at
io

n
.

W
e

sh
ow

th
at

E
I

st
il
l

m
ai

n
ta

in
s

a
cl

os
ed

-f
or

m
so

lu
ti

on
gi

ve
n

th
es

e
n
ew

B
ay

es
ia

n
m

o
d
el

s.

3
.1
.1
.

E
x
p

e
c
te

d
Im

p
ro

v
e
m

e
n
t

fo
r

th
e

O
p

ti
m

a
li
ty

S
u

b
p

ro
b

le
m

F
or

th
e
k
th

m
ai

n
lo

op
it

er
at

io
n
,

th
e

op
ti

m
al

it
y

su
b
p
ro

b
le

m
as

so
ci

at
ed

w
it

h
(9

)
re

q
u
ir

es
op

ti
m

iz
in

g
th

e
su

m
of

th
e

u
n
k
n
ow

n
ob

je
ct

iv
e

fu
n
ct

io
n
,
f

,
an

d
a

k
n
ow

n
fu

n
ct

io
n
,

i.
e.

,

m
in

x
∈B

u
k
(x

),
w

h
er

e
u
k
(x

)
,
f

(x
)

+
N ∑ i=
1

ρ 2

∥ ∥ x
−
z
k i

+
y
k i ρ

∥ ∥2 2
.

(1
0)

A
s
f

(x
)

is
an

u
n
k
n
ow

n
fu

n
ct

io
n
,

w
e

so
lv

e
(1

0)
v
ia

B
O

b
y

as
su

m
in

g
th

at
f

fo
ll
ow

s
a

G
P

p
ri

or
.

S
in

ce
z
k i

an
d
y
k i

ar
e

gi
ve

n
an

d
fi
x
ed

,
th

e
se

co
n
d

te
rm

in
th

e
d
efi

n
it

io
n

of
u
k
(x

)
is
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A
r
ia
fa

r
,
C
o
l
l
-F

o
n
t
,
B
r
o
o
k
s,

D
y
.

co
n
st

an
t

fo
r

an
y

gi
v
en

x
.

T
h
u
s,

w
e

ca
n

st
il
l

m
o
d
el
p
[ u
k
(x

)]
as

a
G

P
.

G
iv

en
o
b
se

rv
ed

d
a
ta

F
=
{(
x
l,
f

(x
l)
) }
n l=

1
,
x
l
∈
B,

w
e

co
m

p
u
te
Uk

=
{(
x
l,
u
k
(x
l)
) }
n l=

1
an

d
d
en

o
te

th
e

b
es

t

ob
je

ct
iv

e
va

lu
e

of
(1

0)
so

fa
r

b
y
u
k
+

.
T

h
en

,
si

m
il
ar

to
th

e
st

an
d
ar

d
E

I,
w

e
co

m
p
u
te

th
e

E
x
p

ec
te

d
Im

p
ro

ve
m

en
t

fo
r

th
e

op
ti

m
al

it
y

su
b
p
ro

b
le

m
,

w
h
ic

h
w

il
l

b
e

E
I
(x

)
=
E

u
k
|U

k

[ m
ax
( 0,

u
k
+
−
u
k
(x

))
]

=
σ
u
k
(x

)[ m
u
k
(x

)
−
u
k
+

σ
u
k
(x

)
Φ
( m

u
k
(x

)
−
u
k
+

σ
u
k
(x

)

) +
φ
( m

u
k
(x

)
−
u
k
+

σ
u
k
(x

)

)]
,

(1
1
)

w
h
er

e
m
u
k
(x

),
σ
u
k
(x

)
ar

e,
re

sp
ec

ti
ve

ly
,

th
e

m
ea

n
an

d
st

an
d
a
rd

d
ev

ia
ti

on
o
f

th
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
p
[ u
k
(x

)|U
k
] .

T
h
u
s,

fo
r

an
y

gi
ve

n
x

,
w

e
ca

n
ca

lc
u
la

te
it

s
E

I
v
ia

(1
1
).

3
.1
.2
.

E
x
p

e
c
te

d
Im

p
ro

v
e
m

e
n
t

fo
r

th
e

F
e
a
si

b
il
it

y
S

u
b

p
ro

b
le

m

F
or

k
th

m
ai

n
lo

op
it

er
at

io
n
,

th
e
it
h

fe
as

ib
il
it

y
su

b
p
ro

b
le

m
as

so
ci

at
ed

w
it

h
(9

)
re

q
u
ir

es
op

ti
m

iz
in

g
th

e
su

m
of

an
u
n
k
n
ow

n
fu

n
ct

io
n

a
n
d

a
k
n
ow

n
fu

n
ct

io
n
,

i.
e,

m
in

z i
∈B

h
k i
(z
i)
,

w
h
er

e
h
k i
(z
i)
,

1(
c i

(z
i)
>

0)
+

ρ

2
M
‖x

k
+
1
−
z i

+
y
k i ρ
‖2 2
.

(1
2
)

L
et

u
s

ca
ll
qk i

(z
i)

=
ρ

2
M
‖x

k
+
1
−
z i

+
y
k i ρ
‖2 2

.
S
in

ce
c i

(z
i)

is
u
n
k
n
ow

n
,

w
e

so
lv

e
(1

2
)

v
ia

B
O

b
y

as
su

m
in

g
th

at
c i

fo
ll
ow

s
a

G
P

p
ri

or
.

T
h
en

,
w

e
m

o
d
el

1(
c i

(z
i)
>

0)
a
s

a
B

er
n
o
u
ll
i

ra
n
d
om

va
ri

ab
le

w
it

h
th

e
p
ar

am
et

er
θ i

,
p
[ c
i(
z i

)
>

0]
.

S
in

ce
x
k
+
1

i
an

d
y
k i

a
re

g
iv

en
an

d
fi
x
ed

,
qk i

(z
i)

w
il
l

b
e

co
n
st

an
t

fo
r

an
y

gi
ve

n
z i

.
T

h
u
s,

w
e

m
o
d
el
h
k i
(z
i)

a
s

a
sh

if
te

d
B

er
n
ou

ll
i

ra
n
d
om

va
ri

ab
le

,
ag

ai
n

w
it

h
th

e
p
ar

am
et

er
θ i

,
w

h
ic

h
is

eq
u
al

to
qk i

(z
i)

+
1

w
it

h
p
ro

b
ab

il
it

y
θ i

,
an

d
eq

u
al

to
qk i

(z
i)

w
it

h
p
ro

b
ab

il
it

y
1
−
θ i

.
N

ot
e

th
at

1
−
θ i

fo
r

a
n
y
z i

is
a

G
au

ss
ia

n
C

u
m

u
la

ti
v
e

D
is

tr
ib

u
ti

on
F

u
n
ct

io
n

(C
D

F
)

b
as

ed
on

th
e

m
ar

gi
n
al

G
a
u
ss

ia
n
it

y
o
f

G
P

s
(H

ou
ls

b
y

et
al

.,
20

12
;

G
ar

d
n
er

et
al

.,
20

14
;

R
as

m
u
ss

en
a
n
d

W
il
li
am

s,
2
0
0
6
).

G
iv

en
C i

=
{(
z l
,i
,c
i(
z l
,i
))
}m

i
l=

1
,z
l,
i
∈
B,

w
e

ge
n
er

at
e
H
k i

=
{(
z l
,i
,h

k i
(z
l,
i)
) }
m
i

l=
1

u
si

n
g
C i

,
a
n
d

d
en

ot
e

th
e

b
es

t
ob

je
ct

iv
e

va
lu

e
of

(1
2)

b
y
h
k
+
i

.
W

e
th

en
co

m
p
u
te

th
e

E
x
p

ec
te

d
Im

p
ro

ve
m

en
t

fo
r

th
e
it
h

fe
as

ib
il
it

y
su

b
p
ro

b
le

m
,

w
h
ic

h
is

gi
v
en

b
y

E
I
(z
i)

=
E
h
k i
|H
k i

[ m
ax
( 0,

h
k
+
i
−
h
k i
(z
i)
)]

=
m

ax
( 0
,h

k
+
i
−
qk i

(z
i)
−

1)
θ i

+
m

ax
( 0
,h

k
+
i
−
qk i

(z
i)
)(

1
−
θ i
) ,

(1
3
)

G
iv

en
an

y
z i

,
if
h
k
+
i
−
qk i

(z
i)

is
n
on

-p
o
si

ti
ve

,
th

en
E
I
(z
i)

is
ze

ro
.

If
h
k
+
i
−
qk i

(z
i)

li
es

b
et

w
ee

n
ze

ro
an

d
on

e,
th

e
fi
rs

t
te

rm
in

(1
3)

is
ze

ro
w

h
il
e

th
e

se
co

n
d

te
rm

h
as

a
p

os
it

iv
e

va
lu

e.
W

h
en

h
k
+
i
−
qk i

(z
i)

is
la

rg
er

th
an

on
e,

b
ot

h
te

rm
s

ar
e

p
os

it
iv

e.
T

h
u
s,

w
e

ca
n

si
m

p
li
fy

(1
3
)

to

E
I
(z
i)

=

    

0
,

if
h
k
+
i
−
qk i

(z
i)
≤

0

m
ax
( 0
,h

k
+
i
−
qk i

(z
i)
)(

1
−
θ i
) ,

if
0
<
h
k
+
i
−
qk i

(z
i)
≤

1

m
ax
( 0
,h

k
+
i
−
qk i

(z
i)
)(

1
−
θ i
) +

m
ax
( 0
,h

k
+
i
−
qk i

(z
i)
−

1
) θ
i,

el
se
.

(1
4)

N
ot

ic
e

th
at

ac
co

rd
in

g
to

th
e

cl
os

ed
-f

or
m

ex
p
re

ss
io

n
s

in
(1

1)
an

d
(1

4)
,

E
Is

ca
n

b
e

ch
ea

p
ly

ev
al

u
at

ed
p

oi
n
tw

is
e

at
an

y
gi

ve
n

p
oi

n
t.

A
s

a
re

su
lt

,
th

es
e

ac
q
u
is

it
io

n
fu

n
ct

io
n
s

ca
n

b
e

m
ax

im
iz

ed
w

it
h

st
an

d
ar

d
n
u
m

er
ic

al
op

ti
m

iz
at

io
n

m
et

h
o
d
s

su
ch

as
D

IR
E

C
T

o
r

st
o
ch

a
st

ic
gr

ad
ie

n
t

d
es

ce
n
t

(F
in

ke
l,

20
03

;
B

ot
to

u
,

20
10
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t
it
l
e

A
lg

o
rith

m
3
.1

A
D

M
M

B
O

1
:

In
p

u
t:B

,n
,m

i ,δ,K
,α

k,β
ki ,ρ

,ε,M
,y

1i ,z
1i ;
∀
i

=
1,...,N

,
∀
k

=
1,...,K

2
:

R
a
n
d
o
m

ly
gen

erate
{
x
l ∈
B}

nl=
1

an
d
{z
l,i ∈
B}

m
i

l=
1 ,
∀
i

=
1,...,N

3
:

In
itia

lize:
k

=
1,F

1={
(x
l ,f

(x
l ))}

nl=
1 ,C

1i ={(z
l,i ,c

i (z
l,i ))}

m
i

l=
1 ,

S
=

F
a
lse;

4
:

w
h

ile
(k
≤
K

)
an

d
(S

=
=
F
a
lse)

d
o

5
:

[x
k
+
1,F

k
+
1]←

O
P

T
(F

k,B
,
α
k,
z
ki ,
y
ki )

(S
ee

A
lgorith

m
3.2)

6
:

fo
r
i

=
1,...,N

d
o

7
:

[z
k
+
1

i
,C

k
+
1

i
]←

F
E

A
S
(C
ki ,B

,
β
ki ,
x
k
+
1,
y
ki )

(S
ee

A
lgorith

m
3.3)

8
:

y
k
+
1

i
=
y
ki

+
ρ
(x
k
+
1−

z
k
+
1

i
)

9
:

r
k
+
1[i]

=
x
k
+
1−

z
k
+
1

i

1
0
:

s
k
+
1[i]

=
−
ρ
(z
k
+
1

i
−
z
ki )

1
1
:

e
n

d
fo

r
1
2
:

if
( ∥∥
r
k
+
1 ∥∥

2 ≤
ε )

an
d
( ∥∥
s
k
+
1 ∥∥

2 ≤
ε )

th
e
n

S
=

T
ru

e
1
3
:

e
n

d
if

1
4
:

k
←
k

+
1

1
5
:

e
n

d
w

h
ile

1
6
:

if
S
=

=
T

ru
e

th
e
n

O
u

tp
u

t:
x
k
+
1

1
7
:

e
lse

O
u

tp
u

t:
argm

in
x∈F

K
∪C

K1
∪···∪C

KN

E
f|F

K [f
(x

) ]
s.t.

p [c
i (x

)≤
0 ]≥

1−
δ

1
8
:

e
n

d
if

3
.2

.
A

D
M

M
B

O
A

lg
o
rith

m

A
lg

o
rith

m
3
.1

su
m

m
arizes

th
e

step
s

of
A

D
M

M
B

O
.
T

h
e

p
aram

eters
to

th
e

algorith
m

are
th

e
sea

rch
sp

aceB
,
th

e
co

effi
cien

t
M

,
th

e
n
u
m

b
er

of
in

itial
fu

n
ction

evalu
ation

s
for

th
e

ob
jective

fu
n
ctio

n
n

,
n
u
m

b
er

of
in

itial
fu

n
ction

evalu
ation

s
for

ea
ch

con
strain

t
m
i

fo
r
i

=
1,...,N

,
th

e
m

a
x
im

u
m

n
u
m

b
er

of
A

D
M

M
iteration

s
K

,
th

e
A

D
M

M
’s

p
en

alty
p
aram

eter
ρ
,

an
d

th
e

to
ta

l
B

O
itera

tion
b
u
d
get,

th
e

m
ax

im
u
m

n
u
m

b
er

of
fu

n
ction

evalu
ation

s
th

rou
gh

ou
t

th
e

a
lg

o
rith

m
.

W
e

d
istrib

u
te

th
is

b
u
d
get

am
on

g
m

ain
lo

op
w

h
ere

at
iteration

k
,
α
k

d
en

otes
th

e
B

O
b
u
d
get

for
th

e
op

tim
ality

su
b
p
rob

lem
an

d
β
ki

is
th

e
B

O
b
u
d
get

for
i th

fea
sib

il-
ity

su
b
p
ro

b
lem

,
th

e
toleran

ces
for

th
e

sto
p
p
in

g
criterion

ε,
an

d
a

con
fi
d
en

ce
p
aram

eter
δ

to
d
eterm

in
e

th
e

fi
n
al

solu
tion

retu
rn

ed
in

th
e

case
th

at
th

e
b
u
d
get

is
ex

h
au

sted
b

efore
co

n
verg

en
ce.

A
lg

o
rith

m
3.1

w
ork

s
as

follow
s:

fi
rst

in
ord

er
to

b
u
ild

th
e

in
itial

d
atasetsF

an
d
C
i ,

th
e

a
lg

o
rith

m
ra

n
d
om

ly
gen

erate
n

an
d
m
i

sam
p
les

in
th

e
search

sp
ace
B

,
an

d
th

en
eva

lu
ate

f
a
n
d
c
i

a
t

th
e

corresp
on

d
in

g
p

oin
ts

(lin
es

2−
3).

A
fter

in
itializin

g
th

e
p
aram

eters
(lin

e
3
),

A
D

M
M

B
O

iterates
th

rou
gh

its
m
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b
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b
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ow
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e
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go
ri

th
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g
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O
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s.
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h
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e
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o
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ex
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n
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en
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u
n
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it
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b
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d
ge
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re
al
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a
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ed

b
u
d
ge

t,
B

O
m

et
h
o
d
s
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n
d

ap
p
ro

x
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e

so
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on
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b
p
ro

b
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m
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d
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u
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m
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e
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h
e-

ar
t,

A
D
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M
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O

ca
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n
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ce
gu
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an
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ow

ev
er

,
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,
w

e
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e
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en

A
D

M
M
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se
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b
u
il
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u
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n
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d
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p
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.,
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;
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et

al
.,

20
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;
H

on
g

et
a
l.
,

2
0
1
6
).
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e
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p
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t
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O
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n
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b
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R
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ra
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b
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ra
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ra
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e
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q
u
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e
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at
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e.
M

os
t

p
re

v
io

u
s

w
or
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ll
s

in
to

th
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d
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E
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n
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P
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et
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;
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b
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;
G
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d
n
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et
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2
0
1
4
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n
a
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y
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;
H
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o
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a
l.
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T
h
e
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n
d
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ra

te
gy
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s
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n
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ti
m

iz
at

io
n

w
it

h
n
u
m

er
ic
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op

ti
m
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a
ti

o
n

te
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-
n
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u
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w
h
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h
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e
d
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ig
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d
ea

l
w

it
h
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n
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ra
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m
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n

p
ro

b
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m
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o

th
e

b
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t
o
f

ou
r

k
n
ow

le
d
ge

,
to

d
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e
th

er
e

is
on
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on

e
su

ch
ap

p
ro

ac
h

in
th

is
ca

te
go

ry
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r
B

O
,

A
L

B
O

,
al

on
g

w
it

h
it

s
S
la

ck
-A

L
va

ri
an

t,
(G

ra
m

ac
y

et
al

.,
20

16
;

P
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h
en

y
et

al
.,

20
16

).
W

e
d
es
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e
so

m
e

ex
is

ti
n
g

m
et

h
o
d
s
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b

ot
h
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te

go
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es
n
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t.
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C

o
n

st
ra

in
e
d

B
O

u
si

n
g

M
o
d

ifi
e
d

A
c
q
u

is
it

io
n

F
u

n
c
ti

o
n

s

S
ev

er
al

p
ro

p
os

ed
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q
u
is

it
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n
fu

n
ct

io
n
s
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r

B
O

p
ro

b
le

m
s

w
it

h
u
n
k
n
ow

n
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n
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ra
in
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a
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-

te
n
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s
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E

I
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et
al

.,
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O
n
e
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ex
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n
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,

E
x
p

ec
te

d
Im

p
ro

ve
m

en
t

w
it

h
C

o
n
-

st
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in
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is
re

p
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te
d

b
y

S
ch
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u
et

a
l.

(1
9
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S
n
o
ek

(2
01
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;

G
el

b
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t
et

a
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(2
0
1
4
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a
n
d

G
ar

d
n
er

et
al

.
(2

01
4)

.
G

iv
en

a
p

oi
n
t
x

,
E

IC
ca

lc
u
la

te
s

th
e

ex
p

ec
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ti
on

of
th

e
im

p
ro

v
em

en
t

of
th

e
ob
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ct

iv
e

va
lu

e
of
x

ov
er

th
e

b
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t
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se
rv

ed
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e
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lu

e
ev

al
u
at

ed
a
t

a
fe
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e

p
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n
t

so
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r,
an

d
th

en
w

ei
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t
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b
y

th
e

p
ro

b
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il
it

y
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il
it

y
of
x
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A
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u
m

in
g

in
d
ep

en
d
en

t
G
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n

p
ro
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m
o
d
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s
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r
th

e
ob

je
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iv
e

fu
n
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n
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d
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n
st

ra
in
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,

E
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y
ie
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s
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o
se

d
-f

o
rm

so
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ti
on

s
b
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ed
on

th
e

st
an

d
ar

d
n
or

m
al

C
D

F
an

d
P

D
F

.
B

er
n
ar

d
o

et
al
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0
1
1
)

p
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p
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ot
h
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at
io

n
of

E
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te
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E

x
p
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d
C
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d
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n
a
l
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p
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ve
m

en
t,

b
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ed
o
n

a
o
n
e-

st
ep

lo
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h
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d
st

ra
te

g
y.

G
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a
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n
d
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e

p
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n
t
x

,
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C
I

m
ea

su
re

s
h
ow

m
u
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re
d
u
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io
n
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th

e
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p
ro

ve
m

en
t

of
th

e
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e

va
lu

e
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a
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p
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al
p
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n
t
x
′
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p
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d
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if
w

e
h
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e
p
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v
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u
sl

y
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al
u
at
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th

e
ob

je
ct

iv
e

va
lu

e
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x

an
d
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gm

en
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d
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r
d
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a
w

it
h
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.

IE
C

I
d
o
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n
o
t

h
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e
a
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or
m
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gr
al

is
co

m
p
u
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d
n
u
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f
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t
it
l
e
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th
e

a
p
p
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C
I
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d
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en
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n
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(H
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án
d
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2
0
1
5
;

S
h
a
h
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ri
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al.,
2016).
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a
d
d
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E

I-b
ased

m
eth

o
d
s,

th
ere
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a
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in
form

ation
-b

ased
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u
isition

fu
n
c-

tio
n
s

d
esign

ed
to

red
u
ce

a
ch

osen
m

easu
re

of
u
n
certain

ty
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ou
t

th
e

lo
catio

n
of

th
e
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al

o
p
tim

u
m

.
T

h
u
s,

for
a
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d
id

ate
p

oin
t,

su
ch

m
eth

o
d
s

evalu
ate

th
e

red
u
ction

in
th

eir
u
n
cer-

ta
in

ty
m

ea
su

re
w

h
ich

w
ill

b
e

ob
tain

ed
b
y

evalu
atin

g
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jective
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e.

E
x
p

ected
V

olu
m

e
R

ed
u
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n
p
ro

p
osed

b
y

P
ich
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y
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u
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th
e
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p
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m
e

of
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e
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m
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re
o
f

u
n
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F
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a

p
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t
x

,
E

V
R
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m

p
u
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e

p
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ab
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y
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p
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e

m
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u
m
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e
b
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f
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corresp
on

d
s
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a
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p
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d
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p
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ab
ility
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e

p
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ab
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o
f
x
′
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A
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u
n
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p
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P
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e
d
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y
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e
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f
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e
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u
m
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d
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r
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p
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t
x

,
m
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h
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m
u
ch
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u
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ex

p
ected
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y
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w

e
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th

e
o
b
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n
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an
d

con
strain
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p
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t
x

(H
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d
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o
n
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e
d

B
O

u
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g
N

u
m

e
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a
l

O
p

tim
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a
tio

n
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a
d
d
itio

n
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th
e
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p
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b
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B

O
w

ith
a

m
o
d
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ed
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u
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n
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,
th
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a
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n
d
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o
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at
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e

u
n
k
n
ow

n
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strain
t

p
rob

lem
u
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g
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eas
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th
e
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eld

o
f

n
u
m
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l

op
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ization
.

M
an

y
n
u
m

erical
op

tim
ization

algorith
m

s
tack

le
a

con
strain

ed
p
ro

b
lem

b
y

reform
u
latin

g
it

in
to

tw
o
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m
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p
led

u
n
con

strain
ed

p
rob

lem
s,

w
h
ich

are
g
en
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lly

ea
sier

to
h
an

d
le,

an
d

th
en

solv
in

g
th

em
v
ia

altern
atin

g
iteration

s
(N

o
ced

al
an

d
W

rig
h
t,

20
0
6
).

H
ere,

w
h
ere

th
e

con
strain

ed
p
rob

lem
in

volves
u
n
k
n
ow

n
fu

n
ction

s,
th

e
id

ea
is

to
d
efi

n
e

u
n
con

strain
ed

su
rrogate

p
rob

lem
s

u
sin

g
n
u
m

erical
op

tim
ization

tech
n
iq

u
es,

an
d

th
en

so
lve

th
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p
rob

lem
s,

w
h
ich

still
in
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e

u
n
k
n
ow

n
fu

n
ction

s,
w
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B

O
.

T
h
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rst,

an
d
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a
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o
n
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m
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o
d
s
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category

are
b
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e
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en

ted
L
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ran

gian
m

eth
o
d
.

G
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m
a
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et
al.

(2016)
p
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e
A

u
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en
ted

L
agran
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B
O

,
A

L
B

O
,

w
h
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u
ses

th
e

A
u
g
m

en
ted

L
agran
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F

u
n
ction

(A
L

F
)

to
form

u
late

u
n
con

strain
ed

su
rrogate

p
rob

-
lem

s,
a
n
d

th
en
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es

th
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u
sin

g
E

I
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u
isition

fu
n
ction
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T

h
e
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allen

ge
in

th
e

p
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a
p
p
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a
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a
t

A
L

F
of

th
e
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al

p
rob

lem
in

volves
a
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p
licated

m
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re
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u
n
k
n
ow

n
fu

n
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n
s.

T
h
u
s,

th
e

p
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iou
s

calcu
lation

s
for

th
e

E
I,

w
h
ich
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m

ed
a

sin
gle

G
P

m
o
d
el,

d
o

n
o
t

h
o
ld

a
n
y

m
ore.

B
u
ild

in
g

a
p
rob

ab
ilistic

m
o
d
el
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m
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tu

re
ob

jective
an

d
recal-

cu
la

tin
g

E
I

b
a
sed

on
it
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a

ch
allen

gin
g
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.

A
s

a
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lt,
E

I
calcu

lation
s
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A

L
B

O
d
o

n
ot

resu
lt

in
clo

sed
form

solu
tion

s,
an

d
so

th
is

m
eth

o
d

relies
on

M
on

te-C
arlo

ap
p
rox

im
ation

.
T

o
a
d
d
ress

th
is

issu
e,

P
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en
y

et
al.

(2016)
in

tro
d
u
ced

S
lack

-A
L

b
y

m
o
d
ify

in
g

th
e

origin
al

p
ro

b
lem

to
in

clu
d
e

a
slack
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le

a
n
d

th
en
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p
ly

in
g

th
e

au
gm

en
ted

L
a
gran

gian
m

eth
o
d

o
n

th
e

m
o
d
ifi

ed
p
rob

lem
.

T
h
e

au
th
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op

tim
ized

th
e

m
o
d
ifi

ed
A

L
F

w
ith

E
I

iteratio
n
s.

It
tu

rn
s

o
u
t

th
a
t

th
e

m
o
d
ifi

ed
A

L
F

in
S
lack

-A
L

is
easier

to
solve

th
an

th
e

A
L

F
in

A
L

B
O

.
A

s
a

resu
lt,

th
e

E
x
p

ected
Im

p
rovem

en
t

in
S
la

ck
-A

L
,

in
con

trast
to

A
L

B
O

,
h
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a
closed

-form
ex

p
ressio

n
,

a
n
d

m
ay

b
e
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ated

w
ith
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rary

rou
tin

es.
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E
x
p
e
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e
n
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n
,

w
e
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th
e

p
erfo
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an
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A
D

M
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B
O

on
several

sy
n
th

etic
p
rob

lem
s,
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d
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in
th

e
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ed
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n
er

et
al.,
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15
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L
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r
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o
l
l
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o
n
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B
r
o
o
k
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D
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et
al.,
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P
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en

y
et

al.,
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w
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on
th

e
p
rob
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e.
T

h
is

ra
n
d
om

n
es

s
of

te
n

ge
n
er

at
es

p
os

it
iv

e
b
ia

s
an

d
th

er
ef

or
e

in
d
u
ce

s
ex

p
lo

ra
ti

o
n
.
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

T
h
ere

is
m

u
ch

m
ore

to
b

e
said

ab
ou

t
th

e
d
esign

of
algorith

m
s

th
at

leverage
ran

d
om

ized
valu

e
fu

n
ctio

n
s,

an
d

w
e

cover
som

e
of

th
is

grou
n
d

in
S
ection

5.
It

is
w

o
rth

m
en

tion
in

g
h
ere,

th
o
u
g
h
,

th
at

th
is

con
cep

t
is

ab
stract

an
d

b
road

ly
ap

p
licab

le,
tran

scen
d
in

g
sp

ecifi
c

a
lg

o
rith

m
s.

R
a
n
d
om

ized
valu

e
fu

n
ction

s
can

b
e

sy
n
th

esized
w

ith
th

e
m

u
ltitu

d
e

of
u
sefu

l
a
lg

o
rith

m
ic

id
eas

in
th

e
rein

forcem
en

t
learn

in
g

literatu
re

to
p
ro

d
u
ce

cu
stom

ap
p
roach

es
for

sp
ecifi

c
co

n
tex

ts.

T
o

p
rov

id
e

in
sigh

t
in

to
th

e
effi

cacy
of

ran
d
om

ized
valu

e
fu

n
ction

s,
in

S
ectio

n
6,

w
e

esta
b
lish

a
stro

n
g

b
ou

n
d

on
th

e
B

ayesian
regret

of
a

tab
u
lar

algorith
m

.
T

h
is

is
n
ot

th
e

fi
rst

resu
lt

to
esta

b
lish

stron
g

effi
cien

cy
gu

aran
tees

for
tab

u
lar

rein
forcem

en
t

learn
in

g.
H

ow
ever,

p
rev

io
u
s

a
lgo

rith
m

s
th

at
h
ave

b
een

sh
ow

n
to

satisfy
sim

ilar
regret

b
ou

n
d
s

d
o

n
ot

ex
ten

d
to

co
n
tex

ts
in

v
olv

in
g

gen
eralization

v
ia

p
ara

m
eterized

valu
e

fu
n
ction

s.
In

th
is

regard
,

th
e

a
p
p
ro

a
ch

w
e

p
resen

t
is

th
e

fi
rst

to
satisfy

a
stron

g
regret

b
ou

n
d

w
ith

tab
u
lar

rep
resen

tation
s

w
h
ile

a
lso

w
o
rk

in
g

eff
ectively

w
ith

th
e

w
id

e
variety

of
p
ractical

valu
e

fu
n
ction

learn
in

g
m

eth
o
d
s

th
a
t

g
en

eralize
over

states
an

d
a
ction

s.

S
ectio

n
7

p
resen

ts
com

p
u
tation

al
resu

lts
gu

id
ed

b
y

ran
d
om

ized
valu

e
fu

n
ction

s
th

at
sy

n
th

esize
effi

cien
t

ex
p
loration

w
ith

gen
eralization

.
E

x
p

erim
en

ts
w

ith
a

fam
ily

of
sim

p
le

toy
ex

a
m

p
les

d
em

on
strate

d
ram

atic
effi

cien
cy

g
ain

s
relative

to
d
ith

erin
g

ap
p
roa

ch
es

for
ex

p
lo

ra
tio

n
an

d
th

at
ou

r
ran

d
om

ized
ap

p
roach

es
are

com
p
atib

le
w

ith
lin

early
p
aram

eterized
g
en

era
lizin

g
va

lu
e

fu
n
ction

s.
W

e
also

con
sid

er
a

cart-p
ole

b
alan

cin
g

p
rob

lem
th

at
req

u
ires

b
o
th

d
eep

ex
p
lo

ration
an

d
gen

eralization
.

W
e

ad
d
ress

th
is

p
rob

lem
th

rou
gh

a
co

m
b
in

atio
n

o
f

ra
n
d
o
m

izatio
n

an
d

d
eep

learn
in

g,
w

ith
valu

e
fu

n
ction

s
rep

resen
ted

b
y

n
eu

ral
n
etw

ork
s.

2
.
L
ite

ra
tu

re
re
v
ie
w

T
h
e

B
ayes-o

p
tim

al
p

olicy
serves

as
a

gold
stan

d
ard

for
statistically

effi
cien

t
ex

p
loration

in
rein

fo
rcem

en
t

learn
in

g
(R

L
).

G
iv

en
a

p
rior

d
istrib

u
tion

ov
er

M
arkov

d
ecisio

n
p
ro

cesses,
on

e
ca

n
fo

rm
u
la

te
a

p
rob

lem
to

m
ax

im
ize

ex
p

ected
cu

m
u
lative

rew
a
rd

b
y

tak
in

g
an

a
ction

at
ea

ch
fu

tu
re

tim
e

con
tin

gen
t

on
th

e
p
revailin

g
p

osterior
d
istrib

u
tion

.
A

p
olicy

th
at

attain
s

th
is

m
a
x
im

u
m

is
B

ayes-op
tim

al,
an

d
to

d
o

th
is

it
m

u
st

ex
p
lore

ju
d
iciou

sly.
U

n
fortu

n
ately,

fo
r

p
rob

lem
s

o
f

p
ractical

in
terest,

com
p
u
tin

g
a

B
ayes-op

tim
al

p
olicy

is
in

tractab
le;

th
e

com
-

p
u
ta

tio
n
a
l

req
u
irem

en
ts

grow
ex

p
on

en
tially

in
th

e
p
rob

lem
p
aram

eters
(S

zep
esv

ári,
2010).

W
e

in
tro

d
u
ce

a
n

ap
p
roach

b
ased

on
ra

n
d
o
m

ized
va

lu
e

fu
n

ctio
n

s
th

at
off

ers
a

com
p
u
ta-

tio
n
a
lly

tra
cta

b
le

ap
p
roach

to
statistically

effi
cien

t
rein

forcem
en

t
lea

rn
in

g
.

E
x
p
loration

v
ia

ra
n
d
o
m

ized
va

lu
e

fu
n
ction

s
is

n
ot

gen
era

lly
B

ayes-op
tim

al
b
u
t,

as
w

e
w

ill
argu

e,
o
ff

ers
a

p
ra

ctica
l

a
p
p
ro

ach
to

d
eep

ex
p
loration

,
w

h
ich

com
m

on
ex

p
loration

sch
em

es
fa

il
to

ad
d
ress,

so
m

etim
es

at
en

orm
ou

s
cost

to
statistical

effi
cien

cy.

T
h
ere

is
a

su
b
stan

tial
b

o
d
y

of
w

ork
on

sim
u
ltan

eou
sly

com
p
u
tation

ally
an

d
statisti-

ca
lly

effi
cien

t
ex

p
loration

in
tab

u
lar

R
L

.
T

h
is

b
egin

s
w

ith
th

e
sem

in
al

w
ork

of
K

ea
rn

s
an

d
S
in

gh
(K

ea
rn

s
an

d
S
in

gh
,

2002),
w

h
ich

id
en

tifi
ed

th
e

n
ecessity

o
f

m
u
lti-p

erio
d

ex
p
loration

stra
teg

ies
–

fo
r

w
h
ich

w
e

ad
op

t
th

e
term

d
eep

exp
lo

ra
tio

n
–

to
p

oly
n
om

ial-tim
e

learn
in

g
a
n
d

esta
b
lish

ed
a

p
oly

n
om

ial-tim
e

learn
in

g
gu

aran
tee

for
a

p
articu

lar
tab

u
lar

algorith
m

.
S
u
b
seq

u
en

t
p
a
p

ers
p
rop

osed
an

d
an

aly
zed

altern
ative

tab
u
lar

alg
orith

m
s

th
at

carry
ou

t
d
eep

ex
p
lo

ra
tio

n
w

ith
vary

in
g

d
egrees

of
effi

cacy
(B

rafm
an

an
d

T
en

n
en

h
oltz,

20
02;

A
u
er

a
n
d

O
rtn

er,
2
0
06;

S
treh

l
et

al.,
2006;

J
ak

sch
et

al.,
2010;

O
sb

an
d

et
al.,

2013;
D

an
n

a
n
d

B
ru

n
sk

ill,
2
0
1
5
;
A

zar
et

al.,
2017).

N
on

e
of

th
ese

algorith
m

s
are

B
ayes-op

tim
al,

b
u
t

th
ey

d
o

3
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O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
sso

,
W

e
n

b
ou

n
d

th
e

lev
el

of
su

b
-op

tim
ality

b
y

som
e

p
oly

n
om

ial
fu

n
ction

of
states

an
d
/
or

p
lan

n
in

g
h
orizon

.
B

y
con

trast,
p

op
u
lar

sch
em

es
su

ch
as

ε-greed
y

an
d

B
oltzm

an
n

ex
p
lo

ration
can

req
u
ire

learn
in

g
tim

es
th

at
grow

ex
p

o
n
en

tially
in

th
e

n
u
m

b
er

of
states

an
d
/or

th
e

p
lan

n
in

g
h
orizon

(see,
e.g.,

K
akad

e
(2003);

S
treh

l
(2007)).

W
e

d
iscu

ss
th

is
p
h
en

om
en

on
fu

rth
er

in
S
ection

4.

T
h
e

d
esign

an
d

an
aly

sis
of

tab
u
la

r
alg

orith
m

s
h
as

gen
erated

valu
ab

le
in

sigh
ts,

b
u
t

th
e

resu
ltan

t
algorith

m
s

are
of

little
p
ractica

l
im

p
ortan

ce
sin

ce,
for

p
ractical

p
rob

lem
s

th
e

state
sp

ace
is

ty
p
ically

en
orm

ou
s

(d
u
e

to
th

e
cu

rse
of

d
im

en
sion

ality
).

T
o

learn
eff

ectiv
ely,

p
rac-

tical
R

L
algorith

m
s

m
u
st

gen
eralize

across
states

to
m

ake
eff

ective
d
ecision

s
w

ith
lim

ited
d
ata.

T
h
e

literatu
re

off
ers

a
rich

collection
of

su
ch

algorith
m

s
(e.g.

B
ertsekas

an
d

T
sit-

sik
lis

(1996);
S
u
tton

an
d

B
arto

(2018);
S
zep

esv
ári

(2010);
P

ow
ell

an
d

R
y
zh

ov
(2011)

an
d

referen
ces

th
erein

).
T

h
ou

gh
algorith

m
s

of
th

is
g
en

re
h
ave

ach
iev

ed
im

p
ressive

ou
tcom

es,
n
otab

ly
in

gam
es

su
ch

as
b
ack

gam
m

on
(T

esau
ro,

199
5),

A
tari

arcad
e

gam
es

(M
n
ih

et
al.,

2015),
an

d
go

(S
ilver

et
al.,

2016,
2017),

th
ey

u
se

n
aive

ex
p
loration

sch
em

es
th

at
can

b
e

h
igh

ly
in

effi
cien

t.
P

ossib
ly

for
th

is
reason

,
th

ese
ap

p
lication

s
req

u
ired

en
orm

ou
s

q
u
an

tities
of

d
ata.

In
th

e
case

of
S
ilver

et
al.

(2016),
for

ex
am

p
le,

n
eu

ral
n
etw

ork
s

w
ere

train
ed

over
h
u
n
d
red

s
of

b
illion

s
to

trillion
s

of
sim

u
lated

gam
es.

T
h
e

d
esign

of
rein

forcem
en

t
learn

in
g

alg
orith

m
s

th
at

effi
cien

tly
ex

p
lore

in
tractab

ly
large

state
sp

aces
rem

ain
s

an
im

p
ortan

t
ch

allen
ge.

M
o
d
el

learn
in

g
algorith

m
s

ex
p
loit

gen
er-

alization
in

an
u
n
d
erly

in
g

m
o
d
el

of
th

e
en

v
iron

m
en

t
(K

earn
s

a
n
d

K
oller,

1999;
A

b
b
asi-

Y
ad

kori
an

d
S
zep

esv
ári,

2011;
Ib

rah
im

i
et

al.,
2012;

O
rtn

er
a
n
d

R
yab

k
o,

2012;
O

sb
an

d
a
n
d

V
an

R
oy

,
2014a,b

;
G

op
alan

an
d

M
an

n
or,

2015).
H

ow
ever,

th
ese

are
ty

p
ically

restricted
to

sim
p
le

m
o
d
el

classes
an

d
b

ecom
e

statistically
or

com
p
u
tation

ally
in

tractab
le

for
p
rob

lem
s

of
p
ractical

scale.
P

olicy
learn

in
g

alg
orith

m
s,

an
d

th
e

closely
-related

‘evo
lu

tion
ary

’
algo-

rith
m

s
id

en
tify

h
igh

-p
erform

ers
am

on
g

a
set

of
p

o
licies

(K
akad

e,
2003;

W
ierstra

et
al.,

2008;
D

eisen
roth

et
al.,

2013;
P

lap
p

ert,
2017).

T
h
ese

algorith
m

s
can

p
erform

w
ell,

p
articu

larly
w

h
en

th
e

sp
ace

of
p

ossib
le

op
tim

al
p

olicies
is

p
aram

eterized
to

b
e

sm
all.

H
ow

ev
er,

in
a

ty
p
-

ical
p
rob

lem
th

e
sp

ace
of

p
olicies

is
ex

p
on

en
tially

large;
ex

istin
g

w
ork

s
eith

er
en

tail
overly

restrictive
assu

m
p
tion

s
or

d
o

n
ot

m
ake

stron
g

effi
cien

cy
gu

aran
tees.

V
alu

e
fu

n
ction

learn
in

g
h
as

th
e

p
oten

tial
to

ov
ercom

e
com

p
u
tation

al
ch

a
llen

ges
an

d
off

er
p
ractical

m
ean

s
for

sy
n
th

esizin
g

effi
cien

t
ex

p
loration

an
d

eff
ective

gen
eralization

.
A

relevan
t

lin
e

of
w

ork
estab

lish
es

th
at

effi
cien

t
rein

forcem
en

t
learn

in
g

w
ith

valu
e

fu
n
ction

gen
eralization

red
u
ces

to
effi

cien
t

“k
n
ow

s
w

h
at

it
k
n
ow

s”
(K

W
IK

)
on

lin
e

regression
(L

i
an

d
L

ittm
an

,
2010;

L
i

et
al.,

2008).
H

ow
ever,

it
is

n
ot

k
n
ow

n
w

h
eth

er
th

e
K

W
IK

on
lin

e
regres-

sion
p
rob

lem
can

b
e

solv
ed

effi
cien

tly.
In

term
s

of
con

crete
algorith

m
s,

th
ere

is
op

tim
istic

con
strain

t
p
rop

agation
(O

C
P

)
(W

en
an

d
V

an
R

oy
,

2
013

),
a

p
rovab

ly
effi

cien
t

rein
force-

m
en

t
learn

in
g

algorith
m

for
ex

p
loration

an
d

valu
e

fu
n
ction

gen
eralization

in
d
eterm

in
istic

sy
stem

s,
an

d
C

-P
A

C
E

(P
azis

an
d

P
arr,

2013),
a

p
rovab

ly
effi

cien
t

rein
forcem

en
t

learn
in

g
algorith

m
th

at
gen

eralizes
u
sin

g
in

terp
o
lative

rep
resen

tation
s.

T
h
ese

con
trib

u
tion

s
rep

re-
sen

t
im

p
ortan

t
d
evelop

m
en

ts,
b
u
t

O
C

P
is

n
ot

su
itab

le
for

sto
ch

astic
sy

stem
s

an
d

is
h
igh

ly
sen

sitive
to

m
o
d
el

m
issp

ecifi
cation

,
an

d
gen

eralizin
g

eff
ectively

in
h
igh

-d
im

en
sion

al
state

sp
aces

calls
for

m
eth

o
d
s

th
at

ex
trap

olate.

In
th

is
p
ap

er,
w

e
leverage

ran
d
om

ized
valu

e
fu

n
ction

s
to

ex
p
lore

effi
cien

tly
w

h
ile

gen
eral-

izin
g

v
ia

p
aram

eterized
valu

e
fu

n
ction

s.
A

lgorith
m

s
o
f

th
e

k
in

d
w

e
con

sid
er,

w
h
ich

w
e

refer
to

collectiv
ely

as
ran

d
om

ized
least-sq

u
ares

valu
e

iteration
(R

L
S
V

I),
w

ere
fi
rst

in
tro

d
u
ced

in

4
JM

L
R

 20(124):1-62, 2019



D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

W
en

(2
01

4)
.

P
ri

or
re

in
fo

rc
em

en
t

le
ar

n
in

g
al

go
ri

th
m

s
th

at
ge

n
er

al
iz

e
v
ia

p
ar

am
et

er
iz

ed
va

lu
e

fu
n
ct

io
n
s

re
q
u
ir

e,
in

th
e

w
or

st
ca

se
,

le
ar

n
in

g
ti

m
es

ex
p

on
en

ti
a
l

in
th

e
n
u
m

b
er

o
f

m
o
d
el

p
a-

ra
m

et
er

s
an

d
/o

r
th

e
p
la

n
n
in

g
h
or

iz
on

.
R

L
S
V

I
ai

m
s

to
ov

er
co

m
e

th
es

e
in

effi
ci

en
ci

es
.

W
h
il
e

R
L

S
V

I
op

er
at

es
in

a
m

an
n
er

si
m

il
ar

to
w

el
l-

k
n
ow

n
ap

p
ro

ac
h
es

su
ch

as
le

as
t-

sq
u
ar

es
va

lu
e

it
er
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n
ra

th
er

th
an

st
o
ch

as
ti

c
ou

tc
om

es
,

it
is

im
p

or
ta

n
t

to
u
se

th
e

co
rr

ec
t

n
ot

io
n

o
f

“d
is

tr
ib

u
ti

o
n
a
l

R
L

”
.

3
.
R
e
in
fo
rc
e
m
e
n
t
le
a
rn

in
g
p
ro

b
le
m

W
e

co
n
si

d
er

a
re

in
fo

rc
em

en
t

le
ar

n
in

g
p
ro

b
le

m
in

w
h
ic

h
an

ag
en

t
in

te
ra

ct
s

w
it

h
a
n

u
n
k
n
ow

n
en

v
ir

on
m

en
t

ov
er

a
se

q
u
en

ce
of

ep
is

o
d
es

.
W

e
m

o
d
el

th
e

en
v
ir

on
m

en
t

as
a

M
a
rk

ov
d
ec

is
io

n
p
ro

ce
ss

,
id

en
ti

fi
ed

b
y

a
tu

p
le
M

=(S
,A,
R,P

,ρ
).H

er
e,
Sis

a
fi
n
it

e
st

at
e

sp
a
ce

,
Ais

a
fi
n
it

e
ac

ti
on

sp
ac

e,
Ris

a
re

w
ar

d
m

o
d
el

,
Pis

a
tr

an
si

ti
on

m
o
d
el

,
an

d
ρ
∈S

is
a
n

in
it

ia
l
st

a
te

d
is

tr
ib

u
ti

on
.

F
or

ea
ch

s,
ρ
(s)

is
th

e
p
ro

b
ab

il
it

y
th

at
an

ep
is

o
d
e

b
eg

in
s

in
st

a
te
s.

F
o
r

a
n
y

s,
s′ ∈
San

d
a
∈A,

R s,a
,s
′ i

s
a

d
is

tr
ib

u
ti

on
ov

er
re

al
n
u
m

b
er

s
an

d
P s,a

is
a

su
b
-d

is
tr

ib
u
ti

o
n

ov
er

st
at

es
.

In
p
ar

ti
cu

la
r,
P s,a

(s′ )
is

th
e

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
th

at
th

e
st

a
te

tr
a
n
si

ti
o
n
s

to
s′ f

ro
m

st
at

e
s

an
d

ac
ti

on
a
.

S
im

il
a
rl

y,
R s,a

,s
′ (dr

)is
th

e
co

n
d
it

io
n
al

p
ro

b
a
b
il
it

y
th

a
t

th
e

re
w

ar
d

is
in

th
e

se
t
d
r.

B
y

su
b-

d
is

tr
ib

u
ti

o
n

,
w

e
m

ea
n

th
at

th
e

su
m

ca
n

b
e

le
ss

th
a
n

o
n
e.

T
h
e

d
iff

er
en

ce
1
− ∑ s

′ ∈S
P s,a

(s′ )
re

p
re

se
n
ts

th
e

p
ro

b
ab

il
it

y
th

at
th

e
p
ro

ce
ss

te
rm

in
a
te

s
u
p

o
n

tr
an

si
ti

on
.

W
e

w
il
l

d
en

ot
e

b
y
r` t

,
s` t

,
a
` t

th
e

st
at

e,
ac

ti
on

,
an

d
re

w
ar

d
ob

se
rv

ed
at

th
e

st
a
rt

o
f

th
e

tt
h

ti
m

e
p

er
io

d
of

th
e
`t

h
ep

is
o
d
e.

In
ea

ch
`t

h
ep

is
o
d
e,

th
e

ag
en

t
b

eg
in

s
in

a
ra

n
d
o
m
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

sta
te

s
`0 ∼

ρ
a
n
d

selects
an

action
a
`0 ∈A

.
G

iven
th

is
state-action

p
air,

a
rew

ard
an

d
tra

n
sitio

n
a
re

g
en

erated
accord

in
g

to
r
`1 ∼R

s
`0
,a
`0
,s
`1

an
d
s
`1 ∼P

s
`0
,a
`0 .

T
h
e

agen
t

p
ro

ceed
s

u
n
til

term
in

a
tio

n
,

in
each

tth
tim

e
p

erio
d

ob
serv

in
g

a
state

s
`t ,

selectin
g

an
action

a
`t ,

an
d

th
en

o
b
serv

in
g

a
rew

ard
r
`t+

1
an

d
tran

sition
to

s
`t+

1 .
L

et
τ
`

d
en

ote
th

e
ran

d
om

tim
e

at
w

h
ich

th
e

p
ro

cess
term

in
ates,

so
th

at
th

e
seq

u
en

ce
of

o
b
servation

s
m

ad
e

d
u
rin

g
ep

iso
d
e
`

isO
` = (s

`0 ,a
`0 ,r

`1 ,s
`1 ,a

`1 ,...,s
`τ
` −

1 ,a
`τ
` −

1 ,r
`τ
` ).

W
e

d
efi

n
e

a
po

licy
to

b
e

a
m

ap
p
in

g
fromS

to
a

p
rob

a
b
ility

d
istrib

u
tion

ov
erA

,
an

d
d
en

o
te

th
e

set
of

all
p

olicies
b
y

Π
.

W
e

w
ill

d
en

ote
b
y
π(a∣s)

th
e

p
rob

ab
ility

th
at
π

assign
s

to
a
ctio

n
a

a
t

state
s.

W
ith

ou
t

loss
of

gen
erality,

w
e

w
ill

con
sid

er
states

an
d

action
s

to
b

e
in

teger
in

d
ices,

so
th

atS={1,...,∣S∣}
an

dA={1
,...,∣A∣}.

A
s

su
ch

,
w

e
can

d
efi

n
e

a
su

b
sto

ch
a
stic

m
atrix

w
h
ose(s,s ′)th

elem
en

t
is∑

a∈A
π(a∣s)P

s,a (s ′).
W

e
m

ake
th

e
fo

llow
in

g
a
ssu

m
p
tio

n
to

en
su

re
fi
n
ite

ep
iso

d
e

d
u
ration

:

A
ssu

m
p

tio
n

1
F

o
r

a
ll

po
licies

π∈
Π

,
if

ea
ch

a
ctio

n
a
t

is
sa

m
p
led

fro
m
π(⋅∣s

t ),
th

en
th

e
M

D
PM

a
lm

o
st

su
rely

term
in

a
tes

in
fi

n
ite

tim
e.

In
o
th

er
w

o
rd

s,
lim

t→∞
P
tπ =

0,
w

h
ere

P
π

is
th

e
m

a
trix

w
h
o
se(s,s ′)th

elem
en

t
is∑

a∈A
π(a∣s)P

s,a (s ′).
F

o
r

a
n
y

M
D

PM
an

d
p

olicy
π∈

Π
,

w
e

d
efi

n
e

a
valu

e
fu

n
ction

V
πM ∶S↦

R
b
y

V
πM (s)=

EM
,π [

τ∑t=
1

r
t ∣
s

0 =
s]
,

w
h
ere

r
t ,
s
t ,
a
t ,

an
d
τ

d
en

ote
rew

ard
s,

states,
action

s,
an

d
term

in
ation

tim
e

of
a

gen
eric

ep
iso

d
e,

a
n
d

th
e

su
b
scrip

ts
of

th
e

ex
p

ectation
in

d
icate

th
at

action
s

are
sam

p
led

accord
in

g
to

a
t ∼

π(⋅∣s
t )

an
d

tran
sition

s
an

d
rew

ard
s

are
gen

erated
b
y

th
e

M
D

PM
.

F
u
rth

er,
w

e
d
efi

n
e

a
n

o
p
tim

al
valu

e
fu

n
ction

:

V ∗M (s)=
m

ax
π∈Π

V
πM (s).

T
h
e

a
g
en

t’s
b

eh
av

ior
is

govern
ed

b
y

a
rein

forcem
en

t
learn

in
g

algo
rith

m
alg

.
Im

m
ed

iately
p
rio

r
to

th
e

b
egin

n
in

g
of

ep
iso

d
e
L

,
th

e
a
lgorith

m
p
ro

d
u
ces

a
p

olicy
π
L=

alg(S
,A
,H

L−
1 )

b
a
sed

o
n

th
e

state
an

d
action

sp
aces

an
d

th
e

h
isto

ryH
L−

1 =(O
` ∶`=

1
,...,L−

1)
of

ob
-

serva
tio

n
s

m
a
d
e

over
p
rev

iou
s

ep
iso

d
es.

N
o
te

th
at

alg
m

ay
b

e
a

ran
d
om

ized
algorith

m
,

so
th

a
t

m
u
ltip

le
a
p
p
lication

s
of

alg
m

ay
y
ield

d
iff

eren
t

p
olicies.

In
ep

iso
d
e
`,

th
e

agen
t

en
joy

s
a

cu
m

u
lative

rew
ard

of∑
τ
`
t=

1
r
`t .

W
e

d
efi

n
e

th
e

regret
over

ep
iso

d
e
`

to
b

e
th

e
d
iff

eren
ce

b
etw

een
op

tim
al

ex
p

ected
valu

e
an

d
th

e
ex

p
ected

valu
e

u
n
d
er

alg
o
rith

m
a
lg

.
T

h
is

can
b

e
w

ritten
as

EM
,a

lg [V ∗(s
`0 )−

V
π
`(s

`0 ))],
w

h
ere

th
e

su
b
scrip

ts

o
f

th
e

ex
p

ecta
tion

in
d
icate

th
at

each
p

olicy
π
`

is
p
ro

d
u
ced

b
y

algorith
m

alg
an

d
state

tra
n
sitio

n
s

a
n
d

rew
ard

s
are

gen
erate

b
y

M
D

PM
.

N
ote

th
at

th
is

ex
p

ectation
in

teg
rates

over
a
ll

in
itia

l
states,

action
s,

state
tran

sition
s,

rew
ard

s,
an

d
an

y
ran

d
om

n
ess

gen
erated

w
ith

in
a
lg

,
w

h
ile

th
e

M
D

PM
is

fi
x
ed

.
W

e
d
en

ote
cu

m
u

la
tive

regret
over

L
ep

iso
d
es

b
y

R
egret(M

,alg
,L)=

L∑̀=
1 EM

,a
lg [V ∗(s

`0 )−
V
π
`(s

`0 ))]
.

W
e

w
ill

g
en

era
lly

refer
to

cu
m

u
la

tive
regret

sim
p
ly

as
regret.
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O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
sso

,
W

e
n

W
h
en

u
sed

as
a

m
easu

re
for

com
p
arin

g
algorith

m
s,

on
e

issu
e

w
ith

regret
is

its
d
ep

en
-

d
en

ce
onM

.
O

n
e

w
ay

of
ad

d
ressin

g
th

is
is

to
assu

m
e

th
atM

is
con

strain
ed

to
a

p
re-d

efi
n
ed

set
an

d
to

d
esign

a
lgorith

m
s

w
ith

an
aim

of
m

in
im

izin
g

w
orst-case

regret
over

th
is

set.
T

h
is

ten
d
s

to
y
ield

algorith
m

s
th

at
b

eh
av

e
in

an
overly

con
servative

m
an

n
er

w
h
en

faced
w

ith
rep

resen
tative

M
D

P
s.

A
n

altern
ative

is
to

aim
at

m
in

im
izin

g
an

average
over

rep
resen

tative
M

D
P

s.
T

h
e

d
istrib

u
tion

over
M

D
P

s
can

b
e

th
ou

gh
t

of
as

a
p
rio

r,
w

h
ich

cap
tu

res
b

eliefs
of

th
e

algorith
m

d
esign

er.
In

th
is

sp
irit,

w
e

d
efi

n
e

B
a
yesia

n
regret:

B
ayesR

egret(alg
,L)=

E[R
egret(M

,alg
,L)]

.

H
ere,

th
e

ex
p

ectation
in

tegrates
w

ith
resp

ect
to

a
p
rior

d
istrib

u
tion

over
M

D
P

s.
It

is
easy

to
see

th
at

m
in

im
izin

g
regret

or
B

ayesian
regret

is
eq

u
ivalen

t
to

m
ax

im
iz-

in
g

ex
p

ected
cu

m
u
lative

rew
ard

.
T

h
ese

m
easu

res
are

u
sefu

l
a
ltern

ativ
es

to
ex

p
ected

cu
-

m
u
lative

rew
ard

,
h
ow

ever,
b

ecau
se

for
reason

ab
le

algorith
m

s,
R

egret(M
,alg

,L)/L
an

d
B

ayesR
egret(alg

,L)/L
sh

ou
ld

con
verge

to
zero.

W
h
en

it
is

n
ot

feasib
le

to
ap

p
ly

an
op

-
tim

al
algorith

m
,

com
p
arin

g
h
ow

q
u
ick

ly
th

ese
valu

es
d
im

in
ish

an
d

h
ow

th
a
t

d
ep

en
d
s

on
p
rob

lem
p
aram

eters
can

y
ield

in
sigh

t.
T

o
d
en

ote
ou

r
p
rior

d
istrib

u
tion

over
M

D
P

s,
as

w
ell

as
d
istrib

u
tion

s
over

an
y

oth
er

ran
d
om

n
ess

th
at

is
realized

,
w

e
w

ill
u
se

a
p
rob

ab
ility

sp
ace(Ω

,F
,P).

W
ith

th
is

n
otation

,
th

e
p
rob

ab
ility

th
atM

takes
valu

es
in

a
set

M
is

w
ritten

as
P(M

∈
M).

In
fact,

th
e

p
rob

ab
ility

of
an

y
m

easu
rab

le
ev

en
tE

is
w

ritten
as

P(E).
4
.
D
e
e
p
e
x
p
lo
ra

tio
n

R
ein

forcem
en

t
learn

in
g

calls
for

a
sop

h
istica

ted
form

of
ex

p
loration

th
at

w
e

refer
to

as
d
eep

exp
lo

ra
tio

n
.

T
h
is

form
of

ex
p
lora

tion
accou

n
ts

n
ot

on
ly

for
in

fo
rm

ation
gain

ed
u
p

on
tak

in
g

an
action

b
u
t

also
for

h
ow

th
e

action
m

ay
p

osition
th

e
agen

t
to

m
ore

eff
ectively

acq
u
ire

in
form

ation
over

su
b
seq

u
en

t
tim

e
p

erio
d
s.

W
e

w
ill

u
se

th
e

follow
in

g
sim

p
le

ex
am

p
le

to
illu

strate
th

e
critical

role
of

d
eep

ex
p
loration

as
w

ell
as

h
ow

com
m

on
ap

p
roach

es
to

ex
p
loration

fall
sh

ort
on

th
is

fron
t.

E
x
a
m

p
le

1
(D

e
e
p

-se
a

e
x
p

lo
ra

tio
n

)
C

o
n

sid
er

a
n

M
D

PM=(S
,A
,R
,P
,ρ)

w
ith∣S∣=

N
2

sta
tes,

ea
ch

o
f

w
h
ich

ca
n

be
th

o
u

gh
t

o
f

a
s

a
squ

a
re

cell
in

a
n
N×

N
grid

,
a
s

illu
stra

ted
in

F
igu

re
1
.

T
h
e

a
ctio

n
spa

ce
isA={1

,2}.
A

t
ea

ch
sta

te,
o
n

e
o
f

th
e

a
ctio

n
s

rep
resen

ts
“

left”
a
n

d
th

e
o
th

er
rep

resen
ts

“
righ

t,”
w

ith
th

e
in

d
exin

g
po

ssibly
d
iff

erin
g

a
cro

ss
sta

tes.
In

o
th

er
w

o
rd

s,
fo

r
a

pa
ir

o
f

d
istin

ct
sta

tes
s,s ′∈S

,
a
ctio

n
1

co
u

ld
rep

resen
t

“
left”

a
t

sta
te
s

a
n

d
“

righ
t”

a
t

sta
te
s ′.

A
n

y
tra

n
sitio

n
fro

m
a
n

y
sta

te
in

th
e

lo
w

est
ro

w
lea

d
s

to
term

in
a
tio

n
o
f

th
e

ep
isod

e.
A

t
a
n

y
o
th

er
sta

te,
th

e
“

left”
a
ctio

n
tra

n
sitio

n
s

to
th

e
cell

im
m

ed
ia

tely
to

th
e

left,
if

po
ssible,

a
n

d
belo

w
.

A
n

a
logo

u
sly,

th
e

“
righ

t”
a
ctio

n
tra

n
sitio

n
s

to
th

e
cell

im
m

ed
ia

tely
to

th
e

righ
t,

if
po

ssible,
a
n

d
belo

w
.

T
h
e

a
gen

t
begin

s
every

ep
isod

e
in

th
e

u
p
per-left-m

o
st

sta
te

(w
h
ere

h
er

boa
t

sits).
N

o
te

th
a
t,

given
th

e
d
yn

a
m

ics
w

e
h
a
ve

d
escribed

,
ea

ch
ep

isod
e

la
sts

exa
ctly

N
tim

e
period

s.
F

ro
m

a
n

y
cell

a
lo

n
g

th
e

d
ia

go
n

a
l,

th
ere

is
a

co
st

o
f

0
.01/N

in
cu

rred
ea

ch
tim

e
th

e
“

righ
t”

a
ctio

n
is

ch
o
sen

.
N

o
co

st
is

in
cu

rred
fo

r
th

e
left

a
ctio

n
.

T
h
e

o
n

ly
o
th

er
situ

a
tio

n
th

a
t

lea
d
s

to
a
n

a
d
d
itio

n
a
l

rew
a
rd

o
r

co
st

a
rises

w
h
en

th
e

a
gen

t
is
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e
m

ost
w

id
ely

u
sed

ex
p
lo

ra
tio

n
m

eth
o
d

in
rein

forcem
en

t
learn

in
g.

T
h
e

p
rim

ary
reason

for
th

is
h
as

b
een

la
ck

o
f

co
m

p
u
ta

tion
ally

effi
cien

t
ap

p
roach

es
th

at
ad

eq
u
ately

ad
d
ress

th
e

com
p
lex

p
rob

lem
s

th
a
t

a
rise

in
p
ractical

con
tex

ts.
T

h
is

p
ap

er
aim

s
to

fi
ll

th
at

n
eed

.

B
a
n
d
it

lea
rn

in
g

can
b

e
th

ou
gh

t
of

as
a

sp
ecial

ca
se

of
rein

forcem
en

t
learn

in
g

for
w

h
ich

a
ctio

n
s

b
ea

r
n
o

d
elayed

con
seq

u
en

ces.
T

h
e

b
an

d
it

learn
in

g
literatu

re
off

ers
sop

h
isticated

m
eth

o
d
s

th
a
t

overcom
e

sh
ortcom

in
gs

of
d
ith

erin
g.

S
u
ch

m
eth

o
d
s

w
rite-off

b
ad

action
s,

o
n
ly

selectin
g

an
action

w
h
en

it
is

ex
p

ected
to

gen
erate

d
esirab

le
rew

ard
or

y
ield

u
sefu

l
in

fo
rm

a
tio

n
o
r

b
oth

.
A

n
aive

w
ay

of
ap

p
ly

in
g

su
ch

a
n

algorith
m

to
a

rein
forcem

en
t

learn
in

g
p
ro

b
lem

in
vo

lves
selectin

g
an

action
a
t

on
ly

if
th

e
ex

p
ected

valu
e
Q̂
L (s

t ,a
t )

is
la

rge
or

th
e

o
b
served

rew
a
rd

an
d
/or

tran
sition

a
re

ex
p

ected
to

p
rov

id
e

u
sefu

l
in

form
a
tion

.
W

e
call

th
is

a
p
p
ro

a
ch

m
y
o
p

ic
e
x
p

lo
ra

tio
n

,
sin

ce
it

in
cen

tiv
izes

ex
p
lo

ration
over

a
sin

gle
tim

estep
.

H
ow

ev
er,

a
p
p
ly

in
g

th
is

ap
p
roach

to
E

x
am

p
le

1
w

ou
ld

on
ce

again
avoid

m
ov

in
g

tow
a
rd

th
e

ch
est

a
s

so
o
n

a
s

it
h
ad

learn
ed

th
e

actio
n

asso
ciation

s
in

th
e

in
itial

state.
T

h
is

is
b

ecau
se

th
ere

is
a

co
st

to
m

ov
in

g
righ

t,
b
u
t

on
ce

th
e

action
asso

ciation
s

are
learn

ed
,

th
ere

is
n
o

im
m

ed
ia

te
b

en
efi

t
to

ap
p
ly

in
g

th
e

“righ
t”

action
.

A
s

su
ch

,
m

yop
ic

ex
p
loration

is
u
n
likely

to
ev

er
lea

rn
an

op
tim

al
p

olicy.

M
yo

p
ic

ex
p
loration

d
o
es

n
ot

ad
eq

u
a
tely

ad
d
ress

rein
forcem

en
t

learn
in

g
b

ecau
se,

in
re-

in
fo

rcem
en

t
lea

rn
in

g,
th

ere
is

an
ad

d
ition

al
m

otivation
th

at
sh

ou
ld

n
ot

b
e

overlo
oked

:
an

a
ctio

n
ca

n
b

e
d
esirab

le
even

if
ex

p
ected

to
y
ield

n
o

valu
e

or
im

m
ed

iate
in

form
ation

if
th

e
a
ctio

n
m

ay
p
la

ce
th

e
agen

t
in

a
state

th
at

lead
s

to
su

b
seq

u
en

t
learn

in
g

op
p

ortu
n
ities.

T
h
is

is
th

e
essen

ce
o
f

d
eep

exp
lo

ra
tio

n
;

th
e

agen
t

n
eed

s
to

con
sid

er
h
ow

action
s

in
fl
u
en

ce
d
ow

n
-

strea
m

learn
in

g
op

p
ortu

n
ities.

V
iew

ed
in

an
oth

er
w

ay,
w

h
en

con
sid

erin
g

h
ow

to
ex

p
lore,

th
e

a
g
en

t
sh

o
u
ld

p
rob

e
d
eep

in
h
is

d
ecision

tree.

O
p

tim
ism

serves
as

an
oth

er
gu

id
in

g
p
rin

cip
le

in
m

u
ch

of
th

e
b
an

d
it

learn
in

g
literatu

re
a
n
d

ca
n

p
rov

id
e

a
b
asis

for
d
eep

ex
p
loration

as
w

ell.
In

E
x
am

p
le

1,
if

th
e

agen
t

takes
m

ost
o
p
tim

istic
p
la

u
sib

le
v
iew

,
it

w
ou

ld
assu

m
e

th
at

th
e

ch
est

off
ers

treasu
re

rath
er

th
an

a
b

om
b
,

so
lo

n
g

a
s

th
is

h
y
p

oth
esis

h
as

n
ot

b
een

in
valid

ated
.

In
each

L
th

ep
iso

d
e,

th
e

agen
t

follow
s

a
g
reed

y
p

o
licy

w
ith

resp
ect

to
a

valu
e

fu
n
ction

Q
L

th
at

assign
s

to
each

state-action
p
air

th
e

m
a
x
im

a
l

ex
p

ected
valu

e
u
n
d
er

th
is

assu
m

p
tion

.
W

h
en

at
a

cell
alon

g
th

e
d
iago

n
al

o
f

th
e

g
rid

,
th

is
p

o
licy

selects
th

e
“righ

t”
action

w
h
en

ever
th

e
agen

t
k
n
ow

s
w

h
ich

th
at

is.
H

en
ce,

th
is

o
p
tim

istic
algorith

m
learn

s
th

e
op

tim
al

p
olicy

w
ith

in
N

ep
iso

d
es.

T
h
e

o
p
tim

istic
algorith

m
attain

s
its

stron
g

p
erform

an
ce

in
E

x
am

p
le

1
th

rou
gh

carry
in

g
o
u
t

d
eep

ex
p
lo

ration
.

In
p
articu

lar,
b
y

assu
m

in
g

trea
su

re
ra

th
er

th
an

a
b

om
b
,

th
e

agen
t

is
in

cen
tiv

ized
to

m
ove

righ
t

w
h
en

ever
it

can
,

sin
ce

th
at

is
th

e
on

ly
w

ay
to

o
b
tain

th
e

p
osited

trea
su

re.
T

h
is

ex
p
loration

strategy
is

d
eep

sin
ce

th
e

a
gen

t
d
o
es

n
ot

seek
o
n
ly

im
m

ed
iate

in
fo

rm
a
tio

n
b
u
t

also
a

learn
in

g
op

p
ortu

n
ity

th
a
t

w
ill

on
ly

arise
after

con
secu

tively
m

ov
in

g
rig

h
t

over
m

u
ltip

le
tim

e
p

erio
d
s.

1
.

A
sim

ila
r

o
b

serva
tio

n
h

o
ld

s
tru

e
fo

r
a
n

o
th

er
p

o
p

u
la

r
d

ith
erin

g
stra

teg
y
:
ε-g

reed
y.

T
h

is
a
p

p
ro

a
ch

selects
ra

n
d

o
m

a
ctio

n
s

a
cco

rd
in

g
to

p
ro

b
a
b

ility
ε

a
n

d
g
reed

y
(p

u
re-ex

p
lo

ita
tio

n
)

o
th

erw
ise.
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O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
sso

,
W

e
n

T
h
ere

are
reason

ab
ly

eff
ective

op
tim

istic
a
lgorith

m
s

th
at

ap
p
ly

to
rein

forcem
en

t
learn

in
g

p
rob

lem
s

w
ith

sm
all

(tractab
ly

en
u
m

erated
)

state
an

d
action

sp
aces.

H
ow

ever,
th

e
d
esign

of
su

ch
algorith

m
s

th
at

ad
eq

u
ately

ad
d
ress

rein
forcem

en
t

learn
in

g
p
ro

b
lem

s
of

p
ractical

scale
in

a
com

p
u
tation

ally
tractab

le
m

an
n
er

rem
ain

s
a

ch
allen

ge.
A

n
altern

ative
ap

p
roach

stu
d
ied

in
th

e
b
an

d
it

learn
in

g
literatu

re
in

volves
ran

d
o
m

ly
sam

p
led

in
stead

of
op

tim
istic

estim
a
tes.

A
fo

cu
s

of
th

is
p
ap

er
is

to
ex

ten
d

th
is

ap
p
roach

–
k
n
ow

n
as

T
h
om

p
son

sam
p
lin

g
–

to
a
ccom

m
o
d
ate

d
eep

ex
p
loration

in
com

p
lex

rein
force-

m
en

t
learn

in
g

p
rob

lem
s.

A
p
p
lied

to
E

x
am

p
le

1,
th

is
ra

n
d

o
m

iz
e
d

ap
p
roach

w
ou

ld
sam

p
le

b
efore

each
ep

iso
d
e

a
ran

d
om

estim
ate

Q̃
L

from
th

e
agen

t’s
p

osterior
d
istrib

u
tion

over
Q ∗M

,
con

d
ition

ed
on

ob
servation

s
m

ad
e

over
p
rev

iou
s

ep
iso

d
es,

or
an

ap
p
rox

im
ation

of
th

is
p

os-
terior

d
istrib

u
tion

.
B

efore
th

e
agen

t’s
fi
rst

v
isit

to
th

e
ch

est,
sh

e
assign

s
eq

u
al

p
rob

ab
ility

to
treasu

re
an

d
a

b
om

b
,

an
d

th
erefore,

th
e

sam
p
le
Q̃
L

h
as

an
eq

u
al

ch
an

ce
of

b
ein

g
op

tim
istic

or
p

essim
istic.

T
h
e

agen
t

selects
action

s
accord

in
g

to
th

e
greed

y
p

olicy
w

ith
resp

ect
to

Q̃
L

an
d

th
erefore

on
average

ex
p
lores

over
h
alf

of
th

e
ep

iso
d
es

in
a

m
an

n
er

sim
ilar

to
an

op
tim

istic
algorith

m
.

A
s

su
ch

,
th

e
ran

d
om

ized
algorith

m
can

ex
p

ect
to

learn
th

e
op

tim
al

p
olicy

w
ith

in
2
N

ep
iso

d
es.

A
s

ap
p
lied

to
E

x
am

p
le

1,
th

ere
is

n
o

b
en

efi
t

to
u
sin

g
a

ran
d
om

ized
rath

er
th

an
op

ti-
m

istic
ap

p
roach

.
H

ow
ever,

in
th

e
face

of
in

com
p
lex

rein
forcem

en
t

learn
in

g
p
rob

lem
s,

th
e

ran
d
om

ized
ap

p
roach

can
lead

to
com

p
u
tation

ally
tractab

le
algorith

m
s

th
at

carry
ou

t
d
eep

ex
p
loration

w
h
ere

th
e

op
tim

istic
ap

p
roach

d
o
es

n
ot.

T
ab

le
1

su
m

m
arizes

ou
r

d
iscu

ssio
n

of
lea

rn
in

g
tim

es
of

variou
s

ex
p
loration

m
eth

o
d
s

ap
p
lied

to
E

x
am

p
le

1.
T

h
e

m
in

im
al

tim
e

req
u
ired

to
learn

an
op

tim
al

p
olicy,

w
h
ich

is
ach

ieved
b
y

an
agen

t
w

h
o

m
oves

righ
t

w
h
en

ever
sh

e
k
n
ow

s
h
ow

to,
is

Θ(N)
ep

iso
d
es.

T
h
e

p
u
re-ex

p
loitation

algorith
m

av
oid

s
a
n

y
active

ex
p
lo

ration
an

d
req

u
ires

Θ(2
N)

ep
iso

d
es

to
learn

.
D

ith
erin

g
d
o
es

n
ot

h
elp

for
ou

r
p
rob

lem
.

T
h
ou

gh
m

ore
sop

h
isticated

,
m

yop
ic

ap
p
roach

es
d
o

n
ot

carry
ou

t
d
eep

ex
p
loration

,
an

d
as

su
ch

,
still

req
u
ire

Θ(2
N)

ep
iso

d
es.

O
p
tim

istic
an

d
ra

n
d
om

ized
ap

p
roach

es
req

u
ire

on
ly

Θ(N)
ep

iso
d
es.

e
x
p

lo
ra

tio
n

m
e
th

o
d

e
x
p

e
c
te

d
e
p

iso
d

e
s

to
le

a
rn

op
tim

al
Θ(N)

p
u
re

ex
p
loitation

∞
m

yop
ic

∞
d
ith

erin
g

Θ(2
N)

op
tim

istic
Θ(N)

ran
d
om

ized
Θ(N)

T
ab

le
1:

E
x
p

ected
n
u
m

b
er

of
ep

iso
d
es

req
u
ired

to
learn

an
o
p
tim

al
p

olicy
for

E
x
am

p
le

1.

5
.
A
lg
o
rith

m
s

T
h
e

fi
eld

of
rein

forcem
en

t
learn

in
g

h
as

p
ro

d
u
ced

a
su

b
stan

tial
b

o
d
y

of
alg

orith
m

ic
id

eas
th

at
serv

e
as

in
gred

ien
ts

to
m

ix
,

m
atch

,
an

d
cu

stom
ize

in
tailorin

g
solu

tion
s

to
sp

ecifi
c

ap
p
lication

s.
S
u
ch

id
eas

are
w

ell-su
m

m
arized

in
th

e
tex

tb
o
ok

s
o
f

B
ertsekas

an
d

T
sitsik

lis
(1996)

an
d

S
u
tton

an
d

B
arto

(2018),
am

on
g

oth
ers.

T
h
e

aim
of

th
is

p
ap

er
is

to
con

trib
u
te

to
th

is
corp

u
s

a
n
ew

ap
p
roach

to
ex

p
lora

tion
b
a
sed

on
ran

d
om

ized
valu

e
fu

n
ction

s,
w

ith

1
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

th
e

in
te

n
ti

on
th

at
th

is
ad

d
it

io
n
al

in
g
re

d
ie

n
t

w
il
l

b
ro

ad
ly

en
ab

le
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t

d
ee

p
ex

p
lo

ra
ti

on
.

M
u
ch

of
th

e
li
te

ra
tu

re
an

d
m

os
t

n
ot

ab
le

ap
p
li
ca

ti
on

s
b
u
il
d

on
va

lu
e

fu
n
ct

io
n

le
ar

n
in

g.
T

h
is

in
vo

lv
es

fi
tt

in
g

a
p
ar

am
et

er
iz

ed
va

lu
e

fu
n
ct

io
n

to
ob

se
rv

ed
d
at

a
in

o
rd

er
to

es
ti

m
at

e
th

e
op

ti
m

al
va

lu
e

fu
n
ct

io
n
.

T
h
e

al
go

ri
th

m
s

w
e

p
re

se
n
t

w
il
l

b
e

of
th

is
ge

n
re

.
A

s
a

st
ar

ti
n
g

p
oi

n
t,

in
S
ec

ti
on

5.
2,

w
e

w
il
l

d
es

cr
ib

e
le

as
t-

sq
u
ar

es
va

lu
e

it
er

at
io

n
(L

S
V

I)
,

w
h
ic

h
is

p
er

h
ap

s
th

e
si

m
p
le

st
of

va
lu

e
fu

n
ct

io
n

le
ar

n
in

g
al

go
ri

th
m

s.
In

S
ec

ti
on

5.
3,

w
e

co
n
si

d
er

m
o
d
if

y
in

g
L

S
V

I
b
y

in
je

ct
in

g
ra

n
d
om

n
es

s
in

a
m

an
n
er

th
at

in
ce

n
ti

v
iz

es
d
ee

p
ex

p
lo

ra
ti

on
.

T
h
is

gi
ve

s
ri

se
to

a
n
ew

cl
as

s
of

al
go

ri
th

m
s,

w
h
ic

h
w

e
w

il
l

re
fe

r
to

as
ra

n
d
om

iz
ed

le
as

t-
sq

u
ar

es
va

lu
e

it
er

at
io

n
(R

L
S
V

I)
,

an
d

w
h
ic

h
off

er
co

m
p
u
ta

ti
on

al
ly

tr
ac

ta
b
le

m
ea

n
s

to
d
ee

p
ex

p
lo

ra
ti

on
.

L
S
V

I
p
la

y
s

a
fo

u
n
d
at

io
n
al

ro
le

in
th

e
se

n
se

th
at

m
os

t
p

op
u
la

r
va

lu
e

fu
n
ct

io
n

le
ar

n
in

g
al

go
ri

th
m

s
ca

n
b

e
in

te
rp

re
te

d
as

va
ri

at
io

n
s

d
es

ig
n
ed

to
im

p
ro

ve
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
or

ro
b
u
st

n
es

s
to

m
is

-s
p

ec
ifi

ca
ti

on
of

th
e

p
ar

am
et

er
iz

ed
va

lu
e

fu
n
ct

io
n
.

T
h
e
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in

fo
rc

em
en

t
le

ar
n
in

g
li
te

ra
tu

re
p
re

se
n
ts

m
an

y
id

ea
s

th
at

ad
d
re

ss
su

ch
p
ra

ct
ic

al
co

n
si

d
er

at
io

n
s.

In
S
ec

-
ti

on
5.
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p
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p
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p
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or
θ
∼N

(0,λ
I
).I

n
S
ec

ti
o
n

6
w

e
p
ro

ve
th

a
t

th
is

m
et

h
o
d

re
co

v
er

s
a

p
ol

y
n
om

ia
l

re
gr

et
b

ou
n
d

w
h
en

u
se

d
w

it
h

li
n
ea

r
va

lu
e

fu
n
ct

io
n
s

a
n
d

ta
b
u
la

r
re

p
re

se
n
ta

ti
on

.
T

h
is

is
si

gn
ifi

ca
n
t,

b
ec

au
se

L
S
V

I
w

it
h

an
y

d
it

h
er

in
g

a
ct

io
n

se
le

ct
io

n
sc

h
em

e
ca

n
n
ot

re
co

ve
r

su
ch

a
b

ou
n
d

(S
ec

ti
on

4)
.

B
ef

or
e

w
e

ju
m

p
to

an
al

y
si

s,
w

e
p
ro

v
id

e
so

m
e

in
tu

it
io

n
fo

r
h
ow

th
is

si
m

p
le

m
o
d
ifi

ca
ti

on
ca

n
le

a
d

to
d
ee

p
ex

p
lo

ra
ti

on
.

5
.3
.2
.
H
o
w

d
o
e
s
R
L
S
V
I
d
r
iv
e
d
e
e
p
e
x
p
l
o
r
a
t
io
n
?

T
o

u
n
d
er

st
an

d
th

e
ro

le
of

in
je

ct
ed

n
oi

se
an

d
h
ow

th
is

gi
ve

s
ri

se
to

d
ee

p
ex

p
lo

ra
ti

o
n
,

le
t

u
s

d
is

cu
ss

a
si

m
p
le

ex
am

p
le

,
in

vo
lv

in
g

an
M

D
P
M

w
it

h
fo

u
r

st
at

es
S=

{1,2
,3
,4

}an
d

tw
o

ac
ti

on
s
A=

{up
,d

o
w

n
}.L

et
Hb

e
a

li
st

of
al

l
tr

an
si

ti
on

s
w

e
h
av

e
ob

se
rv

ed
,

a
n
d

p
a
rt

it
io

n
th

is
in

to
su

b
li
st

s
H s,a

=((
s̃,
ã
,r
,s
′ )∈
H∶

(s̃,ã
)=

(s,a
)),

ea
ch

co
n
ta

in
in

g
tr

a
n
si

ti
o
n
s

fr
om

a
d
is

ti
n
ct

st
at

e-
ac

ti
on

p
ai

r.
S
u
p
p

os
e

th
at

∣H (4
,d
o
w
n
)∣=

1,
w

h
il
e

fo
r

ea
ch

st
a
te

-a
ct

io
n

p
a
ir

(s,a
)≠

(4,d
o
w

n
),∣H

s,
a
∣is

v
ir

tu
al

ly
in

fi
n
it

e.
H

en
ce

,
w

e
a
re

h
ig

h
ly

u
n
ce

rt
a
in

a
b

o
u
t

th
e

ex
p

ec
te

d
im

m
ed

ia
te

re
w

ar
d
s

an
d

tr
an

si
ti

on
p
ro

b
ab

il
it

ie
s

at
(4,d

o
w

n
)bu

t
ca

n
in

fe
r

th
es

e
q
u
an

ti
ti

es
w

it
h

ex
tr

em
e

p
re

ci
si

on
fo

r
ev

er
y

ot
h
er

st
at

e-
ac

ti
on

p
ai

r.

G
iv

en
ou

r
u
n
ce

rt
ai

n
ty

ab
ou

t
M,

Q
∗ Hf

or
ea

ch
p
la

n
n
in

g
h
or

iz
on

H
is

a
ra

n
d
o
m

va
ri

a
b
le

.
F

ig
u
re

2
il
lu

st
ra

te
s

ou
r

u
n
ce

rt
ai

n
ty

in
th

es
e

va
lu

es
.

E
ac

h
la

rg
er

tr
ia

n
gl

e
re

p
re

se
n
ts

a
p
a
ir

(s,h
),w

h
er

e
h

is
th

e
h
or

iz
on

in
d
ex

.
N

ot
e

th
at

th
es

e
tr

ia
n
gl

es
re

p
re

se
n
t

p
o
ss

ib
le

fu
tu

re
st

at
es

,
an

d
h

re
p
re

se
n
ts

th
e

n
u
m

b
er

of
p

er
io

d
s

b
et

w
ee

n
a

v
is

it
to

th
e

st
a
te

a
n
d

th
e

en
d

of
th

e
p
la

n
n
in

g
h
or

iz
on

.
E

ac
h

of
th

es
e

la
rg

er
tr

ia
n
gl

es
is

d
iv

id
ed

in
to

tw
o

sm
a
ll
er

o
n
es

,
as

so
ci

at
ed

w
it

h
u

p
an

d
d
o
w

n
ac

ti
on

s.
T

h
e

d
o
tt

ed
li
n
es

in
d
ic

at
e

p
la

u
si

b
le

tr
an

si
ti

o
n
s,

ex
ce

p
t

at
(4,d

o
w

n
),w

h
er

e
w

e
ar

e
h
ig

h
ly

u
n
ce

rt
ai

n
an

d
an

y
tr

a
n
si

ti
on

is
p
la

u
si

b
le

.
T

h
e

sh
a
d
e

o
f
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

ea
ch

sm
a
ller

trian
gle

rep
resen

ts
ou

r
d
egree

of
u
n
certain

ty
in

th
e

valu
e

of
Q ∗h (s,a).

T
o

b
e

m
ore

co
n
crete,

take
ou

r
m

easu
re

of
u
n
certain

ty
to

b
e

th
e

varian
ce

of
Q ∗h (s,a).

F
ig

u
re

2:
Illu

stration
of

h
ow

l
e
a
r
n
g
r
l
s
v
i

a
ch

ieves
d
eep

ex
p
loration

.

F
o
r

th
e

ca
se

of
h=

1,
on

ly
im

m
ed

iate
rew

ard
s

in
fl
u
en

ce
Q ∗1 ,

an
d

as
su

ch
w

e
are

on
ly

u
n
certa

in
ab

o
u
t
Q ∗1 (4

,d
o
w

n).
S
tep

p
in

g
b
ack

to
h=

2,
in

ad
d
ition

to
b

ein
g

h
igh

ly
u
n
certain

a
b

o
u
t
Q ∗2 (4

,d
o
w

n),
w

e
are

som
ew

h
at

u
n
certain

ab
ou

t
Q ∗2 (4

,u
p)

an
d
Q ∗2 (3,d

o
w

n),
sin

ce
th

ese
p
a
irs

ca
n

tran
sition

to(4,d
o
w

n)
an

d
b

e
ex

p
osed

to
th

e
u
n
certain

ty
asso

ciated
w

ith
th

at
sta

te-a
ctio

n
p
air.

W
e

are
n
ot

as
u
n
certain

ab
ou

t
Q ∗2 (4

,u
p)

an
d
Q ∗2 (3,d

o
w

n)
as

w
e

are
a
b

o
u
t
Q ∗2 (4

,d
o
w

n)
b

ecau
se

from(4
,u

p)
an

d(3,d
o
w

n),
th

ere
is

reason
a
b
le

ch
an

ce
th

a
t

w
e

w
ill

n
ever

see(4,d
o
w

n).
C

on
tin

u
in

g
to

w
ork

ou
r

w
ay

leftw
ard

in
th

e
d
iagram

,
it

is
easy

to
v
isu

a
lize

h
ow

u
n
certain

ty
p
rop

agates
as
h

in
creases.

L
et

u
s

n
ow

tu
rn

ou
r

atten
tion

to
th

e
varian

ce
of

sam
p
lesQ

θ̃
H (s,a)

gen
erated

b
y

l
e
a
r
n
g
r
l
s
v
i
,

w
h
ich

,
for

reason
s

w
e

w
ill

ex
p
lain

,
ten

d
to

grow
an

d
sh

rin
k

w
ith

th
e

vari-
a
n
ce

o
f
Q ∗H (s,a).

T
o

k
eep

th
in

gs
sim

p
le,

assu
m

e
λ=∞

an
d

th
at

w
e

u
se

a
n

ex
h
au

stive
–

o
r

“
ta

b
u
lar”

–
rep

resen
tation

of
valu

e
fu

n
ction

s.
In

p
articu

lar,
each

com
p

on
en

t
of

th
e

p
a
ra

m
eter

v
ector

θ∈
R ∣S∣×∣A∣

en
co

d
es

th
e

valu
eQ

θ (s,a)
of

a
sin

gle
state-actio

n
p
air.

T
h
is

p
a
ra

m
eterized

valu
e

fu
n
ction

can
rep

resen
t

an
y

m
ap

p
in

g
fromS×A

to
R

.
U

n
d
er

o
u
r

sim
p
lify

in
g

assu
m

p
tion

s,
it

is
easy

to
sh

ow
th

at

Q
θ̃
h+

1 (s,a)=
1

∣H̃
s,a ∣

∑
(s̃,ã

,r,s ′,z)∈H̃
s
,a (
r+

m
ax

a ′∈A Q
θ̃
h (s ′,a ′)+

z)
.

T
h
e

rig
h
t-h

a
n
d
-sid

e
is

an
average

of
ta

rget
valu

es.
R

ecall
th

at,
for

an
y(s,a)≠(4,d

o
w

n),
∣H̃

s,a ∣
is

so
la

rg
e

th
at

an
y

sam
p
le

av
erage

is
ex

trem
ely

accu
rate,

an
d

th
erefore,Q

θ̃
h+

1 (s,a)
is

essen
tia

lly
eq

u
a
l

to
EM [r

t+
1 +

m
ax

α∈A Q
θ̃
h (s

t+
1 ,α)∣s

t =
s,a

t =
a].

F
or

th
e

d
istin

gu
ish

ed
case

o
f(4

,d
o
w

n),∣H̃
4
,d
o
w
n ∣=

1,
an

d
th

e
average

target
valu

e
m

ay
th

erefore
d
iff

er
su

b
stan

tially
fro

m
its

ex
p

ectation
E[r+

m
ax

a ′∈A Q
θ̃
h (s ′,a ′)∣θ̃

h ,M].
N

otab
ly,

th
e

n
oise

term
z

d
o
es

n
ot
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O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
sso

,
W

e
n

average
ou

t
as

it
d
o
es

for
oth

er
state-action

p
airs

an
d

sh
ou

ld
con

trib
u
te

varian
ce
v

to
th

e
sam

p
leQ

θ̃
h+

1 (4,d
o
w

n).
B

ased
on

th
is

ob
servation

,
for

th
e

case
of
h=

1,
for(s,a)≠(4

,d
o
w

n),Q
θ̃
1 (s,a)

is
v
irtu

ally
eq

u
al

to
Q ∗1 ,

w
h
ile

forQ
θ̃
1 (4

,d
o
w

n)
ex

h
ib

its
varian

ce
of

at
least

v
.

F
or

h=
2,

Q
θ̃
2 (4,d

o
w

n)
again

ex
h
ib

its
varian

ce
of

at
least

v
,

b
u
t

u
n
like

th
e

case
of
h=

1,Q
θ̃
2 (4,u

p)
an

dQ
θ̃
2 (3

,d
o
w

n)
also

ex
h
ib

it
n
on

-n
egligib

le
varian

ce
sin

ce
th

ese
p
airs

can
tran

sition
to

(4
,d

o
w

n)
an

d
th

erefore
d
ep

en
d

on
th

e
n
oise-corru

p
ted

realization
ofQ

θ̃
1 (4

,d
o
w

n).
W

ork
in

g
leftw

ard
th

rou
gh

F
igu

re
2,

w
e

can
see

th
at

n
oise

p
rop

agates
an

d
in

fl
u
en

ces
valu

e
estim

ates
in

a
m

an
n
er

cap
tu

red
b
y

th
e

sh
ad

in
g

in
th

e
fi
gu

re.
H

en
ce,

sam
p
lesQ

θ̃
h (s,a)

ex
h
ib

it
h
igh

varian
ce

w
h
ere

th
e

varian
ce

of
Q ∗h (s,a)

is
larg

e.

T
h
is

relation
sh

ip
d
rives

d
eep

ex
p
lora

tion
.

In
p
a
rticu

lar,
a

h
igh

varian
ce

sam
p
leQ

θ̃
H (s,a)

w
ill

b
e

ov
erly

op
tim

istic
in

som
e

ep
iso

d
es.

O
ver

su
ch

ep
iso

d
es,

th
e

agen
t

w
ill

b
e

in
cen

tiv
ized

to
try

th
e

asso
ciated

action
.

T
h
is

is
ap

p
rop

riate
b

ecau
se

th
e

agen
t

is
u
n
certain

ab
ou

t
th

e
op

tim
al

valu
e
Q ∗H (s,a)

over
th

e
p
lan

n
in

g
h
orizon

.
N

ote
th

at
th

is
in

cen
tive

is
n
ot

on
ly

d
riven

b
y

u
n
certain

ty
con

cern
in

g
th

e
im

m
ed

iate
rew

ard
an

d
tran

sition
.

A
s

illu
strated

in
F

igu
re

2,
u
n
certain

ty
p
rop

agates
to

off
er

in
cen

tives
for

th
e

agen
t

to
p
u
rsu

e
in

form
ation

even
if

it
w

ill
req

u
ire

m
u
ltip

le
tim

e
p

erio
d
s

to
arrive

at
an

in
form

ative
ob

servation
.

T
h
is

is
th

e
essen

ce
of

d
eep

ex
p
loration

.

It
is

w
orth

com
m

en
tin

g
on

a
cou

p
le

su
b
tle

p
rop

erties
o
f
l
e
a
r
n
g
r
l
s
v
i
.

F
irst,

given
θ
h

an
dH

,
θ
h+

1
is

sam
p
led

from
a

G
au

ssian
d
istrib

u
tion

.
H

ow
ever,

given
th

e
in

p
u
ts

to
l
e
a
r
n
g
r
s
l
v
i
,

th
e

ou
tp

u
t
θ̃

is
n
ot

G
au

ssian
.

T
h
is

is
b

ecau
se

at
each

step
θ
h+

1
d
ep

en
d
s

n
on

lin
early

on
θ
h

d
u
e

to
th

e
m

ax
im

ization
ov

er
action

s
in

th
e

T
D

loss
(5.1).

S
econ

d
,

it
is

im
p

ortan
t

th
at

l
e
a
r
n
g
r
l
s
v
i

u
ses

th
e

sam
e

n
oise

sam
p
les

z
in

across
iteration

s
of

th
e

for
lo

op
in

lin
e

5.
T

o
see

w
h
y,

su
p
p

ose
l
e
a
r
n
g
r
l
s
v
i

u
sed

in
d
ep

en
d
en

t
n
oise

sa
m

p
les

in
each

iteration
.

T
h
en

,
w

h
en

ap
p
lied

to
th

e
ex

am
p
le

of
F

igu
re

2,
in

som
e

iteration
s,

w
e

w
ou

ld
b

e
op

tim
istic

ab
ou

t
th

e
rew

ard
at(4

,d
o
w

n),
w

h
ile

in
oth

er
iteration

s,
w

e
w

ou
ld

b
e

p
essim

istic
ab

ou
t

th
at.

N
ow

con
sid

er
a

sam
p
leQ

θ̃
H (1,u

p)
for

large
H

.
T

h
is

sa
m

p
le

w
ou

ld
b

e
p

ertu
rb

ed
b
y

a
com

b
in

ation
of

op
tim

istic
an

d
p

essim
istic

n
oise

term
s

in
fl
u
en

cin
g

assessm
en

ts
at(4

,d
o
w

n)
to

th
e

righ
t.

T
h
e

resu
ltin

g
averagin

g
eff

ect
cou

ld
ero

d
e

th
e

ch
a
n
ces

th
atQ

θ̃
H (1

,u
p)

is
op

tim
istic.

5
.3
.3
.
R
a
n
d
o
m
iz
a
t
io
n
v
ia

st
a
t
ist

ic
a
l
b
o
o
t
st

r
a
p

W
ith

l
e
a
r
n
g
r
l
s
v
i
,

th
e

G
au

ssian
d
istrib

u
tion

of
n
oise

serves
as

a
coarse

m
o
d
el

of
errors

b
etw

een
targets

r+
m

ax
a ′∈A Q

θ̃
h (s ′,a ′)

an
d

ex
p

ectation
s
E[r+

m
ax

a ′∈A Q
θ̃
h (s ′,a ′)∣θ̃

h ,M].
T

h
e

statistical
b

o
otstrap

4
off

ers
an

altern
ative

ap
p
roach

to
ran

d
om

ization
w

h
ich

m
ay

often
m

ore
accu

rately
cap

tu
re

ch
aracteristics

of
th

e
g
en

eratin
g

p
ro

cess.
In

its
classic

form
,

th
e

b
o
otstrap

tak
es

a
d
atasetD

of
size

N
an

d
gen

erates
a

sam
p
led

d
ata

setD̃
also

of
size

N
d
raw

n
u
n
iform

ly
w

ith
rep

lacem
en

t
fromD

(E
fron

an
d

T
ib

sh
iran

i,
1994).

T
h
e

b
o
otstrap

serves
as

a
form

of
d
ata-b

ased
sim

u
lation

a
n
d
,

in
certain

cases,
recov

ers
stron

g
con

v
ergen

ce
gu

aran
tees

(B
ickel

an
d

F
reed

m
an

,
1981;

F
u
sh

ik
i,

2
005).

4
.

W
e

a
re

ov
erlo

a
d

in
g

th
e

term
boo

tstra
p

h
ere.

In
rein

fo
rcem

en
t

lea
rn

in
g
,

b
o
o
tstra

p
p

in
g

is
co

m
m

o
n

ly
u

sed
to

refer
to

th
e

ca
lcu

la
tio

n
o
f

a
sta

te-a
ctio

n
va

lu
e
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R ∣X∣∣A∣a

n
d

ta
ke
π=(π

0 ,π
1 ,...)

to
be

th
e

po
licy

π
t (x)=

arg
m

ax
a∈A
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m
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m
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∥ ∞
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{∥θ∥

∞,
∥Q∥

∞}+
1
+w m

a
x

49
JM

L
R

 2
0(

12
4)

:1
-6

2,
 2

01
9

O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
ss
o
,
W

e
n

w
h
er

e
w

m
a
x
≜( m

ax
t≤H

,`
≤L,

a
∈A,

x
∈X
w
`(t,

x
,a

)}) +
.

T
h
is

im
p
li
es

∥Q `
,H
−1∥ ∞

=∥F
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≤1+
m

ax
t<H

∥Q `
,t
+1∥ ∞

≤∥θ̄
∥ ∞+

H
(1+

w
m

a
x
).

In
ad

d
it

io
n

E[w
m

a
x
]=E

[(
m

ax
t≤H

,`
≤L,

a
∈A,

x
∈X
w
`(t,

x
,a

)) +]=
E
[(

m
ax

t<H
,`
≤L,

a
∈A,

x
∈X
σ
`(t,

x
,a

)w `
(t,x

,a
)

σ
`(t,

x
,a

)) +]
≤√ v β

E
[(

m
ax

t<H
,`
≤L,

a
∈A,

x
∈X
w
`(t,

x
,a

)
σ
`(t,

x
,a

)) +]
≤√ 2

v
/βlo

g
(1+

∣X∣∣A
∣HL

)
w

h
er

e
th

e
la

st
st

ep
u
se

s
eq

u
at

io
n

(A
.2

).
C

om
b
in

in
g

th
es

e
re

su
lt

s
im

p
li
es

,

E[
m

ax
`≤L

,t
<H

∥V Q
`
,t
+1∥ ∞

]≤∥
θ̄∥ ∞

+H
+H

E
[w m

a
x
]≤∥

θ̄∥ ∞
+H

+H
√ 2

(v/β
)log

(1+
∣X∣∣A

∣HL
).

T
h
e

re
su

lt
th

en
fo

ll
ow

s
b
y

p
lu

gg
in

g
in

fo
r
β
≥3,

v
=3H

2
,

an
d
θ̄
=H

.

A
.4

.
P

ro
o
f

o
f

L
e
m

m
a

1
6

L
e
m

m
a

3
If
β
≥2,

w
it

h
p
ro

ba
bi

li
ty

1
,

∑̀ ≤L
∑ t≤H

1

β
+n `

(t,x
t,
a
t)≤

H
∣X∣∣A

∣log
(1

+L ∣X∣∣A
∣)

a
n

d

∑̀ ≤L
∑ t≤H

√
1

β
+n `

(t,x
t,
a
t)≤

2
H

√ ∣X∣∣A
∣L.
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

P
ro

o
f

S
etY={0

,...,H−
1}×X×A

to
b

e
th

e
set

of
valid

p
erio

d
,

state,
action

trip
les

y=(t,x
,a)∈Y

.
N

ote
th

at∣Y∣=
H∣X∣∣A∣.

W
e

h
ave

∑t≤
H
,`≤
L

1

β+
n
` (t,x

t ,a
t ) =∑y∈Y

n
L (y)−

1

∑i=
0

1

β+
i ≤

∑y∈Y
n
L (y)+

β−
1

∫β−
1

1z
d
z

=
∑y∈Y

log(
β−

1+
n
L (y)

β−
1

)
≤
∑y∈Y

log(1+
n
L (y))

≤∣Y∣log( ∑
y∈Y (1+

n
L (y))

∣Y∣
)

=∣Y∣log(
1+

L
H∣Y∣ )

.

=
H∣X∣∣A∣log(

1+
L

∣X∣∣A∣ )
.

In
a
d
d
itio

n∑t≤
H
,`≤
L √

1

β+
n
` (t,x

t ,a
t ) =∑y∈Y

n
L (y)−

1

∑i=
0 √

1

β+
i ≤

∑y∈Y
n
L (y)
∫z=

0

1

(β−
1+

z)
1/2
d
z

≤
∑y∈Y

n
L (y)
∫z=

0

1

z
1/2
d
z

=
∑y∈Y

2 √
n
L (y)

≤
2 √∣Y∣∑y∈Y

n
L (y)

=
2
H √∣X∣∣A∣L

.

A
.5

.
P

ro
o
f

o
f

L
e
m

m
a

9

T
h
is

sectio
n

estab
lish

es
L

em
m

a
9

th
rou

gh
a

seq
u
en

ce
o
f

resu
lts.

F
irst,

L
em

m
a

17
p
rov

id
es

g
en

era
l
co

n
d
itio

n
s

for
sto

ch
astic

op
tim

ism
.

N
ex

t,
w

e
u
se

th
ese

p
rop

erties
to

sh
ow

a
sto

ch
as-

tic
d
o
m

in
a
n
ce

relation
b

etw
een

D
irich

let
a
n
d

B
eta

d
istrib

u
tion

s
in

L
em

m
a

18
an

d
b

etw
een

B
eta

a
n
d

G
a
u
ssian

d
istrib

u
tion

s
in

L
em

m
a

19.
T

h
e

fi
n
al

p
ro

of
of

L
em

m
a

9,
given

at
th

e
en

d
o
f

th
is

section
,

u
ses

a
sim

p
le

com
b
in

ation
of

th
ese

resu
lts.

W
e

b
eg

in
w

ith
L

em
m

a
17,

w
h
ich

rep
ro

d
u
ces

sev
eral

su
ffi

cien
t

con
d
ition

s
for

sto
ch

as-
tic

o
p
tim

ism
.

C
on

d
ition

s
(1.)

an
d

(2.)
are

classic
resu

lts
in

th
e

th
eory

of
secon

d
ord

er
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O
sb

a
n
d
,
V
a
n
R
o
y
,
R
u
sso

,
W

e
n

sto
ch

astic
d
om

in
an

ce
(S

S
D

)
an

d
w

e
refer

to
(H

ad
ar

an
d

R
u
ssell,

1969;
H

an
o
ch

an
d

L
ev

y
,

1969)
for

p
ro

ofs.
1
1

F
or

a
clev

er
an

d
ex

p
licit

con
stru

ction
of

cou
p
led

ran
d
om

variab
les

p
er

con
d
ition

(1.)
see

(M
ach

in
a

an
d

P
ratt,

1997).
In

fact,
b

o
th

(1.)
an

d
(2.)

are
also

n
ecessary

con
d
ition

s
for

sto
ch

astic
op

tim
ism

,
alth

ou
gh

ou
r

resu
lts

d
o

n
ot

rely
u
p

on
th

is.

C
on

d
ition

(3.)
is

less
w

id
ely

sta
ted

,
b
u
t

is
a

sim
p
le

con
seq

u
en

ce
of

(2.)
an

d
h
as

b
een

k
n
ow

n
sin

ce
H

an
o
ch

an
d

L
ev

y
(1969).

T
o

ou
r

k
n
ow

led
ge,

con
d
ition

(4.)
is

a
n
ew

resu
lt

th
at

p
rov

id
es

a
su

ffi
cien

t
con

d
ition

for
sto

ch
a
stic

op
tim

ism
th

at
is

m
u
ch

easier
to

verify
th

an
con

d
ition

(3.).
S
om

e
in

tu
ition

for
th

is
resu

lt
is

cap
tu

red
b
y

F
igu

re
18a.

W
e

p
rov

id
e

a
d
etailed

p
ro

of
th

at
an

aly
tically

estab
lish

es
m

an
y

of
th

e
p
rop

erties
ob

servab
le

in
F

igu
re

18.

L
e
m

m
a

1
7

(S
u

ffi
c
ie

n
t

C
o
n

d
itio

n
s

fo
r

S
to

ch
a
stic

O
p

tim
ism

)
C

o
n

sid
er

tw
o

in
tegra

ble
ra

n
d
o
m

va
ria

bles
X

a
n

d
Y

w
ith

p
ro

ba
bility

d
en

sity
fu

n
ctio

n
s
f

a
n

d
g

.
L

et
F(s)=∫

s−∞
f(x)d

x
a
n

d
G(s)=∫

s−∞
g(x)d

x
d
en

o
te

th
e

co
rrespo

n
d
in

g
cu

m
u

la
tive

d
istribu

tio
n

fu
n

ctio
n

s.
T

h
en

X⪰
S
O
Y

if
a
n

y
o
f

th
e

fo
llo

w
in

g
p
ro

perties
h
o
ld

:

1
.

O
n

e
ca

n
co

n
stru

ct
ra

n
d
o
m

va
ria

bles(X̃
,Ỹ
,W̃)

o
n

a
jo

in
t

p
ro

ba
bility

spa
ce

su
ch

th
a
t

X̃
h
a
s

m
a
rgin

a
l

d
istribu

tio
n
F

,
Ỹ

h
a
s

m
a
rgin

a
l

d
istribu

tio
n
G

,E[W̃∣Ỹ]≥
0

a
n

d

X̃=
Ỹ+

W̃
.

2
.

F
o
r

a
ll
a∈

R
,

∞∫a (G(s)−
F(s))

d
s≥

0.

3
.
E[X]≥

E[Y]
a
n

d
th

ere
exists

a∈
R

su
ch

th
a
t

G(s)≥
F(s)⇐⇒

s≥
a
.

4
.
E[X]≥

E[Y]
a
n

d
C∶={x∈

R∶g(x)>
f(x)}

is
co

n
vex.

P
ro

o
f

(1.)
follow

s
easily

b
y

th
e

tow
er

p
rop

erty
of

con
d
ition

al
ex

p
ectation

an
d

th
e

con
-

d
ition

al
J
en

sen
in

eq
u
ality.

W
e

h
ave

E[X̃∣
Ỹ]≥

Ỹ
an

d
h
en

ce
for

an
y

con
vex

in
creasin

g
fu

n
ction

u∶R→
R

,

E[u(X̃)]=
E[E[u(X̃)∣Ỹ]]≥

E[u (E[X̃∣Ỹ] )]≥
E[u (Ỹ )].

(2.)
follow

s
from

in
tegration

b
y

p
arts

an
d

(3.)
is

a
fairly

sim
p
le

con
seq

u
en

ce
of

(2.).
S
ee

H
an

o
ch

an
d

L
ev

y
(1969)

for
a

p
ro

of.
T

h
e

claim
(4.)

is
n
ew

an
d

estab
lish

ed
h
ere.

D
efi

n
e

th
e

fu
n
ction

D(s)=
G(s)−

F(s)=
s

∫−∞ (g(x)−
f(x))d

x

1
1
.

T
h

e
litera

tu
re

o
n

S
S
D

g
en

era
lly

co
n

sid
ers

co
n
ca
ve

a
n

d
in

crea
sin

g
u

tility
fu

n
ctio

n
s

w
h

erea
s

w
e

co
n
sid

er
co
n
vex

a
n

d
in

crea
sin

g
u

tility
fu

n
ctio

n
s.

R
esu

lts
o
n

S
S

D
ca

n
b

e
ea

sily
tra

n
sla

ted
in

to
resu

lts
a
b

o
u

t
sto

ch
a
stic

o
p

tim
ism

th
ro

u
g
h

sw
a
p

p
in

g
p

o
sitiv

e
a
n

d
n

eg
a
tiv

e
sig

n
s.
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D
e
e
p
E
x
p
l
o
r
a
t
io
n
v
ia

R
a
n
d
o
m
iz
e
d

V
a
l
u
e
F
u
n
c
t
io
n
s

an
d

n
ot

e
C
={x

∶g(x
)−f

(x)
>0}

={x
∶D′

(x)
>0}

.
W

e
h
av

e
li
m
t→∞

D
(t)=

0.
T

w
o

d
is

tr
i-

b
u
ti

on
s

y
ie

ld
in

g
co

n
ve

x
C

an
d

th
e

co
rr

es
p

on
d
in

g
fu

n
ct

io
n
s
D
′ (s)

an
d
D

(s)
ar

e
p
ic

tu
re

d
in

F
ig

u
re

18
.

In
te

gr
at

io
n

b
y

p
ar

ts
sh

ow
s

(H
an

o
ch

an
d

L
ev

y
,

19
69

,
L

em
m

a
1)

(A
.3

)

∞ ∫ −∞
D

(s)d
s
=E[

X
]−E

[Y]
≥0.

W
e

fi
rs

t
sh

ow
su

p
{C}

<∞
.

N
ot

e
th

at
w

e
ca

n
n
ot

h
av

e
C

=(−
∞,∞

),a
s

th
is

w
ou

ld
im

p
ly

∫g(
x
)dx

> ∫
f
(x)d

x
,

co
n
tr

ad
ic

ti
n
g

th
at
g

an
d
f

ar
e

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
s.

N
ow

su
p
p

os
e

fo
r

co
n
tr

ad
it

io
n

th
at
C

=(c
,∞)

fo
r

so
m

e
c
∈R.

T
h
en

,
fo

r
t
≤c

w
e

h
av

e
D

(t)
=

∫t −∞
(g(s

)−f
(s))

d
s
<0.

S
in

ce
li
m
t→∞

D
(t)=

0,
w

e
h
av

e
th

at
fo

r
t
≥c,

D
(t)=

− ∫∞ t
(g(s

)−
f
(s))

d
s
<0.

T
h
u
s

w
e

h
av

e
sh

ow
ed

th
at
D

(t)<
0

fo
r

a
ll
t
∈R

co
n
tr

ad
ic

ti
n
g

(A
.3

).
N

ex
t,

su
p
p

os
e
C

=(−
∞,c

)fo
r
c
∈R.

T
h
en

fo
r
s
∈C

,
D
′ (s)

>0
b
y

d
efi

n
it

io
n

o
f
C

,
w

h
ic

h
sh

ow
s
D

(t)
= ∫

t −∞
D
′ (s)

d
s
>0

fo
r
t
∈C

.
B

u
t

si
n
ce

D
′ (s)

<0
fo

r
al

l
s
>c

an
d

li
m
t→∞

D
(t)=

0,
w

e
m

u
st

h
av

e
D

(t)>
0

al
so

fo
r

a
ll
t
≥c.

S
in

ce
D

is
n
on

-n
eg

at
iv

e,
w

e
h
av

e

∫∞ a
D

(s)
≥0

fo
r

al
l
a
∈R

an
d

h
en

ce
X

⪰ SO
Y

.
1
2

F
in

al
ly

,
su

p
p

os
e
C
=(−

c,
c)a

n
d

re
fe

r
to

F
ig

u
re

s
18

c
an

d
18

d
fo

r
v
is

u
al

gu
id

an
ce

.
F

or
s
<c,

D
′ (s)

≤0
an

d
h
en

ce
D

(t)=
∫t −∞

D
′ (s)

d
s
≤0

fo
r
t
≤c.

F
or
s
∈C,

D
′ (s)

>0.
F

or
s
>c,

D
′ (s)

≤0,
w

h
ic

h
im

p
li
es
D

(t)≥
0

fo
r

al
l
t
≥c

si
n
ce

li
m
t→∞

D
(t)=

0.
S
in

ce
w

e
h
av

e
sh

ow
n

D
(c)

≤0
≤D

(c)
th

er
e

m
u
st

ex
is

ts
a

si
n
gl

e
cr

os
si

n
g

p
oi

n
t
a
∈(c

,c
)wi

th
D

(a)
=0.

F
or

th
is

va
lu

e
of
a
,

w
e

h
av

e
G
(s)

−F
(s)

⇐⇒
s
≥a,

im
p
ly

in
g
X

⪰ SO
Y

.
T

h
is

co
m

p
le

te
s

th
e

p
ro

of
of

co
n
d
it

io
n

(4
.)

.

O
u
r

n
ex

t
re

su
lt

u
se

s
se

ve
ra

l
re

la
ti

on
sh

ip
s

b
et

w
ee

n
G

am
m

a,
B

et
a,

an
d

D
ir

ic
h
le

t
ra

n
d
om

va
ri

ab
le

s
to

es
ta

b
li
sh

a
st

o
ch

as
ti

c
op

ti
m

is
m

re
la

ti
on

sh
ip

b
et

w
ee

n
sp

ec
ifi

c
m

at
ch

ed
d
is

tr
ib

u
-

ti
on

s.
F

ir
st

,
fo

r
tw

o
in

d
ep

en
d
en

t
G

am
m

a
d
is

tr
ib

u
te

d
ra

n
d
om

va
ri

ab
le

s
γ
∼G

am
m

a
(α,1

)
an

d
γ
′ ∼G

am
m

a
(β,1

),w
e

h
av

e
th

at
γ

γ
+γ′

∼B
et

a
(α,β

).N
ex

t,
γ
+γ′

∼G
am

m
a
(α+

β
,1

)
an

d
E[γ

∣γ+
γ
′ ]=

(γ+
γ
′ )(

α
α
+β).

F
in

al
ly

,
fo

r
a

co
ll
ec

ti
on

of
in

d
ep

en
d
en

t
G

am
m

a
ra

n
d
om

va
ri

ab
le

s
γ
i
∼G

am
m

a
(α i,

1
),th

e
ra

n
d
om

p
ro

b
ab

il
it

y
ve

ct
or
P
=(

γ
1

∑n j=
1
γ
j
,.
..

γ
n

∑n j=
1
γ
j
)fo

ll
ow

s

a
D

ir
ic

h
le

t(α)
d
is

tr
ib

u
ti

on
.

L
em

m
a

18
co

m
p
ar

es
th

e
d
is

tr
ib

u
ti

on
of

th
e

in
n
er

p
ro

d
u
ct
P
⊺ V

b
et

w
ee

n
a

D
ir

ic
h
le

t
ra

n
d
om

va
ri

ab
le
P

an
d

a
fi
x
ed

ve
ct

or
V

to
an

ap
p
ro

p
ri

at
e

B
et

a
ra

n
d
om

va
ri

ab
le
X

.

L
e
m

m
a

1
8

(B
e
ta

-D
ir

ic
h

le
t

o
p

ti
m

is
m

)
If
V

∈R
n

w
h
er

e
0
=V

1
≤⋯

≤V
n
=1,

P
∼

D
ir

ic
h
le

t(α)
w

h
er

e
α
∈Rn +

,
a
n

d
X

∼Be
ta

( ∑n i=
1
α
iV
i,
∑n i=1

α
i(1−

V
i))

th
en

X
⪰ SO

P
⊺ V

.

P
ro

o
f

O
u
r

p
ro

of
co

n
st

ru
ct

s
co

u
p
le

d
D

ir
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p
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p
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p
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c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
/
w
e
b
/
p
a
c
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c
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c
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c
k
a
g
e
s
/
V
G
A
M
/
i
n
d
e
x
.
h
t
m
l

4
.
h
t
t
p
s
:
/
/
c
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c
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b
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p
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P
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h
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p
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b
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p
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á
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d
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con
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b
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c
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i
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h
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p
l
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.
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p
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.
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=
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i
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aŕ
ıa

P
ér

ez
-O

rt
iz

,
J
av

ie
r

S
á
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p
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p
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p
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p
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d
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ra
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p
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b
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p
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ra
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b
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b
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c
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P
e
r
sist

e
n
c
e
B
a
r
c
o
d
e
s

P
H
(K

,f
)

V
θ
0

D
1i

D
ji

D
Mi

V
θ
j

O
u
t
:
x
ji
∈
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b
jects

o
i

P
o
in
t
clo

u
d
s

2
D
/
3
D

o
b
ject

sh
a
p
e

G
ra
p
h
s/
N
etw

ork
s

...

P
ersisten

ce
b

arco
d

es
T

a
sk

-sp
ecifi

c
vectoriza

tio
n

K
S
im

p
licia

l
co

m
p
lex

o
f
d
a
ta

o
b
ject

f
F
iltra

tio
n
fu
n
ctio

n

F
ig

u
re

1
:

Illu
stra

tio
n

o
f

lea
rn

a
ble,

ta
sk-specifi

c
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p
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b
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p
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d
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d
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w
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b
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∂
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∂
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C
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∂
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C
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∂
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C
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∂
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∂
n−

1
.

A
stru

ctu
re

of
th

is
form

is
called

a
ch

a
in

co
m

p
lex

an
d

b
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D
×
D

su
ch

th
a
t

(C
1
)

su
p
p
(ϕ

)∩
(∆
×

∆
)

=
∅

,

(C
2
)
∀
x
∈

su
p
p
(M

)
:

∑
(x
,y
)∈

su
p
p
(ϕ

) m
u
lt
ϕ ((x

,y
) )

=
m

u
lt
M

(x
),

a
n

d

(C
3
)
∀
y
∈

su
p
p
(N

)
:

∑
(x
,y
)∈

su
p
p
(ϕ

) m
u
lt
ϕ ((x

,y
) )

=
m

u
lt
N

(y
)
.

In
tu

itively,
m

u
lt
ϕ ((x

,y
) )

=
n

m
ean

s
th

at
x

is
m

atch
ed

to
y
n

-tim
es.

C
on

d
ition

(C
1)

en
su

res
th

at
th

ere
are

n
o

m
atch

in
gs

from
∆

to
∆

,
w

h
ile

(C
2)

an
d

(C
3)

en
su

re
th

at
x

,
y

are
u
sed

in
a

m
a
tch

in
g

ex
a
ctly

as
often

as
th

ey
are

con
tain

ed
in
M

,
N

.

D
e
fi

n
itio

n
5

(B
o
ttle

n
e
ck

,
W

a
sse

rste
in

d
ista

n
c
e
)

L
et

(R
2,δ)

be
a

m
etric

spa
ce

a
n

d
let

∆
=
{(x

,y
)∈

R
2

:
x

=
y}

be
th

e
d
ia

go
n

a
l

o
f

th
e

rea
l

p
la

n
e.

F
o
r

tw
o

ba
rcod

es
D
,E
∈

D
,

th
e

B
o
ttlen

eck
(w

δ∞
)

a
n

d
W

a
sserstein

(w
δp )

d
ista

n
ces

(w
ith

respect
to

th
e

m
etric

δ)
a
re

d
efi

n
ed

by

w
δ∞

(D
,E

)
=

in
fϕ

su
p

(x
,y
)∈

su
p
p
(ϕ

) δ(x
,y

)

a
n

d

w
δp (D

,E
)

=
in

fϕ 
∑

(x
,y
)∈

su
p
p
(ϕ

) m
u
lt
ϕ ((x

,y
) )·δ(x

,y
)
p


1p

w
ith

p
∈

[1,∞
)
,

w
h
ere

th
e

in
fi

m
u

m
is

ta
ken

o
ver

a
ll

∆
-rela

tive
bijective

m
a
tch

in
gs
ϕ

betw
een
D

a
n

d
E

.

R
e
m

a
rk

6
In

th
e

ca
se

w
h
ere

δ
is

th
e

m
etric

in
d
u

ced
by

th
e
q-n

o
rm

,‖·‖
q ,

w
e

w
rite

w
∞

fo
r

w
‖·‖∞
∞

a
n

d
w
qp

fo
r

w
‖·‖

q
p

.

W
e

a
lso

rem
a
rk

th
a
t

in
tro

d
u
cin

g
th

e
W

a
sserstein

d
ista

n
ces

a
s

in
D

efi
n
itio

n
5
,

u
sin

g
∆

-
rela

tiv
e

b
ijectiv

e
m

a
tch

in
g
s,

d
ev

ia
tes

fro
m

th
e

o
rig

in
a
l

fo
rm

u
la

tio
n

in
C

o
h
en

-S
tein

er
et

a
l.

(2007).
H

ow
ever,

th
is

varian
t

sim
p
lifi

es
an

y
of

ou
r

su
b
seq

u
en

t
an

aly
ses

of
stab

ility
/con

tin
u
ity

p
rop

erties
in

volv
in

g
th

ose
m

etrics.
W

e
refer

th
e

read
er

to
(C

oh
en

-S
tein

er
et

al.,
2007,

2010;
C

h
a
za

l
et

a
l.,

2
0
0
9
)

fo
r

a
selectio

n
o
f

ex
istin

g
sta

b
ility

resu
lts

in
a

b
ro

a
d
er

co
n
tex

t
a
n
d

fu
rth

er
d
eta

ils.

R
e
m

a
rk

7
B

y
settin

g
µ
i,∞n

=
β
i,m
n
−
β
i−

1
,m

n
,

w
e

exten
d

E
q.

(1)
to

fea
tu

res
w

h
ich

n
ever

d
isa

p
pea

r,
a
lso

referred
to

a
s

“
essen

tia
l”

.
T

h
is

ch
a
n

ge
ca

n
be

lifted
to

D
by

settin
g

Ω
=

7
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H
o
f
e
r
,
K
w
it
t
a
n
d

N
ie
t
h
a
m
m
e
r

{
(b,d

)∈
R
×

(R
∪
{∞
}
)

:
d
>
b}

.
H

o
w

ever,
if

th
e

fi
ltra

tio
n

o
f
K

is
d

efi
n

ed
by

th
e

su
b

level
sets

o
f

a
fu

n
ctio

n
f

,
a

m
o
re

p
ra

gm
a
tic

w
a
y

o
f

h
a
n

d
lin

g
essen

tia
l

fea
tu

res
is

to
m

a
p

th
eir

d
ea

th
tim

e
to

th
e

m
a
xim

u
m

o
f

th
e

fu
n

ctio
n
f

.
In

m
a
n

y
ca

ses,
fo

r
exa

m
p
le

h
eigh

t
fi

ltra
tio

n
s,

th
is

h
a
s

a
m

o
re

n
a
tu

ra
l

in
terp

reta
tio

n
(see

S
ectio

n
6
.3

).

3
.

R
e
la

te
d

w
o
rk

In
o
rd

er
to

d
ea

l
w

ith
th

e
p
ra

ctica
l

in
co

n
v
en

ien
ces

a
sso

cia
ted

to
a

(d
irect)

h
a
n
d
lin

g
o
f

b
arco

d
es

in
m

ach
in

e
learn

in
g

p
rob

lem
s,

several
strategies

h
ave

b
een

p
rop

osed
over

th
e

last
co

u
p
le

o
f

y
ea

rs.
O

n
a

h
ig

h
lev

el,
th

ese
a
p
p
ro

a
ch

es
ca

n
b

e
ca

teg
o
rized

in
to

(1
)

kern
el-ba

sed
tech

n
iq

u
es

a
n
d

(2
)

a
p
p
ro

a
ch

es
th

a
t

a
im

fo
r

a
vecto

riza
tio

n
.

N
ex

t,
w

e
su

m
m

a
rize

th
ese

tech
n
iq

u
es,

d
raw

con
n
ection

s
b

etw
een

th
em

,
an

d
elab

orate
on

h
ow

th
ey

relate
to

ou
r

w
ork

.
W

e
a
d
d
itio

n
a
lly

d
iscu

ss
rela

ted
resea

rch
o
n

lea
rn

in
g

w
ith

(m
u
lti)

set
d
a
ta

stru
ctu

res
a
n
d

h
igh

ligh
t

im
p

ortan
t

d
iff

eren
ces

to
ou

r
ap

p
roach

.

K
e
rn

e
l-b

a
se

d
te

ch
n

iq
u

e
s.

In
sh

ort,
th

e
id

ea
of

kern
el-b

ased
learn

in
g

tech
n
iq

u
es

(S
ch

ölkop
f

an
d

S
m

ola,
2001)

is
to

rely
on

a
p

ositive-d
efi

n
ite

kern
el

fu
n
ction

k
:X
×
X
→

R
th

at
realizes

an
in

n
er

p
ro

d
u
ct〈φ

(x
),φ

(y
)〉G

=
k

(x
,y

),
for

x
,y
∈
X

,
in

a
H

ilb
ert

sp
aceG

for
som

e
(p

ossib
ly

u
n

k
n

ow
n

)
featu

re
m

ap
p
in

g
φ

:X
→
G

.
A

kern
el

can
eith

er
b

e
con

stru
cted

b
y

(1)
d

efi
n

in
g

a
fu

n
ctio

n
k

th
a
t

ca
p

tu
res

so
m

e
n

o
tio

n
o
f

sim
ila

rity
b

etw
een

tw
o

in
p

u
t

o
b

jects
a
n

d
sh

ow
in

g
its

p
ositive-d

efi
n
iten

ess,
or

(2)
b
y

ex
p
licitly

con
stru

ctin
g
φ

an
d

u
sin

g
th

e
in

n
er

p
ro

d
u
ct

in
G

as
a

kern
el

(th
at

is
p

ositive-d
efi

n
ite

b
y

con
stru

ction
).

B
oth

strategies
h
ave

fou
n
d

ap
p
lication

in
th

e
con

tex
t

of
k
ern

el-b
ased

learn
in

g
w

ith
top

ological
sign

atu
res.

A
s

a
rep

resen
tative

of
th

e
latter

strategy,
R

ein
in

gh
au

s
et

al.
(2015)

in
tro

d
u
ced

th
e

persisten
ce

sca
le-spa

ce
(P

S
S

)
kern

el.
T

h
e

con
stru

ction
is

b
ased

on
fi
rst

rep
resen

tin
g

a
d
iagram

as
a

su
m

of
D

irac
d
eltas

an
d

th
en

u
sin

g
th

is
rep

resen
tation

as
th

e
in

itial
con

d
ition

of
a

h
eat-d

iff
u
sion

p
ro

cess
w

ith
a

D
irich

let
b

ou
n
d
ary

con
d
ition

on
th

e
d
iagon

al
∆

.
T

h
e

solu
tion

of
th

is
p
artial

d
iff

eren
tial

eq
u

ation
(at

tim
e
t)

resid
es

in
L
2(Ω

)
an

d
serv

es
as

an
ex

p
licit

featu
re

m
ap

p
in

g.
T

h
e

in
n
er-p

ro
d
u
ct

in
L
2(Ω

)
is

th
en

u
sed

as
a

kern
el

fu
n
ction

.
A

d
iff

eren
t,

yet
con

cep
tu

ally
sim

ila
r

a
p
p
ro

a
ch

is
ta

k
en

b
y

B
u
b

en
ik

(2
0
1
5
)

to
co

n
stru

ct
persisten

ce
la

n
d
sca

pes,
th

a
t

is,
fu

n
ction

s
of

th
e

form
λ

:N
×

R
→

R
∪
{
+
∞
,−
∞
}
.

U
p

on
th

e
d
efi

n
ition

of
a

su
itab

le
n
orm

‖·‖
p

on
N
×
R

,
lan

d
scap

es
m

ap
b
arco

d
es

in
to

a
(sep

arab
le)

B
an

ach
sp

ace
L
p(N
×
R

).
N

otab
ly,

for
p

=
2,

w
e

get
th

e
H

ilb
ert

sp
ace

L
2(N
×
R

)
w

h
ich

th
en

facilitates
to

u
se

th
e

in
n
er-p

ro
d
u
ct

a
g
a
in

to
d
efi

n
e

a
k
ern

el.
In

K
w

itt
et

a
l.

(2
0
1
5
),

it
is

fu
rth

er
sh

ow
n

th
a
t

u
n
d
er

so
m

e
m

ild
restrictio

n
s

o
n

th
e

b
a
rco

d
es

(th
a
t

is,
b
irth

-d
ea

th
b

o
u
n
d
ed

n
ess

a
n
d

a
n

u
p
p

er-b
o
u
n
d

o
n

th
e

m
u
ltip

licities
o
f

p
o
in

ts),
a
n

ex
p

o
n
en

tia
ted

v
ersio

n
o
f

th
e

p
ersisten

ce
sca

le-sp
a
ce

k
ern

el
is

u
n
iv

ersa
l 2

(S
tein

w
a
rt

a
n
d

C
h
ristm

a
n
n
,

2
0
0
8
,

D
ef.

4
.5

2
).

A
sim

ila
r

a
rg

u
m

en
ta

tio
n

w
o
u
ld

give
a

u
n
iversal

kern
el

con
stru

cted
from

p
ersisten

ce
lan

d
scap

es,
for

p
=

2.
W

h
en

w
ork

in
g

in
th

is
settin

g,
statistical

com
p
u
tation

s
(see

G
retton

et
al.,

2012)
b

ecom
e

feasib
le,

alth
ou

gh
,

for
la

n
d
sca

p
es

m
a
n
y

th
eo

retica
l

p
ro

p
erties

fo
r

sta
tistics

h
av

e
a
lrea

d
y

b
een

d
ev

elo
p

ed
(C

h
a
za

l
et

al.,
2013a,

2014;
F

asy
et

al.,
2014).

2
.

th
a
t

is,
th

e
R

K
H

S
a
sso

cia
ted

to
th

e
k
ern

el
is

d
en

se
in

th
e

sp
a
ce

o
f

co
n
tin

u
o
u

s
fu

n
ctio

n
s
D
→

R
.
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L
e
a
r
n
in
g

R
e
p
r
e
se

n
t
a
t
io
n
s
o
f
P
e
r
si
st

e
n
c
e
B
a
r
c
o
d
e
s

A
d
iff

er
en

t
ke

rn
el

-b
as

ed
te

ch
n

iq
u

e
is

in
tr

o
d

u
ce

d
b
y

K
u

sa
n

o
et

al
.

(2
01

6)
,

w
h

er
e

th
e

au
th

or
s

le
ve

ra
ge

th
e

th
eo

ry
of

re
p

ro
d

u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
)

em
b

ed
d

in
gs

of
p

ro
b

ab
il
it

y
m

ea
su

re
s

(s
ee

B
er

li
n
et

a
n
d

T
h
o
m

a
s-

A
g
n
a
n
,

2
0
0
4
).

D
iff

er
en

t
to

R
ei

n
in

g
h
a
u
s

et
a
l.

(2
0
1
5
),

a
d
ia

g
ra

m
is

re
p
re

se
n
te

d
a
s

a
w

ei
g
h
te

d
m

ea
su

re
,

th
a
t

is
,

a
w

ei
g
h
te

d
su

m
o
f

D
ir

a
c

d
el

ta
s,

ce
n
te

re
d

a
t

ea
ch

p
o
in

t
o
f

th
e

d
ia

g
ra

m
.

T
h
e

w
ei

g
h
ti

n
g

fu
n
ct

io
n

a
cc

o
u
n
ts

fo
r

th
e

d
iff

er
en

t
p

er
si

st
en

ce
of

ea
ch

p
oi

n
t.

N
ot

ab
ly

,
th

e
au

th
or

s
sh

ow
st

ab
il
it

y
of

th
e

ke
rn

el
-i

n
d
u
ce

d
d
is

ta
n
ce

b
et

w
ee

n
b
a
rc

o
d
es

w
it

h
re

sp
ec

t
to

th
e

H
a
u
sd

o
rff

d
is

ta
n
ce

(f
o
r

tw
o

co
m

p
a
ct

m
et

ri
c

sp
a
ce

s
em

b
ed

d
ed

in
th

e
sa

m
e

m
et

ri
c

sp
a
ce

).
E

ss
en

ti
a
ll
y,

th
is

is
a
ch

ie
v
ed

v
ia

th
e

a
fo

re
m

en
ti

o
n
ed

w
ei

gh
ti

n
g

fu
n
ct

io
n
.

C
on

tr
ar

y
to

th
at

,
R

ei
n
in

gh
au

s
et

al
.

(2
01

5)
ac

h
ie

ve
st

ab
il
it

y
b
y

en
fo

rc
in

g
th

e
D

ir
ic

h
le

t
b

o
u
n
d
a
ry

co
n
d
it

io
n

o
n

th
e

d
ia

g
o
n
a
l.

In
th

e
la

tt
er

ca
se

,
th

is
o
n
ly

le
a
d
s

to
st

ab
il
it

y
of

th
e

ke
rn

el
-i

n
d
u
ce

d
d
is

ta
n
ce

w
it

h
re

sp
ec

t
to

w
q 1

an
d

it
is

sh
ow

n
th

at
n
o

ke
rn

el
fo

r
w

h
ic

h
k
(F
]
G,
D

)
=
k
(F
,D

)
+
k
(G
,D

)
h
o
ld

s
(w

it
h
F
,G
,D
∈
D

),
is

st
a
b
le

w
it

h
re

sp
ec

t
to

w
q p

fo
r
p
>

1.

T
h
e

re
ce

n
tl

y
p
ro

p
o
se

d
k
er

n
el

a
p
p
ro

a
ch

o
f

C
a
rr

ié
re

et
a
l.

(2
0
1
7
)

fo
ll
ow

s
th

e
st

ra
te

g
y

o
f

d
ir

ec
tl

y
d
efi

n
in

g
k

,
in

st
ea

d
of

ex
p
li
ci

tl
y

co
n
st

ru
ct

in
g

a
fe

at
u
re

m
ap

φ
.

W
h
il
e

th
er

e
is

st
ro

n
g

in
d
ic

a
ti

o
n

(v
ia

co
u
n
te

re
x
a
m

p
le

s)
th

a
t

th
e

n
eg

a
ti

v
e

o
f

th
e

w
q p

d
is

ta
n
ce

ca
n
n
o
t

b
e

u
se

d
in

a
co

n
st

ru
ct

io
n

of
th

e
fo

rm
k

(F
,G

)
=

ex
p

(−
w
q p
(F
,G

))
,

as
w
q p

is
n

ot
n

eg
at

iv
e

se
m

i-
d

efi
n

it
e,

th
e

au
th

or
s

ci
rc

u
m

ve
n
t

th
is

p
ro

b
le

m
b
y

in
tr

o
d
u
ci

n
g

th
e

sl
ic

ed
W

a
ss

er
st

ei
n

d
is

ta
n

ce
w

h
ic

h
ca

n
b

e
sh

ow
n

to
b

e
n
eg

at
iv

e
se

m
i-

d
efi

n
it

e.
T

h
e

d
is

ta
n
ce

in
d
u
ce

d
b
y

th
e

re
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h
ich

w
e

th
en

in
tro

d
u

ce
a
n
d

a
n
a
ly

ze
in

th
e

secon
d

p
art.

M
o
tiv

a
tio

n
.

A
s

m
en

tio
n
ed

in
S
ectio

n
2
,

ba
rcod

es
a
re

m
u
lti

sets
resid

in
g

ov
er

th
e

u
p
p

er
d
ia

g
o
n
a
l

p
a
rt

o
f

th
e

rea
l

p
la

n
e,

Ω
.

F
ro

m
b

o
th

a
co

m
p
u
ta

tio
n
a
l

a
n
d

a
n

im
p
lem

en
ta

tio
n

p
ersp

ective,
th

e
h
an

d
lin

g
of

(m
u
lti)

sets
p

oses
con

sid
erab

le
ch

allen
ges,

sim
p
ly

b
ecau

se
th

ere
is

n
o

n
o
tio

n
o
f

ord
er.

W
h
ile

m
an

y
p
rev

iou
s

w
ork

s
h
ave

resorted
to

a
m

ap
p
in

g
of

b
arco

d
es

to
fu

n
ction

sp
aces

(w
ith

lin
ea

r
stru

ctu
re)

in
o
rd

er
to

fa
cilita

te
lea

rn
in

g
tech

n
iq

u
es,

o
u
r

stra
teg

y
is

to
co

n
stru

ct
a

lea
rn

a
b
le

v
ecto

riza
tio

n
V

:D
→

R
N

w
h
ich

o
p

era
tes

o
n

(fi
n

ite
)

b
a
rco

d
es

a
n
d

resp
ects

th
e

to
p

o
lo

g
y

in
d
u
ced

b
y

th
e

m
etrics

in
D

efi
n
ition

5.

4
.1

.
V

e
c
to

riz
a
tio

n
o
f

m
u

lti
se

ts

W
e

start
w

ith
a

rath
er

b
asic

strategy
to

h
an

d
le

m
u

lti
sets

an
d

th
en

refi
n

e
th

is
id

ea
th

rou
gh

a
n

a
n

a
ly

sis
o
f

th
e

d
esired

p
ro

p
erties

in
th

e
co

n
tex

t
o
f

b
a
rco

d
es.

F
irst,

co
n

sid
er

a
m

u
lti

set
M

over
som

e
fi
x
ed

d
om

ain
D

.
T

h
en

,
a

n
atu

ral
fi
n
ite

vectorization
is

to
fi
x

a
fi
n
ite

su
b
set

of
D

,
say
{
µ
1 ,...,µ

N }
,

an
d

set

V
(M

)
=
(m

u
lt
M

(µ
1 ),...,m

u
lt
M

(µ
N

) )
.

W
h
ile

p
o
ssib

le,
su

ch
a

stra
teg

y
is

u
n
d
esira

b
le

fo
r

m
u
ltip

le
rea

so
n
s.

F
irst,

it
is

a
ra

th
er

strict
rep

resen
tation

,
as

for
a

m
u
lti

set
M

w
h
ere

M
∩
{
µ
1 ,...,µ

N }
=
∅
,

w
e

w
ou

ld
ob

v
iou

sly
g
etV

(M
)

=
(0
,...,0

).
S

eco
n

d
,

a
n
d

p
o
ssib

ly
m

o
re

fu
n
d
a
m

en
ta

l,
su

ch
a

m
a
p
p
in

g
w

o
u
ld

b
e

in
h
eren

tly
d
iscon

tin
u
ou

s,
as

it
can

n
ot

cap
tu

re
con

tin
u
ou

s
ch

an
ges

of
th

e
p

oin
ts

in
M

(if
D

is
eq

u
ip

p
ed

w
ith

a
to

p
o
lo

g
y
).

T
h

is
is

ea
sy

to
see

b
y

co
n
sid

erin
g

th
e

ex
a
m

p
le

o
f
D

=
R

.
In

th
a
t

ca
se,

w
e

h
ave

V
({µ

1 ,µ
1

+
ε}

)
=

(1,0
,...,0)

for
ε
>

0

if
(µ

1
+
ε)
/∈
{µ

1 ,...,µ
N }

,
h
ow

ever,

V
({µ

1 ,µ
1 })

=
(2,0,...,0)

.

A
t

fi
rst

sig
h
t,

g
iv

en
th

e
o
b
v
io

u
s

d
raw

b
a
ck

s
o
fV

,
co

n
tin

u
in

g
a
lo

n
g

th
is

d
irectio

n
d
o
es

n
o
t

seem
p

rom
isin

g.
H

ow
ever,

th
e

b
asic

p
rob

lem
essen

tially
resid

es
in

th
e

(rigorou
sly

lo
cal)

w
ay

of
h
ow

elem
en

ts
of

th
e

m
u
lti

set
are

rep
resen

ted
b
y

th
e

m
u
ltip

licity
fu

n
ction

.
It

is
th

erefore
in

terestin
g,

to
stu

d
y

a
relax

ed
(th

at
is,

less
lo

cal)
version

of
th

is
id

ea.
In

p
articu

lar,
con

sid
er

a
fu

n
ctio

n
a
l

su
ch

th
at,

for
som

e
m

etric
δ

resid
in

g
on

D
,

s
µ
i

:
D
→

[0,1]
,
s
µ
i (µ

i )
=

1
an

d
lim

δ
(µ
i ,x

)→
∞
s
µ
i (x

)
=

0
(2)

fo
r

1
≤
i≤

N
.

U
n
d
er

th
is

fu
n
ctio

n
a
l,

w
e

g
et

m
u
lt
M

(µ
i )

=
∑

x∈
M
s
µ
i (x

)
a
s

a
b

o
u
n
d
a
ry

ca
se.

B
y

fu
rth

er
req

u
irin

g
th

a
t
s
µ
i

is
co

n
tin

u
o
u
s

w
ith

resp
ect

to
δ

a
n
d

b
y

co
n
tro

llin
g

th
e

co
n
verg

en
ce

sp
eed

of

s
µ
i (x

)→
0

as
δ(µ

i ,x
)→
∞

(3)

1
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H
o
f
e
r
,
K
w
it
t
a
n
d

N
ie
t
h
a
m
m
e
r

w
e

can
reform

u
late

a
rela

xed
,

b
u
t

co
n

tin
u

o
u

s
3

version
ofV

as

V
(M

)
=

(
∑x∈
M

s
µ
1 (x

),..., ∑x∈
M

s
µ
N

(x
) )

.
(4)

R
ev

isitin
g

o
u
r

in
itia

l
ex

a
m

p
le,

w
e

n
ow

o
b
ta

in
a

m
o
re

rea
so

n
a
b
le

m
a
p
p
in

g
o
f{µ

1 ,µ
1 }

a
n
d

{
µ
1 ,µ

1
+
ε}

as
V

({
µ
1 ,µ

1 })
=

(2,ε
2 ,...,ε

N
)

for
ε
i
>

0

an
d

V
({
µ
1 ,µ

1
+
ε}

)
=

(2−
ε ′1 ,ε ′2 ,...,ε ′N

)
for

ε ′i
>

0
,

resp
ectively

4.
In

oth
er

w
ord

s,
th

e
m

ap
p
in

g
ch

an
ges

con
tin

u
ou

sly
w

ith
resp

ect
to

th
e

p
oin

ts
in
M

.
H

ow
ever,

th
is

com
es

at
th

e
cost

of
p
recision

w
ith

resp
ect

to
th

e
m

u
ltip

licity
fu

n
ction

.

4
.2

.
F
ro

m
m

u
lti

se
ts

to
b

a
rc

o
d

e
s

S
o

far,
w

e
h
ave

in
tro

d
u
ced

a
fi
rst

strategy
for

vectorizin
g

m
u
lti

sets
w

h
ich

cou
ld

alread
y

b
e

ap
p

lied
to

b
arco

d
es.

H
ow

ever,D
is

n
ot

sim
p

ly
a

collection
of

m
u

lti
sets,

b
u
t

a
m

etric
spa

ce
(w

ith
resp

ect
to,

for
ex

am
p

le,
w
δ∞

or
w
δp )

an
d

h
en

ce
h

as
a

top
ological

stru
ctu

re.
B

y
keep

in
g

in
m

in
d

th
a
t

ty
p
ica

l
sta

b
ility

resu
lts

in
p

ersisten
t

h
o
m

o
lo

g
y

a
re

fo
rm

u
la

ted
w

ith
resp

ect
to

th
o
se

m
etrics,

it
seem

s
im

p
era

tiv
e

th
a
t

th
e

m
a
p
p
in

g
V

sh
o
u
ld

b
e

sta
b
le

to
a
t

lea
st

a
selection

of
th

ose
m

etrics.
T

o
h
igh

ligh
t

th
is,

con
sid

er
th

e
follow

in
g

seq
u
en

ce
of

b
arco

d
es

D
j

=
{x

j }
w

ith
x
j ∈

Ω
an

d
lim
j→
∞
x
j ∈

∆
.

F
o
r

ev
ery

ch
o
ice

o
f

th
e

p
ro

p
o
sed

b
a
rco

d
e

d
ista

n
ces,

th
e

em
p
ty

b
a
rco

d
e,∅

,
is

th
e

lim
it

o
f

th
is

seq
u
en

ce.
A

vectorization
,V

,
of

th
e

p
rop

osed
form

an
d

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

m
etrical

stru
ctu

re
of

th
e

b
arco

d
es,D

,
sh

o
u
ld

y
ield

V
(D

j )→
(0,...,0)

=
V

(∅
)

for
j→

∞
.

H
en

ce,
in

ad
d
ition

to
co

n
tin

u
ity

of
s

on
Ω
∪

∆
,

w
e

sh
ou

ld
d
em

an
d

th
at

s(x
)

=
0

for
x
∈

∆
.

R
e
m

a
rk

8
A

s
m

en
tio

n
ed

in
S

ectio
n

3
,

a
sim

ila
r

(m
u

lti)
set

vecto
riza

tio
n

m
eth

od
is

in
tro

-
d
u

ced
in

th
e

“
d
eep

sets”
a
p
p
roa

ch
o
f

Z
a
h
eer

et
a
l.

(2
0
1
7
)

by
settin

g
5

V
(M

)
=
∑x∈
M

φ
(x

)
fo

r
M
⊂

R
m
,

w
h
ere

φ
:R

m
→

R
n

is
a

m
a
p
p
in

g
im

p
lem

en
ted

by
a

n
eu

ra
l

n
etw

o
rk

(po
ssibly

th
ro

u
gh

m
u

ltip
le

la
yers).

W
e

h
igh

ligh
t

th
a
t

th
is

a
p
p
roa

ch
d
oes

n
o
t

in
trin

sica
lly

respect
th

e
to

po
logica

l
stru

ctu
re

o
f
D

.
T

h
e

rea
so

n
is

th
a
t
φ

is
n

o
t

co
n

stra
in

ed
(o

r
co

n
stru

cted
)

to
va

n
ish

o
n

th
e

d
ia

go
n

a
l

∆
.

H
en

ce,
w

e
h
a
ve

n
o

gu
a
ra

n
tee

th
a
t

th
e

vecto
riza

tio
n

is
co

n
tin

u
o
u

s
w

ith
respect

to
th

e
in

trod
u

ced
m

etrics.

3
.

C
o
n
tin

u
ity,

a
t

th
is

p
o
in

t,
is

m
ea

n
t

a
s

co
n
tin

u
ity

in
th

e
p

o
in

ts
o
f
M

.
4
.

F
o
r

sim
p

licity,
w

e
a
ssu

m
e

th
a
t

th
e

lim
it

p
ro

cess
in

E
q
.

(3
)

is
m

o
n

o
to

n
e.

5
.

In
d

eta
il,

w
e

w
o
u

ld
h

av
e
ρ
( ∑

x∈
M
φ

(x
)),

b
u

t
ρ

d
o
es

n
o
t

a
ff

ect
o
u

r
a
rg

u
m

en
t.

12
JM

L
R

 20(126):1-45, 2019



L
e
a
r
n
in
g

R
e
p
r
e
se

n
t
a
t
io
n
s
o
f
P
e
r
si
st

e
n
c
e
B
a
r
c
o
d
e
s

4
.3

.
L

e
a
rn

a
b

le
v
e
c
to

ri
z
a
ti

o
n

s

U
n
ti

l
n

ow
,

w
e

h
av

e
d

ev
el

op
ed

a
fi

rs
t

id
ea

h
ow

a
fi

xe
d

ve
ct

or
iz

at
io

n
V

co
u

ld
b

e
co

n
st

ru
ct

ed
.

H
ow

ev
er

,
m

o
st

o
f

th
e

p
ro

g
re

ss
in

su
p

er
v
is

ed
le

a
rn

in
g

ov
er

th
e

la
st

y
ea

rs
ca

n
b

e
a
tt

ri
b

u
te

d
to

th
e

fa
ct

th
a
t

st
a
te

-o
f-

th
e-

a
rt

a
p
p
ro

a
ch

es
(s

u
ch

a
s

d
ee

p
n
eu

ra
l

n
et

w
o
rk

s)
d
o

n
o
t

re
ly

o
n

fi
x
ed

re
p
re

se
n
ta

ti
o
n
s.

In
st

ea
d
,

th
ey

o
p

er
a
te

o
n

a
fa

m
il

y
o
f

re
p
re

se
n

ta
ti

o
n

s
a
n
d

a
im

to
fi
n
d

a
ta

sk
-s

p
ec

ifi
c

o
n
e

fo
r

th
e

p
ro

b
le

m
a
t

h
a
n
d
.

T
h
is

is
a
ch

ie
v
ed

b
y

b
a
ck

-p
ro

p
a
g
a
ti

n
g

th
e

er
ro

r
u
n
d
er

a
su

it
a
b
le

lo
ss

fu
n
ct

io
n

a
n
d

a
d
ju

st
in

g
th

e
re

p
re

se
n
ta

ti
o
n

p
a
ra

m
et

er
s

to
m

in
im

iz
e

th
e

lo
ss

.
T

h
e

so
u
g
h
t-

fo
r

v
ec

to
ri

za
ti

o
n
V

(a
s

in
tr

o
d
u
ce

d
in

th
e

p
re

v
io

u
s

se
ct

io
n
)

ca
n

b
e

in
te

rp
re

te
d

as
su

ch
a

re
p
re

se
n
ta

ti
on

.
H

en
ce

,
it

se
em

s
b

en
efi

ci
al

to
d
efi

n
e

a
fa

m
il
y

of
m

a
p

p
in

g
s,
V θ

,
a
n

d
le

t
th

e
le

a
rn

er
d

et
er

m
in

e
a

su
it

a
b

le
p

a
ra

m
et

ri
za

ti
o
n
θ.

W
h

en
le

a
rn

in
g

v
ia

gr
ad

ie
n
t

d
es

ce
n
t,

th
is

d
em

an
d
s

(s
u
b
-)

d
iff

er
en

ti
ab

il
it

y
in

th
e

p
ar

am
et

er
s
θ.

If
θ

=
(θ
i)

fo
r

a
d
efi

n
ed

se
t

o
f

(r
ea

l)
p
a
ra

m
et

er
s,

w
e

h
av

e
to

p
u
t

a
n

a
d
d
it

io
n
a
l

co
n
st

ra
in

t
o
n

a
p
ra

ct
ic

a
ll
y

u
se

fu
l

ve
ct

or
iz

at
io

n
,

th
at

is
,

th
e

ex
is

te
n

ce
of

th
e

p
ar

ti
al

(s
u
b

-)
d

er
iv

at
iv

e
w

it
h

re
sp

ec
t

to
θ i

,

∂ ∂
θ i

( s
θ
(D

))
fo

r
D
∈
D
.

4
.4

.
C

o
n

st
ru

c
ti

o
n

&
T

h
e
o
re

ti
c
a
l

a
n

a
ly

si
s

W
e

p
ro

p
os

e
a

co
n
st

ru
ct

io
n
,

b
as

ed
on

p
ar

am
et

ri
ze

d
fu

n
ct

io
n
al

s
on

Ω
∪

∆
,

fo
r

a
ve

ct
or

iz
at

io
n

th
a
t

p
o
ss

es
se

s
th

e
p
ro

p
er

ti
es

o
u
tl

in
ed

in
S
ec

ti
o
n
s

4
.1

to
4
.3

.
O

u
r

tw
o

m
a
in

re
su

lt
s,

in
T

h
eo

re
m

s
12

an
d

13
,

es
ta

b
li
sh

su
ffi

ci
en

t
co

n
d
it

io
n
s

su
ch

th
at

th
e

in
d
u
ce

d
ve

ct
or

iz
at

io
n

is
(1

)
L

ip
sc

h
it

z
co

n
ti

n
u
o
u
s

w
it

h
re

sp
ec

t
to

w
δ 1

(t
h
a
t

is
,

st
a
bl

e
in

th
e

se
n
se

o
f

C
o
h
en

-S
te

in
er

et
a
l.

(2
01

0)
)

an
d

(2
)

co
n

ti
n

u
o
u

s
w

it
h

re
sp

ec
t

to
w
δ p
.

F
u
rt

h
er

,
w

e
sh

ow
th

at
st

ab
il
it

y
w

it
h

re
sp

ec
t

to
w
δ p

fo
r
p
>

1
is

n
ot

p
os

si
b
le

.
W

e
b

eg
in

b
y

d
efi

n
in

g
th

e
n
o
ti

on
o
f

a
st

ru
ct

u
re

el
em

en
t.

D
e
fi

n
it

io
n

9
(S

tr
u

c
tu

re
e
le

m
e
n
t)

L
et
s

be
a

fa
m

il
y

o
f

co
n

ti
n

u
o

u
s

fu
n

ct
io

n
a
ls

,
pa

ra
m

et
ri

ze
d

o
ve

r
so

m
e

pa
ra

m
et

er
sp

a
ce

Θ
⊂

R
d
,

th
a
t

is
,

Θ
3
θ

s 7→
s θ

su
ch

th
a
t

s θ
:

Ω
∪

∆
→

R
w

it
h
s θ

(x
)

=
0

fo
r
x
∈

∆
.

W
e

ca
ll
s θ

a
st

ru
ct

u
re

el
em

en
t

o
ve

r
th

e
pa

ra
m

et
er

sp
a
ce

Θ
.

N
ow

,
w

e
in

tr
o
d
u
ce

a
m

ap
p
in

g
of

b
ar

co
d
es

w
it

h
re

sp
ec

t
to
s θ

.

D
e
fi

n
it

io
n

1
0

(I
n

d
u

c
e
d

m
a
p

p
in

g
o
f

b
a
rc

o
d

e
s)

L
et
s

be
a

fa
m

il
y

o
f

fu
n

ct
io

n
a
ls

a
s

in
D

efi
n

it
io

n
9
.

T
h
en

,
fo

r
ea

ch
s θ

,
w

e
d
efi

n
e

by

s θ
:
D
→

R
D
7→
∑ x
∈D

s θ
(x

)

th
e
s θ

-i
n

d
u

ce
d

m
a
p
p
in

g
o
f

ba
rc

od
es

.

T
h
e

q
u
es

ti
o
n

is
,

if
th

e
in

d
u
ce

d
m

a
p
p
in

g
fr

o
m

D
efi

n
it

io
n

1
0

a
ll
ow

s
to

g
u
a
ra

n
te

e
st

a
b
il
it

y
w

it
h

re
sp

ec
t

to
th

e
W

as
se

rs
te

in
d
is

ta
n
ce

s,
or

a
su

b
se

t
of

th
em

.
T

o
an

sw
er

th
is

,
w

e
p
ro

v
id

e
a

te
ch

n
ic

al
re

su
lt

(i
n

L
em

m
a

11
)

th
at

al
lo

w
s

u
s

to
sh

or
te

n
th

e
p
ro

of
s

of
T

h
eo

re
m

s
12

an
d

13
.
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H
o
f
e
r
,
K
w
it
t
a
n
d

N
ie
t
h
a
m
m
e
r

L
e
m

m
a

1
1

L
et
D
,E
∈

D
a
n

d
le

t
ϕ

be
a

∆
-r

el
a
ti

ve
bi

je
ct

iv
e

m
a
tc

h
in

g
be

tw
ee

n
D

a
n

d
E.

F
u

rt
h
er

,
le

t
f

:
Ω
∪

∆
→

R
w

it
h
f

(x
)

=
0

fo
r
x
∈

∆
.

T
h
en

,

∑ x
∈D

f
(x

)
−
∑ y
∈E
f

(y
)

=
∑

(x
,y
)∈

su
p
p
(ϕ

)

m
u
lt
ϕ

( (x
,y

))
( f

(x
)
−
f

(y
))

.

P
ro

o
f

se
e

A
p
p

en
d
ix

B
.1

T
h

e
o
re

m
1
2

(w
δ 1

st
a
b

il
it

y
o
f

th
e

in
d

u
c
e
d

m
a
p

p
in

g
)

L
et
s

be
a

fa
m

il
y

o
f

fu
n

ct
io

n
a
ls

a
s

in
D

efi
n

it
io

n
9

a
n

d
s θ

su
ch

th
a
t

s θ
is

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
w

.r
.t

.
δ

a
n

d
co

n
st

a
n

t
K
s θ
.

T
h
en

,
fo

r
tw

o
ba

rc
od

es
D
,E
∈
D

,
it

h
o
ld

s
th

a
t

|s θ
(D

)
−
s θ

(E
)|
≤
K
s θ
·w

δ 1
(D
,E

)
.

(5
)

P
ro

o
f

L
et
ϕ

b
e

a
∆

-r
el

a
ti

v
e

b
ij

ec
ti

v
e

m
a
tc

h
in

g
b

et
w

ee
n
D

a
n

d
E,

re
a
li

zi
n

g
w
δ 1
(D
,E

).
A

s
D
,E

ar
e

as
su

m
ed

to
b

e
of

fi
n
it

e
ca

rd
in

al
it

y
it

h
ol

d
s

th
at
|s

u
p
p
(ϕ

)|
<
∞

.
T

h
u
s,

|s θ
(D

)
−
s θ

(E
)|

=

∣ ∣ ∣ ∣ ∣ ∣∑ x
∈D

s θ
(x

)
−
∑ y
∈E
s θ

(y
)∣ ∣ ∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣ ∣ ∣
∑

(x
,y
)∈

su
p
p
(ϕ

)

m
u
lt
ϕ

( (x
,y

))
·(
s θ

(x
)
−
s θ

(y
))
∣ ∣ ∣ ∣ ∣ ∣

(b
y

L
em

m
a

1
1
)

≤
∑

(x
,y
)∈

su
p
p
(ϕ

)

m
u
lt
ϕ

( (x
,y

))
·∣ ∣
s θ

(x
)
−
s θ

(y
)∣ ∣

(b
y

th
e

tr
ia

n
g
le

in
eq

u
a
li
ty

)

≤
K
s θ
·

∑

(x
,y
)∈

su
p
p
(ϕ

)

m
u
lt
ϕ

( (x
,y

))
·δ

(x
,y

)
(b

y
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
o
f
s θ

)

=
K
s θ
·w

δ 1
(D
,E

)
.

N
ex

t,
w

e
sh

ow
th

at
th

e
m

ap
p
in

g
in

d
u
ce

d
b
y

a
st

ru
ct

u
re

el
em

en
t
s θ

ca
n

n
ot

ac
h
ie

ve
st

ab
il
it

y
fo

r
w
δ p

w
it

h
p
>

1
(i

n
cl

u
d
in

g
p

=
∞

,
th

a
t

is
,

B
o
tt

le
n
ec

k
st

a
b
il
it

y
).

O
u
r

a
rg

u
m

en
ta

ti
o
n

is
si

m
il

ar
to

R
ei

n
in

gh
au

s
et

al
.

(2
01

5,
T

h
eo

re
m

3)
,

w
h

er
e

th
e

au
th

or
s

ch
ar

ac
te

ri
ze

ke
rn

el
s

on
b
ar

co
d
es

th
at

ca
n
n
ot

b
e

st
ab

le
w

it
h

re
sp

ec
t

to
w
q p

fo
r
p
>

1.
T

o
th

is
en

d
,

le
t
s θ

b
e

n
on

-t
ri

v
ia

l,
th

at
is

,
th

er
e

is
so

m
e
x
∈

Ω
su

ch
th

at
s θ

(x
)
>

0
an

d
d

efi
n

e
a

se
q
u

en
ce

of
b

ar
co

d
es

b
as

ed
on

D
=
{x
}

b
y

D j
=

j ⊎ i=
1

D
w

it
h
j
≥

1
.

N
ow

co
n
si

d
er

|s θ
(D

j
)
−
s θ

(∅
)|

=

∣ ∣ ∣ ∣ ∣ ∣∑ x
∈D

j

s θ
(x

)
−

0

∣ ∣ ∣ ∣ ∣ ∣=
j
·∣ ∣ ∣ ∣ ∣∑ x
∈D

s θ
(x

)∣ ∣ ∣ ∣ ∣=
j
·|
s θ

(x
)|

(6
)
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L
e
a
r
n
in
g

R
e
p
r
e
se

n
t
a
t
io
n
s
o
f
P
e
r
sist

e
n
c
e
B
a
r
c
o
d
e
s

a
n
d

o
b
serve

th
a
t

w
δp (D

j ,∅
)

=

{
p √
j·

w
δp (D

1 ,∅),
p
<
∞
,

1·w
∞

(D
1 ,∅),

p
=
∞

.
(7)

A
s

w
e

ca
n

see
fro

m
E

q
.

(6),
th

e
o
rd

er
o
f

g
row

th
is

lin
ea

r.
F

o
r

E
q
.

(7),
th

is
o
n
ly

h
o
ld

s
in

ca
se
p

=
1
.

H
en

ce,
fo

r
p
>

1
,

w
e

ca
n

n
o
t

fi
n

d
a

co
n

sta
n
t

su
ch

th
a
t

E
q
.

(6)
is

b
o
u

n
d

ed
fro

m
a
b

ove
b
y

E
q
.

(7).
In

p
articu

lar,

|s
θ (D

j )−
s
θ (∅)|

>
K
·
w
δp (D

j ,∅
)

fo
r
K
∈

R
a
n
d
j

su
ffi

cien
tly

la
rg

e.
W

h
ile

th
is

is
o
b
v
io

u
sly

a
n

ega
tive

resu
lt,

it
d
o
es

n
o
t

n
ecessarily

m
ean

th
at

th
is

ad
versely

eff
ects

u
s

in
a

learn
in

g
settin

g
.

N
everth

eless,
alth

ou
gh

w
e

ca
n
n
o
t

g
u
a
ra

n
tee

sta
b
ility

fo
r
p
>

1
,

w
e

ca
n

fi
n
d

su
ffi

cien
t

co
n
d
itio

n
s

fo
r

a
w

ea
k
er

p
ro

p
erty,

n
a
m

ely
co

n
tin

u
ity

w
ith

resp
ect

to
w
δp .

T
h

e
o
re

m
1
3

(w
δp

c
o
n
tin

u
ity

o
f

th
e

in
d

u
c
e
d

b
a
rc

o
d

e
m

a
p

p
in

g
)

L
et
s

be
a

fa
m

ily
o
f

fu
n

ctio
n

a
ls

a
s

in
D

efi
n

itio
n

9
su

ch
th

a
t
s
θ

sa
tisfi

es
th

e
gro

w
th

co
n

d
itio

n

|s
θ (x

)|≤
κ
s
θ ·δ(x

,y
)
p

fo
r
x
∈

Ω
,y
∈

∆
a
n

d
κ
s
θ
>

0
.

(8)

T
h
en

,
th

e
in

d
u

ced
ba

rcod
e

m
a
p
p
in

g
is

co
n

tin
u

o
u

s
w

ith
respect

to
w
δp .

P
ro

o
f

L
et
D
∈

D
b

e
a
rb

itra
ry

b
u
t

fi
x
ed

.
C

o
n
sid

er
a

seq
u
en

ce
o
f

b
a
rco

d
es,

(D
j )
∈

D
,

co
n
verg

in
g

to
D

,
th

at
is,

lim
j→
∞

w
δp (D

,D
j )

=
0
.

W
e

h
ave

to
sh

ow
th

at
s
θ (D

j )→
s
θ (D

)
for

j→
∞

.
L

et
ϕ
j

b
e

a
∆

-relative
b
ijective

m
atch

in
g

th
a
t

rea
lizes

w
δp (D

,D
j ).

W
e

get

lim
j→
∞

w
δp (D

,D
j )
p

=
lim
j→
∞

∑

(x
j ,y

j )∈
su

p
p
(ϕ
j ) m

u
lt
ϕ
j ((x

j ,y
j ) )·

δ(x
j ,y

j )
p

=
0
.

(9)

T
h
u

s,
for

(x
j ,y

j )∈
su

p
p

(ϕ
j ),

δ(x
j ,y

j )
con

verges
to

0
for

j→
∞

.
In

th
e

follow
in

g,
w

e
sh

ow
th

a
t

fo
r
ε
>

0
it

h
old

s
th

at|s
θ (D

)−
s
θ (D

j )|≤
ε.

In
p
articu

lar,
con

sid
er

|s
θ (D

)−
s
θ (D

j )|
=

∣∣∣∣∣∣ ∑x∈D
s
θ (x

)−
∑y∈D

j

s
θ (y

) ∣∣∣∣∣∣

=

∣∣∣∣∣∣
∑

(x
j ,y

j )∈
su

p
p
(ϕ
j ) m

u
lt
ϕ
j ((x

j ,y
j ) )· (s

θ (x
j )−

s
θ (y

j ) ) ∣∣∣∣∣∣
(b

y
L

em
m

a
11)

≤
∑

(x
j ,y

j )∈
su

p
p
(ϕ
j ) m

u
lt
ϕ
j ((x

j ,y
j ) )· ∣∣s

θ (x
j )−

s
θ (y

j ) ∣∣
(trian

gle
in

eq
u
a
lity

)

=
C
j
.

T
o

p
ro

ceed
,

w
e

sp
lit

th
e

m
atch

in
g
ϕ
j

in
to

tw
o

d
isjoin

t
p
arts,

th
at

is,

A
j

=
su

p
p
(ϕ

j )∩
(Ω
×

(Ω
∪

∆
) )

an
d
B
j

=
su

p
p
(ϕ

j )∩
(∆
×

(Ω
∪

∆
) )

.
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H
o
f
e
r
,
K
w
it
t
a
n
d

N
ie
t
h
a
m
m
e
r

A
j

co
n
ta

in
s

th
e

m
a
tch

in
g
s

fro
m
D

to
eith

er
p

o
in

ts
in
D
j

o
r

∆
,

w
h
ile

B
j

co
n
ta

in
s

th
e

rem
ain

in
g

m
atch

in
gs

from
∆

to
D
j .

T
h
is

allow
s

u
s

to
rep

resen
t
C
j

b
y
A
j

an
d
B
j ,

th
at

is,

C
j

=
∑

(x
j ,y

j )∈
A
j

m
u
lt
ϕ
j ((x

j ,y
j ) )· ∣∣s

θ (x
j )−

s
θ (y

j ) ∣∣

︸
︷︷

︸
D
j

+

∑

(x
j ,y

j )∈
B
j

m
u
lt
ϕ
j ((x

j ,y
j ) )· ∣∣s

θ (x
j )−

s
θ (y

j ) ∣∣

︸
︷︷

︸
E
j

.

F
irst,

w
e

see
th

at

D
j ≤

∑

(x
j ,y

j )∈
A
j

m
u
lt
ϕ
j ((x

j ,y
j ) )·

m
ax

(x
j ,y

j )∈
A
j ∣∣s

θ (x
j )−

s
θ (y

j ) ∣∣

=
|D
|·

m
ax

(x
j ,y

j )∈
A
j ∣∣s

θ (x
j )−

s
θ (y

j ) ∣∣
(b

y
(C

2)
of

D
efi

n
ition

4)

≤
ε/
2

for
j

su
ffi

cien
tly

large,
as
δ(x

j ,y
j )→

0
an

d
s
θ

is
con

tin
u
ou

s
on

Ω
(D

efi
n
ition

9).
S
econ

d
,

to
b

ou
n
d
E
j ,

w
e

ob
serve

th
e

follow
in

g:
it

h
old

s
th

at

E
j

=
∑

(x
j ,y

j )∈
B
j

m
u
lt
ϕ
j ((x

j ,y
j ) )· ∣∣0−

s
θ (y

j ) ∣∣
(as

x
j ∈

∆
)

≤
∑

(x
j ,y

j )∈
B
j

m
u
lt
ϕ
j ((x

j ,y
j ) )·κ

s
θ ·
δ(x

j ,y
j )
p

(b
y

E
q
.

(8))

≤
κ
s
θ ·

∑

(x
j ,y

j )∈
su

p
p
(ϕ
j ) m

u
lt
ϕ
j ((x

j ,y
j ) )·δ(x

j ,y
j )
p

(as
B
j ⊂

su
p
p
(ϕ

j ))

=
κ
s
θ ·

w
δp (D

,D
j )
p

(b
y

D
efi

n
ition

5)

≤
ε/
2

(b
y

E
q
.

(9))

for
j

su
ffi

cien
tly

large.
O

verall,
w

e
get

|s
θ (D

)−
s
θ (D

j )|≤
D
j

+
E
j ≤

ε

for
j

su
ffi

cien
tly

la
rge,

w
h
ich

con
clu

d
es

th
e

p
ro

of.

O
verall,

ou
r

th
eoretical

an
aly

sis
of

th
e

p
rop

osed
con

stru
ction

sch
em

e
sh

ow
s

th
at

th
e

in
d
u
ced

m
a
p
p
in

g
o
f

b
a
rco

d
es

h
a
s

fav
o
ra

b
le

p
ro

p
erties,

a
s

lo
n
g

a
s

th
e

d
iscu

ssed
co

n
d
itio

n
s

o
n

th
e

stru
ctu

re
elem

en
t

a
re

sa
tisfi

ed
.

B
a
sed

o
n

th
ese

d
ev

elo
p
m

en
ts,

it
is

n
ow

stra
ig

h
tfo

rw
a
rd

to
in

tro
d
u
ce

a
n
eu

ra
l

n
etw

o
rk

m
o
d
u
le

th
a
t

ca
n

h
a
n
d
le

b
a
rco

d
es

a
s

in
p
u
t

a
n
d

ex
ten

d
th

is
sch

em
e

to
m

u
ltip

le
fam

ilies
of

fu
n
ction

als.
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L
e
a
r
n
in
g

R
e
p
r
e
se

n
t
a
t
io
n
s
o
f
P
e
r
si
st

e
n
c
e
B
a
r
c
o
d
e
s

D
e
fi

n
it

io
n

1
4

(N
e
u

ra
l

n
e
tw

o
rk

in
p

u
t

la
y
e
r)

L
et
s

be
a

fa
m

il
y

o
f

fu
n

ct
io

n
a
ls

o
ve

r
th

e
pa

ra
m

et
er

sp
a
ce

Θ
a
n

d
θ

=
(θ

1
,.
..
,θ
N

)
a

ve
ct

o
r

o
f

pa
ra

m
et

er
re

a
li

za
ti

o
n

s
in

Θ
N

.
T

h
en

,

V s
:

Θ
N
→
{f

:
D
→

R
N
}

θ
7→
V s
,θ

w
it

h

V s
,θ

:
D
→

R
N

D
7→
( s
θ 1

(D
),
..
.,
s θ
N

(D
))

gi
ve

s
a

m
a
p
p
in

g
th

a
t

is
im

p
le

m
en

ta
bl

e
a
s

a
n

eu
ra

l
n

et
w

o
rk

(i
n

p
u

t)
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p
o
n
en

t.
F

o
r

p
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m
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ra
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.9

a
n
d

a
b
a
tch

size
o
f

1
0
0

fo
r

200
ep

o
ch

s.
T

h
e

learn
in

g
rate

is
h
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d
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p
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p
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b
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ra
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b
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d
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b
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p
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ex
am

p
les

w
ith

ex
p
licitly

in
terven

tio
n
a
l

d
ata.

2
.

M
e
th

o
d
s

2
.1

.
N

o
ta

tio
n

L
et
V

=
{1
,...,p}

in
d
ex

a
set

of
variab

les
w

h
ose

m
u
tu

al
cau

sal
relation

sh
ip

s
a
re

of
in

terest.
L

et
G

d
en

o
te

a
d
irected

grap
h

w
ith

vertex
set

V
an

d
ed

ge
set

E
;

w
h
ere

u
sefu

l,
w

e
u
se

V
(G

),E
(G

)
to

d
en

ote
its

vertex
an

d
ed

ge
sets

an
d
A

(G
)

to
d
en

ote
th

e
co

rresp
on

d
in

g
p×
p

b
in

a
ry

a
d
ja

cen
cy

m
atrix

.
T

o
m

ak
e

th
e

con
n
ection

b
etw

een
cau

sal
relation

sh
ip

s
an

d
m

ach
in

e
lea

rn
in

g
m

ore
tran

sp
aren

t,
w

e
in

tro
d
u
ce

lin
ear

in
d
ex

in
g

b
y

[k
]

of
th

e
p
a
irs

(i,j)∈
V
×
V

.
W

h
ere

n
eed

ed
,
w

e
m

ake
th

e
corresp

on
d
en

ce
ex

p
licit,

d
en

otin
g

b
y

(i[k
],j[k

])
th

e
varia

b
le

p
air

co
rresp

o
n
d
in

g
to

lin
ear

in
d
ex

[k
]

an
d

b
y

[k
(i,j)]

th
e

lin
ear

in
d
ex

for
p
a
ir

(i,j).
S
u
p
p

ose
A

is
th

e
a
d
ja

cen
cy

m
atrix

of
th

e
u
n
k
n
ow

n
grap

h
of

in
terest.

L
et
y

[k
] ∈
{−

1,+
1}

b
e

a
b
in

ary
va

ria
b
le

(fo
r

co
n
ven

ien
ce

m
ap

p
ed

on
to{−

1
,+

1})
corresp

on
d
in

g
to

th
e

en
try

(i[k
],j[k

])
in
A

;
th

ese
y

[k
] ’s

are
th

e
lab

els
or

ou
tp

u
ts

to
b

e
learn

ed
.

A
vailab

le
d
ata

are
d
en

o
ted
D

.
A

vailab
le

a
p
rio

ri
k
n
ow

led
ge

ab
ou

t
cau

sal
relation

sh
ip

s
b

etw
een

th
e

variab
les

V
is

d
en

oted
Φ

.

2
.2

.
C

a
u

sa
l

S
e
m

a
n
tic

s

G
iven

d
a
ta
D

an
d

b
ack

grou
n
d

k
n
ow

led
ge

Φ
w

e
aim

to
con

stru
ct

an
estim

ate
Ĝ

,
th

e
latter

b
ein

g
a

d
irected

grap
h

th
at

n
eed

n
ot

b
e

acy
clic.

T
h
e

in
form

ation
in

Φ
gu

id
es

th
e

learn
er.

T
w

o
m

a
in

ca
ses

arise,
b

oth
of

w
h
ich

w
e

con
sid

er
in

ex
p

erim
en

ts
b

elow
:

•
T

o
ta

l
o
r

a
n

cestra
l

eff
ects.

H
ere,

Φ
con

tain
s

in
form

ation
on

total
eff

ects—
for

ex
a
m

p
le

v
ia

in
terv

en
tion

al
ex

p
erim

en
ts

as
p

erform
ed

in
b
iology

—
an

d
th

e
ed

ges
in

th
e

estim
ate
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H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

Ĝ
are

in
ten

d
ed

to
d
escrib

e
su

ch
eff

ects.
T

h
is

m
ean

s
th

at
an

ed
ge

(i,j)∈
E

(Ĝ
)

is
in

terp
reted

to
m

ean
th

at
n
o
d
e
i

is
in

ferred
to

b
e

a
cau

sal
an

cestor
of

n
o
d
e
j.

•
D

irect
eff

ects.
H

ere,
Φ

con
tain

s
in

form
ation

on
d
irect

eff
ects

(relative
to

th
e

variab
le

set
V

)
an

d
th

e
ed

ges
in

th
e

estim
ated

grap
h
Ĝ

are
in

ten
d
ed

to
d
escrib

e
d
irect

eff
ects.

T
h
en

,
an

ed
ge

(i,j)∈
E

(Ĝ
)

is
in

terp
reted

to
m

ean
th

at
i

is
in

ferred
to

b
e

a
d
irect

cau
se

of
j

(relative
to

th
e

variab
le

set
V

).

O
u
r

im
m

ed
iate

m
otivation

com
es

from
th

e
ex

p
erim

en
tal

scien
ces

an
d

w
e

fo
cu

s
in

p
ar-

ticu
lar

on
cau

sal
in

fl
u
en

ces
th

at
can

,
at

least
in

p
rin

cip
le,

b
e

ex
p

erim
en

tally
verifi

ed
(even

in
th

e
p
resen

ce
of

laten
t

variab
les)

an
d

w
h
ere

cau
sal

cy
cles

are
p

ossib
le

(as
is

often
th

e
case

in
b
iology

or
econ

om
ics,

see
e.g.,

H
y
ttin

en
et

al.,
2012).

A
ccord

in
gly,

w
e

d
o

n
ot

d
em

an
d

acy
clicity.

In
ou

r
em

p
irical

w
ork

in
b
iology,

th
e

n
atu

re
of

th
e

u
n
d
erly

in
g

ch
em

ical/p
h
y
sical

sy
stem

s
m

ean
s

th
at

th
ere

are
m

an
y

sm
all

m
ag

n
itu

d
e

cau
sal

eff
ects

th
at

are
essen

tially
ir-

relevan
t

in
th

e
scien

tifi
c

con
tex

t
an

d
th

is
is

a
ch

a
racteristic

of
m

a
n
y

p
rob

lem
settin

gs
in

th
e

n
atu

ral
an

d
so

cial
scien

ces.
T

h
is

m
otivates

a
p
ragm

atic
ap

p
roach

assu
m

in
g

th
at

estim
ated

grap
h
s

are
n
ot

very
d
en

se
or

fu
lly

con
n
ected

n
or

n
ecessarily

tran
sitive

1.

2
.3

.
S

e
m

i-S
u

p
e
rv

ise
d

C
a
u

sa
l

L
e
a
rn

in
g

W
ith

th
e

n
otation

ab
ove,

th
e

task
is

to
learn

th
e
y

[k
] ’s

u
sin

g
D

an
d

Φ
.

T
h
is

is
d
on

e
u
sin

g
a

sem
i-su

p
erv

ised
estim

ator
ŷ

[k
] (D

,Φ
)

(w
e

m
ake

th
e

con
n
ection

to
sem

i-su
p

erv
ised

learn
in

g
ex

p
licit

sh
ortly

).
F

or
n
ow

assu
m

e
availab

ility
of

su
ch

an
estim

ator
(w

e
d
iscu

ss
on

e
sp

ecifi
c

ap
p
roach

b
elow

).
T

h
en

from
th

e
ŷ

[k
]

w
e

h
ave

an
estim

ate
of

th
e

grap
h

of
in

terest

as
Ĝ

(D
,Φ

)
=

(V
,E

(Ĝ
(D
,Φ

)))
(recall

th
at

th
e

v
ertex

set
V

is
k
n
ow

n
)

w
ith

th
e

ed
ge

set
sp

ecifi
ed

v
ia

th
e

sem
i-su

p
erv

ised
learn

er
as

(i,j)∈
E

(Ĝ
(D
,Φ

))
⇐
⇒

ŷ
[k

(i,j)] (D
,Φ

)
=

1.
(1)

B
ack

grou
n
d

k
n
ow

led
ge

Φ
cou

ld
b

e
b
ased

on
relevan

t
scien

ce
or

on
availab

le
in

terv
en

-
tion

al
d
ata.

F
or

ex
am

p
le,

in
a

given
scien

tifi
c

settin
g,

certain
cau

se-eff
ect

in
form

ation
m

ay
b

e
k
n
ow

n
from

p
rev

iou
s

w
ork

or
th

eory.
A

ltern
a
tively,

if
som

e
in

terven
tion

al
d
a
ta

are
avail-

ab
le

in
th

e
stu

d
y

at
h
an

d
,
th

is
gives

in
form

a
tion

on
som

e
cau

sal
relation

sh
ip

s.
W

h
atever

th
e

sou
rce

of
th

e
in

form
ation

,
assu

m
e

th
at

it
is

k
n
ow

n
th

a
t

certain
p
airs

(i,j)
are

eith
er

cau
sal

p
airs

(p
ositiv

e
in

form
ation

)
or

n
ot

cau
sal

p
airs

(n
egative

in
form

ation
).

U
sin

g
th

e
n
otation

ab
ove,

th
is

am
ou

n
ts

to
k
n
ow

in
g,

for
som

e
p
airs

[k
],

th
e

valu
e

of
y

[k
] .

In
sem

i-su
p

erv
ised

learn
in

g
term

s,
th

e
p
airs

w
h
ose

cau
sal

statu
s

is
k
n
ow

n
corresp

on
d

to
th

e
lab

elled
ob

jects
an

d
th

e
rem

ain
in

g
p
airs

are
th

e
u
n
lab

elled
ob

jects.
F

or
each

p
air

[k
],

som
e

of
th

e
d
ata,

o
r

som
e

tran
sform

ation
th

ereof
w

ill
b

e
u
sed

as
p
red

ictors
or

in
p
u
ts,

d
en

ote
th

ese
gen

erically
as
g

[k
] (D

).
T

h
at

is,
g

[k
]

is
a

featu
rization

of
th

e
d
ata,

w
ith

th
e

featu
rization

sp
ecifi

c
to

va
riab

les
(i[k

],j[k
]).

L
etK

b
e

th
e

set
of

lin
ear

in
d
ices

(i.e.,
[k

]∈
K

is
a

variab
le

p
air),L

⊂
K

b
e

th
e

variab
le

p
airs

w
ith

lab
els

availab
le

1
.

W
e

em
p

h
a
size

th
a
t

th
ese

a
re

p
ra

g
m

a
tic

a
ssu

m
p

tio
n

s
m

o
tiva

ted
b
y

th
e

n
a
tu

re
o
f

ex
p

erim
en

ta
l

d
a
ta

a
n

d
scien

tifi
c

a
p

p
lica

tio
n

s,
a
n

d
n

o
t

in
ten

d
ed

to
b

e
fu

n
d

a
m

en
ta

l
sta

tem
en

ts
a
b

o
u

t
ca

u
sa

lity.
F

o
r

ex
a
m

p
le,

H
y
ttin

en
et

a
l.

(2
0
1
2
)

m
a
k
e

th
e

p
o
in

t
th

a
t

cy
cles

ca
n

b
e

rem
ov

ed
b
y

co
n

sid
erin

g
tim

e-va
ry

in
g

d
a
ta

o
n

a
su

ita
b

le
tim

e
sca

le,
b

u
t

th
a
t

n
ev

erth
eless

cy
cles

a
re

co
m

m
o
n

in
ca

u
sa

l
scien

tifi
c

m
o
d

els
in

eco
n

o
m

ics,
en

g
in

eerin
g

a
n

d
b

io
lo

g
y

d
u

e
to

th
e

fa
ct

th
a
t

m
ea

su
rem

en
ts

a
re

u
su

a
lly

ta
k
en

a
t

w
id

er
in

terva
ls.
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C
a
u
sa

l
L
e
a
r
n
in
g

v
ia

M
a
n
if
o
l
d

R
e
g
u
l
a
r
iz
a
t
io
n

(v
ia

Φ
)

an
d
U

=
K
\L

b
e

th
e

se
t

of
u
n
la

b
el

le
d

p
ai

rs
.

L
et

y
L

b
e

a
b
in

ar
y

v
ec

to
r

co
m

p
ri

si
n
g

th
e
m
L

=
|L
|a

va
il
ab

le
la

b
el

s
an

d
y
U

b
e

an
u
n
k
n
ow

n
b
in

ar
y

ve
ct

or
of

le
n
gt

h
m
U

=
|U
|.

T
h
e

av
ai

la
b
le

la
b

el
s

ar
e

d
et

er
m

in
ed

b
y

th
e

b
ac

k
gr

ou
n
d

in
fo

rm
at

io
n

Φ
an

d
w

e
ca

n
w

ri
te

y
L

(Φ
)

to
m

ak
e

th
is

ex
p
li
ci

t.
A

se
m

i-
su

p
er

v
is

ed
le

ar
n
er

gi
ve

s
es

ti
m

at
es

fo
r

th
e

u
n
la

b
el

le
d

ob
je

ct
s,

gi
ve

n
th

e
d
at

a
an

d
av

ai
la

b
le

la
b

el
s.

T
h
at

is
,
an

es
ti

m
at

e
of

th
e

fo
rm

ŷ
U

(g
(D

),
y
L

(Φ
))

.
W

it
h

th
es

e
in

h
an

d
w

e
h
av

e
es

ti
m

at
es

fo
r

al
l

la
b

el
s

an
d

th
er

ef
or

e
fo

r
al

l
ed

ge
s

v
ia

(1
).

F
or

m
u
la

te
d

in
th

is
w

ay
,

it
is

cl
ea

r
th

at
es

se
n
ti

al
ly

an
y

co
m

b
in

at
io

n
of

fe
at

u
ri

za
ti

o
n
g

an
d

se
m

i-
su

p
er

v
is

ed
le

ar
n
er

co
u
ld

b
e

u
se

d
in

th
is

se
tt

in
g
.

B
el

ow
,

as
a

p
ra

ct
ic

al
ex

am
p
le

,
w

e
ex

p
lo

re
gr

ap
h
-b

as
ed

m
an

if
ol

d
le

ar
n
in

g
(f

ol
lo

w
in

g
B

el
k
in

et
al

.,
20

06
)

co
m

b
in

ed
w

it
h

a
si

m
p
le

b
iv

ar
ia

te
fe

at
u
ri

za
ti

on
.

2
.4

.
A

B
iv

a
ri

a
te

F
e
a
tu

ri
z
a
ti

o
n

F
or

d
is

ta
n
ce

-b
as

ed
le

ar
n
in

g,
w

e
re

q
u
ir

e
a

d
is

ta
n
ce

m
ea

su
re

b
et

w
ee

n
ob

je
ct

s
(h

er
e,

va
ri

ab
le

p
ai

rs
)

[k
],

[k
′ ]
∈
K

.
T

h
e

si
m

p
le

st
ca

n
d
id

at
e

d
is

ta
n
ce

b
et

w
ee

n
va

ri
ab

le
p
ai

rs
[k

],
[k
′ ]

is
b
a
se

d
on

ly
on

th
e

b
iv

ar
ia

te
d
is

tr
ib

u
ti

on
fo

r
th

e
va

ri
ab

le
s

co
m

p
ri

si
n
g

th
e

p
ai

rs
(w

e
m

ak
e

th
is

n
o
ti

on
p
re

ci
se

b
el

ow
).

P
ro

of
s

of
p
ro

p
os

it
io

n
s

ap
p

ea
ri

n
g

in
th

is
S
ec

ti
on

ar
e

p
ro

v
id

ed
in

A
p
p

en
d
ix

A
.

2
.4
.1
.
D
is
t
a
n
c
e
b
e
t
w
e
e
n
v
a
r
ia
b
l
e
pa

ir
s

L
et

Z
d
en

ot
e

th
e
p
-d

im
en

si
on

al
ra

n
d
om

va
ri

ab
le

w
h
os

e
n

re
al

iz
at

io
n
s

z
(l

) ,
l

=
1
,.
..
,n

,
co

m
p
ri

se
th

e
d
at

a
se

t
D

.
A

ss
u
m

e
Z
∈
Z p

=
[z

m
in
,z

m
a
x
]p

a
n
d

th
at
Z p

is
en

d
ow

ed
w

it
h

th
e

B
or

el
σ

-a
lg

eb
ra
B p

=
B(
Z p

).
L

et
P

b
e

th
e

se
t

of
al

l
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
s,

ge
n
er

ic
al

ly
d
en

ot
ed

π
,

w
it

h
re

sp
ec

t
to

L
eb

es
gu

e
m

ea
su

re
Λ

2

on
(Z

2
,B

2
).

L
et

Π
[k

]
b

e
th

e
b
iv

ar
ia

te
(m

ar
gi

n
al

)
d
is

tr
ib

u
ti

on
fo

r
co

m
p

on
en

ts
i[
k
],
j[
k
]
∈
V

of
Z

.

A
ss

u
m

p
ti

o
n

1
E

a
ch

Π
[k

]
a
d
m

it
s

a
d
en

si
ty

fu
n

ct
io

n
π

[k
]
∈
P

.

If
av

ai
la

b
le

,
th

e
d
en

si
ti

es
π

[k
],
π

[k
′ ]

co
u
ld

b
e

u
se

d
to

d
efi

n
e

a
d
is

ta
n
ce

b
et

w
ee

n
th

e
p
ai

rs
[k

],
[k
′ ].

L
et
d
P

:
P
×
P
→

[0
,∞

)
d
en

ot
e

a
p
se

u
d
o-

m
et

ri
c2

on
P

.
S
in

ce
w

e
d
o

n
ot

h
av

e
ac

ce
ss

to
th

e
u
n
d
er

ly
in

g
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
s,

w
e

co
n
st

ru
ct

an
an

al
og

u
e

u
si

n
g

th
e

av
ai

la
b
le

d
at

a
D

.
L

et
S n

:=
[z

m
in
,z

m
a
x
]2
n

d
en

ot
e

th
e

sp
ac

e
of

p
os

si
b
le

b
iv

ar
ia

te
sa

m
p
le

s
(t

h
e

sa
m

p
le

si
ze

is
n

)
an

d
S

[k
]
∈
S n

d
en

ot
e

th
e

su
b
se

t
of

th
e

d
at

a
fo

r
th

e
va

ri
ab

le
p
ai

r
[k

].

T
h
at

is
,
S

[k
]
=
{(
z

(l
)

i[
k
],
z

(l
)

j[
k
])
} l=

1
,.
..
,n
⊂
Z 2

.

L
et
κ

:
S n
→
P

b
e

a
d
en

si
ty

es
ti

m
at

or
(D

E
).

W
e

co
n
si

d
er

sa
m

p
le

q
u
an

ti
ti

es
of

th
e

fo
rm

d
S

=
d
P
◦(
κ
×
κ

).
T

h
at

is
,

gi
v
en

d
at

a
S

[k
],
S

[k
′ ]
∈
S n

on
tw

o
p
ai

rs
[k

],
[k
′ ],

th
e

D
E

is
ap

p
li
ed

se
p
ar

at
el

y
to

p
ro

d
u
ce

d
en

si
ty

es
ti

m
at

es
κ

(S
[k

])
a
n
d
κ

(S
[k

′ ]
),

th
at

ar
e

co
m

p
ar

ed
u
si

n
g
d
P

to
gi

ve
d
S

(S
[k

],
S

[k
′ ]
)

=
d
P

(κ
(S

[k
])
,κ

(S
[k

′ ]
))

.
T

h
is

co
n
st

ru
ct

io
n

en
su

re
s

th
at
d
S

is
a

p
se

u
d
o-

m
et

ri
c

w
it

h
ou

t
as

su
m

p
ti

on
s

on
th

e
D

E
κ

:

P
ro

p
o
si

ti
o
n

1
A

ss
u

m
e

th
a
t
d
P

is
a

p
se

u
d
o
-m

et
ri

c
o
n
P

.
T

h
en

d
S

is
a

p
se

u
d
o
-m

et
ri

c
o
n

S n
.

If
,

in
a
d
d
it

io
n

,
κ

is
in

je
ct

iv
e

a
n

d
d
P

is
a

m
et

ri
c

o
n
P

,
th

en
d
S

is
a

m
et

ri
c

o
n
S n

.

2
.

R
ec

a
ll

th
a
t

a
p

se
u

d
o
-m

et
ri

c
d

sa
ti

sfi
es

a
ll

o
f

th
e

p
ro

p
er

ti
es

o
f

a
m

et
ri

c
w

it
h

th
e

ex
ce

p
ti

o
n

th
a
t
d
(x
,y

)
=

0
6=⇒

x
=
y
.
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H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

2
.4
.2
.
C
h
o
ic
e
o
f
d
is
t
a
n
c
e

F
or

se
m

i-
su

p
er

v
is

ed
le

ar
n
in

g
w

e
n
ee

d
a

n
ot

io
n

of
d
is

ta
n
ce

u
n
d
er

w
h
ic

h
ca

u
sa

l
p
a
ir

s
a
re

re
la

ti
ve

ly
‘c

lo
se

’
to

ea
ch

ot
h
er

.
F

or
a

m
ea

su
ra

b
le

sp
ac

e
X

eq
u
ip

p
ed

w
it

h
a

m
ea

su
re
ρ

w
e

le
t
‖f
‖ L

q
(ρ

)
:=
( ∫
X
|f
|q d
ρ
)1 q

<
∞

.
T

h
e

n
ot

io
n

of
d
is

ta
n
ce

th
at

w
e

co
n
si

d
er

is

d
P

(π
,π̃

)
:=
‖π
−
π̃
‖ L

2
(Λ

2
).

T
h
e

ri
gh

t
h
an

d
si

d
e

ex
is

ts
si

n
ce

th
e

in
te

gr
an

d
is

co
n
ti

n
u
ou

s
on

a
co

m
p
ac

t
se

t
a
n
d

th
u
s

b
ou

n
d
ed

.
T

h
is

ca
n

b
e

co
n
tr

as
te

d
w

it
h

th
e

ke
rn

el
em

b
ed

d
in

g
th

at
w

as
p
ro

p
o
se

d
fo

r
su

p
er

-
v
is

ed
ca

u
sa

l
le

ar
n
in

g
in

L
op

ez
-P

az
et

al
.

(2
01

5)
.

P
ro

p
o
si

ti
o
n

2
d
P

is
a

m
et

ri
c

o
n
P

.

T
h
e

m
ai

n
re

q
u
ir

em
en

t
th

at
w

e
h
av

e
of

th
e

D
E

is
th

at
it

p
ro

v
id

es
co

n
si

st
en

t
es

ti
m

a
ti

o
n

in
th

e
‖·
‖ L

2
(Λ

2
)

n
or

m
w

h
en
π
∈
P

.
S
p

ec
ifi

ca
ll
y,

co
n
si

d
er

a
se

q
u
en

ce
S

(n
)

in
S n

in
d
ex

ed
b
y

th
e

n
u
m

b
er
n

of
d
at

a
p

oi
n
ts

.
In

p
ar

ti
cu

la
r,

su
p
p

os
e

th
at
S

(n
)

is
b
u
il
t

fr
om

n
in

d
ep

en
d
en

t
d
at

a

p
oi

n
ts

w
h
os

e
d
is

tr
ib

u
ti

on
is

Π
(t

h
e

sh
or

th
an

d
n
ot

at
io

n
S

(n
)

i.
i.

d
.
∼

Π
w

il
l

b
e

u
se

d
).

L
et
π

b
e

th
e

d
en

si
ty

fu
n
ct

io
n

fo
r

Π
.

T
h
en

κ
is

sa
id

to
b

e
“c

on
si

st
en

t”
if
‖π
−
κ

(S
(n

) )
‖ L

2
(Λ

2
)

=
o P

(1
)

h
ol

d
s

fo
r
S

(n
)

i.
i.

d
.
∼

Π
w

h
en

ev
er
π
∈
P

.

P
ro

p
o
si

ti
o
n

3
S

u
p
po

se
κ

is
co

n
si

st
en

t
a
n

d
th

a
t

Π
,Π̃

a
d
m

it
d
en

si
ti

es
π
,π̃
∈
P

.
T

h
en

,
fo

r

S
(n

)
i.

i.
d

.
∼

Π
,
S̃

(n
)

i.
i.

d
.
∼

Π̃
,

w
h
er

e
S

(n
)

a
n

d
S̃

(n
)

a
re

n
o
t

n
ec

es
sa

ri
ly

in
d
ep

en
d
en

t,
w

e
h
a
ve

th
a
t

d
S

(S
(n

) ,
S̃

(n
) )

=
d
P

(π
,π̃

)
+
o P

(1
).

T
h
u
s
d
S

ap
p
ro

x
im

at
es

th
e

id
ea

li
ze

d
m

et
ri

c
d
P

in
th

e
li
m

it
of

d
ra

w
s

fr
o
m

Π
a
n
d

Π̃
.

N
ot

e
th

at
,

in
ou

r
in

te
n
d
ed

u
se

ca
se

,
th

e
S

(n
)

an
d
S̃

(n
)

w
il
l

co
rr

es
p

on
d

to
b
iv

ar
ia

te
sc

a
tt

er
p
lo

ts
S

[k
],
S

[k
′ ]

ge
n
er

at
ed

fr
om

th
e

sa
m

e
u
n
d
er

ly
in

g
z

(l
) ,
l

=
1,
..
.,
n

,
an

d
h
en

ce
S

(n
)

a
n
d
S̃

(n
)

w
il
l

n
ot

b
e

in
d
ep

en
d
en

t.
F

or
th

e
ex

p
er

im
en

ts
in

th
is

p
ap

er
,

m
ot

iv
at

ed
b
y

co
m

p
u
ta

ti
on

al
ea

se
,

w
e

u
se

d
a

si
m

p
le

b
iv

ar
ia

te
h
is

to
gr

am
as

th
e

D
E
κ

.
T

o
th

is
en

d
,

p
ar

ti
ti

on
Z 2

in
to

an
M
×
M

re
g
u
la

r
g
ri

d
w

h
os

e
(m

1
,m

2
)t

h
el

em
en

t
is

d
en

ot
ed

B
m

1
,m

2
.

T
h
e

st
an

d
ar

d
b
an

d
w

id
th

n
ot

a
ti

o
n
h

=
M
−

1

w
il
l

al
so

b
e

u
se

d
.

F
or

a
sc

at
te

r
p
lo

t
S
∈
S n

,
le

t
x
m

1
,m

2
d
en

ot
e

th
e

n
u
m

b
er

of
el

em
en

ts
th

at
b

el
on

g
to

th
e

se
t
B
m

1
,m

2
.

T
h
en

th
e

h
is

to
gr

am
es

ti
m

at
or

is

κ
(S

)(
z
′ )

=
M ∑

m
1
,m

2
=

1

x
m

1
,m

2

n

1 h
2
I[z
′ ∈

B
m

1
,m

2
],

z
′ ∈
Z 2
.

(2
)

T
h
is

D
E

is
co

n
si

st
en

t
in

th
e

se
n
se

of
P

ro
p

os
it

io
n

3.
In

d
ee

d
:

P
ro

p
o
si

ti
o
n

4
L

et
th

e
ba

n
d
w

id
th

pa
ra

m
et

er
h

o
f

th
e

h
is

to
gr

a
m

es
ti

m
a
to

r
κ

be
ch

o
se

n
su

ch
th

a
t
n
h

2
→
∞

.
T

h
en

κ
is

co
n

si
st

en
t.

M
o
re

o
ve

r,
a
n

o
p
ti

m
a
l

ch
o
ic

e
o
f
h
�
n
−

1
/
4

le
a
d
s

to

‖π
−
κ

(S
(n

) )
‖ L

2
(Λ

2
)

=
O
P

(n
−

1
/
4
)

w
h
en

ev
er
S

(n
)

i.
i.

d
.
∼

Π
a
n

d
π
∈
P

.

W
e

n
ot

e
th

at
th

is
h
is

to
gr

am
D

E
is

n
ot

ra
te

o
p
ti

m
al

fo
r

th
e

cl
as

s
P

(f
or

co
m

p
a
ri

so
n
,

k
er

-
n
el

D
E

s
at

ta
in

a
ra

te
of
O
P

(n
−

2
/
3
)

ov
er

th
e

sa
m

e
cl

as
s
P

of
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
a
b
le

b
iv

ar
ia

te
d
en

si
ti

es
co

n
si

d
er

ed
h
er

e,
se

e
W

an
d

an
d

J
on

es
,

19
94

).
H

ow
ev

er
,

an
im

p
o
rt

a
n
t

a
d
-

va
n
ta

ge
of

th
e

h
is

to
gr

am
D

E
is

th
at

th
e

su
b
se

q
u
en

t
ev

al
u
at

io
n

of
κ

(S
)

is
O

(1
),

co
m

p
a
re

d
w

it
h
O

(n
)

fo
r

th
e

ke
rn

el
D

E
.
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C
a
u
sa

l
L
e
a
r
n
in
g

v
ia

M
a
n
if
o
l
d

R
e
g
u
l
a
r
iz
a
t
io
n

2
.4
.3
.
Im

p
l
e
m
e
n
t
a
t
io
n
o
f
t
h
e
D
E

T
h
e

a
b

ove
a
rg

u
m

en
ts

su
p
p

ort
th

e
u
se

of
a

b
ivariate

h
istogram

to
p
rov

id
e

a
sim

p
le

featu
r-

iza
tio

n
fo

r
va

riab
le

p
airs.

In
p
ractice,

fo
r

all
ex

am
p
les

b
elow

,
th

e
d
ata

w
ere

sta
n
d
ard

ized
,

th
en

tru
n
ca

ted
to

[−
3
,3] 2,

follow
in

g
w

h
ich

a
b
ivariate

h
istogram

w
ith

b
in

s
of

fi
x
ed

w
id

th
0
.2

w
a
s

u
sed

.
T

h
e

d
im

en
sion

of
th

e
resu

ltin
g

featu
re

m
atrix

w
as

th
en

red
u
ced

(to
100)

u
sin

g
P

C
A

.

2
.5

.
M

a
n

ifo
ld

R
e
g
u

la
riz

a
tio

n

R
eca

ll
th

a
t

th
e

goal
is

to
estim

ate
b
in

ary
lab

els
y
U

for
a

su
b
set
U
⊂
K

of
va

riab
le

p
airs

g
iven

ava
ila

b
le

d
ata
D

an
d

k
n
ow

n
lab

els
y
L

(Φ
)

for
a

su
b
setL

=
K
\U

(th
ese

are
tak

en
to

b
e

o
b
ta

in
ed

fro
m

availab
le

in
terven

tion
al

ex
p

erim
en

ts
an

d
/or

b
ack

gro
u
n
d

k
n
ow

led
ge).

F
or

a
n
y

tw
o

p
a
irs

[k
],[k ′]∈

K
,

w
e

also
h
ave

availab
le

a
d
istan

ce
dS

(S
[k

] ,S
[k ′] ).

T
h
is

is
a

task
in

sem
i-su

p
erv

ised
learn

in
g

(see
e.g.,

B
elk

in
et

al.,
2006

;
F

ergu
s

et
al.,

2009)
an

d
a

n
u
m

b
er

of
fo

rm
u
la

tion
s

a
n
d

m
eth

o
d
s

cou
ld

b
e

u
sed

for
estim

ation
in

th
is

settin
g.

H
ere

w
e

d
escrib

e
a

sp
ecifi

c
a
p
p
ro

a
ch

in
d
etail,

u
sin

g
m

an
ifold

regu
larization

m
eth

o
d
s

d
iscu

ssed
in

B
elk

in
et

al.
(2

0
0
6
).

L
et

x
[k

]
d
en

ote
a

v
ector

w
h
ose

en
tries

are
th

e
b
in

-cou
n
ts
x
i,j ,

1
≤
i,j
≤
M

,
a
p
p

earin
g

in
(2

),
fo

r
sca

tter
p
lot

S
[k

] .
L

etX
=×

1≤
i,j≤

M
[0,n

]
an

d
n
ote

th
at

x
[k

] ∈
X

.
T

h
en

w
e

m
ak

e
th

e
o
b
serva

tio
n

th
at,

for
th

e
h
istogram

estim
ator,

dS
(S

[k
] ,S

[k ′] )∝
‖x

[k
] −

x
[k ′] ‖

2
.

T
h
is

p
ersp

ectiv
e

em
p
h
asizes

th
at
g

[k
] (D

)
=

x
[k

] is
th

e
featu

rization
th

a
t

u
n
d
erp

in
s

th
is

w
ork

,
a
n
d

th
a
t

th
e

classifi
cation

task
can

b
e

con
sid

ered
as

th
e

con
stru

ction
of

a
m

ap
c

:X
→

{−
1
,+

1}.
T

o
d
evelop

an
ap

p
roach

to
sem

i-su
p

erv
ised

classifi
cation

in
th

e
m

an
n
er

of
B

elk
in

et
a
l.

(2
0
06

),
let

ρX
b

e
a

referen
ce

m
easu

re
on
X

an
d

let
K

:X
×
X
→

R
b

e
a

M
ercer

kern
el;

i.e.,
co

n
tin

u
ou

s,
sy

m
m

etric
an

d
p

ositive
sem

i-d
efi

n
ite.

T
h
e

rep
ro

d
u
cin

g
k
ern

el
H

ilb
ert

sp
ace,

H
K

,
a
sso

cia
ted

to
K

can
b

e
d
efi

n
ed

v
ia

th
e

in
tegral

op
erator

Σ
K

:
L

2(ρX
)→

L
2(ρX

)
w

h
ere

Σ
K
f

(x
)

=

∫
K

(x
,x̃

)f
(x̃

)d
ρ
X

(x̃
).

F
ro

m
th

e
fa

ct
th

at
K

is
a

M
ercer

kern
el

it
follow

s
th

at
Σ
K

is
self-ad

join
t,

p
ositive

sem
i-

d
efi

n
ite

a
n
d

com
p
act.

In
p
articu

lar,
Σ
αK

is
w

ell-d
efi

n
ed

for
α
∈

(0,∞
).

T
h
e

rep
ro

d
u
cin

g

kern
el

H
ilb

ert
sp

ace
is

d
efi

n
ed

asH
K

=
Σ

12K
L

2(ρX
)

an
d

its
n
orm

is‖
f‖H

K
:=
‖
Σ
−

12
K
f‖

L
2
(ρX

) ;
c.f.

C
o
ro

lla
ry

4
.13

in
C

u
ck

er
an

d
Z

h
ou

(20
07).

R
eca

ll
th

a
t
m
L

=
|L|

is
th

e
n
u
m

b
er

of
availab

le
lab

els
an

d
m
U

=
|U|

th
e

n
u
m

b
er

of
u
n
lab

elled
p
a
irs.

L
et
m

=
m
U

+
m
L

(=
|K
|)

b
e

th
e

total
n
u
m

b
er

of
p
airs.

U
sin

g
th

e
d
istan

ce
fu

n
ctio

n
dS

w
e

fi
rst

d
efi

n
e

an
m
×
m

sim
ilarity

m
atrix

W
w

ith
en

tries

W
[k

],[k ′]
=

ex
p (−

1

2σ
21 ‖

x
[k

] −
x

[k ′] ‖
22 )

(3)

w
h
ere

σ
1
>

0
m

u
st

b
e

sp
ecifi

ed
.

T
h
e

sq
u
ared

-ex
p

on
en

tial
form

is
m

otiva
ted

b
y

an
a
n
a-

ly
tic

co
n
n
ectio

n
b

etw
een

th
e

h
eat

kern
el

an
d

th
e

L
ap

lace-B
eltram

i
op

erator,
w

h
ich

w
ill

b
e
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H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

ex
p
loited

in
S
ection

2.5.1.
W

e
w

ill
u
se

a
p
artition

of
th

e
m

atrix
corresp

on
d
in

g
to

th
e

sets
U
,L

as
follow

s

W
=

[
W
LL

W
LU

W
UL

W
UU

]

w
h
ere

w
e

h
ave

assu
m

ed
,
w

ith
ou

t
loss

of
gen

erality,
th

at
th

e
variab

le
p
airs

are
ord

ered
so

th
at

th
e

lab
elled

p
airs

ap
p

ear
in

th
e

fi
rst

m
L

p
laces,

follow
ed

b
y

th
e
m
U

=
m
−
m
L

u
n
lab

elled
p
airs.

C
orresp

on
d
in

gly
let

y
=

[
y
L

y
U

]
∈
{−

1
,+

1}
m

d
en

ote
a

lab
el

m
atrix

,
w

h
ere

+
1

in
d
icate

th
ose

p
airs

[k
]

for
w

h
ich

y
[k

]
=

1
.

T
h
e

vector
y
U

is
u
n
k
n
ow

n
an

d
is

th
e

ob
ject

of
estim

ation
.

L
et

D
b

e
th

e
m
×
m

d
iagon

al
m

atrix
w

ith
d
iagon

al
en

tries
D

[k
],[k

]
=
∑

[k ′]∈K
W

[k
],[k ′] .

D
efi

n
e

L
=

D
−

W
(i.e.,

th
e

u
n
-n

orm
alized

grap
h

L
ap

lacian
;

all
m

atrices
w

ith
O

(m
2)

en
tries

are
d
en

oted
as

b
old

cap
itals

to
em

p
h
asize

th
e

p
oten

tial
b

ottlen
eck

th
at

is
asso

ciated
w

ith
storage

an
d

m
an

ip
u
lation

of
th

ese
m

atrices).
L

et

f
=

[
f Lf U

]
∈
R
m

b
e

a
vector

corresp
on

d
in

g
to

a
classifi

cation
fu

n
ctio

n
f

:X
→

R
evalu

ated
at

th
e
m

variab
le

p
airsK

,
w

ith
th

e
su

p
erscrip

ts
in

d
icatin

g
corresp

o
n
d
en

ce
w

ith
th

e
lab

elled
an

d
u
n
lab

elled
p
airs.

In
tu

itively,
w

e
w

an
t

th
e

sign
of

f
to

agree
w

ith
th

e
k
n
ow

n
lab

els
y
L

an
d

a
lso

to
take

accou
n
t

of
th

e
m

an
ifold

stru
ctu

re
en

co
d
ed

in
L

.

In
th

is
w

ork
w

e
con

sid
er

a
classifi

er
of

th
e

form
ĉ(x

)
=

sign
(f̂

(x
))

w
h
ere

f̂
arises

from
th

e
L

a
p
la

cia
n

-regu
la

rized
lea

st
squ

a
res

m
eth

o
d

f̂
=

arg
in

f
f∈H

K

‖
y
L
−

f L‖
22

m
L

+
λ

1
f >

L
f

m
+
λ

2 ‖
f‖

2H
K
,

(4)

follow
in

g
S
ection

4.2
of

B
elk

in
et

al.
(2006).

H
ere

th
e

fi
rst

term
relates

th
e

k
n
ow

n
lab

els
to

th
e

valu
es

of
th

e
fu

n
ction

f
.

T
h
e

secon
d

term
im

p
oses

‘sm
o
oth

n
ess’

on
th

e
lab

el
assign

m
en

t
in

th
e

sen
se

of
en

cou
ragin

g
solu

tion
s

w
h
ere

th
e

lab
els

d
o

n
ot

ch
an

ge
q
u
ick

ly
w

ith
resp

ect
to

th
e

d
istan

ce
m

etric.
T

h
e

th
ird

term
is

p
rin

cip
ally

to
en

su
re

th
at

th
e

in
fi
m

u
m

rem
ain

s
w

ell-d
efi

n
ed

an
d

u
n
iq

u
e

in
th

e
situ

ation
w

h
ere

th
ere

is
in

su
ffi

cien
t

d
ata

for
th

e
fi
rst

p
en

alty
alon

e
to

b
e

su
ffi

cien
t

(see
R

em
ark

2
in

B
elk

in
et

al.,
2006).

R
e
m

a
rk

5
(C

h
o
ic

e
o
f

lo
ss)

It
is

im
po

rta
n

t
to

co
m

m
en

t
o
n

o
u

r
ch

o
ice

o
f

a
squ

a
red

-erro
r

lo
ss

fu
n

ctio
n

in
(4),

w
h
ich

d
iff

ers
fro

m
th

e
m

o
re

n
a
tu

ra
l

a
p
p
roa

ch
o
f

u
sin

g
h
in

ge
lo

ss
fo

r
a

bin
a
ry

cla
ssifi

ca
tio

n
ta

sk.
O

u
r

m
o
tiva

tio
n

h
ere

is
p
rin

cipa
lly

co
m

p
u

ta
tio

n
a
l

exped
ien

ce;
th

e
co

m
p
u

ta
tio

n
a
l

bu
rd

en
a
ssocia

ted
w

ith
th

e
m

=
O

(p
2)

d
iff

eren
t

sca
tter

p
lo

ts
requ

ires
th

a
t

a
ligh

t-w
eigh

t
estim

a
tio

n
p
roced

u
re

is
u

sed
.

H
o

w
ever,

w
e

n
o
te

th
a
t

w
e

a
re

n
o
t

th
e

fi
rst

to
p
ro

po
se

th
e

u
se

o
f

squ
a
red

-erro
r

lo
ss

in
th

e
cla

ssifi
ca

tio
n

co
n

text;
it

is
in

fa
ct

a
sta

n
d
a
rd

a
p
p
roa

ch
to

cla
ssifi

ca
tio

n
in

th
e

situ
a
tio

n
w

h
en

th
e

n
u

m
ber

o
f

cla
sses

is
>

2
(e.g.,

W
a
n

g
et

a
l.,

2
0
0
8
).
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C
a
u
sa

l
L
e
a
r
n
in
g

v
ia

M
a
n
if
o
l
d

R
e
g
u
l
a
r
iz
a
t
io
n

2
.5
.1
.
C
o
n
si
st

e
n
c
y
o
f
t
h
e
C
l
a
ss
if
ie
r

A
s

ex
p
la

in
ed

in
R

em
ar

k
5,

th
e

u
se

of
a

sq
u
ar

ed
-e

rr
or

lo
ss

fu
n
ct

io
n

in
a

cl
as

si
fi
ca

ti
on

co
n
te

x
t

is
so

m
ew

h
at

u
n
n
at

u
ra

l.
It

is
th

er
ef

or
e

in
cu

m
b

en
t

on
u
s

to
es

ta
b
li
sh

co
n
si

st
en

cy
of

th
e

p
ro

p
os

ed
m

et
h
o
d
.

T
o

th
is

en
d
,

w
e

ex
p
lo

it
th

e
sp

ec
ifi

c
fo

rm
of

th
e

si
m

il
ar

it
y

m
at

ri
x

u
se

d
in

(3
).

In
d
ee

d
,

if
w

e
re

-w
ri

te

f>
L

f

m
=

1 2m

∑

[k
],

[k
′ ]
∈K

(f
(x

[k
])
−
f

(x
[k

′ ]
))

2
W

[k
],

[k
′ ]

(5
)

th
en

it
ca

n
b

e
es

ta
b
li
sh

ed
(u

n
d
er

ce
rt

ai
n

re
gu

la
ri

ty
co

n
d
it

io
n
s)

th
at

,
if

in
p
u
t

d
at

a
x

ar
e

in
d
ep

en
d
en

tl
y

d
ra

w
n

fr
om

ρ
X

,
th

en
(5

)
co

n
ve

rg
es

to
th

e
q
u
an

ti
ty
∫
f

(x
)∆
M
f

(x
)d
ρ

2 X
(x

)
(u

p
to

p
ro

p
or

ti
on

al
it

y
),

a
sm

o
ot

h
n
es

s
p

en
al

ty
b
as

ed
on

w
ei

gh
te

d
L

ap
la

ce
-B

el
tr

a
m

i
op

er
at

or
∆
M

on
th

e
m

an
if

ol
d
M

in
d
u
ce

d
b
y
ρ
X

(G
ri

go
r’

ya
n
,

20
06

).
T

h
e

co
n
v
er

ge
n
ce

o
cc

u
rs

as
m
,σ

2 1
m
d
+

2
→
∞

(T
h
eo

re
m

3.
1

of
B

el
k
in

an
d

N
iy

og
i,

20
08

).

T
h
is

co
n
ve

rg
en

ce
of

th
e

gr
ap

h
L

ap
la

ci
an

to
th

e
L

ap
la

ce
-B

el
tr

am
i

o
p

er
at

or
u
n
d
er

li
es

ex
is

ti
n
g

co
n
si

st
en

cy
re

su
lt

s
fo

r
se

m
i-

su
p

er
v
is

ed
re

gr
es

si
on

(e
.g

.,
C

ao
an

d
C

h
en

,
20

12
)

an
d

is
ex

p
lo

it
ed

ag
ai

n
to

es
ta

b
li
sh

th
e

co
n
si

st
en

cy
of

ou
r

cl
as

si
fi
er
ĉ(

x
)

=
si

gn
(f̂

(x
))

in
A

p
-

p
en

d
ix

B
.

In
su

m
m

ar
y,

th
e

ab
il
it

y
to

as
si

gn
th

e
co

rr
ec

t
la

b
el

to
an

u
n
la

b
el

le
d

p
ai

r
[k

]
∈
L

d
ep

en
d
s

on
b

ot
h

th
e

in
tr

in
si

c
p
re

d
ic

ta
b
il
it

y
of

th
e

la
b

el
as

a
fu

n
ct

io
n

of
th

e
sc

at
te

r
p
lo

t
S

[k
],

as
q
u
an

ti
fi
ed

b
y

th
e

B
ay

es
ri

sk
,

an
d

th
e

sm
o
ot

h
n
es

s
of

th
e

B
ay

es
cl

as
si

fi
er
f ρ

as
q
u
an

ti
fi
ed

b
y

th
e

la
rg

es
t

va
lu

e
α
∈

(0
,1

]
su

ch
th

at
Σ
−
α 2

K
f ρ
∈
L

2
(ρ
X

);
se

e
C

or
ol

la
ry

9
in

A
p
p

en
d
ix

B
fo

r
fu

ll
d
et

ai
l.

2
.5
.2
.
Im

p
l
e
m
e
n
t
a
t
io
n
o
f
t
h
e
C
l
a
ss
if
ie
r

G
iv

en
tr

ai
n
in

g
la

b
el

s
y
L

,
la

b
el

es
ti

m
at

es
ŷ
U

=
si

gn
(f̂
U

)
ar

e
ob

ta
in

ed
b
y

m
in

im
iz

in
g

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

d
es

cr
ib

ed
ab

ov
e,

as
ex

p
la

in
ed

in
E

q
u
at

io
n

8
in

B
el

k
in

et
al

.
(2

00
6)

.
T

h
is

gi
ve

s

f̂U
=

K
U,
K

([
I m

L
0

0
0

] K
K
,K

+
λ

2
m
L
I m

+
λ

1
m
L

m
2

L
K
K
,K

) −
1
[

y
L 0

]
(6

)

w
h
er

e
K
U,
K

is
th

e
m
U
×
m

ke
rn

el
m

at
ri

x
b
as

ed
on

th
e

u
n
la

b
el

ed
U

an
d

to
ta

l
K

d
at

a,
K
K
,K

is
th

e
m
×
m

ke
rn

el
m

at
ri

x
b
as

ed
on

th
e

to
ta

l
d
at

a
K

an
d

I m
d
en

ot
es

a
n
m

-d
im

en
si

on
al

id
en

ti
ty

m
at

ri
x
.

H
er

e
ŷ
U

p
ro

v
id

es
a

p
oi

n
t

es
ti

m
at

e
fo

r
th

e
u
n
k
n
ow

n
la

b
el

s
w

h
il
e

f̂U
is

re
al

-v
al

u
ed

an
d

ca
n

b
e

u
se

d
to

ra
n
k

ca
n
d
id

at
e

p
ai

rs
if

re
q
u
ir

ed
.

T
h
e

li
n
ea

r
sy

st
em

in
(6

)
ca

n
b

e
so

lv
ed

at
a

n
ai

ve
co

m
p
u
ta

ti
on

al
co

st
of
O

(m
3
).

C
om

p
u
ta

ti
on

fo
r

la
rg

e-
sc

al
e

se
m

i-
su

p
er

v
is

ed
le

ar
n
in

g
h
as

b
ee

n
st

u
d
ie

d
in

th
e

li
te

ra
tu

re
(s

ee
e.

g.
,

F
er

gu
s

et
al

.,
20

0
9)

an
d

a
n
u
m

b
er

of
ap

p
ro

ac
h
es

co
u
ld

b
e

u
se

d
to

sc
al

e
u
p

to
la

rg
er

p
ro

b
le

m
s,

b
u
t

w
er

e
n
ot

p
u
rs

u
ed

in
th

is
w

or
k
.

F
or

ex
p

er
im

en
ts

re
p

or
te

d
b

el
ow

w
e

em
p
lo

ye
d

a
si

m
il
ar

it
y

m
at

ri
x

(w
it

h
le

n
gt

h
sc

al
e
σ

1

as
in

(3
))

an
d

a
ke

rn
el

K
(x
,x
′ )

=
ex

p

( −
1

2σ
2 2

‖x
−

x
′ ‖2 2

)
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 2
0(

12
7)

:1
-3

2,
 2

01
9

H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

w
h
os

e
le

n
gt

h
-s

ca
le

p
ar

am
et

er
σ

2
w

as
se

t
eq

u
al

to
σ

1
in

th
e

ab
se

n
ce

of
p
ri

or
k
n
ow

le
d
g
e

a
b

o
u
t

th
e

m
an

if
ol

d
M

.
T

h
e

sc
al

e
σ

1
w

as
se

t
to

th
e

av
er

ag
e

d
is

ta
n
ce

to
th

e
n
ea

re
st

5
0

p
o
in

ts
in

th
e

fe
at

u
re

sp
ac

e
(i

n
p
ra

ct
ic

e
es

ti
m

at
ed

v
ia

a
su

b
sa

m
p
le

).

T
h
e

tw
o

p
en

al
ty

p
ar

am
et

er
s

in
(4

)
w

er
e

se
t

to
sm

a
ll

p
os

it
iv

e
va

lu
es

(λ
1

=
λ

2
=

0
.0

0
1
;

w
e

fo
u
n
d

re
su

lt
s

w
er

e
b
ro

ad
ly

in
se

n
si

ti
ve

to
th

is
ch

oi
ce

).
F

ol
lo

w
in

g
co

m
m

o
n

p
ra

ct
ic

e
w

e

w
or

ke
d

w
it

h
th

e
n
or

m
al

iz
ed

gr
ap

h
L

a
p
la

ci
an

L̃
:=

D
−

1 2
L

D
−

1 2
in

p
la

ce
of

L
(s

ee
R

em
a
rk

3
of

B
el

k
in

et
al

.,
20

06
).

3
.

E
m

p
ir

ic
a
l

R
e
su

lt
s

W
e

te
st

ed
ou

r
ap

p
ro

ac
h

u
si

n
g

th
re

e
d
at

a
se

ts
w

it
h

d
iff

er
en

t
ch

ar
ac

te
ri

st
ic

s.
T

h
e

ke
y

fe
a
tu

re
s

of
ea

ch
d
at

a
se

t
ar

e
ou

tl
in

ed
b

el
ow

,
w

it
h

a
fu

ll
d
es

cr
ip

ti
on

of
ea

ch
d
at

a
se

t
a
p
p

ea
ri

n
g

in
th

e
re

sp
ec

ti
ve

su
b
se

ct
io

n
.

In
al

l
ca

se
s

p
er

fo
rm

an
ce

w
as

as
se

ss
ed

u
si

n
g

ei
th

er
h
el

d
-o

u
t

in
te

rv
en

ti
on

al
d
at

a
or

sc
ie

n
ti

fi
c

k
n
ow

le
d
ge

.

•
D

1
:

Y
e
a
st

k
n

o
ck

o
u

t
d

a
ta

.
H

er
e,

w
e

u
se

d
a

d
at

a
se

t
d
u
e

to
K

em
m

er
en

et
a
l.

(2
01

4)
,

p
re

v
io

u
sl

y
co

n
si

d
er

ed
fo

r
ca

u
sa

l
le

ar
n
in

g
in

P
et

er
s

et
al

.
(2

01
6
);

M
ei

n
sh

a
u
se

n
et

al
.

(2
01

6)
.

T
h
e

d
at

a
co

n
si

st
of

a
la

rg
e

n
u
m

b
er

of
ge

n
e

d
el

et
io

n
ex

p
er

im
en

ts
w

it
h

co
rr

es
p

on
d
in

g
ge

n
e

ex
p
re

ss
io

n
m

ea
su

re
m

en
ts

.

•
D

2
:

K
in

a
se

in
te

rv
e
n
ti

o
n

d
a
ta

fr
o
m

h
u

m
a
n

c
a
n

c
e
r

c
e
ll

li
n

e
s.

T
h
es

e
d
a
ta

,
d
u
e

to
H

il
l

et
al

.
(2

01
7)

,
in

vo
lv

e
a

sm
al

l
n
u
m

b
er

of
in

te
rv

en
ti

on
s

on
h
u
m

a
n

ce
ll
s,

w
it

h
co

rr
es

p
on

d
in

g
p
ro

te
in

m
ea

su
re

m
en

ts
ov

er
ti

m
e.

•
D

3
:

P
ro

te
in

d
a
ta

fr
o
m

c
a
n

c
e
r

p
a
ti

e
n
t

sa
m

p
le

s.
T

h
es

e
d
at

a
a
ri

se
fr

o
m

T
h
e

C
an

ce
r

G
en

om
e

A
tl

as
(T

C
G

A
)

an
d

ar
e

p
re

se
n
te

d
in

A
k
b
an

i
et

al
.

(2
0
1
4
).

T
h
er

e
a
re

n
o

in
te

rv
en

ti
on

al
d
at

a,
b
u
t

th
e

d
at

a
p

er
ta

in
to

re
la

ti
ve

ly
w

el
l-

u
n
d
er

st
o
o
d

b
io

lo
g
ic

a
l

p
ro

ce
ss

es
al

lo
w

in
g

in
fe

re
n
ce

s
to

b
e

ch
ec

ke
d

ag
ai

n
st

ca
u
sa

l
sc

ie
n
ti

fi
c

k
n
ow

le
d
g
e.

A
n

ap
p

ea
li
n
g

fe
at

u
re

of
M

R
C

L
is

th
e

si
m

p
li
ci

ty
w

it
h

w
h
ic

h
it

ca
n

b
e

ap
p
li
ed

to
d
iv

er
se

p
ro

b
le

m
s.

In
ea

ch
ca

se
b

el
ow

,
w

e
si

m
p
ly

co
n
ca

te
n
at

e
av

ai
la

b
le

d
at

a
to

fo
rm

th
e

d
a
ta

se
t

D
an

d
av

ai
la

b
le

k
n
ow

le
d
ge

/i
n
te

rv
en

ti
on

s
to

fo
rm

Φ
,

th
en

d
ir

ec
tl

y
ap

p
ly

th
e

m
et

h
o
d
s

a
s

d
es

cr
ib

ed
.

3
.1

.
G

e
n

e
ra

l
P

ro
b

le
m

S
e
t-

U
p

T
h
e

b
as

ic
id

ea
in

al
l
th

re
e

p
ro

b
le

m
s

w
as

as
fo

ll
ow

s:
gi

ve
n

d
at

a
on

a
se

t
o
f

va
ri

a
b
le

s,
fo

r
ea

ch
(o

rd
er

ed
)

p
ai

r
(i
,j

)
of

va
ri

ab
le

s
w

e
so

u
gh

t
to

d
et

er
m

in
e

w
h
et

h
er

or
n
ot
i

h
as

a
ca

u
sa

l
eff

ec
t

on
j.

In
th

e
ca

se
of

d
at

a
se

ts
D

1
an

d
D

2
th

e
re

su
lt

s
w

er
e

as
se

ss
ed

ag
ai

n
st

th
e

o
u
tc

o
m

e
o
f

ex
p

er
im

en
ts

in
v
ol

v
in

g
ex

p
li
ci

t
in

te
rv

en
ti

on
s.

A
s

d
is

cu
ss

ed
ab

ov
e,

su
ch

ex
p

er
im

en
ts

re
ve

a
l

an
ce

st
ra

l
re

la
ti

on
sh

ip
s

(t
h
at

n
ee

d
n
ot

b
e

d
ir

ec
t)

an
d

th
e

go
al

in
th

es
e

ex
a
m

p
le

s
w

a
s

to
le

ar
n

su
ch

re
la

ti
on

sh
ip

s.
T

h
e

av
ai

la
b
il
it

y
of

a
la

rg
e

n
u
m

b
er

of
in

te
rv

en
ti

on
s

in
D

1
a
ll
ow

ed
a

w
id

er
ra

n
ge

of
ex

p
er

im
en

ts
,

w
h
er

ea
s

D
2

is
a

sm
al

le
r

d
at

a
se

t
(b

u
t

fr
om

h
u
m

a
n

ce
ll
s)

,
al

lo
w

in
g

on
ly

a
re

la
ti

ve
ly

li
m

it
ed

as
se

ss
m

en
t.

In
th

e
ca

se
of

D
3

,
w

h
er

e
in

te
rv

en
ti

o
n
a
l

d
at

a
(i

.e
.,

in
te

rv
en

ti
on

s
on

th
e

sa
m

e
b
io

lo
gi

ca
l

m
at

er
ia

l
th

at
gi

ve
ri

se
to

th
e

tr
ai

n
in

g
d
a
ta

)
w

er
e

n
ot

av
ai

la
b
le

b
u
t

th
e

re
le

va
n
t

b
io

lo
gi

ca
l

m
ec

h
an

is
m

s
ar

e
re

la
ti

ve
ly

w
el

l
u
n
d
er

st
o
o
d
,

w
e

co
m

p
ar

ed
re

su
lt

s
to

a
re

fe
re

n
ce

m
ec

h
an

is
ti

c
gr

ap
h

d
er

iv
ed

fr
om

th
e

d
om

ai
n

li
te

ra
tu

re
.
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C
a
u
sa

l
L
e
a
r
n
in
g

v
ia

M
a
n
if
o
l
d

R
e
g
u
l
a
r
iz
a
t
io
n

litera
tu

re
itself

is
in

eff
ect

an
en

co
d
in

g
of

ex
ten

sive
in

terven
tion

al
ex

p
erim

en
ts

com
b
in

ed
w

ith
b
io

ch
em

ical
an

d
b
iop

h
y
sical

k
n
ow

led
ge.

T
h
is

giv
es

in
form

ation
on

d
irect

ed
ges

an
d

h
ere

th
e

ed
g
es

learn
ed

are
in

ten
d
ed

to
rep

resen
t

d
irect

cau
ses

(relative
to

th
e

set
of

ob
served

varia
b
les).

W
ith

in
th

e
sem

i-su
p

erv
ised

set-u
p
,

a
su

b
set

of
p
airs

w
ere

lab
elled

at
th

e
ou

tset
a
n
d

th
e

rem
ain

in
g

p
airs

w
ere

u
n
lab

elled
.

A
ll

em
p
irical

resu
lts

b
elow

a
re

for
u
n
lab

elled
p
a
irs;

th
a
t

is,
in

all
cases

assessm
en

t
is

carried
ou

t
w

ith
resp

ect
to

cau
sal

(an
d

n
on

-cau
sal)

relatio
n
sh

ip
s

th
at

w
ere

n
ot

u
sed

to
train

th
e

m
o
d
els.

3
.2

.
D

a
ta

S
e
t

D
1
:

Y
e
a
st

G
e
n

e
E

x
p

re
ssio

n

D
a
ta

.
T

h
e

d
a
ta

con
sisted

of
gen

e
ex

p
ression

levels
(log

ratios)
for

a
total

of
p

to
ta

l
=

61
70

g
en

es.
S
o
m

e
o
f

th
e

d
ata

sam
p
les

w
ere

m
easu

rem
en

ts
after

k
n
o
ck

in
g

ou
t

a
sp

ecifi
c

gen
e

(in
-

terven
tion

a
l

d
a
ta)

an
d

th
e

oth
er

sam
p
les

w
ere

w
ith

ou
t

an
y

su
ch

in
terven

tion
(ob

servation
al

d
a
ta

),
w

ith
sa

m
p
le

sizes
of
n

in
t

=
14

79
an

d
n

o
b

s
=

153
resp

ectively.
E

ach
of

th
e

g
en

es
in

terven
ed

on
w

as
on

e
of

th
e
p

to
ta

l
gen

es.
L

et
t(l)

b
e

th
e

in
d
ex

of
th

e
gen

e
targ

eted
b
y

th
e

l th
in

terven
tio

n
.

T
h
at

is,
th

e
l th

in
terven

tion
a
l

sa
m

p
le

w
a
s

an
ex

p
erim

en
t

in
w

h
ich

gen
e
t(l)

w
a
s

k
n
o
ck

ed
o
u
t.

L
et
T

=
{
t(1),...,t(n

in
t)}

b
e

th
e

su
b
set

o
f

gen
es

th
at

w
ere

th
e

target
of

a
n

in
terv

en
tio

n
al

ex
p

erim
en

t.

P
ro

b
le

m
se

t-u
p

.
O

u
r

p
rob

lem
set-u

p
w

as
as

follow
s.

W
e

sam
p
led

a
su

b
set

C
⊂
T

of
th

e
g
en

es
th

a
t

w
ere

in
terv

en
ed

u
p

on
,

w
ith
|C
|

=
50,

an
d

treated
th

is
as

th
e

v
ertex

set
of

in
terest

(i.e.,
settin

g
V

=
C

an
d
p

=
|C
|
=

50).
T

h
e

goal
w

as
to

u
n
cover

ca
u
sal

relation
sh

ip
s

b
etw

een
th

ese
p

variab
les.

S
in

ce
b
y

d
esign

in
terven

tion
al

d
ata

w
ere

availab
le

for
all

variab
les

j∈
C

,
w

e
u
sed

th
ese

d
a
ta

to
d
efi

n
e

a
n

in
terv

en
tion

al
‘gold

stan
d
ard

’.
T

o
th

is
en

d
w

e
u
sed

a
rob

u
st
z
-score

th
at

co
n
sid

ered
th

e
ch

an
ge

in
a

variab
le

of
in

terest
u
n
d
er

in
terven

tion
,
relative

to
its

ob
servation

al
va

ria
tio

n
.

L
et
Z

in
t

ij
d
en

ote
th

e
ex

p
ression

level
of

gen
e
j

follow
in

g
in

terven
tion

on
gen

e
i.

F
o
r

a
n
y

p
a
ir

o
f

gen
es
i,j∈

C
w

e
say

th
at

gen
e
i

h
a
s

a
cau

sal
eff

ect
on

gen
e
j

if
an

d
on

ly
if
ζ
ij

=
|Z

in
t

ij
−
M

o
b

s
j
|/

IQ
R

o
b

s
j

>
τ
,

w
h
ere

M
o
b

s
j

is
th

e
m

ed
ia

n
lev

el
of

gen
e
j

(ca
lcu

lated
u
sin

g
h
a
lf

o
f

th
e

ob
servation

al
d
ata

sam
p
les;

th
e

rem
ain

in
g

sam
p
les

w
ere

u
sed

as
train

in
g

d
a
ta

—
see

b
elow

),
IQ

R
o
b

s
j

th
e

corresp
on

d
in

g
in

ter-q
u
artile

ran
ge

a
n
d
τ

=
5

w
as

a
fi
x
ed

th
resh

o
ld

.
T

h
at

is,
w

e
say

th
ere

is
an

(ex
p

erim
en

tally
verifi

ed
)

cau
sa

l
relation

sh
ip

b
etw

een
g
en

e
i

a
n
d

gen
e
j

if
an

d
on

ly
if
ζ
ij
>
τ
.

A
n

ab
sen

ce
of

cau
sal

eff
ects

p
reclu

d
es

estim
ation

of
tru

e
p

o
sitive

rates;
h
en

ce
w

e
sam

p
led

C
su

b
ject

to
a

sp
arsity

con
d
ition

(th
at

at
least

2.5%
o
f

g
en

e
p
a
irs

sh
ow

an
eff

ect).

L
et
A

(C
)

b
e

a
p×
p

b
in

ary
m

atrix
en

co
d
in

g
th

e
cau

sal
eff

ects
as

d
escrib

ed
in

th
e

foregoin
g

(i.e.,
A

(C
)
ij

=
1

in
d
icates

th
at
i

h
as

an
ex

p
erim

en
tally

verifi
ed

cau
sal

eff
ect

on
j).

T
h
en

,
g
iven

d
a
ta

on
g
en

es
C

,
w

e
set

u
p

th
e

learn
in

g
p
rob

lem
as

follow
s.

W
e

treated
a

fraction
ρ

o
f

th
e

en
tries

in
A

(C
)

as
th

e
availab

le
lab

els
Φ

.
T

h
u
s,

h
ere

m
=
p

2
=

2500,
m
L

=
bρ
m
c

a
n
d
m
U

=
m
−
m
L

.
U

sin
g

th
ese

lab
els

an
d

d
ata

on
th

e
variab

les
C

,
w

e
learn

ed
cau

sal
ed

g
es

as
d
escrib

ed
.

T
h
is

gav
e

estim
ates

for
th

e
rem

ain
in

g
(u

n
seen

)
en

tries
in
A

(C
),

w
h
ich

w
e

co
m

p
ared

a
gain

st
th

e
corresp

on
d
in

g
tru

e
valu

es.
T

h
e

d
ata

setD
com

p
rised

ex
p
ression

m
easu

rem
en

ts
for

th
e

gen
es

in
C

for
n

o
b

s
tra

in
=

76
ob

servation
al

d
ata

sam
p
les

(th
ose

sam
p
les

n
o
t

u
sed

to
ca

lcu
late

th
e

rob
u
st
z
-scores),

p
lu

s
n

in
t

tra
in

in
terven

tion
al

d
ata

sam
p
les

w
h
ere

g
en

es
o
u
tsid

e
th

e
set

of
in

terest
w

ere
in

terv
en

ed
u
p

on
;

th
at

is,
a

su
b
set

of
th

e
1429

gen
es

in
T
\
C

.
T

h
is

set-u
p

en
su

red
th

atD
in

clu
d
e

n
eith

er
an

y
o
f

th
e

in
terven

tion
al

n
or

ob
servatio

n
al
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H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

d
ata

th
at

w
as

u
sed

to
ob

tain
th

e
grou

n
d
-tru

th
m

atrix
A

(C
).

T
h
e

total
am

ou
n
t

of
train

in
g

d
ata

is
d
en

oted
b
y
n

tra
in

=
n

o
b

s
tra

in
+
n

in
t

tra
in .

W
e

con
sid

ered
n

tra
in

=
200,5

00
an

d
1000

(corresp
on

d
in

g
to
n

in
t

tra
in

=
124,424

an
d

924
resp

ectively,
sam

p
led

at
ran

d
om

).

R
e
su

lts.
W

e
com

p
ared

th
e

p
rop

osed
M

a
n
ifold

R
egu

larized
C

au
sal

L
ea

rn
in

g
(M

R
C

L
)

ap
-

p
roach

w
ith

th
e

follow
in

g
ap

p
roach

es:

•
P

en
alized

regression
w

ith
an
`
1

p
en

alty
(L

a
sso

;
T

ib
sh

iran
i,

1996
).

E
ach

variab
le
j∈

C
w

as
regressed

on
all

oth
er

variab
les

i∈
C
,i6=

j
to

ob
tain

regression
co

effi
cien

ts.
T

h
is

is
n
ot

a
cau

sal
ap

p
roach

as
su

ch
,

b
u
t

is
in

clu
d
ed

a
s

a
sim

p
le

m
u
ltivariate

b
aselin

e.

•
In

terven
tion

-calcu
lu

s
w

h
en

th
e

D
A

G
is

ab
sen

t
(ID

A
;

M
aath

u
is

et
al.,

200
9,

2010).
A

low
er

b
ou

n
d

for
th

e
total

cau
sal

eff
ect

of
variab

le
i

on
variab

le
j

w
as

estim
ated

for
each

p
air

i,j∈
C
,i6=

j.

•
T

h
e

P
C

alg
orith

m
(P

C
;

S
p
irtes

et
al.,

2000).
T

h
is

p
rov

id
es

a
C

P
D

A
G

estim
ate

for
th

e
variab

les
C

.

•
G

IE
S

(G
IE

S
;
H

au
ser

an
d

B
ü
h
lm

an
n
,
20

12).
T

h
is

p
rov

id
es

an
essen

tial
grap

h
estim

ate
for

th
e

varia
b
les

C
,

an
d

allow
s

in
clu

sion
of

in
terven

tion
al

d
ata

in
a

p
rin

cip
led

m
an

n
er.

A
s

sim
p
le

b
aselin

es,
w

e
also

in
clu

d
ed

P
earson

an
d

K
en

d
all

correlation
co

effi
cien

ts
(P

e
a
r-

so
n

an
d

K
e
n

d
a
ll)

an
d
,

follow
in

g
a

su
ggestion

from
a

referee,
a

sim
p
le

k
-n

earest
n
eigh

b
or

ap
p
roach

b
ased

on
th

e
featu

rization
in

tro
d
u
ced

ab
ove

(k
-N

N
).

W
e

n
ote

th
at

th
e

cau
sal

m
eth

o
d
s

com
p
ared

again
st

h
ere

d
iff

er
in
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π
(z

)−
κ

(S
(n

))(z
)

at
a

p
oin

t
z ′∈
Z

2
can

b
e

b
ias-varian

ce
d
ecom

p
osed

:

E{[π
(z

)−
κ

(S
(n

))(z
)] 2}

=
b(z

)
2

+
v
(z

)
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h
e

ai
m

is
to

ob
ta

in
in

d
ep

en
d
en

t
b

ou
n
d
s

on
b

ot
h

th
e

b
ia

s
an

d
va

ri
an

ce
te

rm
s

n
ex

t.

T
o

b
ou

n
d

th
e

b
ia

s
te

rm
,

T
ay

lo
r’

s
th

eo
re

m
gi

ve
s

th
at

,
fo

r
z
,z
′ ∈

B
i,
j
,

π
(z
′ )

=
π

(z
)

+
(z
′ −

z
)>
·∇

π
(z

)
+

1 2
(z
′ −

z
)>

R
i,
j
(z

)
(z
′ −

z
)

(7
)

w
h
er

e
th

e
re

m
ai

n
d
er

te
rm

sa
ti

sfi
es

‖R
i,
j
(z

)‖
m

a
x
≤

su
p

z
′′
∈B

i,
j

‖∇
∇
>
π

(z
′′ )
‖ m

a
x

(T
ay

lo
r)

≤
su

p
z
′′
∈Z

2

‖∇
∇
>
π

(z
′′ )
‖ m

a
x
<
∞

(c
on

ti
n
u
ou

s
on

co
m

p
ac

t
d
om

ai
n
).

H
er

e
‖M
‖ m

a
x

=
m

ax
{M

i,
j
}

an
d
∇
∇
>
π

d
en

ot
es

th
e

H
es

si
an

,
w

h
ic

h
ex

is
ts

si
n
ce
π

is
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
in
Z 2

.
T

h
u
s

fo
r

z
∈
B
i,
j
,

in
te

gr
at

in
g

(7
):

∫ B
i,
j

π
(z
′ )

d
Λ

2
(z
′ )

=
h

2
π

(z
)

+
h

2

(
h 2

[
2
i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)
+
E
i,
j
(z

)

w
h
er

e
th

e
n
ew

re
m

ai
n
d
er

te
rm

ca
n

b
e

b
ou

n
d
ed

:

|E
i,
j
(z

)|
=

∣ ∣ ∣ ∣ ∣1 2

∫ B
i,
j

(z
′ −

z
)>

R
i,
j
(z

)
(z
′ −

z
)d

Λ
2
(z
′ )

∣ ∣ ∣ ∣ ∣

≤
1 2

∫ B
i,
j

‖z
′ −

z
‖2 2

d
Λ

2
(z
′ )
×

su
p

z
′′
∈Z

2

‖∇
∇
>
π

(z
′′ )
‖ m

a
x

(8
)

≤
8h

4
su

p
z
′′
∈Z

2

‖∇
∇
>
π

(z
′′ )
‖ m

a
x

=
:
C
h

4

w
h
er

e
th

e
co

n
st

an
t
C

is
in

d
ep

en
d
en

t
of

z
an

d
i,
j.

T
h
e

n
u
m

b
er

8
(w

h
ic

h
is

n
ot

sh
ar

p
)

is
ob

ta
in

ed
fr

om
tr

iv
ia

l
b
u
t

te
d
io

u
s

co
m

p
u
ta

ti
on

of
th

e
in

te
gr

a
l
in

(8
)

an
d

b
ou

n
d
in

g
ea

ch
te

rm
in

th
e

re
su

lt
.

N
ow

,
fo

r
z
∈
B
i,
j
,

th
e

b
ia

s
is

ex
p
re

ss
ed

u
si

n
g

(7
)

as

b(
z
)

=
1 h
2

∫ B
i,
j

π
(z
′ )

d
Λ

2
(z
′ )
−
π

(z
)

=

(
h 2

[
2i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)
+

1 h
2
E
i,
j
(z

).
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N
ow

w
e

in
te

gr
at

e
th

is
ex

p
re

ss
io

n
ov

er
x
∈
B
i,
j
:

∫ B
i,
j

b2
d
Λ

2
=

∫ B
i,
j

{(
h 2

[
2i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)
+

1 h
2
E
i,
j
(z

)} 2
d
Λ

2
(z

)

≤
∫ B

i,
j

{(
h 2

[
2i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)} 2
d
Λ

2
(z

)

+
2

∫ B
i,
j

∣ ∣ ∣ ∣(
h 2

[
2
i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)∣ ∣ ∣ ∣
1 h
2
|E

i,
j
(z

)|d
Λ

2
(z

)

+

∫ B
i,
j

1 h
4
E
i,
j
(z

)2
d
Λ

2
(z

)

≤
∫ B

i,
j

{(
h 2

[
2i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)} 2
d
Λ

2
(z

)

+
2
C
h

2

∫ B
i,
j

∣ ∣ ∣ ∣(
h 2

[
2i
−

1
2j
−

1

] −
z

)
·∇

π
(z

)∣ ∣ ∣ ∣d
Λ

2
(z

)
+
C

2
h

2

T
o

b
ou

n
d

th
es

e
in

te
gr

al
s

w
e

u
se

C
au

ch
y
-S

ch
w

ar
z:

∫ B
i,
j

{(
h 2

[
2i
−

1
2
j
−

1

] −
z

)
·∇

π
(z

)} 2
d
Λ

2
(z

)
≤

∫ B
i,
j

∥ ∥ ∥ ∥h 2

[
2i
−

1
2j
−

1

] −
z

∥ ∥ ∥ ∥2 2

‖∇
π

(z
)‖

2 2
d
Λ

2
(z

)

≤
h

2 2

∫ B
i,
j

‖∇
π

(z
)‖

2 2
d
Λ

2
(z

)
(9

)

an
d

∫ B
i,
j

∣ ∣ ∣ ∣(
h 2

[
2
i
−

1
2
j
−

1

] −
z

)
·∇

π
(z

)∣ ∣ ∣ ∣d
Λ

2
(z

)
≤

∫ B
i,
j

∥ ∥ ∥ ∥h 2

[
2i
−

1
2
j
−

1

] −
z

∥ ∥ ∥ ∥ 2

‖∇
π

(z
)‖

2
d
Λ

2
(z

)

≤
h √
2

∫ B
i,
j

‖∇
π

(z
)‖

2
d
Λ

2
(z

).
(1

0
)

B
ot

h
ex

p
re

ss
io

n
s

in
(9

)
an

d
(1

0)
ar

e
fi
n
it

e
si

n
ce

th
e

in
te

gr
an

d
is

co
n
ti

n
u
ou

s
a
n
d

th
e

d
o
m

a
in

is
co

m
p
ac

t.
T

h
e

to
ta

l
in

te
gr

at
ed

b
ia

s
is

th
u
s

b
ou

n
d
ed

as

∫ Z 2
b2

d
Λ

2
≤

h
2 2

∫ Z 2
‖∇

π
(z

)‖
2 2
d
Λ

2
(z

)
+
C

2
h

2
+
O

(h
3
)

T
o

b
ou

n
d

th
e

va
ri

an
ce

te
rm

,
fr

om
th

e
in

te
gr

al
fo

rm
of

th
e

m
ea

n
va

lu
e

th
eo

re
m

w
e

h
av

e
th

at
,

fo
r

so
m

e
z
i,
j
∈
B
i,
j
,

p
i,
j

=

∫ B
i,
j

π
d
Λ

2
=
h

2
π

(z
i,
j
).
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n

T
h
e

a
p
p
lica

tio
n

of
th

e
in

tegral
form

of
th

e
m

ean
valu

e
th

eorem
is

valid
sin

ce
π

is
con

tin
u
ou

s
o
n
Z

2 .
T

h
en

:∫Z
2

v
2d

Λ
2

=
M∑i,j=

1 ∫

B
i,j

v
d
Λ

2

=
M∑i,j=

1 ∫

B
i,j

p
i,j (1−

p
i,j )

n
h

4
d
Λ

2

=
1

n
h

2 −
1

n
h

2

M∑i,j=
1

p
2i,j

=
1

n
h

2 −
h

2

n

M∑i,j=
1

π
(z
i,j )

2

=
1

n
h

2 −
1n

(∫X
2

π
2d

Λ
2

+
o(1

) )
=

1

n
h

2
+
O

(
1n )

P
u
ttin

g
th

is
a
ll

togeth
er

to
ob

tain
a

b
ou

n
d
:

E‖
π
−
κ

(S
(n

))‖
2L
2
(Λ

2
)

=

∫X
2

b
2d

Λ
2

+

∫Z
2

v
d
Λ

2
(F

u
b
in

i)

≤
h

22

∫Z
2 ‖∇

π
(z

)‖
22 d

Λ
2 (z

)
+
C

2h
2

+
O

(h
3)

+
1

n
h

2
+
O

(
1n )(11)

w
h
ere

E
d
en

o
tes

ex
p

ectation
w

ith
resp

ect
to

sam
p
lin

g
o
f
th

e
d
ata

S
(n

)∼
Π

.
F

rom
in

sp
ection

o
f

(1
1
),

th
e

estim
ator

error
van

ish
es

p
rov

id
ed

th
at
h

is
ch

osen
su

ch
th

at
n
h

2→
∞

.
S
in

ce
co

n
verg

en
ce

in
ex

p
ectation

im
p
lies

con
vergen

ce
in

p
rob

ab
ility,

w
e

h
ave

estab
lish

ed
th

at
‖
π−

κ
(S

(n
))‖

L
2
(Λ

2
)

=
o
P

(1).
T

h
e

b
an

d
w

id
th
h
∗,

w
h
ich

m
in

im
izes

th
e

u
p
p

er
b

ou
n
d

in
(11),

is

h
∗

=
1

n
1
/
4 (

2
∫Z

2 ‖∇
π

(z
)‖

22 d
Λ

2 (z
)

+
2
C

2 )
1
/
4

a
n
d

w
ith

th
is

ch
oice

w
e

h
ave

th
at

E‖
π
−
κ

(S
(n

))‖
2L
2
(Λ

2
)

=
O
P

(n
−

1
/
2).

F
or
h

=
h
∗

w
e

h
ave

th
u
s

esta
b
lish

ed
th

at‖
π
−
κ

(S
(n

))‖
L
2
(Λ

2
)

=
O
P

(n
−

1
/
4).

A
p
p

e
n
d
ix

B
.

C
o
n
siste

n
cy

o
f

th
e

C
la

ssifi
e
r

L
etX

b
e

th
e

com
p
act

m
etric

sp
ace
X

=×
1≤
i,j≤

M
[0,n

]
from

th
e

m
ain

tex
t,

w
h
ere

n
(th

e
n
u
m

b
er

of
p

o
in

ts
in

each
scatter

p
lot)

is
fi
x
ed

.
L

et
Y

=
R

,
so

th
at
{−

1,+
1}
⊂
Y

.
T

h
is

sectio
n

stu
d
ies

th
e

p
erform

an
ce

of
th

e
classifi

er
ĉ

:X
→
{−

1
,+

1},
ĉ(x

)
=

sign
(f̂

),
w

h
ere

f̂
is

th
e

L
a
p
la

cian
-regu

larized
least

sq
u
ares

m
eth

o
d

from
(4)

in
th

e
m

ain
tex

t,
train

ed
on

la
b

elled
d
a
ta
{
(x

[k
] ,y

[k
] )

:
[k

]∈
L}

an
d

u
n
lab

elled
d
ata
{
x

[k
]
:

[k
]∈
U}

,
w

h
ere

x
[k

] ∈
X

an
d

y
[k

] ∈
Y

.
T

o
th

is
en

d
,

w
e

m
u
st

estab
lish

a
con

tex
t

in
w

h
ich

th
e

d
ata

p
airs

(x
[k

] ,y
[k

] )
can

b
e

co
n
sid

ered
to

b
e

gen
erated

.
L

et
ρX

,Y
b

e
a

p
rob

ab
ility

d
istrib

u
tion

on
X
×
Y

,
w

ith
m

arg
in

als

2
3
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H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

ρX
,ρY

an
d

con
d
ition

al
ρY
|X

.
In

th
is

th
eoretical

in
vestigation

w
e

su
p
p

ose
th

at
all

d
ata

are
gen

erated
in

d
ep

en
d
en

tly
from

ρX
,Y

,
w

ith
th

e
valu

es{
y

[k
]
:

[k
]∈
U}

b
ein

g
w

ith
h
eld

.
F

or
a

gen
eric

classifi
er
c

:X
→
{−

1,+
1}

,
d
efi

n
e

th
e

m
isclassifi

cation
rate

R
(c)

=
12

∫
|y−

c(x
)|d
ρX

,Y
(x
,y

).

T
h
is

is
m

in
im

ized
b
y
c
ρ (x

)
:=

sign
(f
ρ (x

))
w

h
ere

f
ρ

:X
→
Y

is
th

e
(ty

p
ically

u
n
availab

le)
regression

fu
n
ction

f
ρ (x

)
=

∫
y

d
ρY
|X

(y|x
).

T
h
u
s

th
e

q
u
an

tityR
(c
ρ )

cap
tu

res
th

e
in

trin
sic

d
iffi

cu
lty

of
th

e
classifi

cation
task

.
A

classifi
er

ĉ
is

said
to

b
e

co
n

sisten
t

(eith
er

in
ex

p
ectation

,
w

ith
h
igh

p
rob

ab
ility,

etc.)
ifR

(ĉ)→
R

(c
ρ )

in
th

e
lim

it
m
L
→
∞

of
in

fi
n
ite

lab
elled

d
ata

(w
ith

con
v
ergen

ce
eith

er
in

ex
p

ectation
,

w
ith

h
igh

p
rob

ab
ility,

etc.).
O

u
r

con
sisten

cy
argu

m
en

t
is

b
ased

arou
n
d

th
e

follow
in

g
straigh

t-
forw

ard
b

ou
n
d
:

L
e
m

m
a

6
F

ix
ε
>

0
a
n

d
letX

ε
:=
{
x
∈
X

:|f
ρ (x

)|
<
ε}.

T
h
en

R
(ĉ)≤

R
(c
ρ )

+
ρX

(X
ε )

+
12ε ‖f̂

−
f
ρ ‖
L
1
(ρX

) ,

w
h
ere

ρX
(X

ε )
d
en

o
tes

th
e
ρX

-m
ea

su
re

o
f

th
e

setX
ε .

P
ro

o
f

F
or

all
x
∈
X

,
y
∈
Y

,
w

e
h
ave

th
at

|y−
sign

(f̂
(x

))|≤
|y−

sign
(f
ρ (x

))|+
|sign

(f
ρ (x

))−
sign

(f̂
(x

))|

so
in

p
articu

lar

R
(ĉ)≤

R
(c
ρ )

+
12 ‖

sign
(f
ρ )−

sign
(f̂

)‖
L
1
(ρX

) .
(12)

N
ow

,

‖
sign

(f
ρ )−

sign
(f̂

)‖
L
1
(ρX

)
=

∫X
ε |sign

(f
ρ )−

sign
(f̂

)|d
ρX

︸
︷︷

︸
(∗

)

+

∫X
\X

ε |sign
(f
ρ )−

sign
(f̂

)|d
ρX

︸
︷︷

︸
∗∗

.

T
o

b
ou

n
d

(∗
),

w
e

n
ote

th
at

th
e

in
tegran

d
is

triv
ially

b
ou

n
d
ed

b
y

2.
T

o
b

ou
n
d

(∗∗),
w

e
n
ote

th
at

if|f
ρ (x

)|
>
ε

th
en

sign
(f
ρ )6=

sign
(f̂

)
im

p
lies

th
at|f̂

(x
)−

f
ρ (x

)|
>

2
ε.

T
h
u
s

(∗)
+

(∗∗)
≤

2
ρX

(X
ε )

+

∫X
\X

ε |f
ρ (x

)−
f̂

(x
)|

ε
d
ρX

(x
)

=
2
ρX

(X
ε )

+
1ε ‖f̂
−
f
ρ ‖
L
1
(ρX

)(13)

C
om

b
in

in
g

(12)
an

d
(13)

com
p
letes

th
e

p
ro

of.

N
ex

t
w

e
leverage

an
ex

istin
g

h
igh

-p
ro

b
ab

ility
con

sisten
cy

resu
lt

estab
lish

ed
in

th
e

re-
gression

(as
op

p
osed

to
classifi

cation
)

con
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2
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m
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S
u

p
po

se
f ρ

is
n

o
n

-c
o
n

st
a
n

t
a
n

d
th

a
t

Σ
−
α 2

K
f ρ
∈
L

2
(ρ
X

)
fo

r
so

m
e
α
∈

(0
,1

].
L

et
θ

=
1

(1
+
α

)(
1
+
s)

.
T

a
ke

λ
1

=
m
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(ĉ

)
≤
R

(c
ρ
)

+
ρ
X

(X
ε)

+
C 2
ε

lo
g

(
2 δ

)
m
−
α
θ

L
.

(1
5)

C
or

ol
la

ry
8

m
ak

es
ex

p
li
ci

t
h
ow

th
e

in
tr

in
si

c
d
iffi

cu
lt

y
of

th
e

cl
as

si
fi
ca

ti
on

ta
sk

d
ep

en
d
s

on
th

e
fo

rm
of
f ρ

,
an

d
in

p
ar

ti
cu

la
r

th
e

ex
te

n
t

to
w

h
ic

h
|f ρ

(x
)|
<
ε

o
cc

u
rs

in
X

.
F

or
ty

p
ic

al
re

gr
es

si
on

fu
n
ct

io
n
s
f ρ

w
it

h
si

m
p
le

ro
ot

s
in
X

,
it

w
il
l

h
o
ld

th
at
ρ
X

(X
ε)

=
O

(ε
).

A
n

as
su

m
p
ti

on
of

th
is

fo
rm

ca
n

th
er

ef
or

e
b

e
u
se

d
to

co
m

p
le

te
a

h
ig

h
p
ro

b
ab

il
it

y
co

n
si

st
en

cy
ar

gu
m

en
t:

C
o
ro

ll
a
ry

9
(C

o
n

si
st

e
n

c
y

o
f

th
e

C
la

ss
ifi

e
r)

S
u

p
po

se
th

a
t
ρ
X

(X
ε)

=
O

(ε
γ
)

fo
r

so
m

e
γ
>

0
.

U
n

d
er

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
a
s

T
h
eo

re
m

7
,

th
er

e
ex

is
ts

a
fi

n
it

e
co

n
st

a
n

t
C̃

su
ch

th
a
t,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

8δ
,

R
(ĉ
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ü
h
lm

an
n
,

an
d

N
.

M
ein

sh
au

sen
.

C
au

sal
in

feren
ce

u
sin

g
in

varian
t

p
red

iction
:

id
en

tifi
ca

tio
n

an
d

con
fi
d
en

ce
in

tervals.
J

o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety:
S

eries
B

,
7
8
(5

):9
4
7
–1

0
12,

2016.

R
C

o
re

T
ea

m
.

R
:

A
L

a
n

gu
a
ge

a
n

d
E

n
viro

n
m

en
t

fo
r

S
ta

tistica
l

C
o
m

p
u

tin
g.

R
F

ou
n
d
ation

fo
r

S
ta

tistica
l

C
om

p
u
tin

g,
V

ien
n
a,

A
u
stria,

20
18.

U
R

L
h
t
t
p
s
:
/
/
w
w
w
.
R
-
p
r
o
j
e
c
t
.
o
r
g
/
.

T
.

R
ich

a
rd

so
n
.

A
d
iscovery

algorith
m

for
d
irected

cy
clic

grap
h
s.

In
P

roceed
in

gs
o
f

th
e

T
w

elfth
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

U
n

certa
in

ty
in

A
rtifi

cia
l

In
telligen

ce,
p
ages

454–
4
6
1
,

1
9
9
6
.

P
.

S
p
irtes.

D
irected

cy
clic

grap
h
ical

rep
resen

tation
s

of
feed

b
ack

m
o
d
els.

In
P

roceed
in

gs
o
f

th
e

E
leven

th
C

o
n

feren
ce

o
n

U
n

certa
in

ty
in

A
rtifi

cia
l

In
telligen

ce,
p
ages

4
91–498,

199
5.

31
JM

L
R

 20(127):1-32, 2019

H
il
l
,
O
a
t
e
s,

B
ly

t
h
e
a
n
d

M
u
k
h
e
r
je
e

P
.

S
p
irtes,

C
.

N
.

G
ly

m
ou

r,
an

d
R

.
S
ch

ein
es.

C
a
u

sa
tio

n
,

P
red

ictio
n

,
a
n

d
S

ea
rch

.
M

IT
p
ress,

2000.

N
.

S
täd
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p
ra
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p

erh
ap

s
som

ew
h
at

overlo
oked

,
m

ean
s

o
f

a
d
a
p
tin

g
ap

p
rox

im
ation

arch
itectu

res.

1
.1

.
A

rtic
le

O
v
e
rv

ie
w

O
u
r

a
rticle

is
stru

ctu
red

as
follow

s.
F

ollow
in

g
som

e
sh

ort
in

tro
d
u
ctory

section
s

w
e

w
ill

off
er

a
n

in
fo

rm
a
l

d
iscu

ssion
of

th
e

p
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p
erv

ised
m

eth
o
d
s

in
ord

er
to

m
o
tivate

a
n
d

g
iv

e
a

ra
tion

ale
for

ou
r

ex
p
loration

(S
ection

1.5).
W

e
w

ill
th

en
p
rop

ose
(in
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d
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d
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p
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e
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b
er

of
cells

in
th

e
state

ag
gregation

arch
itectu

re,
an

d
O

(1)
a
s

a
fu

n
ction

of
A

.
T

h
is

is
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’s
con

v
ergen

ce
p
rop

erties
to

ob
tain

a
th

eorem
,

again
w

h
ere

th
e

p
olicy

is
h
eld

fi
x
ed

,
regard

in
g

th
e

im
p
act

P
A

S
A

w
ill

h
ave

on
V

F
error.

T
h
is

th
eo

rem
g
u
a
ra

n
tees

th
at

V
F

error
w

ill
b

e
arb

itrarily
low

as
m

easu
red

b
y

rou
tin

ely
u
sed

sco
rin

g
fu

n
ctio

n
s

p
rov

id
ed

certain
con

d
ition

s
are

m
et,

con
d
ition

s
w

h
ich

req
u
ire

p
rim

arily
th

a
t

th
e

a
g
en

t
sp

en
d
s

a
large

am
ou

n
t

of
th

e
tim

e
in

a
sm

all
su

b
set

of
th

e
state

sp
ace.

T
h
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d
em

o
n
stra

te
th

at,
assu

m
in

g
w

e
em

p
loy

an
in

itia
l

arb
itrarily

com
p
lex

d
iscrete

ap
p
rox

i-
m

a
tio

n
o
f

th
e

agen
t’s

con
tin

u
ou

s
in

p
u
t,

all
of

ou
r

d
iscrete

case
resu

lts
h
ave

a
stra

igh
tforw

ard
co

n
tin

u
o
u
s

sta
te

sp
ace

an
alogu

e,
su

ch
th

at
P

A
S
A

can
b

e
u
sed

to
red

u
ce

V
F

error
(at

low
co

m
p
u
ta

tio
n
a
l

cost)
in

a
m

an
n
er

su
b
stan

tially
eq

u
ivalen

t
to

th
e

d
iscrete

case.

In
S
ectio

n
3.5

w
e

ou
tlin

e
som

e
ex

am
p
les

to
h
elp

illu
strate

th
e

ty
p

es
of

en
v
iron

m
en

t
in

w
h
ich

th
e

con
d
ition

s
relevan

t
to

S
ection

s
3.3

an
d

3.4
are

likely
to

b
e

satisfi
ed

.
W

e
w

ill
see

th
a
t,

ev
en

for
ap

p
aren

tly
h
igh

ly
u
n
stru

ctu
red

en
v
iron

m
en

ts
w

h
ere

p
rio

r
k
n
ow

led
ge

o
f

th
e

tra
n
sitio

n
fu

n
ction

is
largely

ab
sen

t,
th

e
n
ecessary

con
d
ition

s
p

oten
tially

ex
ist

to
g
u
a
ra

n
tee

th
a
t

em
p
loy

in
g

P
A

S
A

w
ill

resu
lt

in
low

V
F

error.
In

a
key

ex
am

p
le,

w
e

w
ill

sh
ow

th
a
t

fo
r

en
v
iron

m
en

ts
w

ith
large

state
sp

aces
an

d
w

h
ere

th
ere

is
n
o

p
rior

k
n
ow

led
ge

o
f

th
e

tra
n
sitio

n
fu

n
ction

,
P

A
S
A

w
ill

p
erm

it
S
A

R
S
A

to
gen

erate
a

V
F

estim
ate

w
ith

error
w

h
ich

is
a
rb

itrarily
low

w
ith

arb
itrarily

h
igh

p
rob

ab
ility

p
rov

id
ed

th
e

tran
sition

fu
n
ction

3
JM

L
R

 20(128):1-73, 2019

B
a
r
k
e
r
a
n
d

R
a
s

an
d

p
olicy

are
su

ffi
cien

tly
close

to
d
eterm

in
istic

an
d

th
e

algorith
m

h
as
X

=
X

(S
)≥

f
(S

)
cells

availab
le

in
its

ad
ap

tive
state

aggregatio
n

arch
itectu

re,
w

h
ere

f
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( √
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p

erform
an

ce,
w

e
ou

tlin
e

som
e

ex
p

erim
en

tal
resu

lts
in

S
ection

4.
W

e
ex

p
lore

th
ree

d
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p

e
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b
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b
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p
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w
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p
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w
h
er

ea
s

o
u
r

w
o
rk

as
su

m
es

n
o

su
ch

k
n
ow

le
d
ge

.
M

or
eo

ve
r

th
e

te
ch

n
iq

u
es

an
al

y
se

d
of

te
n

u
se

th
e

V
F

,
o
r

a
V

F
es

ti
m

at
e,

to
ge

n
er

at
e

a
st

at
e

ag
gr

eg
at

io
n
,

w
h
ic

h
is

co
n
tr

ar
y

to
th

e
u
n
su

p
er

v
is

ed
n
a
tu

re
o
f

th
e

ap
p
ro

ac
h
es

w
e

ar
e

in
ve

st
ig

at
in

g.

It
is

w
or

th
,

b
ef

or
e

co
n
cl

u
d
in

g
ou

r
d
is

cu
ss

io
n

of
re

la
te

d
w

or
k
s,

m
ak

in
g

b
ri

ef
m

en
ti

o
n

o
f

ap
p
ro

ac
h
es

w
h
ic

h
u
se

gr
ad

ie
n
t

d
es

ce
n
t

to
op

ti
m

is
e

a
fi
x
ed

se
t

of
p
a
ra

m
et

er
s

o
f

a
co

m
p
le

x
an

d
d
iff

er
en

ti
ab

le
n
on

-l
in

ea
r

V
F

ap
p
ro

x
im

at
or

.1
4

S
u
ch

ap
p
ro

a
ch

es
en

co
m

p
a
ss

(i
n

p
a
rt

)
w

h
at

ar
e

k
n
ow

n
as

d
ee

p
R

L
m

et
h
o
d
s,

w
h
ic

h
h
av

e
re

ce
n
tl

y
sh

ow
n

im
p
re

ss
iv

e
re

su
lt

s
on

an
ar

ra
y

of
ch

al
le

n
gi

n
g

p
ro

b
le

m
s

(M
n
ih

et
al

.,
20

15
;

S
il
ve

r
et

al
.,

20
18

).
W

h
en

u
si

n
g

th
is

ty
p

e
of

ap
p
ro

ac
h
,

ad
d
it

io
n
al

te
ch

n
iq

u
es

ar
e

of
te

n
em

p
lo

y
ed

to
en

co
u
ra

ge
st

a
b
il
it

y,
si

n
ce

fe
w

co
n
ve

rg
en

ce
gu

ar
an

te
es

ex
is

t
fo

r
n
on

-l
in

ea
r

V
F

ap
p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
s

in
g
en

er
a
l.

O
u
r

al
go

ri
th

m
,

P
A

S
A

,
is

n
ot

in
co

m
p
at

ib
le

w
it

h
th

es
e

ty
p

es
of

ap
p
ro

a
ch

fu
n
d
a
m

en
ta

ll
y

(t
h
e

S
A

R
S
A

al
go

ri
th

m
w

h
ic

h
P

A
S
A

su
p
p

or
ts

co
u
ld

,
h
y
p

ot
h
et

ic
al

ly
,

b
e

re
p
la

ce
d

b
y

a
n
o
n
-

li
n
ea

rl
y

p
ar

am
et

ri
se

d
R

L
al

go
ri

th
m

).
H

ow
ev

er
th

e
p
ri

n
ci

p
le

s
u
n
d
er

ly
in

g
u
n
su

p
er

v
is

ed
b
a
si

s

1
1
.

T
h

e
a
u

th
o
rs

in
th

is
a
rt

ic
le

in
v
es

ti
g
a
te

se
v
er

a
l

d
is

ti
n

ct
a
d

a
p

ta
ti

o
n

,
o
r

“
sp

li
tt

in
g
”
,

cr
it

er
ia

.
H

ow
ev

er
a
ll

d
ep

en
d

in
so

m
e

w
ay

o
n

a
n

es
ti

m
a
te

o
f

th
e

va
lu

e
fu

n
ct

io
n

.
1
2
.

W
h

il
st

le
ss

co
m

m
o
n

,
so

m
e

a
p

p
ro

a
ch

es
h

av
e

b
ee

n
p

ro
p

o
se

d
,

su
ch

a
s

B
o
n

a
ri

n
i

et
a
l.

(2
0
0
6
),

w
h

ic
h

fa
ll

so
m

ew
h

er
e

in
b

et
w

ee
n

(a
)

a
n

d
(b

).
In

th
e

p
a
p

er
ju

st
ci

te
d

th
e

a
u

th
o
rs

p
ro

p
o
se

a
m

et
h

o
d

w
h

ic
h

in
v
o
lv

es
em

p
lo

y
in

g
a

ce
ll

sp
li

tt
in

g
ru

le
o
ff

se
t

b
y

a
ce

ll
m

er
g
in

g
(o

r
p

ru
n

in
g
)

ru
le

.
1
3
.

T
h

is
p

a
p

er
ex

p
lo

re
s

th
e

p
o
ss

ib
il

it
y

o
f

a
g
g
re

g
a
ti

n
g

st
a
te

s
b

a
se

d
o
n

le
a
rn

ed
es

ti
m

a
te

s
o
f

th
e

tr
a
n

si
ti

o
n

a
n

d
re

w
a
rd

fu
n

ct
io

n
,

a
n

d
a
s

su
ch

th
e

te
ch

n
iq

u
es

it
ex

p
lo

re
s

d
iff

er
q
u

it
e

si
g
n

ifi
ca

n
tl

y
fr

o
m

th
o
se

w
e

a
re

in
v
es

ti
g
a
ti

n
g
.

1
4
.

T
h

es
e

a
p

p
ro

a
ch

es
im

p
li

ci
tl

y
b

ea
r

so
m

e
si

m
il

a
ri

ty
to

b
a
si

s
fu

n
ct

io
n

a
d

a
p

ta
ti

o
n

m
et

h
o
d

s
w

h
ic

h
u

se
V

F
er

ro
r

a
s

fe
ed

b
a
ck

.
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U
n
su

p
e
r
v
ise

d
B
a
sis

F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

fu
n
ctio

n
a
d
a
p
tation

are
v
ery

d
iff

eren
t

from
th

ose
u
n
d
erly

in
g,

for
ex

am
p
le,

d
eep

R
L

.
T

h
e

m
otiva

tio
n
a
l

d
iscu

ssion
in

S
ection

1.5
is

h
elp

fu
l

in
d
raw

in
g

ou
t

th
e

core
d
iff

eren
ces

b
etw

een
u
n
su

p
erv

ised
m

eth
o
d
s

an
d

ap
p
roach

es,
su

ch
as

d
eep

R
L

,
w

h
ich

ap
p
ly

grad
ien

t
d
escen

t
in

co
n
ju

n
ctio

n
w

ith
a

fi
x
ed

,
n
on

-lin
ear

V
F

ap
p
rox

im
ation

arch
itectu

re.

1
.3

.
F
o
rm

a
l

F
ra

m
e
w

o
rk

1
5

W
e

a
ssu

m
e

th
a
t

w
e

h
ave

an
agen

t
w

h
ich

in
teracts

w
ith

an
en

v
iron

m
en

t
over

a
seq

u
en

ce
o
f

itera
tio

n
s
t∈

N
.

W
e

w
ill

assu
m

e
th

rou
gh

ou
t

th
is

article
(w

ith
th

e
ex

cep
tion

of
S
ection

3
.4

)
th

a
t

w
e

h
ave

a
fi
n
ite

setS
of

sta
tes

of
size

S
(S

ectio
n

3.4
relates

to
con

tin
u
ou

s
state

sp
a
ces

a
n
d

co
n
tain

s
its

ow
n

form
al

d
efi

n
ition

s
w

h
ere

req
u
ired

).
W

e
also

assu
m

e
w

e
h
ave

a
d
iscrete

set
A

of
a
ctio

n
s

of
size

A
.

S
in

ce
S

an
d
A

are
fi
n
ite,

w
e

can
,

u
sin

g
arb

itrarily
a
ssig

n
ed

in
d
ices,

lab
el

each
state

s
i

(1
≤
i≤

S
)

an
d

each
action

a
j

(1
≤
j≤

A
).

F
o
r

ea
ch
t

th
e

agen
t

w
ill

b
e

in
a

p
articu

lar
state

an
d

w
ill

take
a

p
articu

lar
action

.
E

ach
a
ctio

n
is

ta
ken

accord
in

g
to

a
po

licy
π

w
h
ereb

y
th

e
p
rob

ab
ility

th
e

agen
t

takes
action

a
j

in
sta

te
s
i

is
d
en

o
ted

as
π

(a
j |s

i ).

T
h
e

tra
n

sitio
n

fu
n

ctio
n
P

:S
×
A
×
S
→

[0,1]
d
efi

n
es

h
ow

th
e

agen
t’s

state
evolves

over
tim

e.
If

th
e

a
g
en

t
is

in
state

s
i

an
d

takes
an

action
a
j

in
iteration

t,
th

en
th

e
p
ro

b
ab

ility
it

w
ill

tra
n
sition

to
th

e
state

s
i ′

in
iteration

t
+

1
is

given
b
y
P

(s
i ′|s

i ,a
j ).

T
h
e

tran
sitio

n

fu
n
ctio

n
m

u
st

b
e

con
strain

ed
su

ch
th

at ∑
Si ′=

1
P

(s
i ′|s

i ,a
j )

=
1.

D
en

o
te

a
s
R

th
e

sp
ace

of
all

p
rob

ab
ility

d
istrib

u
tion

s
d
efi

n
ed

on
th

e
real

lin
e.

T
h
e

rew
a
rd

fu
n

ctio
n
R

:S
×
A
→

R
is

a
m

ap
p
in

g
from

each
state-action

p
air

(s
i ,a

j )
to

a
real-valu

ed
ra

n
d
o
m

va
ria

b
le
R

(s
i ,a

j ),
w

h
ere

each
R

(s
i ,a

j )
is

d
efi

n
ed

b
y

a
cu

m
u
lative

d
istrib

u
tion

fu
n
ctio

n
F
R

(s
i ,a

j )
:R
→

[0,1],
su

ch
th

at
if

th
e

agen
t

is
in

state
s
i

an
d

tak
es

a
ctio

n
a
j

in
itera

tio
n
t,

th
en

it
w

ill
receive

a
real-valu

ed
rew

a
rd

in
iteration

t
d
istrib

u
ted

accord
in

g
to

R
(s
i ,a

j ).
S
o
m

e
of

ou
r

key
resu

lts
w

ill
req

u
ire

th
at
|R

(s
i ,a

j )|≤
c,

w
h
ere

c
is

a
con

stan
t

su
ch

th
a
t

0
≤
c
<
∞

,
for

all
i

an
d
j,

in
w

h
ich

ca
se

w
e

u
se
R

m
to

d
en

ote
th

e
m

a
x
im

u
m

m
ag

n
itu

d
e

o
f

th
e

ex
p

ected
valu

e
of
R

(s
i ,a

j )
over

a
ll
i

an
d
j.

P
rio

r
to

th
e

p
oin

t
at

w
h
ich

an
agen

t
b

egin
s

in
teractin

g
w

ith
an

en
v
iron

m
en

t,
b

oth
P

a
n
d
R

a
re

ta
ken

as
b

ein
g

u
n
k
n
ow

n
.

H
ow

ev
er

w
e

m
ay

assu
m

e
in

gen
eral

th
at

w
e

are
given

a
p
rio

r
d
istrib

u
tion

for
b

oth
.

O
u
r

overarch
in

g
ob

jective
is

to
d
esign

an
alg

orith
m

to
ad

ju
st

π
d
u
rin

g
th

e
co

u
rse

of
th

e
agen

t’s
in

tera
ction

w
ith

its
en

v
iron

m
en

t
so

th
at

total
rew

ard
is

m
a
x
im

ised
over

som
e

in
terval

(for
ex

am
p
le,

in
th

e
case

of
ou

r
ex

p
erim

en
ts

in
S
ection

4,
th

is
w

ill
b

e
a

fi
n
ite

in
terval

tow
ard

s
th

e
en

d
of

each
trial).

1
.4

.
S

c
o
rin

g
F
u

n
c
tio

n
s

W
h
ilst

o
u
r

overarch
in

g
ob

jectiv
e

is
to

m
ax

im
ise

p
erform

an
ce,

an
im

p
ortan

t
step

tow
ard

s
a
ch

iev
in

g
th

is
ob

jective
in

volv
es

red
u
cin

g
error

in
an

algorith
m

’s
V

F
estim

ate.
T

h
is

is
b
a
sed

o
n

th
e

a
ssu

m
p
tion

th
at

m
ore

a
ccu

rate
V

F
estim

ates
w

ill
lead

to
b

etter
d
irected

p
o
licy

u
p

d
a
tes,

an
d

th
erefore

b
etter

p
erform

an
ce.

A
large

p
art

of
ou

r
th

eoretical
an

aly
sis

in
S
ectio

n
3

w
ill

b
e

d
irected

at
assessin

g
th

e
ex

ten
t

to
w

h
ich

V
F

error
w

ill
b

e
red

u
ced

u
n
d
er

d
iff

eren
t

circu
m

stan
ces.

1
5
.

T
h

e
fo

rm
a
l

fra
m

ew
o
rk

w
e

a
ssu

m
e

in
th

is
a
rticle

is
a

sp
ecia

l
ca

se
o
f

a
M

a
rk

ov
d

ecisio
n

p
ro

cess.
F

o
r

m
o
re

g
en

era
l

M
D

P
d

efi
n

itio
n

s
see,

fo
r

ex
a
m

p
le,

C
h

a
p

ter
2

o
f

P
u

term
a
n

(2
0
1
4
).
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B
a
r
k
e
r
a
n
d

R
a
s

E
rror

in
a

V
F

estim
ate

for
a

fi
x
ed

p
olicy

π
is

ty
p
ically

m
easu

red
u
sin

g
a

sco
rin

g
fu

n
ctio

n
.

It
is

p
ossib

le
to

d
efi

n
e

m
an

y
d
iff

eren
t

ty
p

es
of

scorin
g

fu
n
ction

,
an

d
in

th
is

section
w

e
w

ill
d
escrib

e
som

e
of

th
e

m
ost

com
m

on
ly

u
sed

ty
p

es. 1
6

W
e

fi
rst

n
eed

a
d
efi

n
ition

of
th

e
V

F
itself.

W
e

form
ally

d
efi

n
e

th
e

va
lu

e
fu

n
ctio

n
Q
πγ

for
a

p
articu

lar
p

olicy
π

,
w

h
ich

m
ap

s
each

of
th

e
S
×
A

state-action
p
airs

to
a

real
va

lu
e,

as
follow

s:

Q
πγ
(s
i ,a

j )
:=

E

(
∞∑t=

1

γ
t−

1R (s
(t),a

(t) ) ∣∣∣∣∣ s
(1

)
=
s
i ,a

(1
)

=
a
j )

,

w
h
ere

th
e

ex
p

ectation
is

taken
over

th
e

d
istrib

u
tion

s
of
P

,
R

an
d
π

(i.e.
for

p
articu

lar
in

stan
ces

of
P

an
d
R

,
n
ot

over
th

eir
p
rior

d
istrib

u
tion

s)
an

d
w

h
ere

γ
∈

[0,1)
is

k
n
ow

n
as

a
d
isco

u
n

t
fa

cto
r.

W
e

w
ill

gen
erally

om
it

th
e

su
b
scrip

t
γ

.
W

e
h
ave

u
sed

su
p

erscrip
t

b
rackets

to
in

d
icate

d
ep

en
d
en

cy
on

th
e

iteration
t.

In
itially

th
e

V
F

is
u
n
k
n
ow

n
.

S
u
p
p

ose
th

at
Q̂

is
an

estim
ate

of
th

e
V

F
.

O
n
e

com
m

on
ly

u
sed

scorin
g

fu
n
ction

is
th

e
sq

u
ared

error
in

th
e

V
F

estim
ate

for
ea

ch
state-a

ction
,

w
eigh

ted
b
y

som
e

arb
itrary

fu
n
ction

w
w

h
ich

satisfi
es

0
≤
w

(s
i ,a

j )≤
1

for
all

i
an

d
j.

W
e

w
ill

refer
to

th
is

as
th

e
m

ea
n

squ
a
red

erro
r

(M
S
E

):

M
S
E
γ

:=
S
∑i=

1

A
∑j=

1

w
(s
i ,a

j ) (
Q
πγ
(s
i ,a

j )−
Q̂

(s
i ,a

j ) )
2

.
(1)

N
ote

th
at

th
e

tru
e

V
F
Q
πγ
,

w
h
ich

is
u
n
k
n
ow

n
,

ap
p

ears
in

(1).
M

an
y

ap
p
rox

im
ation

arch
itectu

re
ad

ap
tation

algorith
m

s
u
se

a
scorin

g
fu

n
ction

as
a

form
o
f

feed
b
ack

to
h
elp

gu
id

e
h
ow

th
e

ap
p
rox

im
ation

arch
itectu

re
sh

ou
ld

b
e

u
p

d
ated

.
In

su
ch

cases
it

is
im

p
ortan

t
th

at
th

e
score

is
som

eth
in

g
w

h
ich

can
b

e
m

easu
red

b
y

th
e

algorith
m

.
In

th
at

sp
irit,

an
oth

er
com

m
on

ly
u
sed

scorin
g

fu
n
ction

(w
h
ich

,
u
n
like

M
S
E

,
is

n
ot

a
fu

n
ction

of
Q
πγ
)

u
ses

T
πγ
,

th
e

B
ellm

a
n

o
pera

to
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h
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d
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m
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d
efi

n
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.
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n
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p
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d
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re
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d
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w
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re
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p
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b
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l
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d
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b
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w
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p
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l
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w
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p
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ty

ve
ct

or
ψ

=
ψ

(π
,s

(1
) )

,
of

d
im

en
si

on
S

,
as

fo
ll
ow

s:

ψ
i

: =
li
m

T
→
∞
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at
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u
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p
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p
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∞

p
ro

v
id

ed
it

fo
ll
ow

s
th

e
fi
x
ed

p
ol

ic
y
π

.
In

p
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p
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b
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b
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b
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b
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b
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b
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w
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ra
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w
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p
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w
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h
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∑
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r
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re
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π
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p
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p
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is
ar

ti
cl

e
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v
is

it
ed

st
at

es
sh

ou
ld

h
av

e
th
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p
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p
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e
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e
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l
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.
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b
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.
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p
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p
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b
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p
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p
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p
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b
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ra
te

ly
re

p
re

se
n
te

d
.

H
ow

ev
er

it
m

ay
b

e
p

os
si

b
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p
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p
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b
e

su
m

m
a
ri

se
d

(i
n
fo

rm
al

ly
)

in
th

e
se

t
o
f

p
oi

n
ts

w
h
ic

h
w

e
n
ow

ou
tl

in
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r
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b
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d
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b
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b
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p
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ra
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b
se

ct
io

n
,

is
st

o
re

d
b
y

th
e

al
go

ri
th

m
,
an

d
is

n
ot

a
fu

n
ct

io
n

of
th

e
en

v
ir

on
m

en
t

(f
or

ex
a
m

p
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.
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d
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p
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w
it

h
lo

w
er

ro
r.
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w
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.
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p
re

se
n
ts

th
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w
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.
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ec
tl

y
o
r

in
d
ir

ec
tl

y
sa

m
p
li
n
g

on
e

or
m

or
e

of
th

es
e

q
u
an

ti
ti

es
in

or
d
er

to
ge

n
er

a
te

a
n

es
ti

m
at

e
w

h
ic

h
ca

n
th

en
b

e
p
ro

v
id

ed
as

fe
ed

b
a
ck

to
u
p

d
at

e
th

e
ar

ch
it

ec
tu

re
.

S
in

ce
w̃

(s
i,
a
j
)

is
as

su
m

ed
to

b
e

al
re

ad
y

st
or

ed
b
y

th
e

al
go

ri
th

m
,

w
e

fo
cu

s
ou

r
at

te
n
ti

o
n

o
n

th
e

o
th

er
tw

o
fa

ct
or

s.

2.
W

h
il
st

b
ot

h
ψ

an
d
Q
π
−
Q̂

M
S

E
in

fl
u
en

ce
th

e
si

ze
of

ea
ch

te
rm

,
in

a
ra

n
g
e

o
f

im
p

o
rt

a
n
t

ci
rc

u
m

st
an

ce
s

ge
n
er

at
in

g
an

ac
cu

ra
te

es
ti

m
at

e
of
ψ

w
il
l

b
e

ea
si

er
an

d
ch

ea
p

er
th

a
n

ge
n
er

at
in

g
an

ac
cu

ra
te

es
ti

m
at

e
of
Q
π
−
Q̂

M
S

E
.

W
e

w
ou

ld
ar

gu
e

th
is

fo
r

th
re

e
re

a
so

n
s:

(a
)

A
n

es
ti

m
at

e
of
Q
π
−
Q̂

M
S

E
ca

n
on

ly
b

e
ge

n
er

at
ed

w
it

h
ac

cu
ra

cy
on

ce
a
n

a
cc

u
ra

te
es

ti
m

at
e

of
Q̂

M
S

E
ex

is
ts

.
T

h
e

la
tt

er
w

il
l
ty

p
ic

al
ly

b
e

ge
n
er

at
ed

b
y

th
e

u
n
d
er

ly
in

g
R

L
al

go
ri

th
m

,
an

d
m

ay
re

q
u
ir

e
a

su
b
st

an
ti

al
am

ou
n
t

of
tr

ai
n
in

g
ti

m
e

to
g
en

er
a
te

,
p
ar

ti
cu

la
rl

y
if
γ

is
cl

os
e

to
on

e;
1
9

1
9
.

W
h

il
st

th
e

u
n

d
er

ly
in

g
R

L
a
lg

o
ri

th
m

w
il

l
st

o
re

a
n

es
ti

m
a
te
Q̂

o
f
Q
π
,

h
av

in
g

a
n

es
ti

m
a
te

o
f
Q
π

is
n

o
t

th
e

sa
m

e
a
s

h
av

in
g

a
n

es
ti

m
a
te

o
f
Q
π
−
Q̂

.
If

w
e

w
a
n
t

to
es

ti
m

a
te
Q
π
−
Q̂

,
w

e
sh

o
u

ld
co

n
si

d
er

it

1
0

JM
L

R
 2

0(
12

8)
:1

-7
3,

 2
01
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U
n
su

p
e
r
v
ise

d
B
a
sis

F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

(b
)

T
h
e

valu
e
Q
π
(s
i ,a

j )−
Q̂

M
S

E
(s
i ,a

j )
m

ay
a
lso

d
ep

en
d

on
tra

jectories
follow

ed
b
y

th
e

a
gen

t
con

sistin
g

of
m

an
y

states
an

d
action

s
(again

p
articu

larly
if
γ

is
n
ear

o
n
e),

an
d

it
m

ay
take

m
an

y
sam

p
le

tra
jectories

an
d

th
erefore

a
lo

n
g

train
in

g
tim

e
to

ob
tain

a
go

o
d

estim
ate,

even
on

ce
Q̂

M
S

E
is

k
n
ow

n
;

(c)
F

o
r

each
sin

gle
valu

e
ψ
i

th
ere

are
A

term
s

con
tain

in
g

d
istin

ct
valu

es
fo

r
Q
π
−

Q̂
M

S
E

in
th

e
M

S
E

.
T

h
is

su
ggests

th
at
ψ

can
b

e
m

ore
q
u
ick

ly
estim

ated
in

cases
w

h
ere

w̃
(s
i ,a

j )
>

0
for

m
ore

th
an

on
e

in
d
ex

j.
F

u
rth

erm
ore,

th
e

sp
ace

req
u
ired

to
store

an
estim

ate,
if

req
u
ired

,
is

red
u
ced

b
y

a
factor

of
A

.

3
.

If
w

e
a
ccep

t
th

at
it

is
easier

an
d

q
u
icker

to
estim

ate
ψ

th
an

Q
π−

Q̂
M

S
E

,
w

e
n
eed

to
a
sk

w
h
eth

er
m

easu
rin

g
th

e
form

er
an

d
n
ot

th
e

latter
w

ill
p
rov

id
e

u
s

w
ith

su
ffi

cien
t

in
fo

rm
a
tion

in
ord

er
to

m
ake

h
elp

fu
l

ad
ju

stm
en

ts
to

th
e

ap
p
rox

im
ation

arch
itectu

re.
If
ψ
i

is
ro

u
gh

ly
th

e
sam

e
valu

e
for

all
1
≤
i≤

S
,

th
en

ou
r

ap
p
roach

m
ay

n
o
t

w
ork

.
H

ow
ev

er
in

p
ractice

th
ere

are
m

an
y

en
v
iron

m
en

ts
w

h
ich

(in
som

e
ca

ses
su

b
ject

to
th

e
p

o
licy

)
a
re

su
ch

th
at

th
ere

w
ill

b
e

a
large

am
ou

n
t

of
varian

ce
in

th
e

term
s

of
ψ

,
w

ith
th

e
im

p
lication

th
at
ψ

can
p
rov

id
e

critical
feed

b
ack

w
ith

resp
ect

to
red

u
cin

g
M

S
E

.
T

h
is

w
ill

b
e

illu
strated

m
ost

clearly
th

rou
gh

ex
am

p
les

in
S
ection

3.5.

4
.

F
in

a
lly,

from
a

p
ractical,

im
p
lem

en
tation

-orien
ted

p
ersp

ective
w

e
n
o
te

th
at,

fo
r

fi
x
ed

π
,

th
e

va
lu

e
Q
π−

Q̂
M

S
E

is
a

fu
n
ction

of
th

e
ap

p
rox

im
ation

arch
itectu

re.
T

h
is

is
n
ot

th
e

ca
se

for
ψ

.
If

w
e

d
eterm

in
e

ou
r

ap
p
rox

im
ation

arch
itectu

re
w

ith
referen

ce
to
Q
π−

Q̂
M

S
E

,
w

e
m

ay
fi
n
d

it
m

ore
d
iffi

cu
lt

to
en

su
re

ou
r

ad
ap

tation
m

eth
o
d

co
n
verg

es. 2
0

T
h
is

co
u
ld

fo
rce

u
s,

for
ex

am
p
le,

to
em

p
loy

a
form

of
grad

ien
t

d
escen

t
(th

ereb
y,

am
on

gst
o
th

er
th

in
gs, 2

1
lim

itin
g

u
s

to
arch

itectu
res

ex
p
ressib

le
v
ia

d
iff

eren
tial

p
aram

eters,
a
n
d

fo
rcin

g
arch

itectu
re

ch
an

ges
to

o
ccu

r
grad

u
ally

)
or

to
m

ak
e

“
on

ce-an
d
-for-all”

ch
a
n
ges

to
th

e
ap

p
rox

im
ation

arch
itectu

re
(rem

ov
in

g
an

y
su

b
seq

u
en

t
cap

acity
for

ou
r

a
rch

itectu
re

to
ad

ap
t,

w
h
ich

is
critical

if
w

e
ex

p
ect,

u
n
d
er

m
ore

gen
eral

settin
gs,

th
e

p
o
licy

π
to

ch
an

ge
w

ith
tim

e). 2
2

T
o

su
m

m
a
rise,

th
ere

is
th

e
p

ossib
ility

th
at

in
m

a
n
y

im
p

ortan
t

in
stan

ces
v
isit

p
rob

ab
ility

lo
ses

little
co

m
p
ared

to
oth

er
m

etrics
w

h
en

a
ssessin

g
th

e
im

p
ortan

ce
of

an
area

of
th

e
V

F
,

a
n
d

th
e

sim
p
licity

of
u
n
su

p
erv

ised
m

eth
o
d
s

allow
s

for
fast

calcu
la

tion
an

d
fl
ex

ib
le

im
p
lem

en
ta

tio
n
.

T
h
e

a
b

ove
p

oin
ts

fo
cu

s
on

th
e

p
rob

lem
of

p
olicy

evalu
ation

.
A

ll
o
f

ou
r

arg
u
m

en
ts

w
ill

ex
ten

d
,

h
ow

ev
er,

to
th

e
p

olicy
lea

rn
in

g
settin

g,
p
rov

id
ed

th
at

ou
r

th
ird

p
oin

t
ab

ove
co

n
sisten

tly
h
o
ld

s
as

each
u
p

d
ate

is
m

ad
e.

W
h
eth

er
th

is
is

th
e

case
w

ill
d
ep

en
d

p
rim

arily
on

in
g
en

era
l

a
s

b
ein

g
estim

a
ted

fro
m

scra
tch

.
T

h
e

d
istin

ctio
n

is
ex

p
lo

red
,

fo
r

ex
a
m

p
le,

fro
m

a
g
ra

d
ien

t
d

escen
t

p
ersp

ectiv
e

in
B

a
ird

(1
9
9
5
).

S
ee

a
lso

C
h

a
p

ter
1
1

in
S

u
tto

n
a
n

d
B

a
rto

(2
0
1
8
).

2
0
.

T
h

is
is

b
eca

u
se

w
e

a
re

lik
ely

to
a
d

ju
st

th
e

a
p

p
rox

im
a
tio

n
a
rch

itectu
re

so
th

a
t

th
e

a
p

p
rox

im
a
tio

n
a
r-

ch
itectu

re
is

ca
p

a
b

le
o
f

m
o
re

p
recisio

n
fo

r
sta

te-a
ctio

n
p

a
irs

w
h

ere
Q
π
(s
i ,a

j )−
Q̂

M
S
E

(s
i ,a

j )
is

la
rg

e.
B

u
t,

in
d

o
in

g
th

is,
w

e
w

ill
p

resu
m

a
b

ly
rem

ov
e

p
recisio

n
fro

m
o
th

er
sta

te-a
ctio

n
p

a
irs,

resu
ltin

g
in

Q
π
(s
i ,a

j )−
Q̂

M
S
E

(s
i ,a

j )
in

crea
sin

g
fo

r
th

ese
p

a
irs,

w
h

ich
co

u
ld

th
en

resu
lt

in
u

s
re-a

d
ju

stin
g

th
e

a
rch

i-
tectu

re
to

g
iv

e
m

o
re

p
recisio

n
to

th
ese

p
a
irs.

T
h

is
co

u
ld

crea
te

cy
clica

l
b

eh
av

io
u

r.
2
1
.

G
ra

d
ien

t
d

escen
t

u
sin

g
th

e
B

ellm
a
n

erro
r

is
a
lso

k
n

ow
n

to
b

e
slow

to
co

n
v
erg

e
a
n

d
m

ay
req

u
ire

a
d

d
itio

n
a
l

co
m

p
u

ta
tio

n
a
l

reso
u

rces
(B

a
ird

,
1
9
9
5
).

2
2
.

A
s

w
e

saw
in

S
ectio

n
1
.2

,
m

o
st

m
eth

o
d

s
w

h
ich

u
se

V
F

feed
b

a
ck

ex
p

lo
red

to
d

a
te

in
th

e
litera

tu
re

d
o

in
d

eed
em

p
loy

o
n

e
o
f

th
ese

tw
o

a
p

p
ro

a
ch

es.
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B
a
r
k
e
r
a
n
d

R
a
s

th
e

ty
p

e
of

en
v
iron

m
en

t
w

ith
w

h
ich

th
e

ag
en

t
is

in
teractin

g.
T

h
is

w
ill

b
e

ex
p
lored

fu
rth

er
in

S
ection

3.5
an

d
S
ection

4.

H
av

in
g

n
ow

d
iscu

ssed
,

alb
eit

in
form

ally,
som

e
of

th
e

p
oten

tial
ad

van
tages

of
u
n
su

p
er-

v
ised

ap
p
roach

es
to

ad
ap

tin
g

ap
p
rox

im
ation

arch
itectu

res,
w

e
w

ou
ld

n
ow

like
to

im
p
lem

en
t

th
e

id
eas

in
an

algorith
m

.
T

h
is

w
ill

let
u
s

test
th

e
id

eas
th

eoretically
an

d
em

p
irically

in
a

m
ore

p
recise,

rigorou
s

settin
g.

2
.
T
h
e
P
A
S
A

A
lg
o
rith

m

O
u
r

P
rob

ab
ilistic

A
d
ap

tive
S
tate

A
ggregation

(P
A

S
A

)
algorith

m
is

d
esign

ed
to

w
ork

in
con

ju
n
ction

w
ith

S
A

R
S
A

(th
ou

gh
certain

ly
th

ere
m

ay
b

e
p

oten
tial

to
u
se

it
alon

gsid
e

oth
er,

sim
ilar,

R
L

algorith
m

s).
In

eff
ect

P
A

S
A

p
rov

id
es

a
m

ean
s

of
allow

in
g

a
state

aggregation
ap

p
rox

im
ation

arch
itectu

re
to

b
e

ad
ap

ted
on

-lin
e.

In
ord

er
to

d
escrib

e
in

d
etail

h
ow

th
e

algorith
m

fu
n
ction

s
it

w
ill

b
e

h
elp

fu
l

to
in

itially
p
rov

id
e

a
b
rief

rev
iew

of
S
A

R
S
A

,
an

d
in

tro
d
u
ce

som
e

term
in

ology
relatin

g
to

state
aggregation

ap
p
rox

im
ation

arch
itectu

res.

2
.1

.
S

A
R

S
A

w
ith

F
ix

e
d

S
ta

te
A

g
g
re

g
a
tio

n

In
its

ta
bu

la
r

form
S
A

R
S
A

2
3

stores
an

S
×
A

array
Q̂

(s
i ,a

j ).
It

p
erform

s
an

u
p

d
ate

to
th

is
array

in
each

iteration
as

follow
s:

Q̂
(t+

1
) (s

(t),a
(t) )

=
Q̂

(t) (s
(t),a

(t) )
+

∆
Q̂

(t) (s
(t),a

(t) ),

w
h
ere: 2

4

∆
Q̂

(t) (s
(t),a

(t) )
=
η (
R (s

(t),a
(t) )

+
γ
Q̂

(t) (s
(t+

1
),a

(t+
1
) )−

Q̂
(t) (s

(t),a
(t) ) )

(2)

an
d

w
h
ere

η
is

a
fi
x
ed

step
size

p
aram

eter. 2
5

In
th

e
tab

u
lar

case,
S
A

R
S
A

h
as

som
e

w
ell

k
n
ow

n
an

d
h
elp

fu
l

con
vergen

ce
p
rop

erties
(B

ertsekas
a
n
d

T
sitsik

lis,
1
996).

It
is

p
ossib

le
to

u
se

d
iff

eren
t

ty
p

es
of

ap
p
rox

im
ation

arch
itectu

re
in

con
ju

n
ction

w
ith

S
A

R
S
A

.
P

a
ra

m
etrised

va
lu

e
fu

n
ctio

n
a
p
p
ro

xim
a
tio

n
in

volv
es

gen
eratin

g
an

ap
p
rox

im
ation

of
th

e
V

F
u
sin

g
a

p
aram

etrised
set

of
fu

n
ction

s.
T

h
e

ap
p
rox

im
ate

V
F

is
d
en

oted
as
Q̂
θ ,

an
d
,

assu
m

in
g

w
e

are
ap

p
rox

im
atin

g
ov

er
th

e
state

sp
ace

on
ly

an
d

n
ot

th
e

action
sp

ace,
th

is
fu

n
ction

is
p
aram

etrised
b
y

a
m

atrix
of

w
eigh

ts
θ

of
d
im

en
sion

X
×
A

(w
h
ere,

b
y

assu
m

p
tion

,
X
�
S

).
S
u
ch

an
ap

p
rox

im
ation

arch
itectu

re
is

lin
ea

r
if
Q̂
θ

can
b

e
ex

p
ressed

in
th

e
form

Q̂
θ (s

i ,a
j )

=
ϕ

(s
i ,a

j )
T
θ
j ,

w
h
ere

θ
j

is
th

e
jth

colu
m

n
of
θ

an
d
ϕ

(s
i ,a

j )
is

a
fi
x
ed

vector
of

d
im

en
sio

n
X

for
each

p
air

(s
i ,a

j ).
T

h
e
X
A

d
istin

ct
vectors

of
d
im

en
sion

S
given

b
y

(ϕ
(s

1 ,a
j )
k ,ϕ

(s
2 ,a

j )
k ,...,ϕ

(s
S
,a
j )
k )

are
called

ba
sis

fu
n

ctio
n

s
(w

h
ere

1
≤
k
≤
X

).
It

is
com

m
on

to
assu

m
e

th
at
ϕ

(s
i ,a

j )
=
ϕ

(s
i )

for
all

j,
in

w
h
ich

case
w

e
h
ave

on
ly
X

d
istin

ct

2
3
.

T
h

e
S

A
R

S
A

a
lg

o
rith

m
(sh

o
rt

fo
r

“
sta

te-a
ctio

n
-rew

a
rd

-sta
te-a

ctio
n

”
)

w
a
s

fi
rst

p
ro

p
o
sed

b
y

R
u

m
m

ery
a
n

d
N

ira
n

ja
n

(1
9
9
4
).

It
h

a
s

a
m

o
re

g
en

era
l

fo
rm

u
la

tio
n

S
A

R
S

A
(λ

)
w

h
ich

in
co

rp
o
ra

tes
a
n

elig
ib

ility
tra

ce.
A

n
y

referen
ce

h
ere

to
S

A
R

S
A

sh
o
u

ld
b

e
in

terp
reted

a
s

a
referen

ce
to

S
A

R
S

A
(0

).
2
4
.

N
o
te

th
a
t,

in
eq

u
a
tio

n
(2

),
γ

is
a

p
a
ra

m
eter

o
f

th
e

a
lg

o
rith

m
,

d
istin

ct
fro

m
γ

a
s

u
sed

in
th

e
sco

rin
g

fu
n

ctio
n

d
efi

n
itio

n
s.

H
ow

ev
er

th
ere

ex
ists

a
co

rresp
o
n

d
en

ce
b

etw
een

th
e

tw
o

p
a
ra

m
eters

w
h

ich
w

ill
b

e
m

a
d

e
clea

rer
b

elow
.

2
5
.

In
th

e
litera

tu
re,

η
is

g
en

era
lly

p
erm

itted
to

ch
a
n

g
e

ov
er

tim
e,

i.e.
η

=
η
(t).

H
ow

ev
er

th
ro

u
g
h

o
u

t
th

is
a
rticle

w
e

a
ssu

m
e
η

is
a

fi
x
ed

va
lu

e.

1
2
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U
n
su

p
e
r
v
is
e
d

B
a
si
s
F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

b
as

is
fu

n
ct

io
n
s,

an
d
Q̂
θ
(s
i,
a
j
)

=
ϕ

(s
i)
T
θ j

.
If

w
e

as
su

m
e

th
at

th
e

ap
p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
b

ei
n
g

ad
ap

te
d

is
li
n
ea

r
th

en
th

e
m

et
h
o
d

of
ad

ap
ti

n
g

an
ap

p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
is

k
n
ow

n
as

ba
si

s
fu

n
ct

io
n

a
d
a
p
ta

ti
o
n

.
H

en
ce

w
e

re
fe

r
to

th
e

ad
ap

ta
ti

on
of

a
li
n
ea

r
ap

p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
u
si

n
g

an
u
n
su

p
er

v
is

ed
ap

p
ro

ac
h

as
u

n
su

pe
rv

is
ed

ba
si

s
fu

n
ct

io
n

a
d
a
p
ta

ti
o
n

.
S
u
p
p

os
e

th
at

Ξ
is

a
p
ar

ti
ti

on
of
S,

co
n
ta

in
in

g
X

el
em

en
ts

,
w

h
er

e
w

e
re

fe
r

to
ea

ch
el

e-
m

en
t

as
a

ce
ll

.
In

d
ex

in
g

th
e

ce
ll
s

u
si

n
g
k
,

w
h
er

e
1
≤
k
≤
X

,
w

e
w

il
l

d
en

o
te

as
X k

th
e

se
t

of
st

at
es

in
th

e
k
th

ce
ll
.

A
st

a
te

a
gg

re
ga

ti
o
n

ap
p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
—

se
e,

fo
r

ex
am

p
le

,
S
in

gh
et

al
.

(1
99

5)
an

d
W

h
it

es
on

et
al

.
(2

00
7)

—
is

a
si

m
p
le

li
n
ea

r
p
ar

am
et

ri
se

d
ap

p
ro

x
im

a-
ti

on
ar

ch
it

ec
tu

re
w

h
ic

h
ca

n
b

e
d
efi

n
ed

u
si

n
g

an
y

su
ch

p
ar

ti
ti

on
Ξ

.
T

h
e

p
ar

am
et

ri
se

d
V

F
ap

p
ro

x
im

at
io

n
is

ex
p
re

ss
ed

in
th

e
fo

ll
ow

in
g

fo
rm

:
Q̂
θ
(s
i,
a
j
)

=
∑

X k
=

1
I {
s i
∈X

k
}θ
k
j
.

S
A

R
S
A

ca
n

b
e

ex
te

n
d
ed

to
op

er
at

e
in

co
n
ju

n
ct

io
n

w
it

h
a

st
at

e
ag

gr
eg

a
ti

on
ap

p
ro

x
im

a-
ti

on
ar

ch
it

ec
tu

re
if

w
e

u
p

d
at

e
θ

in
ea

ch
it

er
at

io
n

as
fo

ll
ow

s:
2
6

θ(t
+

1
)

k
j

=
θ(t

)
k
j

+
η
I {
s(
t)
∈X

k
}I
{a

(t
)
=
a
j
}
( R
( s

(t
) ,
a

(t
))

+
γ
d

(t
)
−
θ(t

)
k
j

) ,
(3

)

w
h
er

e:

d
(t

)
: =

X ∑ k
′ =

1

A ∑ j′
=

1

I {
s(
t+

1
)
∈X

k
′}
I {
a
(t
+
1
)
=
a
j
′}
θ(t

)
k
′ j
′.

(4
)

W
e

w
il
l

sa
y

th
at

a
st

at
e

ag
gr

eg
at

io
n

ar
ch

it
ec

tu
re

is
fi

xe
d

if
Ξ

(w
h
ic

h
in

ge
n
er

al
ca

n
b

e
a

fu
n
ct

io
n

of
t)

is
th

e
sa

m
e

fo
r

al
l
t.

F
or

co
n
ve

n
ie

n
ce

w
e

w
il
l

re
fe

r
to

S
A

R
S
A

w
it

h
fi
x
ed

st
at

e
ag

gr
eg

at
io

n
as

S
A

R
S
A

-F
.

W
e

w
il
l

as
su

m
e

(u
n
le

ss
w

e
ex

p
li
ci

tl
y

st
at

e
th

a
t
π

is
h
el

d
fi
x
ed

)
th

at
S
A

R
S
A

u
p

d
at

es
it

s
p

ol
ic

y
b
y

ad
op

ti
n
g

th
e
ε-

gr
ee

d
y

p
ol

ic
y

at
ea

ch
it

er
at

io
n
t.

G
iv

en
a

fi
x
ed

st
at

e
ag

gr
eg

at
io

n
ap

p
ro

x
im

at
io

n
ar

ch
it

ec
tu

re
,

if
π

is
h
el

d
fi
x
ed

th
en

th
e

va
lu

e
Q̂
θ

ge
n
er

at
ed

b
y

S
A

R
S
A

ca
n

b
e

sh
ow

n
to

co
n
ve

rg
e—

th
is

ca
n

b
e

sh
ow

n
,

fo
r

ex
am

p
le

,
u
si

n
g

m
u
ch

m
or

e
ge

n
er

al
re

su
lt

s
fr

om
th

e
th

eo
ry

of
st

o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

s.
2
7

If
,

on
th

e
ot

h
er

h
an

d
,

w
e

al
lo

w
π

to
b

e
u
p

d
at

ed
,

th
en

th
is

co
n
ve

rg
en

ce
gu

ar
an

te
e

b
eg

in
s

to
er

o
d
e.

In
p
ar

ti
cu

la
r,

an
y

p
ol

ic
y

u
p

d
at

e
m

et
h
o
d

b
as

ed
on

p
er

io
d
ic

al
ly

sw
it

ch
in

g
to

an
ε-

gr
ee

d
y

p
ol

ic
y

w
il
l

n
ot

,
in

ge
n
er

al
,

co
n
ve

rg
e.

H
ow

ev
er

,
w

h
il
st

th
e

va
lu

es
Q̂
θ

an
d
π

ge
n
er

a
te

d
b
y

S
A

R
S
A

w
it

h
fi
x
ed

st
at

e
ag

gr
eg

at
io

n
m

ay
os

ci
ll
at

e,
th

ey
w

il
l

re
m

ai
n

b
ou

n
d
ed

(G
or

d
on

,
19

96
,

20
01

).

2
.2

.
T

h
e

P
ri

n
c
ip

le
s

o
f

H
o
w

P
A

S
A

W
o
rk

s

P
A

S
A

is
an

at
te

m
p
t

to
im

p
le

m
en

t
th

e
id

ea
of

u
n
su

p
er

v
is

ed
b
as

is
fu

n
ct

io
n

ad
ap

ta
ti

o
n

in
a

m
an

n
er

w
h
ic

h
is

as
si

m
p
le

an
d

ob
v
io

u
s

as
p

os
si

b
le

w
it

h
ou

t
co

m
p
ro

m
is

in
g

co
m

p
u
ta

ti
o
n
al

effi
ci

en
cy

.
T

h
e

u
n
d
er

ly
in

g
id

ea
of

th
e

al
go

ri
th

m
is

to
m

ak
e

th
e

V
F

re
p
re

se
n
ta

ti
on

co
m

p
ar

a-
ti

ve
ly

d
et

ai
le

d
fo

r
fr

eq
u
en

tl
y

v
is

it
ed

re
gi

on
s

of
th

e
st

at
e

sp
ac

e
w

h
il
st

al
lo

w
in

g
th

e
re

p
re

se
n
-

ta
ti

on
to

b
e

co
ar

se
r

ov
er

th
e

re
m

ai
n
d
er

of
th

e
st

at
e

sp
ac

e.
It

w
il
l

d
o

th
is

b
y

p
ro

gr
es

si
ve

ly

2
6
.

T
h

is
a
lg

o
ri

th
m

is
a

sp
ec

ia
l

ca
se

o
f

a
m

o
re

g
en

er
a
l

va
ri

a
n
t

o
f

th
e

S
A

R
S

A
a
lg

o
ri

th
m

,
o
n

e
w

h
ic

h
em

p
lo

y
s

st
o
ch

a
st

ic
se

m
i-

g
ra

d
ie

n
t

d
es

ce
n
t

a
n

d
w

h
ic

h
ca

n
b

e
a
p

p
li

ed
to

a
n
y

se
t

o
f

li
n

ea
r

b
a
si

s
fu

n
ct

io
n

s.
2
7
.

T
h

is
is

ex
a
m

in
ed

m
o
re

fo
rm

a
ll

y
in

S
ec

ti
o
n

3
.

N
o
te

th
a
t

th
e

sa
m

e
is

tr
u

e
fo

r
S

A
R

S
A

w
h

en
u

se
d

in
co

n
ju

n
ct

io
n

w
it

h
a
n
y

li
n

ea
r

a
p

p
ro

x
im

a
ti

o
n

a
rc

h
it

ec
tu

re
.

A
p

p
ro

x
im

a
ti

o
n

a
rc

h
it

ec
tu

re
s

w
h

ic
h

a
re

n
o
n
-

li
n
ea
r,

b
y

w
ay

o
f

co
n
tr

a
st

,
ca

n
n

o
t

b
e

g
u

a
ra

n
te

ed
to

co
n
v
er

g
e

ev
en

w
h

en
a

p
o
li

cy
is

h
el

d
fi

x
ed

,
a
n

d
m

ay
in

fa
ct

d
iv

er
g
e.

O
ft

en
th

e
em

p
lo

y
m

en
t

o
f

a
n

o
n

-l
in

ea
r

a
rc

h
it

ec
tu

re
w

il
l

d
em

a
n

d
a
d

d
it

io
n

a
l

m
ea

su
re

s
b

e
ta

k
en

to
en

su
re

st
a
b

il
it

y
—

se
e,

fo
r

ex
a
m

p
le

,
M

n
ih

et
a
l.

(2
0
1
5
).

G
iv

en
th

a
t

th
e

u
n

d
er

ly
in

g
a
p

p
ro

x
im

a
ti

o
n

a
rc

h
it

ec
tu

re
is

li
n

ea
r,

u
n

su
p

er
v
is

ed
b

a
si

s
fu

n
ct

io
n

a
d

a
p

ta
ti

o
n

m
et

h
o
d

s
ty

p
ic

a
ll

y
d

o
n

o
t

re
q
u

ir
e

a
n
y

su
ch

a
d

d
it

io
n

a
l

m
ea

su
re

s.
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L
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0(
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8)

:1
-7

3,
 2

01
9

B
a
r
k
e
r
a
n
d

R
a
s

u
p

d
at

in
g

Ξ
=

Ξ
(t

) .
W

h
il
st

th
e

p
ar

ti
ti

o
n

Ξ
p
ro

gr
es

si
ve

ly
ch

an
ge

s
it

w
il
l

al
w

ay
s

co
n
ta

in
a

fi
x
ed

n
u
m

b
er

of
ce

ll
s
X

,
an

d
ev

er
y

ce
ll

w
il
l

al
w

ay
s

b
e

n
on

-e
m

p
ty

.
W

e
w

il
l

re
fe

r
to

S
A

R
S
A

co
m

b
in

ed
w

it
h

P
A

S
A

as
S
A

R
S
A

-P
(t

o
d
is

ti
n
gu

is
h

it
fr

om
S
A

R
S
A

-F
d
es

cr
ib

ed
a
b

ov
e)

.

T
h
e

al
go

ri
th

m
is

se
t

ou
t

in
A

lg
or

it
h
m

s
1

an
d

2.
B

ef
or

e
d
es

cr
ib

in
g

th
e

p
re

ci
se

d
et

a
il
s

of
th

e
al

go
ri

th
m

,
h
ow

ev
er

,
w

e
w

il
l

at
te

m
p
t

to
d
es

cr
ib

e
in

fo
rm

al
ly

h
ow

it
w

or
k
s.

P
A

S
A

b
eg

in
s

w
it

h
an

in
it

ia
l

p
ar

ti
ti

on
Ξ

(1
) .

T
h
is

in
it

ia
l

p
ar

ti
ti

on
is

,
to

so
m

e
ex

te
n
t,

ar
b
it

ra
ry

.
P

A
S
A

w
il
l

u
p

d
at

e
Ξ

on
ly

in
fr

eq
u
en

tl
y.

W
e

m
u
st

ch
o
os

e
th

e
va

lu
e

of
a

p
ar

am
et

er
ν
∈

N
,

w
h
ic

h
in

p
ra

ct
ic

e
w

il
l

b
e

la
rg

e
(f

or
ou

r
ex

p
er

im
en

ts
in

S
ec

ti
on

4
w

e
ch

o
os

e
ν

=
50
,0

0
0
).

In
ea

ch
it

er
at

io
n
t

su
ch

th
at

t
m

o
d
ν

=
0,

P
A

S
A

w
il
l

u
p

d
at

e
Ξ

,
ot

h
er

w
is

e
Ξ

re
m

a
in

s
fi
x
ed

.
A

s
w

il
l

b
ec

om
e

cl
ea

re
r

b
el

ow
,

th
e

re
as

on
fo

r
u
p

d
at

in
g

Ξ
in

fr
eq

u
en

tl
y

is
to

al
lo

w
ce

rt
a
in

w
ei

g
h
t

ve
ct

or
s,

w
h
ic

h
ar

e
u
se

d
to

u
p

d
at

e
Ξ

,
to

b
e

p
ro

gr
es

si
v
el

y
ad

ap
te

d
in

b
et

w
ee

n
u
p

d
a
te

s
to

Ξ
.

E
ve

ry
ti

m
e

Ξ
is

u
p

d
at

ed
(w

h
ic

h
in

vo
lv

es
a

se
q
u
en

ce
of

st
ep

s
pe

rf
o
rm

ed
in

a
si

n
gl

e
it

er
a
ti

o
n

)
it

d
es

cr
ib

es
a

n
ew

,
co

m
p
le

te
p
ar

ti
ti

on
of

th
e

st
at

e
sp

ac
e

w
it

h
X

ce
ll
s.

P
A

S
A

u
p

d
at

es
Ξ

,
at

th
e

re
gu

la
r

in
te

rv
al

s
d
efi

n
ed

b
y
ν

,
as

fo
ll
ow

s.
E

a
ch

ti
m

e
it

in
eff

ec
t

co
m

p
le

te
ly

re
b
u
il
d
s

th
e

p
ar

ti
ti

on
Ξ

u
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n
g

a
m

u
ch
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gr
an

u
la

r
fi
x
ed

p
a
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it
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n
Ξ

0
a
s

a
st

ar
ti

n
g

p
oi

n
t.

S
p

ec
ifi
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ll
y,

fo
r

ea
ch

u
p

d
at

e
it

b
eg

in
s

w
it

h
a

fi
x
ed

se
t
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X

0
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se
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ll
s,

w
it

h
X

0
<
X

,
w

h
ic

h
to

ge
th

er
fo

rm
a

p
ar

ti
ti

on
Ξ

0
of
S

(t
h
e

p
ar

ti
ti

on
Ξ

0
is

id
en

ti
ca

l
fo

r
ev

er
y

p
er

io
d
ic

u
p

d
at

e)
.

S
u
p
p

os
e

w
e

h
av

e
an

es
ti

m
at

e
of

h
ow

fr
eq

u
en

tl
y

th
e

a
g
en

t
v
is

it
s

ea
ch

of
th

es
e

b
as

e
ce

ll
s

b
as

ed
on

it
s

re
ce

n
t

b
eh

av
io

u
r.

W
e

ca
n

d
efi

n
e

a
n
ew

p
a
rt

it
io

n
Ξ

1
b
y

“s
p
li
tt

in
g”

th
e

m
os

t
fr

eq
u
en

tl
y

v
is

it
ed

ce
ll

in
to

tw
o

ce
ll
s

co
n
ta

in
in

g
a

ro
u
gh

ly
eq

u
a
l

n
u
m

b
er

of
st

at
es

(t
h
e

n
ot

io
n

of
a

ce
ll

“s
p
li
t”

is
d
es

cr
ib

ed
m

or
e

p
re

ci
se

ly
b

el
ow

).
If

w
e

n
ow

h
av

e
a

si
m

il
ar

v
is

it
fr

eq
u
en

cy
es

ti
m

at
e

fo
r

ea
ch

of
th

e
ce

ll
s

in
th

e
n
ew

ly
cr

ea
te

d
p
ar

ti
ti

o
n
,

w
e

co
u
ld

ag
ai

n
sp

li
t

th
e

m
os

t
fr

eq
u
en

tl
y

v
is

it
ed

ce
ll

gi
v
in

g
u
s

y
et

an
ot

h
er

p
ar

ti
ti

on
Ξ

2
.

If
w

e
re

p
ea

t
th

is
p
ro

ce
ss

a
to

ta
l

of
X
−
X

0
ti

m
es

(w
h
ic

h
P

A
S
A

is
d
es

ig
n
ed

to
d
o

a
ll

in
th

e
sp

a
ce

o
f

a
si

n
gl

e
it

er
at

io
n
,

w
h
en

ev
er
t

m
o
d
ν

=
0)

,
th

en
w

e
w

il
l

h
av

e
ge

n
er

a
te

d
a

p
a
rt

it
io

n
Ξ

o
f

th
e

st
at

e
sp

ac
e

w
it

h
X

ce
ll
s.

M
or

eo
ve

r,
p
ro

v
id

ed
ou

r
v
is

it
fr

eq
u
en

cy
es

ti
m

at
es

a
re

a
cc

u
ra

te
,

th
os

e
ar

ea
s

of
th

e
st

at
e

sp
ac

e
w

h
ic

h
ar

e
v
is

it
ed

m
or

e
fr

eq
u
en

tl
y

w
il
l

h
av

e
a

m
o
re

d
et

a
il
ed

re
p
re

se
n
ta

ti
on

of
th

e
V

F
.

(T
o

b
e

cl
ea

r:
Ξ

1
,

fo
r

ex
am

p
le

,
d
en

ot
es

th
e

p
ar

ti
ti

o
n

g
en

er
a
te

d
af

te
r

th
e

fi
rs

t
st

ep
of

th
e

p
ro

ce
ss

ju
st

d
es

cr
ib

ed
,

w
h
er

ea
s

Ξ
(1

) ,
fo

r
ex

am
p
le

,
d
en

o
te

s
th

e
ac

tu
al

p
ar

ti
ti

on
u
se

d
b
y

th
e

S
A

R
S
A

al
go

ri
th

m
at
t

=
1.

)

F
or

th
is

p
ro

ce
ss

to
w

or
k

eff
ec

ti
ve

ly
,

P
A

S
A

n
ee

d
s

to
h
av

e
ac

ce
ss

to
an

ac
cu

ra
te

es
ti

m
a
te

of
th

e
v
is

it
fr

eq
u
en

cy
fo

r
ea

ch
ce

ll
fo

r
ea

ch
st

ag
e

of
th

e
sp

li
tt

in
g

p
ro

ce
ss

.
W

e
co

u
ld

,
a
t

a
fi
rs

t
gl

an
ce

,
p
ro

v
id

e
th

is
b
y

st
or

in
g

an
es

ti
m

at
e

of
th

e
v
is

it
fr

eq
u
en

cy
of

ev
er

y
in

d
iv

id
u
a
l

st
a
te

.
W

e
co

u
ld

th
en

es
ti

m
at

e
ce

ll
v
is

it
fr

eq
u
en

ci
es

b
y

su
m

m
in

g
th

e
es

ti
m

at
es

fo
r

in
d
iv

id
u
a
l

st
a
te

s
as

re
q
u
ir

ed
.

H
ow

ev
er
S

is
,

b
y

as
su

m
p
ti

on
,

v
er

y
la

rg
e,

an
d

st
or

in
g
S

d
is

ti
n
ct

re
a
l

va
lu

es
is

im
p
li
ci

tl
y

d
iffi

cu
lt

or
im

p
os

si
b
le

.
A

cc
or

d
in

gl
y,

P
A

S
A

in
st

ea
d

st
or

es
an

es
ti

m
a
te

o
f

th
e

v
is

it
fr

eq
u
en

cy
of

ea
ch

b
as

e
ce

ll
,

an
d

an
es

ti
m

at
e

of
th

e
v
is

it
fr

eq
u
en

cy
of

o
n

e
o
f

th
e

tw
o

ce
ll
s

d
efi

n
ed

ea
ch

ti
m

e
a

ce
ll

is
sp

li
t.

T
h
is

al
lo

w
s

P
A

S
A

to
ca

lc
u
la

te
an

es
ti

m
a
te

o
f

th
e

v
is

it
fr

eq
u
en

cy
of

ev
er

y
ce

ll
in

ev
er

y
st

ag
e

of
th

e
p
ro

ce
ss

d
es

cr
ib

ed
in

th
e

p
ar

ag
ra

p
h

a
b

ov
e

w
h
il
st

st
or

in
g

on
ly
X

d
is

ti
n
ct

va
lu

es
.

It
d
o
es

th
is

b
y

su
b
tr

ac
ti

n
g

ce
rt

ai
n

es
ti

m
at

es
fr

o
m

o
th

er
s

(a
p
ro

ce
ss

d
es

cr
ib

ed
in

m
or

e
d
et

ai
l

b
el

ow
).

In
th

is
w

ay
w

e
ca

n
es

ti
m

a
te

ce
ll

v
is

it
fr

eq
u
en

ci
es

effi
ci

en
tl

y,
at

th
e

co
st

of
on

ly
a

sm
al

l
tr

ad
e

off
w

h
ic

h
w

e
d
es

cr
ib

e
in

S
ec

ti
on

2
.4
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U
n
su

p
e
r
v
ise

d
B
a
sis

F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

2
.3

.
S

o
m

e
A

d
d

itio
n

a
l

T
e
rm

in
o
lo

g
y

R
e
la

tin
g

to
S

ta
te

A
g
g
re

g
a
tio

n

In
th

is
su

b
section

w
e

w
ill

in
tro

d
u
ce

so
m

e
form

al
co

n
cep

ts,
in

clu
d
in

g
th

e
con

cep
t

of
“sp

lit-
tin

g
”

a
cell,

w
h
ich

w
ill

allow
u
s,

in
th

e
n
ex

t
su

b
section

,
to

form
ally

d
escrib

e
th

e
P

A
S
A

a
lg

o
rith

m
.

O
u
r

fo
rm

a
lism

is
su

ch
th

at
S

is
fi
n
ite. 2

8
T

h
is

m
ean

s
th

at,
for

an
y

p
ro

b
lem

,
w

e
can

a
rb

itra
rily

in
d
ex

each
state

from
1

to
S

.
S
u
p
p

ose
w

e
h
av

e
a

p
artition

Ξ
0

=
{X

j,0
:

1
≤
j≤

X
0 }

d
efi

n
ed

o
n
S

w
ith

X
0

elem
en

ts.
W

e
w

ill
say

th
at

th
e

p
artition

Ξ
0

is
o
rd

ered
if

every
cellX

j,0
ca

n
b

e
ex

p
ressed

as
an

in
terval

of
th

e
form

:

X
j,0

:=
{
s
i

:
L
j,0 ≤

i≤
U
j,0 },

w
h
ere

L
j,0

a
n
d
U
j,0

are
in

tegers
an

d
1
≤
L
j,0 ≤

U
j,0 ≤

S
.

S
tartin

g
w

ith
an

ord
ered

p
artition

Ξ
0 ,

w
e

ca
n

fo
rm

alise
th

e
n
otion

of
sp

littin
g

on
e

of
its

cellsX
j,0 ,

v
ia

w
h
ich

w
e

can
create

a
n
ew

p
a
rtitio

n
Ξ

1 .
T

h
e

n
ew

p
artition

Ξ
1

=
{X

j ′,1
:

1
≤
j ′≤

X
1 }

w
ill

b
e

su
ch

th
at:

X
1

=
X

0
+

1

X
j,1

=
{s
i

:
L
j,0 ≤

i≤
L
j,0

+
b(U

j,0 −
L
j,0 −

1)/2c}
X
X

0
+

1
,1

=
{
s
i

:
L
j,0

+
b(U

j,0 −
L
j,0 −

1
)/2c

<
i≤

U
j,0 }

X
j ′,1

=
X
j ′,0

for
all

j ′∈
{1,...,j−

1}∪
{
j

+
1
,...,X

0 }
T

h
e

eff
ect

is
th

at
w

e
are

sp
littin

g
th

e
in

terval
asso

ciated
w

ith
X
j,0

as
n
ear

to
th

e
“m

id
d
le”

o
f

th
e

cell
a
s

p
ossib

le.
T

h
is

creates
tw

o
n
ew

in
tervals,

th
e

“low
er”

in
terva

l
rep

laces
th

e
ex

istin
g

cell,
a
n
d

th
e

“u
p
p

er”
in

terval
b

ecom
es

a
n
ew

cell
(w

ith
in

d
ex

X
0

+
1).

T
h
e

n
ew

p
a
rtitio

n
Ξ

1
is

also
an

ord
ered

p
artition

.
N

ote
th

a
t

th
e

sp
littin

g
p
ro

ced
u
re

is
on

ly
d
efi

n
ed

fo
r

cells
w

ith
card

in
ality

of
tw

o
or

m
ore.

F
or

th
e

rem
ain

d
er

of
th

is
su

b
section

ou
r

d
iscu

ssion
w

ill
a
ssu

m
e

th
a
t

th
is

con
d
ition

h
old

s
every

tim
e

a
p
articu

lar
cell

is
sp

lit.
W

h
en

w
e

ap
p
ly

th
e

p
ro

ced
u
re

in
p
ractice

w
e

w
ill

take
m

easu
res

to
en

su
re

th
at,

w
h
en

ever
a

sp
lit

o
ccu

rs,
th

is
co

n
d
itio

n
is

a
lw

ay
s

satisfi
ed

.
S
ta

rtin
g

w
ith

an
y

in
itial

ord
ered

p
artition

,
w

e
can

recu
rsively

reap
p
ly

th
is

sp
littin

g
p
ro

ced
u
re

a
s

m
an

y
tim

es
as

w
e

lik
e.

N
ote

th
at

each
tim

e
a

sp
lit

o
ccu

rs,
w

e
sp

ecify
th

e
in

d
ex

o
f

th
e

cell
w

e
are

sp
littin

g.
T

h
is

m
ean

s,
given

an
in

itial
ord

ered
p
artition

Ξ
0

(w
ith

X
0

cells),
w

e
can

sp
ecify

a
fi
n
al

p
artition

Ξ
n

(w
ith

X
n

=
X

0
+
n

cells)
b
y

p
rov

id
in

g
a

vecto
r
ρ

o
f

in
tegers,

or
sp

lit
vecto

r,
w

h
ich

is
of

d
im

en
sion

n
an

d
is

a
list

of
th

e
in

d
ices

of
cells

to
sp

lit.
T

h
e

sp
lit

v
ector

ρ
m

u
st

b
e

su
ch

th
at,

for
each

1
≤
k
≤
n

,
th

e
con

strain
t

1
≤
ρ
k
≤
X

0
+
k
−

1
is

satisfi
ed

(so
th

at
each

elem
en

t
of
ρ

refers
to

a
valid

cell
in

d
ex

).
A

ssu
m

in
g

w
e

w
an

t
a

p
artition

com
p

osed
of
X

cells
ex

actly
(i.e.

so
th

at
X
n

=
X

),
th

en
ρ

m
u
st

b
e

o
f

d
im

en
sion

X
−
X

0 .
P

arts
(a)

an
d

(b
)

of
F

igu
re

1
p
rov

id
e

a
p
artial

illu
stration

o
f

h
ow

a
p
a
ir

o
f

valu
es
ρ

an
d

Ξ
0

can
b

e
u
sed

to
d
efi

n
e

a
n
ew

,
m

ore
gran

u
lar

p
artition

.
B

efo
re

p
ro

ceed
in

g
w

e
req

u
ire

on
e

m
ore

d
efi

n
itio

n
.

F
or

each
p
artition

Ξ
k

d
efi

n
ed

ab
ove,

w
h
ere

0
≤
k
≤
n

,
w

e
in

tro
d
u
ce

a
co

llection
of

su
b
sets

ofS
d
en

oted
Ξ̄
k

=
{X̄

j
:

1
≤
j
≤

X
0

+
k}

.
E

ach
elem

en
t

of
Ξ̄
k

is
d
efi

n
ed

as
follow

s:

X̄
j

:=

{
{s
i

:
s
i ∈
X
j,0 }

if
1
≤
j≤

X
0

{s
i

:
s
i ∈
X
j,j−

X
0 }

if
X

0
<
j≤

X

2
8
.

In
th

e
ca

se
o
f

co
n
tin

u
o
u

s
sta

te
sp

a
ces

w
e

a
ssu

m
e

th
a
t

w
e

h
av

e
a

fi
n

ite
set

o
f

“
a
to

m
ic

cells”
w

h
ich

a
re

a
n

a
lo

g
o
u

s
to

th
e

fi
n

ite
set

o
f

sta
tes

d
iscu

ssed
h

ere.
S

ee
S

ectio
n

3
.4
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B
a
r
k
e
r
a
n
d

R
a
s

E
ach

set
X̄
j

is
n
ot

a
fu

n
ction

of
k
.

H
ow

ever,
for

j
>
X

0
th

e
valu

e
ofX̄

j
w

ill
on

ly
b

e
availab

le
after

j−
X

0
step

s
in

th
e

seq
u
en

ce
d
escrib

ed
ab

ove.
T

h
e

eff
ect

of
th

e
d
efi

n
ition

is
th

at,
for

0
≤
j
≤
X

0 ,
w

e
sim

p
ly

h
ave
X̄
j

=
X
j,0

for
all

j,
w

h
ilst

for
X

0
<
j
≤
X

,X̄
j

w
ill

con
tain

all
of

th
e

states
w

h
ich

are
co

n
tain

ed
in
X̄
j,j−

X
0 ,

w
h
ich

is
th

e
fi
rst

cell
created

d
u
rin

g
th

e
overall

sp
littin

g
p
ro

cess
w

h
ich

h
ad

an
in

d
ex

of
j,

as
it

w
as

b
efore

an
y

a
d
d
ition

al
sp

littin
g

of
th

at
cell.

(In
oth

er
w

ord
s,

all
th

e
b
a
se

cells
can

b
e

referred
to

b
y
X̄
j

for
1
≤
j
≤
X

0 ,
an

d
,

for
j
>
X

0 ,
each

tim
e

a
cellX

i,j−
X

0 −
1

is
sp

lit,
th

e
n
ew

ly
created

cellX
j,j−

X
0

is
eq

u
al

to
X̄
j ,

w
h
ile
X̄
i

rem
ain

s
u
n
ch

an
ged

an
d

still
retain

s
its

valu
e

from
th

e
fi
rst

tim
e

it
w

as
created

.)
N

ote
th

at
Ξ̄
k

is
n

o
t

a
p
artition

,
w

ith
th

e
sin

gle
ex

cep
tion

of
Ξ̄

0
w

h
ich

is
eq

u
al

to
Ξ

0 .
T

h
e

n
otation

ju
st

ou
tlin

ed
w

ill
b

e
im

p
ortan

t
w

h
en

w
e

set
ou

t
th

e
m

an
n
er

in
w

h
ich

P
A

S
A

estim
ates

th
e

freq
u
en

cy
w

ith
w

h
ich

d
iff

eren
t

cells
are

v
isited

.

2
.4

.
D

e
ta

ils
o
f

th
e

A
lg

o
rith

m

W
e

n
ow

ad
d

th
e

n
ecessary

fi
n
al

d
etails

to
form

ally
d
efi

n
e

th
e

P
A

S
A

algorith
m

.
W

e
assu

m
e

w
e

h
ave

a
fi
x
ed

ord
ered

p
artition

Ξ
0

con
tain

in
g
X

0
cells.

T
h
e

m
an

n
er

in
w

h
ich

Ξ
0

is
con

stru
cted

d
o
es

n
ot

n
eed

to
b

e
p
rescrib

ed
as

p
art

of
th

e
P

A
S
A

algorith
m

,
h
ow

ever
w

e
assu

m
e
|X
j,0 |≥

1
for

all
1
≤
j
≤
X

0 .
In

gen
eral,

th
erefore,

Ξ
0

is
a

p
aram

eter
of

P
A

S
A

. 2
9

P
A

S
A

stores
a

sp
lit

vector
ρ

of
d
im

en
sion

X
−
X

0 .
T

h
is

vector
in

com
b
in

ation
w

ith
Ξ

0

d
efi

n
es

a
p
artition

Ξ
,

w
h
ich

w
ill

rep
resen

t
th

e
state

aggregation
arch

itectu
re

u
sed

b
y

th
e

u
n
d
erly

in
g

S
A

R
S
A

algorith
m

.
R

ecall
th

at
w

e
u
sed
X
j

to
d
en

ote
a

cell
in

a
state

aggregation
arch

itectu
re

in
S
ection

2.1.
In

th
e

con
tex

t
of

S
A

R
S
A

-P
,X

j
w

ill
b

e
a

fu
n
ction

of
t,

an
d

w
e

w
ill

u
se

th
e

n
atu

ral
con

ven
tion

th
atX

j
=
X
j,X
−
X

0 .
W

e
also

ad
o
p
t

th
e

n
otatio

n
Ξ̄

:=
Ξ̄
X
−
X

0 .
T

h
e

vector
ρ
,

an
d

corresp
on

d
in

gly
th

e
p
artition

Ξ
,

w
ill

b
e

u
p

d
ated

every
ν
∈

N
iter-

ation
s,

w
h
ere

ν
(as

n
oted

ab
ove)

is
a

fi
x
ed

p
ara

m
eter.

T
h
e

in
terval

d
efi

n
ed

b
y
ν

p
erm

its
P

A
S
A

to
learn

v
isit

freq
u
en

cy
estim

ates,
w

h
ich

w
ill

b
e

u
sed

w
h
en

u
p

d
atin

g
ρ
.

S
u
b

ject
to

th
e

con
strain

t
n
oted

in
th

e
p
rev

iou
s

su
b
section

,
ρ

can
b

e
in

itialised
arb

itrarily,
h
ow

ev
er

w
e

assu
m

e
th

at
each

ρ
k

for
1
≤
k
≤
X
−
X

0
is

in
itialised

so
th

at
n
o

attem
p
t

w
ill

b
e

m
ad

e
to

sp
lit

a
cell

con
tain

in
g

on
ly

on
e

state
(a

sin
gleto

n
cell).

T
o

assist
in

u
p

d
atin

g
ρ
,

th
e

algorith
m

w
ill

store
a

vector
ū

of
real

valu
es

of
d
im

en
sion

X
(in

itialised
as

a
vector

of
zero

es).
W

e
u
p

d
ate

ū
in

each
iteration

as
follow

s
(i.e.

u
sin

g
a

sim
p
le

sto
ch

astic
ap

p
rox

im
ation

alg
orith

m
):

ū
(t+

1
)

j
=
ū

(t)
j

+
ς (
I{
s
(t)∈X̄

j } −
ū

(t)
j

)
,

(5)

w
h
ere

ς∈
(0,1]

is
a

con
stan

t
step

size
p
aram

eter.
In

th
is

w
ay,

ū
w

ill
record

th
e

ap
p
rox

im
ate

freq
u
en

cy
w

ith
w

h
ich

each
of

th
e

sets
in

Ξ̄
h
av

e
b

een
v
isited

b
y

th
e

agen
t. 3

0
W

e
also

store
an

X
d
im

en
sion

al
b

o
olean

vector
Σ

.
A

s
w

ill
b

e
m

ad
e

clearer
b

elow
,

Σ
k
eep

s
track

of
w

h
eth

er
a

p
articu

lar
cell

h
as

on
ly

on
e

state,
as

w
e

d
on

’t
w

an
t

th
e

algorith
m

to
try

to
sp

lit
sin

gleton
cells.

2
9
.

T
h

e
rea

so
n

w
e

d
o

n
o
t

sim
p

ly
ta

k
e
X

0
=

1
is

th
a
t

ta
k
in

g
X

0
>

1
ca

n
h

elp
to

en
su

re
th

a
t

th
e

va
lu

es
sto

red
b
y

P
A

S
A

ten
d

to
rem

a
in

m
o
re

sta
b

le.
In

p
ra

ctice,
it

o
ften

m
a
k
es

sen
se

to
ch

o
o
se

a
su

ita
b

le
va

lu
e

fo
r

X
0 ,

th
en

sim
p

ly
ta

k
e

Ξ
0

to
b

e
th

e
o
rd

ered
p

a
rtitio

n
co

n
sistin

g
o
f
X

0
cells

w
h

ich
a
re

a
s

clo
se

a
s

p
o
ssib

le
to

eq
u

a
l

size.
S

ee
S

ectio
n

4
.

3
0
.

H
en

ce,
w

h
en

estim
a
tin

g
h

ow
freq

u
en

tly
th

e
a
g
en

t
v
isits

certa
in

sets
o
f

sta
tes,

th
e

P
A

S
A

a
lg

o
rith

m
im

p
licitly

w
eig

h
ts

recen
t

v
isits

m
o
re

h
eav

ily
u

sin
g

a
series

o
f

co
effi

cien
ts

w
h

ich
d

ecay
g
eo

m
etrica

lly.
T

h
e

ra
te

o
f

th
is

d
ecay

d
ep

en
d

s
o
n
ς.
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U
n
su

p
e
r
v
is
e
d

B
a
si
s
F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

T
o

u
p

d
at

e
ρ

th
e

P
A

S
A

al
go

ri
th

m
,
w

h
en

ev
er
t

m
o
d
ν

=
0,

p
er

fo
rm

s
a

se
q
u
en

ce
of
X
−
X

0

op
er

at
io

n
s.

A
te

m
p

or
ar

y
co

p
y

of
ū

is
m

ad
e,

w
h
ic

h
w

e
ca

ll
u

.
T

h
e

ve
ct

or
u

is
in

te
n
d
ed

to
es

ti
m

at
e

th
e

ap
p
ro

x
im

at
e

fr
eq

u
en

cy
w

it
h

w
h
ic

h
ea

ch
of

th
e

ce
ll
s

in
Ξ

h
av

e
b

ee
n

v
is

it
ed

b
y

th
e

ag
en

t.
T

h
e

el
em

en
ts

of
u

w
il
l
b

e
u
p

d
at

ed
as

p
ar

t
of

th
e

se
q
u
en

ce
of

op
er

at
io

n
s

w
h
ic

h
w

e
w

il
l

p
re

se
n
tl

y
d
es

cr
ib

e.
W

e
se

t
th

e
en

tr
ie

s
o
f

Σ
to
I {
|X
k
,0
|=

1
}

fo
r

1
≤
k
≤
X

0
at

th
e

st
a
rt

of
th

e
se

q
u
en

ce
(t

h
e

re
m

ai
n
in

g
en

tr
ie

s
ca

n
b

e
se

t
to

ze
ro

).
A

t
ea

ch
st

ag
e
k
∈
{1
,2
,.
..
,X
−
X

0
}

of
th

e
se

q
u
en

ce
w

e
u
p

d
at

e
ρ

as
fo

ll
ow

s:

ρ
k

=

{
j

if
(1
−

Σ
ρ
k
)u
ρ
k
<

m
ax
{u

i
:
i
≤
X

0
+
k
−

1
,Σ

i
=

0}
−
ϑ

ρ
k

ot
h
er

w
is

e
(6

)

w
h
er

e:
j

=
ar

g
m

ax
i
{u

i
:
i
≤
X

0
+
k
−

1,
Σ
i

=
0}

(i
f

m
u
lt

ip
le

in
d
ic

es
sa

ti
sf

y
th

e
ar

g
m

ax
fu

n
ct

io
n
,

w
e

ta
ke

th
e

lo
w

es
t

in
d
ex

)
an

d
w

h
er

e
ϑ
>

0
is

a
co

n
st

an
t

d
es

ig
n
ed

to
en

su
re

th
at

a
(t

y
p
ic

al
ly

sm
al

l)
th

re
sh

ol
d

m
u
st

b
e

ex
ce

ed
ed

b
ef

or
e

ρ
is

ad
ju

st
ed

.
In

th
is

w
ay

,
in

ea
ch

st
ep

k
in

th
e

se
q
u
en

ce
th

e
n
on

-s
in

gl
et

on
ce

ll
X j

,k
−

1
w

it
h

th
e

h
ig

h
es

t
va

lu
e
u
j

(o
ve

r
th

e
ra

n
ge

1
≤
j
≤
k
−

1
,

an
d

su
b

je
ct

to
th

e
th

re
sh

ol
d
ϑ

)
w

il
l

b
e

id
en

ti
fi
ed

,
v
ia

th
e

u
p

d
at

e
to
ρ
,

as
th

e
n
ex

t
ce

ll
to

sp
li
t.

In
ea

ch
st

ep
of

th
e

se
q
u
en

ce
w

e
al

so
u
p

d
at

e
u

an
d

Σ
:

u
ρ
k

=
u
ρ
k
−
u
X

0
+
k

Σ
j

=
I {
|X
j
,k
|≤

1
}

fo
r

1
≤
j
≤
X

0
+
k
−

1.

T
h
e

re
as

on
w

e
u
p

d
at

e
u

as
sh

ow
n

ab
ov

e
is

b
ec

au
se

ea
ch

ti
m

e
th

e
op

er
at

io
n

is
ap

p
li
ed

w
e

th
er

eb
y

ob
ta

in
an

es
ti

m
at

e
of

th
e

v
is

it
fr

eq
u
en

cy
of
X ρ

k
,k

,
w

h
ic

h
is

th
e

fr
es

h
ly

u
p

d
a
te

d
va

lu
e

of
u
ρ
k
,

an
d

an
es

ti
m

at
e

of
th

e
v
is

it
fr

eq
u
en

cy
of

th
e

ce
ll
X X

0
+
k
,k

,
w

h
ic

h
is
u
X

0
+
k

=
ū
X

0
+
k

(s
in

ce
u
X

0
+
k

=
ū
X

0
+
k

at
st

ep
k
).

W
e

n
ot

e
th

at
,

fo
r

ea
ch

of
th

e
ce

ll
v
is

it
fr

eq
u
en

cy
es

ti
m

at
es

u
ρ
k

an
d
u
X

0
+
k

to
b

e
ac

cu
ra

te
,

it
is

cr
it

ic
a
l

th
at

b
ot

h
th

e
or

ig
in

al
es

ti
m

at
es
u
ρ
k

an
d
u
X

0
+
k

ar
e

ac
cu

ra
te

.
C

ru
ci

al
to

th
e

op
er

at
io

n
of

th
e

al
go

ri
th

m
is

th
e

fa
ct

th
at

th
is

d
ep

en
d
en

ce
on

ly
fl
ow

s
in

on
e

d
ir

ec
ti

on
.

A
s

es
ti

m
a
te

s
fo

r
la

rg
er

ce
ll
s

te
n
d

to
b

ec
om

e
m

or
e

ac
cu

ra
te

,
es

ti
m

at
es

fo
r

sm
al

le
r

ce
ll
s

w
h
ic

h
ar

e
a

fu
n
ct

io
n

of
th

e
es

ti
m

a
te

s
fo

r
la

rg
er

ce
ll
s

al
so

b
ec

om
e

m
or

e
ac

cu
ra

te
.

A
s

a
re

su
lt

w
e

ca
n

d
ep

en
d

u
p

on
ac

cu
ra

te
es

ti
m

at
es

fo
r

la
rg

er
ce

ll
s

fl
ow

in
g

th
ro

u
gh

to
ac

cu
ra

te
es

ti
m

at
es

fo
r

sm
al

le
r

ce
ll
s.

W
e

m
ig

h
t

as
k

w
h
y

w
e

d
o

n
ot

,
fo

r
ex

am
p
le

,
es

ti
m

at
e

th
e

v
is

it
fr

eq
u
en

cy
of

a
n
ew

ly
cr

ea
te

d
ce

ll
b
y

si
m

p
ly

d
iv

id
in

g
th

e
v
is

it
fr

eq
u
en

cy
fo

r
th

e
p
ar

en
t

ce
ll

in
tw

o.
T

h
is

m
ak

es
se

n
se

th
e

fi
rs

t
ti

m
e

a
sp

li
t

is
ge

n
er

at
ed

(a
n
d

in
d
ee

d
d
oi

n
g

th
is

th
e

fi
rs

t
ti

m
e

a
ce

ll
is

sp
li
t

re
p
re

se
n
ts

a
se

n
si

b
le

ex
te

n
si

on
of

th
e

al
go

ri
th

m
,

se
e

S
ec

ti
on

A
.5

),
h
ow

ev
er

,
ad

op
ti

n
g

th
e

m
et

h
o
d

w
e

h
av

e
d
es

cr
ib

ed
p

er
m

it
s

u
s

to
ob

ta
in

es
ti

m
at

es
w

h
ic

h
w

il
l

b
e

ex
ac

t
in

th
e

li
m

it
as

th
e

al
go

ri
th

m
is

gi
ve

n
ti

m
e

to
co

n
v
er

ge
.

O
n
ce
ρ

h
as

b
ee

n
ge

n
er

at
ed

,
w

e
im

p
li
ci

tl
y

h
av

e
a

n
ew

p
ar

ti
ti

on
Ξ

.
T

h
e

P
A

S
A

al
go

ri
th

m
is

ou
tl

in
ed

in
A

lg
or

it
h
m

1
an

d
a

d
ia

gr
am

il
lu

st
ra

ti
n
g

th
e

m
ai

n
st

ep
s

is
at

F
ig

u
re

1.
N

ot
e

th
at

th
e

al
go

ri
th

m
ca

ll
s

a
p
ro

ce
d
u
re

ca
ll
ed

S
p
l
it

,
w

h
ic

h
is

ou
tl

in
ed

in
A

lg
or

it
h
m

2.
3
1

A
lg

or
it

h
m

3
1
.

N
o
te

th
a
t

th
e

p
se

u
d

o
co

d
e

d
es

cr
ib

es
th

e
u

n
d

er
ly

in
g

p
ri

n
ci

p
le

s
b

u
t

is
n

o
t

a
n

effi
ci

en
t

im
p

le
m

en
ta

ti
o
n

.
T

h
e

st
ep

to
d

et
er

m
in

e
ce

ll
en

d
p

o
in

ts
,

fo
r

ex
a
m

p
le

,
ca

n
b

e
im

p
le

m
en

te
d

in
a

fa
r

m
o
re

effi
ci

en
t

w
ay

th
a
n

ex
p

li
ci

tl
y

ca
lc

u
la

ti
n

g
a

m
in

im
u

m
o
r

m
a
x
im

u
m

.
A

fu
ll

d
es

cr
ip

ti
o
n

o
f

su
ch

d
et

a
il

s
is

b
ey

o
n

d
o
u

r
p

re
se

n
t

sc
o
p

e.
S

ee
S

ec
ti

o
n

3
.1

fo
r

re
la

te
d

d
et

a
il

s.
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8)

:1
-7

3,
 2

01
9

B
a
r
k
e
r
a
n
d

R
a
s

1
op

er
at

es
su

ch
th

at
th

e
ce

ll
sp

li
tt

in
g

p
ro

ce
ss

(t
o

g
en

er
at

e
Ξ

)
o
cc

u
rs

co
n
cu

rr
en

tl
y

w
it

h
th

e
u
p

d
at

e
to

ρ
,

su
ch

th
at

,
as

ea
ch

el
em

en
t
ρ
k

of
ρ

is
u
p

d
at

ed
,

a
co

rr
es

p
on

d
in

g
te

m
p

o
ra

ry
p
ar

ti
ti

on
Ξ
k

is
co

n
st

ru
ct

ed
.

A
ls

o
n
ot

e
th

a
t

th
e

al
go

ri
th

m
m

ak
es

re
fe

re
n
ce

to
o
b

je
ct

s
Ξ
′ a

n
d

Ξ̄
′ .

T
o

av
oi

d
st

or
in

g
ea

ch
Ξ
k

an
d

Ξ̄
k

fo
r

1
≤
k
≤
X
−
X

0
,

w
e

in
st

ea
d

in
it

ia
li
se

Ξ
′

a
n
d

Ξ̄
′

a
s

Ξ
0

an
d

th
en

re
cu

rs
iv

el
y

u
p

d
at

e
Ξ
′

an
d

Ξ̄
′

su
ch

th
a
t

Ξ
′ =

Ξ
k

an
d

Ξ̄
′ =

Ξ̄
k

at
th

e
k
th

st
a
g
e

of
th

e
sp

li
tt

in
g

p
ro

ce
ss

.
In

S
ec

ti
on

2.
2

w
e

n
ot

ed
th

at
es

ti
m

at
in

g
th

e
v
is

it
p
ro

b
ab

il
it

y
of

in
d
iv

id
u
a
l

ce
ll
s

b
y

su
b
-

tr
ac

ti
n
g

es
ti

m
at

es
fr

om
on

e
an

ot
h
er

(a
s

P
A

S
A

is
d
es

ig
n
ed

to
d
o)

al
lo

w
s

u
s

to
av

o
id

st
o
ri

n
g

v
is

it
p
ro

b
ab

il
it

ie
s

fo
r
S

in
d
iv

id
u
al

st
at

es
.

T
h
er

e
is

a
tr

ad
e-

off
in

vo
lv

ed
w

h
en

es
ti

m
a
ti

n
g

v
is

it
fr

eq
u
en

ci
es

in
su

ch
a

w
ay

.
S
u
p
p

os
e

th
at
t

=
n
ν

fo
r

so
m

e
n
∈
N

an
d

th
e

p
a
rt

it
io

n
Ξ

(t
)

is
u
p

d
at

ed
an

d
re

p
la

ce
d

b
y

th
e

p
ar

ti
ti

on
Ξ

(t
+

1
) .

T
h
e

v
is

it
fr

eq
u
en

cy
es

ti
m

a
te

fo
r

a
ce

ll
in

Ξ
(t

+
1
)

is
on

ly
li
ke

ly
to

b
e

ac
cu

ra
te

if
th

e
sa

m
e

ce
ll

w
as

an
el

em
en

t
of

Ξ
(t

) ,
o
r

if
th

e
ce

ll
is

a
u
n
io

n
of

ce
ll
s

w
h
ic

h
w

er
e

el
em

en
ts

of
Ξ

(t
) .

C
el

ls
in

Ξ
(t

+
1
)

w
h
ic

h
d
o

n
ot

fa
ll

in
to

o
n
e

o
f

th
es

e
ca

te
go

ri
es

w
il
l

n
ee

d
ti

m
e

fo
r

an
ac

cu
ra

te
es

ti
m

at
e

of
v
is

it
fr

eq
u
en

cy
to

b
e

o
b
ta

in
ed

(t
h
is

w
il
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ū
1

ū
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ū

.
T

h
e

se
t
ρ̃

is
th

e
se

t
o
f

a
ll

sp
li
t

ve
ct

or
s

w
h
ic

h
m

ak
e

th
e

“c
or

re
ct

”
d
ec

is
io

n
fo

r
ea

ch
ce

ll
sp

li
t

(i
.e

.
fo

r
so

m
e
ρ
∈
ρ̃
,

th
e

ce
ll

in
Ξ
k
−

1
w

it
h

in
d
ex
ρ
k

h
as

th
e

eq
u
al

h
ig

h
es

t
st

ab
le

-s
ta

te
v
is

it
p
ro

b
ab

il
it

y
o
f

a
ll

th
e

ce
ll
s

in
Ξ
k
−

1
fo

r
1
≤
k
≤
X
−
X

0
).

T
h
e

se
t
ρ̃

[1
:k

]
is

d
efi

n
ed

su
ch

th
at
ρ

[1
:k

]
∈
ρ̃

[1
:k

]
if

a
n
d

o
n
ly

if
th

er
e

ex
is

ts
ρ
′ ∈

ρ̃
su

ch
th

at
ρ
′ [1

:k
]
=
ρ

[1
:k

].
W

e
re

q
u
ir

e
on

e
fi
n
al

d
efi

n
it

io
n
.

D
e
fi

n
it

io
n

3
If

,
fo

r
ea

ch
1
≤
i
≤
X

0
+
k

,
a
n

d
fo

r
a
ll
ε
>

0
,
h
>

0
a
n

d
τ
∈
N

,
th

er
e

ex
is

ts
ς [

1
:(
X

0
+
k
)]

,
H
i

(a
cl

o
se

d
in

te
rv

a
l

o
n

th
e

re
a
l

li
n

e
o
f

le
n

gt
h
h

w
h
ic

h
sa

ti
sfi

es
µ
i,

0
∈
H
i

fo
r

i
≤
X

0
a
n

d
µ
i,
i−
X

0
∈
H
i

fo
r
X

0
<
i
≤
X

)
a
n

d
T
i

su
ch

th
a
t

ea
ch

I i
: =
I {
ū
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ū

can
b

e
stab

ilised
u
p

to
0;

(2)
F

or
1
≤
k
≤

X
−
X

0 ,
if
ū
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≤
k
≤
X
−
X

0 ,
if
ū

can
b

e
stab

ilised
u
p

to
k−

1
th

en
ū

can
b

e
stab

ilised
u
p

to
k
.

W
e

b
eg

in
w

ith
(1).

W
e

can
argu

e
th

is
b
y

rely
in

g
on

resu
lts

regard
in

g
sto

ch
a
stic

ap
-

p
rox

im
a
tio

n
a
lg

orith
m

s
w

ith
fi
x
ed

step
sizes.

W
e

rely
on

th
e

follow
in

g
(m

u
ch

m
ore

gen
eral)

resu
lt:

T
h
eo

rem
2.2

in
C

h
ap

ter
8

of
K

u
sh

n
er

an
d

Y
in

(2003).
W

e
w

ill
ap

p
ly

th
e

resu
lt

to
ea

ch
ū
i

(fo
r

1
≤
i≤

X
0 ).

T
h
e

resu
lt

req
u
ires

th
at

a
n
u
m

b
er

of
assu

m
p
tion

s
h
old

(see
A

p
p

en
d
ix

A
.1

w
h
ere

w
e

state
th

e
assu

m
p
tion

s
an

d
verify

th
at

th
ey

h
old

in
th

is
case)

an
d

sta
tes,

in
eff

ect
for

ou
r

cu
rren

t
p
u
rp

oses,
th

e
follow

in
g. 3

2
F

or
all

δ
>

0
,

th
e

fraction
of

itera
tio

n
s

th
e

valu
e

of
ū
i

w
ill

stay
w

ith
in

a
δ-n

eigh
b

ou
rh

o
o
d

of
th

e
lim

it
set

of
th

e
ord

in
ary

d
iff

eren
tia

l
eq

u
ation

(O
D

E
)

of
th

e
u
p

d
ate

algorith
m

for
ū
i

over
th

e
in

terval{0
,...,T}

go
es

to
o
n
e

in
p
ro

b
ab

ility
as

ςi →
0

an
d
T
→
∞

.
R

eca
llin

g
th

at,
for

all
1
≤
i
≤
X

0 ,
ū
i

is
in

itia
lised

a
t

zero,
in

ou
r

case
th

e
O

D
E

is
µ
i,0 (1−

e −
t)

an
d

th
e

lim
it

set
is

th
e

p
oin

t
µ
i,0

(th
is

sta
tem

en
t

can
b

e
easily

gen
eralised

to
an

y
in

itialisation
o
f
ū
i ).

T
h
e

resu
lt

th
erefore

m
ea

n
s

th
a
t

fo
r

an
y
τ
,
h

an
d
ε

w
e

can
,

for
each

ū
i ,

ch
o
ose

T
i ,
ςi

an
d

fi
n
d
H
i 3

µ
i,0

su
ch

th
at

I
i

w
ill

b
e
ε-fi

x
ed

over
τ

after
T
i ,

su
ch

th
at

(1)
h
old

s.
W

e
n
ow

lo
ok

at
(2).

T
o

see
th

is
h
old

s,
w

e
elect

arb
itrary

valu
es
τ ′

an
d
ε ′

for
w

h
ich

w
e

n
eed

to
fi
n
d

su
itab

le
valu

es
T
′,
ϑ

an
d
ς ′[1

:(X
0
+
k−

1
)] .

S
u
p
p

ose
w

e
set

0
<

2
ϑ
≤

m
in{|µ

j,k ′−
µ
j ′,k ′|

:
0
≤
k ′≤

k
−

1,1
≤
j≤

X
0

+
k ′,1

≤
j ′≤

X
0

+
k ′,µ

j,k ′6=
µ
j ′,k ′}

(if
µ
j,k ′

is
th

e
sam

e
fo

r
a
ll
j

fo
r

all
k ′,

an
y

valu
e
ϑ
>

0
can

b
e

ch
osen

).
F

u
rth

erm
ore,

u
sin

g
ou

r
assu

m
p
tion

reg
a
rd

in
g
ū

,
w

e
select

h
<
ϑ
/
2
k
,

n
otin

g
th

at,
if

each
ū
i

for
1
≤
i≤

k−
1

rem
ain

s
w

ith
in

an
in

terva
l
o
f

size
ϑ
/2
k

for
th

e
set

of
iteration

s
T
′≤

t≤
T
′+
τ ′,

th
en

each
u
i

for
1
≤
i≤

X
0
+
k ′

(fo
r

ea
ch

g
en

era
ted

valu
e

of
u

in
step

k ′
of

th
e

seq
u
en

ce
of

u
p

d
ates

of
u

for
k ′≤

k−
1)

w
ill

rem
a
in

in
an

in
terval

of
len

gth
ϑ
/
2

over
th

e
sam

e
set

of
iteration

s
(sin

ce
each

u
i

w
ill

b
e

a
set

o
f

a
d
d
itio

n
s

of
th

ese
valu

es).
F

o
r

a
n
y
k ′≤

k
−

1,
d
efi

n
e
im

a
x

:=
arg

m
ax

i {µ
i,k ′

:
1
≤
i
≤
X

0
+
k ′}

(tak
in

g
th

e
low

est
in

d
ex

if
th

is
is

satisfi
ed

b
y

m
ore

th
an

on
e

in
d
ex

).
If,

for
an

y
1
≤
i ′≤

X
0

+
k ′,

µ
i ′,k ′6=

µ
im

a
x
,k ′,

th
en

,
p
rov

id
ed

each
ū
i

for
1
≤
i≤

X
0

+
k ′

rem
ain

s
in

an
in

terval
of

len
gth

h
over

th
e

itera
tion

s
T
′≤

t≤
T
′+

τ ′:

u
(t)
im

a
x −

u
(t)
i ′
≥
µ
im

a
x
,k ′−

h
(k ′+

1)−
(µ

i ′,k ′
+
h

(k ′+
1) )

≥
2
ϑ
−

2
h

(k ′+
1)
>
ϑ

,

fo
r

th
e

va
lu

e
o
f
u

at
step

k ′
an

d
for

all
t

satisfy
in

g
T
′≤

t≤
T
′
+
τ ′

so
th

at
ρ
k ′∈

ρ̃
k ′

for
T
′≤

t≤
T
′+

τ ′
for

all
1
≤
k ′≤

k
,

w
h
ere

ρ̃
k ′+

1
is

th
e

set
of

in
tegers{m

:
ρ
k ′+

1
=
m
,ρ
∈
ρ̃}

.
A

g
a
in

fo
r

a
n
y
k ′≤

k
−

1,
if,

for
som

e
i ′,
µ
im

a
x
,k ′

=
µ
i ′,k ′,

let’s
assu

m
e

(w
ith

ou
t

loss
of

g
en

era
lity

)
th

a
t
ρ

(T
′)

k ′+
1

=
im

a
x .

W
e

w
ill

h
ave,

again
p
rov

id
ed

each
ū
i

for
1
≤
i≤

X
0

+
k ′

rem
a
in

s
in

a
n

in
terval

of
len

gth
h

over
th

e
iteration

s
T
′≤

t≤
T
′+

τ ′:

u
(t)
i ′
−
u

(t)
im

a
x ≤

µ
i ′,k ′

+
h

(k ′+
1)−

(µ
im

a
x
,k ′−

h
(k ′+

1) )

<
µ
i ′,k ′

+
ϑ2
−
(
µ
im

a
x
,k ′−

ϑ2 )
=
ϑ

,

3
2
.

T
h

e
resu

lt
is

in
fa

ct
sta

ted
w

ith
referen

ce
to

a
tim

e-sh
ifted

in
terp

o
la

ted
tra

jecto
ry

o
f
ū
i ,

w
h

ere
th

e
tra

jecto
ry

o
f
ū
i

is
u

n
ifo

rm
ly

in
terp

o
la

ted
b

etw
een

ea
ch

d
iscrete

p
o
in

t
in

th
e

tra
jecto

ry
a
n

d
th

en
sca

led
b
y
ς
i .

T
h

e
resu

lt
a
s

w
e

sta
te

it
in

th
e

b
o
d

y
o
f

th
e

p
ro

o
f

fo
llow

s
a
s

a
co

n
seq

u
en

ce.
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B
a
r
k
e
r
a
n
d

R
a
s

for
all
t

satisfy
in

g
T
′≤

t≤
T
′+
τ ′w

h
ich

im
p
lies

th
at
ρ
k ′+

1
w

ill
n
ot

ch
an

ge
for

T
′≤

t≤
T
′+
τ ′

for
all

1
≤
k ′≤

k
.

A
s

a
resu

lt
if

w
e

ch
o
ose,

from
ou

r
assu

m
ed

con
d
ition

regard
in

g
ū

,
ε

so
th

at
(1
−
ε)
X

0
+
k−

1
≥

1
−
ε ′,

an
d

w
e

ch
o
ose

τ
=

τ ′
+
ν

(to
allow

for
th

e
in

terval
d
elay

b
efore

ρ
is

u
p

d
ated

),
th

en
(2)

is
satisfi

ed
,

sin
ce

w
e

can
ch

o
ose

T
′

=
m

ax
i T

i
an

d
ς ′[1

:(X
0
+
k−

1
)]

=
ς[1

:(X
0
+
k−

1
)]

w
h
ere

ς[1
:(X

0
+
k−

1
)]

an
d

each
T
i

are
ch

osen
to

satisfy
ou

r
ch

oices
for

ε
an

d
τ
.

F
in

ally,
w

e
ex

am
in

e
(3).

S
u
p
p

ose
w

e
ch

o
ose

th
e

va
lu

es
τ
,
h

an
d
ε

an
d

m
u
st

fi
n
d

su
itab

le
valu

es
ςi ,
T
i

an
d
H
i

(for
1
≤
i≤

X
0

+
k
).

B
y

assu
m

p
tion

,
for

each
ū
i

for
1
≤
i≤

X
0

+
k−

1,
w

e
can

fi
n
d

su
itab

le
valu

es
in

ord
er

to
satisfy

th
e

con
d
ition

.
H

ow
ev

er
w

e
also

k
n
ow

,
from

th
e

argu
m

en
ts

in
(2),

th
at

b
y

selectin
g

su
itab

le
valu

es
ε

1 ,
h

1
an

d
τ

1
to

w
h
ich

o
u
r

assu
m

p
tion

regard
in

g
ū
i

for
1
≤
i≤

X
0

+
k−

1
ap

p
lies,

w
e

can
en

su
re,

for
an

y
valu

es
of
ε

2
an

d
τ

2 ,
th

at
ρ

[1
:k

]
w

ill
b

e
ε

2 -fi
x
ed

over
τ

2
after

T
for

som
e
T

.
N

ote
th

at
if,

for
som

e
i,
I
i

is
ε-fi

x
ed

over
τ

after
T

for
som

e
H
i

of
len

gth
h

th
en

I
i

w
ill

also
b

e
ε ′-fi

x
ed

over
τ ′

after
T

for
som

e
H
′i

of
len

gth
h
′

for
an

y
ε ′
>
ε,
τ ′
<
τ

an
d
h
′
>
h

.
T

h
is

last
ob

servation
m

ean
s

th
a
t

w
e

can
ch

o
ose

ε
0 ,
h

0
an

d
τ

0
so

th
at
ε

0
<
ε

1 ,
ε

0
<
ε,
h

0
<
h

1 ,
h

0
<
h

,
τ

0
>
τ

1
an

d
τ

0
>
τ
,

so
th

at,
for

an
y

ε
2 ,
τ

2 ,
ε,
h

an
d
τ
,

w
e

can
fi
n
d

su
itab

le
valu

es
ςi ,
T
i

an
d
H
i

(for
1
≤
i≤

X
0

+
k−

1)
so

th
at

all
con

d
ition

s
are

satisfi
ed

.

A
gain

rely
in

g
on

th
e

resu
lt

from
K

u
sh

n
er

an
d

Y
in

(2003),
fo

r
an

y
ε

3 ,
h

an
d
τ

th
ere

ex
ists

ςX
0
+
k ,
H
X

0
+
k

of
len

gth
h

an
d
T
′′

w
h
ich

w
ill

en
su

re
th

at
ū
X

0
+
k

w
ill

rem
ain

in
H
X

0
+
k

w
ith

p
rob

ab
ility

at
least

1−
ε

3
for

all
t

su
ch

th
at
T
′′≤

t≤
T
′′+

τ
,

p
rov

id
ed

th
e

valu
e

of
ρ
k ′

for
1
≤
k ′≤

k
is

h
eld

fi
x
ed

for
all

t≤
T
′′+

τ
,

for
an

y
sta

rtin
g

valu
e

of
ū
k

b
ou

n
d
ed

b
y

th
e

in
-

terval
[−

1,1]
(th

e
lim

it
set

of
th

e
O

D
E

is
th

e
sam

e
for

all
su

ch
startin

g
valu

es,
an

d
sin

ce
th

e
in

terval
is

com
p
act

w
e

can
ch

o
ose

th
e

m
in

im
u
m

valu
e
ςX

0
+
k

req
u
ired

to
satisfy

th
e

co
n
d
ition

for
all

startin
g

valu
es).

N
ow

,
w

e
can

ch
o
ose

ε
2

an
d
ε

3
su

ch
th

at
(1−

ε)
>

(1−
ε

2 )(1−
ε

3 )
an

d
ch

o
ose

τ
2

su
ch

th
at
τ

2 ≥
T
′′+

τ
.

In
th

is
w

ay,
given

th
e

valu
e

of
ςX

0
+
k

sh
ow

n
to

ex
ist

ab
ove

an
d
T
X

0
+
k
≥

m
ax

i T
i
+
T
′′

w
e

w
ill

h
av

e
th

e
req

u
ired

valu
es

to
en

su
re

th
e

n
ecessary

p
rop

erty
also

h
old

s
for

ū
X

0
+
k .

S
in

ce
ρ

com
p
letely

d
eterm

in
es

Ξ
th

e
resu

lt
im

p
lies

th
e

con
vergen

ce
of

Ξ
to

a
p
artition

Ξ
lim

.
T

h
is

fact
m

ean
s

th
at

S
A

R
S
A

-P
w

ill
con

v
erge

if
π

is
h
eld

fi
x
ed

(th
is

is
d
iscu

ssed
in

m
ore

d
etail

b
elow

).
M

oreover
a

straigh
tforw

ard
ex

ten
sion

o
f

th
e

argu
m

en
ts

in
G

ord
on

(2001)
fu

rth
er

im
p
lies

th
at

S
A

R
S
A

-P
w

ill
n
ot

d
iverge

even
w

h
en

π
is

u
p

d
ated

.
T

h
e

resu
lt

also
im

p
lies

th
at

Ξ
lim

w
ill

h
ave

th
e

p
rop

erty
th

at
m

ore
freq

u
en

tly
v
isited

states
w

ill,
in

gen
eral,

o
ccu

p
y

sm
aller

cells.

N
ote

again
th

at
w

e
h
av

e
taken

care
to

allow
th

e
vector

ς
to

rem
ain

fi
x
ed

as
a

fu
n
ction

of
t.

T
h
is

w
ill,

in
p
rin

cip
le,

allow
P

A
S
A

to
ad

ap
t

to
ch

an
ges

in
π

(assu
m

in
g

w
e

allow
π

to
ch

an
ge).

W
e

w
ill

u
se

fi
x
ed

step
sizes

in
ou

r
ex

p
erim

en
ts

b
elow

.
W

h
ilst

in
ou

r
ex

p
erim

en
ts

in
S
ection

4
w

e
u
se

on
ly

a
sin

gle
step

size
p
aram

eter
(as

op
p

osed
to

a
vector),

th
e

d
etails

of
th

e
p
ro

of
ab

ove
p

oin
t

to
w

h
y

th
ere

m
ay

b
e

m
erit

in
u
sin

g
a

vector
of

step
size

p
a
ram

eters
as

p
art

of
a

m
ore

sop
h
isticated

im
p
lem

en
tation

of
th

e
id

eas
u
n
d
erly

in
g

P
A

S
A

(i.e.
allow

in
g
ςk

to
take

on
larger

valu
es

for
larger

valu
es

of
th

e
in

d
ex
k
,

for
k
>
X

0 ,
m

ay
allow

th
e

algorith
m

to
con

verge
m

ore
rap

id
ly

).

T
h
e

follow
in

g
related

p
rop

erty
of

P
A

S
A

w
ill

also
b

e
im

p
ortan

t
for

ou
r

su
b
seq

u
en

t
an

aly
-

sis.
T

h
e

resu
lt

gives
con

d
ition

s
u
n
d
er

w
h
ich

a
gu

aran
tee

can
b

e
p
rov

id
ed

th
at

certain
states
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U
n
su

p
e
r
v
is
e
d

B
a
si
s
F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

w
il
l

o
cc

u
p
y

a
si

n
gl

et
on

ce
ll

in
Ξ

li
m

.
It

w
il
l

b
e

h
el

p
fu

l
to

d
efi

n
e

(i
)

as
th

e
in

d
ex

j
w

h
ic

h
sa

ti
sfi

es
th

e
co

n
d
it

io
n
|{
k

:
ψ
k
>
ψ
j

or
(ψ

k
=
ψ
j
,k

<
j)
}|

=
i
−

1
(i

.e
.

it
is

th
e

in
d
ex

of
th

e
it

h
m

os
t

fr
eq

u
en

tl
y

v
is

it
ed

st
at

e,
w

h
er

e
w

e
re

ve
rt

to
th

e
in

it
ia

l
in

d
ex

or
d
er

in
g

in
ca

se
of

eq
u
al

va
lu

es
).

A
d
op

ti
n
g

th
is

n
ot

a
ti

on
w

e
th

er
ef

or
e

in
te

rp
re

t,
fo

r
ex

am
p
le

,
s (
i)

as
th

e
it

h
m

os
t

fr
eq

u
en

tl
y

v
is

it
ed

st
at

e
ac

co
rd

in
g

to
ψ

.
W

e
co

n
ti

n
u
e

to
tr

ea
t
ς

as
a

ve
ct

or
.

P
ro

p
o
si
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n

be
st

a
bi

li
se

d
u

p
to
k

fo
r

a
ll
Z

.
F

u
rt

h
er

m
or

e,
if

fo
r

a
ll
ε

an
d
τ

th
er

e
ex

is
ts
T

,
ϑ

an
d
ς [

1
:(
X

0
+
k
−

1
)]

su
ch

th
at

,
fo

r
al

l
el

em
en

ts
of
Z

,
ρ

[1
:k

]
b

ec
om

es
ε-

co
n
st

ra
in

ed
a
t
ρ̂

[1
:k

]
ov

er
τ

af
te

r
T

,
w

e
w

il
l

sa
y

th
at
ρ

ca
n

be
eff

ec
ti

ve
ly

st
a
bi

li
se

d
u

p
to
k

fo
r

a
ll
Z

.

W
e

w
il
l
ar

gu
e

b
y

in
d
u
ct

io
n
,

re
ly

in
g

on
th

e
fo

ll
ow

in
g

th
re

e
cl

ai
m

s:
(1

)
ū

ca
n

b
e

st
a
b
il
is

ed
u
p

to
0

fo
r

al
l
Z

;
(2

)
F

or
1
≤
k
≤
X
−
X

0
,

if
ū

ca
n

b
e

st
a
b
il
is

ed
u
p

to
k
−

1
fo

r
a
ll
Z

,
th

en
ρ

ca
n

b
e

eff
ec

ti
ve

ly
st

ab
il
is

ed
u
p

to
k

fo
r

al
l
Z

;
an

d
,

(3
)

If
ū

ca
n

b
e

st
ab

il
is

ed
u
p

to
k
−

1
fo

r
al

l
Z

th
en

ū
ca

n
b

e
st

ab
il
is

ed
u
p

to
k

fo
r

al
l
Z

.
T

h
is

w
il
l

b
e

en
ou

gh
to

es
ta

b
li
sh

th
e

re
su

lt
.
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U
n
su

p
e
r
v
ise

d
B
a
sis

F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

F
o
r

(1
),

sin
ce

th
e

set
of

all
p

ossib
le

valu
es

(P
,π

)
is

com
p
act,

an
d

u
sin

g
an

id
en

tical
a
rg

u
m

en
t

to
th

at
u
sed

in
relation

to
statem

en
t

(1)
from

th
e

p
ro

of
of

P
rop

osition
4,

w
e

can
fi
n
d
ς[1

:X
0
]

an
d
T
i

for
1
≤
i≤

X
0

su
ch

th
a
t
ū

w
ill

b
e

stab
ilised

u
p

to
0

for
all

elem
en

ts
o
fZ

.
F

o
r

(2
),

su
p
p

ose,
for

an
y
k ′≤

k−
1,

th
atX

l,k ′
is

a
cell

w
h
ich

con
tain

s
an

elem
en

t
ofI

,
a
n
d
X
l ′,k ′

a
n
d
X
l ′′,k ′

are
cells

w
h
ich

con
tain

n
o

su
ch

elem
en

t.
W

e
m

a
ke

tw
o

ob
servation

s.
F

irst,
fo

r
a
llZ

over
th

e
iteration

s
T
′≤

t≤
T
′+

τ ′:

u
(t)
l
−
u

(t)
l ′
≥

∑

i:s
i ∈X

l,k ′ ψ
i −

h
(k ′+

1)−


∑

i:s
i ∈X

l ′,k ′ ψ
i
+
h

(k ′+
1) 

≥
µ
l,k ′−

h
k−

(µ
l ′,k ′

+
h
k )≥

ξ−
ϕ
−

2h
k
.

S
eco

n
d
,

a
ga

in
for

allZ
an

d
over

th
e

iteration
s
T
′≤

t
≤
T
′
+
τ ′,

su
p
p

ose
th

at
Ξ

(T
′−

1
)

co
n
ta

in
s

a
t

least
on

e
cell

w
h
ich

is
a

strict
su

b
set

ofX
l ′′,k ′

(su
ch

th
a
t

th
e

sp
lit

vector
ρ

(T
′−

1
)

sp
litsX

l ′′,k ′
a
t

som
e

p
oin

t):

u
(t)
l ′
−
u

(t)
l ′′ ≤

µ
l ′,k ′

+
h

(k ′+
1)−

(µ
l ′′,k ′−

h
(k ′+

1) )

≤
µ
l ′,k ′

+
h
k−

(µ
l ′′,k ′−

h
k )≤

ϕ
+

2
h
k
.

N
ow

,
sin

ce
w

e
can

ch
o
ose

an
y

valu
e

of
h

in
relation

to
ū
i

for
1
≤
i≤

X
0

+
k−

1,
an

d
an

y
va

lu
e

o
f
ϑ

,
w

e
ch

o
ose

valu
es

(w
h
ich

m
u
st

ex
ist)

to
satisfy

th
e

follow
in

g
in

eq
u
ality

(recallin
g

th
a
t
ξ

a
n
d
ϕ

a
re,

b
y

assu
m

p
tion

,
fi
x
ed

for
all

elem
en

ts
ofZ

,
an

d
th

at
ξ
>

2
ϕ

):

ϕ
+

2
h
k
≤
ϑ
<
ξ−

ϕ
−

2
h
k
.

O
n
ce

th
is

is
d
on

e,
w

e
can

see
th

at,
w

h
en

ev
er

at
least

on
e

n
on

-sin
gleton

cell
is

ava
ilab

le
co

n
tain

in
g

a
state

in
I

,
it

w
ill

b
e

sp
lit

b
efore

an
y

cell
n

o
t

con
tain

in
g

su
ch

a
state

is
sp

lit.
F

u
rth

erm
o
re,

o
n
ce

all
states

in
I

o
ccu

p
y

a
sin

gleton
cell,

th
e

rem
ain

in
g

sp
lits

w
h
ich

o
ccu

r
w

ill
rem

a
in

u
n
ch

an
ged

each
tim

e
Ξ

is
u
p

d
ated

(th
ou

gh
th

e
ord

er
in

w
h
ich

th
e

sp
lits

o
ccu

r
m

ay
ch

a
n
g
e).

A
s

a
resu

lt,
for

an
y
ε ′

an
d
τ ′,

w
e

can
ch

o
ose

h
,
ϑ

,
ε

an
d
τ

in
relation

to
o
u
r

a
ssu

m
p
tion

regard
in

g
ū

so
th

at
h

an
d
ϑ

satisfy
ou

r
ab

ov
e

assu
m

p
tion

,
so

th
at

(1
−
ε)
X

0
+
k−

1
≥

1
−
ε ′,

an
d

so
th

at
τ

=
τ ′

+
ν

.
If

th
e

valu
es

ς[1
:(X

0
+
k−

1
)]

an
d
T
i

for
1
≤
i≤

X
0

+
k
−

1
are

req
u
ired

to
ob

tain
h

,
ε

an
d
τ
,

th
en

th
e

valu
es
T
′

=
m

ax
i T

i
an

d
ς[1

:(X
0
+
k−

1
)]

w
ill

ob
tain

ε ′
an

d
τ ′.

A
s

a
con

seq
u
en

ce
ρ

can
b

e
eff

ectively
sta

b
ilised

u
p

to
k

fo
r

a
llZ

,
a
n
d

(2)
w

ill
h
old

.
F

in
a
lly

sta
tem

en
t

(3)
follow

s
in

th
e

sam
e

m
an

n
er

as
statem

en
t

(3)
in

P
rop

ositio
n

4,
a
g
a
in

u
sin

g
th

e
com

p
actn

ess
of

th
e

set
of

all
p

ossib
le

valu
es

of
(P
,π

)
to

en
su

re
th

at
w

e
can

fi
n
d
T

,
ς

a
n
d
ϑ

su
ch

th
at

th
e

req
u
irem

en
t

w
ill

b
e

satisfi
ed

for
every

elem
en

t
ofZ

.

Im
p
licitly,

o
u
r

in
terest

in
later

section
s

w
ill

p
rim

arily
b

e
in

cases
w

h
ere

ϕ
is

sm
all,

an
d

κ
is

rela
tively

sm
all

com
p
ared

to
S

,
su

ch
th

at
for

each
p
air

(P
,π

)
a

sm
all

su
b
set

ofS
h
as

to
ta

l
v
isit

p
ro

b
ab

ility
close

to
on

e.
T

h
e

im
p
lica

tion
of

P
rop

osition
7

is
th

at,
w

h
ilst

ρ
w

ill
con

verge
to

a
set

of
valu

es
(an

d
m

ay
a
lter

w
ith

in
th

at
set),

sin
ce

w
e

h
av

e
assu

m
ed

th
at

P
A

S
A

is
altered

accord
in

g
to

p
oin

ts
3

a
n
d

4
o
f

A
p
p

en
d
ix

A
.5,

th
e

p
rop

erties
of
ρ̂

are
su

ch
th

at
th

e
valu

e
Ξ

w
ill

con
verge

for
a
ll

p
a
irs

in
th

e
setZ

,
an

d
in

a
w

ay
su

ch
th

at
a

set
of

states
w

ith
h
igh

v
isit

p
rob

ab
ility

fall
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B
a
r
k
e
r
a
n
d

R
a
s

in
to

sin
gleton

cells.
N

ote
th

at,
for

states
ou

tsid
e

th
e

setI
,

m
an

y
of

ou
r

su
b
seq

u
en

t
resu

lts
w

ill
n
ot

actu
ally

req
u
ire

th
at

Ξ
con

verges
w

ith
resp

ect
to

its
p
artition

in
g

of
th

ese
sta

tes.
It

seem
s

likely
th

at
d
iff

eren
t

argu
m

en
ts

an
d

sligh
tly

d
iff

eren
t

assu
m

p
tion

s
cou

ld
b

e
m

ad
e

to
ob

tain
resu

lts
w

h
ich

are
n
ot

id
en

tical
to,

b
u
t

carry
m

an
y

of
th

e
key

im
p
licatio

n
s

of,
th

e
resu

lts
as

th
ey

are
p
resen

ted
in

th
is

a
rticle.

3
.3

.
P

o
te

n
tia

l
to

R
e
d

u
c
e

V
a
lu

e
F
u

n
c
tio

n
E

rro
r

G
iv

e
n

F
ix

e
d
π

T
h
e

resu
lts

in
th

is
su

b
section

again
ap

p
ly

to
th

e
case

of
p

olicy
evalu

ation
on

ly.
In

th
e

tab
u
lar

case,
trad

ition
al

R
L

algorith
m

s
su

ch
as

S
A

R
S
A

p
rov

id
e

a
m

ea
n
s

of
estim

atin
g
Q
π

w
h
ich

,
assu

m
in

g
fi
x
ed

π
,

w
ill

con
v
erge

to
th

e
correct

valu
e

a
s
t

b
ecom

es
large.

O
n
ce

w
e

in
tro

d
u
ce

an
ap

p
rox

im
ation

arch
itectu

re,
h
ow

ever,
w

e
n
o

lon
ger

h
ave

an
y

su
ch

gu
aran

tee,
even

if
th

e
estim

ate
is

k
n
ow

n
to

con
verge.

In
relation

to
S
A

R
S
A

-F
,

th
ere

is
little

w
e

can
say

w
h
ich

is
n
on

-triv
ial

in
relation

to
b

ou
n
d
s

on
error

in
th

e
V

F
estim

ate. 3
3

S
in

ce
th

e
m

ap
p
in

g
gen

erated
b
y

P
A

S
A

con
verges

to
a

fi
x
ed

m
ap

p
in

g
(w

h
en

su
itab

ly
p
aram

etrised
),

th
en

,
assu

m
in

g
a

fi
x
ed

p
olicy,

if
an

R
L

algorith
m

su
ch

as
S
A

R
S
A

is
u
sed

to
u
p

d
ate

Q̂
θ ,

th
e

estim
ate

Q̂
θ

w
ill

also
con

verge
(as

n
oted

in
S
ection

2
ab

ove).
If

w
e

k
n
ow

th
e

con
vergen

ce
p

oin
t

w
e

can
th

en
assess

th
e

lim
it

of
Q̂
θ

u
sin

g
an

ap
p
rop

riate
scorin

g
fu

n
ction

.
O

u
r

n
ex

t
resu

lt
w

ill
p
rov

id
e

b
ou

n
d
s

on
th

e
error

in
V

F
ap

p
rox

im
ation

s
gen

erated
in

su
ch

a
w

ay.
W

e
w

ill
u
se

P
A

S
A

to
gu

aran
tee

th
at,

u
n
d
er

su
itab

le
con

d
ition

s,
a

su
b
set

of
th

e
state

sp
ace

w
ill

b
e

su
ch

th
at

each
elem

en
t

in
th

at
su

b
set

w
ill

fall
in

to
its

ow
n

sin
gleton

cell.
T

h
is

h
as

a
p

ow
erfu

l
eff

ect
sin

ce,
on

ce
th

is
is

th
e

case,
w

e
can

start
to

p
rov

id
e

gu
aran

tees
arou

n
d

th
e

con
trib

u
tion

to
total

V
F

error
asso

ciated
w

ith
th

ose
states.

T
h
e

resu
lt

w
ill

b
e

stated
in

relation
to

th
e

scorin
g

fu
n
ction

s
d
efi

n
ed

in
S
ection

1.4.
W

e
assu

m
e

th
at

th
e

p
aram

eter
γ

selected
for

S
A

R
S
A

is
th

e
sam

e
as

th
e

p
aram

eter
γ

u
sed

to
d
efi

n
e

each
scorin

g
fu

n
ction

.
W

e
also

assu
m

e
S
A

R
S
A

h
as

a
fi
x
ed

step
size

η
.

W
e

w
ill

n
eed

fou
r

m
ore

d
efi

n
ition

s.

D
e
fi

n
itio

n
8

F
o
r

a
pa

rticu
la

r
tra

n
sitio

n
fu

n
ctio

n
P

a
n

d
a
n

a
rbitra

ry
su

bsetI
o
fS

d
efi

n
e

h
(w

h
ich

is
a

fu
n

ctio
n

o
f
π

a
s

w
ell

a
s

o
fI

)
a
s

fo
llo

w
s:

h
(I
,π

)
:=

∑i:s
i ∈I

ψ
i .

N
ote

th
at
h

(I
,π

)
is

th
e

p
rop

ortion
of

tim
e

th
at

th
e

agen
t

w
ill

sp
en

d
in

th
e

su
b
set
I

w
h
en

follow
in

g
th

e
p

olicy
π

.
It

m
u
st

take
a

valu
e

in
th

e
in

terval
[0
,1].

D
e
fi

n
itio

n
9

F
o
r

a
n

y
δ
≥

0,
d
efi

n
e

(a
)
P

,
(b)

R
a
n

d
(c)

π
respectively

a
s

bein
g
δ-

d
eterm

in
istic

if
(a

)
P

ca
n

exp
ressed

a
s

fo
llo

w
s:
P

=
(1−

δ)P
1

+
δP

2 ,
w

h
ere

P
1

is
a

d
eter-

m
in

istic
tra

n
sitio

n
fu

n
ctio

n
a
n

d
P

2
is

a
n

a
rbitra

ry
tra

n
sitio

n
fu

n
ctio

n
,

(b)
fo

r
a
ll
s
i

a
n

d
a
j ,

V
ar(R

(s
i ,a

j ))≤
δ,

a
n

d
(c)

π
ca

n
exp

ressed
a
s

fo
llo

w
s:
π

=
(1−

δ)π
1

+
δπ

2 ,
w

h
ere

π
1

is
a

d
eterm

in
istic

po
licy

a
n

d
π

2
is

a
n

a
rbitra

ry
po

licy.

3
3
.

A
resu

lt
d

o
es

ex
ist

w
h

ich
p

rov
id

es
a

b
o
u

n
d

o
n

th
e

ex
ten

t
to

w
h

ich
th

e
erro

r
in

th
e

V
F

estim
a
te

g
en

era
ted

b
y

S
A

R
S

A
-F

ex
ceed

s
th

e
m

in
im

u
m

p
o
ssib

le
erro

r
m

in
θ

M
S

E
(θ

)
fo

r
a
ll

p
o
ssib

le
va

lu
es

o
f

th
e

m
a
trix

θ
.

S
ee

B
ertseka

s
a
n

d
T

sitsik
lis

(1
9
9
6
).

S
in

ce
S

A
R

S
A

g
en

era
tes

its
estim

a
tes

u
sin

g
tem

p
o
ra

l
d

iff
eren

ces,
it

w
ill

n
o
t

g
en

era
lly

a
tta

in
th

is
m

in
im

u
m

.
H

ow
ev

er,
th

ere
is

still
little

th
a
t

w
e

ca
n

say
a
b

o
u

t
th

e
m

a
g
n

itu
d

e
o
f

m
in
θ

M
S

E
(θ

).
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U
n
su

p
e
r
v
is
e
d

B
a
si
s
F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

T
h
e

th
re

e
p
ar

ts
of

th
e

d
efi

n
it

io
n

m
ea

n
th

at
,

as
δ

m
ov

es
cl

os
er

to
ze

ro
,

a
δ-

d
et

er
m

in
is

ti
c

tr
an

si
ti

on
fu

n
ct

io
n
,

a
δ-

d
et

er
m

in
is

ti
c

re
w

ar
d

fu
n
ct

io
n

an
d

a
δ-

d
et

er
m

in
is

ti
c

p
ol

ic
y

re
sp

ec
-

ti
ve

ly
b

ec
om

e
“m

or
e

d
et

er
m

in
is

ti
c”

.

D
e
fi

n
it

io
n

1
0

F
o
r

a
pa

rt
ic
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≥
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d
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ra
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∑
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w
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m
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e
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∈
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≥
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≥
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b
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b
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ra
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ra
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∈
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t
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r
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n
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a
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a
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n

st
a
n

t
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m
d
en
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te
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e
m
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o
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|
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ll
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n
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T
a
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n

y
su
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et
I
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f
S.
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2
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in
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:
s i
∈
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>
1
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,π

)
th

en
,

fo
r
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ll
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>

0
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n
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>
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er
e
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,
η

,
ϑ

a
n
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a
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ra

m
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er
ve

ct
o
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su
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a
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p
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d
ed
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T

,
w

it
h

p
ro

ba
bi

li
ty

eq
u

a
l

to
o
r

gr
ea

te
r

th
a
n

1
−
ε 2

th
e

V
F

es
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m
a
te
Q̂

(t
)

ge
n

er
a
te

d
by

S
A

R
S

A
-P

w
il

l
be

su
ch

th
a
t:

1
.

If
w

(s
i,
a
j
)

=
ψ
iπ

(a
j
|s i

)
th

en
:

M
S
E
≤
( 2(

1
−
h

)
+
δ I

+
δ2 I
γ

2

1
−
γ

+
δ2 I
γ

4

(1
−
γ

)2

)
2R

2 m

(1
−
γ

)2
+
ε 1

;

2
.

If
w

(s
i,
a
j
)

=
ψ
iw̃
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i,
a
j
)

fo
r

a
n

a
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it
ra
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fu

n
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n
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sf
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n
g

0
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a
j
)
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1
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n

d
∑
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1
w̃
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1
fo

r
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ll
i
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n

d
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th
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:

L
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4(
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−
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)
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R

2 m
+
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;

a
n

d
:
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( 4(
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)
+
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( 1
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−
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)(
1
−
δ π

)
−
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−
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−
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))

R
2 m
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−
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+
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+
ε 1
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p
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e
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to
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er
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th
e

ca
se

w
h
en

h
a
p
p
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1
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P
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b
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p
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b
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b
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d
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st

o
ch

a
st

ic
a
p
-

p
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at
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b
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s
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at
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>
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>
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p
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b
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p
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b
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w
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l
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p
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p
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e
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,
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n
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,
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r
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y
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e
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in
a
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n
g
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to
n
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,
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d
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r
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r
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w
il
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)∣ ∣ ∣s
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)∣ ∣ ∣s
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∆
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=
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m
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:
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=
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∣ ∣ ∣s
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−
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p
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p
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b
e

le
ss

th
an

4ε
′2 1

w
it

h
p
ro

b
ab

il
it

y
of

at
le

as
t

1
−
ε 2

.
F

u
rt

h
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m
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b
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>
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re
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u
n
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≤
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p
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w
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w
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h
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=
a
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p
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U
n
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p
e
r
v
ise

d
B
a
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F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
e
m
e
n
t
L
e
a
r
n
in
g

1−
ε

2 ,
fo

r
each

a
j :

E (
R̃

+
γ
Q̂
(s

(t ′+
1
),a

(t ′+
1
) )−

Q̂
(s
i ,a

j ) )
2

≤
E
(
R̃

+
γ
Q̃
′lim
−

E (R̃
+
γ
Q̃
′lim )

+
2
ε ′1 )

2

=
E
((R̃

+
γ
Q̃
′lim )

2 )
−
(

E (R̃
+
γ
Q̃
′lim ) )

2
+

4
ε ′21

=
E (R̃

2 )
+

2
γ

E (R̃
Q̃
′lim )

+
γ

2E (Q̃
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−
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(R̃
) )

2−
2
γ

E
(R̃

)E (Q̃
′lim )−

γ
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E (Q̃
′lim ) )

2
+

4
ε ′21
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2 )−
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(R̃
))

2
+
γ
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′lim )
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γ
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2

+
4
ε ′21

,

(7)

w
h
ere

w
e’v

e
u
sed

th
e

in
d
ep

en
d
en

ce
of
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Table5:SummaryofresultsofSARSA-PandSARSA-Fcomparativeperformance.

ExperimentSXCommentsAver.rewardperiter.a%incr.Aver.µsperiter.b%incr.
SARSA-PSARSA-FSARSA-PSARSA-F

GARNET25070ζ=309087.82.5%2.642.515.2%
500100ζ=30155.9143.38.8%2.452.411.8%
1,000140ζ=30196.8203.5−3.3%2.52.413.4%
2,000200ζ=30301.4240.825.2%2.522.452.7%
4,000280ζ=30452.4247.782.6%2.562.492.8%
8,000380ζ=30544.6166.7226.6%2.572.52.9%
25070ζ=332.229.210%2.432.391.7%
500100ζ=358.948.820.7%2.422.410.7%
1,000140ζ=381.961.333.4%2.482.422.3%
2,000200ζ=3148.465.6126%2.492.442%
4,000280ζ=3230.771.2223.9%2.522.472%
8,000380ζ=3264.930782.8%2.652.650%

Gridworld1,024140r=240.2610.16855%2.762.625.2%
1,024140r=8,randomtrans.0.0980.048105.1%2.642.620.7%
1,024140r=240.0660.003>2K%2.572.512.4%

Logistic>262K1400.785−0.019n/ac1.951.88.3%

a
Wetaketheaveragerewardperiterationoverthelastfifthofeachtrial.

b
AnestimatewasgeneratedofthemicrosecondsrequiredforasingleiterationbybothSARSAand,whererelevant,PASA.Themajorityofexperiments
wererunonanIntel(R)Xeon(R)CPUE5-46500@2.70GHzforbothalgorithmvariants.Timingsareprincipallyindicative,giventhatthe
implementations(ofPASAinparticular)haven’tbeenoptimised,andthemeasurementswouldhavebeenaffectedbyexogenousnoise.

c
Averagerewardinthisenvironment(given,inparticular,thatitcanassumenegativevalues)doesn’tlenditselftoapercentagecomparison.
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re
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p
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c
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b
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(∞
)(s).

O
u
r

stra
teg

y
is

to
argu

e
th

at
all

of
th

e
term

s
in

volv
in

g
F

,
G

an
d
H

,
w

ith
th
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b
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b
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b
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b
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b
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R

2m
≤
ψ
i γ

2
λ
−
λ

2

(1−
γ

)
2
R

2m
,

w
h
ere

in
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∫
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∫
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λ
)|M
|
+
γ

2(1−
λ

)
2M

2 )
d
Ψ

(∞
)(s)

≤
γ

2

(1−
γ

)
2
R

2m

∫

d
i (E

(I
K
c)

2
+

2(1−
λ

)E
(I
K
c)

+
(1−

λ
)
2 )
d
Ψ

(∞
)(s)

≤
γ

2

(1−
γ

)
2
R

2m

((1−
λ

)
+
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=
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at
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0 .
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>
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ab
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at
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︸
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∣ ∣ s
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∣ ∣ s

(t
)

=
s,
a

(t
)

=
a
j

)}
2

︸
︷︷

︸
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p
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p
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−
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−
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.
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p
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−
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−
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−
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−
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−
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−
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−
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w
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p
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.
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∫ d
i
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.
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∈
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∈
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︷︷

︸
=

: V
d

N
ot

e
th

at
th

e
va

lu
es
x

(t
′ )

an
d
x
′(t
′ )

ar
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d
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d
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∈
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p
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p
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d
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d
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−
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.
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b

e
to

sh
ow

th
at,

in
ou

r
form

u
la

for
M

S
E

,
a
n
y

term
in

vo
lv

in
g
U
s ,
U
d ,
V
s

or
V
d

w
ill

b
e

sm
all

(p
rov

id
ed
δI

is
n
ear

zero).
T

h
e

rem
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con
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e
k
ey

d
iff

eren
ce

b
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d
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b
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p
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b
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0 .
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p
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ab
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at
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e

in
fi

n
ite

su
m

a
n

d
th

e
in

teg
ra

l
in

th
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−
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√
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e
le

n
gt

h
(l

es
s

th
an

or
eq

u
al

to
L

1
)

h
as

eq
u
al

p
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p
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<
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=
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=
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−

1,
w

e
ca

n
ch

o
os

e
S

su
ffi

ci
en

tl
y

h
ig

h
so

th
at
C
>
K
√
π
S
/8

ln
S

w
it

h
p
ro

b
ab

il
it

y
n
o

gr
ea

te
r

th
an

1/
(K
−
ε 2
−

1)
ln
S

.
T

o
se

e
th

is
,

ta
ke

Y
: =
√
π
S
/
8

ln
S

,
µ

: =
E

(C
)

an
d
σ

: =
√

V
ar

(C
).

N
ot

e
th

at
fo

r
an

y
ε′
>

0
w

e
ca

n
ob

ta
in
µ
≤

(1
+
ε′

)Y
fo

r
su

ffi
ci

en
tl

y
la

rg
e
S

.
S
im

il
ar

ly
fo

r
an

y
ε′
′
>

0
w

e
ca

n
ob

ta
in

(1
+
ε′
′ )
Y
≥
√

ln
S
σ

fo
r

66
JM

L
R

 2
0(

12
8)

:1
-7

3,
 2

01
9



U
n
su

p
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p
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h
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d
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p
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p
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.
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b
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b
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en
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b
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d
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e
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b
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b
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ce

ll
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li
t
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n
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e

sp
li
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p
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(e
q
u
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e
ea
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el

em
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of
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w
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h
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a
b
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w
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h
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e
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p
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te
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ce
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t
ea
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e
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g

p
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ce
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r
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X
−
X

0
,
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en
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o
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p
a
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f
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ll
s
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p
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ai
la

b
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t
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p
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en
t

of
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h
en
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n
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li
t
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ce
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e
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th

m
,
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ea
d
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m
p
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n
g

th
e

va
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e
of
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a
x
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th

e
va

lu
e
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ρ
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on

2.
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,
w

il
l
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m

p
a
re

th
e
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e
of
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a
x

to
th

e
m
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u
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e
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Ξ
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1
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r
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p
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is

m
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ld
).

T
h
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p
li
ed

as
n
or

m
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ca
ll
y,

if
u
i m

a
x

ex
ce

ed
s

th
e

va
lu

e
of
u
i o

ld
b
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ρ
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w
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ρ
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w
e
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w
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e
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e
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d
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m

ax
im

u
m
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p
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b
y

th
e
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ll
sp

li
t

is
an

el
em

en
t

of
Ξ̄
′ —

w
e

m
ay

su
p
p

os
e
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e
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p
p
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h
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ū
X
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l

b
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ū
′ l,

ra
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u
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e
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d
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2.
4
.

O
th

er
w

is
e,
ū
X

0
+
k

w
il
l

b
e
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e
eq
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ū
ρ
k
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b
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b
y

th
e

st
an

d
ar

d
p
ro

ce
ss

P
A

S
A

u
se

s
to

es
ti

m
at

e
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li
t

ce
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4
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n
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p
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a
b
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n
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b
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m

p
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d
u
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b
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n
g
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a

d
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h
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p
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d
u
p

co
n
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a
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p
u
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5.
F
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e
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o
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ti

c
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p
ro

x
im

at
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n
a
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it

h
m

in
eq

u
at
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n
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)

is
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p
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ce
d
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th
a
t

ū
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p
ro

x
im
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e
fo

ll
ow
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ay
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W

e
in
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o
d
u
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n
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r.
E

a
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it
er

at
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u
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n
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n
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∈X̄
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in
st
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eq

u
at
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)
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p
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e
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ll
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g
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ū
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ū
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( u
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u

n
te
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)
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d
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u
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r
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ze
ro

.
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p
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at
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n
,

th
e

p
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et
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b

e
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te

d
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re
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p
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ra
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p
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5
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v
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p
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p
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r
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p
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N
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d
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e
n

ee
d

fo
r

so
m

e
o
f

th
es

e
cu

m
b

er
so

m
e

te
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b
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n
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b
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a
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p
e
r
v
ise

d
B
a
sis

F
u
n
c
t
io
n
A
d
a
p
t
a
t
io
n
f
o
r
R
e
in
f
o
r
c
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b
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H
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M
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ear
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b
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n
a
l

C
o
n

feren
ce

o
n

M
a
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L
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.
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ein
forcem
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in

g
w
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n
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.
In
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e
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g
P
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5
,

p
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n
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B
ern

stein
an

d
N
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p
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e
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N
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P
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A
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a
S
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e

E
C

A
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e
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p
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C
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B

o
u
tilier,

R
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ard
D

eard
en

,
M

oises
G

old
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id
t,

et
al.

E
x
p
loitin
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ctu
re

in
p

o
licy
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n
stru

ction
.
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C
A

I,
v
olu

m
e
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p
ages
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L
u
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n
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u
so

n
iu

,
R
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B
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u
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B
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D
e

S
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u
tter,

an
d

D
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ien
E

rn
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R
ein

fo
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en
t

L
ea

rn
in

g
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n

d
D
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a
m

ic
P

rogra
m

m
in

g
U

sin
g

F
u

n
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n
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p
p
ro

xim
a
to

rs,
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m
e
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C
R

C
p
ress,

2
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.

D
o
ta

n
D

i
C
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an

d
S
h
ie

M
an

n
or.

A
d
ap

tive
b
a
ses
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rein

forcem
en

t
learn

in
g.

In
J

o
in

t
E

u
ro

pea
n

C
o
n
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ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
a
n

d
K

n
o
w

led
ge

D
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very
in

D
a
ta
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ses,

p
ages

3
1
2
–
3
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S
p
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ger,
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P
h
ilip

p
e

F
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let

an
d

R
ob

ert
S
ed

gew
ick

.
A

n
a
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C
o
m

bin
a
to

rics.
C
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b
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ge
U

n
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p
ress,

2
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9
.

G
eo

ff
rey

J
G

ord
on

.
C

h
atterin

g
in

S
A

R
S
A

(λ
).

T
ech

n
ical

rep
ort,

C
M

U
L

earn
in

g
L

ab
,
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G
eo

ff
rey

J
G

o
rd

on
.

R
ein

forcem
en

t
learn

in
g

w
ith

fu
n
ction

ap
p
rox

im
atio

n
con

verges
to

a
reg

io
n
.

In
A

d
va

n
ces

in
N
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ra

l
In
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rm

a
tio

n
P

rocessin
g

S
ystem
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p
ages
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M
a
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s
H

u
tter.

E
x
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e
state
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b

ey
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d
M

arkov
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p
ro

cesses.
T

h
eo
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l

C
o
m

p
u

ter
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h
i
J
in

,
Z
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u
a
n

A
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h
u
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S
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u
b

eck
,
an

d
M

ich
ael

I
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an
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-learn
in

g
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ly
effi

cien
t?

In
A

d
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n
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in
N

eu
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l
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rm

a
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P
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S
ystem
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ages
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L
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P
a
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K
a
elb
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M
ich
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L

L
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an
,
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d

A
n
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R
C
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ra.

P
lan

n
in

g
an
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g
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p
a
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o
b
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cia
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S
a
m

u
el
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a
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an
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R
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t
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m

u
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m
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.

L
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N

o
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o
n
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p
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S
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p
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n
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eed

u
p
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e

a
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o
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.

S
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d
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P
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b
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p
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.
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p
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h
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forcem
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t
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g.
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e
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l
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p
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.
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m

e-
to

-e
ve

n
t

d
at

a,
it

is
co

m
m

on
th

at
so

m
e

in
d
iv

id
u
al

s
ar

e
n
ot

fo
ll
ow

ed
al

l
th

e
w

ay
to

th
ei

r
ev

en
t

ti
m

e,
re

su
lt

in
g

in
ce

n
so

re
d

ti
m

es
ra

th
er

th
an

ev
en

t
ti

m
es

.
W

h
il
e

b
in

ar
y

cl
as

si
fi
er

s
ty

p
ic

al
ly

ig
n
or

e
th

es
e

ob
se

rv
at

io
n
s,

on
e

of
th

e
m

ai
n

ob
je

ct
iv

es
in

su
rv

iv
al

an
al

y
si

s
is

to
ac

co
u
n
t

fo
r

th
em

.
H

en
ce

,

c ©
2
0
1
9

H̊
a
v
a
rd

K
v
a
m

m
e,

Ø
rn

u
lf

B
o
rg

a
n

,
a
n

d
Id

a
S

ch
ee

l.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
4
2
4
.
h
t
m
l
.

JM
L

R
 2

0(
12

9)
:1

-3
0,

 2
01

9

K
v
a
m
m
e
,
B
o
r
g
a
n
,
a
n
d

S
c
h
e
e
l

in
ap

p
li
ca

ti
on

s
w

it
h

a
su

b
st

an
ti

al
am

ou
n
t

of
ce

n
so

ri
n
g,

th
e

u
se

of
su

rv
iv

al
m

o
d
el

s
te

n
d
s

to
b

e
ad

va
n
ta

ge
ou

s.
In

ou
r

w
or

k
,

w
e

p
ro

p
os

e
an

ap
p
ro

ac
h

fo
r

co
m

b
in

in
g

m
ac

h
in

e
le

a
rn

in
g

m
et

h
o
d
o
lo

g
y

w
it

h
su

rv
iv

al
m

o
d
el

s.
W

e
d
o

th
is

b
y

ex
te

n
d
in

g
th

e
C

ox
p
ro

p
or

ti
on

al
h
az

ar
d
s

m
o
d
el

w
it

h
n
eu

ra
l

n
et

w
or

k
s,

an
d

fu
rt

h
er

re
m

ov
e

th
e

p
ro

p
or

ti
on

al
it

y
co

n
st

ra
in

t
of

th
e

C
ox

m
o
d
el

.
B

u
il
d
in

g
on

m
et

h
o
d
ol

og
y

fr
om

n
es

te
d

ca
se

-c
on

tr
ol

st
u
d
ie

s
(e

.g
.,

L
an

gh
ol

z
an

d
G

ol
d
st

ei
n
,

1
9
9
6
)

w
e

ar
e

ab
le

to
d
o

th
is

in
a

sc
al

ab
le

m
an

n
er

.
T

h
e

re
su

lt
in

g
m

et
h
o
d
s

h
av

e
th

e
fl
ex

ib
il
it

y
o
f

n
eu

ra
l

n
et

w
or

k
s

w
h
il
e

m
o
d
el

in
g

ev
en

t
ti

m
es

co
n
ti

n
u
ou

sl
y.

B
u
il
d
in

g
on

th
e

P
y
T

o
rc

h
fr

a
m

e-
w

or
k

(P
as

zk
e

et
al

.,
20

17
),

w
e

p
ro

v
id

e
a

p
y
th

on
p
ac

ka
ge

fo
r

ou
r

m
et

h
o
d
ol

o
g
y,

a
lo

n
g

w
it

h
al

l
th

e
si

m
u
la

ti
on

s
an

d
d
at

a
se

ts
p
re

se
n
te

d
in

th
is

p
ap

er
.1

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
co

n
ta

in
s

a
su

m
m

ar
y

of
re

la
te

d
w

o
rk

.
In

S
ec

ti
on

3,
w

e
re

v
ie

w
so

m
e

b
as

ic
co

n
ce

p
ts

fr
om

su
rv

iv
al

an
al

y
si

s
an

d
in

tr
o
d
u
ce

th
e

C
ox

p
ro

p
or

ti
on

al
h
az

ar
d
s

m
o
d
el

w
it

h
ou

r
ex

te
n
si

on
s.

In
S
ec

ti
on

4
w

e
d
is

cu
ss

so
m

e
ev

a
lu

a
ti

o
n

cr
it

er
ia

of
m

et
h
o
d
s

fo
r

ti
m

e-
to

-e
ve

n
t

p
re

d
ic

ti
on

.
In

S
ec

ti
on

5,
w

e
co

n
d
u
ct

a
si

m
u
la

ti
o
n

st
u
d
y,

ve
ri

fy
in

g
th

at
th

e
m

et
h
o
d
s

w
e

p
ro

p
os

e
b

eh
av

e
as

ex
p

ec
te

d
.

In
S
ec

ti
on

6
w

e
ev

a
lu

a
te

ou
r

m
et

h
o
d
s

on
fi
ve

re
al

-w
or

ld
d
at

a
se

ts
an

d
co

m
p
ar

e
th

ei
r

p
er

fo
rm

an
ce

s
w

it
h

ex
is

ti
n
g

m
et

h
o
d
ol

og
y.

W
e

co
n
cl

u
d
e

in
S
ec

ti
on

7.

2
.
R
e
la
te
d
W

o
rk

T
h
e

ex
te

n
si

on
of

C
ox

re
gr

es
si

on
w

it
h

n
eu

ra
l

n
et

w
or

k
s

w
as

fi
rs

t
p
ro

p
os

ed
b
y

F
a
ra

g
g
i

a
n
d

S
im

on
(1

99
5)

,
w

h
o

re
p
la

ce
d

th
e

li
n
ea

r
p
re

d
ic

to
r

of
th

e
C

ox
re

gr
es

si
on

m
o
d
el

,
cf

.
fo

rm
u
la

(3
)

b
el

ow
,

b
y

a
on

e
h
id

d
en

la
ye

r
m

u
lt

il
ay

er
p

er
ce

p
tr

on
(M

L
P

).
It

w
as

,
h
ow

ev
er

,
fo

u
n
d

th
a
t

th
e

m
o
d
el

ge
n
er

al
ly

fa
il
ed

to
ou

tp
er

fo
rm

re
gu

la
r

C
ox

m
o
d
el

s
(X

ia
n
g

et
al

.,
2
0
0
0
;

S
a
rg

en
t,

20
01

).
K

at
zm

an
et

al
.

(2
01

8)
re

v
is

it
ed

th
es

e
m

o
d
el

s
in

th
e

fr
am

ew
or

k
of

d
ee

p
le

a
rn

in
g

an
d

sh
ow

ed
th

at
n
ov

el
n
et

w
or

k
s

w
er

e
ab

le
to

ou
tp

er
fo

rm
cl

as
si

ca
l

C
ox

m
o
d
el

s
in

te
rm

s
of

th
e

C
-i

n
d
ex

(H
ar

re
ll

J
r

et
al

.,
1
98

2)
.

O
u
r

w
or

k
d
is

ti
n
gu

is
h
es

it
se

lf
fr

o
m

th
is

in
th

e
fo

ll
ow

in
g

w
ay

:
T

h
e

m
et

h
o
d

b
y

K
at

zm
an

et
al

.
(2

01
8)

,
d
en

ot
ed

D
ee

p
S
u
rv

,
is

co
n
st

ra
in

ed
b
y

th
e

p
ro

p
or

ti
on

al
it

y
as

su
m

p
ti

on
of

th
e

C
ox

m
o
d
el

w
h
il
e

w
e

p
ro

p
os

e
an

ex
te

n
si

o
n

o
f

th
e

C
ox

m
o
d
el

w
h
er

e
p
ro

p
or

ti
on

al
it

y
is

n
o

lo
n
ge

r
a

re
st

ri
ct

io
n
.

In
th

is
re

ga
rd

,
w

e
p
ro

p
o
se

an
al

te
rn

at
iv

e
lo

ss
fu

n
ct

io
n

th
at

sc
al

es
w

el
l

fo
r

b
ot

h
th

e
p
ro

p
or

ti
on

al
an

d
th

e
n
o
n
-p

ro
p

o
rt

io
n
a
l

ca
se

s. S
im

il
ar

w
or

k
s

b
as

ed
on

C
ox

re
gr

es
si

on
in

cl
u
d
e

S
u
rv

iv
al

N
et

(Y
ou

se
fi

et
al

.,
2
0
1
7
),

a
fr

a
m

e-
w

or
k

fo
r

fi
tt

in
g

p
ro

p
or

ti
on

al
C

ox
m

o
d
el

s
w

it
h

n
eu

ra
l

n
et

w
or

k
s

an
d

B
ay

es
ia

n
o
p
ti

m
iz

a
ti

o
n

of
th

e
h
y
p

er
p
ar

am
et

er
s,

an
d

Z
h
u

et
al

.
(2

01
6)

an
d

Z
h
u

et
al

.
(2

0
17

)
w

h
ic

h
ex

te
n
d
ed

th
e

C
ox

m
et

h
o
d
ol

og
y

to
im

ag
es

.
B

ot
h

Z
h
u

et
al

.
(2

01
6)

an
d

Z
h
u

et
al

.
(2

01
7)

re
p
la

ce
th

e
M

L
P

o
f

D
ee

p
S
u
rv

w
it

h
a

co
n
vo

lu
ti

on
al

n
eu

ra
l

n
et

w
or

k
an

d
ap

p
li
ed

th
es

e
m

et
h
o
d
s

to
p
a
th

o
lo

g
ic

a
l

im
ag

es
of

lu
n
g

ca
n
ce

r
an

d
to

w
h
ol

e
sl

id
e

h
is

to
p
at

h
ol

og
ic

al
im

ag
es

.
A

n
al

te
rn

at
iv

e
ap

p
ro

ac
h

to
ti

m
e-

to
-e

v
en

t
p
re

d
ic

ti
on

is
to

d
is

cr
et

iz
e

th
e

d
u
ra

ti
o
n

a
n
d

co
m

p
u
te

th
e

h
az

a
rd

or
su

rv
iv

al
fu

n
ct

io
n

on
th

is
p
re

d
et

er
m

in
ed

ti
m

e
gr

id
.

L
u
ck

et
a
l.

(2
01

7)
p
ro

p
os

ed
m

et
h
o
d
s

si
m

il
ar

to
D

ee
p
S
u
rv

,
b
u
t

w
it

h
an

ad
d
it

io
n
al

se
t

o
f

d
is

cr
et

e
o
u
t-

p
u
ts

fo
r

su
rv

iv
al

p
re

d
ic

ti
on

s
an

d
co

m
p
u
te

d
an

is
ot

on
ic

re
gr

es
si

on
lo

ss
ov

er
th

is
ti

m
e

g
ri

d
.

F
ot

so
(2

01
8)

p
ar

am
et

er
iz

ed
a

m
u
lt

i-
ta

sk
lo

gi
st

ic
re

gr
es

si
on

w
it

h
a

n
eu

ra
l

n
et

th
a
t

d
ir

ec
tl

y
co

m
p
u
te

s
th

e
su

rv
iv

al
p
ro

b
ab

il
it

ie
s

on
th

e
ti

m
e

gr
id

.
L

ee
et

al
.

(2
01

8)
p
ro

p
o
se

d
a

m
et

h
o
d
,

1
.
Im

p
le
m
en
ta
ti
o
n
s
o
f
m
et
h
o
d
s
a
n
d
th
e
d
a
ta

se
ts

a
re

av
a
il
a
b
le

a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
h
a
v
a
k
v
/
p
y
c
o
x
.

2
JM

L
R
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0(
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9)
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-3
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T
im

e
-t
o
-E

v
e
n
t
P
r
e
d
ic
t
io
n
w
it
h
N
e
u
r
a
l
N
e
t
w
o
r
k
s
a
n
d

C
o
x
R
e
g
r
e
ssio

n

d
en

o
ted

D
eep

H
it,

th
at

estim
ates

th
e

p
rob

ab
ility

m
ass

fu
n
ction

w
ith

a
n
eu

ral
n
et

an
d

com
-

b
in

e
th

e
lo

g
-likelih

o
o
d

w
ith

a
ran

k
in

g
loss;

see
A

p
p

en
d
ix

D
fo

r
d
etails.

F
u
rth

erm
ore,

th
e

m
eth

o
d

h
as

th
e

ad
d
ed

b
en

efi
t

of
b

ein
g

ap
p
licab

le
for

com
p

etin
g

risk
s.

T
h
e

m
a
jority

of
th

e
p
ap

ers
m

en
tion

ed
b

en
ch

m
ark

th
eir

m
eth

o
d
s

again
st

th
e

ran
d
om

su
rv

iva
l

fo
rests

(R
S
F

)
b
y

Ish
w

aran
et

al.
(2008).

R
S
F

com
p
u
tes

a
ran

d
om

forest
u
sin

g
th

e
lo

g
-ra

n
k

test
as

th
e

sp
littin

g
criterion

.
It

com
p
u
tes

th
e

cu
m

u
lative

h
azard

s
of

th
e

leaf
n
o
d
es

a
n
d

averages
th

em
over

th
e

en
sem

b
le.

H
en

ce,
R

S
F

is
a

very
fl
ex

ib
le

con
tin

u
ou

s-tim
e

m
eth

o
d

th
a
t

is
n
ot

con
strain

ed
b
y

th
e

p
rop

ortion
ality

a
ssu

m
p
tion

.

3
.
M

e
th

o
d
o
lo
g
y

In
th

e
follow

in
g
,

w
e

give
a

b
rief

rev
iew

of
som

e
con

cep
ts

in
su

rv
ival

an
aly

sis.
F

o
r

a
m

ore
in

-d
ep

th
in

tro
d
u
ction

to
th

e
fi
eld

,
see,

for
ex

am
p
le,

K
lein

an
d

M
o
esch

b
erger

(2003).
O

u
r

o
b

jective
is

to
m

o
d
el

th
e

even
t

d
istrib

u
tion

as
a

con
tin

u
ou

s
fu

n
ction

of
tim

e.
S
o

w
ith

f
(t)

a
n
d
F

(t)
d
en

otin
g

th
e

p
rob

ab
ility

d
en

sity
fu

n
ctio

n
a
n
d

th
e

cu
m

u
lative

d
istrib

u
tio

n
fu

n
ctio

n
o
f

a
n

even
t

tim
e
T
∗,

w
e

w
an

t
to

m
o
d
el

P
(T
∗≤

t)
=

∫
t

0
f

(s)
d
s

=
F

(t).

A
s

a
ltern

a
tives

to
F

(t),
it

is
com

m
on

to
stu

d
y

th
e

su
rviva

l
fu

n
ctio

n
S

(t)
an

d
th

e
h
a
za

rd
ra

te
h

(t).
T

h
e

su
rv

ival
fu

n
ction

is
d
efi

n
ed

as

S
(t)

=
P

(T
∗
>
t)

=
1−

F
(t),

a
n
d

is
co

m
m

o
n
ly

u
sed

for
v
isu

alizin
g

even
t

p
rob

ab
ilities

over
tim

e.
F

or
sp

ecify
in

g
m

o
d
els,

h
ow

ev
er,

it
is

rath
er

com
m

on
to

u
se

th
e

h
azard

rate

h
(t)

=
f

(t)

S
(t)

=
lim

∆
t→

0

1∆
t P

(t≤
T
∗
<
t

+
∆
t|
T
∗≥

t).

If
w

e
h
av

e
th

e
h
azard

rate,
th

e
su

rv
ival

fu
n
ction

can
b

e
retrieved

th
rou

gh
th

e
cu

m
u
lative

h
a
za

rd
,
H

(t)
=
∫
t0
h

(s)d
s,

b
y

S
(t)

=
ex

p
[−
H

(t)].
(1)

T
h
e

su
rv

iva
l

fu
n
ction

an
d

th
e

h
azard

rate
th

erefore
p
rov

id
e

con
trastin

g
v
iew

s
of

th
e

sa
m

e
q
u
a
n
tities,

a
n
d

it
m

ay
b

e
u
sefu

l
to

stu
d
y

b
oth

.
W

o
rk

in
g

w
ith

real
d
ata,

th
e

tru
e

even
t

tim
es

are
ty

p
ically

n
ot

k
n
ow

n
for

all
in

d
iv

id
u
als.

T
h
is

ca
n

o
ccu

r
w

h
en

th
e

follow
-u

p
tim

e
for

a
n

in
d
iv

id
u
al

is
n
ot

lon
g

en
ou

gh
fo

r
th

e
even

t
to

h
a
p
p

en
,
o
r

a
n

in
d
iv

id
u
al

m
ay

leave
th

e
stu

d
y

b
efore

its
term

in
ation

.
In

stead
of

ob
serv

in
g

th
e

tru
e

ev
en

t
tim

e
T
∗,

w
e

th
en

ob
serve

a
p

ossib
ly

righ
t-cen

sored
even

t
tim

e
T

=
m

in{
T
∗,C

∗}
,

w
h
ere

C
∗

is
th

e
cen

sorin
g

tim
e.

In
ad

d
ition

,
w

e
ob

serve
th

e
in

d
icato

r
D

=
1{T

=
T
∗}

la
b

elin
g

th
e

o
b
served

even
t

tim
e
T

as
an

even
t

or
a

cen
sored

ob
servation

.
N

ow
,

d
en

otin
g

in
d
iv

id
u
a
ls

b
y
i,

w
ith

covariates
x
i

an
d

ob
serv

ed
d
u
ration

T
i ,

th
e

likelih
o
o
d

for
cen

sored
su

rv
iva

l
tim

es
is

giv
en

b
y

L
=
∏

i

f
(T
i |x

i )
D
iS

(T
i |x

i )
1−
D
i

=
∏

i

h
(T
i |x

i )
D
i
ex

p
[−
H

(T
i |x

i )].
(2)

W
e

w
ill

later
refer

to
th

is
as

th
e

fu
ll

likelih
ood

.
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K
v
a
m
m
e
,
B
o
r
g
a
n
,
a
n
d

S
c
h
e
e
l

3
.1

.
C

o
x

R
e
g
re

ssio
n

T
h
e

C
ox

p
rop

ortion
al

h
azard

s
m

o
d
el

(C
ox

,
1972)

is
on

e
of

th
e

m
ost

u
sed

m
o
d
els

in
su

rv
ival

an
aly

sis.
It

p
rov

id
es

a
sem

i-p
aram

etric
sp

ecifi
cation

of
th

e
h
azard

rate

h
(t|x

)
=
h

0 (t)
ex

p
[g

(x
)],

g
(x

)
=
β
T
x
,

(3)

w
h
ere

h
0 (t)

is
a

n
on

-p
aram

etric
ba

selin
e

h
a
za

rd
,

a
n
d

ex
p
[g

(x
)]

is
th

e
rela

tive
risk

fu
n

ctio
n

.
H

ere,
x

is
a

covariate
vector

an
d
β

is
a

p
aram

eter
vector.

N
ote

th
at

th
e

lin
ear

p
red

ictor
g
(x

)
=
β
T
x

d
o
es

n
ot

con
tain

an
in

tercep
t

term
(b

ias
w

eigh
t).

T
h
is

is
b

ecau
se

th
e

in
tercep

t
w

ou
ld

sim
p
ly

scale
th

e
b
aselin

e
h
azard

,
an

d
th

erefore
n
ot

con
trib

u
te

to
th

e
relativ

e
risk

fu
n
ction

,

h
0 (t)

ex
p
[g

(x
)

+
b]

=
h

0 (t)
ex

p
[b]ex

p
[g

(x
)]

=
h̃

0 (t)
ex

p
[g

(x
)].

T
h
e

C
ox

m
o
d
el

in
(3)

is
fi
tted

in
tw

o
step

s.
F

irst,
th

e
p
aram

etric
p
art

is
fi
tted

b
y

m
ax

-
im

izin
g

th
e

C
o
x

pa
rtia

l
likelih

ood
,

w
h
ich

d
o
es

n
ot

d
ep

en
d

on
th

e
b
aselin

e
h
azard

,
th

en
th

e
n
on

-p
aram

etric
b
aselin

e
h
azard

is
estim

ated
b
ased

on
th

e
p
aram

etric
resu

lts.
F

or
in

d
iv

id
u
al

i,
let

T
i

d
en

ote
th

e
p

ossib
ly

cen
sored

even
t

tim
e

an
d
R
i

d
en

ote
th

e
set

of
all

in
d
iv

id
u
als

at
risk

at
tim

e
T
i

(n
ot

cen
sored

an
d

h
ave

n
ot

ex
p

erien
ced

th
e

even
t

b
efore

tim
e
T
i ).

N
ote

th
at
R
i

in
clu

d
es

in
d
iv

id
u
als

w
ith

ev
en

t
tim

es
at

T
i ,

so
i

is
p
art

ofR
i .

T
h
e

C
ox

p
artial

likelih
o
o
d
,

w
ith

B
reslow

’s
m

eth
o
d

for
h
an

d
lin

g
tied

even
t

tim
es,

is
given

b
y

L
co

x
=
∏

i

(
ex

p
[g

(x
i )]

∑
j∈R

i
ex

p
[g

(x
j )] )

D
i,

(4)

an
d

th
e

n
egative

p
artial

log-likelih
o
o
d

can
th

en
b

e
u
sed

as
a

loss
fu

n
ction

loss
=
∑

i

D
i log 

∑j∈R
i ex

p
[g

(x
j )−

g
(x
i )] 

.
(5)

L
et
β̂

b
e

th
e

valu
e

of
β

th
at

m
ax

im
izes

(4),
or

eq
u
iva

len
tly,

m
in

im
izes

(5).
T

h
en

th
e

cu
m

u
lative

b
aselin

e
h
azard

fu
n
ction

can
b

e
estim

ated
b
y

th
e

B
reslo

w
estim

a
to

r

Ĥ
0 (t)

=
∑T
i ≤
t ∆
Ĥ

0 (T
i )

(6)

∆
Ĥ

0 (T
i )

=
D
i

∑
j∈R

i
ex

p
[ĝ

(x
j )] ,

w
h
ere

ĝ
(x

)
=
β̂
T
x

.
If

d
esired

,
th

e
b
aselin

e
h
azard

h
0 (t)

can
b

e
estim

ated
b
y

sm
o
oth

in
g

th
e

in
crem

en
ts,

∆
Ĥ

0 (T
i ),

of
th

e
B

reslow
estim

ate,
b
u
t

th
e

cu
m

u
lative

b
aselin

e
h
azard

ty
p
ically

p
rov

id
es

th
e

in
form

ation
w

e
are

in
terested

in
.

3
.2

.
C

o
x

w
ith

S
G

D

T
h
e

C
ox

p
artial

lik
elih

o
o
d

is
u
su

ally
m

in
im

ized
u
sin

g
N

ew
ton

-R
ap

h
son

’s
m

eth
o
d
.

In
ou

r
w

ork
,

w
e

in
stead

w
an

t
to

fi
t

th
e

C
ox

m
o
d
el

w
ith

m
in

i-b
atch

sto
ch

astic
grad

ien
t

d
escen

t
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T
im

e
-t
o
-E

v
e
n
t
P
r
e
d
ic
t
io
n
w
it
h
N
e
u
r
a
l
N
e
t
w
o
r
k
s
a
n
d

C
o
x
R
e
g
r
e
ss
io
n

(S
G

D
),

to
b

et
te

r
sc

al
e

to
la

rg
e

d
at

a
se

ts
.

A
s

th
e

lo
ss

in
(5

)
su

m
s

ov
er

ri
sk

se
ts
R
i,

w
h
ic

h
ca

n
b

e
as

la
rg

e
as

th
e

fu
ll

d
at

a
se

t,
it

ca
n
n
ot

b
e

co
m

p
u
te

d
in

b
at

ch
es

.
N

ev
er

th
el

es
s,

it
is

p
os

si
b
le

to
d
o

b
at

ch
ed

it
er

at
io

n
s

b
y

su
b
sa

m
p
li
n
g

th
e

d
at

a
se

t
(t

o
a

b
at

ch
)

an
d

re
st

ri
ct

th
e

se
t
R
i

to
on

ly
co

n
ta

in
in

d
iv

id
u
al

s
in

th
e

cu
rr

en
t

b
at

ch
.

T
h
is

sc
a
le

s
w

el
l

fo
r

p
ro

p
or

ti
on

al
m

et
h
o
d
s

su
ch

as
D

ee
p
S
u
rv

(K
at

zm
an

et
al

.,
20

18
),

b
u
t

w
ou

ld
b

e
ve

ry
co

m
p
u
ta

ti
on

al
ly

ex
p

en
si

ve
fo

r
ou

r
n
on

-p
ro

p
or

ti
on

al
ex

te
n
si

on
p
re

se
n
te

d
in

S
ec

ti
on

3.
4.

H
en

ce
,

w
e

p
ro

p
os

e
an

ap
p
ro

x
im

at
io

n
of

th
e

lo
ss

th
at

is
ea

si
ly

b
at

ch
ed

.
In

tu
it

iv
el

y,
w

e
ca

n
ap

p
ro

x
im

at
e

th
e

ri
sk

se
t
R
i

w
it

h
a

su
ffi

ci
en

tl
y

la
rg

e
su

b
se

t
R̃
i,

an
d

w
ei

gh
t

th
e

li
ke

li
h
o
o
d

ac
co

rd
in

gl
y

w
it

h
w

ei
gh

ts
w
i,

L
=
∏ i

(
ex

p
[g

(x
i)

]

w
i
∑

j∈
R̃
i
ex

p
[g

(x
j
)]

)
D
i

.
(7

)

T
h
e

w
ei

gh
ts

sh
ou

ld
en

su
re

th
at

th
e

w
ei

gh
te

d
su

m
ov

er
th

e
su

b
se

t
R̃
i

in
(7

)
is

a
re

as
on

ab
le

ap
p
ro

x
im

at
io

n
of

th
e

fu
ll

su
m

ov
er
R
i

in
(4

).
B

y
ch

o
os

in
g

a
fi
x
ed

sa
m

p
le

si
ze

of
th

e
sa

m
p
le

d
ri

sk
se

ts
R̃
i,

w
e

ca
n

n
ow

op
ti

m
iz

e
th

e
ob

je
ct

iv
e

b
y

b
at

ch
ed

gr
ad

ie
n
t

d
es

ce
n
t.

T
h
e

in
d
iv

id
u
al

i
is

al
w

ay
s

in
cl

u
d
ed

in
th

e
sa

m
p
le

d
ri

sk
se

t
R̃
i

to
en

su
re

th
at

ea
ch

of
th

e
p
ro

d
u
ct

s
in

(7
)

is
b

ou
n
d
ed

ab
ov

e
b
y

1.
A

s
th

e
w

ei
gh

ts
w
i

d
o

n
ot

co
n
tr

ib
u
te

to
th

e
gr

ad
ie

n
ts

of
th

e
lo

ga
ri

th
m

of
(7

)
(a

s
ca

n
b

e
se

en
b
y

d
iff

er
en

ti
at

in
g

w
it

h
re

sp
ec

t
to

th
e

m
o
d
el

p
ar

am
et

er
s)

,
w

e
ca

n
si

m
p
ly

d
ro

p
th

em
fr

om
th

e
lo

ss
fu

n
ct

io
n
.

A
ls

o,
in

p
ra

ct
ic

e
w

e
d
o

n
ot

co
m

p
u
te

th
e

lo
ss

fo
r

D
i

=
0

as
th

es
e

en
tr

ie
s

d
o

n
ot

co
n
tr

ib
u
te

to
(7

).
F

in
al

ly
,

if
w

e
av

er
ag

e
th

e
lo

ss
to

m
ak

e
it

in
d
ep

en
d
en

t
of

th
e

d
at

a
se

t
si

ze
,

w
e

ob
ta

in

lo
ss

=
1 n

∑

i:
D
i
=

1

lo
g

 
∑ j∈
R̃
i

ex
p
[g

(x
j
)
−
g
(x
i)

] 
,

(8
)

w
h
er

e
n

d
en

ot
es

th
e

n
u
m

b
er

of
ev

en
ts

in
th

e
d
at

a
se

t.
In

ou
r

ex
p

er
im

en
ts

in
S
ec

ti
on

s
5

an
d

6,
w

e
fi
n
d

th
at

it
is

of
te

n
su

ffi
ci

en
t

to
sa

m
p
le

on
ly

o
n

e
in

d
iv

id
u
al
j

fr
om

th
e

ri
sk

se
t,

w
h
ic

h
gi

v
es

u
s

th
e

lo
ss

lo
ss

=
1 n

∑

i:
D
i
=

1

lo
g

(1
+

ex
p
[g

(x
j
)
−
g
(x
i)

])
,

j
∈
R
i\
{i
}.

(9
)

O
n
e

b
en

efi
t

of
(8

)
is

th
at

it
is

,
in

a
se

n
se

,
m

or
e

in
te

rp
re

ta
b
le

th
an

th
e

n
eg

a
ti

ve
p
ar

ti
al

lo
g-

li
ke

li
h
o
o
d

in
(5

).
D

u
e

to
th

e
sa

m
p
le

d
ep

en
d
en

ce
in

th
e

m
ea

n
p
ar

ti
al

lo
g-

li
ke

li
h
o
o
d

(M
P

L
L

),
i.
e.

,
th

e
ex

p
re

ss
io

n
in

(5
)

d
iv

id
ed

b
y
n

,
th

e
m

ag
n
it

u
d
e

of
th

e
M

P
L

L
is

d
ep

en
d
en

t
on

th
e

si
ze

of
th

e
ri

sk
se

ts
.

H
en

ce
,

fo
r

a
ch

an
ge

of
b
at

ch
si

ze
,

th
e

m
ea

n
p
ar

ti
al

lo
g-

li
k
el

ih
o
o
d

ch
an

ge
s.

T
h
is

p
ro

h
ib

it
s

a
co

m
p
ar

is
on

of
lo

ss
es

ac
ro

ss
d
iff

er
en

t
b
at

ch
si

ze
s.

C
om

p
ar

ab
ly

,
th

e
lo

ss
in

(8
)

is
n
ot

aff
ec

te
d

b
y

th
e

ch
oi

ce
of

b
at

ch
si

ze
,

as
th

e
si

ze
of
R̃
i

is
fi
x
ed

.
A

s
a

re
su

lt
,

w
e

ca
n

d
er

iv
e

th
e

ra
n
ge

of
va

lu
es

w
e

ex
p

ec
t

th
e

lo
ss

to
b

e
in

.
U

si
n
g

(9
)

as
an

ex
am

p
le

,
w

e
k
n
ow

th
at

it
is

ty
p
ic

al
ly

in
th

e
ra

n
ge

(0
,

0.
69

3]
,

as
a

tr
iv

ia
l
g
(x

)
=

co
n
st

,
gi

ve
s

a
lo

ss
=

lo
g
(2

)
≈

0.
69

3,
an

d
th

e
m

in
im

u
m

is
ob

ta
in

ed
b
y

le
tt

in
g
g
(x
i)
→
∞

,
g
(x
j
)
→
−
∞

,
w

h
ic

h
re

su
lt

s
in

a
lo

ss
th

at
te

n
d
s

to
w

ar
d
s

0.
S
am

p
li
n
g

of
th

e
ri

sk
se

ts
in

C
ox

’s
p
ar

ti
al

li
ke

li
h
o
o
d

is
co

m
m

on
ly

d
on

e
in

ep
id

em
io

lo
gy

an
d

fo
rm

al
iz

ed
th

ro
u
gh

th
e

n
es

te
d

ca
se

-c
on

tr
ol

d
es

ig
n
,

or
ig

in
al

ly
su

gg
es

te
d

b
y

T
h
om

as
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:1
-3

0,
 2

01
9

K
v
a
m
m
e
,
B
o
r
g
a
n
,
a
n
d

S
c
h
e
e
l

(1
97

7)
.

In
(8

),
ca

se
re

fe
rs

to
th

e
i’

s,
w

h
il
e

th
e

co
n

tr
o
ls

ar
e

th
e
j’

s
sa

m
p
le

d
fr

o
m
R
i\
{i
}.

G
ol

d
st

ei
n

an
d

L
a
n
gh

ol
z

(1
99

2)
sh

ow
th

at
fo

r
th

e
C

ox
p
ar

ti
al

li
k
el

ih
o
o
d
,

th
e

sa
m

p
le

d
ri

sk
se

ts
p
ro

d
u
ce

co
n
si

st
en

t
p
ar

am
et

er
es

ti
m

a
to

rs
.

W
h
il
e

th
ei

r
re

su
lt

s
d
o

n
ot

ex
te

n
d

to
n
o
n
-

li
n
ea

r
m

o
d
el

s,
it

is
st

il
l

an
in

d
ic

at
io

n
th

at
th

e
lo

ss
fu

n
ct

io
n

in
(8

)
is

re
as

on
a
b
le

.

O
u
r

sa
m

p
li
n
g

st
ra

te
gy

d
ev

ia
te

s
fr

om
th

at
of

th
e

n
es

te
d

ca
se

-c
on

tr
ol

li
te

ra
tu

re
in

tw
o

w
ay

s.
F

ir
st

ly
,

w
e

sa
m

p
le

a
n
ew

se
t

of
co

n
tr

ol
s

fo
r

ev
er

y
it

er
at

io
n
,

in
st

ea
d

of
k
ee

p
in

g
co

n
tr

o
l

sa
m

p
le

s
fi
x
ed

.
S
ec

on
d
ly

,
w

e
sa

m
p
le

co
n
tr

ol
s

w
it

h
re

p
la

ce
m

en
t,

as
th

is
re

q
u
ir

es
le

ss
co

m
-

p
u
ta

ti
on

th
an

sa
m

p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t.

N
ot

e,
h
ow

ev
er

,
th

at
w

e
ty

p
ic

a
ll
y

sa
m

p
le

a
si

n
gl

e
co

n
tr

ol
,

in
w

h
ic

h
ca

se
it

d
o
es

n
ot

m
at

te
r

if
w

e
sa

m
p
le

w
it

h
or

w
it

h
ou

t
re

p
la

ce
m

en
t.

3
.3

.
N

o
n

-L
in

e
a
r

C
o
x

H
av

in
g

es
ta

b
li
sh

ed
th

e
si

m
p
le

lo
ss

fu
n
ct

io
n

in
(8

),
w

h
ic

h
ca

n
b

e
co

m
p
u
te

d
w

it
h

S
G

D
,

th
e

ge
n
er

al
iz

at
io

n
of

th
e

re
la

ti
ve

ri
sk

fu
n
ct

io
n

ex
p
[g

(x
)]

is
ra

th
er

st
ra

ig
h
tf

o
rw

a
rd

.
In

th
is

p
ap

er
,

w
e

re
p
la

ce
th

e
li
n
ea

r
p
re

d
ic

to
r
g
(x

)
=
β
T
x

b
y

a
g
(x

)
p
ar

am
et

er
iz

ed
b
y

a
n
eu

ra
l

n
et

w
or

k
.

W
h
il
e

ou
r

p
ro

p
os

ed
lo

ss
fu

n
ct

io
n

is
n
ot

a
re

q
u
ir

em
en

t
fo

r
th

e
a
d
a
p
ta

ti
o
n

o
f

a
n
eu

ra
l

n
et

w
or

k
(s

ee
,

e.
g.

,
D

ee
p
S
u
rv

b
y

K
a
tz

m
an

et
al

.,
20

18
),

it
re

al
ly

h
el

p
s

fo
r

th
e

fu
rt

h
er

ex
te

n
si

on
s

in
S
ec

ti
on

3.
4.

A
ls

o,
it

h
as

b
ee

n
fo

u
n
d

th
at

b
at

ch
ed

it
er

at
io

n
s

ca
n

im
p
ro

ve
p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

(K
es

ka
r

et
al

.,
20

16
;

H
off

er
et

al
.,

20
17

).

O
u
r

ge
n
er

al
iz

at
io

n
of
g
(x

)
le

av
es

th
e

p
re

se
n
te

d
th

eo
ry

in
S
ec

ti
on

s
3.

1
an

d
3
.2

es
se

n
ti

a
ll
y

u
n
ch

an
ge

d
,

so
w

e
d
o

n
ot

re
p

ea
t

th
e

li
k
el

ih
o
o
d
s

an
d

lo
ss

fu
n
ct

io
n
s

fo
r

th
is

m
o
d
el

.

W
e

w
il
l

la
te

r
re

fe
r

to
th

e
C

ox
p
ro

p
or

ti
on

al
h
az

ar
d
s

m
o
d
el

p
ar

am
et

er
iz

ed
w

it
h

a
n
eu

-
ra

l
n
et

w
or

k
as

C
ox

-M
L

P
.

T
o

d
iff

er
en

ti
at

e
b

et
w

ee
n

m
in

im
iz

in
g

th
e

n
eg

at
iv

e
p
a
rt

ia
l

lo
g
-

li
ke

li
h
o
o
d

in
(5

),
as

d
on

e
b
y

D
ee

p
S
u
rv

,
an

d
ou

r
ca

se
-c

on
tr

ol
ap

p
ro

x
im

at
io

n
in

(8
),

w
e

w
il
l

d
en

ot
e

th
e

co
rr

es
p

on
d
in

g
m

et
h
o
d
s

b
y

C
ox

-M
L

P
(D

ee
p
S
u
rv

)
an

d
C

ox
-M

L
P

(C
C

),
re

sp
ec

-
ti

ve
ly

.

F
or

th
e

n
on

-l
in

ea
r

C
ox

m
o
d
el

s,
th

e
lo

ss
d
o
es

n
ot

n
ec

es
sa

ri
ly

h
av

e
a

u
n
iq

u
e

m
in

im
iz

er
fo

r
g
(x

).
T

h
er

ef
or

e,
w

e
ad

d
a

p
en

al
ty

to
th

e
lo

ss
fu

n
ct

io
n

to
en

co
u
ra

ge
g
(x

)
to

n
o
t

d
ev

ia
te

to
o

fa
r

fr
om

ze
ro

p
en

al
ty

=
λ
∑

i:
D
i
=

1

∑ j∈
R̃
i

|g
(x
j
)|.

(1
0
)

H
er

e
λ

is
a

tu
n
in

g
p
ar

am
et

er
,

an
d

n
ot

e
th

at
i

is
in

cl
u
d
ed

in
R̃
i.

3
.4

.
N

o
n

-P
ro

p
o
rt

io
n

a
l

C
o
x
-T

im
e

T
h
e

p
ro

p
or

ti
on

al
it

y
as

su
m

p
ti

on
of

th
e

C
ox

m
o
d
el

ca
n

b
e

ra
th

er
re

st
ri

ct
iv

e,
a
n
d

p
a
ra

m
e-

te
ri

zi
n
g

th
e

re
la

ti
ve

ri
sk

fu
n
ct

io
n

w
it

h
a

n
eu

ra
l

n
et

d
o
es

n
ot

aff
ec

t
th

is
co

n
st

ra
in

t.
A

p
-

p
ro

ac
h
es

fo
r

ci
rc

u
m

ve
n
ti

n
g

th
is

re
st

ri
ct

io
n

ar
e

ty
p
ic

al
ly

b
as

ed
on

gr
ou

p
in

g
th

e
d
a
ta

b
a
se

d
on

a
ca

te
go

ri
ca

l
co

va
ri

at
e

an
d

ap
p
ly

in
g

a
st

ra
ti

fi
ed

ve
rs

io
n

of
th

e
C

ox
m

o
d
el

(K
le

in
a
n
d

M
o
es

ch
b

er
ge

r,
20

03
,

ch
ap

.
9)

.
W

e
p
ro

p
os

e
a

p
ar

am
et

ri
c

ap
p
ro

ac
h

th
at

d
o
es

n
o
t

re
q
u
ir

e
st

ra
ti

fi
ca

ti
on

.
C

on
ti

n
u
in

g
w

it
h

th
e

se
m

i-
p
ar

am
et

ri
c

fo
rm

of
th

e
C

ox
m

o
d
el

,
w

e
n
ow

le
t

th
e

re
la

ti
ve

ri
sk

fu
n
ct

io
n

d
ep

en
d

on
ti

m
e,

h
(t
|x

)
=
h

0
(t

)
ex

p
[g

(t
,x

)]
.

(1
1
)
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T
im

e
-t
o
-E

v
e
n
t
P
r
e
d
ic
t
io
n
w
it
h
N
e
u
r
a
l
N
e
t
w
o
r
k
s
a
n
d

C
o
x
R
e
g
r
e
ssio

n

In
p
ra

ctice,
w

e
let

g
(t,x

)
h
an

d
le

th
e

tim
e

as
a

regu
lar

covariate,
w

h
ich

en
ab

les
g
(t,x

)
to

m
o
d
el

in
tera

ction
s

b
etw

een
tim

e
an

d
th

e
oth

er
covariates.

T
h
is

is
sim

ilar
to

th
e

ap
p
roach

ta
ken

in
cla

ssical
su

rv
ival

an
aly

sis,
w

h
ere

th
e

n
on

-p
rop

ortion
al

eff
ect

of
a

covariate
x

m
ay

b
e

m
o
d
eled

b
y

in
clu

d
in

g
tim

e-d
ep

en
d
en

t
covariates

like
x
·
t

an
d
x
·
log

t.

T
h
e

m
o
d
el

(11)
is

n
o

lon
ger

a
p
rop

ortion
al

h
azard

s
m

o
d
el.

H
ow

ever,
it

is
still

a
relative

risk
m

o
d
el

w
ith

th
e

sam
e

p
artial

likelih
o
o
d

as
p
rev

io
u
sly,

on
ly

n
ow

w
ith

an
ad

d
ition

al
cova

ria
te.

F
o
llow

in
g

th
e

ap
p
roach

from
S
ection

3.2,
w

e
h
ave

th
e

loss
fu

n
ctio

n

loss
=

1n

∑i:D
i =

1

lo
g 

∑j∈R̃
i ex

p
[g

(T
i ,x

j )−
g
(T
i ,x

i )] 
,

(12)

a
n
d

w
e

in
clu

d
e

th
e

p
en

alty
in

(10),
w

ith
g
(T
i ,x

j )
rep

lacin
g
g
(x
j ).

W
e

w
ill

later
refer

to
m

o
d
els

fi
tted

b
y

(12)
as

C
o
x-T

im
e.

N
o
te

th
a
t

th
e

loss
h
as

th
e

sam
e
T
i

for
b

oth
x
i

an
d

th
e

x
j ’s.

C
on

seq
u
en

tly,
if

w
e

h
ad

u
sed

th
e

fu
ll

risk
set
R
i

in
stead

of
th

e
su

b
set
R̃
i ,

as
is

th
e

case
for

th
e

loss
in

(5),
th

e
lo

ss
w

o
u
ld

b
eco

m
e

very
com

p
u
tation

ally
ex

p
en

siv
e.

In
fact,

for
th

e
fu

ll
risk

set,
th

e
tim

e
co

m
p
lex

ity
o
f

th
e

loss
w

ou
ld

b
e
O

(n
·|R

i |)
=
O

(n
2),

w
h
ere|R

i |
d
en

otes
th

e
size

of
th

e
risk

set.
B

u
t

for
(12

)
w

e
get

O
(n
·|R̃

i |)
=
O

(n
),

as|R̃
i |

is
fi
x
ed

an
d

sm
all.

In
th

e
p
rop

ortion
al

ca
se,

to
co

m
p
u
te

th
e

loss
in

(5)
on

e
on

ly
n
eed

s
to

com
p
u
te
g
(x
j )

on
ce

(p
er

iteration
)

for
ea

ch
j,

a
n
d

reu
se

th
at

valu
e

in
all

oth
er

risk
sets.

T
h
is

en
su

res
th

e
lin

ear
tim

e
com

p
lex

ity
fo

r
th

e
cla

ssica
l

C
ox

m
o
d
els.

W
e

ca
n

fi
n
d

th
e

B
reslow

estim
ate

for
th

e
cu

m
u
la

tive
b
aselin

e
h
azard

H
0 (t)

u
sin

g
(6)

w
ith

ĝ
(x
j )

rep
laced

b
y
ĝ
(T
i ,x

j ).
N

ote
th

at
w

e
still

n
eed

th
e

n
on

-p
aram

etric
b
aselin

e,
as

g
(t,x

)
is

restricted
to

m
o
d
el

in
teraction

s
b

etw
een

th
e

tim
e

an
d

th
e

covariates.
T

o
see

th
is,

co
n
sid

er
g
(t,x

)
=
a
(t,x

)
+
b(t),

an
d

ob
serve

th
at
b(t)

can
cels

ou
t

in
th

e
loss.

3
.5

.
P

re
d

ic
tio

n

W
e

ca
n

o
b
ta

in
p
red

iction
s

from
th

e
relative

risk
m

o
d
els

b
y

estim
atin

g
th

e
su

rv
ival

fu
n
ctio

n
in

(1
),
Ŝ

(t|x
)

=
ex

p
[−
Ĥ

(t|x
)].

F
or

th
e

p
rop

o
rtion

al
h
azard

s
m

o
d
els,

th
e

rela
tive

risk
fu

n
ctio

n
d
o
es

n
ot

d
ep

en
d

on
tim

e,
en

ab
lin

g
u
s

to
in

tegrate
on

ly
over

th
e

b
a
selin

e
h
azard

a
n
d

co
m

p
u
te

th
e

relative
risk

sep
arately,

H
(t|x

)
=

∫
t

0
h

0 (s)
ex

p
[g

(x
)]d

s
=
H

0 (t)
ex

p
[g

(x
)].

B
y

fi
rst

estim
a
tin

g
H

0 (t)
on

th
e

train
in

g
d
ata

w
ith

(6),
w

e
on

ly
n
eed

to
com

p
u
te

ex
p
[g

(x
)]

to
o
b
tain

p
red

iction
s.

C
om

p
u
tation

of
th

e
estim

ate
Ĥ

0 (t)
req

u
ires

a
sin

gle
p
ass

over
th

e
w

h
o
le

tra
in

in
g

set,
in

ad
d
ition

to
sortin

g
th

e
train

in
g

set
b
y

tim
e.

In
th

e
case

o
f

m
o
d
els

w
ith

n
on

-p
rop

ortion
al

h
azard

s,
su

ch
as

m
o
d
els

fi
tted

b
y

C
ox

-T
im

e
in

S
ectio

n
3
.4

,
p
red

iction
s

are
m

u
ch

m
ore

com
p
u
tation

ally
ex

p
en

sive.
A

s
th

e
relative

risk
is

tim
e-d

ep
en

d
en

t,
w

e
n
ow

n
eed

to
in

tegrate
over

b
oth

th
e

b
aselin

e
h
azard

an
d
g
(t,x

),

H
(t|x

)
=

∫
t

0
h

0 (s)
ex

p
[g

(s,x
)]d

s.
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K
v
a
m
m
e
,
B
o
r
g
a
n
,
a
n
d

S
c
h
e
e
l

In
p
ractice,

w
e

estim
ate

th
e

cu
m

u
lative

h
azard

s
b
y

Ĥ
(t|x

)
=
∑T
i ≤
t ∆
Ĥ

0 (T
i )

ex
p
[ĝ

(T
i ,x

)],

w
h
ere

∆
Ĥ

0 (T
i )

is
an

in
crem

en
t

of
th

e
B

reslow
estim

ate
an

d
ĝ
(T
i ,x

)
is

th
e

estim
ate

of
g
(T
i ,x

)
ob

tain
ed

from
th

e
n
eu

ral
n
etw

ork
.

T
h
is

is
clearly

rath
er

co
m

p
u
tation

ally
ex

p
en

siv
e

as
w

e
n
eed

to
com

p
u
te
ĝ
(T
i ,x

)
for

all
d
istin

ct
ev

en
t

tim
es
T
i ≤

t.
F

u
rth

erm
ore,

for
con

tin
u
ou

s-
tim

e
d
ata,

com
p
u
tation

of
th

e
cu

m
u
lative

b
aselin

e
h
azard

th
rou

gh
th

e
B

reslow
estim

ate,

∆
Ĥ

0 (T
i )

=
D
i

∑
j∈R

i
ex

p
[ĝ

(T
i ,x

j )] ,
(13)

scales
q
u
ad

ratically.

T
o

allev
iate

th
e

com
p
u
tation

al
cost,

on
e

can
com

p
u
te

th
e

cu
m

u
lative

h
azard

s
over

a
red

u
ced

n
u
m

b
er

of
d
istin

ct
tim

e
p

oin
ts.

H
en

ce,
C

ox
-T

im
e

is
train

ed
on

co
n
tin

u
ou

s-tim
e

d
ata

b
u
t

p
ro

d
u
ces

d
iscrete-tim

e
p
red

iction
s,

w
ith

th
e

b
en

efi
t

of
th

e
d
iscretization

h
ap

p
en

in
g

after
th

e
n
etw

ork
is

fi
tted

.
In

p
ractice,

w
e

p
erform

th
is

d
iscretization

b
y

com
p
u
tin

g
th

e
b
aselin

e
on

a
ran

d
om

su
b
set

of
th

e
train

in
g

d
ata

an
d

su
b
seq

u
en

tly
con

tro
l

th
e

resolu
tion

of
th

e
tim

e
grid

th
rou

gh
th

e
sam

p
le

size.

4
.
E
v
a
lu
a
tio

n
C
rite

ria

M
etrics

for
evalu

atin
g

th
e

p
erform

an
ce

of
m

eth
o
d
s

for
tim

e-to-even
t

p
red

iction
sh

ou
ld

ac-
cou

n
t

for
th

e
cen

sored
in

d
iv

id
u
als.

In
th

e
follow

in
g,

w
e

d
escrib

e
th

e
m

etrics
u
sed

in
th

e
ex

p
erim

en
tal

section
s

of
th

is
p
ap

er.

4
.1

.
C

o
n

c
o
rd

a
n

c
e

In
d

e
x

In
su

rv
ival

an
aly

sis,
th

e
con

cord
an

ce
in

d
ex

,
or

C
-in

d
ex

(H
arrell

J
r

et
al.,

1982),
is

argu
ab

ly
on

e
of

th
e

m
ost

com
m

on
ly

ap
p
lied

d
iscrim

in
a
tive

evalu
ation

m
etrics.

T
h
is

is
lik

ely
a

resu
lt

of
its

in
terp

retab
ility,

as
it

h
as

a
close

relation
sh

ip
to

classifi
cation

accu
racy

(Ish
w

aran
et

al.,
2008)

an
d

R
O

C
A

U
C

(H
eagerty

an
d

Z
h
en

g,
200

5).
In

sh
ort,

th
e

C
-in

d
ex

estim
ates

th
e

p
rob

ab
ility

th
at,

for
a

ran
d
om

p
air

of
in

d
iv

id
u
als,

th
e

p
red

icted
su

rv
ival

tim
es

of
th

e
tw

o
in

d
iv

id
u
als

h
ave

th
e

sam
e

ord
erin

g
as

th
eir

tru
e

su
rv

ival
tim

es.
S
ee

Ish
w

aran
et

al.
(2008)

for
a

d
etailed

d
escrip

tion
.

A
s

th
e

C
-in

d
ex

on
ly

d
ep

en
d
s

on
th

e
ord

erin
g

of
th

e
p
red

iction
s,

it
is

very
u
sefu

l
for

evalu
atin

g
p
rop

ortion
al

h
azard

s
m

o
d
els.

T
h
is

is
b

ecau
se

th
e

ord
erin

g
of

p
rop

ortion
al

h
az-

ard
s

m
o
d
els

d
o
es

n
ot

ch
an

ge
ov

er
tim

e,
w

h
ich

en
ab

les
u
s

to
u
se

th
e

relative
risk

fu
n
ction

in
stead

of
a

m
etric

for
p
red

icted
su

rv
ival

tim
e.

It
is,

h
ow

ever,
n
ot

ob
v
iou

s
h
ow

th
e

C
-in

d
ex

sh
ou

ld
b

e
ap

p
lied

for
n
on

-p
rop

ortion
al

h
azard

s
m

o
d
els

(G
erd

s
et

al.,
2012;

Ish
w

aran
et

al.,
2008).

W
e

w
ill

u
se

a
m
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e
g
r
e
ssio

n

serv
ice.

K
K

B
ox

d
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b
scrip

tion
of

ea
ch

cu
stom

er,
an

d
th

ey
d
o

n
ot

ch
a
n
g
e

w
ith

tim
e.
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p
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p
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m
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h
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p
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p
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h
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b
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p
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b
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b
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p
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b
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b
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p
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p
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p
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h
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p
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b
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p
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b
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b
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b
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b
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b
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b
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d
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n
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ra
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at
e)

.
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p
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p
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d
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b
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b
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b
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b
en

efi
t

fr
om

an
ap

p
ro

ac
h

th
at

re
q
u
ir

es
n
o
t

o
n
e

or
th

e
ot

h
er

,
b
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b
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b
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P
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n
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r
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p
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d
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p
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ra
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d
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d
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p
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d
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d
el

s
ar

e
n
ot

co
n
st

ru
ct

ed
in

d
ep

en
d
en

t
of

ea
ch

ot
h
er

.
T

h
e

n
eu

ra
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d
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b
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p
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ra
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d
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d
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u
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p
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at
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d
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b
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p
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st

an
ce

is
d
es

cr
ib

ed
n
ot

ju
st

b
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b
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b
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d
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p
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p
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ke

it
s

m
ol

ec
u
la

r
w

ei
g
h
t,

so
lu

-
b
il
it

y,
h
y
d
ro

p
h
ob

ic
it

y
an

d
so

on
,

b
u
t

al
so

h
as

co
n
n
ec

te
d

ri
n
g-

st
ru

ct
u
re

s,
fu

n
ct

io
n
a
l

g
ro

u
p
s,

an
d

th
e

li
ke

.
F

or
p
re

d
ic

ti
on

s
on

d
at

a
li
ke

th
es

e,
w

e
u
se

a
sp

ec
ifi

c
fo

rm
of

n
eu

ra
l

m
o
d
el

s
ca

ll
ed

d
ee

p
re

la
ti

o
n

a
l

m
a
ch

in
es

or
D

R
M

s.
T

h
e

te
rm

,
or

ig
in

al
ly

in
tr

o
d
u
ce

d
in

L
o
d
h
i

(2
0
1
3
),

ca
n

b
e

b
ro

ad
ly

u
n
d
er

st
o
o
d

as
a

cl
as

s
of

n
eu

ra
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d
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b
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b
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p
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p
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d
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d
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d
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at
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p
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p
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p
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b
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p
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p
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d
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g

p
red

ictive
p

erform
an

ce
an

d
relevan

ce
on

real-life
b
io

ch
em

ical
p
rob

lem
s

for
w

h
ich

w
e

h
av

e
th

e
n
ecessary

relevan
ce

in
form

ation
.

H
ow

ever,
th

e
ap

p
roach

w
e

p
rop

ose
can

3
JM

L
R

 20(130):1-47, 2019

S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

p
rove

u
sefu

l
to

an
y

relation
al

learn
in

g
task

in
w

h
ich

th
ere

is
at

least
a

p
artial-ord

erin
g

over
d
om

ain
-p

red
icates.

T
h
ese

ap
p
lication

s
cou

ld
b

e
as

d
iverse

as
recom

m
en

d
er

sy
stem

s
(for

ex
am

p
le,

m
ov

ies
d
irected

b
y

certain
d
irectors

m
ay

b
e

m
o
re

relevan
t

to
recom

m
en

d
ation

s
for

a
p
articu

lar
g
en

re),
classifi

cation
(for

ex
am

p
le,

w
h
en

p
ap

er
citatio

n
s

are
to

b
e

classi-
fi
ed

as
b

ein
g

th
e

sam
e,

it
m

ay
b

e
eq

u
ally

relevan
t

to
ch

eck
sim

ilarities
in

title,
or

th
e

list
of

au
th

ors,
b
u
t

less
relevan

t
to

ex
am

in
e

th
e

p
ap

er’s
key

w
ord

s),
or

fu
n
ction

-p
red

iction
(for

ex
am

p
le,

w
h
en

p
red

ictin
g

gen
e-fu

n
ction

u
sin

g
relation

s
in

th
e

G
en

e
O

n
tology,

p
red

icates
w

ith
ev

id
en

ce-co
d
es

b
ased

on
ex

p
erim

en
tal

ev
id

en
ce

m
ay

b
e

m
ore

relevan
t

th
an

th
ose

b
ased

on
com

p
u
tation

al
ev

id
en

ce).
It

m
ay

n
o
t

b
e

n
ecessary

to
h
ave

p
rior

k
n
ow

led
ge

for
th

is
—

recen
t

w
ork

su
ggests

th
at

it
m

ay
b

e
p

ossib
le,

for
an

y
relation

al
lea

rn
in

g
task

,
to

d
eriv

e
su

ch
a

p
artial-ord

erin
g

au
tom

atically
from

d
ata,

u
sin

g
a

p
rob

ab
ilistic

d
efi

n
ition

of
th

e
gen

erality
of

d
om

ain
-p

red
icates. 2

A
d
ecision

-th
eoretic

tech
n
iq

u
e

for
d
eterm

in
in

g
relevan

t
p
red

icates
for

gen
eral

relation
al

learn
in

g
task

s
w

as
p
rop

osed
earlier

in
S
rin

ivasan
(2001).

T
h
e

rest
of

th
e

p
ap

er
is

organ
ised

as
follow

s.
In

S
ection

2
w

e
d
escrib

e
th

e
D

R
M

s
w

e
u
se

for
p
red

iction
.

S
ection

3
d
escrib

es
th

e
n
otion

of
ex

p
lan

ation
s

as
u
sed

in
th

is
p
ap

er.
S
election

am
on

gst
several

p
ossib

le
ex

p
lan

ation
s

is
in

S
ection

4,
w

h
ich

in
tro

d
u
ces

th
e

u
se

of
a

relevan
ce-b

ased
p
rior

in
S
ection

4.1.
S
ection

5
p
resen

ts
an

em
p
irical

evalu
ation

of
th

e
p
red

ictive
an

d
ex

p
lan

atory
m

o
d
els,

u
sin

g
som

e
b

en
ch

m
ark

d
atasets.

A
p
p

en
d
ix

C
con

tain
s

d
etails

of
th

e
d
om

ain
-sp

ecifi
c

relevan
ce

in
form

a
tion

u
sed

in
th

e
ex

p
erim

en
ts.

2
.
A

D
e
e
p
R
e
la
tio

n
a
l
M

a
ch

in
e
fo
r
P
re
d
ictio

n

O
n
e

of
th

e
m

ost
rem

arkab
le

recen
t

ad
van

ces
in

th
e

area
of

M
ach

in
e

L
earn

in
g

is
a

resu
rgen

ce
of

in
terest

in
n
eu

ral
n
etw

ork
s,

resu
ltin

g
from

th
e

au
tom

ated
con

stru
ction

of
“d

eep
n
etw

ork
s”

for
p
red

iction
.

S
im

p
listically,

D
eep

L
earn

in
g

is
u
sin

g
n
eu

ral
n
etw

ork
s

w
ith

m
u
ltip

le
h
id

d
en

layers.
M

ath
em

atically
sp

eak
in

g,
it

is
a

com
p

ositio
n

of
m

u
ltip

le
sim

p
le

n
on

-lin
ear

fu
n
ction

s
try

in
g

to
learn

a
h
ierarch

y
of

in
term

ed
iate

featu
res

th
at

m
ost

eff
ectively

aid
th

e
glob

al
learn

in
g

task
.

L
earn

in
g

su
ch

in
term

ed
iate

featu
res

w
ith

n
eu

ral
n
etw

ork
s

h
as

b
een

m
ad

e
p

ossib
le

b
y

th
ree

sep
arate

ad
van

ces:
(a)

m
ath

em
atical

tech
n
iq

u
es

th
at

a
llow

th
e

tra
in

in
g

of
n
eu

ral
n
etw

ork
s

w
ith

very
large

n
u
m

b
ers

of
h
id

d
en

lay
ers;

(b
)

th
e

availa
b
ility

of
very

large
am

ou
n
ts

of
d
ata

th
at

allow
th

e
estim

ation
of

p
aram

eters
(w

eigh
ts)

in
su

ch
com

p
lex

n
etw

ork
s;

an
d

(c)
th

e
ad

van
ced

com
p
u
tation

al
cap

ab
ilities

off
ered

b
y

m
o
d
ern

d
ay

G
P

U
s

to
train

d
eep

m
o
d
els.

D
esp

ite
su

ccesses
a
cross

a
w

id
e

set
of

p
rob

lem
s,

d
eep

learn
in

g
is

u
n
likely

to
b

e
su

ffi
cien

t
for

all
k
in

d
s

of
d
ata

an
aly

sis
p
rob

lem
s.

T
h
e

p
rin

cip
al

d
iffi

cu
lties

ap
p

ear
to

lie
in

th
e

d
ata

an
d

com
p
u
tation

al
req

u
irem

en
ts

to
train

su
ch

m
o
d
els.

T
h
is

is
esp

ecially
th

e
case

if
m

an
y

h
id

d
en

layers
are

n
eed

ed
to

en
co

d
e

com
p
lex

con
cep

ts
(featu

res).
F

or
m

an
y

in
d
u
strial

p
ro

cesses,
acq

u
irin

g
d
ata

can
in

cu
r

sign
ifi

can
t

costs,
an

d
sim

u
lators

can
b

e
com

p
u
tation

ally
very

in
ten

siv
e.

S
om

e
of

th
is

d
iffi

cu
lty

m
ay

b
e

allev
iated

if
k
n
ow

led
ge

alread
y

availab
le

in
th

e
area

of
in

terest
can

b
e

taken
in

to
accou

n
t.

C
on

sid
er,

for
ex

am
p
le,

a
p
rob

lem
in

th
e

a
rea

of
d
ru

g-d
esign

.
M

u
ch

m
ay

b
e

k
n
ow

n
a
lread

y
a
b

ou
t

th
e

target
of

in
terest:

sm
all

m
olecu

les
th

at
h
ave

p
roved

to
b

e
eff

ectiv
e,

w
h
at

ca
n

an
d

can
n
ot

b
e

sy
n
th

esized
ch

eap
ly,

an
d

so
on

.
If

th
ese

con
cep

ts
are

relevan
t

to
con

stru
ctin

g
a

m
o
d
el

for
p
red

ictin
g

go
o
d

d
ru

gs,
it

seem
s

b
oth

u
n
n
ecessary

an
d

in
effi

cien
t

to
req

u
ire

a
d
eep

n
etw

ork
to

re-d
iscov

er
th

em
(th

e

2
.

S
ee:

h
t
t
p
s
:
/
/
w
w
w
.
d
o
c
.
i
c
.
a
c
.
u
k
/∼

s
h
m
/
P
a
p
e
r
s
/
r
e
l
e
v
a
n
c
e
1
8
.
p
d
f
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L
o
g
ic
a
l
E
x
p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
e
l
a
t
io
n
a
l
M
a
c
h
in
e
s
U
si
n
g

R
e
l
e
v
a
n
c
e
In

f
o
r
m
a
t
io
n

p
ro

b
le

m
is

ac
tu

al
ly

w
or

se
—

it
m

ay
n
ot

ev
en

b
e

p
os

si
b
le

to
d
is

co
ve

r
th

e
co

n
ce

p
ts

fr
om

fi
rs

t-
p
ri

n
ci

p
le

s
u
si

n
g

th
e

d
at

a
av

ai
la

b
le

).
It

is
th

er
ef

or
e

of
si

gn
ifi

ca
n
t

p
ra

ct
ic

al
in

te
re

st
to

ex
p
lo

re
w

ay
s

in
w

h
ic

h
p
ri

or
d
om

ai
n
-k

n
ow

le
d
ge

co
u
ld

b
e

u
se

d
in

d
ee

p
n
et

w
or

k
s

to
re

d
u
ce

d
at

a
an

d
co

m
p
u
ta

ti
on

al
re

q
u
ir

em
en

ts
.

D
ee

p
R

el
at

io
n
al

M
ac

h
in

es
,
or

D
R

M
s,

p
ro

p
os

ed
in

L
o
d
h
i
(2

01
3)

,
ar

e
d
ee

p
n
eu

ra
l
n
et

w
o
rk

s
w

it
h

fi
rs

t-
or

d
er

B
o
ol

ea
n

fu
n
ct

io
n
s

at
th

e
in

p
u
t

la
ye

r
(“

fu
n
ct

io
n
F
1

is
tr

u
e

if
th

e
in

st
an

ce
x

is
a

m
ol

ec
u
le

co
n
ta

in
in

g
a

7-
m

em
b

er
ed

ri
n
g

co
n
n
ec

te
d

to
a

la
ct

on
e

ri
n
g”

—
d
efi

n
it

io
n
s

of
re

la
ti

on
s

li
ke

7-
m

em
b

er
ed

an
d

la
ct

on
e

ri
n
gs

ar
e

ex
p

ec
te

d
to

b
e

p
re

se
n
t

in
th

e
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

).

W
e

n
ot

e
th

at
D

R
M

s
ar

e
on

e
ex

am
p
le

of
a

m
u
ch

b
ro

ad
er

cl
as

s
of

n
eu

ra
l-

sy
m

b
ol

ic
m

o
d
el

s,
w

h
ic

h
ar

e
su

rv
ey

ed
in

B
es

ol
d

et
al

.
(2

01
7)

.
In

IL
P

,
p
io

n
ee

ri
n
g

w
or

k
on

th
e

co
m

b
in

at
io

n
of

n
eu

ra
l-

n
et

w
or

k
s

an
d

sy
m

b
ol

ic
fe

at
u
re

s
h
as

b
ee

n
d
on

e
b
y

d
’A

v
il
a

G
ar

ce
z

an
d

Z
av

er
u
ch

a
(1

99
9)

an
d

ex
te

n
d
ed

in
F

ra
n

ça
et

al
.

(2
01

4,
20

15
).

F
or

th
e

p
u
rp

os
es

of
th

is
p
ap

er
,

w
e

w
il
l

u
se

th
e

te
rm

“D
R

M
”

to
m

ea
n

a
n
eu

ra
l

n
et

w
or

k
w

it
h

m
u
lt

ip
le

h
id

d
en

la
ye

rs
,

an
d

an
in

p
u
t

la
ye

r
w

it
h

va
lu

es
fo

r
fi
rs

t-
or

d
er

B
o
ol

ea
n

fu
n
ct

io
n
s.

W
e

w
il
l
fu

rt
h
er

as
su

m
e

th
at

th
e

fu
n
ct

io
n

d
efi

n
it

io
n
s

em
p
lo

y
p
re

d
ic

at
es

th
at

ar
e

d
efi

n
ed

as
p
ar

t
of

d
om

ai
n
-

or
b
ac

k
gr

o
u
n
d
-k

n
ow

le
d
ge

.
In

th
is

se
n
se

,
th

e
n
eu

ra
l

n
et

w
or

k
s

in
F

ra
n

ça
et

al
.

(2
01

5)
fo

r
ex

am
p
le

a
re

D
R

M
s,

an
d

th
e

d
efi

n
it

io
n
s

an
d

te
ch

n
iq

u
es

fo
r

co
n
st

ru
ct

in
g

ex
p
la

n
at

io
n
s

em
p
lo

ye
d

h
er

e
a
p
p
ly

w
it

h
ou

t
ch

an
ge

to
th

os
e

m
o
d
el

s.

2
.1

.
In

p
u

t
F
e
a
tu

re
s

fo
r

a
D

R
M

Id
ea

ll
y,

w
e

w
ou

ld
li
ke

th
e

in
p
u
ts

fo
r

a
D

R
M

to
co

n
si

st
of

al
l
p

os
si

b
le

re
la

ti
o
n
al

fe
at

u
re

s,
an

d
le

t
th

e
n
et

w
or

k
’s

tr
ai

n
in

g
p
ro

ce
ss

d
ec

id
e

on
th

e
fe

at
u
re

s
th

at
ar

e
ac

tu
al

ly
u
se

fu
l
(i

n
th

e
u
su

al
m

an
n
er

:
a

fe
at

u
re

th
at

h
as

0
w

ei
gh

ts
fo

r
a
ll

ou
t-

go
in

g
ed

ge
s

is
n
ot

u
se

fu
l)

.
T

h
e

d
iffi

cu
lt

y
w

it
h

th
is

is
th

at
th

e
n
u
m

b
er

of
su

ch
fe

at
u
re

s
in

fi
rs

t-
or

d
er

lo
gi

c
ca

n
b

e
ve

ry
la

rg
e,

of
te

n
im

p
ra

ct
ic

al
to

en
u
m

er
at

e
co

m
p
le

te
ly

.
In

L
o
d
h
i

(2
01

3)
th

e
fu

n
ct

io
n
s

ar
e

le
ar

n
ed

u
si

n
g

an
In

d
u
ct

iv
e

L
og

ic
P

ro
gr

am
m

in
g

(I
L

P
)

en
gi

n
e3

.
T

h
is

fo
ll
ow

s
a

lo
n
g

li
n
e

of
re

se
ar

ch
,

so
m

et
im

es
ca

ll
ed

p
ro

po
si

ti
o
n

a
li

za
ti

o
n

,
in

w
h
ic

h
fe

at
u
re

s
co

n
st

ru
ct

ed
b
y

IL
P

h
av

e
b

ee
n

u
se

d
b
y

ot
h
er

le
ar

n
in

g
m

et
h
o
d
s

li
ke

re
gr

es
si

on
,

d
ec

is
io

n
-t

re
es

,
S
V

M
s,

to
p
ic

-m
o
d
el

s,
an

d
m

u
lt

ip
li
ca

ti
ve

w
ei

gh
t-

u
p

d
at

e
li
n
ea

r
th

re
sh

ol
d

m
o
d
el

s,
an

d
n
eu

ra
l-

n
et

w
or

k
m

o
d
el

s.
In

ea
ch

of
th

es
e,

th
e

fi
n
al

m
o
d
el

is
co

n
st

ru
ct

ed
in

tw
o

st
ep

s:
fi
rs

t,
a

se
t

of
fe

at
u
re

s
is

se
le

ct
ed

,
an

d
th

en
,

th
e

fi
n
al

m
o
d
el

is
co

n
st

ru
ct

ed
u
si

n
g

th
es

e
fe

at
u
re

s,
p

os
si

b
ly

in
co

n
ju

n
ct

io
n

w
it

h
ot

h
er

fe
at

u
re

s
al

re
ad

y
av

ai
la

b
le

.
U

su
al

ly
th

e
m

o
d
el

s
sh

ow
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
ts

in
p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

w
h
en

an
ex

is
ti

n
g

fe
at

u
re

se
t

is
en

ri
ch

ed
in

th
is

m
an

n
er

.

In
L

o
d
h
i

(2
01

3)
,

d
ee

p
n
et

w
or

k
s

w
it

h
IL

P
-f

ea
tu

re
s

ar
e

sh
ow

n
to

p
er

fo
rm

w
el

l,
al

th
ou

gh
th

e
em

p
ir

ic
al

ev
id

en
ce

is
li
m

it
ed

.
R

ec
en

tl
y,

a
si

m
p
le

ap
p
ro

ac
h

fo
r

st
o
ch

as
ti

c
se

le
ct

io
n

of
re

la
ti

on
al

fe
at

u
re

s
w

as
in

tr
o
d
u
ce

d
in

V
ig

et
al

.
(2

01
8)

in
th

e
co

n
te

x
t

of
ev

al
u
at

in
g

em
b

ed
-

d
in

gs
.

T
h
is

fo
rm

of
ra

n
d
om

is
ed

fe
at

u
re

-s
el

ec
ti

on
h
as

si
n
ce

b
ee

n
ev

al
u
at

ed
ex

te
n
si

ve
ly

in
D

as
h

et
al

.
(2

01
8)

an
d

fo
u
n
d

to
gi

ve
p
re

d
ic
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p
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p
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b
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m
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d
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h
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p
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u
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c
la

u
se

.
A

cl
a
u

se
fo

r
cl

a
ss

if
yi

n
g

a
re

la
ti

o
n

a
l

ex
a
m

p
le
C
la
ss

(a
,c

)
is

a
cl

a
u

se
∀x

(C
la
ss

(x
,c

)
←

C
p
(x

))
,

w
h
er

e
C
p
(x

)
is

a
co

n
ju

n
ct

io
n

o
f

p
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h
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e
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E
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w
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b
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d
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to
con

stru
ct
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e
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con
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p
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b
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p
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b
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n
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∈
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∈
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∈
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d
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b
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n
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∈
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p
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d
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C
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∧
¬
C
la
ss(a ′,c)6|=

2
.

E
x
a
m

p
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p
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b
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p
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d
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p
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p
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C
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C
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C
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d
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∅
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re

of
th

e
ex

ten
t

to
w

h
ich

an
ex

p
lan

ation
is

lo
cally

con
sisten

t.

1
6

JM
L

R
 20(130):1-47, 2019



L
o
g
ic
a
l
E
x
p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
e
l
a
t
io
n
a
l
M
a
c
h
in
e
s
U
si
n
g

R
e
l
e
v
a
n
c
e
In

f
o
r
m
a
t
io
n

D
e
fi

n
it

io
n

1
3

F
id

e
li
ty

.
L

et
a
∈
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d
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−

(a
)

a
s

be
fo

re
.

L
et
D

=
(E

+
,E
−

)
a
n

d
H

be
a
n

ex
p
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d
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∈
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∧
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∧
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r
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r
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d
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ra
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d
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.
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p
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d
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p
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d
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b
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p
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p
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p
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d
efi

n
it

e
cl

a
u

se
s
B

a
n

d
a

p
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+
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−
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p
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−
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n
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e

m
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n
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d
efi

n
it

e
cl

a
u

se
s

co
n

ta
in

in
g

o
n

ly
d
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∪
{C
})

=
S
∩

M
M

(B
∪
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}∪

In
vF

).
N

o
w

:

A
gr

ee
P

o
s(
H

)
=
{C

la
ss

(a
′ ,
c)

:
C

la
ss

(a
′ ,
c)
∈

(E
+

(a
)
∩
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∪
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∩
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∪
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−
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H

=
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∪
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∪
{C
}∪
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∪
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=
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=
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p
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p
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C
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←
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p
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n
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←
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m
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d
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e
A
g
re
eP
os

(H
)

=
A
g
re
eP
os

(H
1
)

a
n

d
A
g
re
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=
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d
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d
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p
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R
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R
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R
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re
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p
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p
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R
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R
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R
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p
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←
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p
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R
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p
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←
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←
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←
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∪∅
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R
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1]
}

a
n

d
R
H

1
=
{[
r1
,r

1]
,[
r2
,r
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p
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m
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p
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d
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b
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p
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b
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p
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R
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c
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c
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p
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p
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C
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←
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R
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R
el
ev

(H
′ )

.
T

h
en

P
H
�
s
P
H
′ .

L
et
C

co
n

ta
in

th
e

fe
a
tu

re
s
{F

1
,.
..
,F

l}
,

w
h
er

e
R
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p
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R
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e
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=
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p
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R
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c
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u
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R
elev

(H
)�

s
R
elev

(H
′).

E
x
a
m

p
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a
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c
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R
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R
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R
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R
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C
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H
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w
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s
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p
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se

releva
n

ce.
T

h
e

fo
llo

w
in

g
stru

ctu
red

exp
la

-
n

a
tio

n
H

2
a
lso

u
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featu

res
in

E
x
p
t.

3,
w

e
m

ean
th

e
rejectio

n
-sam

p
lin

g
m

eth
o
d

d
escrib

ed
in

V
ig

et
a
l.

(2
018).

5
.1

.
M

a
te

ria
ls

5
.1
.1
.
D
a
t
a

W
e

rep
o
rt

resu
lts

from
ex

p
erim

en
ts

con
d
u
cted

u
sin

g
7

w
ell-stu

d
ied

real
w

o
rld

p
rob

lem
s

fro
m

th
e

IL
P

literatu
re.

T
h
ese

are:
M

u
tagen

esis
(K

in
g

et
al.,

1996a);
C

arcin
ogen

esis
(K

in
g

a
n
d

S
rin

iva
sa

n
,

1996a);
D

ssT
ox

(M
u
ggleton

et
al.,

2008);
a
n
d

4
d
atasets

arisin
g

fro
m

th
e

co
m

p
a
riso

n
o
f

A
lzh

eim
er’s

d
ru

gs
d
en

oted
h
ere

as
A
m
in
e,
C
h
olin

e,
S
cop

an
d
T
ox
ic

(S
rin

i-
va

sa
n

et
a
l.,

1
9
96).

E
ach

of
th

ese
h
ave

b
een

sh
ow

n
to

b
en

efi
t

from
th

e
u
se

of
a

fi
rst-o

rd
er

rep
resen

ta
tio

n
an

d
d
om

ain
-k

n
ow

led
ge,

b
u
t

th
ere

is
still

ro
om

for
im

p
rovem

en
t

in
p
red

ic-
tive

a
ccu

ra
cy.

W
h
ile

go
o
d

p
red

ictive
p

erform
an

ce
is

n
ecessary,

th
e

p
rin

cip
al

m
otivation

for
th

e
selectio

n
o
f

th
e

p
rob

lem
s

h
ere

is
th

at
for

each
d
ataset

w
e

also
h
ave

access
to

d
om

ain
-

in
fo

rm
a
tio

n
a
b

ou
t

th
e

relevan
ce

of
p
red

icates
for

th
e

classifi
cation

task
con

sid
ered

.
O

f
th

ese
d
atasets,

th
e

fi
rst

th
ree

(M
u
t188–D

ssT
ox

)
are

p
red

om
in

an
tly

rela
tion

al
in

n
a-

tu
re,

w
ith

d
a
ta

in
th

e
form

of
th

e
2-d

stru
ctu

re
of

th
e

m
olecu

les
(th

e
atom

an
d

b
on

d
stru

c-
tu

re),
w

h
ich

a
re

d
iverse

an
d

can
b

e
of

vary
in

g
sizes.

S
om

e
ad

d
ition

al
b
u
lk

p
rop

erties
of

en
tire

m
o
lecu

les
ob

tain
ed

or
estim

ated
from

th
is

stru
ctu

re
are

also
availab

le.
T

h
e

A
lzh

eim
er

d
a
ta

sets
(A

m
in

e–T
ox

ic)
are

b
est

th
ou

gh
t

of
as

b
ein

g
q
u
asi-relation

al.
T

h
e

m
olecu

les
h
ave

a
fi
x
ed

tem
p
late,

b
u
t

vary
in

n
u
m

b
er

an
d

k
in

d
s

of
su

b
stitu

tion
s

m
ad

e
for

p
osition

s
on

th
e

tem
p
la

te.
A

fi
rst-ord

er
rep

resen
tation

h
as

still
b

een
fou

n
d

to
b

e
u
sefu

l,
sin

ce
it

allow
s

ex
-

p
ressin

g
co

n
cep

ts
ab

ou
t

th
e

ex
isten

ce
of

on
e

or
m

ore
su

b
stitu

tion
s

an
d

th
eir

p
rop

erties.
T

h
e

d
a
tasets

ra
n
ge

in
size

from
a

few
h
u
n
d
red

(relation
al)

in
stan

ces
to

a
few

th
ou

san
d
s.

T
h
is

is
ex

trem
ely

m
o
d
est

b
y

th
e

u
su

a
l

d
ata

req
u
irem

en
ts

for
d
eep

learn
in

g.
W

e
refer

th
e

rea
d
er

to
th

e
referen

ces
cited

for
d
etails

of
th

e
d
om

ain
-k

n
ow

led
ge

u
sed

for
each

p
ro

b
lem

.

5
.1
.2
.
B
a
c
k
g
r
o
u
n
d

K
n
o
w
l
e
d
g
e

F
o
r

th
e

rela
tio

n
al

d
atasets

(M
u
t188–D

ssT
ox

),
b
ack

grou
n
d

k
n
ow

led
g
e

is
in

th
e

form
of

g
en

era
l

ch
em

ical
k
n
ow

led
ge

of
rin

g-stru
ctu

res
an

d
som

e
fu

n
ction

al
grou

p
s.

B
ack

grou
n
d
-

2
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S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

k
n
ow

led
ge

con
tain

s
d
efi

n
ition

s
u
sed

for
con

cep
ts

like:
alcoh

ols,
ald

eh
y
d
es,

h
alid

es,
am

id
es,

am
in

es,
acid

s.
esters,

eth
ers,

im
in

es,
keton

es,
n
itro

grou
p
s,

h
y
d
rogen

d
on

ors
an

d
accep

-
tors,

h
y
d
rop

h
ob

ic
grou

p
s,

p
ositive-

an
d

n
egatively

-ch
arged

gro
u
p
s,

arom
a
tic

rin
gs

an
d

n
on

-arom
atic

rin
gs,

h
etero-rin

gs,
5-

an
d

6-carb
on

rin
gs

an
d

so
on

.
T

h
ese

h
ave

b
een

u
sed

in
stru

ctu
re-activ

ity
ap

p
lication

s
of

IL
P

b
efo

re
(K

in
g

et
a
l.,

1996b
;

K
in

g
an

d
S
rin

ivasan
,

1996b
).

H
ow

ever,
w

e
n
ote

th
at

n
on

e
of

th
ese

d
efi

n
ition

s
are

sp
ecifi

cally
d
esign

ed
for

th
e

task
s

h
ere.

In
ad

d
ition

,
for

M
u
t188

an
d

C
an

c330,
th

ere
are

som
e

b
u
lk

p
ro

p
erties

of
th

e
m

olecu
les

th
at

are
availab

le.
F

or
th

e
A

lzh
eim

er
p
rob

lem
s

(A
m

in
e–T

ox
ic)

d
om

ain
k
n
ow

led
ge

con
sists

of
p
rop

erties
of

th
e

su
b
stitu

en
ts

in
term

s
of

som
e

stan
d
ard

ch
em

ical
m

easu
res

lik
e

size,
p

olarity,
n
u
m

b
er

of
h
y
d
rogen

d
on

ors
an

d
accep

tors
an

d
so

on
.

P
red

icates
are

also
availab

le
to

com
p
are

th
ese

valu
es

across
su

b
stitu

tion
s.

A
gain

w
e

refer
th

e
read

er
to

th
e

relevan
t

IL
P

literatu
re

for
m

ore
d
etails.

In
ad

d
ition

to
th

e
d
om

ain
-p

red
icates

ju
st

d
escrib

ed
,

w
e

w
ill

also
h
ave

in
form

ation
in

th
e

form
of

a
relevan

ce
ord

erin
g

as
d
escrib

ed
in

S
rin

ivasan
et

al.
(200

3).
T

h
at

p
ap

er
on

ly
refers

to
th

e
M

u
t188

an
d

C
an

c330
d
atasets.

T
h
e

sam
e

in
fo

rm
ation

is
ob

tain
ed

from
th

e
d
om

ain
-ex

p
ert

in
volved

in
th

at
p
ap

er
for

th
e

oth
er

p
rob

lem
s

in
th

is
p
ap

er.
A

com
p
lete

d
escrip

tion
of

th
e

relevan
ce

assign
m

en
t

of
p
red

icates
for

each
p
rob

lem
is

in
A

p
p

en
d
ix

C
.

5
.1
.3
.
A
l
g
o
r
it
h
m
s
a
n
d

M
a
c
h
in
e
s

R
an

d
om

featu
res

w
ere

con
stru

cted
on

an
In

tel
C

ore
i7

lap
top

com
p
u
ter,

u
sin

g
V

M
w

a
re

v
irtu

al
m

ach
in

e
ru

n
n
in

g
F

ed
ora

13,
w

ith
an

allo
cation

of
2G

B
fo

r
th

e
v
irtu

al
m

ach
in

e.
T

h
e

P
rolog

com
p
iler

u
sed

w
as

Y
ap

.
F

eatu
re-con

stru
ction

u
ses

th
e

u
tilities

p
rov

id
ed

b
y

th
e

A
lep

h
IL

P
sy

stem
(S

rin
ivasan

,
1999)

for
con

stru
ctin

g
m

ost-sp
ecifi

c
clau

ses
in

a
d
ep

th
-

b
ou

n
d
ed

m
o
d
e

lan
gu

age,
an

d
for

d
raw

in
g

clau
ses

su
b
su

m
in

g
su

ch
m

ost-sp
ecifi

c
clau

ses.
N

o
u
se

is
m

ad
e

of
an

y
of

th
e

search
p
ro

ced
u
res

w
ith

in
A

lep
h
.

T
h
e

d
eep

n
etw

ork
s

w
ere

con
stru

cted
u
sin

g
th

e
K

eras
lib

rary
w

ith
T

h
ean

o
as

th
e

b
acken

d
,

a
n
d

w
ere

train
ed

u
sin

g
an

N
V

ID
IA

K
-40

G
P

U
card

.

5
.2

.
M

e
th

o
d

s

T
h
e

m
eth

o
d
s

u
sed

for
each

of
th

e
ex

p
erim

en
ts

are
straigh

tforw
ard

E
x
p

la
n

a
tio

n
.

E
x
p

erim
en

ts
1

an
d

2
are

con
cern

ed
solely

w
ith

th
e

ex
p
lan

atory
p

erfo
rm

an
ce

of
th

e
lo

cal
sy

m
b

olic
m

o
d
els.

F
or

each
d
ataset:

1.
C

o
n
stru

ct
a

D
R

M
u
sin

g
train

in
g

d
ata

2.
F

or
each

test
in

stan
ce,

ob
tain

th
e

lo
cal

sy
m

b
olic

u
n
stru

ctu
red

ex
p
lan

ation
(s)

w
ith

th
e

h
igh

est
fi
d
elity

;

3.
E

stim
ate

th
e

overall
fi
d
elity

of
th

e
sy

m
b

olic
ex

p
lan

ation
s

(E
x
p
t.

1)

4.
E

stim
ate

th
e

eff
ect

of
u
sin

g
th

e
relevan

ce-b
ased

p
rior

in
h
y
p

oth
esis

selection
(E

x
p
t.

2)

2
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L
o
g
ic
a
l
E
x
p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
e
l
a
t
io
n
a
l
M
a
c
h
in
e
s
U
si
n
g

R
e
l
e
v
a
n
c
e
In

f
o
r
m
a
t
io
n

P
re

d
ic

ti
o
n

.
E

x
p

er
im

en
t

3
(i

n
th

e
A

p
p

en
d
ix

)
is

co
n
ce

rn
ed

so
le

ly
w

it
h

th
e

p
re

d
ic

ti
ve

p
er

-
fo

rm
an

ce
of

th
e

D
R

M
on

th
e

d
at

as
et

s
in

th
e

p
ap

er
.1
0

F
or

ea
ch

d
at

as
et

:

1.
O

b
ta

in
a

se
t

of
ra

n
d
om

fe
at

u
re

s
F

;

2.
C

om
p
u
te

th
e

B
o
ol

ea
n
-v

al
u
e

fo
r

ea
ch

F
∈
F

fo
r

th
e

d
at

a;

3.
C

on
st

ru
ct

a
D

R
M
N

u
si

n
g

tr
ai

n
in

g
d
at

a
an

d
ob

ta
in

it
s

p
re

d
ic

ti
o
n
s

on
te

st
in

-
st

an
ce

s;

4.
E

st
im

at
e

th
e

ov
er

al
l

p
re

d
ic

ti
v
e

p
er

fo
rm

an
ce

of
M

(E
x
p
t.

1)

S
om

e
cl

ar
ifi

ca
ti

on
s

ar
e

n
ec

es
sa

ry
at

th
is

p
oi

n
t:

•
W

e
u
se

a
st

ra
ig

h
tf

or
w

ar
d

D
ee

p
N

eu
ra

l
N

et
w

or
k

(D
N

N
)

ar
ch

it
ec

tu
re

.
T

h
er

e
ar

e
m

u
l-

ti
p
le

,
fu

ll
y

co
n
n
ec

te
d

fe
ed

fo
rw

ar
d

la
ye

rs
of

re
ct

ifi
ed

li
n
ea

r
(R

eL
U

)
u
n
it

s
fo

ll
ow

ed
b
y

D
ro

p
ou

t
fo

r
re

gu
la

ri
za

ti
on

(s
ee

G
o
o
d
fe

ll
ow

et
al

.
(2

01
6)

fo
r

a
d
es

cr
ip

ti
on

of
th

es
e

id
ea

s)
.

T
h
e

m
o
d
el

w
ei

gh
ts

w
er

e
in

it
ia

li
ze

d
w

it
h

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
.

T
h
e

n
u
m

b
er

of
la

ye
rs

,
n
u
m

b
er

of
u
n
it

s
fo

r
ea

ch
la

ye
r,

th
e

op
ti

m
iz

er
s,

an
d

ot
h
er

tr
ai

n
in

g
h
y
p

er
-

p
ar

am
et

er
s

su
ch

as
le

ar
n
in

g
ra

te
,

w
er

e
d
et

er
m

in
ed

v
ia

a
va

li
d
at

io
n

se
t,

w
h
ic

h
is

p
ar

t
of

th
e

tr
ai

n
in

g
d
at

a.
S
in

ce
th

e
d
at

a
is

li
m

it
ed

fo
r

th
e

d
at

as
et

s
u
n
d
er

co
n
si

d
er

at
io

n
,

af
te

r
ob

ta
in

in
g

th
e

m
o
d
el

w
h
ic

h
y
ie

ld
s

th
e

b
es

t
va

li
d
at

io
n

sc
or

e,
th

e
ch

os
en

m
o
d
el

is
th

en
re

tr
ai

n
ed

on
th

e
co

m
p
le

te
tr

ai
n
in

g
se

t
(t

h
is

in
cl

u
d
es

th
e

va
li
d
at

io
n

se
t)

u
n
ti

l
th

e
tr

ai
n
in

g
lo

ss
ex

ce
ed

s
th

e
tr

ai
n
in

g
lo

ss
ob

ta
in

ed
fo

r
th

e
ch

os
en

m
o
d
el

d
u
ri

n
g

va
li
d
at

io
n
.

•
W

e
u
se

th
e

S
u
b
tl

e
al

go
ri

th
m

(B
lo

ck
ee

la
n
d

V
al

ev
ic

h
,2

01
6)

to
p

er
fo

rm
th

e
su

b
su

m
p
ti

on
-

eq
u
iv

al
en

ce
te

st
u
se

d
to

d
et

er
m

in
e

re
d
u
n
d
an

t
fe

at
u
re

s.

•
F

or
al

l
th

e
d
at

as
et

s,
10

-f
ol

d
cr

os
s-

va
li
d
at

ed
es

ti
m

at
es

of
th

e
p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

u
si

n
g

IL
P

m
et

h
o
d
s

ar
e

av
ai

la
b
le

in
th

e
IL

P
li
te

ra
tu

re
fo

r
co

m
p
ar

is
on

.
W

e
u
se

th
e

sa
m

e
ap

p
ro

ac
h
.

T
h
is

re
q
u
ir

es
co

n
st

ru
ct

in
g

D
R

M
s

se
p
ar

at
el

y
fo

r
ea

ch
of

th
e

cr
os

s-
va

li
d
at

io
n

tr
ai

n
in

g
se

ts
,

an
d

te
st

in
g

th
em

on
th

e
co

rr
es

p
on

d
in

g
te

st
se

ts
to

o
b
ta

in
es

ti
m

at
es

of
th

e
p
re

d
ic

ti
ve

ac
cu

ra
cy

;

•
W

e
u
se

th
e

m
o
d
e-

la
n
gu

ag
e

an
d

d
ep

th
co

n
st

ra
in

ts
fo

r
th

e
d
at

as
et

s
th

at
h
av

e
b

ee
n

u
se

d
p
re

v
io

u
sl

y
in

th
e

IL
P

li
te

ra
tu

re
.

F
or

th
e

co
n
st

ru
ct

io
n

of
fe

at
u
re

s,
th

e
re

je
ct

io
n
-s

am
p
le

r
p

er
fo

rm
s

at
m

os
t

10
,0

00
d
ra

w
s;

•
W

e
ta

k
e

ex
p
la

n
a
to

ry
fi

d
el

it
y

to
m

ea
n

th
e

p
ro

b
ab

il
it

y
th

at
th

e
p
re

d
ic

ti
on

m
ad

e
b
y
H

on
a

ra
n
d
om

ly
d
ra

w
n

in
st

an
ce

ag
re

es
w

it
h

th
e

p
re

d
ic

ti
on

m
ad

e
b
y

th
e

co
rr

es
p

on
d
in

g
D

R
M

.
W

e
u
se

th
e

sa
m

e
10

-f
ol

d
cr

os
s-

va
li
d
at

io
n

st
ra

te
gy

fo
r

es
ti

m
at

in
g

th
is

p
ro

b
ab

il
it

y
(f

or
effi

ci
en

cy
,

w
e

u
se

th
e

sa
m

e
sp

li
ts

as
th

os
e

u
se

d
to

es
ti

m
at

e
p
re

d
ic

ti
ve

ac
cu

ra
cy

).

1
0
.

A
n

o
te

o
f

cl
a
ri

fi
ca

ti
o
n

is
in

o
rd

er
h

er
e.

T
h

e
p

u
rp

o
se

o
f

th
e

E
x
p

er
im

en
t

3
is

to
sh

ow
th

a
t

a
D

R
M

ca
n

a
ch

ie
v
e

p
re

d
ic

ti
v
e

a
cc

u
ra

ci
es

co
m

p
a
ra

b
le

to
o
r

b
et

te
r

th
a
n

th
e

b
es

t
re

p
o
rt

s
in

th
e

li
te

ra
tu

re
fo

r
th

is
d

a
ta

.
T

h
is

is
n

ec
es

sa
ry

to
su

p
p

o
rt

th
e

m
a
in

ex
p

er
im

en
ts

o
n

a
ss

es
sm

en
t

o
f

th
e

u
se

o
f

re
le

va
n

ce
in

fo
rm

a
ti

o
n

,
i.

e.
,

to
co

n
tr

o
l

fo
r

th
e

p
o
ss

ib
il

it
y

o
f

d
efi

ci
en

ci
es

w
it

h
th

e
D

R
M

b
ei

n
g

u
se

d
.

W
e

d
ir

ec
t

th
e

re
a
d

er
el

se
w

h
er

e
to

a
n

a
ss

es
sm

en
t

o
f

D
R

M
s

o
n

la
rg

e
n
u

m
b

er
s

o
f

d
a
ta

se
ts

,
a
n

d
a
g
a
in

st
st

a
te

-o
f-

th
e-

a
rt

p
re

d
ic

ti
o
n

to
o
ls

(D
a
sh

et
a
l.

,
2
0
1
8
).
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S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

F
or

a
gi

v
en

tr
ai

n
-t

es
t

sp
li
t
T
r i

an
d
T
e i

,
w

e
p
ro

ce
ed

as
fo

ll
ow

s.
W

e
o
b
ta

in
a

D
R

M
N
i

u
si

n
g
T
r i

.
W

e
st

ar
t

w
it

h
a

fi
d
el

it
y

co
u
n
t

of
0.

F
or

ea
ch

in
st

an
ce
x
′ j

in
T
e i

w
e

ob
ta

in
th

e
cl

as
s

p
re

d
ic

te
d

b
y
N
i

fo
r
x
′ j

,
an

d
co

rr
es

p
on

d
in

g
n
ei

gh
b

ou
rh

o
o
d

o
f
x
′ j

in
th

e
tr

ai
n
in

g
se

t
T
r i

.
T

h
is

st
ra

te
gy

en
su

re
s

th
at

al
l

ex
p
la

n
at

io
n
s

ar
e

b
a
se

d
o
n
ly

o
n

d
at

a
th

e
m

o
d
el

w
as

ac
tu

al
ly

tr
ai

n
ed

on
,

an
im

p
or

ta
n
t

co
n
si

d
er

at
io

n
in

th
e

b
io

lo
g
ic

al
ap

p
li
ca

ti
on

s
ou

r
d
at

as
et

s
co

m
e

fr
om

.
T

h
e

n
ei

gh
b

ou
rh

o
o
d

is
p
ar

ti
ti

on
ed

in
to
δ+

(x
′ j

)
an

d
δ−

(x
′ j

)
u
si

n
g

th
e

p
re

d
ic

ti
on

s
b
y
N
i

an
d

h
ig

h
-fi

d
el

it
y

u
n
st

ru
ct

u
re

d
ex

p
la

n
a
ti

o
n
(s

)
H
ij

ar
e

ob
ta

in
ed

.
T

h
is

is
d
on

e
u
si

n
g

a
b

ea
m

-s
ea

rc
h

ov
er

th
e

la
tt

ic
e

d
es

cr
ib

ed
in

A
lg

or
it

h
m

s
1

an
d

3.
T

h
e

si
ze

of
th

e
b

ea
m

is
5

(t
h
at

is
,

th
e

to
p

5
u
n
st

ru
ct

u
re

d
ex

p
la

n
at

io
n
s

ar
e

re
tu

rn
ed

).

•
A

ss
es

sm
en

ts
of

fi
d
el

it
y

re
q
u
ir

e
th

e
d
efi

n
it

io
n

of
a

n
ei

gb
ou

rh
o
o
d
.

F
or

ea
ch

in
st

a
n
ce

x
′ j

in
T
e i

w
e

sa
y

an
y

in
st

an
ce
x
∈
T
r i

is
in

th
e

n
ei

gh
b

ou
rh

o
o
d

of
x
′

iff
F
V

(x
′ )

a
n
d

F
V

(x
)

d
iff

er
in

n
o

m
or

e
th

an
k

fe
a
tu

re
s.

T
h
is

is
ju

st
th

e
H

am
m

in
g

d
is

ta
n
ce

b
et

w
ee

n
th

e
p
ai

r
of

B
o
ol

ea
n

ve
ct

or
s.

T
h
at

is
,
th

e
n
ei

gh
b

ou
rh

o
o
d

of
a

te
st

in
st

an
ce
x
′ c

o
n
si

st
s

o
f

tr
ai

n
in

g
in

st
an

ce
s
x

’s
w

h
os

e
fe

at
u
re

-v
ec

to
r

re
p
re

se
n
ta

ti
on

ar
e

w
it

h
in

a
k
-b

it
H

a
m

m
in

g
d
is

ta
n
ce

of
x
′ .

W
e

w
il
l

co
n
si

d
er
k

=
5

an
d
k

=
10

in
th

e
ex

p
er

im
en

ts
.

•
In

al
l

ca
se

s,
es

ti
m

at
es

ar
e

ob
ta

in
ed

u
si

n
g

th
e

sa
m

e
10

-f
ol

d
cr

os
s-

va
li
d
a
ti

o
n

sp
li
ts

re
-

p
or

te
d

in
th

e
IL

P
li
te

ra
tu

re
fo

r
th

e
d
at

as
et

s
u
se

d
.

T
h
is

w
il
l

al
lo

w
a

cr
o
ss

-c
o
m

p
a
ri

so
n

of
th

e
re

su
lt

s
fr

om
E

x
p
t.

1
to

th
os

e
re

p
or

ts
.

5
.3

.
R

e
su

lt
s

R
es

u
lt

s
of

th
e

em
p
ir

ic
al

ev
al

u
at

io
n

ar
e

ta
b
u
la

te
d

in
F

ig
.

5
.

R
es

u
lt

s
on

th
e

p
re

d
ic

ti
ve

a
c-

cu
ra

cy
of

th
e

D
R

M
ar

e
in

F
ig

.
10

in
A

p
p

en
d
ix

D
,

w
it

h
ap

p
ro

p
ri

at
e

d
is

cu
ss

io
n
.

S
o
m

e
su

p
p
le

m
en

ta
ry

re
su

lt
s

ar
e

in
F

ig
.

7.
T

h
e

p
ri

n
ci

p
al

ob
se

rv
at

io
n
s

th
at

ca
n

b
e

m
a
d
e

fr
o
m

th
e

m
ai

n
ta

b
u
la

ti
on

s
in

F
ig

.
5

ar
e

th
es

e:
(1

)
H

ig
h
-fi

d
el

it
y

sy
m

b
ol

ic
ex

p
la

n
at

io
n
s

ca
n

b
e

o
b
-

ta
in

ed
fo

r
lo

ca
l

p
re

d
ic

ti
on

s
m

ad
e

b
y

th
e

D
R

M
;

an
d

(2
)

In
6

of
th

e
7

p
ro

b
le

m
s,

in
tr

o
d
u
ci

n
g

a
p
ri

or
-p

re
fe

re
n
ce

b
as

ed
on

re
le

va
n
ce

d
o
es

aff
ec

t
th

e
se

le
ct

io
n

of
ex

p
la

n
at

io
n
s.

T
og

et
h
er

,
th

e
re

su
lt

s
p
ro

v
id

e
ev

id
en

ce
fo

r
th

e
fo

ll
ow

in
g:

(a
)

It
is

p
os

si
b
le

to
ex

tr
ac

t
sy

m
b

ol
ic

ex
p
la

n
at

io
n
s

fo
r

th
e

p
re

d
ic

ti
on

m
ad

e
b
y

th
e

D
R

M
fo

r
a

ra
n
d
om

ly
d
ra

w
n

(n
ew

)
in

st
an

ce
.

T
h
e

ex
p
la

n
at

io
n
s

ar
e

la
rg

el
y

co
n
si

st
en

t
w

it
h

th
e

p
re

d
ic

ti
on

s
of

th
e

n
et

w
or

k
fo

r
th

at
in

st
an

ce
an

d
it

s
n
ea

r-
n
ei

gh
b

ou
rs

in
th

e
tr

a
in

in
g

d
at

a
ex

am
in

ed
b

ef
or

e
b
y

th
e

n
et

w
or

k
;

an
d

(b
)

It
is

p
os

si
b
le

to
in

co
rp

or
at

e
d
om

ai
n
-k

n
ow

le
d
ge

in
th

e
fo

rm
of

ex
p

er
t

a
ss

es
sm

en
t

o
f

re
le

va
n
ce

of
b
ac

k
gr

ou
n
d

p
re

d
ic

at
es

in
to

a
p
re

fe
re

n
ce

or
d
er

in
g

fo
r

se
le

ct
in

g
a
m

o
n
g
st

ex
p
la

n
at

io
n
s.

N
ot

e
th

at
if

th
e

in
cl

u
si

on
of

re
le

va
n
ce

d
o
es

n
ot

m
ak

e
a

d
iff

er
en

ce
to

se
le

ct
in

g
a
n

ex
p
la

-
n
at

io
n
,

w
e

w
ou

ld
ex

p
ec

t
va

lu
es

of
0
.0

in
F

ig
.

5(
b
).

It
is

ev
id

en
t

th
at

th
e

o
b
se

rv
ed

va
lu

es
ar

e
cl

ea
rl

y
n
ot

0,
fo

r
al

l
ca

se
s

ex
ce

p
t
D
ss
T
ox

.
T

h
is

ex
ce

p
ti

on
is

u
n
su

rp
ri

si
n
g
,

si
n
ce

a
ll

p
re

d
ic

at
es

u
se

d
fo

r
th

is
p
ro

b
le

m
h
av

e
th

e
sa

m
e

re
le

va
n
ce

(s
ee

A
p
p

en
d
ix

C
).

B
ef

or
e

w
e

ex
am

in
e

so
m

e
cr

it
ic

al
fa

ct
or

s
aff

ec
ti

n
g

th
e

se
le

ct
io

n
of

lo
ca

l
ex

p
la

n
a
ti

o
n
s,

w
e

re
-e

m
p
h
as

is
e

th
re

e
im

p
or

ta
n
t

ch
ar

ac
te

ri
st

ic
s

of
ex

p
la

n
at

io
n
s:
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L
o
g
ic
a
l
E
x
p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
e
l
a
t
io
n
a
l
M
a
c
h
in
e
s
U
sin

g
R
e
l
e
v
a
n
c
e
In

f
o
r
m
a
t
io
n

P
rob

lem
F

id
elity

M
u
t1

8
0.99(0

.0
1)

C
a
n
c330

0.99(0
.0

1)
D
ssT

ox
0.87(0

.0
3)

A
m
in
e

0.98(0
.0

1)
C
h
olin

e
0.89(0

.0
1)

S
cop

0.89(0
.0

2)
T
ox
ic

0.94(0
.0

2)

(a)

P
rob

lem
〈L

H
,R

H 〉
>
〈L

H
,∅〉

M
u
t1

88
0.82(0.08)

C
a
n
c330

0.77(0.07)
D
ssT

ox
0.00(0.00)

A
m
in
e

0.38(0.15)
C
h
olin

e
0.27(0.03)

S
cop

0.27(0.06)
T
ox
ic

0.24(0.14)

(b
)

F
ig

u
re

5
:

E
x
p

erim
en

ts
1

an
d

2.
(a)

M
ean

fi
d
elity

of
th

e
ex

p
lan

atory
(sy

m
b

olic)
m

o
d
el

to
th

e
p
red

ictive
(n

eu
ral)

m
o
d
el.

T
h
e

n
u
m

b
er

tab
u
lated

is
a

10-fold
cross-valid

ation
estim

ate
of

th
e

faith
fu

lln
ess

of
th

e
sy

m
b

olic
m

o
d
el

to
a

D
R

M
’s

p
red

iction
assessed

over
th

e
n
eigh

b
ou

rh
o
o
d

of
a

test
in

stan
ce.

T
h
e

en
tries

are
for

th
e

sm
allest

n
eigh

-
b

ou
rh

o
o
d

(H
5 :

see
th

e
“M

eth
o
d
s”

section
for

h
ow

th
is

is
com

p
u
ted

).
T

h
e

n
u
m

b
er

in
p
a
ren

th
eses

are
estim

ates
of

stan
d
ard

d
ev

iation
s.

(b
)

R
elative

freq
u
en

cy
es-

tim
ates

of
h
ow

often
w

e
can

ex
p

ect
in

corp
oration

of
a

relevan
ce-b

ased
p
rior

to
a
ff

ect
th

e
selection

of
ex

p
lan

atio
n
s.

T
h
e

tab
u
lation

is
th

e
p
rop

ortion
of

ex
p
la-

n
a
tio

n
s

for
w

h
ich

a
B

ayes
lab

el
u
sin

g
b

oth
fi
d
elity

an
d

relevan
ce

(〈L
H
,R

H 〉)
is

b
etter

th
an

on
e

th
at

u
ses

fi
d
elity

o
n
ly

(〈L
H
,∅〉).

T
h
e

ex
p
lan

ation
s

are
for

th
e
H

5

n
eig

h
b

ou
rh

o
o
d
.

A
gain

,
th

e
estim

ates
are

from
th

e
sam

e
10-fold

cross-valid
ation

sp
lits

u
sed

elsew
h
ere.

N
etw

ork
P

ro
b
lem

≈
#

In
p
u
ts

#
H

L
#

U
n
its/H

L
M
u
t1

88
71

00
3

1
5

C
a
n
c3

30
54

00
3

6
D
ssT

ox
2
00

4
6

A
m
in
e

22
00

3
1
2

C
h
olin

e
25

00
3

6
S
cop

24
00

4
1
3

T
ox
ic

23
00

3
1
4

F
ig

u
re

6
:

C
h
a
racteristics

of
D

R
M

m
o
d
els.

T
h
e

n
u
m

b
ers

are
averages

across
a

10-fold
cross-

valid
ation

.
F

or
an

y
fold

,
th

e
n
u
m

b
er

of
in

p
u
t

layers
an

d
th

e
u
n
its

in
a

lay
er

are
a
u
to

m
atically

ob
tain

ed
in

an
op

tim
isation

step
.
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S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

1.
E

x
p
lan

ation
s

are
con

stru
cted

to
m

ain
tain

fi
d
elity

to
th

e
D

R
M

’s
p
red

iction
s

in
a

lo
cal

region
,

an
d

n
ot

to
th

e
actu

al
class

lab
els

of
th

e
in

stan
ces

in
th

e
region

.
F

id
elity

is
agn

ostic
th

erefore
to

th
e

p
red

ictiv
e

accu
racy

of
th

e
D

R
M

,
an

d
it

is
p

ossib
le

to
ob

tain
h
igh

-fi
d
elity

ex
p
lan

ation
s

for
a

low
p
red

ictiv
e

accu
racy

D
R

M
.

T
h
is

o
ccu

rs
in

th
e

resu
lts

h
ere

on
th

e
C
a
n
c330

d
ataset,

w
h
ich

is
k
n
ow

n
to

b
e

m
ore

n
oisy

th
an

th
e

oth
ers.

T
h
e

D
R

M
h
as

low
p
red

ictiv
e

accu
racy

on
th

is
d
ataset,

b
u
t

n
ev

erth
eless

w
e

are
ab

le
to

con
stru

ct
h
igh

-fi
d
elity

ex
p
lan

ation
s

for
it.

2.
L

o
cal

ex
p
lan

ation
s

are
n
ot

con
stru

cted
for

th
e

m
o
d
el’s

p
red

iction
on

th
e

en
tire

in
-

stan
ce

sp
ace,

an
d

fo
cu

s
in

stead
on

ju
st

a
few

(sim
ilar)

in
stan

ces.
A

lth
ou

gh
th

e
n
et-

w
ork

s
can

often
con

tain
1000’s

of
in

p
u
t

featu
res

(see
F

ig.
6),

an
y

sin
gle

in
stan

ce
u
su

ally
con

sists
of

on
ly

a
few

“active”
featu

res.
T

h
is

allow
s

th
e

con
stru

ction
of

com
p
act

lo
cal

ex
p
lan

ation
s

th
at

on
ly

req
u
ire

th
e

p
resen

ce
of

a
sm

all
n
u
m

b
er

of
featu

res
(m

ore
on

com
p
actn

ess
b

elow
).

3.
S
in

ce
(lo

cal)
fi
d
elity

is
m

easu
red

again
st

th
e

D
R

M
’s

p
red

iction
s

of
in

stan
ces

in
a

region
an

d
n
ot

again
st

th
eir

actu
al

class
lab

els,
an

y
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o
r

sh
e

p
ro

v
id

es
.

T
h
e

te
ch

n
iq

u
e

w
as

sh
ow

n
to

y
ie

ld
m

or
e

co
m

p
ac

t
m

o
d
el

s
th

an
an

u
n
st

ru
ct

u
re

d
a
p
p
ro

a
ch

o
n

tw
o

la
rg

e-
sc

al
e

ch
es

s
p
ro

b
le

m
s,

u
si

n
g

d
ec

is
io

n
-t

re
es

in
d
u
ce

d
fo

r
su

b
-c

on
ce

p
ts

.

C
le

ar
ly

th
e

p
ri

n
ci

p
al

d
iffi

cu
lt

y
in

th
e

S
h
ap

ir
o-

st
y
le

of
st

ru
ct

u
re

d
in

d
u
ct

io
n

is
th

e
re

q
u
ir

e-
m

en
t

fo
r

h
u
m

an
in

te
rv

en
ti

on
at

th
e

st
ru

ct
u
ri

n
g

st
ep

.
T

h
e

fo
ll
ow

in
g

n
ot

ab
le

eff
o
rt

s
in

IL
P

,
or

cl
os

el
y

re
la

te
d

ar
ea

s,
h
av

e
b

ee
n

d
ir

ec
te

d
at

le
ar

n
in

g
st

ru
ct

u
re

d
th

eo
ri
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a
u
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m
a
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p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
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c
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U
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stru

ctu
red

ex
p
lan

ation
:

L
a
b
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H
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E
x
p
la

n
a
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H
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C
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F
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3
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1
9
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1
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1
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),F
1
6
5
7 (x

)

S
tru

ctu
red

ex
p
lan

ation
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L
a
b
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L
H

1
=

1.0,P
H

1
=
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E
x
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n
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n
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C
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F
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F
1
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)←
F
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5
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)
F
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F
5
3
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1
1
9
6 (x
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6
1
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6
1
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)

F
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re-d
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F
5
3
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)←
A
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,3
,z

),G
teq(z
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elev
=
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F
1
1
9
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)←
A
tm

(x
,y
,c,22,z

),G
teq(z

,−
0.111),A

tm
(x
,w
,c,22,z

)
(R

elev
=

[1,1])

F
6
1
0 (x

)←
N
on

a
r
h
etero

6
rin

g
(x
,u

),H
a
s
p
rop

erty
(x
,a
m
es,p

)
(R

elev
=

[2,4
])

F
6
1
1 (x

)←
H
a
s
p
rop

erty
(x
,sa

lm
on
ella

,n
),

H
a
s
p
rop

erty
(x
,m

ou
se
ly
m
p
h
,p

)
(R

elev
=

[4,4])

F
1
6
5
7 (x

)←
H
a
s
p
rop

erty
(x
,cy

tog
en

ca
,n

),H
a
s
p
rop

erty
(x
,m

ou
se
ly
m
p
h
,p

),
H
a
s
p
rop

erty
(x
,cy

tog
en

sce,p
)

(R
elev

=
[4

,4])

F
ig

u
re

9
:

E
x
am

p
le

ex
p
lan

ation
s

fo
r

a
test

in
stan

ce
from

th
e
C
a
n
c330

d
om

ain
.

T
h
e

u
n
-

stru
ctu

red
ex

p
lan

ation
H

h
as

p
erfect

fi
d
elity

to
th

e
D

R
M

’s
lo

cal
p
red

iction
s.

T
h
e

stru
ctu

red
ex

p
lan

ation
H

1
is

ob
tain

ed
from

H
an

d
p
reserves

fi
d
elity,

b
u
t

p
red

icates
are

grou
p

ed
so

th
at

h
igh

er
relevan

ce
is

ach
ieved

.
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S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

•
In

verse
resolu

tion
,

esp
ecially

in
th

e
D

u
ce

sy
stem

(M
u
ggleton

,
1
987)

w
as

ex
p
licitly

aim
ed

at
learn

in
g

stru
ctu

red
sets

of
ru

les
in

p
rop

osition
al

logic.
T

h
e

su
b
-con

cep
ts

are
con

stru
cted

b
ottom

-u
p
;

•
F

u
n
ction

d
ecom

p
osition

,
u
sin

g
H

IN
T

(Z
u
p
an

et
al.,

2001),
w

h
ich

learn
s

h
ierarch

ies
of

con
cep

ts
u
sin

g
au

tom
atic

top
-d

ow
n

fu
n
ction

d
ecom

p
osition

of
p
rop

osition
al

con
cep

ts;

•
F

irst-ord
er

th
eories

w
ith

ex
cep

tion
s,

u
sin

g
th

e
G

C
W

S
ap

p
ro

ach
(B

ain
,

1991),
w

h
ich

au
tom

atically
con

stru
cts

h
iearch

ical
con

cep
ts.

S
tru

ctu
rin

g
is

restricted
to

learn
in

g
ex

cep
tion

s
to

con
cep

ts
learn

ed
at

a
h
igh

er
level

of
th

e
h
ierarch

y
;

•
F

irst-ord
er

tree-learn
in

g:
an

ex
a
m

p
le

is
th

e
T

IL
D

E
sy

stem
(B

lo
ckeel,

1999).
In

th
is,

th
e

tree-stru
ctu

re
au

tom
atically

im
p

oses
a

stru
ctu

rin
g

on
th

e
m

o
d
els.

In
ad

d
ition

,
if

each
n
o
d
e

in
th

e
tree

is
allow

ed
a

“lo
okah

ead
”op

tion
,

th
en

n
o
d
es

can
con

tain
con

-
ju

n
ction

s
of

fi
rst-ord

er
literals,

each
of

w
h
ich

can
b

e
seen

as
d
efi

n
in

g
a

n
ew

featu
re.

T
h
e

m
o
d
el

is
th

u
s

a
h
ierarch

y
of

fi
rst-ord

er
featu

res;
an

d

•
M

eta-in
terp

retive
learn

in
g

(M
u
ggleton

et
al.,

2015),
w

h
ich

allow
s

a
very

gen
eral

form
of

p
red

icate-in
ven

tion
,

b
y

allow
in

g
an

ab
d
u
ction

step
w

h
en

em
p
loy

in
g

a
m

eta-
in

terp
reter

to
u
se

h
igh

er-ord
er

tem
p
lates

of
ru

les
th

at
b

e
u
sed

to
con

stru
ct

p
ro

ofs
(in

eff
ect,

ex
p
lan

ation
s)

for
d
ata.

In
p
rin

cip
le,

th
is

w
ou

ld
a
llow

u
s

n
ot

ju
st

to
con

stru
ct

ex
p
lan

ation
s

on
-d

em
an

d
,

b
u
t

also
in

ven
t

featu
res

on
-d

em
an

d
.

If
th

e
h
igh

er-ord
er

tem
p
lates

can
b

e
sp

ecialised
to

th
e

d
om

ain
,

th
en

it
sh

o
u
ld

b
e

p
ossib

le
to

con
trol

th
e

featu
re-in

ven
tion

b
y

relevan
ce-in

form
ation

.
O

f
cou

rse,
th

is
is

u
n
related

to
gen

eratin
g

ex
p
lan

ation
s

for
th

e
p
red

iction
s

of
a

b
lack

-b
ox

classifi
er.

•
P

rop
osition

alisation
(relation

al
featu

re
con

stru
ction

)
(K

ram
er,

2001)
in

p
rin

cip
le

en
-

ab
les

th
e

ap
p
lication

of
an

y
p
rop

osition
al

learn
er

th
at

can
learn

stru
ctu

red
m

o
d
els,

su
ch

as
in

(Z
elezn

y
an

d
L

av
rac̃,

2006),
to

th
e

task
of

learn
in

g
stru

ctu
red

fi
rst-ord

er
m

o
d
els.

M
ore

recen
tly,

p
rop

osition
alization

w
as

ap
p
lied

in
learn

in
g

top
ic

m
o
d
els,

a
class

of
tw

o-level
stru

ctu
red

p
rob

ab
ilistic

m
o
d
els

(S
rin

ivasan
et

al.,
2012).

IL
P

p
rop

osition
alization

ty
p
ically

u
ses

relation
al

featu
res

con
stru

cted
b

efore
learn

in
g

com
-

m
en

ces
(S

rin
ivasan

an
d

K
in

g,
1996).

F
or

con
stru

ction
of

relation
al

ex
p
lan

ation
s

“on
-

d
em

an
d
”,

e.g.,
for

lo
cal

n
eigh

b
ou

rh
o
o
d
s

o
f

a
test

in
stan

ce,
th

ere
h
ave

b
een

a
n
u
m

b
er

of
ap

p
roach

es
in

IL
P

in
w

h
ich

p
rop

osition
alization

o
ccu

rs
d
u

rin
g

th
e

learn
in

g
p
ro-

cess.
T

h
is

ap
p

ears
to

h
av

e
b

een
d
escrib

ed
fi
rst

b
y

(A
lp

h
on

se
an

d
R

ou
v
eirol,

2000)
w

h
ere

it
w

as
called

“lazy
p
rop

osition
alization

”.
F

ollow
in

g
th

is
w

ere
th

e
ap

p
roach

es
of

(K
ram

er,
2001),

(P
op

escu
l

an
d

U
n
gar,

2004),
an

d
(L

an
d
w

eh
r

et
al.,

2006)
in

w
h
ich

th
is

w
as

term
ed

“d
y
n
am

ic
p
rop

ositio
n
alization

”.

U
n
su

rp
risin

gly,
th

ere
h
as

b
een

a
lot

of
research

eff
ort

in
vested

in
to

ex
tractin

g
ex

p
lan

atio
n
s

for
th

e
p
red

iction
s

m
ad

e
b
y

a
n
eu

ral
n
etw

ork
(see

d
’A

v
ila

G
arcez

et
al.

(2002),
C

h
ap

ter
3

for
a

fu
ll

d
escrip

tion
of

th
is

lin
e

of
research

).
M

ost
of

th
is

eff
ort

h
as

b
een

in
th

e
d
irection

of
tran

slatin
g

th
e

n
etw

ork
in

to
a

sin
gle

logical
m

o
d
el

th
at

gu
aran

tees
corresp

on
d
en

ce
to

th
e

n
eu

ral
m

o
d
el

(for
ex

am
p
le,

see
T

h
ru

n
,

1994).
A

ltern
atively,

a
sin

gle
sy

m
b

olic
m

o
d
el

can
b

e
learn

ed
th

at
ap

p
rox

im
ates

th
e

b
eh

av
iou

r
of

th
e

n
eu

ral
m

o
d
el

over
all

in
p
u
ts

(for
ex

am
p
le,

C
raven

an
d

S
h
av

lik
,

1994;
F

ran
ça

et
al.,

2015)).
A

lth
ou

gh
d
istin

ct
in

th
eir

aim
s,
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R
e
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v
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In

f
o
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io
n

b
ot

h
ap

p
ro

ac
h
es

st
il
l

re
su

lt
in

tw
o

se
p
ar

at
e

m
o
d
el

s,
on

e
n
eu

ra
l

an
d

th
e

ot
h
er

sy
m

b
ol

ic
.

In
b

ot
h

ca
se

s
th

e
sy

m
b

ol
ic

m
o
d
el

is
in

te
n
d
ed

to
b

e
a

re
ad

ab
le

p
ro

x
y

fo
r

th
e

n
eu

ra
l

m
o
d
el

,
w

h
ic

h
ca

n
th

en
fo

rm
a

b
as

is
fo

r
an

ex
p
la

n
at

io
n

of
“w

h
y
”

q
u
es

ti
on

s.
B

u
t

th
er

e
ar

e
so

m
e

in
h
er

en
t

tr
ad

e-
off

s:

•
If

w
e

tr
y

to
re

p
li
ca

te
ex

ac
tl

y
th

e
b

eh
av

io
u
r

of
th

e
n
eu

ra
l

n
et

w
or

k
w

it
h

a
sy

m
b

ol
ic

m
o
d
el

(a
s

is
d
on

e,
sa

y,
in

T
h
ru

n
,

19
94

),
th

en
th

e
re

su
lt

in
g

m
o
d
el

m
ay

n
ot

b
e

an
y

m
or

e
co

m
p
re

h
en

si
b
le

th
an

th
e

n
eu

ra
l

n
et

w
or

k
;

an
d

•
If

w
e

tr
y

on
ly

to
ap

p
ro

x
im

at
e

th
e

b
eh

av
io

u
r

of
th

e
n
et

w
or

k
u
si

n
g

lo
gi

ca
l
p
re

d
ic

at
es

(a
s

is
d
on

e,
sa

y,
in

C
ra

ve
n

an
d

S
h
av

li
k
,

19
94

),
th

en
w

e
ru

n
th

e
ri

sk
of

n
ot

b
ei

n
g

ab
le

to
re

p
li
ca

te
th

e
n
et

w
or

k
’s

b
eh

av
io

u
r

su
ffi

ci
en

tl
y

ac
cu

ra
te

ly
ov

er
al

l
in

st
an

ce
s,

b
ec

au
se

of
in

ad
eq

u
ac

ie
s

of
th

e
lo

gi
ca

l
p
re

d
ic

at
es

av
ai

la
b
le

.

B
ot

h
th

es
e

is
su

es
ar

e
ex

ac
er

b
at

ed
fo

r
m

o
d
er

n
-d

ay
d
ee

p
n
et

w
or

k
s,

w
it

h
m

an
y

h
id

d
en

la
ye

rs
an

d
la

rg
e

n
u
m

b
er

s
of

in
p
u
ts

.
O

n
e

w
ay

to
si

d
e-

st
ep

th
es

e
d
iffi

cu
lt

ie
s

is
si

m
p
ly

to
d
ro

p
th

e
re

q
u
ir

em
en

t—
as

is
d
on

e
h
er

e—
of

tr
an

sl
at

in
g

th
e

en
ti

re
n
et

w
or

k
m

o
d
el

in
to

a
si

n
gl

e
sy

m
b

ol
ic

m
o
d
el

.
A

n
en

ti
re

ly
d
iff

er
en

t,
an

d
m

u
ch

m
or

e
so

p
h
is

ti
ca

te
d

k
in

d
of

h
y
b
ri

d
m

o
d
el

co
m

b
in

in
g

co
n
n
ec

ti
on

is
t

an
d

lo
gi

ca
l

co
m

p
on

en
ts

h
as

b
ee

n
p
ro

p
os

ed
re

ce
n
tl

y
in

th
e

fo
rm

of
L

if
te

d
R

e-
la

ti
on

al
N

eu
ra

l
N

et
w

or
k
s

(L
R

N
N

s:
S
ou

re
k

et
al

.,
20

15
))

.
In

L
R

N
N

s,
th

e
lo

g
ic

al
co

m
p

on
en

t
is

u
se

d
to

p
ro

v
id

e
a

te
m

p
la

te
fo

r
gr

ou
n
d

n
eu

ra
l

n
et

w
or

k
m

o
d
el

s,
w

h
ic

h
ar

e
u
se

d
to

le
ar

n
w

ei
gh

ts
on

th
e

lo
gi

ca
l
fo

rm
u
la

e.
W

h
il
e

w
e

h
av

e
la

rg
el

y
st

ay
ed

w
it

h
in

th
e

co
n
fi
n
es

of
cl

as
si

ca
l

IL
P

b
ot

h
fo

r
ob

ta
in

in
g

fe
at

u
re

s
an

d
ex

p
la

n
at

io
n
s,

L
R

N
N

s
ar

e
cl

os
el

y
re

la
te

d
to

p
ro

b
ab

il
is

-
ti

c
m

o
d
el

s
fo

r
IL

P
.

A
n

ar
ea

of
co

m
m

on
in

te
re

st
ar

is
es

th
ou

gh
in

th
e

u
se

of
th

e
n
et

w
or

k
st

ru
ct

u
re

to
in

ve
n
t

n
ew

fe
at

u
re

s
(a

lt
h
ou

gh
in

th
e

L
R

N
N

ca
se

,
th

is
is

n
ot

fo
r

lo
ca

l
m

o
d
el

s
as

w
e

p
ro

p
os

ed
h
er

e)
.
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.
C
o
n
cl
u
d
in
g
R
e
m
a
rk

s

T
h
e

re
ce

n
t

su
cc

es
se

s
of

d
ee

p
n
eu

ra
l

n
et

w
or

k
s

on
p
re

d
ic

ti
ve

ta
sk

s
h
av

e
n
ot

,
to

an
y

la
rg

e
ex

te
n
t,

u
se

d
ei

th
er

d
om

ai
n

k
n
ow

le
d
ge

o
r

re
p
re

se
n
ta

ti
on

s
si

gn
ifi

ca
n
tl

y
m

or
e

ex
p
re

ss
iv

e
th

an
si

m
p
le

re
la

ti
on

s
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m
-ary

fu
n
ction

sy
m

b
ol,

an
d
t1 ,...,tm

are
term

s,
th

en
th

e
fu

n
ction

f
(t1 ,...,tm

)
is

a
term

.
A

term
is

said
to

b
e

gro
u

n
d

if
it

con
tain

s
n
o

variab
les.

If
p

is
a
n
n

-a
ry

p
red

icate
sy

m
b

ol,
an

d
t1 ,...,tn

are
term

s,
th

en
th

e
p
red

icate
p
(t1 ,...,tn

)
is

an
a
to

m
.

P
red

ica
tes

w
ith

th
e

sam
e

p
red

icate
sy

m
b

ol
b
u
t

d
iff

eren
t

arities
are

d
istin

g
u
ish

ed
b
y

th
e

n
o
ta

tio
n
p
/
n

w
h
ere

p
is

a
p
red

icate
of

arity
n

.
W

e
follow

th
e

sta
n
d
ard

P
rolog

sy
n
tax

co
n
ven

tio
n
s.

C
on

stan
t

sy
m

b
ols

are
w

ritten
as

a
low

er-case
letter

follow
ed

b
y

a
strin

g
of

low
er-

o
r

u
p
p

er-case
letters,

d
igits

or
u
n
d
erscores

(’
’).

V
ariab

les
are

w
ritten

sim
ilarly,

ex
cep

t
th

a
t

th
e

fi
rst

letter
m

u
st

b
e

u
p
p

er-case.
A

literal
is

eith
er

an
atom

or
th

e
n
ega

tion
o
f

a
n

a
to

m
.

If
a

literal
is

an
atom

it
is

referred
to

as
a

p
ositive

literal,
oth

erw
ise

it
is

a
n
eg

a
tive

litera
l.

A
clau

se
is

a
d
isju

n
ction

of
th

e
form

A
1 ∨

...∨
A
i ∨
¬
A
i+

1 ∨
...∨

¬
A
k ,

w
h
ere

ea
ch
A
j

is
an

atom
.

A
ltern

atively,
su

ch
a

cla
u
se

m
ay

b
e

rep
resen

ted
as

an
im

p
lication

(o
r

“ru
le”

)
A

1 ,...,A
i ←

A
i+

1 ,...,A
k .

A
d
efi

n
ite

clau
se
A

1 ←
A

2 ,...,A
k

h
as

ex
actly

on
e

p
o
sitive

litera
l,

called
th

e
h
ea

d
of

th
e

clau
se,

w
ith

th
e

literals
A

2 ,...,A
k

k
n
ow

n
as

th
e

bod
y

o
f

th
e

cla
u
se.

A
d
efi

n
ite

clau
se

w
ith

a
sin

gle
p

ositive
literal

is
called

a
u

n
it

clau
se,

an
d

a
cla

u
se

w
ith

a
t

m
ost

on
e

p
ositive

literal
is

called
a

H
orn

clau
se.

A
H

orn
clau

se
w

ith
n
o

p
o
sitive

litera
l
is

called
a

goa
l

clau
se.

A
set

of
H

orn
clau

ses
is

referred
to

as
a

logic
p
rogram

.
It

is
o
ften

u
sefu

l
to

rep
resen

t
a

clau
se

as
a

set
o
f

literals.

A
su

bstitu
tio

n
θ

is
a

fi
n
ite

set{
v
1 /t1 ,...,v

n
/tn }

m
ap

p
in

g
a

set
of
n

d
istin

ct
variab

les
v
i ,

1
≤
i≤

n
,

to
term

s
tj ,

1
≤
j≤

n
su

ch
th

at
n
o

term
is

id
en

tical
to

a
n
y

of
th

e
variab

les.
A

su
b
stitu

tion
co

n
tain

in
g

on
ly

grou
n
d

term
s

is
a

gro
u

n
d

su
b
stitu

tion
.

F
or

su
b
stitu

tion
θ

an
d

cla
u
se
C

th
e

ex
p
ression

C
θ

d
en

otes
th

e
clau

se
w

h
ere

every
o
ccu

rren
ce

in
C

of
a

variab
le

fro
m
θ

is
rep

la
ced

b
y

th
e

corresp
on

d
in

g
term

from
θ.

If
θ

is
a

grou
n
d

su
b
stitu

tion
th

en
C
θ

is
ca

lled
a

g
ro

u
n
d

clau
se.

S
in

ce
a

clau
se

is
a

set,
for

tw
o

clau
ses

C
,
D

,
th

e
set

in
clu

sion
C
θ⊆

D
is

a
p
a
rtial

ord
er

called
su

bsu
m

p
tio

n
,

u
su

ally
w

ritten
C
θ-su

b
su

m
es
D

an
d

d
en

oted
b
y
C
�
D

.
F

o
r

a
set

of
clau

ses
S

an
d

th
e

su
b
su

m
p
tion

ord
erin

g
�

,
w

e
h
ave

th
a
t

for
every

p
a
ir

o
f

cla
u
ses

C
,D
∈
S

,
th

ere
is

a
least

u
p
p

er
b

ou
n
d

an
d

greatest
low

er
b

ou
n
d
,

called
,

resp
ectively,

th
e

least
gen

eral
gen

eralisation
(lgg)

an
d

m
ost

gen
eral

u
n
ifi

er
(m

gu
)

of
C

an
d
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S
r
in
iv
a
sa

n
,
V
ig

a
n
d

B
a
in

D
,

w
h
ich

are
u
n
iq

u
e

u
p

to
variab

le
ren

a
m

in
g.

T
h
e

su
b
su

m
p
tion

p
artial

o
rd

erin
g

on
clau

ses
en

ab
les

th
e

d
efi

n
ition

of
a

lattice,
called

th
e

su
bsu

m
p
tio

n
la

ttice.

A
p
p
e
n
d
ix

B
.
F
id
e
lity

a
n
d
L
ik
e
lih

o
o
d

T
h
e

m
o
d
el

for
n
oisy

d
ata

in
M

cC
reath

an
d

S
h
arm

a
(199

8)
can

b
e

ad
ap

ted
to

th
e

con
stru

c-
tion

of
lo

cal
ex

p
la

n
ation

s
th

at
are

n
ot

com
p
letely

con
sisten

t
w

ith
lo

cal
p
red

iction
s

(th
a
t

is,
fi
d
elity

<
1).

R
e
m

a
rk

9
(B

a
y
e
sia

n
P

o
ste

rio
r

M
c
C

re
a
th

a
n

d
S

h
a
rm

a
(1

9
9
8
))

G
iven

a
rela

tio
n

a
l

in
sta

n
ce
a
∈
X

,
let

N
be

p
red

ictive
m

od
el

s.t.
N

(F
V

(a
))

=
c

fo
r
c∈
Y

.
L

et
sets

E
+

a
n

d
E
−

d
en

o
te

th
e

loca
l

n
eigh

bo
u

rh
ood

o
f
a

a
n

d
D

=
(E

+
,E
−

).
L

et
H

be
a

loca
l

exp
la

n
a
tio

n
fo

r
a

(n
o
t

n
ecessa

rily
co

n
sisten

t),
u

sin
g

ba
ckgro

u
n

d
kn

o
w

led
ge

B
.

T
h
en

,
if
θ(H

)
is

th
e

p
ro

po
rtio

n
o
f

a
ll

in
sta

n
ces

in
X
×
Y

co
vered

by
H

,
a
n

d
ε

is
a
n

estim
a

te
o
f

in
co

n
sisten

cy
(n

o
ise)

a
llo

w
ed
ε∈

[0,1]),
th

e
log

po
sterio

r
is

given
by

M
cC

rea
th

a
n

d
S

h
a
rm

a
(1

9
9
8
):

log
P

(H
|D
,B

)
=

log
P

(D
|H
,B

)
+

log
P

(H
|B

)−
log

(D
|B

)

w
h
ere

P
(H
|B

)
d
en

o
tes

th
e

p
rio

r
p
ro

ba
bility,

a
n

d
:

log
P

(D
|H
,B

)
=
|T
P

(H
)|log (

1−
ε

θ(H
)

+
ε )

+
|T
N

(H
)|log (

1−
ε

1−
θ(H

)
+
ε )

+
|F
P
N

(H
)|log

(ε)

is
th

e
log-likelih

ood
.

H
ere

T
P

(H
)

is
th

e
set{

e
:
e∈

E
+

an
d
B
∧
H
|=
e}

;
T
N

(H
)

is
th

e
set

{
e

:
e∈

E
−

an
d
B
∧
H
∧
¬
e6|=

2}
;

a
n

d
F
P
N

(H
)

=
D
−

(T
P

(H
)∪

T
N

(H
)).

It
is

n
ot

h
ard

to
see

th
at
T
P

an
d
T
N

corresp
on

d
to
A
g
reeP

os
an

d
A
g
reeN

eg
in

D
efn

.
13.

In
som

e
cases,

it
is

in
fact

su
ffi

cien
t

to
m

ax
im

ise
fi
d
elity,

to
m

ax
im

ise
th

e
log-likelih

o
o
d
.

R
e
m

a
rk

1
0

(F
id

e
lity

a
n

d
L

o
g
-L

ik
e
lih

o
o
d

)
L

et
H

1
,2

be
loca

l
exp

la
n

a
tio

n
s

fo
r

a
rela

-
tio

n
a
l

exa
m

p
le
C
la
ss(a

,c),
given

D
,B

.
If
θ(H

1 )
=
θ(H

2 ),
|T
P

(H
2 )|
≥
|T
P

(H
1 )|

a
n

d
|T
N

(H
2 )|≥

|T
N

(H
1 )|

th
en

:
(a

)
F
id
elity

(H
2 |D

,B
)≥

F
id
elity

(H
1 |D

,B
);

a
n

d
(b)

log
P

(D
|H

2 ,B
)≥

log
P

(D
|H

1 ,B
).

F
o
r

given
D

,
B

,
fro

m
D

efn
.

9
th

e
log-likelih

ood
is

log
P

(D
|H
,B

).
T

h
en

,
fro

m
D

efn
.

1
3
,

F
id
elity

(H
1 |D

,B
)

=
|T
P
(H

1
)|+
|T
N
(H

1
)|

|D
|

,
a
n

d
F
id
elity

(H
2 |D

,B
)

=
|T
P
(H

2
)|+
|T
N
(H

2
)|

|D
|

.
S

in
ce

|T
P

(H
2 )≥

|T
P

(H
1 )|,

a
n

d
|T
N

(H
2 )|≥

|T
N

(H
1 )|,

trivia
lly

w
e

o
bta

in
F
id
elity

(H
2 |D

,B
)≥

F
id
elity

(H
1 |D

,B
).

F
o
r

a
n

y
exp

la
n

a
tio

n
H

,
s.t.

0
<
θ)(H

)
<

1
a
n

d
fo

r
a

fi
xed

ε
s.t.

0
≤
ε
≤

1
,

th
e

log-
m

u
ltip

liers
k
1
,2 (θ(H

))
o
f|T

P
(H

)|
a
n

d
|T
N

(H
)|

in
th

e
exp

ressio
n

fo
r

log
P

(D
|H
,B

)
a
re

bo
th

po
sitive;

a
n

d
th

e
log-m

u
ltip

lier
k
3

o
f|F

P
N

(H
)|

is
a
t

m
o
st

0.
T

h
erefo

re
log
P

(D
|H

)
is
k
1 (θ(H

))|T
P
|

+
k
2 (θ(H

))|T
N
|−

k
3 (|D
|)

+
k
3 (|T

P
|

+
|T
N
|).

If
θ(H

1 )
=
θ(H

2 ),
th

en
k
1 (θ(H

1 ))
=
k
1 (θ(H

2 ))
=
k
1 ,

sa
y,

a
n

d
k
2 (θ(H

1 )
=
k
2 (θ(H

2 ))
=
k
2 ,

sa
y.

T
h
en

log
P

(D
|H

1 )
is
k
1 |T

P
(H

1 )|
+
k
2 |T

N
(H

1 )|−
k
3 (|D
|)

+
k
3 (|T

P
(H

1 )|
+
|T
N

(H
1 )|)

a
n

d
log
P

(D
|H

2 )
is

k
1 |T

P
(H

2 )|+
k
2 |T

N
(H

2 )|−
k
3 (|D
|)+

k
3 (|T

P
(H

2 )|+
|T
N

(H
2 )|),

S
in

ce|T
P

(H
2 )≥

|T
P

(H
1 )|

a
n

d|T
N

(H
2 )|≥

|T
N

(H
1 )|,

a
n

d
k
1
,2
>

0
a
n

d
k
3 ≥

0
it

fo
llo

w
s

trivia
lly

th
a
t

log
P

(D
|H

2 ,B
)≥

log
P

(D
|H

1 ,B
).
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L
o
g
ic
a
l
E
x
p
l
a
n
a
t
io
n
s
f
o
r
D
e
e
p
R
e
l
a
t
io
n
a
l
M
a
c
h
in
e
s
U
si
n
g

R
e
l
e
v
a
n
c
e
In

f
o
r
m
a
t
io
n

A
cc

u
ra

cy
P

ro
b
le

m
O
p
tI
L
P

S
ta
t

D
R
M

D
R
M

S
ri

n
iv

as
a
n

a
n
d

R
am

ak
ri

sh
n
a
n

(2
01

1)
S
ah

a
et

al
.

(2
01

2
)

L
o
d
h
i

(2
01

3)
(h

er
e)

M
u
t1

8
8

0
.8

8
(0

.0
2)

0.
85

(0
.0

5)
0
.9

0
(0

.0
6)

0.
91

(0
.0

6
)

C
a
n
c3

30
0
.5

8
(0

.0
3)

0.
60

(0
.0

2)
–

0.
68

(0
.0

3
)

D
ss
T
ox

0
.7

3
(0

.0
2)

0.
72

(0
.0

1)
0
.6

6
(0

.0
2)

0.
70

(0
6
)

A
m
in
e

0
.8

0
(0

.0
2)

0.
81

(0
.0

0)
–

0.
89

(0
.0

4
)

C
h
ol
in
e

0
.7

7
(0

.0
1)

0.
74

(0
.0

0)
–

0.
81

(0
.0

3
)

S
co
p

0
.6

7
(0

.0
2)

0.
72

(0
.0

2)
–

0.
82

(0
.0

6
)

T
ox
ic

0
.8

7
(0

.0
1)

0.
84

(0
.0

1)
–

0.
93

(0
.0

3
)

F
ig

u
re

10
:

E
x
p

er
im

en
t

3.
E

st
im

at
ed

p
re

d
ic

ti
ve

ac
cu

ra
ci

es
of

D
R

M
s

ag
ai

n
st

so
m

e
of

th
e

b
es

t
re

p
or

te
d

p
er

fo
rm

an
ce

s
in

th
e

IL
P

li
te

ra
tu

re
.

A
ll

es
ti

m
at

es
ar

e
fr

om
th

e
sa

m
e

10
-f

ol
d

cr
os

s-
va

li
d
at

io
n

sp
li
ts

in
th

e
re

p
or

ts
ci

te
d
.

A
p
p
e
n
d
ix

C
.
R
e
le
v
a
n
ce

In
fo
rm

a
ti
o
n

T
h
e

fo
ll
ow

in
g

p
ro

b
le

m
-s

p
ec

ifi
c

re
le

va
n
ce

as
si

gn
m

en
ts

fo
r

p
re

d
ic

at
es

in
th

e
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

w
er

e
ob

ta
in

ed
fr

om
R

.D
.

K
in

g,
U

n
iv

er
si

ty
of

M
an

ch
es

te
r.

P
ro

b
le

m
R

el
ev

a
n
ce

P
re

d
ic

a
te

s
M

u
t1

8
8

1
A

to
m

s
a
n
d

b
on

d
s

2
3-

d
im

en
si

on
al

d
is

ta
n
ce

3
F

u
n
ct

io
n
al

gr
o
u
p
s

an
d

ri
n
gs

4
L

U
M

O
,

h
y
d
ro

p
h
o
b
ic

it
y

5
E

x
p

er
t-

id
en

ti
fi
ed

in
d
ic

at
o
r

va
ri

ab
le

s
C

a
n
c3

30
1

A
to

m
s

a
n
d

b
on

d
s

2
F

u
n
ct

io
n
al

gr
o
u
p
s

an
d

ri
n
gs

3
C

a
rc

in
o
ge

n
ic

al
er

ts
4

O
u
tc

o
m

e
of

ge
n
et

ic
te

st
s

D
ss

T
ox

1
A

to
m

s
a
n
d

b
on

d
s

A
lz

h
.

1
S
u
b
st

it
u
ti

o
n
s

a
t

te
m

p
la

te
s

D
a
ta

se
ts

2
H

a
n
sc

h
-t

y
p

e
p
re

d
ic

at
es

(s
iz

e,
p

ol
ar

it
y

et
c
.)

A
p
p
e
n
d
ix

D
.
P
re
d
ic
ti
v
e
A
cc
u
ra

cy
o
f
th

e
D
R
M

T
h
e

p
ri

n
ci

p
al

ob
se

rv
at

io
n
s

th
at

ca
n

b
e

m
ad

e
fr

om
th

e
m

ai
n

ta
b
u
la

ti
on

s
in

F
ig

.
10

ar
e

th
at

th
e

p
re

d
ic

ti
ve

ac
cu

ra
cy

of
th

e
D

R
M

s
cl

ea
rl

y
co

m
p
ar

e
fa

vo
u
ra

b
ly

to
th

e
b

es
t

re
p

o
rt

s
in

th
e

li
te

ra
tu

re
.

T
h
er

ef
or

e
th

e
re

su
lt

s
p
ro

v
id

e
ev

id
en

ce
th

at
a

d
ee

p
re

la
ti

on
al

m
ac

h
in

e
(D

R
M

)
eq

u
ip
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r

a
n
d

th
er

eb
y

a
ch

ie
v
es

a
b

et
te

r
lo

g
-l

ik
el

ih
o
o
d

a
t

th
e

co
st

o
f

a
h
ig

h
er

re
co

n
st

ru
ct

io
n

er
ro

r.
A

si
m

il
a
r

o
b
se

rv
a
ti

o
n

w
a
s

m
a
d
e

b
y

S
ri

va
st

av
a

a
n
d

S
u
tt

o
n

(2
0
1
8
)

w
h
o

o
b
se

rv
e

th
a
t

a
sl

ow
m

in
im

iz
a
ti

o
n

o
f

th
e

K
L

-d
iv

er
g
en

ce
le

a
d
s

to
b

et
te

r
to

p
ic

s.
In

th
is

p
a
p

er
w

e
w

il
l

d
is

cu
ss

h
ow

th
is

tr
a
d
e-

o
ff

ca
n

b
e

av
o
id

ed
to

a
ch

ie
v
e

b
o
th

sp
a
rs

it
y

a
n

d
sm

o
o
th

n
es

s
in

a
va

ri
a
ti

o
n

a
l

a
u
to

en
co

d
er

D
ir

ic
h

le
t

to
p
ic

m
o
d
el

.

O
n
e

re
m

ai
n
in

g
p
ro

b
le

m
w

it
h

th
e

tr
ai

n
in

g
of

ge
n
er

at
iv

e
m

o
d
el

s
u
si

n
g

va
ri

at
io

n
al

au
to

en
-

co
d
er

s
is

th
e

n
ee

d
fo

r
a

d
iff

er
en

ti
ab

le
n
on

-c
en

te
re

d
re

p
ar

am
et

er
iz

at
io

n
fu

n
ct

io
n

(K
in

gm
a

an
d

W
el

li
n

g,
20

14
a)

fo
r

th
e

d
is

tr
ib

u
ti

on
of

th
e

la
te

n
t

va
ri

ab
le

s.
U

n
fo

rt
u

n
at

el
y

su
ch

a
fu

n
ct

io
n

is
n
ot

av
ai

la
b
le

fo
r

th
e

m
os

t
w

id
el

y
u
se

d
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
in

to
p
ic

m
o
d
el

in
g,

th
e

D
ir

ic
h
le

t
d
is

tr
ib

u
ti

o
n
.

A
m

o
d
el

th
a
t

d
o
es

n
o
t

d
ir

ec
tl

y
re

p
a
ra

m
et

er
iz

e
th

e
D

ir
ic

h
le

t
d
is

tr
ib

u
ti

o
n

is
P

ro
d
L

D
A

(S
ri

va
st

av
a

a
n
d

S
u
tt

o
n
,

2
0
1
7
)

w
h
ic

h
em

p
lo

y
s

a
L

a
p
la

ce
a
p
p
ro

x
im

a
ti

o
n

fo
r

th
e

D
ir

ic
h
le

t
d
is

tr
ib

u
ti

o
n
,

th
u
s

en
a
b
li
n
g

th
e

tr
a
in

in
g

o
f

a
D

ir
ic

h
le

t
va

ri
a
ti

o
n
a
l

a
u
to

en
co

d
er

.
O

th
er

re
ce

n
t

so
lu

ti
on

s
in

cl
u
d
e

im
p
li
ci

t
re

p
ar

am
et

er
iz

at
io

n
gr

ad
ie

n
ts

(F
ig

u
rn

ov
et

al
.,

20
18

),
u
si

n
g

an
ap

p
ro

x
im

at
io

n
fo

r
th

e
in

ve
rs

e
C

D
F

(J
o
o

et
al

.,
20

19
)

an
d

u
si

n
g

th
e

W
ei

b
u
ll

d
is

tr
i-

b
u
ti

o
n

a
s

a
re

p
la

ce
m

en
t

(Z
h
a
n
g

et
a
l.
,

2
0
1
8
).

In
th

is
w

o
rk

w
e

w
il
l

in
st

ea
d

a
p
p
ly

re
je

ct
io

n
sa

m
p
li
n
g

va
ri

at
io

n
al

in
fe

re
n
ce

(N
ae

ss
et

h
et

al
.,

20
17

)
to

au
to

en
co

d
er

s.

T
h
e

co
n
tr

ib
u
ti

on
s

of
ou

r
p
ap

er
ar

e
as

fo
ll
ow

s:

1.
W

e
in

tr
o
d
u
ce

a
D

ir
ic

h
le

t
va

ri
a
ti

o
n
a
l

a
u
to

en
co

d
er

b
a
se

d
o
n
R
S
V
I

(D
V
A
E

,
se

e
F

ig
-

u
re

1
a
),

w
h

ic
h

is
a
s

p
ow

er
fu

l
a
n

d
effi

ci
en

t
a
s

th
e

G
a
u

ss
ia

n
va

ri
a
ti

o
n

a
l

a
u

to
en

co
d
er

s
ex

ce
p
t

it
u
se

s
th

e
D

ir
ic

h
le

t
d
is

tr
ib

u
ti

on
a
s

a
p
ri

or
on

th
e

la
te

n
t

va
ri

ab
le

s.

2.
W

e
id

en
ti

fy
th

e
tr

a
d
e-

o
ff

b
et

w
ee

n
sp

a
rs

it
y

a
n
d

sm
o
o
th

n
es

s
a
s

th
e

m
a
in

fa
ct

o
r

th
a
t

p
re

v
en

ts
su

cc
es

sf
u
l

tr
a
in

in
g

o
f
D
V
A
E

to
p
ic

m
o
d
el

s
a
n
d

id
en

ti
fy

th
e

K
L

-d
iv

er
g
en

ce
b

et
w

ee
n

tw
o

D
ir

ic
h
le

t
d
is

tr
ib

u
ti

on
s

as
th

e
cr

u
ci

al
fa

ct
or

in
fl
u
en

ci
n
g

m
o
d
el

p
er

fo
rm

an
ce

.

3.
W

e
p
ro

v
id

e
an

ad
ap

te
d

n
eu

ra
l

n
et

w
or

k
ar

ch
it

ec
tu

re
to

d
ec

ou
p
le

sp
ar

si
ty

an
d

sm
o
ot

h
-

n
es

s.

4.
W

e
sh

ow
th

a
t

o
u
r

D
ir

ic
h
le

t
va

ri
a
ti

o
n
a
l

a
u
to

en
co

d
er

h
a
s

a
n

im
p
ro

v
ed

to
p
ic

co
h
er

-
en

ce
,

w
h
er

ea
s

th
e

ad
ap

te
d

sp
ar

se
D

ir
ic

h
le

t
va

ri
at

io
n
al

au
to

en
co

d
er

h
as

a
co

m
p

et
it

iv
e

p
er

p
le

x
it

y.

5.
W

e
p
ro

p
o
se

to
u
se

th
e

n
ew

to
p
ic

re
d
u
n
d

a
n

cy
m

ea
su

re
to

o
b
ta

in
fu

rt
h

er
in

fo
rm

a
ti

o
n

on
to

p
ic

q
u
al

it
y

w
h
en

to
p
ic

co
h
er

en
ce

sc
or

es
ar

e
h
ig

h
.

6.
W

e
p

er
fo

rm
a
n

ex
te

n
si

v
e

ex
p

er
im

en
ta

l
co

m
p
a
ri

so
n

w
it

h
st

a
te

-o
f-

th
e-

a
rt

V
A

E
to

p
ic

m
o
d
el

s
to

sh
ow

th
at

ou
r

m
o
d
el

ac
h
ie

ve
s

th
e

h
ig

h
es

t
to

p
ic

co
h
er

en
ce

.
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S
pa

r
sit

y
a
n
d

S
m
o
o
t
h
n
e
ss

in
t
h
e
D
V
A
E

T
o
p
ic

M
o
d
e
l

2
.
R
e
la
te
d
W

o
rk

V
ariation

al
au

to
en

co
d
ers

(V
A

E
s)

w
ere

fi
rst

in
tro

d
u
ced

b
y

K
in

gm
a

an
d

W
ellin

g
(2014b

)
an

d
R

ezen
d
e

et
al.

(2014).
T

h
ese

ty
p

e
of

d
eep

n
eu

ral
n
etw

ork
s

com
b
in

e
id

eas
from

ap
p
rox

im
ate

B
ay

esia
n

in
feren

ce
a
n
d

d
eep

n
eu

ra
l

n
etw

o
rk

s,
y
ield

in
g

g
en

era
tiv

e
m

o
d
els

th
a
t

ca
n

b
e

tra
in

ed
b
y

n
eu

ra
l

n
etw

o
rk

s.
M

o
d
els

a
re

tra
in

ed
b
y

sto
ch

a
stic

b
a
ck

p
ro

p
a
g
a
tio

n
u
sin

g
th

e
rep

a
ra

m
eteriza

tio
n

trick
.

T
h
is

trick
a
llow

s
th

e
g
ra

d
ien

t
to

b
e

b
a
ck

p
ro

p
a
g
a
ted

th
ro

u
g
h

th
e

sto
ch

astic
laten

t
variab

les
effi

cien
tly

if
a

rep
aram

eterization
is

availab
le

as
is

th
e

case
for

th
e

G
a
u
ssia

n
d
istrib

u
tion

.

T
op

ic
m

o
d

els
b

ased
on

laten
t

D
irich

let
allo

cation
(L

D
A

)
(B

lei
et

al.,
2003)

are
d

irected
g
en

era
tiv

e
m

o
d
els,

w
h
ich

m
a
k
es

it
p

o
ssib

le
to

tra
in

su
ch

to
p
ic

m
o
d
els

u
sin

g
va

ria
tio

n
a
l

a
u
to

en
co

d
ers.

T
h
e

fi
rst

su
ch

n
eu

ra
l

va
ria

tio
n
a
l

d
o
cu

m
en

t
m

o
d
el

(N
V

D
M

)
w

a
s

d
ev

elo
p

ed
b
y

M
ia

o
et

a
l.

(2016).
T

h
is

m
o
d
el

su
ccessfu

lly
u
ses

th
e

id
ea

of
variation

a
l

au
to

en
co

d
ers

to
train

a
top

ic
m

o
d
el

w
ith

a
G

au
ssian

p
rior

for
th

e
laten

t
variab

les.
T

h
is

w
ork

w
as

ex
ten

d
ed

b
y

M
iao

et
al.

(2017),
w

h
o

in
tro

d
u
ce

G
au

ssian
stick

b
reak

in
g

p
riors

in
a

m
o
d
el

w
h
ich

is
ab

le
to

let
th

e
n
u
m

b
er

of
top

ics
grow

d
y
n
am

ically.

A
n
o
th

er
m

o
d
el

u
sin

g
D

irich
let

stick
-b

rea
k
in

g
p
rio

rs
is

S
B

-V
A

E
(N

a
lisn

ick
a
n
d

S
m

y
th

,
2
0
1
7
),

h
ow

ev
er,

it
req

u
ires

T
ay

lo
r

ex
p
a
n
sio

n
to

co
m

p
u
te

th
e

K
L

-d
iv

erg
en

ce
a
n
d

a
K

u
-

m
a
ra

sw
a
m

y
d
istrib

u
tio

n
to

a
p
p
rox

im
a
te

th
e

p
o
sterio

r.
S
in

ce
it

u
ses

a
n
o
n
p
a
ra

m
etric

stick
-b

rea
k
in

g
p
rio

r
in

stea
d

o
f

a
p
a
ra

m
etric

D
irich

let
it

is
n
o
t

d
irectly

co
m

p
a
ra

b
le

to
o
u
r

m
o
d
el.

L
D

A
top

ic
m

o
d

els
u

se
a

D
irich

let
d

istrib
u

tion
as

a
p

rior
for

th
e

laten
t

variab
les

sin
ce

it
p
rom

otes
sp

arsity
an

d
lead

s
to

m
ore

in
terp

retab
le

top
ics.

T
h
erefore,

S
rivastava

an
d

S
u
tton

(2017)
p
rop

ose
a

V
A

E
top

ic
m

o
d
el

called
P

ro
d
L

D
A

th
at

em
p
loy

s
a

L
ap

lace
ap

p
rox

im
ation

for
m

o
d
elin

g
a

D
irich

let
p
rior

of
th

e
laten

t
variab

les.
A

s
th

eir
resu

lts
sh

ow
,

w
h
ile

th
e

p
erp

lex
ity

is
n
ot

as
go

o
d

as
th

at
of

p
rev

iou
s

m
o
d
els,

th
e

top
ic

coh
eren

ce
is

sign
ifi

can
tly

im
p
roved

over
G

a
u
ssia

n
V

A
E

s.
T

h
ey

a
lso

sh
ow

th
a
t

th
e

D
irich

let
p
rio

r
lea

d
s

to
m

o
re

sp
a
rsen

ess
in

th
e

d
o
cu

m
en

t-to
p
ic

d
istrib

u
tion

s.
T

h
is

w
ork

is
ex

ten
d
ed

b
y

S
riva

stava
an

d
S
u
tton

(2018)
w

h
o

in
tro

d
u

ce
a

h
iera

rch
ica

l
V

A
E

to
p

ic
m

o
d

el.
T

h
eir

a
n

a
ly

sis
sh

ow
s

th
a
t

b
a
tch

n
o
rm

a
liza

tio
n

lea
d
s

to
a

slow
er

m
in

im
ization

of
th

e
K

L
-d

ivergen
ce

w
h
ich

im
p
roves

th
e

top
ic

q
u
ality.

T
h

e
reason

th
at

V
A

E
s

can
n

ot
b

e
d

irectly
train

ed
u

sin
g

a
D

irich
let

p
rior

is
th

at
th

ere
is

n
o

sim
p
le

variab
le

tran
sform

ation
for

th
e

D
irich

let
d
istrib

u
tion

.
W

h
ereas

a
G

au
ssian

variab
le

z
∼
N

(µ
,σ

2)
ca

n
b

e
rep

a
ra

m
eterized

a
s
z

=
µ

+
εσ
,ε∼

N
(0
,1

)
th

u
s

a
llow

in
g

th
e

g
ra

d
ien

t
to

b
e

b
ack

p
rop

agated
th

rou
gh

th
e

laten
t

variab
le
z
,

th
ere

is
n

o
su

ch
rep

aram
eterization

for
th

e
D

irich
let

d
istrib

u
tion

.
H

ow
ever,

th
ere

is
a

m
eth

o
d

to
solve

th
is

p
rob

lem
w

h
ich

is
b

ased
o
n

rejectio
n

sa
m

p
lers

(N
a
esseth

et
a
l.,

2
0
1
7
),

ca
lled

R
S

V
I.

T
h

e
D

irich
let

d
istrib

u
tio

n
ca

n
b

e
rep

resen
ted

b
y

gam
m

a
d
istrib

u
tion

s
for

w
h
ich

th
ere

ex
ists

an
effi

cien
t

rejection
sam

p
ler.

T
h
e

p
rop

osal
fu

n
ction

of
th

is
rejection

sam
p
ler

can
b

e
u
sed

for
rep

aram
eterization

w
ith

on
e

m
in

o
r

d
iff

eren
ce:

A
co

rrectio
n

term
h
a
s

to
b

e
a
d
d
ed

to
th

e
g
ra

d
ien

t
th

a
t

a
cco

u
n
ts

fo
r

th
e

d
iff

eren
ce

b
etw

een
th

e
p

rop
osal

fu
n
ction

an
d

th
e

tru
e

gam
m

a
d

istrib
u
tion

.
In

th
is

p
ap

er
w

e
sh

ow
h
ow

th
is

eleg
a
n
t

m
eth

o
d

ca
n

b
e

u
sed

fo
r

effi
cien

t
a
n
d

eff
ectiv

e
tra

in
in

g
o
f

D
irich

let
va

ria
tio

n
a
l

a
u
to

en
co

d
ers.

A
d
iff

eren
t

ap
p
roach

w
as

taken
b
y

Z
h
an

g
et

al.
(2018),

w
h
o

u
sed

th
e

W
eib

u
ll

d
istrib

u
tion

a
s

a
n

a
p

p
rox

im
a
tio

n
to

th
e

g
a
m

m
a

d
istrib

u
tio

n
.

T
h

is
ta

k
es

a
d

va
n
ta

g
e

o
f

th
e

fa
ct

th
a
t

th
e

W
eib

u
ll

an
d

G
am

m
a

d
istrib

u
tion

s
h
ave

sim
ilar

p
rob

ab
ility

d
en

sity
fu

n
ction

s
an

d
th

e
W

eib
u
ll
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B
u
r
k
h
a
r
d
t
a
n
d

K
r
a
m
e
r

d
istrib

u
tion

is
rep

aram
eterizab

le.
Z

h
an

g
et

al.
(2018)

also
com

p
are

th
eir

m
o
d
el

w
ith

a
m

o
d
el

train
ed

u
sin

g
R

S
V

I.
O

verall,
th

eir
m

o
d

el
stru

ctu
re

is
d

iff
eren

t
h

ow
ever,

w
ith

a
h

ierarch
ical

gen
erative

d
istrib

u
tion

an
d

a
h
y
b
rid

train
in

g
algorith

m
.

O
th

er
recen

t
so

lu
tio

n
s

in
clu

d
e

im
p
licit

rep
a
ra

m
eteriza

tio
n

g
ra

d
ien

ts
b
y

F
ig

u
rn

ov
et

a
l.

(2
0
1
8
)

w
h
o

in
tro

d
u
ce

a
trick

to
av

o
id

in
v
ertin

g
th

e
C

D
F

b
y

d
iff

eren
tia

tin
g
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u
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e
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d
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d
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h
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p
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p
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d
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b
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u
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u
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p
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p
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b
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e
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b
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b
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b
y
θ.

S
in

ce
th

is
p
a
p

er
m

a
in

ly
fo

cu
ses

4
JM

L
R

 20(131):1-27, 2019



S
pa

r
si
t
y
a
n
d

S
m
o
o
t
h
n
e
ss

in
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w
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v
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p
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v
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p
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d
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p
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z
|x
i)

]+
E q

(z
|x
i
)[

lo
g
p
(x
i,
z
)]

=

E q
(z
|x
i
)[
−

lo
g
q(
z
|x
i)

]+
E π

(ε
;θ

)[
lo

g
p
(x
i,
h

(ε
,θ

))
]

A
s

N
ae

ss
et

h
et

al
.

(2
01

7)
sh

ow
,

th
e

gr
ad

ie
n
t

ca
n

th
en

b
e

d
ec

om
p

os
ed

in
to

th
re

e
p
a
rt

s

∇
θ
L(
θ)

=
g r

ep
+
g c

or
+
∇
θ
E q

(z
|x
i
)[
−

lo
g
q(
z
|x
i)

],
(3

)

w
h
er

e
g r

ep
an

d
g c

or
fo

r
th

e
ca

se
of

a
on

e-
sa

m
p
le

M
o
n
te

C
a
rl

o
es

ti
m

at
or

ar
e

g
iv

en
a
s

g r
ep

=
∇
z

lo
g
p
(x
i,
z
)∇

θ
h

(ε
,θ

),

g c
or

=
lo

g
p
(x
i,
z
)∇

θ
lo

g
q(
h

(ε
,θ

))

r(
h

(ε
,θ

))
,

a
n

d
th

e
en

tr
o
p
y

ca
n

b
e

ca
lc

u
la

te
d

a
n

a
ly

ti
ca

ll
y.
g r

ep
co

rr
es

p
o
n

d
s

to
th

e
g
ra

d
ie

n
t

a
ss

u
m

in
g

th
at

th
e

p
ro

p
os

al
is

ex
ac

t
an

d
al

w
ay

s
ac

ce
p
te

d
an

d
g c

or
co

rr
es

p
on

d
s

to
a

co
rr

ec
ti

on
p
ar

t
of

th
e

gr
ad

ie
n
t

th
at

ac
co

u
n
ts

fo
r

n
ot

u
si

n
g

an
ex

ac
t

p
ro

p
os

al
.

3
.4

.
S

h
a
p

e
A

u
g
m

e
n
ta

ti
o
n

fo
r

G
a
m

m
a

D
is

tr
ib

u
ti

o
n

T
h
e

re
je

ct
io

n
sa

m
p
le

r
fo

r
th

e
g
a
m

m
a

d
is

tr
ib

u
ti

o
n

h
a
s

h
ig

h
er

a
cc

ep
ta

n
ce

ra
te

s
fo

r
h
ig

h
er

va
lu

es
of

th
e

p
ar

am
et

er
α

.
N

ae
ss

et
h

et
al

.
(2

01
7)

u
se

th
is

fa
ct

to
au

gm
en

t
th

e
sh

ap
e

of
th

e
ga

m
m

a
d
is

tr
ib

u
ti

on
an

d
th

er
eb

y
ac

h
ie

ve
a

lo
w

er
va

ri
an

ce
gr

ad
ie

n
t.

A
s

th
ey

sh
ow

,
a

Γ
(α
,1

)

d
is

tr
ib

u
te

d
va

ri
a
b
le
z

ca
n

b
e

ex
p
re

ss
ed

a
s
z

=
z̃
∏
B i=

1
u

1
α
+
i−

1

i
fo

r
a

p
o
si

ti
v
e

in
te

g
er
B

a
n
d

i.
i.

d
.

u
n

if
or

m
ra

n
d

om
va

ri
ab

le
s
u

,
w

h
er

e
z̃
∼

Γ
(α

+
B
,1

).
T

h
is

m
ak

es
it

p
os

si
b

le
to

u
se

th
e

re
je

ct
io

n
sa

m
p
le

r
fo

r
α
<

1
an

d
al

so
d
ec

re
as

es
th

e
co

rr
ec

ti
on

te
rm

fo
r

in
cr

ea
si

n
g
α

+
B

.

4
.
M

e
th

o
d

In
th

is
se

ct
io

n
,

th
e

p
ro

p
o
se

d
m

et
h
o
d

is
d
es

cr
ib

ed
.

W
e

fi
rs

t
d
is

cu
ss

th
e

tr
a
d
e-

o
ff

b
et

w
ee

n
sp

ar
si

ty
an

d
sm

o
ot

h
n

es
s,

th
en

p
u

t
fo

rw
ar

d
th

e
ad

ap
te

d
V

A
E

to
p

ic
m

o
d

el
,

ex
p

la
in

h
ow

th
e

K
L

-d
iv

er
ge

n
ce

is
is

m
in

im
iz

ed
an

d
co

ve
r

th
e

n
eu

ra
l

n
et

w
or

k
ar

ch
it

ec
tu

re
in

d
et

a
il
.

F
in

a
ll
y,

th
e

is
su

e
of

co
m

p
on

en
t

co
ll
ap

si
n
g

is
d
is

cu
ss

ed
. 6
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h
n
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ss
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h
e
D
V
A
E

T
o
p
ic

M
o
d
e
l

4
.1

.
S

p
a
rsity

a
n

d
S

m
o
o
th

n
e
ss

T
h
e

tra
d
e-o

ff
b

etw
een

sp
a
rsity

a
n
d

sm
o
o
th

n
ess

is
a

k
n
ow

n
issu

e
in

th
e

to
p
ic

m
o
d
elin

g
litera

tu
re

(W
a
n
g

a
n
d

B
lei,

2
0
0
9
).

A
sp

ects
o
f

it
w

ere
a
lso

d
iscu

ssed
in

recen
t

litera
tu

re
b
y

S
riva

stava
a
n

d
S

u
tto

n
(2

0
1
7
,

2
0
1
8
).

A
cco

rd
in

g
to

th
em

,
b

a
tch

n
o
rm

a
liza

tio
n

a
n
d

d
ro

p
o
u
t

slow
d
ow

n
th

e
m

in
im

ization
of

th
e

K
L

-d
ivergen

ce
in

th
e

b
egin

n
in

g
of

train
in

g.
T

h
is

h
as

th
e

eff
ect

o
f

in
crea

sin
g

th
e

sm
o
o
th

n
ess

a
n

d
th

ereb
y

in
crea

ses
th

e
to

p
ic

co
h

eren
ce

b
eca

u
se

th
e

m
o
d

el
gen

eralizes
b

etter.
A

fast
m

in
im

ization
p

u
ts

a
greater

em
p

h
asis

on
sp

arsen
ess

w
h

ich
en

su
res

a
low

er
p

erp
lex

ity,
b
u
t

is
p
ron

e
to

overfi
ttin

g.
A

m
in

im
ization

th
at

is
to

o
fast

lead
s

to
m

a
x
im

a
l

sm
o
o
th

n
ess

w
h

ich
m

ea
n

s
th

e
D

irich
let

p
a
ra

m
eter

is
eq

u
a
l

to
th

e
p

rio
r.

In
th

is
case

n
o

m
ean

in
gfu

l
top

ics
can

b
e

learn
ed

sin
ce

th
e

laten
t

variab
les

are
on

ly
sam

p
lin

g
n
oise.

T
h
is

p
ro

b
lem

is
k
n
ow

n
as

com
p

on
en

t
collap

sin
g.

B
u
t

in
fl
u
en

cin
g

th
e

train
in

g
p

ro
cess

th
rou

gh
e.g.

b
atch

n
orm

alization
or

d
rop

ou
t

is
on

ly
on

e
w

ay
to

con
trol

th
is

trad
e-off

.
B

y
d

ecou
p

lin
g

b
oth

asp
ects

ex
p

licitly
w

e
can

allow
b

oth
,

a
go

o
d

gen
eralization

p
erform

an
ce

an
d

a
go

o
d

fi
t

to
th

e
d

ata
at

h
an

d
.

T
o

d
o

th
is,

fi
rst,

th
e

to
p
ics

a
re

selected
th

a
t

rep
resen

t
th

e
cu

rren
t

d
o
cu

m
en

t.
S
eco

n
d
,

a
d
istrib

u
tio

n
is

sa
m

p
led

fo
r

th
e

selected
top

ics.
T

h
e

d
etails

are
d
escrib

ed
in

th
e

n
ex

t
section

.

4
.2

.
D

V
A

E
S

p
a
rse

A
sch

em
atic

v
iew

of
ou

r
m

eth
o
d
s

is
d
ep

icted
in

F
igu

res
1a

an
d

1c.
W

e
w

ill
n
ow

d
escrib

e
th

e
sp

arse
D

irich
let

variation
al

au
to

en
co

d
er

(D
V
A
E

S
p
arse)

d
ep

icted
in

F
igu

re
1c.

T
h
e
D
V
A
E

m
o
d
el

w
ork

s
an

alogou
sly

ex
cep

t
th

at
th

e
vector

b
is

set
to

a
vector

of
on

ly
on

es.
T

h
e

m
o
d
el

eq
u
a
tio

n
is

g
iv

en
b
y
p
(x
,z
,θ)

=
p
(x|z

,θ)·
p
(z|θ)·

p
(θ).

T
h
e

in
p
u
t
x

is
tra

n
sfo

rm
ed

to
th

e
D

irich
let

p
aram

eter
α

an
d

a
sp

arsity
p
aram

eter
b

b
y

a
n
eu

ral
n
etw

ork
,

th
e

laten
t

variab
les

z
are

sam
p
led

from
D
ir(b·

α
)

an
d

th
e

d
eco

d
er

n
etw

ork
recon

stru
cts

th
e

origin
al

in
p
u
t.

T
h
is

is
in

co
n
tra

st
to

th
e

G
a
u
ssia

n
a
u
to

en
co

d
er

sh
ow

n
in

F
ig

u
re

1
b
,

w
h
ere

th
e

la
ten

t
va

ria
b
les

are
d
raw

n
from

a
G

au
ssian

d
istrib

u
tion

.
T

o
b

e
ab

le
to

b
ack

p
rop

agate
th

e
grad

ien
ts

th
rou

gh
th

e
la

ten
t

varia
b
les

z
,

w
e

u
se

rejection
sam

p
lin

g
variation

al
in

feren
ce.

T
h
e

p
a
ra

m
eter

b
is

in
sp

ired
b
y

W
a
n
g

a
n
d

B
lei

(2
0
0
9
),

w
h
o

u
se

a
B

ern
o
u
lli

d
istrib

u
ted

va
ria

b
le.

In
co

n
tra

st,
w

e
sim

p
ly

u
se

a
sig

m
o
id

fu
n
ctio

n
a
n
d

su
b
seq

u
en

tly
ro

u
n
d

th
e

resu
lt

to
zero

o
r

o
n
e.

T
h
e

d
istrib

u
tio

n
D
ir(b·

α
)

is
a

d
eg

en
era

te
D

irich
let

d
istrib

u
tio

n
ov

er
th

e
su

b
-sim

p
lex

sp
ecifi

ed
b
y

b
=
l2 (λ

)
=

rou
n
d
(

1

1
+
e −

λ
).

If
th

e
vector

b
on

ly
con

sists
of

on
es,

th
is

red
u
ces

to
th

e
n
orm

al
D

irich
let

d
istrib

u
tion

D
ir(α

).

W
e

o
p
tim

ize
α

in
an

u
n
con

strain
ed

d
om

ain
b
y

lettin
g

α
=

log
(1

+
ex

p
(a

)),
(4)

w
h
ere

a
=
l1 (λ

)
is

a
lin

ea
r

tra
n
sfo

rm
a
tio

n
o
f
λ

a
n
d
λ

is
th

e
tra

n
sfo

rm
a
tio

n
o
f

th
e

in
p
u
t

th
ro

u
g
h

th
e

n
eu

ral
n
etw

ork
λ

=
fM

L
P

(x
).

T
h
e

E
L

B
O

is
given

b
y

L
(θ,φ

;x
i )

=
−
K
L

[q(z|x
i )‖

p
(z

)]+
E
q
(z|x

i ) [log
p
(x
i |z

)]
=

(5)

−
K
L

[q(z|x
i )‖

p
(z

)]+
E
π

(ε;φ
) [lo

g
p
(x
i |h

Γ
(ε,φ

))].
(6)
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B
u
r
k
h
a
r
d
t
a
n
d

K
r
a
m
e
r

x
q
φ
(z|x

)
α

z
∼
D
ir(α

)
z

p
θ (x|z

)
x
′

(a
)
D
irich

let
V
A
E

(D
V
A
E
)

x

µσ

z
∼
N

(µ
,σ

2)
z

x
′

(b
)
G
a
u
ssia

n
V
A
E

(N
V
D
M
)

x

bα

z
∼
D
ir(b·

α
)

z
x
′

(c)
S
p
a
rse

D
irich

let
V
A
E

(D
V
A
E

S
p
a
rse)

F
igu

re
1:

S
ch

em
atic

fi
gu

re
of

D
irich

let
V

A
E

,G
au

ssian
V

A
E

an
d

th
e

p
rop

osed
S
p
arse

D
irich

let
V

A
E

.
F

o
r

th
e

D
irich

let
V

A
E

th
e

in
p
u
t

is
tra

n
sfo

rm
ed

b
y

a
n
eu

ra
l

n
etw

o
rk

to
y
ield

p
aram

eter
α

.
T

h
e

laten
t

variab
les

z
are

su
b

seq
u

en
tly

sam
p

led
from

D
ir(α

).
F

in
ally

th
e

in
p
u
t

is
recon

stru
cted

as
x
′.

T
h
e

G
au

ssian
V

A
E

h
as

p
aram

eters
µ

an
d

σ
in

stead
an

d
u
ses

a
G

au
ssian

d
istrib

u
tion

.

H
ere,

th
e

ex
p

ectation
rep

resen
tin

g
th

e
n
egative

recon
stru

ction
error

is
rep

h
rased

w
ith

resp
ect

to
th

e
d
istrib

u
tion

of
th

e
accep

ted
sam

p
le
π

an
d

th
e

laten
t

variab
les

z
are

rep
aram

eterized
b
y

h
Γ
(ε,φ

)
given

in
E

q
u
ation

2.
π

(ε;φ
),

th
e

d
istrib

u
tion

of
th

e
accep

ted
sam

p
le
ε,

is
ob

tain
ed

b
y

m
argin

alizin
g

over
th

e
u
n
iform

variab
le
u

,

π
(ε;φ

)
=

∫
π

(ε,u
;φ

)d
u

=
s(ε) q(h

Γ
(ε,φ

))

r(h
Γ
(ε,φ

))
.
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r
si
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y
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d

S
m
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t
h
n
e
ss

in
t
h
e
D
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A
E

T
o
p
ic

M
o
d
e
l

x

λ
=
R
E
L
U

(l
in
ea
r(
x

))

λ
=
D
ro
p
ou
t(
λ

)

λ

l 1
=
li
n
ea
r(
λ

)

l 1

l 1
=
B
a
tc
h
n
or
m

(l
1
)

α
=
M
a
x

(0
.0

00
01
,s
of
tp
lu
s(
l 1

))

α

z
∼
D
ir
ic
h
le
t(
α

)

z

l 2
=
li
n
ea
r(
z
)

l 2

l 2
=
B
a
tc
h
n
or
m

(l
2
)

x
′ =

L
og

S
of
tm
a
x

(l
2
)

x
′

F
ig

u
re

2:
Il

lu
st

ra
ti

o
n

o
f

th
e

n
eu

ra
l

n
et

w
o
rk

a
rc

h
it

ec
tu

re
u
se

d
fo

r
D
V
A
E

,
P

ro
d
L

D
A

,
th

e
im

p
li
ci

t
re

p
a
ra

m
et

er
iz

a
ti

o
n

g
ra

d
ie

n
t

m
et

h
o
d
,

th
e

W
ei

b
u
ll

V
A

E
m

et
h
o
d

a
n
d

th
e

in
ve

rs
e

C
D

F
gr

ad
ie

n
t

m
et

h
o
d

.
T

h
e

ar
ch

it
ec

tu
re

w
as

p
ro

p
os

ed
b
y

S
ri

va
st

av
a

an
d

S
u

tt
o
n

(2
0
1
7
)

b
ec

a
u

se
it

a
ll

ow
s

to
tr

a
in

to
p

ic
m

o
d

el
s

w
it

h
a

h
ig

h
le

a
rn

in
g

ra
te

,
th

u
s

av
oi

d
in

g
lo

ca
l

m
in

im
a

an
d

co
n
ve
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g
q
u
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k
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.
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B
u
r
k
h
a
r
d
t
a
n
d

K
r
a
m
e
r

H
er

e,
w

e
u
se

th
e

p
ar

am
et

er
φ

si
n
ce

ou
r

en
co

d
er

n
et

w
or

k
is

p
ar

am
et

er
iz

ed
b
y
φ

.
T

h
e

gr
ad

ie
n
t

of
th

e
E

L
B

O
fo

r
th

e
ge

n
er

at
iv

e/
d
ec

o
d
er

n
et

w
or

k
is

gi
ve

n
a
s

fo
ll
ow

s:

∇
θ
L(
θ,
φ

;x
i)

=
∇
θ
E q

(z
|x
i
)
[l
og
p
(x
i|z

)]
.

T
h
is

co
rr

es
p

on
d
s

to
th

e
lo

ga
ri

th
m

of
th

e
re

co
n
st

ru
ct

io
n

p
ro

b
ab

il
it

y.
G

ra
d
ie

n
t

b
ac

k
p
ro

p
ag

a-
ti

on
fo

r
th

is
te

rm
is

u
n
p
ro

b
le

m
at

ic
si

n
ce

th
e

sa
m

p
le

s
u
se

d
to

es
ti

m
at

e
L

d
ep

en
d

on
q

w
h
ic

h
is

p
ar

am
et

er
iz

ed
b
y
φ

.
T

h
er

ef
or

e
w

e
d
o

n
ot

n
ee

d
to

ta
ke

ca
re

of
re

p
ar

am
et

er
iz

at
io

n
fo

r
th

is
te

rm
.

T
h
e

gr
ad

ie
n
ts

of
th

e
E

L
B

O
fo

r
th

e
th

e
va

ri
at

io
n
al

/e
n
co

d
er

n
et

w
or

k
a
re

a
s

fo
ll
ow

s:

∇
φ
L(
θ,
φ

;x
i)

=
∇
φ
−
K
L

[q
(z
|x
i)
‖p

(z
)]

+
∇
φ
E π

(ε
;θ

)
[l
og
p
(x
i|h

Γ
(ε
,φ

))
]

(7
)

H
er

e,
w

e
n

ee
d

to
re

p
a
ra

m
et

er
iz

e
th

e
la

te
n
t

va
ri

a
b

le
s
z
.

T
h

e
g
ra

d
ie

n
t

o
f

th
e

K
L

-d
iv

er
g
en

ce
w

il
l
b

e
d
is

cu
ss

ed
in

S
ec

ti
on

4.
3

an
d

th
e

re
st

of
th

e
gr

ad
ie

n
t

is
gi

ve
n

an
al

og
ou

sl
y

to
E

q
u
at

io
n

3.
N

ot
e

th
at

w
e

n
ow

u
se

th
e

ex
p

ec
ta

ti
on

of
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
p
(x
i|z

)
in

st
ea

d
of

th
e

jo
in

t
d
is

tr
ib

u
ti

on
p
(x
i,
z
),

si
n
ce

w
e

w
ri

te
th

e
E

L
B

O
in

a
d
iff

er
en

t
w

ay
w

h
ic

h
is

m
or

e
co

m
m

on
fo

r
V

A
E

s.
T

h
e

gr
ad

ie
n
t

b
as

ed
on

a
on

e-
sa

m
p
le

M
on

te
C

ar
lo

es
ti

m
at

or
is

gi
ve

n
a
s

∇
φ
L(
θ,
φ

;x
i)

=
∇
φ
−
K
L

[q
(z
|x
i)
‖p

(z
)]

+
g
φ re

p
+
g
φ co

r.
(8

)

g
φ re

p
=
∇
z

lo
g
p
(x
i|z

)∇
φ
h

(ε
,φ

)

g
φ co

r
=

lo
g
p
(x
i|z

)∇
φ

lo
g
q(
h

(ε
,φ

))

r(
h

(ε
,φ

))

T
o

u
n
d
er

st
an

d
th

e
st

ep
fr

om
E

q
u
at

io
n

7
to

E
q
u
at

io
n

8,
w

e
re

fe
r

to
th

e
d
er

iv
at

io
n

b
y

N
ae

ss
et

h
et

al
.

(2
01

7)
,

E π
(ε

;θ
)[
f

(h
(ε
,φ

))
]

=

∫
s(
ε)
∇
φ

( f
(h

(ε
,φ

))
q(
h

(ε
,φ

);
φ

)

r(
h

(ε
,φ

);
φ

)

)
d
ε

=

∫
s(
ε)
q(
h

(ε
,φ

);
φ

)

r(
h

(ε
,φ

);
φ

)
∇
φ
f

(h
(ε
,φ

))
d
ε

+

∫
s(
ε)
f

(h
(ε
,φ

))
∇
φ

(
q(
h

(ε
,φ

);
φ

)

r(
h

(ε
,φ

);
φ

)

)
d
ε

=

E π
(ε

;θ
)
[∇

φ
f

(h
(ε
,φ

))
]+

E π
(ε

;θ
)

[ f
(h

(ε
,φ

))
∇
φ

lo
g
q(
h

(ε
,φ

);
φ

)

r(
h

(ε
,φ

);
φ

)

] ,

(9
)

w
h
er

e
in

th
e

la
st

st
ep

th
e

lo
g-

d
er

iv
at

iv
e

tr
ic

k
w

as
u
se

d
an

d
f

(h
(ε
,φ

))
in

ou
r

ca
se

co
rr

es
p

on
d
s

to
lo

g
p
(x
i|h

(ε
,φ

))
.

4
.3

.
T

h
e

K
L

-D
iv

e
rg

e
n

c
e

T
h
e

K
L

-d
iv

er
g
en

ce
ca

n
b

e
ca

lc
u
la

te
d

a
n
a
ly

ti
ca

ll
y,

m
ea

n
in

g
th

a
t

w
e

d
o

n
o
t

h
av

e
to

u
se

a
n
y

sa
m

p
le

s
a
n
d

th
u
s

d
o

n
o
t

n
ee

d
to

ta
k
e

ca
re

o
f

re
p
a
ra

m
et

er
iz

a
ti

o
n

in
th

e
g
ra

d
ie

n
t

b
a
ck

p
ro

p
a
g
a
ti

o
n

fo
r

th
is

te
rm

.
p
(z

)
is

a
D

ir
ic

h
le

t
w

it
h

p
ri

o
r
α

0
,

w
h

er
ea

s
q(
z
|x

)
is

th
e

D
ir

ic
h

le
t

p
ar

am
et

er
iz

ed
b
y
α

as
gi

v
en

b
y

th
e

va
ri

at
io

n
al

n
et

w
or

k
p
ar

am
et

er
iz

ed
b
y
φ

.

K
L

[q
(z
|x

)
‖p

(z
)]

=
lo

g
(Γ

(∑

k

α
k
))
−

lo
g
(Γ

(∑

k

α
0 k
))

+

∑ k

lo
g

Γ
(α

0 k
)
−
∑ k

lo
g

Γ
(α

k
)

+
∑ k

(α
k
−
α

0 k
)(

Ψ
(α

)
−

Ψ
(∑

k

α
k
))
,

1
0

JM
L

R
 2
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1)
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S
pa

r
sit

y
a
n
d

S
m
o
o
t
h
n
e
ss

in
t
h
e
D
V
A
E

T
o
p
ic

M
o
d
e
l

w
h
ere

Ψ
is

th
e

d
igam

m
a

fu
n
ction

.

In
ou

r
ex

p
erim

en
ts

w
e

fou
n

d
th

at
th

e
an

aly
tical

calcu
lation

of
th

e
K

L
-d

ivergen
ce,

even
th

o
u
g
h

it
is

th
eo

retica
lly

m
o
re

a
p
p

ea
lin

g
,

d
o
es

n
o
t

lea
d

to
o
p
tim

a
l

resu
lts.

W
e

th
erefo

re
reso

rt
to

u
sin

g
a

sim
p
le

sa
m

p
lin

g
a
p
p
rox

im
a
tio

n
o
f

th
e

K
L

-d
iv

erg
en

ce
b
y

ca
lcu

la
tin

g
th

e
K

L
-d

iv
erg

en
ce

a
s
K
L

[q(z|x
)‖
p
(z

)]
=
q(z|x

)
log

q
(z|x

)
p
(z

)
.

N
o
te

th
a
t

test
resu

lts
a
re

ca
lcu

la
ted

u
sin

g
th

e
an

aly
tical

K
L

-d
ivergen

ce
to

en
ab

le
a

fair
com

p
arison

.
S
am

p
lin

g
th

e
K

L
-d

ivergen
ce

lea
d
s

to
m

o
re

sta
b
le

g
ra

d
ien

ts,
h
ow

ev
er,

it
in

tro
d
u
ces

a
seco

n
d

co
rrectio

n
term

fo
r

th
e

g
ra

d
ien

t
o
f

th
e

en
co

d
er

n
etw

o
rk

,
sin

ce
w

e
a
re

n
ow

u
sin

g
th

e
rejectio

n
sa

m
p
ler

a
g
a
in

to
p
ro

d
u
ce
z
.

W
e

th
erefo

re
rew

rite
th

e
E

L
B

O
as

L
(θ,φ

;x
i )

=
−
K
L

[q(z|x
i )‖

p
(z

)]+
E
q
(z|x

i ) [log
p
(x
i |z

)]
=

E
π

(ε;φ
) [

log
p
(h

Γ
(ε,φ

))

q(h
Γ
(ε,φ

)|x
) ]

+
E
π

(ε;φ
) [log

p
(x
i |h

Γ
(ε,φ

))].

T
h
e

grad
ien

t
of

th
e

K
L

-d
iv

ergen
ce

is
n
ow

given
as

∇
φ
K
L

[q(h
Γ
(ε,φ

))|x
)‖
p
(h

Γ
(ε,φ

))]
=
∇
φ

log
p
(h

Γ
(ε,φ

))

q(h
Γ
(ε,φ

)|x
)

+
g
φk
l-cor ,

(10)

w
h
ere

g
φk
l-co

r
is

d
efi

n
ed

as

g
φk
l-cor

=
log

p
(h

Γ
(ε,φ

))

q(h
Γ
(ε,φ

)|x
) ∇

φ
log

q(h
Γ
(ε,φ

))

r(h
Γ
(ε,φ

))
.

T
h
e

lo
g

fra
ctio

n
in

th
is

co
rrectio

n
term

is
th

e
sa

m
e

a
s

th
e

o
n
e

fo
r
g
φco

r ,
h
ow

ev
er,

it
is

w
eig

h
ted

b
y

th
e

K
L

-d
iv

ergen
ce

in
stea

d
of

th
e

reco
n
stru

ction
p
rob

ab
ility.

T
h
e

d
erivation

is
again

d
on

e
u

sin
g

E
q
u
ation

9
ex

cep
t

n
ow

f
(h

(ε,φ
))

corresp
on

d
s

to
log

p
(z

)
q
(h

(ε,φ
)|x

) .
N

ote,
th

at
th

e
tw

o
term

s
in

E
q
u
ation

10
corresp

on
d

to
a

rep
aram

eterization
p
art

an
d

a
score

fu
n
ction

p
a
rt.

If
th

e
p
ro

p
o
sa

l
is

eq
u
a
l

to
th

e
d
istrib

u
tio

n
a
n
d

a
lw

ay
s

a
ccep

ted
th

is
red

u
ces

to
th

e
rep

a
ra

m
eteriza

tion
grad

ien
t,

w
h
ereas

if
th

e
p
rop

osal
is

alw
ay

s
rejected

,
th

is
red

u
ces

to
th

e
sco

re
fu

n
ctio

n
g
rad

ien
t,

also
k
n
ow

n
as

R
E

IN
F

O
R

C
E

. 1

4
.4

.
N

e
u

ra
l

N
e
tw

o
rk

A
rch

ite
c
tu

re

T
h
e

arch
itectu

re
of

th
e

n
eu

ral
n
etw

ork
for

th
e
D
V
A
E

variation
al

au
to

en
co

d
er

is
illu

strated
in

F
ig

u
re

2
.

1
.

E
n
co

d
er:

T
h
e

in
p
u
t

is
tra

n
sfo

rm
ed

u
sin

g
a

R
E

L
U

-lay
er

w
ith

d
ro

p
o
u
t.

T
h
e

resu
lt

is
lin

early
tran

sform
ed

an
d

b
atch

n
orm

alization
is

ap
p
lied

.
B

atch
n
orm

alization
is

cru
cial

for
th

e
con

vergen
ce

of
th

e
m

o
d
el.

V
A

E
s

are
p
ron

e
to

so-called
com

p
on

en
t

collap
sin

g,
a

w
ell-k

n
ow

n
p
rob

lem
(B

ow
m

an
et

al.,
2016).

U
sin

g
b
atch

n
orm

alization
in

com
b
in

ation
w

ith
a

relatively
h
igh

learn
in

g
rate

(10 −
2–10 −

4),
h
elp

s
to

avoid
com

p
on

en
t

collap
sin

g
an

d
lead

s
to

a
fast

con
vergen

ce
(S

rivastava
an

d
S
u
tton

,
2017).

A
softp

lu
s

tran
sform

ation
is

a
p
p
lied

b
eca

u
se

th
e

D
irich

let
p
a
ra

m
eter

n
eed

s
to

b
e

p
o
sitiv

e.
F

u
rth

erm
o
re,

a

1
.
h
t
t
p
s
:
/
/
c
a
s
m
l
s
.
g
i
t
h
u
b
.
i
o
/
g
e
n
e
r
a
l
/
2
0
1
7
/
0
4
/
2
5
/
r
s
v
i
.
h
t
m
l

11
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L
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B
u
r
k
h
a
r
d
t
a
n
d

K
r
a
m
e
r

m
in

im
u
m

va
lu

e
o
f

0
.0

0
0
0
1

is
u
sed

fo
r

th
e

D
irich

let
p
a
ra

m
eter

α
w

h
ich

is
n
ecessa

ry
fo

r
sta

b
ility

o
f

th
e

g
ra

d
ien

ts.
T

h
e

la
ten

t
va

ria
b
les

z
a
re

sa
m

p
led

fro
m

th
e

D
irich

let
d
istrib

u
tion

.

2.
D

eco
d

er:
T

h
e

d
eco

d
er

is
stru

ctu
red

as
follow

s:
T

h
e

laten
t

variab
les

z
are

tran
sform

ed
lin

early.
A

gain
,

b
atch

n
orm

alization
is

ap
p

lied
.

T
h

e
fi

n
al

resu
lt

is
ob

tain
ed

th
rou

gh
a

lo
g
-so

ftm
a
x

tra
n
sfo

rm
a
tio

n
.

N
o
te

th
a
t

th
e

d
eco

d
er

w
eig

h
ts

a
re

n
o
t

restricted
to

b
e

o
n

th
e

p
ro

b
a
b

ility
sim

p
lex

a
s

w
o
u

ld
b

e
n

ecessa
ry

if
a

D
irich

let
p

rio
r

w
a
s

p
u

t
o
n

th
e

top
ic-w

ord
d
istrib

u
tion

s.
T

h
is

lifts
th

e
restriction

of
th

e
m

ix
tu

re
m

o
d
el

as
p
rop

osed
b
y

S
rivastava

an
d

S
u
tton

(2017)
(T

h
e

sam
e

w
as

d
on

e
in

th
e

N
V

D
M

m
o
d
el

b
y

M
iao

et
al.

(2
0
1
6
),

a
lth

o
u

g
h

it
w

a
s

n
o
t

ex
p

licitly
d

iscu
ssed

.).
T

h
is

is
w

h
y

in
o
u

r
ex

p
erim

en
ts

w
e

com
p
are

to
th

e
P

ro
d
L

D
A

m
o
d
el

of
S
rivastava

an
d

S
u
tton

(2017)
an

d
n
ot

to
A

V
IT

M
,

w
h
ich

p
u
ts

th
e

sim
p
lex

con
strain

t
on

th
e

d
eco

d
er

w
eigh

ts.
N

everth
eless,

w
e

can
u
se

th
e

d
eco

d
er

w
eigh

ts
to

in
fer

ou
r

top
ics

sin
ce

it
is

su
ffi

cien
t

to
ran

k
th

e
w

ord
s

accord
in

g
to

th
e

resp
ective

w
eigh

ts
for

each
top

ic.
T

h
e

w
eigh

ts
d
o

n
ot

h
ave

b
e

given
a

p
rob

ab
ilistic

in
terp

reta
tio

n
a
s

in
L

D
A

m
o
d

els.
T

h
e

w
o
rd

s
w

ith
th

e
la

rg
est

w
eig

h
ts

fo
r

ea
ch

la
ten

t
top

ic,
are

u
su

ally
rep

resen
tative

for
th

at
top

ic.
It

w
as

sh
ow

n
b
y

S
rivastava

an
d

S
u
tton

(2017)
an

d
is

con
fi
rm

ed
in

ou
r

ex
p

erim
en

ts
th

at
th

e
n
on

-m
ix

tu
re

version
y
ield

s
low

er
p

erp
lex

ity
b
u
t

h
igh

er
top

ic
coh

eren
ce.

T
h
e

reason
for

th
is

is
su

sp
ected

to
b

e
th

e
liftin

g
of

th
e

m
ix

tu
re

m
o
d
el

con
train

t
w

h
ich

m
akes

th
e

m
o
d
el

m
ore

ex
p
ressive.

4
.5

.
C

o
m

p
o
n

e
n
t

C
o
lla

p
sin

g

A
s

m
en

tio
n
ed

in
th

e
p
rev

io
u
s

sectio
n
,

V
A

E
s

o
ften

su
ff

er
fro

m
th

e
w

ell-k
n
ow

n
issu

e
o
f

com
p

on
en

t
collap

sin
g

(B
ow

m
an

et
al.,

2016).
T

h
is

is
th

e
p

rob
lem

of
a

lo
cal

m
in

im
u

m
th

at
is

u
su

ally
en

cou
n
tered

early
on

in
th

e
train

in
g

p
ro

cess
an

d
w

h
ich

th
e

m
o
d

el
can

n
ot

escap
e

as
th

e
train

in
g

con
tin

u
es.

It
o
ccu

rs
b

ecau
se

it
is

often
easier

for
th

e
m

o
d

el
to

m
in

im
ize

th
e

K
L

-d
ivergen

ce
th

an
to

m
in

im
ize

th
e

recon
stru

ction
error.

T
h
is

lead
s

to
p
aram

eters
th

at
are

eq
u
al

to
th

e
p
rior

an
d

th
u
s,

m
an

y
or

all
top

ics
are

th
e

sam
e.

T
h
is

m
ean

s
th

at
th

ere
are

a
lot

of
red

u
n

d
an

t
top

ics,
b

u
t

th
e

p
erp

lex
ity

is
relatively

low
.

T
o

p
reven

t
th

is
from

h
ap

p
en

in
g,

a
com

m
on

m
eth

o
d

is
an

n
ealin

g
of

th
e

K
L

-d
ivergen

ce
(B

ow
m

an
et

al.,
2016)

to
slow

ly
in

tro
d
u
ce

it
in

to
th

e
loss

fu
n
ction

.
O
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t
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q
u
ir

e
to
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ro
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im
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te
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o
p
ti

m
al
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b
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m
p
li
n
g
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ro
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il
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ie
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l
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T

h
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u
ta
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n
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g
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s
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en
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b
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n
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s
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y
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o
t
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u
g
h

to
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d
th
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fu

ll
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a.
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te
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in
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ly

,
as

y
m

p
to

ti
c

d
is
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ib

u
ti
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s
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so
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P
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is

so
n
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b
sa

m
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n
g
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ro
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a
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e
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en
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m
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o
r
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th

e
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m
p
li
n
g

ra
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o,
th
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o
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th
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b
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m
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le
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th
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ll
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ta
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m

p
le
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ot
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n
v
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to
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ro

.
W

e
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in
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e

u
n
co

n
d
it
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n
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l
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y
m

p
to

ti
c

d
is

tr
ib

u
ti
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n
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r

th
e

es
ti

m
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or
b
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n

P
oi

ss
o
n

su
b
sa

m
p
li
n
g.

P
il
o
t

es
ti
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to
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ar

e
re
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u
ir

ed
to
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u
la

te
su

b
sa

m
p
li
n
g

p
ro
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a
b
il
it

ie
s
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d
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rr
ec
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b
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u
n
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ei
gh

te
d

es
ti

m
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in
te

re
st
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y,
ev

en
if

p
il
ot
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ti
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re

in
co

n
si
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en

t,
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e
p
ro
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ed
m

et
h
o
d
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il
l

p
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d
u
ce
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n
si

st
en

t
a
n
d

as
y
m

p
to

ti
ca

ll
y

n
or

m
al

es
ti

m
at

or
s.

K
e
y
w

o
rd

s:
A

sy
m

p
to

ti
c

D
is

tr
ib

u
ti

on
,

L
og

is
ti

c
R

eg
re

ss
io

n
,

M
as

si
v
e

D
at

a
,

O
p
ti

m
al

S
u
b
-

sa
m

p
li
n
g,

P
oi

ss
o
n

S
am

p
li
n
g.

1
.

In
tr

o
d
u
ct

io
n

E
x
tr

ao
rd

in
ar

y
am

ou
n
ts

of
d
at

a
th

at
ar

e
co

ll
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te
d

off
er

u
n
p
ar

al
le

le
d

op
p

o
rt

u
n
it

ie
s
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r

ad
-

va
n
ci

n
g
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m

p
li
ca

te
d
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ie

n
ti
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c

p
ro

b
le

m
s.

H
ow

ev
er

,
th

e
in

cr
ed

ib
le

si
ze

s
of

b
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d
at

a
b
ri

n
g

n
ew
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le
n
ge

s
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r
d
at

a
an

al
y
si

s.
A

m
a
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r
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le
n
ge

o
f

b
ig

d
at
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an
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y
si

s
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w
it

h
th

e
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ir
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r
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m

p
u
ti

n
g
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.

F
ac

ed
w

it
h

th
is

,
su

b
sa

m
p
li
n
g

h
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b
ee

n
w

id
el

y
u
se

d
to

re
d
u
ce

th
e

co
m

p
u
ta

ti
on

al
b
u
rd

en
,

in
w

h
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h
in

te
n
d
ed

ca
lc

u
la

ti
on

s
ar

e
ca

rr
ie

d
ou

t
on

a
su

b
sa

m
p
le

th
at

is
d
ra

w
n

fr
om

th
e

fu
ll

d
at

a,
se

e
D

ri
n
ea

s
et

al
.

(2
00

6a
,b

,c
);

M
a
h
on

ey
an

d
D

ri
n
ea

s
(2

00
9)

;
D

ri
n
ea

s
et

al
.

(2
01

1)
;

M
ah

on
ey

(2
01

1)
;

H
al

ko
et

al
.

(2
01

1)
;

C
la

rk
so

n
an

d
W

o
o
d
ru

ff
(2

01
3)

;
K

le
in

er
et

al
.

(2
01

4)
;

M
cW

il
li
am

s
et

al
.

(2
01

4)
;

Y
an

g
et

al
.

(2
01

7)
,
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on

g
ot

h
er

s.

A
ke

y
to

su
cc

es
s
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a

su
b
sa

m
p
li
n
g

m
et

h
o
d

is
to

sp
ec

if
y

n
on

u
n
if

o
rm
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m

p
li
n
g

p
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-

it
ie
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so

th
at
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or

e
in
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rm
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e
d
at

a
p

oi
n
ts
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e
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m

p
le

d
w

it
h

h
ig

h
er

p
ro

b
ab

il
it

ie
s.

F
o
r

th
is

p
u
rp

os
e,

n
or

m
al

iz
ed

st
at
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ti
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l

le
ve

ra
ge

sc
or

es
or

it
s

va
ri

an
ts
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e

of
te

n
u
se

d
a
s

su
b
sa

m
p
li
n
g

p
ro

b
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il
it

ie
s

in
th

e
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n
te

x
t

of
li
n
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r
re
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es
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on

,
an

d
th

is
ap

p
ro

ac
h

is
te

rm
ed

a
lg

o
ri

th
m

ic
le

ve
ra

gi
n

g
(M

a
et

al
.,

20
15

).
It

h
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d
em

on
st

ra
te

d
re

m
ar

ka
b
le

p
er

fo
rm

an
ce

in
b

et
te

r
u
si

n
g

of
a

fi
x
ed

am
ou

n
t

of
co

m
p
u
ti

n
g

p
ow

er
(A

v
ro

n
et

al
.,

20
10

;
M

en
g

et
al

.,
20

1
4)

.
S
ta

ti
st

ic
al

le
ve

ra
ge

sc
or

es
on

ly
co

n
ta

in
in

fo
rm

at
io

n
in

th
e

co
va

ri
at

es
an

d
d
o

n
ot

ta
ke

in
to

ac
co

u
n
t

c ©
2
0
1
9

H
a
iY

in
g

W
a
n

g
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
5
9
6
.
h
t
m
l
.
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:1

-5
9,

 2
01

9

W
a
n
g

th
e

in
fo

rm
at

io
n

co
n
ta

in
ed

in
th

e
ob

se
rv

ed
re

sp
on

se
s.

W
an

g
et

al
.

(2
01

8
)

d
er

iv
ed

o
p
ti

m
a
l

su
b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s

th
at

m
in

im
iz

e
th

e
as

y
m

p
to

ti
c

m
ea

n
sq

u
ar

ed
er

ro
r

(M
S
E

)
o
f

th
e
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b
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m
p
li
n
g-

b
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ed
es
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m
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or
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th

e
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n
te

x
t

o
f
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ic
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on
.

T
h
e
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m
a
l
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b
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m
-

p
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n
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p
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b
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il
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s

d
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y
d
ep
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d
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b

ot
h

th
e
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d
th

e
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m

o
re
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e
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b
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m
p
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W
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.
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u
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d
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b
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y
w

ei
g
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d
es
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b
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b
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,
w

h
er

e
m

or
e

in
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p
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n
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a
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w
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e
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n
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h
u
s,

w
e
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n
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p
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v
e
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e

es
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m
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n
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n
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e
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m
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b
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m
p
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b
y
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n
g
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r
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n
g
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th
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e
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e
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t
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m
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b
as
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b
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n

ra
n
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o
m
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g

to
th

e
op

ti
m
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b
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n
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p
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m
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,
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L
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n
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e
w
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d
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m
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W
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a
l.
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0
1
8
).
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o
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n
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b
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b
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b
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n
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p
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b
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b
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b
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it
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p
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p
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n
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b
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d
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b
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m
p
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n
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b
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,
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u
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D
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b
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ra
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h
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d
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al
go

ri
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b
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ra
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b
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p
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n
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d
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p
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ve
th

e
p

er
fo

rm
a
n
ce

.
R
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k
u
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6)
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d
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L
S
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b
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n
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n
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a
n
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W
a
n
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rm
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m
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b

d
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a
se

le
ct
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o
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b
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d
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b
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p
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p
u
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t
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b
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n
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p
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n
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.
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b
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re
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n
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i
et

al
.
(2

01
9)

ex
te

n
d
ed

th
is

m
et

h
o
d

to
in

cl
u
d
e

m
u
lt

i-
cl

as
s

lo
g
is

ti
c

re
g
re

s-
si

on
an

d
ge

n
er

al
iz

ed
li
n
ea

r
re

gr
es

si
on

m
o
d
el

s,
re

sp
ec

ti
ve

ly
.

A
lt

h
ou

gh
th

ey
d
er

iv
ed

o
p
ti

m
a
l

su
b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s,

th
ey

d
id

n
ot

in
ve

st
ig

at
e

w
h
et

h
er

a
b

et
te

r
w

ei
gh

ti
n
g

sc
h
em

e
ca

n
fu

rt
h
er

im
p
ro

v
e

th
e

es
ti

m
at

io
n

effi
ci

en
cy

.

T
h
is

p
ap

er
fo

cu
se

s
on

lo
gi

st
ic

re
gr

es
si

on
m

o
d
el

s,
w

h
ic

h
ar

e
w

id
el

y
u
se

d
fo

r
st

a
ti

st
ic

al
in

fe
re

n
ce

in
m

an
y

d
is

ci
p
li
n
es

,
su

ch
as

b
u
si

n
es

s,
co

m
p
u
te

r
sc

ie
n
ce

,
ed

u
ca

ti
on

,
a
n
d

g
en

et
ic

s,
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

a
m

o
n
g

o
th

ers
(H

osm
er

J
r

et
al.,

2013).
B

ased
on

op
tim

al
su

b
sam

p
les

ta
ken

accord
in

g
to

O
S
M

A
C

d
evelo

p
ed

in
W

an
g

et
al.

(2018),
m

ore
effi

cien
t

m
eth

o
d
s,

in
term

s
of

b
oth

p
aram

eter
estim

a
tio

n
an

d
n
u
m

erical
com

p
u
tation

,
w

ill
b

e
p
rop

osed
.

T
h
e

rem
in

d
er

of
th

e
p
ap

er
is

o
rg

a
n
ized

a
s

fo
llow

s.
M

o
d
el

setu
p
s

an
d

n
otation

s
are

in
tro

d
u
ced

in
S
ection

2.
T

h
e

O
S
M

A
C

w
ill

a
lso

b
e

b
riefl

y
rev

iew
ed

in
th

is
section

.
S
ection

3
p
resen

ts
th

e
m

ore
effi

cien
t

estim
a
tor

a
n
d

its
a
sy

m
p
to

tic
p
rop

erties.
S
ection

4
con

sid
ers

P
oisson

su
b
sam

p
lin

g.
S
ection

5
d
iscu

sses
issu

es
rela

ted
to

p
ractical

im
p
lem

en
tation

an
d

su
m

m
aries

th
e

m
eth

o
d
s

from
S
ection

s
3

an
d

4
in

to
tw

o
p
ra

ctical
algorith

m
s.

S
ection

6
gives

u
n
con

d
ition

al
asy

m
p
totic

d
istrib

u
tion

s
for

th
e

estim
a
to

r
from

P
oisson

su
b
sam

p
lin

g.
S
ection

7
d
iscu

sses
asy

m
p
totic

d
istrib

u
tion

s
w

ith
p
ilo

t
a
n
d

m
o
d
el

m
issp

ecifi
cation

s.
S
ection

8
evalu

ates
th

e
p
ractical

p
erform

an
ce

of
th

e
p
ro

p
o
sed

m
eth

o
d
s

u
sin

g
n
u
m

erical
ex

p
erim

en
ts.

S
ection

9
con

clu
d
es,

an
d

th
e

ap
p

en
d
ix

co
n
ta

in
s

p
ro

o
fs

an
d

tech
n
ical

d
etails.

2
.

M
o
d
e
l

se
tu

p
a
n
d

o
p
tim

a
l

su
b
sa

m
p
lin

g

L
et
y
∈
{0,1}

b
e

a
b
in

ary
resp

on
se

variab
le

an
d

x
b

e
a
d

d
im

en
sion

al
cova

riate.
A

logistic
reg

ressio
n

m
o
d
el

d
escrib

es
th

e
con

d
ition

al
p
rob

ab
ility

of
y

=
1

given
x

,
an

d
it

h
as

th
e

fo
llow

in
g

fo
rm

,

P
(y

=
1|x

)
=
p
(x
,β

)
=

e
x
T
β

1
+
e
x
T
β
,

(1)

w
h
ere

β
is

a
d×

1
vector

of
u
n
k
n
ow

n
regression

co
effi

cien
ts

b
elo

n
gin

g
to

a
com

p
a
ct

su
b
set

o
fR

d.
W

ith
in

d
ep

en
d
en

t
fu

ll
d
ata

of
size

N
fro

m
M

o
d
el

(1),
say,D

N
=
{
(x

1 ,y
1 ),...,(x

N
,y
N

)}
,

th
e

u
n
k
n
ow

n
p
aram

eter
β

is
often

estim
ated

b
y

th
e

m
ax

im
u
m

likelih
o
o
d

estim
ator

(M
L

E
),

d
en

o
ted

a
s
β̂

M
L
E .

It
is

th
e

m
ax

im
izer

o
f

th
e

log-lik
elih

o
o
d

fu
n
ction

,
n
am

ely,

β̂
M

L
E

=
arg

m
ax
β

`
f (β

)
=

arg
m

ax
β

N
∑i=

1 {
y
i x

Ti
β
−

log (1
+
e
β
T
x
i )}

.

S
in

ce
th

ere
is

n
o

gen
eral

closed
-form

so
lu

tion
to

th
e

M
L

E
,

N
ew

ton
’s

m
eth

o
d

or
iteratively

rew
eig

h
ted

lea
st

sq
u
ares

m
eth

o
d

(M
cC

u
llagh

an
d

N
eld

er,
1989)

is
often

ad
op

ted
to

fi
n
d

it
n
u
m

erica
lly.

T
h
is

ty
p
ically

takes
O

(ζ
N
d

2)
tim

e,
w

h
ere

ζ
is

th
e

n
u
m

b
er

o
f

iteration
s

in
th

e
o
p
tim

iza
tio

n
p
ro

ced
u
re.

F
or

su
p

er-large
d
ata

set,
th

e
com

p
u
tin

g
tim

e
O

(ζ
N
d

2)
m

ay
b

e
to

o
lo

n
g

to
a
ff

o
rd

,
an

d
iterative

com
p
u
tation

is
in

feasib
le

if
th

e
d
ata

volu
m

e
is

larger
th

an
th

e
ava

ila
b
le

ra
n
d
om

-access
m

em
ory

(R
A

M
).

T
o

overcom
e

th
is

com
p
u
tation

al
b

ottlen
eck

fo
r

th
e

a
p
p
lica

tion
of

logistic
regression

to
m

assive
d
ata,

W
an

g
et

al.
(2018)

d
ev

elop
ed

th
e

O
S
M

A
C

u
n
d
er

th
e

su
b
sam

p
lin

g
fram

ew
ork

.
L

et
π

1 ,
...,

π
N

b
e

su
b
sam

p
lin

g
p
rob

ab
ilities

su
ch

th
at ∑

Ni=
1
π
i

=
1.

U
sin

g
su

b
sam

p
lin

g
w

ith
rep

la
cem

en
t,

d
raw

a
ran

d
om

su
b
sam

p
le

of
size

n
accord

in
g

to
th

e
p
rob

ab
ilities{

π
i }
Ni=

1

fro
m

th
e

fu
ll

d
ata.

W
e

u
se
∗

to
in

d
ica

te
q
u
a
n
tities

for
a

su
b
sam

p
le,

n
a
m

ely,
d
en

ote
th

e
cova

ria
tes,

resp
on

ses,
an

d
su

b
sam

p
lin

g
p
rob

ab
ilities

in
a

su
b
sam

p
le

as
x
∗i ,
y ∗i ,

an
d
π
∗i ,

resp
ectively,

fo
r
i

=
1
,...,n

.
W

an
g

et
a
l.

(2018)
d
efi

n
e

th
e

w
eigh

ted
su

b
sam

p
le

estim
a
tor

β̂
πw

to
b

e

β̂
πw

=
arg

m
ax
β

` ∗w
(β

)
=

arg
m

ax
β

n
∑i=

1

y ∗i β
T
x
∗i −

log (1
+
e
β
T
x
∗i )

π
∗i

.
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W
a
n
g

T
h
e

key
to

su
ccess

h
ere

is
h
ow

to
sp

ecify
th

e
valu

es
for

π
i ’s

so
th

at
m

ore
in

form
ative

d
ata

p
oin

ts
are

sam
p
led

w
ith

h
igh

er
p
rob

ab
ilities.

W
an

g
et

al.
(2018)

d
erived

op
tim

al
su

b
sam

p
lin

g
p
rob

ab
ilities

th
at

m
in

im
ize

th
e

asy
m

p
totic

M
S
E

of
β̂
πw

.
T

h
ey

fi
rst

sh
ow

ed
th

at
β̂
πw

is
asy

m
p
totically

n
orm

al.
S
p

ecifi
cally,

for
large

n
an

d
N

,
th

e
con

d
ition

al
d
istrib

u
tion

of √
n

(β̂
πw
−
β̂

M
L
E )

given
th

e
fu

ll
d
ata
D
N

can
b

e
ap

p
rox

im
a
ted

b
y

a
n
orm

al
d
istrib

u
tion

w
ith

m
ean

0
an

d
varian

ce-covarian
ce

m
atrix

V
N

=
M
−

1
N

V
N
c M
−

1
N

,
in

w
h
ich

M
N

=
1N

N
∑i=

1

φ
i (β̂

M
L
E )x

i x
Ti
,

V
N
c

=
1N

N
∑i=

1 |y
i −

p
(x
i ,β̂

M
L
E )| 2x

i x
Ti

N
π
i

,

an
d
φ
i (β

)
=
p
(x
i ,β

){
1−

p
(x
i ,β

)}
w

ith
p
(x
i ,β

)
=
e
x
Ti
β
/
(1

+
e
x
Ti
β

).
B

ased
on

th
is

asy
m

p
-

totic
d
istrib

u
tion

,
th

ey
d
erive

th
e

follow
in

g
tw

o
op

tim
al

su
b
sam

p
lin

g
p
rob

ab
ilities

π
A

o
p

t
i

(β̂
M

L
E )

=
|y
i −

p
(x
i ,β̂

M
L
E )|‖M

−
1

N
x
i ‖

∑
Nj=

1 |y
j −

p
(x
j ,β̂

M
L
E )|‖M

−
1

N
x
j ‖
,

i
=

1,...,N
;

(2)

π
L

o
p

t
i

(β̂
M

L
E )

=
|y
i −

p
(x
i ,β̂

M
L
E )|‖x

i ‖
∑

Nj=
1 |y

j −
p
(x
j ,β̂

M
L
E )|‖x

j ‖
,

i
=

1,...,N
.

(3)

H
ere,{π

A
o
p

t
i

(β̂
M

L
E )}

Ni=
1

m
in

im
ize

tr(V
N

),
th

e
trace

of
V
N

,
an

d
th

is
is

th
e

A
-op

tim
ality

cri-

terion
in

op
tim

u
m

ex
p

erim
en

tal
d
esign

s
(A

tk
in

son
et

al.,
2007);{

π
L

o
p

t
i

(β̂
M

L
E )}

Ni=
1

m
in

im
ize

tr(V
N
c ),

an
d

th
is

is
a

ch
oice

of
th

e
L

-op
tim

ality
criterion

.
T

h
ese

su
b
sam

p
lin

g
p
rob

ab
ilities

h
ave

a
lot

of
n
ice

p
rop

erties
an

d
m

ea
n
in

gfu
l

in
terp

retation
s.

M
o
re

d
eta

ils
can

b
e

fou
n
d

in
S
ection

3
of

W
an

g
et

al.
(2018).

F
or

ease
of

p
resen

tation
,

u
se

th
e

follow
in

g
gen

eral
n
o
tation

to
d
en

ote
su

b
sam

p
lin

g
p
rob

-
ab

ilities

π
O

S
i

(β
)

=
|y
i −

p
(x
i ,β

)|h
(x
i )

∑
Nj=

1 |y
j −

p
(x
j ,β

)|h
(x
j ) ,

i
=

1,...,N
,

(4)

w
h
ere

h
(x

)
is

a
u
n
ivariate

fu
n
ction

of
x

.
W

e
p
rov

id
e

som
e

in
tu

ition
s

on
ch

o
osin

g
h

(x
).

L
et

L
b

e
a

m
atrix

w
ith

d
colu

m
n
s.

C
h
o
osin

g
h

(x
)

=
‖
L

M
−

1
N

x‖
m

in
im

izes
th

e
trace

o
f
L

V
N
L

T
,

w
h
ich

is
th

e
con

d
ition

al
asy

m
p
totic

varian
ce-covarian

ce
m

atrix
o
f
L
β̂
πw

(scaled
b
y
n

)
given

th
e

fu
ll

d
ataD

N
.

T
w

o
sp

ecial
ch

oices
of
h

(x
)

corresp
on

d
to
L

=
I

(th
e

id
en

tity
m

a
trix

)
an

d
L

=
M

N
.

If
L

=
I,

th
en

h
(x

)
=
‖
M
−

1
N

x‖
an

d
π

O
S

i
(β

)
b

ecom
es
π

A
o
p

t
i

(β
);

if
L

=
M

N
,

th
en

h
(x

)
=
‖x‖

an
d
π

O
S

i
(β

)
b

ecom
es
π

L
o
p

t
i

(β
).

If
on

e
is

in
terested

in
a

sp
ecifi

c
com

p
on

en
t

of
β

,
say

β
j ,

th
en

L
can

b
e

ch
osen

as
a

row
vector

w
ith

th
e
j-th

elem
en

t
b

ein
g

on
e

an
d

all
oth

er
elem

en
ts

b
ein

g
zero.

W
ith

th
is

ch
oice,

h
(x

)
=
‖
M
−

1
N
,
�j x‖

w
h
ere

M
−

1
N
,
�j

m
ean

s
th

e
j-th

row

of
M
−

1
N

,
an

d
th

e
asy

m
p
totic

varian
ce

of
β̂
πw
,j

is
m

in
im

ized
.

If
h

(x
)

=
1,

th
en

π
O

S
i

(β
)’s

are
p
rop

ortion
al

to
th

e
lo

cal
case-con

trol
su

b
sam

p
lin

g
p
rob

ab
ilities

(F
ith

ian
an

d
H

astie,
2014).

N
ote

th
at{

π
O

S
i

(β
)}
Ni=

1
d
ep

en
d

o
n

th
e

u
n
k
n
ow

n
β

,
so

a
p
ilot

estim
ate

of
β

is
req

u
ired

to
ap

p
rox

im
ate

th
em

.
L

et
β̂

0
b

e
a

p
ilot

estim
ator

from
a

p
ilot

su
b
sa

m
p
le

taken
from

th
e

fu
ll

d
ata,

for
w

h
ich

w
e

w
ill

p
rov

id
e

m
ore

d
etails

in
S
ection

5.
T

h
e

origin
al

w
eigh

ted
O

S
M

A
C

estim
ator

is

β̂
w

=
arg

m
ax
β

n
∑i=

1

y ∗i β
T
x
∗i −

log (1
+
e
β
T
x
∗i )

π
O

S
i

(β̂
0 ) ∗

.
(5)

4
JM

L
R

 20(132):1-59, 2019



M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

In
W

an
g

et
al

.
(2

01
8)

,
β̂
w

h
as

ex
ce

p
ti

on
al

p
er

fo
rm

an
ce

b
ec

au
se
{π

O
S

i
(β̂

0
)}
N i=

1
ar

e
ab

le
to

in
cl

u
d
e

m
or

e
in

fo
rm

at
iv

e
d
at

a
p

oi
n
ts

in
th

e
su

b
sa

m
p
le

.
H

ow
ev

er
,

w
e

ca
n

im
p
ro

ve
th

e
w

ei
gh

ti
n
g

sc
h
em

e
ad

op
te

d
in

(5
).

In
tu

it
iv

el
y,

a
la

rg
er
π

O
S

i
(β̂

0
)

m
ea

n
s

th
at

th
e

d
at

a
p

oi
n
t

(x
i,
y i

)
co

n
ta

in
s

m
or

e
in

fo
rm

at
io

n
ab

ou
t
β

,
b
u
t

it
h
as

a
sm

al
le

r
w

ei
gh

t
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
(5

).
T

h
is

re
d
u
ce

s
co

n
tr

ib
u
ti

on
s

of
m

or
e

in
fo

rm
at

iv
e

d
at

a
p

oi
n
ts

to
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

fo
r

p
ar

am
et

er
es

ti
m

at
io

n
.

T
h
e

w
ei

gh
te

d
es

ti
m

at
or

in
(5

)
is

u
se

d
b

ec
au

se
{π

O
S

i
(β̂

0
)}
N i=

1
d
ep

en
d

on
th

e
re

sp
on

se
s

y i
’s

an
d

an
u
n
-w

ei
gh

te
d

es
ti

m
at

or
is

b
ia

se
d
.

If
th

e
b
ia

s
ca

n
b

e
co

rr
ec

te
d
,

th
en

th
e

re
su

lt
an

t
es

ti
m

at
or

ca
n

b
e

m
or

e
effi

ci
en

t
in

p
ar

am
et

er
es

ti
m

at
io

n
,

b
ec

au
se

an
u
n
-w

ei
gh

te
d

es
ti

m
a-

to
r

of
te

n
h
as

a
sm

al
le

r
va

ri
an

ce
-c

ov
ar

ia
n
ce

m
at

ri
x

co
m

p
ar

ed
w

it
h

an
in

ve
rs

e
p
ro

b
ab

il
it

y
w

ei
gh

te
d

es
ti

m
at

or
.

In
tu

it
iv

el
y,

if
so

m
e

d
at

a
p

oi
n
ts

w
it

h
ve

ry
sm

al
l

va
lu

es
of
π

O
S

i
(β̂

0
)

a
re

se
le

ct
ed

in
th

e
su

b
sa

m
p
le

,
th

en
th

e
ta

rg
et

fu
n
ct

io
n

in
(5

)
w

ou
ld

b
e

d
om

in
at

ed
b
y

th
es

e
d
at

a
p

oi
n
ts

.
A

s
a

re
su

lt
,

th
e

va
ri

an
ce

-c
ov

ar
ia

n
ce

m
at

ri
x

of
th

e
w

ei
gh

te
d

es
ti

m
at

or
w

ou
ld

b
e

in
fl
at

ed
b
y

sm
al

l
va

lu
es

of
π

O
S

i
(β̂

0
).

N
ot

e
th

at
π
i’

s
ap

p
ea

r
in

th
e

d
en

om
in

at
or

of
V
N
c

in
th

e
as

y
m

p
to

ti
c

va
ri

an
ce

-c
ov

ar
ia

n
ce

m
at

ri
x

of
th

e
w

ei
gh

te
d

es
ti

m
at

or
.

A
m

a
jo

r
go

al
of

th
is

p
ap

er
is

to
d
ev

el
op

u
n
-w

ei
gh

te
d

es
ti

m
at

io
n

p
ro

ce
d
u
re

s.
In

te
re

st
in

gl
y,

fo
r

th
e

su
b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s

in
(4

),
th

e
b
ri

gh
t

id
ea

p
ro

p
os

ed
in

F
it

h
ia

n
an

d
H

as
ti

e
(2

01
4)

ca
n

b
e

u
se

d
to

co
rr

ec
t

th
e

b
ia

s
of

th
e

u
n
-w

ei
gh

te
d

es
ti

m
at

o
r.

3
.

M
o
re

e
ffi

ci
e
n
t

e
st

im
a
to

r

L
et
{(

x
∗ 1
,y
∗ 1
),
..
.,

(x
∗ n,
y
∗ n)
}

b
e

a
ra

n
d
om

su
b
sa

m
p
le

of
si

ze
n

ta
ke

n
fr

om
th

e
fu

ll
d
at

a
u
si

n
g

sa
m

p
li
n
g

w
it

h
re

p
la

ce
m

en
t

ac
co

rd
in

g
to

th
e

p
ro

b
ab

il
it

ie
s
{π

O
S

i
(β̂

0
)}
N i=

1
d
efi

n
ed

in
(4

).
U

si
n
g

th
is

su
b
sa

m
p
le

,
w

e
p
re

se
n
t

a
m

or
e

effi
ci

en
t

es
ti

m
at

io
n

p
ro

ce
d
u
re

b
as

ed
on

u
n
-w

ei
gh

te
d

es
ti

m
at

or
w

it
h

b
ia

s
co

rr
ec

ti
on

.
R

em
em

b
er

th
at

a
p
il
ot

es
ti

m
at

e
is

re
q
u
ir

ed
,

an
d

w
e

u
se
β̂

0

to
d
en

ot
e

it
.

H
er

e,
w

e
fo

cu
s

th
e

d
is

cu
ss

io
n

on
th

e
n
ew

es
ti

m
at

io
n

p
ro

ce
d
u
re

an
d

as
su

m
e

th
at

β̂
0

is
ob

ta
in

ed
b
as

ed
on

a
p
il
ot

su
b
sa

m
p
le

of
si

ze
n

0
an

d
it

is
co

n
si

st
en

t.
M

or
e

d
et

ai
ls

ab
ou

t
th

is
p
il
ot

es
ti

m
at

or
w

il
l

b
e

p
ro

v
id

ed
in

S
ec

ti
on

5,
an

d
th

e
sc

en
ar

io
th

at
β̂

0
is

in
co

n
si

st
en

t
w

il
l

b
e

in
ve

st
ig

at
ed

in
S
ec

ti
on

7.
1.

T
h
e

fo
ll
ow

in
g

p
ro

ce
d
u
re

d
es

cr
ib

es
h
ow

to
ob

ta
in

th
e

u
n
-w

ei
gh

te
d

es
ti

m
at

or
w

it
h

b
ia

s
co

rr
ec

ti
o
n
,

d
en

ot
ed

as
β̂
u
w

.

C
al

cu
la

te
th

e
n
ai

ve
u
n
-w

ei
gh

te
d

es
ti

m
at

or

β̃
u
w

=
ar

g
m

ax β
`∗ u
w

(β
)

=
ar

g
m

ax β

n ∑ i=
1

{ β
T
x
∗ iy
∗ i
−

lo
g
( 1

+
eβ

T
x
∗ i
)}
,

(6
)

an
d

th
en

le
t

β̂
u
w

=
β̃
u
w

+
β̂

0
.

(7
)

T
h
e

n
ai

v
e

u
n
-w

ei
gh

te
d

es
ti

m
at

or
β̃
u
w

in
(6

)
is

b
ia

se
d
,

an
d

th
e

b
ia

s
is

co
rr

ec
te

d
in

(7
)

u
si

n
g
β̂

0
.

W
e

w
il
l
sh

ow
in

th
e

fo
ll
ow

in
g

th
at
β̂
u
w

is
as

y
m

p
to

ti
ca

ll
y

u
n
b
ia

se
d
.

T
h
is

,
to

g
et

h
er

w
it

h
th

e
fa

ct
th

at
β̂

0
is

co
n
si

st
en

t,
sh

ow
s

th
e

in
te

re
st

in
g

fa
ct

th
at
β̃
u
w

co
n
ve

rg
es

to
0

in
p
ro

b
ab

il
it

y
as
n

0
,
n

,
an

d
N

go
to

in
fi
n
it

y.

T
o

in
ve

st
ig

at
e

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

,
w

e
u
se
β
t

to
d
en

ot
e

th
e

tr
u
e

va
lu

e
of
β

,
an

d
su

m
m

ar
iz

e
so

m
e

re
gu

la
ri

ty
co

n
d
it

io
n
s

in
th

e
fo

ll
ow

in
g.

A
ss

u
m

p
ti

o
n

1
T

h
e

m
a
tr

ix
E{
φ

(β
t)
h

(x
)x

x
T
}

is
fi

n
it

e
a
n

d
po

si
ti

ve
-d

efi
n

it
e.
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W
a
n
g

A
ss

u
m

p
ti

o
n

2
T

h
e

co
va

ri
a
te

x
a
n

d
fu

n
ct

io
n
h

(·)
sa

ti
sf

y
th

a
t
E{
‖x
‖2
h

2
(x

)}
<
∞

,
a
n

d
E{
‖x
‖2
h

(x
)}
<
∞

.

A
ss

u
m

p
ti

o
n

3
A

s
n
→
∞

,
n
E{
h

(x
)I

(‖
x
‖2
>
n

)}
→

0
,

w
h
er

e
I
()

is
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

.

A
ss

u
m

p
ti

on
1

is
re

q
u
ir

ed
to

es
ta

b
li
sh

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y.

T
h
is

is
a

co
m

m
o
n
ly

u
se

d
as

su
m

p
ti

on
,

e.
g.

,
in

F
it

h
ia

n
an

d
H

as
ti

e
(2

01
4)

;
W

an
g

et
al

.
(2

01
8)

,
am

o
n
g

o
th

er
s.

A
ss

u
m

p
-

ti
on

s
2

an
d

3
im

p
os

e
m

om
en

t
co

n
d
it

io
n
s

on
th

e
co

va
ri

at
e

d
is

tr
ib

u
ti

on
an

d
th

e
fu

n
ct

io
n

h
(x

).
W

h
en

h
(x

)
=

1,
if
E‖

x
‖2
<
∞

,
th

en
b

ot
h

th
e

tw
o

co
n
d
it

io
n
s

in
A

ss
u
m

p
ti

o
n

2
a
n
d

th
e

co
n
d
it

io
n

in
A

ss
u
m

p
ti

on
3

h
ol

d
.

T
h
u
s,

th
e

as
su

m
p
ti

o
n
s

re
q
u
ir

ed
in

th
is

p
a
p

er
a
re

n
o
t

st
ro

n
ge

r
th

an
th

os
e

re
q
u
ir

ed
b
y

F
it

h
ia

n
an

d
H

as
ti

e
(2

01
4)

.
W

h
en

h
(x

)
=
‖x
‖,

b
y

H
ö
ld

er
’s

in
eq

u
al

it
y,

n
E{
h

(x
)I

(‖
x
‖2
>
n

)}
≤
n

(E
‖x
‖3

)1
/
3
{E
I
(‖

x
‖2
>
n

)}
2
/
3

=
(E
‖x
‖3

)1
/
3
{n

3
/
2
P(
‖x
‖3
>
n

3
/
2
)}

2
/
3
.

N
ot

e
th

at
n

3
/
2
I
(‖

x
‖3

>
n

3
/
2
)
≤
‖x
‖3

an
d
I
(‖

x
‖3

>
n

3
/
2
)
→

0
in

p
ro

b
ab

il
it

y.
T

h
u
s,

if
E(
‖x
‖3

)
<
∞

,
th

en
n

3
/
2
P(
‖x
‖3

>
n

3
/
2
)

=
E{
n

3
/
2
I
(‖

x
‖3

>
n

3
/
2
)}
→

0
(s

ee
T

h
eo

re
m

1.
3.

6
of

S
er

fl
in

g,
19

80
).

T
h
er

ef
or

e,
if
E(
‖x
‖3

)
<
∞

,
A

ss
u
m

p
ti

on
3

h
ol

d
s.

T
h
is

sh
ow

s
th

a
t

E‖
x
‖4

<
∞

im
p
li
es

al
l

th
e

th
re

e
co

n
d
it

io
n
s

re
q
u
ir

ed
in

A
ss

u
m

p
ti

on
s

2
an

d
3
.

N
o
te

th
a
t

W
an

g
et

al
.

(2
01

8)
re

q
u
ir

es
th

at
E(
ev

T
x
)
<
∞

fo
r

an
y

v
∈

R
d

in
or

d
er

to
es

ta
b
li
sh

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

w
h
en

a
p
il
ot

es
ti

m
at

e
is

u
se

d
to

ap
p
ro

x
im

at
e

op
ti

m
a
l

su
b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s.

T
h
u
s,

th
e

re
q
u
ir

ed
co

n
d
it

io
n
s

in
th

is
p
ap

er
ar

e
w

ea
k
er

th
an

th
o
se

re
q
u
ir

ed
in

W
an

g
et

al
.

(2
01

8)
.

A
ss

u
m

p
ti

on
s

1
an

d
2

a
re

re
q
u
ir

ed
in

a
ll

th
e

th
eo

re
m

s
in

th
is

p
a
p

er
w

h
il
e

A
ss

u
m

p
ti

on
3

is
on

ly
re

q
u
ir

ed
in

T
h
eo

re
m

s
1,

18
,

an
d

24
.

T
h

e
o
re

m
1

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
-3

,
co

n
d
it

io
n

a
l

o
n
D N

,
if
β̂

0
is

co
n

si
st

en
t,

th
en

a
s
n

0
,

n
,

a
n

d
N

go
to

in
fi

n
it

y,

√
n

(β̂
u
w
−
β̂

w
M

L
E
)
−→

N
( 0
,

Σ
β
t

) ,
(8

)

in
d
is

tr
ib

u
ti

o
n

;
fu

rt
h
er

m
o
re

,
if
n
/N
→

0
,

th
en

√
n

(β̂
u
w
−
β
t)
−→

N
( 0
,

Σ
β
t

)
(9

)

in
d
is

tr
ib

u
ti

o
n

,
w

h
er

e

Σ
β

=

[ E
{φ

(β
)h

(x
)x

x
T
}

4Φ
(β

)

] −
1

,
Φ

(β
)

=
E{
φ

(β
)h

(x
)}
,

φ
(β

)
=
p
(x
,β

){
1
−
p
(x
,β

)}
,

a
n

d
β̂

w
M

L
E

is
a

w
ei

gh
te

d
M

L
E

ba
se

d
o
n

th
e

fu
ll

d
a
ta

d
efi

n
ed

a
s

β̂
w
M

L
E

=
ar

g
m

ax β

N ∑ i=
1

|y i
−
p
(x
i,
β̂

0
)|h

(x
i)
[ y
ix

T i
(β
−
β̂

0
)
−

lo
g
{1

+
ex

T i
(β
−
β̂
0
) }
] .

(1
0
)

H
er

e
β̂

w
M

L
E

sa
ti

sfi
es

th
a
t
√
N

(β̂
w
M

L
E
−
β
t)
−→

N
( 0
,

Σ
w
M

L
E

) ,
(1

1
)
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

in
d
istribu

tio
n

if
β̂

0
is

o
bta

in
ed

fro
m

a
u

n
ifo

rm
p
ilo

t
su

bsa
m

p
le

o
f

size
n

0
su

ch
th

a
t
n

0 / √
N

=
o(1

)
o
r

if
β̂

0
is

in
d
epen

d
en

t
o
fD

N
,

w
h
ere

Σ
w
M

L
E

=
[E{

φ
(β

t )h
(x

)x
x

T}] −
1E{

φ
(β

t )h
2(x

)x
x}

[E{φ
(β

t )h
(x

)x
x

T}
] −

1.

R
e
m

a
rk

2
T

h
eo

rem
1

sh
o
w

s
th

a
t

th
e

u
n

-w
eigh

ted
estim

a
to

r
β̂
u
w

is √
n

-co
n

sisten
t

to
β̂

w
M

L
E ,

a
w

eigh
ted

M
L

E
ba

sed
o
n

th
e

fu
ll

d
a
ta

in
co

n
d
itio

n
a
l

p
ro

ba
bility,

w
h
ile

T
h
eo

rem
5

o
f

W
a
n

g
et

a
l.

(2
0
1
8
)

sh
o
w

s
th

a
t

th
e

w
eigh

ted
estim

a
to

r
β̂
w

is √
n

-co
n

sisten
t

to
β̂

M
L
E ,

th
e

u
n

-w
eigh

ted
M

L
E

ba
sed

o
n

th
e

fu
ll

d
a
ta

in
co

n
d
itio

n
a
l

p
ro

ba
bility.

S
pecifi

ca
lly,

(8)
im

p
lies

th
a
t

given
D
N

in
p
ro

ba
bility,

β̂
u
w
−
β̂

w
M

L
E

=
O
P
|D
N

(n
−

1
/
2).

(12)

T
h
e
O
P
|D
N

(n
−

1
/
2)

exp
ressio

n
in

(12)
m

ea
n

s
th

a
t

fo
r

a
n

y
ε
>

0
,

th
ere

exist
a
δ
ε

su
ch

th
a
t

a
s
n
,N
→
∞

,

P {
su

pn
P

(‖
β̂
u
w
−
β̂

w
M

L
E ‖
>
n
−

1
/
2δ
ε |D

N
)≤

ε }
→

1
.

N
o
te

th
a
t

if
a

sequ
en

ce
is

bo
u

n
d
ed

in
co

n
d
itio

n
a
l

p
ro

ba
bility,

th
en

it
is

bo
u

n
d
ed

in
u

n
co

n
-

d
itio

n
a
l

p
ro

ba
bility,

i.e.,
if
a
n

=
O
P
|D
N

(1),
th

en
a
n

=
O
P

(1)
(X

io
n

g
a
n

d
L

i,
2
0
0

8
;

C
h
en

g

a
n

d
H

u
a
n

g,
2
0
1
0
).

T
h
erefo

re,
(12)

im
p
lies

th
a
t
β̂
u
w
−
β̂

w
M

L
E

=
O
P

(n
−

1
/
2).

S
im

ila
rly,

(11)
im

p
lies

th
a
t
β̂

w
M

L
E −
β
t

=
O
P

(N
−

1
/
2).

T
h
u

s,
β̂
u
w −

β
t

=
O
P

(n
−

1
/
2
+
N
−

1
/
2)

=
O
P

(n
−

1
/
2),

sh
o
w

in
g

th
e
√
n

-co
n

sisten
cy

o
f
β̂
u
w

to
th

e
tru

e
pa

ra
m

eter
u

n
d
er

th
e

u
n

co
n

d
itio

n
a
l

d
istribu

-
tio

n
.

R
e
m

a
rk

3
F

o
r
β̂

w
M

L
E ,

if
β̂

0
is

fi
xed

,
sa

y
β̂

0
=
β

0 ,
th

en
th

e
po

p
u

la
tio

n
log-likelih

ood
fo

r
th

e
o
bjective

fu
n

ctio
n

in
(10)

is

E (
a
(x
,β
,β

0 ) [p
(x
,β
−
β

0 )x
T

(β
−
β

0 )−
log{

1
+
e
x
T

(β−
β
0
)} ])

,

w
h
ere

a
(x
,β
,β

0 )
=
[p

(x
,β

){
1
−
p
(x
,β

0 )}
+
{
1
−
p
(x
,β

)}p
(x
,β

0 ) ]h
(x

).
If
h

(x
)

=
1,

th
en

th
is

po
p
u

la
tio

n
log-likelih

ood
is

id
en

tica
l

to
th

a
t

fo
r

th
e

loca
l

ca
se-co

n
tro

l
su

bsa
m

p
lin

g
estim

a
to

r.
F

o
r

gen
era

l
h

(x
),

sin
ce

it
d
oes

n
o
t

rely
o
n

th
e

respo
n

se
va

ria
ble,

w
e

expect
th

a
t
β̂

w
M

L
E

in
h
erits

th
e

m
a
in

p
ro

perties
o
f

th
e

th
e

loca
l

ca
se-co

n
tro

l
su

bsa
m

p
lin

g
estim

a
to

r,
in

clu
d
in

g
th

o
se

u
n

d
er

m
od

el
m

isspecifi
ca

tio
n

.
In

d
eed

th
is

is
th

e
ca

se,
a
n

d
m

o
re

d
eta

ils
fo

r
th

e
scen

a
rio

s
o
f

m
isspecifi

ca
tio

n
s

w
ill

be
p
resen

ted
in

S
ectio

n
7
.

T
h
eo

rem
1

sh
ow

s
th

at,
asy

m
p
totically,

th
e

d
istrib

u
tio

n
of
β̂
u
w

given
D
N

is
cen

tered
a
ro

u
n
d
β̂

w
M

L
E

w
ith

varian
ce-covarian

ce
m

atrix
n
−

1Σ
β
t ,

an
d

th
e

d
istrib

u
tion

of
β̂

w
M

L
E

is
cen

tered
a
rou

n
d
β
t

w
ith

varian
ce-covarian

ce
m

atrix
N
−

1Σ
w
M

L
E .

T
h
u
s,

b
oth

n
−

1Σ
β
t

an
d

N
−

1Σ
w
M

L
E

sh
o
u
ld

b
e

con
sid

ered
in

accessin
g

th
e

q
u
ality

of
β̂
u
w

for
estim

atin
g

th
e

tru
e

p
a
ra

m
eter

β
t .

H
ow

ever,
in

su
b
sam

p
lin

g
settin

g,
it

is
ex

p
ected

th
at
n
�
N

;
oth

erw
ise,

th
e

co
m

p
u
ta

tio
n
a
l

b
en

efi
t

is
m

in
im

u
m

.
T

h
u
s,
n
−

1Σ
β
t

is
th

e
d
om

in
atin

g
term

in
q
u
an

tify
in

g

th
e

va
ria

tio
n

o
f
β̂
u
w

.
If
n
/N
→

0,
th

en
th

e
variation

of
β̂

w
M

L
E

can
b

e
ign

ored
as

stated
in

(9
).
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W
a
n
g

N
ow

w
e

com
p
are

th
e

estim
ation

effi
cien

cy
of
β̂
u
w

w
ith

th
at

o
f

th
e

w
eigh

ted
estim

ator
β̂
w

.
W

ith
th

e
op

tim
al

su
b
sam

p
lin

g
p
rob

ab
ilities{

π
O

S
i

(β̂
M

L
E )}

Ni=
1 ,

th
e

asy
m

p
totic

varian
ce-

covarian
ce

m
atrix

(scaled
b
y
n

),
V
N

,
for

th
e

w
eigh

ted
estim

ator
β̂
w

h
as

a
form

of
V

O
S

N
=

M
−

1
N

V
O

S
N
c M
−

1
N

,
w

h
ere

V
O

S
N
c

=

{
1N

N
∑i=

1 |y
i −

p
(x
i ,β̂

M
L
E )|h

(x
i ) }{

1N

N
∑i=

1 |y
i −

p
(x
i ,β̂

M
L
E )|x

i x
Ti

h
(x
i )

}
.

N
ote

th
at

th
e

fu
ll

d
ata

M
L

E
β̂

M
L
E

is
co

n
sisten

t
u
n
d
er

A
ssu

m
p
tion

s
1
-2.

IfE{‖x‖
2/h

(x
)}
<

∞
,

th
en

from
L

em
m

a
28

in
th

e
ap

p
en

d
ix

an
d

th
e

law
of

large
n
u
m

b
ers,

V
O

S
N

con
verges

in
p
rob

ab
ility

to
V

O
S

=
M
−

1V
O

S
c

M
−

1,
w

h
ere

M
=

E{
φ

(β
t )x

x
T}

an
d

V
O

S
c

=
4Φ

(β
t )E {

φ
(β

t )x
x

T

h
(x

)

}
.

N
ote

th
at

th
e

asy
m

p
totic

d
istrib

u
tion

of
β̂
w

given
D
N

is
cen

tered
arou

n
d
β̂

M
L
E .

It
can

b
e

sh
ow

n
th

at
u
n
d
er

A
ssu

m
p
tion

s
1-2,

√
N

(β̂
M

L
E −

β
t )−→

N (0
,M
−

1 ),

in
d
istrib

u
tion

.
T

h
u
s,

b
oth

n
−

1V
O

S
an

d
N
−

1M
−

1
sh

ou
ld

b
e

con
sid

ered
in

accessin
g

th
e

q
u
ality

of
β̂
w

for
estim

atin
g

th
e

tru
e

p
aram

eter
β
t .

H
ow

ever,
sim

ilar
to

th
e

case
for

β̂
u
w

,
N
−

1M
−

1
is

sm
all

com
p
ared

w
ith

n
−

1V
O

S
if
n
�

N
,

an
d

it
is

n
egligib

le
if
n
/N
→

0.
T

h
erefore,

th
e

relative
p

erform
an

ce
b

etw
een

β̂
u
w

a
n
d
β̂
w

are
m

ain
ly

d
eterm

in
ed

b
y

th
e

relative
m

agn
itu

d
e

b
etw

een
V

O
S

an
d

Σ
β
t .

W
e

h
ave

th
e

follow
in

g
resu

lt
com

p
arin

g
V

O
S

an
d

Σ
β
t .

P
ro

p
o
sitio

n
4

If
M

,
V

O
S

c
,

a
n

d
Σ

β
t

a
re

fi
n

ite
a
n

d
po

sitive
d
efi

n
ite

m
a
trices,

th
en

Σ
β
t ≤

V
O

S.
(13)

H
ere,

th
e

in
equ

a
lity

is
in

th
e

L
oew

n
er

o
rd

erin
g,

i.e.,
fo

r
po

sitive
sem

i-d
efi

n
ite

m
a
trices

A
a
n

d
B

,
A
≥

B
if

a
n

d
o
n

ly
if

A
−

B
is

po
sitive

sem
i-d

efi
n

ite.
If
h

(x
)

=
1,

th
en

th
e

equ
a
lity

in
(13)

h
o
ld

s.
F

u
rth

erm
o
re,

n
o
te

th
a
t

th
e

a
sym

p
to

tic
va

ria
n

ce-co
va

ria
n

ce
m

a
trix

(sca
led

by
n

)
fo

r
u

n
ifo

rm
su

bsa
m

p
lin

g
estim

a
to

r
is

M
−

1.
If
β
t 6=

0
a
n

d
h

(x
)

=
‖L

M
−

1x‖
fo

r
so

m
e

m
a
trix

L
,

th
en

tr(L
Σ

β
t L

T
)≤

tr(L
V

O
SL

T
)≤

E{φ
(β

t )}tr(L
M
−

1L
T

)
<

tr(L
M
−

1L
T

).
(14)

R
e
m

a
rk

5
T

h
is

p
ro

po
sitio

n
sh

o
w

s
th

a
t
β̂
u
w

is
typ

ica
lly

m
o
re

effi
cien

t
th

a
n
β̂
w

in
estim

a
t-

in
g
β
t .

T
h
e

n
u

m
erica

l
resu

lts
in

S
ectio

n
8

a
lso

co
n

fi
rm

th
is.

A
ssu

m
e

th
a
t
n
/N
→

ρ
.

F
o
r

th
e

u
n

-w
eigh

ted
estim

a
to

r,
th

e
va

ria
tio

n
o
f √

N
(β̂

u
w
−
β̂

w
M

L
E )

is
m

ea
su

red
by

ρ −
1Σ

β
t

a
n

d

th
e

va
ria

tio
n

o
f √

N
(β̂

w
M

L
E −
β
t )

is
m

ea
su

red
by

Σ
w
M

L
E ,

w
h
ile

fo
r

th
e

w
eigh

ted
estim

a
to

r
th

e
va

ria
tio

n
o
f √

N
(β̂

w
−
β̂

M
L
E )

is
m

ea
su

red
by
ρ −

1V
O

S
a
n

d
th

e
va

ria
tio

n
o
f √

N
(β̂

M
L
E −

β
t )

is
m

ea
su

red
by

M
−

1.
N

o
te

th
a
t

Σ
β
t ,

Σ
w
M

L
E ,

V
O

S,
a
n

d
M
−

1
a
re

a
ll

fi
xed

co
n

sta
n

t
m

a
trices

th
a
t

d
o

n
o
t

d
epen

d
o
n
ρ

,
Σ

β
t ≤

V
O

S,
a
n

d
Σ

w
M

L
E

=
Σ

M
L
E

if
Σ

β
t

=
V

O
S.

T
h
u

s,
if
ρ

is
sm

a
ll

en
o
u

gh
,
β̂
u
w

is
m

o
re

effi
cien

t
th

a
n
β̂
w

in
estim

a
tin

g
β
t ,

a
n

d
w

e
d
o

n
o
t

n
eed

to
requ

ire
th

a
t

n
/N
→

0.
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

S
in

ce
th

e
eq

u
al

it
y

in
(1

3)
h
ol

d
s

if
h

(x
)

=
1,

th
is

in
d
ic

at
es

th
at

fo
r

su
b
sa

m
p
le

ob
ta

in
ed

fr
om

lo
ca

l
ca

se
-c

on
tr

ol
su

b
sa

m
p
li
n
g

w
it

h
re

p
la

ce
m

en
t,

th
e

w
ei

gh
te

d
an

d
u
n
-w

ei
gh

te
d

es
ti

m
at

or
s

h
av

e
th

e
sa

m
e

co
n
d
it

io
n
al

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
.

4
.

P
o
is

so
n

su
b
sa

m
p
li
n
g

F
or

th
e

m
or

e
effi

ci
en

t
es

ti
m

at
or
β̂
u
w

in
S
ec

ti
on

3
as

w
el

l
a
s

th
e

w
ei

gh
te

d
es

ti
m

a
to

r
β̂
w

,
th

e
su

b
sa

m
p
li
n
g

p
ro

ce
d
u
re

u
se

d
is

sa
m

p
li
n
g

w
it

h
re

p
la

ce
m

en
t,

w
h
ic

h
is

fa
st

er
to

co
m

p
u
te

th
an

sa
m

p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t

fo
r

a
fi
x
ed

sa
m

p
le

si
ze

.
In

ad
d
it

io
n
,

th
e

re
su

lt
an

t
su

b
sa

m
p
le

ar
e

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
(i

.i
.d

.)
co

n
d
it

io
n
al

on
th

e
fu

ll
d
at

a
.

H
ow

ev
er

,
to

im
p
le

m
en

t
sa

m
p
li
n
g

w
it

h
re

p
la

ce
m

en
t,

su
b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s
{π

O
S

i
(β̂

0
)}
N i=

1
n
ee

d
to

b
e

u
se

d
al

l
at

on
ce

,
an

d
a

la
rg

e
am

ou
n
t

of
ra

n
d
om

n
u
m

b
er

s
n
ee

d
to

b
e

ge
n
er

at
ed

al
l

at
on

ce
.

T
h
is

m
ay

re
d
u
ce

th
e

co
m

p
u
ta

ti
on

al
effi

ci
en

cy
,

an
d

it
m

ay
re

q
u
ir

e
a

la
rg

e
R

A
M

to
im

p
le

m
en

t
th

e
m

et
h
o
d
.

F
u
rt

h
er

m
or

e,
si

n
ce

a
d
at

a
p

oi
n
t

m
ay

b
e

in
cl

u
d
ed

fo
r

m
u
lt

ip
le

ti
m

es
in

th
e

su
b
sa

m
p
le

,
th

e
re

su
lt

an
t

es
ti

m
at

or
m

ay
n
ot

b
e

th
e

m
os

t
effi

ci
en

t.

T
o

en
h
an

ce
th

e
co

m
p
u
ta

ti
on

an
d

es
ti

m
at

io
n

effi
ci

en
cy

of
th

e
su

b
sa

m
p
le

es
ti

m
at

or
,

w
e

co
n
si

d
er

P
oi

ss
on

su
b
sa

m
p
li
n
g,

w
h
ic

h
is

al
so

fa
st

to
co

m
p
u
te

an
d

th
e

re
su

lt
an

t
su

b
sa

m
p
le

ca
n

b
e

in
d
ep

en
d
en

t
w

it
h
ou

t
co

n
d
it

io
n
in

g
on

th
e

fu
ll

d
at

a.
N

ot
e

th
at

fo
r

su
b
sa

m
p
li
n
g

w
it

h
re

p
la

ce
m

en
t,

a
re

su
lt

an
t

su
b
sa

m
p
le

is
ge

n
er

al
ly

n
ot

in
d
ep

en
d
en

t,
al

th
ou

gh
it

is
i.
i.
d

co
n
d
it

io
n
al

on
th

e
fu

ll
d
at

a.
A

s
an

ot
h
er

ad
va

n
ta

ge
w

it
h

P
oi

ss
on

su
b
sa

m
p
li
n
g
,

th
er

e
is

n
o

n
ee

d
to

ca
lc

u
la

te
su

b
sa

m
p
li
n
g

p
ro

b
ab

il
it

ie
s

al
l

at
on

ce
,

n
or

to
ge

n
er

at
e

a
la

rg
e

am
ou

n
t

of
ra

n
d
om

n
u
m

b
er

s
al

l
at

on
ce

.
F

u
rt

h
er

m
or

e,
a

d
at

a
p

oi
n
t

ca
n
n
o
t

b
e

in
cl

u
d
ed

in
th

e
su

b
sa

m
p
le

fo
r

m
or

e
th

an
on

e
ti

m
e.

A
li
m

it
at

io
n

of
P

oi
ss

on
su

b
sa

m
p
li
n
g

is
th

at
th

e
su

b
sa

m
p
le

si
ze

is
al

w
ay

s
ra

n
d
om

.
D

u
e

to
th

is
,

w
e

u
se
n
∗

to
d
en

ot
e

th
e

ac
tu

al
su

b
sa

m
p
le

si
ze

,
an

d
ab

u
se

th
e

n
ot

at
io

n
in

th
is

se
ct

io
n

to
u
se
n

to
d
en

ot
e

th
e

ex
p

ec
te

d
su

b
sa

m
p
le

si
ze

,
i.
e.

,
E(
n
∗ )

=
n

.

N
ot

e
th

at
{π

O
S

i
(β

)}
N i=

1
d
ep

en
d

on
th

e
fu

ll
d
at

a
th

ro
u
gh

th
e

te
rm

in
th

e
d
en

o
m

in
at

or
,

∑
N i=

1
|y i
−
p
(x
i,
β

)|h
(x
i)

.
W

ri
te

Ψ
N

(β
)

=
N
−

1
∑

N i=
1
|y i
−
p
(x
i,
β

)|h
(x
i)

,
an

d
d
en

ot
e

it
s

li
m

it
as

Ψ
(β

)
=

E{
|y
−
p
(x
,β

)|h
(x

)}
.

N
ot

e
th

at
Ψ

(β
t)

=
2
Φ

(β
t)

.
T

h
e

p
il
ot

su
b
sa

m
p
le

ca
n

b
e

u
se

d
to

ob
ta

in
an

es
ti

m
at

or
of

Ψ
(β

t)
to

ap
p
ro

x
im

at
e

Ψ
N

(β
).

L
et

Ψ̂
0

b
e

a
p
il
ot

es
ti

m
at

or
of

Ψ
(β

t)
.

H
er

e,
w

e
fo

cu
s

on
th

e
P

oi
ss

on
su

b
sa

m
p
li
n
g

p
ro

ce
d
u
re

an
d

as
su

m
e

th
at

su
ch

Ψ̂
0

is
av

ai
la

b
le
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Ψ̂
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Ψ̂
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b
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0
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Ψ̂
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b
sa

m
p
le

if
u
i
≤
n
π
p i
.

F
or

th
e

ob
ta

in
ed

su
b
sa

m
p
le

,
sa

y
{(

x
∗ 1
,y
∗ 1
,π

p
∗

1
),
..
.,

(x
∗ n∗
,y
∗ n∗
,π

p
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∨
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β̂
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b
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b
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e

sa
m

p
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b
e

gi
ve

n
a

la
rg

er
w

ei
gh

t,
n
π
p i
,

in
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.
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p
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β̂
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n
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→
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√
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∈
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√
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Λ
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Σ
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Ψ
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Ψ
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−
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>
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h
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p
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,
β̂
p
−
β̂

w
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L
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=
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P
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w
h
ic
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p
li
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β̂
p
−
β̂
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d
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d
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p
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d
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p
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ty

(X
io

n
g

a
n

d
L

i,
2
0
0
8
;

C
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H

u
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=
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=
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/
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sh
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p
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√
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d
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b
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p
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d
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p
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ra
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.
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,
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m

p
ar

in
g

T
h
eo
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1

an
d
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w

e
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n
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th
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β̂
u
w
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d
β̂
p

h
av

e
th

e
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m
e
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y
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p
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ti
c

d
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u
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n
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→
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h
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e

b
ec
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se

if
th
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m
p
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n
g

ra
ti
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n
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p
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it
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ce
m

en
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e
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ce
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p
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t
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p
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m

en
t.

H
ow

ev
er
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if
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e
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m

p
li
n
g

ra
ti

o
n
/N

d
o
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n
ot

co
n
ve

rg
e

to
ze

ro
,

th
en
β̂
u
w

an
d
β̂
p

h
av

e
th

e
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m
e
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y
m
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ti
c
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n
b
u
t

d
iff
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en
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m

p
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an
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ar
ia

n
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e
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p
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m
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c
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n
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m
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s.

P
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p
o
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o
n

8
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ρ
>

0
a
n

d
Σ

β
t
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a

fi
n

it
e

a
n

d
po

si
ti

ve
d
efi

n
it

e
m

a
tr
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,

th
en

Σ
β
t
Λ
ρ
Σ

β
t
<

Σ
β
t
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u
n
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er
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e

L
oe

w
n
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o
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er
in

g.

T
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p
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b
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m
p
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p
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.
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im
p
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m
e
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S
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1
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p
il
ot

es
ti

m
at

e
of
β

is
re

q
u
ir

ed
to

a
p
p
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p
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b
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b
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p
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b
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g,
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b
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b
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b
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m
p
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n
g

p
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b
a
b
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it

y
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M
o
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e
E
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f
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ie
n
t
E
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im
a
t
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n
w
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h
O
p
t
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a
l
S
u
b
sa

m
p
l
e
s

ca
ses

(y
i

=
1
)

is
d
iff

eren
t

from
th

at
for

th
e

con
trols

(y
i

=
0).

L
et

th
e

su
b
sam

p
lin

g
p
rob

a-
b
ilities

u
sed

to
take

th
e

p
ilot

su
b
sam

p
le

b
e

π
0
i

=
c

0 (1−
y
i )

+
c

1 y
i

N
,

(17)

w
h
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c
0

a
n
d
c

1
are
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o

con
stan

ts
th

at
can

b
e

u
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to
b
alan

ce
th

e
n
u
m

b
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of
0’s
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d

1’s
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e

resp
on

ses
for

th
e

p
ilot

su
b
sam

p
le.

If
c

0
=
c

1
=

1,
th
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π

0
i

=
N
−

1
corresp

on
d
s

to
th

e
u
n
ifo

rm
su

b
sa

m
p
lin

g.
T

h
is
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is
recom

m
en

d
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d
u
e
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its
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p
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if
th

e
p
rop

ortion
of

1
’s
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clo

se
to

0
.5

(W
an

g
et

al.,
2018).

If
c

0 6=
c

1 ,
th

en
π

0
i ’s
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th

e
case-con
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b
sam

p
lin

g
p
ro

b
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ilities.
T

h
is
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is
recom

m
en

d
ed

for
im

b
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fu

ll
d
ata.

O
ften

,
som

e
p
rior

in
fo

rm
a
tio

n
a
b

o
u
t

th
e

m
argin

al
p
rob

ab
ility

P
(y

=
1
)

is
availab

le.
If
p
p
r

is
th

e
p
rior

m
argin

al

p
ro

b
ab

ility,
w

e
can

ch
o
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c
0

=
{
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p
p
r )} −

1
an

d
c

1
=

(2p
p
r ) −

1.
T

h
e

p
ilot

estim
ate
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0

can
b

e
o
b
ta

in
ed

u
sin

g
th

e
p
ilot

su
b
sam

p
le.

F
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u
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p
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n
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e
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e.

F
or

case-con
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su
b
sam

p
lin
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w

e
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n
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w
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b
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b
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p
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g
w
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t
an

d
P
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su

b
sam

p
lin
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T

o
o
b
ta

in
a
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n
al

estim
ator,

W
an

g
et

al.
(2018)

p
o
oled

th
e

p
ilot

su
b
sam

p
le

w
ith

th
e

sec-
o
n
d
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g
e

su
b
sam

p
le

taken
u
sin

g
ap

p
rox
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tim
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su

b
sam

p
lin

g
p
rob

ab
ilities.

W
h
ile

th
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d
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n
o
t
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ake

a
d
iff

eren
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m

p
totically

sin
ce
n

0
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p
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a
sm
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p
a
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w
ith

n
,

i.e.,
n

0
=
o(n
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u
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g
th

e
p
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su
b
sam

p
le

h
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s
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im
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e
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n
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p
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p
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p
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p
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b
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p
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secon
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m
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et
a
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h
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e
p
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su
b
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m
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le
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e.
F
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su
b
sa

m
p
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en
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b
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R
A

M
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e
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p
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p
lem

en
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M

w
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p
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(β̂
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b
y

read
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g
th

e
d
ata

from
h
ard

d
rive
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b
y
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e
o
r

b
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y
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,
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d
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a
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b
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p
le,
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d
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e
d
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y
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e
or

b
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ck
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e

su
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p
le.

A
d
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p
ro
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u
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p
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ed
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n
A

o
f
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e
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en
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r
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p
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g,
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e
p
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le
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b
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p
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Ψ
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e

u
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e
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g
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p
le.
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p
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=
p
(x
∗
0
i
,β

){
1−

p
(x
∗
0
i
,β

)}.
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Ψ̂
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{῭
∗ 0 p

(β̃
0
)

+
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{῭
∗ 0 uw

(β̃
0
)+
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῭ u
w

(β̃
u
w

)
→

1
in

p
ro

ba
bi

li
ty

.
T

h
e

re
a
so

n
fo

r
β̌
p

is
si

m
il

a
r.

R
e
m

a
rk

1
0

In
A

lg
o
ri

th
m

1
a
n

d
A

lg
o
ri

th
m

2
,

to
co

m
bi

n
e

th
e

tw
o

st
a
ge

es
ti

m
a
te

s
u

si
n

g
th

e
se

co
n

d
d
er

iv
a
ti

ve
o
f

th
e

o
bj

ec
ti

ve
fu

n
ct

io
n

s,
th

e
in

co
n

si
st

en
t

es
ti

m
a
to

rs
β̃

0
,

a
n

d
β̃
u
w

o
r

β̃
p

sh
o
u

ld
be

u
se

d
,

be
ca

u
se

th
ei

r
li

m
it

s
co

rr
es

po
n

d
to

th
e

te
rm

s
in

th
e

a
sy

m
p
to

ti
c

va
ri

a
n

ce
-

co
va

ri
a
n

ce
m

a
tr

ic
es

o
f

th
e

m
o
re

effi
ci

en
t

es
ti

m
a
to

rs
.

T
h
is

is
a
n

a
d
va

n
ta

ge
o
f

th
e

p
ro

po
se

d
es

ti
m

a
to

rs
fo

r
im

p
le

m
en

ta
ti

o
n

u
si

n
g

ex
is

ti
n

g
so

ft
w

a
re

th
a
t

fi
t

lo
gi

st
ic

re
gr

es
si

o
n

.
O

n
e

ca
n

u
se

th
e

in
ve

rs
e

o
f

th
e

es
ti

m
a
te

d
va

ri
a
n

ce
-c

o
va

ri
a
n

ce
m

a
tr

ix
fr

o
m

th
e

so
ft

w
a
re

o
u

tp
u

t
to

re
p
la

ce
th

e
se

co
n

d
d
er

iv
a
ti

ve
o
f

th
e

o
bj

ec
ti

ve
fu

n
ct

io
n

.

R
e
m

a
rk

1
1

T
h
e

va
ri

a
n

ce
-c

o
va

ri
a
n

ce
es

ti
m

a
to

rs
V̂

(β̌
u
w

)
in

(1
9)

a
n

d
V̂

(β̌
p
)

in
(2

0
)

ca
n

be
re

p
la

ce
d

by
th

e
fo

ll
o
w

in
g

si
m

p
li

fi
ed

es
ti

m
a
to

rs
,

V̂
s
(β̌

u
w

)
=
{῭
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t)
}h

(x
)x

x
T

]

4Ψ
2
(β

t)
.

1
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

R
e
m

a
rk

1
4

If
th

e
p
ilo

t
estim

a
to

rs
β̂

0
a
n

d
Ψ̂

0
a
re

o
bta

in
ed

th
ro

u
gh

th
e

fu
ll

d
a
ta
D
N

,
stro

n
ger

m
o
m

en
t

co
n

d
itio

n
s

a
re

requ
ired

.
N

o
te

th
a
t
h

(x
)

is
o
ften

a
fu

n
ctio

n
o
f

th
e

n
o
rm

o
f
x

,
su

ch
a
s

in
π

L
o
p

t
i

,
π

A
o
p

t
i

,
a
n

d
th

e
loca

l
ca

se-co
n

tro
l

su
bsa

m
p
lin

g.
In

gen
era

l,
if
h

(x
)

=
‖A

x‖
a

fo
r

so
m

e
m

a
trix

A
a
n

d
co

n
sta

n
t
a
≥

0
,

th
en

th
e

fo
u

r
a
d
d
itio

n
a
l

m
o
m

en
t

co
n

d
itio

n
s

red
u

ce
to

o
n

e
requ

irem
en

t
o
fE{

h
3(x

)‖x‖
3}
<
∞

.

R
e
m

a
rk

1
5

If
ρ|ψ

(β
t )|h

(x
)≤

Ψ
(β

t )
a
lm

o
st

su
rely,

th
en

Λ
u

red
u

ced
to

Σ
−

1
β
t

a
n

d
a
s

a
resu

lt
Σ

β
t Λ

u Σ
β
t

red
u

ces
to

Σ
β
t .

F
u

rth
erm

o
re,

if
th

e
su

bsa
m

p
lin

g
p
ro

ba
bilities

a
re

p
ro

po
sitio

n
a
l

to
th

e
loca

l
ca

se-co
n

tro
l

su
bsa

m
p
lin

g
p
ro

ba
bilities,

i.e.,
h

(x
)

=
1,

th
en

Σ
β
t Λ

u Σ
β
t

red
u

ces
to

4E{
φ

(β
)}M

−
1.

F
o
r

th
e

u
n

ifo
rm

P
o
isso

n
su

bsa
m

p
lin

g
estim

a
to

r,
th

e
u

n
co

n
d
itio

n
a
l

a
sym

p
-

to
tic

va
ria

n
ce-co

va
ria

n
ce

m
a
trix

(sca
led

by
n

)
is

M
−

1.
F

ro
m

(1
4),

w
ith

th
e

sa
m

e
expected

su
bsa

m
p
le

size,
th

e
p
ro

po
sed

m
eth

od
h
a
s

a
h
igh

er
estim

a
tio

n
effi

cien
cy

th
a
n

su
bsa

m
p
lin

g
p
ro

po
rtio

n
a
l

to
th

e
loca

l
ca

se-co
n

tro
l

su
bsa

m
p
lin

g
p
ro

ba
bilities,

w
h
ich

is
m

o
re

effi
cien

t
th

a
n

th
e

u
n

ifo
rm

P
o
isso

n
su

bsa
m

p
lin

g
a
p
p
roa

ch
.

R
e
m

a
rk

1
6

F
ith

ia
n

a
n

d
H

a
stie

(2
0
1
4
)’s

in
vestiga

tio
n

co
rrespo

n
d
s

to
th

e
ca

se
o
f
h

(x
)

=
1

a
n

d
ρ

=
2E{φ

(β
t )}

.
F

o
r

th
is

scen
a
rio

in
T

h
eo

rem
1
3
,

th
e

a
sym

p
to

tic
va

ria
n

ce-co
va

ria
n

ce
m

a
trix

o
f
β̂
p

red
u

ces
to

2
N
−

1M
−

1,
w

h
ich

is
th

e
sa

m
e

a
s

o
bta

in
ed

in
F

ith
ia

n
a
n

d
H

a
stie

(2
0
1
4
).

T
h
is

resu
lt

is
pa

rticu
la

rly
n

ea
t

in
th

e
fa

ct
th

a
t

th
is

a
sym

p
to

tic
va

ria
n

ce-co
va

ria
n

ce
m

a
trix

is
p
ro

po
rtio

n
a
l

to
th

a
t

fro
m

th
e

fu
ll

d
a
ta

M
L

E
w

ith
a

m
u

ltip
lier

o
f

2
.

T
h
e

resu
lt

in
T

h
eo

rem
1
3

is
m

o
re

gen
era

l.
It

sh
o
w

s
th

a
t

if
h

(x
)

=
1
,

th
en

a
s

lo
n

g
a
s
ρ|ψ

(β
t )|≤

2E{φ
(β

t )}
(w

h
ich

is
sa

tisfi
ed

if
ρ

=
2E{

φ
(β

t )}),
th

e
a
sym

p
to

tic
va

ria
n

ce-co
va

ria
n

ce
m

a
trix

o
f
β̂
p

ca
n

be
w

ritten
a
s

4E{
φ

(β
t )}

ρ
N

M
−

1,

w
h
ich

is
p
ro

po
rtio

n
a
l

to
th

a
t

o
f

th
e

fu
ll

d
a
ta

M
L

E
w

ith
a

m
u

ltip
lier

o
f

4
ρ −

1E{φ
(β

t )}
.

W
e

n
eed

to
em

p
h
a
size

th
a
t

th
is

sim
p
le

rep
resen

ta
tio

n
h
o
ld

s
o
n

ly
w

h
en

ρ|ψ
(β

t )|≤
2E{φ

(β
t )}

a
l-

m
o
st

su
rely.

If
th

e
su

bsa
m

p
lin

g
ra

tio
ρ

gets
clo

ser
to

o
n

e,
th

e
a
sym

p
to

tic
va

ria
n

ce-co
va

ria
n

ce
m

a
trix

in
(2

1
)

m
a
y

n
o
t

be
sim

p
lifi

ed
.

F
ro

m
T

h
eo

rem
s

6
an

d
13,

th
e

con
d
ition

al
asy

m
p
totic

d
istrib

u
tion

an
d

u
n
con

d
ition

al
a
sy

m
p
to

tic
d
istrib

u
tion

of
β̂
p

are
th

e
sam

e
if
n
/N
→

0.
T

h
is

is
in

tu
itive,

b
ecau

se
if

th
e

sa
m

p
lin

g
ra

tio
n
/N

is
sm

all,
th

e
variation

of
β̂
p

d
u
e

to
th

e
variatio

n
o
f

th
e

fu
ll

d
ata

is
sm

a
ll

co
m

p
a
red

w
ith

th
e

variation
d
u
e

to
th

e
variation

of
th

e
su

b
sam

p
lin

g.
H

ow
ever,

if
th

e
sa

m
p
lin

g
ra

tio
n
/N

d
o
es

n
ot

con
v
erge

to
zero,

th
en

th
e

con
d
ition

al
asy

m
p
totic

d
istrib

u
tion

a
n
d

u
n
co

n
d
itio

n
al

asy
m

p
totic

d
istrib

u
tion

of
β̂
p

are
q
u
ite

d
iff

eren
t.

F
irst,

w
e

n
otice

th
at

u
n
d
er

th
e

u
n
co

n
d
ition

al
d
istrib

u
tion

,
β̂
p

is
asy

m
p
totically

u
n
b
iased

to
β
t ,

w
h
ile

u
n
d
er

th
e

co
n
d
itio

n
a
l

d
istrib

u
tion

,
β̂
p

is
asy

m
p
totically

b
iased

w
ith

th
e

b
ias

b
ein

g
β̂

w
M

L
E
−
β
t

=

O
P

(N
−

1
/
2).

S
econ

d
,

sin
ce

th
e

variation
of
β̂
p

d
u
e

to
th

e
variation

of
th

e
fu

ll
d
ata

is
n
ot

n
eg

lig
ib

le,
w

e
ex

p
ect

th
at

th
e

asy
m

p
totic

varian
ce-covarian

ce
m

atrix
for

th
e

u
n
con

d
ition

al
d
istrib

u
tion

to
b

e
larger

th
an

th
at

for
th

e
con

d
ition

al
d
istrib

u
tion

.
In

d
eed

th
is

is
tru

e,
a
n
d

w
e

p
resen

t
it

in
th

e
follow

in
g

p
rop

osition
.

P
ro

p
o
sitio

n
1
7

If
ρ
>

0
a
n

d
Σ

β
t

is
a

fi
n

ite
a
n

d
po

sitive
d
efi

n
ite

m
a
trix,

th
en

Σ
β
t Λ

u Σ
β
t ≥

Σ
β
t
>

Σ
β
t Λ

ρ Σ
β
t ,

(2
2)
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W
a
n
g

u
n

d
er

th
e

L
oew

n
er

o
rd

erin
g.

F
u

rth
erm

o
re,

if
P{ρ|ψ

(β
t )|h

(x
)
>

Ψ
(β

t )}
>

0
,

th
en

th
e

“≥
”

sign
in

(22)
ca

n
be

rep
la

ced
by

“
>

”
,

th
e

strict
grea

t
sign

.

F
ith

ian
an

d
H

astie
(2014)

ob
tain

ed
u
n
con

d
ition

al
d
istrib

u
tion

of
lo

cal
case-con

trol
es-

tim
ator

b
y

assu
m

in
g

th
at

th
e

p
ilot

estim
ate

is
in

d
ep

en
d
en

t
of

th
e

d
ata.

O
u
r

T
h
eorem

13
in

clu
d
es

th
is

scen
ario,

an
d

th
e

req
u
ired

a
ssu

m
p
tion

s
are

th
e

sam
e

as
th

ose
req

u
ired

in
F

ith
ian

an
d

H
astie

(2014).
In

p
ractice,

a
con

sisten
t

p
ilot

estim
ato

r
th

at
is

in
d
ep

en
d
en

t
of

th
e

d
ata

m
ay

n
ot

b
e

availab
le

an
d

a
p
ilot

su
b
sa

m
p
le

from
th

e
fu

ll
d
ata

is
req

u
ired

to
con

stru
ct

it.
F

or
th

is
scen

ario,
a

p
ilot

estim
ator

is
d
ep

en
d
en

t
on

th
e

d
ata,

an
d

w
e

n
eed

a
stron

ger
m

om
en

t
con

d
ition

to
estab

lish
th

e
asy

m
p
totic

n
orm

ality.
F

or
lo

cal
case-con

trol
su

b
sam

p
lin

g,
h

(x
)

=
1,

an
d

th
e

ad
d
ition

al
m

om
en

t
req

u
irem

en
t

is
th

at
E

(‖
x‖

3)
<
∞

.

7
.

M
issp

e
cifi

ca
tio

n
s

In
th

is
section

,
w

e
d
iscu

ss
th

e
eff

ect
w

h
en

th
e

p
ilot

estim
ates

are
m

issp
ecifi

ed
or

w
h
en

th
e

m
o
d
el

is
m

issp
ecifi

ed
.

P
ilot

estim
ates

m
issp

ecifi
cation

often
o
ccu

rs
w

h
en

th
ey

are
from

oth
er

d
ata

sou
rces

or
w

h
en

th
ey

are
calcu

lated
b
ased

on
con

ven
ien

t
su

b
sam

p
les,

e.g.,
u
sin

g
th

e
fi
rst

n
0

ob
servation

s
in

th
e

fu
ll

d
ata

to
calcu

late
th

em
.

In
th

ese
cases,

it
is

reason
ab

le
to

assu
m

e
th

at
th

e
p
ilot

estim
ates

are
in

d
ep

en
d
en

t
ofD

N
an

d
w

e
u
se

th
is

assu
m

p
tion

in
th

is
section

.

7
.1

.
P

ilo
t

e
stim

a
te

s
m

issp
e
c
ifi

c
a
tio

n

H
ere,

w
e

assu
m

e
th

at
th

e
m

o
d
el

is
correctly

sp
ecifi

ed
b
u
t

th
e

p
ilot

estim
ates

β̂
0

an
d

Ψ̂
0

con
verge

to
lim

its
th

at
are

d
iff

eren
t

from
th

e
tru

e
p
ara

m
eters

for
th

e
cu

rren
t

d
a
ta.

In
terest-

in
gly,

in
th

is
case,

th
e

p
rop

osed
estim

ators
are

still
con

sisten
t

an
d

n
o

sp
ecifi

c
con

vergen
ce

rate
is

req
u
ired

for
β̂

0
or

Ψ̂
0 .

T
h
e

follow
in

g
th

eorem
d
escrib

es
th

e
asy

m
p
totic

d
istrib

u
tion

of
β̂
u
w

,
th

e
estim

ator
b
ased

on
su

b
sam

p
lin

g
w

ith
rep

lacem
en

t.
N

ote
th

at
Ψ̂

0
is

n
ot

req
u
ired

b
y
β̂
u
w

.

T
h

e
o
re

m
1
8

W
h
en

th
e

logistic
regressio

n
m

od
el

in
(1)

is
co

rrectly
specifi

ed
a
n

d
th

e
p
ilo

t
estim

a
to

r
β̂

0
th

a
t

is
in

d
epen

d
en

t
o
fD

N
is

in
co

n
sisten

t,
i.e.,

β̂
0
→
β

0
in

p
ro

ba
bility

fo
r

so
m

e
β

0
th

a
t

is
d
iff

eren
t

fro
m
β
t ,

th
en

u
n

d
er

A
ssu

m
p
tio

n
s

1
-3

,
co

n
d
itio

n
a
l

o
n
D
N

,
a
s
n

,
a
n

d
N

go
to

in
fi

n
ity,

√
n

(β̂
u
w
−
β̂

w
M

L
E )−→

N {
0
,

Ψ
(β

0 )ς −
1

a

}
,

in
d
istribu

tio
n

;
fu

rth
erm

o
re,

if
n
/N
→

0
,

th
en

√
n

(β̂
u
w
−
β
t )−→

N {
0
,

Ψ
(β

0 )ς −
1

a

}
,

in
d
istribu

tio
n

,
w

h
ere

Ψ
(β

0 )
=

E{|ψ
(β

0 )|h
(x

)}
a
n

d

ς
a

=
E

[{1−
p
(x
,β

t )}p
(x
,β

0 )p
(x
,β

t −
β

0 )h
(x

)x
x

T
].

H
ere

β̂
w
M

L
E

sa
tisfi

es
th

a
t,√

N
(β̂

w
M

L
E −

β
t )−→

N (0
,
ς −

1
a
ς
b ς −

1
a

),

1
6
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

in
d
is

tr
ib

u
ti

o
n

,
w

h
er

e

ς
b

=
E{
φ

(β
0
)φ

(β
t
−
β

0
)h

2
(x

)x
x

T
} .

R
e
m

a
rk

1
9

If
β

0
=
β
t,

th
en

d
ir

ec
t

ca
lc

u
la

ti
o
n

s
sh

o
w

th
a
t

Ψ
(β

0
)ς
−

1
a

=
Σ

β
t

a
n

d
ς
−

1
a
ς
b
ς
−

1
a

=
Σ

w
M

L
E
,

th
a
t

is
,

th
e

re
su

lt
s

in
T

h
eo

re
m

1
8

re
d
u

ce
to

th
e

sa
m

e
re

su
lt

s
in

T
h
eo

re
m

1
.

R
e
m

a
rk

2
0

If
th

e
p
il

o
t

es
ti

m
a
to

r
β̂

0
is

ve
ry

w
ro

n
g

su
ch

th
a
t
β

T t
x
x

T
β

0
<

0
,

i.
e.

,
p
(x
,β

t)
>

0.
5
>
p
(x
,β

0
)

o
r
p
(x
,β

t)
<

0.
5
<
p
(x
,β

0
),

th
en

it
ca

n
be

sh
o
w

n
th

a
t

Ψ
(β

0
)ς
−

1
a

>
Σ

β
t
.

D
et

a
il

ed
p
ro

o
f

fo
r

th
is

re
su

lt
is

p
re

se
n

te
d

in
S

ec
ti

o
n

B
.4

.1
o
f

th
e

a
p
pe

n
d
ix

.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

d
es

cr
ib

es
th

e
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of
β̂
p
,

th
e

es
ti

m
at

or
b
as

ed

on
P

oi
ss

on
su

b
sa

m
p
li
n
g.

N
ot

e
th

at
β̂
p

re
q
u
ir

es
b

ot
h
β̂

0
an

d
Ψ̂

0
.

T
h

e
o
re

m
2
1

A
ss

u
m

e
th

a
t

th
e

lo
gi

st
ic

re
gr

es
si

o
n

m
od

el
is

co
rr

ec
tl

y
sp

ec
ifi

ed
,

a
n

d
th

e
p
il

o
t

es
ti

m
a
to

rs
β̂

0
a
n

d
Ψ̂

0
a
re

in
d
ep

en
d
en

t
o
f
D N

a
n

d
th

ey
a
re

in
co

n
si

st
en

t,
i.

e.
,
β̂

0
→
β

0

a
n

d
Ψ̂

0
→

Ψ
0

in
p
ro

ba
bi

li
ty

fo
r

so
m

e
β

0
a
n

d
Ψ

0
,

re
sp

ec
ti

ve
ly

.
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
-2

,
co

n
d
it

io
n

a
l

o
n
D N

,
a
s
n

a
n

d
N

go
to

in
fi

n
it

y,
if
n
/N
→

0,
th

en

√
n

(β̂
p
−
β
t)
−→

N
( 0
,

Ψ
0
ς
−

1
a

) ,

in
d
is

tr
ib

u
ti

o
n

;
if
n
/N
→
ρ

,
th

en

√
n

(β̂
p
−
β̂

w
M

L
E
)
−→

N
( 0
,

Ψ
0
ς
−

1
a
ς
c
ς
−

1
a

) ,

in
d
is

tr
ib

u
ti

o
n

,
w

h
er

e

ς
c

=
E[
|ψ

(β
0
)|{

1
−
ρ
Ψ
−

1
0
|ψ

(β
0
)|h

(x
)}

+
ψ

2
(β

t
−
β

0
)h

(x
)x

x
T
] .

R
e
m

a
rk

2
2

If
β

0
=
β
t

a
n

d
Ψ

0
=

Ψ
(β

t)
,

th
en

d
ir

ec
t

ca
lc

u
la

ti
o
n

s
sh

o
w

th
a
t

Ψ
−

1
0
ς
c

=
Λ
ρ
,

a
n

d
th

u
s

th
e

re
su

lt
s

in
T

h
eo

re
m

2
1

re
d
u

ce
to

th
e

sa
m

e
re

su
lt

s
in

T
h
eo

re
m

6
.

R
e
m

a
rk

2
3

W
e

h
a
ve

a
re

su
lt

si
m

il
a
r

to
th

a
t

in
P

ro
po

si
ti

o
n

8
.

B
y

d
ir

ec
t

ca
lc

u
la

ti
o
n

,
w

e
kn

o
w

th
a
t

ς
c
<

E[
|ψ

(β
0
)|ψ

2
(β

t
−
β

0
)h

(x
)x

x
T
] =

ς
a
,

u
n

d
er

th
e

L
oe

w
n

er
o
rd

er
in

g,
w

h
ic

h
in

d
ic

a
te

s
th

a
t

Ψ
0
ς
−

1
a
ς
c
ς
−

1
a

<
Ψ

0
ς
−

1
a
.

T
h
u

s,
w

h
en

th
e

p
il

o
t

es
ti

m
a
to

rs
a
re

m
is

sp
ec

ifi
ed

,
P

o
is

so
n

su
bs

a
m

p
li

n
g

st
il

l
h
a
s

a
h
ig

h
er

es
ti

m
a
ti

o
n

effi
ci

en
cy

co
m

pa
re

d
w

it
h

su
bs

a
m

p
li

n
g

w
it

h
re

p
la

ce
m

en
t

if
Ψ

0
=

E{
|ψ

(β
0
)|h

(x
)}

,
w

h
ic

h
is

th
e

ca
se

if
Ψ̂

0
is

co
n

st
ru

ct
ed

fr
o
m

a
p
il

o
t

su
bs

a
m

p
le

.
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01
9

W
a
n
g

7
.2

.
M

o
d

e
l

m
is

sp
e
c
ifi

c
a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e

ca
se

w
h
en

th
e

lo
gi

st
ic

re
gr

es
si

on
m

o
d
el

is
m

is
sp

ec
ifi

ed
,

n
am

el
y,

th
e

m
o
d
el

in
(1

)
is

n
ot

co
rr

ec
t.

In
st

ea
d
,

w
e

as
su

m
e

th
at

th
e

tr
u
e

p
ro

b
a
b
il
it

y
o
f

y
=

1
gi

ve
n

x
is

P(
y

=
1|

x
)

=
p
t(

x
),

fo
r

so
m

e
u
n
k
n
ow

n
fu

n
ct

io
n
p
t(

x
).

W
h
en

th
e

lo
gi

st
ic

re
gr

es
si

on
m

o
d
el

is
m

is
sp

ec
ifi

ed
,

w
e

n
ee

d
to

d
efi

n
e

th
e

m
ea

n
in

g
of

co
n
si

st
en

cy
b

ec
au

se
th

er
e

is
n
o

tr
u
e
β

an
y

m
or

e.
In

th
is

ca
se

,
co

n
si

st
en

cy
of

te
n

m
ea

n
s

th
at

th
e

es
ti

m
at

or
co

n
ve

rg
es

to
a

li
m

it
th

at
m

in
im

iz
es

ex
p

ec
te

d
lo

ss
w

it
h

re
sp

ec
t

to
a

sp
ec

ifi
ed

lo
ss

fu
n
ct

io
n
.

H
er

e,
if

w
e

d
en

ot
e

th
e

li
m

it
as
β
l

a
n
d

d
efi

n
e

it
to

b
e

th
e

m
in

im
iz

er
of E{
−
p
t(

x
)h

(x
)x

T
β

+
h

(x
)

lo
g
( 1

+
eβ

T
x
)}
,

th
en
β
l

sa
ti

sfi
es

E[
{ p

t(
x

)
−
p
(x
,β

l)
} h

(x
)x
] =

0
,

w
h
er

e
p
(x
,β

)
=
ex

T
β

(1
+
ex

T
β

)−
1
.

N
ow

w
e

in
ve

st
ig

at
e

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
th

e
p
ro

p
os

ed
es

ti
m

at
or

s
u
n
d
er

m
o
d
el

m
is

sp
ec

ifi
ca

ti
on

.
In

th
is

ca
se

,
w

e
n
ee

d
to

as
su

m
e

th
at

th
e

p
il
ot

es
ti

m
at

or
s

a
re

co
n
si

st
en

t
w

h
ic

h
is

al
so

re
q
u
ir

ed
in

th
e

lo
ca

l
ca

se
-c

on
tr

ol
su

b
sa

m
p
li
n
g

m
et

h
o
d
.

In
ad

d
it

io
n
,

to
in

ve
s-

ti
ga

te
th

e
as

y
m

p
to

ti
c

n
or

m
al

it
y,

w
e

al
so

n
ee

d
an

ad
d
it

io
n
al

as
su

m
p
ti

on
on

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

p
il
ot

es
ti

m
at

or
β̂

0
.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

d
es

cr
ib

es
th

e
as

y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

es
ti

m
a
to

r
β̂
u
w

b
a
se

d
on

su
b
sa

m
p
li
n
g

w
it

h
re

p
la

ce
m

en
t.

T
h

e
o
re

m
2
4

A
ss

u
m

e
th

a
t

th
e

p
il

o
t

sa
m

p
le

is
in

d
ep

en
d
en

t
o
f
D N

a
n

d
th

e
p
il

o
t

es
ti

m
a
to

r
β̂

0
sa

ti
sfi

es
th

a
t
√
n

0
(β̂

0
−
β
l)
→

N
(0
,Σ

0
)

in
d
is

tr
ib

u
ti

o
n

.
U

n
d
er

A
ss

u
m

p
ti

o
n

s
1
-3

,
if

n
0
/N
→

ρ
0

a
n

d
n
/N
→

ρ
w

it
h
ρ

0
,ρ
∈

(0
,1

),
th

en
co

n
d
it

io
n

a
l

o
n
D N

,
a
s
n

0
,
n

,
a
n

d
N

go
to

in
fi

n
it

y,
√
n

(β̂
u
w
−
β̂

w
M

L
E
)
−→

N
( 0
,
ω
κ
−

1
a

)
(2

3
)

in
d
is

tr
ib

u
ti

o
n

,
w

h
er

e

κ
a

=
1 4
E[
{p
t(

x
)
−

2
p
t(

x
)p

(x
,β

l)
+
p
(x
,β

l)
}h

(x
)x

x
T
] ,

ω
=

E[
{p
t(

x
)
−

2p
t(

x
)p

(x
,β

l)
+
p
(x
,β

l)
}h

(x
)]
,

a
n

d
β̂

w
M

L
E

sa
ti

sfi
es

th
a
t

√
N

(β̂
w
M

L
E
−
β
l)
−→

N
{ 0
,
κ
−

1
a

( κ
b

+
ρ
−

1
0
κ
c
Σ

0
κ
c

) κ
−

1
a

} ,
(2

4
)

in
d
is

tr
ib

u
ti

o
n

,
w

it
h

κ
b

=
1 4
E[
{p
t(

x
)
−

2
p
t(

x
)p

(x
,β

l)
+
p

2
(x
,β

l)
}h

2
(x

)x
x

T
] ,

a
n

d

κ
c

=
1 4
E[
{1
−

2
p
(x
,β

l)
}{
p
t(

x
)
−
p
(x
,β

l)
}h

(x
)x

x
T
] .
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M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

R
e
m

a
rk

2
5

If
th

e
m

od
el

is
co

rrectly
specifi

ed
,

i.e.,
p
t (x

)
=
p
(x
,β

t ),
th

en
ω
κ
−

1
a

=
Σ

β
t ,

κ
b

=
14 E {

φ
(β

t )h
2(x

)x
x

T }
a
n

d
κ
c

=
0

,
a
n

d
th

erefo
re

th
e

resu
lts

in
T

h
eo

rem
2
4

red
u

ce
to

th
e

sa
m

e
exp

ressio
n

s
a
s

th
o
se

in
T

h
eo

rem
1
.

F
ro

m
T

h
eo

rem
24,

w
ith

m
o
d
el

m
issp

ecifi
cation

,
it

is
critical

to
h
ave

a
go

o
d

p
ilot

estim
a-

to
r
β̂

0 .
N

o
te

th
at

th
e

p
ilot

sam
p
le

size
is

ty
p
ically

m
u
ch

sm
aller

th
an

th
e

fu
ll

d
ata

sam
p
le

size,
so
ρ

0
ca

n
b

e
close

to
zero.

F
rom

(24),
w

e
see

th
at

th
e

asy
m

p
totic

varian
ce-covarian

ce
m

a
trix

o
f
β̂

w
M

L
E

can
b

e
in

fl
ated

b
y

a
sm

all
p
ilot

sam
p
le

size.
T

h
e

fo
llow

in
g

th
eorem

p
resen

ts
asy

m
p
totic

resu
lts

for
th

e
estim

ator
b
ased

on
P

oisson
su

b
sa

m
p
lin

g
.

T
h

e
o
re

m
2
6

A
ssu

m
e

th
a
t

th
e

p
ilo

t
sa

m
p
le

is
in

d
epen

d
en

t
o
fD

N
a
n

d
th

e
p
ilo

t
estim

a
to

rs
sa

tisfy
th

a
t √

n
0 (β̂

0 −
β
l )→

N
(0
,Σ

0 )
in

d
istribu

tio
n

a
n

d
Ψ̂

0
→

ω
in

p
ro

ba
bility.

U
n

d
er

A
ssu

m
p
tio

n
s

1
-2

,
if
n

0 /N
→
ρ

0
a
n

d
n
/N
→
ρ

w
ith

ρ
0 ,ρ
∈

(0,1),
th

en
co

n
d
itio

n
a
l

o
n
D
N

,
a
s
n

0 ,
n

,
a
n

d
N

go
to

in
fi

n
ity,

√
n

(β̂
p −

β̂
w
M

L
E )−→

N (0
,
κ
−

1
a
κ
d κ
−

1
a

).

in
d
istribu

tio
n

,
w

h
ere

κ
a

a
n

d
κ
b

a
re

d
efi

n
ed

in
T

h
eo

rem
2
4
,

a
n

d

κ
d

=
14 E [|ψ

(β
l )|{1−

ρ
ω
−

1|ψ
(β

l )|h
(x

)}
+
h

(x
)x

x
T ].

R
e
m

a
rk

2
7

S
im

ila
rly

to
P

ro
po

sitio
n

8
,

w
e

h
a
ve

th
a
t

κ
−

1
a
κ
d κ
−

1
a

<
κ
−

1
a

u
n

d
er

th
e

L
oew

n
er

o
rd

erin
g,

in
d
ica

tin
g

th
a
t

th
e

estim
a
to

r
ba

sed
o
n

P
o
isso

n
su

bsa
m

p
lin

g
h
a
s

a
sm

a
ller

co
n

d
itio

n
a
l

va
ria

n
ce-co

va
ria

n
ce

m
a
trix.

F
o
r

P
oisso

n
su

b
sam

p
lin

g,
com

p
ared

w
ith

β̂
0 ,

w
e

req
u
ire

a
m

u
ch

w
eaker

assu
m

p
tio

n
on

Ψ̂
0 ;

w
e

on
ly

n
eed

it
to

con
v
erge

w
ith

ou
t

sp
ecify

in
g

certain
con

vergen
ce

rate.
T

h
e

rea
son

is
th

at
th

e
eff

ect
of

Ψ̂
0

on
all

th
e

su
b
sam

p
lin

g
p
rob

ab
ilities

are
th

e
sam

e
an

d
it

m
ain

ly
co

n
tro

ls
th

e
ex

p
ected

su
b
sam

p
le

size,
w

h
ile
β̂

0
aff

ects
in

d
iv

id
u
al

su
b
sam

p
lin

g
p
rob

ab
ilities

d
iff

eren
tly

co
rresp

on
d
in

g
to

d
iff

eren
t

valu
es

of
x
i

an
d
y
i .

8
.

N
u
m

e
rica

l
e
v
a
lu

a
tio

n
s

W
e

eva
lu

a
te

th
e

p
erform

an
ce

of
th

e
m

ore
effi

cien
t

estim
a
tors

in
term

s
of

b
oth

estim
ation

effi
cien

cy
a
n
d

com
p
u
tation

al
effi

cien
cy

in
th

is
section

.

8
.1

.
E

stim
a
tio

n
e
ffi

c
ie

n
c
y

In
th

is
sectio

n
,

w
e

u
se

n
u
m

erical
ex

p
erim

en
ts

b
ased

o
n

sim
u
lated

an
d

real
d
ata

sets
to

eva
lu

a
te

th
e

estim
ators

p
rop

osed
in

th
is

p
a
p

er.
F

or
sim

u
lation

,
to

com
p
are

w
ith

th
e

orig
in

al
O

S
M

A
C

estim
ator,

w
e

u
se

ex
actly

th
e

sam
e

setu
p

u
sed

in
S
ection

5.1
of

W
an

g
et

al.
(2

01
8
).

S
p

ecifi
cally,

th
e

fu
ll

d
ata

sam
p
le

size
N

=
10,000

an
d

th
e

tru
e

valu
e

o
f
β

,
β
t ,

is
a

7
×

1
vector

of
0.5.

T
h
e

follow
in

g
6

d
istrib

u
tion

s
of

x
are

con
sid

ered
:

m
u
ltivariate
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W
a
n
g

n
orm

al
d
istrib

u
tion

w
ith

m
ean

zero
(m

zN
orm

al),
m

u
ltivariate

n
orm

al
d
istrib

u
tion

w
ith

n
on

zero
m

ean
(n

zN
orm

al),
m

u
ltivariate

n
orm

al
d
istrib

u
tion

w
ith

m
ean

zero
an

d
u
n
eq

u
al

varian
ces

(u
eN

orm
al),

m
ix

tu
re

of
tw

o
m

u
ltivariate

n
orm

al
d
istrib

u
tion

s
w

ith
d
iff

eren
t

m
ean

s
(m

ix
N

orm
al),

m
u
ltivariate

t
d
istrib

u
tion

w
ith

d
egrees

of
freed

om
3

(T
3 ),

an
d

ex
p

on
en

tial
d
istrib

u
tion

(E
X

P
).

D
etailed

ex
p
lan

ation
s

of
th

ese
d
istrib

u
tion

s
can

b
e

fou
n
d

in
S
ection

5.1
of

W
an

g
et

al.
(2018).

T
o

evalu
ate

th
e

estim
ation

p
erform

an
ce

of
th

e
n
ew

estim
ators

com
p
ared

w
ith

th
e

origin
al

w
eigh

ted
O

S
M

A
C

estim
ator,

w
e

d
efi

n
e

th
e

estim
ation

effi
cien

cy
of
β̌

n
ew

relative
to
β̌
w

as

R
elative

E
ffi

cien
cy

=
M

S
E

(β̌
w

)

M
S
E

(β̌
n

ew
) ,

w
h
ere

β̌
n

ew
=
β̌
u
w

for
th

e
su

b
sam

p
lin

g
w

ith
rep

lacem
en

t
estim

ator
d
escrib

ed
in

A
lgorith

m
1

an
d
β̌

n
ew

=
β̌
p

for
P

oisson
su

b
sam

p
lin

g
estim

ator
d
escrib

ed
in

A
lgorith

m
2.

W
e

calcu
late

em
p
irical

M
S
E

s
from

S
=

1000
su

b
sam

p
les

u
sin

g

M
S
E

(β̌
)

=
1S

S
∑s=

1 ‖
β̌

(s)−
β
t ‖

2,
(25)

w
h
ere

β̌
(s)

is
th

e
estim

ate
from

th
e
s-th

su
b
sam

p
le.

W
e

fi
x
ed

th
e

fi
rst

step
sam

p
le

size
n

0
=

200
an

d
ch

o
ose

n
to

b
e

100,
200,

400,
600,

800,
an

d
1000.

T
h
is

is
th

e
sam

e
setu
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Λ
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Σ
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<

Σ
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<
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Ψ
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=
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=
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Ψ̂
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∧
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Ψ̂
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p
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√
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∈
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λ̇
p (β

t )
√
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eorem

6.
T

h
e

key
d
iff

eren
ce

is
th

at
L

em
m

a
34

is
ab

ou
t

asy
m

p
totic

d
istrib

u
tion

u
n
con

d
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1} [(β

−
β̂

0 )
T
x
i y
i −

log{
1

+
e

(β−
β̂
0
)
T
x
i} ],

so
√
n

(β̂
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p
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√
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√
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P
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P
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o
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≥
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Λ
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>

Λ
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=
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=
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P
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P
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√
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b
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i )’s
are

n
ot

in
clu

d
ed

in
th

e
p
ilot

su
b
sam

p
le.
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=
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d
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0 ,Ψ̂
0 )

=
N
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20 E [π

pi (β̂
0 ){

n
π
pi (β̂

0 )∨
1}ψ

2i (β
t −

β̂
0 )(x

Ti
l)

2 ∣∣∣ β̂
0 ,Ψ̂

0 ]

=
E [|ψ

i (β̂
0 )| {

nN
|ψ
i (β̂

0 )|h
(x
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Ψ̂
0 }
ψ

2i (β
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β̂
0 )h

(x
i )(x

Ti
l)

2 ∣∣∣ β̂
0 ,Ψ̂

0 ].
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Υ
N
i

=
|ψ
i (β̂

0 )| {
nN
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i (β̂

0 )|h
(x
i )∨

Ψ̂
0 }
ψ
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β̂
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i )(x

Ti
l)

2,
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N
i )

=
E

(Υ
N
i ).
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ote
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Υ
N
i →

Υ
i
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0.25|ψ

i (β
t )|{ρ|ψ

i (β
t )|h
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i )∨

Ψ
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ab
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W
e

n
ow

sh
ow

th
at

E
(Υ

N
i )→

E
(Υ

i )
=

0
.25E
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Ψ
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−
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−
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(Ξ
i
≤
ε)
}

≤
E[
{h

2
(x
i)

(x
T i
l)

2
+

Υ
i
+
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+
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+
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Ψ̂
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→
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→
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→
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√
N

).
(3

9)

F
or

th
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

,

E(
|τ N

i|3
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√
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∨
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∣ ∣ ∣β̂
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√
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∨

Ψ̂
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∣ ∣ ∣β̂
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Ψ̂

2 0
}h

(x
i)
‖x

i‖
3
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√
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,Ψ̂
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∞
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∞
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Ψ̂
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b
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N ∑ k
1
6=
k
2

E{
h

(x
k
1
)h

(x
k
2
)}

+
1 N

2
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=
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i{
V

(τ
N
i)
}−
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i’
s,

fo
r

w
h
ic

h
(x
i,
y i

)’
s

ar
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ś

li
es

b
et

w
ee

n
0

an
d

s,
an

d

λ̇
p
(β

t)
=

N ∑ i=
1

δβ̂
0

i
{n
π
p i
(β̂

0
)
∨

1}
{y
i
−
p
(x
i,
β
t
−
β̂

0
)}

x
i.

S
im

il
ar

ly
to

th
e

p
ro

of
of

L
em

m
a

32
,

w
e

fi
rs

t
n
ot

ic
e

th
at

gi
ve

n
D N

,
β̂

0
,

an
d

Ψ̂
0
,
λ̇
p
(β

t)
is

a
su

m
of
N

in
d
ep

en
d
en

t
ra

n
d
om

v
ec

to
rs

.
W

e
n
ow

ex
am

th
e

m
ea

n
an

d
va

ri
a
n
ce

o
f
λ̇
p
(β

t)
.

F
or

th
e

m
ea

n
,

w
e

h
av

e,

1 √
n
E{
λ̇
p
(β

t)
|D

N
,β̂

0
,Ψ̂

0

}
=

√
n
√
N

∑
N i=

1
η
i

Ψ̂
0

√
N

=
O
P

(√
n
/N

),

50
JM

L
R

 2
0(

13
2)

:1
-5

9,
 2

01
9



M
o
r
e
E
f
f
ic
ie
n
t
E
st

im
a
t
io
n
w
it
h
O
p
t
im

a
l
S
u
b
sa

m
p
l
e
s

w
h
ere

th
e

la
st

eq
u
ality

is
d
u
e

to
(45).

F
o
r

th
e

va
rian

ce,

1n
V {

λ̇
p (β

t )|D
N
,β̂

0 ,Ψ̂
0 }

=
1N

∑
Ni=

1 |ψ
i (β̂

0 )|{n
π
pi (β̂

0 )∨
1}ψ

2i (β
t −

β̂
0 )h

(x
i )x

i x
Ti

Ψ̂
0

−
nN

1N

∑
Ni=

1
ψ

2i (β̂
0 )ψ

2i (β
t −

β̂
0 )h

2(x
i )x

i x
Ti

Ψ̂
20

≡
∆

8 −
∆

9

F
ro

m
L

em
m

a
2
8,

if
n
/N
→
ρ
,

u
sin

g
a

sim
ilar

ap
p
roach

u
sed

in
th

e
p
ro

of
of

L
em

m
a

32,
w

e
h
ave

∆
8

=
1Ψ̂
20

1N

N
∑i=

1 |ψ
i (β̂

0 )| {
n|ψ

i (β̂
0 )|h

(x
i )

N
∨

Ψ̂
0 }
ψ

2i (β
t −

β̂
0 )h

(x
i )x

i x
Ti

=
1Ψ
20 E [|ψ

(β
0 )| {

ρ|ψ
(β

0 )|h
(x

)∨
Ψ

(β
0 ) }

ψ
2(β

t −
β

0 )h
(x

)x
x

T ]
+
o
P

(1)

a
n
d

∆
9

=
ρ E{

ψ
2(β

0 )ψ
2(β

t −
β

0 )h
2(x

)x
x

T}
Ψ

20

=
ρ
ς
b

Ψ
20

+
o
P

(1).

T
h
u
s,

1n
V {

λ̇
p (β

t )|D
N
,β̂

0 ,Ψ̂
0 }

=
E [|ψ

(β
0 )| {

1−
Ψ
−

1
0
ρ|ψ

(β
0 )|h

(x
) }

+
ψ

2(β
t −

β
0 )h

(x
)x

x
T ]

Ψ
0

+
o
P

(1)
=
ς
c

Ψ
0

+
o
P

(1).

A
p
p
ly

in
g

th
e

L
in

d
eb

erg-F
eller

cen
tral

lim
it

th
eorem

,
w

e
h
ave

λ̇
p (β

t )
√
n
−
√
n ∑

Ni=
1
η
i

N
Ψ
N

(β̂
0 )
−→

N (
0
,
ς
c

Ψ
20 )
,

(52)

in
co

n
d
itio

n
a
l

d
istrib

u
tion

.

U
sin

g
a

sim
ilar

ap
p
roach

u
sed

to
p
rove

L
em

m
a

33,
w

e
h
av

e

1n

N
∑i=

1

δ
β̂
0

i
{n
π
pi (β̂

0 )∨
1}
φ
i (β

t −
β̂

0
+

s
n
)x
i x

Ti

=
N
∑i=

1

π
pi (β̂

0 )φ
i (β

t −
β

0 )x
i x

Ti
+
o
P

(1)

=
1N

∑
Ni=

1 |ψ
i (β̂

0 )|h
(x
i )φ

i (β
t −

β
0 )x

i x
Ti

Ψ̂
0

+
o
P

(1)
=
ς
a

Ψ
0

+
o
P

(1).

51
JM

L
R

 20(132):1-59, 2019

W
a
n
g

F
rom

(45)
an

d
(52),

λ̇
p (β

t )/ √
n

is
sto

ch
astically

b
ou

n
d
ed

.
In

ad
d
ition

,
ς
a

is
fi
n
ite

an
d

p
ositive-d

efi
n
ite.

T
h
u
s,

from
th

e
B

asic
C

orollary
in

p
age

2
of

H
jort

an
d

P
ollard

(2011),
√
n

(β̂
p −

β
t )

satisfi
es

√
n

(β̂
p −

β
t )

=
Ψ

0 ς −
1

a

1√n
λ̇
p (β

t )
+
o
P

(1),

given
D
N

,
β̂

0 ,
an

d
Ψ̂

0 .
C

om
b
in

in
g

th
is

w
ith

(50),
(52),

S
lu

tsk
y
’s

th
eorem

,
an

d
th

e
fact

th
at

a
con

d
ition

al
p
rob

ab
ility

is
b

ou
n
d
ed

b
y

on
e,

T
h
eorem

21
follow

s.

B
.4
.2
.
P
r
o
o
f
s
w
it
h
m
o
d
e
l
m
issp

e
c
if
ic
a
t
io
n

P
ro

o
f

o
f

T
h

e
o
re

m
2
4
.

B
y

sim
ilar

argu
m

en
ts

u
sed

in
th

e
p
ro

of
of

T
h
eorem

1,
w

e
k
n
ow

th
at √

n
(β̂

u
w
−
β
l )

is
th

e
m

ax
im

izer
of

1√n
s

T
λ̇
∗u
w

(β
l )

+
12
n

n
∑i=

1

φ
∗i (β

l −
β̂

0
+
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In

th
is
co
nt
ex
t,
an

ou
ts
ta
nd

in
g
go

al
is

to
pr
ov
id
e
a
th
eo
re
ti
ca
l
fr
am

ew
or
k
th
at

ex
pl
ai
ns

un
de

r
w
ha

t
co
nd

it
io
ns

–
re
la
ti
ng

in
pu

t
da

ta
di
st
ri
bu

ti
on

,c
ho

ic
e
of

ar
ch
it
ec
tu
re

an
d
ch
oi
ce

of
op

ti
m
iz
at
io
n
sc
he

m
e
–

th
is

se
tu
p
w
ill

be
su
cc
es
sf
ul
.

M
or
e
pr
ec
is
el
y,

le
t

Φ
θ

:
R
n
→

R
m

de
no

te
a
m
od

el
cl
as
s
pa

ra
m
et
ri
ze
d
by
θ
∈

Θ
⊆

R
P
,

w
hi
ch

in
th
e
ca
se

of
N
eu
ra
lN

et
w
or
ks

(N
N
s)

co
nt
ai
ns

th
e
ag
gr
eg
at
ed

w
ei
gh

ts
ac
ro
ss

al
ll
ay
er
s.

In
a
su
pe

rv
is
ed

le
ar
ni
ng

se
tt
in
g,

th
is
m
od

el
is
de

pl
oy
ed

on
so
m
e
da

ta
(X
,Y

)
ra
nd

om
va
ri
ab

le

c ©
20

19
L
uc

a
V
en

tu
ri

,
A

fo
ns

o
S.

B
an

de
ir

a
an

d
Jo

an
B

ru
na

.

L
ic

en
se

:
C

C
-B

Y
4.

0,
se

e
ht

tp
s:

//
cr

ea
ti

ve
co

mm
on

s.
or

g/
li

ce
ns

es
/b

y/
4.

0/
.

A
tt

ri
bu

ti
on

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
ht

tp
:/

/j
ml

r.
or

g/
pa

pe
rs

/v
20

/1
8-

67
4.

ht
ml

.

JM
L

R
 2

0(
13

3)
:1

-3
4,

 2
01

9

V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

ta
ki
ng

va
lu
es

in
R
n
×

R
m
,t
o
pr
ed

ic
t
ta
rg
et
s

Y
gi
ve
n
in
pu

t
X
,a

nd
it
s
ri
sk

fo
r
a
gi
ve
n
θ
is

L
(θ

)
=

E (
X
,Y

)∼
P

[`
(Φ

θ
(X

),
Y

)]
(1
)

w
he

re
`
is

a
co
nv

ex
lo
ss
,
su
ch

as
a
sq
ua

re
lo
ss

or
a
lo
gi
st
ic

re
gr
es
si
on

lo
ss
.
In

th
e
fo
llo

w
in
g

w
e
re
fe
r
to

(1
)
as

th
e
ri
sk
,
th
e
en

er
gy

or
th
e
lo
ss

in
te
rc
ha

ng
ea
bl
y.

T
he

ai
m

is
to

fin
d
θ
∗
∈

ar
g

m
in

θ
∈Θ

L
(θ

)
an

d
th
is

is
at
te
m
pt
ed

in
pr
ac
ti
ce

by
ru
nn

in
g
SG

D
it
er
at
io
n.

U
nd

er
so
m
e

te
ch
ni
ca
lc

on
di
ti
on

s,
th
e
ex
pe

ct
ed

gr
ad

ie
nt

is
kn

ow
n
to

co
nv

er
ge

to
ze
ro

(B
ot
to
u
et

al
.,
20

16
).

U
nd

er
st
an

di
ng

th
e
na

tu
re

of
su
ch

st
at
io
na

ry
po

in
ts

-
an

d
th
er
ef
or
e
th
e
la
nd

sc
ap

e
of

th
e
lo
ss

fu
nc

ti
on

-
is

a
ta
sk

of
fu
nd

am
en
ta
li
m
po

rt
an

ce
to

un
de

rs
ta
nd

pe
rf
or
m
an

ce
of

SG
D
.

W
he

re
as

th
er
e
is

a
gr
ow

in
g
lit
er
at
ur
e
in

an
al
yz
in
g
th
e
be

ha
vi
or

of
SG

D
on

no
n-
co
nv

ex
ob

je
ct
iv
es

(S
ou

dr
y
et

al
.,
20

17
;J

ia
nd

T
el
ga

rs
ky

,2
01

8;
G
un

as
ek
ar

et
al
.,
20

18
;W

ils
on

et
al
.,

20
17

),
w
e
fo
cu

s
he

re
on

pr
op

er
ti
es

of
th
e
op

ti
m
iz
at
io
n

pr
ob

le
m

ab
ov
e
th
at

ar
e
al
go
ri
th
m

in
de

pe
nd

en
t.

A
co
m
m
on

fa
ct
or

sh
ar
ed

in
th
e
ab

ov
e
ci
te
d
w
or
ks

(a
nd

in
co
m
m
on

pr
ac
ti
ce
)
is

th
at

ov
er
pa
ra
m
et
ri
sa
ti
on

of
th
e
m
od

el
cl
as
s
(i
.e
.
P
�

1
)
of
te
n
le
ad

s
to

im
pr
ov
ed

pe
rf
or
m
an

ce
,

de
sp
it
e
th
e
po

te
nt
ia
li
nc
re
as
e
in

ge
ne

ra
liz

at
io
n
er
ro
r.

O
ur

an
al
ys
is
fo
cu

se
sm

os
tl
y
on

th
e
cl
as
so

fo
ne

-h
id
de

n-
la
ye
rn

eu
ra
ln

et
w
or
ks
,w

it
h
a
hi
dd

en
la
ye
r
of

si
ze
p
,
an

d
co
ve
rs

bo
th

em
pi
ri
ca
l
an

d
po

pu
la
ti
on

ri
sk

la
nd

sc
ap

es
.
M
or
e
sp
ec
ifi
ca
lly

,
w
e
lo
ok

at
pr
es
en

ce
(o
r
ab

se
nc
e)

of
sp
ur
io
us

va
lle

ys
,
de

fin
ed

as
co
nn

ec
te
d

co
m
po

ne
nt
s
of

th
e
su
b-
le
ve
l
se
ts

th
at

do
no

t
co
nt
ai
n
a
gl
ob

al
m
in
im

a.
W
e
de

fin
e
tw

o
qu

an
ti
ti
es

de
pe

nd
in
g

on
th
e
fu
nc
ti
on

al
sp
ac
e
sp
an

ne
d
by

ne
ur
al

ne
tw

or
ks

of
di
ffe

re
nt

w
id
th
s:

th
e
up

pe
r
in
tr
in
si
c

di
m
en

si
on

,
de

fin
ed

as
th
e
di
m
en

si
on

of
th
is

lin
ea
r
sp
ac
e,

an
d
th
e
lo
w
er

in
tr
in
si
c
di
m
en

si
on

,
de

fin
ed

as
th
e
m
in
im

um
nu

m
be

r
of

hi
dd

en
un

it
s
to

de
sc
ri
be

an
y
el
em

en
t
of

th
e
fu
nc

ti
on

al
sp
ac
e.

U
pp

er
an

d
lo
w
er

in
tr
in
si
c
di
m
en

si
on

s
de

fin
e
on

ly
tw

o
sc
en

ar
io
s:

ei
th
er

(i
)
th
ey

ar
e
bo

th
fin

it
e,

en
ab

lin
g
po

si
ti
ve

re
su
lt
s;

or
(i
i)
th
ey

ar
e
bo

th
in
fin

it
e,

im
pl
yi
ng

th
e
ne

ga
ti
ve

re
su
lt
s.

S
u
m
m
ar
y
of

co
nt
ri
b
u
ti
on

s
M
or
e
sp
ec
ifi
ca
lly

,w
e
sh
ow

th
at
:

•
Fo

r
E
m
pi
ri
ca
l
R
is
k

M
in
im

iz
at
io
n

or
po

ly
no

m
ia
l
ac
ti
va
ti
on

s,
sp
ur
io
us

va
lle

ys
do

no
t

oc
cu

r
as

lo
ng

as
th
e
ne

tw
or
k
is
su
ffi
ci
en
tl
y
ov
er
-p
ar
am

et
ri
se
d.

Fo
r
th
e
ca
se

of
lin

ea
r
an

d
qu

ad
ra
ti
c
ac
ti
va
ti
on

s,
ou

r
re
su
lt
s
ar
e
(u
p
to

a
co
ns
ta
nt

fa
ct
or
)
ti
gh

t.

•
Fo

r
no

n-
po

ly
no

m
ia
l
no

n-
ne

ga
ti
ve

ac
ti
va
ti
on

s,
fo
r
an

y
hi
dd

en
w
id
th
,
w
e
co
ns
tr
uc

t
da

ta
di
st
ri
bu

ti
on

s
w
hi
ch

yi
el
d
sp
ur
io
us

va
lle

ys
w
it
h
po

si
ti
ve

m
ea
su
re
,
w
ho

se
va
lu
e
is

ar
bi
-

tr
ar
ily

fa
r
fr
om

th
e
on

e
of

th
e
gl
ob

al
.

•
F
in
al
ly
,d

ra
w
in
g
on

co
nn

ec
ti
on

s
w
it
h
ra
nd

om
fe
at
ur
es

ex
pa

ns
io
ns
,w

e
sh
ow

th
at
,e

ve
n
if

sp
ur
io
us

va
lle

ys
m
ay

ap
pe

ar
in

ge
ne

ra
l,
th
ei
r
m
ea
su
re

de
cr
ea
se
s
as

th
e
w
id
th

in
cr
ea
se
s.

T
hi
s
ho

ld
s
up

to
a
lo
w

en
er
gy

th
re
sh
ol
d,

w
hi
ch

ap
pr
oa

ch
es

th
e
gl
ob

al
m
in
im

um
at

a
ra
te

in
ve
rs
el
y
pr
op

or
ti
on

al
to

th
e
hi
dd

en
la
ye
r
si
ze

(u
p
to

lo
g
fa
ct
or
s)
.

R
el
at
ed

w
or
ks

A
co
ns
id
er
ab

le
am

ou
nt

of
lit
er
at
ur
e
ha

s
at
te
m
pt
ed

to
ch
ar
ac
te
ri
ze

th
e

la
nd

sc
ap

e
of

th
e
lo
ss

fu
nc

ti
on

(1
)
by

st
ud

yi
ng

it
s
cr
it
ic
al

po
in
ts
.

G
lo
ba

l
op

ti
m
al
it
y

re
-

su
lt
s
ha

ve
be

en
ob

ta
in
ed

fo
r
N
N

ar
ch
it
ec
tu
re
s
w
it
h
lin

ea
r
ac
ti
va
ti
on

s
(H

ar
dt

an
d
M
a,

20
16
;

K
aw

ag
uc
hi
,
20

16
;
Y
un

et
al
.,
20

18
),

qu
ad

ra
ti
c
ac
ti
va
ti
on

s
(S
ol
ta
no

lk
ot
ab

i
et

al
.,
20

17
;
D
u

an
d
Le

e,
20

18
)
an

d
so
m
e
m
or
e
ge
ne

ra
l
no

n-
lin

ea
r
ac
ti
va
ti
on

s,
un

de
r
ap

pr
op

ri
at
e
re
gu

la
ri
ty

as
su
m
pt
io
ns

(S
ou

dr
y
an

d
C
ar
m
on

,
20

16
;
N
gu

ye
n
an

d
H
ei
n,

20
17

;
Fe

iz
i
et

al
.,
20
17

).
So

m
e

ot
he

r
in
si
gh

ts
ha

ve
be

en
ob

ta
in
ed

by
le
ve
ra
gi
ng

to
ol
s
fo
r
co
m
pl
ex
it
y
an

al
ys
is

of
sp
in

gl
as
se
s
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

(C
horom

anska
et

al.,2015)
and

random
m
atrix

theory
(P

ennington
and

B
ahri,2017).

O
ther

analysis
involved

studying
goodness

of
the

initialization
of

the
param

eter
values

θ
0
(D

aniely
et

al.,2016;Safran
and

Sham
ir,2016;D

u
et

al.,2017)
or

other
topologicalproperties

of
the

loss
(1),such

as
connectivity

ofsub-levelsets
(D

raxler
et

al.,2018;Freem
an

and
B
runa,2017).

Several
other

type
of

analysis
of

the
convergence

of
N
N
s
gradient-based

optim
ization

algorithm
s
have

been
considered

in
the

literature.
For

exam
ple,

(G
e
et

al.,
2017b)

proved
convergence

of
G
D

on
a
m
odified

loss;
(Sham

ir,
2018)

com
pared

optim
ization

properties
of

residualnetw
orks

w
ith

respect
to

linear
m
odels;in

(D
auphin

et
al.,2014)

it
is
argued

that
the

issuesarising
in

the
optim

ization
ofN

N
architecturesare

due
to

the
presence

ofsaddle
pointsin

the
loss

function
rather

than
spurious

localm
inim

a.
O
ptim

ization
landscapes

have
also

been
studied

in
other

contexts
than

from
N
N
s
training,

such
as

non-convex
low

rank
problem

s
(G

e
et

al.,
2017a),

m
atrix

com
pletion

(G
e
et

al.,
2016),

problem
s
arising

in
sem

idefinite
program

m
ing

(B
oum

al
et

al.,
2016;

B
andeira

et
al.,

2016)
and

im
plicit

generative
m
odeling

(B
ottou

et
al.,2017).

S
tru

ctu
re

of
th
e
p
ap

er
T
he

rest
ofthe

paper
is
structured

as
follow

s.
Section

2
form

ally
introduces

the
notion

ofspurious
valleys

and
explains

w
hy

this
is
a
relevant

concept
from

the
optim

ization
point

ofview
.
It

also
defines

the
intrinsic

dim
ensions

ofa
netw

ork
(Section

2.2).
In

Section
3
w
e
state

our
m
ain

positive
results

(T
heorem

8)
and

w
e
discuss

tw
o
settings

w
here

they
bear

fruit:
polynom

ialactivation
functions

and
em

piricalrisk
m
inim

ization.
Section

4
is

dedicated
to

constructions
of

w
orst

case
scenarios

for
activation

w
ith

infinite
low

er
intrinsic

dim
ension.

W
e
then

show
,in

Section
5,that,even

ifspurious
valleys

m
ay

exist,they
tend

to
be

confined
to

regim
es

of
low

risk.
Som

e
conclusive

discussion
is

reported
in

Section
6.

1.1.
N
otation

W
e
introduce

notation
w
e
use

throughout
the

rest
of

the
paper.

For
any

integers
n
≤
m

w
e
denote

[n
,m

]
=
{n
,n

+
1,...,m

}
and,

if
n
>

0,
[n

]
=

[1
,n

].
W
e
denote

scalar
val-

ued
variables

as
low

ercase
non-bold;

vector
valued

variables
as

low
ercase

bold;
m
atrix

and
tensor

valued
variables

and
m
ultivariate

random
variables

(r.v.’s)
as

uppercase
bold.

G
iven

a
vector

v
∈

R
n,

w
e
denote

its
com

ponents
as

v
i ;

given
a
m
atrix

W
∈

R
n×

m
,
w
e
denote

its
row

s
as

w
i ;

given
a
tensor

T
∈

R
n
1 ×
···×

n
k,

w
e
denote

its
com

ponents
as
T
i1 ···ik .

G
iven

som
e
vectors

v
i ∈

R
n
i,
i∈

[k
],
the

tensor
product

v
1 ⊗
···⊗

v
k
denotes

the
n

1 ×
···×

n
k

dim
ensional

tensor
T

w
hose

com
ponents

are
given

by
T
i1 ···ik

=
v
i1 ···v

ik ;
given

a
vector

v,
w
e
denote

v
⊗
k

=
⊗
ki=

1 v.
W
e
denote

by
S
k(R

n
)
the

space
of

order
k

sym
m
etric

ten-
sors

on
R
n.

For
any

T
∈

S
k(R

n
),

w
e
define

the
sym

m
etric

rank
(C

om
on

et
al.,

2008)
as

rk
S (T

)
=

m
in {

p
≥

1
:
T

=
∑

pi=
1
u
i w
⊗
k

i
for

som
e

u
∈
R
p,w

1 ,...,w
p ∈

R
n }

.
W
e
define

rk
S (k

,n
)

=
m

a
x{

rk
S (T

)
:
T
∈

S
k(R

n
)}.

F
inally,S

n−
1⊂

R
n
denotes

the
(n
−

1)-dim
ensional

sphere{x
∈
R
n

:‖x‖
=

1}.
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V
en

tu
r
i,

B
a
n
d
eir

a
a
n
d

B
ru

n
a

2.
P
relim

in
aries

2.1.
P
rob

lem
setu

p

Let
(X
,Y

)
be

tw
o
r.v.’s.

T
hese

r.v.’s
take

values
in

R
n
and

R
m

and
represent

the
input

and
output

data,respectively.
W
e
consider

oracle
square

loss
functions

L
:

Θ
→

R
of

the
form

L
(θ

)
.=
E

[`(Φ
(X

;θ
),Y

)]
(2)

w
here

`
:R

m
×

R
m
→

[0,∞
)
is

convex
in

its
first

argum
ent.

For
every

θ
∈

Θ
,
the

function
Φ

(·;θ
)

:R
n
→

R
m

m
odels

the
dependence

of
the

output
on

the
input

as
Y
'

Φ
(X

;θ
).

W
e

focus
on

one-hidden-layer
N
N

functions
Φ
,i.e.

Φ
of

the
form

Φ
(x

;θ
)

=
U
σ

(W
x

)
(3)

w
here

θ
=

(U
,W

)∈
Θ

.=
R
m
×
p×

R
p×
n.

H
ere

p
represents

the
w
idth

ofthe
hidden

layer
and

σ
:R
→

R
is

a
continuous

elem
ent-w

ise
activation

function.
T
he

loss
function

L
(θ

)
is

(in
general)

a
non-convex

object;
it

m
ay

present
spurious

(i.e.
non

global)
local

m
inim

a.
In

this
w
ork,

w
e
characterize

L
(θ

)
by

determ
ining

absence
or

presence
of

spurious
valleys,as

defined
below

.

D
efi

n
ition

1
For

all
c∈

R
w
e
define

the
sub-levelset

of
L

as
Ω
L

(c)
=
{
θ
∈

Θ
:
L

(θ
)≤

c}.
W
e
define

a
spurious

valley
as

a
path-connected

com
ponent

ofa
sub-levelset

Ω
L

(c)
w
hich

does
not

contain
a
globalm

inim
um

of
the

loss
L

(θ
).

Since,
in

practice,
the

loss
(2)

is
m
inim

ized
w
ith

a
gradient

descent
based

algorithm
,
then

absence
ofspurious

valleys
is
a
desirable

property,ifw
e
w
ish

the
algorithm

to
converge

to
an

optim
al

param
eter.

It
is

easy
to

see
that

L
(θ

)
not

having
spurious

valleys
is

im
plied

by
the

follow
ing

property:

P
.1

G
iven

any
initialparam

eter
θ̃
∈

Θ
,there

exists
a
continuous

path
θ

:
t∈

[0,1]7→
θ
t ∈

Θ
such

that:

(a)
θ

0
=
θ̃

(b)
θ

1 ∈
arg

m
in

θ∈
Θ
L

(θ
)

(c)
T
he

function
t∈

[0,1]7→
L

(θ
t )

is
non-increasing

A
s
pointed

out
in

(Freem
an

and
B
runa,

2017),
this

im
plies

that
L

has
no

strict
spurious

(i.e.
non

global)
localm

inim
a.

T
he

absence
ofgeneric

(i.e.
non-strict)

spurious
localm

inim
a

is
guaranteed

if
the

path
θ
t
is

such
that

the
function

L
(θ
t )

is
strictly

decreasing.
For

sake
of

clarity,
w
e
review

these
properties

in
the

follow
ing

lem
m
a
(the

proof
is

reported
in

the
A
ppendix

E
).

L
em

m
a
2

B
e
θ
7→
L

(θ
)
a
continuous

function.
T
hen,

property
P
.1

im
plies

absence
of

spu-
rious

valleys.
In

particular,
this

im
plies

absence
of

strict
spurious

m
inim

a,
and

of
(generally

non-strict)
spurious

m
inim

a
if

property
P
.1

holds
w
ith

strictly
decreasing

paths
t7→

L
(θ
t ).

C
onversely,

presence
of

spurious
valleys

im
plies

existence
of

spurious
m
inim

a.
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S
pu

r
io

u
s

V
a
ll

ey
s

in
O

n
e-

h
id

d
en

-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

In
th
e
fo
llo

w
in
g,

w
e
pr
ov
e
ab

se
nc

e
of

sp
ur
io
us

va
lle
ys

by
pr
ov
in
g
th
at

pr
op

er
ty

P
.1

ho
ld
s.

In
tu
it
iv
el
y,

w
e
sh
ou

ld
th
in
k
ab

ou
t
sp
ur
io
us

va
lle

ys
as

re
gi
on

s
of

th
e
pa

ra
m
et
er

sp
ac
e
fr
om

w
hi
ch

it
is

im
po

ss
ib
le

to
‘e
sc
ap

e’
w
it
ho

ut
‘u
p-
cl
im

bi
ng

’t
he

lo
ss

va
lu
e.

N
ot
ic
e
th
at

fo
r
m
an

y
ac
ti
va
ti
on

fu
nc

ti
on

s
us
ed

in
pr
ac
ti
ce

(s
uc
h
as

th
e
R
eL

U
σ

(z
)

=
z +

),
th
e
pa

ra
m
et
er
θ
de

te
rm

in
in
g
th
e
fu
nc

ti
on

Φ
(·;
θ

)
is
de

te
rm

in
ed

up
to

th
e
ac
ti
on

of
a
sy
m
m
et
ry

gr
ou

p
(e
.g
.,
in

th
e
ca
se

of
th
e
R
eL

U
,
σ

is
a
po

si
ti
ve

ho
m
og

en
eo
us

fu
nc

ti
on

).
T
hi
s
al
re
ad

y
pr
ev
en
ts

st
ri
ct

m
in
im

a:
fo
r
an

y
va
lu
e
of

th
e
pa

ra
m
et
er
θ
∈

Θ
th
er
e
ex
is
ts

a
(o
ft
en

la
rg
e)

m
an

ifo
ld
U θ
⊂

Θ
in
te
rs
ec
ti
ng
θ
al
on

g
w
hi
ch

th
e
lo
ss

fu
nc

ti
on

is
co
ns
ta
nt
.

E
R
M

vs
p
op

u
la
ti
on

lo
ss

In
th
e
fo
llo

w
in
g,

w
e
co
ns
id
er

th
e
lo
ss

(2
)
de
fin

ed
fo
r
a
ge
ne

ri
c

di
st
ri
bu

ti
on

(X
,Y

).
In

ca
se

of
a
di
st
ri
bu

ti
on

w
it
h
a
fin

it
e
nu

m
be

r
of

at
om

s,
th
is
co
rr
es
po

nd
s

to
em

pi
ri
ca
lr
is
k
m
in
im

iz
at
io
n
(E

R
M
),
w
hi
ch

is
(u
su
al
ly
)
th
e
re
gi
m
e
w
he
re

m
ac
hi
ne

le
ar
ni
ng

al
go

ri
th
m
s
pe

rf
or
m

op
ti
m
iz
at
io
n.

O
n
th
e
ot
he

r
ha

nd
,f
or

a
ge
ne
ri
c
da

ta
di
st
ri
bu

ti
on

,t
hi
s
lo
ss

is
w
ha

t
is
ca
lle

d
po
pu

la
ti
on

lo
ss
,a

nd
co
rr
es
po

nd
s
to

th
e
ac
tu
al

ob
je
ct
iv
e
th
at

m
ac
hi
ne

le
ar
ni
ng

al
go

ri
th
m
s
ai
m

to
m
in
im

iz
e.

In
ou

r
w
or
k
w
e
ar
e
in
te
re
st
ed

in
an

al
yz
in
g
no

t
on

ly
th
e
E
R
M

ca
se
,b

ut
m
or
e
ge
ne

ra
lp

op
ul
at
io
n
lo
ss
es
.
W

hi
le

w
e
in

fa
ct

fo
cu

s
on

hi
gh

ly
ov
er
-p
ar
am

et
ri
se
d

ne
ur
al

ne
tw

or
ks
,w

e
ai
m

to
pr
ov
id
e
re
su
lt
s
w
hi
ch

ap
pl
y
to

th
e
re
gi
m
e
w
he

re
nu

m
be

r
of

da
ta

po
in
ts

go
es

to
in
fin

it
y
be

fo
re

th
e
nu

m
be

r
of

pa
ra
m
et
er
s.

2.
2.

In
tr
in
si
c
d
im

en
si
on

of
a
n
et
w
or
k

T
he

m
ai
n
re
su
lt

of
th
is

w
or
k
is

to
ex
pl
oi
t
th
at

th
e
pr
op

er
ty

of
ab

se
nc

e
of

sp
ur
io
us

va
lle

ys
is

re
la
te
d
to

th
e
co
m
pl
ex
it
y
of

th
e
fu
nc
ti
on

al
sp
ac
e
V
σ

=
{f

=
Φ
θ

:
θ
∈

Θ
}
de

fin
ed

by
th
e

ne
tw

or
k
ar
ch
it
ec
tu
re
.
W
e
th
er
ef
or
e
de

fin
e
tw

o
m
ea
su
re
s
of

su
ch

co
m
pl
ex
it
y
w
hi
ch

w
e
w
ill

us
e

to
sh
ow

,r
es
pe

ct
iv
el
y,

po
si
ti
ve

an
d
ne

ga
ti
ve

re
su
lt
s
in

th
is

re
ga

rd
.

T
o
si
m
pl
ify

th
e
di
sc
us
si
on

,w
e
in
tr
od

uc
e
so
m
e
no

ta
ti
on

w
hi
ch

w
e
w
ill

us
e
th
ro
ug

ho
ut

th
e

re
st

of
th
e
pa

pe
r.

Le
t
σ

:
R
→

R
be

a
co
nt
in
uo

us
ac
ti
va
ti
on

fu
nc
ti
on

.
Fo

r
ev
er
y

v
∈
R
n
w
e

de
no

te
ψ
σ
,v

to
be

th
e
fu
nc

ti
on

ψ
σ
,v

:
x
∈
R
n
7→
σ

(〈
v
,x
〉)
∈
R
.
W
e
re
fe
r
to

ea
ch
ψ
σ
,v

as
a
fil
te
r

fu
nc

ti
on

.
If

X
is

a
r.
v.

ta
ki
ng

va
lu
es

in
R
n
,w

e
de

no
te

by
L

2 X
th
e
sp
ac
e
of

sq
ua

re
in
te
gr
ab

le
fu
nc

ti
on

on
R
n
w
.r
.t
.
th
e
pr
ob

ab
ili
ty

m
ea
su
re

in
du

ce
d
by

th
e
r.
v.

X
.
W
e
th
en

de
fin

e
th
e
tw

o
fo
llo

w
in
g
fu
nc
ti
on

al
sp
ac
es
:

V
σ
,p

=
{ f

=
Φ

(·;
θ

)
:
θ

=
(u

T
,W

)
∈

Θ
=

R
p
×

R
p
×
n
}

R
2
(σ
,n

)
=
{ X

r.
v.

ta
ki
ng

va
lu
es

in
R
n

:
ψ
σ
,v
∈
L

2 X
fo
r
ev
er
y

v
∈
R
n
}

V
σ
,p

re
pr
es
en
ts

th
e
sp
ac
e
of

(o
ne

-d
im

en
si
on

al
ou

tp
ut
)
fu
nc

ti
on

s
m
od

el
ed

by
th
e
ne

tw
or
k
ar
-

ch
it
ec
tu
re

an
d
R

2
(σ
,n

)
to

be
th
e
sp
ac
e
of

(n
-d
im

en
si
on

al
)
in
pu

t
da

ta
di
st
ri
bu

ti
on

s
fo
r
w
hi
ch

th
e
fil
te
r
fu
nc

ti
on

s
ha

ve
fin

it
e
se
co
nd

m
om

en
t.

W
e
fin

al
ly

de
fin

e

V
σ

=
sp

an
({
f

:
f
∈
V
σ
,1
})

=
∞ ⋃ p
=

1

V
σ
,p

as
th
e
lin

ea
r
sp
ac
e
sp
an

ne
d
by

th
e
fu
nc

ti
on

s
ψ
v
,σ

fo
r

v
∈
R
n
.

D
efi

n
it
io
n
3

Le
t
σ
be

a
co
nt
in
uo

us
ac
ti
va
ti
on

fu
nc
ti
on

an
d

X
∈
R

2
(σ
,n

)
a
r.
v.

W
e
de
fin

e1

d
im
∗ (
σ
,X

)
=

d
im

L
2 X

(V
σ
)

1.
Fo

r
an

y
lin

ea
r

su
bs

pa
ce
V
⊆
L

2 X
,d

im
L

2 X
(V

)
de

no
te

s
th

e
di

m
en

si
on

of
V

as
a

su
bs

pa
ce

of
L

2 X
.
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V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

as
th
e
up

pe
r
in
tr
in
si
c
di
m
en
si
on

of
th
e
pa
ir

(σ
,X

).
W
e
de
fin

e
th
e
le
ve
l
n

up
pe
r
in
tr
in
si
c

di
m
en
si
on

of
σ
as

d
im
∗ (
σ
,n

)
=

d
im

(V
σ
)

=
su

p
{d

im
∗ (
σ
,X

)
:
X
∈
R

2
(σ
,n

)}
.

T
he

up
pe

r
in
tr
in
si
c
di
m
en

si
on

d
im
∗ (
σ
,X

)
de

fin
ed

ab
ov
e
is
th
er
ef
or
e
th
e
di
m
en

si
on

of
th
e

fu
nc

ti
on

al
sp
ac
e
sp
an

ne
d
by

th
e
fil
te
r
fu
nc
ti
on

s
ψ
σ
,v
∈
L

2 X
or
,
eq
ui
va
le
nt
ly
,
of

th
e
im

ag
e
of

th
e
m
ap

Φ
:
θ
∈

Θ
7→

Φ
(·;
θ

)
∈
L

2 X
.
N
ot
ic
e
th
at

d
im
∗ (
σ
,X

)
≤

d
im

(L
2 X

).
In

pa
rt
ic
ul
ar
,i
f
th
e

di
st
ri
bu

ti
on

X
is

di
sc
re
te
,i
.e
.
it
is

co
nc

en
tr
at
ed

on
a
fin

it
e
nu

m
be

r
of

po
in
ts
{x

1
,.
..
,x

N
}
⊂

R
n
,
th
en

d
im
∗ (
σ
,X

)
≤

d
im

(L
2 X

)
≤
N
.
O
th
er
w
is
e,

if
th
e
di
st
ri
bu

ti
on

X
is

no
t
di
sc
re
te
,
th
en

d
im

(L
2 X

)
=
∞

.
T
he

n
le
ve
lu

pp
er

in
tr
in
si
c
di
m
en

si
on

d
im
∗ (
σ
,n

)
is

de
fin

ed
as

th
e
di
m
en

si
on

of
th
e
fu
nc

-
ti
on

al
lin

ea
r
sp
ac
e
V
σ
.
W
e
no

te
th
at

if
X
∈
R

2
(σ
,n

)
is
a
r.
v.

w
it
h
al
m
os
t
su
re
ly

(a
.s
.)

po
si
ti
ve

de
ns
it
y
w
.r
.t
.
th
e
Le

be
sg
ue

m
ea
su
re
d
x
,t
he

n
d
im
∗ (
σ
,n

)
=

d
im
∗ (
σ
,X

).
T
he

fo
llo

w
in
g
le
m
m
a
ex
ha

us
ts

al
l
th
e
ca
se
s
w
he

n
th
e
up

pe
r
in
tr
in
si
c
di
m
en
si
on

is
no

t
in
fin

it
e.

L
em

m
a
4

Le
t
σ
be

a
co
nt
in
uo

us
ac
ti
va
ti
on

fu
nc
ti
on

an
d

X
∈
R

2
(σ
,n

)
su
ch

th
at

d
im
( L

2 X

) =

∞
.
If
σ

(z
)

=
∑

d k
=

0
a
k
z
k
is

a
po
ly
no

m
ia
l,
th
en

d
im
∗ (
σ
,X

)
≤

d ∑ i=
1

( n
+
i
−

1

i

) 1
{a
i
6=

0
}

=
O

(n
d
)

O
th
er
w
is
e
(i
.e
.
if
σ
is

no
t
a
po
ly
no

m
ia
l)

it
ho
ld
s

d
im
∗ (
σ
,X

)
=
∞
.

T
he

pr
oo

f
of

th
e
ab

ov
e
le
m
m
a
is

ba
se
d
on

th
e
un

iv
er
sa
la

pp
ro
xi
m
at
io
n
th
eo
re
m

(L
es
hn

o
et

al
.,
19

93
).

W
e
th
en

de
fin

e
th
e
lo
w
er

in
tr
in
si
c
di
m
en

si
on

,w
hi
ch

co
rr
es
po

nd
s
to

th
e
co
nc
ep

t
of

‘h
ow

m
an

y
hi
dd

en
ne

ur
on

s
ar
e
ne

ed
ed

to
re
pr
es
en
t
a
ge
ne
ri
c
fu
nc

ti
on

of
V
σ
’.

D
efi

n
it
io
n
5

Le
t
σ
be

a
co
nt
in
uo

us
ac
ti
va
ti
on

fu
nc
ti
on

an
d

X
∈
R

2
(σ
,n

)
a
r.
v.

W
e
de
fin

e2

d
im
∗(
σ
,X

)
=

m
ax
{ p
≥

1
:
V
σ
,p
−

1
(
L
2 X
V
σ
,p

}

as
th
e
lo
w
er

di
m
en
si
on

of
th
e
pa
ir

(σ
,X

).
W
e
de
fin

e
th
e
le
ve
l
n

lo
w
er

di
m
en
si
on

of
σ

as
d
im
∗(
σ
,n

)
=

m
ax
{p
≥

1
:
V
σ
,p
−

1
(
V
σ
,p
}

=
su

p
{d

im
∗(
σ
,X

)
:
X
∈
R

2
(σ
,n

)}
.

If
d
im
∗(
σ
,X

)
is

fin
it
e,

th
en

it
co
rr
es
po

nd
s
to

th
e
m
in
im

um
nu

m
be

r
of

hi
dd

en
ne
ur
on

s
w
hi
ch

ar
e
ne

ed
ed

to
re
pr
es
en
t
an

y
fu
nc

ti
on

of
V
σ
w
it
h
th
e
N
N

ar
ch
it
ec
tu
re

(3
).

C
le
ar
ly
,t

hi
s

im
pl
ie
s
th
at

d
im
∗(
σ
,X

)
≤

d
im
∗ (
σ
,X

)

fo
r
ev
er
y
co
nt
in
uo

us
ac
ti
va
ti
on

fu
nc

ti
on

σ
an

d
an

y
X
∈
R

2
(σ
,n

).
A
s
w
it
h
th
e
up

pe
r
in
st
ri
ns
ic

di
m
en

si
on

,w
e
no

te
th
at

if
X
∈
R

2
(σ
,n

)
is
a
r.
v.

w
it
h
a.
s.

po
si
ti
ve

de
ns
it
y
w
.r
.t
.
th
e
Le

be
sg
ue

m
ea
su
re
d
x
,t

he
n

d
im
∗(
σ
,n

)
=

d
im
∗(
σ
,X

).
In

th
e
ca
se

of
ho

m
og

en
eu
s
po

ly
no

m
ia
la

ct
iv
at
io
ns
σ

(z
)

=
z
k
w
it
h
k
≥

1
in
te
ge
r,

th
e
le
ve
l

n
lo
w
er

di
m
en

si
on

of
σ
co
in
ci
de

s
w
it
h
th
e
no

ti
on

of
(m

ax
im

al
)
sy
m
m
et
ri
c
te
ns
or

ra
nk

.

2.
Fo

r
an

y
su

bs
et

s
V
,W
⊆
L

2 X
,
w

e
sa

y
th

at
V

(
L

2 X
W

if
V

(
W

as
su

bs
et

s
of
L

2 X
(a

nd
si

m
ila

r
w

it
h

ot
he

r
in

cl
us

io
ns

or
eq

ua
lit

ie
s)

.
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

L
em

m
a
6

Let
σ

(z
)

=
z
k,

w
ith

k
positive

integer.
T
hen

d
im
∗ (σ

,n
)

=
rk

S (k
,n

)

F
inally,

the
next

lem
m
a
im

plies
that

for
m
ost

non-polynom
ial

activation
functions

practical
interest,the

low
er

intrinsic
dim

ension
d
im
∗ (σ

,n
)
is

infinite.

L
em

m
a
7

Let
σ

be
a
continuous

activation
function

such
that

σ
∈
L

2(R
,e −

x
2
/
2
d
x

)
and

n
>

1.
T
hen

d
im
∗ (σ

,n
)

=
∞

if
and

only
if
σ
is

not
a
polynom

ial.

T
he

proof
of

the
above

Lem
m
a
is

based
on

H
erm

ite
decom

position
and

on
the

corre-
spondence

betw
een

one-hidden-layer
nets

and
sym

m
etric

tensors
(M

ondelli
and

M
ontanari,

2018).

3.
F
in
ite

intrin
sic

d
im

en
sion

an
d
ab

sen
ce

of
sp
u
riou

s
valleys

In
this

section
w
e
provide

our
positive

results.
E
ssentially

they
state

that
if
the

w
idth

of
the

netw
ork

m
atches

the
dim

ension
ofthe

functionalspace
V
σ
spanned

by
its

filter
functions,then

no
spurious

valleys
exist.

W
e
first

provide
the

m
ain

result
(T

heorem
8)

in
a
general

form
,

w
hich

allow
s
a
straight-forw

ard
derivation

oftw
o
cases

ofinterest:
em

piricalrisk
m
inim

ization
(C

orollary
9)

and
polynom

ialactivations
(C

orollary
10).

T
h
eorem

8
For

any
continuous

activation
function

σ
and

r.v.
X
∈
R

2 (σ
,n

)
w
ith

finite
upper

intrinsic
dim

ension
d
im
∗(σ

,X
)
<
∞
,
the

loss
function

L
(θ

)
=

E
[`(Φ

(X
;θ

),Y
)]

for
one-hidden-layer

N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

)
adm

its
no

spurious
valleys

in
the

over-param
e-

trised
regim

e
p
≥

d
im
∗(σ

,X
).

S
ketch

of
th
e
p
roof

T
he

proof
consists

of
show

ing
that

w
e
can

construct
a
descent

path
verifying

property
P
.1

starting
from

any
param

eters
θ.

T
he

construction
can

be
articulated

in
tw

o
m
ain

parts.
F
irst,w

e
show

that
w
e
can

m
ap

the
starting

param
eter

θ
0

=
(U

0 ,W
0 )

to
an-

other
param

eter
θ

1
/
2

=
(U

1
/
2 ,W

1
/
2 )

such
that

the
functions {

x
7→
σ

(〈w
1
/
2
,i ,x〉) }

i∈
[p

] form
a

basis
of
V
σ .

It
follow

s
that

there
exists

a
m
inim

alfunction
f∈

V
mσ
.=
{
(f

1 ,...,f
m

)
:
f
i ∈

V
σ },

i.e.
f∈

arg
m

in
g∈
V
mσ

E
[`(g

(X
),Y

)]

w
hich

can
be

represented
as

f
=

Φ
(·;θ

1
=

(U
1 ,W

1
/
2 ))

for
som

e
U

1 .
T
he

second
part

of
the

path
can

be
thus

taken
as
t7→

(1−
t)U

1
/
2
+
tU

1 :
as

the
loss

function
is
convex,this

is
descent

path.

T
he

above
result

can
be

interpreted
as

follow
s:

ifthe
netw

ork
is
such

that
any

ofits
output

units
Φ
i can

be
chosen

from
the

w
hole

linear
space

spanned
by

its
filter

functions
V
σ ,then

the
associated

optim
ization

problem
is
such

that
there

alw
ays

exists
a
descent

path
to

an
optim

al
solution,for

any
initialization

of
the

param
eters.

A
pplying

the
observations

in
Section

2.2
describing

the
cases

offinite
intrinsic

dim
ension,

w
e
im

m
ediately

get
the

follow
ing

corollaries.
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eir
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B
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n
a

C
orollary

9
(E

R
M
)
C
onsider

N
data

points
{(x

i ,y
i )}

Ni=
1
⊂

R
n
×

R
m
.

For
one-hidden-

layer
N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

),
w
here

σ
is

any
continuous

activation
function,

the
em

pirical
loss

function

L
(θ

)
=

1N

N
∑i=

1

`(Φ
(x
i ;θ

),y
i )

adm
its

no
spurious

valleys
in

the
over-param

etrized
regim

e
p
≥
N
.

C
om

p
arison

w
ith

existin
g
resu

lts
T
his

results
w
as

already
show

n
in

(Livniet
al.,2014).

T
he

only
difference

w
ith

our
result

is
that

w
e
allow

for
rank

degeneracy
in

the
m
atrix

σ
(W

[x
1 |···|x

N
]).

H
ow

ever,
its

proof
illustrates

the
danger

of
studying

em
pirical

risk
m
in-

im
ization

landscapes
in

over-param
etrised

regim
es,

since
it

bypasses
all

the
geom

etric
and

algebraic
properties

needed
in

the
population

risk
setting

-
w
hich

m
ay

be
m
ore

relevant
to

understand
the

generalization
properties

of
the

m
odel.

O
ther

w
orks

considered
the

landscape
of

em
pirical

risk
m
inim

ization
for

deep
netw

orks.
For

R
eLu-like

activations,m
ulti-layer

netw
orks

and
square

losses,(Soudry
and

C
arm

on,2016)
show

ed
that

(alm
ost

surely)
there

exists
no

differentiable
spurious

m
inim

a
if
one

of
the

layer
w
eights

W
i ∈

R
p
i ×
p
i−

1
satisfy

p
i p
i−

1 ≥
N
.
(N

guyen
and

H
ein,2017)

show
ed

that
no

spurious
m
inim

a
occur

for
m
ulti-layer

N
N
s
for

a
class

oflosses
and

activations,ifone
ofthe

layers
inner

w
idth

exceeds
the

num
ber

ofdata
points

and
the

criticalpoints
verify

certain
non-degeneracy

conditions.

C
orollary

10
(P

olyn
om

ial
activation

s)
For

one-hidden-layer
N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

)
w
ith

polynom
ial

activation
function

σ
(z

)
=
a

0
+
a

1 z
+
···

+
a
d z
d,

the
loss

function
L

(θ
)

=
E

[`(Φ
(X

;θ
),Y

)]
adm

its
no

spurious
valleys

in
the

over-param
etrized

regim
e

p
≥

d
∑i=

1 (
n

+
i−

1

i

)
1
{
a
i 6=

0}
=
O

(n
d)

U
nder

the
hypothesis

of
C
orollary

10
w
ith

p
=
O

(n
d),

a
generic

function
of
V
σ ,

Φ
(x

;θ
)

=
u
T
σ

(W
x

),can
be

also
represented,for

som
e
γ

=
γ

(θ
),in

the
generalized

linear
form

Φ
(x

;θ
)

=
〈γ
,ϕ

(x
)〉

w
ith

ϕ
(x

)
=

(x
k
1 ···x

k
j ){

1≤
k
1 ≤
···≤

k
j ≤
n
,j∈

[d
]} .

T
he

param
eters

θ
and

γ
differ

for
their

dim
en-

sions:
d
im

(γ
)

=
O

(n
d)
<

d
im

(θ
)

=
(n

+
1)·

O
(n
d)

=
O

(n
d
+

1)

O
ne

w
ould

therefore
like

C
orollary

10
to

hold
also

(at
least)

for
p
≥
O

(n
d−

1).
In

the
next

section
w
e
address

this
problem

for
the

linear
activation

σ
(z

)
=
z
and

the
quadratic

activation
σ

(z
)

=
z

2.

3.1.
Im

p
roved

over-p
aram

etrization
b
ou

n
d
s
for

h
om

ogen
eou

s
p
olyn

om
ial

activation
s

T
he

over-param
etrization

bounds
obtained

in
C
orollary

10
are

quite
non-desiderable

in
prac-

tical
applications.

W
e
show

that
they

can
indeed

be
im

proved,
for

the
case

of
linear

and
quadratic

netw
orks.
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.
It
w
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aw
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Fr
ee
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01

7;
Y
un
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.,
20

18
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th
at
,f
or

lin
ea
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ne

tw
or
ks

of
an

y
de

pt
h

Φ
(x

;θ
)

=
W

K
+

1
··
·W

1
x

(4
)

w
it
h
θ

=
(W

K
+

1
,W

K
,.
..
,W

2
,W

1
)
∈

R
m
×
p
K
×

R
p
K
×
p
K
−
1
×
··
·R

p
2
×
p
1
×

R
p
1
×
n
,
th
e
lo
ss

fu
nc

ti
on

(2
)
ha

s
no

sp
ur
io
us

lo
ca
l
m
in
im

a,
if

m
in
i∈

[K
]
p
i
≥

m
in
{n
,m
}.

T
hi
s
co
rr
es
po

nd
s

ex
ac
tl
y
w
it
h
ov
er
-p
ar
am

et
ri
za
ti
on

re
gi
m
e
in

C
or
ol
la
ry

10
,
fo
r
th
e
ca
se

of
on

e-
hi
dd

en
-la

ye
r

ne
tw

or
ks
.
T
he

fo
llo

w
in
g
th
eo
re
m

im
pr
ov
es

on
C
or
ol
la
ry

10
fo
r
th
e
ca
se

of
m
ul
ti
-la

ye
r
lin

ea
r

ne
tw

or
ks
,
sh
ow

in
g
th
at

no
ov
er
-p
ar
am

et
ri
sa
ti
on

is
re
qu

ir
ed

in
th
is

ca
se

to
av
oi
d

sp
ur
io
us

va
lle

ys
,f
or

sq
ua

re
lo
ss

fu
nc

ti
on

s.

T
h
eo
re
m

11
(L
in
ea
r
n
et
w
or
ks
)
Fo

r
lin

ea
r
N
N
s
(4
)
of

an
y
de
pt
h
K
≥

1
an

d
of

an
y
la
ye
r

w
id
th
s
p
k
≥

1,
k
∈

[K
],
an

d
an

y
in
pu

t-
ou

tp
ut

di
m
en
si
on

s
n
,m
≥

1,
th
e
sq
ua

re
lo
ss

fu
nc
ti
on

L
(θ

)
=

E‖
Φ

(X
;θ

)
−

Y
‖2

ad
m
it
s
no

sp
ur
io
us

va
lle

ys
.

3.
1.

2.
Q

u
a
d
r
at

ic
n
et

w
o
r
k
s

c
a
se

Q
ua

dr
at
ic

ac
ti
va
ti
on

s
σ

(z
)

=
z

2
ha

ve
be

en
co
ns
id
er
ed

in
th
e
lit
er
at
ur
e
(L

iv
ni

et
al
.,
20

14
;

D
u
an

d
Le

e,
20

18
;S

ol
ta
no

lk
ot
ab

ie
t
al
.,
20
17

)
as

se
co
nd

or
de

r
ap

pr
ox
im

at
io
n
of

ge
ne

ra
ln

on
-

lin
ea
r
ac
ti
va
ti
on

s.
C
or
ol
la
ry

10
sa
ys

th
at
,
if
p
≥
n

(n
+

1)
/2

,
th
e
lo
ss

fu
nc

ti
on

(2
)
ad

m
it
s
no

sp
ur
io
us

va
lle

ys
.
In

th
e
fo
llo

w
in
g
th
eo
re
m

w
e
re
la
x
th
e
ov
er
-p
ar
am

et
ri
sa
ti
on

re
qu

ir
em

en
t
an

d
sh
ow

th
at
p
>

2
n
is

su
ffi
ci
en
t
fo
r
th
e
st
at
em

en
t
to

ho
ld
,
in

th
e
ca
se

of
sq
ua

re
lo
ss

fu
nc

ti
on

s
an

d
on

e
di
m
en

si
on

al
ou

tp
ut

(m
=

1)
.

T
h
eo
re
m

12
(Q

u
ad

ra
ti
c
n
et
w
or
ks
)
Fo

r
on

e-
hi
dd
en
-la

ye
r
N
N
s

Φ
(x

;θ
)

=
u
T
σ

(W
x

)
w
it
h

qu
ad
ra
ti
c
ac
ti
va
ti
on

fu
nc
ti
on

σ
(z

)
=
z

2
an

d
on

e-
di
m
en
si
on

al
ou

tp
ut

(m
=

1)
,
th
e
sq
ua

re
lo
ss

fu
nc
ti
on

L
(θ

)
=

E|
Φ

(X
;θ

)
−
Y
|2

ad
m
it
s
no

sp
ur
io
us

va
lle

ys
in

th
e
ov
er
-p
ar
am

et
ri
se
d
re
gi
m
e

p
≥

2n
+

1
=
O

(n
).

S
ke
tc
h
of

th
e
p
ro
of

T
he

pr
oo

f
(r
ep

or
te
d
in

Se
ct
io
n
A
)
co
ns
is
ts

in
co
ns
tr
uc

ti
ng

a
pa

th
sa
ti
sf
yi
ng

pr
op

er
ty

P
.1

an
d
im

pr
ov
es

up
on

th
e
pr
oo

f
of

T
he

or
em

8
by

le
ve
ra
gi
ng

th
e
sp
e-

ci
al

lin
ea
ri
ze
d
st
ru
ct
ur
e
of

th
e
ne

tw
or
k
fo
r
qu

ad
ra
ti
c
ac
ti
va
ti
on

.
Fo

r
ev
er
y
pa

ra
m
et
er
θ

=
(u
,W

)
∈
R
p
×

R
p
×
n
,w

e
ca
n
w
ri
te

Φ
(x

;θ
)

=

p ∑ i=
1

u
i(
〈w

i,
x
〉)

2
=
〈

p ∑ i=
1

u
iw

iw
T i
,x

x
T
〉 F

W
e
no

ti
ce

th
at

Φ
(·;
θ

)
ca
n
al
so

be
re
pr
es
en
te
d
by

a
N
N

Φ
(·;
θ̂

)
w
it
h
n
hi
dd

en
un

it
s;

in
de

ed
,

if
∑

n i=
1
σ
iv
iv
T i
is
th
e
SV

D
of
∑

p i=
1
u
iw

iw
T i
,t
he

n
Φ

(x
;θ

)
=
〈∑

n i=
1
σ
iv
iv
T i
,x

x
T
〉 F

.
T
he

re
fo
re

p
≥
n
is

su
ffi
ci
en
t
to
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sc
ri
be
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y
el
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en
t
in
V
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≥
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Φ

(X
;θ

)
−
Y
|2

ad
m
it
s
no

sp
ur
io
us

va
lle

ys
in

th
e
ov
er
-

pa
ra
m
et
ri
ze
d
re
gi
m
e
p
≥
O

(d
im
∗(
σ
,n

))
.
W
e
co
nj
ec
tu
re

th
at

th
is

ho
ld

fo
r
an

y
(s
uffi

ci
en
tl
y

re
gu

la
r)

ac
ti
va
ti
on

fu
nc

ti
on

w
it
h
fin

it
e
in
tr
in
si
c
lo
w
er

di
m
en

si
on

.

4.
In
fi
n
it
e
in
tr
in
si
c
d
im

en
si
on

an
d
p
re
se
n
ce

of
sp
u
ri
ou

s
va
ll
ey
s

T
hi
s
se
ct
io
n
is

de
vo
te
d
to

th
e
co
ns
tr
uc

ti
on

of
w
or
st
-c
as
e
sc
en

ar
io
s
fo
r
no

n-
ov
er

pa
ra
m
et
ri
se
d

ne
tw

or
ks
.

T
he

m
ai
n

re
su
lt

(T
he

or
em

13
)
es
se
nt
ia
lly

st
at
es

th
at
,
fo
r
ne

tw
or
ks

w
it
h

w
id
th

sm
al
le
r
th
an

th
e
lo
w
er

in
tr
in
si
c
di
m
en
si
on

de
fin

ed
ab

ov
e,

sp
ur
io
us

va
lle

ys
ca
n

be
cr
ea
te
d

by
ch
oo

si
ng

ad
ve
rs
ar
ia
l
da

ta
di
st
ri
bu

ti
on

s.
W
e
th
en

sh
ow

ho
w

th
is

im
pl
ie
s
ne

ga
ti
ve

re
su
lt
s

fo
r
un

de
r-
pa

ra
m
et
ri
ze
d
po

ly
no

m
ia
l
ar
ch
it
ec
tu
re
s
an

d
a
la
rg
e
va
ri
et
y
of

ar
ch
it
ec
tu
re
s
us
ed

in
pr
ac
ti
ce
.

T
h
eo
re
m

13
C
on

si
de
r
th
e
sq
ua

re
lo
ss

fu
nc
ti
on

L
(θ

)
=

E‖
Φ

(X
;θ

)
−

Y
‖2

fo
r
on

e-
hi
dd
en
-

la
ye
r
N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

)
w
it
h
no

n-
ne
ga
ti
ve

ac
ti
va
ti
on

fu
nc
ti
on

σ
≥

0
su
ch

th
at
σ
∈

L
2
(R
,e
−
x
2
d
x

).
If
p
≤

1 2
d
im
∗(
σ
,n
−

1)
,
th
en

th
er
e
ex
is
ts

a
r.
v.

(X
,Y

)
su
ch

th
at

th
e
sq
ua

re
lo
ss

fu
nc
ti
on

L
ad
m
it
s
sp
ur
io
us

va
lle
ys
.
In

pa
rt
ic
ul
ar
,
fo
r
an

y
gi
ve
n
M

>
0,

th
e
r.
v.

Y
ca
n

be
ch
os
en

in
su
ch

a
w
ay

th
at

th
er
e
ex
is
ts

a
(n
on

-e
m
pt
y)

op
en

se
t

Ω
⊂

Θ
su
ch

th
at

M
/2

+
m

in
θ
∈Ω

L
(θ

)
≥

su
p

θ
∈Ω
L

(θ
)
≥

m
in

θ
∈Ω

L
(θ

)
≥
M

+
m

in
θ
∈Θ

L
(θ

)
(5
)

an
d
an

y
pa
th
θ

:
[0
,1

]
→

Θ
su
ch

th
at
θ

0
∈

Ω
an

d
θ

1
is

a
gl
ob
al

m
in
im

a
ve
ri
fie

s

m
ax

t∈
[0
,1

]
L

(θ
t)
≥

m
in

θ
∈Ω

L
(θ

)
+
M

(6
)
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

E
quation

(5)
in

T
heorem

13
says

that
any

local
descent

algorithm
,
if
initialized

in
θ

0
∈

Ω
,

at
its

best
it

w
ill

only
be

able
to

produce
a
final

param
eter

value
w
hich

is
at

least
M

far
from

optim
ality.

E
quation

(6)
im

plies
that

any
path

starting
from

param
eter

belonging
to

Ω
m
ust

‘up-clim
b’at

least
M
/
2
in

the
loss

value.
In

the
follow

ing
w
e
refer

to
such

property,as
stated

in
T
heorem

13,
by

saying
that

the
loss

function
has

arbitrarily
bad

spurious
valleys.

N
ote

that
this

result
ensures

that
spurious

valleys
have

positive
Lebesgue

m
easure,

so
there

is
a
positive

probability
that

gradient
descent

m
ethods

initialized
w
ith

a
m
easure

that
is

absolutely
continuous

w
ith

respect
to

Lebesgue
w
illget

stuck
in

a
bad

localm
inim

a.
A
pplying

the
observations

describing
the

values
ofthe

low
er

intrinsic
dim

ension
for

differ-
ent

activation
functions,w

e
get

the
follow

ing
corollaries.

C
orollary

14
(H

om
ogen

eou
s
even

d
egree

p
olyn

om
ial

activation
s)

C
onsider

the
case

of
activation

σ
(z

)
=
z

2
k
w
ith

k
≥

1
integer.

For
one-hidden-layer

N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

),
if
n
≥

2
and

the
hidden

layer
w
idth

satisfies

p
≤
{
n
−

1
if
k

=
1

12
rk

S (2k
,n
−

1)
if
k
>

1

then
there

exists
a
r.v.

(X
,Y

)
such

that
the

square
loss

function
L

(θ
)

=
E‖

Φ
(X

;θ
)−

Y
‖

2

has
arbitrarily

bad
spurious

valleys.

T
his

follow
s
by

T
heorem

13
and

Lem
m
a
6,

since
d
im
∗ (σ

(z
)

=
z

2
k,n

)
=

rk
S (2k

,n
).

For
the

w
ell

know
n
case

k
=

1
(sym

m
etric

m
atrices)

it
holds

rk
S (2,n

)
=
n;

therefore
C
orollary

14
im

plies
that

the
bound

provided
in

C
orollary

10
is

alm
ost

(up
to

a
factor

2)
tight.

N
otice

that
our

result
is

indeed
in

line
w
ith

the
results

discussed
in

Section
3.1.2.

C
orollary

15
(S
p
u
riou

s
valleys

exist
in

gen
eric

arch
itectu

res)
If
n
≥

2,for
one-hidden-

layer
N
N
s

Φ
(x

;θ
)

=
U
σ

(W
x

)
w
ith

any
hidden

layer
w
idth

p
≥

1
and

continuous
non-negative

non-polynom
ial

activation
function

σ
∈
L

2(R
,e −

x
2
/
2),

then
there

exists
a
r.v.

(X
,Y

)
such

that
the

square
loss

function
L

(θ
)

=
E‖

Φ
(X

;θ
)−

Y
‖

2
has

arbitrarily
bad

spurious
valleys.

T
his

setting
includes

the
follow

ing
activation

functions:

•
T
he

R
eLU

activation
function

σ
(z

)
=
z

+
and

som
e
relaxations

of
it,

such
as

softplus
activation

functions
σ

(z
)

=
β
−

1
log (1

+
e
β
z ),

w
ith

β
>

0;

•
T
he

sigm
oid

activation
function

σ
(z

)
=

(1
+
e −

z) −
1
and

the
approxim

ating
erf

function
σ

(z
)

=
2/
π
∫
z0
e −

u
d
u,

w
hich

represents
an

approxim
ation

to
the

sigm
oid

function.

T
his

follow
s
by

T
heorem

13
by

observing
that

d
im
∗ (σ

,n
)

=
∞

if
σ

is
one

of
the

above
activation

functions.

D
iscu

ssion
an

d
com

p
arison

w
ith

p
reviou

s
w
orks

Several
w
orks

show
ed

existence
of

spurious
m
inim

a:
(Safran

and
Sham

ir,2017)
show

ed
counterexam

ples
under

G
aussian

input
distributions,

for
p

=
n
−

1
∈
{8,...,19},

using
a
com

puter-assisted
proof;

(Sw
irszcz

et
al.,

2016)
and

(Zhou
and

Liang,
2017)

provided
a
few

num
erical

exam
ples;

(Y
un

et
al.,

2018)
show

ed
existence

of
spurious

m
inim

a
for

R
eLU

-like
activations

under
non-realizability,

and
provided

counterexam
ples

for
sm

ooth
activations.

For
any

num
ber

of
hidden

neurons
p,

w
e
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V
en

tu
r
i,

B
a
n
d
eir

a
a
n
d

B
ru

n
a

give
a
(constructive)

proof
of

existence
of

a
data

distribution
w
hich

creates
spurious

valleys,
under

the
only

assum
ption

of
non-negative

continuous
activation

function.
W
e
also

rem
ark

that
w
hile

in
the

above
w
orks

the
authors

proved
existence

of
spurious

local
m
inim

a,
w
e

prove
that,

in
fact,

arbitrarily
bad

spurious
valleys

can
exist,

w
hich

is
a
stronger

negative
characterization.

T
he

results
of

this
section

can
be

interpreted
as

w
orst-case

scenarios
for

the
problem

of
optim

izing
(2).

W
e
show

ed
that,even

forsim
ple

one-hidden-layerneuralnetw
ork

architectures
w
ith

non-linear
activation

functions
used

in
practice

(such
as

R
eLU

),globaloptim
ality

results
can

not
hold,unless

w
e
m
ake

som
e
assum

ptions
on

the
data

distributions.

5.
T
yp

ical
sp
u
riou

s
valleys

an
d
low

-en
ergy

b
arriers

In
the

previous
section

it
w
as

show
n
that

w
henever

the
num

ber
of

hidden
units

p
is

below
the

low
er

intrinsic
dim

ension,
then

one
can

show
w
orst-case

data
distributions

that
yield

a
landscape

w
ith

arbitrarily
bad

spurious
valleys.

A
natural

follow
-up

question
is

thus
to

consider
the

com
plexity

ofthe
energy

landscape
in

a
typical

scenario,defined
in

term
s
ofboth

param
eter

initialisation
(how

likely
are

descent
algorithm

s
to

fallinto
a
spurious

valley?)
and

energy
value

(how
deep

are
typicalspurious

valleys?).
In

this
section,w

e
study

the
energy

landscape
under

generic
data

distributions
in

case
of

hom
ogeneous

activation,and
show

that,although
spurious

valleys
m
ay

appear,they
tend

do
so

below
a
certain

energy
level,controlled

by
the

decay
of

the
spectraldecom

position
of

the
kerneldefined

by
the

activation
function

and
by

the
am

ount
ofparam

etrisation
p.

T
his

offers
a
first

glim
pse

at
the

em
pirical

success
of

local
descent

algorithm
s
in

conditions
w
here

p
is

indeed
below

the
intrinsic

dim
ension.

W
e
consider

oracle
square

loss
functions

of
the

form

L
(θ

)
=

E|Φ
(X

;θ
)−

Y
| 2

(7)

for
one-dim

ensional
output

one-hidden-layer
N
N
s

Φ
(x

;θ
)

=
u
T
σ

(W
x

),
w
ith

θ
=

(u
,W

)∈
R
p×

R
p×
n,
σ
a
positively

hom
ogeneous

function,and
X
,Y

square
integrable

r.v.
N
otice

that
w
e
can

w
rite

L
(θ

)
=

E|Φ
(X

;θ
)−

f
∗(X

)| 2
+

E|Y
−
f
∗(X

)| 2

for
som

e
m
easurable

f
∗

:R
n
→

R
such

that
f
∗(X

)
=

E
[Y
|X

].
In

particular
this

im
plies

that

m
in

θ∈
Θ
L

(θ
)≥
R

(X
,Y

)
.=
E|Y
−
f
∗(X

)| 2

If
f
∗
can

be
w
ritten

as
a
one-hidden-layer

neuralnetw
ork

w
ith

an
arbitrary

num
ber

ofhidden
units,that

is

f
∗(x

)
=

∫

R
n

σ
(〈x

,w
〉)ρ

(w
)
d
µ

(w
)

for
som

e
m
easure

µ
and

w
eight

function
ρ,then

a
possible

approach
to

find
a
proper

approxi-
m
ation

of
f
∗
is
through

random
features

sam
pling

(R
ahim

iand
R
echt,2008).

A
pplying

som
e

recent
results

(B
ach,2017b)

relating
random

features
expansions

w
ith

kernelquadrature
rules,

w
e
show

that
this

im
plies

the
follow

ing
statem

ent:
as

the
netw

ork
w
idth

increases,
spurious

valleys
tend

to
be

confined
to

decreasingly
low

loss
value.

In
this

regim
e,large

loss
barriers

are
therefore

avoided
w
ith

high
probability

over
initialization

of
the

param
eters.

T
he

statem
ent

is
m
ade

m
ore

rigorous
in

the
follow

ing:
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S
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V
a
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ey
s

in
O

n
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h
id

d
en

-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

T
h
eo
re
m

16
Le

t
d
τ
be

th
e
un

ifo
rm

di
st
ri
bu
ti
on

ov
er

th
e
un

it
sp
he
re

Sn
an

d
co
ns
id
er

an
in
it
ia
lp

ar
am

et
er
θ̃

=
(ũ
,W̃

)
w
it
h

w̃
i
∼
d
τ
sa
m
pl
ed

i.i
.d
.
T
he
n
th
e
fo
llo

w
in
g
ho
ld
:

1.
T
he
re

ex
is
ts

a
pa
th
t
∈

[0
,1

]
7→
θ
t
su
ch

th
at
θ

0
=
θ̃
,
th
e
fu
nc
ti
on

t
∈

[0
,1

]
7→

L
(θ
t)

is
no

n-
in
cr
ea
si
ng
,
an

d L
(θ

1
)
≤
R

(X
,Y

)
+
λ

if
p
≥
O
( −
λ
−

1
lo

g
(λ
δ)
)

w
it
h
pr
ob
ab
ili
ty

gr
ea
te
r
or

eq
ua

lt
he
n

1
−
δ,

fo
r
ev
er
y
λ
,δ
∈

(0
,1

).

2.
If
f
∗
is

su
ffi
ci
en
tly

re
gu
la
r3
,
th
er
e
ex
is
ts

a
pa
th
t
∈

[0
,1

]
7→
θ
t
su
ch

th
at
θ

0
=
θ̃
,
th
e

fu
nc
ti
on

t
∈

[0
,1

]
7→
L

(θ
t)

is
no

n-
in
cr
ea
si
ng
,
an

d

L
(θ

1
)
≤
R

(X
,Y

)
+
O

(p
−

1
+
δ
)

w
it
h
pr
ob
ab
ili
ty

gr
ea
te
r
or

eq
ua

lt
he
n

1
−
e−

O
(p
δ
)
fo
r
ev
er
y
δ
∈

(0
,1

).

S
ke
tc
h
of

th
e
p
ro
of

A
ss
um

e
th
at
f
∗
ad

m
it
s
th
e
re
pr
es
en
ta
ti
on

f
∗ (

x
)

=

∫ Θ
ρ
(w

)σ
(〈

x
,w
〉)
d
τ
(w

)

fo
r
so
m
e
de

ns
it
y
ρ
.
If

w
i
∼
d
τ
,i
∈

[p
],
ar
e
dr
aw

n
i.i
.d
.,
w
e
ha

ve

E(
1 p

p ∑ i=
1

ρ
(w

i)
σ

(〈
w
i,

x
〉)
−
f
∗ (

x
))

2

=
O

(
1 p

)

N
ot
ic
e
th
at

by
on

ly
m
ov
in
g
th
e
se
co
nd

la
ye
r,

w
e
ca
n
co
ns
tr
uc

t
a
(l
in
ea
r)

de
sc
en
t
pa

th
fr
om

(ũ
,W̃

)
to

(u
,W̃

),
w
he

re
u
i

=
ρ
(w

i)
.
T
he

pr
oo

fi
s
th
en

co
nc

lu
de

d
by

ap
pl
yi
ng

an
H
oe
ffd

in
g’
s-

ty
pe

in
eq
ua

lit
y
to

ge
t
pr
op

er
ty

2.
if
it

ho
ld
s
ρ
∈
L
∞

(S
n
d
τ
)
or

by
ap

pl
yi
ng

P
ro
po

si
ti
on

1
in

(B
ac
h,

20
17

b)
to

ob
ta
in

pr
op

er
ty

1.

R
el
at
ed

w
or
ks

M
an

y
re
ce
nt

w
or
ks

le
ve
ra
ge
d
ar
gu

m
en
ts

ba
se
d
on

ra
nd

om
fe
at
ur
es

to
ex
-

pl
ai
n
th
e
em

pi
ri
ca
ls
uc

ce
ss

of
lo
ca
ld

es
ce
nt

al
go

ri
th
m
s
to

tr
ai
n
ne

ur
al

ne
tw

or
ks

(s
ee

e.
g.

(J
ac
ot

et
al
.,
20

18
;
A
lle

n-
Zh

u
et

al
.,
20

18
;
O
ym

ak
an

d
So

lt
an

ol
ko

ta
bi
,
20
19

;
Y
eh
ud

ai
an

d
Sh

am
ir
,

20
19

;
M
a
et

al
.,
20

19
;
D
u
et

al
.,
20

18
))
.
In

T
he

or
em

16
,
w
e
us
ed

th
is

ty
pe

of
te
ch
ni
qu

e
to

sh
ow

pr
op

er
ti
es

of
th
e
op

ti
m
iz
at
io
n
la
nd

sc
ap

e.
T
he

m
ai
n
lim

it
at
io
n
sh
ar
ed

by
ou

r
an

d
th
e

ci
te
d
re
su
lt
s
is
th
e
ga

p
be

tw
ee
n
th
e
re
gi
m
es

in
w
hi
ch

th
e
ap

pl
y
(h
ig
h
ov
er
-p
ar
am

et
ri
ze
d
N
N
s)

an
d
th
e
re
gi
m
es

at
ta
in
ed

in
pr
ac
ti
ce
.

A
cu

rr
en
t
im

po
rt
an

t
di
re
ct
io
n
is

to
un

de
rs
ta
nd

th
e

dy
na

m
ic
s
of

ne
ur
al

ne
tw

or
ks

tr
ai
ni
ng

ov
er

ke
rn
el

ap
pr
ox
im

at
io
n
an

d
to

ex
te
nd

su
ch

re
su
lt
s

to
m
od
er
at
ly

ov
er
-p
ar
am

et
ri
ze
d
ar
ch
it
ec
tu
re
s.

R
em

ar
k
17

N
ot
ic
e
th
at

in
th
e
pr
ev
io
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ac
es

vi
a
ra
nd

om
m
at
ri
x
th
eo
ry
.
In

In
te
rn
at
io
na

lC
on

fe
re
nc
e
on

M
ac
hi
ne

Le
ar
ni
ng

,p
ag

es
27

98
–2

80
6,

20
17

.

A
li
R
ah

im
ia

nd
B
en

ja
m
in

R
ec
ht
.R

an
do

m
fe
at
ur
es

fo
rl
ar
ge
-s
ca
le
ke
rn
el
m
ac
hi
ne

s.
In

A
dv
an

ce
s

in
ne
ur
al

in
fo
rm

at
io
n
pr
oc
es
si
ng

sy
st
em

s,
pa

ge
s
11

77
–1

18
4,

20
08

.

It
ay

Sa
fr
an

an
d

O
ha

d
Sh

am
ir
.

O
n

th
e
qu

al
it
y
of

th
e
in
it
ia
l
ba

si
n

in
ov
er
sp
ec
ifi
ed

ne
ur
al

ne
tw

or
ks
.
In

In
te
rn
at
io
na

lC
on

fe
re
nc
e
on

M
ac
hi
ne

Le
ar
ni
ng

,p
ag

es
77

4–
78

2,
20

16
.

It
ay

Sa
fr
an

an
d
O
ha

d
Sh

am
ir
.
Sp

ur
io
us

lo
ca
l
m
in
im

a
ar
e
co
m
m
on

in
tw

o-
la
ye
r
re
lu

ne
ur
al

ne
tw

or
ks
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
71
2.
08
96
8,

20
17

.

Sh
ib
an

iS
an

tu
rk
ar
,
D
im

it
ri
s
T
si
pr
as
,
A
nd

re
w

Il
ya
s,

an
d
A
le
ks
an

de
r
M
ad

ry
.
H
ow

do
es

ba
tc
h

no
rm

al
iz
at
io
n
he

lp
op

ti
m
iz
at
io
n?

(n
o,

it
is
no

t
ab

ou
t
in
te
rn
al

co
va
ri
at
e
sh
ift
).
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
80
5.
11
60
4,

20
18

.

O
ha

d
Sh

am
ir
.

A
re

re
sn
et
s

pr
ov
ab

ly
be

tt
er

th
an

lin
ea
r

pr
ed

ic
to
rs
?

ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
80
4.
06
73
9,

20
18

.

M
ah

di
So

lt
an

ol
ko

ta
bi
,
A
de

l
Ja
va
nm

ar
d,

an
d

Ja
so
n

D
Le

e.
T
he

or
et
ic
al

in
si
gh

ts
in
to

th
e

op
ti
m
iz
at
io
n

la
nd

sc
ap

e
of

ov
er
-p
ar
am

et
er
iz
ed

sh
al
lo
w

ne
ur
al

ne
tw

or
ks
.

ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
70
7.
04
92
6,

20
17

.

D
an

ie
l
So

ud
ry

an
d
Y
ai
r
C
ar
m
on

.
N
o
ba

d
lo
ca
l
m
in
im

a:
D
at
a
in
de

pe
nd

en
t
tr
ai
ni
ng

er
ro
r

gu
ar
an

te
es

fo
r
m
ul
ti
la
ye
r
ne

ur
al

ne
tw

or
ks
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
60
5.
08
36
1,

20
16

.

D
an

ie
l
So

ud
ry
,
E
la
d
H
off

er
,
an

d
N
at
ha

n
Sr
eb

ro
.

T
he

im
pl
ic
it

bi
as

of
gr
ad

ie
nt

de
sc
en
t
on

se
pa

ra
bl
e
da

ta
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
71
0.
10
34
5,

20
17

.

G
rz
eg
or
z
Sw

ir
sz
cz
,W

oj
ci
ec
h
M
ar
ia
n
C
za
rn
ec
ki
,a

nd
R
az
va
n
P
as
ca
nu

.
Lo

ca
lm

in
im

a
in

tr
ai
n-

in
g
of

ne
ur
al

ne
tw

or
ks
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
61
1.
06
31
0,

20
16

.

A
sh
ia

C
W

ils
on

,
R
eb

ec
ca

R
oe
lo
fs
,
M
it
ch
el
l
St
er
n,

N
at
i
Sr
eb

ro
,
an

d
B
en

ja
m
in

R
ec
ht
.
T
he

m
ar
gi
na

l
va
lu
e
of

ad
ap

ti
ve

gr
ad

ie
nt

m
et
ho

ds
in

m
ac
hi
ne

le
ar
ni
ng

.
In

A
dv
an

ce
s
in

N
eu
ra
l

In
fo
rm

at
io
n
P
ro
ce
ss
in
g
Sy

st
em

s,
pa

ge
s
41

48
–4

15
8,

20
17

.

G
ila

d
Y
eh
ud

ai
an

d
O
ha

d
Sh

am
ir
.

O
n

th
e
po

w
er

an
d

lim
it
at
io
ns

of
ra
nd

om
fe
at
ur
es

fo
r

un
de

rs
ta
nd

in
g
ne

ur
al

ne
tw

or
ks
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
90
4.
00
68
7,

20
19

.

C
hu

lh
ee

Y
un

,
Su

vr
it

Sr
a,

an
d

A
li

Ja
db

ab
ai
e.

Sm
al
l
no

nl
in
ea
ri
ti
es

in
ac
ti
va
ti
on

fu
nc
ti
on

s
cr
ea
te

ba
d
lo
ca
lm

in
im

a
in

ne
ur
al

ne
tw

or
ks
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
80
2.
03
48
7,

20
18

.

Y
i
Zh

ou
an

d
Y
in
gb

in
Li
an

g.
C
ri
ti
ca
l
po

in
ts

of
ne

ur
al

ne
tw

or
ks
:
A
na

ly
ti
ca
l
fo
rm

s
an

d
la
nd

-
sc
ap

e
pr
op

er
ti
es
.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
71
0.
11
20
5,

20
17

.
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V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

A
p
p
en

d
ix

A
.
P
ro
of
s
of

S
ec
ti
on

3

N
ot
at
io
n
s

Fo
r
an

y
r.
v.
’s

X
an

d
Y

w
it
h

va
lu
es

in
R
n

an
d

R
m

re
sp
ec
ti
ve
ly
,
w
e
de
no

te
Σ

X
=

E[
X

X
T
]
an

d
Σ

X
Y

=
E[

X
Y
T
] .

Fo
r
ev
er
y

in
te
ge
r
n
≥

1
,
w
e
de

no
te

by
G
L

(n
),

O
(n

)
an

d
S
O

(n
),
re
sp
ec
ti
ve
ly
,t
he

ge
ne

ra
ll
in
ea
r
gr
ou

p,
th
e
or
th
og

on
al

gr
ou

p
an

d
th
e
sp
ec
ia
l

or
th
og

on
al

gr
ou

p
of

re
al
n
×
n

m
at
ri
ce
s.

I
de

no
te
s
th
e
id
en
ti
ty

m
at
ri
x
an

d
e

1
,.
..
,e
n
th
e

st
an

da
rd

ba
si
s
in

R
n
.

A
.1
.
P
ro
of

of
T
h
eo
re
m

8

W
e
no

te
th
at
,u

nd
er

th
e
as
su
m
pt
io
ns

of
T
he

or
em

8,
th
e
sa
m
e
op

ti
m
al

N
N

fu
nc

ti
on

s
Φ
i(
·;θ

)
co
ul
d
al
so

be
ob

ta
in
ed

us
in
g
a
ge
ne

ra
liz

ed
lin

ea
r
m
od

el
,
w
he

re
th
e
re
pr
es
en
ta
ti
on

fu
nc

ti
on

ha
s
th
e
lin

ea
r
fo
rm

Φ
i(

x
;θ

)
=
〈θ
i,
ϕ

(x
)〉
,f
or

so
m
e
pa

ra
m
et
er

in
de

pe
nd

en
t
fu
nc
ti
on
ϕ

:
R
n
→

R
d

im
∗ (
σ
,X

) .
T
he

m
ai
n
di
ffe

re
nc

e
be

tw
ee
n
th
e
tw

o
m
od

el
s
is
th
at

th
e
fo
rm

er
re
qu

ir
es

th
e
ch
oi
ce

of
a
no

n-
lin

ea
r
ac
ti
va
ti
on

fu
nc

ti
on

σ
,w

hi
le

th
e
la
tt
er

im
pl
ie
s
th
e
ch
oi
ce

of
a
ke
rn
el

fu
nc
ti
on

s.
T
hi
s
is

th
e
co
nt
en
t
of

th
e
fo
llo

w
in
g
le
m
m
a.

L
em

m
a
18

Le
t
σ

:
R
→

R
be

a
co
nt
in
uo

us
fu
nc
ti
on

an
d

X
∈
R

2
(σ
,n

)
a
r.
v.

A
ss
um

e
th
at

th
e
lin

ea
r
sp
ac
e

V
σ
,X

. =
sp

an
({
f

:
f
∈
V
σ
,1
})
⊆
L

2 X

is
fin

it
e
di
m
en
si
on

al
.
T
he
n
th
er
e
ex
is
ts

a
sc
al
ar

pr
od
uc
t
〈·,
·〉

on
V
σ
,X

an
d
a
m
ap

x
∈
R
n
7→

ϕ
(x

)
∈
V
σ
,X

su
ch

th
at

〈ψ
σ
,w
,ϕ

(x
)〉

=
ψ
σ
,w

(x
)

=
σ

(〈
w
,x
〉)

(8
)

fo
r
al
lw
∈
R
n
.
M
or
eo
ve
r,

th
e
fu
nc
ti
on

w
∈
R
n
7→
ψ
σ
,w
∈
V
σ
,X

is
co
nt
in
uo

us
.

P
ro
of

Fo
r
sa
ke

of
si
m
pl
ic
it
y,

in
th
e
fo
llo

w
in
g
w
e
w
ri
te
ψ
w

fo
r
ψ
σ
,w

an
d
V

fo
r
V
σ
,X
.
Le

t
ψ

w
1
,.
..
,ψ

w
q
be

a
ba

si
s
of
V
.
If
ψ

w
=
∑

q i=
1
α
iψ

w
i
an

d
ψ
v

=
∑

q j=
1
β
j
ψ

w
j
,
th
en

w
e
ca
n

de
fin

e
a
sc
al
ar

pr
od

uc
t
on

V
as

〈ψ
w
,ψ

v
〉
. =

q ∑ i=
1

α
iβ
i

If
w
e
de

fin
e
th
e
m
ap

x
∈
R
n
7→
ϕ

(x
)
∈
V

as

ϕ
(x

)
=

q ∑ i=
1

ψ
w
i
(x

)ψ
w
i

th
en

pr
op

er
ty

(8
)
fo
llo

w
s
di
re
ct
ly

by
th
e
de

fin
it
io
n
of

th
e
fu
nc

ti
on

ψ
w
.

M
or
eo
ve
r,

w
e
ca
n

ch
oo

se
x

1
,.
..
,x

q
su
ch

th
at
ϕ

(x
1
),
..
.,
ϕ

(x
q
)
is

a
ba

si
s
of
V
.
N
ow

w
e
ne

ed
to

sh
ow

th
at
,f
or

i
∈

[q
],
th
e
m
ap

w
7→
〈ψ

w
,ψ

w
i
〉i
s
co
nt
in
uo

us
.
Le

t
M

be
th
e
m
at
ri
x

M
. =

(ψ
w
j
(x
i)

) i
,j
∈
R
q
×
q

an
d

z
(w

)
be

th
e
ve
ct
or

z
(w

)
. =

(ψ
w

(x
i)

) i
∈

R
q
.
T
he

n
〈ψ

w
,ψ

w
i
〉=

(M
−

1
z
(w

))
i,
w
hi
ch

is
co
nt
in
uo

us
in

w
.
T
hi
s
sh
ow

s
th
at

th
e
m
ap

w
∈
R
n
7→
ψ

w
∈
V

is
co
nt
in
uo

us
.

T
he

no
n-
tr
iv
ia
lf
ac
t
ca
pt
ur
ed

by
T
he

or
em

8
is
th
e
fo
llo

w
in
g:

w
he

n
th
e
ca
pa

ci
ty

of
ne
tw

or
k

is
la
rg
e
en

ou
gh

to
m
at
ch

a
ge
ne

ra
liz

ed
lin

ea
r
m
od

el
,
bu

t
st
ill

fin
it
e,

th
en

th
e
pr
ob

le
m

of
op

ti
m
iz
in
g
th
e
lo
ss

fu
nc

ti
on

(2
),

w
hi
ch

is
in

ge
ne

ra
l
a
hi
gh

ly
no

n-
co
nv

ex
ob

je
ct
,
sa
ti
sfi
es

an
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

interesting
optim

ization
property

in
view

of
the

local
descent

algorithm
s
w
hich

are
used

in
practice

to
solve

it.
P
roof

[P
roof

of
T
heorem

8]
T
hanks

to
Lem

m
a
18,

there
exist

tw
o
continuous

m
aps

ϕ
,ψ

:
R
n
→

R
q
'

V
σ
,X
,
w
ith

q
=

d
im
∗(σ

,X
),

such
that

σ
(〈w

,x〉)
=
〈ψ

(w
),ϕ

(x
)〉

for
every

w
,x
∈

R
n.

T
herefore,

every
one-hidden-layer

N
N

Φ
(x

;θ
)

=
U
σ

(W
x

)
can

be
w
ritten

as
Φ

(x
;θ

)
=

U
ψ

(W
)ϕ

(x
),

w
here,

if
W
∈

R
p×
n,

then
ψ

(W
)
∈

R
p×
q
(that

is
ψ

is
applied

row
-w

ise).
T
he

proofofthe
T
heorem

consists
in

exploiting
the

above
linearized

representation
of

Φ
to

show
that

property
P
.1

holds
(rem

ind
that

this
is

equivalent
to

saying
that

the
loss

function
has

no
spurious

valleys).
G
iven

an
initial

param
eter

θ̃
=

(Ũ
,W̃

),
w
e
w
ant

to
construct

a
continuous

path
t
∈

[0,1]7→
θ
t

=
(U

t ,W
t ),

such
that

the
function

t
∈

[0,1]7→
L

(θ
t )

is
non-increasing

and
such

that
θ

0
=
θ̃,
θ

1
∈

arg
m

in
θ
L

(θ
),

w
here

L
(θ

)
=

E
[`(Φ

(X
;θ

),Y
)].

T
he

construction
of

such
a
path

can
be

articulated
in

tw
o
m
ain

steps:

S
tep

1.
T
he

first
part

of
the

path
consist

show
ing

that
w
e
can

assum
e
that

rk
(ψ

(W̃
))

=
q

w
.l.o.g.

Let
w
T1
,...,w

Tp
∈
R
n
be

the
row

s
of

W̃
;suppose

that
rk

(ψ
(W̃

))
=
r
<
q
(otherw

ise
there

is
nothing

to
show

)
and

that
ψ

(w
i1 ),...,ψ

(w
ir )

are
linearly

independent.
D
enote

I
=
{
i1 ,...,ir },

J
=

[1
,p

]\
I

=
{
j
1 ,...,j

p−
r }

and
u

1 ,...,u
p
the

colum
ns

of
Ũ
.
For

j
∈
J
,

w
e
can

w
rite

ψ
(w

j )
=

r
∑k

=
1

a
kj
ψ

(w
ik )

for
som

e
a
kj ∈

R
(9)

If
w
e
define

U
1
such

that
(denoting

u
1
,i
the

i-th
row

of
U

1 )

u
1
,i

=
u
i
+
n−

r
∑k

=
1

a
ik
u
j
k

for
i∈

I
,

u
1
,j

=
0

for
j∈

J

then
U

1 W̃
=

Ũ
W̃

.
T
he

path
t
∈

[0,1/
2]
7→

θ
t

=
(2
t
U

1
+

(1
−

2t)Ũ
,W̃

)
leaves

the
netw

ork
unchanged,

i.e.
Φ

(·;θ̃
)

=
Φ

(·;θ
t )

for
t
∈

[0,1/
2].

A
t
this

point,
w
e
can

select
w

1
,j
1 ,...,w

1
,j
p−
r ∈

R
n
such

that
the

m
atrix

W
1
w
ith

row
s

w
1
,i

=
w
i
for

i∈
I
and

w
1
,j
for

j
∈
J
,
verifies

rk
(ψ

(W
1 ))

=
q.

N
otice

that
the

existence
of

such
vectors

w
1
,j
k ,
k
∈

[p−
r],

is
guaranteed

by
the

definition
of
q

=
d
im
∗(σ

,X
).

T
he

path
t∈

[1/2
,1]7→

θ
t

=
(U

1 ,(2t−
1
)W

1
+

(2−
2
t)W̃

)
leaves

the
netw

ork
unchanged,i.e.

Φ
(·;θ

0 )
=

Φ
(·;θ

t )
for

t∈
[0,1].

T
he

new
param

eter
value

θ
1

=
(U

1 ,W
1 )

satisfies
rk

(ψ
(W

1 ))
=
q.

S
tep

2.
B
y

step
1,

w
e
can

assum
e
that

rk
(W̃

)
=

q.
Since

the
netw

ork
has

the
form

Φ
(x

;θ
)

=
U
ψ

(W
)ϕ

(x
)
and

since
the

function
`
is

convex,
there

exists
U
∗
∈

R
m
×
p
such

that
θ

=
(U
∗,W̃

)∈
arg

m
in

θ
L

(θ
).

T
he

proof
is

therefore
concluded

by
selecting

the
path

t∈
[0,1

]7→
θ
t

=
(tU

∗
+

(1−
t)Ũ

,W̃
).

T
his

show
s
that

property
P
.1

holds
and

therefore
it

proves
the

theorem
.

A
.2.

P
roof

of
T
h
eorem

11

T
he

first
step

for
proving

T
heorem

11
consists

in
extending

the
result

of
T
heorem

8
to

the
case

ofone-hidden-layer
linear

N
N
s

Φ
(x

;θ
)

=
U

W
x
w
ith

U
∈
R
m
×
p,

W
∈
R
p×
n
w
ith

p
<
n
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V
en

tu
r
i,

B
a
n
d
eir

a
a
n
d

B
ru

n
a

and
square

loss
functions

L
(θ

)
=

E‖Φ
(X

;θ
)−

Y
‖

2.
W
e
start

by
pointing

out
a
sym

m
etry

property
of

this
type

of
netw

orks:
for

every
G
∈
G
L

(p
)
it
holds

that

Φ
(x

;(U
,W

))
=

U
W

x
=

(U
G
−

1)(G
W

)x
=

Φ
(x

;(U
G
−

1,G
W

))
(10)

T
his

m
eans

that
the

m
ap
θ
7→

Φ
(·;θ

)
is
defined

up
to

an
action

ofthe
group

G
L

(p
)
over

the
param

eter
space

Θ
=

R
m
×
p×

R
p×
n;

the
sam

e
rem

ark
holds

for
the

loss
function

L
(θ

).
W
e

can
therefore

think
about

the
loss

function
as

defined
over

the
topologicalquotient

Θ
/G
L

(p
).

W
e
denote

the
orbit

of
an

elem
ent

θ
=

(U
,W

)∈
Θ

as

[θ
]

=
[U
,W

]
=
{G
·
θ

=
(U

G
−

1,G
W

)
:
G
∈
G
L

(p
)}

If
g
is

a
real-valued

function
defined

on
Θ

such
that

g
(G
·
θ

)
=
g
(θ

)
for

all
G
∈
G
L

(p
)
and

θ
∈

Θ
,
then

one
can

equivalently
consider

g
as

defined
on

Θ
/G
L

(p
)
as

g
([θ

])
=
g
(θ

);
for

sim
plicity

w
e
denote

g
[θ

]
=
g
([θ

]).
T
his

is
exactly

the
case

for
the

loss
function

L
(θ

).
In

the
proofofT

heorem
8,w

e
describe

how
to

construct
a
path

from
an

initialparam
eter

value
θ̃

=
(Ũ
,W̃

)to
a
param

etervalue
θ

1
=

(q
(W

1 ),W
1 ),w

ith
rk

(W
1 )

=
p
and

q
:R

p×
n
→

R
m
×
p

the
function

defined
by

q
(W

)
=

Σ
Y
X

W
T

(W
Σ

X
W

T
) †∈

arg
m

in
U

L
(θ

)|θ
=

(U
,W

)

(see
Lem

m
a
28).

T
herefore,

let
θ̃

=
(q

(W̃
),W̃

)
w
ith

rk
(W̃

)
=
p,

be
an

initial
param

eter.
Since

an
optim

al
param

eter
is

given
by
θ

=
(q

(W
),W

)
for

som
e

W
,
w
e
seek

for
a
path

in
the

form
θ
t

=
(q

(W
t ),W

t )
w
ith

rk
(W

t )
=
p
for

all
t∈

[0,1].
T
his

path
m
ust

be
such

that
t7→

L
(θ
t )

is
non-increasing.

If
w
e
assum

e
that

Σ
X

=
I,it

holds

L
(θ
t )

=
tr(Σ

Y
)−

tr(M
P

W
t )

w
here

M
is

a
P
SD

m
atrix

and,
for

every
m
atrix

W
,

P
W

denotes
the

orthogonal
projection

on
the

row
s
of

W
,
that

is
P

W
=

W
†W

(see
Lem

m
a
28).

T
herefore

it
is

equivalent
for

the
path

θ
t

=
(q

(W
t ),W

t )
to

be
such

that
the

function

t∈
[0,1]7→

f
(W

t )
.=

tr(M
P

W
t )

is
non-decreasing.

In
particular,

the
function

f
is

defined
up

to
the

action
of

the
group

G
L

(p
)
on

Θ
.
Since

w
e
look

for
W

t
of

rank
p,

w
e
can

consider
f
as

defined
on

G
(p
,n

),
the

G
rassm

anian
of
p
dim

ensional
linear

subspaces
of

R
n.

T
he

proof
below

for
the

linear
one-

hidden-layer
case

is
articulated

as
follow

s.
W
e
first

construct
a
path

[W
t ]∈

G
(p
,n

)
such

that
[W

0 ]
=

[W̃
],

[W
1 ]

m
axim

izes
f
and

such
that

the
function

t∈
[0,1]7→

f
[W

t ]
is

non-
decreasing

(Lem
m
a
19).

W
e
then

show
that

such
a
path

can
be

lifted
to

a
corresponding

path
W

t ∈
R
p×
n
(Lem

m
a
20).

F
inally,w

e
show

that
w
e
can

drop
the

assum
ption

Σ
X

=
I
and

the
result

stillholds
(Lem

m
a
21).

L
em

m
a
19

Let
[W̃

]∈
G

(p
,n

)
and

assum
e

Σ
X

=
I.

T
hen

there
exists

a
continuous

path
t
∈

[0,1]7→
[W

t ]∈
G

(p
,n

)
such

that
[W

0 ]
=

[W̃
],

[W
1 ]

m
axim

izes
f

and
such

that
the

function
t∈

[0,1]7→
f

[W
t ]
is

non-decreasing.20
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L
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s

V
a
ll

ey
s
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O
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h
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d
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-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

P
ro
of

W
hi
le
it
is
ge
om

et
ri
ca
lly

in
tu
it
iv
e
th
at

th
e
re
su
lt
s
sh
ou

ld
ho

ld
,w

e
de

ri
ve

a
co
ns
tr
uc

ti
ve

pr
oo

f.
W
e
st
ar
t
by

no
ti
ci
ng

th
at

if
[W

]
∈
G

(p
,n

)
an

d
w

1
,.
..
,w

p
is

an
or
th
on

or
m
al

ba
si
s
of

[W
],
th
en

f
[W

]
=

p ∑ i=
1

w
T i
M

w
i

(1
1)

M
or
eo
ve
r,
if

M
=
∑

n j=
1
σ
iv
j
v
T j
is
th
e
SV

D
of

M
,w

he
re
σ

1
≥
··
·≥

σ
n
≥

0
,t
he

n
(1
1)

ca
n
be

w
ri
tt
en

as

f
[W

]
=

n ∑ j=
1

σ
j

p ∑ i=
1

〈v
j
,w

i〉2

In
pa

rt
ic
ul
ar

th
e
m
ax

im
um

of
f
is

ob
ta
in
ed

fo
r

[W
]

=
[V

]
. =

[v
1
,.
..
,v

p
]
(w

it
h
so
m
e
ab

us
e

of
no

ta
ti
on

,
w
e
id
en
ti
fy

a
su
bs
pa

ce
w
it
h
on

e
of

it
s
ba

si
s)
.
T
o
pr
ov
e
th
e
re
su
lt

is
th
er
ef
or
e

su
ffi
ci
en
t
to

sh
ow

a
pa

th
[W

t]
fr
om

an
y

[W
0
]

=
[W̃

]
to

[W
1
]

=
[V

],
su
ch

th
at

th
e
fu
nc
ti
on

t
∈

[0
,1

]
7→
f

[W
t]
is

no
n-
de

cr
ea
si
ng

.
T
o
do

th
is

w
e
co
ns
tr
uc

t
a
fin

it
e
se
qu

en
ce

of
pa

th
s

[W
i t]

su
ch

th
at

[W
i 0
]

=
[W

i−
1
]

an
d

[W
i 1
]

=
[W

i ]

fo
r
i
∈

[p
],
w
it
h

[W
0
]

=
[W̃

],
[W

p
]

=
[V

]
an

d

W
i

=
[v

1
,.
..
,v

i,
w
i−

1
i+

1
,.
..
,w

i−
1

p
]

fo
r
i
∈

[p
]

w
he

re
w
j 1

=
v

1
,.
..
,w

j j
=

v
j
,w

j j+
1
,.
..
,w

j p
is

an
or
th
on

or
m
al

ba
si
s
of

[W
j
],
fo
r
j
∈

[0
,p

].
M
or
eo
ve
r,

th
e
pa

th
s

[W
i t]
ar
e
su
ch

th
at

th
e
fu
nc

ti
on

s
t
∈

[0
,1

]
7→
f

[W
i t]
ar
e
no

n-
de

cr
ea
si
ng

.
Su

ch
pa

th
s
ar
e
de

fin
ed

as
fo
llo

w
s.

Le
t
i
∈

[0
,p
−

1]
an

d
co
ns
id
er

[W
i ]

=
[w

i 1
=

v
1
,.
..
,w

i i
=

v
i,

w
i i+

1
,.
..
,w

i p
]

W
e
de

fin
e

u
i i+

1
=

{
P

W
i
v
i+

1

‖P
W
i
v
i+

1
‖

if
P

W
i
v
i+

1
6=

0

0
o.
w
.

T
he

n
w
e
co
m
pl
et
e

v
1
,.
..
,v

i,
u
i i+

1
to

an
or
th
on

or
m
al

ba
si
s
of

[W
i ]
:

v
1
,.
..
,v

i,
u
i i+

1
,.
..
,u

i p

W
e
ca
ll

w
i+

1
j

=
u
i j
fo
r
j
∈

[i
+

2
,p

]
an

d
w
e
de

fin
e

[W
i+

1
]

=
[v

1
,.
..
,v

i,
w
i+

1
i+

1
=

v
i+

1
,w

i+
1

i+
2
,.
..
,w

i+
1

p
]

T
he

pa
th

[W
i t]

is
th
en

ob
ta
in
ed

by
m
ov

in
g

u
i i+

1
to

v
i+

1
on

a
ge
od

es
ic

on
th
e
un

it
sp
he

re
S
n
−

1
⊂

R
n
,i
.e
.

[W
i+

1
t

]
=

[v
1
,.
..
,v

i,
u
i i+

1
(t

),
u
i i+

2
,.
..
,u

i p
]

w
he

re
w
e
de

fin
ed

u
i i+

1
(t

)
=

(1
−

(1
−
µ
i+

1
)t

)u
i i+

1
+
√

1
−

(1
−

(1
−
µ
i+

1
)t

)2
·v

i+
1
−
µ
i+

1
u
i i+

1
√

1
−
µ

2 i+
1
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V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

fo
r
µ
i+

1
=
〈u

i i+
1
,v

i+
1
〉.

T
he

fa
ct

th
at

th
e
fu
nc

ti
on

t
∈

[0
,1

]
7→

f
[W

i+
1

t
]
is

no
n-
de

cr
ea
si
ng

ca
n
be

pr
ov
ed

by
no

ti
ci
ng

th
at

f
[W

i+
1

t
]
−
f

[W
i ]

=
n ∑

j=
i+

1

σ
j
〈u

i i+
1
(t

),
v
j
〉2

an
d
by

sh
ow

in
g
th
at

th
e
de

ri
va
ti
ve

of
th
e
R
H
S
is
gr
ea
te
r
or

eq
ua

lt
ha

n
0.

T
hi
s
co
nc

lu
de

s
th
e

pr
oo

f
of

th
e
le
m
m
a.

L
em

m
a
20

Le
t

W̃
∈

R
p
×
n

an
d
as
su
m
e

Σ
X

=
I.

T
he
n

th
er
e
ex
is
ts

a
co
nt
in
uo

us
pa
th

t
∈

[0
,1

]
7→

W
t
∈

R
p
×
n
su
ch

th
at

W
0

=
W̃

,
W

1
m
ax
im

iz
es
f
an

d
su
ch

th
at

th
e
fu
nc
ti
on

t
∈

[0
,1

]
7→
f

(W
t)

is
no

n-
de
cr
ea
si
ng
.

P
ro
of

T
he

on
ly

th
in
g
w
e
ne

ed
to

pr
ov
e
in

th
is
ca
se

is
th
at

w
e
ca
n
lif
t
th
e
pa

th
s[

W
i t]
∈
G

(p
,n

)
fr
om

th
e
pr
oo

fo
fL

em
m
a
19

to
co
nt
in
uo

us
pa

th
s

W
i t
∈
R
n
×
p
.
W
e
fir
st

no
ti
ce

th
at

if
th
e
ba

si
s

{w
i 1
,.
..
,w

i p
}
an

d
{w

i 1
,.
..
,w

i i,
u
i i+

1
,.
..
,u

i p
}
ar
e
de

fin
ed

as
ab

ov
e,

th
en

w
e
ca
n
as
su
m
e
(u
p
to

ch
an

gi
ng

so
m
e
si
gn

s)
th
at

th
ey

ha
ve

al
lt

he
sa
m
e
or
ie
nt
at
io
n,

fo
r
al
li
∈

[0
,p

].
T
he

re
fo
re

w
e

ca
n
de

fin
e
th
e
m
at
ri
ce
s

W
i
∈
R
p
×
n
w
it
h
ro
w
s

w
i 1
,.
..
,w

i p
an

d
th
e
m
at
ri
ce
s
U
i
∈
R
p
×
n
w
it
h

ro
w
s

w
i 1
,.
..
,w

i i,
u
i i+

1
,.
..
,u

i p
,f
or
i
∈

[0
,p

].
T
he

pa
th
s

W
i+

1
t

ar
e
de

fin
ed

in
th
e
sa
m
e
w
ay

as
in

th
e
pr
oo

f
of

Le
m
m
a
19

.
N
ot
ic
e
th
at

su
ch

pa
th
s
go

fr
om

W
i+

1
0

=
U
i
to

W
i+

1
1

=
W

i+
1
.
It

re
m
ai
ns

to
co
ns
tr
uc

t
pa

th
s
fr
om

W
i
to

U
i .

C
on

si
de

r
th
e
m
at
ri
x

O
i

=
W

T i
U
i
∈
S
O

(n
)

N
ot
ic
e
th
at

W
i O

i
=

U
i .

In
pa

rt
ic
ul
ar

th
er
e
ex
is
tA

i
re
al

sk
ew

-s
ym

m
et
ri
c
su
ch

th
at

O
i

=
eA

i
.

T
he

re
fo
re

th
e
pa

th
s
t
∈

[0
,1

]
7→

U
i t

=
W

i e
tA

i
go

fr
om

U
i 0

=
W

i
to

U
i 1

=
U
i .

M
or
eo
ve
r

f
(U

i t)
is
co
ns
ta
nt

in
t
(s
in
ce

th
e
un

de
rl
yi
ng

lin
ea
r
su
bs
pa

ce
do

es
no

t
ch
an

ge
).

T
he

on
ly

th
in
g

th
at

re
m
ai
ns

to
pr
ov
e
is

th
at
,
gi
ve
n
th
e
m
at
ri
x

W̃
∈

R
n
×
p
w
it
h
co
lu
m
ns

w
1
,.
..
,w

p
,
th
er
e

is
a
pa

th
fr
om

W̃
to

W
0
.

N
ow

,
W

0
w
as

ch
os
en

as
a
m
at
ri
x
w
it
h

or
th
on

or
m
al

co
lu
m
ns

su
ch

th
at

[W̃
]

=
[W

0
].

T
he

re
fo
re

if
W̃

=
O

Λ
U

is
th
e
SV

D
of

W̃
w
it
h

U
=

W
0
,

Λ
=

d
ia

g
(σ

1
,.
..
,σ

p
)
∈

R
p
×
p
(w

it
h
σ
i
>

0,
i
∈

[p
])

an
d

O
∈
S
O

(p
),

th
er
e
ex
is
ts

A
re
al

sk
ew

-
sy
m
m
et
ri
c
su
ch

th
at

O
=
eA

.
T
hu

s
th
e
pa

th
t
∈

[0
,1

]
7→

W
t

=
e(

1
−
t)
A

Λ
1
−
t W

0
is

a
pa

th
be

tw
ee
n

W
0

=
W̃

an
d

W
1

=
W

0
.
T
hi
s
co
nc

lu
de

s
th
e
pr
oo

f
of

th
e
le
m
m
a.

L
em

m
a
21

Le
m
m
a
20

ho
ld
s
ev
en

if
w
e
dr
op

th
e
as
su
m
pt
io
n

Σ
X

=
I.

P
ro
of

Fo
r
sa
ke

of
si
m
pl
ic
it
y
w
e
di
st
in
gu

is
h
tw

o
ca
se
s.

C
as
e
1:

rk
(Σ

X
)

=
n
.
Le

t
K

=
(Σ

X
)1
/
2
.
T
he
n

X̃
=

K
−

1
X

is
su
ch

th
at

Σ
X̃

=
I.

T
he

re
fo
re
,

if
t
∈

[0
,1

]
7→
θ
t

=
(U

t,
W

t)
is

th
e
pa

th
gi
ve
n
by

Le
m
m
a
20

fo
r
th
e
ca
se

X
=

X̃
,t

he
so
ug

ht
pa

th
(f
or

X
=

X
)
is

gi
ve
n
by

t
∈

[0
,1

]
7→

(U
t,

W
tK
−

1
).

C
as
e
2:

rk
(Σ

X
)
<
n
.
In

th
is

ca
se
,
if
r

=
rk

(Σ
X

),
X

be
lo
ng

s
to

a
r-
di
m
en

si
on

al
su
bs
pa

ce
of

R
n
(a
.s
.)
,
ca
ll
it
V
.
If

O
∈
R
n
×
r
is

a
m
at
ri
x
w
it
h
an

or
th
on

or
m
al

ba
si
s
of
V

as
co
lu
m
ns
,

th
en

O
O
T
X

=
X

(a
.s
.)
,
an

d,
if

X̃
=

O
T
X

th
en

X̃
∈

R
r
an

d
rk

(Σ
X̃

)
=
r.

T
he
re
fo
re
,
if

t
∈

[0
,1

]
7→
θ
t

=
(U

t,
W

t)
is

th
e
pa

th
gi
ve
n
by

ca
se

1
fo
r

X
=

X̃
,
th
e
so
ug

ht
pa

th
(f
or

X
=

X
)
is

gi
ve
n
by

t
∈

[0
,1

]
7→

(U
t,

W
tO

T
).
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T
his

concludes
the

proof
of

non-existence
of

spurious
valleys

for
the

square
loss

function
of

linear
one-hidden-layer

N
N
s

Φ
(x

;θ
)

=
U

W
x.

T
he

fact
that

such
proofdoes

not
require

any
assum

ptions
on

the
dim

ensions
of

the
layers

n
,p
,m

neither
on

the
rank

of
the

initial
layers,

allow
s
us

to
prove

non-existence
ofspurious

valleys
for

the
square

loss
function

oflinear
N
N
s

of
any

depth
K
≥

1:
Φ

(x
;θ

)
=

W
K

+
1 ···W

1 x
(12)

W
e
start

by
proving

a
sim

ple
lem

m
a.

L
em

m
a
22

Let
Ũ

=
M̃

1···M̃
n,

w
here

Ũ
∈

R
r
0 ×
r
n
and

M̃
i
∈

R
r
i−

1 ×
r
i.

Suppose
that

t∈
[0,1

]7→
U
t
is

a
given

continuous
path

betw
een

U
0

=
Ũ

and
another

m
atrix

U
1 ∈

R
r
0 ×
r
n.

If
r
i ≥

m
in{

r
0 ,r

n }
for

all
i,

then
there

exist
continuous

paths
M

it
such

that
M

i0
=

M̃
i
and

such
that

U
t

=
M

1t
...M

nt .

P
roof

T
he

statem
ent

can
be

proved
by

induction.
If
n

=
1
there

is
nothing

to
prove.

A
ssum

e
now

(by
induction)

that
it

holds
for

all
decom

positions
of

U
0
w
ith

size
less

than
n.

Let
r

=
r
h

=
m

in
i∈

[n−
1
] r
i
and

assum
e
(w

.l.o.g.)
that

r
n

=
m

in{
r

0 ,r
n }.

W
e
w
ant

to
describe

tw
o
paths

t
∈

[0,1]7→
V
t ∈

R
r
0 ×
r,
t
∈

[0,1]7→
W

t ∈
R
r×
r
n
such

that
U
t

=
V
t W

t
and

V
0

=
M̃

1···M̃
h,

W
0

=
M̃

h
+

1···M̃
n.

B
y
operating

as
in

step
1
in

the
proof

of
T
heorem

8,
w
e
can

assum
e

rk
(W

0 )
=
r
n .

M
oreover

(up
to

adding
a
linear

path
in

V
t )

w
e
can

assum
e

that
V

0
=

U
0 W

†0 .
W
e
can

then
define

V
t

=
U
t W
†0
and

W
t

=
W

0
for

t
∈

(0,1].
W
e

thus
factorized

U
t
as

U
t

=
V
t W

t .
B
y

induction,
w
e
can

assum
e
that

w
e
can

factorize
V
t

=
M

1t ···M
ht
and

W
t

=
M

h
+

1
t
···M

nt .
T
his

concludes
the

proof.

W
e
can

now
conclude

the
proof

of
T
heorem

11.
P
roof

[P
roof

of
T
heorem

11]C
onsider

a
linear

netw
ork

Φ
(x

;θ
)
as

in
(12),w

here

W
k ∈

R
p
k ×

p
k−

1
for

k
∈

[K
+

1]

W
e
select

p
s

=
m

in
i∈

[K
] p
k .

T
hen

the
netw

ork
can

be
w
ritten

as

Φ
(x

;θ
)

=
Ŵ

2Ŵ
1
x

w
here

Ŵ
2

=
W

K
+

1···W
s+

1,
Ŵ

1
=

W
s···W

1
(13)

N
ow

w
e
w
ant

to
prove

property
that

given
an

initialparam
eter

θ̃
=

(W̃
K

+
1,...,W̃

1),there
exists

a
continuous

path
θ
t

=
(W

K
+

1
t

,...,W
1t )

such
that

L
(θ
t )

is
non-increasing

and
such

that
θ

0
=
θ̃

and
L

(θ
1 )

=
m

in
θ
L

(θ
).

If
w
e
call

ˆ̃W
i,
i

=
1
,2,

the
m
atrices

defined
in

(13)
for

θ
=
θ̃,then

by
Lem

m
a
21

there
exists

a
path

(Ŵ
2t ,Ŵ

1t )
satisfying

the
above.

T
hanks

to
Lem

m
a
22,w

e
can

decom
pose

Ŵ
2t

=
W

K
+

1
t
···W

s+
1

t
,

Ŵ
1t

=
W

st ···W
1t

(14)

in
a
continuous

w
ay.

Since
p
s
w
as

to
chosen

as
the

m
inim

um
,it

also
holds

that

m
in

θ
=

(Ŵ
2
,Ŵ

1
) L

(θ
)

=
m

in
θ

=
(W

K
+
1
,...,W

1
) L

(θ
)

T
herefore

this
is

a
suitable

path
and

this
concludes

the
proof

of
the

theorem
.
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V
en

tu
r
i,

B
a
n
d
eir

a
a
n
d

B
ru

n
a

A
.3.

P
roof

of
T
h
eorem

12

P
roof

[P
roof

of
T
heorem

12]
Let

θ̃
=

(ũ
,W̃

)
be

a
starting

param
eter

value.
W
e
aim

to
construct

a
continuous

path
t∈

[0,1]7→
θ
t ∈

Θ
starting

in
θ

0
=
θ̃
and

such
that

L
(θ

1 )
=

m
in

θ
L

(θ
)
and

such
that

the
function

t∈
[0,1]7→

L
(θ
t )

is
non-increasing.

Such
a
path

can
be

constructed
in

tw
o
steps.

S
tep

1.
Let

A
=
∑

pk
=

1
ũ
k w̃

k w̃
Tk
and

∑
nk
=

1
u
∗k w
∗k (w

∗k )
T
be

the
SV

D
of

A
.
W
e
define

the
param

eters
value

θ
∗

=
(u
∗,W

∗)
w
here

u
∗

=
(u
∗1 ,...,u

∗n
,0
,...,0)

and
W
∗
is
the

p×
n
m
atrix

w
ith

row
s

w
∗i
for

i∈
[n

]and
0
for

i∈
[n

+
1
,p

].
T
he

first
step

consists
in

continuously
m
apping

θ̃
=

(ũ
,W̃

)
to
θ
∗

=
(u
∗,W

∗)
w
ith

a
path

θ
t
such

that
L

(θ
t )

is
constant;the

construction
of

such
a
path

is
detailed

in
Lem

m
a
23.

S
tep

2.
A
s
noticed

above,the
netw

ork
can

be
w
ritten

as
Φ

(x
;θ

)
=

u
T
σ

(W
x

)
=
〈A
,M
〉
F
,

w
here

A
=
∑

pk
=

1
u
k w

k w
Tk
and

M
=

x
x
T.

T
he

square
loss

L
(θ

)
is

convex
in

the
param

eter
A
.

B
e

Ā
a
m
inim

a
of
L

as
function

of
A

and
∑

ni=
1
ū
k w̄

k w̄
Tk

be
the

SV
D

of
Ā
;
also

let
ū

=
(0,...,0

,ū
1 ,...,ū

n
)
and

W̄
be

the
p×

n
m
atrix

w
ith

row
s

0
for

i∈
[p−

n
]and

w̄
i for

i∈
[p−

n
+

1
,p

].
B
y
the

previous
step

w
e
can

assum
e
that

the
initialparam

eter
θ̃

=
(ũ
,W̃

)
is
such

that
ũ
i

=
0
and

w̃
i

=
0
for

i∈
[n

+
1,p

].
T
hen

the
path

θ
t

=
(1−

t)(u
,W

)
+
t(ū

,W̄
)
verifies

property
P
.1.

T
his

indeed
follow

s
from

the
fact

that
Φ

(x
;θ

t )
=

(1−
t)〈A

,M
〉
F

+
t〈Ā

,M
〉
F

and
from

the
convexity

of
the

loss
L

as
function

of
A
.

T
his

show
s
that

property
P
.1

holds
and

so
it

concludes
the

proof
of

T
heorem

12.

T
o
conclude

the
proof

w
e
just

need
to

prove
the

follow
ing

lem
m
as.

L
em

m
a
23

Let
θ

=
(u
,W

)
be

an
initialparam

eter
and

θ
∗

=
(u
∗,W

∗)
be

as
in

step
1
of

the
proof

of
T
heorem

12.
T
hen

there
exists

a
continuous

path
θ
t
from

θ
to
θ
∗
such

that
the

loss
L

(θ
t )

is
constant

(as
a
function

of
t).

P
roof

N
otice

that
w
e
can

assum
e

u
∈
{−

1
,0
,1}

p.
T
his

can
be

done
sim

ply
scaling

(contin-
uously)

each
row

w
k
of

W
by
√
|u
k |.

A
ssum

e
first

that
u
∈
{±

1}
p.

T
he

generalcase
(u
k

=
0

for
som

e
k)

is
addressed

in
R
em

ark
26.

T
he

sought
path

θ
t
can

be
constructed

by
iterating

tw
o
steps

(a
finite

am
ount

oftim
es).

F
irst

w
e
select

a
row

w
k
and

construct
a
continuous

path
that

m
aps

this
row

to
one

ofthe
w
∗i ;then

w
e
orthogonalize

(w
.r.t.

such
w
∗i )

the
rest

ofrow
s

w
j ,
j
6=
k.

T
hese

tw
o
steps

are
constructed

so
that

A
never

changes
and

therefore
the

loss
is

constant.
T
he

first
step

is
described

in
Lem

m
a
24,w

hile
the

second
is

detailed
in

Lem
m
a

25.
A
t
this

point
the

param
eter

θ
=

(u
,W

)
verifies

u
i

=
u
∗i ,

w
i

=
w
∗i
and

w
j ∈
〈{w

∗i }〉 ⊥
for

j6=
k.

In
particular

it
holds

n
∑j=

1
j6=
i

u
∗j w
∗j (w

∗j )
T

=

p
∑j=

1
j6=
k

u
k w

k w
Tk

T
herefore,an

induction
step

applied
on

the
reduced

param
eter

values

u
−
k

=
(u

1 ,...,û
k ,...,u

p )

and
W
−
k

=
[w

1 ,...,ŵ
k ,...,w

p ] T
P
,
w
here

P
=
∑

nj=
1
,j6=

i w
∗j e
Tj
∈

R
n×

(n−
1
),

concludes
the

proof.
T
he

fact
that

the
non-zero

com
ponents

of
u

and
W

coincide
w
ith

the
first

n
is

not
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S
pu

r
io

u
s

V
a
ll

ey
s

in
O

n
e-

h
id

d
en

-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

ne
ce
ss
ar
y,

bu
t
w
e
ca
n
cl
ea
rl
y
as
su
m
e
it
to

ho
ld

w
.l.
o.
g.

L
em

m
a
24

T
he

fir
st

st
ep

de
sc
ri
be
d
in

th
e
P
ro
of

of
Le

m
m
a
23

ca
n
be

pe
rf
or
m
ed

w
he
n
p
>

2
n
.

P
ro
of

Le
t
E

+
=
{k
∈

[p
]

:
u
k

=
1
},
E
−

=
{k
∈

[p
]

:
u
k

=
−

1}
an

d
p

+
=
|E

+
|,
p
−

=
|E
−
|.

A
cc
or
di
ng

ly
w
e
de

fin
e

W
+

=
([

w
k
] k
∈E

+
)T
∈
R
p
+
×
n

an
d

W
−

=
([

w
k
] k
∈E
−

)T
∈
R
p
−
×
n

N
ot
ic
e
th
at

th
en

w
e
ca
n
w
ri
te

A
=

W
T +
W

+
−

W
T −
W
−

T
he

m
ai
n
st
ep

of
th
e
pr
oo

f
is

to
ob

se
rv
e
th
at

A
(a
nd

th
er
ef
or
e
th
e
lo
ss
)
is

in
va
ri
an

t
to

th
e

ac
ti
on

of
or
th
og

on
al

m
at
ri
ce
s

Q
+
∈
S
O

(p
+

)
an

d
Q
−
∈
S
O

(p
−

).
So

,
if

Q
+

(t
)
(r
es
p.

Q
−

(t
))

is
a
co
nt
in
uo

us
pa

th
s
in
S
O

(p
+

)
(r
es
p.

in
S
O

(p
−

))
st
ar
ti
ng

at
th
e
id
en
ti
ty
,a

ct
in
g
on

W
as

W
+

(t
)
. =

Q
+

(t
)W

+
,

W
−

(t
)
. =

Q
−

(t
)W

−

w
e
ha

ve
th
at

A
=

W
+

(t
)T

W
+

(t
)
−

W
−

(t
)T

W
−

(t
)

is
co
ns
ta
nt

fo
r
al
lt
.
N
ow

,
si
nc

e
p

=
p

+
+
p
−
>

2
n
,
it

fo
llo

w
s
th
at

ei
th
er
p

+
>
n
or
p
−
>
n
.

A
ss
um

e
w
.l.
o.
g.

th
at
p

+
>
n
.
Si
nc

e
p

+
>
n
,
w
e
ca
n
ro
ta
te

th
e
su
bs
pa

ce
ge
ne

ra
te
d
by

th
e

co
lu
m
ns

of
W

+
so

th
at

it
s
fir
st

ro
w

is
0
.
T
ha

t
is
,
th
er
e
ex
is
t

h
∈

R
p
+

no
n-
ze
ro

su
ch

th
at

h
T
W

+
=

0
an

d
‖h
‖

=
1
.
It

su
ffi
ce
s
to

ch
oo

se
a
pa

th
Q

(t
)
in
S
O

(p
+

)
w
ho

se
fir
st

ro
w

eq
ua

ls
h
at
t

=
1.

It
fo
llo

w
s
th
at

Q
(1

)W
+
ha

s
a
fir
st

ro
w

eq
ua

lt
o

0
.
W
e
th
en

se
t
th
e
co
rr
es
po

nd
in
g

u
1

=
0,

w
hi
ch

do
es

no
t
ch
an

ge
th
e
lo
ss
,a

nd
fin

al
ly

se
t

w
1
to

th
e
de

si
re
d
ei
ge
nv

ec
to
r

w
∗ 1
.

L
em

m
a
25

A
ss
um

e
th
at

af
te
r
th
e
st
ep

in
Le

m
m
a
24
,
th
e
fir
st

ro
w

of
W

+
(r
es
p.

W
−
)
is

gi
ve
n
by

w
∗ i.

T
he
n
w
e
ca
n
m
ap

al
lt
he

ot
he
r
ro
w
s
of

W
to

be
or
th
og
on

al
to

w
∗ i,

w
hi
le

ke
ep
in
g

A
co
ns
ta
nt
.

P
ro
of

T
o
si
m
pl
ify

th
e
no

ta
ti
on

w
e
as
su
m
e
(w

.l.
o.
g.
)
th
at

w
∗ i

=
w
∗ 1
an

d
th
at

W
=

[w
∗ 1
,w

2
,·
··
,w

p
]T

N
ow

w
e
w
an

t
to

co
ns
tr
uc

t
a
pa

th

u
t

=
(u

1
,t
,u

2
,.
..
,u

p
)

W
t

=
[w
∗ 1
,w

2
,t
,·
··
,w

p
,t
]T

su
ch

th
at

w
2
,1
,.
..
,w

p
,1
∈
〈{

w
∗ 1
}〉
⊥
.
T
o
do

th
is

w
e
si
m
pl
y
ta
ke

w
k
,t
. =

w
k
−
t〈w

∗ 1
,w

k
〉w
∗ 1

25
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0(

13
3)

:1
-3

4,
 2

01
9

V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

If
A
t

=
∑

p k
=

1
u
k
,t
w
k
,t
w
T k
,t
,
w
e
ca
n
sh
ow

th
at

th
er
e
ex
is
ts

a
ch
oi
ce

of
u

1
,t
su
ch

th
at

A
t

=
A

fo
r
al
lt
∈

[0
,1

].
It

ho
ld
s
th
at

A
t

=
u

1
,t

w
∗ 1
(w
∗ 1
)T

+

p ∑ k
=

2

u
k

[ (1
−
t)

2
(w

1 k
)2

w
∗ 1
(w
∗ 1
)T

+
(1
−
t)
w

1 k

( w̃
k
(w
∗ 1
)T

+
w
∗ 1
w̃
T k

) +
w̃
k
w̃
T k

]

w
he

re
w

1 k
. =
〈w

k
,w
∗ 1
〉a

nd
w̃
k

=
w
k
−
w

1 k
w
∗ 1
.
In

pa
rt
ic
ul
ar

A
t

=
V
∗
[
a
t

b
T t

b
t

A
2
:n
,2

:n

] (V
∗ )
T

w
he

re
V
∗

=
[w
∗ 1
,·
··
,w
∗ n]
∈
O

(n
).

Si
nc

e
∑

p k
=

2
u
k
w

1 k
w̃
k

=
0,

it
fo
llo

w
s

b
t

=
(1
−
t)

p ∑ k
=

2

u
k
w

1 k
w̃
k

=
0

fo
r
al
lt
∈

[0
,1

]

If
w
e
ta
ke

u
1
,t

=
λ

1
−

(1
−
t)

2
p ∑ k
=

2

u
k
(w

1 k
)2

it
ho

ld
s
th
at

a
t

=
u

1
,t

+
(1
−
t)

2
p ∑ k
=

2

u
k
(w

1 k
)2

=
λ

1
fo
r
al
lt
∈

[0
,1

]

T
he

re
fo
re
,A

t
=

A
co
ns
ta
nt
.
T
hi
s
co
nc

lu
de
s
th
e
pr
oo

f
of

th
e
le
m
m
a.

R
em

ar
k
26

In
th
e
pr
oo
f
of

Le
m
m
a
23
,
w
e
as
su
m
ed

th
at

(a
ft
er

re
sc
al
in
g)

u
∈
{±

1
}p
.

In
ge
ne
ra
l,
it

co
ul
d
be

th
at
u
k

=
0
fo
r
so
m
e
k
.
In

th
is

ca
se

w
e
ca
n
fir
st

m
ap

th
e
co
rr
es
po
nd

in
g

ve
ct
or
s

w
k
to

0
an

d
th
e
m
ap

su
ch

u
k
to

1,
w
it
ho
ut

aff
ec
ti
ng

th
e
lo
ss
.

A
p
p
en

d
ix

B
.
P
ro
of
s
of

S
ec
ti
on

4

P
ro
of

[P
ro
of

of
T
he

or
em

13
]
W
e
co
ns
id
er

he
re

th
e
ca
se
m

=
1
,
bu

t
th
e
sa
m
e
pr
oo

f
ca
n
be

ex
te
nd

ed
to

th
e
ca
se
m
>

1
.
W
e
st
ar
t
by

pr
op

er
ly

ch
oo

si
ng

a
r.
v.

(X
,Y

).
B
e

X̄
∈
R

2
(σ
,n
−

1)
a

(n
−

1)
di
m
en

si
on

al
r.
v.

an
d
X̄
n
∈
R

2
(σ
,1

)
a
on

e
di
m
en

si
on

al
r.
v.

W
e
co
ns
id
er

X̃
=
Z

X̄
,

X
n

=
(1
−
Z

)X̄
n
an

d
X

=
(X̃
,X

n
),

w
he

re
Z
∼

B
er

(1
/2

)
an

d
X̄
,X̄

n
,Z

ar
e
in
de

pe
nd

en
t.

B
y

hy
po

th
es
is
,
p
≤

2−
1
d
im
∗(
σ
,X̃

).
T
he

pr
oo

f
is

ba
se
d
on

th
e
fa
ct

th
at

(f
or

a
pr
op

er
ch
oi
ce

of
X̃
)
th
is

im
pl
ie
s
th
at
V

+ σ
,p
−

1
6=
V

+ σ
,p
,w

he
re

w
e
de

fin
ed

V
+ σ
,p

=
{Φ

(·;
θ

)
:
θ
∈

[0
,∞

)p
×

R
p
×
n
}
⊆
L

2 X

(s
ee

th
e
re
m
ar
k
at

th
e
en

d
of

th
e
pr
oo

f)
.
T
he

r.
v.
Y

is
ta
ke
n
to

be
Y

=
g 1

(X
)
−
g 2

(X
),
w
he
re

g 2
=
β
ψ
σ
,v
∈
V

+ σ
,1
,β

>
0
,v

=
e
n
,a

nd
g 1

=
∑

p i=
1
α
iψ
σ
,v
i
∈
V

+ σ
,p
,α
∈

(0
,∞

)p
,v

i
∈
〈{

e
n
}〉
⊥
,

i
∈

[p
],
is

su
ch

th
at

in
f

f
∈V

+ σ
,p
−
1

E|
f

(X
)
−
g 1

(X
)|2

=
ε
>

0
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

W
e
define

V
σ
,(p−

1
,1

)
=
{
f

=
f

1 −
f

2
:
f

1 ∈
V

+σ
,p−

1 ,f
2 ∈

V
+σ
,1 }

N
otice

that,
for

every
path

θ
:
t∈

[0,1]7→
θ
t ∈

Θ
such

that
Φ

(·;θ
0 )∈

V
+σ,p

and
Φ

(·;θ
1 )∈

V
σ
,(p−

1
,1

) ,there
exists

t0 ∈
(0,1)

such
that

Φ
(·;θ

t
0 )∈

V
+σ
,p−

1 .
C
onsider

the
lifted

square
loss

function
L

:
V
σ
,p →

[0,∞
)
defined

as

L
(f

)
=

E|f
(X

)−
g
(X

)| 2
for

f
∈
V
σ
,p

W
e
w
ant

to
show

that

L
(p−

1
,0

)
.=

m
in

f∈
V

+σ,p−
1

L
(f

)
>
L

(p
,0

)
.=

m
in

f∈
V

+σ,p

L
(f

)
>
L

(p−
1
,1

)
.=

m
in

f∈
V
σ
,(p−

1
,1
) L

(f
)

It
holds

thatL
(p−

1
,0

)
=

m
in

f∈
V

+σ,p−
1 {E|f

(X
)−

g
1 (X

)| 2 }
+

2
m

in
f∈
V

+σ,p−
1 {E

[f
(X

)g
2 (X

)]}

+
E|g

2 (X
)| 2−

C
σ

(0)

≥
ε

+
L

(p
,0

) −
C
σ

(0)

w
here

C
=

E
[g

1 (X̃
)]+

E
[g

2 (X
n
)],and

that

L
(p
,0

)
=

m
in

f∈
V

+σ,p {E|f
(X

)−
g

1 (X
)| 2 }

+
2

m
in

f∈
V

+σ,p {E
[f

(X
)g

2 (X
)]}

+
E|g

2 (X
)| 2−

C
σ

(0)

≥
β

2E|ψ
σ
,v

(X
n
)| 2−

C
σ

(0)

F
inally,it

holds
that

L
(p−

1
,1

) ≤
m

in
i∈

[1
,p

] α
2i E|ψ

σ
,v
i (X

)| 2

G
iven

M
>

0,up
to

m
ultiply

g
1
by

a
positive

constant,it
holds

that

ε≥
M

+
C
σ

(0)

β
2≥

M
+
C
σ

(0
)

+
m

in
i∈

[1
,p

] α
2i E|ψ

σ
,v
i (X

)| 2

E|ψ
σ
,v

(X
n
)| 2

T
o
finish

the
proof,considerU

=
{
θ

=
(u
,W

)∈
Θ

:
u
∈

(0,∞
)
p}

and
θ
∗∈
U

such
that

L
(θ
∗)

=
m

in
θ∈U

L
(θ

)

T
hen,(by

continuity
of
L
)
there

exists
a
neighborhood

θ
∗∈

Ω
⊂
U

such
that

su
p
θ∈

Ω
L

(θ
)≤

L
(θ
∗)

+
M
/
2.

T
he

set
Ω

then
verifies

the
statem

ent
of

the
theorem

.
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B
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n
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R
em

ark
27

In
the

proofofT
heorem

13
w
e
used

the
factthat,if

p
≥

1
verifies

p
≤

12
d
im
∗ (σ

,n
),

then
there

exist
X
∈
R

2 (σ
,n

)
such

that
V

+σ
,p−

1
6=
V

+σ,p
(in

the
L

2X
m
etric).

A
ssum

e
X

is
a

n-dim
ensionalstandard

G
aussian

variable.
C
onsider

first
the

case
σ

(z
)

=
z
k.

If
k

=
2,

then

V
+σ,p '

{M
∈

S
2(R

n
)

:
M

is
P
SD}

In
particular,

this
im

plies
that

V
+σ
,p−

1
is

not
dense

in
V

+σ,p
if
p
≤
n

=
d
im
∗ (σ

,n
)
(w

hich
justifies

the
statem

ent
of

C
orollary

14).
If
k
>

2,
let

p
≤

12
d
im
∗ (σ

,n
)
and

assum
e
that

V
+σ
,p−

1
=
V

+σ,p .
T
his

im
plies

that
every

tensor
T

=
∑

pi=
1
v
⊗
k

i
can

be
approxim

ated
up

to
any

accuracy
by

T
=
∑

p−
1

i=
1

ṽ
⊗
k

i
for

som
e

ṽ
1 ,...,ṽ

p−
1
∈

R
n.

B
ut

this
also

im
plies

that
every

tensor
T
∈

S
k(R

n
)
has

border
rank

less
or

equal
than

2 (
12

d
im
∗ (σ

,n
)−

1 )
=

rk
S (k

,n
)−

2,
w
hich

contradicts
the

definition
of

rk
S (k

,n
).

For
non-polynom

ial
σ,

w
e
can

get
the

sam
e

result,
by

using
the

decom
position

(18)
and

proceeding
as

above.

A
p
p
en

d
ix

C
.
P
roof

of
T
h
eorem

16

P
roof

If
w
e
denote

by
d
µ
the

probability
distribution

of
X
,the

continuous
function

ψ
:

(w
,x

)∈
S
n×

R
n
7→
ψ
w

(x
)

=
σ

(〈w
,x〉)

belongs
to
L

2(S
n×

R
n
,d
τ⊗

d
µ

).
W
e
consider

the
kernelassociated

w
ith

the
neuralnetw

ork
architecture

k
(x
,y

)
=

∫W
ψ
w

(x
)ψ

w
(y

)
d
τ
(w

)
(15)

T
he

above
defines

a
continuous

sym
m
etric,positive

sem
i-definite

kernel
k,along

w
ith

H
,the

R
K
H
S
associated,and

the
integraloperator

Σ
:
L

2(R
n
,d
µ

)→
H
⊆
L

2(R
n
,d
µ

)
defined

as

f
7→
(

Σ
f

:
x
7→
∫

R
n

f
(y

)k
(x
,y

)
d
µ

(y
) )

T
he

operator
Σ

adm
its

a
spectraldecom

position
in
L

2(R
n
,d
µ

):
Σ
e
k

=
λ
k e
k
for

an
orthonor-

m
al

basis
{
e
k }
k≥

1
of
L

2(R
n
,d
µ

)
and

non-increasing
sequence

of
non-negative

eigenvalues
{λ

k }
k≥

1 .
M
oreover

the
R
K
H
S
H

is
dense

in
L

2(R
n
,d
µ

)
(see

Lem
m
a
30),w

hich
is

equivalent
to

have
λ
k
>

0
for

all
k
≥

1.
T
he

expectation
in

(15)
provides

a
singular

value
decom

position
for

Σ
in

term
s
of

functions
in
L

2(S
n
,d
τ
).

Indeed,
given

g
∈
L

2(S
n
,d
τ
),

the
linear

operator
T

:
L

2(S
n
,d
τ
)→

L
2(R

n
,d
µ

)
defined

as

g
7→
(
T
g

:
x
7→
∫

S
n

g
(w

)ψ
w

(x
)
d
τ
(w

) )

satisfies
Σ

=
T
T
∗.

It
follow

s
that

there
exists

an
orthonorm

al
basis

of
L

2(S
n
,d
τ
),{

f
k }
k≥

1

such
that

T
f
k

=
λ

1
/
2

k
e
k
and

therefore
ψ
w

=
∑
∞k
=

1
λ

1
/
2

k
f
k (w

)e
k .

F
inally,

it
can

be
show

n
(B

ach,2017a)
that

in
factH

=
Im

(T
),and

thus
H

consists
offunctions

f
that

can
be

w
ritten,

for
som

e
g
∈
L

2(S
n
,d
τ
)
as

f
(x

)
=

∫

S
n

g
(w

)ψ
w

(x
)d
τ
(w

)
=
〈g
,ψ

(·,x
)〉
L
2
(S
n
,d
τ
)

for
x
∈
R
n
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S
pu

r
io

u
s

V
a
ll

ey
s

in
O

n
e-

h
id

d
en

-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

Fo
r
an

ac
co
un

t
of

th
es
e
pr
op

er
ti
es
,w

e
re
fe
r
to

B
ac
h
(B

ac
h,

20
17

b)
.
T
ha

nk
s
to

th
e
de

ns
it
y
of

H
in
L

2
(R

n
,d
µ

),
w
e
ca
n
as
su
m
e,

w
it
ho

ut
lo
ss

of
ge
ne

ra
lit
y,

th
at

f
∗ (

x
)

=

∫ Sn
g
∗ (

w
)ψ

w
(x

)d
τ
(w

)

fo
r
so
m
e
g
∗
∈
L

2
(S
n
,d
τ
).

N
ow

,
gi
ve
n
an

in
it
ia
l
se
t
of

fir
st

la
ye
r
w
ei
gh

ts
w

1
,.
..
,w

p
∈

Sn
sa
m
pl
ed

i.i
.d
.
fr
om

d
τ
,a

nd
W

=
[w

1
,.
..
,w

p
]T
,w

e
de

fin
e
th
e
em

pi
ri
ca
lk

er
ne

l

k
W

(x
,y

)
=

1 p

p ∑ i=
1

σ
(〈

x
,w

i〉)
σ

(〈
y
,w

i〉)

w
hi
ch

in
tu
rn

de
fin

es
an

em
pi
ri
ca
l
R
K
H
S

H
W
.

K
ee
pi
ng

th
e
fir
st

la
ye
r
w
ei
gh

ts
fix

ed
an

d
op

ti
m
iz
in
g
th
e
ou

tp
ut

la
ye
r
w
ei
gh

ts
th
us

gi
ve
s
us

th
e
ab

ili
ty

to
fin

d
a
fu
nc

ti
on

f
∗ W
∈

H
W

th
at

be
st

ap
pr
ox

im
at
es
f
∗ :

‖f
∗ W
−
f
∗ ‖
L
2
(R
n
,d
µ

)
=

m
in

f
∈H

W

‖f
−
f
∗ ‖
L
2
(R
n
,d
µ

)
. =
R

(W
)

G
iv
en

an
in
it
ia
lp

ar
am

et
er

pa
ra
m
et
er

va
lu
e
θ̃

=
(ũ
,W̃

)
(h
er
e
w
e
in
co
rp
or
at
ed

b̃
in

W̃
)
as

in
th
e
st
at
em

en
t,
co
ns
id
er

th
e
pa

th

θ
t

=
(t

q
(W̃

)
+

(1
−
t)

ũ
,W̃

)
w
he

re
q

(W̃
)

=
ar

g
m

in
u
∈R

p
L

(θ
)| θ

=
(u
,W̃

)

B
y
co
nv

ex
it
y
of
L
,t

he
fu
nc

ti
on

t
∈

[0
,1

]
7→
L

(θ
t)

is
no

n-
in
cr
ea
si
ng

an
d
it
ho

ld
s
th
at

L
(θ

1
)
≤
R

(X
,Y

)
+
R

(W̃
)

A
pp

ly
in
g
P
ro
po

si
ti
on

1
fr
om

B
ac
h
(B

ac
h,

20
17

b)
,i
t
ho

ld
s
th
at

R
(W

)
≤

4λ
if

p
≥

5
d
(λ

)
lo

g
(1

6
d
(λ

)/
δ)

w
it
h
pr
ob

ab
ili
ty

gr
ea
te
r
or

eq
ua

lt
ha

n
1
−
δ,

w
he

re

d
(λ

)
=

m
ax

w
∈S

n
E[
ϕ
w

(X
)(

(Σ
+
λ
I
)−

1
ψ
w

)(
X

)]

=
m

ax
w
∈S

n

∞ ∑ k
=

1

λ
k

λ
k

+
λ
f k

(w
)2
≤
λ
−

1
m

ax
w
∈S

n

∞ ∑ k
=

1

λ
k
f k

(w
)2

=
λ
−

1
m

ax
w
∈S

n
‖ψ

w
‖2 L

2
(R
n
,d
µ

)

T
hi
s
sh
ow

s
pa

rt
1
of

th
e
st
at
em

en
t.

T
o
pr
ov
e
pa

rt
2,

no
ti
ce

th
at

f
∗ W

=
Φ

(·;
θ

)
w
it
h
θ

=
(u
∗ W
,W

)
fo
r
so
m
e

u
∗ W
∈

R
p
.
B
y
ta
ki
ng

u
k

=
1 p
g
∗ (

w
k
)
fo
r
k
∈

[p
]
an

d
de

no
ti
ng

Z
(w

)
:=

g
∗ (

w
)ψ

w
an

d
by

Z
th
e
r.
v.
Z

=
Z

(v
),

fo
r

v
∼
d
τ
,w

it
h
va
lu
es

in
L

2
(R

n
,d
µ

),
it
ho

ld
s

R
(W

)
≤
∥ ∥ ∥1 p

p ∑ k
=

1

Z
(w

k
)
−

E τ
[Z

]∥ ∥ ∥ L
2
(R
n
,d
µ

)
(1
6)

N
ot
e
th
at

C
. =

su
p
w
∈S

n
‖Z

(w
)‖
L
2
(R
n
,d
µ

)
≤
‖g
∗ ‖
L
∞

(S
n
,d
τ
)
m

ax
w
∈S

n
‖ψ

w
‖ L

2
(R
n
,d
µ

)
<
∞

if
‖g
∗ ‖
L
∞

(S
n
,d
τ
)
<
∞

.
T
he

n,
ap

pl
yi
ng

Le
m
m
a
29

to
th
e
bo

un
d
(1
6)
,w

e
ge
t
th
at

P τ
{R

(W
)
≤
ε}
≥

1
−

ex
p

{ −
( ε
−
√
v
(p

)) 2
/(

2v
(p

))

}

fo
r
ev
er
y
ε
≥
√
v
(p

),
w
it
h
v
(p

)
=
C

2
/p

.
T
he

re
su
lt
fo
llo

w
s
by

ta
ki
ng

ε
=
v
(p

)1
/
2
+
p
δ
/
2
−

1
/
2
.
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V
en
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B
a
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d
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r
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a
n
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B
ru

n
a

A
p
p
en

d
ix

D
.
P
ro
of
s
of

S
ec
ti
on

2.
2

P
ro
of

[P
ro
of

of
Le

m
m
a
4]

If
σ
is
a
po

ly
no

m
ia
lo

fa
ny

de
gr
ee
d
,t
he

n
it
ho

ld
s
th
at

d
im
∗ (
σ
,n

)
<

∞
.
In
de

ed
,
le
t
σ

(z
)

=
a

0
+
a

1
z

+
··
·+

a
d
z
d
,
fo
r
so
m
e
a
k
∈

R
.
If
I

=
{k
∈

[0
,d

]
:
a
k
6=

0
},

th
en

V
σ
⊆

R
I
[x

]
. =
{x
7→
∑ k
∈I

∑ |β
|=
k

α
β
x
β

:
α
β
∈
R
}

It
fo
llo

w
s
th
at

d
im
∗ (
σ
,n

)
=

d
im

(V
σ
)
≤

d
im

(R
I
[x

])
=

d ∑ k
=

0

( n
+
k
−

1

k

) 1
{a
k
6=

0
}

=
O

(n
d
)

T
hi
s
pr
ov
es

on
e
im

pl
ic
at
io
n.

W
e
pr
ov
e
th
e
ot
he
r
on

e
by

co
nt
ra
di
ct
io
n.

A
ss
um

e
no

w
th
at
σ
is

no
t
a
po

ly
no

m
ia
la

nd
th
at

d
im

(V
σ
)

=
q
<
∞

.
T
ha

nk
s
to

T
he

or
em

1
in

Le
sh
no

et
al
.
(L

es
hn

o
et

al
.,
19

93
),

fo
r
ev
er
y
co
nt
in
uo

us
fu
nc

ti
on

g
:
R
n
→

R
,
an

y
co
m
pa

ct
se
t
K
⊂

R
n
,
an

d
an

y
ε
>

0
th
er
e
ex
is
t
h
∈
V
σ
su
ch

th
at

su
p

x
∈K
|h

(x
)
−
g
(x

)|
<
ε

(1
7)

N
ow

,
le
t
g

:
R
n
→

R
be

a
co
nt
in
uo

us
fu
nc

ti
on

su
pp

or
te
d
on

a
co
m
pa

ct
se
t
C
⊂

R
n
.
W
e

ca
ll
C
c
(R

n
)
th
e
se
t
of

th
e
re
al
-v
al
ue

d
co
nt
in
uo

us
fu
nc

ti
on

s
fr
om

R
n
w
it
h
co
m
pa

ct
su
pp

or
t.

T
ha

nk
s
to

(1
7)
,w

e
ca
n
fin

d
a
se
qu

en
ce

of
co
m
pa

ct
se
ts
{K

m
} m
≥

1
of

R
n
su
ch

th
at

C
⊆
K

1
⊆
K

2
⊆
··
·⊆

K
m
⊆
··
·⊆
∪∞ m

=
1
K
m

=
R
n

an
d
a
se
qu

en
ce

of
fu
nc

ti
on

s
{h

m
} m
≥

1
⊂
V
σ
su
ch

th
at

‖g
−
h
m
1
K
m
‖ L

2 X
=
‖(
g
−
h
m

)1
K
m
‖ L

2 X
<

2−
m

In
pa

rt
ic
ul
ar

th
is

im
pl
ie
s
th
at

‖h
n
1
K
n
−
h
m
1
K
m
‖ L

2 X
<

2
1
−

m
in
{n
,m
}
→

0

as
n
,m
→
∞

,i
.e
.
{h

m
1
K
m
} m
≥

1
is

a
C
au

ch
y
se
qu

en
ce

in
L

2 X
an

d
th
er
ef
or
e
it

ad
m
it
s
a
lim

it
li
m
n
→
∞
h
m
1
K
m

=
g
∈
L

2 X
.
Si
nc
e

d
im

(V
σ
)

=
q
<
∞

,t
he

re
ex
is
ts

w
1
,.
..
,w

q
∈
R
n
su
ch

th
at

ev
er
y
h
∈
V
σ
ca
n
be

w
ri
tt
en

as
h

(x
)

=
〈u
,γ

(x
)〉

fo
r
so
m
e

u
∈

R
q
,
w
he

re
γ

(x
)

=
(σ

(〈
w

1
,x
〉)
,.
..
,σ

(〈
w
q
,x
〉)

).
Le

t
{u

m
} m
≥

1
⊂

R
q
su
ch

th
at

h
m

(x
)

=
〈u

m
,γ

(x
)〉
.

T
ha

nk
s
to

th
e
ab

ov
e
ca
lc
ul
at
io
ns
,
w
e
kn

ow
th
at

th
e
se
qu

en
ce

{‖
h
m
1
K
‖ L

2 X
} m
≥

1
is

bo
un

de
d
fo
r
an

y
ar
bi
tr
ar
y
co
m
pa

ct
se
t
K
⊆

R
n
.
Si
nc

e

‖h
m
1
K
‖2 L

2 X
=

u
T m
M

u
m

w
he

re
M

=
E[
γ

(X
)γ

(X
)T
1
{X
∈K
}]
∈

R
q
×
q
,
th
is

im
pl
ie
s
th
at

th
e
se
qu

en
ce
{u

m
} m
≥

1
is

bo
un

de
d
(u
nl
es
s
g

=
0)
.
T
he

re
fo
re

(u
p
to

ex
tr
ac
ti
ng

a
su
b-
se
qu

en
ce
)
w
e
ca
n
as
su
m
e
th
at

it
ha

s
a
lim

it
u
∈
R
q
.
If
w
e
ca
ll
h
∈
V
σ
th
e
fu
nc
ti
on

de
fin

ed
as
h

(x
)

=
〈u
,γ

(x
)〉
,i
t
is

ea
sy

to
ch
ec
k
(f
ro
m

th
e
ab

ov
e
ca
lc
ul
at
io
ns
)
th
at
h

=
g
in
L

2 X
.
T
hi
s
sh
ow

s
th
at
C
c
(R

n
)
⊆
V
σ
,w

hi
ch
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S
pu

r
io

u
s

V
a
lley

s
in

O
n
e-h

id
d
en

-lay
er

N
eu

r
a
l

N
etw

o
r
k

O
ptim

izatio
n

L
a
n
d
sca

pes

in
turn

im
plies

that
V
σ
is

dense
in
L

2X
(since

C
c (R

n
)
is

dense
in
L

2X
).

B
ut

this
is

im
possible,

since
d
im

(V
σ
)

=
q
<
∞

=
d
im

(L
2X

).
T
herefore,it

m
ust

hold
d
im

(V
σ
)

=
∞

.

P
roof

[P
roof

of
Lem

m
a
6]Let

θ
=

(u
,W

)∈
[0,∞

)
p×

R
p×
n.

For
every

x
∈
R
n
it
holds

Φ
(x

;θ
)

=

p
∑i=

1

u
i (〈w

i ,x〉)
k

=

p
∑i=

1

u
i 〈w
⊗
k

i
,x
⊗
k〉
F

=
〈

p
∑i=

1

u
i w
⊗
k

i
,x
⊗
k 〉

F

For
any

p
≥

1
and

(u
,W

)∈
[0,∞

)
p×

R
p×
n, ∑

pi=
1
u
i w
⊗
k

i
∈
S
k(R

n
).

B
y
definition

of
rk

S (k
,n

),
it
follow

s
that

there
exists

q≤
rk

S (k
,n

)
and

θ̃
=

(ũ
,W̃

)∈
[0,∞

)
q×

R
q×
n
such

that

p
∑i=

1

u
i w
⊗
k

i
=

q
∑i=

1

ũ
i w̃
⊗
k

i
⇒

Φ
(·;θ

)
=

Φ
(·;θ̃

)

B
y
definition

of
d
im
∗ (σ

,n
),this

im
plies

that
d
im
∗ (σ

,n
)≤

rk
S (k

,n
).

T
he

equality
follow

s
by

choosing
(u
,W

)∈
[0,∞

)
p×

R
p×
p
such

that
rk

S ( ∑
pi=

1
u
i w
⊗
k

i
)

=
rk

S (k
,n

).

P
roof

[P
roof

of
Lem

m
a
7]

If
σ

is
polynom

ial,
then

one
im

plication
follow

s
by

Lem
m
a
4.

N
ow

,
assum

e
that

σ
∈
L

2(R
,e −

x
2
/
2
d
x

)
is

a
continuous

non-polynom
ial

activation
and

let
X
∼
N

(0
,I)

be
a
r.v.

in
R

2 (σ
,n

).
T
hen,w

e
can

w
rite

σ
(z

)
=
∑
∞k
=

0
σ̂
k h

k (z
),w

here
h
k
is
the

k-th
H
erm

ite
polynom

ial.
It

follow
s
that,for

θ
=

(u
,W

),

E|Φ
(X

;θ
)| 2

=
∞∑k
=

1

σ̂
2k ∥∥∥∥∥

p
∑i=

1

u
i w
⊗
k

i

∥∥∥∥∥

2F

(18)

(see
Lem

m
a
1
from

(M
ondelliand

M
ontanari,2018)).

Since
σ
is

not
polynom

ialand
n
>

1,
V
σ
,p 6=

V
σ
,p

+
1 ,w

hereV
σ
,p
.=

{
x
7→

p
∑k

=
1

u
k σ

(〈w
k ,x〉)

:(u
,W

)∈
R
p×

R
p×
n }

Indeed,
if
V
σ
,p

=
V
σ
,p

+
1 ,

then
V
σ
,p

=
V
σ
,q

for
every

q
>
p.

Let
k
be

a
positive

integer
such

that
σ̂
k
6=

0
and

such
that

rk
S (k

,n
)
>
p.

Let
G

=
∑

qi=
1
α
i v
⊗
k

i
a
sym

m
etric

tensor
w
ith

rk
S (G

)
=
q

=
rk

S (k
,n

)
and

g
=
∑

qi=
1
α
i ψ
σ
,v
i .

If
g
∈
V
σ
,p ,

then
there

exists
θ

=
(u
,W

)∈
Θ

=
R
p×

R
p×
n
such

that

0
=

E|Φ
(X

;θ
)−

g
(X

)| 2
=
∞∑k
=

1

σ̂
2k ∥∥∥∥

p
∑i=

1

u
i w
⊗
k

i
−

q
∑i=

1

α
i v
⊗
k

i

∥∥∥∥
2F

B
ut

this
w
ould

im
ply

that
rk

S (G
)≤

p,w
hich

is
a
contradiction.

T
his

concludes
the

proof.
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V
en

tu
r
i,

B
a
n
d
eir

a
a
n
d

B
ru

n
a

A
p
p
en

d
ix

E
.
P
roofs

of
A
d
d
ition

al
L
em

m
as

L
em

m
a
2

B
e
θ
7→
L

(θ
)
a
continuous

function.
T
hen,

property
P
.1

im
plies

absence
of

spu-
rious

valleys.
In

particular,
this

im
plies

absence
of

strict
spurious

m
inim

a,
and

of
(generally

non-strict)
spurious

m
inim

a
if

property
P
.1

holds
w
ith

strictly
decreasing

paths
t7→

L
(θ
t ).

C
onversely,

presence
of

spurious
valleys

im
plies

existence
of

spurious
m
inim

a.

P
roof

A
ssum

e
that

property
P
.1

holds.
C
onsider

any
value

c
>

0
such

that
Ω
L

(c)
is

non-
em

pty
and

letU
be

a
connected

com
ponent

of
Ω
L

(c).
G
iven

a
point

θ
∈
U

there
exists

a
path

from
θ
satisfying

property
P
.1.

T
his

m
eans

thatU
contains

a
global

m
inim

a,
and

therefore
it

can
not

be
a
spurious

valley.
Sim

ilarly,
assum

e
that

property
P
.1

holds
w
ith

strictly
de-

creasing
paths

and
that

the
function

L
adm

its
a
strict

localm
inim

a.
T
his

m
eans

that
there

exists
a
point

θ
0
such

that
m

in
θ
L

(θ
)
<
L

(θ
0 )
<
L

(θ
)
for

all
θ
in
B
ε (θ

),for
som

e
ε
>

0.
B
ut

this
im

plies
that

for
any

path
t∈

[0,1]7→
θ
t ifholds

L
(θ
t )
>
L

(θ
0 )

for
som

e
t
>

0
suffi

ciently
sm

all,
a
contradiction.

T
o
see

the
last

point,
assum

e
that

there
exist

spurious
valleys

and
considerU

a
connected

com
ponent

of
Ω
L

(c)
for

som
e
c
>

0.
T
hen

θ
∗
∈

arg
m

in
θ
L

(θ
)
is

a
spurious

m
inim

a.

L
em

m
a
28

C
onsider

the
optim

ization
problem

arg
m

in
W
∈
R
m
×
n

`(W
)

w
here

`(W
)

=
E‖

W
X
−

Y
‖

2
(19)

for
tw
o
square

integrable
r.v.’s

X
and

Y
w
ith

values
in

R
n
and

R
m

respectively.
T
hen

one
solution

to
(19)

is
given

by
W

=
Σ

Y
X

Σ
†X

(20)

Sim
ilarly,

one
solution

to
the

optim
ization

problem

arg
m

in
U
∈
R
m
×
p

`(U
;W

)
w
here

`(U
;W

)
=

E‖U
W

X
−

Y
‖

2

for
any

W
∈
R
p×
n
is

given
byU

=
q

(W
)
.=

Σ
Y
X

W
T

(W
Σ

X
W

T
) †

(21)

A
ssum

ing
Σ

X
invertible,

the
m
inim

alvalue
obtained

by
`(U

;W
)
is

given
by

`(q
(W

);W
)

=
tr(Σ

Y
)−

tr((W
K

) †(W
K

)M
)

(22)

w
here

K
=

(Σ
X

)
1
/
2
and

M
=

K
−

1Σ
X
Y

Σ
Y
X

K
−

1.
If

M
=
∑

ni=
1
λ
i v
i v
Ti
is

the
SV

D
of

M
,

the
quantity

(22)
is

m
inim

ized
over

W
for

(W
K

) †(W
K

)
=
∑

p∧
n

i=
1

v
i v
Ti .

P
roof

T
he

first
part

of
the

lem
m
a
can

be
show

n
by

w
riting

problem
(19)

as

arg
m

in
W
∈
R
m
×
n

`(W
)

w
here

`(W
)

=
tr(W

Σ
X

W
T

)−
2

tr(Σ
Y
X

W
T

)
(23)

and
by

taking
W

as
a
stationary

point
of

the
above

`(W
).

U
sing

this
fact,

one
m
inim

a
of

the
function

`(U
;W

)
is

given
by

U
=

Σ
Y
X
W

(Σ
W

X
) †

=
Σ

Y
X

W
T

(W
Σ

X
W

T
) †
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S
pu

r
io

u
s

V
a
ll

ey
s

in
O

n
e-

h
id

d
en

-l
ay

er
N

eu
r
a
l

N
et

w
o
r
k

O
pt

im
iz

at
io

n
L
a
n
d
sc

a
pe

s

N
ow

as
su
m
e
th
at

Σ
X

is
in
ve
rt
ib
le
;
le
t

K
=

(Σ
X

)1
/
2
an

d
M

=
K
−

1
Σ

X
Y

Σ
Y
X

K
−

1
.
T
he

n
it

ho
ld
s

`(
q

(W
);

W
)

=
tr

(q
(W

)W
Σ

X
W

T
q

(W
)T

)
−

2
tr

(Σ
Y
X

W
T
q

(W
)T

)
+

tr
(Σ

Y
)

=
tr

(Σ
Y
X

W
T

(W
Σ

X
W

T
)†

W
Σ

X
W

T
(W

Σ
X

W
T

)†
W

Σ
X
Y

)

−
2

tr
(Σ

Y
X

W
T

(W
Σ

X
W

T
)†

W
Σ

X
Y

)
+

tr
(Σ

Y
)

=
−

tr
(Σ

Y
X

W
T

(W
Σ

X
W

T
)†

W
Σ

X
Y

)
+

tr
(Σ

Y
)

=
−

tr
(M

(W
K

)T
((

W
K

)(
W

K
)T

)†
(W

K
))

+
tr

(Σ
Y

)

=
tr

(Σ
Y

)
−

tr
((

W
K

)†
(W

K
)M

)

F
in
al
ly
,
w
e
no

ti
ce

th
at

th
e
m
at
ri
x

(W
K

)†
(W

K
)
is

th
e
or
th
og

on
al

pr
oj
ec
ti
on

on
th
e
sp
ac
e

sp
an

ne
d
by

th
e
ro
w
s
of

W
K
,
w
hi
ch

w
e
de
no

te
by

P
W

K
.
In

pa
rt
ic
ul
ar

P
W

K
ha

s
th
e
fo
rm

P
W

K
=
∑

r i=
1
w
iw

T i
fo
r
so
m
e
{w

1
,.
..
,w

r
}
⊂

R
n
or
th
on

or
m
al

ve
ct
or
s
an

d
r
≤
p
∧
n
.
T
he

re
-

fo
re
,m

in
im

iz
e
`(

q
(W

);
W

)
ov
er

W
it
is

eq
ui
va
le
nt

to
m
ax

im
iz
e
th
e
qu

an
ti
ty

r ∑ i=
1

w
T i
M

w
i

ov
er

th
e
se
ts

of
w

1
,.
..
,w

r
or
th
on

or
m
al

ve
ct
or
s
of

R
n
,
r
≤

p
∧
n
.

C
le
ar
ly
,
th
is

is
fo
r

w
1

=
v

1
,.
..
,w

p
∧n

=
v
p
∧n

.
T
hi
s
co
nc

lu
de

s
th
e
pr
oo

f
of

th
e
le
m
m
a.

L
em

m
a
29

Le
t
X

1
,.
..
,X

n
be

in
de
pe
nd

en
t
ze
ro
-m

ea
n

r.
v.
’s

ta
ki
ng

va
lu
es

in
a

se
pa
ra
bl
e

H
ilb
er
t
sp
ac
e
su
ch

th
at
‖X

i‖
≤
c i

w
it
h
pr
ob
ab
ili
ty

on
e
an

d
de
no

te
v

=
∑

n i=
1
c2 i
.
T
he
n,

fo
r
al
l

t
≥
v
,
it
ho
ld
s

P{
∥ ∥ ∥ ∥ ∥

n ∑ i=
1

X
i∥ ∥ ∥ ∥ ∥
>
t}
≤
e−

(t
−
√
v
)2
/
(2
v
)

P
ro
of

T
he

pr
oo

f
ca
n
be

fo
un

d
in

(B
ou

ch
er
on

et
al
.,
20

13
),

E
xa

m
pl
e
6.
3.

L
em

m
a
30

B
e
H
⊂
L

2 X
th
e
R
K
H
S
de
fin

ed
in

th
e
pr
oo
f
of

T
he
or
em

16
.
T
he
n
H

is
de
ns
e
in

L
2 X
.

P
ro
of

F
ir
st
,n

ot
e
th
at

th
e
fu
nc
ti
on

x
∈
R
n
7→
k
(x
,x

)
is

in
L

1
(R

n
,d
µ

).
In
de

ed
∫ R

n

∫ Sn
ψ
w

(x
)2
d
τ
(w

)
d
µ

(x
)

=

∫ R
n

(1
+
‖x
‖2

)

∫ Sn
ψ
w

(x
/
‖(

x
,1

)‖
)2
d
τ
(w

)
d
µ

(x
)

≤
(1

+
E‖

X
‖2

)
m

ax
w
,y
∈S

n
ψ
w

(y
)2

T
hi
s
im

pl
ie
s
th
at

H
⊆
L

2
(R

n
,d
µ

).
N
ow

,w
e
w
ou

ld
lik

e
to

sh
ow

th
at
V
σ
is

de
ns
e
in

H
,w

he
re

V
σ

=

{
k ∑ i=

1

u
iψ

w
i

:
u
∈
R
k
,w

1
,.
..
,w

k
∈
Sn
,k
≥

1

}
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V
en

tu
r
i,

B
a
n
d
ei

r
a

a
n
d

B
ru

n
a

It
su
ffi
ce
s
to

sh
ow

th
at
,
fo
r
ev
er
y

w
∈
Sn
−

1
,
th
er
e
ex
is
ts

a
se
qu

en
ce
{f
n
} n
≥

1
⊂

H
su
ch

th
at

f n
→
ψ
w
in
L

2 X
.
C
ho

os
e
g k
∈
L

2
(S
n
,d
τ
)
su
ch

th
at

su
p
p
(g
k
)
⊆
B

1
/
k
(w

)
. =
{v
∈
Sn

:‖
v
−

w
‖
≤

1/
k
},
∫ Sn

g
(v

)
d
τ
(v

)
=

1
an

d
g k
≥

0
,
an

d
de
fin

e
f k
∈

H
as
f k

(x
)

=
∫ Sn

g k
(v

)ψ
v
(x

)
d
τ
(x

).
T
he

n

‖f
k
−
ψ
w
‖2 L

2
(R
n
,d
µ

)
=

∫ R
n

( ∫

Sn
g k

(v
)(
ψ
v
(x

)
−
ψ
w

(x
))
d
τ
(v

)) 2
d
µ

(x
)

≤
(1

+
E‖
X
‖2

)
m

ax
v
∈B

1
/
k
(w

)
y
∈S

n

(ψ
v
(y

)
−
ψ
w

(y
))

2
→

0

as
k
→
∞

.
T
hi
s
sh
ow

s
th
at
V
σ
is

de
ns
e
in

H
.
T
ha

nk
s
to

T
he

or
em

1
in

(H
or
ni
k,

19
91

),
it

ho
ld
s
th
at
V
σ
is

de
ns
e
in
L

2
(R

n
,d
µ

).
T
hi
s
im

pl
ie
s
th
e
st
at
em

en
t
of

th
e
le
m
m
a.

34
JM

L
R

 2
0(

13
3)

:1
-3

4,
 2

01
9



 
 



J
o
u
rn

a
l
o
f
M
a
ch

in
e
L
ea

rn
in
g
R
es
ea

rc
h
2
0
(2
0
1
9
)
1
-4
7

S
u
b
m
it
te
d
1
/
1
9
;
R
ev

is
ed

7
/
1
9
;
P
u
b
li
sh

ed
8
/
1
9

S
to

ch
a
st

ic
V

a
ri

a
n
ce

-R
e
d
u
ce

d
C

u
b
ic

R
e
g
u
la

ri
za

ti
o
n

M
e
th

o
d
s

D
o
n

g
ru

o
Z

h
o
u

d
r
z
h
o
u
@
c
s.
u
c
l
a
.e
d
u

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
,

L
o
s

A
n

ge
le

s
L

o
s

A
n

ge
le

s,
C

A
9
0
0
9
5
,

U
S

A

P
a
n

X
u

pa
n
x
u
@
c
s.
u
c
l
a
.e
d
u

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
,

L
o
s

A
n

ge
le

s
L

o
s

A
n

ge
le

s,
C

A
9
0
0
9
5
,

U
S

A

Q
u

a
n

q
u

a
n

G
u

q
g
u
@
c
s.
u
c
l
a
.e
d
u

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
,

L
o
s

A
n

ge
le

s

L
o
s

A
n

ge
le

s,
C

A
9
0
0
9
5
,

U
S

A

E
d

it
o
r:

Z
h
ih

u
a

Z
h
a
n
g

A
b
st

ra
ct

W
e

p
ro

p
os

e
a

st
o
ch

a
st

ic
va

ri
an

ce
-r

ed
u
ce

d
cu

b
ic

re
gu

la
ri

ze
d

N
ew

to
n

m
et

h
o
d

(S
V

R
C

)
fo

r
n
o
n
-c

o
n
ve

x
op

ti
m

iz
a
ti

o
n
.

A
t

th
e

co
re

of
S
V

R
C

is
a

n
ov

el
se

m
i-

st
o
ch

as
ti

c
gr

ad
ie

n
t

al
on

g
w

it
h

a
se

m
i-

st
o
ch

a
st

ic
H

es
si

an
,

w
h
ic

h
ar

e
sp

ec
ifi

ca
ll
y

d
es

ig
n
ed

fo
r

cu
b
ic

re
gu

la
ri

za
ti

on
m

et
h
o
d
.

F
o
r

a
n
on

co
n
ve

x
fu

n
ct

io
n

w
it

h
n

co
m

p
o
n
en

t
fu

n
ct

io
n
s,

w
e

sh
ow

th
a
t

ou
r

al
go

ri
th

m
is

g
u
a
ra

n
te

ed
to

co
n
ve

rg
e

to
a
n

(ε
,√
ε)

-a
p
p
ro

x
im

at
e

lo
ca

l
m

in
im

u
m

w
it

h
in
Õ
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S
C

R
b

ea
rs

a
m

u
ch

sl
ow

er
co

n
ve

rg
en

ce
ra

te
th

an
th

e
or

ig
in

al
C

R
m

et
h
o
d
,

an
d

th
e

to
ta

l
H

es
si

a
n

sa
m

p
le

co
m

p
le

x
it

y
fo

r
S
C

R
to

ac
h
ie

ve
an

(ε
,√
ε)

-a
p
p
ro

x
im

at
e

lo
ca

l
m

in
im

u
m

is
Õ

(ε
−
5
/
2
).

T
h
is

su
gg

es
ts

th
at

th
e

co
m

p
u
ta

ti
on

al
co

st
of

S
C

R
co

u
ld

b
e

ev
en

w
or

se
th

an
C

R
w

h
en

ε
.
n
−
1
.

In
th

is
p
ap

er
,

w
e

p
ro

p
os

e
a

n
ov

el
cu

b
ic

re
gu

la
ri

za
ti

on
al

go
ri

th
m

n
am

ed
S
to

ch
a
st

ic
V

ar
ia

n
ce

-R
ed

u
ce

d
C

u
b
ic

re
gu

la
ri

za
ti

on
(S

V
R

C
),

w
h
ic

h
in

co
rp

or
at

es
th

e
va

ri
a
n
ce

re
d
u
c-

ti
on

te
ch

n
iq

u
es

(J
oh

n
so

n
an

d
Z

h
an

g,
20

13
;

X
ia

o
an

d
Z

h
an

g,
20

14
;

A
ll
en

-Z
h
u

a
n
d

H
a
za

n
,
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S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
-R

e
d
u
c
e
d

C
u
b
ic

R
e
g
u
l
a
r
iz
a
t
io
n
M
e
t
h
o
d
s

2
0
1
6
;

R
ed

d
i

et
al.,

2016a)
in

to
th

e
cu

b
ic-regu

larized
N

ew
ton

m
eth

o
d
.

T
h
e

k
ey

com
p

on
en

t
in

o
u
r

a
lg

o
rith

m
is

a
n
ovel

sem
i-sto

ch
astic

gra
d
ien

t,
togeth

er
w

ith
a

sem
i-sto

ch
astic

H
es-

sia
n
,

th
a
t

a
re

sp
ecifi

cally
d
esign

ed
for

cu
b
ic

regu
larization

.
F

u
rth

erm
o
re,

w
e

p
rove

th
at,

fo
r
L
2 -H

essian
L

ip
sch

itz
fu

n
ction

s,
to

attain
an

(ε, √
L
2 ε)-ap

p
rox

im
ate

lo
cal

m
in

im
u
m

,
ou

r
p
ro

p
o
sed

alg
o
rith

m
req

u
ires

O
(n

+
n
4
/
5/ε

3
/
2)

S
econ

d
-ord

er
O

racle
(S

O
)

ca
lls

an
d
O

(1/ε
3
/
2)

C
u
b
ic

S
u
b
p
ro

b
lem

O
racle

(C
S
O

)
calls.

H
ere

an
S
O

oracle
rep

resen
ts

an
evalu

ation
of

trip
le

(f
i (x

),∇
f
i (x

),∇
2f
i (x

)),
an

d
a

C
S
O

oracle
d
en

otes
an

evalu
ation

of
th

e
ex

act
so

lu
tion

(or
in

ex
a
ct

solu
tio

n
)

of
th

e
cu

b
ic

su
b
p
rob

lem
(3).

C
om

p
ared

w
ith

th
e

origin
al

cu
b
ic

regu
-

la
riza

tio
n

a
lgo

rith
m

(N
esterov

an
d

P
olyak

,
2006),

w
h
ich

req
u
ires

O
(n
/ε

3
/
2)

S
O

calls
an

d
O

(1/ε
3
/
2)

C
S
O

calls,
ou

r
p
rop

osed
S
V

R
C

algorith
m

red
u
ces

th
e

S
O

ca
lls

b
y

a
factor

of
Ω

(n
1
/
5).

T
h
e

secon
d
-ord

er
oracle

com
p
lex

ity
is

d
om

in
ated

b
y

th
e

m
ax

im
u
m

n
u
m

b
er

of
q
u
eries

to
o
n
e

o
f

th
e

elem
en

ts
in

th
e

trip
let

(f
i (x

),∇
f
i (x

),∇
2f
i (x

)),
an

d
th

erefore
is

n
o
t

alw
ay

s
d
esira

b
le

in
refl

ectin
g

th
e

com
p
u
tation

al
com

p
lex

ity
of

m
u
ltifariou

s
ap

p
lication

s.
T

h
erefore,

w
e

n
eed

to
fo

cu
s

m
ore

on
th

e
H

essian
sam

p
le

com
p
lex

ity
of

cu
b
ic

regu
la

rization
m

eth
o
d
s

fo
r

rela
tiv

ely
h
igh

d
im

en
sion

al
p
rob

lem
s.

B
ased

on
th

e
S
V

R
C

algorith
m

,
in

ord
er

to
fu

rth
er

red
u
ce

th
e

H
essian

sam
p
le

com
p
lex

ity,
w

e
also

d
ev

elop
a

sam
p
le

effi
cien

t
sto

ch
astic

varian
ce-

red
u
ced

cu
b
ic-regu

larized
N

ew
ton

m
eth

o
d

called
L

ite-S
V

R
C

,
w

h
ich

sign
ifi

can
tly

red
u
ces

th
e

sam
p
le

co
m

p
lex

ity
of

H
essian

m
atrix

evalu
ation

s
in

sto
ch

astic
C

R
m

eth
o
d
s.

U
n
d
er

m
ild

co
n
d
itio

n
s,

w
e

p
rove

th
at

L
ite-S

V
R

C
ach

ieves
a

low
er

H
essian

sam
p
le

com
p
lex

ity
th

a
n

ex
istin

g
cu

b
ic

regu
larization

b
ased

m
eth

o
d
s.

W
e

p
rove

th
at

L
ite-S

V
R

C
con

verges
to

a
n

(ε, √
ε)-a

p
p
rox

im
ate

lo
cal

m
in

im
u
m

of
a

n
on

con
vex

fu
n
ction

w
ith

in
Õ

(n
+
n
2
/
3ε −

3
/
2)

H
essia

n
sa

m
p
le

com
p
lex

ity.
W

e
su

m
m

arize
th

e
m

a
jor

con
trib

u
tion

s
of

th
is

p
ap

er
as

follow
s:

•
W

e
p
resen

t
a

n
ovel

cu
b
ic

regu
larization

m
eth

o
d

(S
V

R
C

)
w

ith
im

p
rov

ed
oracle

com
-

p
lex

ity.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
is

is
th

e
fi
rst

algorith
m

th
at

ou
tp

erform
s

cu
b
ic

reg
u
larization

w
ith

ou
t

an
y

loss
in

con
vergen

ce
rate.

In
sh

arp
con

trast,
ex

istin
g

su
b
sam

p
led

cu
b
ic

regu
larization

m
eth

o
d
s

(K
oh

ler
an

d
L

u
cch

i,
2017;

X
u

et
al.,

2017a)
su

ff
er

fro
m

w
orse

con
vergen

ce
rates

th
a
n

cu
b
ic

regu
la

rization
.

•
W

e
a
lso

ex
ten

d
S
V

R
C

to
th

e
case

w
ith

in
ex

act
solu

tion
to

th
e

cu
b
ic

regu
larization

su
b
p
ro

b
lem

.
S
im

ilar
to

p
rev

iou
s

w
ork

(C
artis

et
al.,

2011a;
X

u
et

al.,
2017a

),
w

e
layou

t
a

set
o
f

su
ffi

cien
t

con
d
ition

s,
u
n
d
er

w
h
ich

th
e

ou
tp

u
t

of
th

e
in

ex
act

alg
orith

m
is

still
g
u
a
ra

n
teed

to
h
ave

th
e

sam
e

con
vergen

ce
rate

an
d

oracle
com

p
lex

ity
as

th
e

ex
act

a
lg

o
rith

m
.

T
h
is

fu
rth

er
sh

ed
s

ligh
t

on
th

e
p
ractical

im
p
lem

en
tation

of
ou

r
algorith

m
.

•
A

s
fa

r
a
s

w
e

k
n
ow

,
ou

r
w

ork
is

th
e

fi
rst

to
rigorou

sly
d
em

on
strate

th
e

ad
va

n
tage

of
va

ria
n
ce

red
u
ction

for
secon

d
-ord

er
op

tim
ization

algorith
m

s.
A

lth
ou

gh
th

ere
ex

ist
a

few
stu

d
ies

(L
u
cch

i
et

al.,
2015;

M
oritz

et
al.,

2016;
R

o
d
o
m

a
n
ov

an
d

K
rop

otov
,

2016)
u
sin

g
va

rian
ce

red
u
ction

to
accelerate

N
ew

ton
m

eth
o
d
,
n
on

e
of

th
em

can
d
eliv

er
faster

ra
tes

o
f

con
vergen

ce
th

an
stan

d
ard

N
ew

ton
m

eth
o
d
.

•
W

e
a
lso

p
rop

ose
a

lite
version

of
S
V

R
C

,
n
am

ely,
th

e
L

ite-S
V

R
C

algorith
m

,
w

h
ich

on
ly

req
u
ires

a
con

stan
t

b
atch

size
of

H
essian

evalu
ation

s
at

each
itera

tion
.

T
h
e

p
rop

osed
L

ite-S
V

R
C

fu
rth

er
im

p
roves

th
e

H
essian

sam
p
le

com
p
lex

ity
of

S
V

R
C

an
d

ou
tp

erform
s

th
e

sta
te-of-th

e-art
resu

lt
b
y

ach
iev

in
g
Õ

(n
+
n
2
/
3ε −

3
/
2)

H
essian

sam
p
le

com
p
lex

ity.
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Z
h
o
u
,
X
u
a
n
d

G
u

•
W

e
con

d
u
ct

ex
ten

sive
n
u
m

erical
ex

p
erim

en
ts

w
ith

d
iff

eren
t

ty
p

es
of

n
on

con
vex

op
ti-

m
ization

p
rob

lem
s

on
variou

s
real

d
atasets

to
valid

ate
ou

r
th

eoretical
resu

lts
for

b
oth

S
V

R
C

an
d

L
ite-S

V
R

C
.

W
h
en

th
e

sh
ort

version
of

th
is

p
ap

er
w

as
su

b
m

itted
to

IC
M

L
,

th
ere

w
as

a
con

cu
rren

t
w

ork
b
y

W
an

g
et

al.
(2018a),

w
h
ich

ap
p
lies

th
e

id
ea

of
sto

ch
astic

varian
ce

red
u
ction

to
cu

b
ic

regu
larization

as
w

ell.
T

h
eir

algorith
m

s
h
av

e
a

w
orse

H
essian

sam
p
le

com
p
lex

ity
th

an
L

ite-
S
V

R
C

.
S
in

ce
th

e
sh

ort
v
ersion

of
th

is
p
ap

er
w

as
p
u
b
lish

ed
in

IC
M

L
,

th
ere

h
av

e
b

een
tw

o
follow

u
p

w
ork

s
b
y

W
an

g
et

al.
(2018

b
)

an
d

Z
h
an

g
et

al.
(2018),

w
h
ich

b
oth

p
rop

osed
sim

ilar
algorith

m
s

to
ou

r
L

ite-S
V

R
C

algorith
m

,
an

d
ach

ieved
th

e
sam

e
H

essian
sam

p
le

com
p
lex

ity.
H

ow
ever,

W
an

g
et

al.
(2018b

)
an

d
Z

h
an

g
et

al.
(2018)’s

resu
lts

rely
on

th
e

ad
ap

tive
ch

oice
of

b
atch

size
for

sto
ch

astic
H

essian
.

F
u
rth

erm
ore,

Z
h
an

g
et

al.
(2018)’s

resu
lt

relies
on

a
stron

ger
n
otion

of
H

essian
L

ip
sch

itz
con

d
ition

.
W

e
w

ill
d
iscu

ss
th

e
key

d
iff

eren
ce

b
etw

een
ou

r
L

ite-S
V

R
C

algorith
m

an
d

th
e

algorith
m

s
in

W
an

g
et

al.
(2018a

,b
);

Z
h
an

g
et

al.
(2018)

in
d
etail

in
S
ection

7.
N

o
ta

tio
n

:
W

e
u
se
a
(x

)
=
O

(b(x
))

if
a
(x

)≤
C
b(x

),
w

h
ere

C
is

a
con

stan
t

in
d
ep

en
d
en

t
of

an
y

p
aram

eters
in

ou
r

algorith
m

.
W

e
u
se
Õ

(·)
to

h
id

e
p

oly
n
om

ial
logarith

m
term

s.
W

e
u
se
‖v‖

2
to

d
en

ote
th

e
2-n

orm
of

vector
v
∈
R
d.

F
or

sy
m

m
etric

m
atrix

H
∈
R
d×
d,

w
e

u
se

‖
H
‖
2

an
d
‖H
‖
S
r

to
d
en

ote
th

e
sp

ectral
n
orm

an
d

S
ch

atten
r-

n
orm

of
H

.
W

e
d
en

ote
th

e
sm

allest
eigen

valu
e

of
H

to
b

e
λ
m
in (H

).

2
.

R
e
la

te
d

W
o
rk

C
u

b
ic

R
e
g
u
la

riz
a
tio

n
a
n

d
T

ru
st-re

g
io

n
N

e
w

to
n

M
e
th

o
d

T
rad

ition
alN

ew
ton

m
eth

o
d

in
con

vex
settin

g
h
as

b
een

w
id

ely
stu

d
ied

in
p
ast

d
ecad

es
(B

en
n
ett,

1916;
B

ertsekas,
1999).

T
h
e

m
ost

related
w

ork
to

ou
rs

is
th

e
n
on

con
vex

cu
b
ic

regu
larized

N
ew

ton
m

eth
o
d
,

w
h
ich

w
as

origin
ally

p
rop

osed
in

N
esterov

an
d

P
olyak

(2006).
C

artis
et

al.
(201

1a)
p
resen

ted
an

ad
ap

tive
fram

ew
ork

of
cu

b
ic

regu
larization

,
w

h
ich

u
ses

an
ad

ap
tive

estim
ation

of
th

e
lo

cal
L

ip
sch

itz
con

stan
t

an
d

ap
p
rox

im
ate

solu
tion

to
th

e
cu

b
ic

su
b
p
rob

lem
.

T
o

con
n
ect

cu
b
ic

regu
larization

w
ith

trad
ition

al
tru

st
region

m
eth

o
d

(C
on

n
et

al.,
2000

;
C

artis
et

al.,
2009,

2012,
2013),

B
lan

ch
et

et
al.

(2016);
C

u
rtis

et
al.

(2017);
M

art́ın
ez

an
d

R
ay

d
an

(2017)
sh

ow
ed

th
at

th
e

tru
st-region

N
ew

ton
m

eth
o
d

can
ach

ieve
th

e
sam

e
iteration

com
p
lex

ity
as

th
e

cu
b
ic

regu
larization

m
eth

o
d
.

T
o

overcom
e

th
e

com
p
u
ta

tion
al

b
u
rd

en
of

grad
ien

t
a
n
d

H
essian

m
atrix

evalu
ation

s,
K

oh
ler

an
d

L
u
cch

i
(2017);

X
u

et
al.

(2017a,b
)

p
rop

osed
to

u
se

su
b
sam

p
led

grad
ien

t
an

d
H

essian
in

cu
b
ic

reg
u
larization

.
O

n
th

e
oth

er
h
an

d
,

in
ord

er
to

solve
th

e
cu

b
ic

su
b
p
rob

lem
(3)

m
ore

effi
cien

tly,
C

arm
on

an
d

D
u
ch

i
(2016)

p
rop

osed
to

u
se

grad
ien

t
d
escen

t,
w

h
ile

A
garw

al
et

al.
(2017)

p
rop

osed
a

sop
h
isticated

algorith
m

b
ased

on
ap

p
rox

im
ate

m
atrix

in
v
erse

an
d

ap
p
rox

im
ate

P
C

A
.

T
rip

u
ran

en
i

et
al.

(201
8)

p
rop

osed
a

refi
n
ed

sto
ch

astic
cu

b
ic

regu
larization

algorith
m

b
ased

on
ab

ove
su

b
p
rob

lem
solver.

H
ow

-
ever,

n
on

e
of

th
e

aforem
en

tion
ed

varian
ts

of
cu

b
ic

regu
larization

ou
tp

erform
s

th
e

origin
al

cu
b
ic

regu
larization

m
eth

o
d

in
term

s
of

oracle
com

p
lex

ity.
F

in
d

in
g

A
p

p
ro

x
im

a
te

L
o
c
a
l

M
in

im
a

T
h
ere

is
an

oth
er

lin
e

of
w

o
rk

for
fi
n
d
in

g
ap

p
rox

-
im

ate
lo

cal
m

in
im

a
w

h
ich

fo
cu

ses
on

escap
in

g
from

n
on

d
eg

en
erated

sad
d
le

p
oin

ts
u
sin

g
th

e
n
egative

cu
rvatu

re.
G

e
et

al.
(2015

);
J
in

et
al.

(2017)
sh

ow
ed

th
at

sim
p
le

(sto
ch

astic)
grad

ien
t

d
escen

t
w

ith
an

in
jected

u
n
iform

n
oise

over
a

sm
all

b
all

is
ab

le
to

con
verge

to
ap

-
p
rox

im
ate

lo
cal

m
in

im
a.

C
arm

on
et

al.
(2018);

R
oyer

an
d

W
righ

t
(201

8);
A

llen
-Z

h
u

(2018)
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S
t
o
c
h
a
st

ic
V
a
r
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n
c
e
-R

e
d
u
c
e
d

C
u
b
ic

R
e
g
u
l
a
r
iz
a
t
io
n
M
e
t
h
o
d
s

sh
ow

ed
th

at
b
y
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e
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b
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d
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con
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p
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d
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>
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p
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p
tion

w
e

n
eed

to
p
rove

ou
r

th
eo

retica
l

resu
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n
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∆
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∆
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∆
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∆
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∆
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d
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n
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p
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d
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.
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a
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d
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n
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b
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c
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∈
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ra
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h∈
R
d

〈g
,h〉

+
12 〈h

,H
h〉

+
θ6 ‖

h‖
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u
d
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o
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p
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h
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p
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con
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p
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ra
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b
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b
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b
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p
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∆
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p
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p
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R
e
m

a
rk

8
N

o
te

th
a
t

th
ere

is
a

log
d

term
in

th
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b
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b
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b
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w
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p
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=
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=
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=
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R
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w
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re
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P
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h
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p
le

d
cu

bi
c

re
gu

la
ri

za
ti

o
n

(K
o
h
le

r
a
n

d
L

u
cc

h
i,

2
0
1
7
;

X
u

et
a
l.

,
2
0
1
7
b)

re
qu

ir
es
Õ
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h
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h
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.
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p
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p
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r
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p
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p
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h
it

z

C
R

O
(

n
ε3
/
2

)
O
(

1
ε3
/
2

)
n
o

ye
s

S
C

R
Õ
(

n
ε3
/
2

+
1
ε5
/
2

) 2
O
(

1
ε3
/
2

)
ye

s
ye

s

S
V

R
C

Õ
( n

+
n
4
/
5

ε3
/
2

)
O
(

1
ε3
/
2

)
n
o

ye
s

(A
lg

or
it

h
m

1)

T
ab

le
1:

C
om

p
ar

is
on

s
b

et
w

ee
n

d
iff

er
en

t
m

et
h
o
d
s

to
fi
n
d

(ε
,√
L
2
ε)

-l
o
ca

l
m

in
im

u
m

on
th

e
se

co
n
d
-o

rd
er

or
ac

le
(S

O
)

co
m

p
le

x
it

y
a
n
d

th
e

cu
b
ic

su
b
-p

ro
b
le

m
or

ac
le

(C
S
O

)
co

m
-

p
le

x
it

y.
T

h
e

co
m

p
ar

ed
m

et
h
o
d
s

in
cl

u
d
e

(1
)

C
R

:
C

u
b
ic

re
gu

la
ri

za
ti

on
(N

es
te

ro
v

an
d

P
ol

ya
k
,

20
06

)
an

d
(2

)
S
C

R
:

S
u
b
sa

m
p
le

d
cu

b
ic

re
gu

la
ri

za
ti

on
(K

oh
le

r
an

d
L

u
cc

h
i,

20
17

;
X

u
et

al
.,

20
17

b
).

2
.

It
is

th
e

re
fi

n
ed

ra
te

p
ro

v
ed

b
y

X
u

et
a
l.

(2
0
1
7
b

)
fo

r
th

e
su

b
sa

m
p

le
d

cu
b

ic
re

g
u

la
ri

za
ti

o
n

a
lg

o
ri

th
m

p
ro

p
o
se

d
in

K
o
h

le
r

a
n

d
L

u
cc

h
i

(2
0
1
7
).
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Z
h
o
u
,
X
u
a
n
d

G
u

5
.

S
V

R
C

w
it

h
In

e
x
a
ct

O
ra

cl
e
s

In
p
ra

ct
ic

e,
th

e
ex

ac
t

so
lu

ti
on

to
th

e
cu

b
ic

su
b
p
ro

b
le

m
(7

)
ca

n
n
ot

b
e

ob
ta

in
ed

.
In

st
ea

d
,

on
e

ca
n

on
ly

ge
t

a
n

ap
p
ro

x
im

at
e

so
lu

ti
on

b
y

so
m

e
in

ex
ac

t
so

lv
er

.
T

h
u
s

w
e

re
p
la

ce
th

e
C

S
O

or
ac

le
in

(4
)

w
it

h
th

e
fo

ll
ow

in
g

in
ex

ac
t

C
S
O

or
ac

le

h̃
so
l
≈

ar
gm

in
h
∈R

d

〈g
,h
〉+

1 2
〈h
,H

h
〉+

θ 6
‖h
‖3 2
.

T
o

an
al

y
ze

th
e

p
er

fo
rm

an
ce

of
S
V

R
C

w
it

h
in

ex
ac

t
cu

b
ic

su
b
p
ro

b
le

m
so

lv
er

,
w

e
re

la
x

th
e

ex
ac

t
so

lv
er

h
s t

in
L

in
e

10
of

A
lg

or
it

h
m

1
w

it
h

h̃
s t
≈

ar
gm

in
m
s t
(h

).
(1

5
)

T
h
e

u
lt

im
at

e
go

al
of

th
is

se
ct

io
n

is
to

p
ro

ve
th

at
th

e
th

eo
re

ti
ca

l
re

su
lt

s
of

S
V

R
C

st
il
l

h
o
ld

w
it

h
in

ex
ac

t
su

b
p
ro

b
le

m
so

lv
er

s.
T

o
th

is
en

d
,

w
e

p
re

se
n
t

th
e

fo
ll
ow

in
g

su
ffi

ci
en

t
co

n
d
it

io
n
,

u
n
d
er

w
h
ic

h
in

ex
ac

t
so

lu
ti

on
ca

n
en

su
re

th
e

sa
m

e
or

ac
le

co
m

p
le

x
it

y
a
s

th
e

ex
a
ct

so
lu

ti
o
n
:

C
o
n

d
it

io
n

1
1

(I
n

e
x
a
c
t

C
o
n

d
it

io
n

)
F

o
r

ea
ch

s,
t

a
n

d
a

gi
ve

n
δ
>

0
,

h̃
s t

sa
ti

sfi
es

δ-
in

ex
a
ct

co
n

d
it

io
n

if
h̃
s t

sa
ti

sfi
es

m
s t
(h̃

s t
)
≤
−
M
s,
t

12
‖h̃

s t
‖3 2

+
δ,

‖∇
m
s t
(h̃

s t
)‖

2
≤
M

1
/
3

s,
t
δ2
/
3
,

∣ ∣ ‖
h̃
s t
‖ 2
−
‖h

s t
‖ 2
∣ ∣ ≤

M
−
1
/
3

s,
t

δ1
/
3
.

R
e
m

a
rk

1
2

S
im

il
a
r

in
ex

a
ct

co
n

d
it

io
n

s
h
a
ve

be
en

st
u

d
ie

d
in

th
e

li
te

ra
tu

re
o
f

cu
bi

c
re

gu
la

r-
iz

a
ti

o
n

.
F

o
r

in
st

a
n

ce
,

N
es

te
ro

v
a
n

d
P

o
ly

a
k

(2
0
0
6
)

p
re

se
n

te
d

a
p
ra

ct
ic

a
l

w
a
y

to
so

lv
e

th
e

cu
bi

c
su

bp
ro

bl
em

w
it

h
o
u

t
te

rm
in

a
ti

o
n

co
n

d
it

io
n

.
C

a
rt

is
et

a
l.

(2
0
1
1
a
);

K
o
h
le

r
a
n

d
L

u
cc

h
i

(2
0
1
7
)

p
re

se
n

te
d

te
rm

in
a
ti

o
n

cr
it

er
ia

fo
r

a
p
p
ro

xi
m

a
te

so
lu

ti
o
n

to
cu

bi
c

su
bp

ro
bl

em
,

w
h
ic

h
is

sl
ig

h
tl

y
d
iff

er
en

t
fr

o
m

C
o
n

d
it

io
n

1
1
.

N
ow

w
e

p
re

se
n
t

th
e

co
n
ve

rg
en

ce
re

su
lt

of
S
V

R
C

w
it

h
in

ex
ac

t
C

S
O

or
ac

le
s:

T
h

e
o
re

m
1
3

S
u

p
po

se
th

a
t

fo
r

ea
ch
s,
t,

h̃
s t

is
a
n

in
ex

a
ct

so
lv

er
o
f

cu
bi

c
su

bp
ro

bl
em

m
s t
(h

),
w

h
ic

h
sa

ti
sfi

es
C

o
n

d
it

io
n

1
1
.

U
n

d
er

th
e

sa
m

e
co

n
d
it

io
n

s
o
f

T
h
eo

re
m

6
,

th
e

o
u

tp
u

t
o
f

A
lg

o
-

ri
th

m
1

sa
ti

sfi
es

E[
µ

(x
o
u
t)

]
≤

24
0
C

2 M
L
1
/
2

2
∆
F

S
T

+
48

0
C

2 M
L
1
/
2

2
δ.

(1
6
)

R
e
m

a
rk

1
4

B
y

th
e

d
efi

n
it

io
n

o
f
µ

(x
),

in
o
rd

er
to

a
tt

a
in

a
n

(ε
,√
L
2
ε)

-a
p
p
ro

xi
m

a
te

lo
ca

l

m
in

im
u

m
,

w
e

re
qu

ir
e
E[
µ

(x
o
u
t)

]
≤
ε3
/
2

a
n

d
th

u
s

48
0C

2 M
L
1
/
2

2
δ
<
ε3
/
2
,

w
h
ic

h
im

p
li

es
th

a
t
δ

in
C

o
n

d
it

io
n

1
1

sh
o
u

ld
sa

ti
sf

y
δ
<

(4
80
C

2 M
L
1
/
2

2
)−

1
ε3
/
2
.

T
h
u

s
th

e
to

ta
l

it
er

a
ti

o
n

co
m

p
le

xi
ty

o
f

A
lg

o
ri

th
m

1
w

it
h

in
ex

a
ct

o
ra

cl
e

is
st

il
l
O

(∆
F
L
1
/
2

2
ε−

3
/
2
).

B
y

th
e

sa
m

e
ch

oi
ce

of
p
ar

am
et

er
s,

A
lg

or
it

h
m

1
w

it
h

in
ex

ac
t

or
ac

le
ca

n
a
ch

ie
ve

a
re

d
u
c-

ti
on

in
S
O

ca
ll
s.
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S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
-R

e
d
u
c
e
d

C
u
b
ic

R
e
g
u
l
a
r
iz
a
t
io
n
M
e
t
h
o
d
s

C
o
ro

lla
ry

1
5

S
u

p
po

se
th

a
t

fo
r

ea
ch
s,t,

h̃
st

is
a
n

in
exa

ct
so

lver
o
f

cu
bic

su
bp

ro
blem

m
st (h

),

w
h
ich

sa
tisfi

es
C

o
n

d
itio

n
1
1

w
ith

δ
=

(9
60
C

2M
) −

1L
−
1
/
2

2
ε
3
/
2.

U
n

d
er

A
ssu

m
p
tio

n
1
,

let
th

e
cu

bic
regu

la
riza

tio
n

pa
ra

m
eter

M
s,t

=
M

=
C
M
L
2 ,

w
h
ere

C
M
≥

100
is

a
co

n
sta

n
t.

L
et

th
e

epoch
len

gth
T

=
n
1
/
5,

ba
tch

sizes
b
g

=
5
n
4
/
5

a
n

d
b
h

=
100

n
2
/
5

log
d

,
a
n

d
th

e
n

u
m

ber
o
f

epoch
s
S

=
m

a
x{

1
,480

C
2M
L
1
/
2

2
∆
F
n
−
1
/
5ε −

3
/
2}

.
T

h
en

A
lgo

rith
m

1
w

ill
fi

n
d

a
n

(ε, √
L
2 ε)-

a
p
p
ro

xim
a
te

loca
l

m
in

im
u

m
w

ith
in

O

(
n

+
∆
F √

L
2 n

4
/
5

ε
3
/
2

)
S

O
ca

lls
(17

)

a
n

d

O

(
∆
F √

L
2

ε
3
/
2

)
C

S
O

ca
lls.

(18
)

R
e
m

a
rk

1
6

It
is

w
o
rth

n
o
tin

g
th

a
t

even
w

ith
th

e
in

exa
ct

C
S

O
o
ra

cle
sa

tisfyin
g

C
o
n

d
itio

n
1
1
,

th
e

S
O

a
n

d
C

S
O

co
m

p
lexities

o
f

S
V

R
C

rem
a
in

th
e

sa
m

e
a
s

th
a
t

o
f

S
V

R
C

w
ith

exa
ct

C
S

O
o
ra

cle.
F

u
rth

erm
o
re,

th
is

resu
lt

a
lw

a
ys

h
o
ld

s
w

ith
a
n

y
in

exa
ct

cu
bic

su
b-p

ro
blem

so
lver.

6
.

L
ite

-S
V

R
C

fo
r

E
ffi

cie
n
t

H
e
ssia

n
S
a
m

p
le

C
o
m

p
le

x
ity

A
s

w
e

d
iscu

ssed
in

th
e

in
tro

d
u
ction

sectio
n
,

w
h
en

th
e

p
rob

lem
d
im

en
sion

d
is

relatively
h
ig

h
,

w
e

m
ay

w
an

t
to

fo
cu

s
m

ore
on

th
e

H
essian

sam
p
le

com
p
lex

ity
of

cu
b
ic

regu
larization

m
eth

o
d
s

th
an

th
e

secon
d
-ord

er
oracle

com
p
lex

ity.
In

th
is

section
,

w
e

p
resen

t
a

n
ew

algo-
rith

m
L

ite-S
V

R
C

b
ased

on
S
V

R
C

,
w

h
ich

trad
es

th
e

seco
n
d
-ord

er
oracle

com
p
lex

ity
for

a
m

o
re

a
ff

o
rd

a
b
le

H
essian

sam
p
le

com
p
lex

ity.
A

s
is

d
isp

layed
in

A
lgorith

m
2,

ou
r

L
ite-S

V
R

C
a
lg

o
rith

m
h
a
s

sim
ilar

stru
ctu

re
as

A
lgorith

m
1

w
ith

S
ep

o
ch

s
an

d
T

itera
tion

s
w

ith
in

each
ep

o
ch

.
A

t
th

e
t-th

iteration
of

th
e
s-th

ep
o
ch

,
w

e
also

u
se

a
sem

i-sto
ch

astic
grad

ien
t

ṽ
st

an
d

H
essia

n
U
st

to
rep

lace
th

e
fu

ll
grad

ien
t

an
d

fu
ll

H
essian

in
C

R
su

b
p
rob

lem
(3)

as
follow

s

ṽ
st

=
1

B
g
;s,t

∑it ∈
I
g [∇

f
it (x

st )−
∇
f
it (x̂

s) ]
+

g
s,

(19)

U
st

=
1B
h

∑j
t ∈
I
h [∇

2f
j
t (x

st )−
∇

2f
j
t (x̂

s) ]
+

H
s,

(20)

w
h
ere

x̂
s

is
th

e
referen

ce
p

oin
t

at
w

h
ich

g
s

an
d

H
s

are
com

p
u
ted

,
I
g

an
d
I
h

are
sam

p
lin

g
in

d
ex

sets
(w

ith
rep

lacem
en

t),
B
g
;s,t

an
d
B
h

are
sizes

of
I
g

an
d
I
h .

C
o
m

p
a
red

w
ith

S
V

R
C

(A
lgorith

m
1),

L
ite-S

V
R

C
u
ses

a
lite

version
of

sem
i-sto

ch
astic

g
ra

d
ien

t
ṽ
st .

N
o
te

th
at

th
e

ad
d
ition

al
H

essian
in

form
ation

in
th

e
sem

i-sto
ch

astic
grad

ien
t

in
(5

)
a
ctu

a
lly

in
creases

th
e

H
essian

sam
p
le

com
p
lex

ity.
T

h
erefore,

w
ith

th
e

goal
of

red
u
cin

g
th

e
H

essia
n

sa
m

p
le

com
p
lex

ity,
th

e
stan

d
ard

sem
i-sto

ch
astic

grad
ien

t
(J

oh
n
son

an
d

Z
h
an

g,
2
0
1
3
;

X
iao

a
n
d

Z
h
an

g,
2014)

is
u
sed

in
th

is
section

.
N

ote
th

at
sim

ilar
sem

i-sto
ch

astic
g
ra

d
ien

t
a
n
d

H
essian

h
ave

b
een

p
rop

osed
in

J
oh

n
son

an
d

Z
h
an

g
(2013);

X
iao

an
d

Z
h
an

g
(2

0
1
4
)

an
d

G
ow

er
et

al.
(2018);

W
ai

et
a
l.

(2017);
Z

h
ou

et
al.

(2018a);
W

an
g

et
al.

(201
8a,b

);
Z

h
a
n
g

et
a
l.

(2
018)

resp
ectively.

In
A

lgorith
m

2,
w

e
ch

o
ose

fi
x
ed

b
atch

size
o
f

sto
ch

astic
H

essia
n

a
s
B
h

=
|I
h |.

H
ow

ev
er,

th
e

b
atch

size
of

sto
ch

astic
g
rad

ien
t

is
ch

osen
ad

ap
tively

at
ea

ch
itera

tio
n
:

B
g
;s,t

=
D
g /‖x

st −
x̂
s‖

22 ,
(21)
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Z
h
o
u
,
X
u
a
n
d

G
u

w
h
ere

D
g

is
a

con
stan

t
on

ly
d
ep

en
d
in

g
on

n
an

d
d
.

A
lg

o
rith

m
2

S
am

p
le

effi
cien

t
sto

ch
astic

varian
ce-red

u
ced

cu
b
ic

regu
larization

m
eth

o
d

(L
ite-S

V
R

C
)

1
:

In
p

u
t:

b
atch

size
p
aram

eters
D
g ,B

h ,
cu

b
ic

p
en

alty
p
aram

eter{M
s,t }

,
ep

o
ch

n
u
m

b
er

S
,

ep
o
ch

len
gth

T
an

d
startin

g
p

oin
t

x
0 .

2
:

In
itia

liz
a
tio

n
x̂
1

=
x
0

3
:

fo
r
s

=
1,...,S

d
o

4
:

x
s0

=
x̂
s

5
:

g
s

=
∇
F

(x̂
s)

=
1n ∑

ni=
1 ∇

f
i (x̂

s),H
s

=
∇

2F
(x̂
s)

=
1n ∑

ni=
1 ∇

2f
i (x̂

s)

6
:

h
s0

=
argm

in
h∈

R
d
m
s0 (h

)
=
〈g
s,h〉

+
12 〈H

sh
,h〉

+
M
s
,0

6
‖
h‖

32

7
:

x
s1

=
x
s0

+
h
s0

8
:

fo
r
t

=
1,...,T

−
1

d
o

9
:

B
g
;s,t

=
D
g /‖

x
st −

x̂
s‖

22 ,t
>

0
1
0
:

S
am

p
le

in
d
ex

set
I
g ,I

h ⊆
[n

],|I
g |

=
B
g
;s,t ,|I
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Õ
( 1 ε

)
Õ
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/
2
).

T
h
er

ef
or

e,
w

e
om

it
it

fo
r

si
m

p
li
ci

ty
.

R
ec

al
l

th
e

in
ex

ac
t

cu
b
ic

su
b
p
ro

b
le

m
so

lv
er

d
efi

n
ed

in
S
ec

ti
on

5.
T

h
e

sa
m

e
in

ex
a
ct

C
S
O

or
ac

le
s

ca
n

al
so

b
e

u
se

d
in

A
lg

or
it

h
m

2.
In

w
h
at

fo
ll
ow

s,
w

e
p
re

se
n
t

th
e

co
n
ve

rg
en

ce
re

su
lt

of
L

it
e-

S
V

R
C

w
it

h
in

ex
ac

t
C

S
O

or
ac

le
s.

3
.

A
lt

h
o
u

g
h

th
e

re
fi

n
ed

S
C

R
in

X
u

et
a
l.

(2
0
1
7
b

)
d

o
es

n
o
t

n
ee

d
fu

n
ct

io
n

L
ip

sc
h

it
z,

th
e

o
ri

g
in

a
l

S
C

R
in

K
o
h

le
r

a
n

d
L

u
cc

h
i

(2
0
1
7
)

n
ee

d
s

it
.

4
.

In
W

a
n

g
et

a
l.

(2
0
1
8
a
),

b
o
th

a
lg

o
ri

th
m

s
n

ee
d

to
ca

lc
u

la
te
λ
m
in

(∇
2
F

(x
s t
))

a
t

ea
ch

it
er

a
ti

o
n

to
d

ec
id

e
w

h
et

h
er

th
e

a
lg

o
ri

th
m

sh
o
u

ld
co

n
ti

n
u

e,
w

h
ic

h
a
d

d
s

a
d

d
it

io
n

a
l
O

(n
)

H
es

si
a
n

sa
m

p
le

co
m

p
le

x
it

y.
W

e
ch

o
o
se

n
o
t

to
in

cl
u

d
e

th
is

in
to

th
e

re
su

lt
s

in
th

e
ta

b
le

.
5
.

F
o
r

S
V

R
C

(A
lg

o
ri

th
m

1
),

w
e

p
re

se
n
t

it
s

se
co

n
d

-o
rd

er
o
ra

cl
e

ca
ll

s
d

er
iv

ed
in

S
ec

ti
o
n

4
a
s

th
e

H
es

si
a
n

sa
m

p
le

co
m

p
le

x
it

y.
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S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
-R

e
d
u
c
e
d

C
u
b
ic

R
e
g
u
l
a
r
iz
a
t
io
n
M
e
t
h
o
d
s

T
h

e
o
re

m
2
2

S
u

p
po

se
th

a
t

fo
r

ea
ch
s,t,

h̃
st

is
a
n

in
exa

ct
so

lver
o
f

cu
bic

su
bp

ro
blem

m
st (h

)
sa

tisfyin
g

C
o
n

d
itio

n
1
1
.

T
h
en

u
n

d
er

th
e

sa
m

e
co

n
d
itio

n
s

o
f

T
h
eo

rem
1
8
,

th
e

o
u

tp
u

t
o
f

A
lgo

rith
m

2
sa

tisfi
es

E
[µ

(x
o
u
t )]≤

216
C

2M
L
1
/
2

2
∆
F

S
T

+
432

C
2M
L
1
/
2

2
δ.

(24)

In
a
d
d
itio

n
,

A
lgorith

m
2

w
ith

in
ex

act
ora

cle
can

also
red

u
ce

th
e

H
essian

sam
p
le

com
-

p
lex

ity,
w

h
ich

is
su

m
m

arized
in

th
e

fo
llow

in
g

corollary.

C
o
ro

lla
ry

2
3

S
u

p
po

se
th

a
t

fo
r

ea
ch
s,t,

h̃
st

is
a
n

in
exa

ct
so

lver
o
f

cu
bic

su
bp

ro
blem

m
st (h

)

sa
tisfyin

g
C

o
n

d
itio

n
1
1

w
ith

δ
=

(864C
2M
L
1
/
2

2
) −

1ε
3
/
2.

T
h
en

w
ith

th
e

sa
m

e
ch

o
ice

o
f

pa
-

ra
m

eters
in

C
o
ro

lla
ry

2
0
,

A
lgo

rith
m

2
w

ill
fi

n
d

a
n

(ε, √
L
2 ε)-a

p
p
ro

xim
a
te

loca
l

m
in

im
u

m
w

ith
in

Õ

(
n

+
∆
F √

L
2

ε
3
/
2
·n

2
/
3 )

stoch
a
stic

H
essia

n
eva

lu
a
tio

n
s,

a
n

d

O

(
∆
F √

L
2

ε
3
/
2

)
C

S
O

ca
lls.

8
.

E
x
p

e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

con
d
u
ct

ex
p

erim
en

ts
on

real
w

orld
d
atasets

to
su

p
p

ort
ou

r
th

eoretical
a
n
a
ly

sis
o
f

th
e

p
rop

osed
S
V

R
C

an
d

L
ite-S

V
R

C
a
lgorith

m
s.

W
e

in
vestigate

tw
o

n
o
n
con

vex
p
ro

b
lem

s
o
n

th
ree

d
iff

eren
t

d
atasets,

a
9
a
,

ijcn
n

1
an

d
co

vtype,
w

h
ich

are
all

com
m

on
d
atasets

u
sed

in
m

a
ch

in
e

learn
in

g
an

d
th

e
sizes

are
su

m
m

arized
in

T
ab

le
3.

8
.1

.
B

a
se

lin
e

A
lg

o
rith

m
s

D
ataset

sam
p
le

size
n

d
im

en
sion

d

a
9
a

32,561
123

co
vtype

581,012
54

ijcn
n

1
35,000

22

T
ab

le
3:

D
atasets

u
sed

in
ex

p
erim

en
ts.

T
o

va
lid

a
te

th
e

su
p

erior
p

erform
an

ce
of

th
e

p
ro

p
o
sed

S
V

R
C

(A
lgorith

m
1)

in
term

s
o
f

seco
n
d
-ord

er
oracles,

w
e

com
-

p
a
re

it
w

ith
th

e
follow

in
g

b
aselin

e
algo-

rith
m

s:
(1

)
tru

st-region
N

ew
ton

m
eth

-
o
d
s

(T
R

)
(C

on
n

et
al.,

2000);
(2)

A
d
ap

-
tive

C
u
b
ic

reg
u
larization

(C
artis

et
al.,

2
0
1
1
a
,b

);
(3

)
S
u
b
sam

p
led

C
u
b
ic

regu
lar-

iza
tio

n
(K

o
h
ler

an
d

L
u
cch

i,
2017);

(4)
G

ra
d
ien

t
C

u
b
ic

regu
larization

(C
arm

on
a
n
d

D
u
ch

i,
2
01

6)
an

d
(5)

S
to

ch
astic

C
u
-

b
ic

reg
u
la

riza
tio

n
(T

rip
u
ran

en
i
et

al.,
2018).

T
o

d
em

on
strate

th
e

im
p
rovem

en
t

of
L

ite-S
V

R
C

(A
lg

o
rith

m
2
)

on
H

essian
sam

p
le

com
p
lex

ity,
w

e
fu

rth
er

con
d
u
ct

ex
p

erim
en

ts
to

com
p
are

L
ite-S

V
R

C
w

ith
all

th
e

b
aselin

es
ab

ove
in

clu
d
in

g
S
V

R
C

.
In

ad
d
ition

,
w

e
also

com
p
are

L
ite-S

V
R

C
w

ith
(6)

S
V

R
C

-w
ith

ou
t

(W
an

g
et

al.,
2018a),

w
h
ich

fo
cu

ses
on

red
u
cin

g
th

e
H

essia
n

sam
p
le

com
p
lex

ity
as

w
ell.

In
ad

d
ition

,
th

ere
are

tw
o

versio
n
s

o
f

S
V

R
C

in
W

an
g

15
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Z
h
o
u
,
X
u
a
n
d

G
u

et
al.

(2018a),
b
u
t

th
e

on
e

b
ased

on
sam

p
lin

g
w

ith
ou

t
rep

lacem
en

t
p

erform
s

b
etter

in
b

oth
th

eory
an

d
ex

p
erim

en
ts.

W
e

th
erefore

o
n
ly

com
p
are

w
ith

th
is

on
e.

N
ote

th
at

th
e

S
V

R
C

algorith
m

s
in

W
an

g
et

al.
(2018b

);
Z

h
an

g
et

al.
(2

018)
are

essen
tially

th
e

sam
e

as
ou

r
L

ite-
S
V

R
C

algorith
m

,
ex

cep
t

in
th

e
ch

oice
of

b
atch

size
for

sto
ch

astic
H

essian
.

T
h
u
s

w
e

d
o

n
ot

com
p
are

ou
r

L
ite-S

V
R

C
w

ith
th

ese
algorith

m
s

(W
an

g
et

al.,
2018

b
;

Z
h
an

g
et

al.,
20

18).

8
.2

.
Im

p
le

m
e
n
ta

tio
n

D
e
ta

ils

F
or

S
u
b
sam

p
led

C
u
b
ic

an
d

S
V

R
C

-w
ith

ou
t,

th
e

sam
p
le

size
B
k

is
d
ep

en
d
en

t
on
‖
h
k ‖

2

(K
oh

ler
an

d
L

u
cch

i,
2017)

an
d
B
h

is
d
ep

en
d
en

t
on
‖h

st ‖
2

(W
an

g
et

al.,
2018a),

w
h
ich

m
ake

th
ese

tw
o

algorith
m

s
im

p
licit

algorith
m

s.
T

o
ad

d
ress

th
is

issu
e,

w
e

follow
th

e
su

g-
gestion

in
K

oh
ler

an
d

L
u
cch

i
(2017);

W
an

g
et

al.
(2018a)

an
d

u
se
‖
h
k−

1 ‖
2

an
d
‖
h
st−

1 ‖
2

in
stead

of‖h
k ‖

2
an

d
‖h

st ‖
2 .

F
u
rth

erm
ore,

w
e

ch
o
ose

th
e

p
en

alty
p
aram

eter
M
s,t

for
S
V

R
C

,
S
V

R
C

-w
ith

ou
t

an
d

L
ite-S

V
R

C
as

con
stan

ts
w

h
ich

are
su

ggested
b
y

th
e

origin
al

p
ap

ers
of

th
ese

algorith
m

s.
F

in
ally,

to
solve

th
e

C
R

su
b
-p

rob
lem

in
each

iteration
,

w
e

ch
o
ose

to
solve

th
e

su
b
-p

rob
lem

ap
p
rox

im
ately

in
th

e
K

ry
lov

su
b
sp

ace
sp

a
n
n
ed

b
y

H
essian

related
vectors,

as
u
sed

b
y

K
oh

ler
an

d
L

u
cch

i
(2017).

8
.3

.
N

o
n

c
o
n
v
e
x

O
p

tim
iz

a
tio

n
P

ro
b

le
m

s

In
th

is
su

b
section

,
w

e
form

u
late

th
e

n
on

con
vex

op
tim

ization
p
rob

lem
s

th
at

w
ill

b
e

stu
d
ied

in
ou

r
ex

p
erim

en
ts.

In
p
articu

lar,
w

e
ch

o
ose

tw
o

n
on

con
vex

regression
p
rob

lem
as

ou
r

ob
jectives

w
ith

th
e

follow
in

g
n
on

con
v
ex

regu
larizer

g
(λ
,γ
,x

)
=
λ
·

d
∑i=

1

(γ
x
i )
2

1
+

(γ
x
i )
2
,

(25)

w
h
ere

λ
,γ

are
th

e
con

trol
p
aram

eters
an

d
x
i

is
th

e
i-th

co
ord

in
ate

of
x

.
λ

an
d
γ

are
set

d
iff

eren
tly

for
each

d
ataset.

T
h
is

regu
larizer

h
as

b
een

w
id

ely
u
sed

in
n
on

con
vex

regression
p
rob

lem
,

w
h
ich

can
b

e
regard

ed
as

a
sp

ecial
ex

am
p
le

of
rob

u
st

n
o
n
lin

ear
regression

(R
ed

d
i

et
al.,

2016b
;

K
oh

ler
an

d
L

u
cch

i,
2017;

W
an

g
et

al.,
2018a).

8
.3
.1
.
L
o
g
ist

ic
R
e
g
r
e
ssio

n
w
it
h
N
o
n
c
o
n
v
e
x
R
e
g
u
l
a
r
iz
e
r

T
h
e

fi
rst

p
rob

lem
is

a
b
in

ary
logistic

regression
p
rob

lem
w

ith
a

n
on

con
vex

regu
larizer

g
(R

ed
d
i

et
al.,

2016b
).

G
iv

en
train

in
g

d
a
ta

x
i ∈

R
d

an
d

lab
el
y
i ∈
{0,1}

,
1
≤
i≤

n
,

ou
r

goal
is

to
solve

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

m
in

s∈
R
d

1n

n
∑i=

1 [y
i ·

log
φ

(s >
x
i )

+
(1−

y
i )·log

[1−
φ

(s >
x
i )] ]

+
g
(λ
,γ
,s),

(26)

w
h
ere

φ
(x

)
=

1
/
(1

+
ex

p
(−
x

))
is

th
e

sigm
oid

fu
n
ction

an
d
g

is
d
efi

n
ed

in
(25).

8
.3
.2
.
N
o
n
l
in
e
a
r
L
e
a
st

S
q
u
a
r
e
w
it
h
N
o
n
c
o
n
v
e
x
R
e
g
u
l
a
r
iz
e
r

A
n
oth

er
p
rob

lem
is

th
e

n
on

lin
ear

least
sq

u
are

p
rob

lem
w

ith
a

n
on

con
vex

regu
larizer

g
(λ
,γ
,x

)
d
efi

n
ed

in
(25).

T
h
e

n
on

lin
ear

least
sq

u
are

p
rob

lem
is

also
stu

d
ied

in
X

u
et

al.
(2017b

).
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S
t
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h
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V
a
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e
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e
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c
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C
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b
ic

R
e
g
u
l
a
r
iz
a
t
io
n
M
e
t
h
o
d
s

G
iv

en
tr

ai
n
in

g
d
at

a
x
i
∈
R
d

an
d
y i
∈
{0
,1
},

1
≤
i
≤
n

,
ou

r
go

al
is

to
m

in
im

iz
e

th
e

fo
ll
ow

in
g

p
ro

b
le

m

m
in

s∈
R
d

1 n

n ∑ i=
1

[ y
i
−
φ

(s
>

x
i)
] 2

+
g
(λ
,γ
,s

).
(2

7)

H
er

e
φ

(x
)

=
1/

(1
+

ex
p
(−
x

))
is

ag
ai

n
th

e
si

gm
oi

d
fu

n
ct

io
n

an
d
g

is
d
efi

n
ed

in
(2

5)
.

8
.4

.
E

x
p

e
ri

m
e
n
ta

l
R

e
su

lt
s

fo
r

S
V

R
C

In
th

is
su

b
se

ct
io

n
,

w
e

p
re

se
n
t

th
e

ex
p

er
im

en
ta

l
re

su
lt

s
fo

r
S
V

R
C

co
m

p
ar

ed
w

it
h

b
as

el
in

e
al

go
ri

th
m

s
(1

)-
(5

)
li
st

ed
in

S
ec

ti
on

8.
1.

H
er

e,
w

e
fi
x
λ

=
10

a
n
d
γ

=
1

of
th

e
n
on

co
n
ve

x
re

gu
la

ri
ze

r
g

in
(2

5)
fo

r
b

ot
h

th
e

lo
gi

st
ic

re
gr

es
si

on
an

d
th

e
n
on

li
n
ea

r
le

as
t

sq
u
ar

e
p
ro

b
le

m
s.

C
a
lc

u
la

ti
o
n

fo
r

S
O

c
a
ll
s:

F
or

S
u

bs
a
m

p
le

d
C

u
bi

c,
ea

ch
lo

op
ta

ke
s

(B
g

+
B
h
)

S
O

ca
ll
s,

w
h
er

e
B
g

an
d
B
h

ar
e

th
e

su
b
sa

m
p
li
n
g

si
ze

s
of

gr
ad

ie
n
t

an
d

H
es

si
a
n
.

F
or

S
to

ch
a
st

ic
C

u
bi

c,
ea

ch
lo

op
co

st
s

(n
g
+
n
h
)

S
O

ca
ll
s,

w
h
er

e
n
g

an
d
n
h

d
en

ot
e

th
e

su
b
sa

m
p
li
n
g

si
ze

s
of

gr
ad

ie
n
t

an
d

H
es

si
an

-v
ec

to
r

op
er

at
or

.
G

ra
d
ie

n
t

C
u

bi
c,

A
d
a
p
ti

ve
C

u
bi

c
an

d
T

R
co

st
n

S
O

ca
ll
s

in
ea

ch
lo

op
.

W
e

d
efi

n
e

th
e

am
ou

n
t

of
ep

o
ch

s
to

b
e

th
e

am
ou

n
t

of
S
O

ca
ll
s

d
iv

id
ed

b
y
n

.
P

a
ra

m
e
te

rs
:

F
or

ea
ch

al
go

ri
th

m
an

d
ea

ch
d
at

as
et

,
w

e
ch

o
os

e
d
iff

er
en

t
b g
,b
h
,T

fo
r

th
e

b
es

t
p

er
fo

rm
an

ce
.

M
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e
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b
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b
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.
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−
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−
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−
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≤
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−
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d
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(Y
i
−

Y
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∥ ∥ ∥ ∥ ∥q 2

=
E∥ ∥ ∥ ∥ ∥
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ξ i
(Y

i
−

Y
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∥ ∥ ∥ ∥ ∥q 2
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=
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∑
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∑
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d
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b
m

it
ti

n
g

(7
3)

,
(7

4)
in

to
(7

2)
y
ie

ld
s

E∥ ∥ ∥ ∥
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N
∑i=

1

Y
2i )

1
/
2 ∥∥∥∥
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‖
S
r ≤

p
1
/
r‖

A
‖
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/
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Y
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d
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w
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M
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w

h
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≥

1
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so
w

e
h
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e

[E ∥∥∥∥
N
∑i=

1

Y
2i ∥∥∥∥
q
/
2

2

]
2
/
q≤
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1 E
Y
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1
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m
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(78),(79)
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(76),

w
e
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e
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a

3
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P
ro
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f

W
e

h
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‖∇
F
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+
h
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F
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+
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∇
F
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st )−

∇
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st )h
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st

+
U
st h

+
(∇
F
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st )−
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+
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2F
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st )−
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st )h ∥∥
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∥∥∇

F
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st
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F
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st )−

∇
2F
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2
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∥∥∥
v
st

+
U
st h

+
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‖h‖

2 h ∥∥∥
2

+
‖∇

F
(x
st )−

v
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2
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2F
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st )−

U
st )h ∥∥

2
+
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‖
h‖
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w
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e

in
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ality
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in
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th
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h
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∇
F
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∇
2F
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L
2

2
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e
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eq
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A
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p
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d
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M
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F
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secon
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e
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∥∥∥
v
st

+
U
st h

+
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‖
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2 h ∥∥∥
2
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m
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22
+
M4
‖h‖

22 ,

w
h
ere

th
e

last
in

eq
u
ality

is
d
u
e

to
Y

ou
n
g’s

in
eq

u
ality.

P
u
ttin

g
all

th
ese

b
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∇

2F
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L
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2F
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L
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u
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h
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h
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−
λ
m
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2F
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+
h
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‖
h
st ‖

2
+
∥∥∇

2F
(x
st )−

U
st ∥∥

2
+
L
2 ‖

h‖
2

=
M2

(‖
h
st ‖
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‖
h‖

2 )
+
∥∥∇

2F
(x
st )−

U
st ∥∥

2
+
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2

+
M
/2)‖

h‖
2

≤
M
‖h‖

2
+
∥∥∇

2F
(x
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U
st ∥∥

2
+
M
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2 ∣∣,
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p
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∇
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ṽ
st ,

e
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∇
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w
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v
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=
g
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=
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e
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p
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u
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l
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b
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‖
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U ‖
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h
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≤
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ra
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b
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( ‖
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Õ

(n
2
/
3)

H
essian

m
atrices.

T
h
erefore,

th
e

total
sam

p
le

com
p
lex

ity
of

H
essian

fo
r

A
lg

o
rith

m
2

is
S
·
n

+
S
·
T
·
B
h

=
Õ
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s t
‖∇

F
(x
s t
)
−

ṽ
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g
a

gen
eral

lin
ear

op
erator,

an
d

con
stitu

tes
th

e
m

a
in

co
n
trib

u
tion

of
th

is
p
ap

er.
T

h
e

p
a
p

er
is

stru
ctu

red
as

follow
s:

In
S
ection

2
w

e
state

th
e

resu
lts

n
eed

ed
on

G
P

reg
ressio

n
a
n
d

G
P

s
u
n
d
er

lin
ear

tran
sform

ation
s.

O
u
r

m
ain

resu
lts

are
giv

en
in

S
ection

3,
w

h
ere

w
e

in
tro

d
u
ce

th
e

con
strain

ed
G

P
(C

G
P

)
an

d
p
resen

t
th

e
m

o
d
el

for
G

P
regression

u
n
d
er

lin
ea

r
in

eq
u
ality

con
strain

ts.
In

p
articu

lar,
given

som
e

train
in

g
d
a
ta

,
w

e
d
eriv

e
th

e
p

o
sterio

r
p
red

ictive
d
istrib

u
tion

of
th

e
C

G
P

evalu
ated

at
a

fi
n
ite

set
of

in
p
u
ts,

w
h
ich

is
a

co
m

p
o
u
n
d

G
au

ssian
w

ith
a

tru
n
cated

G
au

ssian
m

ean
(S

ection
3.1).

S
ection

3.2
p
resen

ts
an

a
lg

o
rith

m
fo

r
sa

m
p
lin

g
from

th
e

p
osterior,

an
d

p
aram

eter
estim

ation
is

ad
d
ressed

in
S
ection

3
.3

.
S
ectio

n
3
.4

an
d

S
ection

3.5
are

d
ed

icated
to

op
tim

ization
of

th
e

set
of

v
irtu

alob
servation

lo
ca

tio
n
s

n
eed

ed
to

en
su

re
th

at
th

e
con

stra
in

t
h
old

s
w

ith
su

ffi
cien

tly
h
igh

p
rob

ab
ility.

S
om

e
releva

n
t

a
ltern

a
tive

ap
p
roach

es
from

th
e

literatu
re

on
G

P
’s

u
n
d
er

lin
ea

r
con

strain
ts

are
d
iscu

ssed
in

S
ection

4,
follow

ed
u
p

b
y

n
u
m

erical
ex

am
p
les

con
sid

erin
g

m
on

oton
icity

an
d

b
o
u
n
d
ed

n
ess

co
n
strain

ts.
A

P
y
th

on
im

p
lem

en
tation

is
availab

le
at

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/

c
a
g
r
e
l
l
/
g
p
_
c
o
n
s
t
r
,

togeth
er

w
ith

th
e

co
d
e

u
sed

for
th

e
ex

am
p
les.

W
e

en
d

w
ith

som
e

co
n
clu

d
in

g
rem

ark
s

in
S
ection

5.
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A
g
r
e
l
l

2
.
G
a
u
ssia

n
P
ro

ce
sse

s
a
n
d
L
in
e
a
r
O
p
e
ra

to
rs

W
e

are
in

terested
in

G
P

regression
on

fu
n
ction

s
f

:R
n
x→

R
u
n
d
er

th
e

ad
d
ition

al
in

eq
u
ality

con
strain

t
a
(x

)≤
L

f(x
)≤

b(x
)

for
som

e
sp

ecifi
ed

fu
n
ction

s
a
(x

)
an

d
b(x

),
an

d
th

e
class

of
lin

ear
op

erators
{L|L

f
:
R
n
x
→

R
n
c}

.
H

ere
n
x

an
d
n
c

are
p

ositive
in

tegers,
an

d
th

e
su

b
scrip

ts
are

ju
st

u
sed

to
in

d
icate

th
e

relevan
t

u
n
d
erly

in
g

sp
a
ce

over
R

.
W

e
w

ill
m

ake
u
se

of
th

e
p
rop

erties
of

G
P

s
u
n
d
er

lin
ear

tran
sform

ation
s

given
b

elow
.

2
.1

.
G

a
u

ssia
n

P
ro

c
e
ss

R
e
g
re

ssio
n

W
e

con
sid

er
a

G
au

ssian
p
ro

cess
f
∼
GP

(µ
(x

),K
(x
,x
′))

given
as

a
p
rior

over
fu

n
ction

s
f

:R
n
x→

R
,

w
h
ich

is
sp

ecifi
ed

b
y

its
m

ea
n

an
d

covarian
ce

fu
n
ction

µ
(x

)
=

E
[f

(x
)]

:R
n
x→

R
,

K
(x
,x
′)

=
E

[(f
(x

)−
µ

(x
))(f

(x
′)−

µ
(x
′))]

:R
n
x ×

n
x→

R
.

(1)

L
et

x
d
en

ote
a

vector
in

R
n
x

an
d
X

th
e
N
×
n
x

m
atrix

of
N

su
ch

in
p
u
t

vectors.
T

h
e

d
istrib

u
tion

over
th

e
vector

f
of
N

laten
t

valu
es

corresp
o
n
d
in

g
to
X

is
th

en
m

u
ltivariate

G
au

ssian
w

ith
f|X
∼
N

(µ
(X

),K
(X
,X

)),

w
h
ere

K
(X
,X
′)

d
en

otes
th

e
G

ram
m

atrix
K

(X
,X
′)
i,j

=
K

(x
i ,x
′j )

for
tw

o
m

atrices
of

in
p
u
t

vectors
X

an
d
X
′.

G
iven

a
set

of
ob

servation
s
Y

=
[y

1 ,...,y
N

] T
,

an
d

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

relation
sh

ip
b

etw
een

th
e

laten
t

fu
n
ction

valu
es

an
d

ob
serv

ed
ou

tp
u
t

is
G

au
ssian

,
Y
|f∼

N
(f,σ

2I
N

),
th

e
p
red

ictive
d
istrib

u
tion

fo
r

n
ew

o
b
servation

s
X
∗

is
still

G
au

ssian
w

ith
m

ean
an

d
covarian

ce

E
[f ∗|X

∗,X
,Y

]
=
µ

(X
∗)

+
K

(X
∗,X

)[K
(X
,X

)
+
σ

2I
N

] −
1(Y
−
µ

(X
)),

cov
(f ∗|X

∗,X
,Y

)
=
K

(X
∗,X

∗)−
K

(X
∗,X

)[K
(X
,X

)
+
σ

2I
N

] −
1K

(X
,X
∗).

(2)

H
ere

f ∗|X
∗

is
th

e
p
red

ictive
d
istrib

u
tion

of
f

(X
∗)

an
d

f ∗|X
∗,X

,Y
is

th
e

p
red

ictive
p

osterior
given

th
e

d
ata

X
,Y

.
F

or
fu

rth
er

d
etails

see
e.g.

R
asm

u
ssen

an
d

W
illiam

s
(2005).

2
.2

.
L

in
e
a
r

O
p

e
ra

tio
n

s
o
n

G
a
u

ssia
n

P
ro

c
e
sse

s

L
et
L

b
e

a
lin

ear
op

erator
on

realization
s

of
f
∼
GP

(µ
(x

),K
(x
,x
′)).

A
s

G
P

s
are

closed
u
n
d
er

lin
ear

op
erators

(R
asm

u
ssen

an
d

W
illiam

s,
2005;

P
ap

ou
lis

an
d

P
illai,

2002),L
f

is
still

a
G

P
1.

W
e

w
ill

assu
m

e
th

at
th

e
op

erator
p
ro

d
u
ces

fu
n
ction

s
w

ith
ran

ge
in

R
n
c,

b
u
t

w
h
ere

th
e

in
p
u
t

d
om

ain
R
n
x

is
u
n
ch

an
ged

.
T

h
at

is,
th

e
op

erator
p
ro

d
u
ces

fu
n
ction

s
from

R
n
x

to
R
n
c.

T
h
is

ty
p

e
of

op
erators

on
G

P
s

h
as

also
b

een
con

sid
ered

b
y

S
ärk

k
ä

(201
1)

w
ith

ap
p
lication

s
to

sto
ch

astic
p
artial

d
iff

eren
tial

eq
u
ation

s.
T

h
e

m
ean

an
d

covarian
ce

ofL
f

are
given

b
y

ap
p
ly

in
g
L

to
th

e
m

ean
an

d
covarian

ce
of

th
e

argu
m

en
t:

E
[L
f

(x
)]

=
L
µ

(x
)

:R
n
x→

R
n
c,

cov
(L
f

(x
),L

f
(x
′))

=
L
K

(x
,x
′)L

T
:R

n
x ×

n
x→

R
n
c ×
n
c,

(3)

1
.

W
e

a
ssu

m
e

h
ere

th
a
t
L
f

ex
ists.

F
o
r

in
sta

n
ce,

ifL
in

v
o
lv

es
d

iff
eren

tia
tio

n
th

en
th

e
p

ro
cess

f
m

u
st

b
e

d
iff

eren
tia

b
le.

S
ee

e.g
.

(A
d

ler,
1
9
8
1
)

fo
r

d
eta

ils
o
n

p
rov

in
g

ex
isten

ce.
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G
P
s
w
it
h
L
in
e
a
r
In

e
q
u
a
l
it
y
C
o
n
st

r
a
in
t
s

an
d

th
e

cr
os

s-
co

va
ri

an
ce

is
gi

ve
n

as

co
v
(L
f

(x
),
f

(x
′ )

)
=
LK

(x
,x
′ )

:
R
n
x
×
n
x
→

R
n
c
,

co
v
(f

(x
),
Lf

(x
′ )

)
=
K

(x
,x
′ )
LT

:
R
n
x
×
n
x
→

R
n
c
.

(4
)

T
h
e

n
ot

at
io

n
LK

(x
,x
′ )

an
d
K

(x
,x
′ )
LT

is
u
se

d
to

in
d
ic

at
e

w
h
en

th
e

op
er

at
or

ac
ts

on
K

(x
,x
′ )

as
a

fu
n
ct

io
n

of
x

an
d

x
′

re
sp

ec
ti

ve
ly

.
T

h
at

is
,
LK

(x
,x
′ )

=
LK

(x
,·)

an
d

K
(x
,x
′ )
L

=
LK

(·,
x
′ )

.
W

it
h

th
e

tr
an

sp
os

e
op

er
at

or
th

e
la

tt
er

b
ec

om
es

K
(x
,x
′ )
LT

=
(L
K

(·,
x
′ )

)T
.

In
th

e
fo

ll
ow

in
g

se
ct

io
n
s

w
e

m
ak

e
u
se

of
th

e
p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
(2

),
w

h
er

e
ob

se
rv

at
io

n
s

co
rr

es
p

on
d

to
th

e
tr

an
sf

or
m

ed
G

P
u
n
d
er
L.

3
.
G
a
u
ss
ia
n
P
ro

ce
ss
e
s
w
it
h
L
in
e
a
r
In

e
q
u
a
li
ty

C
o
n
st
ra

in
ts

F
ol

lo
w

in
g

S
ec

ti
on

2.
1

an
d

S
ec

ti
on

2.
2,

w
e

le
t
f
∼
GP

(µ
(x

),
K

(x
,x
′ )

)
b

e
a

G
P

ov
er

re
al

va
lu

ed
fu

n
ct

io
n
s

on
R
n
x
,

an
d
L

a
li
n
ea

r
op

er
at

or
p
ro

d
u
ci

n
g

fu
n
ct

io
n
s

fr
om

R
n
x

to
R
n
c
.

T
h
e

m
at

ri
x
X

an
d

th
e

ve
ct

or
Y

w
il
l

re
p
re

se
n
t
N

n
oi

se
p

er
tu

rb
ed

ob
se

rv
at

io
n
s:
y i

=
f

(x
i)

+
ε i

w
it

h
ε i

i.
i.
d
.
N

(0
,σ

2
)

fo
r
i

=
1,
..
.,
N

.
W

e
w

ou
ld

li
ke

to
m

o
d
el

th
e

p
os

te
ri

or
G

P
co

n
d
it

io
n
ed

on
th

e
ob

se
rv

at
io

n
s
X
,Y

,
an

d
on

th
e

ev
en

t
th

at
a
(x

)
≤
Lf

(x
)
≤
b(

x
)

fo
r

tw
o

fu
n
ct

io
n
s
a
(x

),
b(

x
)

:
R
n
x
→

(R
∪
{−
∞
,∞
})
n
c
,

w
h
er

e
a
i(

x
)
<
b i

(x
)

fo
r

al
l

x
∈

R
n
x

an
d
i

=
1
,.
..
,n

c
.

T
o

ac
h
ie

ve
th

is
ap

p
ro

x
im

at
el

y,
w

e
st

ar
t

b
y

as
su

m
in

g
th

at
th

e
co

n
st

ra
in

t
a
(x

)
≤
Lf

(x
)
≤
b(

x
)

on
ly

h
ol

d
s

at
a

fi
n
it

e
se

t
of

in
p
u
ts

x
v 1
,.
..
,x

v S
th

at
w

e
re

fe
r

to
as

vi
rt

u
a
l

o
bs

er
va

ti
o
n

lo
ca

ti
o
n

s.
L

at
er

,
w

e
w

il
l

co
n
si

d
er

h
ow

to
sp

ec
if

y
th

e
se

t
of

v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
su

ch
th

at
th

e
co

n
st

ra
in

t
h
ol

d
s

fo
r

an
y

x
w

it
h

su
ffi

ci
en

tl
y

h
ig

h
p
ro

b
ab

il
it

y.
F

u
rt

h
er

m
or

e,
w

e
w

il
l

al
so

a
ss

u
m

e
th

at
vi

rt
u

a
l

o
bs

er
va

ti
o
n

s
of

th
e

tr
an

sf
or

m
ed

p
ro

ce
ss

,
Lf

(x
v i
),

co
m

es
w

it
h

ad
d
it

iv
e

w
h
it

e
n
oi

se
w

it
h

va
ri

an
ce
σ

2 v
.

W
e

ca
n

w
ri

te
th

is
as
a
(X

v
)
≤
Lf

(X
v
)

+
εv
≤
b(
X
v
),

w
h
er

e
X
v

=
[x
v 1
,.
..
,x

v S
]T

is
th

e
m

at
ri

x
co

n
ta

in
in

g
th

e
v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
an

d
εv

is
a

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
w

it
h

d
ia

go
n
al

co
va

ri
an

ce
of

el
em

en
ts
σ

2 v
.

W
e

w
il
l

m
ak

e
u
se

of
th

e
fo

ll
ow

in
g

n
ot

at
io

n
:

L
et
C̃

(X
v
)
∈

R
S
×
n
c

b
e

th
e

m
at

ri
x

w
it

h
ro

w
s

(C̃
(X

v
))
i

=
Lf

(x
v i
)

+
εv i

fo
r

i.
i.
d
.
εv i
∼
N

(0
,σ

2 v
I n

c
),

an
d

le
t
C

(X
v
)

d
en

o
te

th
e

ev
en

t

C
(X

v
)

:=
∩S i

=
1
{a

(x
v i
)
≤

(C̃
(X

v
))
i
≤
b(

x
v i
)}

.
C

(X
v
)

th
u
s

re
p
re

se
n
ts

th
e

ev
en

t
th

at
th

e
co

n
st

ra
in

t
a
(x

)
≤
Lf

(x
)

+
εv
≤
b(

x
)

is
sa

ti
sfi

ed
fo

r
al

l
p

oi
n
ts

in
X
v
,

an
d

it
is

d
efi

n
ed

th
ro

u
gh

th
e

la
te

n
t

va
ri

ab
le
C̃

(X
v
).

In
su

m
m

ar
y,

th
e

p
ro

ce
ss

w
e

w
il
l

co
n
si

d
er

is
st

at
ed

as

f
|X
,Y
,X

v
,C

(X
v
)

:=
f
|f

(X
)

+
ε

=
Y
,a

(X
v
)
≤
Lf

(X
v
)

+
εv
≤
b(
X
v
),

w
h
er

e
f

is
a

G
au

ss
ia

n
p
ro

ce
ss

,
X
,Y

is
th

e
tr

ai
n
in

g
d
at

a
an

d
X
v

ar
e

th
e

lo
ca

ti
on

s
w

h
er

e
th

e
tr

an
sf

or
m

ed
p
ro

ce
ss
Lf

+
εv

is
b

ou
n
d
ed

.
T

h
e

ad
d
it

iv
e

n
oi

se
ε

an
d
εv

ar
e

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
w

it
h

d
ia

go
n
al

co
va

ri
an

ce
m

at
ri

ce
s

of
el

em
en

ts
σ

2
an

d
σ

2 v
re

sp
ec

ti
ve

ly
.

H
er

e
w

e
as

su
m

e
th

at
ob

se
rv

at
io

n
s

of
al

l
p
ar

ts
of
Lf

co
m

es
w

it
h

i.
i.
d
.

w
h
it

e
n
oi

se
w

it
h

va
ri

an
ce
σ

2 v
.

T
h
e

re
as

on
fo

r
th

is
is

m
a
in

ly
fo

r
n
u
m

er
ic

al
st

ab
il
it

y,
w

h
er

e
w

e
in

co
m

p
u
ta

ti
on

s
w

il
l

ch
o
os

e
a

ti
n
y

va
ri

an
ce

to
ap

p
ro

x
im

at
e

n
oi

se
le

ss
ob

se
rv

at
io

n
s.

S
im

il
ar

ly
,
σ

2
m

ay
b

e
ch

os
en

as
a

fi
x
ed

sm
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f ∗|Y

,C
,

on
ly

th
e

m
ean

d
ep

en
d
s

on
sam

p
les

from
th

e
co

n
strain

t
d
istrib

u
tion

.
T

h
e

ch
allen

gin
g

p
art

of
th

is
p
ro

ced
u
re

is
th

e
seco

n
d

step
w

h
ere

sam
p
les

h
ave

to
b

e
d
raw

n
from

a
tru

n
cated

m
u
ltivariate

G
au

ssian
.

T
h
e

sim
p
lest

ap
p
roach

is
b
y

rejection
sam

p
lin

g,
i.e.

gen
eratin

g
sa

m
p
les

from
th

e
n
orm

al
d
istrib

u
tion

an
d

rejection
th

ose
th

at
fall

ou
tsid

e
th

e
b

ou
n
d
s.

In
ord

er
to

gen
erate

m
sam

p
les

w
ith

rejection
sam

p
lin

g,
th

e
ex

p
ected

n
u
m

b
er

of
sam

p
les

n
eed

ed
is
m
/p

(C
|Y

),
w

h
ere

th
e

accep
tan

ce
rate

is
th

e
p
rob

ab
ility

p
(C
|Y

)
giv

en
in

(7).
If

th
e

accep
tan

ce
rate

is
low

,
th

en
rejection

sam
p
lin

g
b

ecom
es

in
effi

cien
t,

an
d

an
altern

ative
ap

p
roach

su
ch

as
G

ib
b
s

sam
p
lin

g
(K

otech
a

an
d

D
ju

ric,
1999)

is
ty

p
ically

u
sed

.
In

ou
r

n
u
m

erical
ex

p
erim

en
ts

(p
resen

ted
in

S
ection

4.2)
w

e
m

ad
e

u
se

of
a

n
ew

m
eth

o
d

b
ased

on
sim

u
lation

v
ia

m
in

im
ax

tiltin
g

b
y

B
otev

(2017),
d
evelop

ed
for

h
igh

-d
im

en
sion

al
ex

act
sam

p
lin

g.
B

otev
(2017)

p
rove

stron
g

effi
cien

cy
p
rop

erties
an

d
d
em

on
strate

accu
rate

sim
u
lation

in
d
im

en
sion

s
d
∼

100
w

ith
sm

all
accep

tan
ce

p
rob

ab
ilities

(∼
10 −

1
0
0),

th
at

take
ab

ou
t

th
e

sam
e

tim
e

as
on

e
cy

cle
of

G
ib

b
s

sam
p
lin

g.
F

or
h
igh

er
d
im

en
sion

s
in

th
e
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ou
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d
s,

th
e

m
eth

o
d
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u
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ex
istin

g
G

ib
b
s

sam
p
lers

b
y

sam
p
lin

g
join

tly
h
u
n
d
red

s
of

h
igh

ly
correlated

variab
les.

In
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r
ex

p
erim

en
ts,

w
e

ex
p

erien
ced

th
at

th
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m
eth

o
d

w
orked

w
ell

in
cases

w
h
ere

G
ib

b
s

sam
p
lin

g
w

as
ch

allen
gin

g.
A

d
etailed

com
p
arison

w
ith

oth
er

sam
p
lin

g
altern

ativ
es

for
an

ap
p
lication

sim
ilar

to
ou

rs
is

also
given

in
(L

óp
ez-L

op
era

et
al.,

2018).
A

n
im

p
ortan

t
ob

servation
in

A
lgorith

m
3

is
th

at
for

in
feren

ce
at

a
n
ew

set
of

in
p
u
t

lo
cation

s
X
∗,

w
h
en

th
e

d
ata

X
,Y

an
d

v
irtu

al
ob

servation
lo

cation
s
X
v

are
u
n
ch

an
ged

,
th

e
sam

p
les

gen
erated

in
step

2
can

b
e

reu
sed

.
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n
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3
.3

.
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te
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E

st
im

a
ti

o
n
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m
at

e
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e
p
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C
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m
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n
al

m
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im
u
m
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ke

li
h
o
o
d

ap
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ro
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h
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L

E
).
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e
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efi

n
e

th
e

m
ar

gi
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al
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ke

li
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o
o
d

fu
n
ct

io
n

of
th

e
C

G
P

as

L
(θ

)
=
p
(Y
,C
|θ)

=
p
(Y
|θ)
p
(C
|Y
,θ

),
(8

)

i.
e.
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e
p
ro

b
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il
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y
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e
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a
Y
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d
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n
st

ra
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t
C
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b
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n
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t
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p
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n
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d
b
y
θ.
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e
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m
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th
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b
ot

h
th
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m
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n
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d
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ri
an
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n
ct
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n
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th

e
G

P
p
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(1

)
µ

(x
|θ)

an
d
K
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,x
′ |θ

)
m
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d
ep

en
d

on
θ.

T
h
e

lo
g-

li
ke
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h
o
o
d
,
l(
θ)

=
ln
p
(Y
|θ

)
+

ln
p
(C
|Y
,θ

),
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u
s

gi
ve

n
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th
e

su
m

of
th

e
u
n
co

n
st

ra
in

ed
lo

g-
li
ke

li
h
o
o
d
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ln
p
(Y
|θ

),
w

h
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h
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m
iz

ed
in

u
n
co

n
st

ra
in

ed
M

L
E

,
an

d
ln
p
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),
w

h
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h
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e

p
ro

b
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il
it

y
th

at
th

e
co

n
st

ra
in

t
h
ol

d
s

at
X
v

gi
ve

n
in

(7
).

In
(B

ac
h
o
c

et
al

.,
20

18
)

th
e
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th

or
s

st
u
d
y

th
e

as
y
m

p
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c

d
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tr
ib

u
ti
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n

o
f
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e

M
L

E
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r
sh
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n
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ra
in

ed
G

P
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d
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at
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r
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e
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m
p
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e
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t
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u
d
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e
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n
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ra
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th
e

M
L

E
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b
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ra
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L
E
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ta
k
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g
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e
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n
st

ra
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u
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b
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.
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ow
ev

er
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d
u
e

to
th

e
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d
ed

n
u
m
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al
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m
p
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x
it
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in
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m
iz

in
g

a
fu
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ct
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n

th
at
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u
d
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th
e

te
rm
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h
t

n
ot

b
e

w
or
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w

h
il
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E
ffi

ci
en

t
p
ar

am
et

er
es
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m

at
io

n
u
si

n
g

th
e

fu
ll

li
ke

li
h
o
o
d

(8
)

is
a

to
p
ic

of
fu

tu
re

re
se

ar
ch

.
In

th
e

n
u
m

er
ic

a
l

ex
p

er
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en
ts

p
re

se
n
te

d
in

th
is

p
ap

er
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w
e

th
er

ef
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e
m
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e

u
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of
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e
u
n
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ra
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M

L
E

.
T

h
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m
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b
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m
p
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e
m

o
d
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w
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h
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t
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n
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ra
in
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in

a
m
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e
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d

m
an

n
er
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3
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.
F

in
d
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V
ir
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a
l

O
b
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a
ti

o
n

L
o
c
a
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o
n
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F
or
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st

ra
in
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b
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y
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p
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b
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n
d
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⊂

R
n
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w
it

h
su
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en
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y
h
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h
p
ro

b
ab

il
it

y,
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e
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t
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v
ir

tu
al
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n

lo
ca

ti
on

s
X
v

h
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to
b

e
su

ffi
ci

en
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y
d
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.

W
e

w
il
l
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ec

if
y

a
ta
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et

p
ro

b
ab

il
it

y
p

ta
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et
∈
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)
an

d
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n
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a
se

t
X
v
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w
h
en

th
e
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n
st

ra
in
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ti

sfi
ed

at
al

l
v
ir

tu
al

lo
ca

ti
on

s
in
X
v
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e

p
ro
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il
it

y
th
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e
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n
st

ra
in

t
is
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ti

sfi
ed
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r

an
y

x
in

Ω
is

at
le

as
t
p

ta
rg

et
.

T
h
e

n
u
m

b
er

of
v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
n
ee

d
ed

d
ep

en
d
s

on
th

e
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o
ot

h
n
es

s
p
ro

p
er

ti
es

of
th

e
ke

rn
el

,
an

d
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r
a

gi
v
en

ke
rn

el
it

is
of

in
te

re
st

to
fi
n
d

a
se

t
X
v

th
at

is
eff

ec
ti

v
e

in
te

rm
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of
n
u
m

er
ic

al
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m
p
u
ta

ti
on

.
A

s
w

e
n
ee

d
to
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m

p
le
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a
tr

u
n
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te
d

G
au
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n
in
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g
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os
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va
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an
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s
b

et
w

ee
n

al
l
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en
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in
X
v
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w
e

w
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th
e

se
t
X
v

to
b

e
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al
l,

an
d

al
so

to
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d

p
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n
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in
X
v

cl
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e
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ge
th

er
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u
ld

le
ad

to
h
ig

h
se

ri
al
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rr

el
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io
n
.

S
ee

k
in

g
an

op
ti

m
al

se
t

of
v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
h
as

al
so

b
ee

n
d
is

cu
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ed
in

(W
an

g
an

d
B

er
ge

r,
20

16
;

G
ol

ch
i

et
al

.,
20

15
;

R
ii
h
im

k
i

an
d

V
eh

ta
ri

,
20

10
;

D
a

V
ei

ga
an

d
M

ar
re

l,
20

12
,

20
15

),
an

d
th

e
in

tu
it

iv
e

id
ea

is
to

it
er

at
iv

el
y

p
la

ce
v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
w

h
er

e
th

e
p
ro

b
ab

il
it

y
th

at
th

e
co

n
st

ra
in

t
h
o
ld

s
is

lo
w

.
T

h
e

ge
n
er

al
ap

p
ro

ac
h

p
re

se
n
te

d
in

th
is

se
ct

io
n

is
m

os
t

si
m

il
ar

to
th

at
of

W
an

g
an

d
B

er
ge

r
(2

01
6)

.
In

S
ec

ti
on

3.
5

w
e

ex
te

n
d

th
is

to
d
er

iv
e

a
m

or
e

effi
ci

en
t

m
et

h
o
d

fo
r

m
u
lt

ip
le

co
n
st

ra
in

ts
.

In
or

d
er

to
es

ti
m

at
e

th
e

p
ro

b
ab

il
it

y
th

at
th

e
co

n
st

ra
in

t
h
ol

d
s

at
so

m
e

n
ew

lo
ca

ti
on

x
∗
∈

Ω
,

w
e

fi
rs

t
d
er
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e

th
e

p
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te
ri

or
d
is

tr
ib

u
ti
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e

co
n
st

ra
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t
p
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L
e
m

m
a

4
T

h
e

p
re

d
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ti
ve

d
is

tr
ib

u
ti

o
n

o
f

th
e

co
n

st
ra

in
t
Lf
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∗ )
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r

so
m

e
n

ew
in

p
u

t
x
∗
∈

R
n
x
,
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n

d
it

io
n

o
n
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e

d
a
ta
Y

is
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ve
n
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Lf
(x
∗ )
|Y
∼
N
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µ
∗

+
Ã

2
(Y
−
µ

),
B̃

2
),

(9
)
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9

A
g
r
e
l
l

a
n

d
w

h
en
Lf

(x
∗ )

is
co

n
d
it

io
n

ed
o
n

bo
th

th
e

d
a
ta

a
n

d
vi
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u

a
l

co
n

st
ra

in
t

o
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er
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o
n
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X
,Y

a
n

d
X
v
,C

(X
v
),

th
e
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er
io

r
be

co
m

es

Lf
(x
∗ )
|Y
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∼
N

(L
µ
∗

+
Ã

(C
−
Lµ

v
)

+
B̃

(Y
−
µ

),
Σ̃

).
(1

0
)

H
er

e
L

,
v 1

,
A

1
,
B

1
a
n

d
L

1
a
re

d
efi

n
ed

a
s

in
L

em
m

a
2

,
C

is
th

e
d
is

tr
ib

u
ti

o
n

in
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a
n

d
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=
L
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=
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=
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\ṽ
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=
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X
v
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−
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T 2
v 1
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=
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=
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\ṽ
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=
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1
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=
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−
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.

T
h
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p
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n
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en
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T
h
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p
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d
ic

ti
v
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d
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tr
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u
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4
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d
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∈
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B
u
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w
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p
u
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w
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h
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w
it

h
X
∗ .
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p
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=
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−
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(ṽ
T 3
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d
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ra
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b
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x
)

+
ν

)
,

(1
1
)

w
h
er

e
ξ(

x
,X

v
)

=
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∅
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w
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w
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w
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o
n
s
C̃

(x
)

=
Lf

(x
∗ )

+
εv

th
at

co
m

e
w

it
h

n
oi

se
εv
∼
N

(0
,σ

2 v
),

w
e

ca
n

u
se
ν

=
m

ax
{σ

v
Φ
−

1
(p

ta
rg

et
),

0}
w

h
er

e
Φ

(·)
is

th
e

n
or

m
al

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n
.

N
ot

e
th

at
σ
v
,

an
d

in
th

is
ca

se
ν

,
w

il
l

b
e

sm
al

l
n
u
m

b
er

s
in

cl
u
d
ed

m
ai

n
ly

fo
r

n
u
m

er
ic

al
st

ab
il
it

y.
In

th
e

n
u
m

er
ic

a
l

ex
a
m

p
le

s
p
re

se
n
te

d
in

th
is

p
ap

er
th

is
n
oi

se
va

ri
an

ce
w

as
se

t
to

10
−

6
.

In
th

e
ca

se
w

h
er

e
X
v

=
∅,

co
m

p
u
ta

ti
on

of
(1

1)
is

st
ra

ig
h
tf

or
w

ar
d

as
ξ(

x
,X

v
)

is
G

a
u
ss

ia
n
.

O
th

er
w

is
e,

w
e

w
il
l

re
ly

on
th

e
fo

ll
ow

in
g

es
ti

m
at

e
of
p
c
(x

):

p̂
c
(x

)
=

1 m

m ∑ j=
1

P
(a

(x
)
−
ν
<

(L
f

(x
)|Y
,C

j
)
<
b(

x
)

+
ν

)
,

(1
2
)

w
h
er

e
C

1
,.
..
,C

m
ar

e
m

sa
m

p
le

s
of

C
gi

ve
n

in
(6

).
W

e
ou

tl
in

e
an

al
go

ri
th

m
fo

r
fi
n
d
in

g
a

se
t

of
v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s
X
v
,

su
ch

th
at

th
e

p
ro

b
ab

il
it

y
th

at
th

e
co

n
st

ra
in

t
h
ol

d
s

lo
ca

ll
y

at
an

y
x
∈

Ω
is

at
le

as
t
p

ta
rg

et
fo

r
so

m
e

sp
ec

ifi
ed

se
t

Ω
⊂

R
n
x

an
d
p

ta
rg

et
∈

[0
,1

).
T

h
at

is
,

m
in

x
∈Ω
p
c
(x

)
≥
p

ta
rg

et
.

T
h
e

a
lg

o
ri

th
m

ca
n

b
e

u
se

d
st

ar
ti

n
g

w
it

h
n
o

in
it

ia
l

v
ir

tu
al

ob
se

rv
at

io
n

lo
ca

ti
on

s,
X
v

=
∅,

o
r

u
si

n
g

so
m

e
p
re

-d
efi

n
ed

se
t
X
v
6=
∅.

T
h
e

la
tt

er
m

ay
b

e
u
se

fu
l

e.
g.

if
th

e
d
at

a
X
,Y

is
u
p

d
a
te

d
,

in
w

h
ic

h
ca

se
on

ly
a

fe
w

ad
d
it

io
n
s

to
th

e
p
re

v
io

u
s

se
t
X
v

m
ig

h
t

b
e

n
ee

d
ed

.

A
lg

o
ri

th
m

5
F

in
d
in

g
lo

ca
ti

o
n

s
o
f

vi
rt

u
a
l

o
bs

er
va

ti
o
n

s
X
v

s.
t.
p̂
c
(x

)
≥
p
ta
rg
et

fo
r

a
ll
x
∈

Ω
.

1
.

C
o
m

p
u

te
L

=
C
h
ol

(K
X
,X

+
σ

2
I N

).
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G
P
s
w
it
h
L
in
e
a
r
In

e
q
u
a
l
it
y
C
o
n
st

r
a
in
t
s

2
.

U
n

til
co

n
vergen

ce
d
o
:

(a
)

If
X
v6=
∅

co
m

p
u

te
A

1
a
n

d
B

1
a
s

d
efi

n
ed

in
L

em
m

a
2
,

a
n

d
gen

era
te
m

sa
m

p
les

C
1 ,...,C

m
o
f
C

given
in

(6).

(b)
If
X
v

=
∅

co
m

p
u

te
(x ∗,p ∗)

=
(arg

m
in
p
c (x

),p
c (x ∗)).

O
th

erw
ise

co
m

p
u

te
(x ∗,p ∗)

=
(a

rg
m

in
p̂
c (x

),p̂
c (x ∗))

w
ith

p̂
c

d
efi

n
ed

a
s

in
(12),

u
sin

g
th

e
sa

m
p
les

gen
era

ted
in

step
(a

).

(c)
T

erm
in

a
te

if
p ∗≥

p
ta
rget ,

o
th

erw
ise

u
pd

a
te
X
v→

X
v∪
{x ∗}.

T
h
e

ra
te

o
f

con
vergen

ce
of

A
lgorith

m
5

relies
on

th
e

p
rob

ab
ility

th
at

th
e

con
strain

t
h
o
ld

s
in

itia
lly,

P
(a

(x
)
<

(L
f

(x
)|Y

)
<
b(x

)),
an

d
for

p
ractical

ap
p
lication

on
e

m
ay

m
on

itor
p ∗

a
s

a
fu

n
ctio

n
of

th
e

n
u
m

b
er

of
v
irtu

al
ob

servation
lo

cation
s,|X

v|,
to

fi
n
d

an
ap

p
rop

riate
sto

p
p
in

g
criterion

.
W

ith
th

e
ex

cep
tion

of
low

d
im

en
sion

al
in

p
u
t

x
,
th

e
op

tim
ization

step
x
∗

=
arg

m
in
p̂
c (x

)
is

in
g
en

eral
a

h
ard

n
on

-con
vex

op
tim

ization
p
rob

lem
.

B
u
t

w
ith

resp
ect

to
h
ow

x
∗

an
d
p ∗

a
re

u
sed

in
th

e
algorith

m
,

som
e

sim
p
lifi

cation
s

can
b

e
ju

stifi
ed

.
F

irst,
w

e
n
ote

th
at

w
h
en

co
m

p
u
tin

g
p̂
c (x

)
w

ith
(12)

for
m

u
ltip

le
x

=
x

1 ,x
2 ,...,

th
e

sam
p
les

C
1 ,...,C

m
are

reu
sed

.
It

is
a
lso

n
o
t

n
ecessary

to
fi
n
d

th
e

th
e

ab
solu

te
m

in
im

u
m

,
as

lon
g

as
a

sm
a
ll

en
o
u

gh
valu

e
is

fo
u
n
d

in
ea

ch
iteration

.
W

ith
in

th
e

glob
al

op
tim

ization
on

e
m

igh
t

th
erefo

re
d
ecid

e
to

stop
a
fter

th
e

fi
rst

o
ccu

rren
ce

of
p̂
c (x

)
less

th
an

som
e

th
resh

old
va

lu
e.

W
ith

th
is

id
ea

on
e

cou
ld

a
lso

sea
rch

over
fi
n
ite

can
d
id

ate
sets

Ω
⊂

R
n
x,

u
sin

g
a

fi
x
ed

n
u
m

b
er

of
ran

d
om

p
o
in

ts
in

R
n
x.

T
h
is

a
p
p
roach

m
igh

t
p
ro

d
u
ce

a
larger

set
X
v,

b
u
t

w
h
ere

th
e

selectio
n

of
x
∗

is
faster

in
ea

ch
itera

tio
n
.

S
om

e
of

th
e

altern
ative

strategies
for

lo
catin

g
x
∗

in
A

lgorith
m

5
are

stu
d
ied

fu
rth

er
in

o
u
r

n
u
m

erical
ex

p
erim

en
ts

in
S
ection

4.2.
W

ith
th

e
a
b

ove
algorith

m
w

e
aim

to
im

p
ose

con
strain

ts
on

som
e

b
ou

n
d
ed

set
Ω
⊂

R
n
x.

H
ere

Ω
h
a
s

to
b

e
ch

osen
w

ith
resp

ect
to

b
oth

train
in

g
an

d
test

d
ata.

F
o
r

a
sin

gle
b

ou
n
d
ed

-
n
ess

co
n
stra

in
t,

it
m

igh
t

b
e

su
ffi

cien
t

th
at

th
e

con
strain

t
on

ly
h
old

s
a
t

th
e

p
oin

ts
x
∈
R
n
x

th
a
t

w
ill

b
e

u
sed

for
p
red

iction
.

B
u
t

if
w

e
con

sid
er

con
strain

ts
related

to
m

on
oton

icity
(see

E
x
a
m

p
le

1
,

S
ection

4.2),
d
ep

en
d
en

cy
w

ith
resp

ect
to

th
e

laten
t

fu
n
ction

’s
p
rop

erties
a
t

th
e

tra
in

in
g

lo
cation

s
is

lost
w

ith
th

is
strategy.

In
th

e
ex

am
p
les

w
e

give
in

th
is

p
ap

er
w

e
co

n
sid

er
a

con
vex

set
Ω

,
in

p
articu

lar
Ω

=
[0,1] n

x,
an

d
assu

m
e

th
at

train
in

g
d
a
ta,

test
d
a
ta

a
n
d

a
n
y

in
p
u
t

relevan
t

for
p
red

iction
lies

w
ith

in
Ω

.

3
.5

.
S

e
p

a
ra

tin
g

V
irtu

a
l

O
b

se
rv

a
tio

n
L

o
c
a
tio

n
s

fo
r

S
u

b
-o

p
e
ra

to
rs

L
et
L

b
e

a
lin

ear
op

erator
d
efi

n
ed

b
y

th
e

colu
m

n
v
ector

[F
1 ,...,F

k ],
w

h
ere

each
F
i

is
a

lin
ea

r
o
p

era
tor

leav
in

g
b

oth
th

e
d
om

ain
an

d
ran

ge
of

its
argu

m
en

t
u
n
ch

an
ged

,
i.e.
F
i

p
ro

d
u
ces

fu
n
ction

s
from

R
n
x

to
R

,
su

b
jected

to
an

in
terval

con
strain

t
[a
i (x

),b
i (x

)].
U

n
til

n
ow

w
e

h
av

e
a
ssu

m
ed

th
at

th
e

con
strain

h
old

s
at

a
set

of
v
irtu

al
ob

servation
lo

cation
s
X
v,

w
h
ich

m
ea

n
s

th
at
a
i (X

v)≤
F
i f

(X
v)≤

b
i (X

v)
for

all
i

=
1,...,k

.
H

ow
ever,

it
m

igh
t

n
ot

b
e

n
ecessary

to
con

strain
each

of
th

e
su

b
-op

eratorsF
i

at
th

e
sam

e
p

o
in

ts
x
v∈

X
v.

In
tu

itively,
con

strain
ts

w
ith

resp
ect

toF
i
n
eed

on
ly

b
e

im
p

o
sed

at
lo

cation
s

w
h
ere

p
(F

i f
(x

)
/∈

[a
i (x

),b
i (x

)])
is

large.
T

o
accom

m
o
d
ate

th
is

w
e

let
X
v

b
e

th
e

con
cate-

n
a
tion

o
f

th
e

m
atrices

X
v
,1,...,X

v
,k

an
d

d
efi

n
eL

T
f

(X
v)

=
[F

T1
f

(X
v
,1),...,F

Tk
f

(X
v
,1)] T

.
T

h
is

is
eq

u
iva

len
t

to
rem

ov
in

g
som

e
of

th
e

row
s

in
L

(·)(X
v),

an
d

all
of

th
e

resu
lts

in
th

is
p
a
p

er
still

a
p
p
ly.

In
th

is
settin

g
w

e
can

im
p
rove

th
e

algorith
m

in
S
ection

3.4
fo

r
fi
n
d
in

g
th

e
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A
g
r
e
l
l

set
of

v
irtu

al
ob

servation
lo

cation
s

b
y

con
sid

erin
g

each
su

b
-op

erator
in

d
iv

id
u
ally.

T
h
is

is
ach

ieved
u
sin

g
th

e
estim

ated
p
artial

con
strain

t
p
rob

ab
ilities,

p
c,i (x

),
th

at
w

e
d
efi

n
ed

as
in

(11)
b
y

con
sid

erin
g

on
ly

th
e

i-th
su

b
-op

erator.
W

e
m

ay
th

en
u
se

th
e

estim
ate

p̂
c,i (x

)
=

1m

m
∑j=

1

P
(a
i (x

)−
ν
<

(L
f

(x
)|Y
,C

j )
i
<
b
i (x

)
+
ν

)
,

(13)

w
h
ere

(L
f

(x
)|Y
,C

j )
i
is

th
e

u
n
ivariate

N
orm

ald
istrib

u
tion

given
b
y

th
e
i-th

row
of

(L
f

(x
)|Y

,C
j ),

an
d
C

1 ,...,C
m

are
m

sam
p
les

of
C

given
in

(6)
as

b
efore.

A
lgorith

m
5

can
th

en
b

e
im

-
p
roved

b
y

m
in

im
izin

g
(13)

w
ith

resp
ect

to
b

oth
x

an
d
i

=
1,...k

.
T

h
e

d
etails

are
p
resen

ted
in

A
p
p

en
d
ix

C
,

A
lgorith

m
7.

3
.6

.
P

re
d

ic
tio

n
u

sin
g

th
e

P
o
ste

rio
r

D
istrib

u
tio

n

F
or

th
e

u
n
con

strain
ed

G
P

in
th

is
p
ap

er
w

h
ere

th
e

likelih
o
o
d

is
given

b
y

G
au

ssian
w

h
ite

n
oise,

th
e

p
osterior

m
ean

an
d

covarian
ce

is
su

ffi
cien

t
to

d
escrib

e
p
red

iction
s

as
th

e
p

osterior
rem

ain
s

G
au

ssian
.

It
is

also
k
n
ow

n
th

at
in

th
is

case
th

ere
is

a
corresp

on
d
en

ce
b

etw
een

th
e

p
osterior

m
ean

of
th

e
G

P
an

d
th

e
op

tim
al

estim
ator

in
th

e
R

ep
ro

d
u
cin

g
K

ern
el

H
ilb

ert
S
p
ace

(R
K

H
S
)

asso
ciated

w
ith

th
e

G
P

(K
im

eld
orf

an
d

W
ah

b
a
,

1970).
T

h
is

is
a

H
ilb

ert
sp

ace
of

fu
n
ction

s
d
efi

n
ed

b
y

th
e

p
ositive

sem
id

efi
n
ite

kern
el

of
th

e
G

P
.

In
terestin

gly,
a

sim
ilar

corresp
on

d
en

ce
h
old

s
for

th
e

con
strain

ed
case.

M
aatou

k
et

al.
(2016)

sh
ow

th
at

for
con

strain
ed

in
terp

olation
,
th

e
M

ax
im

u
m

A
P

o
sterio

ri
(M

A
P

)
or

m
o
d
e

of
th

e
p

osterior
is

th
e

op
tim

al
con

strain
ed

in
terp

olation
fu

n
ction

in
th

e
R

K
H

S
,

an
d

also
illu

strate
in

sim
u
lation

s
th

at
th

e
u
n
con

strain
ed

m
ean

an
d

con
strain

ed
M

A
P

coin
cid

e
on

ly
w

h
en

th
e

u
n
con

strain
ed

m
ean

satisfi
es

th
e

con
strain

t.
T

h
is

h
old

s
w

h
en

th
e

G
P

is
con

strain
ed

to
a

con
vex

set
of

fu
n
ction

s,
w

h
ich

is
th

e
case

in
th

is
p
ap

er
w

h
ere

w
e

con
d
ition

on
lin

ear
tran

sform
ation

s
o
f

a
fu

n
ction

restricted
to

a
con

v
ex

set.

3
.7

.
A

n
A

lte
rn

a
tiv

e
A

p
p

ro
a
ch

b
a
se

d
o
n

C
o
n

d
itio

n
a
l

E
x
p

e
c
ta

tio
n

s

D
a

V
eiga

an
d

M
arrel

(2012,
2015)

p
rop

ose
an

ap
p
roach

for
ap

p
rox

im
atin

g
th

e
fi
rst

tw
o

m
o-

m
en

ts
of

th
e

con
strain

ed
p

osterior,
f ∗|Y

,C
,

u
sin

g
con

d
ition

al
ex

p
ectation

s
of

th
e

tru
n
cated

m
u
ltivariate

G
au

ssian
.

T
h
is

m
ean

s,
in

th
e

con
tex

t
of

th
is

p
ap

er,
th

at
th

e
fi
rst

tw
o

m
om

en
ts

of
f ∗|Y

,C
are

com
p
u
ted

u
sin

g
th

e
fi
rst

tw
o

m
om

en
ts

of
th

e
laten

t
variab

le
C

.
T

o
ap

p
ly

th
is

id
ea

u
sin

g
th

e
form

u
lation

of
th

is
p
ap

er,
w

e
ca

n
m

ake
u
se

of
th

e
follow

in
g

resu
lt.

C
o
ro

lla
ry

6
L

et
th

e
m

a
trices

A
,
B

,
Σ

a
n

d
th

e
tru

n
ca

ted
G

a
u

ssia
n

ra
n

d
o
m

va
ria

ble
C

be
a
s

d
efi

n
ed

in
L

em
m

a
1
,

a
n

d
let

ν
,Γ

be
th

e
expecta

tio
n

a
n

d
co

va
ria

n
ce

o
f
C

.
T

h
en

th
e

expecta
tio

n
a
n

d
co

va
ria

n
ce

o
f

th
e

p
red

ictive
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p
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h
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=
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ra
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∂
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∂
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∂
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∂
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∂
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∈
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ra
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b
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p
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ra
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d
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b
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w
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p
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p
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d
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=
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d
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b
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ra
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b
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ra
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∂
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p
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b
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=
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p
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p
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a
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at
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p
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b
y

M
L

E
.

W
e

se
ar

ch
ov

er
a

ca
n
d
id

at
e

se
t

co
n
si

st
in

g
of

25
00

u
n
if

o
rm

sa
m

p
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p
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ra
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b
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ra
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p
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b
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ra
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b
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ra
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d
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b
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d
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b
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b
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ra
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b
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p
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p
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p
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p
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p
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d
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p
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d
in

th
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n
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b
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b
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d
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b
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b
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b
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secon
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p
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n
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p
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p
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ab
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d
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b
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p
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b
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p
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p
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con
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r
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p
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th

e
con

tex
t

of
S
tru

ctu
ral

R
eliab

ility
A

n
aly

sis
(S

R
A

),
w

h
ere

th
e

cap
acity

is
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d
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p
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b
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p
h
y
sical

p
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p
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p
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p
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d
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p
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d
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éb

as
ti

en
D

a
V

ei
ga

an
d

A
m

an
d
in

e
M

ar
re

l.
G

au
ss

ia
n

p
ro

ce
ss

re
gr

es
si

on
w

it
h

li
n
ea

r
in

eq
u
al

-
it

y
co

n
st

ra
in

ts
.

w
or

k
in

g
p
ap

er
or

p
re

p
ri

n
t,

10
20

15
.

33
JM

L
R

 2
0(

13
5)

:1
-3

6,
 2

01
9

A
g
r
e
l
l

A
le

x
an

d
er

G
.

d
e

G
.

M
at

th
ew

s,
J
am

es
H

en
sm

an
,

R
ic

h
ar

d
T

u
rn

er
,

an
d

Z
o
u
b
in

G
h
a
h
ra

m
a
n
i.

O
n

sp
ar

se
va

ri
at

io
n
al

m
et

h
o
d
s

an
d

th
e

k
u
ll
b
ac

k
-l

ei
b
le

r
d
iv

er
g
en

ce
b

et
w

ee
n

st
o
ch

a
st

ic
p
ro

ce
ss

es
.

In
A

rt
h
u
r

G
re

tt
on

an
d

C
h
ri

st
ia

n
C

.
R

ob
er

t,
ed

it
or

s,
P

ro
ce

ed
in

gs
o
f

th
e

1
9
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

a
n

d
S

ta
ti

st
ic

s,
v
ol

u
m

e
5
1

o
f

P
ro

ce
ed

-
in

gs
o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

p
ag

es
23

1–
23

9
.

P
M

L
R

,
0
9–

11
M

ay
20

1
6
.

D
N

V
G

L
.

R
ec

co
m

en
d
ed

P
ra

ct
ic

e:
C

or
ro

d
ed

p
ip

el
in

es
D

N
V

G
L

-R
P

-F
10

1.
D

N
V

G
L

,
H

ø
vi

k,
N

o
rw

a
y,

20
17

.

S
im

en
E

ld
ev

ik
,

C
h
ri

st
ia

n
A

gr
el

l,
A

n
d
re

as
H

af
ve

r,
an

d
F

ra
n
k

B
.

P
ed

er
se

n
.

A
I

+
S
a
fe

ty
:

S
af

et
y

im
p
li
ca

ti
on

s
fo

r
ar

ti
fi
ci

al
in

te
ll
ig

en
ce

an
d

w
h
y

w
e

n
ee

d
to

co
m

b
in

e
ca

su
a
l-

a
n
d

d
at

a-
d
ri

ve
n

m
o
d
el

s.
08

20
18

.
[O

n
li
n
e

p
os

it
io

n
p
ap

er
b
y

D
N

V
G

L
G

ro
u
p

T
ec

h
n
o
lo

g
y

a
n
d

R
es

ea
rc

h
;

h
tt

p
s:

//
ai

-a
n
d
-s

af
et

y.
d
n
v
gl

.c
om

/,
p

os
te

d
28

-A
u
gu

st
-2

01
8]

.

A
la

n
G

en
z.

N
u
m

er
ic

al
co

m
p
u
ta

ti
on

of
m

u
lt

iv
ar

ia
te

n
or

m
al

p
ro

b
ab

il
it

ie
s.

J
o
u

rn
a
l

o
f

C
o
m

-
p
u

ta
ti

o
n

a
l

a
n

d
G

ra
p
h
ic

a
l

S
ta

ti
st

ic
s,

1(
2)

:1
41

–1
49

,
19

92
.

A
la

n
G

en
z.

C
om

p
ar

is
on

of
m

et
h
o
d
s

fo
r

th
e

co
m

p
u
ta

ti
on

of
m

u
lt

iv
ar

ia
te

n
or

m
a
l

p
ro

b
a
b
il
i-

ti
es

.
J

o
u

rn
a
l

o
f

C
o
m

p
u

ta
ti

o
n

a
l

a
n

d
G

ra
p
h
ic

a
l

S
ta

ti
st

ic
s,

11
,

04
19

97
.

Z
ou

b
in

G
h
ah

ra
m

an
i.

P
ro

b
ab

il
is

ti
c

m
ac

h
in

e
le

ar
n
in

g
an

d
ar

ti
fi
ci

al
in

te
ll
ig

en
ce

.
N

a
tu

re
,

5
21

(7
55

3)
:4

52
–4

59
,

20
15

.

S
h
ir

in
G

ol
ch

i,
D

R
.

B
in

gh
am

,
H

C
h
ip

m
an

,
an

d
D

av
id

C
am

p
b

el
l.

M
on

ot
on

e
em

u
la

ti
o
n

o
f

co
m

p
u
te

r
ex

p
er

im
en

ts
.

S
IA

M
/
A

S
A

J
o
u

rn
a
l

o
n

U
n

ce
rt

a
in

ty
Q

u
a
n

ti
fi

ca
ti

o
n

,
3
:3

7
0
–
3
9
2
,

01
20

15
.

C
ar

l
J
id

li
n
g,

N
ik

la
s

W
ah

ls
tr

öm
,

A
d
ri

an
W

il
ls

,
an

d
T

h
o
m

as
B

S
ch

ö
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rć

ıa
T

ri
ll

o
s,

D
a
n

ie
l

S
a
n

z-
A

lo
n

so
,

a
n

d
R

u
iy

i
Y

a
n

g
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
9
-
2
6
1
.
h
t
m
l
.

JM
L

R
 2

0(
13

6)
:1

-3
7,

 2
01

9

G
a
r
ć
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la
ce

op
er

at
or

d
efi

n
ed

on
th

e
u
n
d
er

ly
in

g
m

a
n
if

o
ld

.

In
ad

d
it

io
n

to
gi

v
in

g
th

eo
re

ti
ca

l
su

p
p

or
t

fo
r

th
e

d
en

o
is

in
g

of
p

oi
n
t

cl
ou

d
s,

w
e

st
u
d
y

th
e

p
ra

ct
ic

al
u
se

of
lo

ca
l

re
gu

la
ri

za
ti

on
in

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
s.

O
u
r

an
al

y
ti

ca
ll
y

tr
a
ct

a
b
le

lo
ca

l-
re

gu
la

ri
za

ti
on

d
ep

en
d
s

on
a

p
ar

am
et

er
th

a
t

m
o
d
u
la

te
s

th
e

am
ou

n
t

of
lo

ca
li
za

ti
o
n
,

a
n
d

ou
r

an
al

y
si

s
su

gg
es

ts
th

e
ap

p
ro

p
ri

at
e

sc
a
li
n
g

of
sa

id
p
ar

am
et

er
w

it
h

th
e

le
ve

l
n
o
is

e
le

ve
l.

In
ou

r
n
u
m

er
ic

al
ex

p
er

im
en

ts
w

e
sh

ow
th

at
in

se
m

i-
su

p
er

v
is

ed
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
s

th
is

p
ar

am
et

er
m

ay
b

e
ch

os
en

b
y

cr
os

s-
va

li
d
a
ti

on
,

u
lt

im
at

el
y

p
ro

d
u
ci

n
g

cl
as

si
fi
ca

ti
o
n

ru
le

s
w

it
h

im
p
ro

ve
d

ac
cu

ra
cy

.
F

in
al

ly
,

w
e

p
ro

p
os

e
tw

o
al

te
rn

at
iv

e
d
en

oi
si

n
g

m
et

h
o
d
s

w
it

h
si

m
il
a
r

em
p
ir

ic
al

p
er

fo
rm

an
ce

th
at

ar
e

so
m

et
im

es
ea

si
er

to
im

p
le

m
en

t.
In

sh
or

t,
th

e
im

p
ro

ve
d

re
co

ve
ry

of
th

e
ge

om
et

ri
c

st
ru

ct
u
re

of
th

e
u
n
d
er

ly
in

g
p

oi
n
t

cl
ou

d
fa

ci
li
ta

te
d

b
y

(l
o
ca

l)
re

gu
la

ri
za

ti
on

tr
an

sl
at

es
in

to
im

p
ro

ve
d

gr
ap

h
-b

as
ed

d
at

a
a
n
al

y
si

s,
an

d
th

e
re

su
lt

s
se

em
to

b
e

ro
b
u
st

to
th

e
ch

oi
ce

of
m

et
h
o
d
ol

og
y.

1
.1

F
ra

m
e
w

o
rk

W
e

as
su

m
e

a
d
at

a
m

o
d
el

y i
=
x
i
+
z i
,

(1
)

w
h
er

e
th

e
u

n
o
bs

er
ve

d
p

oi
n
ts
x
i

ar
e

sa
m

p
le

d
fr

om
an

u
n
k
n
ow

n
m

-d
im

en
si

on
a
l

m
a
n
if

o
ld
M
,

th
e

ve
ct

or
s
z i
∈

R
d

re
p
re

se
n
t

n
oi

se
,

an
d
Y n

=
{y

1
,.
..
,y
n
}
⊆

R
d

is
th

e
o
b
se

rv
ed

d
a
ta

.
F

u
rt

h
er

ge
om

et
ri

c
an

d
p
ro

b
ab

il
is

ti
c

st
ru

ct
u
re

w
il
l

b
e

im
p

os
ed

to
p
ro

ve
ou

r
m

a
in

re
su

lt
s—

se
e

A
ss

u
m

p
ti

on
s

1
an

d
2

b
el

ow
.

O
u
r

an
al

y
si

s
is

m
ot

iv
at

ed
b
y

th
e

ca
se

,
o
ft

en
fo

u
n
d

in
ap

p
li
ca

ti
on

s,
w

h
er

e
th

e
n
u
m

b
er
n

of
d
at

a
p

oi
n
ts

an
d

th
e

am
b
ie

n
t

sp
ac

e
d
im

en
si

o
n
d

a
re

la
rg

e,
b
u
t

th
e

u
n
d
er

ly
in

g
in

tr
in

si
c

d
im

en
si

on
m

is
sm

al
l

or
m

o
d
er

at
e.

T
h
u
s,

th
e

d
a
ta

-
ge

n
er

at
in

g
m

ec
h
an

is
m

is
d
es

cr
ib

ed
(u

p
to

a
n
oi

sy
p

er
tu

rb
at

io
n
)

b
y
m
�

d
d
eg

re
es

o
f

2
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
isy

P
o
in

t
C

l
o
u
d
s

freed
o
m

.
W

e
a
im

to
u
n
cover

geom
etric

p
rop

erties
of

th
e

u
n
d
erly

in
g

m
an

ifold
M

from
th

e
o
b
served

d
ata
Y
n

b
y

u
sin

g
sim

ila
rity

grap
h
s.

T
h
e

set
of

vertices
of

th
ese

gra
p
h
s

w
ill

b
e

id
en

tifi
ed

w
ith

th
e

set
[n

]
:=
{1
,...,n}

—
so

th
at

th
e
i-th

n
o
d
e

corresp
on

d
s

to
th

e
i-th

d
ata

p
o
in

t—
a
n
d

th
e

w
eigh

t
W

(i,j)
b

etw
een

th
e
i-th

an
d
j-th

d
ata-p

oin
t

w
ill

b
e

d
efi

n
ed

in
term

s
o
f

a
sim

ila
rity

fu
n
ction

δ
:

[n
]×

[n
]→

[0,∞
).

T
h
e

fi
rst

q
u
estion

th
at

w
e

con
sid

er
is

h
ow

to
ch

o
ose

th
e

sim
ilarity

fu
n
ctio

n
so

th
at

δ(i,j)
a
p
p
rox

im
ates

th
e

h
id

d
en

E
u
clid

ean
d
istan

ce
δX

n
(i,j)

:=
|x
i −

x
j |.

F
u
ll

k
n
ow

led
ge

of
th

e
E

u
clid

ea
n

d
istan

ce
b

etw
een

th
e

laten
t

variab
les

x
i

w
ou

ld
allow

to
recov

er,
in

th
e

large
n

lim
it,

g
lo

b
a
l

geom
etric

featu
res

of
th

e
u
n
d
erly

in
g

m
an

ifold
.

T
h
is

m
otivates

th
e

id
ea

of
d
en

o
isin

g
th

e
o
b
served

p
oin

t
clou

d
Y
n

to
a
p
p
rox

im
ate

th
e

h
id

d
en

sim
ilarity

fu
n
ctio

n
δX

n
.

H
ere

w
e

w
ill

stu
d
y

a
fam

ily
of

sim
ilarity

fu
n
ction

s
b
ased

on
th

e
E

u
clid

ean
d
istan

ce
b

etw
een

lo
ca

l
avera

g
es

of
p

oin
ts

in
Y
n
,

i.e.
averages

of
th

e
lo

cal
m

easu
res.

W
e

d
efi

n
e

a
d
en

oised
d
a
ta

setȲ
n

=
{ y

1 ,...,y
n }

b
y

lo
cally

avera
gin

g
th

e
origin

al
d
a
taset,

an
d

w
e

th
en

d
efi

n
e

an
a
sso

cia
ted

sim
ilarity

fu
n
ction

δȲ
n
(i,j)

:=
| y
i −

y
j |.

In
its

sim
p
lest

form
,
y
i

is
d
efi

n
ed

b
y

averagin
g

all
p

oin
ts

in
Y
n

th
at

a
re

in
sid

e
th

e
b
all

of
ra

d
iu

s
r
>

0
cen

tered
arou

n
d
y
i ,

th
at

is,

y
i

:=
1N
i ∑j∈A

i y
j ,

(2)

w
h
ere

N
i

is
th

e
card

in
ality

ofA
i

:=
{j∈

[n
]

:
y
j ∈

B
(y
i ,r)}

.
A

s
d
iscu

ssed
in

S
u
b
section

1.3,
th

is
co

rresp
o
n
d
s

to
on

e
step

of
th

e
m

ean
-sh

ift
algorith

m
F

u
k
u
n
aga

an
d

H
ostetler

(1975).
N

o
te

th
at
Ȳ
n

(an
d

th
e

asso
ciated

sim
ilarity

fu
n
ction

δȲ
n
)

d
ep

en
d
s

on
r,

b
u
t

w
e

d
o

n
ot

in
clu

d
e

sa
id

d
ep

en
d
en

ce
in

ou
r

n
otation

for
sim

p
licity.

O
th

er
p

ossib
le

lo
cal

an
d

n
on

-lo
cal

avera
g
in

g
ap

p
roach

es
m

ay
b

e
con

sid
ered

.
W

e
w

ill
on

ly
an

aly
ze

th
e

ch
oice

m
ad

e
in

(2
)

a
n
d

w
e

w
ill

ex
p
lo

re
oth

er
con

stru
ction

s
n
u
m

erically.
In

tro
d
u
cin

g
th

e
n
otation

δX
n
(i,j)

=
|x
i −

x
j |,

δY
n
(i,j)

=
|y
i −

y
j |,

th
e

fi
rst

q
u
estion

th
at

w
e

stu
d
y

m
ay

b
e

form
a
lized

as
u
n
d
erstan

d
in

g
w

h
en

,
an

d
to

w
h
at

ex
ten

t,
th

e
sim

ilarity
fu

n
ction

δȲ
n

is
a

b
etter

ap
p
rox

im
ation

th
an

δY
n

(th
e

stan
d
ard

ch
oice)

to
th

e
h
id

d
en

sim
ilarity

fu
n
ction

δX
n
.

A
n

an
sw

er
is

given
in

T
h
eorem

1
b

elow
.

T
h
e

seco
n
d

q
u
estion

th
at

w
e

in
v
estigate

is
h
ow

an
im

p
rovem

en
t

in
th

e
ap

p
rox

im
ation

o
f

th
e

h
id

d
en

sim
ilarity

fu
n
ction

aff
ects

th
e

ap
p
rox

im
ation

of
th

e
L

ap
lace

B
eltram

i
op

er-
a
to

r
o
n

th
e

u
n
d
erly

in
g

m
an

ifold
M
.

S
p

ecifi
cally,

w
e

stu
d
y

h
ow

th
e

sp
ectra

l
con

verg
en

ce
o
f

g
ra

p
h
-L

a
p
la

cian
s

con
stru

cted
w

ith
n
oisy

d
ata

m
ay

b
e

im
p
roved

b
y

lo
cal

regu
larization

o
f

th
e

p
o
in

t
clo

u
d
.

F
or

con
creten

ess,
ou

r
th

eoretical
an

aly
sis

is
fo

cu
sed

on
ε-grap

h
s

an
d

u
n
n
o
rm

a
lized

grap
h
-L

ap
lacian

s,
b
u
t

w
e

ex
p

ect
ou

r
resu

lts
to

gen
eralize

to
o
th

er
g
rap

h
s

a
n
d

g
ra

p
h
-L

a
p
la

cia
n
s—

ev
id

en
ce

to
su

p
p

ort
th

is
claim

w
ill

b
e

giv
en

th
rou

gh
n
u
m

erical
ex

p
er-

im
en

ts.
W

e
n
ow

su
m

m
arize

th
e

n
ecessary

b
ack

grou
n
d

to
form

alize
th

is
q
u
estion

.
F

or
a

g
iven

sim
ila

rity
δ

:
[n

]×
[n

]→
[0,∞

)
an

d
a

p
aram

eter
ε
>

0,
w

e
d
efi

n
e

a
w

eigh
ted

grap
h

Γ
δ,ε

=
([n

],W
)

b
y

settin
g

th
e

w
eigh

t
b

etw
een

th
e
i-th

an
d
j-th

n
o
d
e

to
b

e

W
(i,j)

:=
2(m

+
2)

α
m
ε
m

+
2n
1{
δ(i,j)

<
ε},

(3)

3
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

w
h
ere

α
m

is
th

e
v
olu

m
e

of
th

e
m

-d
im

en
sion

al
E

u
clid

ea
n

u
n
it

b
all.

A
sso

ciated
to

th
e

grap
h

Γ
δ,ε

w
e

d
efi

n
e

th
e

u
n
n
orm

alized
gra

p
h

L
ap

lacian
m

atrix

∆
δ,ε

:=
D
−
W
∈
R
n×

n
,

(4)

w
h
ere

D
is

a
d
iagon

al
m

atrix
w

ith
d
iagon

al
en

tries

D
(i,i)

:=
n
∑j=

1

W
(i,j).

T
h
e

m
otivation

for
th

e
scalin

g
in

(3)
is

so
th

at
∆
δ,ε

m
atch

es
th

e
scale

of
th

e
L

ap
lace-

B
eltram

i
op

erator
(see

for
ex

am
p
le

B
u
rag

o
et

al.
(2014

)).
F

or
th

e
rest

of
th

e
p
ap

er
w

e
sh

all
d
en

ote
Γ
X
n
,ε

:=
Γ
δX
n
,ε

an
d

∆
X
n
,ε

:=
∆
δX
n
,ε .

W
e

u
se

an
alogou

s
n
otation

forY
n

an
d
Ȳ
n
.

T
h
e

secon
d

q
u
estion

th
at

w
e

con
sid

er
m

ay
b

e
form

alized
as

u
n
d
erstan

d
in

g
w

h
en

,
an

d
to

w
h
at

ex
ten

t,
∆
Ȳ
n

p
rov

id
es

a
b

etter
ap

p
rox

im
ation

(in
th

e
sp

ectral
sen

se)
th

an
∆
Y
n

to
a

L
ap

lace
op

erator
on

th
e

m
an

ifold
M
.

A
n

an
sw

er
is

given
in

T
h
eorem

3
b

elow
.

1
.2

M
a
in

re
su

lts

In
th

is
su

b
section

w
e

state
ou

r
m

a
in

th
eoretical

resu
lts.

W
e

fi
rst

im
p

ose
som

e
geom

etric
con

d
ition

s
on

th
e

u
n
d
erly

in
g

m
an

ifold
M
.

A
ssu

m
p

tio
n

1
M

is
a

sm
oo

th
,

o
rien

ted
,

co
m

pa
ct

m
a
n

ifo
ld

w
ith

n
o

bo
u

n
d
a
ry

a
n

d
in

trin
sic

d
im

en
sio

n
m

,
em

bed
d
ed

in
R
d.

M
o
reo

ver,M
h
a
s

in
jectivity

ra
d
iu

s
≥
i0 ,

m
a
xim

u
m

o
f

th
e

a
bso

lu
te

va
lu

e
o
f

sectio
n

a
l

cu
rva

tu
re
≤
K
,

a
n

d
rea

ch
≥
R
.

F
in

a
lly,

w
e

a
ssu

m
e

th
a
tM

’s
to

ta
l

vo
lu

m
e

is
n

o
rm

a
lized

a
n

d
equ

a
l

to
o
n

e.

L
o
osely

sp
eak

in
g,

th
e

in
jectiv

ity
rad

iu
s

d
eterm

in
es

th
e

ran
ge

of
th

e
ex

p
on

en
tial

m
ap

(w
h
ich

w
ill

b
e

an
im

p
orta

n
t

to
ol

in
ou

r
an

aly
sis

an
d

w
ill

b
e

rev
iew

ed
in

th
e

n
ex

t
section

)
an

d
th

e
section

al
cu

rvatu
re

con
trols

th
e

m
etric

d
istortion

in
d
u
ced

b
y

th
e

ex
p

o
n
en

tial
m

ap
,

an
d

th
ereb

y
its

J
acob

ian
.

T
h
e

reach
R

can
b

e
th

ou
gh

t
of

as
an

(in
verse)

con
d
ition

in
g

n
u
m

b
er

of
th

e
m

an
ifold

a
n
d

con
trols

its
secon

d
fu

n
d
am

en
tal

form
;

it
can

also
b

e
in

terp
reted

as
a

m
easu

re
of

ex
trin

sic
cu

rvatu
re—

see,
e.g.

A
am

ari
et

al.
(20

19),
F

ed
erer

(1959)
for

tech
n
ical

b
ack

grou
n
d
.

T
h
e

sign
ifi

can
ce

of
th

ese
geom

etric
q
u
an

tities
an

d
th

eir
role

in
ou

r
an

aly
sis

w
ill

b
e

fu
rth

er
d
iscu

ssed
in

S
ection

2.
N

ex
t

w
e

im
p

ose
fu

rth
er

p
rob

ab
ilistic

stru
ctu

re
in

to
th

e
d
ata

m
o
d
el

(1).
W

e
assu

m
e

th
at

th
e

p
airs

(x
i ,z

i )
are

i.i.d
.

sam
p
les

of
th

e
ran

d
om

vector
(X
,Z

)∼
µ
∈
P

(M
×

R
d).

L
et
µ

an
d
µ
x

b
e,

resp
ectiv

ely,
th

e
m

argin
al

d
istrib

u
tion

of
X

an
d

th
e

con
d
ition

al
d
istrib

u
tion

of
Z

given
X

=
x

.
W

e
assu

m
e

th
at
µ

is
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

R
iem

an
n
ian

volu
m

e
form

ofM
w

ith
d
en

sity
p
(x

),
i.e.,

d
µ

(x
)

=
p
(x

)d
volM

(x
).

(5)

F
u
rth

erm
ore,

w
e

assu
m

e
th

at
µ
x

is
su

p
p

orted
on

T
x M

⊥
(th

e
orth

og
on

al
com

p
lem

en
t

of
th

e
tan

gen
t

sp
ace

T
x M

)
an

d
th

at
it

is
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

(d−
m

)-
d
im

en
sion

al
H

au
sd

orff
m

easu
re
H
d−
m

restricted
to
T
x M

⊥
w

ith
d
en

sity
p
(z|x

),
i.e.,

d
µ
x (z

)
=
p
(z|x

)dH
d−
m

(z
).
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
is

y
P

o
in

t
C

l
o
u
d
s

T
o

ea
se

th
e

n
ot

at
io

n
w

e
w

il
l

w
ri

te
d
z

in
st

ea
d

of
H
d
−
m

(d
z
).

W
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
-

ti
on

s
on

th
es

e
d
en

si
ti

es
.

A
ss

u
m

p
ti

o
n

2
It

h
o
ld

s
th

a
t:

(i
)

T
h
e

d
en

si
ty
p
(x

)
is

o
f

cl
a
ss
C

2
(M

)
a
n

d
is

bo
u

n
d
ed

a
bo

ve
a
n

d
be

lo
w

by
po

si
ti

ve
co

n
-

st
a
n

ts
:

0
<
p
m
in
≤
p
(x

)
≤
p
m
a
x
,
∀x
∈
M
.

(i
i)

F
o
r

a
ll
x
∈
M

,
ˆ

z
p
(z
|x

)d
z

=
0.

M
o
re

o
ve

r,
th

er
e

is
σ
<
R

su
ch

th
a
t
p
(z
|x

)
=

0
fo

r
a
ll
z

w
it

h
|z
|≥

σ
.

N
ot

e
th

at
th

e
as

su
m

p
ti

on
on

p
(z
|x

)
en

su
re

s
th

at
th

e
n
oi

se
is

ce
n
te

re
d

an
d

b
ou

n
d
ed

b
y

a
co

n
st

an
t
σ
.

W
h
il
e

th
e

as
su

m
p
ti

on
th

at
th

e
n
oi

se
is

b
ou

n
d
ed

an
d

or
th

og
on

al
to

th
e

m
an

if
ol

d
ca

n
b

e
re

la
x
ed

,
w

e
ch

o
os

e
n
ot

to
d
o

so
h
er

e
to

st
re

am
li
n
e

ou
r

re
su

lt
s

an
d

p
ro

of
s.

In
ou

r
fi
rs

t
m

ai
n

th
eo

re
m

w
e

st
u
d
y

th
e

ap
p
ro

x
im

at
io

n
of

th
e

si
m

il
ar

it
y

fu
n
ct

io
n
δ X

n

b
y
δ Ȳ

n
.

W
e

co
n
si

d
er

p
oi

n
ts
x
i

an
d
x
j

th
at

ar
e

cl
os

e
w

it
h

re
sp

ec
t

to
th

e
ge

o
d
es

ic
d
is

ta
n
ce

d
M

on
th

e
m

an
if

ol
d
,

an
d

sh
ow

th
at

lo
ca

l
re

gu
la

ri
za

ti
on

im
p
ro

v
es

th
e

ap
p
ro

x
im

at
io

n
of

th
e

h
id

d
en

si
m

il
ar

it
y

p
ro

v
id

ed
th

at
n

is
la

rg
e

an
d

th
e

n
oi

se
le

ve
l
σ

is
sm

al
l.

T
h
e

lo
ca

l
re

gu
la

ri
ty

p
ar

am
et

er
r

n
ee

d
s

to
b

e
su

it
ab

ly
sc

al
ed

w
it

h
σ
.
W

e
m

ak
e

th
e

fo
ll
ow

in
g

st
a
n
d
in

g
as

su
m

p
ti

on
li
n
k
in

g
b

ot
h

p
ar

am
et

er
s;

w
e

re
fe

r
to

R
em

ar
k

2
b

el
ow

fo
r

a
d
is

cu
ss

io
n

on
th

e
op

ti
m

al
sc

al
in

g
of
r

w
it

h
σ

,
an

d
to

ou
r

n
u
m

er
ic

al
ex

p
er

im
en

ts
fo

r
p
ra

ct
ic

al
gu

id
el

in
es

.

A
ss

u
m

p
ti

o
n

3
T

h
e

lo
ca

li
za

ti
o
n

pa
ra

m
et

er
r

a
n

d
th

e
n

o
is

e
le

ve
l
σ

sa
ti

sf
y

σ
≤

R

16
m
,
r
≤

m
in

{
i 0
,

1 √
K
,√

α
m

2
C
m
K
,√

R 32

}
,
a
n
d
σ
≤

1 3
r,

(6
)

w
h
er

e
C

is
a

u
n

iv
er

sa
l

co
n

st
a
n

t,
α
m

d
en

o
te

s
th

e
vo

lu
m

e
o
f

th
e

E
u

cl
id

ea
n

u
n

it
ba

ll
in

R
m
,

a
n

d
i 0
,
R
,

a
n

d
K

a
re

a
s

in
A

ss
u

m
p
ti

o
n

1
.

In
w

or
d
s,

A
ss

u
m

p
ti

on
3

re
q
u
ir

es
b

ot
h
r

an
d
σ

to
b

e
su

ffi
ci

en
tl

y
sm

al
l,

an
d
r

to
b

e
la

rg
er

th
an

σ
.

N
ow

w
e

ar
e

re
ad

y
to

st
at

e
th

e
fi
rs

t
m

ai
n

re
su

lt
.

T
h

e
o
re

m
1

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4
n
e−

cn
r
m
a
x
{2
m
,m

+
4
}
,

fo
r

a
ll
x
i

a
n

d
x
j

w
it

h
d
M

(x
i,
x
j
)
≤
r

w
e

h
a
ve

∣ ∣ δ
X n

(i
,j

)
−
δ Ȳ

n
(i
,j

)∣ ∣
≤
C
M

( r3
+
rσ

+
σ

2 r

)
,

(7
)

w
h
er

e
c

=
m

in
{
α
2 m
p
2 m
in

4
m

+
2
,

1 1
6

}
a
n

d
C
M

is
a

co
n

st
a
n

t
d
ep

en
d
in

g
o
n
m
,K

,R
,

a
u

n
if

o
rm

bo
u

n
d

o
n

th
e

ch
a
n

ge
in

se
co

n
d

fu
n

d
a
m

en
ta

l
fo

rm
o
f
M

,
a
n

d
o
n

th
e

re
gu

la
ri

ty
o
f

th
e

d
en

si
ty
p
.
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G
a
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T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

R
e
m

a
rk

2
T

h
eo

re
m

1
gi

ve
s

co
n

cr
et

e
ev

id
en

ce
o
f

th
e

im
po

rt
a
n

ce
o
f

th
e

ch
o
ic

e
o
f

si
m

il
a
r-

it
y

fu
n

ct
io

n
.

F
o
r

th
e

u
su

a
l

E
u

cl
id

ea
n

d
is

ta
n

ce
be

tw
ee

n
o
bs

er
ve

d
d
a
ta

,
δ Y

n
,

o
n

e
ca

n
o
n

ly
gu

a
ra

n
te

e
th

a
t

∣ ∣ δ
X n

(i
,j

)
−
δ Y

n
(i
,j

)∣ ∣
≤

2σ
,

w
h
ic

h
fo

ll
o
w

s
fr

o
m

∣ ∣ |x
i
−
x
j
|−
|y i
−
y j
|∣ ∣
≤
|z i
−
z j
|≤

2
σ
.

H
o
w

ev
er

,
if

w
e

ch
oo

se
r
∝
σ

1
/
2
,

th
en

th
e

er
ro

r
in

(7
)

is
o
f

o
rd

er
σ

3
/
2
,

w
h
ic

h
is

a
co

n
si

d
er

a
bl

y
sm

a
ll

er
qu

a
n

ti
ty

in
th

e
sm

a
ll

n
o
is

e
li

m
it

.

O
u
r

se
co

n
d

m
ai

n
re

su
lt

tr
an

sl
at

es
th

e
lo

ca
l

si
m

il
ar

it
y

b
ou

n
d

fr
om

T
h
eo

re
m

1
in

to
a

gl
ob

al
ge

om
et

ri
c

re
su

lt
co

n
ce

rn
in

g
th

e
sp

ec
tr

al
co

n
ve

rg
en

ce
of

th
e

gr
a
p
h

L
a
p
la

ci
a
n

to
th

e
L

ap
la

ce
op

er
at

or
fo

rm
al

ly
d
efi

n
ed

b
y

∆
M
f

=
−

1 p
d
iv
( p

2
∇
f
) ,

(8
)

w
h
er

e
d
iv

an
d
∇

d
en

ot
e

th
e

d
iv

er
ge

n
ce

an
d

g
ra

d
ie

n
t

op
er

at
or

s
on

th
e

m
a
n
if

o
ld

a
n
d
p

is
th

e
sa

m
p
li
n
g

d
en

si
ty

of
th

e
h
id

d
en

p
oi

n
t

cl
ou

d
X n

,
a
s

in
tr

o
d
u
ce

d
in

E
q
u
a
ti

o
n

(5
).

It
is

in
tu

it
iv

el
y

cl
ea

r
th

at
th

e
sp

ec
tr

al
ap

p
ro

x
im

at
io

n
of

th
e

d
is

cr
et

e
gr

ap
h
-L

a
p
la

ci
a
n

to
th

e
co

n
ti

n
u
u
m

op
er

at
or

∆
M

n
ec

es
sa

ri
ly

re
st

s
u
p

on
h
av

in
g

a
su

ffi
ci

en
t

n
u
m

b
er

o
f

sa
m

p
le

s
fr

o
m

µ
(d

efi
n
ed

in
(5

))
.

In
ot

h
er

w
or

d
s,

th
e

em
p
ir

ic
al

m
ea

su
re
µ
n

=
1 n

∑
n i=

1
δ x
i

n
ee

d
s

to
b

e
cl

o
se

to
µ
,

th
e

sa
m

p
li
n
g

d
en

si
ty

of
th

e
h
id

d
en

d
at

as
et

.
W

e
ch

ar
ac

te
ri

ze
th

e
cl

os
en

es
s

b
et

w
ee

n
µ
n

an
d
µ

b
y

th
e
∞

-O
T

tr
an

sp
or

t
d
is

ta
n
ce

,
d
efi

n
ed

a
s

d
∞

(µ
n
,µ

)
:=

m
in

T
:T
]
µ

=
µ
n

es
ss

u
p

x
∈M

d
M
( x
,T

(x
))
,

w
h
er

e
T
]µ

d
en

ot
es

th
e

p
u
sh

-f
or

w
ar

d
of
µ

b
y
T

,
th

at
is

,
T
]µ

=
µ
( T
−

1
(U

))
fo

r
a
n
y

B
o
re

l
su

b
se

t
U

of
M

.
T

h
eo

re
m

2
in

G
ar

ćı
a

T
ri

ll
os

et
al

.
(2

01
8)

sh
ow

s
th

at
fo

r
ev

er
y
β
>

1
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
C
β
,M
n
−
β
, d
∞

(µ
n
,µ

)
≤
C
M

lo
g
(n

)p
m

n
1
/
m

,

w
h
er

e
p
m

=
3
/
4

if
m

=
2

an
d
p
m

=
1
/m

fo
r
m
≥

3.
T

h
is

is
th

e
h
ig

h
p
ro

b
ab

il
it

y
sc

a
li
n
g

o
f

d
∞

(µ
n
,µ

)
in

te
rm

s
of
n

.
W

e
in

tr
o
d
u
ce

so
m

e
n
ot

at
io

n
b

ef
or

e
st

at
in

g
ou

r
se

co
n
d

m
ai

n
re

su
lt

.
L

et
λ
`(

Γ
δ,
ε
)

b
e

th
e

`-
th

sm
al

le
st

ei
ge

n
va

lu
e

of
th

e
u
n
n
or

m
al

iz
ed

gr
ap

h
-L

ap
la

ci
an

∆
δ,
ε

d
efi

n
ed

in
E

q
u
a
ti

o
n

(4
),

an
d

le
t
λ
`(
M

)
b

e
th

e
`-

th
sm

al
le

st
ei

ge
n
va

lu
e

of
th

e
co

n
ti

n
u
u
m

L
ap

la
ce

op
er

a
to

r
d
efi

n
ed

in
E

q
u
at

io
n

(8
).

T
h

e
o
re

m
3

S
u

p
po

se
th

a
t

A
ss

u
m

p
ti

o
n

s
1
,

2
,

a
n

d
3

h
o
ld

.
S

u
p
po

se
fu

rt
h
er

th
a
t
ε

is
sm

a
ll

en
o
u

gh
(b

u
t

n
o
t

to
o

sm
a
ll

)
so

th
a
t

m
ax
{ (m

+
5)
d
∞

(µ
n
,µ

),
2
C
m
η
}
<
ε
<

m
in
{ 1,

i 0 10
,

1
√
m
K
,

R
√

27
m

} ,

(√
λ
`(
M

)
+

1
) ε

+
d
∞

(µ
n
,µ

)

ε
<
c̃ p
,

(9
)
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
isy

P
o
in

t
C

l
o
u
d
s

w
h
ere

c̃
p

is
a

co
n

sta
n

t
th

a
t

o
n

ly
d
epen

d
s

o
n
m

a
n

d
th

e
regu

la
rity

o
f

th
e

d
en

sity
p
,
C

is
a

u
n

iversa
l

co
n

sta
n

t,
a
n

d

η
=
C
M

(
r

3
+
rσ

+
σ

2r

)

is
th

e
bo

u
n

d
in

(7).
T

h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1
−

4n
e −

cn
r
m
a
x{

2
m
,m

+
4},

fo
r

a
ll
`

=
1
,2
,3
,...,

|λ
` (Γ
Ȳ
n
,ε )−

λ
` (M

)|
λ
` (M

)
≤
C̃

(
ηε

+
d∞

(µ
n
,µ

)

ε
+
(1

+
√
λ
` (M

) )ε
+
(
K

+
1R
2 )
ε

2 )
,

w
h
ere

C̃
o
n

ly
d
epen

d
s

o
n
m

a
n

d
th

e
regu

la
rity

o
f
p
,

a
n

d
c

=
m

in {
α
2m
p
2m
in

4
m

+
2
,

11
6 }

.

R
e
m

a
rk

4
W

e
w

ill
see

in
S

ectio
n

3
th

a
t

T
h
eo

rem
3

fo
llo

w
s

by
p
lu

ggin
g

th
e

p
ro

ba
bilitstic

estim
a
te

(7
)

in
to

a
m

od
ifi

ca
tio

n
o
f

a
d
eterm

in
istic

resu
lt

fro
m

(G
a
rćıa

T
rillo

s
et

a
l.,

2
0
1
8
,

C
o
ro

lla
ry

2
),

w
h
ich

w
e

p
resen

t
fo

r
th

e
co

n
ven

ien
ce

o
f

th
e

rea
d
er

in
T

h
eo

rem
2
0
.

W
e

rem
a
rk

th
a
t

a
n

y
im

p
ro

vem
en

t
o
f

T
h
eo

rem
2
0

w
o
u

ld
im

m
ed

ia
tely

tra
n

sla
te

in
to

a
n

im
p
ro

vem
en

t
o
f

o
u

r
T

h
eo

rem
3
.

A
s

d
iscu

ssed
in

R
em

a
rk

2
,

loca
l

regu
la

riza
tio

n
en

a
bles

a
sm

a
ller

η
th

a
n

if
n

o
regu

la
riza

tio
n

is
perfo

rm
ed

.
T

h
is

in
tu

rn
a
llo

w
s

o
n

e
to

ch
oo

se,
fo

r
a

given
erro

r
to

lera
n

ce,
a

sm
a
ller

co
n

n
ectivity

ε,
lea

d
in

g
to

a
spa

rser
gra

p
h

th
a
t

is
co

m
p
u

ta
tio

n
a
lly

m
o
re

effi
cien

t.
N

o
te

a
lso

th
a
t

th
e

bo
u

n
d

in
T

h
eo

rem
3

d
oes

n
o
t

d
epen

d
o
n

th
e

a
m

bien
t

spa
ce

d
im

en
sio

n
d
,

bu
t

o
n

ly
o
n

th
e

in
trin

sic
d
im

en
sio

n
m

o
f

th
e

d
a
ta

.

R
e
m

a
rk

5
T

h
eo

rem
3

co
n

cretely
sh

o
w

s
h
o
w

a
n

im
p
ro

vem
en

t
in

m
etric

a
p
p
ro

xim
a
tio

n
tra

n
sla

tes
in

to
a
n

im
p
ro

ved
estim

a
tio

n
o
f

glo
ba

l
geo

m
etric

qu
a
n

tities.
W

e
h
a
ve

restricted
o
u

r
a
tten

tio
n

to
a
n

a
lyzin

g
eigen

va
lu

es
o
f

a
L

a
p
la

cia
n

o
pera

to
r,

bu
t

w
e

rem
a
rk

th
a
t

th
e

id
ea

goes
beyo

n
d

th
is

pa
rticu

la
r

ch
o
ice.

F
o
r

exa
m

p
le,

o
n

e
ca

n
co

n
d
u

ct
a
n

a
sym

p
to

tic
a
n

a
lysis

illu
stra

tin
g

th
e

eff
ect

o
f

ch
a
n

gin
g

th
e

sim
ila

rity
fu

n
ctio

n
in

th
e

a
p
p
ro

xim
a
tio

n
o
f

o
th

er
ge-

o
m

etric
qu

a
n

tities
o
f

in
terest

like
C

h
eeger

cu
ts.

S
u

ch
a
n

a
lysis

co
u

ld
be

ca
rried

o
u

t
u

sin
g

th
e

va
ria

tio
n

a
l

co
n

vergen
ce

a
p
p
roa

ch
fro

m
G

a
rćıa

T
rillo

s
a
n

d
S

lep
čev

(2
0
1
6
).

F
in

a
lly,

w
e

rem
a
rk

th
a
t

it
is

po
ssible

to
stu

d
y

co
n

vergen
ce

o
f

eigen
vectors

o
f

gra
p
h

L
a
p
la

cia
n

s
fo

llo
w

in
g

th
e

resu
lts

in
G

a
rćıa

T
rillo

s
et

a
l.

(2
0
1
8
).

1
.3

R
e
la

te
d

a
n

d
F
u

tu
re

W
o
rk

G
ra

p
h
-b

a
sed

learn
in

g
algorith

m
s

in
clu

d
e

sp
ectral

clu
sterin

g,
totalvariation

clu
sterin

g,
gra

p
h
-

L
a
p
la

cia
n

regu
larization

for
sem

i-su
p

erv
ised

learn
in

g,
grap

h
b
ased

B
ayesian

sem
i-su

p
erv

ised
lea

rn
in

g.
A

b
rief

an
d

in
com

p
lete

su
m

m
ary

of
m

eth
o
d
ological

an
d

rev
iew

p
ap

ers
is

S
h
i

an
d

M
a
lik

(2
0
0
0
);

N
g

et
al.

(2002);
B

elk
in

an
d

N
iyo

gi
(2004);

Z
h
ou

an
d

S
ch

ölkop
f

(20
05);

S
p
iel-

m
a
n

a
n
d

T
en

g
(2007);

V
on

L
u
x
b
u
rg

(2007);
Z

h
u

(2005);
B

ertozzi
et

a
l.

(2018).
T

h
ese

a
lg

o
rith

m
s

in
vo

lve
eith

er
a

grap
h

L
ap

lacian
,

th
e

grap
h

to
tal

variation
,

or
S
ob

olev
n
orm

s
in

-
vo

lv
in

g
th

e
gra

p
h

stru
ctu

re.
T

h
e

large
sam

p
le
n
→
∞

th
eory

stu
d
y
in

g
th

e
b

eh
av

ior
of

so
m

e
o
f

th
e

a
b

ove
m

eth
o
d
ologies

h
as

b
een

an
aly

zed
w

ith
ou

t
referen

ce
to

th
e

in
trin

sic
d
im

en
sion

o
f

th
e

d
a
ta

V
o
n

L
u
x
b
u
rg

et
al.

(2008)
an

d
in

th
e

case
of

p
oin

ts
lay

in
g

o
n

a
low

d
im

en
sion

al
m

a
n
ifo

ld
,

see
e.g.

B
elk

in
et

al.
(2006);

G
arcia

T
rillos

an
d

S
an

z-A
lon

so
(201

8);
G

arcia
T

rillos
et

a
l.

(2
0
17

)
an

d
referen

ces
th

erein
.

S
om

e
p
ap

ers
th

at
accou

n
t

for
bo

th
th

e
n
oisy

an
d

low
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

in
trin

sic
d
im

en
sion

al
stru

ctu
re

of
d
ata

are
N

iy
og

i
et

al.
(2008);

L
ittle

an
d

M
aggion

i
(2017);

A
gap

iou
et

al.
(2017);

W
eed

an
d

B
ach

(2017);
G

en
ovese

et
al.

(2012);
A

am
a
ri

an
d

L
ev

rard
(2019).

F
or

ex
am

p
le,

N
iyogi

et
al.

(2008)
stu

d
ies

th
e

recovery
of

th
e

h
om

ology
grou

p
s

of
su

b
m

an
ifold

s
from

n
oisy

sam
p
les.

W
e

u
se

th
e

tech
n
iq

u
es

for
th

e
an

aly
sis

of
sp

ectral
con

-
vergen

ce
of

grap
h
-L

ap
lacian

s
in

tro
d
u
ced

in
B

u
ra

go
et

al.
(2014)

an
d

fu
rth

er
d
ev

elop
ed

in
G

arćıa
T

rillos
et

al.
(2018).

T
h
e

resu
lts

in
th

e
latter

referen
ce

w
ou

ld
allow

to
ex

ten
d

ou
r

an
aly

sis
to

oth
er

g
rap

h
L

ap
lacian

s,
b
u
t

w
e

d
o

n
ot

p
u
rsu

e
th

is
h
ere

for
con

cisen
ess.

W
e

h
igh

ligh
t

th
at

th
e

d
en

oisin
g

b
y

lo
cal

regu
larization

o
ccu

rs
at

th
e

level
of

th
e

d
ataset.

T
h
at

is,
rath

er
th

an
d
en

oisin
g

each
of

th
e

o
b
serv

ed
featu

res
in

d
iv

id
u
ally,

w
e

an
aly

ze
d
e-

n
oisin

g
b
y

averagin
g

d
iff

eren
t

d
ata

p
oin

ts.
In

p
ractice

com
b
in

in
g

b
oth

form
s

of
d
en

oisin
g

m
ay

b
e

ad
van

tageou
s.

F
or

in
stan

ce,
w

h
en

each
of

th
e

d
ata

p
oin

ts
corresp

on
d
s

to
an

im
age,

on
e

can
fi
rst

d
en

oise
each

im
age

at
th

e
p
ix

el
level

an
d

th
en

d
o

regu
lariza

tion
at

th
e

level
of

th
e

d
ataset

as
p
rop

osed
h
ere.

In
th

is
regard

,
ou

r
regu

larization
at

th
e

level
of

th
e

d
ata-set

is
sim

ilar
to

ap
p
ly

in
g

a
fi
lter

at
th

e
level

of
in

d
iv

id
u
al

p
ix

els
T

u
key

an
d

T
u
k
ey

(1988).
T

h
e

su
ccess

of
n
on

-lo
cal

fi
lter

im
age

d
en

oisin
g

algorith
m

s
su

ggests
th

at
n
on

-lo
cal

m
eth

o
d
s

m
ay

b
e

also
of

in
terest

at
th

e
level

of
th

e
d
ataset,

b
u
t

w
e

ex
p

ect
th

is
to

b
e

ap
p
lication

-d
ep

en
d
en

t.
F

in
ally,

w
h
ile

in
th

is
p
ap

er
w

e
on

ly
con

sid
er

fi
rst-ord

er
regu

larization
b
ased

on
averages,

a
top

ic
for

fu
rth

er
research

is
th

e
an

aly
sis

of
lo

cal
P

C
A

regu
larization

L
ittle

an
d

M
aggion

i
(2017),

in
corp

oratin
g

covarian
ce

in
form

ation
.

W
ith

th
e

sam
e

m
otivation

for
ou

r
w

ork
,

in
M

ém
oli

et
a
l.

(2018)
a

gen
eral

con
stru

ction
of

m
etrics

on
n
oisy

d
atasets

w
as

p
ro

p
osed

.
T

h
e

so
called

W
a
sserstein

tra
n

sfo
rm

asso
ciates

to
each

of
th

e
d
ata

p
oin

ts
a

“lo
cal”

p
rob

ab
ility

d
istrib

u
tion

,
an

d
d
efi

n
es

a
n
ew

m
etric

on
th

e
d
ata

b
y

com
p
u
tin

g
th

e
W

asserstein
d
istan

ce
b

etw
een

th
e

corresp
on

d
in

g
lo

cal
m

easu
res.

A
p
articu

lar
con

stru
ction

of
lo

cal
m

easu
res

closely
related

to
th

e
m

etric
w

e
stu

d
y

h
ere

assign
s

to
each

ob
servation

th
e

em
p
irica

l
m

easu
re

of
th

e
ob

servation
s

restricted
to

a
b
all

of
certain

rad
iu

s
arou

n
d

th
e

given
d
ata

p
oin

t.
T

h
e

au
th

ors
of

M
ém

oli
et

al.
(2018)

p
rop

ose
th

e
W

asserstein
tran

sform
as

a
w

ay
to

gen
eralize

th
e

m
ea

n
-sh

ift
a
lgo

rith
m

an
d

th
ey

stu
d
y

h
ow

it
allev

iates
th

e
so

called
ch

a
in

in
g

eff
ect

in
sin

gle
lin

kage
clu

sterin
g.

T
h
e

aim
of

ou
r

w
ork

is
to

p
rov

id
e

q
u
an

titative
ev

id
en

ce
of

th
e

eff
ect

th
at

ch
an

g
in

g
th

e
m

etric
on

n
oisy

d
atasets

h
as

on
grap

h
-b

ased
sp

ectral
clu

sterin
g

algorith
m

s.
T

h
e

su
ccess

of
th

ese
algorith

m
s

h
in

ges
on

th
eir

ab
ility

to
cap

tu
re

th
e

geom
etry

of
th

e
u
n
d
erly

in
g

d
ata

gen
eratin

g
m

o
d
el.

It
is

w
orth

n
otin

g
th

e
p
arallel

b
etw

een
th

e
lo

cal
regu

larization
th

at
w

e
stu

d
y

h
ere

an
d

m
ean

-sh
ift

an
d

m
o
d
e

seek
in

g
m

eth
o
d
s

C
h
en

et
al.

(20
16);

F
u
k
u
n
aga

an
d

H
ostetler

(1975).
A

s
a

m
atter

of
fact

th
e

p
oin

ts
x
i

th
at

w
e

con
stru

ct
h
ere

corresp
on

d
to

on
e

step
in

th
e

stan
d
ard

m
ean

sh
ift

algorith
m

.
H

ow
ever,

w
e

n
otice

th
at

ou
r

goal
is

n
o
t

to
ru

n
m

ean
sh

ift
for

m
o
d
e

seek
in

g,
b
u
t

rath
er,

as
a

w
ay

to
con

stru
ct

a
m

etric
th

at
b

etter
cap

tu
res

th
e

u
n
d
erly

in
g

“tru
e”

geom
etric

stru
ctu

re
of

th
e

d
ata

th
at

w
as

b
lu

rred
b
y

n
oise.

T
h
is

p
aralellism

w
ith

m
ean

-sh
ift

tech
n
iq

u
es

(or
th

e
m

ore
gen

eral
W

asserstein
tran

sform
in

M
ém

oli
et

al.
(2

018))
su

ggests
th

e
id

ea
of

d
oin

g
lo

cal
averagin

g
iteratively.

O
f

cou
rse,

it
is

im
p

ortan
t

to
n
otice

th
at

u
n
less

on
e

p
rev

en
ts

p
oin

ts
to

m
ove

tan
gen

tially
to
M

(as
d
iscu

ssed
in

W
an

g
an

d
C

arreira-P
erp

in
án

(2010)),
a

large
n
u
m

b
er

of
iteration

s
w

ou
ld

resu
lt

in
p

oin
ts

collap
sin

g
to

a
fi
n
ite

n
u
m

b
er

of
lo

cal
m

o
d
es.

L
o
cal

regu
larization

m
ay

b
e

also
in

terp
reted

as
a

form
of

d
iction

ary
learn

in
g,

w
h
ere

each
d
ata-p

oin
t

is
rep

resen
ted

in
term

s
of

its
n
eig

h
b

ors.
F

or
sp

ecifi
c

ap
p
lication

s
it

m
ay

b
e

of
in

terest
to

restrict
(or

ex
ten

d
)

th
e

d
iction

ary
u
sed

to
rep

resen
t

each
d
ata

p
oin

t
H

ad
d
ad

et
al.
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
is

y
P

o
in

t
C

l
o
u
d
s

(2
01

4)
.

F
in

al
ly

w
e

re
fe

r
to

H
ei

n
an

d
M

ai
er

(2
00

7)
fo

r
al

te
rn

at
iv

e
te

ch
n
iq

u
es

on
m

an
if

ol
d

d
en

oi
si

n
g.

1
.4

O
u

tl
in

e

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

2
w

e
fo

rm
a
li
ze

th
e

ge
om

et
ri

c
se

tu
p

an
d

p
ro

ve
T

h
eo

re
m

1.
S
ec

ti
on

3
co

n
ta

in
s

th
e

p
ro

of
of

T
h
eo

re
m

3
an

d
a

le
m

m
a

th
at

m
ay

b
e

of
in

d
ep

en
d
en

t
in

te
re

st
.

F
in

al
ly

,
S
ec

ti
on

4
in

cl
u
d
es

se
ve

ra
l

n
u
m

er
ic

al
ex

p
er

im
en

ts
.

In
th

e
A

p
p

en
d
ix

w
e

p
ro

v
e

a
te

ch
n
ic

al
le

m
m

a
th

at
se

rv
es

as
a

ke
y

in
gr

ed
ie

n
t

in
p
ro

v
in

g
T

h
eo

re
m

1. 2
.
D
is
ta
n
ce

A
p
p
ro
x
im

a
ti
o
n

In
th

is
se

ct
io

n
w

e
p
ro

ve
T

h
eo

re
m

1.
W

e
st

ar
t

w
it

h
S
u
b
se

ct
io

n
2.

1
b
y

gi
v
in

g
so

m
e

in
tu

it
io

n
on

th
e

ge
om

et
ri

c
co

n
d
it

io
n
s

im
p

os
ed

in
A

ss
u
m

p
ti

on
1

an
d

in
tr

o
d
u
ci

n
g

th
e

m
ai

n
ge

om
et

ri
c

to
ol

s
in

ou
r

an
al

y
si

s.
In

S
u
b
se

ct
io

n
2.

2
w

e
d
ec

om
p

os
e

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

b
et

w
ee

n
th

e
si

m
il
ar

it
y

fu
n
ct

io
n
s
δ Ȳ

n
an

d
δ X

n
in

to
th

re
e

te
rm

s,
w

h
ic

h
ar

e
b

ou
n
d
ed

in
S
u
b
se

ct
io

n
s

2.
3,

2.
4,

an
d

2.
5.

2
.1

G
e
o
m

e
tr

ic
P

re
li
m

in
a
ri

e
s

In
th

is
su

b
se

ct
io

n
w

e
se

t
ou

r
n
ot

at
io

n
an

d
p
ro

v
id

e
so

m
e

b
ac

k
gr

ou
n
d

on
ge

om
et

ri
c

co
n
ce

p
ts

u
se

d
in

th
e

re
m

ai
n
d
er

of
th

is
p
ap

er
.

2
.1

.1
B

a
si

c
N

o
t
a
t
io

n

F
or

ea
ch

x
∈
M

w
e

le
t
T
x
M

b
e

th
e

ta
n
ge

n
t

p
la

n
e

of
M

at
x

ce
n
te

re
d

at
th

e
o
ri

gi
n
.

In
p
ar

ti
cu

la
r,
T
x
M

is
a
m

-d
im

en
si

on
al

su
b
sp

ac
e

o
f
R
d
,

an
d

w
e

d
en

ot
e

b
y
T
x
M
⊥

it
s

or
th

og
on

al
co

m
p
le

m
en

t.
W

e
w

il
l
u
se

v
ol
M

to
d
en

ot
e

th
e

R
ie

m
an

n
ia

n
vo

lu
m

e
fo

rm
of
M

.
W

e
w

il
l
d
en

ot
e

b
y
|x
−
x̃
|t

h
e

E
u
cl

id
ea

n
d
is

ta
n
ce

b
et

w
ee

n
ar

b
it

ra
ry

p
oi

n
ts

in
R
d

an
d

d
en

ot
e

b
y
d
M

(x
,x̃

)
th

e
ge

o
d
es

ic
d
is

ta
n
ce

b
et

w
ee

n
p

oi
n
ts

in
M

.
W

e
d
en

ot
e

b
y
B
x

b
al

ls
in
T
x
M

an
d

b
y
B
M

b
al

ls
in

th
e

m
an

if
ol

d
M

(w
it

h
re

sp
ec

t
to

th
e

ge
o
d
es

ic
d
is

ta
n
ce

).
A

ls
o,

u
n
le

ss
ot

h
er

w
is

e
sp

ec
ifi

ed
B

,
w

it
h
ou

t
su

b
sc

ri
p
ts

w
il
l

b
e

u
se

d
to

d
en

ot
e

b
al

ls
in

R
d
.

W
e

d
en

ot
e

b
y
α
m

th
e

vo
lu

m
e

of
th

e
u
n
it

E
u
cl

id
ea

n
b
al

l
in

R
m

.
T

h
ro

u
gh

o
u
t

th
e

re
st

of
th

e
p
ap

er
w

e
u
se
R
,i

0

an
d
K

to
d
en

ot
e

th
e

re
ac

h
,

in
je

ct
iv

it
y

ra
d
iu

s,
an

d
m

ax
im

u
m

ab
so

lu
te

cu
rv

at
u
re

of
M
,

as
in

A
ss

u
m

p
ti

on
1.

W
e

n
ow

d
es

cr
ib

e
at

an
in

tu
it

iv
e

le
ve

l
th

e
ro

le
th

at
th

es
e

q
u
an

ti
ti

es
p
la

y
in

ou
r

an
al

y
si

s.

2
.1

.2
T

h
e

R
e
a
c
h

T
h
e

re
ac

h
of

a
cl

os
ed

su
b
m

an
if

ol
d
M

is
th

e
la

rg
es

t
va

lu
e
t
∈

[0
,∞

]
su

ch
th

at
th

e
p
ro

je
ct

io
n

m
ap

on
to
M

is
w

el
l

d
efi

n
ed

on
{x
∈
R
d

:
in

f x̃
∈M
|x̃
−
x
|<

t}
,

i.
e.

,
ev

er
y

p
oi

n
t

in
th

e
tu

b
u
la

r
n
ei

gh
b

or
h
o
o
d

ar
ou

n
d
M

of
w

id
th

t
h
as

a
u
n
iq

u
e

cl
os

es
t

p
oi

n
t

in
M

.
O

u
r

as
su

m
p
ti

on
th

at
th

e
n
oi

se
le

ve
l

sa
ti

sfi
es
σ
<
R

gu
ar

an
te

es
th

at
x
i

is
th

e
(w

el
l-

d
efi

n
ed

)
p
ro

je
ct

io
n

o
f
y i

on
to

th
e

m
an

if
ol

d
.

T
h
e

re
ac

h
ca

n
b

e
th

ou
gh

t
of

as
an

in
ve

rs
e

co
n
d
it

io
n
in

g
n
u
m

b
er

fo
r

th
e

m
an

if
ol

d
N

iy
og

i
et

al
.

(2
00

8)
.

W
e

w
il
l

u
se

th
at

th
e

in
v
er

se
of

th
e

re
ac

h
p
ro

v
id

es
a

u
n
if

o
rm

u
p
p

er
b

ou
n
d

on
th

e
se

co
n
d

fu
n
d
am

en
ta

l
fo

rm
(s

ee
L

em
m

a
12

).
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ć
ıa

T
r
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S
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l
o
n
so
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a
n
d

Y
a
n
g

2
.1

.3
E

x
p
o
n
e
n
t
ia

l
M

a
p
,

In
je

c
t
iv

it
y

R
a
d
iu

s
a
n
d

S
e
c
t
io

n
a
l

C
u
r
v
a
t
u
r
e

W
e

w
il
l

m
ak

e
u
se

of
th

e
ex

p
on

en
ti

al
m

ap
ex

p
,

w
h
ic

h
fo

r
ev

er
y
x
∈
M

is
a

m
a
p

ex
p
x

:
B
x
(0
,i

0
)
→
B
M

(x
,i

0
)

w
h
er

e
i 0

is
th

e
in

je
ct

iv
it

y
ra

d
iu

s
fo

r
th

e
m

an
if

ol
d
M

.
W

e
re

ca
ll

th
at

th
e

ex
p

o
n
en

ti
a
l

m
a
p

ex
p
x

ta
ke

s
a

ve
ct

or
v
∈
T
x
M

an
d

m
ap

s
it

to
th

e
p

oi
n
t

ex
p
x
(v

)
∈
M

th
at

is
a
t

g
eo

d
es

ic
d
is

ta
n
ce
|v
|f

ro
m
x

al
on

g
th

e
u
n
it

sp
ee

d
ge

o
d
es

ic
th

at
at

ti
m

e
t

=
0

p
as

se
s

th
ro

u
g
h
x

w
it

h
ve

lo
ci

ty
v
/|
v
|.

T
h
e

in
je

ct
iv

it
y

ra
d
iu

s
i 0

is
p
re

ci
se

ly
th

e
m

ax
im

u
m

ra
d
iu

s
of

a
b
a
ll

in
T
x
M

ce
n
te

re
d

at
th

e
or

ig
in

fo
r

w
h
ic

h
th

e
ex

p
o
n
en

ti
al

m
ap

is
a

w
el

l
d
efi

n
ed

d
iff

eo
m

o
rp

h
is

m
fo

r
ev

er
y
x

.
W

e
d
en

ot
e

b
y
J
x

th
e

J
ac

ob
ia

n
of

th
e

ex
p

on
en

ti
al

m
ap

ex
p
x
.

In
te

gr
a
ls

w
it

h
re

sp
ec

t
to
d
vo

l M
ca

n
th

en
b

e
w

ri
tt

en
in

te
rm

s
of

in
te

gr
a
ls

on
T
x
M

w
ei

gh
te

d
b
y

th
e

fu
n
ct

io
n
J
x
.

M
or

e
p
re

ci
se

ly
,

fo
r

an
ar

b
it

ra
ry

te
st

fu
n
ct

io
n
ϕ

:
M
→

R
,

ˆ

B
M

(x
,i
0
)
ϕ

(x̃
)d

vo
l M

(x̃
)

=

ˆ

B
x
(0
,i
0
)
ϕ
( ex

p
x
(v

))
J
x
(v

)d
v
.

F
or

fi
x
ed

0
<
r
≤

m
in
{i

0
,1
/√

K
}

on
e

ca
n

o
b
ta

in
b

ou
n
d
s

on
th

e
m

et
ri

c
d
is

to
rt

io
n

b
y

th
e

ex
p

on
en

ti
al

m
ap

ex
p
x

:
B
x
(0
,r

)
⊆
T
x
M
→
M

((
d
o

C
a
rm

o,
19

92
,

C
h
ap

te
r

10
)

a
n
d

(B
u
ra

g
o

et
al

.,
20

14
,

S
ec

ti
on

2.
2)

),
an

d
th

er
eb

y
gu

ar
an

te
e

th
e

ex
is

te
n
ce

of
a

u
n
iv

er
sa

l
co

n
st

a
n
t
C

su
ch

th
at

,
fo

r
|v
|≤

r,

(1
+
C
m
K
|v
|2 )−

1
≤
J
x
(v

)
≤

(1
+
C
m
K
|v
|2 ).

(1
0
)

A
n

im
m

ed
ia

te
co

n
se

q
u
en

ce
of

th
e

p
re

v
io

u
s

in
eq

u
al

it
ie

s
is

|v
ol

(B
M

(x
,r

))
−
α
m
rm
|≤

C
m
K
rm

+
2
,

(1
1
)

w
h
er

e
w

e
re

ca
ll
α
m

is
th

e
vo

lu
m

e
of

th
e

u
n
it

b
al

l
in

R
m

.
E

q
u
at

io
n
s

(1
0)

an
d

(1
1
)

w
il
l

b
e

u
se

d
in

ou
r

ge
om

et
ri

c
an

d
p
ro

b
ab

il
is

ti
c

ar
gu

m
en

ts
an

d
m

ot
iv

a
te

ou
r

as
su

m
p
ti

o
n
s

o
n

th
e

ch
oi

ce
of

lo
ca

l
re

g
u
la

ri
za

ti
on

p
ar

am
et

er
r

in
te

rm
s

of
th

e
in

je
ct

iv
it

y
ra

d
iu

s
an

d
th

e
se

ct
io

n
a
l

cu
rv

at
u
re

.

2
.2

L
o
c
a
l

D
is

tr
ib

u
ti

o
n

s

N
ex

t
w

e
st

u
d
y

th
e

lo
ca

l
b

eh
av

io
r

of
(X
,Z

).
T

o
ch

ar
ac

te
ri

ze
it

s
lo

ca
l

d
is

tr
ib

u
ti

o
n
,

it
w

il
l

b
e

co
n
ve

n
ie

n
t

to
in

tr
o
d
u
ce

th
e

fo
ll
ow

in
g

fa
m

il
y

of
p
ro

b
ab

il
it

y
m

ea
su

re
s.

D
e
fi

n
it

io
n

6
L

et
y

be
a

ve
ct

o
r

in
R
d

w
h
o
se

d
is

ta
n

ce
to
M

is
le

ss
th

a
n
R

.
L

et
x

be
th

e
p
ro

je
ct

io
n

o
f
y

o
n

to
M

.
W

e
sa

y
th

a
t

th
e

ra
n

d
o
m

va
ri

a
bl

e
(X̃
,Z̃

)
h
a
s

th
e

d
is

tr
ib

u
ti

o
n
µ
y

p
ro

vi
d
ed

th
a
t

P(
(X̃
,Z̃

)
∈
A

1
×
A

2

) :=
P(

(X
,Z

)
∈
A

1
×
A

2
|X

+
Z
∈
B

(y
,r

))
,

fo
r

a
ll

B
o
re

l
se

ts
A

1
⊆
M

A
2
⊆

R
d
,

w
h
er

e
in

th
e

a
bo

ve
(X
,Z

)
is

d
is

tr
ib

u
te

d
a
cc

o
rd

in
g

to
µ

.
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
isy

P
o
in

t
C

l
o
u
d
s

In
th

e
rem

a
in

d
er

w
e

u
se
µ
i

as
sh

orth
an

d
n
otation

for
µ
y
i .

A
s

for
th

e
o
rigin

al
m

easu
re

µ
,

w
e

ch
ara

cterize
µ
i

in
term

s
of

a
m

argin
al

an
d

con
d
ition

al
d
istrib

u
tio

n
.

W
e

in
tro

d
u
ce

th
e

d
en

sity
p̃
i

:M
→

R
given

b
y

p̃
i (x

)
:=

P
i (X

+
Z
∈
B

(y
i ,r)|X

=
x )

P
i (X

+
Z
∈
B

(y
i ,r) )

·p
(x

),
(12)

a
n
d

d
efi

n
e

p̃
i (z|x

)
=

1
x

+
z∈
B

(y
i ,r

)

P
i (X

+
Z
∈
B

(y
i ,r)|X

=
x )
·p

(z|x
),

(13)

w
h
ere

in
th

e
a
b

ove
an

d
in

th
e

rem
ain

d
er

w
e

u
se

E
i

an
d
P
i

to
d
en

ote
con

d
ition

al
ex

p
ecta-

tio
n

a
n
d

con
d
ition

al
p
rob

ab
ility

giv
en

(x
i ,z

i ).
It

ca
n

b
e

easily
sh

ow
n

th
at

th
ese

fu
n
ction

s
co

rresp
o
n
d

to
th

e
m

argin
al

d
en

sity
of
X̃
i

an
d

th
e

con
d
ition

al
d
en

sity
of
Z̃
i

given
X̃
i

=
x

,
w

h
ere

(X̃
i ,Z̃

i )∼
µ
i .

T
h
e

d
istrib

u
tion

µ
i

is
of

relevan
ce

b
ecau

se
b
y

d
efi

n
ition

of
y
i

o
n
e

h
as

E
i [y

i ]
=

E
i [X̃

i
+
Z̃
i ].

N
ow

w
e

a
re

read
y

to
in

tro
d
u
ce

th
e

m
ain

d
ecom

p
osition

of
th

e
error

b
etw

een
th

e
sim

i-
la

rity
fu

n
ctio

n
s
δȲ

n
an

d
δX

n
.

U
sin

g
th

e
trian

gle
in

eq
u
ality

w
e

can
w

rite
∣∣|x

i −
x
j |−
|ȳ
i −

ȳ
j | ∣∣≤

∣∣E
i [X̃

i ]−
x
i −

(E
j [X̃

j ]−
x
j ) ∣∣

(14)

+
∣∣E
j [Z̃

j ] ∣∣
+
∣∣E
i [Z̃

i ] ∣∣
(15)

+
∣∣E
i [ȳ

i ]−
ȳ
i ∣∣

+
∣∣E
j [ȳ

j ]−
ȳ
j ∣∣.

(16)

In
th

e
n
ex

t
su

b
section

s
w

e
b

ou
n
d

each
of

th
e

term
s

(15)
(ex

p
ected

con
d
ition

al
n
oise),

(14)
(d

iff
eren

ce
in

geo
m

etric
b
ias),

an
d

(16
)

(sam
p
lin

g
error).

A
s

w
e

w
ill

see
in

S
u
b
section

2.5
w

e
ca

n
co

n
tro

l
b

oth
term

s
in

(16)
w

ith
v
ery

h
igh

p
rob

ab
ility

u
sin

g
stan

d
a
rd

con
cen

tration
in

eq
u
a
lities.

T
h
e

oth
er

th
ree

term
s

are
d
eterm

in
istic

q
u
an

tities
th

at
can

b
e

w
ritten

in
term

s
o
f

in
tegrals

w
ith

resp
ect

to
th

e
d
istrib

u
tion

s
µ̃
i

an
d
µ̃
j .

T
o

stu
d
y

th
ese

in
tegra

ls
it

w
ill

b
e

co
n
ven

ien
t

to
in

tro
d
u
ce

tw
o

q
u
an

tities
r−

<
r
<
r

+
(in

d
ep

en
d
en

t
of
i

=
1,...,n

)
satisfy

in
g:

i)
F

or
a
ll
x
∈
M

w
ith

dM
(x
,x

i )
>
r

+
w

e
h
ave

P
i (X

+
Z
∈
B

(y
i ,r)|X

=
x )

=
0.

E
q
u
iva

len
tly,

th
e

d
en

sity
p̃
i (x

)
is

su
p
p

o
rted

in
B
M

(x
i ,r

+
).

ii)
F

or
a
ll
x

w
ith

dM
(x
,x

i )
<
r−

w
e

h
ave

P
i (X

+
Z
∈
B

(y
i ,r)|X

=
x )

=
1.

It
sh

o
u
ld

b
e

n
oted

th
at

th
e

ch
oice

of
b

oth
r−

an
d
r

+
d
ep

en
d
s

on
r.

In
A

p
p

en
d
ix

A
w

e
p
resen

t
th

e
p
ro

of
of

th
e

follow
in

g
lem

m
a

giv
in

g
estim

ates
for

r
+

an
d
r−

.

L
e
m

m
a

7
(B

o
u

n
d

s
fo

r
r

+
a
n

d
r−

)
U

n
d
er

A
ssu

m
p
tio

n
3
,

th
e

qu
a
n

tities

r−
:=

r (
√

1
+

4
σR

+
16σ

2

r
2

+
m
σ

R

)
−

1

,

r
+

:=
r (
√

1−
8
r

2

R
−

4
σR
−
m
σ

R

)
−

1

,
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

sa
tisfy

p
ro

perties
i)

a
n

d
ii).

F
u

rth
erm

o
re,

r
+
−
r−
≤
C
m
,R

(
r

3
+
rσ

+
σ

2r

)
,
C
m
,R

:=
m

ax {
8m

+
32

R
,64 }

a
n

d
12
r

+
≤
r≤

2
r−
.

(17)

2
.3

B
o
u

n
d

in
g

E
x
p

e
c
te

d
C

o
n

d
itio

n
a
l

N
o
ise

P
ro

p
o
sitio

n
8

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
s

1
a
n

d
2

h
o
ld

.
T

h
en

,

∣∣E
i [Z̃

i ] ∣∣≤
C
m
,p
σr

(r
+
−
r−

),
C
m
,p

:=
4
m

+
1p
m
a
x

m
p
m
in

.

P
ro

o
f

U
sin

g
th

e
d
efi

n
ition

of
r

+
,

E
i [Z̃

i ]
=

ˆ

B
M

(x
i ,r

+
)

ˆ

z
p̃
i (z|x

)d
z
p̃
i (x

)
d
volM

(x
)

=

ˆ

B
M

(x
i ,r−

)

ˆ

z
p̃
i (z|x

)d
z
p̃
i (x

)
d
volM

(x
)

+

ˆ

B
M

(x
i ,r

+
)\
B
M

(x
i ,r−

)

ˆ

z
p̃
i (z|x

)d
z
p̃
i (x

)d
volM

(x
).

T
h
e

fi
rst

in
tegral

is
th

e
zero

vector
b

ecau
se

for
x
∈
B
M

(x
i ,r−

),
w

e
h
av

e
p̃
(z|x

)∝
p
(z|x

)
an

d
p
(z|x

)
is

assu
m

ed
to

b
e

cen
tered

.
T

h
erefo

re,

∣∣E
i [Z̃

i ] ∣∣≤
σ

ˆ

B
M

(x
i ,r

+
)\
B
M

(x
i ,r−

)
p̃
i (x

)d
volM

(x
)

=
σ

P
i (X

+
Z
∈
B

(y
i ,r) )

ˆ

B
M

(x
i ,r

+
)\
B
M

(x
i ,r−

)
p
(x

)d
volM

(x
)

≤
σ
p
m
a
x

P
i (X

+
Z
∈
B

(y
i ,r) )

ˆ

B
M

(x
i ,r

+
)\
B
M

(x
i ,r−

)
d
volM

(x
)

≤
σ
p
m
a
x

P
i (X

+
Z
∈
B

(y
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ṽ
,i
(t

)
−
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ṽ
,j (t),η̃〉

=
〈γ̈
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+
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con
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⊥
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⊥
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(26)
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ca

ti
on

p
ro

b
le

m
s.

T
o

sh
ow

th
e

p
ot

en
ti

al
b

en
efi

ts
,

w
e

co
n
si

d
er

sy
n
th

et
ic

a
n
d

re
a
l

d
at

as
et

s,
n
am

el
y

th
e

tw
o

m
o
on

s
an

d
M

N
IS

T
d
at

as
et

s.
S
in

ce
in

on
e

of
ou

r
ex

p
er

im
en

ts
w

e
st

u
d
y

a
re

al
d
at

as
et

,
w

h
er

e
in

ge
n
er

al
th

e
co

n
n
ec

ti
v
it

y
p
ar

am
et

er
in

an
ε

gr
a
p
h

is
h
a
rd

to
tu

n
e,

w
e

in
st

ea
d

co
n
si

d
er

fu
ll
y

co
n
n
ec

te
d

gr
ap

h
s

w
it

h
se

lf
-t

u
n
in

g
w

ei
gh

ts
.

P
re

ci
se

ly
,

g
iv

en
a

si
m

il
ar

it
y
δ

:
[n

]×
[n

]
→

[0
,∞

)
w

e
d
efi

n
e,

fo
ll
ow

in
g

Z
el

n
ik

-M
an

or
an

d
P

er
o
n
a

(2
0
0
5
),

th
e
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
isy

P
o
in

t
C

l
o
u
d
s

w
eig

h
ts

b
y

W
(i,j)

=
ex

p (−
δ(i,j)

2

2
τ
(i)τ

(j) )
,

(31)

w
h
ere

τ
(i)

is
th

e
sim

ilarity
b

etw
een

th
e
i-th

d
a
ta

p
oin

t
an

d
its

K
-th

n
earest

n
eigh

b
or

w
ith

resp
ect

to
th

e
d
istan

ce
δ.

A
s

b
efore,

w
e

d
en

ote
b
y

Γ
X
n
,
Γ
Y
n

an
d

Γ
Ȳ
n

th
e

gra
p
h
s

con
stru

cted
w

ith
sim

ila
rities

δX
n
,δY

n
,

an
d
δȲ

n
.

In
stead

of
sp

ecify
in

g
a

u
n
iversal

ε
rep

resen
tin

g
th

e
co

n
n
ectiv

ity
len

gth
-scale,

th
e

n
eigh

b
orh

o
o
d

for
each

p
o
in

t
is

selected
from

u
sin

g
th

e
lo

cal
g
eom

etry
w

h
ich

varies
in

sp
ace.

It
am

ou
n
ts

to
ch

o
osin

g
d
iff

eren
t

valu
es

of
ε

ad
ap

tively
d
ep

en
d
in

g
o
n

th
e

lo
cal

scale,
as

p
ro

p
osed

in
Z

eln
ik

-M
an

or
an

d
P

eron
a

(2005).
S
in

ce
th

e
τ
(i)

a
re

d
efi

n
ed

b
y

con
sid

erin
g
K

-n
earest

n
eigh

b
o
rs,

a
n
atu

ral
varian

t
o
f

th
e

ab
ov

e
fu

lly
co

n
n
ected

g
ra

p
h

is
to

set
th

e
w

eigh
ts

to
b

e
0

w
h
en

ev
er
x
i

an
d
x
j

are
n
ot

am
on

g
th

e
K

-
n
ea

rest
n
eig

h
b

o
rs

of
each

oth
er.

In
oth

er
w

ord
s,

w
e

can
con

stru
ct

a
(sy

m
m

etrized
)
K

-N
N

g
ra

p
h

w
ith

th
e

sam
e
K

as
in

th
e

d
efi

n
ition

of
τ
(i)

an
d

th
e

n
on

zero
w

eigh
ts

a
re

th
e

sa
m

e
a
s

a
b

ov
e.

It
tu

rn
s

ou
t

th
at

em
p
irically

th
is
K

-N
N

v
ersion

can
im

p
rove

th
e

cla
ssifi

cation
p

erfo
rm

a
n
ce

su
b
stan

tially,
b
u
t

to
illu

strate
th

e
lo

cal
reg

u
larization

id
ea

,
w

e
w

ill
p
resen

t
resu

lts
fo

r
b

o
th

grap
h

con
stru

ction
s.

W
e

sh
all

d
en

ote
th

ese
tw

o
ty

p
es

o
f

grap
h
s

as
fu

lly
-

co
n
n
ected

a
n
d
K

-N
N

varian
ts

for
b
rev

ity,
or

fu
lly

an
d
K

-N
N

for
sh

ort.

In
th

e
fo

llow
in

g,
w

e
fo

cu
s

on
th

e
sem

i-su
p

erv
ised

learn
in

g
settin

g
w

h
ere

w
e

are
given

n
d
a
ta

p
o
in

ts
w

ith
th

e
fi
rst

J
b

ein
g

lab
eled

.
T

h
e

classifi
cation

is
d
on

e
b
y

m
in

im
izin

g
a

p
rob

it
fu

n
ctio

n
a
l

a
s

ex
p
lain

ed
b

elow
.

L
et

∆
δ

b
e

a
n
orm

alized
grap

h
L

a
p
lacian

con
stru

cted
on

th
e

d
a
ta

set,
w

h
ich

w
ill

b
e

con
stru

cted
u
sin

g
X
n
,Y

n
an

d
Ȳ
n

an
d

∆
δ

=
I
−
D
−

1
/
2W

D
−

1
/
2

as
co

m
p
a
red

w
ith

(4).
L

et
(λ
i ,q

i ),
i

=
1,...,n

b
e

th
e

asso
ciated

eigen
valu

e-eigen
vector

p
airs,

a
n
d

let
U

=
sp

an{
q

2 ,...,q
n }.

T
h
e

classifi
er

is
set

to
b

e
th

e
sign

of
th

e
m

in
im

izer
u

of
th

e
fu

n
ctio

n
a
lJ

(u
)

:=
12
c 〈u

,∆
δ u〉−

J
∑j=

1

log (
Φ

(y
(j)u

(j);γ
) )
,

w
ith

c
:=

n (
n
∑i=

2

λ
−

1
i

)
−

1,

w
h
ere
{y

(j)}
Jj=

1
is

th
e

vector
of

lab
els

an
d

Φ
is

th
e

cd
f

ofN
(0,γ

2).
T

h
e

fu
n
ction

alJ
can

b
e

in
terp

reted
as

th
e

n
egative

log
p

osterior
in

a
B

ayesian
settin

g,
as

d
iscu

ssed
in

B
ertozzi

et
a
l.

(2
0
18

).
T

h
rou

gh
ou

t
ou

r
ex

p
erim

en
ts

w
e

set
γ

=
0.1.

4
.2

.1
T

w
o

M
o
o
n
s

W
e

fi
rst

stu
d
y

th
e

tw
o

m
o
on

s
d
ataset

(B
ü
h
ler

an
d

H
ein

(2009)),
w

h
ich

is
gen

erated
b
y

sa
m

p
lin

g
p

o
in

ts
u
n
iform

ly
from

tw
o

sem
i-circles

of
u
n
it

rad
iu

s
cen

tered
a
t

(0,0)
an

d
(1
,0
.5)

a
n
d

th
en

em
b

ed
d
in

g
th

e
d
ataset

in
R
d,

w
ith

d
=

100.
W

e
th

en
p

ertu
rb

th
e

d
ata

b
y

ad
d
in

g
u
n
ifo

rm
n
o
ise

w
ith

n
orm

b
ou

n
d
ed

b
y
σ

.
A

s
b

efore,
th

e
n
oise

in
th

e
fi
rst

tw
o

d
im

en
sion

s
a
re

n
o
rm

a
l

to
th

e
sem

icirlces;
th

e
n
oise

is
taken

to
b

e
u
n
iform

in
th

e
am

b
ien

t
sp

ace
in

th
e

rem
a
in

in
g

d
im

en
sion

s.
In

ad
d
ition

to
th

e
sem

i-su
p

erv
ised

settin
g,

w
e

also
ex

am
in

e
th

e
u
n
su

p
erv

ised
ca

se.

W
e

co
n
sid

er
n

=
1000

p
oin

ts
1%

of
w

h
ich

h
ave

lab
els

an
d

w
e

set
K

=
10.

A
s

p
oin

ted
o
u
t

in
R

em
a
rk

21,
w

e
ch

o
ose

th
e

regu
larization

p
aram

eter
r

to
b

e
eq

u
al

to
σ

.
W

e
com

p
are

th
e

a
p
p
rox

im
a
tion

of
d
istan

ce
m

atrix
an

d
classifi

catio
n

p
erform

an
ce

on
X
n
,Y

n
,

an
d
Ȳ
n
’s,
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

as
in

T
ab

le
2

an
d

F
igu

re
4.

In
stead

of
com

p
arin

g
n
o
d
es

th
at

are
w

ith
in
δX

n
-d

istan
ce
ε,

w
e

con
sid

er
n
o
d
es

th
at

are
K

-n
earest

n
eigh

b
ors

of
each

oth
er

w
ith

resp
ect

to
δX

n
.

A
s

b
efore,

th
e

regu
larized

p
oin

ts
Ȳ
n

ap
p
rox

im
ate

th
e

p
airw

ise
d
istan

ces
b

etter
an

d
m

oreover,
th

ey
im

p
rove

th
e

classifi
cation

p
erform

an
ce.

E
sp

ecially
for

th
e

fu
lly

-con
n
ected

case,
w

e
see

th
at

Ȳ
n

is
ab

le
to

cap
tu

re
th

e
ex

act
correct

lab
elin

g
as

th
e

clean
d
ata

d
o
es

for
m

o
d
erate

σ
’s,

w
h
ile

th
e

n
oisy

d
ata
Y
n

is
m

ak
in

g
m

istakes
ev

en
w

h
en

σ
is

as
sm

all
as

0.3.

σ
=

0.1
σ

=
0.3

σ
=

0.5
σ

=
0.7

σ
=

0.9

‖
D
X
n −

D
Y
n ‖∞

0.109
0.344

0.589
0.795

0.996

‖
D
X
n −

D
Ȳ
n ‖∞

0.064
0.164

0.240
0.372

0.431

T
ab

le
2:

E
n
try

w
ise∞

-n
orm

of
D
X
n −

D
Y
n

an
d
D
X
n −

D
Ȳ
n

on
tw

o
m

o
on

s
fo

r
d
iff

eren
t

valu
es

of
σ

.

(a)
F

u
lly

-con
n
ected

.
(b

)
K

-N
N

va
rian

t.

F
igu

re
2:

C
lassifi

cation
error

rates
for

Γ
X
n
,

Γ
Y
n

an
d

Γ
Ȳ
n

on
tw

o
m

o
on

s
for

d
iff

eren
t

valu
es

of
σ

.F
or

fu
rth

er
u
n
d
erstan

d
in

g,
in

F
igu

re
3

w
e

p
lot

th
e

fi
rst

tw
o

co
ord

in
ates

of
th

e
p

oin
ts

in
X
n
,Y

n
an

d
Ȳ
n

for
large

valu
es

of
σ

.
W

e
see

th
at

after
lo

cal
regu

la
rization

,
th

e
fi
rst

tw
o

co
ord

in
ates

ofȲ
n

lie
alm

ost
on

th
e

u
n
d
erly

in
g

m
an

ifo
ld

.
T

h
e

d
en

oisin
g

eff
ect

of
lo

cal
regu

larization
is

ap
p
aren

t.
F

u
rth

erm
ore,

w
e

ob
serve

th
at

th
e

sem
icircles

forȲ
n

are
“sh

orter”
th

an
th

ose
ofX

n
.

In
oth

er
w

ord
s,

p
oin

ts
n
ear

th
e

en
d
s

are
p
u
lled

aw
ay

from
th

e
b

ou
n
d
aries.

M
oreover,

if
on

e
lo

ok
s

carefu
lly

at
th

e
p
lots

for
Ȳ
n
,

p
oin

ts
are

d
en

ser
n
ear

th
e

top
an

d
b

ottom
.

T
h
is

illu
strates

th
at

lo
cal

regu
larization

n
ot

on
ly

red
u
ces

n
oise,

b
u
t

also
m

oves
p

oin
ts

to
region

s
o
f

h
igh

p
rob

ab
ility.

W
e

refer
to

C
h
en

et
al.

(2016);
F

u
k
u
n
aga

an
d

H
ostetler

(1975)
an

d
th

e
referen

ces
th

erein
for

som
e

d
iscu

ssion
on

m
ean

-sh
ift

an
d

m
o
d
e-seek

in
g

ty
p

e
algorith

m
s.

R
e
m

a
rk

2
2

T
h
e

tw
o

m
oo

n
s

d
a
ta

set
is

sa
m

p
led

fro
m

a
m

a
n

ifo
ld

w
ith

bo
u

n
d
a
ries,

a
n

d
so

o
u

r
th

eo
ry

d
oes

n
o
t

d
irectly

a
p
p
ly.

H
o
w

ever,
th

e
n

u
m

erica
l

resu
lts

seem
to

su
ggest

th
a
t

o
u

r
th

eo
ry

co
n

tin
u

es
to

h
o
ld

in
th

is
settin

g.
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L
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R
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g

u
l
a
r
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n
o
f

N
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y
P

o
in

t
C

l
o
u
d
s

(a
)
σ

=
0.

1.

(b
)
σ

=
0.

5.

(c
)
σ

=
0.

9.

F
ig

u
re

3:
V

is
u
al

iz
at

io
n

of
th

e
p

oi
n
t

cl
ou

d
s
X n

,
Y n

,
an

d
Ȳ n

.
E

ac
h

ro
w

co
n
ta

in
s

sc
a
tt

er
p
lo

ts
of

th
e

fi
rs

t
tw

o
co

or
d
in

at
es

of
th

e
p

oi
n
ts

in
th

e
d
at

a
se

ts
X n

,
Y n

,
an

d
Ȳ n

.

R
e
m

a
rk

2
3

A
d
d
it

io
n

a
l

n
u

m
er

ic
a
l

ex
pe

ri
m

en
ts

n
o
t

sh
o
w

n
h
er

e
su

gg
es

t
th

a
t

a
p
p
ly

in
g

lo
ca

l
re

gu
la

ri
za

ti
o
n

w
it

h
in

u
n

su
pe

rv
is

ed
sp

ec
tr

a
l

cl
u

st
er

in
g

gi
ve

s
qu

a
li

ta
ti

ve
ly

si
m

il
a
r

re
su

lt
s

to
th

o
se

sh
o
w

n
in

F
ig

u
re

2
fo

r
a

se
m

i-
su

pe
rv

is
ed

se
tt

in
g.

4
.2

.2
M

N
IS

T

In
th

is
su

b
se

ct
io

n
w

e
ap

p
ly

lo
ca

l
re

gu
la

ri
za

ti
o
n

o
n

th
e

M
N

IS
T

d
at

a-
se

t
of

h
an

d
-w

ri
tt

en
d
ig

it
s

(L
eC

u
n

(1
99

8)
).

E
ac

h
d
ig

it
is

d
es

cr
ib

ed
b
y

a
78

4-
d
im

en
si

on
al

ve
ct

or
,

b
u
t

th
e

n
u
m

b
er

of
d
eg

re
es

of
fr

ee
d
om

of
th

e
d
at

a-
ge

n
er

at
in

g
m

ec
h
an

is
m

is
m

u
ch

sm
al

le
r.

F
or

in
st

an
ce

,
in

H
ei

n
an

d
A

u
d
ib

er
t

(2
00

5)
th

e
au

th
or

s
es

ti
m

at
e

th
e

in
tr

in
si

c
d
im

en
si

o
n

of
th

e
d
ig

it
s

1
fr

om
M

N
IS

T
to

b
e

8.
H

ow
ev

er
,

u
n
li
ke

in
th

e
p
re

v
io

u
s

ex
am

p
le

s,
h
er

e
th

er
e

is
n
o

ex
p
li
ci

tl
y

av
ai

l-
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G
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T
r
il

l
o
s,

S
a
n
z
-A

l
o
n
so

,
a
n
d

Y
a
n
g

ab
le

u
n
d
er

ly
in

g
m

an
if

ol
d

fr
om

w
h
ic

h
th

e
d
ig

it
s

ar
e

sa
m

p
le

d
.

In
st

ea
d

of
a
d
d
in

g
a
d
d
it

io
n
a
l

n
oi

se
to

th
e

d
at

as
et

,
w

e
d
ir

ec
tl

y
ap

p
ly

lo
ca

l
re

gu
la

ri
za

ti
on

to
th

e
d
ig

it
s

an
d

sh
ow

th
a
t

d
o
in

g
so

im
p
ro

ve
s

th
ei

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

.
S
in

ce
th

e
le

ve
l

of
n
oi

se
is

u
n
k
n
ow

n
ch

o
o
si

n
g

th
e

lo
-

ca
li
za

ti
on

p
ar

am
et

er
r

ca
n
n
ot

b
e

gu
id

ed
b
y

th
e

th
eo

ry
an

d
in

ou
r

ex
p

er
im

en
ts

,
w

e
tu

n
e

it
b
y

p
er

fo
rm

in
g

2-
fo

ld
cr

os
s

va
li
d
at

io
n

on
th

e
la

b
el

se
ts

.
W

h
en

th
er

e
ar

e
fe

w
la

b
el

s,
w

e
re

p
ea

t-
ed

ly
ge

n
er
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p
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d
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b
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u
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e
re

g
u
la

ri
ze

d
ve

rs
io

n
of

th
e

co
rr

es
p

on
d
in

g
im

ag
e

in
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b
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b
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p
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p
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e

p
ai

r
3&

8,
th
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b
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.
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re
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la
ri
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e
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on
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ro

r
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d
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h

Γ
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h
e
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e
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h
en
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th
e
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N
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an
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b
u
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th
e
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p
ro
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e
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p
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en
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ri
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ti
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b
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h
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t
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d
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n
u
m

b
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b
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s
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h
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r
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e
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p
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g
u
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ti
o
n

ca
n

p
ro
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ch
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ro

v
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en
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is
m

o
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ti
v
e

w
h
en

la
b

el
in

fo
rm

a
ti

o
n

is
li
m

it
ed

an
d

on
e

h
as

to
ex

tr
ac

t
in

fo
rm

at
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n
fr

om
th

e
ge

om
et
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.
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u
r

th
eo

ry
an

d
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r
ex

p
er

im
en
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l

re
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la
ri

za
ti

on
im

p
ro

v
es

th
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at
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L
o
c
a
l

R
e
g

u
l
a
r
iz

a
t
io

n
o
f

N
o
isy

P
o
in

t
C

l
o
u
d
s

b
o
o
sts

th
e

cla
ssifi

cation
p

erform
an

ce
in

th
at

scen
ario.

W
e

p
resen

t
a

v
isu

alization
of

th
e

eff
ect

o
f

lo
ca

l
regu

larization
in

F
igu

re
3.

T
h
e

tw
o

row
s

rep
resen

t
th

e
im

ag
e

b
efore

an
d

after
lo

ca
l

reg
u
la

riza
tion

resp
ectively.

W
e

can
see

th
at

esp
ecially

for
th

e
eigh

ts,
m

an
y

of
th

e
im

a
g
es

g
et

“
fi
x
ed

”
after

regu
larization

.
M

oreover,
a
t

a
h
igh

level,
im

ages
w

ith
in

each
grou

p
in

th
e

seco
n
d

row
lo

ok
m

ore
sim

ilar
am

on
g

th
em

selves
th

an
th

ose
in

th
e

fi
rst

row
.

B
ecau

se
o
f

th
is

w
e

ex
p

ect
th

e
classifi

cation
to

b
e

b
etter.

R
e
m

a
rk

2
4

T
h
e

fo
u

r
ch

o
sen

pa
irs

o
f

d
igits

a
re

th
e

h
a
rd

est
pa

irs
to

cla
ssify

bu
t

loca
l

reg-
u

la
riza

tio
n

ca
n

im
p
ro

ve
th

e
perfo

rm
a
n

ce
fo

r
o
th

er
pa

irs
too

.
F

o
r

u
n

su
pervised

spectra
l

clu
sterin

g,
loca

l
regu

la
riza

tio
n

still
gives

im
p
ro

vem
en

t,
bu

t
u

sin
g

cro
ss

va
lid

a
tio

n
to

ch
oo

se
r

is
n

o
lo

n
ger

po
ssible.

4
.3

F
u

tu
re

D
ire

c
tio

n
s

A
s

m
en

tio
n
ed

a
b

ov
e,

th
e

p
ractical

ch
oice

of
r

can
b

e
ch

allen
gin

g.
W

e
p
rop

ose
tw

o
alter-

n
a
tives

th
a
t

m
ay

b
e

easier
to

w
ork

w
ith

an
d

in
vestigate

th
eir

co
m

p
eten

ce
on

th
e

M
N

IS
T

d
a
ta

set.

4
.3

.1
k
-N

N
r
e
g

u
l
a
r
iz

a
t
io

n

T
h
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is
a

n
a
tu

ral
varian

t
of

Γ
Ȳ
n

b
ased

on
k
-n

earest
n
eigh

b
or

regu
larization

.
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stead
of
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in
g

a
n
eigh

b
orh

o
o
d

of
y
i
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rad

iu
s
r,

w
e
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p
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regress
th

e
d
ata

b
y
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eragin

g
over
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k

n
ea

rest
n
eigh

b
ors.

H
ere

k
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n
ot

n
ecessarily

th
e

sam
e
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K

(th
e

n
u
m

b
er

of
n
eigh

b
ors

u
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to
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n
stru

ct
a

sim
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grap
h
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C
on
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g
k
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n
ts

to
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g
d
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eren
t
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o
f
r
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t

d
iff
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t
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w
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n
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b
orh

o
o
d
s

con
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b
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con
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e
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T
h
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b
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p
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b
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w
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w
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w
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d
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ŷ
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d
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ŷ
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b
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p
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b
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p

oin
ts

close
to
y
i ,
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ever,
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con
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p
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d
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48.0%

48.0%
48.0%

Γ
Y
n
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Ȳ
n

13.4%
17.4%

36.9%
15.3%

Γ
Ȳ
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C
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p
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errors
w
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d
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R
e
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rk
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T
h
e

id
ea

o
f

u
sin

g
la

bels
to

lea
rn

r
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r
k

)
ca

n
be

u
n

d
erstood

a
s

a
specifi

c
in

sta
n
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o
f

a
m

o
re

gen
era

l
id

ea
:

to
u

se
la

bels
to

better
in

fo
rm

th
e

lea
rn

in
g

o
f

th
e

u
n

d
erlyin

g
geo

m
etry

o
f

a
d
a
ta

set.
W

h
a
t

is
m

o
re,

o
n

e
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n
try

to
sim

u
lta

n
eo

u
sly

lea
rn

th
e

geo
m

etry
o
f

th
e

in
p
u

t
spa

ce
w

ith
th

e
lea

rn
in

g
o
f

th
e

la
belin

g
fu

n
ctio

n
,

in
stea

d
o
f
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kin

g
a
t
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ese
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o

p
ro
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s
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en
tia

l
fo

rm
.

T
h
is

w
ill
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e
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p
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o
f

fu
tu
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resea
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A
ck

n
o
w
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d
g
m
e
n
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T
h
e

w
ork
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N

G
T
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d
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S
A

w
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su
p
p

orted
b
y

th
e

N
S
F

G
ran

t
D

M
S
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T
h
e

au
th

ors
are

th
an

k
fu

l
to

F
acu

n
d
o

M
ém

oli
for

en
ligh

ten
in

g
d
iscu

ssion
s,

an
d

tw
o

an
on

y
m

ou
s

referees
for

th
eir

valu
ab

le
feed

b
ack

.
P

art
of

th
is

m
an

u
scrip

t
w
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com

p
leted

w
h
en

th
e

fi
rst

au
th

or
v
isited

th
e

D
ep

artm
en

t
of

S
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at
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e
U

n
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C

h
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N
G

T
w
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to
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k
th

e
d
ep

artm
en

t
for

th
eir

h
osp

itality.
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p
p
e
n
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E
stim

a
tin

g
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a
n
d
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A
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E
stim

a
tin

g
r−

W
e

w
an

t
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fi
n
d

valu
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of
t
>

r2
for

w
h
ich

for
all

v
∈
T
x
i M

w
ith
|v|≤

t,
an

d
for

all
η
∈
T

ex
p
x
i (v

) M
⊥

w
ith
|η|≤

σ
w

e
h
ave

|ex
p
x
i (v

)
+
η−

y
i |
<
r.

W
e

w
ill

later
take

th
e

m
ax

im
u
m

valu
e

of
t

for
w

h
ich

th
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h
old

s
an

d
set

r−
to

b
e

th
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m
ax

im
u
m

valu
e.

L
et

x
=

ex
p
x
i (v

).
F

irst,
w

ith
th

e
p
arallel

tran
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ort
m

ap
u
sed

in
th

e
p
ro

of
of

th
e

geom
etric
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In
this

w
ork,w

e
study

m
ulticlass

boosting
w

ith
the

goalof
an

integrated
understanding

of
the

roles
ofthe

optim
ization

strategy,labelcodew
ords,w

eak
learners,and

m
ulticlass

risk.T
his

leads
to

a
new

form
ulation

of
the

problem
based

on
1)

m
ulti-dim

ensionalpredictors,2)
m

ulti-dim
ensional

real
valued

codew
ords,

and
3)

proper
m

ulticlass
m

argin
loss

functions.
W

e
start

by
studying

the
role

ofthe
labelencoding,show

ing
thatthe

selected
codew

ords
im

pose
an

upperbound
on

the
m

ax-
im

um
m

argin
achievable

by
any

predictor.
T

his
is

denoted
the

m
argin

capacity
bound.

W
e

then
define

a
fam

ily
of

losses,denoted
γ
−
φ

losses,w
hich

extend
the

classicalm
argin

losses
used

by
binary

boosting
algorithm

s.
T

hese
losses

connectthe
classification

m
argin

to
a

setof
dot-products

betw
een

a
m

ultidim
ensionalpredictor

and
a

codew
ord

set,enabling
the

form
ulation

of
m

ulticlass
boosting

as
a

m
argin

m
axim

ization
problem

in
m

ultidim
ensionalfunctionalspace.

T
his

objective
is

form
ulated

through
an

em
piricalrisk

thatcom
bines

a
γ−

φ
loss

and
a

m
argin

capacity
codew

ord
set.

Tw
o

algorithm
s

are
then

derived
to

solve
this

optim
ization.

T
he

first,denoted
C

D
-M

C
B

oost,
im

plem
ents

a
functional

coordinate
descent

procedure.
C

D
-M

C
B

oost
supports

any
type

of
w

eak
learners,

updating
one

com
ponent

of
the

predictor
per

boosting
iteration.

T
his

m
ethod

has
som

e
sim

ilarities
to

binary
reduction

procedures
but1)

uses
real-valued

codew
ords

and
2)

learns
allpre-

dictor
com

ponents
jointly.

T
he

second,
denoted

G
D

-M
C

B
oost,

im
plem

ents
functional

gradient
descent,in

a
space

of
m

ultidim
ensionalw

eak
learners,updating

allpredictor
com

ponents
sim

ulta-
neously.

B
oth

M
C

B
oostalgorithm

s
reduce

to
classicalboosting

algorithm
s

(such
as

A
daB

oostor
L

ogitB
oost)

for
binary

problem
s,depending

on
the

choice
of
γ
−
φ

loss.
T

hey
are

also
show

n
to

exhibit
classical

boosting
properties,

such
as

seeking
the

w
eak

learner
of

m
axim

um
m

argin
on

a
rew

eighted
training

sam
ple

ateach
iteration

and
w

elldefined
boostability

conditions.
T

hese
prop-

erties
are,how

ever,show
n

to
hold

m
ore

generally,as
w

ould
be

expected
of

the
m

ulticlass
setting.

W
ith

respect
to

w
eights,

M
C

B
oost

em
phasizes

not
only

the
m

ost
difficult

exam
ples

but
also

the
m

ostdifficultclasses,ateach
boosting

iteration.
W

ith
regards

to
boostability,M

C
B

oostis
show

n
to

boost
any

set
of

w
eak

learners
w

ith
better

than
m

ulticlass
chance

perform
ance,

i.e.
less

than
M
/1

0
0
%

error.

In
the

rem
ainder

of
the

paper,w
e

consider
the

design
of

good
codew

ord
sets

and
γ
−
φ

loss
functions

for
M

C
B

oost
algorithm

s.
W

e
start

by
considering

the
design

of
a

set
of

codew
ords

of
m

axim
um

capacity,for
any

predictor
dim

ension
d.

W
e

derive
necessary

and
sufficientconditions

for
a

codew
ord

setto
achieve

this
bound

and
show

thatsuch
a

codew
ord

setis
guaranteed

to
exist

w
henever

d
>
M
−

1.
A

procedure
to

generate
the

associated
codew

ords
is

then
presented.

W
e

nextconsider
the

case
of

low
-dim

ensionalpredictors,w
ith

d
≤
M
−

1.
W

e
show

that,w
hile

there
are

no
guarantees

of
m

eeting
the

capacity
bound

in
this

case,it
is

possible
to

generate
codew

ord
sets

thatare
optim

alin
a

related
sense,the

m
ax-m

in
codew

ord
distance.

A
procedure

to
generate

such
codew

ord
sets

is
again

provided.
W

e
next

consider
the

interplay
betw

een
codew

ords
and

risk,
by

studying
several

properties
of
γ
−
φ

losses.
In

particular,
w

e
derive

conditions
under

w
hich

these
losses

are
m

argin
enforcing

and
show

that
they

are
proper

under
m

ild
conditions

on
the

codew
ord

set.T
hese

conditions
are

show
n

to
hold

forallcodew
ord

sets
thatachieve

the
m

argin
capacity

bound.B
y

relating
γ−

φ
lossesto

the
binary

m
argin

lossesofclassicalboosting
algorithm

s,
w

e
then

derive
extensions

of
the

latter
to

the
m

ulticlass
setting.

T
his

leads
to

natural
m

ulticlass
extensions

ofalgorithm
s

like
A

daB
oost(Freund

and
Schapire,1997),L

ogitB
oost(Friedm

an
etal.,

1998),and
SavageB

oost(M
asnadi-Shiraziand

V
asconcelos,2008).T

he
theoreticalfram

ew
ork

now
introduced

is
finally

used
to

place
previous

m
ulticlass

boosting
algorithm

s
in

a
com

m
on

footing.
T

his
exercise

show
s

thatallalgorithm
s

im
plem

entdifferentcom
binations

of
optim

ization
strategy,

codew
ords,

w
eak

learners,
and

loss
function.

It
also

highlights
som

e
of

the
deficiencies

of
these
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algorithm
s,explaining

w
hy

they
failundersom

e
settings.In

particular,itis
show

n
thatno

previous
m

ethod
m

atchesthe
supportofM

C
B

oostforrealcodew
ordsofm

axim
um

capacity,a
properm

argin-
enforcing

loss
function,m

ultidim
ensionalpredictors

and
any

class
of

w
eak

learners.
E

xperim
ental

results
confirm

the
superiority

of
M

C
B

oost,show
ing

that
the

tw
o

proposed
M

C
B

oost
algorithm

s
outperform

com
parable

priorm
ethods

on
a

num
berofdatasets.

T
he

paper
is

organized
as

follow
s.

In
section

2,
w

e
briefly

review
prior

w
ork

on
m

ulticlass
boosting.

T
he

foundations
of

the
proposed

form
ulation

are
introduced

in
Section

3,w
here

w
e

pro-
pose

a
setofm

ulticlass
definitions

forclass
labels,predictor,and

m
argin.T

he
M

C
B

oostalgorithm
s

are
derived

in
Section

4,w
here

w
e

also
discuss

properties
such

as
w

eighting
m

echanism
s

and
w

eak
learners.

T
he

problem
of

optim
alcodew

ord
design

is
then

discussed
in

Section
5,w

here
w

e
intro-

duce
the

notions
of

m
argin

capacity
and

derive
necessary

and
sufficient

conditions
for

m
axim

um
capacity

and
m

ax-m
in

distance
codew

ord
sets.

Section
6

is
devoted

to
w

eak
learners,

analyzing
issues

such
as

boostability
or

the
role

ofclassification
vs.

realvalued
learners.

Section
7

discusses
various

properties
of

interestfor
γ
−
φ

losses,and
introduces

a
num

ber
of

losses
thatm

eetthese
properties,

leading
to

the
m

ulticlass
extensions

of
various

classical
boosting

algorithm
s.

T
hese

are
com

pared
to

previous
m

ulticlass
boosting

algorithm
s

in
Section

8,w
here

existing
m

ethods
are

studied
in

lightof
the

proposed
boosting

fram
ew

ork.
Finally,experim

entalresults
are

discussed
in

Section
9

and
som

e
conclusions

draw
n

in
Section

10.

2.R
elated

w
ork

In
this

section,w
e

briefly
review

previous
w

ork
in

m
ulticlass

boosting.

2.1.O
rigins

T
he

problem
of

m
ulticlass

classification
has

attracted
significantattention

since
the

early
days

of
m

achine
learning.T

he
first,and

stillpopular,m
ethod

fordesigning
an
M

-class
classifieris

to
learn

M
binary

classifiers,each
separating

one
class

form
the

rem
aining

(N
ilsson,1965).A

tthe
testtim

e,
a

prediction
score

is
com

puted
by

each
binary

classifier
and

the
class

of
highestscore

is
selected.

T
his

is
know

n
as

“one-vs-all”
(O

VA
)

classification.
L

ater,
(Sejnow

ski
and

R
osenberg,1987)

ex-
tended

the
idea

by
assigning

a
binary

string
oflength

lto
each

class
and

learning
lbinary

classifiers
to

predictthe
bits

ofthose
strings.W

hile
this

is
sim

ilarto
O

VA
,the

class
selected

attesttim
e

is
that

w
hose

string
is

closest,in
the

H
am

m
ing

distance
sense,to

thatrecovered
by

the
binary

classifiers.
T

his
w

as,to
the

bestof
our

know
ledge,the

firstattem
ptto

representclasses
by

m
ultidim

ensional
codew

ords
(binary

strings
in

this
case).

(D
ietterich

and
B

akiri,1995)
im

proved
this

idea
by

intro-
ducing

an
error

correcting
output

code
(E

C
O

C
).T

his
consists

of
using

techniques
from

the
error

correction
literature

to
design

a
codew

ord
setresistantto

errors.
Itm

ade
itpossible

to
recover

the
true

class
even

if
a

few
of

the
binary

classifiers
produced

erroneous
bits.

(H
astie

and
Tibshirani,

1998)suggested
an

alternative
approach,by

designing
M

(M
−

1
)

2
classifiers

to
discrim

inate
betw

een
allpairs

of
classes.

A
ttesttim

e,a
class

w
as

selected
through

a
vote

am
ong

these
classifiers.

(A
ll-

w
ein

etal.,2001)
unified

allthese
binary

classification
m

ethods,show
ing

thatthey
allreduce

the
m

ulticlass
problem

into
binary

sub-problem
s,fora

specific
choice

ofcoding
m

atrix.
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si
fic

at
io

n

A
bi

na
ry

cl
as

si
fie

r,
F

(x
),

im
pl

em
en

ts
a

de
ci

si
on

ru
le

th
at

m
ap

s
ex

am
pl

es
x
∈
X

to
cl

as
se

s
c
∈

{1
,2
}.

T
he

cl
as

si
fie

r
is

op
tim

al
w

he
n

th
is

de
ci

si
on

ru
le

m
in

im
iz

es
so

m
e

cl
as

si
fic

at
io

n
ri

sk
.

A
cl

as
si

ca
l

ri
sk

is
th

e
pr

ob
ab

ili
ty

of
cl

as
si

fic
at

io
n

er
ro

r,
w

hi
ch

is
m

in
im

iz
ed

by
th

e
B

ay
es

de
ci

si
on

ru
le

F
(x

)
=

ar
g

m
in

c∈
{1
,2
}P

C
|X

(c
|x

).
(1

)

T
hi

s
ru

le
is

no
te

as
y

to
im

pl
em

en
t,

du
e

to
th

e
di

ffi
cu

lty
of

es
tim

at
in

g
th

e
pr

ob
ab

ili
tie

s
P
C
|X

(c
|x

).
L

ar
ge

m
ar

gi
n

m
et

ho
ds

,s
uc

h
as

bo
os

tin
g,

av
oi

d
th

is
di

ffi
cu

lty
by

ad
op

tin
g

al
te

rn
at

iv
e

ri
sk

s.
T

he
y
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S,L

O
S

S
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S,
A

N
D

A
L

G
O

R
IT

H
M

S

im
plem

entthe
classifieras

F
(x

)
=

{
1

if
f
∗(x

)
<

0
2

if
f
∗(x

)
>

0
.

(2)

w
here

f
∗(x

)
:X
→

R
is

the
continuous

valued
predictor

f
∗(x

)
=

arg
m

in
f
R
L

(f
)

(3)

thatm
inim

izes
the

risk
R
L

(f
)

=
E
X
,C {

L
[y
c,f

(x
)]}

(4)

defined
by

a
loss

function
L

[.,.]and
a

setofclass
labels

y
c,w

here
y
c

is
the

labelofclass
c∈
{1,2}.

T
he

loss
L

[.,.]is
B

ayes
consistentifthe

m
inim

ization
of(4)results

in
the

B
ayes

decision
rule,i.e.

(1)and
(2)are

equivalent.
To

learn
the

optim
alclassifier,the

risk
of(4)is

estim
ated

by
the

em
piricalrisk

R
L

(f
)

=
1n

n
∑i=

1

L
[y
c
i,f

(x
i )]

(5)

over
a

training
sam

ple
D

=
{(x

i ,c
i )}

ni=
1 .

L
arge

m
argin

m
ethods

use
the

labels
y

1
=
−

1
and

y
2

=
1

and
a

B
ayes

consistentloss
function

thatonly
depends

on
the

classification
m

argin
y
cf

(x
),

i.e.
L

[y
c,f

(x
)]

=
L

[y
cf

(x
)].

(6)

T
hisguaranteesthatthe

classifierhasgood
generalization

forfinite
training

sam
ples(V

apnik,1998).
B

oosting
learns

the
optim

alpredictor
f
∗(x

)
:X
→

R
as

the
solution

of
{

m
in
f

(x
)
R
L

(f
)

s.t
f

(x
)∈

sp
a
n

(H
)

(7)

w
here

R
L

(f
)

is
the

em
pirical

risk
of

(5),
and
H

=
{
h

1 (x
),...,h

r (x
)},

a
set

of
w

eak
learners

h
i (x

)
:
X
→

R
.

T
he

optim
ization

is
carried

out
by

gradient
descent

in
the

functional
space

sp
a
n

(H
)

oflinearcom
binations

of
h
i (x

)
(Friedm

an
etal.,1998;M

ason
etal.,2000;Saberian

etal.,
2010).

T
he

extension
of

binary
boosting

to
the

m
ulticlass

setting
requires

m
ulticlass

definitions
of

class
labels,predictor,m

argin,decision
rule,loss

function
and

risk
m

inim
ization

procedure.

3.2.M
ulticlassextensions

T
he

definition
ofthe

classification
labels

as
y
c

=
±

1
plays

a
significantrole

in
the

binary
form

ula-
tion.

O
ne

of
the

difficulties
of

the
m

ulticlass
extension

is
thatthese

labels
do

nothave
an

obvious
generalization.

For
M

-ary
classification,

c∈
{
1
,...,M

},each
class

c
m

ustbe
m

apped
into

a
dis-

tinctclass
label

y
c∈
Y

=
{
y

1,...,y
M
}.T

his
labelcan

be
thoughtofas

a
codew

ord
thatidentifies

the
class.

In
the

binary
case,the

predictor
is

a
realvalued

function,i.e.
f

(x
)∈

R
,and

the
code-

w
ords±

1
are

the
tw

o
directions

on
the

line.
To

generalize
these

concepts
to

the
m

ulticlass
setting,

w
e

introduce
a

m
ulti-dim

ensionalpredictor
f

(x
)∈

R
d

and
codew

ords
y
k

w
hich

are
directions

in
this

space

y
c∈

R
d,
‖y

c‖
=

1.
(8)
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G
iven

a
m

ulti-dim
ensionalpredictorand

and
a

setofm
ulti-dim

ensionalcodew
ords 1,the

m
ulticlass

m
argin

is
defined

as
follow

s.

D
efinition

1
Let

y
k
∈

R
d,k
∈
{1
,...,M

},
be

the
set

of
codew

ords
of

an
M

-ary
classifier

of
predictor

f
:X
→

R
d.The

m
argin

ofexam
ple

x
w

ith
respectto

class
k

is

M
(y
k,f

(x
))

=
m

in
l6=
k

[u
k−

u
l ]

(9)

=
u
k−

m
ax

l6=
k
u
l,

(10)

w
here

u
k

=
12

〈
y
k,f

(x
) 〉
,

(11)

isthe
com

ponentoff
(x

)along
codew

ord
y
k

and
<
.,.
>

isthe
E

uclidean
dot-product.The

quantity

[u
k−

u
l ]

=
12

〈
y
k−

y
l,f

(x
) 〉

(12)

is
the

l th
m

argin
com

ponentof
f

(x
)

w
ith

respectto
class

k.

T
his

definition
is

closely
related

to
previous

definitions
of

m
ulticlass

m
argin

in
the

literature.
For

exam
ple,itgeneralizes

thatof
(G

uerm
eur,2007),w

here
the

codew
ords

y
k

are
restricted

to
binary

vectors
in

the
canonicalbasis

ofR
d,and

is
a

specialcase
of

thatof
(A

llw
ein

etal.,2001),w
here

the
dotproducts 〈y

k,f
(x

) 〉
are

replaced
by

a
generic

function
of
f
,x
,and

k.
Furtherm

ore,w
hen

M
=

2
and

y
1

=
−
y

2
=

1,

M
(y
k,f

(x
))

=
12

[y
kf

(x
)−

m
ax

l6=
k
y
lf

(x
)]

=
12

[y
kf

(x
)

+
y
kf

(x
)]

=
y
kf

(x
),

(13)

and
(9)

is
identical

to
the

classic
definition

of
binary

m
argin.

Sim
ilarly

to
the

binary
case,

it
is

possible
to

define
the

m
argin

ofa
predictorfora

particulardataset,as
follow

s.

D
efinition

2
The

m
argin

ofa
predictor

f
(.)

w
ith

respectto
a

setofcodew
ordsY

=
{y

1,...,y
M
}

and
exam

plesD
=
{(x

i ,c
i )}

ni=
1

is

M
p (D

,Y
,f

)
=

m
in

(x
i ,y

c
i)∈D
M

(y
c
i,f

(x
i )).

(14)

T
his

can
be

seen
as

a
m

easure
of

the
distance

betw
een

the
classification

boundary
and

the
point

closestto
it.

To
extent

the
binary

decision
rule

of
(2)

to
the

m
ulticlass

case,
w

e
start

by
noting

that,
for

a
binary

classifierw
ith

y
1

=
1

and
y

2
=
−

1,itcan
be

w
ritten

as

F
(x

)
=

arg
m

a
x

k
=
{
1
,2}
y
kf
∗(x

),
(15)

i.e.
the

classifier
sim

ply
chooses

the
class

of
largestm

argin
for

exam
ple

x.
T

his
has

the
follow

ing
straightforw

ard
extension.

1.A
t

this
point,

w
e

assum
e

that
a

good
set

of
codew

ord
exists

and
is

know
n.

In
Section

5
w

e
w

ill
discuss

how
the

selection
ofcodew

ords
affects

learning
perform

ance
and

procedures
fordeterm

ining
the

optim
alones.
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S
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D
efi

ni
tio

n
3

C
on

si
de

r
an
M

-a
ry

cl
as

si
fic

at
io

n
pr

ob
le

m
w

ith
co

de
w

or
ds
y
k
∈
R
d
,k
∈
{1
,.
..
,M
}.

A
m

ax
im

um
m

ar
gi

n
cl

as
si

fie
r

of
pr

ed
ic

to
r
f

:
X
→

R
d

im
pl

em
en

ts
th

e
de

ci
si

on
ru

le

F
(x

)
=

ar
g

m
ax

k
∈{

1
,.
..
,M
}M

(y
k
,f

(x
))
.

(1
6)

T
he

fo
llo

w
in

g
re

su
lt

sh
ow

s
th

at
th

is
is

eq
ui

va
le

nt
to

se
le

ct
in

g
th

e
cl

as
s

al
on

g
w

ho
se

co
de

w
or

d
f

(x
)

ha
s

th
e

la
rg

es
tc

om
po

ne
nt

.

L
em

m
a

1
Th

e
de

ci
si

on
ru

le
of

th
e

m
ax

im
um

m
ar

gi
n

cl
as

si
fie

r
of

(1
6)

is
eq

ui
va

le
nt

to

F
(x

)
=

ar
g

m
ax

k
∈{

1
,.
..
,M
}〈 y

k
,f

(x
)〉
.

(1
7)

Pr
oo

f
Se

e
A

pp
en

di
x

A
.1

.

A
co

ro
lla

ry
of

th
is

re
su

lt
is

th
at

,a
s

is
th

e
ca

se
fo

r
bi

na
ry

cl
as

si
fic

at
io

n,
an

ex
am

pl
e
x

of
cl

as
s
c

is
co

rr
ec

tly
cl

as
si

fie
d

by
th

e
m

ax
m

ar
gi

n
cl

as
si

fie
r

if
an

d
if

an
d

on
ly

if
th

e
ex

am
pl

e
m

ar
gi

n
of
x

w
ith

re
sp

ec
tt

o
cl

as
s
c

is
po

si
tiv

e.

C
or

ol
la

ry
1

Le
tc

be
th

e
cl

as
s

of
ex

am
pl

e
x

an
d
f

(x
)

th
e

pr
ed

ic
to

r
of

a
m

ax
im

um
m

ar
gi

n
cl

as
si

fie
r

F
(x

).
Th

en
F

(x
)

=
c

if
an

d
on

ly
if

M
(y
c
,f

(x
))
>

0.
(1

8)

Pr
oo

f
Se

e
A

pp
en

di
x

A
.2

Fi
na

lly
,a

m
ax

im
um

m
ar

gi
n

cl
as

si
fie

r
cl

as
si

fie
s

al
le

xa
m

pl
es

in
a

da
ta

se
tD

co
rr

ec
tly

if
an

d
on

ly
if

its
pr

ed
ic

to
rm

ar
gi

n
w

ith
re

sp
ec

tt
o
D

is
po

si
tiv

e.

C
or

ol
la

ry
2

Le
tf

(.
)

be
th

e
pr

ed
ic

to
ro

fa
m

ax
im

um
m

ar
gi

n
cl

as
si

fie
rF

(x
)

an
d
D

a
se

to
fe

xa
m

pl
es

(x
i,
c i

).
f

(.
)

cl
as

si
fie

s
al

lx
i
∈
D

co
rr

ec
tly

if
an

d
on

ly
if

M
p
(D
,f
,Y

)
>

0.
(1

9)

Pr
oo

f
Se

e
A

pp
en

di
x

A
.3

.

T
he

se
co

ro
lla

ri
es

ex
te

nd
th

e
eq

ui
va

le
nt

pr
op

er
tie

so
fb

in
ar

y
la

rg
e

m
ar

gi
n

pr
ed

ic
to

rs
to

th
e

m
ul

tic
la

ss
ca

se
.

4.
M

ul
tic

la
ss

B
oo

st
in

g
A

lg
or

ith
m

s

In
th

is
se

ct
io

n
w

e
in

tr
od

uc
e

tw
o

m
ul

tic
la

ss
bo

os
tin

g
al

go
ri

th
m

s.
B

ot
h

ar
e

gr
ad

ie
nt

de
sc

en
tp

ro
ce

-
du

re
s

fo
rt

he
m

in
im

iz
at

io
n

of
a

m
ul

tic
la

ss
em

pi
ri

ca
lr

is
k

in
th

e
fu

nc
tio

na
ls

pa
ce

of
lin

ea
rc

om
bi

na
-

tio
ns

of
w

ea
k

le
ar

ne
rs

an
d

ca
n

be
se

en
as

ge
ne

ra
liz

at
io

ns
of

G
ra

di
en

tB
oo

st
(M

as
on

et
al

.,
20

00
).

W
e

st
ar

tb
y

ex
te

nd
in

g
th

e
de

fin
iti

on
s

of
ri

sk
an

d
m

ar
gi

n
lo

ss
to

th
e

m
ul

tic
la

ss
se

tti
ng

.
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Ta
bl

e
1:

B
in

ar
y

lo
ss

es
an

d
co

rr
es

po
nd

in
g
γ

an
d
φ

fu
nc

tio
ns

.
N

am
e

ξ(
v
)

γ
(v

)
φ

(v
)

E
xp

on
en

tia
l

ex
p
(−
v
)

v
ex

p
(−
v
)

L
og

is
tic

lo
g
(1

+
e−

2
v
)

lo
g
(1

+
v
)

ex
p
(−

2v
)

Sa
va

ge
1

(1
+
e2
v
)2

(
v

1
+
v

) 2
ex

p
(−

2v
)

4.
1.
γ
−
φ

lo
ss

es

G
iv

en
a

se
to

fc
od

ew
or

ds
Y,

th
e

op
tim

al
m

ul
tic

la
ss

pr
ed

ic
to

rf
∗ (
x

)
m

in
im

iz
es

th
e

cl
as

si
fic

at
io

n
ri

sk

R
L
M

(f
)

=
E
X
,C
{L

M
[y
c
,f

(x
)]
},

(2
0)

w
he

re
c

is
th

e
cl

as
s

of
ex

am
pl

e
x

,y
c

its
co

de
w

or
d

an
d
L
M

[y
c
,f

(x
)]

th
e

lo
ss

of
pr

ed
ic

tio
n
f

(x
).

Fo
rc

la
ss

ifi
er

de
si

gn
,t

hi
s

is
ap

pr
ox

im
at

ed
by

th
e

em
pi

ri
ca

le
st

im
at

e

R
L
M

(f
)

=
1 n

n ∑ i=
1

L
M

[y
c i
,f

(x
i)

],
(2

1)

de
riv

ed
fr

om
a

tr
ai

ni
ng

sa
m

pl
e
D

=
(x
i,
c i

)n i
=

1
.W

he
n

th
e

m
in

im
iz

at
io

n
of

(2
1)

en
co

ur
ag

es
pr

ed
ic

-
to

rs
fo

rw
hi

ch
th

e
m

ar
gi

n
of

(1
4)

is
la

rg
e,
L
M

[.
,.

]i
sd

en
ot

ed
a

m
ar

gi
n

lo
ss

.T
hi

sp
ro

pe
rt

y
gu

ar
an

te
es

th
at

th
e

op
tim

al
pr

ed
ic

to
rh

as
go

od
ge

ne
ra

liz
at

io
n

be
yo

nd
th

e
tr

ai
ni

ng
se

t.
Fo

r
bi

na
ry

cl
as

si
fic

at
io

n,
m

ar
gi

n
lo

ss
es

ar
e

m
on

ot
on

ic
al

ly
de

cr
ea

si
ng

fu
nc

tio
ns

of
th

e
m

ar
gi

n
y
c
f

.T
he

na
tu

ra
lm

ul
tic

la
ss

ex
te

ns
io

n
w

ou
ld

be
to

co
ns

id
er

de
cr

ea
si

ng
fu

nc
tio

ns
of

th
e

m
ar

gi
n,

no
w

de
fin

ed
in

(9
),

i.e
.

L
M

[y
c
,f

(x
)]

=
χ

( m
in

l6=
c

(u
c
−
u
l )

)
,

(2
2)

w
ith

u
k

as
in

(1
1)

,
fo

r
so

m
e

m
on

ot
on

ic
al

ly
de

cr
ea

si
ng

fu
nc

tio
n
χ

.
T

hi
s,

ho
w

ev
er

,
is

a
no

n-
di

ff
er

en
tia

bl
e

fu
nc

tio
n

of
th

e
pr

ed
ic

to
r
f

.
W

e
av

oi
d

th
is

di
ffi

cu
lty

by
co

ns
id

er
in

g
th

e
se

to
f
γ
−
φ

lo
ss

es
.

D
efi

ni
tio

n
4

Le
tY

=
{y

1
,.
..
,y
M
}
∈

R
d

be
a

se
to

fc
od

ew
or

ds
,f

(x
)

:
X
→

R
d

a
pr

ed
ic

to
r.

A
γ
−
φ

lo
ss

is
de

fin
ed

as

L
γ
−
φ

M
[y
c
,f

(x
)]

=
γ

 
M ∑

l=
1
,l
6=
c

φ
( u

c
−
u
l)
 
,

(2
3)

w
he

re
φ

:
R
→

R
+

an
d
γ

:
R

+
→

R
+

ar
e

st
ri

ct
ly

po
si

tiv
e

an
d
u
j

is
de

fin
ed

in
(1

1)
.

W
e

le
av

e
a

th
eo

re
tic

al
di

sc
us

si
on

of
th

e
pr

op
er

tie
s

of
γ
−
φ

lo
ss

es
to

Se
ct

io
n

7.
Fo

r
no

w
,w

e
si

m
pl

y
po

in
to

ut
th

at
th

is
se

ti
nc

lu
de

s
a

la
rg

e
fa

m
ily

of
lo

ss
es

.I
n

fa
ct

,f
or

bi
na

ry
cl

as
si

fic
at

io
n

w
ith

th
e

cl
as

si
c

la
be

ls
y

1
=
−
y

2
=
−

1,
u

1
=
−
u

2
=
−

1 2
f

(x
)

an
d
L
γ
−
φ

M
[y
c
,f

(x
)]

re
du

ce
s

to

L
γ
−
φ

2
[y
c
,f

(x
)]

=
γ

 
2 ∑

k
=

1
|k
6=
c

φ
[ u

c
−
u
k
] 

=
γ

( φ

[ (y
c
−

(−
y
c
))
f

2

])

=
γ

(φ
(y
c
f

))
=
ξ(
y
c
f

),
(2

4)
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M
U

LT
IC

L
A

S
S

B
O

O
S

T
IN

G
:

M
A

R
G

IN
S,C

O
D

E
W

O
R

D
S,L

O
S

S
E

S,
A

N
D

A
L

G
O

R
IT

H
M

S

A
lgorithm

1
C

D
-M

C
B

oostand
G

D
-M

C
B

oost
Input:

N
um

berofclasses
M

,dim
ension

d,codew
ord

setY
=
{y

1,...,y
M
}
∈
R
d,boosting

iterations
N

and
datasetD

=
{
(x
i ,c

i )}
ni=

1
ofexam

ples
x
i and

class
labels

c
i ∈
{1
,...,M

}.
Initialization:

set
t

=
0,and

f
t

=
0
∈
R
d

C
D

-M
C

B
oost

G
D

-M
C

B
oost

w
hile

t
<
N

do
C

om
pute

w
i w

ith
(29)

for
j

=
1

to
d

do
Find

ĝ
j (x

),
α̂
j

using
(39)and

(40)
end

for
Set

j ∗
=

a
rg

m
in
j
R

[f
t(x

)
+
α̂
j ĝ

(x
)1
j ]

U
pdate

f
t+

1(x
)

=
f
t(x

)
+
α̂
j ∗ĝ

j ∗(x
)1
j

t
=
t

+
1

end
w

hile

w
hile

t
<
N

do
C

om
pute

w
i w

ith
(29)

Find
g ∗(x

),
α
∗

using
(32)and

(33)
U

pdate
f
t+

1(x
)

=
f
t(x

)
+
α
∗g ∗(x

)
t

=
t

+
1

end
w

hile

O
utput:

decision
rule:

F
(x

)
=

arg
m

ax
y
k 〈f

N
(x

),y
k 〉

w
here

ξ
=
γ◦

φ
is

a
com

posite
function.Table

1
show

s
thatthe

exponentialloss
ofA

daB
oost(Fre-

und
and

Schapire,1997),
the

logistic
loss

of
L

ogitB
oost

(Friedm
an

et
al.,1998),

and
the

Savage
loss

of(M
asnadi-Shiraziand

V
asconcelos,2008)can

allbe
interpreted

as
γ
−
φ

losses
w

ith
differ-

entchoices
of
γ

and
φ.

Itshould
be

noted
thatthese

decom
positions

are
notunique.

In
allcases,

ξ
could

be
equally

decom
posed

into
γ

(v
)

=
v

and
φ

=
ξ.

T
he

key
property

is
that

ξ
is

a
m

onotoni-
cally

decreasing
function.In

Section
7

w
e

show
that

γ−
φ

losses
are

m
argin

enforcing
w

henever
γ

is
strictly

increasing
and

φ
is

strictly
decreasing.T

his
im

plies
that

ξ
=
γ
◦
φ

is
decreasing.

4.2.G
radientdescent

T
he

firstboosting
algorithm

is
a

gradientdescentprocedure
to

seek
the

optim
alpredictor

f
∗(x

)
=

[f
∗1
(x

),...,f
∗d (x

)]ofthe
optim

ization
problem

{
m

in
f

(x
)
R
L
γ−

φ
M

[f
(x

)]

s.t
f

(x
)∈

sp
a
n

(H
),

(25)

w
hereH

=
{
h

1 (x
),...,h

r (x
)}

is
a

setofm
ultivariate

w
eak

learners,

h
i (x

)
:X
→

R
d.

(26)

L
etf

t(x
)

=
[f
t1 (x

),...,f
td (x

)]be
the

predictoravailable
after

tboosting
iterations.A

titeration
t
+

1,a
step

is
given

along
the

direction
g
(x

)∈
H

oflargestdecrease
ofthe

risk
R
L
γ−

φ
M

[f
(x

)].T
his

is
determ

ined
by

the
directional

derivative
of
R
L
γ−

φ
M

[f
(x

)]
along

the
functional

g
:X
→

R
d,at

point
f

(x
)

=
f
t(x

)
(Frigyik

etal.,2008),

δR
L
γ−

φ
M

[f
t;g

]
=

∂
R
L
γ−

φ
M

[f
t
+
εg

]

∂
ε

∣∣∣∣∣∣ε=
0

.
(27)
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S
A

B
E

R
IA

N
A

N
D

V
A

S
C

O
N

C
E

L
O

S

A
s

show
n

in
A

ppendix
B

.1,

−
δ R

L
γ−

φ
M

[f
t;g

]
=

12
n

n
∑i=

1

w
i 〈
g
(x
i ),y

c
i−

∑k6=
c
i y
kτ
k (x

i ,c
i ) 〉

,
(28)

w
here

w
i

=
−
γ
′ 
∑k6=
c
i φ [

12

〈
f
t(x

i ),y
c
i−

y
k 〉 ] 


∑k6=
c
i φ
′ [

12

〈
f
t(x

i ),y
c
i−

y
k 〉 ] 

,
(29)

and

τ
k (x

,c)
=

φ
′ [

12 〈f
t(x

),y
c−

y
k 〉]

∑
k6=

c
φ
′ [

12 〈f
t(x

),y
c−

y
k〉 ]

.
(30)

T
he

direction
ofsteepestdescentis

the
w

eak
learner

g ∗(x
)

=
arg

m
in

g∈H
δR

[f
t(x

);g
(x

)]
(31)

=
arg

m
ax

g∈H

n
∑i=

1

w
i 〈
g
(x
i ),y

c
i−

∑k6=
c
i y
kτ
k (x

i ,c
i ) 〉

,
(32)

and
the

optim
alstep

size
along

this
direction

α
∗

=
arg

m
in

α∈
R
R
L
γ−

φ
M

[f
t(x

)
+
α
g ∗(x

)].
(33)

N
ote

thatα
∗

m
ay

nothave
a

closed
form

and
a

line
search

m
ightbe

required.T
he

predictorisfinally
updated

according
to

f
t+

1(x
)

=
f
t(x

)
+
α
∗g ∗(x

).
(34)

T
his

procedure
is

sum
m

arized
in

A
lgorithm

1-right,
and

denoted
G

radient
D

escent
M

ulticlass
B

oosting
(G

D
-M

C
B

oost).

4.3.C
oordinate

descent

A
lternatively,(21)

can
be

m
inim

ized
by

learning
a

linear
com

bination
of

scalar
functions.

In
this

case,the
optim

ization
problem

is
{

m
in
f
1
(x

),...,f
d
(x

)
R
L
γ−

φ
M

([f
1 (x

),...,,f
d (x

)])

s.t
f
j (x

)∈
sp
a
n

(H
)
∀
j

=
1,...,d

,
(35)

w
here

H
=
{h

1 (x
),...,h

r (x
)}

is
a

set
of

scalar
w

eak
learners

h
i (x

)
:X

→
R

.
L

et
f
t(x

)
be

the
predictor

available
after

t
boosting

iterations.
A

titeration
t

+
1

a
single

com
ponent

f
j (x

)
of

f
(x

)
is

updated
w

ith
a

step
in

the
direction

of
the

scalar
functional

g
thatm

ostdecreases
the

risk
R
L
γ−

φ
M

[f
t1 ,...,f

tj
+
α
∗j g
,...,f

td ].
For

this,w
e

consider
the

functionalderivative
of
R
L
γ−

φ
M

[f
(x

)]
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D

E
W

O
R

D
S
,L

O
S

S
E

S
,A

N
D

A
L

G
O

R
IT

H
M

S

al
on

g
th

e
di

re
ct

io
n

of
th

e
fu

nc
tio

na
lg

:
X
→

R
,a

tp
oi

nt
f

(x
)

=
f
t (
x

),
w

ith
re

sp
ec

tt
o

th
e
jt
h

co
m

po
ne

nt
f j

(x
)

of
f

(x
)

δR
L
γ
−
φ

M
[f
t ;
j,
g
]

=
∂
R
L
γ
−
φ

M
[f
t
+
εg

1
j
]

∂
ε

∣ ∣ ∣ ∣ ∣ ∣ ε=
0

,
(3

6)

w
he

re
1
j
∈

R
d

is
a

ve
ct

or
w

ho
se
jt
h

el
em

en
t

is
on

e
an

d
th

e
re

m
ai

ni
ng

ze
ro

,
i.e

.
f
t

+
εg

1
j

=
[f
t 1
,.
..
,f

t j
+
εg
,.
..
,f

t d
].

A
s

sh
ow

n
in

A
pp

en
di

x
B

.2
,

−
δR

L
γ
−
φ

M
[f
t ;
j,
g
]

=
−

1 2

n ∑ i=
1

w
ig

(x
i)

〈
1
j
,y
c i
−
∑ k
6=
c i

y
k
τ k

(x
i,
c i

)〉
,

(3
7)

w
he

re
w
i

is
as

in
(2

9)
an

d
τ k

(x
,c

)
as

in
(3

0)
.T

he
di

re
ct

io
n

of
la

rg
es

td
es

ce
nt

is
th

en

g
∗ (
x

)
=

ar
g

m
in

g
∈H

δR
L
γ
−
φ

M
[f
t ;
j,
g
]

(3
8)

=
ar

g
m

ax
g
∈H

n ∑ i=
1

w
ig

(x
i)

〈
1
j
,y
c i
−
∑ k
6=
c i

y
k
τ k

(x
i,
c i

)〉
,

(3
9)

an
d

th
e

op
tim

al
st

ep
si

ze
al

on
g

th
is

di
re

ct
io

n

α
∗

=
ar

g
m

in
α
∈R
R

[f
t (
x

)
+
α
g
∗ (
x

)1
j
].

(4
0)

A
ga

in
,t

hi
s

st
ep

si
ze

m
ay

no
th

av
e

a
cl

os
ed

fo
rm

an
d

a
lin

e
se

ar
ch

m
ig

ht
be

re
qu

ir
ed

.T
he

pr
ed

ic
to

r
is

fin
al

ly
up

da
te

d
w

ith f
t+

1
=
f
t (
x

)
+
α
∗ g
∗ (
x

)1
j

=
[f
t 1
,.
..
,f

t j
+
α
∗ g
∗ ,
..
.,
f
t d
].

(4
1)

T
hi

s
pr

oc
ed

ur
e

is
su

m
m

ar
iz

ed
in

A
lg

or
ith

m
1-

le
ft

an
d

de
no

te
d

C
oo

rd
in

at
e

D
es

ce
nt

M
ul

tic
la

ss
B

oo
st

in
g

(C
D

-M
C

B
oo

st
).

In
ea

ch
ite

ra
tio

n
of

C
D

-M
C

B
oo

st
,t

he
be

st
w

ea
k

le
ar

ne
ru

pd
at

e
is

fo
un

d
fo

re
ac

h
of

th
e
d

co
or

di
na

te
s

an
d

th
e

co
or

di
na

te
w

ho
se

up
da

te
re

su
lts

in
th

e
la

rg
es

tr
ed

uc
tio

n
of

th
e

ri
sk

is
th

en
ch

os
en

.
A

s
ca

n
be

se
en

fr
om

A
lg

or
ith

m
s

1,
M

C
-B

oo
st

al
go

ri
th

m
s

sh
ar

e
th

e
si

m
pl

ic
ity

of
im

pl
em

en
ta

tio
n

(a
fe

w
lin

es
of

co
de

)
of

bi
na

ry
bo

os
tin

g.
T

he
m

ai
n

di
ff

er
en

ce
s

be
tw

ee
n

th
e

tw
o

ar
e

1)
th

e
us

e
of

m
ul

ti-
di

m
en

si
on

al
pr

ed
ic

to
ra

nd
co

de
w

or
ds

,a
nd

2)
th

e
w

ea
k

le
ar

ne
rs

el
ec

tio
n

ru
le

.
W

e
le

av
e

an
an

al
ys

is
of

th
e

ro
le

of
co

de
w

or
ds

to
Se

ct
io

n
5

an
d

co
ns

id
er

th
e

w
ea

k
le

ar
ne

rs
el

ec
tio

n
ru

le
ne

xt
.

4.
4.

W
ea

k
le

ar
ne

r
se

le
ct

io
n

an
d

bo
os

tin
g

w
ei

gh
ts

T
he

up
da

te
eq

ua
tio

ns
of

th
e

tw
o

M
C

B
oo

st
al

go
ri

th
m

s
ar

e
a

na
tu

ra
l

ge
ne

ra
liz

at
io

n
of

th
e

up
da

te
eq

ua
tio

ns
of

bi
na

ry
bo

os
tin

g.
Fr

om
(3

2)
an

d
(3

9)
,t

he
up

da
te

eq
ua

tio
n

ca
n,

in
bo

th
ca

se
s,

be
w

ri
tte

n
as

g
∗ (
x

)
=

ar
g

m
ax p

1 n

n ∑ i=
1

w
iM̂

f
t
(y
c i
,g

(x
i)

)
(4

2)

w
he

re

M̂
f
t
(y
c
,g

(x
))

=
1 2

〈
g
(x

),
y
c
−
∑ k
6=
c

τ
t k
(x
,c

)y
k

〉
.

(4
3)
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S

T
he

on
ly

di
ff

er
en

ce
is

th
at

,w
hi

le
fo

r
G

D
-M

C
B

oo
st
g
(x

)
is

a
ge

ne
ri

c
ve

ct
or
g
(x

)
∈

R
d
,f

or
C

D
-

M
C

B
oo

st
it

is
a

ve
ct

or
of

th
e

fo
rm

g
(x

)1
j

w
ith
g
(x

)
∈
R

.T
he

tw
o

al
go

ri
th

m
s

ar
e

th
us

co
nc

ep
tu

al
ly

eq
ui

va
le

nt
.W

e
ne

xt
sh

ow
th

at
th

ey
ar

e
co

nc
ep

tu
al

ly
eq

ui
va

le
nt

to
bi

na
ry

bo
os

tin
g

al
go

ri
th

m
s

in
th

e
se

ns
e

th
at

th
ey

se
ek

,a
te

ac
h

ite
ra

tio
n,

th
e

w
ea

k
le

ar
ne

r
of

la
rg

es
tm

ar
gi

n
on

a
re

w
ei

gh
te

d
tr

ai
ni

ng
sa

m
pl

e.
T

he
on

ly
di

ff
er

en
ce

is
th

at
M

C
B

oo
st

im
pl

em
en

ts
tw

o
w

ei
gh

tin
g

m
ec

ha
ni

sm
s.

T
he

fir
st

on
e,

im
pl

em
en

te
d

th
ro

ug
h

th
e

w
ei

gh
ts
w
i,

em
ph

as
iz

es
di

ffi
cu

lt
ex

am
pl

es
.T

he
se

co
nd

on
e,

im
pl

em
en

te
d

th
ro

ug
h
M̂

f
t
,e

m
ph

as
iz

es
di

ffi
cu

lt
cl

as
se

s.
W

he
n

th
e
γ
−
φ

lo
ss

is
m

ar
gi

n
en

fo
rc

in
g,

th
e

fir
st

w
ei

gh
tin

g
m

ec
ha

ni
sm

of
M

C
B

oo
st

as
si

gn
s

to
ea

ch
ex

am
pl

e
a

w
ei

gh
ti

nv
er

se
ly

pr
op

or
tio

na
lt

o
ho

w
w

el
lt

he
cu

rr
en

tly
pr

ed
ic

to
r

cl
as

si
fie

s
th

e
ex

am
pl

e.
T

hi
s

ca
n

be
se

en
by

re
w

ri
tin

g
(2

9)
as

w
i

=
−
γ
′ 
∑ k
6=
c i

φ
(v
k
) 
 
∑ k
6=
c i

φ
′ (
v
k
) 
∣ ∣ ∣ ∣ ∣ ∣ vk

=
1 2
〈f
t
(x
i
),
y
c
i
−
y
k
〉

(4
4)

an
d

us
in

g
T

he
or

em
5

(s
ee

Se
ct

io
n

7)
,

w
hi

ch
st

at
es

th
at

a
γ
−
φ

lo
ss

is
m

ar
gi

n
en

fo
rc

in
g

w
he

n
ξ(
v
)

=
γ
◦φ

(v
)

is
a

de
cr

ea
si

ng
fu

nc
tio

n.
Si

nc
e
ξ(
v
)
≥

0,
by

de
fin

iti
on

of
γ
−
φ

lo
ss

,t
he

de
riv

at
iv

e
of
ξ(
v
)

m
us

ta
pp

ro
ac

h
ze

ro
fo

rl
ar

ge
po

si
tiv

e
va

lu
es

of
v

,i
.e

.γ
′ (
φ

(v
))
φ
′ (
v
)
→

0
fo

rl
ar

ge
po

si
tiv

e
v

.
H

en
ce

,w
i

is
a

de
cr

ea
si

ng
fu

nc
tio

n
of

th
e

m
ar

gi
n

co
m

po
ne

nt
s
<
f
t (
x
i)
,y
c i
−
y
k
>

an
d

cl
os

e
to

ze
ro

w
he

n
th

e
sm

al
le

st
co

m
po

ne
nt

is
po

si
tiv

e
an

d
la

rg
e.

Si
nc

e,
fr

om
(9

),
th

is
im

pl
ie

s
a

la
rg

e
m

ar
gi

n,
ex

am
pl

es
of

la
rg

er
m

ar
gi

n
un

de
r

th
e

cu
rr

en
tp

re
di

ct
or
f
t (
x

)
w

ill
re

ce
iv

e
sm

al
le

r
w

ei
gh

ts
th

an
ex

am
pl

es
of

sm
al

le
r

m
ar

gi
n.

A
s

is
co

m
m

on
in

bo
os

tin
g,

th
is

fo
cu

se
s

th
e

le
ar

ni
ng

re
so

ur
ce

s
in

th
e

ex
am

pl
es

th
at

ar
e

po
or

ly
cl

as
si

fie
d

by
f
t (
x

).
H

en
ce

,
th

e
fir

st
w

ei
gh

tin
g

m
ec

ha
ni

sm
is

th
e

m
ul

tic
la

ss
ge

ne
ra

liz
at

io
n

of
th

e
w

ei
gh

tin
g

m
ec

ha
ni

sm
of

bi
na

ry
bo

os
tin

g.
T

he
se

co
nd

w
ei

gh
tin

g
m

ec
ha

ni
sm

ap
pe

ar
s

on
M̂

f
t
(y
c
,g

(x
))

.B
y

re
w

ri
tin

g
th

is
qu

an
tit

y
as

M̂
f
t
(y
c
,g

(x
))

=
1 2

∑ k
6=
c

τ
t k
(x
,c

)
[〈
g
(x

),
y
c
−
y
k
〉]

(4
5)

an
d

co
m

pa
ri

ng
to

(9
),

it
ca

n
be

se
en

th
at
M̂

f
t
(y
c
,g

(x
))

is
an

es
tim

at
e

of
th

e
m

ar
gi

n
M

(y
c
,g

(x
))

.
R

at
he

rt
ha

n
ta

ki
ng

th
e

m
in

im
um

of
th

e
m

ar
gi

n
co

m
po

ne
nt

s
〈 g

(x
),
y
c
−
y
k
〉 ov

er
th

e
cl

as
se

s
k
6=
c,

th
is

es
tim

at
e

is
a

w
ei

gh
te

d
av

er
ag

e
of

th
es

e
co

m
po

ne
nt

s,
as

si
gn

in
g

w
ei

gh
tτ

t k
(x
,c

)
to

cl
as

sk
.H

en
ce

,
τ
t k
(x
,c

)
is

a
w

ei
gh

tin
g

m
ec

ha
ni

sm
th

at
fa

vo
rs

so
m

e
cl

as
se

s
ov

er
ot

he
rs

.T
o

in
te

rp
re

tt
hi

s
m

ec
ha

ni
sm

it
is

us
ef

ul
to

co
ns

id
er

th
e

ca
se

w
he

re
φ

(v
)

=
e−

v
an

d
(3

0)
re

du
ce

s
to

τ
t k
(x
,c

)
=

e[
−

1 2
〈f
t
(x

),
y
c
−
y
k
〉]

∑
k
6=
c
e−

[1 2
〈f
t
(x

),
y
c
−
y
k
〉]

=
e[

1 2
〈f
t
(x

),
y
k
〉]

∑
k
6=
c
e[

1 2
〈f
t
(x

),
y
k
〉]
,

(4
6)

i.e
.

th
e

so
ft

-m
in

of
th

e
m

ar
gi

n
co

m
po

ne
nt

s
(a

nd
th

e
so

ft
-m

ax
of

co
de

w
or

d
pr

oj
ec

tio
ns

).
M

or
e

ge
ne

ra
lly

,
w

he
n
φ
′ (
v
)

is
an

y
de

cr
ea

si
ng

fu
nc

tio
n,
τ
t k
(x
,c

)
is

a
ge

ne
ra

liz
ed

so
ft

-m
in

op
er

at
or

.
It

as
si

gn
s

la
rg

er
w

ei
gh

ts
to

cl
as

se
s

of
sm

al
le

r
m

ar
gi

n
co

m
po

ne
nt

an
d

sm
al

le
r

w
ei

gh
ts

to
cl

as
se

s
of

la
rg

er
m

ar
gi

n
co

m
po

ne
nt

.T
he

ch
oi

ce
of
φ

fu
nc

tio
n

co
nt

ro
ls

th
e

so
ft

ne
ss

of
th

e
w

ei
gh

ta
ss

ig
nm

en
t.

Fo
re

xa
m

pl
e,

if
φ

(v
)

=
e−

α
v

w
ith
α
>

0,
th

e
so

ft
ne

ss
of

th
e

as
si

gn
m

en
ts

is
co

nt
ro

lle
d

by
th

e
ch

oi
ce

of
α

.
Fo

r
la

rg
e
α

th
e

w
ei

gh
ts

ar
e

ha
rd

er
,i

.e
.

cl
os

er
to

on
e

fo
r

th
e

sm
al

le
st

m
ar

gi
n

co
m

po
ne

nt
an

d
ze

ro
fo

ra
ll

ot
he

rs
.F

or
sm

al
le

rα
th

e
w

ei
gh

ts
ar

e
m

or
e

un
if

or
m

.H
en

ce
,f

or
th

is
ch

oi
ce

of
φ

fu
nc

tio
n,
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O
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the
soft-m

in
of(45)approaches

the
m

in
of(9)as

α
→
∞

.M
ore

generally,up
to

the
approxim

ation
ofthe

m
in

by
the

soft-m
in

operator,

M̂
f
t (y

c,g
(x

))
=

12

∑k6=
c

τ
tk (x

,c) [〈
g
(x

),y
c−

y
k 〉]

(47)

≈
12
〈g

(x
),y

c−
y〉

(48)

w
here

y
=

arg
m

in
y
j 6=
y
c 〈f

t (x
),y

c−
y
j〉

=
arg

m
ax

y
j 6=
y
c 〈f

t (x
),y

j〉.
(49)

T
hisisthe

m
ulticlassm

argin
ofw

eak
learner

g
(x

)underthe
alternative

m
argin

definitionM̂
f
t (y

c,g
(x

)).
C

om
paring

to
the

originaldefinition
of(9),w

hich
can

be
w

ritten
as

M
(y
c,g

(x
))

=
12

〈g
(x

),y
c−

y 〉
w

here
y

=
arg

m
in

y
j 6=
y
c 〈g

(x
),y

c−
y
j 〉,

(50)

M̂
f
t(y

c,g
(x

))
restricts

the
m

argin
of
g
(x

)
to

the
w

orstcase
codew

ord
y

for
the

currentpredictor
f
t(x

).T
he

strength
ofthis

restriction
is

determ
ined

by
the

soft-m
in

operator.If
<
f
t(x

),y
c−

y
>

is
m

uch
sm

aller
than

<
f
t(x

),y
c−

y
j
>
,y
j
6=
y,
τ
tk (x

,c)
closely

approxim
ates

the
m

inim
um

operator.O
therw

ise,the
rem

aining
codew

ords
also

contribute
to

(45).In
sum

m
ary,

τ
tk (x

,c)
is

a
set

of
class

w
eights

thatem
phasizes

classes
of

sm
allm

argin
for

f
t(x

).
In

addition,M̂
f
t(y

c,g
(x

))
is

an
estim

ate
of

the
m

argin
of
g
(x

)
under

the
restriction

to
the

m
ostdifficultclasses

for
the

current
predictor

f
t(x

).
W

hen
com

bined
w

ith
(29)

this
leads

to
a

w
eighting

m
echanism

thatem
phasizes

difficultexam
ples

(through
the

w
eights

w
)and

difficultclasses
(through

the
m

arginM̂
f
t).

4.5.G
D

vs.C
D

-M
C

B
oost

Since
(29)

and
(30)

only
depend

on
the

currentpredictor
f
t(x

)
and

noton
the

w
eak

learner
g
(x

),
the

com
putation

of
w

eights
is

identicalfor
G

D
-M

C
B

oostand
C

D
-M

C
B

oost.
T

he
only

difference
thus

resides
on

the
m

argin
estim

ate
of

(45).
W

hile
G

D
-M

C
B

oostsim
ply

chooses
the

vector
w

eak
learner

g
(x

)
w

ith
(42)-(45),C

D
-M

C
B

oostuses

g ∗(x
)

=
arg

m
ax

g∈H
m

ax
j

1n

n
∑i=

1

w
i M̂

f
t(y

c
i,g

(x
i ),j).

(51)

In
this

case,the
approxim

ation
of(48)is

M̂
f
t(y

c,g
(x

),j)
≈

g
(x

)

2
[〈1

j ,y
c〉−
〈1
j ,y〉]

(52)

=
g
(x

) y
cj −

y
j

2
,

(53)

andM
f
t(y

c,g
(x

),j)
is

a
m

easure
ofthe

m
argin

of
g
(x

)
under

the
j
th

coordinate
ofthe

codew
ords

thatdeterm
ine

the
m

argin
ofthe

currentpredictor
f
t(x

).N
ote

that,forbinary
codew

ords,

M
f
t(y

c
i,g

(x
i ),j)

≈
{

0,
y
c
i
j

=
y
j

y
c
i
j
g
(x
i )

y
c
i
j
6=
y
j .

(54)

T
his

is
the

standard
definition

of
m

argin
for

a
scalar

w
eak

learner
g
(x

),butdiscards
the

points
for

w
hich

y
j

=
y
c
i
j

.
In

this
w

ay,the
boosting

algorithm
s

m
odulates

the
em

phasis
on

poorly
classified

points
in

a
coordinate-by-coordinate

m
anner.
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5.O
ptim

alcodew
ords

So
far,w

e
have

assum
ed

the
existence

of
a

good
codew

ord
setY

=
{
y

1,...,y
M
}.

In
this

section
w

e
study

the
im

pactofthe
codew

ord
seton

the
perform

ance
ofM

C
B

oostalgorithm
s.

5.1.T
he

role
ofcodew

ords

In
both

M
C

B
oostalgorithm

s,the
predictor

is
initialized

w
ith

f
(x

)
=

0
∀
x,i.e.

allexam
ples

are
m

apped
to

the
origin.

B
y

m
inim

izing
(21),

M
C

B
oost

then
learns

a
predictor

f
(x

)
of

m
axim

um
m

argin.
From

(10),the
m

argin
of

exam
ple

x
i is

m
axim

alw
hen

the
projection

of
f

(x
i )

is
m

axim
al

along
correctclass

codew
ord,

y
c
i,and

m
inim

alalong
the

rem
aining

codew
ords.

If
the

m
argin

of
x
i is

positive,itcan
be

increased
by

increasing
the

m
agnitude

of
the

projection
of
f

(x
i )

along
y
c
i.

H
ence,

both
M

C
B

oost
algorithm

s
seek

a
predictor

f
(x

)
that,

for
all

i,
f

(x
i )

1)
is

as
aligned

as
possible

w
ith

y
c
i

and
2)

has
the

largest
possible

m
agnitude

along
this

direction.
H

ence,
starting

from
the

origin,both
M

C
B

oostalgorithm
s

push
allexam

ple
predictions

outw
ard,in

the
direction

of
the

corresponding
class

codew
ords.

T
he

effectiveness
of

this
m

echanism
depends

on
the

structure
ofthe

codew
ord

set.
Forexam

ple,iftw
o

classes
w

ere
to

share
a

codew
ord,itw

ould
be

im
possible

to
distinguish

them
w

ith
(16)or(17).T

his
im

plies
thatsom

e
codew

ord
sets

resultin
largerm

argins
forthe

decision
rule

of(17)than
others.

Intuitively,the
m

argin
capacity

w
illincrease

ifthe
codew

ordsare
betterseparated.T

hissuggests
thatbetterperform

ance
should

be
possible

forlargervalues
ofthe

codew
ord

dim
ension

d.H
ow

ever,
since

increasing
d

increases
the

com
plexity

ofthe
decision

rule,there
is

a
trade-offbetw

een
m

argin
capacity

and
im

plem
entation

com
plexity.Fora

fixed
d,itrem

ains
to

determ
ine

how
to

bestseparate
the

codew
ords,so

as
to

m
axim

ize
the

m
argin

capacity,and
w

hether
a

solution
to

this
problem

,i.e.
an

optim
alcodew

ord
set,exists.

5.2.O
ptim

alcodew
ord

sets

To
find

the
optim

alsetof
codew

ords,w
e

startby
noting

thatthere
are

severalfactors
thatim

pact
the

m
argin,(14),ofthe

learned
predictorby

M
C

B
oost.T

he
firstis

the
com

plexity
and

separability
ofthe

underlying
problem

,i.e.,ifthe
problem

is
notseparable,there

w
illneverbe

a
classifierw

ith
100%

accuracy
and

the
m

argin
of

(14)
w

ill
alw

ays
be

negative.
T

he
second

is
the

set
of

w
eak

learners,i.e.
ifthe

setofw
eak

learners
is

lim
ited

then
the

space
oftheirlinearcom

binations
w

on’t
be

rich
enough

to
have

a
good

classifier.
Finally

as
m

entioned
above

the
setofcodew

ords
can

also
im

pactthe
m

argin.
To

focus
on

the
im

pactofthe
codew

ords,w
e

assum
e

that1)the
problem

is
separable

and,2)our
w

eak
learners

are
rich

enough
and

there
exists

a
linear

com
bination

of
them

,
f
∗,thatcan

separate
training

exam
ples

w
ith

100%
accuracy.

U
nder

these
assum

ptions,according
to

(14),the
m

argin
of

f
∗

is
the

positive
and

w
e

can
arbitrarily

increase
it

by
increasing

norm
of
f
∗.

T
herefore

w
e

can
achieve

arbitrarily
large

m
argin

for
any

codew
ords

set.
To

resolve
this

problem
w

e
assum

e
that

norm
of
f
∗

is
bounded,e.g.,‖

f
∗‖

=
1

2.

D
efinition

5
A

predictor
f

(x
)

is
norm

alized
if||f

(x
)||

=
1,∀

x.F
is

the
setofnorm

alized
predic-

tors.

2.N
ote

thatthis
norm

alization
constraintis

only
required

for
finding

the
optim

alsetof
codew

ords
and

is
notrequired

in
M

C
B

oostalgorithm
.
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Fi
na

lly
no

te
th

at
(9

)
is

in
va

ri
an

t
to

th
e

ad
di

tio
n

of
a

co
ns

ta
nt

to
al

l
co

de
w

or
ds

.
A

ls
o

if
th

e
m

ar
gi

n
is

po
si

tiv
e

yo
u

ca
n

ar
bi

tr
ar

ily
in

cr
ea

se
it

by
in

cr
ea

si
ng

th
e

co
de

w
or

ds
no

rm
s.

To
re

m
ov

e
th

es
e

is
su

es
,w

e
co

m
pl

em
en

tt
he

un
it

no
rm

co
ns

tr
ai

nt
of

(8
)w

ith
th

e
co

ns
tr

ai
nt

th
at

th
e

co
de

w
or

ds
be

ce
nt

er
ed

,i
.e

.,
ad

d
up

to
ze

ro
.

D
efi

ni
tio

n
6

A
se

to
fv

ec
to

rs
Y

=
{y

1
,.
..
,y
M
}
∈
R
d
,i

s
de

no
te

d
a

ce
nt

er
ed

(M
,d

)
co

de
w

or
d

se
t

if
∑

M k
=

1
y
k

=
0,
‖y

k
‖

=
1
∀k

=
1,
..
.,
M
.

(5
5)

Th
e

se
to

fa
ll

ce
nt

er
ed

(M
,d

)
co

de
w

or
d

se
ts

is
de

no
te

d
S(
M
,d

).

In
th

e
re

st
of

th
is

se
ct

io
n,

w
e

as
su

m
e

th
at

co
de

w
or

d
se

ts
ar

e
al

w
ay

s
ce

nt
er

ed
,s

im
pl

y
re

fe
rr

in
g

to
a

ce
nt

er
ed

(M
,d

)
co

de
w

or
d

se
ta

s
“a

n
(M

,d
)

co
de

w
or

d
se

t,”
.

D
efi

ni
tio

n
7

C
on

si
de

r
an

M
-a

ry
cl

as
si

fic
at

io
n

pr
ob

le
m

w
ith

a
co

de
w

or
d

se
t
Y
∈
S(
M
,d

).
Th

e
m

ar
gi

n
ca

pa
ci

ty
of
Y

is

C[
Y]

=
m

in
k
=

1
,.
..
,M
M

(y
k
,ξ
k
),

(5
6)

w
he

re
ξk

=
ar

g
m

ax
||v
||=

1
M

(y
k
,v

).
(5

7)

is
th

e
pr

ed
ic

to
r

di
re

ct
io

n
of

la
rg

es
tm

ar
gi

n
fo

r
cl

as
s
k

.

T
he

m
ar

gi
n

ca
pa

ci
ty
C[
Y]

ca
n

th
en

be
in

te
rp

re
te

d
as

th
e

m
ax

im
um

m
ar

gi
n

ac
hi

ev
ab

le
by

an
y

pr
ed

ic
to

r
in
F

us
in

g
co

de
w

or
ds
Y

on
an

y
da

ta
se

tD
.

N
ot

e,
fr

om
(1

4)
,t

ha
ti

ti
s

th
e

m
ar

gi
n,

w
ith

re
sp

ec
tt

o
Y

an
d
D

,o
f

a
pr

ed
ic

to
r

w
hi

ch
m

ap
s

al
le

xa
m

pl
es

fr
om

cl
as

s
k

in
to

th
e

di
re

ct
io

n
ξk

of
la

rg
es

tm
ar

gi
n.

A
la

rg
e

ca
pa

ci
ty

im
pl

ie
s

th
at

th
e

co
de

w
or

d
se

ti
s

su
ch

th
at

a
la

rg
e

m
ar

gi
n

ca
n

be
ac

hi
ev

ed
fo

ra
ll

cl
as

se
s.

A
sm

al
lc

ap
ac

ity
im

pl
ie

s
th

at
th

er
e

is
at

le
as

to
ne

cl
as

s
fo

rw
hi

ch
th

e
la

rg
es

t
ac

hi
ev

ab
le

m
ar

gi
n

is
sm

al
l.

W
e

de
fin

e
th

e
op

tim
al

co
de

w
or

d
se

ta
s

th
at

of
la

rg
es

tc
ap

ac
ity

.

D
efi

ni
tio

n
8
Y∗
∈
S(
M
,d

)
is

a
co

de
w

or
d

se
to

fm
ax

im
um

ca
pa

ci
ty

if

Y∗
=

ar
g

m
ax

Y
∈S

(M
,d

)
C[
Y]
.

(5
8)

To
fo

rm
al

iz
e

th
is

di
sc

us
si

on
,

w
e

st
ar

t
by

de
riv

in
g

an
up

pe
r

bo
un

d
on

th
e

m
ar

gi
n

ac
hi

ev
ab

le
al

on
g

an
y

di
re

ct
io

n
of

la
rg

es
tm

ar
gi

n.

T
he

or
em

1
Le

tY
∈
S(
M
,d

)
be

a
co

de
w

or
d

se
tw

ith
di

re
ct

io
ns

of
la

rg
es

tm
ar

gi
n
ξk
,k
∈
{1
,.
..
,M
}

as
de

fin
ed

in
(5

7)
.T

he
n,
∀k

M
(y
k
,ξ
k
)
≤

M

2
(M
−

1)
,

(5
9)

Pr
oo

f
Se

e
A

pp
en

di
x

C
.1

.

A
n

im
m

ed
ia

te
co

ns
eq

ue
nc

e
of

(5
6)

an
d

(5
9)

is
th

at
,f

or
an

y
co

de
w

or
d

se
tY
∈
S(
M
,d

),

C[
Y]
≤

M

2(
M
−

1)
.

(6
0)

T
he

ri
gh

t
ha

nd
si

de
of

th
is

in
eq

ua
lit

y
is

de
no

te
d

th
e

ca
pa

ci
ty

bo
un

d
of
S(
M
,d

).
T

he
fo

llo
w

in
g

re
su

lt
ch

ar
ac

te
ri

ze
s

th
e

co
de

w
or

d
se

ts
th

at
ac

hi
ev

e
th

is
bo

un
d.
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L
O

S

T
he

or
em

2
A

co
de

w
or

d
se

t
Y
∈
S(
M
,d

)
m

ee
ts

th
e

ca
pa

ci
ty

bo
un

d
of

(6
0)

w
ith

eq
ua

lit
y

if
an

d
on

ly
if

its
di

re
ct

io
ns

of
la

rg
es

tm
ar

gi
n

ar
e
ξk

=
y
k
,∀
k

an
d

〈 y
k
,y
l〉

=
−

1

M
−

1
∀k
,l
,k
6=
l.

(6
1)

Pr
oo

f
Se

e
A

pp
en

di
x

C
.2

.

T
he

th
eo

re
m

sh
ow

s
th

at
a

co
de

w
or

d
se

tm
ee

ts
th

e
ca

pa
ci

ty
bo

un
d

if
an

d
on

ly
if

it
ha

s
th

e
di

re
ct

io
ns

of
la

rg
es

tm
ar

gi
n

as
co

de
w

or
ds

.W
e

ne
xt

de
riv

e
th

e
co

nd
iti

on
s

un
de

rw
hi

ch
su

ch
a

se
to

fc
od

ew
or

ds
ex

is
ts

.

T
he

or
em

3
S(
M
,d

)
co

nt
ai

ns
a

se
to

fc
od

ew
or

ds
Yc

(M
,d

)
th

at
m

ee
ts

th
e

ca
pa

ci
ty

bo
un

d
if

an
d

on
ly

if
d
≥
M
−

1
.I

n
th

is
ca

se
,t

he
co

de
w

or
ds

in
Yc

(M
,d

)
ar

e
th

e
ve

rt
ex

es
of

a
re

gu
la

r
si

m
pl

ex
in

R
d
.

Pr
oo

f
Se

e
A

pp
en

di
x

C
.3

.

T
he

pr
oo

f
of

th
e

th
eo

re
m

is
co

ns
tr

uc
tiv

e,
pr

ov
id

in
g

a
pr

oc
ed

ur
e

to
de

te
rm

in
e

th
e

co
de

w
or

d
se

t
Yc

(M
,d

).
T

he
m

ai
n

re
su

lts
of

th
is

se
ct

io
n

ar
e

su
m

m
ar

iz
ed

in
th

e
fo

llo
w

in
g

co
ro

lla
ry

,w
hi

ch
is

a
st

ra
ig

ht
fo

rw
ar

d
co

ns
eq

ue
nc

e
of

T
he

or
em

s
1

an
d

3.

C
or

ol
la

ry
3

Le
t
Y∗

be
a

co
de

w
or

d
se

t
of

m
ax

im
um

ca
pa

ci
ty

in
S(
M
,d

).
If
d
≥
M
−

1,
th

e
co

de
w

or
ds

(y
∗)
k

of
Y∗

ar
e

th
e

ve
rt

ex
es

of
a

re
gu

la
r

si
m

pl
ex

in
R
d
.

In
th

is
ca

se
,t

he
di

re
ct

io
ns

of
la

rg
es

tm
ar

gi
n

ar
e
ξk

=
(y
∗ )
k
, 〈 (y
∗ )
k
,(
y
∗ )
l〉

=
−

1

M
−

1
,
∀k
,l
6=
k

(6
2)

an
d

C[
Y∗

]
=

M

2(
M
−

1)
.

(6
3)

In
su

m
m

ar
y,

th
e

ca
pa

ci
ty

bo
un

d
of

(6
0)

is
m

et
w

he
ne

ve
r
d
≥

M
−

1.
Si

nc
e

th
is

bo
un

d
on

ly
de

pe
nd

s
on

th
e

nu
m

be
ro

fc
la

ss
es
M

,n
ot

in
th

e
di

m
en

si
on
d

,a
nd

th
e

de
ci

si
on

ru
le

of
(1

7)
ha

s
lin

ea
r

co
m

pl
ex

ity
in
d

,t
he

re
is

us
ua

lly
no

be
ne

fit
in

ad
op

tin
g

co
de

w
or

ds
of

di
m

en
si

on
la

rg
er

th
an
M
−

1
.

H
en

ce
,w

he
n

th
e

cl
as

si
fic

at
io

n
pr

ob
le

m
ha

s
no

fu
rt

he
rc

on
st

ra
in

ts
,i

ti
s

na
tu

ra
lt

o
re

ly
on

co
de

w
or

d
se

ts
of

di
m

en
si

on

d
=
M
−

1
.

(6
4)

Fi
gu

re
1

pr
es

en
ts

th
e

op
tim

al
co

de
w

or
d

se
ts

fo
r

va
ri

ou
s
M

.
N

ot
e

th
at

in
th

e
bi

na
ry

ca
se

,M
=

2
,

th
e

op
tim

al
co

de
w

or
ds

ar
e

th
e

cl
as

si
ca

l{
+

1
,−

1}
la

be
ls

3 .

3.
A

se
to

fM
at

la
b

sc
ri

pt
s

th
at

de
te

rm
in

e
th

e
op

tim
al

co
de

w
or

d
se

tf
or

an
y
M

is
av

ai
la

bl
e

at
ht

tp
://

w
w

w
.s

vc
l.u

cs
d.

ed
u/

pu
bl

ic
at

io
ns

/c
on

fe
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nc
e/
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m
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C

M
L

20
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s
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ip

18
JM

L
R

 2
0(

13
7)

:1
-6

8,
 2

01
9



M
U

LT
IC

L
A

S
S

B
O

O
S

T
IN

G
:

M
A

R
G

IN
S,C

O
D

E
W

O
R

D
S,L

O
S

S
E

S,
A

N
D

A
L

G
O

R
IT

H
M

S

1

1.5

1

1.5

-0.5 0

0.5

-0.5 0

0.5

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -11

1.5

1

1.5

-0.5 0

0.5

-0.5 0

0.5

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1 1

1.5

1

1.5

-0.5 0

0.5

-0.5 0

0.5

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -11

1.5

1

1.5

-0.5 0

0.5

-0.5 0

0.5

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1

-1.5
-1

-0.5
0

0.5
1

1.5
-1.5 -1

1 0 1

-1
0

1
-1

0
1

-1

1-1 0 1

-1
0

1
-1

0
1

(M
=

2
,d

=
1)

(M
=

3
,d

=
2)

(M
=
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Figure
1:

C
odew

ords
ofm

axim
alcapacity

fordifferentvalues
of
M

.

5.3.L
ow

-dim
ensionalpredictors

W
hen

d
<
M
−

1,there
is

no
guarantee

thata
codew

ord
setofm

axim
um

capacity
w

illachieve
the

capacity
bound.

N
evertheless,the

choice
of
d
<
M
−

1
can

be
appealing

for
applications

w
here

itis
criticalto

use
low

-dim
ensionalpredictors.

In
this

case,from
(9)-(11),(56),(57),and

(58),the
search

forthe
codew

ord
setofm

axim
um

capacity
requires

the
solution

of

Y
∗

=
arg

m
ax

Y
∈S

(M
,d

)
m

in
k
=

1
,...,M

m
ax

||v||=
1
m

in
l6=
k

[〈
y
k,v 〉

−
〈
y
l,v 〉]

.
(65)

T
his

is
a

non-trivial
optim

ization
for

w
hich,

to
the

best
of

our
know

ledge,
there

are
no

efficient
algorithm

s.
H

ence,itis
of

interestto
consider

alternative
optim

ality
criteria.

O
ne

possibility
is

the
m

ax-m
in

codew
ord

distance
criterion.

D
efinition

9
LetY

be
a

codew
ord

setinS
(M

,d
).The

m
inim

um
distance

ofY
is

d
m
in

[Y
]

=
m

in
k
,l6=

k ‖y
k−

y
l‖

2.
(66)

Y
∗

is
a

m
ax-m

in
distance

codew
ord

setinS
(M

,d
)

if

Y
∗

=
arg

m
ax

Y
∈S

(M
,d

) d
m
in

[Y
].

(67)

M
ax-m

in
distance

codew
ord

sets
have

various
appealing

properties.
First,

the
m

axim
ization

of
d
m
in

[Y
]is

intuitive.From
(17),the

decision
rule

ofthe
m

axim
um

m
argin

classifieris
based

on
the

projections 〈f
,y
k 〉

of
the

predictor
f

along
the

codew
ords.

If
the

codew
ords

are
sim

ilar,the
sam

e
w

illhold
for

the
projections,resulting

in
low

er
m

argins.
Second,the

problem
of

(67)
is

equivalent
to

determ
ining

the
m

axim
um

diam
eter

of
M

equalcircles
placed

on
the

surface
of

the
unitsphere

w
ithoutoverlap.

T
his

is
know

n
as

the
Tam

m
es

problem
(Tam

m
es,1930).

W
hile

itdoes
nothave

closed-form
solution,oreven

a
unique

solution
(any

rotation
ofa

valid
solution

is
a

valid
solution),

its
num

ericalsolution
is

m
uch

sim
pler

than
thatof

(65).
Finally,as

show
n

in
the

follow
ing

result,
there

is
a

close
relationship

betw
een

the
capacity

and
the

m
inim

um
distance

ofany
codew

ord
setin

S
(M

,d
).

L
em

m
a

2
LetY

be
a

codew
ord

setinS
(M

,d
).Then

14
d
m
in

[Y
]≤
C

[Y
]
<

12
d
m
in

[Y
]

(68)
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Figure
2:

m
ax-m

in
codew

ord
sets

fordifferentvalues
of
d

and
M

.

and

d
m
in

[Y
]≤

2
M

M
−

1
.

(69)

Proof
See

A
ppendix

D
.1.

T
he

follow
ing

theorem
uses

this
resultto

show
thatthe

optim
alcodew

ord
sets

underthe
optim

ality
criteria

ofD
efinitions

8
and

9
are

identicalw
hen

d
>
M
−

1.

T
heorem

4
LetY

∗
be

a
codew

ord
set

in
S

(M
,d

).
If
d
≥
M
−

1
then

Y
∗

is
a

codew
ord

set
of

m
axim

um
capacity,i.e.

C
[Y
∗]

=
M

2(M
−

1) ,
(70)

ifand
only

ifY
∗

is
a

codew
ord

setofm
ax-m

in
distance,i.e.

d
m
in

[Y
∗]

=
2
M

M
−

1
.

(71)

Proof
See

A
ppendix

D
.2.

In
sum

m
ary,

in
the

regim
e

of
d
≥
M
−

1,
the

vertexes
of

a
regular

sim
plex

in
R
d

are
both

a
m

axim
um

capacity
and

a
m

ax-m
in

distance
codew

ord
sets

ofS
(M

,d
).

T
hese

codew
ord

sets
achieve

both
the

capacity
and

m
ax-m

in
distance

bounds
ofS

(M
,d

).
T

he
m

ain
difference

betw
een

the
tw

o
optim

ality
criteria

is
the

difficulty
offinding

an
optim

alsolution
for

d
<
M
−

1.W
hile

the
optim

ization
problem

of
(65)

is
difficult,there

are
m

any
algorithm

s
for

the
solution

of
(67).

O
ur

im
plem

entation
uses

a
solver

based
on

the
barrier

m
ethod

(N
ocedaland

W
right,1999).

Figure
2

presents
m

ax-m
in

codew
ords

sets
fordifferentvalues

of
M

and
d.

5.4.C
om

plexity
vs.capacity

In
general,

the
com

plexity
of

an
M

-ary
predictor

increases
w

ith
the

num
ber

M
of

classes.
For

exam
ple,

the
“one

vs
all”

architecture
requires

the
evaluation

of
one

predictor
per

class,
i.e.

has
com

plexity
O

(M
),w

hile
the

“allpairs”
architecture

has
com

plexity
O

(M
2).

W
hile

the
decision

rule
F

(x
)

of
(17)

alw
ays

has
com

plexity
O

(M
),this

consists
of

com
puting

M
d-dim

ensionaldot-
products

and
can

be
usually

be
perform

ed
efficiently

for
large

values
of
M

,as
long

as
d

is
sm

all.
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os
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a
fu

nc
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pr
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ic
to

rd
im

en
si

on
d

,n
ot

th
e

nu
m

be
r

of
cl
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se

s.
In

fa
ct

,M
C

B
oo

st
ca

n
so

lv
e

an
y
M

-a
ry

cl
as

si
fic

at
io

n
pr

ob
le

m
w

ith
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.g
re

gr
es

si
on

or
de

ci
si

on
st

um
ps

,a
nd

re
qu

ir
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l
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r
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rj
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at
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f
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ra
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.
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ra
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∈
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>
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e
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α
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w

eak
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f
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w
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class
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eighted
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eak
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predictors
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∑
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∑
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∑
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∑
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∑
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∑
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m
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m
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steepestdescentdirection
of(32)

is
also

g ∗(x
)

=
arg

m
in

g∈H

∑
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by
∑

j6=
c
i
τ
j (x

i ,c
i )I

(g
(x
i )

=
y
j)).

N
ote

that,even
though

the
w

eak
learner

selection
rule

is
identicalfor

the
tw

o
codew

ord
sets,the

algorithm
s

are
notthe

sam
e,since

the
w

eights
w
i and

τ
j (x

i ,c
i )

are
determ

ined
by

the
m

argin
com

-
ponents,according

to
(29)-(30),
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6.3.C
lassification

vs.realvalued
learners

Finally,w
e

consider
the

question
of

w
hether

anything
is

lostby
using

a
setof

classification
w

eak
learners.

C
onsider

the
im

plem
entation

of
M

C
B

oostin
a

spaceH
of

continuous
w

eak
learners.

L
et

the
direction

ofsteepestdescentofthe
risk

ata
given

iteration
be
h

(x
)∈
H

.T
hen,itis

possible
to

define
a

classification
w

eak
learner

g
(x

)
=
y
k,

k
=

arg
m

ax
j

<
h

(x
),y

j
>
.

(87)

Itfollow
s

that
∫
〈g

(x
),h

(x
)〉
d
x

=

∫
〈
y

a
rg

m
a
x
j <
h

(x
),y

j>
,h

(x
) 〉
d
x

(88)

=

∫
arg

m
ax
j

〈h
(x

),y
j 〉
d
x
.

(89)

Since
arg

m
ax

j 〈h
(x

),y
j 〉≥

〈
y
j+
y
l

2
,y
j 〉
,∀
l6=

j,and

〈
y
j

+
y
l

2
,y
j 〉

=

{
12

ifY
is

a
canonicalcodew

ord
set

12 −
1

2
(M
−

1
)

ifY
is

a
m

axim
um

capacity
codew

ord
set,

(90)

the
inequality

arg
m

ax
j 〈h

(x
),y

j 〉
>

0
holds

for
both

classes
of

codew
ords,

w
henever

M
>

2.
H

ence,
∫
〈g

(x
),h

(x
)〉
d
x
>

0
(91)

and
g
(x

)
is

a
descentdirection,albeitnotthe

steepestdescentdirection,in
H

.
Itfollow

s
thatthe

fam
ily

of
w

eak
learners

g
(x

)
is

boostable.
In

sum
m

ary,for
either

canonicalor
m

axim
um

capacity
codew

ord
sets,w

heneverthere
isa

boostable
setH

ofgeneric
w

eak
learners,there

isalso
a

boostable
fam

ily
ofclassification

w
eak

learners,given
by

(87).T
he

only
penalty

in
adopting

the
latteris

that,
because

M
C

B
oostis

no
longera

steepestdescentprocedure
inH

,its
convergence

can
be

slow
er.

7.L
ossfunctions

So
far,

w
e

have
considered

a
generic

γ
−
φ

loss
function.

In
this

section,
w

e
derive

conditions
underw

hich
γ
−
φ

losses
belong

to
som

e
fam

ilies
w

ith
desirable

properties
forclassification,such

as
m

argin
orproperlosses.W

e
then

design
specific

γ−
φ

losses
functions

in
these

fam
ilies

and
use

them
to

im
plem

entdifferentM
C

B
oostalgorithm

s.

7.1.M
argin

losses

A
n

im
portant

question
is

under
w

hich
conditions

γ
−
φ

losses
are

m
argin

enforcing,
i.e.

w
hen

the
m

inim
ization

of
the

em
pirical

risk
of

a
γ
−
φ

loss
encourages

predictors
of

large
m

argin
M

p (D
,f
,Y

).
T

he
follow

ing
result

show
s

that
this

holds
w

henever
γ

is
strictly

increasing
and

φ
is

strictly
positive

and
decreasing.
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e
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m
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r
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fin
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of
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r
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fic

at
io

n,
w

he
re
ξ

=
γ
◦
φ

is
al

w
ay

s
de

cr
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T
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di
ff

er
en
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is

th
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th
e

co
m

po
ne

nt
s
γ

an
d
φ

no
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di
ff

er
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W
hi
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φ
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er

at
es
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ea

ch
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gi

n
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m
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ne
nt
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ap
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ie
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gr
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nt
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H
en

ce
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φ
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Pr
op

er
lo

ss
es

A
lo

ss
L
M

[.
,.

]
is

sa
id

to
be

pr
op

er
if

it
is

po
ss

ib
le

to
re

co
ve

r
th

e
cl

as
s

po
st

er
io

r
pr

ob
ab

ili
tie

s
P
C
|X

(c
|x

),
C

=
1,
..
.,
M
,

fo
r

al
l
x

fr
om

an
y

pr
ed

ic
to

r
f
∗ (
x

)
op

tim
al

un
de

r
th

at
lo

ss
.

T
hi

s
pr

op
er

ty
is

im
po

rt
an

t
fo

r
ap

pl
ic

at
io

ns
th

at
re

qu
ir

e
a

co
nfi

de
nc

e
sc

or
e

fo
r

th
e

cl
as

si
fic

at
io

n.
It

is
na

tu
ra

lt
o

as
k

un
de

rw
hi

ch
co

nd
iti

on
s

ar
e
γ
−
φ

lo
ss

es
pr

op
er

.F
or

si
m

pl
ic

ity
,w

e
ad

op
tt

he
no

ta
tio

n

η k
(x

)
=
P
C
|X

(k
|x

),
(9

3)

fo
r

th
e

po
st

er
io

r
cl

as
s

pr
ob

ab
ili

tie
s

an
d

re
pr

es
en

t
a

co
de

w
or

d
se

t
Y

=
{y

1
,.
..
,y
M
}
∈

R
d

by
a

co
de

m
at

ri
x

Y
∈
R
d
×
M

,w
ho

se
co

lu
m

ns
ar

e
th

e
co

de
w

or
ds

in
Y,

i.e
.

Y
=

[y
1
,.
..
,y
M

].
(9

4)

W
e

al
so

re
so

rt
to

th
e

w
el

lk
no

w
n

re
su

lt
th

at
,t

o
m

in
im

iz
e

(2
0)

,i
ts

uf
fic

es
to

de
te

rm
in

e
th

e
pr

ed
ic

to
r

f
∗ (
x

)
of

m
in

im
um

co
nd

iti
on

al
ri

sk

R
L
γ
−
φ

M
(f
|x

)
=

E
C
|X
{L

γ
−
φ

M
[y
c
,f

(x
)]
|x
},

(9
5)

fo
r

al
l
x

.
T

he
fo

llo
w

in
g

th
eo

re
m

ch
ar

ac
te

ri
ze

s
th

e
se

t
of

m
in

im
iz

er
s

of
th

e
co

nd
iti

on
al

ri
sk

of
a

γ
−
φ

lo
ss

.

T
he

or
em

6
Le

tY
=
{y

1
,.
..
,y
M
}
∈

R
d

be
a

co
de

w
or

d
se

t,
f

(x
)

:
X
→

R
d

a
pr

ed
ic

to
r,
η k

(x
)

th
e

po
st

er
io

r
pr

ob
ab

ili
tie

s
of

(9
3)

,a
nd
R
L
γ
−
φ

M
(f
|x

)
th

e
co

nd
iti

on
al

ri
sk

of
(9

5)
w

he
n
L
γ
−
φ

M
[.
,.

]
is

a
γ
−
φ

lo
ss

w
ith

di
ffe

re
nt

ia
bl

e
γ
,φ

.I
n

th
is

ca
se

an
y

m
in

im
iz

er
,f
∗ ,

of
(9

5)
is

a
so

lu
tio

n
of

Y
Q
φ f
∗
Γ
γ
−
φ

f
∗
η

=
0,

(9
6)

w
he

re
Y
∈
R
d
×
M

is
th

e
co

de
m

at
ri

x
of

(9
4)

,η
=

[η
1
,.
..
,η
M

]T
th

e
ve

ct
or

of
po

st
er

io
r

pr
ob

ab
ili

-
tie

s,
Q
φ f
,Γ

γ
−
φ

f
∈
R
M
×
M

w
ith

Q
φ f
(k
,l

)
=

{
−
φ
′ (
u
l
−
u
k
)

k
6=
l

∑
j6=
k
φ
′ (
u
k
−
u
j
)
k

=
l,

(9
7)
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x
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γ

:
R
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→

R
+
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st

ri
ct

ly
m
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th
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N
u
ll

(Y
Q
φ f
Γ
γ
−
φ

f
)

=
N
u
ll

(Y
Q
φ f
)

an
d

N
u
ll

(Q
φ f
Γ
γ
−
φ

f
)

=
N
u
ll

(Q
φ f
).

2.
If
R
a
n
k
(Y

)
≤
M
−

2
th

en
|N
u
ll

(Y
Q
φ f
)|
≥

2

3.
If
R
a
n
k
(Y

)
≥
M
−

1
th

en
N
u
ll

(Y
Q
φ f
)

=
N
u
ll

(Q
φ f
).

4.
If
φ

:
R
→

R
+

is
st

ri
ct

ly
m

on
ot

on
ic

th
en
|N
u
ll

(Q
φ f
)|

=
1.

Pr
oo

f
Se

e
A

pp
en

di
x

G
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.

T
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le
m

m
a

sh
ow

st
ha

t,
if
R
a
n
k
(Y

)
≥
M
−

1
an

d
φ
,γ

ar
e

st
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m
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ot
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,t

he
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to
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η
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w
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π
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u
l
−
u
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π
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∑
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∀k
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π
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∀j
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00
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F
ur
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→
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→
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A
ppendix

G
.3.

Together,L
em

m
as

3
and

4
state

that,forany
code

m
atrix

Y
such

that
R
a
n
k
(Y

)≥
M
−

1
and

any
pairofstrictly

m
onotonic

functions
φ
,γ,the

space
of
η

thatsatisfy
(96)is

one
dim

ensionaland
com

posed
by

vectors
thatsatisfy

(99).Since,forany
vector

η
6=

0
in

this
subspace,all

η
k

have
the

sam
e

sign, ∑
k
η
k 6=

0
and

thus
η̄

=
η

∑
k
η
k

is
a

probability
vector.U

nderthese
conditions,the

class
posteriorprobabilities

of(96)can
be

recovered
from

the
optim

alpredictor
f
∗

as
follow

s.

T
heorem

7
LetY

=
{
y

1,...,y
M
}
∈

R
d

be
a

codew
ord

setofm
atrix

Y
,
L
γ−

φ
M

[.,.]a
γ
−
φ

loss,
R
L
γ−

φ
M

(f|x
)

the
conditionalrisk

of(95),and
η

the
vector

ofthe
posterior

probabilities
of(93).

If
R
a
n
k
(Y

)≥
M
−

1
and

(φ
,γ

)
is

a
pair

ofstrictly
m

onotonic
differentiable

functions,then
η

can
be
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from

any
m

inim
izer,f

∗,of
R
L
γ−

φ
M

(f|x
)

w
ith

η
=
(
Ω
γ−

φ
f

)
−

1
e

1 ,
(101)

w
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e
1

=
[1,0

,...,0] T
∈
R
M

and

Ω
γ−

φ
f

(k
,l)

=


1

k
=

1
−
π
l φ
′(u

l−
u
k)

k
6=
l

π
k ∑

j6=
k
φ
′(u

k−
u
j)

k
=
l,

(102)

w
ith

u
k,π

k
as

defined
in

(11)and
(100),respectively.

Proof
See

A
ppendix

G
.4

T
heorem

s
3

and
4

show
that,foran

M
-ary

classification
problem

,a
codew

ord
space

ofdim
en-

sion
M
−

1
is

the
sm

allestto
contain

a
setofcodew

ords
thatachieve

eitherthe
m

argin
capacity

or
m

axim
um

distance
bounds.In

this
case,the

optim
alcodew

ord
setconsists

ofthe
M

vertexes
ofthe

regularsim
plex

in
R
M
−

1
and

can
be

obtained
w

ith
the

procedure
of(C

oxeter,1973).T
he

associated
m

atrix
Y

has
rank

M
−

1
and

the
codew

ords
are

the
directions

oflargestm
argin

foreach
ofthe

M
classes.T

heorem
7

show
s

thatthe
com

bination
ofthe

M
−

1
dim

ensionalsim
plex

codew
ords

w
ith

strictly
m

onotonic
γ
,φ

functions
is

a
sufficientcondition

for
a

proper
γ
−
φ

loss.
In

this
case,the

posteriorprobability
vector

η
can

be
recovered

from
any

m
inim

izer
f
∗

ofthe
risk,using

(101).

7.3.R
elationsto

binary
classification

A
third

question
of

interest
is

how
the

results
above

generalize
previously

know
n

properties
of

binary
losses.

For
binary

classification,w
here

M
=

2
and

y
1

=
−
y

2
=

1,itfollow
s

from
(102)

that

Ω
γ−

φ
f

=

[
1

1
−
φ
′(u

1−
u

2)γ
′(φ

(u
1−

u
2))

φ
′(u

2−
u

1)γ
′(φ

(u
2−

u
1)), ]

=

[
1

1
−
ξ ′(f

)
ξ ′(−

f
), ]

,
(103)
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Table
2:

L
oss,link,and

inverse
link,ofvarious

boosting
algorithm

s.
A

lgorithm
ξ(v

)
ζ
γ−

φ
(η

)
ζ −

1
γ−

φ
(v

)

A
daB

oost(Freund
and

Schapire,1997)
ex

p
(−
v
)

12
log

η
1−
η

e
2
v

1
+
e
2
v

L
ogitB

oost(Friedm
an

etal.,1998)
log

(1
+
e −

2
v)

12
log

η
1−
η

e
2
v

1
+
e
2
v

SavageB
oost(M

asnadi-Shiraziand
V

asconcelos,2008)
1

(1
+
e
2
v
)
2

12
log

η
1−
η

e
2
v

1
+
e
2
v

w
here

f
=
u

1−
u

2
and

ξ
=
γ
◦
φ.U

sing
(103),the

solution
of(101)is

then

η
1

=
ξ ′(−

f
)

ξ ′(f
)

+
ξ ′(−

f
)

(104)

η
2

=
ξ ′(f

)

ξ ′(f
)

+
ξ ′(−

f
) ,

(105)

w
here

w
e

om
itted

the
dependence

on
x.D

efining
η

=
η

1 ,the
tw

o
equations

can
be

rew
ritten

as

η
ξ ′(f

)
=

(1−
η
)ξ ′(−

f
).

(106)

T
hisisa

popularequation
in

the
binary

classification
literature,w

here
itisknow

n
asa

sufficientcon-
dition

for
f

to
m

inim
ize

the
classification

risk
associated

w
ith

the
binary

m
argin

loss
ξ(.)

(Z
hang,

2004;R
eid

and
W

illiam
son,2010).

Itis
usually

possible
to

solve
(106)

for
the

optim
al
f.

T
his

is
given

by
f

=
ζ
γ−

φ
(η

),
(107)

forsom
e

function
ζ
γ−

φ ,w
hich

is
denoted

the
link

function
ofthe

loss
ξ.T

he
link

function
plays

an
im

portantrole
in

the
recovery

ofthe
posteriorprobabilities

η
k

because,fora
properloss

φ,
ζ
γ−

φ
is

invertible
and

η
=
ζ −

1
γ−

φ
(f

).
(108)

H
ence,probabilities

η
(x

)can
be

recovered
by

sim
ply

feeding
the

classifierpredictions
f

(x
)through

the
inverse

ofthe
link.Table

2
lists

the
loss,link,and

inverse
link

ofthe
m

argin
losses

thatunderlie
various

popularboosting
algorithm

s.
For

M
-ary

classification,(99)
generalizes

the
inverse

link
relationship

of
(108).

T
he

m
ain

dif-
ficulty

of
the

M
-ary

extension
is

that
the

inverse
link

does
not

alw
ays

have
closed-form

.
In

fact,
w

hile
the

exactdecom
position

of
the

loss
ξ

into
the

com
ponents

γ
and

φ
does

notaffectthe
link

for
binary

classification,this
is

not
the

case
for

M
-ary

classification.
C

onsider,for
exam

ple,the
exponentialand

logistic
losses

ofTable
1.Forallthese

losses,
φ

(v
)

=
e
α
v

w
ith

α
∈
R
−

.C
onsider

nexta
m

ulticlass
γ
−
φ

loss
w

hose
φ

(.)
function

is
in

this
fam

ily.From
(99)

η
k

=

∑
Ml=

1
η
l π
l α
e
α

(u
l−
u
k
)

π
k ∑

Ml=
1
α
e
α

(u
k−

u
l)

=
e −

α
u
k ∑

Ml=
1
η
l π
l e
α
u
l

π
k e
α
u
k ∑

Ml=
1
e −

α
u
l

∝
e −

2
α
u
k−

lo
g
π
k,

(109)
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2
v

1
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j
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p
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1
−
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)

w
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,f

ro
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00

),

π
k

=
γ
′(
eα
u
k
M ∑ l=

1

e−
α
u
l
−
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10
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Si
nc

e
η

is
a

pr
ob
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ili
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ve

ct
or

,i
tf

ol
lo

w
s

th
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η k
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2
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lo
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2
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lo
g
π
i
.

(1
11

)

H
en
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lin
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of
an
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γ
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φ
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ss

of
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po
ne
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ia

l
φ

fu
nc
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n

is
th

e
so

ft
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ax
m

ap
pi

ng
ρ
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R
M
→
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ρ
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(v
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ev
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ev
i
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12

)

of
th

e
cl

as
s

sc
or

es
u
i

re
sc

al
ed

ac
co

rd
in

g
to

η
=

ρ
(−

2
α
u
−
κ

(u
))

(1
13

)

u
=

1 2

[ <
y

1
,f

>
,.
..
,<

y
M
,f

>
] T

(1
14

)

κ
(u

)
=

[l
og
π

1
(u

),
..
.,

lo
g
π
M

(u
)]
T
.

(1
15

)

In
su

m
m

ar
y,

w
he

ne
ve

r
th

e
re

co
ve

ry
of

th
e

po
st

er
io

r
pr

ob
ab

ili
ty

ve
ct

or
η

is
of

in
te

re
st

,t
he

ch
oi

ce
of
φ

(v
)

=
eα
v

is
de

si
ra

bl
e,

as
it

gu
ar

an
te

es
a

cl
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ed
fo

rm
-s

ol
ut
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n

fo
r

th
e

in
ve

rs
e

lin
k.

T
he

ch
oi

ce
of
γ

(.
)

fu
nc

tio
n

si
m

pl
y

de
te

rm
in

es
th

e
re

sc
al

in
g
κ

(u
)

of
th

e
sc

or
es

,t
hr

ou
gh

(1
10

).
T

hi
s

su
gg

es
ts

a
ve

ry
na

tu
ra

lg
en

er
al

iz
at

io
n

of
th

e
bi

na
ry

lo
ss

es
of

Ta
bl

e
1,

w
hi

ch
is

gi
ve

n
in

Ta
bl

e
3.

N
ot

e
th

at
,i

n
al

lc
as

es
,γ
◦φ

is
a

de
cr

ea
si

ng
fu

nc
tio

n.
H

en
ce

,b
y

T
he

or
em

5,
al

ll
os

se
s

ar
e

m
ar

gi
n

en
fo

rc
in

g.
T

he
ta

bl
e

al
so

pr
es

en
ts

th
e

va
lu

es
of
π
k

an
d
η k

fo
ra

ll
lo

ss
es

.S
in

ce
in

al
lc

as
es

th
e

pr
ob

ab
ili

tie
s

ar
e

η k
=

e2
u
k

∑
i
e2
u
i
,

(1
16

)

i.e
.

di
re

ct
ly

pr
op

or
tio

na
lt

o
th

e
cl

as
s

sc
or

es
u
k
,t

he
de

ci
si

on
ru

le
of

(1
7)

is
id

en
tic

al
to

th
e

B
ay
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de

ci
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ru

le
(1

).
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C
D

m
ax-capacity

any
any

γ
−
φ

A
daB

oost.M
2/M

R
G

D
canonical

product
E

xponential
γ
−
φ

A
daB

oost.M
M

G
D

canonical
classification

γ
(v

)
=
v
,φ

(v
)

=
e −

2
v

G
D

-M
C

B
oost

G
D

m
ax-capacity

any
any

γ
−
φ

8.1.C
om

parison
to

boosting
algorithm

s

M
any

of
the

currentm
ulticlass

boosting
algorithm

s
are

specialinstances
of

M
C

B
oostusing

differ-
ent,and

som
etim

es
sub-optim

al,codew
ords,w

eak
learners,loss

functions,oroptim
ization

strategy
(C

D
v.

G
D

).W
e

discuss
these

relationships
in

detail
in

A
ppendix

H
,w

here
w

e
show

that
these

m
ulticlass

boosting
algorithm

s
can

be
castas

specialcases
of,orapproxim

ations
to,M

C
B

oost.T
he

differences
betw

een
them

are
sum

m
arized

in
Table

5.
To

sim
plify

com
parisons,the

table
is

orga-
nized

in
three

sections.
T

he
top

section
contains

algorithm
s

thatdo
notuse

γ
−
φ

losses.
T

hese
are

used
by

the
algorithm

s
in

the
m

iddle
and

bottom
sections,w

hich
differ

in
optim

ization
strat-

egy.
Itcan

be
seen

thatallalgorithm
s

are
either

gradientdescent(G
D

)
or

coordinate
descent(C

D
)

procedures.
T

hey
also

differ
in

the
codew

ord
set

used
to

label
the

different
classes.

W
hile

som
e

use
a

m
axim

um
capacity

codew
ord

set,
m

ost
rely

on
canonical

codew
ords,

or
codew

ord
choices

(E
C

O
C

)
of

m
argin

capacity
below

the
bound

of
(59).

W
ith

regards
to

w
eak

learners,m
ost

algo-
rithm

s
adoptclassification

learners
h

:X
→
Y

=
{y

1,...,y
M
},butthere

also
have

been
proposals

for
linear

regressors
(m

ulticlass
L

ogitB
oost),

or
the

product
learners

h
:X
×
{
1
,...,M

}
→

R
of

A
daB

oost.M
2,A

daB
oost.M

R
,and

A
daB

oost.M
H

.Finally,w
hile

m
ostalgorithm

s
use

a
special

form
of

the
γ
−
φ

loss
of

(23),a
few

(O
VA

,A
daB

oost.M
H

)
rely

on
the

O
VA

loss
of

(225),w
hile

others
(A

da.M
1,SA

M
M

E
)m

inim
ize

the
exponentiallosses

of(238)and
(240).

A
s

discussed
in

the
previous

sections,
m

any
of

the
configurations

in
the

table
can

result
in

sub-optim
al

perform
ance.

In
the

bottom
tw

o
sections,

it
is

w
orth

noting
the

codew
ords

of
A

d-
aB

oost.E
C

C
,

w
hich

do
not

offer
guarantees

in
term

s
of

m
argin

capacity,
and

the
product

w
eak

learners
ofA

daB
oost.M

2
and

A
daB

oost.M
R

,w
hich

can
lead

to
slow

convergence.T
hese

problem
s

can
be

com
pounded

by
the

choice
of

loss
function.

In
fact,a

consistentexperim
entalobservation

is
thatallalgorithm

s
derived

from
losses

outside
ofthe

γ
−
φ

fam
ily

(top
section

ofthe
table)tend

to
produce

sub-optim
al

classifiers.
In

Section
H

.1.1,
w

e
show

that
the

com
bination

of
the

L
o
v
a

loss
and

canonicalcodew
ords,used

by
O

VA
and

A
daB

oost.M
H

,encourages
the

independentlearn-
ing

of
coordinate

classifiers.
T

his
frequently

leads
to

uncalibrated
scores

across
classes

and
poor

classification
perform

ance.O
n

the
otherhand,the

losses

L
α
[y
c,f

(x
)]

=
e −

α〈y
c,f

(x
)〉,

(121)
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Figure
3:

L
oss

functions
L
α
[y

1,f
(x
)]for

a
classification

problem
w

ith
M

=
3,
d
=

2,and
the

m
ax-capacity

code-
w

ords
of

Figure
1

(center),w
here

y
1
=

(0
,1
).

L
eft:

exponentialloss
of

(125).
R

ight:
γ
−
φ

loss
of

(126).
In

both
plots

α
=

1,codew
ords

are
show

n
in

green
and

class
boundaries

in
red.

used
by

A
daB

oost.M
1

(α
=

1)
and

SA
M

M
E

(α
=

1
/M

)
are

vaguely
sim

ilar
to

a
γ
−
α

loss
w

ith
γ

(v
)

=
v

and
φ

(v
)

=
e −

α
vL
γ−

φ
[y
c,f

(x
)]

=
∑l6=
c

e −
α( 〈y

c,f
(x

)〉−〈
y
l,f

(x
)〉).

(122)

H
ow

ever,these
losses

do
notconsider

the
pair-w

ise
difference

betw
een

class
scores.

H
ence,w

hile
ithas

been
show

n
that,asym

ptotically,the
m

inim
izerofthe

risk
defined

by
these

losses
im

plem
ents

B
ayes

rule
(Z

hu
etal.,2009),these

losses
do

notencourage
large

values
ofthe

m
argin

of(9).
C

onsider,forexam
ple,the

case
w

here
M

=
3,d

=
2,and

the
codew

ord
setis

the
m

ax-capacity
setshow

n
in

the
centerofFigure

1,i.e.

y
1

=
(1,0)

y
2

=
(−

1
/2
, √

3
/2)

y
3

=
(−

1
/
2,−
√

3
/2).

(123)

In
this

case,as
show

n
in

Figure
3,the

class
boundaries

are
the

lines
ofdirection

l 1
2

=
(1/

2, √
3/

2)
l 1

3
=

(1/2
,−
√

3/
2
)

l 2
3

=
(−

1
,0),

(124)

w
here

l ij
is

the
direction

of
the

boundary
betw

een
classes

i
and

j.
T

he
loss

associated
w

ith
y

1
is

then
L
α
[y

1,f
(x

)]
=
e −

α
f
1
(x

)
(125)

forthe
exponentialloss

andL
γ−

φ
[y

1,f
(x

)]
=
e −

α〈
d
1
2
,f

(x
)〉

+
e −

α〈
d
1
3
,f

(x
)〉

(126)

w
ith

d
1
2

=
y

1−
y

2
=

(3/
2,−
√

3/
2
)

d
1
3

=
y

1−
y

3
=

(3/2
, √

3
/2).

(127)
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R
ew

ri
tin

g
th

e
co

ns
tr

ai
nt

s
as

ξ i
≥

m
ax

[0
,(

1
−
〈Φ

(x
i)
,w

c i
〉−

m
ax

l6=
c i
〈Φ

(x
i)
,w

l〉)
],

an
d

us
in

g
th

e
fa

ct
th

at
th

e
ob

je
ct

iv
e

fu
nc

tio
n

is
m

on
ot

on
ic

al
ly

in
cr

ea
si

ng
in
ξ i

,t
hi

s
is

id
en

tic
al

to
so

lv
in

g
th

e
pr

ob
le

m
m

in
w
l,
..
.,
w
M

R
sv
m

+
λ
∑

M l=
1
‖w

l‖
2 2
,

(1
31

)

w
he

re

R
sv
m

=
∑ i

⌊ 〈
Φ

(x
i)
,w

c i
〉−

m
ax

l6=
c i
〈Φ

(x
i)
,w

l〉⌋ +

,
(1

32
)

bx
c +

=
m

ax
(0
,1
−
x

)
is

th
e

hi
ng

e
lo

ss
,a

nd
λ

=
1
/C

.H
en

ce
,t

he
SV

M
m

in
im

iz
es

th
e

ri
sk
R
sv
m

su
bj

ec
tt

o
a

re
gu

la
ri

za
tio

n
co

ns
tr

ai
nt

on
∑

l
‖w

l‖
2 2
.N

ot
e

th
at

,u
nd

er
th

e
pa

ra
lle

la
bo

ve
, R

sv
m

is
th

e
ri

sk
R
L
M

(w
)

of
(2

1)
us

in
g

th
e

m
ar

gi
n

lo
ss
L
M

[w
c
,Φ

(x
)]

of
(2

2)
,a

nd
th

e
hi

ng
e

lo
ss

as
χ

fu
nc

tio
n,

i.e
.χ

(v
)

=
bv
c +

.I
tf

ol
lo

w
s

th
at

th
e

pa
ra

lle
li

s
ex

ac
t,

i.e
.t

he
m

et
ho

ds
ar

e
m

at
he

m
at

ic
al

ly
id

en
tic

al
,

up
to

th
e

re
pl

ac
em

en
to

fL
M

[.
,.

]
by

th
e
γ
−
φ

lo
ss

of
(2

3)
.

In
su

m
m

ar
y,

bo
os

tin
g

an
d

SV
M

s
op

tim
iz

e
ve

ry
si

m
ila

r
co

st
s,

bu
t

w
ith

di
ff

er
en

t
op

tim
iz

at
io

n
st

ra
te

gi
es

.
In

SV
M

le
ar

ni
ng

,e
xa

m
pl

es
ar

e
fir

st
m

ap
pe

d
in

to
th

e
R

K
H

S,
us

in
g

a
pr

e-
de

fin
ed

tr
an

s-
fo

rm
at

io
n

ba
se

d
on

th
e

ke
rn

el
.T

he
SV

M
th

en
fin

ds
a

se
to

fl
in

ea
rd

is
cr

im
in

an
ts

th
at

m
ax

im
iz

es
th

e
m

ar
gi

n
of

ex
am

pl
es

in
th

is
R

K
H

S.
O

n
th

e
ot

he
rh

an
d,

bo
os

tin
g

pr
e-

de
fin

es
th

e
lin

ea
rd

is
cr

im
in

an
ts

as
th

e
co

de
w

or
ds
y
c
.I

tt
he

n
fin

ds
a

m
ap

pi
ng

of
th

e
ex

am
pl

es
,t

he
pr

ed
ic

to
rf

(x
),

th
at

m
ax

im
iz

es
th

e
m

ar
gi

n
w

ith
re

sp
ec

tt
o

th
es

e
co

de
w

or
ds

.B
ot

h
th

e
SV

M
di

sc
ri

m
in

an
ts

an
d

th
e

bo
os

tin
g

pr
ed

ic
to

ra
re

fo
un

d
by

so
lv

in
g

op
tim

iz
at

io
n

pr
ob

le
m

s
th

at
ar

e
eq

ui
va

le
nt

,u
p

to
sl

ig
ht

di
ff

er
en

ce
s

in
lo

ss
fu

nc
tio

n
(L
M

[.
,.

]v
s.
γ
−
φ

lo
ss

)a
nd

re
gu

la
ri

za
tio

n.
W

hi
le

th
e

SV
M

us
es

an
ex

pl
ic

it
re

gu
la

ri
za

tio
n

co
ns

tr
ai

nt
on

th
e

no
rm

of
th

e
di

sc
ri

m
in

an
ts

w
l,

bo
os

tin
g

us
es

tw
o

im
pl

ic
it

co
ns

tr
ai

nt
s

on
th

e
co

m
pl

ex
ity

of
th

e
pr

ed
ic

to
rf

(x
):

it
1)

re
st

ri
ct

s
f

(x
)

to
a

lin
ea

rc
om

bi
na

tio
n

of
w

ea
k

le
ar

ne
rs

an
d

2)
lim

its
th

e
nu

m
be

r
of

w
ea

k
le

ar
ne

rs
in

th
is

co
m

bi
na

tio
n

to
th

e
nu

m
be

ro
fb

oo
st

in
g

ite
ra

tio
ns

.
W

hi
le

th
is

sh
ow

s
th

at
th

er
e

is
a

gr
ea

td
eg

re
e

of
si

m
ila

ri
ty

be
tw

ee
n

th
e

tw
o

ap
pr

oa
ch

es
,t

he
re

is
al

so
a

si
gn

ifi
ca

nt
di

ff
er

en
ce

.
T

hi
s

fo
llo

w
s

fr
om

th
e

fa
ct

th
at

it
is

m
uc

h
ea

si
er

to
de

si
gn

a
go

od
se

t
of

co
de

w
or

ds
th

an
a

go
od

ke
rn

el
.

A
s

w
e

ha
ve

sh
ow

n
in

Se
ct

io
n

5,
un

de
r

th
e

bo
os

tin
g

st
ra

te
gy

it
is

po
ss

ib
le

to
fir

st
de

si
gn

a
se

to
fc

od
ew

or
ds

of
m

ax
im

um
m

ar
gi

n
ca

pa
ci

ty
an

d
th

en
fin

d
th

e
pr

ed
ic

to
r

th
at

m
ax

im
iz

es
th

e
m

ar
gi

n
w

ith
re

sp
ec

tt
o

th
es

e
co

de
w

or
ds

.T
hi

s
is

un
lik

e
th

e
SV

M
st

ra
te

gy
,w

he
re

it
is

qu
ite

di
ffi

cu
lt

to
de

te
rm

in
e

an
op

tim
al

ke
rn

el
.I

n
pr

ac
tic

e,
th

e
SV

M
ke

rn
el

is
us

ua
lly

ch
os

en
by

cr
os

s-
va

lid
at

io
n

w
ith

in
a

re
la

tiv
el

y
sm

al
ls

et
of

fu
nc

tio
ns

.
In

su
m

m
ar

y,
w

hi
le

th
e

SV
M

ex
pl

oi
ts

a
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D

E
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O
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D
S,L

O
S

S
E

S,
A

N
D

A
L

G
O

R
IT

H
M

S

Table
6:

C
haracteristics

ofthe
used

U
C

Idatasets

#Id
D

ata
N

am
e

#Training
#Testing

#A
ttributes

#
C

lasses
1

LandsatSatellite
4
,4
3
5

2
,0
0
0

3
6

6

2
Letter

1
6
,0
0
0

4
,0
0
0

1
6

2
6

3
Pen

D
igit

7
,4
9
4

3
,4
9
8

1
6

1
0

4
Poker

2
5
,0
1
0

1
,0
0
0

1
0

1
0

5
O

pticalD
igit

3
,8
2
3

1
,7
9
7

6
4

1
0

6
Shuttle

4
3
,5
0
0

1
4
,5
0
0

9
7

7
Isolet

6
,2
3
8

1
,5
5
9

6
1
7

2
6

8
Vehicle

6
9
2

1
5
4

1
8

4

9
Vertebral

2
3
9

7
1

6
3

1
0

Im
age

Segm
entation

2
1
0

2
,1
0
0

1
9

7

1
1

E
coli

2
5
8

7
8

7
8

1
2

B
reastTissue

8
1

2
5

9
6

single
toolfor

m
argin

m
axim

ization
(finding

the
optim

allinear
discrim

inants),boosting
decouples

the
m

argin
m

axim
ization

into
a

sequence
of

tw
o

optim
izations

1)
determ

ination
of

a
codew

ord
set

(linear
discrim

inants)
of

m
axim

um
m

argin
capacity

and
2)

learning
of

an
exam

ple
m

apping
(predictor)ofm

axim
um

m
argin

w
ith

respectto
these

codew
ords.

9.E
valuation

Severalexperim
ents

w
ere

conducted
to

evaluate
the

perform
ance

of
M

C
B

oostalgorithm
s.

U
nless

otherw
ise

noted,these
w

ere
im

plem
ented

w
ith
d

=
M
−

1,a
m

ax
capacity

codew
ord

setcom
posed

by
the

vertexes
ofa

regularsim
plex

in
R
M
−

1,and
the

exponential
γ
−
φ

loss
ofTable

3
(γ

(v
)

=
v

and
φ

(v
)

=
e −

v) 4.

9.1.D
ata

T
he

firstexperim
entw

as
based

on
a

synthetic
dataset,forw

hich
the

optim
aldecision

rule
is

know
n.

T
his

is
a

three
class

problem
,w

ith
tw

o-dim
ensionalG

aussian
classes

ofm
eans

[
12

]
, [
−

10

]
, [

2−1

]
(133)

and
covariances

[
1

0
.5

0
.5

2

]
, [

1
0
.3

0
.3

1

]
, [

0
.4

0
.1

0
.1

0
.8

]
(134)

respectively.
Training

and
testsets

of
1
,000

exam
ples

each
w

ere
random

ly
sam

pled
and

the
B

ayes
rule

com
puted

in
closed

form
(D

uda
et

al.,2001).
T

his
rule

achieved
an

error
rate

of
11.67%

in
the

training
and

11.13%
in

the
test

set,
suggesting

a
B

ayes
error

of
about

11%
.

T
he

rem
aining

experim
ents

w
ere

based
on

the
tw

elve
U

C
Idatasets

ofTable
6.Forthese,w

e
used

the
training/test

setsplitprovided
by

the
dataset,w

heneverpossible.Ifa
splitw

as
unavailable,20%

ofthe
exam

ples
w

ere
random

ly
selected

fortesting.

4.A
M

atlab
im

plem
entation

of
C

D
-M

C
B

oost
and

G
D

-M
C

B
oost

is
available

from
http://w

w
w

.svcl.ucsd.edu/publications/conference/2014/icm
l/IC

M
L

2014
guess

averse
code

data.zip.
A

C
++

im
plem

entation
ofG

D
-M

C
B

oostfordeep
convolutionalneuralnetw

orks
(M

oghim
ietal.,2016)integrated

w
ith

the
C

A
FFE

library
(Jia

etal.,2014)is
available

from
https://github.com

/m
m

oghim
i/B

oostC
N

N
.
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Figure
4:

C
lassifierpredictions

f
t(x

i )
ofC

D
-M

C
B

oost,on
the

testset,after
t
=

0
,1
0
,1
0
0

boosting
iterations.
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c)
t
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Figure
5:

H
istogram

of
the

exam
ple

m
arginsM

(y
c
i,f

t(x
i ))

using
C

D
-M

C
B

oost
prediction,

on
the

test
set,

after

t
=

0
,1
0
,1
0
0

boosting
iterations.

9.2.Synthetic
data

W
e

start
w

ith
the

synthetic
dataset.

A
classifier

w
as

learned
w

ith
C

D
-M

C
B

oost,
using

decision
stum

ps
as

w
eak

learners.
Figures

4
and

5
show

the
predictions 5

f
t(x

i )
and

histogram
s

of
the

associated
exam

ple
m

arginsM
(y
c
i,f

t(x
i ))foralltestexam

ples,after
t

=
0,10,and

100
iterations,

respectively.W
hile

the
predictorinitially

m
apsallexam

plesto
the

origin,f
0(x

i )
=

[0
,0] T∀

x
i ,C

D
-

M
C

B
oostproduces

predictions
thatare

gradually
m

ore
aligned

w
ith

the
class

codew
ords,show

n
as

dashed
lines

in
Figure

4.
N

ote
how

the
exam

ple
predictions,w

hose
color

reflects
their

class
label,

are
pushed

out,filling
up

the
space

thatsurrounds
the

codew
ords

ofthe
corresponding

classes.T
his

alignm
ent

of
f
t(x

i )
w

ith
y
c
i

guarantees
that

f
t(x

i )
w

ill
have

a
larger

dot
product

w
ith

y
c
i

than
w

ith
the

rem
aining

codew
ords,

leading
to

the
correct

classification
of
x
i

by
the

decision
rule

of
(17).

Sim
ilarly,since

f
0(x

i )
=

[0,0] T∀
x
i ,allexam

ples
have

zero
m

argin
in

the
initialiterations.

H
ow

ever,as
show

n
by

the
histogram

s
of

Figure
5,the

m
arginsM

(y
c
i,f

t(x
i ))

increase
w

ith
the

boosting
iteration

t.
N

ote
that,as

the
exam

ple
predictions

expand
in

Figure
4,both

the
percentage

ofexam
plesw

ith
positive

m
argin

and
the

strength
oftheirm

arginsincrease
in

Figure
5.T

hisim
plies

that,in
addition

to
a

decrease
in

error
rate,the

decision
rule

generalizes
better.

Finally,the
testset

error
rate

w
as

11.30%
after

100
iterations,w

hich
is

very
close

to
the

estim
ates

of
the

B
ayes

error
rate

of
11%

.

5.W
e

em
phasize

the
factthatthese

are
plots

of
f
t(x

)∈
R

2,not
x
∈
R

2.
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e
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m
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r
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s

ca
n

be
dr

aw
n

fr
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th
e

fig
ur

e.
Fi

rs
t,

in
cr

ea
si

ng
d

us
ua

lly
le

ad
s

to
a

be
tte

r
cl

as
si

fie
r,

fo
r

bo
th

C
D

-M
C

B
oo

st
an

d
G

D
-M

C
B

oo
st

.
T

hi
s

is
no

ts
ur

pr
is

in
g,

si
nc

e
fo

r
la

rg
er

d
it

is
po

ss
ib

le
to
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cr

ea
se

th
e

m
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im
um

m
ut

ua
l

di
st

an
ce
d
m
in

be
tw

ee
n

co
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w
or

ds
.

Si
nc

e,
fr

om
L

em
m

a
2,

th
is

yi
el

ds
a

la
rg

er
m

ar
gi

n
ca

pa
ci

ty
,M

C
B

oo
st

ca
n

pr
od

uc
e

pr
ed

ic
to

rs
of

la
rg

er
m

ar
gi

n.
T

hi
s

ex
pl

ai
ns

th
e

pe
rf

or
m

an
ce

im
pr

ov
em

en
t.

Se
co

nd
,

si
nc

e
in

cr
ea

si
ng

d
in

cr
ea

se
s

cl
as

si
fic

at
io

n
co

m
pl

ex
ity

,t
he

cu
rv

es
of

Fi
gu

re
6

al
so

de
pi

ct
th

e
tr

ad
e-

of
fb

et
w

ee
n

ac
cu

ra
cy

an
d

co
m

pl
ex

ity
of

th
e

M
C

B
oo

st
cl

as
si

fie
rs

.T
hi

rd
,a

ll
cu

rv
es

sa
tu

ra
te

as
D

ap
pr

oa
ch

es
th

e
va

lu
e

of
M
−

1
,

co
nfi

rm
in

g
th

e
th

eo
re

tic
al

pr
ed

ic
tio

n
fo

r
th

e
la

ck
of

be
ne

fit
of

hi
gh

er
di

m
en

si
on

s.
T

hi
s

fo
llo

w
s

fr
om

th
e

fa
ct

th
at

th
e

m
ar

gi
n

ca
pa

ci
ty

do
es

no
ti

nc
re

as
e

be
yo

nd
d

=
M
−

1
.F

in
al

ly
,i

ti
s

in
te

re
st

in
g

th
at

m
os

tc
ur

ve
s

sa
tu

ra
te

w
el

lb
el

ow
th

is
po

in
t.

N
ot

e,
fo

re
xa

m
pl

e,
th

at
th

e
G

D
-M

C
B

oo
st

pe
rf

or
m

an
ce

sa
tu

ra
te

s
at

a
di

m
en

si
on

be
tw

ee
n

50
%

an
d

70
%

of
th

e
nu

m
be

rM
of

cl
as

se
s,

fo
rm

os
td

at
as

et
s.

T
hi

s
im

pl
ie

s
th

at
it

is
po

ss
ib

le
to

pe
rf

or
m

“d
im

en
si

on
al

ity
re

du
ct

io
n

on
th

e
ou

tp
ut

sp
ac

e,
”

w
ith

ou
ta

no
tic

ea
bl

e
co

st
in

cl
as

si
fic

at
io

n
ac

cu
ra

cy
.

In
th

is
se

ns
e,

th
e

pr
ed

ic
to

rf
(x

)
co

ul
d

be
in

te
rp

re
te

d
as

an
ex

tr
ac

to
ro

fl
ow

di
m

en
si

on
al

fe
at

ur
es

w
ith

ou
tl

os
s

of
di

sc
ri

m
in

an
tp

ow
er

.
T

hi
s

co
ul

d
be

in
te

re
st

in
g

fo
ra

pp
lic

at
io

ns
w

he
re

cl
as

si
fic

at
io

n
ha

s
to

be
pe

rf
or

m
ed

un
de

rc
om

pl
ex

ity
co

ns
tr

ai
nt

s.
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Ta
bl

e
7:

C
la

ss
ifi

ca
tio

n
ac

cu
ra

cy
(%

)
of

co
or

di
na

te
de

sc
en

t
bo

os
tin

g
al

go
ri

th
m

s
w

ith
de

ci
si

on
st

um
p

w
ea

k
le

ar
ne

rs
.

C
D

-M
C

B
oo

st
im

pl
em

en
te

d
w

ith
th

e
ex

po
ne

nt
ia

lγ
−
φ

lo
ss

.

D
at

a
se

ti
d

#
1

#
2

#
3

#
4

#
5

#
6

#
7

#
8

#
9

#
1
0

#
1
1

#
1
2

A
da

B
oo

st
-O

VA
8
8
.0

8
3
.3

9
5
.0

5
0
.9

95
.0

7
9
.2

95
.3

6
8
.2

8
3
.1

6
7
.8

8
5
.9

3
2
.0

A
da

B
oo

st
-E

C
C

88
.2

7
7
.8

9
4
.9

51
.6

9
4
.8

7
9
.2

9
3
.6

6
9
.5

8
3
.1

82
.7

8
4
.6

44
.0

C
D

-M
C

B
oo

st
8
7
.0

84
.0

95
.4

5
1
.5

95
.0

7
9
.2

9
5
.0

71
.4

8
3
.1

8
1
.4

85
.9

44
.0

Ta
bl

e
8:

C
la

ss
ifi

ca
tio

n
ac

cu
ra

cy
(%

)
of

co
or

di
na

te
de

sc
en

t
bo

os
tin

g
al

go
ri

th
m

s
w

ith
re

gr
es

si
on

w
ea

k
le

ar
ne

rs
.

C
D

-
M

C
B

oo
st

im
pl

em
en

te
d

w
ith

th
e

lo
gi

st
ic
γ
−
φ

lo
ss

.

D
at

a
se

ti
d

#
1

#
2

#
3

#
4

#
5

#
6

#
7

#
8

#
9

#
1
0

#
1
1

#
1
2

Lo
gi

tB
oo

st
8
4
.4

7
7
.5

9
2
.9

5
0
.8

8
9
.6

9
4
.7

96
.3

8
1
.2

8
7
.3

93
.0

8
5
.9

76
.0

C
D

-M
C

B
oo

st
84

.5
7
7
.5

9
2
.9

5
0
.8

95
.1

96
.7

9
5
.6

8
1
.2

8
7
.3

9
2
.3

87
.2

7
2
.0

9.
4.

C
om

pa
ri

so
n

to
ot

he
r

m
ul

tic
la

ss
B

oo
st

in
g

m
et

ho
ds

W
e

fin
is

h
w

ith
an

ex
pe

ri
m

en
ta

l
co

m
pa

ri
so

n
of

M
C

B
oo

st
to

pr
ev

io
us

bo
os

tin
g

al
go

ri
th

m
s,

w
hi

ch
co

m
pl

em
en

ts
th

e
th

eo
re

tic
al

an
al

ys
is

of
Se

ct
io

n
8.

9.
4.

1.
C

D
-M

C
B

O
O

S
T

W
e

st
ar

te
d

by
co

m
pa

ri
ng

th
e

co
or

di
na

te
de

sc
en

t
(C

D
)

m
et

ho
ds

of
Ta

bl
e

5,
na

m
el

y
O

VA
,

A
d-

aB
oo

st
.E

C
C

(G
ur

us
w

am
i

an
d

Sa
ha

i,
19

99
)

an
d

m
ul

tic
la

ss
L

og
itB

oo
st

(F
ri

ed
m

an
et

al
.,

19
98

),
to

C
D

-M
C

B
oo

st
.T

he
fir

st
ex

pe
ri

m
en

tc
om

pa
re

d
C

D
-M

C
B

oo
st

to
O

VA
an

d
A

da
B

oo
st

.E
C

C
,u

si
ng

de
-

ci
si

on
st

um
ps

as
w

ea
k

le
ar

ne
rs

.A
s

sh
ow

n
in

Ta
bl

e
7,

C
D

-M
C

B
oo

st
ha

d
be

tte
ra

cc
ur

ac
y

th
an

O
VA

in
si

x
an

d
eq

ua
la

cc
ur

ac
y

in
fo

ur
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th
e

tw
el
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da
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se

ts
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om
pa

re
d

to
A

da
B

oo
st

.E
C

C
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th
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tte

r
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rf
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m
an
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in
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e
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m
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C
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D
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C
B

oo
st

pr
od

uc
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C
w
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4

w
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an

d
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st
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e

w
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w
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-
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d
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th
e
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.E
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d
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H
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e
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us
es

th
e
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l
ba
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R
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C
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-M
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B
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e
ve
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a
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m
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R
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1
,

th
e

th
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ry
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n
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lts

co
nfi
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Table
9:

C
lassification

accuracy
(%

)
of

gradient
descent

boosting
algorithm

s
w

ith
depth

2
tree

w
eak

learners.
G

D
-

M
C

B
oostim

plem
ented

w
ith

the
exponential

γ
−
φ

loss.

D
ata

setid
#
1

#
2

#
3

#
4

#
5

#
6

#
7

#
8

#
9

#
1
0

#
1
1

#
1
2

A
da.M

1
7
2
.9

−
−

−
−

9
6
.4

−
5
9
.1

88.7
−

7
3
.1

6
0
.0

SA
M

M
E

8
2
.0

5
3
.3

9
0
.4

5
2
.0

9
1
.8

9
9
.7

8
5
.7

7
6
.6

8
4
.5

9
3
.1

8
7
.2

80.0
A

daB
oost.M

M
8
9
.0

6
4
.4

9
5
.2

5
9
.2

9
5
.4

9
9
.8

9
1
.2

8
1
.2

8
7
.3

9
4
.9

8
4
.6

6
8
.0

G
D

-M
C

B
oost

89.1
85.2

96.5
60.8

96.8
99.9

95.2
81.8

8
7
.3

95.3
89.7

7
6
.0

9.4.2.
G

D
-M

C
B

O
O

S
T

T
he

final
set

of
experim

ents
com

pared
the

perform
ance

of
previous

gradient
descent

m
ethods

to
G

D
-M

C
B

oost.
In

this
experim

ent,w
e

considered
A

daB
oost.M

1
(Freund

and
Schapire,1996),A

d-
aB

oost.M
M

(M
ukherjee

and
Schapire,2013)and

A
daB

oost.SA
M

M
E

(Z
hu

etal.,2009),using
deci-

sion
trees

ofdepth
2

as
w

eak
learners.T

hese
w

eak
learners

w
ere

designed
w

ith
a

greedy
procedure,

so
as

to
1)

m
inim

ize
the

w
eighted

error
rate

of
(235)

for
A

daB
oost.M

1
(Freund

and
Schapire,

1996)
and

A
daB

oost.SA
M

M
E

(Z
hu

et
al.,2009),2)

m
inim

ize
the

classification
cost

of
(266)

for
A

daB
oost.M

M
(M

ukherjee
and

Schapire,2013),and
3)m

axim
ize

(32)forG
D

-M
C

B
oost.

Severalconclusions
can

be
draw

n
from

the
results,presented

in
Table

9.
First,A

daB
oost.M

1
w

as
not

able
to

boost
the

w
eak

learners
used

in
this

experim
ent

for
half

of
the

datasets.
T

his
is

due
to

the
“better

than
50%

error”
boostability

condition,w
hich

is
too

stringentfor
trees

of
depth

2.
Second,com

pared
to

SA
M

M
E

,G
D

-M
C

B
oostachieved

superior
perform

ance
in

eleven
of

the
tw

elve
datasets.

T
he

im
provem

ents
w

ere
quite

significantin
som

e
cases

e.g.
from

53%
to

85%
in

dataset
#

2
or

from
85%

to
95%

in
dataset

#
7.

T
he

inferior
perform

ance
of

SA
M

M
E

is
explained

by
the

use
ofthe

loss
of(121),as

discussed
in

Section
8.1.T

hird,com
pared

to
A

daB
oost.M

M
,G

D
-

M
C

B
oostachieved

higher
accuracy

in
eleven

datasets
and

the
sam

e
perform

ance
in

the
rem

aining
one.

A
gain,the

im
provem

ents
w

ere
som

etim
es

substantial,e.g.
from

64%
to

85%
in

dataset
#

2.
T

his
is

not
surprising

since,
as

discussed
in

Section
H

.2.5,
that

A
daB

oost.M
M

is
a

sub-optim
al

specialcase
of

G
D

-M
C

B
oost.

Finally,w
hen

com
pared

to
allm

ethods,G
D

-M
C

B
oostachieved

the
highestaccuracy

in
ten

of
the

tw
elve

datasets.
A

m
ong

the
rem

aining
m

ethods,A
daB

oost.M
M

had
betterperform

ance,follow
ed

by
A

daB
oost-SA

M
M

E
.A

daB
oost.M

1
had

the
w

orstresults.Itshould
be

noted
thatthe

results
of

Tables
7,8

and
9

are
notdirectly

com
parable,since

the
classifiers

are
based

on
differenttypes

ofw
eak

learners
and

have
differentcom

plexities.

10.C
onclusion

In
this

w
ork,w

e
studied

the
problem

of
m

ulticlass
boosting

w
ith

the
goalof

an
integrated

under-
standing

of
the

roles
of

the
optim

ization
strategy,labelcodew

ords,w
eak

learners,and
m

ulticlass
risk.

T
his

m
otivated

a
new

form
ulation

of
the

problem
based

on
m

ulti-dim
ensional

predictors,
m

ulti-dim
ensional

real
valued

codew
ords,and

proper
m

ulticlass
m

argin
loss

functions.
T

his
for-

m
ulation

led
to

a
num

ber
of

interesting
results,such

as
m

axim
um

capacity
codew

ord
sets,proper

and
m

argin
enforcing

γ−
φ

losses,and
tw

o
new

m
ulticlass

boosting
algorithm

s,C
D

-M
C

B
oostand

G
D

-M
C

B
oost,w

hich
differ

in
optim

ization
strategy.

C
D

-M
C

B
oostim

plem
ents

a
functionalcoor-

dinate
descentprocedure

and
updates

one
predictorcom

ponentata
tim

e,G
D

-M
C

B
oosta

functional
gradientdescentin

a
space

of
m

ultidim
ensionalw

eak
learners,updating

allpredictor
com

ponents
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S
A

B
E

R
IA

N
A

N
D

V
A

S
C

O
N

C
E

L
O

S

sim
ultaneously.

B
oth

M
C

B
oost

algorithm
s

reduce
to

classical
boosting

algorithm
s

(such
as

A
d-

aB
oostorL

ogitB
oost)forbinary

problem
s,depending

on
the

choice
of
γ
−
φ

loss
and

have
allthe

classicalboosting
properties,such

as
seeking

the
w

eak
learnerofm

axim
um

m
argin

on
a

rew
eighted

training
sam

ple
ateach

iteration
and

w
elldefined

boostability
conditions.

B
eyond

the
algorithm

s
them

selves,the
proposed

form
ulation

enablesa
unified

treatm
entofm

any
previousm

ulticlassboost-
ing

algorithm
s.

T
his

w
as

used
to

show
that

all
algorithm

s
im

plem
ent

different
com

binations
of

optim
ization

strategy,codew
ords,w

eak
learners,and

loss
function,highlighting

som
e

of
the

defi-
ciencies

of
these

algorithm
s

and
explaining

w
hy

they
failundersom

e
settings.

In
particular,itw

as
show

n
thatno

previous
m

ethod
m

atches
the

supportof
M

C
B

oostfor
realcodew

ords
of

m
axim

um
capacity,a

proper
m

argin-enforcing
loss

function,and
any

fam
ily

of
m

ultidim
ensionalpredictors

and
w

eak
learners.E

xperim
entalresults

confirm
the

superiority
ofM

C
B

oost,show
ing

thatthe
tw

o
proposed

M
C

B
oostalgorithm

s
outperform

com
parable

priorm
ethods

on
a

num
berofdatasets.

B
eyond

algorithm
s,

a
num

ber
of

insights
w

ere
show

n
both

theoretically
and

experim
entally.

First,the
dim

ension
d

of
the

predictor
f

(x
)

seem
s

to
play

a
centralrole

in
large

m
argin

m
ulticlass

classification.
For

M
classes,any

dim
ension

larger
M
−

1
supports

a
codew

ord
setof

m
axim

um
capacity.

T
his

enables
the

decom
position

of
the

classifier
design

problem
into

tw
o

sub-problem
s:

the
design

of
a

m
axim

alcapacity
codew

ord
set,for

w
hich

an
exactalgorithm

is
available,and

the
design

ofthe
bestpredictorforthiscodew

ord
set.T

he
lattercan

be
accom

plished
w

ith
the

M
C

B
oost

algorithm
s

now
introduced

or
som

e
other

risk
m

inim
ization

procedure.
Second,a

predictor
of

di-
m

ension
low

er
than

M
−

1
w

ill,in
principle,entailsom

e
loss

of
classification

accuracy.
Itis

still,
nevertheless,possible

to
find

the
bestcodew

ord
setin

a
sense

related
to

the
m

argin
capacity.

T
his

can
again

be
done

w
ith

an
exactalgorithm

.Interestingly,ourexperim
entalresults

have
show

n
thatit

is
possible

to
achieve

perform
ance

identicalto
thatofthe

m
argin

capacity
predictors

fordim
ensions

substantially
sm

allerthan
M
−

1.T
he

use
ofa

low
dim

ensionalpredictorcan
be

seen
as

a
form

of
dim

ensionality
reduction.

U
nlike

classicalapproaches,w
hich

operate
on

the
space

of
observations

x,this
is

done
directly

in
the

output
space.

Such
an

interpretation
of

low
-dim

ensional
predictors

could
be

ofinterestforapplications
w

ith
com

plexity
constraints,forexam

ple.T
hird,fora

predictor
ofdim

ension
M
−

1
orlarger,itisfairly

sim
ple

to
guarantee

thata
γ−

φ
lossism

argin
enforcing

and
proper.Itsuffices

to
guarantee

that
γ

is
strictly

increasing
and

φ
is

strictly
positive

and
decreasing,

and
thatthe

codew
ord

setis
of

m
axim

um
m

argin
capacity.

In
this

case,the
posterior

class
proba-

bilities
can

be
recovered

from
the

outputs
of

the
optim

alpredictor
by

a
sim

ple
m

apping,usually
a

softm
ax.

Since
these

constraints
are

quite
w

eak,itis
notdifficultto

define
new

proper
m

ulticlass
m

argin
losses,tailored

forparticularapplications.T
his

w
as

exem
plified

by
the

derivation
ofm

ulti-
class

extensions
ofpopularbinary

losses,such
as

the
exponential,logistic,orSavage.T

he
resulting

M
C

B
oostalgorithm

s
are

m
ulticlass

generalizations
ofA

daB
oost,L

ogitB
oost,and

SavageB
oost,re-

spectively.
Finally,the

discussion
above

highlights
the

factthatthe
design

ofa
m

ulticlass
boosting

algorithm
requires

the
careful

joint
selection

of
optim

ization
strategy,

codew
ords,

w
eak

learners,
and

loss
function.

T
he

com
bination

of
M

C
B

oost,m
argin

capacity
codew

ords,a
proper

m
argin

en-
forcing

γ
−
φ

loss,and
a

fam
ily

of
w

eak
learners

w
ith

better
than

random
perform

ance
is

a
good

solution
to

allthese
problem

s.

R
eferences

E
.

A
llw

ein,
R

.
Schapire,

and
Y.

Singer.
R

educing
m

ulticlass
to

binary:
a

unifying
approach

for
m

argin
classifiers.
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A
ppendix

C
.M

axim
um

capacity
codew

ords

C
.1.ProofofT

heorem
1

C
onsider

any
direction

v
such

that||v||
=

1.
U

sing
(9),(55)

and
the

factthatthe
m

inim
um

cannot
be

largerthan
the

average

M
(y
k,v

)
=

m
in

l6=
k

12

〈
y
k−

y
l,v 〉

≤
1

2(M
−

1) ∑l6=
k 〈
y
k−

y
l,v 〉

(145)

=
1

2(M
−

1) 〈
∑l6=
k

(y
k−

y
l),v 〉

=
1

2(M
−

1) 〈
(M
−

1)y
k−

∑l6=
k

y
l,v 〉

=
1

2(M
−

1) 〈
M
y
k−

M∑l=
1

y
l,v 〉

=
M

2(M
−

1) 〈
y
k,v 〉

≤
M

2(M
−

1) .
(146)

C
.2.ProofofT

heorem
2

B
y

definition
ofm

argin
capacity

C
[Y

]
=

m
in

k
=

1
,...,M

M
(y
k,ξ

k),
(147)

w
here

ξ
k

is
the

direction
oflargestcapacity

forclass
k.A

s
show

n
in

the
proofofT

heorem
1,

M
(y
k,ξ

k)
=

m
in

l6=
k

12

〈
y
k−

y
l,ξ

k 〉
(148)

≤
1

2(M
−

1) ∑l6=
k 〈
y
k−

y
l,ξ

k 〉
(149)

=
M

2(M
−

1) 〈
y
k,ξ

k 〉
.

(150)

T
he

m
argin

com
ponentM

(y
k,ξ

k)
is

m
axim

um
w

hen
equality

holds.
Since

the
m

inim
um

is
equal

to
the

average
ifand

only
ifallelem

ents
are

equal,this
is

the
case

ifand
only

if

12

〈
y
k−

y
l,ξ

k 〉
=

M

2(M
−

1) 〈
y
k,ξ

k 〉
∀
l6=

k
.

(151)

H
ence

the
m

axim
um

value
ofthe

m
argin

com
ponentis

M
(y
k,ξ

k)
=

M

2(M
−

1) 〈
y
k,ξ

k 〉
≤

M

2(M
−

1)
(152)
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S
A

B
E

R
IA

N
A

N
D

V
A

S
C

O
N

C
E

L
O

S

w
ith

equality
ifand

only
if

〈
y
k,ξ

k 〉
=

1.
(153)

Since
both

y
k

and
ξ
k

are
unitvectors,this

holds
ifand

only
if

y
k

=
ξ
k.

(154)

Itfollow
s

thatthe
m

argin
capacity

of
(147)

m
eets

the
capacity

bound
of

(60)
if

and
only

if,for
all

k,the
directions

oflargestm
argin

are
ξ
k

=
y
k

and,from
(151),

12

〈
y
k−

y
l,y

k 〉
=

M

2(M
−

1)
∀
l6=

k
(155)

12

(
1−

〈
y
l,y

k 〉)
=

M

2(M
−

1)
∀
l6=

k
,

(156)

〈
y
l,y

k 〉
=
−

1

M
−

1
,∀
l6=

k
.

(157)

C
.3.ProofofT

heorem
3

A
ssum

e
thatY

c(M
,d

)
is

a
setof

codew
ords

thatachieves
the

capacity
bound

of
(60).

T
hen,from

T
heorem

2
and

D
efinition

6,Y
c(M

,d
)

is
a

setof
M

centered,unitnorm
,
d-dim

ensionalvectors
y
k

such
that

〈
y
k,y

l 〉
=
−

1

M
−

1
,
∀
k
,l6=

k
.

(158)

T
he

proof
is

by
construction

and
uses

a
know

n
m

ethod
for

the
design

of
regular

sim
plexes

(C
ox-

eter,1973).
L

et
y
k

be
the

codew
ords

in
Y
c(M

,d
).

W
ithout

loss
of

generality
w

e
can

set
y

1
=

[1,0
,...,0] T

∈
R
d.From

(158)itfollow
s

that

y
k1

=
−

1

M
−

1
∀
k
>

1
,

(159)

w
here

y
ki

is
the

i th
coordinate

ofvector
y
k.D

efining

ȳ
k

=
M
−

1
√
M

(M
−

2) [y
k
+

1
2

,...,y
k
+

1
d

]∈
R
d−

1
k

=
1,...,M

−
1
,

(160)

itfollow
s

that ∑
M
−

1
k
=

1
ȳ
k

=
0,

‖
ȳ
k‖

2
=

(M
−

1)
2

M
(M
−

2) [‖
y
k
+

1‖
2−

[y
k
+

1
1

] 2]

=
(M
−

1)
2

M
(M
−

2) [
1−

1

(M
−

1)
2 ]

=
1
,
∀
k

(161)

and
〈
ȳ
k,ȳ

l 〉
=

(M
−

1)
2

M
(M
−

2) [〈
y
k
+

1,y
l+

1 〉
−
y
k
+

1
1

y
l+

1
1

]

=
(M
−

1)
2

M
(M
−

2) [−
1

M
−

1
−

1

(M
−

1)
2 ]

=
−

(M
−

1)
2

M
(M
−

2)

M

(M
−

1
)
2

=
−

1

M
−

2
,
∀
k
,l6=

k
.

(162)
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H
en

ce
,t

he
co

de
w

or
ds
ȳ
k

ar
e

th
e

el
em

en
ts

of
Yc

(M
−

1,
d
−

1)
,t

he
co

de
w

or
d

se
tt

ha
tm

ee
ts

th
e

ca
pa

ci
ty

bo
un

d
of
S(
M
−

1
,d
−

1)
.

In
su

m
m

ar
y,

th
e

ap
pl

ic
at

io
n

of
th

e
si

m
pl

ex
de

si
gn

pr
oc

ed
ur

e
of

(1
60

)t
o

a
co

de
w

or
d

se
tY

c
(M

,d
)

pr
od

uc
es

a
co

de
w

or
d

se
tY

c
(M
−

1
,d
−

1)
.

If
d
≤
M
−

2
,t

he
pr

oc
ed

ur
e

ca
n

be
ap

pl
ie

d
d
−

1
tim

es
,t

o
pr

od
uc

e
a

co
de

w
or

d
se

tY
c
(M
−

d
+

1
,1

).
T

hi
s

is
a

se
t

of
M
−
d

+
1

ce
nt

er
ed

,
un

it
no

rm
,

sc
al

ar
s

th
at

sa
tis

fy
(1

58
).

It
fo

llo
w

s
fr

om
th

e
un

it
no

rm
co

ns
tr

ai
nt

th
at
ȳ
k
∈
{+

1,
−

1}
an

d
th

us
,

fo
r
k
6=
l,
〈 ȳ
k
,ȳ
l〉

=
−

1.
T

hi
s,

ho
w

ev
er

,c
on

tr
ad

ic
ts

(1
58

),
si

nc
e
−

1
M
−
d
+

1
−

1
=
−

1
M
−
d
≥
−

1 2
.H

en
ce

,S
(M

,d
)

co
nt

ai
ns

no
se

to
f

co
de

w
or

ds
th

at
m

ee
ts

th
e

ca
pa

ci
ty

bo
un

d,
w

he
n
d
≤
M
−

2
.

If
d
≥
M
−

1
,t

he
pr

oc
ed

ur
e

ca
n

be
ap

pl
ie

d
M
−

2
tim

es
,t

o
pr

od
uc

e
a

co
de

w
or

d
se

tY
c
(2
,d
−

M
+

2)
.T

hi
s

is
a

se
to

f2
ce

nt
er

ed
,u

ni
tn

or
m

,(
d
−
M

+
2)

-d
im

en
si

on
al

ve
ct

or
s

th
at

sa
tis

fy
(1

58
),

i.e
.
〈 ȳ

1
,ȳ

2
〉

=
−

1.
Si

nc
e
ȳ

1
=

[1
,0
,.
..
,0

]
an

d
ȳ

2
=

[−
1
,0
,.
..
,0

]
in

R
d
−
M

+
2

sa
tis

fy
th

es
e

co
nd

iti
on

s,
th

er
e

ex
is

ts
a

se
qu

en
ce
Yc

(2
,d
−
M

+
2
),
..
.,
Yc

(M
,d

)
of

co
de

w
or

d
se

ts
th

at
m

ee
tt

he
ca

pa
ci

ty
bo

un
ds

of
S(

2,
d
−
M

+
2)
,.
..
,S

(M
,d

),
re

sp
ec

tiv
el

y.
Si

nc
e

th
e

pr
oc

ed
ur

e
us

ed
to

de
si

gn
th

is
se

qu
en

ce
is

th
e

re
gu

la
r

si
m

pl
ex

de
si

gn
pr

oc
ed

ur
e

of
(1

60
),

th
e

co
de

w
or

ds
in
Yc

(2
,d
−
M

+
2)
,.
..
,Y

c
(M

,d
)

fo
rm

a
re

gu
la

rs
im

pl
ex

in
R
d
−
M

+
2
,.
..
,R

d
,r

es
pe

ct
iv

el
y.

A
pp

en
di

x
D

.L
ow

di
m

en
si

on
al

pr
ed

ic
to

rs

D
.1

.P
ro

of
of

L
em

m
a

2

W
e

st
ar

tw
ith

(6
8)

.T
he

le
ft

in
eq

ua
lit

y
fo

llo
w

s
fr

om
(5

6)
,(

57
)a

nd
(9

),
si

nc
e

C[
Y]

=
m

in
k
=

1
,.
..
,M

m
ax

||v
||=

1
M

(y
k
,v

)

≥
m

in
k
=

1
,.
..
,M
M

(y
k
,y
k
)

=
1 2

m
in

k
=

1
,.
..
,M

m
in

l6=
k

[ ‖
y
k
‖−

〈 y
k
,y
l〉
]

=
1 4

m
in

k
=

1
,.
..
,M

m
in

l6=
k

[ 2‖
y
k
‖−

2
〈 y

k
,y
l〉
]

=
1 4

m
in

k
=

1
,.
..
,M

m
in

l6=
k

[ ‖
y
k
‖+
‖y

l ‖
−

2
〈 y

k
,y
l〉
]

=
1 4

m
in

k
,l
6=
k
‖y

k
−
y
l ‖

2
.

(1
63

)

T
he

ri
gh

ti
ne

qu
al

ity
fo

llo
w

s
fr

om
(9

)s
in

ce
,f

or
an

y
v

su
ch

th
at
||v
||

=
1,

M
(y
k
,v

)
=

1 2
m

in
l6=
k

〈 y
k
−
y
l ,
v
〉

≤
1 2

m
in

l6=
k
‖y

k
−
y
l ‖

2
,

(1
64

)

an
d

th
us

C[
Y]

=
m

in
k
=

1
,.
..
,M

m
ax

||v
||=

1
M

(y
k
,v

)

≤
m

in
k
=

1
,.
..
,M

m
ax

||v
||=

1

1 2
m

in
l6=
k
‖y

k
−
y
l ‖

2

=
1 2

m
in

k
,l
6=
k
‖y

k
−
y
l ‖

2
.

(1
65

)
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S
A

B
E

R
IA

N
A

N
D

V
A

S
C

O
N

C
E

L
O

S

Fi
na

lly
,(

69
)f

ol
lo

w
s

fr
om

th
e

le
ft

in
eq

ua
lit

y
of

(6
8)

an
d

(6
0)

.

D
.2

.P
ro

of
of

T
he

or
em

4

L
et
Y∗

be
a

co
de

w
or

d
se

to
fm

ax
im

um
ca

pa
ci

ty
.F

ro
m

(6
6)

an
d

(6
2)

d
m
in

[Y
∗ ]

=
m

in
k
,l
6=
k
‖(
y
∗ )
k
−

(y
∗ )
l ‖

2

=
m

in
k
,l
6=
k

[ 2
−

2
〈 (y
∗ )
k
,(
y
∗ )
l〉
]

=
m

in
k
,l
6=
k

[ 2
+

2

M
−

1

]

=
2M

M
−

1
(1

66
)

an
d
Y∗

m
ee

ts
th

e
bo

un
d

of
(6

9)
.

H
en

ce
,

it
is

a
m

ax
-m

in
di

st
an

ce
co

de
w

or
d

se
t.

L
et
Y∗

be
a

co
de

w
or

d
se

to
fm

ax
-m

in
di

st
an

ce
,i

.e
. d
m
in

[Y
∗ ]

=
2
M

M
−

1
.

(1
67

)

Fr
om

(6
8)

it
fo

llo
w

s
th

at

C[
Y∗

]
≥

M

2(
M
−

1)
,

(1
68

)

an
d
Y∗

m
ee

ts
th

e
ca

pa
ci

ty
bo

un
d

of
(6

0)
.H

en
ce

,i
ti

s
a

co
de

w
or

d
se

to
fm

ax
im

um
ca

pa
ci

ty
.

A
pp

en
di

x
E

.P
ro

pe
rt

ie
s

In
th

is
ap

pe
nd

ix
,w

e
de

riv
e

se
ve

ra
lp

ro
pe

rt
ie

s
of

M
C

B
oo

st
al

go
ri

th
m

s.

E
.1

.C
la

ss
ifi

ca
tio

n
w

ea
k

le
ar

ne
rs

W
e

st
ar

tb
y

de
riv

in
g

th
e

sp
ec

ia
liz

at
io

n
of

th
e

al
go

ri
th

m
to

cl
as

si
fic

at
io

n
w

ea
k

le
ar

ne
rs

.
W

hi
le

w
e

co
ns

id
er

on
ly

G
D

-M
C

B
oo

st
,a

si
m

ila
rd

er
iv

at
io

n
is

po
ss

ib
le

fo
rC

D
-M

C
B

oo
st

.W
e

as
su

m
e

a
w

ea
k

le
ar

ne
rs

pa
ce
H

of
m

ul
tic

la
ss

cl
as

si
fie

rs
,i

.e
.h

:
X
→
Y

w
he

re
Y

=
{y

1
,.
..
,y
M
}i

s
th

e
co

de
w

or
d

se
to

ft
he

cl
as

si
fic

at
io

n
pr

ob
le

m
.

E
.1

.1
.

M
A

X
IM

U
M

C
A

PA
C

IT
Y

C
O

D
E

W
O

R
D

S

A
ss

um
e

th
at
Y

is
a

co
de

w
or

d
se

t
of

m
ax

im
um

ca
pa

ci
ty

in
S(
M
,d

).
T

he
pr

ed
ic

to
r

le
ar

ne
d

by
M

C
B

oo
st

is
th

en

f
(x

)
=

∑ t

α
tg
t(
x

)

=
∑ t

α
t

∑ k

I
(g
t(
x

)
=
y
k
)y
k

=
∑ k

y
k

∑

t|g
t
(x

)=
y
k

α
t

=
∑ k

ζ k
y k

(1
69

)
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S
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w
here

ζ
k

=
∑

t|g
t (x

)=
y
k

α
t .

(170)

Since
〈f

(x
),y

j 〉
=

∑

k

ζ
k
<
y
k ,y

j
>

=


ζ
j
<
y
j ,y

j
>

+
∑k6=

j

ζ
k
<
y
k ,y

j
>



=


ζ
j −

1

M
−

1

∑k6=
j

ζ
k 

=


∑

t|g
t (x

)=
y
j

α
t −

1

M
−

1

∑k6=
j

∑

t|g
t (x

)=
y
k

α
t 

,
(171)

w
here

w
e

have
used

the
codew

ord
properties

of(55)and
(61),and

〈f
(x

),y
j 〉−

〈
f

(x
),y

k 〉
=

ζ
j −

1

M
−

1

∑l6=
j

ζ
l −

ζ
k

+
1

M
−

1

∑l6=
k

ζ
l

=
ζ
j −

1

M
−

1
ζ
k −

ζ
k

+
1

M
−

1
ζ
j

=
M

M
−

1
(ζ
j −

ζ
k ).

(172)

f
(x

)
has

m
argin

com
ponents

〈
f

(x
),y

c−
y
k 〉

=
M

M
−

1
(ζ
c −

ζ
k )

=
M

M
−

1


∑

t|g
t (x

)=
y
c

α
t −

∑

t|g
t (x

)=
y
k

α
t 

.
(173)

W
ith

regards
to

learning,the
steepestdescentdirection

of(32)can
be

w
ritten

as

g ∗(x
)

=
arg

m
ax

g∈H

M∑j=
1

∑

i|g
(x
i )=

y
j

w
i 〈
y
j,y

c
i−

∑k6=
c
i y
kτ
k (x

i ,c
i ) 〉

.
(174)

T
here

are
tw

o
possibilities

forthe
dot-products 〈

y
j,y

c
i−
∑

k6=
c
i
y
kτ
k (x

i ,c
i ) 〉

:

1.
y
j

=
y
c
i:in

this
case

〈
y
j,y

c
i−

∑k6=
c
i y
kτ
k (x

i ,c
i ) 〉

=
||y

c
i|| 2−

∑k6=
c
i 〈
y
c
i,y

k 〉
τ
k (x

i ,c
i )

=
1

+
1

M
−

1

∑k6=
c
i τ
k (x

i ,c
i )

=
1

+
1

M
−

1
=

M

M
−

1
(175)
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w
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(30).

2.
y
j6=

y
c
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〈
y
j,y

c
i−

∑k6=
c
i y
kτ
k (x

i ,c
i ) 〉

=
〈y
j,y

c
i 〉−

||y
j|| 2τ

j (x
i ,c

i )−
∑k6=
c
i ,j 〈

y
j,y

k 〉
τ
k (x

i ,c
i )

=
−

1

M
−

1
−
τ
j (x

i ,c
i )

+
1

M
−

1

∑k6=
c
i ,j

τ
k (x

i ,c
i )

=
−

1

M
−

1
−
τ
j (x

i ,c
i )

+
1

M
−

1
(1−

τ
j (x

i ,c
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=
−

M

M
−

1
τ
j (x

i ,c
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(176)
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w
e
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also
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(30).

Itfollow
s

thatg ∗(x
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=
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m
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g∈H

∑

i|g
(x
i )=

y
c
i

w
i −

∑j6=
c
i

∑

i|g
(x
i )=

y
j

w
i τ
j (x

i ,c
i )

=
arg

m
ax

g∈ H

∑

i

w
i −

∑

i|g
(x
i )6=

y
c
i

w
i −

∑j6=
c
i

∑

i|g
(x
i )=

y
j

w
i τ
j (x

i ,c
i )

=
arg

m
in

g∈H

∑j6=
c
i

∑

i|g
(x
i )=

y
j

w
i (1

+
τ
j (x

i ,c
i ))

=
arg

m
in

g∈H

∑

i|g
(x
i )6=

y
c
i

w
i 

1
+
∑j6=
c
i τ
j (x

i ,c
i )I

(g
(x
i )

=
y
j) 

.
(177)

E
.1.2.

C
A

N
O

N
IC

A
L

C
O

D
E

W
O

R
D

S

W
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case

w
hereY
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the
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canonical
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y
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=
1
j .

In
this

case,the
predictorlearned
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M

C
B

oostis

f
(x

)
=

∑

t

α
t g
t (x

)

=
∑

t

α
t ∑

k

I
(g
t (x

)
=

1
k )1

k

=
∑

k

1
k

∑

t|g
t (x

)=
1
k

α
t .

(178)

w
hich
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be

w
ritten

as

f
k (x

)
=

∑

t|g
t (x

)=
1
k

α
t .

(179)

Itfollow
s

that
〈f

(x
),y

j 〉
=
〈f

(x
),1

j 〉
=
f
j (x

)
=

∑

t|g
t (x

)=
1
j

α
t .

(180)
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〈 f
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),
y
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y
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〉

=
f c

(x
)
−
f k

(x
)

=
∑

t|g
t
(x

)=
1
c

α
t
−

∑

t|g
t
(x

)=
1
k

α
t.

(1
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)

W
ith

re
ga

rd
s

to
le

ar
ni

ng
,t

he
st

ee
pe

st
de

sc
en

td
ir

ec
tio

n
of

(3
2)

ca
n

be
w

ri
tte

n
as

g
∗ (
x

)
=

ar
g

m
ax

g
∈H

M ∑ j=
1
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y
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w
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j
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c i
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∑ k
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c i

y
k
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)

an
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e
ar
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ss
ib
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s
fo
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he

do
t-

pr
od

uc
ts
〈 y

j
,y
c i
−
∑

k
6=
c i
y
k
τ k

(x
i,
c i

)〉 :

1.
y
j

=
y
c i
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n
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ca
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〈
y
j
,y
c i
−
∑ k
6=
c i

y
k
τ k

(x
i,
c i

)〉
=
||y

c i
||2
−
∑ k
6=
c i

〈 y
c i
,y
k
〉
τ k

(x
i,
c i

)
=

1.
(1

83
)

2.
y
j
6=
y
c i

:i
n

th
is

ca
se

〈
y
j
,y
c i
−
∑ k
6=
c i

y
k
τ k

(x
i,
c i

)〉
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〈 y
j
,y
c i
〉 −
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||2
τ j

(x
i,
c i
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∑

k
6=
c i
,j

〈 y
j
,y
k
〉
τ k

(x
i,
c i
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=
−
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c i

).
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)

It
fo
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w

s
th

at g
∗ (
x
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ar
g

m
ax

g
∈H

∑

i|g
(x
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c
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w
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∑ j6=
c i

∑

i|g
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y
j

w
iτ
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=
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g
m

ax
g
∈H

∑ i

w
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∑

i|g
(x
i
)6=
y
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i

w
i
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∑ j6=
c i

∑

i|g
(x
i
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y
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w
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j
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c i
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ar

g
m
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g
∈H

∑ j6=
c i

∑
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(x
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y
j

w
i(

1
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τ j
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c i

))
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ar

g
m
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g
∈H

∑

i|g
(x
i
)6=
y
c
i

w
i

 
1

+
∑ j6=
c i

τ j
(x
i,
c i

)I
(g

(x
i)

=
y
j
) 

(1
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)

E
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s

W
e

ne
xt
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id
er

th
e
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=
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c
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) 〉 .
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∂
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t (
x
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+
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∂
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∂ ∂
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y
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)

w
ith

w
i

=
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(x
i
),
y
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〉 .

(1
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)

H
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ad
ie
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ar
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,
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(x
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)
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e
fo
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pr
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r

f
t+

1
(x

)
=
f
t (
x

)
+
α
tg
t(
x

),
(1
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)

fo
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su
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bl
y
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ep
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ze
α
t .

E
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C
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∈
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Y

is
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w
or

d
se
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f

m
ax

im
um

ca
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ty

in
S(
M
,d

).
T

he
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ow
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Se
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n
E

.1
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pr
ed

ic
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ed
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M

C
B
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f
(x

)
=

∑ t

α
tg
t(
x

)
=
∑ k

y
k

∑

t|g
t
(x

)=
y
k

α
t,

(1
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)

an
d

ha
s

co
de

w
or

d
pr

oj
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tio
ns

〈 f
(x

),
y
j
〉

=
∑

t|g
t
(x

)=
y
j

α
t
−

1

M
−

1

∑ k
6=
j

∑

t|g
t
(x

)=
y
k

α
t.

(1
92

)

H
en

ce
,t

he
w

ei
gh

ts
of

(1
88

)a
re

w
i

=
e−
∑
t
α
t
I
(g
t
(x

)=
y
c
i
)−

1
M
−
1

∑
k
6=
c
i

∑
t
α
t
I
(g
t
(x

)=
y
k
) .

(1
93

)
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(189)can
be

w
ritten

as

g
t (x

)
=

arg
m

ax
g∈ H

M∑j=
1

n
∑

i=
1|g

t (x
i )=

y
j

w
i 〈y

j,y
c
i 〉

=
arg

m
ax

g∈H


∑

i|g
t (x

i )=
y
c
i

w
i ||y

c
i|| 2

+
∑j6=
c
i

∑

i|g
t (x

i )=
y
j

w
i 〈y

j,y
c
i 〉 

=
arg

m
ax

g∈H


∑

i|g
t (x

i )=
y
c
i

w
i −

1

M
−

1

∑

i|g
t (x

i )6=
y
c
i

w
i 

=
arg

m
ax

g∈H


∑

i

w
i −

∑

i|g
t (x

i )6=
y
c
i

w
i −

1

M
−

1

∑

i|g
t (x

i )6=
y
c
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w
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=
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m
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g∈H

∑

i|g
t (x

i )6=
y
c
i

w
i

=
arg

m
ax

g∈ H

∑

i|g
t (x

i )=
y
c
i

w
i .

(194)

E
.2.3.

C
A

N
O

N
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A
L

C
O

D
E

W
O

R
D

S

A
ssum

e
thatY

is
the

of
setcanonicalcodew

ords
y
j

=
1
j .

In
this

case,as
show

n
in

Section
E

.1.2,
the

predictorlearned
by

boosting
has

com
ponents

f
j (x

)
=

∑

t|g
t (x

)=
1
j

α
t

=
∑

t

α
t I

(g
t (x

)
=

1
j ),

(195)

and
codew

ord
projections〈f

(x
),y

j 〉
=

f
j (x

)
=
∑

t

α
t I

(g
t (x

)
=

1
j ).

(196)

H
ence,the

w
eights

of(188)are

w
i

=
e −
∑
t
α
t I

(g
t (x

)=
1
c
i ).

(197)

(189)can
be

w
ritten

as

g
t (x

)
=

arg
m

ax
g∈H

M∑j=
1

n
∑

i=
1|g

t (x
i )=

y
j

w
i 〈1

j ,1
c
i 〉

=
arg

m
ax

g∈H

n
∑

i=
1|g

t (x
i )=

1
c
i

w
i

=
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m
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g∈ H

n
∑i=

1

w
i I

(g
t (x
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=

1
c
i ).
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D
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l ∗
=
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m
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l6=
c
u
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u
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w
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L
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φ
M
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(x
)]

=
γ 

φ (
u
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u
l ∗ )

+
∑l6=
c,l ∗

φ (
u
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u
l ) 
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(199)
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s
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(9)that

L
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φ
M

[y
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)]

=
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1
+
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c,l ∗

φ
(u
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u
l)

φ
[M

(y
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))] 
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(200)

Since
γ

is
strictly
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φ
(.)

is
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positive

φ
(u
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u
l)

φ
[M

(y
c,f
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))]

>
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c,l,x
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(201)
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φ
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1
+
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c,l ∗

φ
(u
c−

u
l)

φ
[M

(y
c,f
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>
φ

[M
(y
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x
(202)

from
w
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L
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φ
M

[y
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(x
)]

>
γ
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[M

(y
c,f

(x
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∀
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C
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bining
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the
factthat

γ
(.)

is
strictly
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R
L
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φ
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1
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γ
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i ∗
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c
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c
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56
JM

L
R

 20(137):1-68, 2019



M
U

LT
IC

L
A

S
S

B
O

O
S

T
IN

G
:

M
A

R
G

IN
S
,C

O
D

E
W

O
R

D
S
,L

O
S

S
E

S
,A

N
D

A
L

G
O

R
IT

H
M

S

A
pp

en
di

x
G

.P
ro

pe
r
γ
−
φ

lo
ss

es

G
.1

.P
ro

of
of

T
he

or
em

6

Fr
om

(9
5)

,

R
L
γ
−
φ

M
(f
|x

)
=

M ∑ k
=

1

η k
(x

)L
γ
−
φ

M
[y
k
,f

(x
)]

=
M ∑ k
=

1

η k
(x

)γ

 
M ∑

l=
1
,l
6=
k

φ
(u
k
(x

)
−
u
l (
x

))

 
.

(2
05

)

T
he

de
riv

at
iv

e
of
R
L
γ
−
φ

M
(f
|x

)
w

ith
re

sp
ec

tt
o
f

(x
)

is

∂
R
L
γ
−
φ

M
(f
|x

)

∂
f

(x
)

=
∂

∂
f

(x
)

M ∑ k
=

1

η k
γ

 
M ∑

l=
1
,l
6=
k

φ
(u
k
−
u
l )

 

=
1 2

M ∑ k
=

1

  
η k
γ
′ 
∑ l6=
k

φ
(u
k
−
u
l )

 
∑ l6=
k

φ
′ (
u
k
−
u
l )

[y
k
−
y
l ]

  
.

(2
06

)

D
efi

ni
ng

π
k

=
γ
′ 
∑ l6=
k

φ
(u
k
−
u
l )

 
,

(2
07

)

re
su

lts
in ∂
R
L
γ
−
φ

M
(f
|x

)

∂
f

(x
)

=
1 2

M ∑ k
=

1

  
η k
π
k

∑ l6=
k

φ
′ (
u
k
−
u
l )

[y
k
−
y
l ]

  

=
1 2

∑

l,
k
|k
6=
l

η k
π
k
φ
′ (
u
k
−
u
l )

[y
k
−
y
l ]

=
1 2

∑

l,
k
|k
6=
l

y
k
η k
π
k
φ
′ (
u
k
−
u
l )
−

1 2

∑

l,
k
|k
6=
l

y
l η
k
π
k
φ
′ (
u
k
−
u
l )

=
1 2

∑

j,
k
|k
6=
j

y
k
η k
π
k
φ
′ (
u
k
−
u
j
)
−

1 2

∑

l,
k
|k
6=
l

y
k
η l
π
lφ
′ (
u
l
−
u
k
)

=
1 2

M ∑ k
=

1

y
k
η k
π
k

∑ j6=
k

φ
′ (
u
k
−
u
j
)
−

1 2

M ∑ k
=

1

y
k
∑ l6=
k

η l
π
lφ
′ (
u
l
−
u
k
)

=
1 2

M ∑ k
=

1

y
k

  η
k
π
k

∑ j6=
k

φ
′ (
u
k
−
u
j
)
−
∑ l6=
k

η l
π
lφ
′ (
u
l
−
u
k
) 

=
1 2
Y

Q
φ f
Γ
γ
−
φ

f
η
.

(2
08

)

w
he

re
Y

is
th

e
co

de
m

at
ri

x
of

(9
4)

,Q
φ f

as
de

fin
ed

in
(9

7)
an

d
Γ
γ
−
φ

f
as

de
fin

ed
in

(9
8)

.H
en

ce
,(

96
)

ho
ld

s
fo

ra
ny

m
in

im
iz

er
of
R
L
γ
−
φ

M
(f
|x

).
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.P
ro

of
of

L
em

m
a

3

1.
If
γ

is
st

ri
ct

ly
m

on
ot

on
ic

th
en

,f
ro

m
(9

8)
,Γ

γ
−
φ

f
is

fu
ll

ra
nk

an
d

th
e

st
at

em
en

tf
ol

lo
w

s.

2.
L

et
R
a
n
k
(Y

)
<
M
−

1
an

d
co

ns
id

er
tw

o
po

ss
ib

ili
tie

s.

(a
)

T
he

se
tN

u
ll

(Y
)
⋂
R
a
n
g
e(

Q
φ f
)

is
em

pt
y.

In
th

is
ca

se
,s

in
ce
N
u
ll

(Y
)
⋃
R
a
n
g
e(

Q
φ f
)
⊂

R
M

an
d

M
≥
|N
u
ll

(Y
)|

+
|R
a
n
g
e(

Q
φ f
)|

=
M
−
R
a
n
k
(Y

)
+
|R
a
n
g
e(

Q
φ f
)|

≥
2

+
|R
a
n
g
e(

Q
φ f
)|.

(2
09

)

Si
nc

e
Q
φ f
∈
R
M
×
M

,i
tf

ol
lo

w
s

th
at
|N
u
ll

(Q
φ f
)|
≥

2.
Si

nc
e
N
u
ll

(Q
φ f
)
⊂
N
u
ll

(Y
Q
φ f
),

it
fo

llo
w

s
th

at
|N
u
ll

(Y
Q
φ f
)|
≥

2
.

(b
)

T
he

se
tN

u
ll

(Y
)
⋂
R
a
n
g
e(

Q
φ f
)

is
no

n-
em

pt
y.

H
en

ce
,t

he
re

is
at

le
as

to
ne

ve
ct

or
v 1
∈

N
u
ll

(Y
)
⋂
R
a
n
g
e(

Q
φ f
).

Si
nc

e
v 1
∈
R
a
n
g
e(

Q
φ f
),

th
er

e
ex

is
ts

a
ve

ct
or
v 2

su
ch

th
at

Q
φ f
v 2

=
v 1

,i
.e

.v
2
6∈
N
u
ll

(Q
φ f
).

Si
nc

e
v 1
∈
N
u
ll

(Y
),

it
fo

llo
w

s
th

at
Y

Q
φ f
v 2

=
0

an
d

v 2
∈
N
u
ll

(Y
Q
φ f
).

O
n

th
e

ot
he

r
ha

nd
,i

tf
ol

lo
w

s
fr

om
(9

7)
th

at
th

e
ro

w
s

of
Q
φ f

su
m

to
ze

ro
an

d

|N
u
ll

(Q
φ f
)|
≥

1
.

(2
10

)

H
en

ce
,

th
er

e
is

at
le

as
t

a
ve

ct
or
v 0
6=

0
su

ch
th

at
Q
φ f
v 0

=
0

.
It

fo
llo

w
s

th
at
v 0
∈

N
u
ll

(Y
Q
φ f
).

In
su

m
m

ar
y,

th
er

e
is

a
ve

ct
or
v 0
∈
N
u
ll

(Q
φ f
)

an
d

a
ve

ct
or
v 2
6∈
N
u
ll

(Q
φ f
)

su
ch

th
at
v 0
,v

2
∈
N
u
ll

(Y
Q
φ f
).

H
en

ce
,|
N
u
ll

(Y
Q
φ f
)|
≥

2.

B
y

co
m

bi
na

tio
n

of
th

e
tw

o
po

ss
ib

ili
tie

s
it

fo
llo

w
s

th
at
|N
u
ll

(Y
Q
φ f
)|
≥

2
.

3.
Si

nc
e

Y
∈

R
d
×
M

,R
a
n
k
(Y

)
≤
M

.
If
R
a
n
k
(Y

)
=
M

,t
he

n
th

e
nu

ll
sp

ac
e

of
Y

co
nt

ai
ns

on
ly

th
e

or
ig

in
.I

tf
ol

lo
w

s
th

at
a

ve
ct

or
is

in
th

e
nu

ll
sp

ac
e

of
Y

Q
φ f

if
an

d
on

ly
if

it
is

al
so

on

th
e

nu
ll

sp
ac

e
of

Q
φ f

.A
ss

um
e

th
at
R
a
n
k
(Y

)
=
M
−

1
.S

in
ce

Y
∈
R
d
×
M

,|
N
u
ll

(Y
)|

=
1.

Si
nc

e
th

e
co

de
w

or
ds

ar
e

ce
nt

er
ed

,a
s

in
(5

5)
,Y

1
=

0
an

d
N
u
ll

(Y
)

=
R
a
n
g
e(

1
),

i.e
.

th
e

nu
ll

sp
ac

e
of

Y
is

sp
an

ne
d

by
th

e
ve

ct
or

1
.H

en
ce

,f
or

an
y
η
∈
N
u
ll

(Y
Q
φ f
)

th
er

e
is

a
sc

al
ar

λ
su

ch
th

at

Q
φ f
η

=
λ
1
.

(2
11

)

D
en

ot
in

g
by

ri Q
th

e
it
h

ro
w

of
Q
φ f

,
it

fo
llo

w
s

th
at
<
ri Q
,η

>
=
λ

an
d
<
∑

M i=
1
ri Q
,η

>
=

M
λ

.
Si

nc
e,

fr
om

(9
7)

,
∑

M i=
1
ri Q

=
0

it
fo

llo
w

s
th

at
λ

=
0.

H
en

ce
,
η
∈
N
u
ll

(Q
φ f
)

an
d
N
u
ll

(Y
Q
φ f
)
⊂

N
u
ll

(Q
φ f
).

T
he

st
at

em
en

t
fo

llo
w

s
fr

om
th

e
fa

ct
th

at
N
u
ll

(Q
φ f
)
⊂

N
u
ll

(Y
Q
φ f
)

al
w

ay
s

ho
ld

s.
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S
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N
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G
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H
M

S

4.
L

et
Q
φf
∈
R
M
−

1×
M
−

1
be

the
m

atrix
obtained

by
elim

inating
the

firstrow
and

colum
n

of
Q
φf .

From
(97)and

strictm
onotonicity

of
φ

|Q
φf
(k
,k

)|
=

∣∣∣∣∣∣ ∑j6=
k

φ
′(u

k−
u
j) ∣∣∣∣∣∣

=
∑j6=
k |φ
′(u

k−
u
j)|,

(212)

and

|Q
φf
(k
,k

)|
=

∑j6=
k
+

1 |φ
′(u

k
+

1−
u
j)|

=
∑j6=
k
+

1 |Q
φf
(j,k

+
1
)|

=
|Q

φf
(1,k

+
1)|

+
∑j6=
k |Q

φf
(j,k

)|

>
∑j6=
k |Q

φf
(j,k

)|.
(213)

T
herefore

Q
φf

is
strictly

diagonally
dom

inant
and

thus
non-singular

(H
orn

and
Johnson,

1986).Itfollow
sthatrow

s
r
iQ
,i

=
2,...,M

of
Q
φf

are
linearly

independentand
R
a
n
k
(Q

φf
)≥

M
−

1.Since,from
(97),

r
1Q

=
−

M∑i=
2

r
iQ
,

(214)

itfollow
s

that
R
a
n
k
(Q

φf
)

=
M
−

1.H
ence,|N

u
ll(Q

φf
)|

=
1.

G
.3.ProofofL

em
m

a
4

From
(97),(98)and

(100),Q
φf
Γ
γ−

φ
f

η
=

0
is

equivalentto

0
=

η
k π

k ∑j6=
k

φ
′(u

k−
u
j)−

∑l6=
k

η
l π
l φ
′(u

l−
u
k)

=
η
k π

k ∑j6=
k

φ
′(u

k−
u
j)

+
η
k π

k φ
′(u

k−
u
k)

−
η
k π

k φ
′(u

k−
u
k)−

∑l6=
k

η
l π
l φ
′(u

l−
u
k)

=
η
k π

k

M∑j=
1

φ
′(u

k−
u
j)−

M∑l=
1

η
l π
l φ
′(u

l−
u
k),

(215)

and
(99)

follow
s.

T
he

proof
that

all
η
k

have
the

sam
e

sign
is

by
contradiction.

A
ssum

e
the

η
j

have
different

signs
and

letN
,P

be
sets

of
positive

and
negative

indices,
i.e.

η
j
<

0
∀
j
∈
N

,
η
j ≥

0∀
j∈
P

.D
efine

ζ
k
,l

=
π
k φ
′(u

k−
u
l),

(216)
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w
ith
π
k

as
in

(100).Since
φ,γ

are
strictly

m
onotonic,allζ

k
,l ’s

are
non-zero

and
have

the
sam

e
sign.

W
ithoutloss

ofgenerality,w
e

assum
e

they
are

positive.From
(99),

η
k

M∑l=
1

ζ
k
,l −

M∑l=
1

η
l ζ
l,k

=
0.

(217)

A
dding

overall
k
∈
N

,

0
=

∑k∈N

{
η
k

M∑l=
1

ζ
k
,l −

M∑l=
1

η
l ζ
l,k }

=
∑k∈N

η
k {
∑l∈N

ζ
k
,l

+
∑l∈P

ζ
k
,l }
−
∑k∈N

{
∑l∈N

η
l ζ
l,k

+
∑l∈P

η
l ζ
l,k }

=
∑

k∈N
,l∈N

η
k ζ
k
,l

+
∑

k∈N
,l∈P

η
k ζ
k
,l −

∑

k∈N
,l∈N

η
l ζ
l,k −

∑

k∈N
,l∈P

η
l ζ
l,k

=
∑

k∈N
,l∈P

η
k ζ
k
,l −

∑

k∈N
,l∈P

η
l ζ
l,k

(218)

and
∑

k∈N
,l∈P

η
k ζ
k
,l

=
∑

k∈P
,l∈N

η
k ζ
k
,l .

(219)

Since
by

definition
of

the
setsN

,P
,the

tw
o

sides
of

this
equation

have
opposite

signs,w
e

have
a

contradiction
unless

one
ofthe

setsN
,P

is
em

pty.

G
.4.Proofoftheorem

7

From
L

em
m

as
3

and
4,since

R
a
n
k
(Y

)≥
M
−

1
and

(φ
,γ

)
strictly

m
onotonic,the

solution
of(96)

is
identical

to
that

of
Q
φf
Γ
γ−

φ
f

η
=

0
and,

up
to

a
norm

alization
constant,

a
probability

vector.

D
efining

Ψ
γ−

φ
f

=
Q
φf
Γ
γ−

φ
f

,itfollow
s

thatthe
system

ofequations
{

Ψ
γ−

φ
f

η
=

0

1
T
η

=
1,

(220)

has
a

unique
solution.Furtherm

ore,itfollow
s

from
the

m
onotonicity

of
γ

that
R
a
n
k
(Γ

γ−
φ

f
)

=
M

and
from

(97)thatR
a
n
k
(Q

φf
)

=
M
−

1.H
ence,R

a
n
k
(Ψ

γ−
φ

f
)

=
M
−

1,i.e.the
firstrow

of
Ψ
γ−

φ
f

is
a

linearcom
bination

ofthe
otherrow

s
and

can
be

rem
oved

from
(220).

T
he

system
ofequations

of(220)can
thus

be
w

ritten
as

Ω
γ−

φ
f

η
=

e
1 ,

(221)

w
here

Ω
γ−

φ
f

(k
,l)

=

{
1

k
=

1,∀
l

Ψ
γ−

φ
f

(k
,l)

otherw
ise.

(222)

Since
(220)has

a
unique

solution,Ω
γ−

φ
f

is
invertible

and
η

=
(
Ω
γ−

φ
f

)
−

1
e

1 .
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A
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.M
C

B
oo

st
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tic
la
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al
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th
m
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In
th

is
ap
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ix
w

e
co

m
pa

re
M

C
B

oo
st

to
m

ul
tic

la
ss

le
ar

ni
ng

al
go

ri
th

m
s

in
th

e
lit

er
at

ur
e.

W
e

st
ar

t
by

sh
ow

in
g

th
at

m
an

y
of

th
e

m
ul

tic
la

ss
bo

os
tin

g
al

go
ri

th
m

s
ar

e
sp

ec
ia

li
ns

ta
nc

es
of

M
C

B
oo

st
us

in
g

di
ff

er
en

t,
an

d
so

m
et

im
es

su
b-

op
tim

al
,

co
de

w
or

ds
,

w
ea

k
le

ar
ne

rs
,

lo
ss

fu
nc

tio
ns

,
or

op
tim

iz
at

io
n

pr
oc

ed
ur

es
.

H
.1

.C
oo

rd
in

at
e

de
sc

en
ta

lg
or

ith
m

s

Se
ve

ra
lp

re
vi

ou
s

le
ar

ni
ng

al
go

ri
th

m
s

ca
n

be
se

en
as

co
or

di
na

te
de

sc
en

to
pt

im
iz

at
io

n
pr

oc
ed

ur
es

an
d

ar
e

th
us

cl
os

el
y

re
la

te
d

to
C

D
-M

C
B

oo
st

.

H
.1

.1
.

O
N

E
-V

S
-A

L
L

C
L

A
S

S
IF

IE
R

S

M
ul

tic
la

ss
cl

as
si

fie
rs

ar
e

fr
eq

ue
nt

ly
im

pl
em

en
te

d
w

ith
th

e
on

e-
vs

-a
ll

ar
ch

ite
ct

ur
e

(O
VA

),
w

he
re
M

pr
ed

ic
to

rs
f̄ k

(x
)

ar
e

le
ar

ne
d

in
de

pe
nd

en
tly

.
Pr

ed
ic

to
r
f̄ k

(x
)

di
sc

ri
m

in
at

es
be

tw
ee

n
cl

as
s
k

an
d

al
l

ot
he

rc
la

ss
es

.F
or

pr
ed

ic
to

rs
le

ar
ne

d
w

ith
A

da
B

oo
st

,f̄
k
(x

)
is

le
ar

ne
d

by
m

in
im

iz
in

g
th

e
ri

sk

R
k

=
1 n

n ∑ i=
1

e−
z̄
k i
f̄
k
(x
i
) ,

(2
23

)

w
he

re

z̄
k i

=

{
1

if
c i

=
k

−
1

ot
he

rw
is

e.
(2

24
)

T
he
M

O
VA

pr
ed

ic
to

rs
ar

e
co

m
bi

ne
d

in
to

a
m

ul
tic

la
ss

pr
ed

ic
to

rf̄
(x

)
=

[f̄
1
(x

),
..
.,
f̄ M

(x
)]
∈
R
M

,
w

hi
ch

is
us

ed
to

im
pl

em
en

tt
he

de
ci

si
on

ru
le

ar
g

m
ax

k
f̄ k

(x
).

Si
nc

e
th

is
pr

ed
ic

to
ri

s
le

ar
ne

d
in

a
co

or
di

na
te

-w
is

e
m

an
ne

r,
O

VA
is

cl
os

es
tt

o
C

D
-M

C
B

oo
st

.I
n

fa
ct

,t
he

in
di

vi
du

al
ri

sk
s

of
(2

23
)c

an
be

co
m

bi
ne

d
in

to

R
=

∑ k

R
k

=
1 n

n ∑ i=
1

∑ k

e−
z̄
k i
f̄
k
(x
i
)

=
1 n

n ∑ i=
1

  
e−

f̄
c
i
(x
i
)

+
∑ k
6=
c i

ef̄
k
(x
i
)  

,

w
hi

ch
is

th
e

ri
sk

of
(2

1)
fo

rt
he

lo
ss

L
o
v
a
[y
c i
,f̄

(x
i)

]
=
e−
〈ȳ
c
i
,f̄

(x
i
) 〉

+
∑ k
6=
c i

e〈
ȳ
k
,f̄

(x
i
) 〉 ,

(2
25

)

un
de

r
th

e
ch

oi
ce

of
ca

no
ni

ca
l

co
de

w
or

ds
ȳ
j

=
1
j
∈

R
M

.
H

en
ce

,
th

e
fu

nd
am

en
ta

l
di

ff
er

en
ce

s
be

tw
ee

n
O

VA
an

d
C

D
-M

C
B

oo
st

ar
e

th
e

us
e,

by
th

e
fo

rm
er

,o
f

1)
ca

no
ni

ca
lc

od
ew

or
ds

an
d

2)
th

e
lo

ss
of

(2
25

).
T

hi
s

co
m

bi
na

tio
n

is
su

b-
op

tim
al

fo
r

tw
o

re
as

on
s.

Fi
rs

t,
th

e
m

in
im

iz
at

io
n

of
th

e
re

su
lti

ng
ri

sk
de

co
up

le
s

in
to
M

in
de

pe
nd

en
tp

ro
bl

em
s

fo
r

le
ar

ni
ng
M

co
or

di
na

te
cl

as
si

fie
rs

.
T

hi
s

te
nd

s
to

pr
od

uc
e

w
ea

ke
rd

ec
is

io
n

ru
le

s
th

an
th

e
jo

in
tl

ea
rn

in
g

of
al

lc
oo

rd
in

at
e

pr
ed

ic
to

rs
.S

ec
on

d,
th

e
lo

ss
of

(2
25

)
is

no
t

gu
es

s-
av

er
se

(B
ei

jb
om

et
al

.,
20

14
).

T
hi

s
ca

n
ea

si
ly

le
ad

to
su

b-
op

tim
al

cl
as

si
fie

rs
.
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H
.1
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.

A
D

A
B

O
O

S
T.

E
C

C

A
da

B
oo

st
.E

C
C

(G
ur

us
w

am
ia

nd
Sa

ha
i,

19
99

)
is

a
m

ul
tic

la
ss

bo
os

tin
g

al
go

ri
th

m
ba

se
d

on
th

e
th

e
er

ro
rc

or
re

ct
in

g
ou

tp
ut

co
di

ng
(E

C
O

C
)s

tr
at

eg
y

of
(D

ie
tte

ri
ch

an
d

B
ak

ir
i,

19
95

).
It

re
lie

s
on

bi
na

ry
-

va
lu

ed
co

de
w

or
ds

an
d

th
e
γ
−
φ

lo
ss

of
(2

3)
w

ith
φ

(v
)

=
e−

2
v

an
d
γ

(v
)

=
v

.
It

is
in

iti
al

iz
ed

w
ith

an
em

pt
y

co
de

w
or

d
se

t.
A

t
ea

ch
ite

ra
tio

n
t,

1)
ea

ch
co

de
w

or
d

is
au

gm
en

te
d

w
ith

a
ne

w
bi

t
an

d
2)

a
co

rr
es

po
nd

in
g

pr
ed

ic
to

r
di

m
en

si
on
f̄ t

is
le

ar
ne

d.
A

ft
er
T

ite
ra

tio
ns

,t
he

al
go

ri
th

m
le

ar
ns

a
se

to
f
T

-d
im

en
si

on
al

bi
na

ry
co

de
w

or
ds
ȳ
j
∈
{+

1
,−

1
}T

an
d

a
T

-d
im

en
si

on
al

pr
ed

ic
to

r
f̄

(x
)

=
[f̄

1
(x

),
..
.,
f̄ T

(x
)]
∈
R
T

.T
he

de
ci

si
on

ru
le

is

F̄
(x

)
≡

ar
g

m
ax

j∈
{1
,.
..
,M
}〈 f̄

(x
),
ȳ
j
〉 .

(2
26

)

Si
nc

e
th

e
m

ul
ti-

di
m

en
si

on
al

pr
ed

ic
to

r
is

le
ar

ne
d

in
a

co
or

di
na

te
-w

is
e

m
an

ne
r,

A
da

B
oo

st
.E

C
C

is
cl

os
es

t
to

C
D

-M
C

B
oo

st
.

T
he

m
ai

n
di

ff
er

en
ce

is
in

th
e

de
fin

iti
on

of
th

e
co

de
w

or
ds

.
W

hi
le

C
D

-
M

C
B

oo
st

us
es

re
al

-v
al

ue
d

co
de

w
or

ds
se

le
ct

ed
a

pr
io

ri
so

as
to

m
ax

im
iz

e
th

e
m

ar
gi

n
ca

pa
ci

ty
of

(5
6)

,A
da

B
oo

st
.E

C
C

co
de

w
or

ds
ar

e
ge

ne
ra

te
d

on
-t

he
-fl

y,
by

ei
th

er
ra

nd
om

se
le

ct
io

n
or

th
e

so
lu

tio
n

of
a

“m
ax

-c
ut

”
pr

ob
le

m
.

T
hi

s
is

su
b-

op
tim

al
fo

r
tw

o
re

as
on

s.
Fi

rs
t,

th
e

lim
ita

tio
n

to
bi

na
ry

co
de

-
w

or
ds

ca
n

le
ad

to
co

de
w

or
d

se
ts

of
m

ar
gi

n
ca

pa
ci

ty
be

lo
w

th
e

bo
un

d
of

(5
9)

.T
hi

s
lim

its
th

e
m

ar
gi

n
m

ax
im

iz
in

g
ab

ili
ty

of
th

e
le

ar
ni

ng
al

go
ri

th
m

an
d

de
gr

ad
es

its
ge

ne
ra

liz
at

io
n.

Se
co

nd
,t

he
co

de
w

or
d

le
ng

th
in

cr
ea

se
s

at
ea

ch
ite

ra
tio

n
of

th
e

al
go

ri
th

m
.

Si
nc

e
th

is
in

cr
ea

se
s

pr
ed

ic
to

r
di

m
en

si
on

al
ity

,i
t

ca
n

ea
si

ly
le

ad
to

hi
gh

co
m

pu
ta

tio
na

lc
os

ts
an

d
ov

er
-fi

tti
ng

.
Fi

na
lly

,t
he

pr
oc

ed
ur

es
us

ed
to

le
ar

n
th

e
co

de
w

or
ds

do
no

tg
ua

ra
nt

ee
a

co
de

w
or

d
se

to
pt

im
al

fo
rc

la
ss

ifi
ca

tio
n.

T
he

se
lim

ita
tio

ns
ex

te
nd

to
a

nu
m

be
ro

fo
th

er
m

et
ho

ds
ba

se
d

on
th

e
E

C
O

C
st

ra
te

gy
(S

ch
ap

ir
e,

19
97

;L
i;

Z
ha

ng
et

al
.,

20
09

;
G

ao
an

d
K

ol
le

r,
20

11
).

H
.1

.3
.

M
U

LT
IC

L
A

S
S

L
O

G
IT

B
O

O
S

T

M
ul

tic
la

ss
L

og
itB

oo
st

(F
ri

ed
m

an
et

al
.,

19
98

)
is

a
m

ul
tic

la
ss

bo
os

tin
g

m
et

ho
d

th
at

le
ar

ns
an
M

-
di

m
en

si
on

al
pr

ed
ic

to
rf̄

(x
)

=
[f̄

1
(x

),
..
.,
f̄ M

(x
)]
∈
R
M

w
he

re
ea

ch
co

or
di

na
te

is
a

lin
ea

rr
eg

re
ss

or

f̄ j
(x

)
=
a
x

+
b,

(2
27

)

fo
rs

om
e
a
,b
∈
R

.I
ti

s
as

su
m

ed
th

at

M ∑ k
=

1

f̄ k
(x

)
=

0.
(2

28
)

T
he

pr
ed

ic
to

ri
s

le
ar

ne
d

by
m

in
im

iz
in

g
th

e
ne

ga
tiv

e
lo

g
lik

el
ih

oo
d,

L
L
o
g
it

[c
i,
f̄

(x
i)

]
=
−

lo
g
[ P̄

C
,X

(c
i|x

i)
] ,

(2
29

)

w
ith

pr
ob

ab
ili

tie
s

de
fin

ed
as

P̄
C
,X

(c
i|x

i)
=

ef̄
c
i
(x
i
)

∑
M j=

1
ef̄
j
(x
i
)
.

(2
30

)

E
ac

h
ite

ra
tio

n
of

th
e

al
go

ri
th

m
co

m
pu

te
s

th
e

be
st

re
gr

es
si

on
up

da
te

fo
ra

ll
co

or
di

na
te

s,
us

in
g

N
ew

-
to

n’
s

m
et

ho
d.

T
he

se
up

da
te

s
ar

e
th

en
ce

nt
er

ed
to

sa
tis

fy
(2

28
)

an
d

ad
de

d
to

th
e

m
ul

ti-
di

m
en

si
on

al
pr

ed
ic

to
r.
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O
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S
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S,
A

N
D

A
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G
O

R
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H
M
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To
com

pare
this

to
M

C
B

oostnote
that,from

(229)-(230),

L
L
o
g
it [c

i ,f̄
(x
i )]

=
−

log [
e
f̄
c
i (x

i )

∑
Mj=

1
e
f̄
j (x

i ) ]

=
log [∑

Mj=
1
e
f̄
j (x

i )

e
f̄
c
i (x

i )

]

=
log 

1
+
∑j6=
c
i e
f̄
j (x

i )−
f̄
c
i (x

i ) 

=
log 

1
+
∑j6=
c
i e −

[〈
ȳ
c
i,f̄

(x
i )〉 −〈

ȳ
j,f̄

(x
i )〉] 

,
(231)

w
ith
ȳ
j

=
1
j ∈

R
M

.Since
this

is
the

specialcase
of(23)w

ith
φ

(v
)

=
e −

2
v

and
γ

(v
)

=
log

(1
+
v
),

m
ulticlass

L
ogitB

oostis
an

im
plem

entation
ofC

D
-M

C
B

oostw
ith

the
logistic

γ−
φ

loss,canonical
codew

ords,
and

regression
w

eak
learners.

T
he

only
difference

is
that

L
ogitB

oost
relies

on
the

N
ew

ton
m

ethod
for

finding
the

bestupdate
per

iteration
w

hile
C

D
-M

C
B

oostuses
gradientdescent

updates.
A

lthough
itis

possible
to

use
N

ew
ton

updates
in

M
C

B
oost(Saberian

etal.,2010),this
is

beyond
the

scope
ofthe

currentm
anuscript.Finally,note

thatthe
analysis

above
holds

fora
num

ber
ofalgorithm

s
inspired

by
m

ulticlass
L

ogitB
oost(H

uang
etal.,2007;Z

ou
etal.,2008).

H
.2.G

radientdescentalgorithm
s

Severalprevious
learning

algorithm
s

can
be

seen
as

gradientdescentoptim
ization

procedures
and

are
thus

closely
related

to
G

D
-M

C
B

oost.

H
.2.1.

A
D

A
B

O
O

S
T.M

1

A
daB

oost.M
1

is
the

firstm
ulticlass

B
oosting

algorithm
introduced

by
(Freund

and
Schapire,1996).

Itrelies
on

m
ulticlass

w
eak

learners
ĝ
(x

)
:X
→
{1,...,M

}
and

the
decision

rule

F̄
(x

)
=

arg
m

ax
j∈{

1
,...,M

}
f̂
j (x

i ),
(232)

w
here

f̂
j (x

i )
=
∑

t

α
t I

(ĝ
t (x

i )
=
j),

(233)

and
I
(.)

is
the

indicator
function.

A
daB

oost.M
1

is
initialized

w
ith

a
uniform

w
eight

distribution
over

the
training

sam
ple,

e.g.
w
i

=
1.

A
t

iteration
t,

it
selects

the
w

eak
learner

ĝ
t

of
low

est
w

eighted
errorrate

e ∗t
=

m
ing ∑

i

w
i [1−

I
(g

(x
i )

=
c
i )]

(234)

=
m

ax
g

∑

i

w
i I

(g
(x
i )

=
c
i ).

(235)
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T
he

algorithm
stops

if
e ∗t
>

50%
,otherw

ise
the

w
eak

learneris
added

to
the

ensem
ble

w
ith

α
t

=
log (

1−
e ∗t

e ∗t

)
,

(236)

and
the

w
eights

are
updated

according
to

w
i

=
w
i ×

e −
α
t I

(ĝ
t (x

i )=
c
i )

=
e −
∑
t
α
t I

(ĝ
t (x

i )=
c
i ).

(237)

In
A

ppendix
E

.2.3
w

e
show

that(233),(235),and
(237)are

the
equations

ofa
G

D
-M

C
B

oostalgo-
rithm

forthe
m

inim
ization

ofthe
risk

defined
by

the
loss

L
A
d
a
.M

1 [ȳ
c
i,f̄

(x
i )]

=
e −〈

ȳ
c
i,f̄

(x
i )〉

(238)

w
ith

ȳ
j

=
1
j
∈

R
M

and
f̄

=
[f̂

1 ,...,f̂
M

]w
here

f̂
j

is
given

by
(233).

H
ence,A

daB
oost.M

1
is

a
descentalgorithm

using
the

loss
of(238),canonicalcodew

ords,and
classification

w
eak

learners.
W

hile
this

has
som

e
sim

ilarity
w

ith
G

D
-M

C
B

oost,there
are

im
portantdifferences.

First,(238)
is

nota
γ
−
φ

loss.
Second,the

constraint
α
t
>

0
requires

the
existence

ofa
w

eak
learnerw

ith
error

rate
sm

allerthan
50%

forany
w

eightdistribution.
A

s
discussed

above,this
is

usually
too

stringent
for

problem
s

w
ith

large
M

.
In

practice,A
daB

oost.M
1

frequently
term

inates
too

early,due
to

the
im

possibility
offinding

such
a

w
eak

learner(Z
hu

etal.,2009).

H
.2.2.

S
A

M
M

E

SA
M

M
E

(Z
hu

etal.,2009)
is

a
m

ulticlass
B

oosting
algorithm

explicitly
introduced

to
address

this
problem

.Itlearnsan
M

-dim
ensionalpredictor

f̄
=

[f̄
1 ,...,f̄

M
]∈

R
M

such
that ∑

Mk
=

1
f̄
k (x

)
=

0,
using

codew
ordsȳ

j
=
M

1
j −

1

M
−

1
=

[
−

1

M
−

1
,
−

1

M
−

1
,...,1

,
−

1

M
−

1
,
−

1

M
−

1 ]
∈
R
M
,

(239)

and
m

ulticlass
classification

w
eak

learners
ĝ
(x

)
:X
→
{
ȳ

1
...ȳ

M
}.

T
he

boosting
algorithm

is
derived

explicitly
to

m
inim

ize
the

loss

L
S
A
M
M
E

[ȳ
c
i,f

(x
i )]

=
e −

1M 〈
ȳ
c
i,f̄

(x
i )〉.

(240)

using
updates

ofthe
form

of(33)and
a

decision
rule

F̄
(x

)
=

arg
m

ax
j∈{

1
,...,M

}
f̄
j (x

)
(241)

≡
arg

m
ax

j∈{
1
,...,M

} 〈ȳ
j,f̄

(x
) 〉

(242)

w
ith

ȳ
j

=
1
j
∈

R
M

.
A

ppendix
E

.2.2
show

s
that

this
leads

to
the

w
eak

learner
selection

rule
of

(235),
m

aking
the

updates
of

SA
M

M
E

nearly
identical

to
those

of
A

daB
oost.M

1.
T

he
only

difference
is

the
step

size
α
t .(Z

hu
etal.,2009)have

show
n

thatthe
optim

alstep
is

α
t

=
log (

1−
e ∗t

e ∗t

)
+

log
(M
−

1).
(243)
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S

S
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S
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W
he

n
co

m
pa

re
d

to
(2

36
),

th
e

ad
di

tio
n

of
th

e
te

rm
lo

g
(M
−

1)
en

ab
le

s
th

e
al

go
ri

th
m

to
co

nt
in

ue
ru

nn
in

g
w

he
n
e∗ t
<

50
%

.
T

hi
s

su
bs

ta
nt

ia
lly

lo
os

en
s

th
e

bo
os

ta
bi

lit
y

co
nd

iti
on

,e
na

bl
in

g
th

e
us

e
of

m
uc

h
w

ea
ke

rw
ea

k
le

ar
ne

rs
.C

om
pa

ri
ng

to
G

D
-M

C
B

oo
st

,S
A

M
M

E
is

a
gr

ad
ie

nt
de

sc
en

tp
ro

ce
du

re
,

us
es

a
m

ax
im

um
ca

pa
ci

ty
co

de
w

or
d

se
t,

an
d

cl
as

si
fic

at
io

n
w

ea
k

le
ar

ne
rs

.
T

he
re

ar
e,

ho
w

ev
er

,t
w

o
m

ai
n

di
ff

er
en

ce
s.

T
he

fir
st

is
th

e
us

e
of

th
e

ex
po

ne
nt

ia
l

lo
ss

of
(2

40
)

in
st

ea
d

of
th

e
φ
−
γ

lo
ss

of
(2

3)
.T

he
se

lo
ss

es
ar

e
co

m
pa

re
d

in
Se

ct
io

n
8.

1.
T

he
se

co
nd

is
th

e
us

e
of

di
ff

er
en

tc
od

ew
or

d
se

ts
fo

r
le

ar
ni

ng
th

e
pr

ed
ic

to
r

(m
ax

im
um

ca
pa

ci
ty

)
an

d
co

m
pu

tin
g

th
e

de
ci

si
on

ru
le

(c
an

on
ic

al
).

T
hi

s
in

co
ns

is
te

nc
y

is
lik

el
y

to
de

gr
ad

e
cl

as
si

fic
at

io
n

ac
cu

ra
cy

.

H
.2

.3
.

A
D

A
B

O
O

S
T.

M
2

A
N

D
A

D
A

B
O

O
S

T.
M

R

A
da

B
oo

st
.M

R
(S

ch
ap

ir
e

an
d

Si
ng

er
,1

99
9)

is
a

m
ul

tic
la

ss
bo

os
tin

g
al

go
ri

th
m

th
at

su
pp

or
ts

m
ul

tip
le

la
be

ls
pe

r
ex

am
pl

e.
It

s
si

ng
le

-l
ab

el
ve

rs
io

n
is

A
da

B
oo

st
.M

2
(F

re
un

d
an

d
Sc

ha
pi

re
,1

99
6)

.
L

ik
e

SA
M

M
E

,i
tw

as
in

tr
od

uc
ed

to
in

cr
ea

se
th

e
bo

os
ta

bi
lit

y
of

A
da

B
oo

st
.M

1.
T

he
ex

te
ns

io
n

is
,h

ow
ev

er
,

of
a

di
ff

er
en

tn
at

ur
e.

T
he

id
ea

be
hi

nd
A

da
B

oo
st

.M
R

an
d

A
da

B
oo

st
.M

2
is

to
de

fin
e

a
di

st
ri

bu
tio

n
ov

er
m

is
la

be
ls

an
d

a
ps

eu
do

-l
os

s
of

w
ea

k
le

ar
ne

r
h
t

w
ith

re
sp

ec
t

to
th

is
di

st
ri

bu
tio

n.
T

he
w

ea
k

le
ar

ne
rs

ar
e

de
fin

ed
on

th
e

pr
od

uc
ts

pa
ce

of
in

pu
ta

nd
cl

as
s

la
be

ls

g t
:
X
×
{1
,.
..
,M
}
→

R
(2

44
)

an
d

de
no

te
d

pr
od

uc
tw

ea
k

le
ar

ne
rs

.T
he

go
al

is
to

le
ar

n
a

de
ci

si
on

ru
le

F̄
(x

)
=

ar
g

m
ax

j∈
{1
,.
..
,M
}∑ t

α
tĝ
t(
x
,j

).
(2

45
)

A
da

B
oo

st
.M

R
de

fin
es

a
w

ei
gh

tp
er

cl
as

s
fo

re
ac

h
tr

ai
ni

ng
ex

am
pl

e,
w

(x
i,
k
)

k
=

1,
..
.,
M

.T
hi

s
ca

n
be

se
en

as
a

w
ei

gh
td

is
tr

ib
ut

io
n

ov
er

cl
as

se
s

an
d

is
in

iti
al

ly
un

if
or

m
,i

.e
.
w

(x
i,
k
)

=
1
,∀
k

.
A

t
ea

ch
ite

ra
tio

n,
th

e
w

ea
k

le
ar

ne
rĝ

t(
.,
.)

of
lo

w
es

tp
se

ud
o

lo
ss

e t
=

1 2

∑

(i
,y

)∈
B

w
(x
i,
y
)(

1
−
g
(x
i,
y i

)
+
g
(x
i,
y
))
,

(2
46

)

w
he

re
B

=
{(
i,
y
)|y
6=
y i
}

is
th

e
se

to
f

m
is

la
be

ls
,i

s
se

le
ct

ed
an

d
ad

de
d

to
th

e
cu

rr
en

tp
re

di
ct

or
w

ith
co

ef
fic

ie
nt

α
t

=
lo

g

(
1
−
e t

e t

)
.

(2
47

)

T
he

w
ei

gh
ts

ar
e

up
da

te
d

ac
co

rd
in

g
to

w
(x
i,
k
)

=
w

(x
i,
k
)
×
e−

α
t 2
[ĝ
t
(x
i
,y
i
)−
ĝ
t
(x
i
,k

)]
.

(2
48

)

To
co

m
pa

re
A

da
B

oo
st

.M
2

to
M

C
B

oo
st

,w
e

st
ar

tb
y

de
fin

in
g

th
e

cl
as

s-
sp

ec
ifi

c
pr

ed
ic

to
rs

f̂ j
=
∑ t

α
tĝ
t(
x
,j

),
(2

49
)

th
e

m
ul

ti-
di

m
en

si
on

al
pr

ed
ic

to
r
f̄

(x
)

=
[f̂

(x
i,

1)
,.
..
,f̂

(x
i,
M

)]
an

d
th

e
m

ul
ti-

di
m

en
si

on
al

w
ea

k
le

ar
ne

rg
(x

)
=

[g
(x
,1

),
..
.,
g
(x
,M

)]
.T

he
de

ci
si

on
ru

le
of

(2
45

)i
s

th
en

eq
ui

va
le

nt
to

F̄
(x

)
=

ar
g

m
ax

j∈
{1
,.
..
,M
}〈 ȳ

j
,f̄

(x
)〉
,

(2
50

)
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S
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S

w
ith

ca
no

ni
ca

lc
od

ew
or

ds
ȳ
j

=
1
j
∈
R
M

an
d

th
e

w
ei

gh
ts

of
(2

48
)r

ed
uc

e
to

w
(x
i,
j)

=
e−

1 2
[〈ȳ

c
i
,f̄

(x
i
) 〉−
〈ȳ
j
,f̄

(x
i
) 〉]
.

(2
51

)

T
he

ps
eu

do
-l

os
s

of
(2

46
)c

an
al

so
be

w
ri

tte
n

as

e t
=

1 2

∑ i

∑ j6=
c i

w
(x
i,
j)

(1
−
〈g

(x
i)
,ȳ
c i
〉+

〈 g
(x
i)
,ȳ
j
〉 )

=
1 2

∑ i

w
i

 
1
−
∑ j6=
c i

w
(x
i,
j)

w
i

〈 g
(x
i)
,ȳ
c i
−
ȳ
j
〉 

=
1 2

∑ i

w
i

 
1
−
〈
g
(x
i)
,ȳ
c i
−
∑ j6=
c i

ȳ
j
w

(x
i,
j)

w
i

〉
 
,

(2
52

)

w
ith

w
i

=
∑ j6=
c i

w
(x
i,
j)
.

(2
53

)

H
en

ce
,t

he
w

ea
k

le
ar

ne
rs

el
ec

te
d

by
A

da
B

oo
st

.M
2

is

ĝ t
∝

ar
g

m
ax g

1 2

∑ i

w
i

〈
g
(x
i)
,ȳ
c i
−
∑ j6=
c i

ȳ
j
w

(x
i,
j)

w
i

〉
.

(2
54

)

Si
nc

e
th

e
co

m
bi

na
tio

n
of

(2
51

),
(2

53
),

an
d

(2
54

)
is

th
e

sp
ec

ia
lc

as
e

of
(2

9)
-(

32
)

w
ith

φ
(v

)
=
e−

v

an
d
γ

(v
)

=
v

,
A

da
B

oo
st

.M
2

is
co

nc
ep

tu
al

ly
eq

ui
va

le
nt

to
G

D
-M

C
B

oo
st

w
ith

th
e

ex
po

ne
nt

ia
l

γ
−
φ

lo
ss

of
Ta

bl
e

3,
ca

no
ni

ca
lc

od
ew

or
ds

,a
nd

th
e

pr
od

uc
tw

ea
k

le
ar

ne
rs

of
(2

44
).

In
pr

ac
tic

e,
ho

w
ev

er
,t

he
al

go
ri

th
m

s
ca

n
be

ha
ve

ve
ry

di
ff

er
en

tly
,d

ue
to

th
e

re
pl

ac
em

en
to

f
th

e
M

C
B

oo
st

w
ea

k
le

ar
ne

rs
of

(2
6)

by
th

e
pr

od
uc

t
le

ar
ne

rs
of

(2
44

).
N

ot
e

th
at

th
e

la
tte

r
au

gm
en

t
tr

ai
ni

ng
ex

am
pl

es
w

ith
th

ei
rc

la
ss

id
en

tit
ie

s,
to

fo
rm

a
ne

w
se

to
ft

ra
in

in
g

ex
am

pl
es
x̄

=
[x
,j

]
∀j

.T
hi

s
is

pr
ob

le
m

at
ic

be
ca

us
e,

be
si

de
s

in
cr

ea
si

ng
th

e
si

ze
of

th
e

of
tr

ai
ni

ng
se

t
M

-f
ol

d,
it

cr
ea

te
s

m
an

y
ex

am
pl

es
th

at
di

ff
er

by
on

ly
on

e
co

or
di

na
te

.
T

he
se

ex
am

pl
es

ca
n

be
di

ffi
cu

lt
to

di
sc

ri
m

in
at

e
w

ith
th

e
si

m
pl

e
fu

nc
tio

ns
ty

pi
ca

lly
us

ed
to

im
pl

em
en

tw
ea

k
le

ar
ne

rs
,e

.g
.

de
ci

si
on

st
um

ps
.

T
he

se
pr

ob
le

m
s

m
ak

e
A

da
B

oo
st

.M
R

co
m

pu
ta

tio
na

lly
in

te
ns

iv
e

an
d

ve
ry

sl
ow

to
co

nv
er

ge
.

T
he

sa
m

e
pr

ob
le

m
ar

is
es

fo
r

A
da

B
oo

st
.M

H
(S

ch
ap

ir
e

an
d

Si
ng

er
,1

99
9)

w
hi

ch
al

so
us

es
th

e
w

ea
k

le
ar

ne
rs

of
(2

44
).

H
.2

.4
.

A
D

A
B

O
O

S
T.

M
H

A
da

B
oo

st
.M

H
is

ve
ry

si
m

ila
r

to
A

da
B

oo
st

.M
R

.
T

he
on

ly
di

ff
er

en
ce

is
th

e
w

ei
gh

t
up

da
te

st
ag

e,
w

he
re

(2
48

)i
s

re
pl

ac
ed

by

w
(x
i,
k
)

=
w

(x
i,
k
)
×
e−

α
t
z c
i
,k
ĝ
t
(x
i
,k

) ,
(2

55
)

w
ith

z c
i
,k

as
de

fin
ed

in
(2

24
).

U
si

ng
th

e
pr

oc
ed

ur
e

ab
ov

e,
it

ca
n

be
sh

ow
n

th
at

A
da

B
oo

st
.M

H
m

in
im

iz
es

th
e

on
e-

vs
-a

ll
lo

ss
.

T
hi

s
le

ad
s

to
a

co
m

bi
na

tio
n

of
th

e
pr

ob
le

m
s

as
so

ci
at

ed
w

ith
th

e
w

ea
k

le
ar

ne
rs

of
(2

44
)a

nd
th

e
lo

ss
fu

nc
tio

n
of

(2
25

),
di

sc
us

se
d

in
Se

ct
io

n
H

.1
.1

.
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M
U

LT
IC

L
A

S
S

B
O

O
S

T
IN

G
:

M
A

R
G

IN
S,C

O
D

E
W

O
R

D
S,L

O
S

S
E

S,
A

N
D

A
L

G
O

R
IT

H
M

S

H
.2.5.

A
D

A
B

O
O

S
T.M

M

(M
ukherjee

and
Schapire,2013)proposed

a
fram

ew
ork

forthe
characterization

ofm
ulticlass

boost-
ability

conditions
and

used
itto

m
otivate

the
A

daB
oost.M

M
algorithm

.
T

his
a

is
m

ulticlass
boost-

ing
m

ethod
thatuses

classification
w

eak
learners

ĝ
(x

)
:X
→
{1
,2
,...,M

}
to

learn
a

predictor
f̂

(x
)

=
∑

t α
t ĝ
t (x

).T
he

decision
rule

is

F̄
(x

)
=

arg
m

ax
j∈{

1
,...,M

}
f̂

(x
i ,j),

(256)

w
here

f̂
(x
i ,j)

=
∑

t

α
t I

(ĝ
t (x

i )
=
j),

(257)

and
I
(.)

is
the

indicator
function.

E
ach

round
of

A
daB

oost.M
M

com
putes

the
cost

of
assigning

exam
ple

ito
class

j
according

to

C
i,j

=

{
e
f̂

(x
i ,j)−

f̂
(x
i ,c
i )

if
j6=

c
i

−
∑

l6=
c
i
e
f̂

(x
i ,l)−

f̂
(x
i ,c
i )

if
j

=
c
i

,
(258)

and
selects

the
w

eak
learneroflow

estcost

g ∗
=

arg
m

inĝ ∑

i

C
i,ĝ

(x
i ) .

(259)

A
daB

oost.M
M

can
be

related
to

M
C

B
oostby

considering
m

ultidim
ensionalw

eak
learnersofcanon-

icaloutput,i.e.

ḡ
(x
i )

=
1
ĝ
(x
i ) ,

(260)

and
a

predictor

f̄
(x

)
=

∑

t

α
t ḡ
t (x

).
(261)

U
nderthese

definitions,(257)can
be

w
ritten

as

f̂
(x
i ,j)

=
〈f̄

(x
i ),ȳ

j 〉
,

(262)

w
here

ȳ
j

=
1
j ∈

R
M
,

(263)

is
the

canonicalcodew
ord

setand
the

decision
rule

of(256)is
equivalentto

F̄
(x

)
=

arg
m

ax
j∈{

1
,...,M

} 〈ȳ
j,f̄

(x
) 〉
.

(264)

Sim
ilarly,the

costs
of(258)can

be
w

ritten
as

C
i,j

=

{
e 〈
f̄

(x
i ),ȳ

j〉 −〈
f̄

(x
i ),ȳ

c
i〉

if
j6=

c
i

−
∑

l6=
c
i
e 〈
f̄

(x
i ),ȳ

l〉 −〈
f̄

(x
i ),ȳ

c
i〉

if
j

=
c
i

,
(265)

67
JM

L
R

 20(137):1-68, 2019

S
A

B
E

R
IA

N
A

N
D

V
A

S
C

O
N

C
E

L
O

S

and
the

w
eak

learnerselection
rule

as

g ∗
=

arg
m

inĝ ∑

i

〈C
i ,ḡ

(x
i )〉
,

(266)

w
here

C
i ∈

R
M

is
the

vectorofcom
ponents

C
i,j .U

sing
(263)and

(265),this
can

be
w

ritten
as

C
i

=
∑j6=
c
i ȳ
je 〈

ȳ
j,f̄

(x
i )〉 −〈

ȳ
c
i,f̄

(x
i )〉−

ȳ
c
i ∑j6=

c
i e 〈

ȳ
j,f̄

(x
i )〉 −〈

ȳ
c
i,f̄

(x
i )〉

=
∑j6=
c
i (ȳ

j−
ȳ
c
i)e −

[〈
ȳ
c
i,f̄

(x
i )〉 −〈

ȳ
j,f̄

(x
i )〉].

(267)

Itfollow
s

from
(266)that(259)is

equivalentto

g ∗
=

arg
m

inĝ ∑

i

∑j6=
c
i 〈ḡ

(x
i ),ȳ

j−
ȳ
c
i 〉
e −

[〈
ȳ
c
i,f̄

(x
i )〉 −〈

ȳ
j,f̄

(x
i )〉]

=
arg

m
ax
ĝ

∑

i

w
i 〈
ḡ
(x
i ),ȳ

c
i−

∑j6=
c
i ȳ
j
w

(x
i ,j)

w
i

〉
,

(268)

w
ith

w
(x
i ,j)

=
e −

[〈
ȳ
c
i,f̄

(x
i )〉 −〈

ȳ
j,f̄

(x
i )〉]

w
i

=
∑j6=
c
i w

(x
i ,j),

(269)

w
hich

is
equivalentto

the
G

D
-M

C
B

oostw
eak

learner
selection

rule
of

(29)
for

φ
(v

)
=
e −

2
v

and
γ

(v
)

=
v.

H
ence,A

daB
oost.M

M
is

an
im

plem
entation

of
G

D
-M

C
B

oostw
ith

the
canonicalcode-

w
ord

set
1
j ,classification

w
eak

learners,and
a
γ
−
φ

loss
w

ith
φ

(v
)

=
e −

2
v

and
γ

(v
)

=
v.

T
he

only
difference

is
that

each
iteration

of
G

D
-M

C
B

oost
finds

the
optim

al
step

size
through

a
line

search.
O

n
the

other
hand,A

daB
oost.M

M
relies

on
heuristics

to
determ

ine
the

step
size.

T
his

can
be

sub-optim
al.
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E
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B
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ja
m

in
R
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h
t

A
b
st
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ct

W
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

es
ti

m
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g

a
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b
a
b
il
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u
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th
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a
x
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th
e
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-
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y
w

h
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e

sa
ti

sf
y
in

g
a

fi
n
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e
n
u
m

b
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of
m

om
en

t
co

n
st

ra
in

ts
,

p
os

si
b
ly

co
rr

u
p
te

d
b
y

n
oi

se
.

B
as

ed
o
n

d
u
a
li
ty

of
co

n
ve

x
p
ro

gr
am

m
in

g
,

w
e

p
re

se
n
t

a
n
ov

el
ap

p
ro

x
im

at
io

n
sc

h
em

e
u
si

n
g

a
sm

o
ot

h
ed

fa
st

gr
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ie
n
t

m
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p
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r
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p
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p
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at
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p
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p
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d
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p
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at
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d
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b
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p
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b
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b
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b
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h
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a
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p
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∞
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p
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H
a
m

b
u
rg

er
m

o
m

en
t

p
rob

lem
,
given

a
rep

resen
tin

g
m

easu
re
µ

for
a

m
om

en
t

seq
u
en

ce
(y
i )
i∈

N
,

a
su

ffi
cien

t
co

n
d
ition

for
µ

b
ein

g
d
eterm

in
ed

b
y

its
m

om
en

ts
is

th
e

so-called
C

a
rlem

a
n

co
n

d
itio

n
,

i.e., ∑
∞i=

1
y −

1/
2
i

2
i

=
∞

.
R

ou
gh

ly
sp

eak
in

g
th

is
say

s
th

at
th

e
m

om
en

ts
sh

ou
ld

n
o
t

grow
to

o
fast,

see
A

k
h
iezer

(1965)
for

fu
rth

er
d
etails.

F
or

th
e

H
a
m

b
u
rger

an
d

th
e

H
a
u
sd

o
rff

m
o
m

en
t

p
rob

lem
,

th
ere

are
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

s
for

th
e

ex
isten

ce
o
f

a
rep

resen
tin

g
m

easu
re

for
a

given
m

om
en

t
seq

u
en

ce
(y
i )
i∈

N
in

b
oth

th
e

fu
ll

as
w

ell
a
s

th
e

tru
n
ca

ted
settin

g,
th

at
ex

p
loit

th
e

rich
algeb

raic
con

n
ection

w
ith

H
an

kel
m

atrices
see

(L
asserre,

2
009,

T
h
eorem

s
3.2,

3
.3,

3.4).

In
(L

a
sserre,

2009,
S
ection

12.3)
it

is
sh

ow
n

th
at

th
e

m
ax

im
u
m

en
trop

y
su

b
ject

to
fi
n
ite

m
o
m

en
t

con
strain

ts
can

b
e

ap
p
rox

im
ated

b
y

u
sin

g
d
u
ality

of
con

vex
p
rogram

m
in

g.
T

h
e

p
ro

b
lem

can
b

e
red

u
ced

to
an

u
n
con

strain
ed

fi
n
ite-d

im
en

sion
al

con
vex

op
tim

iza
tion

p
ro

b
lem

a
n
d

a
n

ap
p
rox

im
ation

h
ierarch

y
of

its
grad

ien
t

an
d

H
essian

in
term

s
of

tw
o

sin
gle

sem
id

efi
n
ite

p
rogram

s
in

volv
in

g
tw

o
lin

ear
m

atrix
in

eq
u
alities

is
p
resen

ted
.

T
h
e

d
esired

a
ccu

ra
cy

is
co

n
trolled

b
y

th
e

size
of

th
e

lin
ear

m
atrix

in
eq

u
alities.

T
h
e

m
eth

o
d

seem
s

to
b

e
p

ow
erfu

l
in

p
ractice,

h
ow

ever
a

rate
of

con
vergen

ce
h
as

n
ot

b
een

p
roven

.
F

u
rth

erm
ore,

it
is

n
o
t

clea
r

h
ow

th
e

m
eth

o
d

ex
ten

d
s

to
th

e
case

o
f

u
n
certain

m
om

en
t

con
strain

ts.
In

a
fi
n
ite

d
im

en
sion

al
settin

g,
D

u
d
ik

et
al.

(2007)
p
resen

ts
a

trea
tm

en
t

of
th

e
m

ax
im

u
m

en
tro

p
y

p
rin

cip
le

w
ith

gen
eralized

regu
larization

m
easu

res,
th

at
as

a
sp

ecial
case

con
tain

s
th

e
settin

g
p
resen

ted
h
ere.

H
ow

ever,
con

vergen
ce

rates
of

algorith
m

s
p
resen

ted
are

n
ot

k
n
ow

n
a
n
d

a
g
a
in

it
is

n
ot

clear
h
ow

th
e

m
eth

o
d

ex
ten

d
s

to
th

e
case

of
u
n
certain

m
om

en
t

co
n
stra

in
ts.

T
h
e

d
iscrete

case,
w

h
ere

th
e

su
p
p

ort
setK

is
d
iscrete,

h
a
s

b
een

stu
d
ied

in
m

ore
d
eta

il
in

th
e

p
a
st.

It
h
as

b
een

sh
ow

n
th

e
th

e
m

ax
im

u
m

en
trop

y
p
rob

lem
in

th
e

d
iscrete

ca
se

h
a
s

a
su

ccin
ct

d
escrip

tion
th

at
is

p
oly

n
om

ial-size
in

th
e

in
p
u
t

an
d

can
b

e
effi

cien
tly

co
m

p
u
ted

S
in

gh
an

d
V

ish
n
oi

(2014);
S
traszak

an
d

V
ish

n
oi

(2017).
F

u
rth

erm
ore

it
w

as
sh

ow
n

th
a
t

th
e

m
ax

im
u
m

en
trop

y
p
rob

lem
is

eq
u
ivalen

t
to

th
e

cou
n
tin

g
p
rob

lem
S
in

gh
an

d
V

ish
n
o
i

(2
0
14

).

S
tru

c
tu

re
.

T
h
e

layou
t

of
th

is
p
ap

er
is

as
follow

s:
In

S
ection

2
w

e
form

ally
in

tro
d
u
ce

th
e

p
ro

b
lem

settin
g.

O
u
r

resu
lts

on
an

ap
p
rox

im
ation

sch
em

e
in

a
con

tin
u
ou

s
settin

g
a
re

rep
orted

in
S
ection

3.
In

S
ection

4
,

w
e

sh
ow

h
ow

th
ese

resu
lts

sim
p
lify

in
th

e
fi
n
ite-

d
im

en
sio

n
a
l

ca
se.

S
ection

5
d
iscu

sses
th

e
grad

ien
t

ap
p
rox

im
ation

th
at

is
th

e
d
om

in
an

t
step

o
f

th
e

p
ro

p
osed

ap
p
rox

im
ation

m
eth

o
d

from
a

com
p
u
tation

al
p

ersp
ective.

T
h
e

th
eoretical

resu
lts

a
re

a
p
p
lied

in
S
ection

6
to

th
e

zero-in
form

ation
m

om
en

t
closu

re
m

eth
o
d

an
d

in
S
ectio

n
7

to
con

strain
ed

M
arkov

d
ecision

p
ro

cesses.
W

e
con

clu
d
e

in
S
ection

8
w

ith
a

su
m

m
a
ry

o
f

o
u
r

w
ork

an
d

com
m

en
t

on
p

ossib
le

su
b

jects
of

fu
rth

er
research

.

N
o
ta

tio
n

.
T

h
e

logarith
m

w
ith

b
asis

2
an

d
e

is
d
en

oted
b
y

log
(·)

an
d

ln
(·),

resp
ectively.

W
e

d
efi

n
e

th
e

stan
d
ard

n−
sim

p
lex

as
∆
n

:=
{
x
∈

R
n

:
x
≥

0
, ∑

ni=
1
x
i

=
1}

.
F

or
a

p
ro

b
a
b
ility

m
a
ss

fu
n
ction

p
∈

∆
n

w
e

d
en

ote
its

en
trop

y
b
y
H

(p
)

:=
∑

ni=
1 −

p
i log

p
i .

L
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S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sfa

h
a
n
i
a
n
d

L
y
g
e
r
o
s

B
(y
,r)

:=
{x
∈
R
n

:
‖
x−

y‖
2 ≤

r}
d
en

ote
th

e
b
all

w
ith

rad
iu

s
r

cen
tered

at
y
.

T
h
rou

gh
ou

t
th

is
article,

m
easu

rab
ility

alw
ay

s
refers

to
B

orel
m

easu
rab

ility.
F

or
a

p
rob

ab
ility

d
en

sity
p

su
p
p

orted
on

a
m

easu
rab

le
set

B
⊂

R
w

e
d
en

ote
th

e
d
iff

eren
tial

en
trop

y
b
y
h

(p
)

:=
−
∫
B
p
(x

)
log

p
(x

)d
x

.
F

or
A
⊂

R
an

d
1
≤
p
≤
∞

,
let

L
p(A

)
d
en

ote
th

e
sp

ace
of

L
p-fu

n
ction

s
on

th
e

m
easu

re
sp

ace
(A
,B

(A
),d

x
),

w
h
ere
B

(A
)

d
en

otes
th

e
B

orel
σ

-alg
eb

ra
an

d
d
x

th
e

L
eb

esgu
e

m
easu

re.
L

et
X

b
e

a
com

p
act

m
etric

sp
ace,

eq
u
ip

p
ed

w
ith

its
B

orel
σ

-fi
eld
B

(·).
T

h
e

sp
ace

of
all

p
rob

ab
ility

m
easu

res
on

(X
,B

(X
))

w
ill

b
e

d
en

oted
b
y
P

(X
).

T
h
e

rela
tive

en
tro

p
y

(or
K

u
llb

a
ck

-L
eib

ler
d
ivergen

ce)
b

etw
een

an
y

tw
o

p
rob

ab
ility

m
easu

res
µ
,ν
∈
P

(X
)

is
d
efi

n
ed

b
y

D (µ||ν )
:=

{
∫X

log (
d
µ

d
ν )

d
µ
,

if
µ
�
ν

+
∞
,

oth
erw

ise
,

w
h
ere
�

d
en

otes
ab

solu
te

con
tin

u
ity

of
m

easu
res,

an
d

d
µ

d
ν

is
th

e
R

ad
on

-N
iko

d
y
m

d
eriva-

tive.
T

h
e

relative
en

trop
y

is
n
on

-n
egative,

an
d

is
eq

u
al

to
zero

if
an

d
on

ly
if
µ
≡
ν

.
L

et
X

b
e

restricted
to

a
com

p
act

m
etric

sp
ace

an
d

let
u
s

con
sid

er
th

e
p
air

of
vector

sp
aces

(M
(X

),B
(X

))
w

h
ere

M
(X

)
d
en

otes
th

e
sp

ace
of

fi
n
ite

sign
ed

m
easu

res
on
B

(X
)

an
d
B

(X
)

is
th

e
B

an
ach

sp
ace

of
b

ou
n
d
ed

m
easu

rab
le

fu
n
ction

s
on

X
w

ith
resp

ect
to

th
e

su
p
-n

orm
an

d
con

sid
er

th
e

b
ilin

ear
form

〈µ
,f 〉

:=

∫

X
f

(x
)µ

(d
x

).

T
h
is

in
d
u
ces

th
e

total
variation

n
orm

as
th

e
d
u
al

n
orm

on
M

(X
),

sin
ce

b
y

(H
ern

án
d
ez-L

erm
a

an
d

L
asserre,

1999,
p
.2)

‖
µ‖∗

=
su

p
‖
f‖∞

≤
1 〈µ

,f 〉
=
‖µ‖

T
V
,

m
ak

in
g
M

(X
)

a
B

an
ach

sp
ace.

In
th

e
ligh

t
of

(H
ern

án
d
ez-L

erm
a

an
d

L
asserre,

1999,
p
.
206)

th
is

is
a

d
u
al

p
air

of
B

an
ach

sp
aces;

w
e

refer
to

(A
n
d
erson

an
d

N
ash

,
1987,

S
ection

3)
for

th
e

d
etails

of
th

e
d
efi

n
ition

of
d
u
al

p
airs.

T
h
e

L
ip

sch
itz

n
orm

is
d
efi

n
ed

as
‖u‖

L
:=

su
p
x
,x
′∈

X {|u
(x

)|, |u
(x

)−
u
(x
′)|

‖
x−

x
′‖∞
}

an
d
L

(X
)

d
en

otes
th

e
sp

ace
of

L
ip

sch
itz

fu
n
ction

s
on

X
.

2
.
P
ro

b
le
m

S
ta
te
m
e
n
t

L
et

K
⊂

R
b

e
com

p
act

an
d

con
sid

er
th

e
scen

ario
w

h
ere

a
p
rob

ab
ility

m
easu

re
µ
∈
P

(K
)

is
u
n
k
n
ow

n
an

d
on

ly
ob

served
v
ia

th
e

follow
in

g
m

easu
rem

en
t

m
o
d
el

y
i

=
〈µ
,x

i 〉
+
u
i ,

u
i ∈
U
i

for
i

=
1,...,M

,
(2)

w
h
ere

u
i

rep
resen

ts
th

e
u
n
certain

ty
of

th
e

ob
tain

ed
d
ata

p
oin

t
y
i

an
d
U
i ⊂

R
is

com
p
act,

con
vex

an
d

0
∈
U
i

for
all

i
=

1
,...,M

.
G

iven
th

e
d
ata

(y
i )
Mi=

1 ⊂
R

,
th

e
goal

is
to

estim
ate

a
p
rob

ab
ility

m
ea

su
re
µ

th
at

is
con

sisten
t

w
ith

th
e

m
easu

rem
en

t
m

o
d
el

(2).
T

h
is

p
rob

lem
(given

th
at
M

is
fi
n
ite)

is
u
n
d
erd

eterm
in

ed
an

d
h
as

in
fi
n
itely

m
an

y
solu

tion
s.

A
m

on
g

all
p

ossib
le

solu
tion

s
for

(2),
w

e
aim

to
fi
n
d

th
e

solu
tion

th
at

m
ax

im
izes

th
e

en
trop

y.
D

efi
n
e

th
e

set
T

:=
×
Mi=

1 {
y
i −

u
:
u
∈
U
i }
⊂

R
M

an
d

th
e

lin
ear

op
eratorA

:M
(K

)→
R
M

b
y

(A
µ

)
i

:=
〈µ
,x

i 〉
=

∫

K
x
iµ

(d
x

)
for

all
i

=
1,...,M

.
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

T
h
e

op
er

at
or

n
or

m
is

d
efi

n
ed

as
‖A
‖

:=
su

p
‖µ
‖ T

V
=
1
,‖
y
‖ 2

=
1

〈 A
µ
,y
〉 .

N
ot

e
th

at
d
u
e

to
th

e
co

m
p
ac

tn
es

s
of

K
th

e
op

er
at

or
n
or

m
is

b
ou

n
d
ed

,
se

e
L

em
m

a
4

fo
r

a
fo

rm
al

st
a
te

m
en

t.
T

h
e

ad
jo

in
t

op
er

at
or

to
A

is
gi

ve
n

b
y
A
∗

:
R
M
→

B(
K

),
w

h
er

e
A
∗ z

(x
)

:=
∑

M i=
1
z i
x
i ;

n
ot

e
th

at
th

e
d
om

ai
n

an
d

im
ag

e
sp

ac
es

of
th

e
ad

jo
in

t
op

er
at

or
ar

e
w

el
l

d
efi

n
ed

as
(B

(K
),
M

(K
))

is
a

to
p

ol
og

ic
al

d
u
al

p
ai

rs
an

d
th

e
op

er
at

or
A

is
b

ou
n
d
ed

(H
er

n
án

d
ez

-L
er

m
a

an
d

L
as

se
rr

e,
19

99
,

P
ro

p
os

it
io

n
12

.2
.5

).
G

iv
en

a
re

fe
re

n
ce

m
ea

su
re
ν
∈
P

(K
),

th
e

p
ro

b
le

m
of

m
in

im
iz

in
g

th
e

re
la

ti
v
e

en
tr

op
y

su
b

je
ct

to
m

om
en

t
co

n
st

ra
in

ts
(2

)
ca

n
b

e
fo

rm
al

ly
d
es

cr
ib

ed
b
y

J
?

=
m

in
µ
∈P

(K
)

{ D
( µ
||ν
)

:
A
µ
∈
T
} .

(3
)

W
e

n
ot

e
th

at
th

e
re

fe
re

n
ce

m
ea

su
re
ν
∈
P

(K
)

is
al

w
ay

s
fi
x
ed

a
p
ri

or
i.

A
ty

p
ic

al
ch

oi
ce

fo
r

ν
is

th
e

u
n
if

or
m

m
ea

su
re

ov
er

K
.

P
ro

p
o
si

ti
o
n

1
(E

x
is

te
n

c
e

&
u
n

iq
u

e
n

e
ss

o
f

(3
))

T
h
e

o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

(3
)

a
tt

a
in

s
a
n

o
p
ti

m
a
l

fe
a
si

bl
e

so
lu

ti
o
n

th
a
t

is
u

n
iq

u
e.

P
ro

o
f

T
h
e

va
ri

at
io

n
al

re
p
re

se
n
ta

ti
on

of
th

e
re

la
ti

ve
en

tr
op

y
(B

ou
ch

er
on

et
a
l.
,
20

1
3,

C
or

ol
-

la
ry

4.
15

)
im

p
li
es

th
at

th
e

m
ap

p
in

g
µ
7→

D
( µ
||ν
) is

lo
w

er
-s

em
ic

on
ti

n
u
ou

s
L

u
en

b
er

ge
r

(1
96

9)
.

N
ot

e
al

so
th

at
th

e
sp

ac
e

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

on
K

is
co

m
p
ac

t
(A

li
p
ra

n
ti

s
an

d
B

or
d
er

,
20

07
,

T
h
eo

re
m

15
.1

1)
.

M
or

eo
ve

r,
si

n
ce

th
e

li
n
ea

r
op

er
at

or
A

is
b

ou
n
d
ed

,
it

is
co

n
ti

n
u
ou

s.
A

s
a

re
su

lt
,

th
e

fe
as

ib
le

se
t

of
p
ro

b
le

m
(3

)
is

co
m

p
ac

t
an

d
h
en

ce
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
at

ta
in

s
an

op
ti

m
al

so
lu

ti
on

.
F

in
al

ly
,

th
e

st
ri

ct
co

n
ve

x
it

y
of

th
e

re
la

ti
ve

en
tr

op
y

C
si

sz
ár

(1
97

5)
en

su
re

s
u
n
iq

u
en

es
s

of
th

e
op

ti
m

iz
er

.

N
ot

e
th

at
if
U i

=
{0
}f

or
al

l
i

=
1,
..
.,
M

,
i.
e.

,
th

er
e

is
n
o

u
n
ce

rt
ai

n
ty

in
th

e
m

ea
su

re
m

en
t

m
o
d
el

(2
),

P
ro

p
os

it
io

n
1

re
d
u
ce

s
to

a
k
n
ow

n
re

su
lt

C
si

sz
ár

(1
97

5)
.

C
on

si
d
er

th
e

sp
ec

ia
l

ca
se

w
h
er

e
th

e
re

fe
re

n
ce

m
ea

su
re

ν
is

th
e

u
n
if

or
m

m
ea

su
re

on
K

an
d

le
t
p

d
en

ot
e

th
e

R
ad

on
-N

ik
o
d
y
m

d
er

iv
at

iv
e

d
µ

d
ν

(w
h
o
se

ex
is

te
n
ce

ca
n

b
e

as
su

m
ed

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
).

S
in

ce
A

is
w

ea
k
ly

co
n
ti

n
u
ou

s
an

d
th

e
d
iff

er
en

ti
al

en
tr

op
y

is
k
n
ow

n
to

b
e

w
ea

k
ly

lo
w

er
se

m
i-

co
n
ti

n
u
ou

s
B

ou
ch

er
on

et
al

.
(2

01
3)

,
w

e
ca

n
re

st
ri

ct
at

te
n
ti

on
to

a
(w

ea
k
ly

)
d
en

se
su

b
se

t
of

th
e

fe
as

ib
le

se
t

an
d

h
en

ce
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
p
∈

L
1
(K

).
P

ro
b
le

m
(3

)
th

en
re

d
u
ce

s
to m

ax
p
∈L

1
(K

)

{ h
(p

)
:

∫ K
p
(x

)d
x

=
1,

∫ K
x
i p

(x
)d
x
∈
T
i,
∀i

=
1,
..
.,
M

}
.

(4
)

P
ro

b
le

m
(4

)
is

a
ge

n
er

al
iz

ed
m

ax
im

u
m

en
tr

op
y

es
ti

m
at

io
n

p
ro

b
le

m
th

at
,

in
ca

se
U i

=
{0
}

fo
r

al
l
i

=
1,
..
.,
M

,
si

m
p
li
fi
es

to
th

e
st

an
d
ar

d
en

tr
op

y
m

ax
im

iz
at

io
n

p
ro

b
le

m
su

b
je

ct
to
M

m
om

en
t

co
n
st

ra
in

ts
.

In
th

is
ar

ti
cl

e,
w

e
p
re

se
n
t

a
n
ew

ap
p
ro

ac
h

to
so

lv
e

(3
)

th
at

is
b
as

ed
on

it
s

d
u
al

fo
rm

u
la

ti
on

.
It

tu
rn

s
ou

t
th

at
th

e
d
u
al

p
ro

b
le

m
of

(3
)

h
as

a
p
ar

ti
cu

la
r

st
ru

ct
u
re

th
at

al
lo

w
s

u
s

to
ap

p
ly

N
es

te
ro

v
’s

sm
o
ot

h
in

g
m

et
h
o
d

N
es

te
ro

v
(2

00
5)

to
ac

ce
le

ra
te

co
n
v
er

ge
n
ce

.
F

u
rt

h
er

m
or

e,
w

e
w

il
l

sh
ow

h
ow

an
ε-

op
ti

m
al

so
lu

ti
on

to
(3

)
ca

n
b

e
re

co
n
st

ru
ct

ed
.

T
h
is

is
d
on

e
b
y

so
lv

in
g

th
e

d
u
al

p
ro

b
le

m
of

(3
).

T
o

ac
h
ie

ve
ad

d
it

io
n
al

fe
as

ib
il
it

y
gu

ar
an

te
es

fo
r

th
e
ε-

op
ti

m
al

so
lu

ti
on

to
(3

),
w

e
in

tr
o
d
u
ce

an
d

a
se

co
n
d

sm
o
ot

h
in

g
st

ep
th

at
is

m
ot

iv
at

ed
b
y

D
ev

ol
d
er

et
al

.
(2

01
2)

.
T

h
e

p
ro

b
le

m
of

en
tr

op
y

m
ax

im
iz

at
io

n
su

b
je

ct
to

u
n
ce

rt
ai

n
m

om
en

t
co

n
st

ra
in

ts
(4

)
ca

n
b

e
se

en
as

a
sp

ec
ia

l
ca

se
of

(3
).
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S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sf
a
h
a
n
i
a
n
d

L
y
g
e
r
o
s

3
.
R
e
la
ti
v
e
e
n
tr
o
p
y
m
in
im

iz
a
ti
o
n

W
e

st
ar

t
b
y

re
ca

ll
in

g
th

at
an

u
n
co

n
st

ra
in

ed
m

in
im

iz
at

io
n

of
th

e
re

la
ti

ve
en

tr
o
p
y

w
it

h
an

ad
d
it

io
n
al

li
n
ea

r
te

rm
in

th
e

co
st

ad
m

it
s

a
cl

os
ed

fo
rm

so
lu

ti
on

.
L

et
c
∈

B(
K

),
ν
∈
P

(K
)

an
d

co
n
si

d
er

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m

m
in

µ
∈P

(K
)

{ D
( µ
||ν
) −

〈 µ
,c
〉}
.

(5
)

L
e
m

m
a

2
(G

ib
b

s
d

is
tr

ib
u

ti
o
n

)
T

h
e

u
n

iq
u

e
o
p
ti

m
iz

er
to

p
ro

bl
em

(5
)

is
gi

ve
n

by
th

e
G

ib
bs

d
is

tr
ib

u
ti

o
n

,
i.

e.
,

µ
?
(d
x

)
=

2c
(x

) ν
(d
x

)
∫ K

2c
(x

) ν
(d
x

)
fo

r
x
∈
K
,

w
h
ic

h
le

a
d
s

to
th

e
o
p
ti

m
a
l

va
lu

e
o
f
−

lo
g
∫ K

2
c(
x
) ν

(d
x

).

P
ro

o
f

T
h
e

re
su

lt
is

st
an

d
ar

d
an

d
fo

ll
ow

s
fr

om
C

si
sz

ár
(1

97
5)

or
a
lt

er
n
at

iv
el

y
b
y

(S
u
tt

er
et

al
.,

20
15

,
L

em
m

a
3.

10
).

L
et

R
M
3
z
7→

σ
T

(z
)

:=
m

ax
x
∈T
〈 x
,z
〉
∈
R

d
en

ot
e

th
e

su
p
p

or
t

fu
n
ct

io
n

o
f
T

,
w

h
ic

h
is

co
n
ti

n
u
ou

s
si

n
ce
T

is
co

m
p
ac

t
(R

o
ck

af
el

la
r,

19
97

,
C

or
ol

la
ry

13
.2

.2
).

T
h
e

p
ri

m
a
l-

d
u
a
l

p
a
ir

of
p
ro

b
le

m
(3

)
ca

n
b

e
st

at
ed

as

(p
ri

m
al

p
ro

gr
am

)
:

J
?

=
m

in
µ
∈P

(K
)

{ D
( µ
||ν
) +

su
p

z
∈R

M

{〈
A
µ
,z
〉 −

σ
T

(z
)}
}

(6
)

(d
u
al

p
ro

gr
am

)
:

J
? D

=
su

p
z
∈R

M

{
−
σ
T

(z
)

+
m

in
µ
∈P

(K
)

{ D
( µ
||ν
) +

〈 A
µ
,z
〉}
}
,

(7
)

w
h
er

e
th

e
d
u
al

fu
n
ct

io
n

is
gi

v
en

b
y

F
(z

)
=
−
σ
T

(z
)

+
m

in
µ
∈P

(K
)

{ D
( µ
||ν
) +

〈 A
µ
,z
〉}
.

(8
)

N
ot

e
th

at
th

e
p
ri

m
al

p
ro

gr
am

(6
)

is
an

in
fi
n
it

e-
d
im

en
si

o
n
al

co
n
v
ex

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m
.

T
h
e

ke
y

id
ea

of
ou

r
an

al
y
si

s
is

d
ri

ve
n

b
y

L
em

m
a

2
in

d
ic

at
in

g
th

at
th

e
d
u
a
l

fu
n
ct

io
n
,

th
at

in
vo

lv
es

a
m

in
im

iz
at

io
n

ru
n
n
in

g
ov

er
an

in
fi
n
it

e-
d
im

en
si

on
al

sp
ac

e,
is

an
a
ly

ti
ca

ll
y

av
a
il
a
b
le

.
A

s
su

ch
,
th

e
d
u
al

p
ro

b
le

m
b

ec
om

es
a
n

u
n
co

n
st

ra
in

ed
fi
n
it

e-
d
im

en
si

on
al

co
n
ve

x
o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
,

w
h
ic

h
is

am
en

ab
le

to
fi
rs

t-
or

d
er

m
et

h
o
d
s.

L
e
m

m
a

3
(Z

e
ro

d
u

a
li
ty

g
a
p

)
T

h
er

e
is

n
o

d
u

a
li

ty
ga

p
be

tw
ee

n
th

e
p
ri

m
a
l

p
ro

gr
a
m

(6
)

a
n

d
it

s
d
u

a
l

(7
),

i.
e.

,
J
?

=
J
? D
.

M
o
re

o
ve

r,
if

th
er

e
ex

is
ts
µ̄
∈
P

(K
)

su
ch

th
a
t
A
µ̄
∈
in
t(
T

),
th

en
th

e
se

t
o
f

o
p
ti

m
a
l

d
u

a
l

va
ri

a
bl

es
in

(7
)

is
co

m
pa

ct
.

P
ro

o
f

R
ec

al
l

th
at

th
e

re
la

ti
ve

en
tr

op
y

is
k
n
ow

n
to

b
e

lo
w

er
se

m
ic

on
ti

n
u
ou

s
a
n
d

co
n
ve

x
in

th
e

fi
rs

t
ar

gu
m

en
t,

w
h
ic

h
ca

n
b

e
se

en
as

a
d
ir

ec
t

co
n
se

q
u
en

ce
of

th
e

d
u
al

it
y

re
la

ti
o
n

fo
r

th
e

re
la

ti
ve

en
tr

op
y

(B
ou

ch
er

on
et

al
.,

20
13

,
C

or
ol

la
ry

4.
15

).
H

en
ce

,
th

e
d
es

ir
ed

ze
ro

d
u
a
li
ty

ga
p

fo
ll
ow

s
b
y

S
io

n
’s

m
in

im
ax

th
eo

re
m

(S
io

n
,

19
58

,
T

h
eo

re
m

4.
2
).

T
h
e

co
m

p
a
ct

n
es

s
o
f

th
e
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

set
o
f

d
u
a
l

op
tim

izers
is

d
u
e

to
(B

ertsekas,
2009,

P
rop

osition
5.3.1).

B
eca

u
se

th
e

d
u
al

fu
n
ction

(8)
tu

rn
s

ou
t

to
b

e
n
on

-sm
o
oth

,
in

th
e

ab
sen

ce
of

an
y

ad
d
i-

tio
n
a
l
stru

ctu
re,

th
e

effi
cien

cy
estim

ate
of

a
b
lack

-b
ox

fi
rst-ord

er
m

eth
o
d

is
of

ord
er
O

(
1/
ε
2),

w
h
ere

ε
is

th
e

d
esired

ab
solu

te
ad

d
itive

accu
racy

of
th

e
ap

p
rox

im
ate

solu
tion

in
fu

n
ction

valu
e

N
esterov

(2004).
W

e
sh

ow
,

h
ow

ever,
th

at
th

e
g
en

eralized
en

trop
y

m
ax

im
ization

p
rob

-
lem

(6
)

h
a
s

a
certain

stru
ctu

re
th

at
allow

s
u
s

to
d
ep

loy
th

e
recen

t
d
evelop

m
en

ts
in

N
esterov

(2
0
0
5
)

fo
r

a
p
p
rox

im
atin

g
n
on

-sm
o
oth

p
rob

lem
s

b
y

sm
o
oth

on
es,

lead
in

g
to

an
effi

cien
cy

es-
tim

a
te

o
f

o
rd

er
O

(
1/
ε).

T
h
is,

togeth
er

w
ith

th
e

low
com

p
lex

ity
of

each
iteration

step
in

th
e

a
p
p
rox

im
a
tion

sch
em

e,
off

ers
a

n
u
m

erical
m

eth
o
d

th
at

h
as

an
attractive

com
p
u
tation

al
co

m
p
lex

ity.
In

th
e

sp
irit

of
N

esterov
(2005);

D
evold

er
et

al.
(2012),

w
e

in
tro

d
u
ce

a
sm

o
oth

-
in

g
p
a
ra

m
eter

η
:=

(η
1 ,η

2 )∈
R
2>
0

a
n
d

con
sid

er
a

sm
o
oth

ap
p
rox

im
ation

of
th

e
d
u
al

fu
n
ction

F
η (z

)
:=
−

m
ax

x∈
T

{〈x
,z 〉−

η
12
‖
x‖

22 }
+

m
in

µ∈P
(K

) {
D (µ||ν )

+
〈A
µ
,z 〉}

−
η
22
‖z‖

22
,

(9)

w
ith

resp
ective

op
tim

izers
d
en

oted
b
y
x
?z

an
d
µ
?z .

C
on

sid
er

th
e

p
ro

jection
op

erator
π
T

:
R
m
→

R
,
π
T

(y
)

=
arg

m
in
x∈
T ‖
x−

y‖
22 .

It
is

straigh
tforw

ard
to

see
th

at
th

e
op

tim
izer

x
?z

is
g
iven

b
y

x
?z

=
arg

m
in

x∈
T
‖x
−
η −

1
1
z‖

22
=
π
T

(η −
1

1
z )
.

H
en

ce,
th

e
co

m
p
lex

ity
of

com
p
u
tin

g
x
?z

is
d
eterm

in
ed

b
y

th
e

p
ro

jection
op

erator
on

to
T

;
for

sim
p
le

en
o
u
g
h

cases
(e.g.,

2-n
orm

b
a
lls,

h
y
b

ercu
b

es)
th

e
solu

tion
is

an
aly

tically
availab

le,
w

h
ile

fo
r

m
o
re

gen
eral

cases
(e.g.,

sim
p
lex

,
1-n

orm
b
alls)

it
can

b
e

com
p
u
ted

at
relatively

low
co

m
p
u
ta

tion
al

eff
ort,

see
(R

ich
ter,

2012,
S
ection

5.4)
for

a
com

p
reh

en
siv

e
su

rvey.
T

h
e

o
p
tim

izer
µ
?z

a
ccord

in
g

to
L

em
m

a
2

is
g
iven

b
y

µ
?z (B

)
=

∫
B

2 −
A
∗
z
(x

)ν
(d
x

)
∫K

2 −
A
∗
z
(x

)ν
(d
x

)
,

for
all

B
∈
B

(K
).

L
e
m

m
a

4
(L

ip
sch

itz
g
ra

d
ie

n
t)

T
h
e

d
u

a
l

fu
n

ctio
n
F
η

d
efi

n
ed

in
(9)

is
η
2 -stro

n
gly

co
n

-
ca

ve
a
n

d
d
iff

eren
tia

ble.
Its

gra
d
ien

t∇
F
η (z

)
=
−
x
?z
+
A
µ
?z −

η
2 z

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith

L
ip

sch
itz

co
n

sta
n

t
1η
1

+
(∑

Mi=
1
B
i )

2
+
η
2

a
n

d
B

:=
m

ax{|x|
:
x
∈
K
}
.

P
ro

o
f

T
h
e

p
ro

of
follow

s
alon

g
th

e
lin

es
of

(N
esterov

,
2005,

T
h
eorem

1
)

an
d

in
p
articu

lar
b
y

reca
llin

g
th

a
t

th
e

relative
en

trop
y

(in
th

e
fi
rst

argu
m

en
t)

is
stron

gly
con

vex
w

ith
con

v
ex

ity
p
a
ra

m
eter

o
n
e

an
d

P
in

sker’s
in

eq
u
ality,

th
at

say
s

th
at

for
an

y
µ
∈
P

(K
)

w
e

h
ave

‖
µ
−
ν‖

T
V
≤
√

2D (µ||ν )
.

(10)
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S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sfa

h
a
n
i
a
n
d

L
y
g
e
r
o
s

M
oreover,

w
e

u
se

th
e

b
ou

n
d

‖A
‖

=
su

p
λ∈

R
M
,µ∈P
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√
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m
ain

com
p
u
tation

al
d
iffi

cu
lty

of
th

e
p
resen

ted
m

eth
o
d

lies
in

th
e

grad
ien

t
evalu

ation
∇
F
η .

W
e

refer
to

S
ection

5,
for

a
d
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p
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n
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d
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n
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p
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‖x
‖ 2
,

η 1
(ε

)
:=

ε 4
D
,

η 2
(ε

)
:=

εδ
2

2
C

2

N
1
(ε

)
:=

2

(
√
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+

2
C

)

ε

)
(1

3)

N
2
(ε

)
:=

2

( √
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√
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p
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p
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p
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w
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n
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p
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p
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,
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(3).
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o
r
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p
u
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e
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er
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po
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o
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l

d
en
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d
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∑
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w
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e
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e
u

n
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m
o
m

en
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e

po
lyn

o
m
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en
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α
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∈
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=
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∈
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∈

R
M

+
1

a
n

d
A
i,j

=
1

i+
j−

1
a
n

d
fi

n
d
in
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m
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∀
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∀
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a
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p
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d
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p
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p
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m
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p
ro

blem
(17

)
beco

m
es

fea
sible.

M
o
reo

ver,
if

0
∈
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p
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p
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=
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S
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=

5
is

en
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e
p
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fea
sible,

lea
d
in

g
to

th
e

co
n

sta
n

t
C

=
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S
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d
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p
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d
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p
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p
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a
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p
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d
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d
th

a
t
d
(A
µ̂
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b
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e
p
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b
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p
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a
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h
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a
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b
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d
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p
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con
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∆
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p
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w
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en
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im
en
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b
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b
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p
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p
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p
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b
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p
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e
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0
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∆
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∆
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>
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d
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≤
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en
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p
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e

d
efi
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>
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T
h
en
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)
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er
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ti
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A
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th

m
1

p
ro
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u
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e
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p
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m
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so
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n

s
to
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e

p
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n

d
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∑
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k
(ε

)
) i
ν i

∑
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⊂
{1
,2
,.
..
,N
},

(1
8)

w
h
ic

h
sa

ti
sf

y d
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p
ri

m
a
l
ε-

o
p
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√
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p
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≤
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p
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b
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‖
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b
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d
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b
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b
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p
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p
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d
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p
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l.

5
.
G
ra

d
ie
n
t
A
p
p
ro
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p
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d
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io
n

of
th

e
gr

ad
ie

n
t

∇
F
η
(·)

gi
ve

n
in

L
em

m
a

4.
In

p
ar

ti
cu

la
r,

T
h
eo

re
m

5
an

d
C

or
ol

la
ry

9
as

su
m

e
th

at
th

is
gr

ad
ie

n
t

is
k
n
ow

n
ex

ac
tl

y.
W

h
il
e

th
is

is
n
ot

re
st

ri
ct

iv
e

if
,

fo
r

ex
am

p
le

,
K

is
a

fi
n
it

e
se

t,
in

ge
n
er

al
,
∇
F
η
(·)

in
vo

lv
es

an
in

te
gr

at
io

n
th

at
ca

n
on

ly
b

e
co

m
p
u
te

d
ap

p
ro

x
im

a
te

ly
.

In
p
ar

ti
cu

la
r

if
w

e
co

n
si

d
er

a
m

u
lt

i-
d
im

en
si

on
al

se
tt

in
g

(i
.e

.,
K
⊂

R
d
),

th
e

ev
al

u
at

io
n

o
f

th
e

gr
ad

ie
n
t
∇
F
η
(·)

re
p
re

se
n
ts

a
m

u
lt

i-
d
im

en
si

on
al

in
te

gr
at

io
n

p
ro

b
le

m
.

T
h
is

g
iv

es
ri

se
to

th
e

q
u
es

ti
on

of
h
ow

th
e

fa
st

gr
ad

ie
n
t

m
et

h
o
d

(a
n
d

al
so

T
h
eo

re
m

5)
b

eh
av

es
in

a
ca

se
of

in
ex

ac
t

fi
rs

t-
or

d
er

in
fo

rm
at

io
n
.

R
ou

gh
ly

sp
ea

k
in

g,
th

e
fa

st
gr

ad
ie

n
t

m
et

h
o
d

A
lg

or
it

h
m

1,

13
JM

L
R

 2
0(

13
8)

:1
-2

9,
 2

01
9

S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sf
a
h
a
n
i
a
n
d

L
y
g
e
r
o
s

w
h
il
e

b
ei

n
g

m
or

e
effi

ci
en

t
th

an
th

e
cl

as
si

ca
l

gr
ad

ie
n
t

m
et

h
o
d

(i
f

ap
p
li
ca

b
le

),
is

le
ss

ro
b
u
st

w
h
en

d
ea

li
n
g

w
it

h
in

ex
ac

t
gr

ad
ie

n
ts

D
ev

o
ld

er
et

al
.

(2
01

4)
.

T
h
er

ef
or

e,
d
ep

en
d
in

g
o
n

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

th
e

gr
ad

ie
n
t,

on
e

m
ay

co
n
si

d
er

th
e

p
os

si
b
il
it

y
o
f

re
p
la

ci
n
g

A
lg

or
it

h
m

1
w

it
h

a
cl

as
si

ca
l

gr
ad

ie
n
t

m
et

h
o
d
.

A
d
et

ai
le

d
m

at
h
em

at
ic

al
a
n
a
ly

si
s

o
f

th
is

tr
ad

eo
ff

is
a

to
p
ic

of
fu

rt
h
er

re
se

ar
ch

,
an

d
w

e
re

fe
r

th
e

in
te

re
st

ed
re

ad
er

s
to

D
ev

o
ld

er
et

a
l.

(2
01

4)
fo

r
fu

rt
h
er

d
et

ai
ls

in
th

is
re

ga
rd

.

In
th

is
se

ct
io

n
w

e
d
is

cu
ss

tw
o

n
u
m

er
ic

al
m

et
h
o
d
s

to
ap

p
ro

x
im

a
te

th
is

g
ra

d
ie

n
t.

N
o
te

th
at

in
L

em
m

a
4,

gi
v
en

th
at
T

is
si

m
p
le

en
ou

gh
th

e
op

ti
m

iz
er
x
? z

is
an

al
y
ti

ca
ll
y

av
a
il
a
b
le

,
so

w
h
at

re
m

ai
n
s

is
to

co
m

p
u
te
A
µ
? z
,

th
at

ac
co

rd
in

g
to

L
em

m
a

2
is

gi
ve

n
b
y

(A
µ
? z
) i

=

∫ K
x
i 2
−
A
∗ z

(x
) ν

(d
x

)
∫ K

2
−
A
∗ z

(x
) ν

(d
x

)
fo

r
al

l
i

=
1,
..
.,
M
.

(2
1
)

S
e
m

id
e
fi

n
it

e
p

ro
g
ra

m
m

in
g
.

D
u
e

to
th

e
sp

ec
ifi

c
st

ru
ct

u
re

of
th

e
co

n
si

d
er

ed
p
ro

b
-

le
m

,
(2

1)
re

p
re

se
n
ts

an
in

te
gr

at
io

n
of

ex
p

on
en

ti
al

s
of

p
ol

y
n
om

ia
ls

fo
r

w
h
ic

h
a
n

effi
ci

en
t

ap
p
ro

x
im

at
io

n
in

te
rm

s
of

tw
o

si
n
gl

e
se

m
id

efi
n
it

e
p
ro

gr
am

s
(S

D
P

s)
in

vo
lv

in
g

tw
o

li
n
ea

r
m

at
ri

x
in

eq
u
al

it
ie

s
h
as

b
ee

n
d
er

iv
ed

,
w

h
er

e
th

e
d
es

ir
ed

ac
cu

ra
cy

is
co

n
tr

ol
le

d
b
y

th
e

si
ze

of
th

e
li
n
ea

r
m

at
ri

x
in

eq
u
al

it
ie

s
co

n
st

ra
in

ts
,

se
e

B
er

ts
im

as
et

al
.

(2
00

8)
;

L
as

se
rr

e
(2

0
0
9
)

fo
r

a
co

m
p
re

h
en

si
ve

st
u
d
y

an
d

fo
r

th
e

co
n
st

ru
ct

io
n

of
th

os
e

S
D

P
s.

W
h
il
e

th
e

m
en

ti
o
n
ed

h
ie

r-
ar

ch
y

of
S
D

P
s

p
ro

v
id

es
a

ce
rt

ifi
ca

te
of

op
ti

m
al

it
y

(h
at

is
ea

sy
to

ev
al

u
at

e
a
n
d

a
sy

m
p
to

ti
c

co
n
ve

rg
en

ce
(i

n
th

e
si

ze
of

th
e

S
D

P
s)

,
a

co
n
ve

rg
en

ce
ra

te
th

at
ex

p
li
ci

tl
y

q
u
a
n
ti

fi
es

th
e

si
ze

of
th

e
S
D

P
s

re
q
u
ir

ed
fo

r
a

d
es

ir
ed

ac
cu

ra
cy

is
u
n
k
n
ow

n
.

In
p
ra

ct
ic

e,
th

e
h
ie

ra
rc

h
y

o
ft

en
co

n
ve

rg
es

in
fe

w
it

er
at

io
n

st
ep

s,
w

h
ic

h
h
ow

ev
er

,
d
ep

en
d
s

on
th

e
p
ro

b
le

m
a
n
d

is
n
o
t

k
n
ow

n
a

p
ri

or
i.

Q
u

a
si

-M
o
n
te

C
a
rl

o
.

T
h
e

m
os

t
p

op
u
la

r
m

et
h
o
d
s

fo
r

in
te

gr
at

io
n

p
ro

b
le

m
s

o
f

th
e

fr
o
m

(2
1)

ar
e

M
on

te
C

ar
o

(M
C

)
sc

h
em

es
,

se
e

R
ob

er
t

a
n
d

C
as

el
la

(2
00

4)
fo

r
a

co
m

p
re

h
en

si
ve

su
m

m
ar

y.
T

h
e

m
ai

n
ad

va
n
ta

ge
of

M
C

m
et

h
o
d
s

is
th

a
t

th
e

ro
ot

-m
ea

n
-s

q
u
a
re

er
ro

r
o
f

th
e

ap
p
ro

x
im

at
io

n
co

n
ve

rg
es

to
0

w
it

h
a

ra
te

of
O

(N
−
1
/
2
)

th
at

is
in

d
ep

en
d
en

t
of

th
e

d
im

en
si

o
n
,

w
h
er

e
N

ar
e

th
e

n
u
m

b
er

of
sa

m
p
le

s
u
se

d
.

In
p
ra

ct
is

e,
th

is
co

n
ve

rg
en

ce
of

te
n

is
to

o
sl

ow
.

U
n
d
er

m
il
d

as
su

m
p
ti

on
s

on
th

e
in

te
gr

an
d
,

th
e

M
C

m
et

h
o
d
s

ca
n

b
e

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
d

w
it

h
a

m
or

e
re

ce
n
t

te
ch

n
iq

u
e

k
n
ow

n
as

Q
u
as

i-
M

on
te

C
ar

lo
(Q

M
C

)
m

et
h
o
d
s.

Q
M

C
m

et
h
o
d
s

ca
n

re
ac

h
a

co
n
ve

rg
en

ce
ra

te
ar

b
it

ra
ri

ly
cl

os
e

to
O

(N
−
1
)

w
it

h
a

co
n
st

an
t

n
o
t

d
ep

en
d
in

g
o
n

th
e

d
im

en
si

on
of

th
e

p
ro

b
le

m
.

W
e

w
ou

ld
li
ke

to
re

fe
r

th
e

re
ad

er
to

D
ic

k
et

al
.

(2
0
1
3
);

S
lo

a
n

an
d

W
oź

n
ia

k
ow

sk
i

(1
99

8)
;

K
u
o

an
d

S
lo

an
(2

00
5)

;
N

ie
d
er

re
it

er
(2

01
0)

;
T

h
él

y
(2

0
1
7
)

fo
r

a
d
et

ai
le

d
d
is

cu
ss

io
n

ab
ou

t
th

e
th

eo
ry

o
f

Q
M

C
m

et
h
o
d
s.

R
e
m

a
rk

1
0

(C
o
m

p
u

ta
ti

o
n

a
l

st
a
b

il
it

y
)

T
h
e

ev
a
lu

a
ti

o
n

o
f

th
e

gr
a
d
ie

n
t

in
L

em
m

a
4

in
-

vo
lv

es
th

e
te

rm
A
µ
? z
,

w
h
er

e
µ
? z

is
th

e
o
p
ti

m
iz

er
o
f

th
e

se
co

n
d

te
rm

in
(9

).
B

y
in

vo
ki

n
g

L
em

m
a

2
a
n

d
th

e
d
efi

n
it

io
n

o
f

th
e

o
pe

ra
to

r
A

,
th

e
gr

a
d
ie

n
t

ev
a
lu

a
ti

o
n

re
d
u

ce
s

to

(A
µ
? z
) i

=

∫ K
x
i 2
−
∑
M j
=
1
z j
x
j

d
x

∫ K
2−

∑
M j
=
1
z j
x
j
d
x

fo
r
i

=
1,
..
.,
M
.

(2
2
)

N
o
te

th
a
t

a
st

ra
ig

h
tf

o
rw

a
rd

co
m

p
u

ta
ti

o
n

o
f

th
e

gr
a
d
ie

n
t

vi
a

(2
2)

is
n

u
m

er
ic

a
ll

y
d
iffi

cu
lt

.
T

o
a
ll

ev
ia

te
th

is
d
iffi

cu
lt

y,
w

e
fo

ll
o
w

th
e

su
gg

es
ti

o
n

o
f

(N
es

te
ro

v,
2
0
0
5
,

p
.

1
4
8
)

w
h
ic

h
w

e
br

ie
fl

y
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L
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8)
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

ela
bo

ra
te

h
ere.

C
o
n

sid
er

th
e

fu
n

ctio
n

s
f

(z
,x

)
:=
−
∑

Mj=
1
z
j x
j,
f̄

(z
)

:=
m

ax
x∈

K
f

(z
,x

)
a
n

d

g
(z
,x

)
:=

f
(z
,x

)−
f̄

(z
).

N
o
te,

th
a
t
g
(z
,x

)≥
0

fo
r

a
ll

(z
,x

)∈
R
M
×
R

.
O

n
e

ca
n

sh
o
w

th
a
t

(A
µ
?z )
i

=

∫K
2
g
(z
,x
)
∂∂z
i g

(z
,x

)d
x

∫K
2
g
(z
,x
)d
x

+
∂∂
z
i f̄

(z
)

fo
r
i

=
1,...,M

,

w
h
ich

ca
n

be
co

m
p
u

ted
w

ith
sign

ifi
ca

n
tly

sm
a
ller

n
u

m
erica

l
erro

r
th

a
n

(22)
a
s

th
e

n
u

m
erica

l
expo

n
en

t
a
re

a
lw

a
ys

n
ega

tive,
lea

d
in

g
to

va
lu

es
a
lw

a
ys

bein
g

sm
a
ller

th
a
n

1
.

6
.
Z
e
ro

-in
fo
rm

a
tio

n
m
o
m
e
n
t
clo

su
re

m
e
th

o
d

In
ch

em
istry,

p
h
y
sics,

sy
stem

s
b
iology

an
d

related
fi
eld

s,
sto

ch
astic

ch
em

ical
reactio

n
s

are
d
escrib

ed
b
y

th
e

ch
em

ica
l

m
a
ster

equ
a
tio

n
(C

M
E

),
th

at
is

a
sp

ecial
case

of
th

e
C

h
ap

m
an

-
K

o
lm

o
g
o
rov

eq
u
ation

as
ap

p
lied

to
M

arkov
p
ro

cesses
van

K
am

p
en

(1981);
W

ilk
in

son
(2006).

T
h
ese

eq
u
a
tio

n
s

are
u
su

ally
in

fi
n
ite-d

im
en

sio
n
al

an
d

an
aly

tical
solu

tion
s

are
gen

erally
im

-
p

o
ssib

le.
H

en
ce,

eff
ort

h
as

b
een

d
irected

tow
a
rd

d
evelop

in
g

of
a

variety
o
f
n
u
m

erical
sch

em
es

fo
r

effi
cien

t
a
p
p
rox

im
ation

of
th

e
C

M
E

,
su

ch
as

sto
ch

astic
sim

u
lation

tech
n
iq

u
es

(S
S
A

)
G

ille-
sp

ie
(1

9
7
6
).

In
p
ractical

cases,
on

e
is

often
in

terested
in

th
e

fi
rst

few
m

om
en

ts
o
f

th
e

n
u
m

-
b

er
o
f

m
o
lecu

les
in

v
olved

in
th

e
ch

em
ical

reaction
s.

T
h
is

m
otivated

th
e

d
evelop

m
en

t
of

a
p
p
rox

im
a
tio

n
m

eth
o
d
s

to
th

ose
low

-ord
er

m
o
m

en
ts

w
ith

ou
t

h
av

in
g

to
solv

e
th

e
u
n
d
erly

in
g

in
fi
n
ite-d

im
en

sion
al

C
M

E
.
O

n
e

su
ch

ap
p
rox

im
a
tion

m
eth

o
d

is
th

e
so-called

m
o
m

en
t

clo
su

re
m

eth
od

G
illesp

ie
(2009),

th
at

b
riefl

y
d
escrib

ed
w

ork
s

as
follow

s:
F

irst
th

e
C

M
E

is
recast

in
term

s
o
f

m
o
m

en
ts

as
a

lin
ear

O
D

E
of

th
e

form

dd
t µ

(t)
=
A
µ

(t)
+
B
ζ
(t)

,
(23)

w
h
ere

µ
(t)

d
en

otes
th

e
m

om
en

ts
u
p

to
ord

er
M

at
tim

e
t

an
d
ζ
(t)

is
an

in
fi
n
ite

vector
d
escrib

in
g

th
e

con
tain

s
m

om
en

ts
of

ord
er
M

+
1

or
h
igh

er.
In

gen
eral

ζ
can

b
e

a
n

in
fi
n
ite

vecto
r,

b
u
t

fo
r

m
ost

of
th

e
stan

d
ard

ch
em

ical
reaction

s
con

sid
ered

in
,

e.g.,
sy

stem
s

b
iology

it
tu

rn
s

ou
t

th
a
t

on
ly

a
fi
n
ite

n
u
m

b
er

of
h
igh

er
ord

er
m

o
m

en
ts

aff
ect

th
e

evolu
tion

of
th

e
fi
rst

M
m

o
m

en
ts.

In
d
eed

,
if

th
e

ch
em

ical
sy

stem
in

volv
es

on
ly

th
e

so-called
zeroth

an
d

fi
rst

o
rd

er
rea

ctio
n
s

th
e

vector
ζ

h
as

d
im

en
sion

zero
(red

u
ces

to
a

co
n
stan

t
affi

n
e

term
),

w
h
ereas

if
th

e
sy

stem
a
lso

in
volves

secon
d

ord
er

reaction
s

th
en

ζ
also

con
tain

s
som

e
m

om
en

ts
of

o
rd

er
M

+
1

o
n
ly.

It
is

w
id

ely
sp

ecu
lated

th
at

reaction
s

u
p

to
secon

d
o
rd

er
are

su
ffi

cien
t

to
rea

listica
lly

m
o
d
el

m
ost

sy
stem

s
of

in
terest

in
ch

em
istry

an
d

b
iology

G
illesp

ie
(2007);

G
illesp

ie
et

al.
(2013).

T
h
e

m
atrix

A
an

d
th

e
lin

ear
op

erator
B

(th
at

m
ay

p
oten

tially
b

e
in

fi
n
ite-d

im
en

sion
al)

can
b

e
fou

n
d

an
aly

tically
from

th
e

C
M

E
.

T
h
e

O
D

E
(23),

h
ow

ever,
is

in
tra

cta
b
le

d
u
e

to
its

h
igh

er
ord

er
m

om
en

ts
d
ep

en
d
en

ce.
T

h
e

a
p
p
rox

im
ation

step
is

in
tro

d
u
ced

b
y

a
so-called

closu
re

fu
n
ctionζ

=
ϕ

(µ
)
,

w
h
ere

th
e

h
ig

h
er-ord

er
m

om
en

ts
are

ap
p
rox

im
ated

as
a

fu
n
ction

of
th

e
low

er-o
d
er

m
om

en
ts,

see
S
in

g
h

a
n
d

H
esp

an
h
a

(2006,
2007).

A
closu

re
fu

n
ction

th
at

h
as

recen
tly

attra
cted

in
terest

is
k
n
ow

n
a
s

th
e

zero
-in

fo
rm

a
tio

n
closu

re
fu

n
ction

(of
ord

er
M

)
S
m

a
d
b

eck
an

d
K

azn
essis

(2
0
1
3
),

a
n
d

is
g
iven

b
y

(ϕ
(µ

))
i

=
〈p
?µ
,x

M
+
i 〉
,

for
i

=
1,2

,...
,

(24)
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S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sfa

h
a
n
i
a
n
d

L
y
g
e
r
o
s

w
h
ere

p
?µ

d
en

otes
th

e
m

ax
im

izer
to

th
e

p
rob

lem
(4),

w
h
ere

T
=
×
Mi=

1 {〈µ
,x

i 〉−
u

:
u
∈
U
i }

,
w

h
ere
U
i

=
[−
κ
,κ

]⊂
R

for
all

i
a
n
d

for
a

giv
en

κ
>

0,
th

at
acts

as
a

regu
larizer,

in
th

e
sen

se
of

A
ssu

m
p
tion

1.
T

h
is

ap
p
rox

im
ation

red
u
ces

th
e

in
fi
n
ite-d

im
en

sion
al

O
D

E
(2

3)
to

a
fi
n
ite-d

im
en

sion
al

O
D

E
dd
t µ

(t)
=
A
µ

(t)
+
B
ϕ

(µ
(t))

.
(25)

T
o

n
u
m

erically
solve

(25)
it

is
cru

cial
to

h
ave

an
effi

cien
t

evalu
ation

of
th

e
closu

re
fu

n
c-

tion
ϕ

.
In

th
e

zero-in
form

ation
closu

re
sch

em
e

th
is

is
given

b
y

to
th

e
en

trop
y

m
ax

im
ization

p
rob

lem
(4)

an
d

as
su

ch
can

b
e

ad
d
ressed

u
sin

g
A

lgorith
m

1.
T

o
illu

strate
th

is
p

oin
t,

w
e

con
sid

er
a

reversib
le

d
im

erisation
reaction

w
h
ere

tw
o

m
on

om
ers

(M
)

com
b
in

e
in

a
secon

d
-ord

er
m

on
om

olecu
lar

reaction
to

form
a

d
im

er
(D

);
th

e
reverse

reaction
is

fi
rst

ord
er

an
d

in
volves

th
e

d
ecom

p
osition

of
th

e
d
im

er
in

to
th

e
tw

o
m

on
om

ers.
T

h
is

giv
es

rise
to

th
e

ch
em

ical
reaction

sy
stem

2M
k
1
−→
D

D
k
2
−→

2M
,

(26)

w
ith

reaction
rate

con
stan

ts
k
1 ,k

2
>

0.
N

ote
th

at
th

e
sy

stem
as

d
escrib

ed
h
as

a
sin

gle
d
egree

of
freed

om
sin

ce
M

=
2D

0 −
2D

+
M

0 ,
W

h
ere
M

d
en

otes
th

e
cou

n
t

of
th

e
m

on
om

ers,D
th

e
cou

n
t

of
d
im

ers,
an

d
M

0
an

d
D

0
th

e
corresp

on
d
in

g
in

itial
con

d
itio

n
s.

T
h
erefore,

th
e

m
atrices

can
b

e
red

u
ced

to
in

clu
d
e

on
ly

th
e

m
om

en
ts

o
f

on
e

com
p

on
en

t
as

a
sim

p
lifi

cation
an

d
as

su
ch

th
e

zero-in
form

ation
closu

re
fu

n
ction

(24)
con

sists
of

solv
in

g
a

on
e-d

im
en

sion
al

en
trop

y
m

ax
im

ization
p
rob

lem
su

ch
a
s

given
b
y

(4),
w

h
ere

th
e

su
p
p

ort
are

th
e

n
atu

ral
n
u
m

b
ers

(u
p
p

er
b

ou
n
d
ed

b
y
M

0
+
D

0
an

d
h
en

ce
com

p
act).

F
or

illu
strative

p
u
rp

oses,
let

u
s

lo
ok

at
a

secon
d

ord
er

closu
re

sch
em

e,
w

h
ere

th
e

corresp
on

d
in

g
m

om
en

t
vectors

are
d
efi

n
ed

as
µ

=
(1,〈M

〉,〈M
2〉) >

∈
R
3

an
d
ζ

=
〈M

3〉∈
R

an
d

th
e

corresp
on

d
in

g
m

atrices
are

given
b
y

A
=


0

0
0

k
2 S

0
2
k
1 −

k
2

−
2k

1

2
k
2 S

0
2
k
2 (S

0 −
1)−

4k
1

8k
1 −

2
k
2 

,
B

=


00
−

4
k
1 

,

w
h
ere

S
0

=
M

0
+

2D
0 .

T
h
e

sim
u
lation

resu
lts,

F
igu

re
2,

sh
ow

th
e

tim
e

tra
jectory

for
th

e
average

an
d

th
e

secon
d

m
om

en
t

of
th

e
n
u
m

b
er

ofM
m

o
lecu

les
in

th
e

reversib
le

d
im

erization
m

o
d
el

(26),
as

calcu
lated

for
th

e
zero

in
form

ation
clo

su
re

(25)
u
sin

g
A

lgorith
m

1,
fo

r
a

secon
d
-ord

er
closu

re
as

w
ell

as
a

th
ird

-o
rd

er
closu

re.
T

o
solv

e
th

e
O

D
E

(25)
w

e
u
se

an
ex

p
licit

R
u
n
ge-K

u
tta

(4,5)
form

u
la

(o
d
e45)

b
u
ilt

in
to

M
A

T
L

A
B

.
T

h
e

resu
lts

are
com

p
ared

to
th

e
average

of
10

6
S
S
A

W
ilk

in
son

(200
6)

tra
jectories.

It
can

b
e

seen
h
ow

in
creasin

g
th

e
ord

er
of

th
e

closu
re

m
eth

o
d

im
p
roves

th
e

ap
p
rox

im
ation

accu
racy.

7
.
A
p
p
ro
x
im

a
te

d
y
n
a
m
ic

p
ro

g
ra

m
m
in
g
fo
r
co

n
stra

in
e
d
M

a
rk

o
v
d
e
cisio

n
p
ro

ce
sse

s

In
th

is
section

,
w

e
sh

ow
th

at
p
rob

lem
(3)

n
atu

rally
ap

p
ears

in
th

e
con

tex
t

of
ap

p
rox

i-
m

ate
d
y
n
am

ic
p
rogram

m
in

g,
w

h
ich

is
at

th
e

h
eart

of
rein

forcem
en

t
learn

in
g

(see
B

ertsekas
an

d
T

sitsik
lis

(1996);
B

ertsekas
(1995);

R
ech

t
(2018)

a
n
d

referen
ces

th
erein

).
W

e
con

sid
er
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

0
1

2
3

4
5

02468

1
0

ti
m
e

〈M〉
K

=
1
,
m
a
x
E
n
t

K
=

1
,
S
S
A

K
=

1
0
,
m
a
x
E
n
t

K
=

1
0
,
S
S
A

(a
)
se
co
n
d
-o
rd
er

m
o
m
en
t
cl
o
su
re

0
1

2
3

4
5

02468

1
0

ti
m
e

〈M〉

K
=

1
,
m
a
x
E
n
t

K
=

1
,
S
S
A

K
=

1
0
,
m
a
x
E
n
t

K
=

1
0
,
S
S
A

(b
)
th
ir
d
-o
rd
er

m
o
m
en
t
cl
o
su
re

0
1

2
3

4
5

1
0
1

1
0
2

ti
m
e

〈M2〉

K
=

1
,
m
a
x
E
n
t

K
=

1
,
S
S
A

K
=

1
0
,
m
a
x
E
n
t

K
=

1
0
,
S
S
A

(c
)
se
co
n
d
-o
rd
er

m
o
m
en
t
cl
o
su
re

0
1

2
3

4
5

1
0
1

1
0
2

ti
m
e

〈M2〉

K
=

1
,
m
a
x
E
n
t

K
=

1
,
S
S
A

K
=

1
0
,
m
a
x
E
n
t

K
=

1
0
,
S
S
A

(d
)
th
ir
d
-o
rd
er

m
o
m
en
t
cl
o
su
re

F
ig

u
re

2:
R

ev
er

si
b
le

d
im

er
iz

at
io

n
sy

st
em

(2
6)

w
it

h
re

ac
ti

on
co

n
st

an
ts
K

=
k
2 /
k
1
:

C
om

p
ar

i-
so

n
of

th
e

ze
ro

-i
n
fo

rm
at

io
n

m
om

en
t

cl
os

u
re

m
et

h
o
d

(2
5)

,
so

lv
ed

u
si

n
g

A
lg

or
it

h
m

1
an

d
th

e
av

er
ag

e
of

10
6

S
S
A

tr
a

je
ct

or
ie

s.
T

h
e

in
it

ia
l

co
n
d
it

io
n
s

ar
e
M

0
=

10
an

d
D 0

=
0

an
d

th
e

re
gu

la
ri

za
ti

on
te

rm
κ

=
0.

01
.

co
n
st

ra
in

ed
M

ar
ko

v
d
ec

is
io

n
p
ro

ce
ss

es
(M

D
P

s)
th

at
fo

rm
an

im
p

or
ta

n
t

cl
as

s
of

st
o
ch

as
ti

c
co

n
tr

ol
p
ro

b
le

m
s

w
it

h
ap

p
li
ca

ti
on

s
in

m
an

y
ar

ea
s;

se
e

P
iu

n
ov

sk
iy

(1
9
97

);
A

lt
m

an
(1

99
9)

an
d

th
e

co
m

p
re

h
en

si
ve

b
ib

li
og

ra
p
h
y

th
er

ei
n
.

A
lo

o
k

at
th

es
e

re
fe

re
n
ce

s
sh

ow
s

th
at

m
os

t
of

th
e

li
te

ra
tu

re
co

n
ce

rn
s

co
n
st

ra
in

ed
M

D
P

s
w

h
er

e
th

e
st

at
e

an
d

ac
ti

on
sp

ac
es

ar
e

ei
th

er
fi
n
it

e
or

co
u
n
ta

b
le

.
In

sp
ir

ed
b
y

th
e

re
ce

n
t

w
or

k
M

oh
a
je

ri
n

E
sf

ah
an

i
et

al
.

(2
01

8)
,

w
e

sh
ow

h
er

e
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0(
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8)

:1
-2

9,
 2

01
9

S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sf
a
h
a
n
i
a
n
d

L
y
g
e
r
o
s

th
at

th
e

en
tr

op
y

m
ax

im
iz

at
io

n
p
ro

b
le

m
(3

)
is

a
ke

y
el

em
en

t
to

ap
p
ro

x
im

a
te

co
n
st

ra
in

ed
M

D
P

s
on

ge
n
er

al
,

p
os

si
b
ly

u
n
co

u
n
ta

b
le

,
st

at
e

an
d

ac
ti

on
sp

ac
es

.

7
.1

.
C

o
n

st
ra

in
e
d

M
D

P
p

ro
b

le
m

fo
rm

u
la

ti
o
n

C
on

si
d
er

a
d
is

cr
et

e-
ti

m
e

co
n
st

ra
in

ed
M

D
P
( S
,A
,{
A

(s
)

:
s
∈
S
},
Q
,c
,d
,κ
) ,

w
h
er

e
S

(r
es

p
.

A
)

is
a

m
et

ri
c

sp
ac

e
ca

ll
ed

st
a
te

sp
a
ce

(r
es

p
.

a
ct

io
n

sp
a
ce

)
an

d
fo

r
ea

ch
s
∈
S

th
e

m
ea

su
ra

b
le

se
t
A

(s
)
⊆
A

d
en

ot
es
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e

se
t

of
fe

a
si

bl
e

a
ct

io
n

s
w

h
en

th
e

sy
st

em
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in
st

a
te
s
∈
S

.
T

h
e

tr
a
n

si
ti

o
n

la
w

is
a

st
o
ch

as
ti

c
ke

rn
el
Q

on
S

gi
ve

n
th

e
fe

as
ib

le
st

at
e-

ac
ti

on
p
a
ir

s
in

K
:=

{(
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)

:
s
∈
S
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∈
A

(s
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.
A

st
o
ch

as
ti

c
ke

rn
el

ac
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re

a
l-
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lu

ed
m

ea
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b
le

fu
n
ct
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n
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u
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e
le
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Q
u

(s
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∫ S
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fo
r
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l
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∈

K
,

an
d

o
n

p
ro

b
a
b
il
it

y
m

ea
su

re
s
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K

fr
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e

ri
gh

t
as
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:=
∫ K

Q
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a
)µ
( d

(s
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))
,

fo
r

al
l
B
∈
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S

).
T

h
e

(m
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su
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b
le

)
fu

n
ct
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n
c
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d
en

ot
es
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e
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al
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b
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)
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n
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ra
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b
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d
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∈
R
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d
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h
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∈
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∈
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ra
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b
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d
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p
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b
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∈
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d
efi

n
e

J
ψ

(π
,ν

)
:=

li
m

su
p

n
→
∞

1 n
E
π ν

(
n
−
1
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at
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∈
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∈
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re
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es
p

on
d
in

g
d
u
a
l

J
? P

:=

        

in
f
µ

〈 µ
,c
〉

s.
t.

µ
(B
×
A

)
=
µ
Q

(B
)
∀B
∈
B(
S

)
〈 µ
,d
〉 ≤

κ
µ
∈
P

(K
),

(2
8
a)

J
? D

:=

        

su
p

u
,ρ
,γ

ρ
−
γ
>
κ

s.
t.

ρ
+
u

(x
)
−
Q
u

(x
,a

)
≤
c(
x
,a

)
+
γ
>
d
(x
,a

)
∀(
x
,a

)
∈
K

〈 µ
,d
〉 ≤

κ
u
∈,
ρ
∈
R
,γ
∈
R
q +
.

(2
8
b
)

4
.
W
e
re
fe
r
th
e
in
te
re
st
ed

re
a
d
er

to
M
o
h
a
je
ri
n
E
sf
a
h
a
n
i
et

a
l.
(2
0
1
8
)
fo
r
ex
te
n
si
o
n
to

th
e
d
is
co
u
n
te
d
co
st
.
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

T
h
e

fo
llow

in
g

regu
larity

assu
m

p
tion

is
req

u
ired

in
ord

er
to

en
su

re
th

at
th

e
solu

tio
n
s

are
w

ell
p

o
sed

a
n
d

th
at

eq
u
ivalen

ce
b

etw
een

(27)
an

d
th

e
L

P
s

(28a),
(28b

)
h
old

s.

A
ssu

m
p

tio
n

3
(C

o
n
tro

l
m

o
d

e
l)

W
e

stip
u

la
te

th
a
t

(i)
th

e
set

o
f

fea
sible

sta
te-a

ctio
n

pa
irs

is
th

e
u

n
it

h
ypercu

be
K

=
[0,1] d

im
(S×

A
);

(ii)
th

e
tra

n
sitio

n
la

w
Q

is
L

ip
sch

itz
co

n
tin

u
o
u

s,
i.e.,

th
ere

exists
L
Q
>

0
su

ch
th

a
t

fo
r

a
ll

k
,k ′∈

K
a
n

d
a
ll

co
n

tin
u

o
u

s
fu

n
ctio

n
s
u

|Q
u

(k
)−

Q
u

(k ′)|≤
L
Q ‖
u‖∞
‖k−

k ′‖
`∞

;

(iii)
th

e
co

st
fu

n
ctio

n
c

is
n

o
n

-n
ega

tive
a
n

d
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n
K

a
n

d
d

is
co

n
tin

u
o
u

s
o
n
K

.

U
n
d
er

th
is

a
ssu

m
p
tion

,
stron

g
d
u
ality

b
etw

een
th

e
lin

ear
p
rogram

s
(28a)

an
d

(28b
)

h
old

s
(i.e.,

th
e

su
p
rem

u
m

an
d

in
fi
m

u
m

are
attain

ed
an

d
J
?P

=
J
?D

).
M

oreover,
th

e
L

P
form

u
lation

is
eq

u
iva

len
t

to
th

e
origin

al
p
rob

lem
(27)

in
th

e
sen

se
th

at
J
?

=
J
?P

=
J
?D

,
see

(H
ern

án
d
ez-

L
erm

a
et

a
l.,

2
0
03,

T
h
eorem

5.2).
F

in
d
in

g
ex

act
solu

tion
s

to
eith

er
(28a)

or
(28b

)
gen

erally
is

im
p

ossib
le

as
th

e
lin

ear
p
ro

g
ra

m
s

a
re

in
fi
n
ite

d
im

en
sion

al.
T

h
is

ch
allen

ge
h
a
s

g
iv

en
rise

to
a

w
ea

lth
of

ap
p
rox

im
ation

sch
em

es
in

th
e

literatu
re

u
n
d
er

th
e

n
am

es
of

ap
p
rox

im
ate

d
y
n
am

ic
p
rogram

m
in

g.
T

y
p
ically,

o
n
e

restricts
d
ecision

sp
ace

in
(28b

)
to

a
fi
n
ite

d
im

en
sion

al
su

b
sp

ace
sp

an
n
ed

b
y

b
asis

fu
n
ctio

n
s
{
u
i }
ni=

1
⊂
L

(S
)

d
en

oted
b
y
U
n

:=
{ ∑

ni=
1
α
i u
i

:
‖α‖

2
≤
θ}

.
M

otiva
ted

b
y

d
e

F
aria

s
a
n
d

R
oy

(2004);
M

oh
a

jerin
E

sfah
an

i
et

al.
(201

8)
w

e
th

en
ap

p
rox

im
ate

th
e

solu
tion

J
?

b
y

J
?P
,n

:=



in
fµ

〈µ
,c 〉

+
θ‖T

n
µ
−
e‖

2

s.t.
〈µ
,d 〉≤

κ
µ
∈
P

(K
),

(29)

w
h
ere

th
e

o
p

eratorT
n

:P
(K

)→
R
n
+
1

is
d
efi

n
ed

as
(T
n
µ

)
1

=
−

1,(T
n
µ

)
i+

1
=
〈Q
u
i −

u
i ,µ 〉,

i
=

1,...,n
a
n
d
e

:=
(−

1
,0
,...,0)∈

R
n
+
1.

T
h
e

op
tim

ization
p
rob

lem
(29)

can
b

e
solved

w
ith

a
n

a
ccelerated

fi
rst-ord

er
m

eth
o
d

p
rov

id
ed

b
y

A
lgorith

m
2,

stated
b

elow
,

w
h
ere

each
itera

tio
n

step
in

volves
solv

in
g

a
p
rob

lem
an

en
trop

y
m

ax
im

ization
p
rob

lem
of

th
e

form
(3).

W
e

d
efi

n
e

c
α
,ζ

:=
1ζ

(c−
α
0

+
n
∑i=

1

α
i (Q

u
i −

u
i )),

Y
:=
{µ
∈
P

(K
)

:
〈µ
,d 〉≤

κ},

T
(q,α

)
:=

(α
−
q)

m
in{1

,θ‖
q−

α‖ −
1

2
}
,

y
?ζ (α

)
:=

a
rg

m
in

y∈Y

{
D (y||λ )

+
〈y
,c
α
,ζ 〉}

.
(30)

S
tep

s
2

a
n
d

3
of

A
lgorith

m
2

are
sim

p
le

arith
m

etic
op

eration
s.

S
tep

1
relies

on
th

e
so

lu
tio

n
to

th
e

op
tim

ization
p
rob

lem
(30)

th
at

can
b

e
red

u
ced

to
(3).

T
o

see
th

is,
n
ote

th
at

th
e

a
d
d
itio

n
al

lin
ear

term
in

th
e

ob
jective

fu
n
ction

can
b

e
d
irectly

in
teg

rated
in

to
th

e
a
n
a
ly

sis
o
f

S
ection

3.
W

e
p
rov

id
e

th
e

ex
p
licit

con
stru

ction
in

S
ection

7.2
for

an
in

ven
tory

m
a
n
a
g
em

en
t

sy
stem

.
W

e
are

in
terested

in
estab

lish
in

g
b

ou
n
d
s

on
th

e
q
u
ality

o
f

th
e

ap
-

p
rox

im
a
te

solu
tion

J
(k
)

n
,ζ

ob
tain

ed
b
y

A
lg

orith
m

2.
T

h
e

resu
lts

of
(M

oh
a

jerin
E

sfah
an

i
et

al.,
2
0
1
8
,

T
h
eo

rem
3.3

an
d

5.3)
allow

u
s

to
ob

tain
th

e
follow

in
g

b
ou

n
d
.

1
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S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sfa

h
a
n
i
a
n
d

L
y
g
e
r
o
s

A
lg

o
rith

m
2
:

A
p
p
rox

im
ate

d
y
n
am

ic
p
rogram

m
in

g
sch

em
e

In
p

u
t:
n
,k
∈
N

,
ζ
,θ
>

0,
an

d
w

(0
)∈

R
n
+
1

su
ch

th
at‖w

(0
)‖

2 ≤
θ

F
o
r

0
≤
`≤

k
d

o
S

te
p

1
:

D
efi

n
e
r
(`)

:=
ζ4
n

(e−
T
n

y
?ζ (w

(`)))

S
te

p
2
:

L
et
z
(`)

:=
T
(∑

`j=
0
j+

1
2
r
(j),0 )

an
d
β
(`)

=
T
(r

(`),w
(`) )

S
te

p
3
:

S
et
w

(`+
1
)

=
2
`+

3 z
(`)

+
`+

1
`+

3 β
(`)

O
u

tp
u

t:
J
(k
)

n
,ζ

:=
〈c,ŷ

ζ 〉
+
θ‖T

n
ŷ
ζ −

e‖
2

w
ith

ŷ
ζ

:=
∑

kj=
0

2
(j+

1
)

(k
+
1
)(k

+
2
)

y
?ζ (w

(j))

T
h

e
o
re

m
1
1

(A
p

p
ro

x
im

a
tio

n
e
rro

r)
U

n
d
er

A
ssu

m
p
tio

n
3
,

A
lgo

rith
m

2
p
ro

vid
es

a
n

a
p
p
ro

xim
a
tio

n
to

(27)
w

ith
th

e
fo

llo
w

in
g

erro
r

bo
u

n
d

|J
(k
)

n
,ζ −

J
?|≤

(1
+

m
ax{L

Q
,1}

)‖
u
?−

Π
U
n
(u
?)‖

L
+

(
4n

2θ

k
2ζ

+
d
im

(K
)ζ

m
ax{

log
(β
/ζ

)
,1} )

,

w
h
ere

β
:=

e
d
im

(K
) (θ √

n
(m

ax{
L
Q
,1}

+
1)

+
‖
c‖
L

).

N
ote

th
at

th
e

b
ou

n
d

d
ep

en
d
s

on
th

e
p
ro

jection
resid

u
al‖

u
?−

Π
U
n
(u
?)‖

L
,

w
h
ere

th
e

p
ro

jection
m

ap
p
in

g
is

d
efi

n
ed

as
Π

U
n
(u
?)

:=
arg

m
in
u∈

U
n ‖
u
?−

u‖
2 ,

th
e

p
aram

eters
of

th
e

p
rob

lem
(n

otab
ly

th
e

d
im

en
sion

s
of

th
e

state
an

d
a
ction

sp
aces,

th
e

stage
cost,

an
d

th
e

L
ip

sch
itz

con
stan

t
of

th
e

kern
el
L
Q

),
an

d
th

e
d
esign

ch
o
ices

of
th

e
algo

rith
m

(th
e

n
u
m

b
er

of
b
asis

fu
n
ction

s
n

,
n
orm

b
ou

n
d
θ

an
d
ζ
).

R
e
m

a
rk

1
2

(T
u

n
in

g
p

a
ra

m
e
te

rs)

(i)
T

h
e

resid
u

a
l

erro
r
‖
u
?−

Π
U
n
(u
?)‖

L
ca

n
be

a
p
p
ro

xim
a
ted

by
levera

gin
g

resu
lts

fro
m

th
e

litera
tu

re
o
n

u
n

iversa
l

fu
n

ctio
n

a
p
p
ro

xim
a
tio

n
.

P
rio

r
in

fo
rm

a
tio

n
a
bo

u
t

th
e

va
lu

e
fu

n
ctio

n
u
?

m
a
y

o
ff

er
exp

licit
qu

a
n

tita
tive

bo
u

n
d
s.

F
o
r

in
sta

n
ce,

fo
r

M
D

P
u

n
d
er

A
ssu

m
p
tio

n
3

w
e

kn
o
w

th
a
t
u
?

is
L

ip
sch

itz
co

n
tin

u
o
u

s.
F

o
r

a
p
p
ro

p
ria

te
ch

o
ice

o
f

ba
sis

fu
n

ctio
n

s,
w

e
ca

n
th

erefo
re

en
su

re
a

co
n

vergen
ce

ra
te

o
f
n
−
1
/
d
im

(S
),

see
fo

r
in

sta
n

ce
F

a
ro

u
ki

(2
0
1
2
)

fo
r

po
lyn

o
m

ia
ls

a
n

d
O

lver
(2

0
0
9
)

fo
r

th
e

F
o
u

rier
ba

sis
fu

n
ctio

n
s.

(ii)
T

h
e

regu
la

riza
tio

n
pa

ra
m

eter
θ

h
a
s

to
be

ch
o
sen

su
ch

th
a
t
θ
>
‖c‖

L
.

A
n

o
p
tim

a
l

ch
o
ice

fo
r
θ

a
n

d
ζ

is
d
escribed

in
(M

o
h
a
jerin

E
sfa

h
a
n

i
et

a
l.,

2
0
1
8
,

R
em

a
rk

4
.6

a
n

d
T

h
eo

rem
5
.3

).

7
.2

.
In

v
e
n
to

ry
m

a
n

a
g
e
m

e
n
t

sy
ste

m

C
on

sid
er

an
in

ven
tory

m
o
d
el

in
w

h
ich

th
e

state
variab

le
d
escrib

es
th

e
sto

ck
lev

el
s
t

at
th

e
b

egin
n
in

g
of

p
erio

d
t.

T
h
e

con
trol

or
action

variab
le
a
t

at
t

is
th

e
q
u
an

tity
ord

ered
an

d
im

m
ed

iately
su

p
p
lied

at
th

e
b

egin
n
in

g
of

p
erio

d
t,

an
d

th
e

“d
istu

rb
an

ce”
o
r

“ex
ogen

ou
s”

variab
le
ξ
t

is
th

e
d
em

an
d

d
u
rin

g
th

at
p

erio
d
.

W
e

assu
m

e
ξ
t

to
b

e
i.i.d

.
ran

d
om

variab
les

follow
in

g
an

ex
p

on
en

tial
d
istrib

u
tion

w
ith

p
aram

eter
λ

.
T

h
e

sy
stem

eq
u
ation

H
ern

án
d
ez-

L
erm

a
an

d
L

asserre
(1996)

is

s
t+

1
=

m
ax{

0
,s
t
+
a
t −

ξ
t }

=
:

(s
t
+
a
t −

ξ
t )
+
,

t
=

0,1,2,....
(31)

2
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

W
e

as
su

m
e

th
at

th
e

sy
st

em
h
as

a
fi
n
it

e
ca

p
ac

it
y
C

.
T

h
er

ef
or

e
S

=
A

=
[0
,C

]
an

d
si

n
ce

th
e

cu
rr

en
t

st
o
ck

p
lu

s
th

e
am

ou
n
t

or
d
er

ed
ca

n
n
ot

ex
ce

ed
th

e
sy

st
em

’s
ca

p
ac

it
y,

th
e

se
t

of
fe

as
ib

le
ac

ti
on

s
is
A

(s
)

=
[0
,C
−
s]

fo
r

ev
er

y
s
∈
S

.
S
u
p
p

os
e

w
e

w
is

h
to

m
ax

im
iz

e
an

ex
p

ec
te

d
p
ro

fi
t

fo
r

op
er

at
in

g
th

e
sy

st
em

,
w

e
m

ig
h
t

ta
ke

th
e

n
et

p
ro

fi
t

at
st

ag
e
t

to
b

e

r(
s t
,a
t,
ξ t

)
:=

v
m

in
{s
t
+
a
t,
ξ t
}−

p
a
t
−
h

(s
t
+
a
t)
,

(3
2)

w
h
ic

h
is

of
th

e
fo

rm
“p

ro
fi
t

=
sa

le
s

-
p
ro

d
u
ct

io
n

co
st

-
h
ol

d
in

g
co

st
”.

In
(3

2)
,
v
,
p

an
d
h

ar
e

p
os

it
iv

e
n
u
m

b
er

s
d
en

ot
in

g
u
n
it

sa
le

p
ri

ce
,

u
n
it

p
ro

d
u
ct

io
n

co
st

,
an

d
u
n
it

h
ol

d
in

g
co

st
,

re
sp

ec
ti

ve
ly

.
T

o
w

ri
te

th
e

co
st

(3
2)

in
th

e
fo

rm
of

ou
r

co
n
tr

ol
m

o
d
el

(2
7)

,
w

e
d
efi

n
e

c(
s,
a
)

:=
E

[−
r(
s t
,a
t,
ξ t

)|s
t

=
s,
a
t

=
a
]

=
−
v
(s

+
a
)e
−
λ
(s
+
a
)
−
v λ

( 1
−
e−

λ
(s
+
a
)
(λ

(s
+
a
)

+
1)
)

+
p
a

+
h

(s
+
a
).

(3
3)

N
ot

e
th

at
n
on

-n
eg

at
iv

it
y

of
th

e
co

st
ca

n
b

e
en

su
re

d
b
y

su
b
tr

ac
ti

n
g

th
e

te
rm

2
v
C

fr
om

(3
2)

.
W

e
as

su
m

e
th

at
th

er
e

ar
e

re
gu

la
to

ry
co

n
st

ra
in

ts
on

th
e

re
q
u
ir

ed
st

o
ck

le
v
el
s t

,
fo

r
ex

am
p
le

to
av

oi
d

th
e

ri
sk

of
ru

n
n
in

g
in

to
a

sh
or

ta
ge

of
a

ce
rt

ai
n

cr
it

ic
al

p
ro

d
u
ct

.
F

or
si

m
p
li
ci

ty
,

le
t

u
s

as
su

m
e

th
at

th
e

re
gu

la
to

r
en

fo
rc

es
co

n
st

ra
in

ts
on

th
e

lo
n
g-

te
rm

fi
rs

t
an

d
se

co
n
d

m
om

en
ts

of
th

e
st

o
ck
s t

in
th

e
fo

ll
ow

in
g

se
n
se

li
m

su
p

n
→
∞

1 n
E
π ν

(
n
−
1

∑ t=
0

s t

)
≥
` 1
,

an
d

li
m

su
p

n
→
∞

1 n
E
π ν

(
n
−
1

∑ t=
0

s2 t

)
≤
` 2
,

(3
4)

fo
r

gi
v
en

` 1
,`

2
∈

R
+

,
w

h
er

e
w

e
as

su
m

e
th

at
`2 1
<
` 2

5
.

T
o

ex
p
re

ss
it

in
th

e
fo

rm
of

ou
r

co
n
tr

ol
m

o
d
el

(2
7)

,
w

e
d
efi

n
e
d
1
(s
,a

)
:=
−
s,
d
2
(s
,a

)
:=

s2
,

an
d
κ

:=
(−
` 1
,`

2
)
∈
R
2
.

F
ro

m
th

e
d
es

cr
ib

ed
as

su
m

p
ti

on
s

on
th

e
co

n
st

an
ts
` 1

an
d
` 2

,
it

ca
n

b
e

d
ir

ec
tl

y
se

en
th

at
th

e
S
la

te
r

p
oi

n
t

as
su

m
p
ti

on
d
es

cr
ib

ed
in

L
em

m
a

3
h
ol

d
s

(c
on

si
d
er

th
e

se
t
T

:=
{x
∈

R
2

:
x
1
≥

` 1
,x

2
≤
` 2
,x

2 1
≤
x
2
})

.
In

th
e

fo
ll
ow

in
g,

w
e

w
il
l

d
es

cr
ib

e
h
ow

A
lg

or
it

h
m

2
an

d
th

e
re

sp
ec

ti
v
e

er
ro

r
b

ou
n
d
s

gi
ve

n
b
y

T
h
eo

re
m

11
ca

n
b

e
ap

p
li
ed

to
th

e
in

ve
n
to

ry
m

an
ag

em
en

t
sy

st
em

.
In

p
a
rt

ic
u
la

r
w

e
sh

ow
h
ow

th
e

co
m

p
u
ta

ti
on

al
ly

d
em

an
d
in

g
p
ar

t
of

A
lg

or
it

h
m

2,
gi

ve
n

b
y

(3
0)

,
is

d
i-

re
ct

ly
ad

d
re

ss
ed

b
y

th
e

m
et

h
o
d
ol

og
y

p
re

se
n
te

d
in

S
ec

ti
on

3.
T

o
fu

lfi
ll

A
ss

u
m

p
ti

on
3,

w
e

eq
u
iv

al
en

tl
y

re
fo

rm
u
la

te
th

e
ab

ov
e

p
ro

b
le

m
u
si

n
g

th
e

d
y
n
am

ic
s

s t
+
1

=
(m

in
{C
,s
t
+
a
t}
−
ξ t

) +
,

t
=

0,
1,

2,
..
.,

(3
5)

w
h
er

e
th

e
ad

m
is

si
b
le

ac
ti

on
s

se
t

is
n
ow

th
e

st
at

e-
in

d
ep

en
d
en

t
se

t
A

=
[0
,C

].
F

in
al

ly
b
y

n
or

m
al

iz
in

g
th

e
st

at
e

an
d

ac
ti

on
va

ri
ab

le
s

th
ro

u
gh

th
e

d
efi

n
it

io
n
s
s̃ t

:=
s t C

an
d
ã
t

:=
a
t C
,

w
e

h
av

e

s̃ t
+
1

=

( m
in
{1
,s̃
t
+
ã
t}
−
ξ t C

) +

,
t

=
0,

1
,2
,.
..
.

(3
6)

F
u
rt

h
er

m
or

e,
it

ca
n

b
e

se
en

d
ir

ec
tl

y
u
si

n
g

L
ei

b
n
it

z’
ru

le
th

at
th

e
tr

an
si

ti
o
n

la
w

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
an

d
L
Q
≤
√

2C
λ

.
It

re
m

ai
n
s

to
ar

gu
e

h
ow

(3
0)

ca
n

b
e

ad
d
re

ss
ed

b
y

th
e

5
.
N
o
te

th
a
t

th
e

en
fo
rc
ed

co
n
st
ra
in
ts

(3
4
)

im
p
ly

th
e

u
p
p
er

a
n
d

lo
w
er

b
o
u
n
d
s

` 1
≤

li
m

su
p
n
→
∞

1 n
E
π ν

( ∑
n
−
1

t=
0
s t
) ≤
√
` 2

a
n
d
`2 1
≤

li
m

su
p
n
→
∞

1 n
E
π ν

( ∑
n
−
1

t=
0
s2 t
) ≤

` 2
.
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9

S
u
t
t
e
r
,
S
u
t
t
e
r
,
M
o
h
a
je
r
in

E
sf
a
h
a
n
i
a
n
d

L
y
g
e
r
o
s

m
et

h
o
d
ol

og
y

p
re

se
n
te

d
in

S
ec

ti
on

3.
W

e
in

tr
o
d
u
ce

th
e

li
n
ea

r
op

er
at

or
A

:
P

(K
)
→

R
2
,

d
efi

n
ed

b
y

(A
µ

) i
:=
〈 µ
,d
i〉

fo
r
i

=
1
,2

.
T

h
en

,
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(3

0
)

ca
n

b
e

ex
p
re

ss
ed

as

(p
ri

m
al

p
ro

gr
am

)
:

J
?

=
m

in
µ
∈P

(K
)

{ D
( µ
||ν
) −

〈 µ
,c
α
,ζ

〉 +
su

p
z
∈R

M

{〈
A
µ
,z
〉 −

σ
T

(z
)}
} ,

(3
7
)

(d
u
al

p
ro

gr
am

)
:

J
? D

=
su

p
z
∈R

M

{
−
σ
T

(z
)

+
m

in
µ
∈P

(K
)

{ D
( µ
||ν
) +

〈 µ
,A
∗ z
−
c α
,ζ

〉}
}
,

(3
8
)

w
h
ic

h
ap

ar
t

fr
om

th
e

ad
d
it

io
n
al

li
n
ea

r
te

rm
ar

e
in

th
e

fo
rm

of
(6

)
an

d
(7

).
D

u
e

to
o
u
r

as
su

m
p
ti

on
s

on
` 1

an
d
` 2

d
es

cr
ib

ed
ab

ov
e,

th
er

e
ex

is
ts

a
st

ri
ct

ly
fe

as
ib

le
so

lu
ti

o
n

to
(3

0
),

i.
e.

,
µ
0
∈
P

(K
)

su
ch

th
at
A
µ
0
∈
T

an
d
δ

:=
m

in
y
∈T

c
‖A
µ
0
−
y
‖ 2
>

0.
H

en
ce

,
th

e
m

et
h
o
d

fr
om

S
ec

ti
on

3
is

ap
p
li
ca

b
le

.
N

u
m

e
ri

c
a
l

S
im

u
la

ti
o
n

.
F

or
a

gi
ve

n
se

t
of

m
o
d
el

p
ar

am
et

er
s

(C
=

1,
λ

=
1 2
,
v

=
1
,

p
=

1 2
,
h

=
1 1
0
)

w
e

co
n
si

d
er

fo
u
r

d
iff

er
en

t
sc

en
ar

io
s:

(i
)

U
n
co

n
st

ra
in

ed
ca

se
(i

.e
.,
` 1

=
0

an
d
` 2

=
1)

;

(i
i)
` 1

=
0.

5
an

d
` 2

=
0.

4;

(i
ii
)
` 1

=
0.

5
an

d
` 2

=
0.

3,
w

h
ic

h
is

st
ri

ct
ly

m
or

e
co

n
st

ra
in

ed
th

an
sc

en
ar

io
(i

i)
;

(i
v
)
` 1

=
0.

1
an

d
` 2

=
0.

1.

F
or

ea
ch

sc
en

ar
io

w
e

ru
n

A
lg

or
it

h
m

2
an

d
p
lo

t
th

e
va

lu
e

of
th

e
re

su
lt

in
g

a
p
p
ro

x
im

a
ti

on

J
(k
)

n
,ζ

as
a

fu
n
ct

io
n

of
th

e
n
u
m

b
er

of
it

er
at

io
n
s

in
F

ig
u
re

3.
In

ea
ch

it
er

at
io

n
o
f

A
lg

o
ri

th
m

2
th

e
va

ri
ab

le
(3

0)
is

re
q
u
ir

ed
,

w
h
ic

h
is

co
m

p
u
te

d
w

it
h

A
lg

or
it

h
m

1.
T

h
e

fo
ll
ow

in
g

si
m

u
la

ti
o
n

p
ar

am
et

er
s

w
er

e
u
se

d
:

A
lg

or
it

h
m

1:
η 1

=
η 2

=
10
−
3
,

15
00

it
er

at
io

n
s;

A
lg

or
it

h
m

2:
ζ

=
10
−
1
.5

,
θ

=
3,

n
=

10
,

F
ou

ri
er

b
as

is
u
2
i−

1
(s

)
=

C 2
iπ

co
s
( 2
iπ
s

C

)
a
n
d

u
2
i(
s)

=
C 2
iπ

si
n
( 2
iπ
s

C

)
fo

r
i

=
1,
..
.,
n 2

.

A
s

sh
ow

n
in

F
ig

u
re

3,
th

e
va

lu
e

of
J
(k
)

n
,ζ

co
n
ve

rg
es

at
ar

ou
n
d

10
00

it
er

a
ti

o
n
s

o
f

A
lg

o-

ri
th

m
2.

6
T

h
e

fa
ct

th
at

sc
en

ar
io

(i
i)

is
a

(s
tr

ic
t)

re
la

x
at

io
n

in
te

rm
s

of
th

e
co

n
st

ra
in

ts
co

m
p
ar

ed
to

sc
en

ar
io

(i
ii
)

is
v
is

u
al

iz
ed

b
y

th
e

n
u
m

er
ic

al
si

m
u
la

ti
on

as
th

e
ex

p
ec

te
d

p
ro

fi
t

o
f

sc
en

ar
io

(i
i)

is
co

n
ti

n
u
ou

sl
y

h
ig

h
er

co
m

p
ar

ed
to

sc
en

ar
io

(i
ii
).

F
ig

u
re

3
al

so
in

d
ic

a
te

s
th

a
t

in
S
ce

n
ar

io
(i

v
)

th
e

co
n
st

ra
in

ts
ar

e
th

e
m

os
t

re
st

ri
ct

iv
e.

8
.
C
o
n
cl
u
si
o
n
a
n
d
fu
tu

re
w
o
rk

W
e

p
re

se
n
te

d
an

ap
p
ro

x
im

at
io

n
sc

h
em

e
to

a
ge

n
er

al
iz

at
io

n
of

th
e

cl
as

si
ca

l
p
ro

b
le

m
o
f

es
ti

-
m

at
in

g
a

d
en

si
ty

v
ia

a
m

ax
im

u
m

en
tr

op
y

cr
it

er
io

n
,

gi
ve

n
so

m
e

m
om

en
t

co
n
st

ra
in

ts
.

T
h
e

ke
y

id
ea

u
se

d
is

to
ap

p
ly

sm
o
ot

h
in

g
te

ch
n
iq

u
es

to
th

e
n
on

-s
m

o
ot

h
d
u
al

fu
n
ct

io
n

o
f

th
e

en
-

tr
op

y
m

ax
im

iz
at

io
n

p
ro

b
le

m
,

th
at

en
ab

le
s

u
s

to
so

lv
e

th
e

d
u
al

p
ro

b
le

m
effi

ci
en

tl
y

w
it

h
fa

st

6
.
1
0
0
0
it
er
a
ti
o
n
s
o
f
A
lg
o
ri
th
m

2
to
o
k
a
ro
u
n
d
5
.5

h
o
u
rs

w
it
h
M
a
tl
a
b
o
n
a
la
p
to
p
w
it
h
a
2
.2

G
H
z
In
te
l
C
o
re

i7
p
ro
ce
ss
o
r.
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G
e
n
e
r
a
l
iz
e
d

m
a
x
im

u
m

e
n
t
r
o
p
y
e
st

im
a
t
io
n

0
200

400
600

800
1
,000

1
,2

00
1,400

1,600
1
,800

2
,000

0

0
.2

0
.4

0
.6

Iteration
s
k

of
A

lgorith
m

2

Expected profit
(i)

u
n
con

strain
ed

(ii)
`
1

=
0.5,

`
2

=
0.4

(iii)
`
1

=
0.5,

`
2

=
0.3

(iv
)
`
1

=
0.1,

`
2

=
0.1

F
ig

u
re

3
:

T
h
e

ex
p

ected
p
rofi

t
of

th
e

in
ven

tory
sy

stem
,

ap
p
rox

im
ated

b
y
−
J
(k
)

n
,ζ ,

resu
ltin

g
fro

m
A

lgo
rith

m
2

is
d
isp

layed
for

fou
r

d
iff

eren
t

scen
arios

(i)-(iv
)

rep
resen

tin
g

fou
r

d
iff

eren
t

co
n
stra

in
ts

o
n

th
e

in
ven

tory
sy

stem
.

g
ra

d
ien

t
m

eth
o
d
s.

D
u
e

to
th

e
favorab

le
stru

ctu
re

of
th

e
con

sid
ered

en
trop

y
m

ax
im

ization
p
ro

b
lem

,
w

e
p
rov

id
e

ex
p
licit

error
b

ou
n
d
s

on
th

e
ap

p
rox

im
ation

error
as

w
ell

as
a
-p

osterio
ri

erro
r

estim
a
tes.

T
h
e

p
ro

p
o
sed

m
eth

o
d

req
u
ires

on
e

to
evalu

ate
th

e
grad

ien
t

(21)
in

every
iteration

step
,

w
h
ich

,
a
s

h
ig

h
ligh

ted
in

S
ection

5,
in

th
e

in
fi
n
ite-d

im
en

sion
al

settin
g

in
volves

an
in

tegral.
A

s
su

ch
th

e
m

eth
o
d

u
sed

to
com

p
u
te

th
ose

in
tegrals

h
as

to
b

e
in

clu
d
ed

to
th

e
com

p
lex

-
ity

o
f

th
e

p
ro

p
osed

algorith
m

an
d
,

in
h
igh

er
d
im

en
sion

s,
m

ay
b

ecom
e

is
th

e
d
o
m

in
an

t
fa

cto
r.

T
h
erefore,

it
w

ou
ld

b
e

in
terestin

g
to

in
vestigate

th
is

in
tegration

step
in

m
ore

d
e-

ta
il.

T
w

o
a
p
p
roach

es,
on

e
b
ased

on
sem

id
efi

n
ite

p
rogram

m
in

g
an

d
an

oth
er

in
vok

in
g

Q
u
asi-

M
o
n
te

C
a
rlo

in
tegration

tech
n
iq

u
es,

are
b
riefl

y
sketch

ed
.

W
h
at

rem
ain

s
op

en
is

to
q
u
an

tify
th

e
a
ccu

racy
req

u
ired

in
th

e
grad

ien
t

ap
p
rox

im
ation

s,
w

h
ich

co
u
ld

b
e

d
on

e
alon

g
th

e
lin

es
o
f

D
evold

er
et

al.
(2014).

A
n
oth

er
p

o
ten

tial
d
irection

,
w

ou
ld

b
e

to
test

th
e

p
rop

o
sed

n
u
-

m
erica

l
m

eth
o
d

in
th

e
con

tex
t

of
ap

p
rox

im
atin

g
th

e
ch

an
n
el

cap
acity

o
f

a
large

class
of

m
em

o
ry

less
ch

a
n
n
els

S
u
tter

et
al.

(2015),
as

m
en

tion
ed

in
th

e
in

tro
d
u
ction

.

F
in

a
lly

it
sh

ou
ld

b
e

m
en

tion
ed

th
at

th
e

ap
p
rox

im
atio

n
sch

em
e

p
rop

osed
in

th
is

article
ca

n
b

e
fu

rth
er

g
en

eralized
to

q
u
an

tu
m

m
ech

an
ical

en
trop

ies.
In

th
is

setu
p

p
ro

b
ab

ility
m

ass
fu

n
ctio

n
s

a
re

rep
laced

b
y

d
en

sity
m

atrices
(i.e.,

p
ositiv

e
sem

id
efi

n
ite

m
atrices,

w
h
ose

trace
is

eq
u
a
l

to
o
n
e).

T
h
e

von
N

eu
m

an
n

en
trop

y
of

su
ch

a
d
en

sity
m

atrix
ρ

is
d
efi

n
ed

b
y

H
(ρ

)
:=
−

tr(ρ
log

ρ
),

w
h
ich

red
u
ces

to
th

e
(S

h
an

n
on

)
en

trop
y

in
case

th
e

d
en

sity
m

atrix
ρ

is
d
ia

g
o
n
a
l.

A
lso

th
e

relative
en

trop
y

can
b

e
gen

eralized
to

th
e

q
u
an

tu
m

setu
p

U
m

egak
i

(1
9
6
2
)

a
n
d

g
en

eral
treatm

en
t

of
ou

r
ap

p
rox

im
ation

sch
em

e,
its

an
aly

sis
can

b
e

lifted
to

th
e

th
is

(strictly
)

m
ore

gen
eral

fram
ew

ork
.

A
s

d
em

on
strated

in
S
u
tter

et
al.

(2016),
(q

u
an

tu
m

)
en

tro
p
y

m
a
x
im

ization
p
rob

lem
s

can
b

e
u
sed

to
effi

cien
tly

ap
p
rox

im
ate

th
e

classical
cap

acity
o
f

q
u
a
n
tu

m
ch

an
n
els.
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n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

(L
ee

et
a
l.
,

2
0
1
0
),

n
on

-n
eg

at
iv

e
sp

ar
se

co
d
in

g
(H

oy
er

,
20

04
),

p
ri

n
ci

p
al

co
m

p
on

en
t

p
u
rs

u
it

(C
an

d
ès

et
a
l.
,
2
0
1
1
),

ro
b
u
st

n
on

-n
eg

at
iv

e
sp

ar
se

m
at

ri
x

fa
ct

or
iz

a
ti

on
,
an

d
d
is

cr
im

in
at

iv
e

la
b

el
co

n
si

st
en

t
le

a
rn

in
g
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

(J
ia

n
g

et
a
l.,

20
11).

M
ore

d
etails

on
ex

p
licit

cu
stom

ization
s

of
th

e
gen

era
l

m
o
d
el

P
can

b
e

fo
u
n
d

in
S
ec.

2
.

O
u
r

d
istrib

u
ted

settin
g

is
m

otivated
b
y

several
d
a
ta-in

ten
sive

ap
p
lication

s
in

several
fi
eld

s,
in

clu
d
in

g
sign

al
p
ro

cessin
g

an
d

m
ach

in
e

learn
in

g,
an

d
n
etw

ork
sy

stem
s

(su
ch

as
clo

u
d
s,

clu
ster

com
p
u
ters,

n
etw

ork
s

of
sen

sor
veh

icles,
or

au
ton

om
ou

s
rob

ots)
w

h
erein

th
e

sh
eer

vo
lu

m
e

a
n
d

sp
atial/tem

p
oral

d
isp

arity
of

scattered
d
ata,

en
ergy

con
strain

ts,
an

d
/or

p
riva

cy
issu

es,
ren

d
er

cen
tralized

p
ro

cessin
g

a
n
d

sto
rage

in
feasib

le
or

in
effi

cien
t.

A
lso,

tim
e-va

ry
in

g
com

m
u
n
ication

s
arise,

for
in

stan
ce,

in
m

ob
ile

w
ireless

n
etw

o
rk

s
(e.g.,

ad
-h

o
c

n
etw

o
rk

s),
w

h
erein

n
o
d
es

are
m

ob
ile

an
d
/or

com
m

u
n
ica

te
th

rou
gh

fad
in

g
ch

an
n
els.

M
ore-

over,
sin

ce
n
o
d
es

gen
erally

tran
sm

it
at

d
iff

eren
t

p
ow

er
an

d
/or

com
m

u
n
ica

tion
ch

an
n
els

are
n
o
t

sy
m

m
etric,

d
irected

lin
k
s

are
a

n
atu

ral
assu

m
p
tion

.
O

u
r

g
oa

l
is

to
d
esign

a
p
rovab

ly
con

vergen
t

d
ecen

tra
lized

m
eth

o
d

for
P

rob
lem

P
,

ov
er

tim
e-va

ryin
g

a
n
d

d
irected

grap
h
s.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge

th
is

is
an

op
en

p
rob

lem
,

a
s

d
o
cu

m
en

ted
n
ex

t.

1
.1

.
C

h
a
lle

n
g
e
s

a
n

d
re

la
te

d
w

o
rk

s

T
h
e

d
esig

n
o
f

d
istrib

u
ted

algorith
m

s
for

P
faces

th
e

follow
in

g
ch

allen
ges:

(i)
P

ro
b
lem

P
is

n
o
n

-co
n

vex
an

d
n

o
n

-sepa
ra

ble
in

th
e

op
tim

ization
variab

les;

(ii)
E

a
ch

a
g
en

t
i

ow
n
s

ex
clu

sively
S
i

a
n
d

th
u
s

can
on

ly
com

p
u
te

its
ow

n
fu

n
ction

f
i ;

(iii)
E

a
ch

f
i

d
ep

en
d
s

on
a

com
m

on
set

of
variab

les−
th

e
d
iction

ary
D
−

sh
ared

am
on

g
all

th
e

a
g
en

ts,
as

w
ell

as
th

e
p
rivate

variab
les

X
i .

S
h
ared

an
d

p
rivate

variab
les

n
eed

to
b

e
trea

ted
d
iff

eren
tly.

In
fact,

in
sev

eral
ap

p
lication

s,
th

e
size

of
p
rivate

variab
les

is
m

u
ch

la
rg

er
th

a
n

th
at

of
th

e
sh

ared
on

es;
h
en

ce,
b
road

ca
stin

g
agen

ts’
p
riva

te
variab

les
ov

er
th

e
n
etw

o
rk

w
ou

ld
resu

lt
in

an
u
n
aff

o
rd

ab
le

com
m

u
n
ication

ov
erh

ead
;

(iv
)

T
h
e

g
ra

d
ien

t
of

each
f
i

is
in

gen
eral

n
eith

er
bo

u
n

d
ed

n
o
r

glo
ba

lly
L

ip
sch

itz
on

th
e

fea
sib

le
region

.
T

h
is

rep
resen

ts
a

ch
a
llen

ge
in

th
e

d
esig

n
of

p
rovab

ly
co

n
vergen

t
d
is-

trib
u
ted

a
lgorith

m
s,

as
b

ou
n
d
ed

n
ess

an
d

L
ip

sch
itzia

n
ity

of
th

e
grad

ien
t

are
stan

d
ard

a
ssu

m
p
tio

n
s

in
th

e
an

aly
sis

of
m

ost
d
istrib

u
ted

sch
em

es
for

n
on

con
vex

p
ro

b
lem

s;

(v
)
G

a
n
d
g
i ’s

are
n

o
n

sm
oo

th
;

(v
i)

T
h
e

g
ra

p
h

is
d
irected

,
tim

e-va
ryin

g
;

n
o

oth
er

stru
ctu

re
is

assu
m

ed
(su

ch
as

star
or

rin
g

to
p

ology,
etc.),

b
u
t

som
e

lon
g

term
con

n
ectiv

ity
p
rop

erties
(cf.

A
ssu

m
p
tion

B
).

C
en

tra
lized

m
eth

o
d
s

for
th

e
solu

tion
of

P
rob

lem
P

(or
som

e
closely

related
varian

ts)
h
ave

b
een

ex
ten

sively
stu

d
ied

an
d

p
rom

in
en

t
ex

a
m

p
les

are
(A

h
aron

et
al.,

200
6;

M
airal

et
al.,

2
0
10

;
R

a
zav

iy
ay

n
et

al.,
2014b

).
H

ow
ever,

w
e

are
n
ot

aw
are

of
an

y
d
istribu

ted
a
lgorith

m
th

a
t

ca
n

a
d
d
ress

ch
allen

ges
i)-v

i)
(even

som
e

su
b
sets

of
th

em
),

as
d
o
cu

m
en

ted
n
ex

t.

A
d

-h
o
c

h
e
u

ristic
s:

S
everal

attem
p
ts

h
ave

b
een

m
ad

e
to

ex
ten

d
cen

tralized
ap

p
roach

es
for

D
L

p
ro

b
lem

s
to

a
d
istrib

u
ted

settin
g

(u
n

d
irected

,
sta

tic
grap

h
s),

u
n
d
er

m
ore

or
less

restrictive
a
ssu

m
p
tion

s;
ex

am
p
les

in
clu

d
e

p
rim

al
m

eth
o
d
s

(R
a
ja

an
d

B
a

jw
a
,

2013;
C

h
a
in

ais
a
n
d

R
ich

a
rd

,
2
0
13;

W
ai

et
al.,

2015)
an

d
(p

rim
al/)d

u
al-b

ased
on

es
(C

h
en

et
al.,

2015;
L

ian
g

et
a
l.,

2
0
1
4
;

C
h
ou

vard
as

et
al.,

2015).
W

h
ile

th
ese

sch
em

es
rep

resen
t

go
o
d

h
eu

ristics,
th

eir
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

th
eoretical

con
vergen

ce
rem

ain
s

an
op

en
q
u
estion

,
an

d
n
u
m

erical
resu

lts
a
re

con
trad

ictory.
F

or
in

stan
ce,

som
e

sch
em

es
are

sh
ow

n
n
ot

to
con

verg
e

w
h
ile

som
e

oth
ers

fail
to

reach
asy

m
p
totic

agreem
en

t
am

on
g

th
e

lo
cal

cop
ies

of
th

e
d
ictio

n
ary

;
see,

e.g.
(C

h
ain

ais
an

d
R

ich
ard

,
2013).

R
ecen

tly
an

d
in

d
ep

en
d
en

tly
from

ou
r

con
feren

ce
w

ork
(D

an
esh

m
an

d
et

al.,
2
016),

Z
h
ao

et
al.

(2016)
p
rop

osed
a

d
istrib

u
ted

p
rim

al-d
u
al-b

ased
m

eth
o
d

for
a

class
of

d
iction

ary
learn

-
in

g
p
rob

lem
s

related
,

b
u
t

d
iff

eren
t

from
P

rob
lem

P
.

S
p

ecifi
cally,

th
ey

con
sid

ered
:

q
u
ad

ratic
loss

fu
n
ction

s
f
i ,

w
ith

a
q
u
ad

ratic
regu

larization
on

th
e

d
iction

ary
(i.e.,

G
=

0),
an

d
n
orm

b
all

con
strain

ts
on

th
e

p
rivate

variab
les.

T
h
e

n
etw

ork
is

m
o
d
eled

as
a

fi
x
ed

u
n
d
irected

grap
h
.

A
sy

m
p
totic

con
vergen

ce
of

th
e

sch
em

e
to

station
ary

solu
tion

s
is

p
roved

,
b
u
t

n
o

rate
an

aly
sis

is
rep

orted
.

W
e

rem
ark

th
at

th
e

sch
em

e
in

(Z
h
ao

et
al.,

2016),
in

ord
er

to
estab

lish
con

vergen
ce,

req
u
ires

som
e

p
en

alty
p
aram

eters
to

go
to

in
fi
n
ity,

w
h
ich

m
akes

th
e

m
eth

o
d

n
u
m

erically
n
ot

attractive.

D
istrib

u
te

d
n

o
n

c
o
n
v
e
x

o
p

tim
iz

a
tio

n
:

S
in

ce
th

e
D

L
p
rob

lem
P

is
an

in
stan

ce
of

n
on

-
con

vex
op

tim
ization

p
rob

lem
s,

w
e

b
riefl

y
d
iscu

ss
h
ere

th
e

few
w

ork
s

in
th

e
literatu

re
on

d
istrib

u
ted

m
eth

o
d
s

for
n
on

-con
vex

op
tim

ization
(B

ian
ch

i
an

d
J
ak

u
b

ow
icz,

2013;
T

ataren
ko

an
d

T
ou

ri,
2017;

W
ai

et
al.,

2017;
D

i
L

oren
zo

an
d

S
cu

tari,
2
016;

S
u
n

et
al.,

2016;
H

o
n
g

et
al.,

2017;
S
cu

tari
an

d
S
u
n
,

2019);
w

e
grou

p
th

ese
p
ap

ers
as

follow
s.

T
h
e

sch
em

es
in

(B
ian

ch
i

an
d

J
ak

u
b

ow
icz,

2013;
T

ataren
k
o

an
d

T
ou

ri,
2017;

W
ai

et
al.,

2017;
H

on
g

et
al.,

2017),
w

h
ile

su
b
stan

tially
d
iff

eren
t,

are
all

ap
p
licab

le
to

sm
oo

th
,

u
n

co
n

stra
in

ed
op

tim
ization

,
w

ith
(B

ian
ch

i
an

d
J
ak

u
b

ow
icz,

2013;
W

ai
et

al.,
2017)

h
an

d
lin

g
also

co
m

pa
ct

con
strain

ts
an

d
(T

ataren
ko

an
d

T
ou

ri,
2017)

im
p
lem

en
tab

le
on

(tim
e-vary

in
g)

d
igrap

h
s.

T
h
e

d
istrib

u
ted

algorith
m

s
in

(D
i

L
oren

zo
an

d
S
cu

tari,
2016;

S
u
n

et
al.,

2016;
S
cu

tari
an

d
S
u
n
,

2019)
can

h
an

d
le

ob
jectives

w
ith

ad
d
itive

n
o
n

sm
oo

th
con

vex
fu

n
ction

s,
w

ith
(S

u
n

et
al.,

2016;
S
cu

tari
an

d
S
u
n
,

2019)
ap

p
licab

le
to

(tim
e-vary

in
g)

d
igrap

h
s.

A
ll

th
e

ab
ove

sch
em

es
ca

n
n

o
t

ad
eq

u
ately

d
eal

w
ith

p
riva

te
(i.e.,

X
i ’s)

a
n

d
sh

ared
vari-

ab
les

(i.e.,
D

),
w

h
ich

are
a

k
ey

featu
re

of
P

rob
lem

P
.

F
u
rth

erm
ore,

con
v
ergen

ce
th

erein
is

p
roved

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

grad
ien

t
of

(th
e

sm
o
oth

p
art

of)
th

e
ob

jective
fu

n
ction

is
glo

ba
lly

L
ip

sch
itz

co
n

tin
u

o
u

s,
a

p
rop

erty
th

at
w

e
d
o

n
ot

assu
m

e
an

d
th

at
is

n
ot

satisfi
ed

in
m

an
y

of
th

e
ap

p
lication

s
w

e
con

sid
er.

T
h
e

d
esign

of
p
rovab

ly
con

v
ergen

t
d
istrib

u
ted

algorith
m

s
for

P
rem

ain
s

an
op

en
p
rob

lem
,

let
alon

e
ra

te
gu

aran
tees.

1
.2

.
M

a
jo

r
c
o
n
trib

u
tio

n
s

In
th

is
p
ap

er,
w

e
p
rop

ose
th

e
fi

rst
p
ro

va
bly

co
n

vergen
t

d
istrib

u
ted

algorith
m

for
th

e
gen

-
eral

class
of

D
L

p
rob

lem
s

P
,

ad
d
ressin

g
all

ch
allen

ges
i)-v

i).
T

h
e

p
rop

osed
ap

p
roa

ch
u
ses

a
gen

eral
con

vex
ifi

cation
-d

ecom
p

osition
tech

n
iq

u
e

th
at

h
in

ges
on

recen
t

(cen
tralized

)
S
u
c-

cessive
C

on
vex

A
p
p
rox

im
ation

m
eth

o
d
s

(S
cu

tari
et

al.,
2014;

F
acch

in
ei

et
al.,

2015).
T

h
is

tech
n
iq

u
e

is
cou

p
led

w
ith

a
p

ertu
rb

ed
p
u
sh

-su
m

con
sen

su
s

sch
em

e
p
reserv

in
g

th
e

fea
sibility

of
th

e
iterates

an
d

a
track

in
g

m
ech

an
ism

aim
in

g
at

estim
atin

g
lo

cally
th

e
grad

ien
t

of ∑
i f
i .

B
oth

com
m

u
n
ication

an
d

track
in

g
p
roto

cols
are

im
p
lem

en
tab

le
on

tim
e-va

ryin
g

u
n
d
irected

or
d
irected

grap
h
s

(B
-stron

gly
con

n
ected

).
T

h
e

sch
em

e
is

p
roved

to
con

verg
e

to
station

ary
solu

tion
s

of
P

rob
lem

P
,
u
n
d
er

m
ild

assu
m

p
tion

s
on

th
e

step
-size

em
p
loyed

b
y

th
e

algorith
m

;
a

su
b
lin

ear
con

vergen
ce

rate
is

also
estab

lish
ed

.
O

n
th

e
tech

n
ical

sid
e,

w
e

con
trib

u
te

to
th

e
literatu

re
of

d
istrib

u
ted

algorith
m

s
for

b
i-con

v
ex

(n
on

sm
o
oth

)
con

strain
ed

op
tim

iza
tion

b
y
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

p
u
tt

in
g

fo
rt

h
a

n
ew

n
on

-t
ri

v
ia

l
co

n
ve

rg
en

ce
a
n
al

y
si

s
th

at
,

fo
r

th
e

fi
rs

t
ti

m
e,

i)
av

oi
d
s

th
e

as
-

su
m

p
ti

on
th

at
th

e
gr

ad
ie

n
ts
∇
f i

ar
e

gl
ob

al
ly

L
ip

sc
h
it

z;
an

d
ii
)

d
ea

ls
w

it
h

p
ri

va
te

a
n
d

sh
ar

ed
op

ti
m

iz
at

io
n

va
ri

ab
le

s.
N

u
m

er
ic

al
ex

p
er

im
en

ts
sh

ow
th

at
th

e
p
ro

p
os

ed
sc

h
em

es
co

m
p
ar

e
fa

vo
ra

b
ly

w
it

h
ad

-h
o
c

al
go

ri
th

m
s,

p
ro

p
os

ed
fo

r
sp

ec
ia

l
in

st
an

ce
s

of
P

ro
b
le

m
P

.

1
.3

.
P

a
p

e
r

O
rg

a
n

iz
a
ti

o
n

T
h
e

re
st

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
T

h
e

p
ro

b
le

m
an

d
n
et

w
or

k
se

tt
in

g
ar

e
in

tr
o-

d
u
ce

d
in

S
ec

.
2,

al
on

g
w

it
h

so
m

e
m

ot
iv

at
in

g
ap

p
li
ca

ti
on

s.
S
ec

.
3

p
re

se
n
ts

th
e

al
go

ri
th

m
an

d
it

s
co

n
ve

rg
en

ce
p
ro

p
er

ti
es

;
th

e
p
ro

of
s

of
ou

r
re

su
lt

s
ar

e
gi

ve
n

in
th

e
A

p
p

en
d
ix

,
S
ec

.
A

.
E

x
te

n
si

ve
n
u
m

er
ic

al
ex

p
er

im
en

ts
sh

ow
in

g
th

e
eff

ec
ti

ve
n
es

s
of

th
e

p
ro

p
os

ed
sc

h
em

e
ar

e
d
is

-
cu

ss
ed

in
S
ec

.
5

w
h
er

ea
s

S
ec

.
6

d
ra

w
s

so
m

e
co

n
cl

u
si

on
s.

1
.4

.
N

o
ta

ti
o
n

T
h
ro

u
gh

ou
t

th
e

p
ap

er
w

e
u
se

th
e

fo
ll
ow

in
g

n
ot

at
io

n
.

W
e

d
en

ot
e

b
y
R
n +

an
d
N

+
th

e
n
o
n
-

n
eg

at
iv

e
or

th
an

t
an

d
th

e
se

t
of

n
on

-n
eg

at
iv

e
in

te
ge

rs
,

re
sp

ec
ti

v
el

y.
G

iv
en

x
∈

R
,
dx
e

(r
es

p
.
bx
c)

d
en

ot
es

th
e

sm
al

le
st

(r
es

p
.

th
e

la
rg

es
t)

in
te

ge
r

gr
ea

te
r

(r
es

p
.

sm
al

le
r)

th
an

or
eq

u
al

to
x

.
V

ec
to

rs
ar

e
d
en

ot
ed

b
y

b
ol

d
lo

w
er

-c
as

e
le

tt
er

s
(e

.g
.,

x
)

w
h
er

ea
s

m
a
tr

ic
es

ar
e

d
en

ot
ed

b
y

b
ol

d
ca

p
it

al
le

tt
er

s
(e

.g
.,

A
).

T
h
e
k
-t

h
ca

n
on

ic
al

ve
ct

or
is

d
en

ot
ed

b
y

e
k
.

T
h
e

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
tw

o
re

al
m

at
ri

ce
s,

A
an

d
B

,
is

d
en

ot
ed

b
y
〈A
,B
〉,

tr
(A
ᵀ B

),
w

h
er

e
tr

(•
)

is
th

e
tr

ac
e

op
er

at
or

;
A
⊗

B
d
en

ot
es

th
e

K
ro

n
ec

k
er

p
ro

d
u
ct

.
G

iv
en

th
e

re
al

m
at

ri
x

A
,

w
it

h
ij

-e
n
tr

ie
s

d
en

ot
ed

b
y
A
ij

,
w

e
w

il
l

u
se

th
e

fo
ll
ow

in
g

m
at

ri
x

n
or

m
s:

th
e

F
ro

b
en

iu
s

n
or

m
||A
|| F
,
√
∑

i,
j
|A

ij
|2 ;

th
e
L

1
,1

n
or

m
||A
|| 1
,1
,
∑

i,
j
|A

ij
|;

th
e
L

2
,∞

n
or

m

||A
|| 2
,∞
,

m
ax

i

√
∑

j
A

2 ij
;

th
e
L
∞
,∞

n
or

m
||A
|| ∞

,∞
=

m
ax

i,
j
|A

ij
|;

an
d

th
e

sp
ec

tr
al

n
or

m

||A
|| 2
,
σ

m
a
x
(A

),
w

h
er

e
σ

m
a
x
(A

)
d
en

ot
es

th
e

m
ax

im
u
m

si
n
gu

la
r

va
lu

e
of

A
.

T
h
e

m
at

ri
x

q
u
an

ti
ti

es
∇
D
f i

(D
,X

i)
an

d
∇
X
i
f i

(D
,X

i)
ar

e
th

e
gr

ad
ie

n
ts

of
f i

w
it

h
re

sp
ec

t
to

D
an

d
X
i,

ev
al

u
at

ed
at

(D
,X

i)
,

re
sp

ec
ti

ve
ly

,
w

it
h

th
e

p
a
rt

ia
l

d
er

iv
at

iv
es

ar
ra

n
ge

d
ac

co
rd

in
g

to
th

e
p
at

te
rn

s
of

D
an

d
X
i,

re
sp

ec
ti

v
el

y.
T

h
e

sa
m

e
co

n
v
en

ti
on

is
a
d
op

te
d

fo
r

su
b
gr

ad
ie

n
ts

of
g i

an
d
G

,
th

at
ar

e
th

er
ef

or
e

w
ri

tt
en

as
m

at
ri

ce
s

of
th

e
sa

m
e

d
im

en
si

on
s

of
X
i

a
n
d

D
,

re
sp

ec
ti

ve
ly

.
T

ab
le

1
su

m
m

ar
iz

es
th

e
m

ai
n

n
ot

at
io

n
an

d
sy

m
b

ol
s

u
se

d
in

th
e

p
a
p

er
.

B
ec

au
se

of
th

e
n
on

co
n
ve

x
it

y
of

P
ro

b
le

m
P

,
w

e
ai

m
at

co
m

p
u
ti

n
g

st
at

io
n
ar

y
so

lu
ti

on
s

of
P

,
d
efi

n
ed

as
fo

ll
ow

s:
a

tu
p
le

(D
∗ ,

X
∗ )

,
w

it
h

X
∗
,

[X
∗ 1
,.
..
,X
∗ I]

is
a

st
at

io
n
ar

it
y

so
lu

ti
on

of
P

if
th

e
fo

ll
ow

in
g

h
ol

d
s:

D
∗
∈
D

,
X
∗ i
∈
X i

,
i

=
1,
..
.,
I
,

a
n
d

〈 ∇
D
F

(D
∗ ,

X
∗ )
,D
−

D
∗〉

+
G

(D
)
−
G

(D
∗ )
≥

0
,

∀D
∈
D
,

〈∇
X
i
f i

(D
∗ ,

X
∗ i)
,X

i
−

X
∗ i〉

+
g i

(X
i)
−
g i

(X
∗ i)
≥

0,
∀X

i
∈
X i
,
i

=
1,
..
.,
I
.

(2
)

2
.
P
ro

b
le
m

S
e
tu

p
a
n
d
M

o
ti
v
a
ti
n
g
E
x
a
m
p
le
s

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
d
is

cu
ss

th
e

as
su

m
p
ti

on
s

u
n
d
er

ly
in

g
ou

r
m

o
d
el

an
d

th
en

p
ro

v
id

e
se

ve
ra

l
ex

am
p
le

s
of

p
os

si
b
le

ap
p
li
ca

ti
on

s.
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

S
y
m

b
o
l

D
e
fi
n
it

io
n

M
e
m

b
e
r

o
f

R
e
fe

re
n
c
e

F
(D
,X

)
∑
I i=

1
f i

(D
,X

i
)

R
M
×
K
×

R
K
×
N
→

R
(P

)

U
(D
,X

)
F

(D
,X

)
+
∑
I i=

1
g i

(X
i
)

+
G

(D
)

R
M
×
K
×

R
K
×
N
→

R
(P

)

S
i

L
o
ca

l
d

a
ta

m
a
tr

ix
R
M
×
n
i

S
[S

1
,S

2
,.
..
,S

I
]

R
M
×
N

D
D

ic
ti

o
n

a
ry

m
a
tr

ix
va

ri
a
b

le
D
⊆

R
M
×
K

D
(i

)
L

o
ca

l
co

p
y

o
f
D

o
f

a
g
en

t
i

D
⊆

R
M
×
K

D
ν (i

)
D

(i
)

a
t

it
er

a
ti

o
n
ν

D
⊆

R
M
×
K

D
ν

[D
ν
ᵀ

(1
)
,D

ν
ᵀ

(2
)
,.
..
,D

ν
ᵀ

(I
)
]ᵀ

R
M
×
K
I

(2
5
)

D̃
ν (i

)
S

o
lu

ti
o
n

o
f

su
b

p
ro

b
le

m
(8

)
D
⊆

R
M
×
K

(8
)

D
ν

(1
/
I
)
∑
I i=

1
D
ν (i

)
D
⊆

R
M
×
K

(2
5
)

U
ν (i

)
L

o
ca

l
u

p
d

a
te

o
f

d
ic

ti
o
n

a
ry

va
ri

a
b

le
D
⊆

R
M
×
K

(1
0
)

X
i

L
o
ca

l
m

a
tr

ix
va

ri
a
b
le

X i
⊆

R
K
×
n
i

X
[X

1
,X

2
,.
..
,X

I
]

X
⊆

R
K
×
N

X
ν i

X
i

a
t

it
er

a
ti

o
n
ν

X i
⊆

R
K
×
n
i

X
ν

X
a
t

it
er

a
ti

o
n
ν

:
[X

ν 1
,X

ν 2
,.
..
,X

ν I
]

X
⊆

R
K
×
N

(2
5
)

Θ
ν (i

)
G

ra
d

ie
n
t-

tr
a
ck

in
g

va
ri

a
b

le
D
⊆

R
M
×
K

(1
3
)

A
ν

(a
ν ij

)I i
,j

=
1
−

co
n

se
n

su
s

w
ei

g
h
ts

a
t

ti
m

e
ν

R
I
×
I

A
ss

u
m

p
ti

o
n

F

T
ab

le
1:

T
ab

le
of

n
ot

at
io

n

2
.1

.
P

ro
b

le
m

A
ss

u
m

p
ti

o
n

s

W
e

co
n
si

d
er

P
ro

b
le

m
P

u
n
d
er

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
s.

A
ss

u
m

p
ti

o
n

A
(O

n
P

ro
b

le
m

P
)

(A
1
)

E
a
ch

f i
:
O
×
O
i
→

R
is
C2

,
lo

w
er

bo
u

n
d
ed

,
a
n

d
bi

co
n

ve
x,

w
h
er

e
O
⊇
D

a
n

d
O
i
⊇
X i

a
re

co
n

ve
x

o
pe

n
se

ts
;

(A
2
)

G
iv

en
D
∈
D

,
ea

ch
∇
X
i
f i

(D
,•

)
is

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
o
n
X i

,
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
L
∇
X
i
(D

).
F

u
rt

h
er

m
o
re

,
ea

ch
L
∇
X
i

:
D
→

R
+

is
co

n
ti

n
u

o
u

s;

(A
3
)
D

is
co

m
pa

ct
a
n

d
co

n
ve

x;
a
n

d
ea

ch
X i

is
cl

o
se

d
a
n

d
co

n
ve

x
(n

o
t

n
ec

es
sa

ri
ly

bo
u

n
d
ed

);

(A
4
)
G

:
O
→

R
is

co
n

ve
x

(p
o
ss

ib
ly

n
o
n

-s
m

oo
th

);

(A
5
)

F
o
r

a
ll
i

=
1,
..
.,
I

,
ei

th
er

i)
X i

is
co

m
pa

ct
a
n

d
g i

:
O
i
→

R
is

co
n

ve
x;

o
r

ii
)
g i

is
µ
i-

st
ro

n
gl

y
co

n
ve

x.

T
h
e

ab
ov

e
as

su
m

p
ti

on
s

ar
e

q
u
it

e
m

il
d

an
d

ar
e

sa
ti

sfi
ed

b
y

se
v
er

al
p
ro

b
le

m
s

o
f

p
ra

ct
ic

al
in

te
re

st
;

se
e

S
ec

.
2.

2
fo

r
se

ve
ra

l
co

n
cr

et
e

ex
am

p
le

s.

N
e
tw

o
rk

to
p

o
lo

g
y

W
e

st
u
d
y

P
ro

b
le

m
P

in
th

e
fo

ll
ow

in
g

n
et

w
o
rk

se
tt

in
g.

T
im

e
is

sl
ot

te
d

an
d

in
ea

ch
ti

m
e-

sl
ot

ν
th

e
n
et

w
or

k
of

th
e
I

ag
en

ts
is

m
o
d
el

ed
as

a
d
ig

ra
p
h
Gν

=
(V
,E

ν
),

w
h
er

e
V

=
{1
,.
..
,I
}

is
th

e
se

t
of

ag
en

ts
an

d
Eν

is
th

e
se

t
of

ed
ge

s
(c

om
m

u
n
ic

at
io

n
li
n
k
s)

;
w

e
u
se

(i
,j

)
∈
Eν

to
in

d
ic

at
e

th
at

th
er

e
is

a
d
ir

ec
te

d
li
n
k
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om

n
o
d
e
i

to
n
o
d
e
j.
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h
e
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o
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

ag
en

t 𝒊 

F
ig

u
re

2:
Illu

stration
of

in
-n

eigh
b

orh
o
o
d

set
of

agen
t
i

at
tim

e
ν

.

i∈
V

a
t

tim
e
ν

is
d
efi

n
ed

as
N

ini [ν
]

=
{j
∈
V|(j,i)∈

E
ν}∪

{i}
(see

F
ig

.
2)

w
h
ereas

its
o
u

t-n
eigh

bo
rh

ood
is
N

o
u

t
i

[ν
]

=
{
j
∈
V|(i,j)

∈
E
ν}
∪
{
i}

.
In

w
ord

s,
ag

en
t
i

can
receiv

e
in

fo
rm

a
tio

n
fro

m
its

in
-n

eigh
b

orh
o
o
d

m
em

b
ers,

an
d

sen
d

in
fo

rm
ation

to
its

ou
t-n

eig
h
b

ors.
T

h
e

o
u

t-d
egree

of
agen

t
i

is
d
efi

n
ed

as
d
νi
,
∣∣N

o
u

t
i

[ν
] ∣∣,

w
h
ere
|•|

d
en

otes
th

e
card

in
a
lity

o
f

a
set.

If
th

e
grap

h
is

u
n
d
irected

,
th

e
set

of
in

-n
eigh

b
ors

an
d

ou
t-n

eigh
b

ors
coin

cid
e;

in
su

ch
a

ca
se

w
e

ju
st

w
riteN

i
to

d
en

ote
th

e
set

of
n
eigh

b
ors

of
agen

t
i.

W
h
en

th
e

n
etw

ork
is

sta
tic,

a
ll

th
e

a
b

ov
e

q
u
an

tities
d
o

n
ot

d
ep

en
d

on
th

e
iteration

in
d
ex
ν

;
h
en

ce,
w

e
w

ill
d
rop

th
e

su
p

erscrip
t

“
ν

”.
T

o
let

in
form

ation
p
rop

agate
over

th
e

n
etw

ork
,

w
e

a
ssu

m
e

th
at

th
e

seq
u
en

ce
{G

ν}
ν

p
ossesses

som
e

“lon
g-term

”
con

n
ectiv

ity
p
rop

erty,
as

stated
n
ex

t.

A
ssu

m
p

tio
n

B
(B

-stro
n

g
c
o
n

n
e
c
tiv

ity
)

T
h
e

gra
p
h

sequ
en

ce
{G

ν}
ν

is
B

-stro
n

gly
co

n
-

n
ected

,
i.e.,

th
ere

exists
a
n

(a
rbitra

rily
la

rge)
in

teger
B
>

0
(u

n
kn

o
w

n
to

th
e

a
gen

ts)
su

ch

th
a
t

th
e

gra
p
h

w
ith

ed
ge

set∪
(k

+
1
)B
−

1
t=
k
B

E
t

is
stro

n
gly

co
n

n
ected

,
fo

r
a
ll
k
≥

0.

N
o
tice

th
a
t

th
is

con
d
ition

is
q
u
ite

m
ild

an
d

w
id

ely
u
sed

in
th

e
literatu

re
to

a
n
aly

ze
co

n
ver-

g
en

ce
o
f

d
istrib

u
ted

algorith
m

s
over

tim
e-vary

in
g

n
etw

ork
s.

G
en

erally
sp

eak
in

g,
it

p
erm

its
stro

n
g

co
n
n
ectiv

ity
to

o
ccu

r
ov

er
tim

e
w

in
d
ow

s
of

len
gth

B
,

so
th

at
in

form
ation

can
p
rop

-
a
g
a
te

fro
m

every
n
o
d
e

to
every

oth
er

n
o
d
e

in
th

e
n
etw

ork
.

A
ssu

m
p
tio

n
B

is
satisfi

ed
in

severa
l
p
ractica

l
scen

arios.
F

or
in

stan
ce,

com
m

on
ly

u
sed

settin
gs

in
clou

d
com

p
u
tin

g
in

fras-
tru

ctu
res

a
re

star,
rin

g,
tree,

h
y
p

ercu
b

e,
or

n
-d

im
en

sion
al

m
esh

(T
oru

s)
top

ologies,
w

h
ich

all
satisfy

A
ssu

m
p
tion

B
.
It

is
w

orth
m

en
tion

in
g

th
at

th
e
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p
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d
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p
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;
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d
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h
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i ‖
1
,1

+
µ2
‖
X
i ‖

2F }

s.t.
D
∈
D
,

X
i ∈
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p
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∈
R
M
×
K

+
||
|D
|| 2
,∞
≤
α
},

X
i
∈
R
K
×
n
i

+
,

i
=

1,
2
,.
..
,I
,

(7
)

fo
r

so
m

e
λ
,
µ
,
α
>

0.
P

ro
b
le

m
(7

)
is

an
ot

h
er

in
st

an
ce

of
P

,
w

it
h
f i

(D
,X

i)
=

(1
/2

)
·|
|S
i
−

D
X
i||

2 F
,
g i

(X
i)

=
λ
‖X

i‖
1
,1

+
(µ
/2

)
·‖

X
i‖

2 F
,
G

(D
)

=
0,
D

=
{D
∈
R
M
×
K

+
||
|D
|| 2
,∞
≤
α
},

an
d
X i

=
R
K
×
n
i

+
.

A
ss

u
m

p
ti

on
A

is
sa

ti
sfi

ed
,

an
d

th
e

L
ip

sc
h
it

z
co

n
st

an
t

in
A

2
is

g
iv

en
b
y

L
∇
X
i
(D

)
=

(σ
m

a
x
(D

))
2
.

3
.
A
lg
o
ri
th

m
ic

D
e
si
g
n

W
e

in
tr

o
d
u
ce

n
ow

ou
r

al
go

ri
th

m
ic

fr
a
m

ew
or

k
.

T
o

sh
ed

li
gh

t
on

th
e

co
re

id
ea

b
eh

in
d

th
e

p
ro

p
os

ed
sc

h
em

e,
w

e
b

eg
in

in
tr

o
d
u
ci

n
g

an
in

fo
rm

al
an

d
co

n
st

ru
ct

iv
e

d
es

cr
ip

ti
o
n

o
f

th
e

al
go

ri
th

m
,

fo
ll
ow

ed
b
y

it
s

fo
rm

al
d
es

cr
ip

ti
on

al
on

g
w

it
h

it
s

co
n
v
er

ge
n
ce

p
ro

p
er

ti
es

.
E

ac
h

ag
en

t
i

co
n
tr

ol
s

it
s

p
ri

va
te

va
ri

ab
le

X
i

an
d

m
ai

n
ta

in
s

a
lo

ca
l

co
p
y

o
f

th
e

sh
a
re

d
va

ri
ab

le
s

D
,

d
en

ot
ed

b
y

D
(i

),
al

on
g

w
it

h
an

au
x
il
ia

ry
va

ri
ab

le
Θ

(i
);

w
e

an
ti

ci
p
a
te

th
a
t

Θ
(i

)

ai
m

s
at

lo
ca

ll
y

es
ti

m
at

in
g

th
e

gr
ad

ie
n
t

su
m
∑

j
∇
D
f j

(D
(i

),
X
j
),

an
in

fo
rm

at
io

n
th

a
t

is
n
o
t

av
ai

la
b
le

at
ag

en
t
i’

s
si

d
e.

T
h
e

va
lu

e
of

th
es

e
va

ri
ab

le
s

at
it

er
at

io
n
ν

is
d
en

o
te

d
b
y

X
ν i
,

D
ν (i

),
an

d
Θ
ν (i

),
re

sp
ec

ti
ve

ly
.

R
ou

gh
ly

sp
ea

k
in

g,
th

e
u
p

d
at

e
of

th
es

e
va

ri
ab

le
s

is
d
es

ig
n
ed

so
th

at
as

y
m

p
to

ti
ca

ll
y

i)
al

l
th

e
D

(i
)

w
il
l

b
e

co
n
se

n
su

al
,

i.
e.

,
D

(i
)

=
D

(j
),
∀i
6=
j;

a
n
d

ii
)

th
e

tu
p
le

s
(D

(i
),

(X
j
)I j

=
1
)

w
il
l

b
e

a
st

at
io

n
ar

y
so

lu
ti

on
s

of
P

ro
b
le

m
P

.
T

h
is

is
a
cc

o
m

p
li
sh

ed
th

ro
u
gh

ou
t

th
e

fo
ll
ow

in
g

tw
o

st
ep

s,
w

h
ic

h
ar

e
p

er
fo

rm
ed

it
er

at
iv

el
y

an
d

in
p
a
ra

ll
el

a
cr

o
ss

th
e

ag
en

ts
.

S
te

p
1
:
L

o
c
a
l

O
p

ti
m

iz
a
ti

o
n

T
h
e

n
on

co
n
ve

x
it

y
of
f i

to
ge

th
er

w
it

h
th

e
la

ck
of

k
n
ow

le
d
ge

of
∑

j6=
i
f j

in
F

p
re

ve
n
ts

a
g
en

t
i

to
so

lv
e

d
ir

ec
tl

y
P

ro
b
le

m
P

w
it

h
re

sp
ec

t
to

(D
(i

),
X
i)

.
S
in

ce
f i

is
bi

-c
o
n

ve
x

in
(D

(i
),

X
i)

,
a

n
at

u
ra

l
ap

p
ro

ac
h

is
th

en
to

u
p

d
at

e
D

(i
)

an
d

X
i

in
an

a
lt

er
n

a
ti

n
g

fa
sh

io
n

b
y

so
lv

in
g

a
lo

ca
l

ap
p
ro

x
im

at
io

n
of

P
.

S
p

ec
ifi

ca
ll
y,

at
it

er
at

io
n
ν

,
gi

ve
n

th
e

it
er

at
es

X
ν i
,
D
ν (i

),
a
n
d

Θ
ν (i

),
ag

en
t
i

fi
x
es

X
i

=
X
ν i

an
d

so
lv

es
th

e
fo

ll
ow

in
g

st
ro

n
gl

y
co

n
ve

x
p
ro

b
le

m
in

D
(i

)
:

D̃
ν (i

)
,

ar
gm

in
D

(i
)
∈D

f̃ i
( D

(i
);

D
ν (i

),
X
ν i

) +
〈 I
·Θ

ν (i
)
−
∇
D
f i

(D
ν (i

),
X
ν i
),

D
(i

)
−

D
ν (i

)〉 +
G
( D

(i
))
,

(8
)

w
h
er

e
f̃ i

(•
;D

ν (i
),

X
ν i
)

is
a

su
it

ab
ly

ch
os

en
st

ro
n
gl

y
co

n
ve

x
ap

p
ro

x
im

at
io

n
o
f
f i

(•
,X

ν i
)

a
t

(D
ν (i

),
X
ν i
)

(c
f.

A
ss

u
m

p
ti

on
C

,
S
ec

.
3.

1)
;

an
d

Θ
ν (i

),
as

an
ti

ci
p
a
te

d
,

is
u
se

d
to

tr
a
ck

th
e

gr
ad

ie
n
t

of
F

,
w

it
h

li
m
ν
→
∞
‖I
·Θ

ν (i
)
−
∑

I j=
1
∇
D
f j

(D
ν (i

),
X
ν j
)‖

=
0;

w
h
ic

h
w

o
u
ld

le
a
d

to

li
m

ν
→
∞

∥ ∥ ∥ ∥ ∥ ∥( I
·Θ

ν (i
)
−
∇
D
f i

(D
ν (i

),
X
ν i
))
−
∑ j6=

i

∇
D
f j

(D
ν (i

),
X
ν j
)∥ ∥ ∥ ∥ ∥ ∥

=
0.

(9
)

T
h
is

sh
ed

s
li
gh

t
on

th
e

ro
le

of
th

e
li
n
ea

r
te

rm
in

(8
):

it
ca

n
b

e
re

ga
rd

ed
as

a
p
ro

x
y

o
f

th
e

su
m

-g
ra

d
ie

n
t
∑

j6=
i
∇
D
f j

(D
ν (i

),
X
ν j
),

w
h
ic

h
is

n
ot

av
ai

la
b
le

at
ag

en
t
i’

s
si

d
e.

In
S
te

p
2

b
el

ow

w
e

sh
ow

h
ow

to
u
p

d
at

e
Θ
ν (i

)
u
si

n
g

on
ly

lo
ca

l
in

fo
rm

at
io

n
,

so
th

at
(9

)
h
ol

d
s.
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

G
iven

D̃
ν(i) ,

a
step

-size
is

em
p
loyed

in
th

e
u
p

d
ate

of
D

(i) ,
gen

eratin
g

th
e

iterate
U
ν(i) :

U
ν(i)

=
D
ν(i)

+
γ
ν(D̃

ν(i) −
D
ν(i) ),

(10)

w
h
ere

γ
ν

is
th

e
step

-size,
to

b
e

p
rop

erly
ch

osen
(see

A
ssu

m
p
tion

E
,

S
ec.

3
.1).

L
et

u
s

n
ow

con
sid

er
th

e
u
p

d
ate

of
th

e
p
rivate

variab
les

X
i .

F
ix

in
g

D
(i)

=
U
ν(i) ,

agen
t

i
co

m
p
u
tes

th
e

n
ew

u
p

d
ate

X
ν
+

1
i

b
y

solv
in

g
th

e
follow

in
g

stron
gly

con
v
ex

o
p
tim

ization
p
ro

b
lem

:
X
ν
+

1
i
,

argm
in

X
i ∈X

i

h̃
i (X

i ;U
ν(i) ,X

νi )
+
g
i (X

i ),
(11)

w
h
ere

h̃
i (•

;U
ν(i) ,X

νi )
is

a
stron

gly
con

vex
fu

n
ction

of
X
i ,

ap
p
rox

im
atin

g
f
i (U

ν(i) ,•
)

at

(U
ν(i) ,X

νi );
see

A
ssu

m
p
tion

C
(cf.

S
ec.

3.1)
for

sp
ecifi

c
in

stan
ces

of
h̃
i .

S
te

p
2
:
L

o
c
a
l

C
o
m

m
u

n
ic

a
tio

n
s

L
et

u
s

d
esig

n
n
ow

a
lo

cal
com

m
u
n
ication

m
ech

an
ism

en
su

rin
g

asy
m

p
to

tic
con

sen
su

s
ov

er
th

e
lo

ca
l

cop
ies

D
(i) ’s

an
d

p
rop

erty
(9).

T
o

d
o

so,
w

e
b
u
ild

on
th

e
(p

ertu
rb

ed
)

p
u
sh

-su
m

p
ro

to
co

l
p
ro

p
o
sed

in
(S

u
n

et
al.,

2016)
(see

also
K

em
p

e
et

al.
(2003)).

S
p

ecifi
cally,

an
ex

tra
sca

la
r

va
ria

b
le
φ
i

is
in

tro
d
u
ced

at
each

a
gen

t’s
sid

e
to

d
eal

w
ith

th
e

d
irected

n
atu

re
of

th
e

g
ra

p
h
;

g
iven

φ
νi

an
d

U
ν(j)

from
its

in
-n

eigh
b

ors
j
∈
N
i ,

each
agen

t
i

u
p

d
ates

its
ow

n
lo

cal
estim

a
te

D
ν(i)

a
n
d
φ
νi

accord
in

g
to:

φ
ν
+

1
i

=
∑

j∈N
in
i

[ν
] a
νij
φ
νj

a
n
d

D
ν
+

1
(i)

=
1

φ
ν
+

1
i

∑

j∈N
in
i

[ν
] a
νij
φ
νj U

ν(j) ,
(12)

w
h
ere

a
νij ’s

a
re

som
e

w
eigh

ts
(to

b
e

p
rop

erly
ch

osen
,

see
A

ssu
m

p
tion

F
,

S
ec.

3.1);
an

d

φ
0i

=
1
,

fo
r

a
ll
i

=
1,...,I

.
N

o
te

th
a
t

th
e

u
p

d
ates

in
(12)

can
b

e
im

p
lem

en
ted

lo
cally

:
a
ll

agen
ts

on
ly

n
eed

to
(i)

sen
d

th
eir

lo
ca

l
variab

le
U
ν(j)

an
d

th
e

scalar
w

eigh
t
a
νij
φ
νj

to
th

eir
n
eigh

b
ors;

an
d

(ii)
collect

lo
ca

lly
th

e
in

form
ation

com
in

g
from

th
e

n
eigh

b
ors.

T
o

u
p

d
a
te

th
e

Θ
ν(i)

variab
les

w
e

leverage
th

e
grad

ien
t

track
in

g
m

ech
an

ism
fi
rst

in
tro-

d
u
ced

in
(D

i
L

oren
zo

an
d

S
cu

tari,
2016),

cou
p
led

w
ith

th
e

p
u
sh

-su
m

con
sen

su
s

sch
em

e
(S

u
n

et
a
l.,

2
0
1
6
),

resu
ltin

g
in

th
e

follow
in

g
p

ertu
rb

ed
p
u
sh

-su
m

sch
em

e:

Θ
ν
+

1
(i)

=
1

φ
ν
+

1
i

∑

j∈N
in
i

[ν
] a
νij φ

νj Θ
ν(j)

+
1

φ
ν
+

1
i

(∇
D
f
i (D

ν
+

1
(i)

,X
ν
+

1
i

)−
∇
D
f
i (D

ν(i) ,X
νi ) )

,
(13)

w
ith

Θ
0(i)
,
∇
D
f
i (D

0(i) ,X
0i ),

for
all

i
=

1
,...,I

.
T

h
e

u
p

d
ate

(13)
follow

s
sim

ilar
logic

a
s

th
a
t

o
f

D
ν(i)

in
(12),

w
ith

th
e

d
iff

eren
ce

th
at

(13)
co

n
tain

s
a

p
ertu

rb
atio

n
[th

e
secon

d

term
in

th
e

R
H

S
of

(13)],
w

h
ich

em
p
loy

s
Θ
ν(i)

an
d

en
su

res
th

e
d
esired

track
in

g
p
rop

erties

(o
th

erw
ise

Θ
ν(i)

w
ou

ld
con

verge
to

th
e

average
of

th
eir

in
itial

valu
es).

N
ote

th
at

(13)
can

b
e

p
erfo

rm
ed

lo
cally

b
y

agen
t
i,

follow
in

g
th

e
sam

e
p
ro

ced
u
re

as
d
escrib

ed
fo

r
(12).

C
o
m

b
in

in
g

th
e

ab
ove

step
s,

w
e

can
n
ow

form
ally

in
tro

d
u
ce

th
e

p
rop

osed
d
istrib

u
ted

al-
g
o
rith

m
fo

r
th

e
D

L
p
rob

lem
s

P
,
as

d
escrib

ed
in

A
lgorith

m
1,

an
d

term
ed

D
4L

(D
ecen

tralized
D

ictio
n
a
ry

L
ea

rn
in

g
over

D
y
n
am

ic
D

igrap
h
s)

A
lgo

rith
m

.

1
1
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

A
lg

o
rith

m
1

:
D

ecen
tralized

D
iction

ary
L

earn
in

g
over

D
y
n
am

ic
D

igrap
h
s

(D
4L

)

In
itia

liz
a
tio

n
:

set
ν

=
0

an
d
φ

0i
=

1,
D

0(i) ∈
D
,

X
0i ∈
X
i ,

Θ
0(i)

=
∇
D
f
i (D

0(i) ,X
0i ),

for
all

i
=

1,2
,...,I

.
S
1
.

If
(D

ν(i) ,X
νi )

satisfi
es

a
su

itab
le

stop
p
in

g
criterion

:
S
T
O
P
;

S
2
.

L
o
c
a
l

O
p

tim
iz

a
tio

n
:

E
ach

agen
t
i

com
p
u
tes:

(a)
D̃
ν(i)

an
d

U
ν(i)

accord
in

g
to

(8)
an

d
(10);

(b
)

X
ν
+

1
i

accord
in

g
to

(11);

S
3
.

L
o
c
a
l

C
o
m

m
u

n
ic

a
tio

n
s:

E
a
ch

agen
t
i

collects
d
ata

from
its

cu
rren

t
n
eigh

b
ors

an
d

u
p

d
ates:

(a)
φ
ν
+

1
i

an
d

D
ν
+

1
(i)

accord
in

g
to

(12);

(b
)

Θ
ν
+

1
(i)

accord
in

g
to

(13);

S
4
.

S
et
ν

+
1
→
ν

,
an

d
go

to
S
1
.

3
.1

.
A

lg
o
rith

m
ic

A
ssu

m
p

tio
n

s

B
efore

statin
g

th
e

m
ain

con
vergen

ce
resu

lt
fo

r
th

e
D

4L
A

lgo
rith

m
,

w
e

d
iscu

ss
th

e
m

ain
assu

m
p
tion

s
govern

in
g

th
e

ch
oices

of
th

e
free

p
aram

eters
of

th
e

algorith
m

,
n
am

ely
:

th
e

su
rrogate

fu
n
ction

s
f̃
i

an
d
h̃
i ,

th
e

step
-size

γ
ν,

an
d

th
e

con
sen

su
s

w
eigh

ts
(a
νij )

Ii,j=
1 .

3
.1
.1
.
O
n
t
h
e
c
h
o
ic
e
o
f
f̃
i
a
n
d
h̃
i .

T
h
e

su
rrogate

fu
n
ction

s
are

ch
osen

to
satisfy

th
e

follow
in

g
assu

m
p
tion

.

A
ssu

m
p

tio
n

C
(O

n
f̃
i

a
n

d
h̃
i )

G
iven

D
ν(i)

a
n

d
X
νi ,
f̃
i (•

;D
ν(i) ,X

νi )
in

(8
)

is
eith

er

f̃
i (D

(i) ;D
ν(i) ,X

νi )
=
f
i (D

(i) ,X
νi )

+
τ
νD
,i

2
||D

(i) −
D
ν(i) || 2F

,
(14)

o
r

f̃
i (D

(i) ;D
ν(i) ,X

νi )
=
〈∇

D
f
i (D

ν(i) ,X
νi ),D

(i) −
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p
ar

am
et

er
s
λ

,
µ

a
n
d
α

in
(3

)
ar

e
se

t
to
λ

=
1/
s,
µ

=
λ

an
d
α

=
1,

re
sp

ec
ti

ve
ly

.

A
lg

o
ri

th
m

s
a
n

d
tu

n
in

g
:

W
e

te
st

ed
:

i)
tw

o
in

st
an

ce
s

of
th

e
D

4
L

A
lg

or
it

h
m

,
co

rr
es

p
o
n
d
in

g
to

tw
o

al
te

rn
at

iv
e

ch
oi

ce
s

of
th

e
su

rr
og

at
e

fu
n
ct

io
n
s;

ii
)

th
e

P
ro

x
-P

D
A

-I
P

al
g
o
ri

th
m

(Z
h
a
o

et
al

.,
20

16
),

ad
ap

te
d

to
p
ro

b
le

m
(3

)
(o

n
ly

on
u
n
d
ir

ec
te

d
n
et

w
or

k
s)

;
ii
i)

th
e

A
T

C
a
lg

o
ri

th
m

(C
h
ai

n
ai

s
an

d
R

ic
h
ar

d
,

20
13

);
an

d
iv

)
th

e
ce

n
tr

a
li

ze
d

K
-S

V
D

al
go

ri
th

m
(E

la
d

a
n
d

A
h
a
ro

n
,

20
06

)
(K
S
V
D
-
B
o
x

v
1
3

p
ac

ka
ge

),
u
se

d
as

a
b

en
ch

m
ar

k
.

M
or

e
sp

ec
ifi

ca
ll
y,

th
e

tw
o

in
st

a
n
ce

s
of

th
e

D
4
L

A
lg

or
it

h
m

ar
e:

•
P
l
a
i
n

D
4
L
:
h̃
i

is
ch

os
en

as
in

(1
6)

(t
h
e

or
ig

in
al

fu
n
ct

io
n
)

an
d
f̃ i

as
in

(1
5
);

•
L
i
n
e
a
r
i
z
e
d

D
4
L
:
h̃
i

is
gi

ve
n

b
y

(1
7)

(fi
rs

t-
or

d
er

ap
p
ro

x
im

at
io

n
)

an
d
f̃ i

is
g
iv

en
b
y

(1
5)

.

T
h
e

re
st

of
th

e
p
ar

am
et

er
s

in
b

ot
h

in
st

an
ce

s
of

D
4
L

is
se

t
as

:
γ
ν

=
γ
ν
−

1
(1
−
εγ
ν
−

1
),

w
it

h
γ

0
=

0.
5

an
d
ε

=
10
−

2
;
τ
ν D
,i

=
10

;
an

d
τ
ν X
,i

=
m

ax
(L
∇
X
i
(U

ν (i
))
,1

)
[c

f.
(2

4)
].

O
u
r

ad
ap

ta
ti

on
of

th
e

P
ro

x
-P

D
A

-I
P

al
go

ri
th

m
to

P
ro

b
le

m
(3

)
is

su
m

m
a
ri

ze
d

in
A

l-
go

ri
th

m
2.

T
h
e

d
iff

er
en

ce
w

it
h

th
e

or
ig

in
al

ve
rs

io
n

in
(Z

h
ao

et
al

.,
20

1
6
)

a
re

:
i)

th
e

el
as

ti
c

n
et

p
en

al
ty

is
u
se

d
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

fo
r

th
e

X
i’

s
va

ri
ab

le
s,

in
st

ea
d

o
f

th
e
` 1

-n
or

m
an

d
` 2

-n
or

m
b
al

l
co

n
st

ra
in

ts
;

an
d

ii
)

th
e

va
ri

ab
le

s
D

(i
)’

s
ar

e
co

n
st

ra
in

ed
in

D
,
{D

:
||D

e
k
|| 2
≤
α
,
k

=
1,

2
,.
..
,K
}

ra
th

er
th

an
u
si

n
g

th
e
` 2

-n
or

m
re

g
u
la

ri
za

ti
o
n

in
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
.

T
h
e

ot
h
er

sy
m

b
ol

s
u
se

d
in

A
lg

or
it

h
m

2
a
re

:
i)

th
e

in
ci

d
en

ce
m

at
ri

x
of
G,

d
en

ot
ed

b
y

M
=

(M
ei

) e
,i
∈
R
E
×
I
,

w
it

h
E
,
|E
|;

ii
)

th
e

m
at

ri
ce

s
Ω
ν e
∈
R
M
×
K

,
e

=
1
,.
..
,E

,
w

h
ic

h
ar

e
th

e
ν

-t
h

it
er

at
e

of
th

e
d
u
al

m
at

ri
x

va
ri

ab
le

s
Ω
e
∈
R
M
×
K

,
a
s

in
tr

o-
d
u
ce

d
in

th
e

or
ig

in
al

P
ro

x
-P

D
A

-I
P

;
an

d
ii
i)
{β

ν
} ν
∈N

+
is

th
e

in
cr

ea
si

n
g

p
en

a
lt

y
p
a
ra

m
et

er
,

se
t

to
β
ν

=
0.

00
2
ν

.

A
ll

th
e

al
go

ri
th

m
s

ar
e

in
it

ia
li
ze

d
to

th
e

sa
m

e
va

lu
e:

D
0 (i

)’
s

co
in

ci
d
e

w
it

h
ra

n
d
o
m

ly

(u
n
if

or
m

ly
)

ch
os

en
co

lu
m

n
s

of
S

(i
)’

s
w

h
er

ea
s

al
l
X

0 i
’s

ar
e

se
t

to
ze

ro
.

W
h
il
e

th
e

su
b
p
ro

b
le

m
s

so
lv

ed
at

ea
ch

it
er

at
io

n
ν

in
L

in
ea

ri
ze

d
D

4
L

a
d
m

it
a

cl
o
se

d
-

fo
rm
−

se
e

(2
3)

an
d

(2
2)
−

in
b

ot
h

P
la

in
D

4
L

an
d

A
T

C
,

th
e

u
p

d
at

e
of

th
e

d
ic

ti
o
n
a
ry

h
a
s

th
e

cl
os

ed
fo

rm
ex

p
re

ss
io

n
(2

2)
,

b
u
t

th
e

u
p

d
at

e
of

th
e

p
ri

va
te

va
ri

ab
le

s
ca

ll
s

fo
r

th
e

so
lu

ti
o
n

o
f

a
L

A
S
S
O

p
ro

b
le

m
(c

f.
S
ec

.
3.

1)
.

F
or

b
ot

h
P

la
in

D
4
L

an
d

A
T

C
,

th
e

L
A

S
S
O

su
b
p
ro

b
le

m
s

at
it

er
at

io
n
ν

ar
e

so
lv

ed
u
si

n
g

th
e

(s
u
b
)g

ra
d
ie

n
t

al
go

ri
th

m
,

w
it

h
th

e
fo

ll
ow

in
g

tu
n
in

g
.

A
d
im

in
is

h
in

g
st

ep
-s

iz
e

is
u
se

d
,

se
t

to
γ
r

=
γ
r
−

1
(1
−
εγ
r
−

1
),

w
h
er

e
γ

0
=

0
.9

,
ε

=
1
0
−

3
,

a
n
d
r

d
en

ot
es

th
e

in
n
er

it
er

at
io

n
in

d
ex

.
A

w
ar

m
st

ar
t

is
u
se

d
fo

r
th

e
su

b
gr

ad
ie

n
t

a
lg

o
ri

th
m

:
th

e
in

it
ia

l
p

oi
n
ts

ar
e

se
t

to
X
ν i
,

w
h
er

e
ν

is
th

e
it

er
at

io
n

in
d
ex

of
th

e
ou

te
r

lo
op

.
W

e
te

rm
in

a
te
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

A
lg

o
rith

m
2

:
P

rox
-P

D
A

-IP
algorith

m
(Z

h
ao

et
al.,

2016)

In
itia

liz
a
tio

n
:
D

0(i) ∈
D
,

X
0i ∈
X
i ,

Ω
0

=
0

;

S
1
.

If
(D

ν(i) ,X
νi )
i

satisfi
es

stop
p
in

g
criterion

:
S
T
O
P
;

S
2
.

E
ach

ag
en

t
i

com
p
u
tes

θ
νi

=
||D

ν(i) X
νi −

S
i || 2F

a
n
d
:

(a
)

X
ν
+

1
i

=
argm

in
X
i ∈

R
K
×
n
i f
i (D

ν(i) ,X
i )+

g
i (X

i )+
β
ν
+

1θ
νi

2
||X

i −
X
νi || 2F

+
β
ν
+

1

2
||D

ν(i) (X
i −

X
νi )|| 2F

;

(b
)

D
ν
+

1
(i)

=
a
rgm

in
D

(i) ∈D
f
i (D

(i) ,X
ν
+

1
i

)
+
∑

Ee=
1
M
ei 〈Ω

νe ,D
(i) 〉

+
β
ν
+

1 (
d
i ||D

(i) || 2F
−
〈D

(i) ,(d
i −

1)D
ν(i)

+
∑

j∈N
i
D
ν(j) 〉 )

;

(c)
Ω
ν
+

1
e

=
Ω
νe

+
β
ν
+

1 ∑
Ii=

1
M
ei D

ν
+

1
(i)

,
∀
e

=
(i,j)∈

E
;

S
3
.

S
et
ν

+
1
→
ν

,
an

d
go

to
S
1
.

th
e

su
b
g
ra

d
ien

t
algorith

m
in

th
e

in
n
er

lo
op

w
h
en

J
ri ≤

10 −
6,

w
ith

J
ri ,

∥∥∥∥
X
ν
,r
i
−

s

1
+
s T

1s (
X
ν
,r
i
−
(∇

X
i f
i (U

ν(i) ,X
ν
,r
i

)
+
τ
νX
,i (X

ν
,r
i
−

X
νi ) )) ∥∥∥∥∞

,∞
,

w
h
ere

X
ν
,r
i

d
en

otes
th

e
valu

e
of

X
i

at
th

e
r-th

in
n
er

iteration
an

d
ou

ter
iteration

ν
;

an
d

T
θ (x

)
,

m
a
x
(|x|−

θ,0)·
sign

(x
)

is
th

e
soft-th

resh
old

in
g

op
erator,

ap
p
lied

to
th

e
m

atrix
a
rg

u
m

en
t

co
m

p
on

en
tw

ise.
In

all
ou

r
sim

u
lation

s,
w

e
ob

served
th

at
th

e
ab

ov
e

accu
racy

w
as

rea
ch

ed
w

ith
in

30
(in

n
er)

iteration
s

of
th

e
su

b
grad

ien
t

algorith
m

.
In

th
e

P
rox

-P
D

A
-IP

sch
em

e,
S
tep

S
2

(cf.
A

lgorith
m

2)
calls

for
th

e
solu

tion
of

tw
o

su
b
-

p
ro

b
lem

s,
in

clu
d
in

g
a

L
A

S
S
O

p
rob

lem
.

A
s

for
P

lain
D

4L
an

d
A

T
C

,
w

e
u
sed

th
e

(p
ro

jected
)

(su
b
)-g

ra
d
ien

t
algorith

m
(w

ith
th

e
sam

e
d
im

in
ish

in
g

step
-size

ru
le)

to
solve

th
e

su
b
p
ro

b
-

lem
s;

w
e

term
in

ated
th

e
in

n
er

lo
op

w
h
en

th
e

len
gth

b
etw

een
tw

o
con

secu
tive

iterates
of

th
e

(p
ro

jected
)

(su
b
)-grad

ien
t

algorith
m

go
es

for
th

e
fi
rst

tim
e

b
elow

1
0 −

6.
W

e
sim

u
la

ted
b

oth
u
n
d
irected

an
d

d
irected

static
grap

h
s.

In
th

e
form

er
case,

th
ere

is
n
o

n
eed

o
f
th

e
φ

-va
riab

les
an

d
,
in

th
e

secon
d

eq
u
ation

of
(12)

[an
d

(13)],
th

e
term

s
(φ
νj
a
νij )/φ

ν
+

1
i

red
u
ce

to
a
ij .

T
h
e

w
eigh

ts
a
ij

are
ch

osen
accord

in
g

to
th

e
M

etrop
olis-H

astin
g

ru
le

(X
iao

et
a
l.,

2
0
07

);
th

e
resu

ltin
g

m
atrix

A
ν

=
[a
ij ]ij

is
th

u
s

tim
e-in

varian
t

an
d

d
ou

b
ly

sto
ch

astic.
W

h
en

th
e

g
ra

p
h

is
d
irected

,
w

e
u
se

th
e

u
p

d
ate

of
th

e
φ
νi ’s

as
in

(12),
w

ith
th

e
w

eigh
ts
a
νij

ch
o
sen

a
cco

rd
in

g
to

th
e

p
u
sh

-su
m

p
roto

col
(K

em
p

e
et

al.,
2003)

(cf.
S
ec.

3.1.3).

C
o
n
v
e
rg

e
n

c
e

sp
e
e
d

a
n

d
q
u

a
lity

o
f

th
e

re
c
o
n

stru
c
tio

n
:

In
th

e
fi
rst

set
of

sim
u
lation

s,
w

e
co

n
sid

ered
a
n

u
n
d
irected

grap
h

com
p

osed
of

150
n
o
d
es,

clu
stered

in
6

grou
p
s

o
f

25
(see

F
ig

.
3
).

S
ta

rtin
g

from
th

is
top

ology,
w

e
kep

t
ad

d
in

g
ra

n
d
om

ed
ges

till
a

con
n
ected

grap
h

w
a
s

o
b
ta

in
ed

.
S
p

ecifi
cally,

an
arc

is
ad

d
ed

b
etw

een
tw

o
n
o
d
es

in
th

e
sam

e
clu

ster
(resp

.
d
iff

eren
t

clu
sters)

w
ith

p
rob

ab
ility

p
1

=
0.2

(resp
.
p

2
=

2×
10 −

3).
In

F
ig

.
4

w
e

p
lot

th
e

ob
jective

fu
n
ction

valu
e

[su
b
p
lot

on
th

e
left],

th
e

con
sen

su
s

d
is-

a
g
reem

en
t
e
ν

a
s

in
(30)

[su
b
p
lot

in
th

e
cen

ter],
an

d
th

e
d
istan

ce
from

station
arity

∆
ν

as
in
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

0
500

1000

1.1

1.2

1.3

1.4

1.5

1.6
10

5

0
500

1000
10

-2

10
-1

10
0

0
500

1000

10
-1

10
0

F
igu

re
4:

D
en

oisin
g

p
rob

lem
–

D
4L

,
P

rox
-P

D
A

-IP
a
n
d

A
T

C
algorith

m
s:

ob
jectiv

e
valu

e
[su

b
p
lot

on
th

e
left],

con
sen

su
s

d
isagreem

en
t

[su
b
p
lot

in
th

e
cen

ter],
an

d
d
istan

ce
from

station
arity

∆
ν

[cf.
(26)]

[su
b
p
lot

on
th

e
righ

t]
v
s.

n
u
m

b
er

of
m

essage
ex

ch
an

ges.

(28)
[su

b
p
lot

on
th

e
righ

t]
v
ersu

s
th

e
n

u
m

ber
o
f

m
essa

ge
exch

a
n

ges,
ach

ieved
b
y

P
lain

D
4L

,
L

in
earized

D
4L

,
P

rox
-P

D
A

-IP
,

an
d

A
T

C
.

N
ote

th
at

th
e

n
u
m

b
er

of
m

essages
ex

ch
an

ged
in

th
e

A
T

C
algorith

m
at

iteration
ν

coin
cid

es
w

ith
ν

w
h
ereas

for
P

rox
-P

D
A

-IP
an

d
th

e
D

4L
sch

em
es

is
2ν

(recall
th

at
th

e
latter

sch
em

es
em

p
loy

tw
o

step
s

of
com

m
u
n
ication

s
p

er
itera-

tion
).

T
h
e

fi
gu

res
clearly

sh
ow

th
at

b
oth

version
s

of
D

4L
are

m
u
ch

faster
th

an
P

rox
-P

D
A

-IP
an

d
A

T
C

(or,
eq

u
ivalen

tly,
th

ey
req

u
ire

few
er

in
form

ation
ex

ch
an

ges).
M

oreover,
A

T
C

d
o
es

n
ot

seem
to

reach
a

con
sen

su
s

on
th

e
lo

cal
cop

ies
of

th
e

d
iction

ary,
w

h
ile

P
rox

-P
D

A
-IP

an
d

D
4L

sch
em

es
reach

an
agreem

en
t

q
u
ite

so
on

.
In

F
ig.

5,
w

e
p
lot

th
e

recon
stru

cted
im

ages
alon

g
w

ith
th

eir
P

S
N

R
an

d
M

S
E

,
ob

tain
ed

b
y

th
e

algorith
m

s,
w

h
en

term
in

ated
after

1000
m

essage
ex

ch
an

ges.
T

h
e

fi
gu

res
clearly

sh
ow

su
p

erior
p

erform
an

ce
of

D
4L

ov
er

its
com

-
p

etitors.
A

lso,
th

e
valu

es
of

P
S
N

R
an

d
M

S
E

ach
ieved

b
y

D
4L

are
com

p
arab

le
w
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=
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b
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b
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ch

osen
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T
h
en

,
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g
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e
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0

o
b
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in
ed

clu
sterin

g
con

fi
gu

ration
s,

w
e

p
icked

th
e

on
e

w
ith

th
e

sm
allest

“w
ith

in
-clu

ster
su

m
of

p
o
in

t-to
-cen

troid
d
istan

ces”. 1
F

in
ally,

w
e
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to

each
clu

ster
th

e
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el
asso

ciated
w

ith
th

e
m

o
st

p
op

u
lated

ty
p

e
of

can
cer
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th

e
clu

ster.
D

en
otin

g
th

e
grou

n
d

tru
th

classes
b
y
{C

i }
4i=

1
(recall

th
at

th
ere

are
4

cla
sses/ty

p
es

of
can

cer),
w

h
ere

each
C
i

con
sists

of
th

e

g
ro

u
p

o
f

p
atien

ts
w

ith
th

e
sam

e
ty

p
e

of
can

cer,
an

d
b
y
{C̃

i }
4i=

1
th

e
clu

sterin
g

ob
tain

ed
b
y

th
e

p
ro

ced
u
re

d
escrib

ed
ab

ove
ap

p
lied

to
th

e
ou

tcom
e

D
∞

of
th

e
sim

u
lated

algorith
m

s,
w

e
m

ea
su

re
th

e
q
u
ality

of
th

e
clu

sterin
g

b
y

th
e

J
a
cca

rd
in

d
ex,

d
efi

n
ed

as

J
=

∣∣∣ ⋃
i (C

i ∩
C̃
i ) ∣∣∣

∑
i ∣∣∣ C

i ∪
C̃
i ∣∣∣
.

C
lea

rly
0
≤
J
≤

1,
an

d
th

e
h
igh

er
th

e
in

d
ex

valu
e,

th
e

b
etter

th
e

q
u
ality

of
th

e
clu

sterin
g.

In
T

a
b
le

4
,

w
e

rep
ort

th
e

av
erage

an
d

M
ax

im
u
m

A
b
solu

te
D

ev
iation

(M
A

D
)

of
th

e
J
acca

rd
in

d
ices

from
th

eir
average,

com
p
u
ted

over
th

e
aforem

en
tion

ed
5

realization
s

of
th

e
th

ree
grap

h
to

p
ologies,

as
in

T
ab

le
3

(see
also

F
ig.

9).
T

h
e

valu
es

in
th

e
tab

le
clearly

sh
ow

th
at

P
la

in
D

4L
ach

ieves
b

etter
resu

lts
th

an
th

ose
p
ro

d
u
ced

b
y

M
o
d
ifi

ed
A

T
C

or
cen

tralized
m

eth
o
d
s.

M
o
reov

er,
th

e
valu

e
of

th
e

J
accard

in
d
ex

from
P

lain
D

4L
d
o
es

n
ot

d
ep

en
d

on
th

e
sp

ecifi
c

n
etw

ork
top

ology.
w

h
ich

is
n
ot

th
e

case
for

M
o
d
ifi

ed
A

T
C

.

N
e
tw

o
rk

#
P

la
in

D
4L

M
o
d

ifi
e
d

A
T

C
L

e
e

e
t

a
l.

(2
0
1
0
)

N
1

0.8983/0
0.7778/0

–
N

2
0.8983/0

0.7045/0.3218
–

N
3

0.8983/0
0.7892/0.0172

–
C

en
tralized

–
–

0.7231/–

T
a
b
le

4
:

B
iclu

sterin
g

p
rob

lem
−

A
verage/M

A
D

of
J
accard

in
d
ices

over
5

realization
s

of
d
i-

g
ra

p
h
s.

5
.3

.
N

o
n

-n
e
g
a
tiv

e
S

p
a
rse

C
o
d

in
g

(N
N

S
C

)
a
n

d
S

p
a
rse

P
C

A
(S

P
C

A
)

P
ro

b
le

m
F
o
rm

u
la

tio
n

:
W

e
con
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er

th
e

N
on

-n
egativ

e
S
p
arse

C
o
d
in

g
(N

S
C

)
form

u
la-

tio
n

(7
)

(H
oyer,

2004)
an

d
th

e
S
p
arse

P
C

A
p
rob

lem
(6)

(M
airal

et
al.,

2
010).

F
o
r

b
oth

fo
rm

u
la

tio
n
s,

w
e

ru
n

ex
p

erim
en

ts
u
sin

g
th

e
follow

in
g

tw
o

d
a
tasets:

•
M

IT
-C

B
C

L
face

d
atab

ase
#

1
(S

u
n
g,

1996):
a

p
o
ol

of
N

=
2
,42

9
vectorized

face
im

a
ges

of
size

19×
19

p
ix

els
each

(i.e.
M

=
361);

1
.

G
iv

en
a

clu
sterin

g
p

a
rtitio

n
{C
i }

4i=
1 ,

th
e

“
w

ith
in

-clu
ster

su
m

o
f

p
o
in

t-to
-cen

tro
id

d
ista

n
ces”

m
ea

-
su

res
th

e
q
u

a
lity

o
f

th
e

k
-m

ea
n

s
clu

sterin
g
,

a
n

d
is

d
efi

n
ed

a
s
∑

4i=
1 ∑

j∈
C
i ||D

∞j
,: −

D
∞C
i || 2,

w
h

ere

D
C
i ,

1
|C
i | ∑

j∈
C
i
D
∞j
,:

a
n

d
|C
i |

d
en

o
tes

th
e

ca
rd

in
a
lity

o
f

th
e

setC
i .
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

•
T

h
e

V
O

C
2006

d
atab

ase
(E

v
erin

gh
am

et
al.,

20
10):

a
p

o
ol

of
N

=
10,000

vectorized
n
atu

ral
im

age
p
atch

es
of

size
16×

16
p
ix

els
each

(i.e.
M

=
256).

C
on

sisten
tly

w
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(M
airal

et
al.,

2010),
th

e
free

p
aram

eters
are

set
as:

•
N

N
S
C

(7):
K

=
49,

λ
=
µ

=
1/ √

M
,

an
d
α

=
1;

•
S
p
arse

P
C

A
(6):

K
=

49,
λ
X

=
µ
X

=
1/ √

M
,
λ
D

=
µ
D

=
1/ √

M
,

an
d
α

=
1.

T
h
e
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n
u
m

b
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e
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s
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0
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e
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B

C
L

d
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d
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d
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ab
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ab
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d
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e

ru
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6
d
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eren
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n
etw
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rk
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size
I

an
d

p
rob

a
b
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2 ),
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given
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ab
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N
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e
p
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m
n
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e
d
ata
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S
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u
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p
artition
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b
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rob
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(6)
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N
e
tw

o
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#
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n
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p
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p
2

N
4
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0.3

N
5
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0.2
0.1

N
6
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0.9
0.3

N
7
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0.2
0.1

N
8
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0.9
0.3

N
9
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0.2
0.1

T
ab

le
5:

N
etw

ork
settin

g
for

th
e

N
N

S
C
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d

S
p
arse

P
C

A
p
rob

lem
s.

5
.3
.1
.
N
o
n
-n
e
g
a
t
iv
e
S
pa

r
se

C
o
d
in
g

A
lg

o
rith

m
s

a
n
d

tu
n

in
g
:

W
e

test
th

e
P

lain
D

4L
,

w
ith

f̃
i

an
d
h̃
i

ch
osen

accord
in

g
to

(15)
an

d
(16),

resp
ectively.

T
h
e

oth
er

p
aram

eters
of

th
e

algorith
m

are
set

to:
γ
ν

=
γ
ν−

1(1−
εγ
ν−

1),
w

ith
γ

0
=

0
.2

an
d
ε

=
10 −

2;
an

d
τ
νD
,i

=
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an
d
τ
νX
,i

=
m

ax
(L
∇
X
i (U

ν(i) ),10).
W

e
com

p
are
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e

p
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osed
sch

em
e

w
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a
m

o
d
ifi

ed
version

of
A

T
C

,
eq

u
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p
ed

w
ith
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r

n
ew

con
sen

su
s

p
roto

col,
im

p
lem

en
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d
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n
etw
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A

ll
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e
d
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u
ted

algorith
m

are
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itialized
settin

g
X

0i
=

0
an

d
D

0(i)
eq

u
al

to
so

m
e

ran
d
o
m

ly
ch

osen
colu

m
n
s

of
S
i .

B
oth

P
lain

D
4L

an
d

M
o
d
ifi

ed
A

T
C

call
for

solv
in

g
a

L
A

S
S
O

p
rob

lem
in

u
p

d
atin

g
th

e
p
rivate

variab
les

(cf.
S
ec.

3.1);
th

e
u
p

d
ate

of
th

e
d
iction

ary
h
as

in
stead

a
closed

form
ex

p
ression

,
see

(22).
F

or
b

oth
P

lain
D

4L
an

d
M

o
d
ifi

ed
A

T
C

,
th

e
L

A
S
S
O

su
b
p
rob

lem
s

at
iteration

ν
are

solv
ed

u
sin

g
th

e
p
ro

jected
(su

b
)grad

ien
t

algorith
m

w
ith

d
im

in
ish

in
g

step
-size

γ
r

=
γ
r−

1(1
−
εγ
r−

1),
w

h
ere

γ
0

=
0.9,

ε
=

10 −
3,

an
d
r

d
en

otin
g

th
e

in
n
er

iteration
in

d
ex

.
W

e
term

in
ate

th
e

p
ro

jected
su

b
grad

ien
t

algorith
m

in
th

e
in

n
er

lo
op

w
h
en

J
rX
,i ,
‖X̂

ν
,r
i
−

X
ν
,r
i
‖∞

,∞
≤

10 −
4,

w
h
ere

X̂
ν
,r
i
,

argm
in

X
i ∈X

i

〈∇
X
i f
i (U

ν(i) ,X
ν
,r
i

)
+
τ
νX
,i (X

ν
,r
i
−

X
νi )
,X

i −
X
ν
,r
i

〉
+

12
‖
X
i −

X
ν
,r
i
‖

2+
g
i (X

i )
,
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n
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d
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w
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d
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d
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n
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6
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d
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M
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F
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M
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C
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ra
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re
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n
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e
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se

n
su

s
d
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u
b
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n
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∆
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b
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b
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b
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P
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b
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h
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ra
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∑
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+
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d
efi

n
ition

s
of

D̃
ν(i)

[cf.
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∇
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∇
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∑
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h
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d
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Ŵ
νΘ

ν
+
(Φ̂

ν
+

1 )−
1 (G

ν
+

1−
G
ν )
.

(40)

In
stru

m
en

tal
to

th
e

an
aly

sis
of

th
e

con
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=
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h
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h
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p
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b
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con
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d
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e

L
ip

sch
itz

con
tin

u
ity

of
th

e
gra-

d
ien

ts
as

in
S
tep

2,
w

e
stu

d
y

th
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∆
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n
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g
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in
f
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∆
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m
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t
(b
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D
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∆
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.
S
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e
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m
p
t
o
t
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c
o
n
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n
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s
a
n
d

r
e
l
a
t
e
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p
r
o
p
e
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)

P
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a
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T
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y
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con
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d
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w
e
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d
u
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g
p
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u
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d
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n
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G
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W

ν
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d
ν
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,
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W
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W
ν·W
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1···W
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ν
>
l,

W
ν,

ν
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0
I ,

ν
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l,

an
d

Ŵ
ν
:l,

W
ν
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I
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J
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1
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Ĵ
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J
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ν⊗
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p
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ν
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d

Ĵ
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⊗
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M

.
U
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g
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d
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⊗
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φ
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Ĵ
φ
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ν
:l

=
Ĵ

Φ̂
l

=
Ĵ
φ
l .

(47)
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h
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T
h
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n
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ic
s

of
th

e
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n
se

n
su

s
d
is

ag
re

em
en

t
eν

b
oi

ls
d
ow

n
to

st
u
d
y
in

g
th

e
d
ec

ay
of

‖W
ν
:l
−

J
φ
l
‖ 2

(t
h
is

w
il
l

b
e

cl
ea

r
in

th
e

p
ro

of
of

P
ro

p
os

it
io

n
5

b
el

ow
).

T
h
e

fo
ll
ow

in
g

le
m

m
a

sh
ow

s
th

at
W

ν
:l

co
n
ve

rg
es

ge
om

et
ri

ca
ll
y

to
J
φ
l
,

a
s
ν
→
∞

.

L
e
m

m
a

4
(S

c
u

ta
ri

a
n

d
S

u
n

(2
0
1
8
)-

L
e
m

m
a

4
.1

3
,

C
h

.
3
.4

.2
.5

)
L

et
{G

ν
} ν

be
a

se
-

qu
en

ce
o
f

d
ig

ra
p
h
s

sa
ti

sf
yi

n
g

A
ss

u
m

p
ti

o
n

B
;

le
t
{A

ν
} ν

be
a

se
qu

en
ce

o
f

m
a
tr

ic
es

sa
ti

sf
yi

n
g

A
ss

u
m

p
ti

o
n

F
;

a
n

d
le

t
{W

ν
} ν

be
th

e
se

qu
en

ce
o
f

m
a
tr

ic
es

d
efi

n
ed

in
(3

5)
.

T
h
en

,
th

er
e

h
o
ld

s
∥ ∥ ∥W

ν
:l
−

J
φ
l

∥ ∥ ∥ 2
≤
c W

(ρ
)ν
−
l+

1
,
∀ν
≥
l,
ν
,l
∈
N

+
,

w
h
er

e
c W

>
0

is
a

(p
ro

pe
r)

co
n

st
a
n

t,
a
n

d
ρ
∈

(0
,1

)
is

d
efi

n
ed

a
s

ρ
=
( 1
−
κ̃
−

(I
−

1
)B
)

1
B

(I
−

1
)
<

1
,

(4
8)

w
it

h
κ̃

=
κ
I
B

+
1
/I

;
a
n

d
κ

is
d
efi

n
ed

in
A

ss
u

m
p
ti

o
n

F
.

F
u

rt
h
er

m
o
re

,
th

e
se

qu
en

ce
{φ

ν i
} ν

sa
ti

sfi
es

ε φ
,

in
f

ν
∈N

+

(
m

in
1
≤
i≤
I
φ
ν i

)
≥
κ
I
B
,

a
n

d
ε̄ φ
,

su
p

ν
∈N

+

(
m

ax
1
≤
i≤
I
φ
ν i

)
≤
I
−

(I
−

1)
κ
I
B
.

(4
9)

If
a
ll

th
e

m
a
tr

ic
es

A
ν

a
re

d
o
u

bl
y-

st
oc

h
a
st

ic
,

th
en

ε φ
=
ε̄ φ

=
1.

2
)

P
ro

o
f

o
f

li
m
ν
→
∞
eν

=
0.

U
si

n
g

(3
0)

,
w

e
ca

n
w

ri
te

eν
(a

) ≤
K
∥ ∥ D

ν
−

1
⊗

D
ν
∥ ∥ F

(b
) ≤
K
∥ ∥ D

ν
−

1
⊗

D
φ
ν

∥ ∥ F
+
K
√
I
∥ ∥ D

ν
−

D
φ
ν

∥ ∥ F
(c

) ≤
2
K
∥ ∥ D

ν
−

1
⊗

D
φ
ν

∥ ∥ F
,

(5
0)

w
h
er

e
(a

)
fo

ll
ow

s
fr

om
th

e
eq

u
iv

al
en

ce
of

n
or

m
s;

(b
)

is
d
u
e

to
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y
;

an
d

in
(c

)
w

e
u
se

d
∑

I i=
1
a
i
≤
√
I
||a
||,

w
it

h
a

=
(a
i)
I i=

1
∈
R
I
.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
co

n
cl

u
d
es

th
e

p
ro

of
of

st
at

em
en

t
(a

),
p
ro

v
in

g
th

at
‖D

ν
−

1
⊗

D
φ
ν
‖ F

is
sq

u
ar

e
su

m
m

ab
le

,
al

on
g

w
it

h
so

m
e

ad
d
it

io
n
al

p
ro

p
er

ti
es

o
n

re
la

te
d

q
u
a
n
ti

ti
es

.

P
ro

p
o
si

ti
o
n

5
In

th
e

a
bo

ve
se

tt
in

g,
th

er
e

h
o
ld

:

li
m

ν
→
∞
||D

ν
−

1
⊗

D
φ
ν
|| F

=
0;

(5
1)

li
m

ν
→
∞

ν ∑ t=
1

||D
t
−

1
⊗

D
φ
t
||2 F

<
∞

;
(5

2)

li
m

ν
→
∞

ν ∑ t=
1

||U
t
−

1
⊗

U
φ
t
||2 F

<
∞
.

(5
3)

P
ro

o
f

T
o

p
ro

ve
(5

1)
,

le
t

u
s

fi
rs

t
ex

p
an

d
D
ν
−

1
⊗

D
φ
ν

as
fo

ll
ow

s:
fo

r
a
n
y
ν
≥

1,

D
ν

(3
9
)

=
Ŵ

ν
−

1
U
ν
−

1
=

Ŵ
ν
−

1
D
ν
−

1
+

Ŵ
ν
−

1
( U

ν
−

1
−

D
ν
−

1
)

=
Ŵ

ν
−

1
:0

D
0

+
ν
−

1
∑ t=

0

Ŵ
ν
−

1
:t
( U

t
−

D
t)
,

(5
4)
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

w
h
er

e
th

e
la

st
eq

u
al

it
y

fo
ll
ow

s
fr

om
in

d
u
ct

io
n

an
d

th
e

d
efi

n
it

io
n

of
Ŵ

ν
:l

[c
f.

(4
4
)]

.
S
im

il
a
rl

y,
w

e
ex

p
an

d
th

e
su

b
tr

ah
en

d
as

1
⊗

D
φ
ν

(4
6
)

=
Ĵ
φ
ν
D
ν

(5
4
)

=
Ĵ
φ
ν

(
Ŵ

ν
−

1
:0

D
0

+
ν
−

1
∑ t=

0

Ŵ
ν
−

1
:t
( U

t
−

D
t)
)

(4
7
)

=
Ĵ

(
D

0
+
ν
−

1
∑ t=

0

Φ̂
t
( U

t
−

D
t)
)
.

(5
5
)

S
u
b
tr

ac
ti

n
g

(5
5)

fr
om

(5
4)

an
d

u
si

n
g

(3
7)

,
y
ie

ld
s

∥ ∥ D
ν
−

1
⊗

D
φ
ν

∥ ∥ F
≤
∥ ∥ ∥Ŵ

ν
−

1
:0
−

Ĵ
∥ ∥ ∥ 2

∥ ∥ D
0
∥ ∥ F

+
ν
−

1
∑ t=

0

γ
t
∥ ∥ ∥Ŵ

ν
−

1
:t
−

Ĵ
φ
t

∥ ∥ ∥ 2

∥ ∥ ∥D̃
t
−

D
t∥ ∥ ∥
F

(a
) ≤
c 1

(ρ
)ν

+
c 2

ν
−

1
∑ t=

0

γ
t

(ρ
)ν
−
t

(b
)
−→ ν→
∞

0
,

(5
6
)

fo
r

so
m

e
fi
n
it

e
co

n
st

an
ts
c 1
,c

2
>

0,
w

h
er

e
(a

)
is

d
u
e

to
L

em
m

a
4

an
d

th
e

b
o
u
n
d
ed

n
es

s
of

{|
|D̃

ν
−

D
ν
||}

ν
;

an
d

(b
)

fo
ll
ow

s
fr

om
L

em
m

a
13

(a
)

in
A

p
p

en
d
ix

A
.4

.
L

et
u
s

n
ow

p
ro

ce
ed

to
p
ro

ve
(5

2)
.

U
si

n
g

(5
6)

,
w

e
h
av

e

li
m

ν
→
∞

ν ∑ t=
1

∥ ∥ ∥D
t
−

1
⊗

D
φ
t

∥ ∥ ∥2 F
≤

li
m

ν
→
∞

ν ∑ t=
1

(
c 1

(ρ
)t

+
c 2

t−
1

∑ l=
0

γ
l

(ρ
)t
−
l)

2

(a
) ≤

2
c2 1

1
−

(ρ
)2

+
2
c2 2

li
m

ν
→
∞

ν ∑ t=
1

t−
1

∑ l=
0

t−
1

∑ k
=

0

γ
l γ
k
(ρ

)t
−
k
(ρ

)t
−
l

(b
) ≤

2c
2 1

1
−

(ρ
)2

+
c2 2

li
m

ν
→
∞

ν ∑ t=
1

t−
1

∑ l=
0

(γ
l )

2
(ρ

)t
−
l
t−

1
∑ k

=
0

(ρ
)t
−
k

+
c2 2

li
m

ν
→
∞

ν ∑ t=
1

t−
1

∑ k
=

0

(γ
k
)2

(ρ
)t
−
k
t−

1
∑ l=

0

(ρ
)t
−
l

≤
2c

2 1

1
−

(ρ
)2

+
2c

2 2

1
−
ρ

li
m

ν
→
∞

ν ∑ t=
1

t−
1

∑ l=
0

(γ
l )

2
(ρ

)t
−
l

(c
)
<
∞
,

w
h
er

e
in

(a
)

an
d

(b
)

w
e

u
se

d
(a

+
b)

2
≤

2(
a

2
+
b2

)
an

d
a
b
≤

(a
2

+
b2

)/
2,

re
sp

ec
ti

ve
ly

,
a
n
d

(c
)

is
d
u
e

to
L

em
m

a
13

(b
)

(c
f.

A
p
p

en
d
ix

A
.4

).
W

e
p
ro

ve
n
ow

(5
3)

.
U

si
n
g

(4
1)

an
d

(3
7)

,
w

e
ge

t

∥ ∥ ∥U
t
−

1
⊗

U
φ
t

∥ ∥ ∥2 F
=

∥ ∥ ∥ ∥ ∥γ
t(

D̃
t
−

1
⊗

1 I

I ∑ i=
1

φ
t i
D̃
t (i

))
+
( 1
−
γ
t)
( D

t
−

1
⊗

D
φ
t

)∥ ∥ ∥ ∥ ∥

2 F

≤
2
( γ

t)
2
∥ ∥ ∥D̃

t
−

1
⊗

1 I

I ∑ i=
1

φ
t i
D̃
t (i

)∥ ∥ ∥2 F
+

2
∥ ∥ ∥D

t
−

1
⊗

D
φ
t

∥ ∥ ∥2 F
,

(5
7
)

w
h
er

e
in

th
e

la
st

in
eq

u
al

it
y

w
e

u
se

d
J
en

se
n
’s

in
eq

u
al

it
y

an
d

(1
−
γ
t )
≤

1
.

T
h
er

ef
o
re

,

li
m

ν
→
∞

ν ∑ t=
1

∥ ∥ ∥U
t
−

1
⊗

U
φ
t

∥ ∥ ∥2 F
≤

li
m

ν
→
∞

2
c 3

ν ∑ t=
1

( γ
t)

2
+

li
m

ν
→
∞

2
ν ∑ t=

1

∥ ∥ ∥D
t
−

1
⊗

D
φ
t

∥ ∥ ∥2 F

(a
)
<
∞
,

w
h
er

e
c 3

is
a

p
os

it
iv

e
fi
n
it

e
co

n
st

an
t,

an
d

(a
)

fo
ll
ow

s
fr

om
A

ss
u
m

p
ti

on
E

an
d

(5
2
).
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D
e
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t
r
a
l
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e
d

D
ic
t
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n
a
r
y
L
e
a
r
n
in
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O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

R
e
m

a
rk

6
(O

n
L
∇
X
i ( U

φ
ν)

a
n

d
L
∇
X
i (U

ν(i) ))
R

eca
ll

th
a
t∇

X
i f
i ( U

φ
ν,•

)
is

L
ip

sch
itz

co
n

-

tin
u

o
u

s
o
n
X
i ,

w
ith

co
n

sta
n

t
L
∇
X
i ( U

φ
ν)

(cf.
A

ssu
m

p
tio

n
A

2
).

S
in

ce||U
ν(i) −

U
φ
ν||F

−→
ν→
∞

0

[cf.
(5

3
),

P
ro

po
sitio

n
5
]

a
n

d
L
∇
X
i (D

)
is

co
n

tin
u

o
u

s,
w

e
h
a
ve

∣∣∣ L
∇
X
i ( U

φ
ν)−

L
∇
X
i (U

ν(i) ) ∣∣∣
−→
ν→
∞

0
,

i
=

1,2
,...I

.
(58)

A
.2
.2
.
S
t
e
p
2
–
B
o
u
n
d
e
d
n
e
ss

o
f
t
h
e
it
e
r
a
t
e
s

W
e

sh
ow

th
a
t

th
e

seq
u
en

ce
{(D

ν,X
ν )}

ν
gen

era
ted

b
y

th
e
D

4L
A

lgorith
m

is
b

o
u
n
d
ed

[sta
tem

en
t

(b
-i)].

W
e

p
rove

th
e

resu
lt

on
ly

for
h̃
i

given
b
y

(17);
th

e
p
ro

of
can

b
e

easily
ta

ilo
red

to
th

e
oth

er
ch

oice
of
h̃
i .

If
th

e
setsX

i
are

b
ou

n
d
ed

[A
ssu

m
p
tion

A
5(i)],

th
e

resu
lt

fo
llow

s
rea

d
ily.

T
h
erefore,

w
e

con
sid

er
n
ex

t
th

e
settin

g
u
n
d
er

A
5(ii).

T
h
ro

u
gh

o
u
t

th
e

p
ro

of,
w

e
w

ill
u
se

th
e

follow
in

g
p
rop

erties
of
f̃
i

an
d
h̃
i .

R
e
m

a
rk

7
T

h
e

su
rroga

te
fu

n
ctio

n
s
f̃
i

a
n

d
h̃
i

a
s

in
A

ssu
m

p
tio

n
C

h
a
ve

th
e

fo
llo

w
in

g
p

ro
p
-

erties:
fo

r
a
ll
i

=
1,2,...,I

,

(a
)
f̃
i (•

;D
,X

i )
is

stro
n

gly
co

n
vex

o
n
D

,
u

n
ifo

rm
ly

w
ith

respect
to

(D
,X

i )∈
D
×
X
i ,

w
ith

co
n

sta
n

t
τ
νD
,i
>

0;
a
n

d
∇
D
f̃
i (D

;D
,X

i )
=
∇
D
f
i (D

,X
i ),

fo
r

a
ll

(D
,X

i )∈
D
×
X
i .

(b)
h̃
i (•;D

,X
i )

is
stro

n
gly

co
n

vex
o
n
X
i ,

u
n

ifo
rm

ly
w

ith
respect

to
(D
,X

i )∈
D
×
X
i ,

w
ith

co
n

sta
n

t
τ
νX
,i
>

0;
a
n

d
∇
X
i h̃
i (X

i ;D
,X

i )
=
∇
X
i f
i (D

,X
i ),

fo
r

a
ll

(D
,X

i )∈
D
×
X
i .

B
y

th
e

o
p
tim

ality
of

X
ν
+

1
i

in
(11),

th
ere

ex
ist

Ξ
0i ∈

∂
X
i g
i (X

0i )
an

d
Ξ
ν
+

1
i
∈
∂
X
i g
i (X

ν
+

1
i

)
su

ch
th

a
t

0
≤
〈∇

X
i h̃
i (X

ν
+

1
i

;U
ν(i) ,X

νi )
+

Ξ
ν
+

1
i

,X
0i −

X
ν
+

1
i

〉

=
〈Ξ

ν
+

1
i
−

Ξ
0i

+
τ
νX
,i (X

ν
+

1
i
−

X
0i ),X

0i −
X
ν
+

1
i

〉

+
〈∇

X
i f
i (U

ν(i) ,X
νi )−

∇
X
i f
i (U

ν(i) ,X
0i ),X

0i −
X
ν
+

1
i

〉

−
〈τ

νX
,i (X

νi −
X

0i ),X
0i −

X
ν
+

1
i

〉

+
〈∇

X
i f
i (U

ν(i) ,X
0i )

+
Ξ

0i ,X
0i −

X
ν
+

1
i

〉
.

U
sin

g
R

em
a
rk

7(b
)

an
d

th
e
µ
i -stron

gly
con

v
ex

ity
of
g
i ’s,

w
e

ob
tain

(τ
νX
,i

+
µ
i ) ∥∥

X
ν
+

1
i
−

X
0i ∥∥

2F
≤
〈
τ
νX
,i X

νi −
∇
X
i f
i (U

ν(i) ,X
νi ),X

ν
+

1
i
−

X
0i 〉

−
〈
τ
νX
,i X

0i −
∇
X
i f
i (U

ν(i) ,X
0i ),X

ν
+

1
i
−

X
0i 〉

−
〈
∇
X
i f
i (U

ν(i) ,X
0i )

+
Ξ

0i
︸

︷︷
︸

,
Z
νi ∈
∂
X
i U

(U
ν(i) ,X

0i
)

,X
ν
+

1
i
−

X
0i 〉

.

(5
9)

D
efi

n
e

Υ
νi (X

i ),
τ
νX
,i X

i −
∇
X
i f
i (U

ν(i) ,X
i )

an
d

rew
rite

(59)
as

(τ
νX
,i

+
µ
i )||X

ν
+

1
i
−

X
0i ||F
≤
∥∥
Υ
νi (X

νi )−
Υ
νi (X

0i ) ∥∥
F

+
‖
Z
νi ‖
F
.

(60)
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

S
in

ce
D

is
com

p
act

an
d

X
0i

is
given

,
w

e
h
av

e
||Z

νi ||F
≤
B
Z

,
for

all
i,
ν
≥

1,
an

d
som

e
fi
n
ite

B
Z
>

0.
L

et
u
s

b
ou

n
d

n
ex

t||Υ
νi (X

νi )−
Υ
νi (X

0i )||F
.

W
e

w
rite

∥∥
Υ
νi (X

νi )−
Υ
νi (X

0i ) ∥∥
2F

=
(τ
νX
,i )

2 ∥∥
X
νi −

X
0i ∥∥

2F
+
∥∥∥ ∇

X
i f
i (U

ν(i) ,X
νi )−

∇
X
i f
i (U

ν(i) ,X
0i ) ∥∥∥

2F

−
2
τ
νX
,i 〈∇

X
i f
i (U

ν(i) ,X
νi )−

∇
X
i f
i (U

ν(i) ,X
0i ),X

νi −
X

0i 〉

(a
)

≤
(τ
νX
,i )

2 ∥∥
X
νi −

X
0i ∥∥

2F

+

(
1−

2
τ
νX
,i

L
∇
X
i (U

ν(i) ) )
∥∥∥ ∇

X
i f
i (U

ν(i) ,X
νi )−

∇
X
i f
i (U

ν(i) ,X
0i ) ∥∥∥

2F
,

(61)
w

h
ere

in
(a)

w
e

u
sed

th
e

1
/L
∇
X
i (U

ν(i) )-co-co
erciv

ity
of∇

X
i f
i (U

ν(i) ,•)
[d

u
e

to
th

e
con

vex
ity

of
f
i (U

ν(i) ,•
)

an
d

th
e
L
∇
X
i (U

ν(i) )-L
ip

sch
itian

ity
of∇

X
i f
i (U

ν(i) ,•
)

(R
o
ckafellar

an
d

W
ets,

1998,
P

rop
.12.60)],

i.e.,

〈∇
X
i f
i (U

ν(i) ,X
i )−
∇
X
i f
i (U

ν(i) ,Y
i ),X

i −
Y
i 〉
≥

1

L
∇
X
i (U

ν(i) ) · ∥∥∥ ∇
X
i f
i (U

ν(i) ,X
i )−
∇
X
i f
i (U

ν(i) ,Y
i ) ∥∥∥

2F
,

∀
X
i ,Y

i ∈
X
i .

N
ote

th
at||Υ

νi (X
νi )−

Υ
νi (X

0i )||F
≤
τ
νX
,i ||X

νi −
X

0i ||F
as

lon
g

as
τ
νX
,i ≥

12 L
∇
X
i (U

ν(i) ),
w

h
ich

is
satisfi

ed
u
n
d
er

D
1.

T
h
erefore,

w
e

can
b

ou
n
d

(60)
as

(τ
νX
,i

+
µ
i )||X

ν
+

1
i
−

X
0i ||F
≤
τ
νX
,i ∥∥

X
νi −

X
0i ∥∥
F

+
B
Z
.

(62)

W
e

can
n
ow

p
rove

th
at,

startin
g

from
X

0i ,
th

e
iterates

X
νi

stay
s

in
th

e
b
allB

i (R
i ,X

0i ),
{
X
i ∈

R
K
×
n
i

:
‖
X
i −

X
0i ‖
F
≤
R
i },

for
all

ν
≥

1,
w

h
ere

R
i ≥

B
Z
/µ

i .
L

et
u
s

p
rov

e
it

b
y

in
d
u
ction

.
E

v
id

en
tly

X
0i ∈
B
i (R

i ,X
0i ).

L
et

X
νi ∈
B
i (R

i ,X
0i );

b
y

(62),
w

e
get

||X
ν
+

1
i
−

X
0i ||F

≤
τ
νX
,i

τ
νX
,i

+
µ
i ||X

νi −
X

0i ||F
+

B
Z

τ
νX
,i

+
µ
i
≤
R
i ,

w
h
ere

th
e

secon
d

in
eq

u
ality

is
d
u
e

to
X
νi
∈
B
i (R

,X
0i )

an
d
R
≥
B
Z
/µ

.
H

en
ce

X
ν
+

1
i
∈

B
i (R

i ,X
0i ).

T
h
erefore,

X
νi ∈
B
i (R

i ,X
0i ),

fo
r

all
ν
≥

0.
S
in

ceD
is

b
ou

n
d
ed

(cf.
A

ssu
m

p
tion

A
3),

it
follow

s
th

at
(D

ν(i) ,X
νi )∈

D
×
B
i (R

i ,X
0i ),

for
all

ν
≥

0.
�

R
e
m

a
rk

8
(O

n
th

e
L

ip
sch

itz
c
o
n
tin

u
ity

o
f∇

f
i ’s)

S
in

ce
f
i

isC
2,

a
d
irect

co
n

sequ
en

ce
o
f

th
e

bo
u

n
d
ed

n
ess

o
f {(D

ν,X
ν )}

ν
is

th
a
t∇

f
i

[th
e

gra
d
ien

t
o
f
f
i

w
ith

respect
to

(D
,X

i )]
is

L
ip

sch
itz

co
n

tin
u

o
u

s
o
n
D
×
B
i (R

i ,X
0i ),

th
a
t

is,
th

ere
exists

so
m

e
po

sitive
fi

n
ite

co
n

sta
n

t
L
∇
,i

su
ch

th
a
t||∇

f
i (D

,X
i )−
∇
f
i (D

′,X
′i )||F

≤
L
∇
,i ||(D

,X
i )−

(D
′,X

′i )||F
,

(63)

fo
r

a
ll

(D
,X

i ),(D
′,X

′i )∈
D
×
B
i (R

i ,X
0i ),

a
n

d
i

=
1,2,...,I

.
W

e
d
efi

n
e
L
∇
,

m
ax

i L
∇
,i .

T
h
e

a
bo

ve
resu

lt
a
lso

im
p
lies

th
a
t∇

D
F

:D
×

(X
1 ×
···×

X
I )→

D
[cf.

(P
)]

is
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n
D
×

(B
1 (R

1 ,X
01 )×

···×
B
I (R

I ,X
0I )),

w
ith

co
n

sta
n

t
L
∇
D
,
I·
L
∇

.
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o
f
∇
D
f̃ i

a
n

d
∇
X
i
h̃
i)
∇
D
f̃ i

:
D
×

R
K
×
n
i
×

R
K
×
n
i
→

R
M
×
K

a
n

d
∇
X
i
h̃
i

:
R
K
×
n
i
×
D
×

R
K
×
n
i
→

R
K
×
n
i

a
re

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
o
n

D
×
D
×
B i

(R
i,

X
0 i
)

a
n

d
B i

(R
i,

X
0 i
)
×
D
×
B i

(R
i,

X
0 i
),

re
sp

ec
ti

ve
ly

,
w

it
h

co
n

st
a
n

ts
L̃
D ∇
,i

a
n

d

L̃
X ∇
,i

.
L

et
u

s
d
en

o
te
L̃
D ∇
,

m
ax

i
L̃
D ∇
,i

a
n

d
L̃
X ∇
,

m
ax

i
L̃
X ∇
,i

.

A
.2
.3
.
S
t
e
p
3
–
D
e
c
r
e
a
se

o
f
{U

(D
ν
,X

ν
)}
ν

W
e

st
u
d
y

h
er

e
th

e
p
ro

p
er

ti
es

of
{U

(D
ν
,X

ν
)}
ν

sh
ow

in
g,

in
p
ar

ti
cu

la
r,

th
at

it
is

co
n
ve

rg
en

t
[s

ta
te

m
en

t
(b

-i
i)

].

W
e

b
eg

in
w

it
h

th
e

fo
ll
ow

in
g

in
te

rm
ed

ia
te

re
su

lt
.

P
ro

p
o
si

ti
o
n

1
0

C
o
n

si
d
er

th
e

se
tt

in
g

o
f

T
h
eo

re
m

2
(b

);
th

er
e

ex
is

t
po

si
ti

ve
co

n
st

a
n

ts
s X

,
τ̄ D

,
c 7
,c

8
,

a
n

d
a

su
ffi

ci
en

tl
y

la
rg

e
ν̄
∈
N

+
su

ch
th

a
t

th
e

fo
ll

o
w

in
g

h
o
ld

s:
fo

r
a
ll
ν
≥
ν̄

,

U
(D

φ
ν
+

1
,X

ν
+

1
)
≤
U

(D
φ
ν̄
,X

ν̄
)
−

ν ∑ l=
ν̄

Y
l
+

ν ∑ l=
ν̄

W
l
+
E
ν
,ν̄
,

(6
4)

w
h
er

e

Y
l
,
s X

( |
|X

l+
1
−

X
l ||
F
−

Z
l

2
s X

) 2
+
τ̄ D I

γ
l

( |
|D̃

l
−

D
l ||
F
−
I
ε̄ φ

2
τ̄ D
T
l)

2

,
(6

5)

Z
l
,
c 7

∞ ∑ t=
l

γ
t (
ρ
)t
−
l
+
L
X
‖U

l
−

1
⊗

U
φ
l
‖ F
,

(6
6)

W
l
,
I
ε̄2 φ

4τ̄
D
γ
l
( T

l)
2

+
1

4
s X

( Z
l)

2
+
L
G
γ
l
∥ ∥ ∥D

l
−

1
⊗

D
φ
l

∥ ∥ ∥ F
,

(6
7)

E
ν
,ν̄
,
[

c 6
1
−
ρ

((
ρ
)ν̄
−

(ρ
)ν

+
1
)

+
c 7
B
X

(1
−
ρ
)2

] ·
( m

ax
t≥
ν̄
γ
t)
,

(6
8)

{T
ν
} ν

is
su

ch
th

a
t
∞ ∑ ν
=

1

(T
ν
)2
<
∞
,

(6
9)

w
it

h
ρ
∈

(0
,1

)
a
n

d
ε̄ φ

d
efi

n
ed

in
(4

8
)

a
n

d
(4

9
),

re
sp

ec
ti

ve
ly

.

P
ro

o
f

S
ee

A
p
p

en
d
ix

A
.4

.3

N
ot

e
th

at
th

e
se

q
u
en

ce
s
{Z

l }
l,
{W

l }
l,

an
d
{E

ν
,ν̄
} ν
,ν̄

ab
ov

e
sa

ti
sf

y

li
m

ν
→
∞

ν ∑ l=
ν̄

(Z
l )

2
<
∞

;
(7

0)

li
m

ν
→
∞

ν ∑ l=
ν̄

W
l
<
∞

;
(7

1)

li
m

ν̄
→
∞

(
li
m

ν
→
∞
E
ν
,ν̄
)

︸
︷︷

︸
,
E
∞
,ν̄
<
∞

=
0,

(7
2)
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.
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A
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u
m

p
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on
E

,
an

d
L

em
m

a
13

(b
)

[c
f.

(1
0
7
)]

in
A

p
p

en
d
ix

A
.4

.1
;

(7
1)

is
a

co
n
se

q
u
en

ce
of

li
m
ν
→
∞
∑

ν l=
ν
1
γ
l (
T
l )

2
<
∞

[d
u
e

to
(6

9
)]

,
(5

2
)

[c
f.

P
ro

p
.

5]
,

an
d

(7
0)

;
an

d
eq
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2)
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p
ro

ve
d

b
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ec
ti

on
.
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fo

ll
ow

s
fr

om
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4)
,

(7
0)
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)
an

d
th

e
lo

w
er

-b
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n
d
ed

n
es

s
of
U

(d
u
e

to
A

ss
u
m

p
ti

o
n

A
1
)

th
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{U

(D
ν
,X

ν
)}
ν

is
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n
ve
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en

t.
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d
ee

d
,

ta
k
in

g
th

e
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m
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p

of
th

e
L

H
S

of
(6

4
)

a
n
d

u
si

n
g

(7
1)

an
d

(7
2)

,
w

e
ge

t

−
∞
<

li
m

su
p

ν
→
∞

U
(D

φ
ν
+

1
,X

ν
+

1
)
≤
U

(D
φ
ν̄
,X

ν̄
)

+
∞ ∑ l=
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W
l
+
E
∞
,ν̄
<
∞
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T
ak

in
g

n
ow

th
e
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m
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e
R

H
S
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th

e
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e
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u
al

it
y

w
it

h
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t
to
ν̄

w
h
il
e

u
si

n
g

(7
2)

an
d

li
m
ν̄
→
∞
∑
∞ l=
ν̄
W

l
=

0,
y
ie

ld
s

−
∞
<

li
m

su
p

ν
→
∞

U
(D

φ
ν
+

1
,X

ν
+

1
)
≤

li
m

in
f

ν̄
→
∞

U
(D

φ
ν̄
,X

ν̄
)
<
∞
,

w
h
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h
im

p
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th
e
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n
v
er
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n
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of
{U

( D
φ
ν
,X

ν
)}
ν

to
a

fi
n
it

e
va

lu
e,
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d

li
m

ν
→
∞
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( |
|X

l+
1
−

X
l ||
F
−

Z
l

2s
X

) 2
<
∞
,

(7
3
)

li
m

ν
→
∞

ν ∑ l=
ν̄

γ
l

( |
|D̃

l
−

D
l ||
F
−
I
ε̄ φ

2τ̄
D
T
l)

2

<
∞
.

(7
4
)

F
in

al
ly

,
w

e
d
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u
ce

th
at
{U

(D
ν
,X

ν
)}
ν

co
n
ve

rg
es

to
th

e
sa

m
e

li
m

it
p

oi
n
t

of
{U

(D
φ
ν
,X

ν
)}
ν
,

d
u
e

to
i)
√
I
∥ ∥ D

ν
−

D
φ
ν

∥ ∥ F
≤
∥ ∥ D

ν
−

1
⊗

D
φ
ν

∥ ∥ F
(5

1
)

−→ ν→
∞

0;
ii
)

th
e

co
n
ti

n
u
it

y
of
U

;
a
n
d

ii
i)

th
e

b
ou

n
d
ed

n
es

s
of
{(

D
ν
,X

ν
)}

ν
[c

f.
S
ec

.
A

.2
.2

].
T

h
is

co
n
cl

u
d
es

th
e

p
ro

of
.

�

A
.2
.4
.
S
t
e
p
4
–
V
a
n
is
h
in
g

X
-s
t
a
t
io
n
a
r
it
y

B
u
il
d
in

g
on

th
e

re
su

lt
s

in
th

e
p
re

v
io

u
s

st
ep

,
w

e
p
ro

ve
h
er

e
li
m
ν
→
∞

∆
X

(D
ν
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ν
)

=
0

[s
ta

te
-

m
en

t
(b

-i
ii
)]

.
F

or
n
ot

at
io

n
al

si
m

p
li
ci

ty
,

w
e

w
il
l

u
se

th
e

sh
or

th
an

d
X̂
ν i
,

X̂
i(

D
ν
,X

ν
)

a
n
d

X̂
ν
,

X̂
(D

ν
,X

ν
),

w
it

h
X̂
i(

D
ν
,X

ν
)

an
d

X̂
(D

ν
,X

ν
)

d
efi

n
ed

in
(2

9)
.

U
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n
g

th
e

eq
u
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al
en
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of

n
or

m
s

an
d
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e
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n
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e
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eq
u
al
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y,

w
e

h
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e

∆
X
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ν
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ν
)
≤
K
X
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ν
−

X
ν
‖ F
≤
K
X
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ν
+

1
−

X
ν
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︸
︷︷

︸
t
e
r
m
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+
K
X
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ν
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1
−
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ν
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︸
t
e
r
m
I
I

,
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r
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m

e
K
X
>
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T

h
e

re
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e
p
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r
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d
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a
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1 2
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−

X
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≤
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+
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−

X
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−
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2
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+
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Z
ν
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X
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,
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)
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l
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∈
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+
,

w
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e
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e
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u
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y
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s
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1 2
a

2
≤
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2
+
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w
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h
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∈
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

•
O

n
t
e
r
m

I
I
:

In
vok

in
g

th
e

op
tim

ality
of

X̂
νi

[cf.
(29)]

an
d

X
ν
+

1
i

[cf.
(11

)],
y
ield

s

〈∇
X
i f
i ( D

ν,X
νi )

+
τ̂
X

(X̂
νi −

X
νi ),X

ν
+

1
i
−

X̂
νi 〉

+
g
i (X

ν
+

1
i

)−
g
i (X̂

νi )≥
0
,

〈∇
X
i h̃
i (X

ν
+

1
i

;U
ν(i) ,X

νi ),X̂
νi −

X
ν
+

1
i

〉
+
g
i (X̂

νi )−
g
i (X

ν
+

1
i

)≥
0
.

S
u
m

m
in

g
th

e
tw

o
in

eq
u
alities

ab
ove

an
d

u
sin

g
R

em
ark

7(b
),

lead
to

τ̂
X ||X

ν
+

1
i
−

X̂
νi || 2F
≤
〈
τ̂
X

(X
ν
+

1
i
−

X
νi )

+
∇
X
i f
i (D

ν,X
νi )−

∇
X
i f
i (U

ν(i) ,X
νi ),X

ν
+

1
i
−

X̂
νi 〉

+
〈∇

X
i h̃
i (X

νi ;U
ν(i) ,X

νi )−
∇
X
i h̃
i (X

ν
+

1
i

;U
ν(i) ,X

νi ),X
ν
+

1
i
−

X̂
νi 〉
.

(7
7)

U
sin

g
th

e
L̃
X∇
,i -L

ip
sch

itz
con

tin
u
ity

of∇
X
i h̃
i

[cf.
R

em
ark

9]
an

d
th

e
L
∇
,i -L

ip
sch

itz
co

n
tin

u
ity

o
f∇

f
i ,

an
d

(10),
it

is
n
ot

d
iffi

cu
lt

to
sh

ow
th

at
(77)

im
p
lies

||X
ν
+

1
i
−

X̂
νi ||F

≤
L̃
X∇
,i

+
τ̂
X

τ̂
X

∥∥
X
ν
+

1
i
−

X
νi ∥∥

F
+
L
∇
,i

τ̂
X

∥∥∥
D
ν−

D
ν(i) ∥∥∥

F
+
L
∇
,i

τ̂
X
γ
ν ∥∥∥

D̃
ν(i) −

D
ν(i) ∥∥∥

F
,

≤
L̃
X∇
,i

+
τ̂
X

τ̂
X

∥∥
X
ν
+

1
i
−

X
νi ∥∥

F
+
L
∇
,i

τ̂
X

∥∥∥
D
ν−

D
ν(i) ∥∥∥

F
+
L
∇
,i

τ̂
X
γ
ν
B
D
,

(78)

fo
r

so
m

e
B
D
>

0,
w

h
ere

in
th

e
last

in
eq

u
ality

w
e

u
sed

th
e

b
ou

n
d
ed

n
ess

of{||D̃
ν−

D
ν||F }

ν .
E

q
.

(7
8
)

to
g
eth

er
w

ith
(76),

T
h
eorem

2(a),
an

d
γ
ν
ν→
∞

−→
0

(cf.
A

ssu
m

p
tion

E
),

y
ield

lim
ν→
∞
‖
X
ν
+

1
i
−

X̂
νi ‖
F

=
0.

(79)

T
h
is

con
clu

d
es

th
e

p
ro

of
of

statem
en

t
(b

-iiii).
�

A
.2
.5
.
S
t
e
p
5
–
V
a
n
ish

in
g

l
im

in
f
D
-st

a
t
io
n
a
r
it
y

W
e

p
rove

lim
in

f
ν→
∞

∆
D

(D
ν,X

ν)
=

0
[statem

en
t

(b
-iv

)]
an

d
{
(D

ν,X
ν)}

ν
h
as

a
t

least
on

e
lim

it
p

o
in

t
w

h
ich

is
a

station
ary

solu
tion

of
P

.
F

or
n
otation

al
sim

p
licity,

w
e

w
ill

u
se

th
e

sh
o
rth

a
n
d

D̂
ν
,

D̂
(D

ν,X
ν),

w
ith

D̂
(D

ν,X
ν)

d
efi

n
ed

in
(28).

W
e

b
eg

in
b

ou
n
d
in

g
∆
D

(D
ν,X

ν)
as

∆
D

(D
ν,X

ν)≤
K
D ‖

D̂
ν−

D
ν‖
F
≤
K
D ‖

D̃
ν(i) −

D
ν(i) ‖

F
︸

︷︷
︸

t
e
r
m
I

+
K
D ‖D̃

ν(i) −
D̂
ν‖
F

︸
︷︷

︸
t
e
r
m
I
I

+
K
D ‖

D
ν(i) −

D
ν‖
F
,

fo
r

so
m

e
K
D
>

0.
N

ote
th

at‖
D
ν(i) −

D
ν‖
F →

0
[T

h
eorem

2(a)].
W

e
sh

ow
n
ex

t
th

a
t

lim
in

f
ν→
∞

‖
D̃
ν(i) −

D
ν(i) ‖

F
=

0
an

d
‖
D̃
ν(i) −

D̂
ν‖
F
→

0,
w

h
ich

p
roves

lim
in

f
ν→
∞

∆
D

( D
ν,X

ν)
=

0.

•
O

n
t
e
r
m

I
:

S
im

ilarly
to

th
e

d
erivation

s
of

(75),
th

ere
h
old

s

γ
ν2
||D̃

ν−
D
ν|| 2F
≤
γ
ν (||D̃

ν−
D
ν||F
−
I
ε̄
φ

2
τ̄
D
T
ν )

2

+

(
I
ε̄
φ

2
τ̄
D

)
2

γ
ν(T

ν)
2,

(80)
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

for
all

ν
∈
N

+
.

B
y

eq
.

(74)
an

d
∑
∞ν
=

0
(T

ν)
2
<
∞

[cf.
(69)],

w
e

h
av

e

∞∑ν
=

0

γ
ν||D̃

ν−
D
ν|| 2F

<
∞

A
ssu

m
p

tio
n

E
=⇒

lim
in

f
ν→
∞
||D̃

ν−
D
ν||F

=
0.

(81)

•
O

n
t
e
r
m

I
I
:

U
sin

g
th

e
op

tim
ality

of
D̂
ν

[cf.
(28)]

an
d

D̃
ν(i)

[cf.
(8)],

y
ield

s

〈∇
D
F

( D
ν,X

ν)
+
τ̂
D

(D̂
ν−

D
ν),D̃

ν(i) −
D̂
ν 〉

+
G

(D̃
ν(i) )−

G
(D̂

ν)≥
0
,

〈∇
D
f̃
i (D̃

ν(i) ;D
ν(i) ,X

νi )
+
I·

Θ
νi −
∇
D
f
i (D

ν(i) ,X
νi ),D̂

ν−
D̃
ν(i) 〉

+
G

(D̂
ν)−

G
(D̃

ν(i) )≥
0
.

S
u
m

m
in

g
th

e
tw

o
in

eq
u
alities

ab
ove

an
d

u
sin

g
R

em
ark

7(a),
y
ield

s

τ̂
D ||D̃

ν(i) −
D̂
ν|| 2F

≤
〈
τ̂
D

(D̃
ν(i) −

D
ν(i) )

+
τ̂
D

(D
ν(i) −

D
ν)

+
∇
D
F

(D
ν,X

ν)−
∇
D
F

(D
φ
ν,X

ν),D̃
ν(i) −

D̂
ν 〉

+
〈∇

D
F

(D
φ
ν,X

ν)−
I·

Θ
νi ,D̃

ν(i) −
D̂
ν 〉

−
〈∇

D
f̃
i (D̃

ν(i) ;D
ν(i) ,X

νi )−
∇
D
f̃
i (D

ν(i) ;D
ν(i) ,X

νi ),D̃
ν(i) −

D̂
ν 〉
.

(82)
U

sin
g

th
e
L̃
D∇
,i -L

ip
sch

itz
con

tin
u
ity

of
∇
D
f̃
i

[cf.
R

em
ark

9]
an

d
th

e
L
∇
D

-L
ip

sch
itz

con
tin

u
ity

of∇
D
F

[cf.
R

em
ark

8],
it

is
n
ot

d
iffi

cu
lt

to
ch

eck
th

at
(82)

im
p
lies

∥∥∥
D̃
ν(i) −

D̂
ν ∥∥∥

F
≤
L̃
D∇
,i

+
τ̂
D

τ̂
D

∥∥∥
D̃
ν(i) −

D
ν(i) ∥∥∥

F
+
∥∥∥
D
ν−

D
ν(i) ∥∥∥

F
+

L
∇
D

τ̂
D √

I

∥∥
D
ν−

1
⊗

D
φ
ν ∥∥

+
Iτ̂
D

∥∥∥∥
Θ
νi −

1I ∇
D
F

(D
φ
ν,X

ν) ∥∥∥∥
F

,

(83)
for

all
i

=
1
,...,I

.
S
in

ce
lim

in
f
ν→
∞
‖
D̃
ν(i) −

D
ν(i) ‖

F
=

0
[cf.

(81)],‖
D
ν−

D
ν(i) ‖

F
→

0

[T
h
eorem

2(a)],
an

d
∥∥
D
ν−

1
⊗

D
φ
ν ∥∥
→

0
[cf.

(51)],
to

p
rov

e
lim

in
f
ν→
∞
‖
D̃
ν(i) −

D̂
ν‖
F

=
0,

it
is

su
ffi

cien
t

to
sh

ow
th

at
th

e
last

term
on

th
e

R
H

S
of

th
e

ab
ove

in
eq

u
a
lity

is
asy

m
p
totically

van
ish

in
g,

w
h
ich

is
d
on

e
in

th
e

lem
m

a
b

elow
.

L
e
m

m
a

1
1

(V
a
n

ish
in

g
g
ra

d
ie

n
t-tra

ck
in

g
e
rro

r)
In

th
e

settin
g

a
bo

ve,
th

ere
h
o
ld

s:

∞∑ν
=

0 ∥∥∥
Θ
ν−

1
⊗

1I ∇
D
F

(D
φ
ν,X

ν) ∥∥∥
2F
<
∞
.

(84)

P
ro

o
f

S
ee

S
ec.

A
.4.4.

B
y

lim
in

f
ν→
∞

∆
D

(D
ν,X

ν)
=

0,
it

follow
s

th
at

th
ere

ex
ists

an
in

fi
n
te

su
b
setN

⊆
N

+

su
ch

th
at

lim
N
3
ν→
∞

∆
D

(D
ν,X

ν)
=

0.
S
in

ce
{
(D

ν,X
ν)}

ν
is

b
ou

n
d
ed

[cf.
S
ec.

A
.2.2],

it
h
as

a
con

vergen
t

su
b
seq

u
en

ce
{
(D

ν,X
ν)}

ν∈
N
′,

w
ith

N
′⊆

N
;

let
(D
∞
,X
∞

)
d
en

ote
its

lim
it

p
oin

t.
T

h
en

,
it

m
u
st

b
e

lim
N
′3
ν→
∞

∆
D

(D
ν,X

ν)
=

0.
C

om
b
in

in
g

th
is

resu
lt

w
ith

lim
ν→
∞

∆
X

(D
ν,X

ν)
=

0
(cf.

S
ec.

A
.2.4

),
on

e
can

con
clu

d
e

lim
N
′3
ν→
∞

∆
ν

=
0;

h
en

ce,
(D
∞
,X
∞

)
is

a
station

ary
solu

tion
of

P
rob

lem
P

.
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

A
.2
.6
.
S
t
e
p
6
–
V
a
n
is
h
in
g

D
-s
t
a
t
io
n
a
r
it
y

F
in

al
ly

,
w

e
p
ro

ve
li
m
ν
→
∞

∆
D

(D
ν
,X

ν
)

=
0

[s
ta

te
m

en
t

(b
’)

].
In

v
ie

w
of

th
e

re
su

lt
s

al
re

ad
y

p
ro

ve
d

in
S
te

p
5,

it
is

su
ffi

ci
en

t
to

sh
ow

th
at

li
m

su
p
ν
→
∞
||D̃

ν
−

D
ν
|| F

=
0.

1
)

P
re

li
m

in
a
ri

e
s:

W
e

b
eg

in
in

tr
o
d
u
ci

n
g

th
e

fo
ll
ow

in
g

p
re

li
m

in
ar

y
re

su
lt

s.

P
ro

p
o
si

ti
o
n

1
2

In
th

e
se

tt
in

g
o
f

T
h
eo

re
m

2
(a

),
th

e
fo

ll
o
w

in
g

h
o
ld

fo
r

D̃
ν

[c
f.

(8
)]

a
n

d
X
ν

[c
f.

(1
1)

]:

(a
)

T
h
er

e
ex

is
ts

so
m

e
co

n
st

a
n

t
L
D
>

0
a
n

d
se

qu
en

ce
{T̃

ν
} ν

,
w

it
h

li
m
ν
→
∞
T̃
ν

=
0,

su
ch

th
a
t,

fo
r

a
n

y
ν 1
,ν

2
∈
N

+
,

||D̃
ν
2
−

D̃
ν
1
|| F
≤
L
D

( |
|D

φ
ν
2
−

D
φ
ν
1
|| F

+
||X

ν
2
−

X
ν
1
|| F
)

+
T̃
ν
1

+
T̃
ν
2
;

(8
5)

(b
)

T
h
er

e
ex

is
t

so
m

e
co

n
st

a
n

ts
0
<
p
X
<

1
a
n

d
q X

>
0,

a
n

d
a

su
ffi

ci
en

tl
y

la
rg

e
ν X
∈
N

+

su
ch

th
a
t,

fo
r

a
ll
ν
≥
ν X

,

||X
ν
+

1
−

X
ν
|| F
≤
p
X
||X

ν
−

X
ν
−

1
|| F

+
q X
||U

ν
−

U
ν
−

1
|| F
.

(8
6)

P
ro

o
f

S
ee

A
p
p

en
d
ix

A
.4

.5

2
)

P
ro

o
f

o
f

li
m

su
p
ν
→
∞
||D̃

ν
−

D
ν
|| F

=
0.

F
or

n
ot

at
io

n
al

si
m

p
li
ci

ty
,

le
t

u
s

d
efi

n
e

∆
D̃
ν
,

D̃
ν
−

D
ν
.

S
u
p
p

os
e

b
y

co
n
tr

ad
ic

ti
on

th
at

li
m

su
p
ν
→
∞
||∆

D̃
ν
|| F

>
0;

si
n
ce

li
m

in
f ν
→
∞
||∆

D̃
ν
|| F

=
0

[c
f.

(8
1)

],
th

er
e

ex
is

ts
δ
>

0
su

ch
th

at
||∆

D̃
ν
|| F

>
2δ

an
d
||∆

D̃
ν
′ ||
F
<
δ

fo
r

in
fi
n
it

el
y

m
an

y
ν
,ν
′ ∈

N
+

.
T

h
er

ef
or

e,
on

e
ca

n
fi
n
d

an
in

fi
n
it

e
su

b
se

t
o
f

in
d
ic

es
,

d
en

ot
ed

b
y
K

,
h
av

in
g

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

:
fo

r
an

y
ν
∈
K

,
th

er
e

ex
is

ts
an

in
d
ex

i ν
>
ν

su
ch

th
at

||∆
D̃
ν
|| F

<
δ,

||∆
D̃
i ν
|| F

>
2
δ,

(8
7)

δ
≤
||∆

D̃
j
|| F
≤

2δ
,

ν
<
j
<
i ν
.

(8
8)

L
et
ν 2

b
e

a
su

ffi
ci

en
tl

y
la

rg
e

in
te

ge
r

su
ch

th
at

(6
4)

h
ol

d
s

an
d
T
ν
<

2
τ̄ D

δ
I
ε̄ φ

,
fo

r
al

l
ν
≥
ν 2

[s
u
ch
ν 2

ex
is

ts
,

d
u
e

to
(6

9)
].

N
ot

e
th

at
th

er
e

ex
is

ts
a
δ̄
>

0
su

ch
th

at
δ
−

I
ε̄ φ

2
τ̄ D
T
ν
≥
δ̄,

fo
r

al
l

ν
≥
ν 2

.
C

h
o
os

e
K
3
ν
≥
ν 2

;
u
si

n
g

(6
4)

,
w

it
h
ν

=
i ν

an
d
ν̄

=
ν

+
1,

y
ie

ld
s

U
(D

φ
i ν

+
1
,X

i ν
+

1
)
≤
U

(D
φ
ν
+

1
,X

ν
+

1
)
−
c 8
( δ̄
) 2

i ν ∑

l=
ν
+

1

γ
l
+

i ν ∑

l=
ν
+

1

W
l
+
E
i ν
,ν

+
1
,

(8
9)

fo
r

so
m

e
fi
n
it

e
co

n
st

an
t
c 8
>

0.
U

si
n
g

th
e

co
n
ve

rg
en

ce
of
{U

(D
φ
ν
,X

ν
)}
ν
,
∑
∞ l=

1
W

l
<
∞

[c
f.

(7
1)

],
an

d
li
m
K
3ν
→
∞
E
i ν
,ν

+
1

=
0

[c
f.

(7
2)

],
in

eq
u
al

it
y

(8
9)

im
p
li
es

li
m

K
3ν
→
∞

i ν ∑

l=
ν
+

1

γ
l

=
0.

(9
0)

W
e

sh
ow

n
ex

t
th

at
(9

0)
le

ad
s

to
a

co
n
tr

ad
ic

ti
on

.
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13
9)

:1
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2,
 2

01
9

D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
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Ẽ
i ν
,ν

=
0.

C
le

ar
ly

,
if

li
m
ν
→
∞
||X

i ν
−

X
ν
|| F

=
0
,

th
en

(5
1
)

[c
f.

P
ro

p
os

it
io

n
5]

an
d
T̃
ν
ν
→
∞

−→
0

[c
f.

P
ro

p
o
si

ti
on

12
(a

)]
im

p
ly

li
m
ν
→
∞

Ẽ
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,

(8
4)

,
an

d
(5

2)

∞ ∑ ν
=

0

γ
ν
(∆

D
(D

ν
,X

ν
))

2
<
∞
.

B
y

d
efi

n
it

io
n

of
T
D
,ε

an
d

n
on

-i
n
cr

ea
si

n
g

p
ro

p
er

ty
of
{γ

ν
} ν

,
w

e
ge

t

γ
T
D
,ε
T
D
,ε
ε2
≤

T
D
,ε

∑ ν
=

0

γ
ν
(∆

D
(D

ν
,X

ν
))

2
<
∞
.

(1
03

)

U
si

n
g
γ
ν

=
K
/ν

p
,

w
it

h
so

m
e

co
n
st

an
t
K
>

0
an

d
p
∈

(1
/
2,

1)
,

(1
03

)
p
ro

v
id

es
th

e
d
es

ir
ed

re
su

lt
as

in
(3

3)
.

�

A
.4

.
M

is
c
e
ll

a
n

e
o
u

s
re

su
lt

s

T
h
is

se
ct

io
n

co
n
ta

in
s

so
m

e
m

is
ce

ll
an

eo
u
s

re
su

lt
s

u
se

d
in

th
e

p
ro

of
s

of
T

h
eo

re
m

s
2

an
d

3.

A
.4
.1
.
S
e
q
u
e
n
c
e
p
r
o
p
e
r
t
ie
s

T
h
e

fo
ll
ow

in
g

le
m

m
a

su
m

m
ar

iz
es

so
m

e
su

m
m

a
b
il
it

y
p
ro

p
er

ti
es

of
su

it
ab

ly
ch

os
en

se
q
u
en

ce
s,

w
h
ic

h
ap

p
ea

r
in

so
m

e
of

th
e

p
ro

of
s.

L
e
m

m
a

1
3

G
iv

en
th

e
se

qu
en

ce
s
{a

ν
} ν

a
n

d
{b
ν
} ν

,
a
n

d
a

sc
a
la

r
λ
∈

[0
,1

),
th

e
fo

ll
o
w

in
g

h
o
ld

:

(a
)

If
li
m
ν
→
∞
a
ν

=
0,

th
en

,

li
m

ν
→
∞

ν ∑ t=
1

a
t (
λ

)ν
−
t

=
0.

(1
04

)
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01
9

D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

(b
)

If
li
m
ν
→
∞
∑

ν t=
1

( a
t)

2
<
∞

a
n

d
li
m
ν
→
∞
∑

ν t=
1

( b
t)

2
<
∞

,
th

en

li
m

ν
→
∞

ν ∑ l=
1

l ∑ t=
1

a
t b
l (
λ

)l
−
t
<
∞
,

(1
0
5)

li
m

ν
→
∞

ν ∑ l=
1

l ∑ t=
1

( a
t)

2
(λ

)l
−
t
<
∞
,

(1
0
6
)

li
m

ν
,ν
′ →
∞

ν ∑ l=
1

(
ν
′

∑ t=
l

a
t (
λ

)t
−
l)

2

<
∞
.

(1
0
7
)

P
ro

o
f

F
or

th
e

p
ro

of
of

(a
)

an
d

(1
05

)-
(1

06
)

in
(b

),
se

e
(N

ed
ić

et
al

.,
20

10
,

L
em

m
a

7
).

W
e

p
ro

ve
n
ex

t
(1

07
).

E
x
p
an

d
th

e
L

H
S

of
(1

07
)

as
:

li
m

ν
,ν
′ →
∞

ν ∑ l=
1

(
ν
′

∑ t=
l

a
t (
λ

)t
−
l)

2

=
li
m

ν
,ν
′ →
∞

ν ∑ l=
1

ν
′

∑ t=
l

ν
′

∑ k
=
l

a
t a
k
(λ

)t
−
l (
λ

)k
−
l

≤
li
m

ν
,ν
′ →
∞

ν ∑ l=
1

ν
′

∑ t=
l

ν
′

∑ k
=
l

(a
t )

2
+

(a
k
)2

2
(λ

)t
−
l (
λ

)k
−
l

=
li
m

ν
,ν
′ →
∞

ν ∑ l=
1

ν
′

∑ t=
l

(a
t )

2
(λ

)t
−
l
ν
′

∑ k
=
l(λ

)k
−
l ,

w
h
er

e
th

e
in

eq
u
al

it
y

is
d
u
e

to
a
·b
≤

(a
2

+
b2

)/
2
.

U
si

n
g

th
e

b
ou

n
d

on
th

e
su

m
o
f

th
e

ge
om

et
ri

c
se

ri
es

,
th

e
ab

ov
e

in
eq

u
al

it
y

y
ie

ld
s

li
m

ν
,ν
′ →
∞

ν ∑ l=
1

(
ν
′

∑ t=
l

a
t (
λ

)t
−
l)

2

≤
1

1
−
λ

li
m

ν
,ν
′ →
∞

ν ∑ l=
1

ν
′

∑ t=
l

(a
t )

2
(λ

)t
−
l

=
1

1
−
λ

li
m

ν
′ →
∞

ν
′

∑ t=
1

li
m

ν
→
∞

m
in

(ν
,t

)
∑ l=

1

(a
t )

2
(λ

)t
−
l

≤
1

1
−
λ

li
m

ν
′ →
∞

ν
′

∑ t=
1

(a
t )

2
t ∑ l=
1

(λ
)t
−
l
≤

1

(1
−
λ

)2
li
m

ν
′ →
∞

ν
′

∑ t=
1

(a
t )

2
<
∞
.

A
.4
.2
.
O
n
t
h
e
p
r
o
p
e
r
t
ie
s
o
f
t
h
e
b
e
st

-r
e
sp

o
n
se

m
a
p

S
om

e
k
ey

p
ro

p
er

ti
es

of
th

e
b

es
t-

re
sp

on
se

m
ap

s
d
efi

n
ed

in
(8

)
an

d
(1

1)
ar

e
su

m
m

a
ri

ze
d

a
n
d

p
ro

ve
d

n
ex

t.

P
ro

p
o
si

ti
o
n

1
4

L
et
{(

D
ν
,X

ν
)}

ν
be

th
e

se
qu

en
ce

ge
n

er
a
te

d
by

th
e
D

4
L

A
lg

o
ri

th
m

,
in

th
e

se
tt

in
g

o
f

T
h
eo

re
m

2
(a

).
G

iv
en

th
e

so
lu

ti
o
n

m
a
p
s

d
efi

n
ed

in
(8

)
a
n

d
(1

1
),

th
e

fo
ll

o
w

in
g

h
o
ld

:

(a
)

T
h
er

e
ex

is
t

so
m

e
co

n
st

a
n

ts
s D

>
0

a
n

d
η
>

0,
a
n

d
a

se
qu

en
ce
{T

ν
} ν

,
w

it
h
∑
∞ ν=

1
(T

ν
)2
<

∞
,

su
ch

th
a
t:

fo
r

a
ll
ν
≥

1,

〈 ∇
D
F

(D
φ
ν
,X

ν
),

I ∑ i=
1

φ
ν i

( D̃
ν (i

)
−

D
ν (i

))〉
+

I ∑ i=
1

φ
ν i

( G
(D̃

ν (i
))
−
G

(D
ν (i

))
)

≤
−
s D

( |
|D̃

ν
−

D
ν
|| F
−

I
ε̄ φ

2
s D
T
ν
) 2

+
η
||D̃

ν
−

D
ν
|| F

ν ∑ t=
1

(ρ
)ν
−
t ||

X
t
−

X
t−

1
|| F

+
I

2
ε̄2 φ

4
s D

(T
ν
)2
,

(1
0
8)
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D
e
c
e
n
t
r
a
l
iz
e
d

D
ic
t
io
n
a
r
y
L
e
a
r
n
in
g

O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

w
h
ere

ρ
∈

(0,1
)

a
n

d
ε̄
φ

a
re

d
efi

n
ed

in
(4

8
)

a
n

d
(4

9
),

respectively;

(b)
T

h
ere

exist
fi

n
ite

co
n

sta
n

ts
s
X
>

0
a
n

d
L
X
>

0
,

su
ch

th
a
t:

fo
r

a
ll
ν
≥

1
,

I
∑i=

1 〈∇
X
i f
i ( D

φ
ν
+

1 ,X
νi ),X

ν
+

1
i
−

X
νi 〉

+
I
∑i=

1 (g
i (X

ν
+

1
i

)−
g
i (X

νi ) )

≤
−

I
∑i=

1

τ
νX
,i ||X

ν
+

1
i
−

X
νi || 2F

+
L
X ||U

ν−
1
⊗

U
φ
ν||F

||X
ν
+

1−
X
ν||F

.(109)

P
ro

o
f

(a
)

It
follow

s
from

th
e

op
tim

ality
of

D̃
ν(i)

[cf.
(8)]

an
d

con
vex

ity
of
G

th
at

〈∇
D
f̃
i (D̃

ν(i) ;D
ν(i) ,X

νi )
+
I
Θ
ν(i) −

∇
D
f
i (D

(i) ,X
i ),D

ν(i) −
D̃
ν(i) 〉

+
G

(D
ν(i) )−

G
(D̃

ν(i) )≥
0.

(110)
A

d
d
in

g
a
n
d

su
b
tractin

g
in

sid
e

th
e

fi
rst

term
∑

j ∇
D
f
j ( D

φ
ν,X

νj )
a
n
d

u
sin

g∇
D
f̃
i (D

ν(i) ;D
ν(i) ,X

νi )
=

∇
D
f
i (D

ν(i) ,X
νi )

[cf.
R

em
ark

7],
in

eq
u
ality

(110)
b

ecom
es

〈∇
D
f̃
i (D̃

ν(i) ;D
ν(i) ,X

νi )−
∇
D
f̃
i (D

ν(i) ;D
ν(i) ,X

νi ),D̃
ν(i) −

D
ν(i) 〉

+
〈
I·

Θ
ν(i) −

I
∑j=

1 ∇
D
f
j (D

φ
ν,X

νj ),D̃
ν(i) −

D
ν(i) 〉

+
〈

I
∑j=

1 ∇
D
f
j (D

φ
ν,X

νj ),D̃
ν(i) −

D
ν(i) 〉

+
G

(D̃
ν(i) )−

G
(D

ν(i) )≤
0.

In
vo

k
in

g
th

e
u
n
iform

stron
gly

con
vex

ity
of
f̃
i (•;D

ν(i) ,X
νi ),

th
e

d
efi

n
ition

of
Θ
ν(i)

in
(13),

an
d

reca
llin

g
th

a
t∇

D
F

(D
φ
ν,X

ν)
=
∑

j ∇
D
f
j ( D

φ
ν,X

νj ),
w

e
get

〈∇
D
F

(D
φ
ν,X

ν),D̃
ν(i) −

D
ν(i) 〉

+
G

(D̃
ν(i) )−

G
(D

ν(i) )

≤
−
τ
νD
,i

∥∥∥
D̃
ν(i) −

D
ν(i) ∥∥∥

2
+
I ∥∥∥∥∥∥

Θ
ν(i) −

1I

I
∑j=

1 ∇
D
f
j (D

φ
ν,X

νj ) ∥∥∥∥∥∥
F

∥∥∥
D̃
ν(i) −

D
ν(i) ∥∥∥

F
.

M
u
ltip

ly
in

g
b

o
th

sid
e

of
th

e
ab

ov
e

in
eq

u
ality

b
y

th
e

p
ositive

q
u
an

tities
φ
νi

an
d

su
m

m
in

g
over

i
=

1,2
,...,I

w
h
ile

u
sin

g
φ
νi ≤

ε̄
φ

[cf.
(49)],

y
ield

s

〈∇
D
F

( D
φ
ν,X

ν),
I
∑i=

1

φ
νi (

D̃
ν(i) −

D
ν(i) )〉

+
I
∑i=

1

φ
νi (
G

(D̃
ν(i) )−

G
(D

ν(i) ) )

≤
−
s
D ||D̃

ν−
D
ν|| 2

+
I
ε̄
φ ∥∥∥∥∥

Θ
ν−

1
⊗

1I

I
∑i=

1 ∇
D
f
i ( D

φ
ν,X

νi ) ∥∥∥∥∥
F

︸
︷︷

︸
g
ra

d
ien

t
tra

ck
in

g
erro

r

∥∥∥
D̃
ν−

D
ν ∥∥∥

F
,

(111)
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D
a
n
e
sh

m
a
n
d
,
S
u
n
,
S
c
u
t
a
r
i,
F
a
c
c
h
in
e
i,
S
a
d
l
e
r

w
h
ere

s
D

is
an

y
p

ositive
con

stan
t

su
ch

th
at
s
D
≤

m
in
i,ν
φ
νi τ

νD
,i

[n
ote

th
at

su
ch

a
con

stan
t

ex
ists

b
ecau

se
φ
νi
≥
ε
φ
,

w
ith

ε
φ
>

0
d
efi

n
ed

in
(49),

an
d

all
τ
νD
,i

are
u
n
iform

ly
b

ou
n
d
ed

aw
ay

from
zero–see

A
ssu

m
p
tion

D
1].

N
ow

let
u
s

b
ou

n
d

th
e

gra
d
ien

t
tra

ckin
g

erro
r

term
in

(111).
U

sin
g

(40)
recu

rsiv
ely,

Θ
ν

can
b

e
rew

ritten
as

Θ
ν

=
Ŵ

ν−
1
:0

Θ
0

+
ν−

1
∑t=

1

Ŵ
ν−

1
:t (

Φ̂
t )
−

1(G
t−

G
t−

1 )
+
(
Φ̂
ν )
−

1(G
ν−

G
ν−

1 )
.

(112)

U
sin

g
th

e
d
efi

n
ition

of
G
ν

[cf.
(34)]

an
d

Ĵ
[cf.

(45)],
w

rite

1
⊗

1I

I
∑i=

1 ∇
D
f
i (D

ν(i) ,X
νi )

=
Ĵ
G
ν

=
Ĵ
G

0
+

ν
∑t=

1

Ĵ (G
t−

G
t−

1 )
,

w
h
ich

,
u
sin

g
Θ

0
=

G
0,

lead
s

to
th

e
follow

in
g

ex
p
an

sion
for

1
⊗

1I ∑
Ii=

1 ∇
D
f
i (D

φ
ν,X

νi ):

1
⊗

1I

I
∑i=

1 ∇
D
f
i (D

φ
ν,X

νi )
=

Ĵ
Θ̃

0
+

ν
∑t=

1

Ĵ (G
t−

G
t−

1 )

+
1
⊗

1I

I
∑i=

1 (∇
D
f
i (D

φ
ν,X

νi )−
∇
D
f
i (D

ν(i) ,X
νi ) )

.

(113)

U
sin

g
(112)

an
d

(113),
th

e
gra

d
ien

t
tra

ckin
g

erro
r

term
in

(111)
can

b
e

u
p
p

er
b

ou
n
d
ed

as

∥∥∥
Θ
ν−

1
⊗

1I

I
∑i=

1 ∇
D
f
i (D

φ
ν,X

νi ) ∥∥∥
F

(a
)

≤
∥∥∥
Ŵ

ν−
1
:0−

Ĵ ∥∥∥
2 ∥∥∥

Θ
0 ∥∥∥
F

+
1ε
φ

ν−
1

∑t=
1 ∥∥∥

Ŵ
ν−

1
:t−

Ĵ
φ
t ∥∥∥

2 ∥∥∥
G
t−

G
t−

1 ∥∥∥
F

+
∥∥∥ (

Φ̂
ν )
−

1−
Ĵ ∥∥∥

2 ∥∥
G
ν−

G
ν−

1 ∥∥
F

+
1√I

I
∑i=

1 ∥∥∥ ∇
D
f
i (D

φ
ν,X

νi )−
∇
D
f
i (D

ν(i) ,X
νi ) ∥∥∥

F

(b)

≤
c

4
(ρ

)
ν

+
c

5
L
∇

ν
∑t=

1 (ρ
)
ν−

t ( ∥∥
D
t−

D
t−

1 ∥∥
F

+
∥∥
X
t−

X
t−

1 ∥∥
F )

+
L
∇ ∥∥∥

D
ν−

1
⊗

D
φ
ν ∥∥∥

F

(c)
=
T
ν

+
c

5
L
∇

ν
∑t=

1 (ρ
)
ν−

t ∥∥
X
t−

X
t−

1 ∥∥
F
,

(114)
for

som
e

p
ositiv

e
fi
n
ite

con
stan

ts
c

4
an

d
c

5 ,
w

h
ere

in
(a)

w
e

u
sed

th
e

low
er

b
ou

n
d
φ
νi ≥

ε
φ

[cf.
(49)]

an
d

Ĵ
φ
t

=
Ĵ

Φ̂
t

[cf.
(47)];

an
d

in
(b

)
w

e
u
sed

(3
4),

(63
)

(cf.
R

em
ark

8),
an

d
L

em
m

a
4;

an
d

in
(c)

w
e

d
efi

n
ed

T
ν

as

T
ν
,
c

4
(ρ

)
ν

+
c

5
L
∇

ν
∑t=

1 (ρ
)
ν−

t ∥∥
D
t−

D
t−

1 ∥∥
F

+
L
∇
∥∥
D
ν−

1
⊗

D
φ
ν ∥∥

F
.

(115)
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D
e
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O
v
e
r
T
im

e
-V

a
r
y
in
g

D
ig
r
a
p
h
s

S
u
b
st

it
u
ti

n
g

(1
14

)
in

to
(1

11
)

y
ie

ld
s

〈 ∇
D
F

(D
φ
ν
,X

ν
),

I ∑ i=
1

φ
ν i

( D̃
ν (i

)
−

D
ν (i

))〉
+

I ∑ i=
1

φ
ν i

( G
(D̃

ν (i
))
−
G

(D
ν (i

))
)

≤
−
s D
||D̃

ν
−

D
ν
||2 F

+
I
ε̄ φ
T
ν
||D̃

ν
−

D
ν
|| F

+
I
ε̄ φ
c 5
L
∇
||D̃

ν
−

D
ν
|| F

ν ∑ t=
1

(ρ
)ν
−
t
∥ ∥ X

t
−

X
t−

1
∥ ∥ F

=
−
s D

( |
|D̃

ν
−
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−
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h
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p
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p
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p
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.
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p
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a
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n
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p
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p
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r
re

g
re

ss
io

n
fu

n
ct

io
n
s

(t
h
ei

r
li
n
ea

r
fu

n
ct

io
n
a
ls

R
iv

oi
ra

rd
et

al
.

(2
01

2)
,

e.
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d
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b
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b
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ca
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p
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b
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p
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at
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ra
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p
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p
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p
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p
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p
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ra
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p
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p
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p
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b
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p
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p
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p
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p
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d
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b
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p
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p
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p
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h
e
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w
e

n
eed

to
fi

n
d

th
e

“p
rior

d
en

sity
”

of
f

.
U

n
like

th
e

p
aram

etric
settin

gs
w

h
ere

th
e

p
rio

r
d
en

sities
a
re

R
a
d
o
n
-N

ik
o
d
y
m

(R
N

)
d
eriva

tiv
es

w
.r.t.

L
eb

esg
u
e

m
ea

su
re,

in
th

e
cu

rren
t

in
fi
n
ite-d

im
en

sio
n
a
l

settin
g

it
is

im
p

o
ssib

le
to

d
o

so
sin

ce
th

ere
is

n
o

L
eb

esg
u
e

m
ea

su
re

o
n
S
m0 [0

,1]
(see

H
u
n
t

et
a
l.

(1
9
9
2
)).

In
stea

d
,

w
e

n
eed

to
ch

a
ra

cterize
th

e
p
rio

r
d

en
sity

of
f

as
an

R
N

d
erivative

w
.r.t.

oth
er

k
in

d
s

of
m

easu
res

su
ch

as
G

au
ssian

m
easu

re.
F

o
llow

in
g

W
a
h
b
a

W
a
h
b
a

(1
9
9
0
),

Π
λ

a
n
d

Π≡
Π

0
(co

rresp
o
n
d
in

g
to
λ=

0
)

a
re

eq
u
iva

len
t

p
rob

ab
ility

m
easu

res,
an

d
th

e
R

N
d
erivative

of
Π
λ

w
.r.t.

Π
is

d
Π
λ

d
Π (f)=

∞∏k=
1 (1+

n
λ(2

π
k) −

β) −
1×

ex
p(−

n
λ2

∞∑k=
1 (f

2k +
g

2k )(2π
k)

2
m)

=
∞∏k=

1 (1+
n
λ(2

π
k) −

β) −
1×

ex
p(−

n
λ2 ∫

1

0
f (m)(x)

2d
x)

=
∞∏k=

1 (1+
n
λ(2

π
k) −

β) −
1×

ex
p(−

n
λ2
J(f))

,
(6)

w
h

ere
J(f)=∫

10
f (m)(x)

2d
x

.
N

o
te

th
a
t∏ ∞k=

1 (1+
n
λ(2π

k) −
β) −

1
co

n
v
erg

es
th

a
n

k
s

to
β>

1
so

th
at

(6)
is

a
valid

ex
p
ression

.
(6)

p
rov

id
es

an
ex

p
ression

for
th

e
p
rior

d
en

sity
of
f

,
w

h
ich

in
d
u
ces

th
e

follow
in

g
p

osterior
d
istrib

u
tion

for
f

given
su

b
sam

p
le
j:

d
P(f∣D

j )∝
P(D

j ∣f)d
Π
λ (f)

∝
ex

p ⎛⎝ −
12 ∑i∈I

j (Y
i −

f(X
i ))

2−
n
λ2
J(f) ⎞⎠

d
Π(f),

j=
1
,...,s.

(7)

R
eca

ll
th

a
t
I
j

in
d
ex

es
th

e
j-th

su
b
sa

m
p
le.

T
h
e

rig
h
t

h
a
n
d
-sid

e
o
f

(7
)

co
rresp

o
n
d
s

to
p

en
a
lized

lik
elih

o
o
d

fu
n
ctio

n
`
j (f)=−

12
n ∑

i∈I
j (Y

i −
f(X

i ))
2−

λ2
J(f)

w
h
ich

h
a
s

b
een

w
ell

stu
d
ied

in
sm

o
o
th

in
g

sp
lin

e
litera

tu
re

(W
a
h
b
a

(1
9
9
0
)).

T
h
eo

retica
lly,

w
e

reco
m

m
en

d
to

ch
o
ose

λ≍
N −

2
m

2
m+

β
w

h
ich

w
ill

b
e

p
roven

to
y
ield

op
tim

al
B

ayesian
in

feren
ce;

see
S

ection
s

3
an

d
4.

T
h
e

d
u
ality

b
etw

een
th

e
p

osterior
an

d
sm

o
oth

in
g

sp
lin

e,
i.e.,

(7),
en

ab
les

u
s

to
easily

ch
o
ose

λ
for

p
ractical

u
se,

e.g.,
G

C
V

con
sid

ered
b
y

W
ah

b
a

(1990).

2
.2

.
N

o
n

p
a
ra

m
tric

B
a
y
e
sia

n
A

g
g
re

g
a
tio

n

F
irst

of
all,

w
e

calcu
late

f̆
j,n =

E{f∣D
j },

j=
1,...,s,

th
e

p
osterior

m
ean

s
b
ased

on
in

d
iv

id
u
al

p
osterior

d
istrib

u
tion

s
(7).

T
h
en

w
e

con
stru

ct
a(1−

α)-th
cred

ib
le

b
all

cen
terin

g
at
f̆
j,n

w
ith

ra
d
iu

s
r
j,n (α).

T
h
a
t

is,
r
j,n (α)>

0
su

ch
th

a
t
P(f∈

S
m0 [0

,1]∶∥f−
f̆
j,n ∥

L
2 ≤

r
j,n (α)∣D

j )=
1−

α
,

w
h
ere∥⋅∥

L
2

is
th

e
u
su

a
l
L

2-n
o
rm

,
i.e.,∥f∥

L
2 = √∫

10
f(x)

2d
x

.
In

p
ra

ctice,
f̆
j,n

a
n
d
r
j,n (α)

ca
n

b
e

b
o
th

estim
a
ted

b
y

th
e

p
o
sterio

r
sa

m
p
les.

F
o
r

in
sta

n
ce,

g
en

era
te
M

in
d
ep

en
d
en

t
sa

m
p
les

f
j1 ,...,f

jM
fro

m
(7

);
estim

a
te
f̆
j,n

b
y

th
eir

av
era

g
e

a
n
d

estim
a
te

r
j,n (α)

b
y

th
e(1−

α)-th
p

ercen
tile

o
f∥f

jl −
f̆
j,n ∥

L
2

fo
r

1≤
l≤

M
.

W
e

p
o
stp

o
n
e

th
e

com
p
u
tation

al
d
etails

of
th

e
sam

p
lin

g
p
ro

ced
u
re

to
S
ection

8.5.
W

e
n
ex

t
p
resen

t
a

con
crete

aggregation
sch

em
e

(p
ro

ced
u
res

(1)–(3)
b

elow
)

to
con

stru
ct

a
cred

ib
le

b
all

b
ased

on
th

ese
in

d
iv

id
u
al

resu
lts{f̆

j,n
,r
j,n (α)}

sj=
1 .

S
p

ecifi
cally,

an
aggregated
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N
o
n
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r
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e
t
r
ic

B
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y
e
si
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A
g
g
r
e
g
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t
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n
f
o
r
M
a
ss
iv
e
D
a
t
a

cr
ed

ib
le

b
al

l
fo

r
f

,
d
en

ot
ed

R
N
(α),

is
co

n
st

ru
ct

ed
w

it
h

it
s

ce
n
te

r/
ra

d
iu

s
ob

ta
in

ed
th

ro
u
gh

w
ei

gh
te

d
av

er
ag

in
g

th
e

in
d

iv
id

u
al

ce
n
te

rs
/r

ad
ii

.
U

n
li

ke
si

m
p

le
av

er
ag

in
g

co
m

m
on

ly
u

se
d

in
fr

eq
u
en

ti
st

se
tt

in
g

(s
ee

Z
h
an

g
et

al
.

(2
01

5a
))

,
ou

r
p
ro

ce
d
u
re

s
fo

r
p

os
te

ri
or

m
ea

n
ag

gr
eg

at
io

n
an

d
ra

d
iu

s
ag

gr
eg

at
io

n
ar

e
w

ei
gh

te
d

av
er

ag
in

g
w

it
h

w
ei

gh
ts
w
s,
N
,λ
,k

d
efi

n
ed

in
(1

0)
.

T
h

es
e

w
ei

gh
ts

ar
e

u
se

d
to

ca
li

b
ra

te
th

e
p

ri
or

eff
ec

t
su

ch
th

at
th

e
ag

gr
eg

at
io

n
p

ro
ce

d
u

re
ca

n
h

av
e

sa
ti

sf
ac

to
ry

as
y
m

p
to

ti
c

p
ro

p
er

ty
.

T
h

e
d

et
ai

ls
of

ou
r

p
ro

ce
d

u
re

ar
e

d
em

on
st

ra
te

d
as

fo
ll

ow
s:

1.
P

o
st

er
io

r
m

ea
n

a
gg

re
ga

ti
o
n

.
F

or
j-

th
su

b
sa

m
p
le

an
d
k
≥1,

fi
n
d

f̆ j
,n
,k
=√ 2

∫1

0
f̆ j
,n
(x)

co
s(2π

k
x
)dx,

ğ j
,n
,k
=√ 2

∫1

0
f̆ j
,n
(x)

si
n
(2π

k
x
)dx,

(8
)

w
h
er

e
f̆ j
,n

is
th

e
p

o
st

er
io

r
m

ea
n

b
a
se

d
o
n

su
b
sa

m
p
le
j.

T
h
en

w
e

a
g
g
re

g
a
te

th
es

e
q
u
an

ti
ti

es
th

ro
u
gh

th
e

fo
ll
ow

in
g

fo
rm

u
la

s:

f̆ N
,λ
,k
=s ∑ j=1

f̆ j
,n
,k
/s,

ğ N
,λ
,k
=s ∑ j=1

ğ j
,n
,k
/s.

(9
)

In
th

e
en

d
,

w
e

le
t

f̆ N
,λ
(x)

=∞ ∑ k
=1w

s,
N
,λ
,k
{f̆ N

,λ
,k

√ 2
co

s(2π
k
x
)+ğ

N
,λ
,k

√ 2
si

n
(2π

k
x
)},

(1
0)

w
h
er

e
w
s,
N
,λ
,k
=s(

2
π
k
)2m

+β +
N
(1+

λ
(2π

k
)2m
)

(2π
k
)2m

+β +
N
(1+

λ
(2π

k
)2m
)f

or
k
≥1.

2.
P

o
st

er
io

r
ra

d
iu

s
a
gg

re
ga

ti
o
n

.
A

gg
re

ga
te

th
e

ra
d
ii
r j
,n
(α)

th
ro

u
gh

th
e

fo
ll
ow

in
g

fo
rm

u
la

:

r N
(α)

=¿ Á Á Á À A
N
,s
⎛ ⎝1 s

s ∑ j=1
r j
,n
(α)2

⎞ ⎠+
B
N
,s
,

(1
1)

w
h
er

e

A
N
,s
=√ C

2
/D 2

s−4
m
+2β

−1
2
(2m

+β)
,

B
N
,s
=(2

C
1
−2D

1

√ C
2
/D 2

s−
1

2
(2m

+β)
)N

−2m
+β−

1
2
m
+β
,

C
k
= ∫

∞
0

(1+
(2π

x
)2
m
+(2

π
x
)2
m
+β )−

k
d
x
,
k
=1,

2
,

D
k
= ∫

∞
0

(1+
(2π

x
)2
m
)−k d

x
,
k
=1,

2
.

(1
2)

3.
A

gg
re

ga
te

d
cr

ed
ib

le
ba

ll
:

R
N
(α)

={f
∈Sm 0

[0,1
]∶∥

f
−f̆ N

,λ
∥ L2

≤r N
(α)}

.
(1

3)

A
lg

or
it

h
m

s
b
as

ed
on

w
ei

gh
te

d
av

er
ag

in
g

h
av

e
b

ee
n

p
ro

p
os

ed
in

n
u
m

er
ou

s
co

m
p
u
ta

ti
on

al
as

p
ec

ts
.

F
or

in
st

an
ce

,
H

u
an

g
an

d
G

el
m

an
(2

00
5)

;
N

ei
sw

an
ge

r
et

al
.
(2

01
3)

;
S
co

tt
et

al
.
(2

01
6)

p
ro

p
os

ed
co

m
p
u
ta

ti
on

al
p
ro

ce
d
u
re

s
fo

r
effi

ci
en

tl
y

ag
gr

eg
at

in
g

lo
ca

l
M

C
M

C
sa

m
p
le

s
in

w
h
ic

h
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 2
0(

14
0)

:1
-8

1,
 2

01
9

S
h
a
n
g
,
H
a
o
,
C
h
e
n
g

th
e

a
g
g
re

g
a
ti

o
n

st
ep

s
in

v
o
lv

e
p
ro

p
er

w
ei

g
h
t

av
er

a
g
in

g
.

S
u
ch

a
lg

o
ri

th
m

s
a
re

p
a
rt

ic
u
la

rl
y

u
se

fu
l

to
p
ro

d
u
ce

M
C

M
C

sa
m

p
le

s
fr

o
m

th
e

o
ra

cl
e

p
o
st

er
io

r
w

h
ic

h
ca

n
b

e
u

se
d

fo
r

va
ri

o
u

s
in

fe
re

n
ti

a
l

p
u

rp
o
se

s,
e.

g
.,

es
ti

m
a
ti

o
n

a
n

d
te

st
in

g
.

T
h

e
p

re
se

n
t

p
a
p

er
fo

cu
se

s
o
n

in
fe

re
n

ce
s,

e.
g
.,

co
n
st

ru
ct

io
n

o
f

cr
ed

ib
le

b
a
ll
s,

in
a

sp
ec

ia
l

cl
a
ss

o
f

n
o
n
p
a
ra

m
et

ri
c

re
g
re

ss
io

n
m

o
d
el

s,
an

d
h
as

m
or

e
ex

te
n
si

ve
th

eo
re

ti
ca

l
g
u
ar

an
te

es
.

In
p
ra

ct
ic

e,
o
n
e

ca
n

a
p
p
ro

x
im

a
te

th
e

in
te

g
ra

l
(8

)
th

ro
u
g
h

d
is

cr
et

iz
a
ti

o
n
;

se
e

S
ec

ti
o
n

8
.5

.
T

h
eo

re
m

3
w

il
l

sh
ow

th
a
t
R
N
(α)

g
iv

en
in

(1
3
)

a
sy

m
p
to

ti
ca

ll
y

co
v
er

s
1
−α

m
a
ss

o
f

th
e

p
o
st

er
io

r
b
a
se

d
o
n

th
e

fu
ll

d
a
ta

se
t

a
n
d

in
cl

u
d
es

th
e

tr
u
e

fu
n
ct

io
n

w
it

h
p
ro

b
a
b
il
it

y
a
p
p
ro

a
ch

in
g

o
n
e.

M
o
re

th
eo

re
ti

ca
l

st
u
d
y

o
n
R
N
(α)

su
ch

a
s

it
s

ce
n
te

r
a
n
d

ra
d
iu

s
ca

n
b

e
fo

u
n
d

in
S
ec

ti
on

s
4.

2
an

d
4.

3.
N

ot
e

th
at

th
es

e
se

ct
io

n
s

p
re

se
n
t

an
ag

gr
eg

at
io

n
p
ro

ce
d
u
re

in
a

m
or

e
ge

n
er

al
co

n
te

x
t,

w
h
ic

h
co

v
er

s
(1

3)
as

a
sp

ec
ia

l
ca

se
.

A
to

y
si

m
u
la

ti
o
n

st
u
d
y

w
a
s

ca
rr

ie
d

o
u
t

to
ex

a
m

in
e

th
e

p
ro

p
o
se

d
p
ro

ce
d
u
re

s
(1

)–
(3

).
S

p
ec

ifi
ca

ll
y,

w
e

ex
a
m

in
e

th
e

co
m

p
u

ti
n

g
ti

m
e

a
n

d
co

v
er

a
g
e

p
ro

b
a
b

il
it

y
(C

P
)

o
f
R
N
(α)

fo
r

va
ri

o
u

s
ch

o
ic

es
o
f
s.

T
h

e
C

P
is

d
efi

n
ed

a
s

th
e

re
la

ti
v
e

fr
eq

u
en

cy
o
f

th
e

se
ts

th
a
t

co
v
er

th
e

tr
u
th

.
W

e
ch

o
os

e
m

=β
=2

in
ou

r
G

P
p
ri

or
(4

).
R

es
u
lt

s
ar

e
su

m
m

ar
iz

ed
in

F
ig

u
re

1.
P

lo
t

(a
)

d
is

p
la

y
s

th
e

tr
u
e

fu
n
ct

io
n
f 0

u
n
d
er

w
h
ic

h
d
at

a
w

er
e

ge
n
er

at
ed

.
P

lo
t

(b
)

d
is

p
la

y
s

h
ow

th
e

C
P

va
ri

es
as
γ
∶=lo

g
(s)/

lo
g
(N)

.
P

lo
t

(c
)

d
is

p
la

y
s

th
at

th
e

co
m

p
u

ti
n

g
ti

m
e

d
ec

re
as

es
w

h
en

γ
in

cr
ea

se
s.

T
h
er

e
se

em
s

to
b

e
a

tr
an

si
ti

on
fo

r
C

P
v
s.
γ

,
i.
e.

,
C

P
is

u
n
if

or
m

ly
cl

o
se

to
o
n
e

w
h
en

0
≤γ

<0.
3

a
n
d

a
p
p
ro

a
ch

es
ze

ro
w

h
en

γ
>0.

4
.

In
co

n
cl

u
si

o
n
,
R
N
(α)

p
o
ss

es
se

s
b

o
th

sa
ti

sf
a
ct

o
ry

fr
eq

u
en

ti
st

co
v
er

a
g
e

a
n

d
co

m
p

u
ta

ti
o
n

a
l

effi
ci

en
cy

w
h

en
γ
≈0.

2
.

O
th

er
ch

o
ic

es
o
f
γ

ei
th

er
lo

w
er

C
P

o
r

sl
ow

d
ow

n
th

e
co

m
p
u
ti

n
g
.

T
h
u
s,

u
n
d
er

a
p
ro

p
er

ch
o
ic

e
o
f
s,

o
u
r

ag
gr

eg
at

io
n

p
ro

ce
d
u
re

ca
n

m
ai

n
ta

in
go

o
d

st
at

is
ti

ca
l

p
ro

p
er

ti
es

an
d

re
d
u
ce

co
m

p
u
ti

n
g

b
u
rd

en
a
t

th
e

sa
m

e
ti

m
e.

C
a
re

fu
l

re
a
d
er

s
m

ay
h
av

e
n
o
ti

ce
d

th
a
t

th
e

C
P

a
p
p
ro

a
ch

es
o
n
e

ra
th

er
th

an
th

e
cr

ed
ib

il
it

y
le

ve
l
(1−

α
).T

h
is

is
su

e
ca

n
b

e
ad

d
re

ss
ed

b
y

a
m

o
d

ifi
ed

ag
gr

eg
at

ed
se

t
p
ro

p
os

ed
in

S
ec

ti
on

4.
4.

M
or

e
co

m
p
re

h
en

si
ve

si
m

u
la

ti
on

re
su

lt
s

ar
e

p
ro

v
id

ed
in

S
ec

ti
on

5
to

ex
am

in
e

va
ri

ou
s

ag
gr

eg
at

io
n

p
ro

ce
d
u
re

s
su

ch
as

th
e

p
oi

n
tw

is
e

cr
ed

ib
le

in
te

rv
a
ls

.

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

02468101214

(a
) x

f0(x)
0.

0
0.

1
0.

2
0.

3
0.

4
0.

5
0.

6

0.00.20.40.60.81.0

(b
) γ

CP

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

102030405060

(c
) γ

Time

F
ig

u
re

1
.

E
xa

m
in

a
ti

o
n

o
f

o
u

r
a

gg
re

ga
ti

o
n

p
ro

ce
d

u
re

s
(1

)–
(3

).
R

es
u

lt
s

a
re

ba
se

d
o

n
N
=12

0
0

o
bs

er
va

ti
o

n
s

ge
n

er
a

te
d

fr
o

m
(1

)
a

n
d

a
G

P
p

ri
o

r
(4

)
w

it
h
m
=β

=2
a

n
d
λ
=N

−2/
3
.

(a
)

T
ru

e
re

gr
es

si
o

n
fu

n
ct

io
n

f 0
(x)
=2.

4
β
3
0
,1
7
(x)
+1.

6
β
3
,1
1
(x),

w
h

er
e
β
a
,b

is
th

e
p

ro
ba

bi
li

ty
d

en
si

ty
fu

n
ct

io
n

fo
r
B
et
a
(a,b
).(

b)
C

o
ve

ra
ge

p
ro

ba
bi

li
ty

(C
P

)
o

f
R
N
(0.9

5
)vs

.
γ

.
(c

)
C

o
m

p
u

ti
n

g
ti

m
e

(i
n

se
co

n
d

s)
o

f
R
N
(0.9

5
)vs

.
γ

.
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N
o
n
pa

r
a
m
e
t
r
ic

B
a
y
e
sia

n
A
g
g
r
e
g
a
t
io
n
f
o
r
M
a
ssiv

e
D
a
t
a

3
.
A

N
o
n
p
a
ra

m
e
tric

B
a
y
e
sia

n
F
ra

m
e
w
o
rk

B
a
se
d
o
n
G
e
n
e
ra

l
D
e
sig

n
a
n
d

S
p
a
ce

In
th

is
sectio

n
,

w
e

in
tro

d
u
ce

a
m

o
re

g
en

era
l

B
ay

esia
n

n
o
n
p
a
ra

m
etric

fra
m

ew
o
rk

b
a
sed

o
n

g
en

era
l

d
esig

n
a
n
d

fu
n
ctio

n
sp

a
ce

u
n
d
er

w
h
ich

th
e

a
g
g
reg

a
tio

n
resu

lts
w

ill
b

e
o
b
ta

in
ed

.
S
u
p
p

o
se

th
a
t

th
e

d
ata{Y

i ,X
i }
Ni=

1
follow

a
n
on

p
ara

m
etric

regression
m

o
d
el:

Y
i ∣f
,X

i
in
d
.

∼
N(f(X

i ),σ
2),

X
1 ,...,X

N
iid∼
π(x),

(14)

w
h
ere

π(⋅)
is

a
p
rob

ab
ility

d
en

sity
on

I=(0,1),
an

d
f

b
elon

gs
to

an
m

-ord
er

S
ob

olev
sp

ace
S
m(I):S

m(I)={f∈
L

2(I)∣f (0),f (1),...,f (m−
1)are

a
b
s.

con
t.

an
d
f (m)∈

L
2(I)}.

(15)

In
p
a
rticu

la
r,
S
m0 [0

,1]
is

a
p
ro

p
er

su
b
set

o
f
S
m(I).

T
h
ro

u
g
h
o
u
t,

w
e

let
m>

1/2
su

ch
th

a
t

S
m(I)

is
a

rep
ro

d
u
cin

g
k
ern

el
H

ilb
ert

sp
a
ce

(R
K

H
S
).

F
o
r

tech
n
ica

l
co

n
v
en

ien
ce,

a
ssu

m
e

σ
2=

1
a
n
d

0<
in

f
x∈I π(x)≤

su
p
x∈I π(x)<∞

.
W

h
en

σ
2

is
u
n
k
n
ow

n
,

o
u
r

a
p
p
ro

a
ch

ca
n

still
b

e
a
p
p
lied

w
ith

σ
2

rep
laced

b
y

its
con

sisten
t

estim
ate.

F
or

an
y
f
,g∈

S
m(I),

d
efi

n
e
V(f

,g)=
E{f(X)g(X)}

an
d
J(f

,g)=∫
10
f (m)(x)g (m)(x)d

x
.

F
o
llow

in
g

S
h

a
n

g
et

a
l.

(2
0
1
3
),

th
ere

ex
ists

a
seq

u
en

ce
o
f

eig
en

fu
n

ctio
n
s
ϕ

1 ,ϕ
2 ,...∈

S
m(I)

a
n
d

a
seq

u
en

ce
o
f

eig
en

va
lu

es
0=

ρ
1 =

ρ
2 =⋯=

ρ
m <

ρ
m+

1 ≤
ρ
m+

2 ≤⋯
su

ch
th

a
t
ρ
ν ≍

ν
2
m

a
n
d

V(ϕ
ν ,ϕ

µ )=
δ
ν
µ
,
J(ϕ

ν ,ϕ
µ )=

ρ
ν δ
ν
µ
,
ν
,µ≥

1
,

(16)

w
h
ere

δ
ν
µ

is
th

e
K

ron
ecker’s

d
elta.

W
e

n
ex

t
p
lace

a
p
rior

d
istrib

u
tion

Π
λ

on
f

,
w

h
ere

Π
λ

is
a

p
rob

ab
ility

m
easu

re
on

S
m(I)

a
n
d
λ≥

0
is

a
h
y
p

erp
a
ra

m
eter.

S
im

ila
r

to
S
ectio

n
2
,

w
e

w
ill

ch
a
ra

cterize
Π
λ

th
ro

u
g
h

its
R

a
d
o
n
-N

ik
o
d
y
m

(R
N

)
d
eriva

tiv
e

w
.r.t.

Π
,

w
ith

Π
a

p
re-g

iv
en

p
ro

b
a
b
ility

m
ea

su
re

Π
o
n

S
m(I).

S
p

ecifi
cally,

assu
m

e
th

at
th

e
R

N
d
erivative

of
Π
λ

w
.r.t.

Π
satisfi

es

d
Π
λ

d
Π (f)∝

ex
p(−

n
λ2
J(f))

,
(17)

w
h
ere

J(f)
is

d
efi

n
ed

in
(3

).
In

terestin
g
ly,

it
is

p
o
ssib

le
to

ex
p
licitly

co
n
stru

ct
Π
λ

a
n
d

Π
su

ch
th

a
t

(1
7
)

h
old

s.
T

o
see

th
is,

let

G
λ (⋅)=

∞∑ν=
m+

1

w
ν ϕ

ν (⋅),
(18)

w
h
ere

w
ν ’s

are
in

d
ep

en
d
en

t
of

th
e

ob
servation

s
satisfy

in
g
w
ν ∼

N(0,1/(ρ
1+
β/(2

m)
ν

+
n
λ
ρ
ν )),ν>

m
.

L
et
G(⋅)=

G
λ=

0 (⋅).
S
u
p
p

ose
Π
λ

an
d

Π
are

p
rob

ab
ility

m
easu

res
in

d
u
ced

b
y
G
λ

an
d
G

,
i.e.,

Π
λ (S)=

P(G
λ ∈

S)
a
n

d
Π(S)=

P(G∈
S)

fo
r

a
n
y

m
ea

su
ra

b
le
S⊆

S
m(I).

It
fo

llow
s

b
y

H
á
jek

’s
lem

m
a

(see
S

h
a
n

g
a
n

d
C

h
en

g
(2

0
1
7
))

th
a
t

(1
7
)

h
o
ld

s.
In

(1
8
),
λ≥

0
a
n

d
β>

1
a
re

b
o
th

h
y
p

er-p
a
ra

m
eters

ch
a
ra

cterizin
g

th
e

sm
o
o
th

n
ess

o
f

th
e

p
rio

r.
It

is
ea

sy
to

ch
eck

th
a
t

th
e

sam
p

le
p

ath
of
G
λ

b
elon

gs
to
S
m(I)

for
an

y
β>

1
alm

ost
su

rely.
A

s
d

em
on

strated
in

a
sim

u
la

tio
n

stu
d
y,

th
e

G
C

V
-selected

λ
is

su
ffi

cien
t

to
p
rov

id
e

satisfactory
resu

lts.

7
JM

L
R

 20(140):1-81, 2019

S
h
a
n
g
,
H
a
o
,
C
h
e
n
g

4
.
M

a
in

R
e
su

lts

In
th

is
sectio

n
,

w
e

p
resen

t
a

series
o
f

m
a
in

resu
lts

th
a
t

a
re

b
u
ilt

u
p

o
n

a
u

n
ifo

rm
G

a
u

ssia
n

a
p
p
rox

im
a
tio

n
th

eo
rem

(S
ectio

n
4
.1

).
T

h
ree

cla
sses

o
f

a
g
g
reg

a
tio

n
p
ro

ced
u
res

a
re

th
en

p
ro

p
o
sed

:
a
g
g
reg

a
ted

cred
ib

le
b
a
lls

in
b

o
th

stro
n
g

a
n
d

w
ea

k
to

p
o
lo

g
y,

a
n
d

a
g
g
reg

a
ted

cred
ib

le
in

tervals
for

lin
ear

fu
n
ction

als.
T

h
ese

resu
lts

can
b

e
classifi

ed
in

to
tw

o
ty

p
es:

fi
n

ite
sa

m
p
le

co
n

stru
ctio

n
(S

ectio
n

s
4
.3

,
4
.4

a
n

d
4
.5

)
a
n

d
a
sym

p
to

tic
co

n
stru

ctio
n

(S
ectio

n
4
.6

).
T

h
e

form
er

con
stru

ction
is

often
tim

e-con
su

m
in

g
sin

ce
its

rad
iu

s
(in

terval
len

gth
)

is
ob

tain
ed

th
ro

u
g
h
s

p
o
sterio

r
sa

m
p
lin

g
,

w
h
ile

th
e

la
tter

em
p
loy

s
a

la
rg

e-sa
m

p
le

lim
it

o
f

th
e

ra
d
iu

s
given

b
y

an
ex

p
licit

form
u

la.
T

h
e

com
p

u
tation

al
gain

w
ill

b
e

illu
strated

b
y

th
e

sim
u

lation
s

in
S
ectio

n
5
.

S
im

ila
r

to
S
ectio

n
2
,

let
I

1 ,I
2 ,...,I

s
b

e
a

ra
n
d
o
m

p
a
rtitio

n
o
f{1

,2
,...,N}

su
ch

th
at∪

sj=
1 I
j ={1,2

,...,N}
w

ith∣I
j ∣=

n
for

j=
1
,...,s

an
d
N=

n
s.

4
.1

.
A

U
n

ifo
rm

G
a
u

ssia
n

A
p

p
ro

x
im

a
tio

n
T

h
e
o
re

m

A
fu

n
d

am
en

tal
th

eory
u

n
d

erly
in

g
B

ayesian
aggregation

is
d

evelop
ed

in
th

is
section

.
It

is
a

u
n

ifo
rm

version
of

G
au

ssian
ap

p
rox

im
ation

th
eorem

th
at

ch
aracterizes

th
e

lim
it

sh
ap

es
of

a
seq

u
en

ce
o
f

in
d
iv

id
u
a
l

p
o
sterio

r
d
istrib

u
tio

n
s.

T
h
is

u
n
ifo

rm
va

lid
ity

h
o
ld

s
if

th
e

n
u
m

b
er

o
f

p
o
sterio

r
d
istrib

u
tio

n
s

d
o
es

n
o
t

g
row

to
o

fa
st.

A
lso

,
B

ay
esia

n
a
g
g
reg

a
tio

n
p
ro

ced
u
res

p
ossess

freq
u
en

tist
valid

ity
if
λ

is
ch

osen
p
rop

erly.
S
im

ilar
to

(7),
w

e
n
ote

th
at

each
su

b
-p

osterior
d
istrib

u
tion

ca
n

b
e

w
ritten

as

d
P(f∣D

j )∝
ex

p(n
`
jn (f))d

Π(f),
w

h
ere

`
jn (f)=

n −
1∑

i∈I
j (Y

i −
f(X

i ))
2−(λ/2)J(f).

D
efi

n
e

f̂
j,n =

arg
m

ax
f∈S

m(I) `
jn (f),

j=
1,...,s.

(19)

S
u
p
p

ose
th

at
f̂
j,n

ad
m

its
th

e
follow

in
g

F
ou

rier
ex

p
an

sion
:

f̂
j,n (⋅)= ∞∑ν=

1

f̂ (j)ν ϕ
ν (⋅),

1≤
j≤

s.
(20)

D
efi

n
e
h=

λ
1/(2

m)
w

ith
h ∗∶=

N −
1

2
m+

β
.

W
e

rem
a
rk

th
a
t
h ∗

is
a
n

o
p
tim

a
l

ch
o
ice

fo
r

o
u
r

aggregation
p
ro

ced
u
re

as
w

ill
b

e
sh

ow
n

later.

T
h

e
o
re

m
1

(U
n

ifo
rm

G
a
u

ssia
n

A
p
p
ro

xim
a
tio

n
)

S
u

p
po

se
th

a
t
f

0
a
d
m

its
a

F
o
u

rier
expa

n
sio

n
f

0 (⋅)=∑ ∞ν=
1
f

0ν ϕ
ν (⋅)

w
h
ich

fu
rth

er
sa

tisfi
es

C
o
n

d
itio

n
(S

)∶
∞∑ν=

1 ∣f
0ν ∣ 2ρ

1+
β−

1
2
m

ν
<∞

If
th

e
fo

llo
w

in
g

h
o
ld

s

m>
1+ √

32 ≈
1.866,1<

β<
2m+

12m −
1,s=

o(N
β−

1
2
m+

β)
a
n

d
h≍

h ∗,
(21)

th
en

w
e

h
a
ve

a
s
N→∞

,

su
p

S∈S
m

ax
1≤
j≤
s ∣P(S∣D

j )−
P

0
j (S)∣=

O
P
f
0 ( √

sN −
4
m

2+
2
m
β−

1
0
m+

1
4
m(

2
m+

β)(lo
g
N)

52)
,

(22)
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N
o
n
pa

r
a
m
e
t
r
ic

B
a
y
e
si
a
n
A
g
g
r
e
g
a
t
io
n
f
o
r
M
a
ss
iv
e
D
a
t
a

w
h
er

e
Sis

th
e

B
o
re

l
σ

-a
lg

eb
ra

o
n
S
m
(I)

w
it

h
re

sp
ec

t
to

Π
,

a
n

d
P

0
j
’s

a
re

G
P

s
d
efi

n
ed

by

P
0
j
(S)

=
∫ Se

x
p
( −n 2

∥f−
f̂ j
,n
∥2

) dΠ
(f)

∫ Sm
(I)

ex
p
( −n 2

∥f−
f̂ j
,n
∥2 ) d

Π
(f)

,
S
∈S.

(2
3)

P
ro

o
f

o
f

T
h
eo

re
m

1
is

ro
o
te

d
in

S
h
a
n
g

a
n
d

C
h
en

g
(2

0
1
7
)

w
h
o

es
se

n
ti

a
ll
y

co
n
si

d
er

ed
s
=1.

S
u
b
st

a
n
ti

a
l

eff
o
rt

s
h
av

e
b

ee
n

m
a
d
e

h
er

e
to

q
u
a
n
ti

fy
a

ra
n
g
e

o
f

p
a
rt

it
io

n
si

ze
s

su
ch

th
a
t

lo
ca

l
p

os
te

ri
or

s
ca

n
b

e
u
n
if

or
m

ly
ap

p
ro

x
im

at
ed

b
y

G
P

s.
T

h
e

ex
p
li
ci

t
st

ru
ct

u
re

of
th

e
G

P
s

p
ro

v
id

es
a

gu
id

el
in

e
fo

r
ou

r
ag

gr
eg

at
io

n
p
ro

ce
d

u
re

s
w

h
ic

h
w

il
l

b
e

in
tr

o
d

u
ce

d
in

su
b

se
q
u

en
t

se
ct

io
n
s.

It
sh

ou
ld

b
e

em
p
h
as

iz
ed

th
at

ou
r

ag
gr

eg
at

io
n

of
G

P
s

is
w

ei
gh

te
d
-a

ve
ra

gi
n
g

w
h
ic

h
is

d
iff

er
en

t
fr

om
p
ro

d
u
ct

-b
as

ed
on

es
su

ch
as

C
ao

an
d

F
le

et
(2

01
4)

.

C
on

d
it

io
n

(S
)

am
ou

n
ts

to
re

q
u
ir

in
g

k
n

ow
n

re
gu

la
ri

ty
of

th
e

tr
u

th
f 0

∈Sm
+β−

1
2

(I).
T

h
is

ca
n

b
e

se
en

fr
o
m

th
e

in
eq

u
a
li
ty
∑∞ ν=

1
∣f0 ν∣2

ν
2
m
+β−

1
<∞

si
n
ce

ρ
ν
≍ν2

m
.

T
h
is

co
n
d
it

io
n

es
se

n
ti

a
ll
y

m
ea

n
s

th
a
t
f 0

h
a
s

d
er

iv
a
ti

v
es

u
p

to
o
rd

er
m
+β−

1
2

(w
h
en

th
is

o
rd

er
is

in
te

g
er

-
va

lu
ed

).
C

om
b
in

ed
w

it
h

(2
1)

th
is

m
ea

n
s

th
at

th
e

re
gu

la
ri

ty
of
f 0

b
el

on
gs

to
(m,

2m
+1 4

m
−1)

,
i.
e.

,
th

e
tr

u
th

fu
n
ct

io
n

is
jo

in
tl

y
co

n
fi
n
ed

b
y

b
ot

h
fu

n
ct

io
n
al

sp
ac

e
an

d
th

e
p
ri

or
.

T
h
e
∥⋅∥-n

or
m

u
se

d
in

(2
3)

is
d
efi

n
ed

as
fo

ll
ow

s.
F

or
an

y
g
,g̃

∈Sm
(I),

d
efi

n
e

⟨g,g̃
⟩=V

(g,g̃
)+λ

J
(g,g̃

)
(2

4)

an
d

it
s

sq
u
ar

ed
n
or

m
∥g∥2

=⟨g
,g

⟩.C
le

ar
ly

,
⟨⋅,⋅⟩

is
a

va
li
d

in
n
er

p
ro

d
u
ct

on
S
m
(I).

R
e
m

a
rk

1
W

e
re

m
a
rk

th
a
t

(2
1
)

ca
n

be
re

p
la

ce
d

by
a

m
o
re

ge
n

er
a
l

ra
te

co
n

d
it

io
n

:

n
h

2
m
+1

≥1,
a
n
=O

(r̃ n)
,
b n

≤1,
r2 n
b n

≤r̃2 n
,
n
r̃2 n
b n

=o(
1),

w
h
er

e
r n

=(n
h
)−1/

2
+hm

,r̃
n
=(n

h
/log

2s
)−1/

2
+hm

+β−
1

2
,a
n
=n

−1/
2
h
−6m

−1
4
m
r n

lo
g
N
,b
n
=

n
−1/

2
h
−6m

−1
4
m

(log
N

)3
/2 .

H
er

e,
w

e
p
ro

vi
d
e

a
te

ch
n

ic
a
l

ex
p
la

n
a
ti

o
n

fo
r

th
e

te
rm

s
r n
,r̃
n
,a
n
,b
n

.
S

pe
ci

fi
ca

ll
y,
r n

ca
n

be
vi

ew
ed

a
s

th
e

ra
te

o
f

co
n

ve
rg

en
ce

o
f

lo
ca

l
o
rd

in
a
ry

pe
n

a
li

ze
d

M
L

E
(1

9
),

r̃ n
ca

n
be

vi
ew

ed
a
s

th
e

po
st

er
io

r
co

n
tr

a
ct

io
n

ra
te

o
f

th
e

lo
ca

l
B

a
ye

si
a
n

m
od

e,
a
n
,b
n

a
re

er
ro

r
bo

u
n

d
s

o
f

th
e

h
ig

h
er

-o
rd

er
re

m
a
in

d
er

s
in

th
e

T
a
yl

o
r

ex
pa

n
si

o
n

s
o
f

th
e

in
d
iv

id
u

a
l

pe
n

a
li

ze
d

li
ke

li
h
oo

d
fu

n
ct

io
n

s.
U

n
if

o
rm

G
a
u

ss
ia

n
a
p
p
ro

xi
m

a
ti

o
n

fo
r

ge
n

er
a
l
h

(n
o
t

n
ec

es
sa

ri
ly
h
≍h∗

)
ca

n
be

es
ta

bl
is

h
ed

u
n

d
er

su
ch

co
n

d
it

io
n

.

T
h
eo

re
m

3.
5

in
S
h
an

g
an

d
C

h
en

g
(2

01
7)

sh
ow

s
th

at
P

0
j

(c
on

d
it

io
n
al

on
D
j
)

is
in

d
u
ce

d
b
y

a
G

a
u
ss

ia
n

p
ro

ce
ss

,
d
en

o
te

d
a
s
W

j
,

in
th

e
se

n
se

th
a
t
P

0
j
(S)

=P
(Wj

∈S∣
D
j
)fo

r
a
n
y

S
∈S.

D
efi

n
e

τ
2 ν
=ρ1

+β 2
m

ν
,
ν
≥1.

(2
5)

T
h
en

w
e

h
av

e

W
j
(⋅)

=
∞ ∑ ν
=1(a n,

ν
f̂
(j) ν

+b n
,ν
τ ν
v ν

)ϕ ν
(⋅),

j
=1,

2,
..
.,
s,

w
h
er

e
a
n
,ν
=n(

1
+λρ

ν
)(τ2 ν

+n(
1
+λρ

ν
))−1

,
b n
,ν
=(τ

2 ν
+n(

1
+λρ

ν
))−1

/2 a
n
d
v ν

∼N
(0,τ

−2 ν).
F

or
co

n
ve

n
ie

n
ce

,
d
efi

n
e

th
e

m
ea

n
fu

n
ct

io
n
s

of
W

j
as

f̃ j
,n
(⋅)∶

=∞ ∑ ν
=1a

n
,ν
f̂
(j) ν
ϕ
ν
(⋅),

j
=1,

..
.,
s,

(2
6)
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S
h
a
n
g
,
H
a
o
,
C
h
e
n
g

su
ch

th
at

w
e

ca
n

re
-e

x
p
re

ss
W

j
as W
j
=f̃ j

,n
+W

n
,
j
=1,

..
.,
s,

w
h
er

e
W
n
(⋅)∶

= ∑
∞ ν=1

b n
,ν
τ ν
v ν
ϕ
ν
(⋅)i

s
a

ze
ro

-m
ea

n
G

P
.

N
o
te

th
a
t

th
e

p
o
st

er
io

r
m

o
d
e
f̃ j
,n

is
ve

ry
cl

os
e

to
f̂ j
,n

si
n
ce

∥f̃ j,n
−f̂ j,

n
∥=o

P
f
0
(1)

u
n
if

or
m

ly
fo

r
1
≤j≤

s;
se

e
th

e
p
ro

of
of

T
h
eo

re
m

3
.

T
h
e

a
b

ov
e

ch
a
ra

ct
er

iz
a
ti

o
n

o
f
W

j
is

u
se

fu
l

fo
r

th
e

su
b
se

q
u
en

t
B

ay
es

ia
n

a
g
g
re

g
a
ti

o
n

p
ro

ce
d
u
re

s.

4
.2

.
A

g
g
re

g
a
te

d
p

o
st

e
ri

o
r

m
e
a
n

s

In
th

is
se

ct
io

n
,

w
e

p
ro

p
o
se

a
m

et
h
o
d

to
a
g
g
re

g
a
te

th
e

p
o
st

er
io

r
m

ea
n
s
f̆ j
,n
∶=E

{f∣D
j
},

fo
r
j
=1,

..
.,
s.

T
h
e

a
g
g
re

g
a
te

d
m

ea
n

fu
n
ct

io
n
,

d
en

o
te

d
a
s
f̆ N

,λ
(⋅),

ca
n

b
e

v
ie

w
ed

a
s

a
n
o
n
p
a
ra

m
et

ri
c

B
ay

es
ia

n
es

ti
m

a
te

o
f
f

,
a
n
d

w
il
l

b
e

u
se

d
to

co
n
st

ru
ct

a
g
g
re

g
a
te

d
cr

ed
ib

le
b
al

ls
/i

n
te

rv
al

s
to

b
e

in
tr

o
d
u
ce

d
la

te
r.

O
u
r

ag
gr

eg
at

io
n

p
ro

ce
d
u
re

is

f̆ N
,λ
(⋅)=

∞ ∑ ν
=1a

N
,ν

a
n
,ν
V

⎛ ⎝1 s

s ∑ j=1
f̆ j
,n
,ϕ

ν
⎞ ⎠ϕ ν

(⋅).
(2

7
)

N
o
te

th
a
t

w
h
en

th
e

m
o
d
el

is
G

a
u
ss

ia
n

a
n
d
f
∈Sm 0

(0,1
),(

2
7
)

b
ec

o
m

es
(1

0
).

N
ex

t
w

e
w

il
l

sh
ow

th
a
t

th
e

a
g
g
re

g
a
ti

o
n

p
ro

ce
d
u
re

(2
7
)

y
ie

ld
s

m
in

im
a
x

o
p
ti

m
a
li
ty

in
th

e
fo

ll
ow

in
g

th
eo

re
m

.

T
h

e
o
re

m
2

U
n

d
er

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
,

th
e

fo
ll

o
w

in
g

re
su

lt
h
o

ld
s:

m
ax

1
≤j≤

s
∥f̆ j,n

−f̃ j
,n
∥=O

P
f
0
(r̃ n√ sN

−4m
2
+2m

β
−10

m
+1

4
m
(2m

+β)
(log

N
)5 2

),
(2

8
)

If
,

in
a
d
d
it

io
n

,
3
/2<

β
<2m

+1/
(2m

)−3
/2a

n
d
s

sa
ti

sfi
es

s
=o(

N
4
m

2
+2m

β
−11

m
+1

8
m
(2m

+β)
(log

N
)−3 2

),
(2

9
)

th
en

it
h
o
ld

s
th

a
t

∥f̆ N
,λ
−f 0

∥ 2=
O
P
f
0
(N−

2
m
+β−

1
2
(2m

+β)
),

(3
0
)

w
h
er

e
∥f∥ 2

=√ V
(f)

d
en

o
te

s
th

e
V

-n
o
rm

.

A
cc

or
d
in

g
to

va
n

d
er

V
aa

rt
et

al
.
(2

00
8b

),
th

e
ra

te
in

(3
0)

is
m

in
im

ax
op

ti
m

al
gi

ve
n

C
on

d
it

io
n

(S
).

4
.3

.
A

g
g
re

g
a
te

d
c
re

d
ib

le
re

g
io

n
in

st
ro

n
g

to
p

o
lo

g
y

In
th

is
se

ct
io

n
,

w
e

co
n
st

ru
ct

a
n

a
g
g
re

g
a
te

d
cr

ed
ib

le
re

g
io

n
b
a
se

d
o
n
s

in
d
iv

id
u
a
l

cr
ed

ib
le

re
gi

on
s

(w
.r

.t
.

a
w

ei
gh

te
d
`2

-n
or

m
).

S
p

ec
ifi

ca
ll
y,
s

ra
d
ii

ar
e

co
m

b
in

ed
in

an
ex

p
li
ci

t
m

an
n
er

.
T

h
is

a
g
g
re

g
a
te

d
re

g
io

n
p

o
ss

es
se

s
n
o
m

in
a
l

p
o
st

er
io

r
m

a
ss

a
sy

m
p
to

ti
ca

ll
y,

a
n
d

is
fu

rt
h
er

p
ro

v
en

to
co

v
er

th
e

tr
u
e

fu
n
ct

io
n

w
it

h
p
ro

b
a
b
il
it

y
te

n
d
in

g
to

o
n
e.

T
h
is

n
ic

e
fr

eq
u
en

ti
st

1
0
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N
o
n
pa

r
a
m
e
t
r
ic

B
a
y
e
sia

n
A
g
g
r
e
g
a
t
io
n
f
o
r
M
a
ssiv

e
D
a
t
a

p
ro

p
erty

is
a
ch

iev
ed

a
s

lo
n
g

a
s
s

is
n
o
t

d
iv

erg
in

g
fa

st
a
n
d

th
e

a
ssig

n
ed

G
P

p
rio

r
in

ea
ch

su
b
set

is
ch

o
sen

b
y

settin
g
h≍

h ∗,
i.e.,

λ≍
N −

2
m/(2

m+
β).

T
h
e

co
n
serva

tiv
e

freq
u
en

tist
coverage

can
b

e
im

p
roved

to
th

e
n
om

in
al

level
if

w
e

u
se

a
w

eaker
n
orm

in
d
efi

n
in

g
cred

ib
le

reg
io

n
;

see
S
ection

4.4.
B

a
sed

o
n

ea
ch

su
b
set

D
j ,

th
e

in
d
iv

id
u
al

cred
ib

le
b
all

is
con

stru
cted

as
follow

s:

R
j,n (α)={f∈

S
m(I)∶∥f−

f̆
j,n ∥

2 ≤
r
j,n (α)}.

T
h
e

cred
ib

le
b
all

cen
ters

arou
n
d

th
e

p
osterior

m
ean

f̆
j,n

,
w

h
ile

its
rad

iu
s
r
j,n (α)

is
d
irectly

sam
p
led

from
M

C
M

C
su

ch
th

at
P(R

j,n (α)∣D
j )=

1−
α

for
an

y
α∈(0,1).

W
e

w
ill

con
stru

ct

a
n

“
a
gg

rega
ted

”
region

cen
terin

g
at
f̆
N
,λ

w
ith

rad
iu

s
ex

p
licitly

con
stru

cted
as

follow
s:

r
N (α)= ¿ÁÁÁÀ

1N ⎡⎢⎢⎢⎢⎣ ζ
1
,N + ¿ÁÁÀ

ζ
2
,N

ζ
2
,n ⎛⎝

ns

s∑j=
1

r
2j,n (α)−

ζ
1
,n ⎞⎠ ⎤⎥⎥⎥⎥⎦ ,

(31)

w
h
ere

ζ
k
,n = ∞∑ν=

1 (
n

τ
2ν +

n(1+
λ
ρ
ν ) )

k

for
k=

1,2
.

T
h
e

fi
n
a
l

a
g
g
regated

cred
ib

le
region

is
ob

tain
ed

as

R
N (α)∶={f∈

S
m(I)∶∥f−

f̆
N
,λ ∥

2 ≤
r
N (α)}.

(32)

O
u
r

th
eo

rem
b

elow
co

n
fi
rm

s
th

a
t
R
N (α)

in
d
eed

p
o
ssesses

(a
sy

m
p
to

tic)
p

o
sterio

r
m

a
ss

(1−
α),

a
n
d

m
o
re

im
p

o
rta

n
tly,

p
rov

es
th

a
t

it
cov

ers
th

e
tru

e
fu

n
ctio

n
f

0
w

ith
p
ro

b
a
b
ility

ten
d
in

g
to

o
n
e.

T
h

e
o
re

m
3

S
u

p
po

se
th

a
t
f

0
sa

tisfi
es

C
o
n

d
itio

n
(S

),
m>

1+ √
32
,

3/2<
β<

2m+
1/(2m)−

3/2,
s=

o(N
β−

1
2
m+

β),
(2

9
)

a
n

d
h≍

h ∗.
T

h
en

fo
r

a
n

y
α∈(0,1),

P(R
N (α)∣D)=

1−
α+

o
P
f
0 (1)

a
n

d
lim

n→∞
P
f
0 (f

0 ∈
R
N (α))=

1
.

F
ro

m
th

e
p

ro
o
f

o
f

T
h

eo
rem

3
,

w
e

p
o
in

t
o
u

t
th

a
t

w
h

en
s=

1
,

th
e

p
o
sterio

r
m

a
ss

o
f

th
e

a
g
g
reg

a
ted

cred
ib

le
reg

io
n

is
ex

a
ctly

1−
α

,
co

n
sisten

t
w

ith
S
h
a
n
g

a
n
d

C
h
en

g
(2

0
1
7
).

T
h
is

rem
a
rk

a
lso

a
p
p
lies

to
oth

er
aggregated

p
ro

ced
u
res

to
b

e
p
resen

ted
la

ter.

R
e
m

a
rk

2
W

h
en

h≍
h ∗,

th
e

ra
d
iu

s
o
f

th
e

a
ggrega

ted
ba

ll
r
N (α)≍

N −
2
m+

β−
1

2(
2
m+

β)
a
cco

rd
in

g
to

th
e

d
iscu

ssio
n

s
in

S
ectio

n
4
.6

.
T

h
is

is
th

e
o
p
tim

a
l

ra
te

a
t

w
h
ich

a
po

sterio
r

ba
ll

co
n

tra
cts

ba
sed

o
n

th
e

en
tire

sa
m

p
le;

see
va

n
d
er

V
a
a
rt

et
a
l.

(2
0
0
8
b).

4
.4

.
A

g
g
re

g
a
te

d
c
re

d
ib

le
re

g
io

n
in

w
e
a
k

to
p

o
lo

g
y

In
th

is
sectio

n
,

w
e

in
v
o
k
e

a
w

ea
k
er

n
o
rm

(th
a
n

th
a
t

u
sed

in
S
ectio

n
4
.3

)
to

co
n
stru

ct
a
n

aggregated
cred

ib
le

region
.

U
n
d
er

th
is

n
ew

n
orm

(in
sp

ired
b
y

C
astillo

et
al.

(2013,
2014)),

it
is

p
rov

en
th

a
t

th
e

freq
u

en
tist

cov
era

g
e

exa
ctly

m
a
tch

es
w

ith
th

e
a
sy

m
p

to
tic

cred
ib

ility
level.

T
h
e

req
u
irem

en
t

on
s

an
d
h

in
th

is
section

rem
ain

s
th

e
sam

e
as

S
ection

4.3.
W

e
d
efi

n
e

a
w

eaker
n
orm

th
an∥⋅∥

2 ,
d
en

oted∥⋅∥
ω

.
F

or
an

y
f∈

S
m(I)

w
ith

f=∑
ν
f
ν ϕ

ν ,
d

efi
n

e∥f∥
2ω =∑ ∞ν=

1
ω
ν f

2ν ,
w

h
ere

ω
ν =(ν(log

2
ν)) −

τ
for

som
e

con
stan

t
τ>

1.
S

in
ce
ω
ν <

1
for
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2 .
U

n
d

er
th

e
n

ew∥⋅∥
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l
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F(f).

E
x
a
m

p
les

in
clu

d
e

th
e

eva
lu

a
tio

n
fu

n
ctio

n
a
l,
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p
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th
e

fu
n
ct

io
n
a
l

fo
rm

F
.

F
o
r

ex
a
m

p
le

,
w

h
en

F
is

a
n

ev
a
lu

a
ti

o
n

fu
n
ct

io
n
a
l,

it
h
o
ld

s
th

a
t

θ2 1
,N

≍(N
h
)−1 ,

le
a
d
in

g
to

N
−2m

+β−
1

2
(2m

+β)
w

h
en

h
≍h∗

;
w

h
en

F
is

a
n

in
te

g
ra

l
fu

n
ct

io
n
a
l,

w
e

h
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e
r F
,N

(α)
≍N

−1/
2

si
n
ce
θ2 1
,N

≍N
−1 .

A
s

fo
r
r N

(α),
it

ca
n

b
e

sh
ow

n
b
y

a
si

m
p
le

fa
ct

ζ 1
,N
,ζ

2
,N

≍h−
1

th
at
r N

(α)
≍(N

h
)−1/

2
≍N

−2m
+β−

1
2
(2m

+β)
w

h
en
h
≍h∗

.
T

h
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t
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b
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m
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b
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e
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p
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;
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e
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n
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er

V
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.
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).
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ow

ev
er

,
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w
e
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o
os

e
h

in
th

e
sc

al
e
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su

b
sa

m
p
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ze
n

,
e.

g.
,
h
≍n−

1
2
m
+β

,
si

m
il
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ar

gu
m

en
ts
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ow

th
at

r N
(α)

≍N
−2m

+β−
1

2
(2m

+β)
s−

1
2
(2m

+β)
.

H
en
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,
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g
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n
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n
tr
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s
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n
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e

o
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ra
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s
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ry
fr
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ra
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.
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a
b
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1
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m
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s

si
x

a
g
g
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g
a
te

d
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ed
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le
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g
io

n
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rv
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o
m
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o
n
s

4
.3

–
4
.5
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s
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ei
r
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n
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d
ra

d
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.
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le
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S
u

m
m
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ry
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α)

C
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R
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n
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terva
ls
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y
p

e
N

am
e

N
o
tation

C
en

ter
R

ad
iu

s

F
in

ite-sam
p
le

stron
g

C
R

for
f

R
N (α)

f̆
N
,λ

r
N (α)

w
eak

C
R

for
f

R
ωN (α)

f̆
N
,λ

r
ω
,N (α)

C
I

for
F(f)

C
I
FN (α)

F(f̆
N
,λ )

r
F
,N (α)

A
sy

m
p
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stron
g

C
R

for
f

R
†N (α)

f̃
N
,λ

r
†N (α)

w
eak

C
R

for
f

R
†ωN (α)

f̃
N
,λ

r
†ω
,N (α)

C
I

for
F(f)

C
I

†FN (α)
F(f̃

N
,λ )

r
†F
,N (α)

5
.
S
im

u
la
tio

n
S
tu

d
y

In
th

is
sectio

n
,

sta
tistica

l
p

ro
p

erties
o
f

th
e

p
ro

p
o
sed

a
g
g
reg

a
ted

p
ro

ced
u

res
a
re

ex
a
m

in
ed

u
sin

g
a

sim
u
lation

stu
d
y.

W
e

gen
erated

sam
p
les

from
th

e
follow

in
g

m
o
d
el

Y
ij =

f
0 (X

ij )+
ε
ij ,

i=
1
,2,...,n

,j=
1
,2
,...,s,

(44)

w
h
ere

X
ij
iid∼
U
n
if[0,1],

ε
ij
iid∼
N(0,1),

an
d
ε
ij

are
in

d
ep

en
d
en

t
of
X
ij .

T
h
e

tru
e

regression
fu

n
ctio

n
w

a
s

ch
o
sen

to
b

e
f

0 (x)=
2
.4
β

3
0
,1

7 (x)+
1
.6
β

3
,1

1 (x),
w

h
ere

β
a
,b

is
th

e
p
ro

b
a
b
ility

d
en

sity
fu

n
ction

for
B
eta(a

,b).
C

on
sid

er
G

P
p
rior

f∼∑
nν=

1
w
ν ϕ

ν ,
w

h
ere

w
ν

are
d
efi

n
ed

in
(18).

T
h
e

p
rop

osed
B

ayesian
p
ro

ced
u
res

w
ere

ex
a
m

in
ed

.
S
p

ecifi
ca

lly,
w

e
co

m
p
u
ted

th
e

freq
u
en

tist
cov

era
g
e

p
ro

p
o
rtio

n
s

(C
P

)
o
f

th
e

cred
ib

le
reg

io
n
s

(3
2
),

(3
3
),

(4
1
),

(4
2
),

a
n
d

cred
ib

le
in

terva
ls

(3
6
),

(4
3
).

In
p
articu

lar,
(32),

(33)
an

d
(36)

w
ere

con
stru

cted
b
ased

on
p

osterior
sam

p
les,

as
d
escrib

ed
in

S
ection

s
4.2–4.5;

w
h
ereas

(41),
(42)

an
d

(43)
w

ere
con

stru
cted

b
ased

on
asy

m
p
totic

th
eory

d
evelop

ed
in

S
ection

4.6.
T

o
ease

p
resen

tation
,

w
e

call
(32)

an
d

(33)
as

fi
n
ite-sam

p
le

cred
ib

le
reg

io
n
s

(F
C

R
),

an
d

call
(41)

an
d

(42)
as

asy
m

p
totic

cred
ib

le
region

s
(A

C
R

).

T
h
e

calcu
lation

of
C

P
w

as
b
ased

on
500

in
d
ep

en
d
en

t
ex

p
erim

en
ts.

S
p

ecifi
cally,

th
e

C
P

is
th

e
p

rop
ortion

of
th

e
cred

ib
le

region
s/in

tervals
con

tain
in

g
f

0 /F(f
0 )

(for
a

lin
ear

fu
n

ction
al

F
).

T
w

o
ty

p
es

o
f
F

w
ere

co
n
sid

ered
:

(1
)

th
e

eva
lu

a
tio

n
fu

n
ctio

n
a
l
F
x (f)=

f(x)
fo

r
a
n
y

x∈[0,1],
an

d
(2)

th
e

in
tegral

fu
n
ction

al
F
x (f)=∫

x0
f(z)d

z
for

an
y
x∈[0,1].

In
b

oth
cases,

w
e

con
sid

er
F
x

w
ith

x
b

ein
g

15
even

ly
sp

aced
p

oin
ts

in
[0.05,0.95].

T
o

m
ake

th
e

stu
d
y

m
ore

co
m

p
lete,

a
set

o
f

cred
ib

ility
lev

els
w

ere
ex

a
m

in
ed

,
i.e.,

1−
α=

0
.1
,0
.3
,0
.5
,0
.7
,0
.9
,0
.9

5
.

In
ea

ch
ex

p
erim

en
t,
N=

1
2
0
0

in
d

ep
en

d
en

t
sa

m
p

les
w

ere
g
en

era
ted

fro
m

th
e

m
o
d

el
(4

4
).

F
o
r

A
C

R
an

d
F

C
R

,
w

e
ch

ose
th

e
n
u
m

b
er

of
d
iv

ision
s
s=

1,2,3,4,5,6,8,10,12,15,20,24,30,40,60.
D

efi
n
e
γ=

lo
g
s/

log
N

.
N

ote
th

at
s=

1
(eq

u
ivalen

tly,
γ=

0)
m

ean
s

“n
o

d
iv

ision
.”

F
ig

u
re

2
d
em

o
n
stra

tes
th

e
resu

lts
fo

r
F

C
R

a
n
d

A
C

R
b
a
sed

o
n

stro
n
g

to
p

o
lo

g
y,

i.e.,
(3

2
)

a
n
d

(4
1
).

T
h
e

red
d
o
tted

lin
e

in
d
ica

tes
th

e(1−
α)

cred
ib

ility
lev

el.
It

ca
n

b
e

seen
th

at
th

e
C

P
of

b
oth

F
C

R
an

d
A

C
R

is
ab

ove
th

e
cred

ib
ility

levels
w

h
en

γ
is

sm
all,

w
h
ile

it
su

d
d
en

ly
d
ro

p
s

to
zero

a
s
γ

is
b

ey
o
n
d

so
m

e
th

resh
o
ld

,
say

0
.3

.
T

h
is

o
b
serva

tio
n

su
p
p

o
rts

o
u

r
th

eo
ry

th
a
t
s

sh
o
u
ld

n
o
t

g
row

to
o

fa
st,

a
n
d

th
a
t

th
e

cred
ib

le
reg

io
n

s
b

a
sed

o
n

stro
n

g
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0.0
0.1

0.2
0.3

0.4
0.5

0.6
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F
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CP

F
ig

u
re

2
.

C
P

o
f

A
C

R
a

n
d

F
C

R
ba

sed
o

n
stro

n
g

to
po

logy.
D

o
tted

red
lin

es
in

d
ica

te
cred

ibility
levels.

to
p

o
lo

g
y

ten
d

s
to

b
e

m
o
re

“
co

n
serva

tiv
e.”

F
ig

u
re

3
d

em
o
n

stra
tes

th
e

resu
lts

fo
r

F
C

R
a
n

d
A

C
R

b
ased

on
w

eak
top

ology,
i.e.,

(33)
an

d
(42).

W
e

ob
serve

th
at

th
e

C
P

of
b

oth
A

C
R

an
d

F
C

R
ap

p
roach

es
th

e
d

esired
cred

ib
ility

levels
w

h
en

γ≤
0.3,

b
u

t
q
u

ick
ly

d
rop

s
to

zero
w

h
en

γ
b

eco
m

es
la

rg
e.

T
h

is
o
b

serva
tio

n
a
lso

su
p

p
o
rts

o
u

r
th

eo
ry

th
a
t

th
e

u
se

o
f

w
ea

k
to

p
o
lo

g
y

lead
s

to
a

m
ore

satisfactory
freq

u
en

tist
cov

erage.

F
or

cred
ib

le
in

tervals
of

lin
ear

fu
n
ction

als,
w

e
ch

ose
th

e
n
u
m

b
er

of
d
iv

ision
s
s=

1,6,15,60.
F

igu
res

4
an

d
5

d
isp

lay
th

e
resu

lts
for

evalu
ation

fu
n
ction

al
an

d
in

tegral
fu

n
ction

al,
resp

ec-
tiv

ely,
b
a
sed

o
n

p
o
sterio

r
sa

m
p
les.

It
ca

n
b

e
seen

th
a
t

w
h
en

s=
6
0
,

th
e

C
P

o
f

th
e

cred
ib

le
in

tervals
for

th
e

evalu
ation

fu
n
ction

al
d
rop

s
to

zero
at

m
ost

of
th

e
x

p
oin

ts,
in

d
icatin

g
th

e
fa

ilu
re

in
cov

erin
g

th
e

tru
e

va
lu

es
o
f

th
e

fu
n
ctio

n
.

H
ow

ev
er,

w
h
en

s=
1
,6
,1

5
,

th
e

C
P

is
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C
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A
C

R
a

n
d

F
C

R
ba

se
d

o
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w
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k
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lo
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.

D
o
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d
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n
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d
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a
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y
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ve

ls
.
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a
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,
C
h
e
n
g

a
b
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e
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y
le

v
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s
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t
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r
th

e
p

o
in
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w

h
er

e
th

e
tr

u
e

fu
n
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io

n
f 0

h
a
s

p
ea

k
s;

se
e

(a
)

of
F

ig
u
re

1.
T

h
e

ob
se

rv
at

io
n

th
at

th
e

C
P

st
ay

s
ab

ov
e
(1−

α
)co

in
ci

d
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w
it

h
ou

r
th

eo
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e
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rv
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th

e
ev
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u
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n
ct
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n
al

is
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n
se

rv
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iv
e.

O
n

th
e

ot
h
er

h
an

d
,

it
ca

n
b

e
se

en
th

a
t

w
h
en

s
=60

,
th

e
C

P
o
f

th
e

cr
ed

ib
le

in
te

rv
a
ls

fo
r

th
e
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te

g
ra

l
fu

n
ct

io
n
a
l

b
ec

om
es

fa
r

b
el

ow
th

e
cr

ed
ib

il
it

y
le

ve
ls
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m

os
t
x

.
H

ow
ev

er
,

w
h
en
s
=1,

6,
15

,
th

e
C

P
is
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os

e
to

th
e

cr
ed

ib
il
it

y
le

ve
ls

at
al

l
x

.
T

h
is

fi
n
d
in

g
co

in
ci

d
es

w
it

h
ou

r
th

eo
ry

th
at

th
e

th
e

cr
ed

ib
le

in
te

rv
a
l

o
f

th
e

in
te

g
ra

l
fu

n
ct

io
n
a
l

a
ch

ie
v
es

ex
a
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ly
(1−

α
)fre

q
u
en

ti
st

co
v
er

a
g
e.

T
h
e

a
b

ov
e

re
su

lt
s

al
so

su
p
p

or
t

ou
r
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ai

m
th

at
s
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n
n
ot
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ow

to
o

fa
st
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r
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ar

an
te

ei
n
g

fr
eq

u
en

cy
va

li
d
it

y.
C

re
d
ib

le
in

te
rv

a
ls

b
a
se

d
o
n

a
sy

m
p
to

ti
c

th
eo

ry
,

i.
e.

,
(4

3
),

w
er

e
su

m
m

a
ri

ze
d

in
F

ig
u
re

s
1
1

a
n
d

1
2

o
f

th
e

su
p
p

le
m

en
t

d
o
cu

m
en

t
S
h

a
n

g
a
n

d
C

h
en

g
.

In
te

rp
re

ta
ti

o
n
s

o
f
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e
re
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lt

s
a
re

si
m

il
ar

to
th
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e

b
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on

fi
n
it

e
p

os
te
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or

sa
m

p
le

s.
T

h
e

su
p
p
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m
en

t
d
o
cu

m
en

t
S
h
a
n
g

a
n
d

C
h
en

g
a
ls

o
in

cl
u
d
es

F
ig

u
re

s
1
3

–
1
6

w
h
ic

h
d
em

on
st

ra
te

h
ow

th
e

ra
d
ii
/l

en
gt

h
s

of
th

e
ag

gr
eg

at
ed

cr
ed

ib
le

re
gi

on
s/

in
te

rv
al

s
ch

an
ge

al
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m
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y
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2
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e
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m
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r
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e
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an
d
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e
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.

L
et
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1
,T
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,T
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4
b

e
d
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).

It
fo
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ow
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o
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h
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re
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3
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f
0
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(1)

d
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e
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n
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=
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.

It
fo

ll
ow
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y
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n
d
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S
h
a
n
g
,
H
a
o
,
C
h
e
n
g

ex
am

in
at

io
n
s,

∥T 2∥
2 ω

=
∞ ∑ ν
=1d

ν
(a N

,ν
−1)

2
∣f0 ν

∣2
≍N

−2
∞ ∑ ν
=1d

ν
ν

2
m
+β+

1

(1+
(hν

)2m
+(h

ν
)2m+

β
)2×

ν
2
m
+β−

1
∣f0 ν

∣2

≲N
−1

∞ ∑ ν
=1

(hν
)2
m
+β+

1

(1+
(hν

)2m
+(h

ν
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β
)2×

ν
2
m
+β−

1
∣f0 ν

∣2
=o(

N
−1 ),

an
d ∥T 4∥

2 ω
=
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=1d
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2 N
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(λ

ρ
ν

1
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ν
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∣f0 ν
∣2
≲∞ ∑ ν

=1d
ν

(hν
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m
−β+

1

(1+
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)2m
+(h

ν
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)2×

∣f0 ν
∣2
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+β−

1
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2
m
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−β

(1+
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β
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∣2
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+β−

1
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−1 ).

B
y
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t

ex
a
m
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a
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n
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n
b

e
sh

ow
n

th
a
t
T

3
=1 N
∑N i=1

ε i
∑∞ ν=

1
ϕ
ν
(X i
)ϕ ν

1
+λρ

ν
+N

−1 τ
2 ν
.
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ll
ow
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b
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S
h
an

g
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d
C

h
en
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(2
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th
at

,
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→∞

,
N

∥T 3∥
2 ω

d → ∑
∞ ν=1

d
ν
η

2 ν
.

B
y

th
e
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e
an
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y
si

s
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T
1
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ro

u
gh

T
4
,

an
d
N

∥f̆ N
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,λ
∥2 ω

=O
P
f
0
(Ns

2
L

2 N
)=o

P
f
0
( 1),

w
e

ge
t

th
at
N

∥f̆ N
,λ
−f 0

∥2 ω
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∑∞ ν=
1
d
ν
η

2 ν
.

It
fo

ll
ow

s
b
y

(2
3)

th
at

li
m
N
→∞

P
f
0
(f 0

∈Rω N
(α))

=1−
α

.
It

fo
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ow

s
b
y
N

∥f̃or N
,λ
−f̃ N

,λ
∥2 2

=O
P
f
0
(Na

2 N
+N

a
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f
0
( 1)
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1
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,
P
(N∥

W
N
∥2 2

≤
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1
−α,

(2
3)

an
d

(1
4)

th
at
P
(Rω N

(α)∣
D

)=1
−α

+o P
f
0
(1).

P
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p
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d
.
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.
C

o
m

p
u
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n

a
l

D
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b
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,

w
e
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ro
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e
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m

p
u
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o
n
a
l
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et

a
il
s

re
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n
g
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S
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n

2
.2

.
F

o
r
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n
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n
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n
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,
w

e
re

w
ri

te
m

o
d
el

(2
.1

)
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ow
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g:

Y
ji
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X
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j
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.
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a
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u
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r
m
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n

s.
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p
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Y
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d
,
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m
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e
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d
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u
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b
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e
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d
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n
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n
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w
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y

Y
j1
,.
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X
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),..
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f
(X j

n
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S
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s
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G
P

p
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w

it
h
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n
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d
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n
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e
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0
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j1
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f
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n
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N
o
n
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r
a
m
e
t
r
ic

B
a
y
e
sia

n
A
g
g
r
e
g
a
t
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n
f
o
r
M
a
ssiv

e
D
a
t
a

K
0 (x

,x ′)
in

volves
an

in
fi

n
ite

su
m

m
ation

w
h

ich
is

p
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in
feasib

le.
In

stead
,

th
e

in
fi

n
ite

su
m

is
a
p
p
rox

im
ated

b
y

a
fi
n
ite

on
e,

i.e.,

K
0 (x

,x ′)≈
2
M∑k=

1

cos(2π
k(x−

x ′))
(2
π
k)

2
m+

β+
n
λ(2

π
k)

2
m
.

In
ou

r
n
u
m

erical
stu

d
y,

w
e

fou
n
d

th
at
M=

100
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alread
y

p
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e

a
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o
d

ap
p
rox

im
ation

.
D

u
e

to
th

e
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n
ju

g
a
cy,

th
e

p
o
sterio

r
d
istrib

u
tio

n
o
f(f(X

j1 ),...,f(X
jn )) ⊺

a
lso

fo
llow

s
a

m
u
ltiva

ria
te

G
a
u
ssian

d
istrib

u
tion

(f(X
j1 ),...,f(X

jn )) ⊺∣{Y
ji ,X

ji }
ni=

1 ∼
N(K

j (K
j +

1n
I
n ) −

1(Y
j1 ,...,Y

jn ) ⊺,K
j (K

j +
1n
I
n ) −

1
1n ).

N
ex

t
w

e
gen

erate
M

in
d
ep

en
d
en

t
sam

p
les,

d
en

oted(f (l)(X
j1 ),...,f (l)(X

jn )) ⊺,l=
1,...,M

,
fro

m
a
b

ov
e

m
u
ltiva

ria
te

G
a
u
ssia

n
d
istrib

u
tio

n
.

T
h
erefo

re,
th

e
p

o
sterio

r
m

ea
n

ca
n

b
e

a
p
p
rox

im
a
ted

b
y

(f̆
jn (X

j1 ),...,f̆
jn (X

jn )) ⊺=(
1M

M∑l=
1

f (l)(X
j1 ),...,

1M

M∑l=
1

f (l)(X
jn )) ⊺.

C
a
lcu

la
tio

n
o
f

po
sterio

r
ra

d
iu

s.
O

n
ce

w
e

h
ave

M
in

d
ep

en
d
en

t
sam

p
les{(f (l)(X

j1 ),...,f (l)(X
jn ))}

Ml=
1 ,

w
e

a
re

a
b
le

to
a
p
p
rox

im
ate∥f (l)−

f̆
j,n ∥

L
2

b
y

L
l =(

1n

n∑i=
1 (f (l)(X

ji )−
f̆
jn (X

ji ))
2)

12
,

for
l=

1,...,M
.

F
in

a
lly,

th
e

ra
d
iu

s
r
j,n (α)

is
ap

p
rox

im
ated

b
y

th
e

u
p
p

er
α

-th
p

ercen
tile

o
f{L

1 ,...,L
M }.

C
a
lcu

la
tio

n
o
f

th
e

in
tegra

l.
W

e
ap

p
rox

im
ate

(8)
b
y

f̆
j,n
,k ≈ √

2n

n∑i=
1

f̆
j,n (X

ji )
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π
k
X
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x
,
ğ
j,n
,k ≈ √

2n
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1

f̆
j,n (X

ji )
sin(2

π
k
X
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.
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2
),
C
k

a
n
d
D
k

a
lso

in
v
o
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e
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o
in
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ra

ls.
S
in
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a
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in
d
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en
d
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t
o
f
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m

p
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a
n
y

n
u
m
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l

m
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d
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r
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l
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n
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a
p
p
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b
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W
e

a
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a
p
p
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im
a
te
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N
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(1

0
)

b
y
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N
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1
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N
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2
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π
k
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ğ
N
,λ
,k √

2
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π
k
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.
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e
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s
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eo
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e
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o
u

n
d
a
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e
a
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p
a
n
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p
ro

b
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s
o
f
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r
d

iff
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tia
l

eq
u
a
tio

n
s.

T
ra

n
sa

ctio
n

s
o
f

th
e

A
m

erica
n

M
a
th

em
a
tica

l
S

ociety,
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–395,
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W
illem

va
n

d
en

B
o
o
m

,
G

a
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R
eev

es,
a
n
d

D
av

id
B

D
u
n
so

n
.

S
ca

la
b
le

a
p
p
rox

im
a
tio

n
s

o
f

m
a
rg

in
a
l

p
o
steriors

in
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le
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.
a
rX

iv
p
rep

rin
t

a
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iv:1
5
0
6
.0

6
6
2
9
,

20
15.

R
o
b
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H

C
a
m
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n

a
n
d

W
illia

m
T

M
a
rtin

.
T

ra
n
sfo
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a
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n
s
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f

w
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u
n
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n
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n
a
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o
f

M
a
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p
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.
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e
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p
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p
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p
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p
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a
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b
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T
h
e

A
n

n
a
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b
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b
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bility

th
eo

ry:
in

d
epen

d
en

ce,
in

terch
a
n

gea
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b
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2
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b
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S
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θ
k
,n

,
o
n
e

ca
n

v
erify

th
a
t
h −
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b
y

(3
5
)

a
n
d

T
h
eorem

2
th

at
m

ax
1≤
j≤
s ∣F(∆
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m
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.
It

fo
llow

s
b
y

(1
3
)

a
n
d

ra
te

co
n
d
itio

n
N
a

2n =
o(1)

th
a
t
N∥T

1 ∥
2=

O
P
f
0 (N

a
2n )=

o
P
f
0 (1).

M
ea

n
w

h
ile,

it

follow
s

b
y

C
on

d
ition

(S ′),
N −

1≍
h

2
m+

β
a
n
d
λ=

h
2
m

an
d

d
irect

ex
am

in
ation

s
th

at

N∥T
2 ∥

2=
N

∞∑ν=
1 (a

N
,ν −

1)
2∣f

0ν ∣ 2(1+
λ
ρ
ν )

≍
N

∞∑ν=
1 (

ν
2
m+

β

ν
2
m+

β+
N(1+

λ
ν

2
m) )

2∣f
0ν ∣ 2(1+

λ
ν

2
m)

≍
∞∑ν=

1

(h
ν)

2
m+

β+(h
ν)

4
m+

β

(1+(h
ν)

2
m+(h

ν)
2
m+

β)
2 ×∣f

0ν ∣ 2ν
2
m+

β=
o(1),

an
d

N∥T
4 ∥

2=
N

∞∑ν=
1

a
2N
,ν (

λ
ρ
ν

1+
λ
ρ
ν )

2∣f
0ν ∣ 2(1+

λ
ρ
ν )

≍
∞∑ν=

1 (h
ν)

2
m−

β

1+(h
ν)

2
m ×∣f

0ν ∣ 2ν
2
m+

β=
o(1).

4
0

JM
L

R
 20(140):1-81, 2019



N
o
n
pa

r
a
m
e
t
r
ic

B
a
y
e
si
a
n
A
g
g
r
e
g
a
t
io
n
f
o
r
M
a
ss
iv
e
D
a
t
a

B
y

(1
1)

an
d
N
s2
L

2 N
=o(

1)w
e

ge
t
∥f̆ N

,λ
−f̃ N

,λ
∥=o

P
f
0
(N−

1
/2 ) .

T
h
er

ef
or

e,
∥f̆ N

,λ
−f 0

−T 3
∥≤

∥f̆ N
,λ
−f̃ N

,λ
∥+∥
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∣=
o P

f
0
(h−r

/2 N
−1/

2
).

N
ot

e
th

at
F
(T 3)

=1 N
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e
p
ro

of
of

T
h
eo

re
m

3
.

W
e

w
il

l
d

er
iv

e
a
sy

m
p

to
ti

c
d

is
tr

ib
u

ti
o
n

fo
r
F
(T 3)

.
L

et
s2 N

=V
a
r f

0
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}≲δ

−2 N
−1 h

−2+
r
=o(

1
),

w
h

er
e

th
e

la
st
o(1)

-t
er

m
fo

ll
ow

s
b
y
h
≍h∗

an
d

2
−r<
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Ṽ
(G̃)

≤(1
/√ 2

−1/
2
)2
r̃2 n
,J̃

(G̃)
≤(1

/√ 2
−1/

2
)2
r̃

2
(β−

1
)

2
m
+β−

1
n

)
≥e

x
p
(−∥ω

∥2 β
/2)P

(Ṽ(
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e
u
sefu

l.
F

irst,
th

e
d
o
u
b
le-sp

arsity
assu

m
p
tion

is
rath

er
ap

p
ealin

g
from

a
con

cep
tu

al
stan

d
p

oin
t,

sin
ce

it
lets

u
s

co
m

b
in

e
th

e
k
n
ow

led
ge

of
d
ecad

es
of

m
o
d
elin

g
eff

orts
in

h
arm

o
n
ic

an
aly

sis
w

ith
th

e
fl
ex

ib
ility

o
f

learn
in

g
n
ew

rep
resen

tation
s

tailored
to

sp
ecifi

c
d
ata

fam
ilies.

M
oreover,

su
ch

a
d
o
u
b
le-sp

arsity
m

o
d
el

h
as

com
p
u
tatio

n
al

b
en

efi
ts.

If
th

e
colu

m
n
s

of
A

are
(say

)
r-sp

arse
(i.e.,

each
colu

m
n

con
tain

s
n
o

m
ore

th
an

r
�

n
n
on

-zero
es)

th
en

th
e

overall
b
u
rd

en
o
f

sto
rin

g,
tran

sm
ittin

g,
an

d
com

p
u
tin

g
w

ith
A

is
m

u
ch

low
er

th
an

th
at

for
gen

eral
u
n
stru

ctu
red

d
iction

aries.
F

in
ally,

su
ch

a
m

o
d
el

len
d
s

itself
w

ell
to

in
terp

reta
ble

learn
ed

fea
tu

res
if

th
e

a
tom

s
of

th
e

b
ase

d
iction

ary
are

sem
an

tically
m

ean
in

gfu
l.

A
ll

th
e

a
b

ove
reason

s
h
ave

sp
u
rred

research
ers

to
d
evelop

a
series

of
algorith

m
s

to
learn

d
o
u
b
ly

-sp
a
rse

co
d
es

(R
u
b
in

stein
et

al.,
2010b

;
S
u
lam

et
al.,

2016).
H

ow
ever,

d
esp

ite
th

eir
em

p
irica

l
p
ro

m
ise,

n
o

th
eoretical

an
aly

sis
of

th
eir

p
erform

an
ce

h
av

e
b

een
rep

orted
in

th
e

litera
tu

re
a
n
d

to
d
ate,

w
e

are
u
n
aw

are
of

a
p
rovab

ly
accu

rate,
p

oly
n
o
m

ial-tim
e

algorith
m

fo
r

th
e

d
o
u
b
le-sp

arse
co

d
in

g
p
rob

lem
.

O
u
r

goal
in

th
is

p
ap

er
is

p
recisely

to
fi
ll

th
is

gap
.

1
.2

.
O

u
r

C
o
n
trib

u
tio

n
s

In
th

is
p
a
p

er,
w

e
p
rov

id
e

a
n
ew

fram
ew

o
rk

for
d
ou

b
le-sp

arse
co

d
in

g.
T

o
th

e
b

est
of

o
u
r

k
n
ow

led
g
e,

o
u
r

ap
p
roach

is
th

e
fi
rst

m
eth

o
d

th
at

en
joy

s
p
ro

va
ble

statistical
an

d
a
lgorith

m
ic

g
u
a
ra

n
tees

for
th

is
p
rob

lem
.

In
ad

d
ition

,
ou

r
ap

p
roach

en
joy

s
tw

o
b

en
efi

ts:
w

e
d
em

o
n
strate

th
a
t

th
e

m
eth

o
d

is
n

eu
ra

lly
p
la

u
sible

(i.e.,
its

ex
ecu

tion
can

p
lau

sib
ly

b
e

ach
ieved

u
sin

g
a

n
eu

ra
l

n
etw

o
rk

arch
itectu

re)
an

d
ro

bu
st

to
n
oise.

In
sp

ired
b
y

th
e

aforem
en

tion
ed

recen
t

th
eoretical

ad
van

ces
in

sp
arse

co
d
in

g,
w

e
assu

m
e

a
lea

rn
in

g-th
eo

retic
setu

p
w

h
ere

th
e

d
ata

sam
p
les

arise
from

a
grou

n
d
-tru

th
gen

erative
m

o
d
el.

In
fo

rm
a
lly,

su
p
p

ose
th

ere
ex

ists
a

tru
e

(b
u
t

u
n
k
n
ow

n
)

sy
n
th

esis
m

atrix
A
∗

th
at

is
co

lu
m

n
-w

ise
r-sp

arse,
an

d
th

e
i th

d
ata

sam
p
le

is
gen

erated
as:

y
(i)

=
Φ
A
∗x
∗
(i)

+
n
oise,

i
=

1,2
,...,p
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N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

w
h
ere

th
e

co
d
e

vector
x
∗
(i)

is
in

d
ep

en
d
en

tly
d
raw

n
from

a
d
istrib

u
tion

su
p
p

orted
on

th
e

set
of
k
-sp

arse
vectors.

W
e

d
esire

to
learn

th
e

u
n
d
erly

in
g

m
atrix

A
∗.

In
form

ally,
su

p
p

ose
th

at
th

e
sy

n
th

esis
m

atrix
A
∗

is
in

co
h
eren

t
(th

e
colu

m
n
s

of
A
∗

are
su

ffi
cien

tly
close

to
orth

ogon
al)

an
d

h
as

b
ou

n
d
ed

sp
ectral

n
orm

.
F

in
ally,

su
p
p

ose
th

at
th

e
n
u
m

b
er

of
d
iction

ary
elem

en
ts,

m
,

is
at

m
ost

a
con

stan
t

m
u
ltip

le
of
n

.
A

ll
of

th
ese

assu
m

p
tion

s
are

stan
d
ard

1.
W

e
w

ill
d
em

on
strate

th
at

th
e

tru
e

sy
n
th

esis
m

atrix
A
∗

can
b

e
recovered

(w
ith

sm
all

error)
in

a
tractab

le
m

an
n
er

as
su

ffi
cien

tly
m

an
y

sam
p
les

are
p
rov

id
ed

.
S
p

ecifi
cally,

w
e

m
ake

th
e

follow
in

g
n
ovel

con
trib

u
tion

s:

1.
W

e
p
rop

ose
a

n
ew

algorith
m

th
at

p
ro

d
u
ces

a
coarse

estim
ate

of
th

e
sy

n
th

esis
m

atrix
th

at
is

su
ffi

cien
tly

close
to

th
e

grou
n
d

tru
th
A
∗.

O
u
r

algorith
m

b
u
ild

s
u
p

on
sp

ectral
in

itialization
-b

ased
id

eas
th

at
h
av

e
recen

tly
gain

ed
p

op
u
larity

in
n
on

-con
vex

m
ach

in
e

learn
in

g
(Z

h
an

g
et

al.,
2016;

W
an

g
et

a
l.,

20
16).

2.
G

iven
th

e
a
b

ove
coarse

estim
ate

of
th

e
sy

n
th

esis
m

atrix
A
∗,

w
e

p
rop

ose
a

d
escen

t-
sty

le
algorith

m
to

refi
n
e

th
e

ab
ove

estim
ate

of
A
∗.

T
h
is

algorith
m

is
sim

p
ler

th
an

p
rev

iou
sly

stu
d
ied

d
ou

b
le-sp

arse
co

d
in

g
algorith

m
s

(su
ch

as
th

e
T

rain
lets

ap
p
roach

of
S
u
lam

et
al.

(2016)),
w

h
ile

still
giv

in
g

go
o
d

statistical
p

erform
an

ce.
M

oreover,
th

is
algorith

m
can

b
e

realized
in

a
m

an
n
er

am
en

ab
le

to
n
eu

ral
im

p
lem

en
tation

s.

3.
W

e
p
rov

id
e

a
rigorou

s
an

aly
sis

of
b

oth
algorith

m
s.

P
u
t

togeth
er,

ou
r

an
aly

sis
p
ro

d
u
ces

th
e

fi
rst

p
rovab

ly
p

oly
n
om

ial-tim
e

algorith
m

for
d
ou

b
le-sp

arse
co

d
in

g.
W

e
sh

ow
th

at
th

e
algorith

m
p
rovab

ly
retu

rn
s

a
go

o
d

estim
ate

of
th

e
grou

n
d
-tru

th
;

in
p
articu

lar,
in

th
e

ab
sen

ce
of

n
oise

w
e

p
rove

th
at

Ω
(m
r

p
oly

log
n

)
sam

p
les

are
su

ffi
cien

t
for

a
go

o
d

en
ou

gh
in

itialization
in

th
e

fi
rst

algorith
m

,
a
s

w
ell

as
gu

aran
teed

lin
ear

con
vergen

ce
of

th
e

d
escen

t
p
h
ase

u
p

to
a

p
recise

error
p
aram

eter
th

at
can

b
e

in
terp

reted
as

th
e

rad
iu

s
of

con
vergen

ce.

In
d
eed

,
ou

r
an

aly
sis

sh
ow

s
th

a
t

em
p
loy

in
g

th
e

d
ou

b
le-sp

arsity
m

o
d
el

h
elp

s
in

th
is

con
tex

t,
an

d
lead

s
to

a
strict

im
p
rovem

en
t

in
sam

p
le

com
p
lex

ity,
as

w
ell

as
ru

n
n
in

g
tim

e
over

p
rev

iou
s

rigorou
s

m
eth

o
d
s

for
(regu

lar)
sp

arse
co

d
in

g
su

ch
as

A
rora

et
al.

(2015).

4.
W

e
also

an
aly

ze
ou

r
ap

p
roach

in
a

m
ore

realistic
settin

g
w

ith
th

e
p
resen

ce
of

ad
d
itiv

e
n
oise

an
d

d
em

on
strate

its
stab

ility.
W

e
p
rove

th
at

Ω
(m
r

p
oly

log
n

)
sa

m
p
les

are
su

ffi
cien

t
to

ob
tain

a
go

o
d

en
ou

gh
estim

ate
in

th
e

in
itializa

tion
,

an
d

also
to

ob
tain

gu
aran

teed
lin

ear
con

vergen
ce

d
u
rin

g
d
escen

t
to

p
rovab

ly
recover

A
∗.

5.
W

e
u
n
d
erlin

e
th

e
b

en
efi

t
of

th
e

d
ou

b
le-sp

arse
stru

ctu
re

ov
er

th
e

regu
la

r
m

o
d
el

b
y

an
aly

zin
g

th
e

algorith
m

s
in

A
rora

et
al.

(2015)
u
n
d
er

th
e

n
oisy

settin
g.

A
s

a
resu

lt,

w
e

ob
tain

th
e

sam
p
le

com
p
lex

ity
O
((m

k
+
σ

2ε
m
n
2

k
)p

oly
log

n ),
w

h
ich

d
em

on
strates

a
n
egative

eff
ect

of
n
oise

on
th

is
ap

p
roach

.

6.
W

e
rigorou

sly
d
ev

elop
a

h
ard

th
resh

old
in

g
in

tialization
th

at
ex

ten
d
s

th
e

sp
ectral

sch
em

e
in

A
rora

et
al.

(2015).
A

d
d
ition

ally,
w

e
p
rov

id
e

m
ore

resu
lts

for
th

e
case

w
h
ere

A
is

orth
on

orm
al,

sp
arse

d
iction

ary
to

relax
th

e
con

d
itio

n
on

r,
w

h
ich

m
ay

b
e

of
in

d
ep

en
d
en

t
in

terest.

1
.
W
e
cla

rify
b
o
th

th
e
d
a
ta

a
n
d
th
e
n
o
ise

m
o
d
el

m
o
re

co
n
cretely

in
S
ectio

n
2
b
elow

.
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P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

S
et

ti
n

g
R

ef
er

en
ce

S
a
m

p
le

(w
/
o

n
o
is

e)
S

a
m

p
le

(w
/

n
o
is

e)
T

im
e

E
x
p

t

R
eg

u
la

r

M
O

D
(E

n
g
a
n

et
a
l.

,
1
9
9
9
)

7
7

7
3

K
-S

V
D

(A
h

a
ro

n
et

a
l.

,
2
0
0
6
)

7
7

7
3

S
p

ie
lm

a
n

et
a
l.

(2
0
1
2
)

O
(n

2
lo

g
n

)
7

Ω̃
(n

4
)

3

A
ro

ra
et

a
l.

(2
0
1
4
b

)
Õ

(m
2
/
k
2
)

7
Õ

(n
p
2
)

7

G
ri

b
o
n
v
a
l

et
a
l.

(2
0
1
5
a
)

O
(n
m

3
)

O
(n
m

3
)

7
7

A
ro

ra
et

a
l.

(2
0
1
5
)

Õ
(m
k
)

7
Õ

(m
n
2
p
)

7

D
o
u

b
le

S
p

a
rs

e

D
o
u

b
le

S
p

a
rs

it
y

(R
u

b
in

st
ei

n
et

a
l.

,
2
0
1
0
b

)
7

7
7

3

G
ri

b
o
n
v
a
l

et
a
l.

(2
0
1
5
b

)
Õ

(m
r
)

Õ
(m
r
)

7
7

T
ra

in
le

ts
(S

u
la

m
et

a
l.

,
2
0
1
6
)

7
7

7
3

T
h

is
p

a
p

er
Õ

(m
r
)

Õ
(m
r

+
σ
2 ε
m
n
r

k
)

Õ
(m
n
p
)

3

T
ab

le
1:

C
o
m
p
ar
is
on

of
va
ri
ou

s
sp
ar
se

co
d
in
g
te
ch
n
iq
u
es
.
E
x
p
t:

w
h
et
h
er

n
u
m
er
ic
al

ex
p
er
im

en
ts

h
av
e
b
ee
n
co
n
d
u
ct
ed

.
7

in
al
l
ot
h
er

co
lu
m
n
s
in
d
ic
at
es

n
o
p
ro
va
b
le

gu
ar
an

te
es
.
H
er
e,
n
is

th
e
si
g
n
al

d
im

en
si
on

,
a
n
d
m

is
th
e
n
u
m
b
er

of
a
to
m
s.

T
h
e
sp
a
rs
it
y
le
v
el
s
fo
r
A

an
d
x
ar
e

r
an

d
k
re
sp
ec
ti
ve
ly
,
an

d
p
is

th
e
sa
m
p
le

si
ze
.

7.
W

h
il
e

ou
r

an
al

y
si

s
m

ai
n
ly

co
n
si

st
s

o
f

su
ffi

ci
en

cy
re

su
lt

s
a
n
d

in
vo

lv
es

u
n
k
n
ow

n
co

n
-

st
an

ts
h
id

d
en

in
b
ig

-O
n
ot

at
io

n
,

w
e

d
em

o
n
st

ra
te

ou
r

fi
n
d
in

gs
b
y

re
p

or
ti

n
g

a
su

it
e

of
n
u
m

er
ic

al
ex

p
er

im
en

ts
on

sy
n
th

et
ic

te
st

d
a
ta

se
ts

.

O
ve

ra
ll
,

ou
r

ap
p
ro

ac
h

re
su

lt
s

in
st

ri
ct

im
p
ro

ve
m

en
t

in
sa

m
p
le

co
m

p
le

x
it

y,
as

w
el

l
as

ru
n
n
in

g
ti

m
e,

ov
er

p
re

v
io

u
s

ri
go

ro
u
sl

y
an

al
y
ze

d
m

et
h
o
d
s

fo
r

(r
eg

u
la

r)
sp

ar
se

co
d
in

g,
su

ch
as

A
ro

ra
et

al
.

(2
01

5)
.

S
ee

T
ab

le
1

fo
r

a
d
et

ai
le

d
co

m
p
ar

is
on

.

1
.3

.
T

e
ch

n
iq

u
e
s

A
t

a
h
ig

h
le

v
el

,
ou

r
m

et
h
o
d

is
an

ad
ap

ta
ti

on
of

th
e

se
m

in
al

ap
p
ro

ac
h

of
A

ro
ra

et
al

.
(2

01
5)

.
A

s
is

co
m

m
on

in
th

e
st

at
is

ti
ca

l
le

ar
n
in

g
li
te

ra
tu

re
,

w
e

as
su

m
e

a
“g

ro
u
n
d
-t

ru
th

”
ge

n
er

at
iv

e
m

o
d
el

fo
r

th
e

ob
se

rv
ed

d
at

a
sa

m
p
le

s,
an

d
at

te
m

p
t

to
es

ti
m

at
e

th
e

p
ar

a
m

et
er

s
of

th
e

ge
n
er

at
iv

e
m

o
d
el

gi
v
en

a
su

ffi
ci

en
t

n
u
m

b
er

of
sa

m
p
le

s.
In

ou
r

ca
se

,
th

e
p
ar

am
et

er
s

co
rr

es
p

on
d

to
th

e
sy

n
th

es
is

m
at

ri
x
A
∗ ,

w
h
ic

h
is

co
lu

m
n
-w

is
e
r-

sp
ar

se
.

T
h
e

n
at

u
ra

l
ap

p
ro

ac
h

is
to

fo
rm

u
la

te
a

lo
ss

fu
n
ct

io
n

in
te

rm
s

of
A

su
ch

as
E

q
u
at

io
n

(1
),

an
d

p
er

fo
rm

gr
ad

ie
n
t

d
es

ce
n
t

w
it

h
re

sp
ec

t
to

th
e

su
rf

ac
e

of
th

e
lo

ss
fu

n
ct

io
n

to
le

ar
n
A
∗ .

T
h
e

ke
y

ch
al

le
n
ge

in
sp

ar
se

co
d
in

g
is

th
at

th
e

gr
ad

ie
n
t

is
in

h
er

en
tl

y
co

u
p
le

d
w

it
h

th
e

co
d
es

of
th

e
tr

ai
n
in

g
sa

m
p
le

s
(i

.e
.,

th
e

co
lu

m
n
s

of
X
∗ )

,
w

h
ic

h
ar

e
u
n
k
n
ow

n
a

p
ri

o
ri

.
H

ow
-

ev
er

,
th

e
m

ai
n

in
si

gh
t

of
A

ro
ra

et
al

.
(2

01
5)

is
th

at
w

it
h
in

a
sm

al
l

en
ou

gh
n
ei

gh
b

or
h
o
o
d

of
A
∗ ,

a
n
oi

sy
ve

rs
io

n
of
X
∗

ca
n

b
e

es
ti

m
at

ed
,

an
d

th
er

ef
or

e
th

e
ov

er
al

l
m

et
h
o
d

is
si

m
il
ar

to
p

er
fo

rm
in

g
a
p
p
ro

xi
m

a
te

gr
a
d
ie

n
t

d
es

ce
n

t.
F

or
m

u
la

ti
n
g

th
e

ac
tu

al
al

g
or

it
h
m

as
a

n
oi

sy
va

ri
an

t
of

ap
p
ro

x
im

at
e

gr
ad

ie
n
t

d
es

ce
n
t

al
lo

w
s

u
s

to
ov

er
co

m
e

th
e

fi
n
it

e-
sa

m
p
le

va
ri

a
b
il
it

y
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N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

of
th

e
lo

ss
,

an
d

ob
ta

in
a

d
es

ce
n
t

p
ro

p
er

ty
d
ir

ec
tl

y
re

la
te

d
to

(t
h
e

p
op

u
la

ti
o
n

p
a
ra

m
et

er
)

A
∗ .

T
h
e

se
co

n
d

st
ag

e
of

ou
r

ap
p
ro

ac
h

(i
.e

.,
ou

r
d
es

ce
n
t-

st
y
le

al
go

ri
th

m
)

le
ve

ra
g
es

th
is

in
-

tu
it

io
n
.

H
ow

ev
er

,
in

st
ea

d
of

st
an

d
ar

d
gr

ad
ie

n
t

d
es

ce
n
t,

w
e

p
er

fo
rm

ap
p
ro

x
im

a
te

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t,

su
ch

th
at

th
e

co
lu

m
n
-w

is
e
r-

sp
ar

si
ty

p
ro

p
er

ty
is

en
fo

rc
ed

in
ea

ch
n
ew

es
ti

m
at

e
of
A
∗ .

In
d
ee

d
,

su
ch

an
ex

tr
a

p
ro

je
ct

io
n

st
ep

is
cr

it
ic

al
in

sh
ow

in
g

a
sa

m
p
le

co
m

-
p
le

x
it

y
im

p
ro

ve
m

en
t

ov
er

th
e

ex
is

ti
n
g

ap
p
ro

ac
h

of
A

ro
ra

et
al

.
(2

0
15

).
T

h
e

ke
y

n
ov

el
ty

is
in

fi
gu

ri
n
g

ou
t

h
ow

to
p

er
fo

rm
th

e
p
ro

je
ct

io
n

in
ea

ch
gr

ad
ie

n
t

it
er

at
io

n
.

F
or

th
is

p
u
rp

o
se

,
w

e
d
ev

el
op

a
n
ov

el
in

it
ia

li
za

ti
on

al
go

ri
th

m
th

at
id

en
ti

fi
es

th
e

lo
ca

ti
on

s
of

th
e

n
o
n
-z

er
o
es

in
A
∗

ev
en

b
ef

or
e

co
m

m
en

ci
n
g

th
e

d
es

ce
n
t

p
h
as

e.
T

h
is

is
n
on

tr
iv

ia
ll
y

d
iff

er
en

t
fr

o
m

in
it

ia
li
za

ti
o
n

sc
h
em

es
u
se

d
in

p
re

v
io

u
s

ri
go

ro
u
s

m
et

h
o
d
s

fo
r

sp
ar

se
co

d
in

g,
an

d
th

e
an

al
y
si

s
is

so
m

ew
h
a
t

m
or

e
in

vo
lv

ed
.

In
A

ro
ra

et
al

.
(2

01
5)

,
(t

h
e

p
ri

n
ci

p
al

ei
g
en

ve
ct

or
of

)
a

w
ei

gh
te

d
co

va
ri

an
ce

m
a
tr

ix
o
f
y

(e
st

im
at

ed
b
y

th
e

w
ei

gh
te

d
av

er
ag

e
of

ou
te

r
p
ro

d
u
ct

s
y i
y
T i

)
is

sh
ow

n
to

p
ro

v
id

e
a

co
a
rs

e
es

ti
m

at
e

of
a

d
ic

ti
on

ar
y

at
om

.
W

e
ex

te
n
d

th
is

id
ea

an
d

ri
go

ri
ou

sl
y

sh
ow

th
a
t

th
e

d
ia

g
o
n
al

of
th

e
w

ei
gh

te
d

co
va

ri
an

ce
m

at
ri

x
se

rv
es

as
a

g
o
o
d

in
d
ic

at
or

of
th

e
su

p
p

or
t

o
f

a
co

lu
m

n
in
A
∗ .

T
h
e

su
cc

es
s

re
li
es

on
th

e
co

n
ce

n
tr

at
io

n
of

th
e

d
ia

go
n
al

ve
ct

or
w

it
h

d
im

en
si

o
n
n

,
in

st
ea

d
of

th
e

co
va

ri
an

ce
m

at
ri

x
w

it
h

d
im

en
si

on
s
n
×
n

.
W

it
h

th
e

su
p
p

or
t

se
le

ct
ed

,
o
u
r

sc
h
em

e
on

ly
u
ti

li
ze

s
a

re
d
u
ce

d
w

ei
gh

te
d

co
va

ri
an

ce
m

at
ri

x
w

it
h

d
im

en
si

on
s

a
t

m
o
st
r
×
r.

T
h
is

in
it

ia
li
za

ti
on

sc
h
em

e
en

ab
le

s
u
s

to
eff

ec
ti

ve
ly

re
d
u
ce

th
e

d
im

en
si

on
o
f

th
e

p
ro

b
le

m
,

an
d

th
er

ef
or

e
le

ad
s

to
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
t

in
sa

m
p
le

co
m

p
le

x
it

y
an

d
ru

n
n
in

g
ti

m
e

ov
er

p
re

v
io

u
s

(p
ro

va
b
le

)
sp

ar
se

co
d
in

g
m

et
h
o
d
s

w
h
en

th
e

d
at

a
re

p
re

se
n
ta

ti
o
n

sp
a
rs

it
y
k

is
m

u
ch

sm
al

le
r

th
an

m
.

F
u
rt

h
er

,
w

e
ri

go
ro

u
sl

y
an

al
y
ze

th
e

p
ro

p
os

ed
al

go
ri

th
m

s
in

th
e

p
re

se
n
ce

o
f

n
o
is

e
w

it
h

a
b

ou
n
d
ed

ex
p

ec
te

d
n
or

m
.

O
u
r

an
al

y
si

s
sh

ow
s

th
at

ou
r

m
et

h
o
d

is
st

ab
le

,
an

d
in

th
e

ca
se

of
i.
i.
d
.

G
au

ss
ia

n
n
oi

se
w

it
h

b
ou

n
d
ed

ex
p

ec
te

d
` 2

-n
or

m
s,

is
at

le
as

t
a

p
ol

y
n
om

ia
l

fa
ct

o
r

b
et

te
r

th
an

p
re

v
io

u
s

p
ol

y
n
om

ia
l

ti
m

e
al

go
ri

th
m

s
fo

r
sp

ar
se

co
d
in

g.

T
h
e

em
p
ir

ic
al

p
er

fo
rm

an
ce

of
ou

r
p
ro

p
os

ed
m

et
h
o
d

is
d
em

on
st

ra
te

d
b
y

a
su

it
e

o
f

n
u
m

er
-

ic
al

ex
p

er
im

en
ts

on
sy

n
th

et
ic

d
at

as
et

s.
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

ou
r

p
ro

p
o
se

d
m

et
h
o
d
s

ar
e

si
m

p
le

an
d

p
ra

ct
ic

al
,

an
d

im
p
ro

ve
u
p

on
p
re

v
io

u
s

p
ro

va
b
le

al
go

ri
th

m
s

fo
r

sp
a
rs

e
co

d
in

g.

1
.4

.
P

a
p

e
r

O
rg

a
n

iz
a
ti

o
n

T
h
e

re
m

ai
n
d
er

of
th

is
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
in

tr
o
d
u
ce

s
n
ot

at
io

n
,
k
ey

m
o
d
el

as
su

m
p
ti

on
s,

an
d

in
fo

rm
al

st
at

em
en

ts
of

ou
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s.
S
ec

ti
on

3
o
u
tl

in
es

o
u
r

in
it

ia
li
za

ti
on

al
go

ri
th

m
(a

lo
n
g

w
it

h
su

p
p

or
ti

n
g

th
eo

re
ti

ca
l

re
su

lt
s)

w
h
il
e

S
ec

ti
o
n

4
p
re

se
n
ts

ou
r

d
es

ce
n
t

al
go

ri
th

m
(a

lo
n
g

w
it

h
su

p
p

or
ti

n
g

th
eo

re
ti

ca
l

re
su

lt
s)

.
S
ec

ti
on

5
p
ro

v
id

es
a

n
u
m

er
ic

al
st

u
d
y

of
th

e
effi

ci
en

cy
of

ou
r

p
ro

p
os

ed
a
lg

or
it

h
m

s,
an

d
co

m
p
ar

es
it

w
it

h
p
re

v
io

u
sl

y
p
ro

p
os

ed
m

et
h
o
d
s.

F
in

al
ly

,
S
ec

ti
on

6
co

n
cl

u
d
es

w
it

h
a

sh
or

t
d
is

cu
ss

io
n
.

A
ll

te
ch

n
ic

a
l
p
ro

of
s

ar
e

re
le

ga
te

d
to

th
e

ap
p

en
d
ix

.
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P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

2
.
S
e
tu

p
a
n
d
M

a
in

R
e
su

lts

2
.1

.
N

o
ta

tio
n

W
e

d
efi

n
e

[m
],
{1
,...,m

}
for

an
y

in
teger

m
>

1.
F

or
an

y
vector

x
=

[x
1 ,x

2 ,...,x
m

] T
∈

R
m

,
w

e
w

rite
su

p
p
(x

)
,
{
i
∈

[m
]

:
x
i 6=

0}
as

th
e

su
p
p

ort
set

of
x

.
G

iven
an

y
su

b
set

S
⊆

[m
],
x
S

co
rresp

on
d
s

to
th

e
su

b
-vector

of
x

in
d
ex

ed
b
y

th
e

elem
en

ts
o
f
S

.
F

or
an

y
m

atrix
A
∈
R
n×

m
,

w
e

u
se
A
•
i

an
d
A
Tj•

to
rep

resen
t

th
e
i-th

colu
m

n
an

d
th

e
j-th

row
resp

ectively.
F

o
r

so
m

e
ap

p
ro

p
riate

sets
R

an
d
S

,
let

A
R
•

(resp
ectively,

A
•
S

)
b

e
th

e
su

b
m

atrix
of
A

w
ith

row
s

(resp
ectively

colu
m

n
s)

in
d
ex

ed
b
y

th
e

elem
en

ts
in
R

(resp
ectively

S
).

In
ad

d
ition

,
fo

r
th

e
i-th

co
lu

m
n
A
•
i ,

w
e

u
se
A
R
,i

to
d
en

ote
th

e
su

b
-vector

in
d
ex

ed
b
y

th
e

elem
en

ts
of

R
.

F
o
r

n
ota

tio
n
al

sim
p
licity,

w
e

u
se
A
TR
•

to
in

d
icate

(A
R
• )
T

,
th

e
tran

p
ose

of
A

a
fter

a
row

selectio
n
.

B
esid

es,
w

e
u
se
◦

an
d

sgn
(·)

to
rep

resen
t

th
e

elem
en

t-w
ise

H
a
d
am

ard
op

erator
a
n
d

th
e

elem
en

t-w
ise

sign
fu

n
ction

resp
ectiv

ely.
F

u
rth

er,
th

resh
old

K
(x

)
is

a
th

resh
old

in
g

o
p

era
to

r
th

a
t

rep
laces

an
y

elem
en

ts
of
x

w
ith

m
ag

n
itu

d
e

less
th

an
K

b
y

zero.
T

h
e
`
2 -n

o
rm
‖
x‖

for
a

vector
x

an
d

th
e

sp
ectral

n
o
rm
‖A‖

for
a

m
atrix

A
ap

p
ear

severa
l

tim
es.

In
som

e
cases,

w
e

also
u
tilize

th
e

F
rob

en
iu

s
n
orm

‖A‖
F

an
d

th
e

op
era

tor
n
o
rm
‖A‖

1
,2
,

m
ax‖

x‖
1 ≤

1 ‖A
x‖.

T
h
e

n
orm

‖
A‖

1
,2

is
essen

tially
th

e
m

ax
im

al
E

u
clid

ean
n
o
rm

o
f

a
n
y

co
lu

m
n

of
A

.
F

o
r

cla
rity,

w
e

ad
op

t
asy

m
p
totic

n
otation

s
ex

ten
sively.

W
e

w
rite

f
(n

)
=

O
(g

(n
))

(o
r
f

(n
)

=
Ω

(g
(n

)))
if
f

(n
)

is
u
p
p

er
b

ou
n
d
ed

(resp
ectively,

low
er

b
ou

n
d
ed

)
b
y
g
(n

)
u
p

to
so

m
e

p
ositiv

e
con

stan
t.

N
ex

t,
f

(n
)

=
Θ

(g
(n

))
if

an
d

on
ly

if
f

(n
)

=
O

(g
(n

))
an

d
f

(n
)

=
Ω

(g
(n

)).
A

lso
Ω̃

an
d
Õ

rep
resen

t
Ω

an
d
O

u
p

to
a

m
u
ltip

licative
p

oly
-logarith

m
ic

fa
cto

r
resp

ectively.
F

in
ally

f
(n

)
=
o(g

(n
))

(or
f

(n
)

=
ω

(g
(n

)))
if

lim
n→
∞
|f

(n
)/g

(n
)|

=
0

(lim
n→
∞
|f

(n
)/
g
(n

)|
=
∞

).
T

h
ro

u
g
h
o
u
t

th
e

p
ap

er,
w

e
u
se

th
e

p
h
rase

“w
ith

h
ig

h
p
rob

ab
ility

”
(ab

b
rev

iated
to

w
.h

.p
.)

to
d
escrib

e
a
n

even
t

w
ith

failu
re

p
rob

ab
ility

of
o
rd

er
a
t

m
ost

n
−
ω

(1
).

In
ad

d
ition

,
g
(n

)
=

O
∗(f

(n
))

m
ea

n
s
g
(n

)≤
K
f

(n
)

for
som

e
sm

all
en

ou
gh

con
stan

t
K

.

2
.2

.
G

e
n

e
ra

tiv
e

M
o
d

e
l

o
f

D
a
ta

S
u
p
p

o
se

th
a
t

th
e

ob
served

sam
p
les

a
re

given
b
y

y
(i)

=
D
x
∗
(i)

+
ε,

i
=

1,...,p
,

i.e.,
w

e
a
re

given
p

sam
p
les

of
y

gen
era

ted
from

a
fi
x
ed

(b
u
t

u
n
k
n
ow

n
)

d
ictio

n
ary

D
w

h
ere

th
e

sp
a
rse

co
d
e
x
∗

an
d

th
e

error
ε

are
d
raw

n
from

a
join

t
d
istrib

u
tion

D
sp

ecifi
ed

b
elow

.
In

th
e

d
o
u
b
le-sp

a
rse

settin
g,

th
e

d
iction

ary
is

assu
m

ed
to

follow
a

d
ecom

p
osition

D
=

Φ
A
∗,

w
h
ere

Φ
∈

R
n×

n
is

a
k
n
ow

n
o
rth

o
n

o
rm

a
l

b
asis

m
atrix

an
d
A
∗

is
an

u
n
k
n
ow

n
,

grou
n
d

tru
th

sy
n
th

esis
m

atrix
.

A
n

altern
ative

(an
d

in
terestin

g)
settin

g
is

a
n

overcom
p
lete

Φ
w

ith
a

sq
u
a
re
A
∗,

w
h
ich

ou
r

an
aly

sis
b

elow
d
o
es

n
ot

cover;
w

e
d
efer

th
is

to
fu

tu
re

w
ork

.
O

u
r

a
p
p
ro

a
ch

relies
u
p

on
th

e
follow

in
g

assu
m

p
tion

s
on

th
e

sy
n
th

esis
d
iction

ary
A
∗:

A
1
A
∗

is
overcom

p
lete

(i.e.,
m
≥
n

)
w

ith
m

=
O

(n
).

A
2
A
∗

is
µ

-in
coh

eren
t,

i.e.,
for

all
i6=

j,|〈A
∗•
i ,A
∗•
j 〉|≤

µ
/ √

n
.

A
3
A
∗•
i

h
a
s

a
t

m
ost

r
n
on

-zero
elem

en
ts,

an
d

is
n
orm

alized
su

ch
th

at‖A
∗•
i ‖

=
1

for
all

i.
M

o
reover,|A

∗ij |≥
τ

for
A
∗ij 6=

0
an

d
τ

=
Ω

(1/ √
r).
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N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

A
4
A
∗

h
as

b
ou

n
d
ed

sp
ectral

n
orm

su
ch

th
at‖

A
∗‖
≤
O

( √
m
/n

).

A
ll

th
ese

assu
m

p
tion

s
are

stan
d
ard

.
In

A
ssu

m
p
tion

A
2

,
th

e
in

coh
eren

ce
µ

is
ty

p
ically

of
ord

er
O

(log
n

)
w

ith
h
igh

p
rob

ab
ility

for
a

n
orm

al
ra

n
d
om

m
atrix

(A
rora

et
al.,

2014b
).

A
ssu

m
p
tion

A
3

is
a

com
m

on
assu

m
p
tion

in
sp

arse
sign

al
recovery.

T
h
e

b
ou

n
d
ed

sp
ectral

n
orm

assu
m

p
tion

is
also

stan
d
ard

(A
rora

et
a
l.,

2015).
In

ad
d
ition

to
A

ssu
m

p
tion

s
A

1
-A

4
,

w
e

m
ake

th
e

follow
in

g
d
istrib

u
tion

al
assu

m
p
tion

s
on
D

:

B
1

S
u
p
p

ort
S

=
su

p
p
(x
∗)

is
of

size
at

m
ost

k
an

d
u
n
iform

ly
d
raw

n
w

ith
ou

t
rep

lacem
en

t
from

[m
]

su
ch

th
at

P
[i∈

S
]

=
Θ

(k
/m

)
an

d
P

[i,j∈
S

]
=

Θ
(k

2/m
2)

for
som

e
i,j∈

[m
]

an
d
i6=

j.

B
2

T
h
e

n
on

zero
en

tries
x
∗S

are
p
airw

ise
in

d
ep

en
d
en

t
a
n
d

su
b
-G

au
ssian

given
th

e
su

p
p

o
rt

S
w

ith
E

[x
∗i |i∈

S
]

=
0

an
d
E

[x
∗
2
i
|i∈

S
]

=
1.

B
3

F
or
i∈

S
,|x
∗i |≥

C
w

h
ere

0
<
C
≤

1.

B
4

T
h
e

ad
d
itive

n
oise

ε
h
as

i.i.d
.

G
au

ssia
n

en
tries

w
ith

varian
ce
σ

2ε
w

ith
σ
ε

=
O

(1/ √
n

).

F
or

th
e

rest
of

th
e

p
ap

er,
w

e
set

Φ
=
I
n
,
th

e
id

en
tity

m
atrix

of
size

n
.

T
h
is

on
ly

sim
p
lifi

es
th

e
argu

m
en

ts
b
u
t

d
o
es

n
ot

ch
an

ge
th

e
p
rob

lem
b

ecau
se

on
e

can
stu

d
y

a
n

eq
u
ivalen

t
m

o
d
el:

y ′
=
A
x
∗

+
ε ′,

w
h
ere

y ′
=

Φ
T
y

an
d
ε ′

=
Φ
T
ε,

as
Φ
T

Φ
=
I
n
.

D
u
e

to
th

e
G

au
ssian

ity
of
ε,
ε ′

also
h
as

in
d
ep

en
d
en

t
en

tries.
A

lth
ou

gh
th

is
p
rop

erty
is

sp
ecifi

c
to

G
au

ssian
n
oise,

all
th

e
an

aly
sis

carried
ou

t
b

elow
can

b
e

ex
ten

d
ed

to
su

b
-G

au
ssian

n
oise

w
ith

m
in

or
(b

u
t

rath
er

ted
iou

s)
ch

an
ges

in
con

cen
tration

argu
m

en
ts.

O
u
r

goal
is

to
d
ev

ise
an

algorith
m

th
at

p
ro

d
u
ces

a
p
rovab

ly
“go

o
d
”

estim
ate

of
A
∗.

F
or

th
is,

w
e

n
eed

to
d
efi

n
e

a
su

itab
le

m
easu

re
of

“go
o
d
n
ess”.

W
e

u
se

th
e

follow
in

g
n
otion

of
d
istan

ce
th

at
m

easu
res

th
e

m
ax

im
al

colu
m

n
-w

ise
d
iff

eren
ce

in
`
2 -n

orm
u
n
d
er

som
e

su
itab

le
tran

sform
ation

.

D
e
fi

n
itio

n
1

((δ,κ
)-n

e
a
rn

e
ss)

A
is

sa
id

to
be

δ-clo
se

to
A
∗

if
th

ere
is

a
perm

u
ta

tio
n

π
:

[m
]→

[m
]

a
n

d
a

sign
fl

ip
σ

:
[m

]
:{±

1}
su

ch
th

a
t‖
σ

(i)A
•
π

(i) −
A
∗•
i ‖
≤
δ

fo
r

every
i.

In
a
d
d
itio

n
,
A

is
sa

id
to

be
(δ,κ

)-n
ea

r
to
A
∗

if‖
A
•
π −

A
∗‖
≤
κ‖
A
∗‖

a
lso

h
o
ld

s.

F
or

n
otation

al
sim

p
licity,

in
ou

r
th

eorem
s

w
e

sim
p
ly

rep
lace

π
an

d
σ

in
D

efi
n
ition

1
w

ith
th

e
id

en
tity

p
erm

u
tation

π
(i)

=
i

an
d

th
e

p
ositive

sign
σ

(·)
=

+
1

w
h
ile

keep
in

g
in

m
in

d
th

at
in

reality
w

e
are

referrin
g

to
on

e
elem

en
t

o
f

th
e

eq
u
ivalen

ce
class

of
a
ll

p
erm

u
tation

s
an

d
sign

fl
ip

tran
sform

s
of
A
∗.

W
e

w
ill

also
n
eed

som
e

tech
n
ical

to
ols

from
A

rora
et

al.
(2015)

to
an

aly
ze

ou
r

grad
ien

t
d
escen

t-sty
le

m
eth

o
d
.

C
on

sid
er

an
y

itera
tive

algorith
m

th
at

lo
ok

s
for

a
d
esired

solu
tion

z ∗∈
R
n

to
op

tim
ize

som
e

fu
n
ction

f
(z

).
S
u
p
p

ose
th

at
th

e
algorith

m
p
ro

d
u
ces

a
seq

u
en

ce
of

estim
ates

z
1,...,z

s
v
ia

th
e

u
p

d
ate

ru
le:

z
s+

1
=
z
s−

η
g
s,

for
som

e
vector

g
s

an
d

scalar
step

size
η
.

T
h
e

goal
is

to
ch

a
racterize

“go
o
d
”

d
irection

s
g
s

su
ch

th
at

th
e

seq
u
en

ce
con

v
erges

to
z ∗

u
n
d
er

th
e

E
u
clid

ean
d
istan

ce.
T

h
e

follow
in

g
gives

on
e

su
ch

su
ffi

cien
t

con
d
ition

for
g
s.
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P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

D
e
fi

n
it

io
n

2
A

ve
ct

o
r
g
s

a
t

th
e
st
h

it
er

a
ti

o
n

is
(α
,β
,γ
s
)-

co
rr

el
a
te

d
w

it
h

a
d
es

ir
ed

so
lu

ti
o
n

z
∗

if
〈g
s
,z
s
−
z
∗ 〉
≥
α
‖z
s
−
z
∗ ‖

2
+
β
‖g
s
‖2
−
γ
s
.

W
e

k
n
ow

fr
om

co
n
ve

x
op

ti
m

iz
at

io
n

th
at

if
f

is
2α

-s
tr

on
gl

y
co

n
ve

x
an

d
1/

2β
-s

m
o
ot

h
,
an

d
g
s

is
ch

os
en

as
th

e
gr

ad
ie

n
t
∇
z
f

(z
),

th
en

g
s

is
(α
,β
,0

)-
co

rr
el

at
ed

w
it

h
z
∗ .

In
ou

r
se

tt
in

g,
th

e
d
es

ir
ed

so
lu

ti
on

co
rr

es
p

on
d
s

to
A
∗ ,

th
e

gr
ou

n
d
-t

ru
th

sy
n
th

es
is

m
at

ri
x
.

In
A

ro
ra

et
al

.
(2

01
5)

,
it

is
sh

ow
n

th
at
g
s

=
E y

[(
A
s
x
−
y
)s

gn
(x

)T
],

w
h
er

e
x

=
th

re
sh

ol
d
C
/
2
((
A
s
)T
y
)

in
d
ee

d
sa

ti
sfi

es
D

efi
n
it

io
n

2.
T

h
is
g
s

is
a

p
op

u
la

ti
on

q
u
an

ti
ty

an
d

n
ot

ex
p
li
ci

tl
y

av
ai

la
b
le

,
b
u
t

on
e

ca
n

es
ti

m
at

e
su

ch
g
s

u
si

n
g

an
em

p
ir

ic
al

av
er

ag
e.

T
h
e

co
rr

es
p

on
d
in

g
es

ti
m

at
or
ĝ
s

is
a

ra
n
d
om

va
ri

ab
le

,
so

w
e

al
so

n
ee

d
a

re
la

te
d

co
rr

el
a
te

d
-w

it
h
-h

ig
h
-p

ro
ba

bi
li

ty
co

n
d
it

io
n
:

D
e
fi

n
it

io
n

3
A

d
ir

ec
ti

o
n
ĝ
s

a
t

th
e
st
h

it
er

a
ti

o
n

is
(α
,β
,γ
s
)-

co
rr

el
a
te

d
-w

.h
.p

.
w

it
h

a
d
es

ir
ed

so
lu

ti
o
n
z
∗

if
,

w
.h

.p
.,

〈ĝ
s
,z
s
−
z
∗ 〉
≥
α
‖z
s
−
z
∗ ‖

2
+
β
‖ĝ
s
‖2
−
γ
s
.

F
ro

m
D

efi
n
it

io
n

2,
on

e
ca

n
es

ta
b
li
sh

a
fo

rm
of

d
es

ce
n
t

p
ro

p
er

ty
in

ea
ch

u
p

d
at

e
st

ep
,

as
sh

ow
n

in
T

h
eo

re
m

1.

T
h

e
o
re

m
1

S
u

p
po

se
th

a
t
g
s

sa
ti

sfi
es

th
e

co
n

d
it

io
n

d
es

cr
ib

ed
in

D
efi

n
it

io
n

2
fo

r
s

=
1,

2
,.
..
,T

.
M

o
re

o
ve

r,
0
<
η
≤

2
β

a
n

d
γ

=
m

ax
T s=

1
γ
s
.

T
h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

s
fo

r
a
ll
s:

‖z
s+

1
−
z
∗ ‖

2
≤

(1
−

2
α
η
)‖
z
s
−
z
∗ ‖

2
+

2
η
γ
s
.

In
pa

rt
ic

u
la

r,
th

e
a
bo

ve
u

pd
a
te

co
n

ve
rg

es
ge

o
m

et
ri

ca
ll

y
to
z
∗

w
it

h
a
n

er
ro

r
γ
/α

.
T

h
a
t

is
,

‖z
s+

1
−
z
∗ ‖

2
≤

(1
−

2
α
η
)s
‖z

0
−
z
∗ ‖

2
+

2
γ
/α
.

W
e

ca
n

ob
ta

in
a

si
m

il
ar

re
su

lt
fo

r
D

efi
n
it

io
n

3
ex

ce
p
t

th
at
‖z
s+

1
−
z
∗ ‖

2
is

re
p
la

ce
d

w
it

h
it

s
ex

p
ec

ta
ti

on
.

A
rm

ed
w

it
h

th
e

ab
ov

e
to

ol
s,

w
e

n
ow

st
at

e
so

m
e

in
fo

rm
al

ve
rs

io
n
s

of
o
u
r

m
ai

n
re

su
lt

s:

T
h

e
o
re

m
2

(P
ro

v
a
b

ly
c
o
rr

e
c
t

in
it

ia
li
z
a
ti

o
n

,
in

fo
rm

a
l)

T
h
er

e
ex

is
ts

a
n

eu
ra

ll
y

p
la

u
-

si
bl

e
a
lg

o
ri

th
m

to
p
ro

d
u

ce
a
n

in
it

ia
l

es
ti

m
a
te
A

0
th

a
t

h
a
s

th
e

co
rr

ec
t

su
p
po

rt
a
n

d
is

(δ
,2

)-
n

ea
r

to
A
∗

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.
It

s
ru

n
n

in
g

ti
m

e
a
n

d
sa

m
p
le

co
m

p
le

xi
ty

a
re
Õ

(m
n
p
)

a
n

d
Õ

(m
r)

re
sp

ec
ti

ve
ly

.
T

h
is

a
lg

o
ri

th
m

w
o
rk

s
w

h
en

th
e

sp
a
rs

it
y

le
ve

l
sa

ti
sfi

es
r

=
O
∗ (

lo
g
n

).

O
u
r

al
go

ri
th

m
ca

n
b

e
re

ga
rd

ed
as

an
ex

te
n
si

on
o
f

A
ro

ra
et

al
.

(2
01

5)
to

th
e

d
ou

b
le

-s
p
ar

se
se

tt
in

g.
It

re
co

n
st

ru
ct

s
th

e
su

p
p

or
t

of
on

e
si

n
gl

e
co

lu
m

n
an

d
th

en
es

ti
m

at
es

it
s

d
ir

ec
ti

on
in

th
e

su
b
sp

ac
e

d
efi

n
ed

b
y

th
e

su
p
p

or
t.

O
u
r

p
ro

p
os

ed
al

go
ri

th
m

en
jo

y
s

n
eu

ra
l

p
la

u
si

b
il
it

y
b
y

im
p
le

m
en

ti
n
g

a
th

re
sh

ol
d
in

g
n
on

-l
in

ea
ri

ty
an

d
O

ja
’s

u
p

d
at

e
ru

le
.

W
e

p
ro

v
id

e
a

n
eu

ra
l

im
p
le

m
en

ta
ti

on
of

ou
r

al
go

ri
th

m
in

A
p
p

en
d
ix

G
.

T
h
e

ad
ap

ti
on

to
th

e
sp

ar
se

st
ru

ct
u
re

re
su

lt
s

in
a

st
ri

ct
im

p
ro

ve
m

en
t

u
p

on
th

e
or

ig
in

al
al

go
ri

th
m

b
ot

h
in

ru
n
n
in

g
ti

m
e

an
d

sa
m

p
le

co
m

p
le

x
it

y.
H

ow
ev

er
,

ou
r

al
go

ri
th

m
is

li
m

it
ed

to
th

e
sp

ar
si

ty
le

ve
l
r

=
O
∗ (

lo
g
n

),
w

h
ic

h
is

ra
th

er
sm

al
l

b
u
t

p
la

u
si

b
le

fr
om

th
e

m
o
d
el

in
g

st
an

d
p

oi
n
t.

F
or

co
m

p
ar

is
on

,
w

e
an

al
y
ze

a
n
at

u
ra

l
ex

te
n
si

on
of

th
e

al
go

ri
th

m
of

A
ro

ra
et

al
.

(2
01

5)
w

it
h

an
ex

tr
a

h
ar

d
-t

h
re

sh
ol

d
in

g
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 2
0(

14
1)

:1
-4

3,
 2

01
9

N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

st
ep

fo
r

ev
er

y
le

ar
n
ed

at
om

.
W

e
ob

ta
in

th
e

sa
m

e
or

d
er

re
st

ri
ct

io
n

on
r,

b
u
t

so
m

ew
h
a
t

w
o
rs

e
b

ou
n
d
s

on
sa

m
p
le

co
m

p
le

x
it

y
an

d
ru

n
n
in

g
ti

m
e.

T
h
e

d
et

a
il
s

ar
e

fo
u
n
d

in
A

p
p

en
d
ix

F
.

W
e

h
y
p

ot
h
es

iz
e

th
at

a
st

ro
n
ge

r
in

co
h
er

en
ce

as
su

m
p
ti

on
ca

n
le

ad
to

p
ro

va
b
ly

co
rr

ec
t

in
it

ia
li
za

ti
on

fo
r

a
m

u
ch

w
id

er
ra

n
ge

of
r.

F
or

p
u
rp

os
es

of
th

eo
re

ti
ca

l
an

al
y
si

s,
w

e
co

n
si

d
er

th
e

sp
ec

ia
l

ca
se

of
a

pe
rf

ec
tl

y
in

co
h
er

en
t

sy
n
th

es
is

m
at

ri
x
A
∗

su
ch

th
at
µ

=
0

a
n
d
m

=
n

.

In
th

is
ca

se
,

w
e

ca
n

in
d
ee

d
im

p
ro

ve
th

e
sp

ar
si

ty
p
ar

am
et

er
to
r

=
O
∗(

m
in

(
√
n

lo
g
2
n
,

n
k
2

lo
g
2
n

))
,

w
h
ic

h
is

an
ex

p
on

en
ti

al
im

p
ro

ve
m

en
t.

T
h
is

an
al

y
si

s
is

gi
v
en

in
A

p
p

en
d
ix

E
.

T
h
e

n
ex

t
th

eo
re

m
su

m
m

ar
iz

es
ou

r
re

su
lt

fo
r

th
e

d
es

ce
n
t

al
go

ri
th

m
:

T
h

e
o
re

m
3

(P
ro

v
a
b

ly
c
o
rr

e
c
t

d
e
sc

e
n
t,

in
fo

rm
a
l)

T
h
er

e
ex

is
ts

a
n

eu
ra

ll
y

p
la

u
si

bl
e

a
l-

go
ri

th
m

fo
r

d
o
u

bl
e-

sp
a
rs

e
co

d
in

g
th

a
t

co
n

ve
rg

es
to
A
∗

w
it

h
ge

o
m

et
ri

c
ra

te
w

h
en

th
e

in
it

ia
l

es
ti

m
a
te
A

0
h
a
s

th
e

co
rr

ec
t

su
p
po

rt
a
n

d
(δ
,2

)-
n

ea
r

to
A
∗ .

T
h
e

ru
n

n
in

g
ti

m
e

pe
r

it
er

a
ti

o
n

is
O

(m
k
p

+
m
rp

)
a
n

d
th

e
sa

m
p
le

co
m

p
le

xi
ty

is
Õ

(m
+
σ

2 ε
m
n
r

k
).

S
im

il
ar

to
A

ro
ra

et
al

.
(2

01
5)

,
ou

r
p
ro

p
os

ed
al

go
ri

th
m

en
jo

y
s

n
eu

ra
l

p
la

u
si

b
il
it

y.
M

o
re

-
ov

er
,

w
e

ca
n

ac
h
ie

ve
a

b
et

te
r

ru
n
n
in

g
ti

m
e

an
d

sa
m

p
le

co
m

p
le

x
it

y
p

er
it

er
at

io
n

th
a
n

p
re

v
i-

ou
s

m
et

h
o
d
s,

p
ar

ti
cu

la
rl

y
in

th
e

n
oi

sy
ca

se
.

W
e

sh
ow

in
A

p
p

en
d
ix

F
th

at
in

th
is

re
g
im

e
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

A
ro

ra
et

al
.

(2
01

5)
is
Õ

(m
+
σ

2 ε
m
n
2

k
).

F
or

in
st

an
ce

,
w

h
en

σ
ε
�
n
−

1
/
2
,

th
e

sa
m

p
le

co
m

p
le

x
it

y
b

ou
n
d

is
si

gn
ifi

ca
n
tl

y
w

or
se

th
an

Õ
(m

)
in

th
e

n
oi

se
le

ss
ca

se
.

In
co

n
tr

as
t,

ou
r

p
ro

p
os

ed
m

et
h
o
d

le
ve

ra
ge

s
th

e
sp

ar
se

st
ru

ct
u
re

to
ov

er
co

m
e

th
is

p
ro

b
le

m
a
n
d

ob
ta

in
im

p
ro

v
ed

re
su

lt
s.

W
e

ar
e

n
ow

re
ad

y
to

in
tr

o
d
u
ce

ou
r

m
et

h
o
d
s

in
d
et

ai
l.

A
s

d
is

cu
ss

ed
ab

ov
e,

o
u
r

a
p
p
ro

a
ch

co
n
si

st
s

of
tw

o
st

ag
es

:
an

in
it

ia
li
za

ti
on

al
go

ri
th

m
th

a
t

p
ro

d
u
ce

s
a

co
ar

se
es

ti
m

a
te

o
f
A
∗ ,

an
d

a
d
es

ce
n
t-

st
y
le

al
go

ri
th

m
th

at
re

fi
n
es

th
is

es
ti

m
at

e
to

a
cc

u
ra

te
ly

re
co

ve
r
A
∗ .

3
.
S
ta
g
e
1
:
In

it
ia
li
za

ti
o
n

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

a
n
eu

ra
ll
y

p
la

u
si

b
le

al
go

ri
th

m
th

at
ca

n
p
ro

d
u
ce

a
co

a
rs

e
in

it
ia

l
es

ti
m

at
e

of
th

e
gr

ou
n
d

tr
u
th

A
∗ .

W
e

gi
ve

a
n
eu

ra
l

im
p
le

m
en

ta
ti

on
of

th
e

a
lg

o
ri

th
m

in
A

p
p

en
d
ix

G
.

O
u
r

al
go

ri
th

m
is

an
ad

ap
ta

ti
on

fr
om

th
e

al
go

ri
th

m
in

A
ro

ra
et

al
.

(2
01

5)
.

T
h
e

id
ea

is
to

es
ti

m
at

e
d
ic

ti
on

ar
y

at
om

s
in

a
gr

ee
d
y

fa
sh

io
n

b
y

it
er

at
iv

el
y

re
-w

ei
gh

ti
n
g

th
e

g
iv

en
sa

m
p
le

s.
T

h
e

sa
m

p
le

s
ar

e
re

-s
ca

le
d

in
a

w
ay

th
at

th
e

w
ei

gh
te

d
(s

am
p
le

)
co

va
ri

an
ce

m
a
tr

ix
h
a
s

th
e

d
om

in
an

t
fi
rs

t
si

n
gu

la
r

va
lu

e,
an

d
it

s
co

rr
es

p
on

d
in

g
ei

ge
n
ve

ct
or

is
cl

os
e

to
o
n
e

p
a
rt

ic
u
la

r
at

om
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
H

ow
ev

er
,

w
h
il
e

th
is

al
go

ri
th

m
is

co
n
ce

p
tu

al
ly

ve
ry

a
p
p

ea
li
n
g,

it
in

cu
rs

se
ve

re
co

m
p
u
ta

ti
on

al
co

st
s

in
p
ra

ct
ic

e.
M

or
e

p
re

ci
se

ly
,

th
e

ov
er

al
l

ru
n
n
in

g
ti

m
e

is
Õ

(m
n

2
p
)

in
ex

p
ec

ta
ti

on
,

w
h
ic

h
is

u
n
re

al
is

ti
c

fo
r

la
rg

e-
sc

a
le

p
ro

b
le

m
s.

T
o

ov
er

co
m

e
th

is
b
u
rd

en
,

w
e

le
v
er

ag
e

th
e

d
ou

b
le

-s
p
ar

si
ty

as
su

m
p
ti

on
in

o
u
r

g
en

er
a
ti

ve
m

o
d
el

to
ob

ta
in

a
m

or
e

effi
ci

en
t

ap
p
ro

ac
h
.

T
h
e

h
ig

h
-l

ev
el

id
ea

is
to

fi
rs

t
es

ti
m

a
te

th
e

su
p
p

or
t

of
ea

ch
co

lu
m

n
in

th
e

sy
n
th

es
is

m
at

ri
x
A
∗ ,

an
d

th
en

o
b
ta

in
a

co
ar

se
es

ti
m

a
te

o
f

th
e

n
on

ze
ro

co
effi

ci
en

ts
of

ea
ch

co
lu

m
n

b
as

ed
on

k
n
ow

le
d
ge

of
it

s
su

p
p

or
t.

T
h
e

ke
y

in
g
re

d
ie

n
t

o
f

ou
r

m
et

h
o
d

is
a

n
ov

el
sp

ec
tr

al
p
ro

ce
d
u
re

th
at

gi
ve

s
u
s

an
es

ti
m

at
e

of
th

e
co

lu
m

n
su

p
p

o
rt

s
p
u
re

ly
fr

om
th

e
ob

se
rv

ed
sa

m
p
le

s.
T

h
e

fu
ll

al
go

ri
th

m
,

th
at

w
e

ca
ll

T
ru

n
ca

te
d

P
a
ir

w
is

e
R

ew
ei

gh
ti

n
g,

is
li
st

ed
in

p
se

u
d
o
co

d
e

fo
rm

as
A

lg
or

it
h
m

1.
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P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

A
lg

o
rith

m
1

T
ru

n
cated

P
airw

ise
R

ew
eigh

tin
g

In
itia

liz
e
L

=
∅

R
a
n
d
o
m

ly
d
iv

id
e
p

sam
p
les

in
to

tw
o

d
isjoin

t
setsP

1
a
n
d
P

2
of

sizes
p

1
an

d
p

2
resp

ectively
W

h
ile
|L|

<
m

.
P

ick
u

an
d
v

from
P

1
at

ran
d
om

F
o
r

every
l

=
1,2

,...,n
;

com
p
u
te

ê
l

=
1p
2

p
2
∑i=

1 〈y
(i),u〉〈y

(i),v〉(y
(i)
l

)
2

S
o
rt

(ê
1 ,ê

2 ,...,ê
n
)

in
d
escen

d
in

g
ord

er
If
r ′≤

r
s.t

ê
(r ′) ≥

O
(k
/m

r)
an

d
ê

(r ′+
1
) /ê

(r ′)
<
O
∗(r/

log
2
n

)

L
et
R̂

b
e

set
of

th
e
r ′

largest
en

tries
of
ê

M̂
u
,v

=
1p
2 ∑

p
2
i=

1 〈y
(i),u〉〈y

(i),v〉y
(i)

R̂
(y

(i)

R̂
)
T

δ
1 ,δ

2 ←
top

sin
gu

lar
valu

es
of
M̂
u
,v

z
R̂
←

top
sin

gu
lar

vector
of
M̂
u
,v

If
δ

1 ≥
Ω

(k
/m

)
an

d
δ

2
<
O
∗(k

/m
log

n
)

If
d
ist(±

z
,l)

>
1
/

log
n

for
an

y
l∈

L

U
p

d
ate

L
=
L
∪
{
z}

R
e
tu

rn
A

0
=

(L
1 ,...,L

m
)

L
et

u
s

p
rov

id
e

som
e

in
tu

ition
of

ou
r

algorith
m

.
F

ix
a

sam
p
le
y

=
A
∗x
∗

+
ε

from
th

e
ava

ila
b
le

train
in

g
set,

an
d

con
sid

er
sam

p
les

u
=
A
∗α

+
ε
u ,v

=
A
∗α
′+

ε
v .

N
ow

,
co

n
sid

er
th

e
(very

coarse)
estim

ate
for

th
e

sp
arse

co
d
e

of
u

w
ith

resp
ect

to
A
∗:

β
=
A
∗
T
u

=
A
∗
T
A
∗α

+
A
∗
T
ε
u .

A
s

lo
n
g

a
s
A
∗

is
in

coh
eren

t
en

ou
gh

an
d
ε
u

is
sm

all,
th

e
estim

ate
β

b
eh

aves
ju

st
like

α
,

in
th

e
sen

se
th

a
t

for
each

sam
p
le
y
:〈y
,u〉≈

〈x
∗,β〉≈

〈x
∗,α〉.

M
o
reover,

th
e

a
b

ov
e

in
n
er

p
ro

d
u
cts

are
large

on
ly

if
α

an
d
x
∗

sh
are

som
e

elem
en

ts
in

th
eir

su
p
p

o
rts;

else,
th

ey
are

lik
ely

to
b

e
sm

all.
L

ikew
ise,

th
e

w
eigh

t
〈y
,u〉〈y

,v〉
d
ep

en
d
s

on
w

h
eth

er
o
r

n
o
t
x
∗

sh
ares

th
e

su
p
p

ort
w

ith
b

oth
α

an
d
α
′.

N
ow

,
su

p
p

o
se

th
at

w
e

h
ave

a
m

ech
an

ism
to

isolate
p
airs

u
an

d
v

w
h
o

sh
are

ex
actly

on
e

a
to

m
a
m

o
n
g

th
eir

sp
arse

rep
resen

tation
s.

T
h
en

b
y

scalin
g

each
sam

p
le
y

w
ith

an
in

creasin
g

fu
n
ctio

n
o
f〈y

,u〉〈y
,v〉

an
d

lin
early

ad
d
in

g
th

e
sam

p
les,

w
e

m
agn

ify
th

e
im

p
ortan

ce
of

th
e

sa
m

p
les

th
a
t

a
re

align
ed

w
ith

th
at

atom
,

an
d

d
im

in
ish

th
e

rest.
T

h
e

fi
n
a
l

d
irection

can
b

e
o
b
tain

ed
v
ia

th
e

top
p
rin

cipa
l

co
m

po
n

en
t

of
th

e
rew

eigh
ted

sam
p
les

a
n
d

h
en

ce
can

b
e

u
sed

a
s

a
co

a
rse

estim
ate

of
th

e
atom

.
T

h
is

is
ex

actly
th

e
ap

p
roach

ad
op

ted
in

A
rora

et
al.

(2
01

5
).

H
ow

ever,
in

ou
r

d
ou

b
le-sp

arse
co

d
in

g
settin

g,
w

e
k
n
ow

th
at

th
e

estim
ated

a
tom
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N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

sh
ou

ld
b

e
sp

arse
as

w
ell.

T
h
erefore,

w
e

can
n
atu

rally
p

erform
an

ex
tra

“sp
arsifi

cation
”

step
of

th
e

ou
tp

u
t.

A
n

ex
ten

d
ed

algorith
m

an
d

its
correctn

ess
are

p
rov

id
ed

in
A

p
p

en
d
ix

F
.

H
ow

ever,
as

w
e

d
iscu

ssed
ab

ove,
th

e
com

p
u
tation

al
com

p
lex

ity
of

th
e

re-w
eigh

tin
g

step
still

rem
ain

s.
W

e
overcom

e
th

is
ob

stacle
b
y

fi
rst

id
en

tify
in

g
th

e
lo

catio
n
s

of
th

e
n
on

zero
en

tries
in

each
atom

.
S
p

ecifi
cally,

d
efi

n
e

th
e

m
atrix

:

M
u
,v

=
1p
2

p
2
∑i=

1 〈y
(i),u〉〈y

(i),v〉y
(i)y

(i)T
.

T
h
en

,
th

e
d
iagon

al
en

tries
of
M
u
,v

reveals
th

e
su

p
p

ort
of

th
e

atom
of
A
∗

sh
ared

am
o
n
g

u
an

d
v
:

th
e
r-largest

en
tries

of
M
u
,v

w
ill

corresp
on

d
to

th
e

su
p
p

ort
w

e
seek

.
S
in

ce
th

e
d
esired

d
irection

rem
ain

s
u
n
ch

an
ged

in
th

e
r-d

im
en

sion
al

su
b
sp

ace
of

its
n
on

zero
elem

en
ts,

w
e

can
restrict

ou
r

atten
tion

to
th

is
su

b
sp

ace,
con

stru
ct

a
red

u
ced

covarian
ce

m
atrix

M̂
u
,v ,

an
d

p
ro

ceed
as

b
efore.

T
h
is

tru
n
cation

step
allev

iates
th

e
com

p
u
tation

al
b
u
rd

en
b
y

a
sign

ifi
can

t
am

ou
n
t;

th
e

ru
n
n
in

g
tim

e
is

n
ow

Õ
(m
n
p
),

w
h
ich

im
p
roves

th
e

origin
al

b
y

a
factor

of
n

.
T

h
e

su
ccess

of
th

e
ab

ove
p
ro

ced
u
re

relies
u
p

on
w

h
eth

er
or

n
ot

w
e

can
isolate

p
airs

u
an

d
v

th
at

sh
are

on
e

d
iction

ary
atom

.
F

ortu
n
ately,

th
is

can
b

e
d
on

e
v
ia

ch
eck

in
g

th
e

d
ecay

of
th

e
sin

gu
lar

valu
es

of
th

e
(red

u
ced

)
covarian

ce
m

atrix
.

H
ere

to
o,

w
e

sh
ow

v
ia

ou
r

an
aly

sis
th

at
th

e
tru

n
cation

step
p
lay

s
an

im
p

ortan
t

role.
O

v
erall,

ou
r

p
rop

osed
algorith

m
n
ot

on
ly

accelerates
th

e
in

itialization
in

term
s

of
ru

n
n
in

g
tim

e,
b
u
t

also
im

p
roves

th
e

sam
p
le

com
p
lex

ity
over

A
rora

et
al.

(2015).
T

h
e

p
erform

a
n
ce

o
f

A
lgorith

m
1

is
d
escrib

ed
in

th
e

follow
in

g
th

eorem
,

w
h
ose

form
al

p
ro

of
is

d
eferred

to
A

p
p

en
d
ix

B
.

T
h

e
o
re

m
4

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
s

B
1
-B

4
h
o
ld

a
n

d
A

ssu
m

p
tio

n
s

A
1
-A

3
sa

tify
w

ith

µ
=
O
∗ (

√
n

k
lo

g
3
n )

a
n

d
r

=
O
∗(log

n
).

W
h
en

p
1

=
Ω̃

(m
)

a
n

d
p

2
=

Ω̃
(m
r),

th
en

w
ith

h
igh

p
ro

ba
bility

A
lgo

rith
m

1
retu

rn
s

a
n

in
itia

l
estim

a
te
A

0
w

h
o
se

co
lu

m
n

s
sh

a
re

th
e

sa
m

e
su

p
po

rt
a
s
A
∗

a
n

d
w

ith
(δ,2)-n

ea
rn

ess
to
A
∗

w
ith

δ
=
O
∗(1/

log
n

).

T
h
e

lim
it

on
r

arises
from

th
e

m
in

im
u
m

n
on

-zero
co

effi
cien

t
τ

of
A
∗.

S
in

ce
th

e
colu

m
n
s

of
A
∗

are
stan

d
ard

ized
,
τ

sh
ou

ld
d
egen

erate
as
r

grow
s.

In
oth

er
w

ord
s,

it
is

gettin
g

h
ard

er
to

d
istin

gu
ish

th
e

“sign
al”

co
effi

cien
ts

from
zero

a
s
r

grow
s

w
ith

n
.

H
ow

ever,
th

is
lim

itation
can

b
e

relax
ed

w
h
en

a
b

etter
in

coh
eren

ce
availab

le,
for

ex
am

p
le

th
e

orth
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ê
l .

L
e
m

m
a

1
F

ix
sa

m
p
les

u
a
n

d
v

a
n

d
su

p
po

se
th

a
t
y

=
A
∗x
∗

+
ε

is
a

ra
n

d
o
m

sa
m

p
le

in
d
e-

pen
d
en

t
o
f
u
,v

.
T

h
e

expected
va

lu
e

o
f

th
e

sco
re

fo
r

th
e
`
th

co
m

po
n

en
t

o
f
y

is
given

by:

e
l ,

E
[〈y
,u〉〈y

,v〉y
2l ]

=
∑i∈
U
∩
V

q
i c
i β
i β
′i A
∗
2
li

+
pertu

rba
tio

n
term

s

12
JM

L
R

 20(141):1-43, 2019



P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

w
h
er

e
q i

=
P[
i
∈
S

],
q i
j

=
P[
i,
j
∈
S

]
a
n

d
c i

=
E[
x

4 i
|i
∈
S

].
M

o
re

o
ve

r,
th

e
pe

rt
u

rb
a
ti

o
n

te
rm

s
h
a
ve

a
bs

o
lu

te
va

lu
e

a
t

m
o
st
O
∗ (
k
/m

lo
g
n

).

F
ro

m
A

ss
u
m

p
ti

on
B

1
,

w
e

k
n
ow

th
at

q i
=

Θ
(k
/m

),
q i
j

=
Θ

(k
2
/m

2
)

an
d
c i

=
Θ

(1
).

B
es

id
es

,
w

e
w

il
l

sh
ow

la
te

r
th

at
|β
i|
≈
|α
i|

=
Ω

(1
)

fo
r
i
∈
U

,
an

d
|β
i|

=
o(

1)
fo

r
i
/∈
U

.
C

on
si

d
er

th
e

fi
rs

t
te

rm
E

0
=
∑

i∈
U
∩V

q i
c i
β
iβ
′ iA
∗2 li

.
C

le
a
rl

y,
E

0
=

0
if
U
∩
V

=
∅

or
th

at
l

d
o
es

n
ot

b
el

on
g

to
su

p
p

or
t

of
an

y
at

om
in
U
∩
V

.
O

n
th

e
co

n
tr

ar
y,

as
E

0
6=

0
an

d
U
∩
V

=
{i
}

,
th

en
E

0
=
|q i
c i
β
iβ
′ iA
∗2 li
|≥

Ω
(τ

2
k
/m

)
=

Ω
(k
/
m
r)

si
n
ce
|q i
c i
β
iβ
′ i|
≥

Ω
(k
/m

)
an

d
|A
∗ li|
≥
τ
.

T
h
er

ef
or

e,
L

em
m

a
1

su
gg

es
ts

th
at

if
u

an
d
v

sh
ar

e
a

u
n
iq

u
e

at
om

am
o
n
g

th
ei

r
sp

ar
se

re
p
re

se
n
ta

ti
on

s,
an

d
r

is
n
ot

to
o

la
rg

e,
th

en
w

e
ca

n
in

d
ee

d
re

co
ve

r
th

e
co

rr
ec

t
su

p
p

or
t

of
th

e
sh

ar
ed

at
om

.
W

h
en

th
is

is
th

e
ca

se
,

th
e

ex
p

ec
te

d
sc

o
re

s
co

rr
es

p
on

d
in

g
to

th
e

n
on

ze
ro

el
em

en
ts

of
th

e
sh

ar
ed

at
om

w
il
l

d
om

in
at

e
th

e
re

m
ai

n
in

g
of

th
e

sc
or

es
.

N
ow

,
gi

ve
n

th
at

w
e

ca
n

is
ol

at
e

th
e

su
p
p

or
t
R

o
f

th
e

co
rr

es
p

o
n
d
in

g
at

o
m

,
th

e
re

m
ai

n
in

g
q
u
es

ti
on

s
ar

e
h
ow

b
es

t
w

e
ca

n
es

ti
m

at
e

it
s

n
on

-z
er

o
co

effi
ci

en
ts

,
an

d
w

h
en

u
an

d
v

sh
ar

e
a

u
n
iq

u
e

el
em

en
ts

in
th

ei
r

su
p
p

or
ts

.
T

h
es

e
is

su
es

a
re

h
an

d
le

d
in

th
e

fo
ll
ow

in
g

le
m

m
as

.

L
e
m

m
a

2
S

u
p
po

se
th

a
t
u

=
A
∗ α

+
ε u

a
n

d
v

=
A
∗ α
′ +

ε v
a
re

tw
o

ra
n

d
o
m

sa
m

p
le

s.
L

et
U

a
n

d
V

d
en

o
te

th
e

su
p
po

rt
s

o
f
α

a
n

d
α
′

re
sp

ec
ti

ve
ly

.
R

is
th

e
su

p
po

rt
o
f

so
m

e
a
to

m
o
f

in
te

re
st

.
T

h
e

tr
u

n
ca

te
d

re
-w

ei
gh

ti
n

g
m

a
tr

ix
is

fo
rm

u
la

te
d

a
s

M
u
,v
,

E[
〈y
,u
〉〈
y
,v
〉y
R
y
T R

]
=

∑

i∈
U
∩V

q i
c i
β
iβ
′ iA
∗ R
,i
A
∗T R
,i

+
pe

rt
u

rb
a
ti

o
n

te
rm

s

w
h
er

e
th

e
pe

rt
u

rb
a
ti

o
n

te
rm

s
h
a
ve

n
o
rm

s
a
t

m
o
st
O
∗ (
k
/m

lo
g
n

).

U
si

n
g

th
e

sa
m

e
ar

gu
m

en
t

fo
r

b
ou

n
d
in

g
E

0
in

L
em

m
a

1,
w

e
ca

n
se

e
th

at
M

0
,
q i
c i
β
iβ
′ iA
∗ R
,i
A
∗T R
,i

h
as

n
or

m
at

le
as

t
Ω

(k
/m

)
w

h
en

u
an

d
v

sh
ar

e
a

u
n
iq

u
e

el
em

en
t
i

(‖
A
∗ R
,i
‖

=
1)

.
A

cc
o
rd

in
g

to
th

is
le

m
m

a,
th

e
sp

ec
tr

al
n
or

m
of
M

0
d
om

in
at

es
th

os
e

of
th

e
ot

h
er

p
er

tu
rb

at
io

n
te

rm
s.

T
h
u
s,

gi
v
en

R
w

e
ca

n
u
se

th
e

fi
rs

t
si

n
gu

la
r

ve
ct

or
of
M
u
,v

as
an

es
ti

m
at

e
of
A
∗ •i

.

L
e
m

m
a

3
U

n
d
er

th
e

se
tu

p
o

f
T

h
eo

re
m

4
,

su
p
po

se
u

=
A
∗ α

+
ε u

a
n

d
v

=
A
∗ α
′ +

ε v
a
re

tw
o

ra
n

d
o
m

sa
m

p
le

s
w

it
h

su
p
po

rt
s
U

a
n

d
V

re
sp

ec
ti

ve
ly

.
R

=
su

p
p
(A
∗ i)

.
If
u

a
n

d
v

sh
a
re

th
e

u
n

iq
u

e
a
to

m
i,

th
e

fi
rs

t
r

la
rg

es
t

en
tr

ie
s

o
f
e l

is
a
t

le
a
st

Ω
(k
/m

r)
a
n

d
be

lo
n

g
to
R

.
M

o
re

o
ve

r,
th

e
to

p
si

n
gu

la
r

ve
ct

o
r

o
f
M
u
,v

is
δ-

cl
o
se

to
A
∗ R
,i

fo
r
O
∗ (

1/
lo

g
n

).

P
ro

o
f

T
h
e

re
co

ve
ry

of
A
∗ •i

’s
su

p
p

or
t

d
ir

ec
tl

y
fo

ll
ow

s
L

em
m

a
1.

F
or

th
e

la
tt

er
p
ar

t,
re

ca
ll

fr
om

L
em

m
a

2
th

at

M
u
,v

=
q i
c i
β
iβ
′ iA
∗ R
,i
A
∗T R
,i

+
p

er
tu

rb
at

io
n

te
rm

s

T
h
e

p
er

tu
rb

at
io

n
te

rm
s

h
av

e
n
or

m
s

b
ou

n
d
ed

b
y
O
∗ (
k
/m

lo
g
n

).
O

n
th

e
ot

h
er

h
an

d
,

th
e

fi
rs

t
te

rm
is

h
as

n
or

m
at

le
as

t
Ω

(k
/m

)
si

n
ce
‖A
∗ R
,i
‖

=
1

fo
r

th
e

co
rr

ec
t

su
p
p

or
t
R

an
d

|q i
c i
β
iβ
′ i|
≥

Ω
(k
/m

).
T

h
en

u
si

n
g

W
ed

in
’s

T
h
eo

re
m

to
M
u
,v

,
w

e
ca

n
co

n
cl

u
d
e

th
at

th
e

to
p

si
n
gu

la
r

ve
ct

or
m

u
st

b
e
O
∗ (
k
/m

lo
g
n

)/
Ω

(k
/m

)
=
O
∗ (

1/
lo

g
n

)
-c

lo
se

to
A
∗ R
,i
.

�

13
JM

L
R

 2
0(

14
1)

:1
-4

3,
 2

01
9

N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

L
e
m

m
a

4
U

n
d
er

th
e

se
tu

p
o

f
T

h
eo

re
m

4
,

su
p
po

se
u

=
A
∗ α

+
ε u

a
n

d
v

=
A
∗ α
′ +

ε v
a
re

tw
o

ra
n

d
o
m

sa
m

p
le

s
w

it
h

su
p
po

rt
s
U

a
n

d
V

re
sp

ec
ti

ve
ly

.
If

th
e

to
p

si
n

gu
la

r
va

lu
e

o
f
M
u
,v

is
a
t

le
a
st

Ω
(k
/m

)
a
n

d
th

e
se

co
n

d
la

rg
es

t
o
n

e
is

a
t

m
o
st
O
∗ (
k
/m

lo
g
n

),
th

en
u

a
n

d
v

sh
a
re

a
u

n
iq

u
e

d
ic

ti
o
n

a
ry

el
em

en
t

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
fr

om
th

at
of

L
em

m
a

37
in

A
ro

ra
et

al
.

(2
01

5)
.

T
h
e

m
a
in

id
ea

is
to

se
p
ar

at
e

th
e

p
os

si
b
le

ca
se

s
of

h
ow

u
an

d
v

sh
ar

e
su

p
p

or
t

an
d

to
u
se

L
em

m
a

2
w

it
h

th
e

b
ou

n
d
ed

p
er

tu
rb

at
io

n
te

rm
s

to
co

n
cl

u
d
e

w
h
en
u

an
d
v

sh
ar

e
ex

ac
tl

y
on

e.
W

e
n
o
te

th
a
t

d
u
e

to
th

e
co

n
d
it

io
n

w
h
er

e
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Õ

(m
)

it
er

a
ti

o
n
s

in
ex

p
ec

ta
ti

on
to

es
ti

m
at

e
al

l
th

e
at

om
s,

h
en

ce
th

e
ex

p
ec

te
d

ru
n
n
in

g
ti

m
e

is
Õ
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n
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ro

p
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d

v
ia

T
h
eo
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m

5.
D

u
e
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va

ri
ou

s
p

er
tu

rb
a
ti

o
n

te
rm
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ĝ

is
on

ly
a

b
ia

se
d

es
ti

m
at

e
of
∇
A
L(
A
,X

);
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er
ef

or
e,

w
e

ca
n

on
ly

re
fi
n
e

th
e

es
ti

m
a
te

o
f
A
∗

u
n
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l
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e
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lu
m

n
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(√
k
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p
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d
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δ

=
O
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g
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lg
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2
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p
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d
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p
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p
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s
a
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d
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=
Θ

(m
/k

),
th
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∗ •i
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O

(√
k
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ρ
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se
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=
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=
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ĝ
s

=
1p ∑

pi=
1 (A

sx
(i)−

y
(i))sgn

(x
(i))

T
an

d
P
H

(G
)

=
H
◦
G

W
e

d
efer

th
e

fu
ll

p
ro

of
of

T
h
eorem

5
to

S
ection

D
.

In
th

is
section

,
w

e
take

a
step

tow
ard

s
u
n
d
ersta

n
d
in

g
th

e
algorith

m
b
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p
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m
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p
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.
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u
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r
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lts:

1
)

an
ex

p
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d
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=
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=
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i d

iag(q
ij )(A

s•−
i )
T
A
∗•
i /q
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=
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λ
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d
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d
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N
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e
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e
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.
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m
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a

6
S

u
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se
th
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t
A
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(δ,2)-n
ea
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∗

a
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d
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p
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i ),

th
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2
g
sR
,i
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(α
,1/

2α
,ε

2/α
)-co

rrela
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w
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A
∗R
,i ;

th
a
t

is

〈2g
sR
,i ,A

sR
,i −

A
∗R
,i 〉≥

α‖A
sR
,i −

A
∗R
,i ‖

2
+

1
/(2α

)‖g
sR
,i ‖

2−
ε
2/α

.

w
h
ere

δ
=
O
∗(1/

log
n

)
a
n

d
ε

=
O
(
k
2

m
n ).

F
u

th
erm

o
re,

th
e

d
escen

t
is

a
ch

ieved
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‖
A
s+

1
•
i
−
A
∗•
i ‖

2≤
(1−

2α
η
)
s‖A

0•
i −

A
∗•
i ‖

2
+
η
ε
2/α

.

P
ro

o
f

T
h
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gh
ou

t
th

e
p
ro

of,
w

e
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it
th

e
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p
erscrip

t
s

for
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p
licity

an
d

d
en

ote
2
α

=
p
i q
i .

F
irst,

w
e

rew
rite

g
s•i

as
a

com
b
in

ation
of

th
e

tru
e

d
irection

A
s•
i −

A
∗•
i

an
d

a
term

w
ith

sm
all

n
orm

:

g
R
,i

=
2α

(A
R
,i −

A
∗R
,i )

+
v
,

(2)

w
h
ere

v
=

2α
[(λ

i −
1)A

•
i

+
ε
i ]

w
ith

n
orm

b
ou

n
d
ed

.
In

fact,
sin

ce
A
•
i

is
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to
A
∗•
i ,

an
d

b
oth

h
ave

u
n
it

n
orm

,
th

en
‖2
α

(λ
i −

1)A
•
i ‖

=
α‖A

•
i −

A
∗•
i ‖

2
≤
α‖
A
•
i −

A
∗•
i ‖

an
d

‖ξ
i ‖
≤
O

(k
/n

)
from

th
e

in
eq

u
ality

(9).
T

h
erefore,

‖
v‖

=
‖
2α

(λ
i −

1)A
R
,i

+
2
α
ξ
i ‖
≤
α‖
A
R
,i −

A
∗R
,i ‖

+
ε

w
h
ere

ε
=
O

(k
2/m

n
).

N
ow

,
w

e
m

ake
u
se

of
(2)

to
sh

ow
th

e
fi
rst

p
art

of
L

em
m

a
6:

〈2
g
R
,i ,A

R
,i −

A
∗R
,i 〉

=
4α‖A

R
,i −

A
∗R
,i ‖

2
+
〈2v

,A
R
,i −

A
∗R
,i 〉.

(3)

W
e

w
an

t
to

low
er

b
ou

n
d

th
e

in
n
er

p
ro

d
u
ct

term
w

ith
resp

ect
to‖

g
R
i ,i ‖

2
an

d
‖A

R
,i −

A
∗R
,i ‖

2.
E

ff
ectively,

from
(2)4α〈v

,A
•
i −

A
∗•
i 〉

=
‖
g
R
,i ‖

2−
4
α

2‖A
R
,i −

A
∗R
,i ‖

2−
‖
v‖

2

≥
‖g
R
,i ‖

2−
6
α

2‖A
R
,i −

A
∗R
,i ‖

2−
2
ε
2,

(4)

w
h
ere

th
e

last
step

is
d
u
e

to
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality

:‖v‖
2≤

2(α
2‖
A
R
,i −

A
∗R
,i ‖

2
+
ε
2).

S
u
b
stitu

te
2〈v

,A
•
i −

A
∗•
i 〉

in
(3)

for
th

e
righ

t
h
an

d
sid

e
of

(4),
w

e
get

th
e

fi
rst

resu
lt:

〈2
g
R
,i ,A

R
,i −

A
∗R
,i 〉≥

α‖
A
R
,i −

A
∗R
,i ‖

2
+

12
α ‖
g
R
,i ‖

2−
ε
2α
.

T
h
e

secon
d

p
art

is
d
irectly

follow
ed

from
T

h
eorem

1.
M

oreover,
w

e
h
av

e
p
i

=
Θ

(k
/m

)
an

d
q
i

=
Θ

(1),
th

en
α

=
Θ

(k
/m

),
β

=
Θ

(m
/k

)
an

d
γ
s

=
O

(k
3/m

n
2).

T
h
en

g
sR
,i

is

(Ω
(k
/m

),Ω
(m
/k

),O
(k

3/m
n

2))-correlated
w

ith
th

e
tru

e
solu

tion
A
∗R
,i .

�
P

ro
o
f

[P
ro

of
of

T
h
eorem

6]
T

h
e

d
escen

t
in

T
h
eorem

6
d
irectly

follow
s

from
th

e
ab

ove
lem

m
a.

N
ex

t,
w

e
w

ill
estab

lish
th

e
n
earn
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for

th
e

u
p

d
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ra
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∗ ‖
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∗ ‖
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=
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−
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=
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p
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Õ
(k

3/m
2).

U
n
d
er

A
ssu

m
p
tion

k
=
O
∗(
√
n

lo
g
n

),
th

en
Õ

(k
3/m

2)≤
O
∗(k

/m
log

2
n

).
A

s
a

resu
lt,

th
e

tw
o

term
s

ab
ove

are
b

ou
n
d
ed

b
y

th
e

sam
e

am
ou

n
t
O
∗(k

/m
log

n
)

w
.h

.p
.,

so
w

e
com

p
lete

th
e

p
ro

of
of

th
e

claim
.

�

C
la

im
5

In
th

e
d
eco

m
po

sitio
n

(5
),|E

3 |,|E
5 |,|E

7 |
a
n

d
|E

9 |
a
re

a
t

m
o
st
O
∗(k

/m
log

2
n

).

P
ro

o
f

R
ecall

th
at

E
[x

2i |S
]

=
1

an
d
q
i

=
P

[i∈
S

]
=

Θ
(k
/m

)
for

S
=

su
p
p
(x
∗),

th
en

E
3

=
E

[〈x
∗,β〉〈x

∗,β
′〉ε

2l ]
=
σ

2ε E
S [E

x
∗|S

[ ∑i,j∈
S

β
i β
′j x
∗i x
∗j ] ]

=
σ

2ε E
S

[ ∑i∈
S

β
i β
′i ]

=
∑

i

σ
2ε q
i β
i β
′i

D
en

ote
Q

=
d
iag(q

1 ,q
2 ,...,q

m
),

th
en
|E

3 |
=
|σ

2ε 〈Q
β
,β
′〉|≤

σ
2ε ‖
Q
‖‖β‖‖β

′‖
≤
Õ
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•
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ê
=
q i
c i
β
iβ
′ iA
∗ R
,i
◦A
∗ R
,i

+
p

er
tu

rb
at

io
n

te
rm

s
+

(ê
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Õ

( √
k
)

w
.h

.p
.

an
d

h
en

ce
‖A
∗
T
•
S
u‖
≤
‖
A
∗
T
•
S ‖‖u‖

≤
O

( √
k
)

w
ith

h
ig

h
p
ro

b
a
b
ility.

S
in

ce
u

an
d
x
∗

are
in

d
ep

en
d
en

t
su

b
-G

au
ssian

an
d
〈x
∗S
,A
∗
T
•
S
u〉

are
su

b
-

ex
p

o
n
en

tia
l

w
ith

varian
ce

at
m

ost
O

( √
k
),|〈x

∗S
,A
∗
T
•
S
u〉|≤

Õ
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Õ

( √
k
)

w
.h

.p
.

C
on

seq
u
en

tly,|〈y
,u〉|≤

Õ
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Õ

(k
r)

an
d

va
ri

an
ce
σ

2
=
Õ
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ĝ
s

is
(α
,β
,γ
s
)-

co
rr

el
at

ed
-w

h
p

w
it

h
A
∗

w
it

h
γ
s
≤
O

(k
2
/m

n
)

+
α
o(
δ2 s

)
,

an
d

2)
sh

ow
th

at
th

e
n
ea

rn
es

s
is

p
re

se
rv

ed
at

ea
ch

it
er

at
io

n
.

T
h
es

e
co

rr
es

p
on

d
to

sh
ow

in
g

th
e

fo
ll
ow

in
g

le
m

m
as

:

L
e
m

m
a

1
3

A
t

it
er

a
ti

o
n
s

o
f

A
lg

o
ri

th
m

2
,

su
p
po

se
th

a
t
A
s

h
a
s

ea
ch

co
lu

m
n

co
rr

ec
tl

y
su

p
-

po
rt

ed
a
n

d
is

(δ
s
,2

)-
n

ea
r

to
A
∗

a
n

d
th

a
t
η

=
O

(m
/k

).
D

en
o
te
R

=
su

p
p
(A

s •i
),

th
en

th
e

u
pd

a
te
ĝ
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n
s

o
f

A
lg

o
ri

th
m

2
,

su
p
po

se
th

a
t
A
s

h
a
s

ea
ch

co
lu

m
n

co
rr

ec
tl

y
su

p
-

po
rt

ed
a
n

d
is

(δ
s
,2

)-
n

ea
r

to
A
∗ .

F
o
r
R

=
su

p
p
(A

s i
)

=
su

p
p
(A
∗ i)

,
th

en
‖ĝ
s R
,i
−
g
s R
,i
‖
≤

O
(k
/m

)
·(
o(
δ s

)
+
O

(ε
s
))

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

fo
r
δ s

=
O
∗ (

1/
lo

g
n

)
a
n

d
ε s

=
O

(√
k
/
n

)
w

h
en

p
=

Ω̃
(m

+
σ

2 ε
m
n
r

k
).

T
o

p
ro

ve
th

is
le

m
m

a,
w

e
st

u
d
y

th
e

co
n
ce

n
tr

at
io

n
of
ĝ
s R
,i
,
w

h
ic

h
is

a
su

m
of

ra
n
d
o
m

v
ec

to
r

of
th

e
fo

rm
(y
−
A
x

) R
sg

n
(x
i)

.
W

e
co

n
si

d
er

ra
n
d
om

va
ri

ab
le
Z
,

(y
−
A
x

) R
sg

n
(x
i)
|i
∈
S

,
w

it
h
S

=
su

p
p
(x
∗ )

an
d
x

=
th

re
sh

ol
d
C
/
2
(A

T
y
).

T
h
en

,
u
si

n
g

th
e

fo
ll
ow

in
g

te
ch

n
ic

a
l

le
m

m
a

to
b
ri

d
ge

th
e

ga
p

in
co

n
ce

n
tr

at
io

n
of

th
e

tw
o

va
ri

ab
le

s.
W

e
ad

op
t

th
is

st
ra

te
g
y

fr
o
m

A
ro

ra
et

al
.

(2
01

5)
fo

r
ou

r
p
u
rp

os
e.

C
la

im
1
1

S
u

p
po

se
th

a
t
Z

(1
) ,
Z

(2
) ,
..
.,
Z

(N
)

a
re

i.
i.

d
.

sa
m

p
le

s
o
f

th
e

ra
n

d
o
m

va
ri

a
bl

e
Z

=
(y
−
A
x

) R
sg

n
(x
i)
|i
∈
S

.
T

h
en

,

∥ ∥ ∥
1 N

N ∑ j=
1

Z
(j

)
−

E[
Z

]∥ ∥ ∥
≤
o(
δ s

)
+
O

(ε
s
)

(1
2
)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

w
h
en

N
=

Ω̃
(k

+
σ

2 ε
n
r)

,
δ s

=
O
∗ (

1/
lo

g
n

)
a
n

d
ε s

=
O

(√
k
/
n

).

P
ro

o
f

[P
ro

of
of

L
em

m
a

15
]

O
n
ce

w
e

h
av

e
d
on

e
th

e
p
ro

o
f

of
C

la
im

11
,

w
e

ca
n

ea
si

ly
p
ro

ve
L

em
m

a
15

.
W

e
re

cy
cl

e
th

e
p
ro

of
of

L
em

m
a

43
in

A
ro

ra
et

al
.

(2
01

5)
.

W
ri

te
W

=
{j

:
i
∈

su
p
p
(x
∗(
j)

)}
an

d
N

=
|W
|,

th
en

ex
p
re

ss
ĝ R

,i
as

ĝ R
,i

=
N p

1 N

∑ j

(y
(j

)
−
A
x

(j
) ) R

sg
n
(x

(j
)

i
),

w
h
er

e
1 |W
|∑

j
(y

(j
) −
A
x

(j
) )
R

sg
n
(x

(j
)

i
)

is
d
is

tr
ib

u
te

d
as

1 N

∑
N j=

1
Z

(j
)

w
it

h
N

=
|W
|.

N
o
te

th
at

E[
(y
−
A
x

) R
sg

n
(x
i)

]
=

E[
(y
−
A
x

) R
sg

n
(x
i)

1
i∈
S

]
=

E[
Z

]P
[i
∈
S

]
=
q i
E[
Z

]
w

it
h
q i

=
Θ

(k
/
m

).
F

ol
lo

w
in

g
C

la
im

1
1,

w
e

h
av

e

‖ĝ
s R
,i
−
g
s R
,i
‖
≤
O

(k
/m

)∥ ∥ ∥
1 N

N ∑ j=
1

Z
(j

)
−

E[
Z

]∥ ∥ ∥
≤
O

(k
/m

)
·(
o(
δ s

)
+
O

(ε
s
))
,

h
ol

d
s

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
as
p

=
Ω

(m
N
/k

).
S
u
b
st

it
u
ti

n
g
N

in
C

la
im

11
,

w
e

o
b
ta

in
th

e
re

su
lt

s
in

L
em

m
a

15
.

�
P

ro
o
f

[P
ro

of
of

C
la

im
11

]
W

e
ar

e
n
ow

re
ad

y
to

p
ro

ve
th

e
cl

ai
m

.
W

h
at

w
e

n
ee

d
a
re

g
o
o
d

b
ou

n
d
s

fo
r
‖Z
‖

an
d

it
s

va
ri

an
ce

,
th

en
w

e
ca

n
ap

p
ly

B
er

n
st

ei
n
’s

in
eq

u
al

it
y

in
L

em
m

a
9

fo
r

th
e

tr
u
n
ca

te
d

ve
rs

io
n

of
Z

,
th

en
Z

is
al

so
co

n
ce

n
tr

at
es

li
k
ew

is
e.

C
la

im
1
2
‖Z
‖
≤
R

h
o
ld

s
w

it
h

h
ig

h
p
ro

ba
bi

li
ty

fo
r
R

=
Õ

(δ
s

√
k

+
µ
k
/√

n
+
σ
ε
√
r)

w
it

h
δ s

=
O
∗ (

1/
lo

g
n

).

34
JM

L
R

 2
0(

14
1)

:1
-4

3,
 2

01
9



P
r
o
v
a
b
ly

A
c
c
u
r
a
t
e
D
o
u
b
l
e
-S
pa

r
se

C
o
d
in
g

P
ro

o
f

F
ro

m
th

e
gen

erative
m

o
d
el

an
d

th
e

su
p
p

ort
con

sisten
cy

of
th

e
en

co
d
in

g
step

,
w

e
h
ave

y
=
A
∗x
∗

+
ε

=
A
∗•
S
x
∗S

+
ε

an
d
x
S

=
A
T•
S
y

=
A
T•
S
A
∗•
S
x
∗S

+
A
T•
S
ε.

T
h
en

,

(y−
A
x

)
R

=
(A
∗R
,S
x
∗S

+
ε
R

)−
A
R
,S
A
T•
S
A
∗•
S
x
∗S
−
A
R
,S
A
T•
S
ε

=
(A
∗R
,S
−
A
R
,S

)x
∗S

+
A
R
,S

(I
k −

A
T•
S
A
∗•
S

)x
∗S

+
(I
n −

A
•
S
A
T•
S

)
R
• ε.

U
sin

g
th

e
fa

ct
th

at
x
∗S

an
d
ε

are
su

b
-G

au
ssian

a
n
d

th
at‖

M
w‖
≤
Õ

(σ
w ‖M

‖
F

)
h
o
ld

s
w

ith
h
ig

h
p
ro

b
a
b
ility

for
a

fi
x
ed

M
an

d
a

su
b
-G

au
ssian

w
of

varian
ce
σ

2w
,

w
e

h
ave

‖(y−
A
x

)
R

sg
n
(x
i )‖
≤
Õ

(‖
A
∗R
,S −

A
R
,S ‖

F
+
‖
A
R
,S

(I
k −

A
T•
S
A
∗•
S

)‖
F

+
σ
ε ‖

(I
n −

A
•
S
A
T•
S

)
R
• ‖
F

).

N
ow

,
w

e
n
eed

to
b

ou
n
d

th
ose

F
rob

en
iu

s
n
orm

s.
T

h
e

fi
rst

q
u
an

tity
is

easily
b

ou
n
d
ed

as

‖
A
∗R
,S
−
A
R
,S ‖

F
≤
‖A
∗•
S
−
A
•
S ‖

F
≤
δ
s √
k
,

(13)

sin
ce
A

is
δ
s -close

to
A
∗.

T
o

h
an

d
le

th
e

oth
er

tw
o,

w
e

u
se

th
e

fact
th

at‖U
V
‖
F
≤
‖U
‖‖V
‖
F

.
U

sin
g

th
is

fa
ct

for
th

e
secon

d
term

,
w

e
h
ave

‖A
R
,S

(I
k −

A
T•
S
A
∗•
S

)‖
F
≤
‖A

R
,S ‖‖(I

k −
A
T•
S
A
∗•
S

)‖
F
,

w
h
ere
‖
A
R
,S ‖
≤
‖A

R
• ‖
≤
O

(1)
d
u
e

to
th

e
n
earn

ess.
T

h
e

secon
d

p
art

is
rearran

ged
to

tak
e

a
d
va

n
ta

g
e

o
f

th
e

closen
ess

an
d

in
coh

eren
ce

p
rop

erties:

‖
I
k −

A
T•
S
A
∗•
S ‖

F
≤
‖I
k −

A
∗
T
•
S
A
∗•
S
−

(A
•
S
−
A
∗•
S

)
T
A
∗•
S ‖

F

≤
‖I
k −

A
∗
T
•
S
A
∗•
S ‖

F
+
‖(A

•
S
−
A
∗•
S

)
T
A
∗•
S ‖

F

≤
‖I
k −

A
∗
T
•
S
A
∗•
S ‖

F
+
‖A
∗•
S ‖‖A

•
S
−
A
∗•
S ‖

F

≤
µ
k
/ √

n
+
O

(δ
s √
k
),

w
h
ere

w
e

h
av

e
u
sed
‖I
k −

A
∗
T
•
S
A
∗•
S ‖

F
≤
µ
k
/ √

n
b

ecau
se

of
th

e
µ

-in
coh

eren
ce

of
A
∗,‖A

•
S −

A
∗•
S ‖

F
≤
δ
s √
k

in
(13)

an
d
‖A
∗•
S ‖
≤
‖A
∗‖
≤
O

(1).
A

ccord
in

gly,
th

e
secon

d
F

rob
en

iu
s

n
o
rm

is
b

o
u
n
d
ed

b
y

‖
A
R
,S

(I
k −

A
T•
S
A
∗•
S

)‖
F
≤
O
(µ
k
/ √

n
+
δ
s √
k ).

(14)

T
h
e

n
o
ise

term
is

h
an

d
led

u
sin

g
th

e
eigen

-d
ecom

p
osition

U
Λ
U
T

of
A
•
S
A
T•
S

,
th

en
w

ith
h
igh

p
ro

b
a
b
ility

‖
(I
n −
A
•
S
A
T•
S

)
R
• ‖
F

=
‖
(U
U
T−

U
Λ
U
T

)
R
• ‖
F

=
‖
U
R
• (I

n −
Λ

)‖
F
≤
‖I
n −

Λ‖‖U
R
• ‖
F
≤
O

( √
r),

(15)
w

h
ere

th
e

la
st

in
eq

u
ality

‖
I
n −

Λ‖
≤
O

(1)
follow

s
b
y
‖
A
•
S ‖
≤
‖
A‖
≤
‖A
−
A
∗‖

+
‖
A
∗‖
≤

3‖A
∗‖
≤
O

(1
)

d
u
e

to
th

e
n
earn

ess.
P

u
ttin

g
(13),

(14)
an

d
(15)

to
geth

er,
w

e
o
b
tain

th
e

b
o
u
n
d
s

in
C

la
im

12.
�

N
ex

t,
w

e
d
eterm

in
e

a
b

ou
n
d

for
th

e
va

rian
ce

of
Z

.

C
la

im
1
3

E
[‖Z‖

2]
=

E
[‖

(y
−
A
x

)
R

sgn
(x
i )‖

2|i∈
S

]≤
σ

2
h
o
ld

s
w

ith
h
igh

p
ro

ba
bility

fo
r

σ
2

=
O

(δ
2s k

+
k

2/n
+
σ

2ε r)
w

ith
δ
s

=
O
∗(1/

lo
g
n

).
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N
g
u
y
e
n
,
W

o
n
g
,
a
n
d

H
e
g
d
e

P
ro

o
f

W
e

ex
p
licitly

calcu
late

th
e

varian
ce

u
sin

g
th

e
fact

th
at
x
∗S

is
con

d
ition

ally
in

d
ep

en
-

d
en

t
given

S
,

an
d

so
is
ε.
x
∗S

an
d
ε

a
re

also
in

d
ep

en
d
en

t
an

d
h
ave

zero
m

ean
.

T
h
en

w
e

can
d
ecom

p
ose

th
e

n
orm

in
to

th
ree

term
s

in
w

h
ich

th
e

d
ot

p
ro

d
u
ct

is
zero

in
ex

p
ecta

tion
an

d
th

e
oth

ers
can

b
e

sh
orten

ed
u
sin

g
th

e
fact

th
at
E

[x
∗S
x
∗
T
S

]
=
I
k ,
E

[εε
T

]
=
σ
ε I
n
.

E
[‖

(y−
A
x

)
R

sgn
(x
i )‖

2|i∈
S

]
=

E
[‖(A

∗R
,S
−
A
R
,S
A
T•
S
A
∗•
S

)x
∗S

+
(I
n −

A
•
S
A
T•
S

)
R
· ε‖

2|i∈
S

]]

=
E

[‖
A
∗R
,S
−
A
R
,S
A
T•
S
A
∗•
S ‖

2F |i∈
S

]+
σ

2ε E
[‖I

n −
A
•
S
A
T•
S

)
R
• ‖

2F |i∈
S

].

T
h
en

,
b
y

re-w
ritin

g
A
∗R
,S −

A
R
,S
A
T•
S
A
∗•
S

as
b

efore,
w

e
get

th
e

form
(A
∗R
,S −

A
R
,S

)+
A
R
,S

(I
k −

A
T•
S
A
∗•
S

)
in

w
h
ich

th
e

fi
rst

term
h
as

n
orm

b
ou

n
d
ed

b
y
δ
s √
k
.

T
h
e

secon
d

is
fu

rth
er

d
ecom

-
p

osed
as

E
[‖
A
R
,S

(I
k −

A
T•
S
A
∗•
S

)‖
2F |i∈

S
]≤

su
pS
‖
A
R
,S ‖

2E
[‖
I
k −

A
T•
S
A
∗•
S ‖

2F |i∈
S

],
(16)

w
h
ere

su
p
S ‖
A
R
,S ‖
≤
‖A

R
• ‖
≤
O

(1).
W

e
w

ill
b

ou
n
d
E

[‖
I
k −

A
T•
S
A
∗•
S ‖

2F |i∈
S

]≤
O

(k
δ

2s )
+

O
(k

2/n
)

u
sin

g
th

e
p
ro

of
from

A
rora

et
al.

(20
15):

E
[‖I

k −
A
T•
S
A
∗•
S ‖

2F |i∈
S

]
=

E
[ ∑j∈

S

(1−
A
T•
j A
∗•
j )

2
+
∑j∈
S ‖A

T•
j A
∗•
,−
j ‖

2|i∈
S

]

=
E

[ ∑j∈
S

14 ‖
A
•
j −

A
∗•
j ‖

2]+
q
ij ∑j6=

i ‖A
T•
j A
∗•
,−
j ‖

2
+
q
i ‖
A
T•
i A
∗•
,−
i ‖

2
+
q
i ‖
A
T•
,−
i A
∗•
i ‖

2,

w
h
ere

A
•
,−
i

is
th

e
m

atrix
A

w
ith

th
e
i-th

colu
m

n
rem

oved
,
q
ij
≤
O

(k
2/m

2)
an

d
q
i
≤

O
(k
/m

).
F

or
an

y
j

=
1,2,...,m

,

‖A
T•
j A
∗•
,−
j ‖

2
=
‖A
∗
T

•
j
A
∗•
,−
j

+
(A
•
j −

A
∗•
j )
T
A
∗•
,−
j ‖

2

≤
∑l6=
j 〈A

∗•
j ,A

∗•
l 〉

2
+
‖(A

•
j −

A
∗•
j )
T
A
∗•
,−
j ‖

2

≤
∑l6=
j 〈A

∗•
j ,A

∗•
l 〉

2
+
‖A
•
j −

A
∗•
j ‖

2‖A
∗•
,−
j ‖

2≤
µ

2
+
δ

2s .

T
h
e

last
in

eq
u
ality

in
vok

es
th

e
µ

-in
coh

eren
ce,

δ-closen
ess

an
d

th
e

sp
ectral

n
orm

of
A
∗.

S
im

ilarly,
w

e
com

e
u
p

w
ith

th
e

sam
e

b
ou

n
d

for‖
A
T•
i A
∗•
,−
i ‖

2
an

d
‖
A
T•
,−
i A
∗•
i ‖

2.
C

on
seq

u
en

tly,

E
[‖I

k −
A
T•
S
A
∗•
S ‖

2F |i∈
S

]≤
O

(k
δ

2s )
+
O

(k
2/
n

).
(17)

F
or

th
e

last
term

,
w

e
in

voke
th

e
in

eq
u
ality

(15)
(C

laim
12)

to
get

E
[‖

(I
n −

A
•
S
A
T•
S

)
R
• ‖

2F |i∈
S

]≤
r

(18)

P
u
ttin

g
(16),

(17)
an

d
(18)

togeth
er

an
d

u
sin

g
‖A

R
• ‖
≤

1
,

w
e

o
b
tain

th
e

varian
ce

b
ou

n
d

of
Z

:
σ

2
=
O

(δ
2s k

+
k

2/n
+
σ

2ε r)
w

ith
δ
s

=
O
∗(1/

log
n

)
.

F
in

ally,
w

e
com

p
lete

th
e

p
ro

of.�
W

e
n
ow

ap
p
ly

tru
n
cated

B
ern

stein
’s

in
eq

u
ality

to
th

e
ran

d
o
m

variab
le
Z

(j)(1−
1‖
Z
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ĝ
s
,

w
e

ag
ai

n
ap

p
ly

m
at

ri
x

B
er

n
st

ei
n
’s

in
eq

u
al

it
y

to
b

ou
n
d
‖P

H
(g
s
)−
P H

(ĝ
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h
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at
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b
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h
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p
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at
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⊂
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b
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d
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∈
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p
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at
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b
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p
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∈
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at
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b
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∑
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∑
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p
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b
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p
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b
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p
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p
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p
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∑
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b
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g
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+
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d
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h
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ge
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|).
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p
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in
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c
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n
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d
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u
e

in
m

ac
h
in
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b
ef

or
e

p
re

d
ic

ti
on

,
cl

as
si

fi
ca

ti
on

or
cl

u
st

er
in
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b
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at
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p
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b
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b
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b
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p
al

co
m

p
o
n
en

ts
a
m

o
u
n
ts

to
fi
n
d
in

g
th

e
b
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N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

H
ow

ever,
w

h
en

th
e

sam
p
le

size
is

large,
th

e
storage

of
th

e
kern

el
m

atrix
itself

b
ecom

es
ch

a
llen

g
in

g.
C

o
n
sid

er
th

e
ex

am
p
le

w
h
en

th
e

d
im

en
sion

d
is

in
th

ou
san

d
s

w
h
ile

th
e

sam
p
le

size
n

is
in

m
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s.
T

h
e

m
em

ory
cost

for
th

e
d
ata

m
atrix

is
d×

n
an

d
th

u
s
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b
illion

s,
w

h
ile

th
e

m
em

o
ry
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st

for
th

e
k
ern

el
m

atrix
M

is
in

trillion
s!

O
n

th
e

oth
er

h
a
n
d
,

if
n
ot

storin
g

M
,

th
e

im
p
lem

en
tation

of
stan

d
ard

iterativ
e

algorith
m

s
of

S
V

D
w

ill
in

volv
e

on
e

p
ass

of
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m
p
u
tin

g
a
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en
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M
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iteration
,

u
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w
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form
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p
u
tation
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O
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2d
).
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n
a
tu
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q
u
estion
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H

o
w

to
fi

n
d
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w

-ra
n

k
a
p
p
ro

xim
a
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n
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o
f
M

m
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o
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T
h
e
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g
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o
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g
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e

m
ost

w
ell-k

n
ow

n
m

em
ory

-effi
cien

t
kern

el
P

C
A

m
eth

-
o
d
s

in
th

e
literatu

re.
O

n
e

is
N

y
ström

m
eth

o
d
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d
S
eeger,
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w
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to
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en
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g
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n
d
o
m
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l
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m

n
s
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e
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el
m
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,
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n
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p
rox

-
im

a
tio
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b
a
sed

on
th

ese
colu

m
n
s.

In
ord

er
to
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p
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en
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S
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D
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d
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b
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o
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o
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H
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n
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b
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In
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w

e
are
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a

m
eth

o
d

w
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d
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b
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em
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p
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ory
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cien
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o
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en
t
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eters
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d
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:
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fi
rst
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Ω
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to
follow

an
E

rd
ős-R
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y
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h
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p
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n
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secon
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(1)
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p
lem

en
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ien
t
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t
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A
n
y
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m
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u
m

o
f

(1
),
X̂
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is
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of

ap
p
rox

im
a
te

kern
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C

A
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th
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>
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d
ex

set
Ω

an
d
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M
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,
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e
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w
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e
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h
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b
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er-iteration
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con
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b
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b
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g

sign
al

m
a
trix

is
assu

m
ed

to
b

e
ex

actly
low

-ran
k

in
Y

i
et

al.
(2016)

w
h
ile

w
e

m
ak

e
n
o

assu
m

p
tion

s
on

th
e

p
ositiv

e
sem

id
efi

n
ite

kern
el

m
atrix

M
.

E
n
try

-sam
p
lin

g
h
as

b
een

p
rop

osed
in

A
ch

liop
ta

s
et

al.
(2002

);
A

ch
liop

tas
an

d
M

cS
h
erry

(2007)
for

scalab
le

low
-ran

k
ap

p
rox

im
ation

.
In

p
articu

lar,
it

is
u
sed

to
sp

eed
u
p

kern
el

P
C

A
in

A
ch

liop
tas

et
al.

(2002),
b
u
t

sp
ectral

m
eth

o
d
s

are
su

b
seq

u
en

tly
em

p
loyed

after
en

tries
sam

p
lin

g
as

op
p

osed
to

n
on

con
vex

op
tim

ization
.

E
m

p
irical

com
p
arison

s
b

etw
een

sp
ectral

m
eth

o
d
s

an
d

n
on

con
vex

op
tim

ization
w

ill
b

e
d
em

on
strated

in
S
ection

3
.

It
is

also
n
otew

orth
y

th
at

m
atrix

com
p
letion

tech
n
iq

u
es

h
ave

b
een

ap
p
lied

to
certain

kern
el

m
atrices

w
h
en

it
is

costly
to

gen
erate

each
sin

gle
en

try
(G

raep
el,

2002;
P

aisley
an

d
C

arin
,

2010),
w

h
erein

th
e

p
rop

osed
m

eth
o
d
s

are
n
ot

m
em

ory
-effi

cien
t.

In
con

trast,
ou

r
m

eth
o
d

is
m

em
ory

-effi
cien

t
in

ord
er

to
serve

a
d
iff

eren
t

p
u
rp

ose.

1
.2

.
R

e
la

te
d

w
o
rk

a
n

d
o
u

r
c
o
n
trib

u
tio

n
s

In
recen

t
years,

a
series

of
p
ap

ers
h
ave

b
een

p
rop

osed
to

stu
d
y

n
on

con
vex

m
atrix

com
p
letion

(see,
e.g.,

R
en

n
ie

an
d

S
reb

ro,
2005;

K
esh

avan
et

al.,
2010

b
,a;

J
ain

et
al.,

2013;
Z

h
ao

et
al.,

2015;
S
u
n

an
d

L
u
o,

2016;
C

h
en

an
d

W
ain

w
righ

t,
2015;

Y
i

et
al.,

2016;
Z

h
en

g
an

d
L

aff
erty

,
2016;

G
e

et
al.,

2016,
2017).

In
terested

read
ers

are
referred

to
B

alcan
et

al.
(2017),

w
h
ere

req
u
ired

sam
p
lin

g
rates

in
th

ese
p
ap

ers
are

su
m

m
a
rized

in
T

ab
le

1
th

erein
.

C
om

p
ared

to
con

vex
ap

p
roach

es
for

m
atrix

com
p
letion

(e.g.,
C

an
d
ès

an
d

R
ech

t,
2009),

th
ese

n
on

con
vex

ap
p
roach

es
are

n
ot

on
ly

m
ore

com
p
u
tation

ally
effi

cien
t,

b
u
t

also
m

ore
con

ven
ien

t
in

storin
g.

F
or

th
e

sam
e

reason
,

n
on

con
v
ex

op
tim

ization
ap

p
roach

es
h
ave

also
b

een
in

v
estigated

for
oth

er
low

-ran
k

recovery
p
rob

lem
s

in
clu

d
in

g
p
h
ase

retirval
(e.g.,

C
an

d
es

et
al.,

2
015;

S
u
n

et
al.,

2018;
C

ai
et

al.,
2016),

m
atrix

sen
sin

g
(e.g.,

Z
h
en

g
an

d
L

aff
erty

,
2015;

T
u

et
al.,

2015),
b
lin

d
d
econ

volu
tion

(e.g.,
L

i
et

al.,
2
018),

etc.

O
u
r

p
resen

t
w

ork
follow

s
th

e
fram

ew
o
rk

of
lo

cal
m

in
im

u
m

an
aly

sis
for

n
on

co
n
vex

op
-

tim
ization

in
th

e
literatu

re.
F

or
ex

am
p
le,

B
ald

i
an

d
H

orn
ik

(1989)
h
as

d
escrib

ed
th

e
n
on

-
con

vex
lan

d
scap

e
of

th
e

q
u
ad

ratic
loss

for
P

C
A

.
L

oh
an

d
W

ain
w

righ
t

(2015)
stu

d
ies

th
e

lo
cal

m
in

im
a

of
regu

larized
M

-estim
ators.

S
u
n

et
al.

(2018)
stu

d
ies

th
e

glob
al

geom
etry

of
th

e
p
h
ase

retrieval
p
rob

lem
.

T
h
e

con
d
ition

s
for

n
o

sp
u
riou

s
lo

cal
m

in
im

a
h
ave

b
een

in
ves-

tigated
in

B
h
o

jan
ap

alli
et

al.
(2016)

an
d

G
e

et
al.

(2016)
for

n
on

con
vex

m
atrix

sen
sin

g
an

d
com

p
letion

,
resp

ectiv
ely.

T
h
e

glob
al

geom
etry

of
n
on

con
vex

ob
jective

fu
n
ction

s
w

ith
u
n
d
er-

ly
in

g
sy

m
m

etric
stru

ctu
res,

in
clu

d
in

g
low

-ran
k

sy
m

m
etric

m
atrix

factoriza
tion

an
d

sen
sin

g,
h
as

b
een

stu
d
ied

in
L

i
et

al.
(2016a).

G
lob

al
geom

etry
of

rectan
gu

lar
m

atrix
factorization

an
d

sen
sin

g
is

stu
d
ied

Z
h
u

et
al.

(2017),
w

h
ere

th
e

issu
es

of
u
n
d
er-p

aram
eterization

an
d

over-p
aram

eterization
h
ave

b
een

in
vestigated

.
S
im

ilar
an

aly
sis

h
as

b
een

ex
ten

d
ed

to
g
en

eral
low

-ran
k

op
tim

ization
p
rob

lem
s

in
L

i
et

al.
(2017).

M
a
trix

factorization
is

fu
rth

er
stu

d
ied

in
J
in

et
al.

(2017)
w

ith
a

n
ovel

geom
etric

ch
aracterization

of
sad

d
le

p
oin

ts,
an

d
th

is
id

ea
is

later
ex

ten
d
ed

in
G

e
et

al.
(2017),

w
h
ere

a
u
n
ifi

ed
geom

etric
an

aly
sis

fram
ew

ork
is

p
rop

osed
to

stu
d
y

th
e

lan
d
scap

es
of

n
on

con
v
ex

m
atrix

sen
sin

g,
m

atrix
com

p
letion

an
d

rob
u
st

P
C

A
.

A
m

on
g

th
ese

resu
lts,

G
e

et
al.

(2
016)

an
d

G
e

et
a
l.

(2
017)

are
h
igh

ly
relevan

t
to

ou
r

w
ork

in
b

oth
m

eth
o
d
ological

an
d

tech
n
ical

term
s.

In
fact,

ex
actly

th
e

sa
m

e
n
on

con
vex

op
tim

ization
p
rob

lem
(1)

h
as

b
een

stu
d
ied

in
G

e
et

al.
(2016,

2017)
for

m
atrix

co
m

p
letion

from
m

issin
g

d
ata.

T
o

b
e

sp
ecifi

c,
th

ese
p
ap

ers
sh

ow
th

at
an

y
lo

cal
m

in
im

u
m
X̂

y
ield

s
M

=

4
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L
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N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

X̂
X̂
>

,
as

lo
n
g

as
M

is
ex

ac
tl

y
ra

n
k
-r

,
th

e
co

n
d
it

io
n

n
u
m

b
er
κ
r

: =
σ

1
/σ

r
is

w
el

l-
b

ou
n
d
ed

,
th

e
in

co
h
er

en
ce

p
ar

am
et

er
of

th
e

ei
ge

n
sp

ac
e

of
M

is
w

el
l-

b
ou

n
d
ed

,
an

d
th

e
sa

m
p
li
n
g

ra
te

is
gr

ea
te

r
th

an
a

fu
n
ct

io
n

of
th

es
e

q
u
an

ti
ti

es
.

T
h
e

ca
se

w
it

h
a
d
d
it

iv
e

st
o
ch

as
ti

c
n
oi

se
h
as

al
so

b
ee

n
d
is

cu
ss

ed
in

G
e

et
al

.
(2

01
6)

.

In
co

n
tr

as
t,

ou
r

p
ap

er
st

u
d
ie

s
th

e
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

of
X̂
X̂
>

w
it

h
n

o
a
ss

u
m

p
ti

o
n

s
on
M

.
T

h
er

e
ar

e
ac

tu
al

ly
tw

o
q
u
es

ti
on

s
of

in
te

re
st

:
h
ow

cl
os

e
X̂
X̂
>

is
fr

om
M

,
an

d
h
ow

cl
os

e
X̂
X̂
>

is
fr

om
M

r
(r

ec
al

l
th

at
M

r
is

th
e

b
es

t
ra

n
k
-r

ap
p
ro

x
im

at
io

n
o
f
M

b
y

sp
ec

tr
al

tr
u
n
ca

ti
on

).
In

co
m

p
ar

is
on

to
G

e
et

al
.

(2
01

6,
20

17
),

ou
r

m
ai

n
co

n
tr

ib
u
ti

on
s

to
b

e
in

tr
o
d
u
ce

d
in

th
e

n
ex

t
se

ct
io

n
in

cl
u
d
e

th
e

fo
ll
ow

in
g:

•
O

u
r

m
ai

n
re

su
lt

T
h
eo

re
m

2
th

at
ch

ar
ac

te
ri

ze
s

h
ow

w
el

l
a
n
y

lo
ca

l-
m

in
im

u
m

b
as

ed
ra

n
k
-

r
fa

ct
or

iz
at

io
n
X̂
X̂
>

ap
p
ro

x
im

at
es
M

or
M

r
re

q
u
ir

es
n
o

as
su

m
p
ti

on
s

im
p

os
ed

on
M

re
ga

rd
in

g
it

s
ra

n
k
,
ei

ge
n
va

lu
es

an
d

ei
g
en

ve
ct

or
s.

T
h
e

sa
m

p
li
n
g

ra
te

is
on

ly
re

q
u
ir

ed
to

sa
ti

sf
y
p
>
C

(l
og
n
/n

)
fo

r
so

m
e

ab
so

lu
te

co
n
st

an
t
C

.
T

h
er

ef
or

e,
fo

r
ap

p
li
ca

ti
on

s
su

ch
as

m
em

or
y
-e

ffi
ci

en
t

ke
rn

el
P

C
A

,
ou

r
fr

am
ew

or
k

p
ro

v
id

es
m

or
e

su
it

ab
le

gu
id

el
in

es
th

an
G

e
et

al
.

(2
01

6,
20

17
).

In
fa

ct
,

ke
rn

el
m

at
ri

ce
s

ar
e

in
ge

n
er

al
of

fu
ll

ra
n
k

an
d

th
ei

r
co

n
d
it

io
n

n
u
m

b
er

s
an

d
in

co
h
er

en
ce

p
ar

am
et

er
s

m
ay

n
ot

sa
ti

sf
y

th
e

st
ro

n
g

as
su

m
p
ti

on
s

in
G

e
et

al
.

(2
01

6,
20

17
).

•
W

h
en
M

is
as

su
m

ed
to

b
e

ex
ac

tl
y

lo
w

-r
an

k
as

in
G

e
et

al
.

(2
01

6,
20

17
),

C
or

ol
la

ry
3

im
p
ro

ve
s

th
e

st
at

e-
of

-t
h
e-

a
rt

n
o-

sp
u
ri

ou
s-

lo
ca

l-
m

in
im

a
re

su
lt

s
in

G
e

et
al

.
(2

01
6,

20
17

)
fo

r
ex

ac
t

n
on

co
n
ve

x
m

at
ri

x
co

m
p
le

ti
on

in
te

rm
s

of
sa

m
p
li
n
g

ra
te

s.
T

o
b

e
sp

ec
ifi

c,
as

su
m

in
g

b
ot

h
co

n
d
it

io
n

n
u
m

b
er

s
an

d
in

co
h
er

en
ce

p
ar

am
et

er
s

ar
e

on
th

e
or

d
er

of
O

(1
),

ou
r

re
su

lt
im

p
ro

ve
s

th
e

re
su

lt
in

G
e

et
a
l.

(2
01

7)
fr

o
m
Õ

(r
4
/n

)
to

Õ
(r

2
/n

).

•
T

h
eo

re
m

2
al

so
im

p
li
es

th
e

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
n
on

co
n
ve

x
op

ti
m

iz
at

io
n

(1
)

y
ie

ld
s

go
o
d

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
of
M

in
th

e
ca

se
s

of
la

rg
e

co
n
d
it

io
n

n
u
m

b
er

s,
h
ig

h
in

co
h
er

en
ce

p
ar

am
et

er
s,

or
ra

n
k
-m

is
m

at
ch

in
g.

O
n

th
e

ot
h
er

h
an

d
,

ou
r

p
ap

er
b

en
efi

ts
fr

om
G

e
et

al
.

(2
01

6,
20

17
)

in
va

ri
ou

s
as

p
ec

ts
.

In
or

d
er

to
ch

ar
ac

te
ri

ze
th

e
p
ro

p
er

ti
es

of
an

y
lo

ca
l

m
in

im
u
m
X̂

,
w

e
fo

ll
ow

th
e

id
ea

in
G

e
et

al
.

(2
01

7)
to

co
m

b
in

e
th

e
fi
rs

t
an

d
se

co
n
d

or
d
er

co
n
d
it

io
n
s

of
lo

ca
l

m
in

im
a

li
n
ea

rl
y

to
co

n
st

ru
ct

an
au

x
il
ia

ry
fu

n
ct

io
n
,

d
en

ot
ed

a
s
K

(X
)

in
ou

r
p
ap

er
,

an
d

co
n
se

q
u
en

tl
y

al
l

lo
ca

l

m
in

im
a

sa
ti

sf
y

th
e

in
eq

u
al

it
y
K

(X̂
)
>

0
as

il
lu

st
ra

te
d

in
F

ig
u
re

1.
If
M

is
ex

ac
tl

y
ra

n
k
-r

an
d

it
s

ei
ge

n
va

lu
es

an
d

ei
ge

n
ve

ct
or

s
sa

ti
sf

y
p
ar

ti
cu

la
r

p
ro

p
er

ti
es

,
G

e
et

al
.

(2
0
17

)
sh

ow
s

th
at
K

(X
)
6

0
fo

r
al

l
X

as
lo

n
g

as
th

e
sa

m
p
li
n
g

ra
te

is
la

rg
e

en
ou

gh
.

T
h
is

a
rg

u
m

en
t

ca
n

b
e

em
p
lo

y
ed

to
p
ro

v
e

th
at

th
er

e
is

n
o

sp
u
ri

ou
s

lo
ca

l
m

in
im

a.

H
ow

ev
er

,
K

(X
)
6

0
d
o
es

n
ot

h
ol

d
fo

r
a
ll
X

if
n
o

as
su

m
p
ti

on
s

ar
e

im
p

os
ed

on
M

,
so

w
e

in
st

ea
d

fo
cu

s
on

an
al

y
zi

n
g

th
e

in
eq

u
al

it
y
K

(X̂
)
>

0
d
ir

ec
tl

y
in

th
e

m
o
d
el

-f
re

e
m

an
n
er

.
A

m
on

g
a

fe
w

n
ov

el
te

ch
n
ic

al
id

ea
s,

th
e

su
cc

es
s

of
su

ch
m

o
d
el

-f
re

e
an

al
y
si

s
re

li
es

cr
u
ci

al
ly

on
th

e
d
et

er
m

in
is

ti
c

in
eq

u
al

it
y

(L
em

m
a

8)
th

at
co

n
tr

ol
s

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

fu
n
ct

io
n

K
(X

)
an

d
it

s
p

op
u
la

ti
on

ve
rs

io
n
E[
K

(X
)]

.

5
JM

L
R

 2
0(

14
2)

:1
-3

9,
 2

01
9

C
h
e
n
a
n
d

L
i

K
(X

)

−
f

(X
)

U
r

sp
an

of
lo

ca
l

m
in

im
a

of
f

(X
)

sp
an

of
{X
∈
R
n
×
r
|K

(X
)
>

0
}

F
ig

u
re

1:
L

an
d
sc

ap
e

of
−
f

(X
),
K

(X
)

an
d
U
r
.

1
.3

.
O

rg
a
n

iz
a
ti

o
n

a
n

d
n

o
ta

ti
o
n

s

T
h
e

re
m

ai
n
d
er

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s:
O

u
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s
a
re

st
a
te

d
in

S
ec

ti
on

2;
N

u
m

er
ic

al
si

m
u
la

ti
on

s
an

d
ap

p
li
ca

ti
on

s
in

m
em

or
y
-e

ffi
ci

en
t

K
P

C
A

a
re

g
iv

en
in

S
ec

ti
on

3.
P

ro
of

s
ar

e
d
ef

er
re

d
to

S
ec

ti
on

4.

W
e

u
se

b
ol

d
le

tt
er

s
to

d
en

ot
e

m
at

ri
ce

s
an

d
ve

ct
or

s.
F

or
an

y
ve

ct
or

s
u

a
n
d
v

,
‖u
‖ 2

d
en

ot
es

it
s
` 2

n
or

m
,

an
d
〈u
,v
〉

th
ei

r
in

n
er

p
ro

d
u
ct

.
F

or
an

y
m

at
ri

x
M
∈

R
n
×
n
,
M
i,
j

d
en

ot
es

it
s

(i
,j

)-
th

en
tr

y,
M

i,
·

=
(M

i,
1
,M

i,
2
,.
..
,M

i,
n
)>

it
s
i-

th
ro

w
of
M

,
a
n
d
M
·,j

=
(M

1
,j
,M

2
,j
,.
..
,M

n
,j

)>
it

s
j-

th
co

lu
m

n
.

M
or

eo
ve

r,
w

e
u
se
‖M
‖,
‖M
‖ ∗

,
‖M
‖ F

,
‖M
‖ `
∞

: =
m

ax
i,
j
|M

i,
j
|,
‖M
‖ 2
,∞

: =
m

ax
i
‖M

i,
·‖ 2

to
d
en

ot
e

it
s

sp
ec

tr
al

n
or

m
,
n
u
cl

ea
r

n
o
rm

,
F

ro
b

en
iu

s
n
or

m
,

el
em

en
tw

is
e

m
ax

n
or

m
an

d
` 2
,∞

n
or

m
,

re
sp

ec
ti

ve
ly

.
T

h
e

ve
ct

or
iz

a
ti

o
n

o
f
M

is
re

p
re

se
n
te

d
b
y

ve
c(
M

)
=

(M
1
,1
,M

2
,1
,.
..
,M

1
,2
,.
..
,M

n
,n

)>
.

F
or

m
at

ri
ce

s
M
,N

o
f

th
e

sa
m

e
si

ze
,

d
en

ot
e
〈M

,N
〉=

∑
i,
j
M
i,
j
N
i,
j

=
tr

ac
e
( M

>
N
) .

D
en

ot
e

b
y
∇
f

(M
)
∈

R
n
×
n

an
d
∇

2
f

(M
)
∈
R
n
2
×
n
2

th
e

gr
ad

ie
n
t

an
d

H
es

si
an

of
f

(M
).

D
en

ot
e

[x
] +

=
m

ax
{x
,0
}.

W
e

u
se
J

to
d
en

ot
e

a
m

at
ri

x
w

h
os

e
al

l
en

tr
ie

s
eq

u
a
l

to
o
n
e.

W
e

u
se
C
,C

1
,C

2
,.
..

to
d
en

ot
e

ab
so

lu
te

co
n
st

an
ts

,
w

h
os

e
va

lu
es

m
ay

ch
an

g
e

fr
o
m

li
n
e

to
li
n
e.

2
.

M
o
d
e
l-

fr
e
e

a
p
p
ro

x
im

a
ti

o
n

th
e
o
ry

2
.1

.
M

a
in

re
su

lt
s

T
h
e

fo
ll
ow

in
g

sa
m

p
li
n
g

sc
h
em

e
is

em
p
lo

y
ed

th
ro

u
gh

ou
t

th
e

p
ap

er
:
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N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

D
e
fi

n
itio

n
1

(O
ff

-d
ia

g
o
n

a
l

sy
m

m
e
tric

in
d

e
p

e
n

d
e
n
t

B
e
r(p

)
m

o
d

e
l)

A
ssu

m
e

th
e

in
-

d
ex

set
Ω

co
n

sists
o
n

ly
o

f
o
ff

-d
ia

go
n

a
l

en
tries

th
a
t

a
re

sa
m

p
led

sym
m

etrica
lly

a
n

d
in

d
epen

-
d
en

tly
w

ith
p
ro

ba
bility

p
,

i.e.,

1
.

(i,i)
/∈

Ω
fo

r
a
ll
i

=
1,...,n

;

2
.

F
o
r

a
ll
i
<
j,

sa
m

p
le

(i,j)∈
Ω

in
d
epen

d
en

tly
w

ith
p
ro

ba
bility

p
;

3
.

F
o
r

a
ll
i
>
j,

(i,j)∈
Ω

if
a
n

d
o

n
ly

if
(j,i)∈

Ω
.

H
ere

w
e

a
ssu

m
e

all
d
iagon

al
en

tries
are

n
ot

in
Ω

for
th

e
gen

era
lity

of
th

e
fo

rm
u
lation

,
a
lth

ou
g
h

th
ey

are
likely

to
b

e
ob

tain
ed

in
p
ractice.

F
or

in
stan

ce,
all

d
iagon

al
en

tries
of

th
e

ra
d
ia

l
kern

el
m

atrix
are

on
es.

F
or

an
y

in
d
ex

set
Ω
⊂

[n
]×

[n
],

d
efi

n
e

th
e

asso
ciated

0
-1

m
a
trix

Ω
∈
{0
,1}

n×
n

su
ch

th
at

Ω
i,j

=
1

if
an

d
on

ly
if

(i,j)∈
Ω

.
T

h
en

w
e

can
w

rite
P

Ω
(X

)
=
X
◦

Ω
w

h
ere
◦

is
th

e
H

ad
am

ard
p
ro

d
u
ct.

A
ssu

m
e

th
a
t

th
e

p
ositive

sem
id

efi
n
ite

m
atrix

M
h
as

th
e

sp
ectral

d
eco

m
p

osition

M
=

r
∑i=

1

σ
i u
i u
>i

+
n
∑i=
r
+

1

σ
i u
i u
>i

:=
M

r
+
N
,

(3)

w
h
ere

σ
1
>
σ

2
>
···>

σ
n
>

0
are

th
e

sp
ectru

m
,
u
i ∈

R
n

are
u
n
it

an
d

m
u
tu

ally
p

erp
en

-
d
icu

la
r

eig
en

vectors.
T

h
e

m
atrix

M
r

:=
∑

ri=
1
σ
i u
i u
>i

is
th

e
b

est
ran

k
-r

ap
p
rox

im
ation

of
M

a
n
d
N

:=
∑

ni=
r
+

1
σ
i u
i u
>i

d
en

otes
th

e
resid

u
al

p
art.

In
th

e
ca

se
of

m
u
ltip

le
eigen

valu
es,

th
e

o
rd

er
in

th
e

eigen
valu

e
d
ecom

p
osition

(3)
m

ay
n
ot

b
e

u
n
iq

u
e.

In
th

is
case,

w
e

con
sid

er
th

e
p
ro

b
lem

fo
r

an
y

fi
x
ed

ord
er

in
(3)

w
ith

th
e

fi
x
ed
M

r .

T
h

e
o
re

m
2

L
et
M
∈
R
n×

n
be

a
po

sitive
sem

id
efi

n
ite

m
a
trix

w
ith

th
e

spectra
l

d
eco

m
po

si-
tio

n
(3

).
L

et
Ω

be
sa

m
p
led

a
cco

rd
in

g
to

th
e

o
ff

-d
ia

go
n

a
l

sym
m

etric
B

er(p
)

m
od

el
w

ith
p
>

C
S

lo
g
n

n
fo

r
so

m
e

a
bso

lu
te

co
n

sta
n

t
C
S

.
T

h
en

in
a
n

even
t
E

w
ith

p
ro

ba
bility

P
[E

]>
1−

2
n
−

3,

a
s

lo
n

g
a
s

th
e

tu
n

in
g

pa
ra

m
eters

α
a
n

d
λ

sa
tisfy

100 √
‖M

r ‖
`∞

6
α
6

200 √
‖M

r ‖
`∞

a
n

d

1
00‖Ω

−
p
J‖

6
λ
6

200‖
Ω
−
p
J‖,

a
n

y
loca

l
m

in
im

u
m
X̂
∈
R
n×

r
o
f

(1)
sa

tisfi
es

∥∥∥
X̂
X̂
>
−
M

r ∥∥∥
2F
6
C

1

r
∑i=

1 {
[
C

2 (√
np

+
lo

g
n

p

)
‖M

r ‖
`∞

+
C

2 σ
2
r
+

1−
i −

σ
i ]

+ }
2

+
C

1

[p
(1−

p
)n

+
log

n
]r‖
N
‖

2`∞
p

2

(4)

a
n

d

∥∥∥
X̂
X̂
>
−
M
∥∥∥

2F
6
C

1

r
∑i=

1 {
[
C

2 (√
np

+
log

n

p

)
‖
M

r ‖
`∞

+
C

2 σ
2
r
+

1−
i −

σ
i ]

+ }
2

+
C

1

[p
(1−

p
)n

+
log

n
]r‖N

‖
2`∞

p
2

+
‖
N
‖

2F

(5)

w
ith

C
1 ,C

2
a
bso

lu
te

co
n

sta
n

ts.
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C
h
e
n
a
n
d

L
i

M
o
d
el-free

low
-ran

k
ap

p
rox

im
ation

from
p
artial

en
tries

h
as

b
een

stu
d
ied

for
for

sp
ectral

estim
ators

in
th

e
literatu

re.
F

or
ex

am
p
le,

u
n
d
er

th
e

settin
gs

of
T

h
eorem

2
,

th
e

sp
ectral

low
-ran

k
ap

p
rox

im
ation

(d
en

oted
as
M

a
p

p
ro

x )
d
iscu

ssed
in

K
esh

ava
n

et
al.

(2010a,
T

h
eorem

1.1)
is

gu
aran

teed
to

satisfy

‖M
a
p

p
ro

x −
M

r ‖
2F
6
C

{
n
r‖M

r ‖
2`∞

p
+
r‖P

Ω
(N

)‖
2

p
2

}
,

w
ith

h
igh

p
rob

ab
ility.

H
ow

ever,
th

is
can

n
ot

im
p
ly

ex
act

recovery
even

w
h
en
M

is
of

low
ran

k
an

d
th

e
sam

p
lin

g
rate

p
satisfi

es
th

e
co

n
d
ition

s
sp

ecifi
ed

in
G

e
et

al.
(2017).

S
im

ilarly,
th

e
S
V

D
-b

ased
U

S
V

T
estim

ator
in

tro
d
u
ced

in
C

h
atterjee

(2015)
d
o
es

n
ot

im
p
ly

ex
act

recovery.
In

con
trast,

as
w

ill
b

e
d
iscu

ssed
in

th
e

n
ex

t
su

b
section

,
T

h
eorem

2
im

p
lies

th
at

an
y

lo
cal

m
in

im
u
m

of
(1)

y
ield

s
ex

act
recovery

of
M

w
ith

h
igh

p
rob

ab
ility

u
n
d
er

m
ild

er
con

d
ition

s
th

an
th

ose
in

G
e

et
al.

(2017).

2
.2

.
Im

p
lic

a
tio

n
s

in
e
x
a
c
t

m
a
trix

c
o
m

p
le

tio
n

A
ssu

m
e

in
th

is
su

b
section

th
at

th
e

p
ositive

sem
id

efi
n
ite

m
atrix

M
is

ex
actly

ran
k
-r,

i.e.,

M
=
M

r
=

r
∑i=

1

σ
i u
i u
>i

=
U
r U
>r

(6)

w
h
ere

U
r

=
[ √
σ

1 u
1
...
√
σ
r u

r ].
F

u
rth

erm
ore,

w
e

assu
m

e
its

con
d
ition

n
u
m

b
er
κ
r

=
σ
1
σ
r

an
d

eigen
-sp

ace
in

coh
eren

ce
p
aram

eter
µ
r

=
nr

m
ax

i ∑
rj=

1
u

2i,j
(C

an
d
ès

an
d

R
ech

t,
2009)

are
w

ell-b
ou

n
d
ed

.
T

h
is

is
a

stan
d
ard

setu
p

in
th

e
literatu

re
of

n
on

con
vex

m
atrix

com
p
letion

(e.g.,
K

esh
avan

et
al.,

2010b
;

S
u
n

an
d

L
u
o,

2016;
C

h
en

an
d

W
ain

w
righ

t,
2015;

Z
h
en

g
an

d
L

aff
erty

,
2016;

G
e

et
al.,

2016;
Y

i
et

al.,
2016;

G
e

et
al.,

2017).

N
otice

th
at

G
e

et
al.

(2016)
in

tro
d
u
ces

a
sligh

tly
d
iff

eren
t

version
o
f

in
coh

eren
ce

µ̃
r

:=

√
n‖
U
r ‖

2
,∞

‖
U
r ‖
F

=

√
n‖
M

r ‖
`∞

trace(M
r )

(7)

as
a

m
easu

re
of

sp
ik

in
ess.

(N
ote

th
at

th
is

is
d
iff

eren
t

from
th

e
sp

ik
in

ess
d
efi

n
ed

in
N

egah
-

b
an

an
d

W
ain

w
righ

t
(2012).)

B
y
‖M

r ‖
`∞

=
‖
U
r ‖

22
,∞

=
m

ax
i ∑

rj=
1
σ
j u

2i,j ,
th

e
follow

in
g

relation
sh

ip
b

etw
een

µ
an

d
µ̃

is
stra

igh
tforw

ard

µ̃
2r

κ
r
6
µ̃

2r
trace(M

r )

rσ
1

=
n‖M

r ‖
`∞

rσ
1

6
µ
r 6

n‖
M

r ‖
`∞

rσ
r

=
µ̃

2r
trace(M

r )

rσ
r

6
κ
r µ̃

2r .
(8)

B
y

th
e

fact‖M
‖
`∞

6
rn
σ

1 µ
r ,

T
h
eorem

2
im

p
lies

th
e

follow
in

g
ex

act
low

-ran
k

recovery
resu

lts:

C
o
ro

lla
ry

3
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
2
,

if
w

e
fu

rth
er

a
ssu

m
e

ran
k
(M

)
=
r

(i.e.,
M

=
M

r )
a
n

d

p
>
C

m
ax {

µ
r rκ

r
log

n

n
,
µ

2r r
2κ

2r

n

}
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N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

o
r

p
>
C

m
ax

{
µ̃

2 r
rκ

r
lo

g
n

n
,
µ̃

4 r
r2
κ

2 r

n

}

fo
r

so
m

e
a
bs

o
lu

te
co

n
st

a
n

t
C

,
th

en
in

a
n

ev
en

t
E

w
it

h
p
ro

ba
bi

li
ty

P[
E

]
>

1
−

2
n
−

3
,

a
n

y

lo
ca

l
m

in
im

u
m
X̂
∈
R
n
×
r

o
f

o
bj

ec
ti

ve
fu

n
ct

io
n
f

(X
)

d
efi

n
ed

in
(1

)
sa

ti
sfi

es
X̂
X̂
>

=
M

.

T
h
e

p
ro

of
is

st
ra

ig
h
tf

or
w

ar
d

an
d

d
ef

er
re

d
to

th
e

ap
p

en
d
ix

.
N

ot
ic

e
th

at
ou

r
re

su
lt

s
ar

e
b

et
te

r
th

an
th

e
st

at
e-

of
-t

h
e-

ar
t

re
su

lt
s

fo
r

n
o

sp
u
ri

ou
s

lo
ca

l
m

in
im

u
m

in
G

e
et

al
.

(2
0
17

),
w

h
er

e
th

e
re

q
u
ir

ed
sa

m
p
li
n
g

ra
te

is
p
>

C n
µ

3 r
r4
κ

4 r
lo

g
n

(w
h
ic

h
a
ls

o
im

p
li
es
p
>

C n
µ̃

6 r
r4
κ

7 r
lo

g
n

b
y

(8
))

.

2
.3

.
E

x
a
m

p
le

s

B
es

id
es

im
p
ro

v
in

g
th

e
st

at
e-

of
-t

h
e-

ar
t

n
o
-s

p
u
ri

ou
s-

lo
ca

l-
m

in
im

a
re

su
lt

s
in

n
on

co
n
v
ex

m
a
tr

ix
co

m
p
le

ti
on

,
T

h
eo

re
m

2
is

al
so

ca
p
ab

le
of

ex
p
la

in
in

g
so

m
e

n
on

tr
iv

ia
l
p
h
en

om
en

a
in

lo
w

-r
an

k
m

at
ri

x
co

m
p
le

ti
on

in
th

e
p
re

se
n
ce

of
la

rg
e

co
n
d
it

io
n

n
u
m

b
er

s,
h
ig

h
in

co
h
er

en
ce

p
ar

am
et

er
,

or
m

is
m

at
ch

in
g

b
et

w
ee

n
th

e
se

le
ct

ed
an

d
tr

u
e

ra
n
k
s.

2
.3
.1
.
N
o
n
c
o
n
v
e
x
m
a
t
r
ix

c
o
m
p
l
e
t
io
n
w
it
h
l
a
r
g
e
c
o
n
d
it
io
n
n
u
m
b
e
r
s
a
n
d

h
ig
h

e
ig
e
n
-s
pa

c
e
in
c
o
h
e
r
e
n
c
e
pa

r
a
m
e
t
e
r
s

A
ss

u
m

e
h
er

e
M

is
ex

ac
tl

y
ra

n
k
-r

an
d

it
s

sp
ec

tr
al

d
ec

om
p

os
it

io
n

is
d
en

ot
ed

as
in

(6
).

H
ow

ev
er

,
w

e
as

su
m

e
th

at
µ
r

an
d
κ
r

ca
n

b
e

ex
tr

em
el

y
la

rg
e,

w
h
il
e
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rö
m

m
et

h
o
d

is
p

N
y
s

=
2
×

5
0
n
−

5
0
2

n
2

≈
0.

0
1
.

In
co

n
tr

as
t,

in
ad

d
it

io
n

to
re

co
rd

in
g

th
e

se
le

ct
ed

en
tr

y
va

lu
es

,
ou

r
n
on

co
n
ve

x
o
p
ti

m
iz

a
ti

o
n

m
et

h
o
d

al
so

re
q
u
ir

es
to

re
co

rd
th

e
ro

w
an

d
co

lu
m

n
in

d
ic

es
fo

r
ea

ch
se

le
ct

ed
en

tr
y.

B
y

u
si

n
g

sp
ar

se
m

at
ri

x
st

or
ag

e
sc

h
em

es
li
k
e

co
m

p
re

ss
ed

sp
ar

se
ro

w
(C

S
R

)
fo

rm
a
t

(S
a
a
d
,

2
0
0
3
),

it
n
ee

d
s

2
n

2
p
N
C
V
X

+
n

+
1

en
tr

ie
s

to
st

or
e

th
e

sp
ar

se
m

at
ri

x
.

T
h
er

ef
or

e,
if
p
N
C
V
X

>
3 n
,

th
e

n
on

co
n
ve

x
ap

p
ro

ac
h

re
q
u
ir

es
at

m
os

t
2
.5

ti
m

es
as

m
u
ch

m
em

or
y

as
N

y
st

rö
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.2

.
A

p
ro

o
f

o
f

T
h

e
o
re

m
2

T
h
is

sectio
n

a
im

s
to

p
rov

e
T

h
eorem

2.
T

h
e

p
ro

of
is

b
a
sically

d
iv

id
ed

in
to

tw
o

p
arts:

In
S
ection

4
.2

.1,
w

e
d
iscu

ss
th

e
lan

d
scap

e
of

ob
jective

fu
n
ction

f
(X

)
an

d
th

en
d
efi

n
e

th
e

a
u
x
ilia

ry
fu

n
ction

K
(X

).
W

e
sh

ow
th

at
th

e
sp

an
of

lo
cal

m
in

im
a

of
f

(X
)

can
b

e
con

trolled
b
y

th
e

su
p

erlevel
set

of
K

(X
):{

X
∈
R
n×

r|
K

(X
)>

0}
.

In
S
ection

4.2.2,
w

e
give

a
u
n
iform

u
p
p

er
b

ou
n
d

o
f
K

(X
)

in
ord

er
to

con
trol

th
e

ab
ove

su
p

erlevel
set.

4
.2
.1
.
L
a
n
d
sc

a
p
e
o
f
o
b
je
c
t
iv
e
f
u
n
c
t
io
n
f
a
n
d

a
u
x
il
ia
r
y
f
u
n
c
t
io
n
K

D
en

o
te
U
r

:=
[ √
σ

1 u
1
...
√
σ
r u

r ].
F

or
a

given
X
∈

R
n×

r,
su

p
p

ose
th

at
X
>
U
r

h
as

S
V

D
X
>
U
r

=
A
D
B
>

,
an

d
let
R

X
,U
r

:=
B
A
>
∈
O

(r)
an

d
U

:=
U
r R

X
,U
r ,

w
h
ere

O
(r)

d
en

otes
th

e
set

o
f
r×

r
o
rth

ogon
al

m
atrices{

R
∈
R
r×
r|
R
>
R

=
R
R
>

=
I}.

T
h
en
X
>
U

=
A
D
A
>

is
a

p
o
sitiv

e
sem

id
efi

n
ite

m
atrix

.
T

h
en
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h
old

s
U
r U
>r

=
U
U
>

.

D
en

o
te

∆
:=
X
−
U

,
an

d
d
efi

n
e

th
e

follow
in

g
au

x
iliary

fu
n
ction

in
tro

d
u
ced

in
J
in

et
al.

(2
0
1
7
)

a
n
d

G
e

et
al.

(2017):

K
(X

)
:=

vec(∆
) >∇

2f
(X

)
vec(∆

)−
4〈∇

f
(X

),∆
〉.

T
h
e

fi
rst

a
n
d

secon
d

ord
er

op
tim

ality
con

d
ition

s
for

an
y
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cal

m
in
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u
m
X̂
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p
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K
(X̂
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0
.

In
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er
w
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w
e

h
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{A
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lo
cal

m
in
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a
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f
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⊂
{X
∈
R
n×
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K
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.

T
o

stu
d
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th
e

p
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e
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m
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im
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f
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w
e
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K
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):{

X
∈
R
n×
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K

(X
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er
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a
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tation
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K
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o
n
e
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n

p
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g
in

th
e
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t
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d

H
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L

em
m

a
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B
y
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in
g
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G

e
et

a
l.
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0
1
7
,

L
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m
a

7),
an

d
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〈U
∆
>
,N
〉

=
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d
u
e

to
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e
d
efi

n
ition
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U

an
d
N

,
K
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)
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b

e
d
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p
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L
e
m

m
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1
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e

e
t
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l.

2
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1
7
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L
e
m

m
a

7
)

U
n
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r
a
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X
∈
R
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a
s
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a
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n

d
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g
U

a
n

d
∆

d
efi
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a
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w

e
h
a
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K
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)
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∆
∆
>‖
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3‖
X
X
>
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U
U
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︸
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︸
K

1
(X
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+
D

Ω
,p (∆

∆
>
,∆

∆
>
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3
D

Ω
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X
>
−
U
U
>
,X
X
>
−
U
U
>

)
︸
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K
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(X
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+
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)
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4〈∇

G
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K
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6
D

Ω
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∆
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)
+
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D

Ω
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∆
>
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)
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6
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〉
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,
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D
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,p (·,·)

is
d
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(10).
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con
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b
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w
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rem
ain

s
th

e
sam

e
b
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∈
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y
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d
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R
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∈
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Ũ
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Ũ
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,Ũ
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∆
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=
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4〈∇

G
α
(X

),∆
〉

=
4

n
∑i=

1 [(‖X
i,· ‖
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∆
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2
=
‖
X
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‖
∆
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K
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P
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th
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w
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w
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X
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es
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ab
ility,
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e

can
assu

m
e

th
at
X

satisfi
es

th
e

p
rop

erty
th

at
X
>
U
r
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p
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ite
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4
.2
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P
r
o
o
f
o
f
T
h
e
o
r
e
m

2
.
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ord

er
to

p
rove

ou
r

m
ain

resu
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w
e
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a

u
n
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u
p
p

er
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d

of
K

(X
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T
h
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an
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m
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im
u
m
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K
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0,
th

e
p
ro

p
erty

en
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u
s

to
solve

for
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e
ran

ge
of

p
ossib

le

X̂
.

F
or

sim
p
licity
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n
otation

s,
d
en

ote
ν
r
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r ‖
`∞

.

L
e
m

m
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2

A
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m
e
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a
t
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n
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g
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m
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α
,λ
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00 √
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r
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6
200 √

ν
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Ω
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p
J‖
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6
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Ω
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E
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p
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P
[E
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u

n
ifo
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r

a
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∈

R
n×

r
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n

d
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n
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in

g
∆

d
efi

n
ed

a
s
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re,

w
e

h
a
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4
∑i=

2

K
i (X

)6
10 −

3p [‖
∆
>

∆
‖

2F
+
‖U

∆
>‖

2F ]

+
C

3 p
r
∑i=

1 {
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C
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p
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C
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2
r
+
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σ
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p
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n
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‖
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p
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w
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p
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p
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n
e

∆
,

‖X
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>
−
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U
>
‖2 F

=
‖U

∆
>

+
∆
U
>

+
∆

∆
>
‖2 F

=
‖∆

∆
>
‖2 F

+
2
‖∆
U
>
‖2 F

+
2
〈∆
U
>
,U

∆
>
〉+

4
〈∆

∆
>
,U

∆
>
〉.

(1
6)

B
y

th
e

d
efi

n
it

io
n

of
m

at
ri

x
in

n
er

p
ro

d
u
ct

,
w

e
h
av

e

‖U
∆
>
‖2 F

=
〈U

∆
>
,U

∆
>
〉=

tr
ac

e(
∆
U
>
U

∆
>

)
=

tr
ac

e(
U
>
U

∆
>

∆
)

=
〈U
>
U
,∆
>

∆
〉,

(1
7)

an
d

〈∆
∆
>
,U

∆
>
〉=

tr
ac

e(
∆

∆
>
U

∆
>

)
=

tr
ac

e(
∆
>

∆
∆
>
U

)
=
〈∆
>

∆
,∆
>
U
〉.

(1
8)

H
er

e
w

e
u
se

th
e

fa
ct

th
at

tr
ac

e(
A
B

)
=

tr
ac

e(
B
A

)
fo

r
an

y
m

at
ri

x
A

an
d
B

w
it

h
su

it
ab

le
si

ze
.

M
or

eo
ve

r,
si

n
ce

w
e

ch
o
os

e
U

su
ch

th
at
U
>
X

is
p

os
it

iv
e

se
m

id
efi

n
it

e,
U
>

∆
=

∆
>
U

an
d
U
>

(∆
+
U

)
�

0
.

T
h
er

ef
or

e,
w

e
al

so
h
av

e

〈∆
U
>
,U

∆
>
〉=

tr
ac

e(
U

∆
>
U

∆
>

)
=

tr
ac

e(
∆
U
>

∆
U
>

)
=

tr
ac

e(
U
>

∆
U
>

∆
)

=
〈∆
>
U
,U
>

∆
〉=
〈∆
>
U
,∆
>
U
〉=
‖∆
>
U
‖2 F

(1
9)

an
d

〈∆
>

∆
,U
>
U

+
∆
>
U
〉=
〈∆
>

∆
,(
U

+
∆

)>
U
〉>

0
.

(2
0)

H
er

e
(2

0)
al

so
u
se

s
th

e
fa

ct
th

at
in

n
er
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ro

d
u
ct

of
tw

o
p

os
it

iv
e

se
m

id
efi

n
it

e
m

at
ri
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: =
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∆
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=
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∆
>
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‖∆
>
U
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d
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( √
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∞
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d
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ge
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e
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e
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)
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6
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∆
>
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+
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∆
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1
a

2
−

3
[ ‖

∆
∆
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‖∆
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>
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〈∆

∆
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∆
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B
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p
u
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,
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to
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∆
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∆
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∆
>
‖2 F

+
ψ

=
−

1
.9

99
a

2
−

6〈
U
>
U
,∆
>

∆
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∆
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∈
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p
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|〈∆

>
∆
,∆
>
U
〉|
6
‖∆
>

∆
‖ F
‖∆
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>
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√
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√
ψ
.

(2
4
)

F
ro

m
(2

2)
,

w
e

h
av

e

K
(X̂

)

p
6
−

1
.9

99
a

2
−
〈∆
>

∆
,5
.9

99
U
>
U

+
12

∆
>
U
〉−

6
b2

+
ψ
.

R
ec

al
l

fr
om

(1
7)

,
‖U

∆
>
‖2 F

=
〈U
>
U
,∆
>

∆
〉,

an
d
K

(X̂
)
>

0.
T

h
er

ef
or

e,
co

m
b
in

in
g

w
it

h
(2

4)
,

5
.9

99
‖U

∆
>
‖2 F

6
−

1
.9

99
a

2
−
〈∆
>

∆
,1

2∆
>
U
〉−

6b
2

+
ψ

6
−

1
.9

99
a

2
+

12
‖∆
>

∆
‖ F
‖∆
>
U
‖ F
−

6
b2

+
ψ

6
−

1
.9

99
a

2
+

12
a
b
−

6
b2

+
ψ

6
C

6
ψ
.

(2
5
)

F
ro

m
(2

1)
, K

(X̂
)

p
6

1
.0

01
‖∆

∆
>
‖2 F
−

3
‖X̂

X̂
>
−
U
U
>
‖2 F

+
10
−

3
‖U

∆
>
‖2 F

+
ψ
.

U
si

n
g

th
e

fa
ct

th
at
K

(X̂
)
>

0
ag

ai
n
,

w
e

h
av

e

3
‖X̂

X̂
>
−
U
U
>
‖2 F

6
1.

00
1
‖∆

∆
>
‖2 F

+
10
−

3
‖U

∆
>
‖2 F

+
ψ

C
om

b
in

in
g

w
it

h
(2

4)
,

(2
5)

,
w

e
fu

th
er

h
av

e

3
‖X̂

X̂
>
−
U
U
>
‖2 F

6
1.

00
1
a

2
+
C

7
ψ

+
ψ
6
C

8
ψ
.

(2
6
)

T
h
er

ef
or

e,
(4

)
is

d
ir

ec
tl

y
im

p
li
ed

b
y

(2
6)

.
N

ot
ic

e
th

at

‖X̂
X̂
>
−
M
‖2 F

=
‖X̂

X̂
>
−
U
U
>
‖2 F
−

2
〈X̂
X̂
>
,N
〉+
‖N
‖2 F

6
‖X̂

X̂
>
−
U
U
>
‖2 F

+
‖N
‖2 F

w
h
er

e
th

e
in

eq
u
al

it
y

h
ol

d
s

si
n
ce
X̂
X̂
>
�

0
an

d
N
�

0
.

T
h
er

ef
or

e,
(5

)
is

im
p
li
ed

b
y

(4
).

22
JM

L
R

 2
0(

14
2)

:1
-3

9,
 2

01
9



N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

4
.3

.
P

ro
o
fs

o
f

su
p

p
o
rtin

g
le

m
m

a
s

W
e

p
resen

t
in

th
is

section
th

e
p
ro

ofs
of

lem
m

as
stated

in
p
rev

iou
s

section
s.

4
.3
.1
.
A

p
r
o
o
f
o
f
L
e
m
m
a
8

P
ro

o
f

F
irst

o
f

all,
b
y

u
sin

g
th

e
d
efi

n
ition

of
m

atrix
in

n
er

p
ro

d
u
ct

a
n
d

H
ad

am
ard

p
ro

d
u
ct,

w
e

h
ave

|〈P
Ω

0 (A
C
>

),P
Ω

0 (B
D
>

)〉−
t〈A

C
>
,B
D
>〉|

=
|〈Ω

0 −
tJ
,(A

C
>
◦
B
D
>

)〉|
6
‖Ω

0 −
tJ‖‖

(A
C
>
◦
B
D
>

)‖∗ ,
(2

7)

T
h
e

in
eq

u
a
lity

h
old

s
b
y

m
atrix

H
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),
λ
i(

∆
>

∆
)

=
σ

2 i
(∆

),
λ
i(
N

)
=
σ
i(
N

)
a
n
d

λ
i(

∆
∆
>

)
=

{
σ

2 i
(∆

)
i

=
1,
··
·,
r

0
i

=
r

+
1
,·
··
,n
.

P
u
tt

in
g

(3
3)

,
(3

4)
an

d
(3

5)
to

ge
th

er
w

e
h
av

e

−
5
×

10
−

4
p
[ ‖

∆
>

∆
‖2 F

+
‖U

∆
>
‖2 F
] +

C
1
1
√
n
p
ν r
‖∆
‖2 F

+
6
p
〈∆

∆
>
,N
〉

6
−

5
×

10
−

4
p

[
r ∑ i=
1

σ
4 i
(∆

)
+

r ∑ i=
1

σ
2 i
(∆

)σ
2 r
+

1
−
i(
U

)]
+
C

1
1
√
n
p
ν r

r ∑ i=
1

σ
2 i
(∆

)

+
6
p

r ∑ i=
1

σ
2 i
(∆

)σ
i(
N

)

6
5
×

10
−

4
p

r ∑ i=
1

{ −
σ

4 i
(∆

)
+

[ C
1
3

√
n p
ν r
−
σ

2 r
+

1
−
i(
U

)
+
C

1
3
σ
i(
N

)] σ
2 i
(∆

)}
.

F
or

th
e

la
st

li
n
e,

th
e

su
m

m
an

d
s

ar
e

a
se

ri
es

of
q
u
ad

ra
ti

c
fu

n
ct

io
n
s

o
f
σ

2 i
(∆

).
N

o
ti

ci
n
g

th
e

fa
ct

th
at

fo
r

a
q
u
ad

ra
ti

c
fu

n
ct

io
n
q(
x

)
=
−
x

2
+
bx

,
gi

ve
n

th
e

co
n
st

ra
in

t
x
>

0,
th

e
m

a
x
im

u
m
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N
o
n
c
o
n
v
e
x
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

is
ta

k
en

over
x̂

=
12 [b]+

,
an

d
th

e
m

ax
im

u
m

valu
e

is
14 {

[b]+ }
2.

T
h
erefore,

w
e

h
ave

−
5×

10 −
4p [‖∆

>
∆
‖

2F
+
‖
U

∆
>‖

2F ]
+
C

1
1 √
n
p
ν
r ‖∆
‖

2F
+

6
p〈∆

∆
>
,N
〉

6
C

1
4 p

r
∑i=

1 {
[
C

1
3 √

np
ν
r −

σ
2r+

1−
i (U

)
+
C

1
3 σ
i (N

) ]

+ }
2

=
C

1
4 p

r
∑j=

1 {
[
C

1
3 √

np
ν
r −

σ
2j (U

)
+
C

1
3 σ
r
+

1−
j (N

) ]

+ }
2

=
C

1
4 p

r
∑j=

1 {
[
C

1
3 √

np
ν
r

+
C

1
3 σ

2
r
+

1−
j −

σ
j ]

+ }
2

.

(36)

In
th

e
secon

d
last

lin
e,

w
e

let
j

=
r

+
1−

i.
In

th
e

last
lin

e,
w

e
u
se

th
e

fact
th

at

σ
r
+

1−
j (N

)
=
σ
r
+
r
+

1−
j (M

)
=
σ

2
r
+

1−
j

a
n
d

σ
2j (U

)
=
σ
j (U

U
>

)
=
σ
j (M

r )
=
σ
j (M

)
=
σ
j .

F
in

a
lly

p
u
ttin

g
(32)

an
d

(36)
togeth

er
w

e
h
ave

4
∑i=

2

K
i (X

)6
10×

10 −
4p [‖∆

>
∆
‖

2F
+
‖
U

∆
>‖

2F ]
+
C

3
p
(1−

p
)n

+
log

n

p
r‖
N
‖

2`∞

−
5×

10 −
4p [‖

∆
>

∆
‖

2F
+
‖U

∆
>‖

2F ]
+
C

1
1 √
n
p
ν
r ‖

∆
‖

2F

+
C

1
2 √
n
p
ν
r

r
∑i=
s+

1

σ
i
+

6
p〈∆

∆
>
,N
〉

6
10 −

3p [‖
∆
>

∆
‖

2F
+
‖U

∆
>‖

2F ]
+
C

3
p
(1−

p
)n

+
log

n

p
r‖
N
‖

2`∞

+
C

1
4 p

r
∑i=

1 {
[
C

1
3 √

np
ν
r

+
C

1
3 σ

2
r
+

1−
i −

σ
i ]

+ }
2

+
C

1
2 √
n
p
ν
r

r
∑i=
s+

1

σ
i .

(37)

R
eca

ll
b
y

th
e

d
efi

n
ition

of
s

in
(29),

for
an

y
i
>
s,

w
e

h
ave

σ
i
<
C
p
ν
r

lo
g
n

p
.

B
y

ch
o
osin

g
C

1
3

su
ffi

cien
t

la
rg

e,
i.e.,

C
1
3 >

2
C
p ,

w
e

h
ave

C
1
3 (√

np
+

log
n

p

)
ν
r

+
C

1
3 σ

2
r
+

1−
i −

σ
i >

C
1
3 (√

np
+

log
n

p

)
ν
r −

2
σ
i
+
σ
i

>
C

1
3 (√

np
+

log
n

p

)
ν
r −

2
C
p
ν
r

log
n

p
+
σ
i

=
C

1
3 √

np
ν
r

+
σ
i
+

(C
1
3 −

2
C
p ) ν

r
log

n

p

>
C

1
3 √

np
ν
r

+
σ
i >

0
.
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L
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T
h
erefore,

for
all

i
>
s,

{
[
C

1
3 (√

np
+

log
n

p

)
ν
r

+
C

1
3 σ

2
r
+

1−
i −

σ
i ]

+ }
2>

[
C

1
3 √

np
ν
r

+
σ
i ]

2>
√
np
ν
r σ
i .

C
om

b
in

in
g

w
ith

(37),
w

e
h
ave

4
∑i=

2

K
i (X

)6
10 −

3p [‖∆
>

∆
‖

2F
+
‖
U

∆
>‖

2F ]

+
C

1
4 p

r
∑i=

1 {
[
C

1
3 (√

np
+

log
n

p

)
ν
r

+
C

1
3 σ

2
r
+

1−
i −

σ
i ]

+ }
2

+
C

1
2 p

r
∑i=
s+

1 {
[
C

1
3 (√

np
+

log
n

p

)
ν
r

+
C

1
3 σ

2
r
+

1−
i −

σ
i ]

+ }
2

+
C

3
p
(1−

p
)n

+
log

n

p
r‖
N
‖

2`∞

6
10 −

3p [‖∆
>

∆
‖

2F
+
‖
U

∆
>‖

2F ]

+
C

3 p
r
∑i=

1 {
[
C

4 (√
np

+
log

n

p

)
ν
r

+
C

4 σ
2
r
+

1−
i −

σ
i ]

+ }
2

+
C

3
p
(1−

p
)n

+
log

n

p
r‖
N
‖

2`∞

w
h
ich

fi
n
ish

es
th

e
p
ro

of.

4
.3
.3
.
A

p
r
o
o
f
o
f
L
e
m
m
a
1
3

P
ro

o
f

R
ecall

th
at

w
e

d
efi

n
e

∆
as

∆
:=
X
−
U

,
D

Ω
,p (X

X
>
−
U
U
>
,X
X
>
−
U
U
>

)
can

b
e

d
ecom

p
osed

as
follow

in
g

D
Ω
,p (X

X
>
−
U
U
>
,X
X
>
−
U
U
>

)

=
D

Ω
,p (U

∆
>

+
∆
U
>

+
∆

∆
>
,U

∆
>

+
∆
U
>

+
∆

∆
>

)

=
D

Ω
,p (U

∆
>

+
∆
U
>
,U

∆
>

+
∆
U
>

)
︸

︷︷
︸

1

+
D

Ω
,p (∆

∆
>
,∆

∆
>

)
︸

︷︷
︸

2

+
4D

Ω
,p (U

∆
>
,∆

∆
>

)
︸

︷︷
︸

3

.
(38)

H
ere

w
e

u
se

th
e

fact
th

at
Ω

is
sy

m
m

etric.
O

u
r

strategy
h
ere

is
u
sin

g
L

em
m

a
6

to
give

a
tigh

t
b

ou
n
d

to
as

m
an

y
as

p
ossib

le
term

s,
for

th
ose

term
s

th
at

L
em

m
a

6
can

n
ot

h
an

d
le,

w
e

u
se

L
em

m
a

8
to

give
a

b
ou

n
d
.

T
o

b
e

m
o
re

p
recise,

for
2

an
d

3
,

as
L

em
m

a
6

can
n
ot

ap
p
ly

h
ere,

w
e

u
se

L
em

m
a

8
to

give
a

b
o
u
n
d
.

F
or

1
,

w
e

n
eed

to
sp

lit
it

in
to

tw
o

p
arts,

th
e

go
o
d

p
art

w
e

can
u
se

L
em

m
a

6
to

con
trol,

an
d

th
e

rest
p
art

w
e

u
se

L
em

m
a

8
to

giv
e

a
b

ou
n
d
.
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o
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F
ir

st
fo

r
2

an
d

3
,

b
y

ap
p
ly

in
g

L
em

m
a

8,

|2
|=
|D

Ω
,p

(∆
∆
>
,∆

∆
>

)|
6
‖Ω
−
p
J
‖

n ∑ i=
1

‖∆
i,
·‖4 2

(3
9)

an
d

|3
|=

4|
D

Ω
,p

(U
∆
>
,∆

∆
>

)|
6

4‖
Ω
−
p
J
‖√ √ √ √

n ∑ i=
1

‖U
i,
·‖2 2
‖∆

i,
·‖2 2

√ √ √ √
n ∑ i=

1

‖∆
i,
·‖4 2

6
2‖

Ω
−
p
J
‖ν
r
‖∆
‖2 F

+
2
‖Ω
−
p
J
‖

n ∑ i=
1

‖∆
i,
·‖4 2
,

(4
0)

w
h
er

e
fo

r
th

e
se

co
n
d

in
eq

u
al

it
y

w
e

u
se

th
e

fa
ct

th
at

2x
y
6
x

2
+
y

2
.

F
in

al
ly

fo
r

1
,

if
U

is
go

o
d

en
ou

gh
su

ch
th

at
th

e
in

co
h
er

en
ce
µ

(U
)

is
w

el
l-

b
ou

n
d
ed

,
th

en
w

e
ca

n
ap

p
ly

L
em

m
a

6
d
ir

ec
tl

y
an

d
ge

t
a

ti
gh

t
b

ou
n
d
.

If
µ

(U
)

is
n
ot

go
o
d

en
ou

gh
,

w
e

w
an

t
to

sp
li
t
U

in
to

tw
o

p
ar

ts
an

d
h
op

e
fi
rs

t
fe

w
co

lu
m

n
s

h
av

e
go

o
d

in
co

h
er

en
ce

.
T

o
b

e
m

or
e

p
re

ci
se

,
re

ca
ll

th
at

w
e

as
su

m
e
U

=
U
r

=
[√
σ

1
u

1
..
.
√
σ
r
u
r
],

si
m

il
ar

to
(8

),
fo

r
th

e
in

co
h
er

en
ce

of
th

e
fi
rs

t
k

co
lu

m
n
s,

w
e

h
av

e

µ
(c

ol
sp

an
([
√
σ

1
u

1
..
.
√
σ
k
u
k
])

)

=
n k

m
ax i

k ∑ j=
1

u
2 i,
j
6

n k
σ
k

m
ax i

k ∑ j=
1

σ
j
u

2 i,
j
6

n k
σ
k

m
ax i

r ∑ j=
1

σ
j
u

2 i,
j
6
n
ν r
k
σ
k
,

(4
1)

w
h
er

e
µ

(·)
is

d
efi

n
ed

in
(9

).

F
or

fi
x
ed

s
d
efi

n
ed

as
in

(2
9)

,
d
en

ot
e

fi
rs

t
s

co
lu

m
n
s

of
U

as
U

1
,

an
d

re
m

ai
n
in

g
p
ar

t
as

U
2
.

D
ec

om
p

os
e
U
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U

=
[U

1
U

2
],

an
d

∆
ca

n
al

so
b

e
d
ec

om
p

os
ed
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∆

=
[∆

1
∆

2
]

co
rr

es
p
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d
in
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N
ot

e
b
y

ou
r
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su

m
p
ti

on
th

at
U

=
U
r
,

w
e

h
av

e
(U

1
)>
U

2
=

0
.

S
o

w
e

ca
n

fu
rt

h
er

d
ec

om
p

os
e

th
e

fi
rs

t
te

rm
of

(3
8)
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1
=
D

Ω
,p

(U
∆
>

+
∆
U
>
,U

∆
>

+
∆
U
>

)

=
D

Ω
,p

( [U
1
U

2
][
∆

1
∆

2
]>

+
[∆

1
∆

2
][
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1
U

2
]>
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1
U

2
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∆

1
∆

2
]>
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[∆

1
∆

2
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1
U

2
]>
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Ω
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1
(∆

1
)>
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∆
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1
)>
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1
(∆

1
)>
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∆

1
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1
)>
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︸
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A
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4
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Ω
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)>
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(∆
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︸
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e
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b
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−
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+
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=

0
.

F
or

th
e

re
st

te
rm

s
in

(4
2)

,
b
y

ap
p
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ten

t
su

b
sp

aces
w

e
w

ish
to

retriev
e

fro
m

sam
p
les

are
n
ot

w
ell-d

efi
n
ed

m
ath

em
at-

ica
lly,

w
h
ich

m
ay

ex
p
lain

w
h
y

th
eoretical

p
rogress

in
su

b
sp

a
ce

learn
in

g
h
as

b
een

slow
.

S
u
b
sp

a
ce

seg
m

en
tation

is
p
ractically

am
b
igu

ou
s

an
d

u
n
id

en
tifi

ed
in

th
e

literatu
re.

It
is

also
h
ig

h
ly

p
ossib

le
th

at
th

e
segm

en
ted

su
b
sp

aces
fou

n
d

b
y

an
algorith

m
m

ay
b

e
d
efi

n
ed

b
y

th
e

a
lg

o
rith

m
u
sed

.
F

or
in

stan
ce,

in
S
S
C

,
segm

en
tin

g
X

in
to
{
X
k }

is
eq

u
ivalen

t
to

sep
aratin

g
a

co
n
stru

cted
g
rap

h
A

in
to

con
n
ected

su
b
grap

h
s{A

k }
v
ia

th
e

follow
in

g
p
ro

ced
u
re:

L
et
c
i

m
in

im
ize
‖c‖

1
su

b
jected

to
x
i

=
X

(i) c,
w

h
ere

X
(i)

is
th

e
X

w
h
ose

i-th
co

lu
m

n
is

reset
to

zero
,
i

=
1,···

,n
.

G
rap

h
A

takes{x
i }

as
its

n
o
d
es

an
d

h
as

an
ed

ge
b

etw
een

n
o
d
es
x
i

an
d
x
j

if
th

e
j-th

en
try

of
c
i

or
th

e
i-th

en
try

of
c
j

is
n
on

zero.
T

h
eoretically,

C
=

d
iag

(C
1 ,···

,C
K

)
is

b
lo

ck
-d

ia
g
o
n
al

of
con

n
ected

b
lo

ck
s

u
n
d
er

p
erm

u
tation

if
an

d
on

ly
if
A

h
as
K

co
n
n
ected

su
b
g
ra

p
h
s{A

k }.
In

th
at

case,
X
k

con
sists

of
th

e
sam

p
les

as
n
o
d
es

in
volved

in
A
k .

C
learly,

th
e

sp
a
n
n
in

g
su

b
sp

aces{sp
an

(X
k )}

d
ep

en
d

on
th

e
con

n
ection

stru
ctu

re
of

th
e

con
stru

cted
g
ra

p
h

a
n
d

ca
n
n
ot

b
e

p
red

icted
.

In
ad

d
ition

,
th

e
n
u
m

b
er

of
su

b
sp

aces
can

n
ot

b
e

p
red

icted
.

L
R

R
g
ives

a
co

a
rse

segm
en

tation
corresp

on
d
in

g
to

th
e

in
d
ep

en
d
en

t
su

b
sp

aces,
each

a
su

m
of

severa
l
gro

u
n
d
-tru

th
su

b
sp

aces,
assu

m
in

g
th

at
th

e
grou

n
d
-tru

th
su

b
sp

aces
can

b
e

sep
arated

in
to

severa
l

cla
sses

su
ch

th
at

th
e

su
b
sp

ace
su

m
s

w
ith

in
classes

are
in

d
ep

en
d
en

t. 4

T
h
is

p
a
p

er
aim

s
to

b
u
ild

a
th

eoretical
b
asis

for
su

b
sp

ace
learn

in
g

fro
m

a
m

ath
em

atical
v
iew

p
o
in

t.
T

h
e

b
asic,

im
p

ortan
t,

an
d

key
issu

es
th

at
w

e
keep

in
m

in
d

in
clu

d
e

th
e

follow
in

g:

(1
)

Id
en

tifi
a
b
ility

of
th

e
su

b
sp

aces
th

at
w

e
w

ish
to

d
etect

from
a

fi
n
ite

n
u
m

b
er

of
sam

p
les.

T
h
e

rela
ted

b
a
sic

issu
es

for
n
oiseless

sam
p
les

m
ay

in
clu

d
e

th
e

d
efi

n
ition

of
su

b
sp

aces
th

at
a
re

so
lely

d
eterm

in
ed

b
y

sam
p
les,

th
e

u
n
iq

u
en

ess
of

th
e

corresp
on

d
in

g
segm

en
tation

,
th

e
su

ffi
cien

t
co

n
d
ition

s
for

u
n
iq

u
ely

id
en

tify
in

g
th

e
seg

m
en

tation
,

an
d

th
e

con
sisten

cy
of

th
e

d
efi

n
ed

seg
m

en
tation

w
ith

th
e

grou
n
d
tru

th
segm

en
tation

th
at

w
e

ex
p

ect
in

ap
p
lication

s.

(2
)

C
o
m

p
u
tab

ility
of

th
e

d
efi

n
ed

su
b
sp

ace
segm

en
tation

.
F

or
ap

p
lica

tion
p
u
rp

ose,
w

e
m

ay
b

e
req

u
ired

to
form

u
late

th
e

d
efi

n
ed

segm
en

tation
as

an
op

tim
ization

p
rob

lem
th

at
sh

o
u
ld

b
e

co
m

p
u
tab

le
w

ith
an

accep
tab

le
cost.

R
elated

issu
es

m
ay

in
clu

d
e

th
e

u
n
iq

u
en

ess
o
f

th
e

so
lu

tio
n

or
con

d
ition

s
of

th
e

u
n
iq

u
en

ess,
an

d
th

e
ab

ility
of

ad
d
ressin

g
co

m
p
licated

seg
m

en
ta

tio
n

w
h
erein

su
b
sp

aces
in

tersect
w

ith
each

oth
er

h
eav

ily,
or

sam
p
les

are
lo

cated
n
ea

r
su

ch
in

tersected
su

b
sp

aces.

(3
)

E
ffi

cien
t

algorith
m

s
for

solv
in

g
th

e
op

tim
ization

p
ro

b
lem

.
W

e
m

ay
also

en
cou

n
ter

effi
cien

cy
issu

es
w

ith
th

e
ad

op
ted

algorith
m

s,
su

ch
as

com
p
u
tation

al
com

p
lex

ity
an

d
lo

cal
o
p
tim

u
m

s.

(4
)

S
ta

b
ility

of
solu

tion
s

an
d

rob
u
stn

ess
of

a
lgorith

m
s.

It
m

ay
b

e
d
iffi

cu
lt

b
u
t

a
b
solu

tely
w

o
rth

a
d
d
ressin

g
th

ese
issu

es
to

fu
rth

er
ou

r
u
n
d
ersta

n
d
in

g
of

su
b
sp

ace
learn

in
g.

3
.

L
R

R
ca

n
n

o
t

recov
er

d
ep

en
d

en
t

su
b

sp
a
ces;

see
T

h
eo

rem
2
0

in
S

u
b

sectio
n

5
.2

.1
.

4
.

T
h

is
cla

im
ca

n
b

e
a
lso

co
n

clu
d

ed
fro

m
T

h
eo

rem
2
0
.
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Z
h
a
n
g

a
n
d

X
ia

(5)
E

x
ten

sion
to

n
oisy

sam
p
les

w
h
ich

m
ay

b
e

m
o
re

im
p

ortan
t

in
ap

p
lication

s.
C

ertain
n
ecessary

m
o
d
ifi

cation
s

are
req

u
ired

to
th

is
en

d
,

togeth
er

w
ith

p
ertu

rb
atio

n
th

eory
on

su
b
sp

ace
segm

en
tation

.

In
th

is
p
ap

er,
w

e
p
artially

ad
d
ress

th
e

ab
ove

issu
es.

B
elow

,
w

e
b
riefl

y
d
escrib

e
th

e
m

ain
con

trib
u
tion

s
of

th
is

p
ap

er
an

d
ou

r
rela

ted
m

otivation
s.

1.
T

h
e

con
cep

t
of

m
in

im
al

sam
p
le

sp
ace

is
in

tro
d
u
ced

an
d

u
sed

to
d
efi

n
e

a
m

in
im

al
sam

-
p
le

segm
en

tation
(M

S
S
)

of
a

given
set

of
sam

p
les.

T
h
e

ex
isten

ce
of

th
e

M
S
S

is
gu

aran
teed

b
u
t

m
ay

n
ot

b
e

u
n
iq

u
e

in
som

e
sp

ecial
cases;

th
u
s,

w
e

sh
ow

th
at

th
e

M
S
S

is
con

d
ition

ally
u
n
iq

u
e.

T
w

o
k
in

d
s

of
su

ffi
cien

t
con

d
ition

s
for

th
is

u
n
iq

u
en

ess
are

given
th

at
fo

cu
s

on
d
ata

q
u
an

tity
an

d
q
u
ality,

resp
ectiv

ely.
T

h
ese

con
d
ition

s
are

w
eak

sin
ce

th
ey

are
alw

ay
s

satisfi
ed

in
ap

p
lication

s
w

ith
ran

d
om

ly
ch

osen
sam

p
les

from
grou

n
d
-tru

th
su

b
sp

aces.
H

en
ce,

th
e

m
in

im
al

sam
p
le

su
b
sp

aces
sh

ou
ld

gen
erally

b
e

grou
n
d
-tru

th
su

b
sp

aces.

2.
It

is
d
iffi

cu
lt

to
ch

eck
th

e
m

in
im

ality
of

a
segm

en
tation

.
W

e
fu

rth
er

stu
d
y

h
ow

to
sim

p
lify

d
etection

u
n
d
er

follow
in

g
th

e
p
rior

in
form

ation
of

a
n

M
S
S
:

T
h
e

n
u
m

b
er

of
m

in
im

al
segm

en
ts,

th
e

su
m

of
th

e
segm

en
t

ran
k
s,

an
d

th
e

m
in

im
al

ran
k

of
th

e
segm

en
ts.

W
e

fo
cu

s
on

th
e

set
of

p
artition

s
w

ith
th

e
sam

e
n
u
m

b
er

of
p
ieces

a
n
d

th
e

restriction
s

of
ran

k
su

m
an

d
m

in
im

al
ran

k
.

C
on

d
ition

s
for

th
e

sin
glen

ess
of

su
ch

a
set

are
given

b
ased

on
d
iscreet

ran
k

estim
ation

s
on

each
segm

en
t.

T
h
ese

con
d
ition

s
p

erm
it

su
b
sp

aces
to

b
e

h
eav

ily
in

tersected
w

ith
in

reason
ab

le
sen

se.
S
in

glen
ess

m
ean

s
th

at
th

e
M

S
S

can
b

e
d
etected

.

3.
T

h
e

su
ffi

cien
t

con
d
ition

s
for

sin
glen

ess
of

th
e

ab
ove

p
artition

set
are

tigh
t.

W
e

fu
rth

er
ex

p
loit

th
e

p
rop

erties
of

th
e

sam
p
le

segm
en

ts
w

h
en

th
e

su
ffi

cien
t

co
n
d
ition

s
are

in
com

p
letely

satisfi
ed

,
lead

in
g

to
tw

o
ty

p
es

of
p
artition

refi
n
em

en
ts

u
n
d
er

w
eaker

con
d
ition

s:
S
egm

en
t

red
u
ction

an
d

seg
m

en
t

ex
ten

sion
.

4.
B

ased
on

solid
th

eoretical
an

aly
ses,

w
e

form
u
la

te
th

e
d
etection

of
m

in
im

al
su

b
sp

ace
segm

en
tation

as
a

com
p
u
tab

le
op

tim
ization

p
rob

lem
th

at
ad

op
ts

th
e

self-ex
p
ressiven

ess
of

sam
p
les.

T
h
e

closed
-form

stru
ctu

re
of

th
e

rep
resen

tation
m

atrix
is

given
.

M
S
S

d
etection

req
u
ires

a
con

n
ected

an
d

b
lo

ck
-d

iagon
a
l

stru
ctu

re
of

th
e

solu
tion

p
artition

ed
as

th
e

con
sid

-
ered

M
S
S
.

W
e

p
rove

th
at

all
th

e
con

n
ected

d
iagon

al
b
lo

ck
s

are
gu

a
ran

teed
on

ly
if

th
e

ran
k

su
m

of
th

e
d
iagon

al
b
lo

ck
s

is
eq

u
al

to
th

at
of

th
e

m
in

im
al

sam
p
le

seg
m

en
ts.

U
n
d
er

th
is

restriction
,

th
e

op
tim

ization
p
rob

lem
gives

a
m

in
im

al
su

b
sp

ace
d
etectab

le
rep

resen
tation

(M
S
D

R
)

of
th

e
M

S
S
.

5.
T

h
e

ob
jective

fu
n
ction

of
th

e
p
rop

osed
o
p
tim

izatio
n

p
rob

lem
con

tain
s

d
iscrete

vari-
ab

les
from

in
d
ex

p
artition

J
an

d
con

tin
u
ou

s
variab

les
from

th
e

rep
resen

tation
m

atrix
C

over
a

n
on

con
v
ex

feasib
le

d
om

ain
.

T
o

solv
e

th
is

m
in

im
ization

p
rob

lem
,

w
e

altern
atively

op
tim

ize
J

an
d
C

,
sligh

tly
m

o
d
ify

in
g
J

to
an

active
in

d
ex

set
Ω

an
d

ad
d
in

g
a

p
en

alty
on

th
e

d
iagon

als
of
C

.
A

m
an

ifold
co

n
ju

gate
grad

ien
t

(M
C

G
)

m
eth

o
d

is
u
sed

for
op

tim
izin

g
C

,
an

d
an

u
p

d
ate

ru
le

is
given

for
b

oth
Ω

an
d
J

.
C

om
b
in

in
g

th
e

tw
o

ty
p

es
of

u
p

d
ate

ru
les

y
ield

s
an

altern
ative

op
tim

ization
for

d
etectin

g
an

M
S
S
.

A
n

eq
u
ivalen

t
p
seu

d
o
-d

u
al

p
rob

-
lem

of
th

e
p
rim

al
p
rob

lem
is

fu
rth

er
con

sid
ered

an
d

solved
v
ia

su
b
sp

ace
correction

.
T

h
ese

tw
o

k
in

d
s

of
M

S
S

algorith
m

s
m

ay
d
rop

in
to

lo
cal

m
in

im
a,

b
u
t

th
ey

seld
om

h
ave

th
e

sam
e

lo
cal

m
in

im
izers.

H
en

ce,
altern

atively
u
sin

g
th

ese
algorith

m
s

is
an

effi
cien

t
strategy

for
escap

in
g

a
lo

cal
m

in
im

u
m

,
y
ield

in
g

a
h
y
b
rid

op
tim

ization
m

eth
o
d

for
th

e
m

in
im

al
su

b
sp

ace
segm

en
tation

.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

6.
W

e
fu

rt
h
er

ex
te

n
d

th
e

M
S
S

op
ti

m
iz

at
io

n
p
ro

b
le

m
to

h
an

d
le

n
oi

sy
sa

m
p
le

s.
A

n
A

D
M

M
m

et
h
o
d

is
si

m
p
ly

co
n
si

d
er

ed
fo

r
so

lv
in

g
th

is
ex

te
n
d
ed

op
ti

m
iz

at
io

n
p
ro

b
le

m
,

an
d

d
et

ai
le

d
fo

rm
u
la

s
ar

e
gi

ve
n

fo
r

so
lv

in
g

th
e

su
b
p
ro

b
le

m
s

in
vo

lv
ed

in
th

e
A

D
M

M
m

et
h
o
d
.

It
sh

ou
ld

b
e

p
oi

n
te

d
ou

t
th

at
w

e
re

q
u
ir

e
th

e
su

m
of

su
b
sp

ac
e

d
im

en
si

on
s

in
ou

r
sp

ar
se

m
o
d
el

.
It

is
an

ad
d
it

io
n
al

p
ri

or
as

a
re

st
ri

ct
io

n
to

th
e

ra
n
k

of
C

,
co

m
p
ar

ed
w

it
h

al
go

ri
th

m
s

gi
ve

n
in

th
e

li
te

ra
tu

re
fo

r
su

b
sp

ac
e

le
ar

n
in

g.
T

h
e

re
st

ri
ct

io
n

is
n
ot

n
ec

es
sa

ry
fo

r
u
n
iq

u
el

y
d
et

er
m

in
in

g
th

e
M

S
S

(s
ee

T
h
eo

re
m

6
gi

ve
n

in
S
ec

ti
on

2.
2

fo
r

th
e

su
ffi

ci
en

t
co

n
d
it

io
n
s)

.
H

ow
ev

er
,

it
is

n
ec

es
sa

ry
fo

r
gu

ar
an

te
ei

n
g

th
e

co
n
n
ec

ti
on

of
a

b
lo

ck
-d

ia
go

n
a
l
C

(T
h
eo

re
m

s
22

an
d

24
in

S
ec

ti
on

5.
2)

.
It

is
al

so
h
el

p
fu

l
fo

r
si

m
p
li
fy

in
g

th
e

d
et

ec
ti

on
of

m
in

im
al

su
b
sp

ac
e

or
M

S
S

as
sh

ow
n

in
T

h
eo

re
m

11
of

S
ec

ti
on

3.
1.

T
h
e

re
m

ai
n
d
er

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

s
2-

6
co

ve
r

th
e

a
n
al

y
si

s
of

n
oi

se
le

ss
sa

m
p
le

s,
w
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d
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ss
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th
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te
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ed
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o
d
el

on
n
oi

sy
sa

m
p
le

s.
T

h
e

d
efi

n
it

io
n

of
m

in
im

al
sa

m
p
le

su
b
sp
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es

an
d

d
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n
s
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u
n
iq
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en
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re

gi
v
en
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S
ec

ti
on
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In

S
ec

ti
on

3,
w

e
d
is

cu
ss

th
e

p
ro

b
le

m
of

d
et

ec
ti

n
g

an
M

S
S
,
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si
n
g

on
co

n
d
it

io
n
s
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r
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e
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en
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s
of

ra
n
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tr
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te
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in
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ex

p
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e

th
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ti
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p
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en
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n
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it
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p
ar

ti
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d
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ti
on

4.
B
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ed

on
th
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e

th
eo

re
ti
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an
al
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w
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o
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el
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e
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S
S
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ro

b
le
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m
p
u
ta

ti
on

al
op

ti
m
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io
n

p
ro

b
le

m
in

S
ec

ti
on

5,
co

ve
ri

n
g

a
cl

os
ed

fo
rm

of
re

p
re

se
n
ta

ti
on

m
at

ri
ce

s,
th

e
co

n
n
ec

ti
v
it

y
of

d
ia

go
n
al

b
lo

ck
s,

sl
ig

h
t

m
o
d
ifi

ca
ti

on
s

to
th

e
m

o
d
el

,
an

d
a

co
m

p
ar

is
on

w
it

h
re

la
te

d
w

or
k
.

T
h
e

M
S
S

a
lg

or
it

h
m

s,
to

ge
th

er
w

it
h

a
m

an
if

ol
d

co
n
ju

ga
te

gr
a
d
ie

n
t

m
et

h
o
d

fo
r

so
lv

in
g

th
e

b
as

ic
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

al
te

rn
at

iv
e

op
ti

m
iz

at
io

n
st

ra
te

g
ie

s
a
n
d

h
y
b
ri

d
op

ti
m

iz
at

io
n
,

ar
e

gi
ve

n
in

S
ec

ti
on

6.
In

ad
d
it

io
n
,

w
e

p
re

se
n
t

an
ex

te
n
d
ed

m
o
d
el

fo
r

h
an

d
li
n
g

n
oi

sy
sa

m
p
le

s
an

d
a

d
et

ai
le

d
A

D
M

M
al

go
ri

th
m

fo
r

so
lv

in
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
.
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in

al
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re

p
or
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r
n
u
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ic
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re

su
lt

s
an

d
co

m
p
ar

e
ou

r
m

et
h
o
d

w
it

h
ex

is
ti

n
g

al
go

ri
th

m
s

on
b

ot
h

n
oi

se
le

ss
sy

n
th

et
ic

d
at

a
an

d
re

al
-w

or
ld

d
at

a
in

S
ec

ti
on

8.
C

om
m

en
ts

on
fu

rt
h
er

re
se

ar
ch

d
ir

ec
ti

o
n
s

ar
e

gi
ve

n
in

th
e

co
n
cl

u
si

on
se

ct
io

n
.

2
.

M
in

im
a
l

S
u
b
sp

a
ce

S
e
g
m

e
n
ta

ti
o
n

T
h
e

su
b
sp

ac
es

th
at

w
e

ex
p

ec
t

to
id

en
ti

fy
fr

om
th

e
se

t
of

a
fi
n
it

e
n
u
m

b
er

of
sa

m
p
le

s
m

ay
b

e
q
u
it

e
d
iff

er
en

t
fr

om
th

os
e

th
at

n
at

u
ra

ll
y

fi
t

th
es

e
sa

m
p
le

s.
T

h
is

o
cc

u
rs

w
h
en

th
e

sa
m

p
le

s
fr

om
an

ex
p

ec
te

d
su

b
sp

ac
e

ar
e

ex
ac

tl
y

lo
ca

te
d

in
th

e
ex

p
ec

te
d

su
b
sp

ac
es

’
se

ve
ra

l
sm

al
le

r
su

b
sp

ac
es

.
T

h
u
s,

th
e

b
as

ic
is

su
e

fo
r

su
b
sp

ac
e

le
a
rn

in
g

is
:

w
h
at

su
b
sp

ac
es

ca
n

w
e

re
as

on
ab

ly
ex

p
ec

t
b
as

ed
on

th
e

gi
ve

n
d
at

a
p

oi
n
ts

?
In

th
is

se
ct

io
n
,

w
e

in
tr

o
d
u
ce

th
e

co
n
ce

p
t

of
a

m
in

im
al

sa
m

p
le

su
b
sp

ac
e

an
d

u
se

it
to

d
efi

n
e

a
se

gm
en

ta
ti

on
of

sa
m

p
le

s
te

rm
ed

m
in

im
al

su
b
sp

ac
e

se
gm

en
ta

ti
on

.
F

or
th

e
sa

k
e

of
d
is

cu
ss

io
n
,

w
e

re
fe

r
to
X

as
a

d
at

a
m

at
ri

x
co

n
si

st
in

g
of

d
at

a
p

oi
n
ts
{x

i}
as

it
s

co
lu

m
n
s,

w
h
ic

h
is

al
so

re
fe

rr
ed

to
as

th
e

se
t

of
th

e
d
at

a
p

oi
n
ts

.
In

th
e

fo
ll
ow

in
g

d
is

cu
ss

io
n
,
r(
X

)
an

d
n

(X
)

re
fe

r
to

th
e

ra
n
k

an
d

co
lu

m
n

n
u
m

b
er

of
X

,
re

sp
ec

ti
ve

ly
.

2
.1

.
M

in
im

a
l

S
a
m

p
le

S
u

b
sp

a
c
e

N
at

u
ra

ll
y,

th
e

su
b
sp

ac
e

sp
an

n
ed

b
y

a
se

t
of

sa
m

p
le

s
sh

ou
ld

h
av

e
a

sm
al

le
r

d
im

en
si

on
th

an
th

e
sa

m
p
le

n
u
m

b
er

.
E

q
u
iv

al
en

tl
y,

th
e

sp
an

n
in

g
sa

m
p
le

s
ar

e
n
ot

li
n
ea

rl
y

in
d
ep

en
d
en

t.
W

e
sa

y
th

at
a

sa
m

p
le

-s
p
an

n
ed

su
b
sp

ac
e

is
m

in
im

al
if

it
d
o
es

n
ot

h
av

e
a

sm
al

le
r

su
b
sp

ac
e

sp
an

n
ed

b
y

a
su

b
se

t
of

th
e

sa
m

p
le

s.
T

h
at

is
,

an
y

li
n
ea

rl
y

d
ep

en
d
en

t
p
ar

ti
al

se
t

of
sa

m
p
le

s
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Z
h
a
n
g

a
n
d

X
ia

sp
an

s
th

e
sa

m
e

su
b
sp

ac
e.

B
el

ow
is

an
eq

u
iv

al
en

t
d
efi

n
it

io
n

of
th

e
m

in
im

al
sa

m
p
le

su
b
sp

a
ce

in
li
n
ea

r
al

ge
b
ra

.

D
e
fi

n
it

io
n

1
A

sa
m

p
le

su
bs

pa
ce

sp
an

(X
)

is
m

in
im

a
l,

if

(1
)
X

is
ra

n
k

d
efi

ci
en

t,
th

a
t

is
,
n

(X
)
>
r(
X

),
a
n

d

(2
)
X

is
n

o
n

d
eg

en
er

a
te

,
th

a
t

is
,

a
n

y
su

bs
et

w
it

h
a

ra
n

k
sm

a
ll

er
th

a
n
r(
X

)
is

o
f

fu
ll

ra
n

k.

A
sa

m
p
le

su
bs

pa
ce

,
sp

an
(X

),
is

p
u

re
if
X

is
o
f

fu
ll

co
lu

m
n

ra
n

k,
i.

e.
,
n

(X
)

=
r(
X

).

N
on

d
eg

en
er

ac
y

sp
ec

ifi
es

th
at
r(
X
′ )

=
m

in
{n

(X
′ )
,r

(X
)}

fo
r

an
y

su
b
se

t
X
′

o
f

a
n
o
n
d
e-

ge
n
er

at
e
X

.
H

en
ce

,
an

y
su

b
se

t
of

a
n
on

d
eg

en
er

at
e
X

m
u
st

al
so

b
e

n
on

d
eg

en
er

a
te

.
T

h
is

p
ro

p
er

ty
im

p
li
es

th
at

,
fo

r
a

m
in

im
al

su
b
sp

ac
e

sp
an

(X
),

an
y

ra
n
k

d
efi

ci
en

t
su

b
se

t
X
′

of
X

ca
n
n
ot

sp
an

a
su

b
sp

ac
e

w
it

h
a

sm
al

le
r

d
im

en
si

on
.

E
q
u
iv

al
en

tl
y,

if
sp

an
(X

)
co

n
ta

in
s

a
m

in
im

al
su

b
sp

ac
e

sp
an

(X
′ )

,
th

e
tw

o
su

b
sp

ac
es

m
u
st

b
e

eq
u
al

.
W

it
h

re
sp

ec
t

to
a

gi
v
en

d
at

a
se

t
X

if
it

s
sp

a
n
n
in

g
su

b
sp

ac
e

sp
an

(X
)

is
n
ei

th
er

p
u
re

n
or

m
in

im
al

,
th

at
is

,
if
X

is
ra

n
k
-d

efi
ci

en
t

b
u
t

d
eg

en
er

at
e,

th
en

th
er

e
is

a
ra

n
k
-d

efi
ci

en
t

su
b
se

t
X
′

of
sm

al
le

r
ra

n
k
.

T
h
u
s,

it
m

ak
es

se
n
se

to
p
ar

ti
ti

on
th

e
d
at

a
se

t
X

in
to

se
ve

ra
l

n
on

ov
er

la
p
p
in

g
se

gm
en

ts
X

0
,·
··
,X

K
su

ch
th

at
sp

an
(X

0
)

is
p
u
re

an
d

th
e

ot
h
er
{s

p
a
n
(X

k
)}

ar
e

m
in

im
al

.

D
e
fi

n
it
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n

2
A

se
gm

en
ta

ti
o
n
{X

0
,X

1
,·
··
,X

K
}

o
f

ve
ct

o
r

se
t
X

is
ca

ll
ed

a
m

in
im

a
l

su
b-

sp
a
ce

se
gm

en
ta

ti
o
n

(M
S

S
)

o
f
X

if

(1
)

sp
an

(X
0
)

is
p
u

re
,

a
n

d
ea

ch
sp

an
(X

k
)

is
m

in
im

a
l,
k

=
1,
··
·,
K

,
if

it
ex

is
ts

;

(2
)

sp
an

(X
k
)
6=

sp
an

(X
`)

fo
r
k
,`

=
0,
··
·,
K

,
k
6=
`;

(3
)

If
X

0
ex

is
ts

,
fo

r
a
n

y
x
j
∈
X

0
,
x
j
/∈

sp
an

(X
k
),
k

=
1,
··
·,
K

.

W
e

al
so

ca
ll
X

0
a

p
u
re

se
gm

en
t

if
sp

an
(X

0
)

is
p
u
re

.
In

ap
p
li
ca

ti
on

s,
a

p
u
re

se
g
m

en
t
X

0
,

if
it

ex
is

ts
,

co
u
ld

b
e

a
se

t
of

ou
tl

ie
rs

.
C

on
d
it

io
n

(3
)

is
n
ec

es
sa

ry
si

n
ce

so
m

e
sa

m
p
le

s
m

ay
b

e
re

d
u
n
d
an

t
fo

r
sp

an
n
in

g
a

m
in

im
al

sa
m

p
le

sp
ac

e.

T
h

e
o
re

m
3

A
n

y
se

t
o
f

n
o
n

ze
ro

ve
ct

o
rs

h
a
s

a
n

M
S

S
.

P
ro

o
f

T
h
e

b
as

ic
id

ea
of

th
e

p
ro

of
w

as
m

en
ti

o
n
ed

ab
ov

e.
If

sp
an

(X
)

is
p
u
re

,
w

e
se

t
X

=
X

0

an
d
K

=
0.

If
sp

an
(X

)
is

m
in

im
al

,
w

e
se

t
X

1
=
X

an
d
K

=
1,

an
d
X

0
d
is

a
p
p

ea
rs

.
In

th
e

ot
h
er

ca
se

s,
w

e
h
av

e
a

m
in

im
al

su
b
sp

ac
e

sp
an

(X
1
)

th
at

h
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th
e

sm
al

le
st

d
im

en
si

o
n
,

w
h
er

e
X

1
is

a
su

b
se

t
of
X

.
X

1
ca

n
b

e
th

e
se

t
co

n
ta

in
in

g
al

l
th

e
sa

m
p
le

s
b

el
on
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n
g

to
th

e
su

b
sp

a
ce

sp
an

(X
1
),

si
n
ce

ad
d
in

g
th

es
e

sa
m

p
le

s
d
o
es

n
ot

ch
an

ge
th

e
m

in
im

a
li
ty

of
th

e
su

b
sp

a
ce

b
e-

ca
u
se

th
er

e
is

n
o

m
in

im
al

su
b
sp

ac
e

of
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w
er

d
im

en
si
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T
h
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,

sp
an

(X
1
)
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m

a
in

s
m

in
im

a
l

af
te

r
ad

d
in

g
sa

m
p
le

s.
R
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ea
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n
g

th
e
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ov

e
p
ro
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d
u
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on
th

e
re

m
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n
in

g
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m
p
le

s,
w

e
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n
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m
p
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th

e
p
ro
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.
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v
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m
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b
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n
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u
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p
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p
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

E
x
a
m

p
le

1
L

et
X

be
th

e
u

n
io

n
o
f

4
T

fi
ve-d

im
en

sio
n

a
l

vecto
rs

in
th

e
p
ieces

X
1
,j

=


a
j,1

a
j,2

b
j

b
j

o
o


,

X
2
,j

=


a
j,1

a
j,2

o
o

b
j

b
j


w

ith
o

=

[
00

]
,

j
=

1,···
,T
,

w
h
ere

th
e

sca
les

a
j,1

a
n

d
a
j,2

a
n

d
th

e
vecto

r
b
j ∈

R
2

a
re

a
rbitra

rily
ch

o
sen

su
ch

th
a
t
a
j,1 6=

a
j,2 ,

ea
ch

pa
ir

(b
i ,b

j )
pa

ir
is

lin
ea

rly
in

d
epen

d
en

t,
a
n

d

[
a
i,s
i
a
j,s
j

a
k
,s
k

b
i

b
j

b
k

]
is

o
f

fu
ll

ra
n

k

fo
r

d
iff

eren
t
i,j,k

a
n

d
a
n

y
s
i ,s

j ,s
k

=
1,2

.
T

h
en

X
h
a
s

tw
o

types
o
f

segm
en

ta
tio

n
s

w
ith

o
u

t
a

p
u

re
segm

en
t,

(1
)
X
′1

=
[X

1
,1 ,···

,X
1
,T

],
X
′2

=
[X

2
,1 ,···

,X
2
,T

],
K

=
2
;

(2
)
X
′′k

=
[X

1
,k ,X

2
,k ],

k
=

1,···
,K

=
T

.

H
ere,

ea
ch

sp
a
n
(X
′k )

o
r

sp
an

(X
′′k )

is
m

in
im

a
l.

H
en

ce,
bo

th
{X
′k }

a
n

d
{
X
′′k }

a
re

m
in

im
a
l.

T
h
is

ex
a
m

p
le

p
artially

ex
p
lain

s
w

h
y

su
b
sp

ace
learn

in
g

is
com

p
licated

.
F

irst,
a

sam
p
le

set
m

ay
h
ave

m
u
ltip

le
segm

en
tation

s,
an

d
each

is
an

M
S
S
.

S
econ

d
,

th
e

seg
m

en
ts

o
f

an
M

S
S

m
ay

b
e

very
sm

all.
A

sm
all

m
in

im
al

segm
en

t
X
k

m
ay

h
ave

th
e

sm
allest

n
u
m

b
er

of
sam

p
les

n
eed

ed
to

sp
an

a
m

in
im

al
su

b
sp

ace,
i.e.,

n
(X

k )
=
r(X

k )
+

1.
O

b
v
iou

sly,
if

each
seg

m
en

t
is

sm
a
ll

in
an

M
S
S
,

th
is

M
S
S

m
ay

h
ave

a
large

n
u
m

b
er

of
segm

en
ts.

T
h
at

is,
th

e
sam

p
les

can
b

e
clu

stered
in

to
m

an
y

sm
all

classes.
T

h
ird

,
tw

o
d
iff

eren
t

M
S
S
s

m
ay

h
ave

an
eq

u
al

n
u
m

b
er

o
f

seg
m

en
ts

w
ith

eq
u
al

ran
k
s.

T
h
is

case
o
ccu

rs
w

h
en

T
=

2,
w

h
ere

each
segm

en
t

h
as

ra
n
k

3
w

ith
4

sa
m

p
les.

F
o
rtu

n
ately,

th
e

M
S
S

is
gen

erally
u
n
iq

u
e

in
a
p
p
lication

s.
In

th
e

n
ex

t
su

b
section

,
w

e
d
iscu

ss
th

e
con

d
ition

s
of

u
n
iq

u
en

ess.

2
.2

.
U

n
iq

u
e
n

e
ss

o
f

M
in

im
a
l

S
u

b
sp

a
c
e

S
e
g
m

e
n
ta

tio
n

T
h
e

fo
llow

in
g

con
d
ition

is
ob

v
iou

sly
n
ecessary

for
a

u
n
iq

u
e

M
S
S

of
X

=
[x

1 ,···
,x

n
].

x
j
/∈

sp
an

(X
k )∩

sp
an

(X
` ),

∀
j

an
d
∀
k
6=
`.

(3)

O
th

erw
ise,

a
sam

p
le

b
elon

gin
g

to
th

e
in

tersection
of

tw
o

sp
an

n
in

g
su

b
sp

a
ces

cou
ld

b
e

a
rb

i-
tra

rily
a
ssig

n
ed

to
an

y
on

e
of

th
e

tw
o

sam
p
le

sets
sp

an
n
in

g
th

e
su

b
sp

aces.
In

th
is

su
b
section

,
w

e
d
escrib

e
tw

o
ty

p
es

of
su

ffi
cien

t
con

d
ition

s
th

at
gu

a
ran

tee
th

e
u
n
iq

u
en

ess
of

an
M

S
S

b
ased

o
n

eith
er

sa
m

p
le

q
u
an

tity
or

q
u
ality.

T
h

e
o
re

m
4

If
X

h
a
s

a
n

M
S

S
w

ith
K

m
in

im
a
l

sa
m

p
le

su
bspa

ces
sa

tisfyin
g

th
e

co
n

d
itio

n
(3

)
a
n

d
n

(X
k )
>

(K
+

1)(r(X
k )−

1),
th

en
a

d
iff

eren
t

M
S

S
o
f
X

sa
tisfyin

g
(3

),
if

it
exists,

m
u

st
h
a
ve

m
o

re
m

in
im

a
l

sa
m

p
le

su
bspa

ces.

P
ro

o
f

T
h
e

th
eorem

is
ob

v
iou

sly
tru

e
if

sp
an

(X
)

is
p
u
re.

If
sp

an
(X

)
is

n
ot

p
u
re,

w
h
ich

im
p
lies

K
≥

1
,

an
d

th
ere

is
an

oth
er

M
S
S
{X
′0 ,X

′1 ,···
,X
′K
′ }

of
X

satisfy
in

g
(3

)
w

ith
K
′≤

K
,

let

n
1

=
n

(X
1 ),

r
1

=
r(X

1 ),
X

1
,k

=
X

1 ∩
X
′k ,

n
1
,k

=
n

(X
1
,k ),

k
1

=
arg

m
ax

k≤
K
′ n

1
,k .
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Z
h
a
n
g

a
n
d

X
ia

F
igu

re
1:

Illu
stration

of
n
on

d
egen

era
te

in
tersection

.
T

h
e

segm
en

tation
of

sam
p
les

accord
in

g
to

th
e

b
lu

e,
red

,
an

d
green

p
lan

es
is

in
tersected

d
egen

erately
b

ecau
se

of
th

e
p

oin
ts

x
1 ,x

2 ,x
3

th
at

are
sam

p
led

from
th

e
th

ree
p
lan

es
b
u
t

can
sp

an
a

n
ew

m
in

im
al

su
b
sp

ace
m

arked
in

gray.
A

fter
d
eletin

g
th

ese
th

ree
p

oin
ts,

th
e

segm
en

tation
is

in
tersected

n
on

d
egen

erately.

B
ecau

se
(K

+
1)(r

1 −
1)

<
n

1
=
∑

K
′

k
=

0
n

1
,k
≤

(K
′

+
1)n

1
,k

1
≤

(K
+

1)n
1
,k

1 ,
w

e
h
av

e
n

1
,k

1
≥
r

1 .
H

en
ce,

sp
an

(X
1 )

=
sp

an
(X

1
,k

1 )
⊂

sp
an

(X
′k
1 ).

B
y

(3
),
X
′k
1

=
X

1 .
D

eletin
g

X
1

from
X

,
th

e
rem

ain
d
er

sam
p
les

h
ave

tw
o

m
in

im
al

segm
en

tation
s{
X

0 ,X
2 ,···

,X
K }

an
d

{
X
′0 ,···

,X
′k
1 −

1 ,X
′k
1
+

1 ,···
,X
′K
′ }.

U
sin

g
in

d
u
ction

on
K

,
th

ese
tw

o
m

in
im

al
segm

en
tation

s
sh

ou
ld

b
e

eq
u
al.

H
en

ce,
th

e
th

eorem
is

p
rov

en
.

T
h
eorem

4
b
asically

say
s

th
at

a
n

M
S
S

is
u
n
iq

u
e

if
it

is
‘fat’,

th
at

is,
each

segm
en

t
h
as

en
ou

gh
sam

p
les.

M
u
ltip

le
m

in
im

al
su

b
sp

ace
segm

en
tation

s
m

ay
ex

ist
on

ly
if

som
e

segm
en

ts
h
ave

a
sm

all
n
u
m

b
er

of
sam

p
les

co
m

p
ared

w
ith

th
e

n
u
m

b
er

of
segm

en
ts.

A
m

on
g

th
ose

m
in

im
al

segm
en

ts
w

ith
few

sam
p
les,

a
u
n
ion

of
p
artial

sam
p
les

from
d
iff

eren
t

segm
en

ts
can

also
form

a
n
ew

m
in

im
al

segm
en

t.
T

h
is

m
ay

b
e

th
e

m
ain

reason
for

th
e

m
u
ltip

licity
of

m
in

im
al

su
b
sp

ace
segm

en
tation

s.
H

ow
ever,

th
is

m
u
ltip

licity
w

ill
d
isap

p
ear

if
th

e
sam

p
les

are
w

ell-d
istrib

u
ted

.
B

elow
,

w
e

in
tro

d
u
ce

a
n
ew

con
cep

t
to

d
efi

n
e

su
ch

a
g
o
o
d

d
istrib

u
tion

.
F

or
th

e
sake

of
sim

p
licity,

X
\
X
′

in
d
icates

th
e

rem
ain

in
g

sam
p
les

of
X

w
h
en

th
e

su
b
set

X
′

is
rem

oved
.

D
e
fi

n
itio

n
5

A
segm

en
ta

tio
n
{X

0 ,X
1 ,···

,X
K }

is
in

tersected
n

o
n

d
egen

era
tely,

if
fo

r
a
n

y
su

bset
X
′k

o
f
X
\
X
k ,

th
e

sp
littin

g

X
k

=
Y
k

+
Z
k ,

Y
k ⊂
S
′k ,

Z
k ⊂
S
′′k

a
cco

rd
in

g
to

th
e

d
irect

su
m

sp
an

(X
k )

=
S
′k ⊕
S
′′k ,

a
lw

a
ys

gives
a

zero
o
r

n
o
n

d
egen

era
te
Z
k ,

w
h
ere
S
′k

=
sp

an
(X

k )∩
sp

an
(X
′k ),

a
n

d
S
′′k

is
th

e
o
rth

ogo
n

a
l

co
m

p
lem

en
t

o
fS
′k

restricted
in

sp
an

(X
k ).

F
igu

re
1

illu
strates

th
e

n
on

d
egen

erate
in

tersection
,

in
w

h
ich

th
e

m
in

im
al

segm
en

tation
b

ecom
es

to
b

e
in

tersected
d
egen

erately
if

w
e

ad
d

th
ree

sp
ecial

p
oin

ts
x

1 ,
x

2 ,
an

d
x

3
in

to
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

th
e

th
re

e
p
la

n
es

.
In

th
is

ca
se

,
th

e
w

h
ol

e
sa

m
p
le

se
t

h
as

a
n
ew

se
gm

en
ta

ti
on

w
it

h
4

m
in

im
al

se
gm

en
ts

;
H

ow
ev

er
th

e
in

te
rs

ec
ti

on
o
f

tw
o

se
gm

en
ts

m
ay

b
e

n
ot

em
p
ty

.
In

ad
d
it

io
n
,

af
te

r
m

er
gi

n
g

th
e

n
ew

p
oi

n
ts

in
to

th
e

or
ig

in
al

th
re

e
se

gm
en

ts
,

re
sp

ec
ti

ve
ly

,
th

e
th

re
e

ex
te

n
d
ed

se
gm

en
ts

al
so

fo
rm

an
M

S
S
.

T
h
is

il
lu

st
ra

ti
on

is
li
m

it
ed

b
ec

au
se

of
it

s
lo

w
d
im

en
si

o
n
,

in
w

h
ic

h
th

e
n
ew

ly
ad

d
ed

sa
m

p
le
x
i

b
el

on
gs

to
an

in
te

rs
ec

ti
on

of
tw

o
m

in
im

al
se

gm
en

ts
.

T
h
is

in
te

rs
ec

ti
on

p
h
en

om
en

on
sh

ou
ld

b
e

re
m

ov
ed

in
u
n
iq

u
en

es
s

an
al

y
si

s
as

w
e

as
su

m
ed

in
(3

).
In

a
h
ig

h
er

d
im

en
si

on
al

sp
ac

e,
so

m
e

M
S
S
s

m
ay

b
e

in
te

rs
ec

te
d

d
eg

en
er

at
el

y,
al

th
ou

gh
th

e
in

te
rs

ec
ti

on
p
h
en

om
en

on
in

F
ig

u
re

1
d
o
es

n
ot

o
cc

u
r.

F
or

ex
am

p
le

,
(3

)
is

sa
ti

sfi
ed

fo
r

th
e

d
eg

en
er

at
el

y
in

te
rs

ec
te

d
se

gm
en

ta
ti

on
{X
′′ k}

gi
ve

n
in

E
x
am

p
le

1.

T
h

e
o
re

m
6

If
X

h
a
s

a
n

o
n

d
eg

en
er

a
te

ly
in

te
rs

ec
te

d
M

S
S

sa
ti

sfi
es

(3
),

th
en

it
s

M
S

S
sa

ti
s-

fy
in

g
(3

)
is

u
n

iq
u

e.

P
ro

o
f

W
e

u
se

th
e

sa
m

e
n
ot

at
io

n
as

th
at

u
se

d
in

th
e

p
ro

of
of

T
h
eo

re
m

4.
A

ss
u
m

e
th

at
X

h
as

a
n
on

d
eg

en
er

at
el

y
in

te
rs

ec
te

d
M

S
S
{X

0
,·
··
,X

K
}

an
d

an
ot

h
er

M
S
S
{X
′ 0
,·
··
,X
′ K
′}

,
an

d
b

ot
h

sa
ti

sf
y

(3
).

W
e

fi
rs

t
sh

ow
th

at
th

er
e

is
a

se
gm

en
t
X
′ k 1

eq
u
al

to
X

1
.

U
n
iq

u
en

es
s

is
th

en
ac

h
ie

v
ed

af
te

r
ap

p
ly

in
g

th
e

m
et

h
o
d

of
in

d
u
ct

io
n

to
th

e
n
u
m

b
er

of
se

g
m

en
ts

si
n
ce

{X
0
,X

2
,·
··
,X

K
}

is
a

m
in

im
al

se
gm

en
ta

ti
on

of
th

e
re

m
ai

n
in

g
sa

m
p
le

s.
T

o
th

is
en

d
,

w
e

co
n
si

d
er
n

1
,k

1
=

m
ax

k
6=

0
n

1
,k

th
at

is
m

os
t

p
os

si
b
le

fo
r

th
e

eq
u
al

it
y
X
′ k 1

=
X

1
si

n
ce
X
′ k 1

h
as

th
e

la
rg

es
t

in
te

rs
ec

ti
on

w
it

h
X

1
.

F
or

th
e

sa
ke

of
si

m
p
li
ci

ty
,

w
e

ca
n

as
su

m
e

th
at
k

1
=

1.
T

h
e

eq
u
al

it
y
X
′ 1

=
X

1
h
ol

d
s

if
sp

an
(X
′ 1
)
⊆

sp
an

(X
1
)

or
sp

an
(X

1
)
⊆

sp
an

(X
′ 1
)

b
y

(3
).

A
ss

u
m

e
sp

an
(X
′ 1
)
*

sp
an

(X
1
)

an
d

sp
an

(X
1
)
*

sp
an

(X
′ 1
)

co
n
ve

rs
el

y.
T

h
at

is
,

b
ot

h
X
c 1

=
X
′ 1
\X

1
,1

an
d
X

1
\X

1
,1

ar
e

n
ot

em
p
ty

.
O

b
v
io

u
sl

y,
X

1
*
S′ 0

=
sp

an
(X

c 1
).

H
en

ce
,

sp
li
tt

in
g
X

1
ac

co
rd

in
g

to
th

e
d
ir

ec
t

su
m

sp
an

(X
1
)

=
S′

+
S′
′ ,

w
h
er

e
S′

=
S′ 0
∩

sp
an

(X
1
)

an
d

S′
′ i

s
th

e
or

th
og

on
al

co
m

p
le

m
en

t
of
S′

re
st

ri
ct

ed
in

sp
an

(X
1
),

w
e

ca
n

re
w

ri
te
X

1
=
Y

1
+
Z

1
,

w
h
er

e
Y

1
⊂
S′

an
d

n
on

ze
ro
Z

1
⊂
S′
′

th
at

sh
o
u
ld

b
e

n
on

d
eg

en
er

at
e

si
n
ce
{X

0
,·
··
,X

K
}

is
in

te
rs

ec
te

d
n
on

d
eg

en
er

at
el

y.
T

h
u
s,

in
th

e
sp

li
tt

in
g
X

1
,1

=
Y

1
,1

+
Z

1
,1

of
th

e
su

b
se

t
X

1
,1

of
X

1
,

w
h
er

e
Z

1
,1
⊂
Z

1
,

th
e

n
on

d
eg

en
er

ac
y

of
Z

1
gi

ve
s

th
at
r(
Z

1
,1

)
=

m
in
{ n

1
,1
,r

(Z
1
)}

.
H

ow
ev

er
,

w
h
et

h
er
r(
Z

1
,1

)
=
r(
Z

1
)

is
tr

u
e

or
n
ot

,
it

al
w

ay
s

le
ad

s
to

a
co

n
tr

a
d
ic

ti
on

as
sh

ow
n

b
el

ow
.

If
r(
Z

1
,1

)
=
r(
Z

1
),

th
en

sp
an

(Z
1
)

=
sp

a
n
(Z

1
,1

)
⊂

sp
an

(X
1
,1

)
⊂

sp
an

(X
′ 1
),

an
d

w
e

ge
t

sp
an

(X
1
)
⊆

sp
an

(Y
1
)

+
sp

an
(Z

1
)

=
S′

+
sp

an
(X
′ 1
)
⊆

sp
an

(X
′ 1
),

a
co

n
tr

ad
ic

ti
on

of
th

e
h
y
p

ot
h
es

is
sp

an
(X

1
)
*

sp
an

(X
′ 1
).

If
r(
Z

1
,1

)
6=
r(
Z

1
),

th
en

r(
Z

1
,1

)
=
n

1
,1

an
d

r(
Y

1
,1

)
+
r(
Z

1
,1

)
=
r(
X

1
,1

)
≤
n

1
,1

=
r(
Z

1
,1

).

H
en

ce
,
Y

1
,1

=
0,

i.
e.

,
X

1
,1

=
Z

1
,1
⊆
S
′′
⊥
( S
′ 0
∩

sp
an

(X
1
,1

))
.

W
e

co
n
cl

u
d
e

th
at

sp
an

(X
1
,1

)
is

or
th

og
on

al
to
S′ 0

=
sp

an
(X

c 1
).

T
h
u
s,
r(
X
c 1
)
<
r(
X
′ 1
).

B
y

th
e

m
in

im
al

it
y

of
X
′ 1
,
X
c 1

is
of

fu
ll

co
lu

m
n

ra
n
k
,

an
d
n

1
>
r(
X
′ 1
)

=
r(
X

1
,1

)
+
r(
X
c 1
)

=
n

1
,1

+
n

(X
c 1
)

=
n

1
,

w
h
ic

h
is

al
so

a
co

n
tr

ad
ic

ti
on

.

T
h
e

sa
m

p
le

q
u
an

ti
ty

co
n
d
it

io
n

of
T

h
eo

re
m

4
is

ge
n
er

al
ly

sa
ti

sfi
ed

in
m

an
y

ap
p
li
ca

ti
on

s
si

n
ce

th
e

n
u
m

b
er

of
su

b
sp

ac
es

th
at

w
e

w
an

t
to

b
e

re
co

gn
iz

ed
is

q
u
it

e
sm

al
l,

co
m

p
ar

ed
w

it
h

th
e

n
u
m

b
er

of
sa

m
p
le

s.
In

ad
d
it

io
n
,

th
e

sa
m

p
le

q
u
al

it
y

co
n
d
it

io
n

of
T

h
eo

re
m

6
is

al
so

sa
ti

sfi
ed

w
it

h
p
ro

b
ab

il
it

y
1

if
th

e
sa

m
p
le

s
ar

e
ra

n
d
om

ly
ch

os
en

fr
om

gi
ve

n
su

b
sp

ac
es

.
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Z
h
a
n
g

a
n
d

X
ia

T
h

e
o
re

m
7

G
iv

en
d
iff

er
en

t
su

bs
pa

ce
s
S 1
,·
··
,S

K
,

if
th

e
co

lu
m

n
s

o
f
X
k

a
re

ra
n

d
o
m

ly
ch

o
-

se
n

fr
o
m
S k

w
it

h
n
k
>

d
im

(S
k
)

fo
r
k

=
1,
··
·,
K

,
th

en
{X

1
,·
··
,X

K
}

is
in

te
rs

ec
te

d
n

o
n

d
e-

ge
n

er
a
te

ly
a
n

d
(3

)
is

sa
ti

sfi
ed

w
it

h
p
ro

ba
bi

li
ty

1
.

P
ro

o
f

T
h
e

co
n
d
it

io
n

(3
)

is
ob

v
io

u
sl

y
sa

ti
sfi

ed
w

it
h

p
ro

b
ab

il
it

y
1.

L
et
U
k

b
e

a
n

o
rt

h
o
g
o
n
a
l

b
as

is
m

at
ri

x
of
S k

,
an

d
le

t
X
k

=
U
k
H
k
.

B
y

th
e

as
su

m
p
ti

on
,
H
k

is
a

ra
n
d
om

m
a
tr

ix
w

h
o
se

en
tr

ie
s

ar
e

i.
i.
d
.

T
o

sh
ow

th
e

n
on

d
eg

en
er

at
e

in
te

rs
ec

ti
on

of
{X

0
,X

1
,·
··
,X

K
},

w
e

co
n
si

d
er

an
ar

b
it

ra
ry

su
b
se

t
X
′ k

of
X
c k

=
X
\X

k
,

a
n
d

th
e

sp
li
tt

in
g

X
k

=
Y
k

+
Z
k
,

Y
k
⊂
S′ k

=
S k
∩

sp
an

(X
′ k)
,

Z
k
⊂
S′
′ k

w
h
er

e
Z
k
6=

0
an

d
S′
′ k

is
th

e
or

th
og

on
al

co
m

p
le

m
en

t
of
S′ k

re
st

ri
ct

ed
to
S k

.
L

et
Y
k

=
U
′ kH
′ k

an
d
Z
k

=
U
′′ k
H
′′ k,

w
h
er

e
U
′ k

an
d
U
′′ k

ar
e

or
th

og
on

al
b
as

is
m

at
ri

ce
s

of
S′ k

an
d
S′
′ k,

re
sp

ec
ti

v
el

y.
W

e
h
av

e
U
k

=
[U
′ k,
U
′′ k
]

an
d
H
T k

=
[H
′T k
,H
′′T k

].
S
in

ce
H
k

is
a

ra
n
d
om

m
at

ri
x

w
h
o
se

en
tr

ie
s

ar
e

i.
i.
d
.,

so
is
H
′′ k.

T
h
e

en
tr

y
d
is

tr
ib

u
ti

on
im

p
li
es

th
at
H
′′ k

is
n
on

d
eg

en
er

at
e

w
it

h
p
ro

b
a
b
il
it

y
1

si
n
ce

a
m

at
ri

x
w

it
h

i.
i.
d
.

en
tr

ie
s

is
fu

ll
ra

n
k

w
it

h
p
ro

b
a
b
il
it

y
1.

T
h
er

ef
or

e,
Z
k

=
U
′′ k
H
′′ k

is
al

so
n
on

d
eg

en
er

at
e

w
it

h
p
ro

b
ab

il
it

y
1.

H
en

ce
,

th
e

p
ro

of
is

co
m

p
le

te
d
.

G
en

er
al

ly
,

th
e

p
u
re

se
gm

en
t
X

0
va

n
is

h
es

in
ap

p
li
ca

ti
on

s.
T

h
e

fo
ll
ow

in
g

co
ro

ll
a
ry

fu
rt

h
er

sh
ow

s
th

at
if

th
e

sa
m

p
le

s
ar

e
ra

n
d
om

ly
ch

os
en

fr
om

th
e

u
n
io

n
o
f

su
b
sp

ac
es
S 1
,·
··
,S

K
,

th
en

th
es

e
su

b
sp

ac
es

ar
e

ju
st

th
e

u
n
iq

u
e

m
in

im
al

sa
m

p
le

su
b
sp

ac
es

of
th

e
sa

m
p
le

s
w

it
h

p
ro

b
ab

il
it

y
1.

C
o
ro

ll
a
ry

8
A

ss
u

m
e

th
a
t

th
e

co
lu

m
n

s
o
f
X
k

a
re

ra
n

d
o
m

ly
sa

m
p
le

d
fr

o
m

su
bs

pa
ce
S k

a
n

d
n
k
>

d
im

(S
k
)

fo
r
k
≤
K

.
T

h
en

,
{X

1
,·
··
,X

K
}

is
th

e
u

n
iq

u
e

m
in

im
a
l

se
gm

en
ta

ti
o
n

w
it

h
p
ro

ba
bi

li
ty

1
.

P
ro

o
f

B
y

T
h
eo

re
m

7,
{X

1
,·
··
,X

K
}

is
in

te
rs

ec
te

d
n
on

d
eg

en
er

at
el

y
w

it
h

p
ro

b
a
b
il
it

y
1
.

H
en

ce
,

w
it

h
th

is
p
ro

b
ab

il
it

y,
ea

ch
X
k

is
n
on

-d
eg

en
er

at
e,

an
d

h
en

ce
,

sp
a
n
(X

k
)

=
S k

is
a

m
in

im
al

sa
m

p
le

su
b
sp

ac
e,

th
at

is
,
{X

1
,·
··
,X

K
}

is
m

in
im

al
b
y

d
efi

n
it

io
n
.

S
in

ce
(3

)
is

a
ls

o
sa

ti
sfi

ed
w

it
h

p
ro

b
ab

il
it

y
1,

b
y

T
h
eo

re
m

6,
th

is
M

S
S

is
u
n
iq

u
e

w
it

h
p
ro

b
ab

il
it

y
1
.

In
su

m
m

ar
y,

th
e

M
S
S

of
a

gi
ve

n
a

se
t

of
fi
n
it

e
sa

m
p
le

s
al

w
ay

s
ex

is
ts

.
It

is
p

o
ss

ib
le

to
h
av

e
m

u
lt

ip
le

M
S
S
s,

b
u
t

a
fa

t
M

S
S

is
u
n
iq

u
e,

a
s

sh
ow

n
in

T
h
eo

re
m

4.
F

u
rt

h
er

m
o
re

,
if

th
e

sa
m

p
le

s
ar

e
w

el
l-

d
is

tr
ib

u
te

d
,

on
ly

on
e

M
S
S

ex
is

ts
,

as
sh

ow
n

in
T

h
eo

re
m

6
.

In
a
p
-

p
li
ca

ti
on

s,
sa

m
p
le

s
fr

om
gr

ou
n
d
-t

ru
th

su
b
sp

ac
es

ar
e

ge
n
er

al
ly

w
el

l-
d
is

tr
ib

u
te

d
o
r

th
e

M
S
S

is
fa

t.
T

h
er

ef
or

e,
th

e
M

S
S

is
u
n
iq

u
e

an
d

ge
n
er

al
ly

re
p
re

se
n
ts

th
e

gr
o
u
n
d
-t

ru
th

.
H

ow
ev

er
,

se
gm

en
ta

ti
on

m
in

im
al

it
y

is
ex

tr
em

el
y

d
iffi

cu
lt

to
co

n
fi
rm

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

sh
ow

h
ow

to
d
et

ec
t

th
e

m
in

im
al

it
y

in
a

re
la

ti
ve

ly
si

m
p
le

w
ay

,
w

h
ic

h
p
ro

v
id

es
an

in
si

g
h
t

fo
r

M
S
S

d
et

ec
ti

on
.

It
is

ve
ry

h
el

p
fu

l
fo

r
m

o
d
el

in
g

m
in

im
al

it
y

as
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
so

th
a
t

w
e

ca
n

p
ra

ct
ic

al
ly

d
et

er
m

in
e

th
e

m
in

im
al

su
b
sp

ac
e

se
gm

en
ta

ti
on

v
ia

so
lv

in
g

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
.

3
.

D
e
te

ct
io

n
o
f

M
in

im
a
l

S
u
b
sp

a
ce

S
e
g
m

e
n
ta

ti
o
n

C
le

ar
ly

,
it

is
im

p
ra

ct
ic

al
to

in
sp

ec
t

th
e

m
in

im
al

it
y

of
a

gi
ve

n
se

gm
en

ta
ti

on
{X

J
k
}b

y
ch

ec
k
in

g
w

h
et

h
er

ea
ch

se
gm

en
t

is
n
on

d
eg

en
er

at
e

or
n
ot

,
w

h
er

e
X
J
k

=
X

(:
,J
k
).

N
ot

ic
e

th
a
t

w
e

h
av

e
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

u
sed

th
e

n
o
ta

tion
X
k

for
th

e
m

in
im

al
segm

en
t

for
th

e
sake

of
sim

p
licity,

i.e.,
X
k

=
X
J
∗k

w
ith

th
e

in
d
ex

set
J
∗k

of
X
k .

F
ortu

n
ately,

th
is

com
p
lica

ted
task

can
b

e
relatively

sim
p
lifi

ed
if

w
e

h
ave

a
little

p
rior

in
form

ation
on

th
e

M
S
S
.

T
h
e

in
sigh

t
for

th
e

d
etection

of
M

S
S

is
th

at
p
rior

in
form

ation
on

th
e

M
S
S

m
ay

n
arrow

th
e

set
o
f

seg
m

en
tation

s,
an

d
th

u
s

en
ab

lin
g

relatively
ea

sy
d
etection

.
T

o
th

is
en

d
,

an
d

also
fo

r
th

e
sa

ke
of

sim
p
licity,

w
e

assu
m

e
th

at
M

S
S
{
X
k }

d
o
es

n
ot

h
ave

a
p
u
re

segm
en

t
X

0

a
n
d

is
in

tersected
n
on

d
egen

erately.
T

h
u
s,

M
S
S
{
X
k }

is
u
n
iq

u
e

accord
in

g
to

T
h
eorem

6.
O

b
v
io

u
sly,

th
ere

are
at

least
th

ree
n
ecessary

con
d
ition

s
for

segm
en

tation
{
X
J
k }

to
b

e
th

e
M

S
S
:(a
)

Its
seg

m
en

t
n
u
m

b
er

eq
u
als

th
e

n
u
m

b
er

of
th

e
m

in
im

al
segm

en
ts;

(b
)

T
h
e

ra
n
k

su
m

of
its

segm
en

ts
is

n
ot

larger
th

an
th

e
ran

k
su

m
d

=
∑

k
r(X

k );
(c)

E
a
ch

seg
m

en
t

size
is

larger
th

an
th

e
sm

allest
ran

k
d

m
in

=
m

in
k
r(X

k ).
H

ere
th

e
ra

n
k

su
m
d

is
eq

u
al

to
th

e
d
im

en
sion

su
m

of
th

e
m

in
im

al
su

b
sp

aces.
W

e
u
se

th
e

p
rio

r
in

fo
rm

a
tio

n
to

n
arrow

th
e

feasib
le

d
om

ain
of

th
e

M
S
S

to
th

e
su

b
set

o
f

th
ose

satisfy
in

g
th

e
a
b

ove
th

ree
restriction

s.
E

q
u
ivalen

tly,
w

e
fo

cu
s

th
e

in
d
ex

p
artition

s
in

th
e

fo
llow

in
g

set:J
(K
,d
,d

m
in )

=
{
J

=
{
J

1 ,···
,J
K }

:
m

in|J
k |
>
d

m
in ,

r(X
J

1 )
+
···

+
r(X

J
K

)≤
d }
.

(4)

O
b
v
io

u
sly,

in
d
ex

p
artition

J
∗

=
{
J
∗k }

of
th

e
M

S
S
{X

k }
b

elon
gs

to
J

(K
,d
,d

m
in ).

If
J

(K
,d
,d

m
in )

con
tain

s
on

ly
on

e
p
artition

,
th

e
d
etection

of
th

e
M

S
S

b
ecom

es
to

sim
p
ly

ch
eck

w
h
eth

er
a

p
artition

h
as

on
ly
K

p
ieces

an
d

if
th

e
tw

o
con

d
ition

s

r(X
J

1 )
+
···

+
r(X

J
K

)≤
d
,

m
in|J

k |
>
d

m
in

a
re

sa
tisfi

ed
.

H
en

ce,
th

e
relevan

t
q
u
estion

is:
C

ou
ld
J

(K
,d
,d

m
in )

b
e

a
sin

gleton
?

W
e

w
ill

g
ive

a
p

ositive
an

sw
er

to
th

is
q
u
estion

u
n
d
er

w
eak

con
d
ition

s
sh

ow
n

later.
T

o
th

is
en

d
,

letS
k

=
sp

an
(X

k ),
d
k

=
d
im

(S
k )

=
r(X

k ),
n
k

=
n

(X
k )

for
k

=
1,···

,K
,

an
d

d
m

in
=

m
ink
d
k ,

d
0

=
m

ax
k

d
im
(S

k ∩
∑j6=
k S

j ),
d

in
t

=
m

ax
k6=

j
d
im

(S
k ∩
S
j ).

(5)

H
en

ce,
d

=
∑

k
d
k .

W
e

say
th

at
J

=
{
J
k }

is
a

m
in

im
al

p
artition

if{
X
J
k }

is
an

M
S
S

of
X

.
E

x
a
m

p
le

1
sh

ow
s

th
atJ

(K
,d
,d

m
in )

m
ay

h
ave

m
u
ltip

le
m

in
im

al
p
artition

s
in

sp
ecial

cases.
T

o
g
u
a
ra

n
tee

a
sin

gle
m

in
im

al
p
artition

in
J

(K
,d
,d

m
in ),

certain
con

d
ition

s
m

u
st

b
e

m
et.

In
th

e
n
ex

t
su

b
section

,
w

e
off

er
som

e
su

ffi
cien

t
con

d
ition

s
th

at
gu

aran
tee

th
e

sin
glen

ess
of

J
(K
,d
,d

m
in ).

W
e

m
ay

u
se

th
e

assu
m

p
tion

s
if

n
ecessary.

(i)
x
j
/∈
S
k ∩
S
` ,
∀
j≤

n
,k
6=
`;

(ii){
X

1 ,···
,X

K }
is

in
tersected

n
on

d
egen

erately.
(6)

T
h
ese

su
ffi

cien
t

con
d
ition

s
are

tigh
t.

W
e

w
ill

give
som

e
cou

n
terex

am
p
les

in
w

h
ich

on
e

of
th

e
su

ffi
cien

t
co

n
d
ition

s
is

n
ot

satisfi
ed

an
d

fu
rth

er
d
iscu

ss
h
ow

to
refi

n
e
J
∈
J

(K
,d
,d

m
in )

in
th

ese
ca

ses.
T

h
e

n
u
m

b
er

K
an

d
d
im

en
sion

su
m

d
of

m
in

im
al

su
b
sp

aces
are

gen
erally

k
n
ow

n
in

a
p
p
lica

tio
n
s.

T
h
e

sm
allest

d
im

en
sion

d
m

in
m

ay
also

b
e

k
n
ow

n
if

th
e

m
in

im
a
l

su
b
sp

aces
h
ave

eq
u
a
l

d
im

en
sion

s.
In

th
e

com
p
u
ta

tion
al

m
o
d
el

given
later,

w
e

assu
m

e
th

at
K

,
d
,

an
d

d
m

in
are

k
n
ow

n
.

H
ow

ever,
th

e
m

in
im

al
d
im

en
sio

n
restriction

is
relax

ed
in

ou
r

su
b
seq

u
en

t
a
lg

o
rith

m
s.
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Z
h
a
n
g

a
n
d

X
ia

3
.1

.
C

o
n

d
itio

n
s

o
f

S
in

g
le

n
e
ss

O
u
r

an
aly

sis
on

th
e

sin
glen

ess
ofJ

(K
,d
,d

m
in )

is
b
ased

on
a

d
iscreet

estim
ation

on
th

e
ran

k
of

each
segm

en
t
X
J
k

for
a

given
p
artition

J
=
{
J
k }
∈
J

(K
,d
,d

m
in ).

T
h
e

sim
p
le

eq
u
ality

for
m

atrix
p
artition

A
=

[B
,C

]

r(A
)

=
r(B

)
+
r(C

)−
d
im

(sp
an

(B
)∩

sp
an

(C
))

(7)

w
ill

b
e

rep
eated

ly
u
sed

in
th

e
ran

k
estim

ation
.

F
or

th
e

sake
of

sim
p
licity,

let
t+

=
m

ax{
0
,t}

an
d

J
ik

=
{j∈

J
i

:
x
j ∈

X
k },

|J
ik |

=
n

(X
J
ik ),

an
d

letS
\S
′

b
e

th
e

orth
ogon

al
com

p
lem

en
t

ofS
′

restricted
in
S

for
su

b
sp

ace
S
′

o
fS

.

L
e
m

m
a

9
L

et
J

=
{
J
k }
∈
J

(K
,d
,d

m
in ).

If
x
j
/∈
S
k ∩
S
`

fo
r

a
ll
j

a
n

d
k
6=
`,

th
en

fo
r

a
n

y
s6=

t
a
n

d
J
i ,

r(X
J
i )≥

m
in{|J

is |,d
s }

+
(

m
in{|J

it |,d
t }−

d
in

t )
+

+
∑k6=
s,t (

m
in{|J

ik |,d
k }−

d
0 )

+
.

(8)

F
u

rth
erm

o
re,

if{
X
k }

is
in

tersected
n

o
n

d
egen

era
tely,

th
en

(a
)
r(X

J
i )≥

d
m

in
fo

r
th

o
se
J
i

h
a
vin

g
a

sin
gle

n
o
n

em
p
ty

p
iece

J
is .

(b)
r(X

J
i )
>
d

m
in

fo
r

th
o
se
J
i

h
a
vin

g
a
t

lea
st

tw
o

n
o
n

em
p
ty

p
ieces

J
is

a
n

d
J
it .

P
ro

o
f

F
or

th
e

sake
of

sim
p
licity,

let
X
′k

=
X
J
ik .

W
e

p
rove

(8)
w

ith
(s,t)

=
(1
,2)

on
ly

sin
ce

on
e

can
reord

er{
X
′k }

to
h
av

e
X
′s

an
d
X
′t as

th
e

fi
rst

tw
o

segm
en

ts
in

th
e

gen
eral

case.
T

o
th

is
en

d
,

w
e

m
erge

th
e

fi
rst

k
p
ieces

to
M
k

=
[X
′1 ,···

,X
′k ]

an
d

letS
′k

=
sp

an
(M

k−
1 )∩

sp
an

(X
′k ).

B
y

(7),
w

e
h
av

e
th

e
follow

in
g

recu
rsion

:

r(M
k )

=
r(M

k−
1 )

+
ζ
k ,

(9)

w
h
ere

ζ
k

=
r(X

′k )−
d
im

(S
′k ).

S
in

ce
X
k

is
n
on

d
egen

erate,
r(X

′k )
=

m
in{|J

ik |,d
k }

.
C

om
b
in

in
g

th
is

w
ith

d
im

(S
′k )≤

d
in

t
for

k
=

2
or

d
im

(S
′k )≤

d
0

for
k
>

2,
w

e
h
av

e
th

e
follow

in
g

estim
ate:

ζ
k ≥

{
(

m
in{|J

ik |,d
k }−

d
in

t )
+
,
k

=
2;

(
m

in{|J
ik |,d

k }−
d

0 )
+
,

k
>

2
.

(10)

T
h
u
s,

tak
in

g
th

e
su

m
of

all
th

e
eq

u
alities

in
(9)

an
d

u
sin

g
(10),

w
e

get
(8)

w
ith

(s,t)
=

(1
,2).

W
e

fu
rth

er
sh

ow
th

at
ζ
k

can
b

e
rep

resen
ted

w
ith
S
′′k

=
S
k ∩

sp
an

(M
k−

1 )
as

ζ
k

=
m

in{|J
ik |,d

k −
d
im

(S
′′k )}.

(11)

b
ased

on
th

e
n
on

d
egen

eracy
of

th
e

in
tersection

of{
X
k }

.
T

o
th

is
en

d
,

w
e

sp
lit
X
′k

=
Y
′k +
Z
′k

w
ith

Y
′k ⊂
S
′k

an
d
Z
′k ⊂

sp
an

(X
′k )\S

′k ,
an

d
rew

rite
M
k

=
[M

k−
1 ,Y

′k ]
+

[0,Z
′k ].

B
y

(7),
an

d
sp

an
([M

k−
1 ,Y

′k ])∩
sp

an
(Z
′k )

=
{
0},

w
e

also
ob

ta
in

(9)
w

ith
ζ
k

=
r(Z

′k )
sin

ce

r(M
k )

=
r([M

k−
1 ,Y

′k ])
+
r(Z

′k )
=
r(M

k−
1 )

+
r(Z

′k ).
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

T
o

es
ti

m
at

e
th

e
ra

n
k

of
Z
′ k,

w
e

ex
te

n
d

th
e

sp
li
tt

in
g

of
X
′ k

to
X
k

=
Y
k

+
Z
k

w
it

h
Y
k
⊂
S′
′ k
=

S k
∩

sp
an

(M
k
−

1
)

an
d
Z
k
⊂
S k
\S
′′ k.

O
b
v
io

u
sl

y,
r(
Y
k
)
≤

d
im

(S
′′ k)

an
d
r(
Z
k
)
≤
d
k
−

d
im

(S
′′ k)

.
T

h
es

e
eq

u
al

it
ie

s
sh

ou
ld

h
ol

d
si

n
ce
r(
Y
k
)

+
r(
Z
k
)

=
d
k
.

F
u
rt

h
er

m
or

e,
Z
k

is
n
on

d
eg

en
er

at
ed

or
Z
k

=
0

b
y

th
e

n
on

d
eg

en
er

at
e

in
te

rs
ec

ti
on

of
{X

1
,·
··
,X

K
}.

T
h
u
s,

as
a

co
lu

m
n

su
b
m

at
ri

x
of
Z
k
,
Z
′ k

sh
ou

ld
h
av

e
th

e
ra

n
k

m
in
{|
J
ik
|,r

(Z
k
)}

=
m

in
{|
J
ik
|,d

k
−

d
im

(S
′′ k)
}.

T
h
is

is
(1

1)
.

W
e

n
ow

p
ro

ve
(a

)
an

d
(b

)
of

th
is

le
m

m
a,

u
si

n
g

(9
)

an
d
r(
X
J
i
)

=
r(
M
K

)
=
∑

K `=
1
ζ k

,
co

m
p
ar

in
g
|J
ik
|a

n
d
δ k

=
d
k
−

d
im

(S
′′ k)

fo
r

d
et

er
m

in
in

g
ζ k

b
y

it
s

d
efi

n
it

io
n

(1
1)

.

(1
)

If
|J
ik
|≤

δ k
fo

r
al

l
k
,

th
en

ζ k
=
|J
ik
|.

H
en

ce
,
r(
X
J
i
)

=
∑

K k
=

1
|J
ik
|=
|J
i|
>
d

m
in

si
n
ce
J

=
{J

k
}
∈
J

(K
,d
,d

m
in

).
(2

)
If
|J
i1
|>

δ 1
,

an
d
|J
ik
|≤

δ k
fo

r
k
≥

2,
th

en
ζ 1

=
δ 1

=
d

1
an

d
ζ k

=
|J
ik
|f

or
k
≥

2.
H

en
ce

,
r(
X
J
i
)
≥
d

1
+
∑

K k
=

2
|J
ik
|.

(3
)

If
|J
ik
|>

δ k
fo

r
a
k
≥

2,
ζ k

=
δ k

=
d
k
−

d
im

(S
′′ k)

.
S
in

ce
sp

an
(M

k
−

1
)
*
S k

,
w

e
h
av

e
S′
′ k
(

sp
an

(M
k
−

1
),

i.
e.

,
r(
M
k
−

1
)
>

d
im

(S
′′ k)

.
B

y
(9

),
r(
X
J
i
)
≥
r(
M
k
)

=
r(
M
k
−

1
)

+
ζ k
>
d
k
.

H
en

ce
,

in
ea

ch
of

th
e

ab
ov

e
ca

se
s,

(a
)

an
d

(b
)

a
re

al
w

ay
s

tr
u
e.

T
h
e

fo
ll
ow

in
g

le
m

m
a

fu
rt

h
er

sh
ow

s
th

at
if

ea
ch

m
in

im
al

se
gm

en
t
X
k

h
as

a
su

ffi
ci

en
t

n
u
m

b
er

of
sa

m
p
le

s,
it

m
u
st

b
e

d
om

in
at

ed
b
y

on
e

p
ie

ce
of

an
y
J
∈
J

(K
,d
,d

m
in

),
in

th
e

se
n
se

th
at

th
er

e
ex

is
ts

at
le

as
t

on
e

su
b
se

t
J
ik

w
h
os

e
si

ze
is

n
ot

sm
al

le
r

th
an

d
k
.

W
e

w
il
l

u
se

th
is

le
m

m
a

to
p
ro

ve
th

e
si

n
gl

en
es

s
of
J

(K
,d
,d

m
in

).

L
e
m

m
a

1
0

If
x
j
/∈
S k
∩
S `

fo
r

a
ll
j

a
n

d
k
6=
`,

a
n

d
n
k
>
d
k

+
(K
−

1)
d

0
fo

r
a
ll
k

,
th

en
fo

r
J
∈
J

(K
,d
,d

m
in

)
m

ax i
|J
ik
|≥

d
k
,

k
=

1,
··
·,
K
.

P
ro

o
f

L
et
K

=
{k

:
m

ax
i
|J
ik
|≥

d
k
}.

T
h
is

le
m

m
a

is
eq

u
iv

al
en

t
to

sa
y
in

g
th

at
K

=
{1
,·
··
,K
}.

W
e

ca
n

p
ro

ve
th

is
b
y

le
tt

in
g
I

=
{i

:
m

ax
k
|J
ik
|≥

d
k
}a

n
d
K i

=
{k

:
|J
ik
|≥

d
k
}

fo
r

ea
ch

i
∈
I.

T
h
en

,
K

=
∪ i
∈I
K i

.
If
K
c

is
n
ot

em
p
ty

,
w

e
ch

o
os

e
an

s
∈
K
c

an
d

an
y
t
6=
s

in
(8

)
of

L
em

m
a

9
an

d
u
se
d

in
t
≤
d

0
to

ob
ta

in
th

e
fo

ll
ow

in
g:

r(
X
J
i
)
≥
{
d

0
+
∑

k
∈K

c
(|J

ik
|−

d
0
)

+
∑

k
∈K

i
(d
k
−
d

0
) +
,
i
∈
I;

d
0

+
∑

k
∈K

c
(|J

ik
|−

d
0
),

i
∈
Ic
.

H
en

ce
,
d

=
∑

i
r(
X
J
i
)
≥
K
d

0
+
∑

k
∈K

c

∑
i(
|J
ik
|−
d

0
)+
∑

i∈
I
∑

k
∈K

i
(d
k
−
d

0
) +
.
In

th
e

se
co

n
d

te
rm

,
∑

i(
|J
ik
|−

d
0
)
≥
n
k
−
K
d

0
>
d
k
−
d

0
.

S
in

ce
I

=
∪ k
∈K
I k

w
it

h
I k

=
{i

:
|J
ik
|≥

d
k
},

th
e

la
st

te
rm

b
ec

om
es

as
fo

ll
ow

s:
∑ i∈
I

∑ k
∈K

i

(d
k
−
d

0
) +

=
∑ k
∈K

∑ i∈
I k

(d
k
−
d

0
) +

=
∑ k
∈K
|I
k
|(d

k
−
d

0
) +
≥
∑ k
∈K

(d
k
−
d

0
).

(1
2)

T
h
u
s,
d
>
K
d

0
+
∑

k
(d
k
−
d

0
)

=
d
,
w

h
ic

h
is

a
co

n
tr

ad
ic

ti
on

.
T

h
er

ef
or

e,
K
c

m
u
st

b
e

em
p
ty

.

W
e

ar
e

n
ow

re
ad

y
to

p
ro

ve
th

e
si

n
gl

en
es

s
of
J

(K
,d
,d

m
in

).

T
h

e
o
re

m
1
1

A
ss

u
m

e
th

a
t
X

h
a
s

a
n

M
S

S
{X

1
,·
··
,X

K
}

sa
ti

sf
yi

n
g

th
e

a
ss

u
m

p
ti

o
n

(6
).

If

d
in

t
<
d

m
in
,

d
0
≤
d

m
in
,

n
k
>
d
k

+
(K
−

1)
d

0
,
∀k
,

(1
3)

th
en
J

(K
,d
,d

m
in

)
is

a
si

n
gl

et
o
n

w
it

h
th

e
u

n
iq

u
e
J
∗ .

1
3

JM
L

R
 2

0(
14

3)
:1

-5
7,

 2
01

9

Z
h
a
n
g

a
n
d

X
ia

P
ro

o
f

L
et
J
∗ k

b
e

th
e

in
d
ex

se
t

of
X
k
.

B
y

L
em

m
a

10
,
I k

=
{i

:
|J
ik
|≥

d
k
}

is
n
o
n
em

p
ty

.
W

e
fu

rt
h
er

sh
ow

th
at
I k

h
as

on
ly

a
si

n
gl

e
in

d
ex

i k
fo

r
ea

ch
k

an
d
|I
|=

K
.

If
it

is
p
ro

ve
n
,

th
e

m
ap

p
in

g
fr

om
k

to
i k

is
on

e-
to

-o
n
e;

h
en

ce
fo

r
i

=
i k

,
r(
X
J
i
)
≥
r(
X
J
ik

)
=

m
in
{|
J
ik
|,d

k
}

=
d
k
.

T
h
is

eq
u
al

it
y

h
ol

d
s

si
n
ce
d
≥
∑

k
r(
X
J
ik
)
≥
∑

k
d
k

=
d
.

T
h
u
s,

sp
an

(X
J
i k

)
=

sp
a
n
(X

J
i k
,k

)
=

S k
an

d
J
i k

=
J
i k
,k

=
J
∗ k.

T
h
at

is
,
{X

J
i k
}

is
eq

u
al

to
{X

k
},

so
J

(K
,d
,d

m
in

)
is

a
si

n
g
le

to
n

w
it

h
th

e
u
n
iq

u
e
J
∗ .

W
e

n
ow

p
ro

ve
th

at
|I
k
|=

1
fo

r
ea

ch
k

an
d
|I
|=

K
b
y

L
em

m
a

9.
F

or
i
∈
Ic

,
w

e
h
av

e
r(
X
J
i
)
≥
d

m
in

+
1

b
y

(b
)

of
L

em
m

a
9,

an
d

th
en
∑

i∈
Ic
r(
X
J
i
)
≥
|I
c
|(d

m
in

+
1
).

F
o
r
i
∈
I,

w
e

ch
o
os

e
(s
,t

)
in

(8
)

su
ch

th
at
s
6=
t
∈
K i

if
|K

i|
>

1,
or
s
∈
K i

an
d
t
∈
K
c i

if
|K

i|
=

1
.

W
e

u
se

th
e

in
d
ic

at
io

n
fu

n
ct

io
n
δ |
K
i
|>

1
=

1
if
|K

i|
>

1
or
δ |
K
i
|>

1
=

0
,

ot
h
er

w
is

e
,

a
n
d

o
b
ta

in
th

at
fo

r
i
∈
I,

r(
X
J
i
)
≥
d
s

+
δ |
K
i
|>

1
(d
t
−
d

in
t)

+
∑

k
∈K

i
,k
6=
s,
t(d

k
−
d

0
) +

=
d

0
+
δ |
K
i
|>

1
(d

0
−
d

in
t)

+
∑ k
∈K

i

(d
k
−
d

0
),

(1
4
)

an
d
∑

i∈
I
r(
X
J
i
)
≥
|I
|d

0
+
∑

i∈
I
δ |
K
i
|>

1
(d

0
−
d

in
t)

+
∑

i∈
I
∑

k
∈K

i
(d
k
−
d

0
).

H
en

ce
,

d
≥
∑ i

r(
X
J
i
)
≥
|I
|d

0
+
∑ i∈
I
δ |
K
i
|>

1
(d

0
−
d

in
t)

+
∑ i∈
I

∑ k
∈K

i

(d
k
−
d

0
)

+
|I
c
|(d

m
in

+
1
).

(1
5
)

S
in

ce
|I
k
|≥

1,
|K

i|
≥

1
+
δ |
K
i
|>

1
fo

r
i
∈
I,

an
d
d

m
in
≥
d

0
,

w
e

es
ti

m
at

e
th

e
th

ir
d

te
rm

a
s

∑ i∈
I

∑ k
∈K

i

(d
k
−
d

0
)

=
∑ i∈
I

∑ k
∈K

i

(d
k
−
d

m
in

)
+
∑ i∈
I

∑ k
∈K

i

(d
m

in
−
d

0
)

=
∑ k

|I
k
|(d

k
−
d

m
in

)
+
∑ i∈
I
|K

i|(
d

m
in
−
d

0
)

≥
d
−
K
d

m
in

+
|I
|(d

m
in
−
d

0
)

+
∑ i∈
I
δ |
K
i
|>

1
(d

m
in
−
d

0
).

(1
6)

S
u
b
st

it
u
ti

n
g

(1
6)

in
to

(1
5)

,
w

e
ob

ta
in

th
at
d
≥
d

+
|I
c
|+

∑
i∈
I
δ |
K
i
|>

1
(d

m
in
−
d

in
t)
≥
d
.

H
en

ce
,
|I
c
|=

0.
F

u
rt

h
er

m
or

e,
w

e
h
av

e
|K

i|
=

1
fo

r
ea

ch
i
∈
I

if
d

m
in
>
d

in
t.

S
in

ce
|K
|=
|I
|=

K
,
|K

i|
=

1
fo

r
ea

ch
i
∈
I

is
eq

u
iv

al
en

t
to
|I
k
|=

1
fo

r
ea

ch
k
.

T
h
e

th
eo

re
m

is
th

en
p
ro

v
en

.

T
h
e

co
n
d
it

io
n
n
k
>
d
k

+
(K
−

1)
d

0
fo

r
al

l
k

is
ge

n
er

al
ly

sa
ti

sfi
ed

in
ap

p
li
ca

ti
o
n
s.

T
h
e

ot
h
er

co
n
d
it

io
n
s

on
d

in
t

an
d
d

0
ar

e
al

so
sa

ti
sfi

ed
(i

n
so

m
e

ca
se

s,
n
at

u
ra

ll
y
)

b
a
si

ca
ll
y

b
ec

a
u
se

S k
*
S j

fo
r

an
y
k
6=
j.

In
p
ra

ct
ic

e,
si

n
ce
S k
∩S

j
(
S k

fo
r
k
6=
j,
d

in
t
<

m
ax

k
6=
j

m
in
{d

k
,d
j
}
≤

m
ax

k
d
k

an
d
d

0
≤

m
ax

k
d
k
.

T
h
u
s,

if
al

l
th

e
d
k
’s

ar
e

eq
u
al

,
d

in
t
<

m
ax

k
d
k

=
d

m
in

a
n
d

d
0
≤
d

m
in

.
T

h
e

eq
u
al

it
y

re
st

ri
ct

io
n

on
{d

k
}

ca
n

b
e

re
le

as
ed

if
K

=
2

si
n
ce

d
0

=
d

in
t
<

m
in
{d

1
,d

2
}

=
d

m
in

.
W

e
su

m
m

ar
iz

e
o
u
r

co
n
cl

u
si

on
s

as
a

co
ro

ll
ar

y.

C
o
ro

ll
a
ry

1
2

A
ss

u
m

e
th

a
t
X

h
a
s

a
n

M
S

S
{X

1
,·
··
,X

K
}

sa
ti

sf
yi

n
g

th
e

a
ss

u
m

p
ti

o
n

(6
).

If
n
k
>
d
k

+
(K
−

1)
d

0
fo

r
ea

ch
k

,
a
n

d
d

1
=
··
·=

d
K

w
h
en

K
>

2
o
r

a
rb

it
ra

ry
d

1
a
n

d
d

2

w
h
en

K
=

2,
th

en
J
∗

is
th

e
si

n
gl

e
pa

rt
it

io
n

in
J

(K
,d
,d

m
in

).

1
4

JM
L

R
 2

0(
14

3)
:1

-5
7,

 2
01

9



M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

3
.2

.
N

e
c
e
ssity

o
f

th
e

S
u

ffi
c
ie

n
t

C
o
n

d
itio

n
s

T
h
e

co
n
d
itio

n
s

of
T

h
eorem

11
are

tigh
t.

In
th

is
su

b
section

,
w

e
give

th
ree

cou
n
terex

am
p
les

to
sh

ow
th

a
t

if
on

e
of

th
ese

con
d
ition

s,
ex

cep
t
n
k
>

d
k

+
(K
−

1)d
0 ,

is
n
ot

satisfi
ed

,
J

(K
,d
,d

m
in )

m
ay

n
ot

b
e

a
sin

gleton
.

In
d
etail,

th
e

M
S
S
{
X
k }

in
E

x
am

p
le

2
is

n
ot

in
teracted

n
o
n
d
eg

en
era

tely,
an

d
th

e
oth

er
con

d
ition

s
in

(13)
are

satisfi
ed

.
E

x
am

p
le

3
is

d
esign

ed
su

ch
th

a
t
d

in
t
<
d

m
in

is
n
ot

ob
ey

ed
,

an
d

in
E

x
am

p
le

4,
th

ere
ex

ists
a
d
k
<
d

0 .

E
x
a
m

p
le

2
L

et
X
k

=
U
k H
∈
R

8×
n
k

w
ith

n
k
>

30,
k

=
1,···

,6
,

w
h
ere

H
is

n
o
n

d
egen

era
te

a
n

d
its

fi
rst

th
ree

co
lu

m
n

s
a
re
e,e−

e
1 ,e−

e
1 −

e
2 ,
e
i

is
th

e
i-th

co
lu

m
n

o
f

th
e

id
en

tity
m

a
trix

o
f

o
rd

er
8
,

a
n

d
e

is
a

th
e

co
lu

m
n

vecto
r

o
f

a
ll

o
n

es.
E

a
ch

U
k

co
n

sists
o
f

5
co

lu
m

n
s

o
f

th
e

sa
m

e
id

en
tity

m
a
trix,

U
1

=
[e

1 ,e
2 ,e

3 ,e
4 ,e

5 ],
U

2
=

[e
1 ,e

2 ,e
6 ,e

7 ,e
8 ],

U
3

=
[e

3 ,e
4 ,e

1 ,e
2 ,e

6 ],

U
4

=
[e

3 ,e
4 ,e

5 ,e
7 ,e

8 ],
U

5
=

[e
5 ,e

6 ,e
1 ,e

2 ,e
4 ],

U
6

=
[e

5 ,e
6 ,e

4 ,e
7 ,e

8 ].

O
b
v
io

u
sly,{

X
k }

is
an

M
S
S

of
X

=
∪
k X

k
w

ith
K

=
6

a
n
d
d

=
30

sin
ce
r(X

k )
=

5
for

a
ll
k
≤
K

.
T

h
e

in
eq

u
ality

con
d
ition

s
in

(13)
a
re

satisfi
ed

sin
ce
d

0
=

5,
d

in
t

=
4,
d
k

=
5,

an
d

n
k
>

3
0

=
d
k

+
(K
−

1)d
0

for
all

k
.

H
ow

ever,
forS

′1
=
S

1 ∩
S

2 ,
th

e
sp

littin
g
X

1
=
Y

1
+
Z

1

w
ith

Y
1
⊂
S
′1

a
n
d
Z

1
⊂
S

1 \S
′1

resu
lts

in
a

d
egen

erate
Z

1
w

h
ose

fi
rst

th
ree

colu
m

n
s

are
eq

u
a
l

to
e

3
+
e

4
+
e

5 .
H

en
ce,{

X
k }

is
n
ot

in
teracted

n
on

d
egen

erately.
In

ad
d
ition

to
M

S
S

{X
k }

,
w

e
h
ave

an
oth

er
segm

en
tation

of
6

p
ieces

as

X̃
1

=
[X

1 (:,1
:

3),X
2 (:,1

:
3)],

X̃
2

=
[X

3 (:,1
:

3),X
4 (:,1

:
3)],

X̃
3

=
[X

5 (:,1
:

3),X
6 (:,1

:
3)],

X̃
4

=
X

1 (:,4
:
n

1 ),
X̃

5
=
X

2 (:,4
:
n

2 ),

X̃
6

=
[X

3 (:,4
:
n

3 ),X
4 (:,4

:
n

4 ),X
5 (:,4

:
n

5 ),X
6 (:,4

:
n

6 )].

S
in

ce
r(X̃

k )
=

4
for

k
≤

3,
r(X̃

4 )
=
r(X̃

5 )
=

5,
r(X̃

6 )
=

8,
w

e
also

h
ave

∑
k
r(X̃

k )
=

3
0.

H
en

ce,
th

e
p
a
rtition

J̃
corresp

on
d
in

g
to{

X̃
′k }

also
b

elon
gs

toJ
(K
,d
,d

m
in ).

H
ow

ever,{
X̃
k }

ca
n
n
o
t

b
e

m
in

im
al

sin
ce

b
oth
{X

k }
an

d
{X̃

k }
satisfy

n
k
>

7(d
k −

1
)

fo
r

each
k
,

an
d

b
y

T
h
eo

rem
4
,

th
e

M
S
S

of
X

w
ith

K
=

6
is

u
n
iq

u
e.

E
x
a
m

p
le

3
L

et
X

=
[X

1 ,X
2 ,X

3 ]
w

ith
X
k

=
U
k H

k ,
w

h
ere

U
1

=
[e

1 ,e
2 ],

U
2

=
[e

2 ,e
3 ],

a
n

d
U

3
=
e

4
a
re

th
ree

o
rth

o
n

o
rm

a
l

m
a
trices

o
f

fo
u

r
ro

w
s,

a
n

d
H

1 ,
H

2 ,
a
n

d
H

3
a
re

th
ree

n
o
n

-d
egen

era
te

m
a
trices

o
f

5
co

lu
m

n
s

w
ith

2,
2,

a
n

d
1

ro
w

(s),
respectively.

T
h
is

seg
m

en
tation

is
m

in
im

al
b
y

d
efi

n
ition

b
u
t

d
o
es

n
ot

satisfy
d

in
t
<
d

m
in .

W
e

h
av

e
a

d
iff

eren
t

on
e
{X̃

1 ,X̃
2 ,X̃

3 }
w

h
ere

X̃
1

=
[X

1 ,X
2 ]

an
d

th
e

oth
er

tw
o

p
ieces

X̃
2

an
d
X̃

3
sp

lit
from

X
3 ,

ea
ch

h
av

in
g

at
least

tw
o

sam
p
les

X̃
2

an
d
X̃

3
S
in

ce
∑

k
r(X

k )
=
∑

k
r(X̃

k )
=

5,
b

o
th

p
artitio

n
s

b
elon

g
to
J

(3,5
,1).

E
x
a
m

p
le

4
L

et
X

=
[X

1 ,···
,X

5 ]
o
f

co
lu

m
n

s
in
R

8
a
n

d
X
k

=
U
k H

k
w

ith
o
rth

o
n

o
rm

a
l

U
1

=
[e

1 ,e
2 ,e

3 ],
U

2
=

[e
3 ,e

4 ,e
5 ],

U
3

=
[e

1 ,e
4 ,e

6 ],
U

4
=

[e
2 ,e

5 ,e
6 ],

U
5

=
[e

7 ,e
8 ],

a
n

d
let{

H
k }

be
in

tersected
n

o
n

d
egen

era
tely

w
ith

n
(X

k )
=
n

(H
k )
>

15.
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Z
h
a
n
g

a
n
d

X
ia

T
h
e

segm
en

tation
{X

k }
is

also
m

in
im

al
w

ith
d

=
15

sin
ce

each
X
k

is
n
on

d
egen

era
te

as
H
k .

N
ow

,
th

e
con

d
ition

d
0 ≤

d
m

in
is

n
ot

satisfi
ed

sin
ce
d

0
=

3
an

d
2

=
d

m
in .

If
w

e
m

erge
th

e
fi
rst

4
segm

en
ts

to
b

e
X̃

1
an

d
sp

lit
X

5
in

to
4

p
ieces

as
X̃

2 ,···
,X̃

5
w

ith
o
u
t

overlap
,

a
n
d

each
X̃
k

h
as

at
least

th
ree

sam
p
les,

th
en
∑

k
r(X̃

k )
=

15.
H

en
ce,J

(5,15
,2)

h
as

at
least

tw
o

d
iff

eren
t

p
artition

s.

4
.

S
e
g
m

e
n
ta

tio
n

R
e
fi
n
e
m

e
n
t

W
h
en

eith
er

of
tw

o
con

d
ition

s
d

in
t
<
d

m
in

or
d

0
≤
d

m
in

in
T

h
eorem

11
are

n
ot

satisfi
ed

,
J

(K
,d
,d

m
in )

m
ay

h
av

e
m

u
ltip

le
K

-p
artition

s.
H

en
ce,

th
ere

m
ay

b
e

a
p
artition

J
=
{
J
k }

in
J

(K
,d
,d

m
in )

th
at

is
n
ot

m
in

im
al.

H
ow

ever,
certain

segm
en

ts
J
k

or
X
J
k

can
b

e
fu

rth
er

refi
n
ed

to
b

e
m

in
im

al
u
n
d
er

som
e

w
eak

con
d
ition

s.
L

et
u
s

illu
strate

th
is

scen
ario

on
th

e
ex

am
p
les

sh
ow

n
in

th
e

last
su

b
section

.
In

E
x
am

p
le

3,
w

e
take

segm
en

t
of{X̃

k }
w

ith
th

e
sm

allest
ran

k
,

say
X̃

2 ,
an

d
ex

ten
d

it
to

b
e

th
e

largest
segm

en
t

con
tain

in
g

all
th

e
sam

p
les

b
elon

gin
g

to
sp

an
(X̃

2 ).
T

h
is

ex
ten

sion
m

erges
X̃

2
an

d
X̃

3
as
X

3 ;
h
en

ce,
X

3
is

recovered
.

T
h
en

,{
X

1 ,X
2 }

is
an

M
S
S

of
th

e
rem

ain
in

g
sam

p
les

X
′
=
X
\
X

3 .
O

n
e

m
ay

search
for

a
segm

en
tation

from
J

(K
′,d ′,d ′m

in )
on

X
′

w
ith

K
′

=
K
−

1
=

2,
d ′

=
d
−
r(X

3 )
=

4
an

d
d ′m

in
=

2.
S
in

ce
th

e
con

d
ition

s
of

T
h
eorem

11
are

n
ow

satisfi
ed

,J
(K
′,d ′,d ′m

in )
h
a
s

th
e

sin
gle

segm
en

tation
{X

1 ,X
2 }

.
H

en
ce,

m
in

im
al

segm
en

tation
{
X
k }

is
recovered

.
S
im

ilar,
w

e
can

refi
n
e
{
X̃
k }

in
E

x
am

p
le

4.
In

E
x
am

p
le

2,
each

X̃
k ,
k
≤

3,
h
as

th
e

sm
allest

ran
k

b
u
t

is
n
on

ex
ten

d
ab

le.
H

ow
ever,

th
e

ex
ten

sion
w

ork
s

on
th

e
larger

segm
en

ts
X̃

4
or

X̃
5 .

T
h
at

is,
if

w
e

ex
ten

d
X̃

4
to

th
e

largest
on

e,
X

1
can

b
e

recovered
im

m
ed

iately.
S
im

ilarly,
w

h
en

X̃
5

is
ex

ten
d
ed

,
X

2
can

also
b

e
recovered

.
O

th
er

segm
en

ts
can

b
e

d
eterm

in
ed

from
J

(K
′,d ′,d ′m

in )
on

th
e

rem
ain

in
g

sam
p
les

w
ith

K
′
=
K
−

2,
d ′

=
d−

r(X
1 )−

r(X
2 )

an
d
d ′m

in
=

5.
M

otivated
b
y

th
ese

ob
servation

s,
w

e
off

er
an

ap
p
roach

for
refi

n
in

g
a

segm
en

tation
{
X
J
k }

for
J
∈
J

(K
,d
,d

m
in )

if
it

is
n
ot

m
in

im
al.

T
h
e

ap
p
roach

con
sists

of
tw

o
strategies:

red
u
ction

an
d

ex
ten

sion
.

W
e

em
p
h
asize

th
at,

in
th

is
section

ou
r

an
aly

sis
is

given
u
n
d
er

th
e

sam
e

assu
m

p
tion

as
th

at
given

in
th

e
last

su
b
section

.
H

en
ce,

w
e

n
o

lon
ger

m
en

tion
th

e
con

d
ition

s
for

sim
p
licity.

4
.1

.
S

e
g
m

e
n
t

R
e
d

u
c
tio

n

W
e

ob
serve

th
at

a
p
artition

J
=
{
J
k }
∈
J

(K
,d
,d

m
in )

h
as

at
least

on
e

p
iece

J
k

su
ch

th
at

X
J
k

is
a

m
in

im
al

segm
en

t,
even

if
th

e
w

h
ole

segm
en

tation
{X

J
i }

is
n
ot

a
n

M
S
S

of
X

.
T

h
e

follow
in

g
tw

o
p
rop

osition
s

su
p
p

ort
th

is
ob

servation
.

P
ro

p
o
sitio

n
1
3

If
r(X

J
i )

=
d

m
in
<
|J
i |,

th
en

J
i ⊆

J
∗k

w
ith

d
k

=
d

m
in .

P
ro

o
f

B
y

(b
)

of
L

em
m

a
9,

if
J
i

h
as

tw
o

n
on

em
p
ty

in
tersection

p
arts

J
ik

=
J
i ∩

J
∗k

w
ith

tw
o

d
iff

eren
t
k
’s,

th
en

th
e

con
d
ition

|J
i |
>
d

m
in

im
p
lies

r(X
J
i )
>
d

m
in .

T
h
erefore,

if
w

e
also

h
ave

r(X
J
i )

=
d

m
in ,

J
i

m
u
st

h
ave

a
sin

gle
n
on

em
p
ty
J
ik ,

th
at

is,
J
i ⊆

J
∗k ,

an
d
X
J
i ⊆

X
k .

S
in

ce
X
k

is
n
on

d
egen

erate,

d
m

in
=
r(X

J
i )

=
m

in{|J
i |,d

k }
≥

m
in{

d
m

in
+

1
,d
k }.

C
om

b
in

in
g

th
is

w
ith

d
k ≥

d
m

in ,
w

e
can

con
clu

d
e

th
at
d
k

=
d

m
in .
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

P
ro

p
o
si

ti
o
n

1
4

If
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r

stu
d
y

of
M

S
S

d
etection

sim
p
lifi

es
its

in
sp

ection
.

H
ow

ever,
b

ecau
se

d
etectin

g
th

e
M

S
S

w
o
rk

s
o
n
K

-p
a
rtition

s
of

in
d
ices,

it
is

d
iffi

cu
lt

to
im

p
lem

en
t

effi
cien

tly.
T

h
u
s,

com
p
u
tab

le
m

o
d
elin

g
is

n
eed

ed
.

T
o

th
is

en
d
,

w
e

ad
op

t
th

e
com

m
on

ly
u
sed

self-ex
p
ressiven

ess
ap

p
roach

.
T

h
e

self-ex
p
ressiven

ess
m

eth
o
d

lo
ok

s
for

a
m

atrix
C

w
ith

sp
ecial

stru
ctu

res
to

rep
resen

t
th

e
sa

m
p
le

m
a
trix

X
as

X
=
X
C

,
h
op

in
g

th
at

su
b
sp

ace
clu

sterin
g

is
w

ell-d
eterm

in
ed

v
ia

sp
ectra

l
clu

sterin
g

on
th

e
grap

h
m

atrix
|C
|

+
|C
| T

.
T

h
e

eff
ectiven

ess
of

th
e

self-
ex

p
ressiven

ess
m

eth
o
d

is
con

d
ition

ed
b
y

tw
o

issu
es:

(1)
th

e
co

rrectn
ess

of
th

e
learn

ed
p
a
rtitio

n
J

=
{J

k }
u
n
d
er

w
h
ich

C
h
as

a
b
lo

ck
-d

iagon
al

form
,

an
d

(2)
th

e
con

n
ection

of
ea

ch
d
ia

g
on

a
l

b
lo

ck
C
k

=
C

(J
∗k ,J
∗k )

of
C

in
th

e
m

in
im

al
p
artition

s
{
J
∗k }.

A
s

m
en

tion
ed

b
efo

re,
th

e
co

n
n
ection

of
m

atrix
C
k

refers
to

th
e

con
n
ection

of
th

e
u
n
d
irected

grap
h

con
-

stru
cted

fro
m
|C
k |+
|C
k | T

.
O

u
r

p
rev

iou
s

a
n
aly

sis
ad

d
resses

th
e

fi
rst

issu
e

for
th

eoretically
d
etectin

g
th

e
M

S
S
.

In
th

is
section

,
w

e
ad

d
ress

th
e

issu
e

of
con

n
ection

to
su

p
p

ort
a

com
p
u
tab

le
op

tim
iza

tion
p
ro

b
lem

th
at

w
e

w
ill

p
rop

ose
for

d
eterm

in
in

g
th

e
M

S
S
.
C

losed
-form

rep
resen

tation
m

atrices
a
re

fi
rst

g
iven

.
B

ased
on

th
ese

closed
-form

rep
resen

ta
tion

m
atrices,

w
e

th
en

ex
p
lo

it
th

e
co

n
d
itio

n
s

o
f

con
n
ected

d
iagon

al
b
lo

ck
s

of
a

rep
resen

tation
m

atrix
in

b
lo

ck
-d

iagon
al

form
.

In
a
d
d
ition

,
w

e
d
iscu

ss
solu

tion
s

of
S
S
C

an
d

L
R

R
.

5
.1

.
S

tru
c
tu

re
s

o
f

R
e
p

re
se

n
ta

tio
n

M
a
tric

e
s

O
b
v
io

u
sly,

th
e

rep
resen

tation
m

atrix
C

of
X

is
n
ot

u
n
iq

u
e

sin
ce

ad
d
in

g
a

m
atrix

of
n
u
ll

vecto
rs

o
f
X

to
C

resu
lts

in
an

oth
er

rep
resen

tation
m

atrix
o
f
X

.
N

otice
th

at
b

ecau
se
C

so
lves

th
e

lin
ea

r
sy

stem
X

=
X
C

,
it

sh
ou

ld
h
ave

a
closed

-form
stru

ctu
re.

W
e

u
se

th
e

sin
g
u
la

r
va

lu
e

d
ecom

p
osition

(S
V

D
)

of
X

in
th

in
form

:

X
=
U

Σ
V
T
,

(17)

to
rep

resen
t

th
e

closed
-form

rep
resen

tation
m

atrices,
w

h
ere

U
an

d
V

are
th

e
orth

on
orm

al
m

a
trices

o
f

th
e

left
an

d
righ

t
sin

gu
lar

vectors
of
X

corresp
on

d
in

g
to

its
n
on

zero
sin

gu
lar

valu
es
σ

1 ≥
···≥

σ
r
>

0,
w

h
ere

r
=
r(X

),
w

h
ich

are
given

in
th

e
d
iagon

als
of

th
e

d
iagon

al
m

a
trix

Σ
.

If
r
<
n

,
V

h
as

an
orth

ogon
al

com
p
lem

en
t
V
⊥

for
form

in
g

an
orth

ogo
n
al

m
atrix

[V
,V
⊥

].
W

e
u
se

th
e

S
V

D
togeth

er
w

ith
orth

ogon
al

com
p
lem

en
t
V
⊥

to
ch

aracterize
th

e
rep

resen
ta

tio
n

m
atrix

.

L
e
m

m
a

1
9
C

is
a

rep
resen

ta
tio

n
m

a
trix

o
f
X

if
a
n

d
o
n

ly
if

it
h
a
s

th
e

fo
llo

w
in

g
fo

rm

C
=
V
V
T

+
V
⊥
H
,

(18)

w
ith

a
m

a
trix

H
∈
R

(n−
r
)×
n

.
T

h
u

s,
r(C

)≥
r(X

)
a
n

d
‖C
‖∗ ≥

r(X
).

F
u

rth
erm

o
re,

(a
)

If
C

is
sym

m
etric,

H
=
S
V
T⊥

,
th

a
t

is,
C

=
V
V
T

+
V
⊥
S
V
T⊥

w
ith

a
sym

m
etric

S
.

(b)
If

tr(C
)

=
0,

th
en

r(C
)≥

r(X
)

+
1
.

P
ro

o
f

B
a
sed

on
th

e
S
V

D
given

in
(17),

C
is

a
rep

resen
tation

m
atrix

of
X

,
i.e.,

X
=
X
C

,
if

a
n
d

o
n
ly

if
V
T

=
V
T
C

.
H

en
ce,

C
=
V
V
T
C

+
V
⊥
V
T⊥
C

=
V
V
T

+
V
⊥
H

w
ith

an
arb

itrarily
H

.
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Z
h
a
n
g

a
n
d

X
ia

W
e

rew
rite

H
=
T
V
T

+
S
V
T⊥

w
ith

arb
itrary

T
an

d
S

.
T

h
en
C

=
[V
,V
⊥

] [
I
r

0
T

S

]
[V
,V
⊥

] T
,

w
h
ere

r
=
r(X

).
T

h
u
s,
r(C

)≥
r

an
d
‖
C
‖∗ ≥

r.
F

u
rth

erm
ore,

if
C

is
sy

m
m

etric,
T

=
0

an
d
S

is
sy

m
m

etric
ob

v
iou

sly.
T

h
at

is
(a).

S
in

ce
tr(C

)
=
r

+
tr(S

)
b
y

th
e

p
rop

osition
tr(A

B
)

=
tr(B

A
),

if
C

is
im

p
osed

th
e

restriction
tr(C

)
=

0,
th

en
tr(S

)
=
−
r.

H
en

ce,
S
6=

0
an

d
r(C

)
=
r

+
r(S

)≥
r

+
1.

T
h
at

is
(b

).

W
e

n
ote

th
at

a
rep

resen
tation

m
atrix

C
of
X

cou
ld

b
e

of
arb

itrary
ran

k
r ′

vary
in

g
from

r(X
)

to
n

(X
).

P
ractically,

if
w

e
ch

o
ose

H
=

d
iag

(H
r ′,0)V

T⊥
w

ith
an

y
n
on

sin
gu

lar
m

atrix
H
r ′

of
ord

er
r ′−

r(X
)

in
(18),

th
en

o
b
v
iou

sly
r(C

)
=
r ′.

5
.2

.
M

in
im

a
l

S
u

b
sp

a
c
e

D
e
te

c
ta

b
le

R
e
p

re
se

n
ta

tio
n

T
h
e

self-ex
p
ressiven

ess
ap

p
roach

seek
s

a
b
lo

ck
-d

iagon
al

rep
resen

tatio
n

m
atrix

C
.

T
h
at

is,
th

ere
is

a
p

erm
u
ta

tion
m

atrix
Π

su
ch

th
at,

w
ith

in
a

given
or

ex
istin

g
p
artition

J
=
{
J
` },

C
=

Π
d
iag

(C
J

1 ,···
,C

J|J| )Π
T
,

w
h
ere
|J|

d
efi

n
es

th
e

n
u
m

b
er

of
p
a
rtition

p
ieces.

S
im

u
ltan

eou
sly,

X
is

a
lso

p
artition

ed
as

X
=

[X
J

1 ,···
,X

J|J| ]Π
T

.
A

given
p
artition

{J
` }

is
n
ot

n
atu

rally
assu

m
ed

to
con

tain
all

th
e

con
n
ected

d
iagon

al
b
lo

ck
s
{C

J
` }.

In
th

is
su

b
section

,
w

e
in

sp
ect

th
e

ran
k

p
rop

osition
s

of
th

e
state-of-art

L
R

R
an

d
S
S
C

,
w

h
en

th
eir

solu
tion

h
as

a
b
lo

ck
-d

iagon
al

form
.

T
h
e

risk
of

n
on

-con
n
ected

d
iagon

al
b
lo

ck
s

is
d
iscu

ssed
ev

en
w

h
en

p
artition

{
J
` }

is
id

eally
ch

osen
as

a
m

in
im

al
p
artition

for
d
etectin

g
th

e
M

S
S
.
F

in
ally,

w
e

p
rove

th
at

th
e

con
n
ection

is
gu

ara
n
teed

u
n
d
er

a
ran

k
restriction

sim
ilar

to
th

at
in

th
e

setJ
(K
,d
,d

m
in ),

an
d

h
en

ce,
th

e
M

S
S

can
b

e
correctly

d
etected

.

5
.2
.1
.
P
r
o
p
o
sit

io
n
s
o
f
L
R
R

a
n
d

S
S
C

L
R

R
is

k
n
ow

n
to

give
a

rep
resen

tation
m

atrix
th

at
h
as

th
e

sm
allest

n
u
clear

n
orm

,
w

h
ich

im
p
lies

th
at
H

=
0

in
L

em
m

a
19,

an
d

h
en

ce,
it

also
h
as

th
e

sm
allest

ran
k
.

M
ean

w
h
ile,

an
S
S
C

solu
tion

h
as

a
larger

ran
k

or
n
u
clear

n
orm

d
u
e

to
a

n
on

zero
H

.
T

h
e

follow
in

g
lem

m
a

fu
rth

er
ch

aracterizes
th

e
solu

tion
s

of
L

R
R

an
d

S
S
C

. 5

T
h

e
o
re

m
2
0

L
R

R
p
ro

vid
es

a
block-d

ia
go

n
a
l

so
lu

tio
n

if
a
n

d
o
n

ly
if
r(X

)
=
∑

`
r(X

J
` )

w
ith

a
pa

rtitio
n
{J

` }.
If

S
S

C
p
ro

vid
es

a
block-d

ia
go

n
a
l
C

w
ith

a
to

ta
l

o
f
T

co
n

n
ected

blocks,
th

en
r(C

)≥
∑

`
r(X

J
` )

+
T

.

P
ro

o
f

F
or

th
e

sak
e

of
sim

p
licity,

let
C
′`

=
C
J
`

an
d
X
′`

=
X
J
` .

If
L

R
R

h
as

a
b
lo

ck
-

d
iagon

al
C

w
ith

d
iagon

al
b
lo

ck
s{
C
′` }

b
y
X
′`

=
X
′` C
′` ,

w
e

h
ave

r(X
′` )≤

r(C
′` )

an
d
r(C

)
=

∑
`
r(C

′` )≥
∑

`
r(X

′` )≥
r(X

).
O

n
th

e
oth

er
h
an

d
,

sin
ce

th
e

L
R

R
solu

tion
is

u
n
iq

u
ely

given
b
y
C

=
V
V
T

,
w

e
h
ave

r(C
)

=
r(X

).
T

h
u
s,
r(X

)
=
∑

`
r(X

′` ).
C

on
versely,

if
r(X

)
=
∑

`
r(X

′` )
for

a
segm

en
tation

{X
′` }

of
X

,
w

e
p
artition

V
T

Π
=

[B
T1
,···

,B
T|J| ]

as{J
` }

.
B

ased
on

th
e

th
in

S
V

D
(17),

w
e

get
X
′`

=
U

Σ
B
T`

an
d
r(B

` )
=
r(X

′` ).
L

et
B
`

=
Q
` R

`
b

e
th

e
Q

R
d
ecom

p
osition

of
B
`

w
ith

an
orth

on
orm

al
Q
`

of
r(X

′` )
colu

m
n
s

5
.

T
h

e
su

ffi
cien

t
co

n
d

itio
n

fo
r

L
R

R
w

a
s

g
iv

en
b
y

L
iu

et
a
l.

(2
0
1
3
).

2
0
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

an
d

a
m

at
ri

x
R
`

of
or

d
er
r(
X
′ `)
×
r(
X

).
T

h
en

,
V

=
Π
Q
R

,
w

h
er

e
Q

=
d
ia

g
(Q

1
,·
··
,Q
|J
|)

an
d
R
T

=
[R

T 1
,·
··
,R

T |J
|].

T
h
e

co
n
d
it

io
n
r(
X

)
=
∑

`
r(
X
′ `)

m
ea

n
s

th
at
R

is
a

sq
u
ar

e
m

at
ri

x
.

S
in

ce
V

is
or

th
on

or
m

al
,
R

m
u
st

b
e

or
th

og
on

al
.

T
h
er

ef
or

e,
th

e
L

R
R

so
lu

ti
on

C
=
V
V
T

ca
n

b
e

re
w

ri
tt

en
as

fo
ll
ow

s

C
=

Π
(Π

T
V
V
T

Π
)Π

T
=

Π
Q
T
Q

Π
T

=
Π

d
ia

g
( Q

1
Q
T 1
,·
··
,Q
|J
|Q

T |J
|) Π

T
.

T
h
at

is
,
C

is
b
lo

ck
-d

ia
go

n
al

.

If
S
S
C

p
ro

v
id

es
an

M
S
D

R
of
X

w
it

h
a

b
lo

ck
-d

ia
go

n
al
C

of
T

co
n
n
ec

te
d

d
ia

go
n
al

b
lo

ck
s

{C
′ `}

,
th

en
r(
C
′ `)
≥
r(
X
′ `)

+
1

b
y

L
em

m
a

19
(b

)
si

n
ce
X
′ `

=
X
′ `C
′ `

an
d

tr
(C
′ `)

=
0.

H
en

ce
,

th
e

lo
w

er
b

ou
n
d

of
r(
C

)
fo

ll
ow

s
im

m
ed

ia
te

ly
si

n
ce
r(
C

)
=
∑

`
r(
C
′ `)

.

S
tr

ic
t

su
ffi

ci
en

t
co

n
d
it

io
n
s

ar
e

gi
ve

n
b
y

S
ol

ta
n
ol

ko
ta

b
i

an
d

C
an

d
ès

(2
01

2)
fo

r
S
S
C

to
h
av

e
a

b
lo

ck
-d

ia
go

n
al

re
p
re

se
n
ta

ti
on

m
at

ri
x

ac
co

rd
in

g
to

id
ea

l
se

gm
en

ta
ti

on
{X

J
∗ k
}.

T
h
es

e
co

n
d
it

io
n
s

ar
e

v
er

y
st

ri
ct

an
d

m
ay

b
e

d
iffi

cu
lt

to
sa

ti
sf

y
in

ap
p
li
ca

ti
on

s.
W

e
w

il
l

b
ri

efl
y

d
is

cu
ss

th
es

e
su

ffi
ci

en
t

co
n
d
it

io
n
s

in
S
ec

ti
on

5.
4.

In
ad

d
it

io
n
,

th
e

b
lo

ck
-d

ia
go

n
al

fo
rm

d
o
es

n
ot

gu
ar

an
te

e
th

e
co

n
n
ec

ti
on

of
al

l
th

e
d
ia

go
n
al

b
lo

ck
s.

T
h
is

p
h
en

om
en

on
w

as
re

p
or

te
d

b
y

N
as

ih
at

ko
n

an
d

H
ar

tl
ey

(2
01

1)
.

T
h
er

e
is

a
n
ot

ab
ly

la
rg

e
ga

p
b

et
w

ee
n

ra
n
k
s
r(
C

)
=
r(
X

)
an

d
r(
C

)
≥
∑

`
r(
X
′ `)

+
T
�
r(
X

)
of

th
e

p
os

si
b
le

b
lo

ck
-d

ia
go

n
al

so
lu

ti
on

s
of

L
R

R
an

d
S
S
C

,
re

sp
ec

ti
ve

ly
.

In
th

e
n
ex

t
su

b
se

ct
io

n
,

w
e

sh
ow

h
ow

su
ch

a
b
lo

ck
-d

ia
go

n
al

re
p
re

se
n
ta

ti
on

m
ay

b
e

u
n
co

n
n
ec

te
d
,

ev
en

if
it

is
id

ea
ll
y

p
ar

ti
ti

on
ed

.

5
.2
.2
.
N
o
n
c
o
n
n
e
c
t
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=
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p
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p
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w
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w
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w
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ra
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+
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+
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∩
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b
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=
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h
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=
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Û

2
=

0.
H

en
ce

,

‖U
T 1
U

2
‖2 F

=
‖[
U

0
,Û
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r(
C

)
=
d
.

H
en

ce
,

w
e

ca
n

re
m

ov
e

th
e

re
st

ri
ct

io
n
s

|J
k
|>

d
m

in
an

d
∑

k
r(
X
J
k
)
≤
d

in
J

(K
,d
,d

m
in

).
T

h
at

is
,

w
e

re
la

x
J

(K
,d
,d

m
in

)
to

th
e

se
t

J
(K

)
of

al
l
K

-p
ar

ti
ti

on
s,

an
d

(2
0)

is
sl

ig
h
tl

y
m

o
d
ifi

ed
to

m
in

J
∈J

(K
)
m

in
S
∈S
‖C

o
ff

(J
)(
S

)‖
1
,

(2
2
)

w
h
er

e
S

=
Sn
−
r

d
−
r

=
{ S

=
W
W

T
:
W
∈
R

(n
−
r
)×

(d
−
r
)

+

} .

T
h
e

d
iffi

cu
lt

y
of

m
ix

in
g

d
is

cr
et

e
an

d
co

n
ti

n
u
ou

s
va

ri
a
b
le

s
ca

n
b

e
ad

d
re

ss
ed

v
ia

a
lt

er
n
a
-

ti
ve

ly
op

ti
m

iz
in

g
J

an
d
C

(S
).

H
ow

ev
er

,
sp

ec
ia

l
st

ra
te

gi
es

sh
ou

ld
b

e
co

n
si

d
er

ed
to

im
p
ro

ve
th

e
effi

ci
en

cy
of

th
is

co
m

p
u
ta

ti
on

.
W

e
off

er
tw

o
ty

p
es

of
al

te
rn

at
iv

e
al

go
ri

th
m

s
fo

r
th

is
p
u
rp

os
e.

O
n
e

al
go

ri
tm

so
lv

es
(2

2)
d
ir

ec
tl

y
b
as

ed
on

a
m

an
if

ol
d

co
n
ju

g
at

e
gr

a
d
ie

n
t

(M
C

G
)

m
et

h
o
d

fo
r

op
ti

m
iz

in
g
C

.
T

h
e

ot
h
er

al
go

ri
th

m
so

lv
es

an
eq

u
iv

al
en

t
p
se

u
d
o-

d
u
a
l

p
ro

b
le

m
of

(2
2)

b
as

ed
on

su
b
sp

ac
e

es
ti

m
at

io
n
.

B
ot

h
m

et
h
o
d
s

so
lv

e
th

e
p
ro

b
le

m
u
si

n
g

th
e

a
lt

er
n
a
ti

ve
ru

le
:

O
p
ti

m
iz

e
C

gi
ve

n
J

,
an

d
u
p

d
at

e
J

ac
co

rd
in

g
to

th
e

cu
rr

en
t
C

.

H
ow

ev
er

,
th

es
e

tw
o

m
et

h
o
d
s

ca
n
n
ot

gu
ar

an
te

e
a

gl
ob

al
ly

o
p
ti

m
al

so
lu

ti
o
n

in
a
n
y

ca
se

.
T

h
u
s,

W
e

h
y
b
ri

d
iz

e
th

em
b
y

ta
k
in

g
th

e
so

lu
ti

on
of

on
e

m
et

h
o
d

as
th

e
in

it
ia

l
g
u
es

s
fo

r
th

e
ot

h
er

.
T

h
e

m
ot

iv
at

io
n

fo
r

th
is

st
ra

te
gy

is
th

e
ra

ri
ty

of
fa

ll
in

g
in

to
a

co
m

m
o
n

lo
ca

l
m

in
im

iz
er

of
th

e
b

ot
h

p
ro

b
le

m
s.

U
si

n
g

th
is

h
y
b
ri

d
st

ra
te

gy
,

w
e

ca
n

ob
ta

in
th

e
tr

u
e

m
in

im
a
l

se
gm

en
ta

ti
on

in
ou

r
ex

p
er

im
en

ts
if

th
e

su
b
sp

ac
es

ar
e

n
ot

h
ea

v
il
y
-i

n
te

rs
ec

te
d

w
it

h
ea

ch
o
th

er
.

6
.1

.
A

lt
e
rn

a
ti

v
e

M
e
th

o
d

fo
r

th
e

P
ri

m
a
l

P
ro

b
le

m

In
th

e
li
te

ra
tu

re
,

al
te

rn
at

iv
e

st
ra

te
gi

es
ar

e
co

m
m

on
ly

u
se

d
fo

r
op

ti
m

iz
in

g
m

u
lt

ip
le

va
ri

a
b
le

s.
F

or
in

st
an

ce
,

an
al

te
rn

at
iv

e
st

ra
te

g
y

is
ad

op
te

d
b
y

L
i

et
al

.
(2

01
7)

fo
r

m
in

im
iz

in
g

th
e

si
m

il
ar

ob
je

ct
iv

e
fu

n
ct

io
n
‖C

o
ff

(J
)‖

1
+
α
‖C
‖ 1

.
It

is
p

ot
en

ti
al

ly
ea

sy
to

op
ti

m
iz

e
C

g
iv

en
p
ar

ti
ti

on
J

,
an

d
J

ca
n

b
e

u
p

d
at

ed
v
ia

n
o
rm

al
iz

ed
sp

ec
tr

al
cl

u
st

er
in

g
o
n

th
e

sy
m

m
et

ri
c

g
ra

p
h

|C
|+
|C
|T

gi
ve

n
C

.
H

ow
ev

er
,

if
th

e
sp

ec
tr

al
cl

u
st

er
in

g
is

u
n
st

ab
le

,
it

m
ay

gi
ve

a
n

u
n
d
es

ir
ed

p
ar

ti
ti

on
w

h
en

C
is

fa
r

fr
om

th
e

id
ea

l
so

lu
ti

o
n
.

C
on

ve
rs

el
y,

a
p

o
or

p
ar

ti
ti

o
n

a
ls

o
le

a
d
s

to
an

u
n
ac

ce
p
ta

b
le

so
lu

ti
on

.
T

o
d
ec

re
as

e
in

st
ab

il
it

y,
a

so
ft

ve
rs

io
n

is
al

so
co

n
si

d
er

ed
b
y

L
i

et
al

.
(2

01
7)

,
in

w
h
ic

h
th

e
fu

n
ct

io
n
‖C

o
ff

(J
)‖

1
is

m
o
d
ifi

ed
to

th
e

w
ei

gh
te

d
` 1

-n
o
rm

fu
n
ct

io
n

∑
ij
w
ij
|c i
j
|w

it
h

w
ei

gh
ts
w
ij

=
1 2
‖u

i
−
u
j
‖2

,
w

h
er

e
u
i

is
a

th
e

v
ec

to
r

of
i-

th
co

m
p

o
n
en

ts

of
th

e
K

ei
ge

n
ve

ct
or

s
co

rr
es

p
on

d
in

g
to

th
e
K

sm
al

le
st

ei
ge

n
va

lu
es

of
|C
|+
|C
|T

.
H

ow
ev

er
,

th
is

m
et

h
o
d

b
lu

rs
b
lo

ck
se

p
ar

at
io

n
,

an
d

h
en

ce
,

it
m

ay
al

so
re

su
lt

in
an

u
n
ac

ce
p
ta

b
le
C

.

W
e

ap
p
ly

tw
o

ty
p

es
of

m
o
d
ifi

ca
ti

on
s

fo
r

so
lv

in
g

th
e

p
ri

m
al

p
ro

b
le

m
(2

0)
u
si

n
g

a
n

a
lt

er
n
a
-

ti
ve

st
ra

te
gy

.
T

h
e

fi
rs

t
m

o
d
ifi

ca
ti

on
ac

ts
on

th
e
K

-p
ar

ti
ti

on
J

.
D

iff
er

en
t

fr
o
m

th
e

co
m

m
o
n
ly

u
se

d
w

ei
gh

t
st

ra
te

gy
,

w
e

sl
ig

h
tl

y
ex

te
n
d

th
e

su
p
p

or
t

d
om

a
in

off
(J

)
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

‖C
o
ff

(J
)(
S

)‖
1

to
an

ac
ti

ve
in

d
ex

se
t

Ω
th

at
co

ve
rs

o
ff

(J
).

F
or

th
e

sa
ke

of
si

m
p
li
ci

ty
,

Ω
a
ls

o
re

fe
rs

to
an

in
d
ic

at
io

n
m

at
ri

x
w

h
os

e
en

tr
ie

s
ω
ij

ar
e

1
fo

r
th

e
in

d
ic

es
in

Ω
an

d
ze

ro
o
th

er
w

is
e.

H
en

ce
,

th
e

fu
n
ct

io
n
‖C

o
ff

(J
)(
S

)‖
1

b
ec

om
es
‖Ω
�
C

(S
)‖

1
=
∑

(i
,j

)∈
Ω
|c i
j
(S

)|.
T

h
is

m
o
d
ifi

ca
-

ti
on

ca
n

si
gn

ifi
ca

n
tl

y
re

d
u
ce

th
e

ri
sk

of
ob

ta
in

in
g

an
in

co
rr

ec
t

p
ar

ti
ti

on
J

,
es

p
ec

ia
ll
y

in
th

e
in

it
ia

l
ca

se
w

h
en

J
is

p
o
or

ly
es

ti
m

at
ed

.
In

it
ia

ll
y,

w
e

ch
o
os

e
Ω

to
b

e
th

e
co

a
rs

es
t

Ω
c

w
it

h
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

ω
ij

=
1

fo
r
i6=

j
an

d
ω
ii

=
0,

i.e.,‖Ω
c �

C
(S

)‖
1

=
∑

i6=
j |c

ij |.
In

a
later

su
b
section

,
w

e
d
iscu

ss
h
ow

to
u
p

d
ate

th
e

activ
e

in
d
ex

set
Ω

so
th

at
it

ca
n

ap
p
roach

th
e

su
b

d
om

ain
off

(J
)

a
s

so
o
n

a
s
J

is
ap

p
rox

im
ately

op
tim

al.
T

h
e

seco
n
d

m
o
d
ifi

cation
aim

s
to

red
u
ce

th
e

d
egree

of
n
on

con
v
ex

ity
of

th
e

fu
n
ction

‖
Ω
�
C

(S
)‖

1
g
iven

Ω
to

ren
d
er

th
e

m
o
d
ifi

ed
fu

n
ction

a
b
it

fl
atter

so
th

at
an

iteration
a
lg

o
rith

m
is

less
lik

ely
to

fall
in

to
a

lo
cal

m
in

im
izer.

T
o

th
is

en
d
,

w
e

ad
d

th
e

p
rior

term
λ2 ‖c(S

)‖
22

on
to

th
e

d
iagon

al
vector

c(S
)

of
C

(S
)

w
ith

p
aram

eter
λ
>

0.
T

h
is

stra
teg

y
also

b
en

efi
ts

th
e

sea
rch

for
a

b
lo

ck
-d

iagon
al

solu
tion

.
S
in

ce
w

e
relax

th
e

strict
zero-restriction

o
n

th
e

d
ia

go
n
a
ls,

th
e

p
rior

term
p

en
alizes

th
e

d
iagon

als
of
C

(S
),

an
d

h
en

ce,
th

e
d
iagon

als
a
re

u
n
ifo

rm
ly

sm
all

in
gen

eral,
w

h
ich

h
elp

s
to

in
crease

th
e

con
n
ection

s
w

ith
in

each
su

b
sp

ace
in

th
e

rep
resen

tation
X

=
X
C

. 7

C
o
m

b
in

in
g

th
e

tw
o

m
o
d
ifi

cation
s,

w
e

m
o
d
ify

m
in
S∈

S ‖
C

o
ff

(J
) (S

)‖
1

to
th

e
follow

in
g
:

m
in

S∈
S {‖

Ω
�
C

(S
)‖

1
+
λ2 ‖
c(S

)‖
22 }
.

(23)

S
in

ce
S

(or
C

(S
))

an
d

Ω
are

u
p

d
ated

altern
atively,

th
e

p
en

alty
p
aram

eter
λ

sh
ou

ld
b
ala

n
ce

th
e

tw
o

term
s‖Ω

�
C

(S
)‖

1
an

d
12 ‖
c(S

)‖
22 .

T
h
u
s,

it
m

akes
sen

se
to

set

λ
=

m
in (λ

0 ,2‖
Ω
�
Ĉ
‖

1 /‖
ĉ‖

22 )
(24)

a
d
a
p
tively,

u
sin

g
th

e
solu

tion
Ĉ

corresp
on

d
in

g
to

th
e

p
rev

iou
s

(Ω̂
,λ̂

),
ĉ

=
d
iag

(Ĉ
),

an
d
λ

0

is
a
n

in
itia

l
settin

g.
T

h
is

strategy
is

effi
cien

t
in

ou
r

ex
p

erim
en

ts.
T

h
e

b
a
sic

m
o
d
el

(23)
w

ork
s

w
ell

on
som

e
b
u
t

n
ot

all
com

p
licated

su
b
sp

aces—
it

can
recover

th
e

m
in

im
al

segm
en

tation
of

sam
p
les

from
som

e
in

tersected
su

b
sp

aces
if

th
ey

are
n
o
t

h
eav

ily
in

tersected
w

ith
each

oth
er.

W
e

sh
ow

th
e

p
erform

an
ce

of
th

is
b
asic

m
o
d
el

co
m

p
a
red

w
ith

oth
er

state-of-art
m

eth
o
d
s

in
th

e
ex

p
erim

en
t

section
of

th
is

p
ap

er.

6
.2

.
M

C
G

:
M

a
n

ifo
ld

C
o
n

ju
g
a
te

G
ra

d
ie

n
t

M
e
th

o
d

T
h
e

p
ro

b
lem

(23)
can

b
e

solv
ed

u
sin

g
a

m
an

ifold
con

ju
gated

grad
ien

t
(M

C
G

)
m

eth
o
d
,

b
u
t

so
m

e
com

p
u
tation

al
issu

es
sh

o
u
ld

b
e

ad
d
ressed

b
efore

ap
p
ly

in
g

M
C

G
on

(23
).

F
irst,

th
e

o
b

jective
fu

n
ction

in
(23)

is
n
ot

d
erivab

le.
A

su
b
grad

ien
t

is
u
sed

as
a

su
b
stitu

te
of

th
e

g
ra

d
ien

t
in

ou
r

an
aly

sis.
S
econ

d
,

M
C

G
con

vergen
ce

an
a
ly

sis
req

u
ires

th
e

ob
jectiv

e
fu

n
ctio

n
to

b
e

sm
o
oth

ed
.

T
h
e

grad
ien

t
of

th
is

sm
o
oth

fu
n
ction

is
a

go
o
d

ap
p
rox

im
ate

of
a

su
b
g
ra

d
ien

t
o
f

th
e

origin
al

fu
n
ction

.
T

h
ird

,
th

e
grad

ien
t

vectors
sh

ou
ld

b
e

p
ro

jected
on

to
th

e
ta

n
g
en

t
sp

ace
of

th
e

m
an

ifold
at

a
p

o
in

t
in

M
C

G
.

H
ow

ever,
on

ly
a

sm
aller

su
b
sp

ace
of

th
e

ta
n
g
en

t
sp

a
ce

b
en

efi
ts

lin
ear

search
in

g
in

M
C

G
.
F

or
effi

cien
t

com
p
u
tation

,
th

is
su

b
sp

ace
m

u
st

b
e

d
etected

.
In

th
is

su
b
section

,
w

e
give

a
d
eta

iled
M

C
G

algorith
m

for
solv

in
g

(23),
ta

k
in

g
in

to
a
ccou

n
t

th
e

ab
ove

con
cern

s
an

d
th

e
tech

n
iq

u
e

of
lin

ear
search

in
g
,

to
geth

er
w

ith
co

n
verg

en
ce

a
n
aly

sis.
W

e
also

d
iscu

ss
so

m
e

com
p
u
tation

al
d
etails

of
th

e
M

C
G

.

6
.2
.1
.
S
u
b
g
r
a
d
ie
n
t
s

W
ritin

g
S

=
W
W

T
∈
S

w
ith

W
∈
R

(n−
r
)×

(d−
r
),

th
e

ob
jective

fu
n
ction

of
(23)

is
as

follow
s:

f
(W

)
=
‖
Ω
�
C

(W
W

T
)‖

1
+
λ2 ‖c(W

W
T

)‖
22 .

7
.

If
th

ere
is

a
d

ia
g
o
n

a
l
c
ii ≈

1
,

th
e

co
n

n
ectio

n
s

o
f

sa
m

p
le
x
i

to
th

e
o
th

ers
n

ea
rly

va
n

ish
.
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Z
h
a
n
g

a
n
d

X
ia

It
is

k
n
ow

n
th

at
a

su
b
grad

ien
t

of
th

e
fu

n
ction

|x|
at

a
real

varia
b
le
x

is
sign

(x
)

if
x
6=

0
or

an
y

real
r∈

[−
1,1]

w
h
en

x
=

0.
S
in

ce
th

e
fu

n
ction

‖
Ω
�
C
‖

1
is

sep
arab

le
on

its
variab

les,
th

e
set

of
su

b
grad

ien
ts

of
fu

n
ction

f
(C

)
at
C

is

∂
C ‖

Ω
�
C
‖

1
=
{

Ω
�

(sign
(C

)
+
R

)
:
R
∈
R
C }

w
h
ere
R
C

=
{
R

:
R
�
C

=
0,‖R‖∞

≤
1}.

F
or
C

=
C

(S
)

=
V
V
T

+
V
⊥
S
V
T⊥

w
ith

sy
m

m
etric

S
sp

ecially,
th

e
d
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Ñ

+
Ñ
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l
d

C
o
n
ju

g
a
t
e
G
r
a
d
ie
n
t
s

T
h
e

co
n
ju

ga
te

gr
ad

ie
n
t

d
ir

ec
ti

on
∆

in
th

e
N

C
G

is
re

cu
rs

iv
el

y
d
efi

n
ed

.
In

o
u
r

ca
se

,
w

e
se

t
∆

=
G
W

,
w

h
er

e
th

e
re

cu
rs

iv
e

d
efi

n
it

io
n

of
G
W

is
sl

ig
h
tl

y
m

o
d
ifi

ed
as

:

G
W

=
−

gr
ad
f δ

(W
)

+
β
W
P W

o
ld

(G
W

o
ld

),

an
d
W

o
ld

is
a

p
re

v
io

u
s

p
oi

n
t.

L
et
P
W

=
P W
( gr

ad
f δ

(W
))

b
e

th
e

p
ro

je
ct

io
n

o
f

g
ra

d
f δ

(W
)

on
to
H
W

.
T

h
e

p
ro

je
ct

io
n

of
G
W

on
to
H
W

,
i.

e.
,

th
e

co
n
ju

ga
te

d
ir

ec
ti

on
H
W

is
a
ls

o
re

cu
r-

si
ve

ly
d
efi

n
ed

(A
b
si

l
et

al
.,

20
09

,
A

lg
or

it
h
m

13
),

H
W

=
−
P
W

+
β
W
P W
( H

W
o
ld

) .
(3

1
)

8
.

W
e

a
ss

u
m

e
th

a
t
W

is
o
f

fu
ll

co
lu

m
n

ra
n

k
fo

r
si

m
p

li
ci

ty
.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

In
itia

lly,
H
W

=
−
P
W

.
T

h
u
s,

th
e

iteratio
n

(29)
w

ith
∆

=
G
W

b
ecom

es

W
n

ew
=
W

+
α
W
H
W
,

(32)

w
h
ich

is
a
n

iteration
of

th
e

m
an

ifold
con

ju
ga

te
grad

ien
t

m
eth

o
d
.

W
e

u
se

th
e

follow
in

g
form

u
la

for
settin

g
th

e
β
W

in
(31)

for
u
p

d
atin

g
th

e
co

n
ju

gate
d
irectio

n
in

th
e

R
iem

an
n
ian

m
an

ifold

β
W

=

{
〈P
W
,Y
W
〉

〈Y
W
,Z
W
〉 −

2〈P
W
,Z
W
〉

〈Y
W
,Z
W
〉
2 ‖Y

W
‖

2F
,

if
〈Y
W
,Z

W
〉6=

0;

0
,

oth
erw

ise,
(33)

w
h
ere

Y
W

=
P
W
−
P
W

(P
W

o
ld )

an
d
Z
W

=
P
W

(H
W

o
ld ),

a
sligh

t
ad

ap
tation

of
th

at
for

th
e

C
G

m
eth

o
d

in
E

u
clid

ean
sp

ace
(H

ager
an

d
Z

h
an

g,
2005).

W
h
en
〈Y
W
,Z

W
〉

=
0,

th
e

iteration
is

resta
rted

.
O

b
v
iou

sly,
rescalin

g
H
W

o
ld

d
o
es

n
ot

ch
an

ge
th

e
u
p

d
atin

g
p
ro

cess
(31).

H
en

ce,
o
n
e

ca
n

n
o
rm

a
lize

each
H
W

in
(32)

to
h
ave

a
u
n
it

F
rob

en
iu

s
n
orm

if
n
ecessary

for
n
u
m

erical
sta

b
ility.

6
.2
.4
.
L
in
e
S
e
a
r
c
h
in
g

O
n
e

stra
teg

y
fo

r
lin

ear
search

in
g

is
to

ch
o
ose

α
W

satisfy
in

g
th

e
A

rm
ijo

con
d
ition

on
f

(W
)

f
(W

n
ew

)≤
f

(W
)

+
τ
α
W

in
f

B
W
∈
∂
f

(W
) 〈P

W
(B

W
),P

W
(∆

)〉.
(34)

w
ith

τ
∈

(0,1
).

M
ath

em
atically,〈P

W
(Y

),P
W

(Z
)〉

=
〈Y
,P

W
(Z

)〉
=
〈P

W
(Y

),Z〉
for

an
y

Y
a
n
d
Z

.
H

en
ce,

on
ly

on
e

p
ro

jection
is

req
u
ired

in
th

e
in

n
er

p
ro

d
u
ction

.
In

n
u
m

erical
co

m
p
u
ta

tio
n
,
f

(W
)

is
rep

laced
b
y

th
e

sm
o
oth

f
δ (W

),
a
n
d

(34)
is

ch
an

ged
to

th
at

f
δ (W

n
ew

)≤
f
δ (W

)
+
τ
α
W

〈P
W
,H

W

〉,
(35)

a
s

su
g
g
ested

in
S
ection

4.2
b
y

A
b
sil

et
al.

(2009).
O

n
ce

th
e

A
rm

ijo
con

d
ition

(35)
is

sa
tisfi

ed
a
n
d
H
W

is
a

d
escen

d
in

g
d
irection

,
i.e.,〈P

W
,H

W
〉
<

0,
th

en
f
δ (W

n
ew

)
<
f
δ (W

)
is

g
u
aran

teed
.

W
e

n
o
te

th
a
t

th
e

com
p
u
tation

al
cost

of
ch

eck
in

g
for

th
e

A
rm

ijo
con

d
ition

is
m

u
ch

low
er

th
a
n

th
a
t

o
f

o
th

er
strategies

for
d
eterm

in
in

g
an

α
W

.
F

or
ex

am
p
le,

for
th

e
stron

g
W

olfe
co

n
d
itio

n
s

(S
a
to

an
d

Iw
ai,

2015)

f
δ (W

n
ew

)≤
f
δ (W

)
+
c

1 α
W
〈P

W
,H

W
〉,
|〈P

W
n
e
w
,P

W
n
e
w

(H
W

)〉|≤
|c

2 〈P
W
,H

W
〉|,

(36)

w
h
ere

th
e

co
n
stan

ts
c

1
an

d
c

2
satisfy

0
<
c

1
<
c

2
<

1,
an

ad
d
ition

al
con

d
ition

m
u
st

b
e

ch
ecked

.
F

o
r

th
e

con
vergen

ce
lim

in
f
k→
∞
‖
P
W
k ‖
F

=
0

of
M

C
G

u
n
d
er

th
e

stron
g

W
olfe

co
n
d
itio

n
s,

S
a
to

an
d

Iw
ai

(2015)
su

g
gests

an
oth

er
ru

le
for

ch
o
osin

g
β
W

.

6
.2
.5
.
C
o
n
v
e
r
g
e
n
c
e

T
h
e

fo
llow

in
g

lem
m

a
b

en
efi

ts
con

v
ergen

ce
an

aly
sis

o
f

th
e

M
C

G
w

ith
β
W

in
(33)

an
d

lin
ear

search
in

g
sa

tisfy
in

g
th

e
A

rm
ijo

con
d
ition

(35).

L
e
m

m
a

2
7

If
β
W

is
ch

o
sen

a
s

(3
3
),

th
en

fo
r

a
rbitra

ry
W

,

〈P
W
,H

W
〉≤
−

78 ‖
P
W
‖

2F
.

(37)
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Z
h
a
n
g

a
n
d

X
ia

P
ro

o
f

F
rom

u
p

d
atin

g
(31)

of
H
W

,
w

e
h
ave
〈P

W
,H

W
〉

=
−
‖P

W
‖

2F
+
β
W
〈P

W
,Z

W
〉.

If
〈Y
W
,Z

W
〉

=
0,

th
en

β
W

=
0

b
y

(33),
an

d
〈P

W
,H

W
〉

=
−
‖P

W
‖

2F
.

O
th

erw
ise,

β
W
〈P

W
,Z

W
〉

=
18 (

8 〈P
W
,Z

W
〉

〈Y
W
,Z

W
〉 〈P

W
,Y

W
〉−

16 〈P
W
,Z

W
〉
2

〈Y
W
,Z

W
〉
2 〈Y

W
,Y

W
〉 )

=
18 (‖P

W
‖

2F
−
∥∥
P
W
−

4 〈P
W
,Z

W
〉

〈Y
W
,Z

W
〉
Y
W

∥∥
2F )
≤

18 ‖P
W
‖

2F
.

H
en

ce,〈P
W
,H

W
〉≤
−
‖P

W
‖

2F
+

18 ‖P
W
‖

2F
=
−

78 ‖
P
W
‖

2F
.

T
h
u
s,

if
th

e
A

rm
ijo

con
d
ition

(35)
is

satisfi
ed

w
ith

α
W

,
w

e
h
ave

th
e

d
ecreasin

g
p
rop

erty

f
δ (W

n
ew

)≤
f
δ (W

)−
7τ
α
W

8
‖P

W
‖

2F
≤
f
δ (W

).
(38)

T
h
is

eq
u
ality

h
old

s
on

ly
if
P
W

=
0.

H
en

ce,
startin

g
w

ith
an

y
p

oin
t,

th
e

M
C

G
con

v
erges

in
th

e
sen

se
th

at
P
W
k

=
0

at
a
W
k

or

lim
k→
∞
P
W
k

=
0.

(39)

T
h
at

is,
th

e
M

C
G

con
verges

glob
ally.

T
h
eoretically,

for
a

su
ffi

cien
tly

sm
all

δ,
th

e
m

in
im

izer
of
f
δ

is
also

a
lo

cal
m

in
im

izer
of
f

,
as

p
rev

iou
sly

m
en

tion
ed

.
H

ow
ever,

a
sm

aller
δ

m
igh

t
y
ield

slow
er

con
v
ergen

ce
of

th
e

M
C

G
algorith

m
,

w
h
ich

freq
u
en

tly
o
ccu

rs
in

n
u
m

erical
ex

p
erim

en
ts.

W
e

u
se

th
e

step
p

ed
strategy

of
d
ecreasin

g
δ

an
d

u
se

th
e

m
in

im
izer

W
δ

as
an

in
itial

gu
ess

for
th

e
M

C
G

w
ith

a
sm

aller
δ.

T
h
is

strategy
can

accelerate
con

vergen
ce.

T
h

e
o
re

m
2
8

L
et
{δ
` }

be
a

d
ecrea

sin
g

sequ
en

ce
a
n

d
W

(`)
be

a
so

lu
tio

n
o
f

th
e

m
a
n

ifo
ld

co
n

ju
ga

te
gra

d
ien

t
m

eth
od

w
ith

(3
3
),

sta
rtin

g
w

ith
th

e
p
revio

u
s
W

(`−
1
)

a
n

d
sa

tisfyin
g

th
e

A
rm

ijo
co

n
d
itio

n
.

T
h
en

, {
f
δ
` (W

(`) )}
is

m
o
n

o
to

n
o
u

sly
d
ecrea

sin
g.

P
ro

o
f

O
b
v
iou

sly,
if
δ ′
<
δ ′′,

th
en

q
δ ′(t)≤

q
δ ′′(t)

for
q
δ (t)

given
in

(26)
an

d
all

t.
H

en
ce,

f
δ ′(W

)
≤

f
δ ′′(W

)
for

all
W

,
an

d
f
δ
`
+

1 (W
(`) )
≤

f
δ
` (W

(`) ).
T

h
is

eq
u
a
lity

h
old

s
on

ly
if

m
in
ij |c

(`)
ij |≥

δ
`

sin
ce
q
δ ′(t)

=
q
δ ′′(t)

on
ly

if|t|≥
δ ′′.

B
y

(38
),
f
δ
`
+

1 (W
(`+

1
) )≤

f
δ
`
+

1 (W
(`) ).

T
h
is

eq
u
ality

h
old

s
on

ly
if
P
W

(`
)

=
0.

T
h
erefore,

f
δ
`
+

1 (W
(`+

1
) )
≤
f
δ
` (W

(`) )
for

all
`,

an
d

th
is

strict
in

eq
u
ality

h
old

s
if
P
W

(`
) 6=

0
or

m
in
ij |c

(`)
ij |

<
δ
` .

6
.2
.6
.
C
o
m
p
u
t
a
t
io
n
a
l
D
e
t
a
il
s

S
everal

com
p
u
tation

al
issu

es
m

ay
aff

ect
th

e
effi

cien
cy

of
th

e
M

C
G

algorith
m

:
th

e
stop

p
in

g
con

d
ition

of
th

e
in

n
er

iteration
of
W

given
δ,

th
e

ru
le

fo
r

ch
o
osin

g
a

su
itab

le
α
W

satisfy
in

g
th

e
A

rm
ijo

con
d
ition

,
th

e
ch

oice
of

th
e

in
itial

testin
g

valu
e

of
α
W

,
an

d
th

e
ch

oice
of
δ.

W
e

off
er

d
etails

on
th

ese
com

p
u
tation

al
issu

es
b

elow
.

S
to

p
p
in

g
criterio

n
.

G
iven

δ
>

0,
w

e
n
orm

alize
H
W

to
h
ave

a
u
n
it

F
rob

en
iu

s
n
o
rm

p
rior

to
lin

ear
search

in
g.

S
in

ce
α
W

=
α
W
‖H

W
‖
F

=
‖W

n
ew
−
W
‖
F

,
a

sim
p
le

stop
p
in

g
criterion

of
th

e
iteration

of
W

is
th

at
α
W
≤
ε
α

w
ith

a
sm

all
con

sta
n
t
ε
α
.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

A
lg

o
ri

th
m

1
M

S
S

u
si

n
g

m
an

if
ol

d
co

n
ju

ga
te

d
gr

ad
ie

n
ts

(M
S
S
−

M
C

G
)

In
p
u
t:
V

,
V
⊥

,
Ω

,
in

it
ia

l
gu

es
s
W

,
δ 0

,
an

d
α

in
it

,
p
ar

am
et

er
s
ρ
,
γ

,
ε α

,
ε C

,
ε δ

,
` m

a
x
,

an
d
k

m
a
x

O
u
tp

u
t:
W

an
d
C

.

1
:

C
om

p
u
te
C
v

=
V
V
T

,
V
w

=
V
⊥
W

,
an

d
C

=
C
v

+
V
w
V
T w

,
se

t
δ

=
δ 0

,
an

d
sa

ve
W

(0
)
=
W

.
2
:

F
or
`

=
1,

2
,·
··
,`

m
a
x

3
:

S
av

e
C

o
ld

=
C

,
an

d
co

m
p
u
te
f

=
f δ

(W
)

as
(2

7)
w

it
h

th
e

cu
rr

en
t
C

.
4
:

F
or
k

=
0,

1,
2,
··
·,
k

m
a
x

5
:

C
om

p
u
te

gr
ad
f δ

(W
)

as
(2

8)
an

d
P

=
P W

(g
ra

d
f δ

(W
))

as
(3

0)
.

6
:

S
et
H

=
−
P

if
k

=
0,

or
co

m
p
u
te
H

as
(3

1)
an

d
(3

3
),

an
d

H
‖H
‖ F
→
H

if
k
>

0
.

7
:

S
ta

rt
in

g
w

it
h
α

in
it

,
ch

o
os

e
α

sa
ti

sf
y
in

g
th

e
A

rm
ij

o
co

n
d
it

io
n
,

b
u
t
α
/ρ

d
o
es

n
ot

.
8
:

U
p

d
at

e
W

:=
W

+
α
H

,
V
w

=
V
⊥
W

,
an

d
re

se
t
α

in
it

=
α

.
9
:

U
p

d
at

e
C

=
C
v

+
V
w
V
T w

,
f

=
f δ

(W
).

1
0
:

If
α
<
ε α

,
te

rm
in

at
e

th
e

in
n
er

it
er

at
io

n
.

1
1
:

E
n
d

1
2
:

If
‖Ω
�

(C
−
C

o
ld

)‖
<
ε C

an
d
δ
<
ε δ

,
te

rm
in

at
e,

ot
h
er

w
is

e,
re

d
u
ce
δ

:=
γ
δ.

1
3
:

E
n
d

C
h
oo

si
n

g
α
W

.
T

o
gu

ar
an

te
e

co
n
v
er

ge
n
ce

b
y

C
or

ol
la

ry
4.

3.
2

of
A

b
si

l
et

al
.

(2
00

9)
,

w
e

d
et

er
m

in
e

an
α
W

su
ch

th
at
α
W

sa
ti

sfi
es

th
e

A
rm

ij
o

co
n
d
it

io
n

b
u
t
α
′ W

=
α
W
/ρ

d
o
es

n
ot

.
T

h
is

is
ac

co
m

p
li
sh

ed
v
ia

re
p

ea
te

d
ly

te
st

in
g
α

in
th

e
ru

le
:
α

:=
α
/ρ

if
(3

4)
h
ol

d
s

or
α

:=
α
∗ρ

ot
h
er

w
is

e,
st

ar
ti

n
g

w
it

h
an

in
it

ia
l

va
lu

e
α

0
.

T
h
is

is
b
as

ic
al

ly
an

es
ti

m
at

io
n

of
th

e
la

rg
es

t
α

sa
ti

sf
y
in

g
th

e
A

rm
ij

o
co

n
d
it

io
n
.

T
ak

in
g
α
∗ W

as
a

go
o
d

ap
p
ro

x
im

at
io

n
of

th
e

m
in

im
iz

er
of

φ
(α

)
=
f δ

(W
+
α
H
W

),
th

e
re

la
ti

ve
ap

p
ro

x
im

at
io

n
er

ro
r

is
b

ou
n
d
ed

,

0
≤
α
∗ W
−
α
W

α
W

≤
α
W
/ρ
−
α
W

α
W

=
1
−
ρ

ρ
.

H
en

ce
,

a
ρ

cl
os

er
to

1
y
ie

ld
s

a
b

et
te

r
ap

p
ro

x
im

a
te
α
W

to
α
∗ W

,
an

d
h
en

ce
,

a
sm

al
le

r
va

lu
e

of
f δ

,
ro

u
gh

ly
sp

ea
k
in

g.
W

e
ty

p
ic

al
ly

ch
o
o
se
ρ
∈

[0
.5
,1

).

In
it

ia
l

gu
es

s
o
f
α
W

.
F

or
si

m
p
li
fy

in
g

th
e

d
is

cu
ss

io
n
,

w
e

n
or

m
al

iz
e
H
W

to
h
av

e
a

u
n
it

F
ro

b
en

iu
s

n
or

m
p
ri

or
to

li
n
ea

r
se

ar
ch

in
g.

S
in

ce
α
W

te
n
d
s

to
ze

ro
as

th
e

it
er

at
io

n
of
W

co
n
ve

rg
es

,
a

go
o
d

es
ti

m
at

e
fo

r
α
W

is
α
W

o
ld

if
th

e
p
re

v
io

u
s
α
W

o
ld

is
av

ai
la

b
le

.
T

h
is

in
it

ia
l

gu
es

s
w

or
k
s

w
el

l
in

ou
r

ex
p

er
im

en
ts

—
it

on
ly

ta
ke

s
tw

ic
e

te
st

in
gs

fo
r

ea
ch

u
p

d
at

e
o
f
W

in
ge

n
er

al
,

b
u
t

m
ay

fa
il

w
h
en

th
e

cu
rv

at
u
re

of
φ

(α
)

=
f δ

(W
+
α
H
W

)
ac

h
ie

ve
s

a
lo

ca
l
m

in
im

u
m

n
ea

r
α

=
0,

w
h
ic

h
m

ay
re

su
lt

in
a

ve
ry

sm
al

l
α
W
≈

0.
T

h
is

p
h
en

om
en

on
h
ap

p
en

s
w

h
en

W
is

cl
os

e
to

a
lo

ca
l

m
in

im
iz

er
or

w
h
en

th
e

d
ir

ec
ti

on
H
W

is
u
n
su

it
ab

le
,

ca
u
si

n
g

ve
ry

sl
ow

d
es

ce
n
t.

T
h
u
s,

w
e

ch
an

ge
H
W

b
ac

k
to
−
P
W

if
th

e
A

rm
ij

o
co

n
d
it

io
n

is
u
n
sa

ti
sfi

ed
u
n
d
er

at
m

os
t
k

m
a
x

te
st

in
gs

in
ca

se
th

e
co

m
p
u
ta

ti
on

al
co

st
b

ec
om

es
p
ro

h
ib

it
iv

e.
In

ou
r

ex
p

er
im

en
ts

,
w

e
ge

n
er

al
ly

se
t
k

m
a
x

=
10

.

S
et

ti
n

g
δ.

In
p
ra

ct
ic

e,
a

se
q
u
en

ce
of

d
ec

re
as

in
g
{δ
`}

is
u
se

d
.

W
e

si
m

p
ly

ch
o
os

e
δ `

=
γ
`−

1
δ 0

w
it

h
γ
<

1.
L

et
W

(`
)

b
e

th
e

so
lu

ti
o
n

co
rr

es
p

on
d
in

g
to
δ `

.
W

e
te

rm
in

at
e

th
e

ou
te

r
it

er
at

io
n

if
‖Ω
�
( C

W
(`

)
−
C
W

(`
−

1
)

) ‖
∞
<
ε C

w
it

h
a

gi
ve

n
ac

cu
ra

cy
or
δ `
≤
ε δ

,
w

h
er

e
ε δ

is
a

sm
al

l
co

n
st

an
t

su
ch

as
ε α

.

T
h
e

M
C

G
al

go
ri

th
m

is
su

m
m

ar
iz

ed
in

A
lg

or
it

h
m

1.
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Z
h
a
n
g

a
n
d

X
ia

A
lg

o
ri

th
m

2
C

on
st

ru
ct

ac
ti

v
e

se
t

Ω

In
p
u
t:

a
sy

m
m

et
ri

c
gr

ap
h
A

an
d

th
e

p
a
ra

m
et

er
τ
.

O
u
tp

u
t:

ac
ti

ve
se

t
Ω

an
d

p
ar

ti
ti

on
J

.

1
:

C
om

p
u
te

th
e

su
m
a

=
∑

j
a
j

of
al

l
co

lu
m

n
s

of
A

an
d

se
t
D

=
d
ia

g
(a

).

2
:

C
om

p
u
te
K

u
n
it

ei
ge

n
v
ec

to
rs
Q

of
D
−

1
/
2
A
D
−

1
/
2

w
it

h
th

e
la

rg
es

t
ei

ge
n
va

lu
es

.
3
:

A
p
p
ly
k
-m

ea
n
s

on
th

e
n
or

m
al

iz
ed

ro
w

s
{ỹ
j
}o

f
Q

to
ge

t
ce

n
tr

oi
d
s
{b
k
}

an
d

p
a
rt

it
io

n
J

.

4
:

C
om

p
u
te
q i
`

=
ψ

(q̃
i`

)
∑
k
ψ

(q̃
i`

)
v
ia

(4
0)

an
d
ψ

(t
)

=

{
1,

if
t
<
τ
;

0,
if
t
≥
τ.

5
:

S
et

th
e

ac
ti

ve
se

t
Ω

=
{(
i,
j)

:
q i
`q
j`
<

1
}.

6
.3

.
A

c
ti

v
e

S
e
t

U
p

d
a
ti

n
g

O
n
ce

w
e

ob
ta

in
a

so
lu

ti
on

C
=
C

(S
)

of
(2

3)
w

it
h

an
ac

ti
v
e

se
t

Ω
,

as
an

es
ti

m
a
te

d
so

lu
ti

o
n

of
m

in
S
∈S
‖C

o
ff

(J
)(
S

)‖
1
,

w
e

m
u
st

u
p

d
at

e
th

e
cu

rr
en

t
Ω

to
ge

th
er

w
it

h
λ

as
(2

4
).

In
th

is
su

b
se

ct
io

n
,

w
e

p
ro

v
id

e
an

eff
ec

ti
v
e

a
p
p
ro

ac
h

fo
r

u
p

d
at

in
g

th
e

ac
ti

ve
se

t
Ω

,
th

a
t

a
d
d
re

ss
es

tw
o

is
su

es
in

th
e

u
n
n
or

m
al

iz
ed

sp
ec

tr
al

cl
u
st

er
in

g
fo

r
es

ti
m

at
in

g
th

e
K

-p
ar

ti
ti

o
n
J

:
sm

a
ll

se
gm

en
ts

an
d

in
st

ab
il
it

y
of

cl
as

si
ca

l
k
-m

ea
n
s.

T
h
er

e
is

an
im

p
li
ci

t
re

st
ri

ct
io

n
|J
k
|>

d
m

in
w

it
h

u
n
k
n
ow

n
d

m
in

fo
r

p
ar

ti
ti

o
n
J
∈
J

(K
)

in
p
ra

ct
ic

e.
T

h
is

re
st

ri
ct

io
n

im
p
li
es

th
at

J
k

sh
ou

ld
n
ot

b
e

sm
al

l.
H

en
ce

,
w

e
a
d
o
p
t

n
o
r-

m
al

iz
ed

cu
tt

in
g

(S
h
i

an
d

M
al

ik
,

20
0
0)

to
av

oi
d

sm
al

l
b
lo

ck
s

in
le

ar
n
in

g
J

.
F

o
r

th
e

sa
ke

of
co

m
p
le

te
n
es

s,
w

e
b
ri

efl
y

d
es

cr
ib

e
th

e
ap

p
ro

ac
h

ta
ke

n
in

th
is

p
ap

er
,

w
h
ic

h
is

si
m

il
a
r

to
th

at
of

V
on

L
u
x
b
u
rg

(2
00

7)
.

N
or

m
al

iz
ed

cu
tt

in
g

m
o
d
ifi

es
‖C

o
ff

(J
)‖

1
=

1 2

∑
ij
|c i
j
|‖
u
i
−
u
j
‖2 2

to
1 2

∑
ij
|c i
j
|‖
v i
−
v j
‖2 2

,
b
y

ju
st

ch
an

gi
n
g

th
e

as
si

gn
m

en
t

ve
ct

or
s
u
i

=
e k

of
J

to
th

e
re

sc
al

ed
v
ec

to
r
v i

=
e k
/√
∑

j∈
J
k
α
j

fo
r
i
∈
J
k
,

w
h
er

e
e k

is
th

e
k
-t

h
co

lu
m

n
of

I K
,

th
e

id
en

ti
ty

m
at

ri
x

of
o
rd

er
K

,
a
n
d

α
j

=
∑

i
|c j

i|.
H

en
ce

,
u
i

=
v i
/‖
v i
‖c

an
b

e
d
et

er
m

in
ed

b
y

th
e

so
lu

ti
on

of
th

e
eq

u
iv

a
le

n
t

p
ro

b
-

le
m

m
in

tr
(V
L
V
T

)
su

b
je

ct
ed

to
V

=
[v

1
,·
··
,v
n
]

w
it

h
d
is

cr
et

e
en

tr
ie

s
an

d
V
D
V
T

=
I K

,

w
h
er

e
L

=
D
−

(|C
|+
|C
|T

)/
2

an
d
D

is
a

d
ia

go
n
al

m
at

ri
x

o
f

sc
al

es
{ ∑

n j=
1
|c i
j
|+
|c j
i
|

2

} .
T

h
e

d
is

cr
et

e
re

st
ri

ct
io

n
is

re
le

as
ed

fo
r

co
m

p
u
ta

ti
on

,
an

d
h
en

ce
,
V

is
es

ti
m

at
ed

b
y

th
e

so
lu

ti
o
n

o
f

m
in

tr
(Y
L
Y
T

)
su

b
je

ct
ed

to
Y
D
Y
T

=
I K

,
w

h
ic

h
is
Y

=
Q
T
D
−

1
/
2

w
it

h
Q

of
K

u
n
it

ei
g
en

-
ve

ct
or

s
of
D
−

1
/
2
(|C
|+
|C
|T

)D
−

1
/
2

co
rr

es
p

on
d
in

g
to

th
e
K

la
rg

es
t

ei
ge

n
va

lu
es

.
T

h
er

ef
o
re

,
{u

i}
is

es
ti

m
at

ed
b
y
{ỹ
i

=
y i
/
‖y
i‖
},

or
eq

u
iv

al
en

tl
y,

p
a
rt

it
io

n
J

is
es

ti
m

at
ed

b
y

th
e
k
-m

ea
n
s

cl
u
st

er
in

g
of
{ỹ
i}

.
T

h
at

is
,

w
e

as
si

gn
la

b
el

s
fo

r
{ỹ
i}

ac
co

rd
in

g
to

th
e

ce
n
tr

o
id

s
{b
k
}

g
iv

en
b
y
k
-m

ea
n
s

as
fo

ll
ow

s:

`(
ỹ j

)
=

ar
g

m
in k
‖ỹ
j
−
b k
‖ 2
,

j
=

1,
··
·,
n

w
h
er

e
J

=
{J

1
,·
··
,J
K
}

w
it

h
J
k

=
{j

:
`(
ỹ j

)
=
k
}.

H
ow

ev
er

,
fa

u
lt

y
as

si
gn

m
en

t
m

ay
o
cc

u
r

v
ia
k
-m

ea
n
s

cl
u
st

er
in

g,
es

p
ec

ia
ll
y

w
h
en

so
m

e
{ỹ
i}

ar
e

lo
ca

te
d

b
et

w
ee

n
tw

o
ce

n
te

rs
.

A
h
ar

d
as

si
gn

m
en

t
st

ra
te

gy
m

ay
m

is
le

ad
th

e
p
a
rt

it
io

n
.

T
o

ad
d
re

ss
it

s
eff

ec
t

on
th

e
op

ti
m

iz
at

io
n

of
C

,
w

e
su

gg
es

t
u
si

n
g

th
e

so
ft

st
ra

te
gy

o
f

se
tt

in
g

th
e

ac
ti

ve
se

t
Ω

b
as

ed
on

a
p
ro

b
ab

il
it

y
es

ti
m

at
io

n
p
ij

of
p

oi
n
ts
ỹ i

an
d
ỹ j

b
el

on
g
in

g
to

d
iff

er
en

t
su

b
sp

ac
es

:
ω
ij

=
1

if
p
ij
≥
γ

w
it

h
a

co
n
st

an
t
γ
∈

(0
,1

],
or

ω
ij

=
0

ot
h
er

w
is

e.
B

y
th

e
la

w
of

to
ta

l
p
ro

b
ab

il
it

y,
w

e
w

ri
te
p
ij

=
1
−
∑

`
q i
`q
j`

,
w

h
er

e
q i
`

is
th

e
p
ro

b
ab

il
it

y
o
f

sa
m

p
le
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

A
lg

o
rith

m
3

M
in

im
al

su
b
sp

ace
segm

en
tation

v
ia

altern
ativ

e
op

tim
ization

(M
S
S−

A
O

)

In
p
u
t:

n
u
m

b
er

of
su

b
sp

ace
K

,
d
,

in
itial

a
ctive

set
Ω

,
λ

0 ,
τ
,

m
ax

im
al

iteration
n
u
m

b
er
tm

a
x .

O
u
tp

u
t:
J

a
n
d
C

.

1
:

In
itia

lly
set

W
=

[I
d ,

0] T
.

2
:

F
o
r
t

=
1,2

,···
,tm

a
x

3
:

If
`

=
1
,

set
λ

=
λ

0 .
O

th
erw

ise,
set

λ
as

(24
).

4
:

S
ave

Ω
o
ld

=
Ω

an
d

com
p
u
te
C

b
y

A
lgorith

m
1

w
ith

th
e

cu
rren

t
active

set
Ω

.
5
:

U
p

d
a
te

th
e

cu
rren

t
Ω

an
d
J

b
y

A
lgorith

m
2

w
ith

A
=

(|C
|+
|C
| T

)/
2.

6
:

If
Ω

=
Ω

o
ld ,

term
in

ate
th

e
iteration

.
7
:

E
n
d

x
i

b
elo

n
g
in

g
to

th
e

estim
ated

su
b
sp

ace
sp

an
(X

J
` ).

H
en

ce,
th

e
p
rob

ab
ility

of
x
i

an
d
x
j

b
elo

n
gin

g
th

e
sam

e
su

b
sp

ace
is ∑

`
q
i` q

j` .
W

e
set

q
i`

=
ψ

(q̃
i` )

∑
k
ψ

(q̃
i` )

w
ith

th
e

rescaled
d
istan

ce

to
a

cen
troid

,

q̃
i`

=
‖
ỹ
i −

b
` ‖

2 −
m

in
k ‖
ỹ
i −

b
k ‖

2

m
ax

k ‖ỹ
i −

b
k ‖

2 −
m

in
k ‖ỹ

i −
b
k ‖

2
,

(40)

w
h
ere

ψ
is

a
n
o
n
in

creasin
g

fu
n
ction

.
F

or
ex

am
p
le,
ψ

(t)
=

1
for

t≤
τ

an
d
ψ

(t)
=

0
oth

erw
ise,

w
h
ere

τ
∈

(0,1)
is

a
given

con
stan

t.
In

ou
r

ex
p

erim
en

ts,
w

e
sim

p
ly

set
τ

=
1/

2.
A

lgorith
m

2
lists

th
e

d
eta

iled
step

s
of

th
e

con
stru

ction
of

Ω
.

A
lgo

rith
m

3
su

m
m

arizes
th

e
altern

ative
ru

le
of

u
p

d
atin

g
C

(S
)

an
d

Ω
fo

r
solv

in
g

(22).
C

o
m

p
a
red

w
ith

oth
er

state-of-art
m

eth
o
d
s,

th
is

algorith
m

p
rov

id
es

im
p
rov

ed
segm

en
tation

,
esp

ecia
lly

w
h
en

th
e

m
in

im
al

su
b
sp

aces
are

sign
ifi

can
tly

in
tersected

w
ith

each
oth

er.
W

e
sh

ow
th

e
releva

n
t

com
p
arison

s
in

th
e

ex
p

erim
en

t
section

of
th

is
p
ap

er.
It

is
p

ossib
le

th
a
t

th
e

co
m

p
u
ted

so
lu

tion
is

lo
cally

op
tim

al.
In

th
e

n
ex

t
su

b
section

,
w

e
fu

rth
er

co
n
sid

er
algo

rith
m

ic
im

p
rovem

en
ts

to
avoid

su
ch

lo
calization

as
m

u
ch

as
p

ossib
le.

6
.4

.
T

h
e

P
se

u
d

o
-d

u
a
l

P
ro

b
le

m
a
n

d
S

o
lv

e
r

T
h
e

a
ltern

ative
m

eth
o
d

for
solv

in
g

th
e

p
rim

al
p
rob

lem
(22)

p
rov

id
ed

in
p
rev

io
u
s

su
b
section

s
m

ay
o
b
ta

in
o
n
ly

a
lo

cally
op

tim
al

solu
tion

in
som

e
cases

d
u
e

to
n
on

con
vex

ity.
In

th
is

su
b
sectio

n
,

w
e

con
sid

er
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b
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b
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‖
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ob
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‖

2F
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=
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.
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p
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con
d
ition

s
of

T
h
e-

o
rem

1
1
,

b
eca

u
se

b
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u
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b
y

T
h
eo

rem
24

.

35
JM

L
R

 20(143):1-57, 2019

Z
h
a
n
g

a
n
d

X
ia

T
h
e

p
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b
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b
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∑
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=

1,···
,K

,
(43)

on
a

sm
aller

scale,
p
rov

id
ed

th
at
d

can
b

e
sp

lit
as
d

=
∑

k
d ′k

w
ith

a
go

o
d

estim
ate

d ′k
of

th
e

tru
e
d
k

=
r(X

k )
for

each
k
.

W
e

d
iscu

ss
h
ow

to
sp

lit
d

a
n
d

h
ow

to
op

tim
ize

th
e

p
artition

given
C

in
th

e
n
ex

t
su

b
section

.

6
.4
.2
.
S
u
b
spa

c
e
C
o
r
r
e
c
t
io
n

S
in

ce
r(C

J
k )

=
d ′k ,

r (X
J
k C

J
k )≤

d ′k
an

d
‖X

J
k −

X
J
k C

J
k ‖

2F
≥

m
in
r
(Z

)≤
d ′k ‖X

J
k −

Z‖
2F

.
It

is
k
n
ow

n
th

at
th

e
m

in
im

u
m

is
given

b
y

th
e

tru
n
cated

S
V

D
of
X
J
k

w
ith

ran
k
d ′k .

T
h
at

is,
th

e
m

in
im

izer
Z
k

=
G
k D

k Q
Tk

,
w

h
ere

G
k

an
d
Q
k

con
sist

of
th

e
d ′k

left
an

d
righ

t
sin

gu
la

r
vectors

of
X
J
k ,

resp
ectively,

corresp
on

d
in

g
to

th
e
d ′k

largest
sin

gu
la

r
valu

es,
an

d
D
k

is
a

d
iagon

al
m

atrix
of

th
e
d ′k

largest
sin

gu
lar

valu
es.

If
w

e
ch

o
ose

C
J
k

=
Q
k Q

Tk
,
th

en
X
J
k C

J
k

=
G
k D

k Q
k .
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r
co

n
ve

rg
en

ce
b
u
t

re
q
u
ir

es
a

co
m

p
li
ca

te
d

la
b

el
in

g
ru

le
,

ra
th

er
th

a
n

th
e

si
m

p
le

on
e

(4
4)

.
W

e
d
o

n
ot

in
te

n
d

to
fu

rt
h
er

ex
p
lo

it
th

e
m

u
lt

ip
li
ci

ty
of

p
ar

ti
ti

o
n
s

b
ec

a
u
se

of
th

e
n
on

si
n
gl

et
on

s
{M

j
}.

6
.5

.
H

y
b

ri
d

O
p

ti
m

iz
a
ti

o
n

B
ot

h
A

lg
or

it
h
m

s
3

an
d

4
m

ay
fa

ll
in

to
lo

ca
l

m
in

im
iz

er
s,

b
u
t

ex
h
ib

it
th

ei
r

ow
n

co
n
v
er

g
en

ce
b

eh
av

io
rs

.
A

lg
or

it
h
m

3
is

re
la

ti
ve

ly
st

ab
le

on
th

e
in

it
ia

l
se

tt
in

g
of

p
ar

ti
ti

on
J

o
r

a
ct

iv
e

se
t

Ω
,

in
th

e
se

n
se

th
at

th
e

co
n
ve

rg
en

t
so

lu
ti

on
C

or
J

al
w

ay
s

h
as

go
o
d

ac
cu

ra
cy

w
it

h
re

sp
ec

t
to

th
e

m
in

im
al

p
ar

ti
ti

on
,

al
th

ou
gh

th
e

so
lu

ti
on

m
ay

n
ot

b
e

co
m

p
le

te
ly

co
rr

ec
t.

A
lg

o
ri

th
m

4
h
ea

v
il
y

d
ep

en
d
s

on
th

e
in

it
ia

l
gu

es
s

of
J

an
d

m
ay

gi
ve

a
co

m
p
le

te
ly

in
co

rr
ec

t
so

lu
ti

o
n

if
th

e
in

it
ia

l
p
ar

ti
ti

on
is

p
o
or

.
A

go
o
d

in
it

ia
l
J

fo
r

A
lg

or
it

h
m

4
sh

ou
ld

en
su

re
th

a
t

ea
ch

J
k

d
om

in
at

es
sa

m
p
le

s
fr

om
th

e
sa

m
e

m
in

im
al

se
gm

en
t.

In
th

is
ca

se
,

th
e

al
go

ri
th

m
4

co
n
ve

rg
es

to
th

e
tr

u
e

m
in

im
al

p
ar

ti
ti

on
q
u
ic

k
ly

.

In
th

is
su

b
se

ct
io

n
,

w
e

co
n
si

d
er

a
h
y
b
ri

d
st

ra
te

gy
fo

r
m

in
im

al
su

b
sp

ac
e

le
a
rn

in
g

th
at

co
m

b
in

es
p
ri

m
al

an
d

p
se

u
d
o-

d
u
al

op
ti

m
iz

at
io

n
,

w
h
ic

h
w

e
te

rm
h
y
b
ri

d
o
p
ti

m
iz

a
ti

o
n
.

E
s-

se
n
ti

al
ly

,
st

ar
ti

n
g

w
it

h
th

e
co

ar
se

st
ac

ti
ve

se
t

Ω
c

co
ve

ri
n
g

al
l

in
d
ex

p
ai

rs
(i
,j

)
ex

ce
p
t

th
e

d
ia

go
n
al

in
d
ic

es
{(
i,
i)
},

th
e

h
y
b
ri

d
st

ra
te

gy
fi
rs

t
so

lv
es

th
e

p
ri

m
al

p
ro

b
le

m
(2

2
)

w
it

h
a
n

ac
ti

ve
se

t
Ω

an
d

th
en

so
lv

es
th

e
p
se

u
d
o
-d

u
al

p
ro

b
le

m
(4

1)
u
si

n
g

th
e

p
ri

m
al

so
lu

ti
o
n

a
s

it
s

in
it

ia
l

gu
es

s.
T

h
is

p
ro

ce
d
u
re

is
re

p
ea

te
d

if
n
ec

es
sa

ry
.

T
h
e

ke
y

is
su

e
fo

r
h
y
b
ri

d
op

ti
m

iz
at

io
n

is
co

n
st

ru
ct

in
g

an
in

it
ia

l
gu

es
s

fo
r

th
e

p
ri

m
al

(p
se

u
d
o-

d
u
al

)
al

go
ri

th
m

fr
om

th
e

so
lu

ti
on

of
th

e
p
se

u
d
o-

d
u
al

(p
ri

m
al

)
al

g
o
ri

th
m

.
It

is
ea

sy
to

co
n
st

ru
ct

an
in

it
ia

l
p
ar

ti
ti

on
fo

r
th

e
p
se

u
d
o
-d

u
a
l

al
go

ri
th

m
(A

lg
or

it
h
m

4
)

b
a
se

d
o
n

su
b
sp

ac
e

co
rr

ec
ti

on
u
si

n
g

th
e

so
lu

ti
on

gi
v
en

b
y

th
e

p
ri

m
a
l

al
go

ri
th

m
(A

lg
o
ri

th
m

s
3
).

H
er

e,
w

e
fo

cu
s

on
co

n
st

ru
ct

in
g

a
su

it
ab

le
Ω

fo
r

A
lg

or
it

h
m

s
3,

b
as

ed
on

p
ar

ti
ti

on
J

=
{J

`}
g
iv

en
b
y

A
lg

or
it

h
m

4.
H

er
e,

Ω
m

ea
n
s

th
e

m
at

ri
x

w
it

h
en

tr
ie

s
ω
ij

.
W

e
m

ay
sl

ig
h
tl

y
ch

a
n
g
e

th
e

0
−

1
se

tt
in

g
of

th
e

en
tr

ie
s

to
th

at
w

it
h

on
e

of
th

e
th

re
e

va
lu

es
0,

1
,β

b
ec

au
se

o
f

th
e

p
ro

p
er

ty
of

su
b
sp

ac
e

co
rr

ec
ti

on
.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

A
lg

o
rith

m
5

M
in

im
al

su
b
sp

ace
segm

en
tation

v
ia

h
y
b
rid

op
tim

ization
(M

S
S−

H
O

)

In
p
u
t:
X

,
K

,
p
aram

eter
β

,
m

ax
im

al
iteration

n
u
m

b
er
h

m
a
x

of
H

O
O

u
tp

u
t:
J

a
n
d
C

1
:

In
itia

lly
set

Ω
=

Ω
c

w
ith

ω
ij

=
1

if
i6=

j
an

d
ω
ii

=
0.

2
:

F
o
r
h

=
1,2,···

,h
m

a
x

3
:

S
ave

Ω
o
ld

=
Ω

,
an

d
solv

e
th

e
p
rim

al
p
rob

lem
(2

2)
to

get
J

p
rim

an
d
C

b
y

4
:

A
lg

o
rith

m
3

w
ith

Ω
.

5
:

S
o
lve

th
e

p
seu

d
o-d

u
al

p
rob

lem
(41)

to
get

J
b
y

A
lgorith

m
4

u
sin

g
J

p
rim

in
itially.

6
:

U
p

d
ate

Ω
as

(46)
if

th
ere

is
J
k

=
∅
,

or
as

(45)
oth

erw
ise.

If
Ω

=
Ω

o
ld ,

term
in

ate.
7
:

E
n
d

If
a
ll

th
e
K

su
b
sets

are
n
ot

em
p
ty,

it
is

h
igh

ly
p

ossib
le

th
at

each
J
`

is
d
om

in
ated

b
y

a
sin

g
le

tru
e

seg
m

en
t.

T
h
u
s,

w
e

m
o
d
ify

Ω
as

follow
s:

ω
ij

=

{
1

if
i∈

J
s ,j∈

J
t ,
s6=

t;
0

if
i,j∈

J
k .

(45)

H
ow

ever,
if

th
ere

are
som

e
em

p
ty

J
k ,

w
ith

ou
t

loss
of

gen
erality,

let
J

1 ,···
,J
`

b
e

all
th

e
n
o
n
em

p
ty

su
b
sets

w
ith

`
<
K

.
S
in

ce
som

e
tru

e
m

in
im

al
segm

en
ts

a
re

ap
p
rox

im
ately

m
erg

ed
to

g
eth

er
in

to
a

n
on

em
p
ty
J
k

b
ecau

se
of

th
e

su
b
sp

ace
correction

,
th

e
en

tries
in

th
e

o
ff

-d
ia

g
o
n
a
l

b
lo

ck
C

(J
s ,J

t )
d
ecrease

faster
th

an
th

ose
C

(J
∗k ′ ,J

∗k ′′ )
w

ith
k ′6=

k ′′
if
J
∗k ′

an
d

J
∗k ′′

are
m

erg
ed

togeth
er.

W
e

sligh
tly

m
o
d
ify

th
e

coarse
Ω
c

to
Ω
β

=
(ω
ij )

w
ith

th
e

fo
llow

in
g

ω
ij

=


β

if
i∈

J
s ,j∈

J
t ,
s6=

t;
1

if
i,j∈

J
k ,
i6=

j;
0

if
i

=
j.

(46)

T
h
e

co
n
stan

t
β

p
lay

s
a

sp
ecial

role
in

con
trollin

g
th

e
con

vergen
t

b
eh

av
ior

of
C

=
C

(S
)

in
th

e
itera

tio
n

of
A

lgorith
m

3
u
sin

g
Ω
β
.

C
om

p
ared

w
ith

th
e

iteration
of
C

in
A

lgorith
m

3
b

efo
re

sh
iftin

g
to

A
lgorith

m
4

for
u
p

d
atin

g
th

e
p
artition

,
a

larger
β
>

1
can

accelerate
th

e
d
ecrea

sin
g

o
f

th
e

b
lo

ck
s
C

(J
s ,J

t )
w

ith
s6=

t
b

ecau
se

of
th

e
larger

w
eigh

ts
in

th
e

fu
n
ction

‖Ω
β �

C
‖

1
=
∑

k

∑i6=
j∈
J
k |c

ij |+
β
∑s6=

t ‖
C

(J
s ,J

t )‖
1 .

O
n
ce

th
ese

C
(J
s ,J

t )
are

sm
all,

b
lo

ck
C

(J
∗k ′ ,J

∗k ′′ )
b

egin
s

d
ecreasin

g,
a

b
it

sim
ilar

to
th

e
resu

lt
o
f

a
p
p
ly

in
g

A
lgorith

m
3

on
th

e
sm

aller
b
lo

ck
C

(J
k ,J

k ).
T

h
u
s,

a
larger

β
h
elp

s
to

tu
rn

o
ff

th
e

d
ecrea

sin
g

early.
N

ote
th

at
a

sm
aller

β
<

1
can

b
alan

ce{C
(J
s ,J

t )}
an

d
{
C

(J
∗k ′ ,J

∗k ′′ )}
sin

ce
it

ca
n

d
elay

th
e

d
ecreasin

g
of

th
e
C

(J
s ,J

t ),
or

eq
u
ivalen

tly,
relativ

ely
accelerate

th
e

d
ecrea

sin
g

of
C

(J
∗k ′ ,J

∗k ′′ ).
W

h
en

su
ch

b
alan

ce
o
ccu

rs,
th

e
m

ergin
g

o
f

m
u
ltip

le
m

in
im

al
seg

m
en

ts
m

ig
h
t

also
b

e
d
elayed

in
A

lgorith
m

4
u
sin

g
su

ch
a

lo
cally

op
tim

al
solu

tion
of

A
lg

o
rith

m
3
.

H
ow

ever,
th

e
valu

e
of
β

m
u
st

b
e

carefu
lly

ch
osen

to
b
alan

ce
th

e
d
ecreasin

g
of

th
ese

b
lo

ck
s.

F
or

th
e

sake
of

sim
p
licity,

w
e

ju
st

su
ggest

u
sin

g
a
β
>

1.
In

ou
r

ex
p

erim
en

ts,
w

e
a
lw

ay
s

set
β

=
1
.25.

S
ee

A
lgorith

m
5

for
th

e
p
ro

ced
u
re

of
ou

r
h
y
b
rid

op
tim

ization
p
ro

ced
u
re.

F
ig

u
re

2
p
lots

fou
r

in
d
ication

m
atrices

E
J

of
fo

u
r

p
artition

s
ob

tain
ed

b
y

th
e

h
y
b
rid

a
lg

o
rith

m
,

w
h
ere

(E
J
)
ij

=
1

if
i,j
∈
J
k ,

or
(E

J
)
ij

=
0

if
i,j

b
elon

g
to

d
iff

eren
t
J
k ’s.

3
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Z
h
a
n
g

a
n
d

X
ia

F
igu

re
2:

In
d
ication

m
atrix

E
J

(t)
of

th
e

com
p
u
ted

p
artition

o
f

A
lgorith

m
3

u
sin

g
Ω
c

(left)
or

Ω
β

(m
id

d
le

righ
t)

corresp
on

d
in

g
to

th
e

solu
tion

(m
id

d
le

left)
of

A
lgorith

m
4

startin
g

w
ith

th
e

left
J

.
T

h
e

righ
t
J

is
a

solu
tion

of
A

lgorith
m

4
in

itially
u
sin

g
th

e
m

id
d
le

righ
t
J

.

T
h
e

d
ata

set
h
as

m
in

im
al

segm
en

ta
tion

con
sistin

g
of

fi
ve

m
in

im
al

segm
en

ts
of

eq
u
al

size.
S
tartin

g
w

ith
th

e
coarsest

Ω
c ,

A
lgorith

m
3

ob
tain

s
a

solu
tion

J
w

h
ose

in
d
ication

m
atrix

is
p
lotted

on
th

e
left.

J
con

tain
s

fi
ve

n
on

em
p
ty

p
ieces{J

k }
;

th
ree

of
th

em
h
ave

relatively
d
om

in
an

t
in

d
ices

from
a

sin
gle

m
in

im
al

segm
en

t
an

d
oth

er
tw

o
are

m
ix

ed
b
y

m
u
ltip

le
m

in
im

al
segm

en
ts.

D
u
e

to
th

is
m

ix
tu

re,
th

e
p
seu

d
o
-d

u
al

step
gives

a
p
artition

w
ith

fou
r

n
on

em
p
ty

p
ieces,

in
w

h
ich

tw
o

of
th

em
are

very
sm

all,
on

e
alm

o
st

con
tain

s
th

e
in

d
ices

of
a

m
in

im
al

segm
en

t,
an

d
th

e
largest

on
e

is
d
om

in
ated

b
y

oth
er

m
in

im
al

segm
en

ts.
T

h
e

in
itial

settin
g

(46)
can

sign
ifi

can
tly

red
u
ce

th
e

m
ix

tu
re

at
th

e
p
rim

al
step

;
see

th
e

in
d
ication

m
atrix

p
lotted

th
ird

in
F

igu
re

2.
D

u
e

to
th

e
im

p
rov

em
en

t,
th

e
secon

d
p
seu

d
o-d

u
al

step
correctly

recovers
all

th
e

m
in

im
al

segm
en

ts.

7
.

G
e
n
e
ra

liza
tio

n
fo

r
N

o
isy

S
a
m

p
le

s

G
iven

a
n
oisy

sam
p
le

set
X

=
X
∗

+
E

,
w

h
ere

X
∗

is
a

set
of

u
n
k
n
ow

n
clean

sam
p
les

an
d

E
is

a
n
oise

set,
w

e
seek

an
M

S
D

R
w

ith
resp

ect
to

th
e

su
b
sp

aces
{S

k }
sp

an
n
ed

b
y

th
e

m
in

im
al

segm
en

ts
of
X
∗

th
eoretically.

O
u
r

algorith
m

s
d
iscu

ssed
in

p
rev

iou
s

section
s

are
b
ased

on
th

e
orth

on
orm

al
m

atrix
V

of
th

e
righ

t
sin

gu
lar

vecto
rs

of
X
∗

corresp
on

d
in

g
to

n
on

zero
sin

gu
lar

valu
es

an
d

its
orth

ogon
al

com
p
lem

en
t
V
⊥

.
If

w
e

can
estim

ate
V

from
n
oisy

sam
p
les

w
ith

h
igh

accu
racy,

th
ese

algorith
m

s
can

a
lso

b
e

u
sed

for
su

b
sp

ace
segm

en
tatio

n
from

n
oisy

sam
p
les.

N
u
m

erically,
th

e
req

u
ired

orth
on

orm
al

m
atrix

V
can

b
e

estim
ated

b
y

th
e

d
om

in
an

t
righ

t
sin

gu
lar

vectors
of
X

.
T

h
e

classical
p

ertu
rb

ation
th

eory
o
f

sin
gu

lar
valu

es
sh

ow
s

th
at

th
e

estim
ation

of
V

,
or

m
ore

p
reciou

sly,
th

e
estim

ation
of

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e

d
om

in
an

t
sin

gu
lar

vectors,
is

rob
u
st

if
th

e
n
oise

is
relatively

sm
aller

th
an

th
e

sm
allest

sin
gu

lar
valu

e.
T

h
is

m
ean

s
th

at
if

th
e

sm
a
llest

sin
gu

lar
valu

e
of
X
∗

is
large,

th
e

d
ata

n
oise

cou
ld

b
e

som
ew

h
at

relatively
large.

F
u
rth

er,
w

e
cou

ld
ap

p
ly

th
e

M
S
S

algorith
m

s
on

th
e

estim
ated

V
an

d
its

orth
ogon

al
com

p
lem

en
t
V
⊥

for
segm

en
tin

g
th

e
n
oisy

sam
p
les.

P
ertu

rb
ation

th
eory

on
solu

tion
s

is
an

in
terestin

g
top

ic.
W

e
leave

it
as

fu
rth

er
w

ork
.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
sp
a
c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

a
ro

b
u
st

ap
p
ro

ac
h

fo
r

th
e

co
m

p
li
ca

te
d

ca
se

s
of

co
n
si

d
er

ab
le

n
oi

se
or

an
in

co
rr

ec
tl

y
es

ti
m

at
ed

d
im

en
si

on
su

m
d
.

A
ge

n
er

al
iz

ed
sp

ar
se

m
o
d
el

is
gi

ve
n

to
h
an

d
le

n
oi

sy
sa

m
p
le

s.
W

e
so

lv
e

th
is

sp
ar

se
p
ro

b
le

m
b
y

ap
p
ly

in
g

an
A

D
M

M
m

et
h
o
d
.

7
.1

.
T

h
e

R
e
la

x
e
d

O
p

ti
m

iz
a
ti

o
n

L
et
C
∗

b
e

an
M

S
D

R
of

th
e

la
te

n
t

sa
m

p
le

s
X
∗,

th
at

is
,
X
∗

=
X
∗C
∗

an
d
C
∗

is
a

b
lo

ck
-

d
ia

go
n
al

m
at

ri
x

w
it

h
ra

n
k
d
.

B
y

T
h
eo

re
m

24
on

th
e

on
e

h
an

d
,
C
∗

=
G
∗G

T ∗
w

it
h

an
or

th
on

or
m

al
G
∗

of
d

co
lu

m
n
s.

O
n

th
e

ot
h
er

h
an

d
,

si
n
ce
X
∗

=
X
−
E

,
th

e
re

q
u
ir

ed
S
D

R
al

so
sa

ti
sfi

es
X

=
X
C
∗

+
E

(I
−
C
∗)

.
T

h
at

is
,

th
e

se
lf

-e
x
p
re

ss
iv

e
er

ro
r
X
−
X
C
∗

sh
ou

ld
b

e
as

sm
al

l
as

th
e

n
oi

se
in

m
ag

n
it

u
d
e.

T
h
er

ef
or

e,
it

m
ak

es
se

n
se

fo
r

ap
p
ro

x
im

at
in

g
th

e
M

S
D

R
to

m
in

im
iz

e
th

e
sp

ar
si

ty
‖C

o
ff
‖ 1

su
b

je
ct

ed
to
C

=
G
G
T

w
it

h
an

or
th

on
or

m
al
G

=
V
∗

+
(V
∗)
⊥
Q

of
d

co
lu

m
n
s,

if
th

e
co

rr
ec

t
su

m
d

of
su

b
sp

ac
e

d
im

en
si

on
s

is
k
n
ow

n
,

w
e

sh
ou

ld
al

so
si

m
u
lt

an
eo

u
sl

y
m

in
im

iz
e

th
e

se
lf

-e
x
p
re

ss
iv

e
er

ro
r
X
−
X
C

in
a

su
it

ab
le

m
ea

su
re

m
en

t
φ

(X
−
X
C

).
T

h
at

is
,

w
e

m
ay

co
n
si

d
er

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m

m
in

C
=
G
G
T
,G
T
G

=
I d

{ ‖
C

o
ff
‖ 1

+
α
φ

(X
−
X
C

)} .

S
om

e
re

la
x
at

io
n
s

on
th

e
ab

ov
e

p
ro

b
le

m
ar

e
re

q
u
ir

ed
fo

r
effi

ci
en

t
co

m
p
u
ta

ti
on

.
H

er
e,

w
e

ad
op

t
fo

u
r

k
in

d
s

of
re

la
x
at

io
n
s:

1)
re

la
x

th
e

fi
rs

t
te

rm
to
‖Ω
�
C
‖ 1

w
it

h
a
n

Ω
th

at
ca

n
b

e
m

o
d
ifi

ed
it

er
at

iv
el

y,
2)

ad
d

a
p

en
al

ty
te

rm
on

th
e

d
ia

go
n
al

ve
ct

or
c

of
C

to
d
ec

re
as

e
th

e
n
on

co
n
v
ex

it
y,

3)
re

la
x

th
e

sp
ec

ia
l

re
st

ri
ct

io
n

on
G

=
V
∗

+
(V
∗)
⊥
Q

to
b

e
a

ge
n
er

al
G

o
f
d

co
lu

m
n
s,

a
n
d

4)
re

la
x

th
e

st
ri

ct
ex

p
re

ss
iv

e
m

at
ri

x
C

=
G
G
T

to
C
≈
G
G
T

.
T

h
e

fi
rs

t
tw

o
re

la
x
at

io
n
s

ar
e

si
m

il
ar

to
th

os
e

d
is

cu
ss

ed
in

p
re

v
io

u
s

se
ct

io
n
s

w
it

h
ou

t
n
oi

se
,

as
in

th
e

b
as

ic
m

o
d
el

(2
3)

.
T

h
e

th
ir

d
on

e
ca

n
av

oi
d

es
ti

m
at

in
g

th
e

d
im

en
si

on
r

of
d
at

a
sp

ac
e,

it
s

or
th

og
on

al
b
as

is
V
∗,

an
d

or
th

og
on

al
co

m
p
le

m
en

t
of
V
∗.

T
h
e

la
st

on
e

co
n
si

d
er

s
th

e
ca

se
w

h
er

e
d

m
ay

b
e

ap
p
ro

x
im

at
el

y
es

ti
m

at
ed

.
T

h
e

ap
p
ro

x
im

at
io

n
C
≈
G
G
T

ca
n

b
e

im
p
li
ci

tl
y

ob
ta

in
ed

b
y

m
in

im
iz

in
g

th
e

er
ro

r
fu

n
ct

io
n
‖C
−
G
G
T
‖2 F

.
C

o
m

b
in

in
g

th
es

e
re

la
x
at

io
n
s

to
ge

th
er

re
su

lt
s

in
th

e
fo

ll
ow

in
g

sp
ar

se
p
ro

b
le

m
,

m
in

C
,Ω
,G

{ F
(C
,Ω
,G

)
=
‖Ω
�
C
‖ 1

+
λ 2
‖c
‖2 2

+
α
φ

(X
−
X
C

)
+
β 2
‖C
−
G
G
T
‖2 F
} .

(4
7)

W
e

m
ay

ch
o
os

e
φ

as
th

e
n
or

m
‖·
‖ 1

,
‖·
‖ 2
,1

,
or
‖·
‖2 F

,
d
ep

en
d
in

g
on

th
e

n
oi

se
d
is

tr
ib

u
ti

on
.

It
is

re
as

on
ab

le
to

se
t

th
e

p
ar

am
et

er
s
λ

,
α

,
a
n
d
β

p
ro

p
or

ti
on

al
to

th
e

n
u
m

b
er

of
sa

m
p
le

s
in

ea
ch

su
b
sp

ac
e.

If
th

e
n
u
m

b
er

of
sa

m
p
le

s
in

ea
ch

su
b
sp

ac
e

ar
e

ap
p
ro

x
im

at
el

y
eq

u
al

,
w

e
ca

n
se

t
th

e
p
ar

am
et

er
s

p
ro

p
or

ti
on

al
to
n
/K

.
W

e
w

il
l

sh
ow

th
at

th
is

st
ra

te
gy

w
or

k
s

w
el

l
n
u
m

er
ic

al
ly

.
A

s
in

th
e

n
oi

se
le

ss
ca

se
,

w
e

al
so

so
lv

e
(4

7)
v
ia

al
te

rn
a
ti

v
el

y
op

ti
m

iz
in

g
(C
,G

)
an

d
Ω

:
W

e
so

lv
e

m
in

C
,G
F

(C
,Ω
,G

)
(4

8)

w
it

h
a

fi
x
ed

Ω
,

an
d

th
en

u
p

d
at

e
Ω

w
h
en

(C
,G

)
is

u
p

d
at

ed
.

T
h
e

p
ro

b
le

m
(4

8)
is

al
so

ad
d
re

ss
ed

v
ia

al
te

rn
at

iv
el

y
op

ti
m

iz
in

g
C

an
d
G

b
ec

au
se

w
e

h
av

e
th

e
fo

ll
ow

in
g

tw
o

so
u
n
d

p
ro

p
os

it
io

n
s:
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Z
h
a
n
g

a
n
d

X
ia

A
lg

o
ri

th
m

6
G

ra
p
h

co
n
st

ru
ct

io
n

fr
om

C

In
p
u
t:
C

,
γ

,
σ

,
an

d
s
≥

1.
O

u
tp

u
t:

gr
ap

h
m

at
ri

x
A

.

1
:

C
u
t

off
sm

al
l

en
tr

ie
s

of
C

to
ge

t
a

sp
ar

se
C
γ

w
it

h
co

lu
m

n
n
or

m
s
‖C

γ
e j
‖
≈
γ
‖C
e j
‖.

2
:

C
om

p
u
te

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s
{u

i}
of
C
γ

co
rr

es
p

on
d
in

g
to

si
n
gu

la
r

va
lu

es
σ
i
≥
σ

.
3
:

C
on

st
ru

ct
A

=
( 〈
g i
,g
j
〉s
)

w
it

h
th

e
n
om

a
li
ze

d
ro

w
s
{g
j
}

of
[··
·,
√
σ
iu
i,
··
·].

(1
)

T
h
e

su
b
p
ro

b
le

m
m

in
G
F

(C
,Ω
,G

)
is

eq
u
iv

al
en

t
to

m
in
G
∈R

n
×
d
‖C
−
G
G
T
‖2 F

w
h
o
se

so
lu

ti
on

is
as

fo
ll
ow

s:

G
G
T

=
P

d
ia

g
((
λ

1
) +
,·
··
,(
λ
d
) +

)P
T
,

(4
9
)

w
h
er

e
{λ

i}
ar

e
th

e
d

la
rg

es
t

ei
ge

n
va

lu
es

o
f

(C
+
C
T

)/
2

an
d
P

co
n
si

st
s

of
th

e
co

rr
es

p
o
n
d
in

g
ei

ge
n
ve

ct
or

s.

(2
)

T
h
e

su
b
p
ro

b
le

m
m

in
C
F

(C
,Ω
,G

)
is

co
n
v
ex

an
d

h
as

a
u
n
iq

u
e

so
lu

ti
on

.
W

e
ca

n
so

lv
e

th
is

p
ro

b
le

m
u
si

n
g

th
e

A
D

M
M

m
et

h
o
d

gi
v
en

in
th

e
n
ex

t
su

b
se

ct
io

n
.

T
h
er

ef
or

e,
th

e
al

go
ri

th
m

fo
r

so
lv

in
g

(4
8)

co
n
si

st
s

of
an

in
n
er

-o
u
te

r
it

er
a
ti

o
n

sc
h
em

e.
In

ad
d
it

io
n
,

b
ec

au
se

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
m

on
ot

on
ou

sl
y

d
ec

re
as

in
g,

th
e

a
lg

o
ri

th
m

is
co

n
ve

rg
en

t.
N

u
m

er
ic

al
ly

,
it

is
u
n
n
ec

es
sa

ry
to

so
lv

e
th

e
in

n
er

p
ro

b
le

m
fo

r
u
p

d
a
ti

n
g
C

w
it

h
h
ig

h
ac

cu
ra

cy
.

A
n

in
ac

cu
ra

te
so

lu
ti

on
b
y

A
D

M
M

is
su

ffi
ci

en
t

if
it

ca
n

d
ec

re
a
se

th
e

va
lu

e
of

F
,

w
h
ic

h
re

su
lt

s
in

an
in

ac
cu

ra
te

in
n
er

-o
u
te

r
it

er
at

io
n

m
et

h
o
d

fo
r

so
lv

in
g

(4
8
).

A
s

so
on

as
(C
,S

)
ar

e
u
p

d
at

ed
,

w
e

m
o
d
if

y
Ω

u
si

n
g

th
e

ru
le

gi
v
en

in
S
u
b
se

ct
io

n
6
.3

.
T

h
at

is
,

w
e

co
n
st

ru
ct

a
n
ew

Ω
b
y

A
lg

or
it

h
m

2
w

it
h

in
p
u
t

gr
ap

h
A

.
T

h
e

si
m

p
le

in
p
u
t

A
=

(|C
|+
|C
|T

)/
2

is
n
o

lo
n
ge

r
su

it
ab

le
fo

r
n
oi

sy
d
at

a
si

n
ce

it
is

n
ot

p
os

it
iv

e
se

m
id

efi
n
it

e.
W

e
gi

ve
an

ap
p
ro

ac
h

fo
r

co
n
st

ru
ct

in
g

a
sy

m
m

et
ri

c
g
ra

p
h
A

as
in

p
u
t

to
A

lg
o
ri

th
m

2
.

T
h
e

co
n
st

ru
ct

io
n

co
m

b
in

es
th

e
ad

va
n
ta

ge
s

of
th

at
b
as

ed
on

S
S
C

so
lu

ti
on

s
or

L
R

R
so

lu
ti

o
n
s

a
s

sh
ow

n
in

A
lg

or
it

h
m

6.

7
.2

.
A

D
M

M
A

p
p

ro
a
ch

W
e

re
w

ri
te

th
e

su
b
p
ro

b
le

m
of

(4
7)

fo
r

op
ti

m
iz

in
g
C

gi
ve

n
(Ω
,G

)
as

th
e

A
D

M
M

fo
rm

m
in

C
,E
,Z

{ ‖
Ω
�
C
‖ 1

+
λ 2
‖c
‖2 2

+
α
φ

(E
)

+
β 2
‖Z
−
G
G
T
‖2 F
}

s.
t.
E

=
X
−
X
Z
,
Z

=
C
.

It
s

au
gm

en
te

d
L

ag
ra

n
gi

an
fu

n
ct

io
n

is

L
(C
,E
,Z

)
=
‖Ω
�
C
‖ 1

+
λ 2
‖c
‖2 2

+
α
φ

(E
)

+
β 2
‖Z
−
G
G
T
‖2 F

+
ρ
′ 2
‖C
−
Z
‖2 F

+
ρ
′′ 2
‖X
−
X
Z
−
E
‖2 F

+
〈C
−
Z
,Y
′ 〉

+
〈X
Z

+
E
−
X
,Y
′′ 〉
.
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M
in
im

a
l
S
a
m
p
l
e
S
u
b
spa

c
e
L
e
a
r
n
in
g
:
T
h
e
o
r
y
a
n
d

A
l
g
o
r
it
h
m
s

H
en

ce,
th

e
A

D
M

M
sch

em
e

is
given

b
y

th
e

follow
in

g
altern

ative
ru

le.

(Ĉ
,Ê

)
=

arg
m

in
C
,E
L

(C
,E
,Z

);
(50)

Ẑ
=

arg
m

in
Z
L

(Ĉ
,Ê
,Z

);
(51)

Ŷ
′
=
Y
′+

ρ ′(Ĉ
−
Ẑ

);
(52)

Ŷ
′′

=
Y
′′+

ρ ′′(X
Ẑ

+
Ê
−
X

).
(53)

N
o
tice

th
a
t

th
e

ob
jective

fu
n
ction

of
(50)

is
sep

arab
le

as
L

(C
,E
,·)

=
L

1 (C
)

+
L

2 (E
)

+
co

n
sta

n
t,

w
h
ere

L
1 (C

)
=
‖Ω
�
C
‖

1
+
λ2 ‖
c‖

22
+
ρ ′2 ‖

C
−
Z

+
1ρ ′ Y
′‖

2F
,

L
2 (E

)
=
α
φ

(E
)

+
ρ ′′2
‖X

Z
+
E
−
X

+
1ρ ′′ Y

′′‖
2F
,

a
n
d

th
e

co
n
sta

n
t

m
ean

s
a

term
n
ot

d
ep

en
d
in

g
on

th
e

variab
les

C
or

E
.

H
en

ce,
Ĉ

=
a
rg

m
in
C
L

1 (C
)

an
d
Ê

=
arg

m
in
E
L

2 (E
).

B
elow

,
w

e
p
rov

id
e

solu
tion

s
o
f

th
e

ab
ove

th
ree

su
b
p
ro

b
lem

s
in

closed
form

.
T

h
e

con
vergen

ce
of

th
is

A
D

M
M

iteration
is

gu
aran

teed
b
y

B
oy

d
et

a
l.

(2
0
11).

7
.2
.1
.
U
p
d
a
t
in
g

t
h
e
R
e
p
r
e
se

n
t
a
t
io
n
M
a
t
r
ix

T
h
e

step
of

u
p

d
atin

g
C

is
sep

arab
le

w
ith

resp
ect

to
its

en
tries.

T
h
at

is,
u
p

d
a
tin

g
each

en
try

o
f
C

is
an

in
d
ep

en
d
en

t
p
ro

ced
u
re.

T
h
e

en
try

c
ij

is
u
p

d
a
ted

b
y
ĉ
ij ,

th
e

solu
tion

t ∗
=

arg
m

int {
ω|t|+

a2
t 2

+
ρ ′2

(t−
p
)
2 }

w
ith

th
e

p
a
ra

m
eters

ω
=
ω
ij ,
a

=
λ

if
i

=
j

or
a

=
0

oth
erw

ise,
an

d
p

=
z
ij −

y ′ij /ρ ′.
S
in

ce

th
e

o
b

jective
fu

n
ction

can
b

e
rew

ritten
as

ρ ′+
a

2

(t−
ρ ′p−

sig
n

(t)ω
ρ ′+

a

)
2,

lettin
g
t1

=
ρ ′p−

ω
ρ ′+

a
an

d

t2
=

ρ ′p
+
ω

ρ ′+
a

,
th

e
solu

tion
is

as
follow

s:

t ∗
=


t2 ,

if
t2 ≤

0
0
,

if
t1
<

0
<
t2

t1 ,
if
t1 ≥

0


=

sh
rin

k
(ρ ′p

,ω
)

ρ ′+
a

,

w
h
ere

sh
rin

k
(β
,α

)
=

sign
(β

)(|β|−
α

)
+

is
a

sh
rin

kage
op

erator
of
β

corresp
on

d
in

g
to

α
.

H
en

ce,
th

e
o
p
tim

al
solu

tion
Ĉ

is
giv

en
b
y

th
e

follow
in

g

Ĉ
=
R
�

sh
rin

k (ρ ′Z
−
Y
′,Ω )

,
(54)

w
h
ere

R
h
a
s

th
e

d
iagon

als
1
/
(ρ ′

+
λ

)
an

d
th

e
off

-d
iagon

als
1
/ρ ′,

an
d

sh
rin

k
(B
,A

)
is

th
e

elem
en

tw
ise

o
p

erator
of

sh
rin

k
(β
,α

).
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Z
h
a
n
g

a
n
d

X
ia

A
lg

o
rith

m
7

M
in

im
al

su
b
sp

ace
segm

en
tation

v
ia

relax
ed

op
tim

ization
(M

S
S−

R
O

)

In
p
u
t:
X

,
K

,
d
,

accu
racy

p
aram

eters
τ

an
d
ε,

an
d

m
ax

iteration
n
u
m

b
ers

tm
a
x ,`

m
a
x ,k

m
a
x

O
u
tp

u
t:
J

an
d
C

.

1
:

In
itially

set
Ω

=
Ω
c ,
Z

=
C

=
I
,
Y
′
=

0,
an

d
Y
′′

=
0,

an
d

save
Ω

o
ld

=
Ω

.
2
:

R
ep

eat
th

e
follow

in
g

p
ro

d
u
ce

for
at

m
ost

tm
a
x

tim
es.

3
:

S
olve

(47)
w

ith
fi
x
ed

Ω
v
ia

th
e

follow
in

g
in

n
er

iteration
s:

4
:

F
or
`

=
1,···

,`
m

a
x

5
:

S
ave

C
o
ld

=
C

an
d

ru
n

th
e

A
D

M
M

iteration
for

u
p

d
atin

g
C

:
6
:

F
or
k

=
1,2,···

,k
m

a
x

7
:

S
ave

Z
o
ld

=
Z

an
d

u
p

d
ate

C
,
E

,
an

d
Z

as
(54

),
(55),

a
n
d

(56),
resp

ectively.
8
:

M
o
d
ify

th
e

m
u
ltip

liers
Y
′

an
d
Y
′′

as
(52)

an
d

(53).
9
:

If‖Z
−
Z

o
ld ‖

F
<
τ
,

set
C

=
Z

,
an

d
term

in
ate

th
e

iteration
.

1
0
:

E
n
d

1
1
:

If‖C
−
C

o
ld ‖

F
<
ε,

term
in

ate.
O

th
erw

ise,
u
p

d
ate

G
as

(49).
1
2
:

E
n
d

1
3
:

C
on

stru
ct

th
e

grap
h
A

b
y

A
lgorith

m
6

an
d

u
p

d
ate

Ω
an

d
J

b
y

A
lgorith

m
2

.
1
4
:

If
Ω

=
Ω

o
ld ,

term
in

ate
th

e
rep

ea
t.

1
5
:

E
n
d

7
.2
.2
.
U
p
d
a
t
in
g

t
h
e
E
r
r
o
r
M
a
t
r
ix

T
h
e

solu
tion

of
m

in
L

2 (E
)

d
ep

en
d
s

on
th

e
fu

n
ction

φ
.

If
φ

(E
)

is
on

e
of

th
e

th
ree

fu
n
ction

s
‖
E
‖

1 ,‖E
‖

2
,1 ,

or‖
E
‖

2F
,

th
e

solu
tion

is
closed

-form
w

ith
∆

=
X
−
X
Z
−
Y
′′/ρ ′′,

Ê
=


sh

rin
k

(∆
,α
/ρ ′′)

,
if
φ

(E
)

=
‖E
‖

1 ;
∆

d
iag

(β
1 ,···

,β
n
),

if
φ

(E
)

=
‖E
‖

2
,1 ;

∆
/(1

+
2
α
/ρ ′′),,

if
φ

(E
)

=
‖E
‖

2F
,

(55)

H
ere,

th
e

fi
rst

form
is

sim
ilar

to
th

at
given

b
y

B
eck

an
d

T
eb

ou
lle

(2009).
In

th
e

secon
d

form
,
β
i

=
(‖δ

i ‖
2 −

α
/ρ ′′)

+
/‖δ

i ‖
2

w
ith

th
e

colu
m

n
s
δ
i

of
∆

,
as

sh
ow

n
b
y

Y
an

g
et

al.
(2011).

7
.2
.3
.
U
p
d
a
t
in
g

t
h
e
R
e
l
a
x
a
t
io
n
V
a
r
ia
b
l
e

F
ix

in
g
Ĉ

an
d
Ê

,
L

(Ĉ
,Ê
,Z

)
is

a
q
u
ad

ratic
fu

n
ction

of
Z

.
H

en
ce,

its
m

in
im

izer
is

u
n
iq

u
e

an
d

is
given

b
y

th
e

solu
tion

of
th

e
eq

u
ation

∂∂Z
L

(Ĉ
,Ê
,Z

)
=

0.
T

h
at

is,

β
(Z
−
G
G
T

)
+
ρ ′(Z

−
Ĉ

)
+
ρ ′′X

T
(X
Z

+
Ê
−
X

)−
Y
′+

X
T
Y
′′

=
0.

T
h
u
s,

th
e

m
in

im
izer

of
(51)

is

Ẑ
=
((β

+
ρ ′)I

+
ρ ′′X

T
X
)−

1 (β
G
G
T

+
ρ ′Ĉ

+
ρ ′′X

T
(X
−
Ê

)
+
Y
′−

X
T
Y
′′ ).

(56)

T
h
e

w
h
ole

iterative
p
ro

ced
u
re

for
solv

in
g

(47)
is

su
m

m
a
rized

in
A

lgorith
m

7,
w

h
ich

com
b
in

es
th

e
closed

-form
s

of
solu

tion
s

of
th

e
su

b
p
rob

lem
s

(50
)

an
d

(51),
th

e
A

D
M

M
itera-

tion
,

an
d

th
e

u
p

d
atin

g
of

Ω
if

n
ecessary.

T
h
e

n
u
m

b
er

of
rep

eats
tm

a
x

can
b

e
sm

all.
In

som
e

ex
am

p
les,

settin
g
tm

a
x

=
1

also
giv

es
a

go
o
d

solu
tion

.
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p
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c
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p
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p
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ra
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p
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b
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b
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b
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su
b
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T

w
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ke
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is
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k
n
ow
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t
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b
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e
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en
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b
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m
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h
e
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d
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a
a
re
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ed
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h
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th
e

p
ro

p
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go
ri
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s
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b
sp

ac
es

ar
e

h
ea

v
il
y

in
te

rs
ec

te
d

an
d

so
m

e
sa

m
p
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d
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.
T

w
o
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-w
or

ld
d
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a
se
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e
u
se

d
to

ev
al

u
at

e
h
ow

th
e

p
ro

p
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ed
al

go
ri

th
m

s
p

er
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n
oi
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at

a.
O

u
r

al
go

ri
th

m
s

ar
e

al
so

co
m

p
ar

ed
w

it
h

fi
ve

al
go

ri
th

m
s

fo
r

su
b
sp

ac
e

cl
u
st

er
in

g
:

L
R

R
(L

iu
et

al
.,

20
13

),
C

L
A

R
(K

an
g

et
al

.,
20

15
),

S
S
C

(E
lh

am
if

ar
an

d
V

id
al

,
20

13
),

L
R

S
S
C

(W
an

g
et

al
.,

20
13

),
an

d
S
o
ft

S
3C

(L
i

et
al

.,
20

17
).

9
T

h
e

re
p

or
te

d
re

su
lt

s
of

th
es

e
al

go
ri

th
m

s
w

er
e

ob
ta

in
ed

u
si

n
g

th
e

co
d
es

p
ro

v
id

ed
b
y

al
go

ri
th

m
ow

n
er

s
or

d
ow

n
lo

ad
ed

fr
om

op
en

so
u
rc

es
.

T
h
e

p
ar

am
et

er
s

ar
e

se
t

a
s

su
gg

es
te

d
b
y

th
e

al
go

ri
th

m
ow

n
er

s
or
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re
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ll
y
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os

en
b
y

u
s.

T
h
e

or
ig

in
a
l

L
R

S
S
C

w
as

sl
ig

h
tl

y
m

o
d
ifi

ed
in

th
e

ex
p

er
im

en
ts

on
re

al
-w

or
ld

d
at

a
se

ts
to

ac
h
ie

ve
b

et
te

r
re

su
lt

s.

8
.1

.
E

v
a
lu

a
ti

o
n

C
ri

te
ri

a

W
e

u
se

th
e

fo
ll
ow

in
g

fo
u
r

m
ea

su
re

m
en

ts
to

ev
al

u
at

e
th

e
q
u
al

it
y

of
th

e
co

m
p
u
te

d
so

lu
ti

on
s

fr
om

th
e

p
ar

ti
ti

on
er

ro
r,

th
e

d
ev

ia
ti

on
fr

om
b
lo

ck
-d

ia
go

n
al

fo
rm

,
an

d
th

e
co

n
n
ec

ti
o
n

of
d
ia

go
n
al

b
lo

ck
s,

ac
co

rd
in

g
to

th
e

id
ea

l
m

in
im

al
se

g
m

en
ts
J
∗ .

(1
)

T
h
e

er
ro

r
of

p
ar

ti
ti

on
J

.
T

h
is

er
ro

r
is

d
efi

n
ed

b
y

th
e

p
er

ce
n
ta

g
e

of
m

is
as

si
gn

ed
sa

m
p
le

s
in

p
ar

ti
ti

on
J

co
m

p
ar

ed
w

it
h

th
e

tr
u
e

m
in

im
al

p
ar

ti
ti

on
J
∗ ,

E
rr

P
ar

ti
(J

)
=

m
in π

1 n

{ n
−

K ∑ k
=

1

|J
π

(k
)
∩
J
∗ k|
} ,

(5
7)

w
h
er

e
{π

(1
),
··
·,
π

(K
)}

is
a

p
er

m
u
ta

ti
on

o
f
{1
,·
··
,K
}.

(2
)

B
lo

ck
-d

ia
go

n
al

d
ev

ia
ti

on
.

W
an

g
et

al
.

(2
01

3)
u
se

d
th

e
m

et
ri

c
‖C

o
ff

(J
∗ )
‖ 1

‖C
‖ 1

to
d
efi

n
e

th
e

re
la

ti
ve

d
ev

ia
ti

on
.

H
ow

ev
er

,
re

la
ti

ve
ly

la
rg

e
d
ia

go
n
al

s
m

ay
ca

u
se

a
re

la
ti

ve
ly

sm
al

l
va

lu
e

of
th

is
fu

n
ct

io
n
,

w
h
ic

h
m

ay
le

ad
to

an
in

co
rr

ec
t

gl
os

s
fo

r
th

e
d
ev

ia
ti

on
si

n
ce

su
ch

a
sm

al
l

va
lu

e
d
o
es

n
ot

im
p
ly

a
sm

al
l

d
ev

ia
ti

on
fr

om
th

e
id

ea
l

b
lo

ck
-d

ia
go

n
al

fo
rm

.
W

e
m

o
d
if

y
th

e
m

et
ri

c
to

th
e

fo
ll
ow

in
g

B
d
ia

gD
ev

i(
C

)
=
‖C

o
ff

(J
∗ )
‖ 1

‖C
‖ 1
−
‖c
‖ 1

(5
8)

b
y

re
m

ov
in

g
th

e
d
ia

go
n
al

s
fr

om
th

e
d
en

om
in

at
or

,
an

d
u
se

it
to

m
ea

su
re

th
e

d
ev

ia
ti

on
of
C

fr
om

th
e

id
ea

l
b
lo

ck
-d

ia
go

n
al

fo
rm

.

(3
)

In
tr

a-
b
lo

ck
co

n
n
ec

ti
on

.
T

h
e

G
in

i
In

d
ex

w
as

u
se

d
b
y

H
u
rl

ey
an

d
R

ic
ka

rd
(2

00
9)

to
m

ea
su

re
th

e
sp

ar
si

ty
of

a
ve

ct
or

.
W

a
n
g

et
al

.
(2

01
3)

ad
op

te
d

it
as

a
sp

ar
si

ty
m

et
ri

c

9
.

W
e

o
m

it
a

co
m

p
a
ri

so
n

w
it

h
th

e
h

a
rd

v
er

si
o
n

p
ro

p
o
se

d
in

th
e

sa
m

e
p

a
p

er
(L

i
et

a
l.

,
2
0
1
7
)

si
n

ce
th

e
so

ft
v
er

si
o
n

S
o
ft

S
3
C

p
er

fo
rm

ed
sl

ig
h
tl

y
b

et
te

r
th

a
n

th
e

h
a
rd

v
er

si
o
n

in
o
u

r
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p
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im
en
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.
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n
d

X
ia

G
in
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n
al

b
lo

ck
s
C
J
∗

=
{C

J
∗ k
},

th
at

is
,

th
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en
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b
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∑

k
=

1
|J
∗ k|

2
en

tr
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b
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b
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‖C
J
∗
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.
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b
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b
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b
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.
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p
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er

b
ot

h
sy

n
ch

ro
n
o
u
s

a
n
d

to
ta

ll
y

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
gs

(B
er

ts
ek

as
an

d
T

si
ts

ik
li
s,

19
89

).
F

or
th

es
e

su
ffi

ci
en

t
co

n
d
it

io
n
s,

b
el

ie
f

m
ea

n
s

an
d

va
ri

an
ce

s
co

n
ve

rg
e

u
p

on
th

e
sa

m
e

co
n
d
it

io
n
,

w
h
ic

h
h
a
s

b
ee

n
p
ro

ve
d

to
b

e
u
n
n
ec

es
sa

ry
re

ce
n
tl

y
(S

u
an

d
W

u
,

20
14

,
20

15
a,

b
).

In
p
ar

ti
cu

la
r,

th
e

co
n
v
er

g
en

ce
co

n
d
it

io
n

of
b

el
ie

f
va

ri
an

ce
s

w
as

p
ro

ve
d

to
b

e
lo

os
er

th
an

th
at

of
b

el
ie

f
m

ea
n
s

(S
u

an
d

W
u
,

2
0
1
5
a
).

D
u
e

to
th

e
se

p
ar

at
e

tr
ea

tm
en

t
of

b
el

ie
f

m
ea

n
s

an
d

va
ri

an
ce

s,
th

e
n
ec

es
sa

ry
a
n
d

su
ffi

ci
en

t
co

n
ve

rg
en

ce
co

n
d
it

io
n

of
G

au
ss

ia
n

B
P

u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g

w
as

p
ro

p
o
se

d
in

S
u

an
d

W
u

(2
01

5a
).

O
n

th
e

ot
h
er

h
an

d
,

u
n
d
er

p
ai

rw
is

e
li
n
ea

r
G

au
ss

ia
n

m
o
d
el

,
th

e
co

n
ve

rg
en

ce
o
f

G
a
u
ss

ia
n

B
P

h
as

b
ee

n
in

ve
st

ig
at

ed
in

a
ca

se
-b

y
-c

as
e

b
as

is
(M

oa
ll
em

i
an

d
R

oy
,

20
06

;
B

ic
k
so

n
et

a
l.
,

20
07

,
20

08
;
L

en
g

an
d

W
u
,
20

11
;
D

u
an

d
W

u
,
20

13
).

In
M

oa
ll
em

i
an

d
R

oy
(2

0
0
6
),

co
n
se

n
su

s
p
ro

p
ag

at
io

n
fo

r
d
is

tr
ib

u
te

d
av

er
ag

in
g

w
as

v
ie

w
ed

as
an

as
y
n
ch

ro
n
ou

s
im

p
le

m
en

ta
ti

o
n

o
f

G
au

ss
ia

n
B

P
,

w
h
er

e
th

e
co

n
ve

rg
en

ce
w

as
sh

ow
n

to
b

e
gu

ar
an

te
ed

.
In

B
ic

k
so

n
et

a
l.

(2
0
0
7)

,
G

au
ss

ia
n

B
P

is
u
se

d
to

so
lv

e
th

e
m

in
im

iz
at

io
n

of
a

q
u
ad

ra
ti

c
co

st
fu

n
ct

io
n

in
p

ee
r-

to
-p

ee
r

ra
ti

n
g,

w
h
er

e
th

e
co

n
v
er

ge
n
ce

of
G

au
ss

ia
n

B
P

is
sh

ow
n

b
y

n
u
m

er
ic

al
re

su
lt

s.
In

B
ic

k
so

n
et

al
.

(2
00

8)
,

m
u
lt

iu
se

r
d
et

ec
ti

on
p
ro

b
le

m
is

so
lv

ed
b
y

G
au

ss
ia

n
B

P
,

w
h
er

e
th

e
co

n
ve

rg
en

ce
is

ch
ec

ke
d

b
y

th
e

d
ia

go
n
al

d
om

in
an

ce
in

th
e

eq
u
iv

al
en

t
in

fo
rm

at
io

n
m

at
ri

x
.

F
u
rt

h
er

m
o
re

,
in

d
is

tr
ib

u
te

d
sy

n
ch

ro
n
iz

at
io

n
ap

p
li
ca

ti
on

s
(L

en
g

an
d

W
u
,

20
11

;
D

u
an

d
W

u
,

2
0
1
3
),

G
a
u
ss

ia
n

B
P

is
gu

ar
an

te
ed

to
co

n
ve

rg
e

u
n
d
er

a
re

fe
re

n
ce

n
o
d
e

w
it

h
p

er
fe

ct
p
ri

or
in

fo
rm

a
ti

o
n
.

O
b
v
io

u
sl

y,
th

e
u
n
d
er

st
an

d
in

g
on

th
e

co
n
ve

rg
en

ce
co

n
d
it

io
n
s

of
G

au
ss

ia
n

B
P

is
fa

r
fr

o
m

co
m

p
le

te
,

as
th

e
cu

rr
en

t
re

su
lt

s
ar

e
sc

at
te

re
d

an
d

d
er

iv
ed

u
n
d
er

d
iff

er
en

t
as

su
m

p
ti

o
n
s.

F
o
r

ex
am

p
le

,
ex

is
ti

n
g

co
n
ve

rg
en

ce
co

n
d
it

io
n
s

fo
r

G
au

ss
ia

n
M

R
F

ar
e

d
er

iv
ed

u
n
d
er

d
iff

er
en

t
p
ai

rw
is

e
fa

ct
or

iz
at

io
n
s

of
th

e
jo

in
t

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
.

S
in

ce
d
iff

er
en

t
fa

ct
o
ri

za
ti

o
n
s

le
a
d

to
d
iff

er
en

t
G

au
ss

ia
n

B
P

m
es

sa
ge

s,
it

is
n
ot

cl
ea

r
if

th
e

co
n
ve

rg
en

ce
co

n
d
it

io
n

o
b
ta

in
ed

u
n
d
er

on
e

p
ai

rw
is

e
fa

ct
or

iz
at

io
n

is
va

li
d

u
n
d
er

an
ot

h
er

p
ai

rw
is

e
fa

ct
or

iz
a
ti

o
n
.

A
n
o
th

er
m

is
si

n
g

li
n
k

is
b

et
w

ee
n

th
e

co
n
ve

rg
en

ce
re

su
lt

s
in

G
au

ss
ia

n
M

R
F

an
d

th
a
t

o
f

p
a
ir

w
is

e
li
n
ea

r
G

au
ss

ia
n

m
o
d
el

.
O

n
on

e
h
a
n
d
,

B
ic

k
so

n
et

al
.

(2
00

8)
a
d
v
o
ca

te
tr

a
n
sf

o
rm

in
g

th
e

li
n
ea

r
G

au
ss

ia
n

m
o
d
el

in
to

G
au

ss
ia

n
M

R
F

,
an

d
th

en
le

ve
ra

gi
n
g

on
th

e
ex

is
ti

n
g

co
n
ve

rg
en

ce
co

n
d
it

io
n

fo
r

d
et

er
m

in
in

g
th

e
co

n
v
er

ge
n
ce

of
G

au
ss

ia
n

B
P

.
O

n
th

e
ot

h
er

h
an

d
,

in
M

o
a
ll
em

i
an

d
R

oy
(2

00
6)

,
L

en
g

an
d

W
u

(2
01

1)
,

an
d

D
u

an
d

W
u

(2
01

3)
,

G
au

ss
ia

n
B

P
w

a
s

p
ro

v
ed

to
b

e
co

n
v
er

ge
n
t

w
it

h
ou

t
u
si

n
g

ex
is

ti
n
g

su
ffi

ci
en

t
co

n
ve

rg
en

ce
co

n
d
it

io
n
s

fr
om

G
a
u
ss

ia
n

M
R

F
.

O
n
e

m
ay

w
on

d
er

if
th

er
e

is
an

y
sp

ec
ia

l
ch

ar
ac

te
ri

st
ic

of
p
ai

rw
is

e
li
n
ea

r
G

au
ss

ia
n

m
o
d
el

th
a
t

fa
ci

li
ta

te
s

th
e

G
au

ss
ia

n
B

P
co

n
ve

rg
en

ce
.

T
o

p
ro

v
id

e
a

m
or

e
co

m
p
le

te
p
ic

tu
re

,
th

e
co

n
ve

rg
en

ce
of

G
au

ss
ia

n
B

P
is

re
v
is

it
ed

b
u
t

st
ar

ti
n
g

fr
om

a
ge

n
er

al
p
ai

rw
is

e
fa

ct
or

iz
at

io
n

of
th

e
jo

in
t

G
a
u
ss

ia
n

d
is

tr
ib

u
ti

o
n
.

T
h
is

g
en

-
er

al
p
ai

rw
is

e
fa

ct
or

iz
at

io
n

co
ve

rs
al

l
p

os
si

b
le

p
ai

rw
is

e
fa

ct
o
ri

za
ti

on
s

w
it

h
th

e
ex

p
o
n
en

ts
o
f
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C
O
N
V
E
R
G
E
N
C
E

O
F
G
A
U
S
S
IA

N
B
P

U
N
D
E
R

G
E
N
E
R
A
L
P
A
IR

W
IS

E
F
A
C
T
O
R
IZ

A
T
IO

N

fa
cto

rs
b

ein
g

q
u
ad

ratic
p

oly
n
om

ial,
a
n
d

it
in

clu
d
es

all
th

e
ex

istin
g

p
airw

ise
factorization

s
u
sed

in
G

a
u
ssian

M
R

F
an

d
p
airw

ise
lin

ear
G

au
ssian

m
o
d
el

as
sp

ecial
cases.

B
y

estab
lish

in
g

th
e

co
n
verg

en
ce

con
d
ition

s
u
n
d
er

th
is

gen
eral

p
airw

ise
factorization

,
ex

istin
g

con
v
ergen

ce
co

n
d
itio

n
s

ca
n

b
e

com
p
ared

an
d

con
trasted

in
a

u
n
ifi

ed
w

ay.
It

is
fou

n
d

th
at

ex
istin

g
su

ffi
cien

t
co

n
vergen

ce
con

d
ition

s
d
erived

for
G

au
ssian

M
R

F
(in

clu
d
in

g
w

alk
-su

m
m

ab
ility,

p
a
irw

ise-n
orm

a
lizab

ility,
con

vex
d
ecom

p
osition

,
an

d
d
iagon

a
l

d
om

in
an

ce)
are

valid
u
n
d
er

a
n
y

fa
cto

riza
tio

n
w

ith
in

th
e

gen
eral

p
airw

ise
factorization

m
o
d
el,

an
d

th
e

con
verged

b
e-

liefs
a
re

in
d
ep

en
d
en

t
of

th
e

ch
oice

of
p
airw

ise
factorizatio

n
.

M
oreover,

d
u
e

to
th

e
n
ew

ly
esta

b
lish

ed
b
rid

ge
b

etw
een

G
au

ssian
M

R
F

an
d

p
airw

ise
lin

ear
G

au
ssian

m
o
d
el

u
n
d
er

th
e

g
en

era
lized

settin
g,

th
e

p
airw

ise-n
orm

aliza
b
ility

from
G

au
ssian

M
R

F
is

fu
rth

er
ap

p
lied

to
p
a
irw

ise
lin

ea
r

G
au

ssian
m

o
d
el,

revealin
g

an
easily

verifi
ab

le
su

ffi
cien

t
con

vergen
ce

con
d
i-

tio
n

in
p
a
irw

ise
lin

ear
G

au
ssian

m
o
d
el.

T
h
is

su
ffi

cien
t

con
v
ergen

ce
con

d
ition

is
m

o
re

gen
eral

th
a
n

th
e

co
n
v
ergen

ce
con

d
ition

s
in

M
oallem

i
an

d
R

oy
(2006),

L
en

g
an

d
W

u
(20

11),
an

d
D

u
a
n
d

W
u

(2
0
13),

an
d

fu
rth

er
ex

p
lain

s
th

e
em

p
irical

con
vergen

ce
b

eh
av

ior
of

p
eer-to-p

eer
ra

tin
g

ap
p
lica

tion
(B

ick
son

et
al.,

2007).
N

u
m

erical
resu

lts
an

d
ap

p
lication

s
are

p
resen

ted
to

co
rro

b
o
rate

th
e

th
eoretical

con
vergen

ce
resu

lts.

N
o
ta

tio
n

s:
S
calars,

vectors,
m

atrices
an

d
sets

are
d
en

oted
b
y

low
er-case

letters,
b

old
low

er-ca
se

letters,
b

old
u
p
p

er-case
letters

an
d

calligrap
h
ic

u
p
p

er-case
letters,

resp
ectiv

ely.
N

o
ta

tio
n
s

a
>

b
,

a
≥

b
,

a
<

b
,

an
d

a
≤

b
in

d
icate

a
i
>
b
i ,
a
i ≥

b
i ,
a
i
<
b
i ,

an
d
a
i ≤

b
i

fo
r

a
ll
i,

resp
ectively,

w
h
ere

a
i

an
d
b
i

are
th

e
i-th

elem
en

t
of

a
an

d
b

.
F

or
a

m
atrix

,
A
�

0
in

d
ica

tes
th

a
t

A
is

p
ositive

d
efi

n
ite,

A
T

d
en

otes
th

e
tran

sp
ose

of
A

,
an

d
A
−
1

d
en

otes
th

e
in

verse
o
f

A
.

T
h
e

n
otation

|A
|

is
a

m
atrix

w
ith

elem
en

t-w
ise

ab
solu

te
valu

e
of

A
,

an
d

ρ
(A

)
is

th
e

sp
ectral

rad
iu

s
of

A
.

M
oreover,

d
iag(D

1 ,D
2 ,···

,D
n
)

d
en

otes
a

b
lo

ck
d
iagon

al
m

a
trix

w
ith

th
e

d
iagon

al
b
lo

ck
s

b
ein

g
D

1 ,D
2 ,···

,D
n
,

startin
g

from
th

e
u
p
p

er
left

corn
er.

F
o
r

th
e

n
o
ta

tio
n
B

,
it

d
en

otes
a

set,
an

d
|B|

d
en

otes
th

e
n
u
m

b
er

of
elem

en
ts

in
B

.
T

h
e

n
o
ta

tio
n
B
\
i

d
en

otes
all

th
e

elem
en

ts
in

setB
ex

cep
t
i,

an
d

th
e

n
otation

B
\C

d
en

o
tes

all
th

e
elem

en
ts

in
setB

b
u
t

n
ot

in
C

.
T

h
e

n
o
tation

a
∝
b

d
en

otes
th

at
a

is
p
rop

ortion
al

to
b.

F
o
r

a
G

a
u
ssia

n
d
istrib

u
ted

ran
d
om

variab
le
x

w
ith

m
ean

m
an

d
varian

ce
v
,

w
e

d
en

ote
it

as
N

(x
;m

,v
).

S
im

ilarly,
for

a
m

u
ltivariate

G
au

ssian
d
istrib

u
ted

ran
d
om

v
ector

x
w

ith
m

ean
vecto

r
m

a
n
d

covarian
ce

m
atrix

V
,

w
e

d
en

ote
it

asN
(x

;m
,V

).

2
.
G
a
u
ssia

n
M

o
d
e
l
a
n
d
B
e
lie

f
P
ro

p
a
g
a
tio

n

In
th

is
sectio

n
,

w
e

fi
rst

d
iscu

ss
th

e
p
airw

ise
factorizatio

n
s

of
G

au
ssian

m
o
d
el

(S
ection

2.1).
T

h
en

,
B

P
a
lg

o
rith

m
u
n
d
er

a
gen

eral
p
airw

ise
factorization

of
G

au
ssian

m
o
d
el

is
p
resen

ted
(S

ectio
n

2
.2

).

2
.1

.
G

a
u

ssia
n

M
o
d

e
l

a
n

d
Its

P
a
irw

ise
F
a
c
to

riz
a
tio

n
s

C
o
n
sid

er
th

e
join

t
G

au
ssian

p
rob

ab
ility

d
en

sity
fu

n
ction

(p
d
f)
p
(x

)
of

a
ran

d
o
m

vector
x
,

[x
1 ,x

2 ,···
,x

n
] T

w
ritten

in
a

p
airw

ise
factorization

form

P
F
F

:
p

(x
)∝

∏

i

f
i (x

i ) ∏i,j>
i f
ij

(x
i ,x

j )
,

(1)

3
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L
I
a
n
d

W
U

w
h
ere

f
i (x

i )
is

a
lo

cal
fu

n
ction

of
x
i

w
h
ile

f
ij (x

i ,x
j )

is
a

lo
cal

fu
n
ction

m
o
d
elin

g
th

e
in

ter-
action

b
etw

een
x
i

an
d
x
j .

In
gen

eral,
given

a
join

t
G

au
ssian

d
istrib

u
tion

1N
(x

;J
−
1h
,J
−
1)

in
G

au
ssian

M
R

F
,

th
e
P
F
F

is
n
ot

u
n
iq

u
e.

F
or

ex
am

p
le,

on
e

of
th

e
earliest

p
airw

ise
factor-

ization
s

in
G

au
ssian

M
R

F
is

given
in

W
eiss

an
d

F
reem

an
(2000)

w
ith

F
1

:
f
i (x

i )∝
ex

p {−
12
p
i (x

i −
h
i

p
i )

2 }
,

(2a)

f
ij (x

i ,x
j )∝

ex
p {−

12
[x
i
x
j ] [

a
ij

J
ij

J
ij

a
ji

]
[x
i
x
j ] T }

,
(2b

)

s.t.
J
�

0
,
p
i
+
∑k∈B

i a
ik

=
J
ii ,
B
i ,
{k
|
J
ik 6=

0,k
=

1,2
,···

,n}
,

(2c)

w
h
ere

J
ik

is
th

e
(i,k

)-th
elem

en
t

of
J

an
d
h
i

is
th

e
i-th

elem
en

t
of

h
.

O
n

th
e

oth
er

h
an

d
,

th
e

con
vex

d
ecom

p
osition

in
M

oallem
i

an
d

R
oy

(2009)
req

u
ires

F
2

:
f
i (x

i )∝
ex

p 
−

12
(J
ii −

∑k∈B
i ξ
ik J

2ik )x
2i

+
(h
i −

∑k∈B
i ςik )x

i 
,

(3a)

f
ij (x

i ,x
j )∝

ex
p {−

12
ξ
ij J

2ij x
2i −

J
ij x

i x
j −

12
ξ
ji J

2ij x
2j

+
ςij x

i
+
ςji x

j }
,

(3b
)

s.t.
J
�

0
,
ξ
ij ,ξ

ji
>

0,
J
ii −

∑k∈B
i ξ
ik J

2ik
>

0,
ξ
ij ξ

ji J
2ij ≥

1.
(3c)

H
ow

ever,
given

an
in

form
ation

m
atrix

J
,

th
e

con
d
ition

s
in
F
2

m
igh

t
n
ot

b
e

satisfi
ed

,
th

u
s

th
is

d
ecom

p
osition

m
ay

n
ot

ex
ist.

C
on

seq
u
en

tly,
a

m
ore

p
op

u
lar

factorization
is

given
b
y

F
3

:
f
i (x

i )∝
ex

p {−
12
J
ii x

2i
+
h
i x
i }
,

(4a)

f
ij (x

i ,x
j )∝

ex
p{−

J
ij x

i x
j }
,

(4b
)

s.t.
J
�

0
.

(4c)

T
h
is

factorization
d
irectly

con
n
ects

th
e

join
t

d
istrib

u
tion

w
ith

ou
t

an
y

con
stra

in
ts

an
d

is
u
sed

in
M

aliou
tov

et
al.

(2006),
an

d
S
u

an
d

W
u

(2014,
2015a,b

).
O

n
th

e
oth

er
h
an

d
,

th
e
P
F
F

also
covers

th
e

p
airw

ise
lin

ear
G

au
ssian

m
o
d
el

th
at

fre-
q
u
en

tly
ap

p
ears

in
d
istrib

u
ted

in
feren

ce.
In

p
articu

lar,
assu

m
e

th
ere

ex
ists

a
lo

cal
rela-

tion
sh

ip
z
ij

=
c
ij x

i
+
c
ji x

j
+
n
ij

w
ith

k
n
ow

n
co

effi
cien

ts
c
ij ,

c
ji .

If
n
ij ∼

N
(n
ij ;0,1

/η
ij )

an
d

th
e

p
rior

d
istrib

u
tion

of
x
i

is
p
(x
i )

=
N

(x
i ;y

i ,1/ζ
i ),

th
en

w
e

h
ave

th
e

join
t

p
osterior

d
istrib

u
tion

given
b
y

th
e
P
F
F

w
ith

F
4

:
f
i (x

i )∝
ex

p {−
12
ζ
i (x

i −
y
i )
2 }

,
(5a)

f
ij (x

i ,x
j )∝

ex
p {−

12
η
ij

[z
ij −

(c
ij x

i
+
c
ji x

j )] 2 }
,

(5b
)

s.t.
d
iag(ζ

1 ,ζ
2 ,···

,ζ
n
)

+
C
�

0
,
ζ
i ≥

0
,
η
ij
>

0
,

C
∈
R
n×

n

w
ith

C
ii

=
∑

k∈B
i

η
ik c

2ik
a
n
d
C
ij

=
η
ij c

ij c
ji ,

(5c)

1
.
T
h
e
G
a
u
ssia

n
d
istrib

u
tio

n
is

ex
p
ressed

in
a
n
in
fo
rm

a
tio

n
fo
rm

,
w
h
ere

J
is

th
e
in
fo
rm

a
tio

n
m
a
trix

a
n
d

h
is

th
e
p
o
ten

tia
l
v
ecto

r.
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W
IS

E
F
A
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T
O
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IZ

A
T
IO

N

w
h
er

e
d
ia

g(
ζ 1
,ζ

2
,·
··
,ζ
n
)

+
C
�

0
is

a
co

n
d
it

io
n

gu
ar

an
te

ei
n
g

th
e
P
F
F

w
it

h
fa

ct
or

s
in
F
4

re
p
re

se
n
ts

a
va

li
d

G
au

ss
ia

n
p

d
f

(i
n

fa
ct

,
d
ia

g(
ζ 1
,ζ

2
,·
··
,ζ
n
)+

C
is

th
e

in
fo

rm
at

io
n

m
a
tr

ix
of

su
ch

G
au

ss
ia

n
p

d
f)

.
T

h
is

m
o
d
el

h
an

d
le

s
a

b
ro

ad
cl

as
s

of
d
is

tr
ib

u
te

d
es

ti
m

a
ti

on
ap

p
li
ca

ti
on

s.
In

p
ar

ti
cu

la
r,
F
4

is
ex

ac
tl

y
th

e
m

o
d
el

in
d
is

tr
ib

u
te

d
cl

o
ck

sy
n
ch

ro
n
iz

at
io

n
(L

en
g

an
d

W
u
,

20
11

)
an

d
d
is

tr
ib

u
te

d
ca

rr
ie

r
fr

eq
u
en

cy
es

ti
m

at
io

n
(D

u
an

d
W

u
,

20
13

).
O

n
th

e
ot

h
er

h
a
n
d
,

if
z i
j

=
0,
c i
j

=
−
c j
i

=
1,

an
d
y i

is
ob

ta
in

ed
fr

o
m

lo
ca

l
ob

se
rv

at
io

n
,
F
4

re
d
u
ce

s
to

th
e

m
o
d
el

u
se

d
in

co
n
se

n
su

s
p
ro

p
ag

at
io

n
(M

oa
ll
em

i
an

d
R

oy
,

20
06

)
an

d
p

ee
r-

to
-p

ee
r

ra
ti

n
g

(B
ic

k
so

n
et

al
.,

20
07

).
C

u
rr

en
tl

y,
d
iff

er
en

t
co

n
v
er

ge
n
ce

co
n
d
it

io
n
s

of
G

au
ss

ia
n

B
P

ar
e

d
ev

el
op

ed
u
n
d
er

d
iff

er
en

t
fa

ct
or

iz
at

io
n
s.

F
or

ex
am

p
le

,
d
ia

go
n
al

d
om

in
an

ce
(W

ei
ss

an
d

F
re

em
an

,
2
00

0)
is

d
ev

el
op

ed
fr

om
F
1
,

co
n
ve

x
d
ec

om
p

os
it

io
n

(M
oa

ll
em

i
an

d
R

oy
,

20
0
9)

is
d
ev

el
op

ed
fr

om
F
2
,

w
al

k
-

su
m

m
ab

il
it

y
(M

al
io

u
to

v
et

al
.,

20
06

)
an

d
th

e
re

ce
n
t

n
ec

es
sa

ry
an

d
su

ffi
ci

en
t

co
n
d
it

io
n

(S
u

an
d

W
u
,
20

14
,
20

15
a)

ar
e

d
ev

el
op

ed
fr

om
F
3
.

O
n
e

m
ay

w
on

d
er

if
th

e
co

n
v
er

g
en

ce
co

n
d
it

io
n

of
G

au
ss

ia
n

B
P

d
ev

el
op

ed
fr

om
on

e
fa

ct
or

iz
at

io
n

is
ap

p
li
ca

b
le

to
a
n
ot

h
er

fa
ct

or
iz

at
io

n
.

M
or

e
im

p
or

ta
n
tl

y,
fo

r
d
iff

er
en

t
p
ai

rw
is

e
fa

ct
or

iz
at

io
n
s,

ca
n

w
e

d
ev

el
op

a
u
n
ifi

ed
tr

ea
tm

en
t

in
th

e
co

n
v
er

ge
n
ce

an
al

y
si

s?
In

or
d
er

to
an

sw
er

th
es

e
q
u
es

ti
on

s,
w

e
w

ri
te

th
e

ge
n
er

al
fo

rm
s

of
fa

ct
or

s
f i

(x
i)

an
d
f i
j
(x
i,
x
j
)

in
th

e
P
F
F

as

F
5

:
f i

(x
i)
∝

ex
p

{ −
1 2
φ
ix

2 i
+
ψ
ix
i}
,

(6
a)

f i
j
(x
i,
x
j
)
∝

ex
p

{
−

1 2
γ
ij
x
2 i
−

1 2
γ
ji
x
2 j
−
τ i
j
x
ix
j

+
κ
ij
x
i
+
κ
ji
x
j

} ,
(6

b
)

s.
t.
τ i
j

=
τ j
i

an
d

    

φ
1

+
∑

k
∈B

1
γ
1
k

τ 1
2

··
·

τ 1
n

τ 2
1

φ
2

+
∑

k
∈B

2
γ
2
k
··
·

τ 2
n

. . .
. . .

. . .
. . .

τ n
1

τ n
2

··
·

φ
n

+
∑

k
∈B

n
γ
n
k

    
�

0
,

(6
c)

w
h
er

e
th

e
co

n
st

ra
in

ts
in

(6
c)

gu
ar

an
te

e
th

at
th

e
P
F
F

w
it

h
fa

ct
or

s
in
F
5

is
a

va
li
d

G
au

ss
ia

n
p

d
f.

N
ot

ic
e

th
at
F
5

co
ve

rs
F
1
,
F
2
,
F
3

an
d
F
4

as
sp

ec
ia

l
ca

se
s.

F
o
r

ex
am

p
le

,
w

h
en

φ
i

=
J
ii

,
ψ
i

=
h
i,
γ
ij

=
γ
ji

=
κ
ij

=
κ
ji

=
0,
τ i
j

=
J
ij

,
F
5

re
d
u
ce

s
to
F
3
.

F
u
rt

h
er

m
o
re

,
w

h
en

φ
i

=
ζ i

,
ψ
i

=
ζ i
y i

,
γ
ij

=
η i
j
c2 i
j
,
γ
ji

=
η i
j
c2 j
i,
τ i
j

=
η i
j
c i
j
c j
i,
κ
ij

=
η i
j
z i
j
c i
j

an
d
κ
ji

=
η i
j
z i
j
c j
i,

F
5

re
d
u
ce

s
to
F
4
.

In
fa

ct
,
F
5

co
ve

rs
p
ai

rw
is

e
fa

ct
or

iz
at

io
n
s

b
ey

on
d

th
at

in
F
1
,
F
2
,
F
3

an
d
F
4
,

as
lo

n
g

as
th

e
ex

p
on

en
ts

of
f i

(x
i)

an
d
f i
j
(x
i,
x
j
)

ar
e

q
u
ad

ra
ti

c
p

ol
y
n
om

ia
ls

.
F

or

ex
am

p
le

,
w

h
en

f i
(x
i)
∝

1
an

d
f i
j
(x
i,
x
j
)
∝

ex
p
{ −

1 2
x
2 i
−

1 2
x
ix
j
−

1 2
x
2 j

+
x
i
+
x
j

}
fo

r
al

l

i
6=
j
∈
{1
,2
,·
··
,n
}

in
F
5
,

it
le

ad
s

to
a

va
li
d

G
au

ss
ia

n
p

d
f,

b
u
t
f i

(x
i)

an
d
f i
j
(x
i,
x
j
)

ca
n
n
ot

b
e

re
p
re

se
n
te

d
b
y
F
1
—
F
4
.

T
h
e

re
la

ti
on

sh
ip

s
am

on
g
F
1
—
F
5

ar
e

sh
ow

n
in

F
ig

u
re

1
at

to
p

of
n
ex

t
p
ag

e
(r

el
at

io
n
sh

ip
s

am
on

g
F
1
—
F
4

ar
e

p
ro

ve
d

in
A

p
p

en
d
ix

A
).

2
.2

.
G

a
u

ss
ia

n
B

e
li
e
f

P
ro

p
a
g
a
ti

o
n

U
n

d
e
r
F
5

In
G

au
ss

ia
n

B
P

,
m

es
sa

ge
s

ar
e

u
p

d
at

ed
an

d
p
as

se
d

am
on

g
va

ri
ab

le
s.

In
p
ar

ti
cu

la
r,

u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g
2
,

th
e

m
es

sa
ge

m
j→

i(
x
i)

to
b

e
p
as

se
d

fr
om

va
ri

ab
le
x
j

to
va

ri
ab

le

2
.
S
y
n
ch
ro
n
o
u
s
sc
h
ed

u
li
n
g
re
q
u
ir
es

th
a
t
a
ll
m
es
sa
g
es

a
t
ea
ch

it
er
a
ti
o
n
a
re

u
p
d
a
te
d
b
ef
o
re

st
a
rt
in
g
a
n
ew

o
n
e.
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0,
 2

01
9

L
I
a
n
d

W
U

F
1

F
2

F
3

F
4

F
5

F
ig

u
re

1:
R

el
at

io
n
sh

ip
s

am
on

g
d
iff

er
en

t
fa

ct
or

iz
at

io
n

se
ts

.

x
i

at
th

e
l-

th
it

er
at

io
n

is
co

m
p
u
te

d
as

(M
al

io
u
to

v
et

al
.,

20
06

)

m
(l
)

j→
i(
x
i)
∝∫

∞ −
∞
f i
j
(x
i,
x
j
)f
j
(x
j
)
∏

k
∈B

j
\i
m

(l
−
1
)

k
→
j

(x
j
)d
x
j
,

(7
)

w
h
er

e
m

(l
−
1
)

k
→
j

(x
j
)

d
en

ot
es

th
e

m
es

sa
ge

m
k
→
j
(x
i)

p
as

se
d

fr
om

va
ri

ab
le
x
k

to
va

ri
a
b
le
x
j

a
t

th
e

(l
−

1)
-t

h
it

er
at

io
n
.

B
as

ed
on

th
e

ex
p
re

ss
io

n
s

of
fa

ct
or

s
in
F
5

an
d

m
es

sa
ge

u
p

d
at

e
ru

le
in

(7
),

w
e

ca
n

d
er

iv
e

a

ge
n
er

al
fo

rm
u
la

of
m

es
sa

ge
s
m

(l
)

j→
i(
x
i)

fo
r

al
l
(i
,j

)
∈
E,

w
h
er

e
E
,
{(
i,
j)
|i

=
1,

2,
··
·,
n
,j
∈

B i
}

d
en

ot
es

th
e

se
t

of
in

d
ex

p
ai

r
(i
,j

)
w

it
h
τ i
j
6=

0.
W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
it

is
a
ss

u
m

ed

th
at

th
e

m
es

sa
ge
m

(l
−
1
)

j→
i

(x
i)

w
it

h
(i
,j

)
∈
E

at
th

e
(l
−

1)
-t

h
it

er
at

io
n

ta
ke

s
th

e
ex

p
re

ss
io

n

m
(l
−
1
)

j→
i

(x
i)
∝

ex
p

{ −
1 2
α
(l
−
1
)

j→
i
x
2 i

+
β
(l
−
1
)

j→
i
x
i}
,

(8
)

w
h
er

e
th

e
p
ar

am
et

er
s
α
(l
−
1
)

j→
i

an
d
β
(l
−
1
)

j→
i

ar
e

th
e

p
re

ci
si

on
an

d
li
n
ea

r
co

effi
ci

en
t,

re
sp

ec
ti

ve
ly

.

S
u
b
st

it
u
ti

n
g

(8
)

in
to

(7
)

an
d

if
φ
j

+
γ
ji

+
∑

k
∈B

j
\i
α
(l
−
1
)

k
→
j
>

0,
th

e
m

es
sa

ge
m
j→

i(
x
i)

a
t

th
e

l-
th

it
er

at
io

n
is

w
el

l-
d
efi

n
ed

an
d

is
sh

ow
n

in
A

p
p

en
d
ix

B
to

b
e

in
th

e
fo

rm
m

(l
)

j→
i(
x
i)
∝

ex
p
{−

1 2
α
(l
)

j→
ix

2 i
+
β
(l
)

j→
ix
i}

,
w

it
h

α
(l
)

j→
i

=
γ
ij
−

τ
2 ij

φ
j

+
γ
ji

+
∑

k
∈B

j
\i
α
(l
−
1
)

k
→
j

,
(9

)

β
(l
)

j→
i

=
κ
ij
−
τ i
j
ψ
j

+
τ i
j
κ
ji

+
∑

k
∈B

j
\i
τ i
j
β
(l
−
1
)

k
→
j

φ
j

+
γ
ji

+
∑

k
∈B

j
\i
α
(l
−
1
)

k
→
j

.
(1

0
)

A
ft

er
u
p

d
at

in
g

th
e

m
es

sa
ge

s
m

(l
)

j→
i(
x
i)

b
y

th
at

of
th

e
p
ar

am
et

er
s
α
(l
)

j→
i

a
n
d
β
(l
)

j→
i

fo
r

a
ll

(i
,j

)
∈
E,

w
e

ca
n

co
m

p
u
te

th
e

b
el

ie
f

of
x
i

a
t

th
e
l-

th
it

er
at

io
n

as

b(
l)

(x
i)
∝
f i

(x
i)
∏ j∈
B i
m

(l
)

j→
i(
x
i)
.

(1
1)
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<
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ra
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∑
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p
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p
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b
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b
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b
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b
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b
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∑

(i
,j
)∈
E
q j
→
iM

j→
i
+

S
=

B
,

(1
9c

)

w
h
er

e
Sm

d
en

ot
es

th
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∈
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∈
S2
|E
|+

1
w

it
h

D
(B

)
i,
k
i

=

[
φ
i
+
∑

k
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∈
B i
,

9
JM

L
R

 2
0(

14
4)

:1
-3

0,
 2

01
9

L
I
a
n
d

W
U

an
d

M
j→
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d
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∈
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∈
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∈
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w
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b
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b
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h
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ra
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s
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b
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n
d
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ra
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n
d
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ra
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d
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b
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h
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p
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n
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p
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d
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p
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p
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b
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at
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p
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p
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p
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d
it
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b
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p
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at
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∈B

1

κ
1
k
,ψ

2
+
∑ k
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T
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p

d
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b
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d
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con
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d
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d
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b
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p
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p
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a
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d
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a
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d
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ra
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d
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d
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w
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ob
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d
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ra
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p
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R
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0

3
9

0
0

0
0
−

10
0

4

       
,

h
=

       

1 1 1 1 1 1

       
.

W
e

co
n
si

d
er

tw
o

p
ai

rw
is

e
fa

ct
or

iz
at

io
n
s

w
it

h
d
iff

er
en

t
p
ar

a
m

et
er

s
in
F
5
.

In
p
a
ir

w
is

e
fa

c-
to

ri
za

ti
on

I,
w

e
se

t
φ
1

=
1,
φ
2

=
6,
φ
3

=
5,
φ
4

=
36

,
φ
5

=
9,
φ
6

=
4,
ψ
i

=
1

fo
r

a
ll

i
=

1
,2
,·
··
,6

,
τ 1

2
=

1,
τ 2

3
=
−

1,
τ 2

4
=

2,
τ 3

4
=
−

6,
τ 4

5
=

3,
τ 4

6
=
−

10
,

an
d
γ
ij

=
κ
ij

=
0
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L
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5
10

15
20
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5
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15
20

25
30

35
0

0.5 1

1.5

F
ig

u
re

3
:

C
o
n
vergen

ce
of

b
eliefs

u
n
d
er

d
iff

eren
t

p
airw

ise
factorization

s
an

d
m

essage
sch

ed
u
l-

in
g
s.

fo
r

a
ll

(i,j)∈
E

.
T

h
e

factors
in

th
is

factorization
are

u
sed

in
M

aliou
tov

et
al.

(2006),
an

d
S
u

a
n
d

W
u

(2
0
14,

2015a).
In

p
airw

ise
factorization

II,
w

e
set

φ
i

=
0

an
d
ψ
i

=
0

fo
r

all
i

=
1,2,···

,6
,
γ
1
2

=
γ
2
1

=
γ
2
3

=
γ
3
2

=
γ
4
2

=
γ
4
5

=
1,
γ
2
4

=
γ
3
4

=
γ
6
4

=
4,
γ
4
3

=
γ
5
4

=
9,

γ
4
6

=
2
5
,
τ
1
2

=
1,
τ
2
3

=
−

1,
τ
2
4

=
2,
τ
3
4

=
−

6,
τ
4
5

=
3,
τ
4
6

=
−

10,
κ
1
2

=
κ
5
4

=
κ
6
4

=
1,

κ
2
1

=
κ
2
3

=
κ
2
4

=
1/

3,
κ
3
2

=
κ
3
4

=
1/

2,
an

d
κ
4
2

=
κ
4
3

=
κ
4
5

=
κ
4
6

=
1/

4
.

It
ca

n
b

e
v
erifi

ed
th

at
th

e
setQ

is
n
on

-em
p
ty

for
th

e
con

sid
ered

G
a
u
ssian

d
istrib

u
tion

b
y

so
lv

in
g

th
e

S
D

P
p
rob

lem
in

(18a)—
(18c)

(as
d
iscu

ssed
in

L
em

m
a

4,
th

e
setQ

is
in

d
e-

p
en

d
en

t
o
f

th
e

ch
osen

factorization
).

F
u
rth

erm
ore,

u
n
d
er

in
itialization

α
(0
)≥

γ
,

n
u
m

erical
co

m
p
u
ta

tio
n

sh
ow

s
th

at
ρ
(A

)
=

0.6934
<

1
an

d
ρ
(|A
|)

=
0.6934

<
1

for
b

oth
p
airw

ise
fa

cto
riza

tio
n
s.

T
h
is

corrob
orates

L
em

m
a

5
th

at
A

is
in

d
ep

en
d
en

t
of

fa
ctorization

s.
B

y
T

h
eo

rem
s

1
a
n
d

2,
u
n
d
er

in
itialization

α
(0
)≥

γ
,

G
au

ssian
B

P
b

eliefs
con

verge
in

b
oth

sy
n
-

ch
ro

n
o
u
s

a
n
d

totally
asy

n
ch

ron
ou

s
sch

ed
u
lin

gs.
F

igu
re

3
sh

ow
s

b
elief

m
ean

s
an

d
varian

ces
o
f

va
ria

b
le
x
1

d
u
rin

g
th

e
iteration

s,
w

h
ere

α
(0
)

is
set

to
γ

an
d
β
(0
)

is
set

to
0

in
b

o
th

p
air-

w
ise

fa
cto

riza
tion

s
(i.e.,

α
(0
)

=
0

for
factorization

I
an

d
α

(0
)

=
[1

1
1

4
1

4
1

9
1

25
9

4] T
for

fa
cto

riza
tio

n
II).

It
can

b
e

seen
th

at
b

elief
m

ean
s

(varian
ces)

con
verg

e
to

th
e

sam
e

valu
es

fo
r

b
o
th

fa
cto

rization
s

u
n
d
er

sy
n
ch

ron
o
u
s

sch
ed

u
lin

g
an

d
asy

n
ch

ron
ou

s
sch

ed
u
lin

g,
w

h
ich

co
rro

b
ora

tes
T

h
eorem

8.

N
everth

eless,
if

w
e

set
th

e
in

itialization
α

(0
)

=
0

in
factorization

II,
b
y

th
e

u
p

d
ate

eq
u
a
tio

n
in

(9
),
α

(l)
can

b
e

easily
sh

ow
n

to
m

ain
tain

at
0

for
all

l≥
0.

T
h
en

b
elief

varian
ce

1/
(φ
i

+
∑

j∈B
i
α
(l)
j→

i )
=

1/0
is

n
ot

d
efi

n
ed

.
B

u
t

for
factorization

I,
B

P
b

eliefs
d
o

con
verge

w
h
en
α

(0
)

=
0

.
T

h
erefore,

th
e

in
itialization

α
(0
)

=
0

w
ill

n
ot

alw
ay

s
w

ork
for

d
iff

eren
t

p
a
irw

ise
fa

cto
rization

s.
T

o
gu

aran
tee

th
e

con
vergen

ce
of

G
au

ssian
B

P
,

w
e

n
eed

to
ch

o
ose

th
e

in
itia

lizatio
n
α

(0
)

accord
in

g
to

th
e

factorization
p
aram

eter
γ

.

6
.2

.
D

istrib
u

te
d

C
lo

ck
S

y
n

ch
ro

n
iz

a
tio

n

In
clo

ck
sy

n
ch

ron
ization

of
w

ireless
sen

sor
n
etw

ork
s

(L
en

g
an

d
W

u
,

2011),
x
i

rep
resen

ts
th

e
u
n
k
n
ow

n
clo

ck
off

set
at

n
o
d
e
i,

an
d

th
e

likelih
o
o
d

fu
n
ction

can
b

e
regard

ed
as
f
ij (x

i ,x
j )

1
5
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L
I
a
n
d

W
U

F
igu

re
4:

N
etw

ork
top

ology
in

clo
ck

sy
n
ch

ro-
n
ization

.

0
50

100
150

200
-35

-30

-25

-20

-15

-10 -5

F
igu

re
5:

E
stim

ated
off

sets.

w
ith

th
e

ex
p
ression

f
ij (x

i ,x
j )∝

ex
p {
−
N2
σ
2 [

2
(x
i −

x
j )

+
1
T
t
ij

N

]
2 }

,
(24)

w
h
ere

1
is

th
e

all-on
es

v
ector

of
len

gth
N

,
t
ij

is
a

colu
m

n
v
ector

collectin
g
N

ob
serva-

tion
s,

an
d

th
e

ob
servation

errors
are

G
au

ssian
d
istrib

u
ted

w
ith

zero
m

ean
an

d
varian

ce
σ
2.

M
oreover,

th
e

p
rior

of
x
i

is
G

au
ssian

d
istrib

u
ted

,
an

d
it

ca
n

b
e

regard
ed

as
f
i (x

i )
w

ith
th

e
ex

p
ression

f
i (x

i )∝
ex

p {−
1

2
σ̄
2i

(x
i −

µ̄
i )
2 }

,
(25)

w
h
ere

µ̄
i
an

d
σ̄
2i

are
th

e
m

ean
an

d
varian

ce,
resp

ectively.
In

case
th

ere
is

n
o

p
rior

in
form

ation
for

x
i ,

w
e

can
set

σ̄
2i

=
∞

an
d
f
i (x

i )∝
1.

O
n

th
e

oth
er

h
an

d
,

if
th

e
p
rior

of
x
i

is
p

erfect,
th

en
σ̄
2i

=
0

an
d
f
i (x

i )∝
δ(x

i −
µ̄
i ).

W
e

con
sid

er
a

n
etw

ork
w

ith
top

ology
sh

ow
n

in
F

igu
re

4,
w

h
ere

th
ere

are
50

n
o
d
es.

A
m

on
g

th
ese

n
o
d
es,

th
e

clo
ck

off
sets

of
n
o
d
es

w
ith

n
o

p
rior

in
form

ation
are

d
raw

n
u
n
iform

ly
from

[−
30,30].

M
oreover,

w
e

set
N

=
4,
σ
2

=
1

an
d

tw
o

referen
ce

n
o
d
es
s
1

an
d
s
4

w
ith

th
eir

off
sets

d
raw

n
from

N
(x

1 ;0,10 −
1)

an
d
N

(x
4 ;0,10 −

2),
resp

ectively.
B

y
T

h
eorem

10,
if

th
ere

ex
ists

at
least

on
e

n
o
d
e

w
ith

p
rior

in
form

ation
in

th
e

n
etw

ork
,

B
P

b
eliefs

alw
ay

s
con

verge
u
n
d
er

b
oth

sy
n
ch

ron
ou

s
an

d
totally

asy
n
ch

ron
ou

s
sch

ed
u
lin

gs.
F

igu
re

5
sh

ow
s

th
e

estim
ated

off
sets

of
n
o
d
es
s
1
6 ,
s
2
9 ,
s
4
4

u
n
d
er

sy
n
ch

ron
ou

s
sch

ed
u
lin

g
an

d
asy

n
ch

ron
ou

s
sch

ed
u
lin

g.
It

can
b

e
seen

th
at

th
e

estim
ated

off
sets

of
each

n
o
d
e

con
verge

to
th

e
sam

e
valu

es
u
n
d
er

b
oth

sy
n
ch

ron
ou

s
an

d
asy

n
ch

ron
ou

s
sch

ed
u
lin

gs,
corrob

oratin
g

th
e

resu
lts

in
T

h
eorem

8.

6
.3

.
P

e
e
r-to

-P
e
e
r

R
a
tin

g

T
h
e

ratin
gs

of
item

s,
su

ch
as

m
ov

ies,
d
o
ctors

an
d

ven
d
ors,

p
lay

an
im

p
ortan

t
role

in
th

e
so

cial
n
etw

ork
s

an
d

can
aff

ect
th

e
d
ecision

s
of

p
eop

le
in

som
e

d
egree.

D
efi

n
e
x
i

as
th

e
ratin

g

1
6
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F
ig
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6:
N

et
w

or
k

to
p

ol
og

y
of

p
ee

r-
to

-p
ee

r
ra

ti
n
g.

9.
6

9.
8

10
10

.2
10

.4
10

.6
0510

9.
6

9.
8

10
10

.2
10

.4
10

.6
02550

9.
6

9.
8

10
10

.2
10

.4
10

.6
02550 F
ig

u
re

7:
H

is
to

gr
am

s
of

co
n
se

n
su

s
va

lu
es

.

at
n
o
d
e
i,

an
d

th
e

p
ee

r-
to

-p
ee

r
ra

ti
n
g

p
ro

b
le

m
ca

n
b

e
fo

rm
u
la

te
d

as

m
in

x
1
,x

2
,··
·,x

n

∑ i

1 2
ϕ
ii

(x
i
−
z i

)2
+
∑ i6=
j

1 2
ϕ
ij

(x
i
−
x
j
)2
,

(2
6)

w
h
er

e
z i

is
th

e
in

it
ia

l
ra

ti
n
g

of
n
o
d
e
i,
ϕ
ii

an
d
ϕ
ij

d
en

ot
e

th
e

se
lf

co
n
fi
d
en

ce
of

n
o
d
e
i

an
d

m
u
tu

al
tr

u
st

b
et

w
ee

n
n
o
d
e
i

an
d

n
o
d
e
j,

re
sp

ec
ti

v
el

y.
T

h
e

te
rm

in
th

e
fi
rs

t
su

m
m

at
io

n
of

(2
6)

d
en

ot
es

th
e

ra
ti

n
g

d
iff

er
en

ce
b

et
w

ee
n

th
e

fi
n
al

re
su

lt
an

d
it

s
in

it
ia

li
za

ti
on

,
an

d
th

e
te

rm
in

th
e

se
co

n
d

su
m

m
at

io
n

of
(2

6)
d
en

ot
es

th
e

ra
ti

n
g

d
iff

er
en

ce
b

et
w

ee
n

a
p
ai

r
of

n
ei

gh
b

or
in

g
n
o
d
es

.
In

p
ar

ti
cu

la
r,

if
w

e
se

t

f i
(x
i)
∝

ex
p

{ −
1 2
ϕ
ii

(x
i
−
z i

)2
}
,

(2
7)

f i
j
(x
i,
x
j
)
∝

ex
p

{ −
1 2
ϕ
ij

(x
i
−
x
j
)2
}
,

(2
8)

th
en

G
au

ss
ia

n
B

P
ca

n
b

e
p

er
fo

rm
ed

to
es

ti
m

at
e
{x

i}
.

W
e

co
n
si

d
er

a
n
et

w
or

k
w

it
h

to
p

ol
og

y
in

F
ig

u
re

6,
w

h
er

e
th

er
e

ar
e

20
0

n
o
d
es

.
O

u
t

of
th

e
20

0
n
o
d
es

,
10

0
ra

n
d
om

ly
se

le
ct

ed
n
o
d
es

(d
en

ot
ed

as
so

li
d

n
o
d
es

in
F

ig
u
re

6)
h
av

e
ob

se
rv

at
io

n
s
z i

on
a

co
m

m
on

ob
je

ct
or

va
ri

ab
le

w
it

h
tr

u
e

va
lu

e
10

.
T

h
e

ob
se

rv
at

io
n
s

ar
e

d
is

tu
rb

ed
b
y

ze
ro

-m
ea

n
G

au
ss

ia
n

n
oi

se
w

it
h

va
ri

an
ce
ϕ
ii

u
n
if

or
m

ly
sa

m
p
le

d
fr

om
[1

0,
10

2
],

an
d

w
e

se
t
ϕ
ij

to
10

1
.5

.
C

om
p
ar

in
g
f i

(x
i)

in
(2

7)
w

it
h

th
at

in
F
4
,

it
is

n
ot

ic
ed

th
at

ξ i
=
ϕ
ii
>

0
fo

r
th

e
n
o
d
es

w
it

h
ob

se
rv

at
io

n
s.

B
y

T
h
eo

re
m

10
,

G
au

ss
ia

n
B

P
b

el
ie

fs
co

n
ve

rg
e

u
n
d
er

b
ot

h
sy

n
ch

ro
n
ou

s
an

d
to

ta
ll
y

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
gs

.
T

h
is

ca
n

b
e

se
en

fr
om

F
ig

u
re

7
th

at
th

e
fi
n
al

va
lu

es
at

al
l
n
o
d
es

co
n
ce

n
tr

at
e

m
u
ch

m
or

e
cl

os
el

y
to

th
e

tr
u
e

co
m

m
on

va
lu

e
co

m
p
ar

ed
to

th
e

in
it

ia
l

ob
se

rv
ed

va
lu

es
.

F
u
rt

h
er

m
or

e,
th

e
fi
n
al

co
n
se

n
su

s
va

lu
es

ar
e

co
n
si

st
en

t
u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g

an
d

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g.
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F
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8:
(a

)
O

ri
g
in

al
im

ag
e,

(b
)

C
or

ru
p
te

d
im

ag
e,

(c
)

R
ec

ov
er

ed
im

ag
e

b
y

G
a
u
ss

ia
n

B
P

,
(d

)
R

ec
ov

er
ed

im
ag

e
b
y

m
ed

ia
n

fi
lt

er
(5
×

5)
fo

r
al

l
p
ix

el
s,

(e
)

R
ec

ov
er

ed
im

a
g
e

b
y

m
ed

ia
n

fi
lt

er
(5
×

5)
on

ly
fo

r
p
ix

el
s

w
it

h
va

lu
es

0
or

25
5.

6
.4

.
Im

a
g
e

D
e
n

o
is

in
g

C
on

si
d
er

a
M
×
N

gr
ay

le
ve

l
im

ag
e

(w
it

h
le

v
el

[0
,2

55
])

co
rr

u
p
te

d
b
y

sa
lt

-a
n
d
-p

ep
p

er
n
o
is

e.
W

it
h

th
e

tr
u
e

gr
ay

le
ve

l
of

p
ix

el
at

lo
ca

ti
on

(i
,j

)
in

th
e

or
ig

in
al

im
ag

e
d
en

o
te

d
b
y
x
i,
j
,

w
e

ca
n

fo
rm

u
la

te
th

e
im

ag
e

re
st

or
at

io
n

p
ro

b
le

m
as

m
in

{x
i,
j
}

∑

1
≤
i≤
M
,1
≤
j≤
N

1 2
w
i,
j
(x
i,
j
−
z i
,j

)2
+

∑

(i
,j
)∈
D

1 2
(x
i,
j
−
x
i,
j−

1
)2

+
1 2

(x
i,
j
−
x
i,
j+

1
)2

+
1 2

(x
i,
j
−
x
i−

1
,j

)2
+

1 2
(x
i,
j
−
x
i+

1
,j

)2
,

(2
9
)

w
h
er

e
w
i,
j

is
th

e
co

n
fi
d
en

ce
of

th
e

ob
se

rv
ed

p
ix

el
va

lu
e
z i
,j

at
th

e
lo

ca
ti

on
(i
,j

),
a
n
d
D

d
en

ot
es

th
e

se
t

of
th

e
lo

ca
ti

on
s

of
p
ix

el
s

w
it

h
va

lu
es

0
or

25
5.

F
ro

m
(2

9)
,

if
w

e
se

t
th

e
fa

ct
or

s

f
(x
i,
j
)
∝

ex
p

{ −
1 2
w
i,
j
(x
i,
j
−
z i
,j

)2
}
,

(3
0
)

f
(x
i,
j
,x̃

)
∝

ex
p

{ −
1 2

(x
i,
j
−
x̃

)2
}
,

(3
1
)

w
h
er

e
x̃

d
en

ot
es

th
e

n
ei

gh
b

or
in

g
p
ix

el
of
x
i,
j

(i
.e

.,
x
i,
j−

1
or
x
i,
j+

1
or
x
i−

1
,j

o
r
x
i+

1
,j

),
b
y

tr
ea

ti
n
g

al
l
x
i,
j

as
co

n
ti

n
u
ou

s
va

ri
ab

le
s,

w
e

ca
n

p
er

fo
rm

G
au

ss
ia

n
B

P
to

re
co

ve
r

th
e

im
a
g
e.

A
s

a
d
em

on
st

ra
ti

on
,

w
e

ch
o
os

e
a

25
6
×

25
6

gr
ay

-s
ca

le
L

en
a

im
ag

e.
T

h
e

o
ri

g
in

a
l

im
a
g
e

(s
h
ow

n
in

F
ig

u
re

8(
a)

)
is

co
rr

u
p
te

d
b
y

50
%

sa
lt

-a
n
d
-p

ep
p

er
n
oi

se
on

th
e

fa
ce

a
n
d

5
%

sa
lt

-
an

d
-p

ep
p

er
n
oi

se
on

ot
h
er

p
ar

ts
,

as
sh

ow
n

in
F

ig
u
re

8
(b

).
F

ig
u
re

8(
c)

sh
ow

s
th

e
re

co
ve

re
d

im
ag

e
b
y

G
au

ss
ia

n
B

P
u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g,

w
h
er

e
w

e
se

t
w
i,
j

=
10
−
6

fo
r

(i
,j

)
∈
D

an
d
w
i,
j

=
1

fo
r

(i
,j

)
/∈
D

.
S
in

ce
w
i,
j
>

0,
b
y

T
h
eo

re
m

10
,

w
e

k
n
ow

th
at

G
a
u
ss

ia
n

B
P

co
n
ve

rg
es

in
so

lv
in

g
th

e
p
ro

b
le

m
in

(2
9)

u
n
d
er

b
ot

h
sy

n
ch

ro
n
ou

s
an

d
to

ta
ll
y

a
sy

n
ch

ro
n
o
u
s

sc
h
ed

u
li
n
gs

.
M

or
eo

ve
r,

fo
r

co
m

p
ar

is
on

,
F

ig
u
re

8(
d
)

an
d

(e
)

sh
ow

th
e

im
ag

es
re

co
ve

re
d

b
y

th
e

m
ed

ia
n

fi
lt

er
(5
×

5)
fo

r
al

l
p
ix

el
s

an
d

on
ly

fo
r

p
ix

el
s

w
it

h
va

lu
es

0
or

25
5
,

re
sp

ec
ti

ve
ly

.
It

ca
n

b
e

se
en

th
at

th
e

im
ag

e
re

co
ve

re
d

b
y

G
au

ss
ia

n
B

P
h
as

a
m

u
ch

b
et

te
r

v
is

u
a
l

q
u
a
li
ty

th
an

th
os

e
b
y

th
e

m
ed

ia
n

fi
lt

er
s.
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C
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7
.
C
o
n
clu

sio
n
s

In
th

is
p
a
p

er,
a

u
n
ifi

ed
con

vergen
ce

an
aly

sis
of

G
au

ssian
B

P
in

G
au

ssian
M

R
F

an
d

p
air-

w
ise

lin
ea

r
G

a
u
ssian

m
o
d
el

w
as

p
resen

ted
.

B
y

u
sin

g
a

gen
eral

p
airw

ise
factorization

of
th

e
jo

in
t

G
a
u
ssian

d
istrib

u
tion

,
gen

eral
con

vergen
ce

con
d
ition

s
of

th
e

G
au

ssian
B

P
b

eliefs
w

ere
d
erived

fo
r

b
oth

sy
n
ch

ron
ou

s
an

d
totally

asy
n
ch

ro
n
ou

s
sch

ed
u
lin

gs.
W

ith
th

e
gen

eral
co

n
verg

en
ce

co
n
d
ition

s,
ex

istin
g

con
verg

en
ce

con
d
itio

n
s

su
ch

as
w

alk
-su

m
m

a
b
ility,

p
airw

ise-
n
o
rm

a
lizab

ility,
con

vex
d
ecom

p
osition

,
an

d
d
iagon

al
d
om

in
an

ce,
w

ere
ex

ten
d
ed

from
th

eir
o
rig

in
a
l

co
n
sid

ered
p
airw

ise
factorization

s
to

th
e

p
rop

osed
g
en

eral
p
airw

ise
factorization

.
M

o
reover,

b
y

fu
rth

er
lin

k
in

g
th

e
p
airw

ise-n
orm

alizab
ility

in
G

au
ssian

M
R

F
to

p
airw

ise
lin

ea
r

G
a
u
ssia

n
m

o
d
el,

an
easily

verifi
ab

le
su

ffi
cien

t
con

vergen
ce

con
d
ition

w
as

p
rop

osed
.

N
u
m

erica
l

ex
a
m

p
les

an
d

ap
p
lication

s
w

ere
p
resen

ted
to

corrob
orate

th
e

n
ew

ly
estab

lish
ed

co
n
verg

en
ce

resu
lts.

A
p
p
e
n
d
ix

A
.
R
e
la
tio

n
sh

ip
s
A
m
o
n
g
F
a
cto

riza
tio

n
s
F

1 —
F

4

In
F
1 ,

if
w

e
set

a
ij

=
a
ji

=
0,
p
i

=
J
ii ,

th
en
F
1

is
red

u
ced

to
F
3 ,

w
h
ich

im
p
lies

th
at
F
3

is
a

sp
ecifi

c
settin

g
of
F
1 .

O
n

th
e

oth
er

h
an

d
,

from
th

e
con

strain
t

of
F
2 ,
ξ
ij ,

ξ
ji
>

0,
so

th
e

co
effi

cien
ts

o
f

th
e

term
s
x
2i

an
d
x
2j

in
f
ij (x

i ,x
j )

can
n
o
t

b
e

zero.
T

h
erefore,

F
2

can
n
ot

red
u
ce

to
F
3 ,

a
n
d

v
ice

versa.
F

u
rth

erm
ore,

in
th

e
con

strain
t

of
F
4 ,

d
u
e

to
η
ij
>

0,
th

e
co

effi
cien

ts
o
f

th
e

term
s
x
2i

an
d
x
2j

in
f
ij (x

i ,x
j )

can
n
ot

b
e

zero.
T

h
erefore,

F
4

can
n
ot

red
u
ce

to
F
3 ,

a
n
d

v
ice

versa
.

In
F
2 ,

if
ςij

=
ςji

=
0,

b
y

com
p
arin

g
f
i (x

i )
an

d
f
ij (x

i ,x
j )

in
F
2

w
ith

th
ose

in
F
1 ,

w
e

h
ave

ξ
ij J

2ij
=
a
ij ,
ξ
ji J

2ij
=
a
ji ,
J
ii −

∑
k∈B

i
ξ
ik J

2ik
=
p
i ,

th
erefore

F
2

b
ecom

es
th

e
form

a
s
F
1 .

H
ow

ev
er,

if
w

e
set

ςij 6=
0

or
ςji 6=

0,
f
ij (x

i ,x
j )

in
F
2

w
ill

n
ev

er
b

ecom
e

th
e

form
as

th
at

in
F
1

sin
ce
f
ij (x

i ,x
j )

in
F
1

d
o
es

n
ot

co
n
tain

th
e

fi
rst-ord

er
term

s
of

variab
le
x
i

an
d
x
j .

O
n

th
e

o
th

er
h
a
n
d
,

in
F
1 ,

if
a
ij a

ji −
J
2ij
<

0,
F
1

w
ill

n
ot

satisfy
th

e
con

vex
d
ecom

p
osition

in
F
2 ,

w
h
ich

im
p
lies

F
1

can
n
ot

b
e

in
clu

d
ed

in
F
2

for
th

ese
cases.

T
h
erefore,

F
1

an
d
F
2

a
re

overla
p
p
in

g
,

b
u
t

on
e

can
n
ot

in
clu

d
e

th
e

oth
er.

In
F
1 ,

if
p
i ,a

ij ,a
ji
>

0
an

d
a
ij a

ji
=
J
2ij ,
F
1

can
b

e
con

v
erted

in
to
F
4

w
ith

ζ
i

=
p
i ,

y
i

=
h
i /
p
i ,
η
ij

=
1,
z
ij

=
0,
c
ij

=
√
a
ij

an
d
c
ji

=
√
a
ji .

B
u
t

if
p
i
<

0
in
F
1 ,

d
u
e

to
ζ
i ≥

0
in
F
4 ,
f
i (x

i )
in
F
1

can
n
ot

b
e

con
verted

in
to

th
at

in
F
4 ,

w
h
ich

im
p
lies

F
1

is
n
ot

in
clu

d
ed

in
F
4 .

O
n

th
e

oth
er

h
an

d
,

if
z
ij 6=

0
in
F
4 ,
f
ij (x

i ,x
j )

in
F
4

con
ta

in
s

th
e

fi
rst-ord

er
term

s
o
f

va
ria

b
le
x
i

a
n
d
x
j

w
h
ile

f
ij (x

i ,x
j )

in
F
1

d
o
es

n
ot

con
tain

th
e

fi
rst-ord

er
term

s
of
x
i

an
d

x
j ,

w
h
ich

im
p
lies

F
4

can
n
ot

b
e

in
clu

d
ed

in
F
1 .

T
h
erefore,

F
1

an
d
F
4

are
overla

p
p
in

g,
b
u
t

o
n
e

ca
n
n
o
t

in
clu

d
e

th
e

oth
er.

In
F
4 ,

if
ζ
i

=
0,
f
i (x

i )
in
F
4

d
o
es

n
ot

satisfy
th

e
con

d
ition

J
ii −

∑
k∈B

i
ξ
ik J

2ik
>

0
of

f
i (x

i )
in
F
2 ,

w
h
ich

im
p
lies

F
4

is
n
ot

in
clu

d
ed

in
F
2

for
th

is
case.

B
u
t

if
ζ
i
>

0,
th

en
F
4

can
b

e
co

n
v
erted

in
to
F
2

w
ith

J
ii −
∑

k∈B
i
ξ
ik

=
ζ
i
>

0,
h
i −
∑

k∈B
i
ςik

=
ζ
i y
i ,
ξ
ij J

2ij
=
η
ij c

2ij
>

0,

ξ
ji η

2ij
=
η
ij c

2ji
>

0,
J
ij

=
η
ij c

ij c
ji ,

ςij
=
η
ij z

ij c
ij

an
d
ςji

=
η
ij z

ij c
ji .

O
n

th
e

oth
er

h
an

d
,

co
m

p
a
rin

g
F
2

w
ith

F
4 ,

if
f
i (x

i )
an

d
f
ij (x

i ,x
j )

in
F
2

can
b

e
ex

p
ressed

b
y

th
ose

in
F
4 ,

w
e

m
u
st

h
ave

ξ
ij J

2ij
=
η
ij c

2ij ,
ξ
ji J

2ij
=
η
ij c

2ji ,
an

d
J
ij

=
η
ij c

ij c
ji .

F
rom

th
ese

con
d
ition

s,
w

e

o
b
ta

in
th

a
t
ξ
ij ξ

ji J
4ij

=
η
2ij c

2ij c
2ji

=
J
2ij .

D
u
e

to
η
ij ,c

ij ,c
ji 6=

0,
J
ij 6=

0
an

d
th

e
ab

ove
resu

lt

red
u
ces

to
ξ
ij ξ

ji J
2ij

=
1

if
F
2

can
b

e
ex

p
ressed

b
y
F
4 .

H
en

ce,
w

h
en

ξ
ij ξ

ji J
2ij
>

1
in
F
2 ,

it
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L
I
a
n
d

W
U

im
p
lies

th
at
F
2

can
n
ot

b
e

ex
p
ressed

b
y
F
4 .

T
h
erefore,

F
2

an
d
F
4

are
overlap

p
in

g,
b
u
t

on
e

can
n
ot

in
clu

d
e

th
e

oth
er.

F
in

ally,
in
F
4 ,

if
ζ
i
>

0
for

all
i

=
1
,2,···

,n
an

d
z
ij

=
0

for
all

(i,j)
∈
E

,
th

en

f
ij (x

i ,x
j )

red
u
ces

to
f
ij (x

i ,x
j )∝

ex
p {−

12 η
ij

(c
ij x

i
+
c
ji x

j )
2 }

.
T

h
en

,
com

p
a
rin

g
F
4

w
ith

F
1 ,

if
w

e
p
u
t
ζ
i

=
p
i ,
y
i

=
h
i /p

i ,
η
ij c

2ij
=
a
ij ,
η
ij c

2ji
=
a
ji

an
d
η
ij c

ij c
ji

=
J
ij ,

th
en
f
i (x

i )
an

d
f
ij (x

i ,x
j )

in
F
4

b
ecom

e
th

ose
in
F
1 .

O
n

th
e

oth
er

h
an

d
,

com
p
arin

g
F
4

w
ith

F
2 ,

if
w

e
p
u
t

ζ
i

=
J
ii −

∑
k∈B

i
ξ
ik J

2ik ,
ζ
i y
i

=
h
i −
∑

k∈B
i
ςik ,

η
ij c

2ij
=
ξ
ij J

2ij ,
η
ij c

2ji
=
ξ
ji J

2ij ,
η
ij c

ij c
ji

=
J
ij

an
d
ςij

=
ςji

=
0
,

th
en

f
i (x

i )
an

d
f
ij (x

i ,x
j )

in
F
4

red
u
ce

to
th

ose
in
F
2

an
d

satisfy
th

e
con

vex
d
ecom

p
osition

.
H

en
ce,

w
e

fou
n
d

a
m

o
d
el

th
a
t

is
a

sp
ecial

case
of
F
4 ,

b
u
t

at
th

e
sam

e
tim

e
can

b
e

ex
p
ressed

in
th

e
form

of
F
1

an
d
F
2 .

T
h
erefore,

th
ere

ex
ists

an
in

tersection
of
F
1 ,
F
2

an
d
F
4 .

A
p
p
e
n
d
ix

B
.
D
e
riv

a
tio

n
o
f
G
a
u
ssia

n
B
P

M
e
ssa

g
e
s

B
y

su
b
stitu

tin
g

th
e

factors
of
F
5

an
d

(8)
in

to
(7),

w
e

ob
tain

th
e

ex
p
ression

m
(l)
j→

i (x
i )∝

ex
p {−

12
γ
ij x

2i
+
κ
ij x

i }
×

∫
∞−
∞

ex
p 
−

12


φ
j

+
γ
ji

+
∑k∈B

j \
i α

(l−
1
)

k→
j 

x
2j

+


ψ
j

+
κ
ji −

τ
ij x

i
+
∑k∈B

j \
i β

(l−
1
)

k→
j 

x
j 

d
x
j .

(32)

F
or

th
e

in
tegration

in
(32),

it
rem

ain
s

fi
n
ite

if
an

d
on

ly
if
φ
j

+
γ
ji

+
∑

k∈B
j \
i α

(l−
1
)

k→
j
>

0.

If
th

e
con

d
ition

φ
j

+
γ
ji

+
∑

k∈B
j \
i α

(l−
1
)

k→
j
>

0
is

satisfi
ed

,
b
y

p
erfo

rm
in

g
th

e
in

tegration
in

(32),
w

e
h
ave

m
(l)
j→

i (x
i )

∝
ex

p  −
12


γ
ij −

τ
2ij

φ
j +
γ
ji +

∑k∈B
j \
i α

(l−
1
)

k→
j 

︸
︷︷

︸
α
(l)
j→

i

x
2i +


κ
ij −

τ
ij ψ

j +
τ
ij κ

ji +
∑k∈B
j \
i τ
ij β

(l−
1
)

k→
j

φ
j +
γ
ji +

∑k∈B
j \
i α

(l−
1
)

k→
j



︸
︷︷

︸
β
(l)
j→

i

x
i 

,

(33)

w
h
ere

th
e

m
essage

m
(l)
j→

i (x
i )

is
m

ain
tain

ed
th

e
sam

e
form

as
in

(8)
an

d
p
ara

m
eterized

b
y

a

p
air

of
p
aram

eters
α
(l)
j→

i
an

d
β
(l)
j→

i .
If
φ
j

+
γ
ji

+
∑

k∈B
j \
i α

(l−
1
)

k→
j
≤

0,
th

e
m

essage
m

(l)
j→

i (x
i )

is
n
ot

d
efi

n
ed

.
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n

is
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N

sim
p
ly
α
(l)
i→

j −
γ
ji

(see
(36))

u
n
d
er

totally
asy

n
ch

ron
ou

s
sch

ed
u
lin

g,
w

e
ob

tain
α
(l)
i→

j −
γ
ji
>

q
i→

j .
T

h
erefo

re,
w

e
h
ave

p
roved

α
(l)
k→

i −
γ
ik
>
q
k→

i
for

all
l≥

0.
S
u
ffi

cien
t

co
n
d
ition

:
W

e
n
eed

to
p
rove

th
at

if
B

P
b

eliefs
stay

as
valid

G
au

ssian
p

d
fs

at
all

iteration
s,

th
e

set
Q

w
ill

b
e

n
on

-em
p
ty.

W
h
en

B
P

b
eliefs

stay
as

valid
G

au
ssian

p
d
fs

at
all

iteration
s

u
n
d
er

tota
lly

a
sy

n
ch

ron
ou

s
sch

ed
u
lin

g,
w

e
can

ob
tain

φ
j

+
γ
ji +

∑
k∈B

j \
i α

(T
j→

i
k→

j (l))

k→
j

>
0

an
d

φ
i

+
∑

k∈B
i
α
(l)
k→

i
>

0
for

all
l≥

0.
W

h
en

l
=

1,
if

1
∈
T
j→

i ,
th

en
α
(l)
j→

i
is

u
p

d
ated

.
D

u
e

to
φ
j

+
γ
ji

+
∑

k∈B
j \
i α

(T
j→

i
k→

j (0
))

k→
j

>
0,

fu
rth

er
b
y

th
e

u
p

d
ate

eq
u
ation

(36),
w

e
can

ob
tain

α
(1
)

j→
i

=
γ
ij −

τ
2ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i
α
(T
j→

i
k→

j
(0

))

k→
j

<
γ
ij .

D
u
e

to
α
(0
)

j→
i ≥

γ
ij ,

w
e

h
ave

α
(1
)

j→
i
<
α
(0
)

j→
i .

If
1
/∈
T
j→

i ,
w

e
h
ave

α
(1
)

j→
i

=
α
(0
)

j→
i .

T
h
erefore,

α
(l)
j→

i ≤
α
(l−

1
)

j→
i

is
tru

e
for

l
=

1.
S
u
p
p

ose

th
a
t
α
(l)
j→

i ≤
α
(l−

1
)

j→
i

is
tru

e.
If
l

+
1
/∈
T
j→

i ,
α
(l+

1
)

j→
i

is
n
ot

u
p

d
ated

an
d
α
(l+

1
)

j→
i

=
α
(l)
j→

i .
If

l
+

1
∈
T
j→

i ,
th

en
α
(l+

1
)

j→
i

is
u
p

d
ated

.
W

e
d
iv

id
e

th
e

d
iscu

ssion
in

to
tw

o
cases:

1
)

If
α
(l)
j→

i
is

u
p

d
ated

for
th

e
fi
rst

tim
e

at
th

e
(l

+
1)-th

iteration
,

w
e

h
ave

α
(l)
j→

i
=
α
(0
)

j→
i .

F
ro

m
(3

6
),

w
e

can
ob

tain
α
(l+

1
)

j→
i

=
γ
ij −

τ
2ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i
α
(T
j→

i
i→

j
(l))

k→
j

<
γ
ij .

D
u
e

to
α
(0
)

j→
i
>

γ
ij ,

w
e

ca
n

ob
tain

α
(l+

1
)

j→
i
<
α
(l)
j→

i .

2)
If
α
(l)
j→

i
h
a
s

b
een

u
p

d
ated

b
efore

th
e

(l+
1)-th

itera
tion

,
w

e
su

p
p

ose
th

at
l1

is
th

e
m

ost

recen
t

iteration
for

th
e

u
p

d
ate

of
α
(l)
j→

i ,
w

h
ere

l1
≤
l.

S
in

ce
T
j→

i
k→

j (l)≥
T
j→

i
k→

j (l1 −
1)

a
n
d

d
u
e

to
th

e
assu

m
p
tion

α
(l)
k→

j
≤
α
(l−

1
)

k→
j

,
w

e
can

o
b
tain

α
(T
j→

i
k→

j (l))

k→
j

≤
α
(T
j→

i
k→

j (l1 −
1
))

k→
j

.

F
u
rth

er
d
u
e

to
φ
j +
γ
ji +
∑

k∈B
j \
i α

(T
j→

i
k→

j (l))

k→
j

>
0

an
d
φ
j +
γ
ji +
∑

k∈B
j \
i α

(T
j→

i
k→

j (l1 −
1
))

k→
j

>
0,

w
e

ca
n

o
b
tain

γ
ij −

τ
2ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i
α
(T
j→

i
k→

j
(l))

k→
j

≤
γ
ij −

τ
2ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i
α
(T
j→

i
k→

j
(l1 −

1
))

k→
j

,
i.e.,

α
(l+

1
)

j→
i
≤
α
(l1

)
j→

i .
M

oreover,
sin

ce
α
(l)
j→

i
is

n
ot

u
p

d
ated

after
th

e
l1 -th

iteration
a
n
d

b
efore

th
e

(l
+

1
)-th

iteration
,

w
e

h
ave

α
(l)
j→

i
=
α
(l1

)
j→

i .
H

en
ce,

w
e

can
ob

tain
α
(l+

1
)

j→
i
≤
α
(l)
j→

i .

T
h
erefo

re,
α
(l)
j→

i
is

a
m

on
oton

ically
d
ecreasin

g
seq

u
en

ce
u
n
d
er

tota
lly

asy
n
ch

ron
ou

s
sch

ed
u
l-

in
g
.F

u
rth

erm
o
re,

if
α
(l)
j→

i
is

n
ot

b
ou

n
d
ed

b
elow

,
th

en
it

go
es

to
−
∞

w
h
en

th
e

iteration
s

g
o
es

to
in

fi
n
ity,

w
h
ich

lead
s

to
φ
i

+
∑

k∈B
i
α
(l)
k→

i
<

0
w

h
en

l
go

es
to

in
fi
n
ity.

T
h
is

lead
s

to
a

co
n
tra

d
iction

w
ith

th
e

con
d
ition

φ
i

+
∑

k∈B
i
α
(l)
k→

i
>

0
for

all
l≥

0.
T

h
erefore,

α
(l)
j→

i

m
u
st

b
e

b
o
u
n
d
ed

b
elow

.
T

ogeth
er

w
ith

th
e

m
on

oton
ically

d
ecreasin

g
p
rop

erty
o
f
α
(l)
j→

i ,

α
(l)
j→

i
con

verg
es.

H
ere,

w
e

su
p
p

ose
th

a
t
α
∗

is
th

e
con

verged
valu

e
of
α

(l).
D

efi
n
in

g
α
∗j→

i
=

q
j→

i +
γ
ij ,

a
n
d

p
u
ttin

g
it

in
to

th
e

co
n
d
ition

gu
aran

teein
g

th
e

va
lid

ity
of

in
tegration

in
(32)

a
n
d
ν
(l)
x
i
>

0
,
w

e
can

ob
tain

φ
i +
γ
ij +
∑

k∈B
i \
j (q

k→
i +
γ
ik )

>
0

an
d
φ
i +
∑

k∈B
i (q

k→
i +
γ
ik )

>
0

fo
r
l≥

0
.

M
oreover,

p
u
ttin

g
α
∗j→

i
=
q
j→

i
+
γ
ij

in
to

th
e

u
p

d
ate

eq
u
ation

(36),
w

e
h
ave

23
JM

L
R

 20(144):1-30, 2019

L
I
a
n
d

W
U

q
j→

i
=
−

τ
2ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i (q

k→
j +
γ
j
k
) .

B
u
t

th
ese

are
in

fact
th

e
th

ree
con

strain
ts

of
th

e
setQ

.

T
h
erefore,

w
e

h
ave

fou
n
d

a
q
∈
Q

w
ith

th
e

elem
en

t
q
j→

i
=
α
∗j→

i −
γ
ij ,

an
d

th
e

set
Q

is
n
on

-em
p
ty.

A
p
p
e
n
d
ix

F
.
P
ro

o
f
o
f
L
e
m
m
a
5

F
or

sy
n
ch

ron
ou

s
sch

ed
u
lin

g,
b
y

C
orollary

3,
u
n
d
er

a
n
y

in
itialization

α
(0
)≥

γ
,

if
th

e
set

Q
is

n
on

-em
p
ty,

B
P

b
eliefs

stay
b

ein
g

valid
G

au
ssian

p
d
fs.

F
u
rth

erm
ore,

from
th

e
p
ro

of
of

su
ffi

cien
t

con
d
ition

in
C

orollary
3,

it
is

p
roved

th
at

B
P

b
eliefs

stay
in

valid
G

au
ssian

form
lead

s
to
α

(l)
con

verges.
T

h
en

,
th

e
m

atrix
A

con
sists

of
elem

en
ts

τ
ij

φ
j +
γ
j
i +
∑
k∈
B
j \
i
α
∗k→

j

for
all

(i,j)∈
E

,
w

h
ere

α
∗

is
th

e
con

verged
valu

e
of
α

(l).
S
in

ce
τ
ij

=
J
ij

an
d
φ
j

+
γ
ji

+
∑

k∈B
j \
i α
∗k→

j
=
φ
j

+
∑

k∈B
j
γ
jk

+
∑

k∈B
j \
i (α
∗k→

j −
γ
jk )

=
J
jj

+
∑

k∈B
j \
i (α
∗k→

j −
γ
jk )

for
a

G
au

ssian
p

d
f

w
ith

in
form

ation
m

atrix
J

,
th

e
elem

en
ts

of
A

b
ecom

e
J
ij

J
j
j +
∑
k∈
B
j \
i (α
∗k→

j −
γ
j
k
)

for
all

(i,j)∈
E

.
O

n
th

e
oth

er
h
an

d
,

from
(34),

if
w

e
treat

α
(l)
j→

i −
γ
ij ,

α̃
(l)
j→

i
as

a
w

h
ole

an
d

p
u
ttin

g
φ
i
+
∑

k∈B
i
γ
ik

=
J
ii

an
d
τ
ij

=
J
ij ,

th
e

resu
ltan

t
eq

u
atio

n
b

ecom
es

(12)
in

S
u

an
d

W
u

(2014).
F

u
rth

erm
ore,

p
u
ttin

g
φ
i
+
∑

k∈B
i
γ
ik

=
J
ii

an
d
τ
ij

=
J
ij ,

th
e

setQ
red

u
ces

to

Q̃
d
efi

n
ed

in
th

e
p
ro

of
of

T
h
eorem

1.
T

h
erefore,

n
on

-em
p
ty
Q

im
p
lies

th
atQ̃

is
n
on

-em
p
ty.

B
y

S
u

an
d

W
u

(2014,
T

h
eorem

2),
u
n
d
er

an
y

in
itialization

α̃
(0
)≥

0
an

d
n
on

-em
p
ty
Q̃

,
α̃

(l)

con
verges

to
th

e
sam

e
valu

e
α̃
∗.

R
ecogn

izin
g

th
at
α̃
∗

=
α
∗−

γ
is

th
e

sam
e

for
an

y
γ

,
w

e
can

con
clu

d
e

th
at

u
n
d
er

sy
n
ch

ron
ou

s
sch

ed
u
lin

g,
th

e
elem

en
ts

of
m

atrix
A

are
in

d
ep

en
d
en

t
of

factorization
p
aram

eters
for

an
y

in
itialization

α
(0
)≥

γ
.

S
in

ce
th

e
m

atrix
A

in
totally

asy
n
ch

ron
ou

s
sch

ed
u
lin

g
is

th
e

sam
e

as
th

at
in

sy
n
ch

ron
ou

s
sch

ed
u
lin

g,
L

em
m

a
5

also
h
old

s
for

totally
asy

n
ch

ron
ou

s
sch

ed
u
lin

g.

A
p
p
e
n
d
ix

G
.
P
ro

o
f
o
f
C
o
ro

lla
ry

6

F
or

a
G

au
ssian

p
d
f
w

ith
in

form
ation

m
atrix

J
,
u
n
d
er

an
y

in
itialization

α
(0
)≥

γ
,
b
y

L
em

m
as

4
an

d
5,Q

an
d

A
are

in
d
ep

en
d
en

t
of

factorization
p
aram

eters
in
F
5 .

F
u
rth

erm
ore,

b
y

T
h
eorem

1,
b

elief
varian

ces
con

verge
if

an
d

on
ly

if
th

e
setQ

is
n
on

-em
p
ty

an
d

b
elief

m
ean

s
con

verge
if

an
d

on
ly

if
ρ
(A

)
<

1.
T

h
erefore,

th
e

con
vergen

ce
or

d
ivergen

ce
of

G
au

ssian
B

P
u
n
d
er

sy
n
ch

ron
ou

s
sch

ed
u
lin

g
is

in
d
ep

en
d
en

t
of

factorization
p
aram

eters
in
F
5 .

A
p
p
e
n
d
ix

H
.
P
ro

o
f
o
f
C
o
ro

lla
ry

7

S
in

ce
sy

n
ch

ron
ou

s
sch

ed
u
lin

g
is

a
sp

ecial
case

of
totally

asy
n
ch

ron
ou

s
sch

ed
u
lin

g,
p
rov

in
g

th
e

resu
lt

u
n
d
er

totally
asy

n
ch

ron
ou

s
sch

ed
u
lin

g
is

su
ffi

cien
t.

U
n
d
er

totally
asy

n
ch

ron
ou

s
sch

ed
u
lin

g,
w

alk
-su

m
m

ab
ility

gu
aran

tees
th

at
th

e
set
Q

is
n
on

-em
p
ty

an
d
ρ
(|A
|)
<

1
u
n
d
er

p
airw

ise
factorization

F
3

an
d

in
itialization

α
(0
)≥

0
(S

u
an

d
W

u
,

201
5a,

T
h
eorem

6).
U

sin
g

L
em

m
a

4,Q
is

n
on

-em
p
ty

u
n
d
er

an
y

p
airw

ise
factorization

w
ith

in
F
5 .

F
u
rth

er
b
y

L
em

m
a

5,
w

e
h
ave

ρ
(|A
|)
<

1
u
n
d
er

an
y

p
airw

ise
factorization

w
ith

in
F
5

an
d

an
y

in
itialization

α
(0
)≥

γ
.

T
h
en

ap
p
ly

in
g

T
h
eorem

2,
w

e
ob

-
tain

w
alk

-su
m

m
ab

ility
lead

s
to

G
au

ssian
B

P
con

v
ergen

ce
u
n
d
er

a
n
y

p
airw

ise
factorization

w
ith

in
F
5

an
d

an
y

in
itialization

α
(0
)≥

γ
.

S
in

ce
w

alk
-su

m
m

ab
ility

is
eq

u
iva

len
t

to
con

-

2
4
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N

ve
x

d
ec

om
p

os
it

io
n

(M
oa

ll
em

i
an

d
R

oy
,

20
09

)
or

p
ai

rw
is

e-
n
or

m
al

iz
ab

il
it

y
(M

al
io

u
to

v
et

al
.,

20
06

),
an

d
in

cl
u
d
es

d
ia

go
n
al

d
om

in
an

ce
as

a
sp

ec
ia

l
ca

se
(M

al
io

u
to

v
et

al
.,

20
06

),
G

au
ss

ia
n

B
P

co
n
v
er

ge
s

u
n
d
er

an
y

on
e

of
th

es
e

co
n
d
it

io
n
s,

an
d

th
e

co
n
ve

rg
en

ce
re

su
lt

is
va

li
d

u
n
d
er

an
y

p
ai

rw
is

e
fa

ct
or

iz
at

io
n

w
it

h
in
F
5

a
n
d

an
y

in
it

ia
li
za

ti
on
α

(0
)
≥
γ

.

A
p
p
e
n
d
ix

I.
P
ro

o
f
o
f
T
h
e
o
re
m

8

A
s

gi
ve

n
in

th
e

p
ro

of
of

L
em

m
a

5,
fo

r
a

G
au

ss
ia

n
p

d
f

w
it

h
in

fo
rm

at
io

n
m

at
ri

x
J

,
u
n
d
er

an
y

in
it

ia
li
za

ti
on
α

(0
)
≥
γ

,
if

G
au

ss
ia

n
b

el
ie

fs
co

n
ve

rg
e,

th
en
α̃
∗

=
α
∗
−
γ

is
th

e
sa

m
e

fo
r

an
y
γ

.
O

n
th

e
ot

h
er

h
an

d
,

w
h
en

b
el

ie
f

va
ri

an
ce

s
co

n
ve

rg
e

u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g,

w
e

h
av

e
β
(l
)

=
A
β
(l
−
1
)

+
d

.
B

y
ta

k
in

g
β
(l
)

j→
i
−
κ
ij

,
β̃
(l
)

j→
i,

w
e

h
av

e
th

e
u
p

d
at

e
eq

u
at

io
n

β̃
(l
)

=
A
β̃
(l
−
1
)

+
d̃

,
w

h
er

e
d̃

co
n
ta

in
s

th
e

el
em

en
ts
−

τ i
j
(ψ
j
+
∑
k
∈
B
j
κ
j
k
)

φ
j
+
γ
j
i
+
∑
k
∈
B
j
\i
α
∗ k→

j
fo

r
al

l
(i
,j

)
∈
E

or
d
er

ed
in

th
e

sa
m

e
w

ay
as

th
at

in
α

(l
) .

S
in

ce
J
jj

=
φ
j

+
∑

k
∈B

j
γ
jk

,
J
ij

=
τ i
j

an
d

ψ
j

+
∑

k
∈B

j
κ
jk

=
h
j

fo
r

a
G

au
ss

ia
n

p
d
f

w
it

h
in

fo
rm

at
io

n
m

at
ri

x
J

an
d

p
ot

en
ti

al
ve

ct
or

h
(s

ee
(2

0)
an

d
(2

1)
),

th
e

el
em

en
ts

of
d̃

b
ec

om
e
−

J
ij
h
j

J
j
j
+
∑
k
∈
B
j
\i
(α
∗ k→

j
−
γ
j
k
)

fo
r

al
l

(i
,j

)
∈
E.

D
u
e

to
J
jj

,
J
ij

,
h
j

ar
e

fi
x
ed

an
d
α
∗
−
γ

b
ei

n
g

th
e

sa
m

e
u
n
d
er

in
it

ia
li
za

ti
on
α

(0
)
≥
γ

,

th
e

el
em

en
ts

of
d̃

ar
e

in
d
ep

en
d
en

t
of

fa
ct

or
iz

at
io

n
p
ar

am
et

er
s

in
F
5
.

F
u
rt

h
er

m
or

e,
fr

om
T

h
eo

re
m

1,
w

h
en

G
au

ss
ia

n
B

P
b

el
ie

fs
co

n
ve

rg
e

u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g,

w
e

h
av

e

ρ
(A

)
<

1.
T

h
is

le
ad

s
to
β̃
(l
)

co
n
ve

rg
e

to
β̃
∗

=
(I
−

A
)−

1
d̃

(B
er

ts
ek

a
s

a
n
d

T
si

ts
ik

li
s,

19
89

,
P

ro
p

os
it

io
n

6.
1)

.
S
in

ce
A

an
d

d̃
ar

e
in

d
ep

en
d
en

t
of

fa
ct

or
iz

at
io

n
p
ar

am
et

er
s,

w
e

ca
n

ob
ta

in
β̃
∗

=
β
∗
−
κ

is
u
n
iq

u
e

fo
r

an
y
κ

.
M

or
eo

ve
r,

S
u

an
d

W
u

(2
0
15

a,
T

h
eo

re
m

5)

h
as

p
ro

ve
d

th
at

th
e

co
n
ve

rg
ed
α̃
∗

=
α
∗
−
γ

an
d
β̃
∗

=
β
∗
−
κ

u
n
d
er

to
ta

ll
y

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g

an
d

an
y

in
it

ia
li
za

ti
on
α

(0
) −
γ
≥

0
ar

e
th

e
sa

m
e

va
lu

es
as

th
os

e
u
n
d
er

sy
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
g.

T
h
er

ef
or

e,
u
n
d
er

an
y

in
it

ia
li
za

ti
on
α

(0
)
≥
γ

,
th

e
co

n
v
er

ge
d
α̃
∗

=
α
∗
−
γ

an
d

β̃
∗

=
β
∗
−
κ

ar
e

th
e

sa
m

e
fo

r
d
iff

er
en

t
p
ai

rw
is

e
fa

ct
or

iz
at

io
n
s

u
n
d
er

b
ot

h
sy

n
ch

ro
n
ou

s
an

d
to

ta
ll
y

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
gs

.
S
in

ce
φ
i

+
∑

j∈
B i
γ
ij

=
J
ii

an
d
ψ
i

+
∑

j∈
B i
κ
ij

=
h
i

ar
e

fi
x
ed

fo
r

a
G

au
ss

ia
n

p
d
f

w
it

h
in

fo
rm

at
io

n
m

at
ri

x
J

an
d

p
ot

en
ti

al
ve

ct
or

h
,

an
d

α̃
∗

=
α
∗
−
γ

,
β̃
∗

=
β
∗
−
κ

ar
e

u
n
iq

u
e

w
h
en

G
au

ss
ia

n
B

P
co

n
ve

rg
es

,
x
i’

s
co

n
ve

rg
ed

b
el

ie
f

m
ea

n
ψ
i
+
∑
j
∈
B
i
β
∗ j→

i

φ
i
+
∑
j
∈
B
i
α
∗ j→

i
=

ψ
i
+
∑
j
∈
B
i
κ
ij
+
∑
j
∈
B
i
(β
∗ j→

i
−
κ
ij
)

φ
i
+
∑
j
∈
B
i
γ
ij
+
∑
j
∈
B
i
(α
∗ j→

i
−
γ
ij
)

=
h
i
+
∑
j
∈
B
i
β̃
∗ j→

i

J
ii
+
∑
j
∈
B
i
α̃
∗ j→

i
an

d
b

el
ie

f
va

ri
a
n
ce

1
φ
i
+
∑
j
∈
B
i
α
∗ j→

i
=

1
φ
i
+
∑
j
∈
B
i
γ
ij
+
∑
j
∈
B
i
(α
∗ j→

i
−
γ
ij
)

=
1

J
ii
+
∑
j
∈
B
i
α̃
∗ j→

i
ar

e
u
n
iq

u
e

an
d

in
d
ep

en
d
en

t

of
fa

ct
or

iz
at

io
n

p
ar

am
et

er
s

u
n
d
er

b
ot

h
sy

n
ch

ro
n
ou

s
an

d
to

ta
ll
y

as
y
n
ch

ro
n
ou

s
sc

h
ed

u
li
n
gs

.

A
p
p
e
n
d
ix

J
.
P
ro

o
f
o
f
L
e
m
m
a
9

F
or

an
y

va
li
d

G
au

ss
ia

n
p

d
f,

x
T
J
x

w
it

h
J

d
efi

n
ed

in
(2

0)
ca

n
b

e
w

ri
tt

en
as

x
T
J
x

=
n ∑ i=
1

(J
ii
−
∑ j∈
B i
ω
ij

)x
2 i

+
∑

(i
,j
>
i)
∈E

[x
i
x
j
][

ω
ij

J
ij

J
ij

ω
ji

][
x
i

x
j

]
fo

r
al

l
ω
ij
.

(3
7)

W
h
il
e

th
er

e
ar

e
m

an
y

p
os

si
b
le

w
ay

s
to

w
ri

te
(3

7)
fo

r
an

in
fo

rm
at

io
n

m
at

ri
x

J
,

th
e

G
au

ss
ia

n
m

o
d
el

is
p
ai

rw
is

e-
n
or

m
al

iz
ab

le
if

th
er

e
ex

is
ts

at
le

as
t

on
e

d
ec

om
p

os
it

io
n

(3
7)

w
it

h
ω
ij
≥

0
fo

r
al

l
(i
,j

)
∈
E,

ω
ij
ω
ji
−
J
2 ij
≥

0
fo

r
al

l
(i
,j

>
i)
∈
E

an
d
J
ii
−
∑

j∈
B i
ω
ij
>

0
fo

r
al

l
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9:
C

lu
st

er
in

g
va

ri
ab

le
s

in
to

m
u
lt

ip
le

la
ye

rs
.

i
=

1
,2
,·
··
,n

(K
ol

le
r

an
d

F
ri

ed
m

an
,

20
09

).
P

u
tt

in
g
J
ii

=
φ
i

+
∑

j∈
B i
γ
ij

a
n
d
J
ij

=
τ i
j

in
to

th
e

ab
ov

e
co

n
d
it

io
n
s,

w
e

h
av

e
th

e
co

n
st

ra
in

ts
as

in
(2

3a
)—

(2
3
c)

if
a

G
a
u
ss

ia
n

m
o
d
el

is
p
ai

rw
is

e-
n
or

m
al

iz
ab

le
.

A
p
p
e
n
d
ix

K
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
0

W
e

p
u
t
φ
i

=
ζ i

,
γ
ij

=
η i
j
c2 i
j
,
τ i
j

=
η i
j
c i
j
c j
i

in
to

(2
3a

)—
(2

3c
)

to
re

d
u
ce

th
e

co
n
d
it

io
n
s

fo
r

th
e

sp
ec

ia
l

ca
se

of
p
ai

rw
is

e
li
n
ea

r
G

au
ss

ia
n

m
o
d
el
F
4
:

ω
ij
≥

0
fo

r
al

l
(i
,j

)
∈
E,

(3
8
a
)

ω
ij
ω
ji
−
η
2 ij
c2 i
j
c2 j
i
≥

0
fo

r
al

l
(i
,j
>
i)
∈
E,

(3
8
b
)

ζ i
+
∑ j∈
B i
η i
j
c2 i
j
−
∑ j∈
B i
ω
ij
>

0
,

fo
r

al
l
i

=
1,

2,
··
·,
n
.

(3
8
c)

B
el

ow
w

e
w

il
l

fi
n
d
ω
ij

su
ch

th
at

(3
8a

)—
(3

8c
)

ar
e

sa
ti

sfi
ed

.

T
o

fi
n
d

th
e
ω
ij

,
w

e
cl

u
st

er
al

l
th

e
va

ri
ab

le
s

in
to

m
u
lt

ip
le

la
ye

rs
as

sh
ow

n
in

F
ig

u
re

9.
W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
ζ 1
>

0
an

d
p
u
t
x
1

in
to

th
e

fi
rs

t
la

ye
r.

T
h
en

w
e

d
efi

n
e

a
va

ri
ab

le
in

d
ex

se
t
L 1

=
{1
}

fo
r

va
ri

ab
le
x
1

in
th

e
fi
rs

t
la

y
er

an
d

th
e

co
ll
ec

ti
o
n

o
f

va
ri

a
b
le

s
in

d
ic

es
in

th
e

se
co

n
d

la
ye

r
as

a
se

t
L 2

=
{i
|i
∈
B 1
}.

In
ge

n
er

al
,

th
e

se
t

of
va

ri
a
b
le

s’
in

d
ic

es
in

th
e
k
-t

h
la

ye
r

is
d
efi

n
ed

as
L k

,
{i
|i
∈
B t
\{
L k
−
1
∪
L k
−
2
},

fo
r

al
l
t
∈
L k
−
1
}

w
it

h
2
≤
k
≤

m
,
w

h
er

e
m

is
th

e
n
u
m

b
er

of
to

ta
l
la

ye
rs

an
d
L 1
∪L

2
∪·
··∪
L m

=
{1
,2
,·
··
,n
}.

F
u
rt

h
er

m
o
re

,

b
as

ed
on

th
e

n
et

w
or

k
in

F
ig

u
re

9,
w

e
ca

n
d
ec

om
p

os
e

th
e

se
t
E

=
m ⋃ k
=
2

(E
k
,k
∪
E+ k
−
1
,k
∪
E− k
−
1
,k

),

w
h
er

e
E k
,k

,
{(
i,
j)
∈
E
|
i,
j
∈
L k
},
E+ k
−
1
,k

=
{(
i,
j)
∈
E
|
i
∈
L k
−
1
,j
∈
L k
},

a
n
d

E− k
−
1
,k

=
{(
i,
j)
∈
E
|i
∈
L k
,j
∈
L k
−
1
}.

F
or

th
e

p
re

p
ar

at
io

n
of

fi
n
d
in

g
ω
ij

,
w

e
fi
rs

t
d
efi

n
e

ε i
j

fo
r

al
l

(i
,j

)
∈
E

as
fo

ll
ow

s.
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C
O
N
V
E
R
G
E
N
C
E

O
F
G
A
U
S
S
IA

N
B
P

U
N
D
E
R

G
E
N
E
R
A
L
P
A
IR

W
IS

E
F
A
C
T
O
R
IZ

A
T
IO

N

F
o
r

(i,j)∈
E
−k−

1
,k

w
ith

k
≥

2,
w

e
d
efi

n
e

ε
ij

=



−
η
i1
c
2i1
ζ
1
/
(|B

1 |+
1
)

η
i1
c
21
i +
ζ
1
/
(|B

1 |+
1
)

if
(i,j)∈

E
−1
,2 ,

η
ij c

2ij ∑
(j
,t)∈
E −k−

2
,k−

1
ε
j
t /
(|B

j \L
k−

2 |+
1
)

η
ij c

2j
i −
∑

(j
,t)∈
E −k−

2
,k−

1
ε
j
t /
(|B

j \L
k−

2 |+
1
)

oth
erw

ise.
(39)

W
e

ca
n

p
rove

th
at
ε
ij
<

0
for

all
(i,j)

∈
E
−k−

1
,k

w
ith

k
≥

2
b
y

in
d
u
ction

.
W

h
en

k
=

2,

w
e

h
av

e
j

=
1
.

D
u
e

to
η
i1
>

0
an

d
ζ
1
>

0,
w

e
can

o
b
tain

ε
i1

=
−

η
i1
c
2i1
ζ
1
/
(|B

1 |+
1
)

η
i1
c
21
i +
ζ
1
/
(|B

1 |+
1
)
<

0.

T
h
erefo

re,
ε
i1
<

0
is

tru
e

for
k

=
2.

S
u
p
p

ose
ε
ij
<

0
is

tru
e

for
all

(i,j)∈
E
−k−

1
,k

for
so

m
e

k
≥

2
.

T
h
en

,
for

(i,j)∈
E
−k,k

+
1 ,

w
e

h
ave

ε
ij

=
η
ij c

2ij ∑
(j
,t)∈
E −k−

1
,k
ε
j
t /
(|B

j \L
k−

1 |+
1
)

η
ij c

2j
i −
∑

(j
,t)∈
E −k−

1
,k
ε
j
t /
(|B

j \L
k−

1 |+
1
) .

S
in

ce
on

th
e

rig
h
t

h
a
n
d

sid
e

of
th

is
eq

u
ation

,
(j,t)∈

E
−k−

1
,k ,

b
y

assu
m

p
tion

,
ε
jt
<

0.
F

u
rth

erm
ore,

sin
ce
η
ij
>

0
,

w
e

can
ob

tain
ε
ij
<

0.
T

h
erefo

re,
w

e
h
av

e
p
roved

ε
ij
<

0
for

all
(i,j)∈

E
−k−

1
,k

w
ith

k
≥

2
.

B
a
sed

on
ε
ij

w
ith

(i,j)∈
E
−k−

1
,k ,

w
e

can
d
efi

n
e
ε
ij

for
(i,j)∈

E
+k−

1
,k

w
ith

k
≥

2
as

ε
ij

=


0

if
(i,j)∈

E
+1
,2 ,

−
∑

(i,t)∈
E −k−

2
,k−

1
ε
it

|B
i \L

k−
2 |+

1
oth

erw
ise.

(40)

F
u
rth

erm
o
re,

w
e

d
efi

n
e
ε
ij

=
−
∑

(i,t)∈
E −k−

1
,k
ε
it

|B
i \L

k−
1 |+

1
for

(i,j)∈
E
k
,k

w
ith

k
≥

2.

B
a
sed

o
n
ε
ij

for
all

(i,j)∈
E

,
w

e
d
efi

n
e
ω
ij

=
η
ij c

2ij
+

ζ
i

|B
i |+

1
+
ε
ij

for
all

(i,j)∈
E

.
T

h
en

w
e

w
ill

p
rove

su
ch

d
efi

n
ed

ω
ij

satisfi
es

th
e

con
d
ition

s
in

(3
8a)—

(38c).

C
o
n
d
itio

n
in

(3
8a):

F
o
r

(i,j)
∈
E
+k−

1
,k

w
ith

k
=

2,
w

e
h
ave

i
=

1.
D

u
e
η
1
j ,ζ

1
>

0
an

d
ε
1
j

=
0,

w
e

can

o
b
ta

in
ω
1
j

=
η
1
j c

21
j

+
ζ
1

|B
1 |+

1
+
ε
1
j

=
η
1
j c

21
j

+
ζ
1

|B
1 |+

1
>

0.
F

or
(i,j)

∈
E
+k−

1
,k

w
ith

k
>

2,

w
e

h
ave

ω
ij

=
η
ij c

2ij
+

ζ
i

|B
i |+

1
+
ε
ij

=
η
ij c

2ij
+

ζ
i

|B
i |+

1 −
∑

(i,t)∈
E −k−

2
,k−

1
ε
it

|B
i \L

k−
2 |+

1
.

D
u
e

to
ε
it
<

0
for

(i,t)∈
E
−k−

2
,k−

1 ,
an

d
η
ij
>

0,
ζ
i ≥

0,
w

e
h
ave

ω
ij
>

0.

F
o
r

(i,j)∈
E
−k−

1
,k

w
ith

k
=

2,
w

e
h
ave

j
=

1.
W

e
can

ob
ta

in
ω
i1

=
η
i1 c

2i1
+

ζ
i

|B
i |+

1
+
ε
i1

=

η
i1 c

2i1
+

ζ
i

|B
i |+

1 −
η
i1
c
2i1
ζ
1
/
(|B

1 |+
1
)

η
i1
c
21
i +
ζ
1
/
(|B

1 |+
1
)

=
ζ
i

|B
i |+

1
+

η
2i1
c
2i1
c
21
i

η
i1
c
21
i +
ζ
1
/
(|B

1 |+
1
) .

D
u
e

to
ζ
i ≥

0
a
n
d
η
i1
>

0
,

w
e

h
ave

ω
i1
>

0
.

F
or

(i,j)∈
E
−k−

1
,k

w
ith

k
>

2
,

w
e

h
ave

ω
ij

=
η
ij c

2ij
+

ζ
i

|B
i |

+
1

+
ε
ij

=
η
ij c

2ij
+

ζ
i

|B
i |

+
1

+
η
ij c

2ij ∑
(j,t)∈E
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m

ic
s

w
il
l

n
ot

b
e

ca
p
tu

re
d
.

A
s

a
re

su
lt

,
offl

in
e

ex
p

er
im

en
ts

ar
e

of
te

n
co

n
si

d
er

ed
as

a
p
re

cu
rs

o
r

to
ev

al
u
at

in
g

a
m

ac
h
in

e
le

ar
n
in

g
sy

st
em

w
it

h
on

li
n
e

ex
p

er
im

en
ts

(S
h
an

i
an

d
G

u
n
aw

a
rd

a
n
a,

20
11

).
H

er
e

w
e

sh
ow

h
ow

th
ey

ca
n

b
e

u
se

d
in

ta
n
d
em

w
it

h
on

li
n
e

ex
p

er
im

en
ts

to
in

cr
ea

se
th

e
ac

cu
ra

cy
an

d
th

ro
u
gh

p
u
t

of
on

li
n
e

B
ay

es
ia

n
op

ti
m

iz
at

io
n
.

B
ay

es
ia

n
op

ti
m

iz
at

io
n

w
it

h
th

e
ai

d
of

a
si

m
u
la

to
r

is
a

sp
ec

ia
l

ca
se

o
f

m
u
lt

i-
fi
d
el

it
y

op
ti

m
iz

at
io

n
,

in
w

h
ic

h
th

er
e

is
a

ta
rg

et
fu

n
ct

io
n

to
b

e
op

ti
m

iz
ed

al
on

g
w

it
h

a
co

ll
ec

ti
o
n

of
ch

ea
p

er
ap

p
ro

x
im

at
io

n
s

of
va

ry
in

g
fi
d
el

it
y.

B
y

m
o
d
el

in
g

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
ap

p
ro

x
im

at
io

n
s

an
d

th
e

ta
rg

et
fu

n
ct

io
n
,

th
e

ap
p
ro

x
im

at
io

n
s

ca
n

b
e

u
se

d
to

m
o
re

effi
ci

en
tl

y
ex

p
lo

re
th

e
d
es

ig
n

sp
ac

e
an

d
to

ac
ce

le
ra

te
th

e
op

ti
m

iz
at

io
n
.

S
w

er
sk

y
et

al
.
(2

0
1
3
)

d
ev

el
o
p

ed
m

u
lt

i-
ta

sk
B

ay
es

ia
n

op
ti

m
iz

at
io

n
(M

T
B

O
),

in
w

h
ic

h
a

m
u
lt

i-
ta

sk
G

au
ss

ia
n

p
ro

ce
ss

(M
T

G
P

)
is

u
se

d
to

m
o
d
el

a
re

sp
on

se
su

rf
ac

e
jo

in
tl

y
ac

ro
ss

ta
sk

s,
w

h
ic

h
co

u
ld

b
e

a
d
is

cr
et

e
se

t
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B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
P
o
l
ic
y
S
e
a
r
c
h
v
ia

O
n
l
in
e
-O

f
f
l
in
e
E
x
p
e
r
im

e
n
t
a
t
io
n

o
f

fi
d
elity

levels.
T

h
ey

sh
ow

ed
th

at
M

T
B

O
is

eff
ectiv

e
for

m
u
lti-fi

d
elity

h
y
p

erp
aram

eter
o
p
tim

iza
tio

n
w

ith
d
ow

n
sam

p
led

d
ata

sets
p
rov

id
in

g
low

-fi
d
elity

estim
ates.

In
th

is
p
ap

er,
w

e
p
rov

id
e

a
rigoro

u
s,

em
p
irical

evalu
ation

of
h
ow

M
T

B
O

can
b

e
u
sed

eff
ectively

fo
r

real-w
orld

p
olicy

search
an

d
con

fi
gu

ration
p
rob

lem
s.

W
e

fi
rst

d
escrib

e
th

e
em

p
irica

l
co

n
tex

t
of

th
is

w
ork

(S
ection

2),
w

h
ich

is
an

o
n
lin

e
ran

k
in

g
sy

stem
in

a
n
on

-
sta

tio
n
a
ry,

n
o
isy

en
v
iron

m
en

t
(i.e.,

live
F

aceb
o
o
k

traffi
c).

W
e

d
escrib

e
a

sim
p
le

sim
u
la

tor
of

th
a
t

en
v
iro

n
m

en
t

w
h
ich

u
ses

th
e

ex
istin

g
even

t
p
red

iction
m

o
d
els

to
p
rov

id
e

co
u
n
terfactu

al
estim

a
tes.

In
S
ection

3
w

e
d
escrib

e
th

e
M

T
G

P
m

o
d
el

th
at

en
ab

les
b

orrow
in

g
of

stren
gth

fro
m

o
ffl

in
e

m
easu

rem
en

ts
to

on
lin

e
m

easu
rem

en
ts,

an
d

rev
iew

th
e

assu
m

p
tio

n
s

b
eh

in
d

th
e

IC
M

kern
el

th
a
t

w
e

u
se.

S
ection

4
p
rov

id
es

th
e

fi
rst

set
of

em
p
irical

resu
lts

on
th

e
su

itab
ility

o
f

th
e

M
T

G
P

for
resp

on
se

su
rface

m
o
d
elin

g
in

an
on

lin
e

ran
k
in

g
sy

stem
.

Im
p

o
rtan

tly,
w

e
sh

ow
th

at
w

ith
th

e
M

T
G

P
w

e
can

d
irectly

u
se

a
sim

p
le,

b
iased

sim
u
la

tor
togeth

er
w

ith
a

sm
a
ll

n
u
m

b
er

o
f

on
lin

e
ex

p
erim

en
ts

to
accu

rately
p
red

ict
on

lin
e

ou
tcom

es.
In

S
ection

5
w

e
eva

lu
a
te

M
T

G
P

s
an

d
M

T
B

O
on

a
corp

u
s

of
real-w

o
rld

ex
p

erim
en

ts
con

d
u
cted

u
sin

g
ou

r
p
ro

p
o
sed

m
eth

o
d
ology.

T
h
ese

resu
lts

sh
ow

th
at

th
e

ad
d
ition

of
th

e
sim

u
lator

lead
s

to
b

etter
u
ser

ex
p

erien
ces

d
u
rin

g
th

e
op

tim
ization

an
d

an
im

p
roved

fi
n
al

state.
F

in
ally,

in
S
ection

6
w

e
rev

iew
th

eo
retical

resu
lts

on
M

T
G

P
gen

eralization
,
an

d
th

en
con

stru
ct

em
p
irical

learn
in

g
cu

rves
fo

r
g
en

eralization
in

th
is

settin
g.

W
e

p
rov

id
e

an
em

p
irica

l
an

aly
sis

of
th

e
fa

ctors
b

eh
in

d
M

T
G

P
gen

eralization
an

d
sh

ow
h
ow

th
eory

p
rov

id
es

p
ractical

gu
id

an
ce

on
b

est
p
ra

ctices
fo

r
p

o
licy

search
w

ith
com

b
in

ed
on

lin
e

an
d

offl
in

e
ex

p
erim

en
tation

.

2
.

E
m

p
irica

l
C

o
n
te

x
t

a
n
d

th
e

S
im

u
la

to
r

In
th

is
p
a
p

er
w

e
d
escrib

e
th

e
tu

n
in

g
o
f

a
p
articu

lar
recom

m
en

d
ation

sy
stem

,
th

e
F

aceb
o
ok

N
ew

s
F

eed
.

G
en

erally,
recom

m
en

d
ation

sy
stem

s
con

sist
of

a
n
u
m

b
er

of
m

ach
in

e
learn

in
g

m
o
d
els

th
a
t

p
red

ict
d
iff

eren
t

even
ts,

lik
e

com
m

en
tin

g
or

click
in

g.
W

h
en

an
item

is
sen

t
to

th
e

sy
stem

fo
r

scorin
g,

th
e

score
is

b
ased

on
th

ese
even

t
p
red

iction
s

as
w

ell
a
s

featu
res

of
th

e
item

,
su

ch
a
s

th
e

stren
gth

of
con

n
ection

b
etw

een
v
iew

er
an

d
con

ten
t

p
ro

d
u
cer.

T
h
e

actu
al

sco
re

is
co

m
p
u
ted

b
y

ap
p
ly

in
g

a
collection

of
ru

les
an

d
w

eigh
ts,

w
h
ich

en
co

d
e

b
u
sin

ess
lo

g
ic

a
n
d

p
rov

id
e

a
w

ay
of

com
b
in

in
g

all
of

th
e

ev
en

t
p
red

iction
s

in
to

a
n

overall
score.

T
h
is

co
llection

of
ru

les
is

called
th

e
va

lu
e

m
od

el,
an

d
can

b
e

seen
as

p
aram

eterizin
g

th
e

ra
n
k
in

g
p

o
licy

u
sed

in
a

recom
m

en
d
er

sy
stem

.
In

d
iv

id
u
al

term
s

in
th

e
valu

e
m

o
d
el

m
ay

ta
rg

et
sta

tistical
su

rrogates
(P

ren
tice,

1989;
A

th
ey

et
al.,

2016)
th

at
are

ex
p

ected
to

im
p
rov

e
lo

n
g
-term

o
u
tcom

es
of

in
terest

th
at

are
n
ot

d
irectly

m
o
d
eled

b
y

even
t-b

a
sed

m
o
d
els

th
at

m
ea

su
re

m
o
re

im
m

ed
iate

rew
ard

s.
T

h
e

valu
e

m
o
d
el

form
s

a
con

v
en

ien
t

w
ay

o
f

b
alan

cin
g

m
u
lti-o

b
jective

d
ecision

p
rob

lem
s

fa
ced

in
in

d
u
strial

settin
gs,

an
d

sim
ilar

ap
p
roach

es
can

b
e

fo
u
n
d

a
t

Y
a
h
o
o!,

L
in

ked
In

,
an

d
oth

er
orga

n
ization

s
(A

garw
al

et
al.,

2011,
2015).

A
ty

p
ica

l
valu

e
m

o
d
el

con
tain

s
m

an
y

p
aram

eters
th

at
aff

ect
its

p
erform

an
ce,

su
ch

as
w

eig
h
ts

fo
r

co
m

b
in

in
g

even
t

p
red

iction
p
rob

ab
ilities

a
n
d

ru
les

th
at

ap
p
ly

ad
d
ition

al
w

eigh
ts

to
th

e
sco

res
u
n
d
er

certain
con

d
ition

s.
T

h
ese

ru
les

an
d

w
eigh

ts
con

stitu
te

th
e

p
olicy

for
th

e
sy

stem
.

T
h
e

p
olicy

d
irectly

im
p
acts

lon
g-term

in
d
iv

id
u
a
l-level

ou
tcom

es
an

d
m

u
st

b
e

tu
n
ed

to
a
ch

ieve
th

e
d
esired

sy
stem

p
erform

an
ce.

T
h
e

ou
tcom

es
of

in
terest

can
on

ly
b

e
m

ea
su

red
w

ith
on

lin
e

fi
eld

ex
p

erim
en

ts,
an

d
so

th
e

p
olicy

search
m

u
st

b
e

d
o
n
e

on
lin

e.
F

or
ex

a
m

p
le,

in
th

e
case

of
N

ew
s

F
eed

ran
k
in

g,
a

team
m

ay
w

ish
to

tu
n
e

valu
e

m
o
d
el

p
aram

eters
to

m
a
x
im

ize
a

m
easu

re
of

m
ean

in
g
fu

l
in

teraction
s

(M
o
sseri,

2018),
su

b
ject

to
con

strain
ts

3
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L
e
t
h
a
m

a
n
d

B
a
k
sh

y

on
oth

er
en

gagem
en

t
an

d
ecosy

stem
-related

ou
tcom

es.
T

h
is

is
th

e
ty

p
e

of
p

olicy
search

p
rob

lem
th

at
w

e
w

ish
to

solve
u
sin

g
B

ayesian
op

tim
ization

.

W
e

u
se

th
e

term
experim

en
t

to
refer

to
th

e
p
ro

cess
of

tu
n
in

g
a

p
articu

lar
set

of
p
aram

-
eters.

A
n

ex
p

erim
en

t
rep

resen
ts

a
p

olicy
search

p
rob

lem
an

d
com

p
rises

p
oten

tially
m

an
y

A
/B

tests
an

d
sim

u
lator

ru
n
s.

T
h
e

set
of

p
aram

eters
b

ein
g

tu
n
ed

an
d

th
eir

ran
ges

form
th

e
d
esign

sp
ace

for
th

e
ex

p
erim

en
t,

an
d

w
e

refer
to

th
e

p
aram

eter
va

lu
es

of
an

y
p
articu

lar
con

fi
gu

ration
as

a
po

licy.
W

h
en

p
olicies

are
evalu

ated
,

eith
er

on
lin

e
or

offl
in

e,
w

e
evalu

ate
several

in
p
arallel

an
d

refer
to

th
e

p
olicies

b
ein

g
sim

u
ltan

eou
sly

eva
lu

ated
as

a
ba

tch
.

F
or

each
evalu

ation
,

w
e

record
m

easu
rem

en
ts

of
several

o
u

tco
m

es,
w

h
ich

are
su

m
m

a
ry

statis-
tics

of
th

e
variou

s
m

easu
rem

en
ts

of
sy

stem
p

erform
a
n
ce

(in
clu

d
in

g
in

d
iv

id
u
a
ls’

b
eh

av
iors).

T
h
ese

m
easu

red
ou

tcom
es

of
eith

er
an

on
lin

e
or

offl
in

e
test

are
referred

to
as

o
bserva

tio
n

s
for

th
ose

p
olicies.

B
ecau

se
of

th
e

lim
itation

s
in

on
lin

e
ex

p
erim

en
tation

th
rou

gh
p
u
t,

p
olicy

search
w

ou
ld

b
e

greatly
accelerated

if
th

e
ou

tcom
es

of
in

terest
cou

ld
b

e
m

easu
red

offl
in

e,
v
ia

sim
u
la

tion
.

In
fact,

w
e

alread
y

h
ave

p
red

ictive
m

o
d
els

for
th

e
ev

en
t

p
rob

ab
ilities

of
m

an
y

ou
tcom

es
of

in
terest,

w
h
ich

are
in

corp
orated

in
th

e
valu

e
m

o
d
el.

A
n
äıv

e
ap

p
roach

to
offl

in
e

cou
n
ter-

factu
al

estim
ation

is
to

rep
lay

u
ser

session
s

to
th

e
recom

m
en

d
er

sy
stem

u
n
d
er

a
m

o
d
ifi

ed
valu

e
m

o
d
el,

ap
p
ly

th
e

ev
en

t
m

o
d
els

to
th

e
item

s
selected

b
y

th
e

sy
stem

(e.g.,
p
rob

ab
ility

of
com

m
en

t),
an

d
aggregate

th
e

m
o
d
el

p
red

iction
s

across
m

an
y

rep
layed

session
s

to
estim

ate
top

-level
ou

tcom
es

(e.g.,
total

com
m

en
ts).

T
h
is

sim
u
lation

ap
p
roach

is
attractiv

e
b

ecau
se

it
req

u
ires

little
ad

d
ition

al
in

frastru
ctu

re
b
y

m
ak

in
g

u
se

of
ex

istin
g

even
t

p
red

iction
m

o
d
els,

an
d

it
can

evalu
ate

arb
itrary

ch
an

ges
to

th
e

p
olicy.

H
ow

ever,
as

d
escrib

ed
in

th
e

In
tro

d
u
ction

,
it

su
ff

ers
from

sign
ifi

can
t

lim
itation

s
th

at
p
rev

en
t

it
from

p
ro

d
u
cin

g
accu

rate
estim

ates.
E

x
am

p
les

of
th

e
b
ias

b
etw

een
offl

in
e

estim
ates

w
ith

th
is

tech
n
iq

u
e

an
d

on
lin

e
resu

lts
are

sh
ow

n
in

F
ig.

1.
T

h
is

fi
gu

re
sh

ow
s

th
ree

ou
tcom

es
from

ex
p

erim
en

ts
th

at
varied

valu
e

m
o
d
el

p
aram

eters.
In

each
ex

p
erim

en
t,

a
b
atch

of
20

p
olicies

w
ere

evalu
ated

b
oth

in
th

e
sim

u
lator

an
d

w
ith

on
lin

e
tests.

F
ig

.
1

com
p
ares

th
e

ob
servation

s
of

each
p

olicy,
on

lin
e

an
d

w
ith

th
e

sim
u
lator.

O
b
servation

s
in

F
ig.

1
are

sh
ow

n
rela

tive
to

th
e

statu
s

q
u
o,

m
ean

in
g

0
on

each
ax

is
corresp

on
d
s

to
th

e
statu

s
q
u
o

valu
e.

G
en

erally
th

e
sim

u
lator

ob
servation

s
w

ere
correlated

w
ith

th
e

ob
servation

s
of

on
lin

e
ex

p
erim

en
ts,

b
u
t

sh
ow

ed
in

creasin
gly

large
d
iscrep

an
cies

as
th

e
ou

tp
u
ts

d
ev

iated
fu

rth
er

from
th

e
statu

s
q
u
o.

S
om

e
of

th
is

is
off

-p
olicy

b
ias

to
b

e
ex

p
ected

w
ith

th
is

sim
u
lation

ap
p
roach

sin
ce

it
u
ses

on
ly

on
-p

olicy
train

ed
p
red

ictive
m

o
d
els.

T
h
ere

are
also

relevan
t

d
y
n
am

ics
of

th
e

sy
stem

th
at

are
n
ot

b
ein

g
sim

u
lated

th
at

p
rov

id
e

an
oth

er
so

u
rce

of
b
ias.

S
in

ce
som

e
of
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sio
n
al

valu
e

m
o
d
el

tu
n
in

g
ex

-
p

erim
en

t.
(R

igh
t)

A
G

P
fi
t

to
24

ob
servation

s
in

a
3-d

im
en

sion
al

v
id

eo
p
lay

b
ack

co
n
troller

p
olicy

tu
n
in

g
ex

p
erim

en
t.

G
P

s
p
rov

id
e

go
o
d

p
red

ictio
n
s

for
on

lin
e

fi
eld

ex
p

erim
en

t
ou

tcom
es,

m
ak

in
g

th
em

a
su

itab
le

m
o
d
el

for
B

ayesian
op

tim
iza

tion
.

3
.1

.
T

h
e

M
u

lti-T
a
sk

G
a
u

ssia
n

P
ro

c
e
ss

B
ayesia

n
o
p
tim

ization
w

ith
a

G
P

resp
on

se
su

rface
m

o
d
el

is
eff

ective
for

p
olicy

search
in

o
n
lin

e
sy

stem
s,

h
ow

ever
th

e
n
u
m

b
er

of
ob

servation
s

(on
lin

e
tests)

req
u
ired

for
go

o
d

G
P

p
red

iction
s

w
ith

10–24
p
aram

eters
can

b
e

p
roh

ib
itive

for
sy

stem
s

w
ith

lim
ited

ca
p
acity

for
o
n
lin

e
ex

p
erim

en
ts.

T
h
e

M
T

G
P

p
rov

id
es

a
n
atu

ral
w

ay
to

in
clu

d
e

sim
u
lator

ob
servation

s
in

to
th

e
m

o
d
el

an
d

red
u
ce

th
e

n
u
m

b
er

of
on

lin
e

ob
servation

s
n
eed

ed
.

T
h
e

M
T

G
P

ex
ten

d
s

th
e

G
P

from
a

sin
gle

fu
n
ction

f
to

a
collection

of
fu

n
ction

s
f
1 ,...,f

D
,

ea
ch

of
th

ese
th

e
resp

on
se

su
rface

for
a

task
.

F
or

ou
r

o
ffl

in
e-on

lin
e

p
olicy

search
,

w
e

in
itia

lly
h
ave

tw
o

task
s:

an
on

lin
e

task
con

sistin
g

of
th

e
on

lin
e

ob
servation

s,
an

d
an

o
ffl

in
e

task
w

ith
th

e
sim

u
lator

ob
servation

s.
In

S
ectio

n
5

w
e

w
ill

also
m

o
d
el

d
iff

eren
t

sim
-

u
la

tor
b
a
tch

es
w

ith
sep

arate
task

s
as

w
ell,

an
d

so
w

ill
d
escrib

e
th

e
m

o
d
el

for
an

a
rb

itrary
n
u
m

b
er

o
f

ta
sk

s
D

.

T
h
e

M
T

G
P

covarian
ce

fu
n
ction

m
o
d
els

th
e

covarian
ce

across
task

s
in

ad
d
ition

to
th

e
cova

ria
n
ce

a
cro

ss
th

e
d
esign

sp
ace:

k
((d
,x

),(d ′,x
′))

=
C

ov
[f
d (x

),f
d ′(x

′)].
W

e
w

ill
m

ake
tw

o
a
ssu

m
p
tion

s
to

con
stru

ct
a

m
u
lti-task

covarian
ce

fu
n
ction

.
T

h
e

fi
rst

assu
m

p
tion

is
th

at
a
ll

ta
sk

s
sh

a
re

th
e

sam
e

sp
atial

kern
el,

w
h
ich

w
e

w
ill

d
en

ote
κ

(x
,x
′).

T
h
is

assu
m

p
tion

is
esp

ecia
lly

u
sefu

l
b

ecau
se

it
allow

s
u
s

to
rely

on
th

e
sim

u
la

tor
to

estim
ate

th
e

sp
a
tial

kern
el

h
y
p

erp
a
ram

eters,
w

h
ich

can
h
ave

m
an

y
m

ore
ob

servation
s

th
an

th
e

on
lin

e
task

.
A

sim
ila

r
a
p
p
ro

ach
is

taken
in

rein
forcem

en
t

learn
in

g
in

rob
otics,

w
h
ere

in
form

ation
sh

arin
g

a
cro

ss
ta

sk
s

is
facilitated

b
y

sh
arin

g
a

kern
el

(C
h
ai

et
al.,

2
008).

T
h
e

secon
d

assu
m

p
tion

is
sep

a
ra

b
ility

b
etw

een
th

e
task

covarian
ce

an
d

th
e

sp
atial

covaria
n
ce,

w
h
ich

assu
m

p
tion

y
ield

s

C
ov

[f
d (x

),f
d ′(x

′)]
=
B
d
,d ′κ

(x
,x
′).

(3)
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L
e
t
h
a
m

a
n
d

B
a
k
sh

y

H
ere

B
is

a
p

ositiv
e

sem
id

efi
n
ite

task
covarian

ce
m

atrix
w

ith
elem

en
t
B
d
,d ′

th
e

covarian
ce

b
etw

een
task

s
d

an
d
d ′,

an
d
κ

(x
,x
′)

is
th

e
p
aram

eter
cova

rian
ce

fu
n
ction

.
T

h
is

is
called

th
e

in
trin

sic
coregion

alization
m

o
d
el

(IC
M

)
(Á

lvarez
an

d
L

aw
ren

ce,
2011).

T
h
e

covarian
ce

fu
n
ction

(3)
can

b
e

su
b
stitu

ted
in

to
(2a)

an
d

(2b
)

to
im

m
ed

iately
ex

ten
d

G
P

regression
to

th
e

m
u
lti-task

settin
g.

T
h
e

M
T

G
P

m
ain

tain
s

all
of

th
e

d
esirab

le
p
ro

p
erties

of
th

e
G

P
for

B
ayesian

op
tim

ization
,

w
h
ile

also
m

o
d
elin

g
th

e
relation

sh
ip

b
etw

een
th

e
on

lin
e

an
d

offl
in

e
task

s.
T

h
e

IC
M

k
ern

el
im

p
licitly

m
o
d
els

each
task

fu
n
ction

,
f
d ,

as
b

ein
g

a
lin

ear
com

b
in

ation
of

in
d
ep

en
d
en

t
laten

t
fu

n
ction

s.
In

th
e

case
of

tw
o

task
s,

it
m

o
d
els

each
task

as
a

su
m

of
tw

o
laten

t
fu

n
ction

s

f
1 (x

)
=
a
1
1 u

1 (x
)

+
a
1
2 u

2 (x
),

(4a)

f
2 (x

)
=
a
2
1 u

1 (x
)

+
a
2
2 u

2 (x
),

(4b
)

w
h
ere

u
1 (x

)
an

d
u
2 (x

)
h
ave

G
P

p
riors

w
ith

th
e

sam
e

covarian
ce

fu
n
ction

κ
(x
,x
′)

(Á
lvarez

et
al.,

2012).
T

h
e

w
eigh

ts
are

related
to

th
e

cross-task
covarian

ce
of

(3
)

as
B

1
2

=
a
1
1 a

2
1

+
a
1
2 a

2
2 .

H
igh

cross-task
covarian

ce
th

u
s

corresp
on

d
s

to
th

e
tw

o
task

fu
n
ction

s
con

cen
tratin

g
th

eir
w

eigh
t

on
th

e
sam

e
laten

t
fu

n
ction

.
In

th
e

ex
trem

e
case

of
a
1
2

=
a
2
1

=
0,

th
e

IC
M

kern
el

corresp
on

d
s

ex
actly

to
m

o
d
elin

g
th

e
tw

o
task

s
w

ith
in

d
ep

en
d
en

t
G

P
s

th
at

h
ave

th
e

sam
e

covarian
ce

fu
n
ction

.
T

h
is

form
u
lation

gives
in

sigh
t

in
to

w
h
at

ty
p

e
of

sim
u
lator

b
iases

th
e

M
T

G
P

w
ith

IC
M

kern
el

w
ill

b
e

cap
ab

le
of

cap
tu

rin
g.

R
earran

gin
g

(4a)
an

d
(4b

),
w

e
h
ave

th
at

f
2 (x

)
=

f
1 (x

)
+
u
′(x

)
w

h
ere

u
′(x

)
=

(a
2
1 −

a
1
1 )u

1 (x
)

+
(a

2
2 −

a
1
2 )u

2 (x
).

H
ere

u
′(x

)
is

th
e

b
ias

from
on

e
task

to
th

e
oth

er,
an

d
w

e
see

th
at
u
′(x

)
is

a
G

P
w

ith
covarian

ce
fu

n
ctio

n
κ

(x
,x
′).

T
h
u
s,

th
e

IC
M

kern
el

im
p
licitly

m
o
d
els

th
e

sim
u
lator

b
ias

w
ith

a
G

P
,

an
d

can
cap

tu
re

an
y

sim
u
lator

b
ias

th
at

h
as

th
e

sam
e

d
egree

of
sm

o
oth

n
ess

as
th

e
resp

on
se

su
rface

itself.
T

h
e

b
iases

sh
ow

n
in

F
ig.

1
are

sm
o
oth

over
th

e
ou

tp
u
t

an
d

su
ggest

th
at

an
IC

M
kern

el
sh

ou
ld

b
e

su
ccessfu

l
at

m
o
d
elin

g
an

d
th

u
s

ad
ju

stin
g

for
th

e
b
ia

s
seen

w
ith

th
is

sim
u
lator.

M
T

G
P

in
feren

ce
req

u
ires

fi
ttin

g
th

e
h
y
p

erp
aram

eters
of

th
e

sp
atial

covarian
ce

fu
n
c-

tion
,

as
in

regu
lar

G
P

regression
,

alon
g

w
ith

th
e

cross-task
covarian

ce
m

atrix
B

.
T

h
is

is
d
on

e
b
y

rep
aram

eterizin
g

th
e

cross-task
covarian

ce
m

a
trix

w
ith

its
C

h
olesk

y
d
ecom

p
osition

B
=
L
L
>

,
to

en
su

re
p

ositive
sem

id
efi

n
iten

ess.
T

h
e

m
atrix

L
is

th
en

ch
osen

to
m

ax
im

ize
m

argin
al

likelih
o
o
d
.

W
e

in
ferred

all
kern

el
h
y
p

erp
aram

eters
(B

an
d

th
e

sp
atial

kern
el

h
y
-

p
erp

aram
eters

τ
2

an
d
`
j )

from
th

e
d
ata

b
y

m
ax

im
izin

g
m

a
rgin

al
likelih

o
o
d
,

u
sin

g
th

e
S
cip

y
in

terface
to

L
-B

F
G

S
(B

y
rd

et
al.,

1995;
Z

h
u

et
al.,

1997).
E

stim
atin

g
B

req
u
ires

fi
ttin

g
D

(D
+

1)/2
p
aram

eters.
In

a
B

ayesian
op

tim
ization

settin
g

w
ith

relatively
few

fu
n
ction

evalu
ation

s,
fo

r
even

m
o
d
erate

D
th

ere
can

b
e

m
ore

p
aram

eters
th

an
can

reliab
ly

b
e

fi
t.

B
on

illa
et

al.
(2007)

p
rop

osed
u
sin

g
an

in
com

p
lete

C
h
olesk

y
d
ecom

p
osition

B
=
L̃
L̃
>
,

w
h
ere

L̃
is

a
D
×
P

m
atrix

,
P
<
D

.
T

h
is

red
u
ces

th
e

n
u
m

b
er

of
p
aram

eters
from

O
(D

2)
to
O

(D
P

)
an

d
in

d
u
ces

th
e

con
strain

t
ran

k
(B

)≤
P

.
T

h
ey

sh
ow

th
at

in
p
ractice

low
er

ran
k

p
aram

eterization
s

can
h
ave

low
er

gen
eralization

error
th

an
h
igh

er
ran

k
p
aram

eterization
s.

F
or

tw
o

task
s

(on
lin

e
an

d
offl

in
e)

th
is

is
n
ot

n
ecessary,

b
u
t

later
in

th
is

p
ap

er
w

e
w

ill
m

o
d
el

d
iff

eren
t

b
atch

es
w

ith
a

task
an

d
w

ill
m

ake
u
se

of
a

low
-ran

k
kern

el.
T

h
e

ran
k
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B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
P
o
l
ic
y
S
e
a
r
c
h
v
ia

O
n
l
in
e
-O

f
f
l
in
e
E
x
p
e
r
im

e
n
t
a
t
io
n

of
th

e
ta

sk
co

va
ri

an
ce

m
at

ri
x

co
rr

es
p

on
d
s

to
th

e
n
u
m

b
er

of
la

te
n
t

fu
n
ct

io
n
s

in
(4

a)
an

d
(4

b
).

T
h
os

e
eq

u
at

io
n
s

co
rr

es
p

on
d

to
a

ra
n
k
-2

ta
sk

co
va

ri
an

ce
m

at
ri

x
w

h
il
e

a
ra

n
k
-1

ta
sk

co
va

ri
an

ce
m

at
ri

x
w

ou
ld

im
p
ly

ea
ch

ta
sk

fu
n
ct

io
n

is
a

sc
al

ed
v
er

si
on

of
th

e
sa

m
e,

si
n
gl

e
la

te
n
t

fu
n
ct

io
n
.

T
h
er

e
ar

e
m

an
y

al
te

rn
at

iv
es

to
th

e
IC

M
k
er

n
el

w
it

h
m

or
e

co
m

p
le

x
st

ru
ct

u
re

s—
Á

lv
ar

ez
et

al
.
(2

01
2)

p
ro

v
id

e
a

re
v
ie

w
of

m
u
lt

i-
ta

sk
ke

rn
el

s.
In

ou
r

ap
p
li
ca

ti
o
n
,

th
e

IC
M

a
ss

u
m

p
ti

on
of

sh
ar

ed
sp

at
ia

l
co

va
ri

an
ce

is
im

p
or

ta
n
t

fo
r

en
ab

li
n
g

in
fe

re
n
ce

of
th

e
ke

rn
el

le
n
gt

h
sc

al
es

.
T

h
er

e
ar

e
n
ot

en
ou

gh
on

li
n
e

ob
se

rv
at

io
n
s

to
in

fe
r

a
se

p
ar

at
e

A
R

D
ke

rn
el

fo
r

th
e

on
li
n
e

ta
sk

,
an

d
so

w
e

re
ly

on
th

e
sh

ar
ed

ke
rn

el
an

d
th

e
le

v
er

ag
e

w
e

ca
n

ga
in

fr
om

si
m

u
la

to
r

ob
se

rv
a-

ti
on

s
fo

r
h
y
p

er
p
ar

am
et

er
in

fe
re

n
ce

.
In

S
ec

ti
on

4
w

e
sh

ow
em

p
ir

ic
al

ly
th

at
th

e
tr

an
sf

er
of

in
fo

rm
at

io
n

v
ia

th
e

sh
ar

ed
sp

at
ia

l
ke

rn
el

is
ap

p
ro

p
ri

at
e

in
th

is
se

tt
in

g
an

d
p

er
fo

rm
s

b
et

te
r

th
an

re
st

ri
ct

in
g

th
e

fi
tt

in
g

to
th

e
on

li
n
e

ob
se

rv
at

io
n
s

on
ly

.
In

S
ec

ti
on

6
w

e
u
se

em
p
ir

ic
al

le
ar

n
in

g
cu

rv
es

to
sh

ow
th

at
th

e
sh

ar
ed

sp
at

ia
l

k
er

n
el

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
s

g
en

er
al

iz
at

io
n
.

4
.

M
u
lt

i-
T

a
sk

R
e
sp

o
n
se

S
u
rf

a
ce

M
o
d
e
ls

w
it

h
th

e
S
im

u
la

to
r

W
e

n
ow

st
u
d
y

em
p
ir

ic
al

ly
h
ow

th
e

M
T

G
P

p
er

fo
rm

s
fo

r
p
re

d
ic

ti
n
g

th
e

re
su

lt
s

of
on

li
n
e

va
lu

e
m

o
d
el

tu
n
in

g
te

st
s,

w
it

h
th

e
b

en
efi

t
of

th
e

n
ä
ıv

e
si

m
u
la

to
r

d
es

cr
ib

ed
in

S
ec

ti
on

2.
O

u
r

st
u
d
y

is
b
as

ed
on

11
ex

p
er

im
en

ts
th

at
w

er
e

ru
n

to
im

p
ro

ve
th

e
p

er
fo

rm
an

ce
of

th
e

p
ar

ti
cu

la
r

re
co

m
m

en
d
at

io
n

sy
st

em
,

ac
co

rd
in

g
to

va
ri

ou
s

on
li
n
e

m
et

ri
cs

.
E

ac
h

ex
p

er
im

en
t

op
ti

m
iz

ed
d
iff

er
en

t
se

ts
of

p
ol

ic
y

p
ar

am
et

er
s,

w
it

h
th

e
d
im

en
si

on
al

it
y

ra
n
gi

n
g

fr
om

10
to

20
.

E
ac

h
op

ti
m

iz
at

io
n

b
eg

an
w

it
h

a
b
at

ch
of

20
on

li
n
e

ob
se

rv
at

io
n
s

an
d

10
0

si
m

u
la

to
r

ob
se

rv
at

io
n
s.

T
h
e

p
ol

ic
ie

s
in

th
es

e
b
at

ch
es

w
er

e
ge

n
er

at
ed

fr
om

se
p
ar

at
e

sc
ra

m
b
le

d
S
ob

ol
se

q
u
en

ce
s

(O
w

en
,

19
98

)
u
si

n
g

a
d
iff

er
en

t
se

ed
.

F
or

ea
ch

ex
p

er
im

en
t,

n
in

e
o
u
tc

om
es

w
er

e
m

ea
su

re
d

w
h
ic

h
w

er
e

tr
ea

te
d

in
d
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p
ro

v
id

e
fi
ve

ex
am

p
le

s
of

B
ay

es
ia

n
op

ti
m

iz
at

io
n

u
si

n
g

b
ot

h
on

li
n
e

a
n
d

si
m

u
la

to
r

ob
se

rv
at

io
n
s

ac
co

rd
in

g
to

th
e

lo
op

in
A

lg
or

it
h
m

1.
E

ac
h

of
th

es
e

ex
p

er
im

en
ts

so
u
g
h
t

to
m

ax
im

iz
e

a
p
ar

ti
cu

la
r

ob
je

ct
iv

e
ou

tc
om

e
of

th
e

re
co

m
m

en
d
at

io
n

sy
st

em
’s

o
n
li
n
e

p
er

fo
r-

m
an

ce
,

su
b

je
ct

to
3–

5
co

n
st

ra
in

ts
on

ot
h
er

ou
tc

om
es

.
T

h
e

co
n
st

ra
in

t
ou

tc
o
m

es
h
er

e
a
re

ot
h
er

m
et

ri
cs

th
at

h
av

e
tr

ad
e-

off
s

w
it

h
th

e
ob

je
ct

iv
e,

so
im

p
ro

v
in

g
on

e
ca

n
o
ft

en
b

e
to

th
e

d
et

ri
m

en
t

of
th

e
ot

h
er

.
T

h
e

ex
p

er
im

en
ts

ta
rg

et
ed

d
iff

er
en

t
se

ts
o
f

va
lu

e
m

o
d
el

p
a
ra

m
et

er
s,

w
it

h
th

e
d
es

ig
n

sp
ac

e
d
im

en
si

on
al

it
y

ra
n
gi

n
g

fr
om

10
to

20
.
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B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
P
o
l
ic
y
S
e
a
r
c
h
v
ia

O
n
l
in
e
-O

f
f
l
in
e
E
x
p
e
r
im

e
n
t
a
t
io
n

−
2

−
1 0 1 2

Objective

−
2

−
1 0 1 2

Objective

−
2

−
1 0 1 2

Objective

0
1
0

2
0

3
0

4
0

5
0

Itera
tio

n

−
3

−
2

−
1 0 1

Objective

F
ig

u
re

6
:

R
esu

lts
of

fou
r

sep
arate

p
olicy

search
es

over
d
iff

eren
t

sets
of

valu
e

m
o
d
el

p
a-

ra
m

eters.
E

ach
m

ax
im

ized
th

e
ob

jectiv
e

sh
ow

n
,

su
b

ject
to

3–5
con

strain
ts

(n
ot

sh
ow

n
).

A
s

in
F

ig.
5,

gray
ed

-ou
t

p
oin

ts
w

ere
in

feasib
le

in
ex

p
ectation

,
th

e
solid

lin
e

track
s

th
e

ex
p

ected
b

est-feasib
le

p
olicy,

an
d

vertical
lin

es
d
elin

eate
b
a
tch

es
o
f

p
o
licies

evalu
ated

on
lin

e
in

p
ara

llel.
T

h
ese

ex
am

p
les

sh
ow

th
e

su
ccess

of
m

u
lti-

ta
sk

B
ayesian

op
tim

ization
in

10–20
d
im

en
sion

s.

F
ig

.
5

sh
ow

s
th

e
resu

lts
of

a
rou

n
d

of
B

ayesian
op

tim
ization

in
a

13
-d

im
en

sion
al

sp
ace

w
ith

th
ree

co
n
strain

ts.
T

h
e

q
u
asi-ran

d
om

in
itialization

of
20

on
lin

e
ob

servation
s

a
n
d

1
00

sim
u
la

to
r

o
b
servation

s
w

as
follow

ed
b
y

tw
o

rou
n
d
s

of
in

terleaved
sim

u
lator

an
d

on
lin

e
b
a
tch

es,
a
s

d
escrib

ed
in

S
ection

5.2,
for

a
total

of
160

p
olicies

evalu
ated

in
th

e
sim

u
la-

to
r

a
n
d

4
0

p
o
licies

evalu
ated

on
lin

e.
O

u
tcom

es
an

d
con

strain
ts

w
ere

ea
ch

m
o
d
eled

w
ith

a
n

M
T

G
P

.
T

h
e

fi
gu

re
sh

ow
s

th
e

resu
lts

of
each

o
n
lin

e
ob

servation
.

M
ost

of
th

e
p

olicies
in

th
e

in
itia

liza
tio

n
w

ere
in

feasib
le

in
ex

p
ectation

,
an

d
n
on

e
of

th
e

feasib
le

p
olicies

im
p
roved

over
th

e
sta

tu
s

q
u
o

valu
e

of
0.

T
h
e

statu
s

q
u
o

p
olicy

h
ad

p
rev

iou
sly

b
een

m
an

u
a
lly

tu
n
ed

a
n
d

so
q
u
a
si-ra

n
d
om

search
w

as
n
ot

su
ffi

cien
t

to
im

p
rove

th
e

ob
jective.

O
p
tim

izin
g

w
ith
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L
e
t
h
a
m

a
n
d

B
a
k
sh

y

th
e

M
T

G
P

,
on

th
e

oth
er

h
an

d
,

led
to

sign
ifi

can
tly

b
etter

feasib
le

p
olicies

in
th

e
op

tim
ized

b
atch

es.
N

ot
on

ly
d
id

th
e

op
tim

ization
im

p
rove

th
e

b
est-feasib

le
ob

jectiv
e,

it
also

in
creased

th
e

p
rop

ortion
of

on
lin

e
ob

servation
s

th
at

satisfi
ed

th
e

con
strain

ts,
w

h
ich

corresp
on

d
s

to
im

p
roved

u
ser

ex
p

erien
ce

in
th

e
test

gro
u
p
s.

T
h
e

seco
n
d

op
tim

ized
b
atch

con
tin

u
ed

to
im

p
rove

over
th

e
fi
rst

as
it

w
as

ab
le

to
p
u
sh

closer
to

th
e

con
strain

t
b

ou
n
d
s.

T
h
e

fact
th

at
w

e
are

ab
le

to
join

tly
op

tim
ize

13
p
aram

eters
w

ith
on

ly
40

total
on

lin
e

tests
is

rem
arkab

le,
an

d
is

en
tirely

d
u
e

to
th

e
M

T
G

P
an

d
th

e
sim

u
lator.

T
h
e

op
tim

ization
gain

s
in

F
ig.

5
a
re

ty
p
ical

of
a

collection
of

su
ccessfu

l
op

tim
ization

s
w

e
h
ave

d
on

e
u
sin

g
th

e
M

T
G

P
w

ith
th

e
sim

u
lator.

F
ig.

6
sh

ow
s

th
e

resu
lts

of
fou

r
oth

er
op

tim
ization

s,
w

ith
3–5

con
strain

ts
an

d
10–20

p
aram

eters.
A

s
in

F
ig.

5,
for

th
ese

p
rob

lem
s

th
e

con
strain

ts
w

ere
restrictive

en
ou

gh
th

at
m

ost
of

th
e

in
itial

p
olicies

w
ere

in
feasib

le.
S
u
b
-

seq
u
en

t
op

tim
ized

b
atch

es
fou

n
d

feasib
le

p
olicies

th
at

su
b
stan

tially
im

p
roved

th
e

ob
jective

valu
e.

F
or

all
of

th
ese

op
tim

ization
s

th
e

total
n
u
m

b
er

of
o
n
lin

e
ob

servation
s

req
u
ired

w
as

greatly
red

u
ced

com
p
ared

to
sin

gle-task
B

ay
esian

op
tim

ization
:

40–50
total

on
lin

e
ob

serva-
tion

s
for

10–20
p
aram

eters.

6
.

M
T

G
P

G
e
n
e
ra

liza
tio

n
a
n
d

th
e

V
a
lu

e
o
f

a
S
im

u
la

to
r

O
b
se

rv
a
tio

n

W
e

h
ave

seen
th

at
th

e
M

T
G

P
is

ab
le

to
m

ake
accu

rate
p
red

iction
s

of
o
n
lin

e
ou

tcom
es

u
sin

g
a

sm
all

n
u
m

b
er

of
on

lin
e

ob
servation

s
an

d
a

large
n
u
m

b
er

of
b
iased

offl
in

e
ob

servation
s.

T
h
e

m
o
d
el

is
essen

tially
ab

le
to

u
se

offl
in

e
ob

servation
s

as
a

su
b
stitu

te
for

on
lin

e
ob

servation
s.

W
e

n
ow

stu
d
y

th
e

ex
ten

t
to

w
h
ich

sim
u
lato

r
ob

servation
s

can
rep

lace
on

lin
e

tests,
an

d
in

p
articu

lar
th

e
n
u
m

b
er

of
sim

u
lator

ob
servation

s
req

u
ired

an
d

th
e

con
d
ition

s
in

w
h
ich

th
e

m
o
d
el

can
eff

ectively
b

orrow
stren

gth
from

th
e

sim
u
la

tor
ob

servation
s.

B
oth

of
th

ese
are

u
ltim

ately
a

q
u
estion

of
M

T
G

P
gen

eralization
b

eh
av

ior,
w

h
ich

w
e

n
ow

d
escrib

e
fi
rst

th
eoretically

an
d

th
en

em
p
irically.

6
.1

.
L

e
a
rn

in
g

C
u

rv
e
s

fo
r

th
e

M
T

G
P

W
e

n
ow

d
efi

n
e

th
e

q
u
an

tities
u
sed

to
evalu

ate
M

T
G

P
gen

eralization
an

d
d
iscu

ss
th

eir
th

eoretical
p
rop

erties.
W

e
b

egin
w

ith
th

e
sin

gle-task
settin

g
of

(1)
w

h
ere

w
e

h
ave

ob
served

d
ata
{X

,y}
an

d
m

ake
a

p
red

iction
at

p
oin

t
x
∗ .

W
e

su
p
p

ose
th

a
t

th
ere

is
som

e
p
rob

ab
ility

d
en

sity
from

w
h
ich

train
in

g
p

oin
ts
X

an
d

test
p

oin
ts

x
∗

are
d
raw

n
,

i.i.d
.

R
a
sm

u
ssen

an
d

W
illiam

s
(2006)

sh
ow

th
at

if
th

e
tru

e
f

is
a

d
raw

from
a

G
P

,
th

en
sq

u
ared

p
red

iction
error

eq
u
als

th
e

p
red

ictive
varian

ce:

E
f [(µ

(x
∗ ,X

,y
)−

f
(x
∗ ))

2 ]
=
σ
2(x
∗ ,X

).

T
h
e

sin
gle-task

lea
rn

in
g

cu
rve

for
n

train
in

g
p

o
in

ts
is

d
efi

n
ed

as
th

e
ex

p
ected

sq
u
ared

p
red

iction
error,

w
h
ich

is
ε(n

)
=

E
X
,x
∗ [σ

2(x
∗ ,X

) ]
,

(6)

for
X

of
size

n
.

T
h
ese

d
efi

n
ition

s
ex

ten
d

n
atu

rally
to

th
e

m
u
lti-task

case,
w

h
ere

each
p

oin
t

in
X

h
as

an
asso

ciated
task

an
d

th
ere

is
a

target
task

asso
ciated

w
ith

x
∗ .

F
o
r

th
e

p
u
rp

oses
of

th
e

th
eoretical

resu
lts,

for
th

e
rem

ain
d
er

of
th

is
section

w
e

w
ill

fo
cu

s
on

th
e

tw
o-task

case
d
escrib

ed
b
y

C
h
ai

(2009).
T

h
ere

is
a

“p
rim

ary
”

task
(on

lin
e

ob
servatio

n
s)

for
w

h
ich

w
e

1
6
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B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
P
o
l
ic
y
S
e
a
r
c
h
v
ia

O
n
l
in
e
-O

f
f
l
in
e
E
x
p
e
r
im

e
n
t
a
t
io
n

m
ak

e
p
re

d
ic

ti
on

s
an

d
a

“s
ec

on
d
ar

y
”

ta
sk

(s
im

u
la

to
r

ob
se

rv
at

io
n
s)

w
h
ic

h
ca

n
b

e
u
se

d
to

im
p
ro

ve
th

e
p
re

d
ic

ti
on

s
on

th
e

p
ri

m
ar

y
ta

sk
.

F
or

th
e

th
eo

re
ti

ca
l

re
su

lt
s

h
er

e,
w

e
as

su
m

e
th

at
th

e
tw

o
ta

sk
s

h
av

e
th

e
sa

m
e

ou
tp

u
t

va
ri

an
ce

,
w

h
ic

h
is

th
en

p
u
sh

ed
in

to
th

e
p
ar

am
et

er
ke

rn
el
κ

(x
,x
′ )

so
th

at

B
=

( 1
ρ

ρ
1

)
.

W
e

d
o

n
ot

m
ak

e
th

is
as

su
m

p
ti

on
w

h
en

ac
tu

al
ly

u
si

n
g

th
e

m
o
d
el

in
th

e
ot

h
er

se
ct

io
n
s

of
th

is
p
ap

er
,

in
w

h
ic

h
th

e
ta

sk
ou

tp
u
t

va
ri

an
ce

s
ar

e
in

fe
rr

ed
fr

om
th

e
d
at

a—
it

is
on

ly
fo

r
th

e
p
u
rp

os
es

of
d
er

iv
in

g
th

e
b

ou
n
d

in
P

ro
p

os
it

io
n

1.
W

e
su

p
p

os
e

th
at

w
e

h
av

e
tr

ai
n
in

g
ob

se
rv

at
io

n
s

at
X
T

on
th

e
p
ri

m
ar

y
ta

sk
a
n
d
X
S

on
th

e
se

co
n
d
ar

y
ta

sk
,

w
it

h
n
T

an
d
n
S

th
e

si
ze

s
of
X
T

an
d
X
S

re
sp

ec
ti

ve
ly

.
T

h
e

p
os

te
ri

or
p
re

d
ic

ti
ve

va
ri

an
ce
σ
2 T

(x
∗,
ρ
,X

T
,X

S
)

ca
n

th
en

b
e

co
m

p
u
te

d
in

cl
os

ed
fo

rm
b
y

su
b
st

it
u
ti

n
g

th
e

m
u
lt

i-
ta

sk
ke

rn
el

in
to

(2
b
).

T
h
e

m
u
lt

i-
ta

sk
le

ar
n
in

g
cu

rv
e

fo
r
n
T

p
ri

m
ar

y
ta

sk
ob

se
rv

at
io

n
s

an
d
n
S

se
co

n
d
ar

y
ta

sk
ob

se
rv

at
io

n
s

is
d
efi

n
ed

in
th

e
sa

m
e

w
ay

a
s

th
e

si
n
gl

e-
ta

sk
le

ar
n
in

g
cu

rv
e:

ε T
(ρ
,n

T
,n

S
)

=
E X

T
,X
S
,x
∗
[ σ

2 T
(x
∗,
ρ
,X

T
,X

S
)]
.

(7
)

C
h
ai

(2
00

9)
p
ro

ve
d

an
el

eg
an

t
b

ou
n
d

on
th

e
m

u
lt

i-
ta

sk
p
re

d
ic

ti
v
e

va
ri

an
ce

th
at

p
ro

v
id

es
in

si
gh

t
in

to
th

e
re

la
ti

ve
va

lu
e

of
on

li
n
e

an
d

offl
in

e
ob

se
rv

a
ti

on
s

fo
r

p
re

d
ic

ti
ve

ac
cu

ra
cy

.

P
ro

p
o
si

ti
o
n

1
(C

h
a
i,

2
0
0
9
,

P
ro

po
si

ti
o
n

5
(a

))

σ
2 T

(x
∗,
ρ
,X

T
,X

S
)
≥
ρ
2
σ
2 T

(x
∗,
ρ

=
1,
X
T
,X

S
)

+
(1
−
ρ
2
)σ

2 T
(x
∗,
ρ

=
0,
X
T
,X

S
).

W
h
en
ρ

=
1,

ob
se

rv
at

io
n
s

fr
om

ea
ch

ta
sk

ar
e

eq
u
iv

al
en

t,
an

d
th

e
m

o
d
el

re
d
u
ce

s
to

a
si

n
g
le

-
ta

sk
G

P
w

it
h

th
e

co
m

b
in

ed
tr

ai
n
in

g
se

t
X

=
[X

T
,X

S
].

S
im

il
ar

ly
,

w
it

h
ρ

=
0

th
e

se
co

n
d
ar

y
ta

sk
ob

se
rv

at
io

n
s

ar
e

ig
n
or

ed
,

an
d

th
e

m
o
d
el

re
d
u
ce

s
to

a
si

n
gl

e-
ta

sk
G

P
b
u
t

w
it

h
X

=
X
T

.
T

ak
in

g
th

e
ex

p
ec

ta
ti

on
ov

er
i.
i.
d
.
X
T

,
X
S

,
an

d
x
∗

y
ie

ld
s

th
e

fo
ll
ow

in
g

re
su

lt
.

C
o
ro

ll
a
ry

2
L

et
ε κ

(n
)

be
th

e
le

a
rn

in
g

cu
rv

e
fo

r
th

e
si

n
gl

e-
ta

sk
G

P
w

it
h

co
va

ri
a
n

ce
fu

n
ct

io
n

κ
(x
,x
′ )

.
T

h
en

,
ε T

(ρ
,n

T
,n

S
)
≥
ρ
2
ε κ

(n
T

+
n
S

)
+

(1
−
ρ
2
)ε
κ
(n
T

).

T
h
e

re
su

lt
in

C
or

ol
la

ry
2

is
a

b
ou

n
d
,

h
ow

ev
er

C
h
ai

(2
00

9)
sh

ow
ed

em
p
ir

ic
al

ly
th

at
it

is
re

la
ti

ve
ly

ti
gh

t
an

d
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si
m

u
la

to
r

p
ro

v
id

es
a

p
ow

er
fu

l
w

ay
of

en
ab

li
n
g

p
o
li
cy

se
a
rc

h
v
ia

B
ay

es
ia

n
op

ti
m

iz
at

io
n

in
se

tt
in

gs
w

h
er

e
th

e
li
m

it
ed

p
o
ol

fo
r

on
li
n
e

ex
p

er
im

en
ts

w
o
u
ld

ot
h
er

w
is

e
b

e
p
ro

h
ib

it
iv

e.

M
u
lt

i-
fi
d
el

it
y

B
ay

es
ia

n
op

ti
m

iz
at

io
n

h
as

b
ee

n
st

u
d
ie

d
w

it
h

b
ot

h
co

n
ti

n
u
ou

s
(K

a
n
d
a
sa

m
y

et
al

.,
20

17
)

an
d

d
is

cr
et

e
(K

an
d
as

am
y

et
al

.,
20

16
)

fi
d
el

it
ie

s—
h
er

e
w

e
h
ad

tw
o

fi
d
el

it
ie

s,
th

e
on

li
n
e

ou
tp

u
ts

an
d

th
e

si
m

u
la

to
r

ou
tp

u
ts

.
M

T
G

P
s

h
av

e
b

ee
n

u
se

d
to

m
o
d
el

d
is

cr
et

e
fi
d
el

i-
ti

es
in

m
an

y
p
h
y
si

cs
an

d
en

gi
n
ee

ri
n
g

ap
p
li
ca

ti
on

s
(W

ac
ke

rn
ag

el
,
19

9
4;

F
o
rr

es
te

r
et

a
l.
,
2
0
07

;
F

er
n
án

d
ez

-G
o
d
in

o
et

al
.,

20
16

).
H

u
an

g
et

al
.

(2
00

6)
fi
rs

t
p
ro

p
os

ed
B

ay
es

ia
n

o
p
ti

m
iz

a
ti

o
n

w
it

h
m

u
lt

ip
le

fi
d
el

it
ie

s
u
si

n
g

a
h
eu

ri
st

ic
ex

te
n
si

on
to

E
I,

al
b

ei
t

w
it

h
a

d
iff

er
en

t
ke

rn
el

st
ru

c-
tu

re
th

an
th

e
IC

M
ke

rn
el

u
se

d
h
er

e.
In

m
ac

h
in

e
le

ar
n
in

g,
th

e
m

os
t

co
m

m
o
n

a
p
p
li
ca

ti
on

of
m

u
lt

i-
fi
d
el

it
y

B
ay

es
ia

n
op

ti
m

iz
at

io
n

is
h
y
p

er
p
ar

am
et

er
op

ti
m

iz
at

io
n

w
it

h
d
ow

n
sa

m
p
le

d
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B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
P
o
l
ic
y
S
e
a
r
c
h
v
ia

O
n
l
in
e
-O

f
f
l
in
e
E
x
p
e
r
im

e
n
t
a
t
io
n

d
a
ta

sets
(S

w
ersk

y
et

al.,
2013),

an
ap

p
roa

ch
th

at
h
as

b
een

d
ev

elop
ed

w
ith

several
k
ern

els
a
n
d

a
cq

u
isitio

n
fu

n
ction

s
(K

lein
et

al.,
2015,

2017;
P

olo
czek

et
al.,

2017).
M

T
G

P
s

h
ave

also
b

een
u
sed

fo
r

tran
sfer

learn
in

g
in

h
y
p

erp
aram

eter
op

tim
ization

,
alon

gsid
e

a
n
u
m

b
er

of
o
th

er
m

o
d
els

fo
r

lea
rn

in
g

relation
sh

ip
s

across
task

s
(Y

ogatam
a

an
d

M
an

n
,

2014
;

P
o
lo

czek
et

al.,
2
0
1
6
;

S
h
ilton

et
al.,

2017).
O

th
er

su
b
stan

tia
l

m
ach

in
e

learn
in

g
ap

p
lication

s
of

M
T

G
P

s
an

d
B

ayesia
n

op
tim

ization
h
av

e
b

een
con

tex
tu

al
b
a
n
d
it

op
tim

ization
(K

rau
se

an
d

O
n
g,

2011)
a
n
d

rein
fo

rcem
en

t
learn

in
g

(C
h
ai

et
al.,

2
008;

M
etzen

,
2016;

M
arco

et
al.,

2017).

T
h
e

em
p
irical

learn
in

g
cu

rves
ch

aracterized
th

e
gen

eralization
of

th
e

m
u
lti-task

m
o
d
el

in
p
ra

ctice,
an

d
sh

ow
ed

th
e

relative
valu

es
of

on
lin

e
an

d
sim

u
lator

ob
servation

s.
T

h
e

th
e-

o
ry

b
eh

in
d

M
T

G
P

id
en

tifi
es
ρ
2

as
th

e
key

factor
d
eterm

in
in

g
th

e
relative

valu
e

of
sim

u
lator

o
b
serva

tio
n
s.

W
e

fou
n
d

th
at

ou
r

em
p
irical

learn
in

g
cu

rves
w

ere
con

sisten
t

w
ith

th
e

th
eo-

retica
l

b
o
u
n
d
;

th
at
ρ
2

w
as

an
im

p
ortan

t
factor

for
m

u
lti-task

learn
in

g,
an

d
th

at
th

e
th

eory
co

u
ld

b
e

u
sed

to
gu

id
e

d
ecision

s
in

sizin
g

ex
p

erim
en

ts.
P

rev
iou

s
em

p
irical

valid
atio

n
of

th
e

M
T

G
P

th
eo

ry
u
sed

sim
u
lation

s
from

th
e

gen
eratin

g
p
ro

cess.
T

o
ou

r
k
n
ow

led
ge,

th
ese

are
th

e
fi
rst

resu
lts

to
com

p
are

em
p
irics

to
th

eory
on

real-w
orld

m
u
lti-task

m
o
d
elin

g
p
rob

lem
s.

T
h
e

IC
M

kern
el

w
as

sh
ow

n
to

b
e

p
articu

larly
eff

ective
at

m
o
d
elin

g
th

e
rela

tion
sh

ip
b

etw
een

th
e

o
n
lin

e
an

d
offl

in
e

ob
servatio

n
s,

an
d

en
ab

lin
g

th
e

sim
u
lator

to
im

p
rove

p
red

ic-
tio

n
s

fo
r

o
n
lin

e
ou

tcom
es.

T
h
e

assu
m

p
tion

of
a

sh
ared

sp
atial

k
ern

el
allow

s
kern

el
in

feren
ce

to
rely

p
rim

a
rily

on
th

e
n
u
m

erou
s

sim
u
lator

ob
servation

s,
an

d
th

e
im

p
licit

assu
m

p
tion

of
sm

o
o
th

b
ias

w
a
s

em
p
irically

ap
p
rop

riate
for

th
ese

ex
p

erim
en

ts.
O

u
r

resu
lts

sh
ow

ed
th

at
a

su
b
sta

n
tia

l
p
a
rt

of
th

e
gain

from
u
sin

g
th

e
M

T
G

P
ca

n
b

e
attrib

u
ted

d
irectly

to
th

e
IC

M
sh

a
red

sp
a
tia

l
kern

el.
T

h
ese

resu
lts

are
con

sisten
t

w
ith

w
ork

on
B

ayesian
op

tim
ization

for
lea

rn
in

g
ro

b
o
t

lo
com

otion
p

olicies,
w

h
ere

sim
u
lators

w
ere

u
sed

for
learn

in
g

a
cu

stom
ker-

n
el

th
a
t

w
a
s

th
en

tran
sferred

to
real-w

orld
con

tex
ts

for
safe

an
d

sam
p
le-effi

cien
t

learn
in

g
(A

n
to

n
ova

et
a
l.,

2017;
R

ai
et

al.,
20

19).

F
in

a
lly,

w
e

fou
n
d

th
at

th
e

M
T

G
P

allow
ed

for
eff

ectiv
e

op
tim

ization
of

a
live

recom
m

en
-

d
a
tio

n
sy

stem
.

W
e

u
sed

n
oisy

E
I

as
th

e
acq

u
isition

fu
n
ction

b
ecau

se
it

n
atu

rally
h
an

d
les

th
e

p
ro

p
erties

o
f

o
n
lin

e
ex

p
erim

en
ts—

n
oisy

ob
servation

s,
n
oisy

con
strain

ts,
an

d
larg

e
b
atch

es.
E

I
d
o
es

n
o
t,

h
ow

ever,
d
irectly

p
rov

id
e

a
w

ay
of

selectin
g

th
e

m
o
d
ality

of
ex

p
erim

en
tation

(o
n
lin

e
o
r

sim
u
lator),

h
en

ce
w

e
u
sed

a
fi
x
ed

strategy
of

in
terleav

in
g

sim
u
lato

r
an

d
on

lin
e

b
a
tch

es.
A

ltern
ative

acq
u
isition

fu
n
ction

s
cou

ld
p

oten
tially

id
en

tify
w

h
eth

er
an

on
lin

e
b
atch

o
r

sim
u
la

to
r

b
a
tch

sh
ou

ld
b

e
d
on

e.
S
ev

eral
h
eu

ristic
ex

ten
sion

s
to

E
I

allow
for

join
tly

se-
lectin

g
th

e
p

o
in

t
to

b
e

tested
an

d
th

e
fi
d
elity

(H
u
an

g
et

al.,
2006;

L
am

et
al.,

201
5).

T
h
e

k
n
ow

led
g
e

g
ra

d
ien

t
p
rov

id
es

a
p
rin

cip
led

w
ay

to
m

easu
re

th
e

ex
p

ected
im

p
rovem

en
t

in
th

e
o
n
lin

e
ta

sk
th

a
t

a
sim

u
lator

b
atch

w
ou

ld
p
rov

id
e

(P
olo

czek
et

al.,
2017).

T
h
is

cou
ld

b
e

co
m

p
a
red

to
th

e
im

p
rovem

en
t

p
rov

id
ed

b
y

an
on

lin
e

b
atch

,
an

d
th

e
rela

tiv
e

gain
s

an
d

effi
-

cien
cies

co
u
ld

b
e

u
sed

to
evalu

ate
if

it
is

m
ost

b
en

efi
cial

to
ru

n
th

e
sim

u
lator

b
atch

or
th

e
o
n
lin

e
b
a
tch

.
H

ow
ever,

k
n
ow

led
ge

grad
ien

t
h
as

n
ot

b
een

d
evelop

ed
to

h
an

d
le

con
strain

ts,
a

n
ecessa

ry
req

u
irem

en
t

for
ou

r
ex

p
erim

en
ts.

P
red

ictive
en

trop
y

search
(H

ern
án

d
ez-L

o
b
ato

et
a
l.,

2
0
1
4
,

2
0
15;

M
cL

eo
d

et
al.,

2018)
allow

s
for

m
easu

rin
g

th
e

eff
ect

a
sim

u
lator

b
a
tch

h
a
s

in
red

u
cin

g
th

e
en

trop
y

of
th

e
lo

cation
of

th
e

on
lin

e
op

tim
izer.

H
ow

ever,
it

is
n
ot

im
m

ed
ia

tely
clear

h
ow

to
con

stru
ct

a
d
ecision

ru
le

for
evalu

atin
g

th
e

trad
e-off

b
etw

een
in

fo
rm

a
tio

n
g
a
in

an
d

ex
p

erim
en

t
tim

e.
B

u
ild

in
g

su
ch

a
d
ecision

ru
le

in
to

th
e

acq
u
isition

fu
n
ctio

n
rem

a
in

s
an

im
p

ortan
t

area
of

fu
tu

re
w

ork
.
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L
e
t
h
a
m

a
n
d

B
a
k
sh

y

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
an

k
S
i

C
h
en

,
Y

an
g

L
iu

,
A

sh
w

in
M

u
rth

y,
an

d
P

en
gfei

W
an

g
w

h
o

w
ork

ed
on

th
e

sim
u
lator

an
d

sy
stem

s
in

tegration
.

W
e

also
th

an
k

B
rian

K
arrer

for
p
rov

id
in

g
valu

ab
le

m
o
d
elin

g
in

sigh
ts

an
d

D
av

id
A

rb
ou

r
for

w
ork

on
m

o
d
el

valid
ation

.
F

in
ally,

w
e

th
an

k
R

ob
erto

C
alan

d
ra

,
M

oh
am

m
ad

G
h
avam

zad
eh

,
R

o
n

K
oh

av
i,

A
lex

D
en

g,
an

d
o
u
r

an
on

y
m

ou
s

rev
iew

ers
for

h
elp

fu
l

feed
b
ack

on
th

is
w

ork
.

A
p
p

e
n
d
ix

A
.

H
a
n
d
lin

g
S
im

u
la

to
r

N
o
n
-sta

tio
n
a
rity

d
u
rin

g
O

p
tim

iza
tio

n

A
s

th
e

op
tim

ization
p
rogresses,

n
ew

b
atch

es
of

p
olicies

are
con

stru
cted

an
d

lau
n
ch

ed
ei-

th
er

on
lin

e
or

offl
in

e
as

w
e

search
for

th
e

op
tim

al
p

olicy.
In

later
iteration

s
w

h
en

w
e

h
ave

accu
m

u
lated

several
b
atch

es
of

sim
u
lator

ob
servation

s,
op

tim
ization

w
ith

th
e

aid
of

th
e

sim
-

u
lator

h
as

an
ad

d
ition

al
ch

allen
ge

th
at

m
u
st

b
e

h
an

d
led

in
th

e
m

o
d
elin

g:
n
on

-statio
n
arity

across
sim

u
lator

b
atch

es.

F
or

p
ractical

reason
s,

th
e

session
s

rep
lay

ed
on

th
e

sim
u
lator

often
can

n
ot

b
e

a
fu

lly
rep

resen
tative

sam
p
le

of
session

s,
rath

er
th

ey
are

sam
p
led

from
live

session
s

d
u
rin

g
th

e
sim

u
lator

ru
n
.

T
h
is

is
sim

ilar
to

th
e

“live
b

en
ch

m
ark

in
g”

p
arad

igm
in

B
ak

sh
y

an
d

F
rach

t-
en

b
erg

(2015),
w

h
ere

req
u
ests

are
stream

ed
to

m
u
ltip

le
servers

in
p
a
rallel.

S
u
ch

live
setu

p
s

are
often

m
ore

effi
cien

t
from

a
resou

rce
u
tilization

p
ersp

ectiv
e,

sin
ce

relevan
t

state
in

for-
m

ation
can

rem
ain

“h
ot”

in
d
istrib

u
ted

cach
es,

an
d

n
eed

n
ot

b
e

saved
to

d
isk

.
T

h
is

lead
s

to
a

b
iased

sam
p
le

th
at

is
m

ore
lik

ely
to

in
clu

d
e

sessio
n
s

th
at

o
ccu

r
at

th
e

sa
m

e
tim

e
as

th
e

sim
u
lator

ex
p

erim
en

t.
If

th
e

eff
ects

of
th

e
ex

p
erim

en
t

are
h
eterogen

eou
s

across
p

eop
le

logged
in

at
d
iff

eren
t

tim
es

of
th

e
d
ay

or
on

d
iff

eren
t

d
ay

s,
th

en
w

e
can

ex
p

ect
th

e
sim

-
u
lator

ou
tp

u
ts

to
h
ave

a
b
ias

th
at

d
ep

en
d
s

on
w

h
en

th
e

sim
u
lation

w
as

ru
n
.

T
h
is

b
ias

cou
ld

b
e

red
u
ced

th
rou

gh
th

e
u
se

of
p
rop

en
sity

score
w

eigh
tin

g
or

regression
ad

ju
stm

en
t

(S
ek

h
on

,
2011;

B
ottou

et
al.,

2013;
H

artm
an

et
al.,

2015),
b
u
t

su
ch

ap
p
roach

es
in

volve
su

b
stan

tially
m

ore
in

frastru
ctu

re.
M

oreover,
th

e
u
ser

p
o
p
u
lation

is
n
ot

th
e

on
ly

sou
rce

of
n
on

-station
arity

:
th

ere
is

also
n
on

-station
arity

in
th

e
ch

aracteristics
of

item
s

b
ein

g
scored

b
y

th
e

m
ach

in
e

learn
in

g
sy

stem
.

In
on

lin
e

fi
eld

ex
p

erim
en

ts,
th

ese
sou

rces
of

n
on

-station
arity

are
avoid

ed
b
y

ru
n
n
in

g
th

e
ex

p
erim

en
t

for
several

d
ay

s,
as

a
m

a
tter

of
rou

tin
e

p
ractice

(K
oh

av
i

et
al.,

2007).
O

ffl
in

e
ex

p
erim

en
ts

on
th

e
sim

u
lator

are
ru

n
for

m
u
ch

less
tim

e
to

im
p
rove

th
rou

gh
p
u
t,

an
d

so
th

e
b
ias

across
sim

u
lator

b
atch

es
m

u
st

b
e

corrected
in

th
e

m
o
d
elin

g.
F

ig.
11

sh
ow

s
an

ex
am

p
le

of
th

e
eff

ect
of

n
on

-station
arity

on
sim

u
lator

ob
servation

s.
T

h
is

fi
gu

re
com

p
ares

sim
u
lator

ob
servation

s
from

tw
o

on
e-h

ou
r

p
erio

d
s

of
rep

layed
session

s,
sep

arated
b
y

several
d
ay

s.
E

ach
ex

p
erim

en
t

tested
a

b
atch

of
th

e
sam

e
100

p
oin

ts,
an

d
th

ere
are

clear
d
iscrep

an
cies

in
th

e
sim

u
lator

ou
tcom

es
in

ob
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C.

T
h
is

im
p

or
ta

n
t

m
ea

su
re

d
et

er
m

in
es

th
e

am
ou

n
t

of
d
at

a
th

at
m

u
st

b
e

co
ll
ec

te
d

b
ef

o
re

st
ar

ti
n
g

th
e

an
al

y
si

s.
W

it
h
ou

t
p
ri

va
cy

,
it

is
w

el
l-

k
n
ow

n
th

at
th

e
sa

m
p
le

co
m

p
le

x
it

y
o
f

P
A

C
le

ar
n
in

g
is

p
ro

p
or

ti
on

al
to

th
e

V
ap

n
ik

–
C

h
er

vo
n
en

k
is

(V
C

)
d
im

en
si

on
of

th
e

cl
a
ss
C

(V
a
p
n
ik

an
d

C
h
er

vo
n
en

k
is

,
19

71
;

B
lu

m
er

et
al

.,
19

89
;

E
h
re

n
fe

u
ch

t
et

al
.,

19
89

).

In
an

al
og

y
to

th
is

ch
ar

ac
te

ri
za

ti
on

of
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

n
on

-p
ri

va
te

P
A

C
le

a
rn

er
s

v
ia

th
e

V
C

-d
im

en
si

on
,

w
e

gi
ve

a
co

m
b
in

at
o
ri

al
ch

ar
ac

te
ri

za
ti

on
o
f

th
e

sa
m

p
le

si
ze

su
ffi

ci
en

t
an

d
n
ec

es
sa

ry
fo

r
P

A
C

le
ar

n
er

s
sa

ti
sf

y
in

g
p
u
re

d
iff

er
en

ti
al

p
ri

va
cy

.
T

ow
a
rd

s
o
b
ta

in
in

g
th

is
ch

ar
ac

te
ri

za
ti

on
,

w
e

in
tr

o
d
u
ce

th
e

n
ot

io
n

of
p
ro

ba
bi

li
st

ic
re

p
re

se
n

ta
ti

o
n

o
f

a
co

n
ce

p
t

cl
as

s.
W

e
n
ot

e
th

at
ou

r
ch

ar
ac

te
ri

za
ti

on
,

as
th

e
V

C
-d

im
en

si
on

ch
ar

ac
te

ri
za

ti
o
n
,

ig
n
o
re

s
th

e
co

m
p
u
ta

ti
on

re
q
u
ir

ed
b
y

th
e

le
ar

n
er

.
S
om

e
of

ou
r

al
go

ri
th

m
s

ar
e,

h
ow

ev
er

,
co

m
p
u
ta

ti
o
n
a
ll
y

effi
ci

en
t.

1
.1

.
R

e
la

te
d

W
o
rk

In
th

e
in

it
ia

l
w

or
k

on
p
ri

va
te

le
ar

n
in

g,
K

a
si

v
is

w
an

a
th

an
et

al
.

(2
01

1)
p
ro

ve
d

th
a
t

a
p
ri

va
te

le
ar

n
er

ex
is

ts
fo

r
ev

er
y

fi
n

it
e

co
n
ce

p
t

cl
as

s.
T

h
ei

r
co

n
st

ru
ct

io
n

of
is

b
as

ed
on

th
e

ex
p

o
n
en

ti
al

m
ec

h
an

is
m

of
M

cS
h
er

ry
an

d
T

al
w

ar
(2

00
7)

,
an

d
ex

h
ib

it
s

a
sa

m
p
le

co
m

p
le

x
it

y
lo

g
a
ri

th
m

ic
in
|C
|.

T
h
e

V
C

d
im

en
si

on
of

a
co

n
ce

p
t

cl
a
ss
C

is
al

w
ay

s
at

m
os

t
lo

g
|C
|,

b
u
t

is
si

g
n
ifi

ca
n
tl

y
lo

w
er

fo
r

m
an

y
in

te
re

st
in

g
cl

as
se

s.
H

en
ce

,
th

e
re

su
lt

s
of

K
as

iv
is

w
an

at
h
an

et
a
l.

(2
0
1
1
)

le
ft

op
en

th
e

p
os

si
b
il
it

y
th

at
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

p
ri

va
te

le
ar

n
in

g
m

ay
b

e
si

g
n
ifi

ca
n
tl

y
h
ig

h
er

th
an

th
at

of
n
on

-p
ri

va
te

le
ar

n
in

g.

C
on

si
d
er

th
e

ta
sk

of
p
ro

pe
rl

y
le

ar
n
in

g
a

co
n
ce

p
t

cl
as

s
C

w
h
er

e,
af

te
r

co
n
su

lt
in

g
it

s
sa

m
p
le

,
th

e
le

ar
n
er

ou
tp

u
ts

a
h
y
p

ot
h
es

is
th

at
is

b
y

it
se

lf
in
C.

W
h
il
e

n
on

-p
ri

va
te

ly
th

is
re

st
ri

ct
io

n
h
as

n
o

eff
ec

t
on

th
e

sa
m

p
le

co
m

p
le

x
it

y,
B

ei
m

el
et

al
.

(2
01

4)
sh

ow
ed

th
a
t

it
ca

n
h
av

e
a

b
ig

im
p
ac

t
fo

r
p
u
re

d
iff

er
en

ti
al

ly
p
ri

va
te

le
ar

n
er

s.
S
p

ec
ifi

ca
ll
y,

B
ei

m
el

et
a
l.

p
ro

ve
d

lo
w

er
b

ou
n
d
s

on
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

p
ro

pe
rl

y
le

ar
n
in

g
th

e
cl

as
s

of
p

oi
n
t

fu
n
ct

io
n
s

u
n
d
er

p
u
re

d
iff

er
en

ti
al

p
ri

va
cy

,
im

p
ly

in
g

th
at

th
e

V
C

d
im

en
si

on
of

a
cl

as
s

d
o
es

n
o
t

ch
a
ra

ct
er

iz
e

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

p
u
re

p
ri

va
te

p
ro

p
er

le
ar

n
in

g.
O

n
th

e
ot

h
er

h
an

d
,

th
ey

o
b
se

rv
ed

th
at

th
e

sa
m

p
le

co
m

p
le

x
it

y
ca

n
b

e
im

p
ro

ve
d

fo
r

im
p
ro

pe
r

p
ri

va
te

le
ar

n
er

s
w

h
en

ev
er

th
er

e
ex

is
ts

a
sm

al
le

r
h
y
p

ot
h
es

is
cl

as
s
H

th
at

re
p
re

se
n
ts
C

in
th

e
se

n
se

th
at

fo
r

ev
er

y
co

n
ce

p
t

c
∈
C

an
d

fo
r

ev
er

y
d
is

tr
ib

u
ti

on
on

th
e

ex
am

p
le

s,
th

er
e

is
a

h
y
p

ot
h
es

is
h
∈
H

th
a
t

is
cl

o
se

to
c.

U
si

n
g

th
e

ex
p

on
en

ti
al

m
ec

h
an

is
m

to
ch

o
os

e
am

o
n
g

th
e

h
y
p

ot
h
es

es
in
H

in
st

ea
d

o
f
C,

th
e

sa
m

p
le

co
m

p
le

x
it

y
is

re
d
u
ce

d
to

ln
|H
|(

th
is

is
w

h
y

th
e

si
ze

of
th

e
re

p
re

se
n
ta

ti
o
n
H

is
d
efi

n
ed

to
b

e
ln
|H
|).

F
or

so
m

e
cl

as
se

s
th

is
ca

n
d
ra

m
at

ic
al

ly
im

p
ro

v
e

th
e

sa
m

p
le

co
m

p
le

x
it

y,
e.

g.
,

fo
r

th
e

cl
as

s
of

p
oi

n
t

fu
n
ct

io
n
s,

th
e

sa
m

p
le

co
m

p
le

x
it

y
is

im
p
ro

ve
d

fr
o
m
O

(l
n
|C
|)

to

2
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C
h
a
r
a
c
t
e
r
iz
in
g

t
h
e
S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

O
(ln

ln|C|).
U

sin
g

oth
er

tech
n
iq

u
es,

B
eim

el
et

al.
sh

ow
ed

th
at

th
e

sam
p
le

com
p
lex

ity
of

lea
rn

in
g

p
o
in

t
fu

n
ction

s
can

b
e

red
u
ced

even
fu

rth
er

to
O

(1),
h
en

ce
sh

ow
in

g
th

e
largest

p
o
ssib

le
g
a
p

b
etw

een
p
rop

er
an

d
n
on

p
rop

er
p
rivate

learn
in

g.
S
u
ch

a
ga

p
d
o
es

n
ot

ex
ists

fo
r

n
o
n
-p

riva
te

learn
in

g.

1
.2

.
O

u
r

R
e
su

lts

B
eim

el
et

a
l.

(2
014)

sh
ow

ed
h
ow

to
u
se

a
rep

resen
tation

of
a

class
to

p
rivately

learn
it.

W
e

m
ake

an
a
d
d
ition

al
step

in
im

p
rov

in
g

th
e

sam
p
le

com
p
lex

ity
b
y

con
sid

erin
g

a
p
ro

ba
bilistic

rep
resen

ta
tio

n
of

a
con

cep
t

classC
.

In
stead

of
on

e
co

llection
H

rep
resen

tin
g
C

,
w

e
con

sid
er

a
list

o
f

co
llection

s
H

1 ,...,H
r

su
ch

th
at

for
every

c
∈
C

an
d

every
d
istrib

u
tio

n
on

th
e

ex
a
m

p
les,

if
w

e
sam

p
le

a
collection

H
i

from
th

e
list,

th
en

w
ith

h
ig

h
p
rob

ab
ility

th
ere

is
a

h
y
p

o
th

esis
h
∈
H
i

th
at

is
close

to
c.

T
o

p
rivately

learn
C

,
th

e
learn

in
g

algorith
m

fi
rst

sa
m

p
les

i∈
{1,...,r}

an
d

th
en

u
ses

th
e

ex
p

on
en

tial
m

ech
an

ism
to

select
a

h
y
p

oth
esis

from
H
i .

T
h
is

red
u
ces

th
e

sam
p
le

com
p
lex

ity
to

O
(m

ax
i ln|H

i |);
th

e
size

of
th

e
p
rob

ab
ilistic

rep
resen

ta
tio

n
is

h
en

ce
d
efi

n
ed

to
b

e
m

ax
i ln|H

i |.
W

e
d
efi

n
e

th
e

rep
resen

tation
d
im

en
sion

(R
ep

D
im

)
o
f

a
classC

as
th

e
size

of
its

sm
allest

su
ch

p
rob

ab
ilistic

rep
resen

tation
.

W
e

sh
ow

th
at

for
p

oin
t

fu
n
ction

s
th

ere
ex

ists
a

p
rob

ab
ilistic

rep
resen

tatio
n

of
size

O
(1

).
T

h
is

resu
lts

in
a

p
rivate

learn
in

g
algorith

m
w

ith
sam

p
le

com
p
lex

ity
O

(1),
m

atch
in

g
a

d
if-

feren
t

a
lg

orith
m

of
B

eim
el

et
al.

(2014).
O

u
r

n
ew

alg
orith

m
off

ers
som

e
im

p
rov

em
en

t
in

th
e

sa
m

p
le

co
m

p
lex

ity
com

p
ared

to
th

e
algorith

m
of

B
eim

el
et

al.
(2014)

w
h
en

con
sid

erin
g

th
e

lea
rn

in
g

a
n
d

p
rivacy

p
aram

eters.
F

u
rth

erm
ore,

ou
r

algorith
m

can
b

e
m

ad
e

com
p
u
tation

-
a
lly

effi
cien

t
w

ith
ou

t
m

ak
in

g
an

y
com

p
u
tation

al
h
ard

n
ess

assu
m

p
tion

s,
w

h
ile

th
e

effi
cien

t
version

o
f

B
eim

el
et

al.
(2014)

assu
m

es
th

e
ex

isten
ce

of
on

e-w
ay

fu
n
ctio

n
s.

F
in

ally,
it

is
co

n
cep

tu
a
lly

sim
p
ler.

O
n
e

ca
n

a
sk

if
th

ere
are

p
rivate

learn
in

g
a
lgorith

m
s

w
ith

sm
aller

sam
p
le

com
p
lex

ity
th

an
th

e
size

o
f

th
e

sm
allest

p
rob

ab
ilistic

rep
resen

tation
.

W
e

sh
ow

th
at

u
n
d
er

p
u
re

d
iff

eren
tial

p
riva

cy
th

e
a
n
sw

er
is

n
o

—
th

e
size

of
th

e
sm

allest
p
rob

ab
ilistic

rep
resen

tation
is

a
low

er
b

o
u
n
d

o
n

th
e

sam
p
le

com
p
lex

ity.
T

h
u
s,

th
e

size
of

th
e

sm
allest

p
ro

b
ab

ilistic
rep

resen
tation

o
f

a
cla

ssC
,

w
h
ich

w
e

call
th

e
rep

resen
ta

tio
n

d
im

en
sio

n
an

d
d
en

ote
b
y

R
ep

D
im

(C
),

ch
ar-

a
cterizes

(u
p

to
con

stan
ts)

th
e

sam
p
le

size
n
ecessary

a
n
d

su
ffi

cien
t

for
lea

rn
in

g
th

e
cla

ssC
u
n
d
er

p
u
re

d
iff

eren
tial

p
rivacy.

T
h
e

n
otio

n
of

p
rob

ab
ilistic

rep
resen

ta
tion

ap
p
lies

n
ot

on
ly

to
p
rivate

learn
in

g,
b
u
t

also
to

o
p
tim

iza
tio

n
p
rob

lem
s.

W
e

con
sid

er
a

scen
ario

w
h
ere

th
ere

is
a

d
om

ain
X

,
a

d
atab

ase
S

o
f
m

reco
rd

s,
each

taken
from

th
e

d
om

ain
X

,
a

set
of

solu
tion

sF
,

an
d

a
q
u
ality

fu
n
ction

q
:
X
∗×
F
→

[0,1]
th

at
w

e
w

ish
to

m
ax

im
ize.

If
th

e
ex

p
on

en
tial

m
ech

an
ism

is
u
sed

for
(a

p
p
rox

im
ately

)
solv

in
g

th
e

p
rob

lem
,

th
en

th
e

size
of

th
e

d
atab

a
se

sh
ou

ld
b

e
Ω

(ln|F
|)

in
o
rd

er
to

a
ch

iev
e

a
reason

ab
le

ap
p
rox

im
ation

.
U

sin
g

ou
r

n
otion

s
of

a
rep

resen
tation

ofF
a
n
d

o
f

a
p
ro

b
a
b
ilistic

rep
resen

tation
ofF

,
on

e
can

red
u
ce

th
e

size
of

th
e

m
in

im
al

d
atab

ase
w

ith
o
u
t

p
ay

in
g

to
o

m
u
ch

in
th

e
q
u
ality

of
th

e
solu

tion
.

In
terestin

gly,
a

sim
ilar

n
otion

to
rep

resen
ta

tio
n
,

called
“solu

tion
list

algorith
m

s”
,

w
as

con
sid

ered
b
y

B
eim

el
et

al.
(2008

)
for

co
n
stru

ctin
g

secu
re

p
roto

cols
for

search
p
rob

lem
s

w
h
ile

leak
in

g
on

ly
a

few
b
its

on
th

e
in

p
u
t.

C
u
rio

u
sly,

th
eir

n
otion

of
leakage

is
very

d
iff

eren
t

fro
m

th
at

of
d
iff

eren
tial

p
rivacy.

W
e

g
iv

e
tw

o
ex

am
p
les

of
su

ch
op

tim
ization

p
rob

lem
s.

F
irst,

an
ex

am
p
le

in
sp

ired
b
y

B
eim

el
et

a
l.

(2
008):

each
record

in
th

e
d
atab

a
se

is
a

clau
se

w
ith

ex
actly

3
literals

an
d

w
e

3
JM

L
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 20(146):1-33, 2019

B
e
im

e
l
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

w
an

t
to

fi
n
d

an
assign

m
en

t
satisfy

in
g

at
least

7/8
fraction

of
th

e
clau

ses
w

h
ile

p
rotectin

g
th

e
p
rivacy

of
th

e
clau

ses.
A

con
stru

ction
of

B
eim

el
et

al.
(20

08)
y
ield

s
a

d
eterm

in
istic

rep
resen

tation
for

th
is

p
rob

lem
w

h
ere

th
e

size
of

th
e

d
atab

ase
can

b
e

m
u
ch

sm
aller.

U
sin

g
a

p
rob

ab
ilistic

rep
resen

tation
,

w
e

can
give

a
go

o
d

assign
m

en
t

even
for

d
ata

b
ases

of
con

stan
t

size.
T

h
is

ex
am

p
le

is
a

sim
p
le

in
stan

ce
of

a
scen

ario,
w

h
ere

each
in

d
iv

id
u
al

h
as

a
p
referen

ce
on

th
e

solu
tion

an
d

w
e

w
an

t
to

ch
o
ose

a
solu

tion
m

ax
im

izin
g

th
e

n
u
m

b
er

of
in

d
iv

id
u
als

w
h
ose

p
referen

ces
are

m
et,

w
h
ile

p
rotectin

g
th

e
p
rivacy

of
th

e
p
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e
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p
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p
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p
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p
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p
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d
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p
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p
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p
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p
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b
el

ed
d
at

a
d
is

tr
ib

u
ti

on
.

F
ol

lo
w

in
g

th
ei

r
re

su
lt

s,
B

ei
m

el
et

al
.

(2
01

3)
sh

ow
ed

th
at

th
e

sa
m

p
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p
le

x
it

y
of

su
ch

le
ar

n
er

s
is

ac
tu

al
ly

fu
ll
y

ch
ar

ac
te

ri
ze

d
b
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-p
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b
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p
ri

va
te

le
ar

n
er

s,
an

d
sh

ow
ed

th
at

th
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p
le

co
m

p
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b
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b
y

S
ch

ap
ir

e
(1

99
0
))

th
at

is
ve

ry
re

le
va

n
t

to
o
u
r

p
a
p
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at
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b
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p
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p
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p
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b
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p
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p
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p
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b
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p
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p
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p
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p
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p
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p
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p
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d
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p
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e
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p
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p
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p
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p
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b
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p
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p
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p
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b
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b
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p
er

co
n
st

an
t,

w
e

w
ou

ld
li
ke

to
k
n
ow

w
h
et

h
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p
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p
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p
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p
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p
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d
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w
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p
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p
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p
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p
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P
re
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a
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.
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in
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en
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.
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.
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P
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d
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ta

b
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a
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b
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d
iff

er
in

ex
actly

on
e

en
try.

A
n

algorith
m

p
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n
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t
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p
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u
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=
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d
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=
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d
iff

er-
en

tia
l

p
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d
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p
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d
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p
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2 ∈
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F
].

2
.2

.
P

re
lim

in
a
rie

s
fro

m
L

e
a
rn

in
g

T
h

e
o
ry

L
et
X
d

=
{
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p
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p
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b
ility

d
istrib

u
tion

D
over

X
d ,

an
d

lab
eled

accord
in

g
to

an
u
n
k
n
ow

n
ta

rget
con

cep
t
c∈
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d
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b
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n
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.
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n
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p
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=
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∈
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p
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n
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P
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p
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p
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p
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n
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p
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p
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ab
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p
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∈
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∈
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erties

of
th

e
ex

p
on

en
tial

m
ech

an
ism

,
A

is
ε-d

iff
eren

tially
p
riva

te.
W

e
w

ill
sh

ow

th
a
t

w
ith

sa
m

p
le

size
m

=
O
(

1α
ε (size(H

)
+

ln
(

1β
)) )

,
algorith

m
A

is
a

(6α
,4
β

)-P
A

C
learn

er

fo
rC

.
F

ix
so

m
e
c∈
C

an
d
D

,
an

d
d
efi

n
e

th
e

follow
in

g
3

go
o
d

even
ts:

E
1
H
i

ch
o
sen

in
step

1
con

tain
s

at
least

on
e

h
y
p

oth
esis

h
s.t.

error
S

(h
)≤

2α
.

E
2

F
o
r

every
h
∈
H
i

s.t.
error

S
(h

)≤
3
α

,
it

h
old

s
th

at
errorD

(c,h
)≤

6
α

E
3

T
h
e

ex
p

o
n
en

tialm
ech

an
ism

ch
o
oses

an
h

su
ch

th
at

error
S

(h
)≤

α
+

m
in
f∈H

i {error
S

(f
)}.

W
e

fi
rst

sh
ow

th
at

if
th

ose
3

go
o
d

even
ts

h
ap

p
en

,
algorith

m
A

retu
rn

s
a

6α
-go

o
d

h
y
-

p
o
th

esis.
E

ven
t
E

1
en

su
res

th
e

ex
isten

ce
of

a
h
y
p

oth
esis

f
∈
H
i

s.t.
error

S
(f

)≤
2α

.
T

h
u
s,

even
t
E

1 ∩
E

3
en

su
res

algorith
m
A

ch
o
oses

(u
sin

g
th

e
ex

p
on

en
tial

m
ech

an
ism

)
a

h
y
p

oth
esis

h
∈
H
i

s.t.
erro

r
S

(h
)≤

3
α

.
E

v
en

t
E

2
en

su
res

th
erefore

th
at

th
is
h

ob
ey

s
errorD

(c,h
)≤

6
α

.

W
e

w
ill

n
ow

sh
ow

th
at

th
ose

3
even

ts
h
ap

p
en

w
ith

h
igh

p
rob

ab
ility.

A
s

(H
,P

)
is

an
(α
,β

)-p
ro

b
a
b
ilistic

rep
resen

tation
for

th
e

classC
,

th
e

ch
osen

H
i

con
tain

s
a

h
y
p

oth
esis

h
s.t.

erro
rD

(c,h
)≤

α
w

ith
p
rob

ab
ility

at
least

1−
β

;
b
y

th
e

C
h
ern

off
b

ou
n
d

w
ith

p
rob

ab
ility

at
lea

st
1−

ex
p
(−
m
α
/3)

th
is

h
y
p

oth
esis

h
as

em
p
irical

error
at

m
ost

2
α

.
E

v
en

t
E

1
h
ap

p
en

s
w

ith
p
ro

b
a
b
ility

at
least

(1−
β

)(1−
ex

p
(−
m
α
/3))

>
1−

(β
+

ex
p
(−
m
α
/3)),

w
h
ich

is
at

lea
st

(1−
2
β

)
for

m
≥

3α
ln

(1/β
).

U
sin

g
th

e
C

h
ern

off
b

ou
n
d
,

th
e

p
rob

ab
ility

th
at

a
h
y
p

oth
esis

h
s.t.

errorD
(c,h

)
>

6
α

h
a
s

em
p
irica

l
error≤

3α
is

less
th

an
ex

p
(−
m
α

3
/4).

U
sin

g
th

e
u
n
ion

b
ou

n
d
,

th
e

p
ro

b
ab

ility
th

a
t

th
ere

is
su

ch
a

h
y
p

oth
esis

in
H
i

is
at

m
ost|H

i |·
ex

p
(−
m
α

3
/4).

T
h
erefore,

P
r[E

2 ]≥
1−
|H

i |·
ex

p
(−
m
α

3/
4).

F
or
m
≥

43
α

(ln
( |H

i |
β

)),
th

is
p
rob

ab
ility

is
at

least
(1−

β
).

T
h
e

ex
p

o
n
en

tial
m

ech
an

ism
en

su
res

th
at

th
e

p
rob

ab
ility

of
even

t
E

3
is

at
least

1−
|H

i |·
ex

p
(−
εα
m
/2

)
(see

S
ection

2.4),
w

h
ich

is
at

least
(1−

β
)

for
m
≥

2α
ε

ln
( |H

i |
β

).

A
ll

in
a
ll,

b
y

settin
g
m

=
3α
ε (size(H

)+
ln

(
1β
))

w
e

en
su

re
th

at
th

e
p
rob

ab
ility

of
A

failin
g

to
o
u
tp

u
t

a
6α

-go
o
d

h
y
p

oth
esis

is
at

m
ost

4
β

.

W
e

w
ill

d
em

on
strate

th
e

ab
ove

lem
m

a
w

ith
tw

o
ex

am
p
les:
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B
e
im

e
l
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

E
x
a
m

p
le

5
(E

ffi
c
ie

n
t

le
a
rn

e
r

fo
r
P
O
I
N
T
d )

A
s

d
escribed

in
E

xa
m

p
le

3
,

th
ere

exists
a
n

(H
,P

)
th

a
t

(α
/6
,β
/
4)-p

ro
ba

bilistica
lly

rep
resen

ts
th

e
cla

ss
P
O
I
N
T
d ,

w
h
ere

size(H
)

=
O
α
,β
,ε (1).

B
y

L
em

m
a

1
4
,

th
ere

exists
a
n

a
lgo

rith
m

th
a
t

(α
,β
,ε)-P

P
A

C
lea

rn
s
C

w
ith

sa
m

p
le

size
m

=
O
α
,β
,ε (1).

T
h
e

existen
ce

o
f

a
n

a
lgo

rith
m

w
ith

sa
m

p
le

co
m

p
lexity

O
(1)

w
a
s

a
lrea

d
y

p
ro

ven
by

B
eim

el
et

a
l.

(2
0
1
4
).

M
o
reo

ver,
a
ssu

m
in

g
th

e
existen

ce
o
f

o
n

ew
a
y

fu
n

ctio
n

s,
th

eir
lea

rn
er

is
effi

-
cien

t.
O

u
r

co
n

stru
ctio

n
s

yield
s

a
n

effi
cien

t
lea

rn
er,

w
ith

o
u

t
a
ssu

m
p
tio

n
s.

T
o

see
th

is,
co

n
-

sid
er

a
ga

in
a
lgo

rith
m
A

p
resen

ted
in

th
e

a
bo

ve
p
roo

f,
a
n

d
n

o
te

th
a
t

a
s

size(H
)

is
co

n
sta

n
t,

step
2

co
u

ld
be

d
o
n

e
in

co
n

sta
n

t
tim

e.
S

tep
1

ca
n

be
d
o
n

e
effi

cien
tly

a
s

w
e

ca
n

effi
cien

tly
sa

m
p
le

a
setH

i ∈
P

H
.

In
C

la
im

3
5

w
e

in
itia

lly
co

n
stru

ct
a

p
ro

ba
bilistic

rep
resen

ta
tio

n
in

w
h
ich

th
e

d
escrip

tio
n

o
f

every
h
ypo

th
esis

is
expo

n
en

tia
l

in
d

.
T

h
e

rep
resen

ta
tio

n
is

th
en

revised
u

sin
g

pa
irw

ise
in

d
epen

d
en

ce
to

yield
a

rep
resen

ta
tio

n
in

w
h
ich

every
h
ypo

th
esis

h
h
a
s

a
sh

o
rt

d
escrip

tio
n

,
a
n

d
given

x
th

e
va

lu
e
h

(x
)

ca
n

be
co

m
p
u

ted
effi

cien
tly.

E
x
a
m

p
le

6
(P
O
I
N
T
N
)

C
o
n

sid
er

th
e

cla
ss

P
O
I
N
T
N

,
w

h
ich

is
exa

ctly
like

P
O
I
N
T
d ,

o
n

ly
o
ver

th
e

n
a
tu

ra
l

n
u

m
bers.

B
y

resu
lts

o
f

C
h
a
u

d
h
u

ri
a
n

d
H

su
(2

0
1
1
)

a
n

d
B

eim
el

et
a
l.

(2
0
1
4
),

it
is

im
po

ssible
to

p
ro

perly
P

P
A

C
lea

rn
th

e
cla

ss
P
O
I
N
T
N

.
O

u
r

co
n

stru
ctio

n
ca

n
yield

a
n

(in
effi

cien
t)

im
p
ro

per
p
riva

te
lea

rn
er

fo
r
P
O
I
N
T
N

w
ith

O
α
,β
,ε (1)

sa
m

p
les.

T
h
e

d
eta

ils
a
re

d
eferred

to
S

ectio
n

7
.

T
h
e

n
ex

t
lem

m
a

sh
ow

s
th

at
a

p
rivate

learn
in

g
algorith

m
im

p
lies

a
p
rob

ab
ilistic

rep
-

resen
tation

.
T

h
is

lem
m

a
can

b
e

u
sed

to
low

er
b

ou
n
d

th
e

sam
p
le

com
p
lex

ity
of

p
rivate

learn
ers.

L
e
m

m
a

1
5

If
th

ere
exists

a
n

a
lgo

rith
m
A

th
a
t

(α
,

12 ,ε)-P
P

A
C

lea
rn

s
a

co
n

cep
t

cla
ssC

w
ith

a
sa

m
p
le

size
m

,
th

en
th

ere
exists

a
pa

ir
(H

,P
)

th
a
t

(α
,1/

4)-p
ro

ba
bilistica

lly
rep

resen
ts

th
e

cla
ssC

su
ch

th
a
t

size(H
)

=
O

(m
ε).

P
ro

o
f

L
et
A

b
e

an
(α
,

12 ,ε)-P
P

A
C

learn
er

for
a

class
C

u
sin

g
h
y
p

oth
esis

class
F

w
h
ose

sam
p
le

size
is
m

.
F

or
a

target
con

cep
t
c
∈
C

an
d

a
d
istrib

u
tion

D
on

X
d ,

w
e

d
efi

n
e
G

as
th

e
set

of
all

h
y
p

oth
eses

h
∈
F

su
ch

th
at

errorD
(c,h

)
≤
α

.
F

ix
som

e
c
∈
C

an
d

a
d
istrib

u
tion

D
on

X
d .

A
s
A

is
an

(α
,

12 )-P
A

C
learn

er,
P

rD
,A

[A
(S

)∈
G

]≥
12 ,

w
h
ere

th
e

p
rob

ab
ility

is
over

A
’s

ran
d
om

n
ess

an
d

over
sam

p
lin

g
th

e
ex

am
p
les

in
S

(accord
in

g
to

D
).

T
h
erefore,

th
ere

ex
ists

a
d
atab

ase
S

of
m

sam
p
les

su
ch

th
at

P
r
A

[A
(S

)∈
G

]≥
12 ,

w
h
ere

th
e

p
rob

ab
ility

is
on

ly
over

th
e

ran
d
om

n
ess

of
A

.
A

s
A

is
ε-d

iff
eren

tially
p
rivate,

P
r
A

[A
( ~0)∈

G
]
≥
e −

m
ε·

P
r
A

[A
(S

)∈
G

]≥
12 e −

m
ε,

w
h
ere

~0
is

a
d
atab

ase
w

ith
m

zeros. 1

T
h
at

is,
P

r
A

[A
( ~0)

/∈
G
]
≤

1−
12 e −

m
ε.

N
ow

,
con

sid
er

a
setH

con
tain

in
g

th
e

ou
tcom

es
of

2
ln

(4)e
m
ε

ex
ecu

tion
s

of
A

( ~0).
T

h
e

p
rob

ab
ility

th
atH

d
o
es

n
ot

con
tain

an
α

-go
o
d

h
y
p

oth
-

esis
is

at
m

ost
(1−

12 e −
m
ε)

2
ln

(4
)e
m
ε≤

14 .
T

h
u
s,

H
=
{H
⊆
F

:
|H
|≤

2
ln

(4)e
m
ε}

,
an

d
P

,

th
e

d
istrib

u
tion

in
d
u
ced

b
y
A

( ~0),
are

an
(α
,1
/
4)-p

rob
a
b
ilistic

rep
resen

tation
for

classC
.

It
follow

s
th

at
size(H

)
=

m
ax{

ln|H
|
:H
∈

H
}

=
ln

(2
ln

(4))
+
m
ε.

1
.

C
h

o
o
sin

g
~0

is
a
rb

itra
ry

;
w

e
co

u
ld

h
av

e
ch

o
sen

a
n
y

d
a
ta

b
a
se.

1
2
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C
h
a
r
a
c
t
e
r
iz
in
g

t
h
e
S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

T
h
e

ab
ov

e
le

m
m

a
y
ie

ld
s

a
lo

w
er

b
ou

n
d

of
Ω
( 1 ε

R
ep

D
im

(C
))

on
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

p
ri

va
te

le
ar

n
er

s
fo

r
a

co
n
ce

p
t

cl
as

s
C.

T
o

se
e

th
is

,
fi
x
α
≤

1 4
an

d
le

t
A

b
e

an
(α
,

1 2
,ε

)-
P

P
A

C
le

ar
n
er

fo
r
C

w
it

h
sa

m
p
le

si
ze
m

.
B

y
th

e
ab

ov
e

le
m

m
a,

th
er

e
ex

is
ts

a
p
ai

r
(H

,P
)

th
at

(α
,1
/
4)

-p
ro

b
ab

il
is

ti
ca

ll
y

re
p
re

se
n
ts
C

s.
t.

si
ze

(H
)

=
ln

(2
ln

(4
))

+
m
ε.

T
h
er

ef
or

e,
b
y

d
efi

n
it

io
n
,

R
ep

D
im

(C
)
≤

ln
(2

ln
(4

))
+
m
ε.

T
h
u
s,
m
≥

1 ε
(R

ep
D

im
(C

)
−

ln
(2

ln
(4

))
)

=
Ω
( 1 ε

R
ep

D
im

(C
))

.

In
or

d
er

to
re

fi
n
e

th
is

lo
w

er
b

ou
n
d

(a
n
d

in
co

rp
or

at
e
α

in
it

),
w

e
w

il
l

n
ee

d
a

so
m

ew
h
at

st
ro

n
ge

r
v
er

si
on

of
th

is
le

m
m

a:

L
e
m

m
a

1
6

L
et
α
≤

1
/4

.
If

th
er

e
ex

is
ts

a
n

a
lg

o
ri

th
m

A
th

a
t

(α
,

1 2
,ε

)-
P

P
A

C
le

a
rn

s
a

co
n

ce
p
t

cl
a
ss
C

w
it

h
a

sa
m

p
le

si
ze

m
,

th
en

th
er

e
ex

is
ts

a
pa

ir
(H

,P
)

th
a
t

(1
/
4,

1/
4)

-
p
ro

ba
bi

li
st

ic
a

ll
y

re
p
re

se
n

ts
th

e
cl

a
ss
C

su
ch

th
a
t

si
ze

(H
)

=
O

(m
εα

).

P
ro

o
f

L
et
A

b
e

an
(α
,

1 2
,ε

)-
P

P
A

C
le

ar
n
er

fo
r

th
e

cl
a
ss
C

u
si

n
g

h
y
p

ot
h
es

is
cl

as
s
F

w
h
os

e

sa
m

p
le

si
ze

is
m

.
W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
ca

n
as

su
m

e
th

at
m
≥

3
ln

(4
)

4
α

(s
in

ce
A

ca
n

ig
n
or

e
p
ar

t
of

th
e

sa
m

p
le

).
F

or
a

ta
rg

et
co

n
ce

p
t
c
∈
C

an
d

a
d
is

tr
ib

u
ti

on
D

on
X
d
,

w
e

d
efi

n
e

G
α D

=
{h
∈
F

:
er

ro
r D

(c
,h

)
≤
α
}.

F
ix

so
m

e
c
∈
C

an
d

a
d
is

tr
ib

u
ti

on
D

on
X
d
,

an
d

d
efi

n
e

th
e

fo
ll
ow

in
g

d
is

tr
ib

u
ti

on
D̃

on
X
d
:

P
r D̃
[x

]
=

{
1
−

4α
+

4
α
·P

r D
[x

],
x

=
0d
.

4
α
·P

r D
[x

],
x
6=

0d
.

N
ot

e
th

at
fo

r
ev

er
y
x
∈
X
d
,

P
r D̃
[x

]
≥

4α
·P

r D
[x

].
(2

)

A
s
A

is
an

(α
,

1 2
)-

P
A

C
le

ar
n
er

,
it

h
ol

d
s

th
at

P
r

D̃
,A

[ A
(S

)
∈
G
α D̃

] ≥
1 2
,

w
h
er

e
th

e
p
ro

b
ab

il
it

y
is

ov
er
A

’s
ra

n
d
om

n
es

s
an

d
ov

er
sa

m
p
li
n
g

th
e

ex
am

p
le

s
in
S

(a
cc

or
d
-

in
g

to
D̃

).
In

ad
d
it

io
n
,

b
y

in
eq

u
al

it
y

(2
),

ev
er

y
h
y
p

o
th

es
is
h

w
it

h
er

ro
r D

(c
,h

)
>

1/
4

h
as

er
ro

r
st

ri
ct

ly
gr

ea
te

r
th

an
α

u
n
d
er
D̃

:

er
ro

r D̃
(c
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)
≥

4α
·e

rr
or
D

(c
,h

)
>
α
.

S
o,

ev
er

y
α

-g
o
o
d

h
y
p

ot
h
es

is
fo

r
c

an
d
D̃

is
a

1 4
-g

o
o
d

h
y
p

ot
h
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r
c

an
d
D

.
T

h
at
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,

G
α D̃
⊆
G

1
/
4
D

.
T

h
er

ef
or

e,
P

r D̃
,A

[ A
(S

)
∈
G

1
/
4

D

] ≥
1 2
.

W
e
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th
at
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d
at
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e
S

of
m
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b

el
ed
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p
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th

e
u
n
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b
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p
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S
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le
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t
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−
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.
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S

b
e

a
d
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as

e
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n
st
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ed
b
y

ta
k
in

g
m

i.
i.
d
.
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m

p
le
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om
D̃

,
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b
el

ed
b
y
c.

B
y

th
e

C
h
er

n
o
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b
ou

n
d
,
S

is
go

o
d

w
it

h
p
ro

b
a
b
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y
at
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t
1
−

ex
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B
e
im

e
l
a
n
d

N
is
si
m

a
n
d

S
t
e
m
m
e
r

P
r

D̃
,A

[ (A
(S

)
∈
G

1
/
4
D

)
∧

(S
is

go
o
d
)] ≥

1 2
−

ex
p
(−

4
α
m
/3

)
≥

1 4
.

T
h
er

ef
or

e,
th

er
e

ex
is

ts
a

d
at

ab
as

e
S

g
o
o
d

o
f
m

sa
m

p
le

s
th

at
co

n
ta

in
s

th
e

u
n
la

b
el

ed
sa

m
p
le

0d
at

le
as

t
(1
−

8
α

)m
ti

m
es

,
an

d
P

r A

[ A
(S

g
o
o
d
)
∈
G

1
/
4

D

] ≥
1 4
,

w
h
er

e
th

e
p
ro

b
a
b
il
it

y
is

o
n
ly

ov
er

th
e

ra
n
d
om

n
es

s
of
A

.
A

ll
of

th
e

ex
am

p
le

s
in
S

g
o
o
d

(i
n
cl

u
d
in

g
th

e
ex

a
m

p
le

0d
)

a
re

la
b

el
ed

b
y
c.

F
or
σ
∈
{0
,1
},

d
en

ot
e

b
y
~ 0
σ

a
d
at

ab
as

e
co

n
ta

in
in

g
m

co
p
ie

s
o
f

th
e

ex
am

p
le

0
d

la
b

el
ed

as
σ

.
A

s
A

is
ε-

d
iff

er
en

ti
al

ly
p
ri

va
te

,
an

d
as

th
e

ta
rg

et
co

n
ce

p
t
c

la
b

el
s

th
e

ex
a
m

p
le

0
d

b
y

ei
th

er
0

or
1,

fo
r

at
le

as
t

on
e
σ
∈
{0
,1
}

it
h
ol

d
s

th
at

P
r
A

[A
(~ 0
σ
)
∈
G

1
/
4
D

]
≥

ex
p
(−

8
α
εm

)
·P

r
A

[ A
(S

g
o
o
d
)
∈
G

1
/
4

D

]

≥
ex

p
(−

8
α
εm

)
·1
/4
.

(3
)

T
h
at

is
,

P
r A

[A
(~ 0
σ
)
/∈
G

1
/
4
D

]
≤

1
−

1 4
e−

8
α
εm

.
N

ow
,

co
n
si

d
er

a
se

t
H

co
n
ta

in
in

g
th

e
o
u
tc

o
m

es

of
4

ln
(4

)e
8
α
εm

ex
ec

u
ti

on
s

of
A

(~ 0
0
),

an
d

th
e

ou
tc

om
es

of
4

ln
(4

)e
8
α
εm

ex
ec

u
ti

o
n
s

o
f
A

(~ 0
1
).

T
h
e

p
ro

b
ab

il
it

y
th

at
H

d
o
es

n
ot

co
n
ta

in
a

1 4
-g

o
o
d

h
y
p

ot
h
es

is
fo

r
c

an
d
D

is
a
t

m
o
st

(1
−

1 4
e−

8
α
εm

)4
ln

(4
)e

8
α
ε
m
≤

1 4
.

T
h
u
s,

H
=
{ H
⊆
F

:
|H
|≤

2
·4

ln
(4

)e
8
α
εm
} ,

a
n
d
P

,
th

e

d
is

tr
ib

u
ti

on
in

d
u
ce

d
b
y
A

(~ 0
0
)

an
d
A

(~ 0
1
),

ar
e

a
(1
/4
,1
/4

)-
p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
o
n

fo
r

th
e

cl
as

s
C.

N
ot

e
th

at
th

e
va

lu
e
c(

0d
)

is
u
n
k
n
ow

n
,

an
d

ca
n

b
e

ei
th

er
0

or
1.

T
h
er

ef
o
re

th
e

co
n
st

ru
ct

io
n

u
se

s
th

e
tw

o
p

os
si

b
le

va
lu

es
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n
e

of
th

em
co

rr
ec

t)
.

It
h
ol

d
s

th
at

si
ze

(H
)

=
m

ax
{

ln
|H
|:
H
∈

H
}

=
ln

(8
ln

(4
))

+
8α
εm

=
O

(m
εα

).

L
em

m
a

18
sh

ow
s

h
ow

to
co

n
st

ru
ct

a
p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
on

fo
r

an
a
rb

it
ra

ry
α

a
n
d

β
fr

om
a

p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
on

w
it

h
α

=
β

=
1/

4;
in

ot
h
er

w
or

d
s

w
e

b
o
o
st
α

a
n
d

β
.

T
h
e

p
ro

of
of

th
is

le
m

m
a

is
co

m
b
in

at
or

ia
l.

It
al

lo
w

s
u
s

to
st

ar
t

w
it

h
a

p
ri

va
te

le
a
rn

in
g

al
go

ri
th

m
w

it
h

co
n
st

an
t
α

an
d
β

,
m

ov
e

to
a

re
p
re

se
n
ta

ti
on

,
u
se

th
e

co
m

b
in

a
to

ri
a
l

b
o
o
st

in
g,

an
d

m
ov

e
b
ac

k
to

a
p
ri

va
te

al
go

ri
th

m
w

it
h

sm
al

l
α

an
d
β

.
T

h
is

sh
ou

ld
b

e
co

n
tr

a
st

ed
w

it
h

th
e

p
ri

va
te

b
o
os

ti
n
g

of
D

w
or

k
et

al
.

(2
01

0)
w

h
ic

h
is

al
go

ri
th

m
ic

an
d

m
or

e
co

m
p
li
ca

te
d

(h
ow

ev
er

,
th

e
al

go
ri

th
m

of
D

w
or

k
et

a
l.

(2
01

0)
is

co
m

p
u
ta

ti
on

al
ly

effi
ci

en
t)

.
W

e
fi
rs

t
sh

ow
h
ow

to
co

n
st

ru
ct

a
p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
on

fo
r

ar
b
it

ra
ry

β
fr

o
m

a
p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta
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w
it

h
β

=
1/

4.
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F
o
r

ev
er

y
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n
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p
t
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a
ss
C

a
n

d
fo

r
ev

er
y
β

,
th

er
e

ex
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a
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(H
,P

)
th

a
t

(1
/
4,
β

)-
p
ro

ba
bi

li
st

ic
a
ll

y
re

p
re

se
n

ts
C

w
h
er

e
si

ze
(H

)
≤

R
ep

D
im

(C
)

+
ln

ln
(1
/
β

).

P
ro

o
f

L
et
β
<

1/
4,

an
d

le
t

(H
0
,P

0
)

b
e

a
(1 4
,

1 4
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p
ro

b
ab

il
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ti
c

re
p
re

se
n
ta

ti
o
n

fo
r
C

w
it

h

si
ze

(H
0
)

=
R

ep
D

im
(C

)
,
k

0
(t

h
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is
,

fo
r

ev
er

y
H

0 i
∈

H
0

it
h
ol

d
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th
at
|H
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0
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D
en

o
te
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0
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{H

0 1
,H

0 2
,.
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,H

0 r
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an
d
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n
si

d
er

th
e

fo
ll
ow

in
g

fa
m

il
y

of
h
y
p

ot
h
es
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a
ss
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:

H
1
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·∪
H
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n
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/
β
)

:
1
≤
i 1
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i l
n

(1
/
β

)
≤
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.
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ot

e
th

at
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r
ev

er
y
H
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∈

H
1

it
h
ol

d
s

th
at
|H
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ln
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)e
k
0

an
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so
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ze
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1
)
,
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1
≤

k
0

+
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ln
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/β

).
W

e
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il
l

n
ow

sh
ow

an
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p
ro

p
ri

a
te

d
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tr
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u
ti

o
n
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1
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C
h
a
r
a
c
t
e
r
iz
in
g

t
h
e
S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

a
(

14 ,β
)-p

ro
b
a
b
ilistic

rep
resen

tation
fo

r
C

.
T

o
th

is
en

d
,

con
sid

er
th

e
follow

in
g

p
ro

cess
for

ra
n
d
o
m

ly
ch

o
o
sin

g
an
H

1∈
H

1:

1.
D

en
ote

M
=

ln
(1/

β
)

2.
F

or
i

=
1,...,M

:
R

an
d
om

ly
ch

o
ose
H

0i ∈
P
0

H
0.

3.
R

etu
rn
H

1
=
⋃
Mi=

1 H
0i .

T
h
e

a
b

ove
p
ro

cess
in

d
u
ces

a
d
istrib

u
tion

on
H

1,
d
en

oted
as
P

1.
A

s
H

0
is

a
(

14 ,
14 )-

p
ro

b
ab

ilistic
rep

resen
tation

forC
,

w
e

h
ave

th
at

P
r
P

1 [@
h
∈
H

1
s.t.

errorD
(c,h

)≤
1/

4 ]
=

=
M∏i=

1

P
r
P

0 [@
h
∈
H

0i
s.t.

errorD
(c,h

)≤
1/

4 ]≤

≤
(

14 )
M

≤
β
.

L
e
m

m
a

1
8

F
o
r

every
co

n
cep

t
cla

ss
C

,
every

α
,

a
n

d
every

β
,

th
ere

exists
(H

,P
)

th
a
t

(α
,β

)-p
ro

ba
bilistica

lly
rep

resen
tsC

w
h
ere

size(H
)

=
O
(

ln
(

1α
)· (

R
ep

D
im

(C
)

+
ln

ln
ln

(
1α

)
+

ln
ln

(
1β

) ) )
.

L
em

m
a

1
8

corresp
on

d
s

to
stan

d
ard

accu
racy

am
p
lifi

cation
argu

m
en

ts.
W

e
d
efer

th
e

p
ro

o
f

to
A

p
p

en
d
ix

7.
T

h
e

n
ex

t
th

eorem
states

th
e

m
a
in

resu
lt

of
th

is
section

–
R

ep
D

im
ch

a
ra

cterizes
th

e
sam

p
le

com
p
lex

ity
of

p
rivate

learn
in

g.

T
h

e
o
re

m
1
9

L
etC

be
a

co
n

cep
t

cla
ss.

Θ̃
β (

R
ep

D
im

(C
)

α
ε

)
sa

m
p
les

a
re

n
ecessa

ry
a
n

d
su

ffi
cien

t

fo
r

th
e

p
riva

te
lea

rn
in

g
o
f

th
e

cla
ssC

.

P
ro

o
f

F
ix

so
m

e
α
≤

1
/4
,β
≤

1
/2,

an
d
ε.

B
y

L
em

m
a

18,
th

ere
ex

ists
a

p
air

(H
,P

)

th
at

(
α6
,
β4

)-rep
resen

t
classC

,
w

h
ere

size(H
)

=
O
(

ln
(1/α

)· (
R

ep
D

im
(C

)
+

ln
ln

ln
(1/α

)
+

ln
ln

(1/
β

) ) )
.

T
h
erefore,

b
y

L
em

m
a

14,
th

ere
ex

ists
an

algorith
m
A

th
a
t

(α
,β
,ε)-P

P
A

C

lea
rn

s
th

e
cla

ssC
w

ith
a

sam
p
le

size

m
=
O
β (

1α
ε

ln
(

1α
)· (

R
ep

D
im

(C
)

+
ln

ln
ln

(
1α

) ))
.

F
o
r

th
e

low
er

b
ou

n
d
,

let
A

b
e

an
(α
,β
,ε)-P

P
A

C
learn

er
for

th
e

classC
w

ith
a

sam
p
le

size
m

,
w

h
ere

α
≤

1/
4

an
d
β
≤

1
/
2.

B
y

L
em

m
a

16,
th

ere
ex

ists
a
n

(H
,P

)
th

at
(

14 ,
14 )-

1
5
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B
e
im

e
l
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

p
rob

ab
ilistically

rep
resen

ts
th

e
classC

an
d

size(H
)

=
ln

(8)
+

ln
ln

(4)
+

8
α
εm

.
T

h
erefore,

b
y

d
efi

n
ition

,
R

ep
D

im
(C

)≤
ln

(8
ln

(4))
+

8α
εm

.
T

h
u
s,

m
≥

1

8
α
ε · (

R
ep

D
im

(C
)−

ln
(8

ln
(4)) )

=
Ω

(
R

ep
D

im
(C

)

α
ε

)
.

5
.
P
ro

b
a
b
ilistic

R
e
p
re
se
n
ta
tio

n
fo
r
P
riv

a
te
ly

S
o
lv
in
g
O
p
tim

iza
tio

n
P
ro

b
le
m
s

T
h
e

n
otion

of
p
rob

ab
ilistic

rep
resen

tation
ap

p
lies

n
ot

on
ly

to
p
rivate

learn
in

g,
b
u
t

also
to

a
b
road

er
task

of
op

tim
ization

p
rob

lem
s.

W
e

con
sid

er
th

e
follow

in
g

scen
ario:

D
e
fi

n
itio

n
2
0

A
n

op
tim

ization
p
rob

lem
O

P
T

o
ver

a
u

n
iverse

X
a
n

d
a

set
o
f

so
lu

tio
n

sF
is

d
efi

n
ed

by
a

qu
a
lity

fu
n

ctio
n
q

:
X
∗×
F
→

[0,1].
G

iven
a

d
a
ta

ba
se

S
,

th
e

ta
sk

is
to

ch
oo

se
a

so
lu

tio
n
f
∈
F

su
ch

th
a
t
q(S

,f
)

is
m

a
xim

ized
.

N
o
ta

tio
n

.
W

e
w

ill
refer

to
th

e
op

tim
ization

p
rob

lem
d
efi

n
ed

b
y

a
q
u
ality

fu
n
ction

q
as

O
P

T
q .

D
e
fi

n
itio

n
2
1

A
n
α

-go
o
d

so
lu

tio
n

fo
r

a
d
a
ta

ba
se

S
is

a
so

lu
tio

n
s

su
ch

th
a
t
q(S

,s)
≥

m
ax

f∈F {
q(S

,f
)}−

α
.

G
iven

an
op

tim
ization

p
rob

lem
O

P
T
q ,

on
e

can
u
se

th
e

ex
p

on
en

tial
m

ech
an

ism
to

ch
o
ose

a
solu

tion
s∈
F

.
In

gen
eral,

th
is

m
eth

o
d

ach
iev

es
a

reason
ab

le
solu

tion
on

ly
for

d
atab

ases
of

size
Ω

(log|F
|/ε).

T
o

see
th

is,
con

sid
er

a
case

w
h
ere

th
ere

ex
ists

a
d
atab

ase
S

of
m

record
s

su
ch

th
at

ex
actly
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e

solu
tion

t∈
F

h
as

a
q
u
ality

of
q(S

,t)
=

1,
an

d
every

oth
er
f
∈
F

h
as

a
q
u
ality

of
q(S

,f
)

=
1/2.

T
h
e

p
rob

ab
ility

of
th

e
ex

p
on

en
tial

m
ech

an
ism

ch
o
osin

g
t

is:

P
r[t

is
ch

osen
]
=

ex
p
(εm

/
2)

(|F
|−

1)·
ex

p
(εm

/
4)

+
ex

p
(εm

/
2) .

U
n
less

m
≥

4ε
ln

(|F
|−

1)
=

Ω
(

1ε
ln|F

|),
(4)

th
e

ab
ove

p
rob

ab
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n
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b
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b
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atab

ase
size

m
sh

ou
ld

b
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at
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b
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at
least

a
factor

of
1/ε.
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∆
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∆
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∆
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∆
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p
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p
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p
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p
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=
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p
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∈
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∈
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p
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∆
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∆
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∆
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∆
is

re
q
u
ir

ed
to

su
p
p

or
t

al
l
th

e
d
a
ta

b
as

es
of
m

=
∆
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∈
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∆

co
n
tr

ol
s

th
e

ra
ti

o
b

et
w

ee
n
m

an
d

n
u
m

b
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b
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p
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d
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d
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b
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b
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∆
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p
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p
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d
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=
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∈

B
}.

W
e

sa
y

th
a
t

(B
,P

)
is

a
n

(α
,β

)-
p
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p
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∈
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∈
B i

s.
t.
q(
S
,s

)
≥

m
ax

f
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p
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p
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∆
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∆
>

1
,

th
en

w
e

sa
y

th
a
t

th
e

ra
ti

o
o
f

th
e

re
p
re

se
n

ta
ti

o
n

is
∆
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p
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b
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d
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p
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p
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p
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p
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d
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p
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∈
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p
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m
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p
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p
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d
ic

a
te

s
C

o
ve

r
X

.
A

d
a
ta

ba
se
S

co
n

-
ta

in
s

po
in

ts
ta

ke
n

fr
o
m
X

.
A

p
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∈
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∈
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d
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d
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p
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p
re

d
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[ ∀
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(Ŝ

)∣ ∣
≤
α
] ≥

1
−
β
.

T
h
is

sc
en

a
ri

o
ca

n
be

vi
ew

ed
a
s

a
bo

u
n

d
ed

o
p
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p
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Ŝ
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,Ŝ
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(Ŝ
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p
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a
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.
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u
ke

y
d
ep

th
(T

u
ke

y,
1
9
7
5
).

S
pe

ci
fi

ca
ll

y,
th

e
T

u
ke

y
d
ep

th
o
f

a
po

in
t
x
∈

R
d

w
.r

.t
.

th
e

d
a
ta

ba
se

S
,

d
en

o
te

d
td

(S
,x

),
is

th
e

m
in

im
u

m
n

u
m

be
r

o
f

po
in

ts
th

a
t

n
ee

d
to

be
re

m
o
ve

d
fr

o
m
S

su
ch

th
a
t
x

is
n

o
t

in
th

e
co

n
ve

x-
h
u

ll
o
f

th
e

re
m

a
in

in
g

po
in

ts
.

T
h
e

ta
sk

o
f

id
en

ti
fy

in
g

a
po

in
t

w
it

h
h
ig

h
T

u
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b
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∈
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p
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ab
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p
erties

of
th

e
ex

p
on

en
tial

m
ech

an
ism

,
A

is
ε-d
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∈
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con
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rep
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p
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ab
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ab
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∆
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ab
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))
=
β̂
.

T
h
erefo

re,
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p
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p
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.

If
th

ere
exists

a
n

(α
,β
,ε)-p

riva
te

a
p
-

p
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,β̂

)-p
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+
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p
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d
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d
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p
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−
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∈
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∈
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−
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d
iff

er
en

ti
al

ly
p
ri

va
te

(t
h
at

is
,

w
it

h
δ

=
0)

le
ar

n
er

s
al

so
ap

p
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d
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p
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p
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d
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d
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p
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p
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b

ov
e

d
efi

n
it

io
n

is
n
ec

es
sa

ry
:

if
C

is
n
ot

co
n
ta

in
ed

in
B

th
en

fo
r

ev
er

y
sm

al
l

en
o
u
g
h
α

,
th

e
h
y
p

ot
h
es

is
cl

as
s
B

it
se

lf
d
o
es

n
ot
α

-r
ep

re
se

n
ts
C

(a
n
d

th
er

ef
or

e
n
o

su
b
se

t
H
⊆
B

ca
n
α

-
re

p
re

se
n
t
C)

.
M

or
eo

v
er

,
w

h
en

co
n
si

d
er

in
g

th
e

n
ot

at
io

n
s

of
re

p
re

se
n
ta

ti
on

u
si

n
g

a
h
y
p

o
th

es
is

cl
as

s,
ou

r
b

o
os

ti
n
g

te
ch

n
iq

u
e

fo
r
α

d
o
es

n
ot

w
or

k
(a

s
th

e
b

o
os

ti
n
g

u
se

s
m

o
re

co
m

p
le

x
h
y
p

ot
h
es

es
).

E
x
a
m

p
le

9
B

ei
m

el
et

a
l.

(2
0
1
4
)

sh
o
w

ed
th

a
t

fo
r

ev
er

y
α
<

1
,

ev
er

y
su

bs
et
H

(
P
O
I
N
T
d

d
oe

s
n

o
t
α

-r
ep

re
se

n
t

th
e

cl
a
ss

P
O
I
N
T
d
.

T
h
er

ef
o
re

,
D

R
ep

D
im

α
(P
O
I
N
T
d
,P
O
I
N
T
d
)

=
θ(
d
)

fo
r

ev
er

y
α
<

1.

D
e
fi

n
it

io
n

3
1

A
pa

ir
(H

,P
)

is
a
n

(α
,β

)-
p
ro

ba
bi

li
st

ic
re

p
re

se
n

ta
ti

o
n

fo
r

a
co

n
ce

p
t

cl
a
ss

C
u
si

n
g

a
h
y
p

ot
h
es

is
cl

as
s
B

if
:

1
.

(H
,P

)
is

a
n

(α
,β

)-
p
ro

ba
bi

li
st

ic
re

p
re

se
n

ta
ti

o
n

fo
r

th
e

cl
a
ss
C

,
a
s

fo
rm

u
la

te
d

in
D

ef
-

in
it

io
n

1
0
.

2
.

E
ve

ry
H
i
∈

H
is

a
su

bs
et

o
f
B.

N
ot

e
th

at
w

h
en

ev
er
B

=
2
X
d
,

th
is

d
efi

n
it

io
n

is
id

en
ti

ca
l

to
D

efi
n
it

io
n

1
0
.

U
si

n
g

th
is

ge
n
er

al
n
ot

at
io

n
,

w
e

ca
n

re
st

at
e

L
em

m
a

14
a
n
d

L
em

m
a

16
as

fo
ll
ow

s:

L
e
m

m
a

3
2

If
th

er
e

ex
is

ts
a

pa
ir

(H
,P

)
th

a
t

(α
,β

)-
p
ro

ba
bi

li
st

ic
a
ll

y
re

p
re

se
n

ts
a

cl
a
ss
C

u
si

n
g

a
h
yp

o
th

es
is

cl
a
ss
B,

th
en

fo
r

ev
er

y
ε

a
n

d
ev

er
y
γ

th
er

e
ex

is
ts

a
n

a
lg

o
ri

th
m
A

th
a
t

(α
+

γ
,3
β
,ε

)-
P

P
A

C
le

a
rn

s
C

u
si

n
g
B

a
n

d
a

sa
m

p
le

si
ze
m

=
O

((
si

ze
(H

)
+

ln
(

1 β
))

m
a
x
{

1 γ
ε
,

1 γ
2
})

.

N
ot

e
th

at
in

th
e

ab
ov

e
le

m
m

a
th

e
re

su
lt

in
g

al
go

ri
th

m
A

h
as

ac
cu

ra
cy

(α
+
γ

)
a
s

op
-

p
os

ed
to

6α
in

le
m

m
a

14
,

w
h
er

e
γ

is
ar

b
it

ra
ry

.
W

h
il
e

in
se

ct
io

n
3

w
e

d
id

n
o
t

m
in

d
th

e
m

u
lt

ip
li
ca

ti
ve

fa
ct

or
of

6
in

th
e

ac
cu

ra
cy

p
ar

am
et

er
(a

s
w

e
co

u
ld

b
o
os

t
it

b
a
ck

),
re

p
la

ci
n
g

it
w

it
h

an
ad

d
it

iv
e

fa
ct

or
of
γ

m
ig

h
t

b
e

of
va

lu
e

in
th

is
se

ct
io

n
as

ou
r

b
o
os

ti
n
g

te
ch

n
iq

u
e

fo
r

th
e

ac
cu

ra
cy

p
ar

am
et

er
d
o
es

n
ot

w
or

k
h
er

e.
A

s
an

ex
am

p
le

,
co

n
si

d
er

a
re

p
re

se
n
ta

ti
o
n

w
it

h
α

=
1 1
0
.

W
it

h
ou

t
b

o
os

ti
n
g

ca
p
ab

il
it

ie
s,

th
is

ch
a
n
ge

m
ak

es
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

ab
il
it

y
to

ge
n
er

at
e

an
al

go
ri

th
m

w
it

h
α

=
6 1
0
,

or
an

al
go

ri
th

m
w

it
h
α

=
1 1
0

+
1

1
0
0
0
.
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C
h
a
r
a
c
t
e
r
iz
in
g

t
h
e
S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

P
ro

o
f

L
et

(H
,P

)
b

e
an

(α
,β

)-p
rob

ab
ilistic

rep
resen

tation
for

classC
u
sin

g
a

h
y
p

oth
esis

cla
ssB

,
a
n
d

co
n
sid

er
th

e
follow

in
g

algorith
m
A

:

In
p
u
ts:

S
=

(x
i ,y

i )
mi=

1 ,
an

d
a

p
rivacy

p
aram

eter
ε.

1
.

R
an

d
om

ly
ch

o
o
se
H
i ∈
P

H
.

2
.

C
h
o
ose

h
∈
H
i

u
sin

g
th

e
ex

p
.

m
ech

an
ism

w
ith

ε.

F
irst

n
o
te

th
a
t

th
e

su
p
p

ort
of

A
is

in
d
eed

(a
su

b
set

of)
B

.
B

y
th

e
p
rop

erties
of

th
e

ex
p

o
n
en

tial
m

ech
an

ism
,
A

is
ε-d

iff
eren

tially
p
rivate.

F
ix

som
e
c∈
C

an
d
D

,
an

d
d
efi

n
e

th
e

fo
llow

in
g

3
go

o
d

even
ts:

E
1
H
i

ch
o
sen

in
step

1
con

tain
s

at
least

on
e

h
y
p

oth
esis

h
s.t.

erro
rD

(h
)≤

α
.

E
2

F
o
r

every
h
∈
H
i

it
h
old

s
th

at|error
S

(h
)−

errorD
(c,h

)|≤
γ3
.

E
3

T
h
e

ex
p

o
n
en

tialm
ech

an
ism

ch
o
oses

an
h

su
ch

th
at

error
S

(h
)≤

γ3
+

m
in
f∈H

i {
error

S
(f

)}.
N

o
te

th
a
t

if
th

ose
3

go
o
d

even
ts

h
ap

p
en

,
algo

rith
m
A

retu
rn

s
an

(α
+
γ

)-g
o
o
d

h
y
p

o
th

esis.
W

e
w

ill
n
ow

sh
ow

th
at

th
ose

3
ev

en
ts

h
ap

p
en

w
ith

h
igh

p
rob

ab
ility.

A
s

(H
,P

)
is

an
(α
,β

)-p
rob

ab
ilistic

rep
resen

tation
for

th
e

class
C

,
even

t
E

1
h
ap

p
en

s
w

ith
p
ro

b
a
b
ility

at
least

1−
β

.
U

sin
g

th
e

H
o
eff

d
in

g
b

ou
n
d
,
ev

en
t
E

2
h
ap

p
en

s
w

ith
p
ro

b
ab

ility
at

leat
1−

2|H
i |ex

p
(−

29 γ
2m

).

F
o
r
m
≥

9
2
γ
2

ln
(

2|H
i |

β
),

th
is

p
rob

ab
ility

is
at

leat
1−

β
.

T
h
e

ex
p

on
en

tial
m

ech
an

ism
en

su
res

th
at

th
e

p
rob

ab
ility

of
even

t
E

3
is

a
t

least
1−
|H

i |·
ex

p
(−
εγ
m
/6

)
(see

S
ection

2.4),
w

h
ich

is
at

least
(1−

β
)

for
m
≥

6γ
ε

ln
( |H

i |
β

).

A
ll

in
a
ll,

b
y

settin
g
m

=
6(size(H

)+
ln

(
2β
))

m
ax{

1γ
2 ,

1γ
ε }

w
e

en
su

re
th

at
th

e
p
rob

ab
ility

o
f
A

fa
ilin

g
to

o
u
tp

u
t

an
(α

+
γ

)-go
o
d

h
y
p

oth
esis

is
a
t

m
ost

3
β

.

L
e
m

m
a

3
3

If
th

ere
exists

a
n

a
lgo

rith
m
A

th
a
t

(α
,

12 ,ε)-P
P

A
C

lea
rn

s
a

co
n

cep
t

cla
ssC

u
sin

g
a

h
ypo

th
esis

cla
ss
B

a
n

d
a

sa
m

p
le

size
m

,
th

en
th

ere
exists

a
pa

ir
(H

,P
)

th
a
t

(α
,1/

4)-
p
ro

ba
bilistica

lly
rep

resen
ts

th
e

cla
ssC

u
sin

g
th

e
h
ypo

th
esis

cla
ssB

w
h
ere

size(H
)

=
O

(m
ε).

T
h
e

p
ro

o
f

o
f

L
em

m
a

33
is

id
en

tical
to

th
e

p
ro

of
of

L
em

m
a

15.

D
e
fi

n
itio

n
3
4

W
e

d
efi

n
e

th
e
α

-P
ro

ba
bilistic

R
ep

resen
ta

tio
n

D
im

en
sio

n
o
f

a
co

n
cep

t
cla

ss
C

u
sin

g
a

h
ypo

th
esis

cla
ssB

a
s

R
ep

D
im

α
(C
,B

)
=

m
in 

size(H
)

:

∃P
s.t.

(H
,P

)
is

a
n

(α
,

14 )-p
ro

b.
rep

resen
ta

tio
n

fo
r
C

u
sin

g
B


.

E
x
a
m

p
le

1
0

B
eim

el
et

a
l.

(2
0
1
4
)

sh
o
w

ed
th

a
t

fo
r

every
α
<

1,
every

p
ro

per
P

P
A

C
lea

rn
er

fo
r
P
O
I
N
T
d

requ
ires

Ω
((d

+
log

(1
/β

))/
(εα

))
la

bled
exa

m
p
les.

U
sin

g
L

em
m

a
3
2
,

w
e

get
th

a
t

R
ep

D
im

α
(P
O
I
N
T
d ,P

O
I
N
T
d )

=
Ω

(d
).

T
h
e

a
b

ove
ex

am
p
le

sh
ow

s
a

stron
g

sep
aration

b
etw

een
th

e
V

C
d
im

en
sion

of
th

e
class

P
O
I
N
T
d

a
n
d

R
ep

D
im

α
(P
O
I
N
T
d ,P

O
I
N
T
d ).
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B
e
im

e
l
a
n
d

N
issim

a
n
d

S
t
e
m
m
e
r

7
.
A

P
ro

b
a
b
ilistic

R
e
p
re
se
n
ta
tio

n
fo
r
P
o
in
ts

E
x
am

p
le

3
states

th
e

ex
isten

ce
of

a
con

stan
t

size
p
rob

ab
ilistic

rep
resen

tation
for

th
e

class
P
O
I
N
T
d .

W
e

n
ow

give
th

e
con

stru
ction

.
S
im

ilar
id

eas
w

ere
u
sed

b
y

F
eld

m
an

(2009)
w

h
o

stu
d
ied

th
e

sm
ilin

gly
u
n
related

m
od

el
o
f

evo
lva

bility
of

V
alian

t
(2009)

(a
th

eoretical
m

o
d
el

for
q
u
an

tify
in

g
h
ow

com
p
lex

m
ech

an
ism

s,
su

ch
as

th
ose

fou
n
d

in
liv

in
g

cells,
ca

n
evolve

as
resu

lt
of

a
ran

d
om

search
gu

id
ed

b
y

selection
).

C
la

im
3
5

T
h
ere

exists
a
n

(α
,β

)-p
ro

ba
bilistic

rep
resen

ta
tio

n
fo

r
P
O
I
N
T
d

o
f

size
ln

(4
/α

)
+

ln
ln

(1/β
).

F
u

rth
erm

o
re,

ea
ch

h
ypo

th
esis

h
in

ea
ch
H
i

h
a
s

a
sh

o
rt

d
escrip

tio
n

a
n

d
given

x
,

th
e

va
lu

e
h

(x
)

ca
n

be
co

m
p
u

ted
effi

cien
tly.

P
ro

o
f

C
on

sid
er

th
e

follow
in

g
set

of
h
y
p

oth
esis

classes

H
=

{H
⊆

2
X
d

:
|H
|≤

4α
ln

(
1β

) }
.

T
h
at

is,H
∈

H
ifH

con
tain

s
at

m
ost

4α
ln

(
1β
)

b
o
olean

fu
n
ction

s.
W

e
w

ill
sh

ow
an

ap
p
rop

ri-
ate

d
istrib

u
tion

P
s.t.

(H
,P

)
is

an
(α
,β

)-p
rob

ab
ilistic

rep
resen

tation
of

th
e

class
P
O
I
N
T
d .

T
o

th
is

en
d
,

fi
x

a
target

con
cep

t
c
j ∈

P
O
I
N
T
d

an
d

a
d
istrib

u
tion

D
on

X
d

(rem
em

b
er

th
at

j
is

th
e

u
n
iq

u
e

p
oin

t
on

w
h
ich

c
j (j)

=
1).

W
e

n
eed

to
sh

ow
h
ow

to
ran

d
om

ly
ch

o
ose

an
H
∈
R

H
su

ch
th

at
w

ith
p
rob

ab
ility

at
least

(1−
β

)
over

th
e

ch
oice

ofH
,

th
ere

w
ill

b
e

at
least

on
e
h
∈
H

su
ch

th
at

errorD
(c
j ,h

)≤
α

.
C

on
sid

er
th

e
follow

in
g

p
ro

cess
for

ran
d
om

ly
ch

o
osin

g
an
H
∈

H
:

1.
D

en
ote

M
=

4α
ln

(
1β
)

2.
F

or
i

=
1,...,M

con
stru

ct
h
y
p

oth
esis

h
i

as
follow

s:
F

or
each

x
∈
X
d

(in
d
ep

en
d
en

tly
):

L
et
h
i (x

)
=

1
w

ith
p
rob

ab
ility

α
/2
,

an
d
h
i (x

)
=

0
oth

erw
ise.

3.
R

etu
rn
H

=
{h

1 ,h
2 ,...,h

M
}.

T
h
e

ab
ove

p
ro

cess
in

d
u
ces

a
d
istrib

u
tion

on
H

,
d
en

oted
asP

.
W

e
w

ill
n
ex

t
an

aly
ze

th
e

p
rob

ab
ility

th
at

th
e

retu
rn

ed
H

d
o
es

n
ot

con
ta

in
an

α
-go

o
d

h
y
p

oth
esis.

W
e

start
b
y

fi
x
in

g
som

e
i

an
d

an
aly

zin
g

th
e

ex
p

ected
error

of
h
i ,

con
d
ition

ed
on

th
e

even
t

th
at
h
i (j)

=
1.

T
h
e

p
rob

ab
ility

is
taken

ov
er

th
e

ran
d
om

coin
s

u
sed

to
con

stru
ct
h
i .

Eh
i [errorD

(c
j ,h

i ) ∣∣∣
h
i (j)

=
1 ]

=

=
Eh
i [

Ex∈D
[ ∣∣c

j (x
)−

h
i (x

) ∣∣ ]
∣∣∣
h
i (j)

=
1 ]

=
Ex∈D

[Eh
i [∣∣c

j (x
)−

h
i (x

) ∣∣ ∣∣∣
h
i (j)

=
1 ] ]
≤
α2
.

U
sin

g
M

arkov
’s

In
eq

u
ality,P

r
h
i [

errorD
(c
j ,h

i )≥
α

∣∣∣∣
h
i (j)

=
1 ]
≤

12
.
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h
e
S
a
m
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l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

S
o,

th
e

p
ro

b
ab

il
it

y
th

at
h
i

is
α

-g
o
o
d

fo
r
c j

an
d
D

is
:

P
r

h
i

[e
rr

or
D

(c
j
,h

i)
≤
α

]
≥

≥
P

r
h
i

[h
i(
j)

=
1]
·P

r
h
i

[ er
ro

r D
(c
j
,h

i)
≤
α

∣ ∣ ∣ ∣h
i(
j)

=
1]

≥
α 2
·1 2

=
α 4
.

T
h
u
s,

th
e

p
ro

b
ab

il
it

y
th

at
H

fa
il
s

to
co

n
ta

in
an

α
-g

o
o
d

h
y
p

ot
h
es

is
is

at
m

o
st
( 1
−

α 4

) M
,

w
h
ic

h
is

le
ss

th
an

β
fo

r
ou

r
ch

oi
ce

of
M

.
T

h
is

co
n
cl

u
d
es

th
e

p
ro

of
th

at
(H

,P
)

is
an

(α
,β

)-
p
ro

b
ab

il
is

ti
c

re
p
re

se
n
ta

ti
on

fo
r
P
O
I
N
T
d
.

W
h
en

a
h
y
p

ot
h
es

is
h
i(

)
w
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co

n
st

ru
ct

ed
in

th
e

ab
ov

e
ra

n
d
om

p
ro

ce
ss

,
th

e
va

lu
e

of
h
i(
x

)
w

as
in

d
ep

en
d
en

tl
y

d
ra

w
n

fo
r

ev
er

y
x
∈
X
d
.

T
h
is
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su

lt
s

in
a

h
y
p

ot
h
es

is
w

h
o
se

d
es

cr
ip

ti
on

si
ze
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O
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d
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w
h
ic

h
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tu
rn

,
w

il
l
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su

lt
in

a
n
on

effi
ci

en
t

le
ar

n
in

g
al

go
ri

th
m

.
W

e
n
ex

t
co

n
-

st
ru

ct
h
y
p

ot
h
es

es
w

h
os

e
d
es

cr
ip

ti
on
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or
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T
o
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h
ie

v
e

th
is

go
al

,
w

e
n
ot

e
th

at
in

th
e
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ov

e
an
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y
si

s
w

e
on

ly
ca

re
ab

ou
t

th
e

p
ro

b
ab

il
it

y
th

at
h
i(
x

)
=

0
gi

ve
n

th
at
h
i(
j)

=
1.

T
h
u
s,

w
e
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n
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o
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e
th

e
va
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es
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h
i
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a

p
ai

rw
is

e
in

d
ep

en
d
en

t
w
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,

e.
g.

,
u
si

n
g

a
ra

n
d
om

p
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y
n
om
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l
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d
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re
e

2.
T

h
e

si
ze
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th

e
d
es

cr
ip

ti
on
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ca

se
is
O
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C
on

si
d
er

th
e

cl
as

s
P
O
I
N
T
N
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n
ed
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E

x
am

p
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6.
T

h
e
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e
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n
st
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n
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n

b
e

a
d
-
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ed
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y
ie
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an
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n
effi
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en

t)
im

p
ro

p
er

p
ri

va
te

le
ar

n
er

fo
r
P
O
I
N
T
N

w
it

h
O
α
,β
,ε

(1
)

sa
m

p
le

s.
T

h
e

on
ly

ad
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st
m

en
ts

n
ec

es
sa

ry
ar

e
in

th
e

co
n
st

ru
ct

io
n

of
th

e
(α
,β

)-
p
ro

b
ab

il
is

ti
c

re
p
re

-
se

n
ta

ti
on

.
S
p

ec
ifi

ca
ll
y,

w
e

n
ee

d
to

sp
ec

if
y

h
ow

to
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n
d
om

ly
d
ra

w
a

b
o
ol

ea
n

fu
n
ct

io
n
h

ov
er

th
e

n
at

u
ra

l
n
u
m

b
er

s,
su

ch
th

at
fo

r
ev

er
y
x
∈

N
th

e
p
ro

b
ab

il
it

y
of
h

(x
)

=
1

is
α
/2

,
an

d
th

e
va

lu
es

of
h

on
ev

er
y

tw
o

d
is

ti
n
ct

p
oi

n
ts
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N

ar
e

in
d
ep

en
d
en

t.
T

h
is

ca
n

b
e

d
on

e
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su
m

in
g

th
at

th
e

le
ar

n
er

is
al

lo
w

ed
to

ou
tp

u
t

a
re

al
n
u
m

b
er

,
as

a
ra

n
d
om

re
al

n
u
m

b
er

co
u
ld

b
e

in
te

rp
re

te
d

as
a

ra
n
d
om

fu
n
ct

io
n

ov
er

N
.

N
ot

e
h
ow

ev
er

,
th

at
th

is
m

ea
n
s

th
a
t

th
e

le
ar

n
er

ou
tp

u
ts

a
h
y
p

ot
h
es

is
w

it
h

in
fi
n
it

e
d
es

cr
ip

ti
on

.
A

s
w
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sh

ow
n

b
y

B
u
n

et
al

.
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01
5)

,
th

is
b
ar

ri
er

is
u
n
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oi
d
ab

le
,

an
d

ev
er

y
p
u
re

p
ri

va
te

(p
ro

p
er

or
im

p
ro

p
er

)
le

ar
n
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r
P
O
I
N
T
N

m
u
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ou
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u
t

a
h
y
p

ot
h
es

is
w

it
h
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fi
n
it

e
d
es

cr
ip

ti
on
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A
ck

n
o
w
le
d
g
m
e
n
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A
m
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B

ei
m

el
an

d
K

ob
b
i

N
is

si
m

w
er

e
su

p
p

or
te

d
b
y

N
S
F

gr
an

t
n
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.
T
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L

ar
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:
C
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b
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C

om
p
u
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n
g

O
v
er

D
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ib

u
te

d
S
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D

at
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m

os
B
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m

el
w
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su
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p

or
te

d
b
y
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an
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a
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om
th

e
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b
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n
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n
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S
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m
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d
b
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p
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p
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P
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b
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b
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b
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il
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ti
c
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p
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w
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b
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p
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n
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≤
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+
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b
il
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n
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W
e

b
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w
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h
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o

n
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F
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T

h
y
p

ot
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T
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b
y
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a
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T
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e

m
a

jo
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p

ot
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.

T
h
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m
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T
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1
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h
i
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h
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)
=
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T
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2.
F
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T

h
y
p
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h
es

is
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d
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e

M
A
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∈
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p
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=
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H
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∈
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b
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p
ro

ce
ss

a
s
P

:

F
or
j

=
1,
..
.,
T

:
R

an
d
om

ly
ch

o
os

e
H
i j
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p
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c

re
p
re

se
n
ta

ti
on

fo
r
C:

F
o
r

a
fi
x
ed

p
a
ir

of
a

ta
rg

et
co

n
ce

p
t
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n
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H
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W
e

n
ow

sh
ow
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w
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h
p
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y
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)
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t
M

A
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,.
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,H
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)
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n
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in
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a
t
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a
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n
e

α
-g
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o
d

h
y
p

ot
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r
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e
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D
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b
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h
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F
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n
d
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d
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F
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t

=
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T

:
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F
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H
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r
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D
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b
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∈
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h
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r
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+
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=
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r D
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1
−

er
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r D
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sa
m

e
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u
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1
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1
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a
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p
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b
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e

u
n
io

n
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n
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p
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)
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e
w

h
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e
th
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t
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p
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en

t
w
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l
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d
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d
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w

e
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a
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e
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r
o
f

h
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n
=

m
a
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1
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t
α

.
C
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t
R
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)
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⊆
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p
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∈
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( ∀
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C
h
a
r
a
c
t
e
r
iz
in
g

t
h
e
S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
P
u
r
e
P
r
iv
a
t
e
L
e
a
r
n
e
r
s

T
h
a
t

is,
R
t

co
n
tain

s
th

e
p

oin
ts
x
∈
R

on
w

h
ich

h
t

is
last

to
err.

C
learly

D
t (R

t )≤
1
/4,

as
R
t

is
a

su
b
set

o
f

th
e

set
of

p
oin

ts
on

w
h
ich

h
t

errs.
M

oreover,

D
t (R

t )
≥
D

1 (R
t )·2

T
/
2· (

1−
errorD

t (c,h
t )

1−
errorD

t (c,h
t ) )

t−
T
/
2

≥
D

1 (R
t )·2

T
/
2· (

1−
1/

4

1−
1/

4 )
t−
T
/
2

≥
D

1 (R
t )·2

T
/
2· (

1−
1/

4

1−
1/

4 )
T
/
2

=
D

(R
t )· (

43 )
T
/
2

,

so
,

D
(R

t )≤
D
t (R

t )· (
43 )
−
T
/
2≤

14
· (

43 )
−
T
/
2

.

F
in

a
lly,

errorD
(c,h

fi
n )

=
D

(R
)

=
T
∑t=
T
/
2 D

(R
t )≤

≤
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·

14
· (

43 )
−
T
/
2

=
T8
· (

43 )
−
T
/
2

.

C
h
o
o
sin

g
T

=
14

ln
(

2α
),

w
e

get
th
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errorD

(c,h
fi

n )
≤
α

.
H

en
ce,
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,P

)
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(α
,β

)-

p
ro

b
a
b
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forC

.
M

oreover,
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H
i ∈

H
w

e
h
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at|H

i |≤
(e
k
1 )
T

,
a
n
d
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)≤

k
1 ·
T
≤
(

R
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D
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(C
)

+
ln
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(T
/β

) )T

=
O
(
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(

1α
)· (

R
ep

D
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(C
)

+
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(
1α

)
+
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(
1β

) ) )
.

A
p
p
e
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B
.

A
s

w
e
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e
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d
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F
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X
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u
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b
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R
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D

im
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)
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d
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e
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d
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m
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p
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e

eva
lu
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n
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C
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p
u
b
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m

o
d
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m
en

t
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s
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a
t
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e

p
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o
d
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is
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u
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D
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ep
D
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).
T

h
u
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a
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D

R
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D
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=
O
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ep

D
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)

+
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e
classical
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o
f

N
ew

m
an
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o
n
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e

d
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p
lex
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b
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een
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e

p
u
b
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an
d

p
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coin
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o
d
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w
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p
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a

d
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ro
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sh
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e
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e

p
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n
d
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m
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,β

)-p
ro

ba
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rep
resen
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tio

n
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r
a
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n
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C
.

T
h
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=
⋃
H
i ∈

H
H
i
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a
n
α
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n
o
fC

.

P
ro

o
f

A
s

(H
,P

)
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an
(α
,β

)-p
rob
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resen

tation
forC

,
for

every
c

an
d

every
D

P
rP [∃
h
∈
H
i
s.t

errorD
(c,h

)≤
α

]≥
1−

β
>

0.

T
h
e

p
rob
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a
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H
i ∈
P

H
.
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lar,
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c
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d
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D
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H
i ∈

H
th
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s
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Ĥ
⊆

H
a
n

d
a

d
is

tr
ib

u
ti

o
n
P̂

o
n

it
,

s.
t.
L
ea
rn
er

(Ĥ
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(Ĥ
,U

t,
m
,γ

)
fa

il
s]

=
∑ S

P
r D
[S

]·
p̂
S

≤
∑ S

P
r D
[S

]
·(
p
S

+
β

)

=
P

r
P
,D

[ L
ea
rn
er

(H
,P
,m

,γ
)

fa
il
s]

+
β
≤

2β
.

W
h
en

L
ea
rn
er

(Ĥ
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ü
h

lm
a
n

n
b
u
h
l
m
a
n
n
@
st
a
t
.m

a
t
h
.e
t
h
z
.c
h

S
em

in
a
r

fo
r

S
ta

ti
st

ic
s,

E
T

H
Z

ü
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on
en

ts
ar

e
in

te
rp

re
te

d
as

co
rr

es
p

on
d
in

g
to

co
rt

ic
al

so
u
rc

es
(e

.g
.,

G
h
a
h
re

m
a
n
i

et
al

.,
19

96
;
Z

h
u
ko

v
et

al
.,

20
00

;
M

ak
ei

g
et

al
.,

20
02

)
or

u
se

d
fo

r
ar

ti
fa

ct
re

m
ov

a
l
b
y

d
ro

p
p
in

g
co

m
p

on
en

ts
th

at
ar

e
d
om

in
at

ed
b
y

o
cu

la
r

or
m

u
sc

u
la

r
ac

ti
v
it

y
(e

.g
.,

J
u
n
g

et
a
l.
,

2
0
0
0
;

D
el

or
m

e
et

al
.,

20
07

).

In
m

an
y

ap
p
li
ca

ti
on

s,
th

e
d
at

a
at

h
an

d
is

h
et

er
og

en
eo

u
s

an
d

p
ar

ts
of

th
e

sa
m

p
le

s
ca

n
b

e
gr

ou
p

ed
b
y

th
e

d
iff

er
en

t
se

tt
in

gs
(o

r
en

v
ir

on
m

en
ts

)
u
n
d
er

w
h
ic

h
th

e
ob

se
rv

a
ti

o
n
s

w
er

e
ta

ke
n
.

F
or

ex
am

p
le

,
w

e
ca

n
gr

ou
p

th
os

e
sa

m
p
le

s
of

a
m

u
lt

i-
su

b
je

ct
E

E
G

re
co

rd
in

g
th

a
t

b
el

on
g

to
th

e
sa

m
e

su
b

je
ct

.
F

or
th

e
an

al
y
si

s
an

d
in

te
rp

re
ta

ti
on

of
su

ch
d
a
ta

a
cr

o
ss

d
if

-
fe

re
n
t

gr
ou

p
s,

it
is

d
es

ir
ab

le
to

ex
tr

ac
t

on
e

se
t

of
co

m
m

on
fe

at
u
re

s
or

si
gn

a
ls

in
st

ea
d

of
ob

ta
in

in
g

in
d
iv

id
u
al

IC
A

d
ec

om
p

os
it

io
n
s

fo
r

ea
ch

gr
ou

p
of

sa
m

p
le

s
se

p
ar

a
te

ly
.

H
er

e,
w

e
p
re

se
n
t

a
n
ov

el
,

m
et

h
o
d
ol

og
ic

al
ly

so
u
n
d

fr
am

ew
or

k
th

at
ex

te
n
d
s

th
e

or
d
in

a
ry

IC
A

m
o
d
el

,
re

sp
ec

ts
th

e
gr

ou
p

st
ru

ct
u
re

an
d

is
ro

b
u
st

b
y

ex
p
li
ci

tl
y

ac
co

u
n
ti

n
g

fo
r

gr
o
u
p
-w

is
e

st
a
ti

o
n
a
ry

co
n
fo

u
n
d
in

g.
M

or
e

p
re

ci
se

ly
,

w
e

co
n
si

d
er

a
m

o
d
el

of
th

e
fo

rm

X
i

=
A
·S

i
+
H
i,

(1
)

2
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c
o
r
o
IC

A

w
h
ere

i
d
en

o
tes

th
e

sam
p
le

in
d
ex

,
A

rem
ain

s
fi
x
ed

across
d
iff

eren
t

grou
p
s,
S
i

is
a

vector
o
f

in
d
ep

en
d
en

t
sou

rce
sign

als
an

d
H
i

is
a

vector
of

station
ary

con
fou

n
d
in

g
n
oise

variab
les

w
ith

fi
x
ed

covarian
ce

w
ith

in
each

grou
p

(an
in

tu
itive

ex
am

p
le

w
h
ere

su
ch

a
scen

ario
m

ay
b

e
en

co
u
n
tered

in
p
ractice

is
illu

strated
in

F
igu

re
7).

B
ased

on
th

is
ex

ten
sion

to
ord

in
ary

IC
A

,
w

e
con

stru
ct

a
m

eth
o
d

an
d

an
easy

to
im

p
lem

en
t

algorith
m

to
ex

tract
on

e
com

m
on

set
o
f

so
u
rces

th
at

are
rob

u
st

again
st

con
fou

n
d
in

g
w

ith
in

each
grou

p
an

d
can

b
e

u
sed

for
a
cro

ss-g
ro

u
p

a
n
aly

ses.
T

h
e

u
n
m

ix
in

g
also

gen
eralizes

to
p
rev

iou
sly

u
n
seen

grou
p
s.

1
.1

.
R

e
la

tio
n

to
E

x
istin

g
W

o
rk

IC
A

is
w

ell-stu
d
ied

w
ith

a
trem

en
d
ou

s
am

ou
n
t

of
research

related
to

variou
s

ty
p

es
of

ex
-

ten
sio

n
s

a
n
d

relax
ation

s
of

th
e

ord
in

ary
IC

A
m

o
d
el.

In
ligh

t
of

th
is,

it
is

im
p

ortan
t

to
u
n
d
erstan

d
w

h
ere

ou
r

p
rop

osed
p
ro

ced
u
re

is
p

osition
ed

an
d

w
h
y

it
is

an
in

terestin
g

an
d

u
sefu

l
ex

ten
sio

n
.

H
ere,

w
e

lo
ok

at
IC

A
research

from
th

ree
p

ersp
ectives

an
d

illu
strate

h
ow

o
u
r

p
ro

p
o
sed

coroIC
A

m
eth

o
d
ology

rela
tes

to
ex

istin
g

w
ork

.
F

irst
off

,
in

S
ection

1.1.1
w

e
co

m
p
a
re

o
u
r

p
rop

osed
m

eth
o
d
ology

w
ith

oth
er

n
oisy

IC
A

m
o
d
els.

In
S
ection

1.1.2,
w

e
rev

iew
IC

A
p
ro

ced
u
res

b
ased

on
ap

p
rox

im
a
te

join
t

m
atrix

d
iagon

alization
.

F
in

ally,
in

S
ec-

tio
n

1
.1

.3
w

e
su

m
m

arize
th

e
ex

istin
g

literatu
re

on
IC

A
p
ro

ced
u
res

for
g
rou

p
ed

d
ata

a
n
d

h
ig

h
lig

h
t

th
e

d
iff

eren
ces

to
coroIC

A
.

1
.1
.1
.
N
o
isy

IC
A

M
o
d
e
l
s

T
h
e

o
rd

in
a
ry

IC
A

m
o
d
el

assu
m

es
th

at
th

e
ob

serv
ed

p
ro

cess
X

is
a

lin
ear

m
ix

tu
re

of
in

d
ep

en
-

d
en

t
so

u
rce

sig
n
als

S
w

ith
o
u

t
a

con
fou

n
d
in

g
term

H
.

Id
en

tifi
ab

ility
of

th
e

sou
rce

sign
als

S
is

g
u
a
ran

teed
b
y

assu
m

p
tion

s
on

S
su

ch
as

n
on

-G
au

ssian
ity

or
sp

ecifi
c

tim
e

stru
ctu

res.
F

or
coroIC

A
w

e
req

u
ire—

sim
ilar

to
oth

er
secon

d
-ord

er
b
ased

m
eth

o
d
s

(cf.
S
ection

1.1.2)—
th

at
th

e
so

u
rce

p
ro

cess
S

is
n
on

-station
ary.

M
ore

p
recisely,

w
e

req
u
ire

th
at

eith
er

th
e

varian
ce

o
r

th
e

a
u
to

-covarian
ce

of
S

ch
an

ges
across

tim
e.

A
n

im
p

o
rtan

t
ex

ten
sion

of
th

e
ord

in
ary

IC
A

m
o
d
el

is
k
n
ow

n
as

n
oisy

IC
A

(e.g.,
M

o
u
lin

es
et

al.,
1
997)

in
w

h
ich

th
e

d
ata

gen
eratin

g
p
ro

cess
is

a
ssu

m
ed

to
b

e
an

ord
in

ary
IC

A
m

o
d
el

w
ith

a
d
d
ition

al
ad

d
itive

n
oise.

In
gen

eral,
th

is
lea

d
s

to
fu

rth
er

id
en

tifi
ab

ility
issu

es.
T

h
ese

can
b

e
resolved

b
y

assu
m

in
g

th
at

th
e

ad
-

d
itive

n
o
ise

is
G

au
ssian

an
d

th
e

sign
al

sou
rces

n
on

-G
au

ssia
n

(e.g.,
H

y
v
ärin

en
,

1
999),

w
h
ich

en
a
b
les

co
rrect

id
en

tifi
cation

of
th

e
m

ix
in

g
m

atrix
.

A
n
oth

er
p

ossib
ility

is
to

assu
m

e
th

at
th

e
n
o
ise

is
in

d
ep

en
d
en

t
over

tim
e,

w
h
ile

th
e

sou
rce

sign
als

are
tim

e-d
ep

en
d
en

t
1

(e.g.,
C

h
oi

a
n
d

C
ich

o
ck

i,
2
000b

).
In

con
trast,

ou
r

assu
m

p
tion

on
th

e
n
oise

term
H

is
m

u
ch

w
eaker,

sin
ce

w
e

o
n
ly

req
u
ire

it
to

b
e

station
ary

an
d

h
en

ce
in

p
articu

lar
allow

for
tim

e-d
ep

en
d
en

t
n
o
ise

in
coroIC

A
.

A
s

w
e

sh
ow

in
ou

r
sim

u
lation

s
in

S
ection

4.2.3
th

is
ren

d
ers

ou
r

m
eth

o
d

ro
b
u
st

w
ith

resp
ect

to
con

fou
n
d
in

g
n
oise:

coroIC
A

is
m

ore
rob

u
st

again
st

tim
e-d

ep
en

d
en

t
n
o
ise

w
h
ile

rem
ain

in
g

com
p

etitive
in

th
e

settin
g

of
tim

e-in
d
ep

en
d
en

t
n
oise.

W
e

refer
to

th
e

b
o
o
k

b
y

H
y
v
ä
rin

en
et

al.
(2002)

for
a

rev
iew

of
m

ost
of

th
e

ex
istin

g
IC

A
m

o
d
els

an
d

th
e

a
ssu

m
p
tio

n
s

req
u
ired

for
id

en
tifi

ab
ility.

1
.
A
u
to
co
rrela

ted
sig

n
a
ls

a
re

tim
e-d

ep
en

d
en

t,
w
h
ile

th
e
a
b
sen

ce
o
f
a
u
to
co
rrela

tio
n

d
o
es

n
o
t
n
ecessa

rily
im

p
ly

tim
e-in

d
ep

en
d
en

ce
o
f
th
e
sig

n
a
l.

W
e
th
u
s
u
se

th
e
term

s
tim

e-d
ep

en
d
en

ce
a
n
d
tim

e-in
d
ep

en
d
en

ce
th
ro
u
g
h
o
u
t
th
is

a
rticle.
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P
f
ist

e
r
∗,

W
e
ic
h
w
a
l
d
∗,

B
ü
h
l
m
a
n
n
,
a
n
d

S
c
h
ö
l
k
o
p
f

1
.1
.2
.
IC

A
b
a
se

d
o
n
A
p
p
r
o
x
im

a
t
e
J
o
in
t
D
ia
g
o
n
a
l
iz
a
t
io
n

A
s

an
ex

ten
sion

of
P

C
A

,
th

e
con

cep
t

of
IC

A
is

n
atu

rally
con

n
ected

to
th

e
n
otion

of
join

t
d
iagon

alization
of

covarian
ce-ty

p
e

m
atrices.

O
n
e

of
th

e
fi
rst

p
ro

ced
u
res

for
IC

A
w

as
F

O
B

I
in

tro
d
u
ced

b
y

C
ard

oso
(1989a),

w
h
ich

aim
s

to
join

tly
d
iagon

alize
th

e
covarian

ce
m

atrix
an

d
a

fou
rth

ord
er

cu
m

u
lan

t
m

atrix
.

E
x
ten

d
in

g
on

th
is

id
ea

C
ard

oso
an

d
S
ou

lou
m

iac
(1993)

in
tro

d
u
ced

th
e

m
eth

o
d

J
A

D
E

w
h
ich

im
p
rov

es
on

F
O

B
I

b
y

d
iagon

alizin
g

several
d
iff

eren
t

fou
rth

ord
er

cu
m

u
lan

t
m

atrices.
U

n
like

F
O

B
I,

J
A

D
E

u
ses

a
gen

eral
join

t
m

atrix
d
iagon

al-
ization

algorith
m

w
h
ich

is
th

e
d
e

facto
stan

d
ard

for
a
ll

m
o
d
ern

ap
p
ro

ach
es.

In
fact,

th
ere

is
a

still-active
fi
eld

th
at

fo
cu

ses
on

a
p
p
rox

im
ate

join
t

m
atrix

d
iagon

alization
,

com
m

on
ly

restricted
to

p
ositive

sem
i-d

efi
n
ite

m
atrices,

an
d

often
w

ith
th

e
p
u
rp

ose
of

im
p
rov

in
g

IC
A

p
ro

ced
u
res

(e.g.,
C

ard
oso

an
d

S
ou

lou
m

iac,
1996;

Z
ieh

e
et

al.,
200

4;
T

ich
av

sk
y

an
d

Y
ered

or,
2009;

A
b
lin

et
al.,

2018).

B
oth

J
A

D
E

an
d

F
O

B
I

are
b
ased

on
th

e
assu

m
p
tion

th
at

th
e

sign
als

are
n
on

-G
au

ssian
.

T
h
is

en
su

res
th

at
th

e
sou

rces
are

id
en

tifi
ab

le
given

in
d
ep

en
d
en

t
an

d
id

en
tically

d
istrib

u
ted

ob
servation

s.
A

d
iff

eren
t

stream
of

IC
A

research
d
ep

arts
from

th
is

assu
m

p
tion

an
d

in
stead

assu
m

es
th

at
th

e
d
ata

are
a

lin
ear

m
ix

tu
re

of
in

d
ep

en
d
en

t
w

eak
ly

station
ary

tim
e-series.

T
h
is

m
o
d
el

is
often

referred
to

as
a

secon
d
-ord

er
sou

rce-sep
aration

m
o
d
el

(S
O

S
).

T
h
e

tim
e

stru
ctu

re
in

th
ese

m
o
d
els

allow
s

to
id

en
tify

th
e

sou
rces

b
y

join
tly

d
iagon

alizin
g

th
e

cova
ri-

an
ce

an
d

au
to-covarian

ce.
T

h
e

fi
rst

m
eth

o
d

d
evelop

ed
for

th
is

settin
g

is
A

M
U

S
E

b
y

T
on

g
et

al.
(1990)

w
h
o

d
iagon

alize
th

e
covarian

ce
m

atrix
an

d
th

e
au

to-covarian
ce

m
atrix

for
on

e
fi
x
ed

lag.
T

h
e

p
erform

an
ce

of
A

M
U

S
E

is,
h
ow

ever,
fragile

w
ith

resp
ect

to
th

e
ex

act
ch

o
ice

of
th

e
lag,

w
h
ich

com
p
licates

p
ractical

ap
p
lication

(M
iettin

en
et

al.,
2012).

In
stead

of
on

ly
u
sin

g
a

sin
gle

lag,
B

elou
ch

ran
i

et
al.

(1997
)

p
rop

osed
th

e
m

eth
o
d

S
O

B
I

w
h
ich

u
ses

all
lags

u
p

to
a

certain
ord

er
an

d
join

tly
d
iagon

alizes
all

th
e

resu
ltin

g
au

to-covarian
ce

m
atrices.

S
O

B
I

is
to

d
ate

still
on

e
of

th
e

m
ost

com
m

on
ly

em
p
loyed

IC
A

m
eth

o
d
s,

in
p
articu

lar
in

E
E

G
an

aly
sis.

T
h
e

S
O

S
m

o
d
el

is
b
ased

on
th

e
assu

m
p
tion

of
w

eak
station

arity
of

th
e

sou
rces

w
h
ich

im
p
lies

th
at

th
e

sign
als

h
ave

fi
x
ed

varian
ce

an
d

au
to-covarian

ce
stru

ctu
re

across
tim

e.
T

h
is

assu
m

p
tion

can
b

e
d
rop

p
ed

an
d

th
e

resu
ltin

g
m

o
d
els

are
often

term
ed

n
on

-station
ary

sou
rce

sep
aration

m
o
d
els

(N
S
S
).

T
h
e

n
on

-station
arity

can
b

e
levera

ged
to

b
o
ost

th
e

p
erform

an
ce

of
IC

A
m

eth
o
d
s

in
variou

s
w

ay
s

(see
M

atsu
oka

et
al.,

1995;
H

y
v
ärin

en
,

2001;
C

h
oi

an
d

C
i-

ch
o
ck

i,
2000a,b

;
C

h
oi

et
al.,

2001;
C

h
oi

an
d

C
ich

o
ck

i,
2001;

P
h
am

an
d

C
ard

oso,
20

01).
A

ll
aforem

en
tion

ed
m

eth
o
d
s

m
ake

u
se

of
th

e
n
o
n
-station

arity
b
y

join
tly

d
iagon

alizin
g

d
iff

eren
t

sets
of

covarian
ce

or
au

to-covarian
ce

m
atrices

an
d

m
ain

ly
d
iff

er
b
y

h
ow

th
ey

p
erform

th
e

ap
p
rox

im
ate

join
t

m
atrix

d
iagon

alization
.

F
or

ex
am

p
le,

th
e

m
eth

o
d
s

in
tro

d
u
ced

b
y

C
h
oi

an
d

C
ich

o
ck

i
(2000a,b

);
C

h
oi

et
al.

(2001)
m

a
ke

u
se

of
n
on

-station
arity

across
sou

rces
b
y

sep
aratin

g
th

e
d
ata

in
to

b
lo

ck
s

an
d

join
tly

d
iagon

alizin
g
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ri
ce

s
ar

e
eq

u
al

id
en

ti
fi
ab

il
it

y
is

lo
st

.
In

su
ch

ca
se

s
B

ec
k
m

a
n
n

an
d

S
m

it
h

(2
00

5)
su

gg
es

t
to

ad
d
it

io
n
al

ly
re

q
u
ir

e
th

at
th

e
in

d
iv

id
u
al

co
m

p
o
n
en

ts
o
f

th
e

so
u
rc

es
b

e
in

d
ep

en
d
en

t.
T

h
is

is
co

m
p
a
ra

b
le

to
th

e
ca

se
w

h
er

e
u
n
co

rr
el

at
ed

n
es

s
m

ay
n
o
t

b
e

su
ffi

ci
en

t
fo

r
th

e
se

p
ar

at
io

n
of

so
u
rc

es
w

h
il
e

in
d
ep

en
d
en

ce
is

.

T
h
e
co
ro
IC
A

p
ro

ce
d
u
re

al
so

al
lo

w
s

fo
r

gr
ou

p
ed

-d
at

a
b
u
t

ai
m

s
at

in
fe

rr
in

g
a

fi
x
ed

m
ix

in
g

m
at

ri
x

A
,

i.
e.

,
a

m
o
d
el

as
gi

ve
n

in
(2

)
is

co
n
si

d
er

ed
.

In
co

n
tr

as
t

to
va

n
il
la

co
n
ca

te
n
a
ti

o
n

p
ro

ce
d
u
re

s,
ou

r
m

et
h
o
d
ol

og
y

n
at

u
ra

ll
y

in
co

rp
or

at
es

ch
an

ge
s

ac
ro

ss
gr

ou
p
s

b
y

a
ll
ow

in
g

a
n
d

ad
ju

st
in

g
fo

r
d
iff

er
en

t
st

at
io

n
ar

y
co

n
fo

u
n
d
in

g
n
oi

se
in

ea
ch

gr
ou

p
.

W
e

a
rg

u
e

w
h
y

th
is

le
ad

s
to

a
m

or
e

ro
b
u
st

p
ro

ce
d
u
re

an
d

a
ls

o
il
lu

st
ra

te
th

is
in

ou
r

si
m

u
la

ti
on

s
a
n
d

re
a
l

d
a
ta
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c
o
r
o
IC

A

ex
p

erim
en

ts.
M

ore
gen

erally,
ou

r
goal

is
to

learn
an

u
n
m

ix
in

g
w

h
ich

allow
s

to
gen

eralize
to

n
ew

a
n
d

p
rev

iou
sly

u
n
seen

grou
p
s;

th
in

k
for

ex
am

p
le

ab
o
u
t

learn
in

g
an

u
n
m

ix
in

g
b
ased

o
n

severa
l

d
iff

eren
t

train
in

g
su

b
jects

an
d

ex
ten

d
in

g
it

to
n
ew

so
far

u
n
seen

su
b

jects.
S
u
ch

ta
sk

s
ca

n
a
p
p

ear
in

b
rain

-com
p
u
ter

in
terfacin

g
ap

p
lication

s
an

d
can

also
b

e
of

relevan
ce

m
ore

b
ro

a
d
ly

in
featu

re
learn

in
g

for
classifi

cation
task

s
w

h
ere

classifi
cation

m
o
d
els

are
to

b
e

tra
n
sferred

from
on

e
grou

p
/d

om
ain

to
an

oth
er.

S
in

ce
ou

r
aim

is
to

learn
a

fi
x
ed

m
ix

in
g

m
atrix

A
th

a
t

is
con

fou
n
d
in

g-rob
u
st

an
d

read
ily

ap
p
licab

le
to

n
ew

grou
p
s,

coroIC
A

can
n
ot

n
a
tu

ra
lly

b
e

co
m

p
ared

to
m

o
d
els

th
at

are
b
ased

on
sp

a
tial

con
caten

ation
(3)

or
fi
x
ed

sou
rces

a
n

d
m

ix
in

g
s

(4
);

th
ese

m
eth

o
d
s

em
p
loy

fu
n
d
am

en
tally

d
iff

eren
t

assu
m

p
tion

s
on

th
e

m
o
d
el

u
n
d
erly

in
g

th
e

d
ata

gen
eratin

g
p
ro

cess,
th

e
cru

cial
d
iff

eren
ce

b
ein

g
th

at
w

e
allow

th
e

sou
rces

a
n
d

th
eir

tim
e

cou
rses

to
ch

an
ge

b
etw

een
grou

p
s.

1
.2

.
O

u
r

C
o
n
trib

u
tio

n

O
n
e

stren
g
th

o
f

ou
r

m
eth

o
d
ology

is
th

at
it

ex
p
licates

a
statistical

m
o
d
el

th
at

is
sen

sib
le

fo
r

d
a
ta

w
ith

g
rou

p
stru

ctu
re

an
d

can
b

e
estim

ated
effi

cien
tly,

w
h
ile

b
ein

g
su

p
p

orted
b
y

p
rova

b
le

id
en

tifi
cation

resu
lts.

F
u
rth

erm
ore,

p
rov

id
in

g
a
n

ex
p
licit

m
o
d
el

w
ith

all
req

u
ired

a
ssu

m
p
tio

n
s

en
ab

les
a

con
stru

ctiv
e

d
iscu

ssion
ab

ou
t

th
e

ap
p
rop

riaten
ess

of
su

ch
m

o
d
elin

g
d
ecisio

n
s

in
sp

ecifi
c

ap
p
lication

scen
arios.

T
h
e

m
o
d
el

itself
is

b
ased

on
a

n
otion

of
in

varian
ce

a
g
a
in

st
co

n
fo

u
n
d
in

g
stru

ctu
res

from
grou

p
s,

an
id

ea
th

at
is

also
related

to
in

varia
n
ce

p
rin

-
cip

les
in

ca
u
sa

lity
(H

aavelm
o,

1944;
P

eters
et

a
l.,

2016
);

see
also

S
ection

3
for

a
d
iscu

ssion
o
n

th
e

rela
tio

n
to

cau
sality.

W
e

b
elieve

th
at

coroIC
A

is
a

valu
ab

le
con

trib
u
tion

to
th

e
IC

A
literatu

re
on

th
e

follow
in

g
g
ro

u
n
d
s:

•
W

e
in

tro
d
u
ce

a
m

eth
o
d
ologically

sou
n
d

fram
ew

ork
w

h
ich

ex
ten

d
s

ord
in

ary
IC

A
to

settin
g
s

w
ith

grou
p

ed
d
ata

an
d

con
fou

n
d
in

g
n
oise.

•
W

e
p
rove

id
en

tifi
ab

ility
of

th
e

u
n
m

ix
in

g
m

atrix
u
n
d
er

m
ild

assu
m

p
tion

s,
im

p
ortan

tly,
w

e
ex

p
licitly

allow
for

tim
e-d

ep
en

d
en

t
n
oise

th
ereb

y
lessen

in
g

th
e

assu
m

p
tion

s
re-

q
u
ired

b
y

ex
istin

g
n
oisy

IC
A

m
eth

o
d
s.

•
W

e
p
rov

id
e

an
easy

to
im

p
lem

en
t

estim
ation

p
ro

ced
u
re.

•
W

e
illu

strate
th

e
u
sefu

ln
ess,

rob
u
stn

ess,
ap

p
licab

ility,
an

d
lim

itation
s

of
ou

r
n
ew

ly
in

tro
d
u
ced

coroIC
A

algorith
m

a
s

w
ell

as
ch

aracterize
th

e
ad

van
ta

ge
of

coroIC
A

over
ex

istin
g

IC
A

s:
T

h
e

sou
rce

sep
aration

b
y
coroIC

A
is

m
ore

stab
le

across
grou

p
s

sin
ce

it
ex

p
licitly

accou
n
ts

for
grou

p
-w

ise
station

ary
con

fou
n
d
in

g.
•

W
e

p
rov

id
e

an
op

en
-sou

rce
scik

it-learn
com

p
atib

le
read

y
-to-u

se
P

y
th

on
im

p
lem

en
-

ta
tio

n
ava

ilab
le

as
coroIC

A
from

th
e

P
y
th

on
P

ackage
In

d
ex

rep
ository

as
w

ell
as

R
a
n
d

M
a
tlab

im
p
lem

en
tation

s
an

d
an

in
tu

itive
au

d
ib

le
ex

am
p
le

w
h
ich

is
availab

le
at

h
t
t
p
s
:
/
/
s
w
e
i
c
h
w
a
l
d
.
d
e
/
c
o
r
o
I
C
A
/
.

2
.

M
e
th

o
d
o
lo

g
y

W
e

co
n
sid

er
a

gen
eral

n
oisy

IC
A

m
o
d
el

in
sp

ired
b
y

id
eas

em
p
loyed

in
cau

sality
research

(see
S
ectio

n
3
).

W
e

argu
e

b
elow

th
at

it
allow

s
to

in
corp

orate
grou

p
stru

ctu
re

an
d

en
-

a
b
les

jo
in

t
in

feren
ce

on
m

u
lti-grou

p
d
ata

in
a

n
atu

ral
w

ay.
F

o
r

th
e

m
o
d
el

d
escrip

tion
,

let
S
i

=
(S

1i ,...,S
di ) >
∈

R
d×

1
an

d
H
i

=
(H

1i ,...,H
di ) >
∈

R
d×

1
b

e
tw

o
in

d
ep

en
d
en

t
vector-

va
lu

ed
seq

u
en

ces
of

ran
d
om

variab
les

w
h
ere

i∈
{1
,...,n}

.
T

h
e

com
p

on
en

ts
S

1i ,...,S
di

are
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P
f
ist

e
r
∗,

W
e
ic
h
w
a
l
d
∗,

B
ü
h
l
m
a
n
n
,
a
n
d

S
c
h
ö
l
k
o
p
f

assu
m

ed
to

b
e

m
u
tu

ally
in

d
ep

en
d
en

t
for

each
i

w
h
ile,

im
p

ortan
tly,

w
e

allow
for

an
y

w
eak

ly
station

ary
n
oise

H
.

L
et
A
∈
R
d×
d

b
e

an
in

vertib
le

m
atrix

.
T

h
e
d
-d

im
en

sio
n
al

d
ata

p
ro

cess
(X

i )
i∈{

1
,...,n}

is
gen

erated
b
y

th
e

follow
in

g
n
o
isy

lin
ear

m
ix

in
g

m
o
d
el

X
i

=
A
·
S
i
+
H
i ,

for
all

i∈
{1
,...,n}

.
(5)

X
is

a
lin

ear
com

b
in

ation
of

sou
rce

sign
als

S
an

d
con

fou
n
d
in

g
varia

b
les

H
.

In
th

is
m

o
d
el,

b
oth

S
an

d
H

are
u
n
ob

served
.

O
n
e

aim
s

at
recoverin

g
th

e
m

ix
in

g
m

atrix
A

as
w

ell
as

tru
e

sou
rce

sign
als

S
from

ob
servation

s
of
X

.
W

ith
ou

t
ad

d
ition

al
a
ssu

m
p
tion

s,
th

e
co

n
fou

n
d
in

g
H

m
akes

it
im

p
ossib

le
to

id
en

tify
th

e
m

ix
in

g
m

atrix
A

.
E

v
en

w
ith

ad
d
ition

al
assu

m
p
tion

s
it

rem
ain

s
a

d
iffi

cu
lt

task
(see

S
ection

1.1.1
for

an
overv

iew
of

related
IC

A
m

o
d
els).

G
iven

th
e

m
ix

in
g

m
atrix

A
it

is
straigh

tforw
ard

to
recover

th
e

con
fou

n
d
ed

sou
rce

sign
als

S̃
i

=
S
i
+
A
−

1·H
i .

T
h
rou

gh
ou

t
th

is
p
ap

er,
w

e
d
en

ote
b
y

X
=

(X
1 ,...,X

n
)
∈

R
d×
n

th
e

ob
serv

ed
d
ata

m
atrix

an
d

sim
ilarly

b
y

S
an

d
H

th
e

corresp
on

d
in

g
(u

n
ob

served
)

sou
rce

an
d

con
fou

n
d
in

g
d
ata

m
atrices.

F
or

a
fi
n
ite

d
ata

sam
p
le

gen
erated

b
y

th
is

m
o
d
el

w
e

h
en

ce
h
av

e

X
=
A
·
S

+
H
.

In
ord

er
to

d
istin

gu
ish

b
etw

een
th

e
con

fou
n
d
in

g
H

an
d

th
e

sou
rce

sign
als

S
w

e
a
ssu

m
e

th
at

th
e

tw
o

p
ro

cesses
are

su
ffi

cien
tly

d
iff

eren
t.

T
h
is

can
b

e
ach

ieved
b
y

assu
m

in
g

th
e

ex
isten

ce
of

a
grou

p
stru

ctu
re

su
ch

th
at

th
e

covarian
ce

of
th

e
con

fou
n
d
in

g
H

rem
ain

s
station

ary
w

ith
in

a
grou

p
an

d
on

ly
ch

a
n
ges

across
grou

p
s.

A
ssu

m
p

tio
n

1
(g

ro
u

p
-w

ise
sta

tio
n

a
ry

c
o
n

fo
u

n
d

in
g
)

T
h
ere

exists
a

co
llectio

n
o
f
m

d
isjo

in
t

gro
u

p
s
G

=
{
g

1 ,...,g
m }

w
ith

g
k
⊆
{1,...,n}

a
n

d
∪
mk
=

1 g
k

=
{
1,...,n}

su
ch

th
a
t

fo
r

a
ll
g
∈
G

th
e

p
rocess

(H
i )
i∈
g

is
w

ea
kly

sta
tio

n
a
ry.

U
n
d
er

th
is

assu
m

p
tion

an
d

given
th

at
th

e
sou

rce
sign

als
ch

a
n
ge

en
ou

gh
w

ith
in

grou
p
s,

th
e

m
ix

in
g

m
atrix

A
is

id
en

tifi
ab

le
(see

S
ection

2.2).
S
im

ilar
to

ex
istin

g
IC

A
m

eth
o
d
s

d
iscu

ssed
in

S
ection

1.1.2,
w

e
p
rop

ose
to

estim
ate

th
e

m
ix

in
g

m
atrix

A
b
y

join
tly

d
iagon

a
lizin

g
em

p
ir-

ical
estim

ates
of

d
ep

en
d
en

ce
m

atrices.
In

con
trast

to
ex

istin
g

m
eth

o
d
s,

w
e

ex
p
licitly

allow
an

d
ad

ju
st

for
th

e
con

fou
n
d
in

g
H

.
T

h
e

p
ro

cess
of

fi
n
d
in

g
a

m
atrix

V
th

at
sim

u
ltan

eou
sly

d
iagon

alizes
a

set
of

m
atrices

is
k
n
ow

n
as

join
t

m
atrix

d
iago

n
alization

an
d

h
as

b
een

stu
d
ied

ex
ten

sively
(e.g.,

Z
ieh

e
et

al.,
2004;

T
ich

av
sk

y
an

d
Y

ered
or,

2009).
In

S
ection

2.3,
w

e
sh

ow
h
ow

to
con

stru
ct

an
estim

ator
for

V
b
ased

on
ap

p
rox

im
ate

join
t

m
atrix

d
iagon

alization
.

T
h
e

key
step

in
ad

ju
stin

g
for

th
e

con
fou

n
d
in

g
is

to
m

ake
u
se

of
th

e
assu

m
p
tion

th
at

in
con

trast
to

th
e

sig
n
als

S
th

e
con

fou
n
d
in

g
H

rem
ain

s
station

ary
w

ith
in

grou
p
s.

D
ep

en
d
in

g
on

th
e

ty
p

e
of

sign
al

in
th

e
sou

rces
on

e
can

con
sid

er
d
iff

eren
t

sets
of

m
atrices.

H
ere,

w
e

d
istin

gu
ish

b
etw

een
tw

o
ty

p
es

of
sign

als.

V
a
ria

n
c
e

sig
n

a
l

In
case

of
a

varian
ce

sign
al,

th
e

varian
ce

p
ro

cess
of

each
sign

al
sou

rce
V

ar(S
ji )

ch
an

ges
over

tim
e.

T
h
ese

ch
an

ges
can

b
e

d
etected

b
y

ex
am

in
in

g
th

e
covarian

ce
m

atrix
C

ov
(X

i )
over

tim
e.

F
or
V

=
A
−

1
an

d
u
sin

g
(5)

it
h
old

s
for

all
i∈
{1
,...,n}

th
at

V
C

ov
(X

i )V
>

=
C

ov
(S
i )

+
V

C
ov

(H
i )V
>
.
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c
o
r
o
IC

A

S
in

ce
th

e
so

u
rc

e
si

gn
al

co
m

p
on

en
ts
S
j i

ar
e

m
u
tu

al
ly

in
d
ep

en
d
en

t,
th

e
co

va
ri

an
ce

m
at

ri
x

C
ov

(S
i)

is
d
ia

go
n
al

.
M

or
eo

ve
r,

d
u
e

to
A

ss
u
m

p
ti

on
1

th
e

co
va

ri
an

ce
m

at
ri

x
of

th
e

co
n
-

fo
u
n
d
in

g
H

is
co

n
st

an
t,

th
ou

gh
n
ot

n
ec

es
sa

ri
ly

d
ia

go
n
al

,
w

it
h
in

ea
ch

gr
o
u
p
.

T
h
is

im
p
li
es

fo
r

al
l

gr
ou

p
s
g
∈
G

an
d

fo
r

al
l
k
,l
∈
g

th
at

V
(C

ov
(X

k
)
−

C
ov

(X
l)

)
V
>

=
C

ov
(S
k
)
−

C
ov

(S
l)

(6
)

is
a

d
ia

go
n
al

m
at

ri
x
.

T
im

e
-d

e
p

e
n

d
e
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ü
h
l
m
a
n
n
,
a
n
d

S
c
h
ö
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ö
l
k
o
p
f

b
eh

in
d
uw

ed
ge

is
to

fi
n
d

a
m

in
im

iz
er

of
a

p
ro

x
y

fo
r

th
e

lo
ss

fu
n
ct

io
n

`(
V

)
=

∑

M
∈M

∗

 
∑ k
6=
l

[ V
M
V
>
] 2 k
,l

 
,

ov
er

th
e

se
t

of
in

ve
rt

ib
le

m
at

ri
ce

s,
w

h
er

e
in

ou
r

ca
se
M
∗
∈
{M

a
ll
,M

co
m

p
,M

n
ei

g
h
b

o
ri

n
g
}.

T
h
e

fu
ll

es
ti

m
at

io
n

p
ro

ce
d
u
re

b
as

ed
on

th
e

se
t
M

n
ei

g
h
b

o
u

ri
n

g
d
efi

n
ed

in
(9

)
is

m
a
d
e

ex
p
li
ci

t
in

th
e

p
se

u
d
o

co
d
e

in
A

lg
or

it
h
m

1
(w

h
er

e
A

p
p
ro

x
im

at
eJ

oi
n
tD

ia
go

n
a
li
ze

r
st

a
n
d
s

fo
r

a
ge

n
er

al
ap

p
ro

x
im

at
e

jo
in

t
d
ia

go
n
al

iz
er

;
h
er

e
w

e
u
se

uw
ed
ge

).

R
e
m

a
rk

2
(c

h
o
o
si

n
g

th
e

p
a
rt

it
io

n
a
n

d
th

e
la

g
s)

W
h
en

ev
er

th
er

e
is

n
o

o
bv

io
u

s
pa

r-
ti

ti
o
n

o
f

th
e

d
a
ta

,
w

e
p
ro

po
se

to
pa

rt
it

io
n

th
e

d
a
ta

in
to

eq
u

a
ll

y
si

ze
d

bl
oc

ks
w

it
h

a
fi

xe
d

pa
rt

it
io

n
si

ze
.

T
h
e

d
ec

is
io

n
o
n

h
o
w

to
ch

oo
se

a
pa

rt
it

io
n

si
ze

sh
o
u

ld
be

d
ri

ve
n

by
ty

pe
o
f

n
o
n

-s
ta

ti
o
n

a
ry

si
gn

a
l

o
n

e
ex

pe
ct

s
a
n

d
th

e
d
im

en
si

o
n

a
li

ty
o
f

th
e

d
a
ta

.
F

o
r

ex
a
m

p
le

,
in

th
e

ca
se

o
f

a
va

ri
a
n

ce
si

gn
a
l

th
e

pa
rt

it
io

n
sh

o
u

ld
be

fi
n

e
en

o
u

gh
to

ca
p
tu

re
a
re

a
s

o
f

h
ig

h
a
n

d
lo

w
va

ri
a
n

ce
,

w
h
il

e
a
t

th
e

sa
m

e
ti

m
e

be
in

g
co

a
rs

e
en

o
u

gh
to

a
ll

o
w

fo
r

su
ffi

ci
en

tl
y

go
od

es
-

ti
m

a
te

s
o
f

th
e

co
va

ri
a
n

ce
m

a
tr

ic
es

.
T

h
a
t

sa
id

,
fo

r
a
p
p
li

ca
ti

o
n

s
to

re
a
l

d
a
ta

se
ts

th
e

si
gn

a
ls

a
re

o
ft

en
o
f

va
ri

o
u

s
le

n
gt

h
im

p
ly

in
g

th
a
t

th
er

e
is

a
w

h
o
le

ra
n

ge
o
f

pa
rt

it
io

n
si

ze
s

w
h
ic

h
a
ll

w
o
rk

w
el

l.
In

ca
se

s
w

it
h

fe
w

d
a
ta

po
in

ts
,

it
ca

n
th

en
be

u
se

fu
l

to
co

n
si

d
er

se
ve

ra
l

gr
id

s
w

it
h

d
iff

er
en

t
pa

rt
it

io
n

si
ze

s
a
n

d
d
ia

go
n

a
li

ze
a
cr

o
ss

a
ll

re
su

lt
in

g
d
iff

er
en

ce
s

si
m

u
lt

a
n

eo
u

sl
y.

T
h
is

so
m

ew
h
a
t

re
m

o
ve

s
th

e
d
ep

en
d
en

ce
o
f

th
e

re
su

lt
s

o
n

th
e

ex
a
ct

ch
o
ic

e
o
f

a
pa

rt
it

io
n

si
ze

a
n

d
in

cr
ea

se
s

th
e

po
w

er
o
f

th
e

p
ro

ce
d
u

re
.

W
e

em
p
lo

y
th

is
a
p
p
ro

a
ch

in
S

ec
ti

o
n

3
.1

.
In

ge
n

er
a
l,

th
e

la
gs

T
sh

o
u

ld
be

ch
o
se

n
a
s

T
=
{0
},

T
⊂

N
,

o
r

T
⊂

N
0
,

d
ep

en
d
in

g
o
n

w
h
et

h
er

a
va

ri
-

a
n

ce
si

gn
a
l,

ti
m

e-
d
ep

en
d
en

ce
si

gn
a
l,

o
r

a
h
yb

ri
d

th
er

eo
f

is
co

n
si

d
er

ed
.

F
o
r

ti
m

e-
d

ep
en

d
en

ce
si

gn
a
l,

w
e

re
co

m
m

en
d

to
d
et

er
m

in
e

u
p

to
w

h
ic

h
ti

m
e-

la
g

th
e

a
u

to
co

rr
el

a
ti

o
n

o
f

th
e

o
bs

er
ve

d
si

gn
a
ls

h
a
s

su
ffi

ci
en

tl
y

d
ec

a
ye

d
,

a
n

d
u

se
a
ll

la
gs

u
p

to
th

a
t

po
in

t.

2
.4

.
A

ss
e
ss

in
g

th
e

Q
u

a
li
ty

o
f

R
e
c
o
v
e
re

d
S

o
u

rc
e
s

A
ss

es
si

n
g

th
e

q
u
al

it
y

of
th

e
re

co
v
er

ed
so

u
rc

es
in

an
IC

A
se

tt
in

g
is

an
in

h
er

en
tl

y
d
iffi

cu
lt

ta
sk

,
as

is
ty

p
ic

al
fo

r
u
n
su

p
er

v
is

ed
le

ar
n
in

g
p
ro

ce
d
u
re

s.
T

h
e

u
n
id

en
ti

fi
ab

le
sc

al
e

a
n
d

o
rd

er
in

g
of

th
e

so
u
rc

es
as

w
el

l
as

th
e

u
n
cl

ea
r

ch
oi

ce
of

a
p

er
fo

rm
an

ce
m

ea
su

re
re

n
d
er

th
is

ta
sk

d
iffi

cu
lt

.
P

ro
v
id

ed
th

at
gr

ou
n
d

tr
u
th

is
k
n
ow

n
,

se
ve

ra
l

sc
or

es
h
av

e
b

ee
n

p
ro

p
os

ed
,

m
o
st

n
o
ta

b
ly

th
e

A
m

ar
i

m
ea

su
re

in
tr

o
d
u
ce

d
b
y

A
m

ar
i

et
al

.
(1

99
5)

an
d

th
e

m
in

im
u
m

d
is

ta
n
ce

(M
D

)
in

d
ex

d
u
e

to
Il

m
on

en
et

al
.

(2
01

0)
.

H
er

e,
w

e
u
se

th
e

M
D

in
d
ex

,
w

h
ic

h
is

d
efi

n
ed

a
s

M
D

(V̂
,A

)
=

1
√
p
−

1
in

f
C
∈C
‖C
V̂
A
−

Id
‖,

w
h
er

e
th

e
se

t
C

co
n
si

st
s

of
m

at
ri

ce
s

fo
r

w
h
ic

h
ea

ch
ro

w
a
n
d

co
lu

m
n

h
as

ex
ac

tl
y

o
n
e

n
o
n
ze

ro
el

em
en

t.
In

tu
it

iv
el

y,
th

is
sc

or
e

m
ea

su
re

s
h
ow

cl
os

e
V̂
A

is
to

a
re

sc
al

ed
an

d
p

er
m

u
te

d
ve

rs
io

n
of

th
e

id
en

ti
ty

m
at

ri
x
.

O
n
e

ap
p

ea
li
n
g

p
ro

p
er

ty
of

th
is

sc
or

e
is

th
at

it
ca

n
b

e
co

m
p
u
te

d
effi

ci
en

tl
y

b
y

so
lv

in
g

a
li
n
ea

r
su

m
as

si
gn

m
en

t
p
ro

b
le

m
.

In
co

n
tr

as
t

to
th

e
A

m
a
ri

m
ea

su
re

,
th

e
M

D
in

d
ex

is
affi

n
e

in
va

ri
an

t
an

d
h
as

d
es

ir
ab

le
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

(s
ee

Il
m

o
n
en

et
a
l.
,

20
10

).

14
JM

L
R

 2
0(

14
7)

:1
-5

0,
 2

01
9



c
o
r
o
IC

A

A
lg

o
rith

m
1
:
coroIC

A

in
p

u
t

:
d
a
ta

m
atrix

X
g
rou

p
in

d
ex
G

(u
ser

selected
)

g
rou

p
-w

ise
p
artition

(P
g )
g∈G

(u
ser

selected
)

la
gs

T
⊂

N
0

(u
ser

selected
)

in
itia

lize
em

p
ty

listM
fo

r
g
∈
G

d
o

fo
r
e∈
P
g

d
o

fo
r
τ
∈

T
d

o

a
p
p

en
d

Ĉ
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en

vi
ro

n
m

en
ta

l
co

n
d
it

io
n

s)
.

A
n

y
su

ch
sh

if
ts

a
re

by
d
efi

n
it

io
n

sy
n

o
n

ym
o
u

s
w

it
h

th
e

p
ro

ce
ss
S
i

be
in

g
n

o
n

-s
ta

ti
o
n

a
ry

.
In

o
u

r
p
ro

po
se

d
ca

u
sa

l
m

od
el

(1
5)

th
e

n
o
n

-s
ta

ti
o
n

a
ri

ty
o
f

th
e

si
gn

a
l

th
er

ef
o
re

co
rr

es
po

n
d
s

to
sh

if
ts

in
th

e
en

vi
ro

n
m

en
ta

l
co

n
d
it

io
n

s
w

h
ic

h
ca

n
be

u
ti

li
ze

d
,

u
si

n
g
co
ro
IC
A

,
to

in
fe

r
th

e
u

n
d
er

ly
in

g
ca

u
sa

l
st

ru
ct

u
re

.
F

ro
m

th
is

pe
rs

pe
ct

iv
e,

th
e

ca
u

sa
l

in
fe

re
n

ce
p
ro

ce
d
u

re
w

e
p
ro

po
se

h
er

e
is

a
m

et
h
od

ba
se

d
o
n

in
te

rv
en

ti
o
n

a
l

d
a
ta

ra
th

er
th

a
n

p
la

in
ly

o
bs

er
va

ti
o
n

a
l

d
a
ta

,
w

h
il

e
th

e
in

te
rv

en
ti

o
n

s
a
re

n
o
t

ex
a
ct

ly
kn

o
w

n
.

3
.1

.
A

p
p

li
c
a
ti

o
n

to
C

li
m

a
te

S
c
ie

n
c
e

T
o

m
ot

iv
at

e
th

e
fo

re
go

in
g

ca
u
sa

l
m

o
d
el

w
e

co
n
si

d
er

a
p
ro

m
in

en
t

ex
am

p
le

fr
o
m

cl
im

a
te

sc
i-

en
ce

:
th

e
ca

u
sa

l
re

la
ti

on
sh

ip
b

et
w

ee
n

ca
rb

on
d
io

x
id

e
co

n
ce

n
tr

at
io

n
(C

O
2
)

an
d

te
m

p
er

a
tu

re
(T

).
M

or
e

p
re

ci
se

ly
,

w
e

co
n
si

d
er

A
n
ta

rc
ti

c
ic

e
co

re
d
at

a
th

at
co

n
si

st
s

of
te

m
p

er
a
tu

re
a
n
d

ca
rb

on
d
io

x
id

e
m

ea
su

re
m

en
ts

of
th

e
p
as

t
80

0’
00

0
ye

ar
s

d
u
e

to
B

er
ei

te
r

et
al

.
(2

0
1
5
,

ca
rb

on
d
io

x
id

e)
an

d
J
ou

ze
l

et
al

.
(2

00
7,

te
m

p
er

at
u
re

).
W

e
co

m
b
in

ed
b

ot
h

te
m

p
er

at
u
re

a
n
d

ca
rb

o
n

d
io

x
id

e
d
at

a
an

d
re

co
rd

ed
m

ea
su

re
m

en
ts

ev
er

y
50

0
ye

ar
s

b
y

a
cu

b
ic

in
te

rp
o
la

ti
o
n

o
f

th
e

ra
w

d
at

a.
T

h
e

d
at

a
is

sh
ow

n
in

F
ig

u
re

3
(r

ig
h
t)

.
O

ve
rs

im
p
li
fy

in
g,

on
e

ca
n

m
o
d
el

th
is

d
a
ta
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c
o
r
o
IC

A

a
s

a
n

S
C

M
w

ith
tim

e-lags
as

follow
s

(
lo

g
(C

O
2 )
t

T
t

)
=

(
0

β
α

0 )

︸
︷︷

︸
=
B

0

(
log

(C
O

2 )
t

T
t

)
+

p
∑k

=
1

B
k (

log
(C

O
2 )
t−
k

T
t−
k

)
+
S̃
t ,

(16)

w
h
ere

S̃
t

=
S
t

+
H
t

w
ith

S
t

com
p

on
en

t-w
ise

in
d
ep

en
d
en

t
n
on

-station
ary

sou
rce

sign
als

a
n
d
H
t

a
sta

tion
ary

con
fou

n
d
in

g
p
ro

cess.
V

ector-valu
ed

lin
ear

tim
e-series

m
o
d
els

o
f

th
is

ty
p

e
a
re

referred
to

as
stru

ctu
ral

au
to

regressiv
e

m
o
d
els

(S
V

A
R

s)
(see

e.g.,
L

ü
tkep

oh
l,

2
0
0
5
).

T
h
ey

h
ave

b
een

p
rev

iou
sly

an
aly

zed
in

th
e

con
fou

n
d
in

g
free-case

b
y

H
y
v
ärin

en
et

a
l.

(2
0
10

),
u
sin

g
an

IC
A

b
ased

cau
sal

in
feren

ce
ap

p
roach

.
A

grap
h
ical

rep
resen

tation
of

su
ch

a
m

o
d
el

is
sh

ow
n

in
S
u
p
p
lem

en
t

B
.2,

F
igu

re
13.

In
th

is
ex

am
p
le,

w
e

can
th

in
k

of
th

e
so

u
rce

sign
als

S
t

as
b

ein
g

tw
o

in
d
ep

en
d
en

t
su

m
m

aries
of

im
p

ortan
t

factors
th

at
aff

ect
b

o
th

tem
p

era
tu

re
a
n
d

carb
on

d
iox

id
e

an
d

vary
over

tim
e,

e.g.,
en

v
iron

m
en

tal
catastrop

h
es

like
vo

lca
n
o

eru
p
tio

n
s

an
d

large
w

ild
fi
res,

su
n
sp

ot
activ

ity
or

ice-coverage.
T

h
ese

variation
s

can
b

e
co

n
sid

ered
a
s

ch
an

gin
g

en
v
iron

m
en

tal
con

d
ition

s
or

in
terven

tion
s

(see
R

em
ark

3).
O

n
th

e
o
th

er
h
a
n
d

th
e

station
ary

con
fou

n
d
in

g
p
ro

cess
H
t

can
b

e
th

ou
gh

t
o
f

as
factors

w
h
ich

a
ff

ect
b

o
th

tem
p

eratu
re

an
d

carb
on

d
iox

id
e

in
a

con
stan

t
fash

ion
ov

er
tim

e,
for

ex
am

p
le

th
is

co
u
ld

b
e

eff
ects

d
u
e

th
e

sh
ifts

in
th

e
earth

’s
rotation

ax
is.

A
ssu

m
in

g
th

at
th

is
w

as
th

e
tru

e
u
n
d
erly

in
g

cau
sal

m
o
d
el,

w
e

co
u
ld

u
se

it
to

p
red

ict
w

h
at

h
a
p
p

en
s

u
n
d
er

in
terv

en
tion

s.
F

rom
a

clim
ate

scien
ce

p
ersp

ective
an

in
terestin

g
in

terven
tion

is
g
iven

b
y

d
o
u
b
lin

g
th

e
con

cen
tration

of
C

O
2

an
d

d
eterm

in
in

g
th

e
resu

ltin
g

in
stan

ta
n
eou

s
(fa

ster
th

a
n

1
0
00

years)
eff

ect
on

th
e

tem
p

eratu
re.

T
h
is

eff
ect

is
com

m
on

ly
referred

to
as

eq
u
ilib

riu
m

clim
ate

sen
sitiv

ity
(E

C
S
)

d
u
e

to
C

O
2

w
h
ich

is
lo

osely
d
efi

n
ed

as
th

e
ch

a
n
ge

in
d
eg

rees
tem

p
eratu

re
asso

ciated
w

ith
a

d
ou

b
lin

g
of

th
e

con
cen

tration
of

carb
on

d
iox

id
e

in
th

e
ea

rth
’s

a
tm

o
sp

h
ere.

In
th

e
fi
fth

assessm
en

t
rep

ort
of

th
e

U
n
ited

N
a
tion

s
In

tergovern
m

en
tal

P
a
n
el

o
n

C
lim

a
te

C
h
an

ge
it

h
as

b
een

stated
th

at
”th

ere
is

h
igh

con
fi
d
en

ce
th

at
E

C
S

is
ex

trem
ely

u
n
lik

ely
less

th
an

1
◦C

an
d

m
ed

iu
m

con
fi
d
en

ce
th

at
th

e
E

C
S

is
lik

ely
b

etw
een

1
.5
◦C

a
n
d

4
.5
◦C

an
d

very
u
n
likely

greater
th

an
6
◦C

”
(In

tergovern
m

en
tal

P
an

el
on

C
lim

ate
C

h
a
n
g
e,

2
0
1
4
,

C
h
ap

ter
10).

S
in

ce
th

e
m

ea
su

rem
en

t
freq

u
en

cy
in

ou
r

m
o
d
el

is
q
u
ite

low
(5

0
0

y
ea

rs)
a
n
d

w
e

m
o
d
el

th
e

logarith
m

of
carb

on
d
iox

id
e

th
e

E
C

S
corresp

on
d
s

to

E
C

S
=

log
(2)α

.

E
stim

a
tin

g
th

e
m

o
d
el

in
(16)

can
b

e
d
on

e
b
y

fi
rst

fi
ttin

g
a

vector
au

to-regressive
m

o
d
el

of
th

e
tim

e
la

g
s

u
sin

g
O

L
S

resu
ltin

g
in

a
v
ector

of
resid

u
als

R
t

=

(
lo

g
(C

O
2 )
t

T
t

)
−
(

̂
log

(C
O

2 )
t

T̂
t .

)

T
h
en

,
o
n
e

ca
n

ap
p
ly

th
e

tw
o-step

cau
sal

in
feren

ce
p
ro

ced
u
re

d
escrib

ed
in

S
ection

3
to

R
t

=
B

0 R
t
+
S̃
t .

S
in

ce
w

e
are

in
a

tw
o-d

im
en

sion
al

settin
g
,

step
(ii)

(i.e.,
id

en
tify

in
g

th
e

cau
sal

p
aram

eters
α

a
n
d
β

fro
m

th
e

estim
ated

m
ix

in
g

m
atrix

)
on

ly
req

u
ires

to
assu

m
e

th
a
t

feed
b
a
ck

lo
o
p
s
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P
f
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e
r
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W
e
ic
h
w
a
l
d
∗,

B
ü
h
l
m
a
n
n
,
a
n
d

S
c
h
ö
l
k
o
p
f

3
8

1
3

1
8

2
3

2
8

h
isto

g
ra

m

n
u

m
b

er
o

f
lag

s
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climate sensitivity

coro
IC

A
(var)

ch
o

iIC
A

(var)
fa

stIC
A

5
.2

5
.3

5
.4

5
.5

5
.6

5
.7

log(CO2)

0
2
0
0

4
0
0

6
0
0

8
0
0

ky
B

.P
.

(kilo
-years

b
efore

presen
t)

−
1
0
.0

−
7
.5

−
5
.0

−
2
.5

0
.0

2
.5

5
.0

δT

F
igu

re
3.

(left)
E

stim
ated

eq
u
ilib

riu
m

clim
ate

sen
sitiv

ity
(E

C
S
)

for
d
iff

eren
t

IC
A

s
d
ep

en
d
-

in
g

on
th

e
n
u
m

b
er

of
lags

in
clu

d
ed

in
to

th
e

S
V

A
R

m
o
d
el.

T
h
e

ligh
t

gray
an

d
d
ark

gray
overlay

in
d
icate

likely
an

d
very

likely
va

lu
e

ran
ges,

resp
ectively,

for
th

e
tru

e
valu

e
of

clim
ate

sen
sitiv

ity
as

p
er

th
e

fi
fth

assessm
en

t
rep

ort
of

th
e

U
n
ited

N
ation

s
In

tergovern
m

en
tal

P
an

el
on

C
lim

ate
C

h
an

ge
(cf.

S
ection

3.1).
T

h
e

d
iff

eren
ces

a
cross

p
ro

ced
u
res

illu
strate

th
at

th
e

ch
oice

of
IC

A
h
as

a
large

eff
ect

on
th

e
estim

ation
.

(righ
t)

In
terp

o
lated

tim
e-series

d
ata,

w
h
ich

w
e

m
o
d
el

w
ith

an
S
V

A
R

m
o
d
el.

d
o

n
ot

b
low

-u
p
,

w
h
ich

tran
slates

in
to
B

0
h
av

in
g

sp
ectral

n
orm

less
th

an
on

e.
G

iven
th

at
th

e
sign

al
is

su
ffi

cien
tly

stron
g

(i.e.,
th

ere
are

su
ffi

cien
t

in
terven

tion
s

on
b

oth
C

O
2

an
d
T

),
it

is
p

ossib
le

to
recover

th
e

cau
sal

p
aram

eters
b
y

try
in

g
b

oth
p

oten
tial

p
erm

u
tation

s
of

th
e

sou
rces

w
ith

su
b
seq

u
en

t
scalin

g
an

d
assessin

g
w

h
eth

er
th

e
aforem

en
tion

ed
con

d
ition

is
satisfi

ed
.

W
e

ap
p
lied

th
is

p
ro

ced
u
re

b
ased

on
coroIC

A
(var)

to
th

e
d
ata

in
ord

er
to

estim
ate

clim
ate

sen
sitiv

ity
an

d
com

p
ared

it
w

ith
resu

lts
o
b
tain

ed
w

h
en

u
sin

g
fastIC

A
or

ch
oiIC

A
(var).

T
h
e

resu
lts

are
given

in
F

igu
re

3.
W

e
b

eliev
e

th
e

resu
lts

illu
strate

tw
o

im
p

ortan
t

asp
ects.

F
irstly,

th
e

ch
oice

of
th

e
lags

h
as

a
stron

g
eff

ect
o
n

th
e

estim
ation

of
th

e
cau

sal
eff

ect
p
aram

eters,
p
articu

larly
for

b
ou

n
d
ary

cases.
If

it
is

ch
osen

to
o

sm
all

th
e

rem
ain

in
g

tim
e-

d
ep

en
d
en

ce
in

th
e

d
ata

can
ob

scu
re

th
e

sign
al.

If
it

is
ch

osen
to

o
b
ig

p
art

of
th

e
sign

al
starts

b
ein

g
rem

ov
ed

.
C

h
o
osin

g
an

ap
p
rop

riate
n
u
m

b
er

of
lags

is
th

erefore
cru

cial.
O

n
e

op
tion

w
ou

ld
b

e
to

ap
p
ly

an
in

form
ation

criterion
(A

IC
or

B
IC

)
for

th
is.

S
econ

d
ly,

th
e

resu
lts

illu
strate

th
at

th
e

ch
oice

of
IC

A
h
as

a
large

im
p
act

on
th

e
estim

ated
cau

sal
eff

ect
p
aram

eters.
M

ore
sp

ecifi
cally,

b
oth

th
e

assu
m

ed
sign

al
as

w
ell

as
th

e
assu

m
ed

con
fou

n
d
in

g
h
av

e
an

im
p
act

on
th

e
estim

ation
.

C
om

p
are

th
e

resu
lts

b
etw

een
fastIC

A
(n

on
-G

au
ssian

sign
al)

an
d

ch
oiIC

A
/coroIC

A
(varian

ce
sign

al)
for

th
e

form
er

an
d

ob
serve

th
e

d
iff

eren
ces

b
etw

een
fastIC

A
/ch

oiIC
A

(n
o

con
fou

n
d
in

g)
an

d
coroIC

A
(ad

ju
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for
station

ary
con

fou
n
d
in

g)
for

th
e

latter.
T

h
e

ch
oice

of
th

e
IC

A
algorith

m
sh

ou
ld

th
erefore

b
e

d
riven

b
y

th
e
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m

p
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s

2
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c
o
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A

(b
ot

h
on

si
gn

al
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p
e

an
d

co
n
fo

u
n
d
in

g)
on

e
is

w
il
li
n
g

to
em

p
lo

y
on

th
e

u
n
d
er

ly
in

g
m

o
d
el

.
C

on
si

d
er

in
g

a
va

ri
an
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si
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al

an
d
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ju

st
in

g
fo

r
co

n
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u
n
d
in

g,
co
ro
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A
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to
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a
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at
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of
eq

u
il
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ri
u
m
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at
e

se
n
si
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v
it

y
th

at
ar

e
m

o
re

cl
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el
y

in
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n
e

w
it

h
th

e
h
ig

h
ly
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ke

ly
b
an

d
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p
re

v
io

u
sl

y
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en
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fi
ed

b
y

th
e

U
n
it

ed
N

at
io

n
s

In
te
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ov

er
n
m

en
ta

l
P

an
el

on
C

li
m

at
e

C
h
an

ge
.

T
h
is

ob
se

rv
at

io
n

is
on

ly
in

d
ic

at
iv

e
as

al
l
th

re
e

m
et

h
o
d
s

y
ie

ld
h
ig

h
ly

va
ri

ab
le

re
su

lt
s

an
d

al
so

th
e

p
an

el
’s

h
ig

h
ly

li
ke

ly
b
an

d
re

st
s

on
ce
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n
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su
m

p
ti
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s

th
at

m
ay

b
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om
e

re
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te
d

at
so

m
e

la
te

r
p

oi
n
t.
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ro
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A

ca
n

b
e
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=
A
S
a

+
H
a

S
1 a

S
2 a

S
3 a

X
1 a

X
2 a

X
3 a

H
1 a

H
2 a

H
3 a

su
b

je
c
t

b
X
b

=
A
S
b

+
H
b

S
1 b

S
2 b

S
3 b

X
1 b

X
2 b

X
3 b

H
1 b

H
2 b

H
3 b

··
·

co
ro
IC
A

(X
a
,X

b
,.
..
)
≈
A

F
ig

u
re

7.
Il

lu
st

ra
ti

on
of

a
m

u
lt

i-
su

b
je

ct
E

E
G

re
co

rd
in

g.
F

or
ea

ch
su

b
je

ct
,

E
E

G
si

g
n
a
ls
X

ar
e

re
co

rd
ed

w
h
ic

h
ar

e
as

su
m

ed
to

b
e

co
rr

u
p
te

d
b
y

su
b

je
ct

-s
p

ec
ifi

c
(b

u
t

st
a
ti

o
n
a
ry

)
n
o
is

e
te

rm
s
H

.
T

h
e

go
al

is
to

re
co

v
er

a
si

n
gl

e
m

ix
in

g
m

at
ri

x
A

th
at

se
p
ar

at
es

si
gn

a
ls

w
el

l
a
cr

o
ss

al
l

su
b

je
ct

s.
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c
o
r
o
IC

A

o
f

o
u
r

m
eth

o
d

to
th

is
settin

g
b
ased

on
tw

o
p
u
b
licly

availa
b
le

E
E

G
d
ata

sets.

D
a
ta

S
e
t

3
:

C
o
v
e
rtA

tte
n
tio

n
d

a
ta

T
h
is

d
a
ta

set
is

d
u
e

to
T

red
er

et
al.

(2011)
an

d
con

sists
of

E
E

G
record

in
gs

o
f

8
su

b
jects

p
erfo

rm
in

g
m

u
ltip

le
trials

of
covertly

sh
iftin

g
v
isu

al
atten

tion
to

on
e

ou
t

of
6

cu
ed

d
irection

s.
T

h
e

d
ata

set
con

tain
s

record
in

gs
of

•
8

su
b

jects,

•
fo

r
ea

ch
su

b
ject

th
ere

ex
ist

6
ru

n
s

w
ith

100
trials,

•
each

record
in

g
con

sists
of

60
E

E
G

ch
an

n
els

record
ed

at
1000

H
z

sam
p
lin

g
fre-

q
u
en

cy,
w

h
ile

w
e

w
ork

w
ith

th
e

p
u
b
licly

availab
le

d
ata

th
at

is
d
ow

n
sam

p
led

to
2
00

H
z.

S
in

ce
v
isu

a
l

in
sp

ection
of

th
e

d
ata

revealed
d
ata

segm
en

ts
w

ith
h
u
g
e

artifacts
an

d
d
eta

ils
a
b

ou
t

h
ow

th
e

p
u
b
licly

availab
le

d
ata

w
as

p
rep

ro
cessed

w
as

u
n
availab

le
to

u
s,

w
e

rem
oved

o
u
tliers

an
d

h
igh

-p
ass

fi
ltered

th
e

d
ata

at
0.5

H
z.

In
p
articu

lar,
a
lon

g
each

d
im

en
sio

n
w

e
set

th
ose

valu
es

to
th

e
m

ed
ian

alon
g

its
d
im

en
sion

th
a
t

d
ev

iate
m

ore
th

a
n

1
0

tim
es

th
e

m
ed

ian
ab

solu
te

d
istan

ce
from

th
is

m
ed

ian
.

W
e

fu
rth

er
p
rep

ro
cess

th
e

d
a
ta

b
y

re-referen
cin

g
to

com
m

on
average

referen
ce

(car)
a
n
d

p
ro

jectin
g

on
to

th
e

o
rth

o
g
on

al
co

m
p
lem

en
t

of
th

e
n
u
ll

com
p

on
en

t.
F

or
ou

r
u
n
m

ix
in

g
estim

ation
s,

w
e

u
se

th
e

en
tire

d
a
ta,

i.e.,
in

clu
d
in

g
in

tertrial
b
reak

s.
F

o
r

cla
ssifi

cation
ex

p
erim

en
ts

(cf.
S
ection

4.3.2)
w

e
u
se,

in
lin

e
w

ith
T

red
er

et
al.

(2
0
1
1
),

th
e

8
–
12

H
z

b
an

d
p
ass-fi

ltered
d
ata

d
u
rin

g
th

e
500–2000

m
s

w
in

d
ow

of
each

trial,
a
n
d

u
se

th
e

log-varian
ce

as
b
an

d
p

ow
er

featu
re

(L
otte

et
al.,

201
8).

T
h
e

classifi
cation

a
n
a
ly

sis
is

restricted
to

valid
tria

ls
(ap

p
rox

im
ately

311
p

er
su

b
ject)

w
ith

th
e

d
esired

ta
rg

et
la

ten
cy

as
d
escrib

ed
in

T
red

er
et

al.
(2011).

R
esu

lts
o
n

th
e

C
overtA

tten
tion

D
ata

S
et

3
are

p
resen

ted
h
ere,

w
h
ile

th
e

resu
lts

of
th

e
a
n
a
log

o
u
s

ex
p

erim
en

ts
on

th
e

B
C

IC
om

p
IV

2a
D

ata
S
et

4
are

d
eferred

to
S
u
p
p
lem

en
t

C
.

F
o
r

b
o
th

d
a
ta

sets,
w

e
com

p
are

th
e

recov
ered

so
u
rces

of
coroIC

A
w

ith
th

ose
recovered

b
y

co
m

p
etin

g
IC

A
m

eth
o
d
s.

S
in

ce
grou

n
d

tru
th

is
u
n
k
n
ow

n
w

e
rep

ort
com

p
arison

s
b
ased

on
th

e
fo

llow
in

g
th

ree
criteria:

sta
b

ility
a
n

d
in

d
e
p

e
n

d
e
n

c
e

W
e

u
se

M
C

IS
(cf.

S
ection

2.4)
to

assess
th

e
stab

ility
an

d
in

d
ep

en
d
en

ce
o
f
th

e
recovered

so
u
rces

b
oth

in
-

an
d

ou
t-of-sam

p
le.

c
la

ssifi
c
a
tio

n
a
c
c
u

ra
c
y

F
o
r

b
o
th

d
ata

sets
th

ere
is

lab
el

in
form

ation
availab

le
th

at
asso

ciates
certain

tim
e

w
in

d
ow

s
of

th
e

E
E

G
record

in
gs

w
ith

th
e

task
th

e
su

b
jects

w
ere

p
erfo

rm
in

g
at

th
at

tim
e.

B
a
sed

on
th

e
recovered

sou
rces,

w
e

b
u
ild

a
classifi

cation
p
ip

elin
e

rely
in

g
on

fea
tu

re
ex

traction
an

d
classifi

cation
tech

n
iq

u
es

th
a
t

are
com

m
on

in
th

e
fi
eld

(L
otte

et
a
l.,

2
0
1
8).

T
h
e

ach
ieved

classifi
cation

accu
racy

serv
es

as
a

p
rox

y
o
f

h
ow

in
form

ative
a
n
d

su
ita

b
le

th
e

ex
tracted

sign
als

are.
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P
f
ist

e
r
∗,

W
e
ic
h
w
a
l
d
∗,

B
ü
h
l
m
a
n
n
,
a
n
d

S
c
h
ö
l
k
o
p
f

to
p

o
g
ra

p
h

ie
s

F
or

a
q
u
alita

tive
assessm

en
t,

w
e

in
sp

ect
th

e
top

og
rap

h
ic

m
ap

s
of

th
e

ex
tracted

sou
rces,

as
w

ell
as

th
e

corresp
on

d
in

g
p

ow
er

sp
ectra

an
d

a
raw

tim
e-series

ch
u
n
k
.

T
h
is

is
u
sed

to
illu

strate
th

at
th

e
sou

rces
recov

ered
b
y
coroIC

A
d
o

n
ot

ap
p

ear
ra

n
d
om

or
im

p
lau

sib
le

for
E

E
G

record
in

gs
an

d
are

q
u
alitatively

sim
ilar

to
w

h
at

is
ex

p
ected

from
oth

er
IC

A
s.

F
u
rth

erm
ore,

w
e

p
rov

id
e

an
overv

iew
ov

er
all

com
p

on
en

ts
ach

iev
ed

on
D

ata
S
et

3
b
y

S
O

B
I,

fastIC
A

,
an

d
coroIC

A
in

th
e

S
u
p
p
lem

en
tary

S
ection

D
,

w
h
ere

com
p

on
en

ts
are

w
ell

resolved
w

h
en

th
e

corresp
on

d
in

g
top

ogra
p
h
ic

m
ap

an
d

activation
m

ap
are

close
to

each
oth

er
(cf.

S
ection

2.4).

4
.3
.1
.
S
t
a
b
il
it
y
a
n
d

In
d
e
p
e
n
d
e
n
c
e

W
e

aim
to

p
rob

e
stab

ility
n
ot

on
ly

in
-sam

p
le

b
u
t

also
verify

th
e

ex
p

ected
in

crease
in

stab
ility

w
h
en

ap
p
ly

in
g

th
e

u
n
m

ix
in

g
m

atrix
to

d
ata

of
n
ew

u
n
seen

su
b

jects,
i.e.,

to
n
ew

grou
p
s

of
sam

p
les

w
ith

d
iff

eren
t

con
fou

n
d
in

g
sp

ecifi
c

to
th

at
su

b
ject.

In
ord

er
to

assess
stab

ility
an

d
in

d
ep

en
d
en

ce
of

th
e

recovered
sou

rces
in

term
s

of
th

e
M

C
IS

b
o
th

in
-

an
d

ou
t-of-sam

p
le

an
d

for
d
iff

eren
t

am
ou

n
ts

of
train

in
g

sam
p
les,

w
e

p
ro

ceed
b
y

rep
eated

ly
sp

littin
g

th
e

d
ata

in
to

a
train

in
g

an
d

a
test

d
ata

set.
M

ore
p
recisely,

w
e

con
stru

ct
all

p
ossib

le
sp

lits
in

to
train

in
g

an
d

test
su

b
jects

for
an

y
giv

en
n
u
m

b
er

of
train

in
g

su
b

jects.
F

or
each

p
air

of
train

in
g

an
d

test
set,

w
e

fi
t

an
u
n
m

ix
in

g
m

atrix
u
sin

g
coroIC

A
an

d
all

com
p

etin
g

m
eth

o
d
s

d
escrib

ed
in

S
ection

4.1.
W

e
th

en
com

p
u
te

th
e

M
C

IS
on

th
e

train
in

g
an

d
test

d
ata

for
each

m
eth

o
d

sep
arately

an
d

collect
th

e
resu

lts
of

each
train

in
g-test

sp
lit

for
each

n
u
m

b
er

of
train

in
g

su
b

jects.

R
esu

lts
ob

tain
ed

on
th

e
C

overtA
tten

tion
d
ata

set
(w

ith
eq

u
ally

sp
aced

p
artition

s
of≈

15
secon

d
s

len
gth

)
are

given
in

F
igu

re
8

an
d

th
e

resu
lts

for
th

e
B

C
IC

om
p
IV

2a
d
ata

set
(w

ith
eq

u
ally

sp
aced

p
artition

s
of≈

15
secon

d
s

len
gth

)
a
re

sh
ow

n
in

S
u
p
p
lem

en
t

C
.1,

F
igu

re
14.

F
or

b
oth

d
ata

sets
th

e
resu

lts
are

q
u
alitatively

sim
ilar

an
d

su
p
p

ort
th

e
claim

th
at

th
e

u
n
m

ix
in

g
ob

tain
ed

b
y

coroIC
A

is
m

ore
stab

le
w

h
en

tran
sferred

to
n
ew

u
n
seen

su
b

jects.
W

h
ile

for
th

e
com

p
etin

g
IC

A
s

th
e

in
stab

ility
on

h
eld

-ou
t

su
b

jects
d
o
es

n
ot

follow
a

clear
d
ecreasin

g
tren

d
w

ith
in

creasin
g

n
u
m

b
er

of
train

in
g

su
b

jects,
coroIC

A
can

su
ccessfu

lly
m

a
ke

u
se

of
ad

d
ition

al
train

in
g

su
b

jects
to

learn
a

m
ore

stab
le

u
n
m

ix
in

g
m

atrix
.

D
u
e

to
th

e
ch

aracteristics
an

d
low

sign
al-to-n

oise
ratio

in
E

E
G

record
in

g
s,

th
e

evalu
atio

n
b
ased

on
th

e
ab

solu
te

M
C

IS
score

is
less

w
ell

resolved
th

an
w

h
at

w
e

h
ave

seen
in

th
e

sim
u
lation

s
b

efore.
F

or
th

is
reason

w
e

ad
d
ition

ally
p
rov

id
e

a
m

ore
fo

cu
sed

evalu
ation

b
y

con
sid

erin
g

th
e

M
C

IS
fraction

:
th

e
fraction

o
f

th
e

M
C

IS
ach

ieved
on

a
su

b
ject

b
y

th
e

resp
ective

com
p

etitor
m

eth
o
d

d
iv

id
ed

b
y

th
e

M
C

IS
a
ch

ieved
on

th
at

su
b

ject
b
y
coroIC

A
w

h
en

train
ed

on
th

e
sam

e
su

b
jects.

T
h
u
s,

th
is

score
co

m
p
ares

M
C

IS
on

a
p

er
su

b
ject

b
asis,

w
h
ere

valu
es

greater
th

an
1

in
d
icate

th
at

th
e

resp
ective

com
p

etin
g

IC
A

m
eth

o
d

p
erform

ed
w

orse
th

an
coroIC

A
.
F

igu
re

9
sh

ow
s

th
e

resu
lts

on
th

e
C

ov
ertA

tten
tion

D
ata

S
et

3
con

fi
rm

in
g

th
at

coroIC
A

can
su

ccessfu
lly

in
corp

orate
m

ore
train

in
g

su
b

jects
to

d
erive

a
b

etter
u
n
m

ix
in

g
of

sign
als.

4
.3
.2
.
C
l
a
ssif

ic
a
t
io
n
b
a
se

d
o
n
R
e
c
o
v
e
r
e
d

S
o
u
r
c
e
s

W
h
ile

th
e

resu
lts

in
th

e
p
rev

iou
s

section
in

d
icate

th
at

coroIC
A

can
lea

d
to

m
ore

stab
le

sep
aration

s
of

sou
rces

in
E

E
G

th
an

th
e

com
p

etin
g

m
eth

o
d
s,

in
scen

arios
w

ith
an

u
n
k
n
ow

n
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c
o
r
o
IC

A

0
.2

0
.4

0
.6

0
.8

1
.0

MCIS

in
-s

am
p

le

co
ro

IC
A

(v
ar

)

fa
st

IC
A

ch
o

iI
C

A
(v

ar
)

ch
o

iI
C

A
(T

D
&

va
r)

ch
o

iI
C

A
(T

D
)

S
O

B
I

1
2

3
4

5
6

7

n
u

m
b

er
o

f
tr

ai
n

in
g

su
b

je
ct

s

0
.5

1
.0

1
.5

MCIS

o
u

t-
o

f-
sa

m
p

le

F
ig

u
re

8.
E

x
p

er
im

en
ta

l
re

su
lt

s
fo

r
co

m
p
ar

in
g

th
e

st
ab

il
it

y
of

so
u
rc

es
(M

C
IS

:
sm

al
l

im
p
li
es

st
ab

le
)

tr
ai

n
ed

on
d
iff

er
en

t
n
u
m

b
er

s
of

tr
ai

n
in

g
su

b
je

ct
s

(c
f.

S
ec

ti
on

4.
3.

1)
,

h
er

e
on

th
e

C
ov

er
tA

tt
en

ti
on

D
at

a
S
et

3,
d
em

on
st

ra
ti

n
g

th
at

co
ro
IC
A

,
in

co
n
tr

as
t

to
th

e
co

m
p

et
in

g
IC

A
m

et
h
o
d
s,

ca
n

su
cc

es
sf

u
ll
y

in
co

rp
or

at
e

m
or

e
tr

ai
n
in

g
su

b
je

ct
s

to
le

ar
n

m
or

e
st

ab
le

u
n
m

ix
in

g
m

at
ri

ce
s

w
h
en

ap
p
li
ed

to
n
ew

u
n
se

en
su

b
je

ct
s.

gr
ou

n
d

tr
u
th

th
e

st
ab

il
it

y
of

th
e

re
co

ve
re

d
so

u
rc

es
ca

n
n
ot

se
rv

e
as

th
e

so
le

d
et

er
m

in
in

g
cr

it
er

io
n

fo
r

as
se

ss
in

g
th

e
q
u
al

it
y

of
re

co
v
er

ed
so

u
rc

es
.

In
ad

d
it

io
n

to
as

k
in

g
w

h
et

h
er

th
e

re
co

ve
re

d
so

u
rc

es
ar

e
st

ab
le

an
d

in
d
ep

en
d
en

t
va

ri
an

ce
si

gn
al

s,
w

e
h
en

ce
al

so
n
ee

d
to

in
-

ve
st

ig
at

e
w

h
et

h
er

th
e

so
u
rc

es
ex

tr
ac

te
d

b
y
co
ro
IC
A

ar
e

in
fa

ct
re

as
on

ab
le

or
m

ea
n
in

gf
u
l.

In
th

e
“A

m
er

ic
a’

s
G

ot
T

al
en

t
D

u
et

P
ro

b
le

m
”

(c
f.

E
x
am

p
le

2)
th

is
m

ea
n
s

th
at
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le,

S
in

gh
an

d
G

ord
on

(2
00

8
)

p
ro

p
o
sed

th
e

collective
m

atrix
factorization

th
at

join
tly

factorizes
m

u
ltip

le
m

atri-
ces

sh
a
rin

g
la

ten
t

factors.
A

s
in

ou
r

settin
g,

each
m

atrix
can

h
ave

a
d
iff

eren
t

va
lu

e
ty

p
e

a
n
d

erro
r

d
istrib

u
tion

.
In

S
in

gh
an

d
G

ord
on

(2008),
th

e
au

th
ors

u
se

B
regm

an
d
iv

ergen
ces

to
m

ea
su

re
th

e
error

an
d

ex
ten

d
stan

d
ard

altern
atin

g
p
ro

jection
algorith

m
s

to
th

is
set-

tin
g
.

T
h
ey

con
sid

er
a

q
u
ite

gen
eral

settin
g

w
h
ich

in
clu

d
es

as
a

p
articu

lar
case

th
e

n
u
clear

n
o
rm

p
en

aliza
tion

ap
p
roach

th
at

w
e

stu
d
y

in
th

e
p
resen

t
p
ap

er.
T

h
ey

d
o

n
ot

p
rov

id
e

a
n
y

th
eo

retica
l

g
u
a
ran

tee.
A

B
ayesian

m
o
d
el

for
collective

m
atrix

factorization
w

as
p
ro

p
osed

in
S
in

g
h

a
n
d

G
ord

on
(2010).

H
orii

et
al.

(2014)
an

d
X

u
et

al.
(2016)

also
con

sid
er

collective
m

a
trix

facto
rization

an
d

in
v
estigate

th
e

stren
gth

of
th

e
relation

am
on

g
th

e
sou

rce
m

atri-
ces.

T
h
eir

estim
ation

p
ro

ced
u
re

is
b
ased

on
p

en
a
lization

b
y

th
e

su
m

of
th

e
n
u
clear

n
o
rm

s
o
f

th
e

so
u
rces.

T
h
e

con
vex

form
u
lation

for
collectiv

e
m

atrix
factorization

w
as

p
rop

osed
in

B
o
u
ch

a
rd

et
al.

(2013)
w

h
ere

th
e

au
th

ors
con

sid
er

a
gen

eral
situ

ation
w

h
en

th
e

set
of

m
a
trices

d
o

n
o
t

n
ecessarily

h
ave

a
com

m
on

set
of

row
s/colu

m
n
s.

W
h
en

th
is

is
th

e
case,

th
e

estim
a
to

r
p
rop

osed
in

B
ou

ch
ard

et
al.

(2013)
is

q
u
ite

sim
ilar

to
ou

rs.
T

h
eir

algorith
m

is
b
a
sed

on
th

e
iterativ

e
S
in

gu
lar

V
alu

e
T

h
resh

old
in

g
an

d
th

e
au

th
ors

con
d
u
ct

em
p
irical

eva
lu

a
tio

n
s

o
f

th
is

ap
p
roach

on
tw

o
real

d
ata

sets.

M
o
st

o
f

th
e

p
rev

iou
s

p
ap

ers
fo

cu
s

on
th

e
algorith

m
ic

sid
e

w
ith

o
u
t

p
rov

id
in

g
th

eoretical
g
u
a
ra

n
tees

fo
r

th
e

collective
ap

p
roach

.
O

n
e

ex
cep

tion
is

th
e

p
ap

er
b
y

G
u
n
a
sekar

et
al.

(2
01

5
)

w
h
ere

th
e

au
th

ors
p
rove

con
sisten

cy
of

th
e

estim
ate

u
n
d
er

tw
o

ob
servation

m
o
d
els:

n
o
ise-free

a
n
d

ad
d
itive

n
oise

m
o
d
els.

T
h
eir

estim
ation

p
ro

ced
u
re

is
b
ased

on
m

in
im

izin
g

th
e

lea
st

sq
u
a
res

loss
p

en
alized

b
y

th
e

n
u
clear

n
orm

.
T

o
p
rove

th
e

con
sisten

cy
o
f

th
eir

esti-
m

a
to

r,
G

u
n
a
sekar

et
al.

(2015)
assu

m
e

th
at

all
th

e
so

u
rce

m
atrices

sh
a
re

th
e

sam
e

low
-ra

n
k

fa
ctor.

T
h
ey

con
sid

er
th

e
u
n
iform

sa
m

p
lin

g
sch

em
e

for
th

e
ob

servation
s

(see
A

ssu
m

p
tio

n
s

1
a
n
d

4
in

G
u
n
asekar

et
al.

(2015)).
U

n
iform

sam
p
lin

g
is

an
u
su

al
assu

m
p
tion

in
m

atrix
co

m
p
letio

n
literatu

re
(see,

e.g.,
(C

a
n
d
es

an
d

T
ao,

2010;
C

an
d
ès

an
d

R
ech

t,
2009;

D
aven

p
ort

et
a
l.,

2
0
1
4
)).

T
h
is

assu
m

p
tion

is
restrictive

in
m

an
y

ap
p
lication

s
su

ch
as

recom
m

en
d
ation

s
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A
l
a
y
a
a
n
d

K
l
o
p
p

sy
stem

s.
T

h
e

th
eoretical

an
aly

sis
in

th
e

p
resen

t
p
ap

er
is

carried
ou

t
for

gen
eral

sam
p
lin

g
d
istrib

u
tion

s.

S
im

ilar
to

ou
r

settin
g,

m
atrix

co
m

p
letion

w
ith

sid
e

in
form

ation
ex

p
lores

th
e

availab
le

u
ser

d
ata

p
rov

id
ed

b
y

variou
s

sou
rces.

F
o
r

in
stan

ce
J
ain

an
d

D
h
illon

(201
3)

an
d

X
u

et
al.

(2013)
in

tro
d
u
ce

th
e

so-called
In

d
u
ctive

M
atrix

C
om

p
letion

(IM
C

).
It

m
o
d
els

sid
e

in
form

a-
tion

as
k
n
ow

led
ge

of
featu

re
sp

aces.
T

h
ey

sh
ow

th
at

if
th

e
featu

res
a
re

p
erfect

(e.,g.,
see

D
efi

n
ition

1
in

C
h
ian

g
et

al.
(2018)

for
p

erfect
sid

e
in

form
ation

),
th

e
sam

p
le

com
p
lex

ity
can

b
e

red
u
ced

.
M

ore
p
recisely,

in
w

ork
s

on
m

atrix
com

p
letion

w
ith

sid
e

in
form

ation
,

it
is

u
su

ally
assu

m
ed

th
at

on
e

h
as

p
artially

ob
served

low
-ran

k
m

atrix
of

in
terest

M
∈

R
d
1 ×
d
2

an
d
,

ad
d
ition

ally,
on

e
h
as

access
to

tw
o

m
atrices

of
featu

res
A
∈

R
d
1 ×
r
1

an
d
B
∈

R
d
2 ×
r
2

w
h
ere

each
row

of
A

(or
B

)
d
en

otes
th

e
featu

re
of

th
e
i-th

row
(o

r
colu

m
n
)

en
tity

of
M

,
r
i
<
d
i

for
i

=
1,2

an
d
M

=
A
Z
B
T

.
T

h
e

m
ain

d
iff

eren
ce

w
ith

ou
r

settin
g

is
th

at,
h
ere,

A
an

d
B

are
assu

m
ed

to
b

e
fu

lly
ob

served
w

h
ile

ou
r

m
o
d
el

allow
s

also
m

issin
g

ob
servation

s
for

th
e

set
of

featu
res.

T
h
e

p
erfect

sid
e

in
form

ation
assu

m
p
tion

is
stron

g
an

d
h
ard

to
m

eet
in

p
ractice.

C
h
ia

n
g

et
al.

(2015)
rela

x
ed

it
b
y

assu
m

in
g

th
at

th
e

sid
e

in
fo

rm
atio

n
m

ay
b

e
n
oisy

(n
ot

p
erfect).

In
th

is
ap

p
roach

,
referred

as
D

irty
IM

C
,

th
ey

assu
m

e
th

at
th

e
u
n
k
n
ow

n
m

atrix
is

m
o
d
eled

as
M

=
A
Z
B
T

+
N

w
h
ere

th
e

resid
u
al

m
a
trix

N
m

o
d
els

im
p

erfection
s

an
d

n
oise

in
th

e
featu

res.

S
everal

w
ork

s
con

sid
er

m
atrix

com
p
letion

w
ith

sid
e

in
form

ation
.

F
or

ex
am

p
le,

C
h
ian

g
et

al.
(2015)

p
rop

oses
a

m
eth

o
d

b
ased

on
p

en
alization

b
y

th
e

su
m

of
th

e
n
u
clear

n
orm

s
of

M
an

d
of

each
featu

re.
O

u
r

m
eth

o
d

is
b
ased

on
th

e
p

en
alization

b
y

th
e

n
u
clear

n
orm

of
th

e
w

h
ole

m
atrix

b
u
ilt

of
th

e
m

atrix
M

an
d

th
e

featu
res

A
an

d
B

.
In

J
a
in

an
d

D
h
illon

(2013),
th

e
au

th
ors

stu
d
y

th
e

p
rob

lem
of

low
-ran

k
m

atrix
estim

ation
u
sin

g
ran

k
on

e
m

ea-
su

rem
en

ts.
In

th
e

n
oise-free

settin
g,

th
ey

assu
m

e
th

at
all

th
e

featu
res

are
k
n
ow

n
an

d
th

at
th

e
m

atrices
of

featu
res

are
in

coh
eren

t.
T

h
e

m
eth

o
d

p
rop

osed
in

J
ain

an
d

D
h
illon

(2013)
is

b
ased

on
n
on

-con
vex

m
atrix

factorization
.

In
F

ith
ian

an
d

M
azu

m
d
er

(2018),
th

e
au

th
ors

con
sid

er
a

gen
eral

fram
ew

ork
for

red
u
ced

-ran
k

m
o
d
elin

g
of

m
atrix

-valu
ed

d
ata.

T
h
ey

u
se

a
gen

eralized
w

eigh
ted

n
u
clear

n
orm

p
en

alty
w

h
ere

th
e

m
atrix

is
m

u
ltip

lied
b
y

p
ositive

sem
id

efi
n
ite

m
atrices

P
an

d
Q

w
h
ich

d
ep

en
d

on
th

e
m

atrix
of

featu
res.

In
A

garw
al

et
al.

(2011),
th

e
au

th
ors

in
tro

d
u
ce

a
p

er-item
u
ser

covariate
logistic

regression
m

o
d
el

au
gm

en
t-

in
g

w
ith

u
ser-sp

ecifi
c

ran
d
om

eff
ects.

T
h
eir

ap
p
roach

is
b
ased

on
a

m
u
ltilevel

h
ierarch

ical
m

o
d
el.

In
th

e
case

of
th

e
h
eterogen

eou
s

d
ata

com
in

g
from

d
iff

eren
t

sou
rces,

th
ese

ap
p
roach

es
can

b
e

ap
p
lied

for
recoverin

g
each

sou
rce

sep
arately.

In
con

trast,
o
u
r

ap
p
roach

aim
s

at
collectin

g
all

th
e

availab
le

in
form

ation
in

a
sin

gle
m

atrix
w

h
ich

resu
lts

in
faster

rates
of

con
vergen

ce.
O

n
th

e
oth

er
h
an

d
,

p
op

u
lar

algorith
m

s
for

m
atrix

co
m

p
letion

w
ith

sid
e

in
form

ation
,

su
ch

as
M

ax
id

e
in

X
u

et
al.

(2013)
an

d
A

ltM
in

in
J
ain

an
d

D
h
illon

(2013),
are

b
ased

on
th

e
least

sq
u
are

loss
w

h
ich

cou
ld

b
e

n
ot

su
itab

le
for

d
a
ta

com
in

g
from

n
on

-G
au

ssian
d
istrib

u
tion

s.

If
w

e
con

sid
er

a
sin

gle
m

atrix
,

o
u
r

m
o
d
el

in
clu

d
es

as
p
articu

lar
case

1-b
it

m
atrix

com
-

p
letion

an
d
,

m
ore

gen
erally,

m
atrix

com
p
letion

w
ith

ex
p

on
en

tial
fam

ily
n
oise.

1-b
it

m
atrix

com
p
letion

w
as

fi
rst

stu
d
ied

in
D

aven
p

ort
et

al.
(2014),

w
h
ere

th
e

ob
served

en
tries

are
as-

su
m

ed
to

b
e

sam
p
led

u
n
iform

ly
at

ran
d
om

.
T

h
is

p
rob

lem
w

as
also

stu
d
ied

am
on

g
oth

ers
b
y

(C
ai

an
d

Z
h
ou

,
2013;

K
lop

p
et

al.,
2015;

A
lq

u
ier

et
al.,

2017).
M

atrix
com

p
letion

w
ith

ex
p

on
en

tial
fam

ily
n
oise

(for
a

sin
gle

m
atrix

)
w

as
p
rev

iou
sly

con
sid

ered
in

L
afon

d
(2015)

an
d

G
u
n
asekar

et
al.

(2014).
In

th
ese

p
ap

ers
au

th
ors

assu
m

e
sam

p
lin

g
w

ith
rep

lacem
en

t
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

w
h
er

e
th

er
e

ca
n

b
e

m
u
lt

ip
le

ob
se

rv
at

io
n
s

fo
r

th
e

sa
m

e
en

tr
y.

In
th

e
p
re

se
n
t

p
ap

er
,

w
e

co
n
-

si
d
er

m
or

e
n
at

u
ra

l
se

tt
in

g
fo

r
m

at
ri

x
co

m
p
le

ti
on

w
h
er

e
ea

ch
en

tr
y

m
ay

b
e

ob
se

rv
ed

at
m

os
t

on
ce

.
O

u
r

re
su

lt
im

p
ro

ve
s

th
e

k
n
ow

n
re

su
lt

s
on

1-
b
it

m
at

ri
x

co
m

p
le

ti
on

a
n
d

on
m

at
ri

x
co

m
-

p
le

ti
on

w
it

h
ex

p
on

en
ti

al
fa

m
il
y

n
oi

se
.

In
p
ar

ti
cu

la
r,

w
e

ob
ta

in
ex

ac
t

m
in

im
ax

op
ti

m
al

ra
te

of
co

n
v
er

ge
n
ce

fo
r

1-
b
it

m
at

ri
x

co
m

p
le

ti
on

a
n
d

m
at

ri
x

co
m

p
le

ti
on

w
it

h
ex

p
on

en
ti

al
n
oi

se
w

h
ic

h
w

as
k
n
ow

n
u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
(f

or
m

or
e

d
et

ai
ls

se
e

R
em

ar
k

9
in

S
ec

ti
on

3)
.

O
rg

a
n

iz
a
ti

o
n

o
f

th
e

p
a
p

e
r.

T
h
e

re
m

ai
n
d
er

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

.
In

S
ec

ti
on

1.
1,

w
e

in
tr

o
d
u
ce

b
as

ic
n
ot

at
io

n
an

d
d
efi

n
it

io
n
s.

S
ec

ti
on

2
se

ts
u
p

th
e

fo
rm

a
li
sm

fo
r

th
e

co
ll
ec

ti
ve

m
at

ri
x

co
m

p
le

ti
on

.
In

S
ec

ti
on

3,
w

e
in

ve
st

ig
at

e
th

e
ex

p
on

en
ti

al
fa

m
il
y

n
oi

se
m

o
d
el

.
In

S
ec

ti
on

4,
w

e
st

u
d
y

d
is

tr
ib

u
ti

on
-f

re
e

se
tu

p
an

d
w

e
p
ro

v
id

e
th

e
u
p
p

er
b

ou
n
d

on
th

e
ex

ce
ss

ri
sk

.
T

o
ve

ri
fy

th
e

th
eo

re
ti

ca
l

fi
n
d
in

gs
,

w
e

co
rr

ob
or

at
e

ou
r

re
su

lt
s

w
it

h
n
u
m

er
ic

al
ex

p
er

im
en

ts
in

S
ec

ti
on

5,
w

h
er

e
w

e
p
re

se
n
t

an
effi

ci
en

t
it

er
at

iv
e

al
go

ri
th

m
th

at
so

lv
es

th
e

m
ax

im
u
m

li
k
el

ih
o
o
d

a
p
p
ro

x
im

a
te

ly
.

T
h
e

p
ro

of
s

of
th

e
m

ai
n

re
su

lt
s

an
d

k
ey

te
ch

n
ic

al
le

m
m

as
ar

e
p

os
tp

on
ed

to
th

e
ap

p
en

d
ic

es
.

1
.1

.
P

re
li
m

in
a
ri

e
s

F
or

th
e

re
ad

er
’s

co
n
ve

n
ie

n
ce

,
w

e
p
ro

v
id

e
a

b
ri

ef
su

m
m

ar
y

o
f

th
e

st
an

d
ar

d
n
ot

at
io

n
an

d
th

e
d
efi

n
it

io
n
s

th
at

w
il
l

b
e

fr
eq

u
en

tl
y

u
se

d
th

ro
u
gh

ou
t

th
e

p
ap

er
.

N
o
ta

ti
o
n

.
F

or
an

y
p

os
it

iv
e

in
te

ge
r
m

,
w

e
u
se

[m
]

to
d
en

o
te
{1
,.
..
,m
}.

W
e

u
se

ca
p
it

al
b

ol
d

sy
m

b
ol

s
su

ch
as
X
,Y

,A
,

to
d
en

ot
e

m
at

ri
ce

s.
F

or
a

m
at

ri
x
A
,

w
e

d
en

ot
e

it
s

(i
,j

)-
th

en
tr

y
b
y
A
ij

.
A

s
u
su

al
,

le
t
‖A
‖ F

=
√
∑

i,
j
A

2 ij
b

e
th

e
F

ro
b

en
iu

s
n
or

m
an

d
le

t
‖A
‖ ∞

=

m
ax

i,
j
|A

ij
|d

en
ot

e
th

e
el

em
en

tw
is

e
` ∞

-n
or

m
.

A
d
d
it

io
n
a
ll
y,
‖A
‖ ∗

st
an

d
s

fo
r

th
e

n
u
cl

ea
r

n
or

m
(t

ra
ce

n
or

m
),

th
at

is
‖A
‖ ∗

=
∑

i
σ
i(
A

)
w

h
er

e
σ

1
(A

)
≥
σ

2
(A

)
≥
··
·

ar
e

si
n
gu

la
r

va
lu

es
of
A

,
an

d
‖A
‖

=
σ

1
(A

)
to

d
en

o
te

th
e

op
er

at
or

n
or

m
.

T
h
e

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
tw

o
m

at
ri

ce
s

is
d
en

ot
ed

b
y
〈A
,B
〉=

tr
(A
>
B

)
=
∑

ij
A
ij
B
ij

,
w

h
er

e
tr

(·)
d
en

ot
es

th
e

tr
a
ce

of
a

m
at

ri
x
.

W
e

w
ri

te
∂

Ψ
th

e
su

b
d
iff

er
en

ti
al

m
ap

p
in

g
of

a
co

n
ve

x
fu

n
ct

io
n
al

Ψ
.

G
iv

en
tw

o
re

al
n
u
m

b
er

s
a

an
d
b,

w
e

w
ri

te
a
∨b

=
m

ax
(a
,b

)
an

d
a
∧b

=
m

in
(a
,b

).
T

h
e

sy
m

b
ol

s
P

an
d
E

d
en

ot
e

ge
n
er

ic
p
ro

b
ab

il
it

y
an

d
ex

p
ec

ta
ti

on
o
p

er
at

or
s

w
h
os

e
d
is

tr
ib

u
ti

on
is

d
et

er
m

in
ed

fr
o
m

th
e

co
n
te

x
t.

T
h
e

n
ot

at
io

n
c

w
il
l

b
e

u
se

d
to

d
en

ot
e

p
os

it
iv

e
co

n
st

an
t,

th
at

m
ig

h
t

ch
an

ge
fr

om
on

e
in

st
an

ce
to

th
e

ot
h
er

.

D
e
fi

n
it

io
n

1
A

d
is

tr
ib

u
ti

o
n

o
f

a
ra

n
d
o
m

va
ri

a
bl

e
X

is
sa

id
to

be
lo

n
g

to
th

e
n

a
tu

ra
l

ex
po

-
n

en
ti

a
l

fa
m

il
y,

if
it

s
p
ro

ba
bi

li
ty

d
en

si
ty

fu
n

ct
io

n
ch

a
ra

ct
er

iz
ed

by
th

e
pa

ra
m

et
er
η

is
gi

ve
n

by
:

X
|η
∼
f h
,G

(x
|η

)
=
h

(x
)

ex
p
( η
x
−
G

(η
))
,

w
h
er

e
h

is
a

n
o
n

n
eg

a
ti

ve
fu

n
ct

io
n

,
ca

ll
ed

th
e

ba
se

m
ea

su
re

fu
n

ct
io

n
,

w
h
ic

h
is

in
d
ep

en
-

d
en

t
o
f

th
e

pa
ra

m
et

er
η

.
T

h
e

fu
n

ct
io

n
G

(η
)

is
st

ri
ct

ly
co

n
ve

x,
a
n

d
is

ca
ll

ed
th

e
lo

g
-p

a
rt

it
io

n
fu

n
ct

io
n

,
o
r

th
e

cu
m

u
la

n
t

fu
n

ct
io

n
.

T
h
is

fu
n

ct
io

n
u

n
iq

u
el

y
d
efi

n
es

a
pa

rt
ic

u
la

r
m

em
be

r
d
is

-
tr

ib
u

ti
o
n

o
f

th
e

ex
po

n
en

ti
a
l

fa
m

il
y,

a
n

d
ca

n
be

co
m

p
u

te
d

a
s:
G

(η
)

=
lo

g
( ∫

h
(x

)
ex

p
(η
x

)d
x
) .

If
G

is
sm

o
ot

h
en

ou
gh

,
w

e
h
av

e
th

at
E

[X
]

=
G
′ (
η
)

an
d
V
a
r[
X

]
=
G
′′ (
η
),

w
h
er

e
G
′

st
an

d
s

fo
r

th
e

d
er

iv
at

iv
e

of
G

.
T

h
e

ex
p

on
en

ti
al

fa
m

il
y

en
co

m
p
as

se
s

a
w

id
e

la
rg

e
of

st
an

d
ar

d
d
is

tr
ib

u
ti

on
s

su
ch

as
:
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A
l
a
y
a
a
n
d

K
l
o
p
p

•
N

or
m

al
,
N

(µ
,σ

2
)

(k
n
ow

n
σ

),
is

ty
p
ic

al
ly

u
se

d
to

m
o
d
el

co
n
ti

n
u
ou

s
d
at

a
,

w
it

h
n
a
tu

ra
l

p
ar

am
et

er
η

=
µ σ
2

an
d
G

(η
)

=
σ
2 2
η

2
.

•
G

am
m

a,
Γ

(λ
,α

)
(k

n
ow

n
α

),
is

of
te

n
u
se

d
to

m
o
d
el

p
os

it
iv

e
va

lu
ed

co
n
ti

n
u
o
u
s

d
a
ta

,
w

it
h

n
at

u
ra

l
p
ar

am
et

er
η

=
−
λ

an
d
G

(η
)

=
−
α

lo
g
(−
η
).

•
N

eg
at

iv
e

b
in

om
ia

l,
N
B(
p
,r

)
(k

n
ow

n
r)

,
is

a
p

op
u
la

r
d
is

tr
ib

u
ti

on
to

m
o
d
el

ov
er

d
is

-
p

er
se

d
co

u
n
t

d
at

a,
w

h
os

e
va

ri
an

ce
is

la
rg

er
th

an
th

ei
r

m
ea

n
,

w
it

h
n
at

u
ra

l
p
a
ra

m
et

er
η

=
lo

g
(1
−
p
)

an
d
G

(η
)

=
−
r

lo
g
(1
−

ex
p
(η

))
.

•
B

in
om

ia
l,
B(
p
,N

)
(k

n
ow

n
N

),
is

u
se

d
to

m
o
d
el

n
u
m

b
er

of
su

cc
es

se
s

in
N

tr
ia

ls
,

w
it

h
n
at

u
ra

l
p
ar

am
et

er
η

=
lo

g
(
p

1
−
p
)

(l
og

it
fu

n
ct

io
n
)

an
d
G

(η
)

=
N

lo
g
(1

+
ex

p
(η

))
.

•
P

oi
ss

on
,
P

(λ
),

is
u
se

d
to

m
o
d
el

co
u
n
t

d
at

a,
w

it
h

n
at

u
ra

l
p
ar

am
et

er
η

=
lo

g
(λ

)
a
n
d

G
(η

)
=

ex
p
(η

).

E
x
p

on
en

ti
al

,
ch

i-
sq

u
ar

ed
,

R
ay

le
ig

h
,

B
er

n
ou

ll
i

an
d

ge
om

et
ri

c
d
is

tr
ib

u
ti

o
n
s

a
re

sp
ec

ia
l

ca
se

s
of

th
e

ab
ov

e
fi
ve

d
is

tr
ib

u
ti

on
s.

D
e
fi

n
it

io
n

2
L

et
S

be
a

cl
o
se

d
co

n
ve

x
su

bs
et

o
f
R
m

a
n

d
Φ

:
S
⊂

d
o
m

(Φ
)
→

R
a

co
n

ti
n

u
o
u

sl
y-

d
iff

er
en

ti
a
bl

e
a
n

d
st

ri
ct

ly
co

n
ve

x
fu

n
ct

io
n

.
T

h
e

B
re

gm
a
n

d
iv

er
ge

n
ce

a
ss

oc
i-

a
te

d
w

it
h

Φ
(B

re
gm

a
n

,
1
9
6
7
;

C
en

so
r

a
n

d
Z

en
io

s,
1
9
9
7
)
d

Φ
:
S
×
S
→

[0
,∞

)
is

d
efi

n
ed

a
s

d
Φ

(x
,y

)
=

Φ
(x

)
−

Φ
(y

)
−
〈x
−
y
,∇

Φ
(y

)〉
,

w
h
er

e
∇

Φ
(y

)
re

p
re

se
n

ts
th

e
gr

a
d
ie

n
t

ve
ct

o
r

o
f

Φ
ev

a
lu

a
te

d
a
t
y

.

T
h
e

va
lu

e
of

th
e

B
re

gm
an

d
iv

er
ge

n
ce
d

Φ
(x
,y

)
ca

n
b

e
v
ie

w
ed

as
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

va
lu

e
of

Φ
at

x
an

d
th

e
fi
rs

t
T

ay
lo

r
ex

p
an

si
on

of
Φ

ar
ou

n
d
y

ev
al

u
at

ed
a
t

p
o
in

t
x

.
F

or
ex

p
on

en
ti

al
fa

m
il
y

d
is

tr
ib

u
ti

on
s,

th
e

B
re

gm
an

d
iv

er
ge

n
ce

co
rr

es
p

o
n
d
s

to
th

e
K

u
ll
b
a
ck

-
L

ei
b
le

r
d
iv

er
ge

n
ce

(B
an

er
je

e
et

al
.,

20
05

)
w

it
h

Φ
=
G

.

2
.
C
o
ll
e
ct
iv
e
m
a
tr
ix

co
m
p
le
ti
o
n

A
ss

u
m

e
th

at
w

e
ob

se
rv

e
a

co
ll
ec

ti
on

of
m

at
ri

ce
s
X

=
(X

1
,.
..
,X

V
).

In
th

is
co

ll
ec

ti
on

co
m

p
on

en
ts
X

v
∈
R
d
u
×
d
v

h
av

e
a

co
m

m
on

se
t

of
ro

w
s.

T
h
is

co
m

m
on

se
t

of
ro

w
s

co
rr

es
p

o
n
d
s,

fo
r

ex
am

p
le

,
to

a
co

m
m

on
se

t
of

u
se

rs
in

a
re

co
m

m
en

d
at

io
n

sy
st

em
.

T
h
e

se
t

o
f

co
lu

m
n
s

o
f

ea
ch

m
at

ri
x
X

v
co

rr
es

p
on

d
s

to
a

d
iff

er
en

t
ty

p
e

of
en

ti
ty

.
In

th
e

ca
se

of
re

co
m

m
en

d
er

sy
st

em
it

ca
n

b
e

b
o
ok

s,
fi
lm

s,
v
id

eo
ga

m
e,

et
c.

T
h
en

,
th

e
en

tr
ie

s
of

ea
ch

m
at

ri
x
X

v
co

rr
es

p
o
n
d
s

to
th

e
u
se

r’
s

ra
n
k
in

gs
fo

r
th

is
p
ar

ti
cu

la
r

ty
p

e
of

p
ro

d
u
ct

s.
W

e
as

su
m

e
th

at
th

e
d
is

tr
ib

u
ti

on
of

ea
ch

m
at

ri
x
X

v
d
ep

en
d
s

on
th

e
m

at
ri

x
o
f

p
a
ra

m
et

er
s

M
v
.

T
h
is

d
is

tr
ib

u
ti

on
ca

n
b

e
d
iff

er
en

t
fo

r
d
iff

er
en

t
v
.

F
or

in
st

an
ce

,
w

e
ca

n
h
av

e
b
in

a
ry

ob
se

rv
at

io
n
s

fo
r

on
e

m
at

ri
x
X

v
1

w
it

h
en

tr
ie

s
w

h
ic

h
co

rr
es

p
on

d
,

fo
r

ex
am

p
le

,
to

li
ke

/
d
is

li
ke

la
b

el
s

fo
r

a
ce

rt
ai

n
ty

p
e

of
p
ro

d
u
ct

s,
m

u
lt

in
om

ia
l

fo
r

an
ot

h
er

m
at

ri
x
X

v
2

w
it

h
ra

n
k
in

g
go

in
g

fr
om

1
to

5
an

d
G

au
ss

ia
n

fo
r

a
th

ir
d

m
at

ri
x
X

v
3
.

A
s

it
h
ap

p
en

s
in

m
an

y
ap

p
li
ca

ti
on

s,
w

e
as

su
m

e
th

at
fo

r
ea

ch
m

at
ri

x
X

v
w

e
o
b
se

rv
e

on
ly

a
sm

al
l

su
b
se

t
of

it
s

en
tr

ie
s.

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

m
o
d
el

:
fo

r
v
∈

[V
]

a
n
d

(i
,j

)
∈

[d
u
]
×

[d
v
],

le
t
B
v ij

b
e

in
d
ep

en
d
en

t
B

er
n
ou

ll
i

ra
n
d
om

va
ri

ab
le

s
w

it
h

p
a
ra

m
et

er
π
v ij

.
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

W
e

su
p
p

o
se

th
at
B
vij

are
in

d
ep

en
d
en

t
from

X
vij .

T
h
en

,
w

e
ob

serve
Y
vij

=
B
vij X

vij .
W

e
can

th
in

k
o
f

th
e
B
vij

as
m

asked
variab

les.
If
B
vij

=
1,

w
e

ob
serv

e
th

e
corresp

on
d
in

g
en

try
of
X

v,
a
n
d

w
h
en

B
vij

=
0,

w
e

h
ave

a
m

issin
g

ob
servation

.

In
th

e
sim

p
lest

situ
ation

each
co

effi
cien

t
is

ob
served

w
ith

th
e

sam
e

p
ro

b
ab

ility,
i.e.

fo
r

every
v
∈

[V
]

an
d

(i,j)
∈

[d
u ]×

[d
v ],π

vij
=
π

.
In

m
an

y
p
ractical

ap
p
lication

s,
th

is
a
ssu

m
p
tio

n
is

n
ot

realistic.
F

or
ex

am
p
le,

for
a

recom
m

en
d
ation

sy
stem

,
som

e
u
sers

are
m

o
re

a
ctive

th
a
n

oth
ers

an
d

som
e

item
s

are
m

ore
p

op
u
lar

th
an

oth
ers

an
d

th
u
s

rated
m

ore
freq

u
en

tly.
H

en
ce,

th
e

sam
p
lin

g
d
istrib

u
tion

is
in

fact
n
on

-u
n
iform

.
In

th
e

p
resen

t
p
ap

er,
w

e
co

n
sid

er
g
en

eral
sam

p
lin

g
m

o
d
el

w
h
ere

w
e

on
ly

assu
m

e
th

at
each

en
try

is
ob

serv
ed

w
ith

a
p

o
sitive

p
ro

b
ab

ility
:

A
ssu

m
p

tio
n

1
A

ssu
m

e
th

a
t

th
ere

exists
a

po
sitive

co
n

sta
n

t
0
<
p
<

1
su

ch
th

a
t

m
in

v∈
[V

]
m

in
(i,j)∈

[d
u

]×
[d
v
] π
vij ≥

p
.

L
et

Π
d
en

o
tes

th
e

join
t

d
istrib

u
tion

of
th

e
B

ern
ou

lli
variab

les
{
B
vij

:
(i,j)

∈
[d
u ]×

[d
v ],v

∈
[V

] }
.

F
or

an
y

m
atrix

A
∈

R
d
u ×

D
w

h
ere

D
=
∑

v∈
[V

] d
v ,

w
e

d
efi

n
e

th
e

w
eigh

ted
F

ro
b

en
iu

s
n
orm

‖A
‖

2Π
,F

=
∑v∈

[V
]

∑

(i,j)∈
[d
u

]×
[d
v
] π
vij (A

vij )
2.

A
ssu

m
p
tio

n
1

im
p
lies‖A

‖
2Π
,F
≥
p‖A
‖

2F
.

F
or

each
v
∈

[V
]

let
u
s

d
en

ote
π
vi·

=
∑

d
v
j=

1
π
vij

an
d

π
v·
j

=
∑

d
u
i=

1
π
vij .

N
ote

w
e

can
easily

get
an

estim
ation

s
of
π
vi·

an
d
π
v·
j

u
sin

g
th

e
em

p
irical

freq
u
en

cies:

π̂
vi·

=
∑j∈

[d
v
] B

vij
an

d
π̂
v·
j

=
∑i∈

[d
u

] B
vij .

L
et
π
i·

=
∑

v∈
[V

] π
vi·

,
π·

j
=

m
ax

v∈
[V

] π
v·
j ,

an
d
µ

b
e

an
u
p
p

er
b

ou
n
d

of
its

m
a
x
im

u
m

,
th

at

is

m
ax

(i,j)∈
[d
u

]×
[d
v
] (π

i·
,π·

j )≤
µ
.

(1)

3
.
E
x
p
o
n
e
n
tia

l
fa
m
ily

n
o
ise

In
th

is
section

w
e

assu
m

e
th

at
for

each
v

d
istrib

u
tion

of
X

v
b

elon
gs

to
th

e
ex

p
on

en
tial

fam
ily,

th
at

isX
vij |M

vij ∼
f
h
v
,G
v(X

vij |M
vij )

=
h
v(X

vij )
ex

p (X
vij M

vij −
G
v(M

vij ) ).

W
e

d
en

oteM
=

(M
1,...,M

V
)

an
d

let
γ

b
e

an
u
p
p

er
b

ou
n
d

on
th

e
su

p
-n

orm
ofM

,
th

a
t

is
γ

=
|γ

1 |∨
|γ

2 |,
w

h
ere

γ
1
≤
M

vij
≤
γ

2
for

ev
ery

v
∈

[V
]

an
d

(i,j)
∈

[d
u ]×

[d
v ].

H
erea

fter,
w

e
d
en

ote
b
y

C
∞

(γ
)

=
{W

∈
R
d
u ×

D
:‖W

‖∞
≤
γ }

,
th

e
`∞

-n
orm

b
all

w
ith

ra
d
iu

s
γ

in
th

e
sp

ace
R
d
u ×

D
.

W
e

n
eed

th
e

follow
in

g
assu

m
p
tion

s
on

d
en

sities
f
h
v
,G
v:
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A
l
a
y
a
a
n
d

K
l
o
p
p

A
ssu

m
p

tio
n

2
F

o
r

ea
ch

v
∈

[V
],

w
e

a
ssu

m
e

th
a
t

th
e

fu
n

ctio
n
G
v(·)

is
tw

ice
d
iff

eren
tia

ble
a
n

d
th

ere
exits

tw
o

co
n

sta
n

ts
L

2γ ,U
2γ

sa
tisfyin

g:

su
p

η∈
[−
γ−

1K
,γ

+
1K

] (G
v) ′′(η

)≤
U

2γ ,
(2)

a
n

d
in

f
η∈

[−
γ−

1K
,γ

+
1K

] (G
v) ′′(η

)≥
L

2γ ,
(3)

fo
r

so
m

e
K
>

0.

T
h
e

fi
rst

statem
en

t,
(2),

in
A

ssu
m

p
tion

2
en

su
res

th
at

th
e

d
istrib

u
tion

s
of
X
vij

h
ave

u
n
iform

ly
b

ou
n
d
ed

varian
ces

an
d

su
b
-ex

p
on

en
tial

tails
(see

L
em

m
a

28
in

A
p
p

en
d
ix

C
).

T
h
e

secon
d

on
e,

(3),
is

th
e

stron
g

con
vex

ity
con

d
ition

satisfi
ed

b
y

th
e

log-p
artition

fu
n
ction

G
v.

T
h
is

assu
m

p
tion

is
satisfi

ed
for

m
ost

stan
d
ard

d
istrib

u
tion

s
p
resen

ted
in

th
e

p
rev

iou
s

section
.

In
T

ab
le

1,
w

e
list

th
e

corresp
on

d
in

g
con

stan
ts

in
A

ssu
m

p
tion

2.

M
o
d
el

(G
v) ′(η

)
(G

v) ′′(η
)

L
2γ

U
2γ

N
orm

al
σ

2η
σ

2
σ

2
σ

2

B
in

om
ial

N
e
η

1
+
e
η

N
e
η

(1
+
e
η
)
2

N
e −

(γ
+

1K
)

(1
+
e
γ
+

1K
)
2

N4

G
am

m
a

(if
γ

1 γ
2
>

0)
−
αη

αη
2

α
(γ

+
1K

)
2

α
(|γ

1 |∧|γ
2 |)

2

N
egative

b
in

om
ial

r
e
η

1−
e
η

r
e
η

(1−
e
η
)
2

r
e −

(γ
+

1K
)

(1−
e −

(γ
+

1K
))

2

r
e
(γ

+
1K

)

(1−
e
γ
+

1K
)
2

P
oisson

e
η

e
η

e −
(γ

+
1K

)
e

(γ
+

1K
)

T
ab

le
1:

E
x
am

p
les

of
th

e
corresp

o
n
d
in

g
con

stan
ts
L

2γ
an

d
U

2γ
fro

m
A

ssu
m

p
tion

2.

3
.1

.
E

stim
a
tio

n
p

ro
c
e
d

u
re

T
o

estim
ate

th
e

co
llection

of
m

atrices
of

p
aram

etersM
=

(M
1,...,M

V
),

w
e

u
se

p
en

alized
n
egative

log-likelih
o
o
d
.

L
etW

∈
R
d
u ×

D
,

w
e

d
iv

id
e

it
in
V

b
lo

ck
s
W

v
∈

R
d
u ×

d
v:

W
=

(W
1,...,W

V
).

G
iv

en
ob

servation
sY

=
(Y

1,...,Y
V

),
w

e
w

rite
th

e
n
egative

lo
g-likelih

o
o
d

as

L
Y

(W
)

=
−

1

d
u D

∑v∈
[V

]

∑

(i,j)∈
[d
u

]×
[d
v
] B

vij (Y
vij W

vij −
G
v(W

vij ) ).

T
h
e

n
u
clear

n
orm

p
en

alized
estim

atorM̂
ofM

is
d
efi

n
ed

as
follow

s:

M̂
=

(M̂
1,...,M̂

V
)

=
arg

m
in

W
∈

C
∞

(γ
) L

Y
(W

)
+
λ‖W

‖∗ ,
(4)

w
h
ere

λ
is

a
p

ositiv
e

regu
larization

p
aram

eter
th

a
t

b
alan

ces
th

e
trad

e-off
b

etw
een

m
o
d
el

fi
t

an
d

p
riv

ilegin
g

a
low

-ran
k

solu
tion

.
N

am
ely,

for
large

valu
e

of
λ

th
e

ran
k

of
th

e
estim

ator
M̂

is
ex

p
ected

to
b

e
sm

all.
L

et
th

e
collection

of
m

atrices
(E

v1
1 ,...,E

vd
u
d
v )

form
th

e
can

on
ical

b
asis

in
th

e
sp

ace
of

m
atrices

of
size

d
u ×

d
v .

T
h
e

en
try

of
(E

vij )
is

0
every

w
h
ere

ex
cep

t
for

th
e

(i,j)-th
en

try
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

w
h
er

e
it

eq
u
al

s
to

1
.
F

or
(ε
v ij

),
an

i.
i.
d

R
ad

em
ac

h
er

se
q
u
en

ce
,

w
e

d
efi

n
e

Σ
R

=
(Σ

1 R
,.
..
,Σ

V R
)

w
h
er

e
fo

r
al

l
v
∈

[V
]

Σ
v R

=
1

d
u
D

∑

(i
,j

)∈
[d
u

]×
[d
v
]

εv i
j
B
v ij
E
v ij
.

W
e

n
ow

st
at

e
th

e
m

ai
n

re
su

lt
co

n
ce

rn
in

g
th

e
re

co
ve

ry
of

M
.

T
h
eo

re
m

3
g
iv

es
a

ge
n
er

al
u
p
p

er
b

ou
n
d

on
th

e
es

ti
m

at
io

n
er

ro
r

of
M̂

d
efi

n
ed

b
y

(4
).

It
s

p
ro

of
is

p
os

tp
on

ed
in

A
p
p

en
d
ix

A
.1

.

T
h

e
o
re

m
3

A
ss

u
m

e
th

a
t

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

,
a
n

d
λ
≥

2‖
∇

L
Y

(M
)‖
.

T
h
en

,
w

it
h

p
ro

ba
bi

li
ty

ex
ce

ed
in

g
1
−

4/
(d
u

+
D

)
w

e
h
a
ve

1

d
u
D
‖M̂

−
M
‖2 Π

,F
≤
c p

m
ax
{ d

u
D

ra
n
k
(M

)(
λ

2

L
4 γ

+
γ

2
(E

[‖
Σ
R
‖]

)2
) ,
γ

2
lo

g
(d
u

+
D

)

d
u
D

} ,

w
h
er

e
c

is
a

n
u

m
er

ic
a
l

co
n

st
a
n

t.

U
si

n
g

A
ss

u
m

p
ti

on
1,

T
h
eo

re
m

3
im

p
li
es

th
e

fo
ll
ow

in
g

b
ou

n
d

on
th

e
es

ti
m

at
io

n
er

ro
r

m
ea

su
re

d
in

n
or

m
al

iz
ed

F
ro

b
en

iu
s

n
or

m
.

C
o
ro

ll
a
ry

4
U

n
d
er

a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

3
a
n

d
w

it
h

p
ro

ba
bi

li
ty

ex
ce

ed
in

g
1
−

4
/(
d
u
+
D

),
w

e
h
a
ve 1

d
u
D
‖M̂

−
M
‖2 F
≤
c p
2

m
ax
{ d

u
D

ra
n
k
(M

)(
λ

2

L
4 γ

+
γ

2
(E

[‖
Σ
R
‖]

)2
) ,
γ

2
lo

g
(d
u

+
D

)

d
u
D

} .

In
or

d
er

to
ge

t
a

b
ou

n
d

in
a

cl
os

ed
fo

rm
w

e
n
ee

d
to

ob
ta

in
a

su
it

ab
le

u
p
p

er
b

ou
n
d
s

on
E

[‖
Σ
R
‖]

an
d

on
‖∇

L
Y

(M
)‖

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
T

h
er

ef
or

e
w

e
u
se

th
e

fo
ll
ow

in
g

tw
o

le
m

m
as

.

L
e
m

m
a

5
T

h
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

t
c

su
ch

th
a
t

E
[‖

Σ
R
‖]
≤
c(
√
µ

+
√

lo
g
(d
u
∧
D

)

d
u
D

) .

L
e
m

m
a

6
L

et
A

ss
u

m
p
ti

o
n

2
h
o
ld

s.
T

h
en

,
th

er
e

ex
is

ts
a
n

a
bs

o
lu

te
co

n
st

a
n

t
c

su
ch

th
a
t,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4/
(d
u

+
D

),
w

e
h
a
ve

‖∇
L

Y
(M

)‖
≤
c(

(U
γ
∨
K

)(
√
µ

+
(l

og
(d
u
∨
D

))
3
/
2
)

d
u
D

) .

T
h
e

p
ro

of
s

of
L

em
m

as
5

an
d

6
ar

e
p

os
tp

on
ed

to
A

p
p

en
d
ic

es
A

.2
an

d
A

.3
.

R
ec

al
l

th
at

th
e

co
n
d
it

io
n

on
λ

in
T

h
eo

re
m

3
is

th
at
λ
≥

2
‖∇

L
Y

(M
)‖
.

U
si

n
g

L
em

m
a

6,
w

e
ca

n
ch

o
os

e

λ
=

2 c
(U

γ
∨
K

)(
√
µ

+
(l

og
(d
u
∨
D

))
3
/
2
)

d
u
D

.

W
it

h
th

is
ch

oi
ce

of
λ

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

th
eo

re
m

:

9
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L
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 2
0(

14
8)

:1
-4

3,
 2

01
9

A
l
a
y
a
a
n
d

K
l
o
p
p

T
h

e
o
re

m
7

L
et

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

be
sa

ti
sfi

ed
.

T
h
en

,
w

it
h

p
ro

ba
bi

li
ty

ex
ce

ed
in

g
1
−

4
/(
d
u

+
D

)
w

e
h
a
ve

1

d
u
D
‖M̂

−
M
‖2 Π

,F
≤
c

ra
n
k
(M

)

p
d
u
D

( γ
2

+
(U

γ
∨
K

)2

L
4 γ

) (
µ

+
lo

g
3
(d
u
∨
D

))
,

a
n

d

1

d
u
D
‖M̂

−
M
‖2 F
≤
c

ra
n
k
(M

)

p
2
d
u
D

( γ
2

+
(U

γ
∨
K

)2

L
4 γ

) (
µ

+
lo

g
3
(d
u
∨
D

))
,

w
h
er

e
c

is
a
n

a
bs

o
lu

te
co

n
st

a
n

t.

R
e
m

a
rk

8
N

o
te

th
a
t

th
e

ra
te

o
f

co
n

ve
rg

en
ce

in
T

h
eo

re
m

7
h
a
s

th
e

fo
ll

o
w

in
g

d
o
m

in
a
n

t
te

rm
:

1

d
u
D
‖M̂

−
M
‖2 F

.
ra

n
k
(M

)µ

p
2
d
u
D

,

w
h
er

e
th

e
sy

m
bo

l
.

m
ea

n
s

th
a
t

th
e

in
eq

u
a
li

ty
h
o
ld

s
u

p
to

a
m

u
lt

ip
li

ca
ti

ve
co

n
st

a
n

t.
If

w
e

a
ss

u
m

e
th

a
t

th
e

sa
m

p
li

n
g

d
is

tr
ib

u
ti

o
n

is
cl

o
se

to
th

e
u

n
if

o
rm

o
n

e,
th

a
t

is
th

a
t

th
er

e
ex

is
ts

po
si

ti
ve

co
n

st
a
n

ts
c 1

a
n

d
c 2

su
ch

th
a
t

fo
r

ev
er

y
v
∈

[V
]

a
n

d
(i
,j

)
∈

[d
u
]
×

[d
v
]

w
e

h
a
ve

c 1
p
≤
π
v ij
≤
c 2
p
,

th
en

T
h
eo

re
m

7
yi

el
d
s

1

d
u
D
‖M̂

−
M
‖2 F

.
ra

n
k
(M

)

p
(d
u
∧
D

).

If
w

e
co

m
p
le

te
ea

ch
m

a
tr

ix
se

pa
ra

te
ly

,
th

e
er

ro
r

w
il

l
be

o
f

th
e

o
rd

er
∑

V v
=

1
ra

n
k
(M

v
)/
p
(d
u
∧

D
).

A
s

ra
n
k
(M

)
≤
∑

V v
=

1
ra

n
k
(M

v
),

th
e

ra
te

o
f

co
n

ve
rg

en
ce

a
ch

ie
ve

d
by

o
u

r
es

ti
m

a
to

r
is

fa
st

er
co

m
pa

re
d

to
th

e
pe

n
a
li

za
ti

o
n

by
th

e
su

m
-n

u
cl

ea
r-

n
o
rm

.

In
o
rd

er
to

ge
t

a
sm

a
ll

es
ti

m
a
ti

o
n

er
ro

r,
p

sh
o
u

ld
be

la
rg

er
th

a
n

ra
n
k
(M

)/
(d
u
∧
D

).
W

e
d
en

o
te
n

=
∑

v
∈[
V

]

∑
(i
,j

)∈
[d
u

]×
[d
v
]
π
v ij
,

th
e

ex
pe

ct
ed

n
u

m
be

r
o
f

o
bs

er
va

ti
o
n

s.
T

h
en

,
w

e
ge

t
th

e
fo

ll
o
w

in
g

co
n

d
it

io
n

o
n
n

: n
≥
c

ra
n
k
(M

)(
d
u
∨
D

).

R
e
m

a
rk

9
In

1-
bi

t
m

a
tr

ix
co

m
p
le

ti
o
n

(D
a
ve

n
po

rt
et

a
l.

,
2
0
1
4
;

K
lo

p
p

et
a
l.

,
2
0
1
5
;

A
lq

u
ie

r
et

a
l.

,
2
0
1
7
),

in
st

ea
d

o
f

o
bs

er
vi

n
g

th
e

a
ct

u
a
l

en
tr

ie
s

o
f

th
e

u
n

kn
o
w

n
m

a
tr

ix
M
∈
R
d
×
D

,
fo

r
a

ra
n

d
o
m

su
bs

et
o
f

it
s

en
tr

ie
s

Ω
w

e
o
bs

er
ve
{Y

ij
∈
{+

1
,−

1
}

:
(i
,j

)
∈

Ω
},

w
h
er

e
Y
ij

=
1

w
it

h
p
ro

ba
bi

li
ty
f

(M
ij

)
fo

r
so

m
e

li
n

k-
fu

n
ct

io
n
f

.
In

D
a
ve

n
po

rt
et

a
l.

(2
0
1
4
)

th
e

pa
ra

m
et

er
M

is
es

ti
m

a
te

d
by

m
in

im
iz

in
g

th
e

n
eg

a
ti

ve
lo

g-
li

ke
li

h
oo

d
u

n
d
er

th
e

co
n

st
ra

in
ts
‖M
‖ ∞
≤
γ

a
n

d
‖M
‖ ∗
≤
γ
√
rd
D

fo
r

so
m

e
r
>

0
.

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

th
a
t

ra
n
k
(M

)
≤
r,

th
e

a
u

th
o
rs

p
ro

ve
th

a
t

1 d
D
‖M̂

−
M
‖2 F
≤
c γ

√
r(
d
∨
D

)

n
,

(5
)

w
h
er

e
c γ

is
a

co
n

st
a
n

t
d
ep

en
d
in

g
o
n
γ

(s
ee

T
h
eo

re
m

1
in

D
a
ve

n
po

rt
et

a
l.

(2
0
1
4
))

.
A

si
m

il
a
r

re
su

lt
u

si
n

g
m

a
x-

n
o
rm

m
in

im
iz

a
ti

o
n

w
a
s

o
bt

a
in

ed
in

C
a
i

a
n

d
Z

h
o
u

(2
0
1
3
).

In
(K

lo
p
p

et
a
l.

,

1
0
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L
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8)
:1
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

2
0
1
5
)

th
e

a
u

th
o
rs

p
ro

ve
a

fa
ster

ra
te.

T
h
eir

u
p
per

bo
u

n
d

(see
C

o
ro

lla
ry

2
in

K
lo

p
p

et
a
l.

(2
0
1
5
))

is
given

by

1d
D
‖M̂

−
M
‖

2F
≤
c
γ

ran
k
(M

)(d∨
D

)
log

(d∨
D

)

n
.

(6)

In
th

e
pa

rticu
la

r
ca

se
o
f

1
-bit

m
a
trix

co
m

p
letio

n
fo

r
a

sin
gle

m
a
trix

u
n

d
er

u
n

ifo
rm

sa
m

p
lin

g
sch

em
e,

T
h
eo

rem
7

im
p
lies

th
e

fo
llo

w
in

g
bo

u
n

d
:

1d
D
‖M̂

−
M
‖

2F
≤
c
γ

ran
k
(M

)(d∨
D

)

n
,

w
h
ich

im
p
ro

ves
(6)

by
a

loga
rith

m
ic

fa
cto

r.
F

u
rth

erm
o
re,

K
lo

p
p

et
a
l.

(2
0
1
5
)

p
ro

vid
e

ra
n
k
(M

)(d∨
D

)/n
a
s

th
e

lo
w

er
bo

u
n

d
fo

r
1
-bit

m
a
trix

co
m

p
letio

n
(see

T
h
eo

rem
3

in
K

lo
p
p

et
a
l.

(2
0
1
5
)).

S
o

o
u

r
resu

lt
a
n

sw
ers

th
e

im
po

rta
n

t
th

eo
retica

l
qu

estio
n

w
h
a
t

is
th

e
exa

ct
m

in
im

a
x

ra
te

o
f

co
n

vergen
ce

fo
r

1-bit
m

a
trix

co
m

p
letio

n
w

h
ich

w
a
s

p
revio

u
sly

kn
o
w

n
u

p
to

a
loga

rith
m

ic
fa

cto
r.

In
a

m
o
re

gen
era

l
settin

g
o
f

m
a
trix

co
m

p
letio

n
w

ith
expo

n
en

tia
l

fa
m

ily
n

o
ise,

th
e

m
in

i-
m

a
x

o
p
tim

a
l

ra
te

o
f

co
n

vergen
ce

w
a
s

a
lso

kn
o
w

n
o
n

ly
u

p
to

loga
rith

m
ic

fa
cto

r
(see

L
a
fo

n
d

(2
0
1
5
)).

O
u

r
resu

lt
p
ro

vid
es

th
e

exa
ct

m
in

im
a
x

o
p
tim

a
l

ra
te

in
th

is
m

o
re

gen
era

l
settin

g
too

.
It

is
ea

sy
to

see,
by

in
spectio

n
o
f

th
e

p
roo

f
o
f

th
e

lo
w

er
bo

u
n

d
in

L
a
fo

n
d

(2
0
1
5
),

th
a
t

th
e

u
p
per

bo
u

n
d

p
ro

vid
ed

by
T

h
eo

rem
7

is
o
p
tim

a
l

fo
r

th
e

co
llective

m
a
trix

co
m

p
letio

n
.

R
e
m

a
rk

1
0

N
o
te

th
a
t

o
u

r
estim

a
tio

n
m

eth
od

is
ba

sed
o
n

th
e

m
in

im
iza

tio
n

o
f

th
e

n
u

clea
r-

n
o
rm

o
f

th
e

w
h
o
le

co
llective

m
a
trixM

.
A

n
o
th

er
po

ssibility
is

to
pen

a
lize

by
th

e
su

m
o
f

th
e

n
u

clea
r

n
o
rm

s
∑

v∈
[V

] ‖M
v‖∗

(see,
e.g.,

K
lo

p
p

et
a
l.

(2
0
1
5
)).

T
h
is

a
p
p
roa

ch
co

n
sists

in
estim

a
tin

g
ea

ch
co

m
po

n
en

t
m

a
trix

in
d
epen

d
en

tly.

4
.
G
e
n
e
ra

l
lo
sse

s

In
th

e
p
rev

io
u
s

section
w

e
assu

m
e

th
at

th
e

lin
k

fu
n
ction

s
G
v

are
k
n
ow

n
.

T
h
is

assu
m

p
tion

is
n
o
t

rea
listic

in
m

an
y

ap
p
lication

s.
In

th
is

section
w

e
relax

th
is

assu
m

p
tion

in
th

e
sen

se
th

a
t

w
e

d
o

n
o
t

assu
m

e
an

y
sp

ecifi
c

m
o
d
el

for
th

e
ob

servation
s.

R
ecall

th
at

ou
r

ob
servation

s
a
re

a
co

llectio
n

of
p
artially

ob
served

m
atrices

Y
v

=
(B

vij X
vi,j )∈

R
d
u ×

d
v

for
v

=
1
,...,V

a
n
d
X

v
=

(X
vij )∈

R
d
u ×

d
v.

W
e

are
in

terested
in

th
e

p
ro

b
lem

of
p
red

iction
of

th
e

en
tries

of

th
e

co
llective

m
atrixX

=
(X

1,...,X
V

).
W

e
con

sid
er

th
e

risk
of

estim
atin

g
X

v
w

ith
a

loss
fu

n
ctio

n
`
v,

w
h
ich

m
easu

res
th

e
d
iscrep

an
cy

b
etw

een
th

e
p
red

icted
an

d
actu

al
va

lu
e

w
ith

resp
ect

to
th

e
g
iv

en
ob

servation
s.

W
e

fo
cu

s
on

n
on

-n
egativ

e
con

vex
loss

fu
n
ction

s
th

at
are

L
ip

sch
itz:

A
ssu

m
p

tio
n

3
(L

ip
sch

itz
lo

ss
fu

n
ctio

n
)

F
o
r

every
v
∈

[V
],

w
e

a
ssu

m
e

th
a
t

th
e

lo
ss

fu
n

c-
tio

n
`
v(y

,·)
is
ρ
v -L

ip
sch

itz
in

its
seco

n
d

a
rgu

m
en

t:|`
v(y

,x
)−

`
v(y

,x
′)|≤

ρ
v |x
−
x
′|.

S
o
m

e
ex

a
m

p
les

of
th

e
loss

fu
n
ction

s
th

at
are

1-L
ip

sch
itz

are:
h
in

ge
loss

`(y
,y ′)

=
m

a
x
(0
,1
−
y
y ′),

logistic
loss

`(y
,y ′)

=
log

(1
+

ex
p
(−
y
y ′)),

an
d

q
u
an

tile
reg

ression
loss

`(y
,y ′)

=
`
τ (y ′−

y
)

w
h
ere

τ
∈

(0,1)
an

d
`
τ (z

)
=
z
(τ−

1
(z
≤

0
)).

1
1
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A
l
a
y
a
a
n
d

K
l
o
p
p

F
or

a
m

atrix
M

=
(M

1,...,M
V

)∈
R
d
u ×

D
,

w
e

d
efi

n
e

th
e

em
p
irical

risk
as

R
Y

(M
)

=
1

d
u D

∑v∈
[V

]

∑

(i,j)∈
[d
u

]×
[d
v
] B

vij `
v(Y

vij ,M
vij ).

W
e

d
efi

n
e

th
e

oracle
as:

?
M

=
(
?M

1,...,
?M
V )

=
arg

m
in

Q
∈

C
∞

(γ
) R

(Q
)

(7)

w
h
ere

R
(Q

)
=
E

[R
Y

(Q
)].

H
ere

th
e

ex
p

ectation
is

taken
ov

er
th

e
join

t
d
istrib

u
tion

of
{(Y

vij ,B
vij )

:
(i,j)

∈
[d
u ]×

[d
v ]

an
d
v
∈

[V
]}.

W
e

u
se

m
ach

in
e

learn
in

g
ap

p
roach

an
d

w
ill

p
rov

id
e

an
estim

atorM̂
th

at
p
red

icts
alm

ost
as

w
ell

as
?

M
.

T
h
u
s

w
e

w
ill

con
sid

er
ex

cess

risk
R

(M̂
)−

R
(
?

M
).

B
y

con
stru

ction
,

th
e

ex
cess

risk
is

alw
ay

s
p

ositive.

F
or

a
tu

n
in

g
p
aram

eter
Λ
>

0,
th

e
n
u
clear

n
orm

p
en

alized
estim

atorM̂
is

d
efi

n
ed

as

M̂
∈

arg
m

in
Q
∈

C
∞

(γ
) {
R

Y
(Q

)
+

Λ‖Q
‖∗ }

.
(8)

W
e

n
ex

t
tu

rn
to

th
e

assu
m

p
tion

n
eed

ed
to

estab
lish

an
u
p
p

er
b

ou
n
d

on
th

e
p

erform
an

ce
of

th
e

estim
atorM̂

d
efi

n
ed

in
(8).

A
ssu

m
p

tio
n

4
A

ssu
m

e
th

a
t

th
ere

exists
a

co
n

sta
n

t
ς
>

0
su

ch
th

a
t

fo
r

everyQ
∈

C
∞

(γ
),

w
e

h
a
ve

R
(Q

)−
R

(
?

M
)≥

ςd
u D
‖Q
−

?
M
‖

2Π
,F
.

T
h
is

assu
m

p
tion

h
as

b
een

ex
ten

sively
stu

d
ied

in
th

e
learn

in
g

th
eory

literatu
re

(M
en

d
elson

,
2008;

Z
h
an

g,
2004;

B
artlett

et
al.,

2004;
A

lq
u
ier

et
al.,

2017;
E

lsen
er

an
d

van
d
e

G
eer,

2018),
an

d
it

is
called

“B
ern

stein
”

con
d
ition

.
It

is
satisfi

ed
in

variou
s

cases
of

loss
fu

n
ction

(A
lq

u
ier

et
al.,

2017)
an

d
it

en
su

res
a

su
ffi

cien
t

con
v
ex

ity
o
f

th
e

risk
arou

n
d

th
e

oracle
d
efi

n
ed

in
(7).

N
ote

th
at

w
h
en

th
e

loss
fu

n
ction

`
v

is
stron

gly
con

v
ex

,
th

e
risk

fu
n
ction

in
h
erits

th
is

p
rop

erty
an

d
au

tom
atically

satisfi
es

th
e

m
argin

con
d
ition

.
In

oth
er

cases,
th

is
con

d
ition

req
u
ires

stron
g

assu
m

p
tion

s
on

th
e

d
istrib

u
tion

of
th

e
ob

servation
s,

for
in

stan
ce

for
h
in

ge
loss

or
q
u
an

tile
loss

(see
S
ection

6
in

A
lq

u
ier

et
al.

(2017)).
T

h
e

follow
in

g
resu

lt
gives

an

u
p
p

er
b

ou
n
d

on
th

e
ex

cess
risk

of
th

e
estim

ato
rM̂

.

T
h

e
o
re

m
1
1

L
et

A
ssu

m
p
tio

n
s

1
,

3
a
n

d
4

h
o
ld

a
n

d
set

ρ
=

m
ax

v∈
[V

] ρ
v .

S
u

p
po

se
th

a
t

Λ
≥

2
su

p{‖G‖
:G
∈
∂
R

Y
(
?

M
)}
.

T
h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
4
/(d

u
+
D

),
w

e
h
a
ve

R
(M̂

)−
R

(
?

M
)≤

cp
m

ax {
ran

k
(
?

M
)d
u D
(
ρ

3
/
2 √

γ
/ς

(E
[‖

Σ
R ‖])

2
+

Λ
2

ς

)
,

(ρ
γ

+
ρ

3
/
2 √

γ
/ς )

log
(d
u

+
D

)

d
u D

}
.

T
h
eorem

11
giv

es
a

gen
eral

u
p
p

er
b

ou
n
d

on
th

e
p
red

iction
error

of
th

e
estim

atorM̂
.

Its
p
ro

of
is

p
resen

ted
in

A
p
p

en
d
ix

A
.4.

In
o
rd

er
to

get
a

b
ou

n
d

in
a

closed
form

w
e

n
eed

to

ob
tain

a
su

itab
le

u
p
p

er
b

ou
n
d
s

on
su

p{‖G‖
:G
∈
∂

(R
Y

(
?

M
))}

w
ith

h
igh

p
rob

ab
ility.
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

L
e
m

m
a

1
2

L
et

A
ss

u
m

p
ti

o
n

3
h
o
ld

s.
T

h
en

,
th

er
e

ex
is

ts
a
n

a
bs

o
lu

te
co

n
st

a
n

t
c

su
ch

th
a
t,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4/
(d
u

+
D

),
w

e
h
a
ve

‖G
‖
≤
c
ρ
( √
µ

+
√

lo
g
(d
u
∨
D

))

d
u
D

,

fo
r

a
ll
G
∈
∂
R

Y
(
? M

).

T
h
e

p
ro

of
of

L
em

m
a

12
is

gi
ve

n
in

A
p
p

en
d
ix

A
.5

.
U

si
n
g

L
em

m
a

12
,

w
e

ca
n

ch
o
os

e

Λ
=

2 c
ρ
( √
µ

+
√

lo
g
(d
u
∨
D

))

d
u
D

an
d

w
it

h
th

is
ch

oi
ce

of
Λ

an
d

L
em

m
a

5,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

th
eo

re
m

:

T
h

e
o
re

m
1
3

L
et

A
ss

u
m

p
ti

o
n

s
1
,

3
a
n

d
4

h
o
ld

.
T

h
en

,
w

e
h
a
ve

R
(M̂

)
−
R

(
? M

)
≤
c p

ra
n
k
(
? M

)(ρ
2

+
ρ

3
/
2
√
γ
/ ς

)(
µ

+
lo

g
(d
u
∨
D

))

d
u
D

,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4/
(d
u

+
D

).

U
si

n
g

A
ss

u
m

p
ti

on
4,

w
e

ge
t

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y
:

C
o
ro

ll
a
ry

1
4

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4
/(
d
u

+
D

),
w

e
h
a
ve

1

d
u
D
‖M̂

−
? M
‖2 F
≤
c p
2
ς

ra
n
k
(
? M

)(ρ
2

+
ρ

3
/
2
√
γ
/ ς

)(
µ

+
lo

g
(d
u
∨
D

))

d
u
D

.

1
-b

it
m

a
tr

ix
c
o
m

p
le

ti
o
n

.
In

1-
b
it

m
at

ri
x

co
m

p
le

ti
on

w
it

h
lo

gi
st

ic
(r

es
p
.

h
in

ge
)

lo
ss

,
th

e
B

er
n
st

ei
n

as
su

m
p
ti

on
is

sa
ti

sfi
ed

w
it

h
ς

=
1/

(4
e2
γ
)

(r
es

p
.
ς

=
2τ

,
fo

r
so

m
e
τ

th
at

ve
ri

fi
es
|? M

v ij
−

1
/2
|≥

τ,
∀v
∈

[V
],

(i
,j

)
∈

[d
u
]
×

[d
v
])

.
M

or
e

d
et

ai
ls

fo
r

th
es

e
co

n
st

an
ts

ca
n

b
e

fo
u
n
d

in
P

ro
p

os
it

io
n
s

6.
1

an
d

6
.3

in
A

lq
u
ie

r
et

al
.

(2
0
17

).
T

h
en

,
th

e
ex

ce
ss

ri
sk

w
it

h
re

sp
ec

t
to

th
es

e
tw

o
lo

ss
es

u
n
d
er

th
e

u
n
if

or
m

sa
m

p
li
n
g

is
gi

ve
n

b
y
:

C
o
ro

ll
a
ry

1
5

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

4
/(
d
u

+
D

),
w

e
h
a
ve

R
(M̂

)
−
R

(
? M

)
≤
c

ra
n
k
(
? M

)

p
(d
u
∧
D

).

T
h
es

e
re

su
lt

s
ar

e
ob

ta
in

ed
w

it
h
ou

t
a

lo
ga

ri
th

m
ic

fa
ct

or
,

an
d

it
im

p
ro

ve
s

th
e

on
es

g
iv

en
in

T
h
eo

re
m

s
4.

2
an

d
4.

4
in

A
lq

u
ie

r
et

al
.

(2
01

7)
.

T
h
e

n
at

u
ra

l
lo

ss
in

th
is

co
n
te

x
t

is
th

e
0/

1
lo

ss
w

h
ic

h
is

of
te

n
re

p
la

ce
d

b
y

th
e

h
in

ge
or

th
e

lo
gi

st
ic

lo
ss

.
W

e
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
γ

=
1,

si
n
ce

th
e

B
ay

es
cl

as
si

fi
er

h
as

it
s

en
tr

ie
s

in
[−

1
,1

],
a
n
d

w
e

d
efi

n
e

th
e

cl
as

si
fi
ca

ti
on

ex
ce

ss
ri

sk
b
y
:

R
0
/
1
(M

)
=

1

d
u
D

∑ v
∈[
V

]

∑

(i
,j

)∈
[d
u

]×
[d
v
]

π
v ij
P

[X
v ij
6=

si
gn

(M
v ij

)]
,

fo
r

al
l
M
∈
R
d
u
×
D
.

U
si

n
g

T
h
eo

re
m

2.
1

in
Z

h
an

g
(2

00
4)

,
w

e
h
av

e

R
0
/
1
(M̂

)
−
R

0
/
1
(
? M

)
≤
c√ √ √ √

ra
n
k
(
? M

)

p
(d
u
∧
D

).
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A
l
a
y
a
a
n
d

K
l
o
p
p

5
.
N
u
m
e
ri
ca

l
e
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
p
ro

v
id

e
al

go
ri

th
m

ic
d
et

ai
ls

of
th

e
n
u
m

er
ic

al
p
ro

ce
d
u
re

fo
r

so
lv

in
g

th
e

p
ro

b
le

m
(4

),
th

en
w

e
co

n
d
u
ct

ex
p

er
im

en
ts

on
sy

n
th

et
ic

d
at

a
to

fu
rt

h
er

il
lu

st
ra

te
th

e
th

eo
re

ti
ca

l
re

su
lt

s
of

th
e

co
ll
ec

ti
v
e

m
at

ri
x

co
m

p
le

ti
on

.

5
.1

.
A

lg
o
ri

th
m

T
h
e

co
ll
ec

ti
ve

m
at

ri
x

co
m

p
le

ti
on

p
ro

b
le

m
(4

)
is

a
se

m
id

efi
n
it

e
p
ro

gr
am

(S
D

P
),

si
n
ce

it
is

a
n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n

p
ro

b
le

m
w

it
h

a
co

n
ve

x
fe

as
ib

le
d
om

ai
n

(F
az

el
et

a
l.
,

2
0
0
1
;

S
re

b
ro

et
al

.,
20

05
).

W
e

m
ay

so
lv

e
it

,
fo

r
ex

am
p
le

,
v
ia

th
e

in
te

ri
or

-p
oi

n
t

m
et

h
o
d

(L
iu

an
d

V
an

d
en

b
er

gh
e,

20
10

).
H

ow
ev

er
,

S
D

P
so

lv
er

s
ca

n
h
an

d
le

a
m

o
d
er

at
e

d
im

en
si

o
n
s,

th
u
s

su
ch

fo
rm

u
la

ti
on

is
n
ot

sc
al

ab
le

d
u
e

to
th

e
st

or
ag

e
an

d
co

m
p
u
ta

ti
on

co
m

p
le

x
it

y
in

lo
w

-
ra

n
k

m
at

ri
x

co
m

p
le

ti
on

ta
sk

s.
In

th
e

fo
ll
ow

in
g,

w
e

p
re

se
n
t

an
al

go
ri

th
m

th
a
t

so
lv

es
th

e
p
ro

b
le

m
(4

)
ap

p
ro

x
im

at
el

y
an

d
in

a
m

or
e

effi
ci

en
t

w
ay

th
an

so
lv

in
g

it
as

S
D

P
.

P
ro

x
im

a
l
G

ra
d

ie
n
t.

P
ro

b
le

m
(4

)
ca

n
b

e
so

lv
ed

b
y

fi
rs

t-
or

d
er

op
ti

m
iz

at
io

n
m

et
h
o
d
s

su
ch

as
p
ro

x
im

al
gr

ad
ie

n
t

(P
G

)
w

h
ic

h
h
as

b
ee

n
p

op
u
la

rl
y

u
se

d
fo

r
op

ti
m

iz
at

io
n
s

p
ro

b
le

m
s

o
f

th
e

fo
rm

of
(4

)
(B

ec
k

an
d

T
eb

ou
ll
e,

20
09

;
N

es
te

ro
v
,

20
13

;
P

ar
ik

h
an

d
B

oy
d
,

20
1
4
;

J
i

a
n
d

Y
e,

20
09

b
;
M

az
u
m

d
er

et
al

.,
20

10
;
Y

ao
an

d
K

w
ok

,
20

1
5)

.
W

h
en

L
Y

h
as
L

-L
ip

sc
h
it

z
co

n
ti

n
u
o
u
s

gr
ad

ie
n
t,

th
at

is
‖∇

L
Y

(W
)
−
∇

L
Y

(Q
)‖
F
≤
L
‖W

−
Q
‖ F

,
th

e
P

G
ge

n
er

a
te

s
a

se
q
u
en

ce
of

es
ti

m
at

es
{W

t}
as

W
t+

1
=

ar
g
m

in
W

L
Y

(W
)

+
(W
−

W
t)
>
∇

L
Y

(W
t)

+
L 2
‖W
−

W
t‖

2 F
+
λ
‖W
‖ ∗

=
p
ro

x
λ L
‖·
‖ ∗

(Z
t)
,

w
h
er

e
Z
t

=
W

t
−

1 L
∇

L
Y

(W
t)

(9
)

an
d

fo
r

an
y

co
n
ve

x
fu

n
ct

io
n

Ψ
:
R
d
u
×
D
7→

R
,

th
e

as
so

ci
at

ed
p
ro

x
im

al
op

er
a
to

r
a
t
W
∈

R
d
u
×
D

is
d
efi

n
ed

as

p
ro

x
Ψ

(W
)

=
ar

g
m

in
{ 1 2
‖W
−

Q
‖2 F

+
Ψ

(Q
)

:
Q
∈
R
d
u
×
D
} .

T
h
e

p
ro

x
im

al
op

er
at

or
of

th
e

n
u
cl

ea
r

n
or

m
at

W
∈
R
d
u
×
D

co
rr

es
p

on
d
s

to
th

e
si

n
g
u
la

r
va

lu
e

th
re

sh
ol

d
in

g
(S

V
T

)
op

er
at

or
of

W
(C

ai
.

et
al

.,
2
01

0)
.

T
h
at

is
,

as
su

m
in

g
a

si
n
g
u
la

r
va

lu
e

d
ec

om
p

os
it

io
n
W

=
UΣ

V>
,

w
h
er

e
U
∈

R
d
u
×
r
,
V
∈

R
D
×
r

h
av

e
or

th
on

o
rm

a
l

co
lu

m
n
s,

Σ
=

(σ
1
,.
..
,σ

r
),

w
it

h
σ

1
≥
··
·≥

σ
r
>

0
an

d
r

=
ra

n
k
(W

),
w

e
h
av

e

S
V

T
λ
/
L

(W
)

=
Ud

ia
g(

(σ
1
−
λ
/L

) +
,.
..
,(
σ
r
−
λ
/L

) +
)V
>
,

(1
0
)

w
h
er

e
(a

) +
=

m
ax

(a
,0

).
A

lt
h
ou

gh
P

G
ca

n
b

e
im

p
le

m
en

te
d

ea
si

ly
,
it

co
n
v
er

ge
s

sl
ow

ly
w

h
en

th
e

L
ip

sc
h
it

z
co

n
st

a
n
t

L
is

la
rg

e.
In

su
ch

sc
en

ar
io

s,
th

e
ra

te
is
O

(1
/T

),
w

h
er

e
T

is
th

e
n
u
m

b
er

of
it

er
a
ti

o
n
s

(P
a
ri

k
h

an
d

B
oy

d
,

20
14

).
N

ev
er

th
el

es
s,

it
ca

n
b

e
ac

ce
le

ra
te

d
b
y

re
p
la

ci
n
g
Z
t

in
(9

)
w

it
h

Q
t

=
(1

+
θ t

)W
t
−
θ t
W

t−
1
,

Z
t

=
Q
t
−
η
∇

L
Y

(Q
t)
.

(1
1
)

S
ev

er
al

ch
oi

ce
s

fo
r
θ t

ca
n

b
e

u
se

d
.

T
h
e

re
su

lt
an

t
a
cc

el
er

at
ed

p
ro

x
im

al
gr

ad
ie

n
t

(A
P

G
)

(s
ee

A
lg

or
it

h
m

1)
co

n
ve

rg
es

w
it

h
th

e
op

ti
m

al
O

(1
/T

2
)

ra
te

(N
es

te
ro

v
,

20
13

;
J
i

a
n
d

Y
e,

2
0
0
9
a
).
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

A
lg

o
rith

m
1
:

A
P

G
fo

r
C

o
llective

M
atrix

C
o
m

p
letio

n

1
.

in
itia

liz
e
:W

0
=

W
1

=
Y
,

an
d
α

0
=
α

1
=

1.
2
.

fo
r
t

=
1,...,T

d
o

3
.

Q
t

=
W

t
+

α
t−

1 −
1

α
t

(W
t −

W
t−

1 );

4
.

W
t+

1
=

S
V

T
λL

(Q
t −

1L ∇
L

Y
(Q

t ));

5
.

α
t+

1
=

12 ( √
4
α

2t
+

1
+

1);

6
.

re
tu

rn
W

T
+

1 .

A
p

p
ro

x
im

a
te

S
V

T
(Y

a
o

a
n

d
K

w
o
k
,

2
0
1
5
).

T
o

com
p
u
teW

t+
1

in
th

e
p
rox

im
al

step
(S

V
T

)
in

A
lg

o
rith

m
1,

w
e

n
eed

fi
rst

p
erform

S
V

D
ofZ

t
given

in
(11).

In
gen

era
l,

ob
tain

in
g

th
e

S
V

D
o
f
d
u ×
D

m
atrixZ

t
req

u
iresO

((d
u ∧
D

)d
u D

)
op

eration
s,

b
ecau

se
its

m
o
st

ex
p

en
siv

e
step

s
a
re

co
m

p
u
tin

g
m

atrix
-vector

m
u
ltip

lication
s.

S
in

ce
th

e
com

p
u
tatio

n
of

th
e

p
rox

im
al

o
p

era
to

r
o
f

th
e

n
u
clear

n
orm

given
in

(10)
d
o
es

n
ot

req
u
ire

to
d
o

th
e

fu
ll

S
V

D
,

on
ly

a
few

sin
g
u
la

r
va

lu
es

ofZ
t

w
h
ich

are
larger

th
an

λ
/L

are
n
eed

ed
.

A
ssu

m
e

th
at

th
ere

a
re

k̂
su

ch
sin

gu
la

r
valu

es.
A

s
W

t
con

verg
es

to
a

low
-ran

k
solu

tion
W
∗ ,
k̂

w
ill

b
e

sm
all

d
u
rin

g
iteratin

g
.

T
h
e

p
ow

er
m

eth
o
d

(H
alko

et
al.,

2011)
at

A
lgorith

m
2

is
a

sim
p
le

an
d

effi
cien

t
to

ca
p
tu

re
su

b
sp

ace
sp

an
n
ed

b
y

top
-k

sin
gu

lar
vectors

for
k̂
≥
k
.

A
d
d
ition

ally,
th

e
p

ow
er

m
eth

o
d

also
allow

s
w

arm
-start,

w
h
ich

is
p
articu

larly
u
sefu

l
b

ecau
se

th
e

itera
tive

n
a
tu

re
o
f

A
P

G
algorith

m
.

O
n
ce

an
ap

p
rox

im
ation

Q
is

fou
n
d
,

w
e

h
ave

S
V

T
λ
/
L

(Z
t )

=

Q
S
V

T
λ
/
L

(Q
>Z

t )
(see

P
rop

osition
3.1

in
Y

ao
an

d
K

w
o
k

(2015)).
W

e
th

erefore
red

u
ce

th
e

tim
e

co
m

p
lex

ity
on

S
V

T
from

O
((d

u ∧
D

)d
u D

)
to
O

(k̂
d
u D

)
w

h
ich

is
m

u
ch

ch
eap

er.

A
lg

o
rith

m
2
:

P
ow

er
M

eth
o
d
:
P
o
w
e
r
M
e
t
h
o
d
(Z
,R

,ε)

1
.

in
p

u
t:Z

∈
R
d
u ×

D
,

in
itialR

∈
R
D
×
k

for
w

arm
-start,

toleran
ce
δ;

2
.

in
itia

liz
e
W

1
=

Z
R

;
3
.

fo
r
t

=
1,2

,...,
d

o
4
.

Q
t+

1
=

Q
R

(W
t );//

Q
R

d
en

otes
th

e
Q

R
factorization

5
.

W
t+

1
=

Z
(Z
>Q

t+
1 );

6
.

if
‖Q

t+
1 Q
>t+

1 −
Q
t Q
>t ‖

F
≤
δ

th
e
n

b
rea

k
;

7
.

re
tu

rn
Q
t+

1 .

A
lg

o
rith

m
3

sh
ow

s
h
ow

to
ap

p
rox

im
ate

S
V

T
λ
/
L

(Z
t ).

L
et

th
e

target
(ex

act)
ran

k
-k

S
V

D

o
fZ

t
b

eU
k Σ

k V
>k

.
S
tep

1
fi
rst

ap
p
rox

im
atesU

k
b
y

th
e

p
ow

er
m

eth
o
d
.

In
step

s
2

to
5,

a
less

ex
p

en
sive

S
V

T
λ
/
L

(Q
>Z

t )
is

ob
tain

ed
from

(10).
F

in
ally,

S
V

T
λ
/
L

(Z
t )

is
recovered

.

H
erea

fter,
w

e
d
en

ote
th

e
ob

jective
fu

n
ction

in
(4)

b
y

F
λ (W

),
th

at
is

F
λ (W

)
=

L
Y

(W
)

+
λ‖W

‖∗ ,
for

an
y
W
∈

C
(γ

).
R

ecall
th

at
th

e
grad

ien
t

of
th

e
lik

elih
o
o
d

L
Y

is
w

ritten
a
s

∇
L

Y
(W

)
=
−

1

d
u D

∑v∈
[V

]

∑

(i,j)∈
[d
u

]×
[d
v
] B

vij (Y
vij −

(G
v) ′(W

vij ))E
vij .
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A
l
a
y
a
a
n
d

K
l
o
p
p

A
lg

o
rith

m
3
:

A
p
p
rox

im
ate

S
V

T
:
A
p
p
r
o
x
-
S
V
T
(Z
,R

,λ
,δ)

1
.

in
p

u
t:Z

∈
R
d
u ×

D
,R
∈
R
D
×
k,

th
resh

old
s
λ

a
n
d
δ;

2
.Q

=
P
o
w
e
r
M
e
t
h
o
d
(Z
,R

,δ);

3
.

[U
,Σ
,V

]
=

S
V

D
(Q
>Z

);
4
.U

=
{u

i |σ
i
>
λ};

5
.V

=
{
v
i |σ

i
>
λ}

;
6
.

Σ
=

m
ax

(Σ
−
λI

,0
);

//
(I

d
en

otes
th

e
id

en
tity

m
atrix

)
7
.

re
tu

rn
Q
U
,Σ
,V

.

B
y

A
ssu

m
p
tion

2,
w

e
h
ave

for
an

y
W
,Q
∈
R
d
u ×

D

‖∇
L

Y
(W

)−
∇

L
Y

(Q
)‖

2F
=

1

(d
u D

)
2

∑v∈
[V

]

∑

(i,j)∈
[d
u

]×
[d
v
] {
B
vij ((G

v) ′(W
vij )−

(G
v) ′(Q

vij ))}
2

≤
U

2γ

(d
u D

)
2 ‖W

−
Q
‖

2F
.

T
h
is

y
ield

s
th

at
L

Y
h
as
L

-L
ip

sch
itz

co
n
tin

u
ou

s
grad

ien
t

w
ith

L
=
U
γ /(d

u D
)≤

1.
In

th
e

follow
in

g
algorith

m
an

d
th

e
ex

p
erim

en
tal

setu
p
,

w
e

ch
o
ose

to
w

ork
w

ith
L

=
1.

P
e
n

a
liz

e
d

L
ik

e
lih

o
o
d

A
c
c
e
le

ra
te

d
In

e
x
a
c
t

S
o
ft

Im
p

u
te

(P
L

A
IS

-Im
p

u
te

).
W

e
p
resen

t
h
ere

th
e

m
ain

algorith
m

in
th

is
p
ap

er,
referred

to
as

P
L

A
IS

-Im
p
u
te,

w
h
ich

is
tailored

to
solv

in
g

ou
r

collective
m

a
trix

com
p
letion

p
rob

lem
.

T
h
e

P
L

A
IS

-Im
p
u
te

is
an

ad
ap

tion
of

th
e

A
IS

-Im
p
u
te

algorith
m

in
Y

ao
an

d
K

w
ok

(2015)
to

th
e

p
en

alized
likelih

o
o
d

com
p
letion

p
rob

lem
s.

N
ote

th
at

A
IS

-Im
p
u
te

is
an

accelerated
p
rox

im
al

grad
ien

t
algorith

m
w

ith
fu

rth
er

sp
eed

u
p

b
ased

on
ap

p
rox

im
ate

S
V

D
.

H
ow

ever,
it

is
d
ed

icated
on

ly
to

sq
u
are-

loss
go

o
d
n
ess-of-fi

ttin
g.

T
h
e

P
L

A
IS

-Im
p
u
te

is
su

m
m

arized
in

A
lgorith

m
4.

T
h
e

core
step

s
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w

h
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an
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p
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im
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S
V

T
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p
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.

S
tep

s
10

an
d

11
u
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e
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m

n
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th
e

last
iteratio
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an
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V
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th

e
p
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m
eth

o
d
.

F
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er
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u
p
,

a
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tin
u
ation

strategy
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p
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in
w

h
ich

λ
t

is
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itialized
to

a
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e

an
d

th
en
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ecreases

grad
u
ally.

T
h
e

algorith
m

is
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e

step
14)
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e
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fu

n
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F
λ

starts
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in
crease.

A
s

A
IS

-Im
p
u
te,

P
L

A
IS

-Im
p
u
te

sh
ares

b
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low
-iteration
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p
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an

d
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(1/T
2)

con
vergen
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T
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K
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(2015)).
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.2

.
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y
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d
a
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o
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.
T

h
e
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p
lem
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tation
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A
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4
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e
n
u
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n
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p
en
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a-
tor
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w
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d
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e
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M
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T
L

A
B

R
2017

b
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a
d
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p
u
ter
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m
acO

S
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,
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3.5

G
H

z
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P
U

an
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16G
B
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R

A
M

.
F

or
fast

com
p
u
tation

of
S
V

D
an

d
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arse
m
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com

p
u
tation

s,
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e
ex

p
erim

en
ts
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an

ex
tern

al
p
a
ckage
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P

R
O

P
A

C
K

(L
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,
1998)

im
p
lem

en
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C

an
d

F
ortran

.
T

h
e

co
d
e

th
at

gen
erates

all
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gu

res
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b
elow
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availab

le
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h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
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o
m
/
m
z
a
l
a
y
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/
c
o
l
l
e
c
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i
v
e
m
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E
x
p
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n
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.
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en
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e
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u
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m
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W
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e
n
u
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b
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e
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V

=
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,
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v
∈
{
1
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,3},
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e
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k
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n
d
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m
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M

v
∈

R
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d
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d
∈
{
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d
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o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

A
lg

o
ri

th
m

4
:

P
L

A
IS

-I
m

p
u
te

fo
r

C
ol

le
ct

iv
e

M
at

ri
x

C
om

p
le

ti
on

1
.

in
p

u
t:

ob
se

rv
ed

co
ll
ec

ti
ve

m
at

ri
x
Y

,
p
ar

am
et

er
λ

,
d
ec

ay
p
ar

am
et

er
ν
∈

(0
,1

),
to

le
ra

n
ce
ε;

2
.

[U
0
,λ

0
,V

0
]

=
ra

n
k
-1

S
V

D
(Y

);

3
.

in
it

ia
li
z
e
c

=
1,
δ 0

=
‖Y
‖ F

,
W

0
=

W
1

=
λ

0
U 0

V> 0
;

4
.

fo
r
t

=
1,
..
.,
T

d
o

5
.

δ t
=
ν
t δ

0
;

6
.

λ
t

=
ν
t (
λ

0
−
λ

)
+
λ

;
7
.

θ t
=

(c
−

1)
/
(c

+
2)

;
8
.

Q
t

=
(1

+
θ t

)W
t
−
θ t
W

t−
1
;

9
.

Z
t

=
∇

L
Y

(Q
t)

);

1
0
.

V t
−

1
=

V t
−

1
−

V t
(V
> t
V t
−

1
);

1
1
.

R
t

=
Q

R
([
V t
,V

t−
1
])

;
1
2
.

[U
t+

1
,Σ

t+
1
,V

t+
1
]

=
A
p
p
r
o
x
-
S
V
T
(Z

t,
R
t,
λ
t,
δ t

);

1
3
.

if
F
λ
(U

t+
1
Σ
t+

1
V> t

+
1
)
>

F
λ
(U

tΣ
tV
> t

)
th

e
n

c
=

1;

1
4
.

e
ls

e c
=
c

+
1;

1
5
.

if
|F

λ
(U

t+
1
Σ
t+

1
V> t

+
1
)
−

F
λ
(U

tΣ
tV
> t

)|
≤
ε

th
e
n

b
re

ak
;

1
6
.

re
tu

rn
W

T
+

1
.

d
v
∈
{1

00
0,

20
00
,3

00
0}

(h
en

ce
d

=
D

=
∑

3 v
=

1
d
v
).

E
a
ch

so
u
rc

e
m

at
ri

x
M

v
is

co
n
st

ru
ct

ed
as
M

v
=
L
v
R
v
>

w
h
er

e
L
v
∈

R
d
×
r v

an
d
R
v
∈

R
d
v
×
r v

.
T

h
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gi
ve

s
a

ra
n
d
om

m
at

ri
x

of
ra

n
k

at
m

os
t
r v

.
T

h
e

p
ar

am
et

er
r v

is
se

t
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{5
,1

0,
15
}.

A
fr

ac
ti

on
of

th
e

en
tr

ie
s

o
f
M

v
is

re
m

ov
ed

u
n
if

or
m

ly
at

ra
n
d
om

w
it

h
p
ro

b
ab

il
it

y
p
∈
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,1

].
T

h
en

,
th

e
m

at
ri

ce
s
M

v
ar

e
sc

al
ed

so
th

at
‖M

v
‖ ∞

=
γ

=
1.

F
or
M

1
,

th
e

el
em

en
ts
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L

1
an

d
R

1
ar

e
sa

m
p
le

d
i.
i.
d
.

fr
o
m

th
e

n
or

m
al

d
is

tr
ib

u
ti

o
n

N
(0
.5
,1

).
F

or
M

2
,
th

e
en

tr
ie

s
of
L

2
an

d
R

2
ar

e
i.
i.
d
.

ac
co

rd
in

g
to

P
oi

ss
on

d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
0
.5

.
F

in
al

ly
,

fo
r
M

3
,

th
e

en
tr

ie
s

of
L

3
an

d
R

3
ar

e
i.
i.
d
.

sa
m

p
le

d
fr

om
B

er
n
ou

ll
i

d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
0.

5.
T

h
e

co
ll
ec

ti
ve

m
at

ri
x
M

is
co

n
st

ru
ct

ed
b
y

co
n
ca

te
n
at

io
n

of
th

e
th

re
e

so
u
rc

es
M

1
,M

2
an

d
M

3
,

n
am

el
y
M

=
(M

1
,M

2
,M

3
).

A
ll

th
e

d
et

ai
ls

of
th

es
e

ex
p

er
im

en
ts

ar
e

gi
ve

n
in

T
ab

le
2.

T
h
e

d
et

ai
ls

of
ou

r
ex

p
er

im
en

ts
ar

e
su

m
m

ar
iz

ed
in

F
ig

u
re

s
1

an
d

2.
In

F
ig

u
re

1,
w

e
p
lo

t
th

e
co

n
ve

rg
en

ce
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

F
λ

ve
rs

u
s

ti
m

e
in

th
e

th
re

e
ex

p
er

im
en

ts
.

N
ot

e
th

at
P

L
A

IS
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m
p
u
te

in
h
er

it
s

th
e

sp
ee

d
of

A
IS

-I
m

p
u
te
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it

d
o
es

n
ot

re
q
u
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e
p

er
fo
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in

g
S
V

D
an

d
it

h
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b
ot

h
lo

w
p

er
-i

te
ra

ti
on

co
st

an
d

fa
st
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n
ve

rg
en

ce
ra

te
.

In
F

ig
u
re

1,
w

e
p
lo

t
al

so
th

e
co

n
ve

rg
en

ce
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

F
λ

ve
rs

u
s
−

lo
g
(λ

)
in

th
e

th
re

e
ex

p
er

im
en

ts
.

T
h
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
in

th
e

P
L

A
IS

-I
m

p
u
te

is
in

it
ia

li
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d
to

a
la

rg
e

va
lu

e
an

d
d
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re
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ed
gr

ad
u
al

ly
.

In
F

ig
u
re

2,
w

e
il
lu

st
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te
a

le
ar

n
in

g
ra

n
k

cu
rv

e
ob

ta
in

ed
b
y

P
L

A
IS
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m

p
u
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,
w

h
er

e
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e
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r
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p
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e
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p
u
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ra
n
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x
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p
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×
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×
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0
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×
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×
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0
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×
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×
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0
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p
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=

30
00

C
ol

le
ct

iv
e

G
au

ss
ia

n

P
oi

ss
on

B
er

no
ul

li

0
50

10
0

15
0

20
0

T
im

es
(s

ec
on

ds
)
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=
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)
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=
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−
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=
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−
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=
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−
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=
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F
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u
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1:
C

on
ve

rg
en

ce
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

F
λ

in
p
ro

b
le

m
(4

)
ve

rs
u
s

ti
m

e
(t

o
p
)

a
n
d

ve
rs

u
s
−

lo
g
(λ

)
(b

ot
to

m
)

in
th

e
th

re
e

ex
p

er
im

en
ts

w
it

h
p

=
0.

6;
le

ft
fo

r
e
x
p
.
1
;

m
id

d
le

fo
r
e
x
p
.
2
;

ri
gh

t
fo

r
e
x
p
.
3
.

N
ot

e
th

at
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
s

fo
r

G
a
u
ss

ia
n
,

P
oi

ss
on

an
d

B
er

n
ou

ll
i

d
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tr
ib

u
ti

on
s
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e
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u
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te
d
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p
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at
el

y
b
y
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e

a
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o
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m

.
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C
o
l
l
e
c
t
iv
e
M
a
t
r
ix

C
o
m
p
l
e
t
io
n

0
5

10
15

Iterations

5 10 15 20 25

Learned ranks

d
=

3000

R
anksIn

R
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0
5

10
15
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Learned ranks

d
=

6000

R
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R
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0
5

10
15

20
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10 20 30 40 50 60 70

Learned ranks

d
=

9000

R
anksIn

R
anksO
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F
ig

u
re

2
:

L
ea

rn
in

g
ran

k
s

cu
rve

versu
s

iteration
s

in
th

e
th

ree
ex

p
erim

en
ts

w
ith

p
=

0
.6;

left
fo

r
e
x
p
.
1
;

m
id

d
le

for
e
x
p
.
2
;

righ
t

for
e
x
p
.
3
.

W
e

in
itialize

th
e

algorith
m

b
y

settin
g

a
ran

k
r

0
=

5r
w

h
ere

r
∈
{5
,10,15}.

T
h
e

green
color

co
rresp

on
d
s

to
th

e
in

p
u
t

ran
k

w
h
ile

th
e

cy
an

to
th

e
recovered

ran
k

of
th

e
collective

m
atrix

at
each

iteration
.

A
s

can
b

e
seen

,
th

e
tw

o
ran

k
s

grad
u
ally

con
verge

to
th

e
fi
n
al

recovered
ran

k
.

E
v
a
lu

a
tio

n
.

In
ou

r
ex

p
erim

en
ts,

th
e

P
L

A
IS

-Im
p
u
te

algorith
m

term
in

ates
w

h
en

th
e

ab
-

so
lu

te
d
iff

eren
ce

in
th

e
cost

fu
n
ction

valu
es

b
etw

een
tw

o
con

secu
tive

iteration
s

is
less

th
an

ε
=

1
0 −

6.
W

e
set

th
e

regu
larization

p
aram

eter
λ
∝
‖∇

L
Y

(M
)‖

as
given

b
y

T
h
eorem

3.
N

o
te

th
a
t

in
step

12
of

P
L

A
IS

-Im
p
u
te,

th
e

th
resh

old
in

S
V

T
is

giv
en

b
y
λ
t

(d
efi

n
ed

in
step

6
),

w
h
ich

is
d
ecreasin

g
from

on
e

iteration
to

an
oth

er.
T

h
is

allow
s

to
tu

n
e

th
e

fi
rst

reg
u
la

riza
tio

n
p
aram

eter
λ

in
th

e
p
rogram

(4).
W

e
ran

d
om

ly
sam

p
le

80%
of
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e

ob
served

en
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fo
r
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in

in
g,

an
d

th
e

rest
for
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g.

In
o
rd

er
to

m
easu

re
th

e
th

e
accu

ra
cy

of
ou

r
estim

ator,
w

e
em

p
loy

th
e

relative
error

(as,
e.g

.,
in

C
a
i.

et
al.

(2010);
D

aven
p

ort
et

al.
(2014);

C
ai

an
d

Z
h
ou

(2013))
w

h
ich

is
w

id
ely

u
sed

m
etric

in
m

atrix
com

p
letion

an
d

is
d
efi

n
ed

b
y

R
E

(Ŵ
,W

)
=
‖
Ŵ
−
W

o‖
F

‖W
o‖
F

,

w
h
ere

Ŵ
is

th
e

recovered
m

atrix
an

d
W

o
is

th
e

origin
al

fu
ll

d
ata

m
atrix

.
W

e
ru

n
th

e
P

L
A

IS
-Im

p
u
te

algorith
m

in
each

ex
p

erim
en

t
b
y

vary
in

g
th

e
p

ercen
tage

of
k
n
ow

n
en

tries
p

from
0

to
1.

In
F

igu
re

3,
w

e
p
lot

th
e

relative
errors

as
a

fu
n
ction

s
of
p
.

W
e

o
b
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c
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∑v∈
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c
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Σ

2 ‖
2F ]≤

c
(d
u D

)
2

1

(d
u ∨
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∑v∈
[V

]

∑

(i,j)∈
[d
u

]×
[d
v
] (U

γ ∨
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γ ∨

K
)
2

(d
u D

)
2

1

(d
u ∨

D
)
2
(d
u ∨
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u ∨

D
.

U
sin

g
th

e
fa

ct
th

at
x
7→
√
x

is
con

cave,
w

e
o
b
tain

E
[‖Σ
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p
o
si

ti
v
e.

T
h
is

ex
am

p
le

is
co

n
si

d
er

ed
in

m
o
re

d
et

ai
l

in
S
ec

ti
on

4.

T
w

o
re

su
lt

s
ar

e
p
re

se
n
te

d
to

su
p
p

or
t

th
e

su
gg

es
te

d
ap

p
ro

ac
h

to
th

e
ge

n
er

a
l

p
ro

b
le

m
o
f

se
q
u
en

ti
al

p
re

d
ic

ti
on

.

T
h
e

fi
rs

t
re

su
lt

sh
ow

s
th

at
,

n
o

m
at

te
r

h
ow

b
ig

a
m

o
d
el

cl
as

s
C

is
,

if
th

e
d
is

tr
ib

u
ti

o
n

ge
n
er

at
in

g
th

e
d
at

a
b

el
on

gs
to
C

th
en

th
e

op
ti

m
al

m
in

im
ax

as
y
m

p
to

ti
c

av
er

a
g
e

p
er

fo
rm

a
n
ce

,
ev

en
if

p
os

it
iv

e,
is

al
w

ay
s

ac
h
ie

va
b
le

,
an

d
it

ca
n

b
e

at
ta

in
ed

b
y

a
B

ay
es

ia
n

co
m

b
in

a
ti

o
n

o
f

co
u
n
ta

b
ly

m
an

y
d
is

tr
ib

u
ti

on
s

in
C.

O
n
e

ca
n
n
ot

,
in

ge
n
er

al
,

sa
y

an
y
th

in
g

ab
o
u
t

th
e

sp
ee

d
of

co
n
ve

rg
en

ce
of

th
e

av
er

ag
e

lo
ss

,
as

it
d
ep

en
d
s

on
C

an
d

m
ay

b
e

ar
b
it

ra
ri

ly
sl

ow
fo

r
so

m
e

cl
as

se
s
C.

H
ow

ev
er

,
fo

r
an

y
p
re

d
ic

to
r
ρ

w
h
at

so
ev

er
,

it
s

p
er

fo
rm

an
ce

ca
n

b
e

m
a
tc

h
ed

b
y

a
B

ay
es

ia
n

p
re

d
ic

to
r

u
p

to
an

ad
d
it

iv
e
O

(l
og
n

)
te

rm
,

w
it

h
on

ly
ra

th
er

sm
al

l
co

n
st

a
n
ts

h
id

d
en

in
si

d
e

th
e
O

()
te

rm
.

T
h
is

m
ea

n
s

th
at

,
if

th
e

d
at

a-
ge

n
er

at
in

g
m

ec
h
an

is
m

b
el

on
gs

to
th

e
m

o
d
el

cl
a
ss

,
th

en
n
o

m
at

te
r

h
ow

b
ig

th
e

la
tt

er
is

,
th

e
st

at
is

ti
ci

an
k
n
ow

s
w

h
er

e
to

st
ar

t:
it

su
ffi

ce
s

to
fi
n
d

th
e

ri
gh

t
p
ri

or
d
is

tr
ib

u
ti

on
,

an
d

th
en

th
e

in
fe

re
n
ce

ca
n

b
e

m
ad

e
b
y

ev
al

u
at

in
g

th
e

p
o
st

er
io

r
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
sia

n
P
r
e
d
ic
t
o
r
s

w
ith

resp
ect

to
th

e
ob

served
d
ata.

T
h
e

p
erform

an
ce

gu
aran

tees
w

ou
ld

b
e

p
oin

tw
ise

(for
every

d
istrib

u
tion

in
C

)
rath

er
th

an
B

ayesian
(w

ith
p
rior

p
rob

ab
ility

1
or

in
ex

p
ectation

),
a
n
d

it
is

p
ossib

le
to

ach
ieve

n
early

th
e

b
est

sp
eed

of
d
ecrease

of
th

e
average

loss.
T

h
is

a
d
d
s

a
p

ersp
ective

to
th

e
classical

resu
lts

(F
reed

m
an

,
1963,

1965;
D

iacon
is

an
d

F
reed

m
an

,
1
9
8
6
)

th
a
t

sh
ow

th
at

th
ere

are
p
rio

rs
w

ith
w

h
ich

B
ay

esian
in

feren
ce

is
in

con
sisten

t
even

for
p
ro

b
lem

s
o
n

i.i.d
.

d
ata

(alth
ou

gh
,

in
th

at
latter

case,
for

in
fi
n
ite

alp
h
ab

ets).
In

so
m

e
m

ore
d
etail,

con
sid

er
an

arb
itrary

setC
of

p
rob

ab
ility

d
istrib

u
tion

s
over

on
e-w

ay
in

fi
n
ite

seq
u
en

ces.
L

et
L
n
(µ
,ν

)
b

e
th

e
cu

m
u
lativ

e
ex

p
ected

log
loss

(K
L

d
ivergen

ce)
of
ν

u
sed

to
p
red

ict
µ

,
u
p

to
tim

e
n

.
A

B
ayesian

p
red

ictor
is

a
p
red

ictor
of

th
e

form
∫
α
d
W

(α
)

w
h
ere

W
is

a
p
rob

ab
ility

d
istrib

u
tion

overC
(a

p
rior),

th
at

is,
W

(C
)

=
1.

T
h
e

p
red

iction
is

sim
p
ly

b
y

eva
lu

atin
g

th
e

p
osterior

over
th

e
g
iven

seq
u
en

ce
x
1 ,...,x

n
.

If
th

e
p
rior

is
d
iscrete

(a
n
d

so
th

e
in

tegral
is

a
su

m
)

th
en

w
e

call
su

ch
a

p
red

ictor
d
iscrete

B
ayesia

n
.

W
h
ile

th
e

g
en

era
l

d
efi

n
itio

n
req

u
ires

th
e

stru
ctu

re
of

a
p
rob

ab
ility

sp
ace

on
C

(or
at

least
som

e
su

b
set

o
fC

),
fo

r
d
iscrete

B
ayesian

p
red

ictors
n
o

su
ch

stru
ctu

re
is

req
u
ired

.
F

or
th

e
m

ain
resu

lt
b

elow
,

d
iscrete

B
ay

esian
p
red

ictors
are

su
ffi

cien
t,

so
w

e
d
o

n
ot

n
eed

to
w

orry
ab

ou
t

th
e

m
easu

ra
b
ility

o
fC

.
T

h
e

m
ain

resu
lt

is
th

e
fo

llow
in

g.

T
h

e
o
re

m
1

F
o
r

every
setC

o
f

p
ro

ba
bility

m
ea

su
res

a
n

d
fo

r
every

p
red

icto
r
ρ

th
ere

is
a

d
iscrete

B
a
yesia

n
p
red

icto
r
ν

su
ch

th
a
t

fo
r

every
µ
∈
C

w
e

h
a
ve

L
n
(µ
,ν

)≤
L
n
(µ
,ρ

)
+

8
log

n
+
O

(log
log

n
).

T
h
ere

a
re

n
o

a
ssu

m
p
tion

s
w

h
atso

ever
n
eed

ed
for

th
is

resu
lt

to
h
old

.
A

s
m

en
tion

ed
ab

ove,
th

e
setC

is
n
o
t

ev
en

req
u
ired

to
b

e
m

easu
rab

le,
an

d
th

e
d
istrib

u
tion

s
in
C

m
ay

b
e

com
p
letely

a
rb

itra
ry

(n
o

restriction
s

on
d
ep

en
d
en

ce,
m

em
ory,

etc.).
T

h
e

con
stan

ts
in
O

()
are

sm
all

a
n
d
,

b
esid

es
a
b
solu

te
con

stan
ts,

on
ly

in
clu

d
e

lin
ear

d
ep

en
d
en

ce
on

th
e

alp
h
ab

et
size
|X
|.

T
o

th
e

au
th

or’s
k
n
ow

led
ge,

th
e

u
p
p

er
b

ou
n
d

p
resen

ts
th

e
fi
rst

n
on

-asy
m

p
to

tic
resu

lt
in

a
settin

g
o
f

th
is

gen
erality.

A
low

er
b

o
u
n
d

is
also

ob
tain

ed
,

w
h
ich

takes
th

e
form

of
θ(n

)
w

h
ere

θ
in

creases
to

in
fi
n
ity,

b
u
t

m
ay

d
o

so
arb

itrarily
slow

.
T

h
u
s,

th
ere

ex
ist

a
set
C

for
w

h
ich

b
y

ch
o
osin

g
to

b
e

B
ayesia

n
a

statistician
w

ou
ld

su
ff

er
a

m
ore-th

an
-co

n
stan

t
cu

m
u
lative

regret.
T

h
is

is
m

a
d
e

p
recise

in
S
ection

3.2.
It

is
a
lso

u
sefu

l
to

p
u
t

th
is

resu
lt

in
to

th
e

con
tex

t
of

th
e

d
e
c
isio

n
th

e
o
ry

;
from

th
is

p
oin

t
o
f

v
iew

,
it

ca
n

b
e

seen
(alb

eit
w

ith
som

e
im

p
orta

n
t

d
iff

eren
ces)

as
a

co
m

p
lete-cla

ss
th

eo
rem

fo
r

a
sy

m
p
to

tic
av

erage
p

erform
an

ce:
it

sh
ow

s
th

at
th

e
class

of
B

ayes
strategies

is
alw

ay
s

essen
tia

lly
co

m
p
lete.

D
ecision

th
eo

ry
ty

p
ically

d
eals

w
ith

sin
gle-sh

ot
ga

m
es

an
d

g
en

eral
lo

sses
(h

ere
w

e
on

ly
con

sid
er

ex
p

ected
av

erage
K

L
d
ivergen

ce),
an

d
W

ald
’s

com
p
lete

class
th

eo
rem

a
n
d

its
gen

eralization
s

req
u
ire

a
n
u
m

b
er

of
con

d
ition

s
to

h
old

.
O

th
er

im
p

ortan
t

d
iff

eren
ces,

b
esid

es
th

e
ab

sen
ce

of
an

y
con

d
ition

s
in

T
h
eorem

1,
in

clu
d
e

th
e

fact
th

at
in

ou
r

ca
se

a
ll

stra
teg

ies
are

in
ad

m
issib

le
an

d
on

e
can

n
ot

sp
eak

ab
ou

t
m

in
im

al
co

m
p
lete

classes.
T

o
fu

rth
er

u
n
d
erstan

d
th

e
gam

e-th
eoretic

sid
e

of
th

e
m

a
in

resu
lt,

it
is

u
sefu

l
to

con
sid

er
th

e
m

in
im

a
x

a
sy

m
p
totic

average
loss

V
C ,

d
efi

n
ed

as

in
fρ
su

p
µ∈C

lim
su

p
n→
∞

1n
L
n
(µ
,ρ

).

It
ca

n
b

e
sh

ow
n

th
at

th
e

th
eorem

ab
ove

im
p
lies

th
at

th
is

valu
e

can
b

e
attain

ed
b
y

a
B

ayesia
n

p
red

ictor
w

ith
a

d
iscrete

p
rior.

B
esid

es
p
rov

id
in

g
a

com
p
lete-class

th
eorem

for

3
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D
.
R
y
a
b
k
o

(asy
m

p
totic)

p
red

iction
,
th

is
resu

lt
can

also
b

e
seen

as
a

p
artial

m
in

im
ax

th
eorem

:
for

every
set

of
strategies

of
th

e
op

p
on

en
t,

th
e

statistician
h
as

a
m

in
im

ax
strategy.

F
or

th
e

“classical”
case

of
V
C

=
0,

th
at

is,
for

th
e

case
w

h
en

th
e

average
error

of
th

e
b

est
p
red

ictor
van

ish
es,

an
an

alogou
s

asy
m

p
totic

resu
lt

w
as

ob
ta

in
ed

b
y

R
yab

ko
(2

010).
W

e
sh

all
see

th
at

th
e

gen
eral

case
p
resen

ts
p
rin

cip
led

d
iff

eren
ces

(n
ot

lim
ited

to
th

e
p
ro

ofs).
In

p
articu

lar,
as

m
en

tion
ed

ab
ove,

in
th

e
case

V
C
>

0
all

strategies
are

in
ad

m
issib

le
an

d
th

ere
are

n
o

m
in

im
al

com
p
lete

classes,
w

h
ile

if
V
C

=
0

th
en

ev
ery

B
ayes

ru
le

th
at

ach
iev

es
it

is
ad

m
issib

le
an

d
con

stitu
tes

a
m

in
im

al
com

p
lete

class.
T

h
ese

resu
lts

an
d

im
p
lication

s
are

con
sid

ered
in

S
ection

5.
T

h
e

se
c
o
n

d
re

su
lt

p
resen

ted
con

cern
s

regret
m

in
im

ization
.

T
h
at

is,
w

e
tu

rn
th

e
tab

les,
an

d
assu

m
e

th
at

th
e

d
ata-gen

eratin
g

m
ech

an
ism

is
u
n
restricted

,
in

p
a
rticu

lar
it

can
b

e
an

arb
itrary

(d
eterm

in
istic)

seq
u
en

ce.
T

h
e

set
of

p
rob

ab
ility

m
easu

res
C

is
n
ow

th
e

set
of

ex
p

erts,
an

d
th

e
g
oal

of
th

e
statistician

is
to

fi
n
d

a
strategy

th
at

is
as

go
o
d

as
th

e
b

est
o
n
e

in
C

,
for

th
e

given
d
ata.

N
ow

th
at

th
e

d
istrib

u
tion

gen
eratin

g
th

e
d
ata

m
ay

n
o
t

b
e

in
C

,
it

m
ay

h
ap

p
en

th
at

every
com

b
in

ation
of

th
e

ex
p

erts
h
as

strictly
p

ositive
asy

m
p
totic

average
regret,

even
th

ou
gh

0
asy

m
p
totic

average
reg

ret
is

ach
ievab

le.
T

h
e

form
al

resu
lt

con
cern

s
B

ayesian
com

b
in

a
tion

s,
b
u
t

it
is

arg
u
ed

in
S
ection

6
th

at
it

ap
p
lies

m
ore

gen
erally.

T
h

e
o
re

m
2

T
h
ere

exists
a

m
ea

su
ra

ble
setC

su
ch

th
a
t

every
B

a
yesia

n
p
red

icto
r

w
ith

p
rio

r
o
ver
C

h
a
s

a
lin

ea
r

regret
w

ith
respect

to
C

,
w

h
ile

th
ere

exists
a

p
red

icto
r
ρ

w
h
o
se

regret
is

su
blin

ea
r.

P
u
ttin

g
th

e
tw

o
re

su
lts

to
g
e
th

e
r,

in
th

e
realiza

b
le

case
of

th
e

seq
u
en

ce
p
red

iction
p
rob

lem
th

e
b

est
asy

m
p
totic

p
erform

an
ce

can
alw

ay
s

b
e

attain
ed

b
y

a
B

ay
esian

strategy,
w

h
ile

in
th

e
n
on

-realizab
le

case
it

is
p

ossib
le

th
at

all
B

ayesian
strategies

a
re

strictly
su

b
-

op
tim

al.
W

e
can

th
erefore

m
ak

e
th

e
follow

in
g

fu
n
d
am

en
tal

recom
m

en
d
ation

for
ch

o
osin

g
a

m
o
d
el

for
seq

u
en

tial
d
ata:

B
etter

ta
ke

a
m

od
el

la
rge

en
o
u

gh
to

m
a
ke

su
re

it
in

clu
d
es

th
e

p
rocess

th
a
t

gen
era

tes
th

e
d
a
ta

,
even

if
it

m
a
kes

th
e

w
o
rst-ca

se
a
sym

p
to

tic
erro

r
la

rger
th

a
n

zero
,

fo
r

o
th

erw
ise

a
n

y
co

m
bin

a
tio

n
o
f

p
red

icto
rs

in
th

e
m

od
el

cla
ss

m
a
y

be
u

seless.
T

h
u
s,

th
e

resu
lts

p
resen

ted
in

v
ite

a
recon

sid
eration

of
th

e
fam

iliar
trad

e-off
in

m
o
d
el

selection
:

th
e

m
o
d
el

m
u
st

b
e

large
en

ou
gh

to
d
escrib

e
th

e
d
ata

b
u
t

sm
all

en
ou

gh
to

b
e

learn
ab

le.
In

reality,
th

e
fi
rst

p
art

is
often

esch
ew

ed
in

favou
r

of
th

e
secon

d
:

th
e

m
o
d
el

d
o
es

n
ot

in
clu

d
e

th
e

d
ata-gen

eratin
g

m
ech

an
ism

,
b
u
t

allow
s

for
learn

in
g.

In
th

e
con

tex
t

of
seq

u
en

ce
p
red

iction
,

learn
ab

ility
of

th
e

m
o
d
el

is
u
su

ally
u
n
d
ersto

o
d

as
allow

in
g

for
th

e
average

error
or

regret
of

th
e

p
red

ictor
to

go
to

zero.
In

ligh
t

of
th

e
p
resen

ted
resu

lts,
it

can
b

e
su

ggested
to

ch
an

ge
th

e
p
referen

ce
to

th
e

oth
er

sid
e

of
th

e
trad

e-off
,

n
am

ely,
m

ake
th

e
m

o
d
el

large
en

ou
gh

to
in

clu
d
e

th
e

d
ata,

sin
ce

h
av

in
g

a
lin

early
in

creasin
g

loss
d
o
es

n
ot

p
reclu

d
e

on
e

from
fi
n
d
in

g
th

e
b

est
p
red

ictor.
O

n
th

e
oth

er
h
an

d
,

n
ot

h
av

in
g

th
e

d
ata-gen
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ed

as

L̄
(ν
,ρ

)
:=

li
m

su
p

n
→
∞

1 n
L
n
(ν
,ρ

),

w
h
er

e
th

e
u
p
p

er
li
m

it
is

ch
os

en
so

as
to

re
fl
ec

t
th

e
w

or
st

p
er

fo
rm

an
ce

ov
er

ti
m

e.
O

n
e

ca
n

d
efi

n
e

th
e

w
or

st
-c

as
e

p
er

fo
rm

an
ce

of
a

st
ra

te
gy

ρ
b
y

L̄
(C
,ρ

)
:=

su
p

µ
∈C
L̄

(µ
,ρ

)

an
d

th
e

m
in

im
ax

va
lu

e
b
y

V
C

:=
in

f
ρ
∈P
L̄

(C
,ρ

).
(3

)

S
om

e
ex

am
p
le

s
of

ca
lc

u
la

ti
n
g

th
e

la
tt

er
va

lu
e

fo
r

d
iff

er
en

t
se

ts
C

ar
e

co
n
si

d
er

ed
in

S
ec

ti
o
n

4
;

th
e

m
os

t
co

m
m

on
ca

se
in

th
e

li
te

ra
tu

re
is
V
C

=
0,

w
h
ic

h
is

th
e

ca
se

,
fo

r
ex

am
p
le

,
if
C

is
th

e
se

t
of

al
l

i.
i.
d
.

or
al

l
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
s.
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
sia

n
P
r
e
d
ic
t
o
r
s

2
.2

.
R

e
g
re

t

S
w

itch
in

g
th

e
roles,

assu
m

e
th

at
th

e
set

of
strategies

of
th

e
op

p
on

en
t

is
u
n
restricted

;
th

e
set

o
f

p
ro

b
a
b
ility

m
easu

res
C
⊂
P

(X
∞
,F

)
is

n
ow

th
e

set
of

ex
p

erts,
a
n
d

th
e

goal
of

th
e

sta
tisticia

n
is

to
fi
n
d

a
strategy

th
at

is
as

go
o
d

as
th

e
b

est
on

e
in
C

,
for

th
e

given
d
ata.

T
h
u
s,

w
e

a
re

in
terested

in
th

e
(asy

m
p
totic)

regret

R̄
ν(µ

,ρ
)

:=
lim

su
p

n→
∞

1n
[L
n
(ν
,ρ

)−
L
n
(ν
,µ

)],

o
f

u
sin

g
ρ

a
s

o
p
p

osed
to
µ

on
th

e
d
ata

gen
erated

b
y
ν

.
T

h
e

goal
is

to
fi
n
d
ρ

th
at

m
in

im
izes

th
e

w
o
rst-case

(over
d
ata)

regret
w

ith
resp

ect
to

th
e

b
est

ex
p

ert
from

th
e

g
iv

en
setC

:

R
(C
,ρ

)
:=

su
p

ν∈P
su

p
µ∈C

R̄
ν(µ

,ρ
).

N
o
te

th
a
n

in
th

e
ex

p
ert-ad

v
ice

literatu
re

th
e

regret
is

ty
p
ically

d
efi

n
ed

on
fi
n
ite

se-
q
u
en

ces
of

len
g
th

n
,

th
u
s

allow
in

g
b

oth
th

e
ex

p
erts

an
d

th
e

a
lgorith

m
s

to
d
ep

en
d

on
n

ex
p
licitly.
S
im

ilarly
to
V
C ,

w
e

can
n
ow

d
efi

n
e

th
e

valu
e

U
C

:=
in

f
ρ∈P

R
(C
,ρ

),

w
h
ich

is
th

e
w

orst-case
asy

m
p
totic

average
regret

w
ith

resp
ect

to
th

e
set

of
ex

p
ertsC

.
In

v
iew

of
th

e
(n

egative)
resu

lt
th

at
is

ob
tain

ed
for

regret
m

in
im

ization
,

h
ere

w
e

are
m

o
stly

con
cern

ed
w

ith
th

e
case

U
C

=
0.

3
.

R
e
a
liza

b
le

C
a
se

:
M

in
im

izin
g

L
o
ss,

O
p
tim

a
lity

o
f

B
a
y
e
s

R
u
le

s

T
h
e

m
a
in

resu
lt

(T
h
eorem

1)
sh

ow
s

th
at

fo
r

an
y

p
red

ictor
ρ

th
ere

is
a

B
ayesian

p
red

ictor
th

at
is

a
s

g
o
o
d

as
ρ
,

u
p

to
a
O

(log
n

)
loss.

It
follow

s
(C

orollary
2)

th
a
t

th
e

m
in

im
ax

lo
ss

is
a
lw

ay
s

a
ch

ievab
le

an
d

is
ach

ieved
b
y

a
d
iscrete

B
ayesian

p
red

icto
r

—
w

ith
ou

t
an

y
a
ssu

m
p
tio

n
s

on
C

.

T
h

e
o
re

m
1

(u
p

p
e
r

b
o
u

n
d

o
n

th
e

b
e
st

B
a
y
e
sia

n
)

L
etC

be
a
n

y
set

o
f

p
ro

ba
bility

m
ea

-
su

res
o
n

(X
∞
,F

),
a
n

d
let

ρ
be

a
n

o
th

er
p
ro

ba
bility

m
ea

su
re

o
n

th
is

spa
ce,

co
n

sid
ered

a
s

a
p
red

icto
r.

T
h
en

th
ere

is
a

d
iscrete

B
a
yesia

n
p
red

icto
r
ν

,
th

a
t

is,
a

p
red

icto
r

o
f

th
e

fo
rm

∑
k∈

N
w
k µ

k
w

h
ere

µ
k ∈
C

a
n

d
w
k ∈

[0,1
],

su
ch

th
a

t
fo

r
every

µ
∈
C

w
e

h
a
ve

L
n
(µ
,ν

)−
L
n
(µ
,ρ

)≤
8

log
n

+
O

(log
log

n
),

(4)

w
h
ere

th
e

co
n

sta
n

ts
in
O

(·)
a
re

sm
a
ll

a
n

d
a
re

given
in

(26)
u

sin
g

th
e

n
o
ta

tio
n

d
efi

n
ed

in
(1

),
(6

),
(2

0
)

a
n

d
(27).

T
h
e

d
epen

d
en

ce
o
n

th
e

a
lp

h
a
bet

size,
M

,
is

lin
ea

r
(M

log
log

n
)

a
n

d
th

e
rest

o
f

th
e

co
n

sta
n

ts
a
re

u
n

iversa
l.

T
h
e

p
ro

o
f

is
given

after
th

e
corollary.

C
o
ro

lla
ry

2
(a

sy
m

p
to

tic
o
p

tim
a
lity

o
f

B
a
y
e
sia

n
p

re
d

ic
to

rs)
F

o
r

a
n

y
setC

o
f

p
ro

b-
a
bility

m
ea

su
res

o
n

(X
∞
,F

),
th

ere
exist

a
d
iscrete

B
a
yesia

n
p
red

icto
r
ϕ

su
ch

th
a
t

L̄
(C
,ϕ

)
=
V
C .
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D
.
R
y
a
b
k
o

P
ro

o
f

N
ote

th
at

th
e

statem
en

t
d
o
es

n
ot

im
m

ed
iately

follow
from

(4),
b

ecau
se
ρ

in
(4)

m
ay

b
e

su
ch

th
at

su
p
µ∈C

L̄
(µ
,ρ

)
>
V
C .

T
h
u
s,

let
γ
j
>
V
C ,
j
∈

N
b

e
a

n
on

-in
creasin

g
seq

u
en

ce
su

ch
th

at
lim

j→
∞
γ
j

=
V
C .

B
y

th
e

d
efi

n
ition

(3)
of
V
C ,

it
is

p
ossib

le
to

fi
n
d

a
seq

u
en

ce
ρ
j ∈
P

su
ch

th
at
L̄

(C
,ρ
j )≤

γ
j

for
all

j
∈

N
.

F
rom

T
h
eorem

1
w

e
con

clu
d
e

th
at

for
each

ρ
j ,
j∈

N
th

ere
is

a
p
rob

ab
ility

m
easu

re
ν
j

of
th

e
form

∑
k∈

N
w
′k µ

k ,
w

h
ere

µ
k ∈
C

su
ch

th
at

L̄
(C
,ν
j )≤

L̄
(C
,ρ
j ).

It
rem

ain
s

to
d
efi

n
e
ϕ

:=
∑

j∈
N
w
j ν
j ,

w
h
ere

w
j

are
p

ositive
an

d
su

m
to

1.
C

learly,
ϕ

is
a

d
iscrete

B
ay

esian
p
red

ictor.
L

et
u
s

sh
ow

th
at

for
every

j∈
N

it
satisfi

es

L̄
(C
,ϕ

)≤
L̄

(C
,ρ
j ).

(5)

In
d
eed

,
for

every
µ
∈
C

an
d

every
j∈

N

L
n
(µ
,ϕ

)
=
E
µ

log
µ

(x
1
..n

)

ϕ
(x

1
..n

)
≤
E
µ

log
µ

(x
1
..n

)

ν
j (x

1
..n

) −
lo

g
w
j ,

so
th

at
L̄

(µ
,ϕ

)≤
L̄

(µ
,ν
j )≤

L̄
(µ
,ρ
j )≤

γ
j ,

estab
lish

in
g

(5).
F

in
ally,

recall
th

at
γ
j →

V
C

to
ob

tain
th

e
statem

en
t

of
th

e
corollary.

3
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

B
efore

giv
in

g
th

e
p
ro

of
of

th
e

th
eorem

,
let

u
s

b
riefl

y
ex

p
o
se

th
e

m
ain

id
eas

b
eh

in
d

it.
A

ssu
m

e
for

a
m

om
en

t
th

at,
for

each
µ
∈
C

,
th

e
lim

it
lim

n→
∞

1n
log

µ
(x

1
..n

)
ρ
(x

1
..n

)
ex

ists
for

µ
-

alm
ost

all
x

=
x
1 ,...,x

n
,···∈

X
∞

,
w

h
ere

ρ
is

th
e

p
red

ictor
given

to
com

p
are

to.
T

h
en

w
e

cou
ld

d
efi

n
e

(µ
-alm

ost
every

w
h
ere)

th
e

fu
n
ction

f
µ
(x

)
w

h
ose

valu
e

a
t

x
eq

u
als

th
is

lim
it.

L
et

u
s

call
it

th
e

“log-d
en

sity
”

fu
n
ction

.
W

h
at

w
e

w
ou

ld
b

e
lo

ok
in

g
for

th
en

ce
is

to
fi
n
d

a
cou

n
tab

le
d
en

se
su

b
set

of
th

e
set

of
log-d

en
sities

o
f

all
p
rob

ab
ility

m
ea

su
res

from
C

.
T

h
e

m
easu

res
µ

corresp
on

d
in

g
to

each
log-d

en
sity

in
th

is
cou

n
tab

le
set

w
ou

ld
th

en
con

stitu
te

th
e

seq
u
en

ce
w

h
ose

ex
isten

ce
th

e
th

eorem
asserts.

T
o

fi
n
d

su
ch

a
d
en

se
cou

n
tab

le
su

b
set

w
e

cou
ld

em
p
loy

a
stan

d
ard

p
ro

ced
u
re:

ap
p
rox

im
ate

all
log-d

en
sities

b
y

step
fu

n
ction

s
w

ith
fi
n
itely

m
an

y
step

s.
T

h
e

m
ain

tech
n
ical

argu
m

en
t

is
th

en
to

sh
ow

th
at,

for
each

level
of

th
e

step
fu

n
ction

s,
th

ere
are

n
ot

to
o

m
an

y
of

th
ese

fu
n
ction

s
w

h
ose

step
s

are
co

n
cen

trated
on

d
iff

eren
t

sets
of

n
on

-n
egligib

le
p
rob

ab
ility,

for
oth

erw
ise

th
e

req
u
irem

en
t

th
at
ρ

attain
s
V
C

w
ou

ld
b

e
v
iolated

.
H

ere
“n

ot
to

o
m

an
y
”

m
ean

s
ex

p
on

en
tially

m
an

y
w

ith
th

e
righ

t
ex

p
on

en
t

(th
e

on
e

corresp
on

d
in

g
to

th
e

step
of

th
e

step
-fu

n
ction

w
ith

w
h
ich

w
e

ap
p
rox

im
ate

th
e

d
en

sity
),

an
d

“n
on

-n
egligib

le
p
rob

ab
ility

”
m

ean
s

a
p
rob

ab
ility

b
ou

n
d
ed

aw
ay

(in
n

)
from

0.
In

reality,
w

h
at

w
e

d
o

in
stead

in
th

e
p
ro

of
is

u
se

th
e

step
-fu

n
ction

s
ap

p
rox

im
ation

at
each

tim
e

step
n

.
S
in

ce
th

ere
are

on
ly

cou
n
tab

ly
m

an
y

tim
e

step
s,

th
e

resu
lt

is
still

a
cou

n
tab

le
set

of
m

easu
res

µ
from

C
.

B
efore

goin
g

fu
rth

er,
n
ote

th
at

con
stru

ctin
g

a
p
red

icto
r

for
each

n
d
o
es

n
ot

m
ean

con
stru

ctin
g

th
e

b
est

p
red

ictors
u
p

to
th

is
tim

e
step

:
in

fact,
tak

in
g

a
p
red

ictor
th

at
is

m
in

im
ax

op
tim

al
u
p

to
n

,
for

each
n

,
an

d
su

m
m

in
g

th
ese

p
red

ictors
u
p

(w
ith

w
eigh

ts)
for

all
n
∈

N
m

ay
resu

lt
in

th
e

w
orst

p
ossib

le
p
red

ictor
overall,

an
d

in
p
articu

lar,
a

on
e

m
u
ch

w
orse

th
an

th
e

p
red

ictor
ρ

given
.

A
n

ex
am

p
le

of
th

is
b

eh
av

iou
r

is
given

in
th

e
p
ro

of
of

T
h
eorem

3
(th

e
low

er
b

ou
n
d
).

T
h
e

ob
jective

for
ea

ch
n

is
d
iff

eren
t,

an
d

it
is

to
ap

p
rox

im
ate

th
e

m
easu

re
ρ

u
p

to
th

is
tim

e
step

w
ith

m
easu

res
from

C
.

F
or

each
n

,
w

e
con

sid
er

a
coverin

g
of

th
e

set
X
n

w
ith

su
b
sets,

each
of

w
h
ich

is
asso

ciated
w

ith
a
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
si
a
n
P
r
e
d
ic
t
o
r
s

m
ea

su
re
µ

fr
om
C.

T
h
es

e
la

tt
er

m
ea

su
re

s
ar

e
th

en
th

os
e

th
e

p
ri

or
is

co
n
ce

n
tr

at
ed

on
(t

h
at

is
,

th
ey

ar
e

su
m

m
ed

u
p

w
it

h
w

ei
gh

ts
).

T
h
e

co
ve

ri
n
g

is
co

n
st

ru
ct

ed
as

fo
ll
ow

s.
T

h
e

lo
g-

ra
ti

o

fu
n
ct

io
n

lo
g
µ
(x

1
..
n
)

ρ
(x

1
..
n
)
,

w
h
er

e
ρ

is
th

e
p
re

d
ic

to
r

w
h
o
se

p
er

fo
rm

an
ce

w
e

ar
e

tr
y
in

g
to

m
at

ch
,

is
ap

p
ro

x
im

at
ed

w
it

h
a

st
ep

fu
n
ct

io
n

fo
r

ea
ch
µ

,
an

d
fo

r
ea

ch
si

ze
of

th
e

st
ep

.
T

h
e

ce
ll
s

of
th

e
re

su
lt

in
g

p
ar

ti
ti

on
ar

e
th

en
or

d
er

ed
w

it
h

re
sp

ec
t

to
th

ei
r
ρ

p
ro

b
ab

il
it

y.
T

h
e

m
ai

n
p
ar

t
of

th
e

p
ro

of
is

th
en

to
sh

ow
th

at
n
ot

to
o

m
an

y
ce

ll
s

ar
e

n
ee

d
ed

to
co

ve
r

th
e

se
t
X
n

th
is

w
ay

u
p

to
a

sm
al

l
p
ro

b
ab

il
it

y.
Q

u
an

ti
fy

in
g

th
e

“n
ot

to
o

m
an

y
”

an
d

“s
m

al
l”

p
ar

ts
re

su
lt

s
in

th
e

fi
n
al

b
ou

n
d
.

It
is

w
or

th
n
ot

in
g

th
at

th
e

p
ro

of
th

at
R

ya
b
ko

(2
01

0)
ob

ta
in

s
fo

r
th

e
sp

ec
ia

l
ca

se
V
C

=
0,

d
o
es

n
ot

d
ir

ec
tl

y
ge

n
er

al
iz

e.
In

fa
ct

,
ti

d
y
in

g
u
p

th
e

co
n
st

an
ts

in
th

a
t

p
ro

of
,
o
n
e

on
ly

ob
ta

in
s

th
e

as
y
m

p
to

ti
c

lo
ss

of
2V
C

fo
r

th
e

m
ix

tu
re

p
re

d
ic

to
r

p
re

se
n
te

d
th

er
e.

It
is

n
ot

a
p
ro

b
le

m
fo

r
th

e
ca

se
V
C

=
0,

b
u
t

of
co

u
rs

e
is

n
ot

w
h
at

w
e

w
an

t
in

th
e

ge
n
er

al
ca

se
.

T
h
e

re
as

on
b

eh
in

d
th

is
p
ro

b
le

m
is

th
at

fo
r

th
e

co
n
st

ru
ct

io
n

in
th

e
p
ro

of
of

R
y
ab

ko
(2

01
0)

on
e

ca
n

o
n
ly

u
se

th
e

fa
ct

th
at

ea
ch

of
th

e
m

ea
su

re
s
µ
k

in
th

e
se

q
u
en

ce
is

as
g
o
o
d

as
th

e
p
re

d
ic

to
r
ρ

w
h
os

e
ex

is
te

n
ce

is
as

su
m

ed
(t

h
e

on
e

th
at

at
ta

in
s
V
C

=
0)

.
In

co
n
tr

as
t,

in
th

e
p
ro

of
b

el
ow

w
e

ar
e

ab
le

to
u
se

th
e

fa
ct

th
at

ea
ch

m
ea

su
re

in
th

e
se

q
u
en

ce
is

in
fa

ct
m

u
ch

b
et

te
r

th
an

ρ
on

so
m

e
su

b
se

ts
of
X
n
.

P
ro

o
f

[o
f

T
h
eo

re
m

1.
]

D
efi

n
e

th
e

w
ei

gh
ts
w
k

as
fo

ll
ow

s:
w
1

:=
1/

2
,

an
d
,

fo
r
k
>

1

w
k

:=
w
/k

lo
g
2
k
,

(6
)

w
h
er

e
w

is
th

e
n
or

m
al

iz
er

su
ch

th
at
∑

k
∈N
w
k

=
1.

R
ep

la
ci

n
g
ρ

w
it

h
1/

2(
ρ

+
δ)

if
n
ec

es
sa

ry
,

w
h
er

e
δ

is
th

e
i.
i.
d
.

p
ro

b
ab

il
it

y
m

ea
su

re
w

it
h

eq
u
al

p
ro

b
ab

il
it

ie
s

of
ou

tc
om

es
,

i.
e.
δ(
x
1
..
n
)

=
M
−
1
/
n

fo
r

al
l
n
∈
N
,x

1
..
n
∈
X
n
,

w
e

sh
al

l
as

su
m

e,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,

−
lo

g
ρ
(x

1
..
n
)
≤
n
M

+
1

fo
r

al
l
n
∈
N

an
d
x
1
..
n
∈
X
n
.

(7
)

T
h
e

re
p
la

ce
m

en
t

is
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
as

it
ad

d
s

at
m

os
t

1
to

th
e

fi
n
al

b
ou

n
d

(t
o

b
e

ac
co

u
n
te

d
fo

r)
.

T
h
u
s,

in
p
ar

ti
cu

la
r,

L
n
(µ
,ρ

)
≤
n
M

+
1

fo
r

al
l
µ
.

(8
)

T
h
e

fi
rs

t
p
ar

t
of

th
e

p
ro

of
is

th
e

fo
ll
ow

in
g

co
ve

ri
n
g

co
n
st

ru
ct

io
n
.

F
or

ea
ch

µ
∈
C,
n
∈
N

d
efi

n
e

th
e

se
ts

T
n µ

:=

{ x
1
..
n
∈
X
n

:
µ

(x
1
..
n
)

ρ
(x

1
..
n
)
≥

1 n

}
.

(9
)

F
ro

m
M

ar
ko

v
in

eq
u
al

it
y,

w
e

ob
ta

in

µ
(X

n
\T

n µ
)
≤

1
/n
.

(1
0)

F
or

ea
ch

k
>

1
le

t
U
k

b
e

th
e

p
ar

ti
ti

on
of

[−
lo
g
n

n
,M

+
1 n
]

in
to

k
in

te
rv

al
s

d
efi

n
ed

as
fo

ll
ow

s.
U
k

:=
{u

i k
:
i

=
1.
.k
},

w
h
er

e

u
i k

=

        

[ −
lo
g
n

n
,
iM k

]
i

=
1,

( (
i−

1
)M
k

,
iM k

]
1
<
i
<
k
,

( (
i−

1
)M
k

,M
+

1 n

]
i

=
k
.

(1
1)
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D
.
R
y
a
b
k
o

T
h
u
s,
U
k

is
a

p
ar

ti
ti

on
of

[0
,M

]
in

to
k

eq
u
al

in
te

rv
al

s
b
u
t

fo
r

so
m

e
p
ad

d
in

g
th

a
t

w
e

a
d
d
ed

to
th

e
le

ft
m

os
t

an
d

th
e

ri
gh

tm
os

t
in

te
rv

al
s:

on
th

e
le

ft
w

e
ad

d
ed

[−
lo
g
n

n
,0

)
an

d
o
n

th
e

ri
g
h
t

(M
,M

+
1
/n

].
F

or
ea

ch
µ
∈
C,
n
,k
>

1,
i

=
1.
.k

d
efi

n
e

th
e

se
ts

T
n µ
,k
,i

:=

{ x
1
..
n
∈
X
n

:
1 n

lo
g
µ

(x
1
..
n
)

ρ
(x

1
..
n
)
∈
u
i k

}
.

(1
2
)

O
b
se

rv
e

th
at

,
fo

r
ev

er
y
µ
∈
C,
k
,n

>
1,

th
es

e
se

ts
co

n
st

it
u
te

a
p
ar

ti
ti

on
of
T
n µ

in
to
k

d
is

jo
in

t

se
ts

:
in

d
ee

d
,

on
th

e
le

ft
w

e
h
av

e
1 n

lo
g
µ
(x

1
..
n
)

ρ
(x

1
..
n
)
≥
−

1 n
lo

g
n

b
y

d
efi

n
it

io
n

(9
)

o
f
T
n µ
,

a
n
d

o
n

th
e

ri
gh

t
w

e
h
av

e
1 n

lo
g
µ
(x

1
..
n
)

ρ
(x

1
..
n
)
≤
M

+
1/
n

fr
om

(7
).

In
p
ar

ti
cu

la
r,

fr
om

th
is

d
efi

n
it

io
n
,

fo
r

al
l
x
1
..
n
∈
T
n µ
,k
,i

w
e

h
av

e

µ
(x

1
..
n
)
≤

2
iM
k
n
+
1
ρ
(x

1
..
n
).

(1
3
)

F
or

ev
er

y
n
,k
∈
N

an
d
i
∈
{1
..
k
}

co
n
si

d
er

th
e

fo
ll
ow

in
g

co
n
st

ru
ct

io
n
.

D
efi

n
e

m
1

:=
m

ax
µ
∈C

ρ
(T

n µ
,k
,i
)

(s
in

ce
X
n

ar
e

fi
n
it

e
al

l
su

p
re

m
a

ar
e

re
ac

h
ed

).
F

in
d

an
y
µ
1

su
ch

th
at
ρ
(T

n µ
1
,k
,i
)

=
m

1
a
n
d

le
t
T
1

:=
T
n µ
1
,k
,i
.

F
or
l
>

1,
le

t

m
l

:=
m

a
x

µ
∈C

ρ
(T

n µ
,k
,i
\T

l−
1
).

If
m
l
>

0,
le

t
µ
l

b
e

an
y
µ
∈
C

su
ch

th
at
ρ
(T

n µ
l,
k
,i
\T

l−
1
)

=
m
l,

an
d

le
t
T
l

:=
T
l−

1
∪
T
n µ
l,
k
,i
;

ot
h
er

w
is

e
le

t
T
l

:=
T
l−

1
an

d
µ
l

:=
µ
l−

1
.

N
ot

e
th

at
,

fo
r

ea
ch

x
1
..
n
∈
T
l

th
er

e
is
l′
≤
l

su
ch

th
at
x
1
..
n
∈
T
n µ
l′
,k
,i

an
d

th
u
s

fr
om

(1
2)

w
e

ge
t

2
(i
−
1
)M
k

n
−
lo
g
n
ρ
(x

1
..
n
)
≤
µ
l′
(x

1
..
n
).

(1
4
)

F
in

al
ly

,
d
efi

n
e

ν n
,k
,i

:=
∞ ∑ l=
1

w
lµ
l.

(1
5
)

(N
ot

ic
e

th
at

fo
r

ev
er

y
n
,k
,i

th
er

e
is

on
ly

a
fi
n
it

e
n
u
m

b
er

of
p

os
it

iv
e
m
l,

si
n
ce

th
e

se
t
X
n

is
fi
n
it

e;
th

u
s

th
e

su
m

in
th

e
la

st
d
efi

n
it

io
n

is
eff

ec
ti

ve
ly

fi
n
it

e.
)

F
in

al
ly

,
d
efi

n
e

th
e

p
re

d
ic

to
r

ν
as

ν
:=

1 2

∑ n
,k
∈N
w
n
w
k

1 k

k ∑ i=
1

ν n
,k
,i

+
1 2
r,

(1
6
)

w
h
er

e
r

is
a

re
gu

la
ri

ze
r

d
efi

n
ed

so
as

to
h
av

e
fo

r
ea

ch
µ
′ ∈
C

an
d
n
∈
N

lo
g
µ
′ (
x
1
..
n
)

ν
(x

1
..
n
)
≤
n
M
−

lo
g
w
n

+
1

fo
r

al
l
x
1
..
n
∈
X
n
;

(1
7
)

th
is

an
d

th
e

st
ro

n
ge

r
st

at
em

en
t

(7
)

fo
r
ν

ca
n

b
e

ob
ta

in
ed

an
al

og
ou

sl
y

to
th

e
la

tt
er

in
eq

u
a
li
ty

in
th

e
ca

se
th

e
i.
i.
d
.

m
ea

su
re
δ

is
in
C;

o
th

er
w

is
e

(s
in

ce
w

e
n
ee

d
to

d
efi

n
e
ν

as
a

co
m

b
in

a
ti

o
n

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

fr
om
C

on
ly

),
r

ca
n

b
e

d
efi

n
ed

th
e

sa
m

e
w

ay
as

is
d
o
n
e

in
(R

ya
b
ko

,

1
0
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
sia

n
P
r
e
d
ic
t
o
r
s

2
0
1
0
,

S
tep

r
o
f

th
e

p
ro

of
of

T
h
eorem

5);
for

th
e

sak
e

of
com

p
leten

ess,
th

is
a
rgu

m
en

t
is

giv
en

in
th

e
en

d
o
f

th
is

p
ro

of.

N
ex

t,
let

u
s

sh
ow

th
at

th
e

m
easu

re
ν

is
th

e
p
red

ictor
w

h
ose

ex
isten

ce
is

claim
ed

in
th

e
sta

tem
en

t.

In
tro

d
u
ce

th
e

n
otationL

n |A
(µ
,ν

)
:=

∑x
1
..n ∈

A

µ
(x

1
..n

)
log

µ
(x

1
..n

)

ρ
(x

1
..n

)
;

w
ith

th
is

n
o
tation

,
for

an
y

set
A
⊂
X
n

w
e

h
ave

L
n
(µ
,ν

)
=
L
n |A

(µ
,ν

)
+
L
n |X

n\
A

(µ
,ν

).

F
irst

w
e

w
a
n
t

to
sh

ow
th

at,
for

each
µ
∈
C

,
for

each
fi
x
ed
k
,i,

th
e

sets
T
nµ,k
,i

are
covered

b
y

su
ffi

cien
tly

few
sets

T
l ,

w
h
ere

“su
ffi

cien
tly

few
”

is,
in

fact,
ex

p
on

en
tially

m
an

y
w

ith
th

e
rig

h
t

ex
p

on
en

t.
B

y
d
efi

n
ition

,
for

each
n
,i,k

th
e

sets
T
l \
T
l−

1
are

d
isjoin

t
(for

d
iff

eren
t
l)

a
n
d

h
ave

n
o
n
-in

creasin
g

(w
ith

l)
ρ
-p

rob
ab

ility.
T

h
erefore,

ρ
(T
l+

1 \
T
l )≤

1/l
for

all
l∈

N
.

H
en

ce,
fro

m
th

e
d
efi

n
ition

of
T
l ,

w
e

m
u
st

also
h
ave

ρ
(T

nµ,k
,i \T

l )≤
1/l

for
all

l∈
N

.
F

rom
th

e
la

tter
in

eq
u
ality

an
d

(13)
w

e
ob

tain

µ
(T

nµ,k
,i \
T
l )≤

1l
2
iMk

n
+
1.

T
a
ke
li

:=
dk
n

2
iMk

n
+
1e

to
ob

tain

µ
(T

nµ,k
,i \T

li )≤
1k
n
.

(18)

M
o
reover,

for
every

i
=

1..k
,

for
each

x
1
..n
∈
T
li ,

th
ere

is
l ′≤

li
su

ch
th

at
x
1
..n
∈
T
nµ
l ′ ,k

,i

a
n
d

th
u
s

th
e

fo
llow

in
g

ch
ain

h
old

s

ν
(x

1
..n

)≥
12
w
n
w
k

1k
ν
n
,k
,i ≥

12
w
n
w
k

1k
w
k
n
2
iMk

n
+
1 µ

l ′(x
1
..n

)

≥
w

3

4n
2k

3
log

2
n

log
2
k
(log

k
+

log
n

+
1

+
n
M
i/k

)
2
2 −

iMk
n
µ
l ′(x

1
..n

)

≥
w

3

4(M
+

1)
2n

4k
3

log
2
n

log
2
k

2 −
iMk

n
µ
l ′(x

1
..n

)

≥
w

3

4(M
+

1)
2n

5k
3

log
2
n

log
2
k

2 −
Mk
n
ρ
(x

1
..n

)
=
B
n
2 −

Mk
n
ρ
(x

1
..n

),
(19)

w
h
ere

th
e

fi
rst

in
eq

u
ality

is
from

(16),
th

e
secon

d
from

(15)
w

ith
l

=
li ,

th
e

th
ird

is
b
y

d
efi

n
itio

n
o
f
w
l ,

th
e

fou
rth

u
ses

i≤
k

for
th

e
ex

p
on

en
tial

term
,

as
w

ell
as

(log
n

+
log

k
)≤

n
−

1
fo

r
n
≥

3,
w

h
ich

w
ill

b
e

ju
stifi

ed
b
y

th
e

ch
oice

of
k

in
th

e
follow

in
g

(27),
th

e
fi
fth

in
eq

u
a
lity

u
ses

(14),
an

d
th

e
fi
n
al

eq
u
ality

in
tro

d
u
ces

B
n

d
efi

n
ed

as

B
n

:=
w

3

4(M
+

1)
2n

5k
3

log
2
n

log
2
k
.

(20)

1
1
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D
.
R
y
a
b
k
o

W
e

h
ave

L
n
(µ
,ν

)
=

(
k
∑i=

1

L
n |T

li (µ
,ν

) )
+
L
n |X

n\∪
ki=

1
T
li (µ

,ν
).

(21)

F
or

th
e

fi
rst

term
,

from
(19)

w
e

ob
tain

k
∑i=

1

L
n |T

li (µ
,ν

)≤
k
∑i=

1

L
n |T

li (µ
,ρ

)
+
M
n
/k−

log
B
n

=
L
n
(µ
,ρ

)−
L
n |X

n\∪
ki=

1
T
li (µ

,ρ
)

+
M
n
/k−

log
B
n
.

(22)

F
or

th
e

secon
d

term
in

(21),
w

e
recall

th
at
T
nµ,k
,i ,
i

=
1..k

is
a

p
artition

of
T
nµ
,
an

d
d
ecom

p
ose

X
n\∪

ki=
1 T

li ⊆
(∪

ki=
1 (T

nµ,k
,i \

T
li ) )
∪

(X
n\

T
nµ
).

(23)

N
ex

t,
u
sin

g
(17)

an
d

an
u
p
p

er-b
ou

n
d

for
th

e
µ

-p
rob

ab
ility

of
each

of
th

e
tw

o
sets

in
(23),

n
am

ely,
(18)

an
d

(10),
as

w
ell

as
k
≥

1,
w

e
ob

tain

L
n |X

n\∪
ki=

1
T
li (µ

,ν
)≤

(n
M
−

log
w
n

+
1)

2n
.

(24)

R
etu

rn
in

g
to

(22),
from

J
en

sen
’s

in
eq

u
ality

on
e

can
sh

ow
(see,

e.g.,
R

y
ab

ko,
2010,

eq
u
ation

11)
th

at,
for

an
y

set
A
⊂
X
n
,

−
L
n |A

(µ
,ρ

)≤
µ

(A
)

log
ρ
(A

)
+

1
/2
.

T
h
erefore,

u
sin

g
(8),

sim
ilarly

to
(24)

w
e

ob
tain

−
L
n |X

n\∪
ki=

1
T
li (µ

,ρ
)≤

(n
M

+
1)

2n
+

12
.

(25)

C
om

b
in

in
g

(21)
w

ith
(22),

(24)
an

d
(25)

w
e

d
erive

L
n
(µ
,ν

)≤
L
n
(µ
,ρ

)
+
M
n
/k−

log
B
n

+
4
M
−

2n
(log

w
n −

1)
+

1
/2;

(26)

settin
g

k
:=
dn
/

log
log

ne
(27)

w
e

ob
tain

th
e

statem
en

t
of

th
e

th
eorem

.
It

rem
ain

s
to

com
e

b
ack

to
(17)

an
d

d
efi

n
e

th
e

regu
larizer

r
as

a
com

b
in

ation
of

m
easu

res
from

C
for

th
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in
eq

u
ality

to
h
old

.
F
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each

n
∈
N

,
d
en

ote

A
n

:=
{x

1
..n
∈
X
n

:∃
µ
∈
C
µ

(x
1
..n

)6=
0}
,
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d
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1
..n
∈
X
n
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th
e
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rob

ab
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1
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b
e
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y
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µ
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1
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(x
1
..n
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p
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µ
(x

1
..n
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D

efi
n
e

r ′n
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1

|A
n |

∑

x
1
..n ∈
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n

µ
x
1
..n
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n
∈
N
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an

d
let

r
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∑

n∈
N
w
n
r ′n .
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ev
ery

µ
∈
C

w
e

h
ave

r(x
1
..n

)≥
w
n |A

n | −
1µ

x
1
..n

(x
1
..n
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12
w
n |X
| −
n
µ

(x
1
..n

)
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ev

ery
n
∈
N

an
d

every
x
1
..n
∈
A
n
,

estab
lish

in
g

(17).
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b
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ra
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p
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p
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p
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d
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e
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h
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in
fi

n
it

y
w

it
h
n

,
th
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∈
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∈
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b
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h
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e
O

(l
og
n

)
u
p
p
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p
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b
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b
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b
es

t
p
re

d
ic

to
r

fo
r

ea
ch

µ
∈
C,

w
h
ic

h
is

al
w

ay
s
µ

it
se

lf
.

N
ot

e
al

so
th

at
th

is
fo

rm
u
la

ti
on

is
g
o
o
d

en
ou

gh
to

b
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h
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p
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b
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p
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r
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h
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se
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p
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P
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f
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b
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p
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h
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en
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ar
e
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so
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n
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p
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ti
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u
ce

S
n

:=
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∈
X
∞

:
x
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=
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r
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:=
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S
n
.

L
et
C n

b
e
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e

se
t
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al

l
p
ro

b
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il
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su

re
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t
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b
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p
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d
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∈
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∈
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b
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ev
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b
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ay
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h
is

w
h
a
t

w
e

sh
al

l
ex

p
lo

it
.

O
b
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n
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b
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C
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b
y

d
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n
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n
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e
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fo
r

so
m

e
w

ei
gh

ts
w
k
∈
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]
an

d
so

m
e

m
ea

su
re

s
µ
k
∈
C.

T
h
u
s,

w
e

fi
x

an
y

B
ay

es
ia

n
ν

in
th

is
fo

rm
.

D
efi

n
e
ρ

to
b

e
th

e
B

er
n
ou

ll
i

i.
i.
d
.

m
ea

su
re

w
it

h
th

e
p
ar

am
et

er
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ot
e
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t
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n
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=
n
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h
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p
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m
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fo

r
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y
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n
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e
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m
e
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n
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ρ
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p

µ
∈C
L
n
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,ρ
′ )

=
n
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w
h
er

e
th

e
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f
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ov
er
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l

p
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b
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p
ro

b
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il
it

y
m
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re
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T
h
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is
w
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y
ρ
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h
a
rd
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m
p
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e

w
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h
—

an
d
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h
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b
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n
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m
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fo
r
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p
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∈
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b
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e
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b
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W
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<
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µ
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M
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i
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<
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∞
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∈
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e
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e
se

q
u
en

ce
s

in
S
n
+
1

w
it

h
1

o
n

th
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∈
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∈
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⊂
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b
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p
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p
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h
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w
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p
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d
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b
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b
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c
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h
is

so
m

ew
h
at

ar
ti

fi
ci

al
,

b
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b
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∞
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b
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b
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p
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w
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b
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su
b
set

S
lj

of
S
′ lj

su
ch

th
at

for
each

x
′∈

S
′ lj

th
ere

is
x
∈
S

su
ch

th
a
t
x
′1
..n

j
=
x
1
..n

j .
T

h
is

is
p

ossib
le,

sin
ce

th
e

setX
n
j

is
fi
n
ite.

N
ow

for
each

x
∈
S
lj

ta
ke

th
e

co
rresp

on
d
in

g
m

easu
re
µ
x
∈
C

an
d

attach
to

it
th

e
w

eigh
t
w
l w
j /|S

lj |,
w

h
ere,

as

b
efo

re,
w

e
a
re

u
sin

g
th

e
w

eigh
ts
w
k

=
w
/k

log
2
k
.

T
ak

in
g

th
ese

m
easu

res
for

all
j,l∈

N
,

w
e

o
b
ta

in
o
u
r

con
v
ex

com
b
in

ation
.

O
f

cou
rse,

w
e

d
id

n
o
t

en
u
m

erate
all

seq
u
en

ces
in
S

(or
m

ea
su

res
in
C

)
th

is
w

ay
;

b
u
t

for
each

seq
u
en

ce
x
∈
S

an
d

for
each

n
th

ere
is

a
seq

u
en

ce
a
m

o
n
g

th
o
se

th
at

w
e

d
id

en
u
m

erate
th

at
coin

cid
es

w
ith

x
u
p

to
th

e
in

d
ex
n

.
O

n
e

can
th

en
u
se

th
e

th
eo

ry
of

ty
p

es
(C

siszar,
1998)

to
calcu

late
th

e
sizes

of
th

e
sets

S
lj

an
d

to
ch

eck
th

at
th

e
w

eig
h
ts

w
e

fou
n
d

give
th

e
op

tim
a
l

loss
w

e
are

after;
b
u
t

for
th

e
illu

strative
p
u
rp

oses
of

th
is

ex
a
m

p
le

th
is

is
alread

y
n
ot

n
ecessary.

4
.2

.
P

ro
c
e
sse

s
w

ith
A

b
ru

p
t

C
h

a
n

g
e
s

S
ta

rt
w

ith
a

fa
m

ily
of

d
istrib

u
tion

s
S

,
for

w
h
ich

w
e

h
av

e
a

go
o
d

p
red

ictor:
for

ex
am

p
le,

ta
ke

S
to

b
e

th
e

set
B

of
all

B
ern

ou
lli

i.i.d
.

p
ro

cesses,
or,

m
ore

gen
erally,

a
set

for
w

h
ich

V
S

=
0
.

T
h
e

fa
m

ily
C
α

p
aram

etrized
b
y
α
∈

(0,1)
an

d
S

is
th

en
th

e
fam

ily
of

all
p
ro

cesses
co

n
stru

cted
a
s

follow
s:

th
ere

is
a

seq
u
en

ce
of

in
d
ex

es
n
i

su
ch

th
at
X
n
i ..n

i+
1

is
d
istrib

u
ted

a
cco

rd
in

g
to
µ
i

for
som

e
µ
i ∈

S
.

T
ake

th
en

all
p

ossib
le

seq
u
en

ces
µ
i

a
n
d

all
seq

u
en

ces
n
i

w
h
o
se

lim
itin

g
freq

u
en

cy
lim

su
p
i→
∞

1n {i
:
n
i
<
n}

is
b

ou
n
d
ed

b
y
α

,
to

ob
tain

o
u
r

setC
S
,α

.
T

h
u
s,

w
e

h
ave

a
fam

ily
of

p
ro

cesses
w

ith
a
b
ru

p
t

ch
an

ges
in

d
istrib

u
tion

,
w

h
ere

b
etw

een
ch

a
n
g
es

th
e

d
istrib

u
tion

is
from

S
,

th
e

ch
an

ges
are

assu
m

ed
to

h
ave

th
e

freq
u
en

cy
b

ou
n
d
ed

b
y
α

b
u
t

a
re

o
th

erw
ise

arb
itrary.

T
h
is

ex
am

p
le

w
as

con
sid

ered
b
y

W
illem

s
(1996)

for
th

e
ca

se
S

=
B

,
w

ith
th

e
goal

of
m

in
im

izin
g

th
e

regret
w

ith
resp

ect
to

th
e

p
red

ictor
th

at
k
n
ow

s
w

h
ere

th
e

ch
an

ges
o
ccu

r
(th

e
valu

e
V
C

w
as

n
ot

con
sid

ered
d
irectly

).
T

h
e

m
eth

o
d

p
ro

p
o
sed

in
th

e
latter

w
ork

,
in

fact,
is

n
ot

lim
ited

to
th

e
case

S
=
B

,
b
u
t

is
gen

eral.
T

h
e

a
lg

o
rith

m
is

b
a
sed

on
a

p
rior

over
all

p
ossib

le
seq

u
en

ces
n
i

of
ch

an
ges;

b
etw

een
th

e
ch

an
ges

th
e

o
p
tim

a
l

p
red

ictor
for

B
is

u
sed

,
w

h
ich

is
also

a
B

ayesian
p
red

ictor
w

ith
a

sp
ecifi

c
p
rio

r.
T

h
e

reg
ret

ob
tain

ed
is

of
ord

er
log

n
.

S
in

ce
for

B
ern

ou
lli

p
ro

cesses
th

em
selves

th
e

b
est

a
ch

ieva
b
le

av
erage

loss
u
p

to
tim

e
n

is
1n
(
12

log
n

+
1),

for
th

e
seq

u
en

ce
1
..n

t
it

is
1n
t ∑

ti=
1 (

12
lo

g
(n
i −

n
i−

1 )
+

1),
w

h
ere

n
0

:=
1.

B
y

J
en

sen
’s

in
eq

u
ality,

th
is

su
m

is
m

ax
im

ized
w

h
en

a
ll

th
e

segm
en

ts
n
i −

n
i−

1
are

of
th

e
sam

e
len

gth
,

1/α
,

so
th

e
total

average
loss

is
u
p
p

er-b
o
u
n
d
ed

b
y
α

(1−
12

log
α

).
T

h
is

valu
e

is
also

attain
ab

le,
a
n
d

th
u
s

gives
V
C
B
,α

.
A

sim
ila

r
resu

lt
can

b
e

ob
tain

ed
if

w
e

rep
lace

B
ern

ou
lli

p
ro

cesses
w

ith
M

arkov
p
ro

cesses,
b
u
t

n
o
t

w
ith

a
n

a
rb

itrary
S

for
w

h
ich

V
S

=
0.

F
or

ex
am

p
le,

if
w

e
take

S
to

b
e

all
fi
n
ite-m

em
ory

d
istrib

u
tio

n
s,

th
en

th
e

resu
ltin

g
p
ro

cess
m

ay
b

e
com

p
letely

u
n
p
red

ictab
le

(V
C

=
1):

in
d
eed

,
if

th
e

m
em

o
ry

of
d
istrib

u
tion

s
µ
i

grow
s

(w
ith

i)
faster

th
an

α
n

,
th

en
th

ere
is

little
on

e
ca

n
d
o
.

F
o
r

su
ch

sets
S

on
e

can
m

ake
th

e
p
rob

lem
am

en
ab

le
b
y

restrictin
g

th
e

w
ay

th
e

d
istrib

u
tion

s
µ
i

are
selected

,
for

ex
am

p
le,

im
p

osin
g

an
ergo

d
icity

-like
co

n
d
ition

th
at

th
e

avera
g
e

d
istrib

u
tion

h
as

a
lim

it.
A

n
oth

er
w

ay
(often

con
sid

ered
in

th
e

literatu
re

in
sligh

tly
d
iff

eren
t

settin
g
s,

see
G

yorgy
et

al.,
2012

an
d

referen
ces)

is
to

h
av

e
α
→

0,
alth

ou
gh

in
th

is
ca

se
o
n
e

recovers
V
C
S

=
0

p
rov

id
ed

α
go

es
to

0
slow

ly
en

ou
gh

(an
d
,

of
cou

rse,
p
rov

id
ed

V
S

=
0
).
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D
.
R
y
a
b
k
o

4
.3

.
P

re
d

ic
ta

b
le

A
sp

e
c
ts

T
h
e

p
reced

in
g

ex
am

p
le

can
b

e
th

o
u
gh

t
o
f

as
an

in
stan

tiation
of

th
e

gen
eral

class
of

p
ro-

cesses
in

w
h
ich

som
e

asp
ects

are
p
red

ictab
le

w
h
ile

oth
ers

a
re

n
ot.

T
h
u
s,

in
th

e
con

sid
ered

ex
am

p
le

ch
an

ges
b

etw
een

th
e

d
istrib

u
tion

s
w

ere
u
n
p
red

ictab
le,

b
u
t

b
etw

een
th

e
ch

an
ges

th
e

d
istrib

u
tion

s
w

ere
p
red

ictab
le.

A
n
oth

er
ex

a
m

p
le

of
th

is
k
in

d
is

th
at

of
p
ro

cesses
p
red

ictab
le

on
som

e
scales

b
u
t

n
ot

on
oth

ers.
Im

agin
e

th
at

it
is

p
ossib

le
to

p
red

ict,
for

ex
am

p
le,

large
fl
u
ctu

ation
s

of
th

e
p
ro

cess
b
u
t

n
ot

sm
all

fl
u
ctu

ation
s

(or
th

e
oth

er
w

ay
arou

n
d
).

M
ore

form
ally,

con
sid

er
n
ow

an
alp

h
ab

etX
w

ith
|X
|
>

2,
an

d
let

Y
b

e
a

p
artition

ofX
.

F
or

an
y

seq
u
en

ce
x
1 ,...,x

n
,...

th
ere

is
an

asso
ciated

seq
u
en

ce
y
1 ,...,y

n
,...

w
h
ere

y
i

is
d
efi

n
ed

as
y
∈
Y

su
ch

th
at
x
i ∈

y
.

H
ere

again
w

e
can

ob
tain

ex
am

p
les

of
sets

C
of

p
ro

cesses
w

ith
V
C
∈

(0,1)
b
y

restrictin
g

th
e

d
istrib

u
tion

of
y
1 ,...,y

n
,...

to
a

set
B

w
ith

V
B

=
0.

T
h
e

in
terp

retation
is

th
at,

again
,

w
e

can
m

o
d
el

th
e
y

p
art

(b
y

p
ro

cesses
in
B

)
b
u
t

n
ot

th
e

rest,
w

h
ich

w
e

th
en

allow
to

b
e

arb
itrary.

Y
et

an
oth

er
ex

am
p
le

is
th

at
of

p
ro

cesses
p
red

ictab
le

on
ly

after
certain

k
in

d
of

even
ts:

su
ch

as
a

p
rice

d
rop

;
or

a
rain

.
A

t
oth

er
tim

es,
th

e
p
ro

cess
is

u
n
p
red

ictab
le:

it
can

,
again

,
b

e
an

arb
itrary

seq
u
en

ce.
M

ore
form

ally,
let

a
set

A
⊂
X
∗

:=
∪
k∈

N X
k

b
e

m
easu

rab
le.

C
on

sid
er

for
each

seq
u
en

ce
x

=
x
1 ,...,x

n
,...

an
oth

er
(p

ossib
ly

fi
n
ite)

seq
u
en

ce
x
′

=
x
′1 ,...,x

′n
,...

given
b
y
x
′i

:=
(x
n
i +

1 )
i∈

N
w

h
ere

n
i

are
all

in
d
ex

es
su

ch
th

at
x
1
..n

i ∈
A

.
W

e
n
ow

form
th

e
setC

as
th

e
set

of
all

p
ro

cesses
µ

su
ch

th
at

x
′

b
elon

gs
(µ

-a.s.)
to

som
e

p
re-d

efi
n
ed

set
B

;
for

th
is

set
B

w
e

m
ay

h
ave

V
B

=
0
.

T
h
is

m
ean

s
th

at
w

e
can

m
o
d
el

w
h
at

h
ap

p
en

s
after

even
ts

in
A

—
b
y

p
ro

cesses
in
B

,
b
u
t

n
ot

th
e

rest
o
f

th
e

tim
es,

on
w

h
ich

w
e

say
th

e
p
ro

cess
m

ay
b

e
arb

itrary.
F

or
d
iff

eren
t
A

an
d
B

w
e

th
en

ob
tain

ex
am

p
les

w
h
ere

V
C
∈

(0,1).
In

relation
to

th
is

it
is

w
orth

m
en

tion
in

g
th

e
w

ork
(L

attim
ore

et
a
l.,

2011)
w

h
ich

ex
p
lores

th
e

p
ossib

ility
th

at
a

B
ayesian

p
red

ictor
m

ay
fail

to
p
red

ict
som

e
su

b
seq

u
en

ces.

5
.

D
e
cisio

n
-T

h
e
o
re

tic
In

te
rp

re
ta

tio
n
s

o
f

th
e

A
sy

m
p
to

tic
R

e
su

lt

C
lassical

d
ecision

th
eory

is
con

cern
ed

w
ith

sin
gle-step

gam
es.

A
m

on
g

its
key

resu
lts

are
th

e
com

p
lete

class
an

d
m

in
im

ax
th

eorem
s.

T
h
e

asy
m

p
totic

form
u
lation

of
th

e
in

fi
n
ite-

h
orizon

p
rob

lem
con

sid
ered

h
ere

p
resen

ts
b

oth
d
iff

eren
ces

an
d

sim
ilarities

w
h
ich

w
e

attem
p
t

to
su

m
m

arize
in

th
is

section
.

A
d
istin

ction
w

orth
m

en
tion

in
g

at
th

is
p

oin
t

is
th

at
th

e
resu

lts
p
resen

ted
h
ere

are
ob

tain
ed

u
n
d
er

n
o

assu
m

p
tio

n
s

w
h
atso

ev
er,

w
h
ereas

th
e

resu
lts

in
d
ecision

th
eory

w
e

refer
to

alw
ay

s
h
ave

a
n
u
m

b
er

of
con

d
ition

s;
on

th
e

oth
er

h
an

d
,

h
ere

w
e

are
con

cern
ed

w
ith

ju
st

on
e

sp
ecifi

c
lo

ss
fu

n
ction

(K
L

d
ivergen

ce)
rath

er
th

an
gen

eral
losses

th
at

are
com

m
on

in
d
ecision

th
eo

ry.
T

h
e

term
in

ology
in

th
is

section
is

m
ain

ly
after

F
ergu

son
(1967).

P
red

ictors
ρ
∈
P

are
called

stra
tegies

o
f

th
e

sta
tisticia

n
.

T
h
e

p
rob

ab
ility

m
easu

res
µ
∈
C

are
n
ow

th
e

b
asic

stra
tegies

o
f

th
e

o
p
po

n
en

t
(a.k

.a.
N

atu
re),

an
d

th
e

fi
rst

th
in

g
w

e
n
eed

to
d
o

is
to

ex
ten

d
th

ese
to

ran
d
om

ized
strategies.

T
o

th
is

en
d
,

d
en

ote
C
∗

th
e

set
of

all
p
rob

ab
ility

d
istrib

u
tion

s
over

m
easu

rab
le

su
b
sets

o
fC

.
T

h
u
s,

th
e

op
p

on
en

t
selects

a
ran

d
om

ized
strategy

W
∈
C
∗

an
d

th
e

statistician
(p

red
ictor)

ρ
su

ff
ers

th
e

loss

E
W

(µ
) L̄

(µ
,ρ

),
(31)

w
h
ere

th
e

n
otation

W
(µ

)
m

ean
s

th
at
µ

is
d
raw

n
accord

in
g

to
W

.
N

ote
a

d
istin

ction
w

ith
th

e
com

b
in

ation
s

w
e

con
sid

ered
b

efore.
A

com
b
in

ation
of

th
e

k
in

d
ν

=
∫C
α
d
W

(α
)

is
itself
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
si
a
n
P
r
e
d
ic
t
o
r
s

a
p
ro

b
ab

il
it

y
m

ea
su

re
ov

er
th

e
on

e-
w

ay
in

fi
n
it

e
se

q
u
en

ce
s,

w
h
er

ea
s

a
p
ro

b
ab

il
it

y
m

ea
su

re
W
∈
C∗

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
ov

er
C.

5
.1

.
M

in
im

a
x

G
en

er
al

iz
in

g
th

e
d
efi

n
it

io
n

(3
)

of
V
C,

w
e

ca
n

n
ow

in
tr

o
d
u
ce

th
e

u
p
pe

r
va

lu
e

V̄
C

:=
in

f
ρ
∈P

su
p

W
∈C
∗
E
W

(µ
)L̄

(µ
,ρ

).
(3

2)

F
u
rt

h
er

m
or

e,
th

e
m

a
xi

m
in

(t
h
e

lo
w

er
va

lu
e)

is
d
efi

n
ed

as

V
C

:=
su

p
W
∈C
∗

in
f

ρ
∈P
E
W

(µ
)L̄

(µ
,ρ

).
(3

3)

T
h
e

so
-c

al
le

d
m

in
im

ax
th

eo
re

m
s

in
d
ec

is
io

n
th

eo
ry

(e
.g

.,
F

er
gu

so
n
,

19
67

)
fo

r
si

n
gl

e-
st

ep
ga

m
es

an
d

ge
n
er

al
lo

ss
fu

n
ct

io
n
s

st
at

e
th

at
,

u
n
d
er

ce
rt

ai
n

co
n
d
it

io
n
s,
V̄
C

=
V
C

an
d

th
e

st
at

is
ti

ci
an

h
as

a
m

in
im

ax
st

ra
te

gy
,

th
at

is
,

th
er

e
ex

is
ts
ρ

on
w

h
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p
red

ictor
in
C

is
to

o
sm

a
ll

to
allow

for
an

y
ad

d
ed

p
en

a
lty.

T
o

co
m

b
in

e
p
red

ictors
in
C

on
e

h
as

to
boo

st
th

e
likelih

o
o
d
,

rath
er

th
an

attach
a

p
en

a
lty.

W
h
ile

th
is

resu
lt

is
stated

for
B

ayesian
p
red

ictors,
from

th
e

argu
m

en
t

ab
ov

e
it

is
clea

r
th

a
t

th
e

ex
am

p
le

u
sed

in
th

e
p
ro

of
is

ap
p
licab

le
to

an
y

com
b
in

a
tion

o
f

p
red

ictors
in
C

o
n
e

m
ig

h
t

th
in

k
of,

in
clu

d
in

g,
for

ex
am

p
le,

M
D

L
(R

issan
en

,
1989)

an
d

ex
p

ert-ad
v
ice-sty

le
p
red

icto
rs

(e.g
.,

C
esa-B

ian
ch

i
an

d
L

u
gosi,

2006).
In

d
eed

,
if

on
e

h
as

to
b

o
o
st

th
e

likelih
o
o
d

fo
r

so
m

e
cla

sses
of

p
red

ictors,
it

clearly
b
reak

s
th

e
p
red

ictor
for

oth
er

classes.
In

oth
er

w
o
rd

s,
th

ere
is

n
o

w
ay

to
com

b
in

e
th

e
p
red

iction
of

th
e

ex
p

erts,
sh

ort
of

d
isregard

in
g

th
em

a
n
d

d
o
in

g
so

m
eth

in
g

else
in

stead
.

R
e
m

a
rk

7
(C

o
u

n
ta

b
le
C
)

N
o
te

th
a
t

a
n

y
set
C

sa
tisfyin

g
th

e
th

eo
rem

m
u

st
n

ecessa
rily

be
u

n
co

u
n

ta
ble.

In
d
eed

,
fo

r
a
n

y
co

u
n

ta
ble

set
C

=
(µ
k )
k∈

N
,

ta
ke

th
e

B
a
yesia

n
p
red

icto
r

ϕ
:=
∑

k∈
N
w
k µ

k ,
w

h
ere

w
k

ca
n

be,
fo

r
exa

m
p
le,

1
k
(k
+
1
) .

T
h
en

,
fo

r
a
n

y
ν

a
n

d
a
n

y
n

,

fro
m

(2
)

w
e

o
bta

in
L
n
(ν
,ϕ

)≤
−

log
w
k

+
L
n
(ν
,µ

k ).

T
h
a
t

is
to

sa
y,

th
e

regret
o
f
ϕ

w
ith

respect
to

a
n

y
µ
k

is
a

co
n

sta
n

t
in

d
epen

d
en

t
o
f
n

(th
o
u

gh
it

d
oes

d
epen

d
o
n
k

),
a
n

d
th

u
s

fo
r

every
ν

w
e

h
a
ve

R̄
ν(C

,ϕ
)

=
0.

It
is

w
o
rth

n
o
tin

g
th

a
t

th
e

o
rigin

s
o
f

th
e

u
se

o
f

su
ch

co
u

n
ta

ble
m

ixtu
res

fo
r

p
red

ictio
n

tra
ce

ba
ck

to
Z

vo
n

kin
a
n

d
L

evin
(1

9
7
0
);

S
o
lo

m
o
n

o
ff

(1
9
7
8
).

P
ro

o
f

[o
f

T
h
eo

rem
6.]

L
et

th
e

alp
h
a
b

etX
b

e
tern

ary
X

=
{
0,1,2}

.
F

or
α
∈

(0,1)
d
en

ote
h

(α
)

th
e

b
in

a
ry

en
trop

y
h

(α
)

:=
−
α

log
α
−

(1−
α

)
log

(1−
α

).
F

ix
an

arb
itrary

p
∈

(0,1
/2)

a
n
d

let
β
p

b
e

th
e

B
ern

ou
lli

i.i.d
.

m
easu

re
(p

ro
d
u
ces

on
ly

0s
an

d
1s)

w
ith

p
aram

eter
p
.

L
et

S
b

e
th

e
set

o
f

seq
u
en

ces
in
X
∞

th
at

h
ave

n
o

2s
an

d
su

ch
th

at
th

e
freq

u
en

cy
of

1
is

clo
se

to
p
:S

:=

{
x
∈
X
∞

:
x
i 6=

2∀
i,

an
d ∣∣∣∣ 1t |{i

=
1..t

:
x
i

=
1}|−

p ∣∣∣∣ ≤
f

(t)
from

som
e
t

on }
,

w
h
ere

f
(t)

=
lo

g
t/ √

t.
C

learly,
β
p (S

)
=

1.
D

efi
n
e

th
e

set
D
S

as
th

e
set

of
all

D
irac

p
ro

b
ab

ility
m

easu
res

con
cen

trated
on

a
seq

u
en

ce
fro

m
S

,
th

a
t

is
D
S

:=
{
ν
x

:
ν
x
(x

)
=

1
,

x
∈
S}.

M
oreov

er,
for

each
x
∈
S

d
efi

n
e

th
e

p
ro

b
a
b
ility

m
ea

su
re
µ
x

as
follow

s:
µ
x
(X

n
+
1 |X

1
..n

)
=
p

coin
cid

es
w

ith
β
p

(th
at

is,
1

w
.p

.
p

a
n
d

0
w

.p
.

1−
p
)

if
X

1
..n

=
x
1
..n

,
an

d
ou

tp
u
ts

2
w

.p
.

1
oth

erw
ise:

µ
x
(2|X

1
..n

)
=

1
if

X
1
..n
6=
x
1
..n

.
T

h
at

is,
µ
x

b
eh

aves
as
β
p

on
ly

o
n

th
e

seq
u
en

ce
x

,
an

d
on

all
oth

er
seq

u
en

ces
it

ju
st

o
u
tp

u
ts

2
d
eterm

in
istically.

T
h
is

m
ea

n
s,

in
p
articu

lar,
th

at
m

an
y

seq
u
en

ces
h
ave

p
ro

b
a
b
ility

0
,

a
n
d

som
e

p
rob

ab
ilities

ab
ov

e
are

d
efi

n
ed

con
d
ition

ally
on

zero-p
ro

b
ab

ility
even

ts,
b
u
t

th
is

is
n
ot

a
p
rob

lem
;

see
th

e
rem

ark
in

th
e

en
d

of
th

e
p
ro

of.
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D
.
R
y
a
b
k
o

F
in

ally,
let
C

:=
{µ

x
:

x
∈
S}.

N
ex

t
w

e
d
efi

n
e

th
e

p
red

ictor
ρ

th
at

p
red

icts
w

ell
all

m
easu

res
in
C

.
F

irst,
in

tro
d
u
ce

th
e

p
rob

ab
ility

m
easu

re
δ

th
at

is
goin

g
to

tak
e

care
of

all
th

e
m

easu
res

th
at

ou
tp

u
t

2
w

.p
.1

from
som

e
tim

e
on

.
F

o
r

each
a
∈
X
∗

let
δ
a

b
e

th
e

p
rob

ab
ility

m
easu

re
th

at
is

con
cen

trated
on

th
e

seq
u
en

ce
th

at
starts

w
ith

a
an

d
th

en
co

n
sists

of
all

2s.
D

efi
n
e
δ

:=
∑

a∈X
∗
w
a δ
a ,

w
h
ere

w
a

are
arb

itrary
p

ositive
n
u
m

b
ers

th
at

su
m

to
1.

L
et

also
th

e
p
rob

ab
ility

m
easu

re
β
′

b
e

i.i.d
.

u
n
iform

overX
.

F
in

ally,
d
efi

n
e

ρ
:=

1/3(β
p

+
β
′+

δ).
(34)

N
ex

t,
let

u
s

sh
ow

th
at,

for
ev

ery
ν

,
th

e
m

easu
re
ρ

p
red

icts
ν

as
w

ell
as

an
y

m
easu

re
in

C
:

its
loss

is
an

a
d
d
itive

con
stan

t
factor.

In
fact,

it
is

en
ou

gh
to

see
th

is
for

all
ν
∈
D
S

,
an

d
for

all
m

easu
res

th
at

ou
tp

u
t

all
2s

w
.p

.1
from

som
e
n

on
.

F
or

each
ν

in
th

e
latter

set,
from

(34)
th

e
loss

of
ρ

is
u
p
p

er-b
ou

n
d
ed

b
y

log
3−

log
w
a ,

w
h
ere

w
a

is
th

e
corresp

on
d
in

g
w

eigh
t.

T
h
is

is
a

con
stan

t
(d

o
es

n
ot

d
ep

en
d

on
n

).
F

or
th

e
form

er
set,

again
from

th
e

d
efi

n
ition

(34)
for

every
ν
x
∈
D
S

w
e

h
ave

(see
also

R
em

ark
7)

L
n
(ν

x
,ρ

)≤
log

3
+
L
n
(ν

x
,β
p )

=
n
h

(p
)

+
o(n

),

w
h
ile

in
f

µ∈
C
L
n
(ν

x
,µ

)
=
L
n
(ν

x
,µ

x
)

=
n
h

(p
)

+
o(n

).

T
h
erefore,

for
all

ν
w

e
h
ave

R
νn
(C
,ρ

)
=
o(n

)
an

d
R̄
ν(C

,ρ
)

=
0.

T
h
u
s,

w
e

h
ave

sh
ow

n
th

at
for

every
ν
∈
S

th
ere

is
a

reason
ab

ly
go

o
d

p
red

ictor
in
C

(h
ere

“reason
ab

ly
go

o
d
”

m
ean

s
th

at
its

loss
is

lin
early

far
from

th
at

of
ran

d
om

gu
essin

g),
an

d
,

m
oreover,

th
ere

is
a

p
red

ictor
ρ

w
h
ose

asy
m

p
totic

regret
is

zero
w

ith
resp

ect
to
C

.

N
ex

t
w

e
n
eed

to
sh

ow
th

at
an

y
B

ayes
p
red

ictor
h
as

2
n
h

(p
)

+
o(n

)
loss

on
at

least
som

e
m

easu
re,

w
h
ich

is
d
ou

b
le

th
at

of
ρ
,

an
d

w
h
ich

can
b

e
as

b
ad

as
ran

d
om

gu
essin

g
(or

w
orse;

d
ep

en
d
in

g
on

p
).

W
e

sh
ow

som
eth

in
g

stron
ger:

an
y

B
ayes

p
red

ictor
h
as

asy
m

p
totic

av
erage

loss
of

2n
h

(p
)

o
n

a
vera

ge
over

all
m

easu
res

in
S

.
S
o

th
ere

w
ill

b
e

m
an

y
m

easu
res

on
w

h
ich

it
is

b
ad

,
n
ot

ju
st

on
e.

L
et
ϕ

b
e

an
y

B
ay

esian
p
red

ictor
w

ith
its

p
rior

con
cen

trated
on
C

.
S
in

ceC
is

p
aram

etrized
b
y
S

,
for

an
y
x
1
..n
∈
X
n
,n
∈
N

w
e

can
w

rite
ϕ

(x
1
..n

)
=
∫
S
µ
y
(x

1
..n

)d
W

(y
)

w
h
ere

W
is

som
e

p
rob

ab
ility

m
easu

re
ov

er
S

(th
e

p
rior).

M
oreover,

u
sin

g
th

e
n
otation

W
(x

1
..k )

for
th

e
W

-
m

easu
re

of
all

seq
u
en

ces
in
S

th
at

start
w

ith
x
1
..k ,

from
th

e
d
efi

n
ition

of
th

e
m

easu
res

µ
x
,

for
every

x
∈
S

w
e

h
ave

∫

S
µ
y
(x

1
..n

)d
W

(y
)

=

∫

y∈
S
:y

1
..n

=
x
1
..n

β
p (x

1
..n

)d
W

(y
)

=
β
p (x

1
..n

)W
(x

1
..n

).
(35)

C
on

sid
er

th
e

average

E
U

lim
su

p
1n
L
n
(ν
x ,ϕ

)d
U

(x
),

w
h
ere

th
e

ex
p

ectation
is

taken
w

ith
resp

ect
to

th
e

p
rob

ab
ility

m
easu

re
U

d
efi

n
ed

as
th

e
m

easu
re
β
p

restricted
to
S

;
in

oth
er

w
ord

s,
U

is
ap

p
rox

im
a
tely

u
n
iform

ov
er

th
is

set.
F

ix

2
0
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O
n
A
sy

m
p
t
o
t
ic

a
n
d

F
in
it
e
-T

im
e
O
p
t
im

a
l
it
y
o
f
B
a
y
e
si
a
n
P
r
e
d
ic
t
o
r
s

an
y
ν x
∈
S

.
O

b
se

rv
e

th
at
L
n
(ν

x
,ϕ

)
=
−

lo
g
ϕ

(x
1
..
n
).

F
or

th
e

as
y
m

p
to

ti
c

re
gr

et
,

w
e

ca
n

as
su

m
e

w
.l
.o

.g
.

th
at

th
e

lo
ss
L
n
(ν

x
,ϕ

)
is

u
p
p

er
-b

ou
n
d
ed

,
sa

y,
b
y
n

lo
g
|X
|a

t
le

a
st

fr
om

so
m

e
n

on
(f

or
ot

h
er

w
is

e
th

e
st

at
em

en
t

al
re

ad
y

h
ol

d
s

fo
r
ϕ

).
T

h
is

al
lo

w
s

u
s

to
u
se

F
a
to

u
’s

le
m

m
a

to
b

ou
n
d

E
U

li
m

su
p

1 n
L
n
(ν

x
,ϕ

)
≥

li
m

su
p

1 n
E
U
L
n
(ν

x
,ϕ

)
=

li
m

su
p
−

1 n
E
U

lo
g
ϕ

(x
)

=
li
m

su
p
−

1 n
E
U

lo
g
β
p
(x

1
..
n
)W

(x
1
..
n
),

(3
6)

w
h
er

e
in

th
e

la
st

eq
u
al

it
y

w
e

u
se

d
(3

5)
.

M
or

eo
v
er

,

−
E
U

lo
g
β
p
(x

1
..
n
)W

(x
1
..
n
)

=
−
E
U

lo
g
β
p
(x

1
..
n
)

+
E
U

lo
g
U

(x
1
..
n
)

W
(x

1
..
n
)
−
E
U

lo
g
U

(x
1
..
n
)
≥

2h
(p

)n
+
o(
n

),
(3

7)

w
h
er

e
in

th
e

in
eq

u
al

it
y

w
e

h
av

e
u
se

d
th

e
fa

ct
th

at
K

L
d
iv

er
ge

n
ce

is
n
on

-n
eg

at
iv

e
an

d
th

e
d
efi

n
it

io
n

of
U

(t
h
at

is
,

th
at
U

=
β
p
| S

).
F

ro
m

th
is

an
d

(3
6)

w
e

ob
ta

in
th

e
st

a
te

m
en

t
o
f

th
e

th
eo

re
m

.
F

in
al

ly
,

w
e

re
m

ar
k

th
at

al
l

th
e

co
n
si

d
er

ed
p
ro

b
ab

il
it

y
m

ea
su

re
s

ca
n

b
e

m
ad

e
n
o
n
-z

er
o

ev
er

y
w

h
er

e
b
y

si
m

p
ly

co
m

b
in

in
g

th
em

w
it

h
th

e
u
n
if

or
m

i.
i.
d
.

ov
er
X

m
ea

su
re
β
′ ,

th
at

is
,

ta
k
in

g
fo

r
ea

ch
m

ea
su

re
ν

th
e

co
m

b
in

at
io

n
1 2
(ν

+
β
′ )

.
T

h
is

w
ay

al
l

lo
ss

es
u
p

to
ti

m
e
n

b
ec

om
e

b
ou

n
d
ed

b
y
n

lo
g
|X
|+

1,
b
u
t

th
e

re
su

lt
st

il
l

h
ol

d
s

w
it

h
a

d
iff

er
en

t
co

n
st

a
n
t.

7
.

C
o
n
cl

u
si

o
n

a
n
d

F
u
tu

re
W

o
rk

A
st

at
is

ti
ci

an
fa

ci
n
g

an
u
n
k
n
ow

n
st

o
ch

as
ti

c
p
h
en

om
en

on
h
as

a
la

rg
e,

n
on

p
ar

am
et

ri
c

m
o
d
el

cl
as

s
at

h
an

d
th

at
sh

e
h
as

re
as

on
s

to
b

el
ie

ve
ca

p
tu

re
s

so
m

e
as

p
ec

ts
of

th
e

p
ro

b
le

m
.

Y
et

ot
h
er

as
p

ec
ts

re
m

ai
n

co
m

p
le

te
ly

en
ig

m
at

ic
,

an
d

th
er

e
is

li
tt

le
h
op

e
th

at
th

e
p
ro

ce
ss

g
en

er
at

in
g

th
e

d
at

a
in

d
ee

d
co

m
es

fr
om

th
e

m
o
d
el

cl
as

s.
F

or
th

is
re

as
on

,
th

e
st

at
is

ti
ci

a
n

is
co

n
te

n
t

w
it

h
h
av

in
g

n
on

-z
er

o
er

ro
r

n
o

m
at

te
r

h
ow

m
u
ch

d
at

a
m

ay
b

ec
om

e
av

ai
la

b
le

n
ow

or
in

th
e

fu
tu

re
,

b
u
t

sh
e

w
ou

ld
st

il
l

li
ke

to
m

ak
e

so
m

e
u
se

of
th

e
m

o
d
el

.
T

h
er

e
ar

e
n
ow

tw
o

ra
th

er
d
is

ti
n
ct

w
ay

s
to

p
ro

ce
ed

.
O

n
e

is
to

sa
y

th
at

th
e

d
at

a
m

ay
co

m
e

fr
om

an
ar

b
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d
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d
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d
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d
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p
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b
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b
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b
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b
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at
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d
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b
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d
el

li
n
g

st
ep

.
Y

et
,

th
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b
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b
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b
y

st
an

d
a
rd

av
ai

la
b
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d
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b
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b
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p
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b
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d
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is

n
ot

n
ec

es
sa

ry
to

lo
ok

fo
r

p
ri

or
s

co
n
ce

n
tr

at
ed

on
co

u
n
ta

b
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b
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b
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at
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d
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e

k
n
ow

n
op

ti
m

al
p
re

d
ic

to
rs

in
th

es
e

ca
se

s
(K

ri
ch

ev
sk

y
,
1
9
9
3
)

ar
e,

in
fa

ct
,

B
ay

es
ia

n
.)

M
or

eo
ve

r,
it

m
ay

b
e

w
or

th
tr

y
in

g
to

im
p
ro

v
e

th
e

b
ou

n
d
s

sp
ec

ifi
ca

ll
y

fo
r

th
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d
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r
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n
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ra
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d
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d
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b
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p
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b
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b
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b
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ra
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b
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g
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p
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p
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d
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p
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b
es

t
ri
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b
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b
u
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n
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d
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d
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p
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re
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U
st

u
n
a
n
d

R
u
d
in

In
th

is
p
a
p

er,
w

e
p
resen

t
a

n
ew

m
ach

in
e

learn
in

g
m

eth
o
d

to
learn

risk
scores

from
d
ata.

O
u
r

m
eth

o
d

learn
s

risk
scores

b
y

solv
in

g
a

m
ix

ed
-in

teger
n
on

lin
ear

p
rogram

(M
IN

L
P

),
w

h
ich

m
in

im
izes

th
e

logistic
loss

for
calib

ration
an

d
A

U
C

,
p

en
alizes

th
e
`
0 -n

orm
for

sp
arsity,

a
n
d

restricts
co

effi
cien

ts
to

sm
all

in
teg

ers.
W

e
refer

to
th

is
op

tim
ization

p
rob

lem
as

th
e

risk
sco

re
p
ro

blem
,

an
d

refer
to

th
e

risk
score

b
u
ilt

from
its

solu
tion

as
a

R
isk-ca

libra
ted

S
u

perspa
rse

L
in

ea
r

In
teger

M
od

el
(R

isk
S
L
IM

).
W

e
aim

to
recover

a
certifi

a
bly

o
p
tim

a
l

so
lu

tio
n

–
i.e.,

a
glob

al
op

tim
u
m

alon
g

w
ith

a
certifi

cate
of

op
tim

ality.
T

h
is

req
u
ires

solv
in

g
a

h
a
rd

o
p
tim

iza
tion

p
rob

lem
,

b
u
t

h
as

th
ree

m
a

jor
b

en
efi

ts
for

ou
r

settin
g:
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P
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n

ce
:

S
in

ce
th

e
M

IN
L

P
d
irectly

p
en
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an

d
con

strain
s

d
iscrete

q
u
an

tities,
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ca
n

p
ro

d
u
ce

a
risk

score
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at
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lly

op
tim

ized
for

featu
re
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an

d
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in

teger
co

effi
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ts,
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d
th
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ey
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p
lication
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ecifi
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u
irem

en
ts.
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h
u
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ill
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g
p
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an
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d
u
e
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u
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eu
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r

p
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ro
cessin

g.
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P
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p
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en
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b
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w
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a
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at
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b
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p
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a
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.
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E
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p
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b
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p
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b
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p
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p
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w
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P
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g
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M
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L

P
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o
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m
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d
ata-related
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p
u
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A
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score
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p
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n

b
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p
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w
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of
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e
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m
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u
ttin
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p
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p
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w
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n
u
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b
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p
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n
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p
rov

id
e

co
n
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d
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(see
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et
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F
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c
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d
S
o
n
n
en

b
u
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,
2
0
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J
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s

et
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cu
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g
p
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e
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m

s
w
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d
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u
n
d
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p
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e
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g
a
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p
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b
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b
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at
each

iteration
.

T
h
is
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m

p
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g
p
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n
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m

s
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p
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p
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W

e
p
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t
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g
p
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n
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e.
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e
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w
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n
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n
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d
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u
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u
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O

u
r
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p
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ex
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d
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b
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m
s

to
n
on

-con
vex
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p
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T
h
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m
ain

con
trib
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tion

s
of

th
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p
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follow
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W

e
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u
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a
m

ach
in

e
learn

in
g

m
eth

o
d

to
b
u
ild

risk
scores.

O
u
r

m
eth

o
d

can
learn

m
o
d
els
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at

are
fu

lly
op

tim
ized

for
featu

re
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an
d
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all

in
teger

co
effi

cien
ts,

h
an

d
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ap
p
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-sp
ecifi

c
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strain
ts

w
ith

ou
t

p
aram

eter
tu

n
in

g
or

p
ost-p

ro
cessin

g,
an

d
p
air

m
o
d
els

w
ith

a
certifi

cate
of
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tim
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•
W

e
p
resen

t
a

n
ew

cu
ttin

g
p
lan

e
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orith
m

–
th

e
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ttice
cu

ttin
g

p
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n
e

a
lgo

rith
m

(LC
PA

)
–

to
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e
em

p
irical

risk
m

in
im

ization
p
rob

lem
s

w
ith

n
on

-con
vex

regu
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an
d

con
-

strain
ts.

LC
PA

can
b

e
easily
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p
lem

en
ted

u
sin

g
a

M
IP
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(e.g.,

C
P

L
E

X
).

It
can

train
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stom
ized

risk
scores

in
a

w
ay

th
at
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lin
early

w
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e

n
u
m

b
er

of
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p
les

in
a

d
ataset.

•
W

e
d
esign
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ecialized

tech
n
iq

u
es

for
LC

PA
to

q
u
ick

ly
fi
n
d

a
risk

score
w

ith
go

o
d

p
erfor-

m
an

ce
an

d
a

sm
all

op
tim

ality
gap

:
rou

n
d
in

g
an

d
p

olish
in

g
h
eu

ristics;
b

ou
n
d
-tigh

ten
in

g
an

d
in

itialization
p
ro

ced
u
res;

an
d

tech
n
iq

u
es

to
red

u
ce

d
ata-related

com
p
u
tatio

n
.

•
W

e
b

en
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m
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a
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m
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o
d
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learn

risk
scores

from
d
ata.

O
u
r
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sh
ow
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at
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r

m
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o
d

can
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p
ro

d
u
ce

risk
scores

w
ith

b
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-class
p
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ce
in

m
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u
tes.

W
e

h
igh

ligh
t

p
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of
h
eu
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th
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u
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in
p
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an
d

p
rop
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n
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h
eu
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to

ad
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ress
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sh
ortcom

in
gs.

•
W

e
p
resen

t
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lts
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oration
w

ith
th

e
M
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u
setts

G
en

eral
H
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w
h
ere

w
e

b
u
ilt

a
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stom
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risk
score

for
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U
seizu

re
p
red

iction
.

O
u
r
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lts

h
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t

th
e

p
er-

form
an

ce
b

en
efi
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an

d
th

e
p
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b
en

efi
ts
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ou

r
m
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o
d

in
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p
lication

s
w

h
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m
o
d
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2
0
1
9
).

A
u
n
iq

u
e

as
p

ec
t

of
th

is
w

or
k

is
th

at
w

e
re

co
ve

r
m

o
d
el

s
th

at
a
re

ce
rt

ifi
ab

ly
op

ti
m

a
l

o
r

h
av

e
sm

al
l

op
ti

m
al

it
y

ga
p
s

(s
ee

al
so

U
st

u
n

an
d

R
u
d
in

,
20

16
;

A
n
ge

li
n
o

et
al

.,
20

18
).

O
u
r

re
su

lt
s

su
gg

es
t

th
at

ce
rt

ifi
ab

ly
op

ti
m

al
m

o
d
el

s
p

er
fo

rm
b

et
te

r,
es

p
ec

ia
ll
y

in
ap

p
li
ca

ti
o
n
s

w
h
er

e
m

o
d
el

s
m

u
st

sa
ti

sf
y

co
n
st

ra
in

ts
(s

ee
e.

g.
,

S
ec

ti
on

6)
.

O
p

ti
m

iz
a
ti

o
n

W
e

tr
ai

n
ri

sk
sc

or
es

b
y

so
lv

in
g

a
M

IN
L

P
w

it
h

th
re

e
m

ai
n

co
m

p
o
n
en

ts
:

(i
)

a
co

n
ve

x
lo

ss
fu

n
ct

io
n
;

(i
i)

a
n
on

-c
on

ve
x

fe
as

ib
le

re
g
io

n
(i

.e
.,

sm
al

l
in

te
ge

r
co

effi
ci

en
ts

a
n
d

ap
p
li
ca

ti
on

-s
p

ec
ifi

c
co

n
st

ra
in

ts
);

(i
ii
)

a
n
on

-c
on

v
ex

p
en

al
ty

fu
n
ct

io
n

(i
.e

.,
th

e
` 0

-p
en

a
lt

y
).

In
S
ec

ti
on

3.
3
,

w
e

sh
ow

th
at

th
is

M
IN

L
P

re
q
u
ir

es
a

sp
ec

ia
li
ze

d
al

go
ri

th
m

b
ec

a
u
se

o
ff

-
th

e-
sh

el
f

M
IN

L
P

so
lv

er
s

fa
il

to
so

lv
e

in
st

an
ce

s
fo

r
sm

al
l

d
at

as
et

s.
W

e
p
ro

p
o
se

so
lv

in
g

th
e

ri
sk

sc
or

e
p
ro

b
le

m
w

it
h

a
cu

tt
in

g
p
la

n
e

al
go

ri
th

m
.

C
u
tt

in
g

p
la

n
es

h
av

e
b

ee
n

ex
te

n
si

ve
ly

st
u
d
ie

d
b
y

th
e

op
ti

m
iz

at
io

n
co

m
m

u
n
it

y
(s

ee
e.

g.
,

K
el

le
y
,

19
6
0)

an
d

a
p
p
li
ed

to
so

lv
e

co
n

ve
x

em
p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
p
ro

b
le

m
s

(T
eo

et
al

.,
20

07
,

20
09

;
F

ra
n
c

an
d

S
on

n
en

b
u
rg

,
2
0
0
8
,

20
09

;
J
oa

ch
im

s,
20

06
;

J
oa

ch
im

s
et

al
.,

20
09

).
O

u
r

cu
tt

in
g

p
la

n
e

al
go

ri
th

m
(t

h
e

L
at

ti
ce

C
u
tt

in
g

P
la

n
e

A
lg

or
it

h
m

–
LC

PA
)

b
u
il
d
s

a
cu

tt
in

g
p
la

n
e

ap
p
ro

x
im

at
io

n
w

h
il
e

p
er

fo
rm

in
g

b
ra

n
ch

-a
n
d
-b

ou
n
d

se
ar

ch
.

It
ca

n
b

e
ea

si
ly

im
p
le

m
en

te
d

u
si

n
g

a
M

IP
so

lv
er

w
it

h
co

n
tr

o
l

ca
ll

ba
ck

s
(s

ee
e.

g.
,

B
ai

an
d

R
u
b
in

,
2
0
0
9
;

N
ao

u
m

-S
aw

ay
a

an
d

E
lh

ed
h
li
,

20
10

,
fo

r
si

m
il
ar

u
se

s
of

co
n
tr

ol
ca

ll
b
ac

k
s)

.
LC

PA
re

ta
in

s
th

e
ke

y
b

en
efi

ts
of

ex
is

ti
n
g

cu
tt

in
g

p
la

n
e

al
go

ri
th

m
s

on
em

p
ir

ic
al

ri
sk

m
in

im
iz

a
ti

o
n

p
ro

b
le

m
s,

b
u
t

d
o
es

n
ot

st
al

l
on

p
ro

b
le

m
s

w
it

h
n
on

-c
on

ve
x

re
gu

la
ri

ze
rs

or
co

n
st

ra
in

ts
.

A
s

w
e

d
is

cu
ss

in
S
ec

ti
on

3.
1,

st
al

li
n
g

aff
ec

ts
m

an
y

cu
tt

in
g

p
la

n
e

al
go

ri
th

m
s,

in
cl

u
d
in

g
va

ri
a
n
ts

th
a
t

ar
e

n
ot

co
n
si

d
er

ed
in

m
ac

h
in

e
le

ar
n
in

g
(s

ee
B

oy
d

an
d

V
an

d
en

b
er

gh
e,

20
04

,
fo

r
a

li
st

).
LC

PA
is

si
m

il
ar

to
re

ce
n
t

ou
te

r-
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

s
th

at
b

ee
n

d
ev

el
op

ed
fo

r
co

n
ve

x
M

IN
L

P
p
ro

b
le

m
s

(s
ee

e.
g.

,
L

u
b
in

et
al

.,
20

18
),

w
h
ic

h
h
av

e
al

so
b

ee
n

sh
ow

n
to

ou
tp

er
fo

rm
g
en

er
ic

M
IN

L
P

al
go

ri
th

m
s

(K
ro

n
q
v
is

t
et

al
.,

20
19

).
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U
st

u
n
a
n
d

R
u
d
in

2
.

R
isk

S
co

re
P

ro
b
le

m

In
w

h
a
t

fo
llow

s,
w

e
form

alize
th

e
p
rob

lem
of

learn
in

g
a

risk
score

–
i.e.,

a
classifi

cation
m

o
d
el

w
ith

th
e

sam
e

form
as

th
e

on
e

in
F

igu
re

1.
W

e
start

w
ith

a
d
ataset

of
n

i.i.d
.

tra
in

in
g

ex
a
m

p
les

(x
i ,y

i )
ni=

1
w

h
ere

x
i ⊆

R
d
+

1
d
en

o
tes

a
vector

of
featu

res
[1,x

i,1 ,...,x
i,d ] >

a
n
d
y
i ∈
{±

1}
d
en

otes
a

class
lab

el.
W

e
rep

resen
t

th
e

score
as

a
lin

ear
fu

n
ction

s(x
)

=
〈λ
,x〉

w
h
ere

λ
⊆

R
d
+

1
is

a
vector

of
d

+
1

co
effi

cien
ts

[λ
0 ,λ

1 ,...,λ
d ] >

,
an

d
λ

0
is

an
in

tercep
t.

In
th

is
setu

p
,

co
effi

cien
t
λ
j

rep
resen

ts
th

e
p

oin
ts

th
at

featu
re
j

con
trib

u
tes

to
th

e
score.

G
iven

a
n

ex
a
m

p
le

w
ith

featu
res

x
i ,

a
u
ser

tallies
th

e
p

oin
ts

to
com

p
u
te

a
score

s
i

=
〈λ
,x

i 〉,
an

d
th

en
co

n
verts

th
e

score
in

to
an

estim
ate

of
p
red

icted
risk

.
W

e
estim

ate
th

e
p
red

icted
risk

th
a
t

ex
a
m

p
le
i

is
p

ositive
th

rou
gh

th
e

lo
gistic

lin
k

fu
n
ction

1
as:

p
i

=
P

r
(y
i

=
+

1
|
x
i )

=
1

1
+

ex
p
(−
〈λ
,x

i 〉) .

M
o
d

e
l

D
e
sid

e
ra

ta
O

u
r

goal
is

to
train

a
risk

sco
re

th
at

is
sp

arse,
h
as

sm
a
ll

in
teger

co
effi

cien
ts,

a
n
d

p
erform

s
w

ell
in

term
s

of
th

e
follow

in
g

m
easu

res:

1
.

C
a
lib

ra
tio

n
:

A
calib

rated
m

o
d
el

ou
tp

u
ts

risk
p
red

iction
s

th
at

m
atch

th
eir

ob
served

risk
s.

W
e

a
ssess

th
e

calib
ration

of
a

m
o
d
el

u
sin

g
a

relia
bility

d
ia

gra
m

(see
D

eG
ro

ot
an

d
F

ien
b

erg
,
1
9
83),

w
h
ich

p
lots

th
e

p
red

icted
risk

(x
-ax

is)
at

each
score

aga
in

st
th

e
o
bserved

risk
(y

-a
x
is).

W
e

estim
ate

th
e

ob
served

risk
for

a
score

of
s

as:

p̄
s

=
1

|{i
:
s
i

=
s}|

∑i:s
i =
s

1
[y
i

=
+

1].

W
e

su
m

m
arize

th
e

calib
ration

of
a

m
o
d
el

over
th

e
reliab

ility
d
iagram

u
sin

g
th

e
expected

ca
libra

tio
n

erro
r

(N
aein

i
et

al.,
2015):

C
A

L
=

1n

∑

s

∑i:s
i =
s |p

i −
p̄
s |.

2
.

R
a
n

k
A

c
c
u

ra
c
y

:
A

ran
k
-accu

rate
m

o
d
el

ou
tp

u
ts

scores
th

at
can

correctly
ran

k
ex

am
-

p
les

in
term

s
of

th
eir

tru
e

risk
.

W
e

assess
th

e
ran

k
accu

racy
of

a
m

o
d
el

u
sin

g
th

e
a
rea

u
n

d
er

th
e

R
O

C
cu

rve
:

A
U

C
=

1

n
+
n
−

∑

[i:y
i =

+
1
]

∑

[k
:y
k
=
−

1
]

1
[s
i
>
s
k ].

H
ere,

n
+

=
|{i

:
y
i

=
+

1}|
an

d
n
−

=
|{i

:
y
i

=
−

1}|.
A

s
d
iscu

ssed
in

S
ection

1.1,
calib

ration
is

th
e

p
rim

ary
p

erform
an

ce
ob

jective
w

h
en

b
u
ild

in
g

a
risk

score.
A

lth
ou

gh
go

o
d

calib
ration

sh
o
u
ld

en
su

re
go

o
d

ran
k

accu
racy,

it
is

im
p

o
rta

n
t

to
rep

ort
A

U
C

b
ecau

se
triv

ial
risk

scores
(i.e.,

risk
scores

th
at

assign
th

e
sam

e
sco

re
to

all
ex

a
m

p
les)

can
h
ave

low
C

A
L

on
d
atasets

w
ith

class
im

b
alan

ce
(see

S
ection

5.2
fo

r
a
n

ex
am

p
le).

W
e

d
eterm

in
e

th
e

valu
es

of
th

e
co

effi
cien

ts
b
y

solv
in

g
a

m
ix

ed
in

teger
n
on

lin
ear

p
rogram

(M
IN

L
P

),
w

h
ich

w
e

refer
to

as
th

e
risk

sco
re

p
ro

blem
or

R
isk

S
l
im

M
IN

L
P

.

1
.

O
th

er
risk

m
o
d

els
ca

n
b

e
u

sed
a
s

w
ell,

so
lo

n
g

a
s

th
ey

p
ro

d
u

ce
a

co
n

cav
e

lo
g
-lik

elih
o
o
d

.
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L
e
a
r
n
in
g

O
p
t
im

iz
e
d

R
isk

S
c
o
r
e
s

D
e
fi

n
itio

n
1

(R
isk

S
core

P
rob

lem
,
R
isk

S
l
im

M
IN

L
P

)
T

h
e

risk
sco

re
p
ro

blem
is

a
d
iscrete

o
p
tim

iza
tio

n
p
ro

blem
w

ith
th

e
fo

rm
:

m
in
λ

l(λ
)

+
C

0 ‖
λ‖

0

s.t.
λ
∈
L
,

(1)

w
h
ere:

•
l(λ

)
=

1n ∑
ni=

1
log

(1
+

ex
p
(−
〈λ
,y
i x
i 〉))

is
th

e
n

o
rm

a
lized

logistic
lo

ss
fu

n
ctio

n
;

•
‖λ‖

0
=
∑

dj=
1
1

[λ
j 6=

0]
is

th
e
`
0 -sem

in
o
rm

;

•
L
⊂

Z
d
+

1
is

a
set

o
f

fea
sible

coeffi
cien

t
vecto

rs
(u

ser-p
ro

vid
ed

);

•
C

0
>

0
is

a
tra

d
e-o

ff
pa

ra
m

eter
to

ba
la

n
ce

fi
t

a
n

d
spa

rsity
(u

ser-p
ro

vid
ed

).

R
isk

S
l
im

M
IN

L
P

cap
tu

res
w

h
at

w
e

d
esire

in
a

risk
score.

T
h
e

ob
jective

m
in

im
izes

th
e

logistic
lo

ss
for

calib
ration

an
d

A
U

C
,

an
d

p
en

alizes
th

e
`
0 -sem

in
orm

(th
e

cou
n
t

of
n
on

-
zero

co
effi

cien
ts)

for
sp

arsity.
T

h
e

trad
e-off

p
aram

eter
C

0
con

trols
th

e
b
alan

ce
b

etw
een

th
ese

com
p

etin
g

o
b

jectives,
an

d
rep

resen
ts

th
e

m
ax

im
u
m

log-likelih
o
o
d

th
at

is
sa

crifi
ced

to
rem

ove
a

featu
re

from
th

e
op

tim
al

m
o
d
el.

T
h
e

con
strain

ts
restrict

co
effi

cien
ts

to
a

set
of

sm
all

in
tegers

su
ch

asL
=
{−

5
,...,5}

d
+

1,
an

d
m

ay
b

e
cu

stom
ized

to
en

co
d
e

oth
er

m
o
d
el

req
u
irem

en
ts

su
ch

as
th

ose
in

T
ab

le
1.

M
o
d
e
l
R
e
q
u
ire

m
e
n
t

E
x
a
m
p
le

F
ea

tu
re

S
electio

n
C

h
o
o
se

b
etw

een
5

to
1
0

to
ta

l
fea

tu
res

G
ro

u
p

S
p

a
rsity

In
clu

d
e

eith
er
m
a
le

o
r
f
em

a
le

in
th

e
m

o
d

el
b

u
t

n
o
t

b
o
th

O
p

tim
a
l

T
h

resh
o
ld

in
g

U
se

a
t

m
o
st

3
th

resh
o
ld

s
fo

r
a

set
o
f

in
d

ica
to

r
va

ria
b

les: ∑
1
0
0

k
=
1
1

[a
g
e≤

k
]≤

3

L
o
g
ica

l
S

tru
ctu

re
If
m
a
le

is
in

m
o
d

el,
th

en
in

clu
d

e
h
y
p
erten

sion
o
r
bm

i≥
3
0

S
id

e
In

fo
rm

a
tio

n
P

red
ict

P
r

(y
=

+
1|x

)≥
0
.9

0
w

h
en

m
a
le

=
T

R
U

E
a
n

d
h
y
p
erten

sion
=

T
R

U
E

T
a
b
le

1
:

M
o
d

el
req

u
irem

en
ts

th
a
t

ca
n

b
e

a
d

d
ressed

b
y

a
d

d
in

g
o
p

era
tio

n
a
l
co

n
stra

in
ts

to
R
isk

S
l
im

M
IN

L
P

.

A
R

isk-ca
libra

ted
S

u
perspa

rse
L

in
ea

r
In

teger
M

od
el

(R
isk

S
L
IM

)
is

a
risk

score
th

at
is

an
op

tim
al

solu
tion

to
(1).

B
y

d
efi

n
ition

,
th

e
op

tim
a
l

so
lu

tion
to

R
isk

S
l
im

M
IN

L
P

attain
s

th
e

low
est

valu
e

of
th

e
logistic

loss
am

on
g

feasib
le

m
o
d
els

on
th

e
train

in
g

d
ata,

p
rov

id
ed

th
at
C

0
is

sm
all

en
ou

gh
(see

A
p
p

en
d
ix

B
for

a
p
ro

of).
T

h
u
s,

a
R
isk

S
L
IM

risk
score

is
a

m
ax

im
u
m

likelih
o
o
d

logit
m

o
d
el

th
at

satisfi
es

all
req

u
ired

con
strain

ts.
O

u
r

ex
p

erim
en

ts
in

S
ection

5
sh

ow
th

at
m

o
d
els

w
ith

low
er

loss
ty

p
ically

attain
b

etter
calib

ration
an

d
A

U
C

on
th

e
train

in
g

d
ata

(see
also

C
aru

an
a

an
d

N
icu

lescu
-M

izil,
2004),

an
d

th
at

th
is

gen
eralizes

to
test

d
ata

d
u
e

to
th

e
sim

p
licity

of
ou

r
h
y
p

oth
esis

sp
ace.

T
h
ere

are
som

e
th

eoretical
resu

lts
to

ex
p
lain

w
h
y

m
in

im
izin

g
th

e
logistic

loss
lea

d
s

to
go

o
d

calib
ration

an
d

A
U
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tio
n

co
u

n
ter

l̂ 0(λ
)←
{0}

cu
ttin

g
p

la
n
e

a
p

p
rox

im
a
tio

n

(V
m

in,V
m

a
x)←

(0
,∞

)
b

o
u
n

d
s

o
n

th
e

o
p

tim
a
l

va
lu

e
o
f
R
isk

S
l
im

M
IN

L
P

ε←
∞

o
p

tim
a
lity

g
a
p

1
:

w
h

ile
ε
>
ε

sto
p

d
o

2
:

(L
k,λ

k)←
p
rova

b
ly

op
tim

al
so

lu
tion

to
R
isk

S
l
im

M
IP

(l̂ k)

3
:

com
p
u
te

cu
t

p
a
ram

eters
l(λ

k)
a
n
d
∇
l(λ

k)

4
:

l̂ k
+

1(λ
)←

m
ax{l̂ k(λ

),l(λ
k)

+
〈∇
l(λ

k),λ
−
λ
k〉}

u
pd

a
te

a
p
p
ro

xim
a
te

lo
ss

fu
n

ctio
n
l̂ k

5
:

V
m

in←
L
k

+
C

0 ∥∥
λ
k ∥∥

0
o
p
tim

a
l

va
lu

e
o
f
R
isk

S
l
im

M
IP

is
lo

w
er

bo
u

n
d

6
:

if
V

(λ
k)
<
V

m
a
x

th
e
n

7
:

V
m

a
x←

V
(λ

k)
u

pd
a
te

u
p
per

bo
u

n
d

8
:

λ
b

e
st←

λ
k

u
pd

a
te

in
cu

m
ben

t

9
:

e
n

d
if

1
0
:

ε←
1−

V
m

in/V
m

a
x

1
1
:

k
←
k

+
1

1
2
:

e
n

d
w

h
ile

O
u

tp
u

t:
λ

b
e
st

ε-o
p
tim

a
l

solu
tion

to
R
isk

S
l
im

M
IN

L
P

R
isk

S
l
im

M
IP

(l̂ k)
is

a
su

rrogate
p
rob

lem
for

R
isk

S
l
im

M
IN

L
P

th
at

m
in

im
izes

a
cu

ttin
g

p
la

n
e

a
p
p
rox

im
ation

l̂ k
of

th
e

loss
fu

n
ction

l:

m
in

L
,λ

L
+
C

0 ‖
λ‖

0

s.t.
L
≥
l̂ k(λ

)

λ
∈
L
.

(2)

W
e

p
resen

t
a

M
IP

form
u
lation

for
R
isk

S
l
im

M
IP

(l̂ k)
in

A
p
p

en
d
ix

D
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L
e
a
r
n
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g

O
p
t
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iz
e
d

R
isk

S
c
o
r
e
s

to
ch

eck
for

con
vergen

ce.
H

ere,
th

e
u
p
p

er
b

ou
n
d

is
set

as
th

e
o
b

jective
valu

e
of

th
e

b
est

solu
tion

across
all

iteration
s:V

m
a
x

=
m

in
t=

1
...k

[l(λ
t)

+
C

0 ‖λ
t‖

0 ].

T
h
e

low
er

b
ou

n
d

is
set

as
th

e
op

tim
al

valu
e

of
th

e
su

rrogate
p
rob

lem
at

th
e

cu
rren

t
iteration

:

V
m

in
=
l̂ k(λ

k)
+
C

0 ‖λ
k‖

0 .

C
PA

con
verges

to
an

op
tim

al
solu

tion
of

R
isk

S
l
im

M
IN

L
P

in
a

fi
n
ite

n
u
m

b
er

of
itera-

tion
s

(see
e.g.,

K
elley

,
1960,

for
a

p
ro

of).
In

p
articu

lar,
th

e
cu

ttin
g

p
lan

e
ap

p
rox

im
ation

of
a

con
vex

loss
fu

n
ction

im
p
roves

m
on

oton
ically

w
ith

each
cu

t:

l̂ k(λ
)≤

l̂ k
+
m

(λ
)≤

l(λ
)

for
all
λ
∈
L

an
d
k
,m
∈
N
.

S
in

ce
th

e
cu

ts
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d
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at
each

iteration
are

n
ot
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u
n
d
an

t,
th

e
low

er
b

ou
n
d

im
p
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es
m
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o-
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w
ith

each
iteration

.
O

n
ce

th
e

op
tim

ality
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ε
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th

an
a

stop
p
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g
th
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ε
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p,
C

PA
term
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a
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d
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s
an

ε-op
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al
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λ

b
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R
isk

S
l
im

M
IN

L
P

.

K
e
y

B
e
n

e
fi
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o
f

C
u

ttin
g

P
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n
e
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o
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m
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C
PA
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p
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p
rop

erties
th
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w
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y

w
e
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t
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a
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ttin
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p
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e
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S

ca
la

bility
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th
e
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:
C

u
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g
p
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e
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m
s

u
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e
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g
d
ata
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p
u
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g
cu

t
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eters,
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g
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M
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S
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e
p
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(3)
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b

e
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g
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O

(n
d
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e

at
each
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ru
n
n
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g
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e
scales

lin
ea

rly
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n
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x
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d
(see

F
igu

re
3).
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C

o
n
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l

o
ver

D
a
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C
o
m

p
u
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u
ttin

g
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lan

e
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m
s
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p
u
te

cu
t

p
a-

ram
eters
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a

sin
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step
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S
tep

3
in

A
lgo

rith
m

1).
U

sers
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u
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d
ata-related

com
p
u
tation

b
y

cu
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izin
g

th
eir

im
p
lem

en
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to
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m
p
u
te
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t

p
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v
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d
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u
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m

p
u
tin
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n
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u
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ex
p
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c-
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ral

p
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erties
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a
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ecifi
c

m
o
d
el
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E
.2).

(iii)
A
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u
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a
M

IP
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o
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:
C

u
ttin

g
p
lan

e
algorith

m
s
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a
sp

ecial
b

en
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t
in

ou
r
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g

sin
ce

th
e

su
rrogate

p
rob

lem
can

b
e

solv
ed

w
ith

a
M

IP
solver

(rath
er

th
an

a
M

IN
L

P
solver).

M
IP

solvers
p
rov

id
e

a
fast

im
p
lem

en
tation

of
b
ran

ch
-an

d
-b

ou
n
d

search
an

d
oth

er
featu

res
to

sp
eed

u
p

th
e

search
p
ro

cess
(e.g.,

b
u
ilt-in

h
eu

ristics,
p
rep

ro
cessin

g
an

d
cu

t
gen

eration
p
ro

ced
u
res,

lazy
evalu

ation
of

cu
t

con
strain

ts,
an

d
con

trol
callb

ack
s

th
at

let
u
s

cu
stom

ize
th

e
search

w
ith

sp
ecialized

tech
n
iq

u
es).

A
s

w
e

sh
ow

in
F

ig
u
re

6,
u
sin

g
a

M
IP

solver
can

su
b
stan

tially
im

p
rove

ou
r

ab
ility

to
solve

R
isk

S
l
im

M
IN

L
P

,
d
esp

ite
th

e
fact

th
at

on
e

m
ay

h
av

e
to

solv
e

m
u
ltip

le
M

IP
s.

S
ta

llin
g

in
N

o
n

-C
o
n
v
e
x

S
e
ttin

g
s

C
u
ttin

g
p
lan

e
algorith

m
s

for
em

p
irical

risk
m

in
i-

m
ization

(J
oach

im
s,

2006;
F

ran
c

an
d

S
on

n
en

b
u
rg,

2008;
T

eo
et

al.,
2009

)
are

sim
ilar

to
C

PA
in

th
at

th
ey

solve
a

su
rrogate

op
tim

ization
p
rob

lem
at

each
iteration

(e.g.,
S
tep

2
of

A
lgorith

m
1).

W
h
en

th
ese

algorith
m

s
are

u
sed

to
solve

con
vex

risk
m

in
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ization
p
rob

lem
s,

th
e

su
rrogate

is
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v
ex

an
d

th
erefore
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le.

W
h
en

th
e

algo
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m
s

are
u
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m

in
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ization
p
rob
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s

w
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n
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-con
vex

regu
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ts,

h
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e
su

rrogate

1
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u
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w

e
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st
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e
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n
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b
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r
of

C
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a
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R
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k
S
l
im

-
M
IN

L
P

fo
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w
h
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e
d

=
20

(s
ee

al
so

F
ig

u
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sh
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fi
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t
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n
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k
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e
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b
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R
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k
S
l
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x
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at
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n
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S
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b
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e
ti

m
e

to
so

lv
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R
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k
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l
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p
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at
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b
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m
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m
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h
is

is
u
n
su

rp
ri

si
n
g,

as
th

e
so

lu
ti

on
w

as
ob

ta
in

ed
b
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d
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R
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p
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p
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p
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p
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d
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.
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d
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p
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p
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p
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v
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er
M

IN
L

P
a
lg

o
ri

th
m

s
in

A
p

p
en

d
ix

D
.

18
JM

L
R

 2
0(

15
0)

:1
-7

5,
 2

01
9



U
st

u
n
a
n
d

R
u
d
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lgorith

m
(LC

PA
)

on
th

e
risk

score
p
rob

lem
.

T
h
ey

in
clu

d
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b
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d
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p
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p
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con
d
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b
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b
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roced
u

re.
W

e
d
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b
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d
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∈
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in
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b
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b
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p
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p
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at
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b
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p
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p
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∆
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p
u
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b
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p
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p
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p
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p
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r
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cien

t
set

C
0

`
0

p
en

a
lty

p
a
ra

m
eter

λ
∈
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←
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∆
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j ∈
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←
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u
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p
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d
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e
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p

er
b

o
u

n
d

.
W

e
p

lo
t

th
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x
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e
o
p

tim
a
lity

g
a
p

(y
-a

x
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p
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p
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d
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n
d
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p
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∈
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∅
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∈
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p
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p
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d
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b
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p
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b
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b
rain

d
a
m

age.
S
in

ce
th

ese
seizu

res
are

n
ot

ou
tw

ard
ly

v
isib

le,
p
atien

ts
w

h
o

are
b
rou

gh
t

in
to

an
in

ten
siv

e
care

u
n
it

are
m

on
itored

v
ia

co
n

tin
u

o
u

s
electroen

cep
h
a
logra

p
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in
sisted

th
a
t

a
n

ew
left

bu
n

d
le-bra

n
ch

block
be

co
n

sid
ered

a
s

a
n

electroca
rd

iogra
p
h
ic

p
red

icto
r

o
f

a
cu

te
isch

em
ia

.
In

a
d
d
itio

n
,

th
ey

a
rgu

ed
th

a
t

pa
tien

ts
w

h
o

a
re

stra
tifi

ed
a
s

lo
w

risk
by

th
e

p
red

ictio
n

ru
le

co
u

ld
in

a
p
-

p
ro

p
ria

tely
in

clu
d
e

pa
tien

ts
p
resen

tin
g

w
ith

a
cu

te
p
u

lm
o
n

a
ry

ed
em

a
,

o
n

go
in

g
isch

em
ic

pa
in

d
esp

ite
m

a
xim

a
l

m
ed

ica
l

th
era

p
y,

o
r

u
n

sta
ble

a
n

gin
a

a
fter

recen
t

co
ro

n
a
ry

reva
scu

la
riza

tio
n

(5
2
).

T
h
ey

in
sisted

th
a
t

su
ch

em
ergen

t
clin

ica
l

p
re-

sen
ta

tio
n

s
be

reco
m

m
en

d
ed

fo
r

co
ro

n
a
ry

ca
re

u
n

it
a
d
m

issio
n

,
n

o
t

telem
etry

u
n

it
a
d
m

issio
n

.”
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L
e
a
r
n
in
g

O
p
t
im

iz
e
d

R
isk

S
c
o
r
e
s

In
oth

er
cases,

h
ow

ever,
op

eration
al

con
strain

ts
m

ay
d
ep

en
d

on
q
u
alities

th
at

are
d
iffi

cu
lt

to
d
efi

n
e

a
p
riori.

C
on

sid
er

for
ex

am
p
le,

th
e

follow
in

g
statem

en
t

of
T

h
an

et
al.

(2014),
th

at
d
escrib

es
th

e
im

p
ortan

ce
of

sen
sib

ility
for

d
ep

loy
m

en
t:

“A
n

im
po

rta
n

t
co

n
sid

era
tio

n
d
u

rin
g

d
evelo

p
m

en
t

is
th

e
clin

ica
l

sen
sibility

o
f

th
e

resu
ltin

g
p
red

ictio
n

ru
le

[...]
E

va
lu

a
tio

n
o
f

sen
sibility

requ
ires

ju
d
gm

en
t

ra
th

er
th

a
n

sta
tistica

l
m

eth
od

s.
A

sen
sible

ru
le

is
ea

sy
to

u
se,

a
n

d
h
a
s

co
n

ten
t

a
n

d
fa

ce
va

lid
ities.

P
red

ictio
n

ru
les

a
re

u
n

likely
to

be
a
p
p
lied

in
p
ra

ctice
if

th
ey

a
re

n
o
t

co
n

sid
ered

sen
sible

by
th

e
en

d
-u

ser,
even

if
th

ey
a
re

a
ccu

ra
te.”

A
p

p
ro

a
ch

e
s

to
M

o
d

e
l

D
e
v
e
lo

p
m

e
n
t

C
om

m
on

h
eu

ristics
u
sed

in
m

o
d
el

d
ev

elop
m

en
t

in
clu

d
e:

•
H

eu
ristic

F
ea

tu
re

S
electio

n
:

M
an

y
ap

p
roach

es
u
se

h
eu

ristic
featu

re
selection

to
red

u
ce

th
e

n
u
m

b
er

of
variab

les
in

th
e

m
o
d
el.

M
o
d
el

d
ev

elo
p
m

en
t

p
ip

elin
es

can
often

in
volve

m
u
ltip

le
rou

n
d
s

of
featu

re
selection

,
an

d
m

ay
u
se

d
iff

eren
t

h
eu

ristics
at

each
stage

(e.g.,
A

n
tm

an
et

al.
2000

u
se

a
sign

ifi
can

ce
test

to
rem

ove
w

eak
p
red

ictors,
th

en
u
se

ap
p
rox

im
ate

featu
re

selection
v
ia

forw
ard

step
w

ise
regression

).

•
H

eu
ristic

R
o
u

n
d
in

g
:

M
an

y
ap

p
roach

es
u
se

rou
n
d
in

g
h
eu

ristics
to

p
ro

d
u
ce

m
o
d
els

w
ith

in
teger

co
effi

cien
ts.

In
th

e
sim

p
lest

case,
th

is
in

v
olves

scalin
g

an
d

rou
n
d
in

g
th

e
co

effi
cien

ts
from

a
logistic

regression
m

o
d
el

(e.g.,
G

o
el

et
al.,

2016)
or

a
lin

ear
p
rob

ab
ility

m
o
d
el

(e.g.,
U

.S
.

D
ep

artm
en

t
of

J
u
stice,

2005).
T

h
e

S
A

P
S

II
score

(L
e

G
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et
al.,

1993),
for

ex
am

p
le,

w
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b
u
ilt

in
th
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w

ay
(“

th
e
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era

l
ru

le
w

a
s

to
m

u
ltip
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e
β
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r

ea
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ra
n

ge
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1
0

a
n

d
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u
n

d
o
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e
n
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•
E
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u
d
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en
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g
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b
u
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a
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o
d
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b
y

h
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d
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d

u
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g
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e
m

o
d
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b
u
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(e.g.,
for

th
e

C
H

A
D

S
2
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for

stroke
p
red
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G
ag

e
et

al.
2001,

a
n
d

th
e

N
ation

al
E

arly
W

arn
in

g
S
core

to
assess

acu
te

illn
ess

in
th

e
IC

U
of

M
cG

in
ley

an
d

P
earse

2012).
E

x
p

ert
ju

d
gem

en
t
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also

b
e

u
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d
ata-d
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p
roach

es.
In

d
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in
g

th
e

E
D

A
C

S
score

(T
h
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et
al.,

2014),
for
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p
le,
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p
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d
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en
t

w
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u
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to:
(i)

d
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e

a
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g

factor
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m
o
d
el
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effi
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ts

(“T
h
e
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coeffi
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ts

w
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m
u
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eigh
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w

h
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w
a
s
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e
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a
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m

m
o
n

m
u
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n
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r
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o
bta
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a
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a
t

u
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w
h
o
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n
u

m
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a
n

d
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ted

clin
ica

l
ea

se
o
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a

con
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u
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b
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w

a
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e

o
n
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n
tin

u
o
u

s
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d
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e
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n
a
l
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w

a
s
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n
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a
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l
va
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ble,

u
sin

g
5
-yea

r
a
ge
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n

d
s

w
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in
crea

sin
g

in
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en
ts

o
f

+
2

po
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ts.”)

•
U

n
it

W
eigh

tin
g
:

T
h
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n
iq

u
e
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s
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p
ro

d
u
ce

a
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b
y

sim
p
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d
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g
togeth

er
all

variab
les
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sign

ifi
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correlated

w
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e

o
u
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e
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in
terest.

U
n
it

w
eigh

tin
g

is
p
revalen

t
in

crim
in

al
ju

stice
(see,

e.g.,
B

ob
ko

et
a
l.,

2007;
D

u
w

e
an

d
K

im
,

2016),
w

h
ere

it
is

referred
to

as
th

e
B

u
rgess

m
eth

o
d

(as
it

w
as

fi
rst

p
rop

osed
b
y

B
u
rgess,
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T

h
e

u
se

of
th

is
tech

n
iq

u
e

is
freq

u
en

tly
m

otivated
b
y

em
p
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w
ork

sh
ow

in
g

th
at

lin
ear

m
o
d
els

w
ith

u
n
it

w
eigh

ts
m

ay
p

erform
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risin
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w

ell
(see,

e.g.,
E

in
h
orn

an
d

H
ogarth

,
1975;

D
aw

es,
1979;

H
olte,

1993,
2006;

B
ob

ko
et

al.,
2007).
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h
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p
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b
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d
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d
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p
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w
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re
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0
w
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a
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re
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d
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n
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p
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h
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p
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p
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b
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at
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n
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.
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n
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u
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e

th
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at
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b
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b
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b
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u
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d
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.
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d
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.
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b
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d
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.
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d
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d
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p
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b
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d
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d
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d
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u
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e

co
effi

cien
t

setL
are

regu
larly

sp
aced

,
th

en
th

e
scores

b
elon

g
to

th
e

set
of

in
tegersS

⊆
Z
∩

[s
m

in,s
m

a
x]

w
h
ere:

s
m

in
=

m
in
i,λ
{〈λ

,x
i y
i 〉

for
all

(x
i ,y

i )∈
D

an
d
λ
∈
L}

,

s
m

a
x

=
m

ax
i,λ
{〈λ

,x
i y
i 〉

for
all

(x
i ,y

i )∈
D

an
d
λ
∈
L}

.

T
h
u
s,

w
e

can
p
recom

p
u
te

an
d

store
all

p
ossib

le
valu

es
o
f

th
e

loss
fu

n
ction

in
a

lo
ok

u
p

tab
le

w
ith

s
m

a
x−

s
m

in
+

1
row

s,
w

h
ere

row
m

con
tain

s
th

e
valu

e
of

[log
(1

+
ex

p
(−

(m
+
s

m
in−

1)))].
T

h
is

strategy
can

red
u
ce

th
e

tim
e

to
evalu

ate
th

e
lo

ss
as

it
rep

laces
a

com
p
u
tation

ally
ex

p
en

sive
op

eration
w

ith
a

fast
lo

ok
u
p
.

In
p
ractice,

th
e

lo
ok

u
p

tab
le

is
sm

all
en

ou
gh

to
b

e
cach

ed
in

m
em

ory,
w

h
ich

y
ield

s
a

su
b
sta

n
tial

sp
eed

u
p
.

In
ad

d
ition

,
w

h
en

R
m

a
x

is
u
p

d
ated

over
th

e
cou

rse
of

LC
PA

,
th

e
lo

ok
u
p

tab
le

can
b

e
fu

rth
er

red
u
ced

b
y

recom
p
u
tin

g
s

m
in

an
d

s
m

a
x,

an
d

lim
itin

g
th

e
en

tries
to

valu
es

b
etw

een
s

m
in

an
d
s

m
a
x.

T
h
e

valu
es

of
s

m
in

an
d
s

m
a
x

can
b

e
com

p
u
ted

in
O

(n
)

tim
e,

so
th

e
u
p

d
ate

is
n
ot

ex
p

en
sive.

E
.2
.2
.
F
a
st

e
r
R
o
u
n
d
in
g

H
e
u
r
ist

ic
s
v
ia

S
u
b
sa

m
p
l
in
g

W
e

n
ow

d
escrib

e
a

su
b
sam

p
lin

g
tech

n
iq

u
e

to
red

u
ce

com
p
u
tation

for
rou

n
d
in

g
h
eu

ristics
th

at
req

u
ire

m
u
ltip

le
evalu

ation
s

of
th

e
loss

fu
n
ction

(e.g.,
S

equentialR
ounding

).
Id

eally,
w

e
w

ou
ld

w
an

t
to

ru
n

su
ch

h
eu

ristics
freq

u
en

tly
as

p
ossib

le
b

ecau
se

each
ru

n
m

ay
ou

tp
u
t

a
solu

tion
th

at
u
p

d
ates

th
e

in
cu

m
b

en
t

solu
tion

(i.e.,
th

e
cu

rren
t

b
est

solu
tio

n
to

th
e

risk
score

p
rob

lem
).

In
p
ractice,

h
ow

ev
er,

th
is

m
ay

slow
d
ow

n
LC

PA
sin

ce
each

ru
n

req
u
ires

m
u
ltip

le
evalu

ation
s

of
th

e
loss,

an
d

ru
n
s

th
at

fail
to

u
p

d
ate

th
e

in
cu

m
b

en
t

am
ou

n
t

to
w

asted
com

p
u
tation

.
If,

for
ex

am
p
le,

w
e

ran
S

equentialR
ounding

each
tim

e
th

e
M

IP
solver

fou
n
d

a
set

of
n
on

-in
teger

co
effi

cien
ts

in
LC

PA
(i.e.,

S
tep

15
of

A
lgorith

m
2),

m
an

y
rou

n
d
ed

solu
tion

s
w

ou
ld

n
ot

u
p

d
ate

th
e

in
cu

m
b

en
t,

an
d

w
e

w
ou

ld
h
ave

w
asted

to
o

m
u
ch

tim
e

rou
n
d
in

g,
w

ith
ou

t
n
ecessarily

fi
n
d
in

g
a

b
etter

solu
tion

.
O

u
r

tech
n
iq

u
e

aim
s

to
red

u
ce

th
e

overh
ead

of
callin

g
h
eu

ristics
b
y

ru
n
n
in

g
th

em
on

a
sm

aller
d
ataset

D
m

b
u
ilt

b
y

sam
p
lin

g
m

p
o
in

ts
w

ith
ou

t
rep

lacem
en

t
from

th
e

train
in

g

3
.

T
h

e
va

lu
e

o
f

ex
p

(s)
ca

n
b

e
co

m
p

u
ted

relia
b

ly
u

sin
g

IE
E

E
7
5
4

d
o
u

b
le

p
recisio

n
fl

o
a
tin

g
p

o
in

t
n
u

m
b

ers
fo

r
s∈

[−
7
0
0
,7

0
0
].

T
h

e
term

w
ill

ov
erfl

ow
to
∞

w
h

en
s
<
−

7
0
0
,

a
n

d
u

n
d

erfl
ow

to
0

w
h

en
w

h
en
s
>

7
0
0
.
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U
st

u
n
a
n
d

R
u
d
in

d
at

as
et
D n

.
In

w
h
at

fo
ll
ow

s,
w

e
p
re

se
n
t

p
ro

b
a
b
il
is

ti
c

gu
ar

an
te

es
to

ch
o
os

e
th

e
n
u
m

b
er

of
sa

m
p
le

s
m

so
th

at
an

in
cu

m
b

en
t

u
p

d
at

e
u
si

n
g
D m

g
u
ar

an
te

es
an

in
cu

m
b

en
t

u
p

d
at

e
u
si

n
g
D n

.
T

o
cl

ar
if

y
w

h
en

th
e

lo
ss

an
d

ob
je

ct
iv

e
ar

e
co

m
p
u
te

d
u
si

n
g
D m

or
D n

,
w

e
le

t
l i

(λ
)

=
lo

g
(1

+
ex

p
(〈
λ
,y
ix
i〉)

)
an

d
d
efi

n
e:

l m
(λ

)
=

1 m

m ∑ i=
1

l i
(λ

),
V
m

(λ
)

=
l m

(λ
)

+
C

0
‖λ
‖ 0
,

l n
(λ

)
=

1 n

n ∑ i=
1

l i
(λ

),
V
n
(λ

)
=
l n

(λ
)

+
C

0
‖λ
‖ 0
.

C
on

si
d
er

a
ca

se
w

h
er

e
a

h
eu

ri
st

ic
re

tu
rn

s
a

p
ro

m
is

in
g

so
lu

ti
on
λ

h
r

su
ch

th
at

:

V
m

(λ
h

r )
<
V

m
a
x
.

(1
1)

In
th

is
ca

se
,

w
e

co
m

p
u
te

th
e

ob
je

ct
iv

e
on

th
e

fu
ll

tr
ai

n
in

g
d
at

as
et
D n

b
y

ev
al

u
at

in
g

th
e

lo
ss

fo
r

ea
ch

of
th

e
n
−
m

p
oi

n
ts

th
at

w
er

e
n
ot

in
cl

u
d
ed

in
D m

.
W

e
th

en
u
p

d
a
te

th
e

in
cu

m
b

en
t

so
lu

ti
on

if
λ

h
r

at
ta

in
s

an
ob

je
ct

iv
e

va
lu

e
th

at
is

le
ss

th
an

th
e

cu
rr

en
t

u
p
p

er
b

ou
n
d
:

V
n
(λ

h
r )
<
V

m
a
x
.

(1
2)

A
lt

h
ou

gh
th

is
st

ra
te

gy
re

q
u
ir

es
ev

al
u
at

in
g

th
e

lo
ss

fo
r

th
e

fu
ll

tr
ai

n
in

g
d
at

as
et

to
va

li
d
at

e
an

in
cu

m
b

en
t

u
p

d
at

e,
it

st
il
l

re
d
u
ce

s
d
at

a-
re

la
te

d
co

m
p
u
ta

ti
on

si
n
ce

ro
u
n
d
in

g
h
eu

ri
st

ic
s

ty
p
ic

al
ly

re
q
u
ir

e
m

u
lt

ip
le

ev
al

u
at

io
n
s

of
th

e
lo

ss
(e

.g
.,

S
eq

ue
nt

ia
lR

ou
nd

in
g,

w
h
ic

h
re

q
u
ir

es
d 3
(d

2
+

3
d

+
2)

ev
al

u
at

io
n
s)

.
T

o
gu

ar
an

te
e

th
at

an
y

so
lu

ti
on

th
at

u
p

d
at

es
th

e
in

cu
m

b
en

t
w

h
en

th
e

o
b

je
ct

iv
e

is
ev

al
u
-

at
ed

w
it

h
D m

w
il
l

al
so

u
p

d
at

e
th

e
in

cu
m

b
en

t
w

h
en

th
e

ob
je

ct
iv

e
is

ev
al

u
at

ed
w

it
h
D n

(i
.e

.,
th

at
an

y
so

lu
ti

on
th

at
sa

ti
sfi

es
(1

1)
w

il
l

al
so

sa
ti

sf
y

(1
2)

),
w

e
ca

n
u
se

th
e

ge
n
er

al
iz

at
io

n
b

ou
n
d

fr
om

T
h
eo

re
m

11
.

T
h

e
o
re

m
1
1

(G
en

er
al

iz
at

io
n

of
S
am

p
le

d
L

os
s

on
F

in
it

e
C

o
effi

ci
en

t
S
et

)
L

et
D n

=
(x

i,
y i

)n i
=

1
d
en

o
te

a
tr

a
in

in
g

d
a
ta

se
t

w
it

h
n
>

1
po

in
ts

,
D m

=
(x

i,
y i

)m i
=

1
d
en

o
te

a
sa

m
p
le

o
f
m

po
in

ts
d
ra

w
n

w
it

h
o
u

t
re

p
la

ce
m

en
t

fr
o
m
D n

,
a
n

d
λ

d
en

o
te

th
e

co
effi

ci
en

ts
o
f

a
li

n
ea

r
cl

a
ss

ifi
er

fr
o
m

a
fi

n
it

e
se

t
L.

F
o
r

a
ll
ε
>

0,
it

h
o
ld

s
th

a
t

P
r

( m
ax

λ
∈L

( l n
(λ

)
−
l m

(λ
))
≥
ε)
≤
|L
|e

x
p

(
−

2
ε2

(
1 m

)(
1
−

m
2

n
2

)∆
m

a
x
(L
,D

n
)2

)
,

w
h
er

e
∆

m
a
x
(L
,D

n
)

=
m

ax
λ
∈L

(m
ax

i=
1
,.
..
,n
l i

(λ
)
−

m
in
i=

1
,.
..
,n
l i

(λ
))
.

6
9

JM
L

R
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0(
15

0)
:1

-7
5,

 2
01

9

L
e
a
r
n
in
g

O
p
t
im

iz
e
d

R
is
k

S
c
o
r
e
s

P
ro

o
f

(T
h
eo

re
m

11
).

F
o
r

a
fi

xe
d

se
t

co
effi

ci
en

t
ve

ct
o
r
λ
∈
L,

co
n

si
d
er

a
sa

m
p
le

o
f

n
po

in
ts

co
m

po
se

d
o
f

th
e

va
lu

es
fo

r
th

e
lo

ss
fu

n
ct

io
n
l i

(λ
)

fo
r

ea
ch

ex
a
m

p
le

in
th

e
fu

ll
tr

a
in

in
g

d
a
ta

se
t
D n

=
(x

i,
y i

)n i
=

1
.

L
et
l n

(λ
)

=
1 n

∑
n i=

1
l i

(λ
)

a
n

d
l m

(λ
)

=
1 m

∑
m i=

1
l i

(λ
).

T
h
en

,
th

e
H

oe
ff

d
in

g-
S

er
fl

in
g

in
eq

u
a
li

ty
(s

ee
e.

g.
,

T
h
eo

re
m

2
.4

in
B

a
rd

en
et

a
n

d
M

a
il

la
rd

,
2
0
1
5
)

gu
a
ra

n
te

es
th

e
fo

ll
o
w

in
g

fo
r

a
ll
ε
>

0:

P
r

(l
n
(λ

)
−
l m

(λ
)
≥
ε)
≤

ex
p

(
−

2ε
2

(
1 m

)(
1
−

m n
)(

1
+

m n
)∆

(λ
,D

n
)2

)
,

w
h
er

e

∆
(λ
,D

n
)

=
m

ax
i=

1
,.
..
,n
l i

(λ
)
−

m
in

i=
1
,.
..
,n
l i

(λ
).

W
e

re
co

ve
r

th
e

d
es

ir
ed

in
eq

u
a
li

ty
by

ge
n

er
a
li

zi
n

g
th

is
bo

u
n

d
to

h
o
ld

fo
r

a
ll
λ
∈
L

a
s

fo
ll

o
w

s.

P
r

( m
ax

λ
∈L

( l n
(λ

)
−
l m

(λ
))
≥
ε)

=
P

r

(
⋃ λ
∈L

(l
n
(λ

)
−
l m

(λ
)
≥
ε)

)
,

≤
∑ λ
∈L

P
r

(l
n
(λ

)
−
l m

(λ
)
≥
ε)
,

(1
3
)

≤
∑ λ
∈L

ex
p

(
−

2ε
2

(
1 m

)(
1
−

m n
)(

1
+

m n
)∆

(λ
,D

n
)2

)
,

(1
4
)

≤
|L
|e

x
p

(
−

2ε
2

(
1 m

)(
1
−

m n
)(

1
+

m n
)∆

m
a
x
(L
,D

n
)2

)
.

(1
5
)

H
er

e,
(1

3)
fo

ll
o
w

s
fr

o
m

th
e

u
n

io
n

bo
u

n
d
,

(1
4)

fo
ll

o
w

s
fr

o
m

th
e

H
oe

ff
d
in

g
S

er
li

n
g

in
eq

u
a
l-

it
y,

(1
5)

fo
ll

o
w

s
fr

o
m

th
e

fa
ct

th
a
t

∆
(λ
,D

n
)
≤

∆
m

a
x
(L
,D

n
)

gi
ve

n
th

a
t
λ
∈
L.

T
h
eo

re
m

11
is

d
er

iv
ed

fr
om

a
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
y

fo
r

sa
m

p
li
n
g

w
it

h
o
u
t

re
p
la

ce
-

m
en

t,
ca

ll
ed

th
e

H
o
eff

d
in

g-
S
er

fl
in

g
in

eq
u
al

it
y

(s
ee

B
ar

d
en

et
an

d
M

ai
ll
ar

d
,

2
0
1
5
).

T
h
e

H
o
eff

d
in

g-
S
er

fl
in

g
in

eq
u
al

it
y

is
ti

gh
te

r
th

an
th

e
cl

as
si

ca
l

H
o
eff

d
in

g
in

eq
u
al

it
y

a
s

it
en

su
re

s
th

at
P

r
(l
n
(λ

)
−
l m

(λ
)
≥
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→

0
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m
→

n
fo

r
al

l
ε
>

0.
H

er
e,

∆
m

a
x
(L
,D

n
)

is
a

n
o
rm

a
l-

iz
at

io
n

te
rm

th
at

re
p
re

se
n
ts

th
e

m
ax

im
u
m
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n
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e
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an

d
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n
b

e
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m
p
u
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d
q
u
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k
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n
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e
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n
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g
d
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d
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t
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t
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n
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P
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p
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n

4
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S
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o
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4
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n
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m
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h
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e
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n
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g
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tt
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,
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T

h
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m
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w
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y
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a

va
cu

o
u
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b
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n
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th
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h
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ev
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,
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u
n
d
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su
re

s
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w
h
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p
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u
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a

w
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n
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b
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n
d
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e
d
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er
en
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n
l n

(λ
)

an
d
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n
b

e
u
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d
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e
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b
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u
p

d
a
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m
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u
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d
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A
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n
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y,
it
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n

b
e

u
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d
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p
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an

in
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m
b

en
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u
p

d
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e
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y
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a
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m
b

en
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u
p

d
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e
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.
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p
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e,
th

e
b

ou
n
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T

h
eo
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n
b

e
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te

n
ed

b
y

re
co

m
p
u
ti

n
g

th
e

n
or

m
al

iz
at

io
n

te
rm

∆
m

a
x
(L
,D

n
)

ov
er

th
e

co
u
rs

e
of

LC
PA

.
T

h
is

ca
n

b
e

d
o
n
e

fo
r

ea
ch

re
al

-v
al

u
ed

so
lu

ti
on

ρ
,

or
w

h
en

th
e

M
IP

so
lv

er
re

st
ri

ct
s

th
e

se
t

of
fe

as
ib

le
co

effi
ci

en
ts
L.

70
JM

L
R

 2
0(

15
0)

:1
-7

5,
 2

01
9



U
st

u
n
a
n
d

R
u
d
in

C
o
ro

lla
ry

1
2

(U
p

d
ate

P
rob

ab
ilities

of
R

ou
n
d
in

g
H

eu
ristics

on
S
u
b
sam

p
led

D
ata)

C
o
n

sid
er

a
ro

u
n

d
in

g
h
eu

ristic
th

a
t

ta
kes

a
s

in
p
u

t
a

vecto
r

o
f

rea
l-va

lu
ed

coeffi
cien

ts
ρ

=
(ρ

1 ,...,ρ
d )∈

con
v
(L

)
a
n

d
o
u

tp
u

ts
a

vecto
r

o
f

ro
u

n
d
ed

coeffi
cien

ts
λ
∈
L
|ρ

w
h
ere

L
ρ

=
(λ
∈
L
∣∣
λ
j ∈
{dρ

j e,bρ
j c}

fo
r
j

=
1,...,d )

.

If
w

e
eva

lu
a
te

th
e

ro
u

n
d
in

g
h
eu

ristic
u

sin
g
m

po
in

ts
D
m

=
(x

i ,y
i )
mi=

1
d
ra

w
n

w
ith

o
u

t
rep

la
cem

en
t

fro
m
D
n

=
(x

i ,y
i )
ni=

1
a
n

d
th

e
ro

u
n

d
ed

coeffi
cien

ts
λ
∈
L
ρ

a
tta

in
a
n

o
bjective

va
lu

e
V
m

(λ
),

th
en

fo
r

a
n

y
δ,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

w
e

h
a
ve

th
a
t

V
m

(λ
)
<
V

m
a
x−

ε
δ

=⇒
V
n
(λ

)≤
V

m
a
x,

w
h
ere

ε
δ

=
∆

m
a
x(L

ρ
,D

n
) √

log
(1/δ)

+
d

log
(2)

2

(
1m

)
(

1−
m

2

n
2 )

.

P
ro

o
f

(C
o
ro

llary
12).

W
e

w
ill

fi
rst

sh
o
w

th
a
t

fo
r

a
n

y
to

lera
n

ce
δ
>

0
th

a
t

w
e

p
ick,

th
e

p
rescribed

ch
o
ice

o
f
ε
δ

w
ill

en
su

re
th

a
t
V
n
(λ

)−
V
m

(λ
)≤

ε
δ

w
.p
.

a
t

lea
st

1−
δ.

R
esta

tin
g

th
e

resu
lt

o
f

T
h
eo

rem
1
1
,

w
e

h
a
ve

th
a
t

fo
r

a
n

y
ε
>

0
:

P
r (

m
a
x

λ∈L

(
ln

(λ
)−

lm
(λ

) )
≥
ε )
≤
|L|ex

p (
−

2
ε

2

(
1m

)(1−
mn

)(1
+

mn
)∆

m
a
x(L

,D
n
)
2 )

.
(16)

N
o
te

th
a
t
ln

(λ
)−

lm
(λ

)
=
V
n
(λ

)−
V
m

(λ
)

fo
r

a
n

y
fi

xed
λ

.
In

a
d
d
itio

n
,

n
o
te

th
a
t

th
e

set
o
f

ro
u

n
d
ed

coeffi
cien

ts
L

(ρ
)

co
n

ta
in

s
a
t

m
o
st|L

(ρ
)|≤

2
d

coeffi
cien

t
vecto

rs.
T

h
erefo

re,
in

th
is

settin
g,

(16)
im

p
lies

th
a
t

fo
r

a
n

y
ε
>

0,

P
r

(V
n
(λ

)−
V
m

(λ
)≥

ε)≤
2
d

ex
p (
−

2ε
2

(
1m

)(1−
mn

)(1
+

mn
)∆

(L
(ρ

),D
n
)
2 )

.
(17)

B
y

settin
g
ε

=
ε
δ

a
n

d
sim

p
lifyin

g
th

e
term

s
o
n

th
e

righ
t

h
a
n

d
sid

e
in

(17),
w

e
see

th
a
t

P
r

(V
n
(λ

)−
V
m

(λ
)≥

ε
δ )≤

δ.

T
h
u

s,
th

e
p
rescribed

va
lu

e
o
f
ε
δ

en
su

res
th

a
t
V
n
(λ

)−
V
m

(λ
)≤

ε
δ

w
.p

.
a
t

lea
st

1−
δ.

S
in

ce
w

e
h
a
ve

set
ε
δ

so
th

a
t
V
n
(λ

)−
V
m

(λ
)≤

ε
δ

w
.p

.
a
t

lea
st

1−
δ,

w
e

n
o
w

n
eed

o
n

ly
to

sh
o
w

th
a
t

a
n

y
λ

sa
tisfyin

g
V
m

(λ
)
<
V

m
a
x−

ε
δ

w
ill

a
lso

sa
tisfy

V
n
(λ

)≤
V

m
a
x

to
co

m
p
lete

th
e

p
roo

f.
T

o
see

th
is,

o
bserve

th
a
t:

V
n
(λ

)−
V
m

(λ
)≤

ε
δ ,

V
n
(λ

)≤
V
m

(λ
)

+
ε
δ ,

V
n
(λ

)
<
V

m
a
x.

(18)

H
ere,

(1
8)

fo
llo

w
s

fro
m

th
e

fa
ct

th
a
t
V
m

(λ
)
<
V

m
a
x−

ε
δ

=⇒
V
m

(λ
)

+
ε
δ
<
V

m
a
x.

71
JM

L
R

 20(150):1-75, 2019

L
e
a
r
n
in
g

O
p
t
im

iz
e
d

R
isk

S
c
o
r
e
s

A
p
p

e
n
d
ix

F
.

A
d
d
itio

n
a
l

E
x
p

e
rim

e
n
ta

l
R

e
su

lts

T
r
a
d
it
io
n
a
l
A
p
p
r
o
a
c
h
e
s

P
o
o
l
e
d

A
p
p
r
o
a
c
h
e
s

D
a
ta

se
t

M
e
tric

P
L
R
�
R
d

P
L
R
�
R
sR

d
P
L
R
�
U
n
it

P
o
o
l
e
d
R
d

P
o
o
l
e
d
R
d
*

P
o
o
l
e
d
S
e
q
R
d
*

R
isk

S
L
IM

i
n
c
o
m
e

n
=

32561
d

=
36

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

10.5%
10.5%
0.78

7
0.78

7

19.5%
19.8%
0.81

3
0.81

1

25
.4

%
25

.8
%

0.814
0.815

3.0%
2.6%
0.84

5
0.84

8

3.1%
2.5%
0.854
0.857

4.2%
4.4%
0.8

32
0.8

27

2.6
%

4.2
%

0.8
54

0.8
60

m
a
m
m
o

n
=

961
d

=
14

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

10.5%
12.2%
0.83

2
0.84

6

16.2%
14.2%
0.84

6
0.85

2

8.5%
7.2%
0.842
0.850

10.9%
10.1%
0.84

5
0.84

7

7.1%
5.4%
0.841
0.847

7.4%
5.4%
0.8

45
0.8

47

5.0
%

3.1
%

0.8
43

0.8
49

m
u
s
h
r
o
o
m

n
=

8124
d

=
113

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

22.1%
28.6%
0.89

0
0.89

0

8.0%
5.6%
0.95

1
0.94

2

19.9
%

18.3
%

0.969
0.978

12.6%
11.9%
0.98

4
0.98

4

4.6%
4.2%
0.986
0.984

5.4%
3.3%
0.9

78
0.9

83

1.8
%

1.0
%

0.9
89

0.9
90

r
e
a
r
r
e
s
t

n
=

22530
d

=
48

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

7.3%
4.8%
0.55

5
0.64

0

24.2%
24.3%
0.69

2
0.70

0

21
.8

%
14

.1
%

0.698
0.698

5.2%
1.1%
0.67

6
0.67

6

1.4%
1.1%
0.676
0.676

3.8%
3.7%
0.6

77
0.6

82

2.4
%

2.6
%

0.6
99

0.7
01

s
p
a
m
b
a
s
e

n
=

4601
d

=
57

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

15.0%
18.7%
0.62

0
0.77

2

29.5%
26.8%
0.87

5
0.87

2

33
.4

%
23

.8
%

0.861
0.876

26.5%
25.1%
0.91

0
0.91

7

16.3
%

14.6
%

0.913
0.921

17
.9%

19
.3%

0.9
08

0.9
26

11
.7%

12
.3%

0.9
28

0.9
35

t
e
l
e
m
a
r
k
e
t
i
n
g

n
=

41188
d

=
57

te
st

c
a
l

tra
in

c
a
l

te
st

a
u

c
tra

in
a
u

c

2.6%
0.7%
0.57

4
0.50

0

11.2%
11.3%
0.70

0
0.68

5

6.2%
4.9%
0.715
0.685

1.9%
1.7%
0.75

9
0.75

9

1.3%
1.1%
0.760
0.760

1.3%
1.1%
0.7

60
0.7

60

1.3
%

1.1
%

0.7
60

0.7
60

T
a
b
le

7
:

S
u

m
m

a
ry

sta
tistics

o
f

risk
sco

res
w

ith
in

teg
er

co
effi

cien
ts
λ
j
∈
{−

5
,...,5}

w
ith

m
o
d

el
size

o
f

‖
λ‖

0
≤

5
.

H
ere:

test
ca

l
a
n

d
test

a
u

c,
w

h
ich

a
re

th
e

5
-C

V
m

ea
n

test
C

A
L

/
A

U
C

;
tra

in
ca

l
a
n

d
tra

in
a

u
c

w
h

ich
a
re

th
e

C
A

L
a
n

d
A

U
C

o
f

th
e

fi
n

a
l

m
o
d

el
fi

t
u

sin
g

th
e

en
tire

d
a
ta

set.

7
2

JM
L

R
 20(150):1-75, 2019



U
st

u
n
a
n
d

R
u
d
in

A
p
p

e
n
d
ix

G
.

S
u
p
p

o
rt

in
g

M
a
te

ri
a
l

fo
r

S
e
iz

u
re

P
re

d
ic

ti
o
n

In
th

is
ap

p
en

d
ix

,
w

e
p
ro

v
id

e
su

p
p

or
ti

n
g

m
a
te

ri
al

fo
r

th
e

se
iz

u
re

p
re

d
ic

ti
on

ap
p
li
ca

ti
on

in
S
ec

ti
on

6.

G
.1

.
L

is
t

o
f

In
p

u
t

V
a
ri

a
b

le
s

In
T

ab
le

8,
w

e
li
st

al
l

in
p
u
t

va
ri

ab
le

s
in

th
e

tr
ai

n
in

g
d
at

as
et

.

I
n
p
u
t

V
a
r
ia

b
le

V
a
lu

e
s

S
ig

n

M
a
le

{0
,
1
}

F
e
m

a
le

{0
,
1
}

P
r
io

r
S

e
iz

u
re

{0
,
1
}

+

P
o
st

e
r
io

r
D

o
m

in
a
n

tR
h
y
th

m
P

re
se

n
t

{0
,
1
}

−

B
r
ie

fR
h
y
th

m
ic

D
is

c
h
a
rg

e
{0
,
1
}

+

N
o
R

ea
c
ti

v
it

y
T

o
S

ti
m

u
la

ti
o
n

{0
,
1
}

E
p
il

e
p
ti

fo
r
m

D
is

c
h
a
rg

e
s

{0
,
1
}

+

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sM

e
n

ta
lS

ta
tu

sF
ir

st
{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sC

N
S

In
fe

c
ti

o
n

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sC

N
S

In
fl

a
m

m
a
to

r
y
D

is
ea

se
{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sC

N
S

N
eo

p
la

sm
{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sH

y
p
o
x
is

Is
c
h
e
m

ic
E

n
ce

p
h
a
lo

p
a
th

y
{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sI

n
tr

a
ce

re
b
ra

lH
e
m

o
r
r
h
a
g
e

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sI

n
tr

a
v
e
n

tr
ic

u
la

r
H

e
m

o
r
r
h
a
g
e

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sM

e
ta

bo
li

c
E

n
ce

p
h
a
lo

p
a
th

y
{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sI

sc
h
e
m

ic
S

tr
o
k
e

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sS

u
ba

ra
c
h
n

o
id

H
e
m

m
o
ra

g
e

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sS

u
bd

u
ra

lH
e
m

a
to

m
a

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sT

ra
u

m
a
ti

c
B

ra
in

In
ju

r
y

{0
,
1
}

S
ec

o
n

d
a
r
y
D

X
In

c
lu

d
e
sH

y
d
ro

ce
p
h
a
lu

s
{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
A

n
y

{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
B

iP
D

{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
G

P
D

{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
G

R
D

A
{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
L

P
D

{0
,
1
}

P
a
tt

e
r
n

Is
S

ti
m

u
lu

sI
n

d
u

ce
d
L

R
D

A
{0
,
1
}

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
A

n
y

{0
,
1
}

+

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
B

iP
D

{0
,
1
}

+

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
G

P
D

{0
,
1
}

+

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
G

R
D

A
{0
,
1
}

+

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
L

P
D

{0
,
1
}

+

P
a
tt

e
r
n

Is
S

u
p
e
r
Im

p
o
se

d
L

R
D

A
{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

B
iP

D
{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

G
P

D
{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

G
R

D
A

{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

L
P

D
{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

L
R

D
A

{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

G
R

D
A

o
r

G
P

D
{0
,
1
}

+

P
a
tt

e
r
n

sI
n

c
lu

d
e

B
iP

D
o
r

L
R

D
A

o
r

L
P

D
{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n

{0
.0
,
0
.5
,
.
.
.
,
3
.0
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D

{0
.0
,
0
.5
,
.
.
.
,
3
.0
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D

{0
.0
,
0
.5
,
.
.
.
,
3
.0
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D

{0
.0
,
0
.5
,
.
.
.
,
3
.0
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
{0
.0
,
0
.5
,
.
.
.
,
3
.0
}

+

I
n
p
u
t

V
a
r
ia

b
le

V
a
lu

e
s

S
ig

n

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n

=
0
.0

H
z

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
A

n
y
P

a
tt

e
r
n
≥

3
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D

=
0
.0

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
B

iP
D
≥

3
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D

=
0
.0

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

P
D
≥

3
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
=

0
.0

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
G

R
D

A
≥

3
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D

=
0
.0

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

P
D
≥

3
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
=

0
.0

{0
,
1
}

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

0
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

1
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

1
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

2
.0

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

2
.5

H
z

{0
,
1
}

+

M
a
x
F

re
q
u

e
n

c
y
L

R
D

A
≥

3
.0

H
z

{0
,
1
}

+

T
a
b
le

8
:

N
a
m

es
,

va
lu

es
,

a
n

d
si

g
n

co
n

st
ra

in
ts

fo
r

in
p

u
t

va
ri

a
b

le
s

in
th

e
s
e
i
z
u
r
e

d
a
ta

se
t.

7
3

JM
L

R
 2

0(
15

0)
:1

-7
5,

 2
01

9

L
e
a
r
n
in
g

O
p
t
im

iz
e
d

R
is
k

S
c
o
r
e
s

G
.2

.
L

is
t

o
f

O
p

e
ra

ti
o
n

a
l

C
o
n

st
ra

in
ts

N
o

R
e
d

u
n

d
a
n
t

C
a
te

g
o
ri

c
a
l

V
a
ri

a
b

le
s

1.
U

se
ei

th
er

M
a
le

or
F

em
a
le

.

2.
U

se
ei

th
er

P
a
tt

er
n

sI
n

cl
u

d
e

G
R

D
A

o
r

G
P

D
or

an
y

on
e

of
(P

a
tt

er
n

sI
n

cl
u

d
e

G
R

D
A

,
P

a
tt

er
n

sI
n

cl
u

d
e

G
P

D
).

3.
U

se
ei

th
er

P
a
tt

er
n

sI
n

cl
u

d
e

B
iP

D
o
r

L
R

D
A

o
r

L
P

D
or

an
y

on
e

of
(P

a
tt

er
n

sI
n

cl
u

d
e

B
iP

D
,

P
a
tt

er
n

sI
n

cl
u

d
e

L
R

D
A

,
P

a
tt

er
n

sI
n

cl
u

d
e

L
P

D
).

4.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n

=
0.

0
or

M
a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n
≥

0
.5

o
r

n
ei

-
th

er
.

5.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

L
P

D
=

0
.0

o
r

M
a
xF

re
qu

en
cy

L
P

D
≥

0.
5

or
n
ei

th
er

.

6.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

G
P

D
=

0
.0

or
M

a
xF

re
qu

en
cy

G
P

D
≥

0.
5

or
n
ei

th
er

.

7.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

G
R

D
A

=
0
.0

or
M

a
xF

re
qu

en
cy

G
R

D
A
≥

0
.5

or
n
ei

th
er

.

8.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

B
iP

D
=

0
.0

or
M

a
xF

re
qu

en
cy

B
iP

D
≥

0
.5

or
n
ei

th
er

.

9.
U

se
ei

th
er

M
a
xF

re
qu

en
cy

L
R

D
A

=
0
.0

or
M

a
xF

re
qu

en
cy

L
R

D
A
≥

0
.5

or
n
ei

th
er

.

F
re

q
u

e
n

c
y

in
C

o
n
ti

n
u

o
u

s
E

n
c
o
d

in
g

o
r

T
h

re
sh

o
ld

e
d

E
n

c
o
d

in
g

10
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n

or
(M

a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n

=
0
.0
..
.

M
a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n
≥

3.
0)

.

11
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

G
P

D
or

(M
a
xF

re
qu

en
cy

G
P

D
=

0
.0
..
.

M
a
xF

re
qu

en
cy

G
P

D
≥

3
.0

).

12
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

L
P

D
or

(M
a
xF

re
qu

en
cy

L
P

D
=

0
.0
..
.

M
a
xF

re
qu

en
cy

L
P

D
≥

3
.0

).

13
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

G
R

D
A

or
(M

a
xF

re
qu

en
cy

G
R

D
A

=
0
.0
..
.

M
a
xF

re
qu

en
cy

G
R

D
A
≥

3.
0)

.

14
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

B
iP

D
or

(M
a
xF

re
qu

en
cy

B
iP

D
=

0
.0
..
.

M
a
xF

re
qu

en
cy

B
iP

D
≥

3.
0)

.

15
.

C
h
o
os

e
b

et
w

ee
n

M
a
xF

re
qu

en
cy

L
R

D
A

or
(M

a
xF

re
qu

en
cy

L
R

D
A

=
0
.0
..
.

M
a
xF

re
qu

en
cy

L
R

D
A
≥

3.
0)

.

L
im

it
e
d

#
o
f

T
h

re
sh

o
ld

s
fo

r
T

h
re

sh
o
ld

e
d

V
a
ri

a
b

le
s

16
.

U
se

at
m

os
t

2
of

:
M

a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n

=
0
.0

,
M

a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n
≥

0
.5
..
.

M
a
xF

re
qu

en
cy

A
n

yP
a
tt

er
n
≥

3.
0.

17
.

U
se

at
m

os
t

2
of

:
M

a
xF

re
qu

en
cy

L
P

D
=

0
.0

,
M

a
xF

re
qu

en
cy

L
P

D
≥

0
.5
..
.
M

a
xF

re
qu

en
cy

L
P

D
≥

3
.0

.

18
.

U
se

at
m

os
t

2
of

:
M

a
xF

re
qu

en
cy

G
P

D
=

0.
0,

M
a
xF

re
qu

en
cy

G
P

D
≥

0.
5.
..

M
a
xF

re
qu

en
cy

G
P

D
≥

3
.0

.

74
JM

L
R

 2
0(

15
0)

:1
-7

5,
 2

01
9



U
st

u
n
a
n
d

R
u
d
in

1
9
.

U
se

a
t

m
o
st

2
of:

M
a
xF

requ
en

cyG
R

D
A

=
0.0,

M
a
xF

requ
en

cyG
R

D
A
≥

0
.5
...

M
a
xF

requ
en

cyG
R

D
A
≥

3
.0

.

2
0
.

U
se

a
t

m
o
st

2
of:

M
a
xF

requ
en

cyB
iP

D
=

0.0,
M

a
xF

requ
en

cyB
iP

D
≥

0
.5
...

M
a
xF

requ
en

cyB
iP

D
≥

3
.0

.

2
1
.

U
se

a
t

m
o
st

2
of:

M
a
xF

requ
en

cyL
R

D
A

=
0
.0,

M
a
xF

requ
en

cyL
R

D
A
≥

0.5
...M

a
xF

requ
en

cyL
R

D
A
≥

3
.0

.

A
n
y

c
E

E
G

P
a
tte

rn
o
r

S
p

e
c
ifi

c
c
E

E
G

P
a
tte

rn
s

2
2
.

U
se

eith
er

P
a
ttern

IsS
tim

u
lu

sIn
d
u

ced
A

n
y

or
an

y
of

(P
a
ttern

IsS
tim

u
lu

sIn
d
u

ced
B

iP
D

,
P

a
ttern

IsS
tim

u
lu

sIn
d
u

ced
G

R
D

A
,P

a
ttern

IsS
tim

u
lu

sIn
d
u

ced
G

P
D

,P
a
ttern

IsS
tim

u
lu

sIn
-

d
u

ced
L

P
D

,
P

a
ttern

IsS
tim

u
lu

sIn
d
u

ced
L

R
D

A
)

or
n
on

e
of

th
e

variab
les.

2
3
.

U
se

eith
er

P
a
ttern

IsS
u

perIm
po

sed
or

an
y

o
f
(P

a
ttern

IsS
u

perIm
po

sed
B

iP
D

,
P

a
ttern

IsS
u

-
perIm

po
sed

G
P

D
P

a
ttern

IsS
u

perIm
po

sed
G

R
D

A
,
P

a
ttern

IsS
u

perIm
po

sed
L

P
D

,
P

a
ttern

IsS
u

-
perIm

po
sed

L
R

D
A

),
or

n
on

e
of

th
e

variab
les.

2
4
.

U
se

eith
er

M
a
xF

requ
en

cyA
n

yP
a
ttern

(or
its

th
resh

old
ed

v
ersion

s)
or

an
y

of
M

a
xF

re-
qu

en
cyB

iP
D

,
M

a
xF

requ
en

cyG
R

D
A

,
M

a
xF

requ
en

cyG
P

D
,

M
a
xF

requ
en

cyL
P

D
,

M
a
xF

re-
qu

en
cyL

R
D

A
,

(or
th

eir
th

resh
old

ed
version

s),
or

n
on

e
of

th
e

variab
les.

G
.3

.
A

d
d

itio
n

a
l

E
x
p

e
rim

e
n
ta

l
R

e
su

lts

T
r
a
in
in
g

R
e
q
u
ir
e
m
e
n
t
s

%
o
f
In

st
a
n
c
e
s
T
h
a
t
S
a
t
isf

y
C
o
n
st

r
a
in
t
s
o
n

M
e
th

o
d

#
In

sta
n

c
e
s

#
M

o
d

e
ls

M
o
n

o
to

n
ic

ity
M

o
d

e
l

S
iz

e
O

p
e
ra

tio
n

a
l

A
ll

C
o
n

stra
in

ts

R
isk

S
L
IM

1
6

10
0%

10
0%

100%
100%

P
o
o
l
e
d
R
d

1,1
00

33,0
00

1
00

%
22

%
20%

20%

P
o
o
l
e
d
R
d
*

1,1
00

33,0
00

1
00

%
22

%
20%

20%

P
o
o
l
e
d
R
sR

d
1,1

00
33,0

00
1
00

%
9
%

5%
2%

P
o
o
l
e
d
R
sR

d
*

1,1
00

33,0
00

23
%

9%
5%

5%

P
o
o
l
e
d
S
e
q
R
d

1,1
00

33,0
00

1
00

%
10

%
7%

4%

P
o
o
l
e
d
S
e
q
R
d
*

1,1
00

33,0
00

98
%

1
0%

8%
4%

T
a
b
le

9
:

T
ra

in
in

g
req

u
irem

en
ts

a
n

d
co

n
stra

in
t

v
io

la
tio

n
s

fo
r

th
e

m
eth

o
d

s
in

T
a
b

le
4
.

E
a
ch

in
sta

n
ce

is
a

u
n

iq
u

e
co

m
b

in
a
tio

n
o
f

free
p

a
ra

m
eters.

#
m

o
d

els
rep

resen
ts

th
e

to
ta

l
n
u

m
b

er
o
f

m
o
d

els
th

a
t

w
e

m
u

st
tra

in
to

(1
)

ch
o
o
se

p
a
ra

m
eters

o
f

th
e

fi
n

a
l

risk
sco

re
a

n
d

(2
)

p
a
ir

th
is

m
o
d

el
a
n

u
n
b

ia
sed

estim
a
te

o
f

p
erfo

rm
a
n

ce.
W

e
n

eed
to

tra
in

3
3
K

fo
r

o
th

er
m

eth
o
d

s
sin

ce
th

ey
req

u
ire

n
ested

cro
ss

va
lid

a
tio

n
.

75
JM

L
R

 20(150):1-75, 2019

 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-4

9
S

u
b

m
it

te
d

9
/
1
8
;

R
ev

is
ed

4
/
1
9
;

P
u

b
li

sh
ed

7
/
1
9

N
o
n
p
a
ra

m
e
tr
ic

E
st
im

a
ti
o
n
o
f
P
ro

b
a
b
il
it
y
D
e
n
si
ty

F
u
n
ct
io
n
s
o
f

R
a
n
d
o
m

P
e
rs
is
te
n
ce

D
ia
g
ra

m
s

V
a
si

le
io

s
M

a
ro

u
la

s
v
m
a
r
o
u
l
a
@
u
t
k
.e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

cs
U

n
iv

er
si

ty
o
f

T
en

n
es

se
e

K
n

o
xv

il
le

,
T

N
3

7
9
9
6
,

U
S

A

J
o
sh

u
a

L
M

ik
e

m
ik
e
jo

sh
@
m
su

.e
d
u

C
o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
,

S
ci

en
ce

,
a
n

d
E

n
gi

n
ee

ri
n

g
D

ep
a
rt

m
en

t
M

ic
h
ig

a
n

S
ta

te
U

n
iv

er
si

ty
E

a
st

L
a
n

si
n

g,
M

I
4
8
8
2
3
,

U
S

A

C
h

ri
st

o
p

h
e
r

O
b

a
ll
e

c
o
b
a
l
l
e
@
v
o
l
s.
u
t
k
.e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

cs

U
n

iv
er

si
ty

o
f

T
en

n
es

se
e

K
n

o
xv

il
le

,
T

N
3

7
9
9
6
,

U
S

A

E
d

it
o
r:

B
o
az

N
ad

le
r

A
b
st
ra

ct

T
op

o
lo

gi
ca

l
d
at

a
a
n
a
ly

si
s

re
fe

rs
to

a
b
ro

ad
se

t
o
f

te
ch

n
iq

u
es

th
at

a
re

u
se

d
to

m
ak

e
in

fe
re

n
ce

s
ab

o
u
t

th
e

sh
a
p

e
of

d
at

a
.

A
p

op
u
la

r
to

p
o
lo

gi
ca

l
su

m
m

a
ry

is
th

e
p

er
si

st
en

ce
d
ia

gr
am

.
T

h
ro

u
gh

th
e

la
n
g
u
a
ge

o
f

ra
n
d
om

se
ts

,
w

e
d
es

cr
ib

e
a

n
ot

io
n

o
f

g
lo

b
a
l

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

fo
r

p
er

si
st

en
ce

d
ia

g
ra

m
s

th
at

fu
ll
y

ch
a
ra

ct
er

iz
es

th
ei

r
b

eh
av

io
r

a
n
d

in
p
a
rt

p
ro

v
id

es
a

n
o
is

e
li
ke

li
h
o
o
d

m
o
d
el

.
O

u
r

a
p
p
ro

ac
h

en
ca

p
su

la
te

s
th

e
n
u
m

b
er

of
to

p
ol

og
ic

al
fe

at
u
re

s
an

d
co

n
si

d
er

s
th

e
ap

p
ea

ra
n
ce

or
d
is

ap
p

ea
ra

n
ce

o
f

th
os

e
n
ea

r
th

e
d
ia

go
n
al

in
a

st
ab

le
fa

sh
io

n
.

In
p
ar

ti
cu

la
r,

th
e

st
ru

ct
u
re

of
ou

r
ke

rn
el

in
d
iv

id
u
al

ly
tr

a
ck

s
lo

n
g

p
er

si
st

en
ce

fe
at

u
re

s,
w

h
il
e

co
n
si

d
er

in
g

th
os

e
n
ea

r
th

e
d
ia

go
n
al

as
a

co
ll
ec

ti
ve

u
n
it

.
T

h
e

ch
oi

ce
to

d
es

cr
ib

e
sh

or
t

p
er

si
st

en
ce

fe
at

u
re

s
a
s

a
g
ro

u
p

re
d
u
ce

s
co

m
p
u
ta

ti
on

ti
m

e
w

h
il
e

si
m

u
lt

an
eo

u
sl

y
re

ta
in

in
g

ac
cu

ra
cy

.
In

d
ee

d
,

w
e

p
ro

ve
th

a
t

th
e

a
ss

o
ci

at
ed

k
er

n
el

d
en

si
ty

es
ti

m
a
te

co
n
v
er

ge
s

to
th

e
tr

u
e

d
is

tr
ib

u
ti

on
as

th
e

n
u
m

b
er

o
f

p
er

si
st

en
ce

d
ia

gr
a
m

s
in

cr
ea

se
s

an
d

th
e

b
a
n
d
w

id
th

sh
ri

n
k
s

ac
co

rd
in

gl
y.

W
e

al
so

es
ta

b
li
sh

th
e

co
n
ve

rg
en

ce
o
f

th
e

m
ea

n
ab

so
lu

te
d
ev

ia
ti

on
es

ti
m

a
te

,
d
efi

n
ed

ac
co

rd
in

g
to

th
e

b
ot

tl
en

ec
k

m
et

ri
c.

L
as

tl
y,

ex
am

p
le

s
of

ke
rn

el
d
en

si
ty

es
ti

m
at

io
n

ar
e

p
re

se
n
te

d
fo

r
ty

p
ic

a
l

u
n
d
er

ly
in

g
d
at

as
et

s
as

w
el

l
as

fo
r

v
ir

tu
a
l

el
ec

tr
o
en

ce
p
h
al

og
ra

p
h
ic

d
at

a
re

la
te

d
to

co
gn

it
io

n
.

K
e
y
w

o
rd

s:
T

o
p

o
lo

gi
ca

l
D

at
a

A
n
al

y
si

s;
P

er
si

st
en

ce
H

o
m

o
lo

gy
;

F
in

it
e

S
et

S
ta

ti
st

ic
s;

G
lo

b
al

D
is

-
tr

ib
u
ti

on
of

P
er

si
st

en
ce

D
ia

gr
am

s;
K

er
n
el

D
en

si
ty

E
st

im
a
ti

on
;

E
E

G
S
ig

n
al

s

1
.
In

tr
o
d
u
ct
io
n

T
op

ol
og

ic
al

d
at

a
an

al
y
si

s
(T

D
A

)
en

ca
p
su

la
te

s
a

ra
n
ge

of
d
at

a
an

al
y
si

s
m

et
h
o
d
s

th
at

in
ve

st
ig

at
e

th
e

to
p

ol
og

ic
al

st
ru

ct
u
re

of
a

d
at

as
et

(E
d
el

sb
ru

n
n
er

an
d

H
ar

er
,

20
10

).
O

n
e

su
ch

m
et

h
o
d
,

p
er

si
st

en
t

h
om

ol
og

y,
d
es

cr
ib

es
th

e
ge

om
et

ri
c

st
ru

ct
u
re

of
a

gi
ve

n
d
at

as
et

an
d

su
m

m
ar

iz
es

th
is

in
fo

rm
at

io
n

as
a

p
er

si
st

en
ce

d
ia

gr
am

.
T

D
A

,
an

d
in

p
ar

ti
cu

la
r

p
er

si
st

en
ce

d
ia

g
ra

m
s,

h
av

e
b

ee
n

em
p
lo

ye
d

in
se

v
er

al
st

u
d
ie

s
w

it
h

to
p
ic

s
ra

n
gi

n
g

fr
om

cl
as

si
fi
ca

ti
on

an
d

cl
u
st

er
in

g
(V

en
ka

ta
ra

m
an

et
al

.,
20

16
;

A
d
co

ck
et

al
.,

20
16

;
P

er
ei

ra
an

d
d
e

M
el

lo
,
20

15
;
M

ar
ch

es
e

an
d

M
ar

ou
la

s,
20

18
)

to
th

e
an

a
ly

si
s

of
d
y
n
am

ic
al

c ©
2
0
1
9

V
a
si

le
io

s
M

a
ro

u
la

s,
J
o
sh

u
a

L
M

ik
e,

a
n

d
C

h
ri

st
o
p

h
er

O
b

a
ll

e.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t

h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
6
1
8
.
h
t
m
l
.

JM
L

R
 2

0(
15

1)
:1

-4
9,

 2
01

9

M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

sy
st

em
s

(P
er

ea
an

d
H

ar
er

,
20

15
;

S
go

u
ra

li
s

et
al

.,
20

17
;

G
u
il
le

m
ar

d
an

d
Is

ke
,

20
1
1
;

S
ev

er
sk

y
et

al
.,

20
16

)
an

d
co

m
p
le

x
sy

st
em

s
su

ch
as

se
n
so

r
n
et

w
or

k
s

(D
e

S
il
va

an
d

G
h
ri

st
,

20
07

;
X

ia
et

a
l.
,

20
1
5
;

B
en

d
ic

h
et

al
.,

20
16

).
In

th
is

w
or

k
,

w
e

es
ta

b
li
sh

th
e

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

(p
d
f)

fo
r

a
ra

n
d
om

p
er

si
st

en
ce

d
ia

gr
am

.

P
er

si
st

en
ce

d
ia

gr
am

s
off

er
a

to
p

ol
og

ic
al

su
m

m
ar

y
fo

r
a

co
ll
ec

ti
on

of
d

-d
im

en
si

o
n
a
l

d
a
ta

,
sa

y
{x

i}
⊂

R
d
,

w
h
ic

h
fo

cu
se

s
on

th
e

gl
ob

al
ge

om
et

ri
c

st
ru

ct
u
re

of
th

e
d
at

a.
A

p
er

si
st

en
ce

d
ia

gr
a
m

is
a

m
u
lt

is
et

of
h
om

ol
og

ic
al

fe
at

u
re

s
{(
b i
,d
i,
k
i)
},

ea
ch

re
p
re

se
n
ti

n
g

a
k
i-

d
im

en
si

o
n
a
l

h
o
le

w
h
ic

h
ap

p
ea

rs
at

sc
al

e
b i
∈
R

+
an

d
is

fi
ll
ed

at
sc

al
e
d
i
∈

(b
i,
∞

).
In

ge
n
er

al
,

th
e

d
at

as
et

a
ri

se
s

fr
o
m

a
n
y

m
et

ri
c

sp
ac

e,
th

ou
gh

re
st

ri
ct

in
g

to
{x

i}
⊂

R
d

gu
ar

an
te

es
k
i
∈
{0
,.
..
,d
−

1
}.

F
o
r

ex
a
m

p
le

,
if

th
e

d
at

a
fo

rm
a

ti
m

e
se

ri
es

tr
a
je

ct
or

y
x
i

=
f

(t
i)

,
th

e
as

so
ci

at
ed

p
er

si
st

en
ce

d
ia

gr
am

d
es

cr
ib

es
m

u
lt

is
ta

-
b
il
it

y
th

ro
u
gh

a
co

rr
es

p
on

d
in

g
n
u
m

b
er

o
f

p
er

si
st

en
t

0-
d
im

en
si

on
al

fe
at

u
re

s
o
r

p
er

io
d
ic

it
y

th
ro

u
g
h

a
si

n
gl

e
p

er
si

st
en

t
1-

d
im

en
si

on
al

fe
at

u
re

.
In

a
ty

p
ic

al
p

er
si

st
en

ce
d
ia

gr
am

,
fe

w
fe

a
tu

re
s

ex
h
ib

it
lo

n
g

p
er

si
st

en
ce

(r
an

ge
of

sc
al

es
d
i
−
b i

),
an

d
su

ch
fe

at
u
re

s
d
es

cr
ib

e
im

p
or

ta
n
t

to
p

ol
o
g
ic

a
l

ch
a
ra

ct
er

is
-

ti
cs

of
th

e
u
n
d
er

ly
in

g
d
at

as
et

.
M

or
eo

ve
r,

p
er

si
st

en
t

fe
at

u
re

s
ar

e
st

ab
le

u
n
d
er

p
er

tu
rb

a
ti

o
n

o
f

th
e

u
n
d
er

ly
in

g
d
at

as
et

(C
oh

en
-S

te
in

er
et

al
.,

20
10

).

P
er

si
st

en
ce

d
ia

gr
am

s
h
av

e
re

ce
n
tl

y
se

en
in

te
n
se

ac
ti

ve
re

se
ar

ch
,

in
cl

u
d
in

g
si

g
n
ifi

ca
n
t

su
cc

es
sf

u
l

eff
or

ts
to

w
ar

d
fa

ci
li
ta

ti
n
g

p
re

v
io

u
sl

y
ch

al
le

n
gi

n
g

co
m

p
u
ta

ti
on

s
w

it
h

th
em

;
th

es
e

eff
o
rt

s
im

p
a
ct

ev
al

u
at

io
n

of
W

as
se

rs
te

in
d
is

ta
n
ce

in
(K

er
b

er
et

al
.,

20
16

)
an

d
th

e
cr

ea
ti

on
of

p
er

si
st

en
ce

d
ia

g
ra

m
s

w
it

h
p
ac

ka
ge

s
su

ch
as

D
io

n
y
su

s
(F

as
y

et
al

.,
20

15
)

an
d

R
ip

se
r

(B
au

er
,

20
15

)
w

h
ic

h
ta

ke
a
d
va

n
ta

g
e

of
ce

rt
ai

n
p
ro

p
er

ti
es

of
si

m
p
li
ci

al
co

m
p
le

x
es

(C
h
en

an
d

K
er

b
er

,
20

11
).

R
ec

en
tl

y,
va

ri
o
u
s

a
p
p
ro

a
ch

es
h
av

e
d
efi

n
ed

sp
ec

ifi
c

su
m

m
ar

y
st

at
is

ti
cs

su
ch

as
ce

n
te

r
an

d
va

ri
an

ce
(B

ob
ro

w
sk

i
et

a
l.
,
2
0
1
4
;
M

il
ey

ko
et

al
.,

20
11

;
T

u
rn

er
et

al
.,

20
14

;
M

ar
ch

es
e

an
d

M
ar

ou
la

s,
2
01

8)
,

b
ir

th
an

d
d
ea

th
es

ti
m

a
te

s
(E

m
m

et
t

et
al

.,
20

14
),

an
d

co
n
fi
d
en

ce
se

ts
(F

as
y

et
al

.,
20

14
).

W
h
il
e

th
e

af
or

em
en

ti
on

ed
st

u
d
ie

s
fo

cu
s

o
n

va
lu

ab
le

sp
ec

ifi
c

su
m

m
ar

ie
s,

h
er

e
w

e
v
ie

w
a

d
is

tr
ib

u
ti

on
of

p
er

si
st

en
ce

d
ia

gr
am

s
in

a
g
lo

b
a
l

se
n
se

v
ia

a
n
on

p
ar

am
et

ri
c

m
et

h
o
d

to
es

ti
m

at
e

it
s

d
en

si
ty

fu
n
ct

io
n
.

W
e

n
at

u
ra

ll
y

th
in

k
of

a
(r

an
d
om

)
p

er
si

st
en

ce
d
ia

gr
am

as
a

ra
n
d
om

el
em

en
t

w
h
ic

h
d
ep

en
d
s

u
p

o
n

a
st

o
ch

as
ti

c
p
ro

ce
d
u
re

w
h
ic

h
is

u
se

d
to

ge
n
er

at
e

th
e

u
n
d
er

ly
in

g
d
at

as
et

th
at

it
su

m
m

a
ri

ze
s.

G
iv

en
th

at
ge

om
et

ri
c

co
m

p
le

x
es

ar
e

th
e

ty
p
ic

al
p
ar

ad
ig

m
s

fo
r

ap
p
li
ca

ti
on

of
p

er
si

st
en

t
h
o
m

o
lo

g
y

to
d
a
ta

an
al

y
si

s,
se

e
fo

r
ex

am
p
le

th
e

p
ar

ti
al

li
st

(D
e

S
il
va

an
d

G
h
ri

st
,

20
07

;
E

m
m

et
t

et
a
l.
,

2
0
1
4
;

G
u
il
le

-
m

ar
d

an
d

Is
ke

,
20

11
;

M
ar

ch
es

e
an

d
M

ar
ou

la
s,

20
16

;
P

er
ea

an
d

H
ar

er
,

20
15

;
S
ev

er
sk

y
et

a
l.
,

2
0
16

;
X

ia
et

al
.,

20
15

;
V

en
ka

ta
ra

m
an

et
al

.,
20

16
;

E
d
el

sb
ru

n
n
er

,
20

13
;

E
m

ra
n
i

et
al

.,
2
0
1
4
))

,
w

e
co

n
si

d
er

p
er

si
st

en
ce

d
ia

gr
am

s
w

h
ic

h
ar

is
e

fr
om

a
d
at

as
et

an
d

it
s

as
so

ci
at

ed
Č

ec
h

fi
lt

ra
ti

o
n
.

T
h
u
s,

sa
m

p
le

d
at

as
et

s
y
ie

ld
sa

m
p
le

p
er

si
st

en
ce

d
ia

gr
am

s
w

it
h
ou

t
d
ir

ec
t

ac
ce

ss
to

th
e

d
is

tr
ib

u
ti

o
n

o
f

p
er

si
st

en
ce

d
ia

gr
am

s.
In

th
is

se
n
se

,
a

d
is

tr
ib

u
ti

on
of

p
er

si
st

en
ce

d
ia

gr
am

s
is

d
efi

n
ed

b
y

tr
a
n
sf

o
rm

in
g

th
e

d
is

-
tr

ib
u
ti

on
of

u
n
d
er

ly
in

g
d
at

a
u
n
d
er

th
e

p
ro

ce
ss

u
se

d
to

cr
ea

te
a

p
er

si
st

en
ce

d
ia

gr
a
m

,
a
s

d
is

cu
ss

ed
in

(M
il
ey

ko
et

al
.,

20
11

).
T

h
e

d
ia

gr
am

s
ar

e
cr

ea
te

d
th

ro
u
gh

a
h
ig

h
ly

n
on

li
n
ea

r
p
ro

ce
ss

w
h
ic

h
re

li
es

o
n

th
e

gl
ob

al
ar

ra
n
ge

m
en

t
of

d
at

ap
oi

n
ts

(s
ee

S
ec

ti
on

2)
;

th
u
s,

th
e

st
ru

ct
u
re

of
a

p
er

si
st

en
ce

d
ia

g
ra

m
d
is

tr
ib

u
ti

on
re

m
ai

n
s

u
n
cl

ea
r

ev
en

fo
r

u
n
d
er

ly
in

g
d
at

a
w

it
h

a
w

el
l-

u
n
d
er

st
o
o
d

d
is

tr
ib

u
ti

o
n
.

In
d
ee

d
,

re
su

lt
s

fo
r

th
e

p
er

si
st

en
t

h
om

ol
og

y
of

n
oi

se
al

on
e,

su
ch

as
(A

d
le

r
et

al
.,

20
14

),
p
ri

m
a
ri

ly
co

n
ce

rn
th

e
as

y
m

p
to

ti
cs

of
fe

at
u
re

ca
rd

in
al

it
y

at
co

ar
se

sc
al

e.
M

o
re

re
ce

n
tl

y,
it

w
as

p
ro

v
ed

th
a
t

u
n
d
er

m
il
d

co
n
d
it

io
n
s

th
er

e
ex

is
ts

a
d
en

si
ty

w
it

h
re

sp
ec

t
to

L
eb

es
gu

e
m

ea
su

re
fo

r
th

e
in

te
n
si

ty
o
f

p
er

si
st

en
ce

d
ia

gr
am

s
in

d
u
ce

d
b
y

fi
lt

er
fu

n
ct

io
n
s

d
efi

n
ed

on
ra

n
d
om

va
ri

ab
le

s
h
av

in
g

su
p
p

or
t

o
n

m
a
n
if

o
ld

s;
in

ad
d
it

io
n

it
w

as
sh

ow
n

th
at

ke
rn

el
d
en

si
ty

es
ti

m
at

io
n

of
th

is
in

te
n
si

ty
is

p
os

si
b
le

th
ro

u
g
h

p
er

si
st

en
ce

su
rf

ac
es

(C
h
az

al
an

d
D

iv
ol

,
20

18
).

A
n
ot

h
er

ap
p
ro

a
ch

is
to

st
u
d
y

th
es

e
d
is

tr
ib

u
ti

o
n
s

th
ro

u
g
h

n
o
n
-
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d
ist

r
ib
u
t
io
n
s
o
f
p
e
r
sist

e
n
c
e
d
ia
g
r
a
m
s

p
a
ra

m
etric

m
ea

n
s.

K
ern

el
d
en

sity
estim

ation
is

a
w

ell
k
n
ow

n
n
on

p
a
ram

etric
tech

n
iq

u
e

for
ran

d
om

vectors
in

R
d

(S
co

tt,
2015)

w
h
ich

relies
on

con
volu

tion
w

ith
a

sm
o
oth

kern
el.

T
h
ere

h
a
s

b
een

ex
ten

siv
e

w
ork

to
d
ev

ise
variou

s
m

ap
s

from
p

ersisten
ce

d
iagram

s
in

to
H

ilb
ert

sp
a
ces,

esp
ecia

lly
R

ep
ro

d
u
cin

g
K

ern
el

H
ilb

ert
S
p
aces

(R
K

H
S
).

F
or

ex
am

p
le,

(A
d
am

s
et

al.,
2017)

d
iscretizes

p
ersisten

ce
d
iagram

s
v
ia

b
in

s,
y
ield

in
g

vectors
in

a
h
igh

d
im

en
sion

al
E

u
clid

ean
sp

ace;
th

e
au

th
o
rs

in
(C

h
azal

an
d

D
iv

ol,
2018)

in
tro

d
u
ce

a
n
ov

el
b
an

d
w

id
th

selection
p
ro

ced
u
re

for
th

is
p
a
rticu

la
r

vecto
riza

tion
b
ased

on
cross-valid

ation
.

T
h
e

p
ersisten

ce
lan

d
scap

es
of

(B
u
b

en
ik

,
2015)

rein
terp

ret
th

e
sp

a
ce

of
p

ersisten
ce

d
iagram

s
w

ith
in

a
fu

n
ction

-b
ased

vecto
r

sp
ace.

T
h
e

w
ork

s
(R

ein
in

g
h
a
u
s

et
a
l.,

2014)
an

d
(K

u
san

o
et

al.,
20

16)
d
efi

n
e

kern
els

b
etw

een
p

ersisten
ce

d
ia

gram
s

in
a

R
K

H
S
.

B
y

m
a
p
p
in

g
in

to
a

H
ilb

ert
sp

a
ce,

th
ese

stu
d
ies

allow
th

e
ap

p
lication

of
m

ach
in

e
learn

in
g

m
eth

o
d
s

su
ch

a
s

p
rin

cip
al

com
p

on
en

t
an

aly
sis,

ran
d
om

forest,
su

p
p

ort
vector

m
ach

in
e,

an
d

m
ore.

T
h
e

u
n
iv

ersa
lity

o
f

su
ch

a
kern

el
is

in
vestigated

in
(K

w
itt

et
al.,

2015);
th

is
p
rop

erty
in

d
u
ces

a
m

etric
o
n

d
istrib

u
tion

s
of

p
ersisten

ce
d
iagram

s
(b

y
co

m
p
arin

g
m

ean
s

in
th

e
R

K
H

S
),

as
(K

w
itt

et
a
l.,

2
0
1
5
)

d
em

o
n
strates

w
ith

a
tw

o-sam
p
le

h
y
p

oth
esis

test.
In

a
sim

ilar
vein

,
(A

d
ler

et
al.,

2017)
u
ses

G
ib

b
s

d
istrib

u
tion

s
in

ord
er

to
rep

licate
sim

ilar
p

ersisten
ce

d
iagram

s,
e.g

.
for

u
se

in
M

C
M

C
ty

p
e

sa
m

p
lin

g
.

B
y

m
a
p
p
in

g
in

to
a

H
ilb

ert
sp

ace,
th

e
p
reced

in
g

ap
p
roach

es
kern

elize
p

ersisten
ce

d
ia

gram
s

for
ex

p
ress

a
p
p
lica

tio
n

in
ty

p
ical

m
ach

in
e

learn
in

g
m

eth
o
d
ology.

In
a

sim
ilar

vein
,

th
e

stu
d
ies

(B
o-

b
row

sk
i

et
a
l.,

2
0
1
4
)

an
d

(F
asy

et
al.,

2014)
w

ork
w

ith
kern

el
d
en

sity
estim

ation
on

th
e

u
n
d
erly

in
g

d
a
ta

to
estim

a
te

a
target

d
iagram

as
th

e
n
u
m

b
er

of
u
n
d
erly

in
g

d
atap

oin
ts

go
es

to
in

fi
n
ity.

In
b

oth
ca

ses,
th

e
ta

rg
et

d
iagram

is
d
irectly

asso
ciated

to
th

e
p
rob

ab
ility

d
en

sity
fu

n
ction

(p
d
f)

of
th

e
u
n
d
erly

in
g

d
a
ta

v
ia

th
e

su
p

erlevel
sets

of
th

e
p

d
f.

T
h
e

fi
rst

w
ork

con
stru

cts
an

estim
ator

for
th

e
ta

rg
et

d
ia

g
ra

m
,

w
h
ile

th
e

secon
d

d
efi

n
es

a
con

fi
d
en

ce
set.

In
eith

er
case,

kern
el

d
en

sity
estim

ation
is

u
sed

to
a
p
p
rox

im
ate

th
e

p
d
f

of
th

e
u
n
d
erly

in
g

d
atap

oin
ts,

assu
m

in
g

th
e

d
ata

are
in

d
ep

en
d
en

t
a
n
d

id
en

tica
lly

d
istrib

u
ted

(i.i.d
.).

In
com

p
lem

en
tary

fash
ion

,
ou

r
w

ork
co

n
sid

ers
a

n
ew

k
ern

el
d
en

sity
d
efi

n
ed

o
n

a
com

p
letely

d
iff

eren
t

sp
ace:

th
e

sp
ace

of
p

ersisten
ce

d
iagram

s.

S
in

ce
p

ersisten
ce

d
iagram

s
lack

a
v
ector

sp
ace

stru
ctu

re,
w

e
m

u
st

sm
o
oth

w
ith

ou
t

con
volu

tion
.

In
stea

d
,
w

e
trea

t
p

ersisten
ce

d
iagram

s
as

ran
d
om

m
u
ltisets

an
d

p
rov

id
e

a
n
oise

m
o
d
el

for
p

ersisten
ce

d
ia

g
ra

m
s

w
h
ich

a
scrib

es
a

great
level

of
u
n
certain

ty
n
ear

th
e

d
iagon

al.
T

h
e

th
eory

of
ran

d
om

sets
is

a
n

in
terp

reta
tio

n
of

p
oin

t
p
ro

cesses
w

h
ich

p
rov

id
es

th
e

to
ols

n
ecessary

to
d
escrib

e
th

e
glob

al
p

d
f

o
f

th
e

n
o
ise

m
o
d
el

as
a

kern
el

d
en

sity
cen

tered
at

a
p
articu

la
r

p
ersisten

ce
d
iagram

.
In

stea
d

of
a

tra
n
sfo

rm
ed

co
llection

or
a

cen
ter

d
iagram

,
th

e
ou

tp
u
t

of
ou

r
m

eth
o
d

is
an

estim
ate

of
a

p
rob

ab
ility

d
en

sity
fu

n
ctio

n
(p

d
f)

of
a

ran
d
om

p
ersisten

ce
d
iagram

.
A

ccess
to

a
p

ersisten
ce

d
ia

gram
p

d
f

fa
cilita

tes
d
efi

n
itio

n
an

d
ap

p
lication

of
n
ew

statistical
tech

n
iq

u
es

in
th

is
con

tex
t

su
ch

as
h
y
p

oth
esis

testin
g
,

u
tiliza

tio
n

of
B

ay
esian

p
riors,

or
likelih

o
o
d

b
ased

m
eth

o
d
s,

e.g.
see

(M
arou

las
et

al.,
2019).

T
h
e

p
ro

p
o
sed

kern
el

d
en

sity
is

cen
tered

at
a

p
ersisten

ce
d
iagram

an
d

d
escrib

es
each

fea
tu

re
as

h
av

in
g

eith
er

sh
o
rt

or
lon

g
p

ersisten
ce;

b
y

treatin
g

each
lon

g-p
ersisten

ce
p

oin
t

in
d
iv

id
u
ally

an
d

sh
o
rt

p
ersisten

ce
p

oin
ts

collectively,
th

e
kern

el
d
en

sity
strik

es
a

carefu
l

b
alan

ce
b

etw
een

accu
racy

a
n
d

co
m

p
u
ta

tio
n

tim
e.

O
u
r

m
eth

o
d

also
en

ab
les

ex
p

ed
ien

t
sam

p
lin

g
of

n
ew

p
ersisten

ce
d
iagram

s
fro

m
th

e
kern

el
d
en

sity
estim

ate.
In

con
trast

to
p
rev

iou
s

m
eth

o
d
ologies,

ou
r

kern
el

d
en

sity
estim

ate
h
a
s

th
e

p
o
ten

tial
to

d
escrib

e
h
igh

p
rob

ab
ility

featu
res

in
a

ran
d
om

p
ersisten

ce
d
ia

gram
,
even

if
th

ese
fea

tu
res

h
av

e
brief

p
ersisten

ce.
S
u
ch

featu
res

are
ty

p
ica

lly
in

d
icative

of
th

e
geom

etric
stru

ctu
re,

e.g
.,

cu
rva

tu
re,

o
f

th
e

d
ataset

rath
er

th
an

its
top

ology.

T
h
e

h
o
m

o
lo

g
ica

l
featu

res
(b
i ,d

i ,k
i )

in
a

p
ersisten

ce
d
iagram

com
e

w
ith

ou
t

an
ord

erin
g

an
d

th
eir

ca
rd

in
a
lity

is
variab

le,
b

ein
g

b
ou

n
d
ed

b
u
t

n
ot

d
efi

n
ed

b
y

th
e

card
in

ality
of

th
e

u
n
d
erly

in
g

3
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

d
ataset.

T
h
u
s,

an
y

n
otion

of
d
en

sity
m

u
st

b
e

(i)
in

varian
t

to
th

e
ord

erin
g

of
featu

res
an

d
(ii)

accou
n
t

for
variab

ility
in

th
eir

card
in

ality.
In

d
eed

,
th

e
ap

p
roach

u
sed

to
an

aly
ze

a
collection

of
p

ersisten
ce

d
iagram

s
in

(B
en

d
ich

et
al.,

2016)
is

a
go

o
d

step
tow

ard
u
n
d
erstan

d
in

g
a

ran
d
om

p
er-

sisten
ce

d
iagram

,
b
u
t

req
u
ires

a
ch

oice
of

ord
er

a
n
d

con
sid

ers
on

ly
a

fi
x
ed

n
u
m

b
er

of
featu

res
an

d
is

th
erefore

u
n
su

itab
le

for
creatin

g
p
rob

ab
ility

d
en

sities.
In

th
is

w
ork

,
w

e
off

er
a

kern
el

d
en

sity
w

ith
th

e
d
esirab

le
p
rop

erties
(i)

an
d

(ii),
w

h
ich

also
calls

atten
tion

to
th

e
p

ersisten
ce

of
each

featu
re.

A
ty

p
ical

p
ersisten

ce
d
iagram

h
as

m
an

y
fea

tu
res

w
ith

b
rief

p
ersisten

ce
an

d
few

w
ith

m
o
d
era

te
or

lon
ger

p
ersisten

ce;
con

seq
u
en

tly,
ou

r
kern

el
d
en

sity
grou

p
s

featu
res

w
ith

sh
ort

p
ersisten

ce
togeth

er
in

ord
er

to
com

b
at

th
e

cu
rse

of
d
im

en
sion

ality.
In

d
eed

,
th

e
kern

el
d
en

sity
still

con
sid

ers
featu

res
of

sh
ort

p
ersisten

ce,
b
u
t

sim
p
lifi

es
th

eir
treatm

en
t

in
ord

er
to

facilitate
com

p
u
tation

.
T

h
e

kern
el

d
en

sity
is

d
efi

n
ed

on
a

p
ertin

en
t

sp
ace

of
fi
n
ite

ran
d
om

sets
w

h
ich

is
eq

u
ip

p
ed

to
d
escrib

e
p

d
fs

for
ran

d
om

p
ersisten

ce
d
iagram

s
gen

erated
from

asso
ciated

d
ata

w
ith

b
ou

n
d
ed

card
in

ality
of

top
olog-

ical
featu

res.
In

th
is

sen
se,

ou
r

kern
el

d
en

sity
p
rov

id
es

estim
a
tion

of
th

e
d
istrib

u
tion

of
p

ersisten
ce

d
iagram

s
w

h
ich

in
tu

rn
d
escrib

es
th

e
geom

etry
of

th
e

ran
d
om

u
n
d
erly

in
g

d
ataset.

T
h
e

req
u
irem

en
t

of
b

ou
n
d
ed

featu
re

card
in

ality
is

triv
ially

satisfi
ed

for
d
atasets

w
ith

b
ou

n
d
ed

card
in

ality,
w

h
ich

is
reason

ab
le

for
ap

p
lica

tion
an

d
th

eory.
In

d
eed

,
th

e
creation

of
a

p
ersisten

ce
d
iagram

from
an

in
fi
-

n
ite

collection
of

d
ata

is
often

n
on

sen
sical

(e.g.,
for

an
y
th

in
g

w
ith

u
n
b

ou
n
d
ed

n
oise),

an
d

a
scalin

g
lim

it
sh

ou
ld

b
e

con
sid

ered
in

stead
;

F
or

ex
am

p
le,

th
is

p
rob

lem
can

b
e

ap
p
roach

ed
v
ia

th
e

stu
d
ies

(B
ob

row
sk

i
et

al.,
201

4)
an

d
(F

asy
et

al.,
2014).

T
h
e

overall
co
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(E

d
el

sb
ru

n
n
er

an
d

H
ar

er
,

20
1
0
).

M
o
re

ov
er

,
th

e
n
er

ve
th

eo
re

m
st

at
es

th
at

th
e

n
er

ve
an

d
u
n
io

n
of

a
co

ll
ec

ti
on

of
co

n
ve

x
se

ts
h
av

e
si

m
il
a
r

to
p

o
lo

g
y

(t
h
ey

ar
e

h
om

ot
op

y
eq

u
iv

al
en

t)
(H

at
ch

er
,

20
02

);
sp

ec
ifi

ca
ll
y,

th
e

Č
ec

h
co

m
p
le

x
a
n
d

n
ei

g
h
b

o
rh

o
o
d

sp
ac

e
U

h
av

e
id

en
ti

ca
l

h
om

ol
og

y
fo

r
an

y
gi

ve
n

ra
d
iu

s.

A
p
ri

or
i,

it
is

u
n
cl

ea
r

w
h
ic

h
ch

oi
ce

of
sc

al
e

(r
ad

iu
s)

,
b

es
t

d
es

cr
ib

es
th

e
d
a
ta

;
a
n
d

o
ft

en
ti

m
es

d
iff

er
en

t
sc

al
es

re
ve

al
d
iff

er
en

t
in

fo
rm

at
io

n
.

T
h
u
s,

to
in

ve
st

ig
at

e
th

e
to

p
ol

og
y

o
f

o
u
r

d
a
ta

,
w

e
co

n
si

d
er

th
e

ap
p

ea
ra

n
ce

an
d

d
is

ap
p

ea
ra

n
ce

of
h
om

ol
og

ic
al

fe
at

u
re

s
at

gr
ow

in
g

sc
a
le

.
T

h
is

m
u
lt

is
ca

le
v
ie

w
p

oi
n
t,

ca
ll
ed

p
er

si
st

en
t

h
om

ol
og

y,
is

in
tr

o
d
u
ce

d
in

(E
d
el

sb
ru

n
n
er

et
al

.,
2
0
0
2
)

a
n
d

y
ie

ld
s

a
to

p
ol

og
ic

al
su

m
m

ar
y

of
th

e
d
at

a
ca

ll
ed

a
p

er
si

st
en

ce
d
ia

gr
am

.
T

h
is

is
p

os
si

b
le

b
ec

a
u
se

w
e

h
av

e
a

gr
ow

in
g

fi
lt

ra
ti

on
of

co
m

p
le

x
es

,
so

ea
ch

co
m

p
le

x
is

in
cl

u
d
ed

in
th

e
n
ex

t
(s

ee
F

ig
.

1
).

T
h
es

e
in

cl
u
si

on
m

ap
s

in
d
u
ce

m
ap

s
at

th
e

le
ve

l
of

h
om

ol
og

y
gr

ou
p
s.

T
h
es

e
in

d
u
ce

d
m

a
p
s

a
re

re
fe

rr
ed

to
h
er

e
as

th
e

p
er

si
st

en
ce

m
ap

s,
an

d
ta

ke
fe

a
tu

re
s

to
fe

at
u
re

s
or

to
ze

ro
(C

o
h
en

-S
te

in
er

et
a
l.
,

20
07

).
T

h
u
s,

ea
ch

fe
at

u
re

is
tr

ac
ke

d
b
y

h
ow

fa
r

th
e

p
er

si
st

en
ce

m
ap

s
p
re

se
rv

e
it

.
In

tu
rn

,
tr

a
ck

in
g

fe
at

u
re

s
is

b
oi

le
d

d
ow

n
to

a
ve

ry
sp

ec
ifi

c
al

go
ri

th
m

fo
r

ob
ta

in
in

g
th

e
b
ir

th
an

d
d
ea

th
ra

d
ii

fo
r

ea
ch

h
om

ol
og

ic
al

fe
at

u
re

(e
.g

.,
se

e
(E

d
el

sb
ru

n
n
er

an
d

H
ar

er
,

20
10

))
.

F
ea

tu
re

s
w

h
ic

h
p

er
si

st
ov

er
a

la
rg

e
ra

n
ge

of
sc

al
e

ar
e

ty
p
ic

al
ly

co
n
si

d
er

ed
m

or
e

im
p

or
ta

n
t,

an
d

th
ei

r
p
re

se
n
ce

is
st

a
b
le

u
n
d
er

sm
a
ll

p
er

tu
rb

at
io

n
s

of
th

e
u
n
d
er

ly
in

g
d
at

a
(C

oh
en

-S
te

in
er

et
al

.,
20

10
).

P
er

si
st

en
t

h
om

ol
og

y
y
ie

ld
s

a
m

u
lt

is
et

of
h
om

ol
og

ic
al

fe
at

u
re

s,
ea

ch
b

or
n

at
a

sc
a
le
b i

,
la

st
in

g
u
n
ti

l
it

s
d
ea

th
sc

al
e
d
i,

w
it

h
d
eg

re
e

of
h
om

ol
og

y
k
i;

in
sh

or
t,

it
y
ie

ld
s

a
p

er
si

st
en

ce
d
ia

g
ra

m
D

=
{ξ
i}
M i=

1
=
{(
b i
,d
i,
k
i)
}M i=

1
.

W
e

in
te

rp
re

t
th

e
b
ir

th
-d

ea
th

va
lu

es
as

co
or

d
in

a
te

p
o
in

ts
w

it
h

d
eg

re
e

of
h
om

ol
og

y
as

la
b

el
s.

F
or

cl
ar

it
y

an
d

si
m

p
li
ci

ty
,

w
e

ig
n
or

e
an

y
fe

at
u
re

s
w

it
h

d
ea

th
va

lu
e

d
i

=
∞

,
si

n
ce

th
es

e
fe

at
u
re

s
ar

e
ge

n
er

al
ly

a
ch

ar
ac

te
ri

st
ic

of
th

e
am

b
ie

n
t

sp
ac

e.
In

p
a
rt

ic
u
la

r,
o
n
e

h
om

ol
og

ic
al

fe
at

u
re

w
it

h
(b
,d
,k

)
=

(0
,∞

,0
)

is
ex

p
ec

te
d

fr
om

an
y

Č
ec

h
fi
lt

ra
ti

o
n
.
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d
ist

r
ib
u
t
io
n
s
o
f
p
e
r
sist

e
n
c
e
d
ia
g
r
a
m
s

S
p

ecifi
ca

lly,
fo

r
d
ata

in
R
d
,

w
e

con
sid

er
each

featu
re

as
an

elem
en

t
of

W
0
:d−

1
=
W
×
{
0
,...,

d
−

1}
,

(2.1)

w
h
ere

W
=
{

(b,d
)∈

R
2

:
d
>
b≥

0 }
is

th
e

in
fi
n
ite

w
ed

ge.
A

s
a

top
ological

sp
ace,

th
e
d

-fold
m

u
ltiw

ed
g
e
W

0
:d−

1
is

treated
as

d
-d

iscon
n
ected

cop
ies

of
W

,
w

h
ere

W
h
as

th
e

E
u
clid

ean
m

etric
a
n
d

to
p

o
lo

g
y.

It
is

d
esirab

le
to

d
efi

n
e

a
m

etric
b

etw
een

p
ersisten

ce
d
iagram

s
w

ith
w

h
ich

to
m

easu
re

top
ologi-

ca
l

sim
ila

rity.
In

T
D

A
,

H
au

sd
orff

d
istan

ce
is

ty
p
ically

u
sed

to
com

p
are

u
n
d
erly

in
g

d
atasets,

w
h
ile

th
e

b
o
ttlen

eck
d
istan

ce
(D

ef.
5)

is
u
sed

to
com

p
are

th
eir

asso
ciated

p
ersisten

ce
d
iagra

m
s

(F
asy

et
a
l.,

2
0
1
4
;

M
u
n
ch

,
2017).

A
d
istan

ce
th

a
t

accou
n
ts

for
card

in
ality

d
iff

eren
ces

b
etw

een
p

ersis-
ten

ce
d
ia

g
ra

m
s

w
a
s

in
tro

d
u
ced

in
(M

arch
ese

an
d

M
arou

las,
2018)

an
d

its
stab

ility
w

ith
resp

ect
to

p
ertu

rb
a
tio

n
s

in
th

e
u
n
d
erly

in
g

p
oin

t
clou

d
w

as
p
roved

in
(M

arou
las

et
al.,

2
018).

D
e
fi

n
itio

n
5

T
h
e

bo
ttlen

eck
d
ista

n
ce

betw
een

tw
o

persisten
ce

d
ia

gra
m

s
D

1
a
n

d
D

2
is

given
by

W
∞

(D
1 ,D

2 )
=

m
inγ

m
ax

x∈
D

1 ‖x
−
γ

(x
)‖∞

.
(2.2)

w
h
ere

γ
ra

n
ges

o
ver

a
ll

po
ssible

bijectio
n

s
betw

een
D

1
a
n

d
D

2
w

h
ich

m
a
tch

in
d
egree

o
f

h
o
m

o
logy.

T
h
e

d
ia

go
n

a
l{
b

=
d}

is
in

clu
d
ed

in
bo

th
persisten

ce
d
ia

gra
m

s
w

ith
in

fi
n

ite
m

u
ltip

licity
so

th
a
t

a
n

y
fea

tu
re

m
a
y

be
m

a
tch

ed
to

th
e

d
ia

go
n

a
l.

R
e
m

a
rk

6
D

u
e

to
th

e
u

n
sta

ble
p
resen

ce
o
f

fea
tu

res
n

ea
r

th
e

d
ia

go
n

a
l,

typ
ica

l
m

etrics
o
n

persis-
ten

ce
d
ia

gra
m

s
su

ch
a
s

th
e

bo
ttlen

eck
d
ista

n
ce

trea
t

th
e

d
ia

go
n

a
l

a
s

pa
rt

o
f

every
persisten

ce
d
ia

gra
m

(M
ileyko

et
a
l.,

2
0
1
1
)

in
o
rd

er
to

a
ch

ieve
sta

bility
w

ith
respect

to
H

a
u

sd
o
rff

pertu
rba

tio
n

s
o
f

th
e

u
n

-
d
erlyin

g
d
a
ta

set
(C

o
h
en

-S
tein

er
et

a
l.,

2
0
0
7
).

M
o
ra

lly,
o
n

e
co

n
sid

ers
th

e
d
ia

go
n

a
l

a
s

rep
resen

tin
g

va
cu

o
u

s
fea

tu
res

w
h
ich

a
re

bo
rn

a
n

d
d
ie

sim
u

lta
n

eo
u

sly.
F

o
r

co
n

ven
ien

t
co

m
p
u

ta
tio

n
,

th
e

d
efi

n
itio

n
o
f

bo
ttlen

eck
d
ista

n
ce

ca
n

be
a
p
p
lied

to
ea

ch
d
egree

o
f

h
o
m

o
logy

sepa
ra

tely.

3
.
R
a
n
d
o
m

P
e
rsiste

n
ce

D
ia
g
ra

m
s

In
th

is
sectio

n
w

e
estab

lish
b
ack

grou
n
d

to
m

ake
th

e
n
otion

of
p
rob

ab
ility

d
en

sity
for

a
ran

d
o
m

p
er-

sisten
ce

d
ia

g
ra

m
ex

p
licit

an
d

w
ell-d

efi
n
ed

.
A

p
ersisten

ce
d
iag

ram
ch

an
ges

its
featu

re
card

in
ality

u
n
d
er

sm
a
ll

p
ertu

rb
ation

of
th

e
u
n
d
erly

in
g

d
ataset,

an
d

th
ese

featu
res

h
ave

n
o

in
trin

sic
o
rd

er.
C

on
-

seq
u
en

tly,
w

e
can

n
o
t

treat
p

ersisten
ce

d
iagram

s
as

elem
en

ts
of

a
vector

sp
ace.

In
stead

,
w

e
co

n
sid

er
a

ra
n
d
o
m

p
ersisten

ce
d
iagram

D
as

a
ran

d
om

m
u
ltiset

of
featu

res
D

=
{
ξ
i }
⊂
W

0
:d−

1
in

th
e

m
u
lti-

w
ed

g
e

d
efi

n
ed

in
E

q
.

(2.1).
F

or
u
n
d
erly

in
g

d
atasets

sam
p
led

from
R
d

w
ith

b
ou

n
d
ed

card
in

ality,
th

e
a
ffi

lia
ted

Č
ech

p
ersisten

ce
d
iagram

s
also

h
ave

b
ou

n
d
ed

featu
re

card
in

ality
an

d
d
egree

of
h
om

ology.
T

h
u
s,

w
e

a
ssu

m
e

th
at

th
e

card
in

ality
of

a
ran

d
om

p
ersisten

ce
d
iagram

is
b

ou
n
d
ed

ab
ov

e
b
y

som
e

va
lu

e|D
|≤

M
∈
N

,
an

d
so

con
sid

er
th

e
sp

aceC≤
M

(W
0
:d−

1 )
=
{D

m
u
ltiset

in
W

0
:d−

1
:|D
|≤

M
}
.

W
e

v
iew
C≤

M
(W

0
:d−

1 )
th

rou
gh

a
list

of
fu

n
ction

s
h
N

w
h
ich

each
m

ap
th

e
ap

p
rop

riate
d
im

en
-

sio
n

o
f

E
u
clid

ea
n

sp
ace

in
to

its
corresp

on
d
in

g
ca

rd
in

ality
com

p
on

en
t,C

N
(W

0
:d−

1 ).
T

h
is

v
iew

p
oin

t
fa

cilita
tes

th
e

d
efi

n
ition

of
p
rob

ab
ility

d
en

sities.

D
e
fi

n
itio

n
7

F
o
r

ea
ch

N
∈
{
0,...,M

},
co

n
sid

er
th

e
spa

ce
o
f
N

to
po

logica
l

fea
tu

res,
d
en

o
ted

C
N

(W
0
:d−

1 )
=
{
D

m
u

ltiset
in
W

0
:d−

1
:|D
|
=
N
},

a
n

d
th

e
a
ssocia

ted
m

a
p
h
N

:W
N0
:d−

1 →
C
N

(W
0
:d−

1 )
d
efi

n
ed

by
h
N

(ξ
1 ,...,ξ

N
)

=
{
ξ

1 ,...,ξ
N }

.
(3.1)

7
JM

L
R

 20(151):1-49, 2019

M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

T
h
e

m
a
p
h
N

crea
tes

equ
iva

len
ce

cla
sses

o
n
W

N0
:d−

1
a
cco

rd
in

g
to

th
e

a
ctio

n
o
f

th
e

perm
u

ta
tio

n
s

Π
N

;

specifi
ca

lly,
[Z

]
=

[(ξ
1 ,...,ξ

N
)]h

N
=
{(ξ

π
(1

) ,...,ξ
π

(N
) )

:
π
∈

Π
N }

fo
r

ea
ch
Z

=
(ξ

1 ,...,ξ
N

)∈
W

N0
:d−

1 .
T

h
ese

equ
iva

len
ce

cla
sses

yield
th

e
spa

ce

W
N0
:d−

1 /Π
N

=
{

[ξ
]h
N

:
ξ
∈
W

N0
:d−

1 }
,

(3.2)

equ
ip

ped
w

ith
th

e
qu

o
tien

t
to

po
logy.

T
h
e

to
po

logy
o
n
C≤

M
(W

0
:d−

1 )
is

d
efi

n
ed

so
th

a
t

ea
ch
h
N

lifts
to

a
h
o
m

eo
m

o
rp

h
ism

betw
een
W

N0
:d−

1 /
Π
N

a
n

d
C
N

(W
0
:d−

1 ),
a
n

d
w

e
w

rite
W

N0
:d−

1 /Π
N
∼=
C
N

(W
0
:d−

1 ).

W
ith

a
top

ology
in

h
an

d
,
on

e
can

d
efi

n
e

p
rob

ab
ility

m
easu

res
on

th
e

asso
ciated

B
orel

σ
-algeb

ra.
T

h
u
s,

w
e

d
efi

n
e

a
ran

d
om

p
ersisten

ce
d
iagram

D
to

b
e

a
ran

d
om

elem
en

t
d
istrib

u
ted

accord
in

g
to

som
e

p
rob

ab
ility

m
easu

re
on
C≤

M
(W

0
:d−

1 )
for

a
fi
x
ed

m
ax

im
al

card
in

ality
M
∈
N

.
W

e
d
en

ote
asso

ciated
p
rob

ab
ilities

b
y
P

[·]
an

d
ex

p
ected

valu
es

b
y
E

[·].
S
in

ce
W

N0
:d−

1 /Π
N
∼=
C
N

(W
0
:d−

1 ),
w

e

w
ork

tow
ard

d
efi

n
in

g
p
rob

ab
ility

d
en

sities
on

th
e

collection
of

E
u
clid

ean
sp

a
ces∪

MN
=

0 W
N0
:d−

1 .

D
e
fi

n
itio

n
8

F
o
r

a
given

ra
n

d
o
m

persisten
ce

d
ia

gra
m
D

a
n

d
a
n

y
B

o
rel

su
bset

A
o
fW

0
:d−

1 ,
th

e
belief

fu
n

ctio
n
β
D

is
d
efi

n
ed

a
s

β
D

(A
)

=
P

[D
⊂
A

].
(3.3)

S
in

ce
A

is
a

B
orel

su
b
set

ofW
0
:d−

1 ,
th

e
collection

O
A

=
{
D
∈
C≤

M
(W

0
:d−

1 )
:
D
⊂
A}

is
th

e
q
u
otien

t
of∪

MN
=

0 A
N
⊂
∪
MN

=
0 W

N0
:d−

1
u
n
d
er
h
N

;
m

oreover,
A
N

is
clearly

B
orel

in
th

e
E

u
clid

ean

top
ology

of∪
MN

=
0 W

N0
:d−

1 .
T

h
erefore,

sin
ce
h
N

in
d
u
ces

a
h
om

eom
orp

h
ism

(see
d
efi

n
ition

7),
O
A

is
a
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te

n
si

ty
fu

n
ct

io
n

in
d
u

ce
d

by
a

gi
ve

n
gl

o
ba

l
pd

f
m

a
y

be
u

n
d
efi

n
ie

d
,

bu
t

u
n

d
er

m
il

d
co

n
d
it

io
n

s
E

q.
(3

.8
)

is
fi

n
it

e
(w

e
d
is

cu
ss

th
is

fu
rt

h
er

in
S

ec
ti

o
n

4
.2

).
S

in
ce
D

is
a

ra
n

d
o
m

pe
rs

is
te

n
ce

d
ia

gr
a
m

,
th

e
P

H
D

is
a
lw

a
ys

d
efi

n
ed

a
s

a
d
is

tr
ib

u
ti

o
n

a
n

d
ca

n
a
lw

a
ys

be
in

te
gr

a
te

d
to

o
bt

a
in

th
e

id
en

ti
ty

E(
|D
∩
U
|)

=
∫ U
F
D

(u
)
d
u

fo
r

a
n

y
re

gi
o
n
U

.

P
ro

p
os

it
io

n
16

le
ad

s
to

th
e

fo
ll
ow

in
g

le
m

m
a

w
h
ic

h
is

cr
u
ci

al
fo

r
d
et

er
m

in
in

g
th

e
ke

rn
el

d
en

si
ty

.
W

e
re

fe
r

to
a

ra
n
d
om

p
er

si
st

en
ce

d
ia

gr
am

D
w

it
h
|D
|
≤

1
as

a
si

n
gl

et
o
n

d
ia

g
ra

m
,

a
n
d

su
ch

si
n
gl

et
on

s
ar

e
in

d
ex

ed
b
y

su
p

er
sc

ri
p
ts

.

L
e
m

m
a

2
0

C
o
n

si
d
er

a
m

u
lt

is
et

o
f

in
d
ep

en
d
en

t
si

n
gl

et
o
n

ra
n

d
o
m

pe
rs

is
te

n
ce

d
ia

gr
a
m

s
{ D

j
} M j=

1
.

If
ea

ch
si

n
gl

et
o
n
D
j

is
d
es

cr
ib

ed
by

th
e

va
lu

e
q(
j)

=
P[
D
j
6=
∅]

a
n

d
th

e
su

bs
eq

u
en

t
co

n
d
it

io
n

a
l

pd
f,

p
(j

) (
ξ)

,
gi

ve
n
∣ ∣ D

j
∣ ∣ =

1,
th

en
th

e
gl

o
ba

l
pd

f
fo

r
D

=
∪M j

=
1
D
j

is
gi

ve
n

by

f D
(ξ

1
,.
..
,ξ
N

)
=

∑

γ
∈I

(N
,M

)

Q
(γ

)
N ∏ k
=

1

p
(γ

(k
))

(ξ
k
),

(3
.9

)

fo
r

ea
ch

N
∈
{0
,.
..
,M
}

w
h
er

e

Q
(γ

)
=
Q
∗ (
γ

)

N ∏ k
=

1

q(
γ

(k
))
,

(3
.1

0
)
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d
ist

r
ib
u
t
io
n
s
o
f
p
e
r
sist

e
n
c
e
d
ia
g
r
a
m
s

I
(N
,M

)
co

n
sists

o
f

a
ll

(strictly)
in

crea
sin

g
in

jectio
n

s
γ

:{
1,...,N

}
→
{1
,...,M

},
w

h
ich

en
u

m
era

te
(u

n
o
rd

ered
)

co
rrespo

n
d
en

ces
betw

een
th

e
in

p
u

t
fea

tu
res

(ξ
1 ,...,ξ

N
)

a
n

d
a

su
bset

o
f

th
e
M

ra
n

d
o
m

sin
gleto

n
s,

a
n

d

Q
∗(γ

)
=

∏
Mj=

1 (1−
q

(j))
∏
Nk
=

1 (1−
q

(γ
(k

))) .
(3.11)

P
ro

o
f

S
in

ce
th

e
sin

gleton
even

ts
D
j

are
in

d
ep

en
d
en

t,
th

e
b

elief
fu

n
ction

for
D

=
∪
j D

j
d
ecom

p
oses

in
to
β
D

(S
)

=
∏
Mj=

1
β
D
j (S

).
N

ex
t,

w
e

em
p
loy

th
e

p
ro

d
u
ct

ru
le

for
th

e
set

d
erivative

(see
D

ef.
9)

to
o
b
ta

in
th

e
g
lo

b
a
l

p
d
f

for
D

in
term

s
of

th
e

sin
gleton

b
elief

fu
n
ction

s
a
n
d

th
eir

fi
rst

d
erivatives.

H
ig

h
er

d
erivatives

of
β
D
j

are
zero

sin
ce
D
j

are
sin

gleton
s

(see
R

em
ark

17).
T

h
u
s,

th
e

p
ro

d
u
ct

ru
le

y
ield

s
fi
rst

d
eriva

tives
on

all
(ord

ered
)

su
b
sets

of
th

e
sin

gleton
b

elief
fu

n
ction

s:

δ
N
β
D

δξ
1 ...δξ

N
(∅

)
=

∑

1≤
j
1 6=
,...,6=

j
N
≤
M

β
D

1 (∅
)···

β
D
M

(∅)
β
D
j
1 (∅

)···
β
D
j
N

(∅) [
δβ

D
j
1

δξ
1

(∅
)···

δβ
D
j
N

δξ
N

(∅) ]
.

B
y

P
ro

p
o
sitio

n
1
6,

w
e

h
av

e
th

at
β
D
j (∅

)
=

(1−
q

(j))
an

d
δβ

D
j
i

δξ
i

(∅)
=
q
j
i p

(j
i )(ξ

i )
an

d
so

δ
N
β
D

δξ
1 ...δξ

N
(∅

)
=

∑

1≤
j
1 6=
,...,6=

j
N
≤
M

[
∏
Mj=

1 (1−
q

(j))
∏
Nj=

1 (1−
q

(j
k
))

N∏k
=

1

q
(j
k
) ]

N∏k
=

1

p
(j
k
)(ξ

k ),

w
h
ich

n
ea

rly
resem

b
les

E
q
.

(3.9).
T

o
b
rid

ge
th

e
gap

,
w

e
d
escrib

e
th

e
ch

oice
of

in
d
ices

j
i

b
y

an
in

jective
fu

n
ctio

n
from

{
1,...,N

}
in

to
{
1,...,M

}
.

In
tu

rn
,

each
su

ch
in

jective
fu

n
ction

is
u
n
iq

u
ely

d
eterm

in
ed

b
y

th
e

com
p

osition
of

an
in

creasin
g

in
jection

γ
∈
I
(N
,M

)
w

h
ich

d
ecid

es
th

e
ran

ge
of

th
e

fu
n
ctio

n
a
n
d

p
erm

u
tation

s
on

th
e

d
om

ain
,

Π
N

.
T

h
ese

p
erm

u
tation

s
ta

ke
in

to
accou

n
t

th
e

ord
er

o
f

th
e

ra
n
g
e.

T
h
e

valu
e

ofQ
is

in
d
ep

en
d
en

t
of

ord
er,

an
d

th
u
s

is
d
eterm

in
ed

b
y
γ

as
in

E
q
.

(3.10).
W

e
reo

rd
er

th
e

p
ro

d
u
ct

in
ord

er
to

sh
ift

th
ese

p
erm

u
tation

s
on

to
th

e
in

p
u
t

varia
b
les,

ob
tain

in
g

δ
N
β
D

δξ
1 ...δξ

N
(∅

)
=
∑π∈

Π
N

∑

γ∈
I
(N
,M

) Q
(γ

)
N∏k
=

1

p
(γ

(k
))(ξ

π
(k

) ).
(3.12)

F
in

a
lly,

th
e

g
lo

b
a
l

p
d
f

in
E

q
.

(3.9)
follow

s
d
irectly

from
ap

p
ly

in
g

E
q
.

(3.7)
to

E
q
.(3.12).

R
e
m

a
rk

2
1

T
h
e

glo
ba

l
pd

f
in

E
q.

(3.9),
a
n

d
in

pa
rticu

la
r

th
e

su
m

o
ver

γ
∈
I
(N
,M

),
a
cco

u
n

ts
fo

r
ea

ch
po

ssible
co

m
bin

a
tio

n
o
f

sin
gleto

n
p
resen

ce.
M

o
reo

ver,
su

m
m

in
g

o
ver

perm
u

ta
tio

n
s

a
s

in
E

q.
(3

.1
2
)

a
n

d
d
ivid

in
g

by
N

!
yield

s
a

sym
m

etric
pd

f
w

ith
term

s
fo

r
every

po
ssible

a
ssign

m
en

t
betw

een
sin

gleto
n

s
a
n

d
in

p
u

ts.
T

h
e

w
eigh

tsQ
(γ

)
in

d
ica

te
th

e
p
ro

ba
bility

o
f

ea
ch

a
ssign

m
en

t
occu

rrin
g,

a
n

d
is

th
e

p
rod

u
ct

o
f

th
e

a
p
p
ro

p
ria

te
p
ro

ba
bility

fo
r

ea
ch

sin
gleto

n
to

be
eith

er
p
resen

t,
q

(j),
o
r

a
bsen

t,
1−

q
(j),

fo
r

ea
ch

j.

E
x
a
m

p
le

1
C

o
n
sid

er
tw

o
1-d

im
en

sion
al

sin
gleton

d
iagra

m
s,
D

1
an

d
D

2,
w

ith
p
ro

b
ab

ilities
of

b
ein

g
n
o
n
em

p
ty
q

(1
)

=
0.6

an
d
q

(2
)

=
0.8,

resp
ectiv

ely.
T

h
e

corresp
on

d
in

g
lo

cal
d
en

sities
w

h
en

n
o
n
em

p
ty

a
re

g
iv

en
b
y
p

(1
)(x

)
=

1
√

2
π
e −

(x
+

1
)
2
/
2

an
d
p

(2
)(x

)
=

1
√

2
π
e −

(x−
1
)
2
/
2.

L
em

m
a

20
y
ield

s

th
e

g
lo

b
a
l

p
d
f

fo
r
D

=
D

1∪
D

2
th

rou
gh

a
set

of
lo

cal
d
en

sities
{f

0 ,f
1 (x

),f
2 (x

,y
)}

su
ch

th
at
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

F
igu

re
2:

L
eft:

P
lot

of
th

e
lo

cal
d
en

sity
f

1 (x
)

in
E

q
.

(3.1
3a).

R
igh

t:
C

on
tou

r
p
lot

of
th

e
lo

cal
d
en

sity
f

2 (x
,y

)
in

E
q
.

(3.13b
).

T
h
ese

p
d
fs

cover
th

e
d
iff

eren
t

p
ossib

le
in

p
u
t

d
im

en
sion

s
an

d
are

sy
m

m
etric

u
n
d
er

p
erm

u
tation

s
of

th
e

in
p
u
t.

f
0

=
P

[|D
|

=
0]

=
(1
−
q

(1
))(1
−
q

(2
))

=
0.08,

f
1

=
f
D ∣∣R

,
an

d
f

2
=

f
D ∣∣R

2 .
W

e
su

m
over

p
erm

u
tation

s
an

d
d
iv

id
e

b
y
N

!
(N

=
1
,2

is
th

e
in

p
u
t

card
in

ality
)

to
ob

tain
a

sy
m

m
etric

glob
al

p
d
f.

f
1 (x

)
=

(1−
q

(2
))q

(1
)p

(1
)(x

)
+

(1−
q

(1
))q

(2
)p

(2
)(x

)

=
0
.12
√

2π
e −

(x
+

1
)
2
/
2

+
0.32
√

2π
e −

(x−
1
)
2
/
2,

(3.13a)

f
2 (x

,y
)

=
q

(1
)q

(2
)

2

[p
(1

)(x
)p

(2
)(y

)
+
p

(1
)(y

)p
(2

)(x
) ]

=
0.24

2
π

(
e −

((x−
1
)
2
+

(y
+

1
)
2
)/

2
+
e −

((x
+

1
)
2
+

(y−
1
)
2
)/

2 )
.

(3.13b
)

A
ccou

n
tin

g
for

each
card

in
ality

an
d

follow
in

g
E

q
.

(3.13a)
an

d
E

q
.

(3.1
3b

),
th

e
to

tal
p
rob

ab
ility

ad
d
s

u
p

toP
[|D
|
=

0]+
P

[|D
|
=

1]+
P

[|D
|
=

2]
=
f

0
+

∫

R
f

1 (x
)d
x

+

∫

R
2

f
2 (x

,y
)d
x
d
y

=
(0.08)

+
(0
.12

+
0
.32)

+
(0
.24

+
0
.24)

=
1,

as
d
esired

.
T

h
e

lo
cal

d
en

sities
in

E
q
.

(3.13a)
an

d
E

q
.

(3.13b
)

are
p
lotted

in
F

ig.
2.

T
h
ou

gh
f

1 (x
)

is
th

e
su

m
of

tw
o

G
au

ssian
s,

in
F

ig.
2

(L
eft)

w
e

see
th

at
th

e
G

au
ssian

cen
tered

at
x

=
1

d
om

in
ates,

w
h
ile

th
e

G
au

ssian
cen

tered
at
x

=
−

1
is

on
ly

in
d
icated

b
y

a
h
eav

y
left

tail.
T

h
is

b
eh

av
ior

o
ccu

rs
b

ecau
se
q

(2
)

=
0.8

is
very

close
to

1.

4
.
K
e
rn

e
l
D
e
n
sity

E
stim

a
tio

n

L
em

m
a

3.2
y
ield

s
a

d
efi

n
ition

of
glob

al
p

d
f

for
a

ran
d
om

p
ersisten

ce
d
iagram

th
at

con
sid

ers
all

featu
res

in
d
iv

id
u
ally

;
h
ow

ever,
as

seen
in

E
x
am

p
le

1,
th

e
com

p
u
tation

of
E

q
.

(3.9)
can

b
e

rath
er

form
id

ab
le

if
on

e
con

sid
ers

p
ersisten

ce
d
iagram

s
w

ith
m

ore
th

an
tw

o
p

oin
ts.

T
o

th
at

en
d
,

ou
r

goal
is

th
e

con
stru

ction
of

a
kern

el
d
en

sity
cen

tered
a
t

a
p

ersisten
ce

d
iag

ram
D

w
ith

a
b
an

d
w

id
th
σ
>

0
th

at
red

u
ces

com
p
u
tation

al
b
u
rd

en
b
y

treatin
g

som
e

featu
res

in
d
iv

id
u
ally

an
d

oth
ers

collectively.

1
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d
is
t
r
ib
u
t
io
n
s
o
f
p
e
r
si
st

e
n
c
e
d
ia
g
r
a
m
s

G
en

er
ic

al
ly

,
p

er
si

st
en

ce
d
ia

gr
am

s
h
av

e
th

e
m

a
jo

ri
ty

of
th

ei
r

p
oi

n
ts

co
n
ce

n
tr

a
te

d
cl

os
e

to
th

e
d
ia

go
n
al

.
C

on
se

q
u
en

tl
y,

th
e

b
an

d
w

id
th

σ
is

re
sp

on
si

b
le

fo
r

sp
li
tt

in
g

a
p

er
si

st
en

ce
d
ia

gr
am

in
to

u
p
p

er
an

d
lo

w
er

p
or

ti
on

s;
se

e
E

q
.

(4
.1

)
an

d
F

ig
.

3
(L

ef
t)

.
T

h
e

u
p
p

er
p

or
ti

on
m

o
d
el

s
th

e
m

os
t

to
p

ol
og

ic
al

ly
p
ro

m
in

en
t

p
oi

n
ts

,
w

h
ic

h
en

co
m

p
as

s
to

p
ol

og
ic

al
in

fo
rm

at
io

n
ab

ou
t

th
e

d
at

a,
an

d
it

s
d
is

tr
ib

u
ti

on
re

fl
ec

ts
u
n
ce

rt
ai

n
ty

in
th

e
p
re

ci
se

lo
ca

ti
on

fo
r

p
ro

m
in

en
t

to
p

ol
og

ic
al

fe
at

u
re

s
in

a
p

er
si

st
en

ce
d
ia

gr
am

.
T

h
e

lo
w

er
p

or
ti

on
m

o
d
el

s
th

e
m

a
jo

ri
ty

of
p

oi
n
ts

in
a

p
er

si
st

en
ce

d
ia

gr
am

.
T

h
es

e
p

oi
n
ts

ar
is

e
as

a
re

su
lt

of
lo

ca
l
n
oi

se
in

th
e

u
n
d
er

ly
in

g
d
at

a,
an

d
in

th
is

fa
sh

io
n

it
s

d
is

tr
ib

u
ti

on
p
re

sc
ri

b
es

a
n
oi

se
li
ke

li
h
o
o
d

m
o
d
el

.
M

or
eo

v
er

,
on

e
ca

n
ev

al
u
at

e
d
ia

gr
am

s
of

a
n
y

ca
rd

in
al

it
y

in
th

e
ke

rn
el

(i
n

th
is

se
n
se

,
th

e
ke

rn
el

is
a

gl
o
b
al

d
en

si
ty

).
O

n
th

e
ot

h
er

h
an

d
,

if
on

e
fi
x
es

th
e

ca
rd

in
al

it
y,

on
e

ob
ta

in
s

th
e

lo
ca

l
ke

rn
el

.

T
h
e

co
n
st

ru
ct

io
n

of
th

e
ke

rn
el

d
en

si
ty

p
ro

ce
ed

s
b
y

tr
ea

ti
n
g

th
e

u
p
p

er
an

d
lo

w
er

p
ar

ts
as

in
d
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` .

T
h
e

su
bsequ

en
t

d
en

sity
p
`(b,d

)
is

given
by

p
ro

jectin
g

th
e

lo
w

er
fea

tu
res

D
`

o
f

th
e

cen
ter

d
ia

gra
m

D
o
n

to
th

e
d
ia

go
n

a
l
b

=
d

,
th

en
crea

tin
g

a
restricted

G
a
u

ssia
n

kern
el

d
en

sity
estim

a
tio

n
fo

r
th

ese
fea

tu
res;

specifi
ca

lly,

p
`(b,d

)
=

1N
`

∑

(b
i ,d

i )∈
D
`

1

π
σ

2
e −
(
(
b−

b
i
+
d
i

2

)
2
+
(
d−

b
i
+
d
i

2

)
2 )
/
2
σ
2.

(4.4)

P
ro

jectin
g

th
e

low
er

featu
res

D
`

of
th

e
cen

ter
d
iagram

D
on

to
th

e
d
iago

n
al

sim
p
lifi

es
later

an
a
ly

sis
a
n
d

eva
lu

ation
of
p
`;

w
ith

ou
t

p
ro

jectin
g,

a
u
n
iq

u
e

n
orm

alizatio
n

factor,
sim

ilar
to
q

(j)
in

D
ef.

2
2
,

w
o
u
ld

b
e

req
u
ired

for
each

G
au

ssian
su

m
m

an
d

in
E

q
.

(4.4).
B

y
P

rop
osition

16
an

d
E

q
.

(3
.7

),
g
lo

b
a
l

p
d
fs

o
f

ran
d
om

p
ersisten

ce
d
iagram

s
are

d
escrib

ed
b
y

a
ran

d
om

v
ector

p
d
f

fo
r

each
ca

rd
in

a
lity

layer,
resu

ltin
g

in
th

e
follow

in
g

g
lob

al
p

d
f

for
D
`:

f
D
` (ξ

1 ,...,ξ
N

)
=
ν

(N
)
N∏j=

1

p
`(ξ

j ).
(4.5)

E
q
.

(4
.5)

p
rov

id
es

a
n
oise

m
o
d
el

for
th

e
sh

ort-liv
ed

featu
res

n
ear

th
e

d
ia

gon
al.

C
om

b
in

in
g

th
e

ex
p
ressio

n
s

fo
r
D
`

an
d
D
u,

w
e

arrive
at

th
e

follow
in

g
p
rop

osition
.

P
ro

p
o
sitio

n
2
5

F
ix

a
cen

ter
persisten

ce
d
ia

gra
m

D
a
n

d
ba

n
d
w

id
th
σ
>

0
.

S
p
lit

D
in

to
D
`

a
n

d
D
u

a
cco

rd
in

g
to

E
q.

(4.1).
D

efi
n

e
D
`

w
ith

glo
ba

l
pd

f
fro

m
E

q.
(4.5),

a
n

d
D
u

w
ith

glo
ba

l
pd

f
fro

m
E

q.
(3

.9
).

T
rea

tin
g

th
e

ra
n

d
o
m

persisten
ce

d
ia

gra
m

s
D
u

a
n

d
D
`

a
s

in
d
epen

d
en

t,
d
efi

n
e

th
eir

u
n

io
n

D
.

T
h
e

fo
llo

w
in

g
kern

el
d
en

sity
sa

tisfi
es

D
ef.

1
3

a
s

th
e

glo
ba

l
pd

f
o
f
D

:

K
σ
(Z
,D

)
=

N
u

∑j=
0

ν
(N
−
j)

∑

γ∈
I
(j,N

u
) Q

(γ
)

j
∏k
=

1

p
(γ

(k
))(ξ

k )
N∏

k
=
j+

1

p
`(ξ

k ),
(4.6)

w
h
ere

Z
=

(ξ
1 ,...,ξ

N
)

is
th

e
in

p
u

t,
ξ
i

=
(b
i ,d

i )
fo

r
i

=
1
,...,N

a
re

th
e

fea
tu

res,
a
n

d
N
u

=
|D

u|
d
epen

d
s

o
n

bo
th

D
a
n

d
σ

.
H

ere
Q

(γ
)

is
given

by
E

q.
(3.10),

ea
ch

p
(j)

refers
to

th
e

m
od

ifi
ed

G
a
u

ssia
n

pd
f

a
s

sh
o
w

n
in

E
q.

(4.2)
fo

r
its

m
a
tch

in
g

fea
tu

re
ξ
j

in
D
u,

a
n

d
p
`

is
given

by
E

q.
(4.4).

P
ro

o
f

S
in

ce
D
u

a
n
d
D
`

are
in

d
ep

en
d
en

t
ran

d
om

p
ersisten

ce
d
iagram

s,
th

e
b

elief
fu

n
ction

d
ecom

-
p

o
ses

in
to
β
D

(S
)

=
β
D
u(S

)β
D
` (S

).
M

oreover,
sin

ce
d
erivatives

ab
ove

ord
er
N
u

van
ish

for
β
D
u

(see
R

em
a
rk

17
),

th
e

p
ro

d
u
ct

ru
le

an
d

b
in

om
ial-ty

p
e

cou
n
tin

g
y
ield

δ
N
β
D

δξ
1 ...δξ

N
(∅)

=

N
u

∑j=
0

∑

1≤
i1 6=

...6=
ij ≤

N

δ
jβ
D
u

δξ
i1 ...δξ

ij

(∅
)

δ
N
−
jβ
D
`

δξ
1 ...

ˆ
δξ
i1 ...

ˆ
δξ
ij ...δξ

N

(∅
)

=
∑π∈

Π
N

N
u

∑j=
0

1

j!(N
−
j)!

δ
jβ
D
u

δξ
π

(1
) ...δξ

π
(j) (∅

)
δ
N
−
jβ
D
`

δξ
π

(j+
1
) ...δξ

π
(N

) (∅)
(4.7)

w
h
ere

δξ̂
i

in
d
ica

tes
th

at
th

e
giv

en
in

d
ex

is
sk

ip
p

ed
in

th
e

set
d
eriva

tive
(h

av
in

g
b

een
allo

cated
to

th
e

o
th

er
facto

r).
S
im

ilar
to

th
e

p
ro

of
of

L
em

m
a

20,
th

e
ch

oice
of

in
d
ices

ij
is

rep
laced

w
ith

a
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

p
erm

u
tation

π
∈

Π
N

;
h
ow

ev
er,

th
e

ord
erin

g
w

ith
in

each
d
erivative

is
u
n
related

th
e

ch
o
ice

of
ij ,

lead
in

g
to
j!-fold

an
d

(N
−
j)!-fold

red
u
n
d
an

cy
w

ith
in

each
term

.
T

ak
in

g
E

q
.

(4.5)
togeth

er
w

ith
E

q
.

(3.7)
y
ield

s

δβ
D
`

δξ
π

(j+
1
) ...δξ

π
(N

) (∅
)

=
(N
−
j)!ν

(N
−
j)

N
−
j

∏j=
1

p
`(ξ

j ).

A
lso,

E
q
.

(3.9)
an

d
E

q
.

(3.7)
y
ield

δβ
D
u

δξ
π

(1
) ...δξ

π
(j) (∅

)
=
∑π
∗∈

Π
j

∑

γ∈
I
(j,N

u
) Q

(γ
)

j
∏k
=

1

p
(γ

(k
))(ξ

π
∗
(k

) ).

W
e

su
b
stitu

te
th

ese
relation

s
in

to
th

e
fi
n
al

ex
p
ression

of
E

q
.

(4.7).
T

h
e

fi
rst

of
th

ese
su

b
stitu

tion
s

is
straigh

tforw
ard

,
w

h
ile

th
e

secon
d

h
as
j!-fold

red
u
n
d
an

t
p

erm
u
tation

s
overtop

th
e

ex
istin

g
p

er-

m
u
tation

s
in

Π
N

.
T

h
ese

su
b
stitu

tion
s

y
ield

th
at

δ
N
β
D

δ
ξ
1
...δ

ξ
N

(∅
)

=
∑

π∈
Π
N
K
σ
(Z
,D

)
as

d
escrib

ed
in

E
q
.

(4.6)
an

d
sh

ow
s

th
at

th
e

kern
el
K
σ
(Z
,D

)
satisfi

es
th

e
d
efi

n
ition

of
a

glob
al

p
d
f

for
D

(D
ef.

13).
F

in
ally,

th
e

su
m

over
p

erm
u
tation

s
is

rem
oved

accord
in

g
to

E
q
.

(3.7)
to

ob
tain

th
e

ex
p
ression

for
f
D

(Z
)

=
K
σ
(Z
,D

).

R
e
m

a
rk

2
6

A
specifi

c
exa

m
p
le

o
f

th
e

co
m

po
n

en
t

d
istribu

tio
n

s
p
ro

vid
ed

fo
r

th
e

kern
el

in
P

ro
po

-
sitio

n
2
5

is
p
resen

ted
in

F
ig.

3
.

S
in

ce
th

e
kern

el
d
en

sity
K
σ

o
f

E
q.

(4.6)
is

a
p
ro

ba
bility

d
en

sity
a
cco

rd
in

g
to

D
ef.

1
3
,

it
is

a
fu

n
ctio

n
o
n
∪
MN

=
0 W

N0
:d−

1 ,
a
n

d
so

th
e

su
m

o
f

severa
l

su
ch

kern
els

is
d
efi

n
ed

by
a
d
d
in

g
ea

ch
loca

l
pd

f
la

yer
sepa

ra
tely.

R
e
m

a
rk

2
7

In
th

e
d
efi

n
itio

n
o
f

o
u

r
kern

el,
a

sin
gle

pa
ra

m
eter

σ
h
a
s

been
ch

o
sen

fo
r

bo
th

th
e

sp
lit

o
f

cen
ter

d
ia

gra
m

s,
a
s

w
ell

a
s

th
e

sta
n

d
a
rd

d
evia

tio
n

u
sed

in
th

e
G

a
u

ssia
n

s
w

h
ich

bu
ild

o
u

r
kern

el.
W

ith
o
u

t
lo

ss
o
f

gen
era

lity,
th

is
ch

o
ice

sim
p
lifi

es
th

e
p
resen

ta
tio

n
o
f

th
e

kern
el

d
en

sity
a
n

d
th

e
p
roo

f
o
f

kern
el

d
en

sity
estim

a
te

(K
D

E
)

co
n

vergen
ce

(T
h
eo

rem
3
1
).

In
gen

era
l,

th
e

ba
n

d
w

id
th

pa
ra

m
eter

σ
2

w
h
ich

refers
to

th
e

sta
n

d
a
rd

d
evia

tio
n

u
sed

to
d
efi

n
e

th
e

G
a
u

ssia
n

s
(a

s
σ

a
p
pea

rs
in

D
efs.

2
2

a
n

d
2
4
)

n
eed

n
o
t

be
equ

a
l

to
th

e
sp

littin
g

pa
ra

m
eter

σ
1

w
h
ich

d
eterm

in
es

w
h
ich

po
in

ts
a
re

in
D
u

o
r

D
`

(a
s
σ

a
p
pea

rs
in

E
q.

(4.1)).
S

till,
it

is
certa

in
ly

d
esira

ble
th

a
t
σ

1
=
C
σ

2
w

h
en

ta
kin

g
a

lim
it

o
f

K
D

E
s

a
s

th
e

n
u

m
ber

o
f

persisten
ce

d
ia

gra
m

s
gro

w
s

to
in

fi
n

ity
(T

h
eo

rem
3
1
).

F
o
r

a
fi

xed
kern

el
ba

n
d
w

id
th
σ

2 ,
in

crea
sin

g
C

(a
n

d
th

u
s
σ

1 )
m

o
ves

m
o
re

fea
tu

res
in

to
th

e
lo

w
er

po
rtio

n
o
f

th
e

d
ia

gra
m

.
T

h
is

ch
o
ice

m
a
y

be
u

sefu
l

in
p
ra

ctice
w

h
en

u
n

d
erlyin

g
d
a
ta

a
re

kn
o
w

n
to

be
n

o
isy

a
n

d
m

o
re

n
o
ise-rela

ted
fea

tu
res

a
re

expected
n

ea
r

th
e

d
ia

go
n

a
l.

B
y

th
e

sa
m

e
to

ken
,

fo
r
σ

1
>
>
σ

2 ,
p
ro

jectin
g

th
e

lo
w

er
fea

tu
res

o
n

to
th

e
d
ia

go
n

a
l

m
a
y

lea
d

to
sign

ifi
ca

n
t

erro
r

in
th

e
a
p
p
ro

xim
a
tio

n
.

O
n

th
e

o
th

er
h
a
n

d
,

ta
kin

g
σ

1
<
<
σ

2
elim

in
a
tes

th
e

co
m

p
u

ta
tio

n
a
l

ben
efi

t
o
f

sp
littin

g
th

e
d
ia

gra
m

a
n

d
is

p
ro

ba
bly

n
o
t

u
sefu

l
in

p
ra

ctice.
F

o
r

m
o
st

ca
ses,

ta
kin

g
σ

1
=
σ

2 ,
is

a
rea

so
n

a
ble

ba
la

n
ce

betw
een

K
D

E
a
ccu

ra
cy

a
n

d
eva

lu
a
tio

n
co

m
p
u

ta
tio

n
.

S
in

ce
th

e
kern

el
d
en

sity
is

a
p
rob

ab
ility

d
en

sity
fu

n
ction

for
a

ran
d
om

p
ersisten

ce
d
iagram

,
it

h
as

an
asso

ciated
p
ro

b
ab

ility
h
y
p

oth
esis

d
en

sity
(S

ee
D

ef.
18).

C
o
ro

lla
ry

2
8

F
ix

a
cen

ter
persisten

ce
d
ia

gra
m

D
a
n

d
ba

n
d
w

id
th
σ
>

0.
S

p
lit

D
in

to
D
`

a
n

d
D
u

a
cco

rd
in

g
to

E
q.

(4.1).
D

efi
n

e
D
`

w
ith

glo
ba

l
pd

f
fro

m
E

q.
(4.5),

a
n

d
D
u

w
ith

glo
ba

l
pd

f
fro

m
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d
is
t
r
ib
u
t
io
n
s
o
f
p
e
r
si
st

e
n
c
e
d
ia
g
r
a
m
s

F
ig

u
re

3:
L

ef
t:

A
p

er
si

st
en

ce
d
ia

gr
am

sp
li
t

ac
co

rd
in

g
to

E
q
.

(4
.1

).
T

h
e

d
as

h
ed

b
la

ck
li
n
e,
d

=
b+

σ
,

se
p
ar

at
es

th
e

d
ia

gr
am

in
to

th
e

re
d

u
p
p

er
p

oi
n
ts

of
D
u

an
d

th
e

ye
ll
ow

lo
w

er
p

o
in

ts
of

D
` .

R
ig

h
t:

T
h
e

re
d

an
d

b
la

ck
gr

ad
ie

n
ts

re
p
re

se
n
t

th
e

u
p
p

er
si

n
gl

et
on

d
en

si
ti

es
p

(1
)

an
d
p

(2
)

gi
ve

n
b
y

E
q
.

(4
.2

).
T

h
e

gr
ee

n
gr

ad
ie

n
t

re
p
re

se
n
ts

th
e

lo
w

er
d
en

si
ty
p
`

d
efi

n
ed

in
E

q
4.

4.
W

h
il
e

ea
ch

of
th

es
e

d
en

si
ti

es
is

d
efi

n
ed

on
th

e
w

ed
ge

W
⊂

R
2
,

th
e

gl
ob

al
k
er

n
el

in
E

q
.

(4
.6

)
is

d
efi

n
ed

on
⋃
N
W

N
fo

r
ea

ch
in

p
u
t-

ca
rd

in
al

it
y
N

.

E
q.

(3
.9

).
T

re
a
ti

n
g

th
e

ra
n

d
o
m

pe
rs

is
te

n
ce

d
ia

gr
a
m

s
D
u

a
n

d
D
`

a
s

in
d
ep

en
d
en

t,
th

e
p
ro

ba
bi

li
ty

h
yp

o
th

es
is

d
en

si
ty

(P
H

D
)

a
ss

oc
ia

te
d

w
it

h
th

e
ke

rn
el

d
en

si
ty

ce
n

te
re

d
a
t

D
w

it
h

ba
n

d
w

id
th

σ
o
f

T
h
eo

re
m

2
5

is
gi

ve
n

by

K
σ
,P
H
D

(ξ
,D

)
=
N
`
p
` (
ξ)

+

N
u

∑ j=
1

q(
j)
p

(j
) (ξ

),
(4

.8
)

w
h
er

e
th

e
fe

a
tu

re
ξ

is
th

e
in

p
u

t
a
n

d
N
u

=
|D

u
|a

n
d
N
`

=
∣ ∣ D

`∣ ∣
d
ep

en
d

o
n

bo
th

D
a
n

d
σ

.
H

er
e

ea
ch

p
(j

)
re

fe
rs

to
th

e
m

od
ifi

ed
G

a
u

ss
ia

n
pd

f
a
s

sh
o
w

n
in

E
q.

(4
.2

)
fo

r
it

s
m

a
tc

h
in

g
si

n
gl

et
o
n

fe
a
tu

re
ξ j

in
D
u
,
q(
j)

gi
ve

n
by

(4
.3

)
is

th
e

p
ro

ba
bi

li
ty

ea
ch

si
n

gl
et

o
n

is
p
re

se
n

t,
a
n

d
th

e
lo

w
er

d
en

si
ty
p
`

is
gi

ve
n

by
E

q.
(4

.4
).

P
ro

o
f

T
h
e

P
H

D
is

u
n
iq

u
el

y
d
efi

n
ed

b
y

it
s

in
te

gr
al

ov
er

a
re

gi
o
n
U

,
w

h
ic

h
y
ie

ld
s

th
e

ex
p

ec
te

d
n
u
m
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ξ k

)

=
ν i

(N
−
N
i)
Q
i(

id
)

N
i

∏ k
=

1

p
(k

)
i

(ξ
k
)

N ∏

k
=
N
i
+

1

p
` i(
ξ k

)

+

N
i
−

1
∑

j=
0
,j
6=
N

ν i
(N
−
j)

∑

γ
∈I

(j
,N
i
)

Q
i(
γ

)

j ∏ k
=

1

p
(γ

(k
))

i
(ξ
k
)

N ∏

k
=
j+

1

p
` i(
ξ k

)

+
1
{n
∈N

:n
<
N
i
}(
N

)ν
i(

0
)

∑

γ
∈I

(N
,N
i
)

Q
i(
γ

)
N ∏ k
=

1

p
(γ

(k
))

i
(ξ
k
)

=
A
i
+
B
i
+
C
i,

(4
.1

2
)

w
h
er

e
A
i

fo
ll
ow

s
fr

om
j

=
N
i,
C
i

fo
ll
ow

s
fr

om
j

=
N

(C
i

=
0

if
N
i
≤
N

),
an

d
B
i

co
n
si

st
s

o
f

a
ll

re
m

ai
n
in

g
te

rm
s.

T
h
e

te
rm

s
B
i

in
E

q
.

(4
.1

2)
ar

e
co

n
tr

ol
le

d
b
y

th
e

lo
w

er
p
ro

d
u
ct
[ ∏

N k
=
j+

1
p
` i(
ξ k

)] .
S
in

ce
(1
−

q(j
)

i
)
≤

1
an

d
ν i

(N
−
j)
≤

1
fo

r
an

y
ch

oi
ce

of
γ

a
n
d
j,

w
e

h
av

e
th

at
B
i

is
b

ou
n
d
ed

a
b

ov
e

b
y

N
i
−

1
∑

j=
0
,j
6=
N

∑

γ
∈I

(j
,N
i
)

 
j ∏ k
=

1

q(γ
(k

))
i

p
(γ

(k
))

i
(ξ
k
)

N ∏

k
=
j+

1

p
` i(
ξ k

) 
.

(4
.1

3
)

T
h
e

b
ou

n
d
in

g
su

m
of

E
q
.

(4
.1

3)
co

n
si

st
s

of
re

st
ri

ct
ed

2N
-d

im
en

si
on

al
G

a
u
ss

ia
n
s,

w
it

h
th

e
w

ei
g
h
ts

q(j
)

i
d
om

in
at

in
g

th
e

re
st

ri
ct

io
n

re
sc

al
in

g
in

E
q
.

(4
.2

).
F

ix
π
∈

Π
N

an
d
j
∈
{0
,.
..
,M
−

1}
\{
N
}.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
tr

ea
t

th
e

ca
se

w
h
en

th
e

p
er

m
u
ta

ti
on

π
is

th
e

id
en

ti
ty

.
S
in

ce
o
u
r

u
lt

im
at

e
go

al
is
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co

n
tr

ol
th

e
ke

rn
el

d
en

si
ty

es
ti

m
at

e
f̂

,
co

n
si

d
er

th
e

p
or

ti
on

of
∑

n i=
1

1 n
B
i

fo
r

w
h
ic

h
th

e
ca

rd
in

al
it

ie
s
M
i

=
|D

i|
ar

e
fi
x
ed

at
le

ve
l
M
i

=
m
∈
{0
,.
..
,M
}.

N
ow

,
m

=
|D

i|
≥
N
i
>
j,

so
th

er
e

is
so

m
e

ex
te

n
si

on
fo

r
ev

er
y
γ

w
it

h
in

th
e

su
m

,
γ
∗
∈

Π
m

.
R

ec
al

l
th

at
th

is
co

ll
ec

ti
o
n

is
ra

n
d
o
m

b
ec

au
se

ea
ch

D
i

is
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n
d
om

ly
d
is

tr
ib

u
te

d
ac
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rd

in
g

to
f

,
th

er
ef
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e

w
e

co
n
si

d
er

th
e

ex
p

ec
ta

ti
o
n

w
it

h
re

sp
ec

t
to

th
is

ra
n
d
om

n
es

s:

Ef
 

∑
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:M

i
=
m
}

1

|{
i

:
M
i

=
m
}|

M
i

∏ k
=

1

q(γ
∗ (
k
))

i
p

(γ
∗ (
k
))

i
(ξ
k
) 
→
f

(ξ
1
,.
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,ξ
m
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fo
r

an
y

p
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n
t
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1
,.
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,ξ
m

)
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a
2
m
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im

en
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o
n
al

G
au

ss
ia

n
ke

rn
el

d
en

si
ty

es
ti

m
at

e
w

it
h

a
p
ro

p
er
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o
ic

e
of
σ

=
O

(n
−
α
)

ap
p
ro

p
ri

at
e

fo
r

2M
(a

n
d

h
en

ce
2m

)
d
im

en
si

on
s

(S
co

tt
,
20

15
).

In
te

g
ra

ti
n
g

b
o
th

si
d
es

ag
ai

n
st

th
e

ex
tr

a
co

or
d
in

at
es

,
A

ss
u
m

p
ti

on
s

(A
2)

an
d

(A
3)

al
on

g
w

it
h

th
e

d
om

in
a
te

d
co

n
ve

rg
en

ce
th

eo
re

m
y
ie

ld

Ef
 

∑

{i
:M

i
=
m
}

1

|{
i

:
M
i

=
m
}|

j ∏ k
=

1

q(γ
(k

))
i

p
(γ

(k
))

i
(ξ
k
) 
→
∫ W

m
−
j

f
(ξ

1
,.
..
,ξ
m

)d
ξ j

+
1
..
.d
ξ m
,

(4
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4
)
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d
ist

r
ib
u
t
io
n
s
o
f
p
e
r
sist

e
n
c
e
d
ia
g
r
a
m
s

w
h
ich

is
a
g
a
in

b
o
u
n
d
ed

v
ia

(A
2)

an
d

(A
3).

O
f

cou
rse,|{i

:
M
i

=
m
}|≤

n
,

so
tak

in
g

E
q
.

(4.14)
in

to

acco
u
n
t

fo
r

every
m

b
ou

n
d
s

th
e

averagin
g

su
m

of
th

e
u
p
p

er
p
ro

d
u
ct:

1n ∑
ni=

1 ∏
jk
=

1
q

(γ
(k

))
i

p
(γ

(k
))

i
(ξ
k ).

R
ely

in
g

o
n

E
q
.

(4.13),
w

e
m

u
st

also
co

n
sid

er
th

e
low

er
p
ro

d
u
ct ∏

Nk
=
j+

1
p
`i (ξ

k ).
S
in

ce
th

e
p

oin
ts

ξ
i

a
re

fi
x
ed

,
w

e
fo

cu
s

on
th

eir
m

in
im

al
p

ersisten
ce
p

m
in

=
m

in
i (d

i −
b
i ).

T
h
u
s,

p
`i (ξ

i )≤
1

2
π
σ

2
e −

(b−
d
)
2
/
4
σ
2≤

1

2
π
σ

2
e −

p
2m
in
/
4
σ
2,

an
d

su
b
seq

u
en

tly,


N∏

k
=
j+

1

p
`i (ξ

k ) 
≤

1

(2π
σ

2)
N
e −

N
p
2m
in
/
4
σ
2→

0,
(4.15)

a
s
σ
→

0
,

u
n
iform

ly
on

an
y

com
p
act

su
b
set

of
W

(orW
0
:d−

1 ).
A

ltogeth
er,

E
q
s.

(4.14)
an

d
(4.15)

g
u
a
ra

n
tee

th
a
t

th
e

term
∑

ni=
1

1n
B
i →

0
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n
→
∞

in
th

e
kern

el
d
en

sity
estim

ation
.

N
ex

t
w

e
fo

cu
s

on
th

e
term

s
A
i

in
E

q
.

(4.12).
W

e
sp

lit
th

e
su

m
1n ∑

ni=
1
A
i

accord
in

g
to

th
e

ca
rd

in
a
lity

o
f

D
i .

S
p

ecifi
cally,

sep
arate

A
i

in
to

th
e

cases
w

h
ere

M
i
6=
N
i

or
M
i

=
N
i .

F
irst

con
sid

er
th

e
asso

ciated
set

of
in

d
ices
{i

:
M
i 6=

N
i }

an
d

d
efi

n
e

th
e

m
ism

atch
n
u
m

b
er

M
M

(n
)

to
b

e
its

ca
rd

in
a
lity.

C
ritical

to
ou

r
argu

m
en

t,
th

e
m

ism
atch

n
u
m

b
er

is
ran

d
om

w
ith

resp
ect

to
f

b
eca

u
se

it
is

d
efi

n
ed

accord
in

g
to

th
e

featu
res

in
D
i .

W
e

ob
tain

th
e

follow
in

g
m

ism
atch

ed
term

:

1n

∑

{
i:N

i 6=
M
i }
A
i ≤

(
M
M

(n
)

n

)
1

M
M

(n
)

∑

{
i:N

i 6=
M
i } Q

i (id
)

N
i

∏k
=

1

p
(k

)
i

(ξ
k )

N∏

k
=
N
i +

1

p
`i (ξ

k ) 
(4.16)

T
h
e

b
o
u
n
d
in

g
su

m
in

E
q
.

(4.16)
is

sp
lit

in
to

p
ieces

w
h
ere

M
i

=
m

for
each

m
b

etw
een

0
an

d
M

.
U

sin
g

th
e

sa
m

e
strategy

y
ield

in
g

E
q
.

(4.14),
w

ith
M
M

(n
)

in
p
lace

of
n

,
th

e
su

m
of

th
e

u
p
p

er
p
ro

d
u
ct

co
n
verges

to
layered

in
tegrals

of
f

for
each

level
m

an
d

each
N
i
<
m

b
y

ex
ten

d
in

g
γ

=
id

.
U

sin
g

th
e

sa
m

e
a
p
p
roach

lead
in

g
to

E
q
.

(4.15
),

th
e

low
er

p
ro

d
u
ct

van
ish

es
in

th
e

lim
it

if
N
i 6=

N
,

o
r

is
a
n

em
p
ty

p
ro

d
u
ct

if
N
i

=
N

;
in

eith
er

case,
th

is
factor

is
b

ou
n
d
ed

.
N

ow
,

accord
in

g
to

L
em

m
a

3
4
,P

f(M
i 6=

N
i )

=
P
f(D

i ∩
∆
εσ0
6=
∅)≤

C
5 σ

;
con

seq
u
en

tly,E
f[M

M
(n

)/n
]→

0
an

d
th

e
m

ism
atch

term
s

o
n

left
h
a
n
d

sid
e

of
E

q
.

(4.16)
follow

.
N

ow
co

n
sid

er
th

e
in

d
ices

for
w

h
ich

N
i

=
M
i .

In
th

is
case,

sin
ce

D
`i

are
em

p
ty,

ν
i

=
δ

0 ,
an

d
th

e
o
n
ly

va
lu

es
w

h
ich

con
trib

u
te

to
th

e
su

m
are

for
N
i

=
N

.
T

h
e

rem
ain

in
g

p
ortion

of
th

e
kern

el
d
en

sity
estim

ate
is

giv
en

b
y

1n
E
f
∑

{
i:N

i =
M
i } A
i

=
1n
E
f 

∑

{
i:N

i =
M
i } (
Q
i (id

)
N∏k
=

1

p
(k

)
i

(ξ
k ) )


=

1n
E
f 

∑

{
i:N

i =
M
i } (

N∏k
=

1

q
(k

)
i
p

(k
)

i
(ξ
k ) )


.

(4.17)

A
s

sh
ow

n
,

th
e

term
s

in
E

q
.

(4.17)
are

restricted
2N

d
im

en
sion

al
G

au
ssian

s.
It

is
k
n
ow

n
(S

cott,

20
1
5
)

th
a
t

restricted
G
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ssian

k
ern

el
d
en

sity
estim

ates
like [∏

Nk
=

1
q

(k
)

i
p

(k
)

i
(ξ
k ) ]

co
n
verge

(u
n
iform

ly

o
n

co
m

p
a
ctly

co
n
tain

ed
sets)

to
th

e
tru

e
valu

e
of

th
e

ch
osen

d
raw

s
D
i

fo
r

a
su

itab
le

ch
oice

of
α

in
σ

=
O

(n
−
α
)

a
s

restricted
b
y
N
≤
M

.
A

fter
correctin

g
for

th
e

sam
p
les

w
ith

N
i
<
M
i

=
N

,
th

e
sa

m
p
les

D
i

a
re

treated
as

ran
d
om

d
raw

s
from

f
(D
||D
|
=
N

).
C
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u
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w

e
m

ay
con

clu
d
e
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

th
at

th
e

target
d
istrib

u
tion

asso
ciated

w
ith

[∏
Nk
=

1
q

(k
)

i
p

(k
)

i
(ξ
k ) ]

is
th

e
rescaled

1
f

(N
) f

(ξ
1 ,...,ξ

N
),

w
h
ere

f
(N

)
:=

P
f(|D

|
=
N

).
T

h
is

rescalin
g

for
th

e
con

d
ition

al
p

d
f
f

(D
||D
|

=
N

)
is

n
ecessary

to
rew

eigh
t

accord
in

g
to

P
rop

osition
16.

A
p
p
lication

of
classical

kern
el

d
en

sity
estim

ate
resu

lts
req

u
ire

d
iv

ision
b
y

th
e

ca
rd

in
ality

of
th

e
d
raw

,
w

h
en

in
con

tex
t
n

is
gen

erally
larger

th
an

th
is

card
in

ality.
T

h
u
s,

w
e

m
u
st

again
con

sid
er

th
e

cases
w

h
erein

N
i 6=

M
i .

C
on

seq
u
en

tly,
w

e
fi
n
d

th
at

th
e

ex
p

ectation
for

th
e

ratio
b

etw
een

th
e

tru
e

d
raw

card
in

ality
an

d
n

is
given

b
y
P
f(|D

|
=
N

)
+
O

(σ
)

accord
in

g
to

L
em

m
a

34.
In

d
eed

,
th

is
ratio

con
verges

to
f

(N
)

:=
P
f(|D

|
=
N

).
A

fter
th

is
fi
n
al

correction
,

w
e

h
ave

sh
ow

n
th

at
1n ∑

ni=
1
A
i

ap
p
roach

th
e

tru
e

p
d
f
f

(ξ
1 ,...,ξ

N
).

L
astly,

w
e

n
eed

on
ly

to
con

trol
th

e
term

s
C
i

from
E

q
.

(4.12).
W

e
b

egin
b
y

b
ou

n
d
in

g
th

e
p
rob

ab
ility

m
ass

fu
n
ction

s
ν
i

b
y

1
an

d
con

sid
erin

g
on

ly
term

s
for

w
h
ich

th
e

ch
aracteristic

fu
n
ction

is
n
on

zero:

1n

n
∑i=

1

C
i

=
1n

∑

{
i:N

<
N
}
ν
i (0)

∑

γ∈
I
(N
,N
i ) Q

i (γ
)
N∏k
=

1

p
(γ
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))

i
(ξ
k )≤
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∑

{
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<
N
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∑
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I
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,N
i ) Q

i (γ
)
N∏k
=

1

p
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i
(ξ
k ).

(4.18)

N
ex

t,
w

e
sp

lit
th

e
term

Q
(γ

)
accord

in
g

to
E

q
.

(3.10)
an

d
a
p
p
ly

L
em

m
a
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to

th
e

u
p
p

er
b
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n
d

in
E

q
.

(4.18)
to

ob
tain

th
e

larger
u
p
p

er
b

ou
n
d

1n

∑

{
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<
N
i }

∑
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I
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,N
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∗(γ
)
N∏k
=

1

q
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i
p
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k )≤
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<
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N∏k
=
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q
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i
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σ
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(4.19)

T
h
e

ex
p

ectation
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th
e

b
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in
E

q
.

(4
.19)
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verges

in
a
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n
id

en
tical

to
th

e
term

s
1n ∑

ni=
1
A
i .

S
in

ce
th
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term

s
are

m
u
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lied
b
y
σ

,
altogeth

er
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1n ∑
ni=

1
C
i ]

van
ish
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in

th
e
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→
∞

.
P

u
ttin

g
togeth

er
th

e
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of

each
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ortion
b
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from
K
σ
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=
A
i
+
B
i
+
C
i ,

th
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eorem
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e
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e
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g
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ation
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e
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e
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n
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en
ce

of
p
rop
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su
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sp
read

.
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th
e
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sen

ce
of
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th

e
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p
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w
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b
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ef.
5)
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d
efi
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⊂
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p
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iagram

D
a
sso

cia
ted

w
ith

th
e

k
ern

el
d
en

sity
K
σ
(Z
,D

)
h
a
s

a
varia

b
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iagram

Z
=
{
ξ

1 ,...,ξ
N }

m
u
st

h
ave

variab
le

len
gth

an
d

th
erefore

th
e

kern
el

d
en

sity
h
a
s

lo
ca

l
d
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p
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ab
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b
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p
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=
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−
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−
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p
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ab
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d
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b
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p
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d
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ab
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p
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=
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+
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+
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+
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b
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⊂
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ab
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p
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H
D
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)
=
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)(b,d
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+
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+
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+
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+
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+
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+
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+
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=
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+
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+
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+
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p
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e
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d
e

th
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p
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p
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p
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p
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d
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p
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d
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d
efi

n
ed

(s
ee

E
q
.

(4
.6

))
so

th
at

th
e

n
u
m

b
er

of
p

oi
n
ts

n
ea

r
th
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p
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d
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ra
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el

d
en

si
ty

n
at

u
ra

ll
y

co
n
si

d
er

s
fe

at
u
re

s
w

it
h

lo
n
g

p
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d
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u
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p
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d
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p
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u
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p
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ra
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.
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p
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p
re

ss
io

n
fo

r
th

e
k
er

n
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p
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u
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2
) )q

(1
) p
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−
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−
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−
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−
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−
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−
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−
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+
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−
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×
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−
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h
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p
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p
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s

w
a
s

d
o
n

e
fo

r
E

x.
1
.
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w

e
co

n
si

d
er

th
e

d
en

si
ty

ev
al

u
at

ed
al

on
g

sl
ic

es
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K
σ

((
(b
,d

),
(1
,3

))
,D

)
or
K
σ

((
(b
,d

),
(2
,4

))
,D

)
(F

ig
.

6
(a

)
or

(b
),

re
sp

ec
ti

ve
ly

),
th

e
re

st
ri

ct
ed

p
lo

t
is

a
G

au
ss

ia
n

ce
n
te

re
d

at
th

e
o
th

er
u
p
p

er
fe

a
-

tu
re

.
If

th
e

fi
x
ed

fe
at

u
re

is
in

st
ea

d
cl

os
e

to
th

e
d
ia

go
n
al

,
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in
F

ig
.

6
(c

),
th

e
d
en

si
ty

sl
ic

e
is

cl
o
se

to
a

m
ix

tu
re

b
et

w
ee

n
th

e
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o
u
p
p

er
G

au
ss

ia
n
s
p

(1
)

an
d
p

(2
) .

(a
)

(b
)

(c
)

F
ig

u
re

6:
C

on
to

u
r

m
ap

s
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r
sl

ic
es

of
th

e
ke

rn
el

d
en

si
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K
σ
((
ξ,
ξ′ 2

),
D

)
w
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h
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p
u
t

ca
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a
li
ty

2.
A

si
n
gl

e
fe

at
u
re
ξ′ 2

,
in

d
ic

at
ed

b
y

w
h
it

e
cr

os
sh
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,
is

fi
x
ed

to
re

st
ri

ct
to

a
2D

su
b
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a
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a
s

fo
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ow

s:
(a

)
ξ′ 2

=
(1
,3

)
(b

)
ξ′ 2

=
(2
,4

)
an

d
(c

)
ξ′ 2

=
(2
.5
,2
.7

).
T

h
e

ce
n
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r
d
ia
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is
in

d
ic

at
ed

b
y
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d

(u
p
p
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)
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d
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n
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ow
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)
p
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n
ts

.
S
ca

le
b
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s
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th
e

ri
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t
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p
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a
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e
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n
g
e
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p
ro

b
a
b
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y
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si
ty
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ad
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.
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a

si
m

il
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n
,
w

e
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p
re

ss
th

e
ke

rn
el

d
en

si
ty

w
it

h
in

p
u
t

ca
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al

it
y
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|=

3
.

S
in

ce
th

er
e

ar
e

on
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2
u
p
p

er
fe

at
u
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s
in

D
,

th
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an
d
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h
er

ex
p
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ss
io

n
s

ar
e

n
ot

m
ar

ke
d
ly

m
o
re

co
m

p
li
ca

te
d

th
an

E
q
.
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.6

).
F

ro
m

E
q
.
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.6

),
w

e
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ta
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:

K
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ξ 1
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2
,ξ

3
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D
)
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ν
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)
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1
) q
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) p
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) (b

1
,d

1
)p
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) (b

2
,d

2
)] p

` (
b 3
,d

3
)
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ν
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2
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1
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1
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` (
b 2
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2
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)

+
ν
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1
−
q(
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1
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1
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2
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b 3
,d

3
)
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ν
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1
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2
) )p

` (
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1
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` (
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,d

2
)p
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,d
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9
.0

1
×
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2
p
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3
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−

2
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−

1
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+
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1
−

3
)2

) e
−

2
((
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−

2
)2

+
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2
−

4
)2

)

+
4
.9

6
×
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−

4
p
` (
b 2
,d

2
)p
` (
b 3
,d

3
)e
−

2
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b 1
−

2
)2

+
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1
−

4
)2

)

+
4
.9

6
×
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−

4
p
` (
b 2
,d

2
)p
` (
b 3
,d

3
)e
−

2
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−

1
)2

+
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1
−

3
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+
1
.2

2
×
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−

6
p
` (
b 1
,d

1
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,d

2
)p
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,d

3
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)

O
n
e

m
ay

n
ot

ic
e

th
at

E
q
.

(5
.7

)
h
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th
e

sa
m

e
4

te
rm

s
as

E
q
.

(5
.6

),
b
u
t

w
it

h
a
n
o
th

er
fa

ct
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of
p
`

in
ea

ch
te

rm
.

In
d
ee

d
,

th
e

lo
ca

l
ke

rn
el

s
fo

r
in

p
u
t

ca
rd

in
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it
y
N

=
4
,5
,6

ap
p

ea
r

ve
ry

si
m

il
a
r

a
s

w
el

l,
an

d
w

it
h

p
ro

gr
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si
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ly
m
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e
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ct

or
s
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p
` .

C
on

to
u
r

p
lo

t
sl

ic
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of
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lo

ca
l

ke
rn

el
a
re

sh
ow

n
in

F
ig

.
7,

fo
ll
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in
g

R
m

k
.

41
.

In
th

is
ca

se
,

si
n
ce

th
e

lo
ca

l
p

d
f
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d
efi

n
ed

in
W

3
,

w
e

m
u
st

fi
x

a
p
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r
of

fe
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u
re

s
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d
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v
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w
a

sl
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e
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W
×
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,d
′ 2
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×
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.
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q
.

(5
.7
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e
h
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v
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30
JM

L
R

 2
0(

15
1)

:1
-4

9,
 2

01
9



d
ist

r
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u
t
io
n
s
o
f
p
e
r
sist

e
n
c
e
d
ia
g
r
a
m
s

w
eig

h
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term
co

n
sists

of
b

oth
u
p
p

er
featu

res’
d
en

sities
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w
ell

as
th

e
low

er
d
en

sity
p
`(b

3 ,d
3 ).

In
d
eed

,
F

ig
.

7(a
)

sh
ow

s
th

e
slice

K
σ
(((b,d

),(1,3),(2,4)),D
),

w
h
ich

leaves
b

oth
u
p
p

er
featu

res
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x
ed

,
a
n
d

th
e

resu
ltin

g
slice

is
n
early

p
rop

ortion
al

to
th

e
low

er
d
en

sity
p
`.

F
ig.

7
(b

)
sh

ow
s

th
e

slice
K
σ
(((b,d

),(1,3),(2.5,3.5)),D
),

w
h
ich

fi
x
es

on
e

of
th

e
u
p
p

er
featu

res
of

D
as

w
ell

as
a

fea
tu

re
o
f

m
o
d
era

te
p

ersisten
ce.

T
h
is

slice
d
o
es

n
ot

go
th

rou
gh

a
m

o
d
e

of
th

e
lo

cal
k
ern

el,
an

d
so

th
e

g
eom

etry
o
f

th
e

d
atasp

ace
W

3/
Π

3
m

akes
th

e
slice

lo
ok

m
u
lti-m

o
d
al,

d
ep

en
d
in

g
on

w
h
eth

er
(2.5

,3
.5

)
is

a
ssign

ed
to

p
(2

)
or

p
`.

O
th

er
assig

n
m

en
ts

h
ave

n
eglig

ib
le

m
ass.

T
h
u
s,

F
ig

.
7

(b
)

resem
b
les

a
m

ix
tu

re
of

th
ese

tw
o

d
en

sities.

(a)
(b

)

F
ig

u
re

7
:

C
o
n
to

u
r

m
ap

s
for

slices
of

th
e

k
ern

el
d
en

sity
K
σ
((ξ,ξ ′2 ,ξ ′3 ),D

)
w

ith
in

p
u
t

card
in

a
lity

3.
A

p
a
ir

o
f

fea
tu

res
ξ ′2

an
d
ξ ′3 ,

in
d
icated

b
y

w
h
ite

crossh
airs,

are
fi
x
ed

to
restrict

to
a

2D
su

b
sp

ace
a
s

fo
llow

s:
(a

)
(ξ ′2 ,ξ ′3 )

=
((1,3),(2,4))

an
d

(b
)

(ξ ′2 ,ξ ′3 )
=

((1
,3),(2.5

,3
.5)).

S
in

ce
th

e
sy

m
m

etric
version

of
th

e
d
en

sity
is

u
sed

,
th

e
ord

er
of

th
ese

featu
res

is
irrelevan

t.
T

h
e

cen
ter

d
ia

g
ra

m
is

in
d
icated

b
y

red
(u

p
p

er)
an

d
green

(low
er)

p
oin

ts.
S
ca

le
b
ars

at
th

e
righ

t
of

each
p
lo

t
in

d
ica

te
th

e
ra

n
ge

of
p
rob

ab
ility

d
en

sity
in

each
sh

ad
ed

regio
n
.

T
h
e

term
s

(1−
q

(k
))

w
ith

in
th

e
Q
∗

ex
p
ression

(see
E

q
.

(3.11))
are

very
sm

all
a
n
d

ap
p

ear
in

term
s

fo
r

w
h
ich

th
e

corresp
on

d
in

g
u
p
p

er
featu

re
is

u
n
assign

ed
.

T
h
ese

term
s

are
so

sm
a
ll

b
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se
b

o
th

u
p
p

er
fea

tu
res

h
ave

very
lon

g
p

ersisten
ce

in
th

is
ex

am
p
le

(fou
r

tim
es

th
e

b
an

d
w

id
th

),
an

d
so

th
e

term
s

in
E

q
s.

(5.5),
(5.6),

an
d

(5.7)
w

h
ich

d
o

n
ot

in
clu

d
e

on
e

or
b

oth
u
p
p

er
G

u
assian

s
p

(1
)

a
n
d
p

(2
)

h
ave

p
rogressively

sm
aller

con
trib

u
tio

n
to

th
e

overall
lo

cal
kern

el.
C

on
seq

u
en

tly,
th

e
kern

el
p
la

ces
m

u
ch

h
igh

er
p
rob

ab
ility

d
en

sity
n
ear

in
p
u
t

d
iagram

s
w

ith
fea

tu
res

n
earb

y
each

u
p
p

er
fea

tu
re

in
th

e
cen

ter
d
iagram

.
T

h
is

b
eh

av
ior

is
seen

in
F

ig.
5,

6,
7,

an
d

th
eir

resp
ective

an
aly

ses,
a
n
d

is
d
irectly

co
rrelated

to
th

e
ratio

of
p

ersisten
ce

to
b
an

d
w

id
th

for
each

fea
tu

re.

E
x
a
m

p
le

3
H

ere
w

e
con

sid
er

th
e

ran
d
om

p
ersisten

ce
d
iagra

m
gen

erated
from

a
sp

ecifi
c

ran
d
om

d
a
ta

set
in

R
2.

O
u
r

goal
in

th
is

ex
am

p
le

is
to

b
u
ild

an
d

d
em

on
strate

con
v
ergen

ce
of

th
e

kern
el

d
en

-
sity

estim
a
te

fo
r

th
e

p
d
f

of
th

e
asso

ciated
ran

d
o
m

p
ersisten

ce
d
iagram

.
S
p

ecifi
cally,

w
e

gen
erate

sa
m

p
le

d
a
ta

sets
w

h
ich

each
con

sist
of

10
p

oin
ts

sam
p
led

u
n
iform

ly
from

th
e

u
n
it

circle
w

ith
ad

d
itive

G
a
u
ssia

n
n
o
ise,

N
((0,0), (

15
0 )

2
I

2 ).
T

h
is
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d
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p
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toty
p
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for
sign

al
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sis
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d
-

in
g

to
th

e
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r

d
y
n
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of

a
n
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sin
e

cu
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w
h
erein

th
e

h
igh

d
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en
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a
l

p
o
in

t
clou

d
is

o
b
ta

in
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th
ro

u
g
h

d
elay

-em
b

ed
d
in

g
of

th
e

sign
al.

A
n

in
-d

ep
th

an
aly

sis
of

u
sin

g
d
elay

em
b

ed
d
in

g
a
lon

g
sid

e
p

ersisten
t

h
om

ology
is

fou
n
d

in
(P

erea
an

d
H

arer,
2015).

T
h
ese

d
a
ta

sets
each

y
ield

a
Č

ech
p

ersisten
ce

d
iagram
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d
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S
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2
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d
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h
o
m
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g
y
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1
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A
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p
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d
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d
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p
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ce
d
iagram
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F
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

(a)
(b

)

F
igu

re
8:

A
n

ex
am

p
le

u
n
d
erly

in
g

d
ataset

an
d

its
asso

ciated
p

ersisten
ce

d
iagram

.
T

h
e

p
ersisten

ce
d
iagram

s
are

u
sed

as
th

e
cen

ters
for

th
e

kern
el

d
en

sity
estim

ate.
F

or
th

is
ex

am
p
le,

p
ersisten

ce
d
iagram

s
w

ith
m

ore
th

an
on

e
featu

re
are

relatively
rare.

K
D

E
(1)

(2)
(3)

(4)

n
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σ
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0.020

0.015

T
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1:

C
h
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p
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n
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u
m

b
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p
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ce

d
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s)
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d
b
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d
w
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th

σ
for
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kern

el
d
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ate
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n
,σ

(Z
)

sh
ow

n
in

F
ig.

9.

8.
S
in

ce
th

ese
d
atasets

are
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p
led

from
th

e
u
n
it

circle
p

ertu
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ed
b
y

relatively
sm

all
n
oise,
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e

ex
p

ects
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e
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ciated
1-h
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ology
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h
ave

a
sin

gle
p

ersisten
t

featu
re

w
ith

d
≈

1
w

ith
p

ossib
le

b
rief

featu
res

cau
sed

b
y

n
oise.

W
e

con
sid

er
severa

l
K

D
E

s
as

w
e

sim
u
ltan

eou
sly

in
crease

th
e

n
u
m

b
er

of
p

ersisten
ce

d
iagram

s
(n

)
an

d
n
arrow

th
e

b
an

d
w

id
th

(σ
)
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ow
n

in
T

ab
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1).
T

h
e

b
a
n
d
w

id
th

w
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to
scale

accord
in

g
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S
ilverm

an
’s

ru
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of
th

u
m

b
(S

ilverm
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,
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6)
(see

R
m

k
.

32).

S
in

ce
th

e
K

D
E

s
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n
,σ

(Z
)

are
d
efi

n
ed
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⋃
N
W

N
for
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p
u
t
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N

,
w

e
p
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t
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in

m
u
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le
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b
y

fi
x
in

g
a

card
in
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d
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fi
x
in

g
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b
u
t
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e
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p
u
t

featu
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d
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R
m

k
41.

F
or

ex
am

p
le,

g
(ξ)

=
f̂
n
,σ

(ξ,ξ ′2 ,...,ξ ′N
)

fo
r

fi
x
ed

ξ ′j
(j

=
2
,...,N

)
is

a
fu

n
ction

on
W

an
d

rep
resen

ts
a

slice
of

th
e

lo
cal

K
D

E
o
n
W

N
.

T
h
e

p
rogression
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K

D
E
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n
b

e
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F

ig.
9,

w
h
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th
e
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e
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(i.e.,

th
e
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e

featu
res

are
fi
x
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)
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v
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ed
fo

r
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ch
oice

of
(n
,σ

).
T
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d
em

on
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in
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e

con
vergen

ce
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e

k
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d
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n
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T
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1.
B
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e
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p
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p
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for
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e

u
n
d
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g

d
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u
n
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featu
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e
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D
E
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ig.
9

(left);
h
ow

ever,
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e
d
istrib

u
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of
p

oin
ts
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g
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e

circle
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s
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b
irth

scale
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q
u
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a
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A
d
d
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featu
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w

ith
b
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p
ersisten

ce
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con
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th
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d
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to
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h
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featu
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d
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b

e
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u
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h
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n
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th
e
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(sm
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b
an

d
d
)
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a
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e
m
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S

=
1,000

sam
p
le

p
ersisten

ce
d
ia

g
ra

m
s

a
n
d

co
m

p
u
te

th
eir

b
ottlen

eck
d
istan

ce
W
∞

(∅
,S

ji )
=

m
ax

(b,d
)∈
S
ji
d
−
b,

w
h
ere

S
ji

is
th

e

jth
sa

m
p
le

p
ersisten

ce
(j

=
1
,...,S

)
d
iagram

d
istrib

u
ted

accord
in

g
to

f̂
S
N
R
i ,
i

=
1
,5.

T
h
ese

d
ista

n
ces

crea
te

em
p
irical

d
istrib

u
tion

s,
on

e
for

each
S
N
R
i

E
E

G
d
en

oted
b
y
F
S
N
R
i .

W
e

form
ally

p
ro

ceed
w

ith
h
y
p

o
th

esis
testin

g

H
0

:
F
S
N
R

1
=
F
S
N
R

5
v
s
H

1
:
F
S
N
R

1 6=
F
S
N
R

5 .

F
a
ilu

re
to

reject
H

0
in

th
is

case
is

ev
id

en
ce

th
at
D
S
N
R

1
an

d
D
S
N
R

5
h
ave

sim
ilar

b
eh

av
ior

for
th

e
fea

tu
res

less
aff

ected
b
y

n
oise,

w
h
ich

in
tu

rn
im

p
lies

th
at
S
N
R

1
an

d
S
N
R

5
h
ave

sim
ilar

u
n
d
erly

in
g

d
y
n
a
m

ics.
F

in
a
lly,

w
e

com
p
are

th
ese

d
istrib

u
tion

s
w

ith
a

tw
o-sid

ed
K

olm
o
gorov

-S
m

irn
ov

(K
S
)

T
est

(S
im

a
rd

,
2
0
1
1
)

th
at

y
ield

s
a
p−

valu
e=

0.72
.

K
S
-T

est
P

-valu
e

T
im

e
(s)

K
D

E
M

P
0.7

2
0
.047

P
I
L
∞

6.1
5×

10 −
9

0
.042

P
L
L
∞

0.7
9

0
.048

T
a
b
le

2
:

T
h
e

p
-va

lu
es

an
d

ru
n

tim
es

for
each

m
eth

o
d

(K
D

E
,

P
I,

an
d

P
L

)
u
sed

for
th

e
h
y
p

oth
esis

test
o
f

E
q
.

(4
).

S
a
m

p
le

M
A

D

S
N
R

1
1
.0

40

S
N
R

5
1
.0

35

T
a
b
le

3
:

T
h
e

sa
m

p
le

M
A

D
s

for
S
N
R

1
an

d
S
N
R

5
com

p
u
ted

b
y

tak
in

g
th

e
m

ean
s

of
th

e
d
istrib

u
tion

s
in

F
ig

1
1
(e)

a
n
d

F
ig

11(f),
rep

sectively.

F
o
r

th
e

sa
ke

of
com

p
arison

to
oth

er
T

D
A

m
eth

o
d
s,

w
e

also
com

p
u
te

p
ersisten

ce
im

ages
(P

Is)
w

ith
reso

lu
tio

n
5
0×

50
an

d
sp

read
0.2

u
sin

g
th

e
ram

p
fu

n
ction

to
p
ro

d
u
ce

w
eigh

ts,
(A

d
am

s
et

al.,
2
0
1
7
),

a
n
d

p
ersisten

ce
lan

d
scap

es
(P

L
s)

from
D
S
N
R
i ,

(B
u
b

en
ik

,
2015).

W
e

ex
am

in
e

th
e
L
∞

-n
orm

a
s

a
su

m
m

a
ry

fo
r

each
of

th
ese

v
ectorization

s
(th

e
L
∞

-n
orm

of
th

e
fi
rst

lan
d
scap

e
in

p
articu

lar
fo

r
P

L
s)

sin
ce

th
is

m
easu

rem
en

t
is

also
asso

ciated
w

ith
h
igh

p
ersisten

ce
featu

res.
A

fter
com

p
u
tin

g
L
∞

-n
o
rm

s
fo

r
each

of
th

e
P

Is
an

d
P

L
s

ob
tain

ed
from

D
S
N
R
i ,

w
e

resam
p
le

each
L
∞

em
p
irical

d
istrib

u
tio

n
1,0

0
0

tim
es

to
create

b
o
otstrap

p
ed

d
istrib

u
tion

s
w

ith
size

m
atch

in
g

th
ose

of
th

e
W
∞

35
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M
a
r
o
u
l
a
s,

M
ik
e
,
a
n
d

O
b
a
l
l
e

d
istrib

u
tion

s
ob

tain
ed

from
th

e
kern

el
d
en

sity
estim

ators;
see

F
ig.

11
(c),(d

),(e),
an

d
(f).

In
th

e
en

d
,

w
e

also
com

p
are

th
e

b
o
otstrap

p
ed

d
istrib

u
tion

s
w

ith
a

tw
o-sid

ed
K

S
-test.

T
ab

le
2

sh
ow

s
th

e
K

S
-test

p
-valu

es
an

d
a

stan
d
ard

ized
ru

n
tim

e
for

each
m

eth
o
d
.

N
otice

th
e

kern
el

d
en

sity
m

ax
p

ersisten
ce

an
d

lan
d
scap

e
L
∞

correctly
fail

to
reject

H
0

at
th

e
m

ost
com

m
on

ly
u
sed

sign
ifi

can
ce

lev
els

(p−
valu

e
=

0.79).
In

p
articu

lar,
ou

r
m

eth
o
d

is
com

p
etitive

w
ith

lan
d
scap

es
(w

ith
a

sligh
t

ed
ge

on
com

p
u
tation

al
tim

e).
O

n
th

e
oth

er
h
an

d
,

th
e

p
ersisten

ce
im

age
L
∞

in
correctly

rejects
H

0
(p−

valu
e

close
to

0).
F

ailu
re

of
P

Is
to

recogn
ize

d
iff

eren
t

d
y
n
am

ics
m

ay
b

e
a

resu
lt

of
th

e
fact

th
at

in
ad

d
ition

to
accou

n
tin

g
for

th
e

m
ax

p
ersisten

ce
(th

rou
gh

th
e

u
se

of
th

e
ram

p
fu

n
ction

for
w

eigh
ts),

th
e

P
I
L
∞

also
con

sid
ers

th
e

card
in

ality
of

each
d
iagram

,
alth

ou
gh

th
e

con
trib

u
tion

of
card

in
ality

d
im

in
ish

es
for

h
igh

er
resolu

tion
s

an
d

sm
aller

sp
read

s.

F
in

ally,
w

e
rep

ort
estim

ates
for

M
A
D
f
S
N
R
1 (∅

)
an

d
M
A
D
f
S
N
R
5 (∅)

b
y

tak
in

g
th

e
m

ean
s

of
ou

r
em

p
irical

d
istrib

u
tion

s
for

th
e

m
ax

p
ersisten

ces;
see

T
ab

le
3.

N
otice

th
e

estim
a
tes

are
very

close
n
u
m

erically
an

d
b
y

a
p
p

ealin
g

to
T

h
eorem

40,
on

e
cou

ld
argu

e
th

ey
are

close
to

th
eir

tru
e

valu
es.

H
en

ce,
th

e
M

A
D

off
ers

m
ore

ev
id

en
ce

th
at
S
N
R

1
an

d
S
N
R

5
are

statistica
lly

in
d
istin

gu
ish

ab
le.

6
.
D
iscu

ssio
n
a
n
d
C
o
n
clu

sio
n
s

A
n
on

p
aram

etric
ap

p
roach

to
ap

p
rox

im
atin

g
d
en

sity
fu

n
ction

s
of

fi
n
ite

ran
d
om

p
ersisten

ce
d
ia-

gram
s

h
as

b
een

p
resen

ted
.

T
h
is

in
clu

d
es

th
e

in
tro

d
u
ction

of
a

k
ern

el
d
en

sity
fu

n
ction

,
as

w
ell

as
p
ro

of
th

at
th

e
kern

el
d
en

sity
itself

an
d

its
m

ean
a
b
solu

te
d
ev

iation
con

verge
to

th
ose

of
th

e
target

d
istrib

u
tion

.
O

u
r

k
ern

el
d
en

sity
fu

n
ction

arises
b
y

creatin
g

a
n
oise

m
o
d
el

fo
r

p
ersisten

ce
d
iagram

s
w

h
ich

sim
p
lifi

es
treatm

en
t

of
featu

res
n
ear

th
e

d
iagon

al.
C

on
seq

u
en

tly,
th

e
kern

el
d
en

sity
can

also
b

e
u
sed

in
m

easu
rin

g
lik

elih
o
o
d

w
h
en

ob
serv

in
g

sm
all

p
ertu

rb
ation

s
of

p
ersisten

ce
d
iagram

s.
F

u
tu

re
w

ork
w

ill
in

vestigate
th

e
con

vergen
ce

of
p

ow
ers

of
th

e
ab

so
lu

te
d
ev

iation
(e.g.,

b
ottlen

eck
varian

ce)
an

d
d
ev

iation
s

in
v
olv

in
g

th
e

W
asserstein

m
etric

(an
L
p

gen
eralization

of
b

ottlen
eck

m
etric,

see
(E

d
elsb

ru
n
n
er

an
d

H
arer,

2010)).
O

u
r

fram
ew

ork
is

p
resen

ted
th

rou
gh

th
e

len
s

of
geom

etric
sim

-
p
licial

com
p
lex

es,
an

d
in

p
articu

lar
Č

ech
com

p
lex

es.
T

h
e

resu
ltin

g
p

ersisten
ce

d
iagram

s
are

b
ased

on
u
n
d
erly

in
g

d
atasets

in
a

m
etric

sp
ace.

In
gen

era
l,

on
e

m
ay

d
efi

n
e

p
ersisten

t
h
om

ology
for

a
fu

n
ction

f
d
efi

n
ed

on
a

top
ological

sp
ace

(E
d
elsb

ru
n
n
er

an
d

H
arer,

2010),
an

d
th

erefore
ran

d
om

fu
n
ction

s
m

ay
also

give
rise

to
ran

d
om

p
ersisten

ce
d
iagram

s,
see

(A
d
ler

et
al.,

2010)
for

an
ex

am
p
le.

A
sim

ilar
kern

el
d
en

sity
estim

ate
ap

p
roach

can
b

e
form

u
lated

in
th

is
case,

b
u
t

p
erh

ap
s

d
iff

eren
t

assu
m

p
tion

s
m

ay
b

e
n
eed

ed
on

th
e

target
p

d
f.

O
u
r

ap
p
roach

is
fu

lly
d
ata-d

riven
,

a
n
ecessary

step
sin

ce
d
istrib

u
tion

s
of

p
ersisten

ce
d
iagram

s
w

ere
p
rev

iou
sly

p
o
orly

u
n
d
ersto

o
d
.

T
h
e

assu
m

p
tion

s
(A

1)-(A
3),

(A
2) ∗,

an
d

(A
3) ∗

are
ty

p
ical

for
kern

el
d
en

sity
estim

ators
(S

cott,
2015).

S
im

ilar
assu

m
p
tion

s
on

th
e

u
n
d
erly

in
g

d
ata

are
in

h
erited

b
y

th
e

ran
d
om

p
ersisten

ce
d
iagram

,
b

ecau
se

variation
in

Č
ech

p
ersisten

t
h
om

olog
y

is
con

trolled
b
y

in
terp

oin
t

d
istan

ces.
In

p
articu

lar,
p
rob

a
b
ility

d
en

sity
d
ecay

follow
s

th
e

sam
e

tren
d
s

as
n
oise

in
th

e
u
n
d
erly

in
g

d
ata;

th
is

is
seen

in
F

ig.
9

(a)
for

G
au

ssian
n
oise.

T
h
u
s,

th
e

kern
el

d
en

sity
estim

ates
d
efi

n
ed

h
ere

can
b

e
reliab

ly
u
sed

for
d
ata

a
n
aly

sis,
ad

d
in

g
a

d
etailed

to
ol

to
th

e
m

eth
o
d
s

u
sed

in
top

ological
d
ata

an
aly

sis.
In

p
articu

lar,
th

is
is

th
e

fi
rst

resu
lt

y
ield

in
g

p
rob

ab
ility

d
en

sity
fu

n
ction

s
w

h
ich

d
irectly

an
aly

ze
th

e
fu

ll
d
istrib

u
tion

in
form

ation
of

a
ran

d
om

p
ersisten

ce
d
iagram

.
F

or
ap

-
p
lication

s
in

m
ach

in
e

learn
in

g
su

ch
as

classifi
cation

,
th

e
kern

el
d
en

sity
estim

ates
carry

in
form

ation
for

gen
eratin

g
m

ore
sop

h
isticated

featu
res

th
an

p
rev

iou
sly

availab
le;

e.g.,
th

e
valu

e
of

th
e

glob
al

p
d
f

at
a

sp
ecifi

c
in

p
u
t

or
list

of
in

p
u
ts

or
th

e
in

tegral
of

th
e

glob
al

p
d
f

ov
er

a
sp

ecifi
ed

region
.

3
6

JM
L

R
 20(151):1-49, 2019



d
is
t
r
ib
u
t
io
n
s
o
f
p
e
r
si
st

e
n
c
e
d
ia
g
r
a
m
s

A
cc

es
s

to
a

p
d
f

al
so

p
ro

v
id

es
a

to
ol

w
it

h
w

h
ic

h
on

e
ca

n
ch

ec
k

fo
r

cl
as

si
fi
ca

ti
on

ro
b
u
st

n
es

s
in

te
rm

s
of

li
ke

li
h
o
o
d

or
B

ay
es

fa
ct

or
s,

p
ro

v
id

in
g

a
m

ea
su

re
of

th
e

co
n
fi
d
en

ce
in

a
p
ar

ti
cu

la
r

ou
tc

om
e.

L
en

d
in

g
cr

ed
en

ce
to

ap
p
li
ca

b
il
it

y
in

d
at

a
an

al
y
si

s,
ex

am
p
le

s
of

ke
rn

el
d
en

si
ty

es
ti

m
at

io
n

ar
e

p
re

se
n
te

d
in

S
ec

ti
on

5.
In

on
e

ex
am

p
le

,
u
n
d
er

ly
in

g
d
at

as
et

s
ar

e
ge

n
er

at
ed

to
li
e

on
th

e
u
n
it

ci
rc

le
w

it
h

ad
d
it

iv
e

n
oi

se
,

a
p
ro

to
ty

p
ic

al
ex

am
p
le

fo
r

to
p

ol
og

ic
al

d
at

a
an

a
ly

si
s.

O
u
r

an
al

y
si

s
y
ie

ld
s

d
et

ai
le

d
in

fo
rm

at
io

n
ab

ou
t

th
e

d
is

tr
ib

u
ti

o
n

of
d
ia

gr
am

s,
ev

en
th

ou
gh

on
ly

tw
o

2
−

d
im

en
si

on
al

sl
ic

es
of

th
e

k
er

n
el

d
en

si
ty

es
ti

m
at

e
ar

e
sh

ow
n
.

T
h
is

ex
am

p
le

d
em

on
st

ra
te

s
th

e
co

n
ve

rg
en

ce
of

th
e

ke
rn

el
d
en

si
ty

es
ti

m
at

or
in

p
ra

ct
ic

e
fo

r
la

rg
e

en
ou

gh
sa

m
p
le

si
ze

(n
u
m

b
er

of
p

er
si

st
en

ce
d
ia

gr
am

s)
.

T
h
is

ex
am

p
le

al
on

g
w

it
h

th
e

su
p
p
le

m
en

ta
ry

ex
am

p
le

s
al

so
d
em

on
st

ra
te

th
e

d
et

ai
le

d
in

fo
rm

at
io

n
co

n
ta

in
ed

in
a

p
er

si
st

en
ce

d
ia

gr
am

K
D

E
.

M
or

eo
ve

r,
ou

r
ex

am
p
le

w
it

h
E

E
G

d
at

a
ve

ri
fi
es

th
at

ou
r

ke
rn

el
d
en

si
ty

es
ti

m
at

or
is

ac
ce

ss
ib

le
to

d
at

a
in

a
re

al
is

ti
c

se
tt

in
g

w
h
il
e

re
m

ai
n
in

g
co

m
p

et
it

iv
e

w
it

h
or

ou
tp

er
fo

rm
in

g
p
re

-e
x
is

ti
n
g

T
D

A
te

ch
n
iq

u
es

.
In

th
e

co
n
te

x
t

of
F

ig
.

3,
it

is
cl

ea
r

th
at

sa
m

p
li
n
g

fr
om

th
e

ke
rn

el
d
en

si
ty

is
st

ra
ig

h
tf

or
w

ar
d
,

an
d

in
fa

ct
co

m
p
u
ta

ti
on

ti
m

e
sc

al
es

li
n
ea

rl
y

in
th

e
n
u
m

b
er

of
fe

at
u
re

s
in

th
e

ce
n
te

r
d
ia

gr
am

D
.

In
co

n
tr

as
t,

p
re

ci
se

ev
al

u
at

io
n

of
th

e
k
er

n
el

gl
ob

a
l

p
d
f

at
a

d
ia

gr
am

re
q
u
ir

es
th

e
m

or
e

th
or

ou
gh

co
m

p
u
ta

ti
on

s
sh

ow
n

in
E

q
.

(4
.6

).
T

h
is

ev
al

u
at

io
n

is
m

ad
e

tr
ac

ta
b
le

d
u
e

to
th

e
se

p
ar

at
io

n
of

th
e

ce
n
te

r
d
ia

gr
am

in
to

u
p
p

er
an

d
lo

w
er

p
or

ti
on

s:
D

=
D
u
∪

D
`

as
d
es

cr
ib

ed
in

E
q
.

(4
.1

).
In

p
ra

ct
ic

e,
d
ia

gr
am

s
sh

ou
ld

sp
li
t

so
th

at
|D

u
|i

s
sm

al
l

w
h
il
e
∣ ∣ D

`∣ ∣
is

la
rg
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b
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d
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d
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si
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p
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b
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g
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r
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ra
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d
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P
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T
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g
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ra
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p
u
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n
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,
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e

p
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e
a
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e
an
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er

to
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ov
e
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.
S
p
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ca
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y,
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e
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e
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b
le

m
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g

th
e
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er
m
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B
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e
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w
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m
p
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m
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r
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d
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an
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e

u
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e
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or

e
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n
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n
s
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d
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e
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n
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al
iz

ed
S
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en
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;
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in
et
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.,
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)
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es
ti

m
at

e
th

e
u
n
k
n
ow

n
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effi
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en
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ro

u
gh
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re

g
u
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ze

d
le
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u
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p
ro

b
le

m
,

w
it
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ou

t
le
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n
in

g
th

e
u
n
k
n
ow

n
fu

n
ct

io
n
s
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j
p¨q
u jP

rd 2
s.

W
e

p
ro

ve
th

at
th

e
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ti
m

at
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s
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h
ie

ve
(n

ea
r)

op
ti

m
al

st
at

is
ti
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l

ra
te

s
of

co
n
ve

rg
en

ce
u
n
d
er

w
ea

k
m
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en

t
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n
d
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io
n
s,

w
h
ic

h
m
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e

ou
r

p
ro

ce
d
u
re

su
it
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le
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r

h
ea

v
y
-t
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le

d
d
a
ta

,
u
si

n
g

a
ca

re
fu

l
tr

u
n
ca

ti
on

ar
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m
en

t.
F

in
al
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,

ou
r

es
ti

m
at
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ca

n
b

e
co

m
p
u
te

d
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a
so

lu
ti

o
n
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a
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n
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x
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m
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io
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p
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b
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m
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H
ig
h
-d

im
e
n
sio

n
a
l
V
a
r
y
in
g

In
d
e
x
C
o
e
f
f
ic
ie
n
t
M
o
d
e
l
s
v
ia

S
t
e
in
’s

Id
e
n
t
it
y

M
a
in

C
o
n
trib

u
tio

n
s.

O
u
r

con
trib

u
tion

s
are

th
ree-fo

ld
.

F
irst,

w
e

p
rop

ose
a

com
p
u
tation

-
a
lly

effi
cien

t
estim

ation
p
ro

ced
u
re

for
th

e
vary

in
g

in
d
ex

co
effi

cien
t

m
o
d
el

in
h
igh

d
im

en
sion

s.
D

iff
eren

t
fro

m
ex

istin
g

w
ork

,
ou

r
ap

p
roach

d
o
es

n
ot

n
eed

to
estim

ate
th

e
u
n
k
n
ow

n
fu

n
ction

s
tf
j u
jPrd

2 s .
S
econ

d
,

w
h
en
B
‹

is
sp

arse,
w

e
p
rove

th
at

th
e

p
rop

osed
estim

ator
ach

ieves
th

e
o
p
tim

a
l

sta
tistical

rate
of

con
v
ergen

ce,
w

h
ile

w
h
en
B
‹

is
low

-ran
k
,

o
u
r

estim
ator

is
sh

ow
n

to
b

e
n
ea

r-o
p
tim

al
(u

p
to

a
logarith

m
ic

factor).
F

in
ally,

w
e

p
rov

id
e

th
orou

gh
n
u
m

erical
ex

p
erim

en
ts

w
ith

b
oth

sy
n
th

etic
an

d
real

d
ata

to
b
ack

u
p

ou
r

th
eories.

R
e
la

te
d

W
o
rk

.
T

h
ere

is
a

p
leth

ora
of

literatu
re

on
th

e
vary

in
g

co
effi

cien
t

m
o
d
el,

fi
rst

p
rop

o
sed

in
C

lev
elan

d
et

al.
(1991)

an
d

H
astie

an
d

T
ib

sh
iran

i
(1993),

w
h
ere

th
e

co
effi

cien
ts

are
m

o
d
eled

a
s

n
on

p
aram

etric
fu

n
ction

s
of
x

.
S
ee

F
an

an
d

Z
h
an

g
(2008)

for
a

d
etailed

rev
iew

.
X

ia
a
n
d

L
i

(1999),
F

an
et

al.
(2003),

an
d

X
u
e

an
d

W
an

g
(2012)

con
sid

ered
m

o
d
el

in
(1

)
w

ith
β
‹j “

β
‹

for
all
jPrd

2 s
an

d
estim

ated
it

w
ith

stan
d
ard

n
on

p
aram

etric
tech

n
iq

u
es.

M
a

an
d

S
on

g
(2015)

p
rop

osed
m

o
d
el

(1)
an

d
d
evelop

ed
a

p
rofi

le
lea

st-sq
u
are

ap
p
ro

ach
to

estim
a
te

th
e

co
effi

cien
ts.

U
n
fortu

n
ately,

th
e

estim
ator

is
d
efi

n
ed

as
a

solu
tion

to
a

co
n
stra

in
ed

o
p
tim

ization
p
rob

lem
w

ith
n
on

con
v
ex

ob
jectiv

e
fu

n
ction

th
a
t

can
b

e
h
ard

to
g
lo

b
ally

o
p
tim

ize
in

p
ractice.

T
h
is

sh
ou

ld
b

e
con

trasted
to

estim
ators

th
at

are
b
ased

on
so

lv
in

g
co

n
v
ex

op
tim

ization
p
rob

lem
s.

A
n
o
th

er
related

lin
e

of
research

is
on

th
e

h
igh

-d
im

en
sion

a
l

sin
gle-in

d
ex

m
o
d
el

(S
IM

)
w

ith
sp

a
rse

co
effi

cien
t

vector,
w

h
ich

is
a

sp
ecial

ca
se

of
m

o
d
el

(1).
M

ost
of

th
e

ex
istin

g
resu

lts
req

u
ire

eith
er

k
n
ow

in
g

th
e

d
istrib

u
tion

of
x

or
stron

g
assu

m
p
tion

s
on

th
e

lin
k

fu
n
c-

tio
n
s.

S
p

ecifi
ca

lly,
T

h
ram

p
ou

lid
is

et
al.

(2015
),

N
ey

kov
et

a
l.

(2016),
P

la
n

an
d

V
ersh

y
n
in

(2
0
1
6
),

an
d

P
lan

et
al.

(2017)
all

sh
ow

ed
th

a
t

w
h
en
x

is
a

stan
d
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G
au

ssian
an

d
th

e
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k
fu

n
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n
sa
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es

certain
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d
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s,
L
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estim

ators
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ld
also

w
ork

for
S
IM

w
ith

th
e
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m

e
th

eo
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l
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aran
tee
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if

th
e

lin
k

fu
n
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is
n
ot

p
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t.
T

o
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th
e

G
au

ssian
as-

su
m

p
tio

n
,

G
o
ld

stein
et

al.
(2018)

p
ro

p
osed

a
m

o
d
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L

asso-ty
p

e
estim

ator
w

h
en
x

h
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an
ellip

tica
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m

m
etric

d
istrib

u
tion

.
M

oreover,
u
sin

g
th

e
gen

eralized
S
tein

’s
id

en
tity,

Y
an

g
et

a
l.

(2
0
1
7
)

p
rop

osed
a

soft-th
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old
in

g
estim

ator
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r
S
IM

w
h
en

th
e

d
istrib

u
tion

of
x
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k
n
ow

n
,

a
n
d

N
a

an
d

K
olar

(2018)
p
rop

osed
estim

ators
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sin
gle-in

d
ex
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m
o
d
el.

O
u
r

w
o
rk

ca
n

b
e

v
iew

ed
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th
e

ex
ten
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of

th
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w
ork
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o
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ects.
F

irst,
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en
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b
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o
u
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m
o
d
el
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(1)

in
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d
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th
e
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gle-in

d
ex

m
o
d
el

con
sid

ered
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Y
an

g
et

a
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a
s

a
sp

ecial
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w
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ich

can
b

e
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b
y

lettin
g
d
2 “

1
an
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1.
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p
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,
ou

r
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o
d
el
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n
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s
d
2

u
n
k
n
ow

n
sign

al
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‹j u
jPrd
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w
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b
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A
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b
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sh
arp

statistical
rates

of
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h
en

d
2
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jPrd

2 s
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d
ep
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d
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eav

y
-tailed

.
S
econ
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,
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e
m
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o
d
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o
u
r

estim
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are
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a
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n
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m

b
in

in
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th
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er
S
tein
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en
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th
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d
ep

en
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o
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te
z

,
w
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is
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n
ovel
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servation

in
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an
d

gen
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th
e

m
eth

o
d

in
Y

an
g

et
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1
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fo
r

S
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w

e
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e
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of
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e
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m
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trix

B
‹

v
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m
u
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in

g
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e
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se
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b
y

th
e
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ction
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an
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th
e
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p
recisio

n
m

atrix
(see
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W
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in
d
ep

en
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ts,

ou
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p
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ced
u
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for
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a
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g
ea
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sin
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sp

arse
vector

β
‹j

is
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u
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t
to

fi
ttin

g
d
2

S
IM
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u
sin

g
th

e
p
ro

ced
u
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p
ro
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sed

in
Y
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n
g

et
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ever,

even
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d
ep

en
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j u
jPrd
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w
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g
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‹
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N
a
,
Y
a
n
g
,
W
a
n
g
,
a
n
d

K
o
l
a
r

in
g

for
z

in
S
tein

s
id

en
tity.

F
u
rth

erm
ore,

to
h
an

d
le

d
ep

en
d
en

ce
stru

ctu
re

o
f
z

in
gen

eral,
w

e
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stru
ct

su
itab

le
p
recision

m
atrix

estim
ators

for
h
eav

y
-tailed

variab
le

in
eith

er
low

or
h
igh

d
im

en
sion

s
b
ased
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th

e
C

L
IM

E
p
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al.,
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d
th

e
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n
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tech
n
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u
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w
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is
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in
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ep

en
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t
in

terests.
B

esid
es

aforem
en
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ed

related
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a

seq
u
en
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of

w
ork

(Z
h
u

et
al.,

2006;
J
ian

g
an

d
L

iu
,
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4;

Z
h
an

g
et

al.,
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L
in

et
al.,
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2018)

ap
p
lied

th
e
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in

verse
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IR

)
tech

n
iq

u
e

o
n

h
igh

-d
im

en
sion

al
S
IM

,
w

h
ich

is
gen

eralized
from

L
i

(1991).
B

u
t

all
th
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w

ork
s

req
u
ire

th
e

d
istrib

u
tion

of
x

to
b

e
G

au
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ellip
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T

o
resolve

th
is
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,
B
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ich

ev
an

d
B

ach
(201

8)
in
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orated

S
IR

w
ith

b
oth

fi
rst-ord

er
an

d
secon

d
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er
score

fu
n
ction

w
h
en

fi
ttin

g
a

low
-d

im
en

sion
al

in
d
ex

m
o
d
el,

w
h
ile

th
e

h
igh

-d
im

en
sion

al
an

aly
sis

is
n
ot

in
clu

d
ed

.

F
u
rth

erm
ore,

ou
r

w
ork

is
also

related
to

th
e

stu
d
y

of
ad

d
itive

in
d
ex

m
o
d
el,

w
h
ich

is
m

ore
ch

allen
gin

g
th

an
(1),

an
d

th
ere

is
very

m
u
ch

w
ork

in
th

is
d
irection

.
M

ost
ex

istin
g

w
ork

fo
cu

ses
on

estim
atin

g
th

e
sign

al
p
aram

eters
an

d
th

e
lin

k
fu

n
ction

s
togeth

er
in

th
e

low
-d

im
en

sion
al

settin
g.

S
ee,

for
ex

am
p
le,

Y
u
an

(2011),
W

an
g

et
al.

(2015),
an

d
C

h
en

an
d

S
am

w
orth

(2016).
W

h
en

th
e

covariate
is

G
au

ssian
an

d
th

e
lin

k
fu

n
ction

s
are

k
n
ow

n
,

S
ed

gh
i

et
al.

(2016)
p
rop

osed
to

estim
ate

th
e

sign
al

p
aram

eters
v
ia

ten
sor

d
ecom

p
osition

.
T

h
ese

w
ork

s
are

n
ot

com
p
arab

le
w

ith
ou

rs
as

w
e

con
sid

er
a

d
iff

eren
t

m
o
d
el

an
d

ou
r

goal
is

to
effi

cien
tly

estim
ate

th
e

h
igh

-d
im

en
sion

al
p
aram

eters.

L
astly,

ou
r

estim
ation

m
eth

o
d
olo

gy
u
tilizes

th
e

gen
eralized

S
tein

’s
id

en
tity

(S
tein

et
al.,

2004),
w

h
ich

ex
ten

d
s

th
e

w
ell-k

n
ow

n
S
tein

’s
id

en
tity

for
G

au
ssian

d
istrib

u
tion

(S
tein

,
1972)

to
gen

eral
d
istrib

u
tion

s
w

h
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d
en

sity
satisfi

es
certain

regu
larity

con
d
ition

s.
T

h
is

id
en

tity
is

w
id

ely
ap

p
lied
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p
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b
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b
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d
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À
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p
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con
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p
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w
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‹

an
d

relax
th
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b
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con
d
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w
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u
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u
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p
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p
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con
d
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.
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lts

are
su

m
m

arized
in

T
ab

le
1.

In
su

m
m

ary,
w

e
ach

iev
e
a
s

log
d
1 {n
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estim
atin

g
a

sin
gle

sp
arse

vector,
w

h
ile

a
s

log
d
1 d

2 {n
for
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con
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p
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m
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p
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rã
o,

R
.

G
.

F
er

rã
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p
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b
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p
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at
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p
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b
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m
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at
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b
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ra
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:
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p
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p
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at
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p
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p
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+
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p
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p
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u
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e
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d
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d
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u
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p
ro

xim
a
tin

g
d
istribu

tio
n

Ω̃
w

h
ich

m
atch

es
th

e
ta

rget
d
istribu

tio
n

Ω
as

closely
as

p
ossib

le
for

each
clien

t
j.

S
to

ch
a
stic

solu
tion

s
can

circu
m

v
en

t
th

e
ap

p
rox

im
ation

h
ard

n
ess

of
a

n
u
m

b
er

of
classical

cen
ter-ty

p
e

p
ro

b
lem

s.
T

h
ere

are
a

n
u
m

b
er

of
ad

d
ition

al
ap

p
lication

s
w

h
ere

sto
ch

asticity
can

b
e

b
en

efi
cia

l.
W

e
su

m
m

arize
th

ree
h
ere:

sm
o
oth

in
g

th
e

in
tegrality

co
n
strain

ts
of

clu
sterin

g,
so

lv
in

g
rep

ea
ted

p
rob

lem
in

stan
ces,

an
d

ach
iev

in
g

fa
ir

solu
tion

s.

S
toch

a
sticity

a
s

in
terpo

la
tio

n
.

In
p
ractice,

ro
bu

stn
ess

of
th

e
solu

tion
is

o
ften

m
ore

im
p

ortan
t

th
a
n

a
ch

iev
in

g
th

e
ab

solu
te

op
tim

al
valu

e
for

th
e

ob
jective

fu
n
ction

.
O

n
e

p
oten

tial
p
rob

lem
w

ith
th

e
(d

eterm
in

istic)
cen

ter
m

easu
re

is
th

at
it

can
b

e
h
igh

ly
n
on

-ro
b
u
st.

A
s

an
ex

trem
e

ex
a
m

p
le,

co
n
sid

er
k
-cen

ter
w

ith
k

p
oin

ts,
each

at
d
istan

ce
1

from
each

oth
er.

T
h
is

clearly
h
a
s

va
lu

e
0

(ch
o
osin

g
S

=
C

).
H

ow
ever,

if
a

sin
gle

n
ew

p
oin

t
at

d
istan

ce
1

to
all

oth
er

p
o
in

ts
is

ad
d
ed

,
th

en
th

e
solu

tion
ju

m
p
s

to
1.

S
to

ch
asticity

allev
iates

th
is

d
iscon

tin
u
ity

:
b
y

ch
o
o
sin

g
k

fa
cilities

u
n
iform

ly
at

ran
d
om

a
m

on
g

th
e

fu
ll

set
of
k

+
1,

w
e

can
en

su
re

th
at

E
[d

(j,S
)]

=
1

k
+

1
for

ev
ery

p
oin

t
j,

a
m

u
ch

sm
o
oth

er
tran

sition
.

R
epea

ted
clu

sterin
g

p
ro

blem
s.

C
on

sid
er

clu
sterin

g
p
rob

lem
s

w
h
ere

th
e

ch
oice

ofS
can

b
e

ch
a
n
g
ed

p
erio

d
ically

:
e.g.,S

cou
ld

b
e

th
e

set
of
k

lo
cation

s
in

th
e

clou
d

ch
osen

b
y

a
serv

ice-
p
rov

id
er.

T
h
is

setS
can

b
e

sh
u
ffl

ed
p

erio
d
ically

in
a

m
an

n
er

tran
sp

aren
t

to
en

d
-u

sers.
F

or
a
n
y

u
ser

j
∈
C

,
th

e
statistic

d
(j,S

)
rep

resen
ts

th
e

laten
cy

of
th

e
serv

ice
j

receives
(from

its
clo

sest
serv

ice-p
oin

t
in
S

).
If

w
e

aim
for

a
fair

or
m

in
m

ax
serv

ice
allo

cation
,

th
en

ou
r

k
-cen

ter
sto

ch
a
stic

ap
p
rox

im
ation

resu
lts

en
su

re
th

at,
w

ith
h
igh

p
rob

ab
ility,

every
clien

t
j

g
ets

lon
g
-term

average
serv

ice
of

at
m

ost
arou

n
d

1.736
T

.
T

h
e

average
h
ere

is
taken

ov
er

th
e

p
erio

d
ic

re-p
rov

ision
in

g
ofS

.
(F

u
rth

erm
ore,

w
e

h
av

e
th

e
risk

-av
oid

an
ce

gu
aran

tee
th

at
in

n
o

in
d
iv

id
u
a
l

p
rov

ision
in

g
ofS

w
ill

an
y

clien
t

h
ave

serv
ice

greater
th

an
3
T

.)

F
a
irn

ess
in

clu
sterin

g.
T

h
e

classical
clu

sterin
g

p
rob

lem
s

com
b
in

e
th

e
n
eed

s
of

m
an

y
d
iff

er-
en

t
p

o
in

ts
(elem

en
ts

ofC
)

in
to

on
e

m
etric.

H
ow

ev
er,

clu
sterin

g
(a

n
d

in
d
eed

m
an

y
oth

er
M

L
p
ro

b
lem

s)
a
re

in
creasin

gly
d
riven

b
y

in
p
u
ts

from
p
arties

w
ith

d
iverse

in
terests.

F
airn

ess
in

th
ese

co
n
tex

ts
h
as

taken
on

greater
im

p
ortan

ce
in

th
e

cu
rren

t
en

v
iron

m
en

t
w

h
ere

d
ecision

s
a
re

in
crea

sin
g
ly

m
ad

e
b
y

algorith
m

s
a
n
d

m
ach

in
e

learn
in

g.
S
om

e
ex

am
p
les

of
recen

t
con

-
cern

s
in

clu
d
e

th
e

accu
sation

s
of,

an
d

fi
x
es

for,
p

ossib
le

racial
b
ias

in
A

irb
n
b

ren
tals

(B
a
d
ger,

2
0
1
6
)

a
n
d

th
e

fi
n
d
in

g
th

at
settin

g
th

e
gen

d
er

to
“fem

ale”
in

G
o
ogle’s

A
d

S
ettin

gs
resu

lted
in

g
ettin

g
few

er
ad

s
for

h
igh

-p
ay

in
g

job
s

(D
atta

et
al.,

201
5).

S
tartin

g
w

ith
old

er
w

ork
su

ch
a
s

S
ch

u
lm

a
n

et
al.

(1999),
th

ere
h
ave

b
een

h
igh

ly
-p

u
b
licized

w
ork

s
on

b
ias

in
allo

catin
g

sca
rce

reso
u
rces

–
e.g.,

racial
d
iscrim

in
ation

in
h
irin

g
ap

p
lican

ts
w

h
o

h
ave

v
ery

sim
ilar

re-
su

m
és

(B
ertra

n
d

an
d

M
u
llain

ath
an

,
2004).

A
d
d
ition

al
w

ork
d
iscu

sses
th

e
p

ossib
ility

of
b
ias

in
electro

n
ic

m
arketp

laces,
w

h
eth

er
h
u
m

an
-m

ed
iated

or
n
ot

(A
y
res

et
al.,

2015;
B

ad
ger,

2
0
1
6
).

A
fa

ir
a
llo

cation
sh

ou
ld

p
rov

id
e

go
o
d

serv
ice

gu
aran

tees
to

ea
ch

u
ser

in
d
ivid

u
a
lly.

In
d
a
ta

clu
sterin

g
settin

gs
w

h
ere

a
u
ser

corresp
on

d
s

to
a

d
ata

p
oin

t,
th

is
m

ean
s

th
at

every
p

o
in

t
j
∈
C

sh
ou

ld
b

e
gu

aran
teed

a
go

o
d

valu
e

of
d
(j,S

).
T

h
is

is
essen

tially
th

e
goal

of

3
JM

L
R

 20(153):1-33, 2019

H
a
r
r
is,

L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

k
-cen

ter
ty

p
e

p
rob

lem
s,

b
u
t

th
e

sto
ch

astic
settin

g
b
road

en
s

th
e

m
ean

in
g

of
go

o
d

p
er-u

ser
serv

ice.
C

on
sid

er
th

e
follow

in
g

scen
arios.

E
ach

u
ser,

eith
er

ex
p
licitly

or
im

p
licitly,

su
b
m

its
th

eir
d
ata

(corresp
on

d
in

g
to

a
p

oin
t

in
C

)
to

an
aggregator

su
ch

as
an

e-co
m

m
erce

site.
A

sm
all

n
u
m

b
er
k

of
u
sers

are
th

en
ch

osen
as

“in
fl
u
en

cer”
n
o
d
es;

for
in

stan
ce,

th
e

agg
regator

m
ay

give
th

em
a

free
p
ro

d
u
ct

sam
p
le

to
in

fl
u
en

ce
th

e
w

h
ole

p
op

u
la

tion
in

ag
gregate,

as
in

K
em

p
e

et
al.

(2015),
or

th
e

aggregator
m

ay
u
se

th
em

a
s

a
sp

arse
“sketch

”,
so

th
at

each
u
ser

gets
relevan

t
recom

m
en

d
ation

s
from

a
in

fl
u
en

cer
w

h
ich

is
sim

ilar
to

th
em

.
E

ach
p

oin
t
j

w
ou

ld
like

to
b

e
in

a
clu

ster
th

at
is

“h
igh

q
u
ality

”
fro

m
its

perspective,
w

ith
d
(j,S

)
b

ein
g

a
go

o
d

p
rox

y
for

su
ch

q
u
ality.

In
d
eed

,
th

ere
is

in
creasin

g
em

p
h
asis

on
th

e
fact

th
at

organ
ization

s
m

on
etize

th
eir

u
ser

d
ata,

an
d

th
at

u
sers

n
eed

to
b

e
com

p
en

sated
for

th
is

(see,
e.g.,

L
an

ier
(2014);

Ib
arra

et
al.

(2018)).
T

h
is

is
a

tran
sition

from
v
iew

in
g

d
ata

as
cap

ital
to

v
iew

in
g

d
a
ta

a
s

la
bo

r.
A

con
crete

w
ay

for
u
sers

(i.e.,
th

e
d
ata

p
oin

ts
j
∈
C

)
to

b
e

com
p

en
sated

in
ou

r
con

tex
t

is
for

each
u
ser

to
get

a
gu

a
ran

tee
on

th
eir

solu
tion

q
u
ality

:
i.e.,

b
ou

n
d
s

on
d
(j,S

).

1
.1

.
O

u
r

c
o
n
trib

u
tio

n
s

a
n

d
o
v
e
rv

ie
w

In
S
ection

2,
w

e
en

cou
n
ter

th
e

fi
rst

clu
sterin

g
p
rob

lem
w

h
ich

w
e

refer
to

as
ch

a
n

ce
k

-
co

vera
ge

:
n
am

ely,
every

clien
t
j

h
as

a
d
istan

ce
d
em

an
d
r
j

an
d

p
rob

ab
ility

d
em

an
d
p
j ,

an
d

w
e

w
ish

to
fi
n
d

a
d
istrib

u
tion

satisfy
in

g
P

r[d
(j,S

)≤
r
j ]≥

p
j .

W
e

sh
ow

h
ow

to
ob

tain
an

ap
p
rox

im
ation

algorith
m

to
fi
n
d

an
ap

p
rox

im
atin

g
d
istrib

u
tion

Ω̃
w

ith
2

P
r

S∼
Ω̃

[d
(j,S

)≤
9r
j ]≥

p
j .

In
a

n
u
m

b
er

of
sp

ecial
cases,

su
ch

as
w

h
en

all
th

e
valu

es
of
p
j

or
r
j

are
th

e
sam

e,
th

e
d
istan

ce
factor

9
can

b
e

im
p
roved

to
3,

w
h
ich

is
o
p
tim

a
l;

it
is

a
n

in
terestin

g
q
u
estion

to
d
eterm

in
e

w
h
eth

er
th

is
factor

can
also

b
e

im
p
roved

in
th

e
gen

eral
case.

In
S
ection

3,
w

e
con

sid
er

a
sp

ecial
case

of
ch

an
ce
k
-cov

era
ge,

in
w

h
ich

p
j

=
1

for
all

clien
ts
j.

T
h
is

is
eq

u
ivalen

t
to

th
e

classical
(d

eterm
in

istic)
k
-su

p
p
lier

p
rob

lem
.

A
llow

in
g

th
e

ap
p
rox

im
atin

g
d
istrib

u
tion

Ω̃
to

b
e

sto
ch

astic
y
ield

s
sign

ifi
can

tly
b

etter
d
istan

ce
gu

ar-
an

tees
th

an
are

p
ossib

le
for

k
-su

p
p
lier

or
k
-cen

ter.
F

or
in

stan
ce,

w
e

fi
n
d

an
ap

p
rox

im
atin

g
d
istrib

u
tion

Ω̃
w

ith

∀
j∈
C

E
S∼

Ω̃
[d

(j,S
)]≤

1.592T
an

d
P

r[d
(j,S

)≤
3
T

]
=

1

w
h
ere

T
is

th
e

op
tim

al
solu

tion
to

th
e

(d
eterm

in
istic)

k
-cen

ter
p
rob

lem
.

B
y

con
trast,

d
eterm

in
istic

p
oly

n
om

ial-tim
e

algorith
m

s
can

n
ot

gu
aran

tee
d
(j,S

)
<

2T
for

all
j,

u
n
less

P
=

N
P

(H
o
ch

b
au

m
an

d
S
h
m

oy
s,

1986).
In

S
ection

4,
w

e
sh

ow
a

variety
of

low
er

b
ou

n
d
s

on
th

e
ap

p
rox

im
ation

factors
ach

ievab
le

b
y

effi
cien

t
algorith

m
s

(assu
m

in
g

P
6=

N
P

).
F

or
in

stan
ce,

w
e

sh
ow

th
at

ou
r

ap
p
rox

im
ation

algorith
m

for
ch

an
ce
k
-coverage

w
ith

eq
u
al
p
j

or
r
j

h
as

th
e

op
tim

al
d
istan

ce
ap

p
rox

im
ation

factor
3,

th
at

ou
r

ap
p
rox

im
ation

algorith
m

for
k
-su

p
p
lier

h
as

op
tim

al
ap

p
rox

im
ation

factor
1

+
2/e,

an
d

th
at

th
e

ap
p
rox

im
ation

factor
1
.592

for
k
-cen

ter
can

n
ot

b
e

im
p
rov

ed
b

elow
1

+
1
/e.

2
.

N
o
ta

tio
n

su
ch

a
s

“
S
∼

Ω̃
”

in
d

ica
tes

th
a
t

th
e

ra
n

d
o
m

set
S

is
d

raw
n

fro
m

th
e

d
istrib

u
tio

n
Ω̃

.

4
JM

L
R

 20(153):1-33, 2019



A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

In
S
ec

ti
on

5,
w

e
co

n
si

d
er

a
d
iff

er
en

t
ty

p
e

of
st

o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
p
ro

b
le

m
b
as

ed
on

ex
p

ec
te

d
d
is

ta
n
ce

s:
n
am

el
y,

ev
er

y
cl

ie
n
t

h
as

a
d
em

an
d
t j

,
an

d
w

e
se

ek
a
k
-l

o
tt

er
y

Ω
w

it
h

E
[d

(j
,S

)]
≤
t j

.
W

e
sh

ow
th

at
w

e
ca

n
le

v
er

ag
e

a
n

y
gi

ve
n
α

-a
p
p
ro

x
im

at
io

n
a
lg

or
it

h
m

fo
r

k
-m

ed
ia

n
to

p
ro

d
u
ce

a
k
-l

ot
te

ry
Ω̃

w
it

h
E

[d
(j
,S

)]
≤
α
t j

.
(R

ec
al

l
th

at
th

e
cu

rr
en

t-
b

es
t
α

h
er

e
is

2.
67

5
as

sh
ow

n
in

B
y
rk

a
et

al
.

(2
01

7)
.)

In
S
ec

ti
on

6,
w

e
co

n
si

d
er

th
e

co
n
ve

rs
e

p
ro

b
le

m
to

S
ec

ti
on

3:
if

w
e

ar
e

gi
ve

n
a
k
-l

ot
te

ry
Ω

w
it

h
E

[d
(j
,S

)]
≤
t j

,
ca

n
w

e
p
ro

d
u
ce

a
si

n
gl

e
d
et

er
m

in
is

ti
c

se
t
S

so
th

at
d
(j
,S

)
≈
t j

an
d

|S
|≈

k
?

W
e

re
fe

r
to

th
is

as
a

d
et

er
m

in
iz

a
ti

o
n

of
Ω

.
W

e
sh

ow
a

va
ri

et
y

of
d
et

er
m

in
iz

at
io

n
al

go
ri

th
m

s.
F

or
in

st
an

ce
,

w
e

ar
e

ab
le

to
fi
n
d

a
se

t
S

w
it

h
|S
|≤

3
k

an
d
d
(j
,S

)
≤

3t
j
.

W
e

al
so

sh
ow

a
n
u
m

b
er

of
n
ea

rl
y
-m

at
ch

in
g

lo
w

er
b

o
u
n
d
s.

1
.2

.
R

e
la

te
d

W
o
rk

W
it

h
al

go
ri

th
m

s
in

cr
ea

si
n
gl

y
ru

n
n
in

g
ou

r
w

or
ld

,
th

er
e

h
as

b
ee

n
su

b
st

an
ti

al
re

ce
n
t

in
te

re
st

on
in

co
rp

or
at

in
g

fa
ir

n
es

s
sy

st
em

at
ic

al
ly

in
to

al
go

ri
th

m
s

an
d

m
ac

h
in

e
le

ar
n
in

g.
O

n
e

im
p

or
-

ta
n
t

n
ot

io
n

is
d
is

pa
ra

te
im

pa
ct

:
in

ad
d
it

io
n

to
re

q
u
ir

in
g

th
at

p
ro

te
ct

ed
a
tt

ri
bu

te
s

su
ch

as
ge

n
d
er

or
ra

ce
n
ot

b
e

u
se

d
(e

x
p
li
ci

tl
y
)

in
d
ec

is
io

n
s,

th
is

as
k
s

th
at

d
ec

is
io

n
s

n
ot

b
e

d
is

p
ro

-
p

or
ti

on
at

el
y

d
iff

er
en

t
fo

r
d
iv

er
se

p
ro

te
ct

ed
cl

as
se

s
(F

el
d
m

an
et

al
.,

20
15

).
T

h
is

is
d
ev

el
op

ed
fu

rt
h
er

in
th

e
co

n
te

x
t

of
cl

u
st

er
in

g
in

th
e

w
or

k
of

C
h
ie

ri
ch

et
ti

et
a
l.

(2
01

7)
.

S
u
ch

n
ot

io
n
s

of
gr

o
u

p
fa

ir
n

es
s

ar
e

co
n
si

d
er

ed
al

on
g

w
it

h
in

d
iv

id
u

a
l

fa
ir

n
es

s
–

tr
ea

ti
n
g

si
m

il
ar

in
d
iv

id
u
al

s
si

m
il
ar

ly
–

in
Z

em
el

et
al

.
(2

01
3)

.
S
ee

D
w

or
k

et
al

.
(2

01
2)

fo
r

ea
rl

ie
r

w
or

k
th

at
d
ev

el
op

ed
fo

u
n
d
at

io
n
s

an
d

co
n
n
ec

ti
on

s
fo

r
se

ve
ra

l
su

ch
n
ot

io
n
s

of
fa

ir
n
es

s.

In
th

e
co

n
te

x
t

of
th

e
lo

ca
ti

on
an

d
si

zi
n
g

of
se

rv
ic

es
,

th
er

e
h
av

e
b

ee
n

se
ve

ra
l

st
u
d
ie

s
in

d
i-

ca
ti

n
g

th
at

p
ro

ac
ti

ve
on

-s
it

e
p
ro

v
is

io
n

of
h
ea

lt
h
ca

re
im

p
ro

ve
s

h
ea

lt
h

ou
tc

om
es

si
gn

ifi
ca

n
tl

y
:

e.
g.

,
m

ob
il
e

m
am

m
og

ra
p
h
y

fo
r

ol
d
er

w
om

en
(R

eu
b

en
et

al
.,

20
02

),
m

ob
il
e

h
ea

lt
h
ca

re
fo

r
re

p
ro

d
u
ct

iv
e

h
ea

lt
h

in
im

m
ig

ra
n
t

w
om

en
(G

u
ru

ge
et

al
.,

20
10

),
an

d
th

e
u
se

o
f

a
co

m
m

u
n
it

y
m

ob
il
e-

h
ea

lt
h

va
n

fo
r

in
cr

ea
se

d
ac

ce
ss

to
p
re

n
a
ta

l
ca

re
(E

d
ge

rl
ey

et
al

.,
20

07
).

S
tu

d
ie

s
al

so
in

d
ic

at
e

th
e

im
p
ac

t
of

d
is

ta
n
ce

to
th

e
cl

os
es

t
fa

ci
li
ty

on
h
ea

lt
h

ou
tc

om
es

:
se

e,
e.

g.
,

M
cC

ar
th

y
et

al
.

(2
00

7)
;

M
o
on

ey
et

al
.

(2
00

0)
;

S
ch

m
it

t
et

al
.

(2
00

3)
.

S
u
ch

w
or

k
s

n
at

u
ra

ll
y

su
gg

es
t

tr
ad

eo
ff

s
b

et
w

ee
n

re
so

u
rc

e
a
ll
o
ca

ti
o
n

(p
ro

v
is

io
n

of
su

ch
se

rv
ic

es
,

in
cl

u
d
in

g
si

zi
n
g

–
e.

g.
,

th
e

n
u
m

b
er
k

of
ce

n
te

rs
)

an
d

ex
p

ec
te

d
h
ea

lt
h

ou
tc

om
es

.

W
h
il
e

m
u
ch

an
al

y
si

s
fo

r
fa

ci
li
ty

-l
o
ca

ti
on

p
ro

b
le

m
s

h
as

fo
cu

se
d

on
th

e
st

at
ic

ca
se

,
ot

h
er

w
or

k
s

h
av

e
ex

am
in

ed
a

si
m

il
ar

lo
tt

er
y

m
o
d
el

fo
r

ce
n
te

r-
ty

p
e

p
ro

b
le

m
s.

H
ar

ri
s

et
al

.
(2

01
9,

20
17

)
an

al
y
ze

d
m

o
d
el

s
si

m
il
ar

to
ch

an
ce
k
-c

ov
er

ag
e

an
d

m
in

im
iz

at
io

n
o
f
E

[d
(j
,S

)]
,

b
u
t

ap
-

p
li
ed

to
k
n
ap

sa
ck

ce
n
te

r
an

d
m

at
ro

id
ce

n
te

r
p
ro

b
le

m
s;

th
ey

al
so

co
n
si

d
er

ed
ro

b
u
st

ve
rs

io
n
s

(i
n

w
h
ic

h
a

sm
al

l
su

b
se

t
of

cl
ie

n
ts

m
ay

b
e

d
en

ie
d

se
rv

ic
e)

.
W

h
il
e

th
e

ov
er

al
l

m
o
d
el

w
as

si
m

il
ar

to
th

e
on

es
w

e
ex

p
lo

re
h
er

e,
th

e
te

ch
n
iq

u
es

ar
e

so
m

ew
h
at

d
iff

er
en

t.
F

u
rt

h
er

m
or

e,
th

es
e

w
or

k
s

fo
cu

s
on

ly
on

th
e

ca
se

w
h
er

e
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
is

it
se

lf
d
et

er
m

in
is

ti
c.

S
im

il
ar

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
gu

ar
an

te
es

h
av

e
ap

p
ea

re
d

in
th

e
co

n
te

x
t

of
ap

p
ro

x
im

a-
ti

on
al

go
ri

th
m

s
fo

r
st

at
ic

p
ro

b
le

m
s,

p
ar

ti
cu

la
rl

y
k
-m

ed
ia

n
p
ro

b
le

m
s.

C
h
ar

ik
ar

an
d

L
i
(2

0
12

)
d
is

cu
ss

ed
a

ra
n
d
om

iz
ed

p
ro

ce
d
u
re

fo
r

co
n
ve

rt
in

g
a

li
n
ea

r-
p
ro

gr
am

m
in

g
re

la
x
at

io
n

in
w

h
ic

h
a

cl
ie

n
t

h
as

fr
a
ct

io
n

a
l

d
is

ta
n
ce
t j

,
in

to
a

d
is

tr
ib

u
ti

on
Ω

sa
ti

sf
y
in

g
E
S∼

Ω
[d

(j
,S

)]
≤

3
.2

5t
j
.

T
h
is

p
ro

p
er

ty
ca

n
b

e
u
se

d
,

am
on

g
o
th

er
th

in
gs

,
to

ac
h
ie

ve
a

3.
25

-a
p
p
ro

x
im

at
io

n
fo

r
k
-

m
ed

ia
n
.

H
ow

ev
er

,
m

an
y

ot
h
er

ra
n
d
om

iz
ed

ro
u
n
d
in

g
al

go
ri

th
m

s
fo

r
k
-m

ed
ia

n
on

ly
se

ek
to

p
re

se
rv

e
th

e
a
gg

re
ga

te
va

lu
e
∑

j
E

[d
(j
,S

)]
,

w
it

h
ou

t
ou

r
ty

p
e

of
p

er
-p

oi
n
t

gu
ar

an
te

e.

5
JM

L
R

 2
0(

15
3)

:1
-3

3,
 2

01
9

H
a
r
r
is
,
L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

W
e

al
so

co
n
tr

as
t

ou
r

ap
p
ro

ac
h

w
it

h
a

d
iff

er
en

t
st

o
ch

as
ti

c
k
-c

en
te

r
p
ro

b
le

m
co

n
si

d
er

ed
in

w
or

k
s

su
ch

as
H

u
an

g
an

d
L

i
(2

01
7)

;
A

li
p

ou
r

an
d

J
af

ar
i
(2

01
8)

.
T

h
es

e
co

n
si

d
er

a
m

o
d
el

w
it

h
a

fi
x
ed

,
d
et

er
m

in
is

ti
c

se
t
S

of
op

en
fa

ci
li
ti

es
,
w

h
il
e

th
e

cl
ie

n
t

se
t

is
d
et

er
m

in
ed

st
o
ch

a
st

ic
a
ll
y
;

th
is

m
o
d
el

is
al

m
os

t
p
re

ci
se

ly
op

p
os

it
e

to
ou

rs
.

1
.3

.
P

u
b

li
c
ly

V
e
ri

fy
in

g
th

e
D

is
tr

ib
u

ti
o
n

s

O
u
r

ap
p
ro

x
im

at
io

n
al

go
ri

th
m

s
w

il
l

h
av

e
th

e
fo

ll
ow

in
g

st
ru

ct
u
re

:
gi

ve
n

so
m

e
ta

rg
et

d
is

tr
i-

b
u
ti

on
Ω

,
w

e
co

n
st

ru
ct

a
ra

n
d
om

iz
ed

p
ro

ce
d
u
re
A

w
h
ic

h
re

tu
rn

s
so

m
e

ra
n
d
o
m

se
t
S

w
it

h
go

o
d

p
ro

b
ab

il
is

ti
c

gu
ar

an
te

es
m

at
ch

in
g

Ω
.

T
h
u
s

th
e

al
go

ri
th

m
A

is
it

se
lf

th
e

a
p
p
ro

x
im

a
ti

n
g

d
is

tr
ib

u
ti

on
Ω̃

.

In
a

n
u
m

b
er

of
ca

se
s,

w
e

ca
n

co
n
ve

rt
th

e
ra

n
d
om

iz
ed

al
g
or

it
h
m
A

in
to

a
d
is

tr
ib

u
ti

o
n

Ω̃
w

h
ic

h
h
as

a
sp

ar
se

su
p
p

or
t

(s
et

of
p

oi
n
ts

to
w

h
ic

h
it

as
si

gn
s

n
on

ze
ro

p
ro

b
a
b
il
it

y
),

a
n
d

w
h
ic

h
ca

n
b

e
en

u
m

er
at

ed
d
ir

ec
tl

y.
T

h
is

m
ay

ca
u
se

a
sm

al
l

lo
ss

in
ap

p
ro

x
im

at
io

n
ra

ti
o
.

T
h
e

d
is

tr
ib

u
ti

on
Ω̃

ca
n

b
e

p
u
b
li
cl

y
ve

ri
fi
ed

,
an

d
th

e
u
se

rs
ca

n
th

en
d
ra

w
fr

om
Ω̃

a
s

d
es

ir
ed

.

R
ec

al
l

th
at

on
e

of
ou

r
m

ai
n

m
ot

iv
at

io
n
s

is
fa

ir
n
es

s
in

cl
u
st

er
in

g;
th

e
ab

il
it

y
fo

r
th

e
u
se

rs
to

ve
ri

fy
th

at
th

ey
ar

e
b

ei
n
g

tr
ea

te
d

fa
ir

ly
in

a
st

o
ch

as
ti

c
se

n
se

(a
lt

h
ou

gh
n
o
t

n
ec

es
sa

ri
ly

in
an

y
on

e
p
ar

ti
cu

la
r

ru
n

of
th

e
al

go
ri

th
m

)
is

p
ar

ti
cu

la
rl

y
im

p
or

ta
n
t.

1
.4

.
N

o
ta

ti
o
n

W
e

d
efi

n
e
( F k
)

to
b

e
th

e
co

ll
ec

ti
on

of
k
-e

le
m

en
t

su
b
se

ts
of
F

.
W

e
as

su
m

e
th

ro
u
g
h
o
u
t

th
a
t

F
ca

n
b

e
m

ad
e

ar
b
it

ra
ri

ly
la

rg
e

b
y

d
u
p
li
ca

ti
n
g

it
s

el
em

en
ts

;
th

u
s,

w
h
en

ev
er

w
e

h
av

e
a
n

ex
p
re

ss
io

n
li
k
e
( F k
) ,

w
e

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
|F
|≥

k
.

W
e

w
il
l

le
t

[t
]

d
en

ot
e

th
e

se
t
{1
,2
,.
..
,t
}.

F
or

an
y

ve
ct

or
a

=
(a

1
,.
..
,a
t)

a
n
d

a
su

b
se

t
X
⊆

[t
],

w
e

w
ri

te
a
(X

)
as

sh
or

th
an

d
fo

r
∑

i∈
X
a
i.

W
e

u
se

th
e

Iv
er

so
n

n
ot

at
io

n
th

ro
u
gh

ou
t,

so
th

at
fo

r
an

y
B

o
ol

ea
n

p
re

d
ic

a
te
P

w
e

le
t

[[
P

]]
b

e
eq

u
al

to
on

e
if
P

is
tr

u
e

an
d

ze
ro

ot
h
er

w
is

e.

F
or

a
re

al
n
u
m

b
er
q
∈

[0
,1

],
w

e
d
efi

n
e
q

=
1
−
q.

G
iv

en
an

y
j
∈
C

an
d

an
y

re
al

n
u
m

b
er
r
≥

0,
w

e
d
efi

n
e

th
e

b
al

l
B

(j
,r

)
=
{i
∈
F
|

d
(i
,j

)
≤
r}

.
W

e
le

t
θ(
j)

b
e

th
e

d
is

ta
n
ce

fr
om

j
to

th
e

n
ea

re
st

fa
ci

li
ty

,
an

d
V
j

b
e

th
e

fa
ci

li
ty

cl
os

es
t

to
j,

i.
e.
d
(j
,V

j
)

=
d
(j
,F

)
=
θ(
j)

.
N

ot
e

th
at

in
th

e
S
C

C
se

tt
in

g
w

e
h
av

e
V
j

=
j

a
n
d

θ(
j)

=
0.

F
or

a
so

lu
ti

on
se

t
S,

w
e

sa
y

th
at
j
∈
C

is
m

a
tc

h
ed

to
i
∈
S

if
i

is
th

e
cl

o
se

st
fa

ci
li
ty

o
f

S
to
j;

if
th

er
e

ar
e

m
u
lt

ip
le

cl
os

es
t

fa
ci

li
ti

es
,

w
e

ta
ke
i

to
b

e
on

e
w

it
h

le
as

t
in

d
ex

.

1
.5

.
S

o
m

e
U

se
fu

l
S

u
b

ro
u

ti
n

e
s

W
e

w
il
l

u
se

tw
o

b
as

ic
su

b
ro

u
ti

n
es

re
p

ea
te

d
ly

:
d
ep

en
d
en

t
ro

u
n

d
in

g
an

d
gr

ee
d
y

cl
u

st
er

in
g.

In
d
ep

en
d
en

t
ro

u
n
d
in

g,
w

e
ai

m
to

p
re

se
rv

e
ce

rt
ai

n
m

ar
gi

n
al

d
is

tr
ib

u
ti

on
s

a
n
d

n
eg

a
ti

ve
co

rr
el

at
io

n
p
ro

p
er

ti
es

w
h
il
e

sa
ti

sf
y
in

g
so

m
e

co
n
st

ra
in

ts
w

it
h

p
ro

b
ab

il
it

y
o
n
e.

O
u
r

a
lg

o-
ri

th
m

s
u
se

a
d
ep

en
d
en

t-
ro

u
n
d
in

g
al

go
ri

th
m

fr
om

S
ri

n
iv

as
an

(2
00

1)
,

w
h
ic

h
w

e
su

m
m

a
ri

ze
as

fo
ll
ow

s:

P
ro

p
o
si

ti
o
n

1
T

h
er

e
ex

is
ts

a
ra

n
d
o
m

iz
ed

po
ly

n
o
m

ia
l-

ti
m

e
a
lg

o
ri

th
m

D
e
p
R
o
u
n
d

(y
)

w
h
ic

h
ta

ke
s

a
s

in
p
u

t
a

ve
ct

o
r
y
∈

[0
,1

]n
,

a
n

d
o
u

tp
u

ts
a

ra
n

d
o
m

se
t
Y
⊆

[n
]

w
it

h
th

e
fo

ll
o
w

in
g

p
ro

pe
rt

ie
s:
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

(P
1
)

P
r[i∈

Y
]

=
y
i ,

fo
r

a
ll
i∈

[n
],

(P
2
)
b ∑

ni=
1
y
i c≤

|Y
|≤
d ∑

ni=
1
y
i e

w
ith

p
ro

ba
bility

o
n

e,

(P
3
)

P
r[Y
∩
S

=
∅
]≤

∏
i∈
S

(1−
y
i )

fo
r

a
ll
S
⊆

[n
].

W
e

ad
o
p
t

th
e

follow
in

g
ad

d
ition

al
con

ven
tion

:
su

p
p

ose
(y

1 ,...,y
n
)∈

[0,1] n
an

d
S
⊆

[n
];

w
e

th
en

d
efi

n
e
D
e
p
R
o
u
n
d

(y
,S

)
⊆
S

to
b

e
D
e
p
R
o
u
n
d

(x
),

for
th

e
vector

x
d
efi

n
ed

b
y

x
i

=
y
i [[i∈

S
]].

T
h
e

g
reed

y
clu

sterin
g

p
ro

ced
u
re

takes
an

in
p
u
t

a
set

of
w

eigh
ts
w
j

an
d

sets
F
j ⊆
F

for
every

clien
t
j∈
C

,
an

d
ex

ecu
tes

th
e

follow
in

g
p
ro

ced
u
re:

A
lg

o
rith

m
1
G
r
e
e
d
y
C
l
u
st

e
r

(F
,w

)

1
:

S
o
rtC

a
sC

=
{
j
1 ,j

2 ,...,j
` }

w
h
ere

w
j
1 ≤

w
j
2 ≤
···≤

w
j
` .

2
:

In
itia

lize
C
′
=
∅

3
:

fo
r
t

=
1,...,`

d
o

4
:

if
F
j
t ∩

F
j ′

=
∅

for
all

j ′∈
C
′
th

e
n

u
p

d
ate

C
′←

C
′∪
{
j
t }

5
:

R
etu

rn
C
′

O
b

se
rv

a
tio

n
2

If
C
′

=
G
r
e
e
d
y
C
l
u
st

e
r

(F
,w

)
th

en
fo

r
a
n

y
j
∈
C

th
ere

is
z
∈
C
′

w
ith

w
z ≤

w
j

a
n

d
F
z ∩

F
j 6=
∅.

2
.
T
h
e
C
h
a
n
ce

k
-co

v
e
ra

g
e
P
ro

b
le
m

In
th

is
sectio

n
,

w
e

con
sid

er
a

scen
ario

w
e

refer
to

as
th

e
ch

a
n

ce
k

-co
vera

ge
p
ro

blem
:

every
p

o
in

t
j∈
C

h
as

d
em

an
d

p
aram

eters
p
j ,r

j ,
an

d
w

e
w

ish
to

fi
n
d

a
k
-lottery

Ω
su

ch
th

a
t

P
r

S∼
Ω

[d
(j,S

)≤
r
j ]≥

p
j .

(1)

If
a
k
-lo

ttery
satisfy

in
g

(1)
ex

ists,
w

e
say

th
at

p
aram

eters
p
j ,r

j
a
re

fea
sible.

W
e

refer
to

th
e

sp
ecial

case
w

h
erein

every
clien

t
j

h
as

a
com

m
on

valu
e
p
j

=
p

an
d

a
co

m
m

o
n

valu
e

r
j

=
r,

a
s

h
o
m

ogen
eo

u
s.

H
om

ogen
eou

s
in

stan
ces

n
atu

rally
corresp

on
d

to
fair

allo
catio

n
s,

fo
r

ex
a
m

p
le,

k
-su

p
p
lier

is
a

sp
ecial

case
of

th
e

h
om

og
en

eou
s

ch
an

ce
k
-cov

erage
p
rob

lem
,

in
w

h
ich

p
j

=
1

a
n
d
r
j

is
eq

u
al

to
th

e
op

tim
al
k
-su

p
p
lier

rad
iu

s.

O
u
r

a
p
p
rox

im
ation

algorith
m

s
for

th
is

p
rob

lem
w

ill
b

e
b
ased

on
a

lin
ear

p
rogram

m
in

g
(L

P
)

relax
a
tio

n
w

h
ich

w
e

d
en

ote
P

ch
a
n

ce .
It

h
as

fraction
al

variab
les

b
i ,

w
h
ere

i
ran

g
es

overF
(b
i

rep
resen

ts
th

e
p
rob

ab
ility

of
op

en
in

g
facility

i),
an

d
is

d
efi

n
ed

b
y

th
e

follow
in

g
co

n
stra

in
ts:

(B
1
)
∑

i∈
B

(j,r
j )
b
i ≥

p
j

for
all

j∈
C

,

(B
2
)
b(F

)
=
k
,

(B
3
)
b
i ∈

[0,1
]

for
all

i∈
F

.

P
ro

p
o
sitio

n
3

If
pa

ra
m

eters
p
,r

a
re

fea
sible,

th
en
P
ch

a
n
ce

is
n

o
n

em
p
ty.

7
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H
a
r
r
is,

L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

P
ro

o
f

C
on

sid
er

a
d
istrib

u
tion

Ω
satisfy

in
g

(1).
F

or
each

i∈
F

,
set

b
i

=
P

rS∼
Ω

[i∈
S

].
F

or
j∈
C

w
e

h
ave

p
j

=
P

r [∨
i∈
B

(j,r
j )
i∈
S ]≤

∑
i∈
B

(j,r
j )

P
r[i∈

S
]

=
∑

i∈
B

(j,r
j )
b
i

an
d

th
u
s

(B
1)

is
satisfi

ed
.

W
e

h
ave

k
=

E
[|S|]

=
∑

i∈F
P

r[i∈
S

]
=
b(F

)
an

d
so

(B
2)

is
sa

tisfi
ed

.
(B

3)
is

clear,
so

w
e

h
ave

d
em

on
strated

a
p

oin
t

in
P

ch
a
n

ce .

F
or

th
e

rem
ain

d
er

of
th

is
section

,
w

e
assu

m
e

w
e

h
ave

a
vector

b
∈
P

ch
a
n

ce
an

d
fo

cu
s

on
h
ow

to
rou

n
d

it
to

an
in

tegral
solu

tion
.

B
y

a
stan

d
ard

facility
-sp

littin
g

step
,

w
e

also
gen

erate,
for

ev
ery

j
∈
C

,
a

set
F
j ⊆

B
(j,r

j )
w

ith
b(F

j )
=
p
j .

W
e

refer
to

th
is

set
F
j

as
a

clu
ster.

In
th

e
S
C

C
settin

g,
it

w
ill

also
b

e
con

ven
ien

t
to

en
su

re
th

at
j
∈
F
j

as
lon

g
as

b
j 6=

0.
A

s
w

e
sh

ow
in

S
ection

4,
an

y
ap

p
rox

im
ation

algorith
m

m
u
st

eith
er

sign
ifi

can
tly

give
u
p

a
gu

aran
tee

on
th

e
d
istan

ce,
or

p
rob

ab
ility

(o
r

b
oth

).
O

u
r

fi
rst

resu
lt

is
an

ap
p
rox

im
ation

algorith
m

w
h
ich

resp
ects

th
e

d
istan

ce
gu

aran
tee

ex
actly,

w
ith

con
stan

t-factor
loss

to
th

e
p
rob

ab
ility

gu
aran

tee:

T
h

e
o
re

m
4

If
p
,r

is
fea

sible
th

en
o
n

e
m

a
y

effi
cien

tly
co

n
stru

ct
a
k

-lo
ttery

Ω
sa

tisfyin
g

P
r

S∼
Ω

[d
(j,S

)≤
r
j ]≥

(1−
1
/e)p

j .

P
ro

o
f

L
et
b∈
P

ch
a
n

ce
an

d
setS

=
D
e
p
R
o
u
n
d

(b).
T

h
is

satisfi
es|S|≤

d ∑
ni=

1
b
i e≤

dke
=
k

as
d
esired

.
E

ach
j∈
C

h
as

P
r[S
∩
F
j

=
∅
]≤

∏i∈
F
j (1−

b
i )≤

∏i∈
F
j

e −
b
i

=
e −

b(F
i )

=
e −

p
j.

an
d

th
en

sim
p
le

an
aly

sis
sh

ow
s

th
at

P
r[d

(j,S
)≤

r
j ]≥

P
r[S
∩
F
j 6=
∅
]≥

1−
e −

p
j≥

(1−
1
/e)p

j .

A
s

w
e

w
ill

later
sh

ow
in

T
h
eorem

20,
th

is
ap

p
rox

im
ation

con
stan

t
1−

1
/e

is
op

tim
al.

W
e

n
ex

t
tu

rn
to

p
reserv

in
g

th
e

p
rob

a
b
ility

gu
aran

tee
ex

a
ctly

w
ith

som
e

loss
to

d
istan

ce
gu

aran
tee.

A
s

a
w

arm
-u

p
ex

ercise,
let

u
s

con
sid

er
th

e
sp

ecial
case

of
“h

alf-h
om

ogen
eou

s”
p
rob

lem
in

stan
ces:

all
th

e
valu

es
of
p
j

are
th

e
sam

e,
or

all
th

e
valu

es
o
f
r
j

are
th

e
sam

e.
A

sim
ilar

algorith
m

w
ork

s
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=
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3
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e
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p
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e
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C
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T
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w
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g
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n
w
j

=
r
j

en
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∈
C

sa
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P
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r
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p
j .

F
u
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o
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e
S

C
C

settin
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tisfi
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P
r[d

(j,S
)≤

2
r
j ]≥

p
j .
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p
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r
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∈
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p
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∈
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p
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P
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≤
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∈
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b
se
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n

2
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er
e
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w
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∩
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∅.
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p
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n
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∩
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∈
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il
it

y
p
z
≥
p
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e
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S
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=
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e
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e
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e
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.
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ra
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w
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d
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≤
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p
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b
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n
b
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n
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b
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se
th

e
w

al
k

is
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ia

se
d
,

th
e

p
ro

b
ab

il
it

y
of

se
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g
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ie
n
t

at
th

e
en

d
is

eq
u
al

to
th

e
fr

ac
ti

on
al

p
ro

b
ab

il
it

y
of

se
rv

in
g

a
cl

ie
n
t,

w
h
ic

h
w

il
l

b
e

at
le

as
t
p
j
.

In
or

d
er

fo
r

th
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p
ro
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to
m

ak
e

p
ro
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es

s,
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e
n
u
m

b
er

of
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ve

va
ri
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le

s
m

u
st

b
e

gr
ea

te
r

th
an

th
e

n
u
m

b
er

of
ac

ti
v
e
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n
st

ra
in

ts
.

W
e

en
su

re
th

is
b
y

p
er

io
d
ic

al
ly

id
en

ti
fy

in
g

an
d

d
is

ca
rd

in
g

cl
ie

n
ts

w
h
ic

h
w

il
l

b
e

au
to

m
at

ic
al

ly
se

rv
ed

b
y

se
rv

in
g

ot
h
er

cl
ie

n
ts

.
T

h
is

is
si

m
il
ar

to
a

m
et

h
o
d

of
K

ri
sh

n
as

w
am

y
et

al
.

(2
01

8)
,

w
h
ic

h
al

so
u
se

s
it

er
at

iv
e

ro
u
n
d
in

g
fo

r
(d

et
er

m
in

is
ti

c)
ap

p
ro

x
im

at
io

n
s

to
k
-

m
ed

ia
n

w
it

h
ou

tl
ie

rs
an

d
k
-m

ea
n
s

w
it

h
ou

tl
ie

rs
.

T
h
e

se
ts
F
j

w
il
l
re

m
ai

n
fi
x
ed

d
u
ri

n
g

th
is

p
ro

ce
d
u
re

.
W

e
w

il
l
m

ai
n
ta

in
a

ve
ct

or
b
∈

[0
,1

]F

an
d

m
ai

n
ta

in
tw

o
se

ts
C

ti
g
h
t

an
d
C

sl
a
ck

w
it

h
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

:

(C
1)

C
ti

g
h
t
∩
C

sl
a
ck

=
∅.

(C
2)

F
or

al
l
j,
j′
∈
C

ti
g
h
t,

w
e

h
av

e
F
j
∩
F
j′

=
∅

(C
3)

E
ve

ry
j
∈
C

ti
g
h
t

h
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b(
F
j
)

=
1,

(C
4)

E
ve

ry
j
∈
C

sl
a
ck

h
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b(
F
j
)
≤

1.

(C
5)

W
e

h
av

e
b(
⋃
j∈
C

ti
g
h
t
∪C

sl
a
c
k
F
j
)
≤
k

G
iv

en
ou

r
in

it
ia

l
so

lu
ti

on
b

fo
r
P c

h
a
n

ce
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se
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in
g
C

ti
g
h
t

=
∅,
C

sl
a
ck

=
C

w
il
l

sa
ti

sf
y
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er
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(C
1)
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C
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n
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e
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(C

4)
h
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d
s
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b(
F
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=
p
j
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1
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r
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l
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∈
C.

P
ro

p
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si
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6
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∈
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ra
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it
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er
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te
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o
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ve
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r
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∈
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a
n

d
w

it
h

p
ro
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li
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n

e
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sa
ti
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st
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in
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)

a
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w
el

l
a
s

h
a
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n
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so
m

e
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∈
C
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∈
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sl
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∈
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∈
C

sl
a
ck

.
T

o
o
b
ta

in
th

e
st

at
ed

re
su

lt
,

w
e

si
m

p
ly

m
o
d
if

y
b

u
n
ti

l
it

b
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p
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e
ti

gh
t
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n
st

ra
in

ts
.

S
o

co
n
si

d
er

a
b
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ic
so

lu
ti

on
b.

D
efi

n
e
A

=
⋃
j∈
C

ti
g
h
t
F
j

an
d
B

=
⋃
j∈
C

sl
a
c
k
F
j
.

W
e

a
ss

u
m

e

th
at
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F
j
)
∈
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,1

)
fo

r
al

l
j
∈
C

sl
a
ck

,
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ot
h
er

w
is

e
w

e
ar

e
d
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F
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p
p

os
e

th
at
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A
∩
B

)
>
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S
o

th
er

e
m

u
st

b
e

so
m

e
p
ai

r
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∈
C

sl
a
ck
,j
′
∈
C

ti
g
h
t

w
it

h
i
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F
j
∩
F
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su
ch

th
at
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S
in
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)
=

1,
th

er
e

m
u
st

b
e

so
m

e
o
th

er
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∈
F
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w
it

h
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C

on
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d
er
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o
d
if
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b
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g
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b
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b
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S
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∩
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∅
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r

a
ll

j′
′
∈
C
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ra
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p
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ra
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w
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b
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p
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re
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w
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b
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.

F
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th
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A
∩
B

)
=

0
an

d
b(
A
∪
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S
o
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n
d
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>
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sl
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∅.

T
h
er

ef
or
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b
e
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∈
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.
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e
in
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en
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b i

b
y
±
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w
h
il
e
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re
m

en
ti

n
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b
y
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th
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se
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en

tl
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b
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e

ca
n

n
ow
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cr
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er
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u
n
d
in

g
al

go
ri
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it
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iv
e
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n
d
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al
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m
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P c
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.
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∅
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∈
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∈
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←
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∪
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∪
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∅
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←
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at
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b′

ch
o
se

n
at

st
ep

(4
)

of
it

er
at

io
n
t,

an
d
v
t

d
en

ot
e

th
e

ch
oi

ce
of
v
∈
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n
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h
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ct

o
r
bt

sa
ti

sfi
es

co
n

st
ra

in
ts

(C
1
)

—
(C

5
)

fo
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a
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t

=
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T
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

P
ro

o
f

T
h
e

v
ector

b
0

d
o
es

so
sin

ce
b

satisfi
esP

ch
a
n

ce .
P

rop
osition

6
en

su
res

th
at

step
(4)

d
o
es

n
o
t

a
ff

ect
th

is.
A

lso,
rem

ov
in

g
p

oin
ts

from
C

tig
h
t

or
C

sla
ck

at
step

(6)
or

(1)
w

ill
n
ot

v
io

late
th

ese
co

n
strain

ts.
L

et
u
s

ch
eck

th
at

ad
d
in

g
v
t

to
C

tig
h
t

w
ill

n
ot

v
iola

te
th

e
con

strain
ts.

T
h
is

step
on

ly
o
ccu

rs
if
b
t+

1(v
t)

=
1,

an
d

so
(C

3)
is

p
reserved

.
S
in

ce
w

e
on

ly
m

ove
v
t

from
C

sla
ck

to
C

tig
h
t ,

co
n
stra

in
ts

(C
1
)

an
d

(C
5)

are
p
reserv

ed
.

F
in

ally,
to

sh
ow

th
at

(C
2)

is
p
reserved

,
su

p
p

ose
th

a
t
F
v
t∩

F
v
s6=
∅

for
som

e
oth

er
v
s

w
h
ich

w
as

ad
d
ed

to
C

tig
h
t

at
tim

e
s
<
t.

If
r
v
t≥

r
v
s,

th
en

step
(1

0
)

w
ou

ld
h
ave

rem
oved

v
t

from
C

sla
ck ,

m
ak

in
g

it
im

p
o
ssib

le
to

en
ter

C
ttig

h
t .

T
h
u
s,
r
v
t≤

r
v
s;

th
is

m
ean

s
th

at
w

h
en

w
e

ad
d
v
t

to
C
ttig

h
t ,

w
e

also
rem

ove
v
s

from
C
ttig

h
t .

C
o
ro

lla
ry

8
A

lgo
rith

m
3

o
pen

s
a
t

m
o
st
k

fa
cilities.

P
ro

o
f

A
t

th
e

fi
n
al

step
(12),

th
e

n
u
m

b
er

of
op

en
facilities

is
eq

u
al

to
|C

tig
h
t |.

B
y

P
rop

o-
sitio

n
7
,

th
e

vector
b
T

satisfi
es

con
strain

ts
(C

1)
—

(C
5).

S
o
b(F

j )
=

1
for

j
∈
C

tig
h
t

an
d

F
j ∩

F
j ′

=
∅

fo
r
j,j∈

C
tig

h
t ;

th
u
s|C

tig
h
t |

=
∑

j∈
C

tig
h
t
b(F

j )≤
k
.

P
ro

p
o
sitio

n
9

If
j∈

C
ttigh

t
fo

r
a
n

y
tim

e
t,

th
en

d
(j,S

)≤
3
r
j .

P
ro

o
f

L
et
t

b
e

m
ax

im
al

su
ch

th
at
j∈

C
ttig

h
t .

W
e

sh
ow

th
e

d
esired

claim
b
y

in
d
u
ction

on
t.

W
h
en

t
=
T

,
th

en
th

is
certain

ly
h
old

s
as

step
(12)

w
ill

op
en

som
e

facility
in
F
j

an
d

th
u
s

d
(j,S

)≤
r
j .

S
u
p
p

ose
th

a
t
j

w
as

ad
d
ed

in
to
C
stig

h
t ,

b
u
t

w
as

later
rem

oved
from

C
t+

1
tig

h
t

d
u
e

to
ad

d
in

g

z
=
v
t.

T
h
u
s

th
ere

is
som

e
i∈

F
z ∩

F
j .

W
h
en

w
e

ad
d
ed
j

in
tim

e
s,

w
e

w
o
u
ld

h
ave

rem
oved

z
fro

m
C
stig

h
t

if
r
z ≥

r
j /

2.
S
in

ce
th

is
d
id

n
ot

o
ccu

r,
it

m
u
st

h
old

th
at
r
z
<
r
j /

2
.

S
in

ce
z

is
p
resen

t
in
C
t+

1
tig

h
t ,

th
e

in
d
u
ction

h
y
p

oth
esis

im
p
lies

th
at
d
(z
,S

)≤
3r
z

an
d

so

d
(j,S

)≤
d
(j,i)

+
d
(i,z

)
+
d
(z
,S

)≤
r
j

+
r
z

+
3
r
z ≤

r
j

+
(r
j /2)(1

+
3)

=
3r
j .

T
h

e
o
re

m
1
0

E
very

j∈
C

h
a
s

P
r[d

(j,S
)≤

9
r
j ]≥

p
j .

P
ro

o
f

W
e

w
ill

p
rove

b
y

in
d
u
ction

on
t

th
e

follow
in

g
claim

:
su

p
p

ose
w

e
con

d
ition

o
n

th
e

fu
ll

sta
te

o
f

A
lg

orith
m

3
u
p

to
tim

e
t,

an
d

th
at
j∈

C
ttig

h
t ∪

C
tsla

ck .
T

h
en

P
r[d

(j,S
)≤

9
r
j ]≥

b
t(F

j ).
(2)

A
t
t

=
T

,
th

is
is

clear;
sin

ce
C
Tsla

ck
=
∅,

w
e

m
u
st

h
ave

j
∈
C
Ttig

h
t ,

an
d

so
d
(j,S

)≤
r
j

w
ith

p
ro

b
a
b
ility

on
e.

F
or

th
e

in
d
u
ction

step
at

tim
e
t,

n
ote

th
at

as
E

[b
t+

1(F
j )]

=
b(F

j ),
in

o
rd

er
to

p
rove

(2)
it

su
ffi

ces
to

sh
ow

th
at

if
w

e
also

con
d
ition

on
th

e
valu

e
o
f
b
t+

1,
it

h
old

s
th

a
t

P
r[d

(j,S
)≤

9
r
j |
b
t+

1]≥
b
t+

1(F
j ).

(3)

If
j

rem
a
in

s
in
C
t+

1
tig

h
t ∪

C
t+

1
sla

ck ,
th

en
w

e
im

m
ed

iately
ap

p
ly

th
e

in
d
u
ction

h
y
p

oth
esis

at
tim

e
t

+
1.

S
o

th
e

on
ly

n
on

-triv
ial

th
in

g
to

ch
eck

is
th

at
(3)

w
ill

h
old

even
if
j
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rem

oved
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C
t+

1
tig

h
t ∪

C
t+

1
sla

ck .
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H
a
r
r
is,

L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

If
j

=
v
t

an
d
b
t+

1(F
j )

=
0,

th
en

(3)
h
old

s
vacu

ou
sly.

O
th

erw
ise,

su
p
p

ose
th

at
j

is
rem

oved
from

C
ttig

h
t

at
stage

(10)
d
u
e

to
ad

d
in

g
z

=
v
t.

T
h
u
s
r
j ≥

r
z /

2
an

d
th

ere
is

som
e

i∈
F
j ∩

F
z .

B
y

P
rop

osition
9,

th
is

en
su

res
th

at
d
(z
,S

)≤
3
r
z .

T
h
u
s

w
ith

p
rob

ab
ility

on
e

w
e

h
aved

(j,S
)≤

d
(j,i)

+
d
(i,z

)
+
d
(z
,S

)≤
r
j

+
r
z

+
3
r
z ≤

r
j

+
(2
r
j )(1

+
3)

=
9r
j .

T
h
is

p
roves

th
e

in
d
u
ction

.
T

h
e

claim
ed

resu
lt

follow
s

sin
ce
b
0(F

j )
=
p
j

an
d
C

0sla
ck

=
C

.

3
.
C
h
a
n
ce

k
-co

v
e
ra

g
e
:
A
p
p
ro
x
im

a
tin

g
th

e
D
e
te
rm

in
istic

C
a
se

A
n

im
p

ortan
t

sp
ecial

case
of
k
-cov

erage
is

w
h
ere

p
j

=
1

for
all

j
∈
C

.
H

ere,
th

e
target

d
istrib

u
tion

Ω
is

ju
st

a
sin

gle
set
S

satisfy
in

g
∀
jd

(j,S
)
≤
r
j .

In
th

e
h
om

ogen
eou

s
case,

w
h
en

all
th

e
r
j

are
eq

u
al

to
th

e
sam

e
valu

e,
th

is
is

sp
ecifi

cally
th

e
k
-su

p
p
lier

p
rob

lem
.

T
h
e

u
su

al
ap

p
rox

im
ation

algorith
m

for
th

is
p
rob

lem
ch

o
oses

a
sin

gle
ap

p
rox

im
atin

g
set

S
,

in
w

h
ich

case
th

e
b

est
gu

aran
tee

availab
le

is
d
(j,S

)
≤

3
r
j .

W
e

im
p
rove

th
e

d
istan

ce
gu

aran
tee

b
y

con
stru

ctin
g

a
k
-lottery

Ω̃
su

ch
th

at
d
(j,S

)≤
3r
j

w
ith

p
rob

ab
ility

on
e,

an
d

E
S∼

Ω̃
[d

(j,S
)]≤

cr
j ,

w
h
ere

th
e

con
stan

t
c

sa
tisfi

es
th

e
fo

llow
in

g
b

ou
n
d
s:

1.
In

th
e

gen
eral

case,
c

=
1

+
2
/e≈

1.7
3576;

2.
In

th
e

S
C

C
settin

g,
c

=
1.60793;

3.
In

th
e

h
om

ogen
eou

s
S
C

C
settin

g,
c

=
1.592. 3

W
e

sh
ow

m
atch

in
g

low
er

b
ou

n
d
s

in
S
ection

4;
th

e
con

stan
t

valu
e

1
+

2/e
is

op
tim

al
for

th
e

gen
eral

case
(even

for
h
om

ogen
eou

s
in

stan
ces),

an
d

fo
r

th
e

th
ird

ca
se

th
e

con
stan

t
c

can
n
ot

b
e

m
ad

e
low

er
th

an
1

+
1/e≈

1
.367.

W
e

rem
ark

th
at

th
is

ty
p

e
of

sto
ch

astic
gu

aran
tee

allow
s

u
s

to
effi

cien
tly

con
stru
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p
u
b
licly

-verifi
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le
lotteries.

P
ro

p
o
sitio

n
1
1

L
et
ε
>

0
.

In
a
n

y
o
f

th
e

a
bo

ve
th

ree
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th

ere
is

a
n

expected
po
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o
m

ia
l

tim
e

p
roced

u
re

to
co

n
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th
e

given
d
istribu

tio
n

Ω
in

to
a
n

exp
licitly-en

u
m

era
ted

k
-lo

ttery
Ω
′,

w
ith

su
p
po

rt
size

O
(

lo
g
n

ε
2

),
su

ch
th

a
t

P
rS∼

Ω
′[d

(j,S
)
≤

3r
j ]

=
1

a
n

d
E
S∼

Ω
′[d

(j,S
)]≤

c(1
+
ε)r

j .

P
ro

o
f

T
ake

X
1 ,...,X

t
as

in
d
ep

en
d
en

t
d
raw

s
from

Ω
for

t
=

6
lo

g
n

cε
2

an
d

set
Ω
′

to
b

e
th

e
u
n
iform

d
istrib

u
tion

on
{X

1 ,...,X
t }.

T
o

see
th

at
E
S∼

Ω
′[d

(j,S
)]≤

c(1
+
ε)r

j
h
old

s
w

ith
h
igh

p
rob

ab
ility,

a
p
p
ly

a
C

h
ern

off
b

ou
n
d
,

n
otin

g
th

at
d
(j,X

1 ),...,d
(j,X

t )
are

in
d
ep

en
d
en

t
ran

d
om

variab
les

in
th

e
ran

ge
[0,3r

j ].

W
e

u
se

a
sim

ilar
algorith

m
to

A
lgorith

m
2

for
th

is
p
ro

b
lem

:
w

e
ch

o
ose

a
coverin

g
set

of
clu

sters
C
′,

an
d

op
en

ex
actly

on
e

item
from

each
clu

ster.
T

h
e

m
ain

d
iff

eren
ce

is
th

at

3
.

T
h
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lu
e

w
a
s

ca
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ted

u
sin

g
so

m
e

n
o
n
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o
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u
s

n
u

m
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l
a
n

a
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w

e
d

escrib
e

th
is

fu
rth

er
in

w
h

a
t

w
e
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“
P
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d

o
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h
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

in
st

ea
d

of
op

en
in

g
th

e
n
ea

re
st

it
em

V
j

fo
r

ea
ch
j
∈
C
′ ,

w
e

in
st

ea
d

op
en

a
cl

u
st

er
ac

co
rd

in
g

to
th

e
so

lu
ti

on
b

of
P c

h
a
n
ce

.

A
lg

o
ri

th
m

4
R

ou
n
d
in

g
al

go
ri

th
m

w
it

h
cl

u
st

er
s

1
:

S
et
C
′ =

G
r
e
e
d
y
C
l
u
st

e
r

(F
j
,r
j
).

2
:

S
et
F

0
=
F
−
⋃
j∈
C
′
F
j
;

th
is

is
th

e
se

t
of

“
u
n
cl

u
st

er
ed

”
fa

ci
li
ti

es
3
:

fo
r
j
∈
C
′
d

o
4
:

R
an

d
om

ly
se

le
ct

a
p

oi
n
t
W
j
∈
F
j

ac
co

rd
in

g
to

th
e

d
is

tr
ib

u
ti

on
P

r[
W
j

=
i]

=
b i

/
/

T
h
is

is
a

va
li

d
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

,
a
s
b(
F
j
)

=
1

5
:

L
et
S 0
←

D
e
p
R
o
u
n
d

(b
,F

0
)

6
:

R
et

u
rn
S

=
S 0
∪
{W

j
|j
∈
C
′ }

W
e

w
il
l

n
ee

d
th

e
fo

ll
ow

in
g

te
ch

n
ic

al
re

su
lt

in
or

d
er

to
an

al
y
ze

A
lg

o
ri

th
m

4.

P
ro

p
o
si

ti
o
n

1
2

F
o
r

a
n

y
se

t
U
⊆
F

,
w

e
h
a
ve

P
r[
S
∩
U

=
∅]
≤

∏

i∈
U
∩F

0

(1
−
b i

)
∏ j∈
C
′(1
−
b(
U
∩
F
j
))
≤
e−

b(
U

) .

P
ro

o
f

T
h
e

se
t
U

co
n
ta

in
s

ea
ch

W
j

in
d
ep

en
d
en

tl
y

w
it

h
p
ro

b
ab

il
it

y
b(
U
∩
F
j
).

T
h
e

se
t
S 0

is
in

d
ep

en
d
en

t
of

th
em

an
d

b
y

(P
3)

w
e

h
av

e
P

r[
U
∩
S 0

=
∅]
≤
∏
i∈
U
∩F

0
(1
−
b i

).
S
o

P
r[
S
∩
U

=
∅]
≤

∏

i∈
U
∩F

0(1
−
b i

)
∏ j∈
C
′(1
−
b(
U
∩
F
j
))
≤

∏

i∈
U
∩F

0

e−
b i
∏ j∈
C
′e−

b(
U
∩F

j
)

=
e−

b(
U

)

A
t

th
is

p
oi

n
t,

w
e

ca
n

sh
ow

ou
r

cl
ai

m
ed

ap
p
ro

x
im

at
io

n
ra

ti
o

fo
r

th
e

ge
n
er

al
(n

o
n
-S

C
C

)
se

tt
in

g:

T
h

e
o
re

m
1
3

F
o
r

a
n

y
j
∈
C,

th
e

so
lu

ti
o
n

se
t
S

o
f

A
lg

o
ri

th
m

4
sa

ti
sfi

es
d
(j
,S

)
≤

3r
j

w
it

h
p
ro

ba
bi

li
ty

o
n

e
a
n

d
E

[d
(j
,S

)]
≤

(1
+

2
/e

)r
j
.

P
ro

o
f

B
y

O
b
se

rv
at

io
n

2,
th

er
e

is
so

m
e
v
∈
C
′

w
it

h
F
j
∩
F
v
6=
∅

an
d
r v
≤
r j

.
L

et
ti

n
g

i
∈
F
j
∩
F
v
,

w
e

h
av

e

d
(j
,S

)
≤
d
(j
,i

)
+
d
(i
,v

)
+
d
(v
,S

)
≤
r j

+
r v

+
r v
≤

3r
j
.

w
it

h
p
ro

b
ab

il
it

y
on

e.

If
S
∩
F
j
6=
∅,

th
en

d
(j
,S

)
≤
r j

.
T

h
u
s,

a
n
ec

es
sa

ry
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n
d
it

io
n

fo
r
d
(j
,S

)
>
r j

is
th

at
S
∩
F
j

=
∅.

A
p
p
ly

in
g

P
ro

p
os

it
io

n
1
2

w
it

h
U

=
F
j

gi
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ex
ists

a
(d

eterm
in

istic)
d
istrib

u
tion

w
ith

fea
sib

le
d
em

an
d

p
aram

eters
p
j

=
1
,r
j

=
1
.

A
lso,

n
o
te

th
a
t
d
(j,S

)
∈
{1
,3}

w
ith

p
rob

ab
ility

on
e

for
an

y
clien

t
j.

T
h
u
s,

if
j

satisfi
es

th
e

seco
n
d

p
ro

p
erty

P
rS∼

Ω
[d

(j,S
)
<

3r
j ]
≥
cp
j

for
con

stan
t
c
>

1
−

1/e,
th

en
it

satisfi
es

E
[d

(j,S
)]≤

1
+

2(1−
cp
j )

=
3−

2c
=

(1
+

2
/e−

Ω
(1))r

j .
S
o

it
w

ill
satisfy

th
e

fi
rst

p
rop

erty
a
s

w
ell.

S
o

it
su

ffi
ces

to
sh

ow
th

at
n
o

algorith
m
A

ca
n

satisfy
th

e
fi
rst

p
ro

p
erty.

S
u
p
p

o
se

th
a
tA

d
o
es

satisfy
th

e
fi
rst

p
rop

erty.
T

h
e

resu
ltin

g
solu

tion
setS

⊆
F

can
b

e
reg

a
rd

ed
a
s

a
solu

tion
X

to
th

e
set

cov
er

in
stan

ce,
w

h
ere

d
(j,S

)
=

1
+

2[[j
/∈
S
X

]].
T

h
u
s

∑j∈
[n

] d
(j,S

)
=
|S
X |+

3(n
−
|S
X |),

a
n
d

so
|S
X |

=
3
n−
∑
j∈

[n
]
d
(j,S

)

2
.

A
s

E
[d

(j,S
)]≤

cr
j

=
c

for
all

j,
th

is
im

p
lies

th
at

E
[|S

X |]≥
(3−

c)n
2

.
A

fter
a
n

ex
p

ected
con

stan
t

n
u
m

b
er

of
rep

etition
s

of
th

is
p
ro

cess
w

e
can

en
su

re
th

at
|S
X |≥

c ′n
fo

r
som

e
con

stan
t
c ′
>

3−
(1

+
2
/
e)

2
=

1−
1
/e.

T
h
is

con
trad

icts
C

orolla
ry

19.

A
slig

h
tly

m
ore

in
v
olved

con
stru

ction
ap

p
lies

to
th

e
h
om

ogen
eou

s
S
C

C
settin

g.

T
h

e
o
re

m
2
1

A
ssu

m
in

g
P
6=

N
P

,
th

ere
is

a
fa

m
ily

o
f

h
o
m

ogen
eo

u
s

S
C

C
ch

a
n

ce
k

-co
vera

ge
in

sta
n

ces,
w

ith
a

fea
sible

d
em

a
n

d
o
f
p
j

=
r
j

=
1

fo
r

a
ll
j,

su
ch

th
a
t

n
o

po
lyn

o
m

ia
l-tim

e
a
lgo

rith
m

ca
n

gu
a
ra

n
tee

a
d
istribu

tio
n

Ω
w

ith
eith

er
o
f

th
e

fo
llo

w
in

g:

1
.
∀
jE
S∼

Ω
[d

(j,S
)]≤

cr
j

fo
r

co
n

sta
n

t
c
<

1
+

1
/e

2
.
∀
j

P
rS∼

Ω
[d

(j,S
)
<

2
r
j ]≥

cp
j

fo
r

co
n

sta
n

t
c
>

1−
1
/e
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r
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P
e
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l
,
S
r
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iv
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sa

n

In
pa
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la

r,
th

e
a
p
p
ro

xim
a
tio

n
co

n
sta

n
ts

in
T

h
eo

rem
4

a
n

d
P

ro
po

sitio
n

5
ca

n
n

o
t

be
im

p
ro

ved
fo

r
S

C
C

in
sta

n
ces,

a
n

d
th

e
a
p
p
ro

xim
a
tio

n
fa

cto
r

1
.592

in
P

seu
d
o
-T

h
eo

rem
1
7

ca
n

n
o
t

be
im

p
ro

ved
belo

w
1

+
1
/e.

P
ro

o
f

C
on

sid
er

a
set

cov
er

in
stan

ce
B

=
{
S

1 ,...,S
m },

w
h
ere

w
e

h
av

e
gu

essed
th

e
valu

e
O

P
T

=
k
.

W
e

d
efi

n
e

a
k
-cen

ter
in

stan
ce

as
fo

llow
s.

F
or

each
i∈

[m
],

w
e

create
an

item
v
i

an
d

for
each

j
∈

[n
]

w
e

create
t

=
n

2
d
istin

ct
item

s
w
j,1 ,...,w

j,t .
W

e
d
efi

n
e

th
e

d
istan

ce
b
y

settin
g
d
(v
i ,w

j,t )
=

1
if
j
∈
S
i

an
d
d
(v
i ,v

i ′)
=

1
for

all
i,i ′∈

[m
],

an
d
d
(x
,y

)
=

2
for

all
oth

er
d
istan

ces.
T

h
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p
rob

lem
size

is
p

oly
n
om

ial
(in

m
,n

),
a
n
d

so
A

ru
n
s

in
tim

e
p

oly
(m
,n

).
If
X
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op
tim

al
solu

tion
to

th
e

set
cover

in
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n
ce,

th
e

corresp
on

d
in

g
set
S

=
{
v
i |

i∈
X
}

satisfi
es
d
(j,S

)
≤

1
for

all
j
∈
C

.
S
o

th
e

d
em

an
d

vector
p
j

=
r
j

=
1

is
feasib

le.
A

lso,
n
ote

th
at

th
at
d
(j,S

)∈
{0
,1
,2}

w
ith

p
rob

ab
ility

on
e

for
an

y
j.

T
h
u
s,

if
j

satisfi
es

th
e

secon
d

p
rop

erty
P

rS∼
Ω

[d
(j,S

)
<

2r
j ]≥

cp
j

for
con

stan
t
c
>

1−
1
/e,

th
en

it
satisfi

es
E

[d
(j,S

)]≤
1

+
1(1−

cp
j )

=
(1

+
1/e−

Ω
(1))r

j .
S
o

it
w

ill
satisfy

th
e

fi
rst

p
rop

erty
as

w
ell.

S
o

it
su

ffi
ces

to
sh

ow
th

at
n
o

algorith
m
A

can
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th
e

fi
rst

p
rop

erty.
S
u
p
p

ose
th

at
algorith

m
A

satisfi
es

th
e

fi
rst

p
rop

erty.
F

rom
th

e
solu

tion
set
S

,
w

e
con

stru
ct

a
corresp

on
d
in

g
set-cov

er
solu

tion
b
y
X

=
{
i|

v
i ∈
S}

.
F

or
w
j,`

/∈
S

,
w

e
can

ob
serve

th
at
d
(w

j,` ,S
)

=
1

+
[[j

/∈
S
X

]].
T

h
erefore,

w
e

h
ave

∑j∈
[n

]

t
∑`=

1

d
(w

j,` ,S
)≥

∑

j,`:w
j
,`
/∈S

(1
+

[[j
/∈
S
X

]])≥
∑j,`

(1
+

[[j
/∈
S
X

]])−
2|S|

≥
n

2(2n
−
|S
X |)−

2
k
,

an
d

so
|S
X |≥

2n
−
∑
j
,`
d
(w
j
,` ,S

)

n
2

−
2
k
/n

2.
T

ak
in

g
ex

p
ectation

s
an

d
u
sin

g
o
u
r

u
p
p

er
b

ou
n
d

on
E

[d
(j,S

)],
w

e
h
ave

E
[|S

X |]
≥

2
n−

cn−
2
k
/n

2≥
(2−

c)n−
2/n

.
T

h
u
s,

for
n

su
ffi

cien
tly

large,
after

an
ex

p
ected

con
stan

t
n
u
m

b
er

of
rep

etition
s

of
th

is
p
ro

cess
w

e
g
et|S

X |≥
(2−

c−
o(1))n

≥
(1−

1
/e

+
Ω

(1))n
.

T
h
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con
trad

icts
C
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5
.
A
p
p
ro
x
im

a
tio

n
A
lg
o
rith

m
fo
r
E
[d
(j,S

)]

In
th

e
ch

an
ce
k
-coverage

p
rob

lem
,
ou

r
goal

is
to

ach
ieve

certain
fi
x
ed

valu
es

of
d
(j,S

)
w

ith
a

certain
p
rob

ab
ility.

In
th

is
section

,
w

e
con

sid
er

an
oth

er
criterion

for
Ω

;
w

e
w

ish
to

ach
ieve

certain
valu

es
for

th
e

ex
p

ectation
E
S∼

Ω
[d

(j,S
)].

W
e

su
p
p

ose
w

e
are

given
valu

es
tj

for
every

j∈
C

,
su

ch
th

at
th

e
target

d
istrib

u
tion

Ω
satisfi

es

E
S∼

Ω
[d

(j,S
)]≤

tj .
(8)

In
th

is
case,

w
e

say
th

at
th

e
vector

tj
is

fea
sible.

A
s

b
efore,

if
all

th
e

valu
es

of
tj

are
eq

u
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to
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er,

w
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e
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h
o
m

ogen
eo

u
s.

W
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sh
ow
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ow
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rox
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ation
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m

for
k
-m

ed
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w
ith

ap
p
rox
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ratio
α

,
to

en
su

re
ou

r
target

d
istrib

u
tion

Ω̃
w

ill
satisfy

E
S∼

Ω̃
[d

(j,S
)]≤

(α
+
ε)tj .
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p
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∈
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∑
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).
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,
b
y

re
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n
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n
ts
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If

w
e

fi
x

an
ap

p
ro

x
im

at
io

n
al

go
ri

th
m
A

fo
r

(v
ar

io
u
s

cl
as

se
s

of
)

w
ei

gh
te

d
k
-m

ed
ia

n
,

th
en

fo
r

an
y

p
ro

b
le

m
in

st
an

ce
I

w
e

d
efi

n
e

α
I

=
su

p
w

ei
g
h
ts
w

∑
j∈
C
w
j
d
(j
,A

(I
,w

))

m
in
S∈

(F k
)
∑

j∈
C
w
j
d
(j
,S

).

W
e

fi
rs

t
sh

ow
h
ow

to
u
se

th
e
k
-m

ed
ia

n
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

to
ac

h
ie

ve
a

se
t
S

w
h
ic

h
“m

at
ch

es
”

th
e

d
es

ir
ed

d
is

ta
n
ce

s
t j

:

P
ro

p
o
si

ti
o
n

2
2

G
iv

en
a

w
ei

gh
te

d
in

st
a
n

ce
I

a
n

d
a

pa
ra

m
et

er
ε
>

0
,

th
er

e
is

a
po

ly
n

o
m

ia
l-

ti
m

e
a
lg

o
ri

th
m

to
p
ro

d
u

ce
a

se
t
S
∈
( F k
)

sa
ti

sf
yi

n
g:

1
.
∑

j∈
C
w
j
d
(j
,S

)
t j
≤

(α
I

+
O

(ε
))
∑

j∈
C
w
j
,

2
.

E
ve

ry
j
∈
C

h
a
s
d
(j
,S

)
≤
n
t j
/ε

.

P
ro

o
f

W
e

as
su

m
e
α
I

=
O

(1
),

as
co

n
st

an
t-

fa
ct

or
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

s
fo

r
k
-m

ed
ia

n
ex

is
t.

B
y

re
sc

al
in

g
w

,
w

e
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
∑

j∈
C
w
j

=
1.

B
y

re
sc

al
in

g
ε,

it
su

ffi
ce

s
to

sh
ow

th
at
d
(j
,S

)
≤
O

(n
t j
/ε

).

L
et

u
s

d
efi

n
e

th
e

w
ei

gh
t

ve
ct

or
z j

=
ε/
n

+
w
j

t j
.

L
et

ti
n
g

Ω
b

e
a

d
is

tr
ib

u
ti

on
sa

ti
sf

y
in

g
(8

),

w
e

h
av

e E
S∼

Ω

[∑ j∈
C
z j
d
(j
,S

)]
=
∑ j∈
C
z j
t j
≤
∑ j∈
C(

ε n
t j

+
w
j

t j
)t
j

=
ε|C
|/
n

+
∑ j∈
C
w
j

=
1

+
ε.

In
p
ar

ti
cu

la
r,

th
er

e
ex

is
ts

so
m

e
S
∈
( F k
)

w
it

h
∑

j∈
C
z j
d
(j
,S

)
≤

1
+
ε.

W
h
en

w
e

ap
p
ly

al
go

ri
th

m
A

w
it

h
w

ei
gh

t
ve

ct
or
z
,
w

e
th

u
s

ge
t

a
se

t
S
∈
( F k
) w

it
h
∑

j∈
C
z j
d
(j
,S

)
≤
α
I(

1
+
ε)

.
W

e
cl

ai
m

th
at

th
is

se
t
S

sa
ti

sfi
es

th
e

tw
o

co
n
d
it

io
n
s

of
th

e
th

eo
re

m
.

F
ir

st
,

w
e

h
av

e

∑ j∈
C

w
j
d
(j
,S

)

t j
≤
∑ j∈
C
z j
d
(j
,S

)
≤
α
I(

1
+
ε)
≤

(α
I

+
O

(ε
))
∑ j

w
j
.

N
ex

t,
fo

r
an

y
gi

ve
n
j
∈
C,

w
e

h
av

e

d
(j
,S

)

t j
≤
d
(j
,S

)z
j
(n
/ε

)
≤

(n
/ε

)
∑ w
∈C
z w
d
(w
,S

)
≤

(n
/ε

)α
I(

1
+
ε)
≤
O

(n
/ε

).

T
h

e
o
re

m
2
3

T
h
er

e
is

a
n

a
lg

o
ri

th
m

w
h
ic

h
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ke
s

a
s
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p
u

t
a
n
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n
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a
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ra
m

et
er
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0
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a

fe
a
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bl
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o
r
t j
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n
s
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d
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a
n

ex
p
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y
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m

er
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d
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tr
ib

u
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o
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w
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∼
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≤
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a
ll
j
∈
C.
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=
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∈
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p
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or
w

gi
ve

n
b
y

w
j

=
ex

p
( ε2

`−
1

∑ s=
1

d
(j
,X

s
)

n
t j

) ,

3
:

S
et

Ω̃
′

to
b

e
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

X
1
,.
..
,X

r

L
et

u
s

d
efi

n
e
φ

=
ε2
/n

.
F

or
ea

ch
it

er
at

io
n
`

=
1
,.
..
,r

+
1

le
t
u

(`
)

j
=
φ
d
(j
,X

`)
/
t j

,

an
d

le
t
w

(`
)

j
=
e∑

`
−
1

s
=
1
u
(s

)
j

d
en

ot
e

th
e

w
ei

gh
t

ve
ct

or
.

P
ro

p
os

it
io

n
22

en
su

re
s

th
a
t
u

(`
)

j
≤
ε,

an
d

th
u
s
eu

(`
)

j
≤

1
+

eε
−

1
ε
u

(`
)

j
≤

1
+

(1
+
ε)
u

(`
)

j
,

as
w

el
l

as
en

su
ri

n
g

th
at
∑

j
w

(`
)

j
u

(`
)

j
≤

φ
(α

I
+
O

(ε
))
∑

j
w

(`
)

j
.

N
ow

le
t

Φ
`

=
∑

j∈
C
w

(`
)

j
.

N
ot

e
th

at
Φ

1
=
n

,
an

d
fo

r
ea

ch
`
≥

1,
w

e
h
av

e

Φ
`+

1
=
∑ j∈
C
w

(`
)

j
eu

(`
)

j
≤
∑ j∈
C
w

(`
)

j

( 1
+

(1
+
ε)
u

(`
)

j

) ≤
∑ j∈
C
w

(`
)

j
+

(1
+
ε)
∑ j∈
C
w

(`
)

j
u

(`
)

j

≤
Φ
`(

1
+

(1
+
ε)
φ

(α
I

+
O

(ε
))
) ≤

Φ
`e
φ

(α
I

+
O

(ε
))

T
h
is

re
cu

rr
en

ce
re

la
ti

on
im

p
li
es

th
at

Φ
`
≤
n
e(
`−

1
)φ

(α
I

+
O

(ε
))

.
S
in

ce
w

(r
+

1
)

j
≤

Φ
r
+

1
,

th
is

im
p
li
es

r ∑ `=
1

φ
d
(j
,X

`)
/t
j

=
ln
w

(r
+

1
)

j
≤

ln
Φ
r
+

1
≤

ln
n

+
rφ

(α
I

+
O

(ε
))
.

or
eq

u
iv

al
en

tl
y,

r ∑ `=
1

d
(j
,X

`)

r
=
t j

( l
n
n

rφ
+

(α
I

+
O

(ε
))
)

A
s
r

=
n

ln
n

ε3
=

ln
n

εφ
,

w
e

th
u
s

h
av

e
∑
r `
=
1
d
(j
,X
`
)

r
≤

(α
I

+
O

(ε
))
t j

.
T

h
u
s,

th
e

d
is

tr
ib

u
ti

o
n

Ω̃
′

sa
ti

sfi
es

∀j
∈
C

E
S∼

Ω̃
′[
d
(j
,S

)]
≤

(α
I

+
O

(ε
))
t j
.

(9
)

N
ow

th
e

d
is

tr
ib

u
ti

on
Ω̃
′ s

at
is

fi
es

th
e

co
n
d
it

io
n

on
E

[d
(j
,S

)]
,

b
u
t

it
s

su
p
p

o
rt

is
to

o
la

rg
e.

W
e

ca
n

re
d
u
ce

th
e

su
p
p

or
t

si
ze

to
|C
|b

y
m

ov
in

g
in

th
e

n
u
ll
sp

ac
e

of
th

e
|C
|l

in
ea

r
co

n
st

ra
in

ts
(9

).

B
y
rk

a
et

al
.
(2

01
7)

h
av

e
sh

ow
n

a
2
.6

75
+
ε-

ap
p
ro

x
im

a
ti

on
al

go
ri

th
m

fo
r
k
-m

ed
ia

n
,

w
h
ic

h
au

to
m

at
ic

al
ly

gi
v
es

a
2.

67
5

+
ε-

ap
p
ro

x
im

at
io

n
al

go
ri

th
m

fo
r
k
-l

ot
te

ry
as

w
el

l.
S
o
m

e
sp

ec
ia

l
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

ca
ses

o
f
k
-m

ed
ian

h
ave

m
ore

effi
cien

t
ap

p
rox

im
ation

algorith
m

s.
F

or
in

sta
n
ce,

C
oh

en
-

A
d
d
a
d

et
a
l.

(2016)
gives

a
P

T
A

S
for

k
-m

ed
ian

p
rob

lem
s

d
erived

from
a

p
lan

ar
grap

h
,

a
n
d

A
h
m

a
d
ia

n
et

al.
(2017)

giv
es

a
2
.633

+
ε-ap

p
rox

im
atio

n
for

E
u
clid

an
d
istan

ces.
T

h
ese

im
m

ed
ia

tely
g
iv

e
ap

p
rox

im
ation

algorith
m

s
for

th
e

corresp
on

d
in

g
k
-lotteries.

W
e

also
n
o
te

th
at,

b
y

T
h
eo

rem
20,

on
e

can
n
ot

ob
tain

a
gen

eral
a
p
p
rox

im
ation

ratio
b

etter
th

an
1

+
2/e

(o
r

1
+

1/
e

in
th

e
S
C

C
settin

g).

6
.
D
e
te
rm

in
izin

g
a
k
-lo

tte
ry

S
u
p
p

o
se

th
a
t

w
e

h
av

e
a

set
of

feasib
le

w
eigh

ts
tj

su
ch

som
e
k
-lottery

d
istrib

u
tion

Ω
satisfi

es
E
S∼

Ω
[d

(j,S
)]≤

tj ;
let

u
s

ex
am

in
e

h
ow

to
fi
n
d

a
sin

gle,
d
eterm

in
istic

setS
w

ith
d
(j,S

)≈
tj .

W
e

refer
to

th
is

as
th

e
p
rob

lem
of

d
eterm

in
izin

g
th

e
lottery

Ω
.

N
ote

th
at

th
is

can
b

e
v
iew

ed
a
s

a
co

n
verse

to
th

e
p
rob

lem
con

sid
ered

in
S
ection

3.
W

e
w

ill
see

th
at,

in
ord

er
to

ob
tain

reason
ab

le
ap

p
rox

im
ation

ratios,
w

e
m

ay
n
eed
|S|

to
b

e
sig

n
ifi

ca
n
tly

larger
th

an
k
.

W
e

th
u
s

d
efi

n
e

an
(α
,β

)-d
eterm

in
iza

tio
n

to
b

e
a

set
S
∈
(Fk ′ )

w
ith

k ′≤
α
k

an
d
d
(j,S

)
≤
β
tj

for
all

j
∈
C

.
W

e
em

p
h
asize

th
at

w
e

can
n
ot

n
ecessarily

ob
tain

(1,1)-d
eterm

in
ization

s,
even

w
ith

u
n
b

ou
n
d
ed

com
p
u
tation

al
resou

rces.
T

h
e

fo
llow

in
g

sim
p
le

ex
am

p
le

illu
strates

th
e

trad
eoff

b
etw

een
p
aram

eters
α

an
d
β

:

O
b

se
rv

a
tio

n
2
4

L
et
α
,β
,k
≥

1.
If
β
<

α
k
+

1
(α−

1
)k

+
1 ,

th
ere

is
a

h
o
m

ogen
eo

u
s

S
C

C
in

sta
n

ce

fo
r

w
h
ich

n
o

(α
,β

)-d
eterm

in
iza

tio
n

exists.

P
ro

o
f

L
et
k ′

=
α
k

an
d

con
sid

er
a

p
rob

lem
in

stan
ce

w
ith
F

=
C

=
{1
,...,k ′

+
1}

,
an

d
d
(i,j)

=
1

fo
r

ev
ery

d
istin

ct
i,j.

C
learly,

every
S
∈
(Fk ′ )

satisfi
es

m
in
j
d
(j,S

)
=

1.
W

h
en

Ω

is
th

e
u
n
ifo

rm
d
istrib

u
tion

on
(Fk ),

w
e

h
av

e
E

[d
(j,S

)]
=

1−
k

k ′+
1 .

T
h
u
s
tj

=
k

k ′+
1

is
feasib

le

a
n
d

th
erefo

re
β
≥

1
1−

k
k ′+

1

=
α
k
+

1
(α−

1
)k

+
1 .

In
p
a
rticu

la
r,

w
h
en

α
=

1
w

e
m

u
st

h
ave

β
≥
k

+
1

an
d

w
h
en

k
→
∞

,
w

e
m

u
st

h
ave

β
&

α
α−

1 .
W

e
ex

a
m

in
e

th
ree

m
ain

regim
es

for
th

e
p
aram

eters
(α
,β

):
(1)

th
e

ca
se

w
h
ere

α
,β

are
sca

le-free
co

n
stan

ts;
(2)

th
e

case
w

h
ere

β
is

close
to

on
e,

in
w

h
ich

case
α

m
u
st

b
e

of
ord

er
lo

g
n

;
(3

)
th

e
case

w
h
ere

α
=

1,
in

w
h
ich

case
β

m
u
st

b
e

ord
er
k
.

O
u
r

d
eterm

in
ization

algorith
m

s
for

th
e

fi
rst

tw
o

cases
w

ill
b
a
sed

on
th

e
follow

in
g

L
P

d
en

o
ted
P

ex
p

ecta
tio

n ,
d
efi

n
ed

in
term

s
of

fraction
al

vectors
b
i ,a

i,j
w

h
ere

i
ran

ges
overF

an
d

j
ra

n
g
es

overC
:

(A
1
)
∀
j∈
C
,

∑
i∈F

a
i,j d

(i,j)≤
tj ,

(A
2
)
∀
j∈
C
,

∑
i∈F

a
i,j

=
1,

(A
3
)
∀
i∈
F
,y
∈
C
,

0
≤
a
i,j ≤

b
i ,

(A
4
)
∀
i∈
F
,

0
≤
b
i ≤

1,

(A
5
)
∑

i∈F
b
i ≤

k
.

T
h

e
o
re

m
2
5

If
tj

is
fea

sible,
th

en
P
expecta

tio
n

h
a
s

a
fra

ctio
n

a
l

so
lu

tio
n

.
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H
a
r
r
is,

L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

P
ro

o
f

L
et

Ω
b

e
a

p
rob

ab
ility

d
istrib

u
tion

w
ith

E
[d

(j,S
)]≤

tj .
F

o
r

an
y

d
raw

S
∼

Ω
,

d
efi

n
e

ran
d
om

variab
le
Z
j

to
b

e
th

e
fa

cility
ofS

m
atch

ed
b
y
j.

N
ow

con
sid

er
th

e
fraction

al
vector

d
efi

n
ed

b
y

b
i

=
P

r
S∼

Ω
[i∈
S

],
a
i,j

=
P

r
S∼

Ω
[Z
j

=
i]

W
e

claim
th

at
th

is
satisfi

es
(A

1)
—

(A
5).

F
or

(A
1),

w
e

h
ave

E
[d

(j,S
)]

=
E

[d
(j,Z

j )]
=
∑i∈F

d
(i,j)

P
r[Z

j
=
i]

=
∑i∈
F

d
(i,j)a

i,j ≤
tj .

F
or

(A
2),

n
ote

th
at
∑

i P
r[Z

j
=
i]

=
1.

F
or

(A
3),

n
ote

th
at
Z
j

=
i

can
on

ly
o
ccu

r
if

i∈
S

.
(A

4)
is

clear,
an

d
(A

5)
h
old

s
as|S|

=
k

w
ith

p
rob

ab
ility

on
e.

W
e

n
ex

t
d
escrib

e
u
p
p

er
an

d
low

er
b

ou
n
d
s

for
th

ese
th

ree
regim

es.

6
.1

.
T

h
e

C
a
se

W
h

e
re

α
,β

a
re

S
c
a
le

-fre
e

C
o
n

sta
n
ts.

F
or

th
is

regim
e

(w
ith

all
p
aram

eters
in

d
ep

en
d
en

t
of

p
rob

lem
size

n
an

d
k
),

w
e

m
ay

u
se

th
e

follow
in

g
A

lgorith
m

9,
w

h
ich

is
b
ased

on
greed

y
clu

sterin
g

u
sin

g
a

solu
tion

to
P

ex
p

ecta
tio

n .

A
lg

o
rith

m
9

(α
,β

)-d
eterm

in
izatio

n
algo

rith
m

1
:

L
et
a
,b

b
e

a
solu

tion
to
P

ex
p

ecta
tio

n .
2
:

F
or

every
j∈
C

,
select

r
j ≥

0
to

b
e

m
in

im
al

su
ch

th
at ∑

i∈
B

(j,r
j )
a
i,j ≥

1
/α

3
:

B
y

sp
littin

g
facilities,

form
a

set
F
j ⊆

B
(j,r

j )
w

ith
b(F

j )
=

1/α
.

4
:

S
et
C
′
=

G
r
e
e
d
y
C
l
u
st

e
r

(F
j ,θ(j)

+
r
j )

5
:

O
u
tp

u
t

solu
tion

setS
=
{
V
j |
j∈

C
′}.

S
tep

(3)
is

w
ell-d

efi
n
ed

,
as

(A
3)

en
su

res
th

at
b(B

(j,r
j ))≥

∑
i∈
B

(j,r
j )
a
i,j ≥

1/α
.

L
et

u
s

an
aly

ze
th

e
resu

ltin
g

ap
p
rox

im
ation

factor
β

.

P
ro

p
o
sitio

n
2
6

E
very

clien
t
j∈
C

h
a
s
r
j ≤

α
t
j −
θ
(j)

α−
1

.

P
ro

o
f

L
et
s

=
α
t
j −
θ
(j)

α−
1

.
It

su
ffi

ces
to

sh
ow

th
at

∑

i∈F
,d

(i,j)>
s

a
i,j ≤

1−
1
/α
.

A
s
d
(i,j)≥

θ(j)
for

all
i∈
F

,
w

e
h
ave

∑i∈F
d
(i,j)>

s

a
i,j ≤

∑i∈F
d
(i,j)>

s

a
i,j
d
(i,j)−

θ(j)

s−
θ(j)

≤
∑i∈F

a
i,j
d
(i,j)−

θ(j)

s−
θ(j)

=

∑
i∈F

a
i,j d

(i,j)−
θ(j) ∑

i∈F
a
i,j

s−
θ(j)

≤
tj −

θ(j)

s−
θ(j)

=
1−

1
/α
,

b
y

(A
1),

(A
2).
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

T
h

e
o
re

m
2
7

A
lg

o
ri

th
m

9
gi

ve
s

a
n

(α
,β

)-
d
et

er
m

in
iz

a
ti

o
n

w
it

h
th

e
fo

ll
o
w

in
g

pa
ra

m
et

er
β

:

1
.

In
th

e
ge

n
er

a
l

se
tt

in
g,
β

=
m

ax
(3
,

2
α

α
−

1
).

2
.

In
th

e
S

C
C

se
tt

in
g,
β

=
2
α

α
−

1
.

P
ro

o
f

W
e

fi
rs

t
cl

ai
m

th
at

th
e

re
su

lt
in

g
se

t
S

h
as
|S
|≤

α
k
.

T
h
e

al
go

ri
th

m
op

en
s

at
m

os
t

|C
′ |

fa
ci

li
ti

es
.

T
h
e

se
ts
F
j

ar
e

p
ai

rw
is

e
d
is

jo
in

t
fo

r
j
∈
C
′ a

n
d
b(
F
j
)

=
1/
α

fo
r
j
∈
C
′ .

T
h
u
s

∑
j∈
C
′
b(
F
j
)

=
|C
′ |/
α

.
O

n
th

e
ot

h
er

h
an

d
,
b(
F

)
=
k
,

an
d

so
k
≥
|C
′ |/
α

.

N
ex

t,
co

n
si

d
er

so
m

e
j
∈
C;

w
e

w
an

t
to

sh
ow

th
at
d
(j
,S

)
≤
β
t j

.
B

y
O

b
se

rv
at

io
n

2,
th

er
e

is
z
∈
C
′ w

it
h
F
j
∩
F
z
6=
∅

an
d
θ(
z
)
+
r z
≤
θ(
j)

+
r j

.
T

h
u
s
d
(j
,S

)
≤
d
(z
,S

)
+
d
(z
,i

)
+
d
(j
,i

)
w

h
er

e
i
∈
F
j
∩
F
z
.

S
te

p
(5

)
en

su
re

s
d
(z
,S

)
=
θ(
z
).

W
e

h
av

e
d
(z
,i

)
≤
r z

a
n
d
d
(i
,j

)
≤
r j

si
n
ce
i
∈
F
j
⊆
B

(j
,r
j
)

an
d
i
∈
F
z
⊆
B

(z
,r
z
).

S
o

d
(j
,S

)
≤
θ(
z
)

+
r z

+
r j
≤

2r
j

+
θ(
j)
.

B
y

P
ro

p
os

it
io

n
26

,
w

e
th

er
ef

or
e

h
av

e

d
(j
,S

)
≤

2α
t j
−

2
θ(
j)

α
−

1
+
θ(
j)

=
2
α
t j

α
−

1
+
α
−

3

α
−

1
θ(
j)

(1
0)

T
h
is

im
m

ed
ia

te
ly

sh
ow

s
th

e
cl

ai
m

fo
r

th
e

S
C

C
se

tt
in

g
w

h
er

e
θ(
j)

=
0.

In
th

e
ge

n
er

al
se

tt
in

g,
fo

r
α
≤

3,
th

e
se

co
n
d

co
effi

ci
en

t
in

th
e

R
H

S
of

(1
0)

is
n
on

-p
os

it
iv

e

an
d

h
en

ce
th

e
R

H
S

is
at

m
os

t
2
α
t j

α
−

1
as

d
es

ir
ed

.
W

h
en
α
≥

3,
th

en
in

or
d
er

fo
r
t

to
b

e
fe

as
ib

le
w

e
m

u
st

h
av

e
t j
≥
θ(
j)

;
su

b
st

it
u
ti

n
g

th
is

u
p
p

er
b

ou
n
d

on
θ(
j)

in
to

(1
0)

gi
ve

s

d
(j
,S

)
≤

2
α
t j

α
−

1
+
α
−

3

α
−

1
t j

=
3t
j

W
e

n
ot

e
th

at
th

es
e

ap
p
ro

x
im

at
io

n
ra

ti
os

ar
e,

fo
r
α

cl
o
se

to
1,

w
it

h
in

a
fa

ct
or

of
2

co
m

p
ar

ed
to

th
e

lo
w

er
b

ou
n
d

of
O

b
se

rv
at

io
n

24
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A
s
α
→
∞

,
th

e
ap

p
ro

x
im

at
io

n
ra

ti
o

ap
p
ro

ac
h
es

to
li
m

it
in

g
va

lu
es

3
(o

r
2

in
th

e
S
C

C
se

tt
in

g)
.

6
.2

.
T

h
e

C
a
se

o
f

S
m

a
ll
β

W
e

n
ow

co
n
si

d
er

w
h
at

o
cc

u
rs

w
h
en

β
b

ec
om

es
sm

al
le

r
th

an
th

e
cr

it
ic

al
th

re
sh

ol
d

va
lu

es
3

(o
r

2
in

th
e

S
C

C
se

tt
in

g)
.

W
e

sh
ow

th
at

in
th

is
re

gi
m

e
w

e
m

u
st

ta
ke

α
=

Ω
(l

og
n

).
O

f
p
ar

ti
cu

la
r

in
te

re
st

is
th

e
ca

se
w

h
en
β

a
p
p
ro

ac
h
es

1;
h
er

e,
in

or
d
er

to
ge

t
β

=
1

+
ε

fo
r

sm
al

l
ε

w
e

sh
ow

it
is

n
ec

es
sa

ry
an

d
su

ffi
ci

en
t

to
ta

ke
α

=
Θ

(lo
g
n
ε

).

P
ro

p
o
si

ti
o
n

2
8

F
o
r

a
n

y
ε
<

1
/2

,
th

er
e

is
a

ra
n

d
o
m

iz
ed

po
ly

n
o
m

ia
l-

ti
m

e
a
lg

o
ri

th
m

to
o
bt

a
in

a
(3

lo
g
n

ε
,1

+
ε)

d
et

er
m

in
iz

a
ti

o
n

.

P
ro

o
f

F
ir

st
,

le
t
a
,b

b
e

a
so

lu
ti

on
to
P e

x
p

ec
ta

ti
o
n
.

D
efi

n
e
p
i

=
m

in
(1
,

2
lo

g
n

ε
b i

)
fo

r
ea

ch

i
∈
F

an
d

fo
rm
S

=
D
e
p
R
o
u
n
d

(p
).

O
b
se

rv
e

th
en

th
at
|S
|≤
d∑

i
p
ie
≤
d2

lo
g
n

ε

∑
b i
e
≤

1
+

2
k

lo
g
n

ε
≤

3
k

lo
g
n

ε
.
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H
a
r
r
is
,
L
i,
P
e
n
sy

l
,
S
r
in
iv
a
sa

n

F
or
j
∈
C,

d
efi

n
e
A

=
B
j,

(1
+
ε)
t j

.
L

et
u
s

n
ot

e
th

at
,

b
y

p
ro

p
er

ti
es

(A
3)

,
(A

1
)

a
n
d

(A
2)

,
w

e
h
av

e

∑ i∈
A

b i
≥
∑ i∈
A

a
i,
j

=
1
−

∑

i:
d
(i
,j

)>
(1

+
ε)
t j

a
i,
j
≥

1
−

∑

i:
d
(i
,j

)>
(1

+
ε)
t j

a
i,
j
d
(i
,j

)

(1
+
ε)
t j
≥

1
−

1

1
+
ε

S
o

b
y

p
ro

p
er

ty
(P

3)
of

D
e
p
R
o
u
n
d

,
an

d
u
si

n
g

th
e

b
ou

n
d
ε
<

1/
2,

h
av

e

P
r[
d
(j
,S

)
>

(1
+
ε)
t j

]
=

P
r[
A
∩
S

=
∅]
≤
∏ i∈
A

(1
−
p
i)
≤
∏ i∈
A

e−
2
lo
g
n

ε
b i
≤
e
−
2
lo
g
n

ε
(1
−

1
1
+
ε
)
≤
n
−

4
/
3

A
u
n
io

n
b

ou
n
d

ov
er
j
∈
C

sh
ow

s
th

at
so

lu
ti

on
se

t
S

sa
ti

sfi
es
d
(j
,S

)
≤

(1
+
ε)
t j

fo
r

a
ll
j

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.

T
h
e

fo
ll
ow

in
g

sh
ow

s
m

at
ch

in
g

lo
w

er
b

ou
n
d
s:

P
ro

p
o
si

ti
o
n

2
9

1
.

T
h
er

e
is

a
u

n
iv

er
sa

l
co

n
st

a
n

t
K

w
it

h
th

e
fo

ll
o
w

in
g

p
ro

pe
rt

ie
s.

F
o
r

a
n

y
k
≥

1,
ε
∈

(0
,1
/
3)

th
er

e
is

so
m

e
in

te
ge

r
N
k
,ε

su
ch

th
a
t

fo
r
n
>
N
k
,ε

,
th

er
e

is
a

h
o
m

og
en

eo
u

s
S

C
C

in
st

a
n

ce
o
f

si
ze
n

in
w

h
ic

h
ev

er
y

(α
,1

+
ε)

-d
et

er
m

in
iz

a
ti

o
n

sa
ti

sfi
es

α
≥

K
lo

g
n

ε
.

2
.

F
o
r

ea
ch

β
∈

(1
,2

)
a
n

d
ea

ch
k
≥

1
,

th
er

e
is

a
co

n
st

a
n

t
K
′ β,
k

su
ch

th
a
t,

fo
r

a
ll
n
≥

1
,

th
er

e
is

a
h
o
m

og
en

eo
u

s
S

C
C

in
st

a
n

ce
o
f

si
ze
n

in
w

h
ic

h
ev

er
y

(α
,β

)-
d
et

er
m

in
iz

a
ti

o
n

sa
ti

sfi
es
α
≥
K
′ β,
k

lo
g
n
.

3
.

F
o
r

ea
ch

β
∈

(1
,3

)
a
n

d
ea

ch
k
≥

1
,

th
er

e
is

a
co

n
st

a
n

t
K
′′ β,
k

su
ch

th
a
t,

fo
r

a
ll

n
≥

1
,

th
er

e
is

a
h
o
m

og
en

eo
u

s
in

st
a
n

ce
o
f

si
ze
n

in
w

h
ic

h
ev

er
y

(α
,β

)-
d
et

er
m

in
iz

a
ti

o
n

sa
ti

sfi
es
α
≥
K
′′ β,
k

lo
g
n

P
ro

o
f

T
h
es

e
th

re
e

re
su

lt
s

ar
e

ve
ry

si
m

il
ar

,
so

w
e

sh
ow

th
e

fi
rs

t
on

e
in

d
et

a
il

a
n
d

sk
et

ch
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

ot
h
er

tw
o
.

C
on

si
d
er

an
E

rd
ős

-R
én

y
i

ra
n
d
om

gr
ap

h
G
∼
G(
n
,p

),
w

h
er

e
p

=
3ε
/k

;
n
o
te

th
a
t
p
∈

(0
,1

).
A

s
sh

ow
n

b
y

G
le

b
ov

et
al

.
(2

01
5)

as
y
m

p
to

ti
ca

ll
y

al
m

os
t

su
re

ly
th

e
d
o
m

in
a
ti

o
n

n
u
m

b
er
J

of
G

sa
ti

sfi
es
J

=
Ω

(k
lo

g
n

ε
).

W
e

co
n
st

ru
ct

a
re

la
te

d
in

st
an

ce
w

it
h
F

=
C

=
[n

],
an

d
w

h
er

e
d
(i
,j

)
=

1
if

(i
,j

)
is

a
n

ed
ge

,
an

d
d
(i
,j

)
=

2
ot

h
er

w
is

e.
N

ot
e

th
at

if
X

is
n
ot

a
d
om

in
at

in
g

se
t

of
G

,
th

en
so

m
e

ve
rt

ex
of
G

h
as

d
is

ta
n
ce

at
le

as
t

2
fr

om
it

;
eq

u
iv

al
en

tl
y,

m
ax

j
d
(j
,X

)
≥

2
fo

r
ev

er
y

se
t
X

w
it

h
|X
|<

J
.

C
h
er

n
off

’s
b

ou
n
d

sh
ow

s
th

at
ev

er
y

ve
rt

ex
of
G

h
as

d
eg

re
e

at
le

as
t
u

=
0.

9
n
p

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
A

ss
u
m

in
g

th
is

ev
en

t
h
as

o
cc

u
re

d
,

w
e

ca
lc

u
la

te
E

[d
(j
,S

)]
w

h
er

e
S

is
d
ra

w
n

fr
om

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on
( F k
) .

N
ot

e
th

at
d
(j
,S

)
≤

1
if
j

is
a

n
ei

gh
b

o
r

o
f
X

a
n
d

d
(j
,S

)
=

2
ot

h
er

w
is

e,
so

E
[d

(j
,S

)]
≤

1
+

( n
−
u

k

)
( n k

)
≤

1
+
e−

0
.9
p
k

=
1

+
e−

2
.7
ε .

B
ot

h
th

e
b

ou
n
d

on
th

e
d
om

in
a
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on
n
u
m

b
er

an
d

th
e

m
in

im
u
m

d
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e

o
f
G

h
o
ld

w
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h
p

os
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iv
e

p
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b
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y
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r
n
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en
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y
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e
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s
a
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n
ct
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n
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k
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ca
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,
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=
1

+
e−

2
.7
ε
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A
p
p
r
o
x
im

a
t
io
n
A
l
g
o
r
it
h
m
s
f
o
r
S
t
o
c
h
a
st

ic
C
l
u
st

e
r
in
g

is
a

fea
sib

le
h
o
m

ogen
eou

s
d
em

an
d

vector.
A

t
th

e
sam

e
tim

e,
ev

ery
setS

∈
(
F
J−

1 )
satisfi

es

m
in
j∈C

d
(j,S

)
≥

2.
T

h
u
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(α
,β

)-d
eterm

in
ization

can
n
ot

h
ave

α
<

Jk
=

Θ
(

lo
g
n
ε

)
an

d
β
≤

2
1
+
e −

2
.7
ε .

N
ote

th
at

2
1
+
e −

2
.7
ε
≥

1
+
ε

for
ε
<

1
/
3.

T
h
u
s,

w
h
en

ever
β
≤

1
+
ε,

w
e

h
ave

α
≥

Θ
(

lo
g
n
ε

).

F
o
r

th
e

seco
n
d

resu
lt,

w
e

u
se

th
e

sam
e

con
stru

ction
as

ab
ove

w
ith

p
=

1−
12 (λ

/
2)

1
/
k

w
h
ere

λ
=

2−
β

.
A

sim
ilar

an
aly

sis
sh

ow
s

th
at

th
e

vector
tj

=
1

+
λ
/
2

is
feasib

le
w

ith
h
igh

p
ro

b
a
b
ility

a
n
d
|J|≥

Ω
(k

log
n

)
(w

h
ere

th
e

h
id

d
en

con
stan

t
m

ay
d
ep

en
d

u
p

on
β
,k

).
T

h
u
s,

u
n
less

α
≥

Ω
(lo

g
n

),
th

e
ap

p
rox

im
ation

ratio
ach

ieved
is

2
1
+
λ
/
2
≥
β

.
T

h
e

th
ird

resu
lt

is
sim

ilar
to

th
e

secon
d

on
e,

ex
cep

t
th

at
w

e
u
se

a
ran

d
om

b
ip

artite
g
ra

p
h
.

T
h
e

left-n
o
d
es

are
asso

ciated
w

ith
F

an
d

th
e

righ
t-n

o
d
es

w
ith
C

.
F

or
i∈
F

an
d

j∈
C

,
w

e
d
efi

n
e
d
(i,j)

=
1

if
(i,j)

is
an

ed
ge

an
d
d
(i,j)

=
3

oth
erw

ise.

6
.3

.
T

h
e

C
a
se

o
f
α

=
1

W
e

fi
n
a
lly

co
n
sid

er
th

e
case

α
=

1,
th

at
is,

w
h
ere

th
e

con
strain

t
on

th
e

n
u
m

b
er

o
f

op
en

fa
cilities

is
resp

ected
exa

ctly.
B

y
O

b
servation

24,
w

e
m

u
st

h
ave

β
≥
k

+
1

h
ere.

T
h
e

fo
llow

in
g

g
reed

y
algorith

m
gives

a
(1,k

+
2)-d

eterm
in

ization
,

n
early

m
atch

in
g

th
is

low
er

b
o
u
n
d
.

A
lg

o
rith

m
1
0

(1,k
+

2)-d
eterm

in
ization

algorith
m

1
:

In
itia

lize
S

=
∅

2
:

fo
r
`

=
1,...,|F

|
d

o
3
:

L
etC

`
d
en

ote
th

e
set

of
p

oin
ts
j∈
C

w
ith

d
(j,S

)
>

(k
+

2)tj
4
:

IfC
`

=
∅
,

th
en

retu
rn
S

.
5
:

S
elect

th
e

p
oin

t
j
` ∈
C
`

w
ith

th
e

sm
allest

valu
e

of
tj
` .

6
:

U
p

d
a
te
S
←
S
∪
{V

j
` }

T
h

e
o
re

m
3
0

If
th

e
va

lu
es
tj

a
re

fea
sible,

th
en

A
lgo

rith
m

1
0

o
u

tp
u

ts
a

(1,k
+

2)-d
eterm

in
iza

tio
n

in
O

(|F
||C|)

tim
e.

P
ro

o
f

F
o
r

th
e

ru
n
tim

e
b

ou
n
d
,

w
e

fi
rst

com
p
u
te
V
j

for
each

j∈
C

;
th

is
req

u
ires

O
(|F
||C|)

tim
e

u
p
fro

n
t.

W
h
en

w
e

u
p

d
ateS

at
each

iteration
`,

w
e

u
p

d
ate

an
d

m
a
in

tain
th

e
q
u
an

tities
d
(j,S

)
q
u
a
n
tities

b
y

com
p
u
tin

g
d
(j,V

j
` )

for
each

j∈
C

.
T

h
is

takes
O

(|C|)
tim

e
p

er
iteration

.
T

o
sh

ow
co

rrectn
ess,

n
ote

th
at

if
th

is
p
ro

ced
u
re

term
in

ates
at

iteration
`,

w
e

h
ave

C
`

=
∅

a
n
d

so
every

p
oin

t
j
∈
C

h
as
d
(j,S

)≤
(k

+
2)tj .

T
h
e

resu
ltin

g
setS

at
th

is
p

oin
t

h
a
s

ca
rd

in
a
lity

`−
1.

S
o

w
e

n
eed

to
sh

ow
th

at
th

e
alg

orith
m

term
in

ates
b

efore
reach

in
g

itera
tio

n
`

=
k

+
2.

S
u
p
p

o
se

n
o
t;

let
th

e
resu

ltin
g

p
oin

ts
b

e
j
1 ,...,j

k
+

1
an

d
for

each
`

=
1,...,k

+
1

let
w
`

=
tj
` .

B
eca

u
se
j
`

is
selected

to
m

in
im

ze
tj
`

w
e

h
ave

w
1 ≤

w
2 ≤
···≤

w
k
+

1 .
N

ow
,

let
Ω

b
e

a
k
-lottery

satisfy
in

g
E
S∼

Ω
[d

(j,S
)]≤

tj
for

ev
ery

j
∈
C

,
an

d
con

sid
er

th
e

ra
n
d
om

p
ro

cess
of

d
raw

in
g
S

from
Ω

.
D

efi
n
e

th
e

ran
d
om

variab
le
D
`

=
d
(j
` ,S

)
for

`
=

1,...,k
+

1.
F

or
an

y
su

ch
S

,
b
y

th
e

p
igeon

h
ole

p
rin

cip
le

th
ere

m
u
st

ex
ist

som
e

p
air

j
` ,j

` ′
w

ith
1
≤
`
<
` ′≤

k
+

1
w

h
ich

are
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s
of

th
e

p
ro

b
le

m
.

F
o
r

ea
ch

se
q
u
en

ce
{x

k
} k
≥

0
g
en

er
a
te

d
b
y

on
e

of
ou

r
al

go
ri

th
m

s,
w

e
p
ro

v
id

e
n
on

-a
sy

m
p
to

ti
c

b
ou

n
d
s

on
th

e
co

n
ve

rg
en

ce
ra

te
o
f

th
e

gr
ad

ie
n
t

se
q
u
en

ce
{‖
∇
f

(x
k
)‖

2
} k
≥

0
.

M
or

eo
ve

r,
fo

r
fu

n
ct

io
n
s

th
at

sa
ti

sf
y

a
fo

rm
o
f

th
e

K
u
rd

ay
a-

 L
o
ja

si
ew

ic
z

in
eq

u
al

it
y,

w
e

sh
ow

th
at

ou
r

m
et

h
o
d
s

ac
h
ie

ve
fa

st
er

ra
te

s.

O
u
r

w
or

k
h
as

im
p

or
ta

n
t

p
oi

n
ts

of
co

n
ta

ct
w

it
h

a
re

ce
n
t

li
n
e

of
p
ap

er
s

o
n

a
lg

o
ri

th
m

s
fo

r
n
on

-c
on

v
ex

an
d

n
on

-s
m

o
ot

h
p
ro

b
le

m
s,

a
n
d

w
e

d
is

cu
ss

a
fe

w
of

th
em

h
er

e.
B

o
lt

e
et

a
l.

(2
01

4)
d
ev

el
op

ed
a

p
ro

x
im

al
-t

y
p

e
al

go
ri

th
m

ap
p
li
ca

b
le

to
ob

je
ct

iv
e

fu
n
ct

io
n
s

fo
rm

ed
a
s

a
su

m
of

sm
o
ot

h
(p

os
si

b
ly

n
on

-c
on

ve
x
)

an
d

a
co

n
ve

x
(p

os
si

b
ly

n
on

-d
iff

er
en

ti
a
b
le

)
fu

n
ct

io
n
.

S
om

e
re

ce
n
t

w
or

k
b
y

X
u

an
d

Y
in

(2
01

7)
ex

te
n
d
ed

th
es

e
id

ea
s

an
d

p
ro

v
id

ed
a
n
a
ly

si
s

fo
r

b
lo

ck
co

-o
rd

in
at

e
d
es

ce
n
t

m
et

h
o
d
s

fo
r

n
on

-c
on

ve
x

fu
n
ct

io
n
s.

H
on

g
et

al
.

(2
0
1
6
)

a
n
a
ly

ze
d

th
e

A
D

M
M

m
et

h
o
d

fo
r

n
on

-c
on

ve
x

p
ro

b
le

m
s,

w
h
er

ea
s

in
ot

h
er

re
ce

n
t

w
or

k
(A

n
a
n
d

N
a
m

,
20

17
;

W
en

et
al

.,
20

18
),

th
e

au
th

or
s

p
ro

p
os

ed
a

p
ro

x
im

al
-t

y
p

e
m

et
h
o
d

fo
r

n
o
n
-c

o
n
ve

x
fu

n
ct

io
n
s

th
at

ca
n

b
e

w
ri

tt
en

as
a

su
m

of
a

sm
o
ot

h
fu

n
ct

io
n
,

a
co

n
ca

ve
co

n
ti

n
u
o
u
s

fu
n
ct

io
n

an
d

a
co

n
ve

x
lo

w
er

se
m

i-
co

n
ti

n
u
ou

s
fu

n
ct

io
n
;

w
e

al
so

an
al

y
ze

th
is

cl
a
ss

in
o
n
e

o
f

o
u
r

re
su

lt
s

(T
h
eo

re
m

2)
.

O
u
r

re
su

lt
s

al
so

re
la

te
to

an
ot

h
er

in
te

re
st

in
g

su
b
-a

re
a

of
n
on

-c
on

ve
x

o
p
ti

m
iz

a
ti

o
n
,

n
am

el
y

fu
n
ct

io
n
s

th
at

ca
n

b
e

re
p
re

se
n
te

d
as

a
d
iff

er
en

ce
of

tw
o

co
n
v
ex

fu
n
ct

io
n
s,

p
o
p
u
-

la
rl

y
k
n
ow

n
as

D
C

fu
n
ct

io
n
s.

W
e

re
fe

r
th

e
re

ad
er

to
th

e
p
ap

er
s

(T
u
y
,

19
95

;
H

a
rt

m
a
n
,

1
9
59

;
L

an
ck

ri
et

an
d

S
ri

p
er

u
m

b
u
d
u
r,

20
09

;
Y

u
il
le

a
n
d

R
an

ga
ra

ja
n
,

20
03

)
fo

r
m

or
e

d
et

a
il
s

o
n

D
C

fu
n
ct

io
n
s

an
d

th
ei

r
p
ro

p
er

ti
es

.
O

n
e

of
th

e
m

os
t

p
op

u
la

r
D

C
op

ti
m

iz
at

io
n

al
g
o
ri

th
m

s
is

th
e

C
on

ve
x

C
on

ca
ve

P
ro

ce
d
u
re

,
or

C
C

C
P

fo
r

sh
or

t;
se

e
th

e
p
ap

er
s

(Y
u
il
le

an
d

R
a
n
g
a
ra

ja
n
,

20
03

;
L

ip
p

an
d

B
oy

d
,

20
16

)
fo

r
fu

rt
h
er

d
et

ai
ls

.
T

h
is

is
a

d
o
u
b
le

lo
op

al
go

ri
th

m
th

a
t

m
in

-
im

iz
es

a
co

n
ve

x
re

la
x
at

io
n

of
th

e
n
on

-c
on

v
ex

ob
je

ct
iv

e
fu

n
ct

io
n

at
ea

ch
it

er
a
ti

o
n
.

W
h
il
e

th
e

C
C

C
P

al
go

ri
th

m
h
as

so
m

e
at

tr
ac

ti
ve

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

(L
an

ck
ri

et
a
n
d

S
ri

p
er

u
m

-

2
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

b
u
d
u
r,

2
0
0
9
),

it
can

b
e

slow
in

m
an

y
situ

ation
s

d
u
e

to
its

d
ou

b
le

lo
op

stru
ctu

re.
O

n
e

o
u
tco

m
e

of
th

e
an

aly
sis

in
th

is
p
ap

er
is

a
sin

gle-lo
op

p
rox

im
al-m

eth
o
d

th
at

retain
s

all
th

e
co

n
verg

en
ce

gu
aran

tees
of

C
C

C
P

w
h
ile—

as
sh

ow
n

in
ou

r
ex

p
erim

en
tal

resu
lts—

b
ein

g
m

u
ch

fa
ster

to
ru

n
.

1
.1

.
P

ro
b

le
m

se
tu

p

In
th

is
p
a
p

er,
w

e
stu

d
y

th
e

p
rob

lem
of

m
in

im
izin

g
a

n
on

-con
vex

an
d

p
ossib

ly
n
on

-sm
o
oth

fu
n
ctio

n
over

a
closed

con
vex

set.
M

ore
p
recisely,

w
e

con
sid

er
op

tim
ization

p
rob

lem
s

of
th

e
fo

rm

m
in

x∈C {
g
(x

)−
h

(x
)

+
ϕ

(x
)

︸
︷︷

︸
f

(x
)

}
,

(1)

w
h
ere

th
e

d
o
m

a
in
C

is
a

closed
con

vex
set.

In
all

cases,
w

e
assu

m
e

th
e

fu
n
ction

f
is

b
ou

n
d
ed

b
elow

over
d
o
m

ain
C

,
an

d
th

at
th

e
fu

n
ction

h
is

con
tin

u
o
u
s

an
d

con
vex

.
O

u
r

aim
is

to
d
erive

a
lg

o
rith

m
s

for
p
rob

lem
(1)

for
variou

s
ty

p
es

of
fu

n
ction

s
g

an
d
ϕ

.

S
tru

c
tu

ra
l

a
ssu

m
p

tio
n

o
n

fu
n

c
tio

n
s
g

a
n

d
h

(a
)

T
h
eo

rem
s

1
an

d
4

are
b
ased

on
th

e
assu

m
p
tion

th
at

th
e

fu
n
ction

g
is

con
tin

u
ou

sly
d
iff

eren
tiab

le
an

d
sm

o
oth

,
an

d
th

at
th

e
fu

n
ction

ϕ
≡

0.

(b
)

In
T

h
eo

rem
s

2
an

d
5,

w
e

assu
m

e
th

at
th

e
fu

n
ction

g
is

co
n
tin

u
ou

sly
d
iff

eren
tiab

le
an

d
sm

o
o
th

,
a
n
d

th
at

th
e

fu
n
ction

ϕ
is

con
vex

,
p
rop

er
an

d
low

er
sem

i-con
tin

u
ou

s. 1

(c)
T

h
eo

rem
3

fo
cu

ses
on

th
e

case
in

w
h
ich

th
e

fu
n
ction

g
is

con
tin

u
ou

sly
d
iff

eren
tiab

le,
a
n
d

th
e

fu
n
ction

ϕ
≡

0.

T
h
e

cla
ss

of
n
on

-con
vex

fu
n
ction

s
covered

in
p
art

(a)
in

clu
d
es,

as
a

sp
ecial

case,
th

e
cla

ss
o
f

d
iff

eren
ces

of
con

v
ex

(D
C

)
fu

n
ction

s,
for

w
h
ich

th
e

fi
rst

con
vex

fu
n
ction

is
sm

o
oth

a
n
d

th
e

seco
n
d

con
vex

fu
n
ction

is
con

tin
u
ou

s.
N

ote
th

at
w

e
on

ly
p
u
t

a
m

ild
assu

m
p
tion

of
co

n
tin

u
ity

o
n

th
e

con
vex

fu
n
ction

h
,

m
ean

in
g

th
at

th
e

d
iff

eren
ce

fu
n
ction

g−
h

can
b

e
n
on

-
sm

o
o
th

a
n
d

n
o
n
-d

iff
eren

tiab
le

in
gen

eral.
In

p
articu

lar,
for

an
y

con
tin

u
o
u
sly

d
iff

eren
tia

b
le

fu
n
ctio

n
h

a
n
d

an
y

sm
o
oth

fu
n
ction

g
,

th
e

d
iff

eren
ce

fu
n
ction

f
=
g
−
h

is
n
on

-sm
o
oth

.
F

u
rth

erm
o
re,

if
w

e
take

th
e

fu
n
ction

h
≡

0,
th

en
w

e
recover

th
e

class
of

sm
o
oth

fu
n
ction

s
a
s

a
sp

ecia
l

ca
se.

1
.2

.
O

v
e
rv

ie
w

o
f

o
u

r
re

su
lts

•
O

u
r

fi
rst

m
a
in

resu
lt

(T
h
eorem

1)
p
rov

id
es

gu
aran

tees
for

a
su

b
grad

ien
t

alg
orith

m
as

a
p
p
lied

to
th

e
m

in
im

ization
p
rob

lem
(2),

to
b

e
d
efi

n
ed

in
th

e
seq

u
el,

w
h
en

con
strain

ed
to

a
clo

sed
co

n
vex

setC
.

W
e

p
rov

id
e

con
vergen

ce
b

ou
n
d
s

in
term

s
of

th
e

E
u
clid

ean
n
orm

of

1
.

T
a
k
in

g
th

e
fu

n
ctio

n
ϕ
≡

0
y
ield

s
p

a
rt

(a
)

a
s

a
sp

ecia
l

ca
se,

b
u

t
it

is
w

o
rth

w
h
ile

to
p

o
in

t
o
u

t
th

a
t

th
e

a
ssu

m
p

tio
n

s
in

T
h
eo

rem
1

a
re

w
ea

k
er

th
a
n

th
e

a
ssu

m
p

tio
n

s
o
f

T
h

eo
rem

2
.

F
u

rth
erm

o
re,

w
e

ca
n

p
rov

e
so

m
e

in
terestin

g
resu

lts
a
b

o
u

t
sa

d
d

le
p

o
in

ts
w

h
en

th
e

fu
n

ctio
n
ϕ
≡

0
;

see
C

o
ro

lla
ry

3
.

3
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

th
e

su
b
grad

ien
t

an
d

sh
ow

th
at

ou
r

rates
are

u
n
im

p
rovab

le
in

gen
eral.

W
e

also
illu

strate
som

e
con

seq
u
en

ces
of

T
h
eorem

1
b
y

d
eriv

in
g

a
con

vergen
ce

rate
for

o
u
r

algorith
m

w
h
en

ap
p
lied

to
n
on

-sm
o
oth

co
ercive

fu
n
ction

s;
th

is
resu

lt
h
as

in
terestin

g
im

p
lication

s
for

p
oly

n
om

ial
p
rogram

m
in

g.
W

e
also

p
rov

id
e

a
sim

p
lifi

cation
of

th
e

C
C

C
P

algorith
m

,
alon

g
w

ith
con

v
ergen

ce
gu

aran
tees.

In
C

orollary
3,

w
e

argu
e

th
at

ou
r

algorith
m

can
escap

e
strict

sad
d
le

p
oin

ts
for

a
large

class
of

n
on

-sm
o
oth

fu
n
ction

s,
th

ereb
y

gen
eralizin

g
k
n
ow

n
resu

lts
for

sm
o
oth

fu
n
ction

s.

•
O

u
r

secon
d

m
ain

resu
lt

(T
h
eorem

2)
p
rov

id
es

con
vergen

ce
rates

fo
r

a
p
rox

im
al-ty

p
e

algorith
m

for
p
rob

lem
(1).

In
S
ection

4.3
,

w
e

d
em

on
strate

h
ow

th
is

p
rox

im
al-ty

p
e

algorith
m

can
b

e
u
sed

to
m

in
im

ize
a

sm
o
oth

con
vex

fu
n
ction

su
b

ject
to

a
sp

arsity
con

strain
t.

W
e

d
em

on
strate

th
e

p
erform

an
ce

of
th

is
algorith

m
th

rou
gh

th
e

ex
am

p
le

of
b

est
su

b
set

selection
.

•
In

T
h
eorem

3,
w

e
p
rov

id
e

a
F

ran
k
-W

olfe
ty

p
e

algorith
m

for
solv

in
g

o
p
tim

ization
p
rob

-
lem

(17),
an

d
w

e
p
rov

id
e

a
rate

of
con

v
ergen

ce
in

term
s

of
th

e
asso

ciated
F

ran
k
-W

o
lfe

gap
.

•
F

in
ally,

in
T

h
eorem

s
4

an
d

5,
w

e
p
rov

e
th

at
A

lgorith
m

s
1

an
d

2,
w

h
en

ap
p
lied

to
fu

n
ction

s
th

at
satisfy

a
varian

t
of

th
e

K
u
rd

aya- L
o

jasiew
icz

in
eq

u
ality,

h
av

e
faster

con
-

vergen
ce

rates.
In

p
articu

lar,
th

e
con

vergen
ce

rate
in

term
s

of
grad

ien
t

n
orm

is
at

least
O

(1/k
)

–
w

h
ereas

th
e

w
orst

case
rate

for
gen

eral
n
on

-con
vex

fu
n
ction

s
is
O

(
1√k

).
W

e

also
p
rov

id
e

ex
am

p
les

of
fu

n
ction

s
for

w
h
ich

th
e

con
vergen

ce
rate

isO
(1/k

r)
w

ith
r
>

1.
In

T
h
eorem

6,
w

e
ch

aracterize
th

e
class

of
fu

n
ction

s
th

at
can

b
e

w
ritten

as
a

d
iff

eren
ce

of
a

sm
o
oth

fu
n
ction

an
d

a
d
iff

eren
tiab

le
con

vex
fu

n
ction

.

S
ection

4
is

d
evoted

to
an

illu
stration

of
ou

r
m

eth
o
d
s

an
d

th
eory

v
ia

ap
p
lication

s
to

th
e

p
rob

lem
s

of
b

est
su

b
set

selection
,

rob
u
st

estim
ation

,
m

ix
tu

re
d
en

sity
estim

ation
an

d
sh

ap
e-

from
-sh

ad
in

g
recon

stru
ction

.

N
o
ta

tio
n

:
G

iven
a

setC
⊂

R
d,

w
e

u
se

in
t(C

)
to

d
en

ote
its

in
terior.

W
e

u
se
‖
x‖

2 ,‖x‖
1

an
d
‖x‖

0
to

d
en

ote
th

e
E

u
clid

ean
n
orm

,
`
1 -n

orm
an

d
`
0

n
orm

s,
resp

ectively,
of

a
vector

x
∈
R
d.

W
e

say
th

at
a

con
tin

u
ou

sly
d
iff

eren
tia

b
le

fu
n
ction

g
is
M
g -sm

o
oth

if
th

e
grad

ien
t

∇
g

is
M
g -L

ip
sch

itz
con

tin
u
ou

s.
In

m
an

y
ex

am
p
les

con
sid

ered
in

th
is

p
ap

er,
th

e
ob

jectiv
e

fu
n
ction

f
is

a
lin

ear
com

b
in

ation
of

a
d
iff

eren
tiab

le
fu

n
ction

g
an

d
on

e
or

m
ore

con
vex

fu
n
ction

s
h

an
d
ϕ

.
W

ith
a

sligh
t

ab
u
se

of
n
otation

,
for

a
fu

n
ction

f
=
g−

h
+
ϕ

,
w

e
refer

to
a

vector
of

th
e

form
∇
g
(x

)−
u

(x
)

+
v
(x

),
w

h
ere

u
(x

)
∈
∂
h

(x
)

an
d
v
(x

)
∈
∂
ϕ

(x
),

as
a

grad
ien

t
of

th
e

fu
n
ction

f
at

p
oin

t
x

—
an

d
w

e
d
en

ote
it

b
y
∇
f

(x
);

h
ere,

∂
h

(·)
an

d
∂
ϕ

(·)
d
en

ote
th

e
su

b
grad

ien
t

sets
of

th
e

con
vex

fu
n
ctio

n
s
h

an
d
ϕ

resp
ectively.

W
e

say
a

p
oin

t
x

is
a

critica
l

p
oin

t
of

th
e

fu
n
ction

f
if

0
∈
∇
f

(x
).

F
or

a
seq

u
en

ce
{
a
k }

k≥
0 ,

w
e

d
efi

n
e

th
e

ru
n
n
in

g
arith

m
etic

m
ean

A
v
g (a

k )
as

A
v
g (a

k )
:=

1k ∑
`=
k
+

1
`=

0
a
`.

S
im

ilarly,
for

a
n
on

-n
egative

seq
u
en

ce
{
a
k }

k≥
0 ,

w
e

u
se

G
A

v
g (a

k )
:=

(
k∏`=

0

a
`)

1
k
+
1

to
d
en

ote
th

e
ru

n
n
in

g

geom
etric

m
ean

.
F

in
ally,

for
real-valu

ed
seq

u
en

ces{a
k}
k≥

0
an

d
{
b
k},

w
e

say
a
k

=
O
(b
k ),

if
th

ere
ex

ists
a

p
ositive

con
stan

t
C

,
w

h
ich

is
in

d
ep

en
d
en

t
of
k
,

su
ch

th
at
a
k≤

C
b
k

for
all

k
≥

0.
W

e
say

a
k

=
Ω

(b
k)

if
a
k

=
O
(b
k )

an
d
b
k

=
O
(a
k ).
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b
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2
.
M

a
in

re
su

lt
s

O
u
r

m
ai

n
re

su
lt

s
ar

e
an

al
y
se

s
of

th
re

e
al

go
ri

th
m

s
fo

r
th

is
cl

as
s

of
n
on

-c
on

ve
x

n
on

-s
m

o
ot

h
p
ro

b
le

m
s;

in
p
ar

ti
cu

la
r,

w
e

d
er

iv
e

n
on

-a
sy

m
p
to

ti
c

b
ou

n
d
s

on
th

ei
r

ra
te

s
of

co
n
ve

rg
en

ce
.

T
h
e

fi
rs

t
al

go
ri

th
m

is
a

(s
u
b
)-

gr
ad

ie
n
t-

ty
p

e
m

et
h
o
d
,

an
d

it
is

m
ai

n
ly

su
it

ed
fo

r
u
n
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n
;

th
e

se
co

n
d

al
go

ri
th

m
is

b
as

ed
on

a
p
ro

x
im

al
op

er
at

or
an

d
ca

n
b

e
ap

p
li
ed

to
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
s.

T
h
e

th
ir

d
al

go
ri

th
m

is
a

F
ra

n
k
-W

ol
fe

-t
y
p

e
al

go
ri

th
m

,
w

h
ic

h
is

al
so

su
it

ab
le

fo
r

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

b
u
t

it
ap

p
li
es

to
a

m
or

e
ge

n
er

al
cl

as
s

of
n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

2
.1

.
G

ra
d

ie
n
t-

ty
p

e
m

e
th

o
d

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

a
(s

u
b
)-

gr
ad

ie
n
t-

b
as

ed
m

et
h
o
d

fo
r

so
lv

in
g

a
ce

rt
ai

n
cl

a
ss

of
n
on

-
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s.

In
p
a
rt

ic
u
la

r,
co

n
si

d
er

a
p
ai

r
of

fu
n
ct

io
n
s

(g
,h

)
su

ch
th

at
:

A
ss

u
m

p
ti

o
n

G
R

:

(a
)

T
h
e

fu
n
ct

io
n
g

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
an

d
M
g
-s

m
o
ot

h
.

(b
)

T
h
e

fu
n
ct

io
n
h

is
co

n
ti

n
u
ou

s
a
n
d

co
n
v
ex

.

(c
)

T
h
er

e
is

a
cl

os
ed

co
n
v
ex

se
t
C

su
ch

th
at

th
e

d
iff

er
en

ce
fu

n
ct

io
n
f

:=
g
−
h

is
b

ou
n
d
ed

b
el

ow
on

th
e

se
t
C.

U
n
d
er

th
es

e
co

n
d
it

io
n
s,

w
e

th
en

an
al

y
ze

th
e

b
eh

av
io

r
of

a
(s

u
b
)-

gr
ad

ie
n
t

m
et

h
o
d

in
ap

p
li
-

ca
ti

on
to

th
e

fo
ll
ow

in
g

p
ro

b
le

m

f
∗

=
m

in
x
∈C
f

(x
)

=
m

in
x
∈C

{ g
(x

)
−
h

(x
)}
.

(2
)

L
et
∂
h

(x
)

d
en

ot
e

th
e

su
b

d
iff

er
en

ti
al

of
th

e
co

n
ve

x
fu

n
ct

io
n
h

at
th

e
p

oi
n
t
x

.
W

it
h

a
sl

ig
h
t

ab
u
se

of
n
ot

at
io

n
,

w
e

re
fe

r
to

a
ve

ct
or

of
th

e
fo

rm
∇
g
(x

)
−
u

(x
)

w
it

h
u

(x
)
∈
∂
h

(x
)

as
a

gr
ad

ie
n
t

of
th

e
fu

n
ct

io
n
f

at
th

e
p

oi
n
t
x

.

A
lg

o
ri

th
m

1
S
u
b
gr

ad
ie

n
t-

ty
p

e
m

et
h
o
d

1
:

G
iv

en
an

in
it

ia
l

p
oi

n
t
x

0
∈

in
t(
C)

an
d

st
ep

si
ze
α
∈

(0
,

1
M
g
]:

2
:

fo
r
k

=
0,

1,
2,
..
.

d
o

3
:

C
h
o
os

e
su

b
gr

ad
ie

n
t
u
k
∈
∂
h

(x
k
).

4
:

U
p

d
at

e
x
k
+

1
=
x
k
−
α
( ∇
g
(x
k
)
−
u
k
) .

5
:

e
n

d
fo

r

In
ou

r
an

al
y
si

s,
w

e
as

su
m

e
th

at
th

e
in

it
ia

l
ve

ct
or

x
0
∈

in
t(
C)

is
ch

os
en

su
ch

th
at

th
e

as
so

ci
at

ed
le

ve
l

se
t

L(
f

(x
0
))

:=
{ x
∈
R
d
|f

(x
)
≤
f

(x
0
)}

is
co

n
ta

in
ed

w
it

h
in

in
t(
C)

.
T

h
is

co
n
d
it

io
n

is
st

an
d
ar

d
in

th
e

an
al

y
si

s
of

n
on

-c
on

ve
x

op
ti

-
m

iz
at

io
n

m
et

h
o
d
s

(e
.g

.,
se

e
N

es
te

ro
v

an
d

P
ol

ya
k

20
06

).
W

h
en
C

=
R
d
,

it
h
ol

d
s

tr
iv

ia
ll
y.

W
it

h
th

is
se

t-
u
p
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

gu
ar

an
te

es
on

th
e

co
n
ve

rg
en

ce
ra

te
of

A
lg

or
it

h
m

1.
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01
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

T
h

e
o
re

m
1

U
n

d
er

A
ss

u
m

p
ti

o
n

G
R

,
a
n

y
se

qu
en

ce
{x

k
} k
≥

0
p
ro

d
u

ce
d

by
A

lg
o
ri

th
m

1
h
a
s

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s:

(a
)

A
n

y
li

m
it

po
in

t
is

a
cr

it
ic

a
l

po
in

t
o
f

th
e

fu
n

ct
io

n
f

,
a
n

d
th

e
se

qu
en

ce
o
f

fu
n

ct
io

n
va

lu
es

{f
(x
k
)}
k
≥

0
is

st
ri

ct
ly

d
ec

re
a
si

n
g

a
n

d
co

n
ve

rg
en

t.

(b
)

F
o
r

a
ll
k

=
0,

1
,2
,.
..

,
w

e
h
a
ve

A
v
g
( ‖
∇
f

(x
k
)‖

2 2

)
≤

2
( f

(x
0
)
−
f
∗)

α
(k

+
1)

.
(3

)

S
ee

A
p
p

en
d
ix

B
.1

fo
r

a
p
ro

of
of

th
is

th
eo

re
m

.

2
.1
.1
.
C
o
m
m
e
n
t
s
o
n
c
o
n
v
e
r
g
e
n
c
e
r
a
t
e
s

N
ot

e
th

at
th

e
b

ou
n
d

(3
)

gu
ar

an
te

es
th

a
t

th
e

gr
ad

ie
n
t

n
or

m
se

q
u
en

ce
m

in
j≤
k
‖∇

f
(x
j
)‖

2

co
n
ve

rg
es

to
ze

ro
at

th
e

ra
te
O

(1
/√

k
).

It
is

n
at

u
ra

l
to

w
on

d
er

w
h
et

h
er

th
is

co
n
ve

rg
en

ce
ra

te
ca

n
b

e
im

p
ro

ve
d
.

In
te

re
st

in
gl

y,
th

e
a
n
sw

er
is

n
o
,

at
le

as
t

fo
r

th
e

ge
n
er

al
cl

a
ss

o
f

fu
n
ct

io
n
s

co
ve

re
d

b
y

T
h
eo

re
m

1.
In

d
ee

d
,

n
ot

e
th

at
th

e
cl

as
s

of
M

-s
m

o
ot

h
fu

n
ct

io
n
s

is
co

n
ta

in
ed

w
it

h
in

th
e

cl
as

s
of

fu
n
ct

io
n
s

co
ve

re
d

b
y

T
h
eo

re
m

1
.

It
fo

ll
ow

s
fr

om
p
as

t
w

or
k

b
y

C
a
rt

is
et

a
l.

(2
01

0)
th

at
fo

r
gr

ad
ie

n
t

d
es

ce
n
t

on
M

-s
m

o
ot

h
fu

n
ct

io
n
s,

w
it

h
a

st
ep

si
ze

ch
o
se

n
a
cc

o
rd

in
g

to
th

e
G

ol
d
st

ei
n
-A

rm
ij

o
ru

le
,
th

e
co

n
ve

rg
en

ce
ra

te
of

th
e

gr
ad

ie
n
t

se
q
u
en

ce
{‖
∇
f

(x
k
)‖

2
} k
≥

0

ca
n

b
e

lo
w

er
b

ou
n
d
ed

—
fo

r
ap

p
ro

p
ri

at
e

ch
oi

ce
s

of
th

e
fu

n
ct

io
n
f

—
as

Ω
(1
/
√
k
).

It
is

n
o
t

ve
ry

d
iffi

cu
lt

to
se

e
th

at
th

e
sa

m
e

co
n
st

ru
ct

io
n

al
so

p
ro

v
id

es
a

lo
w

er
b

o
u
n
d

o
f

Ω
(1
/√

k
)

fo
r

gr
ad

ie
n
t

d
es

ce
n
t

w
it

h
a

co
n
st

an
t

st
ep

si
ze

.
W

e
al

so
n
ot

e
th

at
ve

ry
re

ce
n
tl

y,
C

a
rm

o
n

et
a
l.

(2
01

7)
p
ro

v
ed

an
ev

en
st

ro
n
ge

r
re

su
lt

:
m

or
e

p
re

ci
se

ly
,

fo
r

th
e

cl
as

s
of

sm
o
o
th

fu
n
ct

io
n
s,

th
e

ra
te

of
co

n
ve

rg
en

ce
of

an
y

al
go

ri
th

m
gi

ve
n

ac
ce

ss
to

on
ly

th
e

fu
n
ct

io
n

g
ra

d
ie

n
ts

a
n
d

fu
n
ct

io
n

va
lu

es
ca

n
n
ot

b
e

fa
st

er
th

an
Ω

(1
/
√
k
).

F
in

al
ly

,
ob

se
rv

e
th

at
in

th
e

sp
ec

ia
l

ca
se

h
≡

0,
A

lg
or

it
h
m

1
re

d
u
ce

s
to

th
e

or
d
in

ar
y

gr
ad

ie
n
t

d
es

ce
n
t

w
it

h
fi
x
ed

st
ep

si
ze
α

.
P

u
tt

in
g

to
ge

th
er

th
e

p
ie

ce
s,

w
e

co
n
cl

u
d
e

th
at

fo
r

th
e

cl
as

s
of

fu
n
ct

io
n
s

w
h
ic

h
ca

n
b

e
w

ri
tt

en
a
s

a
d
iff

er
en

ce
of

sm
o
ot

h
an

d
a

co
n
ti

n
u
ou

s
co

n
v
ex

fu
n
ct

io
n
,

A
lg

or
it

h
m

1
is

o
p
ti

m
a
l

a
m

o
n
g

a
ll

al
go

ri
th

m
s

th
at

h
av

e
ac

ce
ss

to
th

e
gr

ad
ie

n
ts

(a
n
d
/o

r
th

e
su

b
-g

ra
d
ie

n
ts

)
an

d
th

e
fu

n
ct

io
n

va
lu

es
.

2
.2

.
C

o
n

se
q
u

e
n

c
e
s

fo
r

d
iff

e
re

n
ti

a
b

le
fu

n
c
ti

o
n

s

In
th

e
sp

ec
ia

l
ca

se
w

h
en

th
e

fu
n
ct

io
n
h

is
co

n
ve

x
an

d
d
iff

er
en

ti
ab

le
,

A
lg

or
it

h
m

1
re

d
u
ce

s
to

an
or

d
in

ar
y

gr
ad

ie
n
t

d
es

ce
n
t

on
th

e
d
iff

er
en

ce
fu

n
ct

io
n
f

=
g
−
h

.
H

ow
ev

er
,

n
o
te

th
a
t

th
e

st
ep

si
ze

ch
oi

ce
re

q
u
ir

ed
in

A
lg

or
it

h
m

1
d
o
es

n
o
t

d
ep

en
d

on
th

e
sm

o
o
th

n
es

s
o
f

th
e

fu
n
ct

io
n
h

;
co

n
se

q
u
en

tl
y,

th
e

al
go

ri
th

m
ca

n
b

e
ap

p
li
ed

to
ob

je
ct

iv
e

fu
n
ct

io
n
s
f

th
a
t

a
re

n
ot

sm
o
ot

h
.

A
s

a
si

m
p
le

b
u
t

co
n
cr

et
e

ex
am

p
le

,
su

p
p

os
e

th
at

w
e

w
is

h
to

a
p
p
ly

g
ra

d
ie

n
t

d
es

ce
n
t

to
m

in
im

iz
e

th
e

fu
n
ct

io
n
f

(x
)

:=
g
(x

)
−
‖x
‖q 2

,
w

h
er

e
g

is
an

y
µ

-s
tr

on
g
ly

co
n
ve

x
a
n
d

M
g
-s

m
o
ot

h
fu

n
ct

io
n
,

an
d
q
∈

(1
,2

)
is

a
gi

v
en

p
ar

am
et

er
.

C
la

ss
ic

al
gu

a
ra

n
te

es
o
n

g
ra

d
ie

n
t

d
es

ce
n
t,

w
h
ic

h
re

q
u
ir

e
th

e
sm

o
ot

h
n
es

s
of

th
e

fu
n
ct

io
n
f

,
w

ou
ld

n
ot

ap
p
ly

h
er

e
si

n
ce

th
e

fu
n
ct

io
n
f

it
se

lf
is

n
ot

sm
o
ot

h
.

H
ow

ev
er

,
T

h
eo

re
m

1
gu

ar
an

te
es

th
at

st
an

d
a
rd

g
ra

d
ie

n
t

d
es

ce
n
t

w
ou

ld
co

n
v
er

ge
fo

r
an

y
st

ep
si

ze
α
∈
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,

1
M
g

] .
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

M
o
re

g
en

erally,
given

an
arb

itrary
con

tin
u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

f
,

w
e

can
d
efi

n
e

its
eff

ective
sm

oo
th

n
ess

co
n

sta
n

t
as

M
∗f

:=
in

fh {
L
|

(f
+
h

)
is
L

-sm
o
oth }

,
(4)

w
h
ere

th
e

in
fi
m

u
m

ran
ges

over
all

con
vex

an
d

con
tin

u
ou

sly
d
iff

eren
tia

b
le

fu
n
ction

s
h

.
S
u
p
-

p
o
se

th
a
t

th
is

in
fi
m

u
m

is
ach

ieved
b
y

som
e

fu
n
ction

h
∗,

th
en

grad
ien

t
d
escen

t
on

th
e

fu
n
ctio

n
f

ca
n

b
e

v
iew

ed
as

ap
p
ly

in
g

A
lg

orith
m

1
to

th
e

d
ecom

p
osition

f
=
g ∗−

h
∗,

w
h
ere

th
e

fu
n
ctio

n
g ∗

:=
f

+
h
∗

is
gu

aran
teed

to
b

e
M
∗f -sm

o
oth

.
T

o
b

e
clear,

th
e

algorith
m

itself
d
o
es

n
o
t

n
eed

to
k
n
ow

th
e

d
ecom

p
osition

(g ∗,h
∗),

b
u
t

th
e

ex
isten

ce
of

th
e

d
ecom

p
osition

en
su

res
th

e
su

ccess
of

a
b
ack

track
in

g
p
ro

ced
u
re.

P
u
ttin

g
togeth

er
th

e
p
ieces,

w
e

arrive
at

th
e

fo
llow

in
g

co
n
seq

u
en

ce
of

T
h
eorem

1:

C
o
ro

lla
ry

1
G

iven
a

clo
sed

co
n

vex
setC

,
co

n
sid

er
a

co
n

tin
u

o
u

sly
d
iff

eren
tia

ble
fu

n
ctio

n
f

w
ith

eff
ective

sm
oo

th
n

ess
M
∗f
<
∞

th
a
t

is
bo

u
n

d
ed

belo
w

o
n
C

.
T

h
en

fo
r

a
n

y
sequ

en
ce

{x
k}
k≥

0
o
bta

in
ed

by
a
p
p
lyin

g
th

e
gra

d
ien

t
u

pd
a
te

w
ith

step
size

α
∈
(0,

1
M

∗f ),
w

e
h
a
ve:

A
v
g (‖∇

f
(x
k)‖

22 )
≤

2 (f
(x

0)−
f
∗ )

α
(k

+
1)

.
(5a)

M
o
reo

ver,
if

w
e

ch
oo

se
step

size
by

ba
cktra

ckin
g

2
w

ith
pa

ra
m

eter
β
∈

(0,1
),

th
en

fo
r

a
ll

k
=

0,1
,2
,...,

w
e

h
a
veA

v
g (‖∇

f
(x
k)‖

22 )
≤

2
m

ax {
1
,M
∗f }(f

(x
0)−

f
∗ )

β
2(k

+
1)

.
(5b

)

S
ee

A
p
p

en
d
ix

B
.2

for
p
ro

of
of

th
e

ab
ov

e
corollary.

L
et

u
s

reiterate
th

at
th

e
ad

van
tage

of
b
ack

track
in

g
grad

ien
t

d
escen

t
is

th
at

it
w

o
rk

s
w

ith
o
u
t

k
n
ow

led
ge

of
th

e
scalar

M
∗f .

T
h
e

p
aram

eter
β

m
en

tion
ed

in
eq

u
a
tion

(5b
)

is
th

e
u
ser-d

efi
n
ed

b
a
ck

track
in

g
p
aram

eter
(see

A
lgorith

m
4

for
d
etails).

In
p
articu

lar,
su

b
stitu

t-
in

g
β

=
1√2

in
eq

u
ation

(5b
)

y
ield

s

A
v
g (‖∇

f
(x
k)‖

22 )
≤

4
m

ax {
1
,M
∗f }(f

(x
0)−

f
∗ )

(k
+

1)
,

w
h
ich

d
iff

ers
fro

m
th

e
rate

ob
tain

ed
in

eq
u
ation

(5
a)

on
ly

b
y

a
factor

of
tw

o,
a
n
d

a
p

ossib
le

m
u
ltip

le
o
f
M
∗f .

2
.2
.1
.
C
o
n
se

q
u
e
n
c
e
s
f
o
r
c
o
e
r
c
iv
e
f
u
n
c
t
io
n
s

A
s

a
co

n
seq

u
en

ce
of

C
orollary

1,
w

e
can

ob
tain

a
rate

of
con

vergen
ce

of
th

e
b
a
ck

track
in

g
g
ra

d
ien

t
d
escen

t
algorith

m
(A

lgorith
m

4)
for

a
class

of
n
on

-sm
o
oth

co
ercive

fu
n
ction

s.
C

o
n
sid

er
a
n
y

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le
co

erciv
e

fu
n
ction

f
:
R
d
7→

R
,

w
h
ich

is
b

o
u
n
d
ed

b
elow

.
R

ecall
th

at
a

fu
n
ction

f
is

coercive
if

f
(x
`)

`→
∞
→
∞

for
an

y
seq

u
en

ce
{
x
`}
`≥

0
su

ch
th

at
‖
x
`‖

2 →
∞
.

(6)

2
.

A
d

eta
iled

d
escrip

tio
n

o
f

g
ra

d
ien

t
d

escen
t

w
ith

b
a
ck

tra
ck

in
g

is
p

rov
id

ed
in

A
lg

o
rith

m
4
.
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

L
etL

(f
(x

0))
:=
{
x
∈
R
d

:
f

(x
)≤

f
(x

0) }
d
en

ote
th

e
lev

el
set

of
th

e
fu

n
ction

f
at

p
oin

t
x

0.
It

can
b

e
verifi

ed
th

at
for

an
y

co
ercive

fu
n
ction

f
,

th
e

setL
(f

(x
0))

is
b

ou
n
d
ed

ab
ov

e
for

all
x

0∈
R
d.

T
h
is

p
rop

erty
en

su
res

th
at

for
an

y
d
escen

t
algorith

m
an

d
an

y
startin

g
p

oin
t
x

0,
th

e
set

of
iterates {

x
k }

k≥
0

ob
tain

ed
from

th
e

algorith
m

rem
ain

s
w

ith
in

a
b

ou
n
d
ed

set—
v
iz.

th
e

lev
el

setL
(f

(x
0))

in
th

is
case.

S
in

ce
th

e
fu

n
ction

f
is

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le,
w

e
h
ave

th
at
f

is
sm

o
oth

over
b

ou
n
d
ed

setL
(f

(x
0));

th
is

fact
en

su
res

th
at
f

h
as

a
fi
n
ite

eff
ective

sm
o
oth

n
ess

con
stan

t
in

th
e

setL
(f

(x
0)),

w
h
ich

w
e

d
en

o
te

b
y
M
∗f,x

0 .
F

in
ally,

n
ote

th
at

A
lgorith

m
4

is
a

d
escen

t
algorith

m
;

as
a

resu
lt,

a
sim

p
le

ap
p
lication

of
C

orollary
1

y
ield

s
th

e
follow

in
g

rate
of

con
vergen

ce
for

th
e

b
ack

track
in

g
grad

ien
t

d
escen

t
algorith

m
(A

lgorith
m

4):

C
o
ro

lla
ry

2
C

o
n

sid
er

th
e

u
n

co
n

stra
in

ed
m

in
im

iza
tio

n
p
ro

blem
o
f

a
tw

ice
co

n
tin

u
o
u

sly
d
if-

feren
tia

ble
coercive

fu
n

ctio
n
f

th
a
t

is
bo

u
n

d
ed

belo
w

o
n
R
d.

T
h
en

fo
r

a
n

y
in

itia
l

po
in

t
x

0,
th

e
sequ

en
ce
{x

k}
k≥

0
o
bta

in
ed

by
a
p
p
lyin

g
A

lgo
rith

m
4

sa
tisfi

es
th

e
fo

llo
w

in
g

p
ro

perty:

A
v
g (‖∇

f
(x
k)‖

22 )
≤

2
m

ax {
1,M

∗f,x
0 }(f

(x
0)−

f
∗ )

β
2(k

+
1)

fo
r

a
ll
k

=
0,1,2,...,

(7)

w
h
ere

β
∈

(0,1)
is

th
e

ba
cktra

ckin
g

pa
ra

m
eter.

Im
p

lic
a
tio

n
s

fo
r

p
o
ly

n
o
m

ia
l

p
ro

g
ra

m
m

in
g
:

C
orollary

2
h
as

u
sefu

l
im

p
lication

s
for

p
rob

lem
s

th
at

in
volve

m
in

im
izin

g
p

oly
n
om

ials.
S
u
ch

p
rob

lem
s

of
p

oly
n
om

ial
p
rogram

-
m

in
g

arise
in

variou
s

ap
p
lication

s,
in

clu
d
in

g
p
h
ase

retrieval
an

d
sh

ap
e-from

-sh
ad

in
g

(W
an

g
et

al.,
2014),

an
d

w
e

illu
strate

ou
r

algorith
m

s
for

th
e

latter
ap

p
licatio

n
in

S
ection

4.1.
F

or
m

in
im

ization
of

a
co

ercive
p

oly
n
om

ial,
C

orollary
2

sh
ow

s
th

at
A

lgo
rith

m
4

ach
ieves

a
n
ear-op

tim
al

rate.
It

is
w

orth
n
otin

g
th

at
an

y
even

d
egree

p
oly

n
o
m

ial
can

b
e

rep
resen

ted
as

a
d
iff

eren
ce

of
con

vex
(D

C
)

fu
n
ction

;
h
en

ce,
su

ch
p
rob

lem
s

are
am

en
ab

le
to

D
C

op
tim

ization
tech

n
iq

u
es

like
C

C
C

P
,

w
h
ich

w
e

d
iscu

ss
at

m
ore

len
gth

in
S
ection

2.3.
H

ow
ever,

ob
tain

in
g

a
go

o
d

D
C

d
ecom

p
osition

,
w

h
ich

is
cru

cial
to

th
e

su
ccess

of
C

C
C

P
,

is
often

a
form

id
ab

le
task

.
In

p
articu

lar,
ob

tain
in

g
an

op
tim

al
d
ecom

p
osition

for
a

p
oly

n
om

ial
w

ith
d
egree

greater
th

an
fou

r
is

N
P

-h
ard

;
in

d
eed

,
d
ecid

in
g

th
e

con
vex

ity
of

an
ev

en
d
egree

p
oly

n
om

ial
w

ith
d
egree

greater
th

an
fou

r
is

N
P

-h
ard

(A
h
m

ad
i

et
al.,

2013;
W

an
g

et
al.,

2014).
E

ven
for

a
fou

rth
d
egree

p
oly

n
om

ial
w

ith
d
im

en
sion

larger
th

an
th

ree,
th

ere
is

n
o

k
n
ow

n
algorith

m
for

fi
n
d
in

g
an

op
tim

al
D

C
d
ecom

p
osition

(A
h
m

ad
i

an
d

P
arrilo,

2013).
A

n
ad

van
tage

of
A

lgorith
m

4
is

th
at

it
ob

v
iates

th
e

n
eed

to
fi
n
d

a
D

C
d
ecom

p
osition

.

2
.2
.2
.
E
sc

a
p
in
g

st
r
ic
t
sa

d
d
l
e
p
o
in
t
s

O
n
e

of
th

e
ob

stacles
w

ith
grad

ien
t-b

ased
con

tin
u
ou

s
op

tim
ization

m
eth

o
d

is
p

ossib
le

co
n
ver-

gen
ce

to
sad

d
le

p
oin

ts.
H

ere
w

e
sh

ow
th

at
w

ith
a

ran
d
om

in
itialization

th
is

u
n
d
esirab

le
ou

t-
com

e
d
o
es

n
ot

o
ccu

r
for

th
e

class
of

strict
sad

d
le

p
oin

ts.
R

ecall
th

at
for

a
tw

ice
d
iff

eren
tiab

le
fu

n
ction

f
,

a
p

oin
t
x

is
called

a
strict

sad
d
le

p
oin

t
of

th
e

fu
n
ction

f
if
λ

m
in (∇

2f
(x

))
<

0,
w

h
ere

λ
m

in (∇
2f

(x
))

d
en

otes
th

e
m

in
im

u
m

eigen
valu

e
of

th
e

H
essian

m
atrix

∇
2f

(x
).

T
h
e

follow
in

g
corollary

sh
ow

s
th

at
su

ch
sad

d
le

p
oin

ts
are

n
o
t

trou
b
lesom

e:

C
o
ro

lla
ry

3
S

u
p
po

se
th

a
t,

in
a
d
d
itio

n
to

th
e

co
n

d
itio

n
s

o
n

(g
,h
,C

)
fro

m
T

h
eo

rem
1
,

th
e

fu
n

ctio
n

s
(g
,h

)
a
re

tw
ice

co
n

tin
u

o
u

sly
d
iff

eren
tia

ble.
If

A
lgo

rith
m

1
is

a
p
p
lied

w
ith

step
size
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

α
∈
( 0
,

1
M
g

) ,
th

en
th

e
se

t
o
f

in
it

ia
l

po
in

ts
fo

r
w

h
ic

h
it

co
n

ve
rg

es
to

a
st

ri
ct

sa
d
d

le
po

in
t

h
a
s

m
ea

su
re

ze
ro

.

S
ee

A
p
p

en
d
ix

B
.3

fo
r

th
e

p
ro

of
of

th
is

co
ro

ll
ar

y.

W
e

n
ot

e
th

at
si

m
il
ar

gu
ar

an
te

es
of

av
oi

d
an

ce
of

st
ri

ct
sa

d
d
le

-p
o
in

ts
ar

e
k
n
ow

n
w

h
en

th
e

fu
n
ct

io
n
f

=
g
−
h

is
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
an

d
M

-s
m

o
ot

h
(e

.g
.,

L
ee

et
al

.
20

16
;

P
an

ag
ea

s
an

d
P

il
io

u
ra

s
20

16
).

T
h
e

n
ov

el
ty

o
f

C
or

ol
la

ry
3

is
th

at
th

e
sa

m
e

gu
a
ra

n
te

e
h
ol

d
s

w
it

h
ou

t
im

p
os

in
g

a
sm

o
ot

h
n
es

s
co

n
d
it

io
n

on
th

e
en

ti
re

fu
n
ct

io
n
f

.

2
.3

.
C

o
n

n
e
c
ti

o
n

s
to

th
e

c
o
n
v
e
x
-c

o
n

c
a
v
e

p
ro

c
e
d

u
re

A
s

a
co

n
se

q
u
en

ce
of

A
lg

or
it

h
m

1,
w

e
sh

ow
th

at
on

e
ca

n
ob

ta
in

a
co

n
ve

rg
en

ce
ra

te
of

th
e

E
u
cl

id
ea

n
n
or

m
of

th
e

gr
ad

ie
n
t

fo
r

C
C

C
P

(c
on

ve
x
-c

on
ca

v
e

p
ro

ce
d
u
re

),
w

h
ic

h
is

a
h
ea

v
il
y

u
se

d
al

go
ri

th
m

in
D

iff
er

en
ce

of
C

on
ve

x
(D

C
)

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

B
ef

or
e

d
o
in

g
so

,
le

t
u
s

p
ro

v
id

e
a

b
ri

ef
d
es

cr
ip

ti
on

of
D

C
fu

n
ct

io
n
s

an
d

th
e

C
C

C
P

al
go

ri
th

m
.

D
C

fu
n

c
ti

o
n

s:
G

iv
en

a
co

n
ve

x
se

t
C
⊆

R
d
,

w
e

sa
y

th
at

a
fu

n
ct

io
n
f

:
C
7→

R
is

D
C

if
th

er
e

ex
is

t
co

n
ve

x
fu

n
ct

io
n
s
g

an
d
h

w
it

h
d
om

ai
n
C

su
ch

th
at
f

=
g
−
h

.
N

ot
e

th
at

th
e

D
C

re
p
re

se
n
ta

ti
on

f
=
g
−
h

m
en

ti
on

ed
in

th
e

d
efi

n
it

io
n

is
n
ot

u
n
iq

u
e.

In
p
ar

ti
cu

la
r,

fo
r

an
y

co
n
ve

x
fu

n
ct

io
n
p
,

w
e

ca
n

w
ri

te
f

=
(g

+
p
)
−

(h
+
p
).

T
h
e

cl
as

s
of

D
C

fu
n
ct

io
n
s

in
cl

u
d
es

a
la

rg
e

n
u
m

b
er

of
n
on

-c
on

ve
x

p
ro

b
le

m
s

en
co

u
n
te

re
d

in
p
ra

ct
ic

e.
B

ot
h

co
n
ve

x
an

d
co

n
ca

ve
fu

n
ct

io
n
s

ar
e

D
C

in
a

tr
iv

ia
l

se
n
se

,
an

d
th

e
cl

as
s

of
D

C
fu

n
ct

io
n
s

re
m

ai
n
s

cl
os

ed
u
n
d
er

ad
d
it

io
n

an
d

su
b
tr

ac
ti

on
.

M
or

e
in

te
re

st
in

gl
y,

u
n
d
er

m
il
d

re
st

ri
ct

io
n
s

on
th

e
d
om

ai
n
,

th
e

cl
as

s
of

n
on

-z
er

o
D

C
fu

n
ct

io
n
s

is
al

so
cl

os
ed

u
n
d
er

m
u
lt

ip
li
ca

ti
o
n
,

d
iv

is
io

n
,

an
d

co
m

p
os

it
io

n
(e

.g
.,

T
u
y

19
95

;
H

ar
tm

an
19

59
).

T
h
e

m
ax

im
u
m

an
d

m
in

im
u
m

of
a

fi
n
it

e
co

ll
ec

ti
on

of
D

C
fu

n
ct

io
n
s

ar
e

al
so

D
C

fu
n
ct

io
n
s.

C
o
n
v
e
x
-c

o
n

c
a
v
e

p
ro

c
e
d

u
re

:
A

n
in

te
re

st
in

g
cl

as
s

of
p
ro

b
le

m
s

ar
e

th
os

e
th

at
in

vo
lv

e
m

in
im

iz
in

g
a

D
C

fu
n
ct

io
n

ov
er

a
cl

os
ed

co
n
ve

x
se

t
C
⊆

R
d
,

i.
e.

f
∗

:=
m

in
x
∈C
f

(x
)

=
m

in
x
∈C

{ g
(x

)
−
h

(x
)}
,

(8
)

w
h
er

e
g

an
d
h

ar
e

p
ro

p
er

co
n
v
ex

fu
n
ct

io
n
s.

T
h
e

ab
ov

e
p
ro

b
le

m
h
as

b
ee

n
st

u
d
ie

d
in

te
n
si

ve
ly

,
an

d
th

er
e

ar
e

va
ri

ou
s

m
et

h
o
d
s

fo
r

so
lv

in
g

it
;

fo
r

in
st

an
ce

,
se

e
th

e
p
ap

er
s

(T
u
y
,

19
95

;
L

ip
p

an
d

B
oy

d
,
20

16
;
P

h
am

D
in

h
et

al
.,

20
13

)
an

d
re

fe
re

n
ce

s
th

er
ei

n
fo

r
d
et

ai
ls

.
O

n
e

of
th

e
m

os
t

p
op

u
la

r
al

go
ri

th
m

s
to

so
lv

e
p
ro

b
le

m
(8

)
is

th
e

C
on

ve
x
-c

on
ca

ve
P

ro
ce

d
u
re

(C
C

C
P

),
w

h
ic

h
w

as
in

tr
o
d
u
ce

d
b
y

Y
u
il
le

an
d

R
an

ga
ra

ja
n

(2
00

3)
.

T
h
e

C
C

C
P

al
go

ri
th

m
is

a
sp

ec
ia

l
ca

se
of

a
M

a
jo

ri
za

ti
on

-M
in

im
iz

at
io

n
al

go
ri

th
m

,
on

e
w

h
ic

h
u
se

s
th

e
D

C
st

ru
ct

u
re

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

in
p
ro

b
le

m
(8

)
to

co
n
st

ru
ct

a
co

n
ve

x
m

a
jo

ra
n
t

of
th

e
o
b

je
ct

iv
e

fu
n
ct

io
n
f

at
ea

ch
st

ep
.

W
e

st
ar

t
w

it
h

a
fe

as
ib

le
p

oi
n
t
x

0
∈

in
t(
C)

.
L

et
x
k

d
en

ot
e

th
e

it
er

at
e

at
k

th
it

er
at

io
n
;

at
th

e
(k

+
1)

th
it

er
at

io
n

w
e

co
n
st

ru
ct

a
co

n
ve

x
m

a
jo

ra
n
t
q(
·,
x
k
)

of
th

e
fu

n
ct

io
n
f

v
ia

f
(x

)
≤

g
(x

)
−
h

(x
k
)
−
〈u
k
,
x
−
x
k
〉

︸
︷︷

︸
=

:
q
(x
,x
k
)

,
(9

)
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

w
h
er

e
u
k
∈
∂
h

(x
k
),

th
e

su
b
gr

ad
ie

n
t

se
t

of
th

e
co

n
ve

x
fu

n
ct

io
n
h

at
p

oi
n
t
x
k
.

T
h
e

n
ex

t
it

er
at

e
x
k
+

1
is

ob
ta

in
ed

b
y

so
lv

in
g

th
e

co
n
ve

x
p
ro

gr
am

x
k
+

1
∈

ar
g

m
in

x
∈C
q(
x
,x

k
).

(1
0
)

T
h
e

C
C

C
P

al
go

ri
th

m
h
as

so
m

e
at

tr
ac

ti
ve

co
n
v
er

ge
n
ce

p
ro

p
er

ti
es

.
F

or
in

st
a
n
ce

,
it

is
a

d
es

ce
n
t

al
go

ri
th

m
;

w
h
en

th
e

fu
n
ct

io
n
g

is
st

ro
n
gl

y
co

n
v
ex

d
iff

er
en

ti
ab

le
an

d
th

e
fu

n
ct

io
n

h
is

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
,

it
ca

n
b

e
sh

ow
n

(L
an

ck
ri

et
an

d
S
ri

p
er

u
m

b
u
d
u
r,

2
0
0
9
)

th
a
t

an
y

li
m

it
p

oi
n
t

of
th

e
se

q
u
en

ce
{ x

k
} k
≥

0
ob

ta
in

ed
fr

om
C

C
C

P
is

st
at

io
n
a
ry

.
U

n
d
er

th
e

sa
m

e
as

su
m

p
ti

on
s,

on
e

ca
n

al
so

ve
ri

fy
th

at
li
m
k
→
∞
‖x

k
−
x
k
+

1
‖ 2

=
0.

W
e

n
ow

tu
rn

to
an

an
al

y
si

s
of

C
C

C
P

u
si

n
g

th
e

te
ch

n
iq

u
es

th
at

u
n
d
er

li
e

T
h
eo

re
m

1.
In

th
e

n
ex

t
p
ro

p
os

it
io

n
,

w
e

d
er

iv
e

a
ra

te
of

co
n
v
er

ge
n
ce

of
th

e
gr

ad
ie

n
t

se
q
u
en

ce
a
n
d

sh
ow

th
at

al
l

li
m

it
p

oi
n
ts

of
th

e
se

q
u
en

ce
{ x

k
} k
≥

0
ar

e
st

at
io

n
ar

y.
E

ar
li
er

a
n
a
ly

se
s

o
f

C
C

C
P

,
in

cl
u
d
in

g
th

e
p
ap

er
s

(L
an

ck
ri

et
an

d
S
ri

p
er

u
m

b
u
d
u
r,

20
09

;
Y

u
il
le

an
d

R
a
n
g
a
ra

ja
n
,

20
03

),
ar

e
m

ai
n
ly

b
as

ed
on

th
e

as
su

m
p
ti

on
of

st
ro

n
g

co
n
ve

x
it

y
of

th
e

fu
n
ct

io
n
g
,

w
h
er

ea
s

in
th

e
n
ex

t
p
ro

p
os

it
io

n
,

w
e

on
ly

as
su

m
e

th
at

th
e

fu
n
ct

io
n
g

is
M
g
-s

m
o
ot

h
.

W
h
en

th
e

fu
n
ct

io
n
g

is
st

ro
n
gl

y
co

n
ve

x
,

ou
r

an
al

y
si

s
re

co
ve

rs
th

e
w

el
l-

k
n
ow

n
co

n
ve

rg
en

ce
re

su
lt

in
p
as

t
w

or
k

(L
an

ck
ri

et
an

d
S
ri

p
er

u
m

b
u
d
u
r,

20
09

).
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

C
C

C
P

en
jo

y
s

th
e

sa
m

e
ra

te
of

co
n
ve

rg
en

ce
as

th
at

of
A

lg
or

it
h
m

1.

P
ro

p
o
si

ti
o
n

1
U

n
d
er

A
ss

u
m

p
ti

o
n

G
R

a
n

d
w

it
h

th
e

fu
n

ct
io

n
g

be
in

g
co

n
ve

x,
th

e
C

C
C

P
se

qu
en

ce
(1

0)
h
a
s

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s:

(a
)

A
n

y
li

m
it

po
in

t
o
f

th
e

se
qu

en
ce
{ x

k
} k
≥

0
is

a
cr

it
ic

a
l

po
in

t,
a
n

d
th

e
se

qu
en

ce
o
f

fu
n

ct
io

n

va
lu

es
{ f

(x
k
)}
k
≥

0
is

st
ri

ct
ly

d
ec

re
a
si

n
g

a
n

d
co

n
ve

rg
en

t.

(b
)

F
u

rt
h
er

m
o
re

,
fo

r
a
ll
k

=
1,

2
,.
..

,
w

e
h
a
ve

A
v
g
( ‖
∇
f

(x
k
)‖

2 2

)
≤

2M
g

( f
(x

0
)
−
f
∗)

(k
+

1)
,

(1
1
a)

a
n

d
a
ss

u
m

in
g

m
o
re

o
ve

r
th

a
t
g

is
µ

-s
tr

o
n

gl
y

co
n

ve
x,

A
v
g
( ‖
x
k
−
x
k
+

1
‖2 2

)
≤

2
( f

(x
0
)
−
f
∗)

µ
(k

+
1)

.
(1

1
b
)

T
h
e

p
ro

of
of

th
is

p
ro

p
os

it
io

n
b
u
il
d
s

on
th

e
ar

gu
m

en
t

u
se

d
fo

r
T

h
eo

re
m

1;
se

e
A

p
p

en
d
ix

B
.4

fo
r

d
et

ai
ls

.

2
.3
.1
.
S
im

p
l
if
y
in
g

C
C
C
P

A
lg

or
it

h
m

1
p
ro

v
id

es
u
s

an
al

te
rn

at
iv

e
p
ro

ce
d
u
re

fo
r

m
in

im
iz

in
g

a
d
iff

er
en

ce
o
f

co
n
ve

x
fu

n
ct

io
n
s

w
h
en

th
e

fi
rs

t
co

n
ve

x
fu

n
ct

io
n

is
sm

o
ot

h
.

T
h
e

b
en

efi
t

of
A

lg
or

it
h
m

1
ov

er
st

a
n
d
a
rd

C
C

C
P

is
th

at
A

lg
or

it
h
m

1
is

a
si

n
gl

e
lo

op
al

go
ri

th
m

an
d

is
ex

p
ec

te
d

to
b

e
fa

st
er

th
an

st
an

d
ar

d
d
ou

b
le

lo
op

C
C

C
P

al
go

ri
th

m
in

m
an

y
si

tu
at

io
n
s.

F
u
rt

h
er

m
or

e,
A

lg
o
ri

th
m

1
sh

ar
es

co
n
ve

rg
en

ce
gu

ar
an

te
es

si
m

il
ar

to
a

st
an

d
ar

d
C

C
C

P
al

go
ri

th
m

.
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

2
.4

.
P

ro
x
im

a
l-ty

p
e

m
e
th

o
d

W
e

n
ow

tu
rn

to
a

m
ore

gen
eral

class
of

o
p
tim

ization
p
rob

lem
s

of
th

e
form

f
∗

:=
m

in
x∈

R
d
f

(x
)

=
m

in
x∈

R
d {(g

(x
)−

h
(x

) )
+
ϕ

(x
) }
.

(12)

W
e

a
ssu

m
e

th
a
t

th
e

fu
n
ction

s
g
,h

an
d
ϕ

satisfy
th

e
follow

in
g

con
d
ition

s:

A
ssu

m
p

tio
n

P
R

(a
)

T
h
e

fu
n
ction

f
=
g−

h
+
ϕ

is
b

ou
n
d
ed

b
elow

on
R
d.

(b
)

T
h
e

fu
n
ction

g
is

con
tin

u
ou

sly
d
iff

eren
tiab

le
an

d
M
g -sm

o
oth

;
th

e
fu

n
ctio

n
h

is
con

-
tin

u
o
u
s

a
n
d

con
vex

;
an

d
th

e
fu

n
ction

ϕ
is

p
rop

er,
con

vex
an

d
low

er
sem

i-con
tin

u
ou

s.

T
y
p
ica

l
ex

a
m

p
les

of
th

e
fu

n
ction

ϕ
in

clu
d
e
ϕ

(x
)

=
‖x‖

1 ,
or

th
e

in
d
icator

o
f

a
closed

con
vex

co
n
vex

setX
.

S
in

ce
for

a
gen

eral
low

er
sem

i-con
tin

u
ou

s
fu

n
ction

ϕ
,

th
e

su
m

-fu
n
ction

g
+
ϕ

is
n
eith

er
d
iff

eren
tiab

le
n
or

sm
o
oth

,
a

grad
ien

t-b
ased

m
eth

o
d

can
n
ot

b
e

ap
p
lied

.
O

n
e

w
ay

to
m

in
im

ize
su

ch
fu

n
ction

s
is

v
ia

a
p
rox

im
al-ty

p
e

algorith
m

,
of

w
h
ich

th
e

follow
in

g
is

an
in

sta
n
ce.

A
lg

o
rith

m
2

P
rox

im
al-ty

p
e

algorith
m

1
:

G
iven

a
n

in
itial

vector
x

0∈
d
om

(f
)

an
d

step
size

α
∈
(0,

1
M
g ].

2
:

fo
r
k

=
0,1

,2
,...

d
o

3
:

U
p

d
a
te
x
k
+

1
=

p
rox

ϕ1
/
α (
x
k−

α (∇
g
(x
k)−

u
k ) )

for
som

e
u
k∈

∂
h

(x
k).

4
:

e
n

d
fo

r

T
h
e

p
rox

im
a
l

u
p

d
ate

in
lin

e
3

of
A

lgo
rith

m
2

is
very

easy
to

com
p
u
te

an
d

often
h
as

a
clo

sed
fo

rm
so

lu
tion

(see
(P

arik
h

et
al.,

2014)).
L

et
u
s

n
ow

d
erive

th
e

rate
of

con
vergen

ce
resu

lt
o
f

A
lg

o
rith

m
2.

T
h

e
o
re

m
2

U
n

d
er

A
ssu

m
p
tio

n
P

R
,

a
n

y
sequ

en
ce
{
x
k }

k≥
0

o
bta

in
ed

fro
m

A
lgo

rith
m

2
h
a
s

th
e

fo
llo

w
in

g
p
ro

perties:

(a
)

A
n

y
lim

it
po

in
t

o
f

th
e

sequ
en

ce {
x
k }

k≥
0

is
a

critica
l

po
in

t,
a
n

d
th

e
sequ

en
ce

o
f

fu
n

ctio
n

va
lu

es {
f

(x
k) }

k≥
0

is
strictly

d
ecrea

sin
g

a
n

d
co

n
vergen

t.

(b)
F

o
r

a
ll
k

=
1,2

,...,
w

e
h
a
ve

A
v
g (‖

x
k−

x
k−

1‖
22 )
≤

2α (f
(x

0)−
f
∗ )

(k
+

1)
.

(13a)

If
m

o
reo

ver
th

e
fu

n
ctio

n
h

is
M
h -sm

oo
th

,
th

en

A
v
g (‖∇

f
(x
k)‖

22 )
≤

2
α
C
M
,α (f

(x
0)−

f
∗ )

(k
+

1)
,

(13b
)

w
h
ere

C
M
,α

=
(M

g
+
M
h

+
1α )

2.

S
ee

A
p
p

en
d
ix

C
for

th
e

p
ro

of
of

th
e

th
eorem
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

C
o
m

m
e
n
ts:

T
h
e

p
ro

of
of

T
h
eorem

2
reveals

th
a
t

th
e

sm
o
oth

n
ess

con
d
ition

on
th

e
fu

n
c-

tion
h

in
T

h
eorem

2
can

b
e

rep
laced

b
y

th
e

lo
cal

sm
o
oth

n
ess

of
h

,
w

h
en

th
e

seq
u
en

ce
{
x
k }

k≥
0

is
b

ou
n
d
ed

.
N

ote
th

at
th

e
lo

cal
sm

o
oth

n
ess

con
d
ition

is
w

eaker
th

an
th

e
glob

al
sm

o
oth

n
ess

con
d
ition

.
F

or
in

stan
ce,

an
y

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

is
lo

cally
sm

o
oth

.
T

h
e

b
ou

n
d
ed

n
ess

assu
m

p
tion

on
th

e
iterates

{
x
k }

k≥
0

h
old

s
in

m
an

y
situ

ation
s.

F
or

in
stan

ce,
if

th
e

fu
n
ction

f
is

co
ercive

(6),
th

en
it

follow
s

th
at

th
e

iterates
{
x
k }

k≥
0

rem
ain

b
ou

n
d
ed

.
A

n
oth

er
in

stan
ce

is
w

h
en

th
e

fu
n
ction

ϕ
is

th
e

in
d
icator

fu
n
ction

of
a

com
p
act

con
vex

set.
F

in
ally,

w
e

p
oin

t
ou

t
th

at
w

h
en

th
e

fu
n
ction

h
is

n
on

-sm
o
oth

b
u
t

th
e

p
rox

im
al-fu

n
ction

ϕ
is

sm
o
oth

,
th

e
ex

istin
g

p
ro

of
can

b
e

easily
m

o
d
ifi

ed
to

ob
tain

a
rate

of
con

vergen
ce

of
th

e
grad

ien
t-n

orm
‖∇

f
(x
k)‖

2 .

P
ro

je
c
te

d
G

ra
d

ie
n
t

D
e
sc

e
n
t:

A
sp

ecial
case

of
th

e
A

lgorith
m

2
is

w
h
en

ϕ
is

eq
u
al

to
th

e
in

d
icator

fu
n
ction

1
X

of
a

closed
con

vex
setX

.
C

on
sid

er
th

e
follow

in
g

con
strain

ed
op

tim
ization

p
rob

lem

f
∗

:=
m

in
x∈X

{
g
(x

)−
h

(x
)

︸
︷︷

︸
f

(x
)

}
,

(14)

w
h
ere
X

is
a

closed
con

vex
set,

th
e

fu
n
ction

g
is
M
g -sm

o
oth

,
an

d
th

e
fu

n
ction

h
is

con
v
ex

con
tin

u
ou

s.
U

sin
g

A
lgorith

m
2,

th
e

u
p

d
ate

eq
u
ation

in
th

is
case

is
g
iven

b
y

x
k
+

1
=

Π
X (x

k−
α

(∇
g
(x
k)−

u
k) ).

(15)

In
p
ro

jected
-grad

ien
t-ty

p
e

m
eth

o
d
s,

w
e

sh
ou

ld
n
ot

ex
p

ect
a

rate
in

term
s

of
th

e
grad

ien
t.

In
su

ch
cases,

th
e

p
ro

jected
grad

ien
t

step
m

ay
n
ot

b
e

align
ed

w
ith

th
e

grad
ien

t
d
irection

,
or

th
e

step
size

m
ay

b
e

arb
itrarily

sm
all

d
u
e

to
p
ro

jection
.

R
ath

er,
an

ap
p
rop

riate
an

alogu
e

of
th

e
grad

ien
t

in
th

is
case

is
as

follow
s:

∇
fX

(x
k)

=
1α (x

k−
Π
X

(x
k−

α
(∇
g
(x
k)−

u
k)) ).

(16)

T
h
e

an
aly

sis
of

th
e

p
ro

jected
grad

ien
t

m
eth

o
d

u
sin

g∇
fX

(x
k)

is
stan

d
ard

in
th

e
op

tim
ization

literatu
re

(B
u
b

eck
et

al.,
2015).

It
is

w
o
rth

p
oin

tin
g

ou
t

th
at

th
e

q
u
an

tity
∇
fX

(x
k)

is
th

e
an

alogu
e

of
th

e
grad

ien
t

in
th

e
con

strain
ed

op
tim

ization
setu

p
,

an
d

coin
cid

es
w

ith
th

e
grad

ien
t

in
th

e
u
n
con

strain
ed

setu
p
.

C
on

cretely,
w

e
h
ave
∇
fX

(x
k)

=
∇
f

(x
k)

w
h
ere

f
:=

g−
h

,
an

d
X

=
R
d.

C
om

b
in

in
g

eq
u
a
tion

s
(15)

an
d

(16)
an

d
ap

p
ly

in
g

th
e

b
ou

n
d

(13b
)

from
T

h
eorem

2,
w

e
fi
n
d

th
at

A
v
g (‖∇

fX
(x
k)‖

22 )
≤

2 (f
(x

0)−
f
∗ )

α
(k

+
1)

.

2
.5

.
F
ra

n
k
-W

o
lfe

ty
p

e
m

e
th

o
d

In
ou

r
an

aly
sis

of
th

e
p
rev

iou
s

tw
o

algorith
m

s,
w

e
assu

m
ed

th
at

th
e

ob
jective

fu
n
ction

f
h
as

a
sm

o
oth

com
p

on
en

t
g
,

an
d

w
e

lev
eraged

th
e

sm
o
oth

n
ess

p
rop

erty
o
f
g

to
estab

lish
con

vergen
ce

rates.
In

m
an

y
situ

ation
s,

th
e

ob
jectiv

e
fu

n
ction

m
ay

n
ot

h
ave

a
sm

o
oth

com
p

on
en

t;
con

seq
u
en

tly,
n
eith

er
th

e
g
rad

ien
t-ty

p
e

algorith
m

n
or

th
e

p
rox

-ty
p

e
algorith

m
p
rov

id
es

an
y

th
eoretical

gu
aran

tee.
In

th
is

section
,
w

e
an

a
ly

ze
a

F
ran

k
-W

olfe-ty
p

e
algorith

m

1
2
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

fo
r

so
lv

in
g

su
ch

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

In
p
ar

ti
cu

la
r,

co
n
si

d
er

an
op

ti
m

iz
at

io
n

p
ro

b
le

m
of

th
e

fo
rm

f
∗

:=
m

in
x
∈C
f

(x
)

=
m

in
x
∈C

{ g
(x

)
−
h

(x
)}
,

(1
7)

w
h
er

e
C

is
a

cl
os

ed
co

n
v
ex

se
t,

an
d

th
e

fu
n
ct

io
n
s

(g
,h

)
sa

ti
sf

y
th

e
fo

ll
ow

in
g

co
n
d
it

io
n
s:

A
ss

u
m

p
ti

o
n

F
W

:

(a
)

T
h
e

d
iff

er
en

ce
fu

n
ct

io
n
f

=
g
−
h

is
b

ou
n
d
ed

b
el

ow
ov

er
ra

n
ge
C.

(b
)

T
h
e

fu
n
ct

io
n
g

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
,

w
h
er

ea
s

th
e

fu
n
ct

io
n
h

is
co

n
ve

x
an

d
co

n
ti

n
u
ou

s.

T
h
e

an
al

y
si

s
of

th
e

F
ra

n
k
-W

ol
fe

al
go

ri
th

m
fo

r
a

co
n
ve

x
p
ro

b
le

m
is

b
as

ed
on

th
e

cu
rv

a
-

tu
re

co
n

st
a
n

t
C f

of
th

e
co

n
ve

x
ob

je
ct

iv
e

fu
n
ct

io
n

w
it

h
re

sp
ec

t
to

th
e

cl
os

ed
co

n
ve

x
se

t
C.

T
h
is

cu
rv

at
u
re

co
n
st

an
t

ca
n

b
e

d
efi

n
ed

fo
r

an
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
,

w
h
ic

h
n
ee

d
n
ot

b
e

co
n
ve

x
(L

ac
os

te
-J

u
li
en

,
20

16
).

H
er

e
w

e
d
efi

n
e

a
sl

ig
h
t

ge
n
er

al
iz

at
io

n
of

th
is

n
ot

io
n
,

ap
p
li
ca

b
le

to
a

n
o
n
-d

iff
er

en
ti

a
b
le

fu
n
ct

io
n
f

=
g
−
h

th
at

ca
n

b
e

w
ri

tt
en

as
a

d
iff

er
en

ce
of

a
d
iff

er
en

ti
ab

le
fu

n
ct

io
n
g

an
d

a
co

n
ti

n
u
ou

s
co

n
ve

x
fu

n
ct

io
n
h

(w
h
ic

h
m

ay
b

e
n
on

-d
iff

er
en

ti
ab

le
).

D
efi

n
e

th
e

se
t

S
γ

:=
{ x
,y
∈
C
|t

h
er

e
ex

is
t
γ
∈

(0
,1

]
an

d
u
∈
C

w
it

h
y

=
x

+
γ

(u
−
x

)}
,

an
d

th
e

cu
rv

at
u
re

co
n
st

an
t

C f
=

su
p

x
,y
∈S

γ

u
∈∂
h

(x
)

2 γ
2

[ f
(y

)
−
f

(x
)
−
〈y
−
x
,
∇
g
(x

)
−
u
〉]
.

(1
8)

N
ot

e
th

at
in

th
e

sp
ec

ia
l

ca
se
h
≡

0,
w

e
re

co
ve

r
th

e
cu

rv
at

u
re

co
n
st

a
n
t

of
th

e
d
iff

er
en

ti
ab

le
fu

n
ct

io
n
g

u
se

d
b
y

L
ac

os
te

-J
u
li
en

(L
ac

os
te

-J
u
li
en

,
20

16
).

W
e

re
fe

r
to

th
e

sc
al

ar
C f

as
th

e
ge

n
er

al
iz

ed
cu

rv
at

u
re

co
n
st

an
t

of
th

e
fu

n
ct

io
n
f

w
it

h
re

sp
ec

t
to

th
e

cl
os

ed
co

n
ve

x
se

t
C.

A
lg

o
ri

th
m

3
F

ra
n
k
-W

ol
fe

ty
p

e
m

et
h
o
d

1
:

G
iv

en
in

it
ia

l
ve

ct
or
x

0
∈
∫ (C

):
2
:

fo
r
k

=
1,
..
.,
K

d
o

3
:

C
h
o
os

e
an

y
u
k
∈
∂
h

(x
k
).

4
:

C
om

p
u
te
sk

:=
ar

g
m

in
s∈
C〈
s,
∇
g
(x
k
)
−
u
k
〉.

5
:

D
efi

n
e
d
k

:=
sk
−
x
k

an
d
g
k

:=
−
〈d
k
,
∇
g
(x
k
)
−
u
k
〉.

(F
ra

n
k-

W
o
lf

e
ga

p
)

6
:

S
et
γ
k

=
m

in
{ g

k

C
0
,1
}

fo
r

so
m

e
C

0
≥
C f

.

7
:

U
p

d
at

e
x
k
+

1
=
x
k

+
γ
k
d
k
.

8
:

e
n

d
fo

r

N
ex

t,
w

e
p
ro

v
id

e
an

an
al

y
si

s
of

A
lg

or
it

h
m

3
in

te
rm

s
of

th
e

F
ra

n
k
-W

ol
fe

(F
W

)
ga

p
g
k

d
efi

n
ed

S
te

p
5.

W
e

sh
ow

th
at

th
e

m
in

im
u
m

F
W

ga
p
{g
k
} k
≥

0
d
efi

n
ed

in
A

lg
or

it
h
m

3
co

n
ve

rg
es

to
ze

ro
at

th
e

ra
te

1
√
k
+

1
.

13
JM

L
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 2
0(

15
4)

:1
-5

2,
 2

01
9

K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

T
h

e
o
re

m
3

U
n

d
er

A
ss

u
m

p
ti

o
n

F
W

,
th

e
F

ra
n

k-
W

o
lf

e
ga

p
se

qu
en

ce
{g
k
} k
≥

0
fr

o
m

A
lg

o
-

ri
th

m
3

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

y:

m
in

0
≤
j≤
k
g
j
≤

m
ax
{ 2(

f
(x

0
)
−
f
∗)
,C

0

}
√
k

+
1

fo
r

a
ll
k

=
0,

1
,2
,.
..

.

S
ee

A
p
p

en
d
ix

D
.1

fo
r

th
e

p
ro

of
of

th
is

th
eo

re
m

.

C
o
m

m
e
n
ts

:
T

h
e

F
W

ga
p

ap
p

ea
ri

n
g

in
T

h
eo

re
m

3
is

st
an

d
ar

d
in

th
e

an
a
ly

si
s

o
f

F
ra

n
k
-

W
ol

fe
al

go
ri

th
m

;
n
ot

e
th

at
it

is
in

va
ri

an
t

to
an

affi
n
e

tr
an

sf
or

m
at

io
n

of
th

e
se

t
C.

S
im

il
a
r

co
n
ve

rg
en

ce
gu

ar
an

te
es

fo
r

th
e

m
in

im
u
m

F
W

-g
ap

ar
e

av
ai

la
b
le

fo
r

d
iff

er
en

ti
a
b
le

fu
n
ct

io
n
s;

fo
r

in
st

an
ce

,
se

e
th

e
p
ap

er
(L

ac
os

te
-J

u
li
en

,
20

16
).

T
h
e

n
ov

el
ty

of
th

e
ab

ov
e

th
eo

re
m

is
th

a
t

it
p
ro

v
id

es
co

n
ve

rg
en

ce
gu

ar
an

te
es

of
m

in
im

u
m

F
W

-g
ap

fo
r

a
cl

as
s

of
n
on

-d
iff

er
en

ti
a
b
le

fu
n
ct

io
n
s.

U
p

p
e
r

b
o
u

n
d

o
n

g
e
n

e
ra

li
z
e
d

c
u

rv
a
tu

re
c
o
n

st
a
n
t:

It
is

w
o
rt

h
m

en
ti

o
n
in

g
th

a
t

A
l-

go
ri

th
m

3
on

ly
re

q
u
ir

es
an

u
p
p

er
b

ou
n
d

of
th

e
ge

n
er

al
iz

ed
cu

rv
at

u
re

co
n
st

a
n
t
C g
−
h
.

C
on

-
se

q
u
en

tl
y,

it
is

in
te

re
st

in
g

to
ob

ta
in

a
n

u
p
p

er
b

ou
n
d

fo
r

th
e

sc
al

ar
C g
−
h
.

F
or

a
M
g
-s

m
o
o
th

fu
n
ct

io
n
g
,
on

e
w

el
l-

k
n
ow

n
u
p
p

er
b

ou
n
d

of
th

e
cu

rv
at

u
re

co
n
st

an
t
C g

is
M
g
×
( d

ia
m
‖·
‖ 2

(C
))

2
;

se
e

al
so

J
ag

gi
(2

01
3)

.
A

si
m

il
ar

u
p
p

er
b

ou
n
d

al
so

h
ol

d
s

fo
r

th
e

ge
n
er

al
iz

ed
cu

rv
a
tu

re
co

n
-

st
an

t
d
efi

n
ed

in
eq

u
at

io
n

(5
9)

.
In

p
ar

ti
cu

la
r,

w
e

p
ro

ve
th

at
fo

r
a

d
iff

er
en

ce
fu

n
ct

io
n
f

=
g
−
h

,
w

it
h

th
e

fu
n
ct

io
n
h

b
ei

n
g

co
n
ve

x
co

n
ti

n
u
ou

s,
th

e
sc

al
ar
C g
−
h

is
al

w
ay

s
u
p
p

er
b

o
u
n
d
ed

b
y

C g
,

th
e

cu
rv

at
u
re

co
n
st

an
t

of
th

e
fu

n
ct

io
n
g

(s
ee

L
em

m
a

6)
.

3
.
F
a
st
e
r
ra

te
u
n
d
e
r
K
L
-i
n
e
q
u
a
li
ty

In
th

e
p
re

ce
d
in

g
se

ct
io

n
s,

w
e

h
av

e
d
er

iv
ed

ra
te

s
of

co
n
v
er

ge
n
ce

fo
r

th
e

gr
ad

ie
n
t

n
o
rm

s
fo

r
va

ri
ou

s
cl

as
se

s
of

p
ro

b
le

m
s.

It
is

n
at

u
ra

l
to

w
on

d
er

if
fa

st
er

co
n
v
er

ge
n
ce

ra
te

s
a
re

p
o
s-

si
b
le

w
h
en

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
eq

u
ip

p
ed

w
it

h
so

m
e

ad
d
it

io
n
al

st
ru

ct
u
re

.
B

a
se

d
o
n

T
h
eo

re
m

s
1

an
d

2,
w

e
se

e
th

at
b

ot
h

A
lg

or
it

h
m

s
1

an
d

2
en

su
re

th
at
‖x

k
−
x
k
+

1
‖ 2
→

0
,

m
ea

n
in

g
th

at
th

e
su

cc
es

si
ve

d
iff

er
en

ce
s

b
et

w
ee

n
th

e
it

er
at

es
co

n
ve

rg
e

to
ze

ro
.

A
lt

h
o
u
g
h

w
e

p
ro

ve
d

th
at

an
y

li
m

it
p

oi
n
t

of
th

e
se

q
u
en

ce
{x

k
} k
≥

0
h
as

d
es

ir
ab

le
p
ro

p
er

ti
es

,
th

e
co

n
d
it

io
n

‖x
k
−
x
k
+

1
‖ 2
→

0
is

n
ot

su
ffi

ci
en

t—
at

le
a
st

in
ge

n
er

al
—

to
p
ro

ve
co

n
ve

rg
en

ce
3

o
f

th
e

se
-

q
u
en

ce
{x

k
} k
≥

0
.

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
a

su
ffi

ci
en

t
co

n
d
it

io
n

u
n
d
er

w
h
ic

h
A

lg
o
ri

th
m

1
an

d
A

lg
or

it
h
m

2
y
ie

ld
co

n
ve

rg
en

t
se

q
u
en

ce
s

of
it

er
at

es
{x

k
} k
≥

0
,

an
d

w
e

es
ta

b
li
sh

th
a
t

th
e

gr
ad

ie
n
t

se
q
u
en

ce
s
{‖
∇
f

(x
)‖

2
} k
≥

0
co

n
ve

rg
e

at
fa

st
er

ra
te

s.

3
.1

.
K

u
rd

a
y
a
- L

o
ja

si
e
w

ic
z

in
e
q
u

a
li

ty

L
et

u
s

n
ow

es
ta

b
li
sh

a
fa

st
er

lo
ca

l
ra

te
of

co
n
ve

rg
en

ce
of

A
lg

or
it

h
m

s
1

an
d

2
fo

r
fu

n
ct

io
n
s

th
at

sa
ti

sf
y

a
fo

rm
of

th
e

K
u
rd

ay
a-

 L
o
ja

si
ew

ic
z

(K
L

)
in

eq
u
al

it
y.

M
or

e
p
re

ci
se

ly
,

su
p
p

o
se

th
at

th
er

e
ex

is
ts

a
co

n
st

an
t
θ
∈

[0
,1

)
su

ch
th

at
th

e
ra

ti
o

(f
(x

)−
f

(x̄
))
θ

‖∇
f

(x
)‖

2
is

b
o
u
n
d
ed

a
b

ov
e

in
a

n
ei

gh
b

or
h
o
o
d

of
ev

er
y

p
oi

n
t
x̄
∈

d
om

(f
).

T
h
is

ty
p

e
of

in
eq

u
al

it
y

is
k
n
ow

n
a
s

a
K

u
rd

ay
a-

 L
o
ja

si
ew

ic
z

in
eq

u
al

it
y,

an
d

th
e

ex
p

on
en

t
θ

is
k
n
ow

n
as

th
e

K
u
rd

ay
a
- L

o
ja

si
ew

ic
z

3
.

T
h

e
co

n
v
er

g
en

ce
o
f

th
e

se
q
u

en
ce
{ x

k
} k

≥
0

fo
r

A
lg

o
ri

th
m

2
w

a
s

st
u

d
ie

d
in

th
e

p
a
p

er
s

(A
n

a
n

d
N

a
m

,
2
0
1
7
;

W
en

et
a
l.

,
2
0
1
8
).

W
e

p
ro

v
id

e
th

e
p

ro
o
f

u
n

d
er

a
w

ea
k
er

se
t

o
f

a
ss

u
m

p
ti

o
n

s.

14
JM

L
R

 2
0(

15
4)

:1
-5

2,
 2

01
9



G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

ex
p

o
n
en

t
(K

L
-expo

n
en

t)
of

th
e

fu
n
ction

f
at

th
e

p
oin

t
x̄

.
T

h
ese

ty
p

e
of

in
eq

u
alities

w
ere

fi
rst

p
roved

b
y

 L
o
jasiew

icz
(1963)

for
real

an
aly

tic
fu

n
ction

s;
in

later
w

ork
,

K
u
rd

y
ka

(1
9
9
8
)

a
n
d

B
o
lte

et
al.

(2007)
p
roved

sim
ilar

in
eq

u
alities

for
n
o
n
-sm

o
oth

fu
n
ction

s,
an

d
th

e
a
u
th

o
rs

a
lso

p
rov

id
ed

ex
am

p
les

of
m

an
y

fu
n
ction

s
th

at
satisfy

a
form

of
th

e
K

L
in

eq
u
ality.

S
ee

A
p
p

en
d
ix

A
.2

for
fu

rth
er

d
etails

o
n

fu
n
ction

s
o
f

th
e

K
L

ty
p

e.

A
ssu

m
p

tio
n

K
L

:
F

or
an

y
p

oin
t
4
x̄
∈

d
om

(f
),

th
ere

ex
ists

a
sca

lar
θ
∈

[0,1
)

su
ch

th
at

th
e

ra
tio

|f
(x

)−
f

(x̄
)| θ

‖∇
f

(x
)‖

2
is

b
ou

n
d
ed

ab
ove

in
a

n
eigh

b
orh

o
o
d

of
x̄

.

3
.2

.
C

o
n
v
e
rg

e
n

c
e

g
u

a
ra

n
te

e
s

T
h

e
o
re

m
4

U
n

d
er

A
ssu

m
p
tio

n
s

G
R

a
n

d
K

L
,

a
n

y
bo

u
n

d
ed

sequ
en

ce{x
k}
k≥

0
o
bta

in
ed

fro
m

A
lgo

rith
m

1
sa

tisfi
es

th
e

fo
llo

w
in

g
p
ro

perties:

(a
)

T
h
e

sequ
en

ce
{x

k}
k≥

0
co

n
verges

to
a

critica
l

po
in

t
x̄

,
a
n

d
fo

r
a
ll
k

=
1,2,...

A
v
g (‖∇

f
(x
k)‖

2 )
≤
c

1k
,

(b)
S

u
p
po

se
th

a
t

a
t

th
e

po
in

t
x̄

,
th

e
fu

n
ctio

n
f

h
a
s

a
K

L
expo

n
en

t
θ̄
∈
[

12 ,
r

2
r−

1 )
fo

r
so

m
e

r
>

1.
T

h
en

w
e

h
a
ve

G
A

v
g (‖∇

f
(x
k)‖

2 )
≤
c

2

k
r

fo
r

a
ll

k
=

1,2
,...,

w
h
ere

th
e

co
n

sta
n

ts
(c

1 ,c
2 )

a
re

in
d
epen

d
en

t
o
f
k

,
bu

t
th

ey
m

a
y

d
epen

d
o
n

th
e

K
L

pa
ra

m
eters

a
t

th
e

po
in

t
x̄

.

S
ee

A
p
p

en
d
ix

E
.1

for
p
ro

of
of

th
is

th
eorem

.

C
o
m

m
e
n
ts:

It
is

w
orth

p
oin

tin
g

ou
t

th
at

T
h
eorem

4
d
o
es

n
o
t

req
u
ire

th
e

fu
n
ction

h
to

sa
tisfy

an
y

sm
o
oth

n
ess

assu
m

p
tion

.
S
u
ch

con
d
ition

s
are

n
eed

ed
for

ap
p
ly

in
g

A
lgorith

m
2,

so
th

at
T

h
eo

rem
4

is
b
ased

on
m

ild
er

con
d
ition

s
th

an
T

h
eorem

5.

O
u
r

n
ex

t
resu

lt
is

to
ex

h
ib

it
a

faster
con

vergen
ce

rate
for

A
lgorith

m
2

u
n
d
er

th
e

K
L

a
ssu

m
p
tion

:

T
h

e
o
re

m
5

S
u

p
po

se
th

a
t,

in
a
d
d
itio

n
to

A
ssu

m
p
tio

n
s

P
R

&
K

L
,

th
e

fu
n

ctio
n
h

in
A

lgo
-

rith
m

2
is

loca
lly

sm
oo

th
.

T
h
en

a
n

y
bo

u
n

d
ed

sequ
en

ce
{
x
k}
k≥

0
o
bta

in
ed

fro
m

A
lgo

rith
m

2
sa

tisfy
th

e
fo

llo
w

in
g

p
ro

perties:

(a
)

T
h
e

sequ
en

ce
{x

k}
k≥

0
co

n
verges

to
a

critica
l

po
in

t
x̄

,
a
n

d
fo

r
a
ll
k

=
1,2

...

A
v
g (‖∇

f
(x
k)‖

2 )
≤
c

1k
.

4
.

It
ca

n
b

e
sh

ow
n

th
a
t

su
ch

a
n

in
eq

u
a
lity

w
o
u

ld
h

o
ld

a
t

n
o
n

-critica
l

p
o
in

t
o
f

a
co

n
tin

u
o
u

s
fu

n
ctio

n
f

;
see

R
em

a
rk

3
.2

o
f

(B
o
lte

et
a
l.,

2
0
0
7
).

N
o
te

th
a
t

th
e

p
a
ra

m
eter

θ
a
n

d
th

e
n

eig
h
b

o
rh

o
o
d

m
en

tio
n

ed
in

A
ssu

m
p

tio
n

K
L

a
b

ov
e

m
ay

d
ep

en
d

o
n

th
e

p
o
in

t
x̄

.
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

(b)
G

iven
so

m
e
r
>

1,
su

p
po

se
th

a
t

a
t

th
e

po
in

t
x̄

th
e

fu
n

ctio
n
f

h
a
s

a
K

L
expo

n
en

t
θ̄∈

[
12 ,

r
2
r−

1 ).
T

h
en

G
A

v
g (‖∇

f
(x
k)‖

2 )
≤
c

2

k
r

fo
r

a
ll

k
=

1,2
,...,

w
h
ere

th
e

co
n

sta
n

ts
(c

1 ,c
2 )

a
re

in
d
epen

d
en

t
o
f
k

,
bu

t
th

ey
m

a
y

d
epen

d
o
n

th
e

K
L

pa
ra

m
eters

a
t

th
e

po
in

t
x̄

.

S
ee

A
p
p

en
d
ix

E
.2

for
th

e
p
ro

of
of

th
is

th
eorem

.

C
o
m

m
e
n
ts:

N
ote

th
at

m
in

1≤
i≤
k ‖∇

f
(x
k)‖

2
is

u
p
p

er
b

ou
n
d
ed

b
y

th
e

q
u
an

tities
A

v
g (‖∇

f
(x
k)‖

2 )

an
d

G
A

v
g (‖∇

f
(x
k)‖

2 ).
It

th
u
s

follow
s

th
at

th
e

seq
u
en

ce{‖∇
f

(x
k)‖

2 }
k≥

0
con

verges
to

zero
at

a
rate

of
at

least
1/k

,
th

ereb
y

im
p
rov

in
g

th
e

rate
of

con
vergen

ce
of‖∇

f
(x

)‖
2

ob
tain

ed
in

T
h
eorem

s
1

an
d

2.
W

h
en

θ
<

12 ,
a

sim
p
le

m
o
d
ifi

ca
tion

of
th

e
p
ro

of
(u

sin
g
γ

=
2)

sh
ow

s
th

at,
A

lgorith
m

s
1

an
d

2
con

verge
in

a
fi
n
ite

n
u
m

b
er

of
step

s.
F

in
ally,

w
e

p
oin

t
ou

t
th

at
w

h
en

th
e

fu
n
ction

h
is

n
on

-sm
o
oth

b
u
t

th
e

p
rox

im
al-fu

n
ction

ϕ
is

sm
o
oth

,
th

e
ex

istin
g

p
ro

of
can

b
e

easily
m

o
d
ifi

ed
to

ob
tain

a
rate

of
co

n
vergen

ce
of

th
e

grad
ien

t-n
orm

‖∇
f

(x
k)‖

2 .

4
.
S
o
m
e
illu

stra
tiv

e
a
p
p
lica

tio
n
s

In
th

is
section

,
w

e
stu

d
y

fou
r

in
terestin

g
classes

of
n
on

-con
vex

p
rob

lem
s

th
at

fall
w

ith
in

th
e

fram
ew

ork
of

th
is

p
ap

er.
W

e
also

d
iscu

ss
variou

s
con

seq
u
en

ces
of

T
h
eorem

s
1
—

5
as

w
ell

as
C

orollaries
1—

3
w

h
en

ap
p
lied

to
th

ese
p
rob

lem
s.

4
.1

.
S

h
a
p

e
fro

m
sh

a
d

in
g

T
h
e

p
rob

lem
of

sh
ap

e
from

sh
ad

in
g

is
to

recon
stru

ct
th

e
th

ree-d
im

en
sion

al
(3D

)
sh

ap
e

of
an

ob
ject

b
ased

on
ob

serv
in

g
a

tw
o-d

im
en

sion
al

(2D
)

im
age

of
in

ten
sities,

alon
g

w
ith

som
e

in
form

ation
ab

ou
t

th
e

ligh
t

sou
rce

d
irectio

n
.

It
is

assu
m

ed
th

at
th

e
ob

served
2D

im
age

in
ten

sity
is

d
eterm

in
ed

b
y

th
e

an
gle

b
etw

een
th

e
ligh

t
sou

rce
d
irection

an
d

th
e

su
rface

n
orm

als
of

th
e

ob
ject

(E
cker

an
d

J
ep

son
,

2010).

In
m

ore
d
etail,

su
p
p

ose
th

at
b

oth
th

e
ob

ject
an

d
its

2D
im

ag
e

are
su

p
p

orted
on

a
rectan

gu
lar

grid
of

size
r×

c.
W

e
in

tro
d
u
ce

th
e

sh
orth

an
d

n
otation

[r]
=
{1
,2
,...,r}

an
d

[c]
=
{
1,2,...,c}

for
th

e
row

s
an

d
colu

m
n
s

of
th

is
grid

.
F

or
each

p
air

(i,j)
∈

[r]×
[c],

w
e

let
I
ij
∈

R
d
en

ote
th

e
ob

served
in

ten
sity

at
lo

cation
(i,j)

in
th

e
im

age,
an

d
w

e
let

N
ij ∈

R
3

d
en

ote
th

e
su

rface
n
orm

al
at

th
e

vertex
v
ij

:=
(x
ij ,y

ij ,z
ij )

of
th

e
ob

ject.
B

ased
on

ob
serv

in
g

th
e

2-d
im

en
sion

al
im

age,
b

oth
th

e
in

ten
sity

I
ij

an
d

co-ord
in

ate
p
air

(x
ij ,y

ij )
are

k
n
ow

n
for

each
p
air

(i,j)∈
[r]×

[c].
T

h
e

goal
of

sh
ap

e
from

sh
ad

in
g

is
to

estim
ate

th
e

u
n
k
n
ow

n
co

ord
in

ate
z
ij ,

w
h
ich

corresp
on

d
s

to
th

e
h
eigh

t
of

th
e

ob
ject

at
lo

cation
(i,j).

K
n
ow

led
ge

of
th

ese
z
-co

ord
in

ates
allow

s
u
s

to
gen

erate
a

3D
rep

resen
tation

of
th

e
ob

ject,
as

illu
strated

in
F

igu
re

1.

L
a
m

b
e
rtia

n
lig

h
tin

g
m

o
d

e
l:

In
o
rd

er
to

recon
stru

ct
th

e
z
-co

ord
in

ates,
w

e
req

u
ire

a
m

o
d
el

th
at

relates
th

e
ob

served
in

ten
sity

I
ij

to
th

e
su

rface
n
orm

a
l.

In
a

L
am

b
ertian

m
o
d
el,

for
a

giv
en

ligh
t

sou
rce

d
irection

L
:=

(`
1 ,`

2 ,`
2 ) >
∈

R
3,

it
is

assu
m

ed
th

at
th

e
su

rfa
ce
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

n
or

m
al
N
ij

an
d

in
te

n
si

ty
I i
j

ar
e

re
la

te
d

v
ia

th
e

re
la

ti
on

I i
j

=
〈L
,
N
ij
〉

‖N
ij
‖ 2

.
(1

9)

F
ig

u
re

1
.

F
ig

u
re

sh
ow

s
3
D

sh
ap

e
re

co
n
st

ru
ct

io
n

of
M

o
za

rt
(fi

rs
t

ro
w

)
a
n
d

V
a
se

(s
ec

on
d

ro
w

)
fr

om
co

rr
es

p
on

d
in

g
2D

im
a
ge

s.
T

h
e

gr
ay

-s
ca

le
im

ag
es

in
th

e
le

ft
co

lu
m

n
ar

e
th

e
2D

in
p
u
t

im
ag

es
;

th
e

tw
o

co
lo

re
d

im
a
ge

s
in

th
e

ri
gh

t
co

lu
m

n
a
re

th
e

re
co

n
st

ru
ct

ed
3D

sh
ap

es
.

T
h
e

3D
sh

a
p

es
ar

e
co

n
st

ru
ct

ed
b
y

so
lv

in
g

th
e

p
ro

b
le

m
(2

1)
u
si

n
g

A
lg

o
ri

th
m

4.

In
on

e
st

an
d
ar

d
m

o
d
el

(W
an

g
et

al
.,

20
14

),
th

e
su

rf
ac

e
n
or

m
al
N
ij

:=
(p
ij
,q
ij
,1

)>
is

as
su

m
ed

to
b

e
d
et

er
m

in
ed

b
y

th
e

tr
ip

le
t

of
ve

rt
ic

es
(v
ij
,v
i+

1
,j
,v
i,
j+

1
)

v
ia

th
e

eq
u
at

io
n
s

p
ij

=
(y
i,
j+

1
−
y i
,j

)(
z i

+
1
,j
−
z i
j
)
−

(y
i+

1
,j
−
y i
,j

)(
z i
,j

+
1
−
z i
j
)

(x
i,
j+

1
−
x
ij

)(
y i

+
1
,j
−
y i
j
)
−

(x
i+

1
,j
−
x
ij

)(
y i
,j

+
1
−
y i
j
)
,

q i
j

=
(x
i,
j+

1
−
x
i,
j
)(
z i

+
1
,j
−
z i
j
)
−

(x
i+

1
,j
−
x
i,
j
)(
z i
,j

+
1
−
z i
j
)

(x
i,
j+

1
−
x
ij

)(
y i

+
1
,j
−
y i
j
)
−

(x
i+

1
,j
−
x
ij

)(
y i
,j

+
1
−
y i
j
)
.

S
q
u
ar

in
g

b
ot

h
si

d
es

of
eq

u
at

io
n

(1
9)

an
d

su
b
st

it
u
ti

n
g

th
e

ex
p
re

ss
io

n
fo

r
su

rf
ac

e
n
or

m
al
N
ij

y
ie

ld
s

th
e

p
ol

y
n
om

ia
l

eq
u
at

io
n

( p
2 ij

+
q2 i
j

+
1
) I
ij
−

(`
1
p
ij

+
` 2
q i
j

+
` 3

)2
=

0,
(2

0)
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

w
h
ic

h
sh

ou
ld

b
e

sa
ti

sfi
ed

u
n
d
er

th
e

as
su

m
ed

m
o
d
el

.

In
p
ra

ct
ic

e,
th

is
eq

u
al

it
y

w
il
l

n
ot

b
e

ex
ac

tl
y

sa
ti

sfi
ed

,
b
u
t

w
e

ca
n

es
ti

m
at

e
th

e
z
-c

o
o
rd

in
a
te

s
b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

th
e
r
×
c

m
a
tr

ix
z

w
it

h
en

tr
ie

s
{ z

ij
|(
i,
j)
∈

[r
]×

[c
]}

:

m
in

z
∈R

r
×
c

{
r ∑ i=
1

c ∑ j=
1

( (1
+
p

2 ij
+
q2 i
j
)I

2 ij
−

(`
1
p
ij

+
` 2
q i
j

+
` 3

)2
) 2

︸
︷︷

︸
P

(z
)

} .
(2

1
)

S
o
m

e
re

c
o
n

st
ru

c
ti

o
n

e
x
p

e
ri

m
e
n
ts

:
In

or
d
er

to
il
lu

st
ra

te
th

e
b

eh
av

io
r

o
f

o
u
r

m
et

h
o
d

fo
r

th
is

p
ro

b
le

m
,

w
e

co
n
si

d
er

ed
tw

o
sy

n
th

et
ic

im
ag

es
fo

r
si

m
u
la

te
d

ex
p

er
im

en
ts

.
T

h
e

fi
rs

t
on

e
is

a
25

6
×

25
6

im
ag

e
of

M
o
za

rt
(Z

h
an

g
et

al
.,

19
9
9)

,
an

d
th

e
se

co
n
d

on
e

is
a

1
2
8
×

1
28

im
ag

e
of

V
a
se

.
T

h
e

3D
sh

ap
es

w
er

e
co

n
st

ru
ct

ed
fr

om
th

e
2D

im
ag

es
b
y

so
lv

in
g

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
(2

1)
u
si

n
g

th
e

b
ac

k
tr

ac
k
in

g
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
4.

T
h
e

re
co

n
st

ru
ct

ed
su

r-
fa

ce
s

fo
r

V
a
se

an
d

M
o
za

rt
ar

e
p
ro

v
id

ed
in

F
ig

u
re

1.
W

e
ra

n
50

0
it

er
at

io
n
s

o
f

A
lg

o
ri

th
m

4
fo

r
b

ot
h

th
e

im
ag

es
.

T
h
e

ru
n
ti

m
e

fo
r

M
o
za

rt
-e

x
am

p
le

w
as

87
se

co
n
d
s,

w
h
er

ea
s

th
e

ru
n
ti

m
e

fo
r

V
a
se

-e
x
am

p
le

w
as

39
se

co
n
d
s.

T
h
e

im
p
le

m
en

ta
ti

on
of

A
lg

or
it

h
m

4
fo

r
P

ro
b
le

m
(2

1
)

is
p
ar

al
le

li
za

b
le

;
h
en

ce
,

th
e

ru
n
ti

m
e

ca
n

b
e

m
u
ch

lo
w

er
th

an
ou

r
ru

n
ti

m
e

w
it

h
a

p
a
ra

ll
el

im
-

p
le

m
en

ta
ti

on
.

It
is

w
or

th
m

en
ti

on
in

g
th

at
th

e
p

ol
y
n
om

ia
l
P

is
a

fo
u
rt

h
-d

eg
re

e
p

o
ly

n
o
m

ia
l

w
it

h
d
im

en
si

on
r
×
c;

p
ol

y
n
om

ia
l
P

is
co

er
ci

ve
an

d
b

ou
n
d
ed

b
el

ow
b
y

ze
ro

.
C

o
n
se

q
u
en

tl
y,

w
e

ca
n

ap
p
ly

C
or

ol
la

ry
2

to
th

e
p
ro

b
le

m
(2

1)
w

h
ic

h
gu

ar
an

te
es

th
at

av
er

ag
e

o
f

th
e

sq
u
a
re

d
gr

ad
ie

n
t

n
or

m
A

v
g
( ‖
∇
P
‖2 2

)
co

n
ve

rg
es

to
ze

ro
at

a
ra

te
1 k
.

O
n
e

m
ig

h
t

al
so

co
n
si

d
er

ap
p
ly

in
g

th
e

C
C

C
P

m
et

h
o
d

to
th

is
p
ro

b
le

m
.

In
a

re
ce

n
t

p
a
-

p
er

,
W

an
g

et
al

.
(2

01
4)

p
ro

v
id

ed
a

D
C

d
ec

om
p

os
it

io
n

of
th

e
p

ol
y
n
om

ia
l
P

u
si

n
g

a
su

m
o
f

sq
u
ar

e
(S

O
S
)

op
ti

m
iz

at
io

n
te

ch
n
iq

u
e.

H
ow

ev
er

,
it

is
cr

u
ci

al
to

n
ot

e
th

at
th

e
D

C
d
ec

o
m

p
o
-

si
ti

on
of

p
ol

y
n
om

ia
l
P

ob
ta

in
ed

fr
om

th
e

S
O

S
-o

p
ti

m
iz

at
io

n
m

et
h
o
d

n
ee

d
n
o
t

b
e

o
p
ti

m
a
l.

In
or

d
er

to
se

e
th

is
,

n
ot

e
th

at
th

e
d
im

en
si

on
of

th
e

p
ol

y
n
om

ia
l
P

is
m

u
ch

la
rg

er
th

a
n

th
re

e.
In

p
ar

ti
cu

la
r,

th
e

va
ri

ab
le
z i
j

is
u
se

d
in

th
e

co
m

p
u
ta

ti
on

of
su

rf
ac

e
n
o
rm

al
s
N
ij
,N

i,
j−

1
a
n
d

N
i−

1
,j

,
h
en

ce
is

re
la

te
d

to
va

ri
ab

le
s

(z
i,
j+

1
,z
i+

1
,j
,z
i−

1
,j
,z
i,
j−

1
)—

w
h
ic

h
ar

e
a
g
a
in

re
la

te
d

to
th

e
ot

h
er

va
ri

ab
le

s.
A

h
m

ad
i

an
d

P
ar

ri
lo

(2
01

3)
sh

ow
ed

th
at

S
O

S
te

ch
n
iq

u
es

fo
r

d
er

iv
in

g
a

D
C

d
ec

om
p

os
it

io
n

ar
e

su
b
-o

p
ti

m
al

fo
r

a
fo

u
rt

h
-d

eg
re

e
p

ol
y
n
om

ia
l

w
h
en

th
e

d
im

en
si

o
n

o
f

th
e

p
ol

y
n
om

ia
l

is
gr

ea
te

r
th

an
th

re
e.

C
on

se
q
u
en

tl
y,

d
er

iv
in

g
an

op
ti

m
al

D
C

d
ec

o
m

p
o
si

ti
o
n

fo
r

th
e

p
ol

y
n
om

ia
l
P

w
il
l

b
e

co
m

p
u
ta

ti
on

al
ly

in
te

n
si

ve
.

4
.2

.
R

o
b

u
st

re
g
re

ss
io

n
u

si
n

g
T

u
k
e
y
’s

b
i-

w
e
ig

h
t

N
ex

t,
w

e
tu

rn
to

th
e

p
ro

b
le

m
of

ro
b
u
st

re
gr

es
si

on
w

it
h

T
u
ke

y
’s

b
i-

w
ei

gh
t

p
en

a
lt

y
fu

n
ct

io
n
.

S
u
p
p

os
e

th
at

w
e

ob
se

rv
e

p
ai

rs
(y
i,
z i

)
∈
R
×

R
d

li
n
ke

d
v
ia

th
e

n
oi

sy
li
n
ea

r
m

o
d
el

y i
=
〈z
i,
µ
∗ 〉

+
ε i

fo
r
i

=
1,
..
.,
n

.

H
er

e
th

e
ve

ct
or
µ
∗
∈
R
d

is
th

e
u
n
k
n
ow

n
p
ar

am
et

er
of

in
te

re
st

,
w

h
er

ea
s

th
e

va
ri

a
b
le

s
{ε
i}
n i=

1

co
rr

es
p

on
d

to
ad

d
it

iv
e

n
oi

se
.

In
ro

b
u
st

re
gr

es
si

on
,

w
e

o
b
ta

in
a
n

es
ti

m
at

e
of

th
e

p
a
ra

m
et

er

18
JM

L
R

 2
0(

15
4)

:1
-5

2,
 2

01
9



G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

vecto
r
µ
∗

b
y

co
m

p
u
tin

g

m
in

µ∈
R
d {

1n

n
∑i=

1

Ψ
(y
i −
〈z
i ,
µ〉 )}

︸
︷︷

︸
=

:f
(µ

)

(22)

w
h
ere

Ψ
is

a
k
n
ow

n
loss

fu
n
ction

w
ith

som
e

ro
b
u
stn

ess
p
rop

erties.
O

n
e

p
op

u
lar

ex
am

p
le

o
f

th
e

lo
ss

fu
n
ction

Ψ
is

T
u
k
ey

’s
b
i-w

eigh
t

fu
n
ction

,
w

h
ich

is
given

b
y

Ψ
(t)

=

{
1−

(1−
(t/λ

)
2)

3
if|t|≤

λ

1
oth

erw
ise

,
(23)

w
h
ere

λ
>

0
is

a
tu

n
in

g
p
aram

eter.
N

ote
th

at
Ψ

is
a

sm
o
oth

fu
n
ction

,
w

h
en

ce
th

e
fu

n
ction

f
in

th
e

o
b

jective
(22)

is
also

sm
o
oth

,
im

p
ly

in
g

th
at

A
lgorith

m
1

is
su

itab
le

for
th

e
p
rob

lem
.

W
ith

th
is

set-u
p
,

ap
p
ly

in
g

T
h
eorem

1,
T

h
eorem

4
an

d
C

orollary
3,

w
e

ob
tain

th
e

follow
in

g
g
u
a
ra

n
tee:

C
o
ro

lla
ry

4
G

iven
a

ra
n

d
o
m

in
itia

liza
tio

n
,

a
n

y
bo

u
n

d
ed

sequ
en

ce
{µ

k}
k≥

0
o
bta

in
ed

by
a
p
p
lyin

g
A

lgo
rith

m
1

to
th

e
o
bjective

(22)
h
a
s

th
e

fo
llo

w
in

g
p
ro

perties:

(a
)

A
lm

o
st

su
rely

w
ith

respect
to

th
e

ra
n

d
o
m

in
itia

liza
tio

n
,

th
e

sequ
en

ce{
µ
k}
k≥

0
co

n
verges

to
a

po
in

t
µ̄

su
ch

th
a
t∇

f
(µ̄

)
=

0
a
n

d
∇

2f
(µ̄

)�
0
.

(b)
T

h
ere

is
a

u
n

iversa
l

co
n

sta
n

t
c

1
su

ch
th

a
t

A
v
g (‖∇

f
(µ
k)‖

2 )
≤
c

1k
fo

r
a
ll
k

=
1,2

,....

W
e

p
rov

id
e

th
e

p
ro

of
in

A
p
p

en
d
ix

F
.1.

4
.3

.
S

m
o
o
th

fu
n

c
tio

n
m

in
im

iz
a
tio

n
w

ith
sp

a
rsity

c
o
n

stra
in

ts

M
ov

in
g

b
eyo

n
d

th
e

rob
u
st

regression
p
rob

lem
,

w
e

n
ow

d
iscu

ss
an

oth
er

in
terestin

g
p
ro

b
-

lem
o
f

m
in

im
izin

g
a

sm
o
oth

fu
n
ction

su
b

ject
to

sp
arsity

p
en

alty.
C

on
sid

er
th

e
follow

in
g

o
p
tim

iza
tio

n
p
rob

lem

m
in

x∈
R
d

‖
x‖

0 ≤
s

g
(x

),
(24)

w
h
ere

g
is

a
sm

o
oth

fu
n
ction

,
th

e
`
0 -“n

orm
”
‖x‖

0
cou

n
ts

th
e

n
u
m

b
er

of
n
on

-zero
en

-
tries

in
th

e
vector

x
,

an
d
s
∈
{
1
,...,d}

is
a

sp
arsity

p
aram

eter.
T

h
e

con
strain

t
set

{
x
∈
R
d|‖x‖

0 ≤
s }

is
n
on

-con
vex

,
an

d
con

seq
u
en

tly,
th

e
op

tim
ization

p
rob

lem
(24)

is
n
o
n
-co

n
vex

.
H

ow
ever,

th
e

con
strain

t
set

can
b

e
ex

p
ressed

as
th

e
level

set
o
f

a
certain

D
C

fu
n
ctio

n
(G

otoh
et

al.,
2017).

In
p
a
rticu

lar,
let|x|(d

) ≥
|x|(d−

1
) ≥
···≥

|x|(1
)

d
en

ote

th
e

va
lu

es
o
f
x
∈

R
d

re-ord
ered

in
term

s
of

th
eir

ab
solu

te
m

agn
itu

d
es.

In
term

s
of

th
is

1
9
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

n
otation

,
w

e
h
av

e
‖
x‖

1 ≥
∑

di=
d−
s+

1 |x|(i)
for

all
x
∈
R
d,

w
ith

eq
u
ality

h
old

in
g

if
an

d
on

ly
if
x

is
s–sp

arse.
T

h
is

fact
en

su
res

th
at

{
x
∈
R
d

:‖
x‖

0 ≤
s }

=
{
x
∈
R
d

:‖x‖
1 −

d
∑

i=
d−
s+

1 |x|(i) ≤
0 }
.

(25)

S
in

ce
b

oth
of

th
e

fu
n
ction

s
x
7→
‖x‖

1
an

d
x
7→
∑

di=
d−
s+

1 |x|(i)
are

con
vex

(B
oy

d
a
n
d

V
an

-
d
en

b
ergh

e,
2004),

th
is

level
set

form
u
lation

is
a

D
C

con
strain

t.
N

ow
u
sin

g
th

e
rep

resen
ta-

tion
(25),

w
e

can
rew

rite
p
rob

lem
(24)

as
m

in
x∈

R
d
g
(x

)
su

ch
th

at‖x‖
1 −
∑

di=
d−
s+

1 |x|(i) ≤
0.

F
or

ou
r

ex
p

erim
en

ts,
it

is
m

ore
con

ven
ien

t
to

solve
th

e
p

en
alized

an
alogu

e
of

th
e

last
p
rob

-
lem

,
giv

en
b
y

m
in

x∈
R
d

{
g
(x

)
+
λ (‖

x‖
1 −

d
∑

i=
d−
s+

1 |x|(i) )}
,

(26)

w
h
ere

λ
>

0
is

a
tu

n
in

g
p
aram

eter.
T

h
e

op
tim

ization
p
rob

lem
(26)

can
b

e
solved

u
sin

g
A

lgorith
m

2
w

ith
g
(x

)
=
g
(x

),
ϕ

(x
)

=
λ‖
x‖

1
an

d
h

(x
)

=
λ ∑

di=
d−
s+

1 |x|(i) .
F

or
th

e
n
on

-
sm

o
oth

com
p

on
en

t
ϕ

(x
)

=
λ‖
x‖

1 ,
th

ere
is

a
closed

form
ex

p
ression

of
th

e
p
rox

im
al

u
p

d
ate

in
A

lgorith
m

2,
so

th
at

th
e

m
eth

o
d

is
esp

ecially
effi

cien
t

in
th

is
case.

4
.3
.1
.
B
e
st

su
b
se

t
se

l
e
c
t
io
n

A
sp

ecial
case

of
p
rob

lem
(26)

arises
from

b
est

su
b
set

selection
in

lin
ear

regression
.

S
u
p
p

ose
th

at
w

e
ob

serve
a

v
ector

y
∈
R
n

an
d

a
m

atrix
B
∈
R
n×

d
th

at
are

lin
ked

v
ia

th
e

stan
d
ard

lin
ear

m
o
d
el
y

=
B
x
∗

+
ε.

H
ere

th
e

vector
ε
∈

R
n

corresp
on

d
s

to
ad

d
itiv

e
n
oise,

w
h
ereas

x
∗
∈

R
d

is
th

e
u
n
k
n
ow

n
regression

vector.
W

e
w

ish
to

estim
ate

th
e

u
n
k
n
ow

n
p
aram

eter
vector

x
∗

su
b

ject
to

a
sp

arsity
con

strain
t,

an
d

w
e

d
o

so
b
y

solv
in

g
th

e
follow

in
g

op
tim

ization
p
rob

lem
:

m
in

x∈
R
d

‖
x‖

0 ≤
s ‖y−

B
x‖

22 .
(27)

H
ere

th
e

n
on

-n
egative

in
teger

s
is

a
tu

n
in

g
p
a
ram

eter
th

at
con

trols
m

ax
im

u
m

n
u
m

b
er

of
allow

ab
le

n
on

-zero
en

tries
in

th
e

vector
x

.
F

ollow
in

g
th

e
d
evelop

m
en

t
lead

in
g

to
th

e
form

u
lation

(26),
let

u
s

con
sid

er
in

stead
th

e
p
rob

lem
of

m
in

im
izin

g
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∑
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b
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‖
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︸
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︸
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p
rob
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d
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p
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‖
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p
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p
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p
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p
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r
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at
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p
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h
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n
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p
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p
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re
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b
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b
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p
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p
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u
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∈
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gr
ap

h
(∂
L
f

)
su

ch
th

at

th
e

se
q
u
en

ce
{(
x
k
,u

k
,f

(x
k
)}
k
≥

0
co

n
ve

rg
es

to
a

p
oi

n
t

(x
,u
,f

(x
))

.
T

h
en

(x
,u

)
∈

gr
ap

h
(∂
L
f

).
R

ec
al

l
th

at
gr

ap
h
(∂
L
f

)
:=
{ (x

,u
)
∈
R
d
×

R
|u
∈
∂
L
f

(x
)}

.

.

A
.2

.
S

u
b

-a
n

a
ly

ti
c

fu
n

c
ti

o
n

s
sa

ti
sf

y
K

L
-a

ss
u

m
p

ti
o
n

In
th

is
ap

p
en

d
ix

,
w

e
sh

ow
th

at
co

n
ti

n
u
ou

s
su

b
-a

n
al

y
ti

c
fu

n
ct

io
n
s

sa
ti

sf
y

th
e

K
L

-i
n
eq

u
a
li
ty

.
W

e
al

so
p
ro

v
id

e
ex

am
p
le

s
of

fu
n
ct

io
n
s

w
h
ic

h
ar

e
su

b
-a

n
al

y
ti

c.

C
o
m

m
e
n
ts

o
n

li
m

it
in

g
su

b
-d

iff
e
re

n
ti

a
l:

In
or

d
er

to
fa

ci
li
ta

te
ou

r
d
is

cu
ss

io
n
,

w
e

m
en

-
ti

on
so

m
e

si
m

p
le

fa
ct

s
on

li
m

it
in

g
su

b
d
iff

er
en

ti
a
l

of
a

fu
n
ct

io
n
f

,
w

h
er

e
f

is
o
f

th
e

fo
rm

f
=
g
−
h

(T
h
eo

re
m

s
1

an
d

4)
or

f
=
g

+
ϕ
−
h

(T
h
eo

re
m

s
2

an
d

5)
.

T
h
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

ar
e

d
ir

ec
t

co
n
se

q
u
en

ce
s

of
p
ro

p
er

ti
es

of
th

e
li
m

it
in

g
su

b
d
iff

er
en

ti
a
l

m
en

ti
o
n
ed

in
A

p
p

en
d
ix

A
.1

.

•
S
u
p
p

os
e

th
a
t

th
e

d
iff

er
en

ce
fu

n
ct

io
n
f

=
g
−
h

sa
ti

sfi
es

p
ar

ts
(a

)
an

d
(b

)
o
f
A

ss
u
m

p
ti

on
G

R
.

T
h
en

w
e

h
av

e ∂
L

(−
f

)(
x

)
=
∂
h

(x
)
−
∇
g
(x

),
an

d
m

or
eo

ve
r

‖∇
f

(x
)‖

2
:=
‖∇

g
(x

)
−
∂
h

(x
)‖

2
=
‖∂

L
(−
f

)(
x

)‖
2

•
S
u
p
p

os
e

th
at

th
e

fu
n
ct

io
n
f

=
g
+
ϕ
−
h

,
w

h
er

e
th

e
fu

n
ct

io
n
h

is
lo

ca
ll
y

sm
o
o
th

,
a
n
d

th
e

fu
n
ct

io
n
f

sa
ti

sfi
es

A
ss

u
m

p
ti

on
P

R
p
a
rt

(b
).

T
h
en
∂
L
f

(x
)

=
∇
g
(x

)
−
∇
h

(x
)
+
∂
ϕ

(x
).

C
on

se
q
u
en

tl
y,

w
e

h
av

e
th

at
‖∇

f
(x

)‖
2

=
‖∂

L
f

(x
)‖

2
.

W
e

p
ro

ve
th

at
co

n
ti

n
u
ou

s
su

b
-a

n
al

y
ti

c
fu

n
ct

io
n
s

sa
ti

sf
y

A
ss

u
m

p
ti

on
K

L
b
y

ex
p
lo

it
-

in
g

re
su

lt
s

d
u
e

to
B

ol
te

et
al

.
(2

00
7)

.
L

et
u
s

in
tr

o
d
u
ce

so
m

e
n
ot

at
io

n
u
se

d
in

th
is

p
a-

p
er

.
W

e
u
se

m
f
(x

)
to

d
en

ot
e

th
e
` 2

d
is

ta
n
ce

of
th

e
se

t
∂
L
f

(x
)

fr
om

ze
ro

;
co

n
cr

et
el

y,
m
f
(x

)
:=

d
is

t ‖
·‖

2

( 0
,∂
L
f

(x
))

.
In

T
h
eo

re
m

3.
1

(f
or

cr
it

ic
al

p
oi

n
ts

of
th

e
fu

n
ct

io
n
f

)
a
n
d

R
e-

m
ar

k
3.

2
(f

or
n
on

-c
ri

ti
ca

l
p

oi
n
ts

of
th

e
fu

n
ct

io
n
f

),
B

o
lt

e
et

al
.

(2
00

7)
p
ro

v
ed

th
e

fo
ll
ow

in
g

fa
ct

ab
ou

t
su

b
-a

n
al

y
ti

c
fu

n
ct

io
n
s.
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

L
e
m

m
a

1
(B

o
lte

et
al.

(2007)):
L

et
f

:
R
d
7→

R
∪
{
+
∞
}

be
a

su
b-a

n
a
lytic

fu
n

ctio
n

w
ith

clo
sed

d
o
m

a
in

,
a
n

d
a
ssu

m
e

th
a
t
f|d

o
m

(f
)

is
co

n
tin

u
o
u

s.
T

h
en

fo
r

a
n

y
a
∈

d
om

(f
),

th
ere

exists
a
n

expo
n

en
t
θ
∈

[0,1)
su

ch
th

a
t,

th
e

fu
n

ctio
n
|f−

f
(a

)| θ
m
f

is
bo

u
n

d
ed

a
bo

ve
in

a

n
eigh

bo
rh

ood
o
f
a

.

U
sin

g
L

em
m

a
1
,

w
e

n
ow

argu
e

th
at

su
b
-an

aly
tic

fu
n
ction

s,
u
n
d
er

th
e

con
d
ition

s
of

T
h
eo-

rem
4

o
r

T
h
eorem

5,
satisfy

A
ssu

m
p
tion

K
L

.

L
e
m

m
a

2
A

n
y

su
b-a

n
a
lytic

fu
n

ctio
n
f

sa
tisfyin

g
A

ssu
m

p
tio

n
G

R
a
lso

sa
tisfi

es
A

ssu
m

p
tio

n
K

L
.

P
ro

o
f

F
irst,

n
ote

th
at

th
e

fu
n
ction

f
is

co
n
tin

u
ou

s
b
y

A
ssu

m
p
tion

G
R

;
su

p
p

ose
f

is
su

b
-

a
n
a
ly

tic,
th

en
from

p
rop

erties
of

su
b
-an

aly
tic

fu
n
ction

s,
w

e
h
ave

th
at

th
e

fu
n
ctio

n
−
f

is
a
lso

su
b
-a

n
a
ly

tic.
F

u
rth

erm
ore,

th
e

fu
n
ction

−
f

is
con

tin
u
ou

s
in

th
e

clo
sed

d
om

ain
C

—
w

h
ich

b
y

L
em

m
a

1
gu

aran
tees

th
at,

for
an

y
a
∈
C

,
th

ere
ex

ists
θ
∈

[0,1)
su

ch
th

at
th

e
ratio

|−
f−

(−
f

(a
))| θ

m
(−
f
)

is
b

ou
n
d
ed

ab
ove

in
a

n
eigh

b
orh

o
o
d

of
th

e
p

oin
t
a
.

S
in

ce
|−

f
−

(−
f

(a
))|

=

|f
−
f

(a
)|,

p
rov

in
g

satisfi
ab

ility
of

A
ssu

m
p
tion

K
L

red
u
ces

to
sh

ow
in

g
th

at
m

(−
f

) (x
)

is
u
p
p

er
b

ou
n
d
ed

b
y
‖∇

f
(x

)‖
2 .

T
o

th
is

en
d
,

n
ote

th
at

from
th

e
d
iscu

ssion
ab

ou
t

lim
itin

g
su

b
d
iff

eren
tia

l
in

th
e

p
aragrap

h
ab

ove
L

em
m

a
1,

w
e

h
ave

‖∇
f

(x
)‖

2
=
‖
∂
L

(−
f

)(x
)‖

2

(i)

≥
m

(−
f

) (x
),

(3
4)

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

of
m

(−
f

) (x
).

P
u
ttin

g
togeth

er
th

e
p
ieces,

w
e

co
n
clu

d
e

th
a
t

a
n
y

su
b
-an

aly
tic

fu
n
ction

f
w

h
ich

satisfi
es

A
ssu

m
p
tion

G
R

,
also

satisfi
es

A
s-

su
m

p
tio

n
K

L
.

L
e
m

m
a

3
S

u
p
po

se
th

a
t,

in
a
d
d
itio

n
to

th
e

co
n

d
itio

n
s

o
n

th
e

fu
n

ctio
n

s
(g
,h
,ϕ

)
fro

m
T

h
e-

o
rem

2
,

th
e

fu
n

ctio
n
f

:=
g−

h
+
ϕ

is
co

n
tin

u
o
u

s
a
n

d
su

b-a
n

a
lytic

in
its

d
o
m

a
in

d
om

(f
),

a
n

d
th

e
d
o
m

a
in

d
om

(f
)

is
clo

sed
.

T
h
en

th
e

fu
n

ctio
n
f

sa
tisfi

es
A

ssu
m

p
tio

n
K

L
.

P
ro

o
f

S
in

ce
th

e
fu

n
ction

f|d
o
m

(f
)

is
con

tin
u
ou

s
an

d
su

b
-an

aly
tic

b
y

assu
m

p
tion

,
from

L
em

m
a

1
,

w
e

h
av

e
th

at
for

an
y
a
∈

d
om

(f
)

th
ere

ex
ists

a
θ
∈

[0,1)
su

ch
th

at,
th

e
ratio

|f−
f

(a
)| θ

m
f

is
b

o
u
n
d
ed

ab
ove

in
a

n
eigh

b
orh

o
o
d

of
th

e
p

oin
t
a
.

In
ord

er
to

ju
stify

satisfi
ab

ility

o
f

A
ssu

m
p
tion

K
L

,
it

su
ffi

ces
to

p
rov

e
th

at
m
f (x

)
is

u
p
p

er
b

ou
n
d
ed

b
y
‖∇

f
(x

)‖
2 .

T
o

th
is

en
d
,

n
o
te

th
a
t

th
e

fu
n
ction

h
is

lo
cally

sm
o
oth

b
y

assu
m

p
tion

s
of

T
h
eorem

2
p
art

(b
).

H
en

ce,
fro

m
th

e
d
iscu

ssion
ab

ou
t

lim
itin

g
su

b
d
iff

eren
tial

in
th

e
p
aragrap

h
ab

ove
L

em
m

a
1,

w
e

h
ave

‖∇
f

(x
)‖

2
=
‖∂

L
f

(x
)‖

2

(i)

≥
m
f (x

),
(35)

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

of
m
f (x

).
P

u
ttin

g
togeth

er
th

e
p
ieces,

gu
aran

tees
th

a
t

th
e

fu
n
ctio

n
f

satisfi
es

A
ssu

m
p
tion

K
L
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

A
.3

.
In

sta
n

c
e
s

o
f

su
b

-a
n

a
ly

tic
fu

n
c
tio

n
s

In
A

p
p

en
d
ix

A
.2,

w
e

p
rov

ed
th

at
con

tin
u
ou

s
su

b
-an

aly
tic

fu
n
ction

s
sa

tisfy
A

ssu
m

p
tion

K
L

,
an

d
in

th
ose

cases,—
b
y

T
h
eorem

s
4

an
d

5—
w

e
h
ave

a
faster

rate
of

con
vergen

ce
of

A
lgorith

m
s

1
an

d
2.

In
th

is
ap

p
en

d
ix

,
w

e
p
rov

id
e

ex
a
m

p
les

of
fu

n
ction

s
w

h
ich

are
su

b
-

an
aly

tic.
W

e
start

b
y

p
rov

id
in

g
d
efi

n
ition

s
of

su
b
-an

aly
tic

fu
n
ctio

n
s

follow
in

g
th

e
d
efi

n
ition

of
(B

olte
et

al.,
2007).

A
su

b
set

S
⊂

R
d

is
called

sem
i-a

n
a
lytic

if
each

p
oin

t
of

R
d

ad
m

its
a

n
eigh

b
orh

o
o
d
V

su
ch

th
at

th
e

set
S
∩
V

h
as

th
e

form

S
∩
V

=
∪
pi=

1 ∩
qj=

1 {
x
∈
V
|
h
ij

=
0,g

ij
>

0 }
,

w
h
ere

th
e

fu
n
ction

s
h
ij ,g

ij
:
V
7→

R
are

rea
l-an

aly
tic.

A
set

S
is

called
su

b-a
n

a
lytic,

if
each

p
oin

t
ofR

d
ad

m
its

a
n
eigh

b
orh

o
o
d
V

su
ch

th
at

S
∩
V

=
{
x
∈
R
d

: (x
,y )∈

B
}
,

w
h
ere

B
is

a
b

ou
n
d
ed

sem
i-an

aly
tic

su
b
set

of
R
d×

R
m

for
som

e
m
≥

1.
A

fu
n
ction

f
is

called
su

b
-an

aly
tic

if
th

e
grap

h
of
f

,
d
efi

n
ed

b
y

grap
h
(f

)
:=
{

(x
,y

)∈
R
d×

R
:
f

(x
)

=
y }

,
is

su
b
-an

aly
tic.

T
h
e

class
of

su
b
-an

aly
tic

fu
n
ction

s
is

q
u
ite

large.
In

ord
er

to
m

otivate
th

e
read

er,
w

e
p
rov

id
e

few
ex

am
p
les

h
ere.

T
h
e

follow
in

g
resu

lts
can

b
e

fou
n
d

in
B

olte
et

al.
(2014)

an
d

C
h
ap

ter
6

in
th

e
b

o
ok

b
y

F
acch

in
ei

an
d

P
an

g
(2007).

(a)
A

n
y

real-valu
ed

p
oly

n
om

ial
or

an
aly

tic
fu

n
ction

is
su

b
-an

aly
tic.

(b
)

A
n
y

real-valu
ed

sem
i-algeb

raic
or

sem
i-an

aly
tic

fu
n
ction

is
su

b
-an

aly
tic.

(c)
In

d
icator

fu
n
ction

of
a

sem
i-algeb

raic
set

is
su

b
-an

a
ly

tic.

(d
)

S
u
b
-an

aly
tic

fu
n
ction

s
are

closed
u
n
d
er

fi
n
ite

lin
ear

com
b
in

ation
s,

an
d

th
e

p
ro

d
u
ct

of
tw

o
su

b
-an

aly
tic

fu
n
ction

s
is

su
b
-an

aly
tic.

(e)
P

oin
t-w

ise
m

ax
im

u
m

an
d

m
in

im
u
m

of
a

fi
n
ite

collection
of

su
b
-an

aly
tic

fu
n
ction

s
are

su
b
-an

aly
tic.

(f)
C

o
m

po
sitio

n
ru

le:
If
g

1
an

d
g

2
are

tw
o

su
b
-an

a
ly

tic
fu

n
ction

s
w

ith
th

e
fu

n
ction

g
1

b
ein

g
con

tin
u
ou

s,
th

en
th

e
com

p
osition

fu
n
ction

g
2 ◦

g
1

is
su

b
-an

aly
tic.

In
fact,

th
e

class
of

con
tin

u
ou

s
su

b
-an

aly
tic

fu
n
ction

s
are

clo
sed

u
n

d
er

a
lgebra

ic
o
pera

tio
n

s.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

re
la
te
d
to

A
lg
o
rith

m
1

In
th

is
ap

p
en

d
ix

,
w

e
collect

th
e

p
ro

ofs
of

variou
s

resu
lts

related
to

th
e

grad
ien

t-b
ased

A
lgorith

m
1,

in
clu

d
in

g
T

h
eorem

1,
C

orollaries
1

an
d

3,
an

d
P

rop
osition

1.

B
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

O
u
r

p
ro

of
of

th
is

th
eorem

,
as

w
ell

as
su

b
seq

u
en

t
on

es,
d
ep

en
d
s

on
th

e
follow

in
g

d
escen

t
lem

m
a:
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

L
e
m

m
a

4
U

n
d
er

th
e

co
n

d
it

io
n

s
o
f

T
h
eo

re
m

1
,

w
e

h
a
ve

x
k
∈

in
t(
C)

a
n

d
f

(x
k
+

1
)
≤
f

(x
k
)
−
α 2
‖∇

f
(x
k
)‖

2 2
fo

r
a
ll
k

=
0,

1
,2
,.
..

.
(3

6)

S
ee

A
p
p

en
d
ix

B
.1

.1
fo

r
th

e
p
ro

of
of

th
is

le
m

m
a.

W
e

n
ow

p
ro

ve
T

h
eo

re
m

1
u
si

n
g

L
em

m
a

4.

C
o
n
v
e
rg

e
n

c
e

o
f

fu
n

c
ti

o
n

v
a
lu

e
s:

W
e

fi
rs

t
p
ro

ve
th

at
th

e
fu

n
ct

io
n

va
lu

e
se

q
u
en

ce
{f

(x
k
)}
k
≥

0
is

co
n
ve

rg
en

t.
S
in

ce
f
∗

:=
m

in
x
∈C
f

(x
)

is
fi
n
it

e
b
y

as
su

m
p
ti

on
,

an
d
x
k
∈

in
t(
C)

fo
r

al
l
k
≥

0
b
y

L
em

m
a

4,
th

e
se

q
u
en

ce
{f

(x
k
)}
k
≥

0
is

b
ou

n
d
ed

b
el

ow
.

F
or

a
n
y

n
o
n
-s

ta
ti

on
a
ry

x
k
,

in
eq

u
al

it
y

(3
6)

al
so

en
su

re
s

th
at
f

(x
k
)
>
f

(x
k
+

1
);

h
en

ce
,

th
er

e
m

u
st

ex
is

t
so

m
e

sc
al

ar
f̄

su
ch

th
at

li
m

k
→
∞
f

(x
k
)

=
f̄

.

S
ta

ti
o
n

a
ri

ty
o
f

li
m

it
p

o
in

ts
:

N
ex

t,
w

e
es

ta
b
li
sh

th
at

an
y

li
m

it
p

oi
n
t

of
th

e
se

q
u
en

ce
{x

k
} k
≥

0
m

u
st

b
e

st
at

io
n
ar

y.
C

on
si

d
er

a
su

b
se

q
u
en

ce
{x

k
j
} j
≥

0
of
{ x

k
} k
≥

0
su

ch
th

at
x
k
j
→
x̄

,

an
d

le
t
{u

k
j
} j
≥

0
b

e
th

e
as

so
ci

at
ed

se
q
u
en

ce
of

su
b
gr

ad
ie

n
ts

.
It

su
ffi

ce
s

to
ex

h
ib

it
a

su
b
-

gr
ad

ie
n
t
ū
∈
∂
h

(x̄
)

su
ch

th
at
∇
g
(x̄

)
−
ū

=
0.

S
in

ce
th

e
se

q
u
en

ce
{x

k
j
} j
≥

0
co

n
ve

rg
es

to
x̄

,
w

e
m

u
st

h
av

e

‖∇
f

(x
k
j
)‖

2
=
‖∇

g
(x
k
j
)
−
u
k
j
‖ 2
→

0.

T
h
e

fu
n
ct

io
n
g

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
b
y

a
ss

u
m

p
ti

on
,

an
d

w
e

h
av

e
∇
g
(x
k
j
)
→
∇
g
(x̄

).
C

om
b
in

in
g

th
es

e
w

e
fi
n
d

th
at

u
k
j
→
∇
g
(x̄

).
F

u
rt

h
er

m
or

e,
b
y

co
n
ti

n
u
it

y
of

th
e

fu
n
ct

io
n

g
,

w
e

h
av

e
g
(x
k
j
)
→

g
(x̄

).
P

u
tt

in
g

to
ge

th
er

th
e

p
ie

ce
s

w
e

h
av

e
es

ta
b
li
sh

ed
ab

ov
e

th
at

( x
k
j
,u

k
j
,g

(x
k
j
))
→
( x̄
,ū
,g

(x̄
))

,
w

h
er

e
ū

:=
∇
g
(x̄

).
C

on
se

q
u
en

tl
y,

th
e

gr
ap

h
co

n
ti

n
u
it

y
of

li
m

it
in

g-
su

b
-d

iff
er

en
ti

al
s

(s
ee

A
p
p

en
d
ix

A
.1

)
gu

ar
an

te
es

th
at
ū

=
∇
g
(x̄

)
∈
∂
h

(x̄
).

O
ve

ra
ll
,

w
e

co
n
cl

u
d
e

th
at
∇
f

(x̄
)

:=
∇
g
(x

)
−
ū

=
0,

so
th

at
x̄

is
a

st
at

io
n
ar

y
p

oi
n
t

as
cl

a
im

ed
.

E
st

a
b

li
sh

in
g

th
e

b
o
u

n
d

(3
):

F
in

al
ly

,
w

e
p
ro

ve
th

e
cl

ai
m

ed
b

ou
n
d

(3
)

on
th

e
av

er
ag

ed
sq

u
ar

ed
gr

ad
ie

n
t.

R
ec

al
li
n
g

th
at
f
∗

:=
m

in
x
∈C
f

(x
)

is
fi
n
it

e,
w

e
h
av

e

f
(x

0
)
−
f
∗
≥
f

(x
0
)
−
f

(x
k
+

1
)

=
k ∑ j=

0

f
(x
j
)
−
f

(x
j+

1
)

(i
) ≥
α 2

k ∑ j=
0

‖∇
f

(x
k
)‖

2 2

=
α

(k
+

1)

2
A

v
g
( ‖
∇
f

(x
k
)‖

2 2

) ,

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
eq

u
at

io
n

(3
6)

.
R

ea
rr

an
gi

n
g

y
ie

ld
s

th
e

cl
ai

m
ed

b
o
u
n
d

(3
)

on
th

e
av

er
ag

ed
sq

u
ar

ed
gr

ad
ie

n
t.
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B
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.
P
r
o
o
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o
f
L
e
m
m
a
4

R
ec

al
l

th
at

b
y

as
su

m
p
ti

on
,

th
e

fu
n
ct

io
n
g

is
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
an

d
M
g
-s

m
o
o
th

,
an

d
th

e
fu

n
ct

io
n
h

is
co

n
v
ex

.
A

s
a

co
n
se

q
u
en

ce
,

fo
r

an
y

ve
ct

or
x
k
∈
C

an
d

su
b
g
ra

d
ie

n
t

u
k
∈
∂
h

(x
k
),

w
e

h
av

e g
(x

)
≤
g
(x
k
)

+
〈∇
g
(x
k
),
x
−
x
k
〉+

M
g

2
‖x
−
x
k
‖2 2

(3
7a

)

h
(x

)
≥
h

(x
k
)

+
〈u
k
,
x
−
x
k
〉.

(3
7
b
)

C
om

b
in

in
g

in
eq

u
al

it
ie

s
(3

7a
)

an
d

(3
7b

)
y
ie

ld

f
(x

)
=
g
(x

)
−
h

(x
)
≤
f

(x
k
)

+
〈∇
g
(x
k
)
−
u
k
,
x
−
x
k
〉+

M
g

2
‖x
−
x
k
‖2 2
.

(3
8
)

S
u
b
st

it
u
ti

n
g
x

=
x
k
+

1
:=

x
k
−
α
( ∇
g
(x
k
)
−
u
k
)

in
eq

u
at

io
n

(3
8)

an
d

si
m

p
li
fy

in
g

y
ie

ld
s

f
(x
k
)
−
f

(x
k
+

1
)
≥
( 1 α
−
M
g

2

) ‖
x
k
+

1
−
x
k
‖2 2

=
α
( 1
−
α
M
g

2

) ‖
∇
g
(x
k
)
−
u
k
‖2 2

(i
) ≥
α 2
‖∇

f
(x
k
)‖

2 2
,

w
h
er

e
in

eq
u
al

it
y

(i
)

fo
ll
ow

s
fr

om
th

e
u
p
p

er
b

ou
n
d
α
≤

1
M
g
.

T
h
is

p
ro

ve
s

th
e

se
co

n
d

p
a
rt

of
th

e
st

at
ed

le
m

m
a.

A
s

fo
r

th
e

cl
ai

m
th

at
th

e
se

q
u
en

ce
re

m
ai

n
s

in
th

e
in

te
ri

o
r

o
f

th
e

se
t
C,

n
ot

e
th

at
f

(x
k
+

1
)
≤
f

(x
k
)
≤
f

(x
0
),

w
h
ic

h
en

su
re

s
th

a
t
x
k
+

1
∈
L(
f

(x
0
))
⊂

in
t(
C)

,
a
s

cl
ai

m
ed

.

B
.2

.
P

ro
o
f

o
f

C
o
ro

ll
a
ry

1

T
h
e

fi
rs

t
p
ar

t
of

th
e

p
ro

of
b
u
il
d
s

on
a

si
m

p
le

ap
p
li
ca

ti
on

of
T

h
eo

re
m

1
an

d
th

e
d
efi

n
it

io
n

of
eff

ec
ti

ve
sm

o
ot

h
n
es

s
co

n
st

an
t
M
∗ f.

T
h
e

se
co

n
d

p
ar

t
o
f

th
e

p
ro

of
u
ti

li
ze

s
a

re
la

ti
o
n

b
et

w
ee

n
th

e
b
ac

k
tr

ac
k
in

g
st

ep
si

ze
an

d
th

e
eff

ec
ti

ve
sm

o
ot

h
n
es

s
co

n
st

an
t.

F
or

sa
ke

of
co

m
p
le

te
n
es

s,
w

e
fi
rs

t
d
es

cr
ib

e
th

e
gr

ad
ie

n
t

d
es

ce
n
t

b
ac

k
tr

ac
k
in

g
a
lg

or
it

h
m

.

A
lg

o
ri

th
m

4
G

ra
d
ie

n
t

d
es

ce
n
t

w
it

h
b
ac

k
tr

ac
k
in

g

1
:

G
iv

en
an

in
it

ia
l

p
oi

n
t
x

0
∈

in
t(
C)

an
d

p
ar

am
et

er
β
∈

(0
,1

):
2
:

fo
r
k

=
0,

1,
2,
..
.

d
o

3
:

C
h
o
os

e
th

e
sm

al
le

st
n
on

n
eg

at
iv

e
in

te
ge

r
i k

su
ch

th
at

th
e

st
ep

si
ze
tk

:=
β
i k

sa
ti

sfi
es

:

f
( x

k
−
tk
∇
f

(x
k
))
≤
f

(x
k
)
−
tk 2
‖∇

f
(x
k
)‖

2
.

(3
9
)

4
:

U
p

d
at

e
x
k
+

1
=
x
k
−
tk
∇
f

(x
k
).

5
:

e
n

d
fo

r

E
st

a
b

li
sh

in
g

th
e

b
o
u

n
d

in
(5

a)
:

F
or

an
y

st
ep

si
ze

α
in

th
e

in
te

rv
al
( 0,

1
M
f
∗

) ,
th

e

d
efi

n
it

io
n

of
th

e
eff

ec
ti

ve
sm

o
ot

h
n
es

s
co

n
st

an
t
M
f
∗

en
su
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s

th
e

fo
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in
g

p
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p
er
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.
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G
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r
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n
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e
e
s
f
o
r
n
o
n
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o
n
v
e
x
n
o
n
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o
o
t
h
p
r
o
b
l
e
m
s

ex
ists

a
M
g -sm

o
oth

fu
n
ction

g
an

d
a

con
vex

-d
iff

eren
tiab

le
fu

n
ction

h
w

ith
f

=
g
−
h

,
a
n
d

th
e

sca
la

r
M
g

satisfi
es
α
<

1
M
g
≤

1
M
f ∗

.
S
in

ce
th

e
fu

n
ction

f
is

d
iff

eren
tiab

le,
ap

p
ly

in
g

A
lg

o
rith

m
1

o
n

th
e

fu
n
ction

f
w

ith
th

e
d
ecom

p
osition

f
=
g−

h
is

eq
u
ivalen

t
to

a
p
p
ly

in
g

g
ra

d
ien

t
d
escen

t
on

f
.

F
u
rth

erm
ore,

th
e

step
size

α
satisfi

es
th

e
u
p
p

er
b

o
u
n
d
α
≤

1
M
g
,

an
d

a
p
p
ly

in
g

th
e

b
o
u
n
d

(3)
from

T
h
eorem

1
y
ield

s:

A
v
g (‖∇

f
(x
k)‖

22 )
≤

2 (f
(x

0)−
f
∗ )

α
(k

+
1)

.
(40)

E
sta

b
lish

in
g

th
e

b
a
ck

tra
ck

in
g

b
o
u

n
d

(5b
):

F
or

an
y

fraction
β
∈

(0,1),
th

e
d
efi

n
ition

o
f

th
e

eff
ective

sm
o
oth

n
ess

con
stan

t
M
f
∗

gu
aran

tees
th

e
follow

in
g.

T
h
ere

ex
ists

a
M
g -

sm
o
o
th

fu
n
ctio

n
g

an
d

a
con

vex
an

d
d
iff

eren
tiab

le
fu

n
ction

h
w

ith
f

=
g
−
h

,
an

d
th

e
sca

la
r
M
g

sa
tisfi

es
β
M
g ≤

M
f
∗≤

M
g .

C
om

p
arin

g
th

e
d
escen

t
step

(36
)

from
L

em
m

a
4

a
n
d

step
(3

9
)

in
A

lgorith
m

4,
w

e
con

clu
d
e

th
at

th
e

step
size

t k
satisfi

es
th

e
low

er
b

ou
n
d

t k≥
m

in {
1
,
βM
g }
≥

m
in {

1
,
β
2

M
∗f }

.
A

p
p
ly

in
g

th
e

d
escen

t
step

(39)
in

A
lgorith

m
4

rep
eated

ly

a
n
d

th
en

u
tilizin

g
th

e
last

low
er

b
ou

n
d

o
n

step
size

t k,
w

e
fi
n
d

th
at

for
all

k
=

0,1,2
...

f
(x

0)−
f

(x
k
+

1)≥
k
∑i=

0

t k2 ‖∇
f

(x
k)‖

2≥
m

in {
12
,
β

2

2
M
∗f }

k
∑i=

0 ‖∇
f

(x
k)‖

2.

R
ea

rra
n
g
in

g
th

e
last

in
eq

u
ality

y
ield

s:

A
v
g (‖∇

f
(x
k)‖

2 )
≤

2
m

ax {
1,

M
∗f

β
2 }(f

(x
0)−

f
(x
k
+

1) )

(k
+

1)

(i)

≤
2

m
ax {

1,M
∗f }(f

(x
0)−

f
∗ )

β
2(k

+
1)

,
(41)

w
h
ere

step
(i)

follow
s

sin
ce
β
∈

(0,1),
alon

g
w

ith
th

e
low

er
b

ou
n
d
f

(x
k
+

1)≥
f
∗.

B
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.
P

ro
o
f

o
f

C
o
ro
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ry

3

B
a
sed

on
T

h
eorem

4
of

(L
ee

et
al.,

2016),
it

su
ffi

ces
to

sh
ow

th
at

th
e

gra
d
ien

t
m

ap
G

(x
)

:=
x
−
α∇

f
(x

)
is

a
d
iff

eom
orp

h
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for
an

y
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size
α
∈
(0,

1
M
g ).

R
eca

ll
th

at
a

m
ap

G
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d
7→

R
d

is
a

d
iff

eom
orp

h
ism

if
th

e
m

ap
G

is
a

b
ijection

,
an

d
b

oth
th

e
m

ap
s
G

a
n
d
G
−

1
a
re

co
n
tin

u
ou

sly
d
iff

eren
tiab

le.

In
je

c
tiv

ity
:

W
e

fi
rst

p
rove

th
at
G

is
an

in
jective

m
ap

.
C

on
sid

er
a

p
a
ir

of
vectors

x
,y

su
ch

th
a
t
G

(x
)

=
G

(y
);

ou
r

aim
is

to
p
rove

th
at
x

=
y
.

T
h
e

con
d
ition

G
(x

)
=
G

(y
)

is
eq

u
iva

len
t

to
x
−
y

=
α (∇

f
(x

)−
∇
f

(y
) ),

an
d

w
e

h
av

e
th

at

‖x
−
y‖

22
=
α〈x
−
y
,∇

f
(x

)−
∇
f

(y
)〉

=
α〈x
−
y
,∇

g
(x

)−
∇
g
(y

)〉−
α〈x
−
y
,∇

h
(x

)−
∇
h

(y
)〉

(i)

≤
α
M
g ‖x
−
y‖

22 −
α〈x
−
y
,∇

h
(x

)−
∇
h

(y
)〉

(ii)

≤
α
M
g ‖x
−
y‖

22 .
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b
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∇
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M
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b
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p
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follow

s
from

th
e
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th
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fu
n
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h
,

w
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p
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m
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e
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t
∇
h

.
F
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th
e
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α
<

1
M
g

b
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m

p
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,
th

e
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u
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‖
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−
y‖

22 ≤
α
M
g ‖
x
−
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w
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=
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.
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o
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+
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+
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+
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+
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n
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p
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d
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+
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=
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h
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‖ 2
→

0,
w

e
ob

ta
in
v
k
j
+

1
→
v̄

:=
−
∇
g
(x̄

)+
ū

,
an

d
b
y

L
em

m
a

5,
w

e
h
av

e
ϕ

(x
k
j
+

1
)
→
ϕ

(x̄
).

P
u
tt

in
g

to
ge

th
er

th
e

p
ie

ce
s,

w
e

co
n
cl

u
d
e

th
at

(x
k
j
+

1
,v
k
j
+

1
,ϕ

(x
k
j
+

1
))
→

(x̄
,v̄
,ϕ

(x̄
))

.
C

o
n
-

se
q
u
en

tl
y,

th
e

gr
ap

h
co

n
ti

n
u
it

y
of

li
m

it
in

g
su

b
d
iff

er
en

ti
al

s
gu

ar
an

te
es

th
at
v̄
∈
∂
ϕ

(x̄
)

(s
ee

A
p
p

en
d
ix

A
.1

fo
r

gr
ap

h
co

n
ti

n
u
it

y
).

F
in

al
ly

,
th

e
su

b
gr

ad
ie

n
ts
ū
∈
∂
h

(x̄
)

an
d
v̄
∈
∂
ϕ

(x̄
)

ob
ta

in
ed

fr
om

st
ep

s
1

an
d

a
n
d

2
re

sp
ec

-
ti

ve
ly

sa
ti

sf
y

th
e

re
la

ti
on
∇
g
(x̄

)
+
v̄
−
ū

=
0,

w
h
ic

h
es

ta
b
li
sh

es
th

e
cl

ai
m

ed
st

a
ti

o
n
a
ri

ty
o
f

x̄
.
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

E
sta

b
lish

in
g

th
e

b
o
u

n
d

(13a):
N

ex
t,

w
e

estab
lish

th
e

claim
ed

b
ou

n
d

(13a)
on

th
e

avera
g
ed

sq
u
a
red

su
ccessive

d
iff

eren
ce.

R
ecallin

g
th

at
f
∗

:=
m

in
x∈

R
d
f

(x
)

is
fi
n
ite,

w
e

h
ave

f
(x

0)−
f
∗≥

f
(x

0)−
f

(x
k
+

1)
=

k
∑j=

0

f
(x
j)−

f
(x
j+

1)

(i)

≥
12α

k
∑j=

0 ‖
x
j−

x
j+

1‖
22

=
(k

+
1)

2α
A

v
g (‖

x
k−

x
k
+

1‖
22 )
,

(47)

w
h
ere

step
(i)

follow
s

from
eq

u
ation

(46b
).

R
earran

gin
g

th
e

last
in

eq
u
ality

y
ield

s
th

e
cla

im
ed

b
o
u
n
d

(13a)
on

th
e

av
eraged

sq
u
ared

su
ccessiv

e
d
iff

eren
ce.

E
sta

b
lish

in
g

th
e

b
o
u

n
d

(13b
):

In
ord

er
to

estab
lish

th
e

b
ou

n
d

(13b
)

on
th

e
averaged

sq
u
a
red

gra
d
ien

t,
w

e
start

b
y

estab
lish

in
g

th
e

follow
in

g
u
p
p

er
b

ou
n
d

on
th

e
g
rad

ien
t-n

orm
‖∇

f
(x
k
+

1)‖
2 :

‖∇
f

(x
k
+

1)‖
2 ≤

(M
g

+
M
h

+
1α )‖x

k−
x
k
+

1‖
2 .

(48)

R
eca

ll
th

a
t

th
e

fu
n
ction

h
is
M
h

sm
o
oth

b
y

assu
m

p
tion

,
an

d
w

e
h
ave

‖∇
g
(x
k
+

1)−
∇
h

(x
k
+

1)
+
v
k
+

1‖
2

(i)
=
‖∇

g
(x
k
+

1)−
∇
h

(x
k
+

1)
+
(∇
h

(x
k)−

∇
g
(x
k)

+
1α (x

k−
x
k
+

1 ))‖
2

(ii)

≤
‖∇

g
(x
k)−

∇
g
(x
k
+

1)‖
2

+
‖∇

h
(x
k)−

∇
h

(x
k
+

1)‖
2

+
1α ‖
x
k−

x
k
+

1‖
2

(iii)

≤
(M

g
+
M
h

+
1α )‖

x
k−

x
k
+

1‖
2 .

H
ere

step
(i)

fo
llow

s
from

th
e

u
p

d
ate

eq
u
ation

of
x
k
+

1
in

L
em

m
a

5
an

d
from

d
iff

eren
tiab

ility
o
f

th
e

fu
n
ctio

n
g
;

step
(ii)

follow
s

from
trian

gle
in

eq
u
ality,

an
d

step
(iii)

follow
s

from
th

e
sm

o
o
th

n
ess

o
f

th
e

fu
n
ction

s
g

an
d
h

.
P

u
ttin

g
togeth

er
th

e
b

ou
n
d
s

(48)
an

d
(47

),
w

e
ob

tain
th

e
d
esired

b
o
u
n
d

(13b
).

C
.1

.
P

ro
o
f

o
f

L
e
m

m
a

5

H
ere

w
e

p
rove

th
e

claim
s

of
L

em
m

a
5
.

E
sta

b
lish

in
g

u
p

d
a
te

e
q
u

a
tio

n
(46a):

R
ecallin

g
th

e
con

vex
m

a
jora

n
t

d
efi

n
ed

in
eq

u
a-

tio
n

(3
8
),

w
e

d
efi

n
e

a
con

vex
m

a
joran

t
q(·,x

k)
of

th
e

fu
n
ction

f
as

follow
s:

q(x
,x

k)
=
g
(x
k)−

h
(x
k)

+
〈∇
g
(x
k)−

u
k,
x
−
x
k〉

+
12
α ‖
x
−
x
k‖

22
+
ϕ

(x
),

(4
9)

w
h
ere

su
b
g
ra

d
ien

t
u
k
∈
∂
h

(x
k),

an
d

th
e

step
size

α
satisfi

es
0
<

α
≤

1
M
g
.

O
b
serv

e

th
a
t

m
in

im
izer

of
th

e
con

vex
fu

n
ction

x
7→

q(x
,x

k)
over

x
∈

R
d

is
sam

e
as

p
rox

ϕ1
/
α (x

k−
α

(∇
g
(x
k)−

u
k) ),

w
h
ich

im
p
lies

th
at
x
k
+

1
is

a
m

in
im

izer
of

th
e

con
vex

fu
n
ction

x
7→
q(x

,x
k)
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

over
x
∈

R
d.

C
on

seq
u
en

tly,
th

e
op

tim
ality

con
d
ition

o
f
x
k
+

1
gu

ara
n
tees

th
at

th
ere

ex
ists

su
b
grad

ien
t
v
k
+

1∈
∂
g
(x
k
+

1)
satisfy

in
g

th
e

follow
in

g
eq

u
ation

:

∇
g
(x
k)−

u
k

+
v
k
+

1
+

1α (x
k
+

1−
x
k )

=
0.

(50)

R
ew

ritin
g

th
e

ab
ove

eq
u
ation

y
ield

s
th

e
u
p

d
ate

eq
u
ation

(46a).

E
sta

b
lish

in
g

th
e

d
e
sc

e
n
t

ste
p

(46b
):

N
ote

th
at

f
(x
k)−

q(x
k
+

1,x
k)

(i)

≥
g
(x
k)−

h
(x
k)

+
ϕ

(x
k
+

1)
+
〈v
k
+

1,
x
k−

x
k
+

1〉−
q(x

k
+

1,x
k)

(ii)

≥
〈∇
g
(x
k)−

u
k

+
v
k
+

1,
x
k−

x
k
+

1〉−
12
α ‖
x
k−

x
k
+

1‖
22

(iii)

≥
12
α ‖
x
k−

x
k
+

1‖
22 .

(51)

H
ere

step
(i)

follow
s

from
th

e
con

vex
ity

of
th

e
fu

n
ction

ϕ
;

step
(ii)

follow
s

b
y

su
b
stitu

tin
g

q(x
k
+

1,x
k)

from
eq

u
ation

(49).
In

step
(iii),

w
e

u
se

th
e

relation
∇
g
(x
k)−

u
k

+
v
k
+

1
=

1α (x
k−

x
k
+

1 ),
w

h
ich

follow
s

from
eq

u
ation

(50).
F

in
ally,

recall
th

at
th

e
fu

n
ction

x
7→
q(x

,x
k)

is
a

m
a
jora

n
t

for
th

e
fu

n
ction

f
,

an
d

w
e

d
ed

u
ce

th
at

f
(x
k)−

f
(x
k
+

1)≥
f

(x
k)−

q(x
k
+

1,x
k)

≥
12α ‖x

k−
x
k
+

1‖
22 .

(52)

L
im

it
o
f

th
e

se
q
u

e
n

c
e
{
ϕ

(x
k
j +

1) }
j≥

0 :
C

on
sid

er
an

y
con

verg
en

t
su

b
seq

u
en

ce
{
x
k
j }
j≥

0

of
th

e
seq

u
en

ce {
x
k }

k≥
0

w
ith

x
k
j→

x̄
.

R
ecall

th
at
f
∗

=
in

f
x∈

R
d
f

(x
)

is
fi
n
ite

b
y

assu
m

p
tion

;

com
b
in

in
g

th
is

w
ith

step
(46b

)
in

L
em

m
a

5,
w

e
h
ave

th
at
‖
x
k−

x
k
+

1‖
2
→

0,
an

d
th

at
x
k
j +

1→
x̄

.
T

h
e

fu
n
ction

ϕ
is

low
er

sem
i-con

tin
u
ou

s,
an

d
w

e
h
ave

lim
in

f
j→
∞

ϕ
(x
k
j +

1)≥
ϕ

(x̄
).

(53)

S
in

ce
w

e
alread

y
p
roved

x
k
j +

1
is

a
m

in
im

izer
of

th
e

con
vex

fu
n
ction

x
7→
q(x

,x
k
j),

w
e

h
ave

q(x
k
j +

1,x
k
j)≤

q(x̄
,x

k
j).

U
n
w

rap
p
in

g
th

e
last

in
eq

u
ality

an
d

tak
in

g
lim

su
p

y
ield

s

lim
su

p
j→
∞

ϕ
(x
k
j +

1)
(i)

≤
ϕ

(x̄
)

+
lim

su
p

j→
∞

(〈x̄
−
x
k
j,∇

g
(x
k
j)−

u
k
j〉

+
12
α ‖
x
k
j−

x̄‖
22 )

(ii)
=
ϕ

(x̄
).

(54)

H
ere

step
(i)

h
old

s
sin

ce
‖
x
k
j−

x
k
j +

1‖
2
→

0,
an

d
th

e
seq

u
en

ce
{∇

g
(x
k
j) }
−
u
k
j }
j≥

0
is

b
ou

n
d
ed

—
w

h
ich

w
e

p
rove

sh
ortly

;
step

(ii)
ab

ove
follow

s
from

x
k
j→

x̄
an

d
b

ou
n
d
ed

n
ess

of
th

e
seq

u
en

ce
{∇

g
(x
k
j)−

u
k
j }
j≥

0 .
C

om
b
in

in
g

eq
u
ation

s
(53)

an
d

(54)
w

e
ob

tain
th

e
claim

ed
resu

lt.

3
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

B
o
u

n
d

e
d

n
e
ss

o
f

th
e

se
q
u

e
n

c
e
{ ∇

g
(x
k
j
)
−
u
k
j
} j≥

0
:

In
or

d
er

to
p
ro

v
e

th
e

b
ou

n
d
ed

-

n
es

s
of

th
e

se
q
u
en

ce
{ ∇

g
(x
k
j
)
−
u
k
j
} j≥

0
,

it
su

ffi
ce

s
to

sh
ow

th
at

th
e

g
ra

d
ie

n
t

se
q
u
en

ce
{ ∇

g
(x
k
j
)}
j≥

0
an

d
th

e
su

b
-g

ra
d
ie

n
t

se
q
u
en

ce
{ u

k
j
} j≥

0
ar

e
b

ou
n
d
ed

.
R

ec
al

l
th

at
x
k
j
→

x̄
,

an
d

w
e

h
av

e
th

at
th

e
se

q
u
en

ce
{x

k
j
} j
≥

0
is

b
ou

n
d
ed

.
C

on
se

q
u
en

tl
y,

fr
om

th
e

sm
o
ot

h
n
es

s
of

th
e

fu
n
ct

io
n
g
,

w
e

fi
n
d

th
at

th
e

se
q
u
en

ce
{ ∇

g
(x
k
j
)}
j≥

0
is

b
ou

n
d
ed

.
F

in
al

ly
,

n
ot

e
th

at

th
e

fu
n
ct

io
n
h

is
co

n
ve

x
co

n
ti

n
u
ou

s,
an

d
w

e
al

re
ad

y
ar

gu
ed

th
at

th
e

se
q
u
en

ce
{x

k
j
} j
≥

0
is

b
ou

n
d
ed

.
C

om
b
in

in
g

th
is

w
it

h
ex

am
p
le

9.
14

in
th

e
b

o
ok

(R
o
ck

a
fe

ll
ar

an
d

W
et

s,
20

09
),

w
e

co
n
cl

u
d
e

th
at

th
e

su
b
gr

ad
ie

n
t

se
q
u
en

ce
{ u

k
j
} j≥

0
b

ou
n
d
ed

.

A
p
p
e
n
d
ix

D
.
P
ro

o
fs

re
la
te
d
to

A
lg
o
ri
th

m
3

In
th

is
ap

p
en

d
ix

,
w

e
p
ro

v
id

e
th

e
p
ro

of
of

T
h
eo

re
m

3,
w

h
ic

h
ap

p
li
es

to
th

e
F

ra
n
k
-W

ol
fe

b
as

ed
m

et
h
o
d

(A
lg

or
it

h
m

3)
.

W
e

al
so

p
ro

v
id

e
an

u
p
p

er
b

ou
n
d

on
th

e
ge

n
er

al
iz

ed
cu

rv
at

u
re

co
n
st

an
t
C f

,
w

h
ic

h
is

st
at

ed
in

L
em

m
a

6.

D
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

L
et
x
γ

:=
x
k

+
γ
d
k
,

w
h
er

e
th

e
d
iff

er
en

ce
d
k

is
d
efi

n
ed

as
d
k

:=
sk
−
x
k
,

a
n
d

th
e

v
ec

to
r
sk

is
th

e
F

ra
n
k
-W

ol
fe

d
ir

ec
ti

on
d
efi

n
ed

in
A

lg
o
ri

th
m

3.
U

n
p
ac

k
in

g
th

e
d
efi

n
it

io
n

(1
8)

of
th

e
ge

n
er

al
iz

ed
cu

rv
at

u
re

co
n
st

an
t
C f

,
w

e
fi
n
d

th
at

fo
r

an
y

sc
al

ar
γ
∈

(0
,1

)
an

d
su

b
gr

ad
ie

n
t

u
k
∈
∂
h

(x
k
),

w
e

h
av

e
th

e
fo

ll
ow

in
g:

f
(x
γ
)
≤
f

(x
k
)

+
γ
〈∇
g
(x
k
)
−
u
k
,
d
k
〉+

γ
2 2
C f

(i
) ≤
f

(x
k
)
−
γ
g
k

+
γ

2 2
C

0
.

(5
5)

H
er

e
in

eq
u
al

it
y

(i
)

is
ob

ta
in

ed
b
y

su
b
st

it
u
ti

n
g
g
k

=
〈d
k
,
u
k
−
∇
g
(x
k
)〉

an
d

u
si

n
g
C

0
≥
C f

.

S
u
b
st

it
u
ti

n
g
γ

=
γ
k

:=
m

in
{ g

k

C
0
,1
}

in
eq

u
at

io
n

(5
5)

y
ie

ld
s

f
(x
k
+

1
)
≤
f

(x
k
)
−

m
in
{ (
g
k
)2

2
C

0
,g
k
−
C

0 2
1
{ g

k
>
C

0

}}
,

(5
6)

w
h
er

e
x
k
+

1
=
x
k

+
γ
k
d
k
.

L
et
ḡ
k

:=
m

in
0
≤
j≤
k
g
j

d
en

ot
e

th
e

m
in

im
u
m

F
W

ga
p

u
p

to
it

er
at

io
n
k
,

th
en

re
p

ea
te

d
ap

p
li
ca

ti
on

of
eq

u
at

io
n

(5
6)

y
ie

ld
s

f
(x

0
)
−
f

(x
k
+

1
)
≥

k ∑ j=
0

m
in
{ (
g
j
)2

2C
0
,g
j
−
C

0 2
1
{ g

j
>
C

0

}}

≥
(k

+
1)

m
in
{ (
ḡ
k
)2

2C
0
,ḡ
k
−
C

0 2
1
{ ḡ

k
>
C

0

}}
.

(5
7)

R
ew

ri
ti

n
g

th
e

la
st

eq
u
at

io
n

y
ie

ld
s

th
e

fo
ll
ow

in
g

u
p
p

er
b

ou
n
d

m
in
{ (
ḡ
k
)2

2C
0
,ḡ
k
−
C

0 2
1
{ ḡ

k
>
C

0

}}
(i

) ≤
f

(x
0
)
−
f
∗

k
+

1
,

3
7
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 2

0(
15

4)
:1

-5
2,

 2
01

9

K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
th

e
lo

w
er

b
o
u
n
d
f

(x
k
+

1
)
≥
f
∗

:=
m

in
x
∈C

f
(x

).
C

o
n
si

d
er

in
g

th
e

ca
se

s
w

h
er

e
ḡ
k
≤
C

0
an

d
ḡ
k
>
C

0
se

p
ar

at
el

y,
it

ca
n

b
e

sh
ow

n
fo

ll
ow

in
g

(L
a
co

st
e-

J
u
li
en

,
20

16
)

th
at

ḡ
k
≤

      

2
(f

(x
0
)−
f
∗ )

√
k
+

1
fo

r
k

+
1
≤

2
(f

(x
0
)−
f
∗ )

C
0

√
2
C

(f
(x

0
)−
f
∗ )

k
+

1
ot

h
er

w
is

e
.

F
in

al
ly

,
n
ot

e
th

at
√

2
C

0
(f

(x
0
)
−
f
∗ )
≤

m
ax
{2

(f
(x

0
)
−
f
∗ )
,C

0
}

an
d

w
e

co
n
cl

u
d
e

th
a
t

ḡ
k
≤

m
ax
{ 2
( f

(x
0
)
−
f
∗)
,C

0

}
√
k

+
1

.

D
.2

.
U

p
p

e
r

b
o
u

n
d

o
n

g
e
n

e
ra

li
z
e
d

c
u

rv
a
tu

re
c
o
n

st
a
n
t

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
an

u
p
p

er
b

ou
n
d

on
th

e
ge

n
er

al
iz

ed
cu

rv
at

u
re

co
n
st

a
n
t
C f

,
w

h
er

e
th

e
fu

n
ct

io
n
f

is
a

d
iff

er
en

ce
of

a
d
iff

er
en

ti
ab

le
fu

n
ct

io
n
g

an
d

a
co

n
ti

n
u
ou

s
fu

n
ct

io
n
h

.
F

o
r

b
et

te
r

re
ad

ab
il
it

y,
w

e
u
se
C g
−
h

in
st

ea
d

of
C f

in
th

e
fo

ll
ow

in
g

le
m

m
a.

L
e
m

m
a

6
S

u
p
po

se
th

a
t

th
e

fu
n

ct
io

n
g

is
co

n
ti

n
u

o
u

sl
y

d
iff

er
en

ti
a
bl

e
a
n

d
fu

n
ct

io
n
h

is
co

n
-

ve
x,

th
en

w
e

h
a
ve
C g
−
h
≤
C g

.
F

u
rt

h
er

m
o
re

,
if

th
e

fu
n

ct
io

n
g

is
M
g
-s

m
oo

th
,

a
n

d
th

e
fu

n
ct

io
n

h
is

a
µ

st
ro

n
gl

y
co

n
ve

x
fu

n
ct

io
n

w
it

h
0
≤
µ
<
M

,
th

en

C g
−
h
≤
( M
−
µ
) ×

( d
ia

m
‖·
‖ 2

(C
))

2
,

(5
8
)

w
h
er

e
d
ia

m
‖·
‖ 2

d
en

o
te

th
e

d
ia

m
et

er
o
f

th
e

se
t
C,

m
ea

su
re

d
in
` 2

n
o
rm

.

C
o
m

m
e
n
ts

:
T

h
e

fi
rs

t
u
p
p

er
b

ou
n
d

on
C g
−
h

in
L

em
m

a
6

p
os

it
s

th
at

th
e

cu
rv

a
tu

re
co

n
st

a
n
t

of
th

e
d
iff

er
en

ce
fu

n
ct

io
n
g
−
h

is
u
p
p

er
b

ou
n
d
ed

b
y

cu
rv

at
u
re

co
n
st

an
t

of
th

e
fu

n
ct

io
n
g
,

w
h
en

ev
er

th
e

se
co

n
d

fu
n
ct

io
n
h

is
co

n
ve

x
.

L
et

u
s

tr
y

to
u
n
d
er

st
an

d
an

im
p
li
ca

ti
o
n

o
f

th
is

re
su

lt
th

ro
u
gh

an
ex

am
p
le

.
O

n
e

of
th

e
w

el
l-

k
n
ow

n
u
p
p

er
b

ou
n
d

of
cu

rv
at

u
re

co
n
st

a
n
t

fo
r

M
g
-s

m
o
ot

h
fu

n
ct

io
n
g

is
M
g
×
( d

ia
m
‖·
‖ 2

(C
))

2
;

se
e

th
e

p
ap

er
b
y

(J
ag

gi
,
20

13
).

N
ow

co
n
si

d
er

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
s
g

an
d
h

su
ch

th
at

th
e

fu
n
ct

io
n
g

is
M
g
-s

m
o
o
th

a
n
d

th
e

fu
n
ct

io
n
h

is
n
on

-s
m

o
ot

h
an

d
co

n
ve

x
.

It
ca

n
b

e
ve

ri
fi
ed

th
at

th
e

d
iff

er
en

ce
fu

n
ct

io
n
g
−
h

is
n

o
t

sm
o
ot

h
in

th
is

ca
se

;
co

n
se

q
u
en

tl
y,

th
e

ea
rl

ie
r

b
ou

n
d

on
cu

rv
at

u
re

co
n
st

a
n
t
C g
−
h

is
∞

,
w

h
er

ea
s

L
em

m
a

6
en

su
re

s
th

at

C g
−
h
≤
C g
≤
M
g
×
( d

ia
m
‖·
‖ 2

(C
))

2
.

P
ro

o
f

o
f

th
e

u
p

p
e
r

b
o
u

n
d
C g
−
h
≤
C g

:
U

n
w

ra
p
p
in

g
th

e
d
efi

n
it

io
n

of
C g
−
h
,

w
e

h
av

e

C g
−
h

=
su

p
x
,y
∈c
γ

u
∈∂
h

(x
)

2 γ
2

[ f
(y

)
−
f

(x
)
−
〈y
−
x
,
∇
g
(x

)
−
u
〉]

=
su

p
x
,y
∈c
γ

u
∈∂
h

(x
)

2 γ
2

[ g
(y

)
−
g
(x

)
−
〈y
−
x
,
∇
g
(x

)〉
−

∆
h
(y
,x
,u

)]
(5

9
)

(i
) ≤

su
p

x
,y
∈c
γ

2 γ
2

[ f
(y

)
−
f

(x
)
−
〈y
−
x
,
∇
g
(x

)〉
]

︸
︷︷

︸
C g

,
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

w
h
ere

∆
h (y

,x
,u

)
:=

h
(y

)−
h

(x
)−
〈y
−
x
,
u〉.

H
ere

in
eq

u
ality

(i)
follow

s
b
y

n
otin

g
th

at,
fo

r
a
n
y

p
a
ir

o
f

p
oin

ts
x
,y
∈
C

,
an

d
for

an
y

con
vex

fu
n
ction

h
w

ith
u
∈
∂
h

(x
),

w
e

h
ave

∆
h (y

,x
,u

)≥
0

.

P
ro

o
f

o
f

u
p

p
e
r

b
o
u

n
d

(58):
S
u
p
p

ose
in

ad
d
ition

,
th

e
fu

n
ction

g
is
M
g -sm

o
oth

,
an

d
th

e
fu

n
ctio

n
h

is
µ

-stron
gly

con
vex

w
ith

µ
≥

0.
T

h
en

w
e

h
ave

∆
h (y

,x
,u

)≥
µ2 ‖x
−
y‖

22 ,
an

d
eq

u
a
tio

n
(5

9
)

y
ield

s

C
g−
h ≤

su
p

x
,y∈

c
γ

2γ
2 [g

(y
)−

g
(x

)−
〈y−

x
,∇

g
(x

)〉−
µ2 ‖x

−
y‖

22 ]

(i)

≤
su

p
x
,y∈

c
γ

2γ
2 [
M
g −

µ

2
‖x
−
y‖

22 ]
,

w
h
ere

step
(i)

follow
s

sin
ce

th
e

fu
n
ction

g
is
M
g -sm

o
oth

.
S
u
b
stitu

tin
g
y
−
x

=
γ
s

w
ith

s∈
C

,
w

e
o
b
ta

in
th

e
claim

ed
u
p
p

er
b

ou
n
d

C
g−
h ≤

(M
g −

µ
)×

(
d
iam

‖·‖
2 (C

) )
2.

A
p
p
e
n
d
ix

E
.
P
ro

o
fs

o
f
fa
ste

r
ra

te
s
u
n
d
e
r
A
ssu

m
p
tio

n
K
L

In
th

is
a
p
p

en
d
ix

,
w

e
p
rove

ou
r

resu
lts

on
im

p
roved

con
vergen

ce
rates

for
fu

n
ction

s
w

h
ich

sa
tisfy

A
ssu

m
p
tion

K
L

—
as

stated
in

T
h
eorem

s
4

an
d

5.
W

e
b

egin
b
y

statin
g

an
au

x
iliary

lem
m

a
th

a
t

u
n
d
erlies

th
e

p
ro

ofs
of

T
h
eorem

s
4

an
d

5.

L
e
m

m
a

7
U

n
d
er

a
ssu

m
p
tio

n
s

o
f

eith
er

T
h
eo

rem
4

o
r

T
h
eo

rem
5
,

th
ere

exists
co

n
sta

n
ts

θ∈
[0,1

),
C
>

0
a
n

d
po

sitive
in

teger
k

1
su

ch
th

a
t

fo
r

a
ll
k
≥
k

1 ,
w

e
h
a
ve

|f
(x
k)−

f̄| θ≤
C‖∇

f
(x
k)‖

2 ,

w
h
ere

f
(x
k)↓

f̄
.

F
u

rth
erm

o
re,

if
x
k
→

x̄
,

th
en

th
e

pa
ra

m
eters

(θ,C
),

o
bta

in
ed

fro
m

K
L

-
in

equ
a
lity

o
f

th
e

fu
n

ctio
n
f

a
t

th
e

po
in

t
x̄

,
sa

tisfy
th

e
a
bo

ve
in

equ
a
lity.

S
ee

A
p
p

en
d
ix

E
.3

for
th

e
p
ro

of
of

th
is

lem
m

a.

E
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
4

N
ow

w
e

p
rov

e
T

h
eorem

4
u
sin

g
L

em
m

a
7.

C
o
n
v
e
rg

e
n

c
e

o
f

th
e

se
q
u

e
n

c
e
{
x
k }

k≥
0

:
W

e
d
em

on
strate

th
e

con
vergen

ce
of

th
e

se-

q
u
en

ce {
x
k }

k≥
0

b
y

p
rov

in
g

th
at

th
e

seq
u
en

ce
h
as

fi
n
ite

len
gth

p
rop

erty
;

m
ore

p
recisely,

w
e

sh
ow

th
a
t ∑

∞k
=

0 ‖
x
k−

x
k
+

1‖
2
<
∞

.
F

irst,
n
ote

th
at

for
an

y
scalar

0
≤
θ
<

1,
th

e
fu

n
ction

t7→
t 1−

γ
θ

is
co

n
cave

for
0
<
γ
<

1θ ;
con

seq
u
en

tly,
for

iteration
k
≥
k

1
w

e
h
ave

(f
(x
k)−

f̄ )
1−
γ
θ−

(f
(x
k
+

1)−
f̄ )

1−
γ
θ≥

(1−
γ
θ )(f

(x
k)−

f̄ )−
γ
θ (f

(x
k)−

f
(x
k
+

1) )

(i)

≥
(1−

γ
θ )(|f

(x
k)−

f̄| )−
γ
θ×

12α ‖x
k−

x
k
+

1‖
22

(ii)

≥
(1−

γ
θ)

C‖∇
f

(x
k)‖

γ2

×
12
α ‖
x
k−

x
k
+

1‖
22

(iii)
=

(1−
γ
θ)

2
C
α

1−
γ ‖x

k−
x
k
+

1‖
2−
γ

2
.

(60)
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

H
ere

in
eq

u
ality

(i)
follow

s
from

th
e

d
escen

t
p
rop

erty
in

eq
u
ation

(36)
an

d
from

th
e

fact
th

at
f

(x
k)↓

f̄
.

In
eq

u
ality

(ii)
follow

s
from

L
em

m
a

7,
an

d
eq

u
ality

(iii)
follow

s
from

th
e

relation
x
k−

x
k
+

1
=
α (∇

g
(x
k)−

u
k )

=
α∇

f
(x
k).

S
u
b
stitu

tin
g
γ

=
1

an
d

su
m

m
in

g
b

oth
sid

e
of

in
eq

u
ality

(60)
from

in
d
ex

k
=
k

1
to
k

=
∞

,
w

e
ob

tain

(f (x
k
1 )−

f̄ )
1−
θ

=
∞∑k
=
k
1 (f (x

k )−
f̄ )

1−
θ−

(f (x
k
+

1 )−
f̄ )

1−
θ

≥
∞∑k
=
k
1

(1−
θ)

2
C
‖
x
k−

x
k
+

1‖
2 ,

w
h
ich

p
roves

th
e

fi
n
ite

len
gth

p
rop

erty
of

th
e

seq
u
en

ce
{
x
k }

k≥
0 .

C
on

seq
u
en

tly,
w

e
are

gu
aran

teed
to

h
ave

a
vector

x̄
su

ch
th

at
x
k→

x̄
as
k
→
∞

.

R
a
te

o
f

c
o
n
v
e
rg

e
n

c
e

o
f

A
v
g (‖∇

f
(x
k)‖

2 ):
R

ew
ritin

g
eq

u
ation

(60),
w

e
h
ave

th
e

fol-
low

in
g:

C
γ

:=

k
1
∑`=

0

(1−
γ
θ)

2C
α

1−
γ ‖
x
`−

x
`+

1‖
2−
γ

2
+
(f (x

k
1 )−

f̄ )
(1−

γ
θ
)

(i)

≥
k−

1
∑`=

0

(1−
γ
θ)

2C
α

1−
γ ‖x

`−
x
`+

1‖
2−
γ

2

=
k
(1−

γ
θ)

2C
α

1−
γ

A
v
g (‖

x
k−

x
k
+

1‖
2−
γ

2

)
,

(61)

w
h
ere

step
(i)

ab
ove

follow
s

from
eq

u
ation

(6
0),

an
d

A
v
g (‖

x
k−

x
k
+

1‖
2−
γ

2

)
:=

1k ∑
k−

1
`=

0 ‖x
`−

x
`+

1‖
2−
γ

2

d
en

ote
th

e
ru

n
n
in

g
arith

m
etic

average.
S
in

ce
0
≤
θ
<

1,
w

e
ca

n
take

γ
=

1
in

eq
u
ation

(61),
an

d
w

e
ob

tain
th

e
follow

in
g

rate:

A
v
g (‖∇

f
(x
k)‖

2 )
=

1α
A

v
g (‖

x
k−

x
k
+

1‖
2 )
≤
c

1k
,

w
h
ere

c
1

=
2
C
C
γ

α
(1−

θ
) .

F
in

ally,
n
ote

th
at

th
e

last
eq

u
ality

h
old

s
triv

ially
for

iteration
k
≤
k

1

w
ith

th
e

given
ch

oice
of

th
e

con
stan

t
c

1 .

R
a
te

o
f

c
o
n
v
e
rg

e
n

c
e

o
f

G
A

v
g (‖∇

f
(x
k)‖

2 ):
S
in

ce
w

e
p
roved

th
at

th
e

seq
u
en

ce
{
x
k }

k≥
0

is
con

vergen
t

to
th

e
p

oin
t
x̄

,
w

e
h
av

e
th

at
th

e
p
aram

eter
θ

in
L

em
m

a
7

can

b
e

taken
to

b
e

th
e

K
L

-ex
p

on
en

t
of

th
e

fu
n
ction

f
at

p
oin

t
x̄

.
S
u
p
p

ose
12
≤
θ
<

r
2
r−

1 ,
th

en

su
b
stitu

tin
g
γ

=
2
r−

1
r

in
eq

u
ation

(61)
y
ield

s,

G
A

v
g (‖∇

f
(x
k)‖

2 )
=

1α
G

A
v
g (‖

x
k−

x
k
+

1‖
2 )

(i)

≤
1α {

A
v
g (‖

x
k−

x
k
+

1‖
1r2 )
}
r

(ii)

≤
c

2

k
r
,

40
JM

L
R

 20(154):1-52, 2019



G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-s
m
o
o
t
h
p
r
o
b
l
e
m
s

w
h
er

e
c 2

=
1 α

( 2
C
C
γ
α
1
−
γ
θ

1
−
γ
θ

) r
w

it
h
γ

=
2
r
−

1
r

,
an

d
G

A
v
g
( ‖
x
k
−
x
k
+

1
‖2
−
γ

2

)
:=

∏
k
−

1
`=

0

( ‖
x
`
−

x
`+

1
‖ 2
)1 k

,
th

e
ge

om
et

ri
c

av
er

ag
e

of
th

e
se

q
u
en

ce
{ ‖
x
`
−
x
`+

1
‖ 2
} k
−

1

l=
0

.
H

er
e

st
ep

(i
)

ab
ov

e
fo

ll
ow

s
fr

om
ar

it
h
m

et
ic

-g
eo

m
et

ri
c

m
ea

n
(A

M
/G

M
)

in
eq

u
al

it
y
;

st
ep

(i
i)

fo
ll
ow

s
fr

om
th

e
b

ou
n
d

in
eq

u
at

io
n

(6
1)

an
d

fr
om

th
e

fa
ct

th
at
γ

=
2
r
−

1
r

.
F

in
al

ly
,

n
o
te

th
at

th
e

la
st

eq
u
al

it
y

h
ol

d
s

tr
iv

ia
ll
y

fo
r

it
er

at
io

n
k
≤
k

1
w

it
h

th
e

gi
ve

n
ch

oi
ce

of
co

n
st

an
t
c 2

.

E
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
5

T
h
e

p
ro

of
of

T
h
eo

re
m

5
b
u
il
d
s

on
th

e
te

ch
n
iq

u
es

u
se

d
in

th
e

p
ro

of
of

T
h
eo

re
m

4
b
u
t

re
q
u
ir

es
ad

d
it

io
n
al

te
ch

n
ic

al
ca

re
d
u
e

to
th

e
p
re

se
n
ce

of
p

os
si

b
ly

n
on

-c
on

ti
n
u
ou

s
fu

n
ct

io
n
ϕ

.

C
o
n
v
e
rg

e
n

c
e

o
f

th
e

se
q
u

e
n

c
e
{ x

k
} k
≥

0
:

T
h
e

p
ro

of
of

T
h
eo

re
m

5
h
as

tw
o

st
ep

s.
F

ir
st

,

w
e

p
ro

ve
a

d
es

ce
n
t

co
n
d
it

io
n

si
m

il
ar

to
eq

u
at

io
n

(6
0)

.
W

e
th

en
le

ve
ra

ge
th

is
d
es

ce
n
t

co
n
-

d
it

io
n

an
d

w
ei

gh
te

d
A

M
-G

M
in

eq
u
al

it
y

to
ob

ta
in

th
e

d
es

ir
ed

re
su

lt
.

S
te

p
1
:

F
ol

lo
w

in
g

th
e

p
ro

of
of

T
h
eo

re
m

4,
w

e
p
ro

v
e

th
e

co
n
ve

rg
en

ce
of

th
e

se
q
u
en

ce
{ x

k
} k
≥

0
b
y

sh
ow

in
g

th
at

th
e

se
q
u
en

ce
{ x

k
} k
≥

0
h
as

fi
n
it

e
le

n
gt

h
p
ro

p
er

ty
.

F
ir

st
,

n
ot

e
th

at

fo
r

sc
al

ar
s

0
≤
θ
<

1
an

d
0
<
γ
<

1 θ
,

th
e

fu
n
ct

io
n
t
7→

t1
−
γ
θ

is
co

n
ca

ve
.

C
on

se
q
u
en

tl
y,

fo
r

it
er

at
io

n
k
≥
k

1
,

fr
om

L
em

m
a

7
w

e
h
av

e

( f
(x
k
)
−
f̄
) 1
−
γ
θ
−
( f

(x
k
+

1
)
−
f̄
) 1
−
γ
θ
≥
( 1
−
γ
θ)
( f

(x
k
)
−
f̄
) −

γ
θ
( f

(x
k
)
−
f

(x
k
+

1
))

(i
) ≥
( 1
−
γ
θ)
( |f

(x
k
)
−
f̄
|) −

γ
θ
×

1 2α
‖x

k
−
x
k
+

1
‖2 2

(i
i) ≥

(1
−
γ
θ)

C
‖∇

f
(x
k
)‖
γ 2

×
1 2
α
‖x

k
−
x
k
+

1
‖2 2
.

(6
2)

H
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
th

e
d
es

ce
n
t

p
ro

p
er

ty
in

eq
u
at

io
n

(5
2)

an
d

fr
om

th
e

fa
ct

th
at

f
(x
k
)
↓
f̄

;
st

ep
(i

i)
fo

ll
ow

s
fr

om
L

em
m

a
7.

T
h
e

fu
n
ct

io
n
h

is
lo

ca
ll
y

sm
o
ot

h
b
y

as
su

m
p
ti

on
;

as
a

re
su

lt
,

w
e

h
av

e
th

at
th

e
d
iff

er
en

ce
fu

n
ct

io
n
g
−
h

is
lo

ca
ll
y

sm
o
ot

h
.

W
e

al
so

as
su

m
ed

th
at

th
e

se
q
u
en

ce
{ x

k
} k
≥

0
is

b
ou

n
d
ed

(l
ie

s
in

a
co

m
p
ac

t
se

t
S

);
co

n
se

q
u
en

tl
y,

w
e

m
ay

as
su

m
e

th
at

th
e

d
iff

er
en

ce
fu

n
ct

io
n
g
−
h

is
sm

o
ot

h
in

th
e

co
m

p
ac

t
se

t
S

w
it

h
a

sm
o
o
th

n
es

s
p
ar

am
et

er
M
g
−
h
(s

ay
).

B
or

ro
w

in
g

th
e

a
rg

u
m

en
t

o
f

T
h
eo

re
m

2
p
a
rt

(b
),

it
fo

ll
ow

s
th

at
:

‖∇
g
(x
k
)
−
∇
h

(x
k
)

+
v
k
‖ 2
≤
( M

g
−
h

+
1 α

) ‖
x
k
−
x
k
−

1
‖ 2
.

(6
3)

C
om

b
in

in
g

th
e

la
st

in
eq

u
al

it
y

w
it

h
in

eq
u
al

it
y

(6
2)

y
ie

ld
s

th
e

fo
ll
ow

in
g

d
es

ce
n
t

p
ro

p
er

ty

( f
(x
k
)
−
f̄
) 1
−
γ
θ
−
( f

(x
k
+

1
)
−
f̄
) 1
−
γ
θ
≥

(1
−
γ
θ)

2
α
C
( M

g
−
h

+
1 α

) γ
×
‖x

k
−
x
k
+

1
‖2 2

‖x
k
−
x
k
−

1
‖γ 2

.
(6

4)

S
te

p
2
:

W
e

n
ow

le
ve

ra
ge

th
e

d
es

ce
n
t

co
n
d
it

io
n

ob
ta

in
ed

fr
om

st
ep

1
to

p
ro

v
e

fi
n
it

e
le

n
gt

h
p
ro

p
er

ty
of

th
e

se
q
u
en

ce
{ x

k
} k
≥

0
.

In
or

d
er

to
fa

ci
li
ta

te
fu

rt
h
er

d
is

cu
ss

io
n
,

w
e

u
se

∆
k γ

to
d
en

ot
e

th
e

fo
ll
ow

in
g: ∆

k γ
:=

C
3

( (
f

(x
k
)
−
f̄
) 1
−
γ
θ
−
( f

(x
k
+

1
)
−
f̄
) 1
−
γ
θ
) ,

4
1
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

w
h
er

e
th

e
co

n
st

an
t
C

3
:=

2
α
C
( M

g
−
h

+
1 α

) γ
(1
−
γ
θ
)

.
W

it
h

th
is

n
ot

at
io

n
,

w
e

ca
n

re
w

ri
te

th
e

eq
u
a
-

ti
on

(6
4)

as

∆
k γ
‖x

k
−

1
−
x
k
‖γ 2
≥
‖x

k
−
x
k
+

1
‖2 2
.

(6
5
)

C
om

b
in

in
g

eq
u
at

io
n

(6
5)

w
it

h
th

e
w

ei
gh

te
d

A
M

-G
M

in
eq

u
al

it
y,

w
e

ob
ta

in

( 1
+

γ

2
−
γ

) ×
k ∑

j=
k
1
+

1

‖x
j
−
x
j+

1
‖2
−
γ

2

(i
) ≤
( 1

+
γ

2
−
γ

) ×
k ∑

k
=
k
1
+

1

(√
∆
j γ
‖x

j−
1
−
x
j
‖γ 2

)2
−
γ

2

(i
i) ≤

k ∑

j=
k
1
+

1

( ∆
j γ

+
γ

2
−
γ
‖x

j−
1
−
x
j
‖2
−
γ

2

)

(i
ii

)

≤
C

3

( f
(x
k
1
)
−
f̄
) 1
−
γ
θ

+
k ∑

j=
k
1
+

1

γ

2
−
γ
‖x

j−
1
−
x
j
‖2
−
γ

2
.

(6
6
)

H
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
eq

u
at

io
n

(6
5)

,
an

d
st

ep
(i

i)
is

im
p
li
ed

b
y

ap
p
ly

in
g

w
ei

g
h
te

d
A

M
-G

M
in

eq
u
al

it
y

as
fo

ll
ow

s:

∆
j γ

+
γ

2
−
γ
‖x

j−
1
−
x
j
‖2
−
γ

2

1
+

γ
2
−
γ

≥
( ∆

j γ
‖x

j−
1
−
x
j
‖γ 2

)
1

1
+

γ
2
−
γ
.

S
te

p
(i

ii
)

in
eq

u
at

io
n

(6
6)

fo
ll
ow

s
fr

om
th

e
fo

ll
ow

in
g

ob
se

rv
at

io
n

k ∑ j=
k
1

∆
j γ

=
C

3

k ∑ j=
k
1

( f
(x
j
)
−
f̄
) 1
−
γ
θ
−
( f

(x
j+

1
)
−
f̄
) 1
−
γ
θ

≤
C

3

( f
(x
k
1
)
−
f̄
) 1
−
γ
θ
.

R
ew

ri
ti

n
g

in
eq

u
al

it
y

(6
6)

,
w

e
h
av

e
fo

r
al

l
k
≥
k

1
+

2

k
−

1
∑

j=
k
1
+

1

‖x
j
−
x
j+

1
‖2
−
γ

2
≤
C

3

( f
(x
k
1
)
−
f̄
) 1
−
γ
θ

+
γ

2
−
γ
‖x

k
1
−
x
k
1
+

1
‖2
−
γ

2
−
( 1

+
γ

2
−
γ

) ‖
x
k
−
x
k
+

1
‖2
−
γ

2

≤
C

3

( f
(x
k
1
)
−
f̄
) 1
−
γ
θ

+
γ

2
−
γ
‖x

k
1
−
x
k
1
+

1
‖2
−
γ

2
<
∞
.

(6
7
)

F
in

al
ly

,
b
y

su
b
st

it
u
ti

n
g
γ

=
1

an
d

le
tt

in
g
k
→
∞

in
th

e
la

st
eq

u
at

io
n
,

w
e

d
ed

u
ce

th
e

fi
n
it

e
le

n
gt

h
p
ro

p
er

ty
of

th
e

se
q
u
en

ce
{ x

k
} k
≥

0
.

R
a
te

o
f

c
o
n
v
e
rg

e
n

c
e

o
f

A
v
g
( ‖
∇
f

(x
k
)‖

2

)
a
n

d
G

A
v
g
( ‖
∇
f

(x
k
)‖

2

) :
T

h
e

p
ro

o
f

o
f

th
is

p
ar

t
fo

ll
ow

s
fr

om
th

e
co

rr
es

p
on

d
in

g
p
ro

of
in

T
h
eo

re
m

4
an

d
u
si

n
g

th
e

in
eq

u
a
li
ty

(6
7
)

a
n
d

u
p
p

er
b

ou
n
d

(6
3)

.
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

E
.3

.
P

ro
o
f

o
f

L
e
m

m
a

7

S
in

ce
th

e
seq

u
en

ce
{
x
k }

k≥
0

is
b

ou
n
d
ed

b
y

assu
m

p
tion

,
w

ith
ou

t
loss

of
gen

erality,
w

e
m

ay

a
ssu

m
e

th
a
t

th
e

set
of

lim
it

p
oin

ts
of

th
e

seq
u
en

ce {
x
k }

k≥
0

—
w

h
ich

w
e

d
en

ote
b
y
X̄

—
is

a

co
m

p
a
ct

set.
F

rom
T

h
eorem

1
(resp

ectively
T

h
eorem

2),
w

e
h
ave

th
at

all
th

e
lim

it
p

oin
ts

of
th

e
seq

u
en

ce {
x
k }

k≥
0

are
critical

p
oin

ts
of

th
e

fu
n
ction

f
;

fu
rth

erm
ore,

sin
ce
f

(x
k)↓

f̄
,

w
e

a
lso

h
ave

th
at

th
e

fu
n
ction

f
is

con
stan

t
on

th
e

set
of

lim
it

p
oin

tsX̄
,

an
d

th
e

fu
n
ction

valu
e

o
n
X̄

eq
u
a
ls
f̄

.
C

om
b
in

in
g

th
is

w
ith

A
ssu

m
p
tion

K
L

,
w

e
h
av

e
for

a
ll
z
∈
X̄

,
th

ere
ex

ists
co

n
sta

n
ts
θ(z

)∈
[0,1),

r
z
>

0
an

d
C

(z
)
>

0
su

ch
th

at,|
f

(x
)−

f̄
| θ

(z
)≤

C
(z

)×
‖∇

f
(x

)‖
2

fo
r

a
ll
x
∈
B

(z
,r
z ).

N
ow

,
con

sid
er

th
e

op
en

cover
{B

(z
,r
z )

:
z
∈
X̄
}

of
th

e
setX̄

.
F

rom
co

m
p
a
ctn

ess
o
f

th
e

setX̄
,

w
e

are
gu

aran
teed

to
h
ave

a
fi
n
ite

su
b

cov
er;

m
o
re

p
recisely,

th
ere

ex
ists
{z

1 ,...z
p }
⊆
X̄

su
ch

th
at
X̄
⊆
⋃
pi=

1
B

(z
i ,r

z
i ).

D
efi

n
e

con
stan

ts
θ

:=
m

ax{θ(z
i )

:
1
≤
i≤

p}
,
C

:=
m

ax{
C

(z
i )

:
1
≤
i≤

p},
an

d
r

:=
m

in {
r
z
i

2
:

1
≤
i≤

p }
.

U
tilizin

g
th

e
resu

lt
‖
x
k−

x
k
+

1‖
2
→

0
from

T
h
eorem

1
(resp

ectively
T

h
eorem

2),
on

e
can

sh
ow

th
at,

th
ere

ex
ists

p
o
sitive

in
teger

k
1

su
ch

th
at

for
all

k
≥
k

1
w

e
h
av

e
‖x

k−
x
k
+

1‖
2
<

r2 ,
an

d
x
k∈

⋃
pi=

1
B

(z
i ,r

z
i ).

P
u
ttin

g
togeth

er
th

ese
p
ieces,

w
e

con
clu

d
e

th
at

for
all

k
≥
k

1

x
k∈

p⋃i=
1

B
(z
i ,r

z
i ),

an
d
|
f

(x
k)−

f̄
| θ≤

C‖∇
f‖

2 ,

w
h
ich

p
rov

es
th

e
fi
rst

p
art

of
claim

ed
lem

m
a.

N
ow

su
p
p

ose
th

e
seq

u
en

ce {
x
k }

k≥
0

con
verg

es

to
a

p
o
in

t
x̄

,
th

en
w

e
h
ave

th
at

th
e

set
of

lim
it

p
oin

tsX̄
=
{
x̄},

is
a

sin
gleton

set.
T

h
e

rest
o
f

th
e

p
ro

o
f

is
im

m
ed

iate
b
y

rep
eatin

g
th

e
argu

m
en

t
so

far,
w

ith
th

e
ad

d
ition

al
in

form
ation

th
a
tX̄

=
{x̄}

.

A
p
p
e
n
d
ix

F
.
P
ro

o
fs

o
f
C
o
ro

lla
rie

s

In
th

is
a
p
p

en
d
ix

,
w

e
collect

th
e

p
ro

o
fs

of
C

orollaries
4,

5
an

d
6

from
S
ection

4.

F
.1

.
P

ro
o
f

o
f

C
o
ro

lla
ry

4

F
irst,

n
o
te

th
at

in
ord

er
to

ap
p
ly

T
h
eorem

1
an

d
T

h
eorem

4
to

C
orollary

4,
it

is
en

o
u
gh

to
sh

ow
th

a
t

th
e

fu
n
ction

µ
7→

f
(µ

)
is
M
f -sm

o
oth

(in
th

is
ex

a
m

p
le,

fu
n
ction

h
≡

0,
an

d
h
en

ce
f
≡
g
),

a
n
d

th
e

fu
n
ction

f
satisfi

es
A

ssu
m

p
tion

K
L

.
W

e
verify

th
at

A
ssu

m
p
tion

K
L

is
sa

tisfi
ed

b
y

p
rov

in
g

th
at

th
e

ob
jectiv

e
fu

n
ction

f
in

p
rob

lem
(2

2)
is

con
tin

u
ou

s
su

b
-an

aly
tic

(see
A

p
p

en
d
ix

A
.2).

F
or

p
rov

in
g

su
b
-an

aly
ticity,

w
e

h
eav

ily
u
se

th
e

p
rop

erties
m

en
tio

n
ed

in
A

p
p

en
d
ix

A
.3.

In
th

e
follow

in
g

p
ro

of,
w

e
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
at
λ

=
1.

T
h

e
fu

n
c
tio

n
f

is
c
o
n
tin

u
o
u

s
su

b
-a

n
a
ly

tic
:

F
irst,

w
e

sh
ow

th
at

th
e

fu
n
ction

Ψ
is

su
b
-

a
n
a
ly

tic.
W

e
b

egin
b
y

ob
serv

in
g

th
at

Ψ
is

p
iecew

ise
p

oly
n
om

ial.
P

oly
n
om

ials
are

an
a
ly

tic
fu

n
ctio

n
s

a
n
d

in
tervals

are
sem

i-an
aly
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T
h
eo

re
m

5
an

d
d
er

iv
at

io
n
s

so
fa

r
en

su
re

th
at

w
e

ca
n

d
er

iv
e

th
e

eq
u
at

io
n
s

(7
1)

an
d

(7
2)

fo
r

al
l
k
≥
k

1
;

th
is

p
ro

v
id

es
u
s

a
re

cu
rs

io
n

re
la

ti
on

a
s

a
b

ov
e

w
it

h
k

1
re

p
la

ce
d

b
y
k
.

F
u
rt

h
er

m
or

e,
b
y

ch
o
os

in
g

a
la

rg
er

va
lu

e
of

th
e

co
n
st

an
t
C̄

if
n
ec

es
sa

ry
,

w
e

m
ay

co
n
cl

u
d
e

th
at

fo
r

al
l
k
≥

1
w

e
h
av

e

e k
≤
C̄

(e
k
−

1
−
e k

).

R
ea

rr
an

gi
n
g

th
e

ab
ov

e
in

eq
u
al

it
y

y
ie

ld
s
e k
≤

C̄
C̄

+
1
e k
−

1
,

w
h
ic

h
g
u
ar

an
te

es
th

a
t

th
e

se
q
u
en

ce
{ e

k

} k
≥

0
co

n
ve

rg
es

to
ze

ro
at

a
li
n
ea

r
ra

te
.

F
in

al
ly

,
ob

se
rv

e
th

at
‖x

k
−
x
∗ ‖

2
≤
∑
∞ `=
k
‖x

`
−

x
`+

1
‖ 2

=
e k

,
an

d
th

e
li
n
ea

r
ra

te
of

co
n
ve

rg
en

ce
of

th
e

se
q
u
en

ce
{ ‖
x
k
−
x
∗ ‖

2

} k
≥

0
to

ze
ro

fo
ll
ow

s.

J
u

st
ifi

c
a
ti

o
n

fo
r

st
e
p

(i
i)

in
e
q
u

a
ti

o
n

(7
3)

:
N

ot
e

th
at

it
su

ffi
ce

s
to

sh
ow

th
a
t

th
e

ob
je

ct
‖x

k
1
−
x
k
1
+

1
‖ 2

is
u
p
p

er
b

ou
n
d
ed

b
y

a
co

n
st

an
t

m
u
lt

ip
le

of
‖x

k
1
−
x
k
1
−

1
‖ 2

,
w

h
er

e
th

e
co

n
st

an
t

d
ep

en
d
s

on
ly

on
M
,M

h
,α

an
d
C

.
R

ec
al

li
n
g

th
e

d
ec

en
t

p
ro

p
er

ty
p
ro

ve
d

in
eq

u
at

io
n

(5
2)

w
e

h
av

e:

( f
(x
k
1
)
−
f̄
)1 2
≥
( f

(x
k
1
)
−
f

(x
k
1
+

1
))

1 2
≥

1 √
2
α
‖x

k
1
−
x
k
1
+

1
‖ 2
.

(7
4
)

C
om

b
in

in
g

eq
u
at

io
n
s

(7
4)

an
d

(7
2)

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

u
p
p

er
an

d
lo

w
er

b
o
u
n
d

o
f

( f
(x
k
1
)
−
f̄
)1 2

:

1 √
2
α
‖x

k
1
−
x
k
1
+

1
‖ 2
≤
( f

(x
k
1
)
−
f̄
)1 2
≤
C

(M
+
M
h

+
1
/α

)‖
x
k
1
−
x
k
1
−

1
‖ 2
.

R
ea

rr
an

gi
n
g

th
e

la
st

eq
u
al

it
y

p
ro

v
es

th
e

d
es

ir
ed

u
p
p

er
b

ou
n
d
.

F
in

al
ly

,
w

e
re

it
er

a
te

th
at

th
e

ab
ov

e
ju

st
ifi

ca
ti

on
al

so
h
ol

d
fo

r
an

y
it

er
at

e
k

w
it

h
k
≥
k

1
.

F
.3

.
P

ro
o
f

o
f

C
o
ro

ll
a
ry

6

T
h
e

p
ro

of
of

th
is

co
ro

ll
ar

y
is

b
as

ed
on

ap
p
li
ca

ti
on

of
T

h
eo

re
m

s
2

an
d

5.
W

e
ve

ri
fy

th
e

as
su

m
p
ti

on
s

of
T

h
eo

re
m

s
2

an
d

5
w

it
h
g
(θ

)
=
−

n ∑ i=
1
lo

g
( ζ

(y
i;
θ)
) ,
h
≡

0
,
ϕ

=
1
X

a
n
d

fu
n
ct

io
n
f

:=
g
−
ϕ

+
h

.
N

ot
e

th
at

th
e

d
om

ai
n

d
om

(f
)

=
X

is
co

m
p
ac

t,
w

h
ic

h
g
u
a
ra

n
te

es
th

at
th

e
it

er
at

e
se

q
u
en

ce
{θ
k
} k
≥

0
ob

ta
in

ed
fr

om
A

lg
or

it
h
m

2
is

b
ou

n
d
ed

.
T

h
e

fu
n
ct

io
n

h
≡

0
is

sm
o
ot

h
.

T
h
e

lo
g-

p
ar

ti
ti

on
fu

n
ct

io
n
A

is
tw

ic
e

co
n
ti

n
u
o
u
sl

y
d
iff

er
en

ti
a
b
le

b
y

as
su

m
p
ti

on
,

w
h
ic

h
gu

ar
an

te
es

th
at

th
e

fu
n
ct

io
n
g

is
al

so
tw

ic
e

co
n
ti

n
u
o
u
sl

y
d
iff

er
en

ti
a
b
le

,
w

h
en

ce
sm

o
ot

h
in

th
e

co
m

p
ac

t
d
om

ai
n
X

.
F

in
al

ly
,

w
e

ve
ri

fy
th

at
th

e
fu

n
ct

io
n
f

sa
ti

sfi
es

A
ss

u
m

p
ti

on
K

L
b
y

p
ro

v
in

g
th

at
f

is
co

n
ti

n
u
ou

s
su

b
-a

n
a
ly

ti
c

in
it

s
d
om

a
in
X

,
a
n
d

th
e

d
om

ai
n
X

is
cl

os
ed

;
se

e
L

em
m

a
3.

C
le

ar
ly

,
d
om

(f
)

=
X

is
cl

os
ed

,
an

d
th

e
fu

n
ct

io
n
f

is
co

n
ti

n
u
ou

s
in

d
om

(f
).

F
in

al
ly

,
w

e
sh

ow
th

a
t

th
e

fu
n
ct

io
n
s

(g
,ϕ

)
ar

e
su

b
-a

n
a
ly

ti
c,

a
n
d

in
vo

k
in

g
th

e
p
ro

p
er

ty
(d

)
of

su
b
-a

n
al

y
ti

c
fu

n
ct

io
n
s

fo
rm

A
p
p

en
d
ix

A
.3

,
w

e
co

n
cl

u
d
e

th
a
t

th
e

fu
n
ct

io
n
f

:=
g

+
ϕ

is
su

b
-a

n
al

y
ti

c.
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G
u
a
r
a
n
t
e
e
s
f
o
r
n
o
n
-c
o
n
v
e
x
n
o
n
-sm

o
o
t
h
p
r
o
b
l
e
m
s

T
h

e
fu

n
c
tio

n
ϕ

is
su

b
-a

n
a
ly

tic
:

H
ere,

w
e

u
se

a
sim

p
le

resu
lt

b
y

(A
ttou

ch
et

a
l.,

20
10),

w
h
ich

sta
tes

th
at

th
e

in
d
icator

fu
n
ction

of
a

sem
i-algeb

raic
set

is
a

sem
i-algeb

raic
fu

n
ctio

n
(h

en
ce

a
su

b
-a

n
aly

tic
fu

n
ction

).
In

ord
er

to
sh

ow
th

at
th

e
setX

is
sem

i-algeb
raic,

w
e

n
ote

th
e

fo
llow

in
g

rep
resen

tation
of

th
e

setX

X
=
{

d
∑i=

1

θ
2i
>
R

21 }
c ⋂

{
2
d
∑i=
d
+

1

θ
2i
>
R

22 }
c ⋂

{
θ

2
d
+

1
>

1 }
c ⋂

{
−
θ

2
d
+

1
>

0 }
c.

(75)

E
a
ch

o
f

th
e

fo
u
r

sets
in

rep
resen

tation
(75)

are
sem

i-algeb
raic

b
y

d
efi

n
ition

,
an

d
sem

i-
a
lg

eb
ra

ic
sets

are
closed

u
n
d
er

fi
n
ite

in
tersection

an
d

com
p
lem

en
ts;

see
th

e
b

o
ok

b
y

(C
oste,

2
0
0
2
).

P
u
ttin

g
togeth

er
th

ese
tw

o
ob

servation
s,

w
e

con
clu

d
e

th
at

th
e

setX
is

sem
i-algeb

raic,
a
n
d

th
a
t
1
X

is
a

su
b
-an

aly
tic

fu
n
ction

.

T
h

e
fu

n
c
tio

n
g

is
su

b
-a

n
a
ly

tic
:

T
h
e

log-p
artition

fu
n
ction

A
is

su
b
-an

aly
tic

b
y

a
s-

su
m

p
tio

n
.

F
o
r

a
fi
x
ed

vector
y
,

th
e

m
ap

η
7→

η >
T

(y
)

is
lin

ear,
an

d
h
en

ce
su

b
-an

aly
tic.

S
in

ce
su

b
-a

n
a
ly

tic
fu

n
ction

s
are

closed
u
n
d
er

a
fi
n
ite

lin
ear

co
m

b
in

atio
n
,

w
e

con
clu

d
e

th
at

th
e

m
ap

η
7→
η >
T

(y
)−

A
(η

)
is

su
b
-an

a
ly

tic.
C

on
tin

u
ou

s
su

b
-an

aly
tic

fu
n
ction

s
are

closed
u
n
d
er

m
u
ltip

lication
an

d
com

p
osition

;
sin

ce
th

e
ex

p
(·)

fu
n
ction

is
con

tin
u
ou

s
su

b
-an

aly
tic,

w
e

h
ave

fo
r

every
fi
x
ed

v
ector

y
th

e
follow

in
g

m
ap

(η
0 ,η

1 ,p
)7→

ζ
(y

;η
0 ,η

1 ,p
)

:=
p

ex
p
(η >0

T
(y

)−
A

(η
0 ))

+
(1−

p
)

ex
p
(η >1

T
(y

)−
A

(η
1 ))

is
su

b
-a

n
a
ly

tic.
F

u
rth

erm
ore,

th
e

log
(·)

fu
n
ction

an
aly

tic
on

th
e

in
terva

l
(0,∞

),
an

d
u
s-

in
g

th
e

co
m

p
o
sition

ru
le

for
con

tin
u
ou

s
su

b
-a

n
aly

tic
fu

n
ction

s,
w

e
ob

tain
th

at
th

e
m

ap
θ7→

lo
g
(ζ

(y
i ;θ))

is
su

b
-an

aly
tic,

w
h
ere

θ
:=

(η
0 ,η

1 ,p
).

F
in

ally,
th

e
target

fu
n
ction

g
is

a
lin

ea
r

co
m

b
in

a
tion

of
su

b
-an

aly
tic

fu
n
ction

s
lo

g
(ζ

(y
i ;θ)),

a
n
d

w
e

con
clu

d
e

th
at

th
e

m
ap

θ7→
g
(θ)

is
su

b
-an

aly
tic.

C
o
m

b
in

in
g

th
e

p
ie

c
e
s:

P
u
ttin

g
togeth

er
th

e
p
ieces,

w
e

con
clu

d
e

th
at

th
e

fu
n
ction

f
is

su
b
-a

n
a
ly

tic,
w

ith
th

e
fu

n
ction

f
b

ein
g

con
tin

u
ou

s
in

d
om

(f
),

w
h
ereas

d
om

(f
)

is
closed

;
fu

rth
erm

o
re,

th
e

fu
n
ction

s
g

an
d
h

are
sm

o
oth

.
T

h
is

allow
s

u
s

to
ap

p
ly

T
h
eorem

2
an

d
T

h
eo

rem
5

a
n
d

th
e

corollary
follow

s.

S
u

b
-a

n
a
ly

tic
ity

o
f

th
e

lo
g
-p

a
rtitio

n
fu

n
c
tio

n
s
A

in
T

a
b

le
1
:

T
h
e

su
b
-an

aly
ticity

of
th

e
lo

g
-p

a
rtitio

n
fu

n
ction

A
m

en
tion

ed
in

T
ab

le
1

follow
s

from
th

e
follow

in
g

tw
o

ob
serva-

tio
n
s.

F
irst,

n
o
te

th
at

th
e

fu
n
ction

s
ex

p
,ln

an
d

Γ
are

con
tin

u
ou

s
an

d
an

aly
tic

(h
en

ce
su

b
-

a
n
a
ly

tic).
G

iv
en

tw
o

con
tin

u
ou

s
su

b
-an

aly
tic

fu
n
ction

s
g

1
an

d
g

2 ,
th

e
com

p
osition

fu
n
ction

g
2 ◦

g
1

is
a
lso

con
tin

u
ou

s
su

b
-an

aly
tic.

S
econ

d
ly,

an
y

lin
ear

com
b
in

ation
o
f

su
b
-an

aly
tic

fu
n
ctio

n
s

is
a
lso

su
b
-an

aly
tic

fu
n
ction

.
S
ee

A
p
p

en
d
ix

A
.3

for
p
rop

erties
of

su
b
-an

aly
tic

fu
n
ctio

n
s.

A
p
p
e
n
d
ix

G
.
C
h
a
ra

cte
rizin

g
“
sm

o
o
th

-
co

n
v
e
x
”
fu
n
ctio

n
cla

ss

In
T

h
eo

rem
1

an
d

T
h
eorem

2
w

e
d
iscu

ssed
a

class
of

n
on

-sm
o
oth

n
on

-con
vex

fu
n
ction

s,
w

h
ere

a
g
rad

ien
t

or
a

p
rox

-ty
p

e
algorith

m
p
rov

id
es

satisfactory
con

vergen
ce

to
a

critical
p

o
in

t.
O

n
e

p
o
ssib

le
d
efi

cien
cy

of
th

e
th

eory
d
iscu

ssed
so

far
is

th
at,

in
A

lgorith
m

1
(re-

sp
ectively

A
lg

o
rith

m
2),

w
e

n
eed

to
sp

ecify
a

d
ecom

p
osition

of
th

e
ob

jective
fu

n
ction

f
as
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K
h
a
m
a
r
u
,
W
a
in
w
r
ig
h
t

a
d
iff

eren
ce

of
a

sm
o
oth

an
d

a
con

vex
fu

n
ction

(resp
ectively,

sm
o
oth

+
con

v
ex

-
co

n
vex

).
C

on
seq

u
en

tly,
it

is
n
atu

ral
to

w
on

d
er

if
w

e
can

ch
aracterize

th
e

class
of

fu
n
ctio

n
s

w
h
ich

h
as

a
d
ecom

p
osition

n
eed

ed
in

A
lgorith

m
s

1
an

d
2
.

F
u
rth

erm
ore,

if
a

fu
n
ction

h
as

th
is

a
d
ecom

p
osition

,
h
ow

can
w

e
ob

tain
su

ch
a

d
ecom

p
osition

easily.
It

is
w

o
rth

p
oin

tin
g

ou
t

th
at

for
th

e
case

of
A

lgorith
m

2,
th

e
con

vex
fu

n
ction

ϕ
is

k
n
ow

n
in

m
an

y
cases.

F
or

in
stan

ce,
in

th
e

case
of

con
strain

ed
op

tim
ization

,
th

e
fu

n
ction

ϕ
is

th
e

in
d
icator

of
th

e
co

n
stra

in
t

set;
in

m
an

y
statistical

estim
ation

p
rob

lem
s,
ϕ

is
a

p
en

alty
fu

n
ction

o
n

th
e

p
aram

eters;
a

w
ell-k

n
ow

n
ex

am
p
le

of
su

ch
p

en
alty

fu
n
ction

is
th

e
`
1

p
en

alty,
w

h
ich

is
u
sed

to
ob

tain
sp

arse
solu

tion
s.

H
en

ce,
for

all
p
ractical

p
u
rp

oses,
th

e
task

of
ch

aracterizin
g

th
e

fu
n
ction

class
m

en
tion

ed
in

T
h
eorem

s
1

an
d

2
red

u
ces

to
ch

aracterizin
g

fu
n
ction

s
w

h
ich

can
b

e
d
ecom

p
osed

as
a

d
iff

eren
ce

of
a

sm
o
oth

fu
n
ction

(g
)

an
d

a
con

vex
fu

n
ction

(h
).

In
th

e
n
ex

t
th

eorem
,

w
e

ch
aracterize

th
e

class
of

of
con

tin
u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

s
th

at
can

b
e

w
ritten

as
a

d
iff

eren
ce

of
a

sm
o
oth

fu
n
ction

an
d

a
con

vex
fu

n
ction

.

T
h

e
o
re

m
6

G
iven

a
n

y
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
fu

n
ctio

n
f

:R
d7→

R
,

th
e

fo
llo

w
in

g
tw

o
p
ro

perties
a
re

equ
iva

len
t:

(a
)

T
h
ere

exists
a
M

-sm
oo

th
fu

n
ctio

n
g

,
a
n

d
a

co
n

vex
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
fu

n
ctio

n
h

su
ch

th
a
t:

f
(x

)
=
g
(x

)−
h

(x
)

fo
r

a
ll
x
∈
R
d.

(b)
T

h
e

gra
d
ien

t
o
f

th
e

fu
n

ctio
n
f

sa
tisfi

es
th

e
fo

llo
w

in
g

in
equ

a
lity:

〈∇
f

(x
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∇
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∈
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p
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∈
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n
ction

is
a

m
on

oton
e

o
p

erator,
an

d
w

e
h
ave

th
a
t

for
all

x
,y
∈
R
d:

〈∇
h

(x
)−
∇
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ob
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f
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89
,

19
63

.

A
m

ir
A

A
h
m

ad
i

an
d

P
ab

lo
A

P
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p
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p
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p
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.
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d
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h
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p
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p
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at
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b
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p
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b
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b
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p
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.

Y
ai

r
C

ar
m

on
,

J
oh

n
C

D
u
ch

i,
O

li
ve

r
H

in
d
er

,
an

d
A

ar
on

S
id

fo
rd

.
L

ow
er

b
ou

n
d
s

fo
r

fi
n
d
in

g
st

at
io

n
ar

y
p

oi
n
ts

i.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
1
0
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n
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,
G
ia
n
m
a
rc
o
D
e
F
ra
n
ci
sc
i
M
o
ra
le
s,

H
en

ri
k
B
o
st
rö
m
.

L
ic
en

se
:
C
C
-B

Y
4
.0
,
se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.
A
tt
ri
b
u
ti
o
n
re
q
u
ir
em

en
ts

a
re

p
ro
v
id
ed

a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
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-
0
0
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.
h
t
m
l
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V
a
si
l
o
u
d
is
,
D
e
F
r
a
n
c
is
c
i
M
o
r
a
l
e
s,

B
o
st

r
ö
m

th
e

u
n
ce

rt
ai

n
ty

in
th

e
p
re

d
ic

ti
on

s
of

th
e

m
o
d
el

s
is

p
ar

am
ou

n
t

to
av

oi
d

p
ot

en
ti

al
ly

ca
ta

st
ro

p
h
ic

m
is

h
ap

p
en

in
gs

(M
cA

ll
is

te
r

et
al

.,
20

17
).

F
or

ex
am

p
le

,
ta

ke
th

e
p

ro
b

le
m

of
es

ti
m

at
in

g
th

e
d

is
ta

n
ce

fr
om

th
e

ve
h

ic
le

ah
ea

d
fo

r
an

A
V

.
A

si
m

p
le

p
o
in

t
es

ti
m

a
te

co
u

ld
b

e
d

a
n

g
er

o
u

s
in

th
e

p
re

se
n

ce
o
f

u
n

ce
rt

a
in

ty
:

a
ss

u
m

e
it

ta
k
es

th
e

A
V

1
0
0

m
et

er
s

to
st

o
p
,

a
n
d

th
e

d
is

ta
n
ce

p
o
in

t
p
re

d
ic

ti
o
n

is
1
1
0
m

b
u
t

th
e

tr
u
e

d
is

ta
n
ce

is
90

m
.

In
an

em
er

ge
n
cy

si
tu

at
io

n
,

th
e

A
V

w
ou

ld
n
ot

b
e

ab
le

to
st

op
b

ef
or

e
cr

as
h
in

g
in

to
th

e
v
eh

ic
le

a
h
ea

d
.

If
in

st
ea

d
th

e
m

o
d
el

p
ro

d
u
ce

s
a

9
9
.9

%
-c

o
n
fi
d
en

ce
in

te
rv

a
l

o
f

th
e

d
is

ta
n
ce

,
w

e
co

u
ld

u
se

it
s

lo
w

er
en

d
to

en
su

re
w

it
h

h
ig

h
p
ro

b
a
b
il
it

y
th

a
t

th
er

e
is

a
lw

ay
s

en
ou

gh
b
ra

k
in

g
d
is

ta
n
ce

fr
om

th
e

v
eh

ic
le

ah
ea

d
.

In
th

is
w

or
k
,

w
e

fo
cu

s
on

en
se

m
b
le

s
of

d
ec

is
io

n
tr

ee
s

as
p
re

d
ic

to
rs

,
w

h
ic

h
h
av

e
b

ee
n

sh
ow

n
to

b
e

h
ig

h
ly

co
m

p
et

it
iv

e
in

a
va

ri
et

y
of

se
tt

in
gs

(F
er

n
án

d
ez

-D
el

ga
d
o

et
al

.,
20

14
),

in
cl

u
d
in

g
th

ei
r

on
li

n
e

va
ri

an
ts

(O
za

,
20

05
).

M
os

t
p

re
v
io

u
s

w
or

k
on

d
ec

is
io

n
tr

ee
s

h
as

fo
cu

se
d

on
on

e
o
f

th
e

a
sp

ec
ts

o
f

th
e

p
ro

b
le

m
:

ei
th

er
p
ro

v
id

in
g

o
n
li
n

e
a
lg

o
ri

th
m

s,
o
r

p
ro

v
id

in
g

u
n
ce

rt
a
in

ty
es

ti
m

at
es

fo
r

b
at

ch
al

go
ri

th
m

s.
A

n
u
m

b
er

of
ap

p
ro

ac
h
es

fo
r

q
u
an

ti
fy

in
g

th
e

u
n
ce

rt
ai

n
ty

of
p
re

d
ic

ti
o
n
s

in
ra

n
d
o
m

fo
re

st
s

(R
F

)
h
av

e
b

ee
n

p
ro

p
o
se

d
in

th
e

p
a
st

,
b
u
t

th
ey

a
ll

a
ss

u
m

e
a

b
o
u

n
d

ed
,

st
a
ti

c
d

a
ta

se
t

(M
en

tc
h

a
n

d
H

o
o
k
er

,
2
0
1
6
;

W
a
g
er

et
a
l.

,
2
0
1
4
;

C
h

ip
m

a
n

et
a
l.

,
2
0
1
0
;

M
ei

n
sh

a
u
se

n
,

2
0
0
6
;

J
o
h
a
n
ss

o
n

et
a
l.
,

2
0
1
4
b
;

B
o
st

rö
m

et
a
l.
,

2
0
1
7
).

O
n

th
e

o
th

er
h
a
n
d
,

m
o
st

a
p
p
ro

x
im

a
te

tr
ee

a
lg

o
ri

th
m

s
th

a
t

fi
t

th
e

co
m

p
u
ta

ti
o
n
a
l

a
n
d

ti
m

e
li
m

it
a
ti

o
n
s

o
f

th
e

d
o
m

a
in

(D
o
m

in
g
o
s

a
n
d

H
u
lt

en
,

2
0
0
0
;

B
en

-H
a
im

a
n
d

T
o
m

-T
ov

,
2
0
1
0
;

Ik
o
n
o
m

ov
sk

a
et

a
l.
,

2
0
1
1
)

d
o

n
o
t

p
ro

v
id

e
u
n
ce

rt
a
in

ty
es

ti
m

a
te

s.
O

n
e

n
o
ta

b
le

ex
ce

p
ti

o
n

a
re

M
o
n
d
ri

a
n

F
o
re

st
s

(L
a
k
sh

m
in

a
ra

y
a
n
a
n

et
a
l.
,

2
0
1
6
),

w
h
o
se

ru
n
ti

m
e

co
st

,
h
ow

ev
er

,
is

st
il
l

p
ro

h
ib

it
iv

e
fo

r
li
m

it
ed

-m
em

or
y,

re
al

-t
im

e
sy

st
em

s,
as

b
ot

h
it

s
co

m
p
u
ta

ti
on

al
an

d
m

em
or

y
co

st
s

in
cr

ea
se

w
it

h
ea

ch
in

co
m

in
g

ex
am

p
le

.

In
th

is
st

u
d
y,

w
e

in
v
es

ti
g
a
te

a
p
p
ro

a
ch

es
to

q
u
a
n
ti

fy
m

o
d
el

u
n
ce

rt
a
in

ty
fo

r
re

g
re

ss
io

n
ta

sk
s,

w
h
en

u
si

n
g

en
se

m
b
le

s
of

on
li
n
e

d
ec

is
io

n
tr

ee
le

ar
n
er

s
w

it
h

b
ou

n
d
ed

co
m

p
u
ta

ti
on

al
an

d
m

em
or

y
co

st
.

W
e

p
ro

p
os

e
tw

o
on

li
n
e

al
go

ri
th

m
s,

on
e

b
as

ed
on

co
n
fo

rm
al

p
re

d
ic

ti
on

(V
ov

k
et

al
.,

20
05

),
an

d
an

ot
h
er

b
as

ed
on

q
u
an

ti
le

re
gr

es
si

on
(M

ei
n
sh

au
se

n
,

20
06

),
an

d
p

er
fo

rm
a

la
rg

e-
sc

al
e

em
p
ir

ic
al

ev
al

u
at

io
n
.

T
h
e

p
ro

p
os

ed
al

go
ri

th
m

s
ar

e
m

et
a-

al
go

ri
th

m
s,

in
th

e
se

n
se

th
at

th
ey

al
lo

w
to

u
se

d
iff

er
en

t
u

n
d

er
ly

in
g

le
ar

n
in

g
al

go
ri

th
m

s.
H

ow
ev

er
,

op
ti

m
iz

in
g

th
e

se
le

ct
io

n
of

th
e

u
n

d
er

ly
in

g
le

ar
n

er
an

d
tu

n
in

g
th

e
ap

p
ro

x
im

at
e

d
at

a
st

ru
ct

u
re

s
u

se
d

ar
e

ou
t

of
th

e
sc

op
e

of
th

e
cu

rr
en

t
st

u
d

y.
W

e
in

st
ea

d
fo

cu
s

o
n

th
e

p
er

fo
rm

a
n

ce
o
f

th
e

m
et

a
-a

lg
o
ri

th
m

s
th

em
se

lv
es

,
w

h
il

e
k
ee

p
in

g
a
ll

ot
h
er

p
ar

ts
co

n
st

an
t.

In
su

m
m

ar
y,

ou
r

co
n
tr

ib
u
ti

on
s

ar
e

th
e

fo
ll
ow

in
g:

•
W

e
d

es
cr

ib
e

h
ow

to
ad

ap
t

in
d

u
ct

iv
e

co
n

fo
rm

al
p

re
d

ic
ti

on
an

d
q
u

an
ti

le
re

gr
es

si
on

fo
re

st
s

to
th

e
on

li
n
e

se
tt

in
g

b
y

b
ou

n
d
in

g
th

ei
r

co
m

p
u
ta

ti
on

al
an

d
m

em
or

y
u
se

(S
ec

ti
o
n

3
).

•
W

e
re

p
or

t
on

an
ex

te
n

si
ve

ex
p

er
im

en
ta

l
ev

al
u

at
io

n
w

it
h

th
ir

ty
d

at
as

et
s

of
va

ri
ou

s
si

ze
s,

in
cl

u
d
in

g
d
a
ta

se
ts

th
a
t

ex
h
ib

it
co

n
ce

p
t

d
ri

ft
,

a
n
d

co
m

p
a
re

th
e

p
ro

p
o
se

d
a
p
p
ro

a
ch

es
ag

ai
n
st

b
ot

h
a

si
m

p
le

b
as

el
in

e
an

d
a

st
at

e-
of

-t
h
e-

ar
t

al
go

ri
th

m
(S

ec
ti

on
4
).

•
W

e
em

p
ir

ic
al

ly
sh

ow
th

at
th

e
p

ro
p

os
ed

al
go

ri
th

m
s

ar
e

ab
le

to
m

ai
n
ta

in
p

re
d

ic
ti

on
er

ro
r

b
o
u
n

d
s

a
t

a
ra

te
b

et
te

r
th

a
n

th
e

st
a
te

-o
f-

th
e-

a
rt

,
w

h
il

e
b

ei
n

g
b

o
u

n
d

ed
in

m
em

o
ry

a
n

d
co

m
p
u
ta

ti
on

,
re

ga
rd

le
ss

of
th

e
n
u
m

b
er

of
d
at

a
p

oi
n
ts

in
th

e
in

p
u
t.
1

1
.

A
ll

a
lg

o
ri

th
m

im
p
le

m
en

ta
ti

o
n
s,

d
a
ta

,
a
n
d

ex
p

er
im

en
t

a
u
to

m
a
ti

o
n

sc
ri

p
ts

u
se

d
in

th
is

st
u
d
y

a
re

av
a
il
a
b
le

a
s

o
p

en
so

u
rc

e
to

en
su

re
re

p
ro

d
u
ci

b
il
it

y
a
t

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
t
h
v
a
s
i
l
o
/

u
n
c
e
r
t
a
i
n
-
t
r
e
e
s
-
r
e
p
r
o
d
u
c
i
b
l
e
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Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ssio

n
F
o
r
e
st

s

2
.

B
a
ck

g
ro

u
n
d

In
th

is
sectio

n
,

w
e

fo
rm

a
lly

d
efi

n
e

th
e

p
ro

b
lem

o
f

o
n

lin
e

in
terva

l
p

red
ictio

n
fo

r
reg

ressio
n

,
a
n
d

p
rov

id
e

d
escrip

tion
s

of
th

e
algorith

m
s

th
at

w
e

later
ad

ap
t

to
th

e
on

lin
e

scen
ario.

2
.1

.
P

ro
b

le
m

d
e
fi

n
itio

n

W
e

assu
m

e
a

seq
u
en

tially
arriv

in
g

d
ata

stream
(X

i ,y
i ),

sam
p
led

from
som

e
fi
x
ed

u
n
d
erly

in
g

d
istrib

u
tio

n
,

w
h
ere

X
i ∈

R
p

a
re

th
e

fea
tu

re
v
ecto

rs
a
n
d
y
i ∈

R
th

e
la

b
els.

A
d
d
itio

n
a
lly

i∈
N
+

in
d
ica

tes
th

e
in

d
ex

o
f

a
p

o
ten

tia
lly

u
n
b

o
u
n
d
ed

d
a
ta

set.
O

u
r

g
o
a
l

is
to

lea
rn

a
fu

n
ctio

n
Γ

(X
i ,α

)
:R

p×
(0
,1

)→
[l,u

],
w

h
ere

l,u
∈
R

a
n

d
l≤

u
,

su
ch

th
a
t

th
e

p
ro

b
a
b
ility

of
d
raw

in
g

an
ex

am
p
le

(X
i ,y

i )
from

th
e

fi
x
ed

u
n
d
erly

in
g

d
istrib

u
tion

w
h
ere

y
i 6∈

Γ
(X

i ,α
)

is
less

th
a
n

o
r

equ
a
l

to
α

,
w

h
ich

is
referred

to
a
s

th
e

sign
ifi

ca
n

ce
lev

el.
W

e
refer

to
1−

α
a
s

th
e

co
n

fi
d
en

ce
level.

In
th

e
con

form
al

p
red

iction
literatu

re,
th

e
p
rop

erty
d
escrib

ed
ab

ove
is

term
ed

co
n

serva
tive

va
lid

ity,
a
s

o
p
p

o
sed

to
exa

ct
va

lid
ity,

fo
r

w
h
ich

th
e

a
b

ov
e

p
ro

b
a
b
ility

is
ex

a
ctly

α
.

T
h
is

d
istin

ction
m

akes
ou

r
p
rob

lem
d
iff

eren
t

from
q
u
an

tile
regression

(K
o
en

ker,
1996)

w
h
ich

aim
s

fo
r

ex
a
ct

va
lid

ity
as

w
ell.

H
en

ceforth
,

for
th

e
d
escrip

tion
of

th
e

algorith
m

s,
w

e
assu

m
e

an
en

sem
b
le

th
at

con
sists

of
a

ran
d

om
forest

`
of
T

d
ecision

trees,
each

d
en

oted
b
y
`
t ,t∈

[1,T
].

W
e

con
sid

er
an

in
terval

p
red

icto
r

to
b

e
va

lid
if

it
m

akes
errors,

w
h
en

y
i 6∈

Γ
(X

i ,α
),

at
a

rate
a
t

m
ost

α
.

2
.2

.
In

d
u

c
tiv

e
C

o
n

fo
rm

a
l

P
re

d
ic

tio
n

C
on

form
al

p
red

ictors
(C

P
)

ou
tp

u
t

p
red

ictio
n

regio
n

s,
th

at
is,

sets
of

lab
els

for
classifi

cation
a
n
d

in
terva

ls
fo

r
reg

ressio
n
,

in
stea

d
o
f

tra
d
itio

n
a
l

p
o
in

t
p
red

ictio
n
s.

T
h
e

m
a
in

p
ro

p
erty

o
f

a
co

n
fo

rm
a
l

p
red

icto
r

is
th

a
t

it
is

va
lid

:
th

e
ex

p
ected

erro
r

ra
te

is
u

p
p

er-b
o
u

n
d

ed
b
y

a
p
red

eterm
in

ed
sig

n
ifi

ca
n
ce

lev
el.

B
y

lev
era

g
in

g
p
a
st

ex
p

erien
ces,

th
e

co
n
fo

rm
a
l

p
red

icto
r

ca
n

g
u
a
ra

n
tee

th
a
t,

a
s

lo
n
g

a
s

th
e

ex
a
m

p
les

a
re

d
raw

n
fro

m
th

e
sa

m
e

d
istrib

u
tio

n
,

th
e

p
ro

b
a
b
ility

o
f

ex
clu

d
in

g
th

e
tru

e
la

b
el

fro
m

th
e

p
red

ictio
n

reg
io

n
is

less
th

a
n

o
r

eq
u
a
l

to
th

e
sp

ecifi
ed

sign
ifi

can
ce.

In
ad

d
ition

,
it

is
a

m
eta-algorith

m
,

w
h
ich

can
u

se
an

y
b
ase

p
oin

t
p
red

ictor
for

classifi
cation

or
regression

.
F

or
a

com
p
reh

en
sive

rev
iew

of
con

form
al

p
red

iction
see

(V
ov

k
et

a
l.,

2005).

T
h
e

origin
al

fram
ew

ork
for

con
form

al
p
red

iction
w

as
d
esign

ed
for

an
on

lin
e

scen
ario,

in
w

h
ich

o
b
serva

tio
n
s

a
re

receiv
ed

o
n
e-b

y
-o

n
e.

E
a
ch

o
b
serva

tio
n

trig
g
ers

a
p
red

ictio
n
,

a
fter

w
h
ich

th
e

tru
e

lab
el

is
revealed

,
w

h
ich

in
tu

rn
allow

s
th

e
p
red

ictor
to

b
e

u
p

d
ated

.
H

ow
ever,

th
is

fra
m

ew
o
rk

,
w

h
ich

is
ca

lled
tra

n
sd

u
ctive

co
n

fo
rm

a
l

p
red

ictio
n

,
req

u
ires

retra
in

in
g

th
e

u
n

d
erly

in
g

m
o
d

el
w

ith
th

e
en

tire
d

a
ta

set
fo

r
ea

ch
n

ew
o
b

serva
tio

n
to

o
b

ta
in

th
e

so
-ca

lled
n

o
n

-co
n

fo
rm

ity
sco

res.
T

h
ese

sco
res

m
ea

su
re

h
ow

“
o
u
t

o
f

th
e

o
rd

in
a
ry

”
ex

a
m

p
les

a
re

co
m

p
a
red

to
th

e
a
lrea

d
y

o
b
serv

ed
d
a
ta

,
a
n
d

a
re

u
sed

to
p
ro

d
u
ce

th
e

p
red

ictio
n

in
terva

ls.
T

h
e

retrain
in

g
req

u
irem

en
t

m
akes

th
e

m
eth

o
d

very
costly

com
p

u
tation

ally,
an

d
p

reven
ts

it
fro

m
b

ein
g

u
sed

straigh
tforw

ard
ly

for
large

d
atasets.

T
o

overcom
e

th
e

com
p
u
tation

al
cost

of
th

e
tran

sd
u
ctive

fram
ew

ork
,

an
oth

er
in

stan
tiation

of
th

e
con

form
al

p
red

iction
fram

ew
ork

w
as

p
rop

osed
b
y

P
ap

ad
op

ou
los

et
al.

(2002),
n
am

ed
in

d
u

ctive
co

n
fo

rm
a
l

p
red

ictio
n

(IC
P

).
T

h
is

a
p
p
ro

a
ch

is
a
im

ed
a
t

th
e

b
a
tch

settin
g
,

a
n
d

d
o
es

n
o
t

req
u
ire

co
n
tin

u
o
u
s

re-tra
in

in
g

o
f

th
e

u
n
d
erly

in
g

m
o
d
el.

In
stea

d
,

it
sets

a
sid

e
a
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V
a
sil

o
u
d
is,

D
e
F
r
a
n
c
isc

i
M
o
r
a
l
e
s,

B
o
st

r
ö
m

su
b
set

of
th

e
train

in
g

ex
am

p
les,

referred
to

as
th

e
ca

libra
tio

n
set,

C
.

T
h
e

rest
of

th
e

train
in

g
d
a
ta

a
re

u
sed

to
tra

in
a

b
a
tch

p
red

icto
r.

T
h
e

ca
lib

ra
tio

n
set

is
u
sed

to
p
ro

d
u
ce

so
rted

n
o
n

-co
n

fo
rm

ity
sco

res,
S

,
w

h
ich

a
re

a
g
a
in

u
sed

to
p
ro

d
u
ce

th
e

p
red

ictio
n

in
terva

ls.
In

regression
,

w
e

com
m

on
ly

m
easu

re
th

e
n
on

-con
form

ity
of

an
ex

am
p
le

b
y

th
e

ab
solu

te
error

of
th

e
m

o
d

el’s
p

red
iction

for
th

at
ex

am
p

le.
T

o
d

eterm
in

e
th

e
in

terval,
w

e
scan

th
e

(ascen
d

in
g)

sorted
list

of
n
on

-con
form

ity
scores,

S
,

u
n
til

w
e

p
assb(1−

α
)·|S|c

valu
es.

T
h
e

n
on

-con
form

ity
sco

re
a
t

th
is

p
o
in

t
g
iv

es
u
s

th
e

p
red

ictio
n

in
terva

l.
S
p

ecifi
ca

lly,
let

φ
=

S
[b(1−

α
)·|S|c]

b
e

th
e

valu
e

selected
from

S
.

T
h

en
th

e
p

ro
d

u
ced

in
terval

w
ill

b
e

Γ
(X

i ,α
)

=
[ŷ−

φ
,ŷ

+
φ

],
w

h
ere

ŷ
is

th
e

p
oin

t
p
red

iction
of

th
e

m
o
d
el

fo
r

X
i .

V
ov

k
(2

0
0
2
)

p
ro

p
o
sed

a
w

ay
to

a
d
a
p
t

IC
P

fo
r

seq
u
en

tia
lly

a
rriv

in
g

d
a
ta

sets.
T

h
e

p
ro

p
o
sed

m
eth

o
d

re-tra
in

s
a

n
ew

m
o
d
el

fro
m

scra
tch

a
fter

a
fi
x
ed

n
u
m

b
er

o
f

d
a
ta

p
o
in

ts
h
ave

b
een

ob
served

.
T

h
is

ch
oice

creates
a

trad
e-off

b
etw

een
th

e
com

p
u
tation

al
effi

cien
cy

of
th

e
algorith

m
an

d
th

e
p
red

ictive
eff

ectiven
ess

in
term

s
of

th
e

in
terval

size.
H

ow
ever,

d
u
e

to
th

e
n
eed

to
sto

re
th

e
co

m
p

lete
tra

in
in

g
set,

a
n
d

co
m

p
letely

retra
in

a
n
ew

m
o
d
el

a
t

p
re-set

in
tervals,

th
is

m
eth

o
d

is
still

n
ot

a
v
iab

le
op

tion
for

stream
in

g
d
atasets.

2
.3

.
Q

u
a
n
tile

R
e
g
re

ssio
n

F
o
re

sts

Q
u
an

tile
R

egression
F

orests
(Q

R
F

)
w

ere
in

tro
d
u
ced

b
y

M
ein

sh
au

sen
(2006)

w
ith

th
e

p
u
rp

ose
o
f

ex
ten

d
in

g
ra

n
d
o
m

fo
rests

fro
m

co
m

p
u
tin

g
th

e
co

n
d
itio

n
a
l

m
ea

n
to

co
m

p
u
tin

g
th

e
fu

ll
con

d
ition

al
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

(C
D

F
).

F
ollow

in
g

th
e

n
otation

b
y

M
ein

sh
au

sen
,

w
e

d
efi

n
e

th
e

con
d
ition

al
C

D
F

as

F
(y
|
X

=
x

)
=
P

(Y
≤
y
|
X

=
x

).
(1)

G
iven

E
q
u
ation

1
w

e
can

d
efi

n
e

th
e
β

-q
u
an

tile
Q
β
(x

)
as

th
e

valu
e

for
w

h
ich

th
e

p
rob

ab
ility

of
Y

b
ein

g
sm

aller
th

an
Q
β
(x

)
for

a
g
iven

x
,

is
ex

actly
β

:

Q
β
(x

)
=

in
f{y

:
F

(y
|
X

=
x

)≥
β}
.

H
av

in
g

a
ccess

to
th

e
co

n
d
itio

n
a
l

C
D

F
,

w
e

a
re

a
b
le

to
p
ro

d
u
ce

p
red

ictio
n

in
terva

ls
b
y

calcu
latin

g
th

e
q
u

an
tiles

at
th

e
en

d
p

oin
ts

of
th

e
d

esired
in

terval.
F

or
ex

am
p

le,
a

p
red

iction
in

terval
for

sign
ifi

can
ce

level
α

=
0.1

can
b

e
ob

tain
ed

b
y

Γ
(x
,α

)
=

[Q
0
.0
5 (x

),Q
0
.9
5 (x

)].

Q
R

F
,

u
n
like

oth
er

q
u
an

tile
regression

m
eth

o
d
s,

d
o
es

n
ot

ch
an

ge
th

e
loss

fu
n
ction

of
th

e
u
n
d
erly

in
g

ra
n
d
o
m

fo
rest

a
lg

o
rith

m
.

It
in

stea
d

ca
lcu

la
tes

th
e

co
n
d
itio

n
a
l

d
istrib

u
tio

n
a
s

th
e

w
eigh

ted
d
istribu

tio
n

o
f

th
e

o
b
serv

ed
la

b
els

a
cro

ss
th

e
fo

rest.
T

h
erefo

re,
o
n
ly

m
in

im
a
l

ch
a
n
g
es

to
th

e
u
n
d
erly

in
g

lea
rn

in
g

a
lg

o
rith

m
a
re

n
eed

ed
in

o
rd

er
to

p
rov

id
e

p
red

ictio
n

in
terva

ls.
M

ein
sh

a
u
sen

sh
ow

s
th

a
t,

u
n
d
er

so
m

e
m

ild
a
ssu

m
p
tio

n
s,

Q
R

F
is

a
co

n
sisten

t
estim

ator
of

th
e

con
d
ition

al
d
istrib

u
tion

.
L

et
u
s

d
escrib

e
b
a
tch

Q
R

F
b
riefl

y.
It

g
row

s
trees

in
th

e
ra

n
d
o
m

fo
rest

a
s

a
reg

u
la

r
R

F
a
lg

o
rith

m
.

H
ow

ev
er,

a
t

ev
ery

lea
f,

it
sto

res
a
ll

th
e

la
b

el
va

lu
es,

ra
th

er
th

a
n

o
n
ly

th
eir

average.
E

ach
n
ew

ob
servation

x
is

rou
ted

d
ow

n
all

trees
of

th
e

forest
u
n
til

it
reach

es
a

leaf.
D

en
ote

l
e
a
f
(x
,`
t )

th
e

leaf
x

reach
es

for
tree

`
t ∈

`.
T

h
e

w
eigh

t
of

th
e

ex
am

p
le

at
each

tree
is

given
b
y
w
i (x
,`
t )

=
1
X
i ∈

l
e
a
f
(x
,`
t ) /|j

:
X
j ∈

l
e
a
f
(x
,`
t )|,

i.e.,
th

e
recip

ro
cal

of
th

e
n
u

m
b

er
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Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ss
io
n
F
o
r
e
st

s

o
f

o
b
se

rv
a
ti

o
n
s

a
lr

ea
d
y

in
th

a
t

le
a
f

fo
r

tr
ee
` t

.
T

o
g
et

th
e

o
b
se

rv
a
ti

o
n
’s

w
ei

g
h
t

ov
er

th
e

w
h
ol

e
fo

re
st

,
w

e
av

er
ag

e
ov

er
th

e
in

d
iv

id
u
al

tr
ee

s:
w
i(
x

)
=
T
−
1
∑

T t=
1
w
i(
x
,`
t)

.
T

h
e

es
ti

m
at

e
fo

r
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
is

th
en

gi
ve

n
b
y

th
e

w
ei

gh
te

d
su

m
ov

er
al

l
th

e
ob

se
rv

at
io

n
s

in
th

e
co

rr
es

p
on

d
in

g
le

av
es

fo
r

w
h
ic

h
th

e
la

b
el

is
le

ss
th

an
or

eq
u
al

to
th

e
re

q
u
es

te
d
y
:

F̂
(y
|X

=
x

)
=

N ∑ i

w
i(
x

)1
{Y
i
≤
y
}

(2
)

w
h
er

e
N

is
th

e
n
u
m

b
er

of
d
at

a
p

oi
n
ts

in
th

e
fo

re
st

.
Q

R
F

is
a

b
at

ch
m

et
h
o
d
,

w
h
ic

h
re

q
u
ir

es
ac

ce
ss

to
th

e
co

m
p
le

te
d
at

as
et

b
ef

or
eh

an
d
,

as
w

e
n
ee

d
to

en
su

re
th

e
w

ei
gh

ts
of

al
l

ex
am

p
le

s
su

m
to

on
e.

In
ad

d
it

io
n
,

in
or

d
er

to
p
ro

v
id

e
ac

ce
ss

to
th

e
fu

ll
co

n
d
it

io
n
a
l

d
is

tr
ib

u
ti

o
n
,

th
e

la
b

el
s

fr
o
m

a
ll
N

ex
a
m

p
le

s
m

u
st

b
e

st
o
re

d
in

th
e

le
av

es
of

th
e

tr
ee

s,
in

a
m

ap
p

in
g

fr
om

th
e

ex
am

p
le

w
ei

gh
t

to
th

e
co

rr
es

p
on

d
in

g
la

b
el

.
T

h
is

re
q
u
ir

em
en

t
im

p
o
se

s
a

p
ro

h
ib

it
iv

e
m

em
o
ry

co
st

w
h
en

d
a
ta

se
ts

a
re

m
a
ss

iv
e

o
r

u
n
b

o
u
n

d
ed

,
w

h
ic

h
m

ak
es

th
e

al
go

ri
th

m
u
n
su

it
ab

le
fo

r
th

e
on

li
n
e

se
tt

in
g.

3
.

M
e
th

o
d
s

T
h
is

se
ct

io
n

d
es

cr
ib

es
th

e
a
lg

o
ri

th
m

s
d
ev

el
o
p

ed
fo

r
th

is
w

o
rk

,
o
n
e

b
a
se

d
o
n

in
d
u
ct

iv
e

co
n
fo

rm
al

p
re

d
ic

ti
on

,
an

d
on

e
on

q
u
an

ti
le

re
gr

es
si

on
fo

re
st

s.

3
.1

.
C

o
n

fo
rm

a
l

P
re

d
ic

ti
o
n

w
it

h
O

n
li

n
e

R
e
g
re

ss
io

n
F
o
re

st
s

A
s

m
en

ti
o
n
ed

in
S
ec

ti
o
n

2
,

in
d
u
ct

iv
e

co
n
fo

rm
a
l

p
re

d
ic

ti
o
n

w
a
s

p
ro

p
o
se

d
b
y

P
a
p
a
d
o
p

o
u
lo

s
et

al
.

(2
00

2)
as

an
offl

in
e

m
et

h
o
d
,

w
h
il
e

th
e

m
o
d
ifi

ca
ti

on
p
ro

p
os

ed
b
y

V
ov

k
(2

00
2)

re
q
u
ir

es
co

n
st

a
n
t

re
tr

a
in

in
g

o
f

a
m

o
d

el
a
t

p
re

se
t

in
te

rv
a
ls

,
a
n

d
m

a
in

ta
in

in
g

th
e

co
m

p
le

te
tr

a
in

in
g

se
t.

B
o
th

m
et

h
o
d
s

a
re

th
u
s

u
n
su

it
a
b
le

fo
r

se
tt

in
g
s

w
h
er

e
st

o
ri

n
g

th
e

co
m

p
le

te
d
a
ta

se
t

is
im

p
os

si
b
le

,
e.

g.
,

w
h
en

st
re

am
in

g
m

as
si

ve
am

ou
n
ts

of
d
at

a
or

w
h
en

th
e

d
at

as
et

is
u
n
b

ou
n
d
ed

.
O

u
r

p
ro

p
os

ed
al

go
ri

th
m

ov
er

co
m

es
th

es
e

is
su

es
,

an
d

re
m

ov
es

th
e

n
ee

d
to

st
or

e
al

l
d

at
a

p
oi

n
ts

.
In

st
ea

d
of

re
tr

ai
n
in

g
a

n
ew

m
o
d
el

w
it

h
an

in
cr

ea
si

n
g

su
b
se

t
of

th
e

ob
se

rv
ed

d
at

a,
w

e
u
se

a
si

n
gl

e-
p
as

s,
on

li
n
e

m
o
d
el

w
h
ic

h
co

n
ti

n
u
ou

sl
y

in
co

rp
or

at
es

in
fo

rm
at

io
n

as
n
ew

ex
am

p
le

s
ar

ri
ve

.
In

ad
d
it

io
n
,

b
y

u
si

n
g

an
on

li
n
e

ra
n
d
om

fo
re

st
,

w
e

ar
e

ab
le

to
m

ai
n
ta

in
an

u
p
-t

o-
d
at

e
ca

li
b
ra

ti
o
n

se
t

w
it

h
o
u
t

se
tt

in
g

a
si

d
e

ex
a
m

p
le

s
ex

cl
u
si

v
el

y
fo

r
it

.
W

e
k
ee

p
th

e
si

ze
o
f

th
e

ca
li
b
ra

ti
o
n

se
t

b
o
u
n
d
ed

,
th

u
s

m
a
k
in

g
th

e
m

em
o
ry

re
q
u
ir

em
en

ts
o
f

th
e

a
lg

o
ri

th
m

co
n
st

a
n
t.

A
lg

or
it

h
m

1
sh

ow
s

th
e

tr
ai

n
in

g
fu

n
ct

io
n
,

an
d

A
lg

or
it

h
m

2
th

e
co

rr
es

p
on

d
in

g
p
re

d
ic

ti
on

on
e.

3
.1
.1
.
A
l
g
o
r
it
h
m

D
e
sc

r
ip
t
io
n

W
e

st
ar

t
b
y

d
es

cr
ib

in
g

th
e

tr
ai

n
in

g
al

go
ri

th
m

sh
ow

n
in

A
lg

or
it

h
m

1.
It

u
se

s
a

co
m

b
in

at
io

n
o
f

th
e

o
n
li
n
e

b
a
g
g
in

g
a
lg

o
ri

th
m

b
y

O
za

(2
0
0
5
)
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ŷ i

=
1

|`
o
o
b
(X

i
)|
∑
t
ŷ
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ö
m

th
e

size
o
f

th
e

ca
lib

ra
tio

n
set

a
ff

ects
th

e
co

m
p
u
ta

tio
n
a
l

co
st

sig
n
ifi

ca
n
tly,

a
s

in
th

e
w

o
rst

case
w

e
n
eed

to
m

ake
an

en
sem

b
le

p
red

iction
for

each
calib

ration
ex

am
p
le

b
efore

m
ak

in
g

an
in

terval
p
red

iction
.

T
h
e

n
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.
T

h
e

o
n

ly
p

a
ra

m
et

er
o
f

th
e

a
lg

o
ri

th
m

is
K

,
w

h
ic

h
d
et

er
m

in
es

a
tr

a
d
eo

ff
b

et
w

ee
n

th
e

m
em

o
ry

co
st

a
n
d

a
cc

u
ra

cy
o
f

th
e

a
lg

o
ri

th
m

.
H

ig
h
er

K
m

ea
n
s

m
o
re

el
em

en
ts

w
il
l

b
e

st
or

ed
,

b
u
t

al
so

h
ig

h
er

ac
cu

ra
cy

.
N

ot
e

th
at

th
e

er
ro

r
ε

is
n
ot

se
t

ex
p
li
ci

tl
y

b
y

th
e

u
se

r,
b
u
t

d
ep

en
d
s

on
K

.

S
p

ec
ifi

ca
ll
y,

th
e

K
L

L
sk

et
ch

is
a
n

im
p
ro

v
em

en
t

u
p

o
n

th
e

q
u
a
n
ti

le
sk

et
ch

o
f

A
g
a
rw

a
l

et
al

.
(2

01
2)

,
w

h
ic

h
ch

o
os

es
w

h
et

h
er

to
ke

ep
th

e
ev

en
or

o
d
d

p
os

it
io

n
s

d
u
ri

n
g

co
m

p
ac

ti
on

b
y

fl
ip

p
in

g
a

fa
ir

co
in

,
an

d
su

b
sa

m
p
le

s
th

e
st

re
am

b
ef

or
e

fe
ed

in
g

it
to

th
e

fi
rs

t
co

m
p
ac

to
r.
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V
a
si
l
o
u
d
is
,
D
e
F
r
a
n
c
is
c
i
M
o
r
a
l
e
s,

B
o
st

r
ö
m

im
p
ro

v
es

th
e

m
em

o
ry

fo
o
tp

ri
n
t

o
f

th
e

a
lg

o
ri

th
m

b
y

A
g
a
rw

a
l

et
a
l.

b
y

u
si

n
g

co
m

p
a
ct

o
rs

o
f

ex
p

o
n
en

ti
a
ll
y

d
ec

re
a
si

n
g

si
ze

a
n
d

re
p
la

ci
n
g

so
m

e
o
f

th
e

co
m

p
a
ct

o
rs

w
it

h
a

sa
m

p
le

r,
th

u
s

re
su

lt
in

g
in

a
m

er
ge

ab
le

sk
et

ch
w

it
h

a
sp

ac
e

co
m

p
le

x
it

y
of
O

((
1/
ε)

lo
g
2

lo
g

(1
/
δε

))
,

w
h

ic
h

is
cu

rr
en

tl
y

th
e

st
at

e
of

th
e

ar
t.

T
h

ei
r

li
m

it
ed

m
em

or
y

fo
ot

p
ri

n
t

an
d

m
er

ge
ab

il
it

y
m

ak
e

th
em

p
er

fe
ct

ca
n
d
id

at
es

to
b

e
u
se

d
as

q
u
an

ti
le

es
ti

m
at

or
s

fo
r

O
n
li
n
eQ

R
F

.

S
im

il
a
rl

y
to

o
n
li
n
e

co
n
fo

rm
a
l

p
re

d
ic

ti
o
n
,

O
n
li
n
eQ

R
F

is
m

et
a
-a

lg
o
ri

th
m

fo
r

w
h
ic

h
a
n
y

tr
ee

-l
ea

rn
in

g
al

go
ri

th
m

ca
n

b
e

u
se

d
.

F
or

co
n
si

st
en

cy
,

w
e

ag
ai

n
ch

o
os

e
to

u
se

a
va

ri
a
ti

o
n

o
f

th
e

F
IM

T
al

go
ri

th
m

,
b
u
t

th
is

ti
m

e
w

e
m

ai
n
ta

in
an

effi
ci

en
t

q
u
an

ti
le

sk
et

ch
at

ea
ch

le
af

.
W

e
u

se
th

es
e

sk
et

ch
es

a
t

p
re

d
ic

ti
o
n

ti
m

e
to

p
ro

v
id

e
th

e
p

re
d

ic
ti

o
n

in
te

rv
a
ls

o
f

th
e

fo
re

st
.

T
h

e
p
ar

am
et

er
K

of
th

e
K

L
L

sk
et

ch
es

co
n
st

it
u
te

s
th

e
on

ly
p
ar

am
et

er
of

th
e

al
go

ri
th

m
.

W
h

il
e

Q
R

F
is

a
co

n
si

st
en

t
es

ti
m

a
to

r
o
f

th
e

co
n

d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

,
i.

e.
,

th
e

em
p

ir
ic

a
l

d
is

tr
ib

u
ti

o
n

u
se

d
a
t

th
e

le
av

es
o
f

Q
R

F
co

n
v
er

g
es

to
th

e
re

a
l

co
n

d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

w
h

en
th

e
n
u
m

b
er

o
f

o
b
se

rv
a
ti

o
n
s

te
n
d
s

to
in

fi
n
it

y,
O

n
li
n
eQ

R
F

la
ck

s
th

is
p
ro

p
er

ty
.

In
d
ee

d
,

th
e

u
se

o
f

sk
et

ch
in

g
in

tr
o
d

u
ce

s
a

fi
x
ed

er
ro

r
in

th
e

a
p

p
ro

x
im

a
ti

o
n

o
f

th
e

d
is

tr
ib

u
ti

o
n

,
w

h
ic

h
is

gu
ar

an
te

ed
to

b
e

sm
al

le
r

th
an

ε,
b
u
t

is
n
ev

er
th

el
es

s
co

n
st

an
t.

T
h
er

ef
or

e,
ad

d
in

g
ob

se
rv

at
io

n
s

to
th

e
sk

et
ch

d
o
es

n
ot

im
p
ro

ve
th

e
ap

p
ro

x
im

at
io

n
of

th
e

re
al

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
b

ey
on

d
a

g
iv

en
p

o
in

t.
L

o
o
k
in

g
a
t

th
e

is
su

e
fr

o
m

a
d
iff

er
en

t
a
n
g
le

;
w

e
ca

n
n
o
t

h
o
p

e
to

a
p
p
ro

x
im

a
te

a
n

a
rb

it
ra

ry
d
is

tr
ib

u
ti

o
n

w
it

h
in

fi
n
it

es
im

a
l

er
ro

r
b
y

u
si

n
g

a
fi
x
ed

-s
iz

e
sk

et
ch

.
T

h
e

lo
ss

o
f

co
n
si

st
en

cy
of

th
e

es
ti

m
at

io
n

is
th

u
s

a
n
ec

es
sa

ry
sa

cr
ifi

ce
to

m
ak

e
th

e
al

go
ri

th
m

v
ia

b
le

in
an

on
li
n
e

se
tt

in
g.

A
lg

o
ri

th
m

4
:

O
n
li
n
eQ

R
F

T
ra

in
in

g
(`

,
(X

i,
y i

))
,
λ

in
p

u
t

:`
:

th
e

cu
rr

en
t

d
ec

is
io

n
tr

ee
en

se
m

b
le

;
(X
,y

):
a

la
b

el
ed

tr
ai

n
in

g
ex

a
m

p
le

.
1

fo
re

a
ch

` t
∈
`

d
o

/
/
i
n
o
r
d
e
r
t
∈

[1
,T

]
2

k
=

P
oi

ss
on

(1
)

3
if
k
>

0
th

e
n

4
T

ra
in
` t

w
it

h
(X
,y

),
w

ei
g
h
te

d
b
y
k

5
A

d
d
y i

to
H
t
,

th
e

sk
et

ch
a
t

th
e

le
af

w
h
er

e
th

e
ex

a
m

p
le

is
so

rt
ed

in
to

.

A
lg

o
ri

th
m

4
d
es

cr
ib

es
th

e
tr

a
in

in
g

st
ep

o
f

O
n
li
n
eQ

R
F

,
w

h
ic

h
is

si
m

il
a
r

to
th

e
o
ri

g
in

a
l

tr
a
in

in
g

fo
r

b
a
g
g
ed

le
a
rn

er
s

b
y

O
za

(2
0
0
5
).

H
ow

ev
er

,
w

e
m

o
d
if

y
th

e
u
n
d
er

ly
in

g
le

a
rn

er
s

to
m

a
in

ta
in

a
n

o
n
li
n
e

q
u
a
n
ti

le
sk

et
ch

o
f

th
e

la
b

el
s.

A
ft

er
u
p

d
a
ti

n
g

th
e

le
a
rn

er
w

it
h

th
e

ex
a
m

p
le

(X
i,
y i

),
w

e
a
d
d

th
e

la
b

el
y i

to
th

e
co

rr
es

p
o
n
d
in

g
sk

et
ch

a
t

th
e

le
a
f,

w
h
ic

h
is

a
co

n
st

an
t

ti
m

e
op

er
at

io
n
.

W
e

d
es

cr
ib

e
th

e
p
re

d
ic

ti
o
n

p
ro

ce
ss

o
f

O
n
li
n
eQ

R
F

in
A

lg
o
ri

th
m

5
.

A
s

o
p
p

o
se

d
to

th
e

o
ri

g
in

a
l

Q
R

F
a
lg

o
ri

th
m

,
w

h
ic

h
re

q
u
ir

es
su

m
m

in
g

ov
er

a
ll

th
e

d
a
ta

p
o
in

ts
(E

q
.

2
),

o
u
r

al
go

ri
th

m
on

ly
re

q
u
ir

es
T
−

1
m

er
ge

op
er

at
io

n
s,

an
d

on
e

op
er

at
io

n
to

ca
lc

u
la

te
th

e
q
u
an

ti
le

s,
b

ot
h

of
w

h
ic

h
ta

ke
co

n
st

an
t

ti
m

e.

B
ec

a
u

se
o
f

th
e

o
n

li
n

e
n
a
tu

re
o
f

th
e

sk
et

ch
es

,
w

e
a
re

a
b

le
to

m
er

g
e

th
em

in
cr

em
en

ta
ll

y,
an

d
so

m
ai

n
ta

in
th

e
co

n
st

an
t

m
em

or
y

re
q
u
ir

em
en

ts
of

th
e

al
go

ri
th

m
.

A
d
d
it

io
n
a
ll
y,

w
h
en

ex
ec

u
ti

n
g

th
e

a
lg

o
ri

th
m

in
p
a
ra

ll
el

,
w

e
a
re

a
b
le

to
u
se

a
p
a
ra

ll
el

re
d

u
ce

op
er

at
io

n
,

th
er

ef
or

e
fu

rt
h

er
re

d
u

ci
n

g
th

e
ru

n
ti

m
e

of
th

e
p

re
d

ic
t

op
er

at
io

n
,

in
w

h
ic

h
th

e
sk

et
ch

m
er

g
e

is
th

e
m

o
st

ex
p

en
si

v
e

o
p

er
a
ti

o
n
.

G
iv

en
th

a
t

th
e

m
er

g
e

o
p

er
a
ti

o
n

is
th

e
m

os
t

ti
m

e
co

n
su

m
in

g
op

er
at

io
n

fo
r

th
e

al
go

ri
th

m
,

w
e

al
so

ex
p

er
im

en
te

d
w

it
h

ap
p

ro
x
im

at
e

a
lt

er
n
a
ti

v
es

,
su

ch
a
s

co
m

p
u
ti

n
g

th
e

q
u
a
n
ti

le
s

fo
r

ea
ch

sk
et

ch
se

p
a
ra

te
ly

a
n
d

av
er

a
g
in

g
th

e
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Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ssio

n
F
o
r
e
st

s

A
lg

o
rith

m
5
:

O
n
lin

eQ
R

F
In

terval
P

red
iction

(`,
X
i ,
α

)

in
p

u
t

:`:
th

e
cu

rren
t

d
ecision

tree
en

sem
b
le;

X
i :

an
u
n
lab

eled
ex

am
p
le;

α
:

th
e

d
esired

sign
ifi

ca
n
ce

lev
el.

o
u

tp
u

t
:Γ

(X
i ,α

):
th

e
p
red

iction
in

terval
fo

r
X
i

a
t

th
e

req
u
ested

sig
n
ifi

can
ce
α

1
Ĥ

=
∅
/
/
I
n
i
t
i
a
l
i
z
e
e
m
p
t
y
s
k
e
t
c
h

2
fo

re
a
ch

`
t ∈

`
d

o
/
/
i
n
o
r
d
e
r
t∈

[1
,T

]
3

D
rop

X
i

d
ow

n
th

e
tree

`
t

u
n
til

w
e

a
rrive

a
t

a
leaf

4
R

etrieve
th

e
sketch

of
th

e
leaf,

H
t

5
M

erge
H
t

in
to
Ĥ

6
Γ

(X
i ,α

)
=

[Q
α
/
2 (Ĥ

),Q
1−
α
/
2 (Ĥ

)]
7

re
tu

rn
Γ

(X
i ,α

)
/
/
R
e
t
u
r
n
t
h
e
c
a
l
c
u
l
a
t
e
d
i
n
t
e
r
v
a
l

resu
lts,

b
u
t

th
e

in
terva

ls
p
ro

d
u
ced

w
ere

n
o
t

va
lid

.
T

h
is

resu
lt

in
d
ica

tes
th

a
t

in
fo

rm
a
tio

n
fro

m
a
ll

th
e

trees
n
eed

s
to

b
e

a
g
g
reg

a
ted

in
o
rd

er
fo

r
th

e
a
lg

o
rith

m
to

w
o
rk

a
s

ex
p

ected
,

w
h
ich

is
also

th
e

case
for

b
atch

Q
R

F
s.

O
n

e
p

ositive
ch

aracteristic
th

at
O

n
lin

eQ
R

F
sh

ares
w

ith
th

e
on

lin
e

con
form

al
p

red
iction

m
eth

o
d
s

d
evelop

ed
for

th
is

w
ork

is
th

at
th

e
sign

ifi
can

ce
level

α
d
o
es

n
ot

n
eed

to
b

e
set

from
th

e
start.

R
ath

er,
it

is
a

ru
n
tim

e
p
aram

eter
th

at
th

e
u
ser

can
set

w
h
en

m
ak

in
g

a
p
red

iction
.

T
h
erefo

re,
th

e
u
ser

m
ay

a
lso

req
u
est

m
u
ltip

le
sig

n
ifi

ca
n
ce

lev
els

w
ith

o
u
t

th
e

n
eed

to
tra

in
sep

arate
m

o
d
els,

w
h
ich

is
n
ecessary

in
Q

R
algorith

m
s

th
at

m
o
d
ify

th
e

loss
fu

n
ction

,
su

ch
as

lin
ea

r
Q

R
(K

o
en

k
er,

1996).

4
.

E
m

p
irica

l
e
v
a
lu

a
tio

n

In
th

is
sectio

n
,

w
e

p
resen

t
resu

lts
fro

m
a
n

ex
ten

siv
e

em
p
irica

l
in

v
estig

a
tio

n
,

co
n
cern

in
g

2
0

sm
a
ll-sca

le
d

a
ta

sets,
d

raw
n

fro
m

a
d

iv
erse

set
o
f

d
o
m

a
in

s,
a
n

d
a
n

o
th

er
1
0

d
a
ta

sets
fo

r
stu

d
y
in

g
th

e
eff

ect
of

con
cep

t
d
rift,

w
ith

m
illion

s
of

d
ata

p
oin

ts.

4
.1

.
E

x
p

e
rim

e
n
t

D
e
sig

n

T
h
e

eva
lu

a
tio

n
fo

llow
s

th
e

p
req

u
en

tia
l

eva
lu

a
tio

n
d
esig

n
th

a
t

is
co

m
m

o
n
ly

em
p
loy

ed
in

on
lin

e
learn

in
g

settin
gs

(G
am

a
et

al.,
2009).

F
or

each
ex

am
p
le

in
th

e
d
ataset,

w
e

fi
rst

m
ake

a
p
red

ictio
n
,

th
en

u
p

d
a
te

o
u
r

m
etrics

b
a
sed

o
n

th
e

p
red

icted
a
n
d

tru
e

la
b

els,
a
n
d

fi
n
a
lly,

reveal
th

e
tru

e
lab

el
to

th
e

algorith
m

.
W

h
en

rep
ortin

g
resu

lts
over

tim
e

for
th

e
con

cep
t

d
rift

d
atasets,

w
e

u
se

tu
m

b
lin

g
w

in
d
ow

s
of

size
1
0

000,
th

at
is,

w
e

m
easu

re
th

e
m

ean
p

erform
an

ce
of

each
algorith

m
for

every
10

000
sam

p
les.

B
ecau

se
ran

d
om

forests
are

n
on

-d
eterm

in
istic,

w
e

rep
eat

each
ex

p
erim

en
t

10
tim

es.
W

e
rep

ort
th

e
m

ean
of

th
e

m
etrics

across
th

e
rep

etition
s

a
n
d

w
e

sh
ow

th
e

stan
d
ard

d
ev

iation
as

a
sh

ad
ed

area
in

F
igu

res
5

an
d

6.

4
.1
.1
.
M
e
t
r
ic
s

W
e

rep
ort

th
e

M
ean

E
rror

R
ate

(M
E

R
),

R
elative

In
terval

S
ize

(R
IS

),
an

d
u
se

Q
u
an

tile
L

oss
an

d
U

tility
as

com
b
in

ed
m

etrics
of

th
e

M
E

R
an

d
R

IS
.

T
h
e

M
ean

E
rror

R
ate

m
easu

res
th

e
p

ercen
ta

g
e

o
f

erro
rs

th
a
t

a
m

eth
o
d

in
cu

rs,
essen

tia
lly

th
e

av
era

g
e

o
f

th
e

0
-1

lo
ss

ov
er

th
e

co
m

p
lete

d
a
ta

set:
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V
a
sil

o
u
d
is,

D
e
F
r
a
n
c
isc

i
M
o
r
a
l
e
s,

B
o
st

r
ö
m

M
E

R
=

1N

N
∑i=

1

1
{
y
i 6∈

[li ,u
i ]} ,

w
h
ere

N
is

th
e

size
o
f

th
e

d
a
ta

set
a
n
d

[li ,u
i ]

th
e

p
red

icted
in

terva
l

fo
r

X
i .

T
h
is

m
etric

q
u
a
n
tifi

es
th

e
va

lid
ity

o
f

th
e

m
eth

o
d
;

fo
r

a
sig

n
ifi

ca
n
ce

lev
el
α

,
a

m
eth

o
d

sh
o
u
ld

h
av

e
a
n

M
E

R
of

at
m

ost
α

in
ord

er
to

b
e

con
sid

ered
valid

.
F

or
ex

am
p
le,

in
ou

r
valid

ity
ex

p
erim

en
ts,

w
e

set
a

sign
ifi

can
ce

level
of

0.1,
so

w
e

sh
ou

ld
ob

serve
a
n

M
E

R
of

at
m

ost
0.1.

H
ow

ever,
th

e
M

E
R

m
etric

off
ers

on
ly

a
p
artial

v
iew

of
th

e
p

erform
an

ce
of

a
m

eth
o
d
;

it
is

easy
to

p
ro

d
u
ce

a
n
äıve

algorith
m

w
ith

a
valid

M
E

R
b
y

alw
ay

s
p
red

ictin
g

very
large

in
tervals,

w
h
ich

h
ow

ever
w

ou
ld

n
ot

b
e

in
form

ative.
T

o
m

easu
re

h
ow

in
form

ative
th

e
p
ro

d
u
ced

in
tervals

a
re,

a
p
ro

p
erty

so
m

etim
es

referred
to

a
s

th
e

effi
cien

cy
o
f

th
e

in
terva

ls
(V

ov
k

et
a
l.,

2
0
0
5
),

w
e

em
p
loy

th
e

R
ela

tiv
e

In
terva

l
S
ize

(R
IS

)
m

etric.
R

IS
m

ea
su

res
th

e
av

era
g
e

size
o
f

th
e

in
tervals

over
th

e
d
ata,

n
orm

alized
b
y

th
e

ran
ge

of
valu

es
in

th
e

d
ata

to
en

ab
le

com
p
arison

s
across

d
atasets:

R
IS

=
1N

N
∑i=

1

u
i −

li
ρ

,

w
h
ere

ρ
is

th
e

ran
ge

of
th

e
d
ep

en
d
en

t
variab

le
(lab

el)
of

th
e

d
ataset,

ρ
=
m
a
x

(y
)−

m
in

(y
).

L
ow

er
va

lu
es

a
re

b
etter

fo
r

th
e

R
IS

,
w

ith
a

va
lu

e
o
f

o
n
e

in
d
ica

tin
g

a
n
o
n
-in

fo
rm

a
tiv

e
in

terval
th

at
covers

th
e

w
h
ole

ran
ge

of
ob

served
valu

es
for

th
e

target.
V

alu
es

larger
th

an
on

e
are

p
ossib

le
for

m
eth

o
d
s

th
at

can
p
ro

d
u
ce

in
terval

p
red

iction
s

ou
tsid

e
th

e
ran

ge
of

ob
served

valu
es,

su
ch

as
th

e
con

form
al

p
red

iction
m

eth
o
d
s.

R
IS

n
eed

s
to

b
e

v
iew

ed
togeth

er
w

ith
th

e
M

E
R

to
get

a
com

p
lete

p
ictu

re
of

th
e

p
erform

an
ce

of
a

m
eth

o
d
.

T
o

ea
se

p
resen

ta
tio

n
,

w
e

a
lso

em
p
loy

tw
o

co
m

b
in

ed
m

etrics,
Q

u
a
n
tile

L
o
ss

a
n
d

U
tility.

Q
u
an

tile
L

oss
is

b
ased

on
th

e
estab

lish
ed

q
u
an

tile
error

ob
jective

fu
n
ction

u
sed

in
q
u
an

tile
regression

(K
o
en

ker,
1996).

S
in

ce
in

ou
r

case
w

e
are

d
ealin

g
w

ith
in

tervals,
w

e
can

take
th

e
q
u
an

tile
loss

for
each

q
u
an

tile,
Q
α
/
2

for
th

e
low

er
an

d
Q

1−
α
/
2

for
th

e
u
p
p

er,
an

d
su

m
th

eir
losses.

S
o

for
th

e
case

of
a

correct
in

terval
p
red

iction
,

w
h
en

y
∈

[l,u
]

w
e

h
ave:

Q
u
an

tile
L

oss
y∈

[l,u
]
=
α

(y−
l)

+
(1−

(1−
α

))(u
−
y
)

=
α

(u
−
l).

W
h
ile

in
th

e
case

w
h
ere

y
6∈

[l,u
]

an
d
,

fo
r

ex
am

p
le,

y
<
l:

Q
u
an

tile
L

oss
y
<
l

=
(1−

α
)(l−

y
)

+
(1−

(1−
α

))(u
−
y
)

=
α

(u
−
l)

+
(l−

y
).

T
h
e

loss
is

sy
m

m
etric

for
th

e
case

w
h
ere

y
>
u

.
T

h
e

p
u
rp

ose
of

th
is

m
etric

is
to

p
en

alize
m

eth
o
d
s

th
at

d
ev

iate
from

th
e

req
u
ested

error
rate,

accord
in

g
to

th
e

d
istan

ce
from

th
e

error
rate,

scaled
b
y

th
e

size
of

th
e

in
terval.

C
om

b
in

in
g

th
e

ab
ove

w
e

can
d

efi
n

e
Q

u
an

tile
L

oss
as

follow
s:

1
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Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ss
io
n
F
o
r
e
st

s

Q
u
an

ti
le

L
os

s
=

R
IS
·α

+
β
.

W
e

u
se

R
IS

h
er

e
to

n
or

m
al

iz
e

th
e

in
te

rv
al

w
id

th
s

an
d

al
lo

w
co

m
p
ar

is
on

ac
ro

ss
d
at

as
et

s.
T

h
e

fa
ct

or
β

is
th

e
d
is

ta
n
ce

of
th

e
tr

u
e
y

va
lu

e
fr

om
th

e
cl

os
es

t
in

te
rv

al
b

ou
n
d
ar

y
:

β
=
1
(y
<
l)
|y
−
l|

+
1
(y
>
u
)|y
−
u
|

ρ
.

In
o
th

er
w

o
rd

s,
β

te
ll
s

u
s

h
ow

fa
r

o
u
ts

id
e

th
e

p
re

d
ic

te
d

in
te

rv
a
l

th
e

tr
u
e

va
lu

e
li
es

.
L

ik
e

th
e

R
IS

,
β

is
n
o
rm

a
li
ze

d
b
y

th
e

ra
n
g
e

o
f

th
e

d
ep

en
d
en

t.
W

h
il
e

th
e

q
u
a
n
ti

le
lo

ss
is

a
n

es
ta

b
li
sh

ed
m

et
ri

c,
it

d
o
es

n
o
t

m
a
tc

h
ex

a
ct

ly
o
u
r

p
ro

b
le

m
d
efi

n
it

io
n
,

a
s

it
p

en
a
li
ze

s
co

n
se

rv
at

iv
e

m
et

h
o
d
s

w
h
os

e
M

E
R

is
lo

w
er

th
an

th
e

re
q
u
es

te
d

si
gn

ifi
ca

n
ce

.
F

or
th

at
p
u
rp

os
e

w
e

al
so

p
re

se
n
t

a
m

et
ri

c
th

at
d
o
es

n
ot

p
en

a
li
ze

co
n
se

rv
at

iv
e

m
et

h
o
d
s,

ca
ll
ed

U
ti

li
ty

.

U
ti

li
ty

is
a

si
n
gl

e
m

et
ri

c
b
as

ed
on

th
e

ti
m

e-
u
ti

li
ty

fu
n
ct

io
n
s

co
m

m
on

ly
u
se

d
in

re
al

-t
im

e
sy

st
em

s
(R

av
in

d
ra

n
et

a
l.

,
2
0
0
5
).

T
h

es
e

fu
n

ct
io

n
s

co
m

b
in

e
tw

o
m

ea
su

re
m

en
ts

:
th

e
u

ti
li

ty
o
f

a
re

su
lt

a
s

a
fa

ct
o
r

o
f

th
e

ti
m

e
it

ta
k
es

to
o
b

ta
in

it
.

W
e

se
t

a
ti

m
e

d
ea

d
li

n
e

a
ft

er
w

h
ic

h
th

e
m

et
h
o
d

is
p

en
a
li
ze

d
,

w
h
il
e

b
ef

o
re

th
e

d
ea

d
li
n
e

th
e

m
et

h
o
d

in
cu

rs
n
o

p
en

a
lt

y.
W

e
u

se
(1
−

R
IS

)
a
s

th
e

u
ti

li
ty

,
a
n
d

se
t

th
e

re
q
u
es

te
d

si
g
n
ifi

ca
n
ce

a
s

th
e

“
ti

m
e”

d
ea

d
li
n
e,

w
it

h
ex

p
on

en
ti

al
d
ec

ay
.

F
or

m
al

ly
,

w
e

d
efi

n
e

u
ti

li
ty

as
:

U
ti

li
ty

=

{
1
−

R
IS
,

M
E

R
≤
α

(1
−

R
IS

)
·e

x
p

(−
γ

(M
E

R
−
α

))
,

ot
h
er

w
is

e,

w
h
er

e
α

d
en

o
te

s
th

e
re

q
u
es

te
d

si
g
n
ifi

ca
n
ce

le
v
el

,
a
n
d
γ

is
se

t
su

ch
th

a
t

th
e

h
a
lf

-l
if

e
o
f

th
e

u
ti

li
ty

is
at

1.
5
·α

.
In

ot
h
er

w
or

d
s,

on
ce

a
m

et
h
o
d
’s

M
E

R
p
as

se
s

th
e

re
q
u
es

te
d

si
gn

ifi
ca

n
ce

,
it

s
u

ti
li

ty
d

ro
p

s
off

ex
p

on
en

ti
al

ly
,

an
d

re
ac

h
es

h
al

f
it

s
or

ig
in

al
va

lu
e

w
h

en
th

e
M

E
R

is
50

%
la

rg
er

th
a
n

th
e

re
q
u

es
te

d
si

g
n

ifi
ca

n
ce

.
T

h
is

m
et

ri
c

ta
k
es

va
lu

es
fr

o
m

0
(w

o
rs

t)
to

1
(b

es
t)

a
n
d

in
d
ic

a
te

s
h
ow

u
se

fu
l

th
e

p
ro

d
u
ce

d
in

te
rv

a
ls

a
re

.
If

th
e

a
lg

o
ri

th
m

is
a
b
le

to
m

a
in

ta
in

th
e

re
q
u
es

te
d

si
g
n
ifi

ca
n
ce

le
v
el

,
1
−
R
I
S

in
d
ic

a
te

s
h
ow

ti
g
h
t

th
e

in
te

rv
a
ls

a
re

.
O

th
er

w
is

e
th

e
in

te
rv

al
s

ar
e

in
va

li
d

an
d

w
e

d
is

co
u

n
t

th
e

u
ti

li
ty

ac
co

rd
in

gl
y.

F
in

al
ly

,
if

th
e

R
IS

is
la

rg
er

th
an

on
e

w
e

se
t

th
e

u
ti

li
ty

to
ze

ro
.

4
.1
.2
.
B
a
se

l
in
e
s

W
e

co
m

p
ar

e
ou

r
al

go
ri

th
m

s
w

it
h

th
e

st
at

e-
of

-t
h
e-

ar
t

M
on

d
ri

an
F

or
es

t
(M

F
)

al
go

ri
th

m
(L

ak
-

sh
m

in
a
ra

y
a
n
a
n

et
a
l.
,

2
0
1
6
).

M
F

m
a
k
es

u
se

o
f

M
o
n
d
ri

a
n

p
ro

ce
ss

es
(R

oy
a
n
d

T
eh

,
2
0
0
9
)

to
cr

ea
te

tr
ee

-l
ik

e
o
n
li
n
e

p
re

d
ic

ti
o
n

m
o
d
el

s
th

a
t

u
se

a
h
ie

ra
rc

h
y

o
f

G
a
u
ss

ia
n
s

to
m

o
d
el

th
e

d
ep

en
d
en

t
va

ri
a
b
le

a
n
d

ca
n

p
ro

d
u
ce

th
e

fu
ll

p
re

d
ic

ti
v
e

p
o
st

er
io

r
d
is

tr
ib

u
ti

o
n
.

M
o
n
d
ri

a
n

F
o
re

st
m

a
in

ta
in

s
a

G
a
u

ss
ia

n
a
t

ea
ch

n
od

e
in

th
e

fo
re

st
,

co
n

se
q
u

en
tl

y
it

h
a
s

a
n

u
n
b

o
u

n
d

ed
co

m
p
u
ta

ti
on

al
co

st
th

at
in

cr
ea

se
s

w
it

h
ea

ch
in

co
m

in
g

ex
am

p
le

.
In

co
m

p
ar

is
on

,
ou

r
m

et
h
o
d
s

p
er

fo
rm

le
ar

n
in

g
on

ly
at

th
e

le
av

es
,

an
d

ar
e

th
u
s

m
or

e
effi

ci
en

t
co

m
p
u
ta

ti
on

al
ly

.
W

e
p
ro

v
id

e
m

or
e

d
et

ai
ls

fo
r

th
e

m
et

h
o
d

in
S
ec

ti
on

5.
A

s
d
on

e
in

th
e

or
ig

in
al

w
or

k
,

w
e

u
se

th
e

p
re

d
ic

te
d

m
ea

n
an

d
va

ri
an

ce
to

ex
tr

ac
t

G
au

ss
ia

n
q
u
an

ti
le

s
fo

r
th

e
re

q
u
es

te
d

si
gn

ifi
ca

n
ce

le
ve

l.

W
e

al
so

em
p
lo

y
a

si
m

p
le

b
as

el
in

e
as

an
il
lu

st
ra

ti
on

th
at

th
e

p
ro

b
le

m
is

n
on

-t
ri

v
ia

l,
si

m
il
ar

to
th

e
o
n
e

u
se

d
b
y

L
a
k
sh

m
in

a
ra

y
a
n
a
n

et
a
l.

(2
0
1
6
).

W
e

co
m

p
u
te

th
e

p
re

d
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te
d

m
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n
a
n
d

va
ri

an
ce

am
on

g
th

e
tr

ee
s

in
an

on
li
n
e

fo
re

st
th
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u
se

s
F

IM
T
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e
u
n
d
er
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g
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n
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,
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d
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3
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d
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c
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p
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p
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b
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d
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at
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a
ll
-s

ca
le

d
at

as
et

s
u
se

d
in

th
is

st
u
d
y.

ta
k
e

G
a
u
ss

ia
n

q
u
a
n
ti

le
s

to
cr

ea
te

th
e

p
re

d
ic

ti
o
n

in
te

rv
a
ls

.
W

e
re

p
o
rt

th
e

re
su

lt
s

o
f

th
is

m
et

h
o
d

in
S
ec

ti
on

4.
2.

4
.1
.3
.
D
a
t
a

W
e

u
se

20
sm

al
l-

sc
al

e
d
at

as
et

s
fr

om
a

va
ri

et
y

of
d
om

ai
n
s

to
te

st
th

e
va

li
d
it

y
a
n
d

effi
ci

en
cy

o
f

th
e

a
lg

o
ri

th
m

s,
a
n
d

1
0

d
a
ta

se
ts

to
te

st
th

ei
r

a
b
il
it

y
to

d
ea

l
w

it
h

co
n
ce

p
t

d
ri

ft
.

T
h
e

sm
a
ll
-s

ca
le

d
a
ta

se
ts

a
re

g
a
th

er
ed

fr
o
m

th
e

O
p

en
M

L
re

p
o
si

to
ry

(V
a
n
sc

h
o
re

n
et

a
l.
,

2
0
1
3
).

T
a
b
le

1
p
ro

v
id

es
su

m
m

a
ry

in
fo

rm
a
ti

o
n

a
b

o
u
t

th
es

e
d
a
ta

se
ts

.
W

e
p
ro

v
id

e
m

o
re

d
et

a
il
ed

in
fo

rm
at

io
n

ab
ou

t
th

e
sm

al
l-

sc
al

e
d
at

a
in

A
p
p

en
d
ix

A
.1

.

F
o
r

th
e

co
n
ce

p
t

d
ri

ft
ex

p
er

im
en

ts
,

w
e

fo
ll
ow

Ik
o
n
o
m

ov
sk

a
et

a
l.

(2
0
1
1
)

a
n
d

g
en

er
a
te

d
at

as
et

s
u
si

n
g

th
e

th
re

e
“F

ri
ed

m
an

”
fu

n
ct

io
n
s

fi
rs

t
in

tr
o
d
u
ce

d
in

F
ri

ed
m

an
’s

M
A

R
S

p
ap

er
(F

ri
ed

m
an

,
19

91
).

T
h
e

fi
rs

t
F

ri
ed

m
an

fu
n
ct

io
n

in
cl

u
d
es

n
on

-l
in

ea
r

d
ep

en
d
en

ci
es

b
et

w
ee

n
fi
ve

re
le

va
n
t

fe
at

u
re

s
an

d
th

e
d
ep

en
d
en

t
va

ri
ab

le
,

an
d

in
ad

d
it

io
n

in
cl

u
d
es

fi
ve

ir
re

le
va

n
t

fe
at

u
re

s
th

a
t

d
o

n
o
t

a
ff

ec
t

th
e

d
ep

en
d
en

t
va

ri
a
b
le

.
A

ll
fe

a
tu

re
s

a
re

in
d
ep

en
d
en

t
a
n
d

u
n
if

o
rm

ly
d
is

tr
ib

u
te

d
ov

er
[0
,1

].
T

h
e

se
co

n
d

a
n
d

th
ir

d
F

ri
ed

m
a
n

fu
n
ct

io
n
s

in
cl

u
d
e

fo
u
r

u
n
if

o
rm

ly
d
is

tr
ib

u
te

d
fe

a
tu

re
s

a
n
d

a
n
o
is

e
fa

ct
o
r.

T
h
e

d
ep

en
d
en

t
va

ri
a
b
le

si
m

u
la

te
s

th
e

im
p

ed
a
n
ce

an
d

p
h
as

e
sh

if
t

in
an

al
te

rn
at

in
g

cu
rr

en
t

ci
rc

u
it

.
W

e
re

fe
r

th
e

re
ad

er
to

F
ri

ed
m

an
(1

99
1)

fo
r

m
or

e
d
et

ai
ls

on
th

es
e

fu
n
ct

io
n
s.
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Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ssio

n
F
o
r
e
st

s

A
s

d
on

e
b
y

Ikon
om

ov
ska

et
al.

(2011),
w

e
in

tro
d
u
ce

th
ree

d
iff

eren
t

k
in

d
s

of
con

cep
t

d
rift

for
each

origin
al

fu
n
ction

,
an

d
p
ro

d
u
ce

1M
d
ata

p
oin

ts
for

each
d
ataset,

for
a

total
of

n
in

e
a
rtifi

cia
l

co
n
cep

t
d
rift

d
a
ta

sets.
W

e
p
rov

id
e

m
o
re

in
fo

rm
a
tio

n
a
b

o
u
t

th
e

ex
a
ct

fu
n
ctio

n
d
efi

n
itio

n
s

in
A

p
p

en
d
ix

A
.2,

an
d

give
a

b
rief

overv
iew

of
each

ty
p

e
of

con
cep

t
d
rift

b
elow

.

•
L

oca
l

expa
n

d
in

g
:

T
h
e

fi
rst

ty
p

e
of

d
rift

ap
p

ears
on

ly
in

tw
o

d
istin

ct
region

s
of

th
e

in
p
u
t

sp
a
ce.

T
h
ere

a
re

th
ree

ch
a
n
g
e

p
o
in

ts,
o
n
e

ev
ery

1
/
4

o
f

th
e

d
a
ta

,
w

h
ich

m
o
d
ify

th
e

g
en

era
tin

g
fu

n
ctio

n
if

th
e

p
o
in

t
lies

in
o
n
e

o
f

tw
o

d
esig

n
a
ted

reg
io

n
s.

T
h
ese

reg
io

n
s

ex
p
a
n
d

w
ith

each
con

secu
tive

ch
an

ge
p

o
in

t.

•
G

lo
ba

l
reoccu

rrin
g

a
bru

p
t

d
rift:

T
h

is
ty

p
e

of
d

rift
is

glob
al

an
d

ab
ru

p
t.

A
fter

1/2
of

th
e

ex
am

p
les

h
ave

b
een

ob
served

,
w

e
ab

ru
p
tly

ch
an

ge
th

e
gen

eratin
g

fu
n
ction

.
A

fter
3/4

of
th

e
ex

am
p
les

h
ave

b
een

ob
served

,
w

e
ch

an
ge

b
ack

to
th

e
orig

in
al

fu
n
ction

.

•
G

lo
ba

l
slo

w
:

T
h
e

th
ird

ty
p

e
o
f

d
rift

is
a
lso

g
lo

b
a
l

b
u
t

g
ra

d
u
a
l.

S
ta

rtin
g

a
fter

1
/2

o
f

th
e

ex
a
m

p
les

h
av

e
b

een
o
b
serv

ed
,

w
e

g
ra

d
u
a
lly

in
tro

d
u
ce

d
a
ta

p
o
in

ts
fro

m
a

d
iff

eren
t

co
n
cep

t,
w

ith
a

p
ro

b
a
b
ility

th
a
t

lin
ea

rly
in

crea
ses

to
o
n
e

a
fter

1
0
0
k

a
d
d
itio

n
a
l

p
o
in

ts
h
ave

b
een

ob
served

.
A

t
th

e
3/

4
p

oin
t,

w
e

in
tro

d
u
ce

a
n
ew

con
cep

t
in

a
sim

ilar
m

an
n
er,

w
h
ich

co
m

p
letely

rep
laces

th
e

p
rev

io
u
s

con
cep

t
after

100k
p

oin
ts.

W
e

a
lso

u
se

a
rea

l-w
o
rld

d
a
ta

set
o
f

fl
ig

h
t

d
elay

s.
2

T
h
is

d
a
ta

set
co

n
ta

in
s

fl
ig

h
t

a
rriva

l
a
n
d

d
ep

a
rtu

re
d
eta

ils
fo

r
a
ll

co
m

m
ercia

l
fl
ig

h
ts

in
th

e
U

S
d
u
rin

g
2
0
0
8
,

w
ith

th
e

ta
sk

b
ein

g
to

p
red

ict
th

e
d
elay

o
f

fl
ig

h
ts

b
a
sed

o
n

a
ttrib

u
tes

su
ch

a
s

th
e

a
g
e

o
f

th
e

a
irp

la
n
e

o
r

th
e

d
ay

o
f

th
e

y
ea

r.
T

h
is

d
a
ta

set
w

a
s

a
lrea

d
y

u
sed

in
th

e
eva

lu
a
tio

n
o
f

M
o
n
d
ria

n
F

orests
(L

ak
sh

m
in

arayan
an

et
al.,

2016),
an

d
w

e
h
ave

re-created
th

e
sam

e
sp

lits
of

th
e

d
ata

in
sa

m
p
les

w
ith

7
0
0
K

,
2
M

,
a
n
d

5
M

d
a
ta

p
o
in

ts.
3

W
e

p
erfo

rm
a

sta
n
d
a
rd

p
re-p

ro
cessin

g
step

to
tra

n
sfo

rm
so

m
e

ca
teg

o
rica

l
a
ttrib

u
tes,

su
ch

a
s

d
ay

o
f

w
eek

o
r

m
o
n
th

,
to

a
o
n
e-h

o
t

(b
in

a
ry

)
rep

resen
tation

,
resu

ltin
g

in
a

d
ataset

w
ith

fi
fty

-fi
ve

featu
res.

4
.1
.4
.
P
a
r
a
m
e
t
e
r
S
e
t
t
in
g
s

F
o
r

a
ll

th
e

ex
p

erim
en

ts,
w

e
u
se

a
n

en
sem

b
le

size
o
f

10.
W

e
u
se
|C
|

=
1000

ca
lib

ra
tio

n
ex

a
m

p
les

fo
r

th
e

co
n
fo

rm
a
l

p
red

ictio
n

a
lg

o
rith

m
s,

w
h
ile

fo
r

O
n
lin

eQ
R

F
w

e
u
se

q
u
a
n
tile

sk
etch

es
a
t

th
e

leav
es

w
ith

th
e

d
efa

u
lt

a
ccu

ra
cy

p
a
ra

m
eter

K
=

2
0
0
,

a
s

reco
m

m
en

d
ed

b
y

K
a
rn

in
et

a
l.,

w
h
ich

y
ield

s
a

n
orm

alized
ran

k
error

of
1
.65%

.

W
e

ex
p

erim
en

ted
w

ith
d
iff

eren
t

n
u
m

b
ers

o
f
K

a
n
d

ca
lib

ra
tio

n
ex

a
m

p
les,

a
n
d

th
ese

p
a
ra

m
eters

d
id

n
o
t

sig
n

ifi
ca

n
tly

a
ff

ect
th

e
resu

lts.
W

e
h

av
e

im
p
lem

en
ted

th
ese

a
lg

o
rith

m
s

in
th

e
M

O
A

o
n

lin
e

lea
rn

in
g

fra
m

ew
o
rk

(B
ifet

et
a
l.,

2
0
1
0
a
).

F
o
r

th
e

M
o
n

d
ria

n
F

o
rest,

w
e

u
se

th
e

o
p
tim

ized
im

p
lem

en
ta

tio
n

ava
ila

b
le

in
th

e
s
c
i
k
i
t
-
g
a
r
d
e
n
4

P
y
th

o
n

lib
ra

ry.
W

e
h
ave

verifi
ed

w
ith

th
e

au
th

or
of

th
e

origin
al

w
ork

th
at

th
is

im
p
lem

en
tation

p
ro

d
u
ces

correct
resu

lts
in

o
n
lin

e
lea

rn
in

g
m

o
d
e

fo
r

th
e

p
a
ra

m
eter

settin
g
s

w
e

u
se.

S
p

ecifi
ca

lly,
w

e
set

m
i
n
s
a
m
p
l
e
s
s
p
l
i
t

=
2
,

w
h
ich

d
eterm

in
es

th
e

m
in

im
u

m
n
u

m
b

er
o
f

sa
m

p
les

n
ecessa

ry
fo

r
a

lea
f

to
b

e
co

n
sid

ered
fo

r
a

sp
lit.

W
e

n
o
te

th
a
t

fo
r

va
lu

es
la

rg
er

th
a
n

th
is,

M
F

req
u
ires

th
at

th
e

en
tire

d
ataset

b
e

stored
in

m
em

ory
at

th
e

leaves,
m

ak
in

g
it

in
feasib

le
for

th
e

large
d
a
ta

sets
a
n
d

lim
ited

resou
rces

com
m

on
in

on
lin

e
learn

in
g.

2
.
h
t
t
p
:
/
/
s
t
a
t
-
c
o
m
p
u
t
i
n
g
.
o
r
g
/
d
a
t
a
e
x
p
o
/
2
0
0
9

3
.

W
e

th
a
n

k
M

.
D

eisen
ro

th
fo

r
p

rov
id

in
g

th
e

p
re-p

ro
cessin

g
scrip

ts.
4
.
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
s
c
i
k
i
t
-
g
a
r
d
e
n
/
s
c
i
k
i
t
-
g
a
r
d
e
n
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V
a
sil

o
u
d
is,

D
e
F
r
a
n
c
isc

i
M
o
r
a
l
e
s,

B
o
st

r
ö
m

D
ataset

M
E

R
R

IS
D

ataset
M

E
R

R
IS

2d
p
lan

es
0.394

0.10
h
ou

se16
0.367

0.11
ab

alon
e

0.727
0.05

k
in

8
n
m

0.65
9

0.14
aileron

s
0.271

2.89
m

v
0.147

0.16
b
an

k
32

0.413
0.20

n
ew

sP
op

0.053
0.06

calH
ou

se
0.524

0.15
p
u
m

a8
0.581

0.22
cp

u
A

ct
0.525

0.15
p
u
m

a32
0.502

0.24
elevators

0.392
560.95

q
s240

0.448
0.28

en
ergy

0.137
111.9

q
s2

53
0.510

0.48
fried

m
an

0.379
0.12

su
lfu

r
0.4

62
0.04

h
ou

se8
0.405

0.09
y
p
rop

0.0
73

8.32

T
a
b
le

2
:

M
ea

n
E

rro
r

R
a
te

a
n
d

R
ela

tiv
e

In
terva

l
S
ize

fo
r

th
e

G
a
u
ssia

n
q
u
a
n
tiles

b
a
selin

e.
D

esired
M

E
R

is
0.1.

W
e

set
th

e
req

u
ested

sign
ifi

can
ce

level
α

to
0
.1

for
th

e
valid

ity
ex

p
erim

en
ts,

b
u
t

ex
p
lore

th
e

eff
ect

of
d
iff

eren
t

sign
ifi

can
ce

levels
in

S
ection

4.5.

4
.2

.
B

a
se

lin
e

W
e

sta
rt

b
y

rep
o
rtin

g
th

e
va

lid
ity

a
n
d

in
terva

l
sizes

o
f

th
e

G
a
u
ssia

n
q
u
a
n
tiles

b
a
selin

e
m

eth
o
d
,

as
a

w
ay

to
illu

strate
th

e
d
iffi

cu
lty

of
th

e
p
rob

lem
.

T
ab

le
2

sh
ow

s
th

e
M

E
R

an
d

R
IS

for
th

e
G

au
ssian

q
u
an

tiles
b
aselin

e,
w

ith
a

d
esired

M
E

R
of

0.1.
A

s
can

b
e

seen
,

th
e

ob
served

m
ea

n
erro

r
ra

te
is

sev
era

l
tim

es
la

rg
er

th
a
n

th
is;

th
e

av
era

g
e

M
E

R
ov

er
a
ll

d
a
ta

sets
is

0
.4

.
T

h
is

in
d

ica
tes

th
a
t

m
erely

a
ssu

m
in

g
a

G
a
u

ssia
n

d
istrib

u
tio

n
ov

er
th

e
trees’

p
red

ictio
n

s
is

n
ot

an
ap

p
rop

riate
w

ay
to

q
u
an

tify
th

e
u
n
certain

ty.

4
.3

.
S

m
a
ll-sc

a
le

d
a
ta

F
igu

re
1

b
reak

s
d

ow
n

th
e

M
E

R
an

d
R

IS
for

each
m

eth
o
d

,
w

h
ile

F
igu

re
2

rep
orts

th
e

u
tility

fo
r

th
e

sm
a
ll-sca

te
d
a
ta

.
E

a
ch

p
o
in

t
in

F
ig

u
re

1
rep

resen
ts

th
e

av
era

g
e

M
E

R
a
n

d
R

IS
o
f

a
m

eth
o
d

for
a

sin
gle

d
ataset,

over
th

e
ten

rep
eats

of
each

ex
p

erim
en

t.

T
h
e

a
b
ility

to
m

a
in

ta
in

th
e

d
esired

erro
r

ra
te,

a
n
d

th
e

req
u
ired

in
terva

l
size

to
d
o

so
,

d
iff

er
sign

ifi
can

tly
b

etw
een

m
eth

o
d

s.
O

n
lin

eQ
R

F
is

th
e

overall
b

est
p

erform
in

g
m

eth
o
d

for
th

ese
d

a
ta

sets,
m

a
n

a
g
in

g
to

strik
e

a
b

a
la

n
ce

b
etw

een
m

a
in

ta
in

in
g

th
e

req
u

ested
erro

r
ra

te
a
n
d

h
av

in
g

sm
a
ll

p
red

ictio
n

in
terva

ls.
O

n
th

e
o
th

er
h
a
n
d
,

C
P

E
x
a
ct

is
th

e
o
n
ly

m
eth

o
d

th
a
t
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rö
m

et
a
l.
,

2
0
1
7
).

S
ec

o
n
d
,

w
e

a
im

to
p
ro

p
er

ly
a
d
d
re

ss
th

e
is

su
es

o
f

co
n
ce

p
t

d
ri

ft
a
t

th
e

m
et

a
-a

lg
o
ri

th
m

le
v
el

,
b
y

in
tr

o
d
u
ci

n
g

m
ec

h
a
n
is

m
s

th
a
t

in
je

ct
m

o
re

u
n
ce

rt
a
in

ty
in

th
e

p
re

d
ic

ti
o
n
s

w
h
en

a
co

n
ce

p
t

d
ri

ft
is

d
et

ec
te

d
.

F
in

a
ll
y,

w
e

w
o
u
ld

li
k
e

to
p
ro

v
id

e
m

or
e

sc
al

ab
le

im
p
le

m
en

ta
ti

on
s

of
th

e
m

et
h
o
d
s,

fo
r

ex
am

p
le

b
y

d
ev

el
o
p
in

g
effi

ci
en

t
d
is

tr
ib

u
te

d
al

go
ri

th
m

s
fo

r
O

n
li
n
eQ

R
F

an
d

th
e

co
n
fo

rm
al

p
re

d
ic

ti
on

m
et

h
o
d
s.

A
p
p

e
n
d
ix

A
.

D
a
ta

D
e
sc

ri
p
ti

o
n
s

A
.1

.
S

m
a
ll

-s
c
a
le

d
a
ta

In
th

is
ap

p
en

d
ix

w
e

p
ro

v
id

e
a

b
ri

ef
d
es

cr
ip

ti
on

of
ea

ch
sm

al
l-

sc
al

e
d
at

as
et

u
se

d
in

th
is

st
u
d
y.

W
h
en

p
os

si
b
le

w
e

h
av

e
u
se

d
th

e
d
es

cr
ip

ti
on

of
th

e
d
at

a
p
ro

v
id

ed
b
y

th
e

or
ig

in
a
l

a
u
th

o
rs

.

2
d

p
la

n
e
s:

T
h
is

is
an

ar
ti

fi
ci

al
d
at

as
et

d
es

cr
ib

ed
in

B
re

im
an

et
al

.
(1

98
4)

,
w

it
h

va
ri

an
ce

1
in

st
ea

d
of

2.
T

h
e

10
at

tr
ib

u
te

s
ar

e
ge

n
er

at
ed

in
d
ep

en
d
en

tl
y

u
si

n
g:

26
JM

L
R

 2
0(

15
5)

:1
-3

5,
 2

01
9



Q
u
a
n
t
if
y
in
g

U
n
c
e
r
t
a
in
t
y
in

O
n
l
in
e
R
e
g
r
e
ssio

n
F
o
r
e
st

s

P
(X

1
=
−

1)
=
P

(X
1

=
1)

=
1
/2

P
(X

m
=
−

1)
=
P

(X
m

=
0)

=
P

(X
m

=
1)

=
1
/3
,m

=
2,...,10.

W
e

o
b
ta

in
th

e
valu

e
of

th
e

target
variab

le
Y

u
sin

g
th

e
ru

le:

if
X

1
=

1
set

Y
=

3
+

3
X

2
+

2
X

3
+
X

4
+
σ

(0,1)

if
X

1
=
−

1
set

Y
=
−

3
+

3
X

5
+

2
X

6
+
X

7
+
σ

(0,1)

a
b

a
lo

n
e
:

T
h
e

task
is

to
p
red

ict
th

e
age

of
ab

alon
e

from
p
h
y
sical

m
easu

rem
en

ts.
F

eatu
res

in
clu

d
e

sex
,

d
im

en
sion

s,
an

d
w

eigh
t.

a
ile

ro
n

s:
T

h
is

d
a
ta

set
a
d

d
resses

a
co

n
tro

l
p

ro
b

lem
,

n
a
m

ely
fl

y
in

g
a

F
1
6

a
ircra

ft.
T

h
e

attrib
u
tes

d
escrib

e
th

e
statu

s
of

th
e

aerop
lan

e,
w

h
ile

th
e

goal
is

to
p
red

ict
th

e
con

trol
action

o
n

th
e

a
ilero

n
s

of
th

e
aircraft.

b
a
n

k
3
2
n

h
:

A
sy

n
th

etically
gen

erated
d
ataset

from
a

sim
u
lation

of
h
ow

b
an

k
-cu

stom
ers

ch
o
ose

th
eir

b
an

k
s.

T
ask

s
are

b
ased

on
p
red

ictin
g

th
e

fraction
of

b
an

k
cu

stom
ers

w
h
o

leave
th

e
b
a
n
k

b
eca

u
se

of
fu

ll
q
u
eu

es.
c
a
lH

o
u

sin
g

:
T

h
e

task
h
ere

is
to

p
red

ict
th

e
m

ed
ian

h
ou

se
valu

e
b
ased

on
featu

res
like

m
ed

ia
n

in
co

m
e

an
d

m
ed

ian
age,

collected
from

th
e

1990
C

aliforn
ia

cen
su

s.
c
p

u
a
c
t:

A
co

llectio
n

o
f

co
m

p
u
ter

sy
stem

s
a
ctiv

ity
m

ea
su

res.
T

h
e

ta
sk

is
to

p
red

ict
th

e
p

o
rtio

n
o
f

tim
e

th
a
t

C
P

U
s

ru
n

in
u
ser

m
o
d
e,

b
a
sed

o
n

a
ttrib

u
tes

su
ch

a
s

n
u
m

b
er

o
f

rea
d
s/

w
rites

to
th

e
sy

stem
,

sy
stem

calls,
an

d
p
age

req
u
ests.

e
n

e
rg

y
:

A
p
p
lia

n
ces

en
erg

y
p
red

ictio
n

d
a
ta

set.
T

h
e

ta
sk

is
to

p
red

ict
th

e
en

erg
y

co
n
su

m
p
tio

n
o
f

a
p
p
lia

n
ces

in
a

h
o
m

e.
F

ro
m

th
e

U
C

I
d
a
ta

rep
o
sito

ry
:
h
t
t
p
s
:
/
/
a
r
c
h
i
v
e
.

i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
d
a
t
a
s
e
t
s
/
A
p
p
l
i
a
n
c
e
s
+
e
n
e
r
g
y
+
p
r
e
d
i
c
t
i
o
n

e
le

v
a
to

rs:
T

h
is

d
a
ta

set
a
lso

co
n
cern

s
th

e
ta

sk
o
f

co
n
tro

llin
g

a
F

1
6

a
ircra

ft,
a
lth

o
u
g
h

th
e

ta
rg

et
va

ria
b

le
a
n

d
a
ttrib

u
tes

a
re

d
iff

eren
t

fro
m

th
e

a
ilero

n
s

d
o
m

a
in

.
In

th
is

ca
se

th
e

g
o
a
l

va
ria

b
le

is
related

to
an

action
taken

on
th

e
elevators

of
th

e
aircraft.

frie
d

m
a
n

:
T

h
is

is
a
n

a
rtifi

cia
l

d
a
ta

set
u
sed

in
F

ried
m

a
n

(1
9
9
1
).

T
h
e

ex
a
m

p
les

a
re

g
en

era
ted

u
sin

g
th

e
fo

llow
in

g
m

eth
o
d
:

G
en

era
te

th
e

va
lu

es
o
f

1
0

a
ttrib

u
tes,

X
1 ,...,X

1
0

in
d
ep

en
d
en

tly,
ea

ch
o
f

w
h
ich

is
u
n
ifo

rm
ly

d
istrib

u
ted

ov
er

[0
,1

].
O

b
ta

in
th

e
va

lu
e

o
f

th
e

ta
rg

et
va

riab
le

Y
u
sin

g
th

e
eq

u
ation

:

Y
=

10∗
sin

(π
∗
X

1 ∗
X

2 )
+

20∗
(X

3 −
0.5)

2
+

10∗
X

4
+

5∗
X

5
+
σ

(0,1),

w
h
ere

σ
(0
,1

)
is

a
ra

n
d
o
m

n
u
m

b
er

g
en

era
ted

fro
m

a
n
o
rm

a
l

d
istrib

u
tio

n
w

ith
m

ea
n

0
a
n
d

va
ria

n
ce

1
.

h
o
u

se
:

B
o
th

th
e
h
o
u
s
e
8
L

a
n
d
h
o
u
s
e
1
6
H

d
a
ta

sets
a
re

co
n
cern

ed
w

ith
p
red

ictin
g

th
e

m
ed

ian
p
rice

of
a

h
ou

se
in

a
region

b
ased

on
d
em

ograp
h
ic

com
p

osition
an

d
a

state
of

h
ou

sin
g

m
a
rk

et.
T

h
e

n
u
m

b
er

sig
n
ifi

es
th

e
a
p
p
rox

im
a
te

d
iffi

cu
lty

o
f

th
e

ta
sk

,
L

fo
r

low
d
iffi

cu
lty,

H
fo

r
h
ig

h
.

k
in

8
n

m
:

T
h
is

d
ataset

is
con

cern
ed

w
ith

th
e

forw
ard

k
in

em
atics

of
an

8
lin

k
rob

ot
arm

.
A

m
o
n
g

th
e

ex
istin

g
varian

ts
of

th
is

d
ataset

w
e

h
ave

u
sed

th
e

varian
t

8n
m

,
w

h
ich

is
k
n
ow

n
to

b
e

h
ig

h
ly

n
on

-lin
ear

an
d

m
ed

iu
m

n
oisy.

27
JM

L
R

 20(155):1-35, 2019

V
a
sil

o
u
d
is,

D
e
F
r
a
n
c
isc

i
M
o
r
a
l
e
s,

B
o
st

r
ö
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of
th
ei
r
co
nv

ol
ut
io
n.

L
et
w
,
an

d
x

be
ve
ct
or
s
re
si
di
ng

in
H
m
,w

he
re
H

de
no

te
s
ei
th
er
R
,o

r
C
.
M
or
eo
ve
r,
de
no

te
by
F

th
e
D
F
T

m
at
ri
x
w
it
h
en
tr
ie
s

F
[ω
,t

]
=

1 √
m

e−
j2
π
ω
t/
m
,

1
≤
ω
,t
≤
m
.
W
e
ob

se
rv
e
th
e
ph

as
el
es
s
Fo

ur
ie
r
co
effi

ci
en
ts

of
th
e

ci
rc
ul
ar

co
nv

ol
ut
io
n
w

~
x
of
w
,a

nd
x ỹ

=
|F

(w
~
x

)|,
(1
)

w
he
re
|z
|r

et
ur
ns

th
e
el
em

en
t
w
is
e
ab

so
lu
te

va
lu
e
of

th
e
ve
ct
or
z
.
W
e
us
e
ỹ

to
de
no

te
no

is
el
es
s
m
ea
su
re
m
en
ts
,a

nd
re
se
rv
e
th
e
no

ta
ti
on
y
fo
r
m
or
e
ge
ne
ra
ln

oi
sy

m
ea
su
re
m
en
ts
.
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

W
e
ar
e
in
te
re
st
ed

in
re
co
ve
ri
ng
w

an
d
x
fr
om

th
e
ph

as
el
es
s
m
ea
su
re
m
en
ts
ỹ
or
y
of

th
ei
r

ci
rc
ul
ar

co
nv

ol
ut
io
n.

In
ot
he
r
w
or
ds
,t
he

pr
ob

le
m

co
nc
er
ns

bl
in
d
de
co
nv

ol
ut
io
n
of

tw
o
si
gn

al
s

fr
om

ph
as
el
es
s
m
ea
su
re
m
en
ts
.
T
he

pr
ob

le
m

ca
n
al
so

be
vi
ew

ed
as

id
en
ti
fy
in
g
th
e
st
ru
ct
ur
al

pr
op

er
ti
es

on
w

su
ch

th
at

it
s
co
nv

ol
ut
io
n
w
it
h
th
e
si
gn

al
/i
m
ag
e
of

in
te
re
st
x
m
ak
es

th
e
ph

as
e

re
tr
ie
va
lo

f
a
si
gn

al
x
w
el
l-p

os
ed
.
Si
nc
e
w

an
d
x
ar
e
bo

th
un

kn
ow

n,
an

d
in

ad
di
ti
on

,t
he

m
ea
su
re
m
en
ts

ar
e
ph

as
el
es
s,

th
e
in
ve
rs
e
pr
ob

le
m

be
co
m
es

se
ve
re
ly

ill
-p
os
ed

as
m
an

y
pa

ir
s
of

w
an

d
x

co
rr
es
po

nd
to

th
e
sa
m
e
y
.
W
e
sh
ow

th
at

th
is

no
n-
lin

ea
r
pr
ob

le
m

ca
n
be

effi
ci
en
tl
y

so
lv
ed
,u

nd
er

G
au

ss
ia
n
m
ea
su
re
m
en
ts
,u

si
ng

a
se
m
id
efi

ni
te

pr
og
ra
m

an
d
al
so

th
eo
re
ti
ca
lly

pr
ov
e
th
is

as
se
rt
io
n.

W
e
al
so

pr
op

os
e
a
he
ur
is
ti
c
ap

pr
oa
ch

to
so
lv
e
th
e
pr
op

os
ed

se
m
id
efi

ni
te

pr
og

ra
m

co
m
pu

ta
ti
on

al
ly

effi
ci
en
tl
y.

N
um

er
ic
al

ex
pe

ri
m
en
ts

sh
ow

th
at
,u

si
ng

th
is

al
go

ri
th
m
,

on
e
ca
n
su
cc
es
sf
ul
ly

re
co
ve
r
a
bl
ur
re
d
im

ag
e
fr
om

th
e
m
ag

ni
tu
de

on
ly

m
ea
su
re
m
en
ts

of
it
s

Fo
ur
ie
r
sp
ec
tr
um

.

P
ha

se
re
tr
ie
va
lh

as
be

en
of

co
nt
in
ue

d
in
te
re
st

in
th
e
fie

ld
s
of

si
gn

al
pr
oc
es
si
ng

,i
m
ag

in
g,

ph
ys
ic
s,

co
m
pu

ta
ti
on

al
sc
ie
nc
e,

et
c.

P
er
ha

ps
,t

he
si
ng

le
m
os
t
im

po
rt
an

t
co
nt
ex
t
in

w
hi
ch

ph
as
e
re
tr
ie
va
la

ri
se
s
is

th
e
X
-r
ay

cr
ys
ta
llo

gr
ap

hy
(H

ar
ri
so
n,

19
93
;M

ill
an

e,
19

90
),

w
he

re
th
e

fa
r-
fie

ld
pa

tt
er
n
of

X
-r
ay
s
sc
at
te
re
d
fr
om

a
cr
ys
ta
lf
or
m

a
Fo

ur
ie
r
tr
an

sf
or
m

of
it
s
im

ag
e,

an
d

it
is

on
ly

po
ss
ib
le

to
m
ea
su
re

th
e
in
te
ns
it
ie
s
of

th
e
el
ec
tr
om

ag
ne

ti
c
ra
di
at
io
n.

H
ow

ev
er
,w

it
h

th
e
ad

va
nc

em
en
t
of

im
ag

in
g
te
ch
no

lo
gi
es
,t
he

ph
as
e
re
tr
ie
va
lp

ro
bl
em

co
nt
in
ue
s
to

ar
is
e
in

se
ve
ra
lo

th
er

im
ag
in
g
m
od

al
it
ie
s
su
ch

as
di
ffr
ac
ti
on

im
ag
in
g
(B

un
k
et

al
.,
20
07
),

m
ic
ro
sc
op

y
(M

ia
o
et

al
.,
20
08
),

an
d
as
tr
on

om
ic
al

im
ag
in
g
(F

ie
nu

p
an

d
D
ai
nt
y,

19
87
).

In
th
e
im

ag
in
g

co
nt
ex
t,
th
e
re
su
lt
in

th
is
pa

pe
r
w
ou

ld
m
ea
n
th
at

if
ra
ys

ar
e
co
nv

ol
ve
d
w
it
h
a
ge
ne

ri
c
pa

tt
er
n

(e
it
he
r
m
an

m
ad

e
or

na
tu
ra
lly

ar
is
in
g
du

e
to

pr
op

ag
at
io
n
of

lig
ht

th
ro
ug

h
so
m
e
un

kn
ow

n
m
ed

ia
)
w

pr
io
r
to

be
in
g
sc
at
te
re
d/

re
fle

ct
ed

fr
om

th
e
ob

je
ct
,t

he
im

ag
e
of

th
e
ob

je
ct

ca
n
be

re
co
ve
re
d
fr
om

th
e
Fo

ur
ie
r
in
te
ns
it
y
m
ea
su
re
m
en
ts

la
te
r
on

.
A
s
is

w
el
lk

no
w
n
fr
om

Fo
ur
ie
r

op
ti
cs

(G
oo

dm
an

,
20
08
),

th
e
co
nv

ol
ut
io
n
of

a
vi
si
bl
e
lig

ht
w
it
h
a
ge
ne
ri
c
pa

tt
er
n
ca
n
be

im
pl
em

en
te
d
us
in
g
a
le
ns
-g
ra
ti
ng

-le
ns

se
tu
p.

D
es
pi
te

re
ce
nt

ad
va
nc
es

in
th
eo
re
ti
ca
lu

nd
er
st
an

di
ng

of
ph

as
e
re
tr
ie
va
l(
C
an

de
s
et

al
.,

20
13
,2

01
5b

),
th
e
ap

pl
ic
at
io
n
to

ac
tu
al

pr
ob

le
m
s
su
ch

as
cr
ys
ta
llo

gr
ap

hy
re
m
ai
ns

ch
al
le
ng

in
g

ow
in
g
pa

rt
ly

to
th
e
si
m
pl
is
ti
c
m
at
he

m
at
ic
al

m
od

el
s
th
at

m
ay

no
t
fu
lly

ca
pt
ur
e
th
e
ac
tu
al

ph
ys
ic
al

pr
ob

le
m

at
ha

nd
.
O
ur

co
m
pa

ra
ti
ve
ly

m
or
e
co
m
pl
ex

m
od

el
in

(1
)
m
or
e
el
ab

or
at
el
y

en
co
m
pa

ss
es

st
ru
ct
ur
e
in

ac
tu
al

ph
ys
ic
al

pr
ob

le
m
s,

fo
r
ex
am

pl
e,

cr
ys
ta
llo

gr
ap

hy
,w

he
re

du
e

to
th
e
na

tu
ra
lp

er
io
di
c
ar
ra
ng

em
en
t
of

a
cr
ys
ta
ls
tr
uc
tu
ra
lu

ni
t,
th
e
ob

se
rv
ed

el
ec
tr
on

de
ns
ity

fu
nc

ti
on

of
th
e
cr
ys
ta
le

xa
ct
ly

ta
ke
s
th
e
fo
rm

(1
);
fo
r
de

ta
ils
,s

ee
,S

ec
ti
on

2
of

(E
ls
er

et
al
.,

20
17

). B
lin

d
de

co
nv

ol
ut
io
n
is

a
fu
nd

am
en
ta
lp

ro
bl
em

in
si
gn

al
pr
oc
es
si
ng

,c
om

m
un

ic
at
io
ns
,a

nd
in

ge
ne
ra
ls

ys
te
m

th
eo
ry
.
V
is
ib
le

lig
ht

co
m
m
un

ic
at
io
n
ha

s
be

en
pr
op

os
ed

as
a
st
an

da
rd

in
5G

co
m
m
un

ic
at
io
ns

fo
r
lo
ca
la

re
a
ne
tw

or
ks

(A
zh

ar
et

al
.,
20

13
;R

et
am

al
et

al
.,
20
15

;A
zh
ar

et
al
.,
20

10
).

P
ro
pa

ga
ti
on

of
in
fo
rm

at
io
n
ca
rr
yi
ng

lig
ht

th
ro
ug

h
an

un
kn

ow
n
co
m
m
un

ic
at
io
n

m
ed
iu
m

is
m
od

el
le
d
as

a
co
nv

ol
ut
io
n.

T
he

ch
an

ne
l
is

un
kn

ow
n
an

d
at

th
e
re
ce
iv
er

it
is

ge
ne
ra
lly

di
ffi
cu
lt
to

m
ea
su
re

th
e
ph

as
e
in
fo
rm

at
io
n
in

th
e
pr
op

ag
at
ed

lig
ht
.
T
he

re
su
lt
in

th
is

pa
pe

r
sa
ys

th
at

th
e
tr
an

sm
it
te
d
si
gn

al
ca
n
be

bl
in
dl
y
de
co
nv

ol
ve
d
fr
om

th
e
un

kn
ow

n
ch
an

ne
lu

si
ng

th
e
Fo

ur
ie
r
in
te
ns
it
y
m
ea
su
re
m
en
ts

of
th
e
lig

ht
on

ly
.
T
he

re
ad

er
is

re
fe
rr
ed

to
th
e
fir
st

se
ct
io
n
of

th
e
su
pp

le
m
en
ta
ry

no
te

fo
r
a
de

ta
ile

d
de

sc
ri
pt
io
n
of

th
e
vi
si
bl
e
lig

ht
co
m
m
un

ic
at
io
n
an

d
it
s
co
nn

ec
ti
on

to
ou

r
fo
rm
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io
n.
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B
lin

d
D

eco
n
vo

lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

M
ain

C
ontrib

u
tion

s.
In

this
paper,w

e
study

the
com

bination
of

tw
o
im

portant
and

notoriously
challenging

signalrecovery
problem

s:
phase

retrievaland
blind

deconvolution.
W
e
introduce

a
novelconvex

form
ulation

that
is
possible

because
the

algebraic
structure

from
lifting

resolves
the

bilinear
am

biguity
just

enough
to

perm
it
a
non-trivialconvex

relaxation
of

the
m
easurem

ents.
T
he

strengths
ofour

approach
are

that
it

allow
s
a
novelconvex

program
that

is
the

first
to

provably
perm

it
recovery

guarantees
w
ith

optim
alsam

ple
com

plexity
for

the
joint

task
of

phase
retrievaland

blind
deconvolution

w
hen

the
signals

belong
to

know
n

random
subspaces.

A
dditionally,

unlike
m
any

recent
convex

relaxations
and

non-convex
approaches,our

approach
does

not
require

an
initialization

or
estim

ate
of

the
true

solution
in

order
to

be
stated

or
solved.

W
hile

our
convex

form
ulation

is
presented

in
a
lifted

dom
ain

(w
ith

increased
dim

ensionality),in
im

plem
enting

the
convex

problem
,w

e
have

been
able

to
use

som
e
recent

results
in

B
urer-M

onteiro-type
approaches

and
perform

the
optim

ization
in

a
factored

space
(solving

a
series

of
non-convex

program
s
w
hich

are
guaranteed

to
land

on
the

globalm
inim

a).
F
inally,an

earlier
version

of
this

paper
w
ith

only
the

exact
recovery

result
form

noiseless
m
easurem

ents
appeared

in
(A

hm
ed

et
al.,2018)

by
the

sam
e
authors.

T
his

paper
extends

the
previous

result
to

m
ore

generalnoisy
m
easurem

ents
w
ith

a
significantly

m
odified

proof.
M
oreover,the

im
plem

entation
in

(A
hm

ed
et

al.,2018)
w
as

perform
ed

in
a
lifted

dom
ain

and
the

proposed
schem

e
required

iterative
projections

onto
the

positive
sem

idefinite
cone,w

hich
w
as

com
putationally

prohibitive
for

large
scale

problem
s.

B
y
considering

a
different

w
ay

of
m
odelling

the
optim

ization
problem

,in
Section

2
w
e
present

a
m
ore

effi
cient

algorithm
,

w
hich

is
solved

in
a
factored

space
using

a
B
urer-M

onteiro-type
approach.

T
his

m
akes

our
im

plem
entation

applicable
to

a
m
uch

larger
class

of
problem

s.

1.1.
O
b
servation

s
in

M
atrix

Form

T
he

phase
retrieval,and

blind
deconvolution

problem
has

been
extensively

studied
in

signal
processing

com
m
unity

in
recent

years
(C

andes
et

al.,2015a;A
hm

ed
et

al.,2014)
by

lifting
the

unknow
n
vectors

to
a
higher

dim
ensionalm

atrix
space

form
ed

by
their

outer
products.

T
he

resulting
rank-1

m
atrix

is
recovered

using
nuclear

norm
as

a
convex

relaxation
of

the
non-convex

rank
constraint.

R
ecently,other

form
s
of

convex
relaxations

have
been

proposed
(B

ahm
aniand

R
om

berg,2017b;G
oldstein

and
Studer,2018;A

ghasiet
al.,2017a,b,2018)

that
solve

both
the

problem
s
in

the
native

(unlifted)
space

leading
to

com
putationally

effi
ciently

solvable
convex

program
s.

T
his

paper
handles

the
non-linear

convolutionalphase
retrieval

problem
by

lifting
it
into

a
bilinear

problem
.
T
he

resulting
problem

,though
stillnon-convex,

gives
w
ay

to
an

effective
convex

relaxation
that

provably
recovers

w
and

x
exactly.

W
e
consider

the
problem

of
recovering

(w
\,x

\)∈
H
`×
H
`
from

m
easurem

ents
of

the
form

(1).
It

is
clear

that
uniquely

recovering
w
\
and

x
\,

even
up

to
the

global
bilinear

am
biguity,is

not
possible

w
ithout

extra
know

ledge
or

inform
ation

about
the

problem
.
W
e

w
illaddress

the
problem

under
the

broad
and

generally
applicable

structuralassum
ptions

that
both

w
\
and

x
\
are

m
em

bers
of

know
n
subspaces

ofH
m
.
T
his

m
eans

that
w
\
and

x
\

can
be

param
etrized

in
term

s
of

unknow
n
low

er
dim

ensionalvectors
h
\∈
H
k
and

m
\∈
H
n,

respectively,as
follow

s

w
\

=
B
h
\,
x
\

=
C
m

\,
(2)

3
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

w
here

B
∈
H
m
×
k,and

C
∈
H
m
×
n
are

know
n
m
atrices

w
hose

colum
ns

span
the

subspaces
in

w
hich

w
\
and

x
\
belong,respectively.

Since
the

circular
convolution

operator
diagonalizes

in
the

Fourier
dom

ain,noiseless
m
easurem

ents
becom

e

ỹ
=

1
√
m
|B̂
h
\�

Ĉ
m

\|,
(3)

w
here

B̂
=
√
m
F
B
,
Ĉ

=
√
m
F
C
,and

�
represents

the
the

H
adam

ard
product.

D
enoting

by
b
`
and

c
`
the

row
s
of
B̂

and
Ĉ
,respectively,the

entries
of

the
noiseless

m
easurem

ents
ỹ

can
be

expressed
as

ỹ
2`

=
1m
|〈b

` ,h
\〉〈c

` ,m
\〉| 2,

`
=

1
...m

.

T
his

problem
is

non-linear
in

both
unknow

ns;how
ever,it

reduces
to

a
bilinear

problem
in

the
lifted

variables
h
\h

\∗
and

m
\m

\∗,taking
the

form

ỹ
2`

=
1m
〈b
` b ∗` ,h

\h
\∗〉〈c

` c ∗` ,m
\m

\∗〉
=

1m
〈b
` b ∗` ,H

\〉〈c
` c ∗` ,M

\〉,
(4)

w
here

H
\

=
h
\h

\∗
and

M
\

=
m

\m
\∗.

Treating
the

lifted
variables

H
\
and

M
\
as

unknow
ns

m
akes

the
m
easurem

ents
bilinear

in
the

unknow
ns;a

structure
that

w
illhelp

us
form

ulate
an

effective
convex

relaxation.
In

the
case

of
noisy

m
easurem

ents,w
e
w
illw

rite
w
ithout

loss
of

generality
that

y
=

1
√
m
|B̂
h
\�

Ĉ
m

\|�
(1

+
ξ
),

(5)

ξ
` ≥
−

1
for

every
`

=
1
...m

.
(6)

T
he

noiseless
case

is
given

by
ξ

=
0.

1.2.
N
ovel

C
onvex

R
elaxation

T
he

task
ofrecovering

H
\
and

M
\
from

the
noiseless

m
easurem

ents
ỹ
in

(5)
can

be
naturally

posed
as

an
optim

ization
program

find
H
,M

(7)

subject
to

1m
〈b
` b ∗` ,H

〉〈c
` c ∗` ,M

〉
=
ỹ
2` ,
`

=
1
...m

.

rank
(H

)
=

1
,
rank

(M
)

=
1
.

B
oth

the
m
easurem

ent
and

the
rank

constraints
are

non-convex.
Further,

the
im

m
ediate

convex
relaxation

of
each

m
easurem

ent
constraint

is
trivial,as

the
convex

hullof
the

set
of

(H
,M

)
satisfying

ỹ
2`

=
1m
〈b
` b ∗` ,H

〉〈c
` c ∗` ,M

〉
is

the
set

of
allpossible

(H
,M

).
T
o
derive

our
convex

relaxation,
recall

that
the

true
H

\
=
h
\h

\∗,
and

M
\

=
m

\m
\∗

are
also

positive
sem

idefinite
(P

SD
).T

his
m
eans

that
incorporating

the
P
SD

constraint
in

the
optim

ization
program

translates
into

the
fact

that
the

variables
u
`

=
〈b
` b ∗` ,H

〉
and

v
`

=
〈c
` c ∗` ,M

〉
are

necessarily
non-negative.

T
hat

is,

H
<

0
,
and

M
<

0
=⇒

u
` ≥

0
,
and

v
` ≥

0
,

w
here

the
im

plication
follow

s
by

the
definition

of
P
SD

m
atrices.

T
his

observation
restricts

the
hyperbolic

constraint
set

in
F
igure

1
to

the
first

quadrant
only.

For
a
fixed

`,w
e
propose
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B
li

n
d

D
ec

o
n
vo

lu
ti

o
n
a
l

P
h
a
se

R
et

r
ie

va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

0

v `

u
`

1
m
ù
v̀

=
ỹ
2 `

C
on

v{(
u
`

v `

)
:

1 m
u
`v
`

=
ỹ
2 `
,u

`
>

0

}

F
ig
ur
e
1:

L
ef
t:

T
he

re
st
ri
ct
io
n
of

th
e
hy

pe
rb
ol
ic

co
ns
tr
ai
nt

to
th
e
fir
st

qu
ad

ra
nt
;
R
ig
ht
:

A
bs
tr
ac
t
ill
us
tr
at
io
n
of

th
e
ge
om

et
ry

of
th
e
co
nv

ex
re
la
xa

ti
on

.
T
he

P
SD

co
ne

(b
lu
e)

an
d
th
e

su
rf
ac
e
of

th
e
hy

pe
rb
ol
ic

se
t
(r
ed
)
fo
rm

ed
by

tw
o
in
te
rs
ec
ti
ng

hy
pe

rb
ol
as

(m
=

2)
.
E
vi
de
nt
ly
,

th
er
e
ar
e
m
ul
ti
pl
e
po

in
ts

on
th
e
su
rf
ac
e
an

d
al
so

in
th
e
co
nv

ex
hu

ll
of

th
e
hy

pe
rb
ol
ic

se
t
th
at

lie
on

th
e
P
SD

co
ne
.
T
he

m
in
im

iz
er

of
th
e
op

ti
m
iz
at
io
n
pr
og
ra
m

(8
)
pi
ck
s
th
e
on

e
w
it
h

m
in
im

um
tr
ac
e
th
at

ha
pp

en
s
to

lie
at

th
e
in
te
rs
ec
ti
on

of
hy

pe
rb
ol
ic

ri
dg

e
an

d
th
e
P
SD

co
ne

(p
oi
nt
ed

ou
t
by

an
ar
ro
w
).

re
pl
ac
in
g
th
e
no

n-
co
nv

ex
hy

pe
rb
ol
ic

se
t
{(
u
`,
v `

)
∈
R
2
|

1 m
u
`v
`

=
ỹ
2 `
,u

`
≥

0
,
v `
≥

0
}
w
it
h

it
s
co
nv

ex
hu

ll
{(
u
`,
v `

)
∈
R
2
|

1 m
u
`v
`
≥
ỹ
2 `
,u

`
≥

0,
v `
≥

0}
.
In

sh
or
t,

ou
r
co
nv

ex
re
la
xa

ti
on

is
po

ss
ib
le

be
ca
us
e
th
e
P
SD

co
ns
tr
ai
nt

fr
om

lif
ti
ng

ha
pp

en
s
to

se
le
ct

a
sp
ec
ifi
c
br
an

ch
of

th
e
hy

pe
rb
ol
a
gi
ve
n
by

an
y
pa

rt
ic
ul
ar

bi
lin

ea
r
m
ea
su
re
m
en
t,
an

d
th
is
si
ng

le
br
an

ch
ha

s
a

no
n-
tr
iv
ia
lc

on
ve
x
hu

ll.
T
he

re
st

of
th
e
co
nv

ex
re
la
xa

ti
on

is
st
an

da
rd
,a

s
th
e
ra
nk

co
ns
tr
ai
nt

in
(7
)
is
th
en

re
la
xe
d

w
it
h
a
nu

cl
ea
r-
no

rm
m
in
im

iz
at
io
n,

w
hi
ch

re
du

ce
s
to

tr
ac
e
m
in
im

iz
at
io
n
in

th
e
P
SD

ca
se
:

m
in
im

iz
e

T
r(
H

)
+

T
r(
M

)

su
bj
ec
t
to

1 m
〈b
`b
∗ `,
H
〉〈
c
`c
∗ `,
M
〉≥

ỹ
2 `
,
`

=
1
..
.m

H
<

0
,
M

<
0
.

In
th
e
no

is
el
es
s
or

no
is
y
ca
se
s,

w
e
w
ill

st
ud

y
th
e
fo
llo

w
in
g
pr
og

ra
m
,w

hi
ch

on
ly

di
ffe

rs
in

th
at

th
e
no

is
el
es
s
ob

se
rv
at
io
ns

ar
e
su
bs
ti
tu
te
d
by

th
e
po

ss
ib
ly

no
is
y
on

es
gi
ve
n
fr
om

(5
):

m
in
im

iz
e

T
r(
H

)
+

T
r(
M

)
(8
)

su
bj
ec
t
to

1 m
〈b
`b
∗ `,
H
〉〈
c
`c
∗ `,
M
〉≥

y
2 `
,
`

=
1
..
.m

H
<

0
,
M

<
0
.

T
he

co
nv

ex
it
y
of

th
e
op

ti
m
iz
at
io
n
pr
og
ra
m

ab
ov
e
is

es
ta
bl
is
he
d
in

th
e
le
m
m
a
be

lo
w
.
A

fo
rm

al
pr
oo

f
of

he
le
m
m
a
ca
n
be

fo
un

d
in

A
pp

en
di
x
A
.

L
em

m
a
1

T
he

op
ti
m
iz
at
io
n
pr
ob
le
m

(8
)
is

a
co
nv
ex

pr
og
ra
m
.

1.
3.

M
ai
n
R
es
u
lt
s

W
e
co
ns
id
er

th
e
ca
se

of
i.i
.d
.
G
au

ss
ia
n
m
ea
su
re
m
en
ts
,

b
`
∼

N
or
m
al

(0
,
1 m
I
k
),

c
`
∼

N
or
m
al

(0
,
1 m
I
n
),

`
=

1,
..
.m

.
(9
)
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

W
e
sh
ow

th
at

w
it
h
th
is

ch
oi
ce
,
(8
)
re
co
ve
rs

a
gl
ob

al
sc
al
in
g

(α
H

\ ,
α
−
1
M

\ )
of

(H
\ ,
M

\ )
T
he

ex
ac
t
va
lu
e
of

th
e
un

kn
ow

n
sc
al
ar

m
ul
ti
pl
e
α
ca
n
be

ch
ar
ac
te
ri
ze
d
fo
r
th
e
so
lu
ti
on

of
(8
).

O
bs
er
ve

th
at

th
e
so
lu
ti
on

(Ĥ
,M̂

)
of

th
e
co
nv

ex
op

ti
m
iz
at
io
n
pr
og
ra
m

in
(8
)
ob

ey
s

T
r(
Ĥ

)
=

T
r(
M̂

).
W
e
ai
m

to
sh
ow

th
at

th
e
so
lu
ti
on

of
th
e
op

ti
m
iz
at
io
n
pr
og
ra
m

re
co
ve
rs

th
e
fo
llo

w
in
g
sc
al
in
g

(H̃
,M̃

)
of

th
e
tr
ue

so
lu
ti
on

(H
\ ,
M

\ )
:

H̃
=

√
T

r(
M

\ )

T
r(
H

\ )
H

\ ,
M̃

=

√
T

r(
H

\ )

T
r(
M

\ )
M

\ .
(1
0)

It
is

w
or
th

no
ti
ng

th
at

T
r(
H̃

)
=

T
r(
M̃

),
H̃

=
h̃
h̃
∗ ,

an
d
M̃

=
m̃
m̃
∗ .

W
e
sh
ow

th
at

if
B

an
d
C

ar
e
ra
nd

om
,a

nd
m

is
su
ffi
ci
en
tl
y
la
rg
e
w
it
h
re
sp
ec
t
to
k

+
n
,

th
en

th
e
co
nv

ex
pr
og
ra
m

(8
)
st
ab

ly
re
co
ve
rs

th
e
tr
ue

so
lu
ti
on

(H
\ ,
M

\ )
up

to
th
e
gl
ob

al
bi
lin

ea
r
sc
al
in
g,

w
it
h
hi
gh

pr
ob

ab
ili
ty
.

T
h
eo
re
m

2
(S
ta
b
le

R
ec
ov
er
y)

G
iv
en

th
e
m
ag
ni
tu
de

on
ly

Fo
ur
ie
r
m
ea
su
re
m
en

ts
(5
)
of

th
e
co
nv

ol
ut
io
n
of

tw
o
un

kn
ow

n
ve
ct
or
s
w
\ ,
an

d
x
\
in
H
m

co
nt
am

in
at
ed

w
ith

ad
di
tiv

e
no

is
e
ξ

in
R
m
.
Su

pp
os
e
th
at
w
\ ,
an

d
x
\
ar
e
ge
ne

ra
te
d
as

in
(2
),

w
he
re
B
,a

nd
C

ar
e
kn

ow
n
st
an

da
rd

G
au

ss
ia
n
m
at
ri
ce
s
as

in
(9
).

A
ss
um

e
w
ith

ou
tl
os
s
of

ge
ne

ra
lit
y
th
at

no
is
e
co
m
po
ne

nt
s
ξ `
≥
−

1
fo
r
ev
er
y
`

=
1
,2
,3
,.
..
,m

.
T
he
n
fo
r
an

y
t
>

0
,
w
he
n
m
≥
c(
√

(k
+
n

)
lo

g
m

+
t)

2
,
w
it
h

pr
ob
ab
ili
ty

at
le
as
t

1
−

ex
p

(−
1 2
m
t2

),
th
e
so
lu
tio

n
(Ĥ

,M̂
)
of

th
e
co
nv

ex
op

tim
iz
at
io
n
pr
og
ra
m

in
(8
)
ob
ey
s

‖Ĥ
−
α
H

\ ‖
2 F

+
‖M̂
−
α
−
1
M

\ ‖
2 F
≤

44
2
‖ξ
‖ ∞

(‖
H̃
‖2 F

+
‖M̃
‖2 F

),

w
he
re
α

=

√
T
r(
M

\
)

T
r(
H
\
)
,
an

d
c
is

an
ab
so
lu
te

co
ns
ta
nt
.

A
s
a
st
ra
ig
ht
fo
rw

ar
d
sp
ec
ia
lc

as
e,

fo
r
no

is
el
es
s
m
ea
su
re
m
en
ts
,s
ol
vi
ng

th
e
pr
op

os
ed

co
nv

ex
pr
og
ra
m

w
ou

ld
id
en
ti
fy

th
e
tr
ue

si
gn

al
s
ex
ac
tl
y,

up
to

th
e
gl
ob

al
bi
lin

ea
r
am

bi
gu

it
y,

w
it
h

hi
gh

pr
ob

ab
ili
ty
.

C
or
ol
la
ry

3
(E

xa
ct

R
ec
ov
er
y)

C
on

si
de
r
th
e
m
ag
ni
tu
de
-o
nl
y
Fo

ur
ie
r
m
ea
su
re
m
en
ts

in
(3
)
an

d
a
si
m
ila

r
se
tt
in
g
as

T
he
or
em

2.
F
ix
in
g
t
>

0,
th
e
co
nv

ex
op

tim
iz
at
io
n
in

(8
)
un

iq
ue
ly

re
co
ve
rs

(α
H

\ ,
α
−
1
M

\ )
fo
r
α

=
√

T
r
M

\

T
r
H
\
w
ith

pr
ob
ab
ili
ty

at
le
as
t

1
−

ex
p

(−
1 2
m
t2

)
w
he
ne
ve
r

m
≥
c(
√

(k
+
n

)
lo

g
m

+
t)

2
,
w
he
re
c
is

an
ab
so
lu
te

co
ns
ta
nt
.

B
ot
h
T
he
or
em

2
an

d
C
or
ol
la
ry

3
es
ta
bl
is
h
hi
gh

pr
ob

ab
ili
ty

re
co
ve
ry

fo
r
ph

as
el
es
s
bl
in
ea
r

in
ve
rs
io
n
w
it
hi
n
ra
nd

om
su
bs
pa

ce
s,

pr
ov
id
ed

th
at
m

on
th
e
or
de
r
of

(k
+
n

).
E
xc
ep
t
fo
r
lo
g

fa
ct
or
s,

th
is

sa
m
pl
e
co
m
pl
ex
it
y
is

op
ti
m
al
.
P
ro
of

fo
r
th
e
th
eo
re
m

is
in

th
e
ap

pe
nd

ix
an

d
is

ba
se
d
on

R
ad

em
ac
he

r
co
m
pl
ex
it
y
es
ti
m
at
es

of
de

sc
en
t
di
re
ct
io
ns

ob
je
ct
iv
e.

2.
Im

p
le

m
en

ti
n
g

th
e

C
on

ve
x

P
ro

gr
am

A
co
nf
er
en
ce

pa
pe

r
by

th
e
au

th
or
s
(A

hm
ed

et
al
.,
20
18
)
pr
es
en
te
d
an

A
D
M
M

sc
he
m
e
to

ad
dr
es
s
th
e
ce
nt
ra
l
co
nv

ex
pr
og
ra
m

(8
).

O
ne

of
th
e
m
ai
n
co
m
pu

ta
ti
on

al
ch
al
le
ng

es
w
it
h
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B
lin

d
D

eco
n
vo

lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

that
proposed

schem
e
is

that
it

uses
a
projection

onto
the

positive
sem

i-definite
cone

at
every

A
D
M
M

iteration.
Such

an
operation

m
akes

the
algorithm

prohibitively
expensive

for
large

problem
sizes.

In
this

section,w
e
consider

an
alternative

A
D
M
M

schem
e
w
hich

uses
a

B
urer-M

onteiro
low

-rank
factorization

(B
urer

and
M
onteiro,2003,2005;B

hojanapalliet
al.,

2018)
to

bypasses
the

P
SD

projection
and

speed
up

the
algorithm

convergence 1.
T
o
proceed,consider

our
centralconvex

program

m
inim

ize
X

1
,X

2

T
r(X

1 )
+

T
r(X

2 )
(11)

subject
to
〈a

1
,` a

1
,` ∗,X

1 〉〈a
2
,` a

2
,` ∗,X

2 〉≥
δ
` ≥

0
,

`
=

1
...m

X
1 <

0
,
X

2 <
0
.

N
ote

that
com

plex-valued
positive

sem
idefinite

m
atrices

are
necessarily

H
erm

itian.
For

a
sim

pler
notation,w

e
define

the
convex

set

C
=
{(u

,v
)∈

R
m
×
R
m

:
u
` v
` ≥

δ
`
>

0
,u

` ≥
0}
.

(12)

A
n
alternative

w
ay

of
form

ulating
program

(11)
is

m
inim

ize
{
X
j ,u

j }
j
=
1
,2

IC (u
1 ,u

2 )
+

2
∑j=

1

T
r(X

j )
+
I
+

(X
j )

(13)

subject
to

u
j,`

=
〈a

j,` a
j,` ∗,X

j 〉
,
`

=
1
...m

,
j

=
1,2,

w
here

IC (u
,v

)
=

{
0

(u
,v

)∈
C

+
∞

(u
,v

)
/∈
C

,
I
+

(X
)

=

{
0

X
�

0
+
∞

X
�

0
.

D
efining

the
dualvectors

α
1 ,α

2 ∈
R
m
,the

augm
ented

Lagrangian
for

(13)
takes

the
form

L
({
X

j ,u
j ,α

j }
j=

1
,2 )

=
IC (u

1 ,u
2 )

+
2
∑j=

1

T
r(X

j )
+
I
+

(X
j )

+
ρ2

2
∑j=

1

m
∑`=

1

(u
j,` −

〈a
j,` a

j,` ∗,X
j 〉

+
α
j,` )

2
.

(14)

T
o
set

up
an

A
D
M
M

schem
e,

each
variable

update
at

the
k-th

iteration
is

perform
ed

by
m
inim

izing
L

w
ith

respect
to

that
variable

w
hile

fixing
the

others.
M
ore

specifically,using
the

superscript
(k

)
to

denote
the

iteration,for
j

=
1,2

w
e
have

the
prim

alupdates

X
(k
+
1
)

j
=

arg
m

in
X
j �

0
T

r(X
j )

+
ρ2

m
∑`=

1 (〈a
j,` a

j,` ∗,X
j 〉−

u
(k
)

j,` −
α
(k
)

j,` )
2
,

(15)

(
u
(k
+
1
)

1
,u

(k
+
1
)

2

)
=

arg
m

in
(u

1
,u

2
)∈
C

12

2
∑j=

1

m
∑`=

1 (
u
j,` −

〈
a
j,` a

j,` ∗,X
(k
+
1
)

j

〉
+
α
(k
)

j,` )
2
,

(16)

1.
A

n
im

plem
entation

of
our

solver
is

publicly
available

at:
https://github.com/branchhull/BDPR
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

along
w
ith

the
dualupdates

α
(k
+
1
)

j,`
=
α
(k
)

j,`
+
u
(k
+
1
)

j,`
−
〈
a
j,` a

j,` ∗,X
(k
+
1
)

j

〉
.

In
the

sequelw
e
outline

a
com

putationalprocedure
for

each
step

of
the

proposed
A
D
M
M

schem
e.

2.1.
P
erform

in
g
th
e
X
-u
p
d
ate

C
entralto

the
A
D
M
M

step
(15),in

this
section

w
e
focus

on
addressing

the
convex

program

m
inim

ize
X
�

0
T

r(X
)

+
ρ2

m
∑`=

1 (a
∗` X
a
` −

θ
` )

2
.

(17)

O
ne

of
the

m
ost

successfulheuristics
to

address
(17),w

hich
w
as

brought
into

attention
by

B
urer

and
M
onteiro

(2003),is
to

consider
the

P
SD

factorization
X

=
V
V
∗
and

to
address

the
non-convex

program

m
inim

ize
V

‖
V
‖
2F

+
ρ2

m
∑`=

1 (‖V
∗a

` ‖
22 −

θ
` )

2
.

(18)

For
a
large

class
of

objectives,there
have

been
theoreticalargum

ents
that

localm
inim

izers
to

(18)
can

form
the

global
m
inim

izer
to

(17).
Specifically,

for
the

objective
form

(17),
B
hojanapalliet

al.(2018)
have

recently
show

n
that

for
alm

ost
allobjectives

of
this

form
,if

Ṽ
∈
R
n×

r
is

a
second-order

stationary
solution

to
(18)

and
r(r

+
1)
>

2m
,then

X̃
=
Ṽ
Ṽ
∗

is
a
globalm

inim
izer

to
(17)

(see
C
orollary

2
in

the
aforem

entioned
reference).

F
inding

solutions
to

(18)
can

be
perform

ed
via

standard
optim

ization
toolboxes.

In
particular,w

e
use

quasi-N
ew

ton
m
ethods

w
ith

cubic
line

search
as

im
plem

ented
in

Schm
idt

(2005),w
hich

only
need

the
gradient

of
the

objective
in

(18),calculated
as

2V
+
ρ

m
∑`=

1 (‖
V
∗a

` ‖
22 −

θ
` )
a
` a
∗` V

.

It
is

notew
orthy

that
the

gradient
calculation

only
requires

a
series

ofm
atrix-vector

m
ultipli-

cations.
W

ith
the

proposed
com

putationalschem
e,to

update
X

at
each

A
D
M
M

iteration,another
iterative

schem
e
needs

to
be

carried
out

to
solve

(18).
D
espite

the
nested

nature
of

this
fram

ew
ork,a

very
good

initialization
for
V

at
the

start
ofeach

A
D
M
M

update
is
the

optim
al

V
from

the
previous

A
D
M
M

step.
A
side

from
the

factorization
technique,such

choice
of

initialization
further

contributes
to

fast
solutions

of
(17).

2.2.
P
erform

in
g
th
e
u
-u
p
d
ate

T
he
u
-update

in
(16)

is
a
standard

projection
problem

onto
the

setC.
It

is
straightforw

ard
to

see
that

program

m
in

(u
1
,u

2
)∈
C

12

2
∑j=

1

m
∑`=

1

(u
j,` −

θ
j,` )

2
(19)
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B
li

n
d

D
ec

o
n
vo

lu
ti

o
n
a
l

P
h
a
se

R
et

r
ie

va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

de
co
up

le
s
in
to
m

di
st
in
ct

pr
og

ra
m
s
of

th
e
fo
rm

m
in

u
1
,u

2

1 2

2 ∑ j=
1

(u
j
−
θ j

)2
su
bj
ec
t
to
:
u
1
u
2
≥
δ
>

0
,
u
1
≥

0
.

(2
0)

In
th
e
se
qu

el
w
e
fo
cu
s
on

ad
dr
es
si
ng

(2
0)
,a

s
so
lv
in
g
(2
0)

fo
r
ea
ch

co
m
po

ne
nt
`
w
ou

ld
de
liv

er
th
e
so
lu
ti
on

to
(1
9)
.
W
e
pr
oc
ee
d
by

fo
rm

in
g
th
e
La

gr
an

gi
an

fo
r
th
e
co
ns
tr
ai
ne
d
pr
ob

le
m

(2
0)

l(
u
1
,u

2
,µ

1
,µ

2
)

=
1 2

∥ ∥ ∥ ∥( u
1

u
2

)
−
( θ

1 θ 2

)∥ ∥ ∥ ∥
2 2

+
µ
1

(δ
−
u
1
u
2
)
−
µ
2
u
1
.

A
lo
ng

w
it
h
th
e
pr
im

al
co
ns
tr
ai
nt
s,

th
e
K
ar
us
h-
K
uh

n-
T
uc
ke
r
op

ti
m
al
it
y
co
nd

it
io
ns

ar
e

∂
l

∂
u
1

=
u
1
−
θ 1
−
µ
1
u
2
−
µ
2

=
0,

(2
1)

∂
l

∂
u
2

=
u
2
−
θ 2
−
µ
1
u
1

=
0,

(2
2)

µ
1
≥

0
,

µ
1

(δ
−
u
1
u
2
)

=
0
,

µ
2
≥

0
,

µ
2
u
1

=
0.

W
e
no

w
pr
oc
ee
d
w
it
h
th
e
po

ss
ib
le

ca
se
s.

C
as
e
1.

µ
1

=
µ
2

=
0:

In
th
is

ca
se

w
e
ha

ve
(u

1
,u

2
)

=
(θ

1
,θ

2
)
an

d
th
is

re
su
lt

w
ou

ld
on

ly
be

ac
ce
pt
ab

le
w
he
n

u
1
u
2
≥
δ
an

d
u
1
≥

0
.

C
as
e
2.

µ
1

=
0,
u
1

=
0:

In
th
is
ca
se

th
e
fir
st

fe
as
ib
ili
ty

co
ns
tr
ai
nt

of
(2
0)

re
qu

ir
es

th
at
δ
≤

0,
w
hi
ch

is
no

t
a
po

ss
ib
ili
ty

C
as
e
3.

δ
−
u
1
u
2

=
0,
u
1

=
0:

Si
m
ila

r
to

th
e
pr
ev
io
us

ca
se
,t

hi
s
ca
nn

ot
ha

pp
en

w
he
n
δ
>

0.
C
as
e
4.

µ
2

=
0,
δ
−
u
1
u
2

=
0:

In
th
is

ca
se

w
e
ha

ve
δ

=
u
1
u
2
,c

om
bi
ni
ng

w
hi
ch

w
it
h
(2
2)

yi
el
ds
δ

=
(θ

2
+
µ
1
u
1
)u

1
,o

r

µ
1

=
δ
−
θ 2
u
1

u
2 1

.
(2
3)

Si
m
ila

rl
y,

(2
1)

yi
el
ds

u
1

=
θ 1

+
µ
1
(θ

2
+
µ
1
u
1
).

(2
4)

Si
nc
e
th
e
co
nd

it
io
n
δ

=
u
1
u
2
re
qu

ir
es

th
at
u
1
>

0
,µ

1
ca
n
be

el
im

in
at
ed

be
tw

ee
n
(2
3)

an
d

(2
4)

to
ge
ne

ra
te

th
e
fo
llo

w
in
g
fo
rt
h
or
de

r
po

ly
no

m
ia
le

qu
at
io
n
in

te
rm

s
of
u
1
:

u
4 1
−
θ 1
u
3 1

+
δθ

2
u
1
−
δ2

=
0.

A
ft
er

so
lv
in
g
th
is

fo
ur
th

or
de

r
po

ly
no

m
ia
le

qu
at
io
n,

w
e
pi
ck

th
e
re
al

ro
ot
u
1
w
hi
ch

ob
ey
s

u
1
≥

0,
δ
−
θ 2
u
1
≥

0.
(2
5)

N
ot
e
th
at

th
e
se
co
nd

in
eq
ua

lit
y
in

(2
5)

w
ar
ra
nt
s
no

n-
ne

ga
ti
ve

va
lu
es

fo
r
µ
1
th
an

ks
to

(2
3)
.

A
ft
er

pi
ck
in
g
th
e
ri
gh

t
ro
ot
,w

e
ca
n
ex
pl
ic
it
ly

ob
ta
in
µ
1
us
in
g
(2
4)

an
d
ca
lc
ul
at
e
th
e
u
2
us
in
g

(2
2)
.
T
he

re
su
lt
in
g

(u
1
,u

2
)
pa

ir
pr
es
en
ts

th
e
so
lu
ti
on

to
(2
0)
,a

nd
fin

di
ng

su
ch

pa
ir
fo
r
ev
er
y

`
pr
ov

id
es

th
e
so
lu
ti
on

to
(1
9)
.
T
ha

nk
s
to

th
e
de
co
up

lin
g
of

th
e
pr
oj
ec
ti
on

st
ep

in
`,

th
e

u
-u
pd

at
e
ca
n
en

jo
y
a
pa

ra
lle
lc

om
pu

ti
ng

fr
am

ew
or
k.
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

3.
E
xp

er
im

en
ts

an
d

A
p
p
li
ca

ti
on

W
e
no

w
pr
es
en
tn

um
er
ic
al

ex
pe

ri
m
en
ts

th
at

ve
ri
fy

th
e
re
co
ve
ry

gu
ar
an

te
e
fo
rb

ili
ne
ar

in
ve
rs
io
n

fr
om

ph
as
el
es
s
Fo

ur
ie
r
m
ea
su
re
m
en
ts

by
pr
og
ra
m

(8
).

W
e
co
ns
id
er

th
e
no

is
el
es
s
ca
se

w
it
h

i.i
.d
.
G
au

ss
ia
n
m
at
ri
ce
s
B

an
d
C
.
In

F
ig
ur
e
2
w
e
pr
es
en
t
th
e
ph

as
e
po

rt
ra
it

as
so
ci
at
ed

w
it
h
th
e
pr
op

os
ed

co
nv

ex
fr
am

ew
or
k.

T
o
ob

ta
in

th
e
di
ag
ra
m

on
th
e
le
ft

pa
ne
l,
fo
r
ea
ch

fix
ed

va
lu
e
of
m
,w

e
ru
n
th
e
al
go
ri
th
m

fo
r
10
0
di
ffe

re
nt

co
m
bi
na

ti
on

s
of
n
an

d
k
,e

ac
h
ti
m
e

us
in
g
in
de
pe

nd
en
tl
y
ge
ne
ra
te
d
G
au

ss
ia
n
m
at
ri
ce
s
B

an
d
C
.
If

th
e
al
go
ri
th
m

co
nv

er
ge
s
to

a
su
ffi
ci
en
tl
y
cl
os
e
ne
ig
hb

ou
rh
oo

d
of

th
e
gr
ou

nd
-t
ru
th

so
lu
ti
on

(a
re
la
ti
ve

er
ro
r
of

le
ss

th
an

1%
w
it
h
re
sp
ec
t
to

th
e
` 2

no
rm

),
w
e
la
be

lt
he

ex
pe

ri
m
en
t
as

su
cc
es
sf
ul
.
F
ig
ur
e
2
sh
ow

s
th
e

co
lle

ct
ed

su
cc
es
s
fr
eq
ue

nc
ie
s,

w
he

re
so
lid

bl
ac
k
co
rr
es
po

nd
s
to

10
0%

su
cc
es
s
an

d
so
lid

w
hi
te

co
rr
es
po

nd
s
to

0%
su
cc
es
s.

Fo
r
an

em
pi
ri
ca
lly

se
le
ct
ed

co
ns
ta
nt
c,

th
e
su
cc
es
s
re
gi
on

al
m
os
t

pe
rf
ec
tl
y
st
an

ds
on

th
e
le
ft

si
de

of
th
e
lin

e
n

+
k

=
cm

lo
g
−
2
m
.
T
he

re
su
lt
s
in
di
ca
te

th
at

th
e
co
ns
ta
nt
s
in

th
e
T
he

or
em

ar
e
no

t
un

re
as
on

ab
ly

la
rg
e
in

pr
ac
ti
ce
.

W
hi
le

th
e
an

al
ys
is

in
th
is

pa
pe

r
is

sp
ec
ifi
ca
lly

fo
cu
se
d
on

th
e
G
au

ss
ia
n
su
bs
pa

ce
em

-
be

dd
in
gs

fo
r
w

an
d
x
,
w
e
ad

di
ti
on

al
ly

co
ns
id
er

th
e
ca
se

w
he
re
B

is
de
te
rm

in
is
ti
c
an

d
C

is
G
au

ss
ia
n.

Sp
ec
ifi
ca
lly
B

w
ill

be
an

eq
ui
sp
ac
ed

sa
m
pl
in
g
of

th
e
co
lu
m
ns

of
th
e
id
en
ti
ty

m
at
ri
x.

O
n
th
e
ri
gh

t
pa

ne
lo

f
F
ig
ur
e
2,

w
e
ha

ve
pl
ot
te
d
th
e
ph

as
e
di
ag
ra
m

fo
r
th
is

ca
se

of
de

te
rm

in
is
ti
c
B

an
d
ra
nd

om
C
.
T
he

se
re
su
lt
s
hi
nt

th
at

th
e
co
nv

ex
fr
am

ew
or
k
is

ap
pl
ic
ab

le
to

m
or
e
re
al
is
ti
c
de

te
rm

in
is
ti
c
su
bs
pa

ce
m
od

el
s.

n
+
k

m

n
+
k

m

F
ig
ur
e
2:

P
ha

se
po

rt
ra
it
s
hi
gh

lig
ht
in
g
th
e
fr
eq
ue

nc
y
of

su
cc
es
sf
ul

re
co
ve
ri
es

of
th
e
pr
op

os
ed

co
nv

ex
pr
og
ra
m

fo
r
ra
nd

om
an

d
de
te
rm

in
is
ti
c
ch
an

ne
l
su
bs
pa

ce
s
(s
ee

th
e
te
xt

fo
r
th
e

ex
pe

ri
m
en
t
de

ta
ils
).

W
e
do

no
t
w
an

t
to

gi
ve

th
e
re
ad

er
th
e
im

pr
es
si
on

th
at

th
e
pr
es
en
t
pa

pe
r
so
lv
es

th
e

pr
ob

le
m

of
bl
in
d
de
co
nv

ol
ut
io
na

l
ph

as
e
re
tr
ie
va
l
in

pr
ac
ti
ce
.
T
he

nu
m
er
ic
al

ex
pe

ri
m
en
ts

w
e
pe

rf
or
m

do
in
de
ed

sh
ow

ex
ce
lle

nt
ag
re
em

en
t
w
it
h
th
e
th
eo
re
m

in
th
e
ca
se

of
ra
nd

om
su
bs
pa

ce
s.

Su
ch

su
bs
pa

ce
s
ar
e
un

lik
el
y
to

ap
pe

ar
in

pr
ac
ti
ce
,
an

d
ty
pi
ca
lly

ap
pr
op

ri
at
e

su
bs
pa

ce
s
w
ou

ld
bo

th
be

de
te
rm

in
is
ti
c,

in
cl
ud

in
g
pa

rt
ia
l
D
is
cr
et
e
C
os
in
e
T
ra
ns
fo
rm

s
or

pa
rt
ia
lD

is
cr
et
e
W
av
el
et

T
ra
ns
fo
rm

s.
N
um

er
ic
al

ex
pe

ri
m
en
ts
,n

ot
sh
ow

n,
in
di
ca
te

th
at

ou
r

co
nv

ex
re
la
xa

ti
on

is
le
ss

eff
ec
ti
ve

fo
r
th
e
ca
se
s
of

th
es
e
do

ub
ly

de
te
rm

in
is
ti
c
su
bs
pa

ce
s.

W
e

su
sp
ec
t
th
is

is
du

e
to

th
e
fa
ct

th
at

th
e
su
bs
pa

ce
s
fo
r
bo

th
m
ea
su
re
m
en
ts

sh
ou

ld
be

m
ut
ua

lly
in
co
he
re
nt
,i
n
ad

di
ti
on

to
bo

th
be

in
g
in
co
he
re
nt

w
it
h
re
sp
ec
t
to

th
e
Fo

ur
ie
r
ba

si
s
gi
ve
n
by

th
e

m
ea
su
re
m
en
ts
.
A
s
w
it
h
th
e
in
it
ia
lr
ec
ov
er
y
th
eo
ry

fo
r
th
e
pr
ob

le
m
s
of

co
m
pr
es
se
d
se
ns
in
g
an

d
ph

as
e
re
tr
ie
va
l,
w
e
ha

ve
st
ud

ie
d
th
e
ra
nd

om
ca
se

in
or
de
r
to

sh
ow

in
fo
rm

at
io
n
th
eo
re
ti
ca
lly

op
ti
m
al

sa
m
pl
e
co
m
pl
ex
ity

is
po

ss
ib
le

by
effi

ci
en
t
al
go
ri
th
m
s.

B
as
ed

on
th
is

w
or
k,

it
is

cl
ea
r

th
at

bl
in
d
de

co
nv

ol
ut
io
na

lp
ha

se
re
tr
ie
va
li
s
st
ill

a
ve
ry

ch
al
le
ng

in
g
pr
ob

le
m

in
th
e
pr
es
en

ce
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B
lin

d
D

eco
n
vo

lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

of
determ

inistic
m
atrices,and

one
for

w
hich

developm
ent

of
convex

or
non-convex

m
ethods

m
ay

provide
substantialprogress

in
applications.

In
fact,w

e
are

stillfar
from

phase
retrieval,

and
blind

deconvolution
problem

s
individually

in
their

naturaland
practicalsettings.

T
he

form
ulation

(1)
is
general,and

the
subspace

assum
ptions

on
w

and
x
only

cover
som

e
applied

scenarios.
T
here

are
som

e
recent

articles
(K

uo
et

al.,2019;Zhang
et

al.,2018)
that,though

study
the

blind
deconvolution

or
phase

retrievalindividually,m
ake

som
e
advances

in
going

beyond
the

subspace
m
odelto

arguably
m
ore

realistic
signalm

odels
in

realapplications.

3.1.
R
elated

R
eal-W

orld
A
p
p
lication

s

A
s
discussed

earlier,the
proposed

fram
ew

ork
addresses

a
generalversion

ofthe
phase

retrieval,
w
here

as
a
result

ofthe
light

propagation
through

a
m
edium

,the
rays

are
convolved

w
ith

an
unknow

n
kernel.

A
side

from
this

generalsetup,in
this

section
w
e
w
illpoint

out
tw

o
specific

physicalproblem
s,solving

w
hich

requires
sim

ultaneously
addressing

variants
of

the
phase

retrievaland
blind

deconvolution
problem

s.

3.1.1.
S
t
y
lized

A
pplic

at
io

n
in

V
isible

L
ig

h
t

C
o
m

m
u
n
ic

at
io

n
s

A
s
discussed

in
the

body
of

the
paper,

an
im

portant
application

dom
ain

w
here

blind
deconvolution

from
phaseless

Fourier
m
easurem

ents
arises

is
the

visible
light

com
m
unication

(V
LC

).A
stylized

V
LC

setup
is

show
n
in

F
igure

3.
A

m
essage

m
∈
R
n
is

to
be

transm
itted

using
visible

light.
T
he

m
essage

is
first

coded
by

m
ultiplying

it
w
ith

a
tallcoding

m
atrix

C
∈
R
m
×
n
and

the
resultant

inform
ation

x
=
C
m

is
m
odulated

on
a
light

w
ave.

T
he

light
w
ave

propagates
through

an
unknow

n
m
edia.

T
his

propagation
can

be
m
odelled

as
a

convolution
x
~
w

of
the

inform
ation

signal
x
w
ith

unknow
n
channel

w
∈
R
m
.
T
he

vector
w

contains
channeltaps,and

frequently
in

realistic
applications

has
only

few
significant

taps.
In

this
case,one

can
m
odel

w
≈
B
h
,

w
here

h
∈
R
k
is

a
short

(k
�

m
)
vector,

and
B
∈
R
m
×
k
in

this
case

is
a
subset

of
the

colum
ns

of
an

identity
m
atrix.

G
enerally,

the
m
ultipath

channels
are

w
ell

m
odelled

w
ith

non-zero
taps

in
top

locations
of
w
.
In

that
case,

B
is

exactly
know

n
to

be
the

top
few

colum
ns

of
the

identity
m
atrix.

In
visible

light
com

m
unication,

there
is

alw
ays

a
diffi

culty
associated

w
ith

m
easuring

phase
inform

ation
in

the
received

light.
F
igure

3
show

s
a
setup,

w
here

w
e
m
easure

the
phaseless

Fourier
transform

(light
through

the
lens)

of
this

signal.
T
he

m
easurem

ents
are

therefore

ỹ
=
|F

(B
h
~
C
m

)|,

and
one

w
ants

to
recover

m
,and

h
given

the
know

ledge
of
B

and
the

coding
m
atrix

C
.
Since

w
e
chose

C
to

be
random

G
aussian,and

B
is

the
colum

ns
of

identity.
A
s
m
entioned

at
the

end
ofthe

num
erics

section
that

w
ith

this
subspace

m
odel,w

e
obtain

sim
ilar

recovery
results

as
one

w
ould

have
for

both
B
,and

C
being

random
G
aussian.

T
he

proposed
convex

program
solves

this
diffi

cult
inverse

problem
and

recovers
the

true
solution

w
ith

these
subspace

m
odels.
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

→
signalbeam

lens

m
edia

F
igure

3:
V
isible

light
com

m
unication

opticalsetup;the
m
edia

block
norm

ally
consists

of
phosphor,

filter
and

a
linear

polarizer.
T
he

lens
takes

the
Fourier

transform
of

the
light

and
one

can
only

m
easure

the
intensity

only
m
easurem

ents
of

this
transform

ed
light

source
signal.

3.1.2.
C

ry
sta

llo
g
r
a
ph

y

In
crystallography,the

lattice
structuralinform

ation
is
carried

in
the

electron
density

function
of

the
crystal,w

hich
m
ay

be
represented

as

ρ
(x

)
=
∑y∈
S

ρ
c (x
−
y

).
(26)

H
ere,

ρ
c (x

)
is

a
com

pactly
supported

centralm
otif,and

S
is

a
finite,but

large
com

pact
set

oftranslation
vectors.

In
a
sense,the

electron
density

function
is
the

result
ofconvolving

the
centralm

otif
w
ith

the
indicator

of
the

set
S
.

D
enoting

the
Fourier

transform
s
of
ρ
(x

)
and

ρ
c (x

)
by

ρ̂
(ω

)
and

ρ̂
c (ω

),
sim

ilar
to

the
other

phase
retrieval

problem
s,

X
-ray

experim
ents

m
easure

the
m
agnitude

of
the

Fourier
transform

of
ρ̂
(ω

),w
hich

can
be

w
ritten

as

ρ̂
(ω

)
=
∑y∈
S

ex
p

(−
i2π〈x

,ω〉)
ρ̂
c (ω

).

Identifying
the

m
otif

ρ̂
c (ω

)
and

the
set

S
,using

m
easurem

ents
ofthe

form
|ρ̂
c (ω

)| 2
w
ould

be
a
problem

w
hich

involves
sim

ultaneously
addressing

a
phase

retrievaland
blind

deconvolution
problem

.
T
he

reader
is

referred
to

(E
lser

et
al.,2017)

and
the

references
therein

for
m
ore

details
of

the
underlying

physics
and

m
easurem

ent
system

.

4.
P

roof
of

T
h
eorem

2

A
s
show

n
in

A
ppendix

A
,the

hyperbolic
feasible

set{
(H

,M
)

:
1m
〈b
` b ∗` ,H

〉〈c
` c ∗` ,M

〉≥
y
2` }

is
convex

in
(H

,M
),

how
ever,

the
corresponding

constraint
function

2
f
◦` (H

,M
)

=
y
2` −

1m
〈b
` b ∗` ,H

〉〈c
` c ∗` ,M

〉
is
a
non-convex

function
of

(H
,M

).
In

the
analysis

later,it
is
easier

to
w
ork

w
ith

convex
constraint

functions
instead;therefore,w

e
replace

the
function

f
◦` (H

,M
)

2.
W

e
w

illabuse
the

notation
by

specifying
the

sam
e

using
(u
` ,v

` )
as

param
eters,i.e.,

f
◦(u

` ,v
` )

=
y
2` −

1m
u
` v
` ,

w
here

recallthat
u
`
=
〈b
` b
∗` ,H
〉,and

v
`
=
〈c
` c
∗` ,M

〉
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B
li

n
d

D
ec

o
n
vo

lu
ti

o
n
a
l

P
h
a
se

R
et

r
ie

va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

ab
ov
e
w
it
h
a
co
nv

ex
co
un

te
rp
ar
t
w
ho

se
0-
le
ve
l-s

et
is
th
e
sa
m
e
un

de
r
th
e
ad

di
ti
on

al
co
ns
tr
ai
nt
s

th
at
H

<
0
an

d
M

<
0
:

f `
(H

,M
)

:=

γ
`(
H
,M

)

(
√

4
y
2 `

+
1 m

(〈
b
`b
∗ `,
H
〉−
〈c
`c
∗ `,
M
〉)

2
−

1 √
m

(〈
b
`b
∗ `,
H
〉+
〈c
`c
∗ `,
M
〉)
)
,

(2
7)

w
he

re γ
`(
H
,M

)
:=

    
m

in
{ 1
,
〈b
`
b
∗ `,
H̃
〉+
〈c
`
c
∗ `,
M̃
〉

2

}
,

√
4
y
2 `
+

1 m
(〈
b
`
b
∗ `,
H
〉−
〈c
`
c
∗ `,
M
〉)

2

1 √
m
(〈
b
`
b
∗ `,
H
〉+
〈c
`
c
∗ `,
M
〉

≤
1

〈b
`
b
∗ `,
H̃
〉+
〈c
`
c
∗ `,
M̃
〉

2
,

ot
he

rw
is
e.

(2
8)

is
a
sc
al
ar

ch
os
en

to
no

rm
al
iz
e
th
e
gr
ad

ie
nt
s
co
m
pu

te
d
be

lo
w
.
R
ec
al
lt
ha

t
y
2 `

=
ỹ
2 `
(1

+
ξ `

).
It

is
no

w
ea
sy

to
ch
ec
k
th
at

fe
as
ib
le

se
ts

dr
aw

n
by

th
e
co
nv

ex
an

d
no

n-
co
nv

ex
fu
nc
ti
on

s
ar
e

eq
ua

l
un

de
r
th
e
ad

di
ti
on

al
co
ns
tr
ai
nt

of
u
`

=
〈b
`b
∗ `,
H
〉≥

0
,
an

d
v `

=
〈c
`c
∗ `,
M
〉≥

0
fo
r

ev
er
y
H

,a
nd
M

,i
.e
.,
H

<
0
,a

nd
M

<
0
,r
es
pe

ct
iv
el
y.

M
at
he

m
at
ic
al
ly
,

{ (u
`,
v `

)
|f
◦ `(
u
`,
v `

)
:=

y
2 `
−

1 m
u
`v
`
≤

0,
u
`
≥

0,
v `
≥

0
}

=
{ (u

`,
v `

)
|f

`(
u
`,
v `

)
:=

γ
`

( √
4y

2 `
+

1 m
(u
`
−
v `

)2
−

1 √
m

(u
`

+
v `

))
≤

0}
,

fo
r
an

y
γ
`
>

0
.
N
ot
e
th
at
f `

(u
`,
v `

)
≤

0
au

to
m
at
ic
al
ly

co
ns
tr
ai
ns

u
`
≥

0
an

d
v `
≥

0
.
It

is
ea
sy

to
ch
ec
k
th
at
f `

(u
`,
v `

)
is

a
co
nv

ex
fu
nc
ti
on

.
Si
nc
e
H

<
0
an

d
M

<
0
im

pl
y
th
at

u
`
≥

0,
an

d
v `
≥

0,
re
sp
ec
ti
ve
ly
,a

nd
si
nc
e
γ
`(
H
,M

)
≥

0,
w
e
ca
n
w
ri
te

th
e
ab

ov
e
co
nc
lu
si
on

in
th
e
m
at
ri
x
sp
ac
e
as

{ (H
,M

)
∈
H
k
×
k
×
H
n
×
n
∣ ∣ y

2 `
≤

1 m
〈b
`b
∗ `,
H
〉〈
c
`c
∗ `,
M
〉,
H

<
0
,
M

<
0

}
=

{ (H
,M

)
∈
H
k
×
k
×
H
n
×
n
∣ ∣ f

`(
H
,M

)
≤

0
,H

<
0
,
M

<
0

} .

In
th
e
se
qu

el
,w

e
w
ill

re
fe
r
to

f̃ `
(H

,M
)

:=

γ
`(
H
,M

)

( √
4
ỹ
2 `

+
1 m

(〈
b
`b
∗ `,
H
〉−
〈c
`c
∗ `,
M
〉)

2
−

1 √
m

(〈
b
`b
∗ `,
H
〉+
〈c
`c
∗ `,
M
〉)
)
,

w
hi
ch

is
sa
m
e
as
f `

(H
,M

)
ex
ce
pt

th
e
m
ea
su
re
m
en
ts
y
2 `
is

no
w

re
pl
ac
ed

by
co
rr
es
po

nd
in
g

no
is
el
es
s
m
ea
su
re
m
en
ts
ỹ
2 `
.
D
efi

ne
a
co
nv

ex
in
di
ca
to
r
fu
nc
ti
on

fo
r
th
e
po

si
ti
ve

se
m
id
efi

ni
te

co
ne

:

ι(
H
,M

)
:=

{
0
,

H
<

0
an

d
M

<
0

+
∞
,

ot
he

rw
is
e.

In
tr
od

uc
e
th
e
co
nv

ex
re
gu

la
ri
ze
r

J
(H

,M
)

=
T

r(
H

)
+

T
r(
M

)
+
ι(
H
,M

).
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

Fo
r
an

al
ys
is

pu
rp
os
es
,w

e
w
ill

w
or
k
w
it
h
th
e
fo
llo

w
in
g
op

ti
m
iz
at
io
n
pr
og

ra
m

m
in
im

iz
e
J

(H
,M

)
(2
9)

su
bj
ec
t
to
f `

(H
,M

)
≤

0,
`

=
1
..
.m

,

w
he

re
f `

(H
,M

)
is

gi
ve
n
by

(2
7)
.T

he
op

ti
m
iz
at
io
n
pr
og

ra
m

(2
9)

is
eq
ui
va
le
nt

to
(8
)
as

th
e

ob
je
ct
iv
e
an

d
co
ns
tr
ai
nt

se
t
re
m
ai
n
un

ch
an

ge
d.

In
th
e
an

al
ys
is

la
te
r,
w
e
w
ill

al
so

ne
ed

th
e

su
bd

iff
er
en
ti
al
∇
f̃ `
,e

va
lu
at
ed

at
(H̃

,M̃
),

w
hi
ch

ar
e
gi
ve
n
by

(1
0)
.
O
ne

ca
n
ve
ri
fy

th
at

−
1 √
m

(〈
c
`c
∗ `,
M̃
〉b
`b
∗ `,
〈b
`b
∗ `,
H̃
〉c
`c
∗ `)
∈
∇
f̃ `

(H̃
,M̃

).
(3
0)

T
o
se
e
th
is
,r

ef
er

to
a
br
ie
f
de

ri
va
ti
on

be
lo
w

∂
f̃ `

∂
H

(H̃
,M̃

)
=
γ
`(
H̃
,M̃

)(
1 m

(〈
b
`b
∗ `,
H̃
〉−
〈c
`c
∗ `,
M̃
〉)
b
`b
∗ `

√
4
ỹ
2 `

+
1 m

(〈
b
`b
∗ `,
H̃
〉−
〈c
`c
∗ `,
M̃
〉)

2
−

1 √
m
b
`b
∗ `)

=
−

1 √
m
〈c
`c
∗ `,
M̃
〉b
`b
∗ `,

w
he

re
th
e
la
st

eq
ua

lit
y
fo
llo

w
s
by

us
in
g
ỹ
2 `

=
1 m
〈b
`b
∗ `,
H̃
〉〈
c
`c
∗ `,
M̃
〉.

W
e
no

w
bu

ild
so
m
e
pr
el
im

in
ar
ie
s
re
qu

ir
ed

to
ch
ar
ac
te
ri
ze

th
e
se
t
of

de
sc
en
t
di
re
ct
io
ns

fo
r
th
e
ob

je
ct
iv
e
fu
nc
ti
on

of
th
e
op

ti
m
iz
at
io
n
pr
og
ra
m

(2
9)
.
L
et
T
h̃
,a

nd
T
m̃

be
th
e
se
t
of

sy
m
m
et
ri
c
m
at
ri
ce
s
of

th
e
fo
rm

T
h̃

:=
{X

=
h̃
z
∗

+
z
h̃
∗ }
,
T
m̃

:=
{X

=
m̃
z
∗

+
z
m̃
∗ }
,

an
d
de

no
te

th
e
or
th
og

on
al

co
m
pl
em

en
ts

by
T
⊥ h̃
,a

nd
T
⊥ m̃
,r

es
pe

ct
iv
el
y.

N
ot
e
th
at
X
∈
T
⊥ h̃

iff
bo

th
th
e
ro
w

an
d
co
lu
m
n
sp
ac
es

of
X

ar
e
pe

rp
en

di
cu

la
r
to
h̃
.
P T

h̃
de

no
te
s
th
e
or
th
og

on
al

pr
oj
ec
ti
on

on
to

th
e
se
t
T
h̃
,a

nd
a
m
at
ri
x
X

of
ap

pr
op

ri
at
e
di
m
en
si
on

s
ca
n
be

pr
oj
ec
te
d
in
to

T
h̃
as

P T
h̃
(X

)
:=

h̃
h̃
∗

‖h̃
‖2 2

X
+
X

h̃
h̃
∗

‖h̃
‖2 2

−
h̃
h̃
∗

‖h̃
‖2 2

X
h̃
h̃
∗

‖h̃
‖2 2

.

Si
m
ila

rl
y,

de
fin

e
th
e
pr
oj
ec
ti
on

op
er
at
or
P T

m̃
.
T
he

pr
oj
ec
ti
on

on
to

or
th
og

on
al

co
m
pl
em

en
ts

ar
e
th
en

si
m
pl
y
P T
⊥ h̃

:=
I−
P T

h̃
,a

nd
P T
⊥ m̃

:=
I−
P T

m̃
,w

he
re
I
is
th
e
id
en
ti
ty

op
er
at
or
.
W
e
us
e

X
T
h̃
as

a
sh
or
th
an

d
fo
r
P T

h̃
(X

).
Le

t
(W

1
,W

2
)
∈
H
k
×
k
×
H
n
×
n
,a

nd
(W

1
,T
⊥ h̃
,W

2
,T
⊥ m̃

)
:=

(P
T
⊥ h̃

(W
1
),
P T
⊥ m̃

(W
2
))
.

T
he

su
bg

ra
di
en
t
∂
J

(H
,M

)
of

th
e
ob

je
ct
iv
e
J

(H
,M

)
at

th
e

pr
op

os
ed

so
lu
ti
on

(H̃
,M̃

)
is

∂
J

(H̃
,M̃

)
=
{ G
∈
H
k
×
k
×
H
n
×
n
∣ ∣ G

=
(

H̃
‖H̃
‖ F
,

M̃
‖M̃
‖ F

)
+

(W
1
,T
⊥ h̃
,W

2
,T
⊥ m̃

),
λ
m
a
x
(W

1
,T
⊥ h̃
,W

2
,T
⊥ m̃

)
≤

1
} ,

(3
1)

fo
r
de

ta
ils
;s

ee
,S

ec
ti
on

8.
6
in

T
ro
pp

(2
01

5)
,a

nd
re
fe
re
nc

es
th
er
ei
n.

G
iv
en

th
e
m
ea
su
re
m
en
ts

(5
),

on
e
ca
n
on

ly
id
en
ti
fy

th
e
tr
ue

so
lu
ti
on

(H
\ ,
M

\ )
up

to
th
e

bi
lin

ea
r
sc
al
in
g
am

bi
gu

it
y.

T
o
fo
rm

al
iz
e
th
is
,b

eg
in

by
de

fin
in
g
a
se
t

N
:=
{(
H
,M

)
∈
H
k
×
k
×
H
n
×
n
∣ ∣ (
H
,M

)
=
β

(−
H̃
,M̃

),
β
∈
R
},

(3
2)

14
JM

L
R

 2
0(

15
7)

:1
-2

8,
 2

01
9



B
lin

d
D

eco
n
vo

lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

and
denote

by
(H̃

,M̃
)⊕
N

a
setN

shifted
by

a
point

(H̃
,M̃

).
M
athem

atically,

(H̃
,M̃

)⊕
N

=
{
(H

,M
)∈
H
k×

k×
H
n×

n
∣∣

(H
,M

)
=

((1−
β

)H̃
,(1

+
β

)M̃
),β
∈
R}
.

(33)

W
e
w
illrefer

to
this

set
as

the
linearized

globalscaling
of

(H̃
,M̃

).
T
he

m
ain

argum
ent

of
stable

recovery
in

the
noisy

case
is

sum
m
arized

as
follow

s:
Let

N
⊥

:=
{(H

,M
)∈
H
k×

k×
H
n×

n
∣∣〈H

,−
H̃
〉

+
〈M

,M̃
〉

=
0}

be
the

orthogonalcom
plem

ent
ofthe

subspaceN
.
T
he

fi
rst

step
consists

ofshow
ing

that
any

feasible
perturbation

(δH
,δM

)∈
N
⊥
about

the
linearized

scaling
am

biguity
(H̃

,M̃
)⊕
N

cannot
be

too
large.

T
his

only
show

s
that

a
large

perturbation
in

the
N
⊥

direction
is

not
allow

ed,
how

ever,
the

m
ovem

ent
aw

ay
from

the
ground

truth
(H̃

,M̃
)
along

the
line

(H̃
,M̃

)⊕
N

can
stillbe

arbitrarily
large.

In
the

secon
d
step

,
w
e
note

that
the

straight
line

(H̃
,M̃

)⊕
N

touches
(in

the
noiseless

case)
the

hyperbolic
feasible

set
at

(H̃
,M̃

),and
diverges

aw
ay

from
it

as
w
e
deviate

aw
ay

(large
β)

from
the

point
( H̃

,M̃
)
along

the
line

(H̃
,M̃

)⊕
N
.
H
ow

ever,
m
oving

too
far

aw
ay

along
the

line
(H̃

,M̃
)⊕
N

w
ould

m
ake

it
im

possible
to

jum
p
back

into
the

hyperbolic
feasible

region
w
hile

not
exceeding

the
allow

ed
leap

length
in

theN
⊥
direction

prescribed
in

the
firststep.

T
hisallow

susto
controldeviations

from
(H̃

,M̃
)
along

(H̃
,M̃

)⊕
N

as
w
ell.

C
om

bining
the

lim
ited

allow
ed

deviations
both

in
N
,and

N
⊥
from

the
ground

truth
( H̃

,M̃
)
enables

us
to

show
that

program
recovers

a
solution

(Ĥ
,M̂

)
in

the
neighbourhood

of
(H̃

,M̃
).

In
the

noiseless
case,the

sam
e
argum

ent
leads

to
an

exact
recovery

result.
W
e
now

form
ally

proceed
w
ith

the
proof

argum
ent.

T
he

setQ
of

descent
directions

only
in
N
⊥
of

the
objective

function
in

(29)
is

characterized
as

follow
s

{
(δH

,δM
)∈
N
⊥
∣∣ 〈(G

,(δH
,δM

) 〉≤
0
,∀
G
∈
∂J

(H̃
,M̃

) }
⊆

{
(δH

,δM
)∈
N
⊥

∣∣∣∣ 〈 (
H̃
‖
H̃
‖
F
,

M̃
‖
M̃
‖
F )

,(δH
T
h̃ ,δM

T
m̃

) 〉
+

T
r(δH

T
⊥h̃
,δM

T
⊥m̃

)≤
0 }
⊆

{
(δH

,δM
)∈
N
⊥
∣∣

T
r(δH

T
⊥h̃
,δM

T
⊥m̃

)≤
√

2‖
(δH

T
h̃ ,δM

T
m̃

)‖
F }

=
:Q

,
(34)

w
here

the
first

set
containm

ent
follow

s
by

using
〈(W

1
,T
⊥h̃
,W

2
,T
⊥m̃

),(δH
T
⊥h̃
,δM

T
⊥m̃

)〉
≤

T
r(δH

T
⊥h̃
,δM

T
⊥m̃

),w
hich

follow
s
from

λ
m
a
x (W

1
,T
⊥h̃
,W

2
,T
⊥m̃

)≤
1,and

(δH
T
⊥h̃
,δM

T
⊥m̃

)<
0

as
any

feasible
perturbation

m
ust

obey
(H̃

+
δH

,M̃
+
δM

)<
0.

Last
containm

ent
sim

ply
uses

C
auchy-Schw

artz
inequality,and

the
fact

that
∥∥∥∥ (

H̃
‖
H̃
‖
F
,

M̃
‖
M̃
‖
F ) ∥∥∥∥

F

=
√

2.

W
e
quantify

the
"w

idth"
of

the
set

of
descent

directions
Q

through
a
R
adem

acher
com

plexity,
and

a
probability

that
the

gradients
∇
f̃
`
in

(30)
of

the
constraint

functions
of

(29)
lie

in
a
certain

half
space.

T
his

enables
us

to
build

an
argum

ent
using

the
sm

all
ball

m
ethod

(K
oltchinskii

and
M
endelson,

2015;
M
endelson,

2014)
that

it
is

unlikely
to

have
points

that
m
eet

the
constraints

in
(29)

and
stillbe

in
Q
.
B
efore

m
oving

forw
ard,w

e
introduce

the
above

m
entioned

R
adem

acher
com

plexity
and

probability
term

.
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

For
a
setQ

⊂
(H

k×
k,H

n×
n
),the

R
adem

acher
com

plexity
ofthe

gradients∇
f̃
`
in

(30)
is

defined
as

C
(Q

)
:=
E

su
p

(H
,M

)∈Q

m
∑`=

1

ε
` 〈∇

f̃
` ,

(H
,M

)
‖
(H

,M
)‖
F 〉

,
(35)

w
here

ε
` ,
`

=
1
...m

are
iid

R
adem

acher
random

variables
independent

ofeverything
else

in
the

expression.
For

a
convex

setQ
,
C

(Q
)
is

a
m
easure

of
the

w
idth

ofQ
around

origin
in

term
s
ofthe

gradients∇
f̃
` ,
`

=
1
...m

.
For

exam
ple,random

choice
ofgradient

m
ight

yield
little

overlap
w
ith

a
structured

setQ
leading

to
a
sm

aller
com

plexity
Q
.

O
ur

result
also

depends
on

a
probability

p
τ (Q

)
and

a
positive

param
eter

τ
defined

as

p
τ (Q

)
:=

in
f

(H
,M

)∈Q
P (〈∇

f̃
,(H

,M
)〉≥

τ
√
m
‖
(H

,M
)‖
F )
.

(36)

T
he

probability
p
τ (Q

)
quantifies

visibility
of

the
setQ

through
the

gradient
vectors 3∇

f̃.
A

sm
allvalue

of
τ
and

p
τ (Q

)
m
eans

that
the

setQ
m
ainly

rem
ains

invisible
through

the
lenses

of∇
f̃
` ,`

=
1,2,3,...,m

.
T
his

can
be

appreciated
just

by
noting

that
p
τ (Q

)
depends

on
the

correlation
of

the
elem

ents
ofQ

w
ith

the
gradient

vectors∇
f̃
` .

T
he

follow
ing

lem
m
a
show

s
that

the
m
inim

izer
of

(29)
alm

ost
alw

ays
resides

in
the

desired
set

(H̃
,M̃

)⊕
N

for
a
suffi

ciently
large

m
quantified

interm
s
of

C
(Q

),
p
τ (Q

),and
τ.

L
em

m
a
4

G
iven

the
noisy

m
easurem

ents
(5),

w
here

the
additive

noise
ξ
obeys

(6).
For

signalrecovery,
consider

the
optim

ization
program

in
(29),

and
letQ

,
characterized

in
(34),

be
the

set
of

descent
directions

for
w
hich

C
(Q

),
and

p
τ (Q

)
can

be
determ

ined
using

(35)
and

(36).
C
hoose

m
≥
(

2
C

(Q
)

+
tτ

τ
p
τ
(Q

)

)
2

for
any

t
>

0.
T
hen

the
m
inim

izer
(Ĥ

,M̂
)
of

(29)
satisfies

‖(Ĥ
,M̂

)−
(H̃

,M̃
)‖

2F
≤

4
4
2‖
ξ‖∞

(‖H̃
‖
2F

+
‖
M̃
‖
2F )

w
ith

probability
at

least
1−

e −
2
m
t
2.

P
roof

of
this

lem
m
a
is

based
on

sm
allballm

ethod
developed

in
K
oltchinskiiand

M
endelson

(2015);M
endelson

(2014)
and

further
studied

in
Lecué

et
al.(2018);Lecué

and
M
endelson

(2017).
T
he

proof
is

repeated
using

the
argum

ent
in

B
ahm

aniand
R
om

berg
(2017a),and

is
provided

in
the

supplem
entary

m
aterialfor

com
pleteness.

L
em

m
a
4
proves

that
under

the
choice

of
m

outlined
in

L
em

m
a
4,

the
optim

ization
program

(8)
recovers

( H̃
,M̃

)
exactly

in
the

noiseless
case

ξ
=

0,and
stably

in
the

noisy
case.

T
he

last
m
issing

piece
in

the
proof

of
T
heorem

2
is

to
quantify

the
R
adem

acher
com

plexity
C

(Q
),and

p
τ (Q

)
for

theQ
appearing

in
the

m
easurem

ent
bound.

3.
W

e
drop

the
subscript

`
here

as∇
f̃
` ,
`
=

1
...m

are
identically

distributed

16
JM

L
R

 20(157):1-28, 2019



B
li

n
d

D
ec

o
n
vo

lu
ti

o
n
a
l

P
h
a
se

R
et

r
ie

va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

4.
1.

R
ad

em
ac
h
er

C
om

p
le
xi
ty

W
e
be

gi
n
w
it
h
ev
al
ua

ti
on

of
th
e
co
m
pl
ex
it
y
C

(Q
)

C
(Q

)
:=
E

su
p

(δ
H
,δ
M

)∈
Q

m ∑ `=
1

ε `

〈 ∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉

Sp
lit
ti
ng

(δ
H
,δ
M

)
be

tw
ee
n

(T
h̃
,T

m̃
),

an
d

(T
⊥ h̃
,T
⊥ m̃

),
an

d
us
in
g
H
ol
de
r’
s
in
eq
ua

lit
ie
s,

w
e

ob
ta
in

C
(Q

)
≤

E∥ ∥ ∥
1 √
m

m ∑ `=
1

ε `
(〈
c
`c
∗ `,
M̃
〉P

T
h̃
(b
`b
∗ `)
,〈
b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)

)∥ ∥ ∥ F
·

su
p

(δ
H
,δ
M

)∈
Q

∥ ∥ ∥ ∥(δ
H
T
h̃
,δ
M

T
m̃
)

‖(
δ
H
,δ
M

)‖
F

∥ ∥ ∥ ∥ F

+
E∥ ∥ ∥

1 √
m

m ∑ `=
1

ε `
(〈
c
`c
∗ `,
M̃
〉b
`b
∗ `,
〈b
`b
∗ `,
H̃
〉c
`c
∗ `)
∥ ∥ ∥
·

su
p

(δ
H
,δ
M

)∈
Q

∥ ∥ ∥ ∥ ∥( δ
H
T
⊥ h̃
,δ
M

T
⊥ m̃

)

‖(
δ
H
,δ
M

)‖
F

∥ ∥ ∥ ∥ ∥ ∗
.

R
ec
al
l
th
at

(δ
H

T
⊥ h̃
,δ
M

T
⊥ m̃

)
<

0
,
an

d,
th
er
ef
or
e,

T
r(
δH

T
⊥ h̃
,δ
M

T
⊥ m̃

)
=
‖(
δH

T
⊥ h̃
,δ
M

T
⊥ m̃

)‖
∗.

O
n
th
e
se
t
Q
,d

efi
ne

d
in

(3
4)
,w

e
ha

ve

T
r(
δH

T
⊥ h̃
,δ
M

T
⊥ m̃

)

‖(
δH

,δ
M

)‖
F
≤
√

2

∥ ∥ ∥ ∥ ∥( δ
H

T
h̃
,δ
M

T
m̃

)

‖(
δH

,δ
M

)‖
F

∥ ∥ ∥ ∥ ∥ F
≤
√

2
.

U
si
ng

Je
ns
en

’s
in
eq
ua

lit
y,

th
e
fir
st

ex
pe

ct
at
io
n
si
m
pl
y
be

co
m
es

E∥ ∥ ∥
1 √
m

m ∑ `=
1

ε `
( 〈
c
`c
∗ `,
M̃
〉P

T
h̃
(b
`b
∗ `)
,〈
b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)
)∥ ∥ ∥
F

≤

√ √ √ √
1 m
E∥ ∥ ∥

m ∑ `=
1

ε `
( 〈
c
`c
∗ `,
M̃
〉P

T
h̃
(b
`b
∗ `)
,〈
b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)
)∥ ∥ ∥

2 F

=

√ √ √ √
1 m

m ∑ `=
1

E(
〈c
`c
∗ `,
M̃
〉‖
P T

h̃
(b
`b
∗ `)
‖2 F

+
‖〈
b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)
‖2 F
) ,

w
he

re
th
e
la
st

eq
ua

lit
y
fo
llo

w
s
by

go
in
g
th
ro
ug

h
w
it
h
th
e
ex
pe

ct
at
io
n
ov
er
ε `
’s
.
R
ec
al
lf
ro
m

th
e
de
fin

it
io
n
of

th
e
pr
oj
ec
ti
on

op
er
at
or

th
at
P T

h̃
(b
`b
∗ `)

:=
h̃
h̃
∗

‖h̃
‖2 2

b
`b
∗ `+
b
`b
∗ `
h̃
h̃
∗

‖h̃
‖2 2

−
h̃
h̃
∗

‖h̃
‖2 2

b
`b
∗ `
h̃
h̃
∗

‖h̃
‖2 2

.

It
ca
n
be

ea
si
ly

ve
ri
fie

d
th
at
‖P

T
h̃
(b
`b
∗ `)
‖2 F

=
2
|b
∗ `h̃
|2

‖h̃
‖2 2

‖b
`‖

2 2
−
|b
∗ `h̃
|4

‖h̃
‖4 2

,
an

d,
th
er
ef
or
e,

E‖
(〈
c
`c
∗ `,
M̃
〉P

T
h̃
(b
`b
∗ `)
‖2 F
≤
E|
c
∗ `m̃
|4 2
·E
( 2
|b
∗ `h̃
|2

‖h̃
‖2 2

‖b
`‖

2 2
−
|b
∗ `h̃
|4

‖h̃
‖4 2

)
≤

3‖
m̃
‖4 2

(6
k
−

3)
,

w
he
re

w
e
us
ed

a
si
m
pl
e
ca
lc
ul
at
io
n
in
vo

lv
in
g
fo
ur
th

m
om

en
ts

of
G
au

ss
ia
n
E|
b
∗ `h̃
|2 ‖
b
`‖

2 2
=

3
k
‖h̃
‖2 2
.
In

an
ex
ac
tl
y
si
m
ila

r
m
an

ne
r,

w
e
ca
n
al
so

sh
ow

th
at
‖(
〈b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)
‖2 F
≤

3
‖h̃
‖4 2

(6
n
−

3)
.
P
ut
ti
ng

th
es
e
to
ge
th
er

gi
ve
s
us

E∥ ∥ ∥
1 √
m

m ∑ `=
1

ε `
( 〈
c
`c
∗ `,
M̃
〉P

T
h̃
(b
`b
∗ `)
,〈
b
`b
∗ `,
H̃
〉P

T
m̃

(c
`c
∗ `)
)∥ ∥ ∥
F
≤

5
m

ax
(‖
h̃
‖2 2
,‖
m̃
‖2 2

)√
k

+
n
.
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0(

15
7)

:1
-2

8,
 2

01
9

A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

M
or
eo
ve
r,

E∥ ∥ ∥
1 √
m

m ∑ `=
1

ε `
( 〈
c
`c
∗ `,
M̃
〉b
`b
∗ `,
〈b
`b
∗ `,
H̃
〉c
`c
∗ `)
∥ ∥ ∥
≤

E
m

ax `
(〈
b
`b
∗ `,
H̃
〉,
〈c
`c
∗ `,
M̃
〉)
·E
∥ ∥ ∥

1 √
m

m ∑ `=
1

ε `
(b
`b
∗ `,
c
`c
∗ `)
∥ ∥ ∥.

St
an

da
rd

ne
t
ar
gu

m
en
ts
;s
ee
,f
or

ex
am

pl
e,

Se
c.

5.
4.
1
of

E
ld
ar

an
d
K
ut
yn

io
k
(2
01
2)

sh
ow

th
at

P

(
∥ ∥ ∥

1 √
m

m ∑ `=
1

ε `
(b
`b
∗ `,
c
`c
∗ `)
∥ ∥ ∥
≥
c√
k

+
n

)
≤

e−
cm
,
pr
ov
id
ed

th
at
m
≥
c(
k

+
n

).

T
hi
s
di
re
ct
ly

im
pl
ie
s
th
at
E∥ ∥ ∥

1 √
m

∑
m `=

1
ε `

(b
`b
∗ `,
c
`c
∗ `)
∥ ∥ ∥
≤
c√
k

+
n
.
T
he

ra
nd

om
va
ri
ab

le
s
u
`

an
d
v `

be
in
g
su
b-
ex
po

ne
nt
ia
lh

av
e
O
rl
ic
z-
1
no

rm
s
bo

un
de
d
by

c
m

ax
(‖
h̃
‖2 2
,‖
m̃
‖2 2

).
U
si
ng

st
an

da
rd

re
su
lt
s,

su
ch

as
L
em

m
a
3
in

va
n

de
G
ee
r
an

d
L
ed
er
er

(2
01
3)
,
w
e
th
en

ha
ve

E
m

ax
`(
u
`,
v `

)
≤
c

lo
g
m
.
P
ut
ti
ng

th
es
e
to
ge
th
er

yi
el
ds

E∥ ∥ ∥
1 √
m

m ∑ `=
1

ε `
( 〈
c
`c
∗ `,
M̃
〉b
`b
∗ `,
〈b
`b
∗ `,
H̃
〉c
`c
∗ `)
∥ ∥ ∥
≤
c

m
ax

(‖
h̃
‖2 2
,‖
m̃
‖2 2

)√
(k

+
n

)
lo

g
2
m
.

(3
7)

W
e
ha

ve
al
lt
he

in
gr
ed

ie
nt
s
fo
r
th
e
fin

al
bo

un
d
on

C
(Q

)
st
at
ed

be
lo
w

C
(Q

)
≤
c

m
ax

(‖
h̃
‖2 2
,‖
m̃
‖2 2

)√
(k

+
n

)
lo

g
2
m
.

(3
8)

4.
2.

P
ro
b
ab

il
it
y
p
τ
(Q

)

In
th
is

se
ct
io
n,

w
e
de
te
rm

in
e
th
e
pr
ob

ab
ili
ty
p
τ
(Q

),
an

d
th
e
po

si
ti
ve

pa
ra
m
et
er
τ
in

(3
6)

fo
r

th
e
se
t
Q

in
(3
4)
.
Fo

r
a
po

in
t

(δ
H
,δ
M

)
∈
Q
,a

nd
ra
nd

om
ly

ch
os
en
∇
f̃ `
,w

e
ha

ve
vi
a
th
e

P
al
ey
-Z
yg

m
un

d
in
eq
ua

lit
y
th
at

P(
∣ ∣ ∣〈
∇
f̃ `
,(
δH

,δ
M

)〉
∣ ∣ ∣2
≥

1 2
E
∣ ∣ ∣〈
∇
f̃ `
,(
δH

,δ
M

)〉
∣ ∣ ∣2
)
≥

1 4

( E
∣ ∣〈
∇
f̃ `
,(
δH

,δ
M

)〉
∣ ∣2)

2

E∣ ∣
〈 ∇

f̃ `
,(
δH

,δ
M

)〉
∣ ∣4

.

T
he

pa
rt
ic
ul
ar

ch
oi
ce

of
ra
nd

om
gr
ad

ie
nt

ve
ct
or
s
w
e
ar
e
us
in
g
is

∇
f̃ `

=
(1
/
√
m

)(
|c
∗ `m̃
|2 b

`b
∗ `,
|b
∗ `h̃
|2 c

`c
∗ `)
,

gi
vi
ng

us
〈 ∇

f̃ `
,(
δH

,δ
M

)〉
=

(1
/
√
m

)|c
∗ `m̃
|2 〈
b
`b
∗ `,
δH
〉 +
|b
∗ `h̃
|2 〈
c
`c
∗ `,
δM
〉 .

Si
nc
e
b
`,
an

d
c
`
ar
e
st
an

da
rd

G
au

ss
ia
n
ve
ct
or
s,
us
in
g
th
e
eq
ui
va
le
nc
e
of
L
p
-n
or
m
s
fo
r
G
au

ss
ia
n,

w
e
de
du

ce
th
at

( E
∣ ∣ ∣|c
∗ `m̃
|2 〈
b
`b
∗ `,
δH
〉+
|b
∗ `h̃
|2 〈
c
`c
∗ `,
δM
〉∣ ∣ ∣4
) 1

/
4

≤

c

( E
∣ ∣ ∣|c
∗ `m̃
|2 〈
b
`b
∗ `,
δH
〉+
|b
∗ `h̃
|2 〈
c
`c
∗ `,
δM
〉∣ ∣ ∣2
) 1

/
2

.
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B
lin

d
D

eco
n
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lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

P
lugging

last
tw

o
inequalities

in
(36)

reveals
that

p
τ (Q

)≥
c
>

0
(39)

for
an

absolute
constant

c.
T
o
com

pute
τ,w

e
expand

E
|〈g

` ,(δH
,δM

)〉| 2
giving

us

E
∣∣∣ |c ∗` m̃

| 2〈b
` b ∗` ,δH

〉
+
|b ∗` h̃| 2〈c

` c ∗` ,δM
〉 ∣∣∣ 2

=
3‖
m̃
‖
42 (〈diag(δH

),δH
〉

+
2‖
δH
‖
2F

)

+
3‖h̃‖

42 (〈diag(δM
),δM

〉
+

2‖δM
‖
2F

)
+

2|h̃
∗diag(δH

)h̃
+

2
h̃
∗δH

h̃| 2,
(40)

w
here

w
e
have

m
ade

use
of

m
ultiple

sim
ple

facts
including

that
E|b ∗` h̃| 4

=
3‖h̃‖

42 ,
and

sim
ilarly

for|c ∗` m̃
| 2,

and
tw

o
identities:

E|b ∗` h̃| 2b ∗` δH
b
`

=
h̃
∗diag(δH

)h̃
+

2
h̃
∗δH

h̃
,
and

E
(b ∗` δH

b
` )b

` b ∗`
=

diag(δH
)

+
2
(δH

)
=⇒

E|b ∗` δH
b
` | 2

=
〈diag(δH

),δH
〉

+
2‖
δH
‖
2F
.W

e
also

m
ade

use
ofthe

fact
thatQ

⊥
N

and
therefore〈H̃

,δH
〉−
〈M̃

,δM
〉

=
0,or

equivalently,
h̃
∗δH

h̃
=
m̃
∗δM

m̃
.

It
is

easy
to

conclude
from

(40)
now

that

E
∣∣∣ |c ∗` m̃

| 2〈b
` b ∗` ,δH

〉
+
|b ∗` h̃| 2〈c

` c ∗` ,δM
〉 ∣∣∣ 2≥

6(‖h̃‖
42 ‖
δH
‖
2F

+
‖m̃
‖
42 ‖δM

‖
2F

)

≥
c

m
in

(‖
h̃‖

22 ,‖m̃
‖
22 )(‖δH

‖
2F

+
‖
δM
‖
2F

)
=
c

m
ax

(‖
h̃‖

22 ,‖
m̃
‖
22 )(‖δH

‖
2F

+
‖δM

‖
2F

),

w
here

the
last

equality
uses

the
fact

that
T

r(H̃
)

=
T

r(M̃
)
from

(10),
w
hich

is
equivalent

to
‖
h̃‖

22
=
m̃
‖
22 .

T
his

directly
m
eans,

w
e
can

take
τ

=
c

m
ax

(‖h̃‖
22 ,‖
m̃
‖
22 ),

w
here

c
is

an
absolute

constant.
T
he

com
plexity

estim
ate

in
(38),value

of
τ
com

puted
above,and

p
τ (Q

)
stated

in
(39)

together
w
ith

an
application

of
Lem

m
a
4
prove

T
heorem

2.

5.
P

roof
of

L
em

m
a

4

T
he

proof
is

based
on

sm
allballm

ethod
developed

in
K
oltchinskiiand

M
endelson

(2015);
M
endelson

(2014)
and

further
studied

in
Lecué

et
al.(2018)

and
Lecué

and
M
endelson

(2017).
Introduce

a
one

sided
loss

function:

L
(H

,M
)

:=
1m

m
∑`=

1

[f
` (H

,M
)]+

,
(41)

w
here

(·)
+
denotes

the
positive

side,and
f
` (H

,M
)
is

a
convex

function
as

defined
in

(27).
U
sing

this
definition,w

e
rew

rite
(29)

com
pactly

as

m
inim

ize
J

(H
,M

)
(42)

subject
to
L

(H
,M

)≤
0
.

O
ur

objective
is

to
show

that
any

feasible
perturbation

(δH
,δM

)∈
Q

around
any

m
em

ber
(H

-,M
-)

of
the

linearized
global

scaling
set

( H̃
,M̃

)⊕
N

has
a
sm

all
Frobenius

norm
.

Feasibility
of

the
perturbation

im
plies

that

L (H
-+

δH
,M

-+
δM

)≤
0
.

(43)
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

E
xpand

the
sum

m
ands

[f
` (H

-+
δH

,M
-+
δM

)]+
ofthe

loss
function

L (H
-+
δH

,M
-+
δM

)

to
obtain[f

` (H
-+

δH
,M

-+
δM

)]+
=

γ
` (H

-+
δH

,M
-+

δM
) [√

4
y
2` −

1m

(〈b
` b ∗` ,H

-+
δH
〉−
〈c
` c ∗` ,M

-+
δM
〉 )

2

−
1
√
m

(〈b
` b ∗` ,H

-+
δH
〉

+
〈c
` c ∗` ,M

-+
δM
〉 ) ]

+

.

R
ecallthat

the
noisy

m
easurem

ents
y
2` ,defined

in
(5),are

related
to

the
noiseless

m
easure-

m
ents

ỹ
2`
through

y
2`

=
ỹ
2` (1

+
ξ
` ).

U
sing

this
relation

together
w
ith

triangle
inequality

gives

[f
` (H

-+
δH

,M
-+

δM
)]+

=
γ
` (H

-+
δH

,M
-+

δM
) [ √

4
ỹ
` 2−

1m

(〈b
` b ∗` ,H

-+
δH
〉−
〈c
` c ∗` ,M

-+
δM
〉 )

2

−
1
√
m

(〈b
` b ∗` ,H

-+
δH
〉

+
〈c
` c ∗` ,M

-+
δM
〉 )−

√
[−

4ỹ
2` ξ
` ]+ ]

+

≥
[f̃
` (H

-+
δH

,M
-+

δM
)]+
−

2
γ
` (H

-+
δH

,M
-+

δM
) √

[−
ỹ
2` ξ
` ]+

≥
[f̃
` (H

-+
δH

,M
-+

δM
)]+
−

2 √
[−
ỹ
2` ξ
` ]+

≥
[f̃
` (H̃

−
β
H̃

+
δH

,M̃
+
β
M̃

+
δM

)]+
−

2 √
[−
ỹ
2` ξ
` ]+

≥
[〈∇

f̃
` ,(−

β
H̃

+
δH

,β
M̃

+
δM

)〉]+
−

2 √
[−
ỹ
2` ξ
` ]+

=
[〈∇

f̃
` ,(−

β
H̃

+
δH

,β
M̃

+
δM

)〉]+
−

2 √
[−
ỹ
2` ξ
` ]+

=
[〈∇

f̃
` ,(δH

,δM
)〉]+
−

2 √
[−
ỹ
2` ξ
` ]+
,

(44)

w
here

in
the

first
inequality

follow
s
from

the
fact

that
if
a
≥

0,and
b
<

0
w
ith

a
+
b≥

0,then
√
a

+
b≥
√
a−
√
−
b
holds,and

if
a
≥

0,and
b≥

0, √
a

+
b≥
√
a
holds,the

second
inequality

uses
the

fact
that

f̃
` (H

-+
δH

,M
-+

δM
)≤

0
as

(δH
,δM

)
is

a
feasible

perturbation
of

(H
-,M

-),
and

hence
using

the
definition

(28)
it

holds
that

γ
` (H

-
+
δH

,M
-
+
δM

)≤
1,

the
third

sim
ply

uses
the

fact
that

(H
-,M

-)
∈

(H̃
,M̃

)⊕
N

is
of

the
form

(H
-,M

-)
=

((1−
β

)H̃
,(1

+
β

)M̃
)
for

som
e
β
∈
R

(M
ore

precisely,the
scalar

β
∈

[−
1,1],as

by
feasibility

H
-,and

M
-are

P
SD

),and
finally

the
last

inequality
uses

the
definition

ofsub-gradient
(30)

of
the

convex
function

f̃
` .

T
he

last
equality

uses
the

fact
that〈∇

f̃
` ,(−

H̃
,M̃

)〉
=

0.
P
lugging

the
low

er
bound

(44)
in

(43)
produces

m
∑`=

1 [〈∇
f̃
` ,(δH

,δM
)〉]+
≤

2
m
∑`=

1 √
|ỹ

2` ξ
` |≤

2
√
m

√
‖
ξ‖∞

m
∑`=

1 |b ∗` h̃||c ∗` m̃
|

≤
2 √
‖
ξ‖∞
m
‖
B
h̃‖

2 ‖C
m̃
‖
2 ≤

18 √
m
‖
ξ‖∞
‖h̃‖

2 ‖m̃
‖
2 ,

(45)
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B
li

n
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D
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r
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va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

w
he

re
th
e
se
co
nd

la
st

di
sp
la
y
fo
llo

w
s
ju
st

by
us
in
g
th
e
fa
ct

th
at
ỹ
2 `

=
1 m
〈b
`b
∗ `,
H̃
〉〈
c
`c
∗ `,
M̃
〉,

w
he
re
H̃

=
h̃
h̃
∗ ,

an
d
M̃

=
m̃
m̃
∗ ,

an
d
th
e
la
st

di
sp
la
y
si
m
pl
y
em

pl
oy

s
C
au

ch
y
Sc
hw

ar
tz
,

an
d
‖B
‖
≤

3√
m
,a

nd
‖C
‖
≤

3
√
m
,w

hi
ch

ho
ld
s
w
it
h
pr
ob

ab
ili
ty

at
le
as
t

1
−

e−
m
/
2
.

Le
t
ψ
t(
s)

:=
(s

) +
−

(s
−
t)

+
.
U
si
ng

th
e
fa
ct

th
at
ψ
t(
s)
≤

(s
) +

,a
nd

th
at

fo
r
ev
er
y
α
,t
≥

0,
an

d
s
∈
R
,ψ

α
t(
s)

=
tψ
α
(s
t
),

w
e
ha

ve

1 √
m

m ∑ `=
1

[〈
∇
f̃ `
,(
δH

,δ
M

)〉
] +
≥

1 √
m

m ∑ `=
1

ψ
τ
‖(
δ
H
,δ
M

)‖
F

(〈
∇
f̃ `
,(
δH

,δ
M

)〉
)

=
‖(
δH

,δ
M

)‖
F
·

1 √
m

m ∑ `=
1

ψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)

=
‖(
δH

,δ
M

)‖
F
·

1 √
m

[
m ∑ `=
1

Eψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
−

m ∑ `=
1

[ Eψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
−
ψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
]]
.

(4
6)

D
efi

ne
a
ce
nt
re
d
ra
nd

om
pr
oc
es
s
R

(B
,C

)
as

fo
llo

w
s

R
(B

,C
)

:=
su

p
(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

[ Eψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
−
ψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
]

an
d
an

ap
pl
ic
at
io
n
of

bo
un

de
d
di
ffe

re
nc
e
in
eq
ua

lit
y
(M

cD
ia
rm

id
,1

98
9)

yi
el
ds

th
at
R

(B
,C

)
≤

ER
(B
,C

)
+
tτ
/
√
m

w
it
h
pr
ob

ab
ili
ty

at
le
as
t

1
−

e−
2
m
t2
.
It

re
m
ai
ns

to
ev
al
ua

te
ER

(B
,C

),
w
hi
ch

af
te
r
us
in
g
a
si
m
pl
e
sy
m
m
et
ri
za
ti
on

in
eq
ua

lit
y
(v
an

de
r
V
aa
rt

an
d
W
el
ln
er
,
19
97
)

yi
el
ds

ER
(B

,C
)
≤

2
E

su
p

(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
ψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
,

(4
7)

w
he
re
ε 1
,ε

2
,.
..
,ε
m

ar
e
in
de
pe

nd
en
t
R
ad

em
ac
he
r
ra
nd

om
va
ri
ab

le
s.

U
si
ng

th
e
fa
ct

th
at

ψ
t(

0
)

=
0
,
an

d
ψ
t(
s)

is
a
co
nt
ra
ct
io
n:
|ψ
t(
α
1
)
−
ψ
t(
α
2
)|
≤
|α

1
−
α
2
|f
or

al
l
α
1
,α

2
∈
R
,
w
e

ha
ve

fr
om

th
e
R
ad

em
ac
he

r
co
nt
ra
ct
io
n
in
eq
ua

lit
y
(L

ed
ou

x
an

d
T
al
ag

ra
nd

,2
01

3)
th
at

E
su

p
(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
ψ
τ

(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
≤
E

su
p

(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉

=
E

su
p

(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 ,
(4
8)

w
he
re

th
e
la
st

eq
ua

lit
y
is

th
e
re
su
lt

of
th
e
fa
ct

th
at

a
gl
ob

al
si
gn

ch
an

ge
of

a
se
qu

en
ce

of
R
ad

em
ac
he
r
ra
nd

om
va
ri
ab

le
s
do

es
no

t
ch
an

ge
th
ei
r
di
st
ri
bu

ti
on

.
In

ad
di
ti
on

,
us
in
g
th
e

fa
ct
s
th
at
t1

(s
≥
t)
≤
ψ
t(
s)
,
an

d
th
at

ra
nd

om
ve
ct
or
s
∇
f̃ 1
,∇
f̃ 2
,.
..
,∇
f̃ m

ar
e
id
en
ti
ca
lly

di
st
ri
bu

te
d
an

d
th
e
di
st
ri
bu

ti
on

is
sy
m
m
et
ri
c,

it
fo
llo

w
s

τ √
m
P(
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 ≥
τ √
m

) =
τ √
m
E( 1

[ 〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 ≥
τ √
m

])
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

≤
Eψ

τ
/
√
m

( 〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
=

1 √
m
Eψ

τ

( 〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉)
.

(4
9)

P
lu
gg

in
g
(4
9)
,a

nd
(4
8)

in
(4
6)
,w

e
ha

ve

1 √
m

m ∑ `=
1

[〈
∇
f̃ `
,(
δH

,δ
M

)〉
] +
≥
τ
‖(
δH

,δ
M

)‖
F
·P
(〈
∇
f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 ≥
τ √
m

)

−
2‖

(δ
H
,δ
M

)‖
F
E

su
p

(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 −
2‖

(δ
H
,δ
M

)‖
F
tτ √
m
.

U
si
ng

th
is

lo
w
er

bo
un

d
in

(4
5)
,w

e
ob

ta
in

‖(
δH

,δ
M

)‖
F

[ τ
P(
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉 ≥
τ √
m

) −
2
E

su
p

(δ
H
,δ
M

)∈
Q

1 √
m

m ∑ `=
1

ε `
〈 ∇

f̃ `
,

(δ
H
,δ
M

)
‖(
δ
H
,δ
M

)‖
F

〉]

−
2
‖(
δH

,δ
M

)‖
F
tτ √
m
≤

18
√
‖ξ
‖ ∞
‖h̃
‖ 2
‖m̃
‖ 2
.

U
si
ng

th
e
de

fin
it
io
ns

in
(3
5)
,a

nd
(3
6)
,w

e
ca
n
w
ri
te

‖(
δH

,δ
M

)‖
F

( τ
p
τ
(Q

)
−

(2
C

(Q
)

+
tτ

)
√
m

)
≤

18
√
‖ξ
‖ ∞
‖h̃
‖ 2
‖m̃
‖ 2
.

It
is
cl
ea
r
th
at

ch
oo

si
ng

m
≥
( 2

C
(Q

)+
tτ

τ
p
τ
(Q

)

) 2
im

pl
ie
s
th
at

an
y
fe
as
ib
le

di
re
ct
io
n

(δ
H
,δ
M

)
∈
N
⊥

is
bo

un
de

d
by

‖(
δH

,δ
M

)‖
2 F
≤

18
2
‖ξ
‖ ∞
‖H̃
‖ F
‖M̃
‖ F

(5
0)

w
it
h
pr
ob

ab
ili
ty

at
le
as
t

1
−

e−
c t
m
,w

he
re
c t

=
ct

2
fo
r
a
un

iv
er
sa
lc

on
st
an

t
c,

w
he
re

w
e
us
ed

th
e
fa
ct

th
at
H̃

=
h̃
h̃
∗ ,

an
d
M̃

=
m̃
m̃
∗ .

Si
nc

e
(δ
H
,δ
M

)
∈
N
⊥
,t

he
la
st

di
sp
la
y
on

ly
gi
ve
s

us
th
at

an
el
em

en
t,

((
1
−
β
0
)H̃

,(
1

+
β
0
)M̃

)
fo
r
so
m
e
β
0
∈
R
,o

ft
he

se
t

(H̃
,M̃

)
⊕
N

ob
ey
s

‖(
Ĥ
,M̂

)
−

((
1
−
β
0
)H̃

,(
1

+
β
0
)M̃

)‖
2 F
≤

18
2
‖ξ
‖ ∞
‖H̃
‖ F
‖M̃
‖ F
.

(5
1)

T
ha

t
is
,t
he

so
lu
ti
on

(Ĥ
,M̂

)
ca
nn

ot
w
an

de
r
to
o
fa
r
aw

ay
fr
om

th
e
lin

e
(H̃

,M̃
)
⊕
N
.
W
e

ca
ll
th
is

no
rm

cy
lin

de
r
co
ns
tr
ai
nt

as
th
e
so
lu
ti
on

m
us
t
lie

w
it
hi
n
a
cy
lin

de
r,

ce
nt
re
d
at

a
lin

e
(H̃

,M̃
)
⊕
N

an
d
of

ra
di
us

gi
ve
n
by

th
e
rh
s
of

th
e
la
st

di
sp
la
y
ab

ov
e.

E
qu

iv
al
en
tl
y,

a
di
sp
la
ce
m
en
t

((
1
−
β
0
)H̃

,(
1

+
β
0
)M̃

)
of

th
e
gr
ou

nd
tr
ut
h

(H̃
,M̃

)
is

su
ffi
ci
en
tl
y
cl
os
e
to

(Ĥ
,M̂

).
U
si
ng

th
is
fa
ct

to
ge
th
er

w
it
h
th
e
fa
ct

th
at

th
e
fe
as
ib
le

hy
pe

rb
ol
ic

se
t
di
ve
rg
es

aw
ay

fr
om

th
e

(H̃
,M̃

)
⊕
N

fo
r
la
rg
er

di
sp
la
ce
m
en
t
β
,w

e
w
ill

co
nc
lu
de

in
th
e
re
m
ai
ni
ng

pr
oo

f
th
at

th
e
di
sp
la
ce
m
en
t
β
0
ca
nn

ot
be

to
o
la
rg
e,

an
d
he
nc
e
th
e
E
uc
lid

ea
n
di
st
an

ce
be

tw
ee
n

(Ĥ
,M̂

),
an

d
th
e
gr
ou

nd
tr
ut
h

(H̃
,M̃

)
is

al
so

bo
un

de
d.

C
as
e
1:

A
ss
um

e
th
at

no
is
e
ξ
is

su
ch

th
at
ξ `
∈

[−
1,

0]
fo
r
ev
er
y
`
∈

[m
],
an

d
∃
`′
∈

[m
]
su
ch

th
at
ξ `
′

=
0.
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B
lin

d
D

eco
n
vo

lu
tio

n
a
l

P
h
a
se

R
etr

ieva
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

T
rivially,the

m
inim

izer
(Ĥ

,M̂
)
m
ust

lie
som

ew
here

in
the

feasible
set

specified
by

the
` ′constraint:

1m
〈b
` ′b ∗` ′ ,H

〉〈c
` ′c ∗` ′ ,M

〉≥
ỹ
2` ′ .

D
efine

the
boundary

B
ofthe

feasible
set

above
as

follow
s

B
:=
{
(H

,M
)

:
1m
〈b
` ′b ∗` ′ ,H

〉〈c
` ′c ∗` ′ ,M

〉
=
ỹ
2` ′ }.

(52)

T
he

line
(H̃

,M̃
)⊕
N

only
touches

the
feasible

set
at

(H̃
,M̃

).
D
efine

a
plane

P
:=

span{(H̃
,0

),(0
,M̃

)}.
C
learly,

the
line

(H̃
,M̃

)⊕
N

is
contained

in
P
.

M
oreover,

the
intersection

P
∩
B

only
happens

at
a
set

of
bilinear

scaling
am

biguity,
that

is,P
∩
B

=
{
(γ
H̃
,
1γ
M̃

)
for

som
e
γ
∈
R
−
{0}}.

O
bserve

now
that

a
point

(Ĥ
,M̂

)
leads

to
the

largest

displacem
ent

β
0
w
hen
P
∩B

is
feasible,

(Ĥ
,M̂

)∈
P
∩B

,and
(Ĥ

,M̂
)
achieves

the
rhs

bound
in

(51).
For

allother
feasible

points
(Ĥ

,M̂
),there

exists
a
point

((1−
β
0 )H̃

,(1
+
β
0 )M̃

)
for

a
sm

aller
β
0 ∈

R
such

that
(51)

is
satisfied.

U
se

this
fact

to
conclude

that
in

the
w
orst

case
(largest

β
0 )

solution
point

(Ĥ
,M̂

)
m
ust

be
equalto

(γ
H̃
,
1γ
M̃

)
for

som
e
γ
∈
R
−
{0}.

In
general,the

E
uclidean

distance
betw

een
a
point

(γ
H̃
,
1γ
M̃

)∈
P
∩
B

and
its

orthogonal
projection

((1−
β

)H̃
,(1

+
β

)M̃
)
onto

the
line

(H̃
,M̃

)⊕
N

is
given

by

‖
(γ
H̃
,
1γ
M̃

)−
((1−

β
)H̃

,(1
+
β

)M̃
)‖

2F
=

 (
2β

+
√
β
2

+
2

√
2

−
1 )

2

+

(
−

2
β

+
√
β
2

+
2

√
2

−
1 )

2 
‖(H̃

,M̃
)‖

2F
.

(53)

In
light

of
(51),w

e
then

have
 (

2β
0

+
√
β
20

+
2

√
2

−
1 )

2

+

(
−

2β
0

+
√
β
20

+
2

√
2

−
1 )

2 
‖
(H̃

,M̃
)‖

2F
≤

18
2‖ξ‖∞

‖
H̃
‖
F ‖
M̃
‖
F

=⇒
4β

20 ‖(H̃
,M̃

)‖
2F
≤

18
2‖
ξ‖∞
‖
H̃
‖
F ‖
M̃
‖
F
,

w
here

the
im

plication
follow

s
by

using
the

fact
that

(
2
β

+
√
β
2

+
2

√
2

−
1 )

2

+

(
−

2β
+
√
β
2

+
2

√
2

−
1 )

2≥
4β

2

holds
for

any
β
∈
R
.
N
o

(Ĥ
,M̂

)
can

achieve
a
larger

displacem
ent

β
0 .

T
his

allow
s
us

to
then

conclude
that

(Ĥ
,M̂

)
cannot

deviate
too

far
not

only
from

the
line

oflinearized
scaling

am
biguity

but
also

from
the

ground
truth

using
a
sim

ple
triangle

inequality
and

(51)
as

follow
s

‖
(Ĥ

,M̂
)−

(H̃
,M̃

)‖
F
−
β
0 ‖(H̃

,M̃
)‖
F
≤

18 √
‖
ξ‖∞
‖H̃
‖
F ‖M̃

‖
F

‖
(Ĥ

,M̂
)−

(H̃
,M̃

)‖
2F
≤

405‖ξ‖∞
‖
H̃
‖
F ‖
M̃
‖
F
.

C
ase

2:
W
e
now

consider
generalcase

of
noise

w
hen

ξ
is

such
that

ξ
` ≥
−

1.
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A
h
m
ed

a
n
d

A
g
h
a
si

a
n
d

H
a
n
d

T
he

key
idea

is
that

the
m
easurem

ents
w
ith

noise
as

in
C
ase

2
can

be
converted

to
the

m
easurem

ents
w
ith

noise
as

in
C
ase

1.
T
o
see

this,define

s
:=

m
ax

`∈
[m

] y
`

ỹ
`

=
1

+
‖
ξ‖∞

,
η
`

:=
1s

(1−
s

+
ξ
` ).

From
the

definitions
above,it

can
be

easily
verified

that
s

=
1

+
‖
ξ‖∞

,and
that

(1
+
ξ
` )

=
s(1

+
η
` ).

U
sing

this
relation

allow
s
us

to
rew

rite
m
easurem

ents
y
`

=
ỹ
` (1

+
ξ
` )

contam
inated

w
ith

noise
ξ
`
equivalently

as
y
`

=
sỹ
` (1

+
η
` ),w

here
η
`
is

now
interpreted

as
noise,and

the
new

scaled
noiseless

m
easurem

ents
are

interpreted
as
sy
` .

W
e
w
illnow

show
that

η
` ∈

[−
1,0].

B
y
definition,

s≥
1

+
ξ
` ,this

im
plies

that
η
` ≤

(1
/s)(s−

s)
=

0.
A
lso

note
that

η
`

=
0

for
a
ξ
`
that

achieves
m
axim

um
‖
ξ‖∞

.
M
oreover,using

the
definition

of
η
` ,and

the
fact

that
ξ
` ≥
−

1
gives

η
` ≥
−

1.
F
irstly,the

new
noise

η
`
obeys

allthe
conditions

in
C
ase

1
above.

Secondly,since
the

noiseless
m
easurem

ents
ỹ
2`
of

(H̃
,M̃

)
are

ỹ
2`

=
1m
〈b
` b ∗` , H̃

〉〈c
` c ∗` ,M̃

〉,w
e
can

interpret
sỹ

2`

as
the

noiseless
m
easurem

ents
of

( √
sH̃

, √
sM̃

).
W
e
can

now
directly

invoke
result

ofC
ase

1
here

to
obtain

‖
(Ĥ

,M̂
)−

( √
sH̃

, √
sM̃

)‖
2F

=
‖
Ĥ
−
√
sH̃
‖
2F

+
‖M̂
−
√
sM̃
‖
2F

≤
405‖

η‖
2∞
‖ √

sH̃
‖
F ‖ √

sM̃
‖
F
≤

405s‖
η‖∞
‖
H̃
‖
F ‖
M̃
‖
F
≤

810‖
ξ‖∞
‖H̃
‖
F ‖
M̃
‖
F
,

(54)

w
here

the
last

inequality
is

obtained
using

the
inequality

derived
below

sη
`

=
1−

s
+
ξ
`

=
ξ
` −
‖
ξ‖∞

=⇒
s|η

` |
=
‖
ξ‖∞

−
ξ
`

=⇒
s‖η‖∞

=
‖
ξ‖∞

−
m

in
`∈

[m
] ξ
` ≤

2‖
ξ‖∞

.

O
bserve

that

‖
(Ĥ

,M̂
)−

(H̃
,M̃

)‖
F

=

√
‖
Ĥ
−
H̃
‖
2F

+
‖
M̂
−
M̃
‖
2F

=

√
‖
Ĥ
−
√
sH̃

+
√
sH̃
−
H̃
‖
2F

+
‖M̂
−
√
sM̃

+
√
sM̃
−
M̃
‖
2F

≤
2 (√

‖Ĥ
−
√
sH̃
‖
2F

+
‖
M̂
−
√
sM̃
‖
2F

+
( √
s−

1) √
‖
H̃
‖
2F

+
‖M̃
‖
2F )

≤
2 √

81
0 √
‖ξ‖∞

√
‖
H̃
‖
F ‖
M̃
‖
F

+
2( √

s−
1) √
‖H̃
‖
2F

+
‖
M̃
‖
2F

≤
44 √

‖ξ‖∞
√
‖
H̃
‖
2F

+
‖M̃
‖
2F
,

w
here

the
second

last
inequality

follow
s
by

using
(54).

T
he

proof
is

com
plete.

A
p
p
en

d
ix

A
.
P

roof
of

L
em

m
a

1

T
he

objective
of

(8)
is

sim
ply

linear,
w
e
focus

on
the

constraints.
For

a
fixed

`,
let

S
`

:=
{
(H

,M
)∈
H
k×

k×
H
m
×
m
|

1m
〈b
` b ∗` ,H

〉〈c
` c ∗` ,M

〉≥
ỹ
2` ,H

<
0
,M

<
0},

S
`,1

:=
{
(u
` ,v

` )∈
R
2|

1m
u
` v
` ≥

ỹ
2` ,u

` ≥
0
,v
` ≥

0},and

S
`,2

:=
{
(H

,M
)∈
H
k×

k×
H
m
×
m
|

(〈b
` b ∗` ,H

〉,〈c
` c ∗` ,M

〉)∈
S
`,1 }

.
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B
li

n
d

D
ec

o
n
vo

lu
ti

o
n
a
l

P
h
a
se

R
et

r
ie

va
l

v
ia

C
o
n
v
ex

P
ro

g
r
a
m
m
in

g

T
o
sh
ow

th
at
S
`
is

co
nv

ex
,i
t
su
ffi
ce
s
to

sh
ow

th
at
S
`,
1
,a

nd
S
`,
2
ar
e
co
nv

ex
.

F
ix

(u
1
,v

1
),

(u
2
,v

2
)
∈
S
`,
1
,
an

d
le
t
α
∈

[0
,1

].
N
ot
e
th
at
u
1
>

0
,
an

d
u
2
>

0
as
y `
>

0
.

C
on

si
de

r

1 m
(α
u
1

+
(1
−
α

)u
2
)(
α
v 1

+
(1
−
α

)v
2
)

=
1 m

( (α
2
u
1
v 1

+
(1
−
α

)2
u
2
v 2

)
+
α

(1
−
α

)(
u
1
v 2

+
u
2
v 1

))

≥
(α

2
ỹ
2 `

+
(1
−
α

)2
ỹ
2 `
)

+
α

(1
−
α

)(
ỹ
2 `
u
1

u
2

+
ỹ
2 `
u
2

u
1

)

=
ỹ
2 `

( 1
+

2α
2
u
1
u
2
−

2
α
u
1
u
2

+
α

(1
−
α

)(
u
2 1

+
u
2 2
)

u
1
u
2

)

=
ỹ
2 `

( 1
+

(α
−
α
2
)(
u
1
−
u
2
)2

u
1
u
2

)
≥
ỹ
2 `
,

w
he
re

th
e
la
st

in
eq
ua

lit
y
fo
llo

w
s
fo
rm

th
e
fa
ct

th
at
α
∈

[0
,1

],
an

d
u
1
u
2
>

0.
T
hi
s
sh
ow

s
th
at

S
`,
1
is

co
nv

ex
.

T
he

se
t
S
`,
2
is
co
nv

ex
as

th
e
in
ve
rs
e
im

ag
e
of

a
co
nv

ex
se
t
of

a
lin

ea
r
m
ap

is
co
nv

ex
.
T
hi
s

im
pl
ie
s
th
at
S
`
is
co
nv

ex
.
F
in
al
ly
,t
he

in
te
rs
ec
ti
on

of
an

y
nu

m
be

r
of

co
nv

ex
se
ts

is
co
nv

ex
m
ea
ns

th
at

th
e
co
ns
tr
ai
nt

of
(8
)
is

co
nv

ex
.
T
hi
s
pr
ov
es

th
at

(8
)
is

a
co
nv

ex
pr
og

ra
m
.

A
ck

n
ow

le
d
gm

en
ts

A
li
A
hm

ed
ac
kn

ow
le
dg

es
su
pp

or
t
fr
om

N
R
P
U

68
56

,H
E
C
.P

au
lH

an
d
ac
kn

ow
le
dg

es
su
pp

or
t

fr
om

N
SF

D
M
S
14
64

52
5.

R
ef

er
en

ce
s

A
lir
ez
a
A
gh

as
i,
A
li
A
hm

ed
,a

nd
P
au

lH
an

d.
B
ra
nc
hh

ul
l:

C
on

ve
x
bi
lin

ea
r
in
ve
rs
io
n
fr
om

th
e

en
tr
yw

is
e
pr
od

uc
t
of

si
gn

al
s
w
it
h
kn

ow
n
si
gn

s.
ar
X
iv

pr
ep
ri
nt

ar
X
iv
:1
70
2.
04
34
2,

20
17

a.

A
lir
ez
a
A
gh

as
i,
A
li
A
hm

ed
,a

nd
P
au

lH
an

d.
C
on

ve
x
in
ve
rs
io
n
of

th
e
en
tr
yw

is
e
pr
od

uc
t
of

re
al

si
gn

al
s
w
it
h
kn

ow
n
si
gn

s.
In

Si
gn

al
s,

Sy
st
em

s,
an

d
C
om

pu
te
rs
,
20

17
51

st
A
si
lo
m
ar

C
on

fe
re
nc
e
on

,p
ag
es

16
22

–1
62

6.
IE

E
E
,2

01
7b

.

A
lir
ez
a
A
gh

as
i,
A
li
A
hm

ed
,P

au
lH

an
d,

an
d
B
ab

hr
u
Jo

sh
i.
A

co
nv

ex
pr
og

ra
m

fo
r
bi
lin

ea
r

in
ve
rs
io
n
of

sp
ar
se

ve
ct
or
s.

In
A
dv
an

ce
s
in

N
eu
ra
lI
nf
or
m
at
io
n
P
ro
ce
ss
in
g
Sy

st
em

s,
pa

ge
s

85
57

–8
56

7,
20

18
.

A
li

A
hm

ed
,
B
en
ja
m
in

R
ec
ht
,
an

d
Ju

st
in

R
om

be
rg
.

B
lin

d
de
co
nv

ol
ut
io
n

us
in
g
co
nv

ex
pr
og

ra
m
m
in
g.

IE
E
E

T
ra
ns
ac
ti
on

s
on

In
fo
rm

at
io
n
T
he
or
y,

60
(3
):
17

11
–1

73
2,

20
14

.

A
li
A
hm

ed
,
A
lir
ez
a
A
gh

as
i,

an
d
P
au

l
H
an

d.
B
lin

d
de
co
nv

ol
ut
io
na

l
ph

as
e
re
tr
ie
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ić
et

a
l.
,

2
0
1
5
;

N
ed

ic
et

al
.,

20
17

).

T
h
e

m
ai

n
co

n
tr

ib
u
ti

on
of

th
is

p
ap

er
is

to
p
ro

v
id

e
op

ti
m

al
co

n
ve

rg
en

ce
ra

te
s

a
n
d

th
ei

r
co

rr
es

p
on

d
in

g
op

ti
m

al
al

go
ri

th
m

s
fo

r
d
is

tr
ib

u
te

d
co

n
ve

x
p
ro

b
le

m
s

u
n
d
er

a
la

rg
e

p
a
n
el

of
re

gu
la

ri
ty

as
su

m
p
ti

on
s

an
d

co
m

m
u
n
ic

at
io

n
sc

h
em

es
.

M
or

e
sp

ec
ifi

ca
ll
y,

w
e

co
n
si

d
er

tw
o

co
m

m
u
n
ic

at
io

n
sc

h
em

es
an

d
fo

u
r

re
gu

la
ri

ty
as

su
m

p
ti

on
s.

C
om

m
u
n
ic

at
io

n
is

ei
th

er
a
ch

ie
ve

d
th

ro
u
gh

a
m

a
st

er
/
sl

a
ve

ap
p
ro

ac
h

th
at

w
e

re
fe

r
to

as
ce

n
tr

a
li

ze
d
,
or

in
a

d
ec

en
tr

a
li

ze
d

sc
h
em

e
in

w
h
ic

h
co

m
m

u
n
ic

at
io

n
is

p
er

fo
rm

ed
u
si

n
g

th
e

go
ss

ip
al

go
ri

th
m

(B
oy

d
et

al
.,

2
0
0
6
).

M
o
re

-
ov

er
,

th
e

fo
u
r

re
gu

la
ri

ty
as

su
m

p
ti

on
s

th
at

w
e

in
v
es

ti
ga

te
in

th
is

p
ap

er
ar

e:
L

ip
sc

h
it

z
co

n
-

ti
n
u
it

y,
st

ro
n
g

co
n
ve

x
it

y,
sm

o
ot

h
n
es

s,
an

d
b

ot
h

st
ro

n
g

co
n
ve

x
it

y
an

d
sm

o
o
th

n
es

s.
T

h
es

e
se

tt
in

gs
ar

e
su

m
m

ar
iz

ed
in

T
ab

le
1

al
on

g
w

it
h

th
ei

r
co

rr
es

p
on

d
in

g
u
p
p

er
a
n
d

lo
w

er
co

m
-

p
le

x
it

y
b

ou
n
d
s.

T
h
es

e
b

ou
n
d
s

d
ep

en
d

on
th

e
ti

m
e
τ

n
ec

es
sa

ry
to

co
m

m
u
n
ic

a
te

a
ve

ct
or

b
et

w
ee

n
tw

o
n
ei

gh
b

or
s

in
th

e
co

m
m

u
n
ic

at
io

n
gr

ap
h
,

th
e

d
ia

m
et

er
of

th
e

co
m

m
u
n
ic

a
ti

on
gr

ap
h

∆
,

it
s

m
ix

in
g

ti
m

e
∆̃

(s
ee

S
ec

ti
on

4
),

th
e

d
im

en
si

on
of

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
d

an
d

d
is

ta
n
ce

to
op

ti
m

u
m
R

,
an

d
th

e
L

ip
sc

h
it

z,
st

ro
n
g

co
n
ve

x
it

y,
sm

o
ot

h
n
es

s
co

n
st

a
n
ts

,
a
n
d

co
n
d
it

io
n

n
u
m

b
er

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

(L
g
,
α
g
,
β
g

an
d
κ
g
,

re
sp

ec
ti

ve
ly

,
fo

r
th

e
gl

o
ba

l
ob

je
ct

iv
e

fu
n
ct

io
n
,

an
d
L
`,
α
`,
β
`

an
d
κ
`

fo
r

a
n

ag
gr

eg
at

io
n

of
th

e
lo

ca
l

in
d
iv

id
u
a
l

fu
n
ct

io
n
s

of
ea

ch
co

m
p
u
ti

n
g

u
n
it

,
se

e
S
ec

ti
on

2)
.

U
n
d
er

d
ec

en
tr

al
iz

ed
co

m
m

u
n
ic

at
io

n
,

w
e

p
ro

v
id

e
in

S
ec

ti
on

4
m

at
ch

in
g

u
p
p

er
a
n
d

lo
w

er
b

ou
n
d
s

of
co

m
p
le

x
it

y.
1

M
or

eo
ve

r,
w

e
p
ro

p
os

e
th

e
fi
rs

t
op

ti
m

al
al

go
ri

th
m

fo
r

n
o
n
-s

m
o
o
th

d
ec

en
tr

al
iz

ed
op

ti
m

iz
at

io
n
,

ca
ll
ed

m
u

lt
i-

st
ep

p
ri

m
a
l-

d
u

a
l

(M
S
P

D
).

U
n
d
er

ce
n
tr

a
li
ze

d
co

m
-

m
u
n
ic

at
io

n
,

w
e

sh
ow

in
S
ec

ti
on

3
th

at
,

fo
r

sm
o
ot

h
ob

je
ct

iv
es

,
a

n
äı
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2019).
A

n
oth

er
lin

e
of

w
ork

con
sid

ers
m

ore
restrictive

assu
m

p
tion

s
o
n

th
e

o
p
tim

iza
tio

n
p
rob

lem
s

to
ob

tain
fast

con
vergen

ce
rates

(L
ee

et
al.,

2017;
J
esú
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et
al.,

2015).
In

th
e

case
of

n
on

-sm
o
oth

o
p
tim

iza
tio

n
,

fast
com

m
u
n
ication

sch
em

es
w

ere
d
evelop

ed
b
y

L
an

et
al.

(2017);
J
agg

i
et

al.
(2

0
1
4
),

a
lth

o
u
g
h

p
recise

op
tim

al
con

v
ergen

ce
rates

w
ere

n
ot

ob
tain

ed
.

O
u
r

d
ecen

tralized
a
lg

o
rith

m
is

clo
sely

related
to

th
e

recen
t

p
rim

al-d
u
al

a
lgorith

m
of

L
an

et
al.

(2017)
w

h
ich

en
joy

s
fa

st
co

m
m

u
n
ication

rates
in

a
d
ecen

tralized
an

d
sto

ch
astic

settin
g.

U
n
fortu

n
ately,

th
eir

a
lg

o
rith

m
lack

s
gossip

acceleration
to

reach
op

tim
ality

w
ith

resp
ect

to
com

m
u
n
ication

tim
e.

F
in

a
lly,

op
tim

al
con

vergen
ce

rates
for

d
istrib

u
ted

algorith
m

s
w

ere
in

vestig
ated

b
y

S
ca

m
a
n

et
a
l.

(2017)
for

sm
o
oth

an
d

stro
n
gly

con
vex

o
b

jective
fu

n
ction

s,
S
h
am

ir
(2014);

A
rjeva

n
i

a
n
d

S
h
am

ir
(2015)

for
totally

con
n
ected

n
etw

ork
s,

a
n
d

m
ore

recen
tly

b
y

D
v
in

-
sk

ik
h

a
n
d

G
a
sn

ikov
(2019)

w
h
o

d
erive

op
tim

al
algorith

m
s

(u
p

to
logarith

m
ic

m
u
ltip

licative

3
JM

L
R

 20(159):1-31, 2019

S
c
a
m

a
n
,

B
a
c
h
,

B
u
b
e
c
k
,

L
e
e

a
n
d

M
a
sso

u
l
ié
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u
tin

g
u
n
its

an
d

d
iam

eter
∆

,
each

h
av

in
g

access
to

a
con

vex
fu

n
ction

f
i

over
a

con
vex

set
K
⊂

R
d.

W
e

con
sid

er
m

in
im

izin
g

th
e

average
of

th
e

lo
cal

fu
n
ction

s

m
in

θ∈
K
f̄

(θ)
=

1n

n
∑i=

1

f
i (θ)

,
(1)

in
a

d
istrib

u
ted

settin
g.

M
ore

sp
ecifi

cally,
w

e
assu

m
e

th
at

each
com

p
u
tin

g
u
n
it

can
com

p
u
te

a
su

b
grad

ien
t∇

f
i (θ)

of
its

ow
n

fu
n
ction

in
on

e
u
n
it

of
tim

e,
an

d
com

m
u
n
ica

te
valu

es
(i.e.,

vectors
in

R
d)

to
its

n
eigh

b
ors

in
G

.
A

d
irect

com
m

u
n
ication

alon
g

th
e

ed
ge

(i,j)
∈

E

req
u
ires

a
tim

e
τ
≥

0.
T

h
ese

action
s

m
ay

b
e

p
erfo

rm
ed

asy
n
ch

ron
ou

sly
an

d
in

p
arallel,

an
d

each
m

ach
in

e
i

p
ossesses

a
lo

cal
version

of
th

e
p
aram

eter,
w

h
ich

w
e

refer
to

as
θ
i ∈

K
.

2
.2

.
R

e
g
u

la
rity

A
ssu

m
p

tio
n

s

O
p
tim

al
con

vergen
ce

rates
d
ep

en
d

on
th

e
p
recise

set
of

assu
m

p
tion

s
ap

p
lied

to
th

e
ob

jective
fu

n
ction

.
In

ou
r

case,
w

e
w

ill
con

sid
er

fou
r

d
iff

eren
t

regu
larity

assu
m

p
tion

s:

1.
C

o
n
v
e
x
ity

:
a

fu
n
ction

f
is

con
vex

if,
for

all
θ,θ ′∈

K
an

d
a
∈

[0,1],

f
(a
θ

+
(1−

a
)θ ′)≤

a
f

(θ)
+

(1−
a
)f

(θ ′)
.

2.
S

tro
n

g
c
o
n
v
e
x
ity

:
a

fu
n
ction

f
is
α

-stron
gly

con
vex

if
f

(θ)−
α2 ‖θ‖

22
is

con
vex

.

3.
L

ip
sch

itz
c
o
n
tin

u
ity

:
a

fu
n
ction

f
is
L

-L
ip

sch
itz

con
tin

u
ou

s
if,

for
all

θ,θ ′∈
K

,

|f
(θ)−

f
(θ ′)|≤

L‖θ−
θ ′‖

2
.

4.
S

m
o
o
th

n
e
ss:

a
fu

n
ction

f
is
β

-sm
o
oth

if
its

grad
ien

t∇
f

is
β

-L
ip

sch
itz

con
tin

u
ou

s.

M
oreover,

w
h
en

a
fu

n
ction

is
b

oth
α

-stron
gly

con
vex

an
d
β

-sm
o
oth

,
w

e
d
en

ote
b
y
κ

=
β
/α

its
con

d
ition

n
u
m

b
er.

In
ou

r
an

aly
sis,

w
e

w
ill

d
en

ote
b
y
L
g ,
α
g ,
β
g

an
d
κ
g

th
e

ch
aracteristics

of
th

e
(glob

al)
fu

n
ction

f̄
,

w
h
ile,

for
i
∈

J1
,nK,

w
e

w
ill

refer
to

L
i ,
α
i ,
β
i

an
d
κ
i

for
ch

aracteristics
of

each
(lo

cal)
fu

n
ction

f
i .

F
in

ally,
for

th
e

sake
of

clarity,
w

e
w

ill
aggregate
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C
o
n
v
e
x

D
is

t
r
ib

u
t
e
d

O
p
t
im

iz
a
t
io

n
in

N
e
t
w

o
r
k
s

th
es

e
lo

ca
l

ch
ar

ac
te

ri
st

ic
s

in
to

th
e

fo
ll
ow

in
g

va
lu

es
:
L
`

=
√

1 n

∑
n i=

1
L

2 i
,
α
`

=
m

in
i
α
i,

β
`

=
m

ax
i
β
i,

an
d
κ
`

=
β
`/
α
`.

G
lo

b
al

re
gu

la
ri

ty
is

al
w

ay
s

w
ea

ke
r

th
an

lo
ca

l
re

g
u
la

ri
ty

,
as

w
e

al
w

ay
s

h
av

e
L
g
≤
L
`,

α
g
≥
α
`,
β
g
≤
β
`

an
d
κ
g
≤
κ
`.

M
or

eo
ve

r,
w

e
m

ay
h
av

e
L
g

=
0

a
n
d
L
`

ar
b
it

ra
ri

ly
la

rg
e,

fo
r

ex
am

p
le

w
it

h
tw

o
li
n
ea

r
fu

n
ct

io
n
s
f 1

(x
)

=
−
f 2

(x
)

=
a
x

an
d
a
→

+
∞

.
W

e
w

il
l

se
e

in
th

e
fo

ll
ow

in
g

se
ct

io
n
s

th
at

th
e

lo
ca

l
re

g
u
la

ri
ty

as
su

m
p
ti

on
is

ea
si

er
to

an
al

y
ze

an
d

le
ad

s
to

m
at

ch
in

g
u
p
p

er
an

d
lo

w
er

b
ou

n
d
s.

F
or

th
e

g
lo

b
al

re
gu

la
ri

ty
as

su
m

p
ti

on
,

w
e

on
ly

p
ro

v
id

e
al

go
ri

th
m

s
w

it
h

a
d

1
/
4

co
m

p
et

it
iv

e
ra

ti
o,

w
h
er

e
d

is
th

e
d
im

en
si

on
of

th
e

p
ro

b
le

m
.

F
in

d
in

g
an

op
ti

m
al

d
is

tr
ib

u
te

d
al

go
ri

th
m

fo
r

gl
ob

al
re

gu
la

ri
ty

is
,
to

ou
r

u
n
d
er

st
an

d
in

g,
a

m
u
ch

m
or

e
ch

al
le

n
gi

n
g

ta
sk

an
d

is
le

ft
fo

r
fu

tu
re

w
or

k
.

F
in

al
ly

,
w

e
as

su
m

e
th

at
th

e
fe

as
ib

le
re

gi
on

K
is

co
n
ve

x
an

d
b

ou
n
d
ed

,
an

d
d
en

ot
e

b
y
R

th
e

ra
d
iu

s
of

a
b
al

l
co

n
ta

in
in

g
K

,
i.
e.

,

∀θ
∈
K
,
‖θ
−
θ 0
‖ 2
≤
R
,

w
h
er

e
θ 0
∈

K
is

th
e

in
it

ia
l

va
lu

e
of

th
e

al
go

ri
th

m
,

th
at

w
e

se
t

to
θ 0

=
0

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y.

2
.3

.
B

la
ck

-b
o
x

O
p

ti
m

iz
a
ti

o
n

P
ro

c
e
d

u
re

T
h
e

lo
w

er
b

ou
n
d
s

p
ro

v
id

ed
h
er

ea
ft

er
d
ep

en
d

on
th

e
n
ot

io
n

of
b
la

ck
-b

ox
op

ti
m

iz
at

io
n

p
ro

-
ce

d
u
re

s
fo

r
th

e
p
ro

b
le

m
in

E
q
u
at

io
n

1.
T

h
e

d
efi

n
it

io
n

is
an

al
og

ou
s

to
th

at
of

S
ca

m
an

et
al

.
(2

01
7)

,
ex

ce
p
t

th
at

gr
ad

ie
n
ts

of
th

e
F

en
ch

el
co

n
ju

ga
te

of
lo

ca
l

fu
n
ct

io
n
s

ar
e

co
n
si

d
er

ed
to

o
ex

p
en

si
ve

to
co

m
p
u
te

.
T

h
is

al
lo

w
s

u
s

to
fo

cu
s

on
p
ri

m
al

m
et

h
o
d
s

w
h
ic

h
ar

e
ge

n
er

al
ly

ea
si

er
to

ap
p
ly

(l
es

s
as

su
m

p
ti

on
s

re
q
u
ir

ed
on

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
)

a
n
d

fa
st

er
to

co
m

p
u
te

(t
h
e

F
en

ch
el

co
n
ju

ga
te

is
,

ex
ce

p
t

fo
r

ve
ry

sp
ec

ifi
c

fu
n
ct

io
n
s,

h
ar

d
to

ap
p
ro

x
im

a
te

).
A

b
la

ck
-b

ox
op

ti
m

iz
at

io
n

p
ro

ce
d
u
re

is
a

d
is

tr
ib

u
te

d
al

g
or

it
h
m

v
er

if
y
in

g
th

e
fo

ll
ow

in
g

co
n
st

ra
in

ts
:

1.
L

o
c
a
l

m
e
m

o
ry

:
ea

ch
n
o
d
e
i

ca
n

st
or

e
p
as

t
va

lu
es

in
a

(fi
n
it

e)
in

te
rn

al
m

em
or

y
M
i,
t
⊂

R
d

at
ti

m
e
t
≥

0.
T

h
es

e
va

lu
es

ca
n

b
e

ac
ce

ss
ed

an
d

u
se

d
at

ti
m

e
t

b
y

th
e

al
go

ri
th

m
ru

n
b
y

n
o
d
e
i,

an
d

ar
e

u
p

d
a
te

d
ei

th
er

b
y

lo
ca

l
co

m
p
u
ta

ti
on

or
b
y

co
m

m
u
n
ic

at
io

n
(d

efi
n
ed

b
el

ow
),

th
at

is
,

fo
r

al
l
i
∈

J1
,n

K,

M
i,
t
⊂

M
co

m
p

i,
t
∪
M

co
m

m
i,
t

.

2.
L

o
c
a
l

c
o
m

p
u

ta
ti

o
n

:
ea

ch
n
o
d
e
i

ca
n
,

at
ti

m
e
t,

co
m

p
u
te

a
su

b
gr

ad
ie

n
t

of
it

s
lo

ca
l

fu
n
ct

io
n
∇
f i

(θ
)

fo
r

a
va

lu
e
θ
∈

M
i,
t−

1
in

th
e

n
o
d
e’

s
in

te
rn

al
m

em
or

y
b

ef
o
re

th
e

co
m

p
u
ta

ti
on

.

M
co

m
p

i,
t

=
S
p
a
n

({
θ,
∇
f i

(θ
)

:
θ
∈
M
i,
t−

1
})
.

3.
L

o
c
a
l

c
o
m

m
u

n
ic

a
ti

o
n

:
ea

ch
n
o
d
e
i

ca
n
,

at
ti

m
e
t,

sh
ar

e
a

va
lu

e
to

al
l

or
p
a
rt

o
f

it
s

n
ei

gh
b

or
s,

th
at

is
,

fo
r

al
l
i
∈

J1
,n

K,

M
co

m
m

i,
t

=
S
p
an

(
⋃

(j
,i

)∈
E

M
j,
t−
τ

) .
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1,
 2

01
9

S
c
a
m

a
n
,

B
a
c
h
,

B
u
b
e
c
k
,

L
e
e

a
n
d

M
a
ss

o
u
l
ié

4.
O

u
tp

u
t

v
a
lu

e
:

ea
ch

n
o
d
e
i

m
u
st

,
at

ti
m

e
t,

sp
ec

if
y

on
e

v
ec

to
r

in
it

s
m

em
o
ry

a
s

lo
ca

l
ou

tp
u
t

of
th

e
al

go
ri

th
m

,
th

at
is

,
fo

r
al

l
i
∈

J1
,n

K,

θ i
,t
∈
M
i,
t
.

H
en

ce
,

a
b
la

ck
-b

ox
p
ro

ce
d
u
re

w
il
l

re
tu

rn
n

ou
tp

u
t

va
lu

es
—

on
e

fo
r

ea
ch

co
m

p
u
ti

n
g

u
n
it

—
an

d
ou

r
an

al
y
si

s
w

il
l

fo
cu

s
on

en
su

ri
n
g

th
at

a
ll

lo
ca

l
o
u

tp
u

t
va

lu
es

ar
e

co
n
v
er

g
in

g
to

th
e

op
ti

m
al

p
ar

am
et

er
of

E
q
u
at

io
n

1
.

F
o
r

si
m

p
li
ci

ty
,

w
e

as
su

m
e

th
at

al
l

n
o
d
es

st
a
rt

w
it

h
th

e
si

m
p
le

in
te

rn
al

m
em

or
y
M
i,

0
=
{0
}.

N
ot

e
th

a
t

co
m

m
u
n
ic

at
io

n
s

an
d

lo
ca

l
co

m
p
u
ta

ti
o
n
s

m
ay

b
e

p
er

fo
rm

ed
in

p
ar

al
le

l
an

d
as

y
n
ch

ro
n
ou

sl
y.

3
.
C
e
n
tr
a
li
ze

d
O
p
ti
m
iz
a
ti
o
n
u
n
d
e
r
G
lo
b
a
l
R
e
g
u
la
ri
ty

T
h
e

m
os

t
st

an
d
ar

d
ap

p
ro

ac
h

fo
r

d
is

tr
ib

u
ti

n
g

a
fi
rs

t-
or

d
er

op
ti

m
iz

at
io

n
m

et
h
o
d

co
n
si

st
s

in
co

m
p
u
ti

n
g

a
gr

ad
ie

n
t

(o
r

su
b
gr

ad
ie

n
t

w
h
en

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
n
on

-s
m

o
o
th

)
o
f

th
e

av
er

ag
e

fu
n
ct

io
n

∇
f̄

(θ
)

=
1 n

n ∑ i=
1

∇
f i

(θ
)
,

w
h
er

e
∇
f i

(θ
)

is
a

gr
ad

ie
n
t

(o
r

an
y

su
b
gr

a
d
ie

n
t

of
f i

a
t
θ)

,
b
y

se
n
d
in

g
th

e
cu

rr
en

t
p
a
ra

m
-

et
er
θ t

to
al

l
n
o
d
es

,
p

er
fo

rm
in

g
th

e
co

m
p
u
ta

ti
on

of
al

l
lo

ca
l

su
b
gr

ad
ie

n
ts

in
p
a
ra

ll
el

a
n
d

av
er

ag
in

g
th

em
on

a
m

as
te

r
n
o
d
e.

S
in

ce
ea

ch
it

er
at

io
n

re
q
u
ir

es
co

m
m

u
n
ic

a
ti

n
g

tw
ic

e
to

th
e

w
h
ol

e
n
et

w
or

k
(o

n
ce

fo
r
θ t

an
d

on
ce

fo
r

se
n
d
in

g
th

e
lo

ca
l

su
b
gr

ad
ie

n
ts

to
th

e
m

a
st

er
n
o
d
e,

w
h
ic

h
b

ot
h

ta
ke

a
ti

m
e

∆
τ

w
h
er

e
∆

is
th

e
d
ia

m
et

er
of

th
e

n
et

w
or

k
)

an
d

o
n
e

g
ra

d
ie

n
t

co
m

p
u
ta

ti
on

(o
n

ea
ch

n
o
d
e

an
d

p
er

fo
rm

ed
in

p
a
ra

ll
el

),
th

e
ti

m
e

to
re

ac
h

a
p
re

ci
si

o
n
ε

w
it

h
su

ch
a

d
is

tr
ib

u
te

d
op

ti
m

iz
at

io
n

al
go

ri
th

m
is

u
p
p

er
-b

ou
n
d
ed

b
y

O

( g
(ε

)(
1

+
∆
τ
)) ,

(2
)

w
h
er

e
g
(ε

)
is

th
e

n
u
m

b
er

of
it

er
at

io
n
s

re
q
u
ir

ed
fo

r
th

e
si

n
gl

e-
m

ac
h
in

e
op

ti
m

iz
a
ti

o
n

a
lg

o
ri

th
m

to
ac

h
ie

ve
a

p
re

ci
si

on
ε.

N
ot

e
th

at
,

as
th

e
si

n
gl

e-
m

ac
h
in

e
o
p
ti

m
iz

at
io

n
al

go
ri

th
m

is
d
ir

ec
tl

y
u
se

d
fo

r
f̄

,
th

is
co

n
ve

rg
en

ce
ra

te
d
ep

en
d
s

on
th

e
gl

ob
al

ch
ar

ac
te

ri
st

ic
s

of
ob

je
ct

iv
e

fu
n
ct

io
n
.

F
or

sm
o
ot

h
ob

je
ct

iv
e

fu
n
ct

io
n
s,

w
e

w
il
l

se
e

in
S
ec

ti
on

3.
2

th
at

d
is

tr
ib

u
ti

n
g

in
su

ch
a

w
ay

N
es

te
ro

v
’s

ac
ce

le
ra

te
d

gr
ad

ie
n
t

d
es

ce
n
t

le
ad

s
to

an
op

ti
m

al
co

n
ve

rg
en

ce
ra

te
.

F
o
r

n
on

-s
m

o
ot

h
ob

je
ct

iv
e

fu
n
ct

io
n
s,

h
ow

ev
er

,
th

e
si

m
p
le

sc
h
em

e
is

n
ot

op
ti

m
al

:
th

e
n
u
m

b
er

o
f

su
b
gr

ad
ie

n
t

co
m

p
u
ta

ti
on

s
in

E
q
u
at

io
n

2
(i

.e
.,

th
e

te
rm

n
ot

p
ro

p
or

ti
on

al
to
τ
)

ca
n
n
o
t

b
e

im
-

p
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p
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ié

T
h

e
o
re

m
6

U
n

d
er

gl
o
ba

l
L

ip
sc

h
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d
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p
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p
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p
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h
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p
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la

rg
er

th
an

th
e

d
im

en
si

on
d
,

li
n
ea

rl
y

co
n
ve

rg
en

t
al

go
ri

th
m

s
ex

is
t

ev
en

fo
r

co
n
ve

x
n
o
n
-

sm
o
ot

h
p
ro

b
le

m
s

(B
u
b

ec
k
,

20
15

).

4
.1

.1
.

N
o
n
-S

m
o
o
t
h

O
b
je

c
t
iv

e
F

u
n
c
t
io

n
s

T
h

e
o
re

m
1
4

L
et
L
`,
R
>

0
a
n

d
∆̃
≥

1
.

T
h
er

e
ex

is
ts

a
m

a
tr

ix
W

o
f

m
ix

in
g

ti
m

e
∆̃

,
a
n

d
n

co
n

ve
x

a
n

d
L
i-

L
ip

sc
h
it

z
fu

n
ct

io
n

s
f i

,
w

h
er

e
n

is
th

e
si

ze
o
f
W

,
su

ch
th

a
t

fo
r

a
ll

t
<

d
−

2
2

m
in

(1
,∆̃
τ
)

a
n

d
a
ll
i
∈

J1
,n

K,

f̄
(θ
i,
t)
−

m
in

θ
∈B

2
(R

)
f̄

(θ
)
≥
R
L
`

10
8

√ √ √ √
1

( 1
+

2
t

∆̃
τ

) 2
+

1

1
+
t
,

w
h
er

e
L
`

=
√

1 n

∑
i
L

2 i
.

A
ss

u
m

in
g

th
at

th
e

d
im

en
si

on
d

is
la

rg
e

co
m

p
ar

ed
to

th
e

ch
ar

ac
te

ri
st

ic
va

lu
es

o
f

th
e

p
ro

b
le

m
(i

.e
.,
d
>

2
+

2
m

ax
{t
,t
/∆̃

τ
})

,
T

h
eo

re
m

1
4

im
p
li
es

th
at

,
u
n
d
er

lo
ca

l
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
an

d
fo

r
a

go
ss

ip
m

at
ri

x
W

w
it

h
m

ix
in

g
ti

m
e

∆̃
,

th
e

ti
m

e
to

re
a
ch

a
p
re

ci
si

o
n

ε
>

0
w

it
h

an
y

d
ec

en
tr

a
li

ze
d

b
la

ck
-b

ox
p
ro

ce
d
u
re

is
lo

w
er

-b
ou

n
d
ed

b
y

Ω

( (
R
L
`

ε

) 2
+
R
L
`

ε
∆̃
τ

)
.

T
h

e
o
re

m
1
5

L
et
L
`,
α
`
>

0
a
n

d
∆̃
≥

1
.

T
h
er

e
ex

is
ts

a
m

a
tr

ix
W

o
f

si
ze
n

a
n

d
m

ix
in

g
ti

m
e

∆̃
,

a
co

n
ve

x
se

t
Θ
⊂

R
d

a
n

d
n
α
i-

st
ro

n
gl

y
co

n
ve

x
a
n

d
L
i-

L
ip

sc
h
it

z
fu

n
ct

io
n

s
f i

:
Θ
→

R
,

su
ch

th
a
t

fo
r

a
ll
t
<

d
−

2
2

m
in

(1
,∆̃
τ
)

a
n

d
a
ll
i
∈

J1
,n

K,

f̄
(θ
i,
t)
−

m
in

θ
∈Θ

f̄
(θ

)
≥

L
2 `

64
8α

`

√ √ √ √
1

( 1
+

2
t

∆̃
τ

) 2
+

1

1
+
t
,

w
h
er

e
α
`

=
m

in
i
α
i

a
n

d
L
`

=
√

1 n

∑
i
L

2 i
.

A
ss

u
m

in
g

th
a
t

th
e

d
im

en
si

on
d

is
la

rg
e

co
m

p
ar

ed
to

th
e

ch
ar

ac
te

ri
st

ic
va

lu
es

o
f

th
e

p
ro

b
le

m
(i

.e
.,
d
>

2
+

2
m

ax
{t
,t
/∆̃

τ
})

,
T

h
eo

re
m

15
im

p
li
es

th
at

,
u
n
d
er

lo
ca

l
st

ro
n
g

co
n
ve

x
it

y
an

d
L

ip
sc

h
it

z
co

n
ti

n
u
it

y,
an

d
fo

r
a

go
ss

ip
m

at
ri

x
W

w
it

h
m

ix
in

g
ti

m
e

∆̃
,

th
e

ti
m

e
to

re
a
ch

a
p
re

ci
si

on
ε
>

0
w

it
h

an
y

d
ec

en
tr

a
li

ze
d

b
la

ck
-b

ox
p
ro

ce
d
u
re

is
lo

w
er

-b
ou

n
d
ed

b
y

Ω

(
L

2 `

α
`ε

+

√
L

2 `

α
`ε

∆̃
τ

)
.
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C
o
n
v
e
x

D
ist

r
ib

u
t
e
d

O
p
t
im

iz
a
t
io

n
in

N
e
t
w

o
r
k
s

T
h
e

p
ro

o
f

o
f

T
h
eorem

14
relies

on
lin

ear
grap

h
s

(w
h
ose

d
iam

eter
is

p
rop

ortion
al

to
∆̃

w
h
en

th
e

L
a
p
lacian

m
atrix

is
u
sed

as
gossip

m
atrix

)
an

d
T

h
eo

rem
8.

M
ore

sp
ecifi

cally,
a

tech
n
ica

l
a
sp

ect
of

th
e

p
ro

of
con

sists
in

sp
littin

g
th

e
fu

n
ction

s
u
sed

in
T

h
eorem

8
on

m
u
ltip

le
n
o
d
es

to
ob

tain
a

d
ep

en
d
en

cy
in
L
`

in
stead

of
L
g .

T
h
e

com
p
lete

d
erivation

is
ava

ila
b
le

in
A

p
p

en
d
ix

C
.1.

4
.1

.2
.

S
m

o
o
t
h

O
b
je

c
t
iv

e
F

u
n
c
t
io

n
s

T
h
e

fo
llow

in
g

th
eorem

s
p
rov

id
e

low
er

b
ou

n
d
s

for
sm

o
o
th

cen
tralized

op
tim

ization
.

T
h
e

fi
rst

is
a

n
ov

el
resu

lt
of

th
is

w
ork

,
w

h
ile

th
e

secon
d

w
as

fi
rst

d
erived

b
y

S
cam

an
et

al.
(2017,

T
h
eo

rem
2
)

a
n
d

is
in

clu
d
ed

in
th

is
section

for
th

e
sake

of
com

p
leten

ess.

T
h

e
o
re

m
1
6

L
et
β
`
>

0
a
n

d
∆̃
≥

1.
T

h
ere

exists
a

m
a
trix

W
o
f

m
ixin

g
tim

e
∆̃

,
a
n

d
n

co
n

vex
a
n

d
β
i -sm

oo
th

fu
n

ctio
n

s
f
i ,

w
h
ere

n
is

th
e

size
o
f
W

,
su

ch
th

a
t

fo
r

a
ll
t
≤

1
+

d−
3

2
(1

+
∆̃
τ
)

a
n

d
a
ll
i∈

J1,nK,

f̄
(θ
i,t )−

m
in

θ∈
R
d
f̄

(θ)≥
3
β
` ‖θ

i,0 −
θ ∗‖

2

64 (
3
(t−

1
)

3
+

∆̃
τ

+
1 )

2
,

w
h
ere

θ ∗
is

a
m

in
im

izer
o
f
f̄

a
n

d
β
`

=
m

ax
i β

i .

A
ssu

m
in

g
th

at
th

e
d
im

en
sion

d
is

large
com

p
ared

to
th

e
ch

aracteristic
valu

es
of

th
e

p
ro

b
lem

(i.e.,
d
>

3
+

2(t−
1)/(1

+
∆̃
τ
)),

T
h
eorem

16
im

p
lies

th
at,

u
n
d
er

lo
cal

sm
o
o
th

n
ess,

a
n
d

fo
r

a
g
o
ssip

m
atrix

W
w

ith
m

ix
in

g
tim

e
∆̃

,
th

e
tim

e
to

reach
a

p
recisio

n
ε
>

0
w

ith
a
n
y

d
ecen

tra
lized

b
lack

-b
ox

p
ro

ced
u
re

is
low

er-b
ou

n
d
ed

b
y

Ω ( √
β
` ‖
θ
i,0 −

θ ∗‖
2

ε

(
1

+
∆̃
τ ) )

.

T
h

e
o
re

m
1
7

L
et
α
,β

>
0

a
n

d
∆̃
≥

1
.

T
h
ere

exists
a

go
ssip

m
a
trix

W
o
f

m
ixin

g
tim

e
∆̃

,
a
n

d
α

-stro
n

gly
co

n
vex

a
n

d
β

-sm
oo

th
fu

n
ctio

n
s
f
i

:
`
2 →

R
su

ch
th

a
t,

fo
r

a
n

y
t≥

0
a
n

d
a
n

y
bla

ck-bo
x

p
roced

u
re

u
sin

g
W

o
n

e
h
a
s,

fo
r

a
ll
i∈

J1
,nK,

f̄
(θ
i,t )−

f̄
(θ ∗)≥

α2

(
1−

16
√
κ
` )

1
+

3
t

3
+

∆̃
τ‖
θ
i,0 −

θ ∗‖
2,

w
h
ere

κ
`

=
β
/α

is
th

e
loca

l
co

n
d
itio

n
n

u
m

ber.

A
ssu

m
in

g
th

at
th

e
d
im

en
sion

d
is

large
com

p
ared

to
th

e
ch

aracteristic
valu

es
of

th
e

p
ro

b
lem

(i.e.,
d
�

m
ax{t,t/∆̃

τ}),
T

h
eorem

17
im

p
lies

th
at,

u
n
d
er

lo
cal

stron
g

con
v
ex

ity
a
n
d

sm
o
oth

n
ess,

an
d

for
a

gossip
m

atrix
W

w
ith

m
ix

in
g

tim
e

∆̃
,

th
e

tim
e

to
reach

a
p
recisio

n
ε
>

0
w

ith
an

y
d
ecen

tra
lized

b
lack

-b
ox

p
ro

ced
u
re

is
low

er-b
ou

n
d
ed

b
y

Ω

(√
κ
l ln (

1ε )
(

1
+

∆̃
τ ) )

.

T
h
e

p
ro

o
fs

of
T

h
eorem

16
an

d
T

h
eorem

17
rely

on
th

e
sam

e
tech

n
iq

u
e

as
th

at
of

T
h
eo

rem
14

a
n
d

T
h
eorem

15.
T

h
e

com
p
lete

p
ro

of
is

availab
le

in
A

p
p

en
d
ix

C
.2.
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S
c
a
m

a
n
,

B
a
c
h
,

B
u
b
e
c
k
,

L
e
e

a
n
d

M
a
sso

u
l
ié

W
e

w
ill

see
in

th
e

n
ex

t
section

th
at

th
is

low
er

b
ou

n
d

is
m

et
for

a
n
ovel

d
ecen

tralized
algorith

m
called

m
u

lti-step
p
rim

a
l-d

u
a
l

(M
S
P

D
)

an
d

b
ased

on
th

e
d
u
al

form
u
lation

of
th

e
op

tim
ization

p
rob

lem
.

N
ote

th
at

th
ese

resu
lts

p
rov

id
e

op
tim

al
con

v
ergen

ce
rates

w
ith

resp
ect

to
κ
l

an
d

∆̃
,

b
u
t

d
o

n
ot

im
p
ly

th
at

∆̃
is

th
e

righ
t

q
u
an

tity
to

con
sid

er
on

gen
eral

grap
h
s.

T
h
e

q
u
an

tity
∆̃

m
ay

in
d
eed

b
e

very
large

com
p
ared

to
∆

,
for

ex
am

p
le

for
star

n
etw

ork
s,

for
w

h
ich

∆
=

2
an

d
∆̃

=
√
n

.
H

ow
ev

er,
on

m
an

y
sim

p
le

n
etw

o
rk

s,
th

e
d
iam

eter
∆

an
d

th
e

eigen
gap

of
th

e
L

ap
lacian

m
atrix

are
tigh

tly
con

n
ected

,
an

d
∆
≈

∆̃
.

F
or

ex
am

p
le,

for
lin

ear
grap

h
s,

∆
=
n
−

1
an

d
∆̃
≈

2
n
/π

,
for

totally
con

n
ected

n
etw

ork
s,

∆
=

1
an

d
∆̃

=
1,

an
d

for
reg

u
lar

n
etw

ork
s,

∆̃
≥

∆
2 √

2
ln

2
n

(A
lon

an
d

M
ilm

an
,

1
985).

F
in

ally,
n
ote

th
at

th
e

case
of

totally
con

n
ected

n
etw

ork
s

corresp
on

d
s

to
a

p
rev

iou
s

com
p
lex

ity
low

er
b

ou
n
d

on
com

m
u
n
ication

s
p
roven

b
y

A
rjevan

i
an

d
S
h
am

ir
(2015),

an
d

is
eq

u
ivalen

t
to

ou
r

resu
lt

for
cen

tralized
algorith

m
s

w
ith

∆
=

1
.

4
.2

.
O

p
tim

a
l

D
e
c
e
n
tra

liz
e
d

A
lg

o
rith

m
s

In
th

is
section

,
w

e
p
resen

t
op

tim
al

algorith
m

s
fo

r
th

e
d
ecen

tralized
settin

g.

4
.2

.1
.

N
o
n
-S

m
o
o
t
h

O
b
je

c
t
iv

e
F

u
n
c
t
io

n
s

W
e

n
ow

p
rov

id
e

an
op

tim
al

d
ecen

tralized
op

tim
ization

algorith
m

u
n
d
er

(A
2).

T
h
is

algo-
rith

m
is

closely
related

to
th

e
p
rim

al-d
u
al

a
lgorith

m
p
rop

osed
b
y

L
an

et
al.

(2017),
w

h
ich

w
e

m
o
d
ify

b
y

th
e

u
se

of
accelerated

gossip
u
sin

g
C

h
eb

y
sh

ev
p

oly
n
om

ials
as

d
on

e
b
y

S
cam

an
et

al.
(2017).

F
irst,

follow
in

g
J
akov

etić
et

al.
(2015),

w
e

form
u
late

ou
r

op
tim

izatio
n

p
rob

lem
in

E
q
u
a-

tion
1

as
th

e
sad

d
le-p

oin
t

p
rob

lem
in

E
q
u
ation

11
b

elow
,

b
y

con
sid

erin
g

th
e

eq
u
ivalen

t
p
rob

lem
of

m
in

im
izin

g
1n ∑

ni=
1
f
i (θ

i )
over

Θ
=

(θ
1 ,...,θ

n
)∈

K
n

w
ith

th
e

con
strain

t
th

at
θ

1
=
···

=
θ
n
,

or
eq

u
ivalen

tly
Θ
A

=
0,

w
h
ere

A
is

a
sq

u
a
re

ro
ot

of
th

e
sy

m
m

etric
m

atrix
W

.
T

h
rou

gh
L

agran
gian

d
u
ality,

w
e

th
erefore

get
th

e
eq

u
ivalen

t
p
rob

lem
:

m
in

Θ
∈
K
n

m
ax

Λ∈
R
d×
n

1n

n
∑i=

1

f
i (θ

i )−
tr

Λ
>

Θ
A
.

(11)

W
e

solve
it

b
y

ap
p
ly

in
g

th
e

algorith
m

of
C

h
am

b
olle

an
d

P
o
ck

(2011),
w

h
ich

is
b

o
th

sim
p
le

an
d

w
ell

tailored
to

ou
r

p
rob

lem
—

w
e

cou
ld

altern
ativ

ely
ap

p
ly

com
p

osite
M

irror-P
rox

(H
e

et
al.,

2015):
(a)

it
is

an
accelerated

m
eth

o
d

fo
r

sad
d
le-p

oin
t

p
rob

lem
s,

(b
)

it
allow

s
for

com
p

osite
p
rob

lem
s

w
ith

a
su

m
of

n
on

-sm
o
oth

an
d

sm
o
oth

term
s,

(c)
it

p
rov

id
es

a
p
rim

al-
d
u
al

gap
th

at
can

easily
b

e
ex

ten
d
ed

to
th

e
case

of
ap

p
rox

im
ate

p
rox

im
al

op
erators.

A
t

each
iteration

t,
w

ith
in

itialization
Λ

0
=

0
an

d
Θ

0
=

Θ
−

1
=

(θ
0 ,...,θ

0 ):

(a
)

Λ
t+

1
=

Λ
t−

σ
(2Θ

t−
Θ
t−

1)A

(b)
Θ
t+

1
=

argm
in

Θ
∈
K
n

1n

n
∑i=

1

f
i (θ

i )−
tr

Θ
>

Λ
t+

1A
>

+
12
η

tr(Θ
−

Θ
t) >

(Θ
−

Θ
t)
,

w
h
ere

th
e

gain
p
aram

eters
η
,
σ

are
req

u
ired

to
satisfy

σ
η
λ

1 (W
)≤

1.
W

e
im

p
lem

en
t

th
e

algorith
m

w
ith

th
e

variab
les

Θ
t

an
d
Y
t

=
Λ
tA
>

=
(y
t1 ,...,y

tn )∈
R
d×
n
,
for

w
h
ich

all
u
p

d
ates
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n
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x

D
is

t
r
ib

u
t
e
d

O
p
t
im

iz
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t
io

n
in

N
e
t
w

o
r
k
s

A
lg

o
ri

th
m

3
m

u
lt

i-
st

ep
p
ri

m
al

-d
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an

d
U

sm
an

A
.

K
h
an

.
D

istrib
u
ted

n
esterov

grad
ien

t
m

eth
o
d
s

over
a
rb

itra
ry

grap
h
s.

IE
E

E
S

ign
a
l

P
rocessin

g
L

etters,
26(8):1247–1251

,
A

u
g

2019.

31
JM

L
R

 20(159):1-31, 2019

 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-5

6
S

u
b

m
it

te
d

1
2
/
1
8
;

R
ev

is
ed

7
/
1
9
;

P
u

b
li

sh
ed

1
0
/
1
9

L
e
a
rn

in
g

b
y

U
n
su

p
e
rv

is
e
d

N
o
n
li
n
e
a
r

D
iff

u
si

o
n

M
a
u
ro

M
a
g
g
io

n
i

m
a
u
r
o
.m

a
g
g
io
n
i@

jh
u
.e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

cs
,

D
ep

a
rt

m
en

t
o
f

A
p
p
li

ed
M

a
th

em
a
ti

cs
a
n

d
S

ta
ti

st
ic

s,
M

a
th

em
a
ti

ca
l

In
st

it
u

te
o
f

D
a
ta

S
ci

en
ce

s,
In

st
it

u
te

o
f

D
a
ta

In
te

n
si

ve
E

n
gi

n
ee

ri
n

g
a
n

d
S

ci
-

en
ce

,
J

o
h
n

s
H

o
p
ki

n
s

U
n

iv
er

si
ty

,
B

a
lt

im
o
re

,
M

D
2
1
2
1
8
,

U
S

A

J
a
m

e
s

M
.

M
u
rp

h
y

jm
.m

u
r
p
h
y
@
t
u
f
t
s.
e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

cs

T
u

ft
s

U
n

iv
er

si
ty

,
M

ed
fo

rd
,

M
A

0
2
1
5
5
,

U
S

A

E
d

it
o
r:

A
ap

o
H

y
v
är

in
en

A
b
st

ra
ct

T
h
is

p
ap

er
p
ro

p
os

es
an

d
an

al
y
ze

s
a

n
ov

el
cl

u
st

er
in

g
al

go
ri

th
m

,
ca

ll
ed

le
a
rn

in
g

by
u

n
su

pe
rv

is
ed

n
o
n

li
n

ea
r

d
iff

u
si

o
n

(L
U

N
D

),
th

at
co

m
b
in

es
gr

ap
h
-b

as
ed

d
iff

u
si

o
n

ge
-

om
et

ry
w

it
h

te
ch

n
iq

u
es

b
as

ed
on

d
en

si
ty

an
d

m
o
d
e

es
ti

m
at

io
n
.

L
U

N
D

is
su

it
ab

le
fo

r
d
at

a
ge

n
er

at
ed

fr
om

m
ix

tu
re

s
of

d
is

tr
ib

u
ti

on
s

w
it

h
d
en

si
ti

es
th

at
a
re

b
ot

h
m

u
l-

ti
m

o
d
al

an
d

su
p
p

or
te

d
n
ea

r
n
on

li
n
ea

r
se

ts
.

A
cr

u
ci

al
as

p
ec

t
of

th
is

al
g
or

it
h
m

is
th

e
u
se

of
ti

m
e

of
a

d
at

a-
ad

ap
te

d
d
iff

u
si

on
p
ro

ce
ss

,
an

d
as

so
ci

at
ed

d
iff

u
si

on
d
is

ta
n
ce

s,
as

a
sc

al
e

p
ar

am
et

er
th

at
is

d
iff

er
en

t
fr

om
th

e
lo

ca
l

sp
at

ia
l

sc
al

e
p
ar

am
et

er
u
se

d
in

m
an

y
cl

u
st

er
in

g
al

go
ri

th
m

s.
W

e
p
ro

ve
es

ti
m

at
es

fo
r

th
e

b
eh

av
io

r
of

d
iff

u
si

on
d
is

ta
n
ce

s
w

it
h

re
sp

ec
t

to
th

is
ti

m
e

p
ar

am
et

er
u
n
d
er

a
fl
ex

ib
le

n
on

p
ar

am
et

ri
c

d
at

a
m

o
d
el

,
id

en
ti

fy
in

g
a

ra
n
ge

of
ti

m
es

in
w

h
ic

h
th

e
m

es
os

co
p
ic

eq
u
il
ib

ri
a

of
th

e
u
n
-

d
er

ly
in

g
p
ro

ce
ss

ar
e

re
ve

al
ed

,
co

rr
es

p
on

d
in

g
to

a
ga

p
b

et
w

ee
n

w
it

h
in

-c
lu

st
er

an
d

b
et

w
ee

n
-c

lu
st

er
d
iff

u
si

on
d
is

ta
n
ce

s.
T

h
es

e
st

ru
ct

u
re

s
m

ay
b

e
m

is
se

d
b
y

th
e

to
p

ei
ge

n
ve

ct
or

s
of

th
e

gr
ap

h
L

ap
la

ci
an

,
co

m
m

on
ly

u
se

d
in

sp
ec

tr
al

cl
u
st

er
in

g.
T

h
is

an
al

y
si

s
is

le
ve

ra
ge

d
to

p
ro

ve
su

ffi
ci

en
t

co
n
d
it

io
n
s

gu
ar

an
te

ei
n
g

th
e

ac
cu

ra
cy

of
L

U
N

D
.

W
e

im
p
le

m
en

t
L

U
N

D
an

d
co

n
fi
rm

it
s

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

on
il
lu

st
ra

ti
ve

d
at

a
se

ts
,
d
em

on
st

ra
ti

n
g

it
s

th
eo

re
ti

ca
l
an

d
em

p
ir

ic
al

ad
va

n
ta

ge
s

ov
er

b
o
th

sp
ec

tr
al

an
d

d
en

si
ty

-b
as

ed
cl

u
st

er
in

g.

K
e
y
w

o
rd

s:
u
n
su

p
er

v
is

ed
le

ar
n
in

g,
cl

u
st

er
in

g,
sp

ec
tr

al
gr

ap
h

th
eo

ry
,

m
an

if
ol

d
le

ar
n
in

g,
d
iff

u
si

on
ge

om
et

ry

1
.

In
tr

o
d
u
ct

io
n

U
n
su

p
er

v
is

ed
le

ar
n
in

g
is

a
ce

n
tr

al
p
ro

b
le

m
in

m
ac

h
in

e
le

ar
n
in

g,
re

q
u
ir

in
g

th
at

d
at

a
b

e
an

al
y
ze

d
w

it
h
ou

t
a

p
ri

or
i

k
n
ow

le
d
ge

of
an

y
cl

as
s

la
b

el
s.

A
co

m
m

on
u
n
su

p
er

v
is

ed
p
ro

b
le

m
is

cl
u

st
er

in
g,

in
w

h
ic

h
th

e
d
at

a
is

to
b

e
p
ar

ti
ti

on
ed

in
to

cl
u
st

er
s

so
th

at
ea

ch

c ©
2
0
1
9

M
a
u

ro
M

a
g
g
io

n
i

a
n

d
J
a
m

es
M

.
M

u
rp

h
y.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
8
7
3
.
h
t
m
l
.

JM
L

R
 2

0(
16

0)
:1

-5
6,

 2
01

9

M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

cl
u
st

er
co

n
ta

in
s

si
m

il
ar

p
oi

n
ts

an
d

d
is

ti
n
ct

cl
u
st

er
s

ar
e

su
ffi

ci
en

tl
y

se
p
ar

at
ed

.
E

ve
n

w
it

h
su

it
ab

le
d
efi

n
it

io
n
s

of
“s

im
il
ar

it
y
”

an
d

“s
ep

ar
at

io
n
”,

th
is

p
ro

b
le

m
is

ty
p
ic

al
ly

il
l-

p
os

ed
,

re
q
u
ir

in
g

va
ri

ou
s

ge
om

et
ri

c,
an

al
y
ti

c,
to

p
ol

og
ic

al
,

an
d

st
at

is
ti

ca
l

as
su

m
p
ti

on
s

on
th

e
d
at

a
an

d
m

ea
su

re
m

en
t

m
et

h
o
d

b
e

im
p

os
ed

to
m

ak
e

it
tr

ac
ta

b
le

.
F

ea
tu

re
ex

tr
ac

ti
on

is
of

te
n

co
m

b
in

ed
w

it
h

th
es

e
st

an
d
ar

d
m

et
h
o
d
s

(e
.g

.
K

-m
ea

n
s)

to
im

p
ro

ve
cl

u
st

er
in

g
p

er
fo

rm
an

ce
.

In
p
ar

ti
cu

la
r,

sp
ec

tr
al

m
et

ho
ds

co
n
st

ru
ct

gr
ap

h
s

re
p
re

se
n
ti

n
g

d
at

a,
an

d
u
se

th
e

sp
ec

-
tr

al
p
ro

p
er

ti
es

of
th

e
re

su
lt

in
g

gr
ap

h
L

ap
la

ci
an

to
p
ro

d
u
ce

st
ru

ct
u
re

-r
ev

ea
li
n
g

fe
a-

tu
re

s
in

th
e

d
at

a.
G

ra
p
h
s

of
te

n
en

co
d
e

p
ai

rw
is

e
si

m
il
ar

it
ie

s
b

et
w

ee
n

p
oi

n
ts

,
ty

p
i-

ca
ll
y

at
a

lo
ca

l
“s

p
at

ia
l”

sc
al

e,
of

te
n

d
et

er
m

in
ed

b
y

a
p
ar

am
et

er
σ

.
F

or
ex

am
p
le

on
ly

p
oi

n
ts
x
i,
x
j

w
it

h
in

d
is

ta
n
ce

4σ
of

ea
ch

ot
h
er

m
ay

b
e

co
n
n
ec

te
d
,

w
it

h
w

ei
gh

t
ex

p
(−
‖x

i
−
x
j
‖2 2
/σ

2
).

F
ro

m
th

e
gr

ap
h
,

gl
ob

al
fe

at
u
re

s
on

th
e

d
at

a
m

ay
b

e
d
er

iv
ed

,
fo

r
ex

am
p
le

b
y

co
n
si

d
er

in
g

th
e

ei
ge

n
fu

n
ct

io
n
s

of
th

e
ra

n
d
om

w
al

k
on

th
e

gr
ap

h
.

A
lt

er
n
at

iv
el

y,
gr

ap
h
s

m
ay

b
e

u
se

d
to

in
tr

o
d
u
ce

d
at

a-
ad

ap
ti

ve
d
is

ta
n
ce

s,
su

ch
as

di
f-

fu
si

on
di

st
an

ce
s,

w
h
ic

h
ar

e
as

so
ci

at
ed

to
ra

n
d
om

w
al

k
s

an
d

d
iff

u
si

on
p
ro

ce
ss

es
on

gr
ap

h
s.

D
iff

u
si

on
d
is

ta
n
ce

s
d
o

n
ot

d
ep

en
d

on
ly

on
th

e
gr

ap
h

it
se

lf
,

b
u
t

al
so

on
a

ti
m

e
p
ar

am
et

er
t

th
at

d
et

er
m

in
es

a
sc

al
e

on
th

e
gr

ap
h

at
w

h
ic

h
th

es
e

d
is

ta
n
ce

s
ar

e
co

n
si

d
er

ed
,

re
la

te
d

to
th

e
ti

m
e

of
d
iff

u
si

on
or

ra
n
d
om

w
al

k
.

C
h
o
os

in
g
σ

in
gr

ap
h
-

b
as

ed
al

go
ri

th
m

s,
an

d
b

ot
h
σ

an
d
t

in
th

e
ca

se
of

d
iff

u
si

on
d
is

ta
n
ce

s,
is

im
p

or
ta

n
t

in
b

ot
h

th
eo

ry
an

d
ap

p
li
ca

ti
on

s.
H

ow
ev

er
,

th
ei

r
ro

le
is

w
el

l-
u
n
d
er

st
o
o
d

on
ly

in
ce

rt
ai

n
re

gi
m

es
(e

.g
.

as
y
m

p
to

ti
ca

ll
y

fo
r
σ
,t
→

0+
)

w
h
ic

h
ar

e
of

in
te

re
st

in
so

m
e

p
ro

b
le

m
s

(e
.g

.
m

an
if

ol
d

le
ar

n
in

g)
b
u
t

n
ot

n
ec

es
sa

ri
ly

fo
r

cl
u
st

er
in

g.
x

W
e

p
ro

p
os

e
th

e
L

ea
rn

in
g

by
U

n
su

pe
rv

is
ed

N
on

li
n

ea
r

D
iff

u
si

on
(L

U
N

D
)

sc
h
em

e
fo

r
cl

u
st

er
in

g,
w

h
ic

h
co

m
b
in

es
d
iff

u
si

on
d
is

ta
n
ce

s
an

d
d
en

si
ty

es
ti

m
at

io
n

to
effi

ci
en

tl
y

cl
u
st

er
d
at

a
ge

n
er

at
ed

fr
om

a
n
on

p
ar

am
et

ri
c

m
o
d
el

.
A

t
th

e
sa

m
e

ti
m

e,
w

e
ad

va
n
ce

th
e

u
n
d
er

st
an

d
in

g
of

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
lo

ca
l

“s
p
at

ia
l”

sc
al

e
p
ar

am
et

er
σ

an
d

th
e

d
iff

u
si

on
ti

m
e

p
ar

am
et

er
t

in
th

e
co

n
te

x
t

of
cl

u
st

er
in

g,
d
em

on
st

ra
ti

n
g

h
ow

th
e

ro
le

of
t

ca
n

b
e

ex
p
lo

it
ed

to
su

cc
es

sf
u
ll
y

cl
u
st

er
d
at

a
se

ts
fo

r
w

h
ic

h
K

-m
ea

n
s,

sp
ec

tr
al

cl
u
st

er
in

g,
or

d
en

si
ty

-b
as

ed
cl

u
st

er
in

g
m

et
h
o
d
s

fa
il
.

W
e

p
ro

v
id

e
q
u
an

ti
ta

ti
ve

b
ou

n
d
s

an
d

gu
ar

an
te

es
on

th
e

p
er

fo
rm

an
ce

of
th

e
p
ro

p
os

ed
cl

u
st

er
in

g
al

go
ri

th
m

fo
r

d
at

a
th

at
m

ay
b

e
h
ig

h
ly

n
on

li
n
ea

r
(i

.e
.

n
on

-c
on

ve
x
,

el
on

ga
te

d
,

el
li
p
so

id
al

,
et

c.
)

an
d

of
va

ri
ab

le
d
en

si
ty

.

1
.1

M
a
jo

r
C

o
n
tr

ib
u
ti

o
n
s

a
n
d

O
u
tl

in
e

T
h
is

ar
ti

cl
e

m
ak

es
tw

o
m

a
jo

r
co

n
tr

ib
u
ti

on
s.

F
ir

st
,

ex
pl

ic
it

es
ti

m
at

es
on

di
ff

u
si

on
di

st
an

ce
s

fo
r

n
on

pa
ra

m
et

ri
c

cl
u

st
er

ed
da

ta
ar

e
p
ro

ve
d
:

w
e

ob
ta

in
lo

w
er

b
ou

n
d
s

fo
r

th
e

d
iff

u
si

on
d
is

ta
n
ce

(s
ee

D
efi

n
it

io
n

2.
1,

or
C

oi
fm

an
et

al
.

(2
00

5)
)

b
et

w
ee

n
cl

u
st

er
s,

an
d

u
p
p

er
b

ou
n
d
s

on
th

e
d
iff

u
si

on
d
is

ta
n
ce

w
it

h
in

cl
u
st

er
s,

as
a

fu
n
ct

io
n

of
th

e
ti

m
e

p
ar

am
et

er
t

an
d

su
it

ab
le

p
ro

p
er

ti
es

of
th

e
cl

u
st

er
s.

T
h
es

e
b

ou
n
d
s

y
ie

ld
a

m
es

os
co

p
ic

—
n
ot

to
o

sm
al

l,
n
ot

to
o

la
rg

e—
d
iff

u
si

on
ti

m
e-

sc
al

e
at

w
h
ic

h
d
iff

u
si

on
d
is

ta
n
ce

s
se

p
ar

at
e

cl
u
st

er
s

cl
ea

rl
y

an
d

co
h
er

e
p

oi
n
ts

in
th

e
sa

m
e

cl
u
st

er
.

T
h
es

e
re

su
lt

s,
am

on
g

ot
h
er

th
in

gs
,

sh
ow

h
ow

th
e

ro
le

of
th

e
ti

m
e

p
ar

am
et

er
,

w
h
ic

h
co

n
tr

ol
s

th
e

sc
al

e
“o

n
th

e

2
JM

L
R

 2
0(

16
0)

:1
-5

6,
 2

01
9



L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

d
ata”

of
th

e
d
iff

u
sion

d
istan

ces,
is

very
d
iff

eren
t

from
th

e
com

m
on

ly
-u

sed
scalin

g
p
aram

eter
σ

in
th

e
con

stru
ction

of
th

e
u
n
d
erly

in
g

grap
h
,

w
h
ich

is
a

lo
cal

sp
atial

scale
m

easu
red

in
th

e
am

b
ien

t
sp

ace.
R

elation
sh

ip
s

b
etw

een
t

an
d
σ

are
w

ell-u
n
d
ersto

o
d

in
th

e
asy

m
p
totic

case
of
n
→

+∞
,
σ
→

0
+

(at
an

ap
p
rop

riate
rate

w
ith

n
;

see
C

oifm
an

et
al.

(2005),
L

afon
et

al.
(2006),

an
d

V
on

L
u
x
b
u
rg

(2007))
an

d
t→
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d
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b
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n
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p
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b
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ear-lin

early
in

th
e

n
u
m

b
er

of
p

oin
ts
n

,
in

th
e

am
b
ien

t
d
im

en
sion

D
,

an
d

ex
p

on
en

tially
in

th
e

in
trin

sic
d
im

en
sion

of
th

e
d
ata.

W
e

verify
th

e
p
rop

erties
of

th
e

L
U

N
D

sch
em

e
an

d
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d
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d
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d
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b
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d
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b
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p
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b
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n
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m
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d
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p
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u
n
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p
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al.,

2001)
an

d
its

varian
ts

(O
strov

sk
y

et
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=
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p
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u
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e
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m
eth

o
d

th
at

iteratively
m

erges
clu

sters
accord

in
g

to
th

e
lin

kage
fu

n
ction

L
S

L
C

(C
1 ,C

2 )
=

m
in
x
1 ∈
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h
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b
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d
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b
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b
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p
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d
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p
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p
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∇
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c
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b
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p
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d
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u
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p
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d
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is

ex
a
m

p
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u
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u
st

er
st

ru
ct

u
re

;
th
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d
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e

st
ru

ct
u
re

of
th

e
le

ad
in

g
ei

ge
n
fu

n
ct

io
n
s

of
L

(G
ar

d
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p
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re
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p
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u
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u
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∑
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∀
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b
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d
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d
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∈
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p
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d
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d
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t
eigen

p
airs

of
P

,
ord

ered
so

th
at

1
=
λ

1
>
λ

2 ≥
λ

3 ≥
···≥

λ
n
>
−

1,
an

d
n
otin

g
th

at
ψ

1
is

con
stan

t
b
y

con
stru

ction
.

D
iff

u
sion

d
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are

p
aram

etrized
b
y
t,

w
h
ich
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res
h
ow

lon
g

th
e

d
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u
sion
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ru
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s
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n
t

of
d
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w
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reven
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in

terestin
g
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of
X
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ein
g
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iscovered
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b
u
t

p
rov

id
es

d
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scale
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N
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e
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P
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su
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m

atrices
of
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th

a
t

w
ill

b
e

in
tro

d
u
ced

a
n
d

u
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later.
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d
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b
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d
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⊂
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ab
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ab
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con
d
ition

s
on
{
µ
k }

Kk
=

1 .
T

h
at

is,
each

µ
k

is
far

from
µ
k ′,

k
6=
k
′

an
d

con
n
ection

s
are

stron
g

(in
a

su
itab

le
sen

se)
w

ith
in

each
µ
k .
X

=
{x

i }
ni=
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b
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b
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.
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(3.1)
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p
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p
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p
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b
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d
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p
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clu
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w

h
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h
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clu
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d
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w
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d
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d
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p
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p
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p
les

are
in

F
igu

re
2.

T
h
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featu
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variab
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d
en

sities,
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levels
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n
ectiv
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b

oth
w

ith
in
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d
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clu
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d
(for

th
e

secon
d

ex
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p
le)

n
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T
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e
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for
th

e
b
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of

d
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u
sion
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w

e
d
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b
e
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p
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th
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th
e
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clu
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lab
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e
p
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n
u
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b
er

of
clu
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w

h
ile
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er

clu
sterin

g
sch

em
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to

clu
ster

th
ese

d
ata

sets
correctly.
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m
e

si
ze

,
th

en
C

5
=

1/
√
n

.

T
h
e

ti
m

e
in

te
rv

al
T

:=
[C

1
ln
( C

2 ε

) ,
C

3
ε]

d
ep

en
d
s

on
ε,

an
d

th
er

e
is

te
n
si

on
in

th
e

ro
le

of
ε

b
et

w
ee

n
th

e
co

n
d
it

io
n
t
∈
T

an
d

th
e

co
n
cl

u
si

on
th

at
D

in t
≤
C

4
ε,

D
b

tw
t
≥

C
5
−
C

4
ε.

F
or

la
rg

e
ε,
T

m
ay

b
e

q
u
it

e
w

id
e,

b
u
t

th
e

co
n
cl

u
si

on
on

d
iff

u
si

on
d
is

ta
n
ce

s
is

w
ea

k
(o

r
ev

en
tr

iv
ia

l
if
ε
>
C

5
/C

4
).

O
n

th
e

ot
h
er

h
an

d
,
ε

sm
al

l
in

d
u
ce

s
st

ro
n
g

se
p
ar

at
io

n
b

et
w

ee
n

w
it

h
in

-c
lu

st
er

d
iff

u
si

on
d
is

ta
n
ce

s
an

d
b

et
w

ee
n
-c

lu
st

er
d
iff

u
si

on
d
is

ta
n
ce

s,
at

th
e

ex
p

en
se

of
sh

ri
n
k
in

g
T

.
In

d
ee

d
,

fo
r

0
<
C

1
,C

2
,C

3
<
∞

fi
x
ed

,
T

sh
ri

n
k
s

to
th

e
em

p
ty

se
t

as
ε
→

0+
.

S
u
p
p

os
e

in
d
ee

d
th

at
th

e
ea

ch
cl

u
st

er
is

co
m

p
ac

t
(C

1
sm

al
l,
C

2
=
O

(1
))

,
th

e
cl

u
st

er
s

ar
e

w
el

l-
se

p
ar

at
ed

(C
3

la
rg

e)
,

an
d

b
al

an
ce

d
in

th
e

se
n
se

th
at

S
∞
−

P
is

co
n
st

an
t

an
d

S
∞

is
b
lo

ck
-c

on
st

an
t

w
it

h
b
lo

ck
s

of
th

e
sa

m
e

si
ze

(C
4

=
C

5
=

1/
√
n

).
T

h
en

fo
r
ε
>

0,

t
∈
[ C

1
ln

(
C

2 ε

)
,C

3
ε]

=
⇒

D
b

tw
t

D
in t

≥
C

5
−
C

4
ε

C
4
ε

=
O

(
1 ε

)
,

w
h
ic

h
su

gg
es

ts
st

ro
n
g

se
p
ar

at
io

n
w

it
h

d
iff

u
si

on
d
is

ta
n
ce

s
in

d
ep

en
d
en

tl
y

of
n

w
h
en

ε
is

sm
al

l.
In

p
ar

ti
cu

la
r,

as
th

e
cl

u
st

er
s

b
ec

om
e

m
or

e
se

p
ar

at
ed

(C
3

in
cr

ea
se

s)
th

e
ti

m
e

in
te

rv
al

on
w

h
ic

h
th

e
D

b
tw
t
/D

in t
re

m
ai

n
s

la
rg

e
w

id
en

s
on

th
e

ri
gh

t.
S
im

il
ar

ly
,

th
e

m
or

e
co

m
p
ac

t
or

ir
re

d
u
ci

b
le

th
e

cl
u
st

er
s

b
ec

om
e

(C
1

b
ec

om
es

sm
al

le
r)

,
th

e
w

id
er

th
e

in
te

rv
al

b
ec

om
es

on
th

e
le

ft
.

In
th

e
id

ea
l

ca
se

th
at
C

1
=

0
(c

lu
st

er
s

ar
e

lo
ca

li
ze

d
at

si
n
gl

e
p

oi
n
ts

),
C

3
=
∞

(i
n
fi
n
it

e
se

p
ar

at
io

n
b

et
w

ee
n

cl
u
st

er
s)

,
th

e
ra

ti
o
D

b
tw
t
/D

in t
=
∞

fo
r

al
l
t,

d
u
e

to
th

e
fa

ct
th

at
D

b
tw
t

is
b

ou
n
d
ed

aw
ay

fr
om

0
fo

r
al

l
t

w
h
il
e
D

in t
=

0.
W

e
re

m
ar

k
th

at
as

lo
n
g

as
ε

ca
n

b
e

ta
ke

n
su

ffi
ci

en
tl

y
sm

al
l,

d
u
e

to
th

e
ge

om
et

ri
c

p
ro

p
er

ti
es

of
th

e
d
at

a
as

d
et

er
m

in
ed

b
y
C

1
,C

2
,C

3
,

th
e

lo
w

er
b

ou
n
d

on
D

b
tw
t

is
p

os
it

iv
e.

In
th

e
id

ea
li
ze

d
ca

se
w

h
en

C
4

=
C

5
=

1/
√
n

,
th

en
th

e
lo

w
er

b
ou

n
d

is
p

os
it

iv
e

as
lo

n
g

as
ε
<

1.
W

e
n
ot

e
th

at
C

1
,C

2
,C

3
ar

e
cl

os
e

to
ge

om
et

ri
ca

ll
y

in
tr

in
si

c,
as

w
il
l
b

e
d
is

cu
ss

ed
in

S
ec

ti
on

4.
1.

T
h
e

L
U

N
D

sc
he

m
e

ch
ar

ac
te

ri
ze

s
m

o
d
es

of
th

e
cl

u
st

er
s
{X

k
}K k

=
1

as
h
ig

h
-d

en
si

ty
p

oi
n
ts

th
at

ar
e

fa
r

in
d
iff

u
si

on
d
is

ta
n
ce

fr
om

ot
h
er

p
oi

n
ts

of
h
ig

h
-d

en
si

ty
,

re
ga

rd
le

ss
of

th
e

sh
ap

e
of

th
e

su
p
p

or
t

of
th

e
d
is

tr
ib

u
ti

on
.

O
n
ce

m
o
d
es

ar
e

le
ar

n
ed

,
re

m
ai

n
in

g
p

oi
n
ts

ar
e

su
b
se

q
u
en

tl
y

as
si

gn
ed

to
a

m
o
d
e

in
an

it
er

at
iv

e
fa

sh
io

n
.

T
o

d
et

ec
t

th
e

m
o
d
es

,
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

w
e

in
tro

d
u
ce

tw
o

q
u
an

tities:
p(x

)
is

related
to

d
ata

d
en

sity,
w

h
ile

ρ
t (x

)
is

related
to

d
iff

u
sion

geom
etry.

L
et
p

b
e

a
kern

eld
en

sity
estim

ator
(K

D
E

)
on
X

,
for

ex
am

p
le
p(x

)
=

1Z

∑
y∈
N
N

(x
) ex

p
(−
‖x−

y‖
22 /σ

20 ),
for

som
e

ch
oice

of
σ

0
an

d
set

of
n
earest

n
eigh

b
ors

N
N

(x
),

n
orm

alized
b
y
Z

so
th

at ∑
x∈
X
p(x

)
=

1.
G

iven
D
t

d
efi

n
ed

on
X

,
let

ρ
t (x

)
=



m
in

y∈
X {
D
t (x
,y

)|
p(y

)≥
p(x

)}
,
x
6=

arg
m

ax
y∈
X

p(y
),

m
ax

y∈
X
D
t (x
,y

),
x

=
arg

m
ax

y∈
X

p(y
).

(3.4)

T
h
e

fu
n
ction

ρ
t

m
easu

res
th

e
d
iff

u
sion

d
istan

ce
of

a
p

oin
t

to
its

D
t -n

earest
n
eigh

b
or

of
h
igh

er
em

p
irical

d
en

sity.
L

U
N

D
p
ro

ceed
s

b
y

an
aly

zin
g

D
t (x

)
=
p(x

)ρ
t (x

),

w
h
ich

is
large

on
ly

for
h
igh

-d
en

sity
p

oin
ts

th
at

are
far

from
th

eir
n
earest

d
iff

u
sion

n
eigh

b
or

of
h
igh

er
d
en

sity.
T

h
e

fu
n
ction

D
t

serves
tw

o
im

p
ortan

t
p
u
rp

oses.
F

irst,
its

d
ecay

estim
ates

th
e

n
u
m

b
er

of
clu

sters
in

th
e

d
ata.

In
d
eed

,
as

w
ill

b
e

sh
ow

n
in

S
ection

5,
u
n
d
er

a
fl
ex

ib
le

d
ata

m
o
d
el,D

t
h
as
K

very
large

valu
es

w
ith

th
e

rest
very

sm
all,

w
h
ere

K
is

th
e

n
u
m

b
er

of
laten

t
clu

sters.
S
econ

d
,

th
e

m
o
d
es

of
th

e
d
ata

are
estim

ated
as

th
e

m
ax

im
izers

ofD
t .

O
n
ce

th
ese

m
o
d
es

h
ave

b
een

learn
ed

,
th

ey
are

given
u
n
iq

u
e

lab
els.

T
h
en

,
in

ord
er

of
d
ecreasin

g
d
en

sity,
p

oin
ts

are
assign

ed
th

e
sam

e
lab

el
as

th
eir

D
t -n

earest
n
eigh

b
or

of
h
igh

er
d
en

sity.
In

th
is

sen
se,

th
e

lab
els

of
th

e
m

o
d
es

are
d
istrib

u
ted

—
from

h
igh

to
low

d
en

sity
—

to
th

e
rest

of
th

e
d
ata.

T
h
e

L
U

N
D

algorith
m

is
d
etailed

in
A

lgorith
m

1.
A

sim
p
ler

varian
t

of
L

U
N

D
,

w
h
en

K
is

k
n
ow

n
a

p
riori,

is
d
etailed

in
A

lgorith
m

2.
F

u
n
ction

s
of
p(x

),ρ
t (x

)
oth

er
th

an
m

u
ltip

lication
cou

ld
b

e
u
sed

to
con

stru
ctD

t (x
).

T
h
e

p
rim

ary
reason

to
con

sid
er

th
e

m
u
ltip

lication
of

th
ese

factors
is

to
gain

rob
u
stn

ess
to

ou
tliers.

In
d
eed

,
an

ou
tly

in
g

p
oin

t
x
o

m
ay

b
e

very
far

from
all

oth
er

p
oin

ts
in

d
iff

u
sion

d
istan

ce,
sim

p
ly

b
ecau

se
its

E
u
clid

ean
co

ord
in

ates
are

very
far

from
th

e
rest

of
X

.
In

th
is

case,
on

e
w

ou
ld

h
ave

ρ
t (x

o )
very

large,
an

d
p(x

o )
very

sm
all.

B
y

con
stru

ctin
g
D
t

as
th

e
p
ro

d
u
ct

of
th

e
d
en

sity
an

d
d
iff

u
sion

geom
etric

m
easu

rem
en

ts,
D
t (x

o )
=
p(x

o )ρ
t (x

o )
is

n
ot

large
(u

n
d
er

a
su

itab
le

regim
e

of
variation

b
etw

een
p(x

o )
an

d
ρ
t (x

o )),
en

su
rin

g
th

at
a

far
ou

tlier
is

n
ot

b
e

selected
as

a
d
ata

m
o
d
e.

M
ore

p
recisely,

su
p
p

ose
th

at
d
iff

u
sion

d
istan

ces
an

d
p(x

)
are

com
p
u
ted

w
ith

th
e

sam
e

ch
oice

of
scalin

g
p
aram

eter
σ

an
d

collection
of

n
earest

n
eigh

b
ors,

so
th

at
th

e
station

ary
d
istrib

u
tion

of
P

is
eq

u
al

to
p:

for
all

x
∈
X

,
p(x

)
=
π

(x
).

S
u
p
p

ose
th

at
X

is
fi
x
ed

ex
cep

t
for

th
e

ou
tlier

p
oin

t
x
o ,

w
h
ich

w
e

assu
m

e
to

b
e

th
e

elem
en

t
of
X

w
ith

low
est

em
p
irical

d
en

sity.
L

ettin
g
x
N
N

o
b

e
th

e
n
earest

n
eigh

b
or

of
x
o

of
h
igh

er
em

p
irical

d
en

sity
an

d
π

0
an

arb
itrary

in
itial

d
istrib

u
tion

,

D
t (x

o )
=
ρ
t (x

o )p(x
o )

=

√√√√
n
∑`=

1

(p
t (x

o ,x
` )−

p
t (x

N
N

o
,x

` ))
2
π

0 (x
` )π

(x
o )

2

π
(x

` )
≤
√
n
π

(x
o ).
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

A
lg

o
rith

m
1

L
earn

in
g

b
y

U
n
su

p
erv

ised
N

on
lin

ear
D

iff
u
sion

(L
U

N
D

)
A

lgorith
m

In
p
u
t:
X

(d
ata),

σ
0

(kern
el

d
en

sity
b
an

d
w

id
th

),
σ

(d
iff

u
sion

scalin
g

p
aram

eter),
t

(tim
e

p
aram

eter),
τ

(th
resh

old
)

O
u
tp

u
t:
Y

(clu
ster

assign
m

en
ts),

K̂
(estim

ated
n
u
m

b
er

of
clu

sters)

1:
B

u
ild

M
arkov

tran
sition

m
atrix

P
u
sin

g
scale

p
aram

eter
σ

.
2:

C
om

p
u
te

K
D

E
p(x

)
for

all
x
∈
X

u
sin

g
kern

el
b
an

d
w

id
th
σ

0 .
3:

C
om

p
u
te
ρ
t (x

)
for

all
x
∈
X

.
4:

C
om

p
u
teD

t (x
)

=
ρ
t (x

)p(x
)

for
all

x
∈
X

.
5:

S
ort

X
accord

in
g

to
D
t (x

)
in

d
escen

d
in

g
ord

er
as{

x
m
i }
ni=

1 ,n
=
|X
|.

6:
C

om
p
u
te
K̂

=
in

f {
k

∣∣∣∣
D
t (x

m
k

)

D
t (x

m
k
+
1
)
>
τ }

.

7:
A

ssign
Y

(x
m
i )

=
i,
i

=
1,...,K̂

,
an

d
Y

(x
m
i )

=
0,
i

=
K̂

+
1,...,n

.
8:

S
ort

X
accord

in
g

to
p(x

)
in

d
ecreasin

g
ord

er
as{

x
`
i }
ni=

1 .
9:

fo
r
i

=
1

:
n

d
o

10:
if
Y

(x
`
i )=

0
th

e
n

11:
Y

(x
`
i )

=
Y

(x
∗),

x
∗

=
arg

m
in
y {D

t (x
`
i ,y

)|
p(y

)≥
p(x

`
i )

an
d
y

is
lab

eled}.
12:

e
n
d

if
13:

e
n
d

fo
r

N
otin

g
lim
‖
x
o ‖

2 →
∞
π

(x
o )

=
0,

it
follow

s
th

at
lim
‖
x
o ‖

2 →
∞
D
t (x

o )
=

0,
so

th
at

as
ou

t-
liers

m
ove

farth
er

aw
ay

from
th

e
rest

of
th

e
d
ata,

th
ey

b
ecom

e
less

likely
to

b
e

d
etected

as
m

o
d
es.

W
e

rem
ark

th
at

if
ou

tlier
d
etection

is
p

erform
ed

on
th

e
d
ata

as
a

p
re-p

ro
cessin

g
step

,
th

is
p
rob

lem
is

less
sign

ifi
can

t,
sin

ce
d
en

sities
b

ecom
e

m
ore

com
p
arab

le
across

p
oin

ts.
In

th
is

case,
oth

er
con

stru
ction

s
forD

t
m

ay
b

e
su

ffi
cien

tly
rob

u
st,

for
ex

am
p
le

con
stru

ction
s

th
at

are
ad

d
itive

in
p,ρ

t .
T

h
e

L
U

N
D

algorith
m

com
b
in

es
d
en

sity
estim

ation
(as

cap
tu

red
b
y
p)

w
ith

d
iff

u
sion

geom
etry

(as
cap

tu
red

b
y
ρ
t ).

T
h
e

cru
cial

p
aram

eter
of

L
U

N
D

is
th

e
tim

e
p
aram

eter,
w

h
ich

d
eterm

in
es

th
e

d
iff

u
sion

d
istan

ce
D
t

u
sed

.
T

h
eorem

3.3
m

ay
b

e
u
sed

to
sh

ow
th

at
th

ere
is

a
ran

ge
of
t

for
w

h
ich

ap
p
ly

in
g

th
e

p
rop

osed
L

U
N

D
algorith

m
is

p
rovab

ly
accu

rate.
T

h
e

fi
rst

con
cern

is
to

u
n
d
erstan

d
con

d
ition

s
gu

aran
teein

g
th

ese
m

o
d
es

are
estim

ated
accu

rately,
th

e
secon

d
th

at
all

oth
er

p
oin

ts
are

con
seq

u
en

tly
lab

eled
correctly.

T
h
e

follow
in

g
resu

lt
su

m
m

arizes
C

orollaries
5.4,

5.5,
corresp

on
d
in

g
to

th
e

case
w

h
en

K
is

u
n
k
n
ow

n
a

p
riori

an
d

m
u
st

b
e

estim
ated

(as
in

A
lgorith

m
1)

or
is

k
n
ow

n
a

p
riori

(as
in

A
lgorith

m
2).

T
h
e
o
re

m
3
.5

S
u

ppose
X

=
⋃
Kk
=

1
X
k

as
above.

L
etM

be
the

set
of

clu
ster

den
sity

m
axim

a:

M
=
{
p(x

)|∃
k
∈
{1,2,...,K

}
su

ch
that

x
=

arg
m

ax
y∈
X
k

p(y
)}
.

(a)
L

et{
x
m
i }
ni=

1
be

the
poin

ts
{x

i }
ni=

1 ,
sorted

so
thatD

t (x
m

1 )
≥
D
t (x

m
2 )
≥
···≥

D
t (x

m
n ).

T
hen

A
lgorithm

1
correctly

estim
ates

K
an

d
labels

all
poin

ts
correctly
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
is
e
d

N
o
n
l
in
e
a
r
D
if
f
u
si
o
n

A
lg

o
ri

th
m

2
L

U
N

D
A

lg
or

it
h
m

,
K

K
n
ow

n

In
p
u
t:
X

(d
at

a)
,
σ

0
(k

er
n
el

d
en

si
ty

b
an

d
w

id
th

),
σ

(d
iff

u
si

on
sc

al
in

g
p
ar

am
et

er
),
t

(t
im

e
p
ar

am
et

er
),
K

(n
u
m

b
er

of
cl

u
st

er
s)

O
u
tp

u
t:
Y

(c
lu

st
er

as
si

gn
m

en
ts

)

1
:

B
u
il
d

M
ar

ko
v

tr
an

si
ti

on
m

at
ri

x
P

u
si

n
g

sc
al

e
p
ar

am
et

er
σ

.
2:

C
om

p
u
te

a
K

D
E
p(
x

)
fo

r
al

l
x
∈
X

u
si

n
g

ke
rn

el
b
an

d
w

id
th
σ

0
.

3
:

C
om

p
u
te
ρ
t(
x

)
fo

r
al

l
x
∈
X

.
4
:

C
om

p
u
te
D t

(x
)

=
ρ
t(
x

)p
(x

)
fo

r
al

l
x
∈
X

.
5
:

S
or

t
X

ac
co

rd
in

g
to
D t

(x
)

in
d
es

ce
n
d
in

g
or

d
er

as
{x

m
i
}n i=

1
,n

=
|X
|.

6:
A

ss
ig

n
Y

(x
m
i
)

=
i,
i

=
1,
..
.,
K

,
an

d
Y

(x
m
i
)

=
0,
i

=
K

+
1,
..
.,
n

.
7
:

S
or

t
X

ac
co

rd
in

g
to
p(
x

)
in

d
ec

re
as

in
g

or
d
er

as
{x

` i
}n i=

1
.

8
:

fo
r
i

=
1

:
n

d
o

9
:

if
Y

(x
` i

)=
0

th
e
n

10
:

Y
(x

` i
)

=
Y

(x
∗ )
,
x
∗

=
ar

g
m

in
y
{D

t(
x
` i
,y

)
|p

(y
)
≥
p(
x
` i

)
an

d
y

is
la

b
el

ed
}.

11
:

e
n
d

if
12

:
e
n
d

fo
r

fo
r

an
y
τ

sa
ti

sf
yi

n
g

m
ax

(M
)

m
in

(M
)

m
ax

i=
1
,··
·,K

ρ
t(
x
m
i
)

m
in
i=

1
,··
·,K

ρ
t(
x
m
i
)
<
τ
<

m
in

(M
)

m
ax

(M
)

D
bt
w

t

D
in t

.
(3

.6
)

(b
)

If
K

is
kn

ow
n

a
pr

io
ri

,
th

en
A

lg
or

it
hm

2
la

be
ls

al
l

po
in

ts
ac

cu
ra

te
ly

pr
ov

id
ed

th
at

D
in t

D
bt
w

t

<
m

in
(M

)

m
ax

(M
)
.

(3
.7

)

T
h
eo

re
m

3.
3

su
gg

es
ts

th
at

th
e

co
n
d
it

io
n
s

(3
.6

),
(3

.7
)

w
il
l

h
ol

d
fo

r
a

w
id

e
ra

n
ge

of
t,

d
ep

en
d
in

g
on

m
ax

(M
)/

m
in

(M
)

an
d

th
e

u
n
d
er

ly
in

g
d
at

a
ge

om
et

ry
.

In
d
ee

d
,

in
th

e
ca

se
th

at
C

4
=
C

5
=

1/
√
n

,
an

d
th

e
cl

u
st

er
s

ar
e

ir
re

d
u
ci

b
le

(C
1

sm
al

l)
an

d
w

el
l-

se
p
ar

at
ed

(C
3

la
rg

e)
,

th
e

ti
m

e
in

te
rv

al
gu

ar
an

te
ei

n
g
D

in t
/D

b
tw
t

<
ε

is
[C

1
ln

(C
2 ε
),
C

3
ε]

,
w

h
ic

h
is

w
id

e
ev

en
fo

r
ε

sm
al

l.
In

d
ee

d
,

se
tt

in
g
ε

=
m

in
(M

)/
(2

m
ax

(M
))

is
su

ffi
ci

en
t

to
gu

ar
an

te
e

(3
.7

)
h
ol

d
s

fo
r

a
w

id
e

ra
n
ge

of
t

(a
lw

ay
s

fo
r
C

1
su

ffi
ci

en
tl

y
sm

al
l

an
d

C
3

su
ffi

ci
en

tl
y

la
rg

e)
.

O
f

co
u
rs

e,
th

e
sm

al
le

r
th

e
ra

ti
o

m
in

(M
)/

m
ax

(M
),

th
e

h
ar

d
er

(3
.7

)
is

to
sa

ti
sf

y.
T

og
et

h
er

w
it

h
T

h
eo

re
m

3.
5,

th
is

im
p
li
es

th
e

p
ro

p
os

ed
m

et
h
o
d

(A
lg

or
it

h
m

1)
co

r-
re

ct
ly

la
b

el
s

th
e

d
at

a
an

d
es

ti
m

at
es

th
e

n
u
m

b
er

of
cl

u
st

er
s
K

co
rr

ec
tl

y.
N

ot
e

th
at

(3
.7

)
im

p
li
ci

tl
y

re
la

te
s

th
e

d
en

si
ty

of
th

e
se

p
ar

at
e

cl
u
st

er
s

to
th

ei
r

ge
om

et
ri

c
p
ro

p
er

-
ti

es
.

In
d
ee

d
,

if
th

e
cl

u
st

er
s

ar
e

w
el

l-
se

p
ar

at
ed

an
d

co
h
es

iv
e

en
ou

gh
,

th
en

D
in t
/D

b
tw
t

is
ve

ry
sm

al
l,

an
d

a
la

rg
e

d
is

cr
ep

an
cy

in
th

e
d
en

si
ty

of
th

e
cl

u
st

er
s

ca
n

b
e

to
le

ra
te

d
in

in
eq

u
al

it
y

(3
.7

).
N

ot
e

th
at
D

in t
,D

b
tw
t
,m

in
(M

),
an

d
m

ax
(M

)
ar

e
in

va
ri

an
t

to
in

-
cr

ea
si

n
g
n

,
as

lo
n
g

as
th

e
sc

al
e

p
ar

am
et

er
in

th
e

ke
rn

el
u
se

d
fo

r
co

n
st

ru
ct

in
g

d
iff

u
si

on
d
is

ta
n
ce

s
an

d
th

e
K

D
E

ad
ju

st
s

ac
co

rd
in

g
to

st
an

d
ar

d
co

n
ve

rg
en

ce
re

su
lt

s
fo

r
gr

ap
h
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

L
ap

la
ci

an
s

(B
el

k
in

an
d

N
iy

og
i,

20
05

,
20

07
;

G
ar

ci
a

T
ri

ll
os

et
al

.,
20

16
,

20
18

).
In

th
is

se
n
se

th
es

e
q
u
an

ti
ti

es
ar

e
p
ro

p
er

ti
es

of
th

e
m

ix
tu

re
m

o
d
el

(3
.1

),
an

d
n
ei

th
er

of
n

n
or

th
e

sc
al

e
p
ar

am
et

er
of

th
e

d
iff

u
si

on
p
ro

ce
ss
σ

.
W

e
n
ot

e
m

or
eo

ve
r

th
at

T
h
eo

re
m

3.
5

su
gg

es
ts
t

m
u
st

b
e

ta
ke

n
in

a
m

es
os

co
p
ic

ra
n
ge

,
th

at
is

,
su

ffi
ci

en
tl

y
fa

r
fr

om
0

b
u
t

al
so

b
ou

n
d
ed

.
In

d
ee

d
,

fo
r
t

sm
al

l,
D

in t
is

n
ot

n
ec

es
sa

ri
ly

sm
al

l,
as

th
e

M
ar

ko
v

p
ro

ce
ss

h
as

n
ot

m
ix

ed
lo

ca
ll
y

ye
t.

F
or
t

la
rg

e,
P
t

is
cl

os
e

to
gl

ob
al

st
at

io
n
ar

it
y,

an
d

th
e

ra
ti

o
D

in t
/D

b
tw
t

is
n
ot

n
ec

es
sa

ri
ly

sm
al

l,
si

n
ce

D
b

tw
t

w
il
l

b
e

sm
al

l.
In

th
is

ca
se

,
cl

u
st

er
s

w
ou

ld
on

ly
b

e
d
et

ec
ta

b
le

b
as

ed
on

d
en

si
ty

,
re

q
u
ir

in
g

th
re

sh
ol

d
in

g,
w

h
ic

h
is

su
sc

ep
ti

b
le

to
sp

u
ri

ou
s

id
en

ti
fi
ca

ti
on

of
re

gi
on

s
ar

ou
n
d

lo
ca

l
d
en

si
ty

m
ax

im
a

as
cl

u
st

er
s.

W
e

re
m

ar
k

th
at

a
L

U
N

D
p
ro

to
ty

p
e

ad
ap

te
d

to
im

ag
e

d
at

a
w

as
p
ro

p
os

ed
fo

r
th

e
em

p
ir

ic
al

st
u
d
y

of
h
ig

h
-d

im
en

si
on

al
h
y
p

er
sp

ec
tr

al
im

ag
es

b
y

M
u
rp

h
y

an
d

M
ag

gi
on

i
(2

01
8a

,b
,

20
19

b
),

w
h
er

e
it

is
sh

ow
n

to
en

jo
y

co
m

p
et

it
iv

e
p

er
fo

rm
an

ce
w

it
h

st
at

e-
of

-
th

e-
ar

t
cl

u
st

er
in

g
al

go
ri

th
m

s
on

sp
ec

ifi
c

d
at

a
se

ts
.

T
h
e

L
U

N
D

al
go

ri
th

m
p
re

se
n
te

d
in

th
e

p
re

se
n
t

w
or

k
is

m
or

e
ge

n
er

al
an

d
,

in
co

n
tr

as
t

w
it

h
ea

rl
ie

r
re

la
te

d
m

et
h
o
d
s,

ap
p
ro

p
ri

at
e

fo
r

ge
n
er

al
p

oi
n
t

cl
ou

d
d
at

a,
n
ot

ju
st

im
ag

es
.

3
.2

C
o
m

p
a
ri

so
n
s

w
it

h
R

e
la

te
d

C
lu

st
e
ri

n
g

A
lg

o
ri

th
m

s

L
U

N
D

co
m

b
in

es
gr

ap
h
-b

as
ed

m
et

h
o
d
s

w
it

h
d
en

si
ty

-b
as

ed
m

et
h
o
d
s,

an
d

it
is

th
er

ef
or

e
n
at

u
ra

l
to

co
m

p
ar

e
it

w
it

h
sp

ec
tr

al
cl

u
st

er
in

g
an

d
F

S
F

D
P

C
am

on
g

ot
h
er

m
et

h
o
d
s.

3
.2
.1

C
o
m
pa

r
is
o
n
w
it
h
S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

T
h
e

n
or

m
al

iz
ed

gr
ap

h
-c

u
t

p
ro

b
le

m
in

sp
ec

tr
al

cl
u
st

er
in

g
is

re
la

te
d

to
th

e
p
ro

b
ab

il
it

y
of

tr
an

si
ti

on
in

g
b

et
w

ee
n

cl
u
st

er
s

in
on

e
ti

m
e

st
ep

(M
ei

la
an

d
S
h
i,

20
01

).
L

U
N

D
u
se

s
in

te
rm

ed
ia

te
ti

m
e

sc
al

es
to

se
p
ar

at
e

cl
u
st

er
s,

n
am

el
y

th
e

ti
m

e
sc

al
e

at
w

h
ic

h
th

e
ra

n
d
om

w
al

k
h
as

al
m

os
t

re
ac

h
ed

th
e

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
co

n
d
it

io
n
ed

on
n
ot

le
av

in
g

a
cl

u
st

er
,

an
d

h
as

n
ot

ye
t

tr
an

si
ti

on
ed

(w
it

h
si

za
b
le

p
ro

b
ab

il
it

y
)

to
a

d
iff

er
en

t
cl

u
st

er
.

S
p

ec
tr

al
cl

u
st

er
in

g
en

jo
y
s

p
er

fo
rm

an
ce

gu
ar

an
te

es
u
n
d
er

a
ra

n
ge

of
m

o
d
el

as
su

m
p
-

ti
on

s
(C

h
en

an
d

L
er

m
an

,2
00

9a
,b

;A
ri

as
-C

as
tr

o,
20

11
;A

ri
as

-C
as

tr
o

et
al

.,
20

11
;V

id
al

,
20

11
;
Z

h
an

g
et

al
.,

20
12

;
E

lh
am

if
ar

an
d

V
id

al
,
20

13
;
W

an
g

et
al

.,
20

15
;
S
ol

ta
n
ol

ko
ta

b
i

et
al

.,
20

14
;

A
ri

as
-C

as
tr

o
et

al
.,

20
17

;
L

it
tl

e
et

al
.,

20
17

).
U

n
d
er

n
on

p
ar

am
et

ri
c

as
-

su
m

p
ti

on
s

on
(3

.1
)

w
it

h
K

=
2,

S
h
i

et
al

.
(2

00
9)

sh
ow

th
at

th
e

p
ri

n
ci

p
al

ei
ge

n
fu

n
c-

ti
on

s
an

d
ei

ge
n
va

lu
es

of
th

e
as

so
ci

at
ed

ke
rn

el
op

er
at

or
K

(f
)(
x

)
=
∫
K

(x
,y

)f
(y

)d
µ

(y
)

ar
e

cl
os

el
y

ap
p
ro

x
im

at
ed

b
y

th
e

p
ri

n
ci

p
al

sp
ec

tr
a

of
th

e
ke

rn
el

op
er

at
or

s
K i

(f
)(
x

)
=

∫
K

(x
,y

)f
(y

)d
µ
i(
y
),
i

=
1,

2,
p

os
si

b
ly

m
ix

ed
u
p
,

d
ep

en
d
in

g
on

th
e

sp
ec

tr
a

of
K 1
,K

2

an
d

th
e

w
ei

gh
ts
w

1
,w

2
.

T
h
is

al
lo

w
s

fo
r

th
e

n
u
m

b
er

of
cl

as
se

s
to

b
e

es
ti

m
at

ed
ac

cu
-

ra
te

ly
in

so
m

e
si

tu
at

io
n
s,

an
d

fo
r

p
oi

n
ts

to
b

e
la

b
el

ed
b
y

d
et

er
m

in
in

g
w

h
ic

h
d
is

tr
i-

b
u
ti

on
ce

rt
ai

n
ei

ge
n
ve

ct
or

s
co

m
e

fr
om

.
T

h
e

re
la

te
d

w
or

k
of

S
ch

ie
b
in

ge
r

et
al

.
(2

01
5)

p
ro

v
id

es
su

ffi
ci

en
t

co
n
d
it

io
n
s

u
n
d
er

th
e

n
on

p
ar

am
et

ri
c

m
o
d
el

(3
.1

)
fo

r
th

e
lo

w
-d

im
en

si
on

al
em

b
ed

d
in

g
of

sp
ec

tr
al

cl
u
s-
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

terin
g

to
m

ap
w

ell-sep
arated

,
coh

eren
t

region
s

in
in

p
u
t

sp
ace

to
ap

p
rox

im
ately

or-
th

ogon
al

region
s

in
th

e
em

b
ed

d
in

g
sp

ace.
T

h
is

in
tu

rn
im

p
lies

th
at
K

-m
ean

s
clu

s-
terin

g
su

cceed
s

w
ith

h
igh

p
rob

ab
ility,

th
ereb

y
y
ield

in
g

gu
aran

tees
on

th
e

accu
racy

of
sp

ectral
clu

sterin
g.

T
h
ese

resu
lts

d
ep

en
d

on
tw

o
q
u
an

tities:
w

ith
µ

as
in

(3.1)
an

d
K

a
kern

el,
th

ey
d
efi

n
e

sep
aration

an
d

coh
esion

q
u
an

tities,
resp

ectively,
as

S
(µ

)
=

m
ax

i6=
j S

(µ
i ,µ

j ),Γ
m

in (µ
)

=
m

in
i=

1
,...,K

Γ
(µ

i ),
w

h
ere

S
(µ

i ,µ
j )

=
1

p(X
) ∫

X

∫

X

K
(x
,y

)d
µ
i (x

)d
µ
j (y

),Γ
(µ

i )
=

in
f

S⊂
X

p(X
)

p(S
)p(S

c) ∫

S ∫

S
c K

(x
,y

)d
µ
i (x

)d
µ
i (y

),

p(S
)

=
∫
S ∫

X
K

(x
,y

)d
µ

(x
)d
µ

(y
).

A
m

a
jor

resu
lt

of
S
ch

ieb
in

ger
et

al.
(2015)

is
th

at
sp

ectral
clu

sterin
g

is
accu

rate
w

ith
h
igh

p
rob

ab
ility

d
ep

en
d
in

g
on

a
con

fi
d
en

ce
p
a-

ram
eter

β
an

d
th

e
n
u
m

b
er

of
d
ata

sam
p
les

n
if

√
K

(S
(µ

)
+
C

(µ
))

m
in
i=

1
,...K

w
i

+

(
1√n

+
β )

.
Γ

4m
in (µ

)
,

(3.8)

w
h
ereC

(µ
)

is
a

“cou
p
lin

g
p
aram

eter”
th

at
is

n
ot

germ
an

e
to

th
e

p
resen

t
d
iscu

ssion
.

C
on

d
ition

(3.8)
h
old

s
w

h
en

th
e

w
ith

in
-clu

ster
coh

eren
ce

Γ
m

in (µ
)

is
large

relative
to

th
e

sim
ilarity

b
etw

een
clu

sters
S

(µ
).

F
ix

in
g

th
e

sep
aration

Γ
m

in (µ
),

(3.8)
is

m
ore

likely
to

h
old

if
th

e
clu

sters
are

relatively
sp

h
erical

in
sh

ap
e.

F
or

ex
am

p
le,

in
F

igu
re

3
w

e
rep

resen
t

tw
o

d
ata

sets,
each

con
sistin

g
of

tw
o

clu
sters,

w
ith

com
p
arab

leS
(µ

),
b
u
t

su
b
stan

tially
d
iff

eren
t

Γ
m

in (µ
).

A
lso

n
ote

th
at

in
th

e
fi
n
ite

sam
p
le

case
w

h
en

1√n
in

(3.8)
is

n
on

-n
egligib

le,
th

e
im

p
ortan

ce
of

Γ
m

in
b

ein
g

n
ot

to
o

sm
all

in
creases.

T
h
e

geom
etric

p
aram

etersS
(µ

),Γ
m

in
are

com
p
arab

le
to
C

3
an

d
C

1
in

T
h
eorem

3.3.

-4
-2

0
2

4
6

8

-3 -2 -1 0 1 2 3 4 5 6

(a
)S

(µ
)

=
0
.0

5
3
3
,Γ

m
in

(µ
)≈

0
.9

5
5
0
.

-10
-5

0
5

10
15

-10 -5 0 5

10

(b
)S

(µ
)

=
0
.0

5
2
3
,

Γ
m
in

(µ
)≈

0
.2

5
6
0
.

F
ig

u
re

3:
In

(a)
a
n
d

(b
)

tw
o

d
iff

eren
t

m
ix

tu
res

of
G

au
ssia

n
s

a
re

sh
ow

n
.

T
h
e

tw
o

m
ix

tu
res

h
ave

rou
gh

ly
th

e
sa

m
e

m
ea

su
re

of
b

etw
een

-clu
ster

d
ista

n
ceS

(µ
),

b
u
t

sign
ifi

ca
n
tly

d
iff

eren
t

w
ith

in
-clu

ster
co

h
eren

ce
Γ
m
in (µ

).
S
p

ectral
clu

sterin
g

w
ill

en
joy

m
u
ch

stron
ger

p
erform

an
ce

gu
aran

tees,
accord

in
g

to
S
ch

ieb
in

g
er

et
a
l.

(2
015

),
for

th
e

d
ata

in
(a)

co
m

p
a
red

to
th

e
d
ata

in
(b

),
for

a
ran

ge
of

relevan
t

ch
o
ices

o
f

th
e

p
a
ram

eter
σ

.
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

It
is

of
related

in
terest

to
com

p
are

L
U

N
D

to
sp

ectral
clu

sterin
g

b
y

recallin
g

(2.2).
In

th
e

gen
eric

case
th

at
λ

2
>
λ

3 ,
th

e
(ψ

2 (x
)−

ψ
2 (y

))
2

term
d
om

in
ates

asy
m

p
totically

as
t→

∞
.

H
en

ce,
as
t→

∞
,

L
U

N
D

b
ears

resem
b
lan

ce
to

sp
ectral

clu
sterin

g
w

ith
th

e
secon

d
eigen

vector
alon

e
(S

h
i

an
d

M
alik

,
2000).

O
n

th
e

oth
er

ex
trem

e,
for

t
=

0,
d
iff

u
sion

d
istan

ces
d
ep

en
d

on
all

eigen
vectors

eq
u
ally.

U
sin

g
th

e
fi
rst

K
or

th
e

2
n
d

th
rou

gh
(K

+
1)
st

eigen
vectors

ψ
l

is
th

e
b
asis

for
m

an
y

sp
ectral

clu
sterin

g
algorith

m
s

(N
g

et
al.,

2002;
S
ch

ieb
in

ger
et

al.,
2015),

an
d

is
com

p
arab

le
to

L
U

N
D

for
t

=
0,

com
b
in

ed
w

ith
a

tru
n
cation

of
(2.2).

N
ote

th
at

clu
sterin

g
w

ith
th

e
kern

elK
alon

e
relates

to
u
sin

g
all

eigen
vectors

an
d
t

=
1.

B
y

allow
in

g
t

to
b

e
a

tu
n
ab

le
p
aram

eter,
L

U
N

D
in

terp
olates

b
etw

een
th

e
ex

trem
es

of
th

e
K

p
rin

cip
al

eigen
vectors

eq
u
ally

(t
=

0
an

d
tru

n
catin

g
th

e
eigen

d
ecom

p
osition

after
th

e
K
th

or
(K

+
1)
st

eigen
vector),

u
sin

g
th

e
kern

el
m

atrix
(t

=
1),

an
d

u
sin

g
on

ly
th

e
secon

d
eigen

vector
(t→

∞
).

T
h
e

resu
lts

of
S
ection

6
valid

ate
th

e
im

p
ortan

ce
of

th
is

fl
ex

ib
ility.

A
n

ad
d
ition

al
ch

allen
ge

w
h
en

u
sin

g
sp

ectral
clu

sterin
g

is
to

rob
u
stly

estim
ate

K
.

T
h
e

eigen
gap

K̂
=

arg
m

ax
i λ

i+
1 −

λ
i

is
a

com
m

on
ly

u
sed

h
eu

ristic,
b
u
t

is
often

in
eff

ective
w

h
en

E
u
clid

ean
d
istan

ces
are

u
sed

in
th

e
case

of
n
on

-sp
h
erical

clu
sters

(A
rias-C

astro,
2011;

L
ittle

et
al.,

2017).
In

con
trast,

T
h
eorem

3.5
su

ggests
L

U
N

D
can

rob
u
stly

estim
ate

K
,

w
h
ich

is
sh

ow
n

em
p
irically

for
sy

n
th

etic
d
ata

in
S
ection

6.
It

is
also

of
in

terest
to

com
p
are

th
e

gu
aran

tees
of

T
h
eorem

3.3
to

th
e

an
aly

sis
of

sp
ectral

clu
sterin

g
of

N
ad

ler
an

d
G

alu
n

(2007);
see

S
ection

2.1.4.
In

p
articu

lar,
th

e
gu

aran
tees

of
L

U
N

D
req

u
ire

b
alan

cin
g

tw
o

q
u
an

tities:
th

e
w

ith
in

clu
ster

m
ix

in
g

tim
es

an
d

th
e

b
etw

een
-clu

ster
tran

sition
p
rob

ab
ilities.

T
h
ese

are
an

aly
zed

p
recisely

in
S
ec-

tion
4,

an
d

are
q
u
an

tifi
ed

in
T

h
eorem

3.3
b
y
C

1
(w

ith
in

clu
ster

m
ix

in
g

p
rop

en
sity

)
an

d
C

3
(b

etw
een

clu
ster

tran
sition

p
rop

en
sity

).
In

th
e

fram
ew

ork
of

con
tin

u
ou

s
F

ok
ker-

P
lan

ck
eq

u
ation

s,
th

ese
n
otion

s
are

closely
related

to
relax

ation
tim

e
an

d
fi
rst

ex
it

tim
e,

resp
ectively.

N
ad

ler
an

d
G

alu
n

(2007)
argu

e
th

at
as

lon
g

as
th

e
fi
rst

p
assage

ex
it

tim
e

is
greater

th
an

th
e

relax
ation

tim
e

w
ith

in
a

clu
ster,

for
all

clu
sters,

th
en

sp
ectral

clu
sterin

g
h
as

a
h
op

e
of

ach
iev

in
g

go
o
d

resu
lts.

T
h
e

L
U

N
D

algorith
m

relies
on

a
sim

ilar
fu

n
d
am

en
tal

ob
servation

,
an

d
th

e
d
elicate

b
alan

ce
b

etw
een

th
ese

tw
o

n
otion

s
(w

ith
in

clu
ster

m
ix

in
g

an
d

b
etw

een
clu

ster
tran

sition
s)

are
an

aly
zed

in
a

p
re-

cise,
q
u
an

titative
sen

se
for

d
iscrete

M
arkov

ch
ain

s
in

S
ection

4,
lead

in
g

in
T

h
eorem

4.12
to

a
gu

aran
tee

on
th

e
b

eh
av

ior
of

d
iff

u
sion

d
istan

ces
in

term
s

of
th

ese
q
u
an

tities.
C

om
p
u
tation

ally,
L

U
N

D
an

d
sp

ectral
m

eth
o
d
s

are
essen

tially
th

e
sam

e,
w

ith
th

e
b

ottlen
eck

in
com

p
lex

ity
b

ein
g

eith
er

th
e

sp
ectral

d
ecom

p
osition

of
a

d
en

se
n
×
n

m
atrix

(O
(M

n
2)

w
h
ere

M
is

th
e

n
u
m

b
er

of
eigen

vectors
sou

gh
t),

or
th

e
com

p
u
tation

of
n
earest

n
eigh

b
ors

w
h
en

u
sin

g
a

sp
arse

d
iff

u
sion

op
erator

or
L

ap
lacian

(u
sin

g
an

in
d
ex

in
g

stru
ctu

re
for

a
fast

n
earest

n
eigh

b
ors

search
,

th
is

is
O

(C
dD
n

log
(n

)),
w

h
ere

d
is

th
e

in
trin

sic
d
im

en
sion

of
th

e
d
ata).

3
.2
.2

C
o
m
pa

r
iso

n
W

it
h
L
o
c
a
l
G
r
a
p
h
C
u
t
t
in
g

A
l
g
o
r
it
h
m
s

T
h
e

L
U

N
D

algorith
m

b
ears

som
e

resem
b
lan

ce
to

lo
cal

grap
h

cu
ttin

g
algorith

m
s

(S
p
ielm

an
an

d
T

en
g,

2004;
A

n
d
ersen

et
al.,

2006,
2008;

A
n
d
ersen

an
d

P
eres,

2009;
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
is
e
d

N
o
n
l
in
e
a
r
D
if
f
u
si
o
n

S
p
ie

lm
an

an
d

T
en

g,
20

13
,

20
14

;
Y

in
et

al
.,

20
17

;
F

ou
n
to

u
la

k
is

et
al

.,
20

17
).

T
h
es

e
m

et
h
o
d
s

co
m

p
u
te

a
cl

u
st

er
C

ar
ou

n
d

a
gi

ve
n

ve
rt

ex
v

su
ch

th
at

th
e

co
n
d
u
ct

an
ce

of
C

is
h
ig

h
(s

ee
D

efi
n
it

io
n

4.
3)

,
an

d
w

h
ic

h
ca

n
b

e
co

m
p
u
te

d
in

su
b
li
n
ea

r
ti

m
e

w
it

h
re

sp
ec

t
to

th
e

to
ta

l
n
u
m

b
er

of
ve

rt
ic

es
in

th
e

gr
ap

h
n

,
an

d
in

li
n
ea

r
ti

m
e

w
it

h
re

sp
ec

t
to
|C
|.

In
or

d
er

to
av

oi
d

an
al

go
ri

th
m

th
at

sc
al

es
li
n
ea

rl
y

(o
r

w
or

se
)

in
n

,
gl

ob
al

fe
at

u
re

s—
su

ch
as

ei
ge

n
ve

ct
or

s
of

a
M

ar
ko

v
tr

an
si

ti
on

m
at

ri
x

or
gr

ap
h

L
ap

la
ci

an
d
efi

n
ed

on
th

e
d
at

a—
m

u
st

b
e

av
oi

d
ed

.
T

h
e

N
ib

b
le

al
go

ri
th

m
(S

p
ie

lm
an

an
d

T
en

g,
20

13
)

an
d

re
la

te
d

m
et

h
o
d
s

(A
n
d
er

se
n

an
d

P
er

es
,

20
09

)
co

m
p
u
te

ap
p
ro

x
im

at
e

ra
n
d
om

w
al

k
s

fo
r

p
oi

n
ts

n
ea

rb
y
v
,

an
d

tr
u
n
ca

te
st

ep
s

th
at

ta
ke

th
e

ra
n
d
om

w
al

ke
r

to
o

fa
r

fr
om

al
re

ad
y

ex
p
lo

re
d

p
oi

n
ts

.
T

h
is

ac
co

u
n
ts

fo
r

th
e

m
os

t
im

p
or

ta
n
t

st
ep

s
a

ra
n
d
om

w
al

ke
r

w
ou

ld
ta

ke
,

an
d

av
oi

d
s

co
n
si

d
er

in
g

al
l
n

ve
rt

ic
es

of
th

e
gr

ap
h
.

In
th

is
se

n
se

,
N

ib
b
le

an
d

re
la

te
d

m
et

h
o
d
s

fo
cu

s
on

lo
ca

l
d
iff

u
si

on
in

or
d
er

to
co

m
p
u
te

a
lo

ca
l

cl
u
st

er
ar

ou
n
d

a
p
ri

or
it

iz
ed

ve
rt

ex
v
,

w
h
il
e

L
U

N
D

fo
cu

se
s

on
b

ot
h

fi
n
d
in

g
go

o
d

st
ar

ti
n
g

p
oi

n
ts

an
d

a
gl

ob
al

ly
co

n
si

st
en

t
p
ar

ti
ti

on
of

th
e

w
h
ol

e
gr

ap
h
,

u
si

n
g

n
on

li
n
ea

r,
ty

p
ic

al
ly

la
rg

e-
ti

m
e

d
iff

u
si

on
to

u
n
co

ve
r

m
u
lt

it
em

p
or

al
st

ru
ct

u
re

.

3
.2
.3

C
o
m
pa

r
is
o
n
w
it
h
F
S
F
D
P
C

T
h
e

F
S
F

D
P

C
al

go
ri

th
m

(R
o
d
ri

gu
ez

an
d

L
ai

o,
20

14
)

le
ar

n
s

th
e

m
o
d
es

of
cl

u
st

er
s

in
a

m
an

n
er

si
m

il
ar

to
th

e
m

et
h
o
d

p
ro

p
os

ed
in

th
is

ar
ti

cl
e.

In
F

S
F

D
P

C
,

th
e

d
iff

u
si

on
d
is

ta
n
ce

-b
as

ed
q
u
an

ti
ty
ρ
t

is
re

p
la

ce
d

w
it

h
a

co
rr

es
p

on
d
in

g
E

u
cl

id
ea

n
d
is

ta
n
ce

-b
as

ed
q
u
an

ti
ty

:

ρ
E

u
c
(x

)
=

    

m
in

y
∈X
{‖
x
−
y
‖ 2
|p

(y
)
≥
p(
x

)}
,
x
6=

ar
g

m
ax

y
∈X

p(
y
),

m
ax

y
∈X
‖x
−
y
‖ 2
,

x
=

ar
g

m
ax

y
∈X

p(
y
).

M
or

eo
ve

r,
th

e
m

o
d
es

ar
e

es
ti

m
at

ed
u
si

n
g

on
ly
ρ

E
u

c
(x

),
ra

th
er

th
an
D t

(x
)

=
p(
x

)ρ
t(
x

)
as

p
ro

p
os

ed
in

th
e

L
U

N
D

al
go

ri
th

m
.

A
s

in
L

U
N

D
,
F

S
F

D
P

C
it

er
at

iv
el

y
as

si
gn

s
p

oi
n
ts

th
e

sa
m

e
la

b
el

as
th

ei
r

n
ea

re
st

E
u
cl

id
ea

n
n
ei

gh
b

or
(L

U
N

D
u
se

s
d
iff

u
si

on
n
ea

re
st

n
ei

gh
b

or
)

of
h
ig

h
er

d
en

si
ty

.
T

h
e

d
iff

er
en

ce
s

b
et

w
ee

n
L

U
N

D
an

d
F

S
F

D
P

C
ar

e
fu

n
d
am

en
ta

l.
T

h
eo

re
ti

ca
l

gu
ar

an
-

te
es

fo
r

th
e

F
D

F
D

P
C

u
si

n
g

E
u
cl

id
ea

n
d
is

ta
n
ce

s
d
o

n
ot

ac
co

m
m

o
d
at

e
a

ri
ch

cl
as

s
of

d
is

tr
ib

u
ti

on
s

an
d

th
e

gu
ar

an
te

es
p
ro

ve
d

in
th

is
ar

ti
cl

e
fa

il
w

h
en

u
si

n
g
ρ

E
u

c
(x

)
(a

s
in

R
o
d
ri

gu
ez

an
d

L
ai

o
(2

01
4)

)
or
D

eu
c
(x

)
=
p(
x

)ρ
E

u
c
(x

)
fo

r
co

m
p
u
ti

n
g

m
o
d
es

.
T

h
is

is
b

ec
au

se
fo

r
cl

u
st

er
s

th
at

ar
e

m
u
lt

im
o
d
al

or
su

p
p

or
te

d
n
ea

r
n
on

-s
p
h
er

ic
al

se
ts

,
th

er
e

is
n
o

re
as

on
fo

r
h
ig

h
-d

en
si

ty
re

gi
on

s
of

on
e

cl
u
st

er
to

b
e

w
el

l-
se

p
ar

at
ed

in
E

u
cl

id
ea

n
d
is

ta
n
ce

.
In

S
ec

ti
on

6,
w

e
sh

al
l

se
e

F
S
F

D
P

C
fa

il
s

fo
r

th
e

m
ot

iv
at

in
g

d
at

a
in

S
ec

ti
on

3.
M

or
eo

ve
r,

th
e

u
se

of
th

e
p
ro

d
u
ct
D t

(x
)

=
p(
x

)ρ
t(
x

)
to

d
et

er
m

in
e

m
o
d
es

gi
ve

s
L

U
N

D
ro

b
u
st

n
es

s
to

ou
tl

ie
rs

th
at

F
S
F

D
P

C
la

ck
s.

In
d
ee

d
,

ou
tl

y
in

g
p

oi
n
ts

m
ay

ad
m

it
ve

ry
la

rg
e
ρ
t(
x

)
or
ρ

E
u

c
(x

)
va

lu
es

,
b
u
t

ve
ry

sm
al

l
p(
x

)
va

lu
es

.
In

th
is

se
n
se

,
th

e
d
en

-
si

ty
fa

ct
or

in
D t

en
su

re
s

th
at

ou
tl

y
in

g
p

oi
n
ts

ar
e

n
ot

la
b

el
ed

as
m

o
d
es

.
T

h
is

te
n
si

on
b

et
w

ee
n

ge
om

et
ry

an
d

d
en

si
ty

is
h
ig

h
li
gh

te
d

in
T

h
eo

re
m

3.
5.

17
JM

L
R

 2
0(

16
0)

:1
-5

6,
 2

01
9

M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

In
ad

d
it

io
n
,

th
e

L
U

N
D

al
go

ri
th

m
is

ab
le

to
co

rr
ec

tl
y

es
ti

m
at

e
th

e
n
u
m

b
er

of
cl

u
st

er
s

in
th

e
d
at

a,
ev

en
fo

r
n
on

li
n
ea

r
or

el
on

ga
te

d
cl

u
st

er
s,

u
si

n
g

th
e

ra
ti

o
(o

r
d
ec

ay
)

of
D t

(x
).

A
si

m
il
ar

cr
it

er
io

n
fo

r
F

S
F

D
P

C
is

n
ot

av
ai

la
b
le

fo
r

cl
u
st

er
s

th
at

ar
e

n
on

li
n
ea

r
or

el
on

ga
te

d
,

d
u
e

to
th

e
fa

ct
th

at
h
ig

h
d
en

si
ty

re
gi

on
s

co
n
n
ec

te
d

b
y

m
an

y
p
at

h
s

in
th

e
d
at

a
m

ay
b

e
ve

ry
fa

r
ap

ar
t

in
E

u
cl

id
ea

n
d
is

ta
n
ce

,
le

ad
in

g
h
eu

ri
st

ic
s

b
as

ed
on

th
e

d
ec

ay
of
ρ

E
u

c
(x

)
or
D

eu
c
(x

)
to

fa
il
;

se
e

S
ec

ti
on

6.
W

e
re

m
ar

k
th

at
fo

r
si

m
p
le

,
sp

h
er

ic
al

d
at

a
se

ts
,
u
si

n
g

th
es

e
h
eu

ri
st

ic
s

fo
r

F
S
F

D
P

C
m

ay
w

or
k

w
el

l;
th

is
is

ob
se

rv
ed

fo
r

is
ot

ro
p
ic

G
au

ss
ia

n
d
at

a
in

S
ec

ti
on

6.
3.

3
.2
.4

C
o
m
pa

r
is
o
n
w
it
h
S
in
g
l
e
L
in
k
a
g
e
C
l
u
st

e
r
in
g

L
U

N
D

is
re

la
te

d
to

S
L

C
in

th
e

se
n
se

th
at

th
e

u
n
d
er

ly
in

g
d
en

si
ty

of
th

e
d
at

a
is

an
im

p
or

ta
n
t

d
et

er
m

in
an

t
in

th
e

cl
u
st

er
in

gs
.

H
ow

ev
er

,
L

U
N

D
al

so
in

co
rp

or
at

es
ge

om
et

-
ri

c
st

ru
ct

u
re

in
th

e
d
at

a
w

h
en

d
et

er
m

in
in

g
cl

u
st

er
s,

w
h
ic

h
ca

n
b

e
es

p
ec

ia
ll
y

p
ow

er
fu

l
w

h
en

d
en

si
ty

is
u
n
in

fo
rm

at
iv

e.
In

F
ig

u
re

4,
d
at

a
w

it
h

co
n
st

an
t

d
en

si
ty

b
u
t

si
gn

ifi
ca

n
t

ge
om

et
ri

c
st

ru
ct

u
re

is
an

al
y
ze

d
.

L
U

N
D

su
cc

ee
d
s

in
le

ar
n
in

g
an

ac
cu

ra
te

cl
u
st

er
in

g
w

it
h

re
sp

ec
t

to
th

e
la

te
n
t

d
at

a
ge

om
et

ry
,

w
h
il
e

S
L

C
fa

il
s.

A
th

eo
re

ti
ca

l
an

al
y
si

s
of

th
e

b
ot

tl
en

ec
k

p
h
en

om
en

on
is

p
re

se
n
te

d
in

S
ec

ti
on

4.
3.

4
.

A
n
a
ly

si
s

o
f

D
iff

u
si

o
n

P
ro

ce
ss

e
s

o
n

D
a
ta

In
th

is
se

ct
io

n
,
w

e
d
er

iv
e

es
ti

m
at

es
fo

r
d
iff

u
si

on
d
is

ta
n
ce

s.
L

et
D

in t
,D

b
tw
t

b
e

as
in

(3
.2

).
T

h
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n
is

to
sh

ow
th

er
e

ex
is

ts
a

ti
m

e
in

te
rv

al
T
⊂

[0
,∞

]s
o

th
at

∀t
∈
T
,
D

b
tw
t

>
D

in t
,
th

at
is

,
fo

r
t
∈
T

,
w

it
h
in

cl
u
st

er
d
iff

u
si

on
d
is

ta
n
ce

is
sm

al
le

r
th

an
b

et
w

ee
n

cl
u
st

er
d
iff

u
si

on
d
is

ta
n
ce

.
S
h
ow

in
g

th
at

w
it

h
in

-c
lu

st
er

d
is

ta
n
ce

s
ar

e
sm

al
l

an
d

b
et

w
ee

n
-c

lu
st

er
d
is

ta
n
ce

s
ar

e
la

rg
e

is
es

se
n
ti

al
fo

r
an

y
cl

u
st

er
in

g
p
ro

b
le

m
.

T
h
e

b
en

efi
t

of
u
si

n
g

d
iff

u
si

on
d
is

ta
n
ce

is
it

s
ad

ap
ta

b
il
it

y
to

th
e

ge
om

et
ry

of
th

e
d
at

a:
it

is
p

os
si

b
le

th
at

w
it

h
in

cl
u
st

er
d
iff

u
si

on
d
is

ta
n
ce

is
le

ss
th

an
b

et
w

ee
n

cl
u
st

er
d
iff

u
si

on
d
is

ta
n
ce

,
ev

en
in

th
e

ca
se

th
at

th
e

cl
u
st

er
s

ar
e

h
ig

h
ly

el
on

ga
te

d
an

d
n
on

li
n
ea

r.
T

h
is

p
ro

p
er

ty
d
o
es

n
ot

h
ol

d
w

h
en

p
oi

n
ts

ar
e

co
m

p
ar

ed
w

it
h

E
u
cl

id
ea

n
d
is

ta
n
ce

s
or

m
an

y
ot

h
er

d
at

a-
in

d
ep

en
d
en

t
d
is

ta
n
ce

s.
C

om
p
ar

ed
to

ex
is

ti
n
g

m
et

h
o
d
s

fo
r

an
al

y
zi

n
g

d
iff

u
si

on
d
is

ta
n
ce

s,
th

e
p
ro

p
os

ed
m

et
h
o
d

d
o
es

n
ot

re
q
u
ir

e
an

an
al

y
si

s
of

th
e

lo
ca

li
za

ti
on

p
ro

p
er

ti
es

of
ei

ge
n
fu

n
ct

io
n
s

of
P

,
w

h
ic

h
m

ay
b

e
ch

al
le

n
gi

n
g

fo
r

sm
al

l
or

el
on

ga
te

d
cl

u
st

er
s

(S
h
i

et
al

.,
20

09
).

T
h
e

p
ro

-
p

os
ed

m
et

h
o
d

h
as

an
al

og
y

to
th

e
an

al
y
si

s
of

F
ok

ke
r-

P
la

n
ck

eq
u
at

io
n
s

of
N

ad
le

r
an

d
G

al
u
n

(2
00

7)
,

in
th

at
b

ot
h

ap
p
ro

ac
h
es

at
te

m
p
t

to
ch

ar
ac

te
ri

ze
th

e
te

n
si

on
b

et
w

ee
n

w
it

h
in

-c
lu

st
er

si
m

il
ar

it
y

an
d

b
et

w
ee

n
-c

lu
st

er
se

p
ar

at
io

n
fo

r
cl

u
st

er
in

g
w

it
h

sp
ec

tr
al

m
et

h
o
d
s.

U
n
li
ke

th
at

an
al

y
si

s
of

th
e

co
n
ti

n
u
u
m

st
o
ch

as
ti

c
P

D
E

,
ou

r
an

al
y
si

s
p
ro

v
id

es
ex

p
li
ci

t
es

ti
m

at
es

on
th

e
b

eh
av

io
rs

of
th

e
d
is

cr
et

e
d
iff

u
si

on
d
is

ta
n
ce

s
fo

r
fi
n
it

e
d
at

a.
O

u
r

an
al

y
si

s
is

b
as

ed
on

th
e

n
ot

io
n
s

of
n

ea
r-

re
du

ci
bi

li
ty

an
d

st
oc

ha
st

ic
co

m
pl

em
en

t,
w

h
ic

h
m

ak
e

p
re

ci
se

th
e

te
n
si

on
b

et
w

ee
n

w
it

h
in

-c
lu

st
er

m
ix

in
g

an
d

b
et

w
ee

n
-c

lu
st

er
tr

an
si

ti
on

s.

18
JM

L
R

 2
0(

16
0)

:1
-5

6,
 2

01
9



L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

-1
0

1
2

3
4

5
6

7
8

9
-5 -4 -3 -2 -1 0 1 2 3 4 5

(a
)

D
a
ta

-1
0

1
2

3
4

5
6

7
8

9
-5 -4 -3 -2 -1 0 1 2 3 4 5

(b
)

L
ea

rn
ed

L
U

N
D

L
a
b

els

200
400

600
800

1000
1200

1400
1600

1800

200

400

600

800

1000

1200

1400

1600

1800

0 0.01

0.02

0.03

0.04

0.05

(c)
D

iff
u

sio
n

D
ista

n
ce

M
a
trix

-1
0

1
2

3
4

5
6

7
8

9
-5 -4 -3 -2 -1 0 1 2 3 4 5

(d
)

M
o
d

es
L

ea
rn

ed
w

ith
L

U
N

D

-1
0

1
2

3
4

5
6

7
8

9
-5 -4 -3 -2 -1 0 1 2 3 4 5

(e)
L

ea
rn

ed
S

L
C

L
a
b

els

10
20

30
40

50
60

70
80

90
100

N
um

ber of Leaves

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

Purity

(f)
S

L
C

P
u

rity

F
ig

u
re

4:
G

eom
etric

d
ata

w
ith

rou
gh

ly
co

n
sta

n
t

em
p
irica

l
d
en

sity
is

sh
ow

n
in

(a).
T

h
e

sp
h
erical

clu
sters

a
re

co
n
n
ected

w
ith

th
in

b
ottlen

eck
s.

In
(d

),
th

e
m

o
d
es

learn
ed

b
y

L
U

N
D

are
sh

ow
n

in
red

,
in

d
icatin

g
th

a
t

on
e

m
o
d
e

p
er

clu
ster

is
lea

rn
ed

.
T

h
is

is
b

ecau
se

a
lth

ou
g
h

th
e

d
en

sity
is

rou
gh

ly
co

n
sta

n
t,

th
e

th
in

b
o
ttlen

eck
s

fo
rce

th
e

fou
r

circu
lar

clu
sters

to
b

e
fa

r
ap

art
in

d
iff

u
sion

d
istan

ce.
T

h
e

co
rresp

on
d
in

g
lab

els
learn

ed
b
y

L
U

N
D

are
in

(b
),

sh
ow

in
g

th
a
t

th
e

clu
ster

stru
ctu

re
is

accu
rately

in
ferred

.
In

(c),
th

e
m

atrix
of

p
airw

ise
d
iff

u
sio

n
d
istan

ces
is

sh
ow

n
w

ith
d
iff

u
sion

tim
e
t

=
10

3
an

d
d
iff

u
sio

n
scalin

g
p
aram

eter
σ

=
.5

.
T

h
e

fo
u
r

b
lu

e
b
lo

ck
s

o
n

th
e

d
iagon

al
in

d
icate

th
at

w
ith

in
-clu

ster
d
iff

u
sio

n
d
istan

ces
a
re

sm
all,

w
h
ile

b
etw

een
clu

ster
d
iff

u
sion

d
ista

n
ces

a
re

large.
T

h
e

con
n
ectin

g
b

o
ttlen

eck
s

co
rresp

on
d

to
th

e
fi
n
al

row
s

a
n
d

co
lu

m
n
s

of
th

is
m

a
trix

,
w

h
ere

th
e

d
iff

u
sion

d
istan

ces
a
re

less
in

fo
rm

ative.
In

(e),
lab

els
lea

rn
ed

from
p
ru

n
in

g
th

e
sin

g
le

lin
kage

d
en

d
rogram

at
th

e
th

ird
h
igh

est
m

erg
e

(p
ro

d
u
cin

g
fo

u
r

clu
sters)

is
sh

ow
n
,

in
d
ica

tin
g

th
is

m
eth

o
d

is
n
ot

ap
p
rop

riate
for

th
is

d
ata

.
In

d
eed

,
in

(f),
th

e
p
u
rity

of
th

e
h
iera

rch
ical

clu
sterin

g
is

sh
ow

n
as

a
fu

n
ction

of
h
ow

m
an

y
leaves

(i.e.
clu

sters)
are

u
sed

from
th

e
d
en

d
rogram

.
T

h
e

p
u
rity

rem
a
in

s
low

u
n
til∼

25
clu

sters
a
re

u
sed

,
in

d
ica

tin
g

th
at

th
e

sin
gle

lin
ka

ge
d
en

d
rog

ra
m

is
u
n
ab

le
to

effi
cien

tly
sep

arate
th

e
fou

r
sp

h
erical

clu
sters

u
n
til∼

2
5

clu
sters

a
re

u
sed

.
T

h
e

fu
n
d
am

en
tal

reason
for

th
e

failu
re

of
S
L

C
on

th
is

d
ata

is
th

e
fact

th
at

th
e

d
en

sity
is

essen
tia

lly
con

stan
t

a
n
d

th
e

d
ata

set
is

con
n
ected

,
w

h
ich

a
re

th
e

p
rop

erties
d
riv

in
g

S
L

C
.

U
n
like

L
U

N
D

,
S
L

C
d
o
es

n
ot

in
corp

orate
geom

etric
in

form
ation

,
e.g

.
b

o
ttlen

eck
s,

w
h
ich

is
q
u
ite

d
iscrim

in
ativ

e
for

th
is

d
a
ta

set.

4
.1

N
e
a
r

R
e
d
u
cib

ility
o
f

D
iff

u
sio

n
P

ro
ce

sse
s

L
et

P
b

e
a

M
arkov

ch
ain

d
efi

n
ed

on
p

oin
ts
X

satisfy
in

g
th

e
u
su

al
assu

m
p
tion

s
w

ith
u
n
iq

u
e

station
ary

d
istrib

u
tion

π
.

W
e

w
ill

som
etim

es
con

sid
er
π

as
a

fu
n
ction

w
ith

d
om

ain
X

,
oth

er
tim

es
as

a
vector

w
ith

in
d
ices{1,...,|X

|}.

19
JM

L
R

 20(160):1-56, 2019

M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

F
or

an
y

in
itial

d
istrib

u
tion

π
0 ,

lim
t→
∞
π

0 P
t

=
π

an
d

m
oreover

for
an

y
ch

oice
of

ν
=
π

0 /π
,
D
t (x
,y

)
→

0
u
n
iform

ly
as

t
→
∞

.
O

n
e

can
q
u
an

tify
th

e
rate

of
th

is
con

vergen
ce

b
y

estim
atin

g
th

e
con

vergen
ce

rate
of

P
to

its
station

ary
d
istrib

u
tion

.

D
e
fi
n
itio

n
4
.1

F
or

a
discrete

M
arkov

chain
w

ith
tran

sition
m

atrix
P

an
d

station
ary

distribu
tion

π
,

the
relative

p
oin

tw
ise

d
istan

ce
to
π

at
tim

e
t

is
∆

(t)
=

m
ax

i,j∈{
1
,...,n} |P

tij −
π
j |/π

j .

T
h
e

d
ecay

of
∆

(t)
is

regu
lated

b
y

th
e

sp
ectru

m
of

P
(J

erru
m

an
d

S
in

clair,
1989;

S
in

clair
an

d
J
erru

m
,

1989).
In

d
eed

,
let

1
=
λ

1
>
λ

2
≥
···
≥

λ
n
>
−

1
b

e
th

e
eigen

valu
es

of
P

;
n
ote

th
at
λ

2
<

1
follow

s
from

P
irred

u
cib

le
an

d
λ
n
>
−

1
follow

s
from

P
ap

erio
d
ic

(C
h
u
n
g,

1997).
L

et
λ
∗

=
m

ax
i=

2
,...,n |λ

i |
=

m
ax

(|λ
2 |,|λ

n |),
π

m
in

=
m

in
x∈
X
π

(x
).

T
h
e
o
re

m
4
.2

(J
erru

m
an

d
S

in
clair,

1989;
S

in
clair

an
d

J
erru

m
,

1989)
L

et
P

be
the

tran
sition

m
atrix

of
a

M
arkov

chain
on

state
space

X
satisfyin

g
the

u
su

al
assu

m
ption

s.
T

hen
∆

(t)≤
λ
t∗ /π

m
in .

In
stead

of
an

aly
zin

g
λ
∗ ,

th
e

con
du

ctan
ce

of
X

m
ay

b
e

u
sed

to
b

ou
n
d

∆
(t).

D
e
fi
n
itio

n
4
.3

L
etG

be
a

w
eighted

graph
on

X
an

d
let

S
⊂
X

.
T

he
con

d
u
ctan

ce
of
S

is
Φ
X

(S
)

=
∑

x
i ∈
S
,x
j ∈
S
c π

i P
ij /

m
in (∑

x
i ∈
S
π
i , ∑

x
i ∈
S
c
π
i ).

T
he

con
d
u
ctan

ce
ofG

is
Φ

(P
)

=
m

in
S⊆
G

Φ
X

(S
).

M
eth

o
d
s

for
estim

atin
g

th
e

con
d
u
ctan

ce
of

certain
grap

h
s

in
clu

d
e

P
oin

caré
estim

ates
(D

iacon
is

an
d

S
tro

o
ck

,
1991;

D
iacon

is
an

d
S
aloff

-C
oste,

1993)
an

d
th

e
m

eth
o
d

of
can

on
ical

paths
(J

erru
m

an
d

S
in

clair,
1989;

S
in

clair
an

d
J
erru

m
,

1989;
A

ld
ou

s
an

d
F

ill,
2002).

T
h
ese

ap
p
roach

es
estim

ate
Φ

(P
)

b
y

sh
ow

in
g

th
at

certain
sim

p
le

p
ath

s
m

ay
b

e
u
sed

as
su

rrogates
for

gen
eric

p
ath

s
in

th
e

grap
h
.

T
h
e

con
d
u
ctan

ce
is

related
to
λ

2 ;
see

C
h
u
n
g

(1997):

T
h
e
o
re

m
4
.4

(C
heeger’s

In
equ

ality)
L

etG
be

a
w

eighted,
u

n
directed

graph
w

ith
tran

-
sition

m
atrix

P
.

T
hen

the
secon

d
eigen

valu
e
λ

2
of

P
satisfi

es
Φ

(P
)
2/2
≤

1−
λ

2 ≤
2Φ

(P
).

C
om

b
in

in
g

T
h
eorem

4.2
an

d
C

h
eeger’s

in
eq

u
ality

relates
∆

(t)
to

Φ
(P

).

T
h
e
o
re

m
4
.5

(J
erru

m
an

d
S

in
clair,

1989;
S

in
clair

an
d

J
erru

m
,

1989)
L

et
P

be
the

tran
sition

m
atrix

for
a

M
arkov

chain
on

X
satisfyin

g
the

u
su

al
assu

m
ption

s.
S

u
ppose

P
ii ≥

12 ,
∀
i

=
1,...,n

.
T

hen
∆

(t)≤
(1−

12 Φ
(P

)
2)
t/π

m
in .
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
is
e
d

N
o
n
l
in
e
a
r
D
if
f
u
si
o
n

N
ot

e
th

at
an

y
M

ar
ko

v
ch

ai
n

ca
n

b
e

m
ad

e
to

sa
ti

sf
y
P
ii
≥

1 2
,∀
i

=
1,
..
.,
n

,
si

m
p
ly

b
y

re
p
la

ci
n
g

P
w

it
h

1 2
(P

+
I)

.
T

h
is

ke
ep

s
th

e
sa

m
e

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
an

d
re

d
u
ce

s
th

e
co

n
d
u
ct

an
ce

b
y

a
fa

ct
or

of
1 2
.

W
h
et

h
er

T
h
eo

re
m

4.
2

or
4.

5
is

u
se

d
,

th
e

co
n
ve

rg
en

ce
of

P
to

w
ar

d
s

it
s

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
is

ex
p

on
en

ti
al

,
w

it
h

ra
te

d
et

er
m

in
ed

b
y
λ
∗

or
Φ

(P
),

th
at

is
,

to
h
ow

cl
os

e
to

b
ei

n
g

re
d
u
ci

b
le

th
e

ch
ai

n
is

.
T

h
is

y
ie

ld
s

es
ti

m
at

es
on

d
iff

u
si

on
d
is

ta
n
ce

s;
in

d
ee

d
,

fo
r
x
,y
∈
X

an
d

an
y

in
it

ia
l

d
is

tr
ib

u
ti

on
π

0
,

D
t(
x
,y

)
=
||p

t(
x
,·)
−
p t

(y
,·)
|| `

2
(ν

)
≤
||p

t(
x
,·)
−
π

(·)
|| `

2
(ν

)
+
||p

t(
y
,·)
−
π

(·)
|| `

2
(ν

)

≤
2√
∑ u
∈X

m
ax

z
∈X

|p t
(z
,u

)
−
π

(u
)|2

π
(u

)2
π

(u
)π

0
(u

)

≤
2∆

(t
)√
∑ u
∈X
π

(u
)π

0
(u

)
≤

2∆
(t

)
≤

2(
1
−

1 2
Φ

(P
)2

)t

π
m

in

.

T
h
u
s,

as
t
→
∞

,
D
t
→

0
u
n
if

or
m

ly
at

an
ex

p
on

en
ti

al
ra

te
d
ep

en
d
in

g
on

th
e

co
n
-

d
u
ct

an
ce

of
th

e
u
n
d
er

ly
in

g
gr

ap
h
;

a
si

m
il
ar

re
su

lt
h
ol

d
s

fo
r
λ
∗

in
p
la

ce
of

Φ
(P

).
T

h
is

gi
ve

s
a

gl
ob

al
es

ti
m

at
e

on
th

e
d
iff

u
si

on
d
is

ta
n
ce

in
te

rm
s

of
λ
∗

an
d

Φ
(P

).
N

ot
e

th
at

a
si

m
il
ar

co
n
cl

u
si

on
h
ol

d
s

b
y

an
al

y
zi

n
g

(2
.2

),
re

ca
ll
in

g
th

at
ψ

1
is

co
n
st

an
t

an
d

λ
2

=
m

ax
i6=

1
|λ
i|

=
λ
∗.

U
n
fo

rt
u
n
at

el
y,

a
gl

ob
al

es
ti

m
at

e
on

d
iff

u
si

on
d
is

ta
n
ce

s
m

ay
b

e
to

o
co

ar
se

fo
r

u
n
su

p
er

-
v
is

ed
cl

u
st

er
in

g.
T

o
ob

ta
in

th
e

d
es

ir
ed

se
p
ar

at
io

n
of
D

in t
,D

b
tw
t

,
w

e
n
ee

d
to

st
u
d
y

n
ot

th
e

gl
ob

al
m

ix
in

g
ti

m
e,

b
u
t

th
e

m
es

os
co

pi
c

m
ix

in
g

ti
m

es
,

co
rr

es
p

on
d
in

g
to

th
e

ti
m

e
it

ta
ke

s
fo

r
co

n
ve

rg
en

ce
of

p
oi

n
ts

in
ea

ch
cl

u
st

er
to

w
ar

d
s

th
ei

r
m

es
os

co
p
ic

eq
u
il
ib

ri
a,

b
ef

or
e

re
ac

h
in

g
th

e
gl

ob
al

eq
u
il
ib

ri
u
m

.
F

or
th

is
p
u
rp

os
e,

w
e

u
se

re
su

lt
s

fr
om

th
e

th
eo

ry
of

n
ea

rl
y

re
du

ci
bl

e
M

ar
ko

v
pr

oc
es

se
s

(S
im

on
an

d
A

n
d
o,

19
61

;
M

ey
er

,
19

89
).

S
u
p
p

os
e

th
e

m
at

ri
x

P
is

ir
re

d
u
ci

b
le

;
w

ri
te

P
,

p
os

si
b
ly

af
te

r
a

p
er

m
u
ta

ti
on

of
th

e
in

d
ic

es
of

th
e

p
oi

n
ts

,
in

b
lo

ck
d
ec

om
p

os
it

io
n

as

P
=

    

P
1
1

P
1
2

..
.

P
1
m

P
2
1

P
2
2

..
.

P
2
m

. . .
. . .

. .
.

. . .
P
m

1
P
m

2
..
.

P
m
m

    
,

(4
.6

)

w
h
er

e
ea

ch
P
ii

is
sq

u
ar

e
an

d
m
≤
n

.
L

et
I i

b
e

th
e

in
d
ic

es
of

th
e

p
oi

n
ts

co
rr

es
p

on
d
in

g
to

P
ii
.

R
ec

al
l

th
at

if
th

e
gr

ap
h

co
rr

es
p

on
d
in

g
to

P
is

d
is

co
n
n
ec

te
d
,

th
en

P
is

a
re

du
ci

bl
e

M
ar

ko
v

ch
ai

n
.

R
ec

al
l

th
at
‖A
‖ ∞

=
m

ax
i

∑
j
|A

ij
|i

s
th

e
m

ax
im

al
ro

w
su

m
of

A
=

(A
ij

).
S
u
p
p

os
e

th
at
‖P

ij
‖ ∞

is
sm

al
l

b
u
t

n
on

ze
ro

fo
r
i
6=
j,

th
at

is
,

m
os

t
of

th
e

in
te

ra
ct

io
n
s

fo
r

p
oi

n
ts

in
I i

ar
e

co
n
ta

in
ed

w
it

h
in

P
ii
.

T
h
is

su
gg

es
ts

d
iff

u
si

on
on

th
e

b
lo

ck
s

P
ii

h
av

e
d
y
n
am

ic
s

th
at

co
n
ve

rg
e

to
th

ei
r

ow
n
,

m
es

os
co

p
ic

eq
u
il
ib

ri
a

b
ef

or
e

th
e

en
ti

re
ch

ai
n

co
n
ve

rg
es

to
a

gl
ob

al
eq

u
il
ib

ri
u
m

,
d
ep

en
d
in

g
on

th
e

w
ea

k
n
es

s
of

co
n
n
ec

ti
on

b
et

w
ee

n
b
lo

ck
s.

In
te

rp
re

ti
n
g

th
e

su
p
p

or
t

se
ts
I i

as
co

rr
es

p
on

d
in

g
to

th
e

cl
u
st

er
s

of
X

,
th

is
su

gg
es

ts
th

er
e

w
il
l

b
e

a
ti

m
e

ra
n
ge

fo
r

w
h
ic

h
p

oi
n
ts

w
it

h
in
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:1
-5

6,
 2

01
9

M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

ea
ch

cl
u
st

er
ar

e
cl

os
e

in
d
iff

u
si

on
d
is

ta
n
ce

b
u
t

fa
r

in
d
iff

u
si

on
d
is

ta
n
ce

fr
om

p
oi

n
ts

in
ot

h
er

cl
u
st

er
s;

su
ch

a
st

at
e

co
rr

es
p

on
d
s

to
a

m
es

os
co

p
ic

eq
u
il
ib

ri
u
m

.
T

o
m

ak
e

th
is

p
re

ci
se

,
co

n
si

d
er

th
e

n
ot

io
n

of
st

oc
ha

st
ic

co
m

pl
em

en
t.

D
e
fi
n
it

io
n

4
.7

L
et

P
be

an
n
×
n

ir
re

du
ci

bl
e

M
ar

ko
v

m
at

ri
x

pa
rt

it
io

n
ed

in
to

sq
u

ar
e

bl
oc

k
m

at
ri

ce
s

as
in

(4
.6

).
F

or
a

gi
ve

n
in

de
x
i
∈
{1
,.
..
,m
},

le
t
P
i

de
n

ot
e

th
e

pr
in

ci
pa

l
bl

oc
k

su
bm

at
ri

x
ge

n
er

at
ed

by
de

le
ti

n
g

th
e
it
h

ro
w

an
d
it
h

co
lu

m
n

of
bl

oc
ks

fr
om

(4
.6

),

an
d

le
t
P
∗i

=
[ P

1
iP

2
i
..
.P

i−
1
,i
P
i+

1
,i
..
.P

m
i] T

an
d

P
i∗

=
[ P

i1
P
i2
..
.

P
i,
i−

1
P
i,
i+

1
..
.

P
im

] .
T

he
st

o
ch

as
ti

c
co

m
p
le

m
en

t
of

P
ii

is
th

e
m

at
ri

x
S
ii

=
P
ii

+
P
i∗

(I
−

P
i)
−

1
P
∗i
.

O
n
e

ca
n

in
te

rp
re

t
th

e
st

o
ch

as
ti

c
co

m
p
le

m
en

t
S
ii

as
th

e
tr

an
si

ti
on

m
at

ri
x

fo
r

a
re

d
u
ce

d
M

ar
ko

v
ch

ai
n

ob
ta

in
ed

fr
om

th
e

or
ig

in
al

ch
ai

n
,

b
u
t

in
w

h
ic

h
tr

an
si

ti
on

s
in

to
or

ou
t

of
I i

ar
e

m
as

ke
d
.

M
or

e
p
re

ci
se

ly
,

in
th

e
re

d
u
ce

d
ch

ai
n

S
ii
,

a
tr

an
si

ti
on

is
ei

th
er

d
ir

ec
t

in
P
ii

or
in

d
ir

ec
t

b
y

m
ov

in
g

fi
rs

t
th

ro
u
gh

p
oi

n
ts

ou
ts

id
e

of
P
ii
,

th
en

b
ac

k
in

to
P
ii

at
so

m
e

fu
tu

re
ti

m
e.

In
d
ee

d
,

th
e

te
rm

P
i∗

(I
−

P
i)
−

1
P
∗i

in
th

e
d
efi

n
it

io
n

of
S
ii

ac
co

u
n
ts

fo
r

le
av

in
g
I i

(t
h
e

fa
ct

or
P
i∗

),
tr

av
el

in
g

fo
r

so
m

e
ti

m
e

in
I
c i

(t
h
e

fa
ct

or
(I
−

P
i)
−

1
),

th
en

re
-e

n
te

ri
n
g
I i

(t
h
e

fa
ct

or
P
∗i

).
N

ot
e

th
at

th
e

fa
ct

or
(I
−

P
i)
−

1
m

ay
b

e
ex

p
an

d
ed

in
N

eu
m

an
n

su
m

as
(I
−

P
i)
−

1
=
∑
∞ t=

0
P
t i,

sh
ow

in
g

th
at

it
ac

co
u
n
ts

fo
r

ex
it

in
g

fr
om

I i
an

d
re

tu
rn

in
g

to
it

af
te

r
an

ar
b
it

ra
ry

n
u
m

b
er

of
st

ep
s

ou
ts

id
e

of
it

.
T

h
e

n
ot

io
n

of
st

o
ch

as
ti

c
co

m
p
le

m
en

t
q
u
an

ti
fi
es

th
e

in
te

rp
la

y
b

et
w

ee
n

th
e

m
es

os
co

p
ic

an
d

gl
ob

al
eq

u
il
ib

ri
a

of
P

.
W

e
sa

y
P

is
pr

im
it

iv
e

if
it

is
n
on

-n
eg

at
iv

e,
ir

re
d
u
ci

b
le

an
d

ap
er

io
d
ic

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

in
d
ic

at
es

h
ow

P
m

ay
b

e
an

al
y
ze

d
w

h
en

it
is

d
er

iv
ed

fr
om

cl
u
st

er
d
at

a
{X

k
}K k

=
1

sa
m

p
le

d
ac

co
rd

in
g

to
(3

.1
);

a
p
ro

of
ap

p
ea

rs
in

th
e

A
p
p

en
d
ix

fo
r

co
m

p
le

te
n
es

s.
T

h
is

re
su

lt
,

w
h
ic

h
p
ro

d
u
ce

s
es

ti
m

at
es

re
la

te
d

to
th

e
d
iff

u
si

on
op

er
at

or
P

in
th

e
`1

n
or

m
,

is
u
se

d
to

p
ro

ve
re

su
lt

s
on

d
iff

u
si

on
d
is

ta
n
ce

s,
w

h
ic

h
ar

e
d
efi

n
ed

in
an

`2
se

n
se

,
p
ar

ti
al

ly
in

or
d
er

to
ta

ke
ad

va
n
ta

ge
of

sp
ec

tr
al

d
ec

om
p

os
it

io
n
s

fo
r

fa
st

co
m

p
u
ta

ti
on

s.
T

h
is

d
is

cr
ep

an
cy

w
il
l

b
e

d
is

cu
ss

ed
an

d
co

n
tr

ol
le

d
in

S
ec

ti
on

4.
2.

T
h
e
o
re

m
4
.8

(M
ey

er
,

19
89

)
L

et
P

be
an

n
×
n

ir
re

du
ci

bl
e

ro
w

-s
to

ch
as

ti
c

m
at

ri
x

pa
rt

it
io

n
ed

in
to
K

2
sq

u
ar

e
bl

oc
k

m
at

ri
ce

s,
an

d
le

t
S

be
th

e
re

du
ci

bl
e

ro
w

-s
to

ch
as

ti
c

m
at

ri
x

co
n

si
st

in
g

of
th

e
st

oc
ha

st
ic

co
m

pl
em

en
ts

of
th

e
di

ag
on

al
bl

oc
ks

of
P

:

P
=

    

P
1
1

P
1
2

..
.

P
1
K

P
2
1

P
2
2

..
.

P
2
K

. . .
. . .

. .
.

. . .
P
K

1
P
K

2
..
.

P
K
K

    
,

S
=

    S
1
1

0
..
.

0
0

S
2
2
..
.

0
. . .

. . .
. .

.
. . .

0
0

..
.

S
K
K

    
.

S
u

pp
os

e
ea

ch
S
ii

is
pr

im
it

iv
e,

so
th

at
th

e
ei

ge
n

va
lu

es
of

S
sa

ti
sf

y
λ

1
=
λ

2
=
··
·=

λ
K

=
1
>
λ
K

+
1
≥
λ
K

+
2
≥
··
·>
−

1.
L

et
Z

di
ag

on
al

iz
e

S
,

an
d

le
t

S
∞

=
li
m

t→
∞

S
t

=

    1
π

1
0

..
.

0
0

1
π

2
..
.

0
. . .

. . .
. .

.
. . .

0
0

..
.

1
π
K

    
,
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

w
here

π
i

is
the

station
ary

distribu
tion

for
S
ii .

T
hen
‖P

t−
S
∞‖∞

≤
tδ

+
κ|λ

K
+

1 | t,
w

here
δ

=
2

m
ax

i ‖P
i∗ ‖∞

an
d
κ

=
‖Z‖∞ ‖Z

−
1‖∞

.
M

oreover,
for

an
y

in
itial

distribu
-

tion
π

0
an

d
s

=
lim

t→
∞
π

0 S
t

=
π

0 S
∞

,‖
π

0 P
t−

s‖
1 ≤

tδ
+
κ|λ

K
+

1 | t.

N
ote

th
at

th
is

resu
lt

d
o
es

n
ot

req
u
ire

th
e

M
arkov

ch
ain

to
b

e
reversib

le,
an

d
h
en

ce
ap

p
lies

to
d
iff

u
sion

p
ro

cesses
d
efi

n
ed

on
directed

grap
h
s.

T
h
e

assu
m

p
tion

th
at

S
is

d
iagon

alizab
le

is
n
ot

strictly
n
ecessary,

an
d

sim
ilar

estim
ates

h
old

m
ore

gen
erally

(M
eyer,

1989).
T

h
e

estim
ate

tδ
+
κ|λ

K
+

1 | t
con

sists
of

tw
o

term
s.

T
h
e
tδ

term
corresp

on
d
s

to
‖P

t−
S
t‖∞

,
w

h
ich

accou
n
ts

for
th

e
ap

p
rox

im
ation

of
P
t

b
y

th
e

red
u
cib

le
M

arkov
ch

ain
S
t.

In
th

e
con

tex
t

of
clu

sterin
g,

th
is

term
accou

n
ts

for
th

e
b

etw
een

-clu
ster

con
n
ection

s
in

P
.

T
h
e

term
κ|λ

K
+

1 | t
corresp

on
d
s

to
‖S

t−
S
∞‖∞

,
w

h
ich

accou
n
ts

for
p
rop

en
sity

of
m

ix
in

g
w

ith
in

a
clu

ster.
In

th
e

clu
sterin

g
con

tex
t,

th
is

term
q
u
an

tifi
es

th
e

w
ith

in
-

clu
ster

d
istan

ces.
It

follow
s

from
T

h
eorem

4.8
th

at,
given

ε
su

ffi
cien

tly
large,

th
ere

is
a

ran
ge

of
t

for
w

h
ich

th
e

d
y
n
am

ics
of

P
t

are
ε-close

to
th

e
d
y
n
am

ics
of

th
e

red
u
cib

le,
low

-ran
k

M
arkov

ch
ain

S
∞

.

C
o
ro

lla
ry

4
.9

L
et
λ
K

+
1 ,δ,κ

be
as

in
T

heorem
4.8.

S
u

ppose
that

for
som

e
ε
>

0,

ln (
2
κε )/ln (

1
|λ
K

+
1 | )

<
t
<

ε2
δ .

T
hen
‖P

t−
S
∞‖∞

<
ε,

an
d

for
every

in
itial

distribu
tion

π
0 ,‖

π
0 P

t−
s‖

1
<
ε.

In
con

trast
w

ith
t,

th
e

valu
es
λ
K

+
1 ,δ,κ

m
ay

b
e

u
n
d
ersto

o
d

as
fi
x
ed

geom
etric

p
a-

ram
eters

of
th

e
d
ata

set
w

h
ich

d
eterm

in
e

th
e

ran
ge

of
tim

es
t

at
w

h
ich

m
esoscop

ic
eq

u
ilib

ria
are

reach
ed

.
M

ore
p
recisely,

as
n
→
∞

,
δ,κ

con
verge

to
n
atu

ral
con

tin
u
ou

s
q
u
an

tities
in

d
ep

en
d
en

t
of
n

,
an

d
G

arcia
T

rillos
et

al.
(2018)

p
roved

th
at

as
n
→
∞

,
th

ere
is

a
n
atu

ral
scalin

g
for

σ
→

0
+

in
w

h
ich

th
e

(ran
d
om

)
em

p
irical

eigen
valu

es
of

P
con

verge
in

a
p
recise

sen
se

to
th

e
(d

eterm
in

istic)
eigen

valu
es

of
a

corresp
on

d
in

g
con

tin
u
ou

s
op

erator
d
efi

n
ed

on
th

e
su

p
p

ort
of
µ

as
in

(3.1).
T

h
u
s,

th
e

p
aram

eters
of

T
h
eorem

4.9
m

ay
b

e
u
n
d
ersto

o
d

as
ran

d
om

fl
u
ctu

ation
s

of
geom

etrically
in

trin
-

sic
q
u
an

tities
d
ep

en
d
in

g
on

µ
.

In
th

e
con

tex
t

of
th

e
p
rop

osed
d
ata

m
o
d
el,

th
ese

q
u
an

tities
m

ay
b

e
in

terp
reted

as
follow

s:

•
λ
K

+
1

is
th

e
largest

eigen
valu

e
of

S
n
ot

eq
u
al

to
1.

S
in

ce
S

is
b
lo

ck
d
iagon

al
an

d
each

S
k
k

is
p
rim

itive,
it

follow
s

th
at
λ
K

+
1

=
m

ax
k
=

1
,...,K

λ
2 (S

k
k ).

A
s

d
iscu

ssed
ab

ove,{
λ

2 (S
k
k )}

Kk
=

1
is

related
to

th
e

con
d
u
ctan

ce
Φ

(S
k
k )

an
d

th
e

m
ix

in
g

tim
e

of
th

e
ran

d
om

w
alk

restricted
to

S
k
k .

If
th

e
en

tries
of

S
k
k

are
very

close
to

th
e

en
tries

of
P
k
k ,

th
en

a
p

ertu
rb

ative
argu

m
en

t
y
ield

s
λ

2 (S
k
k )≈

λ
2 (P

k
k ).

•
T

h
e

q
u
an

tity
δ

=
2

m
ax

k
=

1
,...,K
‖P

k∗ ‖∞
is

con
trolled

b
y

th
e

largest
in

teraction
b

etw
een

clu
sters.

If
th

e
sep

aration
b

etw
een

th
e{
X
k }

Kk
=

1
is

large
en

ou
gh

,
δ

w
ill

b
e

sm
all.

T
o

get
a

sen
se

of
th

is
p
aram

eter,
let

C
1 ,C

2
b

e
clu

sters
w

ith
n
/2

p
oin

ts
u
n
iform

ly
sam

p
led

from
th

e
b
alls

B
1 (0,0),B

1 (2
+
η
,0)⊂

R
2.

T
h
en

,
for

2
3
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L
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

n
su

ffi
cien

tly
large,

d
ist(C

1 ,C
2 )

=
m

in
x
1 ∈
C

1
,x

2 ∈
C

2 ‖x
1 −

x
2 ‖

2 ≈
η
.

N
ote

th
at

th
e

p
oin

t
in
B

1 (0,0)
n
earest

B
1 (2

+
η
,0)

is
(1,0).

T
h
en

m
o
d
u
lo

th
e

varian
ce

from
th

e
ran

d
om

sam
p
lin

g,

δ≈
2 ∫

B
1
(2

+
η
,0

) ex
p
(−
‖(x

,y
)−

(1,0)‖
22 /σ

2)d
x
d
y

∫

B
1
(2

+
η
,0

) ex
p
(−
‖(x

,y
)−

(1,0)‖
22 /σ

2)d
x
d
y

+

∫

B
1
(0
,0

) ex
p
(−
‖(x

,y
)−

(1,0)‖
22 /σ

2)d
x
d
y

≤
2

ex
p
(−
η

2/σ
2)

ex
p
(−

(η
2

+
4η

)/σ
2)

+
1
.

(4.10)

F
igu

re
5

illu
strates

em
p
irically

h
ow

δ
d
ep

en
d
s

on
σ

an
d

d
ist(C

1 ,C
2 )

for
su

ch
d
ata.

-1
-0.5

0
0.5

1
1.5

2
2.5

3
-2

-1.5 -1

-0.5 0

0.5 1

1.5 2

(a
)

U
n

ifo
rm

,
sp

h
erica

l
clu

sters
C

1
,C

2
w

ith
d

ist(C
1
,C

2
)≈

.1

0.01
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.91
0 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b
)
δ

a
s

a
fu

n
ctio

n
o
f

d
ist(C

1
,C

2
)

a
n

d
σ

.

F
igu

re
5:

In
(a),

d
ata

d
raw

n
u
n
ifo

rm
ly

a
t

ra
n
d
o
m

from
th

e
u
n
ion

of
tw

o
b
alls

in
R

2
is

sh
ow

n
.

In
(b

),
it

is
sh

ow
n

th
at

for
su

ch
eq

u
al

sized
,

sp
h
erical,

con
stan

t
d
en

sity
clu

sters,
th

e
sep

a
ration

p
aram

eter
ex

h
ib

its
rap

id
d
ecay

a
s
σ
→

0
+

,
for

fi
x
ed

sep
ara

tio
n
.

T
h
e

ex
p

erim
en

ts
co

n
fi
rm

th
at

th
e

d
ecay

of
δ

is
essen

tially
logistic

in
−

(η
2/
σ
2),

as
estim

a
ted

in
(4.10).

•
T

h
e

q
u
an

tity
κ

=
‖Z‖∞ ‖Z

−
1‖∞

,
w

ith
Z

=
(φ

1 |...|φ
n ),

is
a

m
easu

re
of

th
e

con
d
ition

n
u
m

b
er

of
d
iagon

alizin
g

S
.

If
Z
,Z
−

1
are

orth
ogon

al
m

atrices,
th

en
each

row
of

Z
,Z
−

1
h
ave

`
2

n
orm

1,
h
en

ce
κ
≤
n

.
W

e
rem

ark
th

at
κ

is
b

ou
n
d
ed

in
d
ep

en
d
en

tly
of
n

in
th

e
case

th
at

all
th

e
d
ata

live
on

a
com

m
on

m
an

ifold
,

u
sin

g
con

vergen
ce

of
h
eat

kern
els

an
d

low
-freq

u
en

cy
eigen

fu
n
ction

s
togeth

er
w

ith
h
eat

kern
el

estim
ates

on
m

an
ifold

s.
In

th
e

clu
sterin

g
settin

g,
if

each
clu

ster
is

a
m

an
ifold

,
sim

ilar
resu

lts
w

ou
ld

h
old

in
th

is
case,

alb
eit

th
is

an
aly

sis
is

a
top

ic
of

on
goin

g
research

.
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
is
e
d

N
o
n
l
in
e
a
r
D
if
f
u
si
o
n

4
.2

D
iff

u
si

o
n

D
is

ta
n
ce

E
st

im
a
te

s

R
et

u
rn

in
g

to
th

e
p
ro

p
os

ed
d
at

a
m

o
d
el
X

=
⋃
K k
=

1
X
k
∼
µ

as
p

er
(3

.1
),

le
t

P
b

e
a

co
rr

es
p

on
d
in

g
M

ar
ko

v
ch

ai
n

on
X

sa
ti

sf
y
in

g
th

e
u
su

al
as

su
m

p
ti

on
s.

W
e

es
ti

m
at

e
th

e
d
ep

en
d
en

ce
of

d
iff

u
si

on
d
is

ta
n
ce

s
on

th
e

p
ar

am
et

er
s
δ,
λ
K

+
1
,κ

ab
ov

e.
W

e
al

so
in

tr
o-

d
u
ce

a
ba

la
n

ce
qu

an
ti

ty
th

at
q
u
an

ti
fi
es

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e
`1

n
or

m
(t

h
e

se
tt

in
g

of
T

h
eo

re
m

4.
8)

an
d

th
e
`2

n
or

m
(t

h
e

se
tt

in
g

of
d
iff

u
si

on
d
is

ta
n
ce

s)
.

T
h
ro

u
gh

ou
t

th
is

se
ct

io
n
,

le
t
p t

(x
i,
x
j
)

=
P
t ij
,

s∞
(x

i,
x
j
)

=
S
∞ ij

.

D
e
fi
n
it

io
n

4
.1

1
L

et
P
,S
∞
∈
R
n
×
n

be
as

in
T

he
or

em
4.

8.
D

efi
n

e

γ
(t

)
=

m
ax

x
∈X

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣|
p t

(x
,u

)
−

s∞
(x
,u

)|
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ 2
−

1 √
n

∣ ∣ ∣ ∣2
)
−

1

.

B
ot

el
h
o-

A
n
d
ra

d
e

et
al

.
(2

01
9)

sh
ow

th
at

fo
r

an
y

ve
ct

or
v
∈
R
n
,
‖v
‖ 2

=
c v √
n
‖v
‖ 1
,
w

h
er

e

c v
=

(
1
−

1 2

n ∑ i=
1

∣ ∣ ∣ ∣|
v i
|

‖v
‖ 2
−

1 √
n

∣ ∣ ∣ ∣2
)
−

1

.

In
th

is
se

n
se

,
γ

(t
)

m
ea

su
re

s
h
ow

th
e
`1

n
or

m
d
iff

er
s

fr
om

th
e
`2

n
or

m
ac

ro
ss

al
l

ro
w

s
of

P
t
−

S
∞

.
In

p
ar

ti
cu

la
r,

w
h
en

ea
ch

ro
w

of
P
t
−

S
∞

is
cl

os
e

to
u
n
if

or
m

,
γ

(t
)

is
cl

os
e

to
1;

w
h
en

so
m

e
ro

w
of

P
t
−

S
∞

co
n
ce

n
tr

at
es

al
l

it
s

m
as

s
ar

ou
n
d

on
e

in
d
ex

,
th

en
γ

(t
)

=
√
n

.
N

ot
e

th
at

1
≤
γ

(t
)
≤
√
n

fo
r

al
l
t.

T
h
e
o
re

m
4
.1

2
L

et
X

=
⋃
K k
=

1
X
k

an
d

le
t

P
be

a
co

rr
es

po
n

di
n

g
M

ar
ko

v
tr

an
si

ti
on

m
at

ri
x

on
X

.
L

et
δ,
λ
K

+
1
,κ
,S
∞

be
as

in
T

he
or

em
4.

8.
L

et
D
t

be
th

e
di

ff
u

si
on

di
st

an
ce

as
so

ci
at

ed
to

P
an

d
co

u
n

ti
n

g
m

ea
su

re
ν

.
If
t,
ε

sa
ti

sf
y

ln
( 2
κ ε

)

ln
(

1
λ
K

+
1

)
<
t
<

ε 2δ
,

th
en

(a
)
D

in t
≤

2
ε √
n
γ

(t
).

(b
)
D

bt
w

t
≥

2
m

in
y
∈X
‖s
∞

(y
,·)
‖ `

2
(ν

)
−

2
ε √
n
γ

(t
).

P
ro

o
f

B
y

C
or

ol
la

ry
4.

9,
‖P

t −
S
∞
‖ ∞

<
ε,

th
at

is
,
m

ax
x
∈X
∑

u
∈X
|p t

(x
,u

)−
s∞

(x
,u

)|ν
(u

)
<

ε.
T

o
se

e
(a

),
le

t
k

b
e

ar
b
it

ra
ry

an
d

le
t
x
,y
∈
X
k
.

T
h
en

:

||p
t(
x
,·)
−
p t

(y
,·)
|| `

2
(ν

)

≤
||p

t(
x
,·)
−

s∞
(x
,·)
|| `

2
(ν

)
+
||p

t(
y
,·)
−

s∞
(y
,·)
|| `

2
(ν

)
+
||s
∞

(y
,·)
−

s∞
(x
,·)
|| `

2
(ν

)
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

=
1 √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(x
,u

)
−

s∞
(x
,u

)|
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

||p
t(
x
,·)
−

s∞
(x
,·)
|| `

1
(ν

)

+
1 √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(y
,u

)
−

s∞
(y
,u

)|
‖p

t(
y
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

||p
t(
y
,·)
−

s∞
(y
,·)
|| `

1
(ν

)

+
||s
∞

(y
,·)
−

s∞
(x
,·)
|| `

2
(ν

)

≤
2ε √
n

m
ax

x
∈X

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(x
,u

)
−

s∞
(x
,u

)|
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

+
||s
∞

(y
,·)
−

s∞
(x
,·)
|| `

2
(ν

)
,

w
h
er

e
t

sa
ti

sfi
es

ln
( 2
κ ε

) /
ln
(

1
λ
K

+
1

)
<

t
<

ε/
(2
δ)
.

T
h
e

li
n
e

re
la

ti
n
g

th
e

n
or

m
in

`1
(ν

)
an

d
`2

(ν
)

fo
ll
ow

s
fr

om
T

h
eo

re
m

1
in

B
ot

el
h
o-

A
n
d
ra

d
e

et
al

.
(2

01
9)

.
N

ot
e

th
at

S
∞

h
as

co
n
st

an
t

co
lu

m
n
s

on
ea

ch
cl

u
st

er
,

an
d

in
p
ar

ti
cu

la
r

fo
r
x
,y
∈
X
k
,

s∞
(x
,u

)
=

s∞
(y
,u

)
=
π
k
(u

)
fo

r
al

l
u
∈
X

,
so

th
at
||s
∞

(y
,·)
−

s∞
(x
,·)
|| `

2
(ν

)
=

0.
S
ta

te
m

en
t

(a
)

fo
ll
ow

s.
T

o
se

e
(b

),
su

p
p

os
e

th
at
x
∈
X
k
,y
∈
X
`,
k
6=
`.

T
h
en

‖p
t(
x
,·)
−
p t

(y
,·)
‖ `

2
(ν

)

=
‖p

t(
x
,·)
−

s∞
(x
,·)

+
s∞

(x
,·)
−

s∞
(y
,·)

+
s∞

(y
,·)
−
p t

(y
,·)
‖ `

2
(ν

)

≥
‖s
∞

(x
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)
−
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ `

2
(ν

)
−
‖p

t(
y
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)

=
‖s
∞

(x
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)

−
1 √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(x
,u

)
−

s∞
(x
,u

)|
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

||p
t(
x
,·)
−

s∞
(x
,·)
|| `

1
(ν

)

−
1 √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(y
,u

)
−

s∞
(y
,u

)|
‖p

t(
y
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

||p
t(
y
,·)
−

s∞
(y
,·)
|| `

1
(ν

)

≥
‖s
∞

(x
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)
−

ε √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(x
,u

)
−

s∞
(x
,u

)|
‖p

t(
x
,·)
−

s∞
(x
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

−
ε √
n

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(y
,u

)
−

s∞
(y
,u

)|
‖p

t(
y
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

≥
‖s
∞

(x
,·)
−

s∞
(y
,·)
‖ `

2
(ν

)
−

2
ε √
n

m
ax

z
∈X

`
∪X

k

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(z
,u

)
−

s∞
(z
,u

)|
‖p

t(
z,
·)
−

s∞
(z
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

≥
2

m
in

w
∈X

k
∪X

`

‖s
∞

(w
,·)
‖ `

2
(ν

)
−

2
ε √
n

m
ax

z
∈X

`
∪X

k

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣
|p t

(z
,u

)
−

s∞
(z
,u

)|
‖p

t(
z,
·)
−

s∞
(z
,·)
‖ `

2
(ν

)

−
1 √
n

∣ ∣ ∣ ∣2
)
−

1

,

w
h
er

e
in

th
e

la
st

st
ep

,
to

lo
w

er
b

ou
n
d

th
e

fi
rs

t
te

rm
w

e
u
se

d
th

at
s∞

(y
,·)

=
π
l (
·),

s∞
(x
,·)

=
π
k
(·)

,
an

d
re

ca
ll
ed

th
at

si
n
ce
k
6=
l

th
e

su
p
p

or
ts

of
s∞

(x
,·)

an
d

s∞
(y
,·)
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

are
d
isjoin

t.
M

in
im

izin
g

th
is

low
er

b
ou

n
d

over
all

clu
sters

X
k ,X

`
y
ield

s
th

e
d
esired

resu
lt.

H
eu

ristically,
if
ε

is
sm

all
an

d
th

e
red

u
ced

eq
u
ilib

riu
m

d
istrib

u
tion

s ∞
is

rou
gh

ly
con

stan
t

on
each

clu
ster,

th
ere

w
ill

b
e

a
ran

ge
of
t

for
w

h
ich

D
int �

D
b

tw
t
.

T
h
e

n
otion

of
s ∞

b
ein

g
rou

gh
ly

con
stan

t
on

each
clu

ster
is

eq
u
ivalen

t
to

n
o
d
es

in
th

e
sam

e
clu

ster
h
av

in
g

rou
gh

ly
con

stan
t

d
egree.

T
h
ese

th
eoretical

estim
ates

are
com

p
ared

to
em

p
irical

b
ou

n
d
s

com
p
u
ted

n
u
m

erically
in

S
ection

6.
If

P
is

very
close

to
S

in
F

rob
en

iu
s

n
orm

,
th

en
p
t (x
,y

)
is

very
close

to
s ∞

(x
,y

)
an

d
ε

m
ay

b
e

taken
close

to
0.

In
p
articu

lar,
for

th
e

id
eal

case
ε

=
0,

th
e

estim
ates

of
T

h
eorem

4.12
red

u
ce

to

D
int

=
0

,
D

b
tw
t
≥

2
m

in
y∈
X
‖s ∞

(y
,·)‖

`
2
(ν

) .
(4.13)

O
n
e

can
d
efi

n
e

a
n
atu

ral
n
otion

of
d
iff

u
sion

d
istan

ce
b

etw
een

d
isjoin

t
clu

sters
in

a
red

u
cib

le
M

arkov
ch

ain
as

th
e

su
m

of
th

e
`

2
n
orm

s
of

th
eir

resp
ective

station
ary

d
istrib

u
tion

,
w

h
ich

agrees
w

ith
b

oth
th

e
d
efi

n
ition

of
d
iff

u
sion

d
istan

ces
u
p

on
tak

in
g

th
e

lim
it
t
→

+∞
an

d
w

ith
th

e
low

er
b

ou
n
d

(b
)

in
T

h
eorem

4.12
w

h
en

ε
→

0
+

.
H

en
ce,

w
h
ile

th
e

estim
ates

in
th

e
p
ro

of
of

T
h
eorem

4.12
m

ay
n
ot

b
e

op
tim

al,
th

ey
are

q
u
ite

n
atu

ral
for

ε→
0

+
.

A
w

ay
from

th
e

asy
m

p
totic

regim
e
ε
→

0
+

,
th

e
estim

ates
of

T
h
eorem

4.12
m

ay
b

e
fu

rth
er

sim
p
lifi

ed
b
y

p
lacin

g
ad

d
ition

al
assu

m
p
tion

s
on

th
e

d
ata.

In
d
eed

,
if

th
e

eq
u
ilib

riu
m

d
istrib

u
tion

s
in

S
∞

are
b
alan

ced
an

d
u
n
iform

,
th

e
follow

in
g

resu
lt

h
old

s:

C
o
ro

lla
ry

4
.1

4
S

u
ppose

that
s ∞

is
u

n
iform

on
each

X
k ,

an
d

the
cardin

ality
of

each

X
k

is
n
/K

.
T

hen
for

an
y
t,ε

satisfyin
g

ln (
2
κε )/

ln (
1

λ
K

+
1 )

<
t
<

ε2
δ ,

D
int ≤

2√n
εγ

(t)
,

D
btw
t
≥

2√n
(√

K
−
εγ

(t) )
.

P
ro

o
f

If
S
∞

h
as

con
stan

t
row

s
on

each
clu

ster
(i.e.

th
e

station
ary

d
istrib

u
tion

on
each

clu
ster

of
th

e
red

u
ced

M
arkov

ch
ain

is
u
n
iform

),
an

d
th

e
clu

sters
are

of
con

stan
t

size
n
/K

,
th

en
2

m
in
y∈
X
‖s ∞

(y
,·)‖

`
2
(ν

)
=

2 √
K
/n
.

T
h
en

T
h
eorem

4.12
y
ield

s

D
b

tw
t
≥

2
m

in
y∈
X
‖s ∞

(y
,·)‖

`
2
(ν

) −
2
ε
√
n
γ

(t)

=
2 √

Kn
−

2
ε
√
n
γ

(t)

=
2√n
(√

K
−
εγ

(t) )
.
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M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

In
p
articu

lar,
if
ε�
√
K
/(2γ

(t)),
w

ith
in

clu
ster

d
istan

ces
w

ill
b

e
sm

all
sin

ce
D

int �
√
K
/n

,
an

d
also

th
ere

w
illb

e
clear

sep
aration

b
etw

een
clu

sters
sin

ce
D

b
tw
t

=
Ω

( √
K
/n

).
N

ote
th

at
w

h
en

P
t−

S
∞

is
b
alan

ced
,
γ

(t)
is
O

(1)
w

ith
resp

ect
to
n

,
so

th
at

th
e

as-
su

m
p
tion

on
ε

is
in

d
ep

en
d
en

t
of
n

.
W

e
rem

ark
th

at
in

gen
eral

if
S
∞

an
d

P
t−

S
∞

are
b
alan

ced
in

th
e

sen
se

of
h
av

in
g

ap
p
rox

im
ately

u
n
iform

row
s,

th
en

m
in
y∈
X
‖s ∞

(y
,·)‖

`
2
(ν

)
scales

like
1/ √

n
an

d
γ

(t)
=

O
(1),

resp
ectively.

In
th

is
(gen

eric)
case,

th
e

b
ou

n
d
s

of
T

h
eorem

4.12
are

on
th

e
ord

er
1/ √

n
.

T
h
is

is
n
atu

ral,
sin

ce
d
iff

u
sion

d
istan

ces
are

com
p
u
ted

in
th

e
`

2
sen

se,
w

h
ile

P
t

an
d

S
∞

h
ave

row
s

w
ith

`
1

n
orm

eq
u
al

to
1.

4
.3

R
e
la

x
in

g
S
e
p
a
ra

tio
n

B
e
tw

e
e
n

C
lu

ste
rs

T
h
e

an
aly

sis
of

d
iff

u
sion

d
istan

ces
in

S
ection

4.2
d
ep

en
d
s

on
δ,

a
p
aram

eter
ch

arac-
terizin

g
sep

aration
b

etw
een

clu
sters.

W
h
en

δ
is

large,
th

e
estim

ates
on

D
int

an
d
D

b
tw
t

from
T

h
eorem

4.12
are

p
o
or.

H
ow

ever,
δ

is
d
efi

n
ed

as
th

e
m

axim
u

m
over

all
poin

ts
of

th
e

p
rob

ab
ility

of
tran

sition
in

g
to

a
n
ew

clu
ster

in
on

e
tim

e
step

.
T

h
e

form
u
lation

in
term

s
of

th
e

m
ax

im
u
m

is
con

ven
ien

t
for

an
aly

sis,
b
u
t

is
p

essim
istic

in
th

e
case

of
clu

sters
cores

th
at

are
sep

arated
b
y

b
ottlen

eck
s

or
low

d
en

sity
n
oise

region
s.

In
-

d
eed

,
for

th
ese

d
ata,

δ
m

ay
b

e
large—

th
ere

are
som

e
p

oin
ts

q
u
ite

close
to

th
e

clu
ster

b
ou

n
d
aries—

b
u
t

th
e

p
rob

ab
ility

of
tran

sition
b

etw
een

clu
sters

cores
is

low
.

T
h
e

con
servative

estim
ates

b
ased

on
δ

m
ay

b
e

im
p
roved

b
y

con
sid

erin
g

som
e

d
ata

p
oin

ts
n
ot

as
p
art

of
a

clu
ster,

b
u
t

rath
er

as
n
oise

or
tran

sition
p

oin
ts.

L
et
X

=
⋃
Kk
=

1
X
k ∪
N

b
e

a
d
ecom

p
osition

of
X

in
to

clu
ster

p
oin

ts
( ⋃

Kk
=

1
X
k )

an
d

n
oise

p
oin

ts
(N

).
D

ecom
p

ose
P

asP
=



P
1
1

P
1
2

...
P

1
K

P̃
1
,N

P
2
1

P
2
2

...
P

2
K

P̃
2
,N

...
...

...
...

...

P
K

1
P
K

2
...

P
K
K

P̃
K
,N

P̃
N
,1

P̃
N
,2

...
P̃
N
,K

P̃
N
,N 

(4.15)

in
a

m
an

n
er

an
alogou

s
to

(4.6).
In

terp
retin

g
th

e
fi
n
al

b
lo

ck
row

s
an

d
colu

m
n
s

as
n
oise

or
b

ottlen
eck

p
oin

ts
th

at
are

n
ot

p
art

of
clu

sters,
T

h
eorem

4.12
m

ay
b

e
gen

eralized
to

allow
for

clu
sters

th
at

are
n
ot

w
ell-sep

arated
,

b
y

accou
n
tin

g
for

th
e

geom
etric

p
rop

erties
of

n
oise

an
d

b
ottlen

eck
s

w
h
ich

d
o

n
ot

ad
m

it
tran

sition
s

b
etw

een
clu

sters
over

sh
ort

tim
e

scales.
T

h
is

m
ore

gen
eralized

an
aly

sis
d
o
es

n
ot

m
ake

u
se

of
th

e
red

u
ced

M
arkov

ch
ain

S
,

an
d

som
e

sligh
tly

n
ew

n
otation

is
req

u
ired

.

D
e
fi
n
itio

n
4
.1

6
F

or
P

as
in

(4.15)
defi

n
e

γ
m
in (t)

=
m

in
x
,y∈

X
,x6=

y (
1−

12

∑u∈
X

∣∣∣∣ |p
t (x
,u

)−
p
t (y
,u

)|
‖p

t (x
,·)−

p
t (y
,·)‖

2 −
1√n ∣∣∣∣ 2 )

−
1

,
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
is
e
d

N
o
n
l
in
e
a
r
D
if
f
u
si
o
n

γ
m
a
x
(t

)
=

m
ax

x
,y
∈X

(
1
−

1 2

∑ u
∈X

∣ ∣ ∣ ∣|
p t

(x
,u

)
−
p t

(y
,u

)|
‖p
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x
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−
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−

1 √
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∣ ∣ ∣ ∣2
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1

.
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h
e
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e
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n
er
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an
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re
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r
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u
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b
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in
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th

e
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ea
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re
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b
il
it
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of
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L
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b
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ot

e
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e
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e
N

an
d
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n
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d
er

d
is
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n
ce

s
w

it
h
in

an
d

b
et

w
ee

n
th

e
cl

u
st

er
s
{X

k
}K k

=
1
.

T
h
e
o
re

m
4
.1

7
L

et
X

=
⋃
K k
=

1
X
k
∪N

an
d

le
t
P
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a
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po

n
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n
g

M
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v

tr
an
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ti

on
m

at
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x
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X
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m
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d
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in
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.1

5)
,

an
d

le
t
ν
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th

e
co

u
n
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n

g
m

ea
su

re
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L
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=
2

m
ax

1
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K
‖(

P
t )
k
∗‖
∞
,

w
he
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P
k
∗

=
[P

k
1
P
k
2
..
.P

k
,k
−

1
P
k
,k

+
1
..
.P

k
K

],

α
(t

)
=

m
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1
≤
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≤
K

m
ax

x
,y
∈X

k

∑ u
∈X

k

|p t
(x
,u

)
−
p t

(y
,u

)|,

β
(t

)
=

2
m

in
1
≤
k
≤
K

m
in

x
∈X

k

∑ u
∈X

k

|p t
(x
,u

)|,

ζ
(t

)
=

m
ax

1
≤
k
≤
K

m
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)
D

in t
≤
γ
m
a
x
(t

)(
α

(t
)

+
δ(
t)

+
ζ
(t

))
.
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)
D
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w

t
≥
γ
m
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)(
β

(t
)
−
δ(
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o
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e
x
,y
∈
X
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‖p
t(
x
,·)
−
p t

(y
,·)
‖ `

2
(ν

)

≤
γ

m
a
x
(t

)‖
p t

(x
,·)
−
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,·)
‖ `

1
(ν

)

=
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m
a
x
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(
∑ u
∈X

k
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(x
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)
−
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(y
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)|
+
∑ `6=

k

∑ u
∈X

`

|p t
(x
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−
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,u

)|
+
∑ u
∈N
|p t

(x
,u

)
−
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(y
,u

)|)

≤
γ

m
a
x
(t
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α
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)

+
δ(
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+
ζ
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))
.
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x
∈
X
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∈
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h
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‖p
t(
x
,·)
−
p t

(y
,·)
‖ `

2
(ν

)
≥
γ

m
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p t

(x
,·)
−
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(y
,·)
‖ `

1
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)

≥
γ
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(
∑ u
∈X
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|p t
(x
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)
−
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(y
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)|
+
∑ u
∈X

`
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(x
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)
−
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(y
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≥
γ
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∈X

k

|p t
(x
,u

)|
−
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−
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)|)
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m
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4.
17
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4.
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∞
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4.
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.
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h
e

q
u
an
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t)
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p
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b

ou
n
d
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b
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er
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om
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u
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er
s
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e
n
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.
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T
h
eo
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m

4.
8,

w
h
en
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e
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u
st

er
s
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e

w
el
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p
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ed

an
d

N
=

∅
,
δ(
t)
≤

δ(
1)
t

=
δt
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a

w
or

st
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e,
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gh
in
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it

iv
e,

u
p
p

er
b
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n
d
.
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en
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,
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m
e
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n
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d
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p
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r
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m
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l
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r

a
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n
g
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m
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b
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e
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e
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u
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u
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m

e
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e

u
n
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g
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P
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ac
h
ed
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w
h
ic

h
p
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n
t
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n
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n
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b
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e
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n
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e
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m
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g
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m
e.
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h
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o
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r
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p
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,
in

d
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w

it
h

b
ot
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en
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k
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b
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ee
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u
st
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es
e
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b
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d
ee

d
,

th
is

m
ay

al
lo

w
fo

r
a

b
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.
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b
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at
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ra
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.
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at
al

l
in

d
iv

id
u
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u
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e
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u
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a

b
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m

e
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cl
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0.

In
th

e
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m
p
le

r
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n
te

x
t

of
T

h
eo

re
m

4.
8,
α

(t
)

is
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ve
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ed
b
y
λ
t K

+
1
,

th
at

is
,

b
y

th
e
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n
d
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t
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ge

n
va
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e

of
th

e
b
lo

ck
s
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e
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o
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c
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m
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en
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n
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b
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ra
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u
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th
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b
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c
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m
p
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m
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.

•
T

h
e

q
u
an

ti
ty
β

(t
)

m
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su
re

s
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e
ro

w
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m
s

of
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e
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ti
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m
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s
lo
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d
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u
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er
.
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e
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g
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n
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m
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y
d
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e
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w
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b
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n
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D

b
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T

h
eo
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m

4.
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.

•
T

h
e

q
u
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ti
ty
ζ
(t

)
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a
m
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e
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p
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t
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th
e

n
oi
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m
p
u
-
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d
iff
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d
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n
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W

h
en
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e

n
u
m

b
er
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n
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p
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n
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l

re
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to
th

e
n
u
m

b
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u
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p
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n
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,
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n
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li
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b
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.
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n
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b
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w
h
en
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e

n
oi
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gi
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im
p
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a

cl
u
st

er
in

a
u
n
if
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m

w
ay

,
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p
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r

w
h
en
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e
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u
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er
h
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h
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a
m

es
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p
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u
il
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u
m
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h
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m

4.
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fo
r

d
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a
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w
h
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h
,
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h
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e
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h
m
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a

b
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n
d
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w
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s
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e
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u
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er
s
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s

th
e

n
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,

th
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e
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a
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n
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of
p
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et

er
s
t

su
ch

th
at
D

in t
is

sm
al

l
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d
D

b
tw
t

is
la

rg
e.

A
t

th
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ti
m

e
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al
e,
α

(t
)

is
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l
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n
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e
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d
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u
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u
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

an
d
δ(t)

is
sm

all
an

d
β

(t)
large

b
ecau

se
m

ost
of

th
e

m
ass

is
still

lo
calized

on
th

e
d
istin

ct
clu

sters.
A

n
im

p
ortan

t
class

of
ex

am
p
les

ex
h
ib

itin
g

th
is

b
eh

av
ior

is
clu

sters
con

n
ected

b
y

n
arrow

b
ottlen

eck
s,

as
sh

ow
n

for
ex

am
p
le

in
F

igu
re

4
(a).

In
th

at
ex

am
p
le,

con
sid

er
th

e
fou

r
b
alls

as
clu

sters{X
k }

4k
=

1
an

d
th

e
b

ottlen
eck

s
asN

.
T

h
e

b
eh

av
ior

of
D

int
an

d
D

b
tw
t

as
a

fu
n
ction

of
t,

as
w

ell
as

several
tran

sition
m

atrices
for

d
iff

eren
t
t

valu
es

are
sh

ow
n

in
F

igu
re

6.

0
0.5

1
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2
2.5

3
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4
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5
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)
D

b
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,D
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v
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s
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(c)
D
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u
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n

d
ista

n
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t
=

1
0
3
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(d
)

D
iff

u
sio

n
d

ista
n

ces,
t

=
1
0
6

F
igu

re
6
:

P
lo

ts
illu

stratin
g

th
a
t

th
e

b
o
ttlen

eck
d
ata

in
F

ig
u
re

4
ex

h
ib

its
m

esoscop
ic

eq
u
ilib

ria,
d
esp

ite
th

e
la

ck
o
f

an
y

strict
sep

a
ra

tion
b

etw
een

th
e

fou
r

clu
sters.

In
d
eed

,
(a)

sh
ow

s
th

at
for

a
large

tim
e

ran
ge,

D
int

is
m

u
ch

less
(n

o
te

th
at

th
e

vertical
ax

is
is

in
log

1
0

scale)
th

an
D

b
tw

t
.

T
h
is

is
fu

rth
er

illu
strated

b
y

th
e

fact
th

at
for

d
iff

eren
t

ra
n
g
es

of
tim

e
t,

th
e

b
lo

ck
s

in
th

e
d
iff

u
sion

d
istan

ce
m

atrix
co

rresp
on

d
in

g
to

th
e

clu
ster

sets
b

eco
m

e
essen

tially
all

0
—

see
(b

),
(c).

F
or

la
rg

e
tim

e,
th

e
d
iff

u
sion

d
ista

n
ces

start
to

co
n
verge

u
n
ifo

rm
ly

to
0,

as
sh

ow
n

in
(d

).
N

ote
th

at
th

e
last

row
s

an
d

colu
m

n
s

o
f

P
co

rresp
on

d
to

th
e

b
ottlen

eck
p

oin
ts.

T
h
eorem

4.12
d
o
es

n
ot

p
rov

id
e

u
sefu

l
estim

ates
for

th
is

b
ottlen

eck
d
ata,

b
ecau

se
of

th
e

lack
of

strict
sep

aration
b

etw
een

th
e

clu
sters.

In
d
eed

,
if

b
ottlen

eck
p

oin
ts

are
assign

ed
to

th
eir

n
earest

clu
sters,

th
en

δ
is

n
early

1,
ren

d
erin

g
T

h
eorem

4.12
essen

tially
u
seless.

H
ow

ever,
T

h
eorem

4.17
su

p
p
lies

u
sefu

l
estim

ates
on

th
e

d
iff

u
sion

d
istan

ces
w

ith
in

an
d

b
etw

een
clu

sters
(e.g.

th
at
D

int �
D

b
tw
t

).
T

h
is

is
b

ecau
se
δ(t)

is
sm

all
an

d
β

(t)
large

for
lon

g
tim

e
scales,

u
n
til

th
e

ran
d
om

w
alk

h
as

ex
p
lored

from
on

e
clu

ster
to

an
oth

er.
T

h
at

it
takes

a
lon

g
tim

e
for

th
e

ran
d
om

w
alk

to
reach

glob
al

station
arity

d
u
e

to
th

e
b

ottlen
eck

can
b

e
argu

ed
in

term
s

of
grap

h
con

d
u
ctan

ces
(C

h
u
n
g,

1997).
W

e
sketch

a
com

b
in

atorial
argu

m
en

t
b

elow
,

in
ord

er
to

ob
serve

h
ow

th
e

d
ata

d
im

en
sion

ality
aff

ects
th

e
b

ottlen
eck

s.
F

or
sim

p
licity,

w
e

con
sid

er
ju

st
tw

o
clu

sters.
C

on
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=
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b
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b
ors

lie
in

sid
e

th
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.
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p
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p
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p
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ra
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b
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.
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p
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p
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b
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u
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p
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b
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p
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at
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b
tw

t
.

T
h
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b
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p
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b
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d
is

cu
ss

ed
in

S
ec

ti
on

4.
3.

w
h
er

e
e−

T
0
∆
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d
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d
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→
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e
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ra
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p
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m
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.
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b
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u
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p
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n
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p
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e
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D
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m
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m
1)

p
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s
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d
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X
=

⋃
Kk
=

1
X
k .

L
et
p(x

)
b

e
a

K
D

E
for

x
∈
X

,
let

ρ
t

b
e
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in

(3.4),
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d
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t (x
)

=
p(x
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t (x

).
T

h
e

L
U

N
D
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m
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e
m
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im
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t
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b
e

th
e

m
o
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e
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o
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sh
ou
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e
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d
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u
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h
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w
h
ich
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b
e
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d
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u
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d
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n
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n
eigh

b
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h
igh
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p
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d
en
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T
h
e
o
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m
5
.1

S
u
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X

=
⋃
Kk
=

1
X
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D
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t

<
m
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(M
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m
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(M
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K

m
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1
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t (x
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t
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X
k
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e
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u
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P
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b
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m
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X
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a
h
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p
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d
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e
X
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T
h
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p
p
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b
een

d
eterm

in
ed
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h
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d
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e
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m
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b
e

a
h
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est
d
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t
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X
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m }.
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p
p
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x
∈
X
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∈
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w

ith
in

-class
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T
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ρ
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D
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X
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h
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t

in
a

clu
ster

n
ot

alread
y

d
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m
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m
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D
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t
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<
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=
D
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+
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∈
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.
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=
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=
D
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b
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roves

th
at

th
e

ratios
of

th
e

sorted
D
t

valu
es

d
eterm

in
e

th
e

n
u
m

b
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b
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b
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L
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B

y
rd
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for
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.

C
o
ro
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.2

L
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{
x
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1
be
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poin
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{
x
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in
n
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g
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D
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m
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D
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m
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D
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m
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D
t (x

m
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D
t (x

m
j
+
1
) ≤

m
a
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)
m
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m
a
x
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ρ
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m
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ρ
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m
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D
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m
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D
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m
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m
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m
a
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D
b
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D
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m
ax

(M
)

D
b

tw
t

D
int

D
int

m
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m
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D
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D
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D
b
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m
a
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m
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K
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m
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m
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b
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b
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b
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b
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b
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b
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t
la

b
el

in
g

of
al

l
p

oi
n
ts

is
ac

cu
ra

te
.

F
or

an
u
n
la

b
el

ed
p

oi
n
t
x
∈
X
k
,

it
s

n
ea

re
st

d
iff

u
si

on
n
ei

gh
b

or
of

h
ig

h
er

d
en

si
ty

,
x
∗ ,

m
u
st

b
e

in
th

e
sa

m
e

cl
u
st

er
X
k
,

si
n
ce
D

in t
<
D

b
tw
t

.
M

or
eo

ve
r,

th
at

p
oi

n
t

is
al

re
ad

y
la

b
el

ed
as

Y
(x
∗ )

=
k
,

si
n
ce

p(
x
∗ )
≥
p(
x

).
H

en
ce

,
Y

(x
)

=
k

an
d

b
y

in
d
u
ct

io
n
,

al
l

p
oi

n
ts

ar
e

la
b

el
ed

co
rr

ec
tl

y.

T
h
e

d
ep

en
d
en

ce
on

τ
is

so
m

ew
h
at

u
n
sa

ti
sf

y
in

g,
an

d
in

p
ra

ct
ic

e,
th

is
q
u
an

ti
ty

ca
n

b
e

re
m

ov
ed

fr
om

th
e

in
p
u
ts

of
A

lg
or

it
h
m

1
b
y

in
st

ea
d

se
tt

in
g
K̂

=
ar

g
m

ax
k
D t

(x
m
k
)/
D t

(x
m
k
+
1
).

T
h
is

p
ro

va
b
ly

d
et

ec
ts
K

ac
cu

ra
te

ly
b
y

n
ot

in
g

th
at

th
e

ra
ti

os
D t

(x
m
j
+
1
)/
D t

(x
m
j
)

ar
e

sm
al

l
fo

r
j
>
K

u
n
d
er

a
ra

n
ge

of
re

as
on

ab
le

as
su

m
p
ti

on
s,

fo
r

ex
am

p
le

th
e

as
su

m
p
-

ti
on

s
th

at
th

e
d
en

si
ty

of
ea

ch
cl

u
st

er
is

b
ou

n
d
ed

aw
ay

fr
om

0
an

d
th

e
ra

ti
o

of
th

e
m

in
im

al
an

d
m

ax
im

al
w

it
h
in

-c
lu

st
er

d
iff

u
si

on
d
is

ta
n
ce

is
b

ou
n
d
ed

.
A

lg
or

it
h
m

2
d
es

cr
ib

es
th

e
L

U
N

D
al

go
ri

th
m

in
th

e
si

m
p
le

r
ca

se
th

at
K

is
k
n
ow

n
a

p
ri

-
or

i.
T

h
is

al
go

ri
th

m
ac

h
ie

ve
s

p
er

fe
ct

ac
cu

ra
cy

u
n
d
er

m
il
d
er

co
n
d
it

io
n
s

th
an

A
lg

or
it

h
m

1. C
o
ro

ll
a
ry

5
.5

S
u

pp
os

e
X

=
⋃
K k
=

1
X
k

an
d
K

is
kn

ow
n

.
If

D
in t

D
b
tw
t

<
m

in
(M

)
m

a
x
(M

)
,

th
en

A
lg

or
it

hm
2,

la
be

ls
al

l
po

in
ts

co
rr

ec
tl

y.

P
ro

o
f

T
h
is

fo
ll
ow

s
fr

om
T

h
eo

re
m

5.
1,

al
on

g
w

it
h
D

in t
<
D

b
tw
t

.

6
.

N
u
m

e
ri

ca
l

E
x
p

e
ri

m
e
n
ts

W
e

re
tu

rn
to

th
e

m
ot

iv
at

in
g

d
at

a
se

ts
of

S
ec

ti
on

3.
T

h
e

d
iff

u
si

on
d
is

ta
n
ce

s
ar

e
co

m
p
u
te

d
b
y

tr
u
n
ca

ti
n
g

(2
.2

)
to

su
m

on
ly

ov
er

th
e

la
rg

es
t

(i
n

te
rm

s
of

m
o
d
u
lu

s
of

th
e

ei
ge

n
va

lu
es

)
M

=
10

0
�

n
ei

ge
n
p
ai

rs
,

an
d

th
e

K
D

E
p(
x

)
u
se

s
10

0
n
ea

re
st

n
ei

gh
b

or
s

w
it

h
σ

0
=

1.
W

e
co

m
p
u
te

a
n
u
m

b
er

of
st

at
is

ti
cs

on
th

e
d
at

a
to

te
st

ou
r

th
eo

re
ti

ca
l

es
ti

m
at

es
an

d
to

ve
ri

fy
th

e
effi

ca
cy

of
th

e
p
ro

p
os

ed
al

go
ri

th
m

.
F

or
th

e
fi
rs

t
tw

o
d
at

a
se

ts
w

e
ex

am
in

e,
w

e
p
lo

t
D

in t
,D

b
tw
t

as
fu

n
ct

io
n
s

of
t,

to
ob

se
rv

e
th

e
m

u
lt

it
em

p
or

al
n
at

u
re

of
ou

r
cl

u
st

er
in

g
al

go
ri

th
m

.
W

e
al

so
co

m
p
u
te

th
e

th
eo

re
ti

ca
l

es
ti

m
at

es
on
‖P

t
−

S
∞
‖ ∞

as
gu

ar
an

te
ed

b
y

T
h
eo

re
m

4.
8.

T
h
e

ti
gh

tn
es

s
of

th
e

th
eo

re
ti

ca
l
es

ti
m

at
es

is
ev

al
u
at

ed

37
JM

L
R

 2
0(

16
0)

:1
-5

6,
 2

01
9

M
a
g
g
io
n
i
a
n
d

M
u
r
p
h
y

b
y

co
m

p
ar

in
g

to
th

e
em

p
ir

ic
al

va
lu

es
.

W
e

m
or

eo
ve

r
p
lo

t
th

e
d
iff

u
si

on
d
is

ta
n
ce

s
fr

om
a

fi
x
ed

p
oi

n
t

fo
r

a
va

ri
et

y
of
t

va
lu

es
,

to
il
lu

st
ra

te
th

e
m

u
lt

it
em

p
or

al
b

eh
av

io
r

of
th

es
e

d
is

ta
n
ce

s.
A

ft
er

th
es

e
ev

al
u
at

io
n
s,

w
e

cl
u
st

er
th

e
d
at

a
w

it
h

th
e

p
ro

p
os

ed
L

U
N

D
al

go
ri

th
m

an
d

co
m

p
u
te

th
e

ac
cu

ra
cy

,
co

m
p
ar

in
g

w
it

h
sp

ec
tr

al
cl

u
st

er
in

g
an

d
th

e
F

S
F

D
P

C
al

go
ri

th
m

.
W

e
m

or
eo

ve
r

co
m

p
u
te

th
e

es
ti

m
at

es
of
K

w
it

h
b

ot
h

th
e

p
ro

p
os

ed
m

et
h
o
d

K̂
=

ar
g

m
ax

k
D t

(x
m
k
)/
D t

(x
m
k
+

1
)

w
h
er

e
{x

m
i
}n i=

1
ar

e
th

e
p

oi
n
ts
{x

i}
n i=

1
so

rt
ed

so

th
at
D t

(x
m

1
)
≥
D t

(x
m

2
)
≥
··
·≥
D t

(x
m
n
),

an
d

sp
ec

tr
al

cl
u
st

er
in

g
ei

ge
n
ga

p
K̂

=
ar

g
m

ax
i
λ
i+

1
−
λ
i,

as
a

fu
n
ct

io
n

of
th

e
cr

u
ci

al
p
ar

am
et

er
s

of
th

e
re

sp
ec

ti
ve

al
go

ri
th

m
s.

In
p
ar

ti
cu

la
r,

w
e

ev
al

u
at

e
th

e
ro

b
u
st

n
es

s
of

sp
ec

tr
al

cl
u
st

er
in

g
m

et
h
o
d
s

w
it

h
re

sp
ec

t
to
σ

,
an

d
L

U
N

D
w

it
h

re
sp

ec
t

to
σ

an
d
t.

F
or

sp
ec

tr
al

cl
u
st

er
in

g,
w

e
co

n
si

d
er

th
e

va
ri

an
t

in
w

h
ic

h
ju

st
th

e
se

co
n
d

ei
ge

n
ve

ct
or
ψ

2
is

u
se

d
(S

h
i

an
d

M
al

ik
,

20
00

),
as

w
el

l
as

th
e

va
ri

an
t

in
w

h
ic

h
th

e
fi
rs

t
K

ei
ge

n
ve

ct
or

s
{ψ

i}
K i=

1
ar

e
u
se

d
(N

g
et

al
.,

20
02

).
A

ll
ex

p
er

im
en

ts
ar

e
co

n
d
u
ct

ed
on

ra
n
d
om

ly
ge

n
er

at
ed

d
at

a,
w

it
h

re
su

lt
s

av
er

ag
ed

ov
er

10
0

tr
ia

ls
.

6
.1

B
o
tt

le
n
e
ck

D
a
ta

W
e

fi
rs

t
an

al
y
ze

th
e

li
n
ea

r,
m

u
lt

im
o
d
al

d
at

a
se

t
of

F
ig

u
re

2,
in

w
h
ic

h
tw

o
of

th
e

cl
u
st

er
s

fe
at

u
re

tw
o

h
ig

h
-d

en
si

ty
re

gi
on

s,
co

n
n
ec

te
d

b
y

a
lo

w
er

d
en

si
ty

b
ot

tl
en

ec
k

re
gi

on
.

T
h
eo

re
m

4.
8

u
p
p

er
b

ou
n
d
s
‖P

t
−

S
∞
‖ ∞

<
ε

in
te

rm
s

of
δ,
λ
K

+
1
,κ

,
w

h
ic

h
fo

r
th

is
d
at

a
h
av

e
va

lu
es
δ

=
6.

26
97
×

10
−

8
,
λ
K

+
1

=
1
−

1.
75

63
×

10
−

4
,
κ

=
2.

67
38
×

10
2

w
h
en

P
is

co
n
st

ru
ct

ed
w

it
h
σ

=
.1

5.
A

s
sh

ow
n

in
F

ig
u
re

9,
th

e
th

eo
re

ti
ca

l
es

ti
m

at
e

co
rr

ec
tl

y
il
lu

st
ra

te
s

th
e

ov
er

al
l

b
eh

av
io

r
of

th
e

tr
an

si
ti

on
fr

om
in

it
ia

l
d
is

tr
ib

u
ti

on
,

to
m

es
os

co
p
ic

eq
u
il
ib

ri
a,

th
en

to
a

gl
ob

al
eq

u
il
ib

ri
u
m

.
T

h
e

d
is

ta
n
ce

fr
om

a
h
ig

h
-d

en
si

ty
p

oi
n
t

ac
ro

ss
ti

m
e

sc
al

es
ap

p
ea

rs
in

F
ig

u
re

10
.

F
or

sm
al

l
ti

m
e

va
lu

es
,

th
e

d
iff

u
si

on
d
is

ta
n
ce

sc
al

es
si

m
il
ar

ly
to

E
u
cl

id
ea

n
d
is

ta
n
ce

.
H

ow
-

ev
er

,
b
y

ti
m

e
t

=
10

8
,

a
m

es
os

co
p
ic

eq
u
il
ib

ri
u
m

h
as

b
ee

n
re

ac
h
ed

,
an

d
al

l
p

oi
n
ts

in
th

e
cl

u
st

er
ar

e
ra

th
er

cl
os

e
to

ge
th

er
.

B
y
t

=
10

1
6
,

a
gl

ob
al

eq
u
il
ib

ri
u
m

h
as

b
ee

n
re

ac
h
ed

.

6
.1
.1

B
o
t
t
l
e
n
e
c
k

D
a
t
a
C
l
u
st

e
r
in
g

E
v
a
l
u
a
t
io
n

C
om

p
ar

is
on

s
w

it
h

sp
ec

tr
al

cl
u
st

er
in

g
ap

p
ea

r
in

F
ig

u
re

s
11

an
d

12
.

In
F

ig
u
re

12
(a

),
it

is
sh

ow
n

th
at

fo
r

al
l

va
lu

es
of

th
e

sp
at

ia
l

sc
al

e
p
ar

am
et

er
σ

,
th

e
ei

ge
n
ga

p
es

ti
m

at
ed

n
u
m

b
er

of
cl

u
st

er
s
K̂

is
1,

i.
e.

al
w

ay
s

in
co

rr
ec

t.
O

n
th

e
ot

h
er

h
an

d
,

F
ig

u
re

12
(b

)
sh

ow
s

th
at

th
er

e
is

a
ra

n
ge

of
(σ
,t

)
va

lu
es

—
m

es
os

co
p
ic

in
t—

fo
r

w
h
ic

h
L

U
N

D
ac

h
ie

ve
s

p
er

fe
ct

ac
cu

ra
cy

.
In

d
ee

d
,

af
te

r
an

in
it

ia
l

p
h
as

e
in

w
h
ic

h
th

e
n
u
m

b
er

of
cl

u
st

er
s

is
es

ti
m

at
ed

as
1,

th
e

L
U

N
D

es
ti

m
at

e
fo

r
K

is
d
ec

re
as

in
g

in
t,

co
rr

es
p

on
d
in

g
to

th
e

m
ix

in
g

of
d
iff

er
en

t
cl

u
st

er
s

ov
er

ti
m

e.
T

h
e

L
U

N
D

al
go

ri
th

m
an

d
F

S
F

D
P

C
ar

e
co

m
p
ar

ed
in

F
ig

u
re

13
.

D
u
e

to
th

e
n
on

-
sp

h
er

ic
al

sh
ap

es
of

th
e

cl
u
st

er
s,

F
S
F

D
P

C
is

u
n
ab

le
to

le
ar

n
th

e
m

o
d
es

of
th

e
d
at

a
co

rr
ec

tl
y,

an
d

co
n
se

q
u
en

tl
y

as
si

gn
s

m
o
d
es

to
th

e
sa

m
e

cl
u
st

er
:

th
e

m
o
d
es

le
ar

n
ed
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L
e
a
r
n
in
g

b
y
U
n
su

p
e
r
v
ise

d
N
o
n
l
in
e
a
r
D
if
f
u
sio

n

0
5

10
15

-12

-10 -8 -6 -4 -2 0

(a
)

P
lo

t
o
f
D

b
tw
t

,D
int

a
g
a
in

st
t.

0
5

10
15

-10 -8 -6 -4 -2 0 2 4 6 8

10

(b
)

Q
u

a
n
tities

rela
ted

to
m

eso
sco

p
ic

a
n

d
g
lo

b
a
l
eq

u
ilib

ria
.

F
ig

u
re

9:
In

(a),
D

b
tw

t
,D

int
are

p
lotted

again
st
t.

F
or
t
<

10
4
.5,

D
int
>
D

b
tw

t
,

sin
ce

for
sm

all
tim

e,
D

t
is

essen
tially

th
e

sa
m

e
as

E
u
clid

ean
d
istan

ce.
A

ro
u
n
d
t

=
1
0
4
.5,

th
ere

is
a

tran
sition

,
in

w
h
ich

D
int
�
D

b
tw

t
.

T
h
is

corresp
on

d
s

to
th

e
M

a
rkov

ch
a
in

reach
in

g
m

esosco
p
ic

eq
u
ilib

ria
in

w
h
ich

th
e

ch
ain

is
w

ell-m
ix

ed
o
n

each
clu

ster,
b
u
t

n
ot

w
ell-m

ix
ed

glob
ally.

T
h
e

ap
p
rox

im
ate

tim
es

of
con

vergen
ce

tow
ard

s
th

e
m

esoscop
ic

an
d

g
lo

b
a
l

eq
u
ilib

riu
m

are
d
en

oted
w

ith
d
otted

b
la

ck
vertical

lin
es.

In
(b

),
w

e
p
lo

t
th

ree
q
u
an

tities
a
ga

in
st
t:

th
e

th
eoretica

l
b

ou
n
d

on
‖
P

t−
S
∞
‖∞

g
u
a
ra

n
teed

b
y

T
h
eorem

4.8;
th

e
em

p
irical

q
u
an

tity
‖P

t−
S
∞
‖∞

;
an

d
th

e
em

p
irically

co
m

p
u
ted

q
u
a
n
tity

λ
2 (P

)
t/π

m
in ,

w
h
ich

estim
a
tes

th
e

d
ista

n
ce

to
th

e
station

ary
d
istrib

u
tion

.
N

o
tice

th
at‖

P
t−

S
∞
‖∞

gets
sm

all,
b

oth
th

e
th

eo
retica

l
b

ou
n
d

a
n
d

th
e

em
p
irical

va
lu

e,
arou

n
d
t

=
10

4
.5.

It
th

en
in

crea
ses.

A
rou

n
d
t

=
10

1
3
.7
5,

λ
2 (P

)
t/π

m
in

d
ecay

s
ex

p
on

en
tia

lly
to

0
,

in
d
icatin

g
th

at
th

e
glo

b
al

eq
u
ilib

riu
m

h
as

b
een

reach
ed

.
N

o
te

th
at

th
e

th
eoretical

estim
ate

o
n
‖
P

t−
S
∞
‖∞

is
n
ot

tigh
t,

th
ou

gh
it

a
ccu

rately
cap

tu
res

th
e

overall
b

eh
av

ior
o
f

th
e

q
u
a
n
tity

w
ith

resp
ect

to
t.

M
o
reover,

th
e

glob
al

d
ecay

estim
ate

λ
2 (P

)
t/
π
m
in

is
som

ew
h
at

co
n
serva

tive
in

estim
atin

g
th

e
m

ix
in

g
tim

e
of

tow
ard

s
th

e
eq

u
ilib
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p
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p
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p
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n
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p
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=
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p
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b
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p
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p
ar

ed
to

L
U

N
D

as
fu

n
ct

io
n
s

o
f

σ
.

W
h
il
e

sp
ec

tr
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p
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p

er
fo

rm
a
n
ce

d
eg

ra
d
es

as
σ

in
cr

ea
se

s;
cl

as
si

ca
l

sp
ec

tr
a
l

cl
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p
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m
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b
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b
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d
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p
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p
h
y

p
erform

an
ces

of
L

U
N

D
an

d
sp

ectral
clu

sterin
g

in
term

s
of

average
accu

racy,
in

w
h
ich

th
e

overall
accu

racy
on

each
of

th
e

clu
sters

is
com

p
u
ted

sep
arately,

an
d

th
ese

class-
w

ise
accu

racies
are

th
en

averaged
.

C
om

p
ared

to
th

e
overall

accu
racy

m
easu

re,
th

e
average

accu
racy

m
easu

re
d
iscou

n
ts

large
clu

sters
an

d
in

creases
th

e
sign

ifi
can

ce
of

sm
all

clu
sters.

R
esu

lts
for

average
accu

racy
are

in
F

igu
re

20.

0.75
0.875

1
1.125

1.25
1.375

1.5
1.625

1.75
1.875

2

0.55

0.6

0.65

0.7

0.75

0.8

0.85

(a
)

A
ccu

ra
cy

o
f

sp
ectra

l
clu

sterin
g

0.75
0.875

1
1.125

1.25
1.375

1.5
1.625

1.75
1.875

2

-Inf1

2.25

3.5

4.756

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

(b
)

A
ccu

ra
cy

o
f

L
U

N
D

F
igu

re
1
9:

T
h
e

o
vera

ll
a
ccu

ra
cy

of
th

e
tw

o
sp

ectra
l

clu
sterin

g
varian

ts,
a
s

w
ell

as
L

U
N

D
,

a
re

sh
ow

n
for

th
e

G
au

ssian
d
a
ta.

In
term

s
of

overa
ll

accu
racy,

L
U

N
D

is
a
b
le

to
a
ch

ieve
n
ea

r-p
erfect

resu
lts

fo
r

a
ran

ge
of

p
a
ram

eter
valu

es.
N

ea
rly

all
errors

m
a
d
e

w
ere

d
u
e

to
a

p
oin

t
b

ein
g

g
en

erated
fro

m
on

e
G

au
ssian

a
n
d

lan
d
in

g
very

close
to

an
oth

er
G

au
ssian

,
w

h
ich

is
essen

tially
an

u
n
av

o
id

ab
le

id
en

tifi
ab

ility
issu

e
fro

m
w

h
ich

an
y

u
n
su

p
erv

ised
clu

sterin
g

m
eth

o
d

w
ou

ld
su

ff
er.

N
eith

er
of

th
e

sp
ectral

clu
sterin

g
m

eth
o
d
s

is
ab

le
to

m
a
tch

L
U

N
D

’s
p

erform
a
n
ce,

w
h
ich

ca
n

b
e

attrib
u
ted

to
fu

n
d
am

en
tal

issu
es

w
ith

th
e

u
se

of
on

ly
th

e
fi
rst

sm
a
ll

n
u
m

b
er

o
f

eigen
vectors

w
h
en

p
erform

in
g

sp
ectral

clu
sterin

g,
as

sh
ow

n
b
y

N
a
d
ler

a
n
d

G
a
lu

n
(2

00
7)

a
n
d

illu
stra

ted
in

F
ig

u
re

1.

In
F

igu
re

21,
L

U
N

D
is

com
p
ared

to
F

S
F

D
P

C
.

L
U

N
D

correctly
learn

s
th
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d
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p
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In
eq

u
alities

for
certain

eigen
valu

es
of

a
m

em
b
ran

e
of

given
area.

J
ou

rn
al

of
R

ation
al

M
echan

ics
an

d
A

n
alysis,

3:343–356,
1954.

R
.

T
alm

on
an

d
H

.
W

u
.

L
aten

t
com

m
on

m
an

ifold
learn

in
g

w
ith

altern
atin

g
d
iff

u
sion

:
an

aly
sis

an
d

ap
p
lication

s.
A

pplied
an

d
C

om
pu

tation
al

H
arm

on
ic

A
n

alysis,
2018.

J
.B

.
T

en
en

b
au

m
,

V
.

D
e

S
ilva,

an
d

J
.C

.
L

an
gford

.
A

glob
al

geom
etric

fram
ew

ork
for

n
on

lin
ear

d
im

en
sion

ality
red

u
ction

.
S

cien
ce,

290(5500):2319–2323,
2000.

R
.

V
id

al.
S
u
b
sp

ace
clu

sterin
g.

IE
E

E
S

ign
al

P
rocessin

g
M

agazin
e,

28(2):52–68,
2011.

U
.

V
on

L
u
x
b
u
rg.

A
tu

torial
on

sp
ectral

clu
sterin

g.
S

tatistics
an

d
C

om
pu

tin
g,

17(4):
395–416,

2007.

Y
.

W
an

an
d

M
.

M
eila.

G
rap

h
clu

sterin
g:

b
lo

ck
-m

o
d
els

an
d

m
o
d
el

free
resu

lts.
In

A
d-

van
ces

in
N

eu
ral

In
form

ation
P

rocessin
g

S
ystem

s
(N

IP
S

),
p
ages

2478–2486,
2016.

P
.

W
an

g,
B

.
X

u
,

J
.

X
u
,

G
.

T
ian

,
C

.-L
.

L
iu

,
an

d
H

.
H

ao.
S
em

an
tic

ex
p
an

sion
u
sin

g
w

ord
em

b
ed

d
in

g
clu

sterin
g

an
d

con
volu

tion
al

n
eu

ral
n
etw

ork
for

im
p
rov

in
g

sh
ort

tex
t

classifi
cation

.
N

eu
rocom

pu
tin

g,
174:806–814,

2016.

X
.

W
an

g,
K

.
S
lavak

is,
an

d
G

.
L

erm
an

.
M

u
lti-m

an
ifold

m
o
d
elin

g
in

n
on

-E
u
clid

ean
sp

aces.
In

In
tern

ation
al

C
on

feren
ce

on
A

rtifi
cial

In
telligen

ce
an

d
S

tatistics
(A

IS
-

T
A

T
S

),
p
ages

1023–1032,
2015.

H
.F

.
W

ein
b

erger.
A

n
isop

erim
etric

in
eq

u
ality

for
th

e
n

-d
im

en
sion

al
free

m
em

b
ran

e
p
rob

lem
.

J
ou

rn
al

of
R

ation
al

M
echan

ics
an

d
A

n
alysis,

5(4):633–636,
1956.

C
.

W
iw

ie,
J
.

B
au

m
b
ach

,
an

d
R

.
R
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x

)
is

th
e

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
m

ea
su

re
in

d
u
ce

d
b
y
ρ

at
x

.
In

th
e

su
p

er
v
is

ed
le

ar
n
in

g
fr

am
ew

or
k
,
ρ

is
u
n
k
n
ow

n
an

d
on

e
es

ti
m

at
es

f ρ
b
as

ed
on

a
se

t
o
f

o
b
se

rv
a
ti

o
n
s

z
=
{(
x
i,
y i

)}
m i=

1
∈
Z
m

w
h
ic

h
is

as
su

m
ed

to
b

e
d
ra

w
n

in
d
ep

en
d
en

tl
y

ac
co

rd
in

g
to
ρ
.

W
e

ad
d
it

io
n
al

ly
su

p
p

os
e

th
at
ρ
(·|
x

)
is

su
p
p

or
te

d
on

[−
M
,M

],
fo

r
so

m
e
M
≥

1
an

d
ea

ch
x
∈
X

.
T

h
is

u
n
if

or
m

b
ou

n
d
ed

n
es

s
as

su
m

p
ti

o
n

fo
r

th
e

ou
tp

u
t

is
st

an
d
ar

d
in

m
os

t
li
te

ra
tu

re
in

le
ar

n
in

g
th

eo
ry

(s
ee

e.
g.

,
Z

h
an

g
(2

00
3)

;
S
m

al
e

an
d

Z
h
ou

(2
00

7)
;

M
en

d
el

so
n

a
n
d

N
ee

m
a
n

(2
01

0)
;

W
u

et
al

.
(2

00
6)

).
T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

w
il
l

u
se

th
es

e
as

su
m

p
ti

o
n
s

w
it

h
o
u
t

an
y

fu
rt

h
er

re
fe

re
n
ce

.
U

su
al

ly
on

e
m

ay
g
et

an
es

ti
m

at
or

of
f ρ

b
y

m
in

im
iz

in
g

th
e

em
p
ir

ic
a
l

lo
ss

fu
n
ct

io
n
al

1 m

∑
m i=

1
(f

(x
i)
−
y i

)2
ov

er
a

h
yp

o
th

es
is

sp
a
ce

,
i.
e.

,
a

p
re

-s
el

ec
te

d
fu

n
ct

io
n

se
t

on
X

.

In
ke

rn
el

re
gr

es
si

on
,

th
e

h
y
p

ot
h
es

is
sp

ac
e

is
ge

n
er

at
ed

b
y

a
ke

rn
el

fu
n
ct

io
n
K

:
X
×
X
→

R
.

R
ec

al
l
th

at
{x

i}
m i=

1
is

th
e

in
p
u
t

d
at

a
of

th
e

ob
se

rv
a
ti

on
s.

T
h
e

h
y
p

ot
h
es

is
sp

a
ce

co
n
si

d
er

ed
h
er

e
is

ta
ke

n
to

b
e

th
e

li
n
ea

r
sp

an
of

th
e

se
t
{K

x
i
}m i=

1
.

F
or
t
∈
X

,
w

e
d
en

o
te

b
y
K
t

th
e

2
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

fu
n
ctio

n
K
t

:
X
→

R
x
7→
K

(x
,t).

L
et

0
<
q
≤

1,
th

e
ou

tp
u
t

estim
ator

of
`
q −

regu
larized

kern
el

regression
is

given
b
y

f̂
q

=
∑

mi=
1
c
zq
,i K

x
i ,

w
h
ere

its
co

effi
cien

t
seq

u
en

ce
c
zq

=
(c

zq
,i )
mi=

1
satisfi

es

c
zq

=
arg

m
in

c∈
R
m


1m

m
∑j=

1 (
y
j −

m
∑i=

1

c
i K

(x
j ,x

i ) )
2

+
γ‖

c‖
qq 

.
(2)

H
ere

γ
>

0
is

called
a

regu
la

riza
tio

n
pa

ra
m

eter
an

d
‖c‖

q
d
en

otes
th

e
`
q −

n
o
rm

of
c
.

R
ecall

th
a
t

fo
r

a
n
y

0
<
q
≤

1
an

d
an

y
seq

u
en

ce
w

=
(w

n
) ∞n

=
1 ,

th
e
`
0 −

n
orm

an
d
`
q −

n
orm

a
re

d
efi

n
ed

resp
ectively

as

‖
w
‖

0
=
∞∑n
=

1

I
(w

n
6=

0)
an

d
‖
w
‖
q

=


∑

n∈
su

p
p

(w
) |w

n | q 
1
/
q

,

w
h
ere

I
(·)

is
th

e
in

d
icator

fu
n
ction

an
d

su
p
p
(w

)
:=
{n
∈
N

:
w
n
6=

0}
d
en

otes
th

e
su

p
p

ort
set

o
f

w
.

S
trictly

sp
eak

in
g,‖·‖

0
is

n
ot

a
real

n
orm

an
d
‖·‖

q
m

erely
d
efi

n
es

a
q
u
asi-n

orm
w

h
en

0
<
q
<

1
(e.g.,

see
C

on
w

ay
(2000)).

F
rom

a
n

a
p
p
rox

im
ation

v
iew

p
oin

t,
w

e
are

in
fact

seek
in

g
for

a
fu

n
ction

to
ap

p
rox

im
ate

f
ρ

fro
m

th
e

fu
n
ction

set
sp

an
n
ed

b
y

th
e

kern
elized

d
iction

ary
{
K
x
i }
mi=

1 .
T

h
e

kern
elized

d
ictio

n
a
ry

to
geth

er
w

ith
its

in
d
u
ced

learn
in

g
m

o
d
els

h
as

b
een

p
rev

iou
sly

con
sid

ered
in

lit-
era

tu
re.

In
a

su
p

erv
ised

regression
settin

g,
to

p
u
rsu

e
a

sp
arse

n
on

lin
ear

regressio
n

m
ach

in
e,

R
o
th

(2
0
0
4)

p
rop

osed
th

e
`
1 -n

orm
regu

larized
learn

in
g

m
o
d
el

in
d
u
ced

b
y

th
e

k
ern

elized
d
ictio

n
a
ry,

n
a
m

ely,
th

e
k
ern

elized
L

asso.
It

is
in

d
eed

a
b
asis

p
u
rsu

it
m

eth
o
d
,

th
e

id
ea

of
w

h
ich

can
b

e
d
ated

b
ack

to
C

h
en

an
d

D
on

oh
o

(1994);
G

irosi
(1998).

It
w

as
in

W
u

an
d

Z
h
o
u

(2
0
08

)
th

at
a

fram
ew

ork
of

an
aly

zin
g

th
e

gen
eralization

b
ou

n
d
s

for
learn

in
g

m
o
d
els

in
d
u
ced

b
y

th
e

kern
elized

d
iction

ary
w

as
p
rop

osed
.

T
h
e

id
ea

b
eh

in
d

is
con

trollin
g

th
e

com
-

p
lex

ity
o
f

th
e

h
y
p

oth
esis

sp
ace

an
d

th
en

in
vestigatin

g
th

e
ap

p
rox

im
a
tion

ab
ility

as
w

ell
as

th
e

d
a
ta

-fi
ttin

g
risk

of
fu

n
ction

s
in

th
is

h
y
p

oth
esis

sp
ace

v
ia

ap
p
rox

im
ation

an
d

con
cen

tra-
tio

n
tech

n
iq

u
es,

w
h
ich

is
a

ty
p
ical

learn
in

g
th

eory
ap

p
roach

.
F

ollow
in

g
th

is
lin

e,
a

series
of

in
terestin

g
stu

d
ies

h
ave

b
een

ex
p
an

d
ed

for
variou

s
learn

in
g

m
o
d
els

in
d
u
ced

b
y

th
e

kern
el-

ized
d
ictio

n
a
ry.

F
or

ex
am

p
le,

p
rob

ab
ilistic

gen
eralization

b
ou

n
d
s

for
d
iff

eren
t

m
o
d
els

w
ere

d
erived

in
S
h
i

et
al.

(2011);
W

an
g

et
al.

(2
012);

S
h
i

(2013);
L

in
et

al.
(2014);

F
en

g
et

a
l.

(2
0
1
6
)

a
n
d

m
a
n
y

oth
ers.

H
ow

ever,
it

is
w

o
rth

p
oin

tin
g

ou
t

th
at

on
e

is
n
ot

su
ggested

to
sim

-
p
ly

trea
t

th
e

k
ern

elized
d
iction

ary
as

com
m

on
ly

u
sed

d
iction

aries.
T

h
is

is
b

ecau
se

learn
in

g
m

o
d
els

in
d
u
ced

b
y

th
e

kern
elized

d
iction

ary
m

ay
p

ossess
m

ore
fl
ex

ib
ility.

F
or

th
e

kern
elized

d
ictio

n
a
ry,

th
e

p
ositive

sem
i-d

efi
n
ite

con
strain

t
on

th
e

kern
el

fu
n
ction

is
rem

oved
.

T
h
e

re-
m

ov
in

g
o
f

th
e

p
ositive

sem
i-d

efi
n
ite

co
n
strain

ts
allow

s
u
s

to
u
tilize

som
e

sp
ecifi

c
in

d
efi

n
ite

kern
els

to
co

p
e

w
ith

real-w
orld

ap
p
lication

s,
see

e.g.,
S
ch

leif
an

d
T

in
o

(2015).
M

oreover,
{
K
x
i }
mi=

1
is

a
d
ata-d

ep
en

d
en

t
d
iction

ary.
In

a
n
on

lin
ear

regression
settin

g,
com

p
a
rin

g
w

ith
m

o
d
els

in
d
u
ced

b
y

b
asis

fu
n
ction

s,
h
av

in
g

seen
en

ou
gh

ob
servation

s,
th

e
d
ata-d

ep
en

d
en

t
d
ictio

n
a
ry

ca
n

p
rov

id
e

ad
eq

u
ate

in
form

ation
.

C
on

seq
u
en

tly,
th

e
lo

cal
in

form
ation

of
th

e
reg

ressio
n

fu
n
ction

can
b

e
cap

tu
red

w
ith

th
is

red
u
n
d
an

t
d
iction

ary.
A

n
illu

strative
ex

a
m

p
le

3
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

of
th

is
ob

servation
can

b
e

fou
n
d

in
A

n
d
o

et
al.

(2
008).

R
ecen

tly,
learn

in
g

w
ith

in
d
efi

n
ite

kern
els

h
as

d
raw

n
m

u
ch

atten
tion

.
M

ost
of

w
ork

fo
cu

sed
on

th
e

algorith
m

ic
stu

d
y,

e.g.,
L

o
osli

et
al.

(2016);
H

u
an

g
et

al.
(2017).

T
h
e

algorith
m

u
n
d
er

con
sid

eration
can

p
rov

id
e

a
sim

p
le

scen
ario

for
regu

larized
in

d
efi

n
ite

kern
el

regression
.

H
ow

ever,
th

e
th

eoretical
w

ork
on

th
is

asp
ect

is
still

lim
ited

so
far.

C
om

p
ared

w
ith

th
e

algorith
m

s
in

volv
in

g
`
0 −

p
en

alty,
th

e
`
1 −

regu
larized

algorith
m

s
can

b
e

effi
cien

tly
solved

b
y

con
vex

p
rogram

m
in

g
m

eth
o
d
s.

W
h
en

0
<
q
<

1,
th

e
p
rob

lem
(2)

is
a

n
on

-con
vex

op
tim

ization
p
rob

lem
.

M
an

y
effi

cien
t

ap
p
roach

es
h
ave

b
een

d
evelop

ed
to

solve
th

e
`
q −

m
in

im
ization

p
rob

lem
o
f

th
is

ty
p

e,
e.g.,

C
an

d
ès

et
al.

(2008);
C

h
en

et
al.

(2010);
H

u
an

g
et

al.
(2008);

L
ai

an
d

W
an

g
(2011

);
X

u
et

al.
(2

012);
b
u
t

th
ere

is
n
o

ap
p
roach

th
at

gu
aran

tees
to

fi
n
d

a
glob

al
m

in
im

izer.
M

ost
p
rop

osed
ap

p
roach

es
are

d
escen

t-itera
tive

in
n
atu

re.
T

o
illu

strate
th

e
p
rin

cip
le

of
th

e
m

in
im

ization
p
ro

cess,
w

e
d
efi

n
e

th
e

o
b

jective
fu

n
ction

al
of

algorith
m

(2)
as

T
γ
,q (c

)
=
‖
y
−

K
c‖

22
+
γ‖

c‖
qq ,

∀
c
∈
R
m
,

(3)

w
h
ere

y
=
(
y
1
√
m
,···,

y
m
√
m

)
∈
R
m

an
d
K
∈
R
m
×
m

w
ith

en
tries

K
i,j

=
K

(x
i ,x

j )
√
m

,1
≤
i,j≤

m
.

G
iven

γ
>

0
an

d
an

in
itial

p
oin

t
c

0 ,
th

e
d
escen

t-iterativ
e

m
in

im
ization

ap
p
roach

gen
erates

a
m

in
im

izin
g

seq
u
en

ce{
c
k } ∞k

=
1

su
ch

th
at

T
γ
,q (c

k )
are

strictly
d
ecreasin

g
alon

g
th

e
seq

u
en

ce.
T

h
u
s

an
y

lo
cal

m
in

im
izer,

in
clu

d
in

g
th

e
glob

al
m

in
im

izer,
th

at
a

d
escen

t
ap

p
roach

m
ay

fi
n
d

m
u
st

b
e

in
th

e
level

set{c
∈
R
m

:
T
γ
,q (c

)
<

T
γ
,q (c

0 )}
.

T
h
erefore,

in
b

o
th

th
eory

a
n
d

p
ractice,

on
e

m
ay

b
e

on
ly

in
terested

in
th

e
lo

cal
m

in
im

izer
arou

n
d

som
e

p
re-given

in
itial

p
oin

t.
S
p

ecifi
cally,

for
ou

r
p
rob

lem
,

a
reason

ab
le

ch
oice

of
th

e
in

itial
p

oin
t

w
ou

ld
b

e
th

e
solu

tion
in

th
e

case
q

=
1.

A
ssu

m
p

tio
n

1
F

o
r
γ
>

0
a
n

d
0
<
q
<

1
,

w
e

a
ssu

m
e

th
a
t

th
e

coeffi
cien

t
sequ

en
ce

c
zq

o
f

th
e

estim
a
to

r
f̂
q

is
a

loca
l

m
in

im
izer

o
f

th
e

p
ro

blem
(2

)
a
n

d
sa

tisfi
es

T
γ
,q (c

zq )
<

T
γ
,q (c

z1 ),
w

h
ere

c
z1

is
th

e
glo

ba
l

m
in

im
izer

o
f

th
e

p
ro

blem
(2

)
a
t
q

=
1.

In
S
ection

2.1,
w

e
sh

all
p
resen

t
a

sch
em

e
for

search
in

g
a

lo
cal

m
in

im
izer

of
p
rob

lem
(2)

b
y

con
stru

ctin
g

a
d
escen

t-iterativ
e

m
in

im
ization

p
ro

cess.
T

h
e

p
rev

iou
s

th
eoretical

an
aly

sis
ab

ou
t

least-sq
u
are

regression
w

ith
a

co
effi

cien
t-b

ased
p

en
alty

term
is

valid
on

ly
for

a
con

v
ex

learn
in

g
m

o
d
el,

e.g.,
th

e
`
q −

regu
larized

regression
w

ith
q
≥

1.
T

o
en

h
an

ce
th

e
sp

arsity,
on

e
ex

p
ects

to
u
se

a
n
on

-con
v
ex

`
q

p
en

alty,
i.e.,

0
<
q
<

1,
b
u
t

n
o

op
tim

ization
ap

p
roach

gu
aran

tees
to

fi
n
d

a
glob

al
m

in
im

izer
of

th
e

in
d
u
ced

op
tim

ization
p
rob

lem
.

T
h
ere

is
still

a
gap

b
etw

een
th

e
ex

istin
g

th
eoretical

an
aly

sis
an

d
th

e
op

tim
ization

p
ro

cess:
th

e
estim

a
tor

n
eed

s
to

b
e

glob
ally

op
tim

al
in

th
e

th
eoretical

an
aly

sis
w

h
ile

th
e

op
tim

ization
m

eth
o
d

can
n
ot

en
su

re
th

e
glob

al
op

tim
ality

of
its

solu
tion

s.
U

p
to

ou
r

k
n
ow

led
ge,

d
u
e

to
th

e
n
on

-
con

vex
ity

of
`
q

term
,

th
ere

still
lack

s
a

rigorou
s

th
eoretical

d
em

on
stration

to
su

p
p

ort
its

effi
cien

cy
in

n
on

-p
aram

etric
regression

.
In

th
is

p
ap

er,
w

e
aim

to
fi
ll

th
is

gap
b
y

d
evelop

in
g

an
elegan

t
th

eoretical
an

aly
sis

on
th

e
asy

m
p
totic

p
erform

an
ces

of
estim

ators
f̂
q

satisfy
in

g
A

ssu
m

p
tion

1,
w

h
ere

th
ese

estim
ators

can
b

e
gen

erated
b
y

th
e

sch
em

e
in

S
ection

2.1
or

an
oth

er
d
escen

t-iterative
m

in
im

ization
p
ro

cess.
H

ere
w

e
w

o
u
ld

like
to

p
oin

t
ou

t
th

at
th

e
estab

lish
ed

con
vergen

ce
an

aly
sis

of
f̂
q

on
ly

req
u
ires

f̂
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→
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p
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p
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=
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+
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+
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+
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+

2
bs
c,

o
th

er
w

is
e,

(5
)

w
h
er

e
bs
c

d
en

o
te

s
th

e
in

te
gr

a
l

pa
rt

o
f
s.
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=
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h
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−
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+
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s
as

su
m

p
ti

on
,

th
e

p
er

fo
rm

an
ce

of
th

e
a
lg

o
ri

th
m

(2
)

ca
n

b
e

m
ea

su
re

d
b
y

th
e

er
ro

r
‖π

M
(f̂

)
−
f ρ
‖ L

2 ρ
X

,
w

h
er

e
f̂

is
a

re
su

lt
in

g
es

ti
m

a
to

r.
T

o
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

ex
p
la

in
th

e
d
etails,

w
e

recall
th

e
d
efi

n
ition

of
regression

fu
n
ction

f
ρ

given
b
y

(1).
A

s
th

e
co

n
d
itio

n
a
l
d
istrib

u
tion

ρ
(·|x

)
is

su
p
p

orted
on

[−
M
,M

]
for

every
x
∈
X

,
th

e
target

fu
n
ction

f
ρ

ta
kes

valu
e

in
[−
M
,M

]
on

X
.

S
o

to
see

h
ow

an
estim

ator
f̂

ap
p
rox

im
ates

f
ρ ,

it
is

n
atu

ral

to
p
ro

ject
va

lu
es

of
f̂

on
to

th
e

sam
e

in
terval

b
y

th
e

p
ro

jection
op

erator
π
M

(·).
D

u
e

to
th

e
a
n
a
ly

sis
in

th
is

p
ap

er,
on

e
can

alw
ay

s
ex

p
ect

b
etter

estim
ates

b
y

p
ro

jectin
g

th
e

ou
tp

u
t

estim
a
to

r
o
n
to

th
e

in
terval

[−
M
,M

].
S
o

if
w

e
con

sid
er

th
e

estim
ator

π
M

(f̂
1 )

in
T

h
eorem

1,
th

e
o
b
ta

in
ed

resu
lt

can
b

e
fu

rth
er

im
p
roved

.
H

ow
ever,

in
ord

er
to

m
ake

com
p
arison

s
w

ith
p
rev

io
u
s

resu
lts,

w
e

ju
st

give
th

e
error

a
n
aly

sis
for

f̂
1 .

B
u
t

for
th

e
case

0
<
q
<

1,
w

e
sh

all
o
n
ly

co
n
sid

er
th

e
error‖

π
M

(f̂
q )−

f
ρ ‖
L

2ρ
X

.
T

o
illu

strate
th

e
sp

arsen
ess

of
th

e
a
lgorith

m
,

w
e

a
lso

d
eriv

e
a
n

u
p
p

er
b

ou
n
d

on
th

e
q
u
an

tity
‖
c
zq ‖

0

m
,

w
h
ere

c
zq

d
en

otes
th

e
co

effi
cien

t
seq

u
en

ce

o
f
f̂
q .

T
h

e
o
re

m
3

A
ssu

m
e

th
a
t
X

is
a

co
m

pa
ct

co
n

vex
su

bset
o
f
R
d

w
ith

L
ip

sch
itz

bo
u

n
d
a
ry,

K
∈

C
∞

(X
×
X

)
is

a
n

a
d
m

issible
kern

el
a
n

d
f
ρ
∈

H
K̃

w
ith

K̃
d
efi

n
ed

by
(4

).
F

o
r

0
<
q
<

1
,

th
e

estim
a
to

r
f̂
q

is
given

by
a
lgo

rith
m

(2
)

a
n

d
sa

tisfi
es

A
ssu

m
p
tio

n
1
.

L
et

0
<
δ
<

1
a
n

d
γ

=
m
−
τ

w
ith

1−
q
<
τ
<

1
.

W
ith

co
n

fi
d
en

ce
1−

δ,
th

ere
h
o
ld

‖
π
M

(f̂
q )−

f
ρ ‖

2L
2ρ
X
≤
C̃

(
log

(18/δ)
+

log
log

8

q(1−
τ
) )

3

m
−

(τ−
(1−

q
)),

(7)

a
n

d
‖
c
zq ‖

0

m
≤
C̃
′(q(1−

q)) −
q
/
(2−

q
) (

log
(2/

δ)
+

log
log

8

q(1−
τ
) )

6

m
−
q
(1−

τ
2−
q

),
(8)

w
h
ere

C̃
a
n

d
C̃
′

a
re

po
sitive

co
n

sta
n

ts
in

d
epen

d
en

t
o
f
m

o
r
δ.

F
ro

m
T

h
eo

rem
3,

on
e

can
see

th
at

u
n
d
er

th
e

restriction
s

on
τ

a
n
d
q,

th
e

q
u
an

tity
‖
c
zq ‖

0

m
co

n
verg

es
to

0
at

a
p

oly
n
om

ial
rate

w
h
en

th
e

sam
p
le

size
m

b
ecom

es
large.

T
h
e

reg
u
la

riza
tion

p
aram

eter
γ

p
lay

s
an

im
p

ortan
t

role
a
s

a
trad

e-off
b

etw
een

sp
arsity

an
d

co
n
verg

en
ce

ra
tes.

T
h
u
s

on
e

can
ob

tain
a

sp
arser

so
lu

tion
a
t

th
e

p
rice

of
low

er
estim

ation

a
ccu

racy.
D

u
e

to
T

h
eorem

3,
w

h
en

3−
√

5
2

<
q
<

1,
w

e
m

ay
take

τ
=

(2
−
q)(1

−
q),

th
en

th
e

q
u
an

tity
‖
c
zq ‖

0

m
b

eh
aves

like
O

(m
−
q
2)

an
d

th
e

corresp
on

d
in

g
con

v
ergen

ce
rate

is

O
(m
−

(1−
q
)
2).

In
ou

r
sp

arsity
an

aly
sis

(see
S
ection

5),
th

e
regu

larization
p
aram

eter
γ

also
p
lay

s
a

ro
le

a
s

a
th

resh
old

in
g

for
th

e
valu

e
of

n
o
n
-zero

co
effi

cien
t

in
f̂
q

=
∑

mi=
1
c
zq
,i K

x
i .

D
u
e

to
o
u
r

a
n
a
ly

sis,
a

low
er

b
ou

n
d

for
n
on

-zero
co

effi
cien

ts
is

given
b
y
O

(γ
2
/
(2−

q
)),

w
h
ich

im
p
lies

th
a
t

a
sm

all
q

w
ill

lead
to

m
ore

zero
co

effi
cien

ts
in

th
e

kern
el

ex
p
an

sion
for

a
fi
x
ed

γ
<

1
.

It
sh

o
u
ld

b
e

m
en

tion
ed

th
at

ou
r

sp
arsity

an
aly

sis
is

on
ly

valid
for

0
<
q
<

1.
F

o
r

th
e

R
K

H
S
-b

ased
regu

larization
algorith

m
s,

it
is

w
ell

k
n
ow

n
th

at
a

classical
w

ay
to

o
b
ta

in
sp

a
rsity

is
to

in
tro

d
u
ce

th
e
ε−

in
sen

sitive
zon

e
in

th
e

loss
fu

n
ctio

n
.

A
th

eoretical
resu

lt
fo

r
th

is
ap

p
roach

in
S
tein

w
art

an
d

C
h
ristm

an
n

(2009)
sh

ow
s

th
a
t

th
e

fraction
of

n
o
n
-zero

co
effi

cien
ts

in
th

e
k
ern

el
ex

p
an

sion
is

asy
m

p
totically

low
er

an
d

u
p
p

er
b

ou
n
d
ed

b
y

co
n
sta

n
ts.

F
rom

th
is

p
oin

t
of

v
iew

,
regu

larizin
g

th
e

com
b
in

atorial
co

effi
cien

ts
b
y

th
e

`
q −

n
o
rm

is
a

m
ore

p
ow

erfu
l

w
ay

to
p
ro

d
u
ce

sp
arse

solu
tion

s.
A

s
ou

r
th

eoretical
an

aly
sis

o
n
ly

g
ives

resu
lts

for
th

e
w

orst
case

situ
ation

s,
on

e
can

ex
p

ect
b

etter
p

erform
a
n
ce

of
th

e
`
q −

reg
u
la

rized
kern

el
regression

in
p
ractice.
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

A
t

th
e

en
d

of
th

is
section

,
w

e
p

oin
t

ou
t

th
at

th
e

m
a
th

em
a
tical

an
aly

sis
for

th
e

case
0
<
q
<

1
is

far
from

op
tim

al.
It

is
m

ain
ly

b
ecau

se
of

ou
r

an
aly

sis
is

b
ased

on
A

ssu
m

p
tion

1.
U

n
d
er

th
is

assu
m

p
tion

,
on

e
n
eed

s
to

b
ou

n
d
‖
c
z1 ‖
qq

w
h
ich

is
critical

in
th

e
error

an
aly

sis,
w

h
ere

c
z1

d
en

otes
th

e
co

effi
cien

t
seq

u
en

ce
of

th
e

estim
ator

f̂
1 .

In
fact,

d
u
e

to
th

e
d
iscu

ssion
in

S
ection

2.1,
w

e
can

con
stru

ct
a

m
in

im
izin

g
seq

u
en

ce
from

an
y

p
oin

t.
B

esid
es

th
e

solu
tion

of
`
1 −

regu
larized

kern
el

regression
,

w
e

m
ay

co
n
sid

er
som

e
oth

er
ch

oices
of

th
e

startin
g

p
o
in

t,
e.g,

th
e

solu
tion

of
R

K
H

S
-b

ased
regu

larized
least-sq

u
are

regression
.

W
e

b
elieve

th
at

h
ow

to
b

ou
n
d

th
e‖·‖

q −
n
orm

of
th

ese
in

itia
l

vectors
is

still
a

p
rob

lem
w

h
en

on
e

con
sid

ers
oth

er
p

ossib
le

startin
g

p
oin

ts.
In

th
is

p
ap

er,
w

e
u
se

th
e

reverse
H

öld
er

in
eq

u
ality

to
h
an

d
le

th
is

term
an

d
th

e
b

ou
n
d

is
to

o
lo

ose
esp

ecially
w

h
en

q
is

sm
all.

A
ctu

ally,
even

if
f̂
q

is
a

g
lob

al
m

in
im

izer
of

p
rob

lem
(2),

w
e

can
n
ot

g
ive

an
eff

ective
ap

p
ro

ach
to

con
d
u
ct

th
e

error
an

aly
sis.

A
d
d
ition

ally,
w

e
d
o

n
ot

assu
m

e
an

y
sp

a
rsity

con
d
ition

on
th

e
target

fu
n
ction

.
O

n
e

p
o
ssib

le
con

d
ition

th
at

on
e

m
ay

con
sid

er
is

th
at

th
e

regression
fu

n
ction

b
elon

gs
to

th
e

closu
re

of
th

e
lin

ear
sp

an
of{K

x |x
∈
X
}

u
n
d
er

th
e
`
q −

con
strain

t.
C

om
p
ared

w
ith

th
e

h
a
rd

spa
rsity

in
tro

d
u
ced

b
y

th
e
`
0 −

n
orm

,
su

ch
k
in

d
of

sp
arsity

assu
m

p
tion

is
referred

as
to

so
ft

spa
rsity

(see
R

ask
u
tti

et
al.

(2011)),
w

h
ich

is
b
ased

on
im

p
osin

g
a

certain
d
ecay

rate
o
n

th
e

en
tries

of
th

e
co

effi
cien

t
seq

u
en

ce.
D

evelop
in

g
th

e
corresp

on
d
in

g
m

ath
em

atical
an

aly
sis

u
n
d
er

th
e

soft
sp

arsity
assu

m
p
tion

w
ill

h
elp

u
s

to
u
n
d
ersta

n
d

th
e

role
of

th
e
`
q −

reg
u
larization

in
featu

re
selection

s
in

an
in

fi
n
ite-d

im
en

sion
al

h
y
p

oth
esis

sp
ace.

W
e

sh
all

con
sid

er
th

is
top

ic
in

fu
tu

re
w

ork
.

H
ow

ever,
th

e
sp

arsity
an

aly
sis

in
th

is
p
ap

er
is

still
valid

to
d
erive

th
e

asy
m

p
totical

b
ou

n
d

for
‖
c
zq ‖

0

m
an

d
w

ill
lead

to
b

etter
estim

ates
if

a
m

ore
elab

orate
erro

r
an

aly
sis

can
b

e
given

.

T
h
e

p
ap

er
is

organ
ized

as
follow

s.
T

h
e

n
ex

t
section

p
resen

ts
a

d
escen

t-iterative
m

in
-

im
ization

p
ro

cess
for

algorith
m

(2)
an

d
estab

lish
es

th
e

fram
ew

ork
of

error
an

aly
sis.

In
S
ection

3,
w

e
d
erive

a
tigh

t
b

ou
n
d

on
em

p
irical

coverin
g

n
u
m

b
ers

of
th

e
h
y
p

oth
esis

sp
ace

u
n
d
er

th
e
`
1 −

con
strain

t.
In

S
ection

4
an

d
S
ection

5,
w

e
d
erive

th
e

related
resu

lts
on

th
e

error
an

aly
sis

an
d

sp
arsen

ess
of
`
q −

regu
larized

kern
el

regression
.

2
.

P
re

lim
in

a
rie

s

T
h
is

section
is

d
evoted

to
gen

eratin
g

th
e

m
in

im
izin

g
seq

u
en

ces
an

d
estab

lish
in

g
th

e
fram

e-
w

ork
of

m
ath

em
a
tical

an
aly

sis
for

`
q −

regu
larized

kern
el

regression
.

2
.1

.
M

in
im

iz
in

g
se

q
u

e
n

c
e
s

fo
r
`
q −

re
g
u

la
riz

e
d

k
e
rn

e
l

re
g
re

ssio
n

In
th

is
p
art,

w
e

p
resen

t
a

d
escen

t-iterative
m

in
im

ization
p
ro

cess
for

algorith
m

(2),
w

h
ich

can
p
rob

ab
ly

search
a

lo
cal

m
in

im
izer

startin
g

from
an

y
in

itial
p

oin
t.

M
otivated

b
y

recen
t

w
ork

on
`
1
/
2 −

regu
larization

in
X

u
et

al.
(2012),

w
e

gen
eralize

th
eir

strategy
to

th
e

case
0
<
q
<

1.

L
et

sgn
(x

)
b

e
given

b
y

sgn
(x

)
=

1
for

x
≥

0
an

d
sgn

(x
)

=
−

1
for

x
<

0.
D

efi
n
e

a
fu

n
ction

ψ
η
,q

for
η
>

0
an

d
0
<
q
<

1
as

ψ
η
,q (x

)
=

{
sgn

(x
)tη

,q (|x|),
|x|

>
a
q η

1
/
(2−

q
),

0,
oth

erw
ise,

(9)
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ss
io
n

w
h
er

e
a
q

=
(1
−

q 2
)(

1
−
q)

q
−

1
2
−
q

an
d
t η
,q

(|x
|)

d
en

ot
es

th
e

so
lu

ti
on

of
th

e
eq

u
at

io
n

2t
+
η
qt
q
−

1
−

2|
x
|=

0
(1

0)

on
th

e
in

te
rv

al
[(
q(

1
−
q)
η
/2

)1
/
(2
−
q
) ,
∞

)
w

it
h

re
sp

ec
t

to
th

e
va

ri
ab

le
t.

W
e

fu
rt

h
er

d
efi

n
e

a
m

ap
Ψ
η
,q

:
R
m
→

R
m

,
w

h
ic

h
is

gi
ve

n
b
y

Ψ
η
,q

(d
)

=
(ψ

η
,q

(d
1
),
··
·,
ψ
η
,q

(d
m

))
,

∀d
=

(d
1
,·
··
,d
m

)
∈
R
m
.

(1
1)

T
h
en

w
e

h
av

e
th

e
fo

ll
ow

in
g

im
p

or
ta

n
t

le
m

m
a.

L
e
m

m
a

4
F

o
r

a
n

y
η
>

0
,

0
<
q
<

1
a
n

d
d

=
(d

1
,·
··
,d
m

)
∈
R
m

,
th

e
m

a
p

Ψ
η
,q

:
R
m
→

R
m

gi
ve

n
by

(1
1
)

is
w

el
l-

d
efi

n
ed

a
n

d
Ψ
η
,q

(d
)

is
a

gl
o
ba

l
m

in
im

iz
er

o
f

th
e

p
ro

bl
em

m
in

c
∈R

m

{ ‖
c
−

d
‖2 2

+
η
‖c
‖q q
} .

(1
2)

W
e

sh
al

l
le

av
e

th
e

p
ro

of
to

th
e

A
p
p

en
d
ix

.
T

h
e

fu
n
ct

io
n
ψ
η
,q

d
efi

n
es

th
e
` q
−

th
re

sh
o
ld

in
g

fu
n

ct
io

n
fo

r
0
<
q
<

1.
A

cc
or

d
in

g
to

th
e

p
ro

of
of

L
em

m
a

4,
gi

ve
n

a
x
∈
R

an
d
η
>

0,
th

e
va

lu
e

of
ψ
η
,q

(x
)

in
eq

u
at

io
n

(9
)

is
es

se
n
ti

al
ly

a
gl

ob
al

m
in

im
iz

er
of

th
e

p
ro

b
le

m

m
in

t∈
R

{ |
t
−
x
|2

+
η
|t|
q
} .

W
h
en

q
=

1/
2,

th
e

fu
n
ct

io
n
ψ
η
,1
/
2

is
ex

ac
tl

y
th

e
h
al

f
th

re
sh

ol
d
in

g
fu

n
ct

io
n

ob
ta

in
ed

in
X

u
et

al
.

(2
01

2)
.

W
e

al
so

ob
se

rv
e

th
at

th
ou

gh
th

e
an

al
y
si

s
in

L
em

m
a

4
is

b
as

ed
on

th
e

fa
ct

0
<
q
<

1,
th

e
ex

p
re

ss
io

n
of
ψ
η
,q

is
co

h
er

en
t

fo
r
q
∈

[0
,1

].
C

on
cr

et
el

y,
as

li
m
q
→

1
−
a
q

=
1 2
,

b
y

le
tt

in
g
q
→

1−
in

th
e

d
efi

n
it

io
n

of
ψ
η
,q

,
on

e
m

ay
ob

ta
in

th
e

so
ft

th
re

sh
ol

d
in

g
fu

n
ct

io
n

fo
r
` 1
−

re
gu

la
ri

za
ti

on
,

w
h
ic

h
is

gi
ve

n
b
y

(e
.g

.,
se

e
D

au
b

ec
h
ie

s
et

al
.

(2
00

4)
)

ψ
η
,1

(x
)

=

{
x
−

sg
n
(x

)η
/2
,
|x
|>

η
/2
,

0,
ot

h
er

w
is

e.

S
im

il
ar

ly
,
if

ta
k
in

g
q

=
0

in
th

e
ex

p
re

ss
io

n
of
ψ
η
,q

,
on

e
m

ay
al

so
d
er

iv
e

th
e

h
ar

d
th

re
sh

ol
d
in

g
fu

n
ct

io
n

fo
r
` 0
−

re
gu

la
ri

za
ti

on
,

w
h
ic

h
is

d
efi

n
ed

as
(e

.g
.,

se
e

B
lu

m
en

sa
th

an
d

D
av

ie
s

(2
00

8)
)

ψ
η
,0

(x
)

=

{
x
,
|x
|>

η
1
/
2
,

0,
ot

h
er

w
is

e.

T
h
e

ex
p
re

ss
io

n
of
ψ
η
,q

is
ve

ry
u
se

fu
l
as

w
e

ca
n

es
ta

b
li
sh

a
d
es

ce
n
t-

it
er

at
iv

e
m

in
im

iz
at

io
n

p
ro

ce
ss

fo
r

al
go

ri
th

m
(2

)
b
as

ed
on

th
e

id
ea

in
D

au
b

ec
h
ie

s
et

al
.
(2

00
4)

.
R

ec
al

l
th

e
d
efi

n
it

io
n
s

of
K

an
d

y
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
al

T
γ
,q

gi
ve

n
b
y

(3
).

F
o
r

an
y

(λ
,γ

)
∈

(0
,∞

)2
an

d
c

0
∈
R
m

,
w

e
it

er
at

iv
el

y
d
efi

n
e

a
se

q
u
en

ce
{c
n
}∞ n

=
1

as

c
n

+
1

=
Ψ
λ
γ
,q

( c
n

+
λ
K
T

(y
−

K
c
n
))
.

(1
3)

T
h
en
{c
n
}∞ n

=
1

is
a

m
in

im
iz

in
g

se
q
u
en

ce
w

it
h

a
su

it
ab

le
ch

os
en

λ
>

0.

P
ro

p
o
si

ti
o
n

5
L

et
0
<
q
<

1,
γ
>

0
a
n

d
0
<
λ
≤

q 2
‖K
‖−

2
2

,
w

h
er

e
‖·
‖ 2

d
en

o
te

s
th

e
sp

ec
tr

a
l

n
o
rm

o
f

th
e

m
a
tr

ix
.

If
th

e
se

qu
en

ce
{c
n
}∞ n

=
0

is
ge

n
er

a
te

d
by

th
e

it
er

a
ti

o
n

p
ro

ce
ss

(1
3
),

th
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
a
re

tr
u

e.
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

(i
)

If
c
∗
∈
R
m

is
a

lo
ca

l
m

in
im

iz
er

o
f

th
e

o
bj

ec
ti

ve
fu

n
ct

io
n

a
l
T
γ
,q

(c
),

th
en

c∗
is

a
st

a
ti

o
n

a
ry

po
in

t
o
f

th
e

it
er

a
ti

o
n

p
ro

ce
ss

(1
3
),

i.
e.

,

c
∗

=
Ψ
λ
γ
,q

( c
∗

+
λ
K
T

(y
−

K
c
∗ )
) .

(i
i)

T
h
e

se
qu

en
ce
{c
n
}∞ n

=
0

is
a

m
in

im
iz

in
g

se
qu

en
ce

su
ch

th
a
t

th
e

se
qu

en
ce
{T

γ
,q

(c
n
)}
∞ n=

0

is
m

o
n

o
to

n
ic

a
ll

y
d
ec

re
a
si

n
g.

(i
ii
)

T
h
e

se
qu

en
ce
{c
n
}∞ n

=
0

co
n

ve
rg

es
to

a
st

a
ti

o
n

a
ry

po
in

t
o
f

th
e

it
er

a
ti

o
n

p
ro

ce
ss

(1
3
)

w
h
en

ev
er
λ

is
su

ffi
ci

en
tl

y
sm

a
ll

.

W
e

al
so

p
ro

ve
th

is
p
ro

p
os

it
io

n
in

th
e

A
p
p

en
d
ix

.
T

h
e

p
ro

p
er

ti
es

of
ψ
η
,q

p
la

y
a
n

im
p

o
rt

a
n
t

ro
le

in
th

e
p
ro

of
.

W
h
en

q
=

1/
2

an
d
q

=
2/

3,
th

e
eq

u
at

io
n

2
t

+
η
qt
q
−

1
−

2
|x
|=

0
ca

n
b

e
an

al
y
ti

ca
ll
y

so
lv

ed
,

i.
e.

,
th

e
co

rr
es

p
on

d
in

g
th

re
sh

ol
d
in

g
fu

n
ct

io
n

ca
n

b
e

ex
p
li
ci

t
ex

p
re

ss
ed

as
an

an
al

y
ti

ca
l

fu
n
ct

io
n
.

T
h
is

m
o
ti

va
te

d
p

eo
p
le

to
d
ev

el
op

effi
ci

en
t

al
go

ri
th

m
s

b
a
se

d
o
n

(1
3)

fo
r

th
es

e
tw

o
sp

ec
ia

l
ca

se
s.

In
p
ar

ti
cu

la
r,

th
e
` 1
/
2
−

re
gu

la
ri

za
ti

on
p
ro

b
le

m
h
a
s

b
ee

n
in

te
n
si

ve
ly

st
u
d
ie

d
in

so
m

e
li
te

ra
tu

re
(s

ee
X

u
et

al
.

(2
01

2)
an

d
re

fe
re

n
ce

s
th

er
ei

n
).

S
in

ce
a

ge
n
er

al
fo

rm
u
la

fo
r
` q
−

th
re

sh
ol

d
in

g
fu

n
ct

io
n

is
gi

ve
n

b
y

(9
),

it
is

a
ls

o
in

te
re

st
in

g
to

d
ev

el
op

co
rr

es
p

on
d
in

g
it

er
at

iv
e

al
go

ri
th

m
s

an
d

co
m

p
ar

e
th

ei
r

em
p
ir

ic
al

p
er

fo
rm

an
ce

s
fo

r
d
iff

er
en

t
va

lu
es

of
q.

2
.2

.
F
ra

m
e
w

o
rk

o
f

e
rr

o
r

a
n

a
ly

si
s

In
th

is
su

b
se

ct
io

n
,

w
e

es
ta

b
li
sh

th
e

fr
am

ew
or

k
of

co
n
ve

rg
en

ce
an

al
y
si

s.
B

ec
a
u
se

o
f

th
e

le
as

t-
sq

u
ar

e
n
at

u
re

,
on

e
ca

n
se

e
C

u
ck

er
an

d
Z

h
ou

(2
00

7)
th

at

‖f
−
f ρ
‖2 L

2 ρ
X

=
E

(f
)
−

E
(f
ρ
),

∀f
:
X
→

R
,

w
h
er

e
E

(f
)

=
∫ X
×
Y

(f
(x

)
−
y
)2
d
ρ
.

L
et
f̂

b
e

th
e

es
ti

m
at

or
p
ro

d
u
ce

d
b
y

a
lg

o
ri

th
m

(2
).

P
ar

ti
cu

la
rl

y,
th

e
es

ti
m

at
or
f̂

u
n
d
er

ou
r

co
n
si

d
er

at
io

n
is
f̂ 1

or
π
M

(f̂
q
)

w
it

h
0
<
q
≤

1
.

T
o

es
ti

m
at

e
‖f̂
−
f ρ
‖2 L

2 ρ
X

,
w

e
on

ly
n
ee

d
to

b
ou

n
d

E
(f̂

)−
E

(f
ρ
).

T
h
is

w
il
l
b

e
d
on

e
b
y

a
p
p
ly

in
g

th
e

er
ro

r
d
ec

o
m

po
si

ti
o
n

ap
p
ro

ac
h

w
h
ic

h
h
as

b
ee

n
d
ev

el
op

ed
in

th
e

li
te

ra
tu

re
fo

r
re

g
u
la

ri
za

ti
o
n

sc
h
em

es
(e

.g
.,

se
e

C
u
ck

er
an

d
Z

h
ou

(2
00

7)
;

S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
0
0
8
))

.
In

th
is

p
ap

er
,

w
e

es
ta

b
li
sh

th
e

er
ro

r
d
ec

om
p

os
it

io
n

fo
rm

u
la

b
as

ed
on

th
e

fi
rs

t
au

th
o
r’

s
p
re

v
io

u
s

w
or

k
(G

u
o

an
d

S
h
i

(2
01

2)
).

T
o

th
is

en
d
,

w
e

st
il
l

n
ee

d
to

in
tr

o
d
u
ce

so
m

e
n
ot

at
io

n
s.

F
or

an
y

co
n
ti

n
u
o
u
s

fu
n
ct

io
n

K
:
X
×
X
→

R
,

d
efi

n
e

an
in

te
gr

al
op

er
at

or
on

L
2 ρ
X

(X
)

a
s

L
K
f

(x
)

=

∫ X
K

(x
,t

)f
(t

)d
ρ
X

(t
),

x
∈
X
.

S
in

ce
X

is
co

m
p
ac

t
an

d
K

is
co

n
ti

n
u
ou

s,
L
K

an
d

it
s

ad
jo

in
t
L
∗ K

ar
e

b
ot

h
co

m
p
a
ct

o
p

er
a
to

rs
.

If
K

is
a

M
er

ce
r

ke
rn

el
,

th
e

co
rr

es
p

on
d
in

g
in

te
gr

al
o
p

er
a
to

r
L
K

is
a

se
lf

-a
d
jo

in
t

p
o
si

ti
ve

op
er

at
or

on
L

2 ρ
X

,
an

d
it

s
r−

th
p

ow
er
L
r K

is
w

el
l-

d
efi

n
ed

fo
r

an
y
r
>

0.
F

ro
m

C
u
ck

er
a
n
d

Z
h
ou

(2
00

7)
,

w
e

k
n
ow

th
at

th
e

R
K

H
S

H
K

is
in

th
e

ra
n
ge

of
L

1 2 K
.

R
ec

a
ll
in

g
th

e
M

er
ce

r

ke
rn

el
K̃

d
efi

n
ed

as
(4

)
fo

r
a

co
n
ti

n
u
ou

s
ke

rn
el
K

,
it

is
ea

sy
to

ch
ec

k
th

at
L
K̃

=
L
K
L
∗ K

.
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

F
o
llow

in
g

th
e

sam
e

id
ea

in
G

u
o

an
d

S
h
i

(2012),
w

e
u
se

th
e

R
K

H
S

H
K̃

w
ith

th
e

n
orm

d
en

o
ted

b
y
‖·‖

K̃
to

ap
p
rox

im
ate

f
ρ .

T
h
e

ap
p
rox

im
ation

b
eh

av
ior

is
ch

a
racterized

b
y

th
e

regu
la

riza
tio

n
erro

r

D
(γ

)
=

m
in

f∈
H
K̃

{
E

(f
)−

E
(f
ρ )

+
γ‖
f‖

2K̃ }
.

T
h
e

fo
llow

in
g

assu
m

p
tion

is
stan

d
ard

in
th

e
literatu

re
of

learn
in

g
th

eory
(e.g.,

see
C

u
ck

er
a
n
d

Z
h
o
u

(20
0
7
);

S
tein

w
art

an
d

C
h
ristm

an
n

(2008)).

A
ssu

m
p

tio
n

2
F

o
r

so
m

e
0
<
β
≤

1
a
n

d
c
β
>

0
,

th
e

regu
la

riza
tio

n
erro

r
sa

tisfi
es

D
(γ

)≤
c
β
γ
β
,

∀
γ
>

0
.

(14)

T
h
e

d
ecay

o
fD

(γ
)

as
γ
→

0
m

easu
res

th
e

ap
p
rox

im
ation

a
b
ility

of
th

e
fu

n
ction

sp
ace

H
K̃

.
N

ex
t,

fo
r
γ
>

0,
w

e
d
efi

n
e

th
e

regu
la

rizin
g

fu
n

ctio
n

as

f
γ

=
arg

m
in

f∈H
K̃

{
E

(f
)−

E
(f
ρ )

+
γ‖
f‖

2K̃ }
.

(15)

T
h
e

reg
u
la

rizin
g

fu
n
ction

u
n
iq

u
ely

ex
ists

an
d

is
giv

en
b
y
f
γ

=
(γ
I

+
L
K̃ )−

1
L
K̃
f
ρ

(e.g.,
see

P
rop

o
sitio

n
8.6

in
C

u
cker

an
d

Z
h
ou

(2007)),
w

h
ere

I
d
en

otes
th

e
id

en
tity

op
erator

on
H
K̃

.

N
ow

w
e

a
re

in
a

p
osition

to
estab

lish
th

e
error

d
ecom

p
osition

for
algorith

m
(2).

R
e-

ca
ll

th
a
t

fo
r

0
<

q
≤

1,
c
zq

d
en

otes
th

e
co

effi
cien

t
seq

u
en

ce
of

th
e

estim
ator

f̂
q

an
d

z
=
{(x

i ,y
i )}

mi=
1
∈
Z
m

is
th

e
sam

p
le

set.
T

h
e

em
p
irical

loss
fu

n
ction

alE
z (f

)
is

d
efi

n
ed

fo
r
f

:
X
→

R
as

E
z (f

)
=

1m

m
∑i=

1 (f
(x
i )−

y
i )

2.

P
ro

p
o
sitio

n
6

F
o
r
γ
>

0
,

th
e

regu
la

riza
tio

n
fu

n
ctio

n
f
γ

is
given

by
(1

5
)

a
n

d
f
z
,γ

=
1m

∑
mi=

1
K
x
i g
γ (x

i )
w

ith

g
γ

=
L
∗K
(γ
I

+
L
K̃ )−

1
f
ρ .

L
et
f̂

be
a
n

estim
a
to

r
u

n
d
er

co
n

sid
era

tio
n

,
w

e
d
efi

n
e

S
1

=
{E

(f̂
)−

E
z (f̂

)}
+
{E

z (f
z
,γ )−

E
(f

z
,γ )}

,

S
2

=
{E

(f
z
,γ )−

E
(f
γ )}

+
γ{

1m

m
∑i=

1 |g
γ (x

i )|−
‖
g
γ ‖
L

1ρ
X }
,

S
3

=
E

(f
γ )−

E
(f
ρ )

+
γ‖g

γ ‖
L

2ρ
X
.

If
f̂
q

sa
tisfi

es
A

ssu
m

p
tio

n
1

w
ith

0
<
q
<

1
,

fo
r

th
e

estim
a
to

r
f̂

=
π
M

(f̂
q ),

th
ere

h
o
ld

s

E
(f̂

)−
E

(f
ρ )

+
γ‖

c
zq ‖
qq ≤

S
1

+
S

2
+

S
3

+
γ
m

1−
q‖c

z1 ‖
q1 .

(16)

W
h
en

q
=

1,
fo

r
f̂

=
f̂

1
o
r
π
M

(f̂
1 ),

th
ere

h
o
ld

s

E
(f̂

)−
E

(f
ρ )

+
γ‖

c
z1 ‖

1 ≤
S

1
+

S
2

+
S

3 .
(17)
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

T
o

save
sp

ace,
w

e
sh

all
leav

e
th

e
p
ro

o
f

to
th

e
A

p
p

en
d
ix

.
In

fact,
P

rop
o
sition

6
p
resen

ts
th

ree
error

d
ecom

p
osition

form
u
las.

W
h
en

f̂
=
f̂

1 ,
th

e
in

eq
u
ality

(17)
is

ex
actly

th
e

error
d
ecom

p
osition

in
tro

d
u
ced

in
G

u
o

an
d

S
h
i

(2012)
for

`
1 −

reg
u
larized

k
ern

el
regression

.
N

ote
th

at
th

e
b

ou
n
d

(16)
in

volv
es

an
ad

d
ition

al
term

γ
m

1−
q‖

ĉ
1 ‖
q1 .

T
h
erefore,

th
e

asy
m

p
totic

b
eh

av
ior

of
th

e
glob

al
estim

ator
f̂

1
p
lay

s
a

sign
ifi

ca
n
t

p
art

in
th

e
con

vergen
ce

an
aly

sis
of
f̂
q

w
ith

0
<
q
<

1.
W

ith
th

e
h
elp

of
P

rop
osition

6,
on

e
can

estim
ate

th
e

total
error

b
y

b
ou

n
d
in

g
S
i

(i
=

1
,2
,3)

an
d
γ
m

1−
q‖c

z1 ‖
q1

resp
ectively.

T
h
e

term
s

S
2

an
d

S
3

are
w

ell
estim

ated
in

G
u
o

an
d

S
h
i

(2012)
b
y

fu
lly

u
tilizin

g
th

e
stru

ctu
re

of
th

e
fu

n
ction

s
f
z
,γ

an
d
g
γ .

H
ere

w
e

d
irectly

q
u
ote

th
e

follow
in

g
b

ou
n
d

for
S

2
+

S
3 .

O
n
e

m
ay

see
G

u
o

an
d

S
h
i

(2
012)

for
th

e
d
etailed

p
ro

of.

L
e
m

m
a

7
F

o
r

a
n

y
(γ
,δ)∈

(0,1)
2,

w
ith

co
n

fi
d
en

ce
1−

δ,
th

ere
h
o
ld

s

S
2

+
S

3 ≤
8κ

2 (2κ
2

+
1 )

lo
g

2(4/δ) {
D

(γ
)

γ
2m

2
+
D

(γ
)

γ
m

}

+
(2κ

+
1) √
D

(γ
)

log
(4
/δ)

m
+

32 √
γD

(γ
)

+
2D

(γ
),

(18)

w
h
ere

κ
=
‖
K
‖

C
(X
×
X

) .

T
h
erefore,

ou
r

error
an

aly
sis

m
ain

ly
fo

cu
ses

on
b

ou
n
d
in

g
S

1
an

d
γ
m

1−
q‖

c
z1 ‖
q1 .

T
h
e

fi
rst

term
S

1
can

b
e

estim
ated

b
y

u
n
iform

con
cen

tration
eq

u
alities.

T
h
ese

in
eq

u
alities

q
u
an

ti-
tatively

ch
aracterize

th
e

con
v
ergen

ce
b

eh
av

ior
of

th
e

em
p
irical

p
ro

cesses
ov

er
a

fu
n
ction

set
b
y

variou
s

cap
acity

m
easu

res,
su

ch
as

V
C

d
im

en
sion

,
coverin

g
n
u
m

b
er,

en
tro

p
y

in
tegral

an
d

so
on

.
F

or
m

ore
d
etails,

on
e

m
ay

refer
to

V
an

d
er

V
aart

an
d

W
elln

er
(1996)

an
d

referen
ces

th
erein

.
In

th
is

p
ap

er,
w

e
ap

p
ly

th
e

con
cen

tration
tech

n
iq

u
e

in
volv

in
g

th
e
`
2 −

em
p
irica

l
co

verin
g

n
u

m
bers

to
ob

tain
b

ou
n
d
s

on
S

1 .
T

h
e
`
2 −

em
p
irical

coverin
g

n
u
m

b
er

is
d
efi

n
ed

b
y

m
ean

s
of

th
e

n
orm

alized
`
2 -m

etric
d

2
on

th
e

E
u
clid

ian
sp

ace
R
l

given
b
y

d
2 (a

,b
)

=

(
1l

l
∑i=

1 |a
i −

b
i | 2 )

1
/
2

,
a

=
(a
i )
li=

1 ,b
=

(b
i )
li=

1 ∈
R
l.

D
e
fi

n
itio

n
8

L
et

(M
,dM

)
be

a
p
seu

d
o
-m

etric
spa

ce
a
n

d
S
⊂
M

a
su

bset.
F

o
r

every
ε
>

0
,

th
e

co
verin

g
n

u
m

ber
N

(S
,ε,dM

)
o
f
S

w
ith

respect
to
ε

a
n

d
th

e
p
seu

d
o
-m

etric
dM

is
d
efi

n
ed

to
be

th
e

m
in

im
a
l

n
u

m
ber

o
f

ba
lls

o
f

ra
d

iu
s
ε

w
h
o
se

u
n

io
n

co
vers

S
,

th
a
t

is,

N
(S
,ε,d

)
=

m
in 

ι∈
N

:
S
⊂

ι
⋃j=

1

B
(s
j ,ε)

fo
r

so
m

e
{s
j }
ιj=

1 ⊂
M


,

w
h
ere

B
(s
j ,ε)

=
{
s
∈
M

:
dM

(s,s
j )≤

ε}
is

a
ba

ll
in
M

.
F

o
r

a
set

F
o
f

fu
n

ctio
n

s
o
n
X

a
n

d
ε
>

0
,

th
e
`
2 -em

p
irica

l
co

verin
g

n
u

m
ber

o
f
F

is
given

by

N
2 (F

,ε)
=

su
p

l∈
N

su
p

u∈
X
l N

(F
|u
,ε,d

2 ),

w
h
ere

fo
r
l
∈

N
a
n

d
u

=
(u
i )
li=

1
⊂

X
l,

w
e

d
en

o
te

th
e

co
verin

g
n

u
m

ber
o
f

th
e

su
bset

F
|u

=
{(f

(u
i ))

li=
1

:
f
∈

F
}

o
f

th
e

m
etric

spa
ce

(R
l,d

2 )
a
s

N
(F
|u
,ε,d

2 ).

12
JM

L
R

 20(161):1-44, 2019



S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ss
io
n

A
s

fo
r

th
e

la
st

te
rm

,
w

e
w

il
l

d
er

iv
e

a
ti

gh
te

r
b

ou
n
d

fo
r
‖c

z 1
‖ 1

b
y

an
it

er
at

io
n

te
ch

-
n
iq

u
e

b
as

ed
on

th
e

co
n
v
er

ge
n
ce

an
al

y
si

s
fo

r
th

e
es

ti
m

at
or
π
M

(f̂
1
).

T
h
e

ap
p
li
ca

ti
on

of
th

e
p
ro

je
ct

io
n

op
er

at
or

w
il
l

le
ad

to
b

et
te

r
es

ti
m

at
es

.

3
.

C
a
p
a
ci

ty
o
f

th
e

h
y
p

o
th

e
si

s
sp

a
ce

u
n
d
e
r
` 1
−

co
n
st

ra
in

t

In
th

is
se

ct
io

n
,

b
y

m
ea

n
s

of
th

e
` 2

-e
m

p
ir

ic
al

co
v
er

in
g

n
u
m

b
er

s,
w

e
st

u
d
y

th
e

ca
p
a
ci

ty
of

th
e

h
y
p

ot
h
es

is
sp

ac
e

ge
n
er

at
ed

b
y

th
e

k
er

n
el

fu
n
ct

io
n
.

F
or
R
>

0,
d
efi

n
e

B
R

to
b

e
th

e
li
n
ea

r
co

m
b
in

at
io

n
of

fu
n
ct

io
n
s
{K

x
|x
∈
X
}

u
n
d
er

th
e
` 1
−

co
n
st

ra
in

t

B
R

=

{
k ∑ i=

1

µ
iK

u
i

:
k
∈
N
,u

i
∈
X
,µ

i
∈
R

an
d

k ∑ i=
1

|µ
i|
≤
R

}
.

(1
9)

In
th

is
p
ap

er
,

w
e

as
su

m
e

th
at

th
e

fo
ll
ow

in
g

ca
p
ac

it
y

as
su

m
p
ti

on
fo

r
B

1
co

m
es

in
to

ex
is

te
n
ce

.

A
ss

u
m

p
ti

o
n

3
F

o
r

a
ke

rn
el

fu
n

ct
io

n
K

,
th

er
e

ex
is

ts
a
n

ex
po

n
en

t
p

w
it

h
0
<
p
<

2
a
n

d
a

co
n

st
a
n

t
c K

,p
>

0
su

ch
th

a
t

lo
g

2
N

2
(B

1
,ε

)
≤
c K

,p

(
1 ε

) p
,

∀0
<
ε
≤

1
.

(2
0)

It
is

st
ri

ct
ly

p
ro

ve
d

in
S
h
i

et
al

.
(2

01
1)

th
at

,
fo

r
a

co
m

p
ac

t
su

b
se

t
X

o
f
R
d

an
d
K
∈

C
s

w
it

h
so

m
e
s
>

0,
th

e
p

ow
er

in
d
ex

p
ca

n
b

e
gi

v
en

b
y

p
=

  
2
d
/(
d

+
2
s)
,

w
h
en

0
<
s
≤

1
,

2
d
/(
d

+
2)
,

w
h
en

1
<
s
≤

1
+
d
/
2,

d
/s
,

w
h
en

s
>

1
+
d
/
2.

(2
1)

W
e

w
il
l

p
re

se
n
t

a
m

u
ch

ti
gh

te
r

b
ou

n
d

on
th

e
lo

ga
ri

th
m

ic
` 2

-e
m

p
ir

ic
al

co
ve

ri
n
g

n
u
m

b
er

s
of

B
1
.

T
h
is

b
ou

n
d

h
ol

d
s

fo
r

a
ge

n
er

al
cl

as
s

o
f

in
p
u
t

sp
ac

e
sa

ti
sf

y
in

g
an

in
te

ri
o
r

co
n

e
co

n
d
it

io
n

.

D
e
fi

n
it

io
n

9
A

su
bs

et
X

o
f
R
d

is
sa

id
to

sa
ti

sf
y

a
n

in
te

ri
o
r

co
n

e
co

n
d
it

io
n

if
th

er
e

ex
is

t
a
n

a
n

gl
e
θ
∈

(0
,π
/2

),
a

ra
d
iu

s
R
X
>

0
,

a
n

d
a

u
n

it
ve

ct
o
r
ξ(
x

)
fo

r
ev

er
y
x
∈
X

su
ch

th
a
t

th
e

co
n

e

C
(x
,ξ

(x
),
θ,
R
X

)
=
{ x

+
ty

:
y
∈
R
d
,|y
|=

1,
y
T
ξ(
x

)
≥

co
s
θ,

0
≤
t
≤
R
X

}

is
co

n
ta

in
ed

in
X

.

R
e
m

a
rk

1
0

T
h
e

in
te

ri
o
r

co
n

e
co

n
d
it

io
n

ex
cl

u
d
es

th
o
se

se
ts
X

w
it

h
cu

sp
s.

It
is

va
li

d
fo

r
a
n

y
co

n
ve

x
su

bs
et

o
f
R
d

w
it

h
L

ip
sc

h
it

z
bo

u
n

d
a
ry

(s
ee

e.
g.

,
A

d
a
m

s
a
n

d
F

o
u

rn
ie

r
(2

0
0
3
))

.

N
ow

w
e

ar
e

in
a

p
os

it
io

n
to

gi
v
e

ou
r

re
fi
n
ed

re
su

lt
on

th
e

ca
p
ac

it
y

of
B

1
.

1
3

JM
L

R
 2

0(
16

1)
:1

-4
4,

 2
01

9

S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

T
h

e
o
re

m
1
1

L
et
X

be
a

co
m

pa
ct

su
bs

et
o
f
R
d
.

S
u

p
po

se
th

a
t
X

sa
ti

sfi
es

a
n

in
te

ri
o
r

co
n

e
co

n
d
it

io
n

a
n

d
K
∈

C
s
(X
×
X

)
w

it
h
s
≥

2
is

a
n

a
d
m

is
si

bl
e

ke
rn

el
.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C
X
,K

th
a
t

d
ep

en
d
s

o
n
X

a
n

d
K

o
n

ly
,

su
ch

th
a
t

lo
g

2
N

2
(B

1
,ε

)
≤
C
X
,K
ε−

2
d

d
+

2
bs
c

lo
g

2

(
2 ε

)
,

∀
0
<
ε
≤

1,
(2

2
)

w
h
er

e
bs
c

d
en

o
te

s
th

e
in

te
gr

a
l

pa
rt

o
f
s.

R
ec

al
l

th
e

as
y
m

p
to

ti
ca

l
b

ou
n
d

ob
ta

in
ed

in
S
h
i

et
al

.
(2

01
1)

w
it

h
p

gi
ve

n
b
y

(2
1
).

It
as

se
rt

s
th

at
fo

r
K
∈

C
s

w
it

h
s
≥

2,
th

e
q
u
an

ti
ty

lo
g

2
N

2
(B

1
,ε

)
gr

ow
s

a
t

m
o
st

o
f

th
e

or
d
er
ε−

m
in
{

2
d

d
+

2
,d s
} .

O
u
r

st
at

ed
re

su
lt

in
T

h
eo

re
m

11
im

p
ro

ve
s

th
e

p
re

v
io

u
s

b
o
u
n
d

a
lo

t,
a
s

lo
g

2
N

2
(B

1
,ε

)
ca

n
b

e
b

ou
n
d
ed

b
y
O

(ε
−
s 1

)
fo

r
an

y
s 1
>

2
d

d
+

2
bs
c.

B
es

id
es

th
e
` 2
−

em
p
ir

ic
a
l

co
ve

ri
n
g

n
u
m

b
er

,
an

ot
h
er

w
ay

to
m

ea
su

re
th

e
ca

p
ac

it
y

is
th

e
u
n
if

or
m

co
ve

ri
n
g

n
u
m

b
er

N
(B

1
,ε
,‖
·‖
∞

)
of

B
1

as
a

su
b
se

t
of

th
e

m
et

ri
c

sp
ac

e
(C

(X
),
‖·
‖ ∞

)
of

b
ou

n
d
ed

co
n
ti

n
u
o
u
s

fu
n
ct

io
n
s

on
X

.
F

ro
m

a
cl

as
si

ca
l
re

su
lt

in
fu

n
ct

io
n

sp
ac

es
(s

ee
E

d
m

u
n
d
s

an
d

T
ri

eb
el

(1
9
9
6
))

,
fo

r
X

=
[0
,1

]d
an

d
K
∈

C
s
(X
×
X

),
th

e
u
n
it

b
al

l
B

1
sa

ti
sfi

es

c s

(
1 ε

) d
/
s

≤
lo

g
N

(B
1
,ε
,‖
·‖
∞

)
≤
c′ s

(
1 ε

) d
/
s

,
∀ε
>

0
.

W
h
en
d

is
la

rg
e

or
s

is
sm

al
l,

th
is

es
ti

m
at

e
is

ro
u
gh

.
M

or
eo

ve
r,

th
e

es
ti

m
at

e
a
b

ov
e

is
a
sy

m
p
-

to
ti

c
op

ti
m

al
an

d
ca

n
n
ot

b
e

im
p
ro

ve
d
,

w
h
ic

h
im

p
li
es

th
at

th
e

u
n
if

or
m

co
v
er

in
g

n
u
m

b
er

is
n
ot

a
su

it
ab

le
m

ea
su

re
m

en
t

fo
r

th
e

ca
p
ac

it
y

of
B

1
.

T
h
e
` 2
−

em
p
ri

ca
l

co
ve

ri
n
g

n
u
m

b
er

w
a
s

fi
rs

t
in

ve
st

ig
at

ed
in

th
e

fi
el

d
of

em
p
ir

ic
al

p
ro

ce
ss

(e
.g

.,
se

e
D

u
d
le

y
(1

98
7)

;
V

a
n

d
er

V
a
a
rt

an
d

W
el

ln
er

(1
99

6)
an

d
re

fe
re

n
ce

s
th

er
ei

n
).

O
n
e

u
su

al
ly

as
su

m
es

th
at

,
th

er
e

ex
is

t
0
<
p
<

2
an

d
c p
>

0
su

ch
th

at
lo

g
N

2
(F

,ε
)
≤
c p
ε−
p
,

∀ε
>

0,
(2

3)

w
h
ic

h
gu

ar
an

te
es

th
e

co
n
ve

rg
en

ce
of

D
u
d
le

y
’s

en
tr

op
y

in
te

gr
al

,
i.
e.

,
∫ 1 0

√
lo

g
N

2
(F

,ε
)d
ε
<

∞
.
T

h
is

fa
ct

is
ve

ry
im

p
or

ta
n
t,

si
n
ce

fu
n
ct

io
n

cl
as

s
F

w
it

h
b

ou
n
d
ed

en
tr

op
y

in
te

g
ra

ls
sa

ti
sf

y
th

e
u
n
if

or
m

ce
n
tr

al
li
m

it
T

h
eo

re
m

(s
ee

D
u
d
le

y
(1

98
7)

fo
r

m
or

e
d
et

ai
ls

).
T

h
e

cl
a
ss

ic
a
l
re

su
lt

on
` 2
−

em
p
ir

ic
al

co
ve

ri
n
g

n
u
m

b
er

on
ly

as
se

rt
s

th
at

if
N

2
(F

,ε
)

=
O

(ε
−
p
′ )

fo
r

so
m

e
p
′ >

0
,

th
en

th
e

co
n
ve

x
h
u
ll

of
F

sa
ti

sfi
es

(2
3)

w
it

h
p

=
2
p
′

p
′ +

2
<

2.
In

th
is

p
ap

er
,

w
e

fu
rt

h
er

cl
a
ri

fy
th

e
re

la
ti

on
b

et
w

ee
n

th
e

sm
o
ot

h
n
es

s
of

th
e

ke
rn

el
an

d
th

e
ca

p
ac

it
y

of
th

e
h
y
p

o
th

es
is

sp
a
ce

.
T

h
at

is
,

w
e

es
ta

b
li
sh

a
m

or
e

el
ab

or
at

e
es

ti
m

at
e

fo
r

th
e

p
ow

er
in

d
ex

p
in

A
ss

u
m

p
ti

o
n

3
b
y

u
si

n
g

th
e

p
ri

or
in

fo
rm

at
io

n
on

th
e

sm
o
ot

h
n
es

s
of

th
e

ke
rn

el
.

It
sh

ou
ld

b
e

p
o
in

te
d

o
u
t

th
at

,
fr

om
th

e
re

la
ti

on
N

2
(F

,ε
)
≤

N
(F

,ε
,‖
·‖
∞

),
ca

p
ac

it
y

as
su

m
p
ti

on
(2

3
)

fo
r

a
n

R
K

H
S

ge
n
er

at
ed

b
y

a
p

os
it

iv
e

se
m

i-
d
efi

n
it

e
ke

rn
el
K

ca
n

b
e

ve
ri

fi
ed

b
y

b
ou

n
d
in

g
th

e
u
n
if

o
rm

co
ve

ri
n
g

n
u
m

b
er

.
It

is
p
ro

ve
d

in
Z

h
ou

(2
00

3)
th

a
t,

w
h
en

F
is

ta
ke

n
to

b
e

th
e

u
n
it

b
a
ll

in
th

e
R

K
H

S
H
K

,
th

er
e

h
ol

d
s

lo
g

N
(F

,ε
,‖
·‖
∞

)
=
O

(ε
−

2
d
/
s
)

p
ro

v
id

ed
th

a
t
X
⊂

R
d

a
n
d

K
∈

C
s
(X
×
X

).
T

h
er

ef
or

e,
a

su
ffi

ci
en

tl
y

sm
o
ot

h
ke

rn
el

w
it

h
s
>
d

ca
n

g
u
a
ra

n
te

e
th

a
t

ca
p
ac

it
y

as
su

m
p
ti

on
(2

3)
co

m
es

in
to

ex
is

te
n
ce

.
W

h
en

X
is

a
E

u
cl

id
ea

n
b
a
ll

in
R
d
,

th
e

S
ob

ol
ev

sp
ac

e
W

s 2
(X

)
w

it
h
s
>
d
/2

is
an

R
K

H
S
.

B
ir

m
an

an
d

S
ol

om
y
ak

(1
96

7
)

p
ro

ve
d

th
a
t

lo
g

N
2
(W

s 2
(X

),
ε)

is
u
p
p

er
an

d
lo

w
er

b
ou

n
d
ed

b
y
O

(ε
−
p
)

w
it

h
p

=
d
/s
<

2.
H

ow
ev

er
,

u
p

to
ou

r
b

es
t

k
n
ow

le
d
ge

,
h
ow

to
d
em

on
st

ra
te

ca
p
ac

it
y

as
su

m
p
ti

on
(2

3)
fo

r
a

ge
n
er

a
l

R
K

H
S

is
st

il
l
w

id
el

y
op

en
.

F
ro

m
T

h
eo

re
m

11
,

on
e

ca
n

se
e

th
at

ev
en

fo
r

p
os

it
iv

e
se

m
i-

d
efi

n
it

e
ke

rn
el

s,
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

th
e

fu
n
ctio

n
sp

ace
(19)

is
m

ore
su

itab
le

to
b

e
th

e
h
y
p

oth
esis

sp
ace

th
an

th
e

classical
R

K
H

S
,

a
s

its
ca

p
a
city

can
b

e
w

ell-estim
ated

b
y

th
e
`
2 −

em
p
irical

coverin
g

n
u
m

b
er.

W
e

w
ill

p
rove

T
h
eorem

11
after

a
few

lem
m

as.
T

h
e

im
p
rovem

en
t

is
m

ain
ly

d
u
e

to
a

lo
ca

l
p

oly
n
om

ial
rep

ro
d
u
ction

form
u
la

from
th

e
literatu

re
of

m
u
ltivariate

ap
p
rox

im
ation

(see
W

en
d
la

n
d

(2001);
J
etter

et
al.

(1
999)).

A
p

oin
t

set
Ω

=
{
ω

1 ,···,ω
n }
⊂
X

is
said

to
b

e
∆

-d
en

se
if

su
p

x∈
X

m
in

ω
j ∈

Ω |x
−
ω
j |≤

∆
,

w
h
ere|·|

is
th

e
stan

d
ard

E
u
clid

ean
n
orm

on
R
d.

D
en

ote
th

e
sp

ace
of

p
oly

n
om

ials
of

d
egree

a
t

m
o
st
s

o
n
R
d

asP
ds .

T
h
e

follow
in

g
lem

m
a

is
a

form
u
la

for
lo

cal
p

oly
n
om

ial
rep

ro
d
u
ction

(see
T

h
eo

rem
3
.10

in
W

en
d
lan

d
(200

1)).

L
e
m

m
a

1
2

S
u

p
po

se
X

sa
tisfi

es
a
n

in
terio

r
co

n
e

co
n

d
itio

n
w

ith
ra

d
iu

s
R
X
>

0
a
n

d
a
n

gle
θ∈

(0,π
/2

).
F

ix
s∈

N
w

ith
s≥

2
.

T
h
ere

exists
a

co
n

sta
n

t
c

0
d
epen

d
in

g
o
n
θ,
d

a
n

d
s

su
ch

th
a
t

fo
r

a
n

y
∆

-d
en

se
po

in
t

set
Ω

=
{
ω

1 ,···,ω
n }

in
X

w
ith

∆
≤

R
X
c
0

a
n

d
every

u
∈
X

,
w

e
ca

n
fi

n
d

rea
l

n
u

m
bers

b
i (u

),
1
≤
i≤

n
,

sa
tisfyin

g

(1
)
∑

ni=
1
b
i (u

)p
(ω
i )

=
p
(u

)
∀
p
∈
P
ds ,

(2
)
∑

ni=
1 |b

i (u
)|≤

2
,

(3
)
b
i (u

)
=

0
p
ro

vid
ed

th
a
t|u
−
ω
i |
>
c

0 ∆
.

T
h
is

fo
rm

u
la

w
as

fi
rst

in
tro

d
u
ced

b
y

W
an

g
et

al.
(2012)

to
learn

in
g

th
eo

ry
fo

r
in

v
esti-

g
a
tin

g
th

e
a
p
p
rox

im
ation

p
rop

erty
of

th
e

kern
el-b

ased
h
y
p

oth
esis

sp
ace.

F
or

an
y

fu
n
ction

set
F

o
n
X

,
w

e
u
se
a
bscon

v
F

to
d
en

ote
th

e
a
bso

lu
tely

co
n

vex
h
u

ll
of

F
,

w
h
ich

is
given

b
y

a
bscon

v
F

=

{
k
∑i=

1

λ
i f
i

:
k
∈
N
,f
i ∈

F
an

d
k
∑i=

1 |λ
i |≤

1 }
.

In
o
rd

er
to

p
rove

ou
r

resu
lt,

w
e

also
n
eed

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

1
3

L
et
Q

be
a

p
ro

ba
bility

m
ea

su
re

o
n
X

a
n

d
F

be
a

cla
ss

o
f
n

m
ea

su
ra

ble
fu

n
ctio

n
s

o
f

fi
n

ite
L

2Q −
d
ia

m
eter

d
ia
m

F
.

T
h
en

fo
r

every
ε
>

0
,

N
(a
bscon

v
F
,εd

ia
m

F
,d

2
,Q

)≤
(e

+
e(2n

+
1)ε

2 )
2
/
ε
2

,
(24)

w
h
ere

d
2
,Q

is
th

e
m

etric
in

d
u

ced
by

th
e

n
o
rm
‖·‖

L
2Q

.

T
h
is

lem
m

a
can

b
e

p
roved

follow
in

g
th

e
sam

e
id

ea
of

L
em

m
a

2.6
.11

in
V

an
d
er

V
aart

an
d

W
elln

er
(1

9
9
6
).

N
ow

w
e

can
con

cen
trate

ou
r

eff
orts

on
d
eriv

in
g

ou
r

con
clu

sion
in

T
h
eorem

1
1
.

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

11].
A

set
is

called
∆
−

sepa
ra

ted
if

th
e

d
ista

n
ce

b
etw

een
an

y
tw

o
elem

en
ts

o
f

th
e

set
is

larger
th

an
∆

.
W

e
take

{
∆
n } ∞n

=
1

to
b

e
a

p
ositive

seq
u
en

ce
d
ecreasin

g
to

0
w

ith
∆
n

ex
p
licitly

given
later.

L
et

th
e

set
X
n

=
{
v

1 ,v
2 ,···,v|X

n | }
b

e
a
n

in
crea

sin
g

fam
ily

of
fi
n
ite

sets,
w

h
ere
|X

n |
d
en

otes
th

e
card

in
a
lity

of
X
n
.

F
or

every
n

,
X
n

is
a

m
ax

im
al

∆
n −

sep
arated

set
in

X
w

ith
resp

ect
to

in
clu

sion
,

i.e.,
each

X
n

is
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

∆
n −

sep
arated

an
d

if
X
n
⊂

W
⊂

X
th

en
W

is
n
ot

∆
n −

sep
a
rated

.
N

ote
th

at,
if
X
n

is
a

m
ax

im
al

∆
n −

sep
arated

set
in

X
,

th
en

it
is

∆
n −

d
en

se
in

X
.

B
ased

on
{
X
n } ∞n

=
1 ,

w
e

create
a

fam
ily

of
sets

A
n

=
{
K
v |v
∈
X
n }

.
S
im

ilarly,
let

A
=
{K

v |v
∈
X
},

th
en

A
1 ⊂

A
2 ⊂
···⊂

A
.

W
e

fi
rst

lim
it

ou
r

d
iscu

ssion
to

th
e

ca
se

th
at
s≥

2
is

an
in

teger.
M

otivated
b
y

th
e

p
ro

of
of

P
rop

osition
1

in
W

an
g

et
al.

(2012),
w

e
w

ill
sh

ow
th

at
for

an
y
t0 ∈

X
,

th
e

fu
n
ction

K
t
0

can
b

e
ap

p
rox

im
ated

b
y

a
lin

ear
com

b
in

ation
of

A
n

w
h
en

ever
∆
n

is
su

ffi
cien

tly
sm

all.
F

or
given

x
∈
X

,
w

e
let

g
x (t)

=
K

(x
,t).

T
h
en

g
x
∈

C
s(X

).
W

e
con

sid
er

th
e

T
ay

lo
r

ex
p
an

sion
of
g
x

at
a

fi
x
ed

p
oin

t
t0

of
d
egree

less
th

an
s,

w
h
ich

is
given

b
y

P
x (t)

=
K

(x
,t0 )

+
s−

1
∑|α|=

1

D
α
g
x (t0 )

α
!

(t−
t0 )

α
.

H
ere

α
=

(α
1,···,α

d)
∈

Z
d+

is
a

m
u
lti-in

d
ex

w
ith
|α|

=
∑

dj=
1 |α

j|,
α

!
=
∏
dj=

1 (α
j)!,

an
d

D
α
g
x (t0 )

d
en

otes
th

e
p
artial

d
erivatives

of
g
x

at
th

e
p

oin
t
t0 .

D
u
e

to
L

em
m

a
12,

if
X

satisfi
es

an
in

terior
con

e
con

d
ition

,
w

e
ta

ke
a

con
stan

t
∆
X
,s

:=
R
X
c
0

d
ep

en
d
in

g
on

ly
on

X
an

d
s.

T
h
en

for
an

y
∆
−

d
en

se
set

given
b
y
{ω

1 ,···,ω
n }

w
ith

∆
≤

∆
X
,s ,

w
e

h
ave

P
x (t0 )

=
∑i∈
I
(t

0
) b
i (t0 )P

x (ω
i ),

w
h
ere

∑
i∈
I
(t

0
) |b

i (t0 )|
≤

2
an

d
I
(t0 )

=
{
i
∈
{
1
,···,n}

:
|ω
i −

t0 |
≤
c

0 ∆
}.

N
ote

th
at

K
(x
,t0 )

=
P
x (t0 )

an
d

m
ax

i∈
I
(t

0
) |K

(x
,ω

i )−
P
x (ω

i )|≤
c
s0 ‖
K
‖

C
s∆

s.
It

fo
llow

s
th

at

∣∣∣∣∣∣ K
(x
,t0 )−

∑i∈
I
(t

0
) b
i (t0 )K

(x
,ω

i ) ∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑i∈
I
(t

0
) b
i (t0 )

(P
x (ω

i )−
K

(x
,ω

i )) ∣∣∣∣∣∣
≤

2c
s0 ‖
K
‖

C
s∆

s.
(25)

It
is

im
p

ortan
t

th
at

th
e

righ
t

h
an

d
sid

e
of

th
e

ab
ove

in
eq

u
ality

is
in

d
ep

en
d
en

t
of
x

or
t0 .

F
or

an
y

fu
n
ction

f
b

elon
gin

g
to

B
1 ,

th
ere

ex
ist
k
∈
N

an
d
{u

i }
ki=

1 ⊂
X

,
su

ch
th

at
f

(x
)

=
∑

ki=
1
µ
i K

(x
,u

i )
w

ith
∑

ki=
1 |µ

i |≤
1.

R
ecall

th
at
X
n

=
{
v

1 ,v
2 ,···,v|X

n | }
is

∆
n −

d
en

se
in

X
.

If
∆
n
≤

∆
X
,s ,

w
e

set

f
n
(x

)
=

k
∑i=

1

µ
i

∑

j∈
I
n

(u
i ) b

j (u
i )K

(x
,v
j ),

w
h
ere

th
e

in
d
ex

set
I
n
(u

)
is

d
efi

n
ed

for
an

y
n
∈
N

an
d
u
∈
X

as

I
n
(u

)
=
{
j∈
{1,···,|X

n |}
:|v

j −
u|≤

c
0 ∆

n }
.

H
en

ce,
w

e
h
ave

‖
f
−
f
n ‖∞

=
su

p
x∈
X

∣∣∣∣∣∣

k
∑i=

1

µ
i 

K
(x
,u

i )−
∑

j∈
I
n

(u
i ) b

j (u
i )K

(x
,v
j ) 

∣∣∣∣∣∣ ≤
2c
s0 ‖
K
‖

C
s∆

sn
,

(26)
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ss
io
n

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
fr

om
(2

5)
.

O
b
v
io

u
sl

y,
w

e
ca

n
re

w
ri

te
f n

as
f n

(x
)

=
∑
|X
n
|

j=
1
ν j
K

(x
,v
j
)

w
h
er

e
|X
n
|

∑ j=
1

|ν j
|≤

k ∑ i=
1

|µ
i|
∑

j∈
I n

(u
i
)

|b j
(u
i)
|≤

2
.

T
h
er

ef
or

e,
w

e
h
av

e
f n
∈

2a
bs
co
n
v
A
n
.

F
or

a
co

m
p
ac

t
su

b
se

t
X

of
R
d
,

th
er

e
ex

is
ts

a
co

n
st

an
t
c X

>
0

d
ep

en
d
in

g
on

ly
on

X
,

su
ch

th
at

N
(X
,ε
,d̃

2
)
≤
c X

(
1 ε

) d
,

∀
0
<
ε
≤

1,

w
h
er

e
d̃

2
d
en

ot
es

th
e

m
et

ri
c

in
d
u
ce

d
b
y

th
e

st
an

d
ar

d
E

u
cl

id
ea

n
n
or

m
on

R
d

(s
ee

T
h
eo

re
m

5.
3

in
C

u
ck

er
an

d
Z

h
ou

(2
00

7)
).

N
ow

w
e

le
t

∆
n

=
2c

1 d X
n
−

1 d
.

R
ec

al
l
th

at
|X

n
|i

s
th

e
m

ax
im

al

ca
rd

in
al

it
y

of
an

∆
n
−

se
p
ar

at
ed

se
t

in
X

.
T

h
u
s

w
e

h
av

e
|X

n
|≤

N
(X
,∆

n
/2
,d̃

2
)
≤
n

.

F
or

an
y

gi
v
en

ε
>

0,
w

e
ch

o
os

e
N

:=
N

(ε
)

b
e

to
th

e
sm

al
le

st
in

te
ge

r
w

h
ic

h
is

la
rg

er

th
an

C
′ X
,K

( 1 ε

)d s
w

it
h
C
′ X
,K

=
2(s

+
2
)d
/
s
cd 0
‖K
‖d
/
s

C
s
c X

.
T

h
en

th
e

se
t

2a
bs
co
n
v
A
N

is
ε 2
−

d
en

se
in

B
1

d
u
e

to
(2

6)
.

R
ec

al
l

th
at

fo
r

an
y

p
ro

b
ab

il
it

y
m

ea
su

re
Q

on
X

,
d

2
,Q

d
en

ot
es

th
e

m
et

ri
c

in
d
u
ce

d
b
y

th
e

n
or

m
‖·
‖ L

2 Q
.

T
h
er

ef
or

e,
w

e
h
av

e

N
(B

1
,ε
,d

2
,Q

)
≤

N
(2
a
bs
co
n
v
A
N
,ε
/2
,d

2
,Q

)
=

N
(a
bs
co
n
v
A
N
,ε
/4
,d

2
,Q

).

T
o

b
ou

n
d

th
e

la
tt

er
,

le
t
N

1
:=

N
1
(ε

)
b

e
th

e
in

te
ge

r
p
ar

t
of
ε−

2
d

d
+

2
s
.

W
e

ch
o
os

e
a

su
ffi

ci
en

tl
y

sm
al

l
ε
>

0
sa

ti
sf

y
in

g

0
<
ε
≤

m
in

{
(C
′ X
,K

)s
(d

+
2
s)
/
d

2
,(

2
−

1
c−

1
/
d

X
∆
X
,s

) s
+
d 2
,(

1 2

) (
d
+

2
s)
/
2
d
}

:=
ε X

,K
,

(2
7)

th
en

X
N

1
⊂
X
N

an
d

∆
N

1
≤

∆
X
,s

.

F
or

an
y
g
∈
a
bs
co
n
v
A
N

,
th

er
e

ex
is

ts
{ν
i}
|X
N
|

i=
1
⊂

R
|X
N
|

w
it

h
∑
|X
N
|

i=
1
|ν i
|≤

1,
su

ch
th

at

g
(x

)
=

|X
N
|

∑ i=
1

ν i
K

(x
,v
i)

:=
g 1

(x
)

+
g 2

(x
),

w
h
er

e

g 1
(x

)
=

|X
N

1
|

∑ i=
1

ν i
K

(x
,v
i)

+

|X
N
|

∑

i=
|X
N

1
|+

1

ν i

 
∑

j∈
I N

1
(v
i
)

b j
(v
i)
K

(x
,v
j
) 

,

g 2
(x

)
=

|X
N
|

∑

i=
|X
N

1
|+

1

ν i

 
K

(x
,v
i)
−

∑

j∈
I N

1
(v
i
)

b j
(v
i)
K

(x
,v
j
) 

.

F
ro

m
th

e
ex

p
re

ss
io

n
of
g 1

,
w

e
se

e
th

at
it

is
a

li
n
ea

r
co

m
b
in

at
io

n
of
{K

(x
,v
i)
|v i
∈
X
N

1
}.

S
im

il
ar

ly
,

on
e

ca
n

ch
ec

k
th

at
th

e
su

m
m

at
io

n
of

th
e

ab
so

lu
te

va
lu

e
of

th
e

co
m

b
in

at
io

n
al
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e
n
g
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n
d

S
u
y
k
e
n
s

co
effi

ci
en

ts
is

st
il
l
b

ou
n
d
ed

b
y

2.
H

en
ce

,
w

e
h
av

e
g 1
∈

2a
bs
co
n
v
A
N

1
an

d
g 2
∈
a
bs
co
n
v
K
N

1
,N

w
it

h

K
N

1
,N

=

  
K

(x
,v
i)
−

∑

j∈
I N

1
(v
i
)

b j
(v
i)
K

(x
,v
j
)  

|X
N
|

i=
|X
N

1
|+

1

.

T
h
er

ef
or

e,

a
bs
co
n
v
A
N
⊂

2a
bs
co
n
v
A
N

1
+
a
bs
co
n
v
K
N

1
,N
.

A
n
d

it
fo

ll
ow

s
th

at

N
(a
bs
co
n
v
A
N
,ε
/4
,d

2
,Q

)

≤
N

(a
bs
co
n
v
A
N

1
,ε
/1

6,
d

2
,Q

)
·N

(a
bs
co
n
v
K
N

1
,N
,ε
/8
,d

2
,Q

)
.

(2
8
)

T
o

es
ti

m
at

e
th

e
fi
rs

t
te

rm
,

w
e

ch
o
os

e
so

m
e

su
it

ab
le
ε 1
>

0
an

d
N

2
:=

N
2
(ε

1
),

su
ch

th
a
t

th
e

fu
n
ct

io
n

se
t
{f
j
}N

2
j=

1
is

th
e

m
ax

im
al
ε 1
−

se
p
ar

at
ed

se
t

in
a
bs
co
n
v
A
N

1
w

it
h

re
sp

ec
t

to
th

e
d
is

ta
n
ce
d

2
,Q

.
H

en
ce

,
fo

r
an

y
f
∈
a
bs
co
n
v
A
N

1
,
f

m
u
st

b
el

on
g

to
on

e
o
f

th
e
N

2
b
a
ll
s

of
ra

d
iu

s
ε 1

ce
n
te

re
d

at
f j

.
W

e
d
en

ot
e

th
es

e
b
al

ls
b
y

B
(f
j
,ε

1
),
j

=
1,
··
·,
N

2
.

M
o
re

ov
er

,
as

K
is

an
ad

m
is

si
b
le

k
er

n
el

,
an

y
fu

n
ct

io
n

in
a
bs
co
n
v
A
N

1
h
as

an
u
n
iq

u
e

ex
p
re

ss
io

n
a
s
f

(x
)

=
∑
|X
N

1
|

i=
1

ν
f i
K

(x
,v
i)

w
it

h
∑
|X
N

1
|

i=
1
|ν
f i
|≤

1.
W

e
d
efi

n
e

a
m

ap
p
in

g
b
y

Φ
(f

)
=

(ν
f 1
,·
··
,ν
f |X
N

1
|)
∈

R
|X
N

1
| .

U
n
d
er

th
is

m
ap

p
in

g,
th

e
im

ag
e

of
B

(f
j
,ε

1
)

is
gi

ve
n

b
y

I
m

(B
(f
j
,ε

1
))

=

    
{ν
i}
|X
N

1
|

i=
1

∣ ∣ ∣ ∣|X
N

1
|

∑ i=
1

|ν i
|≤

1
an

d

√ √ √ √
|X
N

1
|

∑ i=
1

(ν
i
−
ν
f
j

i
)2
≤
ε 1

    

⊂
B

R
|X
N

1
|(
ν
f
j
,ε

1
),

(2
9
)

w
h
er

e
B

R
|X
N

1
|(
ν
f
j
,ε

1
)

d
en

ot
es

th
e

b
al

li
n
R
|X
N

1
| o

f
ra

d
iu

s
ε 1

ce
n
te

re
d

at
ν
f
j

=
(ν
f
j

1
,·
··
,ν
f
j |X
N

1
|)

.

F
u
rt

h
er

m
or

e,
fo

r
∀f
,g
∈
a
bs
co
n
v
A
N

1
,

th
er

e
h
ol

d
s

‖f
−
g
‖ L

2 Q
≤
κ

√ √ √ √
|X
N

1
|

∑ i=
1

(ν
f i
−
ν
g i
)2
,

(3
0
)

w
h
er

e
κ

=
‖K
‖ C

(X
×
X

).

N
ex

t
fo

r
an

y
ε 2
>

0,
fr

om
(3

0)
an

d
(2

9)
,

w
e

ob
ta

in

N
(B

(f
j
,ε

1
),
ε 2
,d

2
,Q

)
≤

N
(I
m

(B
(f
j
,ε

1
))
,ε

2
/κ
,d̃

2
)

≤
N

(B
R
|X
N

1
|(
ν
f
j
,ε

1
),
ε 2
/κ
,d̃

2
)

=
N

(ε
1
B

R
|X
N

1
|,
ε 2
/κ
,d̃

2
),

(3
1
)

w
h
er

e
B

R
|X
N

1
|

d
en

ot
es

th
e

u
n
it

b
al

l
in

R
|X
N

1
| .

R
ec

al
l

th
at

N
2

is
th

e
ca

rd
in

a
li
ty

o
f

th
e

m
ax

im
al
ε 1
−

se
p
ar

at
ed

se
t

in
a
bs
co
n
v
A
N

1
.

T
h
en
N

2
≤

N
(a
bs
co
n
v
A
N

1
,ε

1
/
2,
d

2
,Q

).
H

en
ce

,
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S
pa

r
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K
e
r
n
e
l
R
e
g
r
e
ssio

n

fo
r

a
n
y

p
o
sitiv

e
ε
1

an
d
ε
2 ,

th
ere

h
old

s

N
(a
bscon

v
A
N

1 ,ε
2 ,d

2
,Q

)

≤
N

2
∑j=

1

N
(B

(f
j ,ε

1 ),ε
2 ,d

2
,Q

)

≤
N

(ε
1 B

R
|X
N

1 | ,ε
2 /κ

,d̃
2 )·N

(a
bscon

v
A
N

1 ,ε
1 /

2,d
2
,Q

)
,

(32)

w
h
ere

th
e

seco
n
d

in
eq

u
ality

is
from

(31
).

N
ow

w
e

set
ε
2

=
ε/16

an
d
ε
1

=
1/

(16κ √
N

1 ),
th

en
b
y

eq
u
ation

(32),
th

ere
h
old

s

N
(a
bscon

v
A
N

1 ,ε/16,d
2
,Q

)

≤
N

(B
R
|X
N

1 | ,ε √
N

1 ,d̃
2 )·N

(
a
bscon

v
A
N

1 ,1
/(32

κ √
N

1 ),d
2
,Q )

.

A
n
d

fro
m

eq
u
a
tion

(28),
w

e
fu

rth
er

fi
n
d

th
at

N
(a
bscon

v
A
N
,ε/4,d

2
,Q

)≤
N

(B
R
|X
N

1 | ,ε √
N

1 ,d̃
2 )

·N
(
a
bscon

v
A
N

1 ,1/
(32κ √

N
1 ),d

2
,Q )
·N

(a
bscon

v
K
N

1
,N
,ε/8

,d
2
,Q

)
.

(33)

It
is

n
o
ticed

th
at

R
|X
N

1 |
is

a
fi
n
ite

d
im

en
sion

al
sp

ace
an

d
|X

N
1 |≤

N
1 ,

th
en

N
(B

R
|X
N

1 | ,ε √
N

1 ,d̃
2 )≤

(1
+

2
N
−

1
/
2

1
ε −

1) |X
N

1 |≤
3
N

1(N
1 ) −

N
1
/
2ε −

N
1.

(34)

N
ex

t,
w

e
u
se

L
em

m
a

13
to

estim
ate

th
e

rest
tw

o
term

s.
F

o
r

th
e

fu
n
ction

set
A
N

1 ,
it

is
easy

to
ch

eck
th

a
t
d
ia
m

A
N

1 ≤
2
κ

.
T

h
en

b
y

(24),
th

ere
h
old

s

N
(
a
bscon

v
A
N

1 ,1
/
(32κ √

N
1 ),d

2
,Q )
≤
(
e

+
e

1368
κ

2 )
8
1
9
2
κ

2
N

1

.
(35)

R
eca

ll
th

a
t

∆
N

1
≤

∆
X
,s ,

th
en

w
e

h
ave

D
ia
m

K
N

1
,N
≤

4c
s0 ‖
K
‖

C
s∆

sN
1

an
d

th
e

card
in

ality
o
f
K
N

1
,N

sa
tisfi

es
th

at|K
N

1
,N |

=
|X

N |−
|X

N
1 |≤

N
−

1.
A

lso
b
y

(24),
th

ere
h
old

s

N
(a
bscon

v
K
N

1
,N
,ε/8,d

2
,Q

)
=

N

(
a
bscon

v
K
N

1
,N
,

ε

32
c
s0 ‖K
‖

C
s∆

sN
1 ·

4
c
s0 ‖K
‖

C
s∆

sN
1 ,L

2Q )

≤
(
e

+
e(2N

−
1)

ε
2

1024c
2
s

0
‖
K
‖

2C
s ∆

2
s
N

1 )
2
0
4
8
c
2
s

0
‖
K
‖
2C
s

∆
2
s
N

1
ε
2

.

D
u
e

to
th

e
ch

o
ice

of
N

1 ,
w

e
h
ave

ε −
2
d

d
+

2
s
−

1
<
N

1
≤
ε −

2
d

d
+

2
s.

C
om

b
in

in
g

th
e

restric-

tio
n

(2
7
)

fo
r
ε,

w
e

h
ave

∆
2
s
N

1
=

2
2
sc

2
sd
X

(N
1 ) −

2
sd
≤

2
4
sc

2
sd
X
ε

4
s

d
+

2
s.

It
follow

s
th

at
∆

2
s
N

1 ε −
2
≤

2
4
sc

2
sd
X
ε −

2
d

d
+

2
s.

O
n

th
e

oth
er

h
an

d
,

on
e

can
b

ou
n
d
ε
2∆
−

2
s

N
1

b
y

2 −
2
sc −

2
sd

X
ε

2
d

d
+

2
s.

R
ecallin

g
th

at

N
≤
C
′X
,K

(
1ε )

ds
+

1,
w

e
th

en
h
ave

N
(a
bscon

v
K
N

1
,N
,ε/8,d

2
,Q

)

≤


e

+
eC
′X
,s (

1ε )
d
2

s
(d

+
2
s
)

2
2
s+

8c
2
s/
d

X
c

2
s

0
‖K
‖

2C
s 

2
4
s
+

1
1
c
2
s
/
d

X
c
2
s

0
‖
K
‖

2C
s
ε −

2
d

d
+

2
s

.
(36)
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

W
h
en

0
<
ε
≤
ε
X
,K

,
su

b
stitu

tin
g

th
e

b
ou

n
d
s

(34),
(35)

an
d

(36)
in

to
th

e
in

eq
u
ality

(33),
w

e
ob

tain

log
2
N

(B
1 ,ε,d

2
,Q

)≤
C
′′X
,s ε −

2
d

d
+

2
s

log
2 (

1ε )
,

w
h
ere

C
′′X
,K

=
2

+
d −

1
+

8192
κ

2
log

2 (
e

+
e

1368κ
2 )

+
2

4
s+

1
1c

2
s/
d

X
d
s −

1c
2
s

0
‖K
‖

2C
s

log
2 (

e
+

eC
′X
,s

2
2
s+

8c
2
s/
d

X
c

2
s

0
‖K
‖

2C
s )

.

N
ote

th
at

B
1

can
b

e
con

sid
ered

as
a

su
b
set

of
C

(X
).

W
e

u
se
d∞

to
d
en

ote
th

e
m

etric
in

d
u
ced

b
y
‖·‖∞

.
T

h
en

for
ε
X
,s
<
ε≤

1,
w

e
fi
n
d

th
at

log
2
N

(B
1 ,ε,d

2
,Q

)≤
log

2
N

(B
1 ,ε

X
,s /κ

,d∞
)≤

log
2
N

(B
1 ,ε

X
,s /κ

,d∞
)ε −

2
d

d
+

2
s

log
2 (

2ε )
.

W
e

take
C
X
,K

=
m

ax{
C
′′X
,K
,log

2
N

(B
1 ,ε

X
,s /κ

,d∞
)}

,
th

en

log
2
N

(B
1 ,ε,d

2
,Q

)≤
C
X
,K
ε −

2
d

d
+

2
s

log
2 (

2ε )
,

∀
0
<
ε≤

1
.

N
otice

th
at

th
e

ab
ove

b
ou

n
d

is
in

d
ep

en
d
en

t
of

th
e

d
istrib

u
tion

Q
.

T
h
en

for
an

y
sam

p
le

x
=

{
x
i }
`i=

1 ∈
X
`

w
ith

`∈
N

,
th

e
ab

ov
e

estim
a
te

h
old

s
tru

e
for

Q
=

1` ∑
`i=

1
δ
x
i .

C
on

seq
u
en

tly,
w

e
p
rove

ou
r

con
clu

sion
if
s

is
an

in
teger.

W
h
en

s
is

n
ot

an
in

teger,
on

e
can

ch
eck

th
at

th
e

p
ro

of
is

also
valid

if
w

e
rep

lace
s

b
y

its
in

tegral
p
artbsc.

T
h
u
s

w
e

com
p
lete

th
e

p
ro

of
of

T
h
eorem

11.

4
.

C
o
n
v
e
rg

e
n
ce

a
n
a
ly

sis

In
th

is
section

,
w

e
in

vestigate
th

e
con

vergen
ce

b
eh

av
ior

of
`
q −
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el

reg
ression

b
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on
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tech
n
iq

u
es

in
volv
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g
`
2 −

em
p
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g

n
u
m

b
ers.

O
u
r

error
an
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p
re-

sen
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p
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u
n
d
er

th
e
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acity

assu
m

p
tion

(20).
F

or
an
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m

issib
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k
ern

el
K
∈

C
s

w
ith

s
>

0,
recall

th
e

p
rev
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s
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ob
tain

ed
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S
h
i
et

al.
(2

011)
for

0
<
s
<

2.
T

h
en

u
n
d
er

th
e

assu
m

p
tion

of
T

h
eorem

11,
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e
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ch
eck

th
at
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e

assu
m

p
tion

(20)
can

b
e

satisfi
ed

w
ith

0
<
p
<

2.
C
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cretely,

w
h
en

0
<
s
<

2,
p

=
2
d

d
+

2
m

in{
1
,s} ;

w
h
en

s≥
2,
p

can
b

e
ch

o
sen

to
b

e
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y
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t
satisfy

in
g
p
>

2
d

d
+

2bsc .

4
.1

.
D

e
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g

th
e

e
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a
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r
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r
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e
to
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l

e
rro

r

R
ecall

th
e

q
u
an

tity
S

1
d
efi

n
ed

for
an

estim
ator

f̂
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P
rop

osition
6,

w
e

can
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rite
it
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S
1

=
S
z (f̂

)−
S
z (f

z
,γ ),

w
h
ere

th
e

q
u
an

tity
S
z

is
d
efi

n
ed

for
f
∈

C
(X

)
b
y

S
z (f

)
=
{E

(f
)−

E
(f
ρ )}−

{E
z (f

)−
E
z (f

ρ )}
.

W
e

u
se

th
e

follow
in

g
p
rop

osition
to

estim
ate

S
1 .
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ve
bo

u
n

d
ca

n
be

im
p
ro

ve
d

to

|c∗ q
,i
|≥

(
1
−
q

κ
2

) 1
/
(2
−
q
)

γ
1
/
(2
−
q
) .

(6
3
)

P
ro

o
f

R
ec

al
l

th
e

ta
rg

et
fu

n
ct

io
n
al

(3
)

to
b

e
op

ti
m

iz
ed

w
it

h
c

=
(c

1
,·
··
,c
m

)
∈
R
m

,
w

h
ic

h
ca

n
b

e
ex

p
re

ss
ed

as T
γ
,q

(c
)

=
1 m

m ∑ j=
1

(
y j
−

m ∑ i=
1

c i
K

(x
j
,x

i)

)
2

+
γ

m ∑ i=
1

|c i
|q .

F
or
i
∈

su
p
p
(c
∗ q)

,
w

e
d
efi

n
e

an
u
n
iv

ar
ia

te
fu

n
ct

io
n

as

h
i(
t)

=
T
γ
,q

(c
∗\
i

q
(t

))
,

∀t
∈
R
,

w
h
er

e
c
∗\
i

q
(t

)
=

(c
∗ q,

1
,·
··
,c
∗ q,
i−

1
,t
,c
∗ q,
i+

1
,·
··
,c
∗ q,
m

).
A

s
c
∗ q

is
a

lo
ca

l
m

in
im

iz
er

o
f

th
e

o
p
ti

-
m

iz
at

io
n

p
ro

b
le

m
(6

1)
,

th
u
s
c∗ q
,i

is
a

lo
ca

l
m

in
im

iz
er

of
h
i(
t)

.
W

e
co

m
p
u
te

th
e

fi
rs

t
a
n
d

th
e

3
0
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

seco
n
d

d
eriva

tive
of
h
i (t)

on
th

e
in

terval
(c ∗q

,i −
%
,c ∗q

,i +
%
)

for
som

e
%
>

0.
S
in

ce
c ∗q
,i 6=

0,
w

e
ca

n
ch

o
o
se

a
su

ffi
cien

tly
sm

all
%

su
ch

th
at

0
is

n
ot

con
tain

ed
in

th
e

in
terval

(ĉ
i −

%
,ĉ
i
+
%
).

T
h
en

w
e

o
b
ta

in

h
′i (t)

=
2m

m
∑j=

1 
∑k6=

i

c ∗q
,k K

(x
j ,x

k )
+
tK

(x
j ,x

i )−
y
j 

K
(x
j ,x

i )
+
γ
qsgn

(t)|t| q−
1

a
n
d

h
′′i (t)

=
2m

m
∑j=

1

K
2(x

i ,x
j )−

γ
q(1−

q)|t| q−
2.

R
eca

ll
th

a
t
c ∗q
,i

is
a

lo
cal

m
in

im
izer

of
h
i (t).

D
u
e

to
th

e
op

tim
ality

con
d
ition

,
w

e
m

u
st

h
ave

h
′i (c ∗q

,i )
=

0
an

d
h
′′i (c ∗q

,i )
>

0,
i.e.,

2m

m
∑j=

1 (
m
∑k

=
1

c ∗q
,k K

(x
j ,x

k )−
y
j )

K
(x
j ,x

i )
+
γ
qsgn

(c ∗q
,i )|c ∗q

,i | q−
1

=
0

(64)

a
n
d

2m

m
∑j=

1

K
2(x

j ,x
i )−

γ
q(1−

q)|c ∗q
,i | q−

2
>

0
.

(65)

F
ro

m
th

e
in

eq
u
ality

(65),
w

e
h
ave

γ
q(1−

q)|c ∗q
,i | q−

2
<

2m

m
∑j=

1

K
2(x

j ,x
i )≤

2
κ

2,

w
h
ich

lea
d
s

to
b

ou
n
d

(62).

If
c ∗q

is
th

e
glob

al
m

in
im

izer
of

th
e

op
tim

ization
p
rob

lem
(61),

th
e

glob
al

op
tim

ality
of

c ∗q
im

p
lies

c ∗q
,i

is
a

glob
al

m
in

im
izer

of
h
i (t).

W
e

th
u
s

h
ave

h
′i (c ∗q

,i )
=

0.
D

u
e

to
eq

u
ation

(6
4
),

th
ere

h
o
ld

s2m

m
∑j=

1 (
y
j −

m
∑k

=
1

c ∗q
,k K

(x
j ,x

k ) )
K

(x
j ,x

i )
=
γ
qsgn

(c ∗q
,i )|c ∗q

,i | q−
1.

W
e

m
u
ltip

ly
b

o
th

sid
es

of
th

e
ab

ov
e

eq
u
ation

b
y
c ∗q
,i

an
d

fi
n
d

th
at

2m

m
∑j=

1 (
y
j −

m
∑k

=
1

c ∗q
,k K

(x
j ,x

k ) )
K

(x
j ,x

i )c ∗q
,i

=
γ
q|c ∗q

,i | q.
(66)

N
ow

w
e

con
sid

er
a

n
ew

vector
given

b
y

c ∗\
i

q
(0)

=
(c ∗q

,1 ,···,c ∗q
,i−

1 ,0
,c ∗q

,i+
1 ,···,c ∗q

,m
).

3
1
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

W
e

com
p
are

T
γ
,q (c ∗\

i
q

(0))
w

ith
T
γ
,q (c ∗q )

an
d

fi
n
d

th
at

T
γ
,q (c ∗q )−

T
γ
,q (c ∗\

i
q

(0))

=
−

1m

m
∑j=

1 {
2
y
j −

2
m
∑k

=
1

c ∗q
,k K

(x
j ,x

k )
+
c ∗q
,i K

(x
j ,x

i ) }
c ∗q
,i K

(x
j ,x

i )
+
γ|c ∗q

,i | q

=
2m

m
∑j=

1 {
m
∑k

=
1

c ∗q
,k K

(x
j ,x

k )−
y
j }

K
(x
j ,x

i )c ∗q
,i −

1m

m
∑j=

1

K
2(x

j ,x
i )(c ∗q

,i )
2

+
γ|c ∗q

,i | q.

F
rom

th
e

eq
u
ality

(66),
it

follow
s

th
at

T
γ
,q (c ∗q )−

T
γ
,q (c ∗\

i
q

(0))
=
−
γ
q|c ∗q

,i | q−
1m

m
∑j=

1

K
2(x

j ,x
i )(c ∗q

,i )
2

+
γ|c ∗q

,i | q

≥
γ

(1−
q)|c ∗q

,i | q−
κ

2(c ∗q
,i )

2.

R
ecall

th
at

c ∗q
is

a
glob

al
m

in
im

izer
of

p
rob

lem
(61).

T
h
e

ab
ove

in
eq

u
ality

im
p
lies

γ
(1−

q)|c ∗q
,i | q−

κ
2(c ∗q

,i )
2≤

0,
w

h
ich

lead
s

to
th

e
low

er
b

ou
n
d

(63).
T

h
u
s

w
e

com
p
lete

ou
r

p
ro

o
f.

R
e
m

a
rk

1
9

W
e

u
se

th
e

seco
n

d
o
rd

er
o
p
tim

a
lity

co
n

d
itio

n
to

d
erive

th
e

lo
w

er
bo

u
n

d
o
n

th
e

n
o
n

-zero
coeffi

cien
ts

o
f

a
loca

l
m

in
im

izer
in

(6
1
).

B
a
sed

o
n

th
e

sa
m

e
id

ea
,

a
lo

w
er

bo
u

n
d

estim
a
tio

n
w

h
ich

is
sim

ila
r

to
(6

2
)

h
a
s

been
d
erived

in
C

h
en

et
a
l.

(2
0
1
0
).

H
o
w

ever,
o
u

r
a
n

a
lysis

gives
a
n

o
th

er
lo

w
er

bo
u

n
d

w
h
en

th
e

so
lu

tio
n

is
a

glo
ba

l
m

in
im

izer,
w

h
ich

in
d
ica

tes
th

a
t

th
e

glo
ba

l
o
p
tim

a
lity

w
ill

h
elp

to
im

p
ro

ve
th

e
spa

rsen
ess

o
f

th
e

so
lu

tio
n

s.

It
sh

ou
ld

b
e

n
oticed

th
at

for
a

given
kern

el
fu

n
ction

K
,

th
e

low
er

b
ou

n
d
s

p
resen

ted
in

P
rop

osition
18

on
ly

d
ep

en
d

on
γ

an
d
q.

T
h
u
s

w
e

can
u
se

th
ese

b
ou

n
d
s

to
o
b
tain

som
e

u
n
iversal

resu
lts.

W
h
en

c
zq

is
a

lo
cal

m
in

im
izer

of
op

tim
ization

p
rob

lem
(2)

satisfy
in

g
A

ssu
m

p
tion

1,
w

h
ich

im
p
lies

th
at

c
zq

satisfi
es

th
e

con
d
ition

of
P

rop
osition

1
8

for
I

=

{
1,···,m

}.
W

e
can

d
erive

th
e

u
p
p

er
b

ou
n
d

on
‖
c
zq ‖

0

m
b
ased

on
th

e
low

er
b

o
u
n
d

(62
).

T
h

e
o
re

m
2
0

A
ssu

m
e

th
a
t

a
p
p
ro

xim
a
tio

n
a
ssu

m
p
tio

n
(1

4
)

w
ith

0
<
β
≤

1
a
n

d
ca

pa
city

co
n

d
itio

n
(2

0
)

w
ith

0
<
p
<

2
a
re

va
lid

,
a
n

d
th

e
estim

a
to

r
f̂
q

sa
tisfi

es
A

ssu
m

p
tio

n
1

w
ith

m
ax {

2
p

p
+

2
,

p

p
+

2
β }

<
q
<

1.

L
et

(δ,τ
)∈

(0,1)
2

a
n

d
J

(τ,p
,q)

be
a

co
n

sta
n

t
given

by
(4

7
).

T
a
ke
γ

=
m
−
τ

w
ith

1−
q

1−
q
(1−

β
)
<

τ
<

2
2
+
p
.

T
h
en

w
ith

co
n

fi
d
en

ce
1−

δ,
th

ere
h
o
ld

s

‖
c
zq ‖

0

m
≤
C
q

(log
J

(τ,p
,1))

3
q

(log
(1/δ)

+
log

(1
+
J

(τ,p
,q)))

3
m
q (

τ
2−
q −

1
+

(1−
β

)τ )
,

(67)

w
h
ere

c
zq

d
en

o
tes

th
e

coeffi
cien

t
sequ

en
ce

o
f

th
e

estim
a
to

r
f̂
q

a
n

d
C
q

is
a

co
n

sta
n

t
po

sitive
co

n
sta

n
ts

d
epen

d
in

g
o
n
q,κ

,c̃
K
,p ,

M
a
n

d
c
β

.32
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ss
io
n

P
ro

o
f

F
ro

m
P

ro
p

os
it

io
n

18
,

if
c
z q

is
a

lo
ca

l
m

in
im

iz
er

of
p
ro

b
le

m
(2

),
th

en
fo

r
i
∈

su
p
p
(c

z q
),

th
er

e
h
ol

d
s

|cz q
,i
|>

(
q(

1
−
q)

2κ
2

) 1
/
(2
−
q
)

γ
1
/
(2
−
q
) .

E
q
u
iv

al
en

tl
y,

w
e

h
av

e

1
<

(
q(

1
−
q)

2κ
2

) −
q
/
(2
−
q
)

γ
−
q
/
(2
−
q
) |c

z q
,i
|q .

N
ot

e
th

at
th

e
ab

ov
e

in
eq

u
al

it
y

h
ol

d
s

tr
u
e

fo
r

ev
er

y
cz q
,i

w
it

h
i
∈

su
p
p
(c

z q
).

T
h
er

ef
or

e,
w

e
ta

ke
a

su
m

m
at

io
n

on
b

ot
h

si
d
es

of
th

e
in

eq
u
al

it
y

ac
co

rd
in

g
to
i
∈

su
p
p
(c

z q
)

an
d

fi
n
d

th
at

‖c
z q
‖ 0
<

(
q(

1
−
q)

2κ
2

) −
q
/
(2
−
q
)

γ
−
q
/
(2
−
q
) ‖

c
z q
‖q q
.

N
ow

ta
k
in

g
γ

=
m
−
τ

w
it

h
1
−
q

1
−
q
(1
−
β

)
<
τ
<

2
2
+
p

an
d

re
ca

ll
in

g
th

e
b

ou
n
d

on
‖c

z q
‖q q

gi
ve

n
b
y

(4
9)

,
th

en
th

e
d
es

ir
ed

re
su

lt
is

ob
ta

in
ed

w
it

h
C
q

=
C̃

2

( q
(1
−
q
)

2
κ

2

) −
q
/
(2
−
q
) .

T
h
u
s

w
e

co
m

p
le

te

th
e

p
ro

of
.

If
c
z q

is
a

gl
ob

al
m

in
im

iz
er

of
al

go
ri

th
m

(2
),

on
e

ca
n

d
er

iv
e

an
u
p
p

er
b

ou
n
d

on
‖c

z q
‖ 0

m
fr

om
(6

3)
fo

ll
ow

in
g

th
e

sa
m

e
m

et
h
o
d
.

F
ro

m
th

e
u
p
p

er
b

ou
n
d

(6
7)

,
w

e
ca

n
se

e
th

at
if

τ
<

2
−
q

1
+

(2
−
q
)(

1
−
β

)
,

th
e

q
u
an

ti
ty
‖c

z q
‖ 0

m
co

n
ve

rg
es

to
0

at
a

ra
te

of
p

ol
y
n
om

ia
l

d
ec

ay
as

m
te

n
d
s

to
in

fi
n
it

y.
A

t
th

e
en

d
of

th
is

se
ct

io
n
,

w
e

gi
v
e

th
e

p
ro

of
of

T
h
eo

re
m

3.
P

ro
o
f

[P
ro

of
of

T
h
eo

re
m

3]
.

F
ro

m
th

e
p
ro

of
of

T
h
eo

re
m

1,
w

e
k
n
ow

th
at

u
n
d
er

th
e

as
su

m
p
ti

on
of

T
h
eo

re
m

3,
th

e
ap

p
ro

x
im

at
io

n
co

n
d
it

io
n

(1
4)

is
va

li
d

w
it

h
β

=
1

an
d

th
e

ca
p
ac

it
y

as
su

m
p
ti

on
(2

0)
ca

n
b

e
sa

ti
sfi

ed
w

it
h

an
ar

b
it

ra
ri

ly
sm

al
l
p
>

0.
W

e
d
er

iv
e

ou
r

co
n
cl

u
si

on
s

b
as

ed
on

T
h
eo

re
m

17
an

d
T

h
eo

re
m

20
.

W
e

fi
rs

t
ch

ec
k

th
e

re
st

ri
ct

io
n
s

fo
r
q

an
d
τ
.

A
s
β

=
1,

w
e

th
u
s

fi
n
d

1
−
q
<
τ
<

2
p
+

2
an

d
2
p

2
+
p
<
q
<

1.
N

ot
e

th
at
p

ca
n

b
e

ar
b
it

ra
ri

ly
cl

os
ed

to
0.

T
h
er

ef
or

e,
w

e
ca

n
ta

k
e
τ

an
d
q

to
b

e
an

y
va

lu
e

in
th

e
in

te
rv

al
(0
,1

)
b
y

ch
o
os

in
g

a
sm

al
l

en
ou

gh
p
.

B
y

th
e

sa
m

e
ar

gu
m

en
t,

w
e

ca
n

b
ou

n
d
J

(τ
,p
,q

)
b
y

lo
g

4
q
(1
−
τ
)

fo
r

1
−
q
<
τ
<

1
an

d
0
<
q
≤

1.
T

h
er

ef
or

e,
fr

om
b

ou
n
d

(6
0)

,
th

e
in

eq
u
al

it
y

(7
)

h
ol

d
s

w
it

h
co

n
fi
d
en

ce
1
−
δ

an
d
C̃

=
8C̃

3
.

S
im

il
ar

ly
,

as
a

d
ir

ec
t

co
ro

ll
ar

y
of

th
e

b
ou

n
d

(6
7)

,
th

e
in

eq
u
al

it
y

(8
)

h
ol

d
s

w
it

h
co

n
fi
d
en

ce
1
−
δ

an
d
C̃
′ =

C̃
2
(1

+
2κ

2
).

F
in

al
ly

,
if

th
e

tw
o

b
ou

n
d
s

h
ol

d
to

ge
th

er
,

w
e

n
ee

d
to

sc
al

e
2
δ

to
δ.

T
h
u
s

w
e

co
m

p
le

te
th

e
p
ro

of
.

6
.

C
o
n
cl

u
si

o
n

In
th

is
p
ap

er
,

w
e

in
ve

st
ig

at
e

th
e

sp
ar

se
ke

rn
el

re
gr

es
si

on
w

it
h
` q
−

re
gu

la
ri

za
ti

o
n
,

w
h
er

e
0
<
q
≤

1.
T

h
e

d
at

a
d
ep

en
d
en

ce
n
at

u
re

of
th

e
k
er

n
el

-b
as

ed
h
y
p

ot
h
es

is
sp

a
ce

p
ro

v
id

es
fl
ex

ib
il
it

y
fo

r
th

is
al

go
ri

th
m

.
T

h
e

re
gu

la
ri

za
ti

on
sc

h
em

e
is

es
se

n
ti

al
ly

d
iff

er
en

t
fr

om
th

e
st

an
d
ar

d
on

e
in

an
R

K
H

S
:

th
e

ke
rn

el
is

n
ot

n
ec

es
sa

ri
ly

sy
m

m
et

ri
c

or
p

os
it

iv
e

se
m

i-
d
efi

n
it

e
an

d
th

e
re

gu
la

ri
ze

r
is

th
e
` q

-n
or

m
of

a
fu

n
ct

io
n

ex
p
an

si
on

in
vo

lv
in

g
sa

m
p
le

s.
W

h
en

th
e

u
n
d
er

ly
in

g
h
y
p

ot
h
es

is
sp

ac
e

is
fi
n
it

e-
d
im

en
si

on
al

,
th

e
` q
−

re
g
u
la

ri
za

ti
on

w
it

h
0
<
q
≤

1
is

w
el

l
u
n
d
er

st
o
o
d

in
th

eo
ry

an
d

w
id

el
y

u
se

d
in

va
ri

ou
s

ap
p
li
ca

ti
on

s
su

ch
as

co
m

p
re

ss
ed

se
n
si

n
g
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S
h
i,
H
u
a
n
g
,
F
e
n
g

a
n
d

S
u
y
k
e
n
s

an
d

sp
ar

se
re

co
ve

ry
.

H
ow

ev
er

,
it

s
ro

le
in

th
e

n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
w

it
h
in

a
n

in
fi
n
it

e-
d
im

en
si

on
al

h
y
p

ot
h
es

is
sp

ac
e

h
as

n
ot

b
ee

n
fu

ll
y

u
n
d
er

st
o
o
d

y
et

.
In

th
is

p
ap

er
,

w
e

d
ev

el
op

th
e

m
at

h
em

at
ic

al
an

al
y
si

s
fo

r
th

e
as

y
m

p
to

ti
c

co
n
v
er

ge
n
ce

an
d

sp
ar

se
n
es

s
of
` q
−

re
g
u
la

ri
ze

d
ke

rn
el

re
gr

es
si

on
.

W
e

fi
rs

t
p
re

se
n
t

a
ti

gh
t

b
ou

n
d

on
th

e
` 2
−

em
p
ir

ic
al

co
ve

ri
n
g

n
u
m

b
er

s
of

th
e

ke
rn

el
-b

as
ed

h
y
p

ot
h
es

is
sp

ac
e

u
n
d
er
` 1
−

co
n
st

ra
in

,
w

h
ic

h
is

in
te

re
st

in
g

o
n

it
s

ow
n

ri
gh

t.
W

e
th

u
s

d
em

on
st

ra
te

th
at

,
co

m
p
ar

ed
w

it
h

cl
as

si
ca

l
R

K
H

S
,

th
e

h
y
p

o
th

es
is

sp
a
ce

in
vo

lv
ed

in
th

e
er

ro
r

an
al

y
si

s
in

d
u
ce

d
b
y

th
e

n
on

-s
y
m

m
et

ri
c

k
er

n
el

h
as

n
ic

e
b

eh
av

io
rs

in
te

rm
s

of
th

e
`2

-e
m

p
ir

ic
al

co
ve

ri
n
g

n
u
m

b
er

s
of

it
s

u
n
it

b
al

l.
M

o
re

ov
er

,
th

e
em

p
ir

ic
a
l
co

ve
ri

n
g

n
u
m

b
er

es
ti

m
at

es
d
ev

el
op

ed
in

th
is

p
ap

er
ca

n
al

so
b

e
ap

p
li
ed

to
ob

ta
in

d
is

tr
ib

u
ti

o
n
-f

re
e

er
ro

r
an

al
y
si

s
fo

r
ot

h
er

sp
ar

se
ap

p
ro

x
im

at
io

n
sc

h
em

es
,

fo
r

ex
am

p
le

G
u
o,

F
a
n

a
n
d

Z
h
ou

(2
01

6)
;

G
u
o

et
al

.
(2

01
7)

.
O

u
r

th
eo

re
ti

ca
l

an
al

y
si

s
is

b
a
se

d
on

th
e

co
n
ce

n
tr

a
ti

o
n

es
ti

m
a
te

s
w

it
h
`2

-e
m

p
ir

ic
al

co
ve

ri
n
g

n
u
m

b
er

s,
a

re
fi
n
ed

it
er

at
io

n
te

ch
n
iq

u
e

fo
r
` q
−

re
gu

la
ri

za
ti

o
n

a
n
d

a
d
es

ce
n
t-

it
er

at
iv

e
m

in
im

iz
at

io
n

p
ro

ce
ss

w
h
ic

h
ca

n
b

e
re

al
iz

ed
b
y

th
e
` q
−

th
re

sh
h
o
ld

in
g

fu
n
ct

io
n
.

B
as

ed
on

ou
r

an
al

y
si

s,
w

e
sh

ow
th

at
th

e
` q
−

re
gu

la
ri

za
ti

on
te

rm
p
la

y
s

a
ro

le
as

a
tr

ad
e-

off
b

et
w

ee
n

sp
ar

si
ty

an
d

co
n
ve

rg
en

ce
ra

te
s.

W
e

al
so

p
ro

ve
th

a
t

re
g
u
la

ri
zi

n
g

th
e

co
m

b
in

at
or

ia
l

co
effi

ci
en

ts
b
y

th
e
` q
−

n
or

m
ca

n
p
ro

d
u
ce

st
ro

n
g

sp
ar

se
so

lu
ti

o
n
s,

i.
e.

,
th

e
fr

ac
ti

on
of

n
on

-z
er

o
co

effi
ci

en
ts

co
n
ve

rg
es

to
0

at
a

p
ol

y
n
om

ia
l

ra
te

w
h
en

th
e

sa
m

p
le

si
ze
m

b
ec

om
es

la
rg

e.
O

u
r

m
at

h
em

a
ti

ca
l

an
al

y
si

s
es

ta
b
li
sh

ed
in

th
is

p
ap

er
ca

n
sh

ed
so

m
e

li
gh

ts
on

u
n
d
er

st
an

d
in

g
th

e
ro

le
of

th
e
` q
−

re
gu

la
ri

za
ti

on
in

fe
at

u
re

se
le

ct
io

n
s

in
a
n

in
fi
n
it

e-
d
im

en
si

on
al

h
y
p

ot
h
es

is
sp

ac
e.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
an

k
th

e
an

o
n
y
m

ou
s

re
fe

re
es

fo
r

th
ei

r
co

n
st

ru
ct

iv
e

su
gg

es
ti

on
s.

T
h
e

w
o
rk

d
es

cr
ib

ed
in

th
is

p
ap

er
is

su
p
p

or
te

d
in

p
ar

t
b
y

th
e

N
at

io
n
al

S
ci

en
ce

F
ou

n
d
a
ti

on
of

C
h
in

a
(G

ra
n
ts

N
o.

11
57

10
78

,
11

63
10

15
,
61

60
32

48
,
61

97
70

46
);

th
e

J
oi

n
t

R
es

ea
rc

h
F

u
n
d

b
y

N
a
ti

o
n
a
l
N

a
tu

ra
l

S
ci

en
ce

F
ou

n
d
at

io
n

of
C

h
in

a
an

d
R

es
ea

rc
h

G
ra

n
ts

C
ou

n
ci

l
of

H
on

g
K

on
g

(P
ro

je
ct

N
o
.

11
46

11
61

00
6

an
d

P
ro

je
ct

N
o.

C
it

y
U

10
40

12
);

P
ro

gr
am

of
S
h
an

gh
ai

S
u
b

je
ct

C
h
ie

f
S
ci

en
ti

st
(P

ro
je

ct
N

o.
18

X
D

14
00

70
0)

.
T

h
e

re
se

ar
ch

le
ad

in
g

to
th

es
e

re
su

lt
s

h
as

al
so

re
ce

iv
ed

fu
n
d
in

g
fr

om
th

e
E

u
ro

p
ea

n
R

es
ea

rc
h

C
ou

n
ci

l
E

R
C

A
d
G

A
-D

A
T

A
D

R
IV

E
-B

(2
90

92
3
)

a
n
d

E
R

C
A

d
G

E
-D

U
A

L
IT

Y
(7

87
96

0)
u
n
d
er

th
e

E
u
ro

p
ea

n
U

n
io

n
’s

H
or

iz
on

20
20

re
se

ar
ch

a
n
d

in
n
ov

a
ti

o
n

p
ro

gr
am

m
e.

T
h
e

co
rr

es
p

on
d
in

g
au

th
or

is
X

ia
ol

in
H

u
an

g.

A
p
p

e
n
d
ix

A
.

T
h
is

ap
p

en
d
ix

in
cl

u
d
es

so
m

e
d
et

ai
le

d
p
ro

of
s.

A
.1

.
P

ro
o
f

o
f

L
e
m

m
a

4

In
th

is
su

b
se

ct
io

n
,

w
e

sh
al

l
p
ro

ve
L

em
m

a
4.

P
ro

o
f

[P
ro

of
of

L
em

m
a

4]
.

It
is

ea
sy

to
ve

ri
fy

th
at

th
e

v
ec

to
r

Ψ
η
,q

(d
)

is
a

gl
ob

a
l
m

in
im

iz
er

o
f

th
e

p
ro

b
le

m
(1

2)
if

an
d

on
ly

if
(Ψ

η
,q

(d
))
i

is
a

gl
ob

al
m

in
im

iz
er

o
f

m
in
c∈

R
{ |
c
−
d
i|2

+
η
|c|
q
} ,

w
h
er

e
(Ψ

η
,q

(d
))
i

d
en

ot
es

th
e
i−

th
co

or
d
in

at
e

va
lu

e
of

th
e

ve
ct

or
Ψ
η
,q

(d
).

In
th

e
fo

ll
ow

in
g

p
ro

of
,
w

e
sh

al
l
u
se
x

to
d
en

ot
e

a
gi

ve
n

co
n
st

a
n
t.

In
or

d
er

to
p
ro

v
e

ou
r

co
n
cl

u
si

o
n
,
w

e
n
ee

d
to

fi
n
d

th
e

gl
ob

al
m

in
im

iz
er

of
th

e
u
n
iv

ar
ia

te
fu

n
ct

io
n
h

(t
)

=
t2
−

2
x
t
+
η
|t|
q
,

i.
e.

,
th

e
so

lu
ti

on
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S
pa

r
se

K
e
r
n
e
l
R
e
g
r
e
ssio

n

o
f

th
e

m
in

im
ization

p
rob

lem
m

in
t∈

R {|t−
x| 2

+
η|t| q }

.
A

d
d
ition

a
lly,

to
en

su
re

th
e

w
ell-

d
efi

n
ed

n
ess

o
f
th

e
m

ap
Ψ
η
,q ,

w
e

also
n
eed

to
sh

ow
th

at
u
n
d
er

th
e

restriction
|x|

>
a
q η

1
/
(2−

q
),

th
e

eq
u
a
tio

n
(1

0)
h
as

on
ly

on
e

solu
tion

on
th

e
in

terval
[(q(1−

q)η
/2)

1
/
(2−

q
),∞

).

W
h
en

x
=

0
,

as
η
>

0,
th

e
fu

n
ction

h
(t)

ach
ieves

its
m

in
im

u
m

at
t

=
0.

W
e

fi
rst

lim
it

ou
r

d
iscu

ssion
to

th
e

case
x
>

0.
In

th
is

case,
th

e
fu

n
ction

h
is

strictly
d
ecrea

sin
g

o
n

(−
∞
,0],

h
en

ce
all

its
p

ossib
le

m
in

im
izers

are
ach

ieved
on

[0
,∞

).
L

et
u
s

co
n
sid

er
th

e
d
iff

eren
ce

b
etw

een
h

(t)
an

d
h

(0)
for

t
>

0,
i.e.,

h
(t)−

h
(0)

=
t(t−

2x
+
η
t q−

1).
It

is
n
o
ticed

th
a
t

th
e

fu
n
ction

g
(t)

=
t−

2
x

+
η
t q−

1
is

con
tin

u
ou

sly
d
iff

eren
tiab

le
on

(0,∞
)

a
n
d

lim
t→

0
+
g
(t)

=
lim

t→
∞
g
(t)

=
∞

.
S
o

w
e

take
its

d
erivative

on
(0,∞

)
an

d
fi
n
d

th
at

its
u
n
iq

u
e

m
in

im
izer

is
g
iven

b
y
t1

=
((1−

q)η
)
1
/
(2−

q
).

It
follow

s
th

at
g
(t)≥

g
(t1 )

=
2a

q η
1

2−
q−

2
x

for
a
ll
t
>

0
.

W
h
en

0
<
x
≤
a
q η

1
/
(2−

q
),

th
en

m
in
t>

0
g
(t)

=
g
(t1 )
≥

0
w

h
ich

im
p
lies

h
(t)−

h
(0)

=
tg

(t)≥
0

fo
r
t
>

0.
H

en
ce,

t
=

0
is

a
glob

al
m

in
im

izer
of
h

in
th

is
case.

A
n
d

th
en

w
e

con
sid

er
th

e
case

x
>
a
q η

1
/
(2−

q
).

O
n
e

m
ay

see
th

a
t
t

=
0

is
n
ot

a
glob

al
m

in
im

izer
o
f
h

,
b

ecau
se
g
(t1 )

<
0

in
th

is
case,

w
h
ich

im
p
lies

h
(t1 )

<
h

(0).
In

ad
d
ition

,
w

e
h
ave

lim
t→
∞
h

(t)
=
∞

,
th

u
s

th
e

fu
n
ction

h
(t)

a
ch

ieves
its

m
in

im
u
m

on
th

e
in

terval
(0,∞

).
W

e
cla

im
th

at
th

is
m

in
im

izer
is

given
b
y
t2 ,

w
h
ere

t2
is

th
e

so
lu

tion
of

th
e

eq
u
ation

h
′(t)

=
0

o
n

th
e

in
terval

[(q(1−
q)η

/2)
1
/
(2−

q
),∞

).
It

sh
ou

ld
b

e
n
oticed

th
at
h
′(t)

=
0

is
ex

a
ctly

th
e

eq
u
ation

giv
en

b
y

(10)
w

ith
x
>

0.
W

e
th

u
s

con
sid

er
th

e
secon

d
d
erivative

of
h

g
iven

b
y
h
′′(t)

=
2

+
η
q(q−

1)t q−
2.

W
e

fi
rst

p
rov

e
th

e
ex

isten
ce

an
d

u
n
iq

u
en

ess
of
t2 .

In
fa

ct,
a

d
irect

com
p
u
tation

sh
ow

s
th

at

h
′((q(1−

q)η
/2)

1
/
(2−

q
))

=
2(η

q)
1

2−
q (

1−
q

2

)
1

2−
q

+
(η
q)

1
2−
q (

1−
q

2

)
q−

1
2−
q−

2
x

=
(2−

q) (
1−

q

2

)
q−

1
2−
q

(η
q)

1
2−
q−

2x

≤
(2−

q) (
1−

q

2

)
q−

1
2−
q

q
1

2−
qa −

1
q
x
−

2x

=
(

2
3−

2
q

2−
q
q

1
2−
q−

2 )
x
<

0
,

th
e

fi
rst

in
eq

u
a
lity

is
from

x
>
a
q η

1
/
(2−

q
)

an
d

th
e

last
in

eq
u
ality

h
old

s
as

q
<

2
q−

1
for

0
<
q
<

1
.

W
e

also
ob

serve
th

at
h
′′(t)≥

0
on

[(q(1−
q)η

/2)
1
/
(2−

q
),∞

),
w

h
ich

im
p
lies

h
′(t)

is
strictly

in
crea

sin
g

on
th

is
in

terval.
S
in

ce
h
′(t)

is
con

tin
u
ou

s
on

(0
,∞

)
an

d
lim

t→
∞
h
′(t)

=
∞

,
th

e
eq

u
a
tio

n
h
′(t)

=
0

h
as

a
u
n
iq

u
e

solu
tion

t2
on

[(q(1
−
q)η

/2)
1
/
(2−

q
),∞

).
B

ecau
se

h
′(t2 )

=
0

an
d
h
′′(t2 )

>
0,

w
e

also
con

clu
d
e

th
at

t2
is

th
e

on
ly

m
in

im
izer

of
h

(t)
on

[(q(1
−
q)η

/2
)
1
/
(2−

q
),∞

).
W

e
fu

rth
er

p
rove

th
at

t2
is

actu
ally

th
e

m
in

im
izer

of
h

(t)
on

(0,∞
).

W
e

ju
st

n
eed

to
sh

ow
h

(t)
h
as

n
o

lo
ca

l
m

in
im

izer
on

(0,(q(1−
q)η

/2)
1
/
(2−

q
)).

T
h
is

co
n
clu

sio
n

ca
n

b
e

easily
d
raw

n
from

th
e

fact
th

at
h
′′(t)

<
0

on
(0,(q(1−

q)η
/2)

1
/
(2−

q
)).

W
h
en

x
<

0
,

on
e

can
easily

fi
n
d

th
at
h

(t)
ach

ieves
its

m
in

im
u
m

on
(−
∞
,0].

T
h
en

for
t∈

(−
∞
,0

],
w

e
can

rew
rite

th
e

fu
n
ction

h
(t)

as
(−
t)

2
+

2x
(−
t)

+
η
(−
t)
q.

D
u
e

to
th

e
sam

e
a
n
a
ly

sis
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h
av

e
b

ee
n

m
ad

e
to

d
es

ig
n

ch
an

ge
-p

oi
n
t

d
et

ec
ti

on
p
ro

ce
d
u
re

s
a
ll
ow

in
g

to
d
ea

l
w

it
h

co
m

p
le

x
d
at

a
(t

h
at

ar
e

n
ot

n
ec

es
sa

ri
ly

ve
ct

or
s)

.
H

ow
ev

er
,

th
e

re
su

lt
in

g
p
ro

-
ce

d
u
re

s
d
o

n
ot

al
lo

w
to

d
et

ec
t

m
or

e
th

an
o
n
e

or
tw

o
ch

an
ge

s
ar

is
in

g
in

p
ar

ti
cu

la
r

fe
a
tu

re
s

of
th

e
d
is

tr
ib

u
ti

on
.

F
or

in
st

an
ce

,
C

h
en

an
d

Z
h
an

g
(2

01
5)

d
es

cr
ib

e
a

st
ra

te
g
y

b
a
se

d
o
n

a
d
is

si
m

il
ar

it
y

m
ea

su
re

b
et

w
ee

n
in

d
iv

id
u
al

s
to

co
m

p
u
te

a
g
ra

p
h

fr
om

w
h
ic

h
a

st
a
ti

st
ic

a
l

te
st

al
lo

w
s

to
d
et

ec
t

on
ly

on
e

or
tw

o
ch

an
ge

p
oi

n
ts

.
F

o
r

a
gr

ap
h
-v

al
u
ed

ti
m

e
se

ri
es

,
W

a
n
g

et
a
l.

(2
01

4)
d
es

ig
n

sp
ec

ifi
c

sc
an

st
at

is
ti

cs
to

te
st

w
h
et

h
er

on
e

ch
an

ge
ar

is
es

in
th

e
co

n
n
ec

ti
v
it

y
m

at
ri

x
.

1
.2

.
M

a
in

C
o
n
tr

ib
u

ti
o
n

s

W
e

fi
rs

t
d
es

cr
ib

e
a

m
u
lt

ip
le

ch
an

ge
-p

oi
n
t

d
et

ec
ti

on
p
ro

ce
d
u
re

(K
C

P
)

a
ll
ow

in
g

to
d
ea

l
w

it
h

u
n
iv

ar
ia

te
,
m

u
lt

iv
ar

ia
te

or
co

m
p
le

x
d
at

a
(D

N
A

se
q
u
en

ce
s

or
gr

ap
h
s,

fo
r

in
st

a
n
ce

)
a
s

so
o
n

a
s

a
p

os
it

iv
e

se
m

id
efi

n
it

e
ke

rn
el

ca
n

b
e

d
efi

n
ed

fo
r

th
em

.
A

m
on

g
se

v
er

al
as

se
ts

,
th

is
p
ro

ce
d
u
re

is
n
on

p
ar

am
et

ri
c

an
d

d
o
es

n
ot

re
q
u
ir

e
to

k
n
ow

th
e

tr
u
e

n
u
m

b
er

of
ch

an
ge

p
oi

n
ts

in
a
d
va

n
ce

.
F

u
rt

h
er

m
or

e,
it

al
lo

w
s

to
d
et

ec
t

ab
ru

p
t

ch
an

ge
s

ar
is

in
g

in
th

e
fu

ll
d
is

tr
ib

u
ti

o
n

o
f

th
e

d
a
ta

b
y

u
si

n
g

a
ch

ar
ac

te
ri

st
ic

ke
rn

el
;

it
ca

n
al

so
fo

cu
s

on
ch

an
ge

s
in

sp
ec

ifi
c

fe
a
tu

re
s

o
f

th
e

d
is

tr
ib

u
ti

on
b
y

ch
o
os

in
g

an
ap

p
ro

p
ri

at
e

k
er

n
el

.
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

S
eco

n
d
ly,

th
e

p
ro

ced
u
re

(K
C

P
)

is
th

eoretically
grou

n
d
ed

w
ith

a
fi
n
ite-sa

m
p
le

op
tim

ality
resu

lt,
n
a
m

ely
an

oracle
in

eq
u
ality

in
term

s
o
f

q
u
ad

ratic
risk

,
statin

g
th

at
its

p
erform

an
ce

is
a
lm

o
st

th
e

sam
e

as
th

at
of

th
e

b
est

on
e

w
ith

in
th

e
class

w
e

con
sid

er
(T

h
eorem

2).
A

s
a
rg

u
ed

b
y

L
eb

a
rb

ier
(2005)

for
in

stan
ce,

su
ch

a
gu

aran
tee

is
w

h
at

w
e

w
an

t
for

a
ch

an
ge-

p
o
in

t
d
etectio

n
p
ro

ced
u
re.

It
m

ean
s

th
at

th
e

p
ro

ced
u
re

d
etects

on
ly

ch
an

ges
th

a
t

are
“large

en
o
u
g
h
”

g
iv

en
th

e
n
oise

level
an

d
th

e
am

ou
n
t

of
d
ata

availab
le,

w
h
ich

is
n
ecessa

ry
to

avoid
h
av

in
g

m
a
n
y

fa
lse

p
ositives.

A
cru

cial
p

oin
t

is
th

at
T

h
eorem

2
h
old

s
tru

e
for

an
y

valu
e

of
th

e
sa

m
p
le

size
n

;
in

p
articu

lar
it

can
b

e
sm

aller
th

an
th

e
d
im

en
sion

ality
of

th
e

d
ata.

N
ote

th
a
t

co
n
tra

ry
to

p
rev

iou
s

oracle
in

eq
u
alities

in
th

e
ch

an
ge-p

oin
t

d
etection

fram
ew

ork
,

th
e

resu
lt

w
e

p
rove

req
u
ires

n
eith

er
th

e
va

rian
ce

to
b

e
con

stan
t

n
or

th
e

d
ata

to
b

e
G

au
ssian

.

T
h
ird

ly,
w

e
settle

a
n
ew

con
cen

tra
tion

in
eq

u
ality

for
th

e
q
u
ad

ratic
n
orm

of
su

m
s

of
in

d
ep

en
d
en

t
H

ilb
ert-valu

ed
v
ectors

w
ith

ex
p

on
en

tial
tails,

w
h
ich

is
a

key
resu

lt
to

d
erive

th
e

n
on

-a
sy

m
p
totic

oracle
in

eq
u
ality

for
a

large
collection

of
can

d
id

ate
segm

en
tation

s.
T

h
e

ex
p

o
n
en

tia
l

co
n
cen

tration
in

eq
u
ality

m
ay

b
e

of
in

d
ep

en
d
en

t
in

terest
for

oth
er

statistical
p
ro

b
lem

s
in

vo
lv

in
g

m
o
d
el

selection
w

ith
in

a
large

collection
of

m
o
d
els.

L
et

u
s

fi
n
a
lly

m
en

-
tio

n
th

a
t

sin
ce

th
e

fi
rst

version
of

th
e

p
resen

t
w

ork
(A

rlot
et

al.,
2012),

K
C

P
h
as

b
een

su
c-

cessfu
lly

ap
p
lied

on
d
iff

eren
t

p
ractical

ex
am

p
les.

C
elisse

et
al.

(2018)
illu

strate
th

at
K

C
P

o
u
tp

erfo
rm

s
sta

te-of-th
e-art

ap
p
roach

es
on

b
iological

d
ata.

C
ab

rieto
et

al.
(2017)

sh
ow

th
at

K
C

P
w

ith
a

G
a
u
ssian

kern
el

ou
tp

erform
s

th
ree

n
on

p
aram

etric
m

eth
o
d
s

for
d
etectin

g
cor-

rela
tion

ch
a
n
g
es

in
sy

n
th

etic
m

u
ltivariate

tim
e

series,
an

d
p
rov

id
e

an
ap

p
lication

to
som

e
d
a
ta

fro
m

b
eh

av
ioral

scien
ces.

A
p
p
ly

in
g

K
C

P
to

ru
n
n
in

g
em

p
irical

correlation
s

(C
ab

rieto
et

a
l.,

2
0
18

b
)

o
r

to
th

e
au

to
correlation

s
of

a
m

u
ltivariate

tim
e

series
(C

ab
rieto

et
al.,

2018a)
ca

n
m

a
ke

it
fo

cu
s

on
a

sp
ecifi

c
k
in

d
of

ch
an

ge
—

in
th

e
covarian

ce
b

etw
een

co
ord

in
ates

or
in

th
e

a
u
to

correla
tion

stru
ctu

re
of

each
co

ord
in

ate,
resp

ectively
—

,
as

illu
strated

o
n

sy
n
th

etic
d
a
ta

ex
p

erim
en

ts
an

d
tw

o
real-w

orld
d
ata

sets
from

p
sy

ch
ology.

1
.3

.
O

u
tlin

e
a
n

d
N

o
ta

tio
n

M
o
tiva

tin
g

ex
a
m

p
les

are
fi
rst

p
rov

id
ed

in
S
ection

2
to

h
igh

ligh
t

th
e

w
id

e
ap

p
licab

ility
of

th
e

p
ro

ced
u
re

to
va

riou
s

im
p

ortan
t

settin
gs.

A
com

p
reh

en
sive

d
escrip

tion
of

th
e

p
rop

osed
kern

el
ch

a
n
g
e-p

o
in

t
d
etection

algorith
m

(K
C

P
,

or
A

lgorith
m

1)
is

p
rov

id
ed

in
S
ection

3,
w

h
ere

w
e

a
lso

d
iscu

ss
algorith

m
ic

asp
ects

as
w

ell
as

th
e

p
ractical

ch
oice

of
in

fl
u
en

tial
p
aram

eters
(S

ectio
n

3.3
).

S
ection

4
ex

p
oses

som
e

im
p

ortan
t

id
eas

u
n
d
erly

in
g

K
C

P
an

d
th

en
states

th
e

m
a
in

th
eoretica

l
resu

lts
of

th
e

p
ap

er
(P

rop
osition

1
an

d
T

h
eorem

2).
P

ro
ofs

of
th

ese
m

ain
resu

lts
a
re

co
llected

in
S
ection

5,
w

h
ile

tech
n
ical

d
etails

are
d
eferred

to
A

p
p

en
d
ices

A
a
n
d

B
.

T
h
e

p
ra

ctica
l

p
erform

an
ce

of
th

e
kern

el
ch

an
ge-p

oin
t

d
etection

algorith
m

is
illu

strated
b
y

ex
p

erim
en

ts
o
n

sy
n
th

etic
d
ata

in
S
ection

6
an

d
on

real
d
ata

in
S
ection

7.
S
ection

8
con

clu
d
es

th
e

p
a
p

er
b
y

a
sh

ort
d
iscu

ssion
.

F
o
r

a
n
y
a
<
b,

w
e

d
en

ote
b
y

Ja
,bK

:=
[a
,b]∩

N
th

e
set

of
in

tegers
b

etw
een

a
an

d
b.

2
.
T
h
e
C
h
a
n
g
e
-p

o
in
t
P
ro

b
le
m

L
et
X

b
e

so
m

e
m

easu
rab

le
set

an
d
X

1 ,...,X
n
∈
X

a
seq

u
en

ce
of

in
d
ep

en
d
en

t
X

-valu
ed

ra
n
d
o
m

varia
b
les.

F
or

an
y
i∈
{1
,...,n}

,
w

e
d
en

ote
b
y
P
X
i

th
e

d
istrib

u
tion

of
X
i .

T
h
e

ch
a
n
g
e-p

o
in

t
p
rob

lem
can

th
en

b
e

su
m

m
arized

as
follow

s:
G

iven
(X

i )
16
i6
n

,
th

e
go

al
is

to

3
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A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

fi
n
d

th
e

lo
cation

s
of

th
e

ab
ru

p
t

ch
an

ges
a
lon

g
th

e
seq

u
en

ce
P
X

1 ,...,P
X
n

.
N

ote
th

at
th

e
case

of
d
ep

en
d
en

t
tim

e
series

is
often

con
sid

ered
in

th
e

ch
an

ge-p
oin

t
literatu

re
(L

av
ielle

an
d

M
ou

lin
es,

2000;
B

ard
et

an
d

K
am

m
ou

n
,

2008;
B

ard
et

et
al.,

2012;
C

h
an

g
et

al.,
2018);

as
a

fi
rst

step
,

th
is

p
ap

er
fo

cu
ses

on
th

e
in

d
ep

en
d
en

t
case

for
sim

p
licity.

A
n

im
p

ortan
t

ex
am

p
le

to
h
ave

in
m

in
d

is
w

h
en

X
i

corresp
on

d
s

to
th

e
ob

servation
at

tim
e
ti

=
i/n

of
som

e
ran

d
om

p
ro

cess
on

[0,1],
an

d
w

e
assu

m
e

th
at

th
is

p
ro

cess
is

station
ary

over
[t ?` ,t ?`+

1 ),
`

=
0,...,D

?−
1,

for
som

e
fi
x
ed

seq
u
en

ce
0

=
t ?0
<
t ?1
<
···

<
t ?D

?
=

1.
T

h
en

,
th

e
ch

an
ge-p

oin
t

p
rob

lem
is

eq
u
ivalen

t
to

lo
calizin

g
th

e
ch

an
ge

p
oin

ts
t ?1 ,...,t ?D

?−
1 ∈

[0,1],
w

h
ich

sh
ou

ld
b

e
p

ossib
le

as
th

e
sam

p
le

size
n

ten
d
s

to
in

fi
n
ity.

N
ote

th
at

w
e

n
ever

m
ake

su
ch

an
asy

m
p
totic

assu
m

p
tion

in
th

e
p
ap

er,
w

h
ere

all
th

eoretical
resu

lts
are

n
on

-asy
m

p
totic.

L
et

u
s

n
ow

d
etail

som
e

m
otivatin

g
ex

am
p
les

of
th

e
ch

an
ge-p

oin
t

p
rob

lem
.

E
x
a
m

p
le

1
T

h
e

setX
is

R
o
r
R
d,

a
n

d
th

e
sequ

en
ce

(P
X
i )
16
i6
n

ch
a
n

ges
o
n

ly
th

ro
u

gh
its

m
ea

n
.

T
h
is

is
th

e
m

o
st

cla
ssica

l
settin

g,
fo

r
w

h
ich

n
u

m
ero

u
s

m
eth

od
s

h
a
ve

been
p
ro

po
sed

a
n

d
a
n

a
lyzed

in
th

e
o
n

e-d
im

en
sio

n
a
l

settin
g

(C
o
m

te
a
n

d
R

o
zen

h
o
lc,

2
0
0
4
;

Z
h
a
n

g
a
n

d
S

iegm
u

n
d
,

2
0
0
7
;

B
o
ysen

et
a
l.,

2
0
0
9
;

K
o
ro

stelev
a
n

d
K

o
ro

steleva
,

2
0
1
1
;

F
ryzlew

icz,
2
0
1
4
)

a
s

w
ell

a
s

th
e

m
u

lti-d
im

en
sio

n
a
l

ca
se

(P
ica

rd
et

a
l.,

2
0
1
1
;

B
lea

kley
a
n

d
V

ert,
2
0
1
1
;

H
ockin

g
et

a
l.,

2
0
1
3
;

S
o
h

a
n

d
C

h
a
n

d
ra

seka
ra

n
,

2
0
1
7
;

C
o
llilieu

x
et

a
l.,

2
0
1
9
).

E
x
a
m

p
le

2
T

h
e

setX
is

R
o
r
R
d,

a
n

d
th

e
sequ

en
ce

(P
X
i )
16
i6
n

ch
a
n

ges
o
n

ly
th

ro
u

gh
its

m
ea

n
a
n

d
/
o
r

its
va

ria
n

ce
(o

r
co

va
ria

n
ce

m
a
trix).

T
h
is

settin
g

is
ra

th
er

cla
ssica

l,
a
t

lea
st

in
th

e
o
n

e-d
im

en
sio

n
a
l

ca
se,

a
n

d
severa

l
m

eth
od

s
h
a
ve

been
p
ro

po
sed

fo
r

it
(A

n
d
reo

u
a
n

d
G

h
ysels,

2
0
0
2
;

P
ica

rd
et

a
l.,

2
0
0
5
;

F
ryzlew

icz
a
n

d
S

u
bba

R
a
o
,

2
0
1
4
;

C
a
brieto

et
a
l.,

2
0
1
7
).

E
x
a
m

p
le

3
T

h
e

set
X

is
R

o
r
R
d,

a
n

d
n

o
a
ssu

m
p
tio

n
is

m
a
d
e

o
n

th
e

ch
a
n

ges
in

th
e

sequ
en

ce
(P

X
i )
16
i6
n

.
F

o
r

in
sta

n
ce,

w
h
en

d
a
ta

a
re

cen
tered

a
n

d
n

o
rm

a
lized

,
a
s

in
th

e
a
u

d
io

-
tra

ck
exa

m
p
le

(R
a
bin

er
a
n

d
S

ch
ä
fer,

2
0
0
7
),

th
e

m
ea

n
a
n

d
th

e
va

ria
n

ce
o
f

th
e
X
i

ca
n

be
co

n
sta

n
t,

a
n

d
o
n

ly
h
igh

er-o
rd

er
m

o
m

en
ts

o
f

(P
X
i )
16
i6
n

a
re

ch
a
n

gin
g.

O
n

ly
a

few
recen

t
pa

pers
d
ea

l
w

ith
(a

n
u

n
kn

o
w

n
n

u
m

ber
o
f)

m
u

ltip
le

ch
a
n

ge
po

in
ts

in
a

fu
lly

n
o
n

pa
ra

m
etric
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é

(2
00

7)
:

R̂
n
(τ

)
:=

1 n

n ∑ i=
1

k
(X

i,
X
i)
−

1 n

D ∑ `=
1

 
1

τ `
−
τ `
−
1

τ ∑̀

i=
τ `
−
1
+
1

τ ∑̀

j=
τ `
−
1
+
1

k
(X

i,
X
j
) 

.
(2

)

In
p
ar

ti
cu

la
r

w
h
en
X

=
R

an
d
k
(x
,y

)
=
x
y
,

w
e

re
co

ve
r

th
e

u
su

al
le

as
t-

sq
u
a
re

s
cr

it
er

io
n

R̂
n
(τ

)
=

1 n

D ∑ `=
1

τ ∑̀

i=
τ `
−
1
+
1

( X
i
−
X

Jτ
`
−
1
+
1
,τ
`
K)

2
w

h
er

e
X

Jτ
`
−
1
+
1
,τ
`
K

:=
1

τ `
−
τ `
−
1

τ ∑̀

j=
τ `
−
1
+
1

X
j
.

N
ot

e
th

at
E

q
.

(6
)

in
S
ec

ti
on

4.
1

p
ro

v
id

es
an

eq
u
iv

al
en

t
fo

rm
u
la

fo
r
R̂
n
(τ

),
w

h
ic

h
is

h
el

p
fu

l
fo

r
u
n
d
er

st
an

d
in

g
it

s
m

ea
n
in

g.
G

iv
en

th
e

cr
it

er
io

n
(2

),
w

e
ca

st
th

e
ch

oi
ce

of
τ

a
s

a
m

o
d
el

-
se

le
ct

io
n

p
ro

b
le

m
(a

s
th

or
ou

gh
ly

d
et

ai
le

d
in

S
ec

ti
on

4)
,

w
h
ic

h
le

ad
s

to
A

lg
o
ri

th
m

1
b

el
ow

,
th

at
w

e
n
ow

b
ri

efl
y

co
m

m
en

t
on

.

In
p

u
t:

ob
se

rv
at

io
n
s:

X
1
,.
..
,X

n
∈
X

,
ke

rn
el

:
k

:
X
×
X
→

R
,

co
n
st

an
ts

:
c 1
,c

2
>

0
an

d
D

m
a
x
∈

J1
,n
−

1
K.

S
te

p
1
:
∀D
∈

J1
,D

m
a
x
K,

co
m

p
u
te

(b
y

d
y
n
am

ic
p
ro

gr
am

m
in

g
):

τ̂
(D

)
∈

ar
gm

in
τ
∈T

D n

{ R̂
n
(τ

)}
an

d
R̂
n

( τ̂
(D

))
.

S
te

p
2
:

fi
n
d
: D̂
∈

ar
gm

in
1
6
D
6
D

m
a
x

{ R̂
n

( τ̂
(D

))
+

1 n

[ c 1
lo

g

(
n
−

1

D
−

1

)
+
c 2
D

]}
.

O
u

tp
u

t:
se

q
u
en

ce
of

ch
an

ge
p

oi
n
ts

:
τ̂

=
τ̂
( D̂
) .

A
lg

o
ri

th
m

1
:

K
er

n
el

ch
an

ge
-p

oi
n
t

al
go

ri
th

m
(K

C
P

)

•
S
te

p
1

of
K

C
P

co
n
si

st
s

in
ch

o
os

in
g

th
e

“b
es

t”
se

g
m

en
ta

ti
on

w
it

h
D

se
g
m

en
ts

—
th

at
is

,
th

e
m

in
im

iz
er

of
th

e
ke

rn
el

le
as

t-
sq

u
ar

es
cr

it
er

io
n
R̂
n
(·)

ov
er
T
D n

—
,

fo
r

ev
er

y
D
∈

J1
,D

m
a
x
K.
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

•
S
tep

2
o
f

K
C

P
ch

o
oses

D
b
y

m
o
d
el

selection
,

u
sin

g
a

p
en

alized
em

p
irical

criterion
.

A
m

a
jo

r
con

trib
u
tion

of
th

is
p
ap

er
lies

in
th

e
b
u
ild

in
g

an
d

th
eoretica

l
ju

stifi
cation

of
th

e
p

en
a
lty

n
−
1[c

1
log (

n−
1

D
−
1 )

+
c
2 D

],
see

S
ection

s
4–5;

a
sim

p
lifi

ed
p

en
alty,

of
th

e
form

Dn
(c

1
lo

g
(
nD

)
+
c
2 ),

w
ou

ld
also

b
e

p
ossib

le,
see

S
ection

4
.5.

•
P

ra
ctica

l
issu

es
(com

p
u
tation

al
com

p
lex

ity
an

d
ch

o
ice

of
con

stan
ts
c
1 ,c

2 ,D
m
a
x )

are
d
iscu

ssed
in

S
ection

3.3.
L

et
u
s

on
ly

em
p
h
asize

h
ere

th
at

K
C

P
is

com
p
u
tation

ally
tra

cta
b
le;

its
m

ost
ex

p
en

sive
p
art

is
th

e
m

in
im

ization
p
rob

lem
of

S
tep

1,
w

h
ich

can
b

e
d
on

e
b
y

d
y
n
am

ic
p
rogram

m
in

g
(see

H
arch

a
ou

i
an

d
C

ap
p
é,

200
7;

C
elisse

et
al.,

2
0
1
8).

E
ffi

cien
t

im
p
lem

en
tation

s
of

K
C

P
in

P
y
th

on
can

b
e

fou
n
d

in
th

e
ru

p
tu

res
p
a
cka

g
e

(T
ru

on
g

et
al.,

2018)
an

d
in

th
e

C
h
a
p
yd

ette
p
ackage

(J
on

es
an

d
H

arch
aou

i,
2
0
1
9).

3
.2

.
E

x
a
m

p
le

s
o
f

K
e
rn

e
ls

K
C

P
ca

n
b

e
u
sed

w
ith

variou
s

setsX
(n

ot
n
ecessarily

vector
sp

aces)
as

lon
g

as
a

p
ositiv

e
sem

id
efi

n
ite

kern
el

on
X

is
availab

le.
A

n
im

p
ortan

t
issu

e
is

to
d
esign

relevan
t

kern
els,

th
a
t

a
re

a
b
le

to
cap

tu
re

im
p

ortan
t

featu
res

of
th

e
d
ata

for
a

given
ch

an
ge-p

oin
t

p
rob

lem
,

in
clu

d
in

g
n
o
n
-vectorial

d
ata

—
for

in
stan

ce,
sim

p
licial

d
ata

(h
istogram

s),
tex

ts
or

grap
h
s

(n
etw

o
rk

s),
see

S
ection

2.
T

h
e

q
u
estion

of
ch

o
osin

g
a

kern
el

is
d
iscu

ssed
in

S
ection

8.2.
C

la
ssica

l
k
ern

els
can

b
e

fou
n
d

in
th

e
b

o
ok

s
b
y

S
ch

ölkop
f

an
d

S
m

ola
(200

1),
S
h
aw

e-
T

ay
lo

r
a
n
d

C
ristian

in
i

(2004)
an

d
S
ch

ölkop
f

et
al.

(2
004)

for
in

stan
ce.

L
et

u
s

m
en

tion
a

few
o
f

th
em

:

•
W

h
en
X

=
R
d,
k
lin(x

,y
)

=
〈x
,
y〉R

d
d
efi

n
es

th
e

lin
ea

r
kern

el.
W

h
en

d
=

1,
K

C
P

th
en

co
in

cid
es

w
ith

th
e

algorith
m

p
rop

osed
b
y

L
eb

a
rb

ier
(2005).

•
W

h
en
X

=
R
d,
k
Gh

(x
,y

)
=

ex
p
[−
‖x
−
y‖

2
/
(2h

2)]
d
efi

n
es

th
e

G
a
u

ssia
n

kern
el

w
ith

b
a
n
d
w

id
th
h
>

0,
w

h
ich

is
u
sed

in
th

e
ex

p
erim

en
ts

of
S
ection

6.

•
W

h
en
X

=
R
d,
k
Lh

(x
,y

)
=

ex
p
[−
‖x−

y‖
/h

]
d
efi

n
es

th
e

L
a
p
la

ce
kern

el
w

ith
b
an

d
w

id
th

h
>

0
.

•
W

h
en
X

=
R
d,
k
eh (x

,y
)

=
ex

p
(〈x

,
y〉R

d /h
)

d
efi

n
es

th
e

expo
n

en
tia

l
kern

el
w

ith
b
an

d
-

w
id

th
h
>

0.
N

ote
th

at,
u
n
like

th
e

G
au

ssian
an

d
L

a
p
lace

kern
els,

th
e

ex
p

on
en

tial
kern

el
is

n
ot

tran
slation

in
varian

t.

•
W

h
en
X

=
R

,
k
Hh

(x
,y

)
=
∑

5j=
1
H
j,h (x

)H
j,h (y

),
corresp

on
d
s

to
th

e
H

erm
ite

kern
el,

w
h
ere

H
j,h (x

)
=

2
j+

1 √
π
j!e −

x
2
/
(2
h
2
)(−

1)
je −

x
2
/
2(∂

/∂
x

)
j(e −

x
2
/
2)

d
en

o
tes

th
e
j-th

H
er-

m
ite

fu
n
ction

w
ith

b
an

d
w

id
th
h
>

0.
T

h
is

kern
el

is
u
sed

in
S
ection

6.
It

can
of

cou
rse

b
e

g
en

era
lized

to
m

ax
im

al-d
egree

valu
es

d
iff

eren
t

from
5.

•
W

h
en
X

is
th

e
d
-d

im
en

sion
al

sim
p
lex

as
in

E
x
am

p
le

4,
th

e
χ
2

kern
el

can
b

e
d
efi

n
ed

b
y
k
χ
2

h
(x
,y

)
=

ex
p (−

1h·d ∑
di=

1
(x
i −
y
i )

2

x
i +
y
i

)
for

som
e

b
an

d
w

id
th

h
>

0.
A

n
illu

stration

o
f

its
b

eh
av

ior
is

p
rov

id
ed

in
th

e
sim

u
lation

ex
p

erim
en

ts
of

S
ection

s
6

an
d

7.

N
o
te

th
a
t

m
o
re

gen
erally,

S
ejd

in
ov

ic
et

al.
(2013)

p
rove

th
at

p
ositive

sem
id

efi
n
ite

kern
els

ca
n

b
e

d
efi

n
ed

on
an

y
set
X

for
w

h
ich

a
sem

im
etric

of
n
egative

ty
p

e
is

u
sed

to
m

easu
re
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A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

closen
ess

b
etw

een
p

oin
ts.

T
h
e

so-called
en

ergy
d
ista

n
ce

b
etw

een
p
rob

ab
ility

m
easu

res
is

an
ex

am
p
le

(M
atteson

an
d

J
am

es,
2014).

In
ad

d
ition

,
sp

ecifi
c

kern
els

h
av

e
b

een
d
esig

n
ed

for
variou

s
k
in

d
s

of
stru

ctu
red

d
ata,

in
clu

d
in

g
all

th
e

ex
am

p
les

of
S
ection

2
(C

u
tu

ri
et

al.,
2005;

R
akotom

am
on

jy
an

d
C

an
u
,

2005;
S
h
ervash

id
ze,

2012;
V

ed
a
ld

i
an

d
Z

isserm
an

,
2012).

C
on

volu
tion

al
kern

els
can

also
b

e
d
esign

ed
to

m
im

ic
th

e
featu

re
m

ap
s

d
efi

n
ed

b
y

co
n
volu

-
tion

al
n
etw

ork
s,

w
ith

su
ccessfu

l
ap

p
lication

s
in

com
p
u
ter

v
ision

(M
aira

l
et

al.,
2014

;
P

au
lin

et
al.,

2017).

L
et

u
s

fi
n
ally

rem
ark

th
at

K
C

P
ca

n
also

b
e

u
sed

w
h
en

k
is

n
ot

a
p

ositive
sem

id
efi

n
ite

kern
el;

its
com

p
u
tation

al
com

p
lex

ity
rem

ain
s

u
n
ch

an
ged

,
b
u
t

w
e

m
igh

t
lo

ose
th

e
th

eoretical
gu

aran
tees

of
S
ection

4.

3
.3

.
P

ra
c
tic

a
l

Issu
e
s

L
et

u
s

n
ow

d
iscu

ss
th

e
m

ain
p
ractical

issu
es

w
h
en

ap
p
ly

in
g

K
C

P
.

3
.3
.1
.
C
o
m
p
u
t
a
t
io
n
a
l
C
o
m
p
l
e
x
it
y

T
h
e

d
iscrete

op
tim

ization
p
rob

lem
at

S
tep

1
of

K
C

P
is

ap
p
aren

tly
h
ard

to
solv

e
sin

ce,
for

each
D

,
th

ere
are

(
n−

1
D
−
1 )

segm
en

tation
s

of{1
,...,n}

in
to
D

segm
en

ts.
F

ortu
n
ately,

as
sh

ow
n

b
y

H
arch

aou
i

an
d

C
ap

p
é

(2007),
th

is
op

tim
ization

p
rob

lem
can

b
e

solved
effi

cien
tly

b
y

d
y
n
am

ic
p
rogram

m
in

g.
In

th
e

sp
ecial

case
of

a
lin

ear
kern

el,
w

e
recover

th
e

classical
d
y
n
am

ic-p
rogram

m
in

g
algorith

m
for

d
etectin

g
ch

an
ges

in
m

ean
(F

ish
er,

1958;
A

u
ger

an
d

L
aw

ren
ce,

1989;
K

ay
,

1993).

D
en

otin
g

b
y
C
k

th
e

cost
of

com
p
u
tin

g
k
(x
,y

)
for

som
e

given
x
,y
∈
X

,
th

e
com

p
u
tation

al
cost

of
a

n
aive

im
p
lem

en
tation

of
S
tep

1
—

com
p
u
tin

g
each

co
effi

cien
t

(i,j)
of

th
e

co
st

m
a
trix

in
d
ep

en
d
en

tly
—

th
en

isO
(C
k n

2+
D

m
a
x n

4)
in

tim
e

an
d
O

(D
m
a
x n

+
n
2)

in
sp

ace.
T

h
e

com
p
u
tation

al
com

p
lex

ity
can

actu
ally

b
eO

((C
k
+
D

m
a
x )n

2)
in

tim
e

an
d
O

(D
m
a
x n

)
in

sp
ace

as
so

on
as

on
e

eith
er

u
ses

th
e

su
m

m
ed

area
tab

le
o
r

in
teg

ral
im

age
tech

n
iq

u
e

as
in

(P
otap

ov
et

al.,
2014)

or
op

tim
izes

th
e

in
terp

lay
of

th
e

d
y
n
am

ic-p
rogram

m
in

g
recu

rsion
s

an
d

cost-
m

atrix
com

p
u
tation

s
(C

elisse
et

al.,
2018).

F
or

g
iven

con
stan

ts
D

m
a
x

an
d
c
1 ,c

2
,

S
tep

2
is

straigh
tforw

ard
sin

ce
it

con
sists

in
a

m
in

im
ization

p
rob

lem
am

on
g
D

m
a
x

term
s

alread
y

stored
in

m
em

ory.
T

h
erefore,

th
e

overall
com

p
lex

ity
of

K
C

P
is

at
m

ostO
((C

k
+
D

m
a
x )n

2)
in

tim
e

an
d
O

(D
m
a
x n

)
in

sp
ace.

3
.3
.2
.
S
e
t
t
in
g

t
h
e
C
o
n
st
a
n
t
s
c
1
a
n
d
c
2

A
t

S
tep

2
of

K
C

P
,

tw
o

con
stan

ts
c
1 ,c

2
>

0
ap

p
ear

in
th

e
p

en
alty

term
.

T
h
eoretical

gu
aran

tees
(T

h
eorem

2
in

S
ection

4)
su

ggest
to

take
c
1

=
c
2

=
c

large
en

ou
gh

,
b
u
t

th
e

low
er

b
ou

n
d

on
c

in
T

h
eorem

2
is

p
essim

istic,
an

d
th

e
op

tim
al

va
lu

e
of
c

certain
ly

d
ep

en
d
s

on
u
n
k
n
ow

n
featu

res
of

th
e

d
ata

su
ch

as
th

eir
“varian

ce”,
as

d
iscu

ssed
after

T
h
eorem

2.
In

p
ractice

th
e

con
stan

ts
c
1 ,c

2
m

u
st

b
e

ch
osen

from
d
ata

.
T

o
d
o

so,
w

e
p
rop

ose
a

fu
lly

d
ata-

d
riven

m
eth

o
d
,

b
ased

u
p

on
th

e
“slop

e
h
eu

ristics”
(B

au
d
ry

et
al.,

2012;
A

rlot,
2019

),
th

at
is

ex
p
lain

ed
in

S
ection

6.2.
A

n
oth

er
w

ay
of

ch
o
osin

g
c
1 ,c

2
is

d
escrib

ed
in

A
p
p

en
d
ix

B
.3.
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

3
.3
.3
.
S
e
t
t
in
g

t
h
e
C
o
n
st
a
n
t
D

m
a
x

K
C

P
re

q
u
ir

es
to

sp
ec

if
y

th
e

m
ax

im
al

d
im

en
si

on
D

m
a
x

of
th

e
se

gm
en

ta
ti

on
s

co
n
si

d
er

ed
,

a
ch

oi
ce

th
at

h
as

th
re

e
m

ai
n

co
n
se

q
u
en

ce
s.

F
ir

st
,

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

K
C

P
is

affi
n
e

in
D

m
a
x

,
as

d
is

cu
ss

ed
ab

ov
e.

S
ec

on
d
,

if
D

m
a
x

is
to

o
sm

al
l

—
sm

al
le

r
th

an
th

e
n
u
m

b
er

of
tr

u
e

ch
an

ge
p

oi
n
ts

th
at

ca
n

b
e

d
et

ec
te

d
—

,
th

e
se

gm
en

ta
ti

on
τ̂

p
ro

v
id

ed
b
y

th
e

al
go

ri
th

m
w

il
l

n
ec

es
sa

ri
ly

b
e

to
o

co
ar

se
.

T
h
ir

d
,

w
h
en

th
e

sl
op

e
h
eu

ri
st

ic
s

is
u
se

d
fo

r
ch

o
os

in
g
c 1
,c

2
,

ta
k
in

g
D

m
a
x

la
rg

er
th

an
th

e
tr

u
e

n
u
m

b
er

of
ch

an
ge

p
oi

n
ts

m
ig

h
t

n
ot

b
e

su
ffi

ci
en

t:
b

et
te

r
va

lu
es

fo
r
c 1
,c

2
ca

n
b

e
ob

ta
in

ed
b
y

ta
k
in

g
D

m
a
x

la
rg

er
,

u
p

to
n

.
F

ro
m

ou
r

ex
p

er
im

en
ts

,
it

se
em

s
th

at
D

m
a
x
≈
n
/√

lo
g
n

is
la

rg
e

en
ou

gh
to

p
ro

v
id

e
go

o
d

re
su

lt
s.

3
.4

.
R

e
la

te
d

C
h

a
n

g
e
-p

o
in

t
A

lg
o
ri

th
m

s

In
ad

d
it

io
n

to
th

e
re

fe
re

n
ce

s
gi

ve
n

in
th

e
In

tr
o
d
u
ct

io
n
,

le
t

u
s

m
en

ti
on

a
fe

w
ch

an
ge

-p
oi

n
t

al
go

ri
th

m
s

to
w

h
ic

h
K

C
P

is
m

or
e

cl
os

el
y

re
la

te
d
.

F
ir

st
,

so
m

e
tw

o-
sa

m
p
le

(o
r

h
om

og
en

ei
ty

)
te

st
s

b
as

ed
on

ke
rn

el
s

h
av

e
b

ee
n

su
gg

es
te

d
.

T
h
ey

ta
ck

le
a

si
m

p
le

r
p
ro

b
le

m
th

an
th

e
ge

n
er

al
ch

a
n
ge

-p
oi

n
t

p
ro

b
le

m
d
es

cr
ib

ed
in

S
ec

ti
on

2.
A

m
on

g
th

em
,

G
re

tt
on

et
al

.
(2

01
2a

)
p
ro

p
os

e
a

tw
o-

sa
m

p
le

te
st

b
a
se

d
o
n

a
U

-s
ta

ti
st

ic
of

or
d
er

tw
o,

ca
ll
ed

th
e

m
ax

im
u
m

m
ea

n
d
is

cr
ep

an
cy

(M
M

D
).

A
re

la
te

d
fa

m
il
y

of
tw

o-
sa

m
p
le

te
st

s,
ca

ll
ed

B
-t

es
ts

,
is

p
ro

p
os

ed
b
y

Z
ar

em
b
a

et
al

.
(2

01
3)

;
B

-t
es

ts
ar

e
al

so
u
se

d
b
y

L
i

et
al

.
(2

01
5,

20
19

)
fo

r
lo

ca
li
zi

n
g

a
si

n
gl

e
ch

an
ge

p
oi

n
t.

H
ar

ch
ao

u
i

et
al

.
(2

00
8)

p
ro

p
os

e
a

st
u
d
en

ti
ze

d
k
er

n
el

-b
as

ed
te

st
st

at
is

ti
c

fo
r

te
st

in
g

h
om

og
en

ei
ty

.
R

es
am

p
li
n
g

m
et

h
o
d
s

—
(b

lo
ck

)
b

o
ot

st
ra

p
an

d
p

er
m

u
ta

ti
on

s—
h
av

e
al

so
b

ee
n

p
ro

p
os

ed
fo

r
ch

o
os

in
g

th
e

th
re

sh
ol

d
of

se
ve

ra
l
ke

rn
el

tw
o-

sa
m

p
le

te
st

s
(F

ro
m

on
t

et
al

.,
20

12
;
C

h
w

ia
lk

ow
sk

i
et

al
.,

20
14

;
S
h
ar

ip
ov

et
al

.,
20

16
).

S
ec

on
d
,
H

ar
ch

ao
u
ia

n
d

C
ap

p
é

(2
00

7)
co

n
si

d
er

a
ke

rn
el

-b
as

ed
m

et
h
o
d

fo
r

m
u
lt

ip
le

ch
an

ge
-

p
oi

n
t

d
et

ec
ti

on
,
fo

cu
si

n
g

on
th

e
ca

se
w

h
er

e
th

e
tr

u
e

n
u
m

b
er

of
se

gm
en

ts
D
?

is
k
n
ow

n
.

S
te

p
1

of
K

C
P

b
u
il
d
s

off
th

e
m

et
h
o
d

of
H

ar
ch

ao
u
i

an
d

C
ap

p
é

(2
00

7)
.

T
h
e

p
re

se
n
t

p
a
p

er
p
ro

p
os

es
a

d
at

a-
d
ri

ve
n

ch
oi

ce
of
D

su
p
p

or
te

d
b
y

n
on

-a
sy

m
p
to

ti
c

th
eo

re
ti

ca
l

gu
ar

an
te

es
.

T
h
ir

d
,

w
h
en
X

=
R

an
d
k
(x
,y

)
=
x
y
,
R̂
n
(τ

)
is

th
e

u
su

al
le

as
t-

sq
u
ar

es
ri

sk
an

d
S
te

p
2

of
K

C
P

is
si

m
il
ar

to
th

e
p

en
al

iz
at

io
n

p
ro

ce
d
u
re

s
p
ro

p
os

ed
b
y

C
om

te
an

d
R

oz
en

h
o
lc

(2
00

4)
a
n
d

L
eb

ar
b
ie

r
(2

00
5)

fo
r

d
et

ec
ti

n
g

ch
an

ge
s

in
th

e
m

ea
n

of
a

on
e-

d
im

en
si

o
n
al

si
gn

al
.

W
e

re
fe

r
re

ad
er

s
fa

m
il
ia

r
w

it
h

m
o
d
el

-s
el

ec
ti

on
te

ch
n
iq

u
es

to
S
ec

ti
on

4.
1

fo
r

an
eq

u
iv

al
en

t
fo

rm
u
la

ti
on

of
K

C
P

—
in

m
or

e
ab

st
ra

ct
te

rm
s—

th
at

cl
ea

rl
y

em
p
h
as

iz
es

th
e

li
n
k
s

b
et

w
ee

n
K

C
P

an
d

th
es

e
p

en
al

iz
at

io
n

p
ro

ce
d
u
re

s.

4
.
T
h
e
o
re
ti
ca

l
A
n
a
ly
si
s

W
e

n
ow

p
ro

v
id

e
th

eo
re

ti
ca

l
gu

ar
an

te
es

fo
r

K
C

P
.

W
e

st
ar

t
b
y

re
fo

rm
u
la

ti
n
g

it
in

an
ab

st
ra

ct
w

ay
,

w
h
ic

h
en

li
gh

te
n
s

h
ow

it
w

or
k
s.

4
.1

.
A

b
st

ra
c
t

F
o
rm

u
la

ti
o
n

o
f

K
C

P

L
et
H

=
H
k

d
en

ot
e

th
e

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
(R

K
H

S
)

as
so

ci
a
te

d
w

it
h

th
e

p
os

it
iv

e
se

m
id

efi
n
it

e
ke

rn
el
k

:
X
×
X
→

R
.

T
h
e

ca
n
on

ic
al

fe
at

u
re

m
ap

Φ
:
X
7→
H

is
th

en
d
efi

n
ed

b
y

Φ
(x

)
=
k
(x
,·)
∈
H

fo
r

ev
er

y
x
∈
X

.
A

d
et

ai
le

d
p
re

se
n
ta

ti
on

o
f

p
os

it
iv

e
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A
r
l
o
t
,
C
e
l
is
se

a
n
d

H
a
r
c
h
a
o
u
i

se
m

id
efi

n
it

e
k
er

n
el

s
an

d
re

la
te

d
n
ot

io
n
s

ca
n

b
e

fo
u
n
d

in
se

ve
ra

l
b

o
o
k
s

(S
ch

öl
ko

p
f
a
n
d

S
m

o
la

,
20

01
;

C
u
ck

er
an

d
Z

h
ou

,
20

07
;

S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n
,

20
08

).

L
et

u
s

d
efi

n
e
Y
i

=
Φ

(X
i)
∈
H

fo
r

ev
er

y
i
∈
{1
,.
..
,n
},
Y

=
(Y
i)
1
6
i6
n
∈
H
n
,

th
e

se
t

of
se

gm
en

ta
ti

on
s
T n

:=
⋃
n D
=
1
T
D n

w
h
er

e
T
D n

is
d
efi

n
ed

b
y

E
q
.

(1
),

an
d

fo
r

ev
er

y
τ
∈
T n

,

F
τ

:=
{ f

=
(f

1
,.
..
,f
n
)
∈
H
n

s.
t.
f τ
`
−
1
+
1

=
··
·=

f τ
`
∀1

6
`
6
D
τ

} ,
(3

)

w
h
ic

h
is

a
li
n
ea

r
su

b
sp

ac
e

of
H
n
.

W
e

al
so

d
efi

n
e

on
H
n

th
e

ca
n
on

ic
al

sc
a
la

r
p
ro

d
u
ct

b
y

〈f
,
g
〉:

=
∑

n i=
1
〈f
i,
g i
〉 H

fo
r
f
,g
∈
H
n
,

an
d

w
e

d
en

o
te

b
y
‖·
‖

th
e

co
rr

es
p

on
d
in

g
n
o
rm

.
T

h
en

,
fo

r
an

y
g
∈
H
n
,

Π
τ
g

:=
ar

g
m

in
f
∈F

τ

{ ‖
f
−
g
‖2
}

(4
)

is
th

e
or

th
og

on
al

p
ro

je
ct

io
n

of
g
∈
H
n

on
to
F
τ

,
an

d
sa

ti
sfi

es

∀g
∈
H
n
,
∀1

6
`
6
D
τ
,
∀i
∈

Jτ
`−

1
+

1
,τ
`K,

(Π
τ
g
) i

=
1

τ `
−
τ `
−
1

τ ∑̀

j=
τ `
−
1
+
1

g j
.

(5
)

T
h
is

st
at

em
en

t
is

p
ro

v
ed

in
A

p
p

en
d
ix

A
.1

.

F
ol

lo
w

in
g

H
ar

ch
ao

u
i

an
d

C
ap

p
é

(2
00

7)
,

th
e

em
p
ir

ic
al

ri
sk
R̂
n
(τ

)
d
efi

n
ed

b
y

E
q
.

(2
)

ca
n

b
e

re
w

ri
tt

en
as

R̂
n
(τ

)
=

1 n
‖Y
−
µ̂
τ
‖2

w
h
er

e
µ̂
τ

=
Π
τ
Y
,

(6
)

as
p
ro

ve
d

in
A

p
p

en
d
ix

A
.1

.

F
or

ea
ch

D
∈

J1
,D

m
a
x
K,

S
te

p
1

of
K

C
P

co
n
si

st
s

in
fi
n
d
in

g
a

se
gm

en
ta

ti
o
n
τ̂
(D

)
in
D

se
gm

en
ts

su
ch

th
at

τ̂
(D

)
∈

ar
gm

in
τ
∈T

D n

{ ∥ ∥
Y
−
µ̂
τ

∥ ∥2
}

=
a
rg

m
in
τ
∈T

D n

{
in

f
f
∈F

τ

n ∑ i=
1

∥ ∥ Φ
(X

i)
−
f i
∥ ∥2
}
,

w
h
ic

h
is

th
e

“k
er

n
el

iz
ed

”
v
er

si
on

of
th

e
cl

as
si

ca
ll

ea
st

-s
q
u
ar

es
ch

an
ge

-p
oi

n
t

a
lg

o
ri

th
m

(L
eb

a
r-

b
ie

r,
20

05
).

S
in

ce
th

e
p

en
al

iz
ed

cr
it

er
io

n
of

S
te

p
2

is
si

m
il
ar

to
th

at
of

C
om

te
a
n
d

R
o
ze

n
h
o
lc

(2
00

4)
an

d
L

eb
ar

b
ie

r
(2

00
5)

,
w

e
ca

n
se

e
K

C
P

as
a

“k
er

n
el

iz
at

io
n
”

of
th

es
e

p
en

a
li
ze

d
le

a
st

-
sq

u
ar

es
ch

an
ge

-p
oi

n
t

p
ro

ce
d
u
re

s.

L
et

u
s

em
p
h
as

iz
e

th
at

b
u
il
d
in

g
a

th
eo

re
ti

ca
ll
y
-g

ro
u
n
d
ed

p
en

al
ty

fo
r

su
ch

a
ke

rn
el

le
a
st

-
sq

u
ar

es
ch

an
ge

-p
oi

n
t

al
go

ri
th

m
is

n
ot

st
ra

ig
h
tf

or
w

ar
d
.

F
or

in
st

an
ce

,
w

e
ca

n
n
o
t

a
p
p
ly

th
e

m
o
d
el

-s
el

ec
ti

on
re

su
lt

s
b
y

B
ir

gé
an

d
M

as
sa

rt
(2

00
1)

th
at

w
er

e
u
se

d
b
y

C
om

te
a
n
d

R
o
ze

n
-

h
ol

c
(2

00
4)

an
d

L
eb

ar
b
ie

r
(2

00
5)

.
In

d
ee

d
,

a
G

au
ss

ia
n

h
om

os
ce

d
as

ti
c

as
su

m
p
ti

o
n

is
n
o
t

re
al

is
ti

c
fo

r
ge

n
er

al
H

il
b

er
t-

va
lu

ed
d
at

a,
an

d
w

e
h
av

e
to

co
n
si

d
er

p
os

si
b
ly

h
et

er
o
sc

ed
a
st

ic
d
at

a
fo

r
w

h
ic

h
w

e
as

su
m

e
on

ly
th

at
Y
i

=
Φ

(X
i)

is
b

o
u
n
d
ed

in
H

—
se

e
A

ss
u
m

p
ti

o
n

(D
b

)
in

S
ec

ti
on

4.
3.

N
ot

e
th

at
u
n
b

ou
n
d
ed

d
at

a
X
i

ca
n

sa
ti

sf
y

A
ss

u
m

p
ti

on
(D

b
),

fo
r

in
st

a
n
ce

b
y

ch
o
os

in
g

a
b

ou
n
d
ed

ke
rn

el
su

ch
as

th
e

G
au

ss
ia

n
or

L
ap

la
ce

on
es

.
In

ad
d
it

io
n
,

d
ea

li
n
g

w
it

h
H

il
b

er
t-

va
lu

ed
ra

n
d
om

va
ri

ab
le

s
in

st
ea

d
of

(m
u
lt

iv
ar

ia
te

)
re

al
va

ri
ab

le
s

re
q
u
ir

es
a

n
ew

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
y,

se
e

P
ro

p
os

it
io

n
1

in
S
ec

ti
on

4
.4

.
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

4
.2

.
In

tu
itiv

e
A

n
a
ly

sis

S
ectio

n
4
.1

sh
ow

s
th

at
K

C
P

can
b

e
seen

as
a

kern
elization

of
ch

an
ge-p

oin
t

algorith
m

s
fo

cu
sin

g
o
n

ch
a
n
ges

of
th

e
m

ean
of

th
e

sign
al

(L
eb

arb
ier,

2005,
for

in
stan

ce).
T

h
erefore,

K
C

P
is

lo
o
k
in

g
for

ch
an

ges
in

th
e

“m
ean

”
of
Y
i

=
Φ

(X
i )∈
H

,
p
rov

id
ed

th
at

su
ch

a
n
otion

ca
n

b
e

d
efi

n
ed

.
IfH

is
sep

a
rab

le
an

d
E

[ √
k
(X

i ,X
i )]
<

+
∞

,
w

e
can

d
efi

n
e

th
e

(B
o
ch

n
er)

m
ean

µ
?i ∈
H

o
f

Φ
(X

i )
(L

ed
o
u
x

an
d

T
alagran

d
,

1991),
also

called
th

e
m

ean
elem

en
t

of
P
X
i
,

b
y

∀
g
∈
H
,

〈µ
?i ,
g〉H

=
E [g

(X
i ) ]

=
E [〈Y

i ,
g〉H ]

.
(7)

T
h
en

,
w

e
ca

n
w

rite

∀
1
6
i6

n
,

Y
i

=
µ
?i

+
ε
i ∈
H

w
h
ere

ε
i

:=
Y
i −

µ
?i
.

T
h
e

va
ria

b
les

(ε
i )
16
i6
n

are
in

d
ep

en
d
en

t
a
n
d

cen
tered

—
th

at
is,∀

g
∈
H

,
E

[〈ε
i ,
g〉H

]
=

0.
S
o
,

w
e

ca
n

u
n
d
erstan

d
µ̂
τ

as
th

e
least-sq

u
ares

estim
ator

over
F
τ

o
f
µ
?

=
(µ
?1 ,...,µ

?n
)∈
H
n
.

A
n

in
terestin

g
case

is
w

h
en
k

is
a

ch
a
ra

cteristic
kern

el
(F

u
k
u
m

izu
et

al.,
2008),

or
eq

u
iv

-
a
len

tly,
w

h
en
H
k

is
p
ro

ba
bility-d

eterm
in

in
g

(F
u
k
u
m

izu
et

al.,
2004a,b

).
T

h
en

an
y

ch
an

ge
in

th
e

d
istrib

u
tion

P
X
i

in
d
u
ces

a
ch

an
ge

in
th

e
m

ean
elem

en
t
µ
?i

.
In

su
ch

settin
gs,

w
e

can
ex

p
ect

K
C

P
to

b
e

ab
le

to
d
etect

a
n

y
ch

a
n

ge
in

th
e

d
istrib

u
tion

P
X
i
,
at

lea
st

asy
m

p
totically.

F
or

in
sta

n
ce

th
e

G
au

ssian
k
ern

el
is

ch
aracteristic

(F
u
k
u
m

izu
et

al.,
2004b

,
T

h
eorem

4),
an

d
g
en

era
l

su
ffi

cien
t

con
d
ition

s
for

k
to

b
e

ch
aracteristic

are
k
n
ow

n
(S

rip
eru

m
b
u
d
u
r

et
al.,

2
0
1
0
,

2
0
11

).
N

o
te

th
at

S
h
arip

ov
et

al.
(2016)

su
ggest

to
u
se
k6

(x
,y

)
=

1
x6
y

as
a

“kern
el”

w
ith

in
a

tw
o
-sa

m
p
le

test,
in

ord
er

to
lo

ok
for

an
y

ch
an

ge
of

th
e

d
istrib

u
tion

o
f

real-valu
ed

d
ata

X
i

(E
x
a
m

p
le

3
).

T
h
is

id
ea

is
sim

ilar
to

ou
r

p
rop

osal
of

u
sin

g
K

C
P

w
ith

a
ch

a
racteristic

k
ern

el
fo

r
ta

ck
lin

g
E

x
am

p
le

3,
even

if
w

e
d
o

n
o
t

ad
v
ise

to
take

k
=
k6

w
ith

in
K

C
P

.
In

d
eed

,
w

h
en

k
=
k6

,R̂
n
(τ

)
=
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d
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b
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p
tio

n
s

T
h
ro

u
g
h
o
u
t

th
e

p
ap

er,
w

e
assu

m
e

th
atH

is
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ra
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p
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d
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b
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.
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∀
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‖
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2H
=
k
(X

i ,X
i )6

M
2
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d
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h
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∞
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v
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h
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=
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′∈
X

,
an

d
som

e
m

easu
rab

le
fu

n
ction

k
:X
→
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h
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n
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p
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p
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at
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Π
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2 √

2x
D
τ )
.

P
rev

iou
s

con
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‖Π
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c
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p
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∈
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(9)
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e

li
n
ea

r
k
er

n
el

an
d

G
au

ss
ia

n
d
at

a
b

el
o
n
g
in

g
to

X
=

R
,
(D

b
)

is
n
ot

sa
ti

sfi
ed

,
b
u
t

ot
h
er

si
m

il
ar

or
ac

le
in

eq
u
al

it
ie

s
h
av

e
b

ee
n

p
ro

ve
d

w
it

h
M

2

re
p
la

ce
d

b
y

th
e

re
si

d
u
al

va
ri

an
ce

(L
eb

ar
b
ie

r,
20

05
).

In
p
ra

ct
ic

e,
as

w
e

d
o

in
th

e
ex

p
er

im
en

ts
of

S
ec

ti
on

s
6–

7,
w

e
re

co
m

m
en

d
to

u
se

a
d
at

a-
d
ri

ve
n

va
lu

e
fo

r
th

e
le

ad
in

g
co

n
st

a
n
t
C

in
th

e
p

en
al

ty
,

as
ex

p
la

in
ed

in
S
ec

ti
on

3.
3.

T
h
eo

re
m

2
al

so
ap

p
li
es

to
K

C
P

w
it

h
si

m
p
li
fi
ed

p
en

al
ty

sh
ap

es
.

In
d
ee

d
,

∀D
∈
{1
,.
..
,n
},

(
n
−

1

D
−

1

)
=
D n

(
n D

)
6
(
n D

)
6
n
D

D
!
6
( n

e

D

) D

so
th

at
T

h
eo

re
m

2
ap

p
li
es

to
th

e
p

en
al

ty
D n

[c
1

lo
g
(
n D

)
+
c 2

]
—

si
m

il
ar

to
th

e
on

e
o
f

L
eb

a
rb

ie
r

(2
00

5)
—

as
so

on
as
c 1
,c

2
>
L
1
M

2
.

A
B

IC
-t

y
p

e
p

en
al

ty
C
D

lo
g
(n

)/
n

is
a
ls

o
co

ve
re

d
b
y

T
h
eo

re
m

2
p
ro

v
id

ed
th

at
C

>
2
.5
L
1
M

2
an

d
n
>

2,
ev

en
if

w
e

d
o

n
o
t

re
co

m
m

en
d

to
u
se

it
—

se
e

S
ec

ti
on

6.
3.

A
n
ic

e
fe

at
u
re

of
T

h
eo

re
m

2
is

th
at

it
h
ol

d
s

u
n
d
er

m
il
d

as
su

m
p
ti

on
s:

w
e

o
n
ly

n
ee

d
th

e
d
at

a
X
i

to
b

e
in

d
ep

en
d
en

t
an

d
to

h
av

e
(D

b
)

sa
ti

sfi
ed

.
A

s
n
ot

ic
ed

in
S
ec

ti
o
n

4
.3

,
(D

b
)

h
ol

d
s

tr
u
e

fo
r

an
y

tr
an

sl
at

io
n
-i

n
va

ri
an

t
ke

rn
el

,
su

ch
as

th
e

G
au

ss
ia

n
an

d
L

a
p
la

ce
ke

rn
el

s.
C

om
p
ar

ed
to

p
re

v
io

u
s

re
su

lt
s

(C
om

te
an

d
R

oz
en

h
ol

c,
20

04
;
L

eb
ar

b
ie

r,
20

05
),

w
e

d
o

n
o
t

n
ee

d
th

e
d
at

a
to

b
e

G
a
u
ss

ia
n

or
h
om

os
ce

d
a
st

ic
.

F
u
rt

h
er

m
or

e,
th

e
in

d
ep

en
d
en

ce
a
ss

u
m

p
ti

o
n

ca
n

ce
rt

ai
n
ly

b
e

re
la

x
ed

:
to

d
o

so
,

it
w

ou
ld

b
e

su
ffi

ci
en

t
to

p
ro

v
e

co
n
ce

n
tr

at
io

n
in

eq
u
a
li
ti

es
si

m
il
ar

to
P

ro
p

os
it

io
n
s

1
an

d
3

fo
r

so
m

e
d
ep

en
d
en

t
X
i
.

In
th

e
p
ar

ti
cu

la
r

se
tt

in
g

w
h
er

e
X

=
R

an
d
k

is
th

e
li
n
ea

r
ke

rn
el

(x
,y

)
7→
x
y
,

T
h
eo

re
m

2
p
ro

v
id

es
an

or
ac

le
in

eq
u
al

it
y

si
m

il
ar

to
th

e
on

e
p
ro

v
ed

b
y

L
eb

a
rb

ie
r

(2
00

5)
fo

r
G

a
u
ss

ia
n

a
n
d

h
om

os
ce

d
as

ti
c

re
al

-v
al

u
ed

d
at

a.
T

h
e

p
ri

ce
to

p
ay

fo
r

ex
te

n
d
in

g
th

is
re

su
lt

to
h
et

er
o
sc

ed
a
st

ic
H

il
b

er
t-

va
lu

ed
d
at

a
is

ra
th

er
m

il
d
:

w
e

on
ly

as
su

m
e

(D
b

)
an

d
re

p
la

ce
th

e
re

si
d
u
a
l

va
ri

a
n
ce

b
y
M

2
.

A
p
ar

t
fr

om
th

e
re

su
lt

s
al

re
ad

y
m

en
ti

on
ed

,
a

fe
w

or
ac

le
in

eq
u
al

it
ie

s
h
av

e
b

ee
n

p
ro

ve
d

fo
r

ch
an

ge
-p

oi
n
t

p
ro

ce
d
u
re

s,
fo

r
re

al
-v

al
u
ed

d
at

a
w

it
h

a
m

u
lt

ip
li
ca

ti
ve

p
en

al
ty

(B
a
ra

u
d

et
a
l.
,

20
09

),
fo

r
d
is

cr
et

e
d
at

a
(A

ka
k
p

o,
20

11
),

fo
r

co
u
n
ti

n
g

d
at

a
w

it
h

a
to

ta
l-

va
ri

a
ti

o
n

p
en

a
lt

y
(A

la
ya

et
al

.,
20

1
5)

,
fo

r
co

u
n
ti

n
g

d
at

a
w

it
h

a
p

en
al

iz
ed

m
ax

im
u
m

-l
ik

el
ih

o
o
d

p
ro

ce
d
u
re

(C
le

y
n
en

an
d

L
eb

ar
b
ie

r,
20

14
)

an
d

fo
r

d
at

a
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
an

ex
p

o
n
en

ti
a
l

fa
m

il
y

(C
le

y
n
en

an
d

L
eb

ar
b
ie

r,
20

17
).

A
m

on
g

th
es

e
or

ac
le

in
eq

u
al

it
ie

s,
on

ly
th

e
re

su
lt

b
y

A
ka

k
p

o
(2

01
1)

is
m

or
e

p
re

ci
se

th
an

T
h
eo

re
m

2
—

th
er

e
is

n
o

lo
g
(n

)
fa

ct
or

co
m

p
ar

ed
to

th
e

o
ra

cl
e

lo
ss

—
,

at
th

e
p
ri

ce
of

u
si

n
g

a
sm

al
le

r
(d

ya
d
ic

)
co

ll
ec

ti
on

o
f

p
os

si
b
le

se
gm

en
ta

ti
o
n
s,

h
en

ce
a

w
or

se
or

ac
le

p
er

fo
rm

an
ce

in
ge

n
er

al
.

5
.
M

a
in

P
ro

o
fs

W
e

n
ow

p
ro

ve
th

e
m

ai
n

re
su

lt
s

of
th

e
p
ap

er
,

T
h
eo

re
m

2
an

d
P

ro
p

os
it

io
n

1.

5
.1

.
O

u
tl

in
e

o
f

th
e

P
ro

o
f

o
f

T
h

e
o
re

m
2

A
s

u
su

al
fo

r
p
ro

v
in

g
an

or
ac

le
in

eq
u
al

it
y

(s
ee

A
rl

ot
,

20
14

,
S
ec

ti
on

2.
2)

,
w

e
re

m
a
rk

th
a
t

b
y

E
q
.

(1
1)

,
fo

r
ev

er
y
τ
∈
T n

,

R̂
n
(τ̂

)
+

p
en

(τ̂
)
6
R̂
n
(τ

)
+

p
en

(τ
)
.
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

T
h
erefore,

R
(µ̂
τ̂ )

+
p

en
(τ̂

)−
p

en
id (τ̂

)6
R

(µ̂
τ )

+
p

en
(τ

)−
p

en
id (τ

)
(13)

w
h
ere

∀
τ
∈
T
,

p
en

id (τ
)

:=
R

(µ̂
τ )−

R̂
n
(τ

)
+

1n
‖ε‖

2
.

(14)

T
h
e

id
ea

of
th

e
p
ro

of
is

th
at

if
w

e
p
rove

th
at

p
en

(τ
)>

p
en

id (τ
)

for
every

τ
∈
T
n

,
w

e
get

a
n

o
ra

cle
in

eq
u
ality

sim
ilar

to
E

q
.

(12).
W

h
at

rem
ain

s
to

ob
tain

is
a

d
eterm

in
istic

u
p
p

er
b

o
u
n
d

o
n

th
e

id
ea

l
pen

a
lty

p
en

id (τ
)

th
at

h
old

s
tru

e
sim

u
ltan

eou
sly

for
all

τ
∈
T
n

on
a

large
p
ro

b
a
b
ility

even
t.

T
o

th
is

aim
,
w

e
com

p
u
te

E
[p

en
id (τ

)]
an

d
sh

ow
th

at
p

en
id (τ

)
con

cen
trates

a
ro

u
n
d

its
ex

p
ectation

for
every

τ
∈
T
n

(S
ection

s
5.2–

5.4).
T

h
en

w
e

u
se

a
u
n
ion

b
ou

n
d

as
d
eta

iled
in

S
ection

5.5.
A

sim
ilar

strategy
is

u
sed

for
in

stan
ce

b
y

C
om

te
an

d
R

ozen
h
olc

(2
0
0
4
)

a
n
d

L
eb

arb
ier

(2005)
in

th
e

sp
ecifi

c
co

n
tex

t
of

ch
a
n
ge-p

oin
t

d
etection

.

N
o
te

th
a
t

w
e

p
rove

b
elow

a
sligh

tly
w

eaker
resu

lt
th

an
p

en
(τ

)
>

p
en

id (τ
),

w
h
ich

is
n
everth

eless
su

ffi
cien

t
to

ob
tain

E
q
.

(1
2).

R
em

ark
also

th
at

E
q
.

(13)
w

ou
ld

b
e

tru
e

if
th

e
co

n
sta

n
t
n
−
1‖ε‖

2
in

th
e

d
efi

n
ition

(14)
of

p
en

id
w

as
rep

laced
b
y

an
y

q
u
an

tity
in

d
ep

en
d
en

t
fro

m
τ
;

th
e

rea
son

s
for

th
is

sp
ecifi

c
ch

o
ice

ap
p

ear
in

th
e

com
p
u
tation

s
b

elow
.

5
.2

.
C

o
m

p
u

ta
tio

n
o
f

th
e

Id
e
a
l

P
e
n

a
lty

F
ro

m
E

q
.

(1
4
)

it
resu

lts
th

at
for

every
τ
∈
T
n

,

n
×

p
en

id (τ
)

=
‖µ̂

τ −
µ
?‖

2−
‖
µ̂
τ −

Y
‖
2

+
‖
ε‖

2

=
‖µ̂

τ −
µ
?‖

2−
‖
µ̂
τ −

µ
?−

ε‖
2

+
‖ε‖

2

=
2〈µ̂

τ −
µ
?,
ε〉

=
2 〈Π

τ (µ
?

+
ε)−

µ
?,
ε 〉

=
2〈Π

τ µ
?−

µ
?,
ε〉

+
2〈Π

τ ε,
ε〉

=
2〈Π

τ µ
?−

µ
?,
ε〉

+
2‖Π

τ ε‖
2

(15)

sin
ce

Π
τ

is
an

orth
ogon

al
p
ro

jection
.

T
h
e

n
ex

t
tw

o
section

s
fo

cu
s

sep
arately

on
th

e
tw

o
term

s
a
p
p

ea
rin

g
in

E
q
.

(15).

5
.3

.
C

o
n

c
e
n
tra

tio
n

o
f

th
e

L
in

e
a
r

T
e
rm

W
e

p
rove

in
S
ection

A
.2

th
e

follow
in

g
con

cen
tration

in
eq

u
ality

for
th

e
lin

ear
term

in
E

q
.
(15),

m
o
stly

b
y

a
p
p
ly

in
g

B
ern

stein
’s

in
eq

u
ality.

P
ro

p
o
sitio

n
3

(C
o
n

c
e
n
tra

tio
n

o
f

th
e

lin
e
a
r

te
rm

)
If

(D
b

)
h
o
ld

s
tru

e,
th

en
fo

r
every

x
>

0
,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2e −

x,

∀
θ
>

0
,
∣∣∣ 〈(I−

Π
τ )µ

?,
Φ

(X
)−

µ
? 〉 ∣∣∣ 6

θ‖
Π
τ µ

?−
µ
?‖

2
+

(
v
m
a
x

2θ
+

4M
2

3

)
x
.

(16)

5
.4

.
D

e
a
lin

g
W

ith
th

e
Q

u
a
d

ra
tic

T
e
rm

W
e

n
ow

fo
cu

s
o
n

th
e

q
u
ad

ratic
term

in
th

e
righ

t-h
an

d
sid

e
of

E
q
.

(15).
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A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

5
.4
.1
.
P
r
e
l
im

in
a
r
y
C
o
m
p
u
t
a
t
io
n
s

W
e

start
b
y

p
rov

id
in

g
a

u
sefu

l
closed

-fo
rm

form
u
la

for‖Π
τ ε‖

2
an

d
b
y

com
p
u
tin

g
its

ex
p

ec-
tation

.
F

irst,
a

straigh
tforw

ard
con

seq
u
en

ce
of

E
q
.

(5)
is

th
at

‖
Π
τ ε‖

2
=

D
τ

∑`=
1 

1

τ
` −

τ
`−

1 ∥∥∥∥∥

τ
∑̀

i=
τ
`−

1
+
1

ε
i ∥∥∥∥∥

2H 
(17)

=

D
τ

∑`=
1 [

1

τ
` −

τ
`−

1

∑

τ
`−

1
+
16
i,j6

τ
` 〈ε

i ,
ε
j 〉H ]

.
(18)

S
econ

d
,

w
e

rem
ark

th
at

for
every

i,j∈
{1,...,n}

,

E
[〈ε

i ,
ε
j 〉H ]

=
E
[〈Φ

(X
i ),

Φ
(X

j )〉H ]−
E
[〈µ

?i ,
Φ

(X
j )〉H ]−

E
[〈Φ

(X
i ),

µ
?j 〉H ]

+
〈µ

?i ,
µ
?j 〉H

=
E
[〈Φ

(X
i ),

Φ
(X

j )〉H ]−
〈µ

?i ,
µ
?j 〉H

=
1
i=
j (E

[k
(X

i ,X
i )]−

‖
µ
?i ‖

2H )
=

1
i=
j v
i .

(19)

C
om

b
in

in
g

E
q
.

(18)
an

d
(19),

w
e

get

E
[‖Π

τ ε‖
2 ]

=

D
τ

∑`=
1 

1

τ
` −

τ
`−

1

τ
∑̀

i=
τ
`−

1
+
1

v
i 

=

D
τ

∑`=
1

v
τ`
,

(20)

w
h
ere

v
τ`

:=
1

τ
` −
τ
`−

1 ∑
τ
`
i=
τ
`−

1
+
1
v
i .

5
.4
.2
.
C
o
n
c
e
n
t
r
a
t
io
n
:
P
r
o
o
f
o
f
P
r
o
p
o
sit

io
n
1

T
h
is

p
ro

of
is

in
sp

ired
from

th
at

of
a

con
cen

tration
in

eq
u
ality

b
y

S
au

v
é

(2009)
in

th
e

con
tex

t
of

regression
w

ith
real-valu

ed
n
on

-G
au

ssian
n
oise.

L
et

u
s

d
efi

n
e

T
`

:=
1

τ
` −

τ
`−

1 ∥∥∥∥∥∥

τ
∑̀

j=
τ
`−

1
+
1

ε
j ∥∥∥∥∥∥

2H

,
so

th
at

‖Π
τ ε‖

2
=

∑16
`6
D
τ

T
`

b
y

E
q
.

(17).
S
in

ce
th

e
real

ran
d
om

variab
les

(T
` )

16
`6
D
τ

are
in

d
ep

en
d
en

t,
w

e
get

a
con

-
cen

tration
in

eq
u
ality

for
th

eir
su

m
‖
Π
τ ε‖

2
v
ia

B
ern

stein
’s

in
eq

u
ality

(P
rop

osition
6

in
A

p
p

en
d
ix

B
.1)

as
lon

g
as
T
`

satisfi
es

som
e

m
om

en
t

con
d
ition

s.
T

h
e

rest
of

th
e

p
ro

of
con

-
sists

in
sh

ow
in

g
su

ch
m

om
en

t
b

ou
n
d
s

b
y

u
sin

g
P

in
elis-S

ak
h
an

en
k
o’s

d
ev

iation
in

eq
u
ality

(P
rop

osition
7

in
A

p
p

en
d
ix

B
.1).

F
irst,

n
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gé
an

d
M

as
sa

rt
(2

00
1)

an
d

b
y

L
eb

ar
b
ie

r
(2

00
5)

fo
r

in
st

an
ce

.
T

h
ey

ca
n
n
ot

b
e

a
p
p
li
ed

h
er

e
si

n
ce
ε

ca
n
n
ot

b
e

as
su

m
ed

G
au

ss
ia

n
,

an
d

th
e
ε j

d
o

n
ot

n
ec

es
sa

ri
ly

h
av

e
th

e
sa

m
e

va
ri

a
n
ce

.
S
ec

on
d
,

E
q
.

(1
8)

sh
ow

s
th

at
‖Π

τ
ε‖

2
is

a
U

-s
ta

ti
st

ic
of

or
d
er

2.
S
om

e
ti

g
h
t

ex
p

o
n
en

ti
al

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
ex

is
t

fo
r

su
ch

q
u
an

ti
ti

es
w

h
en

ε j
∈

R
(H

ou
d
ré
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é
an

d
N

ic
k
l,

2
0
1
6,

T
h
eo

re
m

3.
4.

8)
.

In
b

ot
h

re
su

lt
s,

a
te

rm
of

or
d
er
M

2
x
2

ap
p

ea
rs

in
th

e
d
ev

ia
ti

o
n
s,

w
h
ic

h
is

to
o

la
rg

e
b

ec
au

se
th

e
p
ro

of
of

T
h
eo

re
m

2
re

li
es

on
P

ro
p

os
it

io
n

1
w

it
h
x
�

D
τ

:
w

e
re

a
ll
y

n
ee

d
a

sm
al

le
r

d
ev

ia
ti

on
te

rm
,

as
in

P
ro

p
os

it
io

n
1

w
h
er

e
it

is
p
ro

p
or

ti
on

al
to
M

2
x

.
T

h
ir

d
,

si
n
ce ‖Π

τ
ε‖

=
su

p
f
∈H

n
,‖
f
‖=

1

∣ ∣ 〈f
,

Π
τ
ε〉
∣ ∣ =

su
p

f
∈H

n
,‖
f
‖=

1

∣ ∣
n ∑ i=
1

〈f
i,

(Π
τ
ε)
i〉 H
∣ ∣ ,

T
al

ag
ra

n
d
’s

in
eq

u
al

it
y

(B
ou

ch
er

on
et

al
.,

20
13

,
C

or
ol

la
ry

12
.1

2)
p
ro

v
id

es
a

co
n
ce

n
tr

a
ti

on
in

eq
u
al

it
y

fo
r
‖Π

τ
ε‖

ar
ou

n
d

it
s

ex
p

ec
ta

ti
on

.
M

or
e

p
re

ci
se

ly
,

w
e

ca
n

ge
t

th
e

fo
ll
ow

in
g

re
su

lt
,

w
h
ic

h
is

p
ro

ve
d

in
A

p
p

en
d
ix

B
.2

.

P
ro

p
o
si

ti
o
n

4
If

(D
b

)
h
o
ld

s
tr

u
e,

th
en

fo
r

ev
er

y
x
>

0
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2
e−

x
,

∣ ∣ ‖
Π
τ
ε‖
−

E[
‖Π

τ
ε‖
]∣ ∣

6
√

2x

( 4M
E[
‖Π

τ
ε‖
] +

m
ax

1
6
`6
D
τ

v
τ `

)
+

2
M
x

3
.

(2
3
)

T
h
er

ef
or

e,
in

or
d
er

to
ge

t
a

co
n
ce

n
tr

at
io

n
in

eq
u
a
li
ty

fo
r
‖Π

τ
ε‖

2
,

w
e

h
av

e
to

sq
u
a
re

E
q
.

(2
3
)

an
d

w
e

n
ec

es
sa

ri
ly

ge
t

a
d
ev

ia
ti

on
te

rm
of

or
d
er
M

2
x
2
.

A
s

w
it

h
th

e
U

-s
ta

ti
st

ic
s

a
p
p
ro

a
ch

,
th

is
is

to
o

la
rg

e
fo

r
ou

r
n
ee

d
s.

F
ou

rt
h
,

gi
ve

n
E

q
.

(1
7)

,
it

is
al

so
n
at

u
ra

l
to

th
in

k
of

P
in

el
is

-S
ak

h
an

en
ko

’s
in

eq
u
a
l-

it
y

(P
in

el
is

an
d

S
ak

h
an

en
k
o,

19
86

),
b
u
t

th
is

re
su

lt
al

on
e

is
n
ot

p
re

ci
se

en
o
u
g
h

b
ec

a
u
se

it
is

a
d
ev

ia
ti

o
n

in
eq

u
al

it
y,

an
d

n
ot

a
co

n
ce

n
tr

a
ti

o
n

in
eq

u
al

it
y.

It
is

n
ev

er
th

el
es

s
a

ke
y

in
gr

ed
ie

n
t

in
th

e
p
ro

of
of

P
ro

p
os

it
io

n
1.

18
JM

L
R

 2
0(

16
2)

:1
-5

6,
 2

01
9



A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

5
.5

.
O

ra
c
le

In
e
q
u

a
lity

:
P

ro
o
f

o
f

T
h

e
o
re

m
2

W
e

n
ow

en
d

th
e

p
ro

of
of

T
h
eorem

2
as

ex
p
lain

ed
in

S
ectio

n
5.1.

5
.5
.1
.
U
p
p
e
r
B
o
u
n
d

o
n

p
en

id (τ
)
f
o
r
E
v
e
r
y
τ
∈
T
n

F
irst,

b
y

E
q
.

(1
5)

for
every

τ
∈
T
n

,

p
en

id (τ
)

=
1n

(‖µ̂
τ −

µ
?‖

2−
‖
µ̂
τ −

Y
‖
2

+
‖
ε‖

2 )
=

2n
‖Π

τ ε‖
2−

2n 〈(I−
Π
τ )µ

?,
ε 〉
.

(24)

In
o
th

er
w

o
rd

s,
p

en
id (τ

)
is

th
e

su
m

of
tw

o
term

s,
for

w
h
ich

P
ro

p
osition

s
1

an
d

3
p
rov

id
e

co
n
cen

tra
tio

n
in

eq
u
alities.

O
n

th
e

on
e

h
an

d
,

b
y

P
rop

osition
1

u
n
d
er

(D
b

),
for

every
τ
∈
T
n

an
d
x

>
0,

w
ith

p
ro

b
a
b
ility

a
t

least
1−

e −
x

w
e

h
ave

2n
‖
Π
τ ε‖

26
2n

(
E
[‖

Π
τ ε‖

2 ]
+

14M
2

3

(
x

+
2 √

2
x
D
τ ) )

(25)

6
2M

2

n

(
D
τ

+
14x3

+
283

√
2
x
D
τ )

(26)

sin
ce

E
[‖

Π
τ ε‖

2 ]
=

D
τ

∑j=
1

v
τj
6
D
τ M

2

b
y

E
q
.

(2
0
).

O
n

th
e

oth
er

h
an

d
,

b
y

P
rop

osition
3

u
n
d
er

(D
b

),
for

every
τ
∈
T
n

an
d
x
>

0,
w

ith
p
ro

b
a
b
ility

at
least

1−
2e −

x
w

e
h
ave

∀
θ
>

0,
2n ∣∣∣ 〈(I−

Π
τ )µ

?,
ε 〉 ∣∣∣ 6

2
θn
‖Π

τ µ
?−

µ
?‖

2
+

2n

(
v
m
a
x

2θ
+

4M
2

3

)
x

6
2
θn
‖Π

τ µ
?−

µ
?‖

2
+
x
M

2

n

(
θ −

1
+

83 )
.

(27)

F
o
r

every
τ
∈
T
n

an
d
x
>

0,
let

Ω
τx

b
e

th
e

even
t

on
w

h
ich

E
q
.

(26)
an

d
(27)

h
o
ld

tru
e.

A
u
n
io

n
b

o
u
n
d

sh
ow

s
th

at
P

(Ω
τx )>

1−
3e −

x.
F

u
rth

erm
ore,

co
m

b
in

in
g

E
q
.

(24),
(26)

an
d

(27)
sh

ow
s

th
a
t

o
n

Ω
τx

,
for

every
θ
>

0,

p
en

id (τ
)6

2
M

2

n

(
D
τ

+
14x3

+
283

√
2x
D
τ )

+
2θn
‖
Π
τ µ

?−
µ
?‖

2
+
x
M

2

n

(
θ −

1
+

83 )

6
2
θR

(µ̂
τ )

+
M

2

n

[
2D

τ
+

(
θ −

1
+

363

)
x

+
563

√
2
x
D
τ ]

(28)

u
sin

g
th

a
t
n
−
1‖Π

τ µ
?−

µ
?‖

2
=
R

(Π
τ µ

?)6
R

(µ̂
τ )

b
y

d
efi

n
ition

of
th

e
orth

ogon
al

p
ro

jection
Π
τ

,
a
n
d

p
en

id (τ
)>
−

2n 〈(I−
Π
τ )µ

?,
ε 〉

>
−

2θn
‖Π

τ µ
?−

µ
?‖

2−
x
M

2

n

(
θ −

1
+

83 )

>
−

2
θR

(µ̂
τ )−

x
M

2

n

(
θ −

1
+

83 )
.

(29)

19
JM

L
R

 20(162):1-56, 2019

A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

5
.5
.2
.
U
n
io
n
B
o
u
n
d

O
v
e
r
t
h
e
M
o
d
e
l
s
a
n
d

C
o
n
c
l
u
sio

n

L
et
y
>

0
b

e
fi
x
ed

an
d

let
u
s

d
efi

n
e

th
e

even
t

Ω
y

=
⋂
τ∈T

n
Ω
τx
(τ
,y
)

w
h
ere

for
every

τ
∈
T
n

,

x
(τ,y

)
:=

y
+

log (
3

e−
1 )

+
D
τ

+
log (

n
−

1

D
τ −

1 )
.

T
h
en

,
sin

ce

C
ard{

τ
∈
T
n |D

τ
=
D
}

=

(
n
−

1

D
−

1 )

for
every

D
∈
{1,...,n},

a
u
n
ion

b
o
u
n
d

sh
ow

s
th

a
t

P
(Ω

y )>
1−

∑τ∈T
n P (

Ω
τx
(τ
,y
) )

>
1−

3
n
∑D
=
1

e −
y−

lo
g(

3
e−

1 ) −
D

=
1−

(e−
1)e −

y
n
∑D
=
1

e −
D

>
1−

e −
y
.

In
ad

d
ition

,
on

Ω
y

,
for

every
τ
∈
T
n

,
E

q
.
(28)

an
d

(2
9)

h
old

tru
e

w
ith

x
=
x

(τ,y
)>

D
τ

,
h
en

ce,
tak

in
g
θ

=
1/

6,
w

e
get

th
at

−
263

M
2x

(τ,y
)

n
−

13 R
(µ̂
τ )6

p
en

id (τ
)6

13 R
(µ̂
τ )

+

(
20

+
56 √

2

3

)
M

2x
(τ,y

)

n
.

L
et

u
s

d
efi

n
e

κ
1

:=
20

+
56 √

2

3
an

d
κ
2

:=
263
,

an
d

assu
m

e
th

at
C

>
κ
1

.
T

h
en

,
u
sin

g
E

q
.

(10),
w

e
h
av

e

p
en

id (τ
)6

13 R
(µ̂
τ )

+
p

en
(τ

)
+
κ
1 M

2 [y
+

log (3/
(e−

1) )]

n

p
en

id (τ
)>
−

13 R
(µ̂
τ )−

κ
2

C
p

en
(τ

)−
κ
2 M

2 [y
+

lo
g (3/

(e−
1) )]

n
.

T
h
erefore,

b
y

E
q
.

(13),
on

Ω
y

,
for

every
τ
∈
T
n

,

23 R
(µ̂
τ̂ )−

κ
1 M

2 [y
+

log (3/
(e−

1) )]

n

6
43 R

(µ̂
τ )

+
(

1
+
κ
2

C

)
p

en
(τ

)
+
κ
2 M

2 [y
+

log (3/
(e−

1) )]

n

h
en

ce23 R
(µ̂
τ̂ )6

43 R
(µ̂
τ )

+
(

1
+
κ
2

C

)
p

en
(τ

)
+

(κ
1

+
κ
2 )M

2 [y
+

log (3
/(e−

1) )]

n

6
43 R

(µ̂
τ )

+

(
1

+
κ
2

+
(κ

1
+
κ
2 )

log (3
/(e−

1) )

C

)
p

en
(τ

)
+

(κ
1

+
κ
2 ) M

2y

n

2
0

JM
L

R
 20(162):1-56, 2019



A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

si
n
ce

p
en

(τ
)
>
C
M

2
/n

fo
r

ev
er

y
τ
∈
T n

.
M

u
lt

ip
ly

in
g

b
ot

h
si

d
es

b
y

3/
2,

w
e

ge
t

th
at

if
C

>
κ
1

,
on

Ω
y

,

R
(µ̂
τ̂
)
6

in
f

τ
∈T

n

{
2
R

(µ̂
τ
)

+
3 2

(
1

+
κ
2

+
(κ

1
+
κ
2
)

lo
g
( 3
/(

e
−

1)
)

C

)
p

en
(τ

)}

+
3(
κ
1

+
κ
2
)

2

M
2
y

n
.

L
et

u
s

fi
n
al

ly
d
efi

n
e

L
1

:=
3[ κ

2
+

(κ
1

+
κ
2
)

lo
g
( 3
/
(e
−

1)
)]

>
κ
1

so
th

at
3 2

(
1

+
κ
2

+
(κ

1
+
κ
2
)

lo
g
( 3
/(

e
−

1)
)

L
1

)
=

2
.

T
h
en

,
w

e
ge

t
th

at
if
C

>
L
1

,
on

Ω
y

,

R
(µ̂
τ̂
)
6

2
in

f
τ
∈T

n

{ R
(µ̂
τ
)

+
p

en
(τ

)}
+

3(
κ
1

+
κ
2
)

2

M
2
y

n

an
d

th
e

re
su

lt
fo

ll
ow

s.

6
.
E
x
p
e
ri
m
e
n
ts

o
n
S
y
n
th

e
ti
c
D
a
ta

T
h
is

se
ct

io
n

re
p

or
ts

th
e

re
su

lt
s

of
so

m
e

ex
p

er
im

en
ts

on
sy

n
th

et
ic

d
at

a
th

at
il
lu

st
ra

te
th

e
p

er
fo

rm
an

ce
of

K
C

P
.

6
.1

.
D

a
ta

-g
e
n

e
ra

ti
o
n

P
ro

c
e
ss

T
h
re

e
sc

en
ar

io
s

ar
e

co
n
si

d
er

ed
:

(1
)

re
al

-v
al

u
ed

d
at

a
w

it
h

a
ch

an
gi

n
g

(m
ea

n
,v

a
ri

an
ce

),
(2

)
re

al
-v

al
u
ed

d
at

a
w

it
h

co
n
st

an
t

m
ea

n
an

d
va

ri
an

ce
,

an
d

(3
)

h
is

to
gr

am
-v

al
u
ed

d
at

a
as

in
E

x
am

p
le

4.
In

th
e

th
re

e
sc

en
ar

io
s,

th
e

sa
m

p
le

si
ze

is
n

=
1

00
0

an
d

th
e

tr
u
e

se
gm

en
ta

ti
on

τ
?

is
m

ad
e

of
D
?

=
11

se
gm

en
ts

,
w

it
h

ch
an

ge
-p

oi
n
ts
τ
? 1

=
10

0,
τ
? 2

=
13

0,
τ
? 3

=
22

0,
τ
? 4

=
32

0,
τ
? 5

=
3
70

,
τ
? 6

=
52

0,
τ
? 7

=
62

0,
τ
? 8

=
74

0,
τ
? 9

=
79

0,
τ
? 1
0

=
87

0
(s

ee
F

ig
u
re

1)
.

F
or

ea
ch

sa
m

p
le

,
w

e
ch

o
os

e
ra

n
d
om

ly
th

e
d
is

tr
ib

u
ti

on
of

th
e
X
i

w
it

h
in

ea
ch

se
gm

en
t

of
τ
?

as
d
et

ai
le

d
b

el
ow

;
n
ot

e
th

at
w

e
al

w
ay

s
m

ak
e

su
re

th
a
t

th
e

d
is

tr
ib

u
ti

on
of
X
i

d
o
es

ch
an

ge
at

ea
ch

τ
? `

.
F

or
ea

ch
sc

en
ar

io
,

w
e

ge
n
er

at
e
N

=
50

0
in

d
ep

en
d
en

t
sa

m
p
le

s,
fr

om
w

h
ic

h
w

e
es

ti
m

at
e

al
l

q
u
an

ti
ti

es
th

at
ar

e
re

p
or

te
d

in
S
ec

ti
on

6.
3.

S
ce

n
a
ri

o
1
:

R
ea

l-
va

lu
ed

d
a
ta

w
it

h
ch

a
n

gi
n

g
(m

ea
n

,
va

ri
a
n

ce
).

T
h
e

d
is

tr
ib

u
ti

on
of

X
i
∈
R

is
ra

n
d
om

ly
p
ic

ke
d

ou
t

fr
om

:
B(

10
,0
.2

)
(b

in
om

ia
l)

,
N
B(

3,
0.

7)
(n

eg
at

iv
e-

b
in

om
ia

l)
,

H
(1

0
,5
,2

)
(h

y
p

er
ge

om
et

ri
c)

,
N

(2
.5
,0
.2

5)
(G

au
ss

ia
n
),
γ

(0
.5
,5

)
(g

am
m

a)
,
W

(5
,2

)
(W

ei
b
u
ll
)

an
d
P
a
r(

1.
5
,3

)
(P

ar
et

o)
.

N
ot

e
th

at
th

e
p
ai

r
(m

ea
n
,
va

ri
an

ce
)

in
ea

ch
se

gm
en

t
ch

an
g
es

fr
om

th
at

of
it

s
n
ei

gh
b

or
s.

T
ab

le
B

.1
su

m
m

ar
iz

es
it

s
va

lu
es

.
T

h
e

d
is

tr
ib

u
ti

on
w

it
h
in

se
gm

en
t
`
∈
{1
,.
..
,D

?
}

is
gi

ve
n

b
y

th
e

re
al

iz
at

io
n

of
a

ra
n
d
om

va
ri

ab
le
S
`
∈
{1
,.
..
,7
},

ea
ch

in
te

ge
r

re
p
re

se
n
ti

n
g

on
e

of
th

e
se

ve
n

p
os

si
b
le

d
is

tr
ib

u
ti

on
s.

2
1

JM
L

R
 2

0(
16

2)
:1

-5
6,

 2
01

9

A
r
l
o
t
,
C
e
l
is
se

a
n
d

H
a
r
c
h
a
o
u
i

0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

6
0

0
7

0
0

8
0

0
9

0
0

1
0

0
0

05

1
0

1
5

2
0

2
5

3
0

(a
)

S
ce

n
a
ri

o
1
:

ch
a
n

g
es

in
th

e
p

a
ir

(m
ea

n
,

va
ri

a
n

ce
)

0
1

0
0

2
0

0
3

0
0

4
0
0

5
0

0
6

0
0

7
0
0

8
0

0
9

0
0

1
0

0
0

−
101234

(b
)

S
ce

n
a
ri

o
2
:

co
n

st
a
n
t

m
ea

n
a
n

d
va

ri
a
n

ce

0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

6
0

0
7

0
0

8
0

0
9

0
0

1
0

0
0

0

0
.51

1
.5

0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

6
0

0
7

0
0

8
0

0
9

0
0

1
0

0
0

0

0
.51

1
.5

0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

6
0

0
7

0
0

8
0

0
9

0
0

1
0

0
0

0

0
.51

1
.5

(c
)

S
ce

n
a
ri

o
3
:

h
is

to
g
ra

m
-v

a
lu

ed
d

a
ta

(fi
rs

t
th

re
e

co
o
rd

in
a
te

s)

F
ig

u
re

1:
E

x
am

p
le

s
of

ge
n
er

at
ed

si
gn

al
s

(b
lu

e
p
la

in
cu

rv
e)

in
th

e
th

re
e

sc
en

a
ri

o
s.

R
ed

ve
rt

ic
al

d
as

h
ed

li
n
es

v
is

u
al

iz
e

th
e

tr
u
e

ch
an

ge
-p

oi
n
ts

lo
ca

ti
on

s.

T
h
e

va
ri

ab
le

s
S
`

ar
e

ge
n
er

at
ed

as
fo

ll
ow

s:
S
1

is
u
n
if

or
m

ly
ch

os
en

am
on

g
{1
,.
..
,7
},

a
n
d

fo
r

ev
er

y
`
∈
{1
,.
..
,D

?
−

1
},

gi
v
en

S
`
,
S
`+

1
is

u
n
if

or
m

ly
ch

os
en

am
on

g
{1
,.
..
,7
}\
{S

`}
.

F
ig

u
re

1a
sh

ow
s

on
e

sa
m

p
le

ge
n
er

at
ed

ac
co

rd
in

g
to

th
is

sc
en

ar
io

.
S

ce
n

a
ri

o
2
:

R
ea

l-
va

lu
ed

d
a
ta

w
it

h
co

n
st

a
n

t
m

ea
n

a
n

d
va

ri
a
n

ce
.

T
h
e

d
is

tr
ib

u
ti

o
n

o
f

X
i
∈
R

is
ra

n
d
om

ly
ch

os
en

am
on

g
(1

)
B(

0.
5)

(B
er

n
ou

ll
i)

,
(2

)
N

(0
.5
,0
.2

5)
(G

a
u
ss

ia
n
)

a
n
d

(3
)
E

(0
.5

)
(e

x
p

on
en

ti
al

).
T

h
es

e
th

re
e

d
is

tr
ib

u
ti

on
s

h
av

e
a

m
ea

n
0.

5
an

d
a

va
ri

a
n
ce

0.
2
5
.

T
h
e

d
is

tr
ib

u
ti

on
w

it
h
in

se
gm

en
t
`
∈
{1
,.
..
,D

?
}

is
gi

ve
n

b
y

th
e

re
al

iz
at

io
n

o
f

a
ra

n
d
om

va
ri

ab
le
S
`
∈
{1
,2
,3
},

si
m

il
ar

ly
to

w
h
at

is
d
on

e
in

sc
en

ar
io

1
(r

ep
la

ci
n
g

7
b
y

3
).

F
ig

u
re

1b
sh

ow
s

on
e

sa
m

p
le

ge
n
er

at
ed

ac
co

rd
in

g
to

th
is

sc
en

ar
io

.
S

ce
n

a
ri

o
3
:

H
is

to
gr

a
m

-v
a
lu

ed
d
a
ta

.
T

h
e

ob
se

rv
at

io
n
s
X
i

b
el

on
g

to
th

e
d
-d

im
en

si
o
n
a
l

si
m

p
le

x
w

it
h
d

=
20

(E
x
am

p
le

4)
,

th
a
t

is
,
X
i

=
(a

1
,.
..
,a
d
)
∈

[0
,1

]d
w

it
h
∑

d j=
1
a
j

=
1
.

F
or

ea
ch

`
∈
{1
,.
..
,D

?
},

w
e

ra
n
d
om

ly
ge

n
er

at
e
d

p
ar

am
et

er
va

lu
es
p
` 1
,.
..
,p
` d

in
d
ep

en
d
en

tl
y

w
it

h
u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
[0
,c

3
]

w
it

h
c 3

=
0.

2
.

T
h
en

,
w

it
h
in

th
e
`-

th
se

g
m

en
t

o
f
τ
?
,

X
i

fo
ll
ow

s
a

D
ir

ic
h
le

t
d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
(p
` 1
,.
..
,p
` d
).

F
ig

u
re

1c
d
is

p
la

y
s

th
e

fi
rs

t
th

re
e

co
or

d
in

at
es

of
on

e
sa

m
p
le

ge
n
er

at
ed

ac
co

rd
in

g
to

th
is

sc
en

ar
io

.

6
.2

.
P

a
ra

m
e
te

rs
o
f

K
C

P

F
or

ea
ch

sa
m

p
le

,
w

e
ap

p
ly

th
e

ke
rn

el
ch

an
ge

-p
oi

n
t

p
ro

ce
d
u
re

(K
C

P
,

th
a
t

is
,

A
lg

o
ri

th
m

1
)

w
it

h
th

e
fo

ll
ow

in
g

ch
oi

ce
s

fo
r

it
s

p
ar

am
et

er
s.

W
e

a
lw

ay
s

ta
ke
D

m
a
x

=
10

0.
F

or
th

e
fi
rs

t
tw

o
sc

en
ar

io
s,

w
e

co
n
si

d
er

th
re

e
ke

rn
el

s:

(i
)

T
h
e

li
n
ea

r
ke

rn
el
k
li
n
(x
,y

)
=
x
y
.

(i
i)

T
h
e

H
er

m
it

e
ke

rn
el

gi
v
en

b
y
k
H σ
H

(x
,y

)
d
efi

n
ed

in
S
ec

ti
on

3.
2
.

In
sc

en
a
ri

o
1
,
σ
H

=
1
.

In
sc

en
ar

io
2,
σ
H

=
0.

1.

(i
ii
)

T
h
e

G
au

ss
ia

n
k
er

n
el
k
G σ
G

d
efi

n
ed

in
S
ec

ti
on

3.
2.

In
sc

en
ar

io
1,
σ
G

=
0.

1
.

In
sc

en
a
ri

o
2,

σ
G

=
0.

16
.

F
or

sc
en

ar
io

3,
w

e
co

n
si

d
er

th
e
χ
2

ke
rn

el
k
χ
2

0
.1

(x
,y

)
d
efi

n
ed

in
S
ec

ti
on

3.
2,

an
d

th
e

G
a
u
ss

ia
n

ke
rn

el
k
G σ
G

w
it

h
σ
G

=
1.

2
2

JM
L

R
 2

0(
16

2)
:1

-5
6,

 2
01

9



A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

In
ea

ch
scen

ario
several

can
d
id

ate
valu

es
h
av

e
b

een
ex

p
lored

for
th

e
b
an

d
w

id
th

p
aram

-
eters

o
f

th
e

a
b

ove
kern

els.
W

e
h
av

e
selected

th
e

on
es

w
ith

th
e

m
ost

rep
resen

tativ
e

resu
lts.

F
o
r

ch
o
o
sin

g
th

e
con

stan
ts
c
1 ,c

2
arisin

g
fro

m
S
tep

2
of

K
C

P
,

w
e

u
se

th
e

“slop
e

h
eu

ris-
tics”

m
eth

o
d
,

an
d

m
ore

p
recisely

a
varian

t
p
rop

osed
b
y

L
eb

arb
ier

(2002,
S
ection

4
.3.2)

fo
r

th
e

ca
lib

ra
tion

of
tw

o
con

stan
ts

for
ch

an
ge-p

oin
t

d
etection

.
W

e
fi
rst

p
erform

a
lin

ear
reg

ressio
n

o
fR̂

n
(τ̂

(D
))

again
st

1/n
·log (

n−
1

D
−
1 )

a
n
d
D
/n

for
D
∈

[0.6×
D

m
a
x ,D

m
a
x ].

T
h
en

,
d
en

o
tin

g
b
y
ŝ
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y

C
el

is
se

et
al

.
(2

01
8)

,
w

h
ic

h
is

th
e

re
as

on
w

h
y

w
e

u
se

it
in

S
ec

ti
on

7.
N

ev
er

th
el

es
s,

u
si

n
g

th
e

m
ed

ia
n

h
eu

ri
st

ic
(o

r
a

p
ro

x
y
)

w
it

h
K

C
P

m
ay

b
e

q
u
es

ti
on

ab
le

in
ge

n
er

al
,

si
n
ce

tw
o-

sa
m

p
le

te
st

an
d

m
u
lt

ip
le

ch
an

ge
-p

oi
n
t

d
et

ec
ti

on
ar

e
d
iff

er
en

t
ta

sk
s.

F
or

in
st

an
ce

,
w

h
en

th
e

m
ea

n
of

th
e
X
i
∈

R
h
as

la
rg

e
ju

m
p
s,

th
e

m
ed

ia
n
-h

eu
ri

st
ic

b
an

d
w

id
th

ca
n

b
e

m
u
ch

la
rg

er
th

an
th

e
st

an
d
ar

d
d
ev

ia
ti

on
of

th
e
X
i
,

so
th

a
t

it
m

ay
n
ot

w
or

k
as

w
el

l.
In

su
ch

ca
se

s,
an

ot
h
er

op
ti

on
to

co
n
si

d
er

w
ou

ld
b

e
so

m
e

m
ed

ia
n

of
(‖
X
i+

1
−
X
i‖

) 1
6
i6
n
−
1

,
w

h
ic

h
co

u
ld

b
e

st
u
d
ie

d
in

fu
tu

re
w

or
k
s

on
K

C
P

.

8
.3

.
H

e
te

ro
sc

e
d

a
st

ic
it

y
o
f

D
a
ta

in
H

A
p

os
si

b
le

d
ra

w
b
ac

k
of

K
C

P
is

th
at

it
d
o
es

n
ot

ta
k
e

in
to

ac
co

u
n
t

th
e

fa
ct

th
at

th
e

va
ri

an
ce

v i
of
Y
i

=
Φ

(X
i)

ca
n

ch
an

ge
w

it
h
i:

in
ge

n
er

al
,
th

e
Y
i

ar
e

h
et

er
o
sc

ed
as

ti
c.

In
th

e
ca

se
of

re
al

-
va

lu
ed

d
at

a
an

d
th

e
li
n
ea

r
ke

rn
el
k
li
n
,

A
rl

ot
an

d
C

el
is

se
(2

01
1)

sh
ow

th
at

h
et

er
os

ce
d
as

ti
c

d
at

a
ca

n
m

ak
e

K
C

P
fa

il
,

an
d

th
at

th
is

fa
il
u
re

ca
n
n
ot

b
e

fi
x
ed

b
y

ch
an

gi
n
g

th
e

p
en

al
ty

u
se

d
at

S
te

p
2:

al
l

th
e

se
gm

en
ta

ti
on

s
τ̂
(D

)
p
ro

d
u
ce

d
at

S
te

p
1

ca
n

b
e

w
ro

n
g.

W
e

co
n
je

ct
u
re

th
at

,
fo

r
th

e
G

au
ss

ia
n

k
er

n
el
k
G h

at
le

as
t,

w
h
en

th
e

b
an

d
w

id
th
h

is
w

el
l

ch
os

en
,

th
e

va
ri

an
ce

s
of

th
e
Y
i

st
ay

w
it

h
in

a
re

as
on

ab
ly

sm
al

l
ra

n
ge

of
va

lu
es

fo
r

m
os

t
n
on

-d
eg

en
er

at
e

d
is

tr
ib

u
ti

on
s.

In
d
ee

d
,

ac
co

rd
in

g
to

E
q
.

(8
),

v i
=

1
−

E[ ex
p

(
−
‖X

i
−
X
′ i‖

2 H
2
h
2

)]
∈

[0
,1

]

w
h
er

e
X
′ i

is
an

in
d
ep

en
d
en

t
co

p
y

of
X
i
.

If
X
i

is
n
ot

d
et

er
m

in
is

ti
c

an
d

if
h

is
sm

al
le

r
th

an
th

e
ty

p
ic

al
or

d
er

of
m

ag
n
it

u
d
e

of
‖X

i
−
X
′ i‖
H

,
th

en
,
v i

ca
n
n
ot

b
e

m
u
ch

sm
al

le
r

th
an

it
s

m
ax

im
al

va
lu

e
1.

T
h
e

si
m

u
la

ti
on

ex
p

er
im

en
ts

su
gg

es
t

th
at

“g
o
o
d
”

va
lu

es
of
h

fo
r

ch
an

ge
-

p
oi

n
t

d
et

ec
ti

on
ar

e
sm

al
l

en
ou

gh
,

b
u
t

th
is

re
m

ai
n
s

to
b

e
p
ro

ve
d
.

W
h
en

h
et

er
os

ce
d
as

ti
ci

ty
is

a
p
ro

b
le

m
fo

r
K

C
P

,
w

h
ic

h
p
ro

b
ab

ly
o
cc

u
rs

fo
r

so
m

e
ke

rn
el

s
b

ey
on

d
k
li
n
,

w
e

ca
n

th
in

k
of

co
m

b
in

in
g

K
C

P
w

it
h

th
e

id
ea

s
of

A
rl

ot
an

d
C

el
is

se
(2

0
11

),
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01
9

A
r
l
o
t
,
C
e
l
is
se

a
n
d

H
a
r
c
h
a
o
u
i

th
at

is
,

re
p
la

ci
n
g

th
e

em
p
ir

ic
al

ri
sk

an
d

th
e

p
en

al
iz

ed
cr

it
er

io
n

in
S
te

p
s

1
an

d
2

o
f

K
C

P
b
y

cr
os

s-
va

li
d
at

io
n

es
ti

m
at

or
s

of
th

e
ri

sk
R

(µ̂
τ
).

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

au
th

or
s

th
an

k
D

am
ie

n
G

ar
re

au
fo

r
so

m
e

d
is

cu
ss

io
n
s

th
at

le
ad

to
an

im
p
ro

v
em

en
t

o
f

th
e

th
eo

re
ti

ca
l

re
su

lt
s

—
n
am

el
y,

P
ro

p
os

it
io

n
1

an
d

T
h
eo

re
m

2,
w

h
ic

h
w

er
e

st
a
te

d
w

it
h

th
e

ad
d
it

io
n
al

as
su

m
p
ti

on
th

at
m

in
i
v i

>
cM

2
>

0
in

a
p
re

v
io

u
s

ve
rs

io
n

of
th

is
p
a
p

er
(A

rl
o
t

et
al

.,
20

12
).

T
h
is

w
or

k
w

as
m

os
tl

y
d
on

e
w

h
il
e

S
y
lv

ai
n

A
rl

ot
w

as
fi
n
an

ce
d

b
y

C
N

R
S

a
n
d

m
em

b
er

of
th

e
S
ie

rr
a

te
am

in
th

e
D

ep
ar

te
m

en
t

d
’I

n
fo

rm
at

iq
u
e

d
e

l’
E

co
le

n
or

m
a
le

su
p

er
ie

u
re

(C
N

R
S
/E

N
S
/I

N
R

IA
U

M
R

85
48

),
45

ru
e

d
’U

lm
,

F
-7

52
30

P
ar

is
C

ed
ex

05
,

F
ra

n
ce

,
a
n
d

Z
ai

d
H

ar
ch

ao
u
i

w
as

a
m

em
b

er
of

th
e

L
E

A
R

te
am

of
In

ri
a.

S
y
lv

ai
n

A
rl

ot
an

d
A

la
in

C
el

is
se

w
er

e
al

so
su

p
p

or
te

d
b
y

In
st

it
u
t

d
es

H
au

te
s

É
tu

d
es

S
ci

en
ti

fi
q
u
es

(I
H

E
S
,

L
e

B
o
is

-M
a
ri

e,
3
5
,

ro
u
te

d
e

C
h
ar

tr
es

,
91

44
0

B
u
re

s-
S
u
r-

Y
ve

tt
e,

F
ra

n
ce

)
a
t

th
e

en
d

of
th

e
w

ri
ti

n
g

o
f

th
is

p
a
p

er
.

S
y
lv

ai
n

A
rl

ot
is

al
so

m
em

b
er

of
th

e
C

el
es

te
p
ro

je
ct

-t
ea

m
of

In
ri

a
S
a
cl

ay
.

T
h
e

au
th

or
s

ac
k
n
ow

le
d
ge

th
e

su
p
p

or
t

of
th

e
F

re
n
ch

A
ge

n
ce

N
at

io
n
al

e
d
e

la
R

ec
h
er

ch
e

(A
N

R
)

u
n
d
er

re
fe

re
n
ce

A
N

R
-0

9-
J
C

J
C

-0
02

7-
01

(D
e
t
e
c
t

p
ro

je
ct

)
an

d
A

N
R

-1
4
-C

E
2
3
-0

0
03

-
01

(M
a
c
a
r
o
n

p
ro

je
ct

),
th

e
G

A
R

G
A

N
T

U
A

p
ro

je
ct

fu
n
d
ed

b
y

th
e

M
as

to
d
o
n
s

p
ro

g
ra

m
o
f

C
N

R
S
,

th
e

L
ab

E
x

P
er

sy
va

l-
L

ab
(A

N
R

-1
1-

L
A

B
X

-0
02

5)
,

th
e

B
eF

as
t

p
ro

je
ct

fu
n
d
ed

b
y

th
e

P
E

P
S

F
as

ci
d
o

p
ro

gr
am

of
C

N
R

S
,

th
e

M
o
or

e-
S
lo

an
D

at
a

S
ci

en
ce

E
n
v
ir

o
n
m

en
t

a
t

N
Y

U
,

th
e

N
S
F

D
M

S
-1

81
09

75
gr

an
t,

an
d

fa
cu

lt
y

re
se

ar
ch

aw
ar

d
s.

A
p
p
e
n
d
ix

A
.
A
d
d
it
io
n
a
l
P
ro

o
fs

T
h
is

se
ct

io
n

p
ro

v
id

es
th

e
re

m
ai

n
in

g
p
ro

of
s

of
th

e
re

su
lt

s,
ex

ce
p
t

th
e

p
ro

o
f

of
P

ro
p

o
si

ti
o
n

4
w

h
ic

h
is

d
el

ay
ed

to
A

p
p

en
d
ix

B
.2

.

A
.1

.
P

ro
o
fs

o
f

S
e
c
ti

o
n

4
.1

T
h
is

se
ct

io
n

p
ro

ve
s

tw
o

re
su

lt
s

st
at

ed
in

S
ec

ti
on

4.
1:

E
q
.

(5
)

an
d

E
q
.

(6
).

A
.1
.1
.
P
r
o
o
f
o
f
E
q
.

(5
)

L
et
f
∈
F
τ

an
d
g
∈
H
n
.

F
or

an
y
`
∈

J1
,D

τ
K,

w
e

d
efi

n
e
I
τ `

:=
Jτ
`−

1
+

1
,τ
`K

th
e
`-

th
in

te
rv

a
l

of
τ
,
f I
τ `

th
e

co
m

m
on

va
lu

e
of

(f
i)
i∈
I
τ `

an
d

g
I
τ `

:=
1

C
ar

d
(I
τ `
)

∑ i∈
I
τ `

g i
=

1

τ `
−
τ `
−
1

∑ i∈
I
τ `

g i
.

(3
0
)

3
4
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6,
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A
K
e
r
n
e
l
M
u
lt

ip
l
e
C
h
a
n
g
e
-p
o
in
t
A
l
g
o
r
it
h
m

v
ia

M
o
d
e
l
S
e
l
e
c
t
io
n

T
h
en

,‖
f
−
g‖

2
=

D
τ

∑`=
1 ∑i∈

I
τ` [∥∥∥

f
I
τ` −

g
I
τ` ∥∥∥

2H
+
∥∥∥
g
i −

g
I
τ` ∥∥∥

2H
+

2 〈
f
I
τ` −

g
I
τ` ,
g
I
τ` −

g
i 〉
H ]

=

D
τ

∑`=
1 [

(τ
` −

τ
`−

1 ) ∥∥∥
f
I
τ` −

g
I
τ` ∥∥∥

2H ]
+

D
τ

∑`=
1 ∑i∈

I
τ` ∥∥∥
g
i −

g
I
τ` ∥∥∥

2H

sin
ce
∑

i∈
I
τ` ( g

I
τ` −

g
i )

=
0.

S
o,‖

f
−
g‖

2
is

m
in

im
al

over
f
∈
F
τ

if
an

d
on

ly
if
f
I
τ`

=
g
I
τ`

for

every
`∈

J1,D
τ K.

A
.1
.2
.
P
r
o
o
f
o
f
E
q
.

(6)

W
e

u
se

th
e

n
o
tation

in
tro

d
u
ced

in
th

e
p
ro

of
of

E
q
.

(5).
T

h
en

,

‖
Y
−
µ̂
τ ‖

2
=

D
τ

∑`=
1 ∑i∈

I
τ` ‖
Y
i −

Y
I
τ` ‖

2H
=

D
τ

∑`=
1 ∑i∈

I
τ` (‖

Y
i ‖

2H
−
‖
Y
I
τ` ‖

2H )

w
h
ere

w
e

u
se

E
q
.

(5)
for

th
e

fi
rst

eq
u
ality,

an
d

th
at

∑i∈
I
τ` 〈Y

i ,
Y
I
τ` 〉H

=
C

ard
(I
τ` ) ∥∥

Y
I
τ` ∥∥

2H

fo
r

th
e

seco
n
d

eq
u
ality.

T
h
erefore,

‖Y
−
µ̂
τ ‖

2
=

n
∑i=

1 ‖Y
i ‖

2H
−

D
τ

∑`=
1

1

τ
` −

τ
`−

1 ∥∥∥∥∥ ∑i∈
I
τ`

Y
i ∥∥∥∥∥

2H

=
n
∑i=

1 ‖Y
i ‖

2H
−

D
τ

∑`=
1

1

τ
` −

τ
`−

1

∑i,j∈
I
τ` 〈Y

i ,
Y
j 〉H

=
n
∑i=

1

k
(X

i ,X
i )−

D
τ

∑`=
1

1

τ
` −

τ
`−

1

∑i,j∈
I
τ`

k
(X

i ,X
j )
,

w
h
ich

p
roves

E
q
.

(6).

A
.2

.
C

o
n

c
e
n
tra

tio
n

o
f

th
e

L
in

e
a
r

T
e
rm

:
P

ro
o
f

o
f

P
ro

p
o
sitio

n
3

L
et

u
s

d
efi

n
e
µ
?τ

=
Π
τ µ

?
an

d

S
τ

=
〈µ
?−

µ
?τ ,
ε〉

=
n
∑i=

1

Z
i

w
ith

Z
i

=
〈(µ

?−
µ
?τ )
i ,
ε
i 〉H

.

T
h
e
Z
i s

a
re

in
d
ep

en
d
en

t
an

d
cen

tered
,

so
E

q
.
(32)–(33)

in
L

em
m

a
5

b
elow

—
w

h
ich

req
u
ires

a
ssu

m
p
tio

n
(D

b
)—

sh
ow

th
at

th
e

con
d
ition

s
of

B
ern

stein
’s

in
eq

u
ality

are
satisfi

ed
(see

3
5
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L
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A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

P
rop

osition
6

in
A

p
p

en
d
ix

B
.1).

T
h
erefore

for
every

x
>

0,
w

ith
p
ro

b
ab

ility
a
t

least
1−

2e −
x,

∣∣∣∣∣
n
∑i=

1

Z
i ∣∣∣∣∣ 6

√
2v

m
a
x ‖
µ
?−

µ
?τ ‖

2
x

+
4M

2x

3

6
θ‖
µ
?−

µ
?τ ‖

2
+

(
v
m
a
x

2
θ

+
4
M

2

3

)
x

for
ev

ery
θ
>

0,
u
sin

g
2a
b6

θa
2

+
θ −

1b
2.

A
k
ey

argu
m

en
t

in
th

e
p
ro

of
is

th
e

follow
in

g
lem

m
a
.

L
e
m

m
a

5
F

o
r

every
m
∈
M

n
,

if
(D

b
)

h
o
ld

s
tru

e,
th

e
fo

llo
w

in
g

h
o
ld

s
tru

e
w

ith
p
ro

ba
bility

o
n

e
:

∀
i∈
{1,...,n}

,
‖
µ
?i ‖H

6
M
,

‖
ε
i ‖H

6
2M

(31)

a
n

d
‖
(µ
?−

µ
?τ )
i ‖H

6
2
M

so
th

a
t
|Z
i |6

4M
2
.

(32)

In
a
d
d
itio

n
,

n
∑i=

1

V
ar

(Z
i )6

v
m
a
x ‖
µ
?−

µ
?τ ‖

2
.

(33)

P
ro

o
f

F
irst,

rem
ark

th
at

for
every

i,

v
i

=
E [‖ε

i ‖
2 ]

=
E [k

(X
i ,X

i ) ]−
‖
µ
?i ‖

2H
>

0
,

so
th

at
w

ith
(D

b
),

‖
µ
?i ‖

2H
6

E [k
(X

i ,X
i ) ]6

M
2
,

w
h
ich

p
roves

th
e

fi
rst

b
ou

n
d

in
E

q
.

(31).
A

s
a

con
seq

u
en

ce,
b
y

th
e

trian
gu

lar
in

eq
u
ality,

‖
ε
i ‖H

6
‖Y

i ‖H
+
‖
µ
?i ‖H
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É
m

il
ie

L
eb

ar
b
ie

r,
an

d
C

ri
st

ia
n

M
ez

a.
S
em

i-
p
ar

am
et

ri
c

se
gm

en
ta

ti
on

of
m

u
lt

ip
le

se
ri

es
u
si

n
g

a
D

P
-L

as
so

st
ra

te
gy

.
J

o
u

rn
a
l

o
f

S
ta

ti
st

ic
a
l

C
o
m

p
u

-
ta

ti
o
n

a
n

d
S

im
u

la
ti

o
n

,
87

(6
):

12
55

–1
26

8,
20

17
.

G
ér

ar
d

B
ia

u
,

K
ev

in
B

le
ak

le
y,

an
d

D
av

id
M

as
on

.
L

on
g

si
gn

al
ch

an
ge

-p
oi

n
t

d
et

ec
ti

on
.

E
le

c-
tr

o
n

ic
J

o
u

rn
a
l

o
f

S
ta

ti
st

ic
s,

10
(2

):
20

97
–2

12
3,

20
16

.

L
u
ci

en
B

ir
gé
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ä
rtn

er.
K

ern
els

fo
r

S
tru

ctu
red

D
a
ta

,
volu

m
e

72
of

S
eries

in
M

a
ch

in
e

P
ercep

tio
n

a
n

d
A

rtifi
cia

l
In

telligen
ce.

W
orld

S
cien

tifi
c,

2008.

5
1

JM
L

R
 20(162):1-56, 2019

A
r
l
o
t
,
C
e
l
isse

a
n
d

H
a
r
c
h
a
o
u
i

V
lad

im
ir

J
.

G
en

eu
s,

J
ord

an
C

u
evas,

E
ric

C
h
ick

en
,

an
d

J
P

ign
atiello.

A
ch

an
gep

oin
t

d
e-

tection
m

eth
o
d

for
p
rofi

le
varian

ce.
In

In
d
u

stria
l

a
n

d
S

ystem
s

E
n

gin
eerin

g
R

esea
rch

C
o
n

feren
ce,

p
ages

1–7.
2015.

P
relim

in
ary

version
availab

le
at

arX
iv

:1408.7000.

Iren
e

G
ijb

els,
P

eter
H

all,
an

d
A

löıs
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à
H

o
ri

zo
n

F
in

i.
P

h
D

th
es

is
,

U
n
iv

er
si

té
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ation

ava
ila

b
le,

th
e

S
G

L
p
ro

b
lem

(F
ried

m
an

et
al.)

is

m
in

β∈
R
p

12

∥∥∥∥
y
−
∑

Gg
=

1
X
g β
g ∥∥∥∥

2

+
λ

1 ∑
Gg
=

1 √
n
g ‖β

g ‖
+
λ

2 ‖
β‖

1 ,
(2)
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

w
h
ere

n
g

is
th

e
n
u
m

b
er

of
featu

res
in

th
e
g
th

grou
p
,
X
g ∈

R
N
×
n
g

d
en

otes
th

e
p
red

ictors
in

th
at

grou
p

w
ith

th
e

corresp
on

d
in

g
co

effi
cien

t
vector

β
g ,

an
d
λ

1 ,λ
2

are
p

ositive
regu

larization
p
aram

eters.
W

ith
ou

t
loss

of
gen

erality,
let

λ
1

=
α
λ

an
d
λ

2
=
λ

w
ith

α
>

0.
T

h
en

,
p
ro

b
lem

(2)
b

ecom
es:

m
in

β∈
R
p

12

∥∥∥∥
y
−
∑

Gg
=

1
X
g β
g ∥∥∥∥

2

+
λ (

α
∑

Gg
=

1 √
n
g ‖β

g ‖
+
‖β‖

1 )
.

(3)

B
y

th
e

L
agran

gian
m

u
ltip

liers
m

eth
o
d

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
200

4)
(see

th
e

ap
p

en
d
ix

),
w

e
can

d
erive

th
e

d
u
al

p
rob

lem
of

S
G

L
as

follow
s.

su
pθ

12 ‖
y‖

2−
12

∥∥∥
yλ
−
θ ∥∥∥

2
(4)

s.t.
X
Tg
θ∈
D
αg

:=
α √

n
g B

+
B
∞
,
g

=
1,...,G

.

It
is

w
ell-k

n
ow

n
th

at
th

e
d
u
al

feasib
le

set
of

L
asso

is
th

e
in

tersection
of

closed
h
alf

sp
aces

(th
u
s

a
p

oly
top

e);
for

grou
p

L
asso,

th
e

d
u
al

feasib
le

set
is

th
e

in
tersection

o
f

ellip
soid

s.
S
u
r-

p
risin

gly,
th

e
geom

etric
p
rop

erties
of

th
ese

d
u
al

feasib
le

sets
p
lay

fu
n
d
am

en
tally

im
p

ortan
t

roles
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m
ost

of
th

e
ex

istin
g

screen
in

g
m

eth
o
d
s

for
sp

arse
m

o
d
els

w
ith

on
e

sp
arsity

-in
d
u
cin

g
regu

larizer
(W

an
g

et
al.,

2014;
L

iu
et

al.,
2014;

W
an

g
et

al.,
2013;

E
l

G
h
aou

i
et

al.,
2012).

W
h
en

w
e

in
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orate
m

u
ltip

le
sp

arse-in
d
u
cin

g
regu

larizers
to

th
e

sp
arse

m
o
d
els,

p
rob

-
lem

(4)
in

d
icates

th
at

th
e

d
u
al

feasib
le

set
can

b
e

m
u
ch

m
ore

com
p
licated

.
A

lth
ou

gh
(4)

p
rov

id
es

a
geom

etric
d
escrip

tion
of

th
e

d
u
al

feasib
le

set
of

S
G

L
,

it
is

n
ot

su
itab

le
for

fu
r-

th
er

an
aly

sis.
N

otice
th

at,
even

th
e

fea
sibility

o
f

a
given

po
in

t
θ

is
n

o
t

ea
sy

to
d
eterm

in
e,

sin
ce

it
is

n
on

triv
ial

to
tell

if
X
Tg
θ

can
b

e
d
ecom

p
osed

in
to

b
1

+
b

2
w

ith
b

1 ∈
α √

n
g B

an
d

b
2 ∈
B
∞

.
T

h
erefore,

to
d
evelop

screen
in

g
m

eth
o
d
s

fo
r

S
G

L
,

it
is

d
esirab

le
to

ga
in

d
eep

er
u
n
d
erstan

d
in

g
of

th
e

su
m

of
sim

p
le

con
vex

sets.

In
th

e
n
ex

t
section

,
w

e
an

aly
ze

th
e

d
u
a
l

fea
sib

le
set

of
S
G

L
in

d
ep

th
v
ia

th
e

F
en

ch
el’s

D
u
ality

T
h
eorem

.
W

e
sh

ow
th

at
for

each
X
Tg
θ
∈
D
αg
,

F
en

ch
el’s

d
u
ality

n
atu

rally
lead

s
to

an
ex

p
licit

d
ecom

p
osition

X
Tg
θ

=
b

1
+

b
2 ,

w
ith

on
e

b
elo

n
gin

g
to
α √

n
g B

an
d

th
e

oth
er

o
n
e

b
elon

gin
g

to
B
∞

.
T

h
is

lay
s

th
e

fou
n
d
ation

of
th

e
p
rop

osed
screen

in
g

m
eth

o
d

for
S
G

L
.

3
.

T
h
e

F
e
n
ch

e
l’s

D
u
a
l

P
ro

b
le

m
o
f

S
G

L

In
S
ection

3.1,
w

e
d
erive

th
e

F
en

ch
el’s

d
u
a
l
of

S
G

L
v
ia

F
en

ch
el’s

D
u
a
lity

T
h
eorem

.
W

e
th

en
m

otivate
T

L
F

re
in

S
ection

3.2
an

d
sketch

ou
r

ap
p
roach

b
y

A
lgorith

m
1.

In
S
ection

3.3,
w

e
ex

p
lore

th
e

geom
etric

p
rop

erties
of

th
e

F
en

ch
el’s

d
u
al

of
S
G

L
an

d
d
eriv

e
th

e
eff

ectiv
e

in
terval

of
th

e
p
aram

eter
λ

w
ith

a
fi
x
ed

valu
e

of
α

—
th

at
is

th
e

set
of
λ

given
α

corresp
on

d
in

g
to

n
on

zero
solu

tion
s

of
S
G

L
.
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e
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r
S
pa

r
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-G
r
o
u
p
L
a
ss
o
v
ia

D
e
c
o
m
p
o
si
t
io
n
o
f
C
o
n
v
e
x
S
e
t
s

A
lg

o
ri

th
m

1
G

u
id

el
in

es
fo

r
d
ev

el
op

in
g

T
L

F
re

.

1
:

G
iv

en
a

p
ai

r
of

p
ar

am
et

er
va

lu
es

(λ
,α

),
w

e
es

ti
m

at
e

a
re

gi
on

Θ
th

at
co

n
ta

in
s

th
e

d
u
al

op
ti

m
u
m
θ∗

(λ
,α

)
of

(4
).

2
:

W
e

so
lv

e
th

e
fo

ll
ow

in
g

tw
o

op
ti

m
iz

at
io

n
p
ro

b
le

m
s:

s∗ g
=

su
p

ξ g

{‖
S 1

(ξ
g
)‖

:
ξ g
∈

Ξ
g
⊇

X
T g

Θ
},

w
h
er

e
X
T g

Θ
=
{X

T g
θ

:
θ
∈

Θ
},

(5
)

t∗ g
k

=
su

p
θ
{|

x
T g
k
θ|

:
θ
∈

Θ
},

w
h
er

e
x
g
k

is
th

e
k
th

co
lu

m
n

of
X
g
.

(6
)

3
:

T
h
e

T
L

F
re

sc
re

en
in

g
ru

le
s

ta
ke

th
e

fo
rm

of

s∗ g
<
α
√
n
g
⇒
β
∗ g(
λ
,α

)
=

0,
(7

)

t∗ g
k
≤

1
⇒

[β
∗ g(
λ
,α

)]
k

=
0,

(8
)

w
h
er

e
β
∗ (
λ
,α

)
is

th
e

op
ti

m
al

so
lu

ti
on

of
S
G

L
in

(3
).

3
.1

.
T

h
e

F
e
n

ch
e
l’
s

D
u

a
l

o
f

S
G

L
v
ia

F
e
n

ch
e
l’
s

D
u

a
li
ty

T
h

e
o
re

m

T
o

d
er

iv
e

th
e

F
en

ch
el

’s
d
u
al

p
ro

b
le

m
of

S
G

L
,

w
e

n
ee

d
th

e
F

en
ch

el
’s

D
u
a
li
ty

T
h
eo

re
m

as
st

at
ed

in
T

h
eo

re
m

1.
W

e
d
en

ot
e

th
e

co
n
ju

ga
te

of
f
∈

Γ
0
(R

n
)

b
y
f
∗
∈

Γ
0
(R

n
):

f
∗ (

z
)

=
su

p
w
〈w
,z
〉−

f
(w

).
(9

)

T
h

e
o
re

m
1

[F
en

ch
el

’s
D

u
al

it
y

T
h
eo

re
m

]
L

et
f
∈

Γ
0
(R

N
),

Ω
∈

Γ
0
(R

p
),

a
n

d
T

(β
)

=
y
−

X
β

be
a
n

a
ffi

n
e

m
a
p
p
in

g
fr

o
m

R
p

to
R
N

.
L

et
p
∗ ,
d
∗
∈

[−
∞
,∞

]
be

p
ri

m
a
l

a
n

d
d
u

a
l

va
lu

es
d
efi

n
ed

,
re

sp
ec

ti
ve

ly
,

by
th

e
F

en
ch

el
p
ro

bl
em

s:

p
∗

=
in

f β
∈R

p
f

(y
−

X
β

)
+
λ

Ω
(β

);
d
∗

=
su

p
θ
∈R

N
−
f
∗ (
λ
θ)
−
λ

Ω
∗ (

X
T
θ)

+
λ
〈y
,θ
〉.

O
n

e
h
a
s
p
∗
≥
d
∗ .

If
,

fu
rt

h
er

m
o
re

,
f

a
n

d
Ω

sa
ti

sf
y

th
e

co
n

d
it

io
n

0
∈

in
t

(d
om

f
−

y
+

X
d
om

Ω
)
,

th
en

p
∗

=
d
∗ ,

a
n

d
th

e
su

p
re

m
e

is
a
tt

a
in

ed
in

th
e

d
u

a
l

p
ro

bl
em

if
fi

n
it

e.

W
e

om
it

th
e

p
ro

of
of

T
h
eo

re
m

1
as

it
is

si
m

il
ar

to
th

at
of

T
h
eo

re
m

3.
3.

5
in

(B
or

w
ei

n
an

d
L

ew
is

,
20

06
).

L
et
f

(w
)

=
1 2
‖w
‖2

an
d
λ

Ω
(β

)
b

e
th

e
se

co
n
d

te
rm

in
(3

).
W

e
ca

n
w

ri
te

S
G

L
as

m
in
β
f

(y
−

X
β

)
+
λ

Ω
(β

).
(1

0)

T
o

d
er

iv
e

th
e

F
en

ch
el

’s
d
u
al

p
ro

b
le

m
of

S
G

L
,

T
h
eo

re
m

1
im

p
li
es

th
at

w
e

n
ee

d
to

fi
n
d
f
∗

an
d

Ω
∗ .

It
is

w
el

l-
k
n
ow

n
th

at
f
∗ (

z
)

=
1 2
‖z
‖2

.
T

h
er

ef
or

e,
w

e
on

ly
n
ee

d
to

fi
n
d

Ω
∗ ,

w
h
er

e
th

e
co

n
ce

p
t

in
fi

m
a
l

co
n

vo
lu

ti
o
n

is
n
ee

d
ed

:

5
JM

L
R

 2
0(

16
3)

:1
-4

2,
 2
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

D
e
fi

n
it

io
n

2
(B

au
sc

h
ke

an
d

C
om

b
et

te
s,

20
11

)
L

et
h
,g
∈

Γ
0
(R

n
).

T
h
e

in
fi

m
a
l

co
n

vo
lu

ti
o
n

o
f
h

a
n

d
g

is

(h
�
g
)(
ξ)

=
in

f η
h

(η
)

+
g
(ξ
−
η
),

(1
1
)

a
n

d
it

is
ex

a
ct

a
t

a
po

in
t
ξ

if
th

er
e

ex
is

ts
a
η
∗ (
ξ)

su
ch

th
a
t

(h
�
g
)(
ξ)

=
h

(η
∗ (
ξ)

)
+
g
(ξ
−
η
∗ (
ξ)

).
(1

2
)

h
�
g

is
ex

a
ct

if
it

is
ex

a
ct

a
t

ea
ch

po
in

t
in

it
s

d
o
m

a
in

,
a
n

d
w

e
d
en

o
te

it
by

h
�
g

.

W
it

h
th

e
in

fi
m

al
co

n
vo

lu
ti

on
,

w
e

d
er

iv
e

Ω
∗

in
th

e
fo

ll
ow

in
g

L
em

m
a.

L
e
m

m
a

3
L

et
Ω
α 1
(β

)
=

α
∑

G g
=

1
√
n
g
‖β

g
‖,

Ω
2
(β

)
=
‖β
‖ 1

a
n

d
Ω

(β
)

=
Ω
α 1
(β

)
+

Ω
2
(β

).
M

o
re

o
ve

r,
le

t
Cα g

=
α
√
n
g
B
⊂

R
n
g
,
g

=
1,
..
.,
G

.
T

h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

:

(i
)

(Ω
α 1
)∗

(ξ
)

=
∑

G g
=

1
I C
α g

(ξ
g
)
,

(Ω
2
)∗

(ξ
)

=
∑

G g
=

1
I B
∞

(ξ
g
),

(i
i)

Ω
∗ (
ξ)

=
((

Ω
α 1
)∗

�
(Ω

2
)∗

)
(ξ

)
=
∑

G g
=

1
I B
( ξ

g
−
P
B
∞

(ξ
g
)

α
√
n
g

) ,

w
h
er

e
ξ g
∈
R
n
g

is
th

e
su

b-
ve

ct
o
r

o
f
ξ

co
rr

es
po

n
d
in

g
to

th
e
g
th

gr
o
u

p
.

T
o

p
ro

ve
L

em
m

a
3,

w
e

fi
rs

t
ci

te
th

e
fo

ll
ow

in
g

te
ch

n
ic

al
re

su
lt

.

T
h

e
o
re

m
4

(H
ir

ia
rt

-U
rr

u
ty

,
20

06
)

L
et
f 1
,·
··
,f
k
∈

Γ
0
(R

n
).

S
u

p
po

se
th

er
e

is
a

po
in

t
in

∩k i
=

1
d
om

f i
a
t

w
h
ic

h
f 1
,·
··
,f
k
−

1
is

co
n

ti
n

u
o
u

s.
T

h
en

,
fo

r
a
ll
p
∈
R
n

:

(f
1

+
··
·+

f k
)∗

(p
)

=
m

in
p
1
+
···

+
p
k
=
p
[f
∗ 1
(p

1
)

+
··
·+

f
∗ k(
p
k
)]
.

W
e

n
ow

gi
ve

th
e

p
ro

of
of

L
em

m
a

3.
P

ro
o
f

T
h
e

fi
rs

t
p
ar

t
ca

n
b

e
d
er

iv
ed

d
ir

ec
tl

y
b
y

th
e

d
efi

n
it

io
n

as
fo

ll
ow

s:

(Ω
α 1
)∗

(ξ
)

=
su

p
β
〈β
,ξ
〉−

Ω
α 1
(β

)
=

G ∑ g
=

1

α
√
n
g

(
su

p
β
g

〈 β
g
,

ξ g
α
√
n
g

〉
−
‖β

g
‖)

=
G ∑ g
=

1

α
√
n
g
I B

(
ξ g

α
√
n
g

)
=

G ∑ g
=

1

I B

(
ξ g

α
√
n
g

)
=

G ∑ g
=

1

I C
α g
(ξ
g
).

(Ω
2
)∗

(ξ
)

=
su

p
β
〈β
,ξ
〉−

Ω
2
(β

)
=

I B
∞

(ξ
)

=
G ∑ g
=

1

I B
∞

(ξ
g
)
.

T
o

sh
ow

th
e

se
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n
d

p
ar

t,
T

h
eo

re
m

4
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d
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w
e
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n
ee

d
to
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ow
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�

(Ω
2
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)
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Ω
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n
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er
y
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.

L
et

u
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n
ow
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m

p
u
te

(Ω
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�
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2
)∗

.
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Ω
α 1
)∗
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(Ω
2
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)
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)
=
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f
η

(Ω
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)∗

(ξ
−
η
)
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)
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)

=
G ∑ g
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1
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√
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‖ ∞
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)
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ization
p
rob

lem
in

(13),
i.e.,

µ
∗g

=
in

f
η
g

{
IB (

ξ
g −

η
g

α √
n
g

)
:‖η

g ‖∞
≤

1 }
,

(14)

w
e

ca
n

co
n
sid

er
th

e
follow

in
g

p
rob

lem

ν ∗g
=

in
f

η
g

{
1

α √
n
g ‖ξ

g −
η
g ‖

:‖
η
g ‖∞

≤
1 }

.
(15)

W
e

ca
n

see
th

a
t

th
e

op
tim

al
solu

tion
of

p
rob

lem
(15)

m
u
st

also
b

e
an

op
tim

al
solu

tio
n

of
p
ro

b
lem

(14
).

L
et
η ∗g (ξ

g )
b

e
th

e
op

tim
al

solu
tion

of
(15).

W
e

can
see

th
a
t
η ∗g (ξ

g )
is

in
d
eed

th
e

p
ro

jection
o
f
ξ
g

on
B
∞

,
w

h
ich

ad
m

its
a

closed
form

solu
tion

:

[η ∗g (ξ
g )]i

=
[P
B
∞

(ξ
g )]i

=



1,
if

[ξ
g ]i

>
1
,

[ξ
g ]i ,

if|[ξ
g ]i |≤

1,

−
1,

if
[ξ
g ]i

<
−

1
.

T
h
u
s,

p
ro

b
lem

(14)
can

b
e

solved
as

µ
∗g

=
IB (

ξ
g −

P
B
∞

(ξ
g )

α √
n
g

)
.

H
en

ce,
th

e
in

fi
m

al
con

volu
tion

in
E

q
.

(13)
is

ex
act

an
d

T
h
eorem

4
lead

s
to

Ω
∗(ξ)

=
((Ω

α1
) ∗�

(Ω
2 ) ∗)

(ξ)
=

G
∑g
=

1

IB (
ξ
g −

P
B
∞

(ξ
g )

α √
n
g

)
,

(16)

w
h
ich

co
m

p
letes

th
e

p
ro

of.

N
o
te

th
a
t

P
B
∞

(ξ
g )

ad
m

its
a

closed
form

solu
tion

:

[P
B
∞

(ξ
g )]i

=
sgn

([ξ
g ]i )

m
in

(|[ξ
g ]i |,1)

.

B
y

T
h
eo

rem
1

a
n
d

L
em

m
a

3,
w

e
d
erive

th
e

F
en

ch
el’s

d
u
al

of
S
G

L
in

T
h
eorem

5
(see

S
ection

B
fo

r
th

e
p
ro

o
f).

T
h

e
o
re

m
5

F
o
r

th
e

S
G

L
p
ro

blem
in

(3
),

th
e

fo
llo

w
in

g
h
o
ld

:

(i)
T

h
e

F
en

ch
el’s

d
u

a
l

o
f

S
G

L
is

given
by:

in
fθ

12 ‖
yλ
−
θ‖

2−
12 ‖

y‖
2,

(17)

s.t.
∥∥
X
Tg
θ−

P
B
∞

(X
Tg
θ) ∥∥
≤
α √

n
g ,
g

=
1,...,G

.

(ii)
L

et
β
∗(λ

,α
)

a
n

d
θ ∗(λ

,α
)

be
th

e
o
p
tim

a
l

so
lu

tio
n

s
o
f

p
ro

blem
s

(3
)

a
n

d
(1

7
),

re-
spectively.

T
h
en

,

λ
θ ∗(λ

,α
)

=
y
−

X
β
∗(λ

,α
),

(18)

X
Tg
θ ∗(λ

,α
)∈

α √
n
g ∂‖β

∗g (λ
,α

)‖
+
∂‖
β
∗g (λ

,α
)‖

1 ,
g

=
1,...,G

.
(19)
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

E
q
.

(18)
an

d
E

q
.

(19)
are

th
e

so-called
K

K
T

con
d
itio

n
s

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
2004)

an
d

can
also

b
e

o
b
tain

ed
b
y

th
e

L
agra

n
gian

m
u
ltip

lier
m

eth
o
d

(see
S
ection

A
in

th
e

ap
-

p
en

d
ix

).

R
e
m

a
rk

6
W

e
n

o
te

th
a
t

th
e

sh
rin

ka
ge

o
pera

to
r

ca
n

a
lso

be
exp

ressed
by

S
γ (w

)
=

w
−

P
γB
∞

(w
),

γ
≥

0.
(20)

T
h
erefo

re,
p
ro

blem
(1

7
)

ca
n

be
w

ritten
m

o
re

co
m

pa
ctly

a
s

in
fθ

12 ‖
yλ
−
θ‖

2−
12 ‖y‖

2,
(21)

s.t.
∥∥S

1 (X
Tg
θ) ∥∥
≤
α √

n
g ,
g

=
1,...,G

.

T
h

e
e
q
u

iv
a
le

n
c
e

b
e
tw

e
e
n

th
e

d
u

a
l
fo

rm
u

la
tio

n
s

F
or

th
e

S
G

L
p
rob

lem
,

its
L

agran
gian

d
u
al

in
(4)

an
d

F
en

ch
el’s

d
u
al

in
(17)

are
in

d
eed

eq
u
ivalen

t
to

each
oth

er.
W

e
b
rid

ge
th

em
togeth

er
b
y

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

7
(B

au
sch

ke
an

d
C

om
b

ettes,
2011

)
L

et
C

1
a
n

d
C

2
be

n
o
n

em
p
ty

su
bsets

o
f
R
n

.
T

h
en

IC
1 �

IC
2

=
IC

1
+
C
2 .

In
v
iew

of
L

em
m

as
3

an
d

7,
an

d
recall

th
atD

αg
=
C
αg

+
B
∞

,
w

e
h
ave

Ω
∗(ξ)

=
((Ω

α1
) ∗�

(Ω
2 ) ∗)

(ξ)
=
∑

Gg
=

1 (
IC
αg
�

IB
∞ )

(ξ
g )

=
∑

Gg
=

1
ID

αg
(ξ
g ).

(22)

C
om

b
in

in
g

E
q
.

(22)
an

d
T

h
eorem

1,
w

e
ob

tain
th

e
d
u
al

fo
rm

u
lation

of
S
G

L
in

(4).
T

h
ere-

fore,
th

e
d
u
al

form
u
lation

s
of

S
G

L
in

(4)
an

d
(17)

are
th

e
sam

e.

R
e
m

a
rk

8
A

n
a
p
pea

lin
g

a
d
va

n
ta

ge
o
f

th
e

F
en

ch
el’s

d
u

a
l

in
(1

7
)

is
th

a
t

w
e

h
a
ve

a
n

a
tu

ra
l

d
eco

m
po

sitio
n

o
f

a
ll

po
in

ts
ξ
g
∈
D
αg

:
ξ
g

=
P
B
∞

(ξ
g )

+
S

1 (ξ
g ))

w
ith

P
B
∞

(ξ
g )
∈
B
∞

a
n

d
S

1 (ξ
g )∈

C
αg

.
A

s
a

resu
lt,

th
is

lea
d
s

to
a

co
n

ven
ien

t
w

a
y

to
d
eterm

in
e

th
e

fea
sibility

o
f

a
n

y

d
u

a
l

va
ria

ble
θ

by
ch

eckin
g

ifS
1 (X

Tg
θ)∈

C
αg

,
g

=
1,...,G

.

3
.2

.
M

o
tiv

a
tio

n
o
f

th
e

T
w

o
-L

a
y
e
r

S
c
re

e
n

in
g

R
u

le
s

W
e

m
otive

th
e

tw
o-layer

screen
in

g
ru

les
v
ia

th
e

K
K

T
con

d
ition

in
E

q
.

(19).
A

s
im

p
lied

b
y

th
e

n
am

e,
th

ere
are

tw
o

lay
ers

in
ou

r
m

eth
o
d
.

T
h
e

fi
rst

layer
aim

s
to

id
en

tify
th

e
in

active
grou

p
s,

an
d

th
e

secon
d

lay
er

d
etects

th
e

in
active

featu
res

for
th

e
rem

ain
in

g
grou

p
s.

b
y

E
q
.

(19),
w

e
h
ave

th
e

follow
in

g
cases

b
y

n
otin

g
∂‖

w
‖

1
=

S
G

N
(w

)
an

d

∂‖
w
‖

=

{
{

w
‖
w
‖ }

,
if

w
6=

0,

{
u

:‖
u‖
≤

1},
if

w
=

0.

C
a
se

1
.

If
β
∗g (λ

,α
)6=

0,
w

e
h
ave

[X
Tg
θ ∗(λ

,α
)]k ∈

{
α √

n
g

[β
∗g
(λ
,α

)]k
‖
β
∗g
(λ
,α

)‖
+

sign
([β
∗g (λ

,α
)]k ),

if
[β
∗g (λ

,α
)]k 6=

0,

[−
1
,1],

if
[β
∗g (λ

,α
)]k

=
0.

(23)
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
ss
o
v
ia

D
e
c
o
m
p
o
si
t
io
n
o
f
C
o
n
v
e
x
S
e
t
s

In
v
ie

w
of

E
q
.

(2
3)

,
w

e
ca

n
se

e
th

at

(a
):
S 1

(X
T g
θ∗

(λ
,α

))
=
α
√
n
g

β
∗ g(
λ

1
,λ

2
)

‖β
∗ g(
λ

1
,λ

2
)‖

an
d
‖S

1
(X

T g
θ∗

(λ
,α

))
‖

=
α
√
n
g
,

(2
4)

(b
):

If
∣ ∣ [X

T g
θ∗

(λ
,α

] k
∣ ∣ ≤

1
th

en
[β
∗ g(
λ
,α

)]
k

=
0.

(2
5)

C
a
se

2
.

If
β
∗ g(
λ
,α

)
=

0,
w

e
h
av

e

[X
T g
θ∗

(λ
,α

)]
k
∈
α
√
n
g
[u
g
] k

+
[−

1
,1

],
‖u

g
‖
≤

1.
(2

6)

T
h

e
fi

rs
t

la
y
e
r

(g
ro

u
p

-l
e
v
e
l)

o
f

T
L

F
re

F
ro

m
(2

4)
in

C
a
se

1
,

w
e

h
av

e

∥ ∥ S
1
(X

T g
θ∗

(λ
,α

))
∥ ∥
<
α
√
n
g
⇒
β
∗ g(
λ
,α

)
=

0.
(R

1)

W
e

ca
n

se
e

th
at

w
e

ca
n

u
ti

li
ze

(R
1)

to
id

en
ti

fy
th

e
in

ac
ti

ve
gr

ou
p
s,

an
d

th
u
s

it
is

a
gr

o
u
p
-

le
ve

l
sc

re
en

in
g

ru
le

.

T
h

e
se

c
o
n

d
la

y
e
r

(f
e
a
tu

re
-l

e
v
e
l)

o
f

T
L

F
re

L
et

x
g
k

b
e

th
e
k
th

co
lu

m
n

of
X
g
.

W
e

h
av

e
[X

T g
θ∗

(λ
,α

)]
k

=
x
T g
k
θ∗

(λ
,α

).
In

v
ie

w
of

(2
5)

an
d

(2
6)

,
w

e
ca

n
se

e
th

at

∣ ∣ x
T g
k
θ∗

(λ
,α

)∣ ∣
≤

1
⇒

[β
∗ g(
λ
,α

)]
k

=
0.

(R
2)

D
iff

er
en

t
fr

om
(R

1)
,
(R

2)
d
et

ec
ts

th
e

in
ac

ti
ve

fe
at

u
re

s,
an

d
th

u
s

it
is

a
fe

at
u
re

-l
ev

el
sc

re
en

in
g

ru
le

. H
ow

ev
er

,
w

e
ca

n
n
ot

d
ir

ec
tl

y
ap

p
ly

(R
1)

an
d

(R
2)

to
id

en
ti

fy
th

e
in

ac
ti

ve
gr

o
u
p
s/

fe
a
tu

re
s

b
ec

au
se

b
ot

h
n
ee

d
to

k
n
ow

θ∗
(λ
,α

).
In

sp
ir

ed
b
y

th
e

S
A

F
E

ru
le

s
(E

l
G

h
ao

u
i

et
al

.,
20

1
2)

,
w

e
ca

n
fi
rs

t
es

ti
m

at
e

a
re

gi
on

Θ
co

n
ta

in
in

g
θ∗

(λ
,α

).
L

et
X
T g

Θ
=
{X

T g
θ

:
θ
∈

Θ
}.

T
h
en

,
(R

1)
an

d
(R

2)
ca

n
b

e
re

la
x
ed

as
fo

ll
ow

s:

su
p
ξ g

{ ‖
S 1

(ξ
g
)‖

:
ξ g
∈

Ξ
g
⊇

X
T g

Θ
}
<
α
√
n
g
⇒
β
∗ g(
λ
,α

)
=

0,
(R

1∗
)

su
p
θ

{∣ ∣
x
T g
k
θ∣ ∣

:
θ
∈

Θ
}
≤

1
⇒

[β
∗ g(
λ
,α

)]
k

=
0.

(R
2∗

)

W
e

n
ot

e
th

at
th

e
tw

o
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

in
(R

1
∗ )

an
d

(R
2
∗ )

ar
e

th
e

sa
m

e
w

it
h

(5
)

an
d

(6
),

re
sp

ec
ti

ve
ly

.
T

h
er

ef
or

e,
in

sp
ir

ed
b
y

(R
1
∗ )

an
d

(R
2∗

),
w

e
ca

n
d
ev

el
op

T
L

F
re

v
ia

th
e

gu
id

el
in

es
as

sh
ow

n
in

A
lg

or
it

h
m

1.

3
.3

.
T

h
e

E
ff

e
c
ti

v
e

In
te

rv
a
l

o
f

P
a
ra

m
e
te

r
V

a
lu

e
s

In
th

is
se

ct
io

n
,

w
e

ex
p
lo

re
th

e
ge

om
et

ri
c

p
ro

p
er

ti
es

of
th

e
F

en
ch

el
’s

d
u
al

o
f

S
G

L
in

d
ep

th
—

b
as

ed
on

w
h
ic

h
w

e
ca

n
d
er

iv
e

th
e

se
t

of
p
ar

am
et

er
va

lu
es

su
ch

th
at

th
e

p
ri

m
al

op
ti

m
u
m

is
ze

ro
/n

on
ze

ro
.

W
e

n
ot

e
th

at
,

S
im

on
et

al
.

(S
im

on
et

al
.,

20
13

)
d
er

iv
ed

si
m

il
ar

re
su

lt
s

fo
r

S
G

L
w

it
h

a
d
iff

er
en

t
p
ar

am
et

er
iz

at
io

n
of

th
e

p
ar

am
et

er
va

lu
es

.
H

ow
ev

er
,

th
ei

r
ap

p
ro

ac
h

is
b
as

ed
on

th
e

p
ri

m
al

p
ro

b
le

m
of

S
G

L
an

d
th

e
K

K
T

co
n
d
it

io
n
s.

O
u
r

n
ew

ap
p
ro

ac
h
—

th
at

is
b
as

ed
on

th
e

d
u
al

p
er

sp
ec

ti
ve

—
sh

ed
s

n
ew

in
si

gh
ts

on
th

e
ge

om
et

ri
c

p
ro

p
er

ti
es

of
S
G

L
.

W
e

co
n
si

d
er

th
e

S
G

L
p
ro

b
le

m
in

(3
)

an
d

(2
)

in
S
ec

ti
on

3.
3.

1
an

d
3.

3.
2,

re
sp

ec
ti

ve
ly

.
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 2
0(

16
3)

:1
-4

2,
 2

01
9

W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

3
.3
.1
.
T
h
e
E
f
f
e
c
t
iv
e
In

t
e
r
v
a
l
o
f
P
a
r
a
m
e
t
e
r
V
a
l
u
e
s
f
o
r
P
r
o
b
l
e
m

(3
)

C
on

si
d
er

th
e

S
G

L
p
ro

b
le

m
in

(3
).

F
or

n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
le

t

F
α g

=
{θ

:
‖S

1
(X

T g
θ)
‖
≤
α
√
n
g
},
g

=
1,
..
.,
G
.

W
e

d
en

ot
e

th
e

fe
as

ib
le

se
t

of
th

e
F

en
ch

el
’s

d
u
al

of
S
G

L
b
y

F
α

=
∩ g

=
1
,.
..
,G
F
α g
.

P
ro

b
le

m
(1

7)
[o

r
(2

1)
]

im
p
li
es

th
at
θ∗

(λ
,α

)
is

th
e

p
ro

je
ct

io
n

of
y
/λ

on
F
α
,

i.
e.

,

θ∗
(λ
,α

)
=

P
F
α
(y
/λ

).
(2

7
)

T
h
u
s,

if
y
/λ
∈
F
α
,

w
e

h
av

e
θ∗

(λ
,α

)
=

y
/λ

.
M

or
eo

ve
r,

(R
1)

im
p
li
es

th
at
β
∗ (
λ
,α

)
=

0
if

y
/λ

is
an

in
te

ri
o
r

p
oi

n
t

of
F
α
.

In
d
ee

d
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

st
ro

n
g
er

re
su

lt
.

T
h

e
o
re

m
9

F
o
r

th
e

S
G

L
p
ro

bl
em

in
(3

),
le

t

λ
α m

a
x

=
m

ax g
{ρ

g
:
∥ ∥ S

1
(X

T g
y
/ρ

g
)∥ ∥

=
α
√
n
g
}.

(2
8
)

T
h
en

,
th

e
fo

ll
o
w

in
g

st
a
te

m
en

ts
a
re

eq
u

iv
a
le

n
t:

(i
)

y λ
∈
F
α

,
(i

i)
θ∗

(λ
,α

)
=

y λ
,

(i
ii
)
β
∗ (
λ
,α

)
=

0,
(i

v
)
λ
≥
λ
α m

a
x
.

R
e
m

a
rk

1
0

T
h
eo

re
m

9
im

p
li

es
th

a
t

th
e

p
ri

m
a
l

o
p
ti

m
u

m
β
∗ (
λ
,α

)
6=

0
if

a
n

d
o
n

ly
if
λ
∈

(0
,λ

α m
a
x
),

n
a
m

el
y,

th
e

eff
ec

ti
ve

in
te

rv
a
l

o
f

th
e

pa
ra

m
et

er
λ

w
it

h
a

fi
xe

d
va

lu
e

o
f
α

is
(0
,λ

α m
a
x
).

W
e

n
ot

e
th

at
ρ
g

in
th

e
d
efi

n
it

io
n

of
λ
α m

a
x

ad
m

it
s

a
cl

os
ed

fo
rm

so
lu

ti
on

.
F

o
r

n
o
ta

ti
o
n
al

co
n
ve

n
ie

n
ce

,
le

t
|w
|b

e
th

e
ve

ct
or

b
y

ta
k
in

g
ab

so
lu

te
va

lu
e

of
w

co
m

p
on

en
t-

w
is

el
y

a
n
d

[w
](k

)
b

e
th

e
v
ec

to
r

co
n
si

st
in

g
of

th
e

fi
rs

t
k

co
m

p
on

en
ts

of
w

.

L
e
m

m
a

1
1

W
e

so
rt

0
6=
|X

T g
y
|∈

R
n
g

in
d
es

ce
n

d
in

g
o
rd

er
a
n

d
d
en

o
te

it
by

z
.

(i
)

If
th

er
e

ex
is

ts
[z

] k
su

ch
th

a
t
‖S

1
(X

T g
y
/[

z
] k

)‖
=
α
√
n
g
,

th
en

ρ
g

=
[z

] k
.

(i
i)

O
th

er
w

is
e,

le
t
τ i

=
‖S

1
(X

T g
y
/[

z
] i

)‖
,
i

=
1,
..
.,
n
g
,

a
n

d
τ n

g
+

1
=
∞

.
T

h
er

e
ex

is
ts

a
k

su
ch

th
a
t
α
√
n
g
∈

(τ
k
,τ
k
+

1
),

a
n

d
ρ
g
∈

([
z
] k

+
1
,[

z
] k

)
is

th
e

ro
o
t

o
f

(k
−
α

2
n
g
)ρ

2
−

2
ρ
‖[

z
](k

) ‖
1

+
‖[

z
](k

) ‖
2

=
0.

W
e

om
it

th
e

p
ro

of
of

L
em

m
a

11
b

ec
au

se
it

is
a

d
ir

ec
t

co
n
se

q
u
en

ce
b
y

n
o
ti

n
g

th
a
t

‖S
1
(X

T g
y
/λ

)‖
2

=
α

2
n
g

is
p
ie

ce
w

is
e

q
u
ad

ra
ti

c.
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
sso

v
ia

D
e
c
o
m
p
o
sit

io
n
o
f
C
o
n
v
e
x
S
e
t
s

3
.3
.2
.
T
h
e
E
f
f
e
c
t
iv
e
In

t
e
r
v
a
l
o
f
P
a
r
a
m
e
t
e
r
V
a
l
u
e
s
f
o
r
P
r
o
b
l
e
m

(2
)

T
h
eo

rem
9

im
p
lies

th
at

th
e

op
tim

al
solu

tion
β
∗(λ

,α
)

is
0

as
lon

g
as

y
/λ
∈
F
α
.

T
h
is

g
eom

etric
p
ro

p
erty

also
lead

s
to

an
ex

p
licit

ch
aracterization

of
th

e
set

of
(λ

1 ,λ
2 )

su
ch

th
at

th
e

co
rresp

o
n
d
in

g
solu

tion
of

p
rob

lem
(2)

is
0.

W
e

d
en

ote
b
y
β̄
∗(λ

1 ,λ
2 )

th
e

op
tim

al
solu

tion
o
f

p
ro

b
lem

(2
).

C
o
ro

lla
ry

1
2

F
o
r

th
e

S
G

L
p
ro

blem
in

(2
),

let

λ
m

a
x

1
(λ

2 )
=

m
a
x

g

1
√
n
g ‖S

λ
2 (X

Tg
y

)‖
.

T
h
en

,
th

e
fo

llo
w

in
g

h
o
ld

.

(i)
β̄
∗(λ

1 ,λ
2 )

=
0
⇔
λ

1 ≥
λ

m
a
x

1
(λ

2 ).

(ii)
β̄
∗(λ

1 ,λ
2 )

=
0

if

λ
1 ≥

λ
m

a
x

1
:=

m
ax
g

1
√
n
g ‖X

Tg
y‖

or
λ

2 ≥
λ

m
a
x

2
:=
‖X

T
y‖∞

.

B
y

C
o
rollary

12,
w

e
can

see
th

at
th

e
p
rim

al
op

tim
u
m
β̄
∗(λ

1 ,λ
2 )
6=

0
if

a
n
d

on
ly

if
λ

1 ∈
(0,λ

m
a
x

1
(λ

2 )).
In

oth
er

w
ord

s,
th

e
eff

ective
in

terval
of

th
e

p
aram

eter
λ

1
w

ith
a

fi
x
ed

va
lu

e
o
f
λ

2
is

(0
,λ

m
a
x

1
(λ

2 )).

4
.

T
h
e

T
w

o
-L

a
y
e
r

S
cre

e
n
in

g
R

u
le

s
fo

r
S
G

L

W
e

fo
llow

th
e

gu
id

elin
es

in
A

lgorith
m

1
to

d
evelop

T
L

F
re.

In
S
ection

4.1,
w

e
g
iv

e
an

a
ccu

ra
te

estim
a
tion

of
θ ∗(λ

,α
)

v
ia

n
orm

al
con

es
(R

u
szczy

ń
sk

i,
2006).

T
h
en

,
w

e
com

p
u
te

th
e

su
p
rem

e
va

lu
es

in
(R

1 ∗)
an

d
(R

2 ∗)
b
y

solv
in

g
n
on

con
vex

p
rob

lem
s

in
S
ectio

n
4.2.

W
e

n
o
te

th
at,

in
m

an
y

ap
p
lication

s,
th

e
p
aram

eter
valu

es
th

at
p

erform
th

e
b

est
are

u
su

a
lly

u
n
k
n
ow

n
.

T
o

d
eterm

in
e

ap
p
rop

riate
p
aram

eter
valu

es,
com

m
on

ly
u
sed

a
p
p
roach

es
su

ch
a
s

cro
ss

va
lid

ation
an

d
stab

ility
selection

in
volve

solv
in

g
S
G

L
m

an
y

tim
es

over
a

g
rip

o
f

p
a
ra

m
eter

valu
es.

T
h
u
s,

given
{
α
i } Ii=

1
an

d
λ
i,1
>
···

>
λ
i,J

i ,
w

e
can

fi
x

th
e

valu
e

of
α

ea
ch

tim
e

a
n
d

solve
S
G

L
b
y

vary
in

g
th

e
valu

e
of
λ

.
W

e
rep

eat
th

e
p
ro

cess
u
n
til

w
e

solve
S
G

L
fo

r
all

o
f

th
e

p
aram

eter
valu

es.

W
e

p
resen

t
th

e
T

L
F

re
screen

in
g

ru
le

com
b
in

ed
w

ith
an

y
solver

for
solv

in
g

th
e

S
G

L
p
ro

b
lem

s
a
t

a
grid

of
p
aram

eters
in

A
lgorith

m
2

(see
S
ection

4.3
for

a
d
eta

iled
ex

p
lan

a
tion

).
M

o
reover,

T
h
eo

rem
9

gives
th

e
closed

form
solu

tion
of
β
∗(λ

,α
)

for
an

y
λ
≥
λ
αm

a
x .

T
h
u
s,

w
e

a
ssu

m
e

th
a
t

th
e

in
p
u
t

p
aram

eter
valu

es
in

A
lgorith

m
2

satisfy
λ
i,j
<
λ
α
i

m
a
x

for
all
i

=
1,...,I

a
n
d
j

=
1,...,J

i .
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

A
lg

o
rith

m
2

T
h
e

T
L

F
re

screen
in

g
ru

le
com

b
in

ed
w

ith
an

y
solv

er
of

S
G

L
.

In
p

u
t:
{(λ

i,j ,α
i )

:
i

=
1,...,I

,j
=

1
,...,J

i }
,

w
h
ere

λ
α
i

m
a
x
>

λ
i,1

>
···

>
λ
i,J

i
for

i
=

1,...,I
.

O
u

tp
u

t:
β
∗(λ

i,j ,α
i )

an
d

th
e

in
d
ex

setG
i,j

su
ch

th
at

[β
∗(λ

i,j ,α
i )]G

i,j
=

0
for

i
=

1,...,I
an

d
j

=
1,...,J

i .
1
:

In
itialize

G
i,j ←

∅,
i

=
1,...,I

,
j

=
1,...,J

i .
2
:

fo
r
i

=
1

to
I

d
o

3
:

C
om

p
u
te
λ
α
i

m
a
x

b
y

E
q
.

(28)
an

d
set

λ
i,0 ←

λ
α
i

m
a
x .

4
:

S
et
θ ∗(λ

i,0 ,α
i )←

y
λ
i,0

b
y

T
h
eorem

9.

5
:

fo
r
j

=
1

to
J
i

d
o

6
:

/*
com

p
u
te

th
e

b
all

Θ
th

at
con

tain
s
θ ∗(λ

i,j ,α
i )

*/
7
:

C
om

p
u
te

v
⊥α
i (λ

i,j−
1 ,λ

i,j )
b
y

T
h
eorem

14.
8
:

S
et

th
e

cen
ter

of
Θ

:
o
α
i (λ

i,j−
1 ,λ

i,j )←
θ ∗(λ

i,j−
1 ,α

i )
+

12 v
⊥α
i (λ

i,j ,λ
i,j−

1 ).
9
:

S
et

th
e

rad
iu

s
of

Θ
:
r
α
i (λ

i,j−
1 ,λ

i,j )←
12 ‖v

⊥α
i (λ

i,j ,λ
i,j−

1 )‖.
1
0
:

fo
r
g

=
1

to
G

d
o

1
1
:

C
om

p
u
te
s ∗g (λ

i,j ,λ
i,j−

1 ;α
i )

b
y

T
h
eorem

17.
1
2
:

/*
th

e
fi
rst

layer
(grou

p
-level

screen
in

g)
of

T
L

F
re

*/
1
3
:

if
s ∗g (λ

i,j ,λ
i,j−

1 ;α
i )
<
α
i √
n
g

th
e
n

1
4
:

β
∗g (λ

i,j ,α
i )

=
0.

1
5
:

S
etG

i,j ←
G
i,j ∪
{
g
k

:
x
g
k

is
th

e
k
th

colu
m

n
of

X
g }

.
1
6
:

e
lse

1
7
:

fo
r
k

=
1

to
n
g

d
o

1
8
:

C
om

p
u
te
t ∗g
k (λ

i,j ,λ
i,j−

1 ;α
i )

b
y

T
h
eorem

18.
1
9
:

/*
th

e
secon

d
layer

(featu
re-level

screen
in

g)
of

T
L

F
re

*/
2
0
:

if
t ∗g
k (λ

i,j ,λ
i,j−

1 ;α
i )≤

1
th

e
n

2
1
:

[β
∗g (λ

i,j ,α
i )]k

=
0.

2
2
:

S
etG

i,j ←
G
i,j ∪
{
g
k }.

2
3
:

e
n

d
if

2
4
:

e
n

d
fo

r
2
5
:

e
n

d
if

2
6
:

e
n

d
fo

r
2
7
:

S
et G

i,j ←
{k

:
k

=
1,...,p

,k
/∈
G
i,j }

.
2
8
:

C
om

p
u
te

[β
∗(λ

i,j ,α
i )]G

i,j
on

th
e

red
u
ced

d
ata

set
X
G
i,j

b
y

an
y

solver.

2
9
:

S
et
θ ∗(λ

i,j ,α
i )←

(y
−

X
β
∗(λ

i,j ,α
i ))/λ

i,j
b
y

E
q
.

(18).
3
0
:

e
n

d
fo

r
3
1
:

e
n

d
fo

r

4
.1

.
E

stim
a
tio

n
o
f

th
e

D
u

a
l

O
p

tim
a
l

S
o
lu

tio
n

D
u
e

to
th

e
geom

etric
p
rop

erty
of

th
e

d
u
al

p
rob

lem
in

(17
),

i.e.,
θ ∗(λ

,α
)

=
P
F
α
(y
/λ

),
w

e
h
ave

a
very

u
sefu

l
ch

aracterization
of

th
e

d
u
al

op
tim

al
solu

tion
v
ia

th
e

so-called
n
orm

al
con

es
(R

u
szczy

ń
sk

i,
2006).

1
2
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
ss
o
v
ia

D
e
c
o
m
p
o
si
t
io
n
o
f
C
o
n
v
e
x
S
e
t
s

P
ro

p
o
si

ti
o
n

1
3

(R
u
sz

cz
y
ń
sk

i,
20

06
;

B
au

sc
h
ke

an
d

C
om

b
et

te
s,

20
11

)
F

o
r

a
cl

o
se

d
co

n
ve

x
se

t
C
∈
R
n

a
n

d
a

po
in

t
w
∈
C,

th
e

n
o
rm

a
l

co
n

e
to
C

a
t

w
is

d
efi

n
ed

by

N
C(

w
)

=
{v

:
〈v
,w
′ −

w
〉≤

0,
∀w
′ ∈
C}
.

(2
9)

T
h
en

,
th

e
fo

ll
o

w
in

g
h
o
ld

:

(i
)
N
C(

w
)

=
{v

:
P
C(

w
+

v
)

=
w
}.

(i
i)

P
C(

w
+

v
)

=
w
,
∀v
∈
N
C(

w
).

(i
ii
)

L
et

w
/∈
C.

T
h
en

,
w

=
P
C(

w
)
⇔

w
−

w
∈
N
C(

w
).

(i
v
)

L
et

w
/∈
C

a
n

d
w

=
P
C(

w
).

T
h
en

,
P
C(

w
+
t(

w
−

w
))

=
w

fo
r

a
ll
t
≥

0
.

B
y

T
h
eo

re
m

9,
θ∗

(λ̄
,α

)
is

k
n
ow

n
if
λ̄

=
λ
α m

a
x
.

T
h
u
s,

w
e

ca
n

es
ti

m
at

e
θ∗

(λ
,α

)
in

te
rm

s
of

θ∗
(λ̄
,α

).
D

u
e

to
th

e
sa

m
e

re
as

on
,

w
e

o
n

ly
co

n
si

d
er

th
e

ca
se

s
w

it
h
λ
<
λ
α m

a
x

fo
r
θ∗

(λ
,α

)
to

b
e

es
ti

m
at

ed
.

T
h

e
o
re

m
1
4

F
o
r

th
e

S
G

L
p
ro

bl
em

in
(3

),
su

p
po

se
th

a
t
θ∗

(λ̄
,α

)
is

kn
o
w

n
w

it
h
λ̄
≤
λ
α m

a
x
.

L
et
ρ
g
,
g

=
1,
..
.,
G

,
be

d
efi

n
ed

by
T

h
eo

re
m

9
.

F
o
r
λ
∈

(0
,λ̄

),
le

t

n
α
(λ̄

)
=

  

y λ̄
−
θ∗

(λ̄
,α

),
if
λ̄
<
λ
α m

a
x
,

X
∗S

1

( X
T ∗

y
λ
α m
a
x

) ,
if
λ̄

=
λ
α m

a
x
,

w
h
er

e
X
∗

=
ar

gm
ax

X
g
ρ
g
,

v
α
(λ
,λ̄

)
=

y λ
−
θ∗

(λ̄
,α

),

v
⊥ α

(λ
,λ̄

)
=

v
α
(λ
,λ̄

)
−
〈v
α
(λ
,λ̄

),
n
α
(λ̄

)〉
‖n

α
(λ̄

)‖
2

n
α
(λ̄

).

T
h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

:

(i
)

n
α
(λ̄

)
∈
N
F
α
(θ
∗ (
λ̄
,α

))
,

(i
i)
‖θ
∗ (
λ
,α

)
−

(θ
∗ (
λ̄
,α

)
+

1 2
v
⊥ α

(λ
,λ̄

))
‖
≤

1 2
‖v
⊥ α

(λ
,λ̄

)‖
.

F
or

n
ot

at
io

n
al

co
n
v
en

ie
n
ce

,
w

e
d
en

ot
e

o
α
(λ
,λ̄

)
=
θ∗

(λ̄
,α

)
+

1 2
v
⊥ α

(λ
,λ̄

).
(3

0)

T
h
eo

re
m

14
sh

ow
s

th
at

θ∗
(λ
,α

)
li
es

in
si

d
e

th
e

b
al

l
of

ra
d
iu

s
1 2
‖v
⊥ α

(λ
,λ̄

)‖
ce

n
te

re
d

at
o
α
(λ
,λ̄

).

4
.2

.
S

o
lv

in
g

fo
r

th
e

S
u

p
re

m
e

V
a
lu

e
s

v
ia

N
o
n

c
o
n
v
e
x

O
p

ti
m

iz
a
ti

o
n

W
e

so
lv

e
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

in
(R

1∗
)

an
d

(R
2∗

).
T

o
si

m
p
li
fy

n
ot

at
io

n
s,

le
t

Θ
=
{θ

:
‖θ
−

o
α
(λ
,λ̄

)‖
≤

1 2
‖v
⊥ α

(λ
,λ̄

)‖
},

(3
1)

Ξ
g

=

{ ξ g
:
‖ξ
g
−

X
T g
o
α
(λ
,λ̄

)‖
≤

1 2
‖v
⊥ α

(λ
,λ̄

)‖
‖X

g
‖ 2
}
,
g

=
1,
..
.,
G
.

(3
2)

1
3

JM
L

R
 2

0(
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2,
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01

9

W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

T
h
eo

re
m

14
in

d
ic

at
es

th
at
θ∗

(λ
,α

)
∈

Θ
.

M
or

eo
ve

r,
w

e
ca

n
se

e
th

at
X
T g

Θ
⊆

Ξ
g
,
g

=
1,
..
.,
G

.
T

o
d
ev

el
op

th
e

T
L

F
re

ru
le

b
y

(R
1∗

)
an

d
(R

2∗
),

w
e

n
ee

d
to

so
lv

e
th

e
fo

ll
ow

in
g

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
s:

s∗ g
(λ
,λ̄

;α
)

=
su

p
ξ g
{‖
S 1

(ξ
g
)‖

:
ξ g
∈

Ξ
g
},
g

=
1,
..
.,
G
,

(3
3
)

t∗ g
k
(λ
,λ̄

;α
)

=
su

p
θ
{|

x
T g
k
θ|

:
θ
∈

Θ
},
k

=
1,
..
.,
n
g
,
g

=
1,
..
.,
G
.

(3
4
)

4
.2
.1
.
T
h
e
S
o
l
u
t
io
n
o
f
P
r
o
b
l
e
m

(3
3
)

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

eq
u
iv

al
en

t
p
ro

b
le

m
of

(3
3)

:

1 2

( s
∗ g(
λ
,λ̄

;α
))

2
=

su
p
ξ g

{
1 2
‖S

1
(ξ
g
)‖

2
:
ξ g
∈

Ξ
g

}
.

(3
5
)

W
e

ca
n

se
e

th
at

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

of
p
ro

b
le

m
(3

5)
is

co
n

ti
n

u
o
u

sl
y

d
iff

er
en

ti
a
bl

e
a
n
d

th
e

fe
as

ib
le

se
t

is
a

b
al

l.
T

h
u
s,

p
ro

b
le

m
(3

5)
is

n
o
n

co
n

ve
x

b
ec

au
se

w
e

n
ee

d
to

m
a
xi

m
iz

e
a

co
n
ve

x
fu

n
ct

io
n

su
b

je
ct

to
a

co
n
ve

x
se

t.
W

e
fi
rs

t
d
er

iv
e

th
e

n
ec

es
sa

ry
op

ti
m

a
li
ty

co
n
d
it

io
n
s

in
L

em
m

a
15

an
d

th
en

d
ed

u
ce

th
e

cl
os

ed
fo

rm
so

lu
ti

on
s

of
p
ro

b
le

m
s

(3
3
)

a
n
d

(3
5
)

in
T

h
eo

re
m

17
.

L
e
m

m
a

1
5

L
et

Ξ
∗ g

be
th

e
se

t
o
f

o
p
ti

m
a
l

so
lu

ti
o
n

s
o
f

(3
5
)

a
n

d
ξ∗ g
∈

Ξ
∗ g.

T
h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

:
(i

)
S

u
p
po

se
th

a
t
ξ∗ g

is
a
n

in
te

ri
o
r

po
in

t
o
f

Ξ
g
.

T
h
en

,
Ξ
g

is
a

su
bs

et
o
f
B ∞

.
(i

i)
S

u
p
po

se
th

a
t
ξ∗ g

is
a

bo
u

n
d
a
ry

po
in

t
o
f

Ξ
g
.

T
h
en

,
th

er
e

ex
is

ts
µ
∗
≥

0
su

ch
th

a
t

S 1
(ξ
∗ g)

=
µ
∗
( ξ
∗ g
−

X
T g
o
α
(λ
,λ̄

))
.

(3
6
)

(i
ii
)

S
u

p
po

se
th

a
t

th
er

e
ex

is
ts
ξ0 g
∈

Ξ
g

a
n

d
ξ0 g

/∈
B ∞

.
T

h
en

,
w

e
h
a
ve

(i
ii
a)
ξ∗ g

/∈
B ∞

a
n

d
ξ∗ g

is
a

bo
u

n
d
a
ry

po
in

t
o
f

Ξ
g
,

i.
e.

,

‖ξ
∗ g
−

X
T g
o
α
(λ
,λ̄

)‖
=

1 2
‖v
⊥ α

(λ
,λ̄

)‖
‖X

g
‖ 2
.

(i
ii
b
)

T
h
e

o
p
ti

m
a
li

ty
co

n
d
it

io
n

in
E

q.
(3

6
)

h
o
ld

s
w

it
h
µ
∗
>

0
.

T
o

sh
ow

L
em

m
a

15
,

w
e

n
ee

d
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
.

P
ro

p
o
si

ti
o
n

1
6

(H
ir

ia
rt

-U
rr

u
ty

,
19

88
)

S
u

p
po

se
th

a
t
h
∈

Γ
0

a
n

d
C

is
a

n
o
n

em
p
ty

cl
o
se

d
co

n
ve

x
se

t.
If

w
∗
∈
C

is
a

lo
ca

l
m

a
xi

m
u

m
o
f
h

o
n
C,

th
en

∂
h

(w
∗ )
⊆
N
C(

w
∗ )

.

W
e

n
ow

p
re

se
n
t

th
e

p
ro

of
of

L
em

m
a

15
.

P
ro

o
f

T
o

si
m

p
li
fy

n
ot

at
io

n
s,

le
t

c
=

X
T g
o
α
(λ
,λ̄

)
an

d
r

=
1 2
‖v
⊥ α

(λ
,λ̄

)‖
‖X

g
‖ 2
.

(3
7
)

B
y

E
q
.

(1
),

w
e

h
av

e

h
(w

)
:=

1 2
‖S

1
(w

)‖
2

=
1 2

∑ i

(|[
w

] i
|−

1
)2 +
.

(3
8
)

1
4

JM
L

R
 2

0(
16

3)
:1

-4
2,

 2
01

9



T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
sso

v
ia

D
e
c
o
m
p
o
sit

io
n
o
f
C
o
n
v
e
x
S
e
t
s

It
is

ea
sy

to
see

th
at
h

(·)
is

con
tin

u
ou

sly
d
iff

eren
tiab

le.
In

d
eed

,
w

e
h
ave

∇
h

(w
)

=
S

1 (w
).

(39)

T
h
en

,
p
ro

b
lem

(35)
can

b
e

w
ritten

as

12
(s ∗g (λ

,λ̄
;α

))
2

=
su

p
ξ
g

{
h

(ξ
g )

=
12

∑

i

([ξ
g ]i −

1)
2+

:
ξ
g ∈

Ξ
g }

,
(40)

w
h
ere

Ξ
g

=
{ξ
g

:‖ξ
g −

c‖
≤
r}

.
T

h
en

,
P

rop
osition

16
resu

lts
in

S
1 (ξ ∗g )

=
∇
h

(ξ ∗g )⊆
∂
h

(ξ ∗g )⊆
N

Ξ
g (ξ ∗g ).

(41)

(i)
S
u
p
p

o
se

th
at

ξ ∗g
is

an
in

terior
p

oin
t

of
Ξ
g .

T
h
en

,
w

e
h
ave

N
Ξ
g (ξ ∗g )

=
0
.

B
y

E
q
.

(41),
w

e
can

see
th

at

0
=
S

1 (ξ ∗g )⇒
0

=
12 ‖S

1 (ξ ∗g )‖
2

=
12

(s ∗g (λ
,λ̄

;α
))

2
=

su
p

ξ
g

{
12 ‖S

1 (ξ
g )‖

2
:
ξ
g ∈

Ξ
g }

.

T
h
erefore,

w
e

h
ave

‖S
1 (ξ

g )‖
=

0,∀
ξ
g ∈

Ξ
g .

(42)

B
eca

u
se
S

1 (ξ
g )

=
ξ
g −

P
B
∞

(ξ
g )

(see
R

em
ark

6),
E

q
.

(42)
im

p
lies

th
at

ξ
g

=
P
B
∞

(ξ
g ),∀

ξ
g ∈

Ξ
g ⇒

ξ
g ∈
B
∞
,∀

ξ
g ∈

Ξ
g .

T
h
is

com
p
letes

th
e

p
ro

of.

(ii)
S
u
p
p

o
se

th
at
ξ ∗g

is
a

b
ou

n
d
ary

p
oin

t
o
f

Ξ
g .

W
e

can
see

th
at

N
Ξ
g (ξ ∗g )

=
{
µ

(ξ ∗g −
c
),
µ
≥

0}.
(43)

T
h
en

,
E

q
.
(36)

follow
s

b
y

com
b
in

in
g

E
q
.
(43)

an
d

th
e

op
tim

ality
con

d
itio

n
in

(41
).

(iii)
S
u
p
p

o
se

th
at

th
ere

ex
ists

ξ
0g ∈

Ξ
g

an
d
ξ

0g
/∈
B
∞

.

(iiia
)

T
h
e

d
efi

n
ition

of
ξ

0g
lead

s
to

0
<
‖S

1 (ξ
0g )‖
≤
‖S

1 (ξ ∗g )‖
⇒
ξ ∗g

/∈
B
∞
.

M
oreover,

w
e

can
see

th
at
ξ ∗g

is
a

b
ou

n
d
ary

p
oin

t
of

Ξ
g .

B
ecau

se
if
ξ ∗g

is
a
n

in
terior

p
oin

t
of

Ξ
g ,

th
e

fi
rst

p
art

im
p
lies

th
at

Ξ
g
⊂
B
∞

.
T

h
is

con
trad

icts
w

ith
th

e
ex

isten
ce

of
ξ

0g .
T

h
u
s,
ξ ∗g

m
u
st

b
e

a
b

ou
n
d
ary

p
oin

t
o
f

Ξ
g ,

i.e.
‖
ξ ∗g −

c‖
=
r.

(iiib
)

B
ecau

se
ξ ∗g

is
a

b
ou

n
d
ary

p
oin

t
of

Ξ
g ,

th
e

secon
d

p
a
rt

im
p
lies

th
at

E
q
.

(36)
h
old

s.
M

oreov
er,

from
(iiia),

w
e

k
n
ow

th
at
ξ ∗g

/∈
B
∞

.
T

h
erefore,

b
oth

sid
es

o
f

E
q
.

(36)
are

n
on

zero
an

d
th

u
s
µ
∗
>

0.
T

h
is

com
p
letes

th
e

p
ro

of.
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

B
ased

on
th

e
n
ecessary

op
tim

ality
con

d
ition

s
in

L
em

m
a

15,
w

e
d
erive

th
e

closed
form

solu
tion

s
of

(33)
an

d
(35)

in
th

e
follow

in
g

T
h
eorem

.
T

h
e

n
otation

s
are

th
e

sam
e

as
th

e
on

es
in

th
e

p
ro

of
of

L
em

m
a

15
[see

E
q
.

(37
)

an
d

E
q
.

(38)].

T
h

e
o
re

m
1
7

F
o
r

p
ro

blem
s

(3
3
)

a
n

d
(3

5
),

let
c

=
X
Tg
o
α
(λ
,λ̄

),
r

=
12 ‖

v
⊥α

(λ
,λ̄

)‖‖X
g ‖

2
a
n

d
Ξ
∗g

be
th

e
set

o
f

th
e

o
p
tim

a
l

so
lu

tio
n

s.

(i)
S

u
p
po

se
th

a
t

c
/∈
B
∞

,
i.e.,‖

c‖∞
>

1
.

L
et

u
=
rS

1 (c
)/‖S

1 (c
)‖

.
T

h
en

,

s ∗g (λ
,λ̄

;α
)

=
‖S

1 (c
)‖

+
r

an
d

Ξ
∗g

=
{c

+
u}
.

(44)

(ii)
S

u
p
po

se
th

a
t

c
is

a
bo

u
n

d
a
ry

po
in

t
o
fB
∞

,
i.e.,‖

c‖∞
=

1.
T

h
en

,

s ∗g (λ
,λ̄

;α
)

=
r

an
d

Ξ
∗g

=
{
c

+
u

:
u
∈
N
B
∞

(c
),‖

u‖
=
r}
.

(45)

(iii)
S

u
p
po

se
th

a
t

c
∈

in
tB
∞

,
i.e.,‖c‖∞

<
1
.

L
et
i ∗∈

I
∗

=
{i

:|[c
]i |

=
‖
c‖∞
}
.

T
h
en

,

s ∗g (λ
,λ̄

;α
)

=
(‖

c‖∞
+
r−

1)
+
,

(46)

Ξ
∗g

=



Ξ
g ,

if
Ξ
g ⊂
B
∞
,

{c
+
r·

sgn
([c

]i ∗)e
i ∗

:
i ∗∈

I
∗}
,

if
Ξ
g 6⊂
B
∞

an
d

c
6=

0,

{r·
e
i ∗,−

r·
e
i ∗

:
i ∗∈

I
∗}
,

if
Ξ
g 6⊂
B
∞

an
d

c
=

0,

w
h
ere

e
i

is
th

e
i th

sta
n

d
a
rd

ba
sis

vecto
r.

P
ro

o
f(i)

S
u
p
p

ose
th

at
c
/∈
B
∞

.
B

y
th

e
th

ird
p
art

of
L

em
m

a
15,

w
e

h
av

e

ξ ∗g
/∈
B
∞
,
‖ξ ∗g −

c‖
=
r,

(47)

ξ ∗g −
P
B
∞

(ξ ∗g )
=
S

1 (ξ ∗g )
=
µ
∗(ξ ∗g −

c
),
µ
∗
>

0
.

(48)

B
y

E
q
.

(48),
w

e
can

see
th

at
µ
∗
6=

1
b

ecau
se

oth
erw

ise
w

e
w

ou
ld

h
ave

c
=

P
B
∞

(ξ ∗g )∈
B
∞

.
M

oreover,
w

e
can

on
ly

con
sid

er
th

e
cases

w
ith

µ
∗
>

1
b

ecau
se

‖S
1 (ξ ∗g )‖

=
µ
∗r

an
d

w
e

aim
to

m
a
x
im

ize
‖S

1 (ξ ∗g )‖
.

T
h
erefore,

if
w

e
can

fi
n
d

a
solu

tion
w

ith
µ
∗
>

1,
th

ere
is

n
o

n
eed

to
con

sid
er

th
e

cases
w

ith
µ
∗∈

(0,1).

S
u
p
p

ose
th

at
µ
∗
>

1.
T

h
en

,
E

q
.

(48)
lead

s
to

c
=

P
B
∞

(ξ ∗g )
+

(
1−

1µ
∗ )
(ξ ∗g −

P
B
∞

(ξ ∗g ) )
,

(49)

ξ ∗g
=

P
B
∞

(ξ ∗g )
+

µ
∗

µ
∗−

1

(c−
P
B
∞

(ξ ∗g ) )
.

(50)

In
v
iew

of
p
art

(iv
)

of
P

rop
osition

13
an

d
E

q
.

(49),
w

e
h
ave

P
B
∞

(c
)

=
P
B
∞

(ξ ∗g ).
(51)
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
ss
o
v
ia

D
e
c
o
m
p
o
si
t
io
n
o
f
C
o
n
v
e
x
S
e
t
s

T
h
er

ef
or

e,
E

q
.

(5
0)

ca
n

b
e

re
w

ri
tt

en
as

S 1
(ξ
∗ g)

=
ξ∗ g
−

P
B ∞

(ξ
∗ g)

=
µ
∗

µ
∗
−

1
(c
−

P
B ∞

(c
))

=
µ
∗

µ
∗
−

1
S 1

(c
).

(5
2)

C
om

b
in

in
g

E
q
.

(4
8)

an
d

E
q
.

(5
2)

,
w

e
h
av

e

µ
∗

µ
∗
−

1
‖S

1
(c

)‖
=
µ
∗ ‖
ξ∗ g
−

c
‖

=
µ
∗ r
⇒
µ
∗

=
1

+
‖S

1
(c

)‖
r

>
1
.

(5
3)

T
h
e

st
at

em
en

t
h
ol

d
s

b
y

p
lu

gg
in

g
E

q
.
(5

3)
an

d
E

q
.
(5

1)
in

to
E

q
.
(5

0)
an

d
E

q
.
(5

2)
.

M
or

eo
ve

r,
th

e
ab

ov
e

d
is

cu
ss

io
n

im
p
li
es

th
at

Ξ
∗ g

on
ly

co
n
ta

in
s

on
e

el
em

en
t

as
sh

ow
n

in
E

q
.

(4
4)

.

(i
i)

S
u
p
p

os
e

th
at

c
is

a
b

ou
n
d
ar

y
p

oi
n
t

of
B ∞

.
T

h
en

,
w

e
ca

n
fi
n
d

a
p

oi
n
t
ξ0 g
∈

Ξ
g

an
d
ξ0 g

/∈
B ∞

.
B

y
th

e
th

ir
d

p
ar

t
of

L
em

m
a

15
,

w
e

al
so

h
av

e
E

q
.

(4
7)

a
n
d

E
q
.

(4
8)

h
ol

d
.

W
e

cl
ai

m
th

at
µ
∗
∈

(0
,1

].
T

h
e

ar
gu

m
en

t
is

as
fo

ll
ow

s.

S
u
p
p

os
e

th
at
µ
∗
>

1.
B

y
th

e
sa

m
e

ar
gu

m
en

t
as

in
th

e
p
ro

o
f

of
th

e
fi
rs

t
p
ar

t,
w

e
ca

n
se

e
th

at
E

q
.

(5
2)

h
ol

d
s.

B
ec

au
se
S 1

(ξ
∗ g)
6=

0
b
y

E
q
.

(4
7)

,
w

e
h
av

e
S 1

(c
)
6=

0.
T

h
is

im
p
li
es

th
at

c
/∈
B ∞

.
T

h
u
s,

w
e

h
av

e
a

co
n
tr

ad
ic

ti
on

,
w

h
ic

h
im

p
li
es

th
at

µ
∗
∈

(0
,1

].

L
et

u
s

co
n
si

d
er

th
e

ca
se

s
w

it
h
µ
∗

=
1.

B
ec

au
se
‖S

1
(ξ
∗ g)
‖

=
µ
∗ r

[s
ee

E
q
.

(4
8
)]

an
d

w
e

w
an

t
to

m
ax

im
iz

e
‖S

1
(ξ
∗ g)
‖,

th
er

e
is

n
o

n
ee

d
to

co
n
si

d
er

th
e

ca
se

s
w

it
h

µ
∗
∈

(0
,1

)
if

w
e

ca
n

fi
n
d

so
lu

ti
on

s
of

p
ro

b
le

m
(3

3)
w

it
h
µ
∗

=
1.

T
h
er

ef
or

e,
E

q
.

(4
8)

le
ad

s
to

P
B ∞

(ξ
∗ g)

=
c
.

B
y

p
ar

t
(i

ii
)

of
P

ro
p

os
it

io
n

13
,

w
e

ca
n

se
e

th
at

P
B ∞

(ξ
∗ g)

=
c
⇔
ξ∗ g
−

c
∈
N
B ∞

(c
).

(5
4)

C
om

b
in

in
g

E
q
.
(5

4)
an

d
E

q
.
(4

7)
,
th

e
st

at
em

en
t

h
ol

d
s

im
m

ed
ia

te
ly

,
w

h
ic

h
co

n
fi
rm

s
th

at
µ
∗

=
1.

(i
ii
)

S
u
p
p

os
e

th
at

c
is

an
in

te
ri

or
p

oi
n
t

of
B ∞

.

(a
)

W
e

fi
rs

t
co

n
si

d
er

th
e

ca
se

s
w

it
h

Ξ
g
⊂
B ∞

.
T

h
en

,
w

e
ca

n
se

e
th

at

S 1
(ξ

)
=

0,
∀ξ
∈

Ξ
g
⇒

Ξ
∗ g

=
Ξ
g
.

In
ot

h
er

w
or

d
s,

an
ar

b
it

ra
ry

p
oi

n
t

of
Ξ
g

is
an

op
ti

m
al

so
lu

ti
on

of
p
ro

b
le

m
(3

3)
.

T
h
u
s,

w
e

h
av

e

c
+
r
·s

gn
(e
i∗

)e
i∗
∈

Ξ
∗ g,

s∗ g
(λ
,λ̄

;α
)

=
0.

O
n

th
e

ot
h
er

h
an

d
,

w
e

ca
n

se
e

th
at

c
−
re
i
∈

Ξ
g
⊂
B ∞

,
c

+
re
i
∈

Ξ
g
⊂
B ∞

,
i

=
1,
..
.,
n
g
⇒
‖c
‖ ∞

+
r
≤

1.
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01
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

T
h
er

ef
or

e,
w

e
h
av

e

(‖
c
‖ ∞

+
r
−

1)
+

=
0,

an
d

th
u
s

s∗ g
(λ
,λ̄

;α
)

=
(‖

c
‖ ∞

+
r
−

1)
+
.

(b
)

S
u
p
p

os
e

th
at

Ξ
g
6⊂
B ∞

,
i.
e.

,
th

er
e

ex
is

ts
ξ0
∈

Ξ
g

su
ch

th
at
ξ0

/∈
B ∞

.
B

y
th

e
th

ir
d

p
ar

t
of

L
em

m
a

15
,

w
e

h
av

e
E

q
.

(4
7)

an
d

E
q
.

(4
8)

h
ol

d
.

M
o
re

ov
er

,
in

v
ie

w
of

th
e

p
ro

of
of

th
e

fi
rs

t
an

d
se

co
n
d

p
ar

t,
w

e
ca

n
se

e
th

a
t
µ
∗
∈

(0
,1

).
T

h
er

ef
or

e,
E

q
.

(4
8)

le
ad

s
to

(1
−
µ
∗ )
ξ∗ g

+
µ
∗ c

=
P
B ∞

(ξ
∗ g)
.

(5
5
)

B
y

re
ar

ra
n
gi

n
g

th
e

te
rm

s
of

E
q
.

(5
5)

,
w

e
h
av

e

P
B ∞

(ξ
∗ g)
−

c
=

(1
−
µ
∗ )

(ξ
∗ g
−

c
).

(5
6
)

B
ec

au
se
µ
∗
∈

(0
,1

),
E

q
.

(5
5)

im
p
li
es

th
at

P
B ∞

(ξ
∗ g)

li
es

on
th

e
li
n
e

se
g
m

en
t

co
n
n
ec

ti
n
g
ξ∗ g

an
d

c
.

T
h
u
s,

w
e

h
av

e

‖ξ
∗ g
−

P
B ∞

(ξ
∗ g)
‖+
‖P
B ∞

(ξ
∗ g)
−

c
‖

=
‖ξ
∗ g
−

c
‖

=
r.

(5
7)

T
h
er

ef
or

e,
to

m
ax

im
iz

e
‖S

1
(ξ
∗ g)
‖

=
‖ξ
∗ g
−

P
B ∞

(ξ
∗ g)
‖,

w
e

n
ee

d
to

m
in

im
iz

e
‖P
B ∞

(ξ
∗ g)
−

c
‖.

B
ec

a
u
se
ξ∗ g

/∈
B ∞

,
w

e
ca

n
se

e
th

at
P
B ∞

(ξ
∗ g)

is
a

b
o
u
n
d
a
ry

p
oi

n
t

of
B ∞

.
T

h
er

ef
or

e,
w

e
n
ee

d
to

so
lv

e
th

e
fo

ll
ow

in
g

m
in

im
iz

a
ti

o
n

p
ro

b
le

m
:

m
in
φ
g

{‖
φ
g
−

c
‖

:
‖φ

g
‖ ∞

=
1}
.

(5
8
)

S
u
p
p

os
e

th
at

c
=

0.
W

e
ca

n
se

e
th

at
th

e
se

t
of

op
ti

m
al

so
lu

ti
o
n
s

o
f

p
ro

b
le

m
(5

8)
is

Φ
∗ g

=
{e

i}
n
g

i=
1
∪
{−

e
i}
n
g

i=
1
.

F
or

ea
ch

φ
∗ g
∈

Φ
∗ g,

w
e

se
t

it
as

P
B ∞

(ξ
∗ g)

.
In

v
ie

w
of

E
q
.

(5
6)

a
n
d

E
q
.

(4
7
),

th
e

st
at

em
en

t
fo

ll
ow

s
im

m
ed

ia
te

ly
.

S
u
p
p

os
e

th
at

c
6=

0.
R

ec
al

l
th

at
I∗

=
{i
∗

:
|[c

] i
∗
|=
‖c
‖ ∞
}.

It
is

ea
sy

to
se

e
th

at

Φ
∗ g

=

{
φ
i∗

:
[φ
i∗

] k
=

{
sg

n
([

c
] i
∗
),

if
k

=
i∗
,

[c
] k
,

ot
h
er

w
is

e,
i∗
∈
I∗
}
.

W
e

ca
n

se
e

th
at

φ
i∗
−

c
=

(1
−
|[c

] i
∗
|)s

gn
([

c
] i
∗
)e
i∗
,
i∗
∈
I∗
.

F
or

ea
ch

φ
i∗

,
w

e
se

t
it

to
P
B ∞

(ξ
∗ g)

.
T

h
en

,
w

e
ca

n
se

e
th

at
th

e
st

a
te

m
en

t
h
ol

d
s

b
y

E
q
.

(5
6)

an
d

E
q
.

(4
7)

.
T

h
is

co
m

p
le

te
s

th
e

p
ro

of
.
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
sso

v
ia

D
e
c
o
m
p
o
sit

io
n
o
f
C
o
n
v
e
x
S
e
t
s

4
.2
.2
.
T
h
e
S
o
l
u
t
io
n
o
f
P
r
o
b
l
e
m

(3
4
)

P
ro

b
lem

(3
4)

can
b

e
solved

d
irectly

v
ia

th
e

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality.

T
h

e
o
re

m
1
8

F
o
r

p
ro

blem
(3

4
),

w
e

h
a
ve

t ∗g
k (λ

,λ̄
;α

)
=
|x
Tg
k o

α
(λ
,λ̄

)|
+

12 ‖
v
⊥α

(λ
,λ̄

)‖‖
x
g
k ‖.

W
e

a
re

n
ow

read
y

to
p
resen

t
th

e
p
rop

osed
screen

in
g

ru
le

T
L

F
re.

4
.3

.
T

h
e

P
ro

p
o
se

d
T

w
o
-L

a
y
e
r

S
c
re

e
n

in
g

R
u

le
s

T
o

d
evelo

p
th

e
tw

o-layer
screen

in
g

ru
les

for
S
G

L
,

w
e

on
ly

n
eed

to
p
lu

g
th

e
su

p
rem

e
valu

es
s ∗g (λ

,λ̄
;α

)
a
n
d
t ∗g
k (λ

,λ̄
;α

)
in

(R
1 ∗)

an
d

(R
2 ∗).

W
e

p
resen

t
th

e
T

L
F

re
ru

le
as

follow
s.

T
h

e
o
re

m
1
9

F
o
r

th
e

S
G

L
p
ro

blem
in

(3
),

su
p
po

se
th

a
t

w
e

a
re

given
a

grid
o
f

pa
ra

m
eter

va
lu

es
{
α
i } Ii=

1
a
n

d
λ
α
i

m
a
x

=
λ
i,0

>
λ
i,1

>
...

>
λ
i,J

i
fo

r
ea

ch
α
i .

M
o
reo

ver,
a
ssu

m
e

th
a
t
β
∗(λ

i,j−
1 ,α

i )
is

kn
o
w

n
fo

r
a
n

in
teger

0
<
j
<
J
i .

L
et
θ ∗(λ

i,j−
1 ,α

i ),
v
⊥α
i (λ

i,j ,λ
i,j−

1 )
a
n

d
s ∗g (λ

i,j ,λ
i,j−

1 ;α
i )

be
given

by
E

q.
(1

8
),

T
h
eo

rem
s

1
4

a
n

d
1
7
,

respectively.
T

h
en

,
fo

r
g

=
1,...,G

,
th

e
fo

llo
w

in
g

h
o
ld

s

s ∗g (λ
i,j ,λ

i,j−
1 ;α

i )
<
α
i √
n
g ⇒

β
∗g (λ

i,j ,α
i )

=
0.

(L
1 )

F
o
r

th
e
g
th

gro
u

p
th

a
t

d
oes

n
o
t

pa
ss

th
e

ru
le

in
(L

1 ),
w

e
h
a
ve

[β
∗g (λ

i,j ,α
i )]k

=
0

if

t ∗g
k (λ

i,j ,λ
i,j−

1 ;α
i )≤

1,
(L

2 )

w
h
ere

t ∗g
k (λ

i,j ,λ
i,j−

1 ;α
i )

=

∣∣∣∣ x
Tg
k (

y
−

X
β
∗(λ

i,j−
1 ,α

i )

λ
i,j−

1
+

12
v
⊥α
i (λ

i,j ,λ
i,j−

1 ) ) ∣∣∣∣
+

12 ‖v
⊥α
i (λ

i,j ,λ
i,j−

1 )‖‖x
g
k ‖
.

(L
1 )

an
d

(L
2 )

a
re

th
e

fi
rst

an
d

secon
d

layer
screen

in
g

ru
les

of
T

L
F

re,
resp

ectiv
ely.

W
e

a
lso

w
rite

T
h
eorem

19
in

an
algorith

m
ic

m
an

n
er

in
A

lgorith
m

2.
F

or
each

p
air

of
p
a
ra

m
eter

va
lu

es
(λ
i,j ,α

i ),
w

e
fi
rst

ap
p
ly

T
L

F
re

to
id

en
tify

th
e

in
active

grou
p
s

an
d

in
activ

e
fea

tu
res,

n
a
m

ely,
th

e
zero

com
p

on
en

ts
of
β
∗(λ

i,j ,α
i ).

T
h
en

,
w

e
rem

ov
e

th
e

in
a
ctiv

e
grou

p
s

a
n
d

in
a
ctive

fea
tu

res
from

th
e

d
ata

m
atrix

an
d

ap
p
ly

an
arb

itrary
solv

er
to

solve
th

e
S
G

L
p
ro

b
lem

on
th

e
rem

ain
in

g
featu

res.
S
p

ecifi
ca

lly,
lin

es
7

to
9

in
A

lgorith
m

2
com

p
u
te

th
e

b
all

th
at

con
tain

s
θ ∗(λ

i,j ,α
i )

in
term

s
o
f
θ ∗(λ

i,j−
1 ,α

i )
(see

rem
ark

20).
L

in
es

13
till

15
ap

p
ly

th
e

fi
rst

layer
of

T
L

F
re,

i.e.,
th

e
g
ro

u
p
-level

screen
in

g,
to

id
en

tify
th

e
in

active
gro

u
p
s.

T
ake

th
e
g
th

grou
p

for
an

ex
am

p
le.

If
th

e
fi
rst

layer
id

en
tifi

es
th

e
g
th

grou
p

as
an

in
active

grou
p
,

w
e

can
set

β
∗g (λ

i,j ,α
i )

=
0.

O
th

erw
ise,

lin
es

20
till

23
ap

p
ly

th
e

secon
d

layer
of

T
L

F
re,

i.e.,
th

e
featu

re-level
screen

in
g,

to
id

en
tify

th
e

in
active

featu
res

in
th

e
g
th

grou
p
.

T
h
e

in
d
ex

set
G
i,j

stores
th

e
in

d
ices

o
f

in
a
ctive

fea
tu

res,
i.e.,

if
k
∈
G
i,j ,

th
en

[β
∗(λ

i,j ,α
i )]k

=
0.

A
fter

w
e

scan
th

e
en

tire
m

a
trix

,
th

e
in

d
ex

setG
i,j

con
tain

s
all

th
e

in
d
ices

of
in

active
featu

res
id

en
tifi

ed
b
y

T
L

F
re,

i.e.,
[β
∗(λ

i,j ,α
i )]G

i,j
=

0.
T

h
u
s,

th
e

rem
ain

in
g

u
n
k
n
ow

n
s

are
in

d
eed

[β
∗(λ

i,j ,α
i )]G

i,j
(see

lin
e
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

27).
T

h
en

,
w

e
ap

p
ly

an
arb

itrary
solver

to
solve

for
[β
∗(λ

i,j ,α
i )]G

i,j
on

th
e

red
u
ced

d
ata

m
atrix

X
G
i,j ,

w
h
ere

X
G
i,j

=
(x
k
1 ,...,x

k
q ),

q
=
|G
i,j |,

an
d
k
` ∈
G
i,j

for
`

=
1,...,q.

O
n
ce

w
e

h
ave

solved
for

[β
∗(λ

i,j ,α
i )]G

i,j ,
w

e
in

d
eed

h
ave

solved
for

β
∗(λ

i,j ,α
i )

a
s

[β
∗(λ

i,j ,α
i )]G

i,j
=

0.

T
h
en

,
lin

e
29

com
p
u
tes

θ ∗(λ
i,j ,α

i )
b
y

E
q
.
(18),

b
ased

on
w

h
ich

w
e

can
estim

a
te
θ ∗(λ

i,j+
1 ,α

i )
an

d
ap

p
ly

T
L

F
re

to
id

en
tify

th
e

zero
com

p
on

en
ts

o
f
β
∗(λ

i,j+
1 ,α

i ).

R
e
m

a
rk

2
0

A
s

sh
o
w

n
by

T
h
eo

rem
1
9

a
n

d
A

lgo
rith

m
2
,

T
L

F
re

estim
a
tes

th
e

d
u

a
l

o
p
tim

u
m

a
t

(λ
i,j ,α

i ),
i.e.,

θ ∗(λ
i,j ,α

i ),
in

term
s

o
f

a
kn

o
w

n
d
u

a
l

o
p
tim

u
m

a
t

a
d
iff

eren
t

pa
ir

o
f

pa
ra

m
eter

va
lu

es
(λ
i,j−

1 ,α
i ),

i.e.,
θ ∗(λ

i,j−
1 ,α

i ).
T

h
en

,
w

e
ca

n
a
p
p
ly

T
L

F
re

to
id

en
tify

th
e

in
a
ctive

gro
u

p
s

a
n

d
in

a
ctive

fea
tu

res
a
n

d
so

lve
th

e
T

L
F

re
p
ro

blem
s

o
n

a
red

u
ced

d
a
ta

m
a
trix.

T
h
u

s,
to

in
itia

lize
T

L
F

re,
w

e
m

a
y

n
eed

to
so

lve
th

e
S

G
L

p
ro

blem
o
n

th
e

en
tire

d
a
ta

m
a
trix

o
n

ce
to

co
m

p
u

te
θ ∗(λ

i,0 ,α
i ),

w
h
ich

ca
n

be
tim

e
co

n
su

m
in

g.
H

o
w

ever,
w

e
n

o
te

th
a
t,

T
h
eo

rem
9

n
o
t

o
n

ly
gives

th
e

eff
ective

in
terva

l
o
f
λ

fo
r

a
fi

xed
va

lu
e

o
f
α

,
bu

t
a
lso

a
clo

sed
fo

rm
so

lu
tio

n
o
f

th
e

d
u

a
l

o
p
tim

u
m

fo
r

a
n

y
λ
≥
λ
αm

a
x .
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e
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n
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b
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d
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b
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=
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∞

(ξ
)

a
n

d
(Ω

3
)∗

(ξ
)

=
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=
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=
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≤
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w
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−
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.
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p
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p
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=
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−
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con
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a
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a
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−
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−
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θ〉.
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m

al
it

y
co

n
d
it

io
n
s

ca
n

b
e

w
ri

tt
en

as

θ̄∗
(λ

1
,λ

2
)

=
y
−

X
β̄
∗ (
λ

1
,λ

2
),

(8
3
)

X
T g
θ̄∗

(λ
1
,λ

2
)
∈
λ

1
√
n
g
∂
‖β̄
∗ g(
λ

1
,λ

2
)‖

+
λ

2
∂
‖β̄
∗ g(
λ

1
,λ

2
)‖

1
,
g

=
1,
..
.,
G
.

(8
4
)

W
e

d
en

ot
e

b
y
F

(λ
1
,λ

2
)

th
e

fe
as

ib
le

se
t

of
p
ro

b
le

m
(8

2
).

It
is

ea
sy

to
se

e
th

a
t

θ̄∗
(λ

1
,λ

2
)

=
P
F

(λ
1
,λ

2
)(

y
).

W
e

n
ow

p
re

se
n
t

th
e

p
ro

of
of

C
or

ol
la

ry
12

.
P

ro
o
f

F
or

n
ot

at
io

n
al

co
n
v
en

ie
n
ce

,
le

t

(i
).

y
∈
F

(λ
1
,λ

2
),

(i
i)

.
θ̄∗

(λ
1
,λ

2
)

=
y

,

(i
ii
).
β̄
∗ (
λ

1
,λ

2
)

=
0,

(i
v
).
λ

1
≥
λ

m
a
x

1
(λ

2
)

=
m

ax
g

1 √
n
g
‖S

λ
2
(X

T g
y

)‖
.

T
h
e

fi
rs

t
h
al

f
of

th
e

st
at

em
en

t
is

(i
ii
)⇔

(i
v
).

In
d
ee

d
,

b
y

a
si

m
il
ar

ar
gu

m
en

t
a
s

in
th

e
p
ro

o
f

of
T

h
eo

re
m

9,
w

e
ca

n
se

e
th

at
th

e
ab

ov
e

st
at

em
en

ts
ar

e
al

l
eq

u
iv

al
en

t
to

ea
ch

o
th

er
.

W
e

n
ow

sh
ow

th
e

se
co

n
d

h
al

f.
W

e
fi
rs

t
sh

ow
th

at

λ
1
≥
λ

m
a
x

1
⇒
β̄
∗ (
λ

1
,λ

2
)

=
0.

(8
5
)

B
y

th
e

fi
rs

t
h
al

f,
w

e
on

ly
n
ee

d
to

sh
ow

λ
1
≥
λ

m
a
x

1
⇒

y
∈
F

(λ
1
,λ

2
).

In
d
ee

d
,

th
e

d
efi

n
it

io
n

of
λ

1
im

p
li
es

th
at

‖X
T g
y
‖
≤
λ

1
√
n
g
,
g

=
1,
..
.,
G
.

W
e

n
ot

e
th

at
fo

r
an

y
λ

2
≥

0,
w

e
h
av

e

‖S
λ
2
(X

T g
y

)‖
≤
‖X

T g
y
‖.
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T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
sso

v
ia

D
e
c
o
m
p
o
sit

io
n
o
f
C
o
n
v
e
x
S
e
t
s

T
h
erefo

re,
w

e
can

see
th

at

‖S
λ
2 (X

Tg
y

)‖
≤
‖X

Tg
y‖
≤
λ

1 √
n
g ,
g

=
1,...,G

⇒
y
∈
F

(λ
1 ,λ

2 ).

T
h
e

p
ro

o
f

o
f

(85)
is

com
p
lete.

S
im

ilarly,
to

sh
ow

th
at
λ

2 ≥
λ

m
a
x

2
⇒
β̄
∗(λ

1 ,λ
2 ),

w
e

on
ly

n
eed

to
sh

ow

λ
2 ≥

λ
m

a
x

2
⇒

y
∈
F

(λ
1 ,λ

2 ).

B
y

th
e

d
efi

n
itio

n
of
λ

2 ,
w

e
can

see
th

at

‖
X
Tg
y‖∞

≤
λ

2 ,
g

=
1,...,G

⇒
‖S

λ
2 (X

Tg
y

)‖
=

0
≤
λ

1 √
n
g ,
g

=
1,...,G

.

T
h
u
s,

w
e

h
av

e
y
∈
F

(λ
1 ,λ

2 ),
w

h
ich

com
p
letes

th
e

p
ro

o
f.

A
p
p

e
n
d
ix

E
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
4

P
ro

o
f(i)

S
u
p
p

o
se

th
at
λ̄
<
λ
αm

a
x .

T
h
eorem

9
im

p
lies

th
at

y
/λ̄

/∈
F
α

an
d

th
u
s

y
/
λ̄
−

P
F
α (y

/λ̄ )
=

y
/λ̄
−
θ ∗(λ̄

,α
)6=

0.

B
y

th
e

th
ird

p
art

of
P

rop
osition

13,
w

e
can

see
th

at

y
/
λ̄
−
θ ∗(λ̄

,α
)∈

N
F
α
(θ ∗(λ̄

,α
)).

(86)

T
h
u
s,

th
e

statem
en

t
h
old

s
for

all
λ̄
<
λ
αm

a
x .

S
u
p
p

o
se

th
at
λ̄

=
λ
αm

a
x .

B
y

T
h
eo

rem
9,

w
e

h
ave

θ ∗(λ̄
,α

)
=

y
/
λ̄
∈
F
α
.

In
v
iew

of
th

e
d
efi

n
ition

of
X
∗ ,

w
e

h
ave

∥∥∥∥ S
1 (

X
T∗

y

λ
αm

a
x ) ∥∥∥∥

=
α √

n
∗ ,

w
h
ere

n
∗

is
th

e
n
u
m

b
er

of
featu

re
con

tain
ed

in
X
∗ .

M
oreover,

it
is

easy
to

see
th

a
t

‖S
1 (X

T∗
θ)‖
≤
α √

n
∗ ,∀

θ∈
F
α
.

T
h
erefore,

to
p
rove

th
e

statem
en

t,
w

e
n
eed

to
sh

ow
th

at

〈
X
∗ S

1 (
X
T∗

y

λ
αm

a
x )

,θ−
y

λ
αm

a
x 〉
≤

0,∀
θ
∈
F
α
.

(87)
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W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

R
ecall

R
em

ark
6,

w
e

h
ave

th
e

follow
in

g
id

en
tity

[see
E

q
.

(20)]

S
1 (

X
T∗

y

λ
αm

a
x )

=
X
T∗

y

λ
αm

a
x

−
P
B
∞

(
X
T∗

y

λ
αm

a
x )

.

T
h
u
s,

w
e

h
av

e

〈
X
∗ S

1 (
X
T∗

y

λ
αm

a
x )

,θ−
y

λ
αm

a
x 〉

(88)

=

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗

(
θ−

y

λ
αm

a
x )

+
P
B
∞

(
X
T∗

y

λ
αm

a
x )
−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

=

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗
θ−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

−
∥∥∥∥ S

1 (
X
T∗

y

λ
αm

a
x ) ∥∥∥∥

2

=

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗
θ−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

−
α

2n
∗ .

C
on

sid
er

th
e

fi
rst

term
on

th
e

righ
t

h
an

d
sid

e
of

E
q
.

(88),
w

e
h
ave

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗
θ−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

(89)

=

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗
θ−

P
B
∞

(X
T∗
θ)

+
P
B
∞

(X
T∗
θ)−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

=

〈S
1 (

X
T∗

y

λ
αm

a
x )

,S
1 (X

T∗
θ) 〉

+

〈S
1 (

X
T∗

y

λ
αm

a
x )

,P
B
∞

(X
T∗
θ)−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

.

L
etP

=
{
i

:
[X

T∗
y

λ
αm
a
x
]i
>

1}
an

d
N

=
{
i

:
[X

T∗
y

λ
αm
a
x
]i
<
−

1}.
W

e
n
ote

th
at

th
e

secon
d

term
on

th
e

righ
t

h
an

d
sid

e
of

E
q
.

(89)
can

b
e

w
ritten

as

〈S
1 (

X
T∗

y

λ
αm

a
x )

,P
B
∞

(X
T∗
θ)−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

(90)

=
∑i∈P

(
[X

T∗
y

λ
αm

a
x

]i −
1 )
([P
B
∞

(X
T∗
θ)]i −

1 )
+
∑j∈N

(
[X

T∗
y

λ
αm

a
x

]j
+

1 )
([P
B
∞

(X
T∗
θ)]j

+
1 )
.

B
ecau

se
‖
P
B
∞

(X
T∗
θ)‖∞

≤
1,

w
e

can
see

th
at

E
q
.

(90)
is

n
on

-p
ositive.

T
h
erefore,

b
y

E
q
.

(89),
w

e
h
ave

〈S
1 (

X
T∗

y

λ
αm

a
x )

,X
T∗
θ−

P
B
∞

(
X
T∗

y

λ
αm

a
x )〉

≤
〈S

1 (
X
T∗

y

λ
αm

a
x )

,S
1 (X

T∗
θ) 〉(91)

≤
∥∥∥∥ S

1 (
X
T∗

y

λ
αm

a
x ) ∥∥∥∥ ∥∥S

1 (X
T∗
θ) ∥∥

≤
α

2n
∗ .

C
om

b
in

in
g

E
q
.

(88)
an

d
th

e
in

eq
u
ality

in
(91),

w
e

can
see

th
at

th
e

in
eq

u
ality

in
(87)

h
old

s.
T

h
u
s,

th
e

statem
en

t
h
o
ld

s
for

λ̄
=
λ
αm

a
x .

T
h
is

com
p
letes

th
e

p
ro

of.

36
JM

L
R

 20(163):1-42, 2019



T
w
o
-L

a
y
e
r
F
e
a
t
u
r
e
R
e
d
u
c
t
io
n
f
o
r
S
pa

r
se

-G
r
o
u
p
L
a
ss
o
v
ia

D
e
c
o
m
p
o
si
t
io
n
o
f
C
o
n
v
e
x
S
e
t
s

(i
i)

W
e

n
ow

sh
ow

th
e

se
co

n
d

h
al

f.
It

is
ea

sy
to

se
e

th
at

th
e

st
at

em
en

t
is

eq
u
iv

al
en

t
to

‖θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

)‖
2
≤
〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
⊥ α

(λ
,λ̄

)〉
.

(9
2)

T
h
u
s,

w
e

w
il
l

sh
ow

th
at

th
e

in
eq

u
al

it
y

in
(9

2)
h
ol

d
s.

B
ec

au
se

of
th

e
fi
rs

t
h
al

f,
w

e
h
av

e

〈n
α
(λ̄

),
θ
−
θ∗

(λ̄
,α

)〉
≤

0
,
∀θ
∈
F
α
.

(9
3)

B
y

le
tt

in
g
θ

=
θ∗

(λ
,α

),
th

e
in

eq
u
al

it
y

in
(9

3)
le

ad
s

to

〈n
α
(λ̄

),
θ∗

(λ
,α

)
−
θ∗

(λ̄
,α

)〉
≤

0.
(9

4)

In
v
ie

w
of

th
e

fi
rs

t
h
al

f
an

d
b
y

le
tt

in
g
θ

=
0,

th
e

in
eq

u
al

it
y

in
(9

3
)

le
ad

s
to

〈n
α
(λ̄

),
0
−
θ∗

(λ̄
,α

)〉
≤

0
⇒
{
〈n

α
(λ̄

),
y
〉≥

0,
if
λ̄

=
λ
α m

a
x
,

‖y
‖/
λ̄
≥
‖θ
∗ (
λ̄
,α

)‖
,

if
λ̄
<
λ
α m

a
x
.

(9
5)

M
or

eo
ve

r,
th

e
fi
rs

t
h
al

f
al

so
le

ad
s

to
y λ
−
θ∗

(λ
,α

)
∈
N
F
α
(θ
∗ (
λ
,α

))
.

T
h
u
s,

w
e

h
av

e

〈y λ
−
θ∗

(λ
,α

),
θ
−
θ∗

(λ
,α

)〉
≤

0,
∀θ
∈
F
α
.

(9
6)

B
y

le
tt

in
g
θ

=
θ∗

(λ̄
,α

),
th

e
in

eq
u
al

it
y

in
(9

6)
re

su
lt

s
in

〈y λ
−
θ∗

(λ
,α

),
θ∗

(λ̄
,α

)
−
θ∗

(λ
,α

)〉
≤

0,
∀θ
∈
F
α
.

(9
7)

W
e

ca
n

se
e

th
at

th
e

in
eq

u
al

it
y

in
(9

7)
is

eq
u
iv

al
en

t
to

‖θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

)‖
2
≤
〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
α
(λ
,λ̄

)〉
.

(9
8)

O
n

th
e

ot
h
er

h
an

d
,

th
e

ri
gh

t
h
an

d
si

d
e

of
(9

2)
ca

n
b

e
re

w
ri

tt
en

as

〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
⊥ α

(λ
,λ̄

)〉
(9

9)

=
〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
α
(λ
,λ̄

)〉
−
〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
α
(λ
,λ̄

)
−

v
⊥ α

(λ
,λ̄

)〉

=
〈θ
∗ (
λ
,α

)
−
θ∗

(λ̄
,α

),
v
α
(λ
,λ̄

)〉
−
〈
θ∗

(λ
,α

)
−
θ∗

(λ̄
,α

),
〈v
α
(λ
,λ̄

),
n
α
(λ̄

)〉
‖n

α
(λ̄

)‖
2

n
α
(λ̄

)〉
.

In
v
ie

w
of

(9
4)

,
(9

8)
an

d
(9

9)
,

w
e

ca
n

se
e

th
at

(9
2)

h
ol

d
s

if
〈v
α
(λ
,λ̄

),
n
α
(λ̄

)〉
≥

0.
In

d
ee

d
, 〈v
α
(λ
,λ̄

),
n
α
(λ̄

)〉
=
〈 y
/λ
−
θ∗

(λ̄
,α

),
n
α
(λ̄

)〉
(1

00
)

=
( 1
/λ
−

1
/λ̄
) 〈

y
,n

α
(λ̄

)〉
+
〈y
/
λ̄
−
θ∗

(λ̄
,α

),
n
α
(λ̄

)〉

C
on

si
d
er

th
e

fi
rs

t
te

rm
on

th
e

ri
g
h
t

h
an

d
si

d
e

of
E

q
.

(1
00

).
B

y
th

e
fi
rs

t
h
al

f
of

(9
5)

,
w

e
h
av

e

〈y
,n

α
(λ̄

)〉
≥

0
,

if
λ̄

=
λ
α m

a
x
.

(1
01

)
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0(
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2,
 2

01
9

W
a
n
g
,
Z
h
a
n
g
,
a
n
d

Y
e

S
u
p
p

os
e

th
at
λ̄
<
λ
α m

a
x
.

B
y

th
e

se
co

n
d

h
a
lf

of
(9

5)
,

w
e

ca
n

se
e

th
a
t

〈y
,n

α
(λ̄

)〉
=
〈y
,y
/
λ̄
−
θ∗

(λ̄
,α

)〉
≥

1/
λ̄
‖y
‖2
−
‖y
‖‖
θ∗

(λ̄
,α

)‖
≥

0
.

(1
0
2)

C
on

si
d
er

th
e

se
co

n
d

te
rm

on
th

e
ri

gh
t

h
an

d
si

d
e

of
E

q
.

(1
00

).
It

is
ea

sy
to

se
e

th
at

〈y
/λ̄
−
θ∗

(λ̄
,α

),
n
α
(λ̄

)〉
=

{
0
,

if
λ̄

=
λ
α m

a
x
,

‖n
α
(λ̄

)‖
2
,

if
λ̄
<
λ
α m

a
x
.

(1
0
3
)

C
om

b
in

in
g

(1
01

),
(1

02
)

an
d

E
q
.

(1
03

),
w

e
h
av

e
〈v
α
(λ
,λ̄

),
n
α
(λ̄

)〉
≥

0
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

A
p
p

e
n
d
ix

F
.

P
ro

o
f

o
f

T
h
e
o
re

m
1
8

P
ro

o
f

T
o

si
m

p
li
fy

n
ot

at
io

n
s,

le
t

o
=

o
α
(λ
,λ̄

),
r

=
1 2
‖v
⊥ α

(λ
,λ̄

)‖
an

d
t∗ g
k

=
t∗ g
k
(λ
,λ̄

;α
).

T
h
er

ef
or

e,
th

e
se

t
Θ

in
E

q
.

(3
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erties
h
old

for
lin

ear
stru

ctu
ral

eq
u
a
tio

n
m

o
d
els

(S
h
o
jaie

an
d

M
ich

ailid
is,

2010)
w

ith
arb

itrary
n
oise

d
istrib

u
tion

s,
an

d
re-

q
u
ire

a
w

ea
ker

faith
fu

ln
ess

con
d
ition

s
on

th
e

u
n
d
erly

in
g

p
rob

ab
ility

d
istrib

u
tion

s
th

an
th

e
P

C
-A

lg
o
rith

m
.

W
e

p
resen

t
tw

o
version

of
th

e
rP

C
algorith

m
:

a
“fu

ll”
v
ersion

for
w

h
ich

w
e

p
rov

id
e

th
eoretical

gu
aran

tees,
an

d
an

ap
p
rox

im
ate

version
w

h
ich

is
m

u
ch

faster
an

d
p

erfo
rm

s
a
lm

o
st

id
en

tically
in

p
ractice.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2
w

e
rev

iew
b
asic

p
rop

erties
o
f

g
ra

p
h
ical

m
o
d
els

over
D

A
G

s,
an

d
giv

e
a

sh
ort

overv
iew

of
th

e
P

C
-A

lgorith
m

.
O

u
r

n
ew

a
lg

o
rith

m
is

p
resen

ted
in

S
ection

3
an

d
its

p
rop

erties,
in

clu
d
in

g
con

sisten
cy

in
h
igh

d
im

en
sio

n
s

a
re

d
iscu

ssed
in

S
ection

4.
R

esu
lts

of
sim

u
lation

stu
d
ies

an
d

a
real

d
ata

ex
am

p
le

co
n
cern

in
g

th
e

estim
ation

of
gen

e
regu

latory
n
etw

ork
s

are
p
resen

ted
in

S
ection

s
5

an
d

6,
resp

ectively.
W

e
en

d
w

ith
a

b
rief

d
iscu

ssion
in

S
ection

7.
T

ech
n
ical

p
ro

ofs
an

d
ad

d
ition

al
sim

u
la

tio
n
s

a
re

p
resen

ted
in

th
e

ap
p

en
d
ices.

2
.
P
re
lim

in
a
rie

s

In
th

is
sectio

n
,

w
e

rev
iew

relevan
t

p
ro

p
erties

of
grap

h
ical

m
o
d
els

d
efi

n
ed

over
D

A
G

s,
an

d
b
riefl

y
d
escrib

e
th

e
th

eory
an

d
im

p
lem

en
tation

of
th

e
P

C
-A

lgorith
m

.

2
.1

.
B

a
ck

g
ro

u
n

d

F
o
r
p

ra
n
d
o
m

variab
les

X
1 ,...,X

p ,
w

e
d
efi

n
e

a
grap

h
G

=
(V
,E

)
w

ith
vertices,

or
n
o
d
es,

V
=
{
1,...,p}

su
ch

th
at

variab
le
X
j

corresp
on

d
s

to
n
o
d
e
j.

T
h
e

ed
ge

set
E
⊂
V
×
V

co
n
ta

in
s

d
irected

ed
ges;

th
at

is,
(j,k

)∈
E

im
p
lies

(k
,j)6∈

E
.

F
u
rth

erm
ore,

th
ere

are
n
o

d
irected

cy
cles

in
G

.
W

e
d
en

ote
an

ed
ge

from
j

to
k

as
j
→

k
an

d
call

j
a

p
aren

t
of
k
,

a
n
d
k

a
ch

ild
of
j.

T
h
e

set
of

p
aren

ts
of

n
o
d
e
k

is
d
en

oted
p
a
(k

),
w

h
ile

th
e

set
of

n
o
d
es

a
d
ja

cen
t

to
it,

o
r

all
of
k
’s

p
aren

ts
an

d
ch

ild
ren

,
is

d
en

oted
a
dj(k

).
T

h
ese

n
otation

s
are

also
u
sed

fo
r

th
e

co
rresp

on
d
in

g
ran

d
om

variab
le
X
k .

W
e

assu
m

e
th

ere
are

n
o

h
id

d
en

com
m

on
p
a
ren

ts
of

n
o
d
e

p
airs

(th
at

is,
n
o

u
n
m

easu
red

con
fou

n
d
ers).

T
h
e

d
egree

of
n
o
d
e
k

is
d
efi

n
ed

a
s

th
e

n
u
m

b
er

of
n
o
d
es

w
h
ich

are
ad

jacen
t

to
it,|a

dj(k
)|;

w
e

d
en

ote
th

e
m

ax
im

a
l

d
egree

in
th

e
g
ra

p
h

a
s
d
m
a
x .

A
trip

let
of

n
o
d
es

(i,j,k
)

is
called

an
u

n
sh

ield
ed

trip
le

if
i

an
d
j

are
a
d
ja

cen
t

to
k

b
u
t
i

an
d
j

are
n
ot

ad
jacen

t.
A

n
u
n
sh

ield
ed

trip
le

is
called

a
v-stru

ctu
re

if
i→

j←
k
.
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S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

W
e

assu
m

e
ran

d
om

variab
les

follow
a

lin
ear

stru
ctu

ral
eq

u
ation

m
o
d
el

(S
E

M
),

X
k

=
∑j∈
p
a
(k
) ρ
jk X

j
+
ε
k ,

(1)

w
h
ere

for
k

=
1,...,p

,
ε
k

are
in

d
ep

en
d
en

t
ran

d
om

variab
les

w
ith

fi
n
ite

varian
ce,

an
d
ρ
jk

are
fi
x
ed

u
n
k
n
ow

n
con

stan
ts.

T
h
e

d
irected

M
arkov

p
rop

erty,
stated

b
elow

,
is

u
su

ally
assu

m
ed

in
ord

er
to

con
n
ect

th
e

join
t

p
rob

ab
ility

d
istrib

u
tion

of
X

1 ,...,X
p

to
th

e
stru

ctu
re

of
th

e
grap

h
G

.

D
e
fi

n
itio

n
1

A
p
ro

ba
bility

d
istribu

tio
n

is
M

a
rko

v
o
n

a
D

A
G
G

=
(V
,E

)
if,

co
n

d
itio

n
a
l

o
n

its
pa

ren
ts,

every
ra

n
d
o
m

va
ria

ble
X
k

is
in

d
epen

d
en

t
o
f

its
n

o
n

-d
escen

d
a
n

ts;
th

a
t

is,
X
k ⊥⊥

X
j |
p
a
(X

k )
fo

r
a
ll
j∈

V
w

h
ich

a
re

n
o
n

-d
escen

d
a
n

ts
o
f
k

.

A
lth

ou
gh

th
is

assu
m

p
tion

allow
s

u
s

to
con

n
ect

con
d
ition

al
in

d
ep

en
d
en

ce
relation

sh
ip

s
to

th
e

D
A

G
stru

ctu
re,

th
ere

are
gen

erally
m

u
ltip

le
grap

h
s

th
at

gen
erate

th
e

sam
e

d
istrib

u
tion

u
n
d
er

th
e

M
arkov

p
rop

erty.
M

ore
con

cretely,
D

A
G

s
are

M
arkov

eq
u
ivalen

t
if

th
ey

h
ave

th
e

sam
e

skeleton
an

d
th

e
sam

e
set

of
v
-stru

ctu
res.

T
h
erefore,

con
strain

t-b
a
sed

m
eth

o
d
s

fo
cu

s
p
rim

arily
on

estim
atin

g
th

e
sk

eleton
of

th
e

D
A

G
s

from
ob

servation
al

d
ata.

C
on

d
ition

al
in

d
ep

en
d
en

ce
rela

tion
s

id
en

tifi
ed

w
h
en

learn
in

g
th

e
skeleton

are
th

en
u
sed

to
orien

t
som

e
of

th
e

ed
ges

to
ob

tain
th

e
C

P
D

A
G

,
w

h
ich

rep
resen

ts
th

e
M

arkov
eq

u
ivalen

ce
cla

ss
of

d
irected

grap
h
s

(K
alisch

an
d

B
ü
h
lm

an
n
,

2007).
W

e
n
ex

t
d
efi

n
e

d
-sep

aration
,

a
grap

h
ical

p
rop

erty
w

h
ich

is
u
sed

to
read

con
d
ition

al
in

d
ep

en
d
en

ce
relation

sh
ip

s
from

th
e

D
A

G
stru

ctu
re.

D
e
fi

n
itio

n
2

In
a

D
A

G
G

,
tw

o
n

od
es
k
1

a
n

d
k
2

a
re

d
-sepa

ra
ted

by
a

set
S

if
a
n

d
o
n

ly
if,

fo
r

a
ll

pa
th

s
π

betw
een

k
1

a
n

d
k
2 :

(i)
π

co
n

ta
in

s
a

ch
a
in
i→

m
→
j

o
r

a
fo

rk
i←

m
→
j

su
ch

th
a
t

th
e

m
id

d
le

n
od

e
m

is
in

S
,

o
r

(ii)
π

co
n

ta
in

s
a

n
in

verted
fo

rk
(o

r
co

llid
er)

i→
m
←
j

su
ch

th
a

t
th

e
m

id
d

le
n

od
e
m

is
n

o
t

in
S

a
n

d
n

o
d
escen

d
a
n

t
o
f
m

is
in
S

.

A
p
ath

π
w

h
ich

d
o
es

n
ot

satisfy
th

e
req

u
irem

en
ts

of
th

is
d
efi

n
ition

is
k
n
ow

n
as

a
d
-co

n
n

ectin
g

pa
th

.
U

sin
g

ob
served

d
ata,

d
-sep

aration
s

in
a

grap
h
G

can
b

e
id

en
tifi

ed
b
ased

on
con

d
ition

al
in

d
ep

en
d
en

ce
relation

sh
ip

s.
T

o
th

is
en

d
,

w
e

req
u
ire

th
e

follow
in

g
assu

m
p
tion

,
k
n
ow

n
as

fa
ith

fu
ln

ess,
on

th
e

p
rob

ab
ility

d
istrib

u
tion

of
ran

d
om

variab
le

on
G

.

D
e
fi

n
itio

n
3

A
p
ro

ba
bility

d
istribu

tio
n

is
fa

ith
fu

l
to

a
D

A
G
G

if
X
i ⊥⊥

X
j |
X
S

w
h
en

ever
i

a
n

d
j

a
re

d
-sepa

ra
ted

by
S

.

2
.2

.
T

h
e

P
C

-A
lg

o
rith

m

T
ogeth

er,
d
-sep

aration
an

d
faith

fu
ln

ess
su

ggest
a

sim
p
le

algorith
m

fo
r

recoverin
g

th
e

D
A

G
skeleton

.
If

w
e

d
iscov

er
th

at
X
i ⊥⊥

X
j
|
S

for
som

e
set

S
,

th
en

th
ere

can
n
ot

b
e

an
ed

ge
(i,j)

∈
E

.
C

on
versely,

if
w

e
d
iscover

X
i
6⊥⊥

X
j
|
S

for
all

p
o
ssib

le
sets

S
,

th
en

th
ere

m
u
st

b
e

an
ed

ge
(i,j)∈

E
.

T
h
erefore,

u
n
d
er

faith
fu

ln
ess,

an
ob

v
iou

s
strategy

for
sk

eleton
estim

ation
w

ou
ld

b
e

to
test

all
p

ossib
le

con
d
ition

al
in

d
ep

en
d
en

ce
rela

tion
s

for
each

p
air

of
variab

les;
th

at
is,

test
w

h
eth

er
X
i ⊥⊥

X
j |

S
for

an
y
S
⊂
V
\{i,j}

.
W

h
ile

th
is

strategy
is
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T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

co
m

p
u
ta

ti
on

al
ly

in
fe

as
ib

le
fo

r
la

rg
e
p
,

an
d

st
at

is
ti

ca
ll
y

p
ro

b
le

m
at

ic
w

h
en

p
>
n

,
it

fo
rm

s
th

e
b
as

is
of

th
e

P
C

-A
lg

or
it

h
m

.
T

h
e

P
C

-A
lg

or
it

h
m

st
ar

ts
w

it
h

a
co

m
p
le

te
u
n
d
ir

ec
te

d
gr

ap
h

an
d

d
el

et
es

ed
ge

s
(i
,j

)
if

a
se

t
S

ca
n

b
e

fo
u
n
d

su
ch

th
at
X
i
⊥⊥
X
j
|S

.
T

h
e

a
lg

or
it

h
m

al
so

u
se

s
th

e
fa

ct
th

at
if

su
ch

an
S

ex
is

ts
,

th
en

th
er

e
ex

is
ts

a
se

t
S
′

su
ch

th
at

al
l

n
o
d
es

in
S
′

ar
e

ad
ja

ce
n
t

to
i

or
j

an
d
X
i
⊥⊥
X
j
|S
′ .

T
h
u
s,

at
ea

ch
st

ep
of

th
e

al
go

ri
th

m
,

on
ly

lo
ca

l
n
ei

gh
b

ou
rh

o
o
d
s

n
ee

d
to

b
e

ex
am

in
ed

in
or

d
er

to
fi
n
d

th
e

se
p
ar

at
in

g
se

ts
.

A
lt

h
ou

gh
co

n
si

st
en

t
fo

r
su

ffi
ci

en
tl

y
sp

ar
se

h
ig

h
-d

im
en

si
on

al
D

A
G

s,
th

e
P

C
-A

lg
or

it
h
m

’s
co

m
p
u
ta

ti
on

al
an

d
sa

m
p
le

co
m

p
le

x
it

y
sc

al
e

w
it

h
th

e
m

ax
im

al
d
eg

re
e

of
th

e
gr

ap
h
,
d
m
a
x
.

S
p

ec
ifi

ca
ll
y,

th
e

al
go

ri
th

m
’s

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
is
O
( p
d
m
a
x
) an

d
it

s
sa

m
p
le

co
m

p
le

x
-

it
y

is
Ω
{ m

ax
(l

og
p
,d

1
/
b

m
a
x
)}

fo
r

so
m

e
b
∈

(0
,1

].
T

h
is

is
p
ro

b
le

m
at

ic
fo

r
gr

ap
h
s

w
it

h
h
ig

h
ly

co
n
n
ec

te
d

h
u
b

n
o
d
es

,
w

h
ic

h
ar

e
co

m
m

on
in

re
al

-w
or

ld
n
et

w
or

k
s

(C
h
en

an
d

S
h
ar

p
,

20
04

;
J
eo

n
g

et
al

.,
20

00
).

In
su

ch
gr

ap
h
s,
d
m
a
x

ty
p
ic

al
ly

gr
ow

s
w

it
h

th
e

n
u
m

b
er

of
n
o
d
es
p
,

le
ad

in
g

to
p

o
or

ac
cu

ra
cy

an
d

ru
n
ti

m
e

fo
r

th
e

P
C

-A
lg

or
it

h
m

.

A
n
ot

h
er

li
m

it
at

io
n

of
th

e
P

C
-A

lg
or

it
h
m

is
th

a
t

it
re

q
u
ir

es
p
ar

ti
al

co
rr

el
at

io
n
s

b
et

w
ee

n
ad

ja
ce

n
t

n
o
d
es

to
b

e
b

ou
n
d
ed

aw
ay

fr
om

0;
th

is
re

q
u
ir

em
en

t,
w

h
ic

h
n
ee

d
s

to
h
ol

d
fo

r
al

l
co

n
d
it

io
n
in

g
se

ts
S

su
ch

th
at
|S
|≤

d
m
a
x
,

is
k
n
ow

n
as

re
st

ri
ct

ed
st

ro
n

g
fa

it
h
fu

ln
es

s
(U

h
le

r
et

al
.,

20
13

),
an

d
is

d
efi

n
ed

n
ex

t.

D
e
fi

n
it

io
n

4
G

iv
en

λ
∈

(0
,1

),
a

d
is

tr
ib

u
ti

o
n
P

is
sa

id
to

be
re

st
ri

ct
ed
λ

-s
tr

o
n

g-
fa

it
h
fu

l
to

a
D

A
G
G

=
(V
,E

)
if

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s
a
re

sa
ti

sfi
ed

:
(i

)
m

in
{|
ρ
(X

i,
X
j
|X

S
)|

:
(i
,j

)
∈
E
,S
⊂
V
\{
i,
j}
,|S
|≤

d
m
a
x
}
>
λ

,
a
n

d
(i

i)
m

in
{|
ρ
(X

i,
X
j
|X

S
)|

:
(i
,j
,S

)
∈
N
G
}
>
λ

,
w

h
er

e
N
G

is
th

e
se

t
o
f

tr
ip

le
s

(i
,j
,S

)
su

ch
th

a
t
i,
j

a
re

n
o
t

a
d
ja

ce
n

t,
bu

t
th

er
e

ex
is

ts
k
∈
V

m
a
ki

n
g

(i
,j
,k

)
a
n

u
n

sh
ie

ld
ed

tr
ip

le
,

a
n

d
i,
j

a
re

n
o
t

d
-s

ep
a
ra

te
d

gi
ve

n
S

.

K
al

is
ch

an
d

B
ü
h
lm

an
n

(2
00

7)
as

su
m

e
th

at
λ

=
Ω

(n
−
w

)
fo

r
w
∈

(0
,b
/2

)
w

h
er

e
b
∈

(0
,1

]
re

la
te

s
to

th
e

sc
al

in
g

of
d
m
a
x
.

In
th

e
lo

w
-d

im
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h
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iscov

ery
of

a
d
-sep

aratin
g

set.
M

otivated
b
y

th
e

P
C

-A
lg

o
rith

m
,

w
e

also
p
rop

ose
an

ap
p
rox

im
ate

red
u
ced

P
C

-A
lgorith

m
(rP

C
-ap

p
rox

),
w

h
ich

u
ses

th
e

sam
e

lo
cal

n
eigh

b
ou

rh
o
o
d

search
,

i.e.
S
⊂
a
dj(i)∪

a
dj(j)\{i,j}.

In
p
ractice,

w
e

sh
ow

th
a
t

rP
C

-ap
p
rox

p
erform

s
alm

ost
id

en
tically

to
rP

C
-fu

ll.

T
o

reca
p
,

ou
r

p
rop

osal
in

A
lgorith

m
1

h
in

ges
on

tw
o

im
p

o
rtan

t
p
rop

erties
o
f

p
rob

ab
ility

m
o
d
els

o
n

la
rg

e
D

A
G

s:
(P

1)
b

ou
n
d
ed

n
ess

of
th

e
n
u
m

b
er

of
sh

ort
trek

s
b

etw
een

an
y

tw
o

n
o
d
es,

a
n
d

(P
2
)

n
egligib

ility
of

correlation
over

th
e

rem
ain

in
g

(lo
n
g)

d
-con

n
ectin

g
p
ath

s.
T

h
e

fi
rst

p
ro

p
erty,

w
h
ich

is
ch

aracterized
b
y

lo
cal

sep
aration

,
con

cern
s

so
lely

th
e

D
A

G
stru

ctu
re.

A
n
a
n
d
k
u
m

ar
et

al.
(2012)

sh
ow

th
at

m
an

y
com

m
on

grap
h

fam
ilies

satisfy
th

e
lo

ca
l

sep
a
ra

tio
n

p
rop

erty
w

ith
sm

all
η
.

S
p

ecifi
cally,

sp
arse,

large
b
in

ary
trees,

E
rd

ős-R
én

y
i
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S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

grap
h
s,

an
d

grap
h
s

w
ith

p
ow

er
law

d
egree

d
istrib

u
tion

s
all

satisfy
th

is
p
rop

erty
w

ith
η
≤

2.
M

oreover,
th

e
sp

arsity
req

u
irem

en
t

for
th

ese
grap

h
fam

ilies
is

in
term

s
of

average
n
o
d
e

d
egree,

an
d

n
ot

th
e

m
ax

im
u
m

n
o
d
e

d
egree.

F
or

th
ese

grap
h

fa
m

ilies,
ou

r
algorith

m
on

ly
n
eed

s
to

con
sid

er
sep

aratin
g

sets
of

size
0,

1,
a
n
d

2,
irresp

ective
of

th
e

m
ax

im
u
m

n
o
d
e

d
egree.

S
m

all-w
orld

grap
h
s,

as
gen

erated
b
y

th
e

W
atts-S

trogatz
algorith

m
(K

lein
b

erg,
2000),

also
satisfy

th
is

p
rop

erty,
b
u
t

w
ith

η
>

2.
In

ad
d
ition

,
th

e
γ

p
aram

eter
in

creases
w

ith
p

for
th

ese
fam

ilies;
th

u
s,

as
grap

h
s

get
larger,

th
e

lo
cal

sep
aration

p
rop

erty
ap

p
lies

to
a

larger
set

of
p
ath

s.

B
y

on
ly

con
sid

erin
g

a
b

ou
n
d
ed

n
u
m

b
er

of
sh

ort
p
ath

s,
ou

r
algorith

m
h
as

com
p
u
ta

tion
al

com
p
lex

ity
O

(p
η
+
2),

an
d

th
u
s

avoid
s

th
e

ex
p

on
en

tial
scalin

g
in
d
m
a
x

th
at

th
e

P
C

-A
lgorith

m
su

ff
ers

from
.

T
h
is

is
p
articu

larly
sign

ifi
can

t
in

th
e

case
of

p
ow

er-law
grap

h
s,

w
h
ere

d
m
a
x

=
O

(p
a)

for
a
>

0
(M

olloy
an

d
R

eed
,

1995);
in

th
is

case,
P

C
-A

lgorith
m

h
as

a
com

p
u
tation

al
com

p
lex

ity
of
O

(p
p
a),

w
h
ich

is
sign

ifi
can

tly
w

orse
th

an
rP

C
’s

com
p
lex

ity
of
O

(p
4).

W
h
ile

rP
C

-fu
ll

m
igh

t
n
ot

b
e

faster
in

p
ractice

d
u
e

to
th

e
larger

search
sp

ace,
rP

C
-a

p
p
rox

w
ou

ld
resu

lt
in

sign
ifi

can
t

sp
eed

u
p
.

U
n
like

th
e

fi
rst

p
rop

erty
(P

1),
th

e
secon

d
p
rop

erty
n
eed

ed
for

ou
r

a
lgorith

m
,

n
am

ely
th

e
n
egligib

ility
o
f

correlation
over

d
-con

n
ectin

g
p
ath

s,
con

cern
s

b
oth

th
e

stru
ctu

re
of

th
e

D
A

G
G

,
an

d
th

e
p
rob

ab
ility

d
istrib

u
tion

P
of

variab
les

on
th

e
grap

h
.

In
th

e
n
ex

t
section

,
w

e
d
iscu

ss
tw

o
altern

ative
su

ffi
cien

t
con

d
ition

s
th

at
gu

aran
tee

th
is

p
rop

erty,
an

d
allow

u
s

to
con

sisten
tly

estim
ate

th
e

D
A

G
sk

eleton
.

IN
P

U
T

:
O

b
servation

s
from

ran
d
om

variab
les

X
1 ,X

2 ,...,X
p ;

th
resh

old
level

α
;

m
ax

im
u
m

sep
aratin

g
set

size
η
.

O
U

T
P

U
T

:
E

stim
ated

skeleton
C

.

S
et
V

=
{
1,...,p}

.

F
orm

th
e

com
p
lete

u
n
d
irected

grap
h
C̃

on
th

e
vertex

set
V

.

S
et
l

=
−

1;
C

=
C̃

.
re

p
e
a
t

l
=
l
+

1
re

p
e
a
t

S
elect

a
(n

ew
)

ord
ered

p
air

of
n
o
d
es
i,j

th
at

are
ad

jacen
t

in
C

re
p

e
a
t

C
h
o
ose

(n
ew

)
S
⊂
V
\{
i,j}

w
ith
|S|

=
l

if
ρ
(X

i ,X
j |
S

)≤
α

D
elete

ed
ge

(i,j)
D

en
ote

th
is

n
ew

grap
h

b
y
C

e
n

d
if

u
n
til

ed
ge

(i,j)
d
eleted

or
all

S
⊂
V
\{
i,j}

w
ith
|S|

=
l

h
ave

b
een

ch
osen

u
n
til

all
ord

ered
p
airs

of
ad

jacen
t

n
o
d
es
i

an
d
j

h
ave

b
een

ex
am

in
ed

fo
r
ρ
(X

i ,X
j |
S

)≤
α

u
n
til

l
>
ηA

lg
o
rith

m
1
:

T
h
e

fu
ll

red
u
ced

P
C

-A
lgorith

m
(rP

C
-fu

ll)
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T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

4
.
A
lg
o
ri
th

m
A
n
a
ly
si
s
a
n
d
A
sy

m
p
to
ti
cs

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
in

d
et

ai
l

th
e

as
su

m
p
ti

on
s

re
q
u
ir

ed
fo

r
th

e
rP

C
-f

u
ll

al
go

ri
th

m
to

co
n
si

st
en

tl
y

re
co

v
er

th
e

D
A

G
sk

el
et

on
.

W
e

al
so

d
is

cu
ss

it
s

co
m

p
u
ta

ti
on

al
a
n
d

st
a
ti

st
ic

al
p
ro

p
er

ti
es

,
p
ar

ti
cu

la
rl

y
in

co
m

p
ar

is
on

w
it

h
th

e
P

C
-A

lg
or

it
h
m

.

4
.1

.
C

o
n

si
st

e
n

c
y

A
s

d
is

cu
ss

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
,

to
co

n
si

st
en

tl
y

re
co

ve
r

th
e

D
A

G
sk

el
et

on
,

rP
C

re
-

q
u
ir

es
th

at
p
ro

p
er

ti
es

(P
1)

an
d

(P
2)

h
ol

d
;

n
a
m

el
y,

th
at

th
e

gr
ap

h
u
n
d
er

co
n
si

d
er

at
io

n
h
as

a
b

ou
n
d
ed

n
u
m

b
er

of
sh

or
t

p
at

h
s

an
d

th
e

co
rr

el
at

io
n

ov
er

d
-c

on
n
ec

ti
n
g

p
at

h
s

of
le

n
g
th

gr
ea

te
r

th
an

γ
d
ec

ay
s

su
ffi

ci
en

tl
y

q
u
ic

k
ly

.
In

fa
ct

,
th

e
tr

ek
d
ec

om
p

os
it

io
n

(2
)

in
d
ic

at
es

th
at

th
e

co
rr

el
at

io
n

fo
r

ea
ch

lo
n
g

tr
ek

is
sm

al
l

w
h
en

m
os

t
of

th
e

ed
ge

w
ei

gh
ts

ar
e

b
ou

n
d
ed

b
y

1
in

ab
so

lu
te

va
lu

e.
H

ow
ev

er
,

co
n
d
it

io
n

(P
2)

re
q
u
ir

es
th

e
to

ta
l

co
rr

el
at

io
n

ov
er

al
l

lo
n
g

tr
ek

s
(a

n
d

ot
h
er

d
-c

on
n
ec

ti
n
g

p
at

h
s)

to
d
ec

ay
su

ffi
ci

en
tl

y
q
u
ic

k
ly

.
T

o
th

is
en

d
,

w
e

co
n
-

si
d
er

tw
o

al
te

rn
at

iv
e

su
ffi

ci
en

t
co

n
d
it

io
n
s.

T
h
e

fi
rs

t
co

n
d
it

io
n

is
a

d
ir

ec
t

a
ss

u
m

p
ti

on
on

th
e

b
ou

n
d
ed

n
es

s
of

th
e

co
n
d
it

io
n
al

co
rr

el
at

io
n
.

T
h
e

se
co

n
d

is
in

sp
ir

ed
b
y

A
n
an

d
k
u
m

ar
et

al
.

(2
01

2)
,

an
d

as
su

m
es

th
e

u
n
d
er

ly
in

g
p
ro

b
ab

il
it

y
m

o
d
el

sa
ti

sfi
es

w
h
at

w
e

te
rm

d
ir

ec
te

d
w

a
lk

-s
u

m
m

a
bi

li
ty

.
T

h
is

co
n
d
it

io
n

m
ir

ro
rs

th
e

w
al

k
-s

u
m

m
ab

il
it

y
co

n
d
it

io
n

fo
r

u
n
d
ir

ec
te

d
gr

ap
h
ic

al
m

o
d
el

s,
w

h
ic

h
h
as

b
ee

n
w

el
l-

st
u
d
ie

d
an

d
sh

ow
n

to
h
ol

d
in

a
la

rg
e

cl
as

s
of

m
o
d
el

s
(M

al
io

u
to

v
et

al
.,

20
06

).

D
e
fi

n
it

io
n

8
A

p
ro

ba
bi

li
ty

m
od

el
is

d
ir

ec
te

d
β

-w
a
lk

-s
u

m
m

a
bl

e
o
n

a
D

A
G

w
it

h
w

ei
gh

te
d

a
d
ja

ce
n

cy
m

a
tr

ix
A

,
if
‖A
‖
≤
β
<

1
w

h
er

e
‖·
‖

d
en

o
te

s
th

e
sp

ec
tr

a
l

n
o
rm

.

A
s

an
al

te
rn

at
iv

e
to

th
is

co
n
d
it

io
n
,

w
e

al
so

p
re

se
n
t

a
d
ir

ec
t

as
su

m
p
ti

on
,

A
ss

u
m

p
ti

on
4.

T
h
is

co
n
d
it

io
n

is
le

ss
re

st
ri

ct
iv

e
th

an
d
ir

ec
te

d
w

al
k
-s

u
m

m
ab

il
it

y,
b
u
t

h
as

n
ot

b
ee

n
ch

ar
-

ac
te

ri
ze

d
in

th
e

li
te

ra
tu

re
.

H
ow

ev
er

,
gi

ve
n

th
at

γ
in

cr
ea

se
s

w
it

h
p

in
th

e
gr

ap
h

fa
m

il
ie

s
w

e
ar

e
co

n
si

d
er

in
g,

it
is

in
tu

it
iv

e
th

a
t

th
e

su
m

o
f

ed
ge

w
ei

gh
t

p
ro

d
u
ct

s
ov

er
tr

ek
s

lo
n
ge

r
th

an
le

n
gt

h
γ

w
il
l

b
e

d
ec

re
as

in
g

an
d

as
y
m

p
to

ti
ca

ll
y

sm
al

l.
T

h
is

al
so

h
o
ld

s
fo

r
n
on

-t
re

k
d
-c

on
n
ec

ti
n
g

p
at

h
s.

T
h
es

e
tw

o
as

su
m

p
ti

on
s

le
ad

to
tw

o
p
ar

al
le

l
p
ro

of
s

of
th

e
co

n
si

st
en

cy
of

ou
r

al
go

ri
th

m
,

p
re

se
n
te

d
in

T
h
eo

re
m

1.
B

ef
or

e
st

at
in

g
th

e
th

eo
re

m
,

w
e

d
is

cu
ss

ou
r

as
su

m
p
ti

on
s.

S
im

il
ar

to
th

e
P

C
-A

lg
or

it
h
m

,
ou

r
m

et
h
o
d

re
q
u
ir

es
a

fa
it

h
fu

ln
es

s
co

n
d
it

io
n
.

A
s

st
at

ed
p
re

v
io

u
sl

y,
ou

r
co

n
d
it

io
n
,
w

h
ic

h
w

e
te

rm
pa

th
fa

it
h
fu

ln
es

s
an

d
is

d
efi

n
ed

n
ex

t,
is

w
ea

k
er

th
an

P
C

-A
lg

or
it

h
m

’s
λ

-s
tr

on
g

fa
it

h
fu

ln
es

s
st

at
ed

in
D

efi
n
it

io
n

4
(s

ee
S
ec

ti
on

4
.2

fo
r

ad
d
it

io
n
al

d
et

ai
ls

).

D
e
fi

n
it

io
n

9
G

iv
en

λ
∈

(0
,1

),
a

d
is

tr
ib

u
ti

o
n
P

is
sa

id
to

be
λ

-p
a
th

-f
a
it

h
fu

l
to

a
D

A
G

G
=

(V
,E

)
if

bo
th

o
f

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s
h
o
ld

:
(i

)
m

in
{|
ρ
(X

i,
X
j
|X

S
)|

:
(i
,j

)
∈
E
,S
⊂
V
\{
i,
j}
,|S
|≤

η
}
>
λ

,
fo

r
so

m
e
η

,
a
n

d
(i

i)
m

in
{|
ρ
(X

i,
X
j
|X

S
)|

:
(i
,j
,S

)
∈
N
G
}
>
λ

,
w

h
er

e
N
G

is
th

e
se

t
o
f

tr
ip

le
s

(i
,j
,S

)
su

ch
th

a
t
i,
j

a
re

n
o
t

a
d
ja

ce
n

t,
bu

t
th

er
e

ex
is

ts
k
∈
V

m
a
ki

n
g

(i
,j
,k

)
a
n

u
n

sh
ie

ld
ed

tr
ip

le
,

a
n

d
i,
j

a
re

n
o
t

d
-s

ep
a
ra

te
d

gi
ve

n
S

.

P
ar

t
(i

)
of

th
e

as
su

m
p
ti

on
on

ly
re

q
u
ir

es
p
ar

ti
al

co
rr

el
at

io
n
s

b
et

w
ee

n
tr

u
e

ed
ge

s
co

n
d
it

io
n
ed

on
se

ts
of

si
ze

u
p

to
η

to
b

e
b

ou
n
d
ed

aw
ay

fr
o
m

ze
ro

,
w

h
il
e

th
e

P
C

-A
lg

o
ri

th
m

re
q
u
ir

es
th

is
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 2
0(

16
4)

:1
-3

1,
 2

01
9

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

fo
r

co
n
d
it

io
n
in

g
se

ts
of

si
ze

u
p

to
d
m
a
x
.

In
S
ec

ti
on

4.
2,

w
e

d
is

cu
ss

h
ow

th
is

a
ff

ec
ts

b
o
u
n
d
s

on
th

e
tr

u
e

p
ar

ti
al

co
rr

el
at

io
n
s,

an
d

al
so

em
p
ir

ic
al

ly
sh

ow
th

at
th

e
ab

ov
e

p
a
th

fa
it

h
fu

ln
es

s
as

su
m

p
ti

on
is

le
ss

re
st

ri
ct

iv
e

th
an

co
rr

es
p

on
d
in

g
as

su
m

p
ti

o
n

fo
r

th
e

P
C

-A
lg

o
ri

th
m

.

A
ss

u
m

p
ti

o
n

1
(P

a
th

fa
it

h
fu

ln
e
ss

a
n

d
M

a
rk

o
v

p
ro

p
e
rt

y
)

T
h
e

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

P
o
f

ra
n

d
o
m

va
ri

a
bl

es
co

rr
es

po
n

d
s

to
a

li
n

ea
r

S
E

M
(1

)
w

it
h

su
b-

G
a
u

ss
ia

n
er

ro
rs

,
a
n

d
is

λ
-p

a
th

-f
a
it

h
fu

l
to

th
e

D
A

G
G

,
w

it
h
λ

=
Ω

(n
−
c
)

fo
r
c
∈

(0
,1
/2

).

O
u
r

se
co

n
d

as
su

m
p
ti

on
en

su
re

s
th

at
th

e
co

va
ri

an
ce

m
at

ri
x

of
th

e
st

ru
ct

u
ra

l
eq

u
a
ti

o
n

m
o
d
el

an
d

it
s

in
ve

rs
e

re
m

ai
n

b
ou

n
d
ed

as
p

gr
ow

s.

A
ss

u
m

p
ti

o
n

2
(C

o
v
a
ri

a
n

c
e

a
n

d
p

re
c
is

io
n

m
a
tr

ix
b

o
u

n
d

e
d

n
e
ss

)
T

h
e

co
va

ri
a
n

ce
m

a
-

tr
ix

o
f

th
e

m
od

el
Σ
G

a
n

d
it

s
in

ve
rs

e
Σ
−
1

G
a
re

bo
u

n
d
ed

in
sp

ec
tr

a
l
n

o
rm

,
th

a
t

is
,

m
a
x
(‖

Σ
G
‖,
‖Σ
−
1

G
‖)
≤

M
<
∞

fo
r

a
ll
p
.

T
h
e

la
st

th
re

e
as

su
m

p
ti

on
s

ch
ar

ac
te

ri
ze

ap
p
li
ca

b
le

gr
ap

h
fa

m
il
ie

s
an

d
p
ro

b
a
b
il
it

y
d
is

-
tr

ib
u
ti

on
s.

A
ss

u
m

p
ti

o
n

3
((
η
,γ

)-
lo

c
a
l

se
p

a
ra

ti
o
n

)
T

h
e

D
A

G
G

be
lo

n
gs

to
a

fa
m

il
y

o
f

ra
n

d
o
m

gr
a
p
h
s
G

th
a
t

sa
ti

sfi
es

th
e

(η
,γ

)-
lo

ca
l

se
pa

ra
ti

o
n

p
ro

pe
rt

y
w

it
h
η

=
O

(1
)

a
n

d
γ

=
O

(l
o
g
p
).

A
ss

u
m

p
ti

o
n

4
(B

o
u

n
d

e
d

lo
n

g
p

a
th

w
e
ig

h
t)

L
et
π

d
en

o
te

a
d
-c

o
n

n
ec

ti
n

g
pa

th
o
f

le
n

gt
h

l(
π

)
be

tw
ee

n
tw

o
n

o
n

-a
d
ja

ce
n

t
ve

rt
ic

es
i

a
n

d
j

in
G

.
T

h
en

,
th

er
e

ex
is

ts
a

co
n

d
it

io
n

in
g

se
t

S
su

ch
th

a
t

th
e

to
ta

l
ed

ge
w

ei
gh

t
o
ve

r
d
-c

o
n

n
ec

ti
n

g
pa

th
s

lo
n

ge
r

th
a
n
γ

sa
ti

sfi
es

:

p
−
1

∑

l=
γ
+
1

∑ l(
π
)=
l

|ρ
π
,1
..
.ρ
π
,l
|=

O
(β
γ
),

fo
r

so
m

e
β
∈

(0
,1

).

A
ss

u
m

p
ti

on
4

gu
ar

an
te

es
th

at
th

e
su

m
of

w
ei

gh
ts

ov
er

lo
n
g

tr
ek

s
b

et
w

ee
n

a
n
y

tw
o

n
o
d
es
i

an
d
j

is
b

ou
n
d
ed

.
F

or
a

si
n
gl

e
tr

ek
,
a

su
ffi

ci
en

t
co

n
d
it

io
n

is
th

at
al

l
ed

ge
w

ei
gh

ts
a
re

b
o
u
n
d
ed

b
y

1
in

m
ag

n
it

u
d
e.

In
A

p
p

en
d
ix

B
,

w
e

p
ro

v
id

e
fu

rt
h
er

d
is

cu
ss

io
n

on
A

ss
u
m

p
ti

o
n

4
,

a
n
d

em
p
ir

ic
al

ly
in

ve
st

ig
at

e
it

s
p
la

u
si

b
il
it

y.
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

if
th

e
d
a
ta

m
a
tr

ix
X

is
sc

al
ed

so
th

at
ea

ch
co

lu
m

n
h
as

u
n
it

st
an

d
ar

d
d
ev

ia
ti

on
,

th
en

w
it

h
h
ig

h
p
ro

b
a
b
il
it

y
a
ll

ed
g
e

w
ei

gh
ts

ar
e

b
ou

n
d
ed

b
y

1
in

ab
so

lu
te

va
lu

e.
T

o
ac

co
u
n
t

fo
r

re
si

d
u
al

co
rr

el
a
ti

o
n

in
d
u
ce

d
th

ro
u
gh

co
n
d
it

io
n
in

g
on

co
m

m
on

d
es

ce
n
d
an

ts
of
i

an
d
j,

A
ss

u
m

p
ti

on
4

al
so

in
cl

u
d
es

n
o
n
-

tr
ek

d
-c

on
n
ec

ti
n
g

p
at

h
s.

A
ss

u
m

p
ti

o
n

4
′

(D
ir

e
c
te

d
β
-w

a
lk

-s
u

m
m

a
b

il
it

y
)

T
h
e

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n
P

is
d
i-

re
ct

ed
β

-w
a
lk

-s
u

m
m

a
bl

e.

W
e

ar
e

n
ow

re
ad

y
to

st
at

e
ou

r
m

ai
n

re
su

lt
.

T
h
e

re
su

lt
is

p
ro

ve
d

in
A

p
p

en
d
ix

A
,

w
h
er

e
th

e
er

ro
r

p
ro

b
ab

il
it

ie
s

ar
e

al
so

an
al

y
ze

d
.

T
h

e
o
re

m
1

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
-3

a
n

d
ei

th
er

A
ss

u
m

p
ti

o
n

4
o
r

4
′ ,

th
er

e
ex

is
ts

a
pa

ra
m

e-
te

r
α

fo
r

th
re

sh
o
ld

in
g

pa
rt

ia
l
co

rr
el

a
ti

o
n

s
su

ch
th

a
t,

a
s
n
,p
−→
∞

w
it

h
n

=
Ω
{(

lo
g
p
)1
/
(1
−
2
c)
},

th
e

fu
ll

re
d
u

ce
d

P
C

(r
P

C
-f

u
ll

)
p
ro

ce
d
u

re
,

a
s

d
es

cr
ib

ed
in

A
lg

o
ri

th
m

1
,

co
n

si
st

en
tl

y
le

a
rn

s
th

e
sk

el
et

o
n

o
f

th
e

D
A

G
G

.

1
0
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T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

S
evera

l
th

eoretical
featu

res
of

ou
r

alg
orith

m
are

a
ttractive.

A
s

stated
p
rev

iou
sly,

ou
r

fa
ith

fu
ln

ess
co

n
d
ition

is
w

eaker
th

an
th

e
corresp

on
d
in

g
assu

m
p
tion

for
th

e
P

C
-A

lgorith
m

a
n
d

rela
ted

m
eth

o
d
s.

S
im

ilar
to

its
co

m
p
u
tation

al
com

p
lex

ity,
th

e
sam

p
le

com
p
lex

ity
of

o
u
r

a
lg

o
rith

m
a
lso

d
o
es

n
ot

scale
w

ith
th

e
m

ax
im

al
n
o
d
e

d
egree,

an
d

is
o
n
ly

d
ep

en
d
en

t
on

th
e

p
a
ra

m
eter

η
as
p

in
creases.

F
or

ex
am

p
le,

in
a

p
ow

er
law

grap
h
,

th
e

sam
p
le

com
p
lex

ity
o
f

th
e

P
C

-A
lg

o
rith

m
is

Ω{m
ax

(log
p
,p
a
b)}

for
0
<
a
,b
<

1,
com

p
ared

to
Ω{

(log
p
)
1
/
1−

2
c}

w
ith

c∈
(0,1

/2)
for

ou
r

m
eth

o
d
.

T
h
is

gain
in

effi
cien

cy
is

d
u
e

to
fact

th
at

th
e

m
ax

im
u
m

sep
a
ra

tin
g

set
size,

η
,

rem
ain

s
con

stan
t

in
rP

C
.

F
in

ally,
ou

r
algorith

m
d
o
es

n
ot

req
u
ire

th
e

d
ata

to
b

e
jo

in
tly

G
au

ssian
.

T
h
e

p
ro

of
of

th
e

alg
orith

m
’s

con
sisten

cy
on

ly
req

u
ires

th
at

th
e

p
o
p
u
latio

n
covarian

ce
m

atrix
can

b
e

w
ell-ap

p
rox

im
ated

from
th

e
d
a
ta;

for
sim

p
licity,

w
e

a
ssu

m
e

a
su

b
-G

au
ssian

d
istrib

u
tion

.

4
.2

.
O

n
F
a
ith

fu
ln

e
ss

A
ssu

m
p

tio
n

A
s

sta
ted

in
S
ection

2.2,
for

large
b
iological

n
etw

ork
s

of
in

terest,
th

e
m

ax
im

u
m

n
o
d
e

d
eg

ree,
d
m
a
x ,

o
ften

g
row

s
w

ith
p
.

T
h
erefore,

th
e
λ

-restricted
stron

g
faith

fu
ln

ess
co

n
d
ition

of
th

e
P

C
-

A
lg

o
rith

m
—

D
efi

n
ition

4—
b

ecom
es

ex
p

on
en

tially
h
ard

er
to

satisfy
w

ith
in

creasin
g

n
etw

ork
size.

A
fu

ll
d
iscu

ssion
of

th
is

p
h
en

om
en

on
can

b
e

fou
n
d

in
U

h
ler

et
al.

(2013),
w

h
ere

it
is

sh
ow

n
th

a
t

th
e

m
easu

re
of

stron
g

u
n
faith

fu
l

d
istrib

u
tio

n
s

con
verges

to
1

for
variou

s
g
ra

p
h

stru
ctu

res.
A

lth
ou

gh
th

is
w

ou
ld

also
o
ccu

r
w

ith
p
ath

faith
fu

ln
ess

(D
efi

n
ition

9),
ou

r
co

n
d
itio

n
a
llow

s
a

rate
for

λ
th

at
is

in
d
ep

en
d
en

t
of
d
m
a
x

an
d
p
.

T
h
e

ra
te

fo
r
λ

in
th

e
P

C
-A

lgorith
m

is
λ

=
Ω

(n
−
w

)
for

w
∈

(0,b/2),
w

h
ere

d
m
a
x

=
O

(n
1−
b)

fo
r
b∈

(0,1].
F

or
b

=
1,

or
con

stan
t
d
m
a
x ,

th
e

P
C

-A
lgorith

m
’s

req
u
ired

scalin
g

for
λ

is
id

en
tica

l
to

th
at

for
ou

r
m

eth
o
d

in
A

ssu
m

p
tion

1.
T

h
is

m
akes

sen
se

in
tu

itively,
sin

ce
o
u
r

m
eth

o
d

is
n
ot

aff
ected

b
y

th
e

in
crease

in
d
m
a
x .

F
or

o
th

er
valu

es
of
b,

th
e

scalin
g

of
λ

b
eco

m
es

m
o
re

restricted
for

th
e

P
C

-A
lgorith

m
;

for
ex

am
p
le,

if
b

=
1
/
2
,

th
en

λ
=

Ω
(n
−
w

)
fo

r
w
∈

(0,1
/4

).
H

ow
ever,

u
n
d
er

p
ath

faith
fu

ln
ess

(D
efi

n
ition

9),
w

e
can

still
ach

ieve
a

rate
o
f
λ

=
Ω

(n
−
1
/
2);

th
at

is,
th

e
p
artial

correlation
s

are
allow

ed
to

b
e

sm
aller

an
d

th
e

con
d
ition

is
w

ea
ker.

W
e

rep
ort

th
e

fi
n
d
in

gs
of

a
sim

u
lation

stu
d
y,

sim
ilar

to
th

at
in

U
h
ler

et
al.

(2013),
w

h
ich

ex
am

in
es

h
ow

often
ran

d
om

ly
gen

erated
D

A
G

s
satisfy

p
art

(i)
of

th
e

p
ath

fa
ith

fu
ln

ess
a
ssu

m
p
tio

n
co

m
p
ared

to
restricted

stro
n
g

faith
fu

ln
ess.

W
e

are
p
rim

arily
in

terested
in

p
art

(i),
a
s

th
is

p
a
rt

is
n
eed

ed
for

con
sisten

t
skeleton

estim
ation

;
p
art

(ii),
on

th
e

oth
er

h
an

d
,

is
n
eed

ed
to

o
b
tain

correct
sep

aratin
g

sets
in

ord
er

to
ob

tain
p
artial

orien
tation

of
ed

ges.
In

th
is

sim
u
la

tion
,

1000
ran

d
om

D
A

G
s

w
ere

gen
erated

from
E

rd
ős-R

én
y
i

an
d

p
ow

er
law

fa
m

ilies,
w

ith
ed

ge
w

eigh
ts

d
raw

n
in

d
ep

en
d
en

tly
from

a
U

n
iform

(−
1,1)

d
istrib

u
tion

.
E

ach
D

A
G

h
a
d
p

=
20

n
o
d
es,

w
ith

vary
in

g
ex

p
ected

d
eg

rees
p

er
n
o
d
e.

F
or

each
sim

u
lation

settin
g
,

w
e

co
m

p
u
ted

th
e

p
rop

ortion
o
f

D
A

G
s

th
at

satisfi
ed

p
art

(i)
of

th
e
λ

-restricted
-

stro
n
g
-fa

ith
fu

ln
ess

an
d
λ

-p
ath

-faith
fu

ln
ess

con
d
ition

s
w

ith
λ

=
0.001

an
d
η

=
2.

T
h
e

resu
lts

a
re

sh
ow

n
in

T
ab

le
1.

W
e

see
th

at
p
ath

faith
fu

ln
ess

is
m

u
ch

m
ore

likely
to

b
e

sa
tisfi

ed
th

a
n

restricted
stron

g
faith

fu
ln

ess,
esp

ecially
for

p
ow

er
law

grap
h
s.

T
h
is

is
to

b
e

ex
p

ected
,

a
s

th
e

n
u
m

b
er

of
con

strain
ts

req
u
ired

for
restricted

stron
g

faith
fu

ln
ess

g
row

s
w

ith
d
m
a
x ,

b
u
t

rem
a
in

s
con

stan
t

for
p
ath

faith
fu

ln
ess.

It
is,

h
ow

ev
er,

d
iffi

cu
lt

for
d
en

se
grap

h
s

to
sa

tisfy
eith

er
con

d
ition

,
alth

ou
gh

th
ere

is
a

m
ild

ad
van

tage
for

p
ath

faith
fu

ln
ess.

In
A

p
p

en
d
ix

B
,

w
e

p
rov

id
e

th
e

resu
lts

of
fu

rth
er

sim
u
lation

stu
d
ies

w
ith

p
=

10
an

d
p

=
30;

11
JM

L
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S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

G
rap

h
fam

ily
E

x
p

ected
d
egree

P
r(R

S
F

)
P
r(P

F
)

E
rd

ős-R
én

y
i

2
0.77

0.92
E

rd
ős-R

én
y
i

5
0

0.08
P

ow
er

law
2

0.54
0.85

P
ow

er
law

6
0.003

0.08

T
ab

le
1:

E
m

p
irica

l
p
rob

ab
ilities

of
ran

d
om

D
A

G
s

of
size

p
=

20
satisfy

in
g

faith
fu

ln
ess

con
d
ition

s;
R

S
F

refers
to

restricted
stron

g
faith

fu
ln

ess
of

th
e

P
C

-A
lgorith

m
,

an
d

P
F

refers
to

p
ath

faith
fu

ln
ess

of
red

u
ced

P
C

(rP
C

).

b
oth

of
th

ese
give

sim
ilar

con
clu

sion
s

an
d

in
d
icate

th
at

p
ath

faith
fu

ln
ess

rem
ain

s
easier

to
satisfy

w
ith

in
creasin

g
n
etw

ork
size.

4
.3

.
T

u
n

in
g

P
a
ra

m
e
te

r
S

e
le

c
tio

n

O
u
r

algorith
m

req
u
ires

tw
o

tu
n
in

g
p
aram

eters:
th

e
m

ax
im

u
m

sep
aratin

g
set

size
η
,

an
d

th
e

th
resh

old
level

for
p
artial

correlation
s
α

.
T

h
e

p
aram

eter
η

varies
b
ased

on
th

e
u
n
d
erly

in
g

grap
h

fam
ily.

T
h
u
s,

given
k
n
ow

led
ge

of
a

p
lau

sib
le

grap
h

stru
ctu

re,
η

can
b

e
p
re-sp

ecifi
ed

.
A

ltern
atively,

η
can

b
e

selected
b
y

m
ax

im
izin

g
a

go
o
d
n
ess-of-fi

t
score

over
a

p
aram

eter
grid

,
alon

g
w

ith
α

.
T

h
is

m
ay

b
e

p
referab

le
as

th
e

lo
cal

sep
aration

resu
lts

con
sid

er
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ős-R
én

y
i

500
200

1.00
2
3.25

P
ow

er
law

10
0

200
0.60

1.13
P

ow
er

law
20

0
100

0.92
3.81

P
ow

er
law

50
0

200
0.36

5.23

T
a
b
le

2
:

E
m

p
irical

ratio
of

rP
C

-ap
p
rox

an
d

rP
C

-fu
ll

ru
n
tim

es
to

P
C

-A
lgorith

m
ru

n
tim

e.

5
.2

.
B

IC
-tu

n
e
d
η

P
a
ra

m
e
te

r

In
th

is
sectio

n
,

w
e

con
sid

er
sim

u
lation

s
w

h
ere

th
e

m
ax

im
u
m

size
of

th
e

co
n
d
ition

in
g

set
for

rP
C

-a
p
p
rox

,
η
,

is
selected

to
m

ax
im

ize
th

e
b
ic

score
d
efi

n
ed

in
(3).

T
o

th
is

en
d
,

w
e

con
sid

er
p

ow
er

law
D

A
G

s
w

ith
th

e
sam

e
low

an
d

h
igh

-d
im

en
sion

al
settin

gs
as

b
efo

re.
W

e
select

th
e

valu
e

o
f
η
∈
{1,2,3,4}

w
h
ich

m
ax

im
izes

th
e
b
ic

at
each

α
valu

e.
W

h
ile

rP
C

-fu
ll

cou
ld

a
lso

b
e

tu
n
ed

in
th

is
w

ay,
it

w
ou

ld
b

e
com

p
u
tation

ally
ex

p
en

siv
e

to
con

sid
er
η

b
eyon

d
3

for
p
>

2
00

.
T

h
e

resu
lts

in
F

igu
re

4
sh

ow
th

at
ou

r
algorith

m
m

ain
tain

s
an

ad
van

tage
over

th
e

P
C

-A
lg

o
rith

m
.

In
terestin

gly,
for

valu
es

of
α

w
h
ich

y
ield

ed
th

e
b

est
estim

a
tion

accu
racy,

th
e

o
p
tim

a
l
η

selected
w

as
m

ost
freq

u
en

tly
1,

w
h
ich

con
fi
rm

s
ou

r
in

tu
ition

from
S
ection

3
th

a
t

th
e
η

p
a
ra

m
eter

for
a

grap
h

fam
ily

sh
ou

ld
b

e
seen

as
an

u
p
p

er
b

ou
n
d

for
estim

atin
g

D
A

G
s

u
sin

g
o
u
r

algorith
m

.

15
JM

L
R

 20(164):1-31, 2019

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

6
.
A
p
p
lica

tio
n
:
E
stim

a
tio

n
o
f
G
e
n
e
R
e
g
u
la
to
ry

N
e
tw

o
rk

s

W
e

ap
p
ly

ou
r

algorith
m

s
an

d
th

e
P

C
-A

lgorith
m

to
a

gen
e

ex
p
ression

d
ata

set
of
n

=
487

p
atien

ts
w

ith
p
rostate

can
cer

from
T

h
e

C
an

cer
G

en
om

e
A

tlas
(C

an
cer

G
en

om
e

A
tlas

R
esearch

N
etw

ork
,

2012).
W

e
select

p
=

272
gen

es
w

ith
k
n
ow

n
n
etw

ork
stru

ctu
re

from
B

ioG
R

ID
(S

tark
et

al.,
2006),

an
d

attem
p
t

to
recover

th
is

n
etw

ork
from

th
e

d
ata.

W
e

ch
o
ose

th
e

tu
n
in

g
p
aram

eters
for

b
oth

rP
C

algorith
m

s
an

d
th

e
p
-valu

e
th

resh
old

for
th

e
P

C
-A

lgorith
m

b
y

search
in

g
ov

er
a

grid
of

valu
es

an
d

selectin
g

th
ose

w
h
ich

y
ield

ed
th

e
largest

b
ic

(3).
W

e
fou

n
d

th
at

th
e

b
est

rP
C

algorith
m

in
term

s
of

b
ic

w
as

rP
C

-ap
p
rox

w
ith

η
=

3
an

d
α

=
0.09,

w
h
ile

th
e

b
est

p
-valu

e
th

resh
old

for
th

e
P

C
-A

lgorith
m

w
as

0.07.

T
h
e

B
ioG

R
ID

d
atab

ase
p
rov

id
es

valu
ab

le
in

form
ation

ab
ou

t
k
n
ow

n
gen

e
reg

u
latory

in
teraction

s.
H

ow
ever,

th
is

d
atab

se
m

ain
ly

ca
p
tu

re
gen

etic
in

teraction
s

in
n
orm

al
cells.

T
h
u
s,

th
e

in
form

ation
from

B
ioG

R
ID

m
ay

n
ot

correctly
cap

tu
re

in
teraction

s
in

can
cerou

s
cells,

w
h
ich

are
of

in
terest

in
ou

r
ap

p
lication

(Id
eker

an
d

K
rogan

,
2012).

D
esp

ite
th

is
lim

itation
,

h
igh

ly
con

n
ected

h
u
b

gen
es

in
th

e
B

ioG
R

ID
n
etw

ork
,

w
h
ich

u
su

ally
corresp

on
d

to
tran

scrip
tion

factors,
are

ex
p

ected
to

stay
h
igh

ly
con

n
ected

in
can

cer
cells.

T
h
erefore,

to
evalu

ate
th

e
p

erform
an

ce
of

th
e

tw
o

m
eth

o
d
s,

w
e

fo
cu

s
h
ere

on
th

e
id

en
tifi

cation
of

h
u
b

gen
es,

w
h
ich

are
often

m
ost

clin
ically

relevan
t

(H
o
rva

th
et

al.,
20

06;
J
eon

g
et

al.,
2001;

C
arlson

et
al.,

2006).

T
h
e

tw
o

estim
ated

n
etw

ork
s

an
d

th
eir

h
u
b

gen
es

are
v
isu

alized
in

F
igu

re
5.

H
ere,

w
e

d
efi

n
e

h
u
b

gen
es

as
n
o
d
es

w
ith

d
egree

at
least

8,
w

h
ich

corresp
on

d
s

to
th

e
75th

p
ercen

tile
in

th
e

d
egree

d
istrib

u
tion

of
b

oth
estim

ates.
rP

C
-ap

p
rox

id
en

tifi
es

19
of

57
tru

e
h
u
b
s,

w
h
ile

th
e

P
C

-A
lgorith

m
on

ly
id

en
tifi

es
6.

In
terestin

gly,
several

of
th

e
h
u
b

gen
es

u
n
iq

u
ely

id
en

tifi
ed

b
y

rP
C

are
k
n
ow

n
to

b
e

asso
ciated

w
ith

p
rostate

can
cer,

in
clu

d
in

g
A

C
P

1,
A

R
H

G
E

F
12,

C
D

H
1,

E
G

F
R

,
an

d
P

L
X

N
B

1
(R

u
ela-d

e
S
ou

sa
et

al.,
201

6;
R

ob
b
in

s
et

al.,
2011;

R
atz

et
al.,

2017;
S
u
n

et
al.,

2017;
L

iu
et

al.,
201

7).
T

h
ese

resu
lts

su
ggest

th
at

rP
C

m
ay

b
e

a
p
rom

isin
g

altern
ative

for
estim

atin
g

b
iological

n
etw

ork
s,

w
h
ere

h
igh

ly
-con

n
ected

n
o
d
es

are
of

clin
ical

im
p

ortan
ce.

E
x
am

in
in

g
th

e
tw

o
n
etw

ork
s

also
in

d
icates

th
at

for
n
o
d
es

w
ith

sm
all

d
egrees,

th
e

es-
tim

ated
n
eigh

b
orh

o
o
d
s

from
rP

C
are

v
ery

sim
ilar

to
th

ose
from

th
e

P
C

-A
lgorith

m
.

T
o

assess
th

is
ob

servation
,

w
e

con
sid

er
th

e
in

d
u
ced

su
b
grap

h
of

n
o
d
es

w
ith

d
egree

at
m

ost
5

in
th

e
P

C
-A

lgorith
m

estim
ate.

T
h
e
F
1

score—
w

h
ich

is
a

w
eigh

ted
av

erage
of

p
recision

an
d

recall—
b

etw
een

th
e

tw
o

estim
ates

of
th

is
sp

arse
su

b
n
etw

ork
is

0·86.
T

h
is

valu
e

in
d
icates

th
at

th
e

tw
o

algorith
m

s
p

erform
very

sim
ilarly

over
sp

a
rse

n
o
d
es.

7
.
D
iscu

ssio
n

O
u
r

n
ew

algorith
m

for
learn

in
g

d
irected

acy
clic

grap
h
s

(D
A

G
s)

b
y

con
d
ition

in
g

on
sm

all
sets

lead
s

to
m

ore
effi

cien
t

com
p
u
tation

an
d

estim
atio

n
u
n
d
er

a
less

restrictive
faith

fu
ln

ess
assu

m
p
tion

th
an

th
e

P
C

-A
lgorith

m
.

H
ow

ever,
ou

r
w

eaker
faith

fu
ln

ess
con

d
ition

m
ay

still
n
ot

b
e

satisfi
ed

for
d
en

se
D

A
G

s
or

in
stru

ctu
ral

eq
u
ation

m
o
d
els

w
ith

ed
ge

w
eigh

ts
d
is-

trib
u
ted

over
a

larger
p
aram

eter
sp

ace.
T

h
is

is
sh

ow
n

b
oth

geom
etrically

an
d

em
p
irically

in
U

h
ler

et
al.

(2013),
an

d
rem

ain
s

a
d
irection

for
fu

tu
re

research
.

G
en

era
lizin

g
th

e
id

ea
of

restricted
con

d
ition

in
g

to
m

ore
com

p
lex

p
rob

ab
ility

m
o
d
els

over
D

A
G

s,
su

ch
as

n
on

lin
ear

S
E

M
s

(V
o
orm

an
et

al.,
2014)

w
ou

ld
also

b
e

of
in

terest.
F

in
ally,

th
e

id
ea

of
con

d
ition

in
g

1
6

JM
L

R
 20(164):1-31, 2019



T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

F
ig

u
re

5:
E

st
im

at
ed

sk
el

et
on

s
of

ge
n
e

re
gu

la
to

ry
n
et

w
or

k
s

in
p
ro

st
at

e
ca

n
ce

r
su

b
je

ct
s.

B
la

ck
n
o
d
es

ar
e

cl
as

si
fi
ed

as
h
u
b
s,

h
av

in
g

es
ti

m
at

ed
d
eg

re
e

of
at

le
as

t
8.

G
re

y
n
o
d
es

ar
e

id
en

ti
fi
ed

h
u
b
s

th
at

ar
e

al
so

co
n
si

d
er

ed
h
u
b
s

in
th

e
B

io
G

R
ID

d
at

a.
L

ef
t:

P
C

-A
lg

or
it

h
m

;
ri

gh
t:

rP
C

-a
p
p
ro

x
.

on
sm

al
l

se
ts

of
va

ri
ab

le
s

ca
n

al
so

b
e

u
se

d
to

d
ev

el
op

m
or

e
effi

ci
en

t
h
y
b
ri

d
m

et
h
o
d
s

fo
r

le
ar

n
in

g
D

A
G

s
in

h
ig

h
d
im

en
si

on
s.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
is

w
or

k
w

as
p
ar

ti
al

ly
su

p
p

or
te

d
b
y

gr
an

ts
fr

om
th

e
N

at
io

n
al

S
ci

en
ce

F
o
u
n
d
at

io
n

(N
S
F

gr
an

t
D

M
S
/N

IG
M

S
-1

56
18

14
an

d
D

M
S
-1

72
22

46
)

an
d

th
e

N
at

io
n
al

In
st

it
u
te

of
H

ea
lt

h
(N

IH
K

01
-H

L
12

40
50

an
d

R
01

-G
M

11
40

29
).

1
7

JM
L

R
 2

0(
16

4)
:1

-3
1,

 2
01

9

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

In
th

is
se

ct
io

n
,

w
e

p
ro

ve
th

e
co

n
si

st
en

cy
o
f

rP
C

-f
u
ll

fo
r

es
ti

m
at

in
g

th
e

sk
el

et
o
n

o
f

a
d
ir

ec
te

d
ac

y
cl

ic
gr

ap
h

u
n
d
er

th
e

as
su

m
p
ti

on
s

st
at

ed
in

th
e

m
ai

n
p
ap

er
.

W
e

b
eg

in
b
y

es
ta

b
li
sh

in
g

th
at

co
rr

el
at

io
n
s

d
ec

ay
ov

er
lo

n
g

p
at

h
s

in
th

e
g
ra

p
h
,

a
n
d

u
se

th
is

to
sh

ow
th

at
th

e
p
ar

ti
al

co
rr

el
at

io
n

b
et

w
ee

n
tw

o
n
on

-a
d
ja

ce
n
t

n
o
d
es

,
co

n
d
it

io
n
a
l

o
n

a
su

it
ab

le
se

t
S

w
it

h
sm

al
l

ca
rd

in
al

it
y,

is
b

ou
n
d
ed

ab
ov

e.
W

e
es

ta
b
li
sh

th
is

th
ro

u
g
h

tw
o

p
os

si
b
le

su
ffi

ci
en

t
co

n
d
it

io
n
s:

L
em

m
a

1
is

b
as

ed
on

A
ss

u
m

p
ti

on
4,

w
h
ic

h
d
ir

ec
tl

y
a
ss

u
m

es
th

at
th

e
th

e
to

ta
l

w
ei

gh
t

ov
er

lo
n
g

p
at

h
s

is
su

ffi
ci

en
tl

y
sm

al
l;

on
th

e
ot

h
er

h
a
n
d
,

L
em

m
a

2
u
se

s
A

ss
u
m

p
ti

on
4′

,
w

h
ic

h
as

su
m

es
th

e
u
n
d
er

ly
in

g
m

o
d
el

is
d
ir

ec
te

d
w

a
lk

-s
u
m

m
a
b
le

.
C

om
b
in

in
g

th
is

re
su

lt
w

it
h

A
ss

u
m

p
ti

on
1,

w
h
ic

h
sa

y
s

th
at

th
e

re
le

va
n
t

p
a
rt

ia
l

co
rr

el
a
ti

o
n
s

b
et

w
ee

n
tw

o
ad

ja
ce

n
t

n
o
d
es

is
b

ou
n
d
ed

b
el

ow
,

w
e

h
av

e
or

ac
le

co
n
si

st
en

cy
o
f

rP
C

-f
u
ll
.

In
L

em
m

a
3,

w
e

in
vo

ke
a

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
y

fo
r

sa
m

p
le

p
ar

ti
al

co
rr

el
at

io
n
s

to
b

o
u
n
d

th
ei

r
d
ev

ia
ti

on
s

fr
om

p
op

u
la

ti
on

q
u
an

ti
ti

es
.

U
si

n
g

th
es

e
re

su
lt

s,
w

e
th

en
p
ro

ve
th

a
t

th
er

e
ex

-
is

ts
a

th
re

sh
ol

d
le

ve
l
th

at
co

n
si

st
en

tl
y

re
co

ve
rs

th
e

tr
u
e

sk
el

et
on

in
th

e
fi
n
it

e
sa

m
p
le

se
tt

in
g.

In
ou

r
fi
rs

t
tw

o
le

m
m

as
,

w
e

m
ak

e
u
se

of
th

e
lo

ca
l

se
p
ar

at
io

n
p
ro

p
er

ty
in

A
ss

u
m

p
ti

o
n

3.
W

h
il
e

A
ss

u
m

p
ti

on
3

d
o
es

n
ot

d
ir

ec
tl

y
co

n
ce

rn
lo

ca
l

se
pa

ra
ti

n
g

se
ts

,
si

n
ce

a
d
-s

ep
a
ra

ti
n
g

se
t

is
a

su
b
se

t
of

a
ge

n
er

al
se

p
ar

at
in

g
se

t,
A

ss
u
m

p
ti

on
3

as
y
m

p
to

ti
ca

ll
y

g
u
a
ra

n
te

es
th

e
ex

is
te

n
ce

of
a
γ

-l
oc

a
l

d
-s

ep
a
ra

to
r

of
si

ze
at

m
os

t
η

fo
r

an
y

tw
o

n
on

-n
ei

g
h
b

ou
ri

n
g

n
o
d
es

.

D
e
fi

n
it

io
n

1
0

G
iv

en
a

gr
a
p
h
G

,
a
γ

-l
oc

a
l

d
-s

ep
a
ra

to
r
S
γ
(i
,j

)
⊂
V
\{
i,
j}

be
tw

ee
n

n
o
n

-
n

ei
gh

bo
u

rs
i

a
n

d
j

m
in

im
a
ll

y
d
-s

ep
a
ra

te
s
i

a
n

d
j

o
ve

r
pa

th
s

o
f

le
n

gt
h

a
t

m
o
st
γ

.

L
e
m

m
a

1
1

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
-4

,
th

e
pa

rt
ia

l
co

rr
el

a
ti

o
n

be
tw

ee
n

n
o
n

-n
ei

gh
bo

u
rs
i

a
n

d
j

sa
ti

sfi
es

m
in

S
∈S

η
,γ

|ρ
(i
,j
|S

)|
=
O

(β
γ
).

w
h
er

e
S
η
,γ

is
th

e
se

t
o
f
γ

-l
oc

a
l

d
-s

ep
a
ra

to
rs

o
f

si
ze

a
t

m
o
st
η

.

P
ro

o
f

R
ec

al
l

th
e

fo
rm

of
th

e
li
n
ea

r
st

ru
ct

u
ra

l
eq

u
at

io
n

m
o
d
el

:

X
k

=
∑

j∈
p
a
(k
)

ρ
jk
X
j

+
ε k
,

w
h
er

e
ε k

ar
e

in
d
ep

en
d
en

t
an

d
V
a
r(
ε k

)
=
σ
2 k
<
∞

fo
r

a
ll
k
.

L
et
A
G

d
en

ot
e

th
e

lo
w

er
-t

ri
an

gu
la

r
w

ei
gh

te
d

ad
ja

ce
n
cy

m
at

ri
x

fo
r

th
e

gr
a
p
h
G

,
o
b
ta

in
ed

b
y

or
d
er

in
g

th
e

n
o
d
es

ac
co

rd
in

g
to

a
ca

u
sa

l
or

d
er

(S
h
o

ja
ie

an
d

M
ic

h
ai

li
d
is

,
2
0
1
0
),

so
th

at
j
∈
p
a
(k

)
im

p
li
es
j
<
k
.

T
h
en

,
as

sh
ow

n
b
y

S
h
o
ja

ie
an

d
M

ic
h
ai

li
d
is

(2
01

0)
fo

r
th

e
G

a
u
ss

ia
n

ca
se

an
d

b
y

L
oh

an
d

B
ü
h
lm

an
n

(2
0
14

)
in

ge
n
er

al
li
n
ea

r
st

ru
ct

u
ra

l
eq

u
at

io
n

m
o
d
el

s,

Σ
G

=
(I
−
A
G

)−
1
D

(I
−
A
G

)−
T
,

w
h
er

e
D

=
d
ia

g(
σ
2 1
,.
..
,σ

2 p
).

F
ir

st
,

su
p
p

os
e

th
at
σ
2 i

=
1

fo
r

al
l
i.

W
e

co
n
si

d
er

th
e

co
n
d
it

io
n
al

co
va

ri
an

ce
Σ
G

(i
,j
|S

)
w

h
er

e
i

an
d
j

ar
e

n
on

-n
ei

gh
b

ou
rs

,
an

d
S

is
th

e
γ

-l
o
ca

l
d
-s

ep
ar

at
or

,
as

d
efi

n
ed

a
b

ov
e.

L
et

18
JM

L
R

 2
0(

16
4)

:1
-3

1,
 2

01
9



T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

π
d
en

o
te

a
d
-con

n
ectin

g
p
ath

b
etw

een
i

an
d
j

of
len

gth
l(π

),
an

d
ρ
1 ,...,ρ

l
d
en

ote
th

e
ed

g
e

w
eig

h
ts

a
lon

g
th

e
p
ath

.
B

y
con

d
ition

in
g

on
S

,
w

e
h
ave

th
at

covarian
ce

is
on

ly
in

d
u
ced

th
ro

u
g
h

d
-co

n
n
ectin

g
p
ath

s
of

len
gth

greater
th

an
γ

,
as

referen
ced

in
th

e
m

ain
p
ap

er.
T

h
en

,

Σ
G

(i,j|
S

)
=
∑π
:i↔

j
π∩
S
=
∅

∑π
:l(π

)=
l

l
∏k
=
1

ρ
k

=

p−
1

∑π
:i↔

j
l(π

)=
γ
+
1

∑π
:l(π

)=
l

l
∏k
=
1

ρ
k .

T
h
erefo

re:

|Σ
G

(i,j|
S

)|
=

∣∣∣∣∣

p−
1

∑π
:i↔

j
l(π

)=
γ
+
1

∑π
:l(π

)=
l

l
∏k
=
1

ρ
k ∣∣∣∣∣

≤
p−

1
∑π
:i↔

j
l(π

)=
γ
+
1

∑π
:l(π

)=
l

l
∏k
=
1 |ρ

k |
(b

y
trian

gle
in

eq
u
ality

)

=
O

(β
γ).

(b
y

A
ssu

m
p
tion

4)

N
ow

,
su

p
p

o
se

th
at

n
ot

all
σ
2i

=
1.

T
h
en

,
let

σ
2m
a
x

=
m

ax
i σ

2i .
W

e
h
ave:

|Σ
G

(i,j|
S

)|≤
p−

1
∑π
:i↔

j
l(π

)=
γ
+
1

∑π
:l(π

)=
l σ

2m
a
x

l
∏k
=
1 |ρ

k |

=
σ
2m
a
x

p−
1

∑π
:i↔

j
l(π

)=
γ
+
1

∑π
:l(π

)=
l

l
∏k
=
1 |ρ

k |

=
σ
2m
a
x O

(β
γ)

=
O

(β
γ).

(b
y

A
ssu

m
p
tion

2
)

F
in

ally,
w

e
h
ave
|ρ

(i,j
|
S

)|
=

|Σ
G

(i,j|
S

)|
√

Σ
G

(i,i|
S

)Σ
G

(j,j|
S

)
=
O

(β
γ)

b
y

A
ssu

m
p
tion

2,

sin
ce

th
e

co
n
d
ition

al
varian

ces
are

fu
n
ction

s
of

th
e

m
argin

al
varian

ces,
w

h
ich

are
b

ou
n
d
ed

.

N
ex

t,
w

e
sh

ow
th

e
sam

e
resu

lt
b
y

assu
m

in
g

d
irected

w
alk

-su
m

m
ab

ility
of

th
e

m
o
d
el.

L
e
m

m
a

1
2

U
n

d
er

A
ssu

m
p
tio

n
s

1
-3

a
n

d
A

ssu
m

p
tio

n
4 ′,

th
e

pa
rtia

l
co

rrela
tio

n
betw

een
n

o
n

-n
eigh

bo
u

rs
i

a
n

d
j

sa
tisfi

es

m
in

S∈
S
η
,γ |ρ

(i,j|
S

)|
=
O

(β
γ).

w
h
ere

S
η
,γ

is
th

e
set

o
f
γ

-loca
l

d
-sepa

ra
to

rs
o
f

size
a
t

m
o
st
η

.

1
9

JM
L

R
 20(164):1-31, 2019

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

P
ro

o
f

R
ecall

from
th

e
p
ro

of
of

L
em

m
a

1,

Σ
G

=
(I−

A
G

) −
1D

(I−
A
G

) −
T
,

w
h
ere

D
=

d
iag(σ

21 ,...,σ
2p ).

F
irst,

su
p
p

ose
th

at
σ
2i

=
1

for
all

i.
T

h
en

,
w

e
can

w
rite:

Σ
G

=

(
∞∑r
=
0

A
rG )

(
∞∑r
=
0

A
rG )

T

=


γ
∑r
=
0

A
rG

+
∞∑

r
=
γ
+
1

A
rG 


γ
∑r
=
0

A
rG

+
∞∑

r
=
γ
+
1

A
rG 

T

.

N
ow

,
let

Σ
H

d
en

ote
th

e
covaria

n
ce

m
atrix

in
d
u
ced

b
y

on
ly

con
sid

erin
g

d
-con

n
ectin

g
p
ath

s
of

len
gth

at
m

ost
γ

.
F

or
con

ven
ien

ce,
let

Λ
H

:=
∑

γr
=
0
A
rG

an
d
R
γ

:=
∑
∞r
=
γ
+
1
A
rG

.
C

on
sid

erin
g

th
eir

sp
ectral

n
orm

s,
d
en

oted
b
y
‖
·‖,

w
e

h
av

e
b
y

w
alk

-su
m

m
ab

ility
th

at

‖
Λ
H ‖
≤

1−
β
γ
+
1

1−
β

an
d
‖
R
γ ‖
≤
β
γ
+
1

1−
β

.
T

h
en

,

Σ
G

=
(Λ

H
+
R
γ )(Λ

H
+
R
γ )
T

=
Λ
H

Λ
TH

+
Λ
H
R
Tγ

+
R
γ Λ

TH
+
R
γ R

Tγ

=
Σ
H

+
Λ
H
R
Tγ

+
R
γ Λ

TH
+
R
γ R

Tγ

N
ow

,
d
efi

n
in

g
E
γ

:=
Σ
G
−

Σ
H

an
d

tak
in

g
sp

ectral
n
orm

s,
w

e
get:

‖E
γ ‖

=
‖
Σ
G
−

Σ
H ‖

=
‖
Λ
H
R
Tγ

+
R
γ Λ

TH
+
R
γ R

Tγ ‖
≤
‖Λ

H
R
Tγ ‖

+
‖R

γ Λ
TH ‖

+
‖
R
γ R

Tγ ‖
≤

2‖Λ
H ‖‖R

γ ‖
+
‖R

γ ‖
2

≤
2 (

1−
β
γ
+
1

1−
β

)(
β
γ
+
1

1−
β )

+

(
β
γ
+
1

1−
β )

2

=
2β

γ
+
1−

2β
2
γ
+
2

(1−
β

)
2

+
β
2
γ
+
2

(1−
β

)
2

=
2β

γ
+
1−

β
2
γ
+
2

(1−
β

)
2

=
β
γ
+
1(2−

β
γ
+
1)

(1−
β

)
2

=
O

(β
γ).

(S
1)

N
ow

,
su

p
p

ose
th

at
n
ot

all
σ
2i

=
1.

T
h
en

,
follow

in
g

th
e

sam
e

ex
p
an

sion
of

Σ
G

as
ab

ove,
w

e
h
ave:

‖
E
γ ‖

=
‖
D
‖
β
γ
+
1(2−

β
γ
+
1)

(1−
β

)
2

=
σ
2m
a
x

β
γ
+
1(2−

β
γ
+
1)

(1−
β

)
2

=
O

(β
γ),

(S
2)

2
0

JM
L

R
 20(164):1-31, 2019



T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

b
y

A
ss

u
m

p
ti

on
2,

w
h
er

e
σ
2 m
a
x

=
m

ax
i
σ
2 i
.

W
e

n
ow

sh
ow

th
at
|ρ

(i
,j
|S

)|
=
O

(‖
E
γ
‖)

=
O

(β
γ
)

w
h
er

e
S

is
a
γ

-l
o
ca

l
d
-s

ep
a
ra

to
r

b
et

w
ee

n
i

an
d
j.

L
et
A

=
{i
,j
}∪

S
an

d
B

=
V
\A

.
C

on
si

d
er

th
e

m
ar

gi
n
al

p
re

ci
si

on
m

at
ri

x
,

P
:=
{Σ

G
(A
,A

)}
−
1
.

T
h
en

,
u
si

n
g

th
e

S
ch

u
r

co
m

p
le

m
en

t,
w

e
ca

n
w

ri
te

th
is

as

P
=

Σ
−
1

G
(A
,A

)
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

).

S
p

ec
ifi

ca
ll
y,

th
e

p
ar

ti
al

co
rr

el
at

io
n

of
X
i
an

d
X
j

co
n
d
it

io
n
al

on
S

is
gi

ve
n

b
y

P
1
,2

(P
1
,1
P
2
,2
)1
/
2

=

O
(P

1
,2

),
b
y

A
ss

u
m

p
ti

on
2.

R
ec

al
l

fr
om

(S
1)

th
at

Σ
G

=
Σ
H

+
E
γ
.

L
et
F
γ

b
e

th
e

m
at

ri
x

su
ch

th
at

Σ
−
1

G
=

Σ
−
1

H
+
F
γ
.

B
ec

au
se

Σ
H

on
ly

co
n
si

d
er

s
co

va
ri

an
ce

in
d
u
ce

d
b
y

p
at

h
s

of
le

n
gt

h
at

m
os

t
γ

,
w

e
h
av

e
th

at
Σ
−
1

H
(A
,A

) 1
,2

=
0.

T
h
u
s,

|{
Σ
G

(A
,A

)}
−
1

1
,2
|=
|Σ
−
1

G
(A
,A

) 1
,2
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

) 1
,2
|

=
|Σ
−
1

H
(A
,A

) 1
,2

+
F
γ
(A
,A

) 1
,2
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

) 1
,2
|

=
|F
γ
(A
,A

) 1
,2
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

) 1
,2
|

≤
‖F

γ
(A
,A

)
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

)‖
∞

≤
‖F

γ
(A
,A

)
−

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

)‖
.

H
ow

ev
er

,
si

n
ce

Σ
−
1

G
(A
,B

){
Σ
−
1

G
(B
,B

)}
−
1
Σ
−
1

G
(B
,A

)
is

p
os

it
iv

e
se

m
i-

d
efi

n
it

e,
|{

Σ
G

(A
,A

)}
−
1

1
,2
|≤

‖F
γ
(A
,A

)‖
.

W
e

n
ex

t
sh

ow
th

at
‖F

γ
‖

=
O

(‖
E
γ
‖)

=
O

(β
γ
).

F
ir

st
,

n
o
te

th
at

:

F
γ

=
Σ
−
1

G
−

Σ
−
1

H

=
(Σ

H
+
E
γ
)−

1
−

Σ
−
1

H

=
Σ
−
1

H
−

Σ
−
1

H
(E
−
1

γ
+

Σ
−
1

H
)−

1
Σ
−
1

H
−

Σ
−
1

H
(b

y
W

o
o
d
b
u
ry

)

=
−

Σ
−
1

H
(E
−
1

γ
+

Σ
−
1

H
)−

1
Σ
−
1

H

T
h
en

,
ta

k
in

g
sp

ec
tr

al
n
or

m
s,

an
d

n
ot

in
g

th
at

Σ
G

=
Σ
H

+
E
γ
:

‖F
γ
‖
≤
‖Σ
−
1

H
‖‖

(E
−
1

γ
+

Σ
−
1

H
)−

1
‖‖

Σ
−
1

H
‖

(b
y

su
b
-m

u
lt

ip
li
ci

ty
)

=
‖Σ
−
1

H
‖2
‖E

γ
−
E
γ
(Σ

H
+
E
γ
)−

1
E
γ
‖

(b
y

W
o
o
d
b
u
ry

)

=
‖Σ
−
1

H
‖2
‖E

γ
(I
−

Σ
−
1

G
E
γ
)‖

≤
‖Σ
−
1

H
‖2
‖E

γ
‖‖
I
−

Σ
−
1

G
E
γ
‖

(b
y

su
b
-m

u
lt

ip
li
ci

ty
)

≤
‖Σ
−
1

H
‖2
‖E

γ
‖(

1
+
‖Σ
−
1

G
E
γ
‖)

(b
y

tr
ia

n
gl

e
in

eq
u
al

it
y
)

≤
‖Σ
−
1

H
‖2
‖E

γ
‖(

1
+
‖Σ
−
1

G
‖‖
E
γ
‖)

(b
y

su
b
-m

u
lt

ip
li
ci

ty
)

≤
J
‖E

γ
‖2
,

(b
y

b
ou

n
d
ed

n
es

s
of
‖Σ
−
1

G
‖
≥
|Σ
−
1

H
‖)

fo
r

so
m

e
co

n
st

an
t
J

.
T

h
en

,
b
y

w
al

k
-s

u
m

m
ab

il
it

y,
‖F

γ
‖

=
O

(|E
γ
‖)

.
H

en
ce

,
|ρ

(i
,j
|

S
)|

=
O

(β
γ
)

b
y

(S
1)

.

2
1

JM
L

R
 2

0(
16

4)
:1

-3
1,

 2
01

9

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

B
y

co
m

b
in

in
g

th
e

re
su

lt
fr

om
ei

th
er

L
em

m
a

1
or

2
w

it
h

th
e
λ

-p
at

h
-f

ai
th

fu
ln

es
s

a
ss

u
m

p
-

ti
on

,
w

e
ac

h
ie

ve
or

ac
le

co
n
si

st
en

cy
fo

r
ou

r
a
lg

or
it

h
m

gi
ve

n
a

th
re

sh
ol

d
le

ve
l
α

su
ch

th
at

α
=
O

(λ
),
α

=
Ω

(β
γ
).

N
ex

t,
w

e
co

n
si

d
er

th
e

fi
n
it

e
sa

m
p
le

se
tt

in
g,

an
d

es
ta

b
li
sh

a
co

n
ce

n
tr

at
io

n
in

eq
u
a
li
ty

fo
r

sa
m

p
le

p
ar

ti
al

co
rr

el
at

io
n
s,

u
n
d
er

su
b
-G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s,

u
si

n
g

a
re

su
lt

fr
o
m

R
av

ik
u
-

m
ar

et
al

.
(2

01
1)

.

L
e
m

m
a

1
3

A
ss

u
m

e
X

=
(X

1
,.
..
,X

p
)

is
a

ze
ro

-m
ea

n
ra

n
d
o
m

ve
ct

o
r

w
it

h
co

va
ri

a
n

ce
m

a
tr

ix

Σ
su

ch
th

a
t

ea
ch

X
i/

Σ
1
/
2

ii
is

su
b-

G
a
u

ss
ia

n
w

it
h

pa
ra

m
et

er
σ

.
A

ss
u

m
e
‖Σ
‖ ∞

a
n

d
σ

a
re

bo
u

n
d
ed

.
T

h
en

,
th

e
em

p
ir

ic
a
l

pa
rt

ia
l

co
rr

el
a
ti

o
n

o
bt

a
in

ed
fr

o
m

n
sa

m
p
le

s
sa

ti
sfi

es
,

fo
r

so
m

e
bo

u
n

d
ed
M

>
0
:

P

(
m

ax
i6=
j,
|S
|≤
η
|ρ̂

(i
,j
|S

)
−
ρ
(i
,j
|S

)|
>
ε)
≤

4

( 3
+

3 2
η

+
1 2
η
2

) p
η
+
2

ex
p

(
−
n
ε2 M

)

fo
r

a
ll
ε
≤

m
ax

i(
Σ
ii

)8
(1

+
4
σ
2
).

P
ro

o
f

U
si

n
g

th
e

re
cu

rs
iv

e
fo

rm
u
la

fo
r

p
ar

ti
al

co
rr

el
a
ti

on
,

fo
r

an
y
k
∈
S

ρ
(i
,j
|S

)
=

ρ
(i
,j
|S
\k

)
−
ρ
(i
,k
|S
\k

)ρ
(k
,j
|S
\k

)

(1
−
ρ
2
(i
,k
|S
\k

))
1
/
2
(1
−
ρ
2
(k
,j
|S
\k

))
1
/
2
.

F
or

ex
am

p
le

,
w

it
h
S

=
{k
},

w
e

ca
n

si
m

p
li
fy

th
is

to
:

ρ
(i
,j
|S

)
=

ρ
(i
,j

)
−
ρ
(i
,k

)ρ
(k
,j

)

(1
−
ρ
2
(i
,k

))
1
/
2
(1
−
ρ
2
(k
,j

))
1
/
2
,

w
h
er

e
ρ
(i
,j

)
=

Σ
ij
/(

Σ
ii

Σ
jj

)1
/
2
.

R
ew

ri
ti

n
g

in
te

rm
s

of
el

em
en

ts
of

Σ
,
w

e
th

en
d
ec

om
p

os
e

th
e

em
p
ir

ic
al

p
ar

ti
a
l
co

rr
el

a
ti

o
n

d
ev

ia
n
ce

fr
om

th
e

tr
u
e

p
ar

ti
al

co
rr

el
at

io
n

in
to

th
e

d
ev

ia
n
ce

s
of

co
va

ri
an

ce
te

rm
s.

H
er

e,
th

e
ev

en
t

of
th

e
em

p
ir

ic
al

p
ar

ti
al

co
rr

el
a
ti

on
b

ei
n
g

w
it

h
in
ε

d
is

ta
n
ce

of
th

e
tr

u
e

p
a
rt

ia
l

co
rr

el
at

io
n

is
co

n
ta

in
ed

in
th

e
u
n
io

n
o
f

th
e

em
p
ir

ic
al

co
va

ri
an

ce
te

rm
s

b
ei

n
g

w
it

h
in
C
ε

d
is

ta
n
ce

of
th

e
tr

u
e

co
va

ri
an

ce
te

rm
s

fo
r

a
su

ffi
ci

en
tl

y
la

rg
e
C
>

0:
[ |
ρ̂
(i
,j
|S

)
−
ρ
(i
,j
|S

)|
>
ε]
⊂
[ |

Σ̂
ij
−

Σ
ij
|>

C
ε] ⋃

[ |
Σ̂
ii
−

Σ
ii
|>

C
ε] ⋃

[ |
Σ̂
jj
−

Σ
jj
|>

C
ε]

⋃ k
∈S

[ |
Σ̂
ik
−

Σ
ik
|>

C
ε]

⋃ k
∈S

[ |
Σ̂
jk
−

Σ
jk
|>

C
ε]

⋃

k
≤
k
′ ∈
S

[ |
Σ̂
k
k
′
−

Σ
k
k
′ |
>
C
ε] ,

2
2

JM
L

R
 2

0(
16

4)
:1

-3
1,

 2
01

9



T
h
e
R
e
d
u
c
e
d

P
C
-A

l
g
o
r
it
h
m

T
h
e

n
u
m

b
er

of
even

ts
on

th
e

righ
t-h

an
d

sid
e

is
3

+
|S|+

|S|+
|S| 2−

(|S|2 ).
F

or|S|≤
η
,

th
e

n
u
m

b
er

o
f

even
ts

is
th

en
b

ou
n
d
ed

b
y

3
+

32 η
+

12 η
2.

T
h
en

,
b
y

ap
p
ly

in
g

L
em

m
a

1
in

R
av

ik
u
m

ar
et

al.
(2011),

w
e

h
ave

th
at,

for
a
n
y
i,j:

P
r (|ρ̂

(i,j|
S

)−
ρ
(i,j|

S
)|
>
ε )
≤

4 (
3

+
32
η

+
12
η
2 )

ex
p (
−
n
ε
2

K

)
,

fo
r

so
m

e
K
>

0,
b

ou
n
d
ed

w
h
en
‖
Σ‖∞

an
d
σ

are
b

ou
n
d
ed

.
F

rom
h
ere,

th
e

resu
lt

follow
s.

C
o
m

b
in

in
g

th
e

resu
lts

estab
lish

ed
in

L
em

m
as

1-3,
w

e
n
ow

p
rove

th
e

con
sisten

cy
of

ou
r

a
lg

o
rith

m
in

th
e

fi
n
ite

sam
p
le

settin
g.

L
et
α

d
en

o
te

th
e

th
resh

old
w

h
ere

if
ρ̂
G

(i,j
|
S

)
<
α

,
th

e
ed

ge
(i,j)

is
d
eleted

.
L

et
G
S

d
en

o
te

th
e

tru
e

u
n
d
irected

skeleton
of
G

,
an

d
let

S
η
,γ

d
en

ote
th

e
set

o
f
γ

-lo
cal

d
-sep

arators
o
r

size
a
t

m
o
st
η
.

F
o
r

a
n
y

(i,j)6∈
G
S

,
d
efi

n
e

th
e

false
p

ositive
even

t
as

F
1 (i,j)

=

[
m

in
S∈

S
η
,γ |ρ̂

G
(i,j|

S
)|
>
α ]
.

D
efi

n
e

θ
m
a
x

=
m

ax
(i,j)6∈

G
S

m
in

S∈
S
η
,γ |ρ

G
(i,j|

S
)|

a
n
d

θ̂
m
a
x

=
m

ax
(i,j)6∈

G
S

m
in

S∈
S
η
,γ |ρ̂

G
(i,j|

S
)|.

C
o
n
sid

er

P
r {

⋃

(i,j)6∈
G
S

F
1 (i,j) }

=
P
r(θ̂

m
a
x
>
α

)

=
P
r(|θ̂

m
a
x −

θ
m
a
x |
>
|α
−
θ
m
a
x |)

=
O

[
p
η
+
2

ex
p {
−
n

(α
−
θ
m
a
x )

2

M

}]
(b

y
L

em
m

a
3)

w
h
ere

θ
m
a
x

=
O

(β
γ)

b
y

L
em

m
a

1
an

d
2.

F
o
r

an
y

tru
e

ed
ge

(i,j)∈
G
S

,
d
efi

n
e

th
e

false
n
egative

even
t

as

F
2 (i,j)

=

[
m

in
S⊂

V
\{
i,j}

,|S|≤
η |ρ̂

G
(i,j|

S
)|
<
α ]
.

D
efi

n
e

θ
m
in

=
m

in
(i,j)∈

G
S

m
in

S⊂
V
\{
i,j}

,|S|≤
η |ρ

G
(i,j|

S
)|

a
n
d

θ̂
m
in

=
m

in
(i,j)∈

G
S

m
in

S⊂
V
\{
i,j}

,|S|≤
η |ρ̂

G
(i,j|

S
)|.

2
3

JM
L

R
 20(164):1-31, 2019

S
o
n
d
h
i
a
n
d

S
h
o
ja

ie

G
rap

h
fam

ily
E

x
p

ected
d
egree

P
r(R

S
F

)
P
r(P

F
)

E
rd

ős-R
én

y
i

2
0.94

0.98
E

rd
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ős-R
én

y
i

grap
h
s,

an
d

sh
ow

s
som

e
im

p
rovem

en
t

for
p

ow
er

law
grap

h
s.

B
oth

version
s

of
rP

C
give

sim
ilar

resu
lts.

W
e

also
in

clu
d
e

m
ore

sim
u
lation

resu
lts

com
p
arin

g
p
ath

faith
fu

ln
ess

to
th

e
restricted

stron
g

faith
fu

ln
ess

assu
m

p
tion

.
A

s
in

S
ection

4.2,
1000

ran
d
om

D
A

G
s

w
ere

gen
erated

from
E

rd
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-m
,

w
e

ca
n

co
n
st

ru
ct

a
n

a
p
p
ro

x
im

a
te

m
ar

gi
n
al

fo
r

cl
u
st

er
i

b
y

co
ll
ec

ti
n
g

al
l

in
co

m
in

g
m

es
sa

ge
s

fr
om

it
s

n
ei

gh
b

or
h
o
o
d
:

f̂
(n

)
i

(x
i)

=
φ
i(

x
i)
∏ t∈
N
i

m
(n

)
ti

(x
i)
∝

ex
p

[ −
1 2
x
′ iP

(n
)

i
x
i
+

x
′ iz

(n
)

i

] ,
(8

)

w
h
er

e
P

(n
)

i
=

S
ii

+
∑

j∈
N
i
Q

(n
)

ji
an

d
z

(n
)

i
=
b
i

+
∑

j∈
N
i
v

(n
)

ji
.

C
le

ar
ly

,
th

e
d
en

si
ty

g
iv

en
in

E
q
u
at

io
n

(8
)

is
a

G
au

ss
ia

n
d
en

si
ty

w
it

h
p
re

ci
si

on
P

(n
)

i
an

d
m

ea
n
µ

(n
)

i
=

[P
(n

)
i

]−
1
z

(n
)

i
.

W
e

re
fe

r
to
f̂

(n
)

i
(x
i)

as
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on
of

cl
u
st

er
i

at
it

er
a
ti

on
n

.
T

h
e

q
u
a
n
ti

ti
es

P
(n

)
i

an
d
µ

(n
)

i
ar

e
la

b
el

ed
th

e
p

os
te

ri
or

p
re

ci
si

on
an

d
th

e
p

os
te

ri
or

m
ea

n
as

so
ci

at
ed

w
it

h
cl

u
st

er
i

at
it

er
at

io
n
n

re
sp

ec
ti

ve
ly

.
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ssia

n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

2
.4

.
N

o
te

s
o
n

th
e

P
e
rro

n
-F

ro
b

e
n

iu
s

T
h

e
o
re

m

In
th

is
section

w
e

d
iscu

ss
resu

lts
related

to
th

e
P

erron
-F

rob
en

iu
s

th
eorem

.
T

h
is

th
eorem

p
lay

s
a
n

im
p

ortan
t

role
in

th
e

th
eoretical

con
sid

eration
s

of
th

is
p
ap

er.

T
h

e
o
re

m
1

(P
e
rro

n
-F

ro
b

e
n

iu
s

th
e
o
re

m
)

C
o
n

sid
er

a
n

o
n

-n
ega

tive
a
n

d
irred

u
cible

rea
l

m
a
trix

A
:
k
×
k

.
T

h
ere

exists
a

v
>

0
su

ch
th

a
t

A
v

=
ρ
(A

)v
,

w
h
ere

ρ
(A

)
d
en

o
tes

th
e

spectra
l

ra
d
iu

s
o
f

A
.

W
e

u
se

th
e

n
o
tation

x
>

y
to

in
d
icate

th
at

each
co

m
p

on
en

t
of

x
is

greater
th

an
th

e
co

rresp
o
n
d
in

g
com

p
on

en
t

of
y

.
T

h
e

follow
in

g
im

p
ortan

t
lem

m
a

follow
s

from
th

e
C

ollatz-
W

iela
n
d
t

fo
rm

u
la.

L
e
m

m
a

1
L

et
ρ
(.)

be
th

e
spectra

l
ra

d
iu

s
o
f

a
m

a
trix.

F
o
r

a
n

y
rea

l
m

a
trix

A
:
k
×
k

w
e

h
a
ve
ρ
(A

)≤
ρ
(|A
|).

F
o
r

th
e

rem
a
in

d
er

of
th

is
p
ap

er
w

e
assu

m
e,

w
ith

ou
t

loss
of

gen
erality,

th
at

G
a
B

P
-m

is
a
p
p
lied

to
a
n

irred
u
cib

le
M

G
.

If
th

is
assu

m
p
tion

d
o
es

n
ot

h
old

,
th

en
G

aB
P

-m
can

b
e

a
p
p
lied

sep
a
ra

tely
to

irred
u
cib

le
su

b
grap

h
s

of
th

e
M

G
.

2
.5

.
P

re
c
o
n

d
itio

n
e
d

W
a
lk

-su
m

m
a
b

ility

T
h
e

m
a
in

th
eo

retical
resu

lt
of

th
is

p
ap

er
is

th
e

d
evelop

m
en

t
of

a
su

ffi
cien

t
con

d
ition

fo
r

th
e

co
n
verg

en
ce

of
G

aB
P

-m
.

W
e

lab
el

th
is

con
d
itio

n
p
recon

d
ition

ed
w

alk
-su

m
m

a
b
ility,

sin
ce

it
in

vo
lv

es
a

certain
p
recon

d
ition

in
g

of
th

e
p
recision

m
atrix

b
ased

on
h
ow

th
e

clu
sters

are
ch

o
sen

.
W

e
g
ive

th
e

follow
in

g
d
efi

n
ition

s:

D
e
fi

n
itio

n
3

(V
a
lid

P
re

c
o
n

d
itio

n
e
r)

W
e

ca
ll

a
m

a
trix

Λ
:
k×

k
a

va
lid

p
reco

n
d
itio

n
er

w
ith

respect
to

th
e

clu
stersC

i
:
i

=
1,2

,...,p
if

Λ
ii

is
po

sitive
d
efi

n
ite

a
n

d
Λ
ij

=
0

:
d
i ×

d
j .

D
e
fi

n
itio

n
4

(P
re

c
o
n

d
itio

n
e
d

W
a
lk

-su
m

m
a
b

ility
)

C
o
n

sid
er

a
p
recisio

n
m

a
trix

S
:

k
×
k

a
n

d
clu

sters
C
i

:
i

=
1
,2,...,p

.
T

h
e

p
recisio

n
m

a
trix

S
is

p
reco

n
d
itio

n
ed

w
a
lk-

su
m

m
a
ble

if
th

ere
exists

a
va

lid
p
reco

n
d
itio

n
er

Λ
su

ch
th

a
t

Λ
S

Λ
is

w
a
lk-su

m
m

a
ble.

W
e

n
o
te

th
at

p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility

is
n
ov

el
w

ith
resp

ect
to

w
alk

-su
m

m
ab

ility
a
n
d

sca
led

d
ia

g
on

al
d
om

in
an

ce
in

th
e

sen
se

th
at

th
e

p
recon

d
ition

er
d
o
es

n
ot

n
eed

to
b

e
d
ia

g
on

a
l.

In
fa

ct,
th

e
larger

th
e

ch
osen

clu
sters,

th
e

w
id

er
th

e
ran

ge
of

valid
p
recon

d
ition

ers.
In

th
e

em
p
irica

l
section

w
e

give
an

ex
p
licit

ex
am

p
le

w
h
ere

G
aB

P
fails

to
co

n
v
erg

e
o
n

a
n
on

-
(b

u
t

p
reco

n
d
ition

ed
)

w
alk

-su
m

m
ab

le
p
recision

m
atrix

.

2
.6

.
C

o
m

p
u

ta
tio

n
T

re
e
s

A
co

m
p
u
ta

tion
tree

is
a

rep
resen

tation
of

lo
op

y
b

elief
p
rop

agation
(L

B
P

)
in

term
s

of
in

-
feren

ce
o
n

a
tree-stru

ctu
red

grap
h
.

In
tro

d
u
ced

b
y

W
eiss

a
n
d

F
reem

an
(2001),

it
h
as

b
een

w
id

ely
u
sed

in
th

e
stu

d
y

of
th

e
con

vergen
ce

b
eh

av
ior

of
L

B
P

(M
aliou

tov
et

al.,
20

06;
M

o
a
llem

i
a
n
d

V
an

R
oy

,
2009,

2010;
R

u
ozzi

an
d

T
atikon

d
a,

20
13;

S
u
i

et
al.,

2015).

T
o

g
en

era
te

a
com

p
u
tation

tree
for

G
aB

P
-m

,
w

e
start

b
y

clu
sterin

g
th

e
k

variab
les

in
to

p
clu

sters.
W

e
th

en
con

stru
ct

th
e

h
igh

er-d
im

en
sion

al
M

G
,

w
h
ich

is
u
sed

to
con

stru
ct

th
e

7
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K
a
m
p
e
r
,
S
t
e
e
l
,
a
n
d

d
u
P
r
e
e
z

top
ology

of
th

e
com

p
u
tation

tree
ex

actly
as

w
e

w
ou

ld
h
ave

in
th

e
u
n
ivariate

case.

O
u
r

d
iscu

ssion
of

th
e

p
ro

cess
to

gen
erate

a
com

p
u
tation

tree
from

an
M

G
closely

fol-
low

s
th

e
d
iscu

ssion
of

M
aliou

tov
et

al.
(2006).

W
e

restrict
o
u
r

fo
cu

s
to

com
p
u
tation

trees

for
sy

n
ch

ron
ou

s
m

essage-p
assin

g.
E

ach
m

essage
m

(n−
1
)

ij
(.)

receives
a

com
p
u
tation

treeT
(n

)
ij

(th
e

su
p

erscrip
t

of
th

e
tree

rep
resen

ts
th

e
d
ep

th
of

th
e

tree
rath

er
th

an
th

e
iteration

n
u
m

-

b
er).

T
o

con
stru

ctT
(n

)
ij

,
w

e
join

all
th

e
treesT

(n−
1
)

k
i

,
for

k
∈
N
i \
j,

at
th

eir
com

m
on

ro
ot

n
o
d
e

(th
is

n
o
d
e

refers
to

clu
ster

i).
W

e
th

en
ad

d
a

n
ew

ro
ot

n
o
d
e

(w
ith

a
referen

ce
to

clu
ster

j)
an

d
an

ed
ge

to
th

e
p
rev

iou
s

ro
ot

n
o
d
e.

T
h
e

com
p
u
tation

tree
for

clu
ster

i,T
(n

)
i

,

is
con

stru
cted

b
y

join
in

g
all

treesT
(n−

1
)

k
i

,
for

k
∈
N
i ,

at
th

eir
com

m
on

ro
ot

n
o
d
e.

T
h
e

trees

T
(1

)
ij

con
sist

of
a

sin
gle

n
o
d
e

w
ith

referen
ce

to
clu

ster
j.

A
n

ex
am

p
le

of
th

is
p
ro

cess
is

given
in

F
igu

re
2.

N
ote

th
at

each
n
o
d
e

in
th

e
com

p
u
tation

tree
h
as

a
referen

ce
to

a
sp

ecifi
c

clu
ster.

T
h
e

ab
ov

e
p
ro

cess
sh

ow
s

th
at

a
(sy

n
ch

ron
ou

s)
com

p
u
tatio

n
tree

h
as

a
n
atu

ral
d
iv

ision
in

to
d
iff

eren
t

layers.
T

h
is

allow
s

a
fu

rth
er

con
versio

n
of

th
e

grap
h

stru
ctu

re.
A

ll
n
o
d
es

in
a

given
lay

er
of

th
e

com
p
u
tation

tree
are

collected
in

to
a

sin
gle

n
o
d
e.

T
h
is

lead
s

to
a

grap
h

in

th
e

form
of

a
lin

e
top

ology
(righ

t-h
an

d
sid

e
o
f

F
igu

re
2).

T
h
e

lin
e

top
ology

ofT
(n

)
i

is
lab

eled

L
(n

)
i

.
T

h
is

con
version

w
ill

b
e

u
sed

in
th

e
d
erivation

of
p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility

as
a

su
ffi

cien
t

con
d
ition

for
con

vergen
ce.

E
ach

com
p
u
tation

tree
h
as

an
asso

ciated
p
recision

m
atrix

an
d

p
oten

tial
vector.

T
h
e

sp
ar-

sity
stru

ctu
re

of
th

e
p
recision

m
atrix

follow
s

th
e

top
olog

y
of

th
e

com
p
u
tation

tree.
A

n
o
d
e

in
th

e
com

p
u
tation

tree
w

ith
a

referen
ce

to
clu

ster
i

receives
S
ii

an
d
b
i

as
a

p
recision

m
atrix

an
d

p
oten

tial
vector

resp
ectively.

A
n

ed
g
e

b
etw

een
tw

o
n
o
d
es

in
th

e
com

p
u
tation

tree
receives

S
ij

a
s

its
p
recision

m
atrix

,
assu

m
in

g
th

e
referen

ces
of

th
e

n
o
d
es

are
i

an
d
j

resp
ectively.

T
h
e

n
ex

t
section

off
ers

a
p
ro

of
th

at
th

e
p

osterior
p
recision

an
d

p
osterior

m
ean

for
n
o
d
e
i

of
sy

n
ch

ron
ou

s
G

aB
P

-m
at

iteration
n
−

1
can

b
e

ob
tain

ed
b
y

p
erform

in
g

in
feren

ce
on

th
e

tree
T

(n
)

i
.

3
.
G
a
B
P
-m

a
s
In

fe
re
n
ce

o
n
a
C
o
m
p
u
ta
tio

n
T
re
e

In
th

is
section

w
e

d
iscu

ss
th

e
in

terp
retation

of
G

aB
P

-m
as

in
feren

ce
on

a
com

p
u
tation

tree
an

d
th

e
eff

ect
of

a
certain

ch
an

ge
in

th
e

in
p
u
t

variab
les

on
th

is
algorith

m
.

T
h
e

m
ain

resu
lts

of
th

is
section

are:

1.
A

p
ro

of
th

at
th

e
p

osterior
m

ean
a
n
d

p
osterior

p
recision

of
a

clu
ster

can
b

e
ob

tain
ed

b
y

m
argin

alizin
g

a
com

p
u
tation

tree.

2.
T

h
at

th
ere

is
a

sim
p
le

w
ay

of
m

ov
in

g
b

etw
een

th
e

ou
tp

u
t

of
G

aB
P

-m
b

efo
re

an
d

after
a

certain
ch

an
ge

in
variab

les
is

in
tro

d
u
ced

.
T

h
is

su
ggests

th
at

th
e

p
erform

an
ce

of
G

aB
P

-m
is

rob
u
st

tow
ard

s
th

is
ch

an
ge

in
variab

les.

W
e

fo
cu

s,
w

ith
ou

t
loss

of
gen

erality,
on

th
e

com
p
u
tation

tree
asso

ciated
w

ith
n
o
d
e

1.
W

e
d
e-

n
ote

th
e

com
p
u
tation

tree
an

d
lin

e
to

p
ology

fo
r

n
o
d
e

1
b
y
T
n

an
d
L
n

resp
ectively.

A
sso
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ss
ia
n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

O
rig

in
al

 M
ar

ko
v 

G
ra

ph

21

43

4 
La

ye
r 

C
om

pu
ta

tio
n 

Tr
ee

 fo
r 

C
lu

st
er

 1

1

2
3

3
4

2

1
1

4

La
ye

r 
1

La
ye

r 
2

La
ye

r 
3

La
ye

r 
4

4 
La

ye
r 

Li
ne

 G
ra

ph
 fo

r 
C

lu
st

er
 1

1 2,
3

3,
4,

2

1,
1,

4

La
ye

r 
1

La
ye

r 
2

La
ye

r 
3

La
ye

r 
4

F
ig

u
re

2:
D

iff
er

en
t

gr
ap

h
re

p
re

se
n
ta

ti
on

s
of

an
M

G
.

T
h
e

or
ig

in
al

M
G

is
d
is

p
la

ye
d

to
th

e
le

ft
,

th
e

co
m

p
u
ta

ti
on

tr
ee

fo
r

cl
u
st

er
1

is
d
is

p
la

ye
d

in
th

e
m

id
d
le

,
w

h
il
e

th
e

li
n
e

gr
ap

h
re

p
re

se
n
ta

ti
on

of
th

e
sa

m
e

cl
u
st

er
is

d
is

p
la

ye
d

to
th

e
ri

g
h
t.

E
ac

h
n
o
d
e

(i
n

al
l

th
re

e
gr

ap
h
s)

co
n
ta

in
s

re
fe

re
n
ce

s
to

ce
rt

ai
n

cl
u
st

er
s.

w
it

h
T n

th
e

p
re

ci
si

on
m

at
ri

x
T
n

:
m
n
×
m
n

an
d

p
ot

en
ti

al
ve

ct
or

t n
:
m
n
×

1.
M

ar
gi

n
al

iz
in

g

T n
in

vo
lv

es
co

m
p
u
ti

n
g

T
−

1
n

an
d

T
−

1
n

t n
.

W
e

w
an

t
to

sh
ow

th
at

P
(n
−

1
)

1
an

d
µ

(n
−

1
)

1
ca

n
b

e
ob

ta
in

ed
b
y

ex
tr

ac
ti

n
g

th
e

d
ia

go
n
al

b
lo

ck
an

d
su

b
ve

ct
or

co
rr

es
p

on
d
in

g
to

cl
u
st

er
1

of
T
−

1
n

an
d

T
−

1
n

t n
re

sp
ec

ti
ve

ly
.

W
e

st
ar

t
b
y
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p
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tr

a
ct

o
r

m
a
tr

ix
a
s

G
n

=
G

(1
)

n
.

D
e
fi

n
it

io
n

8
(S

p
a
rs

e
re

p
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p
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←
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p
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p
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b
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p
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e
fi

n
a
l

la
ye

r,
th

en
th

e
co

rr
es

po
n

d
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d
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p
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b
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b
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at
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h
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p
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=
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−
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=
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p
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T

3
2

T
3
3 

t
=


t

1

t
2

t
3 
.11

JM
L

R
 20(165):1-37, 2019

K
a
m
p
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−
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||µ

(n
−

1
)

i
−
µ
i||
∞
≤
κ

4
||Λ

ii
|| ∞

[ρ
(|R̃
|)]
n
−

1
.

2
.

[P
(n
−

1
)

i
]−

1
∼
bS
−

1
c ii
−

Z
(i

)
n

.

3
.

F
o
r
n
>
t
−

1
w

e
h
a
ve
||[

P
(n

)
i

]−
1
−
bS
−

1
c ii
|| ∞
≤
κ

1
κ

2
||Λ

ii
||2 ∞

[ρ
(|R̃
|)]
t−

1
.

H
er

e,
Z

(i
)

n
=

Λ
ii
Z̃

(i
)

n
Λ
ii

fo
rm

s
a

C
a
u

ch
y

se
qu

en
ce

,
κ
i

:
i

=
1,

2
,3
,4

a
re

d
efi

n
ed

a
s

in
T

h
eo

re
m

2
,

a
n

d
t

is
th

e
fi

rs
t

la
ye

r
a
ft

er
th

e
ro

o
t

n
od

e
w

h
er

e
cl

u
st

er
i

is
re

fe
re

n
ce

d
in

it
s

co
m

p
u

ta
ti

o
n

tr
ee

.

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
T

h
eo

re
m

2,
L

em
m

a
3

an
d
:

µ
i

=
Λ
ii
µ̃
i

bS
−

1
c ii

=
Λ
ii
bS̃
−

1
c ii

Λ
ii
,

w
h
ic

h
is

tr
u
e

fo
r

al
l

cl
u
st

er
s
i.

C
le

ar
ly

,
C

or
ol

la
ry

2
im

p
li
es

th
at

p
re

co
n
d
it

io
n
ed

w
al

k
-s

u
m

m
ab

il
it

y
is

a
su

ffi
ci

en
t

co
n
d
it

io
n

fo
r

co
n
v
er

ge
n
ce

of
G

aB
P

-m
ap

p
li
ed

to
th

e
or

ig
in

al
in

p
u
ts

.
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ssia

n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

5
.
E
m
p
irica

l
R
e
su

lts

In
th

is
n
ex

t
section

w
e

p
rov

id
e

th
ree

em
p
irical

stu
d
ies

of
th

e
G

aB
P

-m
algorith

m
.

T
h
e

fi
rst

stu
d
y

sh
ow

s
th

e
n
ovelty

of
p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility

w
ith

resp
ect

to
w

a
lk

-
su

m
m

a
b
ility

a
n
d

scaled
d
iagon

al
d
om

in
an

ce
u
sin

g
a

sp
ecifi

c
set

of
in

p
u
ts.

T
h
e

secon
d

stu
d
y

illu
stra

tes
th

e
ad

van
tages

of
u
sin

g
G

aB
P

-m
ov

er
th

e
C

G
m

eth
o
d

w
ith

in
th

e
co

n
tex

t
o
f

p
reco

n
d
itio

n
in

g.
W

e
con

clu
d
e

b
y

p
rom

otin
g

G
aB

P
-m

over
G

aB
P

in
an

in
feren

ce
con

tex
t.

5
.1

.
P

re
c
o
n

d
itio

n
e
d

W
a
lk

-su
m

m
a
b

ility

C
o
n
sid

er
a
p
p
ly

in
g

G
aB

P
-m

to
a

p
recision

m
atrix

S
:
k
×
k

an
d

p
oten

tial
v
ector

b
:
k
×

1,
w

h
ere

th
e

va
ria

b
les

are
assign

ed
to

n
o
d
es

b
ased

on
th

e
clu

stersC
i

:
i

=
1,2,...,p

.
W

e
h
ave

n
o
t

d
iscu

ssed
th

e
selection

of
Λ

in
p
ractice.

O
n
e

ty
p

e
of

p
recon

d
ition

er
w

e
fou

n
d

to
b

e
eff

ective
in

th
e

p
red

iction
of

th
e

con
v
ergen

ce
of

G
aB

P
is

th
e

selection
:

Λ
ii

=
S
−

0
.5

ii
for

i
=

1,2
,...,p

.
(25)

W
e

n
ow

p
rov

id
e

a
sp

ecifi
c

ex
am

p
le

illu
stratin

g
th

e
n
ovelty

of
p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility.

C
o
n
sid

er
th

e
fo

llow
in

g
p
recision

m
atrix

an
d

p
oten

tial
vector:

1

S
=





1.0
0
00000

0.17373710
0.18508

47
0.3

354267
0.26006082

0.2192431
0.17

37371
1.00000000

0.0881614
0.2410132

0.03
527682

0.1426373
0.1

8
50847

0.08816140
1.000000

0
0.3954153

0.24977
742

0.261
1699

0
.3

3
54267

0.24101317
0.3954153

1.0000000
0.24246971

0.185557
8

0
.26

00608
0.03527682

0.2497774
0.2424697

1.00000000
0.8966630

0
.2

1
92431

0.14263726
0.2611699

0.1855
578

0.89666296
1.0

000000

b
=





0
.1

8
78888

0
.0

4
30620

0
.5

8
64501

0
.4

4
14838

0
.2

1
20225

0
.1

7
40536

.

T
h
e

sp
ectral

ra
d
iu

s
of|I

k −
S|

is
1
.4069

>
1,

w
h
ich

d
o
es

n
ot

give
a

d
ecisive

an
sw

er
on

w
h
eth

er
G

a
B

P
w

ill
con

verge;
in

fact,
w

e
see

th
at

th
e

ap
p
lication

of
G

aB
P

to
th

ese
in

p
u
ts

d
iverg

es.
W

e
n
ow

con
sid

er
G

aB
P

-m
ap

p
lied

to
th

ese
in

p
u
ts,

w
ith

th
e

clu
stersC

1
=
{
1,2}

,
C

2
=
{
3,4}

a
n
d
C

3
=
{
5,6}

.
U

sin
g

th
e

p
recon

d
ition

in
g

d
efi

n
ed

in
(25),

w
e

see
th

at
th

e
sp

ectral
ra

d
iu

s
of|I

k −
S̃|

is
0.6689

<
1,

an
d

h
en

ce
S

is
p
recon

d
ition

ed
w

a
lk

-su
m

m
ab

le.
T

h
e

a
p
p
lica

tio
n

of
G

aB
P

-m
y
ield

s
con

v
ergen

ce
after

19
iteration

s
(u

sin
g
ε

=
10 −

1
0).

T
h
is

co
n
verg

en
ce

is
ex

p
lain

ed
b
y

p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility.

W
e

also
see

th
at

G
aB

P
-m

ca
n

co
n
verg

e
in

cases
w

h
ere

G
aB

P
d
o
es

n
ot.

W
e

co
n
clu

d
e

th
is

ex
am

p
le

b
y

in
vestigatin

g
th

e
b

ou
n
d
s

given
in

C
oro

llary
2.

S
u
p
p

ose
w

e

1
.
T
h
ese

in
p
u
ts

rep
resen

t
a
n
ex
tra

ct
fro

m
th
e
co
rrela

tio
n
m
a
trix

a
n
d
co
rrela

tio
n
v
ecto

r
o
f
th
e
d
ia
b
etes

d
a
ta

u
sed

b
y
E
fro

n
et

a
l.
(2
0
0
4
)
to

illu
stra

te
th
e
lea

st
a
n
g
le

reg
ressio

n
a
lg
o
rith

m
.
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K
a
m
p
e
r
,
S
t
e
e
l
,
a
n
d

d
u
P
r
e
e
z

w
an

t
n

to
b

e
su

ffi
cien

tly
large

su
ch

th
at

m
ax

i {||µ
(n

)
i
−
µ
i ||∞
}
≤
ε,

for
som

e
sp

ecifi
ed

ε.
U

n
d
er

th
e

assu
m

p
tion

of
p
recon

d
ition

ed
w

alk
-su

m
m

ab
ility,

w
e

h
ave:

n
≥

log(
ε

κ
4

m
a
x
i {||Λ

ii ||∞
} )

log(ρ
(|R̃
|))

.
(26)

E
valu

atin
g

(26),
w

e
see

th
at

con
vergen

ce
w

ill
o
ccu

r
after

at
m

ost
66

iteration
s

(alm
ost

3.5
tim

es
th

e
actu

al
n
u
m

b
er).

T
h
e

b
ou

n
d

for
th

e
d
issim

ilarity
b

etw
een

th
e

p
osterior

an
d

m
argin

al
varian

ces
in

C
orollary

2,
w

h
ere

t
=

3,
can

b
e

evalu
a
ted

as
5.191402

for
clu

ster
1,

w
h
ich

is
p

o
or

com
p
ared

to
th

e
actu

al
valu

e
of

0.0929461.
T

h
is

b
ou

n
d

w
ill

likely
b

e
b

etter
for

sp
arse

grap
h
s

(ou
r

ex
am

p
le

rep
resen

ts
a

d
en

se
grap

h
).

5
.2

.
R

o
b

u
stn

e
ss

T
o
w

a
rd

s
C

h
a
n

g
e

in
V

a
ria

b
le

s

In
th

is
em

p
irical

stu
d
y,

w
e

com
p
are

G
aB

P
an

d
G

aB
P

-m
to

th
e

C
G

an
d

P
C

G
algorith

m
s.

A
d
escrip

tion
of

th
e

C
G

algorith
m

can
b

e
fou

n
d

in
S
h
ew

ch
u
k

(1994).
O

u
r

goal
w

ith
th

is
em

p
irical

com
p
arison

is
n
ot

to
p
rom

ote
G

aB
P

an
d

G
aB

P
-m

as
solvers

of
lin

ear
sy

stem
s,

b
u
t

rath
er

to
illu

strate
th

e
stab

ility
of

th
ese

algorith
m

s
w

ith
regard

to
th

e
ch

an
g
e

in
variab

les
d
iscu

ssed
in

S
ection

3.4.
T

h
e

id
ea

is
to

com
p
are

th
e

p
erform

an
ce

of
th

ese
algorith

m
s

b
y

con
sid

erin
g

th
e

ap
p
lication

of
th

e
b
asic

m
eth

o
d
s

to
an

ill-con
d
ition

ed
S

.
T

h
e

p
erform

an
ces

on
a

w
ell-con

d
ition

ed
m

atrix
,
S̃

=
Λ

S
Λ

,
are

also
com

p
ared

.

In
S
ection

3.4
w

e
fou

n
d

th
at

th
e

rate
of

con
vergen

ce
of

th
e

m
ean

s
in

G
aB

P
-m

ap
p
lied

to
S

w
ill

b
e

id
en

tical
to

th
at

of
G

aB
P

-m
ap

p
lied

to
S̃

,
assu

m
in

g
th

at
th

e
clu

sters
are

ch
o-

sen
ap

p
rop

riately.
In

th
is

em
p
irical

stu
d
y,

w
e

w
ill

argu
e

th
at

th
e

C
G

algorith
m

can
n
ot

b
en

efi
t

from
th

e
im

p
roved

con
d
ition

in
g

of
S̃

w
ith

ou
t

ex
p
licitly

in
corp

oratin
g

th
e

p
recon

-
d
ition

in
g.

T
h
e

m
ain

ad
van

tage
of

G
aB

P
-m

over
th

e
C

G
an

d
P

C
G

m
eth

o
d
s

is
th

at
w

e
d
o

n
ot

n
eed

to
k
n
ow

th
e

p
recon

d
ition

er
in

ad
van

ce
to

ob
tain

th
e

im
p
rov

ed
con

vergen
ce

rate.
In

th
is

sen
se,

G
aB

P
-m

au
tom

atically
b

en
efi

ts
from

th
e

con
vergen

ce
rate

of
th

e
b

est
valid

p
recon

d
ition

ed
in

p
u
ts.

K
am

p
er

et
al.

(2018)
sp

ecify
a

m
eth

o
d

for
gen

eratin
g

p
recision

m
atrices

w
ith

arb
itrary

zero-d
iagon

al
sp

ectral
rad

iu
s.

T
h
e

zero-d
iagon

al
sp

ectral
rad

iu
s

of
S

is
ob

tain
ed

as
th

e
sp

ectral
rad

iu
s

of
R

in
S

=
I
k −

R
,

assu
m

in
g

th
at

S
h
as

b
een

scaled
to

h
av

e
on

ly
on

es
alon

g
its

d
iagon

al.
W

e
u
se

th
is

m
eth

o
d

to
gen

erate
ou

r
in

p
u
ts

to
th

e
d
iff

eren
t

algorith
m

s.

T
h
is

em
p
irical

stu
d
y

in
volv

es
tw

o
illu

stration
s.

In
th

e
fi
rst

illu
stration

w
e

com
p
a
re

G
aB

P
to

th
e

C
G

an
d

P
C

G
algorith

m
s.

W
e

n
ote

th
at

th
e

con
sid

era
tion

s
of

S
ection

3
.4

also
ap

p
ly

to
G

aB
P

in
th

e
sen

se
th

at
w

e
can

ch
o
ose

k
clu

sters
each

of
size

1.
T

h
is

con
strain

s
Λ

to
b

e
a

d
iagon

al
m

atrix
,

an
d

w
e

w
ill

sh
ow

th
at

G
aB

P
is

rob
u
st

tow
ard

s
ch

a
n
ges

in
variab

les
in

d
u
ced

b
y

a
d
iagon

al
p
recon

d
ition

er.
T

o
gen

erate
a

set
of

in
p
u
ts,

w
e

d
o

th
e

fo
llow

in
g:

1.
S
elect

a
zero

-d
iagon

al
sp

ectral
rad

iu
s

(ρ̃
)

u
n
iform

ly
from

th
e

in
terval

[0.5;0.9].

2.
U

se
th

e
m

eth
o
d

of
K

am
p

er
et

al.
(2018)

to
g
en

erate
a

1
000
×

1
000

p
recision

m
atrix

S̃
(w

ith
zero-d

iagon
al

sp
ectral

rad
iu

s
eq

u
al

to
ρ̃
)

an
d

p
o
ten

tial
vector

b̃
:

1
000

×
1.

T
h
ese

w
ill

act
as

ou
r

p
recon

d
ition

ed
in

p
u
ts.
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ss
ia
n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

3.
G

en
er

at
e

u
:

1
00

0
×

1,
w

h
er

e
ea

ch
el

em
en

t
is

se
le

ct
ed

in
d
ep

en
d
en

tl
y

fr
om

a
u
n
if

or
m

ra
n
d
om

d
is

tr
ib

u
ti

on
ov

er
th

e
in

te
rv

al
[0
.0

1;
1]

.
S
et

D
u

=
d
ia

g(
u

).

4.
O

u
r

or
ig

in
al

(i
ll
-c

on
d
it

io
n
ed

)
in

p
u
ts

ar
e

S
=

D
u
S̃

D
u

an
d
b

=
D

u
b̃
.

W
e

ge
n
er

at
e

1
00

0
of

th
es

e
in

p
u
ts

ra
n
d
om

ly
an

d
co

m
p
ar

e
fo

u
r

m
et

h
o
d
s.

T
h
e

m
et

h
o
d
s

ar
e

G
aB

P
on
{S
,b
},

G
aB

P
on
{S̃
,b̃
},

C
G

on
{S
,b
}

an
d

C
G

on
{S̃
,b̃
}.

T
h
e

la
b

el
s

fo
r

th
es

e
m

et
h
o
d
s

ar
e

ga
b
p
.o

rg
,

ga
b
p
.p

re
,

cg
.o

rg
an

d
cg

.p
re

re
sp

ec
ti

ve
ly

.
T

h
e

“o
rg

”
d
en

ot
es

ap
p
li
-

ca
ti

on
to

th
e

or
ig

in
al

il
l-

co
n
d
it

io
n
ed

in
p
u
ts

,
w

h
il
e

th
e

“p
re

”
d
en

ot
es

th
e

p
re

co
n
d
it

io
n
ed

in
p
u
ts

.
W

e
co

m
p
ar

e
th

es
e

m
et

h
o
d
s

b
y

re
co

rd
in

g
th

e
n
u
m

b
er

of
it

er
a
ti

on
s

re
q
u
ir

ed
b
y

ea
ch

m
et

h
o
d

fo
r

co
n
ve

rg
en

ce
.

C
on

ve
rg

en
ce

is
d
efi

n
ed

to
o
cc

u
r

w
h
en
||S
µ

(n
)
−
b
|| ∞
≤

10
−

6
.

T
h
e

re
su

lt
s

of
ou

r
si

m
u
la

ti
on

s
ar

e
gi

ve
n

in
th

e
to

p
gr

ap
h

of
F

ig
u
re

3.
W

e
se

e
th

at
th

e
p

er
fo

r-
m

an
ce

of
G

aB
P

on
th

e
d
iff

er
en

t
se

ts
of

in
p
u
ts

is
n
ea

rl
y

id
en

ti
ca

l.
T

h
is

is
in

co
n
tr

as
t

to
th

e
C

G
m

et
h
o
d
,

w
h
er

e
th

e
d
iff

er
en

ce
in

p
er

fo
rm

an
ce

is
su

b
st

an
ti

al
a
n
d

th
e

ro
b
u
st
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fer-
en

ce
q
u
ality

of
G

aB
P

-m
.

W
e

see
th

at
G

aB
P

-m
ten

d
s

to
req

u
ire

a
sm

aller
n
u
m

b
er

of
iteration

s
to

con
verge

an
d

ten
d
s

to
p
rov

id
e

m
ore

accu
rate

u
n
ivariate

m
a
rgin

als.
G

aB
P

-m
also

p
rov

id
es

u
sefu

l
ap

p
rox

im
ate

h
igh

er-d
im

en
sion

al
m

argin
als,

som
e-

th
in

g
th

at
G

aB
P

can
n
ot

d
o.
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ss
ia
n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

h
as

th
e

ad
va

n
ta

ge
of

off
er

in
g

ap
p
ro

x
im

at
io

n
s

of
th

e
m

ar
gi

n
al

p
re

ci
si

on
s

of
th

e
se

le
ct

ed
cl

u
s-

te
rs

.
T

h
e

in
fe

re
n
ce

q
u
al

it
y

of
G

aB
P

-m
,

w
it

h
re

sp
ec

t
to

th
e

cl
u
st

er
s,

is
al

so
gi

ve
n

in
F

ig
u
re

4.
In

fe
re

n
ce

q
u
al

it
y

w
as

d
efi

n
ed

an
al

og
ou

s
to

th
e

u
n
iv

ar
ia

te
ca

se
.

W
e

se
e

th
at

G
aB

P
-m

ca
n

p
ro

v
id

e
u
se

fu
l

ap
p
ro

x
im

at
io

n
s

fo
r

th
e

h
ig

h
er

-d
im

en
si

o
n
al

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
s.

6
.
C
o
n
cl
u
si
o
n

In
th

is
p
ap

er
,

w
e

h
av

e
co

n
si

d
er

ed
a

m
u
lt

iv
ar

ia
te

ex
te

n
si

on
of

b
el

ie
f

p
ro

p
a
ga

ti
on

ap
p
li
ed

to
p
ai

rw
is

e
G

au
ss

ia
n

M
G

s
(w

e
la

b
el

ed
th

is
G

aB
P

-m
).

T
h
e

m
ai

n
a
d
va

n
ta

ge
of

G
aB

P
-m

ov
er

G
aB

P
is

th
at

it
ca

n
b

e
u
se

d
to

ap
p
ro

x
im

at
e

th
e

p
re

ci
si

on
m

at
ri

x
of

h
ig

h
er

-d
im

en
si

o
n
al

m
ar

gi
n
al

s.
In

ad
d
it

io
n
,

G
aB

P
-m

m
ay

re
q
u
ir

e
fe

w
er

it
er

at
io

n
s

th
an

G
a
B

P
to

co
n
ve

rg
e

an
d

ca
n

b
e

u
se

d
to

fi
n
d

b
et

te
r

ap
p
ro

x
im

at
io

n
s

fo
r

th
e

u
n
iv

ar
ia

te
m

ar
gi

n
al

s.
A

m
u
lt

iv
ar

ia
te

ve
r-

si
on

of
th

e
co

m
p
u
ta

ti
on

tr
ee

an
al

y
si

s,
u
se

d
to

an
al

y
ze

u
n
iv

ar
ia

te
G

aB
P

,
w

as
gi

ve
n
.

T
h
es

e
co

m
p
u
ta

ti
on

tr
ee

s
w

er
e

u
se

d
to

d
er

iv
e

a
re

la
ti

o
n
sh

ip
b

et
w

ee
n

G
aB

P
-m

a
p
p
li
ed

to
a

se
t

of
in

p
u
ts

,
b

ef
or

e
an

d
af

te
r

a
ce

rt
ai

n
ch

an
ge

in
va

ri
ab

le
s

w
as

in
tr

o
d
u
ce

d
.

It
w

as
a
rg

u
ed

th
at

G
aB

P
-m

is
ro

b
u
st

to
w

ar
d
s

th
is

ch
an

ge
in

va
ri

ab
le

s,
a

p
ro

p
er

ty
n
ot

sh
ar

ed
b
y

o
th

er
so

lv
er

s
of

li
n
ea

r
sy

st
em

s
su

ch
as

th
e

co
n
ju

ga
te

gr
ad

ie
n
t

so
lv

er
.

T
h
is

w
as

al
so

il
lu

st
ra

te
d

em
p
ir

ic
al

ly
.

T
h
e

co
n
ce

p
t

of
p
re

co
n
d
it

io
n
ed

w
al

k
-s

u
m

m
ab

il
it

y
w

as
d
efi

n
ed

an
d

sh
ow

n
to

b
e

a
su

ffi
ci

en
t

co
n
d
it

io
n

fo
r

co
n
v
er

ge
n
ce

of
th

e
G

aB
P

-m
al

go
ri

th
m

.
B

ou
n
d
s

w
er

e
p
ro

v
id

ed
fo

r
th

e
co

n
v
er

-
ge

n
ce

sp
ee

d
an

d
in

fe
re

n
ce

q
u
al

it
y

of
G

aB
P

-m
u
n
d
er

p
re

co
n
d
it

io
n
ed

w
al

k
-s

u
m

m
ab

il
it

y.
T

h
e

n
ov

el
ty

of
p
re

co
n
d
it

io
n
ed

w
al

k
-s

u
m

m
ab

il
it

y
w

it
h

re
sp

ec
t

to
w

al
k
-s

u
m

m
ab

il
it

y
an

d
sc

al
ed

d
ia

go
n
al

d
om

in
an

ce
w

as
d
is

cu
ss

ed
an

d
il
lu

st
ra

te
d

em
p
ir

ic
al

ly
.

U
n
fo

rt
u
n
at

el
y,

G
aB

P
-m

is
n
ot

gu
ar

an
te

ed
to

co
n
ve

rg
e

fo
r

ar
b
it

ra
ry

p
re

ci
si

on
m

at
ri

ce
s.

M
et

h
o
d
s

of
au

gm
en

ti
n
g

th
is

al
go

ri
th

m
to

co
n
ve

rg
e,

w
it

h
ou

t
co

m
p
ro

m
is

in
g

in
fe

re
n
ce

q
u
al

-
it

y,
sh

ou
ld

b
e

co
n
si

d
er

ed
in

fu
rt

h
er

re
se

ar
ch

.
A

d
ra

w
b
ac

k
of

G
aB

P
-m

ov
er

G
aB

P
is

th
at

th
e

co
m

p
u
ta

ti
on

al
lo

ad
p

er
it

er
at

io
n

sc
h
em

e
is

h
ig

h
er

.
M

et
h
o
d
s

to
re

d
u
ce

th
is

co
m

p
u
ta

ti
on

al
lo

ad
,

su
ch

as
ra

n
k
-1

u
p

d
at

es
,

sh
ou

ld
b

e
co

n
si

d
er

ed
.

A
sy

n
ch

ro
n
ou

s
G

aB
P

-m
an

d
th

e
eff

ec
t

of
d
iff

er
en

t
in

it
ia

li
za

ti
on

s
on

th
e

p
er

fo
rm

an
ce

of
th

e
al

go
ri

th
m

al
so

re
q
u
ir

e
at

te
n
ti

on
.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

fi
n
an

ci
al

as
si

st
an

ce
of

th
e

N
at

io
n
al

R
es

ea
rc

h
F

ou
n
d
at

io
n

(N
R

F
)

to
w

a
rd

s
th

is
re

se
ar

ch
is

h
er

eb
y

ac
k
n
ow

le
d
ge

d
.

O
p
in

io
n
s

ex
p
re

ss
ed

an
d

co
n
cl

u
si

on
s

ar
ri

ve
d

at
,

ar
e

th
os

e
of

th
e

au
th

or
s

an
d

ar
e

n
ot

n
ec

es
sa

ri
ly

to
b

e
at

tr
ib

u
te

d
to

th
e

N
R

F
.
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K
a
m
p
e
r
,
S
t
e
e
l
,
a
n
d

d
u
P
r
e
e
z

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

L
e
a
d
in
g
to

L
e
m
m
a
4

W
e

co
n
si

d
er

tw
o

ad
d
it

io
n
al

le
m

m
as

b
ef

or
e

p
ro

v
in

g
L

em
m

a
4.

N
ot

e
th

at
w

e
fo

cu
s,

w
it

h
o
u
t

lo
ss

of
ge

n
er

al
it

y,
on

cl
u
st

er
1.

C
on

si
d
er

cl
u
st

er
in

g
th

e
re

al
m

at
ri

x
A

:
k
×
k

a
cc

o
rd

in
g

to
C i

:
i

=
1,

2,
..
.,
p
.

W
e

ca
n

co
n
st

ru
ct

a
co

m
p
u
ta

ti
on

tr
ee

fo
r

A
re

ga
rd

le
ss

o
f

w
h
et

h
er

or
n
ot

it
is

sy
m

m
et

ri
ca

l.
W

e
d
en

ot
e

th
e

p
re

ci
si

on
m

at
ri

x
of

th
e

co
m

p
u
ta

ti
on

tr
ee

o
f

A
,

fo
r

cl
u
st

er
1,

b
y

T
n
(A

).
In

th
e

ap
p

en
d
ic

es
w

e
st

il
l

ad
o
p
t

th
e

co
n
v
en

ti
on

th
at

T
n

=
T
n
(S

)
a
n
d

T̃
n

=
T
n
(S̃

).
W

e
n
ow

p
re

se
n
t

an
d

p
ro

ve
th

e
tw

o
ad

d
it

io
n
al

le
m

m
as

.

L
e
m

m
a

5
F

o
r

a
ll
n

,
w

e
h
a
ve

th
a
t ||T

n
(A

)||
∞
≤
||A
|| ∞

w
it

h
eq

u
a
li

ty
if

th
e

co
m

p
u

ta
ti

o
n

tr
ee

is
o
f

su
ffi

ci
en

t
d
ep

th
,

su
ch

th
a
t

a
ll

cl
u

st
er

s
a
re

re
fe

re
n

ce
d

be
fo

re
th

e
te

rm
in

a
l

la
ye

r.

P
ro

o
f

C
on

si
d
er

a
n
o
d
e

of
th

e
co

m
p
u
ta

ti
on

tr
ee

an
d

su
p
p

os
e

th
at

th
is

n
o
d
e

h
a
s

a
re

fe
re

n
ce

to
cl

u
st

er
s:

1.
If

th
is

n
o
d
e

is
b

ef
or

e
th

e
te

rm
in

al
la

ye
r,

th
en

it
s

n
ei

gh
b

or
h
o
o
d

in
th

e
co

m
p
u
ta

ti
o
n

tr
ee

w
il
l

re
fe

re
n
ce

ea
ch

cl
u
st

er
in
N
s

ex
ac

tl
y

on
ce

.
H

en
ce

,
th

e
in

fi
n
it

y
n
o
rm

o
f

th
e

ro
w

b
lo

ck
of

T
n
(A

)
co

rr
es

p
on

d
in

g
to

th
is

n
o
d
e

w
il
l

b
e

eq
u
al

to
th

e
in

fi
n
it

y
n
o
rm

o
f

th
e

ro
w

b
lo

ck
of

A
co

rr
es

p
on

d
in

g
to

th
e

cl
u
st

er
s

in
N
s
.

2.
If

th
is

n
o
d
e

is
in

th
e

te
rm

in
al

la
y
er

,
th

en
it

s
n
ei

gh
b

or
h
o
o
d

in
th

e
co

m
p
u
ta

ti
o
n

tr
ee

w
il
l

re
fe

re
n
ce

ea
ch

cl
u
st

er
in
N
s

at
m

os
t

on
ce

(c
er

ta
in

cl
u
st

er
s

w
il
l

n
ot

b
e

re
fe

re
n
ce

d
).

H
en

ce
,

th
e

in
fi
n
it

y
n
or

m
of

th
e

ro
w

b
lo

ck
of

T
n
(A

)
co

rr
es

p
on

d
in

g
to

th
is

n
o
d
e

w
il
l

b
e

at
m

os
t

eq
u
al

to
th

e
in

fi
n
it

y
n
or

m
of

th
e

ro
w

b
lo

ck
of

A
co

rr
es

p
on

d
in

g
to

th
e

cl
u
st

er
s

in
N
s
.

T
h
e

re
su

lt
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
th

es
e

p
oi

n
ts

.

L
e
m

m
a

6
C

o
n

si
d
er

a
n

ir
re

d
u

ci
bl

e
m

a
tr

ix
A

:
t
×
t

co
n

si
st

in
g

o
f

n
o
n

-n
eg

a
ti

ve
el

em
en

ts
.

T
h
er

e
ex

is
ts

a
n

ei
ge

n
ve

ct
o
r

v
,

co
n

ta
in

in
g

o
n

ly
po

si
ti

ve
el

em
en

ts
,

su
ch

th
a
t

A
v

=
ρ
(A

)v
(t

h
e

sp
ec

tr
a
l

ra
d
iu

s
o
f

A
is

a
ls

o
a
n

ei
ge

n
va

lu
e

o
f

A
).

F
u

rt
h
er

m
o
re

,
if

D
=

d
ia

g(
v

),
th

en
:

ρ
(A

)
=
||D
−

1
A

D
|| ∞

.

P
ro

o
f

F
ir

st
w

e
n
ot

e
th

at
th

e
P

er
ro

n
-F

ro
b

en
iu

s
th

eo
re

m
gu

ar
an

te
es

th
e

ex
is

te
n
ce

o
f

a
ve

ct
or

v
,

co
n
si

st
in

g
on

ly
of

p
os

it
iv

e
el

em
en

ts
,

su
ch

th
at

A
v

=
ρ
(A

)v
.

L
et

A
=

[a
st

]
a
n
d

v
=

(v
1
,v

2
,.
..
,v
t)
′ .

N
ot

e
th

at

D
−

1
A

D
=

[ v
s
a
ts

v t

] ,

an
d

al
l

el
em

en
ts

of
D
−

1
A

D
ar

e
n
on

-n
eg

a
ti

ve
.

T
h
e

co
n
se

q
u
en

ce
is

th
at

th
e

su
m

o
f

th
e

ab
so

lu
te

el
em

en
ts

of
ro

w
t

of
D
−

1
A

D
is

t ∑ s=
1

v s
a
ts

v t
=

1 v t

t ∑ s=
1

v s
a
ts

=
v t
ρ
(A

)

v t
=
ρ
(A

),
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ssia

n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

sin
ce

v
is

th
e

eigen
vector

of
A

corresp
on

d
in

g
to

th
e

eigen
va

lu
e
ρ
(A

).
T

h
e

row
su

m
s

of
th

e
a
b
so

lu
te

elem
en

ts
of

D
−

1A
D

are
all

eq
u
al

to
ρ
(A

),
an

d
h
en

ce
||D
−

1A
D
||∞

=
ρ
(A

).

A
.1

.
P

ro
o
f

o
f

L
e
m

m
a

4

P
ro

o
f

T
h
e

p
ro

ofs
for

th
e

com
p

on
en

ts
of

L
em

m
a

4
are:

1
.

W
e

a
ssu

m
e

th
at

th
e

m
atrix

S̃
is

irred
u
cib

le;
if

it
is

n
ot,

th
en

G
a
B

P
-m

can
b

e
ap

p
lied

to
sep

a
rate

irred
u
cib

le
m

atrices.
N

ote
th

at
th

e
d
iag

on
al

en
tries

of
S̃

are
a
ll

eq
u
a
l

to
o
n
e

b
y

a
ssu

m
p
tion

.
S
et

S̃
=

I
k −

R̃
,

an
d

th
erefore

|R̃
|

is
irred

u
cib

le.
L

et
v

b
e

th
e

eig
en

vecto
r

of|R̃
|

corresp
on

d
in

g
to

its
sp

ectral
ra

d
iu

s.
S
in

ce|R̃
|

is
n
on

-n
egativ

e
an

d
irred

u
cib

le,
th

e
P

erron
-F

rob
en

iu
s

th
eorem

gu
a
ran

tees
th

at
th

e
elem

en
ts

of
v

w
ill

b
e

p
o
sitive.

D
efi

n
e

v̄
n

=
E
n
v

,
D

v
=

d
iag(v

)
an

d
D

v̄
n

=
d
iag(v̄

n
).

B
y

L
em

m
as

5
an

d
6,

w
e

see
th

at:

ρ
(|R̃

n |)
=
ρ
(D
−

1
v̄
n |R̃

n |D
v̄
n
)

≤
||D
−

1
v̄
n |R̃

n |D
v̄
n ||∞

=
||T

n
(D
−

1
v
|R̃
|D

v
)||∞

≤
||D
−

1
v
|R̃
|D

v ||∞
=
ρ
(|R̃
|).

2
.

C
o
n
sid

er:

D
−

1
v̄
n |R̃

n | kD
v̄
n

=
D
−

1
v̄
n |R̃

n | k−
1D

v̄
n
D
−

1
v̄
n |R

n |D
v̄
n
.

(27)

F
ro

m
E

q
u
ation

(27),

||D
−

1
v̄
n |R̃

n | kD
v̄
n ||∞

≤
||D
−

1
v̄
n |R̃

n | k−
1D

v̄
n ||∞
||D
−

1
v̄
n |R̃

n |D
v̄
n ||∞

≤
ρ
(|R̃
|)||D

−
1

v̄
n |R̃

n | k−
1D

v̄
n ||∞

.
(28)

If
w

e
a
p
p
ly

In
eq

u
ality

(28)
recu

rsively,
w

e
see

th
at:

||D
−

1
v̄
n |R̃

n | kD
v̄
n ||∞

≤
[ρ

(|R̃
|)] k,

a
n
d

|||R̃
n | k||∞

=
||D

v̄
n
D
−

1
v̄
n |R̃

n | kD
v̄
n
D
−

1
v̄
n ||∞

≤
||D

v̄
n ||∞
||D
−

1
v̄
n ||∞
||D
−

1
v̄
n |R̃

n | kD
v̄
n ||∞

≤
m

a
x
i {
v
i }

m
in
j {
v
j }

[ρ
(|R̃
|)] k.

S
ettin

g
κ

1
=

m
a
x
i {
v
i }

m
in
j {
v
j }

,

||R̃
kn ||∞

≤
|||R̃

n | k||∞
≤
κ

1 [ρ
(|R̃
|)] k.
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K
a
m
p
e
r
,
S
t
e
e
l
,
a
n
d

d
u
P
r
e
e
z

3.
B

y
assu

m
p
tion

,
ρ
(|R̃
|)
<

1,
an

d
h
en

ce
w

e
can

w
rite

T̃
−

1
n

as
a

N
eu

m
an

n
p

ow
er

series:

T̃
−

1
n

=
∞∑i=

0

R̃
in
.

(29)

T
h
e

series
in

E
q
u
ation

(29)
im

p
lies:

||T̃
−

1
n
||∞
≤
∞∑i=

0 ||R̃
in ||∞

≤
κ

1

∞∑i=
0 [ρ

(|R̃
|)] i

=
κ

1

1−
ρ
(|R̃
|)

=
κ

2 .

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
T
h
e
o
re
m

2

P
ro

o
f

W
e

fo
cu

s,
w

ith
ou

t
loss

of
gen

erality,
on

th
e

com
p
u
tation

tree
for

clu
ster

1.
T

h
e

p
ro

ofs
for

th
e

tw
o

com
p

on
en

ts
are:

1.
C

on
sid

er
µ̃

(n−
1
)

1
=

G
′n
T̃
−

1
n

E
n
b̃
.

S
in

ce
S̃

is
p

ositive
d
efi

n
ite,

th
ere

is
on

e
vector

µ̃
in

<
k

w
ith

th
e

p
rop

erty
S̃
µ̃

=
b̃
.

L
et

u
s

con
sid

er
solv

in
g

z
n

in

T̃
n
z
n

=
E
n
b̃
.

S
in

ce
S̃
µ̃

=
b̃
,

w
e

h
ave

T̃
n
z
n

=
E
n
S̃
µ̃

.
S
u
b
stitu

tion
of

E
q
u
ation

(9)
in

to
th

is
ex

p
res-

sion
y
ield

s
T̃
n
z
n

=
(T̃

n
E
n −

L̃
n
)µ̃

,
or

z
n

=
E
n
µ̃
−

T̃
−

1
n

L̃
n
µ̃
.

U
sin

g
th

e
fact

th
at
µ̃

(n−
1
)

1
=

G
′n
z
n
,

w
e

h
ave

µ̃
(n−

1
)

1
=

G
′n
E
n
µ̃
−

G
′n
T̃
−

1
n

L̃
n
µ̃

=
µ̃

1 −
G
′n
T̃
−

1
n

L̃
n
µ̃
,

w
h
ere

µ̃
1

is
th

e
su

b
vector

of
µ̃

corresp
on

d
in

g
to

th
e

variab
les

in
clu

ster
1
.

S
in

ce
ρ
(R̃

n
)
≤
ρ
(|R̃

n |)
≤
ρ
(|R̃
|)
<

1,
b
y

L
em

m
a

4,
w

e
can

ex
p
ress

T̃
−

1
n

a
s

a
N

eu
m

an
n

p
ow

er
series,

T̃
−

1
n

=
∞∑i=

0

R̃
in
.

C
on

sid
er

th
e

vector
L̃
n
µ̃

.
S
in

ce
th

e
row

s
of

L̃
n

corresp
on

d
in

g
to

th
e

fi
rst

n−
1

b
lo

ck
s

are
all

eq
u
al

to
zero

(see
L

em
m

a
2),

w
e

can
w

rite
L̃
n
µ̃

=
(0
′1 ,0
′2 ,...,0

′n−
1 ,h
′n
) ′.

T
h
e

n
otation

0
l

stan
d
s

for
a

v
ector

con
tain

in
g

a
n
u
m

b
er

of
zeros

eq
u
al

to
th

e
su

m
of

th
e

d
im

en
sion

alities
of

th
e

n
o
d
es

in
lay

er
l.

T
h
e

vector
h
n

is
a

sp
ecifi

ed
vector

(en
tries

2
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ss
ia
n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

ca
n

b
e

n
on

-z
er

o)
eq

u
al

in
si

ze
to

th
e

su
m

of
th

e
d
im

en
si

on
al

it
ie

s
of

th
e

n
o
d
es

in
th

e
te

rm
in

al
la

y
er

.
W

it
h

th
is

n
ot

at
io

n
,

it
is

ea
sy

to
se

e
th

at

G
′ nR̃

i n
L̃
n
µ̃

=
0

1

fo
r

al
l
i
<
n
−

1
(n

ot
e

th
at

th
e

fi
rs

t
la

ye
r

co
n
ta

in
s

on
ly

on
e

n
o
d
e

co
rr

es
p

on
d
in

g
to

cl
u
st

er
1,

h
en

ce
0

1
w

il
l

co
n
ta

in
d

1
ze

ro
s)

.
W

e
h
av

e:

G
′ nT̃
−

1
n

L̃
n
µ̃

=
G
′ n

∞ ∑ i=
0

R̃
i n
L̃
n
µ̃

=
G
′ n

∞ ∑

i=
n
−

1

R̃
i n
L̃
n
µ̃

=
G
′ nR̃

n
−

1
n

∞ ∑ i=
0

R̃
i n
L̃
n
µ̃

=
G
′ nR̃

n
−

1
n

∞ ∑ i=
0

R̃
i n
L̃
n
µ̃

=
G
′ nR̃

n
−

1
n

T̃
−

1
n

L̃
n
µ̃
.

(3
0)

T
h
e

ro
w

s
w

it
h

n
on

-z
er

o
en

tr
ie

s
of

L̃
n

ar
e

(s
p
ar

se
)

re
p
li
ca

te
s

of
a

ro
w

of
S̃

b
y

L
em

m
a

2,
an

d
w

e
th

er
ef

or
e

ca
n

sa
y

th
at
||L̃

n
µ̃
|| ∞
≤
||S̃
|| ∞
||µ̃
|| ∞

=
κ

3
(d

o
es

n
ot

d
ep

en
d

on
n

).
S
in

ce
||G
′ n|
| ∞

=
1,

w
e

h
av

e

||µ̃
(n
−

1
)

1
−
µ̃

1
|| ∞
≤
κ

4
[ρ

(|R̃
|)]
n
−

1
,

(3
1)

w
h
er

e
κ

4
=
κ

1
κ

2
κ

3
.

H
en

ce
µ̃

(n
)

1
w

il
l

co
n
ve

rg
e

to
µ̃

1
as
n
→
∞

.
W

e
ca

n
re

p
ea

t
th

e
ab

ov
e

an
al

y
si

s
fo

r
al

l
cl

u
st

er
s
i.

2.
N

ot
e

th
at

In
eq

u
al

it
y

(3
1)

al
so

ap
p
li
es

w
h
en
b̃

is
a

m
at

ri
x
.

D
u
e

to
th

e
or

d
er

of
th

e
va

ri
-

ab
le

s
(t

h
at

is
X

=
(X
′ 1
,X
′ 2
,.
..
,X
′ p)
′ )

,
w

e
h
av

e
th

at
cl

u
st

er
1

w
il
l
co

n
ta

in
th

e
va

ri
ab

le
s

1,
2,
..
.,
d

1
of

th
e

or
ig

in
al

p
ai

rw
is

e
M

G
.

L
et

e
l

:
k
×

1
b

e
a

v
ec

to
r

of
ze

ro
s

ex
ce

p
t

fo
r

en
tr

y
l,

w
h
ic

h
co

n
ta

in
s

1.
S
et
b̃

=
[ e

1
e

2
..
.

e
d
1

] .
U

si
n
g

th
e

co
n
ve

rg
en

ce
im

p
li
ed

b
y

(3
1)

,
w

e
se

e
th

at
G
′ nT̃
−

1
n

E
n
b̃
→
bS̃
−

1
c 1

1

as
n
→
∞

,
w

h
er

e
bS̃
−

1
c 1

1
is

th
e

su
b
m

a
tr

ix
of

S̃
−

1
co

rr
es

p
on

d
in

g
to

th
e

va
ri

ab
le

s
in

cl
u
st

er
1.

T
h
e

m
at

ri
x

E
n
b̃

h
as

a
ro

w
-b

lo
ck

d
ec

om
p

os
it

io
n

ac
co

rd
in

g
to

th
e

n
o
d
es

in
th

e
co

m
p
u
ta

ti
on

tr
ee

.
If

a
n
o
d
e

in
th

e
co

m
p
u
ta

ti
on

tr
ee

d
o
es

n
ot

re
fe

re
n
ce

cl
u
st

er
1,

th
en

th
e

co
rr

es
p

on
d
in

g
b
lo

ck
of

E
n
b̃

w
il
l

b
e

ze
ro

,
ot

h
er

w
is

e
th

e
b
lo

ck
is

I d
1

(t
h
is

is
b

ec
au

se
F
te
l,

fo
r
t
6=

1
an

d
l
≤
d

1
,

ex
tr

ac
ts

a
su

b
ve

ct
or

of
e
l

co
n
ta

in
in

g
on

ly
ze

ro
s)

.
A

s
a

co
n
se

q
u
en

ce
,

w
e

h
av

e
E
n
b̃

=
G
n

+
Ē
n
,

w
h
er

e
Ē
n

is
eq

u
al

to
E
n
b̃
,

ex
ce

p
t

fo
r

th
e

fi
rs

t
b
lo

ck
,

w
h
ic

h
co

n
ta

in
s

on
ly

ze
ro

s.
W

e
ca

n
w

ri
te

[P̃
(n
−

1
)

1
]−

1
=

G
′ nT̃
−

1
n

G
n
∼
bS̃
−

1
c 1

1
−

G
′ nT̃
−

1
n

Ē
n

fo
r

la
rg

e
n

.
W

e
n
ow

p
re

se
n
t

th
e

fo
ll
ow

in
g

le
m

m
a

(p
ro

of
fo

ll
ow

s
in

S
ec

ti
on

B
.1

).

2
9
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L
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5)
:1
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7,
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01

9

K
a
m
p
e
r
,
S
t
e
e
l
,
a
n
d

d
u
P
r
e
e
z

L
e
m

m
a

7
If
ρ
(|R̃
|)
<

1
,

th
en

th
e

se
qu

en
ce

Z̃
(1

)
n

=
G
′ nT̃
−

1
n

Ē
n

is
a

C
a
u

ch
y

se
qu

en
ce

.

H
en

ce
w

e
h
av

e:
[P̃

(n
−

1
)

1
]−

1
∼
bS̃
−

1
c 1

1
−

Z̃
(1

)
n
,

w
it

h
Z̃

(1
)

n
fo

rm
in

g
a

C
au

ch
y

se
q
u
en

ce
.

N
ot

e
th

at
w

e
ca

n
re

p
ea

t
th

is
a
n
a
ly

si
s

fo
r

a
n
y

cl
u
st

er
i.

3.
L

et
t

b
e

th
e

fi
rs

t
la

y
er

,
ex

cl
u
d
in

g
la

ye
r

1,
w

h
er

e
cl

u
st

er
1

is
re

fe
re

n
ce

d
in

it
s

co
m

-
p
u
ta

ti
on

tr
ee

.
N

ot
e

th
at

th
e

fi
rs

t
t
−

1
ro

w
-b

lo
ck

s
of

Ē
n
,

co
rr

es
p

on
d
in

g
to

th
e

li
n
e

to
p

ol
og

y
of

th
e

co
m

p
u
ta

ti
on

tr
ee

,
w

il
l

al
l

b
e

ze
ro

m
at

ri
ce

s.
H

en
ce

w
e

ca
n

w
ri

te

Z̃
(1

)
n

=
G
′ nR

t−
1

n
T̃
−

1
n

Ē
n
.

S
in

ce
||G
′ n|
| ∞

=
1

an
d
||Ē

n
|| ∞
≤

1,
th

en
b
y

L
em

m
a

4
,

||Z̃
(1

)
n
|| ∞

=
||G
′ nR

t−
1

n
T̃
−

1
n

Ē
n
|| ∞

≤
||R

t−
1

n
|| ∞
||T̃
−

1
n
|| ∞

≤
κ

1
κ

2
[ρ

(|R̃
|)]
t−

1
.

B
.1

.
P

ro
o
f

o
f

L
e
m

m
a

7

P
ro

o
f

F
or

co
n
ve

n
ie

n
ce

w
e

w
ri

te
Z̃
n

=
Z̃

(1
)

n
.

C
on

si
d
er

th
e

fo
ll
ow

in
g

re
cu

rs
iv

e
ex

p
a
n
si

o
n
s:

T̃
n

+
1

=

[ T̃
n

T̃
1
n

T̃
n

1
U
n
n

]

Ē
n

+
1

=

[ Ē
n

W
n

]

fo
r

ce
rt

ai
n

m
at

ri
ce

s
T̃

1
n
,
U
n
n

an
d

W
n
.

W
e

h
av

e

T̃
−

1
n

+
1

=

[ T̄
−

1
n
−

T̄
−

1
n

T̃
1
n
U
−

1
n
n

..
.

..
.

] ,

w
h
er

e
th

e
..
.

re
p
re

se
n
ts

an
ir

re
le

va
n
t

p
ar

t
of

th
e

m
at

ri
x
,

an
d

T̄
n

=
T̃
n
−

T̃
1
n
U
−

1
n
n
T̃
n

1
.

C
on

si
d
er

Z̃
n

+
1

=
G
′ n+

1
T̃
−

1
n

+
1
Ē
n

+
1

=
[ G
′ n

0
][

T̄
−

1
n
−

T̄
−

1
n

T̃
1
n
U
−

1
n
n

..
.

..
.

][
Ē
n

W
n

]

=
G
′ nT̄
−

1
n

Ē
n
−

G
′ nT̄
−

1
n

T̃
1
n
U
−

1
n
n
W

n
.

(3
2
)

It
ca

n
b

e
sh

ow
n

th
at T̄
−

1
n

=
T̃
−

1
n

+
T̃
−

1
n

T̃
1
n
[U

n
n
−

T̃
n

1
T̃
−

1
n

T̃
1
n
]−

1
T̃
n

1
T̃
−

1
n

=
T̃
−

1
n

+
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n
,

3
0
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L

R
 2

0(
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7,
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C
o
n
v
e
r
g
e
n
c
e
o
f
G
a
u
ssia

n
B
e
l
ie
f
P
r
o
pa

g
a
t
io
n

w
h
ere

V
n

=
[U

n
n −

T̃
n

1 T̃
−

1
n

T̃
1
n
] −

1T̃
n

1 .
F

u
rth

erm
ore,

G
′n
T̄
−

1
n

Ē
n

=
G
′n
T̃
−

1
n

Ē
n

+
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

Ē
n

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

Ē
n
.

C
o
n
sid

erin
g

ag
ain

E
q
u
ation

(32),

Z̃
n

+
1

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

Ē
n −

G
′n
T̄
−

1
n

T̃
1
n
U
−

1
n
n
W

n

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

Ē
n −

G
′n
[T̃
−

1
n

+
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

]T̃
1
n
U
−

1
n
n
W

n

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

Ē
n −

G
′n
T̃
−

1
n

T̃
1
n
U
−

1
n
n
W

n −
G
′n
T̃
−

1
n

T̃
1
n
V
n
T̃
−

1
n

T̃
1
n
U
−

1
n
n
W

n

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
[V

n
T̃
−

1
n

Ē
n −

V
n
T̃
−

1
n

T̃
1
n
U
−

1
n
n
W

n −
U
−

1
n
n
W

n
]

=
Z̃
n

+
G
′n
T̃
−

1
n

T̃
1
n
[V

n
T̃
−

1
n

(Ē
n −

T̃
1
n
U
−

1
n
n
W

n
)−
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t,

th
is

solu
tion

to
th

e
u
n
su

p
erv

ised
en

sem
b
le

co
n
stru

ctio
n

su
ff

ers
from

th
e

k
n
ow

n
lim

itation
s

of
th

e
E

M
algorith

m
for

n
on

-con
v
ex

o
p
ti-

m
iza

tio
n

p
ro

b
lem

s.
A

n
oth

er
im

p
ortan

t
lim

itation
is

th
e

stron
g

assu
m

p
tion

of
con

d
ition

al
in

d
ep

en
d
en

ce
w

h
ich

m
igh

t
b

e
v
iolated

in
p
ractical

settin
gs.

In
th

is
w

o
rk

,
w

e
p
rop

ose
a

n
ew

th
eoretical

fram
ew

ork
for

u
n
su

p
erv

ised
en

sem
b
le

learn
-

in
g
,

th
e

S
tra

tegy
for

U
n
su

p
erv

ised
M

u
ltip

le
M

eth
o
d

A
ggregation

(S
U

M
M

A
).

O
u
r

w
ork

is
a

g
en

era
liza

tio
n

o
f

th
e

S
p

ectral
M

eta-L
earn

er
(S

M
L

)
th

eo
ry

d
ev

elop
ed

in
P

arisi
et

al.
(2014

).
In

S
M

L
,

th
e

a
u
th

ors
startin

g
p

oin
t

is
th

e
covarian

ce
m

atrix
of

p
red

icted
b
in

ary
lab

els
o
f

a
set

o
f

b
a
se

cla
ssifi

ers.
T

h
ey

sh
ow

th
at

u
n
d
er

th
e

a
ssu

m
p
tion

of
con

d
ition

a
l

in
d
ep

en
d
en

ce
of

th
e

cla
ss

p
red

iction
s

of
b
ase

classifi
ers

given
th

e
tru

e
class

lab
els,

th
e

off
-d

iagon
al

elem
en

ts
o
f

th
e

cova
ria

n
ce

m
atrix

are
related

to
th

e
b
alan

ced
accu

racy
of

each
b
ase

classifi
er.

M
an

y
p

o
p
u
la

r
cla

ssifi
cation

algorith
m

s
su

ch
as

logistic
regression

(H
arrell,

2001
),

S
V

M
(S

u
p
p

ort
V

ector
M

a
ch

in
es)

(C
ortes

an
d

V
ap

n
ik

,
1995),

an
d

d
eep

learn
in

g
algorith

m
s

(C
h
ollet,

2017)
p
ro

d
u
ce

co
n
tin

u
ou

s
scores

th
at

can
b

e
in

terp
reted

as
a

m
ea

su
re

of
th

e
co

n
fi
d
en

ce
assign

ed
b
y

th
e

b
a
se

cla
ssifi

er
th

at
a

given
item

is
of

on
e

of
th

e
tw

o
b
in

ary
cla

sses.
B

y
forcin

g
b
a
se

cla
ssifi

ers
to

p
ro

d
u
ce

b
in

ary
p
red

iction
s

S
M

L
is

n
ot

on
ly

ign
orin

g
th

e
read

ily
availab

le
co

n
tin

u
o
u
s

sco
res

ou
tp

u
tted

b
y

ty
p
ical

b
a
se

classifi
ers,

b
u
t

it
also

ru
n
s

in
to

th
e

risk
of

over-
fi
ttin

g
b
y

req
u
irin

g
each

algorith
m

to
d
efi

n
e

a
th

resh
old

to
b
in

arize
its

ou
tp

u
t.

In
th

e
case

o
f

S
U

M
M

A
,

o
u
r

startin
g

p
oin

t
is

th
e

covarian
ce

m
a
trix

of
ran

ked
p
red

iction
s

w
h
ich

can
b

e
crea

ted
b
y

ra
n
k

ord
erin

g
th

e
con

tin
u
ou

s
scores

o
u
tp

u
tted

b
y

th
e

b
ase

classifi
ers.

W
e

sh
ow

th
a
t

th
e

o
ff

-d
ia

gon
al

en
tries

of
th

is
covarian

ce
m

atrix
are

related
to

th
e

A
rea

U
n
d
er

th
e

R
eceiver

O
p

eratin
g

C
h
aracteristics

C
u
rve

(A
U

C
)

(M
arzb

an
,

2004)
of

th
e

b
ase

classifi
ers.

U
n
d
er

th
e

assu
m

p
tion

of
con

d
ition

al
in

d
ep

en
d
en

ce
of

th
e

ran
k
s

assign
ed

b
y

b
ase

classifi
ers

to
a
n

item
g
iven

th
e

class
of

th
e

item
,

th
e

S
U

M
M

A
algorith

m
:

1
.

In
fers

th
e

em
p
irical

p
erform

an
ce,

as
m

ea
su

red
b
y

th
e

A
U

C
,

of
each

b
ase

classifi
er

w
ith

o
u
t

lab
eled

d
ata,

2
.

U
ses

th
e

in
ferred

p
erform

an
ces

of
th

e
b
ase

classifi
ers

to
gen

erate
an

aggregate
con

tin
-

u
o
u
s

sco
re

for
each

sam
p
le,

an
d

3
.

U
ses

th
ese

scores
to

p
red

ict
th

e
b
in

ary
class

lab
els

for
each

sam
p
le.

T
o

ex
em

p
lify

ou
r

th
eoretical

resu
lts

w
e

fi
rst

ap
p
ly

S
U

M
M

A
to

a
sim

u
lated

d
ataset

w
h
ere

o
u
r

th
eo

retical
assu

m
p
tion

of
co

n
d
ition

al
in

d
ep

en
d
en

ce
strictly

h
old

s.
W

e
also

ap
p
ly

S
U

M
M

A
to

tw
o

d
atasets

taken
from

real
ap

p
lication

s
w

h
ere

w
e

sh
ow

th
at

S
U

M
M

A
p

erform
s

ro
b
u
stly

even
if

th
e

con
d
ition

al
in

d
ep

en
d
en

ce
assu

m
p
tion

is
sligh

tly
v
iolated

.

2
.

P
ro

b
le

m
S
e
tu

p

G
iven

a
cla

ssifi
cation

p
rob

lem
,

w
e

assu
m

e
th

at
an

in
stan

ce
p
a
ir

(X
,Y

)∈
X
×
{
0
,1}

is
a

ra
n
d
o
m

vecto
r

w
ith

p
rob

ab
ility

d
en

sity
fu

n
ction

p
(x
,y

)
an

d
m

argin
als

P
X

(x
)

a
n
d
P
Y

(y
),

w
h
ere

th
e

set
X

d
en

otes
th

e
featu

re
sp

ace,
an

d
w

ith
ou

t
loss

of
gen

erality,
y

=
0

d
en

otes
th

e
n
eg

a
tive

cla
ss

an
d
y

=
1

d
en

otes
th

e
p

ositive
class.

L
et{g

i }
Mi=

1
rep

resen
t

an
en

sem
b
le

o
f

classifi
ers

w
ith

u
n
k
n
ow

n
reliab

ility,
w

h
ere

each
classifi

er,
g
i

:X
→

R
,

is
a

m
ap

p
in

g
fro

m
th

e
fea

tu
re

sp
ace
X

to
real

n
u
m

b
ers.

W
e

assu
m

e
th

at
each

classifi
er

is
train

ed
on

its
ow

n
p

ossib
ly

lab
eled

d
ataset

w
h
ich

is
u
n
k
n
ow

n
to

u
s

an
d

p
ro

d
u
ces

con
fi
d
en

ce
scores
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A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

g
i (x

k )
asso

ciated
w

ith
a

set
of
N

in
stan

cesD
=
{
(x
k )}

Nk
=

1 ⊂
X

,
w

h
ose

tru
e

b
u
t

u
n
k
n
ow

n

class
lab

els
are

d
en

oted
b
y

th
e

v
ector

y
=

[y
1 ,···

,y
N

] T
.

W
e

let
N

1
:=
∑

Ni=
1
y
i

d
en

ote
th

e
n
u
m

b
er

of
p

ositive
in

stan
ces,

N
0

=
N
−
N

1
d
en

ote
th

e
n
u
m

b
er

of
n
egative

in
stan

ces
an

d
ρ

=
N

1 /N
d
en

ote
th

e
p
reva

len
ce

of
th

e
p

ositive
class,

w
h
ich

w
e

sim
p
ly

d
en

ote
as

p
revalen

ce
in

th
e

tex
t.

W
e

can
in

terp
ret

th
e

ou
tp

u
t

of
each

classifi
er

as
a

m
easu

re
of

th
e

relative
con

fi
d
en

ce
th

at
th

e
sam

p
le

b
elon

g
s

to
on

e
of

th
e

classes,
w

h
ich

,
w

ith
ou

t
loss

of
gen

erality,
w

ill
b

e
assu

m
ed

to
b

e
class

1.
F

or
ex

am
p
le,

in
a

B
ayesian

fram
ew

ork
th

e
ou

tp
u
t

of
a

classifi
er

is
th

e
p

osterior
p
rob

ab
ility

th
at

a
sam

p
le

b
elon

gs
to

th
e

p
ositive

class.
In

th
e

case
of

S
V

M
,

th
e

ou
tp

u
t

is
th

e
d
istan

ce
to

th
e

sep
aratin

g
h
y
p

erp
la

n
e.

R
ecen

t
research

su
ggests

th
at

ap
p
rop

riate
calib

ration
of

th
e

cla
ssifi

er
ou

tp
u
ts

w
ill

b
o
ost

th
e

p
erform

an
ce

of
th

e
en

sem
b
le

classifi
er

(W
h
alen

an
d

P
an

d
ey

,
2013;

B
ella

et
al.,

2013).
In

th
e

cu
rren

t
m

an
u
scrip

t,
w

e
w

ill
u
se

th
e

ran
k

tran
sform

ation
as

a
calib

ratio
n

to
ol

d
u
e

to
its

th
eoretical

im
p
lication

s
p
resen

ted
in

th
e

su
b
seq

u
en

t
section

s.
A

ccord
in

gly,
let

Ω
=

{
(x

1 ,y
1 ),···

,(x
N
,y
N

)
∈

(X
×
{0,1}

)
N

: ∑
Ni=

1
y
i

=
N

1 }
d
en

ote
th

e
sp

ace
of

all
N

i.i.d
realization

s
ofX

×
{
0
,1}

w
ith

ex
actly

N
1

p
ositive

in
stan

ces.
F

or
each

T
∈

Ω
an

d
classifi

er
i,

con
sid

er
th

e
follow

in
g

vector
g
i (T

)
=

[g
i (x

1 ),···
,g
i (x

N
)] T
∈

R
N

.
B

y
u
sin

g
th

e
w

ell-
ord

erin
g

p
rop

erty
of

th
e

real
n
u
m

b
ers,

w
e

can
m

ap
g
i (T

)
to

a
ran

k
vector

r
=

[r
1 ,...,r

N
] T
∈

S
N

,
w

h
ereS

N
d
en

otes
th

e
set

of
all

p
erm

u
ta

tion
s

of
th

e
in

tegers{1
,···

,N
}.

A
s

in
th

e
recen

t
literatu

re
(A

garw
al

et
al.,

2005),
w

e
assu

m
e

th
at

ties,
i.e.

g
i (x

j )
=
g
i (x

k )
for

j
6=
k
,

are
b
roken

u
n
iform

ly
at

ran
d
om

.
In

th
is

case,
w

.l.o.g.,
w

e
assu

m
e

th
at

g
i

assign
s

ran
k
s

to
tied

sam
p
les

accord
in

g
to

th
eir

p
osition

in
th

e
vector

g
i (T

).
T

h
rou

gh
ou

t
th

e
rest

of
th

e
m

an
u
scrip

t,
u
n
less

oth
erw

ise
n
oted

w
h
en

w
e

say
w

e
are

given
a

realization
T
∈

Ω
,
w

e
assu

m
e

th
at

w
e

d
o

n
ot

ob
serv

e
th

e
lab

els
asso

ciated
w

ith
each

sam
p
le

an
d

on
ly

ob
serve

th
e

featu
re

vector
x
k

asso
ciated

w
ith

each
sam

p
le.

W
ith

th
e

ab
ove

n
otation

,
w

e
let

P
(R

i
=
r|y

k )
d
en

ote
th

e
p
rob

ab
ility,

ov
er

all
realization

s
from

Ω
,

th
at

a
sam

p
le

of
class

y
k
∈
{0
,1}

h
as

b
een

assign
ed

ran
k
r
∈
{
1
,···

,N
}

b
y

th
e

classifi
er
i.

F
or

sim
p
licity,

w
e

w
ill

refer
to

th
is

q
u
an

tity
as
P
i (r|y

k )
an

d
also

let
P

(R
1

=
r

1
k ,R

2
=
r

2
k ,···

,R
M

=
r
M
k |y

k )
d
en

o
te

th
e

join
t

p
rob

ab
ility

of
each

classifi
er
i

assign
in

g
ran

k
r
ik

to
a

sam
p
le
k

of
class

y
k .

3
.

T
h
e
o
ry

3
.1

.
P

e
rfo

rm
a
n
c
e

M
e
tric

W
e

start
b
y

d
efi

n
in

g
th

e
m

ain
p

erform
an

ce
m

etric
th

at
is

p
rim

arily
u
sed

th
rou

gh
ou

t
th

e
p
ap

er.

D
e
fi

n
itio

n
1

T
h
e

perfo
rm

a
n

ce
o
f

th
e
i th

cla
ssifi

er
is

m
ea

su
red

by,

∆
i

=
E

[R
i |y

=
0]−

E
[R

i |y
=

1
],

w
h
ere

E
[R

i |y
=
j],

fo
r
j

=
0
,1

,
rep

resen
ts

th
e

a
vera

ge
ra

n
k

given
th

e
respective

cla
ss

fo
r

th
e
i th

cla
ssifi

er.

∆
i

is
d
efi

n
ed

over
th

e
set

Ω
an

d
as

su
ch

it
m

ay
d
ep

en
d

on
N

an
d
ρ
.

N
ote

th
at

a
ran

d
om

m
eth

o
d

h
as

∆
i =

0.
In

tu
itiv

ely,
th

is
is

b
ecau

se
ran

d
om

m
eth

o
d
s

are
th

ose
u
n
ab

le
to

ran
k

sam
p
les

accord
in

g
to

th
e

laten
t

class,
a

con
seq

u
en

ce
o
f

th
e

fact
th

at
for

a
ran

d
om

m
eth

o
d

P
i (r|y

=
1)

=
P
i (r|y

=
0)

=
U

(1,N
),

w
h
ereU

(1,N
)

d
en

otes
th

e
u
n
iform

d
istrib

u
tio

n
on

th
e
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U
n
su

p
e
r
v
is
e
d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
si
f
ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

se
t

of
in

te
ge

rs
{1
,2
,.
..
,N
}.

O
n

th
e

ot
h
er

h
an

d
if
|∆

i|
>

0,
th

en
m

et
h
o
d
i

is
an

in
fo

rm
at

iv
e

m
et

h
o
d

an
d

ca
n

d
is

cr
im

in
at

e
ra

n
k

as
si

gn
m

en
ts

b
y

th
e

sa
m

p
le

cl
as

s.
W

e
w

il
l

as
su

m
e

th
at

al
l

m
et

h
o
d
s
i

=
1
,.
..
,M

u
se

th
e

sa
m

e
co

n
ve

n
ti

on
co

n
si

st
in

g
of

as
si

gn
in

g
ra

n
k
s

to
th

e
ex

am
p
le

s
p
re

d
ic

te
d

to
b

e
in

th
e

p
os

it
iv

e
cl

as
s

in
th

e
lo

w
er

ra
n
ge

va
lu

es
of

th
e

in
te

rv
al

1,
..
.,
N

,
an

d
th

e
ex

am
p
le

s
p
re

d
ic

te
d

to
b

e
in

th
e

n
eg

at
iv

e
cl

as
s

to
th

e
u
p
p

er
ra

n
ge

of
th

e
sa

m
e

in
te

rv
al

.
In

th
is

w
ay

,
a

p
er

fe
ct

cl
a
ss

ifi
er
g P

w
ou

ld
as

si
gn

th
e

ra
n
k
s

[1
,2
,.
..
,N

1
]

to
th

e
N

1
p

os
it

iv
e

ex
a
m

p
le

s,
an

d
th

e
ra

n
k
s

[N
1

+
1,
..
.,
N

]
to

th
e

n
eg

at
iv

e
ex

am
p
le

s.
In

th
is

ca
se

E[
R
P
|y

=
1]

=
(N

1
+

1)
/
2
,
E[
R
P
|y

=
0]

=
(N

+
N

1
+

1)
/2

an
d

∆
P

=
N
/2

.

3
.2

.
C

o
n

d
it

io
n

a
ll

y
In

d
e
p

e
n

d
e
n
t

C
la

ss
ifi

e
rs

In
th

is
se

ct
io

n
w

e
fi
rs

t
d
efi

n
e

th
e

co
n
d
it

io
n
a
l

in
d
ep

en
d
en

ce
as

su
m

p
ti

on
w

h
ic

h
is

ce
n
tr

al
to

ou
r

th
eo

re
ti

ca
l

re
su

lt
s.

W
e

ca
ll

th
e

cl
as

si
fi
er

s,
{g

1
,·
··
,g
M
},

lt
h

or
d
er

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t,
if

fo
r

an
y
L

=
{g
i 1
,·
··
,g
i l
}
⊂
{g

1
,·
··
,g
M
}

th
ei

r
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
fa

ct
or

iz
es

,

P
(R

i 1
=
r i

1
k
,R

i 2
=
r i

2
k
,·
··
,R

i l
=
r i
lk
|y k

)
=
P
i 1

(r
i 1
k
|y k

)P
i 2

(r
i 2
k
|y k

)
··
·P

i l
(r
i l
k
|y k

).
(1

)

N
ex

t
w

e
p
ro

ve
th

at
u
n
d
er

th
e

as
su

m
p
ti

on
of

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
cl

a
ss

ifi
er

s,
th

ei
r

h
ig

h
er

-o
rd

er
co

va
ri

an
ce

te
n
so

rs
h
av

e
a

sp
ec

ifi
c

fo
rm

.

T
h

e
o
re

m
2

S
u

p
po

se
th

e
cl

a
ss

ifi
er

s
{g

1
,·
··
,g
M
}

a
re
lt
h

o
rd

er
co

n
d
it

io
n

a
ll

y
in

d
ep

en
d
en

t
so

th
a
t

eq
u

a
ti

o
n

(1
)

h
o
ld

s.
F

o
r

a
n

y
n
≤
l
≤
M

,
le

t
th

e
n
th

o
rd

er
co

va
ri

a
n

ce
te

n
so

r,
Σ
n

,
be

d
efi

n
ed

a
s

Σ
n
(1
,·
··
,n

)
:=

E[
( R

1
−

E[
R

1
])
··
·(
R
n
−

E[
R
n
])]
,

(2
)

w
h
er

e
w

.l
.o

.g
.

w
e

d
en

o
te

d
a

gi
ve

n
su

bs
et

o
f

cl
a
ss

ifi
er

s
o
f

si
ze
n

by
th

e
se

t
{1
,·
··
,n
}.

T
h
en

th
e

fo
ll

o
w

in
g

eq
u

a
li

ty
h
o
ld

s,

Σ
n
(1
,·
··
,n

)
=
C

(ρ
)(
ρ
n
−

1
−

(ρ
−

1)
n
−

1
)
n ∏ j=

1

∆
j
,

(3
)

w
h
er

e
C

(ρ
)

:=
ρ
(1
−
ρ
)

a
n

d
ρ

=
N

1
/N

d
en

o
te

s
th

e
p
re

va
le

n
ce

o
f

th
e

po
si

ti
ve

cl
a
ss

.

P
ro

o
f

S
ee

A
p
p

en
d
ix

B
.

T
h
eo

re
m

2
sh

ow
s

th
at

u
n
d
er

th
e

a
ss

u
m

p
ti

on
of

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
en

se
m

b
le

m
em

b
er

s,
th

e
n
th

ce
n
tr

al
m

om
en

t
co

n
ta

in
s

in
fo

rm
at

io
n

of
ea

ch
m

et
h
o
d

p
er

fo
rm

an
ce

,
∆
i.

In
ad

d
it

io
n
,

n
ot

e
th

e
sy

m
m

et
ry
ρ
→

1
−
ρ
,

an
d

∆
→
−

∆
o
f

th
e
n

-t
h

ce
n
tr

al
m

om
en

t.
T

h
is

sy
m

m
et

ry
is

ex
p

ec
te

d
b

ec
au

se
th

e
cl

as
se

s
1

an
d

0
ar

e
as

si
gn

ed
b
y

co
n
ve

n
ti

on
.

A
s

m
en

ti
o
n
ed

ab
ov

e,
w

e
as

su
m

e
th

at
al

l
th

e
b
as

e
cl

as
si

fi
er

s
h
av

e
ad

op
te

d
th

e
sa

m
e

co
n
v
en

ti
on

of
as

si
gn

in
g

lo
w

er
(h

ig
h
er

)
ra

n
k
s

to
it

em
s

p
re

d
ic

te
d

to
b

e
in

th
e

p
os

it
iv

e
(n

eg
at

iv
e)

cl
as

s.
T

h
er

ef
o
re

if
th

e
p

os
it

iv
e

cl
as

s
w

er
e

n
ow

ca
ll
ed

n
eg

at
iv

e
an

d
v
ic

e
ve

rs
a,

th
en

ρ
w

ou
ld

ch
an

ge
to

1
−
ρ
,

∆
w

ou
ld

ch
an

ge
to
−

∆
,

an
d

th
e

fo
rm

u
la

fo
r

th
e
n

-t
h

ce
n
tr

al
m

om
en

t
w

ou
ld

re
m

ai
n

in
va

ri
an

t
to

th
e

ch
an

ge
of

co
n
ve

n
ti

on
.
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n
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V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

3
.3

.
C

o
n

n
e
c
ti

o
n

s
b

e
tw

e
e
n

C
la

ss
ifi

e
r

P
e
rf

o
rm

a
n

c
e

a
n

d
C

o
v
a
ri

a
n

c
e

M
a
tr

ix

T
h
e

th
eo

ry
of

th
e

cu
rr

en
t

se
ct

io
n

d
ep

en
d
s

on
th

e
as

su
m

p
ti

on
th

at
th

e
b
as

e
cl

a
ss

ifi
er

s
a
re

m
u
tu

al
ly

or
se

co
n
d

or
d
er

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t.
C

la
ss

ifi
er

s
th

at
ar

e
n
ea

rl
y

m
u
tu

a
ll
y

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
m

ay
ar

is
e,

fo
r

ex
am

p
le

,
fr

om
ex

p
er

ts
w

it
h

d
iff

er
en

t
te

ch
n
ic

a
l

b
ac

k
gr

ou
n
d
s,

or
fr

om
al

go
ri

th
m

s
th

at
ar

e
b
as

ed
on

d
iff

er
en

t
d
es

ig
n

p
ri

n
ci

p
le

s
o
r

in
d
ep

en
d
en

t
so

u
rc

es
of

in
fo

rm
a
ti

on
.

N
ot

e
th

at
si

m
il
ar

in
d
ep

en
d
en

ce
as

su
m

p
ti

on
s

ap
p

ea
r

a
ls

o
in

o
th

er
w

or
k
s

co
n
si

d
er

in
g

a
se

tt
in

g
si

m
il
ar

to
ou

rs
(D

aw
id

an
d

S
k
en

e,
19

79
;

P
a
ri

si
et

a
l.
,

2
0
1
4
).

F
o
r

co
m

p
le

te
n
es

s,
w

e
n
ex

t
st

at
e

th
e

se
co

n
d

or
d
er

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
as

su
m

p
ti

o
n
.

A
ss

u
m

p
ti

o
n

1
T

h
e

en
se

m
bl

e
o
f

cl
a
ss

ifi
er

s
{g
i}
M i=

1
a
re

se
co

n
d

o
rd

er
co

n
d
it

io
n

a
ll

y
in

d
ep

en
-

d
en

t.
T

h
er

ef
o
re

,
fo

r
a
n

y
i
6=
j
∈
{1
,·
··
,M
}

a
n

d
a
n

y
sa

m
p
le
k

,

P
(R

i
=
r i
k
,R

j
=
r j
k
|y k

)
=
P
i(
r i
k
|y k

)P
j
(r
jk
|y k

).
(4

)

W
e

le
t

Σ
2

re
p
re

se
n
t

th
e

co
va

ri
an

ce
m

at
ri

x
b

et
w

ee
n

b
as

e
cl

as
si

fi
er

,
i.
e.

Σ
2
(i
,j

)
=

E[
(R

i
−

E[
R
i]

)(
R
j
−

E[
R
j
])

],
(5

)

fo
r

gi
ve

n
cl

as
si

fi
er

s
i

an
d
j.

W
e

n
ex

t
d
em

on
st

ra
te

th
at

th
e

co
va

ri
an

ce
m

at
ri

x
h
a
s

a
sp

ec
ia

l
d
ec

om
p

os
it

io
n

u
n
d
er

as
su

m
p
ti

on
1.

C
o
ro

ll
a
ry

3
T

h
e

co
va

ri
a
n

ce
m

a
tr

ix
Σ

2
a
s

d
efi

n
ed

in
E

qu
a
ti

o
n

(5
)

ca
n

be
ex

p
re

ss
ed

a
s,

Σ
2
(i
,j

)
=

{
N

2
−

1
1
2

if
i

=
j

C
(ρ

)∆
i∆

j
if
i
6=
j

if
A

ss
u

m
p
ti

o
n

1
h
o
ld

s.

P
ro

o
f

U
n
d
er

A
ss

u
m

p
ti

on
1

al
l

th
e

cl
as

si
fi
er

s
ar

e
m

u
tu

al
ly

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t.
L

et
i
6=
j,

th
en

th
e

re
su

lt
fo

ll
ow

s
fr

om
T

h
eo

re
m

2
b
y

le
tt

in
g
n

=
l

=
2.

N
ex

t,
le

t
i

=
j

a
n
d

re
ca

ll
th

at
r

is
a

ve
ct

or
in

w
h
ic

h
ea

ch
el

em
en

t
re

p
re

se
n
ts

th
e

u
n
iq

u
e

ra
n
k

o
f

ea
ch

sa
m

p
le

k
∈
{1
,.
..
,N
}.

T
h
er

ef
or

e,
th

e
va

ri
an

ce
,

Σ
2
(i
,i

),
of

r
is

th
at

a
u
n
if

or
m

d
is

cr
et

e
d
is

tr
ib

u
ti

o
n
,

(N
2
−

1)
/1

2,
w

h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
of

th
e

th
eo

re
m

.

N
ot

e
th

at
th

e
off

-d
ia

go
n
al

en
tr

y
Σ

2
(i
,j

)
co

n
ta

in
s

in
fo

rm
at

io
n

on
th

e
p

er
fo

rm
a
n
ce

s
∆
i

a
n
d

∆
j

of
b
as

e
cl

as
si

fi
er

s
i

an
d
j.

A
n

in
tu

it
iv

e
u
n
d
er

st
an

d
in

g
of

th
is

re
su

lt
ca

n
b

e
g
ra

sp
ed

a
s

fo
ll
ow

s.
F

or
an

ar
b
it

ra
ry

p
ai

r
of

b
as

e
cl

as
si

fi
er

s,
n
ot

n
ec

es
sa

ri
ly

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t,
th

ei
r

co
va

ri
an

ce
ca

n
b

e
d
ec

om
p

os
ed

in
to

in
tr

ac
la

ss
an

d
in

te
rc

la
ss

co
va

ri
an

ce
.

T
h
e

in
tr

a
cl

a
ss

co
va

ri
an

ce
is

of
te

n
a

m
an

if
es

ta
ti

on
of

th
e

si
m

il
ar

it
ie

s
b

et
w

ee
n

th
e

m
et

h
o
d
o
lo

g
ie

s
u
se

d
in

th
e

cl
as

si
fi
er

s,
or

th
e

fa
ct

th
at

b
as

e
cl

as
si

fi
er

s
w

er
e

tr
a
in

ed
on

si
m

il
a
rl

y
d
is

tr
ib

u
te

d
d
a
ta

.
T

h
e

in
te

rc
la

ss
co

va
ri

an
ce

,
on

th
e

ot
h
er

h
an

d
,

re
p
re

se
n
ts

th
e

ag
re

em
en

t
of

ra
n
k
in

g
sa

m
p
le

s
b
as

ed
on

ea
ch

la
te

n
t

cl
as

s;
h
en

ce
,

if
tw

o
al

go
ri

th
m

s
p

er
fo

rm
w

el
l,

th
ei

r
in

te
rc

la
ss

co
va

ri
-

an
ce

w
il
l

re
fl
ec

t
th

at
p

er
fo

rm
an

ce
.

It
fo

ll
ow

s
th

at
if

tw
o

b
as

e
cl

a
ss

ifi
er

s
ar

e
co

n
d
it

io
n
a
ll
y

in
d
ep

en
d
en

t,
th

e
in

tr
ac

la
ss

co
va

ri
an

ce
w

il
l

va
n
is

h
,

m
ak

in
g

th
e

m
ea

su
re

d
co

va
ri

a
n
ce

ex
cl

u
-

si
ve

ly
at

tr
ib

u
ta

b
le

to
in

te
rc

la
ss

co
va

ri
an

ce
w

h
ic

h
in

tu
rn

re
fl
ec

ts
th

e
p

er
fo

rm
a
n
ce

o
f

th
e

b
as

e
cl

as
si

fi
er

s.
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U
n
su

p
e
r
v
ise

d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
sif

ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

In
sp

ectio
n

o
f

C
orollary

3
m

otivates
a

strateg
y

for
estim

atin
g

each
b
ase

p
red

ictor
p

er-
fo

rm
a
n
ce

m
etric,

∆
i ,

from
th

e
covarian

ce
m

atrix
.

H
ere

w
e

see
th

at
Σ

2
ca

n
b

e
d
ecom

p
osed

a
s

Σ
2

=
R
−
d
ia
g
(R

)
+
N

2−
1

12
I
,

(6)

w
h
ere

I
is

th
e

id
en

tity
m

atrix
an

d
R

:=
λ
c v
v
T

is
a

ran
k
-on

e
m

atrix
,

w
ith

λ
c

:=
C

(ρ
)‖

∆
‖

22
,

(7)

w
h
ere
‖
∆
‖

2
d
en

otes
th

e
eu

clid
ean

n
orm

of
th

e
vector

∆
:=

[∆
1 ,···

,∆
M

] T
∈
R
M

,
an

d
v

is
th

e
u
n
it

n
o
rm

vector
w

ith
en

tries
d
efi

n
ed

as

v
i

:=
∆
i

√
∑

Mj=
1

∆
2j

.
(8)

N
o
te

th
a
t
λ
c

is
d
ep

en
d
en

t
on

ρ
w

h
ich

is
u
n
k
n
ow

n
to

u
s

in
ou

r
u
n
su

p
erv

ised
setu

p
.

H
ow

ever,
a
s

w
e

w
ill

see
in

th
e

n
ex

t
section

,
S
U

M
M

A
on

ly
n
eed

s
an

estim
ate

of
v
i ,

w
h
ich

is
a

q
u
an

tity
p
ro

p
o
rtio

n
a
l

to
th

e
estim

ated
p

erform
an

ce
∆
i

of
each

b
ase

classifi
er

i,
to

calcu
late

th
e

en
sem

b
le

classifi
er.

H
ow

ever,
estim

ation
of
ρ

is
n
ecessary

to
estim

ate
∆
i

an
d

from
it

th
e

A
U

C
o
f

b
a
se

classifi
er
i

as
w

ill
b

e
sh

ow
n

in
T

h
eorem

4.
In

S
ection

6,
w

e
p
resen

t
a

w
ay

to
estim

a
te
ρ
.

It
fo

llow
s

from
C

orollary
3

an
d

th
e

assu
m

p
tion

th
at

at
least

3
b
ase

classifi
ers

are
b

etter
th

a
n

ra
n
d
om

th
at

3
≤
M

is
a

su
ffi

cien
t

con
d
ition

for
estim

atin
g

th
e

q
u
an

tities
v
i ’s.

T
o

see
w

h
y

w
e

n
eed

th
e

req
u
irem

en
t

of
3
≤
M

,
ob

serve
th

at
w

e
h
ave

(M
(M
−

1)/
2)

k
n
ow

n
o
ff

-d
ia

g
o
n
a
l

elem
en

ts
of

Σ
2

b
u
t
M

u
n
k
n
ow

n
s

(v
i

for
i

=
1,···

,M
),

so
if
M

<
3

th
e

sy
stem

is
u
n
d
erd

eterm
in

ed
.

M
oreov

er,
n
ote

th
at

if
on

ly
a

sin
gle

classifi
er
i

p
erform

s
b

etter
th

an
ra

n
d
o
m

,
a
n
d

th
e

rest
p

erform
ran

d
om

ly,
i.e.

v
i
>

0,
v
j

=
0

for
j6=

i,

th
en

th
e

o
ff

-d
ia

gon
al

en
tries

of
Σ

2
are

ex
actly

eq
u
a
l

to
zero

in
w

h
ich

case
it

is
im

p
ossib

le
to

in
fer

v
i .

S
im

ilarly,
if

on
ly

tw
o

classifi
ers

v
i
>

0
an

d
v
j
>

0
are

p
erform

in
g

b
etter

th
a
n

ra
n
d
o
m

,
th

en
w

e
h
ave

again
tw

o
u
n
k
n
ow

n
s

b
u
t

on
ly

on
e

k
n
ow

n
n
on

-zero
off

-d
iagon

al
elem

en
t.

T
h
erefore,

th
rou

gh
ou

t
th

e
p
ap

er,
w

e
assu

m
e

th
at

at
least

th
ree

classifi
ers

p
erform

b
etter

th
a
n

ra
n
d
om

.
U

n
d
er

th
is

assu
m

p
tion

,
th

e
off

-d
iagon

al
elem

en
ts

of
th

e
covaria

n
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m
a
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u
a
l
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of
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e
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k
-on

e
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h
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u
n
iq

u
e
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p
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th

e
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r
o
f
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d
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id
u
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classifi
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p
erform

an
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A
lth

ou
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∆
is

b
oth

an
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tu
itive
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d

statistically
p
rin

cip
led

m
easu
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of
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p
er-

fo
rm

a
n
ce,

it
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th
e

ex
p

ected
p

erform
an

ce
m

etric
over

all
th

e
realization

s
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ou
r

p
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ab
ility
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a
ce

Ω
a
n
d
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n
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b
e
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lated
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p
licitly
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e
p
rob

ab
ility

d
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u
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P
i (r|y

)
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n
o
t
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d
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ilab

le.
F
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ou

r
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lts
to

b
e

ap
p
licab

le
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w
e
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u
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th
e

u
n
b
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em
p
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∆
i

d
efi

n
ed
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∆̂
i

=
1N

0

∑

{
k|y

k
=

0}
r
ik −

1N
1

∑

{
k|y

k
=

1}
r
ik

=
R̂
i|y

=
0 −

R̂
i|y

=
1 ,

(9)
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∈
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ab
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b
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b
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con
d
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b
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U

C
(M
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p
red

ictio
n

s
a
n

d
th

e
co

rrespo
n

d
in

g
sa

m
p
le

cla
ss,{(r

ik ,y
k )}

Nk
=

1 ,
w

h
ere

r
ik

is
th

e
ra

n
k

a
ssign

ed
to

th
e

sa
m

p
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=
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(10)
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d
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p
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easy
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e
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p
irical

p
erform
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sin
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(9)
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th
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p
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w
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b
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m
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p
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∆
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ection
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.
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w
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b
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b
ase

classifi
ers.

In
ord

er
to

calcu
late

Σ̂
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b
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i
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Σ̂
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b
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=
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p
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b
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=
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2
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2
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In
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e
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w

e
b
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Σ̂
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i-d
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secon
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e
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er
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et
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g
th

e
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sin
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lar
valu

e
an

d
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at
each

iteration
.
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d
m

or
e

d
et

ai
ls

ca
n

b
e

fo
u
n
d

in
th

e
re

ce
n
t

p
a
p

er
s

(B
a
rb

er
an

d
H

a,
20

18
;

J
ai

n
et

al
.,

20
10

).
S
im

il
ar

to
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

fi
rs

t
as

su
m

e
th

a
t

Σ
2

is
k
n
ow

n
to

u
s.

B
ef

or
e

p
re

se
n
ti

n
g

th
e

it
er

at
iv

e
al

go
ri

th
m

,
le

t
u
s

d
efi

n
e

th
e

se
t
ω

=
{(
i,
j)

:
i
6=

j
∈
{1
,·
··
,M
}}

.
T

h
en

,
u
si

n
g

th
e

n
ot

at
io

n
of

B
ar

b
er

an
d

H
a

(2
01

8)
,

w
e

ca
n

fo
rm

u
la

te
th

e
fo

ll
ow

in
g

m
at

ri
x

co
m

p
le

ti
on

p
ro

b
le

m
:

m
in X

||P
ω
(X

)
−
P
ω
(Σ

2
)||

2 F

2
s.
t.

X
∈
C

=
{X
∈
R
M
×
M

:
ra
n
k
(X

)
=

1,
X

=
X
T
,X
�

0}
,

(1
5
)

w
h
er

e
||A
|| F

=
√

T
r(
A
A
T

)
is

th
e

F
ro

b
en

iu
s

n
or

m
of

m
at

ri
x
A

a
n
d

th
e

li
n
ea

r
o
p

er
a
to

r
P
ω
(X

)
is

d
efi

n
ed

as

P
ω
(X

)
=

{
X
ij

if
(i
,j

)
∈
ω

0
if

(i
,j

)
/∈
ω
.

(1
6
)

A
ga

in
,

it
is

ob
v
io

u
s

th
at

R
=

Σ
2
−
D

Σ
2
∈
C

an
d
||P

ω
(R

)
−
P
ω
(Σ

2
)||

2 F
=

0
,

a
s

su
ch

R
is

a
m

in
im

iz
er

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
in

(1
5)

.
M

or
eo

v
er

,
u
n
d
er

th
e

a
ss

u
m

p
ti

o
n
s

of
L

em
m

a
10

,
R

is
th

e
u
n
iq

u
e

m
in

im
iz

er
.

T
h
er

ef
or

e,
b
y

so
lv

in
g

th
e

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m
in

(1
5)

,
w

e
ca

n
re

co
ve

r
th

e
u
n
k
n
ow

n
ve

ct
or
v
.

T
h
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

(1
5
)

is
ex

a
ct

ly
th

e
m

at
ri

x
co

m
p
le

ti
on

p
ro

b
le

m
p
re

se
n
te

d
in

B
ar

b
er

an
d

H
a

(2
01

8)
,

w
it

h
th

e
a
d
d
it

io
n
a
l

fa
ct

th
at

th
e

m
at

ri
x
R

is
of

ra
n
k
-o

n
e.

F
ro

m
T

h
eo

re
m

3
of

B
ar

b
er

an
d

H
a

(2
0
1
8
),

u
n
d
er

th
e

as
su

m
p
ti

on
th

at
R

h
as

m
or

e
th

an
on

e
el

em
en

t
d
iff

er
en

t
fr

om
ze

ro
,

w
h
ic

h
is

th
e

sa
m

e
a
s

th
e

co
n
d
it

io
n
v 1
>

0
,v
i

=
0
∀i
>

1,
th

e
fo

ll
ow

in
g

gr
a
d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
co

n
ve

rg
es

to
R

:

Y
t

=
X
t
−
∇
(

1 2
||P

ω
(X

t)
−
P
ω
(Σ

2
)||

2 F

)

X
t+

1
=

P
C

(Y
t)
,,

(1
7
)

w
h
er

e
P
C

(Y
t)

is
th

e
p
ro

je
ct

io
n

of
Y
t

in
to

th
e

se
t
C

.
F

ir
st

n
ot

e
th

at

∇
(

1 2
||P

ω
(X

t)
−
P
ω
(Σ

2
)||

2 F

)
=
P
ω
(X

t)
−
P
ω
(Σ

2
),

an
d

fr
om

E
ck

ar
t

-
Y

ou
n
g

-
M

ir
sk

y
T

h
eo

re
m

(E
ck

ar
t

an
d

Y
ou

n
g,

19
36

),
w

e
h
av

e

P
C

(Y
t)

=
y 1

(Y
t)
u

1
u
T 1
,

w
h
er

e
y 1

(Y
t)

is
th

e
la

rg
es

t
si

n
gu

la
r

va
lu

e
of
Y
t

an
d
u

1
is

th
e

co
rr

es
p

o
n
d
in

g
si

n
g
u
la

r
ve

ct
o
r.

S
in

ce
w

e
d
o

n
ot

ob
se

rv
e

Σ
2

in
p
ra

ct
ic

e,
w

e
w

il
l

u
se

th
e

em
p
ir

ic
al

co
va

ri
a
n
ce

m
a
tr

ix
Σ̂

2

w
it

h
th

e
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
gi

ve
n

in
(1

7)
to

ca
lc

u
la

te
v̂

w
h
ic

h
is

an
es

ti
m

a
to

r
o
f
v
.

T
h
e

p
se

u
d
o-

co
d
e

of
th

e
it

er
at

iv
e

al
g
or

it
h
m

is
gi

ve
n

in
A

lg
or

it
h
m

1.

1
0

JM
L

R
 2

0(
16

6)
:1

-4
0,

 2
01
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U
n
su

p
e
r
v
ise

d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
sif

ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

A
lg

o
rith

m
1

F
in

d
ran

k
1

m
atrix

from
off

-d
iagon

al
ob

servation
s

of
covarian

ce
m

atrix

1
:

G
iven

Σ̂
2 ,

fi
x
ε
>

0,
t

=
1

an
d

let
λ

(0
)

=
u

(0)
=

0,
λ

(1),u
(1)←

S
V
D

(Σ̂
2 ),

w
h
ere

λ
(1

),
u

(1)
rep

resen
t

th
e

largest
sin

g
u
lar

va
lu

e
a
n
d

co
rresp

on
d
in

g
sin

gu
lar

vector
of

Σ̂
2 .

2
:

w
h

ile
|λ

(t)−
λ

(t−
1))|

>
ε

d
o

3
:

Y
(t)←

Σ̂
2 −

d
ia
g
(Σ̂

2 )
+
d
ia
g
(λ

(t)u
(t)u

(t)
T

)
4
:

t
=
t

+
1

5
:

λ
(t),u

(t)←
S
V
D

(Y
(t))

6
:

re
tu

rn
[
λ̂
c

=
λ

(t),v̂
=
u

(t)]

5
.

S
tra

te
g
y

fo
r

U
n
su

p
e
rv

ise
d

M
u
ltip

le
M

e
th

o
d

A
g
g
re

g
a
tio

n
:

S
U

M
M

A

In
th

e
p
rev

io
u
s

section
,

w
e

sh
ow

ed
h
ow

to
estim

ate
v
i ,

a
q
u
an

tity
p
ro

p
o
rtio

n
al

to
th

e
p

erfo
rm

a
n
ce

o
f

each
b
ase

classifi
er,

w
ith

ou
t

k
n
ow

in
g

th
e

lab
els

asso
ciated

w
ith

each
sam

p
le.

In
th

is
sectio

n
,
w

e
d
evelop

a
m

eta-learn
er

th
at

in
fers

each
sam

p
le’s

laten
t

class
an

d
p
ro

d
u
ces

a
n

a
g
g
reg

ate
ra

n
k
in

g
of

sam
p
les

u
sin

g
a

w
eigh

ted
su

m
of

b
ase

cla
ssifi

er
ran

k
p
red

iction
s.

A
s

in
th

e
sem

in
a
l

w
ork

of
D

aw
id

an
d

S
k
en

e
(1979)

an
d

su
b
seq

u
en

t
w

ork
b
y

oth
ers

(N
itzan

an
d

P
a
ro

u
sh

,
1
98

2
;

P
arisi

et
al.,

2014),
w

e
cast

th
e

class
in

feren
ce

task
as

a
m

ax
im

u
m

likelih
o
o
d

estim
a
tio

n
(M

L
E

)
p
rob

lem
.

A
s

in
th

e
p
rev

iou
s

section
,

assu
m

e
th

a
t

a
rea

lization
T

=
{(x

1 ,y
1 ),···

,(x
N
,y
N

)}
∈

Ω
is

g
iven

w
h
ere

th
e

lab
els

asso
ciated

w
ith

sam
p
les

are
n
ot

availa
b
le

to
u
s.

T
h
e

task
at

h
an

d
is

to
fi
n
d

th
e

m
o
st

likely
class

lab
el,
y
k ,

asso
ciated

w
ith

each
sam

p
le
k
,
w

h
en

th
e

on
ly

availab
le

d
a
ta

a
re

th
e

ra
n
k

p
red

iction
s

b
y

co
n
d
ition

ally
in

d
ep

en
d
en

t
b
ase

classifi
ers.

F
orm

ally,
th

e
m

a
x
im

u
m

likelih
o
o
d

estim
ate

of
y
k

is:

ŷ
k

M
L

E
=

a
rgm

ax
y

{
M∑i=

1

log
(P

i (r
ik |y

)) }
.

B
y

a
p
p
lica

tio
n

of
B

ay
es’

T
h
eorem

,
w

e
can

w
rite

P
i (r

ik |y
)

=
P
i (y|r

ik )
P

(r
ik )/P

(y
).

U
sin

g
th

a
t

th
e

p
rio

r
p
rob

ab
ility

for
th

e
ran

k
s

is
P

(r
ik )

=
1/N

an
d

th
e

p
rior

p
rob

ab
ility

for
b

ein
g

in
th

e
p

o
sitiv

e
class

is
th

e
class

p
revalen

ce
(ρ

for
class

y
=

1
an

d
1−

ρ
for

class
y

=
0),

th
e

M
L

E
ca

n
b

e
eq

u
ivalen

tly
w

ritten
as,

ŷ
k

M
L

E
=

Θ

{
M

log (
1−

ρ

ρ

)
+

M∑i=
1

log (
P
i (y

k
=

1|r
ik )

1−
P
i (y

k
=

1|r
ik ) ) }

.
(18)

T
h
e

cen
tra

l
ch

a
llen

ge
in

ap
p
ly

in
g

th
e

M
L

E
is

th
at

th
e

fu
n
ction

al
form

o
f

th
e

p
rob

ab
ility

d
istrib

u
tio

n
P

(y
=

1|r)
is

a
p
rio

ri
u
n
k
n
ow

n
.

W
e

are
th

en
faced

w
ith

tw
o

ch
oices:

1)
a

p
rio

ri
a
ssu

m
e

th
e

fu
n
ction

al
form

of
th

e
p
ro

b
ab

ility
d
istrib

u
tion

P
(y

=
1|r),

or
2)

in
fer

a
d
istrib

u
tio

n
.

If
w

e
w

ere
to

a
p
rio

ri
assu

m
e

a
d
istrib

u
tion

,
w

e
w

ou
ld

in
eff

ect
b

e
b
iasin

g
th

e
M

L
E

a
n
d

th
e

d
ep

en
d
en

ce
of

th
e

en
sem

b
le

a
lgorith

m
on

th
e

b
ase

classifi
er

p
erform

an
ce

∆
.

T
h
is

is
p
ro

b
lem

atic,
b

ecau
se

w
e

h
ave

n
o

reason
to

p
ick

on
e

d
istrib

u
tion

over
an

oth
er.

A
m

o
re

p
rin

cip
led

ap
p
roach

w
ou

ld
b

e
to

in
fer

a
d
istrib

u
tion

u
sin

g
in

form
ation

th
at

is
availab

le
to

u
s

a
n
d

n
o

m
o
re.

T
h
e

m
ax

im
u
m

en
trop

y
m

eth
o
d
ology

for
in

ferrin
g

d
istrib

u
tion

s
p

erform
s

su
ch

a
ta

sk
(J

ay
n
es,

1957).
In

sh
ort,

b
y

ch
o
osin

g
th

e
m

ax
im

u
m

en
trop

y
d
istrib

u
tion

w
e
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A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

are
selectin

g
th

e
d
istrib

u
tion

w
h
ich

rep
ro

d
u
ces

k
n
ow

n
statistical

q
u
an

tities
an

d
is

oth
erw

ise
m

ax
im

ally
n
on

com
m

ittal
to

th
e

rem
a
in

in
g

u
n
k
n
ow

n
m

om
en

ts.
In

ou
r

case
w

e
w

ill
assu

m
e

th
at

w
e

h
av

e
in

ferred
th

e
valu

e
of
ρ

=
N

1 /N
an

d
th

e
d
iff

eren
ce

of
con

d
ition

al
m

ea
n
s

∆
,

w
h
ich

w
ill

serv
e

as
con

strain
ts

for
th

e
m

ax
im

u
m

en
trop

y
calcu

lation
.

In
th

e
p
ro

ceed
in

g
L

em
m

a,
w

e
d
erive

th
e

m
ax

im
u
m

en
trop

y
d
istrib

u
tion

for
P

(y
=

1|r)
given

th
ose

co
n
stra

in
ts.

L
e
m

m
a

6
T

h
e

fu
n

ctio
n

a
l

fo
rm

o
f

th
e

m
a
xim

u
m

en
tro

p
y

p
ro

ba
bility

d
istribu

tio
n

o
f

th
e

la
-

ten
t

cla
ss

la
bel

given
th

e
ra

n
k

fo
r

a
su

ffi
cien

tly
w

ea
kly

p
red

ictive
cla

ssifi
er

is
a
p
p
ro

xim
a
ted

a
s

P
i (y

k
=

1|r
ik )

=

(
1

+
e

1
2
∆
i

N
2−

1 (
r
ik −

N
+

1
2

)
+

lo
g (

N
−
N

1
N

1

) )
−

1

.

P
ro

o
f

F
or

th
e

d
erivation

see
A

p
p

en
d
ix

D
.

A
lth

ou
gh

w
e

p
roved

th
e

ab
ove

lem
m

a
for

w
eak

ly
p
red

ictive
classifi

ers,
w

e
ob

served
em

p
ir-

ically
th

rou
gh

ex
ten

siv
e

sim
u
lation

s
th

at
th

e
ab

ove
form

u
la

is
still

a
go

o
d

ap
p
rox

im
ation

b
eyon

d
th

at
lim

it.
N

ex
t

w
e

ap
p
ly

th
e

m
ax

im
u
m

en
trop

y
p
rob

ab
ility

d
istrib

u
tion

of
L

em
m

a
6

to
d
erive

a
m

ax
im

u
m

likelih
o
o
d

estim
ator

of
each

sam
p
le’s

laten
t

class
lab

el.

T
h

e
o
re

m
7

T
h
e

m
a
xim

u
m

likelih
ood

estim
a
to

r
(M

L
E

)
o
f

sa
m

p
le
k

is
given

a
s,

ŷ
k
M
L
E

:=
Θ

{
M∑i=

1

v
i (

N
+

1

2
−
r
ik ) }

,
(19)

w
ith

Θ
rep

resen
tin

g
th

e
u

n
it

step
fu

n
ctio

n
.

P
ro

o
f

A
p
p
ly

in
g

L
em

m
a

6
to

ou
r

m
ax

im
u
m

likelih
o
o
d

estim
ator

in
E

q
u
ation

(18),

ŷ
k

M
L

E
=

Θ

{
M

log (
1−

ρ

ρ

)
−

M∑i=
1 [

12∆
i

N
2−

1

(
r
ik −

N
+

1

2

)
+

log (
N
−
N

1

N
1

)] }

=
Θ

{
12

N
2−

1

M∑i=
1

∆
i (

N
+

1

2
−
r
ik ) }

an
d

recall
from

E
q
u
ation

s
(7,

8)
th

at
∆
i

=
√

λ
c

ρ
(1−

ρ
) v
i .

T
h
en

b
y

su
b
stitu

tion
,

y
M

L
E

k
=

Θ

{
12

N
2−

1 √
λ
c

ρ
(1−

ρ
)

M∑i=
1

v
i (

N
+

1

2
−
r
ik ) }

(20)

w
h
ere

th
e

term
s

p
reced

in
g

th
e

su
m

h
ave

n
o

in
fl
u
en

ce
to

th
e

im
age

of
th

e
argu

m
en

t
u
n
d
er

th
e

u
n
it

step
fu

n
ction

,
an

d
con

seq
u
en

tly
m

ay
b

e
ign

ored
,

w
h
ich

com
p
letes

th
e

p
ro

of.

N
ote

th
at

b
y

ou
r

setu
p
E

[R
i ]

=
(N

+
1)/2,

an
d

also
th

e
ran

k
assign

m
en

t
r
ik

are
k
n
ow

n
.

T
h
erefore,

in
ord

er
to

calcu
late

th
e

m
ax

im
u
m

likelih
o
o
d

estim
ate

asso
ciated

w
ith

each
sam

p
le
k
,
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e

on
ly

n
eed

to
estim

ate
v
i .

F
or

th
at

w
e

w
ill

u
se

th
e

em
p
irical

estim
ate

v̂
i
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p
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v
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e
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b
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w
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p
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∑
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p
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d
efi

n
ed

as

cS
U
M
M
A

k
=
−
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re
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b
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d
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re
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p
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b
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at
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p
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b
b
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p
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b
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p
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ra
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b
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w
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ra
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p
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b
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p
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d
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n
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h
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p
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p
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p
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h
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e
it

is
sh

ow
n

su
p

er
io

r
p
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h
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b
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b
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at
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b
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p
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at
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b
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n
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p
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ra
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b
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p
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p
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a
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m
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n
k
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g
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si
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b
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ed
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r
p

er
fo

rm
an

ce
u
si

n
g

a
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ve
n

m
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n
k
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p
re

d
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ti
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S
U

M
M

A
ca

n
al

so
u
se
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is

m
at

ri
x

to
le

ar
n

an
en

se
m

b
le
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si
fi
er
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er
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an
u
n
se
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m
p
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.
F
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th
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a
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u
m

e
th
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w

e
ar

e
gi

ve
n

a
d
at

as
et
T
∈

Ω
an

d
an

en
se

m
b
le

of
cl
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si

fi
er

s
{g
i}
M i=

1
.

A
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u
al

ly
,

in
th

is
si

tu
at

io
n

th
e

d
at

as
et
T

w
il
l
se

rv
e
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an

u
n
la

b
el

ed
tr

a
in

in
g

se
t

to
tr

ai
n

an
en

se
m

b
le

cl
as

si
fi
er

.
S
u
p
p

os
e

n
ow

w
e

ar
e

gi
ve

n
a

n
ew

in
st

an
ce

(ψ
,y
ψ

)
∈
X
×
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},

w
h
er

e
w

e
w

an
t

to
ge

t
an

es
ti

m
at

e
of

y ψ
.

W
e

ca
n

ac
h
ie

ve
th

is
b
y

ru
n
n
in

g
S
U

M
M

A
on

th
e

co
m

b
in

ed
d
at
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et

of
N

+
1

sa
m

p
le
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A

s
in

th
e

su
p

er
v
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tt
in

g,
th

e
q
u
al
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y

an
d

q
u
an

ti
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th

e
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m
p
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e
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b
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g
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e
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T
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h
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p
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ie

s
ar

e
p
ro

p
o
rt

io
n
a
l

to
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b
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b
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d
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ra
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p
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b
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p
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at
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re

e
cl

a
ss

ifi
er

s
i,
j

an
d
k
,

th
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d
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=
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R
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p
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b
y

b
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p
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n
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∈
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=
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P
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h
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h
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d
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d
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b
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ra
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ra
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ra
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b
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p
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d
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p
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ge.
In

a
th

ird
ap

p
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d
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b
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e
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p
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p
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b
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p
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u
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ü
ff

n
er

,
N

ic
ol

e
M

V
eg

a,
R

ob
er

t
J

P
ri

ll
,
D

io
g
o

M
C

am
ac

h
o,

K
y
le

R
A

ll
is

on
,

A
n
d
re

j
A

d
er

h
ol

d
,

R
ic

h
ar

d
B

on
n
ea

u
,

Y
u
k
u
n

C
h
en

,
et

a
l.

W
is

-
d
om

of
cr

ow
d
s

fo
r

ro
b
u
st

ge
n
e

n
et

w
o
rk

in
fe

re
n
ce

.
N

a
tu

re
m

et
h
od

s,
9(

8)
:7

9
6
,

2
0
1
2
.

C
ar

en
M

ar
zb

an
.

T
h
e

ro
c

cu
rv

e
an

d
th

e
ar

ea
u
n
d
er

it
as

p
er

fo
rm

an
ce

m
ea

su
re

s.
W

ea
th

er
a
n

d
F

o
re

ca
st

in
g,

19
(6

):
11

06
–1

11
4,

20
04

.

S
ér

gi
o

M
or

o,
P

au
lo

C
or

te
z,

an
d

P
au

lo
R

it
a.

A
d
at

a-
d
ri

ve
n

ap
p
ro

ac
h

to
p
re

d
ic

t
th

e
su

cc
es

s
of

b
an

k
te

le
m

ar
ke

ti
n
g.

D
ec

is
io

n
S

u
p
po

rt
S

ys
te

m
s,

62
:2

2–
31

,
20

14
.

K
en

ta
N

ak
ai

an
d

M
in

or
u

K
an

eh
is

a.
E

x
p

er
t

sy
st

em
fo

r
p
re

d
ic

ti
n
g

p
ro

te
in

lo
ca

li
za

ti
o
n

si
te

s
in

gr
am

-n
eg

at
iv

e
b
ac

te
ri

a.
P

ro
te

in
s:

S
tr

u
ct

u
re

,
F

u
n

ct
io

n
,

a
n

d
B

io
in

fo
rm

a
ti

cs
,

1
1
(2

):
95

–1
10

,
19

91
.

A
le

x
an

d
ru

N
ic

u
le

sc
u
-M

iz
il
,

C
la

u
d
ia

P
er

li
ch

,
G

rz
eg

or
z

S
w

ir
sz

cz
,

V
ik

as
S
in

d
h
w

a
n
i,

Y
a
n

L
iu

,
P

re
m

M
el

v
il
le

,
D

on
g

W
an

g,
J
in

g
X

ia
o,

J
ia

n
y
in

g
H

u
,

M
o
n
in

d
er

S
in

gh
,

et
a
l.

W
in

n
in

g
th

e
k
d
d

cu
p

or
an

ge
ch

al
le

n
ge

w
it

h
en

se
m

b
le

se
le

ct
io

n
.

In
P

ro
ce

ed
in

gs
o
f

th
e

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

K
D

D
-C

u
p
,

20
09

.

S
h
m

u
el

N
it

za
n

an
d

J
ac

ob
P

ar
ou

sh
.

O
p
ti

m
al

d
ec

is
io

n
ru

le
s

in
u
n
ce

rt
ai

n
d
ic

h
o
to

m
o
u
s

ch
o
ic

e
si

tu
at

io
n
s.

In
te

rn
a
ti

o
n

a
l

E
co

n
o
m

ic
R

ev
ie

w
,

p
ag

es
2
89

–
29

7,
19

82
.

S
h
m

u
el

N
it

za
n

an
d

A
ri

el
R

u
b
in

st
ei

n
.

A
fu

rt
h
er

ch
ar

ac
te

ri
za

ti
on

of
b

or
d
a

ra
n
k
in

g
m

et
h
o
d
.

P
u

bl
ic

C
h
o
ic

e,
36

(1
):

15
3–

15
8,

19
81

.

T
M

ar
u
th

i
P

ad
m

a
ja

,
N

ar
en

d
ra

D
h
u
li
p
al

la
,
R

a
ju

S
B

ap
i,

an
d

P
R

a
d
h
a

K
ri

sh
n
a
.

U
n
b
a
la

n
ce

d
d
at

a
cl

as
si

fi
ca

ti
on

u
si

n
g

ex
tr

em
e

ou
tl

ie
r

el
im

in
at

io
n

an
d

sa
m

p
li
n
g

te
ch

n
iq

u
es

fo
r

fr
a
u
d

d
et

ec
ti

on
.

In
P

ro
ce

ed
in

gs
o
f

th
e

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
d
va

n
ce

d
C

o
m

p
u

ti
n

g
a
n

d
C

o
m

m
u

n
ic

a
ti

o
n

s,
20

07
.

F
ab

io
P

ar
is

i,
F

ra
n
ce

sc
o

S
tr

in
o,

B
oa

z
N

ad
le

r,
a
n
d

Y
u
va

l
K

lu
ge

r.
R

an
k
in

g
a
n
d

co
m

b
in

in
g

m
u
lt

ip
le

p
re

d
ic

to
rs

w
it

h
ou

t
la

b
el

ed
d
at

a.
P

ro
ce

ed
in

gs
o
f

th
e

N
a
ti

o
n

a
l

A
ca

d
em

y
o
f

S
ci

-
en

ce
s,

11
1(

4)
:1

25
3–

12
58

,
20

14
.

R
ob

er
t

J
P

ri
ll
,

D
an

ie
l

M
ar

b
ac

h
,

J
u
li
o

S
ae

z-
R

o
d
ri

gu
ez

,
P

et
er

K
S
or

ge
r,

L
eo

n
id

a
s

G
A

le
x
-

op
ou

lo
s,

X
ia

ow
ei

X
u
e,

N
ei

l
D

C
la

rk
e,

G
re

go
ir

e
A

lt
an

-B
on

n
et

,
an

d
G

u
st

av
o

S
to

lo
v
it

zk
y.

T
ow

ar
d
s

a
ri

go
ro

u
s

as
se

ss
m

en
t

of
sy

st
em

s
b
io

lo
gy

m
o
d
el

s:
T

h
e

d
re

am
3

ch
a
ll
en

g
es

.
P

lo
S

O
n

e,
5(

2)
:e

92
02

,
20

10
.

J
u
li
o

S
ae

z-
R

o
d
ri

gu
ez

,
J
am

es
C

C
os

te
ll
o,

S
te

p
h
en

H
F

ri
en

d
,

M
ic

h
ae

l
R

K
el

le
n
,

L
a
ra

M
a
n
-

gr
av

it
e,

P
ab

lo
M

ey
er

,
T

h
ea

N
or

m
an

,
an

d
G

u
st

av
o

S
to

lo
v
it

zk
y.

C
ro

w
d
so

u
rc

in
g

b
io

m
ed

ic
al

re
se

ar
ch

:
le

ve
ra

gi
n
g

co
m

m
u
n
it

ie
s

as
in

n
ov

at
io

n
en

gi
n
es

.
N

a
tu

re
R

ev
ie

w
s

G
en

et
ic

s,
1
7
(8

):
47

0,
20

16
.

30
JM

L
R

 2
0(

16
6)

:1
-4

0,
 2

01
9



U
n
su

p
e
r
v
ise

d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
sif

ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

R
o
b

ert
E

S
ch

a
p
ire.

T
h
e

stren
gth

o
f

w
eak

lea
rn

a
b
ility.

M
a
ch

in
e

L
ea

rn
in

g,
5(2):1

97–227,
1
9
9
0
.

A
m

a
rtya

S
en

.
S
o
cial

ch
oice

th
eory.

H
a
n

d
boo

k
o
f

M
a
th

em
a
tica

l
E

co
n

o
m

ics,
3
:1073–1181,

1
9
8
6
.

V
in

cen
t

G
S
ig

illito,
S
im

on
P

W
in

g,
L

arrie
V

H
u
tton

,
an

d
K

ile
B

B
aker.

C
lassifi

ca
tion

of
ra

d
a
r

retu
rn

s
from

th
e

ion
osp

h
ere

u
sin

g
n
eu

ral
n
etw

ork
s.

J
o
h
n

s
H

o
p
kin

s
A

P
L

T
ech

n
ica

l
D

igest,
1
0
(3

):262–266,
1989.

R
io

n
S
n
ow

,
B

ren
d
an

O
’C

on
n
or,

D
an

iel
J
u
rafsk

y,
an

d
A

n
d
rew

Y
N

g.
C

h
ea

p
an

d
fast—

b
u
t

is
it

g
o
o
d
?:

evalu
atin

g
n
on

-ex
p

ert
an

n
otation

s
for

n
atu

ral
lan

gu
age

task
s.

In
P

roceed
in

gs
o
f

th
e

co
n

feren
ce

o
n

em
p
irica

l
m

eth
od

s
in

n
a
tu

ra
l

la
n

gu
a
ge

p
rocessin

g,
p
ages

2
54–263.

A
sso

cia
tio

n
for

C
om

p
u
tation

al
L

in
gu

istics,
2008.

G
u
stavo

S
to

lov
itzk

y,
R

ob
ert

J
P

rill,
an

d
A

n
d
rea

C
alifan

o.
L

esson
s

from
th

e
d
rea

m
2

ch
al-

len
g
es:

a
co

m
m

u
n
ity

eff
ort

to
assess

b
iological

n
etw

ork
in

feren
ce.

A
n

n
a
ls

o
f

th
e

N
ew

Y
o
rk

A
ca

d
em

y
o
f

S
cien

ces,
1158(1):159–195,

2009.

K
a
rth

ik
S
u
b
b
ian

an
d

P
rem

M
elv

ille.
S
u
p

erv
ised

ran
k

aggrega
tion

for
p
red

ictin
g

in
fl
u
en

cers
in

tw
itter.

In
P

roceed
in

gs
o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

P
riva

cy,
S

ecu
rity,

R
isk

a
n

d
T

ru
st,

20
1
1
.

L
ia

n
g

S
u
n
,

T
o
m

on
ori

H
on

d
a,

V
esselin

D
iev

,
G

reg
ory

G
an

carz,
J
eon

g-Y
o
o
n

L
ee,

Y
in

g
L

iu
,

M
o
n
a

M
ah

m
ou

d
i,

R
agh

av
M

ath
u
r,

S
h
ah

in
u
r

R
ah

m
an

,
S
teve

W
ickert,

et
al.

M
a
x
im

ize
a
u
c

in
d
efa

u
lt

p
red

iction
:

M
o
d
elin

g
an

d
b
len

d
in

g
.

J
a
m

es
S
u
row

ieck
i.

T
h
e

w
isd

o
m

o
f

cro
w

d
s.

A
n
ch

or,
2005.

C
h
ih

-F
o
n
g

T
sa

i
an

d
Y

u
-C

h
ieh

H
siao.

C
om

b
in

in
g

m
u
ltip

le
featu

re
selection

m
eth

o
d
s

for
sto

ck
p
red

iction
:

U
n
ion

,
in

tersection
,

an
d

m
u
lti-in

tersection
ap

p
roach

es.
D

ecisio
n

S
u

p
-

po
rt

S
ystem

s,
50(1):258–269,

2010.

L
ieven

V
an

d
en

b
ergh

e
an

d
S
tep

h
en

B
oy

d
.
A

p
p
lication

s
of

sem
id

efi
n
ite

p
rogram

m
in

g.
A

p
p
lied

N
u

m
erica

l
M

a
th

em
a
tics,

29(3):283–299,
1999.

S
ea

n
W

h
alen

a
n
d

G
au

rav
P

an
d
ey.

A
com

p
arative

an
aly

sis
of

en
sem

b
le

classifi
ers:

case
stu

d
ies

in
g
en

om
ics.

In
P

roceed
in

gs
o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

D
a
ta

M
in

in
g,

2
0
1
3
.

D
av

id
H

W
o
lp

ert.
S
tacked

gen
eralization

.
N

eu
ra

l
N

etw
o
rks,

5(2):241
–259,

1992.

D
av

id
H

W
o
lp

ert.
T

h
e

lack
of

a
p
riori

d
istin

ction
s

b
etw

een
learn

in
g

algorith
m

s.
N

eu
ra

l
co

m
p
u

ta
tio

n
,

8(7):1341–1390,
1996.

3
1

JM
L

R
 20(166):1-40, 2019

A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

A
p
p

e
n
d
ix

A
.

D
e
ta

ils
o
f

S
D

P
A

p
p
ro

a
ch

A
.1

.
S

e
m

i-D
e
fi

n
ite

P
ro

g
ra

m
m

in
g

W
e

start
th

is
section

b
y

th
e

follow
in

g
d
efi

n
ition

.

D
e
fi

n
itio

n
9

W
e

sa
y

th
a
t

a
m

a
trix

Q
is

o
ff

-d
ia

go
n

a
l

ra
n

k-o
n

e
if

th
ere

exists
a

vecto
r
q

a
n

d
a

d
ia

go
n

a
l

m
a
trix

D
s.t.

Q
=
qq
T

+
D
.

(28)

In
ord

er
to

sh
ow

th
at

R
is

th
e

u
n
iq

u
e

solu
tion

to
th

e
p
rob

lem
(11),

w
e

p
rove

a
lem

m
a

statin
g

th
at

a
u
n
iq

u
e

solu
tion

of
th

e
p
rob

lem
(11)

ex
ists

for
an

arb
itrary

m
atrix

Q
w

h
ose

off
-d

iagon
al

elem
en

ts
coin

cid
e

w
ith

a
ran

k
on

e
m

atrix
.

T
h
e

ap
p
licatio

n
of

th
is

lem
m

a
w

ith
Q

=
Σ

2
w

ill
th

en
allow

u
s

to
sh

ow
th

e
d
esired

resu
lt.

L
e
m

m
a

1
0

L
et
Q

be
a
n

o
ff

-d
ia

go
n

a
l

ra
n

k-o
n

e
squ

a
re

m
a
trix

o
f

size
M

su
ch

th
a
t

Q
=
qq
T

+
D

0 ,
(29)

fo
r

so
m

e
q∈

R
M

w
ith

M
≥

3,
a
n

d
d
ia

go
n

a
l

m
a
trix

D
0

a
n

d
a
ssu

m
e

th
a
t
q

1 ,q
2 ,q

3 6=
0.

T
h
en

th
e

o
p
tim

iza
tio

n
p
ro

blem

m
in
D

ra
n
k
(Q
−
D

)
s.t.

D
(i,j)

=
0

fo
r

i6=
j,

a
n

d
Q
−
D
�

0,
(30)

h
a
s

th
e

u
n

iqu
e

so
lu

tio
n
D

0 ,
w

ith
Q
−
D

0
=
qq
T

=
(−
q)(−

q)
T

so
th

a
t

w
e

ca
n

reco
ver

q
u

p
to

its
sign

.

P
ro

o
f

L
et
Q

b
e

d
efi

n
ed

as
in

E
q
u
ation

(29)
w

ith
q

1 ,q
2 ,q

3
6=

0
an

d
D

0 .
S
in

ce
Q

(i,j)
=

q
i q
j 6=

0,
it

is
ob

v
iou

s
th

at
for

an
y

d
iagon

al
m

atrix
D

,
Q
−
D
6=

0.
H

en
ce,

ra
n
k
(Q
−
D

)
>

0
for

an
y

d
iagon

al
m

atrix
D

.
M

oreover,
sin

ce
Q
−
D

0
=
qq
T

on
e

solu
tion

of
th

e
op

tim
ization

p
rob

lem
in

E
q
u
ation

(11)
is
D

0 .
N

ex
t,

w
e

sh
ow

th
at
D

0
is

th
e

on
ly

d
iagon

al
m

atrix
th

at
is

a
feasib

le
p

oin
t

of
th

e
op

tim
ization

p
rob

lem
.

S
u
p
p

ose
th

ere
ex

ists
a

d
iagon

al
m

atrix
D
s

su
ch

th
at
D
s 6=

D
0

an
d
ra
n
k
(Q
−
D
s )

=
1.

T
h
en

sin
ce
Q
−
D
s

is
sy

m
m

etric,
th

ere
ex

ists
s
∈
R
M

su
ch

th
at
Q
−
D
s

=
ss
T

an
d
q
6=
s.

S
in

ce
b

oth
D

0
an

d
D
s

are
d
iagon

al
an

d
D
s

+
ss
T

=
Q

=
D

0
+
qq
T

,
th

en
th

e
eq

u
ality

q
i q
j

=
s
i s
j .

(31)

m
u
st

b
e

tru
e

for
all

i6=
j

w
h
ere

i,j∈
{1,2,...,M

}
.

W
ith

ou
t

loss
of

gen
erality

lets
assu

m
e

th
at
q

1 6=
0
>
s

1 6=
0.

E
q
u
ation

(31)
for

(i,j)
=

(1,2)
im

p
lies

th
at

s
2
>

q
2 ,

an
d

for
(i,j)

=
(1,3)

im
p
lies

th
at

s
3
>

q
3 .

U
n
d
er

th
ese

in
eq

u
alities,

w
h
en

(i,j)
=

(2
,3)

w
e

see
th

at
s

2 s
3
>
q

2 q
3 ,

w
h
ich

con
trad

icts
eq

u
atio

n
(31).

T
h
erefore,

q
1

=
s

1
w

h
ich

from
E

q
u
ation

(31)
im

p
lies

th
at

for
all

i,q
i

=
s
i .

T
h
erefore,

D
0

=
D
s

an
d

con
seq

u
en

tly
D

0
is

th
e

u
n
iq

u
e

solu
tion

to
th

e
op

tim
ization

p
rob

lem
giv

en
in

eq
u
ation

(11).

A
s

w
e

d
iscu

ssed
in

th
e

m
ain

tex
t

th
e

op
tim

ization
p
rob

lem
in

(30)
can

b
e

relax
ed

to
th

e
follow

in
g

S
D

P
:m

in
D

‖
Q
−
D
‖∗

s.t.
D

is
d
iagon

al,
an

d
Q
−
D
�

0
.

(32)

32
JM

L
R

 20(166):1-40, 2019



U
n
su

p
e
r
v
is
e
d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
si
f
ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

T
h

e
o
re

m
1
1

S
u

p
po

se
th

a
t
Q

is
a
n
M
×
M

m
a
tr

ix
o
f

th
e

fo
rm

gi
ve

n
in

E
qu

a
ti

o
n

(2
9)

fo
r

so
m

e
q

a
n

d
d
ia

go
n

a
l

m
a
tr

ix
D

0
,

th
en

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

in
E

qu
a
ti

o
n

(3
2)

h
a
s

th
e

u
n

iq
u

e
so

lu
ti

o
n
D

0
,

p
ro

vi
d
ed

th
a
t

q2 i
<
∑ j6=

i

q2 j
,
∀i
∈
{1
,2
,.
..
,M
}.

(3
3)

M
o
re

o
ve

r,
Q
−
D

0
=
qq
T

so
th

a
t

w
e

ca
n

re
co

ve
r
q

u
p

to
it

s
si

gn
.

P
ro

o
f

L
et
D

b
e

an
ar

b
it

ra
ry

d
ia

go
n
al

m
at

ri
x

su
ch

th
at
Q
−
D

is
a

P
S
D

(P
os

it
iv

e
S
em

id
ef

-
in

it
e)

m
at

ri
x
.

T
h
en

th
e

ei
ge

n
va

lu
es

of
Q
−
D

ar
e

n
on

-n
eg

at
iv

e
an

d
eq

u
al

to
th

e
si

n
gu

la
r

va
lu

es
of
Q
−
D

.
C

om
b
in

ed
w

it
h

th
e

fa
ct

th
at

th
e

tr
ac

e
of

a
m

at
ri

x
is

eq
u
al

to
th

e
su

m
of

it
s

ei
ge

n
va

lu
es

,
w

e
k
n
ow

th
e

fo
ll
ow

in
g:

‖Q
−
D
‖ ∗

=
T
r(
Q
−
D

).

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
le

ts
as

su
m

e
th

at
th

e
d
ia

go
n
al

en
tr

ie
s

of
Q

ar
e

eq
u
al

to
0,

th
at

is
Q

=
qq
T
−
d
ia
g
(q
qT

).
In

th
is

ca
se

,
n
ot

e
th

at
D

0
=
−
d
ia
g
(q
qT

)
is

a
fe

as
ib

le
so

lu
ti

o
n

fo
r

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

E
q
u
at

io
n

(1
3)

.
N

ex
t

le
t
D

b
e

an
ar

b
it

ra
ry

so
lu

ti
on

an
d

si
n
ce

Q
−
D

is
P

S
D

,
D
ii
≤

0
fo

r
al

l
i.

S
u
p
p

os
e

fo
r

so
m

e
i

w
e

h
av

e
D
ii
>
−
q2 i

an
d

fo
r

al
l
j
6=
i

w
e

h
av

e
D
jj
≥
−
q2 j

.
F

or
j
6=
i,

co
n
si

d
er

th
e

fo
ll
ow

in
g

su
b
-m

at
ri

x
of
Q
−
D

,

(Q
−
D

)i
j

=

[ −
D
ii

q i
q j

q i
q j

−
D
jj

] .

S
in

ce
d
et

((
Q
−
D

)i
j
)

=
D
ii
D
jj
−
q2 i
q2 j
<

0,
th

e
su

b
m

at
ri

x
(Q
−
D

)i
j

of
Q
−
D

is
n
eg

at
iv

e
d
efi

n
it

e
w

h
ic

h
co

n
tr

ad
ic

ts
th

e
fa

ct
th

at
Q
−
D

is
P

S
D

.
T

h
er

ef
or

e,
co

m
b
in

ed
w

it
h

th
e

fa
ct

th
at
D
ii
≤

0
fo

r
ea

ch
i,

th
is

im
p
li
es

th
at

in
or

d
er

fo
r

a
d
ia

go
n
al

m
at

ri
x
D

to
b

e
a

fe
as

ib
le

p
oi

n
t

fo
r

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
(1

3)

1.
E

it
h
er

fo
r

al
l
i,

w
e

h
av

e
D
ii
≤
−
q2 i

2.
O

r
th

er
e

ex
is

t
i

su
ch

th
at
D
ii
>
−
q2 i

,
an

d
∀j
6=
i
D
jj
≤
−
q2 j

.

S
u
p
p

os
e
D

is
a

fe
as

ib
le

p
oi

n
t

th
at

sa
ti

sfi
es

co
n
d
it

io
n

1,
th

en
T
r(
Q
−
D

)
≥
T
r(
Q

+
d
ia
g
(q
qt

))
fo

r
ev

er
y

fe
as

ib
le
D

.
H

en
ce

,
D

0
=
−
d
ia
g
(q
qt

)
re

m
ai

n
s

to
b

e
th

e
u
n
iq

u
e

so
lu

ti
on

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

N
ow

su
p
p

os
e

th
er

e
ex

is
ts

a
fe

as
ib

le
p

oi
n
t
D

su
ch

th
at

co
n
d
it

io
n

2
of

ab
ov

e
is

sa
ti

sfi
ed

.
T

h
en

W
L

O
as

su
m

e
th

at
D

1
1
>
−
q2 1

an
d
D
jj
≤
−
q2 i

fo
r
j
≥

2.
N

ex
t,

fo
r

ea
ch

j
≥

2
co

n
si

d
er

th
e

fo
ll
ow

in
g

su
b
m

at
ri

x
:

(Q
−
D

)1
j

=

[ −
D

1
1

q 1
q j

q 1
q j

−
D
jj

] .

In
or

d
er

fo
r
Q
−
D

to
b

e
P

S
D

,
w

e
sh

ou
ld

h
av

e
d
et

((
Q
−
D

)1
j
)

=
D

1
1
D
jj
−
q2 1
q2 j
>

0,
w

h
ic

h
in

tu
rn

im
p
li
es

th
at

D
jj
<
q2 1
q2 j

D
1
1
.

(3
4)

3
3

JM
L

R
 2

0(
16

6)
:1

-4
0,

 2
01

9

A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

U
si

n
g

E
q
u
at

io
n

(3
4)

,
w

e
ob

se
rv

e
th

at

‖Q
−
D
‖ ∗

=
T
r(
Q
−
D

)
=
−
D

1
1
−
∑ j>

1

D
jj

>
−
D

1
1

+
∑ j>

1

−
q2 1
q2 j

D
1
1
,

(3
5
)

w
h
er

e
E

q
u
at

io
n

(3
5)

co
m

es
fr

om
E

q
u
at

io
n

(3
4)

.
N

ow
fr

om
th

e
as

su
m

p
ti

o
n

th
a
t
q2 1

<
∑

j>
1
q2 j

,
w

e
h
av

e
D

1
1
>
−
q2 1
>
−
q 1
√
∑

j>
1
q2 j

,
an

d
fo

r
an

y
D

1
1
∈

[−
q2 1
,0

]

‖Q
−
D
‖ ∗

<
−
D

1
1
−
∑ j>

1

q2 1
q2 j

D
1
1
>
−
q2 1
−
∑ j>

1

q2 j
=
∥ ∥ Q

+
d
ia
g
(q
qt

)∥ ∥
∗
.

(3
6
)

A
ge

n
er

al
iz

at
io

n
of

th
e

ab
ov

e
ar

gu
m

en
t

im
p
li
es

th
at

if
fo

r
ea

ch
i,
q2 i

<
√
∑

j6=
i
q2 j

,
th

en

‖Q
−
D
‖ ∗

>
∥ ∥ Q

+
d
ia
g
(q
qt

)∥ ∥
∗

so
th

at
D

0
=
−
d
ia
g
(q
qt

)
th

e
u
n
iq

u
e

so
lu

ti
o
n

to
th

e
o
p
ti

-
m

iz
at

io
n

p
ro

b
le

m
(1

3)
.

O
u
r

n
ex

t
re

su
lt

sh
ow

s
th

at
th

e
so

lu
ti

on
s

of
(3

0)
an

d
(3

2)
co

in
ci

d
e.

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

T
h
e
o
re

m
2

P
ro

o
f

F
or

si
m

p
li
ci

ty
,

w
e

d
en

ot
e

th
e

se
t

of
M

cl
as

si
fi
er

s
{g

1
,·
··
,g
M
}a

s
{1
,.
..
,M
}a

n
d

p
ro

-
ce

ed
b
y

in
d
u
ct

io
n

on
n

.
N

ot
e

th
at

d
u
e

to
ou

r
p
ro

b
le

m
se

tu
p

fo
r

ea
ch
i,

w
e

h
av

e
E[
R
i]
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d
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b
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e
n
th
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d
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d
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b
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=
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−
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−
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=
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=
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=
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=
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=
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=
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=
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d
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b
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=
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=
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=
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=
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=
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b
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∆
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at
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b
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d
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−
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−
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−
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P
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=
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e
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∆
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∆
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=
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∆
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con
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p
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=
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∆
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∆
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p
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∆
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∆
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N
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m
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p
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cla
im

1
a
n
d

2
,

w
e

o
b
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eq
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E
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n
]
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n |y

=
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n |y
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0](1−

ρ
)

=
(ρ

(ρ−
1)
l
+

(1−
ρ
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∆
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=
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∆
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p
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p
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sists
of

35
JM

L
R

 20(166):1-40, 2019

A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

p
oin

ts
rep

resen
tin

g
th

e
F

alse
P
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P
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b
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R

0
:=

0
an

d
T
P
R

0
:=

0.
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P
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=
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P
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P
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0 .
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b
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A
U
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T
P

R
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P
R
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F

P
R
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N
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[R̂
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N
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∆̂
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∆̂
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∑
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∑
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∑
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∑
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b
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(44)
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3),
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ob
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A
U
C
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∆̂
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∆̂
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p
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P
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b
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b
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at
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ra
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∑
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ra
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m
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p
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ra
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b
y

th
e

cl
as

s
la

b
el

re
co

ve
rs

ou
r

em
p
ir

ic
al

es
ti

m
at

e
of

∆
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m
ax

im
u
m

en
tr

op
y

cr
it

er
io

n
sa

ti
sfi

ed
w

h
en

th
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at
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at
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.
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e

co
n
st

a
n
t
Z

,
w

h
ic

h
sa

ti
sfi

es
th

e
n
or

m
al

iz
at

io
n

co
n
st

ra
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+
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.

N
ex

t,
w

e
so

lv
e

fo
r

th
e

re
m

ai
n
in

g
L

ag
ra

n
ge

m
u
lt

ip
li
er

s
b
y

su
b
st

it
u
ti

n
g

E
q
u
a
ti

on
(4

7)
in

to
E

q
u
at

io
n
s

(4
6b

,
46

c)
.

E
ac

h
of
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+
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p
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p
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at
e

th
e

d
is

-
tr

ib
u
ti

on
P
i(
y k

=
1|
r i
k
)

b
y

it
s

T
ay

lo
r

se
ri

es
in
λ
i1

an
d
λ
i2

ab
ou

t
th

ei
r

re
sp

ec
ti

ve
va

lu
es

,
λ
∗ 1

an
d
λ
∗ 2
,

re
p
re

se
n
ta

ti
ve

of
an

u
n
in

fo
rm

at
iv

e
cl

as
si

fi
er

.
C

on
si

d
er

an
u
n
in

fo
rm

at
iv

e
cl

as
si

fi
er

as
on

e
th

at
a
ss

ig
n
s

ea
ch

sa
m

p
le

a
ra

n
k

w
it

h
ou

t
re

ga
rd

to
it

s
tr

u
e

cl
as

s
la

b
el

.
T

h
at

is
,

it
as

si
gn

s
th

e
N

1
p

o
si

ti
ve

sa
m

p
le

s
an

d
th

e
N

0

n
eg

at
iv

e
sa

m
p
le

s
to

b
e

cl
as

si
fi
ed

,
ra

n
d
om

ra
n
k
s

b
et

w
ee

n
1

an
d
N

.
A

s
th

e
p
ro

b
ab

il
it

y
of

su
ch

cl
as

si
fi
er

to
lo

ca
te

a
p

os
it

iv
e

cl
as

s
sa

m
p
le

s
at

ra
n
k
r

is
in

d
ep

en
d
en

t
of

ra
n
k
,
th

en
λ
∗ 2

=
0

an
d

gi
ve

n
th

at
th

er
e

ar
e
N

1
=
ρ
N

p
os

it
iv

e
cl

as
s

it
em

s
in

th
e

sa
m

p
le

,
λ
∗ 1

=
lo

g
((

1
−
ρ
)/
ρ
),

w
h
er

e
th

e
as

te
ri

sk
ex

p
li
ci

tl
y

in
d
ic

at
es

th
at

th
e

p
ar

am
et

er
s

ar
e

th
os

e
of

th
e

u
n
in

fo
rm

at
iv

e
cl

as
si

fi
er

.
F

or
cl

ar
it

y
in

ex
p

os
it

io
n
,

w
e

w
il
l

ex
p
li
ci

tl
y

in
cl

u
d
e

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
in

th
e

n
ot

at
io

n
of

th
e

p
ro

b
ab

il
it

y
of

th
e

cl
as

s
of

an
it

em
at

a
gi

ve
n

ra
n
k

as
P
i(
y k
|r i
k
,λ

i1
,λ

i2
);
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A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

th
en

b
y

su
b
st

it
u
ti

n
g

th
es

e
p
ar

am
et

er
s

in
to

th
e

m
ax

im
u
m

en
tr

op
y

d
is

tr
ib

u
ti

o
n

w
e

se
e

th
at

th
e

u
n
in

fo
rm

at
iv

e
cl

as
si

fi
er

,

P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
)

=
( 1

+
eλ

∗ 1
+
λ
∗ 2
r i
k

) −
1

=
ρ
.

T
h
e

T
ay

lo
r

se
ri

es
of
P
i(
y k

=
1
|r i
k
,λ

i1
,λ

i2
)

ab
ou

t
th

e
u
n
in

fo
rm

a
ti

ve
cl

as
si

fi
er

a
m

o
u
n
ts

to
ex

p
an

d
in

g
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)

in
λ
i1

an
d
λ
i2

a
b

ou
t
λ
∗ 1

an
d
λ
∗ 2
.

W
e

a
ss

u
m

e
th

a
t

al
l

co
n
si

d
er

ed
cl

as
si

fi
er

s
ar

e
w

ea
k
ly

p
re

d
ic

ti
v
e,

so
th

a
t

th
e

te
rm

s
of

or
d
er

tw
o

a
n
d

h
ig

h
er

n
eg

li
gi

b
ly

co
n
tr

ib
u
te

th
e

ap
p
ro

x
im

a
te

d
fu

n
ct

io
n
.

T
h
en

th
e

T
ay

lo
r

se
ri

es
to

fi
rs

t
o
rd

er
is

,

P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)
≈
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
)

+
∂
λ
i1
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

δλ
i1

+
∂
λ
i2
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

λ
i2

(4
8
)

w
it

h
∂
λ
i1

an
d
∂
λ
i2

b
ei

n
g

th
e

p
ar

ti
al

d
er

iv
at

iv
es

∂
∂
λ
i1

an
d

∂
∂
λ
i2

,
an

d
δλ

i1
=
λ
i1
−

lo
g
((

1
−
ρ
)/
ρ
).

T
h
e

p
ar

ti
al

d
er

iv
at

iv
es

ar
e

as
fo

ll
ow

s,

∂
λ
i1
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

=
−
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
)

(1
−
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
))
,

∂
λ
i2
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

=
−
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
)

(1
−
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
))
r i
k
,

an
d

re
ca

ll
in

g
th

at
P
∗(
y k

=
1|
r i
k
,λ
∗ 1
,λ
∗ 2
)

=
ρ
,

th
en

∂
λ
i1
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

=
−
ρ
(1
−
ρ
),

(4
9
)

∂
λ
i2
P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)∣ ∣ ∣ ∣ λ

∗ 1
,λ

∗ 2

=
−
ρ
(1
−
ρ
)r
ik
.

(5
0
)

B
y

su
b
st

it
u
ti

n
g

E
q
u
at

io
n

(4
9)

an
d

(5
0)

in
to

th
e

tr
u
n
ca

te
d

T
ay

lo
r

se
ri

es
of

E
q
u
a
ti

o
n

(4
8
),

P
i(
y k

=
1|
r i
k
,λ

i1
,λ

i2
)
≈
ρ
−
ρ
(1
−
ρ
)δ
λ
i1
−
ρ
(1
−
ρ
)r
ik
λ
i2
.

(5
1
)

T
h
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
(λ
i1

,
λ
i2

)
ar

e
th

en
so

lv
ed

fo
r

b
y

su
b
st

it
u
ti

n
g

E
q
u
a
ti

o
n

(5
1
)

in
to

th
e

eq
u
at

io
n
s

of
co

n
st

ra
in

t
w

ri
tt

en
in

E
q
u
at

io
n
s

(4
6b

)
an

d
(4

6c
).

A
p

p
li
c
a
ti

o
n

o
f

a
p

p
ro

x
im

a
te

d
is

tr
ib

u
ti

o
n

to
Λ

1

A
p
p
li
ca

ti
on

of
E

q
u
at

io
n

(5
1)

to
th

e
eq

u
at

io
n

of
co

n
st

ra
in

t
of

E
q
u
at

io
n

(4
6b

),

Λ
1

=
N
ρ
−

N ∑ k
=

1

ρ
−
ρ
(1
−
ρ
)δ
λ
i1
−
ρ
(1
−
ρ
)r
ik
λ
i2

=
N
ρ
−
N
ρ

+
N
ρ
(1
−
ρ
)δ
λ
i1

+
N
ρ
(1
−
ρ
)
E[
R
i]
λ
i2
,
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U
n
su

p
e
r
v
ise

d
E
v
a
l
u
a
t
io
n
a
n
d
W

e
ig
h
t
e
d
A
g
g
r
e
g
a
t
io
n
o
f
R
a
n
k
e
d
C
l
a
sif

ic
a
t
io
n
P
r
e
d
ic
t
io
n
s

w
h
ere

E
[R

i ]
=

1N

∑
Nk
=

1
r
ik

=
(N

+
1)/

2.
B

y
d
efi

n
itio

n
Λ

1
=

0,
resu

ltin
g

in

δλ
i1

=
−
E

[R
i ]λ

i2 .
(52)

A
p

p
lic

a
tio

n
o
f

a
p

p
ro

x
im

a
te

d
istrib

u
tio

n
to

Λ
2

S
im

ila
rly,

fo
r

th
e

con
strain

t
in

E
q
u
ation

(46c),

Λ
2

=
N
ρ (E

[R
i ]−

(1−
ρ
)∆

i )−
N
∑k

=
1

ρ
r
ik −

ρ
(1−

ρ
)r
ik δλ

i1 −
ρ
(1−

ρ
)r

2ik λ
i2

=
N
ρ (E

[R
i ]−

(1−
ρ
)∆

i )−
N
ρ
E

[R
i ]+

N
ρ
(1−

ρ
)E

[R
i ]δλ

i1
+
N
ρ
(1−

ρ
)E

[R
2i ]λ

i2 ,

=
−
N
ρ
(1−

ρ
) [∆

i −
E

[R
i ]δλ

i1 −
E

[R
2i ]λ

i2 ]
,

w
h
ere

E
[R

2i ]
=

1N

∑
Nk
=

1
r

2ik .
B

y
d
efi

n
ition

Λ
2

=
0,

resu
ltin

g
in

∆
i

=
E

[R
i ]δλ

i1
+

E
[R

2i ]λ
i2 .

(53)

D
e
te

rm
in

in
g
λ
i1 ,

λ
i2 ,

a
n

d
th

e
a
p

p
ro

x
im

a
te

m
a
x
im

u
m

e
n
tro

p
y

d
istrib

u
tio

n

W
e

fi
rst

d
eterm

in
e
λ
i2

b
y

su
b
stitu

tin
g
δλ

i1
from

E
q
u
ation

(52
)

in
to

E
q
u
ation

(53),

∆
i

=
(−

E
[R

i ] 2
+

E
[R

2i ] )
λ
i2

=⇒
λ
i2

=
∆
i

σ
2

(54)

w
h
ere

σ
2

=
E

[R
2i ]−

E
[R

i ] 2
is

sim
p
ly

th
e

varian
ce

of
a

u
n
ifo

rm
d
iscrete

ran
d
om

va
riab

le
b

etw
een

1
a
n
d
N

.
T

h
en

,
b
y

su
b
stitu

tin
g

E
q
u
ation

(54)
in

to
E

q
u
a
tion

(52),

λ
i1

=
log (

1−
ρ

ρ

)
−

∆
i

σ
2
E

[R
i ]

(55)

W
ith

th
ese

ex
p
ression

s
for

λ
i1

an
d
λ
i2 ,

settin
g
σ

2
=

(N
2−

1
)/12,

an
d

settin
g
E

[R
i ]

=
(N

+
1
)/

2
th

e
fi
rst

ord
er

ap
p
rox

im
ation

of
th

e
m

a
x
im

u
m

en
trop

y
d
istrib

u
tion

arou
n
d

an
u
n
in

fo
rm

a
tive

classifi
er

is,

P
i (y

k
=

1|r
ik )

=

(
1

+
e

lo
g (

1−
ρ
ρ

)
+

1
2
∆
i

N
2−

1 (
r
ik −

N
+

1
2

) )
−

1

.

T
h
e

p
ro

o
f

is
com

p
leted

b
y

su
b
stitu

tin
g
N

1 /N
for

ρ
,

in
w

h
ich

(1−
ρ
)/ρ

=
(N
−
N

1 )/N
1 .
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A
h
se

n
,
V
o
g
e
l
,
a
n
d

S
t
o
l
o
v
it
z
k
y

A
p
p

e
n
d
ix

E
.

D
e
scrip

tio
n

o
f

U
C

I
D

a
ta

se
ts

W
e

u
sed

th
e

follow
in

g
fi
ve

U
C

I
D

atasets
in

th
is

m
an

u
scrip

t:
B

an
k

M
arketin

g,
Ion

osp
h
ere,

M
am

m
ograp

h
ic

M
ass,

P
ark

in
son

s
an

d
Y

east
d
atasets.

W
e

n
ex

t
b
riefl

y
d
escrib

e
th

ese
d
atasets.

B
a
n

k
M

a
rk

e
tin

g
(M

o
ro

e
t

a
l.,

2
0
1
4
):

T
h
is

d
ata

aim
s

to
p
red

ict
w

h
eth

er
a

clien
t

w
ou

ld
su

b
scrib

e
to

a
p
ro

d
u
ct

(b
an

k
term

d
ep

osit)
or

n
ot

(’n
o’)

b
ased

on
a

m
arketin

g
su

rvey
con

d
u
cted

u
sin

g
p
h
on

e
calls.

T
h
e

d
ata

h
as

20
featu

res
in

clu
d
in

g
age,job

,m
arital

statu
s,

an
d

ed
u
cation

.
Io

n
o
sp

h
e
re

(S
ig

illito
e
t

a
l.,

1
9
8
9
):

T
h
is

is
a

rad
ar

d
ataset

th
at

w
as

collected
b
y

a
sy

stem
in

G
o
ose

B
ay,

L
ab

rad
or.

T
h
is

sy
stem

con
sists

of
a

p
h
ased

array
of

16
h
igh

-freq
u
en

cy
an

ten
n
as

w
ith

a
total

tran
sm

itted
p

ow
er

on
th

e
ord

er
of

6.4
k
ilow

atts.
T

h
e

targets
w

ere
free

electron
s

in
th

e
ion

osp
h
ere.

”G
o
o
d
”

rad
ar

retu
rn

s
are

th
ose

sh
ow

in
g

ev
id

en
ce

o
f

som
e

ty
p

e
of

stru
ctu

re
in

th
e

ion
osp

h
ere

an
d

”B
ad

”
retu

rn
s

are
th

ose
th

at
d
o

n
ot;

th
eir

sign
als

p
ass

th
rou

gh
th

e
ion

osp
h
ere.

M
a
m

m
o
g
ra

p
h

ic
M

a
sse

s
(E

lte
r

e
t

a
l.,

2
0
0
7
):

T
h
is

d
ata

set
is

u
sed

to
p
red

ict
th

e
severity

(b
en

ign
or

m
align

an
t)

of
a

m
am

m
ograp

h
ic

m
ass

lesion
from

B
I-R

A
D

S
attrib

u
tes

an
d

th
e

p
a
tien

t’s
a
ge.

It
con

tain
s

a
B

I-R
A

D
S

assessm
en

t,
th

e
p
atien

t’s
age

an
d

th
ree

B
I-R

A
D

S
attrib

u
tes

togeth
er

w
ith

th
e

grou
n
d

tru
th

(th
e

severity
fi
eld

)
for

516
b

en
ign

an
d

445
m

align
an

t
m

asses
th

at
h
ave

b
een

id
en

tifi
ed

on
fu

ll
fi
eld

d
igital

m
am

m
ogram

s
collected

at
th

e
In

stitu
te

of
R

ad
iology

of
th

e
U

n
iv

ersity
E

rlan
gen

-N
u
rem

b
erg

b
etw

een
2003

an
d

2006.
P

a
rk

in
so

n
s

(L
ittle

e
t

a
l.,

2
0
0
7
):

T
h
is

d
ataset

is
com

p
osed

of
a

ran
ge

of
b
iom

ed
ical

voice
m

easu
rem

en
ts

from
31

p
eop

le,
23

w
ith

P
ark

in
son

’s
d
isease

(P
D

).
E

ach
featu

re
corresp

on
d
s

to
a

p
articu

lar
voice

m
easu

re,
an

d
each

sam
p
le

corresp
on

d
s

to
on

e
of

195
voice

record
in

g
from

th
ese

in
d
iv

id
u
als

(”n
am

e”
colu

m
n
).

T
h
e

m
a
in

aim
of

th
e

d
ata

is
to

d
iscrim

in
a
te

h
ealth

y
p

eop
le

from
th

ose
w

ith
P

D
,

accord
in

g
to

”statu
s”

colu
m

n
w

h
ich

is
set

to
0

for
h
ealth

y
an

d
1

for
P

D
.

Y
e
a
st

(N
a
k
a
i

a
n

d
K

a
n

e
h

isa
,

1
9
9
1
):

T
h
e

ob
jective

of
th

is
d
ata

is
to

u
se

9
d
escrip

tors
to

p
red

ict
th

e
lo

caliza
tion

s
(called

cellu
lar

com
p

on
en

ts)
of

p
rotein

s
in

a
yeast’

s
cell.
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J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-4

6
S

u
b

m
it

te
d

2
/
1
8
;

P
u

b
li

sh
ed

1
0
/
1
9

S
to

ch
a
st

ic
C

a
n
o
n
ic

a
l

C
o
rr

e
la

ti
o
n

A
n
a
ly

si
s

C
h

a
o

G
a
o

c
h
a
o
g
a
o
@
g
a
lt

o
n
.u
c
h
ic
a
g
o
.e
d
u

U
n

iv
er

si
ty

o
f

C
h
ic

a
go

C
h
ic

a
go

,
IL

6
0
6
3
7
,

U
S

A

D
a
n
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m
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d
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p
rop

osed
b
y

A
rora

et
al.

(2
012).

N
o
ta

tio
n

W
e

u
se
σ
i (A

)
to

d
en

ote
th

e
i-th

largest
sin

gu
lar

valu
e

of
a

m
atrix

A
,
an

d
u
se

σ
m

a
x (A

)
an

d
σ

m
in (A

)
to

d
en

ote
th

e
largest

an
d

sm
allest

sin
gu

lar
valu

es
o
f

A
resp

ectively.
W

e
u
se‖·‖

to
d
en

ote
th

e
sp

ectral
n
orm

of
a

m
atrix

or
th

e
`
2 -n

orm
of

a
vector.

F
or

a
p

o
sitive

d
efi

n
ite

m
a
trix

M
,
th

e
vector

n
orm
‖·‖

M
is

d
efi

n
ed

as‖w
‖

M
=
√

w
>

M
w

for
an

y
w

.
W

e
u
se

C
a
n
d
C
′

to
d
en

ote
u
n
iversal

con
stan

ts
th

at
are

in
d
ep

en
d
en

t
of

p
rob

lem
p
aram

eters,
an

d
th

eir
sp

ecifi
c

valu
es

m
ay

vary
am

on
g

ap
p

earan
ces.

W
e

h
id

e
p

oly
-logarith

m
ic

d
ep

en
d
en

cies
in

th
e

n
o
ta

tio
n
Õ

(·).

2
.

P
ro

b
le

m
se

tu
p

A
ssu

m
p

tio
n

s
W

e
assu

m
e

th
e

follow
in

g
p
ro

p
erties

of
th

e
in

p
u
t

ran
d
om

variab
les.

1
.

B
o
u

n
d

e
d

c
o
v
a
ria

n
c
e
s:

E
igen

valu
es

of
p

op
u
lation

au
to-covarian

ce
m

atrices
are

b
ou

n
d
ed

: 2

m
ax

(‖
E
x
x ‖
,‖

E
y
y ‖)≤

1
,

γ
:=

m
in

(σ
m

in (E
x
x ),σ

m
in (E

y
y ))

>
0.

H
en

ce
E
x
x

an
d

E
y
y

are
in

vertib
le

w
ith

con
d
ition

n
u
m

b
ers

b
ou

n
d
ed

b
y

1
/γ

.

2
.

S
in

g
u

la
r

v
a
lu

e
g
a
p

:
F

or
th

e
p
u
rp

ose
of

learn
in

g
th

e
can

on
ical

d
irection

s
(u
∗,v
∗),

w
e

a
ssu

m
e

th
at

th
ere

ex
ists

a
p

ositive
sin

gu
lar

valu
e

gap
∆

:=
σ

1 (T
)−

σ
2 (T

)∈
(0,1

),
su

ch
th

a
t

th
e

top
left-

an
d

righ
t-sin

gu
lar

v
ector

p
air

of
T

is
u
n
iq

u
ely

d
efi

n
ed

.

D
istrib

u
tio

n
c
la

sse
s

In
th

is
p
ap

er,
w

e
an

aly
ze

th
ree

in
p
u
t

d
istrib

u
tion

classes
com

m
on

ly
u
sed

in
th

e
statistics

an
d

m
ach

in
e

learn
in

g
literatu

re.
L

et

z
=

[
E
x
x

E
x
y

E
>x
y

E
y
y

]−
12· [

xy

]
∈
R
d,

(5)

2
.
C
C
A

is
in
va
ria

n
t
to

lin
ea
r
tra

n
sfo

rm
a
tio

n
s
o
f
th
e
in
p
u
ts,

so
w
e
co
u
ld

a
lw
ay

s
resca

le
th
e
d
a
ta
.
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G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

th
e

d
istrib

u
tion

classes
are

d
efi

n
ed

w
ith

(x
,y
,z

)
as

follow
s.

•
(S

u
b

-G
a
u

ssia
n

)
L

et
z

b
e

isotrop
ic

an
d

su
b
-G

au
ssian

,
th

at
is,E

[z
z > ]

=
I

an
d

th
ere

ex
ists

con
stan

t
C
>

0
su

ch
th

at
P
( ∣∣q
>

z ∣∣
>
t )≤

ex
p
(−
C
t 2)

for
an

y
u
n
it

v
ector

q
.

•
(R

e
g
u

la
r

p
o
ly

n
o
m

ia
l-ta

il,
S

riv
a
sta

v
a

a
n

d
V

e
rsh

y
n

in
,

2
0
1
3
)

L
et

z
b

e
isotrop

ic
an

d
regu

lar
p

oly
n
om

ial-tail,
th

at
is,E

[z
z > ]

=
I

an
d

th
ere

ex
ist

con
stan

ts
r
>

1,C
>

0

su
ch

th
at

P
(‖V

z‖
2
>
t )
≤
C
t −

1−
r

for
an

y
orth

o
gon

al
p
ro

jection
V

in
R
d

an
d

an
y

t
>
C
·
ran

k
(V

).
N

ote
th

at
th

is
class

is
gen

eral
an

d
on

ly
im

p
lies

th
e

ex
isten

ce
of

a
(4

+
δ)-m

om
en

t
con

d
ition

for
som

e
δ
>

0.

•
(B

o
u

n
d

e
d

)
L

et
x

an
d

y
b

e
b

ou
n
d
ed

an
d

in
p
articu

la
r

su
p (‖x‖

2
,‖y‖

2 )
≤

1
(w

h
ich

im
p
lies

m
ax

(‖E
x
x ‖
,‖

E
y
y ‖

)≤
1

as
in

A
ssu

m
p
tion

1).

A
s

sh
ow

n
later,

th
ese

classes
satisfy

th
e

sam
e

con
cen

tration
p
rop

erty,
allow

in
g

u
s

to
stu

d
y

th
em

(an
d

p
oten

tially
oth

er
d
istrib

u
tion

s)
in

a
u
n
ifi

ed
fram

ew
ork

.

M
e
a
su

re
o
f

e
rro

r
F

or
an

estim
ate

(u
,v

)
o
f

th
e

op
tim

al
solu

tion
to

(2),
w

h
ich

n
eed

n
ot

b
e

correctly
n
orm

alized
(i.e.,

th
ey

m
ay

n
ot

satisfy
th

e
con

strain
ts

of
(2)),

w
e

can

alw
ay

s
d
efi

n
e

( u
,v

)
:=

(
u

‖
E

12xx
u‖ ,

v

‖
E

12yy
v‖ )

a
s

th
e

correctly
n
orm

alized
version

.
A

n
d

w
e

can
m

easu
re

th
e

q
u
ality

of
th

ese
d
irection

s
b
y

th
e

alig
n
m

en
t

(cosin
e

of
th

e
an

gle)
b

etw
een

(
1√2 [

E
12xx u

E
12yy v

]
,

1√2 [
E

12xx u
∗

E
12yy v
∗

])
,

or
th

e
su

m
of

a
lign

m
en

t
b

etw
een

(
E

12xx u
,
E

12xx u
∗ )

an
d

align
m

en
t

b
etw

een

(
E

12yy v
,
E

12yy v
∗ )

(all
vectors

h
ave

u
n
it

len
gth

):

align
((u

,v
);(u

∗,v
∗))

:=
12


u
>

E
x
x u
∗

‖E
12xx u‖

+
v
>

E
y
y v
∗

‖
E

12yy v‖


.

T
h
is

m
easu

re
of

align
m

en
t

is
in

varian
t

to
th

e
len

g
th

s
of

u
an

d
v

,
an

d
ach

ieves
th

e
m

ax
im

u
m

of
1

if
(u
,v

)
lie

in
th

e
sam

e
d
irection

as
(u
∗,v
∗).

In
tu

itively,
th

is
m

easu
re

resp
ects

th
e

geom
etry

im
p

osed
b
y

th
e

C
C

A
con

strain
ts

th
at

th
e

p
ro

jection
s

of
each

v
iew

h
ave

u
n
it

len
gth

.
A

s
w

e
w

ill
sh

ow
later,

th
is

m
easu

re
is

also
closely

related
to

th
e

learn
in

g
g
u
aran

tee
w

e
can

ach
iev

e
w

ith
p

ow
er

iteration
s.

M
oreover,

h
igh

align
m

en
t

im
p
lies

accu
rate

estim
ate

of
th

e
can

on
ical

correlation
.

L
e
m

m
a

1
L

et
η
∈

(0,1).
If

a
lign

((u
,v

);(u
∗,v
∗))≥

1−
η8

,
th

en

u
>

E
x
y v

√
u
>

E
x
x u √

v
>

E
y
y v
≥
ρ

1 (1−
η
).

A
ll

p
ro

ofs
are

d
eferred

to
th

e
ap

p
en

d
ix

.
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

si
s

3
.

T
h
e

sa
m

p
le

co
m

p
le

x
it

y
o
f

E
R

M

O
n
e

ap
p
ro

ac
h

to
ad

d
re

ss
th

is
p
ro

b
le

m
is

em
p
ir

ic
al

ri
sk

m
in

iz
at

io
n

(E
R

M
):

W
e

d
ra

w
N

sa
m

p
le

s
{(

x
i,

y
i)
}N i=

1
fr

om
P

(x
,y

)
an

d
so

lv
e

th
e

em
p
ir

ic
al

ve
rs

io
n

of
(2

):

m
ax

u
,v

u
>

Σ
x
y
v

s.
t.

u
>

Σ
x
x
u

=
v
>

Σ
y
y
v

=
1

(6
)

w
h
er

e
th

e
em

p
ir

ic
al

co
va

ri
an

ce
m

at
ri

ce
s

ar
e

d
efi

n
ed

as

Σ
x
y

=
1 N

N ∑ i=
1

x
iy
> i
,

Σ
x
x

=
1 N

N ∑ i=
1

x
ix
> i
,

Σ
y
y

=
1 N

N ∑ i=
1

y
iy
> i
.

(7
)

S
im

il
ar

ly
,

d
efi

n
e

th
e

em
p
ir

ic
al

ve
rs

io
n

o
f

T
as

T̂
:=

Σ
−

1 2
x
x

Σ
x
y
Σ
−

1 2
y
y
∈
R
d
x
×
d
y
.

(8
)

W
e

w
il
l

ap
p
ro

x
im

at
e

th
e

p
op

u
la

ti
on

ca
n
on

ic
al

co
rr

ea
ti

on
an

d
d
ir

ec
ti

on
s

b
as

ed
on

so
lu

ti
on

to
th

e
ab

ov
e

em
p
ir

ic
al

ob
je

ct
iv

e.
B

ef
or

e
go

in
g

to
th

e
d
et

ai
le

d
an

al
y
si

s,
w

e
h
ig

h
li
gh

t
th

e
ke

y
p
ro

p
er

ty
th

at
en

ab
le

u
s

to
st

u
d
y

d
iff

er
en

t
in

p
u
t

d
is

tr
ib

u
ti

on
s

in
a

u
n
ifi

ed
m

an
n
er

.
In

fa
ct

th
is

p
ro

p
er

ty
is

th
e

on
ly

p
la

ce
w

e
h
an

d
le

th
e

st
o
ch

as
ti

ci
ty

of
d
at

a
in

st
u
d
y
in

g
E

R
M

.

P
ro

p
o
si

ti
o
n

2
(C

o
n

c
e
n
tr

a
ti

o
n

p
ro

p
e
rt

y
)

F
o
r

a
n

y
ν
>

0,
w

it
h

su
ffi

ci
en

tl
y

la
rg

e
sa

m
p
le

si
ze

s
N

0
(ν

),
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ty
is

sa
ti

sfi
ed

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

by
su

b-
G

a
u

ss
ia

n
,

re
gu

la
r

po
ly

n
o
m

ia
l-

ta
il

,
a
n

d
bo

u
n

d
ed

ra
n

d
o
m

va
ri

a
bl

es
:

3

m
ax

( ‖
E
−

1 2
x
x

Σ
x
x
E
−

1 2
x
x
−

I‖
,
‖E
−

1 2
y
y

Σ
y
y
E
−

1 2
y
y
−

I‖
,
‖E
−

1 2
x
x

(Σ
x
y
−

E
x
y
)E
−

1 2
y
y
‖)
≤
ν
.

(9
)

W
e

p
ro

v
id

e
d
et

ai
le

d
b

ou
n
d
s

on
N

0
(ν

)
fo

r
d
iff

er
en

t
d
is

tr
ib

u
ti

on
s

in
L

em
m

a
3.

R
o
a
d

m
a
p

fo
r

th
is

se
c
ti

o
n

W
e

p
ro

ce
ed

to
an

al
y
ze

th
e

sa
m

p
le

co
m

p
le

x
it

ie
s,

ev
en

tu
al

ly
ob

ta
in

ed
in

T
h
eo

re
m

9.
W

e
fi
rs

t
an

al
y
ze

th
e

co
n
ce

n
tr

at
io

n
p
ro

p
er

ty
of

d
iff

er
en

t
cl

as
se

s
in

L
em

m
a

3,
an

d
p
ro

v
id

e
th

e
n
u
m

b
er

of
sa

m
p
le

s
n
ee

d
ed

to
gu

ar
an

te
e

sm
al

l
p

er
tu

rb
at

io
n

b
et

w
ee

n
T̂

an
d

T
in

L
em

m
a

6,
w

h
ic

h
b
y

th
e

W
ey

l’
s

in
eq

u
al

it
y

(H
or

n
an

d
J
oh

n
so

n
,

19
86

)
p
ro

v
id

es
th

e
sa

m
p
le

co
m

p
le

x
it

y
fo

r
le

ar
n
in

g
ca

n
on

ic
al

co
rr

el
at

io
n
s

(r
eg

ar
d
le

ss
of

th
e

ex
is

-
te

n
ce

of
a

si
n
gu

la
r

va
lu

e
ga

p
fo

r
T

).
T

h
en

b
y

th
e

p
er

tu
rb

at
io

n
of

si
n
g
u
la

r
ve

ct
or

s
an

d
af

te
r

fi
x
in

g
th

e
is

su
e

of
n
or

m
al

iz
at

io
n
,

w
e

ob
ta

in
gu

ar
an

te
es

fo
r

th
e

al
ig

n
m

en
t

b
et

w
ee

n
th

e
es

ti
m

at
ed

an
d

th
e

op
ti

m
al

ca
n
on

ic
al

d
ir

ec
ti

on
s.

3
.1

.
A

p
p

ro
x
im

a
ti

n
g

th
e

c
a
n

o
n

ic
a
l

c
o
rr

e
la

ti
o
n

W
e

fi
rs

t
d
is

cu
ss

th
e

er
ro

r
of

ap
p
ro

x
im

at
in

g
ρ

1
b
y
ρ̂

1
=
σ

1
(T̂

).
O

b
se

rv
e

th
at

,
al

th
ou

gh
th

e
em

p
ir

ic
al

co
va

ri
an

ce
m

at
ri

ce
s

ar
e

u
n
b
ia

se
d

es
ti

m
at

es
of

th
ei

r
p

op
u
la

ti
on

co
u
n
te

rp
ar

ts
,

w
e

d
o

n
o
t

h
av

e
E[

T̂
]

=
T

d
u
e

to
th

e
n
on

li
n
ea

r
op

er
at

io
n
s

(m
at

ri
x

m
u
lt

ip
li
ca

ti
on

,
in

ve
rs

e,
an

d
sq

u
ar

e
ro

ot
)

in
vo

lv
ed

in
co

m
p
u
ti

n
g

T
.

N
on

et
h
el

es
s,

w
e

ca
n

p
ro

v
id

e
ap

p
ro

x
im

at
io

n

3
.
W
e
re
fr
a
in

fr
o
m

sp
ec
if
y
in
g
th
e
fa
il
u
re

p
ro
b
a
b
il
it
y
a
s
it

o
n
ly

a
d
d
s
a
d
d
it
io
n
a
l
m
il
d
d
ep

en
d
en

ce
s
to

o
u
r

re
su
lt
s.
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 2
0(

16
7)

:1
-4

6,
 2

01
9

G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

gu
ar

an
te

e
b
as

ed
on

co
n
ce

n
tr

at
io

n
s.

W
e

w
il
l

se
p
ar

at
e

th
e

p
ro

b
ab

il
is

ti
c

p
ro

p
er

ty
o
f

d
a
ta

—
th

e
co

n
ce

n
tr

at
io

n
p
ro

p
er

ty
in

P
ro

p
os

it
io

n
2—

fr
om

th
e

d
et

er
m

in
is

ti
c

er
ro

r
an

a
ly

si
s,

a
n
d

w
e

sh
ow

b
el

ow
th

at
it

is
sa

ti
sfi

ed
b
y

d
is

tr
ib

u
ti

on
s

co
n
si

d
er

ed
h
er

e.

L
e
m

m
a

3
L

et
A

ss
u

m
p
ti

o
n

1
h
o
ld

fo
r

th
e

ra
n

d
o
m

va
ri

a
bl

es
.

T
h
en

th
e

co
n

ce
n

tr
a
ti

o
n

p
ro

p
-

er
ty

(9
)

is
sa

ti
sfi

ed
w

it
h

h
ig

h
p
ro

ba
bi

li
ty

,
if

N
0
(ν

)
≥
C
′
d ν
2

fo
r

th
e

su
b-

G
a
u

ss
ia

n
cl

a
ss

,

N
0
(ν

)
≥
C
′

d

ν
2
(1

+
r
−
1
)

fo
r

th
e

po
ly

n
o
m

ia
l-

ta
il

cl
a
ss

,

N
0
(ν

)
≥
C

1

ν
2
γ

2
fo

r
th

e
bo

u
n

d
ed

cl
a
ss

.

R
e
m

a
rk

4
W

h
en

(x
,y

)
h
a
ve

n
o
n

ze
ro

m
ea

n
s,

w
e

u
se

th
e

u
n

bi
a
se

d
es

ti
m

a
te

o
f

co
va

ri
a
n

ce

m
a
tr

ic
es

Σ
x
y

=
∑
N i=

1
(x
i
−

x̄
)(

y
i
−

ȳ
)>

N
−

1
,

Σ
x
x

=
∑
N i=

1
(x
i
−

x̄
)(

x
i
−

x̄
)>

N
−

1
,

a
n

d
Σ
y
y

=
∑
N i=

1
(y
i
−

ȳ
)(

y
i
−

ȳ
)>

N
−

1

in
st

ea
d

o
f

th
o
se

in
(7

),
w

h
er

e
x̄

=
1 N

∑
N i=

1
x
i

a
n

d
ȳ

=
1 N

∑
N i=

1
y
i.

W
e

h
a
ve

si
m

il
a
r

co
n

-
ce

n
tr

a
ti

o
n

re
su

lt
s,

a
n

d
a
ll

re
su

lt
s

in
S

ec
ti

o
n

s
3

a
n

d
4

st
il

l
a
p
p
ly

.

W
e

w
il
l

d
ec

om
p

os
e

th
e

d
iff

er
en

ce
T
−

T̂
an

d
ap

p
ly

th
e

ab
ov

e
co

n
ce

n
tr

at
io

n
re

su
lt

s.
In

th
e

d
ec

om
p

os
it

io
n
,

w
e

n
ee

d
to

b
ou

n
d

te
rm

s
of

th
e

fo
rm

E
−

1 2
x
x

Σ
1 2 x
x
−

I.
S
u
ch

b
o
u
n
d
s

ca
n

b
e

d
er

iv
ed

fr
om

ou
r

as
su

m
p
ti

on
on

∥ ∥ ∥ ∥E
−

1 2
x
x

Σ
x
x
E
−

1 2
x
x
−

I∥ ∥ ∥ ∥
u
si

n
g

L
em

m
a

5
b

el
ow

.
T

h
is

le
m

m
a

is

d
er

iv
ed

fr
om

th
e

m
ai

n
re

su
lt

of
M

at
h
ia

s
(1

99
7)

,
w

it
h

ex
tr

a
eff

or
t

ta
ke

n
to

u
n
d
er

st
a
n
d

th
e

si
ze

of
p

er
tu

rb
at

io
n

fo
r

w
h
ic

h
h
ig

h
er

or
d
er

er
ro

r
te

rm
s

ca
n

b
e

sa
fe

ly
ig

n
or

ed
.

L
e
m

m
a

5
(P

e
rt

u
rb

a
ti

o
n

o
f

m
a
tr

ix
sq

u
a
re

ro
o
t)

L
et

H
∈

R
d
×
d

be
po

si
ti

ve
d
efi

n
it

e,
w

it
h

ei
ge

n
va

lu
es

in
th

e
ra

n
ge

[σ
m

in
,σ

m
a
x
]

fo
r

so
m

e
σ

m
in
>

0.
L

et
Θ
∈
R
d
×
d

be
H

er
m

it
ia

n
,

sa
ti

sf
yi

n
g
∥ ∥ ∥H
−

1 2
Θ

H
−

1 2

∥ ∥ ∥
=

1.
T

h
en

fo
r
ζ
≤

3 4
σ
−

2
m

a
x
σ

2 m
in

,
w

e
h
a
ve

∥ ∥ ∥(
H

+
ζ
·Θ

)1 2
H
−

1 2
−

I∥ ∥ ∥
≤
C
d
·ζ

w
h
er

e
C
d

=
O

(l
og
d
)

is
in

d
ep

en
d
en

t
o
f
ζ

.

L
e
m

m
a

6
A

ss
u

m
e

th
a
t

w
e

d
ra

w
N

sa
m

p
le

s
{(

x
i,

y
i)
}N i=

1
in

d
ep

en
d
en

tl
y

fr
o
m

th
e

u
n

d
er

ly
in

g
jo

in
t

d
is

tr
ib

u
ti

o
n
P

(x
,y

)
fo

r
co

m
p
u

ti
n

g
th

e
sa

m
p
le

co
va

ri
a
n

ce
m

a
tr

ic
es

in
(7

),
a
n

d
P

(x
,y

)
sa

ti
sfi

es
A

ss
u

m
p
ti

o
n

1
a
n

d
th

e
co

n
ce

n
tr

a
ti

o
n

p
ro

pe
rt

y
(9

).
T

h
en

fo
r
ν
≤

1 4
γ

2
,

w
e

h
a
ve

|ρ̂
1
−
ρ

1
|≤

∥ ∥ ∥T
−

T̂
∥ ∥ ∥
≤

4C
d
·ν

w
h
er

e
C
d

is
th

e
sa

m
e

co
n

st
a
n

t
in

L
em

m
a

5
.

W
e

n
ot

e
th

at
th

e
re

q
u
ir

em
en

t
of
ν

=
O

(γ
2
)

is
n
ot

to
o

co
n
st

ra
in

in
g,

si
n
ce

th
e

si
ze

o
f

th
e

p
er

tu
rb

at
io

n
ν

is
cl

os
el

y
re

la
te

d
to

th
e

st
at

is
ti

ca
l

er
ro

r,
an

d
w

e
ar

e
m

ai
n
ly

in
te

re
st

ed
in

th
e

re
gi

m
e

of
th

e
st

at
is

ti
ca

l
er

ro
r

go
in

g
to

ze
ro

.
It

is
th

en
st

ra
ig

h
tf

or
w

ar
d

to
co

m
b
in

e
L

em
m

a
3

an
d

L
em

m
a

6
to

ob
ta

in
th

e
fo

ll
ow

in
g

sa
m

p
le

co
m

p
le

x
it

ie
s

fo
r

th
e

th
re

e
d
is

tr
ib

u
ti

o
n

cl
a
ss

es
.
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

sis

C
o
ro

lla
ry

7
(S

a
m

p
le

c
o
m

p
le

x
ity

fo
r

le
a
rn

in
g

c
a
n

o
n

ic
a
l

c
o
rre

la
tio

n
b
y

E
R

M
)

L
et

ε ′∈
(0,1

)
a
n

d
ε ′≤

C
d γ

2.
T

h
en

fo
r
N
≥
N

0 (
ε ′

4
C
d )

,
i.e,

N
≥
C
d

log
2
d

ε ′ 2
fo

r
th

e
su

b-G
a
u

ssia
n

cla
ss,

N
≥
C
d

log
2
(1

+
r −

1
)
d

ε ′ 2
(1

+
r −

1
)

fo
r

th
e

po
lyn

o
m

ia
l-ta

il
cla

ss,

N
≥
C

log
2
d

ε ′ 2γ
2

fo
r

th
e

bo
u

n
d
ed

cla
ss,

w
e

h
a
ve

w
ith

h
igh

p
ro

ba
bility

th
a
t|ρ̂

1 −
ρ

1 |≤
ε ′.

R
e
m

a
rk

8
D

u
e

to
better

co
n

cen
tra

tio
n

p
ro

perties,
th

e
sa

m
p
le

co
m

p
lexity

fo
r

th
e

su
b-G

a
u

ssia
n

a
n

d
regu

la
r

po
lyn

o
m

ia
l-ta

il
cla

sses
a
re

in
d
epen

d
en

t
o
f

th
e

co
n

d
itio

n
n

u
m

ber
1γ

o
f

th
e

a
u

to
-

co
va

ria
n

ces.

C
o
m

p
a
riso

n
to

A
ro

ra
e
t

a
l.

(2
0
1
7
)

In
a

p
arallel

w
ork

b
y

A
rora

et
al.

(2017),
th

e
a
u
th

o
rs

stu
d
ied

th
e

top
-k

sto
ch

astic
C

C
A

for
b

ou
n
d
ed

in
p
u
ts,

an
d

p
rop

osed
sto

ch
astic

a
p
p
rox

im
a
tio

n
-ty

p
e

algorith
m

s
w

ith
Õ
(

1
ε ′ 2
γ
2 )

sam
p
le-com

p
lex

ity
u
p
p

er
b

ou
n
d

for
ap

p
rox

-

im
a
tin

g
th

e
to

p
can

on
ical

correlation
.

W
e

n
ote,

h
ow

ever,
th

eir
sto

ch
astic

algorith
m

s
are

d
erived

fro
m

th
e

con
vex

relax
ation

of
sto

ch
astic

C
C

A
,

w
h
ich

lifts
th

e
origin

al
p
rob

lem
in

to
th

e
sp

a
ce

o
f

m
a
trices

in
R
d
x ×

d
y

an
d

req
u
ires

a
w

h
iten

in
g

op
eration

(m
u
ltip

ly
in

g
each

fresh

sa
m

p
le

b
y

Σ
−

12
x
x

or
Σ
−

12
y
y

)
an

d
a

p
ro

jection
op

eration
(on

to
th

e
set

of
low

2-n
orm

an
d

n
u
clear-

n
o
rm

m
a
trices)

in
each

iteration
,

w
h
ich

are
in

effi
cien

t
in

h
igh

d
im

en
sion

s.
O

u
r

w
ork

stu
d
ies

th
ree

d
iff

eren
t

classes
of

in
p
u
t

d
istrib

u
tion

s
in

a
u
n
iform

m
an

n
er

4,
w

ith
th

e
goal

of
m

atch
in

g
th

e
sta

tistica
l

lim
its

for
th

e
G

au
ssian

in
p
u
ts

(see
S
ection

5
.2).

T
h
e

a
lgorith

m
s

w
e

p
rov

id
e

in
th

e
n
ex

t
section

s
req

u
ire

on
ly

elem
en

tary
vector

op
eration

s
an

d
th

u
s

m
ore

p
ractical

for
h
ig

h
d
im

en
sio

n
al

d
ata.

3
.2

.
A

p
p

ro
x
im

a
tin

g
th

e
c
a
n

o
n

ic
a
l

d
ire

c
tio

n
s

W
e

n
ow

d
iscu

ss
th

e
error

in
learn

in
g

(u
∗,v
∗)

b
y

E
R

M
,

w
h
en

T
h
as

a
sin

gu
lar

valu
e

g
a
p

∆
>

0
.

L
et

th
e

n
on

zero
sin

gu
lar

valu
es

of
T

b
e

1
≥
ρ

1
≥
ρ

2
≥
···≥

ρ
r ,

w
h
ere

r
=

ra
n
k
(T

)
≤

m
in

(d
x ,d

y ),
an

d
th

e
corresp

on
d
in

g
(u

n
it-len

gth
)

sin
gu

lar
vector

p
airs

b
e

(a
1 ,b

1 ),...,(a
r ,b

r ).
D

efi
n
e

C
=

[
0

T
T
>

0

]
∈
R
d×
d.

(10)

T
h
e

eig
en

va
lu

es
of

C
are

ρ
1 ≥
···≥

ρ
r
>

0
=
···

=
0
>
−
ρ
r ≥
···≥

−
ρ

1 ,

4
.
If

w
e
o
n
ly

stu
d
y
th
e
ca
se

o
f
b
o
u
n
d
ed

in
p
u
ts,

w
e
ca
n
b
y
p
a
ss

L
em

m
a
5
a
n
d
th
e
lo
g
d
d
ep

en
d
en

ce
in

o
u
r

b
o
u
n
d
ca
n
b
e
red

u
ced

.
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G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

w
ith

corresp
on

d
in

g
u
n
it

eigen
vectors

1√2

[
a

1

b
1

]
,
...,

1√2

[
a
r

b
r

]
,
...,

1√2

[
a
r

−
b
r

]
,
...,

1√2

[
a

1

−
b

1

]
.

T
h
u
s,

learn
in

g
can

on
ical

d
irection

s
(u
∗,v
∗)

red
u
ces

to
learn

in
g

th
e

top
eigen

vector
of

C
.

W
e

d
en

ote
th

e
em

p
irical

version
of

C
b
y

Ĉ
,

an
d

th
e

sin
gu

lar
vector

p
airs

of
T̂

b
y

{
(â
i ,b̂

i )}.
D

u
e

to
th

e
b
lo

ck
stru

ctu
re

of
C

an
d

Ĉ
,

w
e

h
ave

∥∥∥
C
−

Ĉ
∥∥∥

=
∥∥∥
T
−

T̂
∥∥∥
.

L
et

th
e

E
R

M
solu

tion
b

e
(û
,v̂

)
=

(
Σ
−

12
x
x

â
1 ,Σ

−
12

y
y

b̂
1 )

,
w

h
ich

satisfy

∥∥∥∥
Σ

12xx û ∥∥∥∥
=

∥∥∥∥
Σ

12yy v̂ ∥∥∥∥
=

1.
W

e

n
ow

state
th

e
sam

p
le

com
p
lex

ity
for

learn
in

g
th

e
ca

n
on

ical
d
irection

s
b
y

E
R

M
.

T
h

e
o
re

m
9

L
et
ε∈

(0,1)
a
n

d
ε≤

1
6
C

2d
γ
4

∆
2

.
T

h
en

fo
r
N
≥
N

0 (
√
ε∆

1
6
C
d )

,
i.e.,

N
≥
C
d

log
2
d

ε∆
2

fo
r

th
e

su
b-G

a
u

ssia
n

cla
ss,

N
≥
C
d

log
2
(1

+
r −

1
)
d

ε
(1

+
r −

1
)∆

2
fo

r
th

e
regu

la
r

po
lyn

o
m

ia
l-ta

il
cla

ss,

N
≥
C

log
2
d

ε∆
2γ

2
fo

r
th

e
bo

u
n

d
ed

cla
ss,

w
e

h
a
ve

w
ith

h
igh

p
ro

ba
bility

th
a
t

a
lign

((û
,v̂

);(u
∗,v
∗))≥

1−
ε.

P
ro

o
f

sk
e
tch

T
h
e

p
ro

of
of

T
h
eorem

9
co

n
sists

of
tw

o
step

s.
W

e
fi
rst

b
ou

n
d

th
e

error

b
etw

een
Ĉ

’s
top

eigen
vector

1√2 [
Σ

12xx û

Σ
12yy v̂

]
an

d
C

’s
top

eigen
vector

1√2 [
E

12xx u
∗

E
12yy v
∗

]
u
sin

g

a
stan

d
ard

resu
lt

on
p

ertu
rb

ation
of

eigen
v
ectors,

n
a
m

ely
th

e
D

av
is-K

ah
an

sin
θ

th
eo-

rem
(D

av
is

an
d

K
ah

an
,

1970)
w

h
ich

states
sin

2
θ
≤
‖

C
−

Ĉ‖
2

∆
2

≤
ε ′ 2

∆
2

w
h
ere

θ
is

th
e

an
gle

b
etw

een
top

eigen
vectors

of
C

an
d

Ĉ
.

W
e

th
en

sh
ow

th
at

1√2 [
Σ

12xx û

Σ
12yy v̂

]
is

very
close

to

th
e

“correctly
n
orm

alized
”

1√2 [
E

12xx û
/‖E

12xx û‖
E

12yy v̂
/‖E

12yy v̂‖

]
,

so
th

e
later

still
align

s
w

ell
w

ith
th

e

p
op

u
lation

solu
tion

.

C
o
m

p
a
riso

n
to

p
rio

r
a
n

a
ly

sis
F

or
th

e
su

b
-G

au
ssian

class,
th

e
tigh

test
an

aly
sis

of
th

e
sam

p
le

com
p
lex

ity
u
p
p

er
b

ou
n
d

w
e

are
aw

are
of

w
as

b
y

G
ao

et
al.

(2017).
H

ow
ev

er,
th

eir
p
ro

of
relies

on
th

e
assu

m
p
tion

th
at
ρ

2
=
o(ρ

1 ),
i.e.,

th
ey

req
u
ire

th
at
ρ

2 �
ρ

1 .
In

con
tra

st,
w

e
d
o

n
ot

req
u
ire

th
is

assu
m

p
tion

,
an

d
ou

r
b

ou
n
d

is
sh

a
rp

in
term

s
of

th
e

gap
∆

=
ρ

1 −
ρ

2 .
U

p
to

th
e

log
2
d

factor,
ou

r
E

R
M

sam
p
le

com
p
lex

ity
for

th
e

sam
e

loss
m

atch
es

th
e

m
in

im
ax

low
er

b
ou

n
d

d
ε∆

2
given

b
y

G
ao

et
al.

(2017)
(see

also
S
ection

5.2).

4
.

S
to

ch
a
stic

o
p
tim

iza
tio

n
fo

r
E

R
M

A
d
isad

van
tage

of
th

e
em

p
irical

risk
m

in
im

iza
tion

ap
p
roa

ch
is

th
at

it
can

b
e

tim
e

an
d

m
em

ory
con

su
m

in
g.

T
o

ob
tain

th
e

ex
act

solu
tion

to
(6),

w
e

n
eed

to
ex

p
licitly

form
an

d
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

si
s

st
or

e
th

e
co

va
ri

an
ce

m
at

ri
ce

s
an

d
to

co
m

p
u
te

th
ei

r
si

n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n
s

(S
V

D
s)

;
th

es
e

st
ep

s
h
av

e
a

ti
m

e
co

m
p
le

x
it

y
of
O

(N
d

2
+
d

3
)

an
d

a
m

em
or

y
co

m
p
le

x
it

y
of
O

(d
2
).

In
th

is
se

ct
io

n
,
w

e
st

u
d
y

th
e

st
o
ch

as
ti

c
op

ti
m

iz
at

io
n

of
th

e
em

p
ir

ic
al

ob
je

ct
iv

e,
an

d
sh

ow
th

at
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
is

lo
w

:
W

e
ju

st
n
ee

d
to

p
ro

ce
ss

a
la

rg
e

en
ou

g
h

d
at

as
et

(w
it

h
th

e
sa

m
e

le
ve

l
of

sa
m

p
le

s
as

E
R

M
re

q
u
ir

es
)

n
ea

rl
y

co
n
st

an
t

ti
m

es
in

or
d
er

to
ac

h
ie

ve
sm

al
l

er
ro

r
w

it
h

re
sp

ec
t

to
th

e
p

op
u
la

ti
on

ob
je

ct
iv

e.
T

h
e

b
as

ic
al

go
ri

th
m

w
e

u
se

h
er

e
is

th
e

sh
if

t-
an

d
-i

n
ve

rt
m

et
a-

al
go

ri
th

m
p
ro

p
os

ed
b
y

W
an

g
et

al
.

(2
01

6)
.

H
ow

ev
er

,
in

th
is

se
ct

io
n

w
e

p
ro

v
id

e
re

fi
n
ed

an
al

y
si

s
of

th
e

al
go

ri
th

m
’s

ti
m

e
co

m
p
le

x
it

y
th

an
th

at
p
ro

v
id

ed
b
y

W
an

g
et

al
.

(2
01

6)
.

W
e

sh
ow

th
at

,
u
si

n
g

a
b

et
te

r
m

ea
su

re
of

p
ro

gr
es

s
an

d
ca

re
fu

l
in

it
ia

li
za

ti
on

s
fo

r
ea

ch
le

as
t

sq
u
ar

es
p
ro

b
le

m
,

th
e

al
go

ri
th

m
en

jo
y
s

li
n
ea

r
co

n
ve

rg
en

ce
(s

ee
T

h
eo

re
m

12
),

i.
e.

,
th

e
ti

m
e

co
m

p
le

x
it

y
fo

r
ac

h
ie

v
in

g
η
-s

u
b

op
ti

m
al

il
ty

in
th

e
em

p
ir

ic
al

ob
je

ct
iv

e
d
ep

en
d
s

on
lo

g
1 η
,

w
h
er

ea
s

th
e

re
su

lt
of

W
an

g
et

al
.

(2
01

6)
h
as

a
d
ep

en
d
en

ce
of

lo
g

2
1 η
.

W
e

al
so

n
ot

e
th

at
th

e
re

ce
n
t

w
or

k
of

A
ll
en

-Z
h
u

an
d

L
i

(2
01

6)
an

d
A

ll
en

-Z
h
u

a
n
d

L
i

(2
01

7)
h
av

e
ex

te
n
d
ed

th
e

E
R

M
p
ro

b
le

m
to

ex
tr

ac
ti

n
g

th
e

to
p
k
≥

1
p
ai

rs
of

ca
n
on

ic
al

d
ir

ec
ti

on
s,

an
d

ap
p
li
ed

th
e

te
ch

n
iq

u
e

of
p

ee
li
n
g/

d
efl

at
io

n
to

ge
th

er
w

it
h

sh
if

t-
an

d
-i

n
v
er

t.
H

ow
ev

er
,

th
ei

r
co

n
ve

rg
en

ce
ra

te
fo

r
th

e
fi
st

p
ai

r
of

ca
n
on

ic
al

d
ir

ec
ti

on
s

d
o
es

n
o
t

im
p
ro

ve
th

at
of

W
an

g
et

al
.

(2
01

6)
.5

A
s

m
en

ti
on

ed
ab

ov
e,

ou
r

re
su

lt
st

ri
ct

ly
im

p
ro

ve
s

th
at

of
W

an
g

et
al

.
(2

01
6)

,
an

d
in

p
ar

ti
cu

la
r

re
p
la

ce
s

th
e
Õ

(·)
n
ot

at
io

n
w

it
h

th
e
O

(·)
n
ot

a
ti

on
in

to
ta

l
ru

n
ti

m
e,

ac
h
ie

v
in

g
tr

u
e

li
n
ea

r
co

n
ve

rg
en

ce
.

R
o
a
d

m
a
p

fo
r

th
is

se
c
ti

o
n

W
e

fi
rs

t
in

tr
o
d
u
ce

th
e

sh
if

t-
a
n
d
-i

n
ve

rt
p

ow
er

it
er

at
io

n
s

an
d

p
ro

v
id

e
it

s
it

er
at

io
n

co
m

p
le

x
it

y,
as

su
m

in
g

th
at

ea
ch

m
at

ri
x
-v

ec
to

r
m

u
lt

ip
li
ca

ti
on

or
eq

u
iv

a-
le

n
tl

y
a

co
n
ve

x
le

as
t

sq
u
ar

es
p
ro

b
le

m
is

so
lv

ed
to

su
ffi

ci
en

t
ac

cu
ra

cy
(L

em
m

a
10

).
W

e
th

en
sh

ow
ea

ch
le

as
t

sq
u
ar

es
ca

n
b

e
w

ar
m

-s
ta

rt
ed

u
si

n
g

re
sc

al
ed

es
ti

m
at

es
fr

om
th

e
p
re

v
io

u
s

it
-

er
at

io
n

(L
em

m
a

11
).

F
in

al
ly

,
w

e
p
lu

g
in

th
e

ti
m

e
co

m
p
le

x
it

y
of

S
V

R
G

fo
r

ea
ch

su
b
p
ro

b
le

m
,

an
d

gi
ve

ru
n
ti

m
e

co
m

p
le

x
it

ie
s

fo
r

ea
ch

d
is

tr
ib

u
ti

on
cl

as
s

w
h
ic

h
h
av

e
d
iff

er
en

t
“c

on
d
it

io
n

n
u
m

b
er

s”
(C

or
ol

la
ry

13
).

T
h
e

co
n
d
it

io
n

n
u
m

b
er

s
d
ep

en
d

on
,

am
on

g
ot

h
er

th
in

gs
,

th
e

sm
al

le
st

ei
ge

n
va

lu
es

of
th

e
co

va
ri

an
ce

m
at

ri
ce

s,
w

h
ic

h
ar

e
b

ou
n
d
ed

aw
ay

fr
om

ze
ro

as
d
is

cu
ss

ed
b

el
ow

.

E
ig

e
n
v
a
lu

e
s

o
f

e
m

p
ir

ic
a
l

c
o
v
a
ri

a
n

c
e

A
cc

or
d
in

g
to

th
e

an
al

y
si

s
of

E
R

M
fr

om
p
re

v
io

u
s

se
ct

io
n
,
w

e
h
av

e
b

ee
n

w
or

k
in

g
in

th
e

re
gi

m
e

th
at

th
e

co
n
ce

n
tr

at
io

n
p
ar

am
et

er
in

(9
)

sa
ti

sfi
es

ν
≤

γ
2 4
≤

γ 2
.

T
h
u
s

in
v
ie

w
of

A
ss

u
m

p
ti

on
1,

w
e

h
av

e
w

it
h

h
ig

h
p
ro

b
ab

il
it

y
th

at

‖Σ
x
x
−

E
x
x
‖

=

∥ ∥ ∥ ∥E
1 2 x
x
(E
−

1 2
x
x

Σ
x
x
E
−

1 2
x
x
−

I)
E

1 2 x
x

∥ ∥ ∥ ∥
≤
‖E

x
x
‖·
∥ ∥ ∥ ∥E
−

1 2
x
x

Σ
x
x
E
−

1 2
x
x
−

I∥ ∥ ∥ ∥
≤
γ 2

an
d

si
m

il
ar

ly
‖Σ

y
y
−

E
y
y
‖
≤

γ 2
.

A
cc

or
d
in

g
to

W
ey

l’
s

in
eq

u
al

it
y,

th
es

e
in

eq
u
al

it
ie

s
m

ak
e

su
re

ei
ge

n
va

lu
es

of
Σ
x
x

an
d

Σ
y
y

li
e

in
[γ 2
,1

+
γ 2
],

an
d

co
n
se

q
u
en

tl
y

th
e

in
vo

lv
ed

su
b
p
ro

b
le

m
s

ar
e

st
ro

n
gl

y
-c

on
ve

x
an

d
ca

n
b

e
so

lv
ed

effi
ci

en
tl

y.

5
.
S
ee

th
e
se
co
n
d
a
n
d
th
ir
d
la
st

li
n
es

o
f
T
a
b
le

1
,
a
n
d
th
e
la
st

p
a
ra
g
ra
p
h
o
f
S
ec
ti
o
n
1
.2

in
A
ll
en

-Z
h
u
a
n
d
L
i

(2
0
1
7
):

“
O
u
r
ru
n
n
in
g
ti
m
e
m
a
tc
h
es

th
a
t
o
f
[2
9
]
w
h
en

k
=

1
”
.
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G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

4
.1

.
S

h
if

t-
a
n

d
-i

n
v
e
rt

p
o
w

e
r

it
e
ra

ti
o
n

s

O
u
r

al
go

ri
th

m
ru

n
s

th
e

sh
if

t-
an

d
-i

n
ve

rt
p

ow
er

it
er

at
io

n
s

on
th

e
fo

ll
ow

in
g

m
a
tr

ix

M̂
λ

=
( λ

I
−

Ĉ
) −

1
=

[
λ
I
−

T̂

−
T̂
>

λ
I

] −
1

(1
1
)

w
h
er

e
λ
>
ρ̂

1
.

It
is

st
ra

ig
h
tf

or
w

ar
d

to
se

e
th

at
M̂

λ
is

p
os

it
iv

e
d
efi

n
it

e
w

it
h

ei
g
en

va
lu

es

1

λ
−
ρ̂

1
≥
··
·≥

1

λ
−
ρ̂
r
≥
··
·≥

1

λ
+
ρ̂
r
≥
··
·≥

1

λ
+
ρ̂

1
,

an
d

h
as

th
e

sa
m

e
se

t
of

ei
ge

n
v
ec

to
rs

as
Ĉ

.

A
ss

u
m

e
th

at
th

er
e

ex
is

ts
a

si
n
gu

la
r

va
lu

e
ga

p
fo

r
T̂

(t
h
is

ca
n

b
e

gu
a
ra

n
te

ed
b
y

d
ra

w
in

g
su

ffi
ci

en
tl

y
m

an
y

sa
m

p
le

s
so

th
at

th
e

si
n
gu

la
r

va
lu

es
of

T̂
ar

e
w

it
h
in

a
fr

ac
ti

o
n

o
f

th
e

g
ap

∆
of

T
),

d
en

ot
ed

as
∆̂

=
ρ̂

1
−
ρ̂

2
.

T
h
e

ke
y

ob
se

rv
at

io
n

is
th

at
,

as
op

p
os

ed
to

ru
n
n
in

g
p

ow
er

it
er

at
io

n
s

on
Ĉ

(w
h
ic

h
is

es
se

n
ti

al
ly

d
on

e
b
y

G
e

et
a
l.

20
16

),
M̂

λ
h
as

a
la

rg
e

ei
g
en

va
lu

e

ga
p

w
h
en

λ
=
ρ̂

1
+
c(
ρ̂

1
−
ρ̂

2
)

w
it

h
c

=
O

(1
),

an
d

th
u
s

p
ow

er
it

er
at

io
n
s

on
M̂

λ
co

n
ve

rg
e

m
or

e
q
u
ic

k
ly

.
In

p
ar

ti
cu

la
r,

w
e

as
su

m
e

fo
r

n
ow

th
e

av
ai

la
b
il
it

y
of

an
es

ti
m

a
te

d
ei

g
en

va
lu

e
λ

su
ch

th
at
λ
−
ρ̂

1
∈

[l
∆̂
,u

∆̂
]

w
h
er

e
0
<
l
<
u
<

1;
lo

ca
ti

n
g

su
ch

a
λ

is
d
is

cu
ss

ed
la

te
r

in
R

em
ar

k
14

.

D
efi

n
e

Â
λ

:=

[
λ
Σ
x
x
−

Σ
x
y

−
Σ
> xy

λ
Σ
y
y

] ,
B̂

:=

[
Σ
x
x

0
0

Σ
y
y

] ,

an
d

w
e

h
av

e
M̂

λ
=

B̂
1 2
Â
−

1
λ

B̂
1 2
.

A
n
d

b
y

th
e

re
la

ti
on

sh
ip

Â
λ

=
B̂

1 2
M̂
−

1
λ

B̂
1 2
,

ei
g
en

va
lu

es
of

Â
λ

ar
e

b
ou

n
d
ed

: σ
m

a
x

( Â
λ

)
≤
σ

m
a
x

( M̂
−

1
λ

)
·σ

m
a
x

( B̂
)
≤

(λ
+
ρ̂

1
)(

1
+
γ 2

),

σ
m

in

( Â
λ

)
≥
σ

m
in

( M̂
−

1
λ

)
·σ

m
in

( B̂
)
≥

(λ
−
ρ̂

1
)γ
/2
.

It
is

co
n
ve

n
ie

n
t

to
st

u
d
y

th
e

co
n
ve

rg
en

ce
in

th
e

co
n
ca

te
n
at

ed
va

ri
ab

le
s

w
t

:=
1 √
2

[
u
t

v
t

] ,
r t

:=
B̂

1 2
w
t

=
1 √
2

[
Σ

1 2 x
x
u
t

Σ
1 2 y
y
v
t

] .

D
efi

n
e

th
e

fo
ll
ow

in
g

q
u
an

ti
ti

es
u
si

n
g

th
e

E
R

M
so

lu
ti

on

ŵ
:=

1 √
2

[
û v̂

] ,
r̂

:=
B̂

1 2
ŵ

=
1 √
2

[
Σ

1 2 x
x
û

Σ
1 2 y
y
v̂

] ,

w
h
ic

h
sa

ti
sf

y
ŵ
>

B̂
ŵ

=
1

an
d

r̂>
r̂

=
1

re
sp

ec
ti

ve
ly

.
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

sis

4
.2

.
C

o
n
v
e
rg

e
n

c
e

o
f

in
e
x
a
c
t

sh
ift-a

n
d

-in
v
e
rt

O
u
r

a
lg

o
rith

m
iterativ

ely
ap

p
lies

th
e

ap
p
rox

im
ate

m
atrix

-vector
m

u
ltip

lication
s:

for
t

=
0
,1
,...

r
t+

1 ≈
M̂

λ r
t ,

⇐
⇒

w
t+

1 ≈
Â
−

1
λ

B̂
w
t .

(12)

T
h
is

eq
u
ivalen

ce
allow

s
u
s

to
d
irectly

w
ork

w
ith

(u
t ,v

t )
an

d
av

oid
s

com
p
u
tin

g
Σ

12xx
or

Σ
12yy

ex
p
licitly.

N
o
te

th
at

w
e

d
o

n
ot

p
erform

n
orm

alization
s

of
th

e
form

w
t ←

w
t / ∥∥∥

B̂
12w

t ∥∥∥
at

ea
ch

itera
tio

n
a
s

d
on

e
b
y

W
an

g
et

al.
(2016)

(P
h
ase-I

of
th

eir
S
I

m
eta-algorith

m
);

th
e

len
gth

o
f

ea
ch

itera
te

is
irrelevan

t
for

th
e

p
u
rp

ose
of

op
tim

izin
g

th
e

align
m

en
t

b
etw

een
vectors

an
d

w
e

co
u
ld

a
lw

ay
s

p
erform

th
e

n
orm

alization
in

th
e

en
d

to
satisfy

th
e

len
gth

con
stan

ts.
E

x
act

p
ow

er
itera

tio
n
s

is
k
n
ow

n
to

con
verge

lin
early

w
h
en

th
ere

ex
ist

an
eigen

va
lu

e
gap

(G
olu

b
a
n
d

va
n

L
o
a
n
,

1996).
T

h
e

m
a
trix

-v
ector

m
u
ltip

lication
Â
−

1
λ

B̂
w
t

is
eq

u
ivalen

t
to

solv
in

g
th

e
least

sq
u
ares

p
ro

b
lem

m
in

w
f
t+

1 (w
)

:=
12
w
>

Â
λ w
−

w
>

B̂
w
t

(13)

w
h
o
se

u
n
iq

u
e

so
lu

tion
is

w
∗t+

1
=

Â
−

1
λ

B̂
w
t
w

ith
th

e
op

tim
al

ob
jective

f
∗t+

1
=
−

12 w
>t

B̂
Â
−

1
λ

B̂
w
t .

O
f

co
u
rse,

so
lv

in
g

th
e

p
rob

lem
ex

actly
is

costly
an

d
w

e
w

ill
ap

p
ly

sto
ch

astic
grad

ien
t

m
eth

-
o
d
s

to
it.

W
e

w
ill

sh
ow

th
at,

w
h
en

th
e

least
sq

u
ares

p
rob

lem
s

are
solved

accu
rately

en
ou

gh
,

th
e

itera
tes

a
re

of
th

e
sam

e
q
u
ality

as
th

ose
of

th
e

ex
act

solu
tion

s
an

d
en

joy
s

lin
ear

con
ver-

g
en

ce.
W

e
b

eg
in

b
y

in
tro

d
u
cin

g
th

e
m

easu
re

of
p
rogress

for
th

e
iterates.

D
en

o
te

th
e

eigen
va

lu
es
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Â
λ
w
t ,

it
su

ffi
ces

to
set

th
e

ra
tio

betw
een

th
e

in
itia

l
a
n

d
th

e
fi

n
a
l

erro
r

to
be

64·
m

ax
(1,G

(r
t ))

so
th

a
t

(14)
is

sa
tisfi

ed
.

T
h
is

resu
lt

in
d
icates

th
at

in
th

e
con

vergin
g

stage
(G

(r
t )≤

1),
w

e
ju

st
n
eed

to
set

th
e

ratio
b

etw
een

th
e

in
itia

l
an

d
th

e
fi
n
al

error
to

th
e

con
stan

t
64

(an
d

set
it

to
b

e
th

e
con

stan
t

64G
(r

0 )
b

efore
th

at).
T

h
is

w
ill

en
su

re
th

at
th

e
tim

e
com

p
lex

ity
of

least
sq

u
ares

h
a
s

n
o

d
ep

en
d
en

ce
on

th
e

fi
n
al

error
ε.

4
.4

.
S

o
lv

in
g

th
e

le
a
st

sq
u

a
re

s
b
y

S
G

D

T
h
e

least
sq

u
ares

ob
jectiv

e
(13)

is
th

e
su

m
of
N

fu
n
ction

s:
f
t+

1 (w
)

=
1N

∑
Ni=

1
f
it+

1 (w
)

w
h
ere

f
it+

1 (w
)

=
12
w
>
[
λ
x
i x
>i
−

x
i y
>i

−
y
i x
>i

λ
y
i y
>i

]
w
−

w
>
[

Σ
x
x

0
0

Σ
y
y

]
w
t .

(15)

T
h
ere

h
as

b
een

m
u
ch

recen
t

p
rogress

on
d
ev

elop
p
in

g
lin

early
con

vergen
t

sto
ch

astic
algo-

rith
m

s
for

solv
in

g
fi
n
ite-su

m
p
rob

lem
s.

W
e

u
se

S
V

R
G

(J
oh

n
son

an
d

Z
h
an

g,
201

3)
h
ere

d
u
e

to
its

algorith
m

ic
sim

p
licity

an
d

m
em

ory
effi

cien
cy

;
in

th
e

n
ex

t
section

,
w

e
w

ill
b

e
u
sin

g
th

e
“on

lin
e”

version
of

S
V

R
G

for
sto

ch
a
stic

C
C

A
in

th
e

strea
m

in
g

settin
g.

N
ote

th
at

alth
ou

gh
f
t+

1 (w
)

is
con

vex
,

each
com

p
on

en
t
f
it+

1
m

ay
n
ot

b
e

con
vex

.

W
e

p
rov

id
e

th
e

tim
e

com
p
lex

ity
of

S
V

R
G

for
th

is
case

(b
ased

on
G

arb
er

an
d

H
azan

,
2015,

A
p
p

en
d
ix

B
),

as
w

ell
as

th
e

“con
d
ition

n
u
m

b
er”

for
th

e
th

ree
classes

of
d
istrib

u
tion

s
in

A
p
p

en
d
ix

D
.3

a
n
d

D
.4

resp
ectively.

4
.5

.
T

o
ta

l
tim

e
c
o
m

p
le

x
ity

W
e

fi
rst

p
rov

id
e

th
e

ru
n
tim

e
for

solv
in

g
th

e
em

p
irical

o
b

jective
u
sin

g
th

e
(offl

in
e)

sh
ift-an

d
-

in
vert

C
C

A
algorith

m
.

1
2

JM
L

R
 20(167):1-46, 2019



S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

si
s

T
h

e
o
re

m
1
2

L
et
η
∈

(0
,1

).
D

ra
w
N

sa
m

p
le

s
fo

r
E

R
M

su
ch

th
a
t
σ

m
in

(Σ
x
x
)
≥

γ 2
a
n

d

σ
m

in
(Σ

y
y
))
≥

γ 2
.

In
it

ia
li

ze
w

0
=

w̃
0

√
w̃
> 0

B̂
w̃

0

w
h
er

e
en

tr
ie

s
o
f

w̃
0
∈
R
d

a
re

ra
n

d
o
m

ly
sa

m
p
le

d

fr
o
m

th
e

st
a
n

d
a
rd

G
a
u

ss
ia

n
d
is

tr
ib

u
ti

o
n

.
T

h
en

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,
o
ffl

in
e

sh
if

t-
a
n

d
-i

n
ve

rt

o
u

tp
u

ts
a
n

(u
T
,v

T
)

sa
ti

sf
yi

n
g

m
in

(
u
T
>

Σ
x
x
û
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se
ct

io
n
,

w
e

as
su

m
e

th
e

av
ai

la
b
il
it

y
of

a
λ

=
ρ

1
+
c∆

,
w

h
er

e
0
<
c
<

1
.6

O
u
r

al
go

ri
th

m
is

th
e

sa
m

e
as

in
th

e
E

R
M

ca
se

,
ex

ce
p
t

th
at

w
e

n
ow

d
ir

ec
tl

y
w

or
k

w
it

h
th

e
p

o
p
-

u
la

ti
on

co
va

ri
an

ce
s

th
ro

u
gh

fr
es

h
sa

m
p
le

s
in

st
ea

d
of

th
ei

r
em

p
ir

ic
al

es
ti

m
at

es
.

W
it

h
sl

ig
h
t

ab
u
se

of
n
ot

at
io

n
,

w
e

u
se

(A
λ
,B
,M

λ
)

to
d
en

ot
e

th
e

p
op

u
la

ti
on

ve
rs

io
n

of
(Â

λ
,B̂
,M̂

λ
):

A
λ

:=

[
λ
E
x
x
−

E
x
y

−
E
> xy

λ
E
y
y

] ,
B

:=

[
E
x
x

0
0

E
y
y

] ,
M

λ
=

B
1 2
A
−

1
λ

B
1 2
,

u
se
{(
β
i,

p
i)
}d i=

1
to

d
en

ot
e

th
e

ei
ge

n
sy

st
em

o
f

M
λ
,

an
d

u
se

(u
t,

v
t)

as
w

el
l

a
s

w
t

=
1 √
2

[
u
t

v
t

] ,
r t

=
B

1 2
w
t

=
1 √
2

[
E

1 2 x
x
u
t

E
1 2 y
y
v
t

] ,

t
=

0,
..
.

to
d
en

ot
e

th
e

it
er

at
es

of
ou

r
al

go
ri

th
m

.
A

ls
o,

d
efi

n
e
ξ t
i,
θ t

an
d
G

(r
t)

si
m

il
a
rl

y
a
s

in
S
ec

ti
on

4.

H
a
n

d
li
n

g
n

o
rm

a
li

z
a
ti

o
n

s
It

is
su

ffi
ci

en
t

to
ac

h
ie

ve
h
ig

h
al

ig
n
m

en
t

b
et

w
ee

n

r T ‖r
T
‖

=

[
E

1 2 x
x
u
T

E
1 2 y
y
v
T

] /
√

u
> T

E
x
x
u
T

+
v
> T

E
y
y
v
T

w
h
er

e
(u
,v

)
ar

e
n
or

m
al

iz
ed

jo
in

tl
y,

an
d

r∗
=

1 √
2

[
E

1 2 x
x
u
∗

E
1 2 y
y
v
∗

]
w

h
er

e
(u
,v

)
a
re

n
o
rm

a
l-

iz
ed

se
p
ar

at
el

y.
A

cc
or

d
in

g
to

th
e

le
m

m
a

b
el

ow
,

th
is

w
ou

ld
im

p
ly

h
ig

h
al

ig
n
m

en
t

b
et

w
ee

n

1 √
2

[
E

1 2 x
x
u
T
/‖

E
1 2 x
x
u
T
‖

E
1 2 y
y
v
T
/‖

E
1 2 y
y
v
T
‖

]
an

d
r∗

w
h
ic

h
is

ou
r

fi
n
al

go
al

.

L
e
m

m
a

1
5

(C
o
n
v
e
rs

io
n

fr
o
m

jo
in

t
a
li
g
n

m
e
n
t

to
se

p
a
ra

te
a
li
g
n

m
e
n
t)

L
et
η
∈

(0
,1

).
If

th
e

o
u

tp
u

t
(u

T
,v

T
)

o
f

o
u

r
o
n

li
n

e
sh

if
t-

a
n

d
-i

n
ve

rt
a
lg

o
ri

th
m

sa
ti

sf
y

th
a
t

1 √
2
·u
∗>

E
x
x
u
T

+
v
∗>

E
y
y
v
T

√
u
> T

E
x
x
u
T

+
v
> T

E
y
y
v
T

≥
1
−
η 4
,

w
e

a
ls

o
h
a
ve a

li
gn

((
u
T
,v

T
);

(u
∗ ,

v
∗ )

)
=

1 2

 
u
∗>

E
x
x
u
T

√
u
> T

E
x
x
u
T

+
v
∗>

E
y
y
v
T

√
v
> T

E
y
y
v
T

 
≥

1
−
η
.

6
.
B
a
se
d
o
n
th
e
sa
m
e
in
tu
it
io
n
g
iv
en

in
R
em

a
rk

1
4
,
w
e
b
el
ie
v
e
th
a
t
a
p
ro
ce
d
u
re

si
m
il
a
r
to

th
a
t
o
f
W
a
n
g

et
a
l.
(2
0
1
6
)
a
ls
o
w
o
rk
s
in

th
e
st
re
a
m
in
g
se
tt
in
g
a
n
d
th
e
co
st

in
lo
ca
ti
n
g
λ
is

n
o
t
d
o
m
in
a
n
t,

a
lt
h
o
u
g
h
w
e

d
o
n
o
t
h
av
e
a
fo
rm

a
l
a
n
a
ly
si
s.
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

sis

A
lg

o
rith

m
1

S
tream

in
g

S
V

R
G

for
m

in
w
f

(w
).

In
p

u
t:

In
itia

lization
w

0
=

0
,

step
size

sca
lin

g
factor

s
=

1
3
5
2 ,

(µ
,S
,σ

2)
are

resp
ectively

th
e

stro
n
g

con
vex

ity,
stream

in
g

sm
o
oth

n
ess,

an
d

stream
in

g
varian

ce
given

in
L

em
m

a
16.

fo
r
τ

=
1,...,Γ

d
o

z̄
←

w
τ−

1

m
τ ←

d
4
4
2
S

µ
e,

k
τ ←

m
ax (d

4
4
Sµ e,d

2
0
σ
2·2

τ−
1

β
1 ‖

r
t ‖

2
e )

D
raw

k
τ

sa
m

p
les

(x
1 ,y

1 ),...,(x
k
τ ,y

k
τ )

an
d

estim
ate

th
e

b
atch

grad
ien

t

g
←

1k
τ ∑

k
τ

i=
1 ∇

φ
(z̄

;x
i ,y

i )

S
a
m

p
le
m̃
τ

u
n
iform

ly
at

ran
d
om

from
{
1,...,m

τ }
z
←

z̄
fo

r
i

=
1,...,m̃

τ
d

o
D

raw
sam

p
le

(x
i ,y

i )
z
←

z−
sS

(∇
φ

(z
;x

i ,y
i )−
∇
φ

(z̄
;x

i ,y
i )

+
g

)
e
n

d
fo

r
w
τ←

z
e
n

d
fo

r
O

u
tp

u
t:

R
etu

rn
w

Γ
as

th
e

ap
p
rox

im
ate

solu
tion

.

N
o
te

th
a
t

L
em

m
a

15
im

p
roves

over
a

sim
ilar

resu
lt

b
y

W
an

g
et

al.
(20

16
,

T
h
eorem

5),
w

h
ich

req
u
ires

th
e

join
t

align
m

en
t

to
b

eO
(η

2)-su
b

op
tim

al
for

th
e

sep
arate

align
m

en
t

to
b

e
O

(η
)-su

b
o
p
tim

al.

5
.1

.
S

o
lv

in
g

le
a
st

sq
u

a
re

s
b
y

stre
a
m

in
g

S
V

R
G

T
u
rn

in
g

to
th

e
stream

in
g

algorith
m

,
th

e
least

sq
u
ares

p
rob

lem
at

iteration
t

+
1,

is
n
ow

a
sto

ch
a
stic

p
ro

g
ram

:

m
in

w
f
t+

1 (w
)

=
12
w
>

A
λ w
−

w
>

B
w
t

=
E

[φ
t+

1 (w
;x
,y

)]

w
h
ere

φ
t+

1 (w
;x
,y

)
:=

12 w
>
[
λ
x
x
>
−

x
y
>

−
y
x
>

λ
y
y
>

]
w
−

w
>
[

x
x
>

0
0

y
y
>

]
w
t ,

an
d

th
e

ex
-

p
ecta

tio
n

is
co

m
p
u
ted

over
P

(x
,y

).
T

h
e

op
tim

al
solu

tion
to

th
is

sto
ch

astic
p
rogram

is
w
∗t+

1
=

A
−

1
λ

B
w
t .

D
u
e

to
th

e
h
igh

sam
p
le

com
p
lex

ity
of

a
ccu

rately
estim

atin
g
α
∗t

=
w
>t

B
w
t

w
>t

A
λ
w
t

in
th

e
stream

-

in
g

settin
g,

w
e

in
stead

in
itialize

each
lin

ear
sy

stem
s

w
ith

th
e

zero
vector.

W
ith

th
is

in
itial-

iza
tio

n
,

w
e

h
ave

f
t+

1 (0
)−

f
∗t+

1
=

0−
(−

12
w
>t

B
A
−

1
λ

B
w
t )

=
r >t

M
λ r
t

2
≤
β

1 ‖
r
t ‖

2

2
.

(16)

W
e

th
en

so
lv

e
th

e
lin

ear
sy

stem
w

ith
th

e
stream

in
g

S
V

R
G

algorith
m

p
ro

p
osed

b
y

F
rostig

et
al.

(2
0
15

),
a
s

d
etailed

in
A

lgorith
m

1.
T

h
is

is
th

e
sam

e
ap

p
roach

taken
b
y

G
arb

er
et

al.

1
5
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G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

(2016)
for

stream
in

g
P

C
A

,
an

d
ou

r
an

aly
sis

follow
s

th
e

sa
m

e
stru

ctu
re.

S
tream

in
g

S
V

R
G

is
a

n
atu

ral
ch

oice
h
ere

sin
ce

it
is

th
e

“on
lin

e”
version

of
th

e
S
V

R
G

algorith
m

for
op

tim
izin

g
em

p
irical

ob
jectives

an
d

en
joy

s
th

e
sam

e
algorith

m
ic

sim
p
licity

a
n
d

low
com

p
u
tation

al
com

p
lex

ity.
M

oreover,
for

sto
ch

astic
least

sq
u
ares

p
ro

b
lem

s,
stream

in
g

S
V

R
G

is
sh

ow
n

to
h
ave

th
e

sam
e

sam
p
le

com
p
lex

ity
as

solv
in

g
th

e
E

R
M

p
ro

b
lem

(F
rostig

et
al.,

2015
),

w
h
ich

align
s

w
ell

w
ith

ou
r

goal
of

an
overall

sam
p
le

effi
cien

t
algorith

m
.

W
ith

th
is

ch
oice,

th
e

fi
n
al

algorith
m

is
very

sim
ilar

to
th

e
sto

ch
astic

op
tim

ization
algorith

m
in

S
ection

4,
ex

cep
t

th
at

fresh
sam

p
les

are
u
sed

for
each

u
p

d
ate.

T
o

an
aly

ze
th

e
sam

p
le

com
p
lex

ity
of

stream
in

g
S
V

R
G

,
w

e
fi
rst

calcu
late

th
e

stream
in

g
sm

o
oth

n
ess

an
d

stream
in

g
varian

ce
p
aram

eters
for

th
e

th
ree

classes
of

d
istrib

u
tion

s.

L
e
m

m
a

1
6

(P
a
ra

m
e
te

rs
o
f

stre
a
m

in
g

S
V

R
G

)
F

o
r

a
n

y
w
,w
′∈

R
d,

w
e

h
a
ve

•
S

tro
n

g
co

n
vexity:

f
t+

1 (w
)≥

f
t+

1 (w
′)

+
〈∇

f
t+

1 (w
′),w

−
w
′ 〉

+
µ2

∥∥
w
−

w
′ ∥∥

2
,

•
S

trea
m

in
g

sm
oo

th
n

ess:

E
[∥∥∇

φ
t+

1 (w
)−
∇
φ
t+

1 (w
∗t+

1 ) ∥∥
2 ]≤

2
S
(f
t+

1 (w
)−

f
∗t+

1 )
,

•
S

trea
m

in
g

va
ria

n
ce:E

[
12

∥∥∇
φ

(w
∗t+

1 ) ∥∥
2( ∇

2
f

(w
∗t+

1
)) −

1 ]
≤
σ

2.

H
ere

µ
:=

γβ
1 ≥

C
∆
γ

fo
r

so
m

e
C
>

0
,

a
n

d

S
=
O
(
d
β

1

γ

)
,

σ
2

=
O
(
d
β

31 ‖r
t ‖

2 )

fo
r

su
b-G

a
u

ssia
n

/
regu

la
r

po
lyn

o
m

ia
l-ta

il
cla

sses,
a
n

d

S
=
O
(
β

1γ

)
,

σ
2

=
O
(
β

31 ‖r
t ‖

2

γ
2

)

fo
r

th
e

bo
u

n
d
ed

cla
ss.

T
h
e

p
ro

of
of

L
em

m
a

16
is

som
ew

h
at

tech
n
ical

for
th

e
su

b
-G

au
ssian

/regu
lar

p
oly

n
om

ial-
tail

classes,
w

h
ich

rep
eated

ly
ap

p
lies

th
e

con
cen

tration
p
ro

p
erties

of
th

ese
tw

o
classes.

B
u
t

th
is

lem
m

a
is

th
e

key
for

th
e

sam
p
le

com
p
lex

ity
of

ou
r

stream
in

g
algorith

m
to

m
atch

th
e

low
er

b
ou

n
d

in
th

e
case

of
su

b
-G

au
ssia

n
in

p
u
ts:

sin
ce

w
e

alw
ay

s
d
raw

fresh
sam

p
les

in
th

e
stream

in
g

settin
g,

th
e

“con
d
ition

n
u
m

b
er”

S
/µ

for
th

ese
tw

o
classes

d
ep

en
d

on
d

on
ly

lin
early

(as
op

p
osed

to
q
u
ad

ratically
in

a
p
p
rox

im
ate

E
R

M
).

T
h
ese

q
u
an

tities
d
eterm

in
e

th
e

n
u
m

b
er

of
sam

p
les

to
b

e
u
sed

in
each

rou
n
d
τ

of
A

lgorith
m

1:
m
τ

is
on

th
e

ord
er

of
th

e
con

d
ition

n
u
m

b
er,

an
d

w
ith

m
τ

sto
ch

a
stic

u
p

d
ates,

on
e

ca
n

red
u
ce

th
e

su
b

op
tim

ality
b
y

a
con

stan
t

factor
in

each
rou

n
d
;
κ
τ

h
as

to
even

tu
ally

in
crease

geom
etrica

lly
to

m
ake

su
re

th
e

varian
ce

is
red

u
ced

at
th

e
sam

e
p
ace.

B
ased

on
th

ese
q
u
an

tities,
w

e
can

ap
p
ly

th
e

stru
ctu

ral
resu

lt
of

F
rostig

et
al.

(2015)
an

d
give

th
e

sam
p
lin

g
com

p
lex

ity
for

d
riv

in
g

th
e

fi
n
al

su
b

op
tim

ality
to
η
t

tim
es

th
e

in
itial

su
b

op
tim

ality
in

(16).
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S
t
o
c
h
a
st

ic
C
a
n
o
n
ic
a
l
C
o
r
r
e
l
a
t
io
n
A
n
a
ly

si
s

L
e
m

m
a

1
7

(S
a
m

p
le

c
o
m

p
le

x
it

y
o
f

st
re

a
m

in
g

S
V

R
G

fo
r

le
a
st

sq
u
a
re

s)
L

et
η t
∈

(0
,1

).
A

p
p
ly

in
g

st
re

a
m

in
g-

S
V

R
G

in
A

lg
o
ri

th
m

1
to

m
in

w
f t

+
1
(w

)
w

it
h

in
it

ia
li

za
ti

o
n

0
,

w
e

h
a
ve

E
[ f
t+

1
(w

τ
)
−
f
∗ t+

1

] ≤
η t

(
β

1
‖r
t‖

2

2

)

fo
r
τ
≥

Γ
=
O
( lo

g
1 η
t

) .
T

h
e

sa
m

p
le

co
m

p
le

xi
ty

o
f

th
e

fi
rs

t
Γ

it
er

a
ti

o
n

s
is
O
(

d
∆

2
η
t

+
d

∆
2
γ
2

lo
g

1 η
t

)

fo
r

th
e

su
b-

G
a
u

ss
ia

n
/
re

gu
la

r
po

ly
n

o
m

ia
l-

ta
il

cl
a
ss

es
,

a
n

d
O
(

1
∆

2
γ
2
η
t

)
fo

r
th

e
bo

u
n

d
ed

cl
a
ss

.

B
as

ed
on

th
e

li
n
ea

r
co

n
ve

rg
en

ce
of

sh
if

t-
an

d
-i

n
ve

rt
,

w
e

n
ee

d
on

ly
so

lv
e
O
( lo

g
1 ε

)
li
n
ea

r
sy

st
em

s,
an

d
w

e
ca

n
b

ou
n
d

1 η
b
y

a
ge

om
et

ri
ca

ll
y

in
cr

ea
si

n
g

se
ri

es
w

h
er

e
th

e
la

st
te

rm
is

O
( 1 ε

)
(s

o
th

e
su

m
of

th
is

tr
u
n
ca

te
d

se
ri

es
is

st
il
l
O
( 1 ε

) ).
T

h
is

re
su

lt
s

in
th

e
fo

ll
ow

in
g

to
ta

l
sa

m
p
le

co
m

p
le

x
it

y.

T
h

e
o
re

m
1
8

(T
o
ta

l
sa

m
p

le
c
o
m

p
le

x
it

y
o
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û

∥ ∥ ∥ ∥2

+

∥ ∥ ∥ ∥E
1 2 y
y
v
∗
−

Σ
1 2 y
y
v̂

∥ ∥ ∥ ∥2

≤
ε 8

(2
7)

2
9

JM
L

R
 2

0(
16

7)
:1

-4
6,

 2
01

9

G
a
o
,
G
a
r
b
e
r
,
S
r
e
b
r
o
,
W
a
n
g
,
a
n
d

W
a
n
g

an
d

so
m

ax

(
∥ ∥ ∥ ∥E

1 2 x
x
u
∗
−

Σ
1 2 x
x
û
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b
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=
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v
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=
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c∆̂
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h
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=
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√
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η8
.

(28)

S
in

ce
co

s
θ
T

=
√
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√
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√
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√
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√
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e

tim
e
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√
∑
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√
ξ

20
1 /β

1

≤
√
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eorem

(D
av

is
an

d
K

ah
an

,
1970),

w
ith

th
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√
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1
fo

r
th

e
b

ou
n
d
ed

in
p
u
ts

.

O
n

th
e

ot
h
er

h
an

d
,

ac
co

rd
in

g
to

L
em

m
a

27
,

w
e

h
av

e

f
(w

)
−
f

(w
∗ t+

1
)
≥
C

∆
γ
∥ ∥ w
−

w
∗ t+

1

∥ ∥2

fo
r

so
m

e
C
>

0.

C
om

b
in

in
g

th
e

ab
ov

e
tw

o
in

eq
u
al

it
ie

s
gi

ve
s

th
e

d
es

ir
ed

re
su

lt
.

P
ro

p
o
si

ti
o
n

2
9

(S
tr

e
a
m

in
g

v
a
ri

a
n

c
e
)

W
e

h
a
ve

E
[ 1 2

∥ ∥ ∇
φ

(w
∗ t+

1
)∥ ∥

2 (∇
2
f

(w
∗ t+

1
) )
−
1

]
≤
σ

2
.

w
h
er

e
σ

2
=
O
( d
β

3 1
‖r
t‖

2
)

fo
r

th
e

su
b-

G
a
u

ss
ia

n
/
re

gu
la

r
po

ly
n

o
m

ia
l-

ta
il

cl
a
ss

es
,

a
n

d
σ

2
=

O
( β

3 1
‖r
t
‖2

γ
2

)
fo

r
th

e
bo

u
n

d
ed

cl
a
ss

.

P
ro

o
f

O
b
se

rv
e

th
at

w
∗ t+

1
=

A
−

1
λ

B
w
t

an
d

∇
φ

(w
∗ t+

1
)

=

([
λ
x
x
>
−

x
y
>

−
y
x
>

λ
y
y
>

] A
−

1
λ

B
−
[

x
x
>

y
y
>

])
w
t.
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D
efi

n
e

th
e

sh
o
rth

an
d
s
D

=
B
−

12 [
λ
x
x
>
−

x
y
>

−
y
x
>

λ
y
y
>

]
B
−

12
an

d
E

=
B
−

12 [
x
x
>

y
y
>

]
B
−

12.

T
h
en

w
e

h
ave

E
[

12

∥∥∇
φ

(w
∗t+

1 ) ∥∥
2( ∇

2
f

(w
∗t+

1
)) −

1 ]
=

E
[

12

∥∥∇
φ

(w
∗t+

1 ) ∥∥
2A
−
1

λ

]

=
E
[

12

∥∥∥
B
−

12∇
φ

(w
∗t+

1 ) ∥∥∥
2B

12
A
−
1

λ
B

12 ]

=
12 E
[(

B
12w

t )
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λ D
−

E
)·

M
λ ·(D

M
λ −

E
) (

B
12w

t ) ]

=
12 E
[r >t

(M
λ D
−

E
)·

M
λ ·(D

M
λ −

E
)r
t ]
.

(32)

B
o
u

n
d

e
d

c
a
se

F
or

th
e

b
ou

n
d
ed
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w

h
ere

su
p (‖

x‖
2
,‖

y‖
2 )
≤

1,
th

e
d
erivation
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rela
tively

sim
p
le.

W
e

can
b

ou
n
d
‖D
‖
≤

3γ
an

d
‖
E‖
≤

1γ
,

an
d

th
u
s

E
[

12

∥∥∇
φ

(w
∗t+

1 ) ∥∥
2( ∇

2
f

(w
∗t+

1
)) −

1 ]
≤
‖
M

λ ‖‖r
t ‖

2

2
E
‖
D

M
λ −

E‖
2

≤
β

1 ‖r
t ‖

2 (E
‖
D

M
λ ‖

2
+

E
‖
E‖

2 )

=
O
(
β

31 ‖r
t ‖

2

γ
2

)

w
h
ere

w
e

h
ave

u
sed

th
e
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gle

in
eq

u
ality

an
d

th
e

fact
th

at
(x

+
y
)
2
≤

2
x

2
+

2y
2

in
th

e
seco

n
d

in
eq

u
ality.

S
u

b
-G

a
u

ssia
n

/
re

g
u
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r
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o
ly
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o
m

ia
l
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il

c
a
se

s
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th
e

su
b
scrip

t
λ
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M

λ

a
n
d
t
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m
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for
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v
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ce.

U
sin

g
th

e
fact
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at‖

x
+

y‖
2
≤
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x‖

2
+

2‖y‖
2
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x
=

M
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M
r
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n
d

y
=

M
12E

r,
w
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u
e
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(32)

an
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E
[
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∥∥∇
φ

(w
∗t+

1 ) ∥∥
2( ∇

2
f
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∗t+

1
)) −

1 ]
≤
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M
D

M
r ]

+
E
[r >

E
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E
r ]
.

In
tro

d
u
ce

th
e

n
otation

u
=

E
−

12
x
x

x
,
v

=
E
−

12
y
y

y
,

an
d

p
arition

r
an

d
M
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in

g
to

(x
,y
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r
=

[
r
x

r
y ]
,

M
=

[
M

x
x

M
x
y

M
y
x

M
y
y ]
.

In
v
iew

o
f

L
em

m
a

23,
w

e
can
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m

e
m

ax (E
‖u‖

4
,E
‖
v‖

4 )
≤
C
d

2.
F

rom
n
ow
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,

w
e

u
se

C
fo

r
a
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en
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stan
t

w
h
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ecifi

c
valu

e
m

ay
ch

an
ge

b
etw

een
ap

p
earan

ces.
W

e
h
ave

E
M

E
=

[
u

u
>

M
x
x u

u
>

u
u
>

M
x
y v

v
>

v
v
>

M
y
x u

u
>

v
v
>

M
y
y v

v
> ]

.

a
n
d

th
u
sr >

E
M

E
r

=
r >x

u
u
>

M
x
x u

u
>

r
x

+
r >y

v
v
>

M
y
y v

v
>

r
y

+
2
r >x

u
u
>

M
x
y v

v
>

r
y .
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E
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M
x
x u ]
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√

E
|r >x

u| 4 √
E
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>

M
x
x u| 2
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C
‖
r
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2 √
E
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>

M
x
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M

x
x ‖‖r

x ‖
2 √

E
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≤
C
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‖‖r
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.

S
im
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m
en

ts
also

lead
to

E
[r >y

v
v
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M
y
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C
‖
M
‖‖r
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2
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.

F
or
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e
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w
e
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E
[r >x
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>

M
x
y v

v
>

r
y ]≤

√
E
|r >x

u| 2 ∣∣r >y
v ∣∣ 2 √

E
|u
>

M
x
y v| 2

≤
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‖ (

E
∣∣∣ r >x

u ∣∣∣ 4 )
14 (

E
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v ∣∣∣ 4 )
14 (E
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4 )
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≤
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‖
M
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d
.

T
h
erefore,

E
[r >

E
M

E
r ]≤

C
‖M
‖‖r‖

2
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.

N
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w
e

n
eed
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b
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n
d
E
[r >
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D

M
D

M
r ].

U
sin

g
th

e
fact

th
at‖

x
+

y‖
2≤

2‖
x‖

2
+

2‖
y‖

2

w
ith

x
=

M
12D

1 M
r
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d
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=
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12D
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n
d
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b
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E
[r >

M
D

M
D

M
r ]≤

2E
[r >

M
D

1 M
D
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r ]

+
2E
[r >

M
D

2 M
D
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r ]

w
h
ere

D
1

=
λ [

u
u
>

0
0
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v
> ]

,
D

2
=
−
[

0
u

v
>

v
u
>

0

]
.

T
h
e

b
ou

n
d

for
E
[r >

M
D

1 M
D

1 M
r ]

can
b

e
d
erived

u
sin

g
th

e
sam

e
argu

m
en

t
th

at
b

ou
n
d
s

E
[r >

E
M

E
r ]

(n
ow

M
r

p
lay

s
th

e
role

of
r

in
b

ou
n
d
in

g
E
[r >

E
M

E
r ]),

an
d

th
u
s

w
e

h
ave

E
[r >

M
D

1 M
D

1 M
r ]≤

C
λ

2‖M
‖‖M

r‖
2
d
≤
C
‖M
‖

3‖r‖
2
λ

2d
.

F
in

ally,
w

e
b

ou
n
d
E
[r >

M
D

2 M
D

2 M
r ].

N
ote

th
at

−
D

2 M
D

2
=

[
u

v
>

M
y
y v

u
>

u
v
>

M
y
x u

v
v
u
>

M
x
y v

u
>

v
u
>

M
x
x u

v
> ]

.
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=
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=
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> x
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M
y
y
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+
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> x
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>
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S
im
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w
h
at

w
e

h
av

e
d
on

e
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ov
e,

E
∣ ∣ ∣m
> x

u
v
>

M
y
y
v
u
>
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x

∣ ∣ ∣≤
√

E
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> x

u
|4√

E
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>

M
y
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≤
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‖‖

m
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d

≤
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T
h
e

sa
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e
b

ou
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al
so

h
ol

d
s

fo
r
E
∣ ∣ m
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v
u
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M
x
x
u
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m
y

∣ ∣ w
it
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th
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sa

m
e

ar
g
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m
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t.

F
or

th
e

te
rm

E
∣ ∣ m
> x

u
v
>

M
y
x
u

v
>

m
y

∣ ∣ ,
w

e
h
av

e

E
∣ ∣ ∣m
> x

u
v
>

M
y
x
u

v
>

m
y

∣ ∣ ∣≤
‖M
‖(

E
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x
u
|4)

1 4
( E
|m

y
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|4)

1 4
( E
‖u
‖4
)1 4
( E
‖v
‖4
)1 4

≤
C
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‖‖

m
x
‖‖

m
y
‖d

≤
C
‖M
‖3
‖r
‖2
d
.

C
om

b
in

in
g

al
l

th
e

te
rm

s,
an

d
n
ot

in
g

th
at
λ
≤

2,
w

e
h
av

e
sh

ow
n

th
at

E
[ r>

M
D

M
D

M
r] ≤

C
‖M
‖3
‖r
‖2
d
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A
n
d

th
e

fi
n
al

b
ou

n
d

is

E
[ r>

(M
D
−

E
)M

(D
M
−

E
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] ≤

C
[ ‖
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‖]
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=
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3 1
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E
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P

ro
o
f

o
f

L
e
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m
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F
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n
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at
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n
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p
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w
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th
e

su
b
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ri
p
t
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+
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b
el
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A
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d
in

g
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F
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st
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et
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h
eo

re
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e
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e
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er
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−
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≤
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−
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4
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−
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√
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≤
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√
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−
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−
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=
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∈
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≤
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−
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−
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]
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+
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−

1
)
−
f
∗]

+
4

+
c 2

2
k
τ
σ

2

]

≤
22
c 2
·E
[ f

(w
τ
−

1
)
−
f
∗]

+
10
c 3
·β

1
‖r
t‖
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b
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+
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=
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).

A
n
ot

h
er

d
ir

ec
ti

o
n

o
f

re
se

a
rc

h
re

ga
rd

in
g

d
at

a
re

d
u
ct

io
n

th
at

p
ro

va
b
ly

ke
ep

s
th

e
re

le
va

n
t

in
fo

rm
at

io
n

fo
r

a
g
iv

en
le

ar
n
in

g
ta

sk
is

v
ia

sk
et

ch
es

(W
o
o
d
ru

ff
,

20
14

):
co

m
p
re

ss
ed

m
ap

p
in

gs
(o

b
ta

in
ed

v
ia

p
ro

je
ct

io
n
s)

of
th

e
or

ig
in

al
d
at

a
se

t
th

at
ar

e
in

ge
n
er

al
ea

sy
to

u
p

d
at

e
w

it
h

n
ew

o
r

m
o
d
ifi

ed
d
at

a.
S
ke

tc
h
es

ar
e

n
ot

st
ri

ct
ly

sp
ea

k
in

g
co

re
se

ts
,

an
d

th
e

d
iff

er
en

ce
re

si
d
es

in
th

e
fa

ct
th

at
co

re
se

ts
ar

e
su

b
se

ts
of

th
e

d
at

a,
w

h
er

ea
s

sk
et

ch
es

ar
e

p
ro

je
ct

io
n
s

of
th

e
d
at

a.
N

ot
e

fi
n
al

ly
th

at
th

e
fr

on
ti

er
b

et
w

ee
n

th
e

tw
o

is
p

er
m

ea
b
le

a
n
d

so
m

e
d
a
ta

su
m

m
ar

ie
s

m
ay

co
m

b
in

e
b

ot
h
.

O
u
r

w
or

k
fa

ll
s

in
to

th
e

ra
n
d
om

sa
m

p
li
n
g

ca
te

go
ry

,
in

w
h
ic

h
th

e
st

at
e

of
th

e
a
rt

co
n
si

st
s

in
ta

il
or

in
g

a
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
fo

r
th

e
d
at

a
se

t
at

h
an

d
,

an
d

th
en

sa
m

p
li
n
g

ii
d

fr
o
m

th
at

d
is

tr
ib

u
ti

on
(C

h
en

,
20

09
;
L

an
gb

er
g

an
d

S
ch

u
lm

an
,
20

10
;
F

el
d
m

an
an

d
L

a
n
g
b

er
g
,
2
0
1
1
;

B
ra

ve
rm

an
et

al
.,

20
16

).
In

d
ep

en
d
en

t
p
ro

ce
ss

es
b

ei
n
g

ig
n
or

an
t

of
th

e
p
as

t,
a
n
d

th
u
s

li
a
b
le

to
sa

m
p
le

si
m

il
ar

p
oi

n
ts

re
p

ea
te

d
ly

,
an

av
en

u
e

fo
r

im
p
ro

v
em

en
t

is
to

p
ro

d
u
ce

sa
m

p
le

s
th

at
ar

e
le

ss
re

d
u
n
d
an

t
th

an
w

h
at

ii
d

sa
m

p
li
n
g

p
ro

d
u
ce

s.
A

n
at

u
ra

l
id

ea
is

to
co

n
si

d
er

2
JM

L
R

 2
0(

16
8)

:1
-7

0,
 2

01
9



D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

n
eg

a
tively

co
rrelated

p
oin

t
p
ro

cesses,
i.e.,

p
oin

t
p
ro

cesses
for

w
h
ich

sam
p
lin

g
join

tly
tw

o
sim

ila
r

d
a
ta

p
o
in

ts
is

less
p
rob

ab
le

th
an

sam
p
lin

g
tw

o
v
ery

d
iff

eren
t

d
atap

oin
ts.

M
eth

o
d
s

b
a
sed

o
n

n
eg

a
tively

correlated
sam

p
lin

g
h
ave

b
een

stu
d
ied

in
th

e
p
ast

for
sp

ecifi
c

task
s.

F
o
r

in
sta

n
ce,

for
th

e
colu

m
n

su
b
set

selection
p
rob

lem
(C

S
S
P

),
a

m
eth

o
d

called
v
olu

m
e

sa
m

p
lin

g
h
a
s

b
een

in
v
estigated

in
th

e
literatu

re
(see

D
esh

p
a
n
d
e

et
al.,

2
006;

D
esh

p
an

d
e

an
d

R
a
d
em

a
ch

er,
2
010).

A
d
eterm

in
an

t-b
ased

sam
p
lin

g
strategy

h
as

also
b

een
stu

d
ied

b
y

B
e-

la
b
b
a
s

a
n
d

W
o
lfe

(2009).
A

lso,
a

recen
t

w
ork

(B
elh

ad
ji

et
al.,

2018)
d
iscu

sses
w

ith
som

e
d
eta

ils
th

e
d
iff

eren
t

ex
istin

g
sam

p
lin

g-b
ased

m
eth

o
d
s

(iid
or

w
ith

n
egative

correlation
s)

for
th

e
C

S
S
P

,
a
n
d

com
p
ares

th
em

v
ersu

s
a

d
eterm

in
an

tal
sam

p
lin

g
strateg

y.
A

n
oth

er
sp

e-
cifi

c
ta

sk
for

w
h
ich

v
olu

m
e

sam
p
lin

g
strategies

h
av

e
b

een
u
sed

is
lin

ear
regression

(see
for

in
sta

n
ce

D
erezin

sk
i

et
al.,

2018;
D

erezin
sk

i
an

d
W

arm
u
th

,
2018

).

W
e

p
ro

p
o
se:

i/
to

con
cen

trate
on

a
sp

ecifi
c

ty
p

e
of

n
egativ

ely
-correlated

sam
p
lin

g:
d
eterm

in
a
n
ta

l
p

oin
t

p
ro

cesses
(D

P
P

s),
k
n
ow

n
to

p
rov

id
e

sam
p
les

th
at

are
rep

resen
tative

o
f

th
e

“
d
iv

ersity
”

in
th

e
d
ata

set
(K

u
lesza

an
d

T
aska

r,
2012);

ii/
to

stu
d
y

th
eir

coreset
p

erfo
rm

a
n
ce

o
n

gen
eric

task
s.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

w
e

p
rov

id
e

th
e

fi
rst

g
en

eral
co

reset
g
u
a
ra

n
tee

u
sin

g
n
on

-iid
ran

d
om

sam
p
lin

g.

D
P

P
s

are
p
a
ram

etrized
b
y

a
p

ositive
sem

i-d
efi

n
ite

m
atrix

called
L

-en
sem

b
le

an
d

d
en

oted
b
y

L
.

T
h
is

m
a
trix

en
co

d
es

for
th

e
in

clu
sion

p
rob

ab
ilities

of
each

sam
p
le

as
w

ell
as

h
igh

er
o
rd

er
in

clu
sio

n
p
rob

ab
ilities

d
efi

n
in

g
th

e
correlation

b
etw

een
sam

p
les.

N
o
te

th
at

D
P

P
s

h
ave

in
g
en

era
l

a
ran

d
om

n
u
m

b
er

of
sam

p
les

w
h
ich

in
m

an
y

p
ractical

situ
ation

s
is

n
ot

a
d
a
p
ted

.
T

h
is

lead
K

u
lesza

an
d

T
askar

(2012)
to

d
efi

n
e
m

-D
P

P
s:

D
P

P
s

con
d
ition

ed
to

o
u
tp

u
t
m

sam
p
les

(for
p
recise

d
efi

n
ition

s
related

to
D

P
P

s
an

d
m

-D
P

P
s,

see
S
ection

2.6).
It

so
h
a
p
p

en
s

th
at

D
P

P
s

are
m

ore
tractab

le
th

an
m

-D
P

P
s,

m
ak

in
g

som
e

p
ro

ofs
easier

to
sh

ow
in

th
e

D
P

P
con

tex
t;

h
ow

ever,
m

-D
P

P
s

are
m

ore
u
sefu

l
in

p
ractice,

esp
ecially

w
h
en

o
n
e

n
eed

s
to

co
m

p
are

w
ith

fi
x
ed

-size
sam

p
lin

g
m

eth
o
d
s

as
w

e
d
o

in
th

is
w

ork
.

T
h
e

read
er

sh
o
u
ld

th
u
s

b
e

m
en

tally
p
rep

ared
to

ju
ggle

from
on

e
con

cep
t

to
th

e
oth

er
th

rou
gh

ou
t

th
e

rem
a
in

d
er

of
th

is
p
ap

er.

1
.1

.
C

o
n
trib

u
tio

n
s

T
h

e
o
re

tic
a
l

c
o
n
trib

u
tio

n
s.

O
u
r

th
eorem

s
are

q
u
ite

gen
eric,

an
d

assu
m

e
m

ostly
th

at
th

e
co

st
fu

n
ctio

n
s

u
n
d
er

stu
d
y

are
L

ip
sch

itz.
W

e
h
ave

tw
o

m
ain

lin
es

of
argu

m
en

t:
th

e
fi
rst

is
th

a
t

D
P

P
sa

m
p
les

d
o

in
d
eed

v
erify

th
e

coreset
p
rop

erty,
th

e
secon

d
is

th
at

D
P

P
s

p
ro

d
u
ce

better
co

resets
th

an
th

eir
iid

cou
n
terp

arts
if

on
e

u
ses

th
e

righ
t
L

-en
sem

b
le

to
d
efi

n
e

th
e

D
P

P
.

M
o
re

sp
ecifi

cally,
w

e
sh

ow
:

•
T

h
eo

rem
8

an
d

20.
W

h
atever

th
e

h
igh

er-ord
er

in
clu

sion
p
rob

ab
ilities,

if
th

e
in

clu
sio

n
p
ro

b
a
b
ility

of
each

sam
p
le

of
a

D
P

P
(or

m
-D

P
P

)
is

set
p
rop

ortion
al

to
th

e
sen

sitiv
ity,

th
en

th
e

resu
lts

are
at

least
as

go
o
d

as
in

th
e

iid
case.

T
ech

n
ical

lim
itation

s
in

co
n
trollin

g
th

e
con

cen
tration

p
rop

erties
of

correlated
sam

p
les

cu
rren

tly
keep

u
s

from
d
eriv

in
g

ex
actly

th
e

m
in

im
u
m

coreset
size

on
e

m
ay

h
op

e
for

w
h
en

u
sin

g
D

P
P

s.

•
T

h
eo

rem
11.

A
D

P
P

sam
p
le

n
ecessarily

h
as

a
low

er
va

rian
ce

th
an

its
(in

d
ep

en
d
en

t)
P

o
isso

n
cou

n
terp

art
w

ith
sam

e
in

clu
sio

n
p
rob

ab
ilities.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

•
T

h
eorem

12
an

d
its

C
orollary

14
.

In
th

e
fi
x
ed

-size
con

tex
t:

a
sam

p
le

from
an

m
-D

P
P

w
ith

a
ran

k
m

p
ro

jectiv
e
L

-en
sem

b
le

(also
called

p
ro

jective
D

P
P

)
n
ecessarily

lead
s

to
a

low
er

varian
ce

th
an

its
iid

cou
n
terp

art
w

ith
sam

e
in

clu
sion

p
rob

ab
ilities.

W
e

also
sh

ow
T

h
eorem

16,
statin

g
th

at
sam

p
les

from
a

p
articu

lar
p

oly
n
om

ial
L

-en
sem

b
le

b
ased

on
th

e
V

an
d
erm

on
d
e

m
atrix

of
th

e
d
ata

asy
m

p
totically

h
ave

a
reb

alan
cin

g
p
rop

erty,
m

ad
e

p
recise

in
S
ection

3.3.
F

or
in

sta
n
ce

in
th

e
k
-m

ean
s

settin
g,

th
is

reb
alan

cin
g

p
ro

p
erty

m
ean

s
th

at,
asy

m
p
totically,

su
ch

a
D

P
P

p
ro

d
u
ces

sam
p
les

in
ea

ch
clu

ster,
even

if
som

e
are

m
u
ch

sm
aller

th
an

oth
ers

(see
F

igu
re

1
for

an
illu

stratio
n
).

F
in

ally,
of

in
d
ep

en
d
en

t
in

terest,
w

e
p
rov

id
e

for
th

e
fi
rst

tim
e

an
aly

tical
form

u
las

for
th

e
sen

sitiv
ity,

in
tw

o
sp

ecifi
c

settin
gs:

th
e

1-m
ean

s
an

d
th

e
lin

ear
regression

cases
(L

em
m

as
23

an
d

25).

E
m

p
iric

a
l

c
o
n
trib

u
tio

n
s.

In
th

e
iid

settin
g,

for
op

tim
al

p
erform

an
ce,

th
e

p
rob

ab
ility

of
sam

p
lin

g
an

elem
en

t
sh

ou
ld

b
e

set
p
ro

p
ortion

al
to

its
sen

sitiv
ity.

In
gen

eral,
th

e
sen

sitiv
ity

is
n
ot

com
p
u
tab

le
in

p
oly

n
om

ial
tim

e,
th

u
s

ou
t

of
reach

in
p
ra

ctice.
F

or
th

e
sp

ecifi
c

1-m
ean

s
an

d
lin

ear
regression

task
s,

n
ow

th
at

w
e

h
ave

p
rov

id
ed

an
aly

tical
form

u
las,

th
ese

q
u
an

tities
b

ecom
e

com
p
u
tab

le
in

p
oly

n
om

ial
tim

e
b
u
t

tu
rn

ou
t

to
b

e
h
eav

ier
to

com
p
u
te

th
an

solv
in

g
th

e
task

on
th

e
w

h
ole

d
ata

set
–th

u
s

u
seless

in
p
ractice.

T
h
e

u
su

al
w

orkarou
n
d

in
th

e
iid

settin
g

is
to

set
th

e
sam

p
lin

g
p
rob

ab
ility

p
rop

ortion
al

to
an

u
p
p

er
b

ou
n
d

(effi
cien

tly
com

-
p
u
ted

v
ia,

e.g.,
b
i-criteria

ap
p
rox

im
a
tion

s)
of

th
e

sen
sitiv

ity.
T

h
an

k
fu

lly,
on

e
still

con
trols

th
e

p
erform

an
ce

of
th

e
ob

tain
ed

coreset
(as

a
fu

n
ction

o
f

th
e

u
p
p

er
b

ou
n
d
’s

tigh
tn

ess).

S
en

sitiv
ity

p
lay

in
g

a
cen

tral
role

in
th

e
D

P
P

-b
ased

coreset
th

eorem
s

w
e

p
rov

id
e,

th
ese

th
eorem

s
also

su
ff

er
from

th
e

sam
e

im
p
racticality.

U
n
fortu

n
ately,

d
u
e

to
th

e
d
ep

en
d
en

cies
in

tro
d
u
ced

b
y

D
P

P
s,

m
ere

u
p
p

er
b

ou
n
d
s

of
th

e
sen

sitiv
ity

are
n
ot

su
ffi

cien
t

to
p
rop

ose
a

con
trolled

w
orkarou

n
d
.

T
h
e

th
eorem

s
en

ab
le

to
d
iscu

ss
in

som
e

d
etail

w
h
at

is
th

e
id

eal
task

-sp
ecifi

c
ch

oice
of
L

-en
sem

b
le,

b
u
t

in
p
ractice

w
e

for
n
ow

n
eed

to
resort

to
h
eu

ristics.

W
e

ap
p
ly

ou
r

resu
lts

to
b

oth
th

e
k
-m

ean
s

an
d

th
e

lin
ea

r
regression

p
rob

lem
s

w
h
ere

th
e

in
itial

d
ata

con
sists

in
n

p
oin

ts
in

R
d.

A
s

ex
p
lain

ed
,

th
e

id
eal

ch
oice

of
L

-en
sem

b
le

L
for

D
P

P
sam

p
lin

g
is

u
n
tractab

le
in

p
ractice,

w
e

th
u
s

p
rov

id
e

tw
o

effi
cien

t
h
eu

ristics:
on

e
b
ased

on
ran

d
om

F
ou

rier
featu

res
of

th
e

G
au

ssian
kern

el,
th

e
oth

er
on

p
oly

n
om

ial
featu

res.
W

e
p
ay

p
articu

lar
atten

tion
to

th
e

com
p
u
tation

cost
of

th
ese

tw
o

h
eu

ristics,
an

d
p
rov

id
e

im
p
lem

en
tation

d
etails.

T
h
ese

h
eu

ristics
ou

tp
u
t

a
coreset

sam
p
le

in
resp

ectively
O

(n
m

2
+
n
m
d
)

an
d
O

(n
m

2)
tim

e
w

h
ere

m
is

th
e

n
u
m

b
er

of
sam

p
les

of
th

e
coreset.

In
th

e
k
-m

ean
s

con
tex

t,
th

is
is

to
com

p
are

to
O

(n
k
d
)

th
e

cost
of

th
e

cu
rren

t
state

of
th

e
a
rt

iid
sam

p
lin

g
algorith

m
v
ia

b
i-criteria

ap
p
rox

im
ation

.
m

b
ein

g
n
ecessarily

larger
th

an
d

a
n
d
k

to
ob

tain
th

e
coreset

gu
aran

tee
in

th
is

con
tex

t,
ou

r
p
rop

osition
is

com
p
u
tation

ally
h
eav

ier,
esp

ecially
as

m
in

creases.
W

e
p
rov

id
e

n
on

eth
eless

ex
ten

sive
em

p
irical

ev
id

en
ce

sh
ow

in
g

th
at

th
is

ad
d
ition

al
cost

stay
s

reason
ab

le,
given

th
e

en
h
an

ced
p

erform
an

ce
it

p
rov

id
es.

In
p
articu

lar,
giv

en
th

at
w

e
p
rov

id
e

an
aly

tical
form

u
las

for
th

e
sen

sitiv
ities

in
th

e
1-m

ean
s

an
d

lin
ear

regression
con

tex
ts,

w
e

are
ab

le,
in

th
ese

tw
o

settin
gs,

to
com

p
are

th
e

D
P

P
-

b
ased

h
eu

ristics
to

th
e

id
eal

iid
coresets

(i.e.,
th

e
coresets

sam
p
led

iid
from

th
e

d
istrib

u
tion

exa
ctly

p
rop

ortion
al

to
th

e
sen

sitiv
ity

):
resu

lts
clearly

sh
ow

th
e

su
p

erior
p

erform
an

ce
of

ou
r

h
eu

ristics.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
ss

e
s

f
o
r

C
o
r
e
se

t
s

F
in

al
ly

,
a

J
u
li
a

to
ol

b
ox

ca
ll
ed

D
P

P
4C

or
es

et
s

is
av

ai
la

b
le

on
th

e
au

th
or

s’
w

eb
si

te
.1

1
.2

.
O

rg
a
n

iz
a
ti

o
n

o
f

th
e

p
a
p

e
r

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
re

ca
ll
s

th
e

b
ac

k
gr

ou
n
d
:

th
e

ty
p

es
of

le
a
rn

in
g

p
ro

b
le

m
s

u
n
d
er

co
n
si

d
er

at
io

n
,

th
e

fo
rm

al
d
efi

n
it

io
n

of
co

re
se

ts
,

se
n
si

ti
v
it

ie
s

an
d

D
P

P
s.

T
h
e

th
eo

re
ti

ca
l

S
ec

ti
on

3
p
re

se
n
ts

ou
r

m
ai

n
th

eo
re

m
s

on
th

e
p

er
fo

rm
a
n
ce

of
D

P
P

s
fo

r
co

re
se

t
sa

m
p
li
n
g:

w
h
il
e

S
ec

ti
on

3.
1

d
et

ai
ls

co
re

se
t

p
er

fo
rm

an
ce

in
th

e
u
su

al
fo

rm
u
la

ti
on

of
co

re
se

t
th

eo
re

m
s,

S
ec

ti
on

3.
2

sh
ow

s
ge

n
er

al
va

ri
an

ce
ar

gu
m

en
ts

in
fa

vo
r

of
D

P
P

s,
an

d
fi
n
al

ly
S
ec

ti
on

3.
3

p
ro

v
id

es
an

or
ig

in
al

as
y
m

p
to

ti
c

re
b
al

an
ci

n
g

p
ro

p
er

ty
of

D
P

P
s.

S
ec

ti
on

4.
1

sh
ow

s
h
ow

th
es

e
th

eo
re

m
s

ar
e

ap
p
li
ca

b
le

to
b

ot
h

th
e
k
-m

ea
n
s

an
d

th
e

li
n
ea

r
re

gr
es

si
on

p
ro

b
le

m
s.

W
e

p
ro

v
id

e
in

S
ec

ti
on

5
a

d
is

cu
ss

io
n

on
th

e
ch

oi
ce

of
L

-e
n
se

m
b
le

ad
a
p
te

d
to

th
es

e
p
ro

b
le

m
s,

an
d

d
et

ai
l

ou
r

sa
m

p
li
n
g

al
go

ri
th

m
s.

F
in

al
ly

,
th

e
em

p
ir

ic
al

S
ec

ti
on

6
p
re

se
n
ts

ex
p

er
im

en
ts

on
ar

ti
fi
ci

al
as

w
el

l
as

re
al

-w
or

ld
d
at

a
se

ts
co

m
p
ar

in
g

th
e

p
er

fo
rm

an
ce

of
D

P
P

sa
m

p
li
n
g

to
ii
d

sa
m

p
li
n
g.

S
ec

ti
on

7
co

n
cl

u
d
es

th
e

p
ap

er
.

N
ot

e
th

at
fo

r
th

e
sa

ke
of

re
ad

ab
il
it

y,
m

an
y

p
ro

of
s

an
d

so
m

e
im

p
le

m
en

ta
ti

on
d
et

ai
ls

ar
e

p
u
sh

ed
to

th
e

A
p
p

en
d
ix

.

2
.
B
a
ck

g
ro

u
n
d

L
et
X

=
{x

1
,.
..
,x

n
}b

e
a

se
t

of
n

d
at

ap
o
in

ts
.

L
et

(Θ
,d

Θ
)

b
e

a
m

et
ri

c
sp

ac
e

of
p
ar

am
et

er
s,

an
d
θ

an
el

em
en

t
of

Θ
.

W
e

co
n
si

d
er

co
st

fu
n
ct

io
n
s

of
th

e
fo

rm
:

L
(X
,θ

)
=
∑ x
∈X

f
(x
,θ

),
(1

)

w
h
er

e
f

is
a

n
on

-n
eg

at
iv

e
γ

-L
ip

sc
h
it

z
fu

n
ct

io
n

(γ
>

0)
w

it
h

re
sp

ec
t

to
θ,

i.
e.

,
∀x
∈
X

:

∀θ
∈

Θ
f

(x
,θ

)
≥

0,

∀(
θ,
θ′

)
∈

Θ
2

|f
(x
,θ

)
−
f

(x
,θ
′ )
|≤

γ
d

Θ
(θ
,θ
′ )
.

M
an

y
cl

as
si

ca
l

m
ac

h
in

e
le

ar
n
in

g
co

st
fu

n
ct

io
n
s

fa
ll

u
n
d
er

th
is

m
o
d
el

:
k
-m

ea
n
s,
k
-m

ed
ia

n
,

lo
gi

st
ic

or
li
n
ea

r
re

gr
es

si
on

,
su

p
p

or
t-

ve
ct

or
m

ac
h
in

es
,

lo
w

-r
an

k
ap

p
ro

x
im

a
ti

on
s

of
m

at
ri

ce
s,

et
c.

2
.1

.
P

ro
b

le
m

c
o
n

si
d

e
re

d

A
st

an
d
ar

d
le

ar
n
in

g
ta

sk
is

to
m

in
im

iz
e

th
e

co
st
L

ov
er

al
l
θ
∈

Θ
.

W
e

w
ri

te
:

θo
p

t
=

ar
gm

in
θ
∈Θ

L
(X
,θ

),
L

o
p

t
=
L

(X
,θ

o
p

t )
an

d
〈f
〉 o

p
t

=
L

o
p

t

n
.

(2
)

In
so

m
e

in
st

an
ce

s
of

th
is

p
ro

b
le

m
,

e.
g.

,
if
n

is
ve

ry
la

rg
e

an
d
/o

r
if
f

is
ex

p
en

si
ve

to
ev

al
u
at

e
an

d
sh

ou
ld

b
e

co
m

p
u
te

d
as

ra
re

ly
as

p
os

si
b
le

,
on

e
m

ay
re

ly
on

sa
m

p
li
n
g

st
ra

te
gi

es
to

effi
ci

en
tl

y
p

er
fo

rm
th

is
op

ti
m

iz
at

io
n

ta
sk

.

1
.

T
h

e
D

P
P

4
C

o
re

se
ts

to
o
lb

ox
is

a
ls

o
av

a
il

a
b

le
a
t
h
t
t
p
s
:
/
/
g
r
i
c
a
d
-
g
i
t
l
a
b
.
u
n
i
v
-
g
r
e
n
o
b
l
e
-
a
l
p
e
s
.
f
r
/

t
r
e
m
b
l
a
n
/
d
p
p
4
c
o
r
e
s
e
t
s
.
j
l

.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

2
.2

.
C

o
re

se
ts

L
et
S

=
{x

s 1
,.
..
,x

s m
}

b
e

a
su

b
se

t
of
X

(p
o
ss

ib
ly

w
it

h
re

p
et

it
io

n
s)

.
T

o
ea

ch
el

em
en

t
x
s
∈
S,

as
so

ci
at

e
a

w
ei

gh
t
ω

(x
s
)
∈

R
+

.
D

efi
n
e

th
e

es
ti

m
at

ed
co

st
as

so
ci

a
te

d
to

th
e

w
ei

gh
te

d
su

b
se

t
S

as
:

L̂
(S
,θ

)
=
∑ x
s
∈S
ω

(x
s
)f

(x
s
,θ

).
(3

)

D
e
fi

n
it

io
n

1
(C

o
re

se
t)

L
et
ε
∈

(0
,1

).
T

h
e

w
ei

gh
te

d
su

bs
et
S

is
a
ε-

co
re

se
t

fo
r
L

if
,

fo
r

an
y

p
ar

am
et

er
θ,

th
e

es
ti

m
a
te

d
co

st
is

eq
u

a
l

to
th

e
ex

a
ct

co
st

u
p

to
a

re
la

ti
ve

er
ro

r:

∀θ
∈

Θ

∣ ∣ ∣ ∣ ∣L̂ L
−

1

∣ ∣ ∣ ∣ ∣≤
ε.

(4
)

T
h
is

is
th

e
so

-c
al

le
d

“s
tr

on
g”

co
re

se
t

d
efi

n
it

io
n
,

as
th

e
ε-

ap
p
ro

x
im

at
io

n
is

re
q
u
ir

ed
fo

r
a
ll

θ
∈

Θ
.

A
w

ea
ke

r
ve

rs
io

n
of

th
is

d
efi

n
it

io
n

ex
is

ts
in

th
e

li
te

ra
tu

re
w

h
er

e
th

e
ε-

a
p
p
ro

x
im

a
ti

o
n

is
on

ly
re

q
u
ir

ed
fo

r
θo

p
t .

In
th

e
fo

ll
ow

in
g,

w
e

fo
cu

s
on

th
eo

re
m

s
gu

ar
an

te
ei

n
g

th
e

st
ro

n
g

co
re

se
t

p
ro

p
er

ty
.

L
et

u
s

w
ri

te
θ̂o

p
t

th
e

op
ti

m
al

so
lu

ti
on

co
m

p
u
te

d
on

th
e

w
ei

gh
te

d
su

b
se

t
S:

θ̂o
p

t
=

ar
gm

in
θ
∈Θ

L̂
(S
,θ

).
A

n
im

p
or

ta
n
t

co
n
se

q
u
en

ce
of

th
e

co
re

se
t

p
ro

p
er

ty
is

th
e

fo
ll
ow

in
g
:

(1
−
ε)
L

(X
,θ

o
p

t )
≤

(1
−
ε)
L

(X
,θ̂

o
p

t )
≤
L̂

(S
,θ̂

o
p

t )
≤
L̂

(S
,θ

o
p

t )
≤

(1
+
ε)
L

(X
,θ

o
p

t ),

i.
e.

,
ru

n
n
in

g
an

op
ti

m
iz

at
io

n
al

go
ri

th
m

on
th

e
w

ei
gh

te
d

sa
m

p
le
S

w
il
l

re
su

lt
in

a
m

in
im

a
l

le
ar

n
in

g
co

st
th

at
is

a
co

n
tr

ol
le

d
ε-

ap
p
ro

x
im

at
io

n
o
f

th
e

le
ar

n
in

g
co

st
on

e
w

o
u
ld

h
av

e
o
b
-

ta
in

ed
b
y

ru
n
n
in

g
th

e
sa

m
e

al
go

ri
th

m
on

th
e

en
ti

re
d
at

a
se

t
X

.
N

ot
e

th
at

th
e

g
u
a
ra

n
te

e
is

ov
er

co
st

s
on

ly
:

th
e

es
ti

m
at

ed
op

ti
m

al
p
ar

am
et

er
s
θ̂o

p
t

an
d
θo

p
t

m
ay

b
e

d
iff

er
en

t.
N

ev
-

er
th

el
es

s,
if

th
e

co
st

fu
n
ct

io
n

is
w

el
l

su
it

ed
to

th
e

p
ro

b
le

m
:

ei
th

er
th

er
e

is
o
n
e

cl
ea

r
g
lo

b
a
l

m
in

im
u
m

an
d

th
e

es
ti

m
at

ed
p
ar

am
et

er
s

w
il
l
al

m
os

t
co

in
ci

d
e;

or
th

er
e

a
re

m
u
lt

ip
le

so
lu

ti
o
n
s

fo
r

w
h
ic

h
th

e
le

ar
n
in

g
co

st
is

si
m

il
ar

an
d

se
le

ct
in

g
on

e
ov

er
th

e
ot

h
er

is
n
ot

a
n

is
su

e.
In

te
rm

s
of

co
m

p
u
ta

ti
on

co
st

,
if

th
e

sa
m

p
li
n
g

sc
h
em

e
is

effi
ci

en
t,
n

is
ve

ry
la

rg
e

a
n
d
/
o
r

f
is

ex
p

en
si

ve
to

co
m

p
u
te

fo
r

ea
ch

d
at

ap
oi

n
t,

co
re

se
ts

th
u
s

en
ab

le
a

si
gn

ifi
ca

n
t

g
a
in

in
co

m
p
u
ti

n
g

ti
m

e.

2
.3

.
S

e
n

si
ti

v
it

y

T
o

d
efi

n
e

ap
p
ro

p
ri

at
e

sa
m

p
li
n
g

sc
h
em

es
fo

r
co

re
se

ts
,

L
an

gb
er

g
an

d
S
ch

u
lm

a
n

(2
0
1
0
)

in
tr

o-
d
u
ce

th
e

n
ot

io
n

of
se

n
si

ti
v
it

y
:

D
e
fi

n
it

io
n

2
(S

e
n

si
ti

v
it

y
)

T
h
e

se
n

si
ti

vi
ty

o
f

a
d
a
ta

po
in

t
x
i
∈
X

w
it

h
re

sp
ec

t
to

a
fu

ct
io

n
f

:
X
,Θ
→

R
+

is
:

σ
i

=
m

ax
θ
∈Θ

f
(x

i,
θ)

L
(X
,θ

)
∈

[0
,1

].
(5

)

A
ls

o
,

th
e

to
ta

l
se

n
si

ti
vi

ty
is

d
efi

n
ed

a
s

: S
=

n ∑ i=
1

σ
i.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

N
o
te

th
a
t

th
e

fraction
d
efi

n
in

g
th

e
sen

sitiv
ity

is
n
ot

d
efi

n
ed

for
L

(X
,θ)

=
0

(th
at

m
ay

h
a
p
p

en
fo

r
in

stan
ce

in
th

e
1-m

ean
s

p
rob

lem
,

in
th

e
d
egen

erate
case

w
h
ere

all
x
i

are
su

p
er-

im
p

o
sed

a
n
d

eq
u
al

to
θ).

F
or

sim
p
licity,

w
e

su
p
p

ose
th

at∀
θ
∈

Θ
,
L

(X
,θ)

>
0.

T
h
e

sen
sitiv

ity
is

related
to

th
e

con
cep

t
of

statistical
levera

ge
score

(e.g.,
D

rin
eas

an
d

M
a
h
on

ey
,

2
0
1
8
;

D
rin

eas
et

al.,
2012),

w
h
ich

p
lay

s
a

cru
cial

role
in

iid
ran

d
om

sam
p
lin

g
th

eo
rem

s
in

th
e

ran
d
om

ized
n
u
m

erical
lin

ear
algeb

ra
literatu

re
(M

a
h
on

ey
,

2
011).

B
o
th

n
o
tion

s
a
re

sim
ilar,

b
u
t

n
ot

eq
u
ivalen

t.
F

or
in

stan
ce,

w
e

sh
ow

in
L

em
m

a
25

th
at

sen
sitiv

ities
fo

r
th

e
lin

ear
regression

task
are

d
iff

eren
t

from
th

e
u
su

al
d
efi

n
ition

of
levera

ge
sco

re
in

th
is

co
n
tex

t.
T

h
u
s,

in
gen

eral,
leverage

scores
u
sed

in
th

e
ran

d
om

ized
lin

ear
algeb

ra
literatu

re
a
re

n
o
t

sen
sitiv

ities,
i.e.,

th
ey

d
o

n
o
t

n
ecessarily

verify
E

q
.

(5).
In

w
o
rd

s,
th

e
sen

sitiv
ity

σ
i

is
th

e
w

orse
case

con
trib

u
tion

of
d
atap

oin
t
x
i

in
th

e
total

co
st.

In
fo

rm
ally,

th
e

larger
it

is,
th

e
larger

its
“ou

tliern
ess”

(L
u
cic

et
al.,

2016).

2
.4

.
iid

im
p

o
rta

n
c
e

sa
m

p
lin

g
a
n

d
sta

te
o
f

th
e

a
rt

re
su

lts

In
th

e
iid

sa
m

p
lin

g
p
arad

igm
,

th
e

im
p

ortan
ce

sam
p
lin

g
estim

ator
of
L

is
th

e
follow

in
g.

S
ay

th
e

sa
m

p
le

setS
con

sists
in
m

sam
p
les

d
raw

n
iid

w
ith

rep
lacem

en
t

from
a

(d
iscrete)

p
ro

b
ab

ility
d
istrib

u
tion

p
∈
R
n

(w
ith

p
i

th
e

p
rob

ab
ility

of
sam

p
lin

g
x
i

a
t

each
d
raw

,
an

d
∑

i p
i

=
1
).

D
en

ote
b
y
ε
i

th
e

ran
d
om

variab
le

cou
n
tin

g
th

e
n
u
m

b
er

of
o
ccu

ren
ces

of
x
i

in

S
.

O
n
e

m
ay

d
efi

n
e
L̂

iid ,
th

e
so-called

im
p

ortan
ce

sam
p
lin

g
estim

ator
of
L

,
as

:

L̂
iid (S

,θ)
=
∑

i

f
(x

i ,θ)ε
i

m
p
i

.
(6)

O
n
e

ca
n

sh
ow

th
at

E
(ε
i )

=
m
p
i ,

su
ch

th
at
L̂

iid
is

an
u
n
b
iased

estim
ator

of
L

:

E
(L̂

iid (S
,θ))

=
L

(X
,θ).

T
h
e

co
n
cen

tration
of
L̂

iid
arou

n
d

its
ex

p
ected

valu
e

is
con

trolled
b
y

th
e

follow
in

g
state

o
f

th
e

a
rt

th
eo

rem
:

T
h

e
o
re

m
3

(C
o
re

se
ts

w
ith

iid
ra

n
d

o
m

sa
m

p
lin

g
)

L
et
p
∈

[0,1] n
be

a
p
ro

ba
bility

d
is-

tribu
tio

n
o
ver

a
ll

d
a
ta

po
in

tsX
w

ith
p
i

th
e

p
ro

ba
bility

o
f

sa
m

p
lin

g
x
i

a
n

d
∑

i p
i

=
1.

D
ra

w
m

iid
sa

m
p
les

w
ith

rep
la

cem
en

t
a
cco

rd
in

g
to
p

.
A

ssocia
te

to
ea

ch
sa

m
p
le
x
s

a
w

eigh
t

ω
(x

s )
=

1
/
m
p
s .

T
h
e

w
eigh

ted
su

bset
o
bta

in
ed

is
a
ε-co

reset
w

ith
p
ro

ba
bility

1−
δ

p
ro

vid
ed

th
a
t:

m
≥
m
∗

w
ith

m
∗

=
O
(

1ε
2 (

m
ax
i

σ
i

p
i )

2

(d ′+
log

(1/δ)) )
,

w
h
ere

d ′
is

th
e

p
seu

d
o
-d

im
en

sio
n

o
f

Θ
(a

gen
era

liza
tio

n
o
f

th
e

V
a
p
n

ik-C
h
ervo

n
en

kis
d
im

en
-

sio
n

).
T

h
e

o
p
tim

a
l

p
ro

ba
bility

d
istribu

tio
n

m
in

im
izin

g
m
∗

is
p
i

=
σ
i /
S

.
In

th
is

ca
se,

th
e

w
eigh

ted
su

bset
is

a
ε-co

reset
w

ith
p
ro

ba
bility

1−
δ

p
ro

vid
ed

th
a
t:

m
≥
O
(
S

2

ε
2

(d ′+
log

(1/δ)) )
.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

F
o
r

in
sta

n
ce,

in
th

e
k

-m
ea

n
s

settin
g

2,
d ′

=
d
k

lo
g
k

a
n

d
S

=
O

(k
)

su
ch

th
a
t

th
e

co
reset

p
ro

perty
is

gu
a
ra

n
teed

w
ith

p
ro

ba
bility

1−
δ

p
ro

vid
ed

th
a
t:

m
≥
O
(
k

2

ε
2

(d
k

log
k

+
log

(1/δ)) )
.

T
h
is

th
eorem

is
taken

from
th

e
p
ap

er
b
y

B
ach

em
et

al.
(2017).

Its
origin

al
form

go
es

b
a
ck

to
L

an
gb

erg
an

d
S
ch

u
lm

an
(2010).

N
ote

th
at

sen
sitiv

ities
can

n
ot

b
e

com
p
u
ted

rap
id

ly,
su

ch
th

at,
as

it
is,

th
is

th
eorem

is
u
n
p
ractical.

T
h
an

k
fu

lly,
b
i-criteria

ap
p
rox

im
ation

sch
em

es
(su

ch
as

A
lgorith

m
2

of
B

ach
em

et
al.

2017,
or

oth
er

p
rop

osition
s

su
ch

as
in

F
eld

m
an

an
d

L
an

gb
erg

2011;
M

akary
ch

ev
et

al.
20

16)
m

ay
b

e
u
sed

to
effi

cien
tly

fi
n
d

an
u
p
p

er
b

ou
n
d

of
th

e
sen

sitiv
ity

for
all

i:
b
i ≥

σ
i .

N
otin

g
B

=
∑
b
i ,

a
n
d

settin
g
p
i

=
b
i /B

,
on

e
sh

ow
s

th
at

th
e

coreset
p
rop

erty
m

ay
b

e
gu

aran
teed

in
th

e
iid

fram
ew

ork
p
rov

id
ed

th
at

m
≥
O
(
B

2

ε
2

(d ′+
log

(1/δ)) )
.

N
ote

th
at

if
o
n
e

au
th

orizes
coresets

w
ith

n
ega

tive
w

eigh
ts

(th
at

is,
au

th
orizes

n
ega-

tive
w

eigh
ts

in
th

e
estim

ated
cost

of
E

q
.

(3)),
th

en
th

e
ab

ove
th

eorem
m

ay
b

e
fu

rth
er

im
p
roved

(F
eld

m
an

an
d

L
an

gb
erg,

2011).
N

everth
eless,

w
e

p
refer

to
restrict

ou
rselves

to
p

ositive
w

eigh
ts

as
op

tim
ization

algorith
m

s
su

ch
as

L
loy

d
’s
k
-m

ean
s

h
eu

ristics
(L

loy
d
,
1982)

are
in

p
ractice

m
ore

straigh
tforw

ard
to

im
p
lem

en
t

on
p

ositively
w

eigh
ted

sets
rath

er
th

an
on

sets
w

ith
p

ossib
ly

n
egative

w
eigh

ts.
F

in
ally,

B
raverm

an
et

al.
(2016,

T
h
eorem

5.5)
im

p
rove

th
e

p
rev

iou
s

th
eorem

b
y

sh
ow

in
g

th
at

u
n
d
er

th
e

sam
e

n
on

-u
n
iform

iid
fram

ew
ork

,
th

e
coreset

p
rop

erty
is

gu
aran

teed
p
rov

id
ed

th
at
m
≥
O
(
Sε
2 (d ′log

S
+

log
(1/δ)) ),

th
u
s

red
u
cin

g
th

e
term

in
S

2
to

S
log

S
.

2
.5

.
C

o
rre

la
te

d
im

p
o
rta

n
c
e

sa
m

p
lin

g

E
q
.

(6)
is

n
ot

su
ited

to
correlated

sam
p
lin

g
an

d
,

in
th

e
follow

in
g,

w
e

w
ill

u
se

a
sligh

tly
d
iff

eren
t

im
p

ortan
ce

sam
p
lin

g
estim

ator,
m

ore
ad

ap
ted

to
th

is
case.

C
on

sid
er

a
p

o
in

t
p
ro

cess
d
efi

n
ed

on
X

th
at

ou
tp

u
ts

a
ran

d
om

sam
p
leS
⊂
X

.
F

or
each

d
ata

p
oin

t
x
i ,

d
en

ote
b
y
π
i

its
in

clu
sion

(or
m

argin
al)

p
rob

ab
ility

:

π
i

=
P

(x
i ∈
S

)
.

(7)

M
oreover,

d
en

ote
b
y
ε
i

th
e

ran
d
om

B
o
olean

variab
le

su
ch

th
at

ε
i

=
1

if
x
i ∈
S

,
an

d
0

oth
erw

ise.
In

th
is

p
ap

er,
w

e
fo

cu
s

on
th

e
follow

in
g

d
efi

n
ition

3
of

th
e

im
p

orta
n
ce

sa
m

p
lin

g
cost

estim
ator

L̂
:

L̂
(S
,θ)

=
∑

i

f
(x

i ,θ)ε
i

π
i

.
(8)

B
y

con
stru

ction
,E

(ε
i )

=
π
i ,

su
ch

th
a
t
L̂

is
an

u
n
b
iased

estim
ator

of
L

:

E
(L̂

(S
,θ))

=
L

(X
,θ).

2
.

In
th

e
litera

tu
re

(F
eld

m
a
n

a
n
d

L
a
n

g
b

erg
,

2
0
1
1
;

B
a
lca

n
et

a
l.,

2
0
1
3
),
d
′

is
o
ften

ta
k
en

to
b

e
eq

u
a
l

to
d
k

in
th

e
k
-m

ea
n

s
settin

g
.

W
e

n
ev

erth
eless

a
g
ree

w
ith

B
a
ch

em
et

a
l.

(2
0
1
7
)

a
n

d
th

eir
d

iscu
ssio

n
in

S
ectio

n
2
.6

reg
a
rd

in
g
k
-m

ea
n

s’
p

seu
d

o
-d

im
en

sio
n

a
n

d
th

u
s

w
rite

d
′

=
d
k

lo
g
k

3
.

N
o
te

th
a
t

in
fa

ct
L̂

iid
a
n

d
L̂

a
re

th
e

sa
m

e
o
b

jects
if

o
n

e
d

efi
n

es
ε
i

to
b

e
th

e
n
u

m
b

er
o
f

tim
es
i

is
sa

m
p

led
(w

h
ich

w
ill

b
e

in
p

ra
ctice

B
o
o
lea

n
in

th
e

D
P

P
ca

se
a
s

th
e

sa
m

e
sa

m
p

le
ca

n
n

ev
er

b
e

sa
m

p
led

tw
ice

in
th

is

co
n
tex

t)
a
n

d
w

rite
L̂

(S
,θ

)
=
∑
i
f
(x

i
,θ

)ε
i

E
(ε

i
)

.
W

e
p

refer
to

in
tro

d
u

ce
b

o
th

n
o
ta

tio
n

s
to

av
o
id

co
n

fu
sio

n
s.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
ss

e
s

f
o
r

C
o
r
e
se

t
s

S
tu

d
y
in

g
th

e
co

re
se

t
p
ro

p
er

ty
in

th
is

se
tt

in
g

b
oi

ls
d
ow

n
to

st
u
d
y
in

g
th

e
co

n
ce

n
tr

at
io

n
p
ro

p
er

ti
es

of
L̂

ar
ou

n
d

it
s

ex
p

ec
te

d
va

lu
e.

2
.6

.
D

e
te

rm
in

a
n
ta

l
P

o
in

t
P

ro
c
e
ss

e
s

In
or

d
er

to
in

d
u
ce

n
eg

at
iv

e
co

rr
el

at
io

n
s

w
it

h
in

th
e

sa
m

p
le

s,
w

e
ch

o
os

e
to

fo
cu

s
o
n

D
et

er
-

m
in

an
ta

l
P

oi
n
t

P
ro

ce
ss

es
(D

P
P

),
p

oi
n
t

p
ro

ce
ss

es
th

at
h
av

e
re

ce
n
tl

y
ga

in
ed

at
te

n
ti

on
d
u
e

to
th

ei
r

ab
il
it

y
to

ou
tp

u
t

“d
iv

er
se

”
su

b
se

ts
w

it
h
in

a
tr

ac
ta

b
le

p
ro

b
a
b
il
is

ti
c

fr
am

ew
or

k
(f

or
in

st
an

ce
w

it
h

ex
p
li
ci

t
fo

rm
u
la

s
fo

r
m

ar
gi

n
al

p
ro

b
ab

il
it

ie
s)

.
In

th
e

fo
ll
ow

in
g,

2[n
]

d
en

ot
es

th
e

se
t

of
al

l
p

os
si

b
le

su
b
se

ts
of

th
e
n

fi
rs

t
in

te
ge

rs
.

T
h
e

ce
n
tr

al
ob

je
ct

is
ca

ll
ed

th
e
L

-e
n
se

m
b
le

,
an

d
is

n
ot

h
in

g
el

se
th

an
a

p
o
si

ti
ve

se
m

i-
d
efi

n
it

e
m

at
ri

x
L
∈
R
n
×
n
.

W
e

w
il
l

w
ri

te
it

s
ei

g
en

va
lu

es
0
≤
λ

1
≤
λ

2
≤
..
.
≤
λ
n
.

D
e
fi

n
it

io
n

4
(D

P
P

,
K

u
le

sz
a

a
n

d
T

a
sk

a
r

2
0
1
2
)

C
o
n

si
d
er

a
po

in
t

p
ro

ce
ss

,
i.

e.
,

a
p
ro

-
ce

ss
th

a
t

ra
n

d
o
m

ly
d
ra

w
s

a
n

el
em

en
t
S
∈

2[n
] .

It
is

d
et

er
m

in
a
n

ta
l

w
it

h
L

-e
n

se
m

bl
e

L
if

P(
S)

=
d
et

(L
S

)

d
et

(I
+

L
),

w
h
er

e
L
S

is
th

e
re

st
ri

ct
io

n
o
f

L
to

th
e

ro
w

s
a
n

d
co

lu
m

n
s

in
d
ex

ed
by

th
e

el
em

en
ts

o
f
S.

T
h
e

fo
ll
ow

in
g

w
el

l-
k
n
ow

n
p
ro

p
er

ti
es

ar
e

ve
ri

fi
ed

(s
ee

K
u
le

sz
a

a
n
d

T
as

ka
r

(2
01

2)
fo

r
d
et

ai
ls

):

•
on

e
ca

n
in

d
ee

d
sh

ow
th

at
th

e
n
or

m
al

iz
at

io
n

is
p
ro

p
er

:
∑
S

d
et

(L
S

)
=

d
et

(I
+

L
).

•
al

l
in

cl
u
si

on
p
ro

b
ab

il
it

ie
s,

at
a
n
y

or
d
er

,
ar

e
ex

p
li
ci

t:

∀A
∈

2[n
]

P(
A
⊆
S)

=
d
et

(K
A

)

w
h
er

e
K

=
L
(I

+
L
)−

1
∈
R
n
×
n

is
ca

ll
ed

th
e

m
ar

gi
n
al

ke
rn

el
.

In
p
ar

ti
cu

la
r,

th
e

p
ro

b
a-

b
il
it

y
of

in
cl

u
si

on
of
i,
π
i,

is
eq

u
al

to
K
ii

.
A

ls
o,

to
ga

in
in

si
gh

t
in

th
e

re
p
u
ls

iv
e

n
at

u
re

of
D

P
P

s,
on

e
m

ay
re

ad
il
y

se
e

th
at

th
e

jo
in

t
m

ar
gi

n
al

p
ro

b
a
b
il
it

y
o
f

sa
m

p
li
n
g
i

an
d

j
re

ad
s:

d
et

(K
{i
,j
})

=
π
iπ
j
−

K
2 ij

a
n
d

is
n
ec

es
sa

ri
ly

sm
al

le
r

th
an

π
iπ
j
,

th
e

jo
in

t
p
ro

b
-

ab
il
it

y
in

th
e

ca
se

of
P

oi
ss

on
u
n
co

rr
el

at
ed

sa
m

p
li
n
g.

T
h
e

st
ro

n
ge

r
th

e
“i

n
te

ra
ct

io
n
”

b
et

w
ee

n
i

an
d
j

(e
n
co

d
ed

b
y

th
e

ab
so

lu
te

va
lu

e
of

el
em

en
t

K
ij

),
th

e
sm

al
le

r
th

e
p
ro

b
-

ab
il
it

y
of

sa
m

p
li
n
g

b
ot

h
jo

in
tl

y
:

th
is

d
et

er
m

in
an

ta
l

n
at

u
re

th
u
s

fa
vo

rs
d
iv

er
se

se
ts

of
sa

m
p
le

s.

•
K

is
al

so
p

os
it

iv
e

se
m

i-
d
efi

n
it

e.
T

h
e

ei
ge

n
va

lu
es

of
K

ar
e
{

λ
i

1
+
λ
i
} i

an
d

ar
e

n
ec

es
sa

ri
ly

b
et

w
ee

n
0

an
d

1.

•
it

ca
n

b
e

sh
ow

n
th

at
th

e
n
u
m

b
er

of
sa

m
p
le

s
of

a
D

P
P

is
it

se
lf

ra
n
d
om

an
d

d
is

tr
ib

u
te

d
as

a
su

m
of

B
er

n
ou

ll
i
p
ar

am
et

ri
ze

d
b
y

th
e

ei
ge

n
va

lu
es

of
K

.
In

p
ar

ti
cu

la
r,

th
e

ex
p

ec
te

d
n
u
m

b
er

of
sa

m
p
le

s
is
µ

=
T

r(
K

)
=
∑

i
λ
i

1
+
λ
i
.

In
m

an
y

ca
se

s,
on

e
p
re

fe
rs

to
sp

ec
if

y
d
et

er
m

in
is

ti
ca

ll
y

th
e

n
u
m

b
er

o
f

sa
m

p
le

s,
in

st
ea

d
of

h
av

in
g

a
ra

n
d
om

n
u
m

b
er

of
th

em
.

T
h
is

le
ad

s
to
m

-D
P

P
s:

D
P

P
s

co
n
d
it

io
n
ed

to
ou

tp
u
t

m
sa

m
p
le

s.
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0,
 2

01
9

T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

D
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p
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h
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∑
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∑
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.
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p
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∑
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b
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∑
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c
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p
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∈
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=
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.
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p
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p
ra
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ra
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b
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p
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P
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p
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n
d
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p
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p
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p
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b
e

se
t

p
ro

p
or

ti
on

al
to

th
e

se
n
si

ti
v
it

y.
A

si
m

il
a
r

re
su

lt
is

d
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e

va
li
d

fo
r

a
n
y

ch
o
ic

e
o
f

h
ig

h
er

or
d
er

in
cl

u
si

on
p
ro

b
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b
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d
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p
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p
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m
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ra
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=
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∀
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p
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w
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b
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m
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m
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m
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m
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b
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b
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n

e
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th
e
π
i ’s

su
ch

th
a
t

th
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α
>

0
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d
β
≥

1
verifyin

g:

∀
i

α
σ
i ≤

π
i ≤

α
β
σ
i ,

(10)
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n

d
αβ
≥

32ε
2
S

log
4
ηδ
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en
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a
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reset
w
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p
ro
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bility
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t

lea
st
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δ.
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th
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p
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≥
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2 ∑
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∑
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≥
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≥
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b
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∑
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p
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le
to
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ot
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fact,
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α
σ
i
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b

e
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aller
th
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π
i ,
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d
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u
s
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aller

th
an

1
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π
i
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a

p
rob

ab
ility,

α
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ou
ld
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s
b

e
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in
ferior

to
1

σ
m
a
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.

N
ow

,
if
σ

m
a
x

is
so
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th

at
1

σ
m
a
x
≤

3
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2
S

log
4
ηδ
,
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b
y

settin
g
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m
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u
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e
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g
b

oth
con

d
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s
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(11).
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p
p

en
d
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for
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p
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n
d
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W
e

w
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p
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(i.e.,

ou
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et
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p
p
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.
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p
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h
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p
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p
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ry
to

co
ve

r
Θ

,
it

w
il
l
ty

p
ic

al
ly

b
e
ε〈
f
〉 o

p
t

6
γ

to
th

e
p

ow
er

of
th

e
am

b
i-

en
t

d
im

en
si

on
of

Θ
(a

n
al

og
ou

s
to
d
′ )

.
F

or
in

st
an

ce
,

in
th

e
k
-m

ea
n
s

ca
se

,
d
′ =

d
k

lo
g
k

(s
ee

fo
ot

n
ot

e
2)

,
w

h
er

ea
s,

as
sh

ow
n

la
te

r
in

S
ec

ti
on

4.
1,

lo
g
η

=
d
k

lo
g
(

1
2
ρ
γ

ε〈
f
〉 o

p
t

+
1
)

w
h
er

e
ρ

is
th

e
d
ia

m
et

er
of

th
e

m
in

im
u
m

en
cl

os
in

g
b
al

l
of

th
e

d
at

a
X

.
U

p
to

th
e

lo
g

te
rm

,
d
′

an
d

lo
g
η

ar
e

th
e

sa
m

e.
T

h
e

d
iff

er
en

ce
ob

se
rv

ed
in

th
e

lo
g

te
rm

is
d
u
e

to
th

e
fa

ct
th

at
co

re
se

t
th

eo
re

m
s

in
th

e
ii
d

ca
se

(s
ee

fo
r

in
st

an
ce

B
ac

h
em

et
al

.,
20

17
)

ta
ke

ad
va

n
ta

ge
of

p
ow

er
fu

l
re

su
lt

s
fr

om
th

e
V

ap
n
ik

-C
h
er

vo
n
en

k
is

(V
C

)
th

eo
ry

,
as

d
et

a
il
ed

in
L

i
et

al
.

(2
00

1)
.

U
n
fo

rt
u
n
at

el
y,

th
es

e
fu

n
d
am

en
ta

l
re

su
lt

s
ar

e
va

li
d

in
th

e
ii
d

ca
se

on
ly

,
an

d
ar

e
n
ot

ea
si

ly
ge

n
er

al
iz

ed
to

th
e

co
rr

el
at

ed
ca

se
.

P
os

si
b
le

im
p
ro

v
em

en
ts

to
re

d
u
ce

th
is

sm
al

l
ga

p
co

u
ld

ta
k
e

ad
va

n
ta

ge
of

ch
ai

n
in

g
ar

gu
m

en
ts

in
co

rr
el

at
ed

co
n
te

x
ts

su
ch

as
in

B
ar

au
d

(2
01

0)
,

in
or

d
er

to
im

p
ro

ve
ov

er
th

e
re

p
ea

te
d

lo
os

e
u
n
io

n
b

ou
n
d
s

w
e

h
av

e
u
se

d
in

th
e

p
ro

of
.

2.
O

u
tl

ie
rs

ar
e

n
ot

n
at

u
ra

ll
y

d
ea

lt
w

it
h

u
si

n
g

ou
r

p
ro

of
te

ch
n
iq

u
es

,
m

ai
n
ly

d
u
e

to
ou

r
m

u
lt

ip
le

u
se

of
th

e
u
n
io

n
b

ou
n
d

th
at

n
ec

es
sa

ri
ly

en
gl

ob
es

th
e

w
or

se
-c

as
e

sc
en

ar
io

.
In

fa
ct

,
in

th
e

im
p

or
ta

n
ce

sa
m

p
li
n
g

es
ti

m
at

or
u
se

d
in

th
e

ii
d

ca
se

(E
q
.

6)
,

ou
tl

ie
rs

ar
e

n
ot

p
ro

b
le

m
at

ic
as

th
ey

ca
n

b
e

sa
m

p
le

d
se

ve
ra

l
ti

m
es

.
In

o
u
r

se
tt

in
g,

ou
tl

ie
rs

ar
e

co
n
st

ra
in

ed
to

b
e

sa
m

p
le

d
on

ly
on

ce
,

w
h
ic

h
in

it
se

lf
m

ak
es

se
n
se

,
b
u
t

co
m

p
li
ca

te
s

th
e

an
al

y
si

s.
E

m
p
ir

ic
al

ly
,

w
e

w
il
l

se
e

in
S
ec

ti
on

6
th

at
ou

tl
ie

rs
ar

e
n
ot

an
is

su
e.

3.
T

h
e

D
P

P
co

re
se

t
th

eo
re

m
s

ob
ta

in
ed

ar
e

in
a

se
n
se

d
is

ap
p

oi
n
ti

n
g:

th
ey

d
o

n
ot

sh
ow

th
at

th
e

co
n
ce

n
tr

at
io

n
is

ti
gh

te
r

in
th

e
D

P
P

ca
se

th
an

in
th

e
ii
d

ca
se

.
T

h
ey

ar
e

in
fa

ct
li
m

it
ed

b
y

th
e

cu
rr

en
t

st
at

e-
of

-t
h
e-

ar
t

in
co

n
ce

n
tr

at
io

n
of

st
ro

n
gl

y
R

ay
le

ig
h

m
ea

su
re

s
(P

em
an

tl
e

an
d

P
er

es
,
20

14
).

O
n

th
e

b
ri

gh
t

si
d
e,

ou
r

re
su

lt
s

ta
ke

o
n

ly
in

to
ac

-
co

u
n
t

fi
rs

t-
or

d
er

in
cl

u
si

on
p
ro

b
ab

il
it

ie
s:

th
e
{π

i}
’s

;
m

ea
n
in

g
th

at
th

es
e

D
P

P
sa

m
p
li
n
g

th
eo

re
m

s
ar

e
va

li
d

fo
r

an
y

ch
oi

ce
of

h
ig

h
er

-o
rd

er
in

cl
u
si

on
p
ro

b
ab

il
it

ie
s

(e
n
co

d
in

g
th

e
co

rr
el

at
io

n
b

et
w

ee
n

sa
m

p
le

s)
.

W
e

w
il
l

n
ow

se
e

h
ow

th
es

e
ex

tr
a

d
eg

re
es

of
fr

ee
d
om

en
ab

le
to

p
ro

va
b
ly

d
ec

re
as

e
th

e
va

ri
a
n
ce

of
th

e
co

st
es

ti
m

at
or

,
co

m
p
ar

ed
to

th
e

ii
d

ca
se

.

3
.2

.1
.

A
f
ir

st
v
a
r
ia

n
c
e

a
r
g

u
m

e
n
t
:

im
p
r
o
v
e
m

e
n
t

o
v
e
r

t
h
e

P
o
is

so
n

p
o
in

t
p
r
o
c
e
ss

C
on

si
d
er

a
D

P
P

w
it

h
m

ar
gi

n
al

ke
rn

el
K

.
B

u
il
d

th
e

d
ia

go
n
al

ke
rn

el
K
d

w
it

h
K
d
(i
,i

)
=

K
(i
,i

).
N

ot
e

th
at

a
D

P
P

fr
om

K
d

re
d
u
ce

s
to

a
P

oi
ss

on
p

oi
n
t

p
ro

ce
ss

.
N

ot
e

al
so

th
at

m
ar

g
in

al
p
ro

b
ab

il
it

ie
s
π
i

of
b

ot
h

p
ro

ce
ss

es
(a

n
d

co
n
se

q
u
en

tl
y

th
ei

r
ex

p
ec

te
d

n
u
m

b
er

of
sa

m
p
le

s)
ar

e
th

e
sa

m
e.

W
e

co
m

p
ar

e
th

e
va

ri
an

ce
of

th
e

es
ti

m
at

or
L̂

ob
ta

in
ed

w
it

h
a

D
P

P
w

it
h

m
ar

gi
n
al

ke
rn

el
K

ve
rs

u
s

it
s

va
ri

an
ce

ob
ta

in
ed

w
it

h
it

s
P

oi
ss

on
u
n
co

rr
el

at
ed

co
u
n
te

rp
ar

t:
a

D
P

P
w

it
h

m
ar

gi
n
al

ke
rn

el
K
d
.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

T
h

e
o
re

m
1
1

F
o
r

a
n

y
a
d
m

is
si

bl
e

m
a
rg

in
a
l

ke
rn

el
K

(i
.e

.,
po

si
ti

ve
se

m
i-

d
efi

n
it

e
w

it
h

ei
ge

n
-

va
lu

es
be

tw
ee

n
0

a
n

d
1)

,
w

e
h
a
ve

:

∀θ
∈

Θ
V

ar
(L̂

)
=

V
ar
d
−
∑ i6=
j

K
2 ij

π
iπ
j
f

(x
i,
θ)
f

(x
j
,θ

)

w
h
er

e
V

ar
d

is
th

e
va

ri
a
n

ce
o
f

th
e

es
ti

m
a
to

r
ba

se
d

o
n

th
e

d
ia

go
n

a
l

D
P

P
.

A
s

th
e

fu
n

ct
io

n
f

is
po

si
ti

ve
,

th
e

va
ri

a
n

ce
o
f
L̂

vi
a

D
P

P
sa

m
p
li

n
g

w
it

h
ke

rn
el

K
is

th
u

s
n

ec
es

sa
ri

ly
sm

a
ll

er
th

a
n

it
s

P
o
is

so
n

co
u

n
te

rp
a
rt

w
it

h
sa

m
e

in
cl

u
si

o
n

p
ro

ba
bi

li
ti

es
.

P
ro

o
f

W
e

h
av

e:

V
ar

(L̂
)

=
E(
L̂

2
)
−

E(
L̂

)2

=
∑ i,
j

E(
ε i
ε j

)

π
iπ
j
f

(x
i,
θ)
f

(x
j
,θ

)
−
L

2
.

A
s
S

is
sa

m
p
le

d
fr

om
a

D
P

P
,

th
e

fo
ll
ow

in
g

is
ve

ri
fi
ed

.
If
i
6=
j,

E(
ε i
ε j

)
=

d
et

(K
{i
,j
})

=
π
iπ
j
−

K
2 ij

.
If
i

=
j,

E(
ε i
ε j

)
=

E(
ε i

)
=
π
i.

O
n
e

ob
ta

in
s:

V
ar

(L̂
)

=
∑ i

(
1 π
i
−

1

)
f

(x
i,
θ)

2
−
∑ i6=
j

K
2 ij

π
iπ
j
f

(x
i,
θ)
f

(x
j
,θ

).
(1

2
)

T
h
e

fi
rs

t
te

rm
of

th
e

ri
gh

t-
h
an

d
si

d
e

is
in

fa
ct

th
e

va
ri

an
ce

in
th

e
ca

se
of

a
d
ia

g
o
n
a
l

k
er

n
el

:
∑

i

(
1 π
i
−

1) f
(x

i,
θ)

2
=

V
ar
d
,

fi
n
is

h
in

g
th

e
p
ro

of
.

T
h
e

im
p

or
ta

n
t

m
es

sa
ge

h
er

e
is

th
at

th
is

va
ri

an
ce

re
d
u
ct

io
n

o
cc

u
rs

re
ga

rd
le

ss
o
f

th
e

ch
oi

ce
of

K
’s

off
-d

ia
go

n
al

el
em

en
ts

:
an

y
ch

oi
ce

–p
ro

v
id

ed
th

at
0
�

K
�

1
st

ay
s

tr
u
e–

w
il
l

re
d
u
ce

th
e

va
ri

an
ce

.

P
ro

v
in

g
su

ch
a

va
ri

an
ce

re
d
u
ct

io
n

w
h
en

co
m

p
ar

in
g

a
m

-D
P

P
w

it
h
L

-e
n
se

m
b
le

L
ve

rs
u
s

it
s

co
n
d
it

io
n
al

P
oi

ss
on

eq
u
iv

al
en

t
(a

P
oi

ss
on

p
oi

n
t

p
ro

ce
ss

co
n
d
it

io
n
ed

to
m

sa
m

p
le

s,
w

it
h

sa
m

e
{π

i}
)

is
m

u
ch

m
or

e
in

vo
lv

ed
,

an
d

re
m

ai
n
s

op
en

.

3
.2

.2
.

A
se

c
o
n
d

v
a
r
ia

n
c
e

a
r
g

u
m

e
n
t
:

im
p
r
o
v
e
m

e
n
t

o
v
e
r

t
h
e

ii
d

e
st

im
a
t
o
r

w
it

h
r
e
p
l
a
c
e
m

e
n
t

W
e

n
ow

co
m

p
ar

e
th

e
va

ri
an

ce
of

th
e

ii
d

es
ti

m
a
to

r
w

it
h

re
p
la

ce
m

en
t
L̂

ii
d

o
f

E
q
.

(6
)

a
n
d

th
e

va
ri

an
ce

of
th

e
D

P
P

es
ti

m
at

or
L̂

of
E

q
.

(8
).

C
on

si
d
er

a
D

P
P

w
it

h
m

ar
g
in

al
ke

rn
el

K
,

w
it

h
∀i

π
i

=
K
ii

th
e

m
ar

gi
n
al

p
ro

b
ab

il
it

y
of

sa
m

p
li
n
g

el
em

en
t
i

su
ch

th
at

th
e

ex
p

ec
te

d
n
u
m

b
er

of
sa

m
p
le

s
µ

=
∑

i
π
i

is
an

in
te

ge
r.

W
e

co
m

p
ar

e
th

e
va

ri
an

ce
of
L̂

w
it

h
su

ch
a

D
P

P
a
n
d

th
e

va
ri

an
ce

of
L̂

ii
d

w
it

h
µ

in
d
ep

en
d
en

t
d
ra

w
s

w
it

h
re

p
la

ce
m

en
t

w
it

h
p
i

=
π
i/
µ

(i
n

o
rd

er
to

h
av

e
a

fa
ir

co
m

p
ar

is
on

).

B
ef

or
e

w
e

st
at

e
th

e
re

su
lt

,
su

p
p

os
e

th
at

K
is

of
ra

n
k
r

(w
it

h
,

n
ec

es
sa

ri
ly

,
µ
≤
r
≤
n

).
K

b
ei

n
g

p
os

it
iv

e-
se

m
i

d
efi

n
it

e
an

d
of

ra
n
k
r,

th
er

e
ex

is
ts

V
=

(v
1
|v

2
|.
..
|v
n
)
∈
R
r
×
n

a
se

t
o
f

n
ve

ct
or

s
in

d
im

en
si

on
r

su
ch

th
at

K
=

V
>

V
.

B
y

co
n
st

ru
ct

io
n
,
∀i

‖v
i‖

2
=

K
ii

=
π
i.

F
o
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

ea
ch

vector
v

,
con

sid
er

its
d
iagram

vector
(C

op
en

h
aver

et
al.,

2014,
D

efi
n
ition

2.3),
d
en

oted
ṽ

,
d
efi

n
ed

a
s:

ṽ
=

1
√
r−

1



v
(1)

2−
v
(2)

2

...
v
(r−

1)
2−

v
(r)

2
√

2
r
v
(1)v

(2)
...

√
2
r
v
(r−

1)v
(r) 

∈
R
r
(r−

1
),

(13)

w
h
ere

th
e

d
iff

eren
ce

of
sq

u
ares

v
(i)

2−
v
(j)

2
an

d
th

e
p
ro

d
u
ct
v
(i)v

(j)
o
ccu

r
ex

actly
on

ce
fo

r
i
<
j,i

=
1,2,···

,r−
1.

T
h

e
o
re

m
1
2

O
n

e
h
a
s:

V
ar(L̂

)
=

V
ar(L̂

iid )
+

(
1µ
−

1r )
L

2−
r−

1

r

∥∥∥∥∥ ∑

i

f
(x

i ,θ)

π
i

ṽ
i ∥∥∥∥∥

2

.

P
ro

o
f

In
th

e
iid

case,

E
(L̂

2iid )
=

n
∑i=

1

n
∑j=

1

f
(x

i ,θ)f
(x

j ,θ)E
(ε
i ε
j )

µ
2p
i p
j

w
h
ere

ε
i

is
n
ot

B
o
olean

b
u
t

cou
n
ts

th
e

n
u
m

b
er

of
tim

es
i

is
sam

p
led

.
O

n
e

can
sh

ow
th

at
if

i6=
j,E

(ε
i ε
j )

=
p
i p
j (µ

2−
µ

),
an

d
if
i

=
j,E

(ε
i ε
j )

=
p
i µ

+
p

2i µ
2−

µ
p

2i .
T

h
u
s:

V
a
r(L̂

iid )
=

E
(L̂

2iid )−
L

2

=
n
∑i=

1 ∑j6=
i

f
(x
i ,θ)f

(x
j ,θ)(1−

1
/µ

)
+

n
∑i=

1

f
(x
i ,θ)

2
1

+
p
i µ
−
p
i

µ
p
i

−
L

2

=
1µ

n
∑i=

1

f
(x

i ,θ)
2

p
i

−
1µ
L

2

M
o
reover:

V
ar(L̂

)
=
∑

i

f
(x
i ,θ)

2

π
i

−
∑

i

∑

j

f
(x

i ,θ)f
(x

j ,θ)

π
i π
j

K
2ij .

T
h
u
s:

V
ar(L̂

)
=

V
ar(L̂

iid )
+

1µ
L

2−
∑

i

∑

j

f
(x

i ,θ)f
(x

j ,θ)

π
i π
j

K
2ij

(14)

P
ro

p
o
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ṽ
j .

1
5

JM
L

R
 20(168):1-70, 2019

T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
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r
in

th
e

se
n
se

of
S
ta

h
l,

T
ot

ik
,

an
d

U
ll
m

an
,

an
d

th
e

C
h
ri

st
o
ff

el
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to
µ

ve
ri

fi
es

co
n
d
it

io
n

(1
.7

)
in

K
ro

o
an

d
L

u
b
in

sk
y

(2
0
1
3
).

T
h
e

in
te

n
si

ty
m

ea
su

re
of
S,

m
ar

gi
n
al

iz
in

g
ov

er
X

,
w

h
ic

h
w

e
d
en

ot
e

b
y
I n
,φ

(A
)

eq
u
a
ls

th
e

ex
p

ec
te

d
n
u
m

b
er

of
p

oi
n
ts

of
S

in
se

t
A

,
i.
e.

:

I n
,φ

(A
)

=
E X

,S
(|S
∩
A
|)

=
E X

,S

{
∑ s∈
S
I(
s
∈
A

)}
(1

9
)

N
ot

e
th

at
th

e
ex

p
ec

ta
ti

on
is

ov
er

bo
th
X

an
d
S.

F
u
rt

h
er

m
or

e,
I n
,φ

(Ω
)

eq
u
a
ls
m

,
th

e
to

ta
l

n
u
m

b
er

of
p

oi
n
ts

in
S.

O
u
r

re
su

lt
m

ay
b

e
st

at
ed

as
fo

ll
ow

s.

T
h

e
o
re

m
1
6

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
a
bo

ve
,

fo
r

a
ll
A
⊂
D

1
,

li
m

φ
→
∞

1
( φ

+
d

φ

)
li
m

n
→
∞
I n
,φ

(A
)

=

∫ A
κ

(y
)d
y

w
h
er

e
κ

is
a

d
en

si
ty

in
d
ep

en
d
en

t
o
f
µ

T
h
e

p
ro

of
is

in
A

p
p

en
d
ix

C
.

L
e
m

m
a

1
7
κ

is
m

o
st

ly
d

ep
en

d
en

t
o
n

th
e

d
is

ta
n

ce
to

th
e

bo
u

n
d
a
ri

es
o
f

Ω
.

F
o
r

ex
a
m

p
le

,
if

Ω
is

th
e

u
n

it
ba

ll
in

R
d
,
κ

(y
)

=
( 1
−
||y
||2
) −

1
/
2

S
ee

K
ro

o
an

d
L

u
b
in

sk
y

(2
01

3)
fo

r
a

p
ro

of
.

S
ev

er
al

im
p

or
ta

n
t

re
m

ar
k
s

ar
e

in
or

d
er

:

•
u
n
li
ke

ii
d

sa
m

p
li
n
g

w
it

h
se

n
si

ti
v
it

ie
s

or
ot

h
er

d
en

si
ty

-r
el

at
ed

m
ea

su
re

fo
r

w
h
ic

h
su

ch
re

b
al

an
ci

n
g

p
ro

p
er

ty
w

il
l

al
so

o
cc

u
r,

th
er

e
is

h
er

e
n
o

p
ri

or
d
en

si
ty

es
ti

m
a
ti

o
n
:

th
e

L
-e

n
se

m
b
le

is
d
efi

n
ed

v
ia

th
e

V
an

d
er

m
on

d
e

m
at

ri
x

th
at

is
tr

iv
ia

l
to

co
m

p
u
te

.
T

h
u
s,

th
is

re
b
al

an
ci

n
g

is
a

p
ro

p
er

ty
th

at
“n

at
u
ra

ll
y
”

ar
is

es
fr

om
th

e
D

P
P

.

•
th

is
is

on
ly

an
as

y
m

p
to

ti
c

re
su

lt
as
n

an
d
m

go
to

in
fi
n
it

y.
F

in
d
in

g
m

in
im

a
l

va
lu

es
of
m

fo
r

w
h
ic

h
re

b
al

an
ci

n
g

is
h
ig

h
ly

p
ro

b
ab

le
,

or
ev

en
ra

te
s

of
co

n
v
er

g
en

ce
is

li
ke

ly
a

d
iffi

cu
lt

en
d
ea

vo
u
r.

W
e

em
p
h
as

iz
e

n
ev

er
th

el
es

s
th

at
,
em

p
ir

ic
al

ly
sp

ea
k
in

g
,
re

b
a
la

n
ci

n
g

o
cc

u
rs

fo
r

re
as

on
ab

le
va

lu
es

of
n

an
d
m

,
as

v
is

ib
le

in
F

ig
s.

1
an

d
2.

T
h
is

en
d
s

th
e

th
eo

re
ti

ca
l
re

su
lt

s
of

th
is

p
ap

er
.

W
e

n
ow

m
ov

e
on

to
ap

p
li
ca

ti
o
n
s.

In
th

e
n
ex

t
S
ec

ti
on

,
w

e
ap

p
ly

th
e

re
su

lt
s

to
tw

o
p
ro

b
le

m
s:
k
-m

ea
n
s

an
d

li
n
ea

r
re

gr
es

si
on

.
In

S
ec

ti
o
n

5
,

im
p
le

m
en

ta
ti

on
d
et

ai
ls

ar
e

p
ro

v
id

ed
.

F
in

al
ly

,
ex

p
er

im
en

ta
l

va
li
d
at

io
n

on
ar

ti
fi
ci

a
l

a
n
d

re
a
l-

w
or

ld
d
at

a
se

ts
is

p
ro

v
id

ed
in

S
ec

ti
on

6.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

4
.
A
p
p
lica

tio
n
to

tw
o
p
ro

b
le
m
s:
k
-m

e
a
n
s
a
n
d
lin

e
a
r
re
g
re
ssio

n

W
e

fo
cu

s
o
n

tw
o

p
rob

lem
s:
k
-m

ean
s

an
d

lin
ear

regression
.

A
d
m

itted
ly,

th
ese

are
n
ot

th
e

b
est

p
ro

b
lem

s
to

ex
h
ib

it
th

e
u
sefu

ln
ess

of
co

resets:
th

ere
alread

y
ex

ists
very

effi
cien

t
a
lgorith

m
s

to
so

lve
th

em
a
n
d

th
e

n
eed

for
a

sm
all

con
trolled

su
m

m
ary

is
in

fact
ra

re.
W

e
n
everth

eless
fo

cu
s

o
n

th
ese

tw
o

p
rob

lem
s

as
th

ey
h
ave

b
een

w
ell

stu
d
ied

in
th

e
iid

settin
g,

w
h
ich

it
is

o
u
r

g
o
a
l

to
im

p
rove

on
.

M
oreover,

w
e

d
erived

an
aly

tical
form

u
las

for
th

e
sen

sitiv
ity

in
th

e
1
-m

ea
n
s

a
n
d

th
e

lin
ear

regression
settin

gs:
w

e
w

ill
th

u
s

b
e

ab
le

to
com

p
are,

in
th

ose
tw

o
ca

ses,
D

P
P

sa
m

p
lin

g
v
s

th
e

id
eal

iid
settin

g
(later

in
th

e
ex

p
erim

en
tal

S
ection

6
).

4
.1

.
A

p
p

lic
a
tio

n
to

k
-m

e
a
n

s

T
h
e

th
eo

retica
l

resu
lts

of
S
ection

3
are

valid
for

an
y

learn
in

g
p
rob

lem
of

th
e

form
d
etailed

in
S
ectio

n
2
.1

.
W

e
n
ow

sp
ecifi

cally
con

sid
er

th
e
k
-m

ean
s

p
rob

lem
on

a
setX

co
m

p
rised

of
n

d
a
ta

p
o
in

ts
in

R
d.

T
h
is

p
rob

lem
b

oils
d
ow

n
to

fi
n
d
in

g
k

cen
troid

s
θ

=
(c

1 ,...,c
k ),

all
in

R
d,

su
ch

th
a
t

th
e

follow
in

g
cost

is
m

in
im

ized
:

L
(X
,θ)

=
∑x∈X

f
(x
,θ)

w
ith

f
(x
,θ)

=
m

in
c∈
θ ‖x

−
c‖

2
.

L
et
ρ

b
e

th
e

d
iam

eter
of

th
e

m
in

im
u
m

en
closin

g
b
all

ofX
(th

e
sm

allest
b
all

en
clo

sin
g

all
p

o
in

ts
in
X

).
T

h
eorem

8
an

d
its

co
rollaries

are
ap

p
licab

le
to

th
e
k
-m

ea
n
s

p
rob

lem
,

su
ch

th
a
t:

C
o
ro

lla
ry

1
8

(m
-D

P
P

fo
r
k
-m

e
a
n

s)
L

etS
be

a
sa

m
p
le

fro
m

a
n
m

-D
P

P
w

ith
L

-en
sem

ble
L

.
L

et
ε,δ∈

(0,1)
2.

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,S

is
a
ε-co

reset
p
ro

vid
ed

th
a
t:

m
≥
m
∗

=
32ε

2

(
m

ax
i

σ
i

π̄
i )

2 (
k
d

log (
24ρ

2

ε〈f〉
o
p
t

+
1 )

+
log

4δ )
,

w
ith
∀
i,π̄

i
=
π
i /m

.
S

ettin
g

th
e

m
a
rgin

a
l

p
ro

ba
bilities

to
th

eir
o
p
tim

a
l

va
lu

es
π
i

=
m
σ
i /
S

,S
is

a
ε-co

reset
w

ith
p
ro

ba
bility

la
rger

th
a
n

1−
δ

p
ro

vid
ed

th
a
t:

m
≥

32ε
2
S

2 (
k
d

log (
24ρ

2

ε〈f〉
o
p
t

+
1 )

+
lo

g
4δ )

.

P
ro

o
f

L
et

u
s

w
rite
B

th
e

m
in

im
u
m

en
closin

g
b
all

o
fX

,
of

d
iam

eter
ρ
.

T
h
e

p
oten

tia
lly

in
terestin

g
cen

troid
s

are
n
ecessarily

in
clu

d
ed

in
B

su
ch

th
at

th
e

sp
ace

of
p
aram

eters
Θ

in
th

e
k
-m

ea
n
s

settin
g

is
th

e
set

of
all

p
ossib

le
k

cen
troid

s
in
B

:
Θ

=
B
k.

T
h
e

m
etric

d
Θ

w
e

co
n
sid

er
is

th
e

H
au

sd
orff

m
etric

asso
ciated

w
ith

th
e

E
u
clid

ean
d
istan

ce:

∀
θ,θ ′,

d
Θ

(θ,θ ′)
=

m
ax {

m
ax

c∈
θ

m
in

c ′∈
θ ′ ∥∥

c−
c ′ ∥∥

2
,

m
ax

c ′∈
θ ′ m

in
c∈
θ ∥∥

c−
c ′ ∥∥

2 }
.

A
n
ε ′-n

e
t

o
f

Θ
.

C
on

sid
er

Γ
B

an
ε ′-n

et
ofB

con
sistin

g
of

(
2
ρε ′

+
1)
d

sm
all

b
alls

of
rad

iu
s

ε ′.
S
u
ch

a
coverin

g
in

d
eed

ex
ists:

see,
e.g.,

L
em

m
a

2
.5

in
G

eer
(2000

).
C

o
n
sid

er
Γ

=
Γ
kB

of
ca

rd
in

a
lity
|Γ|

=
(

2
ρε ′

+
1)
k
d.

L
et

u
s

sh
ow

th
at

Γ
is

an
ε ′-n

et
of

Θ
,

th
at

is:

∀
θ∈
B
k,
∃
θ ∗∈

Γ
s.t.

d
Θ

(θ,θ ∗)≤
ε ′.

2
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

In
fact,

con
sid

er
θ

=
(c

1 ,...,c
k )∈

B
k.

B
y

con
stru

ction
,

as
Γ
B

is
an

ε ′-n
et

ofB
,

w
e

h
ave:

∀
i

=
1,...,k

∃
c ∗i ∈

Γ
B

s.t.
‖c
i −

c ∗i ‖
≤
ε ′.

W
ritin

g
θ ∗

=
(c ∗1 ,...,c ∗k )∈

Γ
,

on
e

h
as:d

Θ
(θ,θ ∗)≤

ε ′,

w
h
ich

p
roves

th
at

Γ
is

an
ε ′-n

et
of

Θ
.

T
h
e

n
u
m

b
er

of
b
alls

of
rad

iu
s
ε ′

=
ε〈f〉

o
p

t /6
γ

su
ffi

-
cien

t
to

cover
Θ

is
th

u
s
η

=
(

1
2
ρ
γ

ε〈f〉
o
p
t

+
1)
k
d.

f
(x
,θ)

is
γ
-L

ip
sch

itz
w

ith
γ

=
2ρ

.
C

on
sid

er
an

y
θ,
θ ′

an
d
x
∈
X

.
W

e
w

an
t

to
sh

ow
th

at:

−
γ
d

Θ
(θ,θ ′)≤

f
(x
,θ)−

f
(x
,θ ′)≤

γ
d

Θ
(θ,θ ′).

L
et

u
s

w
rite

c
=

argm
in
t∈
θ ‖x
−
t‖

2
th

e
cen

troid
in
θ

closest
to
x

an
d
c ′

=
argm

in
t ′∈

θ ′ ‖
x
−
t ′‖

2

th
e

cen
troid

in
θ ′

closest
to
x

.
M

oreover,
let

u
s

w
rite

c̃ ′
=

argm
in
t ′∈

θ ′ ‖c−
t ′‖

2
th

e
cen

troid
in
θ ′

closest
to
c.

N
ote

th
at
c ′

an
d
c̃ ′

are
n
ot

n
ecessarily

eq
u
al.

B
y

d
efi

n
ition

of
c ′,

on
e

h
as:

∥∥
x
−
c ′ ∥∥
≤
∥∥
x
−
c̃ ′ ∥∥

,

su
ch

th
at:

∥∥
x
−
c ′ ∥∥

2 −
‖
x
−
c‖

2 ≤
∥∥
x
−
c̃ ′ ∥∥

2 −
‖
x
−
c‖

2 ≤
∥∥
c̃ ′−

c ∥∥
2 ≤

d
Θ

(θ,θ ′).

T
h
u
s:

f
(x
,θ ′)−

f
(x
,θ)

=
∥∥
x
−
c ′(x

) ∥∥
2−
‖
x
−
c‖

2
=

( ∥∥
x
−
c ′ ∥∥
−
‖
x
−
c‖

)( ∥∥
x
−
c ′ ∥∥

+
‖
x
−
c‖)

≤
( ∥∥
x
−
c ′ ∥∥

+
‖
x
−
c‖

)
d

Θ
(θ,θ ′)≤

2
ρ
d

Θ
(θ,θ ′).

F
in

a
lly

,
n
σ
m

in
≥

1,
as

sh
ow

n
b
y

th
e

secon
d

lem
m

a
of

A
p
p

en
d
ix

D
.

G
iven

all
th

ese
elem

en
ts,

T
h
eorem

8
an

d
its

su
b
seq

u
en

t
corollaries

are
th

u
s

ap
p
licab

le
to

th
e
k
-m

ean
s

settin
g

an
d

on
e

ob
tain

s
th

e
d
esired

resu
lt.

N
ote

th
at,

in
th

e
case

of
D

P
P

s,
on

e
cou

ld
ap

p
ly

T
h
eorem

20
to

th
e
k
-m

ean
s

p
rob

lem
,

an
d

ob
tain

sim
ilar

resu
lts.

4
.2

.
A

p
p

lic
a
tio

n
to

lin
e
a
r

re
g
re

ssio
n

W
e

n
ow

con
sid

er
th

e
lin

ear
regression

p
rob

lem
:

fi
n
d
θ
∈

R
d

su
ch

th
at

a
m

easu
red

vector
y
∈

R
n

is
closest

to
X
θ

w
h
ere

X
>

=
(x

1 |...|x
n
)∈

R
d×
n

are
n

d
ata

p
oin

ts
in

R
d.

L
et

u
s

w
rite

X
i

=
(y
i ,x

i )
an

d
X

=
{X

1 ,...,X
n }.

T
h
e

least
sq

u
ares

estim
ato

r
m

in
im

izes:

L
(X
,θ)

=
‖
y−

X
θ‖

22
.

B
y

d
en

otin
g

f
(X

i ,θ)
=

(y
i −

x
>i
θ)

2,

24
JM

L
R

 20(168):1-70, 2019



D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
ss

e
s

f
o
r

C
o
r
e
se

t
s

on
e

ca
n

th
u
s

w
ri

te
th

e
le

as
t

sq
u
ar

es
so

lu
ti

on
to

th
e

li
n
ea

r
re

gr
es

si
on

p
ro

b
le

m
in

th
e

fo
rm

of
th

e
p
ro

b
le

m
s

in
v
es

ti
ga

te
d

in
th

is
p
ap

er
:

th
e

ob
je

ct
iv

e
is

to
m

in
im

iz
e

th
e

co
st
L

w
it

h
f

a
p

os
it

iv
e

fu
n
ct

io
n
:

L
(X
,θ

)
=
‖y
−

X
θ‖

2 2
=

n ∑ i=
1

f
(X

i,
θ)
.

W
e

su
p
p

os
e

th
at

al
l
x
i

ar
e

en
cl

os
ed

in
th

e
u
n
it

b
al

l
in

d
im

en
si

on
d

an
d

th
at
y i
∈

[0
,1

].
M

or
eo

ve
r,

w
e

su
p
p

os
e

th
at

th
e

sp
ac

e
Θ

is
b

ou
n
d
ed

a
n
d

en
cl

os
ed

in
a
d
-d

im
en

si
on

al
b
al

l
B

ce
n
te

re
d

in
0

of
d
ia

m
et

er
ρ
.

E
ve

n
th

ou
gh

w
e

d
er

iv
ed

th
e

an
al

y
ti

ca
l
fo

rm
u
la

ti
on

of
th

e
se

n
si

ti
v
it

y
fo

r
li
n
ea

r
re

gr
es

si
on

(L
em

m
a

25
),

w
e

w
er

e
n
ot

ab
le

to
sh

ow
th

at
n
σ

m
in
≥

1
in

ge
n
er

al
.

W
e

th
u
s

h
av

e
th

e
fo

ll
ow

in
g

sl
ig

h
tl

y
m

or
e

co
m

p
li
ca

te
d

re
su

lt
:

C
o
ro

ll
a
ry

1
9

(m
-D

P
P

fo
r

li
n

e
a
r

re
g
re

ss
io

n
)

L
et
S

be
a

sa
m

p
le

fr
o
m

a
n
m

-D
P

P
w

it
h

L
-e

n
se

m
bl

e
L

.
L

et
ε,
δ
∈

(0
,1

)2
.

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,
S

is
a
ε-

co
re

se
t

p
ro

vi
d
ed

th
a
t:

m
≥

m
ax

(m
∗ 1
,m
∗ 2
)

w
it

h

m
∗ 1

=
32 ε2

( m
ax i

σ
i

π̄
i

) 2
( d

lo
g

(
12
ρ
(4
ρ

+
2)

ε〈
f
〉 o

p
t

+
1

)
+

lo
g

4 δ

)
,

m
∗ 2

=
32 ε2

(
1

n
π̄
m
in

) 2
( d

lo
g

(
12
ρ
(4
ρ

+
2)

ε〈
f
〉 o

p
t

+
1

)
+

lo
g

4 δ

)

w
it

h
∀i
,π̄
i

=
π
i/
m

.

S
et

ti
n

g
th

e
m

a
rg

in
a
l

p
ro

ba
bi

li
ti

es
to

th
ei

r
o
p
ti

m
a
l

va
lu

es
π
i

=
m
σ
i/
S

,
S

is
a
ε-

co
re

se
t

w
it

h
p
ro

ba
bi

li
ty

la
rg

er
th

a
n

1
−
δ

p
ro

vi
d
ed

th
a
t:

m
≥

32 ε2
m

ax

( S
2
,

S
2

n
2
σ

2 m
in

)
( d

lo
g

(
12
ρ
(4
ρ

+
2)

ε〈
f
〉 o

p
t

+
1

)
+

lo
g

4 δ

)
.

P
ro

o
f

T
h
e

m
et

ri
c
d

Θ
w

e
co

n
si

d
er

is
th

e
E

u
cl

id
ea

n
d
is

ta
n
ce

in
d
im

en
si

on
d
.

-
A

n
ε′

-n
e
t

o
f

Θ
.

C
on

si
d
er

Γ
B

an
ε′

-n
et

of
B

co
n
si

st
in

g
of

(2
ρ ε′

+
1)
d

sm
al

l
b
al

ls
of

ra
d
iu

s
ε′

.
S
u
ch

a
co

ve
ri

n
g

in
d
ee

d
ex

is
ts

:
se

e,
e.

g.
,

L
em

m
a

2.
5

in
G

ee
r

(2
00

0
).

T
h
e

n
u
m

b
er

of
b
al

ls
of

ra
d
iu

s
ε′

=
ε〈
f
〉 o

p
t/

6γ
su

ffi
ci

en
t

to
co

ve
r

Θ
is

th
u
s
η

=
(

1
2
ρ
γ

ε〈
f
〉 o

p
t

+
1)
d
.

-
f

(X
,θ

)
is
γ
-L

ip
sc

h
it

z
w

it
h
γ

=
4ρ

+
2.

C
on

si
d
er

an
y
θ,
θ′

,
x
i

an
d
y i

.
W

e
w

an
t

to
sh

ow
th

at
:

( (y
i
−
x
> i
θ)

2
−

(y
i
−
x
> i
θ′

)2
) 2
≤
γ

2
∥ ∥ θ
−
θ′
∥ ∥2
.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

In
fa

ct
:

( (y
i
−
x
> i
θ)

2
−

(y
i
−
x
> i
θ′

)2
) 2

=
( θ>

x
ix
> i
θ
−
θ′
>
x
ix
> i
θ′
−

2y
ix
> i

(θ
−
θ′

)) 2

=
[(

2
θ′
>
x
ix
> i

+
(θ
−
θ′

)>
x
ix
> i
−

2y
ix
> i
) (
θ
−
θ′
)]

2

≤
[∥ ∥ ∥

2θ
′>
x
ix
> i

+
(θ
−
θ′

)>
x
ix
> i
−

2
y i
x
> i
∥ ∥ ∥∥ ∥
θ
−
θ′
∥ ∥]

2

≤
[ 2
∥ ∥ ∥x

ix
> i
∥ ∥ ∥∥ ∥
θ′
∥ ∥

+
∥ ∥ ∥x

ix
> i
∥ ∥ ∥∥ ∥
θ
−
θ′
∥ ∥

+
2
y i
‖x

i‖
] 2
∥ ∥ θ
−
θ′
∥ ∥2

b
y

tr
ia

n
gu

la
r

in
eq

u
al

it
y

an
d

w
ri

ti
n
g
∥ ∥ x

ix
> i
∥ ∥

th
e

2-
n
or

m
of

th
e

m
at

ri
x
x
ix
> i

,
w

h
ic

h
is

eq
u
a
l

to
‖x

i‖
2

an
d

b
ou

n
d
ed

b
y

on
e

b
y

h
y
p

o
th

es
is

.
A

s
Θ

is
su

p
p

os
ed

to
b

e
en

cl
os

ed
in

a
b
a
ll

of
ra

d
iu

s
ρ
,

w
e

fu
rt

h
er

h
av

e:

( (y
i
−
x
> i
θ)

2
−

(y
i
−
x
> i
θ′

)2
) 2
≤

(4
ρ

+
2)

2
∥ ∥ θ
−
θ′
∥ ∥2

G
iv

en
th

es
e

el
em

en
ts

,
T

h
eo

re
m

8
is

ap
p
li
ca

b
le

to
th

e
li
n
ea

r
re

gr
es

si
on

se
tt

in
g

a
n
d

o
n
e

ob
ta

in
s

th
e

d
es

ir
ed

re
su

lt
.

5
.
Im

p
le
m
e
n
ta
ti
o
n

5
.1

.
T

h
e

D
P

P
’s

id
e
a
l

m
a
rg

in
a
l

k
e
rn

e
l

F
ol

lo
w

in
g

th
e

th
eo

re
ti

ca
l

re
su

lt
s,

th
e

id
ea

l
st

ra
te

gy
(a

lt
h
ou

gh
u
n
re

a
li
st

ic
)

to
b
u
il
d

th
e

m
ar

gi
n
al

ke
rn

el
K

of
th

e
id

ea
l

D
P

P
sa

m
p
li
n
g

sc
h
em

e
w

ou
ld

b
e

as
fo

ll
ow

s.
1
/

D
ea

l
w

it
h

ou
tl

ie
rs

as
ex

p
la

in
ed

in
A

p
p

en
d
ix

E
u
n
ti

l
σ

m
a
x

is
n
o
t

to
o

la
rg

e.
2/

C
om

p
u
te

a
ll
σ
i.

3
/

S
et

a
ll

π
i

to
m
σ
i/
S

w
it

h
m

su
ffi

ci
en

tl
y

la
rg

e
as

d
et

ai
le

d
in

th
e

th
eo

re
m

s.
4/

F
in

d
a
ll

n
o
n
-d

ia
g
o
n
a
l

el
em

en
ts

of
K

in
o
rd

er
to

m
in

im
iz

e
fo

r
al

l
θ

th
e

es
ti

m
at

or
’s

va
ri

an
ce

,
as

d
er

iv
ed

in
E

q
.

(1
2)

:

V
ar

(L̂
)

=
∑ i

(
1 π
i
−

1

)
f

(x
i,
θ)

2
−
∑ i6=
j

K
2 ij

π
iπ
j
f

(x
i,
θ)
f

(x
j
,θ

).

w
h
il
e

co
n
st

ra
in

in
g

K
to

b
e

a
va

li
d

m
a
rg

in
al

ke
rn

el
,

i.
e.

:
S
D

P
w

it
h

0
�

K
�

1
,

5
/

sa
m

p
le

a
D

P
P

w
it

h
ke

rn
el

K
.

O
n

ou
r

w
ay

to
d
er

iv
e

a
p
ra

ct
ic

al
al

g
or

it
h
m

w
it

h
a

li
n
ea

r
co

m
p
le

x
it

y
in
n

,
m

an
y

ob
st

ac
le

s
st

an
d

b
ef

or
e

u
s:

th
er

e
is

n
o

k
n
ow

n
p

ol
y
n
om

ia
l

al
go

ri
th

m
to

co
m

p
u
te

al
l
σ
i

in
th

e
ge

n
er

al
se

tt
in

g,
so

lv
in

g
ex

ac
tl

y
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
of

st
ep

4
u
n
d
er

ei
ge

n
va

lu
e

co
n
st

ra
in

t
re

m
ai

n
s

op
en

,
an

d
sa

m
p
li
n
g

fr
om

th
is

en
gi

n
ee

re
d

id
ea

l
K

co
st

s
O

(n
3
)

n
u
m

b
er

of
op

er
at

io
n
s

(s
ee

A
lg

or
it

h
m

1
of

K
u
le

sz
a

an
d

T
as

ka
r

(2
01

2)
:

it
n
ec

es
si

ta
te

s
a

fu
ll

d
ia

go
n
al

iz
at

io
n

of
K

).
D

es
ig

n
in

g
a

li
n
ea

r-
ti

m
e

al
go

ri
th

m
th

at
p
ro

va
b
ly

ve
ri

fi
es

u
n
d
er

a
co

n
tr

ol
le

d
er

ro
r

th
e

co
n
d
it

io
n
s

of
ou

r
p
re

v
io

u
s

th
eo

re
m

s
is

ou
t-

of
-s

co
p

e
of

th
is

p
a
p

er
.

In
th

e
fo

ll
ow

in
g,

w
e

p
re

fe
r

to
fi
rs

t
re

ca
ll

th
e

in
tu

it
io

n
s

b
eh

in
d

th
e

co
n
st

ru
ct

io
n

of
a

g
o
o
d

ke
rn

el
,

an
d

th
en

d
is

cu
ss

tw
o

ch
oi

ce
s

of
ke

rn
el

w
e

ad
vo

ca
te

:
a

G
au

ss
ia

n
ke

rn
el

an
d

a
V

a
n
d
er

m
o
n
d
e-

b
as

ed
k
er

n
el

.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

5
.2

.
A

fi
rst

ch
o
ic

e
:

th
e

G
a
u

ssia
n

k
e
rn

e
l

In
o
rd

er
fo

r
K

to
b

e
a

go
o
d

can
d
id

ate
for

coresets,
it

n
eed

s
to

verify
th

e
follow

in
g

tw
o

p
ro

p
erties:

•
A

s
in

d
ica

ted
b
y

th
e

th
eorem

s,
th

e
d
iagon

al
en

tries
K
ii

sh
ou

ld
in

crease
as

th
e

asso
cia

ted
σ
i

in
crea

ses.

•
A

s
in

d
ica

ted
b
y

th
e

varian
ce

eq
u
ation

of
E

q
.

(12),
off

-d
iagon

al
elem

en
ts

sh
ou

ld
b

e
a
s

la
rg

e
as

p
ossib

le
(in

ab
solu

te
valu

e)
given

th
e

eigen
valu

e
con

strain
ts.

In
fact,

w
e

ca
n
n
o
t

set
all

n
on

-d
iagon

al
en

tries
of

K
to

large
valu

es
as

th
e

m
atrix

’s
2
-n

orm
w

o
u
ld

ra
p
id

ly
b

e
larger

th
an

1.
W

e
th

u
s

n
eed

to
ch

o
ose

th
e

b
est

p
airs

(i,j)
fo

r
w

h
ich

it
is

w
o
rth

settin
g

a
large

valu
e

of
K
ij .

A
fi
rst

glan
ce

at
th

e
varian

ce
eq

u
ation

in
d
icates

th
a
t

th
e

larger
f

(x
i ,θ)f

(x
j ,θ)

is,
th

e
larger

K
ij

sh
ou

ld
b

e,
in

ord
er

to
d
ecrease

th
e

va
ria

n
ce

as
m

u
ch

as
p

ossib
le.

R
ecall

n
everth

eless
th

at
in

th
e

coreset
settin

g,
all

sa
m

p
lin

g
p
aram

eters
sh

ou
ld

b
e

in
d
ep

en
d
en

t
of
θ.

T
h
e

off
-d

iagon
al

elem
en

ts
sh

ou
ld

th
u
s

v
erify

th
e

follow
in

g
p
rop

erty
:

th
e

larger
is

th
e

correlation
b

etw
een

x
i

an
d
x
j

(th
e

m
o
re

sim
ilar

are
f

(x
i ,θ)

an
d
f

(x
j ,θ)

for
all

θ),
th

e
larger

K
ij

sh
ou

ld
b

e.

W
e

sh
ow

in
th

e
follow

in
g

in
w

h
at

w
ay

s
th

e
ch

oice
o
f

m
argin

al
kern

el

K
=

L
(I

+
L
) −

1

w
ith

L
th

e
G

au
ssian

kern
el

m
atrix

w
ith

p
aram

eter
τ
:

∀
(i,j)

L
ij

=
ex

p − ‖
x
i −

x
j ‖

2

2
τ
2

,

is
a

g
o
o
d

ca
n
d
id

ate
to

b
u
ild

coresets
for

k
-m

ean
s

(th
e

lin
ear

regression
case

is
d
iscu

ssed
la

ter).
L

et
u
s

w
rite

U
=

(u
1 |...|u

n
)

th
e

orth
on

orm
al

eigen
vector

b
asis

of
L

an
d

Λ
=

d
ia

g
(λ

1 |...|λ
n
)

its
d
iagon

al
m

atrix
of

sorted
eigen

valu
es,

0
≤
λ

1
≤
...≤

λ
n
.

U
a
n
d

Λ
n
a
tu

ra
lly

d
ep

en
d

on
τ
.

O
n
e

sh
ow

s
for

in
stan

ce
th

at,
w

ith
resp

ect
to
τ
,
λ
n

is
a

m
on

oto
n
ically

in
crea

sin
g

fu
n
ction

b
etw

een
1

an
d
n

.

C
o
n
cern

in
g

th
e

off
-d

iagon
al

elem
en

ts
of

K
,
let

u
s

fi
rst

n
ote

th
at

if
x
i
an

d
x
j

are
correlated

(th
a
t

is,
in

th
e
k
-m

ean
s

settin
g,

if
th

ey
are

close
to

each
o
th

er),
th

en

K
ij

=
∑

k

λ
k

1
+
λ
k
u
k (i)u

k (j)

sh
o
u
ld

b
e

la
rg

e
in

ab
solu

te
valu

e.
In

fact,
in

th
e

lim
it

w
h
ere

x
i

=
x
j ,

th
en
∀
k
,u

k (i)
=
u
k (j)

a
n
d

K
ij

=
K
ii

=
K
jj .

T
h
e

d
eterm

in
an

t
o
f

th
e

2×
2

su
b
m

atrix
of

K
in

d
ex

ed
b
y
i

an
d
j

is
th

erefo
re

n
u
ll:

sam
p
lin

g
b

oth
w

ill
n
ever

o
ccu

r.
T

h
u
s,

th
e

closer
are

x
i

an
d
x
j ,

th
e

low
er

is
th

e
ch

a
n
ce

o
f

sam
p
lin

g
b

oth
join

tly.
M

oreover,
if
x
i

an
d
x
j

are
far

from
each

oth
er

(fo
r

in
sta

n
ce,

in
d
iff

eren
t

clu
sters),

th
en

th
e

en
tries

i
an

d
j

of
L ′s

eigen
vectors

w
ill

b
e

very
d
iff

eren
t.

F
o
r

in
stan

ce,
say

th
e

d
ata

set
con

tain
s

tw
o

w
ell

sep
arated

clu
sters

of
sim

ilar
size.

If
th

e
G

au
ssia

n
p
aram

eter
τ

is
set

to
th

e
size

of
th

ese
clu

sters,
th

en
th

e
kern

el
m

atrix
L

w
ill

b
e

q
u
a
si-b

lo
ck

d
iagon

al,
w

ith
each

b
lo

ck
co

rresp
o
n
d
in

g
to

th
e

en
tries

of
each

clu
ster.

A
lso

,
ea

ch
eig

en
v
ector

u
k

w
ill

h
ave

en
ergy

eith
er

in
on

e
clu

ster
or

th
e

oth
er

su
ch

th
at

K
ij
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

is
n
ecessarily

sm
all

if
i

an
d
j

b
elon

g
to

d
iff

eren
t

clu
sters,

an
d

th
e

even
t

of
sam

p
lin

g
b

oth
join

tly
is

p
rob

ab
le.

C
on

cern
in

g
th

e
p
rob

ab
ility

of
in

clu
sion

of
i,

w
e

h
ave:

K
ii

=
∑

k

λ
k

1
+
λ
k
v
i (k

)
2,

w
h
ere

v
i

is
th

e
vector

of
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sc

al
e

ro
u
gh

ly
as

th
e

in
tr

is
ic

d
im

en
si

on
o
f

th
e

p
ar

am
et

er
sp

ac
e:

it
is

th
er

ef
or

e
p

os
si

b
le

th
at

in
ce

rt
ai

n
d
iffi

cu
lt

p
ro

b
le

m
s

n
o

re
li
ab

le
co

re
se

t
ca

n
b

e
fo

u
n
d

if
5
m
<

1
,0

0
0.

W
it

h
th

at
in

m
in

d
,

w
e

n
ow

re
v
ie

w
ot

h
er

m
et

h
o
d
s

fo
r

sa
m

p
li
n
g

D
P

P
s.

A
s

an
al

te
rn

at
iv

e
to

d
ir

ec
t

sa
m

p
li
n
g

of
th

e
k
in

d
u
se

d
h
er

e,
M

C
M

C
m

et
h
o
d
s

h
av

e
b

ee
n

su
gg

es
te

d
se

ve
ra

l
ti

m
es

(e
.g

.,
A

n
ar

i
et

al
.,
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,
a
n
d

th
e

ea
rl

ie
st

re
fe

re
n
ce

w
e

co
u
ld

fi
n
d

is
B

el
ab

b
as

an
d

W
ol

fe
(2

00
9)

.
T

h
e

m
os

t
b
as

ic
k
in

d
st

ar
ts

w
it

h
a

se
t

of
p

o
in

ts
sa

m
p
le

d
u
n
if

or
m

ly
,

an
d

u
se

s
ra

n
d
om

sw
ap

p
in

g
m

ov
es

:
at

ea
ch

it
er

at
io

n
,

a
p

oi
n
t

fr
o
m

th
e

cu
rr

en
t

se
t

m
ay

b
e

re
p
la

ce
d

b
y

on
e

n
ot

in
th

e
se

t.
6

A
cc

ep
ta

n
ce

p
ro

b
ab

il
it

ie
s

ar
e

se
t

so
th

a
t

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

on
of

th
e

ch
ai

n
is

th
e

co
rr

ec
t

D
P

P
.

E
ac

h
it

er
at

io
n

h
as

co
st
O

(m
2
),

a
n
d

ap
p
ro

x
im

at
el

y
O

(n
)

su
ch

it
er

at
io

n
s

ar
e

re
q
u
ir

ed
fo

r
m

ix
in

g
(H

er
m

on
an

d
S
a
le

z,
2
0
1
9)

.
T

h
e

to
ta

l
co

st
is

th
er

ef
or

e
th

e
sa

m
e

as
in

ou
r

m
et

h
o
d

(O
(n
m

2
))

,
so

n
ot

m
u
ch

g
a
in

is
to

b
e

ex
p

ec
te

d
h
er

e.
H

ow
ev

er
,

th
er

e
is

n
o

n
ee

d
fo

r
a

lo
w

-r
an

k
ap

p
ro

x
im

at
io

n
of

th
e

ke
rn

el
su

ch
a
s

th
e

R
F

F
ap

p
ro

x
im

at
io

n
u
se

d
h
er

e.
In

a
n
u
ts

h
el

l,
M

C
M

C
te

ch
n
iq

u
es

sa
m

p
le

a
p
p
ro

x
im

a
te

ly
fr

om
th

e
co

rr
ec

t
ke

rn
el

in
st

ea
d

of
sa

m
p
li
n
g

ex
ac

tl
y

fr
om

a
n

ap
p
ro

x
im

at
e

ke
rn

el
:

w
h
ic

h
is

b
et

te
r

is
as

ye
t

u
n
k
n
ow

n
b
u
t

an
in

te
re

st
in

g
p
ro

b
le

m
in

it
se

lf
.

T
h
er

e
ar

e
tw

o
im

m
ed

ia
te

st
ra

te
gi

es
fo

r
in

cr
ea

si
n
g
m

.
O

n
e

is
to

u
se

a
cr

u
d
e

h
eu

ri
st

ic
fo

r
d
iv

id
in

g
th

e
or

ig
in

al
d
at

a
se

t
in

to
p

d
iff

er
en

t
su

b
se

ts
,

an
d

sa
m

p
li
n
g

a
D

P
P

in
d
ep

en
d
en

tl
y

fr
om

ea
ch

su
b
se

t.
T

h
is

is
eq

u
iv

al
en

t
to

u
si

n
g

a
b
lo

ck
-d

ia
go

n
al

ke
rn

el
,

an
d

a
lo

n
g

th
es

e
li
n
es

th
er

e
is

a
le

ss
ra

d
ic

al
ap

p
ro

ac
h
,

w
h
ic

h
is

to
fo

rc
e

th
e

ke
rn

el
to

b
e

sp
ar

se
a
n
d

ex
p
lo

it

5
.

O
n

e
m

ig
h
t

a
rg

u
e

th
a
t

in
su

ch
ca

se
s

th
e

co
re

se
t

m
et

h
o
d

o
lo

g
y

is
o
f

d
u

b
io

u
s

va
lu

e
a
n
y
w

ay
.

6
.

A
m

o
re

a
d

va
n

ce
d

a
lg

o
ri

th
m

b
y

G
a
u
ti

er
et

a
l.

(2
0
1
7
)

m
ix

es
fa

st
er

th
a
n

th
e

b
a
si

c
a
lg

o
ri

th
m

o
u

tl
in

ed
h

er
e,

b
u

t
th

e
it

er
a
ti

o
n

s
a
re

m
o
re

in
v
o
lv

ed
.
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

sp
a
rsity

in
th

e
sam

p
lin

g.
P

ou
lson

(2019)
sh

ow
s

h
ow

to
ex

p
loit

sp
arsity

for
sam

p
lin

g
D

P
P

s
w

h
en

th
e

m
a
rgin

a
l

kern
el

is
sp

arse.
U

n
fortu

n
ately,

w
e

u
se

L
-en

sem
b
les

h
ere,

an
d

on
e

w
ou

ld
h
ave

to
a
d
ap

t
th

e
to

ols
given

b
y

P
ou

lson
to

L
-en

sem
b
les.

A
d
iff

eren
t

strategy
to

in
crease

m
is

to
sa

m
p
le

th
e

D
P

P
several

tim
es

rath
er

th
an

ju
st

on
ce.

T
h
e

resu
ltin

g
sam

p
le

h
as

less
d
iv

ersity
b
u
t

is
m

u
ch

ch
eap

er
to

gen
era

te.
O

n
e

can
take

ad
van

tage
of

recen
t

m
eth

o
d
s

th
a
t

u
se

p
re-p

ro
cessin

g
for

sp
eed

in
g

u
p

rep
eated

sam
p
lin

g
of

th
e

sam
e

D
P

P
(G

illen
w

ater
et

a
l.,

2
01

9
;
D

erezin
sk

i
et

al.,
2019).

H
ere

th
e

ch
allen

ge
is

to
fi
n
d

th
e

righ
t

trad
e-off

b
etw

een
co

m
p
u
ta

tio
n
a
l
cost

an
d

rep
u
lsion

,
w

h
ich

is
again

an
in

terestin
g

q
u
estion

for
fu

tu
re

resea
rch

.

6
.
E
x
p
e
rim

e
n
ts

6
.1

.
D

iff
e
re

n
t

stra
te

g
ie

s
to

c
o
m

p
a
re

...

W
e

w
ill

em
p
irically

com
p
are

resu
lts

ob
tain

ed
w

ith
th

e
fi
ve

fo
llow

in
g

ap
p
roach

es:

1
.
m
-
D
P
P

:
T

h
e

strategy
su

m
m

arized
in

A
lgorith

m
1.

2
.
P
o
l
y
P
r
o
j
-
D
P
P

:
T

h
e

strategy
su

m
m

arized
in

A
lgorith

m
2.

3
.
m
a
t
c
h
e
d

i
i
d

:
A

n
iid

sam
p
lin

g
strategy

w
ith

rep
lacem

en
t,

m
a
tch

ed
to

eith
er

m
-
D
P
P

or
P
o
l
y
P
r
o
j
-
D
P
P

(d
ep

en
d
in

g
on

th
e

con
tex

t).
M

ore
p
recisely,

m
sam

p
les

are
d
raw

n
iid

w
ith

rep
la

cem
en

t,
th

e
p
rob

ab
ility

of
selectin

g
x
i

at
each

d
raw

b
ein

g
set

to
p
i

=
π
i /m

,
w

h
ere

π
i

is
th

e
m

argin
al

p
rob

ab
ility

of
d
raw

in
g
x
i

in
m
-
D
P
P

(or
P
o
l
y
P
r
o
j
-
D
P
P
).

4
.
u
n
i
f
o
r
m

i
i
d

:
U

n
iform

iid
sam

p
lin

g
w

ith
rep

lacem
en

t.

5
.
s
e
n
s
i
t
i
v
i
t
y

i
i
d

:
T

h
e

cu
rren

t
state

of
th

e
art

iid
sam

p
lin

g
b
ased

on
a

b
i-criteria

a
p
p
rox

im
ation

to
u
p
p

er
b

ou
n
d

th
e

sen
sitiv

ity
(A

lgorith
m

2
of

B
ach

em
et

al.
2017),

o
r,

if
ava

ilab
le

(for
in

stan
ce

in
th

e
case

of
1-m

ean
s

an
d

lin
ear

regression
),

an
an

aly
tical

fo
rm

u
la

o
f

th
e

sen
sitiv

ity.

F
o
r

th
e

th
ree

iid
m

eth
o
d
s

(m
eth

o
d
s

3,
4

an
d

5),
w

e
w

ill
u
se

th
e

im
p

ortan
ce

sam
p
lin

g
esti-

m
a
to

r
a
d
a
p
ted

to
iid

sam
p
lin

g
of

E
q
.

(6).
F

or
m

eth
o
d
s

1
an

d
2,

w
e

w
ill

u
se

th
e

im
p

orta
n
ce

sa
m

p
lin

g
estim

ator
ad

ap
ted

to
correlated

sam
p
lin

g
of

E
q
.

(8).

E
m

p
irica

lly,
w

h
en

th
e

am
b
ien

t
d
im

en
sion

d
is

sm
all,

p
erform

an
ce

o
f

all
m

eth
o
d
s

is
en

h
a
n
ced

if
th

e
w

eigh
ts

in
L̂

are
set

v
ia

V
oron

oi
cells

rath
er

th
an

set
to

in
verse

p
rob

a
b
ilities:

g
iven

th
e

sa
m

p
le
S

of
size

m
,

com
p
u
te

its
V

oron
oi

tessellation
in
m

cells,
an

d
asso

ciate
to

ea
ch

sa
m

p
le
x
s

a
w

eigh
t
ω

(x
s )

eq
u
al

to
th

e
n
u
m

b
er

of
d
atap

oin
ts

in
its

asso
ciated

V
oron

oi
cell.

W
e

w
ill

call
th

e
asso

ciated
cost

estim
ators

L̂
th

e
V

oron
oi

estim
ators.

F
o
r

co
m

p
leten

ess,
w

e
com

p
are

all
th

ese
m

eth
o
d
s

w
ith

an
oth

er
n
egatively

correlated
sa

m
p
lin

g
m

eth
o
d

called
D

2-sam
p
lin

g
(com

m
on

ly
u
sed

for
k
-m

ean
s+

+
seed

in
g,

see
A

rth
u
r

a
n
d

V
a
ssilv

itsk
ii

2007):

6
)
D

2
:

sam
p
le

th
e

fi
rst

elem
en

t
ofS

u
n
ifo

rm
ly

at
ran

d
om

.
E

ach
su

b
seq

u
en

t
elem

en
t

o
fS

is
d
raw

n
accord

in
g

to
a

p
rob

ab
ility

p
rop

ortion
al

to
th

e
sq

u
ared

d
istan

ce
to

th
e

clo
sest

o
f

th
e

alread
y

sam
p
led

elem
en

ts.
T

h
e

m
argin

al
p
rob

ab
ilities

are
n
ot

k
n
ow

n
in

th
is

a
lg

o
rith

m
,

so
w

e
w

ill
on

ly
b

e
ab

le
to

b
u
ild

th
e

asso
ciated

V
oron

oi
cost

estim
ator.
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

T
o

m
easu

re
th

e
p

erform
an

ce
of

each
m

eth
o
d
,
w

e
w

ill
em

p
irically

estim
ate

th
e

p
rob

ab
ility

th
at,

giv
en

th
e

m
eth

o
d
’s

sam
p
led

w
eigh

ted
su

b
set,

it
verifi

es
th

e
coreset

p
rop

erty
of

E
q
.

(4)
for

a
given

ran
d
om

ly
ch

osen
θ

(settin
g
ε

to
0.1).

O
n

th
e

a
rtifi

cial
d
ata

m
o
d
els

w
e

in
v
estigate,

w
e

estim
ate

th
is

p
rob

ab
ility

v
ia

50
ran

d
om

ly
ch

osen
θ

on
1000

realization
s

of
th

e
d
ata.

O
n

th
e

real-w
orld

d
ata

sets,
w

e
estim

ate
th

is
p
rob

ab
ility

v
ia

5000
ra

n
d
om

ly
ch

osen
θ.

W
e

w
ill

in
gen

eral
p
lot

th
is

p
rob

ab
ility

versu
s

th
e

n
u
m

b
er

of
sam

p
les:

th
e

closer
it

is
to

1,
th

e
b

etter
th

e
sam

p
lin

g
m

eth
o
d

for
coresets.

In
S
ection

s
6.2

.2
an

d
6.2.3,

w
e

w
ill

n
ot

on
ly

com
p
are

th
e

coreset
p
rop

erty
of

th
e

sam
p
les

ob
tain

ed
b
y

each
m

eth
o
d
,
w

e
w

ill
also

com
p
are

th
e

resu
lt

of
L

loy
d
’s

classical
k
-m

ean
s

h
eu

ris-
tics

(L
loy

d
,

1982)
p

erform
ed

on
th

e
en

tire
d
ata

v
ersu

s
th

e
resu

lt
ob

tain
ed

on
th

e
w

eigh
ted

sam
p
les

of
each

m
eth

o
d
.

T
o

b
e

p
recise,

on
ce

th
e
k
-m

ean
s

h
eu

ristics
on

th
e

w
eigh

ted
su

b
set

ou
tp

u
ts
k

cen
troid

s,
w

e
classify

all
n
o
d
es

(sam
p
led

or
n
ot)

accord
in

g
to

th
eir

closest
d
is-

tan
ce

to
th

e
cen

troid
s:

th
is

gives
u
s

a
p
artition

th
at

w
e

th
en

com
p
are

u
sin

g
th

e
A

d
ju

sted
R

an
d

(A
R

)
sim

ilarity
in

d
ex

(H
u
b

ert
an

d
A

rab
ie,

1985)
to

th
e

grou
n
d

tru
th

asso
ciated

to
th

e
d
ata

set.
T

h
e

A
R

in
d
ex

is
a

n
u
m

b
er

b
etw

een
−

1
an

d
1:

th
e

closer
it

is
to

1,
th

e
closer

are
th

e
p
artition

s,
th

e
b

etter
th

e
sam

p
lin

g
m

eth
o
d
.

6
.2

.
...o

n
d

iff
e
re

n
t

d
a
ta

se
ts

6
.2

.1
.

T
o

st
a
r
t

w
it

h
:

t
w

o
w

e
l
l

c
o
n
t
r
o
l
l
e
d

c
a
se

s

W
e

start
w

ith
tw

o
p

erfectly
con

trolled
cases

(for
w

h
ich

w
e

d
erived

th
e

sen
sitiv

ities
an

aly
ti-

cally
–

see
th

e
fi
rst

an
d

th
ird

lem
m

as
of

A
p
p

en
d
ix

D
)):

•
th

e
1-m

ean
s

case,
for

w
h
ich

w
e

sh
ow

th
at,

su
p
p

osin
g

w
ith

ou
t

loss
of

gen
erality

th
at

th
e

d
ata

is
cen

tered
( ∑

j
x
j

=
0),

th
e

sen
sitiv

ity
verifi

es
th

e
follow

in
g

an
aly

tic
form

:

σ
i

=
1n

(
1

+
‖
x
i ‖

2

v

)
,

w
h
ere

v
=

1n ∑
x∈X
‖x‖

2.

•
th

e
lin

ear
regression

case,
for

w
h
ich

w
e

sh
ow

th
at:

∀
i

σ
i

=
x
>i

H
−

1x
i
+

(y
i −

y ∗i )
2

‖
y−

y ∗‖
2

w
h
ere

H
=

X
>

X
an

d
y ∗

read
s
y ∗

=
X
θ ∗

=
X

H
−

1X
>
y
.

W
e

are
th

u
s

ab
le

to
com

p
are

ou
r

m
eth

o
d

versu
s

th
e

id
eal

iid
sam

p
lin

g
sch

em
e

for
w

h
ich

w
e

set
p
i ,

th
e

p
rob

ab
ility

of
d
raw

in
g
x
i ,

ex
actly

to
its

id
eal

valu
e

given
in

T
h
eorem

3:
p
i

=
σ
i /
S

(=
σ
i /2

for
1-m

ean
s,

=
σ
i /

(d
+

1)
for

lin
ear

regression
).

E
x
p

e
rim

e
n
ts

w
ith

1-m
e
a
n

s.
W

e
w

ill
w

o
rk

on
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ea
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p
ro

b
le

m
ve

rs
u
s
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n
u
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F
F
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fo
r
d
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ef
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an

d
d

=
20
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ig

h
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P

er
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m
p
ar
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of
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ef
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u
n
i
f
o
r
m

i
i
d
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id
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le

)
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d
s
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n
s
i
t
i
v
i
t
y

i
i
d

(r
ig

h
t)

on
th

e
1-

m
ea

n
s

p
ro

b
le

m
ve

rs
u
s

th
e

p
er

ce
n
ta

g
e

of
ou

tl
ie

rs
q.

th
an

on
u
n
if

or
m

or
se

n
si

ti
v
it

y
-b

as
ed

ii
d

sa
m

p
li
n
g.

E
x
p

e
ri

m
e
n
ts

w
it

h
li
n

e
a
r

re
g
re

ss
io

n
.

T
h
e

d
at

a
X

=
(x

1
,.
..
,x

n
)

ar
e

ge
n
er

at
ed

b
y

sa
m

p
li
n
g
n

p
oi

n
ts

in
th

e
h
y
p

er
cu

b
e

[0
,1

]d
.

E
ac

h
en

tr
y

of
th

e
v
ec

to
r
y

is
al

so
sa

m
p
le

d
u
n
if

or
m

ly
fr

om
[0
,1

].
T

h
e

ou
tl

ie
r

p
er

ce
n
ta

ge
q

is
se

t
to

ze
ro

.
W

e
sh

ow
th

e
eq

u
iv

al
en

t
of

F
ig

s
4

an
d

5
in

,
re

sp
ec

ti
ve

ly
,

F
ig

s
9

an
d

1
0.

R
es

u
lt

s
fo

r
d

=
20

an
d
d

=
10

0
ar

e
v
er

y
si

m
il
ar

so
th

e
ca

se
d

=
10

0
is

n
ot

sh
ow

n
.

W
e

ob
se

rv
e

si
m

il
ar

re
su

lt
s:

m
-
D
P
P

m
at

ch
es

D
2

in
th

e
V

or
on

oi
es

ti
m

a
to

r,
an

d
ou

tp
er

fo
rm

s
s
e
n
s
i
t
i
v
i
t
y

i
i
d

in
al

l
ca

se
s;

P
o
l
y
P
r
o
j
-
D
P
P

at
le

as
t

m
at

ch
es

s
e
n
s
i
t
i
v
i
t
y

i
i
d

in
al

l
ca

se
s. F
in

al
ly

,
in

F
ig

u
re

6
(r

ig
h
t)

,
w

e
co

m
p
ar

e
m
-
D
P
P

a
n
d
P
o
l
y
P
r
o
j
-
D
P
P

ve
rs

u
s
m
a
t
c
h
e
d

i
i
d

an
d
s
e
n
s
i
t
i
v
i
t
y

i
i
d

fo
r

th
e

li
n
ea

r
re

gr
es

si
on

p
ro

b
le

m
:

on
ce

ag
ai

n
,

th
e

o
b
se

rv
ed

ed
ge

is
cl

ea
rl

y
d
u
e

to
th

e
n
eg

at
iv

e
co

rr
el

at
io

n
s

in
d
u
ce

d
b
y

th
e

d
et

er
m

in
an

ta
l

n
at

u
re

of
ou

r
m

et
h
o
d
.

W
e

c
o
n

c
lu

d
e

th
es

e
fi
rs

t
w

el
l-

co
n
tr

o
ll
ed

ex
p

er
im

en
ta

l
re

su
lt

s
b
y

su
m

m
ar

iz
in

g
th

e
ob

se
rv

ed
b

eh
av

io
rs

:

•
m
-
D
P
P

ou
tp

er
fo

rm
s

th
e

cu
rr

en
t

st
at

e
of

th
e

ar
t
s
e
n
s
i
t
i
v
i
t
y

i
i
d
,

ev
en

in
th

e
1-

m
ea

n
s

an
d

th
e

li
n
ea

r
re

gr
es

si
on

ca
se

s,
w

h
er

e
se

n
si

ti
v
it

ie
s

d
o

n
ot

n
ee

d
to

b
e

es
ti

m
at

ed
b
u
t

m
ay

b
e

co
m

p
u
te

d
ex

ac
tl

y.

•
P
o
l
y
P
r
o
j
-
D
P
P

m
at

ch
es

an
d

in
so

m
e

ca
se

s
ou

tp
er

fo
rm

s
s
e
n
s
i
t
i
v
i
t
y

i
i
d
,

at
le

as
t

fo
r

th
e

im
p

or
ta

n
ce

sa
m

p
li
n
g

es
ti

m
at

or
.
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p
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=
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u
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b
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p
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p
li
n
g

w
ei
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)
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h
e
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o

b
ot
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m

fi
g
u
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s
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or
d

=
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)
ar

e
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lo
g-

lo
g

sc
al

e.
P

er
fo

rm
an
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s

ar
e

so
si

m
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ar

th
a
t
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in
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a
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u
n
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=
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=
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d
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p
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g
m

eth
o
d
s
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e
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r
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p
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s
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e

d
im
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d
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d
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e
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of

w
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ts
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o
i
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im

p
or-
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n
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p
lin

g
w
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e
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d
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

•
A

s
th

e
d
im

en
sion

in
creases,

th
e

ed
ge

ov
er

iid
sa

m
p
lin

g
d
ecreases.

In
fa

ct,
a
ll

p
erfor-

m
an

ces
ten

d
to

u
n
i
f
o
r
m

i
i
d
.

•
T

h
e

b
est

ch
oice

of
p
aram

eter
τ

of
th

e
G

au
ssian

k
ern

el
in

m
-
D
P
P

is
still

an
op

en
p
rob

lem
.

E
m

p
irically,

a
go

o
d

ord
er

of
m

agn
itu

d
e

is
th

e
avera

ge
in

terd
istan

ce
of

th
e

d
atap

oin
ts.

Id
eally,

n
ev

erth
eless,

τ
sh

ou
ld

in
crea

se
as
m

,
th

e
n
u
m

b
er

of
w

an
ted

sam
p
les,

d
ecreases.

•
R

egard
in

g
th

e
n
u
m

b
er

of
R

F
F

s
r,

settin
g
r

to
O

(m
)

is
su

ffi
cien

t.

•
R

egard
in

g
th

e
im

p
act

of
ou

tliers.
O

u
r

th
eorem

s
are

n
ot

w
ell

su
ited

to
ou

tliers
(d

u
e

to
th

e
p
ro

of
tech

n
iq

u
es

u
sed

);
n
everth

eless,
in

p
ractice,

w
e

see
th

at
ou

tliers
are

n
ot

an
issu

e
in

ou
r

m
eth

o
d
:

th
ey

even
h
ave

a
sm

aller
im

p
act

on
ou

r
m

eth
o
d
’s

p
erform

an
ces

th
an

on
oth

er
m

eth
o
d
s.

•
R

ep
lacin

g
w

eigh
ts

b
y

V
oron

oi
w

eigh
ts

y
ield

s
in

gen
eral

b
etter

resu
lts,

b
u
t

on
ly

in
low

d
im

en
sion

.
A

s
th

e
d
im

en
sion

in
creases,

th
e

V
oron

oi
cost

estim
ator

fails
(som

etim
es

d
rastically

).

6
.2

.2
.

E
x
p
e
r
im

e
n
t
s

o
n

n
o
n
-G

a
u
ssia

n
d
a
t
a
:

t
h
e

c
a
se

o
f

sp
e
c
t
r
a
l

f
e
a
t
u
r
e
s

S
p

e
c
tra

l
fe

a
tu

re
s.

G
iven

a
grap

h
of
n

n
o
d
es

w
h
ere

W
∈

R
n×

n
is

th
e

ad
jacen

cy
m

atrix
(i.e.,

W
ij

=
1

if
n
o
d
es
i

an
d
j

are
con

n
ected

,
an

d
0

orth
erw

ise),
a

stan
d
ard

p
rob

lem
con

sists
in

p
artition

in
g

th
e

n
o
d
es

in
k

com
m

u
n
ities,

i.e.,
sets

of
n
o
d
es

m
ore

con
n
ected

to
th

em
selv

es
th

an
to

oth
er

n
o
d
es

of
th

e
grap

h
(F

ortu
n
ato,

2010
).

A
classical

algorith
m

to
solve

effi
cien

tly
th

is
p
rob

lem
is

th
e

so-called
sp

ectral
clu

sterin
g

algorith
m

(N
g

et
al.,

2002):

•
D

efi
n
e

th
e

n
orm

alized
L

ap
lacian

m
atrix

L
=

I−
D
−

12W
D
−

12
∈

R
n×

n
w

h
ere

I
is

h
ere

th
e

id
en

tity
m

atrix
in

d
im

en
sion

n
,

an
d

D
∈

R
n×

n
is

a
d
iagon

al
m

atrix
w

ith
D
ii

=
d
i

=
∑

j
W
ij

th
e

d
egree

of
n
o
d
e
i.

•
C

om
p
u
te

v
ia

A
rn

old
i

iteration
s

or
a

sim
ilar

algorith
m

th
e
k

fi
rst

eigen
v
ectors

of
L
:

(u
1 ,...,u

k ).

•
A

sso
ciate

to
each

n
o
d
e
i

a
(sp

ectral)
featu

re
vector

x
i ∈

R
k:
∀
l

=
1
,...,k

x
i (l)

=
u
l (i).

•
N

orm
alize

all
featu

re
vectors:

x
i ←

x
i /‖x

i ‖
2 .

•
R

u
n
k
-m

ean
s

on
all

su
ch

n
orm

alized
sp

ectral
featu

res.

A
n

ex
ten

sive
litera

tu
re

ex
ists

on
sp

ectral
clu

sterin
g

an
d

it
h
as

sh
ow

n
to

b
e

a
very

su
ccessfu

l
u
n
su

p
erv

ised
classifi

cation
algorith

m
in

m
an

y
situ

ation
s

(von
L

u
x
b
u
rg,

2007
;

T
rem

b
lay

an
d

L
ou

kas,
2020).

T
h

e
S

to
ch

a
stic

B
lo

ck
M

o
d

e
l
(S

B
M

).
W

e
con

sid
er

ran
d
o
m

com
m

u
n
ity

-stru
ctu

red
grap

h
s

d
raw

n
from

th
e

S
B

M
,

a
classical

class
of

stru
ctu

red
ran

d
om

grap
h
s

(see
for

in
stan

ce
A

b
b

e
an

d
S
an

d
on

,
2015).

W
e

fi
rst

lo
ok

at
grap

h
s

w
ith

k
com

m
u
n
ities

of
sam

e
size

n
/k

.
In

th
e

S
B

M
,

th
e

p
rob

ab
ility

of
con

n
ection

b
etw

een
an

y
tw

o
n
o
d
es
i

an
d
j

is
q

1
if

th
ey

are
in

th
e

sam
e

com
m

u
n
ity,

an
d
q

2
oth

erw
ise.

O
n
e

can
sh

ow
th

at
th

e
average

d
egree

read
s
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it
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=
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E
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h
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lo
u
r
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rr

es
p

on
d
s

to
on

e
b
lo

ck
of

th
e

S
B

M
.
O

n
th

e
le

ft
,

fo
r

an
“e

as
y
”

cl
as

si
fi
ca

ti
on

ta
sk

(ζ
=
ζ c
/
4)

,
an

d
on

th
e

ri
gh

t,
fo

r
a

h
ar

d
er

se
tt

in
g

(ζ
=
ζ c
/
2)

.

C
or

es
et

p
ro

p
er

ty
k
-m

ea
n
s

p
er

fo
rm

an
ce

ζ
=

ζ c 4

ζ
=

ζ c 2

F
ig

u
re

12
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P
er

fo
rm

an
ce
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p
ar

is
on

of
d
iff

er
en

t
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et
h
o
d
s
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th

e
k
-m

ea
n
s

p
ro

b
le

m
fo

r
sp

ec
-

tr
al

fe
at

u
re

s
of

b
al

an
ce

d
S
B

M
g
ra

p
h
s

(h
er

e,
k

=
2)

.
L

ef
t:

te
st

in
g

th
e

co
re

se
t

p
ro

p
er

ty
.

R
ig

h
t:

th
e

A
d
ju

st
ed

R
an

d
in

d
ex

b
et

w
ee

n
th

e
p
ar

ti
ti

on
re

co
ve

re
d

b
y

k
-m

ea
n
s

on
th

e
w

ei
gh

te
d

su
b
se

ts
an

d
th

e
gr

ou
n
d

tr
u
th

p
ar

ti
ti

on
of

th
e

S
B

M
.
ζ

q
u
an

ti
fi
es

th
e

d
iffi

cu
lt

y
of

th
e

cl
as

si
fi
ca

ti
on

ta
sk

(s
ee

te
x
t)

:
th

e
lo

w
er

it
is

,
th

e
ea

si
er

th
e

cl
as

si
fi
ca

ti
on

ta
sk

.
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e
l
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é
a
n
d

A
m

b
l
a
r
d

C
or

es
et

p
ro

p
er

ty
k
-m

ea
n
s

p
er

fo
rm

a
n
ce

ζ
=

ζ c 4

ζ
=

ζ c 2

F
ig

u
re

13
:

S
am

e
as

F
ig

u
re

12
b
u
t

w
it

h
k

=
10

.

c
=
q 1
( n k
−

1
) +

q 2
( n
−

n k

) .
T

h
u
s,

in
st

ea
d

of
p
ro

v
id

in
g

th
e

p
ro

b
ab

il
it

ie
s

(q
1
,q

2
),

o
n
e

m
ay

ch
ar

ac
te

ri
ze

a
S
B

M
b
y

co
n
si

d
er

in
g

(ζ
=

q 2 q 1
,c

).
T

h
e

la
rg

er
ζ
,

th
e

fu
zz

ie
r

th
e

co
m

m
u
n
it

y
st

ru
ct

u
re

,
th

e
h
ar

d
er

th
e

cl
as

si
fi
ca

ti
o
n

ta
sk

.
In

fa
ct

,
D

ec
el

le
et

al
.

(2
01

1)
sh

ow
th

a
t

a
b

ov
e

th
e

cr
it

ic
al

va
lu

e
ζ c

=
(c
−
√
c)
/
(c

+
√
c(
k
−

1)
),

co
m

m
u
n
it

y
st

ru
ct

u
re

b
ec

om
es

u
n
d
et

ec
ta

b
le

in
th

e
la

rg
e
n

li
m

it
.

In
th

e
fo

ll
ow

in
g,

w
e

se
t
n

=
10

00
an

d
c

=
16

;
k

an
d
ζ

w
il
l

va
ry

.
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te
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at
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ec
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fe
at

u
re

s
x
i
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e

n
ot
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au
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d
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se
n
si

n
g

(B
ar

an
iu

k
et

al
.,

20
08

),
in

fo
u
r

st
ep

s:

1.
w

e
fi
rs

t
u
se

co
n
ce

n
tr

at
io

n
ar

gu
m

en
ts

fo
r

a
gi

ve
n
θ
∈

Θ
.

2.
w

e
th

en
b
u
il
d

an
ε-

n
et

p
av

in
g

th
e

sp
ac

e
of

p
ar

am
et

er
s

Θ
.

3.
v
ia

th
e

u
n
io

n
b

ou
n
d
,

w
e

ob
ta

in
th

e
re

su
lt

fo
r

al
l
θ

in
th

e
ε-

n
et

.

4.
v
ia

th
e

L
ip

sc
h
it

z
p
ro

p
er

ty
of
f

,
w

e
ob

ta
in

th
e

d
es

ir
ed

re
su

lt
fo

r
al

l
θ
∈

Θ
.

S
te

p
1

(C
on

ce
n
tr

at
io

n
ar

ou
n
d
θ
∈

Θ
)

D
P

P
s

ar
e

in
st

an
ce

s
of

sa
m

p
li
n
g

sc
h
em

es
th

at
ar

e
st

ro
n
gl

y
R

ay
le

ig
h
.

S
in

ce
st

ro
n
gl

y
R

ay
le

ig
h

d
is

tr
ib

u
ti

on
s

ar
e

cl
os

ed
u
n
d
er

tr
u
n
ca

ti
on

,
an

y
m

-D
P

P
is

al
so

st
ro

n
gl

y
R

ay
le

ig
h
.

W
e

ca
n

th
u
s

ap
p
ly

th
e

co
n
ce

n
tr

at
io

n
re

su
lt

s
o
f

P
em

an
tl

e
an

d
P

er
es

(2
01

4)
.

F
or

a
gi

ve
n
θ
∈

Θ
,

w
e

h
av

e
:
∀ε
∈

(0
,1

),
∀δ
∈

(0
,1

):

P

(
∣ ∣ ∣ ∣ ∣L̂ L
−

1∣ ∣ ∣ ∣ ∣≥
ε)

=
P
(∣ ∣ ∣
L̂
−
L
∣ ∣ ∣≥

εL
)
≤
δ,

p
ro

v
id

ed
th

at
:

m
≥

8 ε2
C

2
lo

g
2 δ
,

(2
0)

w
it

h
C

=
m

ax i

f
(x
i,
θ)

L
π̄
i

,
w

h
er

e
π̄
i

is
a

sh
or

th
an

d
fo

r
π
i/
m

,
an

d
π
i

is
th

e
m

ar
gi

n
al

p
ro

b
ab

il
it

y

of
sa

m
p
li
n
g

el
em

en
t
i.

U
si

n
g

th
e

sa
m

e
co

n
ce

n
tr

at
io

n
re

su
lt

s,
w

e
al

so
h
av

e:

∀(
ε,
δ)
∈

(0
,1

)2
,

P

(
∣ ∣ ∣ ∣ ∣∑

i
ε i π
i

n
−

1

∣ ∣ ∣ ∣ ∣≥
ε)
≤
δ,

(2
1)

p
ro

v
id

ed
th

at
:

m
≥

8 ε2
1

n
2
π̄

2 m
in

lo
g

2 δ
,

(2
2)

w
h
er

e
π̄

m
in

=
m

in
i
π̄
i.

S
te

p
2

(ε
′ -

n
et

of
Θ

)
C

on
si

d
er

Γ
ε′

=
(θ
∗ 1
,.
..
,θ
∗ η)

th
e

sm
al

le
st

su
b
se

t
of

Θ
su

ch
th

a
t

b
al

ls
of

ra
d
iu

s
ε′

ce
n
te

re
d

ar
ou

n
d

th
e

el
em

en
ts

in
Γ
ε′

co
ve

r
Θ

.
Γ
ε′

is
ca

ll
ed

an
ε′

-n
et

o
f

Θ
an

d
η

=
|Γ
ε′
|i

ts
co

ve
ri

n
g

n
u
m

b
er

.
T

h
e

co
v
er

in
g

p
ro

p
er

ty
en

ta
il
s

th
at

:

∀θ
∈

Θ
∃θ
∗
∈

Γ
ε′

s.
t.

d
Θ

(θ
,θ
∗ )
≤
ε′
.

S
te

p
3
.

(U
n
io

n
b

ou
n
d
)

W
ri

te
δ′

=
δ/

2η
.

F
ro

m
st

ep
1,

w
e

k
n
ow

th
at

,
∀θ
∗
∈

Γ
ε′

:

P

(
∣ ∣ ∣ ∣ ∣L̂ L
−

1∣ ∣ ∣ ∣ ∣≥
ε)
≤
δ′
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

p
ro

v
id

ed
th

at
:

m
≥

8 ε2
C

2
lo

g
2 δ′
.

F
ro

m
th

e
u
n
io

n
b

ou
n
d
,

w
e

h
av

e:

P

(
∀θ
∗
∈

Γ
ε′
,

∣ ∣ ∣ ∣ ∣L̂ L
−

1∣ ∣ ∣ ∣ ∣≤
ε)
≥

1
−
∑ θ
∗ ∈

Γ

δ′
=

1
−
δ 2
,

p
ro

v
id

ed
th

at
:

m
≥

8 ε2

(
m

ax
θ
∗ ∈

Γ
ε
′
C

) 2
lo

g
4η δ

(2
3
)

G
iv

en
th

at
π̄
i

w
il
l

in
fi

n
e

b
e

in
d
ep

en
d
en

t
of
θ

(a
s

w
e

w
a
n
t

th
e

co
re

se
t

p
ro

p
er

ty
to

b
e

tr
u
e

fo
r

al
l
θ
∈

Θ
),

m
ax

θ
∗ ∈

Γ
ε
′
C

=
m

ax
θ
∗ ∈

Γ
ε
′
m

ax i

f
(x
i,
θ)

L
π̄
i

(2
4
)

=
m

ax i

1 π̄
i

m
ax

θ
∗ ∈

Γ
ε
′

f
(x
i,
θ)

L
(2

5
)

≤
m

ax i

1 π̄
i

m
a
x

θ
∈Θ

f
(x
i,
θ)

L
=

m
ax i

σ
i

π̄
i
,

(2
6
)

w
h
er

e
w

e
se

e
h
ow

th
e

se
n
si

ti
v
it

y
σ
i

n
at

u
ra

ll
y

ar
is

es
in

th
e

p
ro

of
.

E
q
.

(2
6
)

en
ta

il
s

th
a
t

E
q
.

(2
3)

is
ve

ri
fi
ed

if
m
≥
m

1
w

it
h m

= 1

8 ε2

( m
a
x

i

σ
i

π̄
i

) 2
lo

g
4
η δ
.

W
ri

te
δ′
′ =

δ/
2.

F
ro

m
E

q
.

(2
1)

,
w

e
h
av

e:

P

(
∣ ∣ ∣ ∣ ∣∑

i
ε i π
i

n
−

1

∣ ∣ ∣ ∣ ∣≥
ε)
≤
δ′
′ ,

p
ro

v
id

ed
th

at
m
≥
m

2
w

it
h

m
2

=
8

ε2
n

2
π̄

2 m
in

lo
g

4 δ
.

W
e

h
av

e
(w

it
h

th
e

u
n
io

n
b

ou
n
d

ag
ai

n
):

P

(
∣ ∣ ∣ ∣ ∣∑

i
ε i π
i

n
−

1

∣ ∣ ∣ ∣ ∣≤
ε

A
N

D
∀θ
∗
∈

Γ
ε′
,

∣ ∣ ∣ ∣ ∣L̂ L
−

1∣ ∣ ∣ ∣ ∣≤
ε)

≥
1
−
δ/

2
−
δ′
′ =

1
−
δ,

50
JM

L
R

 2
0(

16
8)

:1
-7

0,
 2

01
9



D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
sse

s
f
o
r

C
o
r
e
se

t
s

p
rov

id
ed

th
a
t:

m
≥

m
ax

(m
1 ,m

2 ).

S
te

p
4

(C
o
n
tin

u
ity

argu
m

en
t)

S
u
p
p

ose
th

at
m
≥

m
ax

(m
∗1 ,m

∗2 )
w

ith
m
∗1 ,
m
∗2

as
d
efi

n
ed

in
th

e
th

eo
rem

.
T

h
e

resu
lt

of
step

3
w

ith
ε
←

ε/
2

states
th

at,
w

ith
p
rob

ab
ility

at
least

1−
δ,

o
n
e

h
as:

∣∣∣∣∣ ∑
i
ε
i
π
i

n
−

1 ∣∣∣∣∣ ≤
ε2

A
N

D
∀
θ ∗∈

Γ
ε ′,

∣∣∣∣∣ L̂L
−

1 ∣∣∣∣∣ ≤
ε2
.

(27)

W
e

n
ow

lo
o
k

for
th

e
m

ax
im

u
m

valu
e

of
ε ′

su
ch

th
at

E
q
.
(27)

im
p
lies

th
e

follow
in

g
d
esired

resu
lt:

∀
θ∈

Θ
,

∣∣∣∣∣ L̂L
−

1 ∣∣∣∣∣ ≤
ε.

(28)

C
o
n
sid

er
θ∈

Θ
.

B
y

th
e

cov
erin

g
p
rop

erty
of

Γ
ε ′,

w
e

h
ave:

∃
θ ∗∈

Γ
ε ′

s.t.
d

Θ
(θ,θ ∗)≤

ε ′.

M
o
reover,

a
s
f

is
γ

-L
ip

sch
itz,∀

x
i ∈
X

:

|f
(x
i ,θ)−

f
(x
i ,θ ∗)|≤

γ
d

Θ
(θ,θ ∗)≤

γ
ε ′.

(29)

T
h
u
s,

u
sin

g
E

q
s.

(29)
an

d
th

en
(27):

L̂
(X
,θ)≤

L̂
(X
,θ ∗)

+
γ
ε ′ ∑

i

ε
i

π
i

≤
(1

+
ε2

)(L
(X
,θ ∗)

+
n
γ
ε ′).

A
lso

,
u
sin

g
E

q
.

(29)
again

:

L
(X
,θ ∗)≤

L
(X
,θ)

+
n
γ
ε ′.

T
h
u
s:

L̂
(X
,θ)≤

(1
+
ε2

)L
(X
,θ)

+
2
n
γ
ε ′(1

+
ε2

).
(30)

S
im

ila
rly,

fo
r

th
e

low
er

b
ou

n
d
,

on
e

ob
tain

s:

(1−
ε2

)(L
(X
,θ)−

2
n
γ
ε ′)≤

L̂
(X
,θ)

(31)

In
o
rd

er
fo

r
E

q
s

(30)
an

d
(31)

to
im

p
ly

E
q
.(28),

w
e

n
eed

:

2
n
γ
ε ′(1

+
ε2

)≤
ε2
L

(X
,θ),
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T
r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

i.e.:

ε ′≤
εL

(X
,θ)

4
n
γ

(1
+

ε2 )
≤
εL

(X
,θ)

6
n
γ

.

In
ord

er
for

th
is

con
d
ition

to
b

e
tru

e
for

all
θ,

w
e

ch
o
ose:

ε ′
=
ε

m
in
θ∈

Θ
L

(X
,θ)

6
n
γ

=
εL

o
p

t

6
n
γ

=
ε〈f〉

o
p

t

6γ
.

(32)

C
o
n

c
lu

d
in

g
th

e
p

ro
o
f.

C
on

sid
er
S

a
sam

p
le

fro
m

a
D

P
P

w
ith

L
-en

sem
b
le

L
,

w
ith

m
argin

al
p
rob

ab
ilities

π
i

an
d

n
orm

alized
m

argin
al

p
rob

ab
ilities

π̄
i

=
π
i /m

.
C

on
sid

er
ε∈

(0,1)
an

d
δ
∈

(0,1).
D

efi
n
e
ε ′

as
in

E
q
.

(32)
an

d
Γ

th
e

set
of

cen
ters

of
th

e
η

b
alls

of
rad

iu
s
ε ′

coverin
g

th
e

p
aram

eter
sp

ace.
W

e
sh

ow
ed

th
at

if
m
≥

m
ax

(m
∗1 ,m

∗2 ),
th

en
S

is
an

ε-coreset
w

ith
p
ro

b
ab

ility
at

least
1−

δ.

A
p
p
e
n
d
ix

B
.
C
o
re
se
t
re
su

lts
fo
r
D
P
P
s

T
h

e
o
re

m
2
0

(D
P

P
fo

r
c
o
re

se
ts)

C
o
n

sid
erS

a
sa

m
p
le

fro
m

a
D

P
P

w
ith

L
-en

sem
ble

L
,

a
n

d
a
n

a
vera

ge
n

u
m

ber
o
f

sa
m

p
le
µ

=
∑

i
λ
i

1
+
λ
i .

L
et
ε
∈

(0,1),
δ
∈

(0,1).
D

en
o
te

by
η

th
e

m
in

im
u

m
n

u
m

ber
o
f

ba
lls

o
f

ra
d
iu

s
ε〈f〉

o
p
t /

6
γ

n
ecessa

ry
to

co
ver

Θ
.

W
ith

p
ro

ba
bility

h
igh

er
th

a
n

1−
δ,S

is
a
ε-co

reset
p
ro

vid
ed

th
a
t

µ
≥
µ
∗

=
m

ax
(µ
∗1 ,µ
∗2 )

w
ith

:

µ
∗1

=
32ε

2

(
ε

m
ax
i

σ
i

π̄
i

+
4 (

m
ax
i

σ
i

π̄
i )

2 )
log

10ηδ
,

µ
∗2

=
32ε

2

(
ε

n
π̄
m
in

+
4

n
2π̄

2m
in )

log
10δ
,

a
n

d
∀
i,
π̄
i

=
π
i /µ

.

P
ro

o
f

A
ccord

in
g

to
P

em
an

tle
an

d
P

eres
(2014),

rep
lace

E
q
.

(20)
b
y
:

µ
≥

16ε
2

(εC
+

2
C

2 )
log

5δ
,

w
ith

C
=

m
ax
i

f
(x
i ,θ)

L
π̄
i

,
w

h
ere

π̄
i

is
a

sh
orth

an
d

fo
r
π
i /µ

;
an

d
E

q
.

(22)
b
y
:

µ
≥

16

ε
2n
π̄

m
in (

ε
+

2

n
π̄

m
in )

log
5δ
,

an
d

ch
an

ge
accord

in
gly

th
e

rest
of

th
e

p
ro

of.

F
or

th
e

sam
e

reason
s

as
th

e
m

-D
P

P
case,

w
e

h
av

e:

5
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D
e
t
e
r
m

in
a
n
t
a
l

P
o
in

t
P

r
o
c
e
ss

e
s

f
o
r

C
o
r
e
se

t
s

C
o
ro

ll
a
ry

2
1

If
n
σ
m
in
≥

1
,

th
en
µ
∗ 1
≥
µ
∗ 2

a
n

d
th

e
co

re
se

t
p
ro

pe
rt

y
o
f

T
h
eo

re
m

2
0

is
ve

ri
fi

ed
if

:

µ
≥
µ
∗

=
32 ε2

(
ε

m
ax i

σ
i

π̄
i

+
4

( m
ax i

σ
i

π̄
i

) 2
)

lo
g

10
η δ
.

C
o
ro

ll
a
ry

2
2

If
th

er
e

ex
is

ts
α
>

0
a
n

d
β
≥

1
su

ch
th

a
t:

∀i
α
σ
i
≤
π
i
≤
α
β
σ
i,

a
n

d
α β
≥

32 ε2
(ε

+
4
S

)
lo

g
10
n δ
,

th
en
S

is
a
ε-

co
re

se
t

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

In
th

is
ca

se
,

th
e

ex
pe

ct
ed

n
u

m
be

r
o
f

sa
m

p
le

s
ve

ri
fi

es
:

µ
≥

32 ε2
β
S

(ε
+

4
S

)
lo

g
10
n δ
.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
6

W
e

sp
li
t

th
e

p
ro

of
in

to
tw

o
p
ar

ts
.

W
e

fi
rs

t
sh

ow
th

e
co

n
ve

rg
en

ce
of

th
e

d
is

cr
et

e
in

te
n
si

ty
fu

n
ct

io
n

to
it

s
co

n
ti

n
u
ou

s
li
m

it
(a

s
n

go
es

to
in

fi
n
it

y
).

W
e

th
en

d
ea

l
w

it
h

th
e

ou
te

r
li
m

it
(a

s
th

e
d
eg

re
e
φ

go
es

to
in

fi
n
it

y
)

to
p
ro

v
e

th
e

th
eo

re
m

.

C
.1

.
D

is
c
re

te
-t

o
-c

o
n
ti

n
u

o
u

s
li
m

it

T
h
e

d
is

cr
et

e
D

P
P

d
efi

n
ed

in
S
ec

ti
on

3.
3.

1
h
as

a
n
at

u
ra

l
co

n
ti

n
u
ou

s
co

u
n
te

rp
ar

t:
n
am

el
y,

in
st

ea
d

of
sa

m
p
li
n
g
S

fr
om
X

,
w

e
d
ir

ec
tl

y
sa

m
p
le
S

fr
om

Ω
.

T
h
e

co
rr

es
p

o
n
d
in

g
or

th
og

on
al

p
ol

y
n
om

ia
ls

ar
e

n
ow

or
th

og
on

al
w

.r
.t

.
th

e
m

ea
su

re
µ

,
an

d
th

e
in

cl
u
si

on
p
ro

b
ab

il
it

ie
s

tu
rn

in
to

in
te

n
si

ty
fu

n
ct

io
n
s

(i
n

th
e

co
n
ti

n
ou

s
li
m

it
,

an
y

gi
ve

n
p

oi
n
t

in
Ω

h
a
s

p
ro

b
ab

il
it

y
0

of
b

ei
n
g

se
le

ct
ed

,
w

h
ic

h
is

w
h
y

w
e

n
ee

d
to
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th
e

fu
n
ct

io
n
f

(R
)

=
a
−

2
bR

+
α

R
2

,
it

s
m

in
im

u
m

is
at

ta
in

ed
fo

r
R
∗

=
a
+
α
b

an
d
f

(R
∗ )

=
−

b2

a
+
α

,
su

ch
th

at
: 1 σ
i
≤
n
−
||∑

x
∈V

1
y
||2

∑
x
∈V

1
‖y
‖2

+
α
≤
n
.

T
h
is

is
tr

u
e

fo
r

al
l
i,

an
d

in
p
ar

ti
cu

la
r

fo
r
σ

m
in

.

L
e
m

m
a

2
5

W
it

h
th

e
n

o
ta

ti
o
n

s
o
f

S
ec

ti
o
n

4
.2

,
th

e
se

n
si

ti
vi

ti
es

in
th

e
li

n
ea

r
re

gr
es

si
o
n

p
ro

bl
em

ve
ri

fy
:

∀i
σ
i

=
x
> i

H
−

1
x
i
+

(y
i
−
y
∗ i)

2

‖y
−
y
∗ ‖

2

w
h
er

e
H

=
X
>

X
a
n

d
y
∗

re
a
d
s
y
∗

=
X
θ∗

=
X

H
−

1
X
>
y

.
A

ls
o
:

S
=
∑ i

σ
i

=
d

+
1
.

A
s

a
re

m
a
rk

,
n

o
te

th
a
t

th
e

se
n

si
ti

vi
ty

is
d
iff

er
en

t
fr

o
m

th
e

u
su

a
l

d
efi

n
it

io
n

o
f

le
ve

ra
ge

sc
o
re

in
th

e
co

n
te

xt
o
f

li
n

ea
r

re
gr

es
si

o
n

,
w

h
ic

h
si

m
p
ly

re
a
d
s
l i

=
x
> i

H
−

1
x
i

(s
ee

,
e.

g.
,

H
oa

gl
in

a
n

d
W

el
sc

h
,

1
9
7
8
;

C
h
a
tt

er
je

e,
1
9
8
8
;

C
h
a
tt

er
je

e
a
n

d
H

a
d
i,

1
9
8
6
;

C
h
en

et
a
l.

,
2
0
1
6
).

P
ro

o
f

W
e

h
av

e:

1 σ
i

=
m

in
θ
∈Θ

∑
j
(y
j
−
x
> j
θ)

2

(y
i
−
x
> i
θ)

2
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r
e
m

b
l
a
y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

L
et

u
s

w
ri

te
θ

=
u

+
v

w
h
er

e
u

is
co

li
n
ea

r
to
x
i

an
d
v

is
or

th
og

on
al

to
x
i.

W
e

o
b
ta

in
:

1 σ
i

=
m

in
u
,v

∑
j
(y
j
−
x
> j

(u
+
v
))

2

(y
i
−
x
> i
u

)2

=
m

in u

1

(y
i
−
x
> i
u

)2

( ‖
y
‖2

+
m

in v

[ (u
+
v
)>

H
(u

+
v
)
−

2(
u

+
v
)>

X
>
y
])

=
m

in u

1

(y
i
−
x
> i
u

)2

( ‖
y
‖2

+
u
>

H
u
−

2u
>

X
>
y

+
m

in v

[ v
>

H
v

+
2
u
>

H
v
−

2v
>

X
>
y
])

w
h
er

e
H

=
∑

j
x
j
x
> j

=
X
>

X
.

L
et

u
s

fi
rs

t
co

n
ce

n
tr

at
e

on
so

lv
in

g:

m
in v
v
>

H
v

+
2
u
>

H
v
−

2v
>

X
>
y

=
m

in v
v
>

H
v

+
2
z
>
v

w
it

h
z

=
H
>
u
−

X
>
y
.

T
h
e

m
in

im
u
m

is
to

b
e

fo
u
n
d

fo
r
v

or
th

og
on

al
to
x
i.

W
e

w
ri

te
th

e
L

ag
ra

n
gi

an
:

L
(v
,λ

)
=
v
>

H
v

+
2
z
>
v
−
λ
x
> i
v
.

W
e

so
lv

e
it

w
rt
v
:

2H
v

+
2
z
−
λ
x
i

=
0

i.
e.

:

v
=

H
−

1

(
λ 2
x
i
−
z

)
.

W
e

k
n
ow

th
at
v

sh
ou

ld
b

e
or

th
og

on
al

to
x
i

su
ch

th
at

:

0
=
x
> i

H
−

1

(
λ 2
x
i
−
z

)

i.
e.

:

λ 2
=

x
> i

H
−

1
z

x
> i

H
−

1
x
i
.

W
e

fi
n
al

ly
h
av

e:

v
∗

=
H
−

1

(
x
> i

H
−

1
z

x
> i

H
−

1
x
i
x
i
−
z

)

an
d

th
u
s:

m
in v
v
>

H
v

+
2
z
>
v

=
v
∗>

H
v
∗

+
2
z
>
v
∗

=
(x
> i

H
−

1
z
)2

x
> i

H
−

1
x
i
−
z
>

H
−

1
z
.
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e
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t
s

i.e.:

1σ
i

=
m

in
u

1

(y
i −

x
>i
u

)
2 (‖

y‖
2

+
(x
>i
u
−
x
>i

H
−

1X
>
y
)
2

x
>i

H
−

1x
i

−
y >

X
H
−

1X
>
y )

=
1

x
>i

H
−

1x
i

m
in
u

(‖
y‖

2−
y >

X
H
−

1X
>
y )
x
>i

H
−

1x
i
+
(x
>i
u
−
x
>i

H
−

1X
>
y )

2

(y
i −

x
>i
u )

2

L
et

u
s

w
rite

u
=
α

x
i

‖
x
i ‖

2 .
W

e
h
ave:

1σ
i

=
1

x
>i

H
−

1x
i

m
in
α

a
+

(α
−
b)

2

(α
−
c)

2

w
ith

:
a

=
(‖
y‖

2−
y >

X
H
−

1X
>
y )
x
>i

H
−

1x
i ,
b

=
x
>i

H
−

1X
>
y

an
d
c

=
y
i .

T
h
e

m
in

im
u
m

of

f
(α

)
=

a
+

(α−
b)

2

(α−
c)

2
is

attain
ed

for
α
∗

=
a
b−
c

+
b

w
h
ich

en
tails:

f
(α
∗)

=
a

a
+

(b−
c)

2
.

A
n
d

th
u
s:

1σ
i

=
‖
y‖

2−
y >

X
H
−

1X
>
y

(‖
y‖

2−
y >

X
H
−

1X
>
y )
x
>i

H
−

1x
i
+
(x
>i

H
−

1X
>
y−

y
i )

2

i.e.:

σ
i

=
x
>i

H
−

1x
i
+

(x
>i

H
−

1X
>
y−

y
i )

2

‖y‖
2−

y >
X

H
−

1X
>
y
.

W
ritin

g
θ ∗

=
H
−

1X
>
y

th
e

least-sq
u
are

solu
tion

to
th

e
p
rob

lem
,

th
is

is
re-w

ritten
:

σ
i

=
x
>i

H
−

1x
i
+

(x
>i
θ ∗−

y
i )

2

‖y‖
2−

θ ∗>
H
θ ∗
.

F
in

a
lly,

d
en

o
tin

g
y ∗

=
X
θ ∗:

σ
i

=
x
>i

H
−

1x
i
+

(y
i −

y ∗i )
2

‖
y‖

2−
‖
y ∗‖

2

=
x
>i

H
−

1x
i
+

(y
i −

y ∗i )
2

‖
y−

y ∗‖
2

T
h
u
s:

S
=
∑

i

σ
i

=
T

r(X
>

H
−

1X
)

+
∑

i

(y
i −

y ∗i )
2

‖
y−

y ∗‖
2

=
d

+
1
.
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l
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y
,

B
a
r
t
h
e
l
m

é
a
n
d

A
m

b
l
a
r
d

A
p
p
e
n
d
ix

E
.
T
h
e
issu

e
o
f
o
u
tlie

rs

C
orollary

10
is

ap
p
licab

le
to

cases
w

h
ere

σ
m

a
x

is
n
ot

to
o

large.
In

fact,
in

ord
er

for
α
σ
i

to
b

e
sm

aller
th

an
π
i ,

an
d

th
u
s

sm
aller

th
an

1
as
π
i

is
a

p
rob

ab
ility,

α
sh

ou
ld

alw
ay

s
b

e
set

in
ferior

to
1

σ
m
a
x
.

N
ow

,
if
σ

m
a
x

is
so

large
th

at
1

σ
m
a
x
≤

3
2ε
2
S

log
4
ηδ
,

th
en

,
ev

en
b
y

settin
g
β

to
its

m
in

im
u
m

valu
e

1,
th

ere
is

n
o

ad
m

issib
le
α

verify
in

g
b

oth
con

d
ition

s
(10)

an
d

(11).
L

arge
valu

es
of
σ
i

m
ean

s
stron

g
ou

tliers. 9
A

sim
p
le

w
o
rkarou

n
d

in
th

is
case

is
to

sep
arate

th
e

d
ata

in
tw

o:
X
o

=
{
x
i

s.t.
σ
i
>
σ
∗}

th
e

set
of

ou
tliers

an
d
X̄

=
{
x
i

s.t.
σ
i ≤

σ
∗}

th
e

oth
ers,

w
h
ere

σ
∗

is
th

e
th

resh
old

sen
sitiv

ity
over

w
h
ich

a
d
ata

p
oin

t
is

con
sid

ered
as

an
ou

tlier
(it

is
d
iscu

ssed
in

th
e

follow
in

g).
T

h
e

in
itial

co
st
L

m
ay

also
b

e
sep

arated
in

tw
o:

L
=
L
o

+
L̄

w
h
ere

L
o

=
∑x∈X

o

f
(x
,θ)

an
d

L̄
=
∑x∈X̄

f
(x
,θ).

L
et

u
s

w
rite

σ̄
i

th
e

sen
sitiv

ity
of

d
ata

p
oin

t
i

in
X̄

an
d
S̄

=
∑

x∈X̄
σ̄
i .

L
et

u
s

ch
o
ose

σ
∗

to

b
e

th
e

largest
valu

e
in

[0
,1]

for
w

h
ich

1
σ̄
m
a
x
≥

3
2ε
2
S̄

log
4
ηδ

is
verifi

ed
.

O
n
e

ca
n

th
u
s

ap
p
ly

th
e

corollary
to
X̄

to
ob

tain
S̄

su
ch

th
at:

∀
θ
∈

Θ
(1−

ε)L̄
(X̄
,θ)≤

ˆ̄L
(S̄
,θ)≤

(1
+
ε)L̄

(X̄
,θ).

T
riv

ially,
on

e
m

ay
ad

d
to
S̄

all
ou

tliers
in
X
o

an
d

asso
ciate

to
each

of
th

em
a

w
eigh

t
1

in
th

e
estim

ated
cost.

T
h
e

resu
ltin

g
setS

is
th

u
s

n
ecessarily

a
coreset

for
all

d
atap

oin
ts:

∀
θ
∈

Θ
(1−

ε)L
≤

(1−
ε)L̄

+
L
o ≤

L̂
=

ˆ̄L
+
L
o ≤

(1
+
ε)L̄

+
L
o ≤

(1
+
ε)L

.

T
h
e

n
u
m

b
er

of
req

u
ired

sam
p
les

is
th

u
s

th
e

n
u
m

b
er

req
u
ired

fo
r
S̄

to
b

e
a

coreset
for
X̄

p
lu

s
th

e
n
u
m

b
er

of
ou

tliers
in
X
o :O

(|X
o |

+
S̄

2

ε
2

log
ηδ
).

T
h
e

ex
act

valu
e

of
σ
∗

is
ap

p
lication

an
d

d
ata

d
ep

en
d
en

t.
In

gen
eral,

w
e

ex
p

ect
it

to
b

e
O

(1),
su

ch
th

at
th

e
n
u
m

b
er

of
ou

tliers
|X
o |

m
ay

b
e

con
sid

ered
as

a
con

stan
t

an
d

th
e

n
u
m

b
er

of
req

u
ired

sam
p
les

is
of

th
e

ord
er

O
(
S

2

ε
2

log
ηδ
).

A
p
p
e
n
d
ix

F
.
Im

p
le
m
e
n
ta
tio

n

F
.1

.
A

p
p

ro
x
im

a
tin

g
th

e
k
e
rn

e
l

v
ia

R
a
n

d
o
m

F
o
u

rie
r

F
e
a
tu

re
s

In
ord

er
to

ap
p
rox

im
ate

L
in

tim
e

lin
ear

in
n

,
w

e
rely

on
ran

d
om

F
ou

rier
featu

res
(R

F
F

)
(R

ah
im

i
an

d
R

ech
t,

2008).
W

e
b
riefl

y
recall

th
e

R
F

F
fram

ew
ork

in
th

e
follow

in
g.

L
et

u
s

w
rite

κ
th

e
G

au
ssian

kern
el

th
at

w
e

u
se:

κ
(t)

=
ex

p
(−
t
2/

2τ
2).

Its
F

ou
rier

tran
sform

is:

κ̂
(ω

)
=

∫

R
d

κ
(t)

ex
p −

iω
ᵀ
t
d
t.

It
h
as

real
valu

es
as
κ

is
sy

m
m

etrical.
O

n
e

m
ay

w
rite:

κ
(x
,y

)
=
κ

(x
−
y

)
=

1Z

∫

R
d

κ̂
(ω

)
ex

p
iω

ᵀ
(x−

y
)
d
ω
,

9
.

S
en

sitiv
ities

h
av

e
in

d
eed

b
een

sh
ow

n
to

b
e

g
o
o
d

o
u

tliern
ess

in
d

ica
to

rs
(L

u
cic

et
a
l.,

2
0
1
6
).
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C
o
r
e
se

t
s

w
h
er

e,
in

or
d
er

to
en

su
re

th
at
κ

(x
,x

)
=

1:

Z
=

∫ R
d

κ̂
(ω

)d
ω
.

A
cc

or
d
in

g
to

B
o
ch

n
er

’s
th

eo
re

m
,

an
d

d
u
e

to
th

e
fa

ct
th

at
κ

is
p

os
it

iv
e-

d
efi

n
it

e,
κ̂
/Z

is
a

va
li
d

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
.
κ

(x
,y

)
m

ay
th

u
s

b
e

in
te

rp
re

te
d

as
th

e
ex

p
ec

te
d

va
lu

e
of

ex
p
iω

ᵀ (
x
−
y

)
p
ro

v
id

ed
th

at
ω

is
d
ra

w
n

fr
om

κ̂
/Z

:

κ
(x
,y

)
=

E ω
( ex

p
iω

ᵀ (
x
−
y

))

T
h
e

d
is

tr
ib

u
ti

on
κ̂
/Z

fr
om

w
h
ic

h
ω

sh
ou

ld
b

e
d
ra

w
n

fr
om

m
ay

b
e

sh
ow

n
to

b
e
N

(ω
;0
,1
/τ

2
),

w
h
er

e
N

(x
;µ
,v

)
is

th
e

n
or

m
al

la
w

:

N
(x

;µ
,v

)
=

1
√

2
v
π

ex
p
−

(x
−
µ
)2

2
v

.

In
p
ra

ct
ic

e,
w

e
d
ra

w
r

ra
n
d
om

F
ou

ri
er

ve
ct

or
s

fr
om

κ̂
/Z

:

Ω
r

=
(ω

1
,.
..
,ω

r
).

F
or

ea
ch

d
at

a
p

oi
n
t
x
j
,

w
e

d
efi

n
e

a
co

lu
m

n
fe

at
u
re

ve
ct

or
as

so
ci

at
ed

to
Ω
r
:

ψ
j

=
1 √
r

[c
os

(ω
ᵀ 1
x
j
)|
··
·|

co
s(
ω

ᵀ rx
j
)|

si
n
(ω

ᵀ 1
x
j
)|
··
·|

si
n
(ω

ᵀ rx
j
)]
ᵀ
∈
R

2
r
,

an
d

ca
ll

Ψ
=

(ψ
1
|·
··
|ψ

n
)
∈

R
2
r
×
n

th
e

R
F

F
m

at
ri

x
.

O
th

er
em

b
ed

d
in

g
s

ar
e

p
os

si
b
le

in
th

e
R

F
F

fr
am

ew
or

k
,

b
u
t

th
is

on
e

w
as

sh
ow

n
to

b
e

th
e

m
os

t
ap

p
ro

p
ri

at
e

to
th

e
G

au
ss

ia
n

ke
rn

el
(S

u
th

er
la

n
d

an
d

S
ch

n
ei

d
er

,
20

15
).

A
s
r

in
cr

ea
se

s,
κ

(x
i,
x
j
)

co
n
ce

n
tr

at
es

a
ro

u
n
d

it
s

ex
p

ec
te

d
va

lu
e:
ψ

ᵀ i
ψ
j
'
κ

(x
i,
x
j
).

T
h
e

G
au

ss
ia

n
ke

rn
el

m
at

ri
x

is
th

u
s

ap
p
ro
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lo
ck

-d
iagon

al
ap

p
rox

im
ation

,
an

d
u
se

a
b

ou
n
d
ary

valu
e

fu
n
ction

to
en

su
re

con
tin

u
ity

b
etw

een
region

s.

T
a
k
in

g
a

d
iff

eren
t

p
ersp

ectiv
e,

K
a
u
fm

a
n

et
a
l.

(2
0
0
8
)

a
p
p
lies

a
“
ta

p
erin

g
”

fu
n
ctio

n
to

th
e

cova
ria

n
ce

m
a
trix

so
th

a
t

o
b
serva

tio
n

p
a
irs

w
ith

low
co

rrela
tio

n
a
re

set
to

zero
a
n
d

p
rov

id
es

th
eorem

s
for

estim
ator

con
sisten

cy
w

h
en

th
e

covarian
ce

fu
n

ction
u

sed
is

a
M

atérn
k
ern

el.
G

ra
m

a
cy

a
n
d

A
p
ley

(2
0
1
5
)

try
to

lea
rn

th
e

lo
ca

l
a
p
p
rox

im
a
tio

n
b
y

ta
k
in

g
th

e
n

-n
ea

rest
n
eig

h
b

o
rs

o
f

a
p
red

ictiv
e

va
lu

e
X
∗

to
th

e
d
a
ta
X

a
n
d

lea
rn

s
b

o
th

th
e

fu
n
ctio

n
h
y
p

erp
aram

eters
an

d
p
red

ictive
d
istrib

u
tion

join
tly

b
y

iteratively
in

creasin
g

th
e

size
of

th
e

n
earest

n
eigh

b
ors

u
n
til

a
stop

p
in

g
criteria

is
satisfi

ed
fo

r
all

p
red

ictive
in

p
u
ts.

A
s

n
o
ted

in
L

ow
et

a
l.

(2
0
1
5
),

lo
ca

l
m

eth
o
d
s

w
ill

b
e

g
o
o
d

a
t

ca
p
tu

rin
g

sh
o
rt-ra

n
g
e

co
rrela

tio
n
s,

w
h
ere

th
e

co
rrela

tio
n

stru
ctu

re
is

w
ell

a
p
p
rox

im
a
ted

.
F

u
rth

er,
if

a
b
lo

ck
-

d
ia

g
o
n
a
l

cova
ria

n
ce

is
u
sed

,
th

ey
a
llow

u
s

to
u
se

d
iff

eren
t

cova
ria

n
ce

h
y
p

erp
a
ra

m
eters

in
d
iff

eren
t

b
lo

ck
s,

cap
tu

rin
g

b
eh

av
ior

w
h
ich

is
lo

cally
ap

p
rox

im
ately

station
ary,

b
u
t

w
h
ere

th
e

len
gth

scale
varies

across
th

e
in

p
u
t

sp
ace

(T
resp

,
2000;

R
asm

u
ssen

an
d

G
h
ah

ram
an

i,
2002).

T
h
is

is
in

co
n
tra

st
w

ith
sp

a
rse

m
eth

o
d
s,

w
h
ere

th
e

n
u
m

b
er

o
f

in
d
u
cin

g
p

o
in

ts
lim

its
th

e
ab

ility
to

learn
very

sh
ort-ran

ge
correlation

s,
an

d
w

h
ich

can
on

ly
cap

tu
re

n
on

-station
arity

if
w

e
u
se

an
ex

p
licitly

n
on

-station
ary

covaria
n
ce

fu
n
ction

.

T
h
e

d
isa

d
va

n
ta

g
e

o
f

th
e

lo
ca

l
m

eth
o
d
s,

h
ow

ev
er,

is
th

a
t

th
ey

risk
ig

n
o
rin

g
im

p
o
rta

n
t

co
rrela

tio
n
s.

F
o
r

ex
a
m

p
le,

th
e

b
lo

ck
-d

ia
g
o
n
a
l

a
p

p
ro

a
ch

es
a
ssu

m
e

zero
co

rrela
tio

n
b

etw
een

d
iff

eren
t

b
lo

ck
s

in
th

e
p
a
rtitio

n
.

If
th

e
d
a
ta

p
o
in

ts
a
re

p
a
rtitio

n
ed

b
a
sed

o
n

lo
ca

tio
n
,

th
is

m
ea

n
s

th
a
t

lo
n
g
-ra

n
g
e

co
rrela

tio
n
s

w
ill

b
e

ig
n
o
red

;
if

th
ey

a
re

p
a
rtitio

n
ed

ra
n
d
o
m

ly,
th

e
m

o
d
el

w
ill

ten
d

to
p

erfo
rm

p
o
o
rly

if
th

e
n
u
m

b
er

o
f

o
b
serva

tio
n
s

in
so

m
e

reg
io

n
o
fR

D
is

low
.

M
oreover,

L
iu

et
al.

(2018)
sh

ow
th

at
lo

cal
m

eth
o
d
s

like
th

e
R

B
C

M
w

ill
sy

stem
atically

p
ro

d
u
ce

overcon
fi
d
en

t
p
red

iction
s

w
h
ich

v
iolates

on
e

of
th

e
m

a
jor

b
en

efi
ts

of
u
sin

g
B

ayesian
m

eth
o
d
s

in
th

e
fi
rst

p
lace–th

at
b

ein
g

p
rop

er
u
n
certain

ty
q
u
an

tifi
cation

.

2
.3

.
D

istrib
u

te
d

in
fe

re
n

c
e

fo
r

G
a
u

ssia
n

p
ro

c
e
sse

s

T
h
e

sp
arse

an
d

lo
cal

ap
p
rox

im
ation

s
d
escrib

ed
ab

ove
aim

to
red

u
ce

th
e

overall
com

p
u
tation

al
b
u
rd

en
b
y

red
u
cin

g
th

e
size

of
m

atrices
to

b
e

in
verted

.
W

h
en

ru
n

on
a

sin
gle

m
ach

in
e,

th
is

red
u

ction
in

com
p
u

tation
al

cost
lead

s
d

irectly
to

faster
in

feren
ce.

H
ow

ever,
w

e
m

ay
also

b
e

in
terested

in
d
istrib

u
tin

g
com

p
u

tation
cost

across
m

u
ltip

le
th

read
s

or
m

ach
in

es.
E

ven
if

th
e

total
com

p
u

tation
al

cost
is

th
e

sam
e,

w
e

can
red

u
ce

total
tim

e
b
y

d
istrib

u
tin

g
com

p
u

tation
on

to
m

u
ltip

le
p

arallel
th

read
s.

A
ltern

atively,
if

w
e

in
crease

th
e

com
p

u
tation

al
b

u
d

get
th

en
w

e
m

ay
b

e
ab

le
to

im
p

rov
e

ou
r

p
osterior

estim
ate

b
y

ru
n

n
in

g
m

u
ltip

le
sam

p
lers

in
p

arallel
an

d
th

en
com

b
in

in
g

th
e

resu
lts

w
ith

o
u
t

in
creasin

g
th

e
tim

e
b
u
d
get.

L
o
cal

p
artition

-b
ased

G
P

m
eth

o
d
s

th
at

d
o

n
ot

average
over

p
artition

s,
su

ch
as

p
ro

d
u
ct-

of-ex
p

erts
m

o
d

els
are

w
ell

su
ited

to
th

is
sort

of
p

arallelism
.

T
h

ey
sp

lit
a

sin
gle

G
P

p
rob

lem
in

to
K

in
d
ep

en
d
en

t
p
rob

lem
s

w
h
ose

p
aram

eters
can

b
e

in
ferred

in
p
arallel.

W
e

on
ly

n
eed

to
co

m
m

u
n
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te
b

etw
een

th
e
K

su
b
p
ro

b
lem

s
a
t

th
e

en
d

w
h
en

w
e

co
m

b
in

e
th

eir
p
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ictio
n
s.

T
h
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ty
p

e
o
f

a
lg

o
rith

m
,

w
h
ere

g
lo

b
a
l

co
m

m
u
n
ica

tio
n

o
ccu

rs
o
n
ly

o
n
ce

a
fter

a
ll

th
e

lo
ca

l
com

p
u
tation

is
com

p
lete,

is
k
n
ow

n
as

“em
b
arrassin

gly
p
arallel”.

N
g

an
d

D
eisen

roth
(2014)

ex
p
loit

th
ese

in
d
ep

en
d
en

ces,
in

a
w

eigh
ted

p
ro

d
u
ct-of-ex

p
erts

m
o
d
el,

to
ob

tain
a

d
istrib

u
tab

le
algorith

m
ap

p
rop

riate
for

large
d
atasets.
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c
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p
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p
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p
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e
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d
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p
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p
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c
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)
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of

d
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a
to

ap
p
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at
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n
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S
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g
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n
t

M
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M
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m
et

h
o
d
s

(M
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2
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W
el
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n
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a
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1
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p
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p
p
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b
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e
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p
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M
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)
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O
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2
m

in
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,
w

h
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e
B
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e
m
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.

A
n

a
lt

er
n
a
ti

v
e

is
to

u
se

a
m

in
ib

a
tc

h
to

a
p
p
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x
im

a
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th
e
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p
o
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S
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a
l
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b
a
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a
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g
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p
a
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M
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o
d
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b
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a
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b
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n
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b
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d
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).
S
ri

va
st

av
a

et
al

.
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01
5)

sh
ow

th
at

su
ch

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
of

su
b
-p

os
te

ri
or

s
is

st
ro

n
gl

y
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n
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en

t.
T

h
e

B
ay
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ia

n
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p
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h
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m

s
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a
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e

p
o
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r
b
a
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d
o
n

a
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w
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g
h
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d
p

o
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r
(H

u
g
g
in

s
et

a
l.
,

2
0
1
6
).

W
h
il
e

n
o
t

d
ir

ec
tl

y
eq

u
iv
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en

t
(s

in
ce

it
u
se

s
a

si
n
gl

e
su

b
se

t)
,

B
an

er
je

e
et

al
.

(2
00

8)
ap

p
ro

x
im

at
es

a
fu

ll
G

au
ss

ia
n

p
ro

ce
ss

m
o
d
el

u
si

n
g

a
sm
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le

r
su

b
se

t
of

th
e

d
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a
to
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rm

a
p
re

d
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of
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e
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re

m
o
d
el

.
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E
m
b
a
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a
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g
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a
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e
l
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n
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w
it
h
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p
o
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a
n
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m
p
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d
m
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re
o
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e
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p
e
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W
e

n
ow
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tr

o
d
u
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o
u
r

n
ov
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m
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h
o
d

o
f
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g

m
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s
o
f

G
a
u
ss
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n

p
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.

W
e

a
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u
m

e
o
u
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a
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N
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a
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d
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u
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d
a
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o
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g
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a

D
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h
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t
m

ix
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o
f
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m
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m
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h
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b
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b
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Θ
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b
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e
k
ey

li
m

it
a
ti

o
n

o
f

th
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b
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at
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an

ce
m

at
ri

x
.
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Z
h
a
n
g

a
n
d

W
il
l
ia
m
so

n

T
h
e

ty
p
ic

a
l

m
ix

tu
re

o
f

ex
p

er
ts

a
p

p
ro

a
ch

o
f

m
a
rg

in
a
li
zi

n
g

ov
er

p
a
rt

it
io

n
s

u
si

n
g

M
C

M
C

is
ex

p
en

si
v
e

(d
u
e

to
sl

ow
m

ix
in

g
)

a
n
d

d
iffi

cu
lt

to
p
a
ra

ll
el

iz
e.

In
st

ea
d
,

w
e

u
se

a
tr

iv
ia

ll
y

p
ar

al
le

li
za

b
le

im
p

or
ta

n
ce

sa
m

p
li
n
g

sc
h
em

e.
In

sh
or

t,
w

e
in

d
ep

en
d
en

tl
y

sa
m

p
le
J

p
ar

ti
ti

on
s

o
f

th
e

in
p

u
t

sp
a
ce

,
co

n
d

it
io

n
ed

o
n

th
e

co
va

ri
a
te

s
X

,
b
y

sa
m

p
li

n
g

fr
o
m

a
D

ir
ic

h
le

t
m

ix
tu

re
of
K

G
au

ss
ia

n
s,

co
n
d
it

io
n
ed

on
th

e
in

p
u
ts
X

an
d

ig
n
or

in
g

th
e

ou
tp

u
ts
Y

,

P
(z
i

=
k
|−

)
∝
π
k
P

(X
i|µ

k
,Σ

k
),

w
h
er

e
th

e
m

ix
tu

re
p
a
ra

m
et

er
s

a
re

d
ra

w
n

fr
o
m

th
e

p
ri

o
r

d
is

tr
ib

u
ti

o
n
P

(µ
,Σ

),
w

h
ic

h
w

e
as

su
m

e
is

N
or

m
al

-I
n
ve

rs
e

W
is

h
ar

t.

W
e

th
en

fi
t

in
d
ep

en
d
en

t
G

a
u
ss

ia
n

p
ro

ce
ss

es
to

ea
ch

o
f

th
e
K

p
a
rt

it
io

n
s

o
f

ea
ch

o
f

th
e

J
sa

m
p
le

s.
W

e
th

en
(i

n
d
ep

en
d
en

tl
y
)

ca
lc

u
la

te
th

e
a
p
p
ro

p
ri

a
te

im
p

o
rt

a
n
ce

w
ei

g
h
ts

,
a
n
d

u
se

th
es

e
w

ei
g
h
ts

to
co

m
b
in

e
th

e
J

sa
m

p
le

s.
If

o
u
r

w
e

a
ss

u
m

e
th

e
la

te
n
t

fu
n
ct

io
n

w
e

a
re

m
o
d
el

in
g

is
g
en

er
a
te

d
fr

o
m

a
m

ix
tu

re
o
f

G
P

fu
n
ct

io
n
s,

th
en

o
u
r

p
ro

p
o
se

d
m

et
h
o
d

is
a
n

ex
a
ct

a
lg

o
ri

th
m

fo
r

fi
tt

in
g

th
e

m
o
d
el

a
n
d

ca
lc

u
la

ti
n
g

th
e

m
a
rg

in
a
l

li
k
el

ih
o
o
d
.

H
ow

ev
er

,
if

th
e

la
te

n
t

fu
n
ct

io
n

is
a

si
n

gl
e

G
P

th
en

ou
r

al
go

ri
th

m
is

a
fa

st
ap

p
ro

x
im

at
io

n
of

th
e

fu
ll

G
P

an
d

it
s

m
ar

gi
n
al

li
ke

li
h
o
o
d
.

T
o

fu
rt

h
er

re
d
u
ce

m
em

or
y

an
d

co
m

p
u
ta

ti
on

al
co

n
st

ra
in

ts
,

w
e

ca
n

sa
m

p
le

si
ze
B
<
<
N

m
in

ib
at

ch
es

of
th

e
d
at

a
w

it
h
ou

t
re

p
la

ce
m

en
t

an
d

ap
p
ro

x
im

at
e

th
e

fu
ll

li
ke

li
h
o
o
d

b
y

ra
is

in
g

it
to

th
e
N
/B

p
ow

er
.

W
e

d
et

a
il

th
es

e
st

ep
s

b
el

ow
in

S
ec

ti
o
n
s

3
.2

a
n
d

3
.3

,
a
n
d

p
ro

v
id

e
a

su
m

m
ar

y
of

th
e

p
ro

ce
ss

in
A

lg
or

it
h
m

1.

A
lg

o
ri

th
m

1
:

Im
p

or
ta

n
ce

S
am

p
le

d
M

ix
tu

re
of

E
x
p

er
ts

(I
S
-M

O
E

)

fo
r
j

=
1,
..
.,
J

in
pa

ra
ll

el
d

o
D

ra
w

p
ar

ti
ti

on
w

it
h
K

cl
u
st

er
s

of
d
at

a
fr

om
P

(Z
|X

)
F

it
K

in
d
ep

en
d
en

t
G

P
m

o
d
el

s
on

th
e

p
a
rt

it
io

n
ed

d
at

a.
P

re
d
ic

t
n
ew

ob
se

rv
at

io
n
s

on
ea

ch
im

p
or

ta
n
ce

sa
m

p
le

w
it

h

P
(f
∗ j|
Z
j
,−

)
=

K ∑ k
=

1

P
(f
∗ j|
Z
∗ j,
−

)P
(Z
∗ j|
−

).

O
b
ta

in
w

ei
gh

ts
w
j

=
∏
K k
=

1
P

(Y
k
,j
|X

k
,j
,Z

j
).

N
or

m
al

iz
e

w
ei

gh
ts

,
w
j

:=
w
j
/
∑

J j=
1
w
j
.

A
ve

ra
ge

p
re

d
ic

ti
on

s
u
si

n
g

im
p

or
ta

n
ce

w
ei

gh
ts

:
P

(f̄
∗ |−

)
=
∑

J j=
1
w
j
P

(f
∗ j|
Z
j
,−

)

3
.1

.
D

e
si

g
n

ch
o
ic

e
s

O
u
r

p
ro

p
o
se

d
m

et
h
o
d

m
a
k
es

a
n
u
m

b
er

o
f

d
es

ig
n

ch
o
ic

es
,

ea
ch

o
f

w
h
ic

h
ca

rr
ie

s
im

p
o
rt

a
n
t

co
n
se

q
u
en

ce
s

fo
r

th
e

p
er

fo
rm

an
ce

of
ou

r
al

go
ri

th
m

w
h
ic

h
w

e
w

il
l

d
is

cu
ss

in
th

is
se

ct
io

n
.

In
E

q
u
at

io
n

2,
w

e
as

su
m

e
th

at
ea

ch
G

P
h
as

it
s

ow
n

se
t

of
h
y
p

er
p
ar

am
et

er
s,

Θ
k
.

T
h
is

al
lo

w
s

u
s

to
ca

p
tu

re
a

d
eg

re
e

o
f

n
o
n
-s

ta
ti

o
n
a
ri

ty
a
n
d

h
et

er
o
sc

ed
a
st

ic
it

y,
fo

r
m

in
im

a
l

a
d
d
it

io
n
a
l

co
st

.
A

lt
er

n
a
ti

v
el

y,
if

w
e

b
el

ie
v
e

th
e

m
o
d
el

is
st

a
ti

o
n
a
ry

,
w

e
ca

n
sh

a
re

h
y
p

er
p
a
ra

m
et

er
s

a
cr

o
ss

p
ar

ti
ti

on
s.
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E
m
b
a
r
r
a
ssin

g
ly

P
a
r
a
l
l
e
l
In

f
e
r
e
n
c
e
f
o
r
G
a
u
ssia

n
P
r
o
c
e
sse

s

T
h
e

G
au

ssian
likelih

o
o
d

in
E

q
u
ation

1
is

a
d
esign

ch
oice

th
at

is
ch

osen
to

b
e

ap
p
rop

riate
in

a
w

id
e

ran
ge

of
settin

gs.
A

m
ix

tu
re

of
G

au
ssian

s
allow

s
u
s

to
ex

p
loit

correlation
s

in
th

e
in

p
u
t

lo
ca

tio
n
,

a
n
d

en
co

u
ra

g
es

p
reserva

tio
n

o
f

sh
o
rt-ra

n
g
e

cova
ria

n
ces

th
o
u
g
h

a
ltern

a
tiv

e
likelih

o
o
d
s

cou
ld

also
b

e
u
sed

.
In

S
ection

4.1.2,
w

e
w

ill
sh

ow
th

at
p
lacin

g
stru

ctu
re

on
th

e
in

p
u
t

sp
ace

p
ro

d
u
ces

b
etter

resu
lts

th
an

sim
p
le

u
n
iform

p
artition

in
g

of
th

e
d
ata

or,
at

th
e

very
least,

p
ro

d
u
ces

resu
lts

th
at

are
n
ot

d
iff

eren
t

th
an

u
n
iform

p
artition

in
g

w
h
en

th
ere

is
n
o

stru
ctu

re
in

th
e

in
p
u
t

sp
ace.

W
e

con
sid

er
th

e
gen

eral
settin

g
w

h
ere

each
G

P
h
as

its
ow

n
set

o
f

h
y
p

erp
a
ra

m
eters,

Θ
k .

T
o

av
o
id

ex
p
licitly

selectin
g

th
e

n
u
m

b
er

o
f

m
ix

tu
res,

K
,

to
u
se

to
m

o
d
el

o
u
r

in
p
u
t

sp
a
ce,

w
e

m
ay

in
stea

d
d

raw
p

a
rtitio

n
s

fro
m

th
e

D
irich

let
p

ro
cess

m
ix

tu
re

m
o
d

el
(D

P
M

M
)

in
stea

d
,

a
s

seen
in

R
a
sm

u
ssen

a
n

d
G

h
a
h

ra
m

a
n

i
(2

0
0
2
);

M
eed

s
a
n

d
O

sin
d
ero

(2
0
0
6
);

Y
u

a
n

an
d

N
eu

b
au

er
(2009)

an
d

con
trol

th
e

n
u

m
b

er
of

p
artition

s
v
ia

th
e

con
cen

tration
p

aram
eter,

α
.

W
e

ch
o
o
se

a
fi
n
ite

m
ix

tu
re

m
o
d
el

fo
r

tw
o

rea
so

n
s.

F
irst,

a
D

irich
let

d
istrib

u
tio

n
w

ith
α
>

1
av

o
id

s
th

e
rich

-g
et-rich

er
b

eh
av

io
r

o
f

th
e

D
irich

let
p
ro

cess,
en

co
u
ra

g
in

g
sim

ila
rly

sized
clu

sters
rath

er
th

an
on

e
very

large
clu

ster.
S
econ

d
,

a
fi
n
ite

m
ix

tu
re

m
o
d
el

allow
s

u
s

to
ex

p
licitly

in
v
estig

a
te

th
e

eff
ect

o
f

in
crea

sin
g

th
e

n
u
m

b
er

o
f

clu
sters

o
n

th
e

p
erfo

rm
a
n
ce

o
f

ou
r

algorith
m

.
H

ow
ever,

th
e

issu
e

of
selectin

g
K

is
v
ital

in
p
ractice.

T
o

ad
d
ress

th
is

p
rob

lem
,

w
e

cou
ld

fi
t

a
m

ix
tu

re
m

o
d
el

on
th

e
d
ata

(or
a

su
b
set,

in
“b

ig
d
ata”

cases)
b

eforeh
an

d
an

d
em

p
irica

lly
estim

a
te
K

fro
m

th
is

m
ix

tu
re

m
o
d
el’s

p
o
sterio

r.
O

r,
w

e
co

u
ld

a
d
o
p
t

a
m

o
re

sy
stem

a
tic

m
eth

o
d

o
f

selectin
g
K

b
y

u
sin

g
a

B
ay

esia
n

o
p
tim

iza
tio

n
m

eth
o
d

(S
n
o
ek

et
a
l.,

2
0
12

,
fo

r
ex

a
m

p
le)

to
ex

p
lore

th
e

op
tim

al
n
u
m

b
er

of
p
artition

s.

3
.2

.
Im

p
o
rta

n
c
e

sa
m

p
lin

g

W
e

w
ish

to
cap

tu
re

p
osterior

u
n

certain
ty

ab
ou

t
th

e
p

artition
an

d
th

e
asso

ciated
covarian

ce
fu

n
ctio

n
Σ

,
w

h
ile

en
su

rin
g

o
u
r

a
lg

o
rith

m
ca

n
b

e
d
istrib

u
ted

.
Im

p
o
rta

n
ce

sa
m

p
lin

g
a
llow

s
u
s

to
estim

a
te

th
e

p
o
sterio

r
ex

p
ecta

tio
n
s
E

[g
(f

)]
o
f

so
m

e
fu

n
ctio

n
a
l

o
f
f

,
su

ch
a
s

th
e

p
osterior

p
red

ictive
d

istrib
u

tion
,

u
sin

g
an

ap
p

rop
riately

w
eigh

ted
collection

of
sam

p
les

from
so

m
e

sim
p
ler

d
istrib

u
tio

n
.

U
n
lik

e
M

C
M

C
,

th
ese

sa
m

p
les

ca
n

b
e

co
llected

in
d
ep

en
d
en

tly,
fa

cilita
tin

g
d
istrib

u
ted

com
p
u
tin

g.

W
e

ch
o
o
se

o
u
r

p
ro

p
o
sa

l
d
istrib

u
tio

n
ov

er
p
a
rtitio

n
s

to
b

e
th

e
p

o
sterio

r
d
istrib

u
tio

n
P

(Z|X
)

u
n

d
er

th
e

G
a
u

ssia
n

m
ix

tu
re

m
o
d

el
g
iv

en
in

E
q
u
a
tio

n
1

co
n

d
itio

n
ed

o
n

th
e

in
p

u
t

valu
es
X

,
ign

orin
g

th
e

ou
tp

u
t

valu
es
Y

.
W

e
ob

tain
ap

p
rox

im
ate

sam
p
les

from
th

is
d
istrib

u
tion

b
y

d
raw

in
g

m
ix

tu
re

lo
cation

s
ran

d
om

ly
from

th
e

p
rior,

P
(θ
k , Γ

k )
an

d
assign

d
ata

to
clu

sters
fro

m
P

(z
i

=
k|−

).
A

fter
fi

ttin
g

th
e

lo
ca

l
G

P
s

d
eriv

ed
fro

m
th

is
p

a
rtitio

n
,

w
e

th
en

w
eig

h
t

th
ese

p
articles

u
sin

g
self-n

orm
alized

im
p

o
rtan

ce
sam

p
led

w
eigh

ts
1

w
j ∝

p
(Z|X

,Y
)

p
(Z|X

)
,

w
h
ere

∑
j
w
j

=
1

an
d
p
(Z|X

,Y
)∝

P
(Y
,X
|Z

)P
(Z

)
is

th
e

clu
ster

assign
m

en
ts

u
sin

g
ou

tp
u
t

a
n
d

in
p
u
t

d
a
ta

(a
s

o
p
p

o
sed

to
o
n
ly

in
p
u
t

d
a
ta

in
P

(Z|X
)).

W
e

ca
n

th
en

o
b
ta

in
a
n

1
.

S
in

ce
w

e
a
re

w
o
rk

in
g

w
ith

self-n
o
rm

a
lized

w
eig

h
ts,

th
e

estim
a
te

h
a
s

a
b

ia
s

o
f
O

(1
/
J

)
(K

o
n

g
,

1
9
9
2
),

b
u

t
w

ill
o
ften

h
av

e
a

low
er

va
ria

n
ce

th
a
n

th
e

u
n
b
ia

sed
estim

a
te

o
b
ta

in
ed

w
ith

w
j

=
p
(Z|X

,Y
)/
p
(Z|X

),
w

h
ich

in
v
o
lv

es
ca

lcu
la

tin
g

a
n

in
tra

cta
b

le
n

o
rm

a
lizin

g
co

n
sta

n
t.
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Z
h
a
n
g

a
n
d

W
il
l
ia
m
so

n

asy
m

p
totically

u
n
b
iased

estim
ate

µ̂
to
E

[g
(f

)]
as

µ̂
=

J
∑j=

1

w
j g

(f
j ).

A
s

a
con

crete
ex

am
p
le,

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

is
ap

p
rox

im
ated

as

p̂
(f
∗|x
∗,X

,Y
)

=
J
∑j=

1

w
j p

(f
∗j |Z

j ,x
∗,X

,Y
),

w
h
ere

Z
j

is
th

e
p
artition

asso
ciated

w
ith

th
e
jth

sam
p
le.

C
alcu

latin
g

th
e
w
j

in
volv

es
in

teg
ratin

g
over

th
e

covarian
ce

p
aram

eters
Θ

,

w
j ∝

p
(Z|X

,Y
)

p
(Z|X

)
∝
p
(X
,Y
|Z

)p
(Z

)

p
(X
|Z

)p
(Z

)
=
p
(Y
|X
,Z

)
=

∫
p
(Y
|X
,Z
,Θ

)p
(Θ

)d
Θ
.

(3)

w
h
ere

p
(Θ

)
is

th
e

p
rior

over
th

e
covarian

ce
p
aram

eters.
If

w
e

are
allow

in
g

sep
arate

h
y
p

erp
a-

ram
eters,

Θ
j,k ,

for
each

p
artition

,
w

e
assu

m
e

th
at
p
(Θ

)
=
∏
k
p
(Θ

k ),
so

w
j ∝

K∏k
=

1

p
({
y
i

:
z
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q
u
an

ti
fi
ca

ti
on

of
th

e
st

at
is

ti
ca

l
p

er
fo

rm
an

ce
of

th
is

ty
p

e
of

al
go

ri
th

m
s

h
a
s

p
ro

ve
d

d
iffi

-
cu

lt
.

P
re

v
io

u
s

re
su

lt
s

b
y

H
ar

ti
ga

n
(1

98
1)

an
d

th
en

P
en

ro
se

(1
99

5)
h
av

e
d
em

o
n
st

ra
te

d
a

w
ea

ke
r

n
ot

io
n

of
co

n
si

st
en

cy
ac

h
ie

ve
d

b
y

th
e

p
op

u
la

r
si

n
gl

e-
li
n
ka

ge
al

go
ri

th
m

.
M

o
re

re
-

ce
n
tl

y
C

h
au

d
h
u
ri

et
al

.
(2

01
4)

h
av

e
d
ev

el
o
p

ed
a

ge
n
er

al
fr

am
ew

or
k

fo
r

d
efi

n
in

g
co

n
si

st
en

cy
of

cl
u
st

er
tr

ee
es

ti
m

at
or

s
b
as

ed
on

a
se

p
ar

at
io

n
cr

it
er

io
n

am
on

g
cl

u
st

er
s.

T
h
e

a
u
th

o
rs

fu
rt

h
er

d
em

on
st

ra
te

d
th

at
tw

o
gr

ap
h
-b

as
ed

al
go

ri
th

m
s,

b
ot

h
b
as

ed
on

k
-n

ea
re

st
n
ei

g
h
b

or
s

gr
ap

h
s

ov
er

th
e

sa
m

p
le

p
oi

n
ts

,
ac

h
ie

ve
su

ch
co

n
si

st
en

cy
an

d
p
ro

v
id

ed
m

in
im

a
x

o
p
ti

m
a
l

co
n
si

st
en

cy
ra

te
s

w
it

h
re

sp
ec

t
to

th
e

p
ar

am
et

er
s

sp
ec

if
y
in

g
th

e
a
m

ou
n
t

of
cl

u
st

er
se

p
a
ra

-
ti

on
.

S
u
ch

re
su

lt
s

h
ol

d
w

it
h

v
ir

tu
al

ly
n
o

as
su

m
p
ti

on
s

on
th

e
u
n
d
er

ly
in

g
d
en

si
ty

.
H

ow
ev

er
,

2
JM

L
R

 2
0(

17
0)

:1
-5

0,
 2

01
9



D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

b
eca

u
se

o
f

th
is

gen
erality,

th
ese

con
sisten

cy
rates

d
o

n
o
t

d
irectly

refl
ect

a
n
y

d
egree

of
reg-

u
la

rity
or

sm
o
o
th

n
ess

of
th

e
u
n
d
erly

in
g

d
en

sity.
In

p
articu

lar,
it

rem
ain

s
u
n
clear

w
h
eth

er
clu

ster
tree

estim
ation

w
ou

ld
b

e
easier

w
ith

sm
o
oth

er
d
en

sities.

In
th

is
p
a
p

er
w

e
p
rov

id
e

fu
rth

er
con

trib
u
tion

s
to

th
e

th
eory

of
d
en

sity
b
ased

clu
sterin

g
b
y

d
eriv

in
g

n
ovel,

n
early

m
in

im
ax

-op
tim

a
l

rates
for

clu
ster

tree
estim

a
tion

th
a
t

d
ep

en
d

ex
p
licitly

on
th

e
sm

o
oth

n
ess

of
th

e
u
n
d
erly

in
g

d
en

sity
fu

n
ction

.
O

u
r

resu
lts

fu
rth

er
con

fi
rm

th
a
t

th
e

sm
o
o
th

er
th

e
d
en

sity
th

e
faster

th
e

rate
of

con
sisten

cy
for

th
e

clu
ster

tree
estim

ation
p
ro

b
lem

,
a

fi
n
d
in

g
th

at
is

con
sisten

t
w

ith
an

alogou
s

resu
lts

ab
ou

t
n
on

-p
aram

etric
d
en

sity
estim

a
tio

n
.

In
terestin

gly,
ou

r
rates

m
atch

th
ose

for
estim

a
tin

g
sm

o
oth

d
en

sities
in

th
e

L
∞

n
o
rm

.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

th
is

fi
n
d
in

g
an

d
th

e
im

p
lication

th
at

d
en

sity
b
a
sed

clu
sterin

g
is

n
o

easier
–

at
least

in
ou

r
settin

g
–

th
an

d
en

sity
estim

ation
,

h
as

n
ot

b
een

rig
o
ro

u
sly

sh
ow

n
b

efore.
In

ord
er

to
accou

n
t

ex
p
licitly

for
th

e
sm

o
oth

n
ess

of
th

e
d
en

sity,
w

e
h
ave

d
evelop

ed
a

n
ew

criterion
for

clu
ster

con
sisten

cy
th

at
is

b
etter

su
ited

for
sm

o
o
th

d
en

sities.
In

term
s

of
p
ro

ced
u
res,

w
e

con
sid

er
clu

ster
tree

estim
ato

rs
th

at
arise

fro
m

a
p
p
ly

in
g

a
very

sim
p
le

gen
eralization

of
th

e
w

ell-k
n
ow

n
D

B
S
C

A
N

algorith
m

a
n
d

are
co

m
p
u
ta

tio
n
a
lly

effi
cien

t.
F

u
rth

erm
ore,

ou
r

D
B

S
C

A
N

-b
ased

estim
ator

is
m

in
im

ax
op

tim
al

over
a
rb

itra
ry

sm
o
oth

d
en

sities
accord

in
g

to
ou

r
n
otion

of
con

sisten
cy

u
n
d
er

ap
p
ro

p
riate

co
n
d
itio

n
s.

R
e
la

te
d

w
o
rk

T
h
e

id
ea

o
f

u
sin

g
th

e
p
rob

ab
ility

d
en

sity
fu

n
ction

in
ord

er
to

stu
d
y

clu
sterin

g
stru

ctu
re

d
a
tes

b
a
ck

to
H

artigan
(1981),

w
h
o

form
alized

th
e

n
otion

of
clu

sters
as

th
e

con
n
ected

com
-

p
o
n
en

ts
o
f

h
ig

h
d
en

sity
region

s
an

d
of

clu
ster

tree.
M

u
ch

of
th

e
su

b
seq

u
en

t
th

eoretical
w

ork
fo

cu
sed

o
n

co
n
sisten

cy
for

“fl
at”

clu
sterin

g
at

a
fi
x
ed

level,
w

h
ich

eff
ectively

red
u
ces

to
level

set
estim

a
tion

.
T

h
e

literatu
re

on
th

is
top

ic
is

vast
an

d
off

ers
a

m
u
ltitu

d
e

of
resu

lts
coverin

g
d
iff

eren
t

settin
g
s

an
d

m
etric

for
con

sisten
cy.

S
ee,

e.g.,
P

en
rose

(1995)
P

olon
ik

(1
995),

T
sy

-
b
a
kov

et
a
l.

(1
9
97),

C
u
evas

an
d

F
raim

an
(1

997),
B

aÍllo
et

al.
(20

00),
K

lem
elä

(2004
),

W
illett

a
n
d

N
ow

a
k

(2
0
07),

S
in

gh
et

al.
(2009),

R
igollet

an
d

V
ert

(2009),
R

in
ald

o
an

d
W

asserm
an

(2
01

0
).

In
co

n
trast,

th
ere

h
av

e
b

een
few

er
con

trib
u
tion

s
to

th
e

th
eory

of
p
ractice

of
clu

ster
tree

estim
a
tio

n
:

see,
e.g.,

S
tu

etzle
(2003);

S
tu

etzle
an

d
N

u
gen

t
(2010),

K
lem

elä
(2009)

a
n
d

R
in

a
ld

o
et

a
l.

(2012).
T

h
e

w
ork

of
C

h
au

d
h
u
ri

et
al.

(2014)
(see

also
K

p
otu

fe
an

d
L

u
x
b
u
rg

(2
01

1
))

rep
resen

ted
a

sign
ifi

can
t

ad
van

ce
in

th
e

th
eory

of
d
en

sity
-b

ased
clu

sterin
g,

as
it

d
e-

rived
a

n
ew

fra
m

ew
ork

an
d

con
sisten

cy
rates

fo
r

clu
ster

tree
estim

ation
.

B
alak

rish
n
an

et
al.

(2
01

2
)

g
en

era
lized

th
ese

resu
lts

to
th

e
p
rob

ab
ility

d
istrib

u
tion

s
su

p
p

orted
over

w
ell-b

eh
aved

m
a
n
ifo

ld
s,

w
ith

con
sisten

cy
rates

d
ep

en
d
in

g
on

th
e

reach
of

th
e

m
an

ifo
ld

an
d

its
in

trin
sic

d
im

en
sio

n
.

C
o
rresp

on
d
in

g
gu

aran
tees

in
H

au
sd

o
rff

d
istan

ce
h
ave

b
een

recen
tly

ob
tain

ed
b
y

J
ia

n
g

(20
1
7
a
).

E
ld

rid
ge

et
al.

(2015)
d
evelop

ed
a

u
n
ifi

ed
th

eory
for

con
sisten

cy
in

clu
ster

tree
estim

a
tio

n
th

at
en

com
p
asses

th
e

origin
al

fram
ew

o
rk

of
H

artigan
w

h
ile

K
im

et
al.

(2016)
in

vestig
a
ted

th
e

ch
allen

gin
g

p
rob

lem
s

of
d
efi

n
in

g
ad

eq
u
ate

m
etrics

over
th

e
sp

ace
of

clu
ster

tree
a
n
d

of
co

n
stru

ctin
g

con
fi
d
en

ce
sets

for
clu

ster
tree

stru
ctu

res.
C

h
en

et
al.

(2017)
p
ro-

v
id

es
b

o
o
tstra

p
-b

ased
m

eth
o
d
s

for
con

stru
ctin

g
con

fi
d
en

ce
sets

for
d
en

sity
level

sets
an

d
for

v
isu

a
liza

tio
n

of
h
igh

-d
en

sity
clu

sters.
R

ecen
tly,

J
an

g
a
n
d

J
ian

g
(2018)

p
rop

osed
a

varian
t

o
f

th
e

D
B

S
C

A
N

algorith
m

w
ith

b
oth

m
in

im
ax

clu
sterin

g
ra

te
an

d
su

b
-q

u
ad

ra
tic

co
m

p
u
-

3
JM

L
R

 20(170):1-50, 2019

W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

tation
al

com
p
lex

ity
w

h
ile

J
ian

g
et

al.
(2

019)
stu

d
ied

D
B

S
C

A
N

u
n
d
er

p
ossib

ly
ad

v
ersarial

con
tam

in
ation

of
th

e
in

p
u
t

d
ata.

In
a

p
arallel

an
d

im
p

ortan
t

lin
e

of
w

ork
,

S
tein

w
art

(2011,
2015)

d
evelop

ed
a

rigorou
s,

m
easu

re-th
eoretic

ap
p
roach

to
d
en

sity
-b

ased
clu

sterin
g

w
h
ereb

y
th

e
clu

ster
tree

is
recovered

b
y

estim
atin

g
th

e
low

est
sp

lit
level

of
th

e
d
en

sity
an

d
th

en
p
ro

ceed
in

g
recu

rsively.
T

h
e

cor-
resp

on
d
in

g
resu

lts
d
em

on
strate

a
d
irect

lin
k

b
etw

een
d
en

sity
b
ased

clu
sterin

g
an

d
op

tim
al

level
set

estim
ation

.
T

h
is

ap
p
roach

w
as

ap
p
lied

in
S
rip

eru
m

b
u
d
u
r

an
d

S
tein

w
art

(2012)
to

sh
ow

th
at

th
e

D
B

S
C

A
N

algorith
m

y
ield

con
sisten

t
estim

ator
of

d
en

sity
trees,

a
resu

lt
th

at
w

as
th

en
ex

ten
d
ed

in
S
tein

w
art

et
al.

(201
7)

to
allow

for
m

ore
gen

eral,
K

D
E

-b
ased

p
ro

ced
u
res.

O
u
r

w
ork

b
u
ilt

d
irectly

u
p

on
th

e
con

trib
u
tion

s
of

C
h
au

d
h
u
ri

et
al.

(2014)
a
n
d

S
tein

w
art

(2015).

O
r
g
a
n
iz
a
t
io
n
o
f
t
h
e
pa

p
e
r

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

3,
w

e
d
escrib

e
th

e
D

B
S
C

A
N

a
lgo-

rith
m

an
d

estab
lish

its
con

n
ection

s
w

ith
n
on

-p
aram

etric
d
en

sity
estim

ation
.

In
S
ection

4
w

e
in

tro
d
u
ce

a
n
ew

n
otion

of
clu

ster
con

sisten
cy,

called
δ-con

sisten
cy

th
at

is
tailored

to
H

öld
er-con

tin
u
ou

s
d
en

sities.
W

e
d
escrib

e
a

D
B

S
C

A
N

-b
ased

algorith
m

for
clu

stered
tree

estim
ation

th
at

is
com

p
u
tation

al
effi

cien
t

an
d

d
eliv

ers
n
early

op
tim

al
m

in
im

ax
rates

th
at

d
ep

en
d

ex
p
licitly

on
th

e
d
egree

of
sm

o
oth

n
ess

of
th

e
u
n
d
erly

in
g

d
en

sity,
w

h
ereb

y
clu

ster
tree

of
sm

o
oth

er
d
en

sities
can

b
e

estim
ated

at
faster

rates.
In

terestin
gly

an
d
,

p
erh

ap
s

su
rp

risin
gly,

for
th

e
class

of
D

B
S
C

A
N

-b
ased

algorith
m

s
w

e
con

sid
er,

w
e

ob
serve

a
trad

e-
off

b
etw

een
statistical

op
tim

ality
an

d
com

p
u
tation

al
cost

for
sm

o
oth

er
H

öld
er

d
en

sities
of

d
egree

α
>

1.
In

th
ese

situ
ation

s,
m

in
im

ax
rates

can
still

b
e

ach
iev

ed
b
y

ou
r

com
p
u
tation

-
ally

effi
cien

t
algorith

m
p
rov

id
ed

th
at

th
e

u
n
d
erly

in
g

d
en

sity
satisfi

es
ad

d
ition

al
geom

etric
regu

larity
con

d
itio

n
s

arou
n
d

th
e

sp
lit

levels.
S
u
ch

co
n
d
ition

s
are

relatively
m

ild
an

d
h
av

e
b

een
ex

p
loited

b
efore;

see
in

p
articu

lar
S
tein

w
art

(2015).
F

in
ally,

in
S
ection

5
w

e
con

sid
er

a
d
iff

eren
t

scen
ario

in
w

h
ich

th
e

u
n
d
erly

in
g

d
en

sity
ex

h
ib

its
ju

m
p

d
iscon

tin
u
ities.

W
e

are
p
articu

larly
in

terested
in

lev
el

set
an

d
clu

ster
estim

ation
at

th
e

ju
m

p
,

w
ith

th
e

assu
m

p
tion

th
at

th
e

size
of

th
e

d
iscon

tin
u
ity

is
van

ish
in

g
w

h
en

n
→
∞

so
th

a
t

clu
sterin

g
b

ecom
es

in
-

creasin
gly

d
iffi

cu
lt.

W
e

sh
ow

th
at,

w
ith

su
itab

le
in

p
u
ts,

th
e

D
B

S
C

A
N

algorith
m

retu
rn

s
a

D
ev

roye-W
ise

ty
p

e
of

estim
ator

w
h
ich

is
m

in
im

ax
op

tim
al

for
clu

ster
recovery

an
d

level
set

estim
ation

.
In

ad
d
ition

,
w

e
d
erive

th
e

m
in

im
ax

scalin
g

for
th

e
size

o
f
th

e
ju

m
p

d
iscon

tin
u
ity.

N
o
t
a
t
io
n

W
e

d
en

ote
w

ith
p

a
d
en

sity
for

th
e

d
istrib

u
tion

P
of

th
e

i.i.d
.

sam
p
le
{
X
i }
ni=

1 ⊂
R
d.

F
or

a
con

stan
t
λ
>

0,
w

e
set

L
(λ

)
=
{p
≥
λ}

to
b

e
th

e
λ

-u
p
p

er
u
p
p

er
level

set
of

th
e

d
en

sity
p
.

W
e

u
se
T
p

to
d
en

ote
th

e
clu

ster
tree

gen
erated

b
y

th
e

d
en

sity
p

an
d
T̂

to
d
en

sity
an

y
estim

ator
of
T
p .

W
e

u
se

su
b
scrip

t
n

to
em

p
h
asize

an
y

glob
al

va
riab

le
w

h
ich

m
ay

ch
an

ge
w

ith
resp

ect
to
n

.L
rep

resen
ts

th
e

L
eb

esgu
e

m
easu

re
in

R
d

an
d
B

(x
,r)

th
e

closed
d

d
im

en
sion

al
E

u
clid

ean
b
all

cen
tered

at
x

w
ith

rad
iu

s
r

an
d
V
d

=
L

(B
(0,1))

th
e

volu
m

e
of

th
e

u
n
it

b
all

B
(0,1).

F
or

a
vector

x
w

e
d
en

ote
w

ith
‖
x‖

an
d
‖
x‖∞

its
E

u
clid

ean
an

d
L
∞

n
orm

s,
resp

ectively.
W

ith
a

sligh
t

ab
u
se

of
n
otation

,
if
f

is
a

real
valu

ed
fu

n
ction

d
efi

n
ed

over
a

su
b
set

S
ofR

d,
w

e
let‖

f‖∞
=

su
p
x∈
S |f

(x
)|

its
L
∞

n
orm

.
F

or
an

y
h
>

0
an

d
a

m
ea

su
rab

le
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
si
t
y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

se
t
A
⊂

R
d

w
e

se
t A
h

=
⋃ x
∈A
B

(x
,h

)
an

d
A
−
h

=
{x
∈
A

:
B

(x
,h

)
⊂
A
}.

(1
)

F
or

an
y

tw
o

re
al

se
q
u
en

ce
s
{a

n
}∞ n

=
1

an
d
{b
n
}∞ n

=
1

w
e

w
ri

te
a
n

=
O

(b
n
)

if
th

er
e

ex
is

ts
C
>

0
su

ch
th

at
li
m

su
p
n
→
∞
|a
n
/b
n
|<

C
an

d
w

ri
te
a
n

=
Θ

(b
n
)

if
a
n

=
O

(b
n
)

an
d
b n

=
O

(a
n
).

F
or

an
y

tw
o

cl
os

ed
su

b
se

ts
A

an
d
B

of
R
n
,

w
e

u
se
d
(A
,B

)
=

in
f x
∈A

,y
∈B
‖x
−
y
‖

to
re

p
re

se
n
t

th
e

or
d
in

ar
y

d
is

ta
n
ce

b
et

w
ee

n
th

em
.

2
.
C
lu
st
e
r
T
re
e
s
E
st
im

a
ti
o
n

L
et
P

b
e

a
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
w

it
h

a
co

n
ti

n
u
ou

s1
L

eb
es

gu
e

d
en

si
ty
p

an
d

w
it

h
su

p
p

or
t

Ω
⊂

R
d
.

F
or

an
y
λ
≥

0,
le

t
{x
∈

Ω
:
p
(x

)
≥
λ
}b

e
th

e
λ

-u
p
p

er
le

ve
l
se

t
of
p

an
d

th
e
λ

-c
lu

st
er

of
p

ar
e

th
e

co
n
n
ec

te
d

co
m

p
on

en
ts

of
L

(λ
).

S
ee

A
p
p

en
d
ix

A
fo

r
d
efi

n
it

io
n

of
co

n
n
ec

te
d
n
es

s.
N

ot
ic

e
th

at
th

e
se

t
of

al
l

cl
u
st

er
s

is
an

in
d
ex

ed
co

ll
ec

ti
on

of
su

b
se

ts
of

Ω
,

w
h
er

eb
y

ea
ch

cl
u
st

er
of
p

is
as

si
gn

ed
th

e
in

d
ex

λ
as

so
ci

at
ed

to
th

e
co

rr
es

p
on

d
in

g
su

p
er

-l
ev

el
se

t
L

(λ
),

an
d

th
at

m
an

y
cl

u
st

er
s

m
ay

b
e

in
d
ex

ed
b
y

th
e

sa
m

e
le

ve
l
λ

.
T

h
e

cl
u
st

er
tr

ee
of
p

is
th

e
co

ll
ec

ti
on

T
p

of
al

l
cl

u
st

er
s

of
p
,

th
at

is T
p

=
{L

(λ
)}
λ
≥

0
.

W
e

ca
n

th
in

k
of

th
e

cl
u
st

er
tr

ee
of
p

as
th

e
fu

n
ct

io
n

d
efi

n
ed

on
[0
,∞

)
an

d
fo

r
ea

ch
λ
≥

0,
it

re
tu

rn
s

th
e

se
t

of
λ

-c
lu

st
er

s
of
p
.

T
h
u
s,
T
p
(λ

)
co

n
si

st
s

of
d
is

jo
in

t
co

n
n
ec

te
d

su
b
se

ts
of

Ω
.

W
e

re
m

ar
k

th
at

,
si

n
ce

th
e

d
en

si
ty
p

is
u
n
iq

u
e

on
ly

u
p

to
se

ts
of

L
eb

es
gu

e
m

ea
su

re
ze

ro
,

th
e

cl
u
st

er
tr

ee
T
p

is
al

so
n
ot

u
n
iq

u
e.

In
fa

ct
,

S
te

in
w

ar
t

(2
01

5)
sh

ow
s

th
at

th
er

e
ex

is
ts

a
w

el
l-

d
efi

n
ed

n
ot

io
n

of
cl

u
st

er
tr

ee
fo

r
th

e
d
is

tr
ib

u
ti

on
P

th
a
t

is
in

d
ep

en
d
en

t
of

th
e

ch
oi

ce
of

th
e

d
en

si
ty

.
F

u
rt

h
er

m
or

e,
if
P

ad
m

it
s

an
u
p
p

er
se

m
i-

co
n
ti

n
u
ou

s
d
en

si
ty

p
,

th
en

th
e

cl
u
st

er
tr

ee
is

in
fa

ct
co

m
p

os
ed

of
th

e
h
ie

ra
rc

h
y

of
th

e
(c

lo
su

re
s

of
th

e)
u
p
p

er
le

ve
l

se
ts

of
su

ch
d
en

si
ty

.
A

s
P

is
as

su
m

ed
,

th
ro

u
gh

ou
t

m
os

t
o
f

th
e

ar
ti

cl
e,

to
h
av

e
a

d
en

si
ty

th
at

is
co

n
ti

n
u
ou

s
ev

er
y
w

h
er

e
on

it
s

su
p
p

or
t,

w
h
en

w
e

sp
ea

k
of

“t
h
e”

d
en

si
ty

of
P

,
w

e
w

il
l

re
fe

r
to

th
is

ca
n
on

ic
al

ch
oi

ce
.

T
h
e

co
n
ce

p
t

of
cl

u
st

er
tr

ee
ow

es
it

s
n
am

e
to

th
e

ea
si

ly
ve

ri
fi
ab

le
p
ro

p
er

ty
(s

ee
H

ar
ti

ga
n

(1
98

1)
)

th
at

if
A

an
d
B

ar
e

el
em

en
ts

of
T
p
,

i.
e.

d
is

ti
n
ct

cl
u
st

er
s

of
p
,

th
en

A
∩
B

=
∅

or
A
⊆
B

or
B
⊆
A

.
T

h
is

in
d
u
ce

s
a

p
ar

ti
al

or
d
er

on
th

e
se

t
of

cl
u
st

er
s.

In
p
ar

ti
cu

la
r,

fo
r

an
y

λ
1
≥
λ

2
≥

0,
if
A
∈
T
p
(λ

1
)

an
d
B
∈
T
p
(λ

2
)

th
en

ei
th

er
A
∩
B

=
∅

or
B
⊆
A

.
A

s
a

re
su

lt
,
T
p

ca
n

b
e

re
p
re

se
n
te

d
as

a
d
en

d
ro

gr
am

w
it

h
h
ei

gh
t

in
d
ex

ed
b
y
λ
≥

0.
W

e
re

fe
r

to
K

im
et

al
.

(2
01

6)
fo

r
a

fo
rm

al
d
efi

n
it

io
n

of
th

e
d
en

d
ro

gr
am

en
co

d
in

g
a

cl
u
st

er
tr

ee
.

L
et
{X

i}
n i=

1
b

e
i.
i.
d
.

sa
m

p
le

s
fr

om
P

.
In

or
d
er

to
es

ti
m

at
e

th
e

cl
u
st

er
tr

ee
of
p

w
e

w
il
l

co
n
si

d
er

tr
ee

-v
al

u
ed

es
ti

m
at

or
s,

d
efi

n
ed

b
el

ow
.

D
e
fi

n
it

io
n

1
.

A
cl

u
st

er
tr

ee
es

ti
m

a
to

r
o
f
T
p

is
a

co
ll

ec
ti

o
n
T̂
n

o
f

su
bs

et
s

o
f
{X

i}
n i=

1
in

d
ex

ed
by

[0
,∞

)
su

ch
th

a
t

•
fo

r
ea

ch
λ
≥

0
,
T̂
n
(λ

)
co

n
si

st
s

o
f

d
is

jo
in

t
su

bs
et

s
o
f
{X

i}
n i=

1
(i

n
cl

u
d
in

g,
po

ss
ib

ly
th

e
em

p
ty

se
t)

,
ca

ll
ed

cl
u

st
er

s,
a
n

d
•
T̂
n

sa
ti

sfi
es

th
e

tr
ee

p
ro

pe
rt

y:
fo

r
a
n

y
λ

1
≥
λ

2
≥

0
,

if
A
∈
T̂
n
(λ

1
)

a
n

d
B
∈
T̂
n
(λ

2
)

th
en

ei
th

er
A
∩
B

=
∅

o
r
A
⊆
B

.

1
.

D
en

si
ty

b
a
se

d
cl

u
st

er
in

g
d

o
es

n
o
t

re
q
u

ir
e

in
g
en

er
a
l

co
n
ti

n
u

o
u

s
d

en
si

ti
es

.

5
JM

L
R

 2
0(

17
0)

:1
-5

0,
 2

01
9

W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

It
is

im
p

or
ta

n
t

to
re

al
iz

e
th

at
,
w

h
il
e

th
e

cl
u
st

er
tr

ee
T
p

is
a

co
ll
ec

ti
on

of
co

n
n
ec

te
d

su
b
se

ts
of

th
e

su
p
p

or
t

of
p
,

th
e

cl
u
st

er
tr

ee
es

ti
m

at
or

s
co

n
si

d
er

ed
in

th
is

p
ap

er
ar

e
co

ll
ec

ti
o
n
s

o
f

su
b
se

ts
of

th
e

sa
m

p
le

p
oi

n
ts

.

In
or

d
er

to
q
u
an

ti
fy

h
ow

w
el

l
a

cl
u
st

er
-t

re
e

es
ti

m
at

or
ap

p
ro

x
im

at
es

th
e

tr
u
e

cl
u
st

er
tr

ee
,

w
e

w
il
l

m
ak

e
u
se

of
th

e
n
ot

io
n

of
cl

u
st

er
tr

ee
co

n
si

st
en

cy
p
u
t

fo
rw

ar
d

b
y

C
h
a
u
d
h
u
ri

et
a
l.

(2
01

4)
.

In
d
et

ai
l,

le
t
A
n

d
en

ot
e

a
co

ll
ec

ti
on

of
co

n
n
ec

te
d

su
b
se

ts
of

th
e

su
p
p

o
rt

o
f
p
,

w
h
ic

h
m

ay
d
ep

en
d

on
n

.
A

cl
u
st

er
tr

ee
es

ti
m

at
or

T̂
n

is
co

n
si

st
en

t
w

it
h

re
sp

ec
t

to
A
n

if
,

w
it

h
p
ro

b
ab

il
it

y
te

n
d
in

g
to

1
as
n
→
∞

,
th

e
fo

ll
ow

in
g

h
ol

d
s

si
m

u
lt

an
eo

u
sl

y
ov

er
a
ll
A

a
n
d
A
′

in
A
n
:

th
e

sm
al

le
st

cl
u
st

er
s

in
T̂
n

co
n
ta

in
in

g
A
∩
{X

i}
n i=

1
an

d
A
′ ∩
{X

i}
n i=

1
a
re

d
is

jo
in

t.
T

h
e

re
q
u
ir

em
en

t
fo

r
co

n
si

st
en

cy
ou

tl
in

ed
ab

ov
e

is
ra

th
er

n
at

u
ra

l:
if

a
cl

u
st

er
tr

ee
is

d
ee

m
ed

co
n
si

st
en

t
w

it
h

re
sp

ec
t

to
th

e
se

q
u
en

ce
A
n
,

th
en

it
sh

ou
ld

,
w

it
h

p
ro

b
ab

il
it

y
te

n
d
in

g
to

1
,

cl
u
st

er
th

e
sa

m
p
le

p
oi

n
ts

p
er

fe
ct

ly
w

el
l,

as
if

w
e

h
ad

th
e

ab
il
it

y
of

ve
ri

fy
in

g
,

fo
r

ea
ch

p
a
ir

of
sa

m
p
le

p
oi

n
ts
X
i

an
d
X
j

an
d

ea
ch

co
n
n
ec

te
d

se
t
A
∈
A
n
,

w
h
et

h
er

b
ot

h
X
i

a
n
d
X
j

a
re

in
A

. W
e

al
lo

w
A
n

to
gr

ow
la

rg
er

an
d

m
or

e
co

m
p
le

x
w

it
h
n

,
so

th
at

th
e

cl
u
st

er
tr

ee
es

ti
m

a
to

r
w

il
l

b
e

ab
le

to
d
is

cr
im

in
at

e
am

on
g

cl
u
st

er
s

o
f
p

th
at

ar
e

b
ar

el
y

d
is

ti
n
gu

is
h
a
b
le

g
iv

en
th

e
si

ze
of

th
e

sa
m

p
le

.
A

n
ex

am
p
le

of
a

se
q
u
en

ce
{A

n
}∞ n

=
1

is
th

e
se

t
of
δ n

-s
ep

a
ra

te
d

cl
u
st

er
s

ac
co

rd
in

g
to

D
efi

n
it

io
n

2,
w

h
er

e
th

e
p
ar

am
et

er
δ n

is
ta

k
en

to
b

e
va

n
is

h
in

g
a
s
n
→
∞

.
T

h
e

se
q
u
en

ce
of

ta
rg

et
su

b
se

ts
{A

n
}∞ n

=
1

m
ay

n
ot

b
e

ch
os

en
to

b
e

to
o

la
rg

e:
fo

r
ex

a
m

p
le

if
A
n

eq
u
al

s
to

th
e

se
t

of
al

l
cl

u
st

er
s

of
p
,

th
en

,
d
ep

en
d
in

g
on

th
e

co
m

p
le

x
it

y
o
f
p
,

n
o

cl
u
st

er
tr

ee
es

ti
m

at
or

n
ee

d
to

b
e

co
n
si

st
en

t.
A

n
at

u
ra

l
w

ay
to

d
efi

n
e
{A

n
}∞ n

=
1

is
b
y

sp
ec

if
y
in

g
a

se
pa

ra
ti

o
n

cr
it

er
io

n
fo

r
se

ts
,

w
h
ic

h
m

ay
b

ec
om

e
le

ss
st

ri
ct

a
s
n

gr
ow

s,
an

d
th

en
p

o
p
u
la

te
ea

ch
A
n

u
si

n
g

on
ly

th
e

co
n
n
ec

te
d

su
b
se

ts
of

th
e

su
p
p

or
t

of
p

fu
lfi

ll
in

g
su

ch
a

cr
it

er
io

n
.

In
p
ar

ti
cu

la
r,

C
h
au

d
h
u
ri

et
al

.
(2

01
4)

d
ev

el
op

a
cr

it
er

io
n

k
n
ow

n
as

th
e

(ε
,σ

)-
se

p
a
ra

ti
o
n
,

w
h
ic

h
re

q
u
ir

es
tw

o
co

n
n
ec

te
d

su
b
se

ts
A

an
d
A
′

to
b

e
fa

r
ap

ar
t

fr
o
m

ea
ch

ot
h
er

in
te

rm
s

o
f

th
ei

r
“h

or
iz

on
ta

l”
d
is

ta
n
ce
d
(A
,B

)
an

d
th

ei
r

“v
er

ti
ca

l”
d
is

ta
n
ce

,
in

th
e

se
n
se

th
a
t

th
e

sm
a
ll
es

t
cl

u
st

er
co

n
ta

in
in

g
b

ot
h
A

an
d
B

sh
ou

ld
b

el
on

g
to

a
le

ve
l

se
t

of
p

in
d
ex

ed
b
y

a
va

lu
e

o
f
λ

si
gn

ifi
ca

n
tl

y
sm

al
le

r
to

th
e

va
lu

es
in

d
ex

in
g

th
e

le
ve

l
se

ts
of
A

an
d
B

.
S
ee

D
efi

n
it

io
n

1
0

b
el

ow
fo

r
d
et

ai
ls

.
O

n
e

of
th

e
m

ai
n

co
n
tr

ib
u
ti

on
s

of
th

is
p
ap

er
is

to
re

p
la

ce
th

is
ra

th
er

g
en

er
al

n
ot

io
n

of
se

p
ar

at
io

n
b
y

a
si

m
p
le

r
on

e,
th

e
δ-

se
p
ar

at
io

n
cr

it
er

io
n

in
D

efi
n
it

io
n

2
,

w
h
ic

h
is

b
et

te
r

su
it

ed
d
ea

l
w

it
h

sm
o
ot

h
d
en

si
ti

es
.

T
h
is

al
lo

w
s

u
s

to
d
er

iv
e

n
ew

ra
te

s
o
f

co
n
si

st
en

cy
th

at
d
ep

en
d

ex
p
li
ci

tl
y

on
th

e
sm

o
ot

h
n
es

s
of

th
e

d
en

si
ty

.

A
s

ex
p
la

in
ed

in
E

ld
ri

d
ge

et
al

.
(2

01
5)

,
th

e
cl

u
st

er
tr

ee
co

n
si

st
en

cy
gu

ar
a
n
te

es
b
a
se

d
on

se
p
ar

at
io

n
cr

it
er

ia
ca

n
b

e
fa

ir
y

co
ar

se
,

as
th

ey
on

ly
re

q
u
ir

e
T̂
n

to
p
re

se
rv

e
th

e
co

n
n
ec

ti
v
it

y
of

al
l

th
e

se
ts

in
A
n
.

In
p
ar

ti
cu

la
r,

a
tr

ee
es

ti
m

at
or

th
at

is
co

n
si

st
en

t
w

it
h

re
sp

ec
t

to
su

ch
d
efi

n
it

io
n

n
ee

d
s

n
ot

y
ie

ld
a

go
o
d

cl
u
st

er
in

g
of

th
e

sa
m

p
le

p
oi

n
ts

.
C

on
cr

et
el

y,
T̂
n

m
ig

h
t

h
av

e
ad

d
it

io
n
al

u
n
w

an
te

d
cl

u
st

er
s,

re
fe

rr
ed

to
as

fa
ls

e
in

C
h
au

d
h
u
ri

et
al

.
(2

01
4
),

th
a
t

d
o

n
ot

co
rr

es
p

on
d

to
an

y
d
is

jo
in

ts
se

ts
in
A
n
,

a
p
h
en

om
en

on
re

fe
rr

ed
to

as
o
ve

r-
se

gm
en

ta
ti

o
n

b
y

E
ld

ri
d
ge

et
al

.
(2

01
5)

.
S
im

il
ar

ly
,
T̂
n

m
ig

h
t

n
ot

co
n
fo

rm
to

th
e

p
ar

ti
al

or
d
er

o
f

in
cl

u
si

o
n
s

am
on

g
th

e
cl

u
st

er
s

of
p
,

an
is

su
e

ca
ll
ed

im
p
ro

pe
r

n
es

ti
n

g.
In

fa
ct

,
th

e
es

ti
m

a
to

rs
d
ev

el
o
p

ed
in

th
is

p
ap

er
d
o

n
ot

su
ff

er
fr

om
su

ch
sh

or
tc

om
in

gs
an

d
a
re

co
n
si

st
en

t
in

th
e

m
er

g
e

d
is

to
rt

io
n

m
et

ri
c

of
E

ld
ri

d
ge

et
al

.
(2

01
5)

,
a

m
or

e
re

fi
n
ed

st
ro

n
ge

r
n
ot

io
n

of
co

n
si

st
en

cy
fo

r
cl

u
st

er
tr

ee
s.

S
ee

S
ec

ti
on

s
4.

6
an

d
6

b
el

ow
.
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

3
.
T
h
e
D
B
S
C
A
N

A
lg
o
rith

m

T
h
e

D
B

S
C

A
N

algorith
m

,
fi
rst

in
tro

d
u
ced

in
E

ster
et

al.
(1996),

is
an

ex
trem

ely
p

op
u
lar

m
eth

o
d
o
lo

g
y

fo
r

“fl
at”

clu
sterin

g.
In

th
is

section
w

e
in

tro
d
u
ce

a
sim

p
le

gen
eralization

of
D

B
S
C

A
N

,
sh

ow
n

b
elow

in
A

lgorith
m

1,
th

at
y
ield

s
clu

ster
tree

estim
ators

an
d

estab
lish

its
co

n
n
ectio

n
s

w
ith

kern
el

d
en

sity
estim

ation
.

A
lg

o
rith

m
1

T
h
e

D
B

S
C

A
N

algorith
m

.

IN
P

U
T

:
i.i.d

sam
p
le
{X

i }
ni=

1 ,
an

d
h
>

0.
1
.

F
o
r

ea
ch

k
∈

N
,

con
stru

ct
a

gra
p
h
G
h
,k

w
ith

n
o
d
es{

X
i

:|B
(X

i ,h
)∩
{X

j }
nj=

1 |≥
k}

a
n
d

ed
g
es

(X
i ,X

j )
if‖X

i −
X
j ‖
<

2h
.

2
.

C
o
m

p
u
te

C
(h
,k

),
th

e
grap

h
ical

con
n
ected

com
p

on
en

ts
ofG

h
,k .

O
U

T
P

U
T

:
{C

(h
,k

),k
∈
N}.

F
o
r

a
fi
x
ed

valu
e

of
k
,

A
lgorith

m
1

is
in

fact
a

sim
p
lifi

ed
version

of
th

e
origin

a
l
D

B
S
C

A
N

p
ro

ced
u
re

o
f

E
ster

et
al.

(1996),
w

h
ere

th
e

p
aram

eters
h

an
d
k

are
called

in
stea

d
E

p
s

an
d

M
in

P
ts,

resp
ectively.

N
otice

th
at,

u
n
like

in
th

e
origin

al
form

u
la

tion
of

D
B

S
C

A
N

,
w

e
d
o

n
o
t

d
istin

g
u
ish

b
etw

een
core

an
d

b
o
rd

er
p

oin
ts

an
d
,

fu
rth

erm
o
re,

w
e

evalu
ate

con
n
ectiv

ity
a
m

o
n
g

th
e

sa
m

p
le

p
oin

ts
u
sin

g
b
alls

of
rad

iu
s

2
h

in
stead

of
h

.
S
u
ch

m
o
d
ifi

cation
s

h
av

e
n
o

im
p
a
ct

o
n

th
e

rates
of

con
sisten

cy
w

e
ob

tain
b
u
t

sim
p
lify

th
e

d
erivation

s.
A

ssu
m

in
g
h
>

0
fi
x
ed

,
b
y

sw
eep

in
g

th
rou

gh
a
ll

th
e

p
ossib

le
valu

es
of
k
,

A
lgo

rith
m

1
p
ro

d
u
ces

a
seq

u
en

ce
of

n
ested

geom
etric

grap
h
s
T̂
n

=
{C

(h
,k

)}
k∈

N
.

It
is

im
m

ed
iate

to
see

th
a
t
T̂
n

form
s

a
clu

ster
tree

estim
ator

over
th

e
sam

p
le

p
o
in

ts
{
X
i }
ni=

1 ;
see

D
efi

n
ition

1.
T

h
is

is
b

eca
u
se,

for
each

k
1 ≤

k
2 ,

⋃

{
X
i :|B

(X
i ,h

)∩{
X
j }
nj
=
1 |≥

k
2 }
B

(X
i ,h

)⊆
⋃

{
X
i :|B

(X
i ,h

)∩{
X
j }
nj
=
1 |≥

k
1 }
B

(X
i ,h

).

In
p
ra

ctice,
A

lgorith
m

1
can

b
e

effi
cien

tly
im

p
lem

en
ted

u
sin

g
a

u
n
ion

-fi
n
d

stru
ctu

re
in

su
ch

a
w

ay
th

at
th

e
set

C
(h
,k

)
of

th
e

m
ax

im
al

con
n
ected

com
p

on
en

ts
of

G
h
,k

can
b

e
co

m
p
u
ted

w
ith

ou
t

u
sin

g
th

e
p

oten
tially

ex
p

en
siv

e
b
read

th
-fi

rst
search

or
d
ep

th
-fi

rst
search

a
lg

o
rith

m
s.

T
h
e

resu
ltin

g
clu

ster
tree

algorith
m

is
sim

p
ler

th
an

th
e

estim
ator

b
ased

o
n

W
ish

a
rt’s

a
lg

o
rith

m
p
rop

osed
in

C
h
au

d
h
u
ri

et
al.

(20
14).

In
d
eed

,
th

e
D

B
S
C

A
N

-b
ased

estim
a
to

r
is

o
b
tain

ed
from

a
seq

u
en

ce
of

n
o
d
e-in

d
u
ced

su
b
-gra

p
h
s

of
th

e
2
h

-n
eigh

b
orh

o
o
d

g
ra

p
h

over
th

e
sam

p
le

p
oin

ts.
In

con
trast,

W
ish

art’s
algorith

m
en

tails
tak

in
g

n
o
d
e

a
n
d

ed
g
e-in

d
u
ced

su
b
-grap

h
s

of
th

e
k
-n

earest
n
eigh

b
orh

o
o
d

grap
h

over
{X

1 ,...,X
n }

,
w

h
ich

h
a
s

h
ig

h
er

co
m

p
u
tation

al
com

p
lex

ity.
A

s
ex

p
la

in
ed

in
S
rip

eru
m

b
u
d
u
r

an
d

S
tein

w
art

(2012),
D

B
S
C

A
N

is
im

p
licitly

u
sin

g
a

kern
el

d
en

sity
estim

ator
w

ith
kern

el
corresp

on
d
in

g
to

th
e

in
d
icator

fu
n
ction

of
th

e
u
n
it

d
-d

im
en

sio
n
a
l

E
u
clid

ean
b
all

to
clu

ster
th

e
p

oin
ts.

In
d
etail,

con
sid

er
th

e
d
en

sity
estim

a
tor

p̂
h

g
iven

b
y

x
∈
R
d7→

p̂
h (x

)
=
|B

(x
,h

)∩
{
X
i }
ni=

1 |
n
h
dV

d
=

1

n
h
dV

d

n
∑i=

1

K

(
x
−
X
i

h

)
,

(2)

w
h
ere

K
(x

)
=

{
1

if
x
∈
B
d (0,1),

0
oth

erw
ise.

(3)
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

It
is

easy
to

see
th

at
p̂
h

is
a

L
eb

esgu
e

d
en

sity,
i.e.

p̂
h (x

)
is

a
m

easu
rab

le,
n
o
n
-n

egativ
e

fu
n
ction

an
d
∫R

d
p̂
h (x

)d
x

=
1.

F
u
rth

erm
ore,E

[p̂
h (x

)]
=
p
h (x

)
for

all
x
∈
R
d,

w
h
ere

p
h (x

)
=

1

h
dV

d ∫

R
d

K

(
x
−
z

h

)
p
(z

)d
z

=
P

(B
(x
,h

))

h
dV

d
.

(4)

F
or

an
y
λ
≥

0,
set

D̂
(λ

)
=
{
x

:
p̂
h (x

)≥
λ}∩

{
X
i }
ni=

1
an

d

L̂
(λ

)
=

⋃

X
j ∈
D̂

(λ
) B

(X
j ,h

).
(5)

T
h
en

,
settin

g,
for

k
>

0,
λ
k

=
k

n
h
d
V
d
,

on
e

can
see

th
at,

for
clu

sterin
g

p
u
rp

ose,C
(h
,k

)
an

d

L̂
(λ
k )

con
vey

th
e

sam
e

in
form

ation
.

In
d
eed

from
th

e
d
efi

n
ition

of
L̂

(λ
k ),

it
is

straigh
tforw

ard
to

see
th

at

L
e
m

m
a

1
.

T
w

o
d
a
ta

po
in

ts
X
i

a
n

d
X
j

a
re

in
th

e
sa

m
e

co
n

n
ected

co
m

po
n

en
t

o
f

th
e
d

-

d
im

en
sio

n
a
l

set
L̂

(λ
k )

if
a
n

d
o
n

ly
if

th
ey

a
re

in
th

e
sa

m
e

co
n

n
ected

co
m

po
n

en
t

o
f

th
e

gra
p
h

C
(h
,k

).

T
h
e

u
n
ion

of
b
alls

L̂
(λ

)
is

a
ren

ow
n

estim
ator

in
th

e
literatu

re
on

level
set

estim
a-

tion
,

origin
ally

stu
d
ied

in
D

ev
roye

an
d

W
ise

(1980)
(see

also
C

u
evas

an
d

R
o
d
ŕıgu

ez-C
asal

(2004)).
In

p
articu

lar,
w

ith
a

su
itab

le
ch

oice
of

th
e

b
an

d
w

id
th

p
aram

eter
h

a
n
d

as
n

grow
s

u
n
b

ou
n
d
ed

,
L̂

(λ
)

is
a

rate-op
tim

al
estim

ator
of

th
e

lev
el

set
L

(λ
)

u
n
d
er

variou
s

loss
fu

n
ction

s
an

d
ap

p
rop

riate
assu

m
p
tion

s
on

th
e

u
n
d
erly

in
g

d
en

sity.

4
.
C
lu
ste

rin
g
C
o
n
siste

n
cy

fo
r
H
ö
ld
e
r
C
o
n
tin

u
o
u
s
D
e
n
sitie

s

In
th

is
section

w
e

sh
ow

th
at

th
e

D
B

S
C

A
N

algo
rith

m
1

is
con

sisten
t

u
n
d
er

H
öld

er
sm

o
oth

d
en

sities.
T

ow
ard

s
th

at
en

d
,

w
e

in
tro

d
u
ce

a
n
ew

n
otion

of
clu

ster
tree

con
sisten

cy,
ca

lled
δ-con

sisten
cy

(see
S
ection

4.2
b

elow
),

w
h
ich

is
w

ell-su
ited

to
stu

d
y

clu
ster

trees
g
en

erated
b
y

sm
o
oth

d
en

sities.
W

e
w

ill
sh

ow
th

at
D

B
S
C

A
N

,
w

ith
su

itab
le

in
p
u
ts,

w
ill

retu
rn

clu
ster

tree
estim

ators
th

at
n
early

attain
th

e
corresp

on
d
in

g
m

in
im

ax
op

tim
al

rates
an

d
th

at
th

ose
rates

d
ep

en
d

on
th

e
d
egree

of
sm

o
oth

n
ess

of
th

e
d
en

sity.

4
.1

.
H

ö
ld

e
r

sm
o
o
th

d
e
n

sitie
s

B
elow

w
e

giv
e

a
recap

of
w

ell-k
n
ow

n
resu

lts
on

n
on

-p
aram

etric
d
en

sity
estim

ation
.

G
iven

vectors
s

=
(s

1 ,...,s
d )

in
N
d

an
d
x

=
(x

1 ,...,x
d )

in
R
d,

set
|s|

=
s

1
+
···

+
s
d

an
d

x
s

=
x
s
1

1
...x

s
d
d

,
an

d
let

D
s

=
∂
s
1
+
···+

s
d

∂
x
s
1

1
...∂

x
s
d
d

d
en

ote
th

e
d
iff

eren
tial

op
erator.

A
fu

n
ction

p
:R

d→
R

is
said

to
b

elon
g

th
e

H
öld

er
class

Σ
(L
,α

)
w

ith
p
aram

eters
α
>

0
an

d
L
>

0
if
p

isbαc-tim
es

con
tin

u
ou

sly
d
iff

eren
tiab

le
an

d
,

for
all

x
,y
∈
R
d

an
d

all
s∈

N
d

w
ith
|s|

=
bαc,

|D
sp

(x
)−

D
sp

(y
)|≤

L‖
x
−
y‖

α−
s.
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
si
t
y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

N
ot

ic
e

th
at

,
w

h
en

0
<
α
≤

1,
th

e
H

öl
d
er

co
n
d
it

io
n

re
d
u
ce

s
to

th
e

L
ip

sc
h
it

z
co

n
d
it

io
n

|p
(x

)
−
p
(y

)|
≤
L
‖x
−
y
‖α
,
∀x
,y
∈
R
d
.

L
et
p̂
h

d
en

ot
e

a
ke

rn
el

d
en

si
ty

es
ti

m
at

or
w

it
h

b
an

d
w

id
th
h

an
d

ke
rn

el
K

,
th

at
is

p̂
h
(x

)
=

1

n
h
d

n ∑ i=
1

K

(
x
−
X
i

h

)
.

T
h
en

,
w

e
ob

ta
in

th
e

st
an

d
ar

d
b
ia

s-
va

ri
an

ce
d
ec

om
p

os
it

io
n

fo
r

th
e

K
D

E
s,

n
am

el
y

‖p̂
h
−
p
‖ ∞
≤
‖p̂
h
−
p
h
‖ ∞

+
‖p
h
−
p
‖ ∞

.

In
or

d
er

to
co

n
tr

ol
th

e
st

o
ch

as
ti

c
co

m
p

on
en

t
‖p̂
h
−
p
h
‖ ∞

w
e

w
il
l

in
vo

ke
w

el
l-

k
n
ow

n
co

n
ce

n
-

tr
at

io
n

b
ou

n
d
s

fr
om

d
en

si
ty

es
ti

m
at

io
n

to
co

n
cl

u
d
e

th
at

,
u
n
d
er

ap
p
ro

p
ri

at
e

an
d

ve
ry

m
il
d

as
su

m
p
ti

on
s

on
K

,
th

er
e

ex
is

ts
a

co
n
st

an
t
C

1
>

0,
d
ep

en
d
in

g
on
‖p
‖ ∞

,
d

a
n
d
K

,
su

ch
th

at
,

fo
r

an
y
γ
>

0
an

d
al

l
n

la
rg

e
en

ou
gh

a
n
d

as
su

m
in

g
n
h
d
≥

1
,

P
(‖
p̂
h
−
p
h
‖ ∞
≤
a
n
)
≥

1
−
e−

γ
,

(6
)

w
h
er

e

a
n

=
C

1

√
(γ

+
lo

g
(1
/h

))

n
h
d

.
(7

)

T
h
e

ve
ri

fi
ca

ti
on

of
th

is
b

ou
n
d

ca
n

b
e

fo
u
n
d

in
m

an
y

p
la

ce
s

in
th

e
li
te

ra
tu

re
;

se
e,

e.
g.

,
G

in
é

an
d

G
u
il
lo

u
(2

00
2)

,
S
ri

p
er

u
m

b
u
d
u
r

an
d

S
te

in
w

ar
t

(2
01

2)
,

J
ia

n
g

(2
01

7b
)

an
d

K
im

et
al

.
(2

01
9)

.
S
ee

A
p
p

en
d
ix

B
fo

r
d
et

ai
ls

.
A

s
fo

r
th

e
b
ia

s
te

rm
‖p
h
−
p
‖ ∞

,
if
K

is
ch

os
en

to
b

e
a

α
-v

al
id

ke
rn

el
2

(s
ee

,
e.

g.
,

R
ig

ol
le

t
an

d
V

er
t

(2
00

9)
),

th
en

st
an

d
ar

d
ca

lc
u
la

ti
on

s
y
ie

ld
th

at

‖p
h
−
p
‖ ∞
≤
C

2
h
α
,

(8
)

fo
r

an
ap

p
ro

p
ri

at
e

co
n
st

an
t
C

2
>

0
d
ep

en
d
in

g
on

L
an

d
α

.
In

p
ar

ti
cu

la
r,

si
n
ce

th
is

ty
p

e
of

ke
rn

el
s

ar
e

p
ol

y
n
om

ia
ls

su
p
p

or
te

d
on

[0
,1

]d
,

th
ey

au
to

m
at

ic
al

ly
sa

ti
sf

y
th

e
V

C
co

n
d
it

io
n

(s
ee

le
m

m
a

22
of

N
ol

an
an

d
P

ol
la

rd
,

19
87

,
fo

r
a

ju
st

ifi
ca

ti
on

).
T

h
u
s

co
m

b
in

in
g

th
e

b
ia

s
in

(6
)

an
d

th
e

va
ri

a
n
ce

in
(8

),
w

e
co

n
cl

u
d
e

th
at

,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

γ
,

w
it

h
γ

an
y

p
os

it
iv

e
n
u
m

b
er

,

‖p̂
h
−
p
‖ ∞
≤
C

1

√
γ

+
lo

g
(1
/h

)

n
h
d

+
C

2
h
α
.

(9
)

S
et

ti
n
g,

e.
g.

,
γ

=
lo

g
n

,
th

e
op

ti
m

al
ch

oi
ce

of
th

e
b
an

d
w

id
th

is

h
�
(

lo
g
n

n

) 2
α

+
d

,
(1

0)

le
ad

in
g

to
th

e
fi
n
al

ra
te

of
( lo

g
n

n

)
α

2
α
+
d
,

w
h
ic

h
is

in
fa

ct
m

in
im

ax
op

ti
m

al
.

2
.

F
o
r

a
fi

x
ed

α
>

0
,

a
fu

n
ct

io
n
K

:
R
d
→

R
is

a
n
α

-v
a
li

d
k
er

n
el

if
∫ Rd

K
(x

)d
x

=
1
,

h
a
s

fi
n

it
e
L
p

n
o
rm

fo
r

a
ll
p
≥

1
,
∫ Rd
‖x
‖α
K

(x
)d
x
<
∞

a
n

d
∫ Rd

x
s
K

(x
)d
x

=
0

fo
r

a
ll
s

=
(s

1
,.
..
,s
d
)
∈

Zd
su

ch
th

a
t

1
≤
∑
d i=

1
s i
≤
bα
c,

w
h

er
e

fo
r
x

=
(x

1
,.
..
,x
d
)
∈

R
d
,
x
s

=
∏
d i=

1
x
s
i
i

.
S

ee
D

efi
n

it
io

n
1

in
R

ig
o
ll

et
a
n

d
V

er
t

(2
0
0
9
).
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

4
.2

.
T

h
e
δ-

S
e
p

a
ra

ti
o
n

C
ri

te
ri

o
n

W
e

n
ow

fo
rm

u
la

te
a

n
ot

io
n

of
cl

u
st

er
se

p
ar

at
io

n
th

at
is

n
at

u
ra

ll
y

su
it

ed
to

sm
o
o
th

d
en

si
ti

es
an

d
,

fo
r

co
n
ti

n
u
ou

s
d
en

si
ti

es
is

eq
u
iv

a
le

n
t

to
se

p
ar

at
io

n
in

th
e

m
er

ge
d
is

ta
n
ce

o
f

E
ld

ri
d
ge

et
al

.
(2

01
5)

(s
ee

al
so

K
im

et
al

.,
20

16
).

D
e
fi

n
it

io
n

2
.

L
et
A

a
n

d
A
′ b

e
su

bs
et

s
th

e
su

p
po

rt
o
f

th
e

d
en

si
ty
p

a
n

d
se

t
λ

:=
in

f x
∈A
∪A
′
p
(x

).
F

o
r
δ
∈

(0
,λ

),
A

a
n

d
A
′

a
re

sa
id

to
be
δ-

se
pa

ra
te

d
if

th
ey

be
lo

n
g

to
d
is

ti
n

ct
co

n
n

ec
te

d
co

m
-

po
n

en
ts

o
f

th
e

le
ve

l
se

t
{x

:
p
(x

)
>
λ
−
δ}

.

U
n
li
ke

th
e

se
p
ar

at
io

n
cr

it
er

io
n

of
C

h
au

d
h
u
ri

et
al

.
(2

01
4)

,
w

h
ic

h
re

q
u
ir

es
th

e
sp

ec
ifi

ca
-

ti
on

of
tw

o
p
ar

am
et

er
s

q
u
an

ti
fy

in
g

th
e

h
or

iz
on

ta
l

an
d

ve
rt

ic
al

d
is

p
la

ce
m

en
t

b
et

w
ee

n
cl

u
s-

te
rs

,
δ-

se
p
ar

at
io

n
on

ly
u
se

s
on

e
p
ar

am
et

er
T

h
e

in
tu

it
io

n
b

eh
in

d
th

e
n
ot

io
n

o
f
δ-

se
p
a
ra

ti
o
n

is
si

m
p
le

:
d
u
e

to
th

e
sm

o
ot

h
n
es

s
of

th
e

d
en

si
ty

,
th

e
d
eg

re
es

of
“v

er
ti

ca
l”

an
d

“
h
o
ri

zo
n
ta

l”
se

p
ar

at
io

n
b

et
w

ee
n

cl
u
st

er
s

ar
e

co
u
p
le

d
.

T
h
is

is
il
lu

st
ra

te
d

in
F

ig
u
re

1
an

d
b

es
t

ex
p
la

in
ed

fo
r

th
e

ca
se

of
a

d
en

si
ty

in
Σ

(L
,α

)
w

it
h
α
≤

1.
If
A

an
d
A
′

ar
e
δ-

se
p
ar

at
ed

,
th

en
th

ei
r

d
is

ta
n
ce

is
at

le
as

t
( δ L
) 1
/
α
.

A
s

a
re

su
lt

,
th

e
d
eg

re
e

of
se

p
ar

at
io

n
b

et
w

ee
n

cl
u
st

er
s

o
f

sm
o
o
th

d
en

si
ti

es
ca

n
b

e
d
es

cr
ib

ed
u
si

n
g

on
ly

on
e

p
ar

am
et

er
,

a
fe

at
u
re

th
at

w
e

w
il
l

ex
p
lo

it
to

d
er

iv
e

n
ew

n
ot

io
n

of
co

n
si

st
en

cy
fo

r
cl

u
st

er
in

g.

D
e
fi

n
it

io
n

3
.

L
et
δ
>

0
a
n

d
γ
∈

(0
,1

).
A

cl
u

st
er

tr
ee

es
ti

m
a
to

r
ba

se
d

o
n

a
n

i.
i.

d
.

sa
m

p
le

{X
i}
n i=

1
is

(δ
,γ

)-
a
cc

u
ra

te
if

,
w

it
h

p
ro

ba
bi

li
ty

n
o

sm
a
ll

er
th

a
n

1
−
γ

,
fo

r
a
n

y
pa

ir
o
f

co
n

n
ec

te
d

su
bs

et
s
A

a
n

d
A
′

o
f

th
e

su
p
po

rt
th

a
t

a
re
δ-

se
pa

ra
te

d
,

ex
a
ct

ly
o
n

e
o
f

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s
h
o
ld

s:

1
.

a
t

le
a
st

o
n

e
o
f
A
∩
{X

i}
n i=

1
a
n

d
A
′ ∩
{X

i}
n i=

1
is

em
p
ty

;

2
.

th
e

sm
a
ll

es
t

cl
u

st
er

s
in

th
e

cl
u

st
er

tr
ee

es
ti

m
a
to

r
co

n
ta

in
in

g
A
∩
{X

i}
n i=

1
a
n

d
A
′ ∩

{X
i}
n i=

1
a
re

d
is

jo
in

t.

L
et
{δ
n
} n

be
a

va
n

is
h
in

g
se

qu
en

ce
o
f

po
si

ti
ve

n
u

m
be

rs
a
n

d
a
{γ

n
}

a
va

n
is

h
in

g
se

qu
en

ce
in

(0
,1

).
W

e
sa

y
th

a
t

th
e

se
qu

en
ce

o
f

cl
u

st
er

tr
ee

es
ti

m
a
to

rs
{T

n
} n

,
w

h
er

e
T
n

is
ba

se
d

o
n

a
n

i.
i.

d
.

sa
m

p
le
{X

i}
n i=

1
,

is
δ-

co
n

si
st

en
t

w
it

h
ra

te
δ n

if
,

fo
r

a
ll
n

la
rg

e
en

o
u

gh
,
T
n

is
(δ
n
,γ
n
)-

a
cc

u
ra

te
w

h
er

e
γ
n

d
ec

a
ys

po
ly

n
o
m

ia
ll

y
in
n

.

It
is

im
p

or
ta

n
t

to
re

al
iz

e
th

at
th

e
n
ot

io
n

of
δ-

co
n
si

st
en

cy
is

a
u

n
if

o
rm

n
o
ti

o
n

o
f

co
n
si

s-
te

n
cy

th
at

is
re

q
u
ir

ed
to

h
ol

d
si

m
u
lt

an
eo

u
sl

y
ov

er
al

l
p

os
si

b
ly

p
ai

rs
of
δ-

se
p
ar

a
te

d
co

n
n
ec

te
d

su
b
se

ts
of

th
e

su
p
p

or
t.

T
h
e
δ-

se
p
ar

at
io

n
cr

it
er

io
n

is
cl

os
el

y
re

la
te

d
to

th
e

co
n
ce

p
t

of
th

e
m

er
ge

h
ei

gh
t

in
tr

o
d
u
ce

d
b
y

E
ld

ri
d
ge

et
al

.
(2

01
5)

.
In

th
e

co
n
te

x
t

of
h
ie

ra
rc

h
ic

al
cl

u
st

er
in

g,
th

e
m

er
ge

h
ei

g
h
t

is
u
se

d
to

d
es

cr
ib

e
th

e
“h

ei
gh

t”
at

w
h
ic

h
tw

o
p

oi
n
ts

or
tw

o
cl

u
st

er
s

m
er

ge
in

to
o
n
e

cl
u
st

er
;

se
e

D
efi

n
it

io
n

9.
In

p
ar

ti
cu

la
r

w
e

sh
ow

b
el

ow
in

L
em

m
a

4
th

at
if

tw
o

su
b
se

ts
A

a
n
d
A
′

o
f

th
e

su
p
p

or
t

ar
e
δ-

se
p
ar

at
ed

an
d

in
f x
∈A
∪A
′
p
(x

)
=
λ

,
th

en
th

ei
r

m
er

ge
h
ei

gh
t

is
n
o

la
rg

er
th

a
n

λ
−
δ.

T
o

fu
rt

h
er

em
p
h
as

iz
e

h
ow

si
m

il
ar

th
e

tw
o

ap
p
ro

ac
h
es

ar
e,

w
e

m
en

ti
on

th
a
t

o
u
r

re
su

lt
s

ab
ou

t
cl

u
st

er
co

n
si

st
en

cy
st

il
l

h
ol

d
fo

r
a

sl
ig

h
tl

y
st

ro
n
ge

r
n
ot

io
n

of
cl

u
st

er
co

n
si

st
en

cy
,

w
h
er

eb
y

co
n
d
it

io
n

2
in

D
efi

n
it

io
n

3
is

re
p
la

ce
d

b
y

th
e

co
n
d
it

io
n

2.
th

er
e

ex
is

ts
a

le
ve

l
λ
∈

[i
n
f x
∈A
∪A
′
f

(x
)
−
δ,

in
f x
∈A
∪A
′
f

(x
))

su
ch

th
at
A
∩
{X

i}
n i=

1
a
n
d

A
′ ∩
{X

i}
n i=

1
ar

e
co

n
ta

in
ed

in
tw

o
d
iff

er
en

t
λ

-c
lu

st
er

s
of

th
e

cl
u
st

er
tr

ee
es

ti
m

a
to

r.
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

T
h
e

key
d
iff

eren
ce

b
etw

een
δ-con

sisten
cy

a
n
d

th
is

stron
ger

version
of
δ-con

sisten
cy

is
th

at
in

th
e

la
tter

case
w

e
fu

rth
er

con
strain

th
e

sp
lit

level
for

A
an

d
A
′

in
th

e
clu

ster
tree

estim
ator

to
o
ccu

r
a
t

a
valu

e
less

th
an

in
f
x∈
A
∪
A
′f

(x
)

b
y

an
am

ou
n
t

n
o

larger
th

an
δ
n
.

T
h
is

is
p
recisely

w
h
a
t

is
req

u
ired

for
m

erge
d
istan

ce
con

sisten
cy

;
see

E
ld

rid
ge

et
al.

(2015).
W

e
p
rov

id
e

m
o
re

d
eta

iled
co

m
p
a
rison

in
S
ection

6,
w

h
ere

w
e

fu
rth

er
elu

cid
ate

th
e

d
iff

eren
ces

b
etw

een
ou

r
n
o
tio

n
of
δ-sep

aration
an

d
th

e
(ε,σ

)-sep
aration

criterion
of

C
h
au

d
h
u
ri

et
al.

(2014).

F
ig

u
re

1
:

T
h
e

left
fi
gu

re
d
ep

icts
a

sp
lit

level
(d

efi
n
ed

in
λ
∗

S
ection

4.3)
of

th
e

d
en

sity
p
.

T
h
e

righ
t

fi
gu

re
d
ep

icts
tw

o
sets

A
an

d
A
′

b
ein

g
δ

sep
ara

ted
w

ith
resp

ect
to
λ
∗.

4
.3

.
T

h
e

sp
lit

le
v
e
ls

O
n
e

o
f

th
e

m
o
st

im
p

o
ertan

t
featu

res
of

a
clu

ster
tree

is
th

e
collection

s
of

levels
λ

at
w

h
ich

th
e

clu
sters

sp
lit

in
to

tw
o

or
m

ore
d
isjoin

t
su

b
-clu

sters,
w

h
ich

w
e

refer
to

as
sp

lit
levels.

S
u
ch

levels
b

elon
g

to
th

e
w

ell-k
n
ow

n
class

of
“critical

levels”
in

d
iff

eren
tial

top
ology,

w
h
ich

id
en

tify
critica

l
ch

an
ges

in
th

e
top

ology
of

th
e

u
p
p

er
lev

el
sets

of
p
.

S
ee,

for
ex

am
p
le,

H
irsch

(2
0
1
2
)

fo
r

m
o
re

d
etails.

In
p
articu

lar,
th

e
estim

ation
of

sp
lit

levels
is

a
cen

tral
th

em
e

in
th

e
co

n
trib

u
tio

n
s

of
S
rip

eru
m

b
u
d
u
r

an
d

S
tein

w
art

(2012)
an

d
in

S
tein

w
art

(2
015).

B
elow

,
w

e
p
rov

id
e

a
sligh

tly
d
iff

eren
t

ch
aracterization

of
th

e
sp

lit
levels

of
con

tin
u
ou

s
d
en

sities
a
n
d

rela
te

it
to

th
e

criterion
of
δ-sep

aration
of

clu
sters.

T
h
e

n
otion

of
sp

lit
levels

w
ill

b
e

im
p

o
rta

n
t

b
elow

in
S
ection

4.4.2
in

form
alizin

g
con

d
ition

s
u
n
d
er

w
h
ich

com
p
u
tation

ally
effi

cien
t

a
n
d

sta
tistically

op
tim

al
clu

ster
tree

estim
ation

is
feasib

le
for

H
öld

er
d
en

sities
w

ith
sm

o
o
th

n
ess

d
eg

ree
α
>

1.
It

w
ill

also
b

e
u
sed

to
d
em

on
strate

th
at

w
e

can
easily

rem
ove

fa
lse

clu
sters

from
th

e
clu

ster
tree

estim
ation

s
retu

rn
ed

b
y

ou
r

alg
orith

m
s

(see
S
ection

4.6).

D
e
fi

n
itio

n
4
.

L
et
p

:R
d
→

R
be

a
co

n
tin

u
o
u

s
d
en

sity
fu

n
ctio

n
.

F
o
r

a
fi

xed
λ
∗
>

0
,

let
{C

k }
Kk
=

1
be

th
e

co
n

n
ected

co
m

po
n

en
ts

o
f{p

≥
λ
∗}.

T
h
e

va
lu

e
λ
∗

is
sa

id
to

be
a

sp
lit

level
o
f
p

if
th

ere
exists

a
C
k

su
ch

th
a
tC

k ∩
{
p
>
λ
∗}

h
a
s

tw
o

o
r

m
o
re

co
n

n
ected

co
m

po
n

en
ts.

T
h
e

fo
llow

in
g

sim
p
le

resu
lt

illu
strates

th
e

m
ain

top
ological

p
rop

erties
o
f

sp
lit

levels.

1
1

JM
L

R
 20(170):1-50, 2019

W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

P
ro

p
o
sitio

n
1
.

S
u

p
po

se
th

a
t
p

:R
d
→

R
is

co
m

pa
ctly

su
p
po

rted
a
n

d
th

a
t
A

a
n

d
A
′

a
re

su
bsets

o
f

tw
o

d
istin

ct
co

n
n

ected
co

m
po

n
en

ts
o
f
{p
≥
λ

1 }
.

If
A

a
n

d
A
′

belo
n

gs
to

th
e

sa
m

e
co

n
n

ected
co

m
po

n
en

ts
o
f{p

≥
λ

2 },
w

h
ere

λ
2
<
λ

1 ,
th

en
th

ere
is

a
u

n
iqu

e
sp

lit
level

λ
∗
∈

[λ
2 ,λ

1 )
su

ch
th

a
t
A

a
n

d
A
′

belo
n

g
to

o
n

e
co

n
n

ected
co

m
po

n
en

t
o
f{
p
≥
λ
∗}

a
n

d
to

d
istin

ct
co

n
n

ected
co

m
po

n
en

ts
o
f{
p
>
λ
∗}.

P
rop

osition
1

su
ggests

th
at

if
tw

o
con

n
ected

com
p

on
en

ts
m

erge
in

to
on

e
as

th
e

d
en

sity
level

λ
d
ecreases,

th
en

th
ere

ex
ists

on
e

an
d

on
ly

on
e

sp
lit

level
at

w
h
ich

th
e

corresp
on

d
in

g
m

erge
tak

es
p
lace.

T
h
erefore,

th
e

follow
in

g
d
efi

n
ition

,
w

h
ich

ch
aracterizes

th
e

sp
lit

level
of

an
y

tw
o

d
istin

ct
clu

sters
in

a
clu

ster
tree,

seem
s

n
atu

ral.

D
e
fi

n
itio

n
5
.

S
u

p
po

se
A

a
n

d
A
′

a
re

tw
o

o
pen

su
bsets

o
f

th
e

su
p
po

rt
o
f
p
.

T
h
en

A
a
n

d
A
′

a
re

sa
id

to
sp

lit
a
t

level
λ
∗

if
A

a
n

d
A
′

belo
n

g
to

o
n

e
co

n
n

ected
co

m
po

n
en

t
o
f{p
≥
λ
∗}

a
n

d
to

tw
o

d
istin

ct
co

n
n

ected
co

m
po

n
en

ts
o
f{
p
>
λ
∗}.

In
ou

r
n
ex

t
resu

lt
w

e
illu

strate
a

d
irect

lin
k

b
etw

een
th

e
n
otion

of
sp

lit
levels

an
d

th
e

criterion
of
δ-sep

aration
in

tro
d
u
ced

ab
ov

e.
W

e
w

ill
ex

p
loit

th
is

fact
later

in
S
ection

4
.6

to
d
em

on
strate

h
ow

to
p
ru

n
e

th
e

clu
ster

tree
estim

ators
to

y
ield

accu
rate

estim
ates

of
th

e
sp

lit
levels

w
ith

ou
t

p
ro

d
u
cin

g
false

clu
sters.

C
o
ro

lla
ry

1
.

L
et
A

a
n

d
A
′

be
δ-sepa

ra
ted

.
T

h
en

th
ere

exists
a

sp
lit

level
λ
∗

o
f

th
e

d
en

sity,
w

ith

λ
∗≤

in
f

x∈
A
∪
A
′ f

(x
)−

δ,

su
ch

th
a
t
A

a
n

d
A
′

belo
n

g
to

o
n

e
co

n
n

ected
co

m
po

n
en

t
o
f{
p
≥
λ
∗}

a
n

d
to

tw
o

d
istin

ct
co

n
n

ected
co

m
po

n
en

ts
o
f{p

>
λ
∗}

.

4
.4

.
R

a
te

o
f

c
o
n

siste
n

c
y

fo
r

th
e

D
B

S
C

A
N

a
lg

o
rith

m

W
e

are
n
ow

read
y

to
p
resen

t
th

e
m

ain
resu

lts
of

th
e

p
ap

er,
an

d
d
erive

rates
of

con
sisten

cy
for

D
B

S
C

A
N

-b
ased

clu
ster

tree
estim

ators
w

ith
resp

ect
to

th
e

criterion
of
δ-sep

aration
an

d
for

H
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es

s
of

th
e

u
n
d
er

ly
in

g
d
en

si
ty

.

T
h
e

is
su

e
ou

tl
in

ed
ab

ov
e

ca
n

b
e

h
an

d
le

d
in

m
or

e
th

an
on

e
w

ay
.

A
p

os
si

b
le

so
lu

ti
o
n
,

w
h
ic

h
is

n
ea

rl
y

tr
iv

ia
l

b
u
t

im
p
ra

ct
ic

al
,

is
to

d
ep

lo
y

a
co

m
p
u
ta

ti
on

al
ly

in
effi

ci
en

t
a
lg

o
ri

th
m

th
at

as
su

m
es

th
e

ab
il
it

y
to

ev
al

u
at

e
th

e
co

n
n
ec

te
d

co
m

p
on

en
ts

of
th

e
u
p
p

er
le

v
el

se
t

o
f
p̂
h

ex
ac

tl
y
:

se
e

A
lg

or
it

h
m

3
in

th
e

ap
p

en
d
ix

.
It

is
im

m
ed

ia
te

to
se

e
th

at
th

is
a
p
p
ro

a
ch

p
ro

-
d
u
ce

s
op

ti
m

al
δ-

co
n
si

st
en

cy
;

se
e

C
or

ol
la

ry
3

in
A

lg
or

it
h
m

3.
U

n
fo

rt
u
n
at

el
y,

th
is

p
ro

ce
d
u
re

w
il
l

re
q
u
ir

e
ev

al
u
a
ti

n
g
p̂
h

on
a

fi
n
e

gr
id

,
w

h
ic

h
is

co
m

p
u
ta

ti
on

al
ly

in
fe

as
ib

le
ev

en
in

sm
a
ll

d
im

en
si

on
s.

T
h
e

se
co

n
d
,

m
or

e
in

te
re

st
in

g
an

d
n
ov

el
so

lu
ti

on
w

h
ic

h
w

e
d
es

cr
ib

e
n
ex

t,
is

to
fu

rt
h
er

as
su

m
e

th
at
p

sa
ti

sfi
es

ad
d
it

io
n
al

m
il
d

re
gu

la
ri

ty
co

n
d
it

io
n
s

ar
ou

n
d

th
e

sp
li
t

le
ve

ls
.

T
h
e

co
n
d
it

io
n
s

ar
e

of
ge

om
et

ri
c

an
d

an
al

y
ti

c
n
at

u
re

an
d

ar
e

re
m

in
is

ce
n
t

of
lo

w
-n

o
is

e
ty

p
e

as
su

m
p
ti

on
s

in
cl

as
si

fi
ca

ti
on

.
U

n
d
er

th
es

e
co

n
d
it

io
n
s,

th
e

m
o
d
ifi

ed
D

B
S
C

A
N

A
lg

o
ri

th
m

2
w

il
l

ac
h
ie

ve
th

e
op

ti
m

al
ra

te
(1

1)
w

h
il
e

re
m

ai
n
in

g
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t.

T
h
is

fi
n
d
in

g
,

st
at

ed
fo

rm
al

ly
in

T
h
eo

re
m

1
b

el
ow

,
is

th
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n
.

A
lg

o
ri

th
m

2
T

h
e

m
o
d
ifi

ed
D

B
S
C

A
N

IN
P

U
T

:
i.
i.
d

sa
m

p
le
{X

i}
n i=

1
,

a
α

-v
al

id
ke

rn
el
K

an
d
h
>

0.
1.

C
om

p
u
te
{p̂
h
(X

i)
,i

=
1,
..
.,
n
}.

2.
F

or
ea

ch
λ
≥

0,
co

n
st

ru
ct

a
gr

ap
h
G
h
,λ

w
it

h
n
o
d
e

se
t

D̂
(λ

)
=
{X

i
:
p̂
h
(X

i)
≥
λ
}

an
d

ed
ge

se
t
{(
X
i,
X
j
)

:
X
i,
X
j
∈
D̂

(λ
)

an
d
‖X

i
−
X
j
‖
<

2
h
}.

3.
C

om
p
u
te

C
(h
,λ

),
th

e
gr

ap
h
ic

al
co

n
n
ec

te
d

co
m

p
on

en
ts

of
G
h
,λ

.

O
U

T
P

U
T

:
T̂
n

=
{C

(h
,λ

),
λ
≥

0
}.
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

R
e
m

a
rk

1
.

D
esp

ite
its

seem
in

gly
d
iff

eren
t

fo
rm

,
A

lgo
rith

m
2

is
n

ea
rly

id
en

tica
l

to
A

lgo
-

rith
m

1
.

T
h
e

o
n

ly
d
iff

eren
ce

is
th

e
u

se
o
f

a
n
α

-va
lid

kern
el
K

in
stea

d
o
f

a
sp

h
erica

l
kern

el.
F

u
rth

erm
o
re,

th
e

p
roced

u
res

o
n

ly
requ

ire
eva

lu
a
tin

g
a
t

m
o
st
n

+
1

d
iff

eren
t

gra
p
h
s:

G
h
,0 ,G

h
,p̂
h

(X
σ
1
) ,...,G

h
,p̂
h

(X
σ
n

) ,

w
h
ere

(σ
1 ,...,σ

n
)

is
a

perm
u

ta
tio

n
o
f

(1,...,n
)

su
ch

th
a
t

p̂
h (X

σ
1 )≤

p̂
h (X

σ
2 )≤

...p̂
h (X

σ
n
)

A
n

d
,

a
ga

in
ju

st
like

w
ith

A
lgo

rith
m

1
,

th
e

co
n

n
ected

co
m

po
n

en
ts

o
f

ea
ch

C
(h
,λ

)
ca

n
be

ea
sily

eva
lu

a
ted

by
m

a
in

ta
in

in
g

a
u

n
io

n
-fi

n
d

stru
ctu

re.

T
o

fo
rm

u
late

th
e

th
e

ex
tra

regu
larity

con
d
ition

s
on

th
e

geom
etry

of
th

e
d
en

sity
p
∈

Σ
(α
,L

)
a
ro

u
n
d

th
e

sp
lit

lev
els

th
at

gu
aran

tee
op

tim
ality

of
th

e
clu

sterin
g

A
lgorith

m
2

w
e

fi
rst

reca
ll

so
m

e
n
otion

s
com

m
on

ly
u
sed

in
th

e
literatu

re
on

level
set

an
d

su
p
p

ort
estim

a-
tio

n
.

B
elow

,
Ω

d
en

otes
a

gen
eric

su
b
set

o
fR

d
of

d
im

en
sion

d
.

C
1
.

(T
h
e

In
n
er

C
on

e
C

on
d
ition

)
T

h
e

su
b
set

Ω
satisfi

es
th

e
in

n
er

con
e

con
d
itio

n
s

if
ih

ere
ex

ist
co

n
sta

n
ts
r
I ,c

I
>

0
su

ch
th

at,
for

an
y

0
≤
r≤

r
I

an
d
x
∈

Ω
,

L
(B

(x
,r)∩

Ω
)≥

c
I V

d r
d,

w
h
ere
L

d
en

o
tes

th
e

L
eb

esgu
e

m
easu

re
ofR

d.

C
2
.

(T
h
e

C
overin

g
C

on
d
ition

)
T

h
e

su
b
set

Ω
satisfi

es
th

e
coverin

g
con

d
ition

if
th

ere
ex

ists
a

co
n
sta

n
t
C
I

su
ch

th
at,

for
an

y
0
<
r≤

r
I ,

th
ere

ex
ists

a
collection

of
p

o
in

tsN
r ⊂

Ω
su

ch
th

a
t
ca
rd

(N
r )≤

C
I r −

d
an

d
⋃y∈N

r

B
(y
,r)⊃

Ω
.

B
o
th

a
ssu

m
p
tion

s
C

1
,

C
2

are
rath

er
m

ild
.

If
Ω

is
a

com
p
act

m
an

ifold
of

d
im

en
sion

b≤
d

w
ith

p
iecew

ise
L

ip
sch

itz
b

ou
n
d
ary,

b
oth

assu
m

p
tion

s
are

au
tom

atically
verifi

ed
w

ith
th

e
d
im

en
sio

n
d

rep
laced

b
y

th
e

in
trin

sic
d
im

en
sion

b.
(see,

e.g.
D

o
C

arm
o,

1992).
T

h
e

in
n
er

co
n
e

co
n
d
ition

C
1

is
u
sed

in
K

orostelev
an

d
T

sy
b
akov

(1993)
an

d
is

w
ell-k

n
ow

n
as

th
e

sta
n
d
ard

con
d
ition

(C
u
evas,

2009)
or,

m
ore

recen
tly,

th
e

(a
,b)

con
d
ition

of
(C

h
azal

et
a
l.,

2
0
1
5
).

It
is

essen
tially

eq
u
ivalen

t
to

th
e

level
set

regu
larity

con
d
ition

[B
]

in
S
in

gh
et

a
l.

(2
00

9
).

T
h
e

cov
erin

g
con

d
ition

C
2

h
old

s
au

tom
atically

if
Ω

is
co

m
p
act.

S
ee,

e.g.,
R

in
a
ld

o
an

d
W

asserm
an

(2010)
an

d
B

alak
rish

n
an

et
a
l.

(2012).
S
in

ce
p
∈

Σ
(L
,α

)
w

ith
α
>

1,
an

y
lev

el
set{

p
≥
λ}

is
a

u
n
ion

of
con

n
ected

d
d
im

en
-

sio
n
a
l

m
a
n
ifo

ld
s

w
ith

C
1

b
ou

n
d
ary.

T
h
erefore

it
is

n
atu

ral
to

req
u
ire

b
oth

C
1

an
d

C
2

to
h
o
ld

sim
u
lta

n
eo

u
sly

for
all

th
e

u
p
p

er
lev

el-sets
of
p

righ
t

a
bo

ve
th

e
sp

lit
levels.

S
p

ecifi
cally,

w
e

w
ill

a
ssu

m
e

th
e

follow
in

g.

C
.

T
h
ere

ex
ists

a
δ

0
>

0
su

ch
th

at,
for

an
y

sp
lit

level
λ
∗

of
p

an
d

an
y

0
<

δ
≤

δ
0 ,

th
e

set{x
:
p
(x

)≥
λ
∗

+
δ}

satisfi
es

con
d
ition

s
C

1
a
n
d

C
2

w
ith

con
stan

ts
r
I ,c

I
an

d
C
I

on
ly

d
ep

en
d
in

g
o
n
p
.
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

W
e

also
n
eed

th
e

con
n
ected

com
p

on
en

ts
of

th
e

u
p
p

er
level

sets
righ

t
ab

ov
e

th
e

sp
lit

lev
els

to
satisfy

a
low

-n
oise

con
d
ition

as
follow

s.

S
(α

).
T

h
ere

ex
ist

p
ositiv

e
con

stan
ts
δ
S

an
d
c
S

su
ch

th
at,

fo
r

each
sp

lit
level

λ
∗

of
th

e
d
en

sity
p
,

th
e

follow
in

g
h
old

s.
L

et{C
k }
Kk
=

1
b

e
th

e
con

n
ected

com
p

on
en

ts
of{

x
:
p
(x

)
>
λ
∗}

.
T

h
en

,

m
in

k6=
k ′ d

(C
k ∩
{
p
≥
λ
∗

+
δ}
,C
k ′∩
{
p
≥
λ
∗

+
δ}

)≥
c
S
δ

1
/
α
,
∀
δ∈

(0,δ
S

].
(15)

C
on

d
ition

S
(α

)
con

strain
s

th
e

b
eh

av
ior

of
th

e
d
en

sity
on

ly
a
rou

n
d

th
e

sp
lit

levels.
It

is
a

fairly
com

m
o
n

assu
m

p
tion

in
th

e
literatu

re:
it

coin
cid

es
w

ith
th

e
sepa

ra
tio

n
expo

n
en

t
con

d
ition

of
S
tein

w
art

(2015)
(see

D
efi

n
ition

4.2
th

erein
),

w
h
ich

q
u
an

tifi
es

th
e

sep
aration

of
d
istin

ct
con

n
ected

com
p

on
en

ts
righ

t
ab

ove
th

e
sp

lit
lev

els.
F

u
rth

erm
ore,

S
(α

)
is

im
p
lied

b
y

th
e

loca
l

d
en

sity
regu

la
rity

con
d
ition

s
of

S
in

gh
et

al.
(2009),

w
h
ich

in
tu

rn
is

u
sed

in
J
ia

n
g

(2017a)
to

d
efi

n
e

th
e
β

-regu
la

rity
con

d
ition

for
clu

ster
sep

aration
.

S
tein

w
art

(2015)
p
rov

id
es

several
sp

ecifi
c

ex
am

p
les

of
d
en

sities
satisfy

in
g

th
e

S
(α

)
con

d
ition

.
In

fact,
w

e
p
rove

th
at

con
d
ition

s
C

an
d

S
(α

)
are

verifi
ed

in
a

large
n
on

-p
aram

etric
class

o
f

fu
n
ction

s.
T

h
is

class
con

sists
of

M
orse

d
en

sity
fu

n
ction

s,
w

h
ich

are
w

id
ely

u
sed

in
th

e
d
en

sity
b
ased

clu
sterin

g
an

d
m

o
d
e

estim
ation

an
d

top
ological

d
a
ta

an
aly

sis;
see,

e.g.,
C

h
acón

(2015),
A

rias-C
astro

et
al.

(2016)
an

d
referen

ces
th

erein
.

W
e

recall
th

at
a

fu
n
ction

p
is

M
orse

if
all

its
critical

p
oin

ts
h
av

e
a

n
on

-d
egen

erate
H

essian
.

A
n

eq
u
ivalen

t
an

d
m

ore
in

tu
itiv

e
con

d
ition

is
th

at
p

b
eh

aves
like

a
q
u
ad

ratic
fu

n
ction

arou
n
d

its
critical

p
oin

ts.

P
ro

p
o
sitio

n
2
.

S
u

p
po

se
p

:R
d→

R
is

a
M

o
rse

fu
n

ctio
n

.
T

h
en

p
sa

tisfi
es

C
a
n

d
S

(2
).

A
n
oth

er
in

terestin
g

class
of

d
en

sity
fu

n
ction

s
satisfy

in
g

con
d
ition

s
C

an
d

S
(α

)
can

b
e

ob
tain

ed
as

follow
s.

L
et
α
≥

2
b

e
an

y
in

teger
an

d
f

1
:

[0,1
]→

R
b

e
su

ch
th

at
f

1 (x
)

=
(x−

2)
α
.

T
h
en

,
th

ere
ex

ists
a

p
oly

n
om

ial
f

2
of

d
egree

α
su

ch
th

at
th

e
fu

n
ction

on
R

d
efi

n
ed

p
oin

t-w
ise

as

f
(x

)
=



f
1 (x

),
x
∈

[1,2]

f
2 (x

),
x
∈

[0,1]

0
,

oth
erw

ise,

h
as

con
tin

u
ou

s
d
erivativ

es
u
p

to
ord

er
α−

1
an

d
is

su
ch

th
at
f

(0)
=
f
′(0)

=
,...,=

f
(α−

1
)

=
0.

W
h
en

α
=

3
,
f

is
a

n
atu

ral
sp

lin
e.

F
or

an
y

in
teger

d
≥

1,
let

F
:
R
d
→

R
b

e
su

ch
th

at
F

(x
)

=
f

(‖x‖
2 ).

T
h
en

F
∈

Σ
(α
,L

).
D

en
ote

x
0

=
(2,0

,...,0).
L

et
G

(x
)

=
F

(x
−
x

0 )
+
F

(x
+
x

0 ).
It

is
easy

to
see

th
at

for
a
n
y

0
<
δ≤

1

{G
(x

)≥
δ}

=
B

(x
0 ,2−

δ
1
/
α
)∪

B
(−
x

0 ,2−
δ

1
/
α
).

A
s

a
resu

lt,
con

d
ition

s
C

an
d

S
(α

)
are

triv
ially

satisfi
ed

in
th

is
sim

p
le

case.

O
u
r

m
ain

resu
lt

of
th

is
section

is
to

p
rove

th
at

th
at

th
e

con
clu

sion
of

C
oro

llary
2

still
h
old

s
for

α
>

1,
p
rov

id
ed

th
at

th
e

con
d
ition

s
C

an
d

S
(α

)
a
re

m
et.

T
h

e
o
re

m
1
.

L
et
p
∈

Σ
(α

>
1
,L

)
be

a
n

y
d
en

sity
fu

n
ctio

n
w

ith
co

m
pa

ct
a
n

d
co

n
n

ected
su

p
po

rt
a
n

d
fi

n
itely

m
a
n

y
sp

lit
levels.

S
u

p
po

se
th

a
t

co
n

d
itio

n
s

C
a
n

d
S

(α
)

h
o
ld

fo
r
p
.

If

1
6
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
si
t
y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

h
�
( lo

g
(n

)
n

) 1
/
(2
α

+
d
) ),

th
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1 n
−
O

(h
−
d

ex
p
(−
cn

α
/
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sity
o
f
P

.
T

h
en

,
P

is
sa

id
to

h
a
ve

a
ga

p
a
t
λ
∗

o
f

size
ε,

w
h
ere

0
<
ε
<
λ
∗,

if
P

(S
λ
∗)
>

0
w

ith
L

(∂
S
λ
∗)

=
0

a
n

d

S
λ
∗ −
η \S

λ
∗

=
∅
,
∀
η
∈

(0,ε).
(21)

W
e

im
p

o
se

th
e

con
d
ition

th
atL

(∂
S
λ
∗)

=
0

in
ord

er
to

avoid
p
ath

ologica
l

cases.

T
h
e

a
b

ove
d
efi

n
ition

is
in

d
ep

en
d
en

t
of

th
e

ch
o
ice

of
th

e
d
en

sity
of
P

.
A

t
th

e
sa

m
e

tim
e,

it
a
lso

im
p
lies

th
at
P

ad
m

its
a

L
eb

esgu
e

d
en

sity
p

su
ch

th
at

S
λ
∗

=
cl({x

:
p
(x

)≥
λ
∗}

)
an

d
cl(S

cλ ∗ )
=

cl({x
:
p
(x

)≤
λ
∗−

ε})
.

(22)

H
ere,

g
iven

a
n
y

set
A

,
cl(A

)
d
en

otes
th

e
clo

su
re

of
A

.
In

d
eed

,
it

is
n
ot

h
a
rd

to
see

th
at,

if
p ′

is
an

y
L

eb
esgu

e
d
en

sity
of
P

,
th

en
th

e
fu

n
ction

p
(x

)
=

{
m

ax{p ′(x
),λ
∗}

x
∈
S
λ
∗

m
in{

p ′(x
),λ
∗−

ε}
x
∈
S
cλ ∗

is
a
lso

a
d
en

sity
of
P

,
an

d
satisfi

es
(22).

T
h
u
s,

w
ith

a
sligh

t
ab

u
se

of
n
ota

tion
,

w
e

m
ay

also
sp

eak
o
f

“
th

e”
d
en

sity
p

even
in

th
is

case,
w

ith
th

e
u
n
d
erstan

d
in

g
th

at
w

e
are

referrin
g

to
an

y
d
en

sity
o
f
P

for
w

h
ich

(22)
h
old

s.
S
ee

F
igu

re
2

for
an

illu
stration

.
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

F
igu

re
2:

T
h
e

left
p
lot

d
ep

icts
a

on
e

d
im

en
sion

a
l

d
en

sity
w

ith
gap

of
size

ε
at

lev
el
λ

.
It

is
clear

th
at
{
λ
<
p
≤
λ

+
ε}

is
an

em
p
ty

set.
T

h
e

righ
t

p
lot

d
ep

icts
5
00

i.i.d
sam

p
lin

g
from

a
tw

o
d
im

en
sion
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d
en

sity
w

ith
a

gap
.
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is
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at
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e
d
en
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e

b
ack

grou
n
d

an
d

h
igh
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e
d
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cen
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at
(-1,-1)

an
d

in
th

e
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u
are

cen
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(1,1).

F
in

d
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g
th

e
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p
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w
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low

d
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sity
valu

es
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b
e
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ou

gh
t

of
as

ou
tliers

d
etection

in
th

is
case.

T
h
ou

gh
fairly
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e,

th
e

scen
a
rio
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a

d
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u
tion

w
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a
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is
q
u
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terestin

g
for
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e

p
u
rp

ose
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b
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clu
sterin

g
an

d
level

set
estim
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.

In
d
eed

,
th

is
situ

ation
en

com
-

p
asses

th
e

id
eal

clu
sterin

g
scen

ario,
d
ep

icted
as

ex
am

p
les

in
F

igu
res

1
an

d
5

in
th

e
origin

al
D

B
S
C

A
N

p
ap

er
E

ster
et

al.
(1996),

of
a

p
iece-w

ise
con
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t

d
en
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th

at
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low
ev
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w

h
ere
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su
p
p

ort
w

ith
th

e
ex

cep
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of
a
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con

n
ected

,
fu

ll-d
im

en
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al
region

s,
or

clu
sters,

w
h
ere

it
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h
igh

er
b
y

a
certain
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n
t

(in
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r
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e

gap
ε).

T
h
e

size
of

th
e

gap
p
aram
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ε
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d
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e

m
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d
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g
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b
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aff
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e

d
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lty

of
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e
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g
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,

w
h
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b
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h
a
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th
e

p
aram
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sm
aller.

T
o

form
ally

cap
tu

re
th

e
d
ep

en
d
en

ce
on

th
e

d
istan

ce
b

etw
een

clu
sters

w
e

set

S
λ
∗

=
I⋃i=

1 C
i ,

w
h
ere

(C
1 ,...,C

I )
are

d
isjoin

t,
con

n
ected

,
(n

ecessarily
)
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of
p

ositive
P

m
easu

re
an

d
let

σ
=

m
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i6=
j

d
ist(C

i ,C
j )
>

0
(23)

b
e
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e

m
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.
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d
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at
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b
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h
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w
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p
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R
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o
r
D
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-B

a
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C
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e
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st
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e

se
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at
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p
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it
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h
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e
d
o

n
ot
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e
th
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en
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in

ou
t

n
ot

at
io

n
fo

r
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se
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ad

ab
il
it

y
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th
u
s

al
lo

w
in

g
fo

r
h
ar

d
er

cl
u
st

er
in

g
p
ro

b
le

m
s

as
a

fu
n
ct

io
n

of
th

e
sa

m
p
le

si
ze

.
In

th
e

n
ex

t
si

m
p
le

re
su

lt
,

w
e

sh
ow

th
at

a
fl
at

ve
rs

io
n

of
th

e
va

n
il
la

D
B

S
C

A
N

al
go

ri
th

m
gi

ve
n

in
A
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or

it
h
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1,
w

it
h

su
it
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ch
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s

fo
r

th
e

in
p
u
t

p
ar

am
et

er
s,

ca
n

op
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m
al

ly
es

ti
m

at
e

th
e

cl
u
st

er
s

at
λ
∗

at
a

ra
te

th
at

d
ep

en
d

ex
p
li
ci

tl
y
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b

ot
h
ε

an
d
σ

.

P
ro

p
o
si

ti
o
n

4
.

L
et
{X

1
,.
..
,X

n
}

be
a
n

i.
i.

d
.

sa
m

p
le

fr
o
m

a
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n
P

th
a
t

h
a
s

a
ga

p
o
f

si
ze
ε

a
t

le
ve

l
λ
∗ .

S
et
a
n

=
C

1

√
lo

g
(n

)+
lo

g
(1
/
h

)
n
h
d

a
s

in
(7

)
a
n

d
su

p
po

se
th

e
in

p
u

t
pa

ra
m

et
er

s
h

a
n

d
k

o
f

th
e

D
B

S
C

A
N

a
lg

o
ri

th
m

a
re

su
ch

th
a
t

σ
/4
≥
h
≥
C

(
lo

g
(n

)

n
ε2

) 1
/
d

a
n

d
k

=
dn
h
d
V
d
λ
e,

(2
4)

fo
r

a
n

y
C
>

0
su

ch
th

a
t

2a
n
<
ε

a
n

d
a
n

y
λ

in
(λ
∗
−
ε

+
a
n
,λ
∗
−
a
n
].

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1/
n

:

i.
si

m
u

lt
a
n

eo
u

sl
y

o
ve

r
a
ll

co
n

n
ec

te
d

se
ts
A

su
ch

th
a
t
A

2
h
⊂
C i

,
fo

r
so

m
e
i,

a
ll

th
e

sa
m

p
le

po
in

ts
in
A

,
if

a
n

y,
be

lo
n

g
to

th
e

sa
m

e
co

n
n

ec
te

d
co

m
po

n
en

t
o
f
G
k
,h

;

ii
.

si
m

u
lt

a
n

eo
u

sl
y

o
ve

r
a
ll

co
n

n
ec

te
d

se
ts
A

a
n

d
A
′

su
ch

th
a
t
A

2
h
⊂
C i

a
n

d
A
′ 2
h
⊂
C j

,
fo

r
so

m
e
i
6=
j,

th
e

sa
m

p
le

po
in

ts
in
A

a
n

d
A
′ ,

if
a
n

y,
be

lo
n

g
to

d
is

ti
n

ct
co

n
n

ec
te

d
co

m
po

n
en

ts
o
f
G
k
,h

.

T
h
e

d
efi

n
it

io
n

of
A

2
h

an
d
A
−

2
h

ca
n

b
e

fo
u
n
d

in
(1

).
N

ot
ic

e
th

at
th

e
ab

ov
e

re
su

lt
s

h
ol

d
tr

u
e

fo
r

al
l
n

la
rg

e
en

ou
gh

su
ch

th
at
a
n
<
ε/

2.
P

ro
p

os
it

io
n

4
im

p
li
es

th
e

D
B

S
C

A
N

a
lg

or
it

h
m

w
il
l

y
ie

ld
cl

u
st

er
in

g
co

n
si

st
en

cy
,

in
th

e
se

n
se

of
C

h
au

d
h
u
ri

et
al

.
(2

01
4)

,
p
ro

v
id

ed
th

at
it

s
in

p
u
t

p
ar

am
et

er
s

fu
lfi

ll
(2

4)
h
ol

d
s.

In
p
ar

ti
cu

la
r,

th
is

re
su

lt
re

q
u
ir

es
th

at
th

e
sa

m
p
le

si
ze

re
la

te
s

to
th

e
ga

p
p
ar

am
et

er
ε

an
d

th
e

se
p
ar

at
io

n
p
ar

am
et

er
σ

ac
co

rd
in

g
to

th
e

in
eq

u
al

it
y

n
≥
C

1

ε2
σ
d
,

fo
r

so
m

e
co

n
st

an
t
C

,
d
ep

en
d
in

g
on

d
.

In
fa

ct
,

su
ch

sc
al

in
g

is
n
ea

rl
y

m
in

im
ax

op
ti

m
al

:
n
o

ot
h
er

cl
u
st

er
in

g
al

go
ri

th
m

s
ca

n
gu

ar
an

te
e

cl
u
st

er
co

n
si

st
en

cy
u
n
d
er

th
e

sa
m

e
as

su
m

p
ti

on
s

an
d

w
it

h
a

b
et

te
r

sa
m

p
le

co
m

p
le

x
it

y
as

a
fu

n
ct

io
n

of
b

ot
h
ε

an
d
σ

.
T

h
is

re
su

lt
s

fo
ll
ow

s
fr

om
th

e
lo

w
er

b
ou

n
d

gu
ar

an
te

e
gi

ve
n

in
T

h
eo

re
m

V
I.

1
of

C
h
au

d
h
u
ri

et
al

.
(2

01
4)

,
w

h
er

e
w

e
ta

ke
n
ot

ic
e

th
at

th
e

p
ar

am
et

er
s
σ

an
d
ε

h
av

e
d
iff

er
en

t,
th

ou
gh

re
la

te
d
,

m
ea

n
in

g;
se

e
A

p
p

en
d
ix

C
.4

.
In

fa
ct

,
th

e
re

su
lt

s
in

P
ro

p
os

it
io

n
4

ca
n

b
e

fu
rt

h
er

ex
te

n
d
ed

to
h
ol

d
ov

er
m

or
e

ge
n
er

al
se

tt
in

gs
of

ar
b
it
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ry

d
en

si
ti

es
;

se
e

A
p
p

en
d
ix

D
.

W
e

co
n
cl

u
d
e

b
y

n
ot

in
g

th
at

th
e

ga
p

si
ze
ε

an
d

th
e

se
p
ar

at
io

n
p
ar

am
et

er
s
σ

q
u
an

ti
fy

tw
o

ve
ry

se
p
ar

at
e

n
ot

io
n
s

of
in

tr
in

si
c

d
iffi

cu
lt

y
of

cl
u
st

er
in

g
th

at
ar

e
u
n
re

la
te

d
to

ea
ch

ot
h
er

,
an

d
th

e
cl

u
st

er
in

g
p
ro

b
le

m
b

ec
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es
im

p
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si
b
le

w
h
en

ev
er

ei
th

er
on

e
of

th
em

b
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o
m

es
so
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l
to

v
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la
te

th
e

lo
w

er
b

ou
n
d

(5
3)

,
re

ga
rd

le
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of
th

e
ot

h
er

.
In

p
ar

ti
cu

la
r,

it
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ea
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to
gi

ve
ex
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p
le

s
in

w
h
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h
th

e
cl

u
st

er
in

g
ta
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is

im
p

os
si

b
le
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so
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b
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is
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en

if
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an
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e

ot
h
er
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ou

n
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b
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p
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h
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tt
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e
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p
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p
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at
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p
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e

D
B

S
C

A
N

al
go

ri
th

m
re

d
u
ce

s
to

th
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.
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ts

a
se

t
o
f

n
o
d
es

G
h
,k

.
O

n
e

th
en

m
ay

co
n
st

ru
ct

th
e

es
ti

m
at

or

Ŝ
h

=
⋃

X
j
∈G

h
,k

B
(X

j
,h

)
(2

5
)

co
m

p
ri

se
d

of
a

u
n
io

n
of

b
al

ls
ar

ou
n
d

su
ch

p
oi

n
ts

,
an

d
u
se

it
as

an
es

ti
m

at
o
r

o
f

th
e

co
rr

e-
sp

on
d
in

g
h
ig

h
d
en

si
ty

re
gi

on
S

=
S
λ
∗

=
∪I i

=
1
C i

co
n
si

st
in

g
of

al
l

th
e

cl
u
st

er
s.

W
e

m
ea

su
re

th
e

p
er

fo
rm

an
ce

of
a
n
y

es
ti

m
at

or
Ŝ

w
it

h
th

e
L

eb
es

g
u
e

m
ea

su
re

o
f

it
s

sy
m

m
et

ri
c

d
iff

er
en

ce
w

it
h
S

:

L
( S

∆
Ŝ
)

=
L
( S
∩
Ŝ
c
)

+
L
( S

c
∩
Ŝ
) .

W
e

w
il
l

in
ad

d
it

io
n

im
p

os
e

th
e

fo
ll
ow

in
g

co
n
d
it

io
n
:

R
.

(L
ev

el
se

t
re

gu
la

ri
ty

).
T

h
er

e
ex

is
ts

co
n
st

an
ts
h

0
>

0
an

d
C

0
>

0
su

ch
th

a
t,

fo
r

al
l

h
∈

(0
,h

0
),

L
(S
h
\S
−
h
)
≤
C

0
h
,

w
h
er

e
S
h

an
d
S
−
h

ar
e

d
efi

n
ed

in
(1

).
C

on
d
it

io
n

R
is

v
er

y
m

il
d
.

In
d
ee

d
,

if
∂
S

is
C

2
,

th
en

th
e

se
t
N
h

:=
S
h
\S
−
h

is
th

e
tu

b
u
la

r
n
ei

gh
b

or
h
o
o
d

(s
ee

,
e.

g.
H

ir
sc

h
,

20
12

)
of
∂
S

in
R
d
.

In
p
ar

ti
cu

la
r,

ev
er

y
co

m
p
a
ct

d
o
m

a
in

in
R
d

w
it

h
C

2
b

ou
n
d
ar

y
sa

ti
sfi

es
co

n
d
it

io
n

R
.

In
th

is
ca

se
C

0
�
V
d
−

1
|∂
S
|,

w
h
er

e
|∂
S
|d

en
o
te

s
th

e
su

rf
ac

e
v
ol

u
m

e
of
S

.
W

e
al

so
n
ot

e
th

at
R

is
eq

u
iv

al
en

t
to

th
e

“s
m

o
o
th

b
o
u
n
d
a
ry

”
co

n
d
it

io
n

in
S
te

in
w

ar
t

(2
01

5)
.

P
ro

p
o
si

ti
o
n

5
.

L
et
{X

1
,.
..
,X

n
}

be
a
n

i.
i.

d
.

sa
m

p
le

fr
o
m

a
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n
P

th
a
t

h
a
s

a
ga

p
o
f

si
ze
ε

a
t

le
ve

l
λ
∗ .

L
et
a
n

=
C
√

lo
g
(n

)+
lo

g
(1
/
h

)
n
h
d

be
d
efi

n
ed

a
s

in
(7

).
S

u
p
po

se
th

e

in
p
u

t
pa

ra
m

et
er

s
(h
,k

)
o
f

th
e

D
B

S
C

A
N

a
lg

o
ri

th
m

sa
ti

sf
y

h
0
≥
h
≥
C

(
lo

g
(n

)

n
ε2

) 1
/
d

a
n

d
k

=
dn
h
d
,V

d
λ
e

(2
6
)

fo
r

a
n

y
C
>

0
su

ch
th

a
t

2a
n
<
ε

a
n

d
a
n

y
λ

in
(λ
∗
−
ε

+
a
n
,λ
∗
−
a
n
].

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1/
n

,
L(
S
4
Ŝ
h
)
≤

2C
0
h
,

w
h
er

e
C

0
is

d
efi

n
ed

in
R

a
n

d

Ŝ
h

=
⋃

X
j
∈G

h
,k

B
(X

j
,h

)
(2

7
)
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L
R
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0,
 2
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

S
im

ila
rly

to
P

rop
osition

4,
th

e
ab

ov
e

resu
lts

h
old

tru
e

for
all

n
large

en
ou

gh
su

ch
th

at
a
n
<
ε/2

.
If
P

(X
∈
S

)
=

1,
th

e
level

set
estim

ator
Ŝ
h

is
also

a
su

p
p

ort
estim

ator
an

d
ε

=
in

f
x∈
S
p
(x

).
In

th
is

case,
P

rop
osition

5
say

s
th

at
if

th
e

low
er

b
ou

n
d

on
th

e
d
en

sity
va

n
ish

es
n
o

fa
ster

th
an

O
(n
−

1
/
2),

th
en

su
p
p

ort
estim

ation
is

still
p

o
ssib

le.
B

elow
w

e
sh

ow
th

at
th

e
error

b
ou

n
d

giv
en

in
P

rop
osition

5
is

m
in

im
ax

op
tim

al
u
p

to
log

fa
ctors.

C
o
n
sid

erP
n
(h

0 ,ε),
th

e
class

o
f

p
rob

ab
ility

d
istrib

u
tion

of
n

i.i.d
.

ran
d
om

v
ectors

in
R
d

w
h
ose

com
m

on
d
en

sity
ex

h
ib

it
a

gap
of

size
ε

su
ch

th
at

co
n
d
ition

(22)
h
old

s,
an

d
sa

tisfy
in

g
co

n
d
ition

R
w

ith
p
aram

eter
h

0
>

0.
T

h
en

P
rop

osition
5

sh
ow

s
th

at,
for

all
n

la
rg

e
en

o
u
g
h
,

su
p

P
∈P

n
(h

0
,ε) E

P

(
S4

Ŝ
h )

=
O

(
(

log
(n

)

n
ε
2

)
1
/
d )

,

p
rov

id
ed

th
a
t
h

is
of

th
e

ord
er
(

lo
g
(n

)
n
ε
2

)
1
/
d.

O
u
r

n
ex

t
resu

lt
p
rov

id
es

a
n
early

-m
atch

in
g

low
er

b
o
u
n
d
.

P
ro

p
o
sitio

n
6
.

T
h
ere

exist
co

n
sta

n
ts
h

0
a
n

d
c,

d
epen

d
in

g
o
n

ly
o
n
d

su
ch

th
a
t

fo
r

a
n

y
ε≤

1
/4

,
fo

r
a
ll
n

la
rge

en
o
u

gh
h
ere

exist
p
ro

ba
bility

d
istribu

tio
n

s{P
1 ,...,P

M
}

in
P
n
(h

0 ,ε)
su

ch
th

a
t

in
fŜ

su
p

i=
1
,...,M

E
P
i (L

(Ŝ4
S

) )
≥
c

m
in {

(
1n
ε
2 )

1
/
d

,1 }
,

w
h
ere

th
e

in
fi

m
u

m
is

w
ith

respect
to

a
ll

estim
a
to

rs
o
f
S

.

T
h
u
s,

if
lo

g
(n

)
n
ε
2
→

0
as
n
→
∞

(so
th

at
con

d
ition

(26)
is

ev
en

tu
ally

satisfi
ed

),
th

en
th

e
b

o
u
n
d
s

g
iven

in
P

rop
osition

5
an

d
P

rop
osition

6
m

atch
,

u
p

to
a

log
(n

)
factor.

T
h
at

is,
w

ith
su

ita
b
le

ch
oice

of
in

p
u
t,

D
B

S
C

A
N

can
op

tim
ally

estim
ate

th
e

level
set

S
at

th
e

gap
.

T
h
e

p
erform

an
ce

of
th

e
D

ev
roye-W

ise
estim

ator
is

a
w

ell-estab
lish

ed
top

ic
in

th
e

liter-
a
tu

re:
see,

e.g
.,

T
h
eorem

4
an

d
5

in
C

u
evas

an
d

R
o
d
ŕıgu

ez-C
asal

(2004).
O

u
r

con
trib

u
tio

n
in

th
is

reg
a
rd

is
tw

o
fold

:
w

e
allow

for
an

ex
p
licit

d
ep

en
d
en

ce
on

th
e

gap
size

p
aram

eter
ε

a
n
d

d
eliv

er
m

in
im

ax
low

er
b

ou
n
d
s.

O
u
r

rate
of

con
vergen

ce
con

fi
rm

s
th

e
in

tu
ition

th
at

a
sm

a
ller

g
a
p

size
lead

s
to

a
h
ard

er
estim

ation
p
rob

lem
.

6
.
D
iscu

ssio
n

In
th

is
a
rticle

w
e

p
rop

ose
a

n
ew

n
otion

of
con

sisten
cy

for
estim

atin
g

th
e

clu
sterin

g
stru

c-
tu

re
u
n
d
er

variou
s

con
d
ition

s.
O

u
r

an
aly

sis
sh

ow
s

th
at

th
e

D
B

S
C

A
N

algorith
m

is
m

in
im

ax
o
p
tim

a
l.

In
terestin

gly,
th

e
rates

m
atch

,
u
p

to
log

term
s,

m
in

im
ax

rates
fo

r
d
en

sity
estim

a-
tio

n
in

th
e

su
p
rem

e
n
orm

for
H

ölo
d
er

sm
o
oth

d
en

sities.
In

p
articu

lar,
ou

r
resu

lts
p
rov

id
e

a
co

m
p
lete,

rigorou
s

ju
stifi

cation
to

th
e

p
lau

sib
le

b
elief,

com
m

on
ly

h
eld

in
d
en

sity
-b

ased
clu

sterin
g,

th
at

clu
sterin

g
is

as
d
iffi

cu
lt

as
d
en

sity
estim

ation
.

In
th

e
rest

of
th

e
d
iscu

ssion
sectio

n
,

w
e

w
ill

com
p
are

ou
r

n
otion

of
sep

aration
w

ith
oth

er
ex

istin
g

on
es

in
th

e
literatu

re.
F

o
r

th
e

sa
ke

of
ex

p
osition

,
w

e
w

ill
follow

th
e

con
ven

tion
u
sed

in
m

u
ch

of
th

e
literatu

re
o
n

d
en

sity
-b

ased
clu

sterin
g

of
assu

m
in

g
th

at
th

e
clu

ster
tree

of
th

e
d
ata

gen
eratin

g
d
istrib

u
-

tio
n

in
fa

ct
co

rresp
on

d
s

to
th

e
h
ierarch

y
of

th
e

u
p
p

er
lev

el
sets

of
a

ca
n
on

ical
d
en

sity
p
.

A
s

ex
p
la

in
ed

in
S
tein

w
art

(2015),
th

is
d
efi

n
ition

is
in

gen
eral

n
ot

w
ell-p

osed
,

sin
ce

d
iff

eren
t

d
en

sities
w

ill
y
ield

d
iff

eren
t

trees.

2
3

JM
L

R
 20(170):1-50, 2019

W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

6
.1

.
H

a
rtig

a
n

c
o
n

siste
n

c
y

in
H

a
rtig

a
n

(1
9
8
1
)

W
e

follow
C

h
au

d
h
u
ri

an
d

D
asgu

p
ta

(2010)
an

d
E

ld
rid

ge
et

al.
(201

5)
in

d
efi

n
in

g
H

artigan
con

sisten
cy

in
term

s
of

th
e

d
en

sity
clu

ster
tree.

D
e
fi

n
itio

n
8

(H
artigan

con
sisten

cy
).

L
et
T̂
n

be
a

clu
ster

tree
estim

a
to

r
co

n
stru

cted
fro

m
i.i.d

.
d
a
ta
{
X
i }
ni=

1
fro

m
a

d
isribu

tio
n
P

w
ith

L
ebesgu

e
d
en

sity
p
.

F
o
r

a
n

y
pa

ir
o
f

su
bsets

A
a
n

d
A
′,

let
d
en

o
te
A
n

a
n

d
A
′n

be
th

e
sm

a
llest

clu
sters

o
f
T̂
n

co
n

ta
in

in
g
A
∩
{X

i }
ni=

1
a
n

d

A
′∩
{X

i }
ni=

1 ,
respectively.

T
h
e

clu
ster

tree
estim

a
to

r
T̂
n

is
H

a
rtiga

n
co

n
sisten

t
if,

fo
r

a
n

y
pa

ir
o
f

sets
A

a
n

d
A
′

belo
n

gin
g

to
d
istin

ct
co

n
n

ected
co

m
po

n
en

ts
o
f{x

:
p
(x

)≥
λ}

fo
r

so
m

e
λ

,
P

(A
n ∩

A
′n

=
∅
)→

1
a
s
n
→
∞

.

It
is

im
m

ed
iate

from
D

efi
n
ition

3
th

a
t

a
δ-con

sisten
t

clu
ster

tree
is

also
H

artigan
co

n
-

sisten
t.

W
h
ile

H
a
rtigan

con
sisten

cy
is

a
sim

p
le

form
of

po
in

t-w
ise

clu
ster

tree
co

n
sisten

cy,
w

h
ich

h
old

s
for

each
fi
x
ed

p
airs

of
d
isjo

in
t

clu
sters,

δ-con
sisten

cy
is

a
stron

ger
g
u
aran

-
tee,

as
it

y
ield

s
u

n
ifo

rm
con

sisten
cy

over
all

δ-sep
arated

clu
sters

an
d
,

fu
rth

erm
ore,

gives
con

sisten
cy

rates
d
ep

en
d
in

g
on

th
e

valu
e

of
th

e
sep

aration
p
aram

eter
δ.

6
.2

.
C

o
m

p
a
riso

n
w

ith
th

e
M

e
rg

e
d

isto
rtio

n
m

e
tric

T
h
e

n
otion

of
δ-sep

aration
is

closely
related

to
th

e
n
otion

of
m

erge
d
ista

n
ce

in
tro

d
u
ced

b
y

E
ld

rid
ge

et
al.

(2015),
w

h
ich

w
e

p
resen

t
n
ex

t.

D
e
fi

n
itio

n
9
.

L
et
p

a
n

d
q

be
L

ebesgu
e

d
en

sities
in

R
d

a
n

d
let

T
p

a
n

d
T
q

be
th

e
co

rrespo
n

d
in

g
clu

ster
d
en

sity
trees.

T
h
e

m
erge

d
isto

rtio
n

d
ista

n
ce

betw
een

T
p

a
n

d
T
q

is
d
efi

n
ed

a
s

d
M

(T
p ,T

q )
=

su
p

x
,y∈

R
d |m

p (x
,y

)−
m
q (x

,y
)|,

w
h
ere,

fo
r

a
L

ebesgu
e

d
en

sity
p
,

m
p (x

,y
)

=
su

p{λ
>

0
∈
R

:
th

ere
exists

C
∈
T
p (λ

)
su

ch
th

a
t{
x
,y}
⊂
C
}
.

T
h
e

origin
al

d
efi

n
ition

of
m

erge
d
isto

rtion
m

etric
is,

in
fa

ct,
m

ore
gen

eral
b
u
t,

w
h
en

sp
ecialized

to
ou

r
settin

gs,
red

u
ces

to
th

e
on

e
giv

en
ab

ove.
T

h
e

m
erge

d
istortion

d
istan

ce
is

closely
related

to
th

e
L
∞

d
istan

ce
b

etw
een

d
en

sities.
In

fact,
b
y

T
h
eorem

17
in

E
ld

rid
ge

et
al.

(2015),
d
M

(T
p ,T

q )≤
‖
p−

q‖∞
,

so
th

at,
if{p

n }
n

is
a

seq
u
en

ce
of

L
eb

esgu
e

d
en

sities,
th

en
‖p
n −

p‖
→

0
im

p
lies

th
at
d
M

(T
p
n
,T

p )→
0.

In
fact,

L
em

m
a

1
in

A
p
p

en
d
ix

F
of

K
im

et
al.

(2016)
sh

ow
s

th
at,

if
p

an
d
q

are
con

tin
u
ou

s,
th

en
d
M

(T
p ,T

q )
=
‖p−

q‖∞
.

A
s

a
resu

lt,
for

th
e

class
of

con
tin

u
ou

s
(an

d
,

in
p
a
rticu

lar,
H

öld
er

sm
o
oth

)
d
en

sities,
clu

ster
con

sisten
cy

in
th

e
m

erge
d
isto

rtio
n

d
istan

ce
is

eq
u
ivalen

t
to

clu
ster

con
sisten

cy
b
ased

on
th

e
δ-sep

aration
criterion

,
w

h
ich

in
tu

rn
is

eq
u
ivalen

t
to

estim
ation

con
sisten

cy
of

th
e

u
n
d
erly

in
g

d
en

sity
in

th
e
L
∞

n
orm

.
T

h
e

ab
ov

e
statem

en
t

im
m

ed
iately

ap
p
lies

to
th

e
n
äiv

e
clu

ster
tree

estim
ator

T
p̂
h
n

b
u
ilt

u
sin

g
th

e
level

sets
of

an
y

d
en

sity
estim

ator
p̂
h
n

th
at

is
con

tin
u
ou

s
an

d
,

as
h
n
→
∞

,
con
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n
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∈
U

,
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e

ex
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a
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s
P

:
[0
,1

]
→
U

su
ch

th
a
t
P
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=
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P

(1
)

=
y

.

T
h
e

m
ai

n
re
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n
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te
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th
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if
U
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op
en

se
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R
d
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th
en

U
is
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n
n
ec

te
d
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an

d
on
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p
at

h
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n
n
ec

te
d
.
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h
er

ef
or

e
a

si
m
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le

b
u
t

u
se

fu
l
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se
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u
en
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th
at

fo
r

an
y
λ
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th

e
co

n
n
ec

te
d

co
m

p
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en
ts

of
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}

ar
e
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so

th
e

p
at

h
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n
n
ec

te
d

co
m

p
on

en
ts

.
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e
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p
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u
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p
er
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an
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w
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h
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h
er
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e
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it
te

d
an
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n
b
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n
d
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n
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or
an

y
ot

h
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p
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

fr
o
m

S
e
ct
io
n
4

W
e

b
eg

in
b
y

ju
st

if
y
in

g
(6

).
S
in

ce
th

is
is

a
w

el
l

k
n
ow

n
re

su
lt

,
w

e
si

m
p
ly

u
se

a
re

su
lt

o
f

S
ri

p
er

u
m

b
u
d
u
r

an
d

S
te

in
w

ar
t

(2
01

2)
.

W
e

w
il
l

as
su

m
e

th
e

fo
ll
ow

in
g

co
n
d
it

io
n

fo
r

th
e

ke
rn

el
K

w
h
ic

h
is

fa
ir

ly
st

an
d
ar

d
in

th
e

n
on

-p
a
ra

m
et

ri
c

li
te

ra
tu

re
.

V
C

.
T

h
e

ke
rn

el
K

:
R
d
→

R
h
as

b
ou

n
d
ed

su
p
p

or
t

an
d

in
te

gr
at

es
to

1.
L

et
F

b
e

th
e

cl
a
ss

of
fu

n
ct

io
n
s

of
th

e
fo

rm

z
∈
R
d
7→
K

(x
−
z
)
,

z
∈
R
d
.

T
h
en

,
F

is
a

u
n
if

or
m

ly
b

ou
n
d
ed

V
C

cl
as

s:
th

er
e

ex
is

t
p

os
it

iv
e

co
n
st

an
ts
A

a
n
d
v

su
ch

th
at

su
p
P
N

(F
,L

2
(P

),
ε‖
F
‖ L

2
(P

))
≤

(A
/ε

)v
,

w
h
er

e
N

(T
,d
,ε

)
d
en

ot
es

th
e
ε-

co
ve

ri
n
g

n
u
m

b
er

of
th

e
m

et
ri

c
sp

ac
e

(T
,d

),
F

is
th

e
en

ve
lo

p
e

fu
n
ct

io
n

of
F

an
d

th
e

su
p

is
ta

ke
n

ov
er

th
e

se
t

of
al

l
p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
d
.

T
h
e

co
n
st

an
ts
A

an
d
v

ar
e

ca
ll
ed

th
e

V
C

ch
ar

ac
te

ri
st

ic
s

of
th

e
ke

rn
el

.

T
h
e

as
su

m
p
ti

on
V

C
h
ol

d
s

fo
r

a
la

rg
e

cl
as

s
of

ke
rn

el
s,

in
cl

u
d
in

g
an

y
co

m
p
a
ct

su
p
p

o
rt

ed
p

ol
y
n
om

ia
l

k
er

n
el

an
d

th
e

G
au

ss
ia

n
ke

rn
el

.
S
ee

N
ol

an
an

d
P

ol
la

rd
(1

9
87

)
a
n
d

G
in

é
a
n
d

G
u
il
lo

u
(2

00
2)

.

P
ro

p
o
si

ti
o
n

7
(S

ri
p

er
u
m

b
u
d
u
r

an
d

S
te

in
w

ar
t

(2
01

2)
).

L
et
P

be
th

e
p
ro

ba
bi

li
ty

m
ea

su
re

o
n

R
d

w
it

h
L

eb
es

gu
e

d
en

si
ty

bo
u

n
d
ed

by
‖p
‖ ∞

a
n

d
a
ss

u
m

e
th

a
t

th
e

ke
rn

el
K

be
lo

n
gs

to
L
∞

(R
d
)
∩
L

2
(R

d
)

sa
ti

sfi
es

th
e

V
C

a
ss

u
m

p
ti

o
n

.
T

h
en

fo
r

a
n

y
γ
>

0
a
n

d
h
>

0
,

th
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

t
C

d
ep

en
d
in

g
o
n

th
e

V
C

ch
a
ra

ct
er

is
ti

c
o
f
K

su
ch

th
a
t,

w
it

h
p
ro

ba
bi

li
ty

n
o

sm
a
ll

er
th

a
n

1
−
e−

γ
,

‖p
h
−
p̂
h
‖ ∞
≤

C n
h
d

(
γ
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v

lo
g

2
A

√
h
d
‖p
‖ ∞
‖K
‖2 2

)
+
C

√
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p
‖ ∞

n
h
d

(
γ
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‖2 2

lo
g

2A
√
h
d
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‖ ∞
‖K
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)

L
e
m
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4
.
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u

p
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A
′
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n

d
A
′
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o

cl
u
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er
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o
f
T
p
(λ

)
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n

d
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ey
a
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ra
te

d
.

T
h
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r
m
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ge

h
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gh
t
m
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′ )

sa
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f
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−
δ.

P
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o
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B
y

D
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n
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io
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e
A

an
d
A
′ b

el
o
n
g

d
is
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n
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n
n
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te
d
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m

p
on

en
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o
f
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>
λ
−
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.
F
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e
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k
e
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n
tr
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ti
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,
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p
p

os
e m
f
(A
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′ )
>
λ
−
δ.

T
h
er

ef
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e
th
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e
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ts
λ
′
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th
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m
f
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>
λ
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>
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−
δ

an
d

th
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b
y

D
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n
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io
n

9
A

an
d
A
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b
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n
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te
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m

p
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en
t

of
{p
≥
λ
′ }.

T
h
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n
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a
d
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o
n

b
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a
u
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≥
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⊂
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>
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−
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
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d
C
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e
r
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im
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t
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B
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.
P
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o
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c
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n
4
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P
roo

f
o
f

p
ro
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n
1
.

T
o

sh
ow

p
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osition
1
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w

e
b

eg
in

b
y
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d
u
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g
a
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d
ard

top
ology

lem
m

a
.
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m
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5
.

S
u

p
po

se
p

:
R
d
→

R
a
re

co
m

pa
ctly

su
p
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rted
.

If
A

a
n

d
A
′
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re

in
th

e
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m
e

co
n

n
ected

co
m

po
n

en
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o
f{
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≥
λ
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r
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th

a
t
λ
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λ
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A
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n

d
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′
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in
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e
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m
e

co
n

n
ected
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m

po
n

en
ts

o
f{
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≥
λ

0 }
,

w
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λ
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i .

P
roo

f
o
f

lem
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5
.

L
etC

i
b

e
th

e
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n
ected

com
p

on
en

t
of{

p
≥
λ
i }

th
at

con
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s
A

an
d
A
′.

T
h
u
s
C
i

are
co

m
p
act

an
d

con
n
ected

.
S
in

ce
C
i+

1
⊂
C
i

for
all

i≥
1, ⋂

∞i=
1 C

i
is

con
n
ected

.
T

h
u
s
A
,A
′⊂

⋂
i C
i ⊂
{p
≥
λ

0 }
.

C
o
n
sid

er

λ
∗

=
su

p{λ
:
A
,A
′

b
elon

gs
to

th
e

sam
e

co
n
n
ected

com
p

on
en

ts
of{

p
≥
λ}}

T
h
en

λ
2
≤
λ
∗
≤
λ

1 .
B

y
lem

m
a

5
,
A

an
d
A
′

are
in

th
e

sam
e

con
n
ected

com
p

on
en

ts
of

{p
≥
λ
∗}

.
T

h
u
s
λ

2 ≤
λ
∗
<
λ

1 .
In

o
rd

er
to

sh
ow

th
at
λ
∗

is
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lit
level,

it
su

ffi
ces

to
sh

ow
th

at
A

an
d
A
′

are
in

th
e

d
iff

eren
t

co
n
n
ected

co
m

p
on

en
ts

of{p
>
λ
∗}

.
S
u
p
p

ose
for

th
e

sake
of

con
trad

iction
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at
A

an
d
A
′
are

co
n
n
ected

in
{
p
>
λ
∗}

.
T

h
en
A

an
d
A
′

a
re

p
ath

con
n
ected

as{
p
>
λ
∗}

is
op

en
.

T
h
u
s

th
ere

ex
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con
n
ects

A
an

d
A
′

in
{
p
>
λ
∗}.

S
in

ce
P

is
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p
act,

p
(P

)
>
λ
∗
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at
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a
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λ
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d
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′⊂
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≥
λ
∗
+
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.
T

h
u
s
A

an
d
A
′
b
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g
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e
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n
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en
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con
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y
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f
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A
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n
d
A
′

b
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e

d
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eren
t

con
n
ected

com
p

on
en

ts
of{p

≥
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+
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.

P
roo

f
o
f

co
ro
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ry
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.

S
u
p
p
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A

an
d
A
′

are
δ

sep
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w
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ect

to
λ

.
T

h
en

A
an

d
A
′

b
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n
gs
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d
istin
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n
ected

com
p

on
en

ts
of{

p
>
λ
−
δ}

w
h
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λ
=
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x∈
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∪
A
′f

(x
).

L
et

0
<
ε≤

δ
b

e
given

.
T

h
en

sin
ce{

p
≥
λ−

δ
+
ε}
⊂
{p
>
λ−

δ}
,
A

an
d
A
′

b
elon

gs
to

d
istin
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n
n
ected
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m

p
on

en
ts

of{
p
≥
λ
−
δ

+
ε}

.
S
in
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R
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=
{p
≥
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con
n
ected

,
A

a
n
d
A
′

b
elon

gs
to

th
e

sam
e
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n
ected

com
p

on
en

t
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p
≥
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.

B
y

p
rop

osition
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th
ere

ex
ists

0
≤
λ
∗
<
λ
−
δ

+
ε

su
ch

th
at
A

an
d
A
′

in
th

e
sa

m
e

co
n
n
ected

co
m

p
on

en
t

of{
p
≥
λ
∗}

an
d

in
d
iff

eren
t

con
n
ected

com
p

on
en

ts
of{p

>
λ
∗}.

B
y

ta
k
in

g
ε→

0
,

th
e
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ed
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lt

follow
s.

B
.2

.
P

ro
o
fs

in
se

c
tio

n
s

4
.4

P
roo

f
o
f

L
em

m
a

2
.
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rom
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e

p
ro
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L
em
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a
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b
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th
at

{
p
≥
λ

+
C

log
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n
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/
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+
d
) }
∩
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X
i }
ni=

1 ⊂
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{
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λ
−
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log
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+
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.
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∈
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j ∈
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+
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W
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R
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ere

th
e

fi
rst

in
eq

u
ality

follow
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)−

p
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L
h
α
.

T
h
erefore

th
e
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ove

d
isp

lay
im

p
lies

⋃

X
j ∈
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(λ
) B

(X
j ,h

)⊂
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p
≥
λ
−
C

log
(n

)

n
α
/
(2
α

+
d
) −

L
h
α }

.

F
or

th
e

oth
er
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clu
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,
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x
∈
{
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≥
λ

+
C

lo
g
(n

)

n
α
/
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α
+
d
)

+
L
h
α }

.
T

h
en

p̂
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)≥
λ

+
L
h
α
.

T
h
u
s

B
(x
,h

)∩
{
X
i }
ni=

1 6=
∅
,
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else
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h (x

)
=
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L

et
X
j ∈

B
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).
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h
erefore

p
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j )≥
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h
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≥
λ

+
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+
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T
h
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p̂
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λ
,

w
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j ∈

D̂
(λ

).
S
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x
∈
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X
j ∈
D̂

(λ
)
B

(X
j ,h

)
an

d
th

e
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rst

in
clu

sion
follow
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P
roo

f
o
f

T
h
eo

rem
1
.

L
etB

b
e

th
e

ev
en

t
th

at

B
=
{

su
p

x∈
R
d |p̂

h (x
)−

p
(x

)|≤
a
n }

B
y

P
rop

osition
7,

w
e

can
ch

o
ose

a
n

so
th

a
t
P
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)≥

1−
1/n

an
d

th
at
a
n

=
O
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lo

g
(n

)
n

)
α
/
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+
2
α

) )
.
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ll

th
e

argu
m

en
t
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b
e
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ad

e
on
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e

go
o
d

ev
en
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.
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th
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p
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ort.
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erefore
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=
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e
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λ

0
=
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lit

level
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T
h
en

λ
0
>

0.
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O

(n
−

1
/
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n

,
w

e
h
ave

2
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n

+
(4
h
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S

)
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<

m
in{

δ
S
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0 }
.
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a
ke
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n
+
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h
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S

)
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S
.

L
et
A

an
d
A
′
are
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o

sets
b
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g
δ-sep
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an

d
let
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=

in
f
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A
∪
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(x
).

S
in

ce
A

an
d
A
′
are

in
d
istin

ct
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n
ected
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p

on
en

ts
of{
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>
λ−
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,
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y

p
rop

osition
1
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ere

ex
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∗

b
ein

g
a

sp
lit

level
of
p

su
ch

th
at
λ
∗≤

λ−
δ

an
d

th
at
A

an
d
A
′
b

elon
gs

to
d
istin

ct
con

n
ected
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m

p
o
n
en

ts
of{

p
>
λ
∗}.

T
h
u
s
A

an
d
A
′

b
elon

g
to

d
istin

ct
con

n
ected

com
p

on
en

ts
of{p

>
λ
′},

w
h
ere

λ
′
=
λ
∗

+
2
a
n

+
(4
h
/c
S

)
α
/c
S
.

L
et{C

k }
Kk
=

1
b

e
th

e
collection

of
con

n
ected

com
p

on
en

ts
of{

p
>
λ
′}.

T
h
u
s

w
e

h
ave

A
⊂
C
k

an
d
A
′⊂
C
k ′

for
som

e
k
6=
k ′.

In
ord

er
to

sh
ow

th
e

sm
allest

clu
ster

con
tain

in
g
A
∩
{
X
i }
ni=

1

an
d
A
′∩
{X

i }
ni=

1
are

d
isjoin

t
w

ith
h
igh

p
ro

b
ab

ility,
it

su
ffi

ces
to

sh
ow

th
e

follow
in

g
state-

m
en

t.

•
L

et
A

an
d
A
′

b
e

tw
o

con
n
ected

su
b
sets

of{
p
>
λ
′}

an
d

b
elon

g
to

tw
o

d
istin

ct
con

-
n
ected

com
p

on
en

ts
of{

p
>
λ
∗}

.
T

h
en

th
e

sm
allest

clu
ster

con
tain

in
g
A
∩
{
X
i }
ni=

1
an

d
A
′∩
{
X
i }
ni=

1
are

d
isjoin

t
w

ith
h
igh

p
rob

ab
ility.

N
ote

th
at

th
is

ob
servation

red
u
ce

th
e

origin
al

statem
en

t
w

h
ich

con
cern

s
w

ith
gen

eric
δ-

sep
arated

sets
to

th
e

cu
rren

t
statem

en
t

w
h
ich

on
ly

con
cern

s
w

ith
on

e
level

n
ear

th
e

sp
lit

3
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-B

a
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d
C
l
u
st

e
r
E
st

im
a
t
io
n

le
ve

l.
S
in

ce
th

er
e

ar
e

fi
n
it

el
y

m
an

y
sp

li
t

le
ve

ls
,

a
si

m
p
le

u
n
io

n
b

ou
n
d

w
il
l

su
ffi

ce
to

sh
ow

th
e
δ

co
n
si

st
en

cy
of

th
e

cl
u
st

er
tr

ee
re

tu
rn

ed
b
y

A
lg

or
it

h
m

2
.

T
h
e

p
ro

of
w

il
l

b
e

co
m

p
le

te
d

b
y

th
e

fo
ll
ow

in
g

tw
o

cl
ai

m
s.

C
la

im
1
.

If
A

is
a

co
n
n
ec

te
d

su
b
se

t
of
{p
>
λ
′ },

th
en
A
∩
{X

i}
n i=

1
is

in
th

e
sa

m
e

co
n
n
ec

te
d

co
m

p
on

en
t

of

L̂
(λ
′ −

a
n
)

:=
⋃

{X
j
:D̂

(λ
′ −
a
n

)}

B
(X

j
,2
h

).
(2

9)

P
ro

o
f.

It
su

ffi
ce

s
to

sh
ow

th
at

{p
>
λ
′ }
⊂
L̂

(λ
′ −

a
n
).

(3
0)

S
in

ce
fo

r
la

rg
e
n

,
a
n

+
(4
h
/c
S

)α
≤
δ 0
,

B
y

C
2

th
er

e
ex

is
ts
N
h
⊂
{p
>
λ
′ }

w
it

h
ca
rd

(N
h
)
≤
A
c
(h

)−
d

su
ch

th
at
N
h

is
a
h

co
ve

r.
S
in

ce
{p
>
λ
′ }

sa
ti

sfi
es

th
e

in
n
er

co
n
e

co
n
d
it

io
n

C
1

,

P
(B

(x
,h

)
∩
{p
>
λ
′ })
≥
λ
∗ c
I
V
d
h
d
≥
λ

0
c I
V
d
h
d
.

S
o

th
er

e
ex

is
ts
c′ I

on
ly

d
ep

en
d
in

g
on

d
an

d
c I

su
ch

th
at

P
({
{X

i}
n i=

1
∩
B

(x
,h

)
∩
{p
>
λ
′ }

=
∅}

)
≤

(1
−
λ

0
c I
V
d
h
d
)n
≤

ex
p
(−
c′ I
λ

0
n

2
α
/
(α

+
d
) )

=
o(
n
−

2
),

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
h

=
O

(n
1
/
(2
α

+
d
) )

an
d

th
e

eq
u
al

it
y

fo
ll
ow

s
fr

om
λ

0
n

2
α
/
(2
α

+
d
) /

lo
g
(n

)
→
∞

an
d
n

b
ei

n
g

la
rg

e
en

ou
gh

.
C

on
si

d
er

th
e

ev
en

t

A
=
{{
X
i}
n i=

1
∩
B

(x
,h

)
∩
{p
>
λ
′ }
6=
∅

fo
r

al
l
x
∈
N
h
}.

B
y

th
e

u
n
io

n
b

ou
n
d

P
(A

c
)
≤
ca
rd

(N
h
)

ex
p
(−
c′ I
λ

0
n

2
α
/
(2
α

+
d
) )

=
A
c
h
−
d

ex
p
(−
c′ I
λ

0
n

2
α
/
(2
α

+
d
) )

=
o(

1)
.

(3
1)

S
o

fo
r

an
y
y
∈
{p

>
λ
′ }

,
th

er
e

ex
is

ts
x
∈
N
h

su
ch

th
at
|y
−
x
|≤

h
.

U
n
d
er

ev
en

t
A

th
er

e
ex

is
ts
X
j
∈
{p
>
λ
′ }

su
ch

th
at
|X

j
−
x
|≤

h
.

T
h
er

ef
or

e
y
∈
B

(X
j
,2
h

).
S
in

ce

X
j
∈
{X

i}
n i=

1
∩
{p
>
λ
′ }
⊂
D̂

(λ
′ −

a
n
),

th
e

cl
ai

m
fo

ll
ow

s.

T
o

fi
n
is

h
th

e
p
ro

of
of

th
e

th
eo

re
m

,
w

e
st

il
l

n
ee

d
to

sh
ow

at
le

ve
l
λ
′ −

a
n

th
e

d
at

a
p

o
in

ts
A
∩
{X

i}
n i=

1
an

d
A
′ ∩
{X

i}
n i=

1
ar

e
co

n
ta

in
ed

in
d
is

ti
n
ct

cl
u
st

er
s.

T
h
er

ef
or

e
th

e
fo

ll
ow

in
g

cl
ai

m
fi
n
is

h
th

e
p
ro

of
.

C
la

im
2
.

T
h
er

e
ex

is
ts

a
p
ar

ti
ti

on
{S

i}
I i=

1
of

D̂
(λ
′
−
a
n
)

su
ch

th
at

A
∩
{X

i}
n i=

1
an

d
A
′ ∩
{X

i}
n i=

1
b

el
on

g
to

d
is

ti
n
ct

su
b
se

ts
of

th
e

p
ar

ti
ti

on
an

d
th

at
d
at

a
p

oi
n
ts

in
d
is

ti
n
ct

su
b
se

ts
of

th
e

p
ar

ti
ti

on
ar

e
m

u
tu

al
ly

d
is

co
n
n
ec

te
d
.
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W
a
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g
,
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d

R
in
a
l
d
o

P
ro

o
f.

L
et
{B

i}
I i=

1
b

e
th

e
co

ll
ec

ti
on

of
co

n
n
ec

te
d

co
m

p
on

en
ts

of
{p
≥

(4
h
/c
S

)α
+
λ
∗ }
.
S
in

ce
A

an
d
A
′ b

el
on

g
to

d
is

ti
n
ct

co
n
n
ec

te
d

co
m

p
on

en
ts

of
{p
>
λ
∗ }
,

an
d
λ
∗
<

(4
h
/
c S

)α
+
λ
∗ ,
A

an
d
A
′

ar
e

co
n
ta

in
ed

in
d
is

ti
n
ct

el
em

en
ts

of
{B

i}
I i=

1
.

F
ro

m
co

n
d
it

io
n

S
,

m
in

i6=
j
d
(B

i,
B
j
)
≥

4h
.

(3
2
)

N
ot

e
th

at
D̂

(λ
′ −

a
n
)
⊂
{p
≥

(4
h
/c
S

)α
+
λ
∗ }

as
a

co
n
se

q
u
en

ce
of

ev
en

t
B.

T
h
u
s
S
i

=
B
i
∩
D̂

(λ
′ −

a
n
)

fo
rm

a
p
ar

ti
ti

on
of
D̂

(λ
′ −

a
n
).

L
et

L
i

=
⋃

X
j
∈S

i

B
(X

j
,2
h

).

B
y

(3
2)

,
L
i
∩L

j
=
∅

if
i
6=
j.

T
h
is

sh
ow

s
th

at
d
at

a
p

oi
n
ts

in
d
is

ti
n
ct

su
b
se

ts
o
f

th
e

p
a
rt

it
io

n
{S

i}
I i=

1
ar

e
m

u
tu

al
ly

d
is

co
n
n
ec

te
d

a
t

th
e

gr
ap

h
C

(h
,λ
′ −

a
n
).

P
ro

o
f

o
f

P
ro

po
si

ti
o
n

2
.

S
te

p
1
.

In
th

is
st

ep
w

e
sh

ow
th

at
co

n
d
it

io
n

S
(2

)
h
ol

d
s.

C
on

si
d
er

an
ar

b
it

ra
ry

sp
li
t

le
ve

l
λ

,
an

d
tw

o
co

n
n
ec

te
d

co
m

p
on

en
ts
C

1
,
C

2
.

If

in
f

δ
>

0
d
(C

1
∩
{p
≥
λ

+
δ}
,C

2
∩
{p
≥
λ

+
δ}

)
>

0

th
en

w
e

h
av

e
d
(C

1
∩
{p
≥
λ
},
C

2
∩
{p
≥
λ
})
>

0,
an

d
th

e
th

es
is

is
tr

iv
ia

l.
T

h
u
s

a
ss

u
m

e
th

a
t

in
f

δ
>

0
d
(C

1
∩
{p
≥
λ

+
δ}
,C

2
∩
{p
≥
λ

+
δ}

)
=

0,

i.
e.

li
m

δ
→

0
d
(C

1
∩
{p
≥
λ

+
δ}
,C

2
∩
{p
≥
λ

+
δ}

)
=

0.

T
h
u
s

th
er

e
ex

is
ts
y 0
∈
{p

=
λ
},

an
d

p
oi

n
ts
y
δ 1
,2
∈
C

1
,2
∩
{p
≥
λ

+
δ}

su
ch

th
a
t

y
δ 1
,2
δ
→

0
→

y 0
,

|y
δ 1
−
y
δ 2
|=

d
(C

1
∩
{p
≥
λ

+
δ}
,C

2
∩
{p
≥
λ

+
δ}

).

It
is

st
ra

ig
h
tf

or
w

ar
d

to
ch

ec
k

th
at
p
(y
δ 1
)

=
p
(y
δ 2
)

=
λ

+
δ.

T
h
e

th
es

is
is

n
ow

re
w

ri
tt

en
as
|y
δ 1
−
y
δ 2
|≥

c S
δ1
/
2

fo
r

so
m

e
co

n
st

an
t
c S

>
0

a
n
d

a
ll

su
ffi

ci
en

tl
y

sm
al

l
δ.

S
in

ce
sp

li
t

le
ve

ls
ar

e
al

so
cr

it
ic

a
l,
∇
p
(y

0
)

=
0;

si
n
ce

p
is

a
M

o
rs

e
fu

n
ct

io
n
,
∇

2
p
(y

0
)

is
n
on

-d
eg

en
er

at
e.

B
y

T
ay

lo
r

fo
rm

u
la

w
e

h
av

e

δ
=
p
(y
δ j
)
−
p
(y

0
)

=
(y
δ j
−
y 0

)T
∇

2
p
(y

0
)(
y
δ j
−
y 0

)/
2

+
O

(|y
δ j
−
y 0
|3 ),

j
=

1,
2
,

(3
3
)

an
d
,

as
∇

2
p
(y

0
)

is
n
on

-d
eg

en
er

at
e,

it
fo

ll
ow

s
|y
δ j
−
y 0
|=

O
(δ

1
/
2
),

i.
e.

th
er

e
ex

is
t

co
n
st

a
n
ts

c 1
,c

2
,δ

0
>

0
su

ch
th

at c 1
δ1
/
2
≤
|y
δ j
−
y 0
|≤

c 2
δ1
/
2

fo
r

al
l
δ
∈

(0
,δ

0
).

W
e

ca
n

es
ti

m
at

e
c 2

fr
om

b
el

ow
:

d
en

ot
in

g
b
y

a
:=

m
ax
{|
e 1

(y
0
)|,
|e 2

(y
0
)|}
,

e 1
(y

0
),
e 2

(y
0
)

=
ei

ge
n
va

lu
es

of
∇

2
p
(y

0
),

3
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

(3
3
)

g
ives

(y
δj −

y
0 )
T∇

2p
(y

0 )(y
δj −

y
0 )≤

a
c

22 |y
δj −

y
0 | 2,

h
en

ce
c

2 ≥
√

2/a
.

B
y

th
e

L
ip

sch
itz

reg
u
larity

of
th

e
grad

ien
t,

i.e.
h
y
p

oth
esis

|∇
p
(x

)−
∇
p
(y

)|≤
L|x
−
y|

fo
r

so
m

e
L
>

0
,

w
e

h
ave

|∇
p
(y
δ1 )−

∇
p
(y

0 )|
=
|∇
p
(y
δ1 )|≤

L|y
δ1 −

y
0 |≤

L
c

2 δ
1
/
2.

(34)

C
o
n
sid

er
n
ow

th
e

segm
en

t
[y
δ1 ,y

δ2 ]
b

etw
een

y
δ1

an
d
y
δ2 :

sin
ce
y
δj ∈

C
j ∩
{
p
≥
λ

+
δ}

(j
=

1,2),

a
n
d
C
j ∩
{p
≥
λ

+
δ}

are
d
iscon

n
ected

for
all

δ
>

0,
th

ere
ex

ists
som

e
p

oin
t
z
∈

[y
δ1 ,y

δ2 ]
su

ch
th

at
p
(z

)
<
λ

+
δ/2.

B
y

T
ay

lor’s
form

u
la

w
e

th
en

h
av

e

p
(z

)
=
p
(y
δ1 )

+
∇
p
(y
δ1 )·(z−

y
δ1 )

+
(z−

y
δ1 )
T∇

2p
(y
δ1 )(z−

y
δ1 )/

2
+
O

(|z−
y
δ1 | 3)

If
in

eq
u
a
lity
|y
δ1 −

y
δ2 |≤

k
δ

1
/
2

w
ere

to
h
old

s
for

som
e
k
>

0,
th

en
sin

ce
th

e
d
om

ain
is

co
m

p
a
ct

an
d
∇

2p
∈
C

2,
d
en

otin
g

b
y

A
:=

su
px

(
m

ax{|e
1 (x

)|,|e
2 (x

)|} )
,

e
1 (x

),e
2 (x

)
=

eigen
valu

es
of∇

2p
(x

),

w
e

h
ave

|p
(z

)−
p
(y
δ1 )|≤

|∇
p
(y
δ1 )|·|z−

y
δ1 |+
|∇

2p
(y
δ1 )|·|z−

y
δ1 | 2/2

≤
|∇
p
(y
δ1 )|·|y

δ1 −
y
δ2 |+
|∇

2p
(y
δ1 )|·|y

δ1 −
y
δ2 | 2/2

(3
4
)

≤
(L
k
c

2
+
k

2A
/
2
)δ.

S
in

ce
p
(y
δ1 )

=
λ

+
δ,

an
d
p
(z

)
<
λ

+
δ/2,

w
e

n
eed

L
k
c

2
+
k

2A
/2
>

1
/2,

h
en

ce

k
≥
A
−

1( √
L

2c
22

+
A
−
L
c2),

i.e.

|y
δ1 −

y
δ2 |

=
d
(C

1 ∩
{
p
≥
λ

+
δ}
,C

2 ∩
{
p
≥
λ

+
δ}

)

≥
A
−

1( √
L

2c
22

+
A
−
L
c

2 )δ
1
/
2≥

A
−

1( √
2L

2/a
+
A
−
L √

2
/a

)δ
1
/
2.

S
te

p
2
.

In
th

is
step

w
e

sh
ow

th
at

con
d
itio

n
C

h
old

s.

P
ro

o
f

o
f

C
1
.

S
in

ce
a

M
orse

fu
n
ction

h
as

on
ly

isolated
n
o
n

d
egen

erate
critical

p
oin

ts,
a
n
d

a
n

iso
la

ted
set

in
a

com
p
act

d
om

ain
is

also
fi
n
ite,

w
e

in
fer

th
at
∇
p
(x

)
=

0
on

ly
for

fi
n
itely

m
a
n
y
x

.
In

p
articu

lar,
sin

ce
λ
∗

are
sp

lit
levels,

an
d
{p

=
λ
∗}

con
tain

s
a

critical
p

o
in

t,
th

ere
ex

ist
su

ffi
cien

tly
sm

all
δ

1 ,
δ

2
>

0
su

ch
th

at{
λ
∗

+
δ

1 ≤
p
≤
λ
∗

+
δ

2 }
con

tain
s

n
o

critica
l

p
oin

ts
(sin

ce
th

ere
are

on
ly

fi
n
itely

m
an

y
critical

p
oin

ts).
S
in

ce
th

e
level

sets
are

or-
th

og
o
n
a
l

to
th

e
grad

ien
t,

w
e

in
fer

th
at{p

=
λ
∗

+
δ

1 }
is

sm
o
oth

.
In

p
articu

lar,{p
=
λ
∗

+
δ

1 }
it

sa
tisfi

es
th

e
in

n
er

con
e

p
rop

erty
w

ith
c
I

=
1/2.
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an
d
C
′.

B
y

(18),
for

large
n
,

n
eith

er{
X
i }
ni=

1 ∩
C∩
{p
≥
λ
∗

+
2∆
}

n
or{

X
i }
ni=

1 ∩
C
′∩
{p
≥
λ
∗

+
2∆
}

is
em

p
ty.

L
et
X
i ∈
C
∩
{p
≥
λ
∗

+
2∆
}

an
d
X
j ∈
C
′∩
{
p
≥
λ
∗

+
2∆
}
.

•
B

y
th

e
sam

e
argu

m
en

t
th

at
gives

(30)

{p
≥
λ
∗}
⊂
L̂

(λ
∗−

a
n
)

:=
⋃

{
X
j :D̂

(λ
∗−
a
n

)}

B
(X

j ,2h
).

(44)

S
in

ceB
⊂
{p
≥
λ
∗}

an
d

th
atB

is
con

n
ected

,
X
i

an
d
X
j

h
ave

th
e

sam
e

lab
el

in
C

(h
,λ
∗−

a
n
).

•
S
in

ce
X
i ∈
C
,X

j ∈
C
′
an

d
th

atC
an

d
C
′
are

sp
lit

ex
actly

at
λ
∗,
X
i ,X

j
are

con
tain

ed
in

th
e

d
istin

ct
con

n
ected

com
p

on
en

ts
of{

p
≥
λ
∗

+
∆
}
.

B
y

C
la

im
2

in
th

e
p
ro

of
of

T
h
eorem

1,

X
i

an
d
X
j

b
elon

g
to

d
istin

ct
con

n
ected

com
p

on
en

ts
ofC

(h
,λ
∗

+
∆
−
a
n
).

L
et
λ̂
∗

b
e

d
efi

n
ed

as
in

(17).
B

y
th

e
ab

ove
tw

o
b
u
llet

p
oin

ts,

λ
∗−

a
n
≤
λ̂
∗≤

λ
∗

+
∆
−
a
n
.

T
h
e

fact
th

at
λ̂
∗

is
∆

-sign
ifi

can
t

follow
s

from
th

e
ob

servation
th

at

X
i ,X

j ∈
C

(h
,λ
∗

+
2∆
−
a
n
).

S
te

p
2
.

In
th

is
step

,
w

e
sh

ow
th

at
if
λ̂
∗

is
a

∆
-sign

ifi
can

t
level

of
th

e
clu

ster
tree

con
stru

cted
u
sin

g
m

o
d
ifi

ed
D

B
S
C

A
N

,
th

en
th

ere
ex

ists
λ
∗

b
ein

g
a

sp
lit

level
of
p

su
ch

th
at

|λ̂
∗−

λ
∗|≤

∆
.
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D
B
S
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A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
si
t
y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

S
o

su
p
p

os
e
X
i

,X
j

an
d
λ̂
∗

sa
ti

sfi
es

(1
7)

an
d

th
at
X
i,
X
j
∈
C

(h
,λ̂
∗

+
∆

).
L

et

λ
∗

:=
su

p
{λ
≥

0
:
X
i

an
d
X
j

ar
e

in
th

e
sa

m
e

co
n
n
ec

te
d

co
m

p
on

en
t

of
{p
≥
λ
}}
.

•
B

y
(4

4)
,
X
i

an
d
X
j

h
av

e
th

e
sa

m
e

la
b

el
in

C
(h
,λ
∗
−
a
n
).

T
h
er

ef
or

e,

λ
∗
−
a
n
≤
λ̂
∗ .

•
F

or
th

e
sa

k
e

of
co

n
tr

ad
ic

ti
on

,
su

p
p

os
e

th
at

λ̂
∗
>
λ
∗

+
∆
.

T
h
en

b
y

C
la

im
2

in
th

e
p
ro

of
of

T
h
eo

re
m

1,
X
i

an
d
X
j

b
el

on
g

to
d
is

ti
n
ct

co
n
n
ec

te
d

co
m

p
on

en
ts

of
C

(h
,λ
∗

+
∆
−
a
n
).

B
y

d
efi

n
it

io
n

of
λ̂
∗ ,

th
is

im
p
li
es

λ
∗

+
∆
−
a
n
≥
λ̂
∗ ,

w
h
ic

h
is

a
co

n
tr

ad
ic

ti
on

.
T

h
is

fi
n
is

h
es

th
e

p
ro

of
.

B
.4

.
A

S
id

e
re

su
lt

:
c
o
n

si
st

e
n

c
y

o
f

th
e

K
D

E
tr

e
e

A
s

a
si

d
e

re
su

lt
,

w
e

al
so

co
m

p
u
te

th
e

u
p
p

er
b

ou
n
d

of
cl

u
st

er
tr

ee
es

ti
m

a
to

rs
ge

n
er

at
ed

b
y

ke
rn

el
d
en

si
ty

es
ti

m
at

or
s.

W
e

ac
k
n
ow

le
d
ge

th
at

K
D

E
cl

u
st

er
in

g
al

go
ri

th
m

s
h
av

e
b

ee
n

st
u
d
ie

d
b
y

m
an

y
au

th
or

s
in

cl
u
d
in

g
R

in
al

d
o

an
d

W
as

se
rm

an
(2

01
0)

,
R

ig
ol

le
t

an
d

V
er

t
(2

00
9)

an
d

K
im

et
al

.
(2

01
6)

.
F

or
co

m
p
le

te
n
es

s,
w

e
p
ro

v
id

e
δ-

co
n
si

st
en

cy
re

su
lt

s
fo

r
K

D
E

cl
u
st

er
tr

ee
re

tu
rn

ed
b
y

A
lg

or
it

h
m

3,
b
u
t

w
e

d
o

n
ot

cl
ai

m
th

e
n
ov

el
ty

of
th

es
e

re
su

lt
s.

A
lg

o
ri

th
m

3
C

lu
st

er
in

g
b
as

ed
on

co
n
n
ec

te
d

co
m

p
on

en
ts

IN
P

U
T

:
i.
i.
d

sa
m

p
le
{X

i}
n i=

1
,

th
e

ke
rn

el
K

:
R
d
→

R
,

th
e

le
ve

l
λ

an
d
h
>

0

1.
C

om
p
u
te
L̂

(λ
)

=
{x

:
p̂
h
(x

)
≥
λ
}.

2.
C

on
st

ru
ct

a
gr

ap
h
G
h
,k

w
it

h
n
o
d
es

D̂
(λ

)
=
{X

i}
n i=

1
∩
L̂

(λ
)

an
d

ed
ge

s
(X

i,
X
j
)

if
X
i

an
d
X
j

b
el

on
g

to
th

e
sa

m
e

co
n
n
ec

te
d

co
m

p
on

en
t

of
L̂

(λ
).

3.
C

om
p
u
te

C
(h
,λ

),
th

e
gr

ap
h
ic

al
co

n
n
ec

te
d

co
m

p
on

en
ts

of
G
h
,λ

.

O
U

T
P

U
T

:
T̂
n

=
{C

(h
,λ

),
λ
≥

0
}.

W
e

st
ar

t
b
y

sh
ow

in
g

th
at

fo
r

ge
n
er

ic
α
>

0,
if
p
∈

Σ
(L
,α

),
le

ve
l

se
ts

of
K

D
E

es
ti

m
a
to

r
ar

e
go

o
d

ap
p
ro

x
im

at
io

n
s

of
th

e
co

rr
es

p
on

d
in

g
p

op
u
la

ti
on

q
u
an

ti
ti

es
.

L
e
m

m
a

6
.

A
ss

u
m

e
th

a
t
p
∈

Σ
(L
,α

),
w

h
er

e
α
>

0,
a
n

d
le

t
K

be
a
α

-v
a
li

d
ke

rn
el

.
T

h
en

,
th

er
e

ex
is

t
co

n
st

a
n

ts
C

1
a
n

d
C

2
,

d
ep

en
d
in

g
o
n
‖p
‖ ∞

,
K

,
L

a
n

d
d

su
ch

th
a
t

if
h

=
C

1
1

n
1
/
(2
α
+
d
)
,

th
en

w
it

h
p
ro

ba
bi

li
ty

1
−

1
/n

,
u

n
if

o
rm

ly
o
ve

r
a
ll
λ
>

0
,

{
x

:
p
(x

)
≥
λ

+
C

2

(
lo

g
(n

)

n

) α
/
(2
α

+
d
)}
⊂
{x

:
p̂
h
(x

)
≥
λ
}
⊂
{
x

:
p
(x

)
≥
λ
−
C

2

(
lo

g
(n

)

n

) α
/
(2
α

+
d
)}

.

(4
5)
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W
a
n
g
,
L
u
a
n
d

R
in
a
l
d
o

A
s

a
d
ir

ec
t

co
ro

ll
ar

y
of

L
em

m
a

6,
w

e
sh

ow
th

at
al

go
ri

th
m

3
is

co
n
si

st
en

t
w

it
h

th
e

op
ti

m
al

ra
te

.

C
o
ro

ll
a
ry

3
.

L
et
h

be
ch

o
se

n
a
s

in
L

em
m

a
6
.

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

L
em

m
a

6
,

th
e

cl
u

st
er

tr
ee

re
tu

rn
ed

by
A

lg
o
ri

th
m

3
is
δ-

co
n

si
st

en
t

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1/
n

,
w

h
er

e

δ
≥

3
C

2

(
lo

g
n

n

) α
/
(2
α

+
d
)

,
(4

6
)

w
it

h
C

2
=
C

2
(‖
p
‖ ∞

,K
,L
,d

)
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
n

a
n

d
δ.

W
e

re
m

ar
k

th
at

A
lg

or
it

h
m

3
is

co
m

p
u
ta

ti
on

al
ly

in
fe

as
ib

le
ev

en
in

sm
al

l
d
im

en
si

o
n
s.

T
h
is

is
m

ai
n
ly

b
ec

au
se

it
re

q
u
ir

es
to

co
m

p
u
te

th
e

le
ve

l
se

t
{x

:
p̂
h
(x

)
≥
λ
}

ex
ac

tl
y

to
d
et

er
m

in
e

th
e

cl
u
st

er
in

g
st

ru
ct

u
re

of
th

e
d
at

a
p

oi
n
ts

.
H

ow
ev

er
A

lg
or

it
h
m

3
d
o
es

n
ot

re
q
u
ir

e
a
d
d
it

io
n
a
l

re
gu

la
ri

ty
co

n
d
it

io
n
s

su
ch

as
S

(α
)

an
d

C
to

a
tt

ai
n

th
e

m
in

im
ax

op
ti

m
al

ra
te

s.

B
.4
.1
.
P
r
o
o
f
s
in

A
p
p
e
n
d
ix

B
.4

P
ro

o
f

o
f

le
m

m
a

6
.

F
or

an
y
x
∈
R
d
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

1
/n

|p̂
h
(x

)
−
p
(x

)|
≤
|p̂
h
(x

)
−
p
h
(x

)|
+
|p
h
(x

)
−
p
(x

)|

≤
C

1
(K
,d
,‖
p
‖ ∞

)√
lo

g
n

n
h
d

+
C

2
(K
,α
,L

)h
α

(4
7
)

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
p
ro

p
os

it
io

n
7

an
d

st
an

d
ar

d
ca

lc
u
la

ti
o
n
s

fo
r

th
e

b
ia

s.
B

y
ta

k
in

g

h
=
h
n

=
Θ

(
lo

g
n

n

) 1
/
(2
α

+
d
)

in
(4

7)
,

su
p

x
∈R

d

|p̂
h
(x

)
−
p
(x

)|
≤
C

(‖
p
‖ ∞

,K
,L
,α
,d

)

(
lo

g
(n

)

n

) α
/
(2
α

+
d
)

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

o
f

C
o
ro

ll
a
ry

3
.

L
et
A

an
d
A
′

b
e

tw
o

gi
ve

n
co

n
n
ec

te
d

su
b
se

ts
of

R
d
.

S
u
p
p

o
se
λ
>

0
sa

ti
sfi

es
λ

+
3δ

=
in

f x
∈A
∪A
′
f

(x
)

an
d

th
at
A

an
d
A
′ a

re
co

n
ta

in
ed

in
tw

o
d
is

ti
n
ct

co
n
n
ec

te
d

co
m

p
on

en
ts

of
{p
>
λ
}.

It
su

ffi
ce

s
to

sh
ow

th
at

th
e

es
ti

m
at

e
cl

u
st

er
tr

ee
at
{p̂
h
≥
λ

+
2δ
}

gi
ve

s
co

rr
ec

t
la

b
el

s
to
A
∩
{X

i}
n i=

1
a
n
d
A
′ ∩
{X

i}
n i=

1
,

w
h
er

e

h
=
h
n

=
Θ

(
lo

g
n

n

) 1
/
(2
α

+
d
)
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D
B
S
C
A
N
:
O
p
t
im

a
l
R
a
t
e
s
F
o
r
D
e
n
sit

y
-B

a
se

d
C
l
u
st

e
r
E
st

im
a
t
io
n

•
S
in

ce
A

,
A
′

are
con

n
ected

an
d

A
,
A
′⊂
{p
≥

3δ
+
λ}
⊂
{p̂
h ≥

2
δ

+
λ},

A
a
n
d
A
′

each
b

elon
gs

to
th

e
con

n
ected

com
p

on
en

t
of{

p̂
h
≥

2
δ

+
λ}

.
T

h
erefore

th
e

clu
ster

tree
at{

p̂
h ≥

2
δ

+
λ}

w
ill

assign
A
∩
{
X
i }
ni=

1
th

e
sam

e
lab

el.
T

h
is

is
also

tru
e

fo
r
A
′∩
{
X
i }
ni=

1 .

•
It

rem
a
in

s
to

sh
ow

th
at
A

an
d
A
′

are
in

th
e

tw
o

d
istin

ct
con

n
ected

com
p

on
en

ts
of

{p̂
h ≥

2
δ

+
λ}

.
F

or
th

e
sake

of
con

trad
iction

,
su

p
p

ose
th

at
A

an
d
A
′

are
in

th
e

sam
e

co
n
n
ected

com
p

on
en

ts
of{p̂

h ≥
2
δ

+
λ}

.
S
in

ce

{p̂
h ≥

λ
+

2
δ}
⊂
{p
≥
λ

+
δ}
⊂
{p
>
λ}
,

A
a
n
d
A
′

are
in

th
e

sam
e

con
n
ected

com
p

on
en

ts
of{

p
>
λ}

.
T

h
is

is
a

con
trad

iction
.

A
p
p
e
n
d
ix

C
.
P
ro

o
fs

fro
m

S
e
ctio

n
5

C
.1

.
P

ro
o
f

o
f

P
ro

p
o
sitio

n
4

W
e

fi
rst

p
rove

tw
o

sim
p
le

tech
n
ical

lem
m

a
s,

th
at

w
ill

a
lso

b
e

u
sed

in
th

e
p
ro

o
f

of
P

rop
osi-

tio
n

6
.

L
e
m

m
a

7
.

S
u

p
po

se
th

a
t
ε
>

2a
n

,
w

h
ere

su
p

x∈
R
d |p̂

h (x
)−

p
h (x

)|≤
a
n
,

a
n

d
let

λ
∈

(λ
∗

+
a
n
,λ
∗−

a
n
).

T
h
en

,

S
−
h ∩
{
X
i }
ni=

1 ⊂
D̂
h (λ

)⊂
S
h ,

w
h
ere

S
=
{
p
≥
λ
∗}

a
n

d

D̂
h (λ

)
=
{x

:
p̂
h (x

)≥
λ}

⋂
{
X
i }
ni=

1 .

P
roo

f
o
f

lem
m

a
7
.

F
or

th
e

fi
rst

in
clu

sio
n
,
su

p
p

ose
X
j ∈

S
−
h ∩{

X
i }
ni=

1 .
T

h
en
B

(X
j ,h

)⊂
S

.
S
in

ce
K

is
su

p
p

orted
on

B
(0,1),

p
h (X

j )
=

1

V
d h

d ∫

B
(X

j ,h
)
p
(y

)d
y
≥
λ
∗.

(48)

A
s

a
resu

lt,
p̂
h (X

j )≥
p
h (X

j )−
a
n
≥
λ
∗−

a
n
≥
λ
,

w
h
ich

im
p
lies

th
at
X
j ∈

D̂
h (λ

).
F

or
th

e
secon

d
in

clu
sion

,
if
X
j ∈

D̂
h (λ

),
th

en
p̂
h (X

j )≥
λ

.
S
o

p
h (X

j )≥
p̂
h (X

j )−
a
n
≥
λ
−
a
n
>
λ
∗

H
ow

ev
er,

fo
r

an
y

p
oin

t
x
∈
S
ch ,

sin
ce
B

(x
,h

)⊂
S
c,
p
h (x

)≤
λ
∗

(see
(48)).

S
o
X
j ∈

D̂
h (λ

)
im

p
lies

X
j ∈

S
h .
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U
n

d
er

th
e

sa
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p
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b
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p
ies

of
C

.

S
tep

3
.

L
et{

f
j }
Mj=
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∫
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i
an

d
T

ak
ed

a,
20

12
),

co
m

p
u
te

r
v
is

io
n

(V
em

u
la

p
a
ll
i
et

a
l.
,

20
13

;
P

h
am

an
d

V
en

ka
te

sh
,

20
08

)
an

d
co

m
p
re

ss
ed

se
n
si

n
g

an
d

si
g
n
al

p
ro

ce
ss

in
g

(R
o
m

er
o

et
al

.,
20

16
).

R
ec

en
tl

y,
co

va
ri

an
ce

m
at

ri
x

an
d

su
b
sp

a
ce

le
ar

n
in

g
h
as

b
ee

n
u
se

d
in

d
ee

p
le

ar
n
in

g
ap

p
li
ca

ti
on

s
(H

u
an

g
an

d
V

an
G

o
ol

,
20

17
).
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S
h
a
r
e
d

S
u
b
spa

c
e
M
u
lt

i-G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

In
th

is
p
a
p

er
w

e
p
rop

ose
a

m
u
lti-grou

p
covarian

ce
estim

ation
m

o
d
el

b
y

sh
arin

g
in

for-
m

atio
n

a
b

o
u
t

th
e

su
b
sp

ace
sp

an
n
ed

b
y

grou
p
-level

eigen
vectors.

O
u
r

ap
p
roach

is
closely

related
to

th
e

covarian
ce

red
u
cin

g
m

o
d
el

p
rop

osed
b
y

C
o
ok

an
d

F
orzan

i
(2

008),
b
u
t

th
eir

m
o
d
el

is
a
p
p
licab

le
on

ly
w

h
en

n
�
p
.

In
th

is
w

ork
w

e
fo

cu
s

ex
p
licitly

on
h
igh

-d
im

en
sio

n
al

in
feren

ce
in

th
e

con
tex

t
of

th
e

“th
e

sp
iked

covarian
ce

m
o
d
el”

(also
k
n
ow

n
as

th
e

“
p
artial

iso
tro

p
y

m
o
d
el”),

a
w

ell
stu

d
ied

varia
n
t

of
th

e
factor

m
o
d
el

(M
ard

ia
et

al.,
1
980;

J
oh

n
sto

n
e,

2
0
0
1
).

U
n
lik

e
m

ost
p
rev

iou
s

m
eth

o
d
s

for
m

u
lti-grou

p
covarian

ce
estim

atio
n
,

ou
r

sh
ared

su
b
sp

a
ce

m
o
d
el

can
b

e
u
sed

to
im

p
rov

e
h
igh

-d
im

en
sion

a
l

covarian
ce

estim
ates,

facilitates
ex

p
lo

ra
tio

n
a
n
d

in
terp

retation
of

d
iff

eren
ces

b
etw

een
covarian

ce
m

atrices,
a
n
d

in
corp

o
rates

u
n
certa

in
ty

q
u
a
n
tifi

cation
.

It
is

also
straigh

tforw
ard

to
in

tegrate
a
ssu

m
p
tion

s
u
sed

in
p
re-

v
io

u
s

a
p
p
ro

a
ch

es
(e.g.

eigen
v
ector

sh
rin

kage)
to

th
e

sh
ared

su
b
sp

a
ce

m
o
d
el.

In
S
ectio

n
2

w
e

b
riefl

y
rev

iew
th

e
b

eh
av

ior
of

sp
ik

ed
covarian

ce
m

o
d
els

for
estim

atin
g

a
sin

g
le

cova
ria

n
ce

m
atrix

an
d

th
en

in
tro

d
u
ce

ou
r

ex
ten

sion
to

th
e

m
u
lti-g

rou
p

settin
g.

In
S
ectio

n
3

w
e

d
escrib

e
an

effi
cien

t
em

p
irical

B
ayes

algorith
m

for
in

ferrin
g

th
e

sh
ared

su
b
sp

a
ce

a
n
d

estim
atin

g
th

e
p

osterior
d
istrib

u
tion

of
th

e
cova

rian
ce

m
atrices

of
th

e
d
ata

p
ro

jected
o
n
to

th
is

su
b
sp

ace.
In

S
ection

4
w

e
in

vestigate
th

e
b

eh
av

ior
of

th
is

class
of

m
o
d
els

in
sim

u
latio

n
a
n
d

d
em

on
strate

h
ow

th
e

sh
ared

su
b
sp

ace
assu

m
p
tion

is
w

id
ely

ap
p
licab

le,
even

w
h
en

th
ere

is
little

sim
ilarity

in
th

e
covarian

ce
m

atrices
across

grou
p
s.

In
p
articu

lar,
in

d
ep

en
d
en

t
covarian

ce
estim

ation
is

eq
u
ivalen

t
to

sh
ared

su
b
sp

ace
estim

atio
n

w
ith

a
su

ffi
-

cien
tly

la
rg

e
sh

ared
su

b
sp

ace.
In

S
ection

5
w

e
u
se

an
asy

m
p
totic

ap
p
rox

im
ation

to
d
escrib

e
h
ow

sh
a
red

su
b
sp

ace
in

feren
ce

red
u
ces

b
ias

w
h
en

b
oth

p
an

d
n

are
large.

F
in

ally,
In

S
ection

6
w

e
d
em

o
n
stra

te
th

e
u
tility

of
a

sh
ared

su
b
sp

ace
m

o
d
el

in
an

an
aly

sis
of

gen
e

ex
p
ression

d
a
ta

fro
m

ju
ven

ile
leu

kem
ia

p
atien

ts
.

D
esp

ite
th

e
large

featu
re

size
(p
>

3000
)

rela
tive

to
th

e
sa

m
p
le

size
(n

<
100

p
er

grou
p
),

w
e

id
en

tify
in

terp
retab

le
sim

ilarities
an

d
d
iff

eren
ces

in
g
en

e
cova

rian
ces

on
a

low
d
im

en
sion

al
su

b
sp

ace.

2
.

A
S
h
a
re

d
S
u
b
sp

a
ce

S
p
ik

e
d

C
o
v
a
ria

n
ce

M
o
d
e
l

S
u
p
p

o
se

a
ra

n
d
om

m
atrix

S
h
as

a
p

ossib
ly

d
egen

erate
W

ish
art(Σ

,n
)

d
istrib

u
tion

w
ith

d
en

sity
g
iv

en
b
y

p
(S|Σ

,n
)∝

l(Σ
:
S

)
=
|Σ| −

n
/
2etr(−

Σ
−

1S
/
2),

(1)

w
h
ere

etr
is

th
e

ex
p

on
en

tiated
trace,

th
e

covarian
ce

m
atrix

is
a

p
ositive

d
efi

n
ite

m
atrix

,
i.e.

Σ
∈
S

+p
,

a
n
d
n

m
ay

b
e

less
th

an
p
.

S
u
ch

a
likelih

o
o
d

resu
lts

from
S

b
ein

g,
for

ex
am

p
le,

a
resid

u
al

su
m

of
sq

u
ares

m
atrix

from
a

m
u
ltivariate

regression
an

aly
sis.

In
th

is
case,

n
is

th
e

n
u
m

b
er

o
f

in
d
ep

en
d
en

t
ob

servation
s

m
in

u
s

th
e

ran
k

of
th

e
d
esign

m
a
trix

.

In
th

is
p
a
p

er
w

e
con

sid
er

m
u
lti-grou

p
covarian

ce
estim

ation
b
ased

on
K

m
atrices,

Y
1 ,...,Y

K
,

w
h
ere

Y
k

is
assu

m
ed

to
b

e
an

n
k

b
y
p

m
atrix

of
m

ean
-zero

n
orm

al
d
ata,

ty
p
ically

w
ith

n
k �

p
.

T
h
en

,
Y
Tk
Y
k

=
S
k

h
as

a
(d

egen
erate)

W
ish

art
d
istrib

u
tion

as
in

E
q
u
ation

1.

T
o

im
p
rove

estim
ation

,
w

e
seek

estim
ators

of
ea

ch
covarian

ce
m

atrix
,

Σ̂
k ,

th
a
t

m
ay

d
ep

en
d

o
n

d
a
ta

fro
m

a
ll

grou
p
s.

S
p

ecifi
cally,

w
e

p
osit

th
at

th
e

covarian
ce

m
a
trix

for
each

grou
p

ca
n

b
e

w
ritten

as

Σ
k

=
σ

2k (V
Ψ
k V

T
+
I
),

(2)
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F
r
a
n
k
s
a
n
d

H
o
f
f

(a
)

P
ro

jectio
n

in
R

3
(b

)
Y
k
V

(c)
Y
k
V
⊥

F
igu

re
1:

T
w

o
grou

p
s

of
fou

r-d
im

en
sion

al
d
ata

(red
an

d
b
lu

e)
p
ro

jected
in

to
d
iff

eren
t

su
b
-

sp
aces.

a)
T

o
v
isu

alize
Y
k

w
e

can
p
ro

ject
th

e
d
ata

in
to

R
3.

In
th

is
illu

stra-
tion

,
th

e
d
istrib

u
tion

al
d
iff

eren
ces

b
etw

een
th

e
grou

p
s

a
re

con
fi
n
ed

to
a

tw
o-

d
im

en
sion

al
sh

ared
su

b
sp

ace
(V
V
T

,
grey

p
lan

e).
b
)

T
h
e

d
ata

p
ro

jected
on

to
th

e
tw

o-d
im

en
sion

al
sh

ared
su

b
sp

ace,
Y
k V

,
h
ave

covarian
ces

Ψ
k

th
at

d
iff

er
b

etw
een

grou
p
s.

c)
T

h
e

orth
ogon

al
p
ro

jectio
n
,
Y
k V
⊥

h
as

isotrop
ic

covarian
ce,

σ
2k I

,
for

all
grou

p
s.

w
h
ere

V
is

a
p×

s
sem

i-orth
ogon

al
m

atrix
w

h
ose

colu
m

n
s

form
th

e
b
asis

v
ectors

for
su

b
sp

ace
of

variation
sh

ared
b
y

all
grou

p
s.

Ψ
k

is
a

n
on

-isotrop
ic
s×

s
covarian

ce
m

atrix
for

each
grou

p
on

th
is

su
b
sp

ace
of

variation
an

d
it

is
assu

m
ed

th
at
s�

p
.

O
u
r

m
o
d
el

ex
ten

d
s

th
e

sp
iked

p
rin

cip
al

com
p

on
en

ts
m

o
d
el

(sp
iked

P
C

A
),

stu
d
ied

ex
-

ten
sively

b
y

J
oh

n
ston

e
(2001)

an
d

oth
ers,

to
th

e
m

u
lti-grou

p
settin

g.
S
p
iked

P
C

A
assu

m
es

th
at

Σ
=
σ

2(U
Λ
U
T

+
I
)

(3)

w
h
ere

for
s
�

p
,

Λ
is

an
s×

s
d
iagon

al
m

a
trix

an
d
U
∈
V
p
,s ,

w
h
ere
V
p
,s

is
th

e
S
tiefel

m
an

ifold
con

sistin
g

of
all

p×
s

sem
i-orth

ogon
al

m
atrices

in
R
p,

so
th

at
U
T
U

=
I
s .

T
h
e

sp
iked

covarian
ce

form
u
lation

is
ap

p
ealin

g
b

ecau
se

it
ex

p
licitly

p
artition

s
th

e
covarian

ce
m

atrix
in

to
a

tractab
le

low
ran

k
“sign

al”
an

d
isotrop

ic
“n

oise”.

C
lassical

resu
lts

for
p
aram

etric
m

o
d
els

(e.g.,
K

iefer
an

d
S
ch

w
artz

(1
965))

im
p
ly

th
at

asy
m

p
totically

in
n

for
fi
x
ed

p
,

an
estim

ator
w

ill
b

e
con

sisten
t

for
a

sp
iked

p
op

u
lation

covarian
ce

as
lon

g
as

th
e

assu
m

ed
n
u
m

b
er

of
sp

ik
es

(eigen
valu

es
larger

th
an

σ
2)

is
greater

th
an

or
eq

u
al

to
th

e
tru

e
n
u
m

b
er.

H
ow

ever,
w

h
en

p
is

large
relative

to
n

,
as

is
th

e
case

for
th

e
ex

am
p
les

con
sid

ered
h
ere,

th
in

gs
are

m
ore

d
iffi

cu
lt.

U
n
d
er

th
e

sp
iked

covarian
ce

m
o
d
el,

it
h
as

b
een

sh
ow

n
th

at
if
p
/n
→

α
>

0
as
n
→
∞

,
th

e
k
th

largest
eigen

valu
e

of
S
/
(n
σ

2)
w

ill
con

verge
to

an
u
p
w

ard
ly

b
iased

version
of
λ
k

+
1

if
λ
k

is
g
reater

th
an
√
α

(B
aik

an
d

S
ilv

erstein
,

2006;
P

au
l,

2007).
T

h
is

h
as

led
sev

eral
au

th
ors

to
su

ggest
estim

atin
g

Σ
v
ia

sh
rin

kage
of

th
e

eigen
valu

es
of

th
e

sam
p
le

covarian
ce

m
atrix

.
In

p
articu

lar,
in

th
e

settin
g

w
h
ere

σ
2

is
k
n
ow

n
,

D
on

oh
o

et
al.

(2013
)

p
rop

ose
estim

atin
g

all
eigen

valu
es

w
h
ose

sam
p
le

estim
ates

are
sm

aller
th

an
σ

2(1
+
√
α

)
2

b
y
σ

2,
an

d
sh

rin
k
in

g
th

e
larger

eigen
valu

es
in

a
w

ay
th

at
d
ep

en
d
s

on
th

e
p
articu

lar
loss

fu
n
ction

b
ein

g
u
sed

.
T

h
ese

sh
rin

ka
ge

fu
n
ction

s
are

sh
ow

n
to

b
e

asy
m

p
totically

op
tim

al
in

th
e
p
/n
→
α

settin
g
.
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S
h
a
r
e
d

S
u
b
sp
a
c
e
M
u
lt

i-
G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

S
in

gl
e-

gr
ou

p
co

va
ri

an
ce

es
ti

m
at

or
s

of
th

e
sp

ik
ed

P
C

A
fo

rm
a
re

eq
u
iv

ar
ia

n
t

w
it

h
re

sp
ec

t
to

ro
ta

ti
on

s
an

d
sc

al
e

ch
an

ge
s,

b
u
t

th
e

si
tu

at
io

n
sh

ou
ld

b
e

d
iff

er
en

t,
w

h
en

w
e

ar
e

in
te

re
st

ed
in

es
ti

m
at

in
g

m
u
lt

ip
le

co
va

ri
an

ce
m

at
ri

ce
s

fr
om

d
is

ti
n
ct

b
u
t

re
la

te
d

gr
ou

p
s

w
it

h
sh

ar
ed

fe
at

u
re

s.
H

er
e,

eq
u
iv

ar
ia

n
ce

to
d
is

ti
n
ct

ro
ta

ti
on

s
in

ea
ch

gr
ou

p
is

an
u
n
re

as
on

ab
le

as
su

m
p
-

ti
on

;
b

ot
h

ei
ge

n
va

lu
e

a
n

d
ei

ge
n
ve

ct
or

sh
ri

n
ka

ge
ca

n
p
la

y
an

im
p

or
ta

n
t

ro
le

in
im

p
ro

v
in

g
co

va
ri

an
ce

es
ti

m
at

es
.

In
th

e
m

u
lt

i-
gr

ou
p

se
tt

in
g,

w
e

ac
co

u
n
t

fo
r

si
m

il
ar

it
y

b
et

w
ee

n
g
ro

u
p
-l

ev
el

ei
ge

n
v
ec

to
rs

b
y

p
os

it
in

g
th

at
th

e
an

is
ot

ro
p
ic

va
ri

ab
il
it

y
fr

om
ea

ch
gr

ou
p

o
cc

u
rs

on
a

co
m

m
on

lo
w

d
i-

m
en

si
on

al
su

b
sp

ac
e.

T
h
ro

u
gh

ou
t

th
is

p
ap

er
w

e
w

il
l

d
en

ot
e

to
th

e
sh

a
re

d
su

b
sp

ac
e

as
V
V
T
∈
G p
,s

,
w

h
er

e
G p
,s

is
th

e
G

ra
ss

m
an

n
ia

n
m

an
if

o
ld

co
n
si

st
in

g
of

al
l
s-

d
im

en
si

on
al

li
n
ea

r
su

b
sp

ac
es

of
R
p

(C
h
ik

u
se

,
20

12
).

A
lt

h
ou

gh
V

is
on

ly
id

en
ti

fi
ab

le
u
p

to
ri

gh
t

ro
ta

ti
on

s,
th

e
m

at
ri

x
V
V
T

,
w

h
ic

h
d
efi

n
es

th
e

p
la

n
e

of
va

ri
at

io
n

sh
ar

ed
b
y

al
l

gr
ou

p
s,

is
id

en
ti

fi
ab

le
fo

r
a

fi
x
ed

d
im

en
si

on
,
s.

T
o

ac
h
ie

ve
th

e
m

os
t

d
im

en
si

on
re

d
u
ct

io
n
,

w
e

ta
rg

et
th

e
sh

ar
ed

su
b
-

sp
ac

e
of

m
in

im
al

d
im

en
si

on
,

e.
g.

th
e

sh
ar

ed
su

b
sp

ac
e

fo
r

w
h
ic

h
al

l
Ψ
k

ar
e

fu
ll

ra
n
k
.

S
u
ch

a
m

in
im

al
su

b
sp

ac
e

is
k
n
ow

n
as

th
e

ce
n

tr
a
l

su
b
sp

ac
e

(C
o
ok

,
20

09
).

L
a
te

r,
to

em
p
h
as

iz
e

th
e

co
n
n
ec

ti
on

to
th

e
sp

ik
ed

P
C

A
m

o
d
el

(3
),

w
e

w
il
l

w
ri

te
Ψ
k

in
te

rm
s

o
f

it
s

ei
ge

n
d
ec

om
-

p
os

it
io

n
,

Ψ
k

=
O
k
Λ
k
O
k
,

w
h
er

e
O
k

ar
e

ei
g
en

ve
ct

or
s

an
d

Λ
k

ar
e

th
e

ei
g
en

va
lu

es
of

Ψ
k

(s
ee

S
ec

ti
on

3.
2)

.

F
or

th
e

sh
ar

ed
su

b
sp

ac
e

m
o
d
el

,
V
T

Σ
k
V

=
σ

2 k
(Ψ

k
+
I
)

is
an

an
is

ot
ro

p
ic
s-

d
im

en
si

on
al

co
va

ri
an

ce
m

at
ri

x
fo

r
th

e
p
ro

je
ct

ed
d
at

a,
Y
k
V

.
In

co
n
tr

as
t,

th
e

d
at

a
p
ro

je
ct

ed
on

to
th

e
or

th
og

on
al

sp
ac

e,
Y
k
V
⊥

,
is

is
ot

ro
p
ic

fo
r

al
l

gr
ou

p
s.

In
F

ig
u
re

1
w

e
p
ro

v
id

e
a

si
m

p
le

il
lu

st
ra

-
ti

on
u
si

n
g

si
m

u
la

te
d

4-
d
im

en
si

on
al

d
at

a
fr

om
tw

o
gr

ou
p
s.

In
th

is
ex

am
p
le

,
th

e
d
iff

er
en

ce
s

in
d
is

tr
ib

u
ti

on
b

et
w

ee
n

th
e

gr
ou

p
s

of
d
at

a
ca

n
b

e
ex

p
re

ss
ed

on
a

tw
o

d
im

en
si

on
al

su
b
-

sp
ac

e
sp

an
n
ed

b
y

th
e

co
lu

m
n
s

of
V
∈
V 4
,2

.
D

iff
er

en
ce

s
in

th
e

co
rr

el
at

io
n
s

b
et

w
ee

n
th

e
tw

o
gr

ou
p
s

m
an

if
es

t
th

em
se

lv
es

on
th

is
sh

ar
ed

su
b
sp

ac
e,

w
h
er

ea
s

on
ly

th
e

m
a
gn

it
u
d
e

of
th

e
is

ot
ro

p
ic

va
ri

ab
il
it

y
ca

n
d
iff

er
b

et
w

ee
n

gr
ou

p
s

on
th

e
or

th
og

on
al

sp
ac

e.
T

h
u
s,

a
sh

ar
ed

su
b
-

sp
ac

e
m

o
d
el

ca
n

b
e

v
ie

w
ed

as
a

co
va

ri
an

ce
p
a
rt

it
io

n
m

o
d
el

,
w

h
er

e
on

e
p
ar

ti
ti

on
in

cl
u
d
es

th
e

an
is

ot
ro

p
ic

va
ri

ab
il
it

y
fr

om
al

l
gr

ou
p
s

an
d

th
e

o
th

er
p
ar

ti
ti

on
is

co
n
st

ra
in

ed
to

th
e

is
o
tr

o
p
ic

va
ri

ab
il
it

y
fr

om
ea

ch
gr

ou
p
.

T
h
is

is
ot

ro
p
ic

va
ri

ab
il
it

y
is

of
te

n
ch

ar
ac

te
ri

ze
d

a
s

m
ea

su
re

m
en

t
n
oi

se
.

3
.

E
m

p
ir

ic
a
l

B
a
y
e
s

In
fe

re
n
ce

In
th

is
se

ct
io

n
w

e
ou

tl
in

e
an

em
p
ir

ic
al

B
ay

es
a
p
p
ro

ac
h

fo
r

es
ti

m
at

in
g

a
lo

w
-d

im
en

si
on

al
sh

ar
ed

su
b
sp

ac
e

an
d

th
e

co
va

ri
an

ce
m

at
ri

ce
s

of
th

e
d
at

a
p
ro

je
ct

ed
o
n
to

th
is

sp
ac

e.
A

s
w

e
d
is

cu
ss

in
S
ec

ti
on

4,
if

th
e

sp
ik

ed
co

va
ri

an
ce

m
o
d
el

h
ol

d
s

fo
r

ea
ch

gr
ou

p
in

d
iv

id
u
al

ly
,

th
en

th
e

sh
ar

ed
su

b
sp

ac
e

as
su

m
p
ti

on
a
ls

o
h
ol

d
s,

w
h
er

e
th

e
sh

a
re

d
su

b
sp

ac
e

is
si

m
p
ly

th
e

sp
an

of
th

e
gr

ou
p
-s

p
ec

ifi
c

ei
ge

n
ve

ct
or

s,
U

1
,.
..
,U

K
.

In
p
ra

ct
ic

e,
w

e
ca

n
u
su

al
ly

id
en

ti
fy

a
sh

ar
ed

su
b
sp

ac
e

of
d
im

en
si

on
s
�
p

th
at

p
re

se
rv

es
m

os
t

of
th

e
va

ri
at

io
n

in
th

e
d
at

a.
O

u
r

p
ri

m
ar

y
ob

je
ct

iv
e

is
to

id
en

ti
fy

th
e

“
b

es
t”

sh
ar

ed
su

b
sp

ac
e

of
fi
x
ed

d
im

en
si

on
s
<
p
.

N
ot

e
th

at
th

is
su

b
sp

ac
e

ac
co

u
n
ts

fo
r

th
e

ac
ro

ss
-g

ro
u
p

si
m

il
ar

it
y,

an
d

th
u
s

ca
n

b
e

v
ie

w
ed

as
a

h
y
p

er
p
ar

am
et

er
in

a
h
ie

ra
rc

h
ic

al
m

o
d
el

.
A

lt
h
ou

g
h

a
fu

ll
y

B
ay

es
ia

n
ap

p
ro

ac
h

m
ay

b
e

p
re

fe
r-

ab
le

in
th

e
ab

se
n
ce

of
co

m
p
u
ta

ti
on

al
li
m

it
at

io
n
s,

in
th

is
p
ap

er
w

e
p
ro

p
os

e
co

m
p
u
ta

ti
on

al
ly

tr
ac

ta
b
le

em
p
ir

ic
al

B
ay

es
in

fe
re

n
ce

.
In

th
e

em
p
ir

ic
al

B
ay

es
ap

p
ro

ac
h
,

h
y
p

er
p
ar

am
et

er
s

ar
e

fi
rs

t
es

ti
m

at
ed

v
ia

m
ax

im
u
m

m
ar

gi
n
al

li
ke

li
h
o
o
d
,

of
te

n
u
si

n
g

th
e

ex
p

ec
ta

ti
on

-m
ax

im
iz

a
ti

on
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F
r
a
n
k
s
a
n
d

H
o
f
f

al
go

ri
th

m
(L

in
d
st

ro
m

an
d

B
at

es
,

19
88

).
In

m
an

y
se

tt
in

gs
su

ch
an

ap
p
ro

ac
h

y
ie

ld
s

g
ro

u
p
-

le
ve

l
in

fe
re

n
ce

s
th

at
ar

e
cl

os
e

to
th

at
w

h
ic

h
w

ou
ld

b
e

ob
ta

in
ed

if
th

e
co

rr
ec

t
a
cr

o
ss

-g
ro

u
p
s

m
o
d
el

w
er

e
k
n
ow

n
(s

ee
fo

r
ex

am
p
le

E
fr

on
an

d
M

or
ri

s,
19

73
).

In
S
ec

ti
on

3.
1

w
e

d
es

cr
ib

e
th

e
ex

p
ec

ta
ti

on
-m

ax
im

iz
at

io
n

al
go

ri
th

m
fo

r
es

ti
m

at
in

g
th

e
m

ax
im

u
m

m
ar

gi
n
a
l
li
ke

li
h
o
o
d

o
f

th
e

sh
ar

ed
su

b
sp

ac
e,
V
V
T

.
T

h
is

ap
p
ro

ac
h

is
co

m
p
u
ta

ti
on

al
ly

tr
ac

ta
b
le

fo
r

h
ig

h
-d

im
en

si
o
n
a
l

d
at

a
se

ts
.

G
iv

en
an

in
fe

rr
ed

su
b
sp

ac
e,

w
e

th
en

se
ek

es
ti

m
at

or
s

fo
r

th
e

co
va

ri
a
n
ce

m
a
tr

ic
es

of
th

e
d
at

a
p
ro

je
ct

ed
on

to
th

is
sp

ac
e.

B
ec

a
u
se

se
em

in
gl

y
la

rg
e

d
iff

er
en

ce
s

in
th

e
p

o
in

t
es

ti
-

m
at

es
of

co
va

ri
an

ce
m

at
ri

ce
s

ac
ro

ss
gr

ou
p
s

m
ay

n
ot

ac
tu

al
ly

re
fl
ec

t
st

at
is

ti
ca

ll
y

si
g
n
ifi

ca
n
t

d
iff

er
en

ce
s,

in
S
ec

ti
on

3.
2

w
e

al
so

d
es

cr
ib

e
a

G
ib

b
s

sa
m

p
le

r
th

a
t

ca
n

b
e

u
se

d
to

g
en

er
a
te

es
ti

m
at

es
of

th
e

p
ro

je
ct

ed
co

va
ri

an
ce

m
at

ri
ce

s,
Ψ
k
,

an
d

th
ei

r
as

so
ci

a
te

d
u
n
ce

rt
a
in

ty
.

L
a
te

r,
in

S
ec

ti
on

4
w

e
d
is

cu
ss

st
ra

te
gi

es
fo

r
in

fe
rr

in
g

an
a
p
p
ro

p
ri

at
e

va
lu

e
fo

r
s

an
d

ex
p
lo

re
h
ow

sh
ar

ed
su

b
sp

ac
e

m
o
d
el

s
ca

n
b

e
u
se

d
fo

r
ex

p
lo

ra
to

ry
d
at

a
an

al
y
si

s
b
y

v
is

u
al

iz
in

g
co

va
ri

a
n
ce

h
et

er
og

en
ei

ty
on

tw
o

or
th

re
e

d
im

en
si

on
al

su
b
sp

ac
es

.

3
.1

.
E

st
im

a
ti

n
g

th
e

S
h

a
re

d
S

u
b

sp
a
c
e

In
th

is
se

ct
io

n
w

e
d
es

cr
ib

e
a

m
ax

im
u
m

m
ar

gi
n
al

li
ke

li
h
o
o
d

p
ro

ce
d
u
re

fo
r

es
ti

m
a
ti

n
g

th
e

sh
ar

ed
su

b
sp

ac
e,
V
V
T

,
b
as

ed
on

th
e

ex
p

ec
ta

ti
on

-m
ax

im
iz

at
io

n
(E

M
)

al
go

ri
th

m
.

T
h
e

fu
ll

li
ke

li
h
o
o
d

fo
r

th
e

sh
ar

ed
su

b
sp

ac
e

m
o
d
el

ca
n

b
e

w
ri

tt
en

as

p
(S

1
,.
..
S
k
|Σ
k
,n

k
)
∝

K ∏ k
=

1

|Σ
k
|−
n
k
/
2
et

r(
−

Σ
−

1
k
S
k
/
2)

∝
K ∏ k
=

1

|Σ
k
|−
n
k
/
2
et

r(
−

(σ
2 k
(V

Ψ
k
V
T

+
I
))
−

1
S
k
/
2)

∝
K ∏ k
=

1

|Σ
k
|−
n
k
/
2
et

r(
−
[ V

(Ψ
k

+
I
)−

1
/σ

2 k
V
T

+
(I
−
V
V
T

)/
σ

2 k

] S
k
/2

)

∝
K ∏ k
=

1

(σ
2 k
)−
n
k
(p
−
s)
/
2
|M

k
|−
n
k
/
2
et

r(
−
[ V

M
−

1
k
V
T

+
1 σ
2 k

(I
−
V
V
T

)] S
k
/2

), (4
)

w
h
er

e
w

e
d
efi

n
e
M
k

=
σ

2 k
(Ψ

k
+
I
).

T
h
e

lo
g-

li
ke

li
h
o
o
d

in
V

(u
p

to
an

ad
d
it

iv
e

co
n
st

a
n
t)

is

l(
V

)
=
∑ k

tr
( −

(V
M
−

1
k
V
T

+
V
V
T
/σ

2 k
)S
k
/2
)

=
1 2

∑ k

tr

( (
1 σ
2 k

I
−
M
−

1
k

)V
T
S
k
V

)
.

(5
)

W
e

m
ax

im
iz

e
th

e
m

ar
gi

n
al

li
ke

li
h
o
o
d

of
V

w
it

h
an

E
M

al
go

ri
th

m
,

w
h
er

e
M
−

1
k

a
n
d

1 σ
2 k

a
re

co
n
si

d
er

ed
th

e
“m

is
si

n
g”

p
ar

am
et

er
s.

W
e

as
su

m
e

in
d
ep

en
d
en

t
J
eff

re
y
s

p
ri

o
r

d
is

tr
ib

u
ti

o
n
s

fo
r

b
ot

h
σ

2 k
an

d
M
k
.

T
h
e

J
eff

re
y
s

p
ri

or
d
is

tr
ib

u
ti

on
s

fo
r

th
es

e
q
u
an

ti
ti

es
co

rr
es

p
o
n
d

to
p
(σ

2 k
)
∝

1
/σ

2 k
an

d
p
(M

k
)
∝
|M

k
|−

(s
+

1
)/

2
.

F
ro

m
th

e
li
ke

li
h
o
o
d

it
ca

n
ea

si
ly

b
e

sh
ow

n
th

a
t

th
e

co
n
d
it

io
n
al

p
os

te
ri

or
fo

r
M
k

is

p
(M

k
|V

)
∝
|M

k
|−

(n
k
+
s+

1
)/

2
et

r(
−

(M
−

1
k
V
T
S
k
V

)/
2)
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S
h
a
r
e
d

S
u
b
spa

c
e
M
u
lt

i-G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

A
lg

o
rith

m
1
:

S
h
ared

S
u
b
sp

ace
E

M
A

lgorith
m

In
itia

lize
V

0 ∈
V
p
,s ;

w
h

ile
||V

t −
V
t−

1 ||F
>
ε

d
o

E
-ste

p
:

fo
r
k
←

1
to

K
d

o

φ
(k

)
t
←
E

[M
−

1
k
|V

(t−
1
) ]

=
n
k (V

T(t−
1
) S
k V

(t−
1
) ) −

1;

τ
(k

)
t
←
E

[
1σ
2k |V

(t−
1
) ]

=
n
k
(p−

s)

tr[(I−
V

(t−
1
) V

T(t−
1
) )S

k
] ;

e
n

d
M

-ste
p

:

V
t ←

arg
m

ax
V
∈V

p
,s

∑
k

tr (−
(V
φ

(k
)

t
V
T

+
τ

(k
)

t
V
V
T

)S
k /2 )

;

e
n

d

w
h
ich

is
a
n

in
verse-W

ish
art(V

T
S
k V

,
n
k )

d
istrib

u
tion

.
T

h
e

con
d
ition

al
p

osterior
d
istrib

u
-

tio
n

o
f
σ

2k
is

sim
p
lyp (σ

2|V
)∝

(σ
2k ) −

n
k
(p−

s)/
2−

1etr (−
(I−

V
V
T

)S
k /[2σ

2k ] )

w
h
ich

is
a
n

in
verse-gam

m
a(n

k (p−
s)/

2,
tr[(I

−
V
V
T

)S
k ]/

2)
d
istrib

u
tion

.
W

e
su

m
m

arize
o
u
r

a
p
p
ro

a
ch

in
A

lgorith
m

1
b

elow
.

F
o
r

th
e

M
-step

,
w

e
u
se

a
n
u
m

erical
algorith

m
for

op
tim

ization
over

th
e

S
tiefel

m
an

ifold
.

T
h
e

a
lg

o
rith

m
u
ses

th
e

C
ay

ley
tran

sform
to

p
reserve

th
e

orth
ogon

ality
con

strain
ts

in
V

an
d

h
a
s

co
m

p
u
ta

tio
n
ally

com
p
lex

ity
th

at
is

d
om

in
ated

b
y

th
e

d
im

en
sion

of
th

e
sh

ared
su

b
sp

ace,
n
o
t

th
e

n
u
m

b
er

of
featu

res
(W

en
an

d
Y

in
,

20
13).

S
p

ecifi
cally,

th
e

op
tim

ization
rou

tin
e

h
as

tim
e

co
m

p
lex

ity
O

(p
s

2
+
s

3),
an

d
con

seq
u
en

tly,
ou

r
ap

p
roach

is
com

p
u
tation

ally
effi

cien
t

fo
r

rela
tively

sm
all

valu
es

of
s,

ev
en

w
h
en
p

is
large.

R
u
n

tim
es

are
ty

p
ically

on
th

e
o
rd

er
of

m
in

u
tes

fo
r

va
lu

es
of
p

as
large

as
10,000

an
d

m
o
d
erate

valu
es

o
f
s

(e.g.
<

5
0).

S
ee

F
igu

re
1
0

in
A

p
p

en
d
ix

B
for

a
p
lot

w
ith

ty
p
ical

ru
n

tim
es

in
sim

u
lation

s
w

ith
a

ran
ge

of
valu

es
of

p
a
n
d
s.

In
itia

liz
a
tio

n
a
n

d
C

o
n
v
e
rg

e
n

c
e
:

T
h
e

S
tiefel

m
an

ifold
is

com
p
act

an
d

th
e

m
argin

al
likelih

o
o
d

is
con

tin
u
ou

s,
so

th
e

likelih
o
o
d

is
b

ou
n
d
ed

.
T

h
u
s,

th
e

E
M

algorith
m

,
w

h
ich

in
crea

ses
th

e
lik

elih
o
o
d

at
each

iteratio
n
,

w
ill

con
verge

to
a

station
ary

p
oin

t
(W

u
,

1983).
H

ow
ever,

m
a
x
im

izin
g

th
e

m
argin

al
likelih

o
o
d

of
th

e
sh

a
red

su
b
sp

ace
m

o
d
el

corresp
on

d
s

to
a

n
o
n
-co

n
vex

op
tim

ization
p
rob

lem
over

th
e

G
rassm

an
n
ian

m
an

ifold
an

d
m

ay
co

n
verge

to
a

su
b
-o

p
tim

al
lo

cal
m

o
d
e

or
station

ary
p

oin
t.

O
th

er
w

ork
in

volv
in

g
op

tim
ization

on
th

e
G

ra
ssm

a
n
n
ian

h
as

fou
n
d

con
vergen

ce
to

n
on

-op
tim

al
station

ary
valu

es
p
rob

lem
atic

an
d

em
p
h
a
sized

th
e

im
p

ortan
ce

of
go

o
d

(e.g. √
n

-con
sisten

t)
startin

g
valu

es
(C

o
o
k

et
al.,

2016
).

O
u
r

em
p
irica

l
resu

lts
on

sim
u
lated

d
ata

con
fi
rm

s
th

at
ran

d
om

ly
in

itialized
startin

g
va

lu
es

co
n
verg

e
to

su
b
-op

tim
al

station
ary

valu
es,

an
d

so
in

p
ractice

w
e

in
itialize

th
e

algorith
m

at
a

ca
refu

lly
ch

o
sen

startin
g

valu
e

b
ased

on
th

e
eigen

vectors
of

a
p

o
oled

covaria
n
ce

estim
ate.

W
e

g
ive

th
e

d
etails

for
th

is
in

itializa
tion

strategy
b

elow
.

F
irst,

n
ote

th
at

w
h
en

th
e

sh
ared

su
b
sp

ace
m

o
d
el

h
old

s,
th

e
fi
rst

s
eigen

vectors,
from

a
n

y
o
f

th
e

g
ro

u
p
s

can
b

e
u
sed

to
con

stru
ct

a
√
n

-con
sisten

t
estim

ator
of
V
V
T

.
In

p
a
rticu

lar,
if
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F
r
a
n
k
s
a
n
d

H
o
f
f

Û
(k

)Û
(k

)
T

is
th

e
eigen

p
ro

jection
m

atrix
for

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e

fi
rst

s
eig

en
vectors

of
S
k

th
en

it
can

b
e

sh
ow

n
th

at √
n

vec(Û
(k

)Û
(k

)
T
−
V
V
T

)
con

verges
in

d
istrib

u
tio

n
to

a
m

ean
-zero

n
orm

al
(K

ollo,
2000).

In
th

e
large

p
,

sm
all

n
settin

g,
su

ch
classical

asy
m

p
totic

gu
aran

tees
give

little
assu

ran
ce

th
at

th
e

resu
ltin

g
estim

ators
w

ou
ld

b
e

reason
ab

le,
b
u
t

th
ey

n
everth

eless
su

ggest
u
sefu

l
strategies

for
id

en
tify

in
g

startin
g

valu
e

for
th

e
E

M
a
lgorith

m
.

In
th

is
w

ork
,

w
e

ch
o
ose

a
su

b
sp

ace
in

itialization
strategy

b
ased

on
sam

p
le

eigen
vectors

of
th

e
d
ata

p
o
oled

from
all

grou
p
s.

L
et
Z

=
∑

k
π
k
Z
k
σ
k

w
h
ere

Z
k

is
a

m
ean

-zero
n
orm

al
w

ith
covarian

ce
Σ
k

an
d
π
k

=
n
k / ∑

k
n
k .

T
h
en
Z

is
a

m
ix

tu
re

of
m

ean
-zero

n
orm

al
d
istrib

u
tion

s
w

ith
covarian

ce

Σ
Z

=
∑

k

π
k

σ
2k

Σ
k

=
V
T

( ∑

k

π
k

σ
2k

Ψ
k )V

+
I
,

C
learly,

th
e

fi
rst

s
eigen

vectors
of

Σ
Z

sp
an

th
e

sh
ared

su
b
sp

ace,
V
V
T

.
T

h
is

su
ggests

th
at

w
e

can
estim

ate
th

e
sh

ared
su

b
sp

ace
u
sin

g
th

e
scaled

an
d

p
o
oled

d
a
ta,

Y
p

o
o
l

=

[
1σ
1 Y

1 ;
1σ
2 Y

2 ;...;
1σ
k
Y
k ],

w
h
ere

Y
p

o
o
l

h
as

d
im

en
sion

( ∑
k
n
k )×

p
.

W
e

u
se
Û

p
o
o
l Û

Tp
o
o
l

as
th

e

in
itial

valu
e

for
su

b
sp

ace
estim

ation
alg

orith
m

w
h
ere

Û
p

o
o
l

are
th

e
fi
rst

s
eigen

vectors
of

S
p

o
o
l
=
Y
Tp
o
o
l Y

p
o
o
l .

If
w

e
treat

Y
p

o
o
l
as

an
i.i.d

.
sam

p
le

from
th

e
m

ix
tu

re
d
istrib

u
tion

Z
,
th

en

it
is

k
n
ow

n
th

at
Û

p
o
o
l Û

Tp
o
o
l

is
n
ot

con
sisten

t
w

h
en

b
oth

n
an

d
p

grow
in

g
at

th
e

sam
e

rate.

F
or

an
arb

itrary
p
-vector

η
,

th
e

asy
m

p
totic

b
ias

of
η
T
Û

p
o
o
l Û

Tp
o
o
l η

is
w

ell
ch

aracterized
as

a
fu

n
ction

of
th

e
eigen

valu
es

of
Σ
Z

(M
estre,

2008).
If

eith
er

th
e

eigen
valu

es
of ∑

k
π
k

σ
2k
Ψ
k

or
th

e

total
sam

p
le

size
∑

k
n
k

are
large,

Û
p

o
o
l Û

Tp
o
o
l

w
ill

accu
rately

estim
ate

th
e

sh
ared

su
b
sp

ace
an

d
likelih

o
o
d

b
ased

op
tim

ization
m

ay
n
ot

b
e

n
ecessary.

H
ow

ever,
w

h
en

eith
er

th
e

eigen
-

valu
es

are
sm

all
or

th
e

sam
p
le

size
is

sm
all

th
e

likelih
o
o
d

b
ased

an
aly

sis
can

sign
ifi

can
tly

im
p
rove

in
feren

ce
an

d
Û

p
o
o
l Û

Tp
o
o
l

is
a

u
sefu

l
startin

g
valu

e
for

th
e

E
M

algorith
m

.

E
v
a
lu

a
tin

g
G

o
o
d

n
e
ss

o
f

F
it:

T
ests

for
evalu

atin
g

w
h
eth

er
eigen

vectors
from

m
u
ltip

le
grou

p
s

sp
an

a
com

m
on

su
b
sp

ace
w

ere
ex

p
lored

ex
ten

sively
b
y

S
ch

ott
(1991).

T
h
ese

tests
can

b
e

u
sefu

l
for

assessin
g

w
h
eth

er
a

sh
ared

su
b
sp

ace
m

o
d
el

is
ap

p
rop

riate,
b
u
t

can
n
ot

b
e

u
sed

to
test

w
h
eth

er
a

p
articu

lar
su

b
sp

ace
ex

p
lain

s
variation

across
grou

p
s.

T
h
ese

resu
lts

are
also

b
ased

on
classical

asy
m

p
totics

an
d

are
th

u
s

less
accu

rate
w

h
en

n
�
p

O
u
r

go
o
d
n
ess

of
fi
t

m
easu

re
is

b
ased

on
th

e
fact

th
at

w
h
en

V
is

a
b
asis

for
a

sh
ared

su
b
sp

ace,
th

en
for

each
grou

p
,

m
ost

of
th

e
n
on

-isotrop
ic

variation
in
Y
k

sh
ou

ld
b

e
p
reserved

w
h
en

p
ro

jectin
g

th
e

d
ata

on
to

th
is

sp
ace.

T
o

ch
aracterize

th
e

ex
ten

t
to

w
h
ich

th
is

is
tru

e
for

d
iff

eren
t

grou
p
s,

w
e

p
rop

ose
a

sim
p
le

estim
ator

for
th

e
p
rop

ortion
of

“sign
al”

varian
ce

th
at

lies
on

a
given

su
b
sp

ace.
S
p

ecifi
cally,

w
e

u
se

th
e

follow
in

g
statistic

for
th

e
ratio

of
th

e
su

m
of

th
e

fi
rst

s
eigen

valu
es

of
V
T

Σ
k V

to
th

e
su

m
of

th
e

fi
rst

s
eigen

valu
es

of
Σ
k :

γ
(Y
k

:
V
,σ

2k )
=

||Y
k V
|| 2F
/n

k

m
ax

Ṽ
∈V

p
,s ||Y

k Ṽ
|| 2F
/n

k −
B
k

(6)
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S
h
a
r
e
d

S
u
b
sp
a
c
e
M
u
lt

i-
G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

w
h
er

e
||·
|| F

is
th

e
F

ro
b

en
iu

s
n
or

m
an

d
B
k

is
a

b
ia

s
co

rr
ec

ti
on

w
h
er

e
B
k

=
σ

2 k
p
/n

k
∑

k

(
m

(k
)

i

m
(k

)
i
−
σ

2 k

)

w
it

h
m

(k
)

i
th

e
p

os
it

iv
e

so
lu

ti
on

to
th

e
q
u
ad

ra
ti

c
eq

u
at

io
n

(m
(k

)
i

)2
+
m

(k
)

i
(σ

2 k
p
/n

k
−
σ

2 k
−
λ̂

(k
)

i
)
−
λ̂

(k
)

i
σ

2 k
=

0.
(7

)

an
d
λ̂

(k
)

i
is

th
e
i-

th
ei

ge
n
va

lu
e

of
S
k
/n

k
.

T
h

e
o
re

m
1

A
ss

u
m

e
p
/n

k
→
α
k

a
n

d
s

is
fi

xe
d
.

If
Σ
k

=
V

Ψ
k
V
T

+
σ

2 k
I

,
th

en
γ

(Y
k

:
V
,σ

2 k
)
a
.s →

1
a
s
n
k
,p
→
∞

.

P
ro

o
f

S
in

ce
s

is
fi
x
ed

an
d
n
k

is
gr

ow
in

g,
th

e
n
u
m

er
at

or
,
||Y

k
V
||2 F
/n

k
,

is
a

co
n
si

st
en

t

es
ti

m
at

or
fo

r
th

e
su

m
of

th
e

ei
ge

n
va

lu
es

of
V
T

Σ
k
V

.
In

th
e

d
en

om
in

at
or

,
m

ax
Ṽ
∈V

p
,s

||Y
k
Ṽ
||2 F
/n

k

is
eq

u
iv

al
en

t
to

th
e

su
m

of
th

e
fi
rs

t
s

ei
g
en

va
lu

es
of

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
S
k
/n

k
.

B
ai

k
an

d
S
il
ve

rs
te

in
(2

00
6)

an
d

ot
h
er

s
h
av

e
d
em

on
st

ra
te

d
th

at
as

y
m

p
to

ti
ca

ll
y

as
p
,n

k
→
∞

an
d
p
/n

k
=
α
k
,
λ̂

(k
)

i
is

p
os

it
iv

el
y

b
ia

se
d
.

S
p

ec
ifi

ca
ll
y,

λ̂
(k

)
i

a
.s
.
→

λ
(k

)
i

(
1

+
σ

2 k
α
k

λ
(k

)
i
−
σ

2 k

)
(8

)

R
ep

la
ci

n
g
λ

(k
)

i
b
y
m

(k
)

i
an

d
as

su
m

in
g

eq
u
al

it
y

in
8

y
ie

ld
s

th
e

q
u
ad

ra
ti

c
eq

u
at

io
n

7
.

T
h
e

so
lu

ti
on

,
m

(k
)

i
,

is
an

as
y
m

p
to

ti
ca

ll
y

(i
n
n

an
d
p
)

u
n
b
ia

se
d

es
ti

m
at

or
of
λ

(k
)

i
an

d

m
ax

Ṽ
∈V

p
,s

||Y
k
Ṽ
||2 F
/n

k
−
B
k
a
.s
.
→

s ∑ i

λ
(k

)
i

(9
)

A
s

su
ch

,
w

h
en

th
e

sh
ar

ed
su

b
sp

ac
e

m
o
d
el

h
ol

d
s

b
ot

h
th

e
n
u
m

er
at

or
an

d
d
en

om
in

at
or

of
th

e

go
o
d
n
es

s
of

fi
t

st
at

is
ti

c
co

n
ve

rg
e

al
m

os
t

su
re

ly
to
∑

s i=
1
λ

(k
)

i
.

T
h
er

ef
or

e
γ

(Y
k

:
V
,σ

2 k
)
→

1.

T
h
e

go
o
d
n
es

s
of

fi
t

st
at

is
ti

c
w

il
l

b
e

cl
os

e
to

on
e

fo
r

al
l

gr
ou

p
s

w
h
en

V
V
T

is
a

sh
ar

ed
su

b
sp

ac
e

fo
r

th
e

d
at

a
an

d
ty

p
ic

al
ly

sm
al

le
r

if
n
ot

.
T

h
e

m
et

ri
c

p
ro

v
id

es
a

u
se

fu
l

in
d
ic

at
or

of
w

h
ic

h
gr

ou
p
s

ca
n

b
e

re
as

on
ab

ly
co

m
p
ar

ed
on

a
gi

ve
n

su
b
sp

ac
e

an
d

w
h
ic

h
gr

ou
p
s

ca
n
n
ot

.
In

p
ra

ct
ic

e,
w

e
es

ti
m

at
e

a
sh

ar
ed

su
b
sp

ac
e
V̂

an
d

th
e

is
ot

ro
p
ic

va
ri

an
ce

s
σ̂

2 k
u
si

n
g

E
M

an
d

co
m

p
u
te

th
e

p
lu

g-
in

es
ti

m
at

e
γ

(Y
k

:
V̂
,σ̂

2 k
).

W
h
en

th
is

st
at

is
ti

c
is

sm
al

l
fo

r
so

m
e

gr
ou

p
s,

it
m

ay
su

gg
es

t
th

at
th

e
ra

n
k
s

of
th

e
in

fe
rr

ed
su

b
sp

ac
e

n
ee

d
s

to
b

e
la

rg
er

to
ca

p
tu

re
th

e
va

ri
at

io
n

in
al

l
gr

ou
p
s.

If
γ

(Y
k

:
V̂
,σ̂

2 k
)

is
su

b
st

an
ti

al
ly

la
rg

er
th

an
1

fo
r

a
p
ar

ti
cu

la
r

gr
ou

p
,

it
su

gg
es

ts
th

at
th

e
in

fe
rr

ed
su

b
sp

ac
e

is
to

o
si

m
il
ar

to
th

e
sa

m
p
le

p
ri

n
ci

p
al

co
m

p
on

en
ts

fr
om

gr
ou

p
k
.

W
e

in
ve

st
ig

at
e

th
es

e
is

su
es

in
S
ec

ti
on

4,
b
y

co
m

p
u
ti

n
g

th
e

go
o
d
n
es

s
of

fi
t

st
at

is
ti

c
fo

r
in

fe
rr

ed
su

b
sp

ac
es

of
d
iff

er
en

t
d
im

en
si

on
s

on
a

si
n
g
le

d
at

a
se

t.
In

S
ec

ti
on

6,
w

e
co

m
p
u
te

th
e

es
ti

m
at

es
fo

r
su

b
sp

ac
es

in
fe

rr
ed

w
it

h
re

al
b
io

lo
gi

ca
l

d
at

a.
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0(

17
1)

:1
-3

7,
 2

01
9

F
r
a
n
k
s
a
n
d

H
o
f
f

3
.2

.
In

fe
re

n
c
e

fo
r

P
ro

je
c
te

d
C

o
v
a
ri

a
n

c
e

M
a
tr

ic
e
s

T
h
e

E
M

al
go

ri
th

m
p
re

se
n
te

d
in

th
e

p
re

v
io

u
s

se
ct

io
n

y
ie

ld
s

p
oi

n
t

es
ti

m
at

es
fo

r
V
V
T

,
Ψ
k
,

an
d
σ

2 k
b
u
t

d
o
es

n
ot

le
ad

to
n
at

u
ra

l
u
n
ce

rt
ai

n
ty

q
u
an

ti
fi
ca

ti
on

fo
r

th
es

e
es

ti
m

a
te

s.
In

th
is

se
ct

io
n
,

w
e

as
su

m
e

th
at

th
e

su
b
sp

ac
e
V
V
T

is
fi
x
ed

an
d

k
n
ow

n
an

d
d
em

on
st

ra
te

h
ow

w
e

ca
n

es
ti

m
at

e
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on
fo

r
Ψ
k
.

N
ot

e
th

at
w

h
en

th
e

su
b
sp

ac
e

is
k
n
ow

n
,

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
of

Σ
k

is
co

n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
fr

om
th

e
o
th

er
gr

ou
p
s,

so
th

a
t

w
e

ca
n

in
d
ep

en
d
en

tl
y

es
ti

m
at

e
th

e
co

n
d
it

io
n
al

p
os

te
ri

or
d
is

tr
ib

u
ti

on
s

fo
r

ea
ch

g
ro

u
p
.

T
h
er

e
ar

e
m

an
y

d
iff

er
en

t
w

ay
s

in
w

h
ic

h
w

e
co

u
ld

ch
o
os

e
to

p
ar

am
et

er
iz

e
Ψ
k
.

B
u
il
d
in

g
o
n

re
ce

n
t

in
te

re
st

in
th

e
sp

ik
ed

co
va

ri
a
n
ce

m
o
d
el

(D
on

oh
o

et
al

.,
20

13
;

P
au

l,
20

0
7
)

w
e

p
ro

p
o
se

a
tr

ac
ta

b
le

M
C

M
C

al
go

ri
th

m
b
y

sp
ec

if
y
in

g
p
ri

o
rs

on
th

e
ei

ge
n
va

lu
es

an
d

ei
ge

n
v
ec

to
rs

o
f

Ψ
k
.

B
y

m
o
d
el

in
g

th
e

ei
ge

n
st

ru
ct

u
re

,
w

e
ca

n
n
ow

v
ie

w
ea

ch
co

va
ri

an
ce

Σ
k

in
te

rm
s

o
f

th
e

o
ri

g
in

al
sp

ik
ed

p
ri

n
ci

p
al

co
m

p
on

en
ts

m
o
d
el

.
E

q
u
at

io
n

2,
w

ri
tt

en
as

a
fu

n
ct

io
n

of
V

,
b

ec
o
m

es

Ψ
k

=
O
k
Λ
k
O
T k

Σ
k

=
V

Ψ
k
V
T

+
σ

2 k
I
.

(1
0)

H
er

e,
w

e
al

lo
w

Ψ
k

to
b

e
of

ra
n
k
r
≤
s

d
im

en
si

on
al

co
va

ri
an

ce
m

at
ri

x
on

th
e
s-

d
im

en
si

o
n
a
l

su
b
sp

ac
e.

T
h
u
s,

Λ
k

is
an

r
×
r

d
ia

go
n
al

m
at

ri
x

of
ei

ge
n
va

lu
es

,
an

d
O
k
∈
V s
,r

is
th

e
m

a
tr

ix
of

ei
ge

n
ve

ct
or

s
of

Ψ
k
.

F
or

an
y

in
d
iv

id
u
al

gr
ou

p
,

th
is

co
rr

es
p

on
d
s

to
th

e
o
ri

g
in

a
l

sp
ik

ed
P

C
A

m
o
d
el

(E
q
u
at

io
n

3)
w

it
h
U
k

=
V
O
k
∈
V p
,r

.
N

ot
e

th
at

th
e
V

an
d
O
k

a
re

jo
in

tl
y

u
n
id

en
ti

fi
ab

le
b

ec
au

se
fo

r
an

y
s
×
s

or
th

on
or

m
al

m
at

ri
x
W
,V
O

=
V
W

T
W
O

=
Ṽ
Õ

.
O

n
ce

w
e

fi
x

a
b
as

is
fo

r
th

e
sh

ar
ed

su
b
sp

ac
e,
O
k

is
id

en
ti

fi
ab

le
.

A
s

su
ch

,
O
k

sh
o
u
ld

o
n
ly

b
e

in
te

rp
re

te
d

re
la

ti
v
e

to
th

e
b
as

is
V

,
as

d
et

er
m

in
ed

b
y

th
e

E
M

al
go

ri
th

m
d
es

cr
ib

ed
in

S
ec

ti
on

3.
1.

D
iff

er
en

ti
at

in
g

th
e

ra
n
k
s
r

an
d
s

is
h
el

p
fu

l
b

ec
au

se
it

en
ab

le
s

u
s

to
in

d
ep

en
d
en

tl
y

sp
ec

if
y

a
su

b
sp

ac
e

co
m

m
on

to
al

l
gr

ou
p
s

an
d

th
e

p
os

si
b
ly

lo
w

er
ra

n
k

fe
a
tu

re
s

o
n

th
is

sp
a
ce

th
at

ar
e

sp
ec

ifi
c

to
in

d
iv

id
u
al

gr
ou

p
s.

A
lt

h
ou

gh
ou

r
m

o
d
el

is
m

os
t

u
se

fu
l

w
h
en

th
e

co
va

ri
an

ce
m

at
ri

ce
s

ar
e

re
la

te
d

a
cr

o
ss

gr
ou

p
s,

w
e

ca
n

al
so

u
se

th
is

fo
rm

u
la

ti
on

to
sp

ec
if

y
m

o
d
el

s
fo

r
m

u
lt

ip
le

u
n
re

la
te

d
sp

ik
ed

co
va

ri
an

ce
m

o
d
el

s.
W

e
ex

p
lo

re
th

is
in

d
et

ai
l

in
S
ec

ti
on

4.
In

S
ec

ti
o
n

6
w

e
in

tr
o
d
u
ce

a
sh

ar
ed

su
b
sp

ac
e

m
o
d
el

w
it

h
ad

d
it

io
n
al

st
ru

ct
u
re

on
th

e
ei

ge
n
ve

ct
or

s
an

d
ei

g
en

va
lu

es
o
f

Ψ
k

to
fa

ci
li
ta

te
in

te
rp

re
ta

ti
on

of
co

va
ri

an
ce

h
et

er
o
ge

n
ei

ty
on

a
tw

o-
d
im

en
si

on
al

su
b
sp

a
ce

.

T
h
e

li
ke

li
h
o
o
d

fo
r

Σ
k

gi
ve

n
th

e
su

ffi
ci

en
t

st
at

is
ti

c
S
k

=
Y
T k
Y
k

is
gi

ve
n

in
E

q
u
a
ti

o
n

1
.

F
or

th
e

sp
ik

ed
P

C
A

fo
rm

u
la

ti
on

,
w

e
m

u
st

re
w

ri
te

th
is

li
ke

li
h
o
o
d

in
te

rm
s

of
V

,
O
k
,

Λ
k

a
n
d

σ
2 k
.

F
ir

st
n
ot

e
th

at
b
y

th
e

W
o
o
d
b
u
ry

m
at

ri
x

id
en

ti
ty

Σ
−

1
k

=
(σ

2 k
(U

k
Λ
k
U
T k

+
I
))
−

1

=
1 σ
2 k

(U
k
Λ
k
U
T k

+
I
)−

1

=
1 σ
2 k

(I
−
U
k
Ω
k
U
T k

),
(1

1
)
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S
h
a
r
e
d

S
u
b
spa

c
e
M
u
lt

i-G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

w
h
ere

th
e

d
ia

go
n
al

m
atrix

Ω
=

Λ
(I

+
Λ

) −
1,

e.g.
ω
i

=
λ
i

λ
i +

1 .
F

u
rth

er,

|Σ
k |

=
(σ

2k )
p|U

k Λ
k U

Tk
+
I|

=
(σ

2k )
p|Λ

k
+
I|

=
(σ

2k )
p

r
∏i=

1 (λ
i
+

1)

=
(σ

2k )
p

r
∏i=

1 (1−
ω
i ),

(12)

w
h
ere

th
e

secon
d

lin
e

is
d
u
e

to
S
y
lv

ester’s
d
eterm

in
an

t
th

eorem
.

N
ow

,
th

e
likelih

o
o
d

of
V

,
O
k ,

Λ
k

a
n
d
σ

2k
is

availab
le

from
E

q
u
ation

1
b
y

su
b
stitu

tin
g

th
e

ap
p
rop

riate
q
u
an

tities
for

Σ
−

1
k

a
n
d
|Σ
k |

a
n
d

rep
lacin

g
U
k

w
ith

V
O
k :

L
(σ

2k ,V
,O

k Ω
k

:
Y
k )∝

(σ
2k ) −

n
k
p
/
2etr(−

1

2
σ

2k

S
k ) (

r
∏i=

1 (1−
ω
k
i ) )

n
k
/
2

etr(
1

2
σ

2k

(V
O
k Ω

k O
Tk
V
T

)S
k ).

(13)
W

e
u
se

co
n
ju

g
ate

an
d

sem
i-con

ju
gate

p
rior

d
istrib

u
tion

s
for

th
e

p
aram

eters
O
k ,
σ

2k
an

d
Ω
k

to
fa

cilita
te

in
feren

ce
v
ia

a
G

ib
b
s

sam
p
lin

g
algorith

m
.

In
th

e
ab

sen
ce

of
sp

ecifi
c

p
rior

in
fo

rm
a
tio

n
,

in
varian

ce
con

sid
eration

s
su

ggest
th

e
u
se

of
p
riors

th
at

lea
d

to
eq

u
ivarian

t
estim

a
to

rs.
B

elow
w

e
d
escrib

e
ou

r
ch

oices
for

th
e

p
rior

d
istrib

u
tion

s
of

each
p
aram

eter
a
n
d

th
e

resu
lta

n
t

con
d
ition

al
p

osterior
d
istrib

u
tion

s.
W

e
su

m
m

a
rise

th
e

G
ib

b
s

S
a
m

p
ler

in
A

lg
o
rith

m
2
.

C
o
n

d
itio

n
a
l

d
istrib

u
tio

n
o
f
σ

2k :
F

rom
E

q
u
ation

13
it

is
clear

th
at

th
e

in
verse-gam

m
a

cla
ss

o
f

p
rio

r
d
istrib

u
tion

s
is

con
ju

gate
for

σ
2k .

W
e

ch
ose

a
d
efau

lt
p
rior

d
istrib

u
tion

fo
r
σ

2k
th

a
t

is
eq

u
ivarian

t
w

ith
resp

ect
to

scale
ch

an
ges.

S
p

ecifi
cally,

w
e

u
se

th
e

J
ef-

frey
s

p
rio

r
d
istrib

u
tion

,
an

im
p
rop

er
p
rior

w
ith

d
en

sity
p
(σ

2k )
∝

1
/σ

2k .
U

n
d
er

th
is

p
rior,

stra
ig

h
tfo

rw
a
rd

calcu
lation

s
sh

ow
th

at
th

e
fu

ll
con

d
ition

al
d
istrib

u
tion

of
σ

2k
is

in
v
erse-

g
a
m

m
a
(n
k p
/
2,tr[S

k (I−
U
k Ω

k U
Tk

)/
2]),

w
h
ere

U
k

=
V
O
k .

C
o
n

d
itio

n
a
l

d
istrib

u
tio

n
o
f
O
k :

G
iven

th
e

likelih
o
o
d

from
E

q
u
ation

13,
it

is
easy

to
sh

ow
th

a
t

th
e

class
of

B
in

gh
am

d
istrib

u
tion

s
are

con
ju

gate
for

O
k

(H
off

,
2009a,b

).
A

gain
,

in
va

ria
n
ce

con
sid

eration
s

lead
u
s

to
u
se

a
rotation

ally
in

varian
t

u
n
iform

p
rob

ab
ility

m
easu

re
o
n
V
s,p .

U
n
d
er

th
is

u
n
iform

p
rior,

th
e

fu
ll

con
d
ition

al
d
istrib

u
tion

of
O
k

h
as

a
d
en

sity
p
ro

p
o
rtio

n
a
l

to
th

e
lik

elih
o
o
d

p
(O

k |σ
2k ,U

k ,Ω
k )∝

etr(Ω
k O

Tk
V
T

[S
k /(2σ

2k )]V
O
k ).

(14)

T
h
is

is
a

B
in

g
h
am

(Ω
,V

T
S
k V
/
(2σ

2))
d
istrib

u
tion

on
V
s,r

(K
h
atri

an
d

M
ard

ia,
197

7).
A

G
ib

b
s

sa
m

p
ler

to
sim

u
late

from
th

is
d
istrib

u
tion

is
g
iven

in
H

off
(20

09b
).

T
o
g
eth

er,
th

e
p
rior

for
σ

2k
an

d
O
k

lead
s

to
con

d
ition

a
l(on

V
)

B
ay

es
estim

ato
rs

Σ̂
(V

T
S
k V

)
th

a
t

a
re

eq
u
ivarian

t
w

ith
resp

ect
to

scale
ch

an
ges

an
d

rotation
s

on
th

e
su

b
sp

ace
sp

an
n
ed

b
y

V
,

so
th

a
t

Σ̂
(a
W
V
T
S
k V
W

T
)

=
a
W

Σ̂
(V

T
S
k V

)W
for

all
a
>

0
an

d
W
∈
O
s

(assu
m

in
g

an
in

va
ria

n
t

lo
ss

fu
n
ction

).
In

terestin
gly,

if
Ω
k

w
ere

k
n
ow

n
(w

h
ich

it
is

n
ot),

th
en

for
a

given
in

va
ria

n
t

lo
ss

fu
n
ction

th
e

B
ay

es
estim

ator
u
n
d
er

th
is

p
rior

m
in

im
izes

th
e

(freq
u
en

tist)
risk

a
m

o
n
g

a
ll

eq
u
ivarian

t
estim

ators
(E

aton
,

1989).
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F
r
a
n
k
s
a
n
d

H
o
f
f

A
lg

o
rith

m
2
:

G
ib

b
s

S
am

p
ler

for
P

ro
jected

D
ata

C
ovarian

ce
M

atrices

E
stim

ate
V̂

u
sin

g
E

M
(A

lgorith
m

1).
In

itialize
O
k ,Λ

k ,σ
2k ;

fo
r
s←

1
to

n
u
m
be

r
o
f
sa

m
p
le
s

d
o

fo
r
k
←

1
to

K
d

o

S
am

p
le
σ

2k
from

an
in

verse-gam
m

a(n
k p
/2
,tr[S

k (I−
V̂
O
k Ω

k V̂
T
O
Tk

)/2]);

S
am

p
le
O
k

from
a

B
in

gh
am

(Ω
,V̂

T
S
k V̂
/
(2σ

2));
fo

r
i←

1
to

r
d

o
S
am

p
le

(1−
ω
k
i )

from
a

g
am

m
a(n

k /2
+

1
,c
k
i n
k /2)

tru
n
cated

at
1;

λ
k
i ←

ω
k
i /

(1−
ω
k
i )

e
n

d

e
n

d

e
n

d

C
o
n

d
itio

n
a
l

d
istrib

u
tio

n
fo

r
Ω
k :

H
ere

w
e

sp
ecify

th
e

con
d
ition

al
d
istrib

u
tion

of
th

e
d
iagon

al
m

atrix
Ω
k

=
Λ
k (I

+
Λ
k ) −

1
=

d
iag(ω

k
1 ,...ω

k
r ).

W
e

con
sid

er
a

u
n
iform

(0,1)
p
rior

d
istrib

u
tion

for
each

elem
en

t
of

Ω
,
or

eq
u
ivalen

tly,
an

F
2
,2

p
rior

d
istrib

u
tion

for
th

e
elem

en
ts

of
Λ

.
T

h
e

fu
ll

con
d
ition

al
d
istrib

u
tion

of
an

elem
en

t
ω
i

of
Ω

is
p
rop

ortion
al

to
th

e
likelih

o
o
d

fu
n
ction

p
(ω
k
i |V
,O

k ,S
k )∝

ω
k
i (

r
∏i=

1 (1−
ω
k
i )
n
k
/
2 )

etr(
1

2
σ

2k

(V
O
k Ω

k O
Tk
V
T

)S
k )

(15)

∝
(1−

ω
k
i )
n
k
/
2e
c
k
i ω
k
i n
k
/
2,

(16)

w
h
ere

c
k
i

=
u
Tk
i S
k u

k
i /

(n
k σ

2k )
an

d
u
k
i

is
colu

m
n
i

of
U
k

=
V
O
k .

It
is

straigh
tforw

ard
to

sh
ow

th
at

th
e

d
en

sity
for

(1−
ω
k
i )

is
p
rop

ortion
al

to
a

gam
m

a(n
k /

2
+

1,c
k
i n
k /2

)
tru

n
cated

at
1.

T
h
u
s,

w
e

can
easily

sam
p
le

from
th

is
d
istrib

u
tion

u
sin

g
in

version
sam

p
lin

g.
T

h
e

b
eh

av
ior

of
th

e
d
istrib

u
tion

for
ω
k
i

is
straigh

tforw
ard

to
u
n
d
erstan

d
:

if
c
k
i ≤

1,
th

en
th

e
fu

n
ction

h
as

a
m

ax
im

u
m

at
ω
k
i

=
0,

an
d

d
ecay

s
m

on
oton

ically
to

zero
as
ω
k
i →

1.
If
c
k
i
>

1
th

en
th

e
fu

n
ction

is
u
n
iq

u
ely

m
ax

im
ized

a
t

(c
k
i −

1)/c
k
i ∈

(0,1).
T

o
see

w
h
y

th
is

m
akes

sen
se,

n
ote

th
at

th
e

likelih
o
o
d

is
m

ax
im

ized
w

h
en

th
e

co
lu

m
n
s

of
U
k

are
eq

u
al

to
th

e
eigen

vectors
of
S
k

corresp
on

d
in

g
to

its
top

r
eigen

valu
es

(T
ip

p
in

g
an

d
B

ish
op

,
1999).

A
t

th
is

valu
e

of
U
k ,
c
k
i

w
ill

th
en

eq
u
al

on
e

of
th

e
top

r
eigen

valu
es

of
S
k /

(n
k σ

2k ).
In

th
e

case
th

at
n
k �

p
,

w
e

ex
p

ect
S
k /(n

k σ
2k )≈

Σ
k /σ

2k ,
th

e
tru

e
(scaled

)
p

op
u
lation

covarian
ce,

an
d

so
w

e
ex

p
ect

c
k
i

to
b

e
n
ear

on
e

of
th

e
top

r
eigen

valu
es

of
Σ
k /σ

2k ,
say

λ
k
i
+

1.
If

in
d
eed

Σ
k

h
as
r

sp
ikes,

th
en

λ
k
i
>

0,
c
k
i
≈
λ
k
i

+
1
>

1,
an

d
so

th
e

con
d
ition

al
m

o
d
e

of
w
k
i

is
ap

p
rox

im
ately

(c
k
i −

1)/c
k
i

=
λ
k
i /

(λ
k
i
+

1),
th

e
correct

valu
e.

O
n

th
e

oth
er

h
an
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’s

lo
ss

,
th

e
B

ay
es

es
ti

m
at

or
is

th
e

in
ve

rs
e

of
th

e
p

os
te

ri
or

m
ea

n
o
f

th
e

p
re

ci
si

o
n

m
at

ri
x
,

Σ̂
k

=
E

[Σ
−

1
k
|S
k
]−

1
w

h
ic

h
w

e
es

ti
m

a
te

u
si

n
g

M
C

M
C

sa
m

p
le

s.
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E
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ŝ

Stein's Risk

V
V

T
=

Ip
V

V
T=

 span(U
1 ,..., U

K )

(a
)

S
tein

’s
risk

v
s
ŝ

1
2

3
4

5
6

7
8

9
G

roup

Goodness of Fit
0.0 0.2 0.4 0.6 0.8 1.0

(b
)
ŝ

=
5

1
2

3
4

5
6

7
8

9
G

roup

Goodness of Fit
0.0 0.2 0.4 0.6 0.8 1.0

(c)
ŝ

=
2
0

F
ig

u
re

3
:

a
)

S
tein

’s
risk

as
a

fu
n
ction

of
th

e
sh

ared
su

b
sp

a
ce

d
im

en
sion

(solid
b
lack

lin
e).

D
a
ta

from
ten

grou
p
s,

w
ith

U
k

gen
erated

u
n
iform

ly
on

th
e

S
tiefel

m
an

ifold
V

2
0
0
,2 .

A
s
ŝ
→

p
,

th
e

risk
con

v
erges

to
th

e
risk

from
in

d
ep

en
d
en

tly
estim

ated
sp

ik
ed

cova
rian

ce
m

atrices
(d

ash
ed

b
lu

e
lin

e).
T

h
e

d
ata

also
fi
t

a
sh

ared
su

b
sp

ace
m

o
d
el

w
ith

s
=
rK

.
If
V
V
T

=
sp

an
(U

1 ,...,U
k )

w
ere

k
n
ow

n
ex

actly,
sh

ared
su

b
sp

ace
estim

ation
y
ield

s
low

er
risk

th
an

in
d
ep

en
d
en

t
covarian

ce
estim

a
tion

(d
ash

ed
red

lin
e).

b
)

F
or

a
sin

gle
sim

u
lated

d
ata

set,
th

e
go

o
d
n
ess

of
fi
t

statistic,
γ

(Y
k

:
V̂
,σ̂

k
2),

w
h
en

th
e

assu
m

ed
sh

ared
su

b
sp

ace
is

d
im

en
sion

ŝ
=

5.
c).

F
or

th
e

sam
e

d
a
ta

set,
go

o
d
n
ess

of
fi
t

w
h
en

th
e

assu
m

ed
sh

ared
su

b
sp

ace
is

d
im

en
sion

ŝ
=

20.
W

e
can

cap
tu

re
n
early

all
of

th
e

variab
ility

in
each

of
th

e
10

g
rou

p
s

u
sin

g
an

ŝ
=
rK

=
20

d
im

en
sion

al
sh

ared
su

b
sp

ace.

W
e

sta
rt

b
y

in
vestigatin

g
th

e
b

eh
av

ior
of

ou
r

m
o
d
el

w
h
en

w
e

u
n
d
erestim

ate
th

e
tru

e
d
im

en
sio

n
o
f

th
e

sh
ared

su
b
sp

ace.
In

th
is

sim
u
lation

,
w

e
gen

erate
K

=
10

grou
p
s

o
f

m
ean

-
zero

n
o
rm

a
lly

d
istrib

u
ted

d
ata

w
ith

p
=

200
,
r

=
2,
s

=
p

an
d
σ

2k
=

1.
W

e
fi
x

th
e

eigen
valu

es
o
f

Ψ
k

to
(λ

1 ,λ
2 )

=
(250

,25).
A

lth
ou

gh
th

e
sign

al
varian

ce
from

each
grou

p
in

d
iv

id
u
ally

is
p
reserv

ed
o
n

a
tw

o
d
im

en
sion

al
su

b
sp

ace,
th

ese
su

b
sp

aces
are

n
ot

sim
ilar

a
cross

grou
p
s

sin
ce

th
e

eig
en

vectors
from

each
grou

p
are

gen
erated

u
n
iform

ly
from

th
e

S
tiefel

m
an

ifold
,

U
k ∈
V
p
,r .

W
e

u
se

th
ese

d
ata

to
evalu

ate
h
ow

w
ell

th
e

sh
ared

su
b
sp

ace
estim

ator
p

erform
s

w
h
en

w
e

fi
t

th
e

d
a
ta

u
sin

g
a

sh
ared

su
b
sp

ace
m

o
d
el

of
d
im

en
sion

ŝ
<
s.

In
F

igu
re

3
(a)

w
e

p
lot

S
tein

’s
risk

a
s

a
fu

n
ctio

n
of
ŝ,

estim
atin

g
th

e
risk

em
p
irically

u
sin

g
ten

in
d
ep

en
d
en

t
sim

u
lation

s
p

er
va

lu
e

o
f
ŝ.

T
h
e

d
ash

ed
b
lu

e
lin

e
corresp

on
d
s

to
S
tein

’s
risk

for
covarian

ce
m

atrices
estim

ated
in

d
ep

en
d
en

tly.
In

d
ep

en
d
en

t
covarian

ce
estim

ation
is

eq
u
ivalen

t
to

sh
ared

su
b
sp

a
ce

in
feren

ce
w

ith
ŝ

=
p

b
ecau

se
th

is
im

p
lies

V
V
T

=
I
p .

A
lth

ou
gh

th
e

risk
is

large
for

sm
all

valu
es

of
ŝ,

a
s

th
e

sh
a
red

su
b
sp

ace
d
im

en
sion

in
creases

to
th

e
d
im

en
sion

of
th

e
featu

re
sp

a
ce,

th
at

is
ŝ
→

p
,

th
e

risk
for

th
e

sh
ared

su
b
sp

ace
estim

ator
q
u
ick

ly
d
ecreases.

Im
p

ortan
tly,

it
is

a
lw

ay
s

tru
e

th
a
t

ran
k
([U

1 ,...,U
K

])≤
rK

so
it

can
eq

u
ivalen

tly
b

e
assu

m
ed

th
at

th
e

d
ata

w
ere

g
en

era
ted

from
a

sh
ared

su
b
sp

ace
m

o
d
el

w
ith

d
im

en
sio

n
s

=
rK

<
p
.

A
s

su
ch

,
even

w
h
en

th
ere

is
little

sim
ilarity

b
etw

een
th

e
eigen

vectors
from

each
grou

p
,
th

e
sh

ared
su

b
sp

ace
estim

a
to

r
w

ith
ŝ

=
rK

w
ill

p
erform

w
ell,

p
rov

id
ed

th
at

w
e

can
id

en
tify

a
su

b
sp

ace,
V̂
V̂
T

1
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F
r
a
n
k
s
a
n
d

H
o
f
f

th
at

is
close

to
sp

an
([U

1 ,...,U
K

]).
W

h
en
V̂
V̂
T

=
sp

an
([U

1 ,...,U
K

])
ex

actly,
sh

ared
su

b
sp

ace
estim

ation
ou

tp
erform

s
in

d
ep

en
d
en

t
covarian

ce
estim

ation
(3(a),

d
ash

ed
red

lin
e).

F
rom

th
is

sim
u
lation

,
it

is
clear

th
at

correctly
sp

ecify
in

g
th

e
d
im

en
sion

of
th

e
sh

ared
su

b
sp

ace
is

im
p

ortan
t

for
effi

cien
t

covarian
ce

estim
ation

.
W

h
en

th
e

d
im

en
sion

of
th

e
sh

ared
su

b
sp

ace
is

to
o

sm
all,

w
e

accru
e

h
igh

er
risk

.
T

h
e

go
o
d
n
ess

of
fi
t

statistic,
γ

(Y
k

:
V̂
,σ̂

k
2),

can
b

e
u
sed

to
id

en
tify

w
h
en

a
larger

sh
ared

su
b
sp

ace
is

w
arran

ted
.

W
h
en
ŝ

is
to

o
sm

all,
γ

(Y
k

:
V̂
,σ̂

k
2)

w
ill

b
e

su
b
stan

tially
sm

aller
th

an
on

e
for

at
least

som
e

of
th

e
grou

p
s,

regard
less

of
V̂

(e.g.
F

igu
re

3(b
)).

W
h
en

ŝ
is

large
en

ou
gh

,
w

e
are

ab
le

to
u
se

m
ax

im
u
m

m
argin

al
likelih

o
o
d

to
id

en
tify

a
sh

ared
su

b
sp

ace
w

h
ich

p
reserv

es
m

ost
of

th
e

variation
in

th
e

d
ata

for
all

grou
p
s

(F
igu

re
3(c)).

T
h
u
s,

for
an

y
estim

ated
su

b
sp

ace,
th

e
go

o
d
n
ess

of
fi
t

sta
tistic

can
b

e
u
sed

to
id

en
tify

th
e

grou
p
s

th
at

can
b

e
fairly

com
p
ared

on
th

is
su

b
sp

ace
an

d
w

h
eth

er
w

e
w

ou
ld

b
en

efi
t

from
fi
ttin

g
a

m
o
d
el

w
ith

a
larg

er
valu

e
of
ŝ.

F
in

ally,
in

th
e

ap
p

en
d
ix

,
w

e
in

clu
d
e

a
som

e
ad

d
ition

al
m

issp
ecifi

ca
tion

resu
lts.

In
p
ar-

ticu
lar,

w
e

con
sid

er
tw

o
cases

in
a

10
grou

p
an

aly
sis:

on
e

case
in

w
h
ich

7
grou

p
s

sh
are

a
com

m
on

su
b
sp

ace
b
u
t

th
e

oth
er

th
ree

d
o

n
ot,

an
d

a
secon

d
case

in
w

h
ich

fi
ve

grou
p
s

sh
are

on
e

com
m

on
tw

o
d
im

en
sion

al
su

b
sp

ace,
an

d
th

e
oth

er
fi
ve

grou
p
s

sh
are

a
d
iff

eren
t

tw
o

d
im

en
sion

al
su

b
sp

ace
(see

F
igu

res
8

an
d

9).
B

riefl
y,

th
ese

resu
lts

in
d
icate

th
at

w
h
en

on
ly

som
e

of
th

e
grou

p
s

sh
are

a
com

m
on

su
b
sp

ace,
w

e
can

still
u
su

ally
id

en
tify

b
oth

th
e

ex
isten

ce
of

th
e

su
b
sp

ace(s)
sh

ared
b
y

th
ose

grou
p
s.

W
e

can
a
lso

id
en

tify
w

h
ich

grou
p
s

d
o

n
ot

sh
are

th
e

sp
ace,

u
sin

g
th

e
go

o
d
n
ess

of
fi
t

m
etric.

W
h
en

th
ere

are
m

u
ltip

le
relevan

t
sh

ared
su

b
sp

aces,
w

e
can

often
id

en
tify

th
ose

d
istin

ct
m

o
d
es

u
sin

g
a

d
iff

eren
t

su
b
sp

ace
in

itialization
for

th
e

E
M

algorith
m

.

M
o
d

e
l

C
o
m

p
a
riso

n
a
n

d
R

a
n

k
E

stim
a
tio

n
:

C
learly,

correct
sp

ecifi
cation

fo
r

th
e

ran
k

of
th

e
sh

ared
su

b
sp

ace
is

im
p

ortan
t

for
effi

cien
t

in
feren

ce.
S
o

far
in

th
is

section
,

w
e

h
ave

assu
m

ed
th

at
th

e
grou

p
ran

k
,
r,

an
d

sh
ared

su
b
sp

ace
d
im

en
sion

,
s,

are
fi
x
ed

an
d

k
n
ow

n
.

In
p
ractice

th
is

is
n
ot

th
e

case.
P

rior
to

fi
ttin

g
a

m
o
d
el

w
e

sh
ou

ld
estim

ate
th

ese
q
u
an

tities.
S
tan

d
ard

m
o
d
el

selection
m

eth
o
d
s

can
b

e
ap

p
lied

to
select

th
e

b
oth

s
an

d
r.

C
om

m
on

ap
p
roach

es
in

clu
d
e

cross
valid

ation
an

d
in

form
ation

criteria
like

A
IC

an
d

B
IC

.
H

ow
ever,

th
ese

ap
p
roach

es
are

com
p
u
tation

ally
in

ten
sive

sin
ce

th
ey

req
u
ire

fi
ttin

g
th

e
m

o
d
el

for
each

valu
e

of
s

an
d
r.

H
ere,

w
e

estim
ate

th
e

m
o
d
el

d
im

en
sion

s
b
y

ap
p
ly

in
g

an
asy

m
p
to

tically
op

tim
al

(in
m

ean
sq

u
ared

error)
sin

gu
lar

valu
e

th
resh

old
for

low
ran

k
m

a
trix

recovery
w

ith
n
oisy

d
ata

(G
av

ish
an

d
D

on
oh

o,
2014).

T
h
is

ran
k

estim
ato

r
is

a
fu

n
ction

of
th

e
m

ed
ian

sin
gu

lar
valu

e
of

th
e

d
ata

m
atrix

an
d

th
e

ratio
α
k

=
p
/n

k .
N

ote
th

a
t

u
n
d
er

th
e

sh
ared

su
b
sp

ace
m

o
d
el,

th
e

scaled
an

d
p

o
oled

d
ata

d
escrib

ed
in

section
3.1

can
b

e
ex

p
ressed

as
Y

p
o
o
led

=
X

+
Z

w
h
ere

V
are

th
e

left
sin

gu
lar

valu
es

of
X

an
d
Z

is
a

n
oise

m
atrix

w
ith

zero
m

ean
an

d
varian

ce
on

e.
T

h
is

is
th

e
settin

g
in

w
h
ich

G
av

ish
an

d
D

on
oh

o
(2014)

d
evelop

a
ran

k
estim

ation
algorith

m
,

an
d

so
it

can
b

e
ap

p
rop

ria
tely

ap
p
lied

to
Y

p
o
o
led

to
estim

ate
s.

U
sin

g
th

is
ran

k
estim

ation
ap

p
roach

,
w

e
con

d
u
ct

a
sim

u
lation

w
h
ich

d
em

on
strates

th
e

relative
p

erform
an

ce
of

sh
ared

su
b
sp

ace
grou

p
covarian

ce
estim

a
tion

u
n
d
er

d
iff

eren
t

d
ata

gen
eratin

g
m

o
d
els.

W
e

con
sid

er
th

ree
d
iff

eren
t

sh
ared

su
b
sp

a
ce

d
ata

m
o
d
els:

1)
a

low
d
im

en
sion

al
sh

ared
su

b
sp

ace
m

o
d
el

w
ith

s
=
r;

2)
a

m
o
d
el

in
w

h
ich

th
e

sp
iked

covarian
ce

m
atrices

from
all

grou
p
s

are
id

en
tical,

e.g.
Σ
k

=
Σ

=
U

Λ
U
T

+
σ

2I
;

an
d

3)
a

fu
ll

ran
k

sh
ared

su
b
sp

ace
m

o
d
el

w
ith

s
=
p
.
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S
h
a
r
e
d

S
u
b
sp
a
c
e
M
u
lt

i-
G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

T
ab

le
1:

S
te

in
’s

ri
sk

(a
n
d

95
%

lo
ss

in
te

rv
al

s)
fo

r
d
iff

er
en

t
in

fe
re

n
ti

al
m

o
d
el

s
an

d
d
at

a
ge

n
-

er
at

in
g

m
o
d
el

s
w

it
h

va
ry

in
g

d
eg

re
es

of
b

et
w

ee
n
-g

ro
u
p

co
va

ri
an

ce
si

m
il
ar

it
y.

F
or

ea
ch

of
K

=
10

gr
ou

p
s,

w
e

si
m

u
la

te
d
at

a
fr

om
th

re
e

d
iff

er
en

t
ty

p
es

of
sh

ar
ed

su
b
sp

ac
e

m
o
d
el

s.
F

or
ea

ch
of

th
es

e
m

o
d
el

s,
p

=
20

0,
r

=
2,
σ

2 k
=

1
an

d
n
k

=
50

.
W

e
al

so
fi
t

th
e

d
at

a
u
si

n
g

th
re

e
d
iff

er
en

t
sh

ar
ed

su
b
sp

ac
e

m
o
d
el

s:
a

m
o
d
el

in
w

h
ic

h
s,
r

an
d
V
V
T

ar
e

al
l

es
ti

m
at

ed
fr

om
th

e
d
at

a
(“

ad
ap

ti
ve

”)
,

a
sp

ik
ed

co
-

va
ri

an
ce

m
o
d
el

in
w

h
ic

h
th

e
co

va
ri

an
ce

m
at

ri
ce

s
fr

om
ea

ch
gr

ou
p

ar
e

as
su

m
ed

to
b

e
id

en
ti

ca
l

(Σ̂
k

=
Σ̂

)
an

d
a

m
o
d
el

in
w

h
ic

h
w

e
as

su
m

e
th

e
d
at

a
d
o

n
o
t

sh
ar

e
a

lo
w

er
d
im

en
si

on
al

su
b
sp

ac
e

ac
ro

ss
g
ro

u
p
s

(i
.e

.
ŝ

=
p
).

T
h
e

es
ti

m
at

or
s

w
h
ic

h
m

os
t

cl
os

el
y

m
at

ch
th

e
d
at

a
ge

n
er

at
in

g
m

o
d
el

h
av

e
th

e
lo

w
es

t
ri

sk
(d

ia
g
on

al
)

b
u
t

th
e

ad
ap

ti
ve

es
ti

m
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1)
is

also
d
iag

on
al

w
ith

en
tries

0
<
d
i
<

1
of

d
ecreasin

g
m

agn
itu

d
e.

T
h
en

,
th

e
solu

tion
to

V̂
(k

)
=

argm
ax

Ṽ
∈V

p
,s

tr (
D
Ṽ
T
∑

k

(S
k )Ṽ

)
.

h
a
s
V̂

(k
)

eq
u
a
l

to
th

e
fi
rst

s
eigen

vectors
of ∑

k
S
k .

T
h
is

is
m

ax
im

ized
w

h
en

th
e

colu
m

n
s

of
V

m
a
tch

th
e

fi
rst

em
p
irical

eigen
vectors

of ∑
k
S
k

an
d

h
as

a
m

ax
im

u
m

of ∑
ri=

1
d
i `
i

w
h
ere

`
i

is
th

e
ith

eig
en

valu
e

of ∑
k
S
k .

U
sin

g
a

resu
lt

from
P

au
l

(2007),
it

can
b

e
sh

ow
n

th
at

as
lo

n
g

a
s
λ
i
>
σ

2(1
+
√
α

)
w

h
ere

λ
i

is
th

e
ith

eigen
valu

e
of

Σ
k ,

th
e

asy
m

p
totic

in
n
er

p
ro

d
u
ct

b
etw

een
th

e
ith

sam
p
le

eigen
vector

an
d

th
e
ith

p
op

u
lation

eigen
vector

ap
p
roach

es
a

lim
it

th
a
t

is
a
lm

o
st

su
rely

less
th

an
on

e

|〈V̂
i ,V

i 〉|
a
.s.
→
√
(

1−
α

K
(λ
i −

1)
2 )

/ (
1

+
α

K
(λ
i −

1) )

A
s

su
ch

,
w

e
ca

n
ex

p
ress

asy
m

p
totic

sh
ared

su
b
sp

ace
accu

racy
for

th
e

id
en

tica
l
grou

p
s

m
o
d
el

a
s

tr(V̂
V̂
T
V
V
T

)/s
=

1s

s
∑i=

1 |〈V̂
i ,V

i 〉| 2

a
.s.
→

1s

s
∑i=

1 (
1−

α

K
(λ
i −

1)
2 )

/ (
1

+
α

K
(λ
i −

1) )
.

(18)

H
ere,

th
e

a
ccu

racy
of

th
e

estim
ate

d
ep

en
d
s

on
α

,
K

an
d

th
e

m
agn

itu
d
e

of
th

e
eigen

val-
u
es,

w
ith

th
e

b
ias

n
atu

rally
d
ecreasin

g
as

th
e

n
u
m

b
er

of
grou

p
s

in
creases.

M
ost

im
p

o
rta

n
tly,

E
q
u
a
tio

n
1
8

p
rov

id
es

a
u
sefu

l
b

en
ch

m
ark

for
u
n
d
erstan

d
in

g
th

e
b
ias

of
sh

ared
su

b
sp

ace
es-

tim
a
tes

in
th

e
gen

eral
settin

g
in

w
h
ich

ψ
k

varies
across

grou
p
s.

O
u
r

co
n
jectu

re
th

at
th

e
su

b
sp

a
ce

a
ccu

racy
is

larger
th

an
th

e
low

er
b

ou
n
d

w
h
en

th
e

eigen
vectors

b
etw

een
grou

p
s

are
va

ria
b
le

is
co

n
sisten

t
w

ith
ou

r
sim

u
lation

resu
lts.

In
F

ig
u
re

4
w

e
d
ep

ict
th

e
su

b
sp

ace
accu

racy
m

etric
tr(V̂

V̂
T
V
V
T

)/s
an

d
b

en
ch

m
a
rk

1s ∑
si=

1 (
1−

α
K

(λ
i −

1
)
2 )
/ (

1
+

α
K

(λ
i −

1
) )

for
sim

u
lated

m
u
lti-grou

p
d
ata

gen
erated

u
n
d
er

th
e

sh
a
red

su
b
sp

ace
m

o
d
el

w
ith

s
=

2,
n

=
50,

p
=

200
a
n
d

th
ree

d
iff

eren
t

sets
of

eig
en

valu
es.

F
o
r

ea
ch

covaria
n
ce

m
atrix

,
th

e
eigen

vectors
o
f
ψ
k

w
ere

sam
p
led

u
n
iform

ly
from

S
tiefel

m
an

-
ifo

ld
V

2
,2 .

W
h
en

ψ
k

is
isotrop

ic
(green

)
th

e
su

b
sp

ace
sim

ilarity
m

etric
clo

sely
m

atch
es

th
e
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F
r
a
n
k
s
a
n
d

H
o
f
f

2
4

6
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N
um

ber of G
roups

Subspace Accuracy

( λ
1  , λ

2  )

(5, 5)
(5, 2)
(50, 2)

F
igu

re
4:

S
u
b
sp

ace
accu

racy
tr(V̂

V̂
T
V
V
T

)/s
(solid

)
an

d
th

e
asy

m
p
totics-b

ased
b

en
ch

m
ark

(d
ash

ed
)

as
a

fu
n
ction

of
K

.
W

h
en

λ
1

=
λ

2
(green

),
th

e
assu

m
p
tion

s
u
sed

to
d
eriv

e
th

e
b

en
ch

m
ark

(id
en

tically
d
istrib

u
ted

grou
p
s)

are
m

et
an

d
th

u
s

th
e

su
b
sp

ace
accu

racy
m

atch
es

th
e

b
en

ch
m

ark
.

H
ow

ev
er,

w
h
en

th
e

ratio
λ

1 /λ
2

is
large,

th
e

su
b
sp

ace
accu

racy
m

etric
can

far
ex

ceed
th

is
b

en
ch

m
ark

if
th

ere
is

sign
ifi

can
t

variation
in

th
e

eigen
vectors

of
ψ
k

a
cross

grou
p
s.

S
m

all
in

creases
in

accu
racy

ov
er

th
e

b
en

ch
m

ark
are

seen
for

m
o
d
erately

an
isotrop

ic
d
ata

(red
)

an
d

large
in

creases
for

h
igh

ly
an

isotrop
ic

d
ata

(b
lu

e).

b
en

ch
m

ark
sin

ce
th

e
assu

m
p
tion

s
u
sed

to
d
erive

th
is

asy
m

p
totic

resu
lt

are
m

et.
H

ow
ever,

w
h
en

th
e

eigen
vectors

of
ψ
k

vary
sign

ifi
can

tly
across

grou
p
s

an
d
λ

1
�

λ
2 ,

th
e

su
b
sp

ace
accu

racy
can

far
ex

ceed
th

is
b

en
ch

m
ark

(b
lu

e).
In

tu
itively,

w
h
en

th
e

fi
rst

eigen
vectors

of
tw

o
d
iff

eren
t

grou
p
s

are
n
early

orth
ogon

al,
each

grou
p

p
rov

id
es

a
lot

of
in

form
ation

ab
ou

t
orth

ogon
al

d
irection

s
on

V
V
T

an
d

so
th

e
gain

s
in

accu
racy

ex
ceed

th
ose

th
at

you
w

ou
ld

get
b
y

estim
atin

g
th

e
su

b
sp

ace
from

a
sin

gle
grou

p
w

ith
K

tim
es

th
e

sam
p
le

size.
In

gen
-

eral
th

e
accu

racy
of

sh
ared

su
b
sp

ace
estim

ates
d
ep

en
d
s

on
th

e
variation

in
th

e
eigen

vectors
of
ψ
k

across
grou

p
s

as
w

ell
as

th
e

m
agn

itu
d
e

of
th

e
eigen

valu
es

an
d

m
atrix

d
im

en
sion

s
p

an
d
n
k .

A
lth

ou
gh

th
e

sh
ared

su
b
sp

ace
estim

ator
im

p
roves

on
th

e
accu

racy
of

in
d
iv

id
u
ally

estim
ated

covarian
ce

m
atrices,

estim
ates

can
still

b
e

b
iased

w
h
en

α
is

very
large

or
th

e
eigen

valu
es

of
Σ
k

are
very

sm
all

for
all

k
.

In
p
ractice,

on
e

sh
ou

ld
estim

ate
th

e
ap

p
rox

im
ate

m
agn

itu
d
e

of
th

e
b
ias

u
sin

g
th

e
in

ferred
eigen

valu
es

of
Σ
k .

W
h
en

th
ese

in
ferred

eigen
valu

es
are

sign
ifi

can
tly

larger
th

an
σ̂

2k (1
+
√
α
/K

)
th

e
b
ias

w
ill

likely
b

e
sm

all.

6
.

A
n
a
ly

sis
o
f

G
e
n
e

E
x
p
re

ssio
n

D
a
ta

W
e

d
em

on
strate

th
e

u
tility

of
th

e
sh

ared
su

b
sp

ace
covarian

ce
estim

ator
for

ex
p
lorin

g
d
iff

er-
en

ces
in

th
e

covariab
ility

of
gen

e
ex

p
ression

levels
in

you
n
g

ad
u
lts

w
ith

d
iff

eren
t

su
b
ty

p
es

of
p

ed
iatric

acu
te

ly
m

p
h
ob

lastic
leu

k
em

ia
(A

L
L

)
(Y

eoh
et

a
l.,

2002
).

Q
u
an

tify
in

g
b
iological

variation
across

d
iff

eren
t

su
b
ty

p
es

of
leu

kem
ia

is
im

p
ortan

t
for

assign
in

g
p
atien

ts
to

risk
grou

p
s,

p
rop

osin
g

ap
p
rop

riate
treatm

en
ts,

an
d

d
evelop

in
g

a
d
eep

er
u
n
d
erstan

d
in

g
of

th
e

m
ech

an
ism

s
u
n
d
erly

in
g

th
ese

d
iff

eren
t

ty
p

es
of

can
cer.

T
h
e

m
a

jority
of

stu
d
ies

h
ave

fo
cu

sed
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S
h
a
r
e
d

S
u
b
sp
a
c
e
M
u
lt

i-
G
r
o
u
p
C
o
v
a
r
ia
n
c
e
E
st

im
a
t
io
n

on
m

ea
n

le
ve

l
d
iff

er
en

ce
s

b
et

w
ee

n
ex

p
re

ss
io

n
le

v
el

s.
In

p
ar

ti
cu

la
r,

m
ea

n
-l

ev
el

d
iff

er
en

ce
s

ca
n

b
e

u
se

fu
l

fo
r

id
en

ti
fy

in
g

le
u
ke

m
ia

su
b
ty

p
es

.
H

ow
ev

er
,

d
iff

er
en

ce
s

in
th

e
co

va
ri

an
ce

st
ru

c-
tu

re
ac

ro
ss

gr
ou

p
s

ca
n

b
e

in
d
u
ce

d
b
y

in
te

ra
ct

io
n
s

b
et

w
ee

n
im

p
or

ta
n
t

u
n
ob

se
rv

ed
va

ri
ab

le
s.

C
ov

ar
ia

n
ce

an
al

y
si

s
is

p
ar

ti
cu

la
rl

y
im

p
or

ta
n
t

w
h
en

th
e

eff
ec

ts
of

u
n
ob

se
rv

ed
va

ri
a
b
le

s,
li
ke

d
is

ea
se

se
ve

ri
ty

,
d
is

ea
se

p
ro

gr
es

si
on

or
u
n
m

ea
su

re
d

ge
n
et

ic
co

n
fo

u
n
d
er

s,
d
om

in
at

e
m

ea
n

le
ve

l
d
iff

er
en

ce
s

ac
ro

ss
gr

ou
p
s.

In
th

is
an

al
y
si

s,
w

e
ex

p
li
ci

tl
y

re
m

ov
e

th
e

m
ea

n
fr

om
th

e
d
at

a
an

d
lo

ok
fo

r
d
iff

er
en

ce
s

in
th

e
co

va
ri

an
ce

st
ru

ct
u
re

of
th

e
ge

n
e

ex
p
re

ss
io

n
le

ve
ls

.

T
h
e

d
at

a
w

e
an

al
y
ze

w
er

e
ge

n
er

at
ed

fr
om

32
7

b
on

e
m

ar
ro

w
sa

m
p
le

s
an

al
y
ze

d
on

an
A

ff
y
m

et
ri

x
ol

ig
on

u
cl

eo
ti

d
e

m
ic

ro
ar

ra
y

w
it

h
ov

er
1
2,

00
0

p
ro

b
e

se
ts

.
P

re
li
m

in
ar

y
an

al
y
si

s
u
si

n
g

m
ea

n
d
iff

er
en

ce
s

id
en

ti
fi
ed

cl
u
st

er
s

co
rr

es
p

on
d
in

g
to

d
is

ti
n
ct

le
u
ke

m
ia

su
b
ty

p
es

:
B

C
R

-
A

B
L

,
E

2A
-P

B
X

1,
h
y
p

er
d
ip

lo
id

,
M

L
L

,
T

-A
L

L
,

T
E

L
-A

M
L

1.
79

p
at

ie
n
ts

w
er

e
as

si
gn

ed
to

a
se

ve
n
th

gr
ou

p
fo

r
u
n
id

en
ti

fi
ed

su
b
ty

p
es

(“
O

th
er

s”
).

W
e

u
se

th
es

e
la

b
el

s
to

st
ra

ti
fy

th
e

o
b
se

r-
va

ti
on

s
in

to
se

ve
n

gr
ou

p
s

w
it

h
co

rr
es

p
on

d
in

g
sa

m
p
le

si
ze

s
of
n

=
(1

5,
27
,6

4,
20
,4

3,
79
,7

9)
.

A
lt

h
ou

gh
th

er
e

ar
e

ov
er

12
,0

00
p
ro

b
es

on
th

e
m

ic
ro

ar
ra

y,
th

e
va

st
m

a
jo

ri
ty

of
ge

n
e

ex
p
re

ss
io

n
le

v
el

s
ar

e
m

is
si

n
g.

T
h
u
s,

w
e

re
st

ri
ct

ou
r

at
te

n
ti

on
to

th
e

ge
n
es

fo
r

w
h
ic

h
le

ss
th

an
h
al

f
of

th
e

va
lu

es
ar

e
m

is
si

n
g

an
d

u
se

A
m

el
ia

,
a

so
ft

w
ar

e
p
ac

ka
ge

fo
r

m
is

si
n
g

va
lu

e
im

p
u
ta

ti
on

,
to

fi
ll

in
th

e
re

m
ai

n
in

g
m

is
si

n
g

va
lu

es
(H

on
ak

er
et

al
.,

20
11

).
A

m
el

ia
as

su
m

es
th

e
d
at

a
is

m
is

si
n
g

at
ra

n
d
om

an
d

th
at
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ch

gr
ou

p
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n
or

m
al

ly
d
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tr
ib

u
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m
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x
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p
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b
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A
ft

er
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g
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w
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v
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y
h
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h
p

er
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n
ta
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n
g

va
lu
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p
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re
m

ai
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an
al

y
si
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w

e
d
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n
b
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e
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b
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p
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d
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d
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a
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1.2.W
hy

C
onstrain?

W
hy

N
otPenalize?

R
atherthan

expressing
each

goalas
a

constraintduring
training,one

could
instead

add
an

additive
penalty

to
the

loss.Ifthere
are

m
ultiple

goals,one
could

use
a

linearcom
bination

ofsuch
additive

penalties.H
ow

ever,the
penalty

approach
requires

the
practitionerto

determ
ine

the
rightw

eightfor
each

penalty.In
practice

w
e

find
this

gets
difficultfast:there

m
ay

be
m

ultiple
constraints,possibly

defined
overm

ultiple
datasets,and

the
w

eights
on

the
m

ultiple
penalties

m
ay

interactw
ith

each
other.

In
conclusion,itm

ay
be

difficultto
determ

ine
how

m
uch

to
w

eighteach
penalty.

W
e

have
found

thatspecifying
goals

using
constraints

is
in

practice
a

cleanerand
easierinterface

forpractitioners.T
he

key
reason

is
thata

constrainthas
an

absolute
m

eaning,m
aking

itpossible
for

a
practitionerto

specify
theirgoalas

a
constraintw

ithoutregard
forthe

presence
ofotherconstraints.

Forexam
ple,the

m
eaning

ofa
constraintthatthe

classifierhave
80%

recallin
India

does
notchange

ifsom
eone

else
adds

otherlocale-specific
constraints

on
the

classifier.W
e

also
found

thatusing
hard

constraints
leads

to
a

m
ore

understandable
m

achine
learning

m
odelbecause

itis
clearer

w
hatthe

m
odelw

as
trained

to
do,and

itis
clearer

to
m

easure
and

verify
w

hether
the

training
sufficiently

achieved
the

practitioner’s
intentforeach

individualgoal.

1.3.Training
W

ith
C

onstraints:

Training
w

ith
rate

constraints
poses

som
e

difficultchallenges:
1.

N
on-convex:

For
nonlinear

function
classes,

such
as

neural
netw

orks,
the

objective
and

constraintfunctions
w

illbe
non-convex,even

w
ith

convex
loss

functions.
2.

N
on-differentiable:

R
ate

constraints
are

linearcom
binations

ofpositive
and

negative
classifi-

cation
rates.T

hatis,they
are

m
ade

up
ofindicator

functions
(0-1

losses),and
therefore

have
zero

gradients
alm

osteveryw
here.

3.
D

ata-dependent:
The

constraints
are

data-dependent,so
forlarge

datasets
itm

ay
be

im
practi-

calto
fully

evaluate
the

constraints
atevery

iteration—
w

e’d
preferto

w
ork

w
ith

m
inibatches.

W
hile

our
m

otivating
optim

ization
problem

is
training

w
ith

rate
constraints,the

analysis
and

algorithm
s

w
e

presentw
illapply

generally
to

constrained
optim

ization
problem

s
ofthe

form
:

m
in

θ∈
Θ
g

0 (θ)
(2)

s.t.
g
i (θ)≤

0
for

i
=

1,...,m
,

w
here

the
real-valued

functions
g

0
and

the
g
i s

m
ay

be
non-convex.

Furtherm
ore,each

of
the

m
constraintfunctions

g
i m

ay
be

data-dependent,non-convex
and

even
non-differentiable.

1.4.T
he

L
agrangian

M
ay

H
ave

N
o

Pure
E

quilibrium
For

N
on-C

onvex
Problem

s

A
popularapproach

to
constrained

optim
ization

problem
s

ofthe
form

in
Equation

2
is

the
m

ethod
of

L
agrange

m
ultipliers.D

efine
the

L
agrangian:

L
(θ,λ

)
4=
g

0 (θ)
+

m
∑i=

1

λ
i g
i (θ),

(3)

w
here

λ
is

an
m

-dim
ensionalnon-negative

vectorofL
agrange

m
ultipliers.T

he
m

ethod
ofL

agrange
m

ultipliers
can

be
view

ed
as

a
tw

o-playerzero-sum
gam

e
w

here
one

playerm
inim

izes
E

quation
3

w
ith

respectto
the

m
odelparam

eters
θ
∈

Θ
,and

the
otherplayerm

axim
izes

itw
ith

respectto
the
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C
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T
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E
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N
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TA
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A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

Lagrange
m

ultipliers
λ
∈

Λ
.Ifthe

objective
and

constraints
are

allconvex
in
θ,and

the
action

spaces
Λ

and
Θ

are
com

pactand
convex,then

this
is

a
convex

gam
e,and

ithas
a

pure
N

ash
equilibrium

(von
N

eum
ann,1928),i.e.

there
exists

a
θ

for
the

firstplayer
and

a
λ

for
the

second
player

such
that

neitherplayerhas
the

incentive
to

change
theirchoice

given
the

otherplayer’s
choice.Furtherm

ore,
a

pure
N

ash
equilibrium

(equivalently,a
saddle

pointof
the

L
agrangian)

gives
us

an
optim

aland
feasible

solution
to

the
originalconstrained

optim
ization

problem
specified

in
E

quation
2.

Figure
1:

E
xam

ple
ofw

hen
no

pure
N

ash
equi-

librium
exists

for
the

L
agrangian :

T
he

plotted
rectangular

region
is

the
dom

ain
Θ

,
the

contours
are

those
of

the
strictly

concave
m

inim
ization

objec-
tive

function
g

0 ,
and

the
shaded

trian-
gle

is
the

feasible
region

determ
ined

by
the

three
linear

inequality
constraints

g
1 ,g

2 ,g
3 .

T
he

red
dot

is
the

optim
al

feasible
point.T

he
L

agrangianL
(θ,λ

)
is

strictly
concave

in
θ

for
any

choice
of
λ,

so
the

optim
al

choice(s)
for

the
θ-playerw

illalw
ays

lie
on

the
fourcor-

ners
ofthe

plotted
rectangle.H

ow
ever,

these
pointsare

infeasible,and
therefore

suboptim
alfor

the
λ-player,assum

ing
that

λ
∈

Λ
=

R
3+

.

O
n

a
constrained

non-convex
problem

the
L

agrangian
m

ight
not

even
have

a
pure

N
ash

equilibrium
(see

Figure
1

for
an

exam
ple).

H
ence,instead

ofconverging,an
iterative

first-
orderalgorithm

m
ay

oscillate
betw

een
different

solutions,
or

it
m

ay
converge

to
a

locally
op-

tim
alpoint—

butnota
N

ash
equilibrium

—
for

w
hich

itis
difficultto

establish
optim

ality
and

feasibility
properties.H

ow
ever,ifw

e
allow

each
playerto

choose
a

distribution
overtheirrespec-

tive
spaces

Θ
and

Λ
,and

take
the

value
of

the
L

agrangian
to

be
the

expectation
overthese

dis-
tributions,then,under

general
conditions,the

resulting
m

ixed
N

ash
equilibrium

w
illexist.

In
this

paper,w
e

provide
algorithm

s
thatap-

proxim
ately

find
such

m
ixed

equilibria,and
w

e
show

that
these

correspond
to

nearly-feasible
and

nearly-optim
al

stochastic
solutions

to
the

originalconstrained
optim

ization
problem

given
in

Equation
2.Such

a
stochastic

solution
isa

ran-
dom

m
odel:every

tim
e

w
e

classify
an

exam
ple

x,w
e

w
illindependently

sam
ple

a
θ

from
the

equilibrium
distribution

over
Θ

.O
urguarantees

w
illbe

expressed
in

term
s

ofexpectations
w

ith
respectto

this
random

θ.

1.5.T
he

L
agrangian

IsIm
practical

For
N

on-differentiable
C

onstraints

N
ext,considerthe

issue
ofnon-differentiable

constraints(such
asrate

constraints).A
m

ajorshortcom
-

ing
ofthe

L
agrangian

is
thatone

cannotuse
gradient-based

m
ethods

to
optim

ize
non-differentiable

constraints.O
ne

approach
is

to
use

the
L

agrangian
butreplace

non-differentiable
constraints

w
ith

differentiable
surrogates

(e.g.D
avenportetal.,2010;G

asso
etal.,2011;Eban

etal.,2017).H
ow

ever
changing

the
constraintfunctions

m
ay

lead
to

solutions
w

hich
eitherover-constrain

orfailto
satisfy

the
originalconstraints,as

show
n

in
Figure

2.

To
address

this,w
e

introduce
w

hatw
e

callthe
proxy-Lagrangian

form
ulation,w

here
the

key
idea

is
to

relax
the

non-differentiable
constraints

only
w

hen
necessary.

Solving
the

proxy-L
agrangian

poses
technicalchallenges

butleads
to

a
num

berofinteresting
insights,and

w
e

provide
algorithm

s
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to
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5%
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pl
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H
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e,
w

e
us

e
th

e
cl
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si
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ra
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at
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ng
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e

hi
ng

e
re

la
xa

tio
n

is
ov

er
ly

co
ns

er
va

tiv
e,

th
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ra
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ra
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at
io

n,
an

d
to

ok
th

e
la

st
ite

ra
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ra
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at
io

n

T
he

m
ai

n
co

nt
ri

bu
tio

ns
of

th
is

pa
pe

ra
re

:

•
W

e
sh

ow
th

at
tr

ai
ni

ng
w

ith
ra

te
co

ns
tr

ai
nt

s
ca

n
be

us
ed

to
ad

dr
es

s
m

an
y

re
al

-w
or

ld
go

al
s

an
d

ca
pt

ur
e

re
al

is
tic

pr
io

rk
no

w
le

dg
e

in
th

e
tr

ai
ni

ng
.

•
W

e
gi

ve
a

ne
w

pr
ox

y-
La

gr
an

gi
an

fo
rm

ul
at

io
n

fo
r

op
tim

iz
in

g
no

n-
co

nv
ex

ob
je

ct
iv

es
w

ith
no

n-
di

ff
er

en
tia

bl
e

co
ns

tr
ai

nt
s.

5
JM

L
R

 2
0(

17
2)

:1
-5

9,
 2

01
9

C
O

T
T

E
R

,J
IA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,A
N

D
S

R
ID

H
A

R
A

N

•
W

e
pr

ov
id

e
an

al
go

ri
th

m
th

at
ou

tp
ut

s
a
m

+
1

sp
ar

se
st

oc
ha

st
ic

cl
as

si
fie

r
w

ith
th

eo
re

tic
al

gu
ar

an
te

es
,w

he
re
m

is
th

e
nu

m
be

ro
fc

on
st

ra
in

ts
.

•
W

e
sh

ow
th

at
ou

rp
ro

xy
-L

ag
ra

ng
ia

n
fo

rm
ul

at
io

n
ca

n
al

so
be

us
ed

to
pr

od
uc

e
a

de
te

rm
in

is
tic

cl
as

si
fie

rt
ha

tm
ay

be
m

or
e

pr
ac

tic
al

fo
rs

om
e

ap
pl

ic
at

io
ns

,b
ut

w
ith

ou
tg

ua
ra

nt
ee

s.
•

W
e

pr
ov

id
e

an
op

en
-s

ou
rc

e
Te

ns
or

Fl
ow

lib
ra

ry
th

at
im

pl
em

en
ts

th
e

pr
es

en
te

d
al

go
ri

th
m

s.
•

W
e

ex
pe

ri
m

en
ta

lly
de

m
on

st
ra

te
th

at
th

e
pr

op
os

ed
op

tim
iz

at
io

n
ca

n
be

us
ed

to
tr

ai
n

cl
as

si
fie

rs
w

ith
ra

te
co

ns
tr

ai
nt

s,
on

bo
th

be
nc

hm
ar

k
da

ta
se

ts
an

d
fo

rr
ea

l-
w

or
ld

ca
se

st
ud

ie
s.

A
lth

ou
gh

ou
rm

ot
iv

at
io

n
an

d
ex

pe
ri

m
en

ta
lf

oc
us

is
on

th
e

pr
ob

le
m

of
tr

ai
ni

ng
cl

as
si

fie
rs

w
ith

ra
te

co
ns

tr
ai

nt
s,

ou
r

pr
op

os
ed

pr
ox

y-
L

ag
ra

ng
ia

n
fo

rm
ul

at
io

n
an

d
th

eo
re

tic
al

re
su

lts
ha

ve
br

oa
de

r
ap

pl
ic

at
io

n
to

ot
he

rc
on

st
ra

in
ed

op
tim

iz
at

io
n

pr
ob

le
m

s.
W

e
ne

xt
re

vi
ew

re
la

te
d

w
or

k.
T

he
n

in
Se

ct
io

n
3

w
e

de
ta

il
m

an
y

di
ff

er
en

t
go

al
s

th
at

ca
n

be
ex

pr
es

se
d

w
ith

ra
te

co
ns

tr
ai

nt
s.

W
e

th
en

tu
rn

to
th

e
qu

es
tio

n
of

ho
w

to
ac

tu
al

ly
op

tim
iz

e
w

ith
co

ns
tr

ai
nt

s,
pr

op
os

in
g

ne
w

al
go

ri
th

m
s

an
d

th
eo

re
tic

al
re

su
lts

in
Se

ct
io

n
4.

Se
ct

io
n

5
pr

es
en

ts
a

di
ve

rs
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ra
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s
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R
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W
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re
la

te
d

w
or

k
in

co
ns

tr
ai

ne
d

op
tim

iz
at

io
n.

2.
1.

R
el

at
ed

W
or

k
O

n
Sp

ec
ify

in
g

A
nd

O
pt

im
iz

in
g

W
ith

R
at

e
C

on
st

ra
in

ts

G
oh

et
al

.(
20

16
)

sh
ow

ed
th

at
m

an
y

di
ff

er
en

tt
yp

es
of
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e
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ra
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ra
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O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IFF
E

R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

iterate
as

theirsolution.W
e

com
pare

to
thatoptim

ization
strategy

in
ourexperim

ents
(listed

as
H

inge
Lastin

the
resulttables).

M
ann

and
M

cC
allum

(2007)
and

follow
-on

w
ork

(B
ellare

etal.,2009;M
ann

and
M

cC
allum

,
2010)optim

ized
probabilistic

m
odels

w
ith

constraints
in

orderto
incorporate

side
inform

ation
about

the
prior

priors
on

class
labels,w

hich
in

the
contextof

a
binary

classifier
is

a
specialcase

of
rate

constraints
thatw

e
calla

coverage
constraint.

T
hey

note
their

strategy
could

also
be

applied
to

any
constraints

thatcan
be

w
ritten

as
an

expectation
over

a
score

on
the

random
(X
,Y

)
sam

ples.
T

hey
incorporated

this
side

inform
ation

as
an

additive
regularizerand

penalized
the

relative
entropy

betw
een

the
given

priors
and

estim
ated

m
ulti-class

logistic
regression

m
odels.

T
hey

noted
their

approxim
ation

forthe
indicatorcould

lead
to

degenerate
solutions,w

hich
they

indirectly
addressed

by
additionalregularization.
A

garw
aletal.(2018)recently

addressed
training

classifiers
w

ith
fairness

constraints
thatcan

be
expressed

as
rate

constraints.L
ike

this
w

ork,theirproposed
algorithm

is
based

on
the

tw
o-player

gam
e

perspective.U
nlike

this
paper,they

assum
e

a
zero-sum

gam
e,w

hich
w

orks
because

they
also

assum
e

oracle
solvers

for
the

tw
o

players,side-stepping
the

practical
issues

of
dealing

w
ith

the
non-differentible

non-convex
indicators

in
the

constraints,w
hich

is
the

focus
of

our
algorithm

ic
and

theoreticalcontributions.
Sim

ilar
to

this
w

ork,they
outputa

stochastic
classifier,butdo

not
provide

the
sparse

m
+

1
solution

thatw
e

presentin
this

w
ork.T

hey
also

considera
determ

inistic
solution,w

hich
they

produce
by

searching
overa

grid
ofvalues

for
λ

forthe
best

λ.T
hey

noted
in

their
experim

entalsection
thatthe

resulting
determ

inistic
solution

w
as

generally
as

good
as

their
stochastic

solutions
on

testdata
forthose

experim
ents

they
tried

iton.A
s

they
note,a

grid-search
over

λ
is

less
idealas

the
num

berofconstraints
grow

s.
Som

e
otherw

ork
in

training
w

ith
fairness

constraints
has

used
w

eakerconstraints
orrelaxed

them
im

m
ediately

to
w

eakerconstraints
such

as
correlation,e.g.Z

afaretal.(2015,2017).A
nothersetof

w
ork

in
fairclassification

only
corrects

a
m

odelpost-training
by

optim
izing

additive
group-specific

bias
param

eters,e.g.H
ardtetal.(2016)and

W
oodw

orth
etal.(2017).D

oninietal.(2018)studies
optim

ization
of

fairness
constraints

for
kernelm

ethods
by

form
ulating

the
fairness

constraints
as

orthogonality
constraints.The

goalofequalaccuracy
has

also
been

explored
recently

in
B

uolam
w

ini
and

G
ebru

(2018)in
the

contextofm
atching

the
accuracies

ofm
ale/fem

ale
classifiers

across
race.

2.2.O
ther

TypesO
fC

onstraintsO
n

M
achine

L
earned

M
odels

W
e

focus
on

rate
constraints

in
this

paper,w
hich

have
tend

to
have

the
follow

ing
properties.First,

because
rate

constraints
depend

on
f

(x
),

they
generally

depend
on

all
the

m
odel

param
eters

θ.
Second,rate

constraints
are

usually
relatively

expensive
to

com
pute.

T
hird,w

e
do

notgenerally
expectto

have
a

very
large

num
berofrate

constraints.
T

hese
qualities

are
differentfrom

the
popularconstrained

m
achine

learning
problem

ofshape
constraints,w

hich
requires

thatthe
m

odelis
restricted

to
functions

w
ith

a
certain

shape
such

as
m

onotonic
functions

(e.g.
B

arlow
etal.(1972);G

roeneboom
and

Jongbloed
(2014);G

upta
etal.

(2016);C
aninietal.(2016);L

uss
and

R
osset(2017);Y

ou
etal.(2017);B

onakdarpouretal.(2018)),
orothershapes

(e.g.C
hetverikov

etal.(2018);Pya
and

W
ood

(2015);C
hen

and
Sam

w
orth

(2016);
G

upta
etal.(2018);C

otteretal.(2019b)).
In

contrastto
rate

constraints,shape
constraints

generally
require

adding
m

any
sparse,cheap-to-

evaluate
constraints.Forexam

ple,forisotonic
regression

on
N

training
exam

ples,there
are

O
(N

)
constraints,and

each
is

a
function

of
only

tw
o

m
odelparam

eters
(B

arlow
etal.,1972).

Sim
ilarly,
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

in
som

e
of

the
experim

ents
of

C
aninietal.(2016),the

m
odels

are
trained

w
ith

around
100,000

constraints,buteach
constraintonly

touches
tw

o
m

odelparam
eters.Problem

s
like

thatw
ith

m
any

cheap
sparse

constraints
can

be
w

ell-handled
by

stochastic
sam

pling
ofthe

constraints,as
in

C
otter

etal.(2016),butthatstrategy
is

less
w

ell-suited
to

rate
constraints

because
there

tend
to

be
few

er
constraints,and

each
constraintis

expensive
to

evaluate.
A

nothertype
ofconstrained

m
achine

learning
aim

s
to

constrain
the

m
odelparam

eters
to

obey
know

n
physicallim

its
on

the
learned

system
(e.g.L

ong
etal.(2018);Stew

artand
E

rm
on

(2017)).
T

hese
constraints

generally
do

nottake
the

form
ofrate

constraints,butsuch
constrained

m
achine

learning
m

odels
m

ay
also

benefitfrom
the

presented
algorithm

s
and

theory.
Som

e
fairness

constraints
are

m
ore

com
plicated

than
can

be
handled

as
rate

constraints.
For

exam
ple,H

eidarietal.(2018)
give

a
new

individualfairness
notion

w
hich

ensures
the

expected
utility

an
individualreceives

as
a

resultofthe
m

odel.

2.3.R
elated

W
ork

In
C

onstrained
O

ptim
ization

A
sA

Tw
o

Player
G

am
e

O
ur

strategy
for

treating
non-differentiable

problem
s

as
a

non-zero
sum

tw
o-player

gam
e

using
a

proxy
Lagrangian

form
ulation

w
as

firstpresented
in

ourconference
paper,C

otteretal.(2019c).This
journalpaperextends

thatw
ork

w
ith

m
ore

discussion
ofhow

a
broad

setofgoals
can

be
expressed

as
rate

constraints,m
uch

m
ore

com
prehensive

experim
ents,som

e
additionaltheoreticalperspectives,

and
m

ore
advice

forpractitioners.
O

ur
constrained

optim
ization

algorithm
s

and
analyses

build
on

the
long

history
of

treating
constrained

optim
ization

as
a

tw
o-player

gam
e:

A
rora

etal.(2012)
surveys

som
e

such
w

ork,and
there

are
severalm

ore
recentexam

ples
(e.g.A

garw
aletal.(2018);K

earns
etal.(2018);N

arasim
han

(2018)).W
e

extend
thatpriorw

ork
in

three
key

w
ays.First,to

handle
non-differentiable

constraints,
w

e
propose

a
new

proxy-L
agrangian

non-zero-sum
form

ulation,w
hereas

priorw
ork

form
ulates

the
optim

ization
as

a
zero-sum

gam
e.

Second,w
e

introduce
a

shrinking
procedure

thatsignificantly
sim

plifies
a

“T
-stochastic”

solution
(i.e.a

stochastic
classifiersupported

on
all
T

iterates)to
a

sparse
“m

-stochastic”
solution

(a
stochastic

classifier
supported

on
only

m
+

1
iterates,w

here
m

is
the

num
berofconstraints).T

hird,w
e

considera
broadersetofproblem

s
than

priorw
ork.

O
urcontributions

also
apply

to
robustoptim

ization
problem

s
ofthe

form
:

m
in

θ∈
Θ

m
ax

i∈
[m

] g
i (θ)

,

w
here

each
g
i

:
Θ
→

R
.T

he
m

ostrelated
w

ork
addressing

non-convex
robustoptim

ization
is

C
hen

etal.(2017).Like
both

A
garw

aletal.(2018)and
this

paper,C
hen

etal.(2017)(i)m
odelthe

problem
as

a
tw

o-playergam
e

w
here

one
playerchooses

a
m

ixture
ofobjective

functions,and
the

otherplayer
m

inim
izes

the
loss

ofthe
m

ixture,and
(ii)they

find
a

distribution
oversolutions

ratherthan
a

pure
equilibrium

.T
hese

sim
ilarities

are
unsurprising

in
lightofthe

factthatrobustoptim
ization

can
be

reform
ulated

as
constrained

optim
ization

via
the

introduction
ofa

slack
variable:

m
in

θ∈
Θ
,ξ∈

R
ξ

(4)

s.t.
ξ≥

g
i (θ)

forall
i∈

1
,...,m

.

C
orrespondingly,one

can
transform

a
robustproblem

to
a

constrained
one

atthe
costof

an
extra

bisection
search

(e.g.C
hristiano

etal.,2011;R
akhlin

and
Sridharan,2013).

A
s

this
relationship
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at
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w
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,o

r
op

tim
iz

at
io

n
of

co
ns

tr
ai

ne
d

su
bp

ro
bl

em
s,

su
ch

as
Fr

an
k-

W
ol

fe
(H

az
an

an
d

K
al

e,
20

12
;J

ag
gi

,2
01

3;
G

ar
be

r
an

d
H

az
an

,2
01

3)
).

A
no

th
er

st
ra

te
gy

fo
rc

on
st

ra
in

ed
op

tim
iz

at
io

n
is

to
pe

na
liz

e
vi

ol
at

io
ns

of
th

e
co

ns
tr

ai
nt

s
(e

.g
.

A
ro

ra
et

al
.,

20
12

;R
ak

hl
in

an
d

Sr
id

ha
ra

n,
20

13
;M

ah
da

vi
et

al
.,

20
12

;C
ot

te
r

et
al

.,
20

16
;Y

an
g

et
al

.,
20

17
),

fo
re

xa
m

pl
e

by
ad

di
ng
γ

m
ax

i∈
[m

]
m

ax
{0
,g
i
(θ

)}
to

th
e

ob
je

ct
iv

e,
w

he
re
γ
∈

R
+

is
a

hy
pe

rp
ar

am
et

er
,a

nd
op

tim
iz

in
g

th
e

re
su

lti
ng

pr
ob

le
m

us
in

g
a

fir
st

-o
rd

er
m

et
ho

d.
Th

is
st

ra
te

gy
is

no
t

id
ea

lf
or

ra
te

co
ns

tra
in

ts
fo

rt
w

o
re

as
on

s.
Fi

rs
t,

ra
te

co
ns

tra
in

ts
ar

e
no

n-
(s

em
i)d

iff
er

en
tia

bl
e.

Se
co

nd
,

ea
ch

ra
te

co
ns

tra
in

ti
s

da
ta

-d
ep

en
de

nt
,s

o
ev

al
ua

tin
g
g i

,o
re

ve
n

de
te

rm
in

in
g

w
he

th
er

it
is

po
si

tiv
e

(a
s

is
ne

ce
ss

ar
y

fo
rs

uc
h

m
et

ho
ds

,d
ue

to
th

e
m

ax
w

ith
0)

,r
eq

ui
re

s
en

um
er

at
in

g
ov

er
th

e
en

tir
e

co
ns

tra
in

t
da

ta
se

t,
m

ak
in

g
th

is
in

co
m

pa
tib

le
w

ith
th

e
us

e
w

ith
a

co
m

pu
ta

tio
na

lly
-c

he
ap

st
oc

ha
st

ic
gr

ad
ie

nt
op

tim
iz

er
.

3.
W

ha
tA

re
R

at
e

C
on

st
ra

in
ts

G
oo

d
Fo

r?

In
th

is
se

ct
io

n,
w

e
fir

st
pr

es
en

tt
he

m
at

he
m

at
ic

al
fo

rm
ul

at
io

n
of

ra
te

co
ns

tr
ai

nt
s

an
d

th
e

re
su

lti
ng

co
ns

tra
in

ed
em

pi
ric

al
ris

k
m

in
im

iz
at

io
n

tra
in

in
g.

Ta
bl

e
1

pr
ov

id
es

a
ha

nd
y

re
fe

re
nc

e
fo

rk
ey

no
ta

tio
n.

T
he

n,
w

e
pr

ov
id

e
a

lis
to

f
m

et
ri

cs
th

at
ca

n
be

ex
pr

es
se

d
as

ra
te

co
ns

tr
ai

nt
s

in
Ta

bl
e

2,
an

d
de

ta
il

in
th

e
fo

llo
w

in
g

su
bs

ec
tio

ns
ho

w
th

es
e

ra
te

co
ns

tr
ai

nt
s

ca
n

be
us

ed
to

im
po

se
a

br
oa

d
se

to
fp

ol
ic

y
go

al
s

an
d

ta
ke

ad
va

nt
ag

e
of

si
de

in
fo

rm
at

io
n.

G
iv

en
a

cl
as

si
fie

rh
:
X
×

Θ
→

R
(w

he
re
X

is
th

e
fe

at
ur

e
sp

ac
e

an
d

Θ
is

th
e

pa
ra

m
et

er
sp

ac
e)

a
da

ta
se

tD
,a

nd
us

in
g
I

to
de

no
te

th
e

us
ua

li
nd

ic
at

or
,d

efi
ne

th
e

cl
as

si
fie

r’s
po

si
tiv

e
cl

as
si

fic
at

io
n

ra
te

on
D

as
p

+
(D

;θ
),

an
d

th
e

cl
as

si
fie

r’
s

ne
ga

tiv
e

cl
as

si
fic

at
io

n
ra

te
on
D

as
p
−

(D
;θ

),
w

he
re

p
+

(D
;θ

)
4 =

1 |D
|∑ x
∈D

I h
(x

;θ
)≥

0
an

d
p
−

(D
;θ

)
4 =

1 |D
|∑ x
∈D

I h
(x

;θ
)<

0
.

(5
)

W
e

ca
ll

a
co

ns
tr

ai
nt

a
ra

te
co

ns
tr

ai
nt

if
it

ca
n

be
ex

pr
es

se
d

in
te

rm
s

of
a

no
n-

ne
ga

tiv
e

lin
ea

r
co

m
bi

na
tio

n
of

po
si

tiv
e

cl
as

si
fic

at
io

n
ra

te
s
p

+
(D

k
;θ

)
an

d
ne

ga
tiv

e
cl

as
si

fic
at

io
n

ra
te

s
p
−

(D
k
;θ

)
ov

er
di

ff
er

en
td

at
as

et
s
{D

k
}.

T
ha

ti
s,

a
ra

te
co

ns
tr

ai
nt

is
a

co
ns

tr
ai

nt
ex

pr
es

si
bl

e
as

:

K ∑ k
=

1

α
k
p

+
(D

k
;θ

)
+
β
k
p
−

(D
k
;θ

)
≤
κ
,

(6
)

fo
rs

om
e
α
∈

R
+

,β
∈

R
+

,a
nd
κ
∈

R
+

.
Ta

bl
e

2
sh

ow
s

ho
w

di
ff

er
en

tc
ho

ic
es

of
sc

al
ar

s
α
k
,β
k
,κ
∈

R
an

d
da

ta
se

ts
{D

k
}c

or
re

sp
on

d
to

di
ff

er
en

ts
ta

nd
ar

d
pe

rf
or

m
an

ce
m

et
ri

cs
lik

e
ac

cu
ra

cy
an

d
re

ca
ll.

O
ne

ca
n

ad
d
m

ra
te

co
ns

tr
ai

nt
s

to
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C
O

T
T

E
R

,J
IA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,A
N

D
S

R
ID

H
A

R
A

N

Ta
bl

e
1:

B
as

ic
N

ot
at

io
n

D
Se

to
fe

xa
m

pl
es

D
[∗

]
Su

bs
et

of
D

th
at

sa
tis

fie
s

ex
pr

es
si

on
*,

e.
g.
D

[x
∈

m
al

e]
is

th
e

su
bs

et
of
D

of
m

al
e

ex
am

pl
es

,D
[y

=
1]

is
th

e
su

bs
et

of
D

w
ho

se
la

be
li

s
1,

et
c.

h̃
:
X
×

Θ
→

R
A

gi
ve

n
cl

as
si

fie
rt

o
w

hi
ch

a
ca

nd
id

at
e

cl
as

si
fie

rh
ca

n
be

co
m

pa
re

d
p

+
(D

;θ
)
∈

[0
,1

]
Pr

op
or

tio
n

of
D

cl
as

si
fie

d
po

si
tiv

e
p
−

(D
;θ

)
∈

[0
,1

]
Pr

op
or

tio
n

of
D

cl
as

si
fie

d
ne

ga
tiv

e
c+

(D
;θ

)
∈

N
C

ou
nt

of
D

cl
as

si
fie

d
po

si
tiv

e:
c+

(D
;θ

)
=
|D
|p

+
(D

;θ
)

c−
(D

;θ
)
∈

N
C

ou
nt

of
D

cl
as

si
fie

d
ne

ga
tiv

e:
c−

(D
;θ

)
=
|D
|p
−

(D
;θ

)

th
e

st
an

da
rd

st
ru

ct
ur

al
ri

sk
m

in
im

iz
at

io
n

to
tr

ai
n

a
cl

as
si

fie
rw

ith
pa

ra
m

et
er

s
θ
∈

Θ
on

tr
ai

n
da

ta
se

t
D

0
,p

ro
du

ci
ng

th
e

co
ns

tr
ai

ne
d

em
pi

ri
ca

lr
is

k
m

in
im

iz
at

io
n:

m
in

θ
∈Θ

1 |D
0
|
∑

(x
,y

)∈
D

0

`(
h

(x
;θ

),
y
)

+
R

(θ
)

(7
)

s.
t.

K
i

∑ k
=

1

α
ik
p

+
(D

ik
;θ

)
+
β
ik
p
−

(D
ik

;θ
)
≤
κ
i

fo
ri

=
1,
..
.,
m
,

w
he

re
α
ik
,β
ik
∈

R
,D

ik
is

th
e
k

th
da

ta
se

tf
or

th
e
it

h
co

ns
tra

in
t,
K
i

is
th

e
nu

m
be

ro
fd

at
as

et
s

us
ed

to
sp

ec
if

y
th

e
it

h
co

ns
tr

ai
nt

,a
nd
κ
i
∈

R
.

Fo
rs

om
e

ap
pl

ic
at

io
ns

it
is

no
ta

tio
na

lly
m

or
e

co
nv

en
ie

nt
to

dr
op

th
e

no
rm

al
iz

at
io

n
on

th
e

ra
te

co
ns

tra
in

ts
an

d
ex

pr
es

s
th

e
co

ns
tra

in
ti

n
te

rm
s

of
co

un
ts

,l
et
c+

(D
;θ

)
an

d
c−

(D
;θ

)
de

no
te

th
e

co
un

t
of

th
e

po
si

tiv
e

an
d

ne
ga

tiv
e

cl
as

si
fic

at
io

ns
:

c+
(D

;θ
)
4 =
∑ x
∈D

I h
(x

;θ
)≥

0
an

d
c−

(D
;θ

)
4 =
∑ x
∈D

I h
(x

;θ
)<

0
.

(8
)

Th
ro

ug
ho

ut
th

is
w

or
k,

w
e

fo
cu

s
on

in
eq

ua
lit

y
co

ns
tra

in
ts

,f
or

lo
w

er
-b

ou
nd

in
g

or
up

pe
r-

bo
un

di
ng

so
m

e
ra

te
.

E
qu

al
ity

co
ns

tr
ai

nt
s

ca
n

be
im

po
se

d
by

us
in

g
bo

th
a

lo
w

er
-b

ou
nd

an
d

up
pe

r-
bo

un
d

in
eq

ua
lit

y
co

ns
tr

ai
nt

,t
ho

ug
h

w
e

su
gg

es
td

oi
ng

so
w

ith
so

m
e

m
ar

gi
n

be
tw

ee
n

th
e

lo
w

er
an

d
up

pe
r

bo
un

d
to

m
ak

e
th

e
op

tim
iz

at
io

n
pr

ob
le

m
ea

si
er

.
In

th
e

re
st

of
th

is
se

ct
io

n
w

e
sh

ow
ho

w
di

ff
er

en
tr

at
e

co
ns

tr
ai

nt
s

ca
n

be
us

ed
to

im
po

se
va

ri
ou

s
po

lic
y

go
al

s
or

ca
pt

ur
e

si
de

in
fo

rm
at

io
n.

A
ke

y
in

si
gh

ti
s

th
at

on
e

ca
n

ad
d

co
ns

tra
in

ts
ju

st
on

sp
ec

ifi
c

gr
ou

ps
or

su
bs

et
s

of
th

e
da

ta
se

tb
y

th
e

ch
oi

ce
of

th
e

da
ta

se
ts

us
ed

fo
ra

co
ns

tr
ai

nt
,w

hi
ch

m
ak

es
th

is
ap

pr
oa

ch
pa

rt
ic

ul
ar

ly
us

ef
ul

fo
rf

ai
rn

es
s

go
al

s
or

ot
he

r
sl

ic
e-

sp
ec

ifi
c

m
et

ri
cs

th
at

ar
e

m
ea

su
re

d
in

te
rm

s
of

st
at

is
tic

s
on

di
ff

er
en

td
at

as
et

s
(s

ee
Ta

bl
e

3
an

d
fu

rt
he

rd
et

ai
ls

be
lo

w
).

3.
1.

C
ov

er
ag

e
C

on
st

ra
in

ts

C
ov

er
ag

e
is

th
e

pr
op

or
tio

n
of

cl
as

si
fic

at
io

ns
th

at
ar

e
po

si
tiv

e:
p

+
(D

;θ
)

(a
va

ria
nt

is
ne

ga
tiv

e
co

ve
ra

ge
p
−

(D
;θ

))
.

Fo
r

ex
am

pl
e,

if
a

co
m

pa
ny

w
an

ts
to

tr
ai

n
a

cl
as

si
fie

r
to

id
en

tif
y

th
e

be
st

1
0
%

of
al

l
cu

st
om

er
s

to
re

ce
iv

e
a

pr
in

te
d

ca
ta

lo
g,

th
en

on
e

co
ul

d
tr

ai
n

th
e

cl
as

si
fie

r
w

ith
a

1
0
%

co
ve

ra
ge

co
ns

tr
ai

nt
.
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N
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L
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C
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A
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T
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Table
2:E

xam
ples

ofM
etrics

E
xpressed

W
ith

R
ates

A
nd

N
otation

From
Table

1

R
ecall

p
+

(D
[y

=
1];θ)

Precision
c

+
(D

[y
=

1];θ)/c
+

(D
;θ)

A
ccuracy

(c
+

(D
[y

=
1];θ)

+
c −

(D
[y

=
−

1];θ)/|D
|

A
U

C
R

O
C

lim
L
,J→
∞

1L

∑
L`=

1
m

ax
j∈

[J
]:p

+α
j
(D

[y
=
−

1
];θ

)≤
`L

p
+α
j (D

[y
=

1];θ)

W
ins

C
om

pared
to
h̃

c
+

(D
[h̃

=
−

1
,y

=
1];θ)

+
c −

(D
[h̃

=
1,y

=
−

1];θ)

L
osses

C
om

pared
to
h̃

c
+

(D
[h̃

=
−

1
,y

=
−

1];θ)
+
c −

(D
[h̃

=
1,y

=
1];θ)

W
in

L
oss

R
atio

(W
L

R
)

W
ins

C
om

pared
to
h̃

/L
osses

C
om

pared
to
h̃

C
hurn

(c
+

(D
[h̃

=
−

1];θ)
+
c −

(D
[h̃

=
1];θ))/|D

|
L

oss-only
C

hurn
(c

+
(D

[h̃
=
−

1,y
=
−

1];θ)
+
c −

(D
[h̃

=
1,y

=
1];θ)/|D

[h̃
=
y
]|

C
overage

constraints
can

also
be

used
to

capture
priorknow

ledge
in

the
training.Forexam

ple,
if

training
a

m
odelto

classify
A

m
ericans

as
m

ale
or

fem
ale,one

can
regularize

the
classifier

by
incorporating

the
priorknow

ledge
that

51%
ofexam

ples
should

be
predicted

to
be

fem
ale,by

using
a

5
1
%

coverage
constraint.

U
sing

slice-specific
coverage

constraints
can

capture
m

ore
side

inform
ation.Forexam

ple,forthe
A

m
erican

m
ale/fem

ale
classifier,in

addition
to

the
overallcoverage

constraintof
51

%
,one

could
also

add
constraints

capturing
priorinform

ation
aboutstate

sex
distributions,such

as
constraining

51.5%
of

exam
ples

from
N

ew
Y

ork
to

be
classified

as
w

om
en,butconstraining

only
47.6%

of
exam

ples
from

A
laska

to
be

classified
as

w
om

en.
A

key
advantage

ofcoverage
constraintsisthatthey

do
notrequire

labeled
exam

ples.Thisenables
one

to
train

on
labeled

training
exam

ples
from

a
convenientdistribution

(such
as

actively-sam
pled

exam
ples),

but
then

add
a

coverage
constraint

to
ensure

the
classifier

is
optim

ized
to

positively
classify

the
desired

proportion
ofpositive

classifications
on

a
largerunlabeled

datasetdraw
n

i.i.d.
from

the
true

underlying
distribution.T

his
usage

ofa
coverage

constraintform
s

a
sem

i-supervised
regularization

ofthe
classifier.

A
nothergood

use
case

forcoverage
constraints

is
to

help
m

ake
a

controlled
com

parison
oftw

o
m

odelstructures.Forexam
ple,suppose

one
has

a
m

odeltype
A

(say,a
kernelSV

M
),and

w
onders

if
an

alternative
B

(say,a
D

N
N

)is
better,w

here
A

m
akes

positive
predictions

on
40%

oftestexam
ples,

w
hile

B
appears

to
be

m
ore

accurate,butonly
predicts

the
positive

class
for

35%
oftestexam

ples.If
precision

errors
are

w
orse

than
recallerrors,w

e
cannotbe

sure
thatB

is
betterthan

A
.W

e
can

try
to

quantify
the

m
isclassification

costs
ofa

false
negative

vs.a
false

positive,butthatm
ay

be
difficult

to
agree

upon.Itw
ould

be
sim

plerto
com

pare
B

to
A

atthe
sam

e
coverage

as
A

,oratsom
e

other
relevantcoverage.

C
overage-m

atching
B

to
A

can
be

done
by

tuning
the

decision
threshold

of
B

post-training,butincluding
the

coverage
constraintin

the
training

can
help

B
learn

to
be

a
better

classifierw
hen

tested
atthe

desired
coverage.

3.2.C
onstraintsO

n
A

ccuracy,R
ecall,Precision,A

U
C

A
s

show
n

in
Table

2,classifier
accuracy

can
be

expressed
in

term
s

of
rates,and

thus
accuracy

on
auxiliary

datasets
orslices

ofthe
training

data
can

be
constrained

w
ith

rate
constraints.

R
ecall,defined

as
T

P
/(T

P
+

FN
),can

be
w

ritten
as
p

+
(D

[y
=

1];θ),and
thus

one
can

put
a

low
er-bound

constrainton
recall

p
+

(D
[y

=
1];θ)

>
κ

for
the

user’s
choice

of
κ
∈

[0,1].
For
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

exam
ple,one

m
ay

w
ish

to
train

a
classifierthataw

ards
free

m
eals

to
poorstudents,butconstrain

itto
obtain

atleast
95%

recall.
Precision

can
be

expressed
in

rates
as
c

+
(D

[y
=

1];θ)/c
+

(D
;θ),and

thus
to

getprecision
ofat

least
κ,one

can
add

a
rate

constraint:

c
+

(D
[y

=
1];θ)−

κ
c

+
(D

;θ)≥
0.

(9)

If(9)holds,then
m

athem
atically

the
precision

is
low

er-bounded
by
κ

on
the

dataset
D

.H
ow

ever,
since

the
expectation

ofa
ratio

does
notequalthe

ratio
ofthe

expected
num

eratorand
denom

inator,
analyzing

how
w

ellthe
em

piricalconstraintholding
generalizes

to
new

i.i.d.sam
ples

is
notstraight-

forw
ard,and

violating
the

constraint(9)by
som

e
ε
>

0
does

nottranslate
directly

into
a

precision
errorof

ε.
T

he
R

O
C

A
U

C
(A

rea
underthe

R
O

C
curve)can

be
approxim

ated
using

a
rate

constraint,as
in

E
ban

etal.(2017).T
he

R
O

C
curve

is
obtained

by
plotting

the
true

positive
rate

(T
PR

)vs.the
false

positive
rate

(FPR
).First,slice

up
the

FPR
-axis

into
L

slices
(to

approxim
ate

the
required

R
iem

ann
integral).T

hen
forthe

`th
slice,consider

J
differentdecision

thresholds
and

choose
the

threshold
thatm

axim
izes

T
PR

and
satisfies

the
`th

slice
FPR

bound
`/L

,and
then

the
averaged

m
axim

um
precision

across
the

L
FPR

slices
is

bounded:

1L

L
∑`=

1

m
ax

j∈
[J

]:p
+α
j
(D

[y
=
−

1
];θ

)≤
`L

p
+α
j (D

[y
=

1];θ)≥
κ
.

(10)

w
here

p
+α

(D
;θ)

4=
1|D| ∑

x∈
D
I
h

(x
;θ

)≥
α ,
c

+α
(D

;θ)
4=
∑

x∈
D
I
h

(x
;θ

)≥
α ,and

α
j

:=
2
j−

1
2
J

for
j∈

[J
].

In
particular,

p
+0
≡
p

+
.

Taking
L
→
∞
,J
→
∞

w
ill

have
the

expression
on

the
L

H
S

of
(10)

converge
to

the
exactR

O
C

A
U

C
.

3.3.C
hurn

A
nd

W
in

L
ossR

atio
C

onstraints

In
practice,a

new
classifieris

often
being

trained
to

replace
an

existing
classifier

h̃,in
w

hich
case

the
new

classifierm
ay

be
evaluated

using
m

etrics
thatcom

pare
the

new
classifierto

the
old

classifier
h̃.

O
ne

com
m

on
m

etric
to

com
pare

tw
o

classifiers
is

the
w

in-loss
ratio

(W
LR

),w
hich

is
the

num
ber

oftim
es

the
new

classifieris
rightand

the
old

classifieris
w

rong,divided
by

the
num

beroftim
es

the
new

classifieris
w

rong
and

the
old

classifieris
right.

A
W

L
R

constraintcan
be

expressed
in

term
s

ofrates
as

in
Table

2,w
here

w
e

use
D

[h̃
=
−

1]to
denote

the
subsetof

D
thatis

labeled
negatively

by
the

classifier
h̃,and

D
[h̃

=
−

1
,y

=
1]to

denote
the

subsetof
D

of
w

hose
training

label
y

is
1,so

that
c

+
(D

[h̃
=
−

1,y
=

1];θ)
is

the
num

ber
of

w
ins

ofthe
new

classifierover
h,and

so
on.R

e-arranging
term

s,one
can

constrain
forW

L
R

using
a

rate
constraint:

c
+

(D
[h̃

=
−

1
,y

=
1];θ)

+
c −

(D
[h̃

=
1,y

=
−

1];θ)

−
κ

(c
+

(D
[h̃

=
−

1
,y

=
−

1];θ)
+
c −

(D
[h̃

=
1,y

=
1];θ))≥

0,
(11)

w
here

κ
∈

R
+

is
the

low
er-bound

on
the

W
L

R
.H

ow
ever,enforcing

this
constrainton

a
training

dataset
D

does
notnecessarily

guarantee
thatthe

desired
W

L
R

threshold
w

illbe
achieved

on
fresh

i.i.d.sam
ples,notonly

due
to

the
potentialforoverfitting,butalso

because
the

expectation
ofa

ratio
does

notequalthe
ratio

ofexpectations.
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ne
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de
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g.

N
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lo
st
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ne
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hi

ch
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od
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to
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si
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ex
am

pl
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si
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el
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ea
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th

e
cl

as
si

fie
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N
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ch
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th

at
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p
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m
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de
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ra
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ra
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Table
3:

G
roup-Specific

and
FairnessG

oalsExpressed
A

sR
ate

C
onstraintsforG

roups
k

=
1,...,K

StatisticalParity
p

+
(D

k ;θ)
=
p

+
(D

;θ)∀
k

M
inim

um
C

overage
p

+
(D

k ;θ)≥
κ
∀
k

and
user-specified

κ
∈

[0,1
]

N
o

L
ostB

enefits
p

+
(D

k ;θ)≥
|(D

k [h̃
=

1])|/|D
k |∀

k
A

ccurate
C

overage
p

+
(D

k ;θ)
=
|D

k [y
=

1]|/|D
k |∀

k
E

qualO
pportunity

p
+

(D
k [y

=
1];θ)

=
p

+
(D

[y
=

1
];θ)∀

k
E

qualO
dds

p
+

(D
k [y

=
1];θ)

=
p

+
(D

[y
=

1];θ)∀
k

and
p

+
(D

k [y
=
−

1];θ)
=
p

+
(D

[y
=
−

1];θ)∀
k

E
qualA

ccuracy
(c

+
(D

k [y
=

1])
+
c −

(D
k [y

=
−

1]))/|D
k |

=
(c

+
(D

[y
=

1])
+
c −

(D
[y

=
−

1]))/|D
|∀
k

M
inim

um
A

ccuracy
(c

+
(D

k [y
=

1])
+
c −

(D
k [y

=
−

1]))/|D
k |≥

κ
∀
k

N
otW

orse
O

ff
(c

+
(D

k [y
=

1])
+
c −

(D
k [y

=
−

1]))/|D
k |≥

|(D
k [y

=
h̃

])|/|D
k |∀

k

problem
is

raters
are

generally
m

ore
accurate

atlabeling
exam

ples
they

are
m

ore
fam

iliarto
them

,
forexam

ple,considera
situation

w
here

adultraters
are

asked
to

labelw
hetherchildren

w
illfind

a
video

interesting.

3.5.E
gregiousE

xam
plesA

nd
Steering

E
xam

ples

A
notheruse

ofrate
constraints

is
to

constrain
the

perform
ance

on
auxiliary

labeled
datasets

to
control

the
classifier.Forexam

ple,G
oh

etal.(2016)proposed
constraining

the
classifierforhigh

accuracy
on

a
sm

allsetofparticularly
egregious

exam
ples

thatshould
definitely

notbe
m

islabeled.E
gregious

exam
ples

actas
an

integrated
unittest:as

the
classifiertrains,itactively

tests
itselfto

m
ake

sure
it

satisfies
the

constrainton
the

egregious
exam

ples
and

is
able

to
correctthe

training
accordingly.

A
notherpracticalexam

ple
ofusing

an
auxiliary

labeled
datasetisw

hatw
e

term
steering

exam
ples,

w
hich

w
e

define
asa

setoflabeled
exam

plesthatare
m

ore
accurately

labeled
than

the
training

set.For
exam

ple,one
m

ay
have

access
to

a
large

butnoisy
training

setofclicks
on

new
s

articles.H
ow

ever,
an

article
m

ightbe
clicked

eitherbecause
itw

as
relevantnew

s,orbecause
ithad

a
catchy

headline.
W

e
can

try
to

steer
the

classifier
to

focus
on

the
relevantnew

s
articles

by
providing

a
sm

aller
but

expertly-labeled
curated

setofexam
ples

thatm
ark

catchy
headlines

as
negative,and

then
constrain

the
classifierto

achieve
som

e
reasonable

m
inim

alaccuracy
on

these
steering

exam
ples.Such

a
rate

constraintw
illsteerthe

classifierto
be

consistentw
ith

the
steering

exam
ples,and

helping
itdisregard

any
badly

labeled
training

exam
ples.

A
second

exam
ple

is
a

classifier
thatattem

pts
to

determ
ine

w
hetheran

online
store

should
advertise

to
a

given
custom

er.Suppose
thatthere

is
a

large
dataset

oftraining
exam

ples
w

ith
the

positive
label,“custom

erclicked
advertisem

entand
visited

w
ebsite”,

buta
relatively

sm
allsetofexam

ples
w

here
the

positive
labelis,“custom

erclicked
advertisem

ent
and

m
ade

a
purchase.”

Itm
ay

be
better

to
train

on
the

large
setof

“visited”
exam

ples
due

to
its

m
uch

largersize
and

coverage,butalso
to

constrain
atleastsom

e
specified

accuracy
on

the
sm

aller
“purchase”

exam
ples

in
orderto

steerthe
classifiertow

ards
prioritizing

clicks
thatlead

to
purchases.
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Y
A

N
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O
U

,
A

N
D

S
R
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H

A
R

A
N

3.6.D
ecision

R
ule

Priors

M
achine

learning
practitioners

often
have

priorknow
ledge

abouta
classification

problem
thatthey

can
com

m
unicate

as
a

decision
rule

on
a

tiny
setof

features.
For

exam
ple,“D

on’trecom
m

end
a

book
to

a
user

if
itis

in
a

language
they

haven’tpurchased
before.”

W
e

propose
a

sim
ple

w
ay

of
incorporating

such
decision

rule
priors

into
the

structuralrisk
m

inim
ization

problem
by

creating
an

auxiliary
datasetconsisting

of
m

any
unlabeled

sam
ples,labeling

itw
ith

the
desired

decision
rule,

and
adding

an
accuracy

rate
constrainton

thatauxiliary
data

set.
Such

decision
rule

priors
can

act
as

regularizers
against

noisy
and

poorly-sam
pled

training
exam

ples,and
can

produce
a

classifierthatis
m

ore
interpretable

because
itis

know
n

to
(probably)

obey
the

given
decision

rules
(like

allrate
constraints,this

depends
on

w
hetherone

constrains
w

ith
slack

or
not,and

also
on

exactly
how

w
ellthe

satisfied
constraintgeneralizes,w

hich
depends

on
w

hetherthe
exam

ples
observed

atevaluation
tim

e
w

illtruly
be

draw
n

i.i.d.from
the

sam
e

distribution
as

the
training

data,as
w

ellas
the

function
class,and

how
hard

the
constraintis

to
satisfy).

T
his

proposalis
sim

ilarto
B

ayesian
R

ule
L

ists
(B

R
L

)(L
etham

etal.,2015)in
thata

decision
rule

(orsetofdecision
rules)is

given
a

priorito
training

the
m

odel.H
ow

ever,B
R

L
training

takes
as

inputa
large

setofdecision
rules

and
outputs

a
posterioroverthe

rules,ratherthan
incorporating

a
decision

rule
into

a
structuralrisk

m
inim

ization
problem

.

3.7.H
ow

To
B

estSpecify
R

ate
C

onstraints

Forany
rate

constraint,w
e

recom
m

end
allow

ing
som

e
slack

in
orderto

find
a

feasible
solution.For

exam
ple,statisticalparity

could
be

w
ritten

as
a

constraintw
ith

an
additive

slack
of
κ

like
this:

p
+

(D
;θ)−

p
+

(D
k ;θ)≤

κ
,

orinstead
w

ith
m

ultiplicative
slack

of
κ

like
this:

p
+

(D
;θ)−

κ
p

+
(D

k ;θ)≥
0,

w
here

k
is

the
index

ofthe
kth

subsetofinterest.
O

urexperience
is

thatadditive
slack

tends
to

be
m

ore
likely

to
produce

reasonable
solutions

than
m

ultiplicative
slack

form
any

constraints.T
he

dangerto
w

atch
outforis

w
hetherthe

constraintis
specified

in
a

w
ay

thatencourages
the

training
to

satisfy
the

constraintin
a

suboptim
alw

ay.
For

exam
ple,if

one
constrains

the
false

positive
rate

of
each

group
to

be
no

w
orse

than
125%

of
the

overall
false

positive
rate

(m
ultiplicative

slack),
then

the
training

is
incentivized

to
increase

the
overall

false
positive

rate
because

that
loosens

the
constraint

further
(the

sam
e

effect
occurs

for
additive

slack,butthe
effecttends

to
be

largerform
ultiplicative

slack).
C

onstraints
can

also
be

expressed
pairw

ise
betw

een
groups,instead

ofagainstthe
globalrate:

p
+

(D
j ;θ)−

p
+

(D
k ;θ)≤

κ
,

for
all

j,k
pairs.

O
ur

experience
is

that
constraints

that
involve

a
larger

dataset
are

generally
preferable,and

thatthe
sm

allerthe
datasetgenerally

the
greaterthe

risk
ofoverfitting

the
constraint

orending
up

w
ith

a
degenerate

solution
to

achieve
feasibility.

Equality
constraints

can
be

expressed
by

using
both

a
low

er-bound
and

an
upper-bound

inequality
constraint.In

practice,w
e

suggestallow
ing

som
e

slack
betw

een
the

low
erand

upperbounds
in

order
to

increase
the

num
beroffeasible

solutions,thereby
m

aking
stochastic

gradientoptim
ization

m
ore

stable.
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R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

T
he

oracle
w

illbe
used

by
the

θ-player,and
the

λ-player
w

illuse
projected

gradientascent.
W

e
note

thatthis
is

a
standard

assum
ption

in
orderto

obtain
theoreticalguarantees.(e.g.see

C
hen

etal.
(2017),w

hich
uses

a
m

ultiplicative
instead

ofadditive
approxim

ation).

4.1.2.
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agrangian
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nearly-optim
alnearly-feasible

solution
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ourtheorem

below
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equilibria

and
optim
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solutions
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convex
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is
taken

to
consistonly

ofsets
ofL

agrange
m

ultipliers
w

ith
bounded

1-norm
.In

A
ppendix

A
,this

is
generalized

to
p-norm

s..
A

s
a

rem
inder,a

m
ixed

N
ash

equilibrium
to

a
tw

o-playergam
e

is
a

pairofdistributions
overthe

strategy
spaces,one

distribution
assigned

to
each

playersuch
thatneitherplayercan

im
prove

their
expected

payoff(overthese
distributions)by

changing
theirdistribution

given
thatthe

otherplayer
uses

theirassigned
distribution.A

n
ε-approxim

ate
m

ixed
N

ash
equilibrium

is
w

here
neitherplayer

can
im

prove
by

m
ore

than
ε

by
changing

theirassigned
distribution

given
thatthe

otherplayeruses
theirassigned

distribution.
Finally,

as
a

consequence
of

the
com

pact
dom

ains,
the

feasibility
guarantee

of
T

heorem
2

only
holds

if
the

L
agrange

m
ultipliers

are,on
average,sm

aller
than

the
m

axim
um

1-norm
radius

R
.

T
hankfully,as

is
show

n
by

the
finalresultof

T
heorem

2,if
there

exists
a

pointsatisfying
the

constraints
w

ith
som

e
m

argin
γ
>

0,then
there

w
illexistan

R
thatis

large
enough

to
guarantee

feasibility
to

w
ithin

O
(ε).

T
heorem

2
D

efine:

Λ
4=
{
λ
∈

R
m+

:‖λ‖
1 ≤

R}
(14)

and
let
θ

(1
),...,θ

(T
)∈

Θ
and

λ
(1

),...,λ
(T

)∈
Λ

be
sequences

ofparam
eter

vectors
and

Lagrange
m

ultipliers
thatcom

prise
an

approxim
ate

m
ixed

N
ash

equilibrium
,i.e.:

m
ax

λ
∗∈

Λ

1T

T
∑t=

1 L
(
θ

(t),λ
∗ )
−

in
f

θ ∗∈
Θ

1T

T
∑t=

1 L
(
θ ∗,λ

(t) )
≤
ε.

D
efine

θ̄
as

a
random

variable
for

w
hich

θ̄
=
θ

(t)w
ith

probability
1/T

,and
letλ̄

4=
(∑

Tt=
1
λ

(t) )
/T

.

Then
θ̄

is
nearly-optim

aland
nearly-feasible

in
expectation:

E
θ̄ [g

0 (θ̄ )]≤
in

f
θ ∗∈

Θ
:∀
i.g
i (θ ∗

)≤
0
g

0
(θ ∗)

+
ε

an
d

m
ax

i∈
[m

] E
θ̄ [g

i (θ̄ )]≤
ε

R
−
‖
λ̄‖

1
.

A
dditionally,ifthere

exists
a
θ ′∈

Θ
thatsatisfies

allofthe
constraints

w
ith

m
argin

γ
(i.e.

g
i (θ ′)≤

−
γ

for
all

i∈
[m

]),then:

‖λ̄‖
1 ≤

ε
+
B
g
0

γ
,

w
here

B
g
0 ≥

su
p
θ∈

Θ
g

0
(θ)−

in
f
θ∈

Θ
g

0
(θ)

is
a

bound
on

the
range

ofthe
objective

function
g

0 .
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S
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ID
H

A
R

A
N

Proof
T

his
is

a
specialcase

ofT
heorem

9
and

L
em

m
a

10
in

A
ppendix

A
.

4.1.3.
C

O
N

V
E

R
G

E
N

C
E

O
F

A
L

G
O

R
IT

H
M

1

A
lgorithm

1’s
convergence

rate
is

given
by

the
follow

ing
lem

m
a:

L
em

m
a

3
(A

lgorithm
1)

Suppose
that

Λ
and

R
are

as
in

Theorem
2,

and
define

B
∆
≥

m
ax

t∈
[T

] ∥∥∥
∆

(t)
λ

∥∥∥
2 .

If
w

e
run

A
lgorithm

1
w

ith
the

step
size

η
λ

:=
R
/B

∆ √
2
T

,
then

the
result

satisfies
Theorem

2
for:

ε
=
ρ

+
R
B

∆ √
2T
,

w
here

ρ
is

the
error

associated
w

ith
the

oracleO
ρ .

C
om

bined
w

ith
T

heorem
2,w

e
therefore

have
thatif

R
is

sufficiently
large,then

A
lgorithm

1
w

ill
converge

to
a

distribution
over

Θ
thatis,in

expectation,O
(ρ

)-farfrom
being

optim
aland

feasible
at

a
O

(1/ √
T

)
rate,w

here
ρ

is
defined

in
Section

4.1.1.

4.1.4.
S

H
R

IN
K

IN
G

T
H

E
S

T
O

C
H

A
S

T
IC

S
O

L
U

T
IO

N

A
disadvantage

ofA
lgorithm

1
is

thatitresults
in

a
m

ixture
of
T

solutions,w
hich

m
ay

be
large

and
thus

undesirable
in

practice.H
ow

ever,w
e

can
show

thatm
uch

sm
allerm

ixed
N

ash
equilibria

exist:

L
em

m
a

4
If

Θ
is

a
com

pact
H

ausdorff
space,

Λ
is

com
pact,

and
the

objective
and

constraint
functions

g
0 ,g

1 ,...,g
m

are
continuous,then

the
Lagrangian

gam
e

(E
quation

3)has
a

m
ixed

N
ash

equilibrium
pair

(θ,λ
)

w
here

θ
is

a
random

variable
supported

on
atm

ost
m

+
1

elem
ents

of
Θ

,and
λ

is
non-random

.

Proof
Follow

s
from

T
heorem

13
in

A
ppendix

B
.

W
e

do
not

content
ourselves

w
ith

m
erely

having
show

n
the

existence
of

such
an

equilibrium
.

Fortunately,w
e

can
re-form

ulate
the

problem
offinding

the
optim

al
ε-feasible

m
ixture

ofthe
θ

(t)s
as

a
linearprogram

(L
P)thatcan

be
solved

to
shrink

the
supportsetto

m
+

1
solutions.W

e
m

ust
firstevaluate

the
objective

and
constraintfunctions

forevery
θ

(t),yielding
a
T

-dim
ensionalvectorof

objective
function

values,and
m

such
vectors

ofconstraintfunction
evaluations,w

hich
are

then
used

to
specify

the
L

P.

L
em

m
a

5
Let

θ
(1

),θ
(2

),...,θ
(T

)∈
Θ

be
a

sequence
of
T

“candidate
solutions”

ofE
quation

2.
D

efine
~g0 ,
~g
i ∈

R
T

such
that

(
~g0 )

t
=
g

0 (θ
(t) )

and
(~g
i )
t

=
g
i (θ

(t) )
for

i∈
[m

],and
consider

the
linear

program
:

m
in

p∈
∆
T
〈p
,
~g0 〉

s.t.〈p
,
~g
i 〉≤

εfor
all

i∈
1,...,m

,

w
here

∆
T

is
the

T
-dim

ensionalsim
plex.Then

every
vertex

p ∗
ofthe

feasible
region—

in
particular

an
optim

alone—
has

atm
ost

m
∗

+
1
≤
m

+
1

nonzero
elem

ents,w
here

m
∗

is
the

num
ber

ofactive
〈p ∗,

~g
i 〉≤

ε
constraints.
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n
fo

rm
ul

at
io

n
ca

n
pr

ov
id

e
hi

gh
er

ac
cu

ra
cy

w
hi

le
st

ill
sa

tis
fy

in
g

th
e

co
ns

tr
ai

nt
s.

T
hi

s
is

es
pe

ci
al

ly
im

po
rt

an
t

w
he

n
th

e
ra

te
co

ns
tr

ai
nt

s
ex

pr
es

s
re

al
-w

or
ld

re
st

ri
ct

io
ns

on
ho

w
th

e
le

ar
ne

d
m

od
el

is
pe

rm
itt

ed
to

be
ha

ve
.

4.
3.

Pr
ox

y-
L

ag
ra

ng
ia

n
E

qu
ili

br
iu

m

Fo
rt

he
pr

ox
y-

L
ag

ra
ng

ia
n

ga
m

e
(E

qu
at

io
n

15
),

w
e

ca
nn

ot
ex

pe
ct

to
fin

d
a

N
as

h
eq

ui
lib

ri
um

,a
tl

ea
st

no
te

ffi
ci

en
tly

,s
in

ce
it

is
no

n-
ze

ro
-s

um
.

H
ow

ev
er

,t
he

an
al

og
ou

s
re

su
lt

to
T

he
or

em
2

re
qu

ir
es

a
w

ea
ke

r
ty

pe
of

eq
ui

lib
ri

um
:

a
jo

in
td

is
tr

ib
ut

io
n

ov
er

Θ
an

d
Λ

w
.r.

t.
w

hi
ch

th
e
θ-

pl
ay

er
ca

n
on

ly
m

ak
e

a
ne

gl
ig

ib
le

im
pr

ov
em

en
tc

om
pa

re
d

to
th

e
be

st
co

ns
ta

nt
st

ra
te

gy
,a

nd
th

e
λ

-p
la

ye
rc

om
pa

re
d

to
th

e
be

st
ac

tio
n-

sw
ap

pi
ng

st
ra

te
gy

;t
hi

s
is

a
ty

pe
of

Φ
-c

or
re

la
te

d
eq

ui
lib

ri
um

(R
ak

hl
in

et
al

.,
20

11
).

W
e

ca
ll

th
is

se
m

i-
co

ar
se

-c
or

re
la

te
d

eq
ui

lib
ri

um
be

ca
us

e
it

ex
hi

bi
ts

pr
op

er
tie

s
of

a
co

ar
se

-c
or

re
la

te
d

eq
ui

lib
riu

m
fo

ro
ne

pl
ay

er
(θ

-p
la

ye
r)

an
d

th
at

of
co

rr
el

at
ed

eq
ui

lib
riu

m
fo

rt
he

ot
he

rp
la

ye
r(
λ

-p
la

ye
r)

.
In

a
co

ar
se

-c
or

re
la

te
d

eq
ui

lib
riu

m
,e

ac
h

pl
ay

er
is

as
si

gn
ed

a
di

st
rib

ut
io

n
ov

er
th

ei
rr

es
pe

ct
iv

e
st

ra
te

gy
sp

ac
es

w
he

re
th

es
e

di
st

ri
bu

tio
ns

ca
n

be
m

ut
ua

lly
de

pe
nd

en
ta

nd
no

pl
ay

er
ca

n
im

pr
ov

e
th

ei
rp

ay
of

f
by

sw
itc

hi
ng

to
an

y
fix

ed
st

ra
te

gy
gi

ve
n

th
at

th
e

ot
he

r
pl

ay
er

s
us

e
th

ei
r

as
si

gn
ed

di
st

ri
bu

tio
ns

.
In

a
co

rr
el

at
ed

eq
ui

lib
ri

um
,a

ga
in

ea
ch

pl
ay

er
is

as
si

gn
ed

a
di

st
ri

bu
tio

n
ov

er
th

ei
rr

es
pe

ct
iv

e
st

ra
te

gy
sp

ac
es

w
he

re
th

es
e

di
st

ri
bu

tio
ns

ca
n

be
m

ut
ua

lly
de

pe
nd

en
t,

bu
tn

o
pl

ay
er

ca
n

im
pr

ov
e

th
ei

rp
ay

of
f

by
ch

an
gi

ng
th

ei
ra

ss
ig

ne
d

di
st

ri
bu

tio
n

gi
ve

n
th

at
th

e
ot

he
rp

la
ye

rs
us

e
th

ei
ra

ss
ig

ne
d

di
st

ri
bu

tio
ns

.
W

e
pr

es
en

to
ur

th
eo

re
m

sh
ow

in
g

th
e

ac
hi

ev
ab

ili
ty

of
th

is
ty

pe
of

eq
ui

lib
ri

um
,t

he
n

w
e

pr
es

en
t

A
lg

or
ith

m
2

to
sa

tis
fy

th
e

th
eo

re
m

.

T
he

or
em

6
D

efi
ne
M

as
th

e
se

to
fa

ll
le

ft-
st

oc
ha

st
ic

(m
+

1)
×

(m
+

1)
m

at
ri

ce
s,

Λ
4 =

∆
m

+
1

as
th

e
(m

+
1)

-d
im

en
si

on
al

si
m

pl
ex

,a
nd

as
su

m
e

th
at

ea
ch
g̃ i

up
pe

r
bo

un
ds

th
e

co
rr

es
po

nd
in

g
g i

.L
et

θ(
1
) ,
..
.,
θ(
T

)
∈

Θ
an

d
λ

(1
) ,
..
.,
λ

(T
)
∈

Λ
be

se
qu

en
ce

s
sa

tis
fy

in
g:

1 T

T ∑ t=
1

L θ
( θ(

t)
,λ

(t
))
−

in
f

θ
∗ ∈

Θ

1 T

T ∑ t=
1

L θ
( θ∗

,λ
(t

))
≤
ε θ

m
ax

M
∗ ∈
M

1 T

T ∑ t=
1

L λ
( θ(

t)
,M
∗ λ

(t
))
−

1 T

T ∑ t=
1

L λ
( θ(

t)
,λ

(t
))
≤
ε λ
.

D
efi

ne
θ̄

as
a

ra
nd

om
va

ri
ab

le
fo

r
w

hi
ch
θ̄

=
θ(
t)

w
ith

pr
ob

ab
ili

ty
λ

(t
)

1
/
∑

T s=
1
λ

(s
)

1
,a

nd
le

tλ̄
4 =

( ∑
T t=

1
λ

(t
))
/T

.T
he

n
θ̄

is
ne

ar
ly

-o
pt

im
al

an
d

ne
ar

ly
-f

ea
si

bl
e

in
ex

pe
ct

at
io

n:

E
θ̄

[ g
0

( θ̄
)]
≤

in
f

θ
∗ ∈

Θ
:∀
i.
g̃
i
(θ
∗ )
≤

0
g 0

(θ
∗ )

+
ε θ

+
ε λ

λ̄
1

(1
6)

an
d,

m
ax

i∈
[m

]
E
θ̄

[ g
i

( θ̄
)]
≤
ε λ λ̄

1
.

(1
7)

A
dd

iti
on

al
ly

,i
ft

he
re

ex
is

ts
a
θ′
∈

Θ
th

at
sa

tis
fie

s
al

lo
ft

he
pr

ox
y

co
ns

tr
ai

nt
s

w
ith

m
ar

gi
n
γ

(i
.e

.
g̃ i

(θ
′ )
≤
−
γ

fo
r

al
li
∈

[m
])

,t
he

n:

λ̄
1
≥
γ
−
ε θ
−
ε λ

γ
+
B
g
0

,
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O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IFF
E

R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

A
lgorithm

2
O

ptim
izes

the
proxy-L

agrangian
form

ulation
(E

quation
15)in

the
non-convex

setting
via

the
use

ofan
approxim

ate
B

ayesian
optim

ization
oracleO

ρ
(D

efinition
1,butw

ith
g̃
i s

instead
of
g
i s

in
the

linear
com

bination
defining

f)
for

the
θ-player,w

ith
the

λ-player
m

inim
izing

sw
ap

regret.The
π

(M
)

operation
on

line
3

results
in

a
stationary

distribution
of
M

(i.e.a
λ
∈

Λ
such

that
M
λ

=
λ,w

hich
can

be
derived

from
the

top
eigenvector).

O
racleProxyL

agrangian (L
θ ,L

λ
:

Θ
×

∆
m

+
1→

R
,O

ρ
:

(Θ
→

R
)→

Θ
,T
∈

N
,η
λ
∈

R
+ ):

1
Initialize

M
(1

)∈
R

(m
+

1
)×

(m
+

1
)w

ith
M
i,j

=
1/

(m
+

1)
2

For
t∈

[T
]:

3
L

et
λ

(t)
=
π
(M

(t) )
//Stationary

distribution
of
M

(t)

4
L

et
θ

(t)
=
O
ρ (L

θ (·,λ
(t) ))

//O
racle

optim
ization

5
L

et
∆

(t)
λ

be
a

gradientofL
λ (θ

(t),λ
(t) )

w
.r.t.

λ

6
U

pdate
M̃

(t+
1
)

=
M

(t)�
.ex

p (
η
λ ∆

(t)
λ

(λ
(t) )

T )
//�

and
.ex

p
are

elem
ent-w

ise

7
Project

M
(t+

1
)

:,i
=
M̃

(t+
1
)

:,i
/ ∥∥∥
M̃

(t+
1
)

:,i

∥∥∥
1

for
i∈

[m
+

1]
//C

olum
n-w

ise
projection

8
R

eturn
θ

(1
),...,θ

(T
)and

λ
(1

),...,λ
(T

)

w
here

B
g
0 ≥

su
p
θ∈

Θ
g

0
(θ)−

in
f
θ∈

Θ
g

0
(θ)

is
a

bound
on

the
range

ofthe
objective

function
g

0 .

Proof
T

his
is

a
specialcase

ofT
heorem

11
and

L
em

m
a

12
in

A
ppendix

A
.

N
otice

thatEquation
17

guarantees
feasibility

w
.r.t.the

originalconstraints,w
hile

Equation
16

show
s

thatthe
solution

m
inim

izes
the

objective
approxim

ately
as

w
ellas

the
bestsolution

that’s
feasible

w
.r.t.the

proxy
constraints.H

ence,the
guarantee

form
inim

izing
the

objective
is

no
betterthan

w
hat

w
e

w
ould

have
obtained

if
w

e
took

g
i
4=
g̃
i

for
all

i∈
[m

],and
optim

ized
the

L
agrangian

as
in

Section
4.1.H

ow
ever,because

the
feasible

region
w

.r.t.the
originalconstraints

is
larger(perhaps

significantly
so)

than
thatw

.r.t.
the

proxy
constraints,the

proxy-L
agrangian

approach
has

m
ore

“room
”

to
find

a
bettersolution

in
practice

(this
is

dem
onstrated

in
the

experim
ents).

O
ne

key
difference

betw
een

this
resultand

T
heorem

2
is

thatthe
R

bound
on

λ
is

now
gone.

Instead,its
role,and

thatof ∥∥
λ̄ ∥∥

1 ,is
played

by
the

firstcoordinate
of
λ̄.Inspection

ofE
quation

15
reveals

that,
if

one
or

m
ore

of
the

constraints
are

violated,
then

the
λ-player

w
ould

prefer
the

corresponding
entries

in
λ

to
be

higher,w
hich

in
turn

causes
λ

1
to

becom
e

closer
to

0
from

our
procedures.L

ikew
ise,ifthey

are
satisfied

(w
ith

som
e

m
argin),then

itw
ould

preferthe
entries

after
the

firstin
λ

to
be

0
w

hich
causes

λ
1

to
be

one
in

ourprocedures.In
otherw

ords,the
firstcoordinate

of
λ

(t)encodes
the

λ-player’s
beliefaboutthe

feasibility
of
θ

(t),forw
hich

reason
θ

(t)is
w

eighted
by

λ
(t)
1

in
the

density
defining

θ̄.

4.4.Proxy-L
agrangian

O
ptim

ization
A

lgorithm

To
optim

ize
the

proxy-L
agrangian

form
ulation,w

e
presentA

lgorithm
2,w

hich
is

m
otivated

by
the

observation
that,w

hile
T

heorem
6

only
requires

thatthe
θ

(t)
sequence

suffer
low

externalregret
w

.r.t.L
θ (·,λ

(t) ),the
condition

on
the

λ
(t)

sequence
is

stronger,requiring
it

to
suffer

low
sw

ap
regret(B

lum
and

M
ansour,2007)w

.r.t.L
λ (θ

(t),· ).
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

A
lgorithm

3
O

ptim
izes

the
proxy-L

agrangian
form

ulation
(E

quation
15)

in
the

convex
setting,

w
ith

the
θ-playerm

inim
izing

externalregret,and
the

λ-playerm
inim

izing
sw

ap
regret.T

he
π

(M
)

operation
on

line
4

outputs
the

stationary
distribution

of
M

(thatis,a
λ
∈

Λ
such

that
M
λ

=
λ)

w
hich

can
be

derived
from

the
top

eigenvector.T
he

function
Π

Θ
projects

its
argum

entonto
Θ

w
.r.t.

the
E

uclidean
norm

.
StochasticProxyL

agrangian (L
θ ,L

λ
:

Θ
×

∆
m

+
1→

R
,T
∈

N
,η
θ ,η

λ
∈

R
+ ):

1
Initialize

θ
(1

)
=

0
//A

ssum
es

0
∈

Θ

2
Initialize

M
(1

)∈
R

(m
+

1
)×

(m
+

1
)w

ith
M
i,j

=
1/

(m
+

1)
3

For
t∈

[T
]:

4
L

et
λ

(t)
=
π
(M

(t) )
//Stationary

distribution
of
M

(t)

5
L

et
∆̌

(t)
θ

be
a

stochastic
subgradientofL

θ (θ
(t),λ

(t) )
w

.r.t.
θ

6
L

et
∆

(t)
λ

be
a

stochastic
gradientofL

λ (θ
(t),λ

(t) )
w

.r.t.
λ

7
U

pdate
θ

(t+
1
)

=
Π

Θ

(
θ

(t)−
η
θ ∆̌

(t)
θ

)
//P

rojected
SG

D
update

8
U

pdate
M̃

(t+
1
)

=
M

(t)�
.ex

p (
η
λ ∆

(t)
λ

(λ
(t) )

T )
//�

and
.ex

p
are

elem
ent-w

ise

9
Project

M
(t+

1
)

:,i
=
M̃

(t+
1
)

:,i
/ ∥∥∥
M̃

(t+
1
)

:,i

∥∥∥
1

for
i∈

[m
+

1]
//C

olum
n-w

ise
projection

10
R

eturn
θ

(1
),...,θ

(T
)and

λ
(1

),...,λ
(T

)

H
ence,the

θ-playeruses
the

oracle
to

m
inim

ize
externalregret,w

hile
the

λ-playeruses
a

sw
ap-

regretm
inim

ization
algorithm

ofthe
type

proposed
by

G
ordon

etal.(2008),yielding
the

convergence
guarantee:

L
em

m
a

7
(A

lgorithm
2)Suppose

thatM
and

Λ
are

as
in

Theorem
6,and

define
the

upper
bound

B
∆
≥

m
ax

t∈
[T

] ∥∥∥
∆

(t)
λ

∥∥∥∞
.

If
w

e
run

A
lgorithm

2
w

ith
the

step
size

η
λ

:=
√

(m
+

1)
ln

(m
+

1)
/T
B

2∆
,then

the
result

satisfies
satisfies

the
conditions

ofTheorem
6

for:

ε
θ

=
ρ

ε
λ

=
2B

∆ √
(m

+
1)

ln
(m

+
1)

T
,

w
here

ρ
is

the
error

associated
w

ith
the

oracleO
ρ .

4.5.PracticalStochastic
Proxy-L

agrangian
A

lgorithm

A
lgorithm

3
is

designed
for

the
setting

of
a

convex
objective,

thus
w

e
can

safely
use

SG
D

for
the

θ-updates
instead

of
the

oracle
and

enjoy
a

m
ore

practicalprocedure.
W

e
stress

thatthis
is

a
considerable

im
provem

entoverprevious
L

agrangian
m

ethods
in

the
convex

setting,as
they

require
both

the
loss

and
constraints

to
be

convex
in

order
to

attain
optim

ality
and

feasibility
guarantees.

H
ere,w

hile
w

e
assum

e
convexity

ofthe
objective

and
proxy-constraints,the

originalconstraints
do

notneed
to

be
convex,butw

e
are

stillable
to

prove
sim

ilarguarantees.
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O
P

T
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A

T
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N
W

IT
H

N
O

N
-D

IF
F

E
R

E
N

T
IA

B
L

E
C

O
N

S
T

R
A

IN
T

S

L
em

m
a

8
(A

lg
or

ith
m

3)
Su

pp
os

e
th

at
Θ

is
a

co
m

pa
ct

co
nv

ex
se

t,
M

an
d

Λ
ar

e
as

in
Th

eo
-

re
m

6,
an

d
th

at
th

e
ob

je
ct

iv
e

an
d

pr
ox

y
co

ns
tr

ai
nt

fu
nc

tio
ns
g 0
,g̃

1
,.
..
,g̃
m

ar
e

co
nv

ex
(b

ut
no

t
g 1
,.
..
,g
m

).
D

efi
ne

th
e

th
re

e
up

pe
r

bo
un

ds
B

Θ
≥

m
ax

θ
∈Θ
‖θ
‖ 2

,B
∆̌
≥

m
ax

t∈
[T

]

∥ ∥ ∥∆̌
(t

)
θ

∥ ∥ ∥ 2
,a

nd

B
∆
≥

m
ax

t∈
[T

]

∥ ∥ ∥∆
(t

)
λ

∥ ∥ ∥ ∞
.

If
w

e
ru

n
A

lg
or

ith
m

3
w

ith
th

e
st

ep
si

ze
sη

θ
: =

B
Θ
/B

∆̌

√
2T

an
d
η λ

: =
√

(m
+

1)
ln

(m
+

1)
/T
B

2 ∆
,

th
en

th
e

re
su

lt
sa

tis
fie

s
th

e
co

nd
iti

on
s

of
Th

eo
re

m
6

fo
r:

ε θ
=

2B
Θ
B

∆̌

√
1

+
16

ln
2 δ

T

ε λ
=

2B
∆

√
2

(m
+

1)
ln

(m
+

1)
( 1

+
16

ln
2 δ

)

T
,

w
ith

pr
ob

ab
ili

ty
1
−
δ

ov
er

th
e

dr
aw

s
of

th
e

st
oc

ha
st

ic
(s

ub
)g

ra
di

en
ts

.

4.
6.

Sh
ri
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O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IFF
E

R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

Table
4:D

atasets
and

M
odelTypes

U
sed

in
E

xperim
ents

D
ataset

Features
Train

V
alid

Test
M

odelType
M

odelSize
or

#
Param

eters

B
ank

M
arketing

60
31,647

4,521
9,042

L
inear

61
A

dult
122

34,189
4,884

9,768
L

inear
123

C
O

M
PA

S
31

4,320
612

1,225
2

L
ayerN

N
10

hidden
units

B
usiness

E
ntity

37
11,560

3,856
3,856

2
L

ayerN
N

16
hidden

units
T

hresholding
7

70,874
10,125

20,250
2

L
ayerN

N
32

hidden
units

M
ap

Intent
32

420,000
60,000

120,000
L

attice
E

ns.
93,600

Filtering
16

1,282,532
183,219

366,440
L

attice
E

ns.
3,305

T
he

usualstrategy
ofchoosing

hyperparam
eters

thatscore
beston

the
validation

setis
notsatis-

fying
in

the
constrained

optim
ization

setting,because
now

there
are

tw
o

m
etrics

ofinterest:accuracy
and

constraintviolation,and
the

appropriate
trade-off

betw
een

them
m

ay
be

problem
dependent.

O
ne

solution
researchers

turn
to

is
to

side-step
the

issue
of

choosing
one

setof
hyperparam

eters,
and

instead
presentthe

Pareto
frontierofresults

overm
any

hyperparam
eters

on
the

testset.W
hile

certainly
valuable

in
a

research
setting,w

e
m

ustbe
m

indfulthatin
practice

one
cannotsee

the
Pareto

frontieron
the

testset,and
m

ustm
ake

a
choice

forhyperparam
eters

based
only

on
the

training
and

validation
sets

(as
is

standard).
For

our
experim

ents,
w

e
investigate

the
practical

setting
in

w
hich

one
m

ust
choose

one
set

of
hyperparam

eters
on

w
hich

to
evaluate

the
testset.

For
that,w

e
need

a
heuristic

to
choose

the
best

hyperparam
eters

based
only

on
the

training
and

validation
data.

W
e

analyzed
a

num
ber

of
such

heuristics
thatdifferently

balance
the

validation
accuracy

and
constraintviolation,and

w
ere

unable
to

find
any

heuristic
thatw

as
perfect,butsettled

on
the

follow
ing

strategy
thathas

som
e

nice
properties.

R
ank

each
hyperparam

eter
vector

β
by

its
validation

loss
L

ossR
ank(β

),and
create

a
second

ranking
ofeach

hyperparam
terchoice

by
its

m
axim

um
constraintviolation

on
the

validation
setW

orstC
onstraintR

ank(β
).T

hen
choose

the
hyperparam

etervector
β

thatsatisfies:

argm
in

β
m

ax{L
ossR

ank(β
),W

orstC
onstraintR

ank(β
)}
,

(18)

w
ith

ties
broken

by
the

m
inim

izing
the

validation
loss.

Thisstrategy
choosesthe

hyperparam
etersetthathasboth

low
lossand

sm
allconstraintviolations,

and
guarantees

thatno
otherhyperparam

etersetchoice
w

ould
have

both
bettervalidation

accuracy
and

sm
allerconstraintviolations.

5.3.A
lgorithm

sTested

W
e

experim
ented

w
ith

fourgroups
ofalgorithm

s:
1.

U
nconstrained:

the
m

odelis
trained

w
ithoutany

constraints.
2.

H
inge:

W
e

use
a

hinge
relaxation

ofthe
constraints

in
place

ofthe
actualconstraints

in
the

L
agrangian

as
perA

lgorithm
5.

3.
0-1

sw
ap:

T
his

refers
to

A
lgorithm

3,w
hich

directly
uses

the
0-1

constraintin
the

proxy-
L

agrangian,the
λ-playerm

inim
izes

sw
ap-regretand

the
θ-playerm

inim
izes

externalregret.
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R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

Table
5:C

onstraints
U

sed
in

E
xperim

ents

D
ataset

C
onstraints

(#
ofconstraints)

C
onstraintG

roup
in
x?

B
ank

M
arketing

D
em

ographic
Parity

(5)
Y

A
dult

E
qualO

pportunity
(4)

Y
C

O
M

PA
S

E
qualO

pportunity
(4)

Y
B

usiness
E

ntity
R

es.
M

inim
um

R
ecall(18)and

E
qualA

ccuracy
(1)

Y
T

hresholding
Steering

E
xam

ples
M

inim
um

A
cc.(1)

N
M

ap
Intent

N
otW

orse
O

ff(10),M
onotonicity

(148,800)
Y

Filtering
L

oss-only
C

hurn
(11),M

onotonicity
(9,740)

Y

A
lgorithm

4
O

ptim
izes

the
L

agrangian
form

ulation
w

ith
proxy

constraints.
L

ike
the

proxy-
L

agrangian,this
is

a
non-zero-sum

gam
e,butunlike

the
proxy-L

agrangian,w
e

have
no

theoretical
justification

for
it.

T
hatsaid,itm

akes
intuitive

sense,and
w

orks
w

ellin
practice.

T
he
λ-player

optim
izes

based
on

the
proxy-constraints

and
the

θ-playeroptim
izes

based
on

the
originalconstraints.

T
he

param
eter

R
is

the
radius

of
the

L
agrange

m
ultiplier

space
Λ

:=
{
λ
∈

R
m+

:‖
λ‖

1 ≤
R },and

the
functions

Π
Θ

and
Π

Λ
projecttheirargum

ents
onto

Θ
and

Λ
(respectively)w

.r.t.the
E

uclidean
norm

.{
g
i }
mi=

1 ,{
g̃
i }
mi=

1
are

respectively
the

originalconstraints
and

proxy-constraints.

ProxyA
dditiveE

xternalL
agrangian

(R
∈

R
+
,g

0
:

Θ
→

R
,{
g
i }
mi=

1 ,{
g̃
i }
mi=

1 ,T
∈

N
,η
θ ,η

λ
∈

R
+

):
1

Initialize
θ

(1
)

=
0,
λ

(1
)

=
0

//A
ssum

es
0
∈

Θ
2

For
t∈

[T
]:

3
L

et
∆̌

(t)
θ

be
a

stochastic
subgradientof

g
0 (θ

(t))
+
∑

mi=
1
λ

(t)
i
g̃
i (θ)

w
.r.t.

θ

4
L

et
∆

(t)
λ

be
a

stochastic
gradientof

g
0 (θ

(t))
+
∑

mi=
1
λ

(t)
i
g
i (θ)

w
.r.t.

λ

5
U

pdate
θ

(t+
1
)

=
Π

Θ

(
θ

(t)−
η
θ ∆̌

(t)
θ

)
//P

rojected
SG

D
updates

...

6
U

pdate
λ

(t+
1
)

=
Π

Λ (
λ

(t)
+
η
λ ∆

(t)
λ

)
//

...

7
R

eturn
θ

(1
),...,θ

(T
)and

λ
(1

),...,λ
(T

)

4.
0-1

ext:
This

refers
to

A
lgorithm

4
training

the
non-zero-sum

gam
e

w
here

θ
playerm

inim
izes

the
originalLagrangian

butthe
λ-playerm

inim
izes

external-regreton
the

Lagrangian
w

ith
the

originalconstraints
replaced

by
the

proxy
constraints.

T
his

is
the

“obvious”
non-zero-sum

analogue
of

the
L

agrangian,
but

does
not

enjoy
the

theoretical
guarantees

of
the

proxy-
L

agrangian.
T

his
is

used
as

a
com

parison
to

0-1
sw

ap
to

see
w

hether
m

inim
izing

external
regret(instead

ofthe
m

ore
com

plex
sw

ap
regret)suffices

in
practice.

T
hen,foreach

constrained
optim

ization
technique,w

e
show

the
results

forthe
follow

ing
four

solution
types:

1.
T-stoch:the

stochastic
solution

thatis
the

uniform
distribution

overthe
T

iterates
θ

(1
),...,θ

(T
).

2.
m

-stoch:the
stochastic

solution
obtained

by
applying

the
“shrinking”

technique
to

the
T

-stoch
solution

on
the

training
set,w

hich
w

illhave
supporton

atm
ost

m
+

1
determ

inistic
solutions.

3.
L

ast:the
determ

inistic
solution

defined
by

the
lastiterate

θ
(T

).
4.

B
est:the

determ
inistic

solution
defined

by
the

“best”
iterate

outofall
T

iterates
θ

(1
),...,θ

(T
),

w
here

“best”
is

chosen
by

the
heuristic

given
in

E
quation

18
applied

on
the

training
set.
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li
n

th
e

Pr
oP

ub
lic

as
C

O
M

PA
S

re
ci

di
vi

sm
da

ta
is

a
pr

ed
ic

tio
n

th
e

pe
rs

on
w

ill
re

-
of

fe
nd

.T
he

go
al

is
to

pr
ed

ic
tr

ec
id

iv
is

m
w

ith
fa

ir
ne

ss
co

ns
tr

ai
nt

s
an

d
w

e
pr

ep
ro

ce
ss

th
is

da
ta

se
ti

n
a

si
m

ila
rm

an
ne

ra
s

in
th

e
A

du
lt

da
ta

se
ta

nd
th

e
pr

ot
ec

te
d

gr
ou

ps
ar

e
al

so
si

m
ila

r:
tw

o
ra

ce
-b

as
ed

(B
la

ck
an

d
W

hi
te

)a
nd

tw
o

se
x-

ba
se

d
(M

al
e

an
d

Fe
m

al
e)

.T
he

cl
as

si
fie

rw
e

us
e

is
a

2
la

ye
rn

eu
ra

l
ne

tw
or

k
w

ith
10

hi
dd

en
un

its
.

In
th

is
ex

pe
ri

m
en

t,
th

e
go

al
s

ar
e

qu
ite

si
m

ila
r

to
th

at
of

th
e

A
du

lt
ex

pe
ri

m
en

t.
O

ur
pr

ot
ec

te
d

gr
ou

ps
ar

e
ag

ai
n

tw
o

ra
ce

s
(B

la
ck

an
d

W
hi

te
)

an
d

tw
o

se
xe

s
(M

al
e

an
d

Fe
m

al
e)

an
d

th
e

go
al

is
to

co
ns

tr
ai

n
eq

ua
lo

pp
or

tu
ni

ty
su

ch
th

at
no

gr
ou

p
is

un
fa

ir
ly

ge
tti

ng
ta

rg
et

ed
.H

ow
ev

er
,i

ns
te

ad
of
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pr

es
si

ng
th

e
co

ns
tra

in
tw

ith
m

ul
tip

lic
at

iv
e

sl
ac

k
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in
th

e
A

du
lt

ex
pe

rim
en

ts
,w

e
ex

pr
es

se
d

it
as

an
ad

di
tiv

e
sl

ac
k

of
5%

:
p

+
(D

k
[y

=
1]

;θ
)
≤
p

+
(D

[y
=

1]
;θ

)
+
.0
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Table
8:C

O
M

PA
S

E
xperim

entR
esults

A
lgorithm

Train
E

rr.
V

alid
E

rr.
TestE

rr.
Train

V
io.

V
alid

V
io.

TestV
io.

U
nconstrained

0.3056
0.3160

0.3109
0.1151

0.2143
0.1082

H
inge

m
-stoch.

0.3711
0.3744

0.3676
0

0.0395
0.0284

H
inge

T
-stoch.

0.2880
0.3387

0.3198
0.1093

0.1779
0.0917

H
inge

B
est

0.2840
0.3322

0.3223
0.0803

0.1262
0.0800

H
inge

L
ast

0.2882
0.3322

0.3231
0.1275

0.1968
0.0996

0-1
sw

ap.
m

-stoch.
0.3132

0.3015
0.3174

0.0004
0.0851

0.0111
0-1

sw
ap.

T
-stoch.

0.2968
0.3208

0.3219
0.0257

0.1286
0.0547

0-1
sw

ap.B
est

0.3009
0.3096

0.3125
0.0281

0.1084
0.0356

0-1
sw

ap.L
ast

0.3023
0.3096

0.3158
0.0412

0.1153
0.0480

0-1
ext.

m
-stoch.

0.3145
0.3080

0.3146
0

0.0813
0.0147

0-1
ext.

T
-stoch.

0.2990
0.3128

0.3086
0.0323

0.1154
0.0321

0-1
ext.B

est
0.3106

0.3160
0.3101

-0.0069
0.0797

-0.0085
0-1

ext.L
ast

0.2935
0.3160

0.3125
0.0330

0.1231
0.0325

w
here

D
k

are
the

training
exam

ples
from

the
kth

protected
group

for
k

=
1,2

,...,4,and
D

are
all

the
training

exam
ples.Thatis,the

positive
prediction

rate
ofthe

positively
labeled

exam
ples

foreach
protected

class
can

exceed
thatofthe

overalldatasetby
atm

ost
5%

.
T

he
results

are
show

n
in

Table
8.

5.7.B
usinessE

ntity
R

esolution

In
this

entity
resolution

problem
from

G
oogle,the

task
is

to
classify

w
hether

a
pair

of
business

descriptions
describe

the
sam

e
real-w

orld
business.Forexam

ple,is
Siam

ThaiR
estaurantatM

ain
and

5th
the

sam
e

business
as

O
ld

Siam
Thaiat5070

M
ain

St?
Features

include
m

easures
ofsim

ilarity
ofthe

tw
o

business
titles,phone

num
bers,and

so
on.W

e
add

tw
o

types
ofconstraints

to
the

training.
First,

the
dataset

is
w

orld-w
ide,

and
for

each
of

the
16

m
ost

frequent
countries,

w
e

im
posed

a
m

inim
um

recallrate
constraintof

95
percent:

p
+

(D
k [y

=
1];θ)≥

.95,

w
here

D
k

are
the

training
exam

ples
from

the
kth

country
for

k
=

1,2,...,16.
Itis

also
know

n
w

hethereach
exam

ple
is

a
chain

business
ornot.W

e
im

pose
the

sam
e

m
inim

um
recallrate

constraint
on

chain
businessexam

plesand
non-chain

businessexam
ples.A

dditionally,w
e

add
an

equalaccuracy
constraintthatthe

accuracy
on

not-chain
businesses

should
notbe

w
orse

than
the

accuracy
on

chain
businesses

by
m

ore
than

ten
percent,as

a
proxy

fairness
constraint(G

upta
etal.,2019)to

m
aking

sure
large

and
sm

allbusinesses
receive

sim
ilarperform

ance
from

the
m

odel:

c
+

(D
notC

h [y
=

1
];θ)

+
c −

(D
notC

h [y
=
−

1];θ)

|D
notC

h |
≥
c

+
(D

ch [y
=

1];θ)
+
c −

(D
ch [y

=
−

1];θ)

|D
ch |

−
0
.1
,

w
here

ch
is

an
abbreviation

forchain.
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

Table
9:B

usiness
E

ntity
R

esolution
E

xperim
entR

esults:2
L

ayerN
N

A
lgorithm

Train
E

rr.
V

alid
E

rr.
TestE

rr.
Train

V
io.

V
alid

V
io.

TestV
io.

U
nconstrained

0.1223
0.1505

0.1520
0.1727

0.2172
0.2357

H
inge

m
-stoch.

0.2405
0.2509

0.2535
0

0.0341
0.0282

H
inge

T
-stoch.

0.3308
0.3351

0.3446
-0.0258

0.0196
-0.0082

H
inge

B
est

0.2657
0.2720

0.2786
-0.0083

0.0437
0.0026

H
inge

L
ast

0.2483
0.2624

0.2617
-0.0175

0.0125
0.0421

0-1
sw

ap.
m

-stoch.
0.1751

0.1953
0.1983

0
0.0745

0.0898
0-1

sw
ap.

T
-stoch.

0.1506
0.1749

0.1760
0.0950

0.1427
0.1933

0-1
sw

ap.B
est

0.1407
0.1687

0.1696
0.0681

0.1224
0.1706

0-1
sw

ap.L
ast

0.1699
0.1910

0.1927
0.0252

0.0864
0.0846

0-1
ext.

m
-stoch.

0.1891
0.2060

0.2063
0

0.0741
0.0752

0-1
ext.

T
-stoch.

0.1934
0.2082

0.2092
0.0011

0.0652
0.0770

0-1
ext.B

est
0.1889

0.2053
0.2049

0.0026
0.0750

0.0750
0-1

ext.L
ast

0.1968
0.2118

0.2130
0.0008

0.0594
0.0750

W
e

ran
this

experim
entw

ith
a

tw
o-layer

neuralnetw
ork,the

results
are

show
n

in
Table

9.
In

the
top

row
,one

sees
thatthe

unconstrained
m

odelhas
a

very
high

m
axim

um
constraintviolation,

because
itis

very
difficultto

achieve
95%

recallforallregions.

5.8.T
hresholding

Forthis
G

oogle
problem

,a
ranked

listofhundreds
ofbusiness

results
is

given
fora

query,and
the

task
is

to
threshold

the
listto

return
only

the
results

w
orth

show
ing

a
user.W

e
use

a
2

layerneural
netw

ork
w

ith
32

hidden
units

as
the

classifier.

A
m

edium
-size

labeled
setis

available
w

ith
labels

thatare
know

n
to

be
noisy,and

the
labelnoise

is
notzero-m

ean
and

nothom
ogeneous

across
the

feature
space.T

hatsetis
broken

uniform
ly

and
random

ly
into

train/validation/testsets.

W
e

also
have

an
auxiliary

independentsetof
1
,814

steering
exam

ples
(see

Section
3.5)w

hich
w

ere
m

ore
carefully

labeled
by

expertlabelers,and
w

ere
actively

sam
pled

to
pinpointkey

types
of

problem
s.

If
one

only
uses

the
steering

exam
ples

(ignoring
the

noisy
labeled

data),previous
experim

ents
have

show
n

thatone
can

stably
achieve

a
33%

cross-validation
errorrate

on
the

steering
exam

ples.T
he

goalis
to

have
a

m
odelthatgets

that
33%

erroron
the

steering
exam

ples,butalso
w

orks
as

w
ellas

possible
on

the
largernoisy

data.

T
he

top
row

ofTable
10

show
s

thatonly
training

on
the

noisy
train

data
produces

a
errorrate

of
35%

on
the

noisy
testdata,w

hich
violates

our
goalof

33%
error

on
the

steering
exam

ples
by

3%
(thatis,ithas

an
errorrate

36%
on

the
steering

exam
ples).

In
the

otherextrem
e,only

training
on

the
steering

exam
ples

is
also

unsatisfying:as
reported

in
the

second
row

ofTable
10

thatperform
s

poorly
on

the
large

noisy
testsetw

ith
an

errorrate
of

39%
,

because
the

steering
exam

ple
setdoes

notcoverthe
entire

feature
space.
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=
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−
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d
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−
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Table
12:Filtering

E
xperim

entR
esults

A
lgorithm

Train
E

rr.
V

alid
E

rr.
TestE

rr.
Train

V
io.

V
alid

V
io.

TestV
io.

U
nconstrained

0.2747
0.2723

0.2761
0.3164

0.3107
0.3227

H
inge

m
-stoch.

0.3363
0.3362

0.3369
0

-0.0023
-0.0012

H
inge

T
-stoch.

0.3658
0.3656

0.3665
-0.0297

-0.0262
-0.0243

H
inge

B
est

0.3404
0.3403

0.3409
-0.0075

-0.0080
-0.0068

H
inge

L
ast

0.3622
0.3618

0.3630
-0.0239

-0.0239
-0.0242

0-1
sw

ap.
m

-stoch.
0.3230

0.3231
0.3239

0
0.0071

0.0130
0-1

sw
ap.

T
-stoch.

0.3205
0.3208

0.3217
0.0096

0.0192
0.0227

0-1
sw

ap.B
est

0.3175
0.3178

0.3186
0.0081

0.0116
0.0156

0-1
sw

ap.L
ast

0.3185
0.3189

0.3195
0.0112

0.0146
0.0118

0-1
ext.

m
-stoch.

0.3231
0.3234

0.3243
0

0.0048
0.0065

0-1
ext.

T
-stoch.

0.3300
0.3302

0.3309
0.0004

0.0008
0.0014

0-1
ext.B

est
0.3180

0.3179
0.3190

0.0079
0.0116

0.0138
0-1

ext.L
ast

0.3268
0.3272

0.3278
0.0021

0.0055
0.0087

The
production

classifier
h̃

had
a

testerrorrate
of

39
.72%

.A
s

hoped,by
training

specifically
for

this
classification

task,the
new

classifier
f

(x
)

achieves
low

ertesterrorrates:as
low

as
27.61%

for
the

unconstrained
training.H

ow
ever,the

high
testconstraintviolation

of
32.27%

(m
easured

as
the

m
axim

um
violation

overthe
ten

regions)show
s

thatthe
new

unconstrained
classifierloses

a
large

num
berofthe

w
ins

the
base

classifierhad
foratleastone

ofthe
ten

countries
considered.

6.D
iscussion

O
fE

xperim
entalR

esults

N
ow

thatw
e

have
presented

the
experim

entalresults,w
e

return
to

discuss
the

experim
entaland

theoreticalevidence
forand

againstthe
hypotheses

and
questions

posed
atthe

beginning
ofSection

5.

6.1.D
o

R
ate

C
onstraintsH

elp
In

Practice?

Y
es,overallthe

experim
ents

show
rate

constraints
are

are
a

usefulm
achine

learning
tool.

L
etus

considersom
e

m
ore

specific
questions.

6.1.1.
C

A
N

W
E

E
FF

E
C

T
IV

E
LY

S
O

LV
E

T
H

E
R

A
T

E-C
O

N
S

T
R

A
IN

E
D

O
P

T
IM

IZ
A

T
IO

N
P

R
O

B
L

E
M

?

Y
es,butthe

optim
ization

algorithm
does

m
atter.N

ote
here

w
e

are
asking

w
hetherthe

optim
ization

problem
is

w
ell-solved,and

thus
w

e
focus

on
the

training
errorand

the
training

violation.
T

he
good

new
s

is
thatcom

pared
to

unconstrained
(top

row
in

resulttables)the
0-1

sw
ap

regret
m

-stochastic
optim

ization
(row

6
in

resulttables)consistently
across

allexperim
ents

did
produce

low
ertraining

constraintviolations
w

hile
stillachieving

reasonable
training

errorcom
pared

w
ith

the
unconstrained.R

ecallthateach
m

-stochastic
solvesa

linearprogram
thatsparsifiesthe

corresponding
T

-stochastic
such

thatthe
constraints

are
exactly

satisfied
if

the
T

-stochastic
solution

is
feasible,

so
itis

by
design

thatthe
m

-stochastic
solution

train
constraintviolation

is
exactly

0.0
form

any
of

the
experim

ents.ForA
dult(see

Table
7),the

0-1
sw

ap
m

-stochastic
train

erroris
only

.001
w

orse,
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

butthe
train

violation
drops

from
.0803

to
.0176.ForB

ank
M

arketing
(see

Table
6),the

train
error

is
slightly

betterfor,and
the

train
violation

drops
from

.0202
to

0
.0.Sim

ilarly
forC

O
M

PA
S

(see
Table

8),the
0-1

sw
ap
m

-stochastic
has

slightly
highertraining

errorbutdrops
the

train
constraint

violation
from

0.1151
to

alm
ostzero.ForB

usiness
E

ntity
R

esolution
(Table

9),the
training

error
does

increase
w

ith
0-1

sw
ap
m

-stochastic,butitis
a

reasonable
price

to
pay

in
training

accuracy
for

the
huge

reduction
ofthe

w
orstcase

equal-accuracy
orm

in-recallconstraintviolation
from

0.1727
to

0.0.Forthe
T

hresholding
problem

(Table
10),the

0-1
sw

ap
m

-stochastic
is

again
slightly

better
on

training
errorand

effectively
reduces

the
constraintviolation

to
0.0,and

sim
ilarly

forthe
M

ap
Intentexperim

ent(Table
11),the

training
erroris

low
erand

the
training

constraintviolation
is

low
er.

ForFiltering
(Table

12),the
training

errorfor0-1
sw

ap
regret

m
-stochastic

did
go

up
significantly

from
0.2747

to
0.3230,butthe

unconstrained
training

violation
w

as
horrendous

at
0.3164

w
hereas

the
m

-stochastic
found

a
feasible

solution.In
conclusion

forallexperim
ents

run,w
e

found
the

0-1
sw

ap
regret

m
-stochastic

did
a

good
orreasonable

job
atthe

optim
ization

problem
ofm

inim
izing

training
errorand

satisfying
the

constraints
on

the
training

set.
In

contrast,one
can

see
thatusing

the
baseline

strategy
ofapproxim

ating
allindicators

w
ith

the
hinge

throughoutthe
optim

ization
can

provide
poororeven

w
orse

results
than

the
unconstrained.For

exam
ple,on

the
M

ap
Intentexperim

ent(see
Table

11),the
hinge

T
-stochastic

solution
m

anages
to

have
slightly

both
w

orse
training

errorand
w

orse
training

constraintviolation
than

the
unconstrained.

T
he

other
hinge

optim
izations

are
also

un-com
pelling

in
this

experim
ent.

In
contrast,

the
sw

ap
regret

optim
izations

consistently
find

good
solutions

w
ith

low
er

training
error

and
roughly

zero
training

constraintviolations.T
his

is
a

challenging
optim

ization
problem

because
there

are
ten

rate
constraints

on
ten

regions
ofdiffering

sizes.
T

he
baseline

strategy
of

sim
ply

taking
the

last
iterate

often
does

a
good

job
at

solving
the

constrained
problem

,butsom
etim

es
is

w
orse

atoptim
izing

the
constrained

problem
than

even
the

unconstrained
solver.Forexam

ple,on
C

O
M

PA
S

(see
Table

8)the
H

inge
L

asttraining
violation

is
actually

bigger
than

the
unconstrained

training
violation.

W
hile

H
inge

L
astdoes

achieve
slightly

bettertraining
error,ithasn’tachieve

bettervalidation
error(ortesterror),so

w
e

don’tbelieve
this

w
as

sim
ply

an
unlucky

validation
ofhyperparam

eterchoice.Form
ore

details
on

w
hy

lastiterate
can

perform
badly,see

Section
6.3.1.

W
hile

theory
dictatesa

stochastic
solution

isnecessary
forguarantees,in

practice
the

T
-stochastic

solutions
can

be
quite

poor,forexam
ple

on
M

ap
Intent(Table

11)the
H

inge
T

-stochastic
solution

is
w

orse
than

unconstrained
on

both
training

errorand
training

constraintviolation.T
his

m
ay

be
due

to
bad

early
iterates,w

hich
w

ould
be

diluted
w

ith
a

longerrun
tim

e.C
om

pared
to

the
T

-stochastic
solutions,the

m
-stochastic

solutions
are

alw
ays

betteron
training

errorand
neverm

ore
violating,as

designed.
The

bestiterate
isby

definition
alw

aysatleastasgood
asthe

lastiterate
on

the
training

errorand/or
training

violation.Forallthree
optim

ization
strategies

(hinge,0-1
sw

ap
regret,0-1

externalregret),
the

bestiterate
m

anages
to

consistently
produce

solutions
thatare

betterthan
the

unconstrained
in

term
s

oftraining
violations

and
have

reasonable
orgood

training
errors.

6.1.2.
C

A
N

W
E

G
E

T
G

O
O

D
T

E
S

T
R

E
S

U
LT

S
B

Y
T

R
A

IN
IN

G
W

IT
H

R
A

T
E

C
O

N
S

T
R

A
IN

T
S?

Y
es,

m
ostly.

T
he

m
-stochastic

and
best

iterate
solutions

do
result

in
low

er
test

violations
and

reasonable
testerrors

forsix
ofthe

seven
experim

ents.H
ow

ever,forA
dult(Table

7),the
0-1

sw
ap

m
-stochastic

failed
to

produce
low

er
test

violation
nor

low
er

test
error

than
the

unconstrained,
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ng

m
uc

h
lo

w
er

tra
in

in
g

an
d

va
lid

at
io

n
vi

ol
at

io
ns

.S
ad

ly
,t

he
go

od
tra

in
in

g
an

d
va

lid
at

io
n

pe
rf

or
m

an
ce

si
m

pl
y

di
d

no
tg

en
er

al
iz

e
to

th
e

te
st

se
t.

T
hi

s
ca

se
is

ha
rd

in
pa

rt
be

ca
us

e
th

e
B

la
ck

co
ns

tr
ai

nt
in

th
e

A
du

lt
da

ta
se

t
is

ba
se

d
on

a
re

la
tiv

el
y

sm
al

l
sa

m
pl

e:
on

ly
34

5
po

si
tiv

e
tr

ai
ni

ng
ex

am
pl

es
,4

2
po

si
tiv

e
va

lid
at

io
n

ex
am

pl
es

,a
nd

17
9

po
si

tiv
e

te
st

ex
am

pl
es

.
O

ve
ra

ll,
sm

al
lc

on
st

ra
in

td
at

as
et

s
ca

n
le

ad
to

po
or

ge
ne

ra
liz

at
io

n
th

at
ca

n
si

gn
ifi

ca
nt

ly
hu

rt
th

e
ov

er
al

lm
et

ri
cs

.
T

he
w

or
st

ge
ne

ra
liz

at
io

n
ha

pp
en

ed
w

ith
th

e
B

us
in

es
s

E
nt

ity
R

es
ol

ut
io

n,
w
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non-convex
setting.

6.3.2.
D

O
E

S
m

-S
T

O
C

H
A

S
T

IC
B

E
A

T
T

-S
T

O
C

H
A

S
T

IC?

O
urtheoreticalresults

guarantee
thatthe

m
-stochastic

solution
(w

hich
is

obtained
through

solving
a

sim
ple

LP
on

the
T

-stochastic
iterates)w

illbe
no

w
orse

than
the

T
-stochastic

solution
by

forcing
the

m
-stochastic

solution
to

be
atleastas

feasible
as

the
T

stochastic
solution,w

hile
having

no
w

orse
error

(atleaston
the

training
set).

O
ur

hope
is

therefore
thatour

“shrinking”
procedure

w
illfind

bettersolutions
on

testdata.
W

e
see

consistently
across

datasets
as

w
ellas

optim
ization

techniques
thatthe

m
-stochastic

is
indeed

betterthan
the

T
-stochastic

in
term

s
ofboth

errorand
constraintviolation

on
training.Partof

this
effectm

ay
be

due
to

the
factthatm

any
of

the
iterates

of
the

T
-stochastic

perform
poorly,for

exam
ple

the
early

iterates
before

ourprocedures
are

able
to

getto
reasonable

solutions.O
rduring

phase-transitionsifthere
isoscillation

betw
een

satisfying
constraintsand

satisfying
error.Fortunately,

the
shrinking

procedure
seem

s
to

be
able

to
choose

a
good

re-w
eighting

ofthe
T

-stochastic
solution

in
orderto

attain
w

ell-perform
ing

finalresults.
W

e
also

see
thatin

the
vastm

ajority
ofsituations,the

testperform
ance

forthe
m

-stochastic
either

surpasses
thatofthe

T
-stochastic,orthere

is
an

accuracy-fairness
trade-offbetw

een
the

tw
o

(and
hence,notstraightforw

ard
to

com
pare

the
tw

o).

6.3.3.
D

O
E

S
T

H
E

B
E

S
T

IT
E

R
A

T
E

P
E

R
F

O
R

M
A

S
W

E
L

L
A

S
T

H
E

S
T

O
C

H
A

S
T

IC
C

L
A

S
S

IFIE
R

S?

W
e

have
already

established
thata

stochastic
solution

m
ay

be
difficultto

avoid,in
theory

(Section
1.4).

H
ow

ever,stochastic
solutions

are
unappealing

in
practice:they

take
m

ore
m

em
ory,are

harderto
test

and
debug

due
to

theirinherentrandom
ness,and

a
random

ized
decision

m
ay

feelless
fair

in
certain

contexts
(even

ifthe
outcom

es
statistically

im
prove

the
desired

fairness
m

etric).H
ere,w

e
ask

ifa
stochastic

solution
is

needed
in

practice,based
on

testm
etrics.

First,w
e

com
pare

the
0-1

sw
ap

regret
m

-stochastic
solution,w

hich
is

ourtheoretically
preferred

stochastic
solution,to

the
0-1

sw
ap

regretbestiterate.T
he

0-1
sw

ap
bestiterate

is
nevera

strictly
w

orse
choice

than
the

0-1
sw

ap
m

-stochastic.
In

som
e

cases
the

m
-stochastic

solution
puts

allor
m

ostofits
w

eighton
the

bestiterate—
forexam

ple,forthe
M

ap
Intentproblem

(Table
11)the

tw
o
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

solutions
are

identical.In
otherexperim

ents
the

solutions
differbutboth

achieve
reasonable

different
trade-offs

oftesterrorand
testviolation,forexam

ple
on

the
T

hresholding
problem

(Table
10)and

C
O

M
PA

S
(see

Table
8),the

bestiterate
has

a
low

ertesterror,buta
highertestconstraintviolation.

C
om

paring
the

m
-stochastic

solution
and

bestiterate
solution

for
the

0-1
externalregretopti-

m
ization

sim
ilarly

suggests
thatm

uch
ofthe

tim
e

the
bestiterate

w
orks

justas
w

ellin
practice.

6.3.4.
D

O
E

S
B

E
S

T
IT

E
R

A
T

E
P

E
R

F
O

R
M

B
E

T
T

E
R

IN
P

R
A

C
T

IC
E

T
H

A
N

L
A

S
T

IT
E

R
A

T
E?

W
e

have
established

thatusing
the

bestiterate
w

orks
w

ellin
practice.N

ow
w

e
discuss

how
m

uch
betterbestis

than
sim

ply
taking

the
lastiterate.In

fact,the
lastiterate

is
strictly

w
orse

attestm
etrics

than
the

bestiterate
for4

ofthe
7

experim
ents:B

ank,T
hresholding,A

dult,and
C

om
pass;and

the
tw

o
solutions

are
sim

ilarforthe
otherthree

experim
ents.

Ifthere
are

oscillations
on

the
loss

and
constraintviolation

(as
show

n
in

Figure
6.3

forC
O

M
PA

S),
then

the
lastiterate

could
be

highly
unstable

and
could

produce
undesirable

solutions.In
practice,

the
strongestevidence

forlastbeing
a

risky
choice

is
H

inge
Laston

C
O

M
PA

S,w
here

testerrorw
ent

up
from

0.3109
to

0.3231,and
training

violation
only

w
entdow

n
from

0.1082
to

0.0996.

O
verall,the

experim
entalresults

suggestthatthe
bestiterate

is
preferable

to
the

lastiterate.

7.C
onclusions,A

dvice
To

Practitioners,A
nd

O
pen

Q
uestions

In
this

paper,w
e

provide
the

m
ostcom

prehensive
study

to-date
oftraining

classifiers
w

ith
a

broad
array

of
rate

constraints,
w

ith
new

theoretical,
algorithm

ic,
and

experim
ental

results
as

w
ell

as
practicalinsights

and
guidance

for
using

rate
constraints

to
solve

real-w
orld

problem
s.

N
ext,w

e
provide

som
e

conclusions,specifically
draw

outourbestadvice
to

practitioners,and
note

som
e

open
questions.

7.1.A
dvice

To
Practitioners:H

ow
To

Train
C

lassifiersW
ith

R
ate

C
onstraints

B
ased

on
our

experim
ents,our

advice
to

practitioners
is

to
optim

ize
the

rate-constrained
training

using
eitherourproposed

non-zero-sum
variantofthe

norm
alL

agrangian
form

ulation
(0-1

external
regret)and

taking
the

lastiterate.

The
0-1

externalregretoptim
ization

procedure
is

sim
ple:w

hen
optim

izing
the

m
odelparam

eters
θ

use
stochastic

gradientdescentas
usualw

ith
a

hinge
relaxation

ofthe
indicators

in
the

constraints,
and

w
hen

optim
izing

the
Lagrange

m
ultipliers

λ
use

stochastic
gradientdescent,butdo

notrelax
the

indicators
in

the
rate

constraints.Ifone
needs

a
determ

inistic
solution,ideally

one
w

ould
take

the
bestiterate,butthis

requires
storing

allthe
candidate

iterates
on

the
Pareto

frontierduring
training,

in
order

to
rank

them
by

the
training

objective
and

training
error

atthe
end,and

in
the

w
orstcase

thatcould
be

allcandidate
iterates.H

ow
everone

can
controlthe

num
berofcandidate

iterates,for
exam

ple
by

sub-sam
pling

them
,or

w
aiting

untillate
in

training
to

sam
ple

them
.

Sim
ply

taking
the

lastiterate
usually

yielded
reasonable

results,butw
e

do
see

in
practice

thatthe
lastiterate

m
ay

perform
strictly

w
orse

underallm
etrics

than
the

bestiterate.

W
e

caution
againstrelaxing

the
indicators

for
both

the
θ-player

and
λ-player

(hinge
last).

It
is

hardly
sim

pler
than

the
0-1

externalregretoptim
ization,and

experim
entally

generally
(butnot

alw
ays)produced

w
orse

testresults,som
etim

es
notably

w
orse.
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en

tia
lly

ch
oo

se
s

a
di

st
rib

ut
io

n
ov

er
m

+
1

ac
tio

ns
an

d
th

is
de

pe
nd

en
ce

on
th

e
nu

m
be

r
of

ar
m

s
is

tig
ht

in
th

e
co

nt
ex

t
of

re
gr

et
-m

in
im

iz
at

io
n,

bu
tt

he
qu

es
tio

n
re

m
ai

ns
of

w
he

th
er

th
er

e
ar

e
si

tu
at

io
ns

w
he

re
th

is
co

ul
d

be
im

pr
ov

ed
up

on
fo

rc
on

st
ra

in
ed

op
tim

iz
at

io
n

fo
re

ith
er

fe
as

ib
ili

ty
or

op
tim

al
ity

.
•

O
ur

re
su

lts
al

so
ha

ve
a

de
pe

nd
en

ce
on

th
e

m
od

el
co

m
pl

ex
ity

in
bo

th
fe

as
ib

ili
ty

an
d

op
tim

al
ity

gu
ar

an
te

es
.

T
hi

s
m

ay
be

un
de

si
ra

bl
e

in
m

od
el

s
w

ith
a

la
rg

e
nu

m
be

r
of

pa
ra

m
et

er
s,

su
ch

as
m

od
er

n
ne

ur
al

ne
tw

or
ks

.
W

e
ex

pl
or

ed
th

e
qu

es
tio

n
of

w
he

th
er

w
e

ca
n

im
pr

ov
e

up
on

th
is

de
pe

nd
en

ce
fu

rt
he

ri
n

fo
llo

w
-u

p
w

or
k

of
C

ot
te

re
ta

l.
(2

01
9a

),
w

hi
ch

im
pr

ov
es

th
e

fe
as

ib
ili

ty
gu

ar
an

te
e.

H
ow

ev
er

,f
ur

th
er

in
ve

st
ig

at
io

n
is

re
qu

ire
d

to
ei

th
er

es
ta

bl
is

h
m

at
ch

in
g

lo
w

er
bo

un
ds

an
d/

or
ob

ta
in

in
g

tig
ht

er
re

su
lts

.

A
pp

en
di

x
A

.P
ro

of
sO

fS
ub
{o

pt
im

al
ity

,f
ea

si
bi

lit
y}

G
ua

ra
nt

ee
s

T
he

or
em

9
(L

ag
ra

ng
ia

n
Su

b{
op

tim
al

ity
,fe

as
ib

ili
ty
})

D
efi

ne
Λ

=
{ λ
∈

R
m +

:
‖λ
‖ p
≤
R
} ,

an
d

co
ns

id
er

th
e

La
gr

an
gi

an
of

E
qu

at
io

n
2

gi
ve

n
in

E
qu

at
io

n
3.

Su
pp

os
e

th
at
θ
∈

Θ
an

d
λ
∈

Λ
ar

e
ra

nd
om

va
ri

ab
le

s
su

ch
th

at
: m

ax
λ
∗ ∈

Λ
E
θ

[L
(θ
,λ
∗ )

]−
in

f
θ
∗ ∈

Θ
E
λ

[L
(θ
∗ ,
λ

)]
≤
ε,

(2
0)

i.e
.θ
,λ

is
an
ε-

ap
pr

ox
im

at
e

N
as

h
eq

ui
lib

ri
um

.T
he

n
θ

is
ε-

su
bo

pt
im

al
:

E
θ

[g
0

(θ
)]
≤

in
f

θ
∗ ∈

Θ
:∀
i∈

[m
].
g
i
(θ
∗ )
≤

0
g 0

(θ
∗ )

+
ε.

F
ur

th
er

m
or

e,
if
λ

is
in

th
e

in
te

ri
or

of
Λ

,i
n

th
e

se
ns

e
th

at
∥ ∥ λ̄
∥ ∥ p

<
R

w
he

re
λ̄

: =
E
λ

[λ
],

th
en
θ

is

ε/
( R
−
∥ ∥ λ̄
∥ ∥ p
) -f

ea
si

bl
e:

∥ ∥ (
E
θ

[g
:
(θ

)]
) +
∥ ∥ q
≤

ε

R
−
∥ ∥ λ̄
∥ ∥ p
,

w
he

re
g :

(θ
)

is
th

e
m

-d
im

en
si

on
al

ve
ct

or
of

co
ns

tr
ai

nt
ev

al
ua

tio
ns

,a
nd

(·)
+

ta
ke

s
th

e
po

si
tiv

e
pa

rt
of

its
ar

gu
m

en
t,

so
th

at
∥ ∥ (

E
θ

[g
:
(θ

)]
) +
∥ ∥ q

is
th

e
q-

no
rm

of
th

e
ve

ct
or

of
ex

pe
ct

ed
co

ns
tr

ai
nt

vi
ol

at
io

ns
.
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R
E

N
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B

L
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C
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N
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T
R

A
IN

T
S

Proof
Firstnotice

thatL
is

linearin
λ,so:

m
ax

λ
∗∈

Λ
E
θ

[L
(θ,λ

∗)]−
in

f
θ ∗∈

Θ L
(θ ∗,λ̄ )≤

ε.
(21)

O
ptim

ality:
C

hoose
θ ∗

to
be

the
optim

alfeasible
solution

in
E

quation
21,so

that
g
i (θ ∗)≤

0
forall

i∈
[m

],and
also

choose
λ
∗

=
0,w

hich
com

bined
w

ith
the

definition
ofL

(E
quation

3)gives
that:

E
θ

[g
0

(θ)]−
g

0
(θ ∗)≤

ε,

w
hich

is
the

optim
ality

claim
.

Feasibility:
C

hoose
θ ∗

=
θ

in
E

quation
21.B

y
the

definition
ofL

(E
quation

3):

m
ax

λ
∗∈

Λ

m
∑i=

1

λ
∗i E

θ
[g
i (θ)]−

m
∑i=

1

λ̄
i E
θ

[g
i (θ)]≤

ε.

T
hen

by
the

definition
ofa

dualnorm
,H

ölder’s
inequality,and

the
assum

ption
that ∥∥

λ̄ ∥∥
p
<
R

:

R
∥∥
(E
θ

[g
: (θ)])

+ ∥∥
q −

∥∥
λ̄ ∥∥

p ∥∥
(E
θ

[g
: (θ)])

+ ∥∥
q ≤

ε.

R
earranging

term
s

gives
the

feasibility
claim

.

L
em

m
a

10
In

the
contextofTheorem

9,suppose
thatthere

exists
a
θ ′∈

Θ
thatsatisfies

allofthe
constraints,and

does
so

w
ith

q-norm
m

argin
γ,i.e.

g
i (θ ′)≤

0
for

all
i∈

[m
]and‖g

: (θ ′)‖
q ≥

γ.
Then:

∥∥
λ̄ ∥∥

p ≤
ε

+
B
g
0

γ
,

w
here

B
g
0 ≥

su
p
θ∈

Θ
g

0
(θ)−

in
f
θ∈

Θ
g

0
(θ)

is
a

bound
on

the
range

ofthe
objective

function
g

0 .

Proof
Starting

from
E

quation
20

(in
T

heorem
9),and

choosing
θ ∗

=
θ ′and

λ
∗

=
0:

ε≥
E
θ

[g
0

(θ)]−
E
λ [
g

0 (θ ′ )
+

m
∑i=

1

λ
i g
i (θ ′ ) ]

ε≥
E
θ [
g

0
(θ)−

in
f

θ ′∈
Θ
g

0 (θ ′ ) ]−
(
g

0 (θ ′ )−
in

f
θ ′∈

Θ
g

0 (θ ′ ) )
+
γ ∥∥
λ̄ ∥∥

p

ε≥
−
B
g
0

+
γ ∥∥
λ̄ ∥∥

p
.

Solving
for ∥∥

λ̄ ∥∥
p

yields
the

claim
.

W
e

nextgive
the

optim
ality

and
feasibility

guarantees
forthe

proxy-Lagrangian
form

ulation.The
resultshow

s
thatthe

approxim
ate

sem
i-coarse

correlated
equilibrium

to
the

tw
o-playernon-zero

sum
gam

e
based

on
the

proxy-L
agrangian

w
illcorrespond

to
an

approxim
ately

feasible
solution

to
the

constrained
optim

ization
problem

w
.r.t.the

originalconstraints
w

hich
is

also
approxim

ately
optim

al
com

pared
to

the
solution

w
hich

is
optim

aland
feasible

w
.r.t.the

proxy
constraints.T

he
conditions

for
sem

i-coarse
correlated

equilibrium
are

show
n

in
E

quation
22.

T
he

firstline
requires

thatthe
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P
TA
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A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

solution
is

approxim
ately

as
good

for
the

θ-player
com

pared
to

any
fixed

choice
of
θ

(i.e.
w

hich
com

es
from

the
θ-playerusing

best-response
orm

inim
izing

external-regret).The
second

line
requires

thatthe
solution

is
approxim

ately
as

good
for

the
λ-player

w
hen

com
pared

to
any

left-stochastic
lineartransform

ation
ofthatsolution

forthe
λ-player(w

hich
is

a
resultfrom

the
λ-playeroptim

izing
forsw

ap-regret).
T

he
sw

ap-regretguarantee
is

required
to

show
feasibility.T

he
key

idea
is

to
use

the
sw

ap
regret

guarantee
to

show
thatthe

difference
in

the
proxy-L

agrangian
w

hen
shifting

the
w

eight
λ

1
on

the
objective

g
0

to
any

of
the

constraints
g

1 ,...,g
m

w
ill

result
in

only
a

sm
all

change,
and

thus
the

constraintviolations
them

selves
are

sm
all.

T
heorem

11
(Proxy-Lagrangian

Sub{optim
ality,feasibility})Let

M
:=
{
M
∈

R
(m

+
1
)×

(m
+

1
)

:∀
i∈

[m
+

1].M
:,i ∈

∆
m

+
1 }

be
the

setofallleft-stochastic
(m

+
1)×

(m
+

1)
m

atrices,and
consider

the
“proxy-Lagrangians”

ofE
quation

2
given

in
E

quation
15.Suppose

that
θ
∈

Θ
and

λ
∈

Λ
are

jointly
distributed

random
variables

such
that:

E
θ
,λ

[L
θ

(θ,λ
)]−

in
f

θ ∗∈
Θ

E
λ

[L
θ

(θ ∗,λ
)]≤

ε
θ

(22)

m
ax

M
∗∈M

E
θ
,λ

[L
λ

(θ,M
∗λ

)]−
E
θ
,λ

[L
λ

(θ,λ
)]≤

ε
λ .

D
efine

λ̄
:=

E
λ

[λ
],let

(Ω
,F
,P

)
be

the
probability

space,and
define

a
random

variable
θ̄

such
that:

P
r {
θ̄
∈
S }

=

∫
θ −

1
(S

)
λ

1
(x

)
d
P

(x
)

∫
Ω
λ

1
(x

)
d
P

(x
)

.

In
w

ords,θ̄
is

a
version

of
θ

thathas
been

resam
pled

w
ith
λ

1
being

treated
as

an
im

portance
w

eight.
In

particular
E
θ̄ [f (θ̄ )]

=
E
θ
,λ

[λ
1 f

(θ)]/λ̄
1

for
any

f
:

Θ
→

R
.Then

θ̄
is

nearly-optim
al:

E
θ̄ [g

0 (θ̄ )]≤
in

f
θ ∗∈

Θ
:∀
i∈

[m
].g̃
i (θ ∗

)≤
0
g

0
(θ ∗)

+
ε
θ

+
ε
λ

λ̄
1

,

and
nearly-feasible:

∥∥∥ (E
θ̄ [g

: (θ̄ )])
+ ∥∥∥∞

≤
ε
λ

λ̄
1
.

N
otice

the
optim

ality
inequality

is
w

eaker
than

itm
ay

appear,since
the

com
parator

in
this

equation
is

notthe
optim

alsolution
w.r.t.the

constraints
g
i ,butrather

w.r.t.the
proxy

constraints
g̃
i .

Proof
O

ptim
ality:

Ifw
e

choose
M
∗

to
be

the
m

atrix
w

ith
its

firstrow
being

all-one,and
allother

row
s

being
all-zero,

then
L
λ

(θ,M
∗λ

)
=

0,
w

hich
show

s
that

the
first

term
in

the
L

H
S

of
the

second
line

ofEquation
22

is
nonnegative.H

ence,−
E
θ
,λ

[L
λ

(θ,λ
)]≤

ε
λ ,so

by
the

definition
ofL

λ

(E
quation

15),and
the

factthat
g̃
i ≥

g
i :

E
θ
,λ [

m
∑i=

1

λ
i+

1 g̃
i (θ) ]

≥
−
ε
λ .
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O
P

T
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IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IF
F

E
R

E
N

T
IA

B
L

E
C

O
N

S
T

R
A

IN
T

S

N
ot

ic
e

th
at
L θ

is
lin

ea
ri

n
λ

,s
o

th
e

fir
st

lin
e

of
E

qu
at

io
n

22
,c

om
bi

ne
d

w
ith

th
e

ab
ov

e
re

su
lt

an
d

th
e

de
fin

iti
on

of
L θ

(E
qu

at
io

n
15

)b
ec

om
es

:

E
θ
,λ

[λ
1
g 0

(θ
)]
−

in
f

θ
∗ ∈

Θ

(
λ̄

1
g 0

(θ
∗ )

+
m ∑ i=

1

λ̄
i+

1
g̃ i

(θ
∗ )

)
≤
ε θ

+
ε λ
.

(2
3)

C
ho

os
e
θ∗

to
be

th
e

op
tim

al
so

lu
tio

n
th

at
sa

tis
fie

s
th

e
pr

ox
y

co
ns

tr
ai

nt
s
g̃

,s
o

th
at
g̃ i

(θ
∗ )
≤

0
fo

ra
ll

i
∈

[m
].

H
en

ce
:

E
θ
,λ

[λ
1
g 0

(θ
)]
−
λ̄

1
g 0

(θ
∗ )
≤
ε θ

+
ε λ
,

w
hi

ch
is

th
e

op
tim

al
ity

cl
ai

m
.

Fe
as

ib
ili

ty
:

W
e’

ll
si

m
pl

if
y

ou
r

no
ta

tio
n

by
de

fin
in

g
` 1

(θ
)

: =
0

an
d
` i

+
1

(θ
)

: =
g i

(θ
)

fo
r

i
∈

[m
],

so
th

at
L λ

(θ
,λ

)
=
〈λ
,`

:
(θ

)〉
.

C
on

si
de

r
th

e
fir

st
te

rm
in

th
e

L
H

S
of

th
e

se
co

nd
lin

e
of

E
qu

at
io

n
22

:

m
ax

M
∗ ∈
M

E
θ
,λ

[L
λ

(θ
,M
∗ λ

)]
=

m
ax

M
∗ ∈
M

E
θ
,λ

[〈M
∗ λ
,`

:
(θ

)〉
]

=
m

ax
M
∗ ∈
M

E
θ
,λ

 m
+

1
∑ i=

1

m
+

1
∑ j=

1

M
∗ j,i
λ
i`
j

(θ
) 

=
m

+
1

∑ i=
1

m
ax

M
∗ :,i
∈∆

m
+
1

m
+

1
∑ j=

1

E
θ
,λ

[ M
∗ j,i
λ
i`
j

(θ
)]

=
m

+
1

∑ i=
1

m
ax

j∈
[m

+
1
]
E
θ
,λ

[λ
i`
j

(θ
)]
,

w
he

re
w

e
us

ed
th

e
fa

ct
th

at
,s

in
ce
M
∗

is
le

ft-
st

oc
ha

st
ic

,e
ac

h
of

its
co

lu
m

ns
is

a
(m

+
1)

-d
im

en
si

on
al

m
ul

tin
ou

lli
di

st
ri

bu
tio

n.
Fo

rt
he

se
co

nd
te

rm
in

th
e

L
H

S
of

th
e

se
co

nd
lin

e
of

E
qu

at
io

n
22

,w
e

ca
n

us
e

th
e

fa
ct

th
at
` 1

(θ
)

=
0

:

E
θ
,λ

[ m
+

1
∑ i=

2

λ
i`
i
(θ

)]
≤

m
+

1
∑ i=

2

m
ax

j∈
[m

+
1
]
E
θ
,λ

[λ
i`
j

(θ
)]
.

Pl
ug

gi
ng

th
es

e
tw

o
re

su
lts

in
to

th
e

se
co

nd
lin

e
of

E
qu

at
io

n
22

,t
he

tw
o

su
m

s
co

lla
ps

e,
le

av
in

g:

m
ax

i∈
[m

+
1
]
E
θ
,λ

[λ
1
` i

(θ
)]
≤
ε λ
.

B
y

th
e

de
fin

iti
on

of
` i

,a
nd

th
e

fa
ct

th
at
` 1

=
0:

∥ ∥ ∥(
E
θ
,λ

[λ
1
g :

(θ
)]

) +

∥ ∥ ∥ ∞
≤
ε λ
,

w
hi

ch
is

th
e

fe
as

ib
ili

ty
cl

ai
m

.
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L
em

m
a

12
In

th
e

co
nt

ex
to

fT
he

or
em

11
,s

up
po

se
th

at
th

er
e

ex
is

ts
a
θ′
∈

Θ
th

at
sa

tis
fie

s
al

lo
ft

he
pr

ox
y

co
ns

tr
ai

nt
s

w
ith

m
ar

gi
n
γ

,i
.e

.g̃
i
(θ
′ )
≤
−
γ

fo
r

al
li
∈

[m
].

Th
en

:

λ̄
1
≥
γ
−
ε θ
−
ε λ

γ
+
B
g
0

,

w
he

re
B
g
0
≥

su
p
θ
∈Θ

g 0
(θ

)
−

in
f θ
∈Θ

g 0
(θ

)
is

a
bo

un
d

on
th

e
ra

ng
e

of
th

e
ob

je
ct

iv
e

fu
nc

tio
n
g 0

.

Pr
oo

f
St

ar
tin

g
fr

om
E

qu
at

io
n

23
(i

n
th

e
pr

oo
fo

fT
he

or
em

11
),

an
d

ch
oo

si
ng
θ∗

=
θ′

:

E
θ
,λ

[λ
1
g 0

(θ
)]
−
(
λ̄

1
g 0
( θ
′)

+
m ∑ i=

1

λ̄
i+

1
g̃ i
( θ
′))
≤
ε θ

+
ε λ
.

Si
nc

e
g̃ i

(θ
′ )
≤
−
γ

fo
ra

ll
i
∈

[m
]:

ε θ
+
ε λ
≥

E
θ
,λ

[λ
1
g 0

(θ
)]
−
λ̄

1
g 0
( θ
′)

+
( 1
−
λ̄

1

) γ

≥
E
θ
,λ

[ λ
1

( g 0
(θ

)
−

in
f

θ
′ ∈

Θ
g 0
( θ
′))
] −

λ̄
1

( g 0
( θ
′)
−

in
f

θ
′ ∈

Θ
g 0
( θ
′))

+
( 1
−
λ̄

1

) γ

≥
−
λ̄

1
B
g
0

+
( 1
−
λ̄

1

) γ
.

So
lv

in
g

fo
rλ̄

1
yi

el
ds

th
e

cl
ai

m
.

A
pp

en
di

x
B

.P
ro

of
sO

fE
xi

st
en

ce
O

fS
pa

rs
e

E
qu

ili
br

ia

T
he

or
em

13
C

on
si

de
r

a
tw

o
pl

ay
er

ga
m

e,
pl

ay
ed

on
th

e
co

m
pa

ct
H

au
sd

or
ff

sp
ac

es
Θ

an
d

Λ
⊆

R
m

.
Im

ag
in

e
th

at
th

e
θ-

pl
ay

er
w

is
he

s
to

m
in

im
iz

e
L θ

:
Θ
×

Λ
→

R
,a

nd
th

e
λ

-p
la

ye
r

w
is

he
s

to
m

ax
im

iz
e

L λ
:

Θ
×

Λ
→

R
,w

ith
bo

th
of

th
es

e
fu

nc
tio

ns
be

in
g

co
nt

in
uo

us
in
θ

an
d

lin
ea

r
in
λ

.
Th

en
th

er
e

ex
is

ts
a

N
as

h
eq

ui
lib

ri
um

θ,
λ

: E
θ

[L
θ

(θ
,λ

)]
=

m
in

θ
∗ ∈

Θ
L θ

(θ
∗ ,
λ

)

E
θ

[L
λ

(θ
,λ

)]
=

m
ax

λ
∗ ∈

Λ
E
θ

[L
λ

(θ
,λ
∗ )

].

w
he

re
θ

is
a

ra
nd

om
va

ri
ab

le
pl

ac
in

g
no

nz
er

o
pr

ob
ab

ili
ty

m
as

s
on

at
m

os
tm

+
1

el
em

en
ts

of
Θ

,a
nd

λ
∈

Λ
is

no
n-

ra
nd

om
.

Pr
oo

f
T

he
re

ar
e

so
m

e
ex

tr
em

el
y

si
m

ila
r(

an
d

in
so

m
e

w
ay

s
m

or
e

ge
ne

ra
l)

re
su

lts
th

an
th

is
in

th
e

ga
m

e
th

eo
ry

lit
er

at
ur

e
(e

.g
.B

oh
ne

nb
lu

st
et

al
.,

19
50

;P
ar

th
as

ar
at

hy
,1

97
5)

,b
ut

fo
r

ou
r

pa
rt

ic
ul

ar
(L

ag
ra

ng
ia

n
an

d
pr

ox
y-

L
ag

ra
ng

ia
n)

se
tti

ng
it’

s
po

ss
ib

le
to

pr
ov

id
e

a
fa

ir
ly

st
ra

ig
ht

fo
rw

ar
d

pr
oo

f.
To

be
gi

n
w

ith
,G

lic
ks

be
rg

(1
95

2)
gi

ve
s

th
at

th
er

e
ex

is
ts

a
m

ix
ed

st
ra

te
gy

in
th

e
fo

rm
of

tw
o

ra
nd

om
va

ri
ab

le
s
θ̃

an
d
λ̃

:

E
θ̃
,λ̃

[ L
θ

( θ̃,
λ̃
)]

=
m

in
θ
∗ ∈

Θ
E
λ̃

[ L
θ

( θ∗
,λ̃
)]

E
θ̃
,λ̃

[ L
λ

( θ̃,
λ̃
)]

=
m

ax
λ
∗ ∈

Λ
E
θ̃

[ L
λ

( θ̃,
λ
∗)
] .
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IN

T
S

Since
both

functions
are

linearin
λ̃,w

e
can

define
λ

:=
E
λ̃ [λ̃ ],and

these
conditions

becom
e:

E
θ̃ [L

θ (
θ̃,λ )]

=
m

in
θ ∗∈

Θ L
θ

(θ ∗,λ
)

:=
`
m

in

E
θ̃ [L

λ (
θ̃,λ )]

=
m

ax
λ
∗∈

Λ
E
θ̃ [L

λ (
θ̃,λ
∗ )]

.

L
et’s

focus
on

the
firstcondition.L

et
p
ε

:=
P

r {L
θ (
θ̃,λ )

≥
`
m

in
+
ε }

,and
notice

that
p

1
/
n

m
ust

equal
zero

for
any

n
∈
{1
,2
,...}

(otherw
ise

w
e

w
ould

contradict
the

above),
im

plying
by

the
countable

additivity
ofm

easures
that

P
r {L

θ (
θ̃,λ )

=
`
m

in }
=

1 .W
e

therefore
assum

e
henceforth,

w
ithout

loss
of

generality,that
the

support
of
θ̃

consists
entirely

of
m

inim
izers

ofL
θ

(·,λ
).

L
et

S
⊆

Θ
be

this
supportset.

D
efine

G
:=
{∇

λ̃ L
λ

(θ ′,λ
)

:
θ ′∈

S },and
take

Ḡ
to

be
the

closure
of

the
convex

hullof
G

.

Since
E
θ̃ [∇

λ̃ L
λ (
θ̃,λ )]

∈
Ḡ
⊆

R
m

,w
e

can
w

rite
itas

a
convex

com
bination

of
atm

ost
m

+
1

extrem
e

points
of
Ḡ

,orequivalently
of
m

+
1

elem
ents

of
G

.H
ence,w

e
can

take
θ

to
be

a
discrete

random
variable

thatplaces
nonzero

m
ass

on
atm

ost
m

+
1

elem
ents

of
S

,and:

E
θ [∇

λ̃ L
λ

(θ,λ
) ]

=
E
θ̃ [∇

λ̃ L
λ (
θ̃,λ )]

.

L
inearity

in
λ

then
im

plies
that

E
θ

[L
λ

(θ,·)]
and

E
θ̃ [L

λ (
θ̃,· )]

are
the

sam
e

function
up

to
a

constant,and
therefore

have
the

sam
e

m
axim

izer(s).C
orrespondingly,

θ
is

supported
on
S

,w
hich

contains
only

m
inim

izers
ofL

θ
(·,λ

)
by

construction.

L
em

m
a

14
If

Θ
is

a
com

pactH
ausdorffspace

and
the

objective,constraintand
proxy

constraint
functions

g
0 ,g

1 ,...,g
m
,g̃

1 ,...,g̃
m

are
continuous,then

the
proxy-Lagrangian

gam
e

(E
quation

15)
has

a
m

ixed
N

ash
equilibrium

pair
(θ,λ

)
w

here
θ

is
a

random
variable

supported
on

atm
ost

m
+

1
elem

ents
of

Θ
,and

λ
is

non-random
.

Proof
A

pplying
Theorem

13
directly

w
ould

resultin
a

supportsize
of
m

+
2,ratherthan

the
desired

m
+

1,
since

Λ
is

(m
+

1)-dim
ensional.

Instead,
w

e
define

Λ̃
=
{
λ̃
∈

R
m+

: ∥∥∥
λ̃ ∥∥∥

1 ≤
1 }

as
the

space
containing

the
last

m
coordinates

of
Λ

.T
hen

w
e

can
rew

rite
the

proxy-L
agrangian

functions
L̃
θ ,L̃

λ
:

Θ
×

Λ̃
→

R
as:

L̃
θ (
θ,λ̃ )

=
(

1−
∥∥∥
λ̃ ∥∥∥

1 )
g

0
(θ)

+
m
∑i=

1

λ̃
i g̃
i (θ)

L̃
λ (
θ,λ̃ )

=
m
∑i=

1

λ̃
i g
i (θ)

.

T
hese

functions
are

linearin
λ̃,w

hich
is

a
m

-dim
ensionalspace,so

the
conditions

ofT
heorem

13
apply,yielding

the
claim

ed
result.
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Proof [ProofofLem
m

a
5]The

linearprogram
contains

notonly
the

m
explicitlinearized

functional
constraints,butalso,since

p
∈

∆
T

,the
T

nonnegativity
constraints

p
t ≥

0,and
the

sum
-to-one

constraint ∑
Tt=

1
p
t

=
1.

Since
p

is
T

-dim
ensional,every

vertex
p ∗

ofthe
feasible

region
m

ustinclude
T

active
constraints.

L
etting

m
∗≤

m
be

the
num

berofactive
linearized

functionalconstraints,and
accounting

forthe
sum

-to-one
constraint,

it
follow

s
that

at
least

T
−
m
∗−

1
nonnegativity

constraints
are

active,
im

plying
that

p ∗
contains

atm
ost

m
∗

+
1

nonzero
elem

ents.

A
ppendix

C
.ProofsO

fC
onvergence

R
ates

C
.1.N

on-Stochastic
O

ne-Player
C

onvergence
R

ates

T
heorem

15
(M

irror
D

escent)
Let

f
1 ,f

2 ,...
:

Θ
→

R
be

a
sequence

of
convex

functions
that

w
e

w
ish

to
m

inim
ize

on
a

com
pactconvex

set
Θ

.Suppose
thatthe

“distance
generating

function”
Ψ

:
Θ
→

R
+

is
nonnegative

and
1-strongly

convex
w.r.t.a

norm
‖·‖

w
ith

dualnorm
‖·‖∗ .

D
efine

the
step

size
η

=
√
B

Ψ
/T
B

2∇̌
,w

here
B

Ψ
≥

m
ax

θ∈
Θ

Ψ
(θ)

is
a

uniform
upper

bound
on

Ψ
,and

B
∇̌
≥
∥∥∇̌

f
t (θ

(t) ) ∥∥∗
is

a
uniform

upper
bound

on
the

norm
s

ofthe
subgradients.Suppose

thatw
e

perform
T

iterations
ofthe

follow
ing

update,starting
from

θ
(1

)
=

argm
in
θ∈

Θ
Ψ

(θ):

θ̃
(t+

1
)

=
∇

Ψ
∗ (∇

Ψ
(
θ

(t) )
−
η∇̌

f
t (
θ

(t) ))

θ
(t+

1
)

=
arg

m
in

θ∈
Θ

D
Ψ

(
θ|

θ̃
(t+

1
) )
,

w
here

∇̌
f
t (θ)

∈
∂
f
t (θ

(t))
is

a
subgradient

of
f
t

at
θ,

and
D

Ψ
(θ|

θ ′)
:=

Ψ
(θ)−

Ψ
(θ ′)−

〈∇
Ψ

(θ ′),θ−
θ ′〉

is
the

B
regm

an
divergence

associated
w

ith
Ψ

.Then:

1T

T
∑t=

1

f
t (
θ

(t) )
−

1T

T
∑t=

1

f
t (θ ∗)≤

2
B
∇̌ √

B
Ψ

T
,

w
here

θ ∗∈
Θ

is
an

arbitrary
reference

vector.

Proof
M

irrordescent(N
em

irovskiand
Y

udin,1983;B
eck

and
Teboulle,2003)dates

back
to

1983,
butthis

particularstatem
entis

taken
from

L
em

m
a

2
ofSrebro

etal.(2011).

C
orollary

16
(G

radientD
escent)

Let
f

1 ,f
2 ,...

:
Θ
→

R
be

a
sequence

ofconvex
functions

that
w

e
w

ish
to

m
inim

ize
on

a
com

pactconvex
set

Θ
.

D
efine

the
step

size
η

=
B

Θ
/B
∇̌ √

2
T

,w
here

B
Θ
≥

m
ax

θ∈
Θ
‖θ‖

2 ,and
B
∇̌
≥
∥∥∇̌

f
t (θ

(t) ) ∥∥
2

is
a

uniform
upper

bound
on

the
norm

s
ofthe

subgradients.Suppose
thatw

e
perform

T
iterations

of
the

follow
ing

update,starting
from

θ
(1

)
=

argm
in
θ∈

Θ
‖
θ‖

2 :

θ
(t+

1
)

=
Π

Θ

(
θ

(t)−
η∇̌

f
t (
θ

(t) ))
,
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A
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S

w
he

re
∇̌
f t

(θ
)
∈
∂
f t

(θ
(t

) )
is

a
su

bg
ra

di
en

to
ff
t

at
θ,

an
d

Π
Θ

pr
oj

ec
ts

its
ar

gu
m

en
to

nt
o

Θ
w.

r.t
.t

he
E

uc
lid

ea
n

no
rm

.T
he

n:

1 T

T ∑ t=
1

f t

( θ(
t)
)
−

1 T

T ∑ t=
1

f t
(θ
∗ )
≤
B

Θ
B
∇̌

√
2 T
,

w
he

re
θ∗
∈

Θ
is

an
ar

bi
tr

ar
y

re
fe

re
nc

e
ve

ct
or

.

Pr
oo

f
Fo

llo
w

s
fr

om
ta

ki
ng

Ψ
(θ

)
=
‖θ
‖2 2
/2

in
T

he
or

em
15

.

C
or

ol
la

ry
17

Le
t
M

: =
{ M
∈

R
m̃
×
m̃

:
∀i
∈

[m̃
].
M

:,
i
∈

∆
m̃
}

be
th

e
se

t
of

al
l

le
ft-

st
oc

ha
st

ic
m̃
×
m̃

m
at

ri
ce

s,
an

d
le

tf
1
,f

2
,.
..

:
M
→

R
be

a
se

qu
en

ce
of

co
nc

av
e

fu
nc

tio
ns

th
at

w
e

w
is

h
to

m
ax

im
iz

e.
D

efi
ne

th
e

st
ep

si
ze
η

=
√
m̃

ln
m̃
/T
B

2 ∇̂
,w

he
re
B
∇̂
≥
∥ ∥ ∥∇̂

f t
( M

(t
))
∥ ∥ ∥ ∞

,2
is

a
un

ifo
rm

up
pe

r

bo
un

d
on

th
e

no
rm

s
of

th
e

su
pe

rg
ra

di
en

ts
,a

nd
‖·
‖ ∞

,2
: =
√
∑

m̃ i=
1
‖M

:,
i‖

2 ∞
is

th
e
L
∞
,2

m
at

ri
x

no
rm

.

Su
pp

os
e

th
at

w
e

pe
rf

or
m
T

ite
ra

tio
ns

of
th

e
fo

llo
w

in
g

up
da

te
st

ar
tin

g
fr

om
th

e
m

at
ri

x
M

(1
)

w
ith

al
l

el
em

en
ts

eq
ua

lt
o

1
/m̃

:

M̃
(t

+
1
)

=
M

(t
)
�
.e

x
p
( η
∇̂
f t

( M
(t

))
)

M
(t

+
1
)

:,
i

=
M̃

(t
+

1
)

:,
i

/
∥ ∥ ∥M̃

(t
+

1
)

:,
i

∥ ∥ ∥ 1
,

w
he

re
−
∇̂
f t
( M

(t
))
∈
∂
( −
f t

(M
(t

) )
) ,i

.e
.
∇̂
f t
( M

(t
))

is
a

su
pe

rg
ra

di
en

to
ff

t
at
M

(t
) ,

an
d

th
e

m
ul

tip
lic

at
io

n
an

d
ex

po
ne

nt
ia

tio
n

in
th

e
fir

st
st

ep
ar

e
pe

rf
or

m
ed

el
em

en
t-

w
is

e.
Th

en
:

1 T

T ∑ t=
1

f t
(M
∗ )
−

1 T

T ∑ t=
1

f t

( M
(t

))
≤

2
B
∇̂

√
m̃

ln
m̃

T
,

w
he

re
M
∗
∈
M

is
an

ar
bi

tr
ar

y
re

fe
re

nc
e

m
at

ri
x.

Pr
oo

f
D

efi
ne

Ψ
:
M
→

R
: =

m̃
ln
m̃

+
∑

i,
j∈

[m̃
]
M
i,
j

ln
M
i,
j

as
m̃

ln
m̃

pl
us

th
e

ne
ga

tiv
e

Sh
an

no
n

en
tr

op
y,

ap
pl

ie
d

to
its

(m
at

ri
x)

ar
gu

m
en

te
le

m
en

t-
w

is
e

(m̃
ln
m̃

is
ad

de
d

to
m

ak
e

Ψ
no

nn
eg

at
iv

e
on

M
).

A
si

n
th

e
ve

ct
or

se
tti

ng
,t

he
re

su
lti

ng
m

irr
or

de
sc

en
tu

pd
at

e
w

ill
be

(e
le

m
en

t-w
is

e)
m

ul
tip

lic
at

iv
e.

T
he

B
re

gm
an

di
ve

rg
en

ce
sa

tis
fie

s:

D
Ψ

( M
|M
′)

=
Ψ

(M
)
−

Ψ
( M
′)
−
〈 ∇

Ψ
( M
′) ,
M
−
M
′〉

=
∥ ∥ M

′∥ ∥
1
,1
−
‖M
‖ 1
,1

+
m̃ ∑ i=

1

D
K
L

( M
:,
i‖
M
′ :,
i)
,

(2
4)

w
he

re
‖M
‖ 1
,1

=
∑

m̃ i=
1
‖M

:,
i‖

1
is

th
e
L

1
,1

m
at

ri
x

no
rm

.T
hi

s
in

ci
de

nt
al

ly
sh

ow
s

th
at

on
e

pr
oj

ec
ts

on
to
M

w
.r.

t.
D

Ψ
by

pr
oj

ec
tin

g
ea

ch
co

lu
m

n
w

.r.
t.

th
e

K
L

di
ve

rg
en

ce
,i

.e
.

by
no

rm
al

iz
in

g
th

e
co

lu
m

ns
.
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Pi
ns

ke
r’

s
in

eq
ua

lit
y

(a
pp

lie
d

to
ea

ch
co

lu
m

n
of

an
M
∈
M

):

∥ ∥ M
−
M
′∥ ∥

2 1
,2
≤

2
m̃ ∑ i=

1

D
K
L

( M
:,
i‖
M
′ :,
i)
,

w
he

re
‖M
‖ 1
,2

=
√
∑

m̃ i=
1
‖M

:,
i‖

2 1
is

th
e
L

1
,2

m
at

ri
x

no
rm

.S
ub

st
itu

tin
g

th
is

in
to

E
qu

at
io

n
24

,a
nd

us
in

g
th

e
fa

ct
th

at
‖M
‖ 1
,1

=
m̃

fo
ra

ll
M
∈
M

,w
e

ha
ve

th
at

fo
ra

ll
M
,M
′ ∈
M

:

D
Ψ

( M
|M
′)
≥

1 2

∥ ∥ M
−
M
′∥ ∥

2 1
,2
,

w
hi

ch
sh

ow
s

th
at

Ψ
is

1-
st

ro
ng

ly
co

nv
ex

w
.r.

t.
th

e
L

1
,2

m
at

ri
x

no
rm

.
T

he
du

al
no

rm
of

th
e
L

1
,2

m
at

ri
x

no
rm

is
th

e
L
∞
,2

no
rm

,w
hi

ch
is

th
e

la
st

pi
ec

e
ne

ed
ed

to
ap

pl
y

T
he

or
em

15
,y

ie
ld

in
g

th
e

cl
ai

m
ed

re
su

lt.

L
em

m
a

18
Le

tΛ
: =

∆
m̃

be
th

e
m̃

-d
im

en
si

on
al

si
m

pl
ex

,d
efi

ne

M
: =
{ M
∈

R
m̃
×
m̃

:
∀i
∈

[m̃
].
M

:,
i
∈

∆
m̃
}

as
th

e
se

to
fa

ll
le

ft-
st

oc
ha

st
ic
m̃
×
m̃

m
at

ri
ce

s,
an

d
ta

ke
f 1
,f

2
,.
..

:
Λ
→

R
to

be
a

se
qu

en
ce

of
co

nc
av

e
fu

nc
tio

ns
th

at
w

e
w

is
h

to
m

ax
im

iz
e.

D
efi

ne
th

e
st

ep
si

ze
η

=
√
m̃

ln
m̃
/T
B

2 ∇̂
,w

he
re
B
∇̂
≥
∥ ∥ ∥∇̂

f t
( λ

(t
))
∥ ∥ ∥ ∞

is
an

un
ifo

rm
up

pe
r

bo
un

d
on

th
e
∞

-n
or

m
s

of
th

e
su

pe
rg

ra
di

en
ts

.S
up

po
se

th
at

w
e

pe
rf

or
m
T

ite
ra

tio
ns

of
th

e
fo

llo
w

in
g

up
da

te
,s

ta
rt

in
g

fr
om

th
e

m
at

ri
x
M

(1
)

w
ith

al
le

le
m

en
ts

eq
ua

lt
o

1
/
m̃

:

λ
(t

)
is

an
y

st
at

io
na

ry
di

st
ri

bu
tio

n
of
M

(t
)

A
(t

)
=
( ∇̂

f t

( λ
(t

))
)(

λ
(t

))
T

M̃
(t

+
1
)

=
M

(t
)
�
.e

x
p
( η
A

(t
))

M
(t

+
1
)

:,
i

=
M̃

(t
+

1
)

:,
i

/
∥ ∥ ∥M̃

(t
+

1
)

:,
i

∥ ∥ ∥ 1
,

w
he

re
a

st
at

io
na

ry
di

st
ri

bu
tio

n
of
M

(i
.e

.a
λ
∈

Λ
su

ch
th

at
M
λ

=
λ

)a
lw

ay
s

ex
is

ts
be

ca
us

e
M

is
le

ft-
st

oc
ha

st
ic

,−
∇̂
f t
( λ

(t
))
∈
∂
( −
f t

(λ
(t

) )
) ,i

.e
.∇̂

f t
( λ

(t
))

is
a

su
pe

rg
ra

di
en

to
ff
t

at
λ

(t
) ,a

nd
th

e
m

ul
tip

lic
at

io
n

an
d

ex
po

ne
nt

ia
tio

n
of

th
e

th
ir

d
st

ep
ar

e
pe

rf
or

m
ed

el
em

en
t-

w
is

e.
Th

en
:

1 T

T ∑ t=
1

f t

( M
∗ λ

(t
))
−

1 T

T ∑ t=
1

f t

( λ
(t

))
≤

2
B
∇̂

√
m̃

ln
m̃

T
,

w
he

re
M
∗
∈
M

is
an

ar
bi

tr
ar

y
le

ft-
st

oc
ha

st
ic

re
fe

re
nc

e
m

at
ri

x.

Pr
oo

f
T

hi
s

al
go

ri
th

m
is

an
in

st
an

ce
of

th
at

co
nt

ai
ne

d
in

Fi
gu

re
1

of
G

or
do

n
et

al
.(

20
08

).
D

efi
ne
f̃ t

(M
)

: =
f t
( M

(t
) λ

(t
))

.O
bs

er
ve

th
at

si
nc

e
∇̂
f t
( λ

(t
))

is
a

su
pe

rg
ra

di
en

to
ff

t
at
λ

(t
) ,

an
d
M

(t
) λ

(t
)

=
λ

(t
) :

f t

( M̃
λ

(t
))
≤
f t

( M
(t

) λ
(t

))
+
〈 ∇̂

f t

( λ
(t

))
,M̃

λ
(t

)
−
M

(t
) λ

(t
)〉

≤
f t

( M
(t

) λ
(t

))
+
A

(t
)
·(
M̃
−
M

(t
))
,
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O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IFF
E

R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

w
here

the
m

atrix
product

on
the

last
line

is
perform

ed
elem

ent-w
ise.

T
his

show
s

that
A

(t)
is

a
supergradient

of
f̃
t

at
M

(t),
from

w
hich

w
e

conclude
that

the
final

tw
o

steps
of

the
update

are
perform

ing
the

algorithm
ofC

orollary
17,so:

1T

T
∑t=

1

f̃
t (M

∗)−
1T

T
∑t=

1

f̃
t (
M

(t) )
≤

2
B
∇̂ √

m̃
ln
m̃

T
,

w
here

the
B
∇̂

of
C

orollary
17

is
a

uniform
upper

bound
on

the
L
∞
,2

m
atrix

norm
s

of
the

A
(t)s.

H
ow

ever,by
the

definition
of
A

(t)
and

the
factthat

λ
(t)∈

∆
m̃

,w
e

can
instead

take
B
∇̂

to
be

a

uniform
upper

bound
on
∥∥∥ ∇̂

(t) ∥∥∥∞
.

Substituting
the

definition
of
f̃
t

and
again

using
the

factthat

M
(t)λ

(t)
=
λ

(t)then
yields

the
claim

ed
result.

C
.2.Stochastic

O
ne-Player

C
onvergence

R
ates

T
heorem

19
(Stochastic

M
irror

D
escent)

Let
Ψ

,‖·‖,
D

Ψ
and

B
Ψ

be
as

in
Theorem

15,and
let

f
1 ,f

2 ,...
:

Θ
→

R
be

a
sequence

ofconvex
functions

thatw
e

w
ish

to
m

inim
ize

on
a

com
pactconvex

set
Θ

.D
efine

the
step

size
η

=
√
B

Ψ
/T
B

2∆̌
,

w
here

B
∆̌
≥
∥∥
∆̌

(t) ∥∥∗
is

a
uniform

upper
bound

on
the

norm
s

ofthe
stochastic

subgradients.
Suppose

thatw
e

perform
T

iterations
ofthe

follow
ing

stochastic
update,starting

from
θ

(1
)

=
a
rgm

in
θ∈

Θ
Ψ

(θ):

θ̃
(t+

1
)

=
∇

Ψ
∗ (∇

Ψ
(
θ

(t) )
−
η
∆̌

(t) )

θ
(t+

1
)

=
a
rgm

in
θ∈

Θ
D

Ψ

(
θ|θ̃

(t+
1
) )
,

w
here

E
[∆̌

(t)|
θ

(t) ]
∈
∂
f
t (θ

(t)),
i.e.

∆̌
(t)

is
a

stochastic
subgradient

of
f
t

at
θ

(t).
Then,

w
ith

probability
1−

δ
over

the
draw

s
ofthe

stochastic
subgradients:

1T

T
∑t=

1

f
t (
θ

(t) )
−

1T

T
∑t=

1

f
t (θ ∗)≤

2B
∇̌ √

2B
Ψ

(1
+

16
ln

1δ )

T
,

w
here

θ ∗∈
Θ

is
an

arbitrary
reference

vector.

Proof
T

his
is

nothing
m

ore
than

the
usual

transform
ation

of
a

uniform
regret

guarantee
into

a
stochastic

one
via

the
H

oeffding-A
zum

a
inequality—

w
e

include
a

proofforcom
pleteness.

D
efine

the
sequence:

f̃
t (θ)

=
f
t (
θ

(t) )
+
〈

∆̌
(t),θ−

θ
(t) 〉

.

T
hen

applying
non-stochastic

m
irror

descent
to

the
sequence

f̃
t

w
ill

result
in

exactly
the

sam
e

sequence
ofiterates

θ
(t)as

applying
stochastic

m
irrordescent(above)to

f
t .H

ence,by
T

heorem
15
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C
O

T
T

E
R,JIA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,
A

N
D

S
R

ID
H

A
R

A
N

and
the

definition
of
f̃
t (notice

thatw
e

can
take

B
∇̌

=
B

∆̌
):

1T

T
∑t=

1

f̃
t (
θ

(t) )
−

1T

T
∑t=

1

f̃
t (θ ∗)≤

2B
∇̌ √

B
Ψ

T

1T

T
∑t=

1

f
t (
θ

(t) )
−

1T

T
∑t=

1

f
t (θ ∗)≤

2B
∇̌ √

B
Ψ

T
+

1T

T
∑t=

1 (
f̃
t (θ ∗)−

f
t (θ ∗) )

≤
2B
∇̌ √

B
Ψ

T
+

1T

T
∑t=

1 〈
∆̌

(t)−
∇̌
f
t (
θ

(t) )
,θ ∗−

θ
(t) 〉

,
(25)

w
here

the
laststep

follow
s

from
the

convexity
of

the
f
t s.

C
onsider

the
second

term
on

the
R

H
S.

O
bserve

that,since
the

∆̌
(t)s

are
stochastic

subgradients,each
of

the
term

s
in

the
sum

is
zero

in
expectation

(conditioned
on

the
past),and

the
partialsum

s
therefore

form
a

m
artingale.Furtherm

ore,
by

H
ölder’s

inequality:
〈

∆̌
(t)−

∇̌
f
t (
θ

(t) )
,θ ∗−

θ
(t) 〉
≤
∥∥∥
∆̌

(t)−
∇̌
f
t (
θ

(t) ) ∥∥∥∗ ∥∥∥
θ ∗−

θ
(t) ∥∥∥
≤

4B
∆̌ √

2
B

Ψ
,

w
here

the
lastline

holdsbecause ∥∥
θ ∗−

θ
(t) ∥∥
≤
∥∥
θ ∗−

θ
(1

) ∥∥
+
∥∥
θ

(t)−
θ

(1
) ∥∥
≤

2
su

p
θ∈

Θ

√
2
D

Ψ

(θ|
θ

(1
) )≤

2 √
2B

Ψ
,using

the
factthat

D
Ψ

is
1-strongly

convex
w

.r.t.‖·‖,and
the

definition
of
θ

(1
).H

ence,by
the

H
oeffding-A

zum
a

inequality:

P
r {

1T

T
∑t=

1 〈
∆̌

(t)−
∇̌
f
t (
θ

(t) )
,θ ∗−

θ
(t) 〉
≥
ε }
≤

ex
p (
−

T
ε
2

64B
Ψ
B

2∆̌

)
.

E
quivalently:

P
r 

1T

T
∑t=

1 〈
∆̌

(t)−
∇̌
f
t (
θ

(t) )
,θ ∗−

θ
(t) 〉
≥

8B
∆̌ √

B
Ψ

ln
1δ

T


≤
δ.

Substituting
this

into
E

quation
25,and

applying
the

inequality
√
a

+
√
b≤
√

2a
+

2
b,yields

the
claim

ed
result.

C
orollary

20
(Stochastic

G
radientD

escent)
Let

f
1 ,f

2 ,...
:

Θ
→

R
be

a
sequence

of
convex

functions
thatw

e
w

ish
to

m
inim

ize
on

a
com

pactconvex
set

Θ
.

D
efine

the
step

size
η

=
B

Θ
/B

∆̌ √
2
T

,w
here

B
Θ
≥

m
ax

θ∈
Θ
‖
θ‖

2 ,and
B

∆̌
≥
∥∥
∆̌

(t) ∥∥
2

is
a

uniform
upper

bound
on

the
norm

s
of

the
stochastic

subgradients.
Suppose

that
w

e
perform

T
iterations

ofthe
follow

ing
stochastic

update,starting
from

θ
(1

)
=

argm
in
θ∈

Θ
‖
θ‖

2 :

θ
(t+

1
)

=
Π

Θ

(
θ

(t)−
η
∆̌

(t) )
,

w
here

E
[∆̌

(t)|
θ

(t) ]∈
∂
f
t (θ

(t)) ,i.e.
∆̌

(t)is
a

stochastic
subgradientof

f
t at

θ
(t),and

Π
Θ

projects
its

argum
entonto

Θ
w

.r.t.the
E

uclidean
norm

.Then,w
ith

probability
1−

δ
over

the
draw

s
ofthe
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O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IF
F

E
R

E
N

T
IA

B
L

E
C

O
N

S
T

R
A

IN
T

S

st
oc

ha
st

ic
su

bg
ra

di
en

ts
:

1 T

T ∑ t=
1

f t

( θ(
t)
)
−

1 T

T ∑ t=
1

f t
(θ
∗ )
≤

2
B

Θ
B
∇̌

√
1

+
16

ln
1 δ

T
,

w
he

re
θ∗
∈

Θ
is

an
ar

bi
tr

ar
y

re
fe

re
nc

e
ve

ct
or

.

Pr
oo

f
Fo

llo
w

s
fr

om
ta

ki
ng

Ψ
(θ

)
=
‖θ
‖2 2
/2

in
T

he
or

em
19

.

C
or

ol
la

ry
21

Le
t
M

: =
{ M
∈

R
m̃
×
m̃

:
∀i
∈

[m̃
].
M

:,
i
∈

∆
m̃
}

be
th

e
se

t
of

al
l

le
ft-

st
oc

ha
st

ic
m̃
×
m̃

m
at

ri
ce

s,
an

d
le

tf
1
,f

2
,.
..

:
M
→

R
be

a
se

qu
en

ce
of

co
nc

av
e

fu
nc

tio
ns

th
at

w
e

w
is

h
to

m
ax

im
iz

e.
D

efi
ne

th
e

st
ep

si
ze
η

=
√
m̃

ln
m̃
/T
B

2 ∆̂
,w

he
re
B

∆̂
≥
∥ ∥ ∥∆̂

(t
)∥ ∥ ∥
∞
,2

is
a

un
ifo

rm
up

pe
r

bo
un

d

on
th

e
no

rm
s

of
th

e
st

oc
ha

st
ic

su
pe

rg
ra

di
en

ts
,a

nd
‖·
‖ ∞

,2
: =
√
∑

m̃ i=
1
‖M

:,
i‖

2 ∞
is

th
e
L
∞
,2

m
at

ri
x

no
rm

.
Su

pp
os

e
th

at
w

e
pe

rf
or

m
T

ite
ra

tio
ns

of
th

e
fo

llo
w

in
g

st
oc

ha
st

ic
up

da
te

st
ar

tin
g

fr
om

th
e

m
at

ri
x
M

(1
)

w
ith

al
le

le
m

en
ts

eq
ua

lt
o

1/
m̃

:

M̃
(t

+
1
)

=
M

(t
)
�
.e

x
p
( η

∆̂
(t

))

M
(t

+
1
)

:,
i

=
M̃

(t
+

1
)

:,
i

/
∥ ∥ ∥M̃

(t
+

1
)

:,
i

∥ ∥ ∥ 1
,

w
he

re
E
[ −

∆̂
(t

)
|M

(t
)]
∈
∂
( −
f t

(M
(t

) )
) ,

i.e
.

∆̂
(t

)
is

a
st

oc
ha

st
ic

su
pe

rg
ra

di
en

t
of
f t

at
M

(t
) ,

an
d

th
e

m
ul

tip
lic

at
io

n
an

d
ex

po
ne

nt
ia

tio
n

in
th

e
fir

st
st

ep
ar

e
pe

rf
or

m
ed

el
em

en
t-

w
is

e.
Th

en
w

ith
pr

ob
ab

ili
ty

1
−
δ

ov
er

th
e

dr
aw

s
of

th
e

st
oc

ha
st

ic
su

pe
rg

ra
di

en
ts

:

1 T

T ∑ t=
1

f t
(M
∗ )
−

1 T

T ∑ t=
1

f t

( M
(t

))
≤

2B
∆̂

√
2

(m̃
ln
m̃

)
( 1

+
16

ln
1 δ

)

T
,

w
he

re
M
∗
∈
M

is
an

ar
bi

tr
ar

y
re

fe
re

nc
e

m
at

ri
x.

Pr
oo

f
T

he
sa

m
e

re
as

on
in

g
as

w
as

us
ed

to
pr

ov
e

C
or

ol
la

ry
17

fr
om

T
he

or
em

15
ap

pl
ie

s
he

re
(b

ut
st

ar
tin

g
fr

om
T

he
or

em
19

).

L
em

m
a

22
Le

tΛ
: =

∆
m̃

be
th

e
m̃

-d
im

en
si

on
al

si
m

pl
ex

,d
efi

ne

M
: =
{ M
∈

R
m̃
×
m̃

:
∀i
∈

[m̃
].
M

:,
i
∈

∆
m̃
}

as
th

e
se

to
fa

ll
le

ft-
st

oc
ha

st
ic
m̃
×
m̃

m
at

ri
ce

s,
an

d
ta

ke
f 1
,f

2
,.
..

:
Λ
→

R
to

be
a

se
qu

en
ce

of
co

nc
av

e
fu

nc
tio

ns
th

at
w

e
w

is
h

to
m

ax
im

iz
e.

D
efi
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η
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√
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B
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B

∆̂
≥
∥ ∥ ∥∆̂
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a

un
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r
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∞
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s
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st
ic
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rg
ra
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en
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eq
ua

lt
o

1
/
m̃

:

λ
(t

)
is

an
y

st
at

io
na

ry
di

st
ri

bu
tio

n
of
M

(t
)

A
(t

)
=

∆̂
(t

)
( λ

(t
))
T

M̃
(t

+
1
)

=
M

(t
)
�
.e

x
p
( η
A

(t
))

M
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+
1
)
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i

=
M̃
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+
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i
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∥ ∥ ∥M̃
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+
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i

∥ ∥ ∥ 1
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w
he

re
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st
at

io
na

ry
di

st
ri

bu
tio

n
of
M

(i
.e

.a
λ
∈

Λ
su

ch
th

at
M
λ

=
λ

)a
lw

ay
s

ex
is

ts
be

ca
us

e
M

is
le

ft-
st

oc
ha

st
ic

,E
[ −

∆̂
(t

)
|λ

(t
)]
∈
∂
( −
f t

(λ
(t

) )
) ,i

.e
.∆̂

(t
)

is
a

st
oc

ha
st

ic
su

pe
rg

ra
di

en
to

ff
t

at
λ

(t
) ,

an
d

th
e

m
ul

tip
lic

at
io

n
an

d
ex

po
ne

nt
ia

tio
n

of
th

e
th

ir
d

st
ep

ar
e

pe
rf

or
m

ed
el

em
en

t-
w
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e.

Th
en

w
ith

pr
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ab
ili

ty
1
−
δ

ov
er

th
e

dr
aw

s
of

th
e

st
oc

ha
st

ic
su

pe
rg

ra
di

en
ts

:

1 T

T ∑ t=
1

f t

( M
∗ λ

(t
))
−

1 T

T ∑ t=
1

f t

( λ
(t

))
≤

2B
∆̂

√
2

(m̃
ln
m̃

)
( 1

+
16

ln
1 δ

)

T
,

w
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M
∗
∈
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bi
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y
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ft-
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oc
ha

st
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re
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C
.3

.T
w

o-
Pl

ay
er
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at
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( θ(

t)
,λ
∗)
−

1 T
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∆
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∆

√
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∆
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√
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A
lgorithm

5
O

ptim
izesthe

Lagrangian
form

ulation
(Equation

3)in
the

convex
setting.The

param
eter

R
is

the
radius

ofthe
Lagrange

m
ultiplierspace

Λ
:=
{
λ
∈

R
m+

:‖
λ‖

1 ≤
R },and

the
functions

Π
Θ

and
Π

Λ
projecttheirargum

ents
onto

Θ
and

Λ
(respectively)w

.r.t.the
E

uclidean
norm

.
StochasticL

agrangian
(R
∈

R
+
,L

:
Θ
×

Λ
→

R
,T
∈

N
,η
θ ,η

λ
∈

R
+

):
1

Initialize
θ

(1
)

=
0,
λ

(1
)

=
0

//A
ssum

es
0
∈

Θ
2

For
t∈

[T
]:

3
L

et
∆̌

(t)
θ

be
a

stochastic
subgradientofL

(θ
(t),λ

(t) )
w

.r.t.
θ

4
L

et
∆

(t)
λ

be
a

stochastic
gradientofL

(θ
(t),λ

(t) )
w

.r.t.
λ

5
U

pdate
θ

(t+
1
)

=
Π

Θ

(
θ

(t)−
η
θ ∆̌

(t)
θ

)
//P

rojected
SG

D
updates

...

6
U

pdate
λ

(t+
1
)

=
Π

Λ (
λ

(t)
+
η
λ ∆

(t)
λ

)
//

...

7
R

eturn
θ

(1
),...,θ

(T
)and

λ
(1

),...,λ
(T

)

Proof
A

pplying
C

orollary
20

to
the

tw
o

optim
izations

(over
θ

and
λ)

gives
thatw

ith
probability

1−
2
δ ′overthe

draw
s

ofthe
stochastic

(sub)gradients:

1T

T
∑t=

1 L
(
θ

(t),λ
(t) )
−

1T

T
∑t=

1 L
(
θ ∗,λ

(t) )
≤

2B
Θ
B

∆̌ √
1

+
16

ln
1δ ′

T

1T

T
∑t=

1 L
(
θ

(t),λ
∗ )
−

1T

T
∑t=

1 L
(
θ

(t),λ
(t) )
≤

2B
Λ
B

∆ √
1

+
16

ln
1δ ′

T
.

A
dding

these
inequalities,taking

δ
=

2δ ′,using
the

linearity
ofL

in
λ,the

factthat
B

Λ
=
R

,and
the

definitions
of
θ̄

and
λ̄,yields

the
claim

ed
result.

Proof[ProofofLem
m

a
7]A

pplying
Lem

m
a

18
to

the
optim

ization
over

λ
(w

ith
m̃

:=
m

+
1)gives:

1T

T
∑t=

1 L
λ (
θ

(t),M
∗λ

(t) )
−

1T

T
∑t=

1 L
λ (
θ

(t),λ
(t) )
≤

2
B

∆ √
(m

+
1)

ln
(m

+
1)

T
.

B
y

the
definition

ofO
ρ

(D
efinition

1):

1T

T
∑t=

1 L
θ (
θ

(t),λ
(t) )
−

in
f

θ ∗∈
Θ

1T

T
∑t=

1 L
θ (
θ ∗,λ

(t) )
≤
ρ
.

U
sing

the
definitions

of
θ̄

and
λ̄

yields
the

claim
ed

result.

Proof
[Proof

of
L

em
m

a
8]

A
pplying

C
orollary

20
to

the
optim

ization
over

θ,and
L

em
m

a
22

to
thatover

λ
(w

ith
m̃

:=
m

+
1),gives

thatw
ith

probability
1−

2δ ′overthe
draw

s
ofthe

stochastic
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1T

T
∑t=

1 L
θ (
θ

(t),λ
(t) )
−

1T

T
∑t=

1 L
θ (
θ ∗,λ

(t) )
≤

2
B

Θ
B

∆̌ √
1

+
16

ln
1δ ′

T

1T

T
∑t=

1 L
λ (
θ

(t),M
∗λ

(t) )
−

1T

T
∑t=

1 L
λ (
θ

(t),λ
(t) )
≤

2B
∆ √

2
(m

+
1)

ln
(m

+
1) (1

+
16

ln
1δ ′ )

T
.

Taking
δ

=
2δ ′,and

using
the

definitions
of
θ̄

and
λ̄,yields

the
claim

ed
result.

R
eferences

A
.A

garw
al,A

.B
eygelzim

er,M
.D

udı́k,J.L
angford,and

H
.W

allach.
A

reductions
approach

to
fair

classification.
In

IC
M

L,2018.

S.A
rora,E

.H
azan,and

S.K
ale.

T
he

m
ultiplicative

w
eights

update
m

ethod:a
m

eta-algorithm
and

applications.
Theory

ofC
om

puting,8(6):121–164,2012.

R
.E.B

arlow
,D

.J.B
artholom

ew
,J.M

.B
rem

ner,and
H

.D
.B

runk.StatisticalInference
U

nder
O

rder
R

estrictions;The
Theory

A
nd

A
pplication

O
fIsotonic

R
egression.

W
iley,N

ew
Y

ork,U
SA

,1972.

A
.B

eck
and

M
.Teboulle.

M
irrordescentand

nonlinearprojected
subgradientm

ethods
forconvex

optim
ization.

O
perations

R
esearch

Letters,31(3):167–175,M
ay

2003.

K
.B

ellare,
G

.D
ruck,

and
A

.M
cC

allum
.

A
lternating

projections
for

learning
w

ith
expectation

constraints.
U

A
I,2009.

A
.B

lum
and

Y.M
ansour.

From
externalto

internalregret.
JM

LR
,8:1307–1324,2007.

D
.G

.B
ocian,K

.S.E
rnst,and

W
.L

i.
R

ace,ethnicity
and

subprim
e

hom
e

loan
pricing.

Journalof
E

conom
ics

and
B

usiness,60(1-2):110–124,2008.

H
.F.B

ohnenblust,S.K
arlin,and

L
.S.Shapley.

G
am

es
w

ith
continuous,convex

pay-off.
C

ontribu-
tions

to
the

Theory
ofG

am
es,1(24):181–192,1950.

M
.B

onakdarpour,S.C
hatterjee,R

.F.B
arber,and

J.D
.Lafferty.Prediction

rule
reshaping.In

IC
M

L,
2018.

J.B
uolam

w
iniand

T.G
ebru.

G
ender

shades:
Intersectionalaccuracy

disparities
in

com
m

ercial
genderclassification.

In
C

onference
on

Fairness,A
ccountability

and
Transparency,pages

77–91,
2018.

K
.C

anini,A
.C

otter,M
.R

.G
upta,M

.M
ilaniFard,and

J.Pfeifer.
Fastand

flexible
m

onotonic
functions

w
ith

ensem
bles

oflattices.
In

N
IP

S,pages
2919–2927,2016.

R
.S.C

hen,B
.L

ucier,Y.Singer,and
V.Syrgkanis.

R
obustoptim

ization
fornon-convex

objectives.
In

N
IP

S,2017.

56
JM

L
R

 20(172):1-59, 2019



O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IF
F

E
R

E
N

T
IA

B
L

E
C

O
N

S
T

R
A

IN
T

S

X
.C

he
n

an
d

X
.D

en
g.

Se
ttl

in
g

th
e

co
m

pl
ex

ity
of

tw
o-

pl
ay

er
N

as
h

eq
ui

lib
ri

um
.

In
F

O
C

S’
06

,p
ag

es
26

1–
27

2.
IE

E
E

,2
00

6.

Y.
C

he
n

an
d

R
.J

.S
am

w
or

th
.

G
en

er
al

iz
ed

ad
di

tiv
e

an
d

in
de

x
m

od
el

s
w

ith
sh

ap
e

co
ns

tra
in

ts
.

Jo
ur

na
l

R
oy

al
St

at
is

tic
al

So
ci

et
y

B
,2

01
6.

D
.C

he
tv

er
ik

ov
,A

.S
an

to
s,

an
d

A
.M

.S
ha

ik
h.

Th
e

ec
on

om
et

ric
s

of
sh

ap
e

re
st

ric
tio

ns
.A

nn
ua

lR
ev

ie
w

of
E

co
no

m
ic

s,
20

18
.

P.
C

hr
is

tia
no

,J
.A

.K
el

ne
r,

A
.M

ad
ry

,C
.A

.S
pi

el
m

an
,a

nd
S.

Te
ng

.
E

le
ct

ri
ca

lfl
ow

s,
L

ap
la

ci
an

sy
st

em
s,

an
d

fa
st

er
ap

pr
ox

im
at

io
n

of
m

ax
im

um
flo

w
in

un
di

re
ct

ed
gr

ap
hs

.
In

ST
O

C
,

pa
ge

s
27

3–
28

2,
20

11
.

Q
.C

or
m

ie
r,

M
.M

ila
ni

Fa
rd

,K
.C

an
in

i,
an

d
M

.R
.G

up
ta

.
L

au
nc

h
an

d
ite

ra
te

:R
ed

uc
in

g
pr

ed
ic

tio
n

ch
ur

n.
N

IP
S,

20
16

.

A
.C

ot
te

r,
M

.R
.G

up
ta

,a
nd

J.
Pf

ei
fe

r.
A

L
ig

ht
To

uc
h

fo
rh

ea
vi

ly
co

ns
tr

ai
ne

d
SG

D
.

In
C

O
LT

,p
ag

es
72

9–
77

1,
20

16
.

A
.C

ot
te

r,
M

.G
up

ta
,H

.J
ia

ng
,N

.S
re

br
o,

K
.S

rid
ha

ra
n,

S.
W

an
g,

B
.W

oo
dw

or
th

,a
nd

S.
Yo

u.
Tr

ai
ni

ng
w

el
l-

ge
ne

ra
liz

in
g

cl
as

si
fie

rs
fo

rf
ai

rn
es

s
m

et
ri

cs
an

d
ot

he
rd

at
a-

de
pe

nd
en

tc
on

st
ra

in
ts

.
In

IC
M

L,
20

19
a.

A
.C

ot
te

r,
M

.R
.G

up
ta

,H
.J

ia
ng

,E
.L

ou
id

or
,J

.M
ul

le
r,

T.
N

ar
ay

an
,S

.W
an

g,
an

d
T.

Z
hu

.
Sh

ap
e

co
ns

tr
ai

nt
s

fo
rs

et
fu

nc
tio

ns
.

In
IC

M
L,

20
19

b.

A
.C

ot
te

r,
H

.J
ia

ng
,

an
d

K
.S

ri
dh

ar
an

.
Tw

o-
pl

ay
er

ga
m

es
fo

r
ef

fic
ie

nt
no

n-
co

nv
ex

co
ns

tr
ai

ne
d

op
tim

iz
at

io
n.

In
A

lg
or

ith
m

ic
Le

ar
ni

ng
Th

eo
ry

,p
ag

es
30

0–
33

2,
20

19
c.

M
.D

av
en

po
rt

,R
.G

.B
ar

an
iu

k,
an

d
C

.D
.S

co
tt.

Tu
ni

ng
su

pp
or

tv
ec

to
rm

ac
hi

ne
s

fo
rm

in
im

ax
an

d
N

ey
m

an
-P

ea
rs

on
cl

as
si

fic
at

io
n.

IE
E

E
Tr

an
sa

ct
io

ns
on

Pa
tte

rn
A

na
ly

si
s

an
d

M
ac

hi
ne

In
te

lli
ge

nc
e,

20
10

.

M
.D

on
in

i,
L

.O
ne

to
,S

.B
en

-D
av

id
,J

.S
ha

w
e-

Ta
yl

or
,a

nd
M

.P
on

til
.

E
m

pi
ri

ca
lr

is
k

m
in

im
iz

at
io

n
un

de
rf

ai
rn

es
s

co
ns

tr
ai

nt
s.

N
eu

rI
P

S,
20

18
.

E
.E

ba
n,

M
.S

ch
ai

n,
A

.M
ac

ke
y,

A
.G

or
do

n,
R

.A
.S

au
ro

us
,a

nd
G

.E
lid

an
.

Sc
al

ab
le

le
ar

ni
ng

of
no

n-
de

co
m

po
sa

bl
e

ob
je

ct
iv

es
.

A
IS

ta
ts

,2
01

7.

B
.F

is
h,

J.
K

un
,a

nd
A

.D
.L

el
ke

s.
A

co
nfi

de
nc

e-
ba

se
d

ap
pr

oa
ch

fo
rb

al
an

ci
ng

fa
irn

es
s

an
d

ac
cu

ra
cy

.
SI

A
M

IC
D

M
,2

01
6.

D
.G

ar
be

ra
nd

E
.H

az
an

.
Pl

ay
in

g
no

n-
lin

ea
rg

am
es

w
ith

lin
ea

ro
ra

cl
es

.
In

F
O

C
S,

pa
ge

s
42

0–
42

8.
IE

E
E

C
om

pu
te

rS
oc

ie
ty

,2
01

3.

G
.G

as
so

,
A

.P
ap

pa
io

na
nn

ou
,

M
.S

pi
va

k,
an

d
L

.B
ot

to
u.

B
at

ch
an

d
on

lin
e

le
ar

ni
ng

al
go

ri
th

m
s

fo
r

no
nc

on
ve

x
N

ey
m

an
-P

ea
rs

on
cl

as
si

fic
at

io
n.

AC
M

Tr
an

sa
ct

io
ns

on
In

te
lli

ge
nt

Sy
st

em
s

an
d

Te
ch

no
lo

gy
,2

01
1.

I.
L

.G
lic

ks
be

rg
.

A
fu

rt
he

rg
en

er
al

iz
at

io
n

of
th

e
K

ak
ut

an
ifi

xe
d

po
in

tt
he

or
em

w
ith

ap
pl

ic
at

io
n

to
N

as
h

eq
ui

lib
ri

um
po

in
ts

.
P

ro
ce

ed
in

gs
A

m
er

ic
an

M
at

he
m

at
ic

al
So

ci
et

y,
3:

17
0–

17
4,

19
52

.

57
JM

L
R

 2
0(

17
2)

:1
-5

9,
 2

01
9

C
O

T
T

E
R

,J
IA

N
G

,G
U

P
TA

,W
A

N
G

,N
A

R
A

Y
A

N
,Y

O
U

,A
N

D
S

R
ID

H
A

R
A

N

G
.G

oh
,A

.C
ot

te
r,

M
.R

.G
up

ta
,a

nd
M

.P
.F

ri
ed

la
nd

er
.

Sa
tis

fy
in

g
re

al
-w

or
ld

go
al

s
w

ith
da

ta
se

t
co

ns
tr

ai
nt

s.
In

N
IP

S,
pa

ge
s

24
15

–2
42

3,
20

16
.

G
.J

.G
or

do
n,

A
.G

re
en

w
al

d,
an

d
C

.M
ar

ks
.

N
o-

re
gr

et
le

ar
ni

ng
in

co
nv

ex
ga

m
es

.
In

IC
M

L,
pa

ge
s

36
0–

36
7,

20
08

.

P.
G

ro
en

eb
oo

m
an

d
G

.J
on

gb
lo

ed
.

N
on

pa
ra

m
et

ri
c

E
st

im
at

io
n

U
nd

er
Sh

ap
e

C
on

st
ra

in
ts

.
C

am
br

id
ge

Pr
es

s,
N

ew
Y

or
k,

U
SA

,2
01

4.

M
.R

.G
up

ta
,A

.C
ot

te
r,

J.
Pf

ei
fe

r,
K

.V
oe

vo
ds

ki
,K

.C
an

in
i,

A
.M

an
gy

lo
v,

W
.M

oc
zy

dl
ow

sk
i,

an
d

A
.v

an
E

sb
ro

ec
k.

M
on

ot
on

ic
ca

lib
ra

te
d

in
te

rp
ol

at
ed

lo
ok

-u
p

ta
bl

es
.

JM
LR

,1
7(

10
9)

:1
–4

7,
20

16
.

M
.R

.G
up

ta
,D

.B
ah

ri
,A

.C
ot

te
r,

an
d

K
.C

an
in

i.
D

im
in

is
hi

ng
re

tu
rn

s
sh

ap
e

co
ns

tr
ai

nt
s

fo
r

in
te

r-
pr

et
ab

ili
ty

an
d

re
gu

la
ri

za
tio

n.
N

eu
rI

P
S,

20
18

.

M
.R

.G
up

ta
,A

.C
ot

te
r,

M
.M

ila
ni

Fa
rd

,a
nd

S.
W

an
g.

Pr
ox

y
fa

ir
ne

ss
.

In
ar

X
iv

:1
80

6.
11

21
2,

20
19

.

M
.H

ar
dt

,E
.P

ri
ce

,a
nd

N
.S

re
br

o.
E

qu
al

ity
of

op
po

rt
un

ity
in

su
pe

rv
is

ed
le

ar
ni

ng
.

N
IP

S,
20

16
.

E
.H

az
an

an
d

S.
K

al
e.

Pr
oj

ec
tio

n-
fr

ee
on

lin
e

le
ar

ni
ng

.
In

IC
M

L,
20

12
.

H
.H

ei
da

ri
,C

.F
er

ra
ri

,K
.G

um
m

ad
i,

an
d

A
.K

ra
us

e.
Fa

ir
ne

ss
be

hi
nd

a
ve

il
of

ig
no

ra
nc

e:
A

w
el

fa
re

an
al

ys
is

fo
ra

ut
om

at
ed

de
ci

si
on

m
ak

in
g.

In
N

eu
rI

P
S,

pa
ge

s
12

65
–1

27
6,

20
18

.

M
.J

ag
gi

.
R

ev
is

iti
ng

Fr
an

k-
W

ol
fe

:P
ro

je
ct

io
n-

fr
ee

sp
ar

se
co

nv
ex

op
tim

iz
at

io
n.

In
IC

M
L,

20
13

.

R
.J

oh
ns

on
an

d
T.

Zh
an

g.
A

cc
el

er
at

in
g

st
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

tu
si

ng
pr

ed
ic

tiv
e

va
ria

nc
e

re
du

ct
io

n.
In

N
IP

S,
pa

ge
s

31
5–

32
3,

20
13

.

T.
K

am
is

hi
m

a,
S.

A
ka

ho
,H

.A
so

h,
an

d
J.

Sa
ku

m
a.

Fa
ir

ne
ss

-a
w

ar
e

cl
as

si
fie

rw
ith

pr
ej

ud
ic

e
re

m
ov

er
re

gu
la

ri
ze

r.
M

ac
hi

ne
Le

ar
ni

ng
an

d
K

no
w

le
dg

e
D

is
co

ve
ry

in
D

at
ab

as
es

,p
ag

es
35

–5
0,

20
12

.

M
.K

ea
rn

s,
S.

N
ee

l,
A

.R
ot

h,
an

d
Z

.S
.W

u.
Pr

ev
en

tin
g

fa
ir

ne
ss

ge
rr

ym
an

de
ri

ng
:

A
ud

iti
ng

an
d

le
ar

ni
ng

fo
rs

ub
gr

ou
p

fa
ir

ne
ss

.
In

IC
M

L,
20

18
.

B
.L

et
ha

m
,C

.R
ud

in
,T

.H
.M

cC
or

m
ic

k,
an

d
D

.M
ad

ig
an

.
In

te
rp

re
ta

bl
e

cl
as

si
fie

rs
us

in
g

ru
le

s
an

d
B

ay
es

ia
n

an
al

ys
is

:b
ui

ld
in

g
a

be
tte

rs
tr

ok
e

pr
ed

ic
tio

n
m

od
el

.
A

nn
al

s
of

A
pp

lie
d

St
at

is
tic

s,
20

15
.

M
.L

ic
hm

an
.U

C
Im

ac
hi

ne
le

ar
ni

ng
re

po
si

to
ry

,2
01

3.
U

R
L
h
t
t
p
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/

m
l

.

Z
.L

on
g,

Y.
L

u,
X

.M
a,

an
d

B
.D

on
g.

PD
E

-N
et

:L
ea

rn
in

g
PD

E
s

fr
om

D
at

a.
In

IC
M

L,
20

18
.

R
.L

us
s

an
d

S.
R

os
se

t.
B

ou
nd

ed
is

ot
on

ic
re

gr
es

si
on

.
E

le
ct

ro
ni

c
Jo

ur
na

lo
fS

ta
tis

tic
s,

11
(2

):
44

88
–

45
14

,2
01

7.

M
.M

ah
da

vi
,T

.Y
an

g,
R

.J
in

,S
.Z

hu
,a

nd
J.

Y
i.

St
oc

ha
st

ic
gr

ad
ie

nt
de

sc
en

tw
ith

on
ly

on
e

pr
oj

ec
tio

n.
In

N
IP

S,
pa

ge
s

49
4–

50
2,

20
12

.

G
.S

.M
an

n
an

d
A

.M
cC

al
lu

m
.

Si
m

pl
e,

ro
bu

st
,s

ca
la

bl
e

se
m

i-
su

pe
rv

is
ed

le
ar

ni
ng

w
ith

ex
pe

ct
at

io
n

re
gu

la
ri

za
tio

n.
In

IC
M

L,
20

07
.

58
JM

L
R

 2
0(

17
2)

:1
-5

9,
 2

01
9



O
P

T
IM

IZ
A

T
IO

N
W

IT
H

N
O

N
-D

IFF
E

R
E

N
T

IA
B

L
E

C
O

N
S

T
R

A
IN

T
S

G
.S.M

ann
and

A
.M

cC
allum

.
G

eneralized
expectation

criteria
forsem

i-supervised
learning

w
ith

w
eakly

labeled
data.

JM
LR

,11,2010.

H
.N

arasim
han.

L
earning

w
ith

com
plex

loss
functions

and
constraints.

In
A

IStats,2018.

H
.N

arasim
han,A

.C
otter,and

M
.R

.G
upta.

O
ptim

izing
generalized

rate
m

etrics
through

gam
e

equilibrium
.

In
N

eurIP
S,2019a.

H
.N

arasim
han,A

.C
otter,and

M
.R

.G
upta.

O
n

m
aking

stochastic
classifiers

determ
inistic.

In
N

eurIP
S,2019b.

H
.N

arasim
han,A

.C
otter,M

.R
.G

upta,and
S.W

ang.
Pairw

ise
fairness

forranking
and

regression.
In

A
A

A
I,2020.

A
.N

em
irovskiand

D
.Y

udin.
P

roblem
C

om
plexity

A
nd

M
ethod

E
fficiency

In
O

ptim
ization.

John
W

iley
&

Sons
L

td,1983.

T
Parthasarathy.

E
quilibria

ofcontinuous
tw

o-person
gam

es.
Pacific

JournalofM
athem

atics,57(1):
265–270,1975.

N
.Pya

and
S.N

.W
ood.

Shape
constrained

additive
m

odels.
Statistics

and
C

om
puting,2015.

A
.R

akhlin
and

K
.Sridharan.

O
ptim

ization,learning,and
gam

es
w

ith
predictable

sequences.
In

N
IP

S,pages
3066–3074,2013.

A
.R

akhlin,K
.Sridharan,and

A
.Tew

ari.
O

nline
learning:beyond

regret.
In

C
O

LT,pages
559–594,

2011.

C
.D

.Scottand
R

.D
.N

ow
ak.A

N
eym

an-Pearson
approach

to
statisticallearning.IE

E
E

Transactions
on

Inform
ation

Theory,2005.

N
.Srebro,K

.Sridharan,and
A

.Tew
ari.

O
n

the
universality

ofonline
m

irrordescent.
In

N
IP

S,2011.

R
.Stew

art
and

S.E
rm

on.
L

abel-free
supervision

of
neural

netw
orks

w
ith

physics
and

dom
ain

know
ledge.

A
A

A
I,2017.

J.von
N

eum
ann.Zurtheorie

dergesellschaftsspiele.M
athem

atische
annalen,100(1):295–320,1928.

B
.E

.W
oodw

orth,S.G
unasekar,M

.I.O
hannessian,and

N
.Srebro.

L
earning

non-discrim
inatory

predictors.
In

C
O

LT,pages
1920–1953,2017.

T.Y
ang,Q

.L
in,and

L
.Z

hang.
A

richer
theory

of
convex

constrained
optim

ization
w

ith
reduced

projections
and

im
proved

rates.
In

IC
M

L,pages
3901–3910,2017.

S.Y
ou,K

.C
anini,D

.D
ing,J.Pfeifer,and

M
.R

.G
upta.

D
eep

lattice
netw

orks
forlearning

partial
m

onotonic
functions.

N
IP

S,2017.

M
.B

.Zafar,I.Valera,M
.G

.R
odriguez,and

K
.P.G

um
m

adi.
Fairness

constraints:A
m

echanism
for

fairclassification.
In

IC
M

L
W

orkshop
on

Fairness,A
ccountability,and

Transparency
in

M
achine

Learning,2015.

M
.B

.Z
afar,I.V

alera,M
.G

.R
ogriguez,and

K
.P.G

um
m

adi.
Fairness

constraints:M
echanism

s
for

fairclassification.
In

A
IStats,pages

962–970,2017.

59
JM

L
R

 20(172):1-59, 2019

 



J
o
u
rn

a
l
o
f
M
a
ch

in
e
L
ea

rn
in
g
R
es
ea

rc
h
2
0
(2
0
1
9
)
1
-2
7

S
u
b
m
it
te
d
9
/
1
8
;
R
ev

is
ed

1
0
/
1
9
;
P
u
b
li
sh

ed
1
1
/
1
9

F
a
st

A
u
to
m
a
ti
c
S
m
o
o
th

in
g
fo
r
G
e
n
e
ra

li
ze

d
A
d
d
it
iv
e
M

o
d
e
ls

Y
o
u

sr
a

E
l-

B
a
ch

ir
y
o
u
sr

a
.e
l
b
a
c
h
ir
@
g
m
a
il
.c
o
m

A
n
th

o
n
y

C
.

D
a
v
is

o
n

a
n
t
h
o
n
y
.d
a
v
is
o
n
@
e
p
f
l
.c
h

E
P

F
L

-F
S

B
-M

A
T

H
-S

T
A

T

E
co

le
P

o
ly

te
ch

n
iq

u
e

F
éd

ér
a
le

d
e

L
a
u

sa
n

n
e

S
ta

ti
o
n

8
,

C
H

-1
0
1
5

L
a
u

sa
n

n
e,

S
w

it
ze

rl
a
n

d

E
d

it
o
r:

M
a
n
fr

ed
O

p
p

er

A
b
st
ra

ct

G
en

er
al

iz
ed

ad
d
it

iv
e

m
o
d
el

s
(G

A
M

s)
ar

e
re

g
re

ss
io

n
m

o
d
el

s
w

h
er

ei
n

p
ar

am
et

er
s

of
p
ro

b
a-

b
il
it

y
d
is

tr
ib

u
ti

on
s

d
ep

en
d

on
in

p
u
t

va
ri

ab
le

s
th

ro
u
gh

a
su

m
of

sm
o
o
th

fu
n
ct

io
n
s,

w
h
os

e
d
eg

re
es

of
sm

o
ot

h
n
es

s
a
re

se
le

ct
ed

b
y
L
2

re
gu

la
ri

za
ti

o
n
.

S
u
ch

m
o
d
el

s
h
av

e
b

ec
om

e
th

e
d
e-

fa
ct

o
st

a
n
d
a
rd

n
o
n
li
n
ea

r
re

gr
es

si
o
n

m
o
d
el

s
w

h
en

in
te

rp
re

ta
b
il
it

y
a
n
d

fl
ex

ib
il
it

y
ar

e
re

-
q
u
ir

ed
,

b
u
t

re
li
ab

le
an

d
fa

st
m

et
h
o
d
s

fo
r

au
to

m
a
ti

c
sm

o
ot

h
in

g
in

la
rg

e
d
at

a
se

ts
ar

e
st

il
l

la
ck

in
g
.

W
e

d
ev

el
op

a
ge

n
er

al
m

et
h
o
d
o
lo

gy
fo

r
a
u
to

m
a
ti

ca
ll
y

le
a
rn

in
g

th
e

op
ti

m
al

d
eg

re
e

of
L
2

re
gu

la
ri

za
ti

o
n

fo
r

G
A

M
s

u
si

n
g

a
n

em
p
ir

ic
al

B
ay

es
ap

p
ro

ac
h
.

T
h
e

sm
o
ot

h
fu

n
ct

io
n
s

ar
e

p
en

a
li
ze

d
b
y

h
y
p

er
-p

ar
a
m

et
er

s
th

at
ar

e
le

ar
n
ed

si
m

u
lt

a
n
eo

u
sl

y
b
y

m
ax

im
iz

at
io

n
of

a
m

a
rg

in
a
l

li
k
el

ih
o
o
d

u
si

n
g

a
n

a
p
p
ro

x
im

at
e

ex
p

ec
ta

ti
on

-m
a
x
im

iz
a
ti

o
n

a
lg

or
it

h
m

.
T

h
e

la
tt

er
in

vo
lv

es
a

d
ou

b
le

L
ap

la
ce

ap
p
ro

x
im

at
io

n
at

th
e

E
-s

te
p
,

an
d

le
ad

s
to

an
effi

ci
en

t
M

-s
te

p
.

E
m

p
ir

ic
al

a
n
al

y
si

s
sh

ow
s

th
a
t

th
e

re
su

lt
in

g
al

go
ri

th
m

is
n
u
m

er
ic

al
ly

st
a
b
le

,
fa

st
er

th
an

th
e

b
es

t
ex

is
ti

n
g

m
et

h
o
d
s

a
n
d

ac
h
ie

ve
s

st
a
te

-o
f-

th
e-

ar
t

a
cc

u
ra

cy
.

F
or

il
lu

st
ra

ti
on

,
w

e
ap

p
ly

it
to

an
im

p
o
rt

an
t

a
n
d

ch
al

le
n
gi

n
g

p
ro

b
le

m
in

th
e

a
n
al

y
si

s
of

ex
tr

em
a
l

d
at

a.

K
e
y
w

o
rd

s:
A

u
to

m
at

ic
L
2

R
eg

u
la

ri
za

ti
on

,
E

m
p
ir

ic
al

B
ay

es
,

E
x
p

ec
ta

ti
on

-m
ax

im
iz

at
io

n
A

lg
o
ri

th
m

,
G

en
er

al
iz

ed
A

d
d
it

iv
e

M
o
d
el

,
L

a
p
la

ce
A

p
p
ro

x
im

at
io

n
,
M

a
rg

in
a
l
M

ax
im

u
m

L
ik

e-
li
h
o
o
d

1
.
In

tr
o
d
u
ct
io
n

S
ta

te
-o

f-
th

e-
ar

t
m

ac
h
in

e
le

ar
n
in

g
m

et
h
o
d
s

ac
h
ie

ve
im

p
re

ss
iv

e
ac

cu
ra

cy
,

b
u
t

th
ei

r
op

ac
it

y
ca

n
m

ak
e

th
em

u
n
at

tr
ac

ti
v
e

w
h
en

th
ei

r
re

su
lt

s
co

n
tr

ad
ic

t
in

tu
it

io
n

or
la

ck
a

re
ad

y
ex

-
p
la

n
at

io
n
.

M
et

h
o
d
s

th
at

ar
e

in
te

rp
re

ta
b
le

b
y

h
u
m

an
s

an
d

ea
sy

to
d
ia

gn
os

e
an

d
d
eb

u
g

ar
e

n
ee

d
ed

fo
r

d
iffi

cu
lt

d
ec

is
io

n
-m

ak
in

g
p
ro

b
le

m
s

in
h
ea

lt
h
ca

re
,

le
ga

l
se

tt
in

gs
,

fi
n
an

ce
,

ri
sk

m
an

ag
em

en
t,

an
d

m
an

y
ot

h
er

ar
ea

s.
O

n
e

p
os

si
b
il
it

y
is

th
e

u
se

of
ge

n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
-

el
s,

a
cl

as
s

of
in

te
rp

re
ta

b
le

d
at

a-
d
ri

ve
n

m
o
d
el

s
u
se

d
in

sm
o
ot

h
re

gr
es

si
on

(D
u
ve

n
au

d
et

al
.,

20
11

;
B

a
et

al
.,

20
12

;
T

sa
n
g

et
al

.,
20

18
;

M
u
tn

y
an

d
K

ra
u
se

,
20

18
).

G
en

er
al

iz
ed

ad
d
it

iv
e

m
o
d
el

s
(G

A
M

s)
ar

e
a

cl
as

s
of

su
p

er
v
is

ed
le

ar
n
in

g
to

o
ls

th
at

d
e-

sc
ri

b
e

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
ou

tp
u
t

va
ri

ab
le

s
an

d
in

p
u
ts

u
si

n
g

a
su

m
of

sm
o
o
th

fu
n
ct

io
n
s

(H
as

ti
e

et
al

.,
20

09
,
C

h
ap

te
r

9)
.

T
h
ey

w
er

e
in

tr
o
d
u
ce

d
b
y

H
as

ti
e

an
d

T
ib

sh
ir

an
i
(1

98
6)

,
w

h
o

re
p
re

se
n
te

d
th

e
sm

o
ot

h
fu

n
ct

io
n
s

b
y

sc
a
tt

er
p
lo

t
sm

o
ot

h
er

s
an

d
tr

ai
n
ed

th
em

se
q
u
en

ti
al

ly
b
y

b
ac

k
fi
tt

in
g

(B
re

im
an

an
d

F
ri

ed
m

a
n
,

19
85

).
T

h
e

co
rr

es
p

on
d
in

g
R

(R
C

or
e

T
ea

m
,

20
19

)
p
ac

ka
ge

g
a
m

im
p
le

m
en

ts
th

e
m

et
h
o
d
s

in
H

as
ti

e
an

d
T

ib
sh

ir
an

i
(1

99
0)

,
w

h
ic

h
se

le
ct

th
e

le
ve

l
of

sm
o
ot

h
n
es

s
b
y

st
ep

w
is

e
re

gr
es

si
on

u
si

n
g

ap
p
ro

x
im

at
e

d
is

tr
ib

u
ti

on
al

re
su

lt
s.

B
ac

k
fi
tt

in
g

c ©
2
0
1
9
Y
o
u
sr
a
E
l-
B
a
ch

ir
a
n
d
A
n
th

o
n
y
C
.
D
a
v
is
o
n
.

L
ic
en

se
:
C
C
-B

Y
4
.0
,
se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.
A
tt
ri
b
u
ti
o
n
re
q
u
ir
em

en
ts

a
re

p
ro
v
id
ed

a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
6
5
9
.
h
t
m
l
.

JM
L

R
 2

0(
17

3)
:1

-2
7,

 2
01

9

E
l
-B

a
c
h
ir

a
n
d

D
a
v
is
o
n

al
lo

w
s

sm
o
ot

h
te

rm
s

to
b

e
re

p
re

se
n
te

d
b
y

lo
ca

l
re

gr
es

si
on

sm
o
ot

h
er

s
(C

le
v
el

an
d

et
a
l.
,
1
9
9
3
),

b
u
t

in
fe

re
n
ce

b
as

ed
on

th
e

re
su

lt
in

g
fi
t

is
aw

k
w

a
rd

.
Y

ee
an

d
W

il
d

(1
99

6)
la

te
r

p
ro

p
o
se

d
m

o
d
ifi

ed
v
ec

to
r

b
ac

k
fi
tt

in
g,

w
h
er

eb
y

se
ve

ra
l

sm
o
ot

h
fu

n
ct

io
n
s

ar
e

le
ar

n
ed

si
m

u
lt

a
n
eo

u
sl

y.
T

h
ei

r
m

et
h
o
d
,

em
b

o
d
ie

d
in

th
e
R

p
ac

ka
ge

V
G
A
M
,

fi
rs

t
le

ar
n
s

th
e

li
n
ea

r
co

m
p

o
n
en

ts
a
n
d

th
en

le
ar

n
s

th
e

n
on

li
n
ea

r
p
ar

t
b
y

tr
ai

n
in

g
a

ve
ct

or
ad

d
it

iv
e

m
o
d
el

on
th

e
re

su
lt

in
g

p
a
rt

ia
l

re
si

d
-

u
al

s.
In

th
e
R

p
ac

ka
ge

g
a
m
l
s
s
,

R
ig

b
y

an
d

S
ta

si
n
op

ou
lo

s
(2

00
5)

le
ar

n
th

e
sm

o
o
th

fu
n
ct

io
n
s

se
q
u
en

ti
al

ly
b
y

co
m

b
in

in
g

b
ac

k
fi
tt

in
g

w
it

h
tw

o
al

go
ri

th
m

s,
w

h
ic

h
op

ti
m

iz
e

th
e

p
en

a
li
ze

d
li
ke

li
h
o
o
d

of
th

e
re

gr
es

si
on

w
ei

gh
ts

.
T

h
e

fi
rs

t
al

go
ri

th
m

ge
n
er

al
iz

es
th

at
of

C
o
le

a
n
d

G
re

en
(1

99
2)

,
w

h
er

ea
s

th
e

se
co

n
d

ge
n
er

al
iz

es
th

at
of

R
ig

b
y

an
d

S
ta

si
n
op

ou
lo

s
(1

99
6
)

a
n
d

is
p
re

fe
r-

ab
le

w
h
en

th
e

p
ar

am
et

er
s

of
th

e
d
is

tr
ib

u
ti

on
ar

e
or

th
og

on
al

w
it

h
re

sp
ec

t
to

th
e

in
fo

rm
a
ti

o
n

m
at

ri
x
.

A
ll

th
es

e
ap

p
ro

ac
h
es

in
v
ok

e
b
ac

k
fi
tt

in
g,

w
h
ic

h
d
is

so
ci

at
es

le
ar

n
in

g
of

th
e

re
g
re

ss
io

n
m

o
d
el

fr
om

th
at

of
th

e
sm

o
ot

h
in

g
h
y
p

er
-p

ar
am

et
er

s.
T

h
is

m
ay

b
e

st
at

is
ti

ca
ll
y

in
effi

ci
en

t,
an

d
ac

cu
ra

cy
m

ay
b

e
in

cr
ea

se
d

b
y

le
ar

n
in

g
th

e
ap

p
ro

p
ri

at
e

d
eg

re
e

of
sm

o
ot

h
in

g
a
s

p
a
rt

o
f

th
e

re
gr

es
si

on
tr

ai
n
in

g.
A

n
al

te
rn

at
iv

e
re

p
re

se
n
ta

ti
on

of
th

e
sm

o
ot

h
fu

n
ct

io
n
s

th
a
t

en
a
b
le

s
au

to
m

at
ic

sm
o
ot

h
in

g
is

v
ia

b
as

is
fu

n
ct

io
n

ex
p
an

si
on

u
si

n
g

re
d
u
ce

d
ra

n
k

sm
o
o
th

in
g
;

th
is

is
th

e
fo

u
n
d
at

io
n

u
p

on
w

h
ic

h
w

e
b
u
il
d

ou
r

m
et

h
o
d
ol

og
y.

1
.1

.
M

o
d

e
l

S
e
t-

u
p

W
e

su
p
p

os
e

th
at

in
d
ep

en
d
en

t
ob

se
rv

at
io

n
s

co
m

e
fr

om
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n

w
h
o
se

p
ar

am
et

er
s

d
ep

en
d

on
ge

n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
el

s.
L

et
Y
i

d
en

ot
e

a
ra

n
d
om

va
ri

a
b
le

w
it

h
re

al
iz

ed
va

lu
e
y i

an
d

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
fu

n
ct

io
n
F
i(
y i

;θ
i)

th
at

d
ep

en
d
s

o
n

a
p
a
ra

m
et

er

ve
ct

or
θ
i

=
(θ

(1
)

i
,.
..
,θ

(P
)

i
)
∈
R
P

;
so

fo
r

th
e

tr
ai

n
in

g
se

t
y

=
(y

1
,.
..
,y
n
)T

,
th

e
fu

ll
p
a
ra

m
et

er

ve
ct

or
is
θ

=
(θ

1
,.
..
,θ

n
)T
∈

R
n
P

w
it

h
su

b
-v

ec
to

rs
θ
(p
)

=
(θ

(p
)

1
,.
..
,θ

(p
)

n
)T
∈

R
n

fo
r
p

=
1
,.
..
,P

.
In

th
e

G
au

ss
ia

n
m

o
d
el

fo
r

ex
am

p
le

,
P

=
2,
θ
(1
)

=
µ

is
th

e
m

ea
n

a
n
d
θ
(2
)

=
σ

is
th

e
st

an
d
ar

d
d
ev

ia
ti

on
,

an
d

w
e

h
av

e
θ

=
(µ

1
,σ

1
,.
..
,µ

n
,σ

n
)T

.
F

or
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
w

it
h
P

p
ar

am
et

er
s,

ea
ch
θ
(p
)

h
as

an
ad

d
it

iv
e

st
ru

ct
u
re

,

w
h
ic

h
w

e
n
ow

d
es

cr
ib

e.
L

et
X

(p
)

i

∗
d
en

ot
e

th
e
i-

th
ro

w
of

a
fe

at
u
re

m
at

ri
x

co
rr

es
p

o
n
d
in

g

to
a

re
gr

es
si

on
w

ei
gh

t
v
ec

to
r
w

(p
)∗

th
at

in
cl

u
d
es

an
off

se
t.

T
h
e

su
p

er
sc

ri
p
t
∗

re
fe

rs
to

a
n

in
te

rm
ed

ia
te

n
ot

at
io

n
fo

r
th

e
re

gr
es

si
on

el
em

en
ts

th
at

w
il
l

b
ec

om
e

cl
ea

r
w

h
en

w
e

d
efi

n
e

th
e

fu
ll

fe
at

u
re

m
at

ri
ce

s
co

rr
es

p
on

d
in

g
to

th
e

u
n
tr

an
sf

or
m

ed
in

p
u
t

va
ri

ab
le

s
an

d
th

e
sm

o
o
th

fu
n
ct

io
n
s.

L
et
q p

>
0

d
en

ot
e

th
e

n
u
m

b
er

of
u
n
k
n
ow

n
sm

o
ot

h
fu

n
ct

io
n
s
f
(p
)

j
co

n
tr

ib
u
ti

n
g

to
θ
(p
) ,

an
d

le
t
x
1
,x

2
,.
..

d
en

ot
e

th
e

v
ec

to
rs

of
in

p
u
t

va
ri

ab
le

s.
In

sp
at

io
-t

em
p

o
ra

l
se

tt
in

g
s

fo
r

ex
am

p
le

,
x
1

m
ay

d
en

ot
e

th
e

sp
at

ia
l

lo
ca

ti
on

of
a

si
te

an
d
x
2

m
ay

d
en

ot
e

th
e

ti
m

e.
T

h
e

co
m

p
on

en
ts
θ(
p
)

i
of
θ
(p
)

ar
e

re
p
re

se
n
te

d
u
si

n
g

th
e

ad
d
it

iv
e

st
ru

ct
u
re

θ(
p
)

i
=
X

(p
)

i

∗ w
(p
)∗

+

q p ∑ j=
1

f
(p
)

j
(x
i1
,x

i2
,.
..

),
i

=
1,
..
.,
n
.

(1
)

E
ac

h
of

th
e
f
(p
)

j
ca

n
b

e
a

fu
n
ct

io
n

of
on

e
or

m
or

e
in

p
u
ts

,
an

d
is

p
ar

am
et

ri
ze

d
b
y

a
n

ex
p
a
n
si

o
n

of
b
as

is
fu

n
ct

io
n
s
b(
p
)

k
(x

), f
(p
)

j
(x

)
=

K ∑ k
=
1

w̃
(p
)

k
b(
p
)

k
(x

)
=
w̃

(p
)T
b
(p
) (
x

),
(2

)

2
JM

L
R

 2
0(

17
3)

:1
-2

7,
 2

01
9



F
a
st

A
u
t
o
m
a
t
ic

S
m
o
o
t
h
in
g

f
o
r
G
e
n
e
r
a
l
iz
e
d

A
d
d
it
iv
e
M
o
d
e
l
s

w
h
ere

w̃
(p
)

=
(w̃

(p
)

1
,...,w̃

(p
)

K
)
T
∈

R
K

is
th

e
colu

m
n

vector
of

u
n
k
n
ow

n
regression

w
eigh

ts

th
a
t

ex
p
a
n
d
f
(p
)

j
,

an
d
b
(p
)(x

)
=
{
b
(p
)

1
(x

),...,b
(p
)

K
(x

)}
T
∈

R
K

is
a
K

-d
im

en
sion

al
v
ector

o
f

b
a
sis

fu
n
ction

s
selected

from
a

d
iction

ary
of

read
ily

-availab
le

fu
n
ction

s,
su

ch
as

cu
b
ic

reg
ressio

n
sp

lin
es.

T
h
e

b
asis

d
im

en
sion

K
is

ch
osen

m
an

u
ally,

an
d

ty
p
ically

is
allow

ed
to

g
row

slow
ly

w
ith

th
e

size
n

of
th

e
train

in
g

set.
W

e
assu

m
e

th
at

th
e

sm
o
oth

fu
n
ction

s
a
re

su
b

ject
to

a
su

m
-to-zero

id
en

tifi
ab

ility
con

strain
t

n
∑i=

1

f
(p
)

j
(x
ij )

=
0
,

(3)

w
h
ich

lea
d
s

to
go

o
d

coverage
for

con
fi
d
en

ce
in

tervals
(N

y
ch

ka,
198

8).
In

th
is

settin
g
,

th
e

co
m

p
o
n
en

ts
of
θ
(p
)

in
(1)

b
ecom

e
θ
(p
)

i
=
X

(p
)

i
w

(p
),

w
h
ere

w
(p
)∈

R
d
p

d
en

o
tes

th
e

regression
w

eig
h
ts

in
clu

d
in

g
th

eir
p
aram

etric
p
art

in
d
icated

w
ith

su
p

erscrip
t
∗

an
d

sm
o
oth

p
art

in
d
i-

ca
ted

b
y

a
tild

e
in

(2),
an

d
X

(p
)∈

R
n×

d
p

d
en

otes
th

e
corresp

on
d
in

g
fea

tu
re

m
atrix

.
W

e
a
ssu

m
e

th
a
t

so
m

e
of

th
e

colu
m

n
s

of
X

(p
)

h
ave

b
een

cen
tered

to
ab

sorb
th

e
id

en
tifi

ab
ility

co
n
stra

in
t

(3
)

o
n

th
e

sm
o
oth

fu
n
ction

s
b

efore
tra

in
in

g.
A

G
A

M
is

ch
aracterized

b
y

th
e

ad
d
itiv

ity
of

its
fu

n
ction

s
of

in
p
u
ts

an
d

b
y

th
eir

sm
o
oth

-
n
ess.

T
h
e

la
tter

is
con

trolled
b
y

p
en

alizin
g

th
e

cu
rvatu

re
o
f

th
e

fu
n
ction

s,
u
sin

g
rou

gh
n
ess

p
en

a
lties

on
th

e
f
(p
)

j
of

th
e

form

P
E

N
(λ

(p
)

j
)

=
λ
(p
)

j

∫
{
f
(p
)

j

′′(t) }
2

d
t∈

R
,

(4)

w
h
ere

th
e

reg
u
larization

h
y
p

er-p
aram

eter
λ
(p
)

j
>

0
con

trols
th

e
d
egree

of
sm

o
oth

n
ess,

an
d

th
e

in
teg

ra
l

is
taken

over
th

e
in

p
u
t

ran
ge

valu
es.

If
th

e
b
asis

fu
n
ction

s
are

tw
ice

d
iff

eren
-

tia
b
le,

th
e

elem
en

t-w
ise

in
tegration

S
(p
)

j
=

∫
b
(p
) ′′(x

)b
(p
) ′′ T

(x
)

d
x

d
efi

n
es

a
k
n
ow

n
sy

m
m

etric
an

d
sem

i-p
ositive

d
efi

n
ite

sm
o
oth

in
g

m
atrix

S
(p
)

j
∈
R
K
×
K

.
T

h
e

p
en

a
lty

in
(4

)
th

u
s

b
ecom

es
q
u
ad

ratic,

P
E

N
(λ

(p
)

j
)

=
λ
(p
)

j
w

(p
) T
S

(p
)

j
w

(p
).

O
n

d
efi

n
in

g
an

alogou
s

q
u
an

tities
for

an
y

o
f

th
e

p
aram

eter
vectors

θ
(1
),...,θ

(P
),

an
d

sta
ck

in
g

th
e

regression
w

eigh
ts

an
d

th
e

sm
o
oth

in
g

h
y
p

er-p
aram

eters
to

form
w
∈

R
d

an
d

λ
∈

R
q

w
ith

d
=
∑

Pp
=
1
d
p

an
d
q

=
∑

Pp
=
1
q
p ,

th
e

fu
ll

fu
n
ction

al
p
aram

eter
v
ector

a
n
d

cu
rvatu

re
p

en
a
lties

are
p
aram

etrized
b
y

θ
w

=
X
w
∈
R
n
P
,

P
E

N
(λ

)
=

P
∑p
=
1

q
p
∑j=

1

P
E

N
(λ

(p
)

j
)

=
w
T
S
λ
w
∈
R
,

(5)

w
h
ere

th
e
i-th

row
b
lo

ck
of

th
e

fu
ll

featu
re

m
atrix

X
∈
R
n
P
×
d

is

X
i

=
d
iag (

X
(1
)

i
,...,X

(P
)

i

)
∈
R
P
×
d,
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E
l
-B

a
c
h
ir

a
n
d

D
a
v
iso

n

an
d

th
e

fu
ll

sm
o
oth

in
g

m
atrix

S
λ

=
d
iag (

λ
(1
)

1
S

(1
)

1
,...,λ

(P
)

q
P
S

(P
)

q
P

)
∈
R
d×
d

(6)

is
b
lo

ck
d
iagon

al.
L

earn
in

g
th

e
regression

w
eigh

ts
in

volves
b
alan

cin
g

th
e

con
fl
ictin

g
goa

ls
of

p
rov

id
in

g
a

go
o
d

fi
t

to
th

e
d
ata

an
d

avoid
in

g
overfi

ttin
g.

F
or

a
given

λ
,

th
is

is
ach

ieved
b
y

m
ax

im
izin

g
th

e
p

en
alized

log-lik
elih

o
o
d

for
w

,

`
P

(w
;y
,λ

)
=
`
L

(θ
w

;y
)−

12
w
T
S
λ
w
,

(7)

w
h
ere

th
e

log-likelih
o
o
d
`
L

m
ay

b
e

w
ritten

eq
u
ivalen

tly
in

term
s

of
θ

or
of
w

.
L

et
U

L
(w

;y
)∈

R
d

an
d
H

L
(w

;y
)∈

R
d×
d,

or
U

L
(θ

;y
)∈

R
P
n

an
d
H

L
(θ

;y
)∈

R
P
n×

P
n
,

d
en

ote
th

e
grad

ien
t

an
d

n
egative

H
essian

of
`
L

w
ith

resp
ect

to
w

or
to
θ

.
T

h
e

corresp
on

d
in

g
p

en
alized

q
u
an

tities
are

U
P

(w
;y
,λ

)
=
U

L
(w

;y
)−

S
λ
w
,

H
P

(w
;y
,λ

)
=
H

L
(w

;y
)

+
S
λ
,

(8)

=
X

T
U

L
(θ

;y
)−

S
λ
w
,

=
X

T
H

L
(θ

;y
)X

+
S
λ
.

T
h
e

n
egative

H
essian

is
u
sed

to
com

p
u
te

stan
d
ard

errors
an

d
con

fi
d
en

ce
in

terva
ls.

F
or

sim
p
licity

w
e

som
etim

es
su

p
p
ress

th
e

d
ep

en
d
en

ce
u
p

on
y

an
d
λ

from
th

e
n
otation

.
M

ax
i-

m
ization

of
th

e
p

en
alized

log-likelih
o
o
d

(7
)

p
rov

id
es

an
estim

ate
for

w
for

a
giv

en
valu

e
of

th
e

sm
o
oth

in
g

h
y
p

er-p
aram

eters
λ

.
In

S
ection

1.2
w

e
b
riefl

y
su

m
m

a
rize

th
e

m
ain

classical
op

tim
ization

m
eth

o
d
s

for
em

b
o
d
y
in

g
learn

in
g

of
λ

in
th

at
of

th
e

regression
w

eigh
ts.

1
.2

.
C

la
ssic

a
l

O
p

tim
iz

a
tio

n

T
h
e

tw
o

learn
in

g
strategies

for
gen

eralized
ad

d
itiv

e
m

o
d
els

are
p

erform
an

ce
iteration

(G
u
,

1992)
an

d
ou

ter
iteration

(O
’S

u
llivan

et
al.,

1986),
an

d
op

tim
ize

a
criterion

for
th

e
sm

o
oth

-
in

g
h
y
p

er-p
aram

eters
w

h
ilst

u
p

d
atin

g
th

e
regression

w
eigh

ts.
T

h
e

u
p

d
atin

g
step

in
p

er-
form

an
ce

iteration
con

sists
of

on
e

iteratio
n

for
th

e
regression

w
eigh

ts,
often

p
erform

ed
b
y

iterative
least

sq
u
ares

(N
eld

er
an

d
W

ed
d
erb

u
rn

,
1972),

follow
ed

b
y

on
e

fu
ll

op
tim

ization
for

th
e

sm
o
oth

in
g

h
y
p

er-p
aram

eters.
S
in

ce
th

e
sm

o
oth

n
ess

selection
is

ap
p
lied

to
an

in
-

term
ed

iate
estim

ate
of

th
e

regression
m

o
d
el,

its
score

ch
an

ges
from

iteration
to

itera
tion

an
d

con
vergen

ce
of

th
e

overall
op

tim
ization

is
n
o
t

gu
aran

teed
,

as
sh

ow
n

b
y

W
o
o
d

(2008,
2011).

T
h
e

u
p

d
atin

g
step

in
ou

ter
iteration

com
p
rises

on
e

u
p

d
ate

for
th

e
sm

o
oth

in
g

h
y
p

er-
p
aram

eters
follow

ed
b
y

on
e

fu
ll

op
tim

ization
for

th
e

regression
w

eigh
ts.

S
in

ce
th

e
fo

rm
er

are
ob

tain
ed

from
a

con
v
erged

an
d

so
a

fi
x
ed

regression
m

o
d
el,

th
e

con
vergen

ce
of

ou
ter

iteration
is

gu
aran

teed
,

b
u
t

each
u
p

d
atin

g
step

is
com

p
u
tatio

n
ally

m
ore

ex
p

en
sive,

an
d

th
e

d
ep

en
d
en

ce
b

etw
een

th
e

regression
w

eigh
ts

an
d

th
e

sm
o
oth

in
g

h
y
p

er-p
aram

eters
m

akes
th

e
calcu

lation
s

m
u
ch

m
ore

ch
allen

gin
g.

O
n
ce

th
e

strategy
for

au
tom

atic
sm

o
oth

in
g

is
ch

osen
,

th
e

classical
ap

p
roa

ch
for

learn
in

g
its

regu
larization

h
y
p

er-p
aram

eters
is

to
m

in
im

ize
m

easu
res

of
p
red

iction
error

su
ch

a
s

th
e

A
kaik

e
or

B
ayesian

in
form

ation
criteria

(A
IC

or
B

IC
),

or
th

e
gen

eralized
cross

valid
ation

(G
C

V
)

criterion
.

T
h
e

fi
rst

criteria
ten

d
to

overfi
t,

an
d

G
C

V
can

gen
erate

m
u
ltip

le
m

in
-

im
a

an
d

u
n
stab

le
estim

ates
th

at
m

ay
lead

to
su

b
stan

tia
l

u
n
d
erfi

ttin
g

(R
eiss

a
n
d

O
g
d
en

,
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F
a
st

A
u
t
o
m
a
t
ic

S
m
o
o
t
h
in
g

f
o
r
G
e
n
e
r
a
l
iz
e
d

A
d
d
it
iv
e
M
o
d
e
l
s

20
09

;
W

o
o
d
,

20
11

).
U

se
of

m
ar

gi
n
al

li
k
el

ih
o
o
d

ov
er

co
m

es
th

es
e

li
m

it
at

io
n
s

b
u
t

in
vo

lv
es

in
tr

ac
ta

b
le

in
te

gr
al

s.
D

es
p
it

e
th

e
w

id
es

p
re

ad
u
se

of
G

A
M

s,
au

to
m

at
ic

le
ar

n
in

g
of

th
ei

r
sm

o
ot

h
in

g
h
y
p

er
-p

ar
am

et
er

s
re

m
ai

n
s

an
op

en
p
ro

b
le

m
.

T
h
e

re
li
ab

le
m

et
h
o
d

(W
o
o
d
,

20
11

)
an

d
it

s
ge

n
er

al
iz

at
io

n
(W

o
o
d

et
al

.,
20

16
),

im
p
le

m
en

te
d

in
th

e
R

p
ac

ka
ge

m
g
c
v
,

co
m

b
in

e
th

e
ad

va
n
ta

ge
s

of
th

e
m

ar
gi

n
al

li
ke

li
h
o
o
d

ap
p
ro

ac
h

w
it

h
th

e
go

o
d

co
n
ve

rg
en

ce
of

o
u
te

r
it

er
at

io
n
.

H
ow

ev
er

,
th

es
e

ap
p
ro

ac
h
es

ar
e

ch
al

le
n
gi

n
g

to
se

t
u
p
,

d
iffi

cu
lt

to
ex

te
n
d

to
n
ew

fa
m

il
ie

s
of

d
is

tr
ib

u
ti

on
s,

an
d

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
fo

r
la

rg
e

sa
m

p
le

s.
M

et
h
o
d
s

sp
ec

if
-

ic
al

ly
d
es

ig
n
ed

fo
r

la
rg

e
(W

o
o
d

et
al

.,
20

15
)

an
d

b
ig

(W
o
o
d

et
al

.,
20

17
)

d
at

a
se

ts
ar

e
b
as

ed
on

p
er

fo
rm

an
ce

it
er

at
io

n
,

an
d

so
off

er
n
o

gu
ar

an
te

e
of

co
n
ve

rg
en

ce
to

a
lo

ca
l

op
ti

m
u
m

.
In

th
is

p
ap

er
w

e
ov

er
co

m
e

th
es

e
li
m

it
at

io
n
s

b
y

p
re

se
n
ti

n
g

an
ap

p
ro

ac
h

th
at

is
si

m
p
le

r,
fa

st
er

an
d

ac
h
ie

v
es

st
at

e-
of

-t
h
e-

ar
t

ac
cu

ra
cy

.
T

h
e

re
st

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
in

tr
o
d
u
ce

s
ou

r
p
ro

p
os

ed
au

-
to

m
at

ic
sm

o
ot

h
n
es

s
se

le
ct

io
n

p
ro

ce
d
u
re

,
w

h
ic

h
is

b
as

ed
on

an
ap

p
ro

x
im

at
e

ex
p

ec
ta

ti
on

-
m

ax
im

iz
at

io
n

al
go

ri
th

m
.

S
ec

ti
on

3
as

se
ss

es
it

s
p

er
fo

rm
an

ce
w

it
h

a
si

m
u
la

ti
on

st
u
d
y.

S
ec

-
ti

on
4

p
ro

v
id

es
a

re
al

d
at

a
an

al
y
si

s
on

ex
tr

em
e

te
m

p
er

at
u
re

s,
an

d
S
ec

ti
on

5
cl

o
se

s
th

e
p
ap

er
w

it
h

a
d
is

cu
ss

io
n
.

2
.
A
u
to
m
a
ti
c
S
m
o
o
th

in
g

T
h
e

B
ay

es
ia

n
p

er
sp

ec
ti

ve
p
ro

v
id

es
an

in
te

rp
re

ta
ti

on
fo

r
th

e
ro

u
gh

n
es

s
p

en
a
lt

y
th

at
u
n
d
er

li
es

th
e

w
ei

gh
te

d
L
2

re
gu

la
ri

za
ti

on
in

th
e

p
en

a
li
ze

d
lo

g-
li
k
el

ih
o
o
d

(7
),

as
w

e
n
ow

d
es

cr
ib

e.
L

et
S
− λ

d
en

ot
e

th
e

ge
n
er

al
iz

ed
in

ve
rs

e
of
S
λ

,
an

d
su

p
p

os
e

th
at

th
e

re
gr

es
si

on
w

ei
gh

ts
h
av

e
an

im
p
ro

p
er
N

(0
,S
− λ

)
m

u
lt

iv
ar

ia
te

G
au

ss
ia

n
p
ri

or
d
en

si
ty

(K
im

el
d
or

f
an

d
W

ah
b
a,

19
70

;
S
il
ve

rm
an

,
19

85
),

π
(w

;λ
)

=
(2
π

)−
(d
−
m
)/
2
|S
λ
|1/

2
+

ex
p

( −
1 2
w
T
S
λ
w

) ,
(9

)

w
h
er

e
m

is
th

e
n
u
m

b
er

of
ze

ro
ei

ge
n
va

lu
es

of
S
λ

,
an

d
|S
λ
| +

is
th

e
p
ro

d
u
ct

of
it

s
p

o
si

ti
ve

ei
ge

n
va

lu
es

.
W

it
h
f

h
er

e
d
en

ot
in

g
th

e
d
en

si
ty

of
th

e
d
at

a,
th

e
lo

g-
p

os
te

ri
or

d
en

si
ty

fo
r
w

is

`(
w
|y

;λ
)

=
lo

g
{ f

(y
|w

;λ
)
π

(w
;λ

)}
−

lo
g
f

(y
;λ

)

=
` P

(w
;y
,λ

)
+

1 2
lo

g
|S
λ
| +
−
d
−
m

2
lo

g
(2
π

)
−

lo
g
f

(y
;λ

).
(1

0)

T
h
e

ro
u
gh

n
es

s
p

en
al

ty
in

(5
)

n
ow

ap
p

ea
rs

as
th

e
ke

y
co

m
p

on
en

t
of

th
e

lo
ga

ri
th

m
o
f

th
e

p
ri

or
(9

),
an

d
th

e
p

en
al

iz
ed

lo
g-

li
ke

li
h
o
o
d

(7
)

ap
p

ea
rs

as
th

e
lo

g-
p

os
te

ri
or

(1
0)

(u
p

to
a

co
n
st

an
t

d
ep

en
d
in

g
u
p

on
λ

b
u
t

n
ot

u
p

on
w

).
T

h
e

sm
o
ot

h
in

g
h
y
p

er
-p

ar
am

et
er

s
ca

n
h
en

ce
b

e
le

ar
n
ed

fr
om

th
e

la
st

te
rm

on
th

e
ri

gh
t

of
(1

0)
,

th
e

m
ar

gi
n
al

d
en

si
ty

of
y

,

L
M

(λ
;y

)
=
f

(y
;λ

)
=

∫
f

(y
,w

;λ
)

d
w

=

∫
f

(y
|w

;λ
)
π

(w
;λ

)
d
w
.

T
h
is

in
te

gr
al

is
eq

u
iv

al
en

t
to
L
M

(λ
;y

)
=
E
π
(w

;λ
){
f

(y
|w

;λ
)}

,
w

h
ic

h
is

th
e

ex
p

ec
ta

ti
o
n

of
th

e
li
ke

li
h
o
o
d

fu
n
ct

io
n

u
n
d
er

th
e

p
ri

or
d
en

si
ty

of
th

e
re

gr
es

si
on

w
ei

gh
t

v
ec

to
r.

A
fu

ll
y

B
ay

es
ia

n
ap

p
ro

ac
h

w
ou

ld
in

vo
lv

e
ch

o
o
si

n
g

a
p
ri

or
d
en

si
ty

fo
r
λ

an
d

in
te

gr
at

in
g

ou
t

ov
er

it
,

b
u
t

in
st

ea
d

w
e

ta
ke

an
em

p
ir

ic
al

B
ay

es
ap

p
ro

ac
h

an
d

tr
an

sf
or

m
th

e
sm

o
o
th

n
es

s
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 2
0(

17
3)

:1
-2

7,
 2

01
9

E
l
-B

a
c
h
ir

a
n
d

D
a
v
is
o
n

se
le

ct
io

n
p
ro

b
le

m
to

an
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

w
h
er

e
th

e
op

ti
m

al
λ

m
ax

im
iz

e
th

e
lo

g
-

m
ar

gi
n
al

li
ke

li
h
o
o
d

` M
(λ

;y
)

=
lo

g
L
M

(λ
;y

)
≡

1 2
lo

g
|S
λ
| +

+
lo

g

∫
ex

p
` P

(w
;y
,λ

)
d
w
,

(1
1
)

w
h
er

e
≡

in
d
ic

at
es

eq
u
al

it
y

u
p

to
a

co
n
st

a
n
t

n
ot

d
ep

en
d
in

g
u
p

on
λ

.
T

h
e

m
u
lt

id
im

en
-

si
on

al
in

te
gr

al
ov

er
w

is
ge

n
er

al
ly

in
tr

ac
ta

b
le

,
an

d
it

s
ac

cu
ra

te
an

d
effi

ci
en

t
co

m
p
u
ta

ti
o
n

is
ch

al
le

n
gi

n
g.

T
h
e

tw
o

cl
as

si
ca

l
st

ra
te

gi
es

fo
r

th
is

ar
e

st
o
ch

as
ti

c
in

te
g
ra

ti
on

m
et

h
o
d
s

b
a
se

d
on

im
p

or
ta

n
ce

sa
m

p
li
n
g,

an
d

d
et

er
m

in
is

ti
c

m
et

h
o
d
s

b
as

ed
on

q
u
ad

ra
tu

re
o
r

th
e

L
a
p
la

ce
m

et
h
o
d
.

Im
p

or
ta

n
ce

sa
m

p
li
n
g

is
a

M
on

te
C

ar
lo

in
te

gr
at

io
n

te
ch

n
iq

u
e

u
n
d
er

w
h
ic

h
th

e
in

te
-

gr
al

is
tr

ea
te

d
as

an
ex

p
ec

ta
ti

on
,

b
u
t

it
s

p
er

fo
rm

an
ce

re
li
es

o
n

th
e

ch
oi

ce
of

th
e

d
is

tr
ib

u
ti

on
fr

om
w

h
ic

h
to

sa
m

p
le

,
an

d
it

s
ac

cu
ra

cy
in

cr
ea

se
s

on
ly

w
it

h
th

e
n
u
m

b
er

of
sa

m
p
le

s.
Q

u
a
d
ra

-
tu

re
in

v
ol

ve
s

a
d
is

cr
et

iz
at

io
n

of
th

e
in

te
gr

an
d

ov
er

th
e

d
om

ai
n

of
in

te
gr

at
io

n
,

a
n
d

a
m

o
u
n
ts

to
ca

lc
u
la

ti
n
g

a
w

ei
gh

te
d

su
m

of
th

e
va

lu
es

of
th

e
in

te
gr

an
d
.

B
ot

h
m

et
h
o
d
s

p
er

fo
rm

w
el

l
w

h
en

th
e

d
im

en
si

on
d

of
th

e
re

gr
es

si
on

w
ei

gh
t

ve
ct

or
w

is
sm

al
l,

b
u
t

b
ec

o
m

e
co

m
p
u
ta

-
ti

on
al

ly
in

fe
as

ib
le

w
h
en

d
b

ec
om

es
la

rg
e

(V
on

es
h

et
al

.,
20

02
).

T
h
e

m
os

t
co

m
m

o
n
ly

u
se

d
d
et

er
m

in
is

ti
c

in
te

gr
at

io
n

m
et

h
o
d

is
L

ap
la

ce
ap

p
ro

x
im

at
io

n
,

w
h
ic

h
y
ie

ld
s

an
a
n
a
ly

ti
ca

l
ex

-
p
re

ss
io

n
fo

r
(1

1)
b
y

ex
p
lo

it
in

g
a

q
u
ad

ra
ti

c
T

ay
lo

r
ex

p
an

si
on

of
th

e
lo

g-
in

te
g
ra

n
d

a
ro

u
n
d

th
e

m
ax

im
u
m

p
en

al
iz

ed
li
ke

li
h
o
o
d

es
ti

m
at

e,

` M
(λ

;y
)

=
1 2

lo
g
|S

λ
| +

+
` P

(ŵ
λ

;y
,λ

)
−

1 2
lo

g
d
et
H

P
(ŵ

λ
;y
,λ

)
+
O

(n
−
1
),

(1
2)

w
h
er

e
ŵ
λ

d
en

ot
es

th
e

m
ax

im
iz

er
o
f
` P

fo
r

a
gi

ve
n
λ

.
H

ow
ev

er
,

o
p
ti

m
iz

a
ti

o
n

o
f

th
e

re
-

su
lt

in
g

ap
p
ro

x
im

at
e

lo
g-

m
ar

gi
n
al

li
ke

li
h
o
o
d

(1
2)

is
aw

k
w

ar
d
.

E
ac

h
u
p

d
at

in
g

st
ep

in
cl

u
d
es

in
te

rm
ed

ia
te

m
ax

im
iz

at
io

n
s,

in
vo

lv
es

u
n
st

ab
le

te
rm

s
th

at
n
ee

d
ca

re
fu

l
an

d
co

m
p
u
ta

ti
o
n
a
ll
y

ex
p

en
si

ve
d
ec

om
p

os
it

io
n
s,

an
d

re
q
u
ir

es
th

e
fo

u
rt

h
d
er

iv
at

iv
es

of
th

e
lo

g-
li
ke

li
h
o
o
d

to
o
b
ta

in
th

e
H

es
si

an
m

at
ri

x
of

th
e

lo
g-

m
ar

gi
n
al

li
ke

li
h
o
o
d

in
th

e
N

ew
to

n
–R

a
p
h
so

n
m

et
h
o
d

(W
o
o
d
,

20
11

;
W

o
o
d

et
al

.,
20

16
).

T
h
es

e
d
iffi

cu
lt

ie
s

m
ak

e
L

ap
la

ce
ap

p
ro

x
im

at
io

n
co

m
p
u
ta

ti
o
n
a
ll
y

d
em

an
d
in

g
fo

r
sm

o
ot

h
n
es

s
se

le
ct

io
n
,

an
d

li
m

it
it

s
ex

te
n
si

on
to

co
m

p
le

x
m

o
d
el

s.
In

S
ec

ti
o
n

2.
1

w
e

p
re

se
n
t

a
si

m
p
le

r
al

te
rn

at
iv

e
th

at
is

ea
si

er
to

im
p
le

m
en

t,
fa

st
er

a
n
d

ve
ry

a
cc

u
ra

te
.

A
lt

h
ou

gh
w

e
il
lu

st
ra

te
ou

r
id

ea
s

on
ge

n
er

al
iz

ed
ad

d
it

iv
e

m
o
d
el

s,
ou

r
au

to
m

a
ti

c
sm

o
o
th

-
in

g
m

et
h
o
d

ex
te

n
d
s

to
th

e
ge

n
er

al
se

tt
in

g
of
L
2

re
gu

la
ri

za
ti

on
if

w
e

re
p
la

ce
th

e
sm

o
o
th

in
g

m
at

ri
ce

s
w

it
h

id
en

ti
ty

m
at

ri
ce

s.
H

y
p

er
-p

ar
am

et
er

o
p
ti

m
iz

at
io

n
b
as

ed
on

m
a
rg

in
a
l

li
k
el

i-
h
o
o
d

in
ot

h
er

co
n
te

x
ts

is
a

lo
n
g-

st
an

d
in

g
p
ro

b
le

m
ad

d
re

ss
ed

b
y

M
ac

K
ay

(1
99

2
,

1
9
9
9
),

N
ea

l
(1

99
6)

,
T

ip
p
in

g
(1

99
9,

20
01

),
F

au
l

an
d

T
ip

p
in

g
(2

00
1)

,
Q

i
et

al
.

(2
00

4)
,

M
cH

u
tc

h
o
n

a
n
d

R
as

m
u
ss

en
(2

01
1)

an
d

m
an

y
ot

h
er

s.

2
.1

.
A

p
p

ro
x
im

a
te

E
x
p

e
c
ta

ti
o
n

-m
a
x
im

iz
a
ti

o
n

W
e

d
ir

ec
tl

y
m

ax
im

iz
e

th
e

lo
g-

m
ar

gi
n
al

li
ke

li
h
o
o
d

(1
1)

w
it

h
re

sp
ec

t
to

th
e

sm
o
o
th

in
g

h
y
p

er
-

p
ar

am
et

er
s

u
si

n
g

th
e

ex
p

ec
ta

ti
on

-m
ax

im
iz

at
io

n
(E

M
)

al
go

ri
th

m
(D

em
p
st

er
et

a
l.
,

1
9
7
7
;

M
cL

ac
h
la

n
an

d
K

ri
sh

n
an

,
20

08
),

w
h
ic

h
ci

rc
u
m

ve
n
ts

ev
al

u
at

io
n

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
.

T
h
e

E
M

al
go

ri
th

m
is

an
it

er
at

iv
e

m
et

h
o
d

fo
r

co
m

p
u
ti

n
g

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
a
to

rs
fo

r
d
iffi

cu
lt

fu
n
ct

io
n
s,

b
y

al
te

rn
at

in
g

b
et

w
ee

n
an

ex
p

ec
ta

ti
on

st
ep

,
th

e
E

-s
te

p
,
an

d
it

s
m

a
x
im

iz
a
-

ti
on

,
th

e
M

-s
te

p
,

at
ev

er
y

it
er

at
io

n
u
n
ti

l
co

n
ve

rg
en

ce
.

Ig
n
or

in
g

th
e

co
n
st

an
t

te
rm

,
ta

k
in

g
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
of

ex
p
re

ss
io

n
(1

0)
w

it
h

re
sp

ec
t

to
th

e
p

os
te

ri
or
π

(w
|Y

=
y

;λ
k
)
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F
a
st

A
u
t
o
m
a
t
ic

S
m
o
o
t
h
in
g

f
o
r
G
e
n
e
r
a
l
iz
e
d

A
d
d
it
iv
e
M
o
d
e
l
s

a
t

th
e

b
est

estim
ate

λ
k

at
iteration

k
y
ield

s

`
M

(λ
;y

)≡
Q

(λ
;λ

k )−
K

(λ
;λ

k ),

w
h
ere
≡

in
d
ica

tes
eq

u
ality

u
p

a
con

stan
t,

an
d

Q
(λ

;λ
k )

=
E
π
(w
|Y

;λ
k
) {

`
P

(w
;Y

,λ
)

+
12

log|S
λ |+ }

,
(13)

K
(λ

;λ
k )

=
E
π
(w
|Y

;λ
k
) {
`(w
|
Y

;λ
) }

=
E
π
(w
|Y

;λ
k
) {

log
π

(w
|
Y

;λ
) }
.

T
h
e

E
-step

co
rresp

on
d
s

to
th

e
an

aly
tic

calcu
lation

of
th

e
fu

n
ction

Q
,

w
h
ich

is
m

ax
im

ized
w

ith
resp

ect
to
λ

at
th

e
M

-step
to

p
rov

id
e
λ
k
+
1 ,

as
in

p
u
t

for
th

e
n
ex

t
E

M
iteration

.
J
en

sen
’s

in
eq

u
a
lity

im
p
lies

th
at
K

(λ
;λ

k )6
K

(λ
k ;λ

k )
for

all
λ

,
an

d
sin

ce
Q

(λ
k
+
1 ;λ

k )>
Q

(λ
k ;λ

k ),
w

e
h
ave

`
M

(λ
k
+
1 ;y

)
>
`
M

(λ
k ;y

).
T

h
e

E
M

a
lgorith

m
th

u
s

tran
sfers

op
tim

ization
of

th
e

lo
g
-m

a
rgin

a
l

likelih
o
o
d
`
M

to
th

at
of
Q

,
an

d
en

su
res

th
at
`
M

in
creases

a
fter

every
M

-step
.

U
n
d
er

m
ild

co
n
d
ition

s,
th

e
algorith

m
is

gu
aran

teed
to

reach
at

least
a

lo
cal

m
ax

im
u
m

(D
em

p
ster

et
al.,

1977).
W

e
fi
rst

con
stru

ct
th

e
fu

n
ction

Q
u
sed

at
th

e
E

-step
.

2
.2

.
E

-ste
p

A
p
p
ly

in
g

B
ayes’

ru
le

to
th

e
p

osterior
for

w
,

th
e

n
on

-triv
ial

elem
en

t
of

th
e

fu
n
ction

Q
in

(1
3
)

is

E
π
(w
|Y

;λ
k
) {
`
P

(w
;Y

,λ
) }

=

∫
`
P

(w
;y
,λ

)
π

(w
|
Y

=
y

;λ
k )

d
w

=

∫
`
P

(w
;y
,λ

)
ex

p
`
P

(w
;y
,λ

k )
d
w

∫
ex

p
`
P

(w
;y
,λ

k )
d
w

.
(14)

B
o
th

in
teg

ra
ls

are
in

tractab
le.

S
in

ce
`
P

m
ay

n
ot

b
e

p
ositive,

th
e

n
u
m

erator
can

n
ot

b
e

ex
p
ressed

a
s

th
e

in
tegral

of
an

ex
p

on
en

tial
fu

n
ction

,
so

d
irect

L
ap

lace
ap

p
rox

im
ation

is
im

p
ra

ctica
b
le.

T
iern

ey
et

al.
(1989)

overcom
e

th
is

b
y

ap
p
rox

im
atin

g
sim

ilar
ratios

u
sin

g
th

e
m

o
m

en
t

g
en

eratin
g

fu
n
ction

,
sin

ce
(14)

is
th

e
ex

p
ectation

of
a

scalar
fu

n
ction

,
`
P

,
of

th
e

reg
ressio

n
w

eig
h
ts,

w
h
ich

are
h
ere

treated
as

ran
d
om

variab
les

w
ith

join
t

p
rob

ab
ility

d
en

sity
p
ro

p
o
rtio

n
a
l

to
ex

p
`
P

(w
;y
,λ

k ),
th

e
p

osterior
d
en

sity
con

d
ition

al
on
y

as
seen

from
(1

0).
F

o
r

a
n
y
w

,
let

`
t (w

;y
,λ
,λ

k )
=
t`

P
(w

;y
,λ

)
+
`
P

(w
;y
,λ

k ),
t∈

R
.

T
h
e

co
n
d
itio

n
a
l

m
om

en
t

gen
eratin

g
fu

n
ction

of
`
P

(w
;Y

,λ
)

is
th

u
s

M
(t)

=
E
π
(w
|Y

;λ
k
) [ex

p {
t`

P
(w

;Y
,λ

) } ]
=

∫
ex

p {
t`

P
(w

;y
,λ

) }
f

(y
,w

;λ
)

d
w

∫
f

(y
,w

;λ
)

d
w

=

∫
ex

p
`
t (w

;y
,λ
,λ

k )
d
w

∫
ex

p
`
0 (w

;y
,λ
,λ

k )
d
w

.
(15)
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E
l
-B

a
c
h
ir

a
n
d

D
a
v
iso

n

E
x
p
ression

(15)
is

a
ratio

of
tw

o
in

tractab
le

in
tegrals,

each
o
f

w
h
ich

can
b

e
ap

p
rox

im
ated

u
sin

g
th

e
L

ap
lace

m
eth

o
d
.

L
et

ŵ
t

=
arg

m
ax
w

`
t (w

;y
,λ
,λ

k ),
ŵ
k

=
a
rg

m
ax
w

`
P

(w
;y
,λ

k )
=

arg
m

ax
w

`
0 (w

;y
,λ
,λ

k )

d
en

ote
th

e
m

ax
im

izers
of
`
t (w

;y
,λ
,λ

k )
an

d
`
P

(w
;y
,λ

k ),
an

d
w

rite
th

e
n
egative

H
essian

m
atrix

as
H

t (w
;λ
,λ

k )
=
tH

P
(w

;λ
)

+
H

P
(w

;λ
k ),

w
h
ere

H
P

is
giv

en
in

(8
).

S
econ

d
-

ord
er

T
ay

lor
ex

p
an

sion
of
`
t (w

;y
,λ
,λ

k )
aro

u
n
d
ŵ
t

y
ield

s
th

e
follow

in
g

ap
p
rox

im
ation

for
th

e
n
u
m

erator
of

(15),

∫
ex

p
`
t (w

;y
,λ
,λ

k )
d
w

=
ex

p
`
t (ŵ

t ;y
,λ
,λ

k )

∫
ex

p {
−

12 (w
−
ŵ

t )
T
H

t (ŵ
t ;λ

,λ
k )(w

−
ŵ

t ) }
d
w
{
1

+
O

(n
−
1)}

=
(2π

)
d
/
2

d
et
H

t (ŵ
t ;λ

,λ
k ) −

1
/
2

ex
p
`
t (ŵ

t ;y
,λ
,λ

k ){
1

+
O

(n
−
1)}

,

w
h
ere

th
e

d
eterm

in
an

t
is

w
ell-d

efi
n
ed

b
ecau

se
H

t (ŵ
t ;λ

,λ
k )

is
p

o
sitiv

e
d
efi

n
ite

at
con

-
vergen

ce.
O

n
sim

ilarly
ap

p
ly

in
g

L
ap

lace
ap

p
rox

im
ation

to
th

e
d
en

om
in

ator
of

(15
),

th
e

con
d
ition

al
m

om
en

t
gen

eratin
g

fu
n
ction

b
ecom

es

M
(t)

=
ex

p {
`
t (ŵ

t ;y
,λ
,λ

k )−
`
P

(ŵ
k ;y

,λ
k ) }

d
et
H

t (ŵ
t ;λ

,λ
k ) −

1
/
2

d
et
H

P
(ŵ

k ;λ
k ) −

1
/
2
{
1

+
O

(n
−
2)},

(1
6
)

w
h
ere

th
e

relative
ap

p
rox

im
ation

error
is
O

(n
−
2)

ra
th

er
th

an
O

(n
−
1)

b
ecau

se
th

e
error

term
s

in
th

e
n
u
m
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(ŵ

k
;λ

)
+

d
0
H

L

d
t

(ŵ
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lin
early
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d
ep

en
d
en

t
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w
eigh

ts.
A

n
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cien
t

an
d
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m
eth

o
d
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fi
n
d
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Q

R
d
e-
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m

p
o
sitio

n
w
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colu

m
n

p
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otin
g

(G
olu

b
an

d
V

an
L

oan
,

20
13,

S
ection

5
.4.2).

T
h
e

Q
R

fa
ctoriza

tio
n

fi
n
d
s

a
p

erm
u
tation

m
atrix

P
∈
R
d×
d
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th
at
H

P
(ŵ

k ;λ
k )P

=
Q
R

,
w

h
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th
e

fi
rst

r
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lu
m

n
s
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Q

form
an

orth
on

orm
al

b
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H

P
.

A
s

th
e
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u
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m
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m
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e
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m
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H

P
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e
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r
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P
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ŵ
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b
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d
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e
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d
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g
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d
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n
d
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1
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b
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f
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,
a
s
∂
`
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(λ
;y

)/∂
λ

=
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(λ
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k )|λ
k
=
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.
S
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G

(λ
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e
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n
v
ergen
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u
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t
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ch
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g
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at
for
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j,

G
j (λ

k
+
1
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=
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(c
k
,j −

c
k
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1
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<
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f
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er-p
aram

eter,
so

th
at

on
ly

u
n
con

-
verg

ed
o
n
es

n
eed

b
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e
p

en
a
lized

lo
g
-likelih

o
o
d
,

w
h
ich

su
ggests

d
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e
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b
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d
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e

ex
p

en
siv

e
an

d
n
u
m

erically
u
n
stab

le
fu

n
ctio

n
Q

.
T

h
is

in
d
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a
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p
roa
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S
m
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d
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m
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u
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ation
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erivatives

of
th

e
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b
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to
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p
u
tation
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ex
p

en
siv

e
an

d
n
u
m
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u
n
stab
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o
o
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2011;
W

o
o
d

et
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M
oreover,

th
e
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of

th
e
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m
atrix
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p
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e
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-step
an
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u
p

d
ate
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th

e
u
n
con

v
erged

sm
o
oth

in
g

h
y
p

er-p
aram

eters
on

ly,
giv

in
g

an
ad

d
ition

al
sh

ortcu
t.

W
e

assess
th

e
p

erform
an

ce
of

th
e

p
rop

osed
m

eth
o
d
ology

in
S
ection

3.

3
.
S
im

u
la
tio

n
S
tu

d
y

W
e

gen
erated

R
=

100
rep

licates
of

train
in

g
sets

of
n

=
25000

ex
am

p
les

from
a

variety
of

p
rob

ab
ility

d
istrib

u
tion

s
w

ith
p
aram

eters
th

at
d
ep

en
d

on
sm

o
oth

fu
n
ction

s
of

in
p
u
ts.

L
et

x
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7
b

e
in

d
ep

en
d
en
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vectors

of
n
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en
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d
istrib

u
ted

stan
d
ard

u
n
iform

variab
les.

F
igu

res
1

an
d

2
illu

strate
th

e
seven

sm
o
o
th

fu
n
ction

s
w

e
con

sid
ered

,

f
1 (x

)
=

10
4x

3(1−
x

)
6 {

(1−
x

)
4

+
20
x
8 }
,

f
2 (x

)
=

2
sin

(π
x

),
f
3 (x

)
=

ex
p
(2
x

),

f
4 (x

)
=

0
.1
x
2,

f
5 (x

)
=

sin
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π
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)/2
,

f
6 (x

)
=
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x
3/

2
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f
7 (x

)
=
−
x
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2
+

sin
(π
x

).
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e

fu
n
ction

al
p
aram

eters
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i1 ,x

i2 ,x
i3 )

=
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f
j (x
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σ

(x
i4 ,x

i5 ,x
i6 )

=
6
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f
j (x
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=
f
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,

w
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d
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3 )
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d
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6 )/2}
,

12
JM

L
R

 20(173):1-27, 2019



F
a
st

A
u
t
o
m
a
t
ic

S
m
o
o
t
h
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d
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d
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t
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d
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b
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ra
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e
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b
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b
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p
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b
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.
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c
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b
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b
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b
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p
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p
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w
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p
li
n
g

an
d

an
ap

p
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at
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b
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b
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d
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h
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h
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p
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h
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d
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b
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b
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p
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h
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ra
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b
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u
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h
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b
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d
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d
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h
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m
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.
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n
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p
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p
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p
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p
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d
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p
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d
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u
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p
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d
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b
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d
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on
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n
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y
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e
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en
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e

d
im

en
si

o
n

of
th

e
d
at

a
an

d
th

er
ef

or
e

th
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g
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b
e

m
u
tu

al
ly

or
th

og
on

al
.

In
d
ep

en
d
en

t
C

om
p
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n
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,
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;

B
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d
S
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n
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sk
i,

1
9
9
7
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a
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u
e
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r
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ar
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th
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u
n
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n
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an

d
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,
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d
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p
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w
h
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h
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n
b
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n
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y
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p
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s
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d
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p
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ta
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n
al
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gh
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w
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gh

t
b
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au
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th

e
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p
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n
d
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b
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b
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n
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o
d
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X
i

=
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S
j
,
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h
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e
A
∈
R
D
×
L
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re
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ed
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th

e
m
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in

g
m
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tr
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w

h
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n
D
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e
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n
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X
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L
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p
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∈
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∑
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b
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b
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g
P
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)
=

M ∑ i=
1
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1

g
(∑

k

W
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X

(i
)

k
)
−
M

lo
g
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w
h
er

e
g
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sp
ec
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p
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d
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b
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X
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h
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w
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b
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ra
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X
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P
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b
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ra
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b
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ra
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ra
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p
le

te
IC

A
,

th
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ra
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p
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p
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p
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p
l
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c
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c
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b
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arsity
p
rior

(H
y
v
ärin

en
an

d
In

k
i,

2
0
0
2
;

L
e

et
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b
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).

(4)

T
h
is

fo
rm

is
a
lso

sim
ilar

to
th

e
log-p
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d
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p
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n
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e

a
n
a
ly

sis
v
iew

(B
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S
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H
y
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E
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T
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0
0
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O
p
h
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et
al.,
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R

u
b
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C
h
u
n

an
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F
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A
S
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S
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n
aly
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W
X
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P
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(5)

In
overco

m
p
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con
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ce
of

a
d
iction

ary
is

d
efi
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m
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e

G
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a

u
n
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n
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a
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d
iction
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p
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W
,
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eren
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m
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| ∑

k

W
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=

m
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θ
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(6)
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b
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u
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W
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b
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o
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lete
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o
d
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h
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b
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a
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y
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en
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reco
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cost
(L

e
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al.,
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w
h
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is
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u
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t
to

th
e
L
2
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eren
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8

(R
a
m
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et

al.,
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S
igg

et
al.,
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B

ao
et

al.,
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C
h
u
n

an
d

F
essler,

2018;
B

a
n
sal

et
a
l.,

2
0
1
8
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a
n
d

a
R

an
d
om

P
rior

cost
(H

y
v
ärin

en
an

d
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k
i,

2002)
(see

S
ection

3
for

d
etails).
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ever,
a
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sis
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eren
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con
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m
eth
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d
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an
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a
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m
p
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n
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d
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overcom
p
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a
rse

co
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e
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d
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p
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en
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w
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th
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u
r
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th
e

glo
b
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m
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a

of
th

e
L
2
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h
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m
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d
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b
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con
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d
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p
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o
n

,
R
∈
O

(L
),

p
ro

je
ct

ed
w

it
h
in

th
e
D

-d
im

en
si

o
n

a
l

su
bs

pa
ce

o
f

th
e

d
ic

ti
o
n

a
ry

el
em

en
ts

a
n

d
a

n
id

en
ti

ty
a
p
p
li

ed
to

th
e

co
m

p
le

m
en

t
su

bs
pa

ce
,

Φ
=
P
R

+
P
C

.
T

h
er

e
ex

is
t

n
o
n

-t
ri

vi
a
l

co
n

ti
n

u
o
u

s
tr

a
n

sf
o
rm

a
ti

o
n

s:
Φ

,
o
n
W

0
to

w
h
ic

h
th

e
L
2

co
st

is
in

va
ri

a
n

t.
T

h
es

e
tr

a
n

sf
o
rm

ed
d
ic

ti
o
n

a
ri

es
,
W

0
Φ

,
h
a
ve

co
h
er

en
ce
≤

1
fo

r
n

o
n

-i
d
en

ti
ty

ro
ta

ti
o
n

s
a
n

d
a
re

gl
o
ba

l
m

in
im

a
o
f

th
e
L
2

co
st

.

A
p
p

en
d
ic

es
B

.1
an

d
B

.4
co

n
ta

in
th

e
p
ro

of
s

of
th

es
e

th
eo

re
m

s.

T
h
es

e
h
ig

h
co

h
er

en
ce

gl
ob

al
m

in
im

a
ar

e
il
lu

st
ra

te
d

w
it

h
a

tw
o

d
im

en
si

o
n
a
l,

tw
o

ti
m

es
ov

er
co

m
p
le

te
ex

am
p
le

in
F

ig
1.

It
ca

n
b

e
sh

ow
n

th
at

th
er

e
ar

e
p
at

h
ol

og
ic

a
l

(h
ig

h
co

h
er

-
en

ce
)

m
in

im
a

(F
ig

1A
)

w
h
ic

h
ca

n
b

e
co

n
ti

n
u
ou

sl
y

ro
ta

te
d

in
to

ot
h
er

lo
w

co
h
er

en
ce

m
in

im
a

(F
ig

1B
).

T
h
es

e
co

n
fi
gu

ra
ti

on
s

ar
e

eq
u
iv

al
en

t
in

te
rm

s
of

th
e

va
lu

e
of

th
e
L
2

co
st

a
n
d

li
e

on
a

co
n
n
ec

te
d

gl
ob

al
m

in
im

u
m

.
T

h
es

e
fa

m
il
ie

s
of

co
n
fi
gu

ra
ti

on
s

ar
e

m
in

im
a

if
it

ca
n

b
e

sh
ow

n
th

at
th

e
gr

ad
ie

n
t

of
th

e
co

st
is

ze
ro

,
th

at
is

,
th

ey
ar

e
cr

it
ic

al
p

oi
n
ts

of
th

e
co

st
,

a
n
d

th
at

th
e

H
es

si
an

is
p

os
it

iv
e

d
efi

n
it

e
in

al
l

d
ir

ec
ti

on
s

b
u
t

th
e

on
e

th
at

ro
ta

te
s

th
e

co
n
fi
g
u
ra

ti
o
n

w
it

h
in

th
e

fa
m

il
y

of
so

lu
ti

on
s.

W
e

w
il
l

sh
ow

th
es

e
tw

o
th

in
gs

th
ro

u
gh

an
ex

p
li
ci

t
d
er

iv
a
ti

o
n

in
th

e
2

d
im

en
si

on
al

ca
se

.

In
or

d
er

to
u
n
d
er

st
an

d
th

es
e

m
in

im
a,

w
e

ev
al

u
a
te

th
e
L
2

co
st

in
a

tw
o

d
im

en
si

o
n
a
l

ex
-

am
p
le

an
al

y
ti

ca
ll
y.

T
h
e

gl
ob

al
ro

ta
ti

on
al

sy
m

m
et

ry
of

th
e
L
2

co
st

al
lo

w
s

u
s

to
p
a
ra

m
et

er
iz

e
al

l
so

lu
ti

on
s

w
it

h
re

sp
ec

t
to

on
e

fi
x
ed

d
ic

ti
on

ar
y

el
em

en
t:

(1
,0

),
w

it
h
ou

t
lo

ss
o
f

g
en

er
a
li
ty

.
T

h
e

fo
u
r

d
ic

ti
on

ar
y

el
em

en
ts

,
sh

ow
n

in
F

ig
1,

ar
e

(1
,0

),
(c

os
θ 1
,s

in
θ 1

),
(c

os
θ 2
,s

in
θ 2

),
(c

os
θ 2

+
θ 3
,s

in
θ 2

+
θ 3

).
(9

)

S
et

ti
n
g
θ 1

an
d
θ 3

to
π
/2

,
th

at
is

,
cr

ea
ti

n
g

tw
o

se
ts

of
or

th
on

or
m

al
b
as

es
,

fo
rm

s
a

ri
n
g

o
f

m
in

im
a

as
θ 2

is
va

ri
ed

.
T

h
is

ca
n

b
e

sh
ow

n
b
y

co
m

p
u
ti

n
g

th
e

gr
ad

ie
n
t

an
d

th
e

ei
g
en

va
lu

es
of

th
e

H
es

si
an

of
th

e
L
2

co
st

at
th

es
e

p
oi

n
ts

.
T

h
e

co
st

fu
n
ct

io
n
,

gr
ad

ie
n
t,

a
n
d

H
es

si
a
n

a
re

ta
b
u
la

te
d

in
A

p
p

en
d
ix

A
an

d
th

e
ei

ge
n
va

lu
es

ar
e

p
lo

tt
ed

in
d
iv

id
u
al

ly
in

F
ig

1
.

T
h
e

va
lu

e
of

th
e
L
2

co
st

is
co

n
st

a
n
t

as
a

fu
n
ct

io
n

of
θ 2

(F
ig

1C
,

p
u
rp

le
,

d
a
sh

ed
li
n
e)

ev
en

th
ou

gh
th

e
co

h
er

en
ce

is
d
ra

st
ic

al
ly

ch
an

gi
n
g

as
a

fu
n
ct

io
n

of
θ 2

.
T

h
e

H
es

si
a
n

o
f

th
e

L
2

co
st

al
on

g
th

is
p
at

h
h
as

on
e

ei
ge

n
va

lu
e

th
at

is
0

as
a

fu
n
ct

io
n

of
θ 2

w
h
o
se

ei
g
en

v
ec

to
r

co
rr

es
p

on
d
s

to
ch

an
gi

n
g
θ 2

w
it

h
fi
x
ed

θ 1
an

d
θ 3

(F
ig

1D
,

se
e

A
p
p

en
d
ix

A
fo

r
th

e
ex

a
ct

fu
n
ct

io
n
al

fo
rm

).
T

h
e

ot
h
er

tw
o

ei
ge

n
va

lu
es

ar
e

gr
ea

te
r

th
an

ze
ro

an
d

gr
ea

te
r

th
en

ze
ro

fo
r
θ 2
6=

0
re

sp
ec

ti
ve

ly
w

h
ic

h
sh

ow
s

th
at

th
e

co
st

is
a

m
in

im
u
m

al
m

os
t

ev
er

y
w

h
er

e
a
lo

n
g

th
is

p
at

h
.

A
t
θ 2

=
0,

th
e

se
co

n
d

ei
ge

n
va

lu
e

b
ec

om
es

0.
T

h
is

ei
ge

n
va

lu
e

h
a
s

ei
g
en

v
ec

to
r

(−
1
,0
,1

).
If

w
e

ev
al

u
at

e
th

e
co

st
al

on
g

th
is

d
ir

ec
ti

o
n

ce
n
te

re
d

at
θ 1

=
θ 2

=
θ 3

=
0
,

w
e

fi
n
d

th
at

al
th

ou
gh

th
e

se
co

n
d

d
er

iv
at

iv
e

is
ze

ro
,

th
e

fo
u
rt

h
d
er

iv
at

iv
e

is
p

os
it

iv
e

sh
ow

in
g

th
a
t

in
d
ee

d
,

th
is

p
oi

n
t

is
a

m
in

im
u
m

(s
ee

A
p
p

en
d
ix

A
.2

fo
r

a
d
er

iv
at

io
n
).

In
m

an
y

p
re

v
io

u
s

st
u
d
ie

s,
th

e
L
2

co
st

or
va

ri
at

io
n
s

of
it

w
er

e
p
ro

p
os

ed
in

o
rd

er
to

le
a
rn

d
ic

ti
on

ar
ie

s
w

it
h

lo
w

er
co

h
er

en
ce

(R
am

ır
ez

et
al

.,
20

09
;
L

e
et

al
.,

20
11

;
S
ig

g
et

a
l.
,
2
0
1
2
;
B

a
o

et
al

.,
20

14
;

C
h
u
n

an
d

F
es

sl
er

,
20

18
;

B
an

sa
l

et
al

.,
20

18
).

T
h
e

re
su

lt
s

in
th

is
se

ct
io

n
sh

ow
th

at
th

e
L
2

co
st

fu
n
ct

io
n

d
o
es

n
ot

p
ro

v
id

e
co

h
er

en
ce

co
n
tr

ol
in

th
e

ov
er

co
m

p
le

te
re

g
im

e.
In

fa
ct

,
d
ic

ti
on

ar
ie

s
th

at
sh

ou
ld

b
e

m
ax

im
a

ar
e

p
ar

t
of

a
se

t
of

gl
ob

al
m

in
im

a.
T

h
is

in
d
ic

a
te

s
th

at
th

er
e

is
a

n
ee

d
fo

r
n
ew

fo
rm

s
of

co
h
er

en
ce

co
n
tr

ol
.
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L
e
a
r
n
in
g

O
v
e
r
c
o
m
p
l
e
t
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,
L
o
w

C
o
h
e
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n
c
e
D
ic
t
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n
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r
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w
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L
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e
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f
e
r
e
n
c
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2
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2
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2
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0 1Cost (scaled)

L2L4

2
0

2
2

1 0 1

ei (arb. units)

L2

2
0

2
2

1 0 1

ei (arb. units)

L4

A
B

CDE

F
ig

u
re

1
:

S
tru

ctu
re

of
th

e
p
ath

ological
glob

al
m

in
im

u
m

in
th

e
L
2

cost
w

h
ich

th
e
L
4

cost
co

rrects.
In

A
an

d
B

,
each

arrow
rep

resen
ts

a
d
iction

ary
elem

en
t

in
a

2-tim
es

overcom
p
lete

d
iction

ary
in

a
2-d

im
en

sion
al

sp
ace.

A
A

d
iction

ary
w

ith
h
igh

co
h
eren

ce
w

h
ich

h
as

th
e

sam
e

valu
e

of
th

e
cost

as
th

e
d
iction

ary
in

B
for

an
y
θ
2

in
clu

d
in

g
th

e
p
ath

ological
solu

tion
θ
2 →

0.
B

A
d
iction

ary
w

ith
low

coh
eren

ce.
C

T
h
e
L
2

an
d
L
4

costs
are

p
lotted

at
θ
1

=
θ
3

=
π
/2

as
a

fu
n
ction

of
θ
2 .

T
h
e

co
sts

h
ave

b
een

scaled
so

th
at

th
eir

m
ax

im
u
m

valu
e

is
1.

D
T

h
e

eigen
valu

es
of

th
e
L
2

cost
at
θ
1

=
θ
3

=
π
/2

as
a

fu
n
ction

of
θ
2

scaled
b

etw
een

-1
an

d
1.

E
T

h
e

eig
en

valu
es

of
th

e
L
4

cost
at
θ
1

=
θ
3

=
π
/2

as
a

fu
n
ction

of
θ
2

scaled
b

etw
een

-1
a
n
d

1.
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L
iv
e
z
e
y
,
B
u
ja

n
,
S
o
m
m
e
r

2
.2

.
A

d
d

re
ssin

g
h

ig
h

c
o
h

e
re

n
c
e

so
lu

tio
n

s:
L
4

a
n

d
C

o
u

lo
m

b
c
o
sts

T
h
e

rotation
al

sy
m

m
etry

in
th

e
L
2

cost
lead

s
to

its
p
ath

ological
(h

igh
coh

eren
ce)

glob
al

m
in

im
a,

an
d

th
is

in
sigh

t
m

otivates
a

sim
p
le

m
o
d
ifi

cation
w

h
ich

w
ill

n
ot

h
ave

h
igh

coh
eren

ce
m

in
im

a.
W

e
p
rop

ose
a

n
ovel

coh
eren

ce
con

trol
cost

term
ed

th
e
L
4

cost,
w

h
ich

rem
oves

th
e

p
ath

ological
m

in
im

a
of

th
e
L
2

cost.
T

h
e

m
otivation

for
th

is
cost

fu
n
ction

is
to

m
ore

stron
gly

p
en

alize
large

in
n
er

p
ro

d
u
cts

in
th

e
gram

m
atrix

.
T

h
e
L
4

cost
fu

n
ctio

n
also

acts
on

th
e

gram
m

atrix
of
W

,
b
u
t

raises
each

off
d
iagon

al
elem

en
t

to
th

e
fou

rth
p

ow
er

w
h
ich

b
reak

s
th

e
rotation

al
sy

m
m

etries
w

h
ich

lead
to

th
e

p
ath

ological
m

in
im

a

C
L
4 (W

)
=

14

∑

ij

(δ
ij −

∑

k

W
ik W

jk )
4

=
14

∑

ij

(δ
ij −

cos
θ
ij )

4.
(10)

F
ollow

in
g

th
e

sam
e

an
aly

sis
as

in
S
ection

2.1,
w

e
sh

ow
th

at
th

e
p
ath

olo
gical

solu
tion

s
are

eith
er

red
u
ced

to
sad

d
le

p
oin

ts
at
θ
2

=
n
π2

or
lo

cal
m

in
im

a
at
θ
2

=
(2
n

+
1
)
π4

,
w

h
ich

corresp
on

d
to

in
coh

eren
t

solu
tion

s
(F

ig
1E

).
T

h
e
L
4

cost
as

a
fu

n
ction

of
θ
2

h
as

a
m

a
x
im

u
m

at
θ
2

=
0

(coh
eren

t
solu

tion
s)

an
d

m
in

im
a

at
θ
2

=
π2

(F
ig

1C
).

T
h
e
L
4

co
st

fu
n
ction

,
grad

ien
t,

an
d

H
essian

are
tab

u
lated

in
A

p
p

en
d
ix

A
for

th
is

2
d
im

en
sion

al
ex

am
p
le.

W
e

also
p
rop

ose
a

secon
d

altern
ative

cost,
w

h
ere

th
e

rep
u
lsion

from
h
igh

coh
eren

ce
is

C
o
u

lo
m

bic
:

th
e

C
ou

lom
b

cost.
C

oh
eren

ce
con

trol
can

th
en

b
e

rela
ted

to
th

e
p
ro

b
lem

of
ch

aracterizin
g

th
e

m
in

im
u
m

p
oten

tial
en

ergy
states

of
L

ch
arged

p
articles

on
an

n
-sp

h
ere,

an
op

en
p
rob

lem
in

electrostatics
(S

m
a
le,

1998).
T

h
e

en
ergy,

E
C
o
u
lo
m
b,

of
tw

o
ch

arged
p

oin
t

p
articles

of
th

e
th

e
sam

e
sign

is
p
rop

ortion
al

to
th

e
in

verse
of

th
eir

d
istan

ce,
~r
ij

E
C
o
u
lo
m
b

ij
∝

1

|~r
ij | .

(11)

W
h
en

con
strain

ed
to

th
e

su
rface

of
th

e
u
n
it-ra

d
iu

s
n

-sp
h
ere,

th
e

d
istan

ce
b

etw
een

tw
o

p
oin

ts
can

b
e

w
ritten

as
a

fu
n
ction

of
on

ly
th

e
an

gle
b

etw
een

th
e

tw
o

p
oin

ts
|r
ij |

=
√

1−
cos

2(θ
ij /

2).
In

th
e

case
of

sam
e-sign

ch
arged

p
articles,

th
e

m
in

im
u
m

en
ergy

is
w

h
en

th
e

p
articles

are
at

an
tip

o
d
al

p
oin

ts.
H

ow
ever,

in
IC

A
,

th
ere

is
n
o

d
istin

ction
b

etw
een

a
d
iction

ary
elem

en
t

an
d

its
n
egative

(th
e

an
tip

o
d
al

p
oin

t).
In

stead
,

th
e

m
in

im
u
m

en
ergy

con
fi
gu

ration
sh

ou
ld

b
e

w
h
en

tw
o

elem
en

ts
are

p
erp

en
d
icu

lar.
T

o
m

ap
th

is
p
rob

lem
on

to
IC

A
,

th
e

cost
sh

ou
ld

b
e

m
ad

e
sy

m
m

etric
arou

n
d
θ

=
π
/2

rath
er

th
an

θ
=
π

sin
ce

a
d
ic-

tion
ary

elem
en

t
a
n
d

its
n
egative

sh
ou

ld
h
ave

m
ax

im
al

p
airw

ise
en

ergy,
n
ot

m
in

im
al.

T
h
is

can
b

e
accom

p
lish

ed
b
y

rep
lacin

g
θ

w
ith

2θ,
th

at
is, √

1−
cos

2(θ
ij /2)

→
√

1−
cos

2
θ
ij .

T
h
erefore,

th
e

C
ou

lom
b

cost
can

b
e

form
u
lated

as

C
C
o
u
lo
m
b (W

)
=
∑i6=
j

1
√

1−
cos

2
θ
ij

=
∑i6=
j

1
√

1−
( ∑

k
W
ik W

jk )
2
.

(12)

In
p
ractice,

w
e

su
b
tract

th
e

valu
e

o
f

th
e

cost
for

p
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b
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b
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h
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h
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m
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c
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b
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p
ro

p
os

ed
L
4

an
d

C
ou

lo
m

b
co

st
,

as
w

el
l

as
th

e
p
re

v
io

u
sl

y
p
ro

p
os

ed
R

an
d
om

P
ri

or
(s

ee
S
ec

ti
on

3)
,

al
l

p
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d
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d
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p
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p
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P
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p
a
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b
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2ŷ
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2ŷ
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d
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=
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ŷ
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+
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−
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d
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d
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p
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p
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b
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d
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b
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d
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d
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b
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con
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d
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p
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áš
H

rom
ád

ka,
an

d
A

n
th

on
y

M
Z

a
d
or.

R
eliab

ility
an

d
rep

resen
ta-

tio
n
a
l

b
a
n
d
w

id
th

in
th

e
au

d
itory

cortex
.

N
eu

ro
n

,
48(3):479–488,

2005.

D
av

id
L

D
o
n
oh

o
an

d
M

ich
ael

E
lad

.
O

p
tim

ally
sp

arse
rep

resen
tation

in
gen

eral
(n

on
o
rth

og-
o
n
a
l)

d
ictio

n
aries

v
ia

1
m

in
im

ization
.

P
roceed

in
gs

o
f

th
e

N
a
tio

n
a
l

A
ca

d
em

y
o
f

S
cien

ces,
1
0
0
(5

):2
1
9
7
–2202,

2003.

M
ich

a
el

E
la

d
,

P
ey

m
an

M
ilan

far,
an

d
R

on
R

u
b
in

stein
.

A
n
aly

sis
versu

s
sy

n
th

esis
in

sign
al

p
rio

rs.
In

verse
p
ro

blem
s,

23(3):947
,

2007.

M
a
tth

ew
F

ick
u
s

an
d

D
u
stin

G
M

ix
o
n
.

T
ab

les
of

th
e

ex
isten

ce
of

eq
u
ian

gu
la

r
tig

h
t

fram
es.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
4
.0

0
2
5
3
,

2015.

K
a
ro

l
G

reg
o
r

an
d

Y
an

n
L

eC
u
n
.

L
earn

in
g

fast
ap

p
rox

im
ation

s
of

sp
arse

co
d
in

g.
In

P
ro

-
ceed

in
gs

o
f

th
e

2
7
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
a
g
es

399–406.
O

m
n
ip

ress,
201

0.

C
h
risto

p
h
er

J
H

illar
an

d
F

ried
rich

T
S
om

m
er.

W
h
en

can
d
iction

ary
learn

in
g

u
n
iq

u
ely

recover
sp

a
rse

d
ata

from
su

b
sam

p
les?

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
61

(1
1
):6

2
90

–
6
2
97,

2015.

J
u
n
-ich

iro
H

irayam
a,

T
akesh

i
O

gaw
a,

an
d

A
ap

o
H

y
v
ärin

en
.

U
n
ify

in
g

b
lin

d
sep

aratio
n

an
d

clu
sterin

g
fo

r
restin

g-state
eeg/m

eg
fu

n
ction

al
con

n
ectiv

ity
an

aly
sis.

N
eu

ra
l

co
m

p
u

ta
tio

n
,

2
0
1
5
.

S
tep

h
en

D
H

ow
ard

,
A

R
ob

ert
C

ald
erb

an
k
,

an
d

S
tep

h
en

J
S
earle.

A
fast

reco
n
stru

ction
a
lg

o
rith

m
fo

r
d
eterm

in
istic

com
p
ressive

sen
sin

g
u
sin

g
secon

d
ord

er
reed

-m
u
ller

co
d
es.

In
In

fo
rm

a
tio

n
S

cien
ces

a
n

d
S

ystem
s,

2
0
0
8
.

C
IS

S
2
0
0
8
.

4
2
n

d
A

n
n

u
a
l

C
o
n

feren
ce

o
n

,
p
ages

1
1
–
1
5
.

IE
E

E
,

2008.

T
a
o

H
u
,

C
en

g
iz

P
eh

levan
,

an
d

D
m

itri
B

C
h
k
lov

sk
ii.

A
h
eb

b
ian

/an
ti-h

eb
b
ian

n
etw

ork
for

o
n
lin

e
sp

a
rse

d
iction

ary
learn

in
g

d
eriv

ed
from

sy
m

m
etric

m
atrix

factorizatio
n
.

In
2
0
1
4

4
8
th

A
silo

m
a
r

C
o
n

feren
ce

o
n

S
ign

a
ls,

S
ystem

s
a
n

d
C

o
m

p
u

ters,
p
ages

613–619.
IE

E
E

,
2
0
1
4
.

A
a
p

o
H

y
varin

en
.

F
ast

ica
for

n
oisy

d
ata

u
sin

g
gau

ssian
m

om
en

ts.
In

IS
C

A
S

’9
9
.

P
roceed

in
gs

o
f

th
e

1
9
9
9

IE
E

E
In

tern
a
tio

n
a
l

S
ym

po
siu

m
o
n

C
ircu

its
a
n

d
S

ystem
s

V
L

S
I

(C
a
t.

N
o
.

9
9
C

H
3
6
3
4
9
),

volu
m

e
5,

p
ages

57–6
1.

IE
E

E
,

1999.

A
a
p

o
H

y
v
ä
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ä
rin

en
an

d
M

ika
In

k
i.

E
stim

a
tin

g
overcom

p
lete

in
d
ep

en
d
en

t
com

p
on

en
t

b
ases

for
im

a
g
e

w
in

d
ow

s.
J

o
u

rn
a
l

o
f

M
a
th

em
a
tica

l
Im

a
gin

g
a
n

d
V

isio
n

,
17(2):13

9–
152,

2002.

3
9

JM
L

R
 20(174):1-42, 2019

L
iv
e
z
e
y
,
B
u
ja

n
,
S
o
m
m
e
r

A
ap

o
H

y
v
ärin

en
a
n
d

U
rs

K
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um

de
r
et

al
.,
20

10
;T

ro
ya
ns
ka
ya

et
al
.,
20

01
)
or

de
ep

le
ar
ni
ng

m
et
ho

ds
(G

on
da

ra
an

d
W
an

g,
20

17
;Z

ha
ng

et
al
.,
20

18
;M

at
te
ia

nd
Fr
el
ls
en

,
20
19
).

W
hi
le

so
m
e
re
ce
nt

w
or
k
ad

dr
es
se
s
im

pu
ta
ti
on

fo
r
m
or
e
he
te
ro
ge
ne
ou

s
da

ta
ty
pe

s
(S
te
kh

ov
en

an
d
B
üh

lm
an

n,
20

12
;Y

oo
n
et

al
.,
20

18
;N

az
ab

al
et

al
.,
20

18
),
he
te
ro
ge
ne
ou

s
in

th
os
e
st
ud

ie
s
re
fe
rs

to
bi
na

ry
,o

rd
in
al

or
ca
te
go
ri
ca
lv

ar
ia
bl
es
,w

hi
ch

ca
n
be

ea
si
ly

tr
an

sf
or
m
ed

in
to

nu
m
er
ic
al

re
pr
es
en
ta
ti
on

s.
In

pr
ac
ti
ce

al
so

th
es
e
si
m
pl
e
tr
an

sf
or
m
at
io
ns

re
qu

ir
e
gl
ue

co
de

th
at

ca
n
be

di
ffi
cu
lt
to

ad
ap

t
an

d
m
ai
nt
ai
n
in

a
pr
od

uc
ti
on

se
tt
in
g.

W
ri
ti
ng

su
ch

fe
at
ur
e

ex
tr
ac
ti
on

co
de

is
ou

t
of

sc
op

e
fo
r
m
an

y
en
gi
ne
er
s
an

d
ca
n
in
cu
r
co
ns
id
er
ab

le
te
ch
ni
ca
ld

eb
t

on
an

y
da

ta
pi
pe

lin
e
(S
cu
lle
y
et

al
.,
20
15
;
Sc
he
lt
er

et
al
.,
20
18
).

W
e
re
le
as
e
Da

ta
Wi

g
to

co
m
pl
em

en
t
ex
is
ti
ng

im
pu

ta
ti
on

lib
ra
ri
es

by
an

im
pu

ta
ti
on

so
lu
ti
on

fo
r
ta
bl
es

th
at

co
nt
ai
n

no
t
on

ly
nu

m
er
ic
al

va
lu
es

or
ca
te
go
ri
ca
l
va
lu
es
,
bu

t
al
so

m
or
e
ge
ne
ri
c
da

ta
ty
pe

s
su
ch

as
un

st
ru
ct
ur
ed

te
xt
.
E
xt
en

di
ng

th
e
fu
nc

ti
on

al
it
y
of

pr
ev
io
us

pa
ck
ag

es
,D

at
aW

ig
’s

im
pu

ta
ti
on

au
to
m
at
ic
al
ly

se
le
ct
s
fr
om

a
nu

m
be

r
of

fe
at
ur
e
ex
tr
ac
to
rs
,i
nc
lu
di
ng

de
ep

le
ar
ni
ng

te
ch
ni
qu

es
,

an
d
le
ar
ns

al
lp

ar
am

et
er
s
in

an
en
d-
to
-e
nd

fa
sh
io
n
us
in
g
th
e
sy
m
bo

lic
A
P
I
of

A
pa

ch
e
mx

ne
t

to
en

su
re

effi
ci
en
t
ex
ec
ut
io
n
on

bo
th

C
P
U
s
an

d
G
P
U
s.

2.
Im

p
u
ta

ti
on

M
od

el

T
he

im
pu

ta
ti
on

m
od

el
in

Da
ta

Wi
g

is
in
sp
ir
ed

by
es
ta
bl
is
he
d

ap
pr
oa
ch
es

(v
an

B
uu

re
n,

20
18

)
an

d
fo
llo

w
s
th
e
ap

pr
oa

ch
of

M
IC

E
,a

ls
o
re
fe
rr
ed

to
as

fu
lly

co
nd

it
io
na

ls
pe
ci
fic
at
io
n
:

fo
r
ea
ch

to
-b
e-
im

pu
te
d
co
lu
m
n
(r
ef
er
re
d
to

as
ou

tp
ut

co
lu
m
n)
,
th
e
us
er

ca
n
sp
ec
ify

th
e

co
lu
m
ns

w
hi
ch

m
ig
ht

co
nt
ai
n
us
ef
ul

in
fo
rm

at
io
n
fo
r
im

pu
ta
ti
on

(r
ef
er
re
d
to

as
in
pu

t
co
lu
m
ns
).
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D
ata

W
ig

:
M

issin
g

V
a
lu

e
Im

pu
tatio

n
fo

r
T
a
bles

scenario,oursystem
’ssim

ple
A

PI(presented
in

Section
4)isalso

bene�cialforotheruse
cases:usersw

ithoutany
m

achine
learning

experience
orcoding

skillsw
ho

w
antto

run
sim

ple
classi�cation

experim
entson

non-num
ericaldatacan

leveragethesystem
aslong

asthey
can

exporttheirdata
from

an
Excelsheetand

specify
the

targetcolum
n.

In
orderto

dem
onstrate

the
scalability

and
perform

ance
ofour

approach,w
e

presentexperim
entson

sam
plesofa

large
product

catalog
and

on
public

datasets
extracted

from
W

ikipedia.In
the

experim
entson

the
productcatalog,w

e
im

pute
m

issing
product

attribute
valuesfora

variety
ofproducttypesand

attributes.The
sizesofthedatasetssam

pled
from

theproductcatalog
arebetw

een
several1,000

row
sand

severalm
illion

row
s,w

hich
isbetw

een
one

to
fourordersofm

agnitude
largerthan

data
setsin

previousw
ork

on
m

issing
value

im
putation

on
num

ericaldata
[10].W

e
evaluate

the
im

putations
on

productdata
w

ith
very

di�erentlanguages
(English

and
Japanese),and

�nd
thatoursystem

isableto
dealw

ith
di�erentlanguagesw

ithoutany
language-speci�cpreprocessing,

such
as

tokenization.In
the

W
ikipedia

experim
ents,w

e
im

pute
m

issing
infobox

attributesfrom
the

article
abstractsfora

num
ber

ofinfobox
properties.

A
sketch

ofthe
proposed

approach
is

show
n

in
Figure

1.W
e

w
illuse

the
running

exam
ple

ofim
puting

m
issing

colorattributes
for

products
in

a
retailcatalog.O

ur
system

operates
on

a
table

w
ith

non-num
ericaldata,w

here
the

colum
n

to
be

im
puted

isthe
color

attribute
and

the
colum

nsconsidered
asinputdata

forthe
im

putation
are

otherproductattribute
colum

nssuch
as

product
description.Theproposed

approach
then

trainsa
m

achinelearn-
ing

m
odelforeach

to
beim

puted
colum

n
thatlearnsto

predictthe
observed

valuesofthe
to

be
im

puted
colum

n
from

the
rem

aining
colum

ns(ora
subsetthereof).Each

inputcolum
n

ofthe
system

is
fed

into
afeaturizercom

ponentthatprocessessequentialdata(such
asunstructured

text)orcategoricaldata.In
the

case
ofthe

color
attribute,the

to
be

im
puted

colum
n

is
m

odeled
as

a
categorical

variable
thatispredicted

from
the

concatenation
ofallfeaturizer

outputs.
The

reason
w

e
propose

thisim
putation

m
odelisthatin

an
ex-

tensive
literature

review
w

e
found

thatthe
topicofim

putation
for

non-num
ericaldata

beyond
rule-based

system
sw

asnotcovered
very

w
ell.There

existsa
lotofw

ork
on

im
putation

[30],and
on

m
odeling

non-num
ericaldata,butto

the
bestofourknow

ledge
there

isno
w

ork
on

end-to-end
system

sthatlearn
how

to
extract

featuresand
im

putem
issing

valueson
non-num

ericaldata
atscale.

Thispaperaim
sat�lling

thisgap
by

providing
the

follow
ing

con-
tributions:

•
Scalable

deep
learning

for
im

putation.W
epresentan

im
pu-

tation
approach

thatisbased
on

state
ofthe

artdeep
learning

m
odels(Section

3).
•

H
igh

precision
im

putations.In
extensiveexperim

entson
pub-

licand
private

real-w
orld

datasets,w
e

com
pare

ourim
putation

approach
againststandard

im
putation

baselinesand
observe

up
to

100-fold
im

provem
entsofim

putation
quality

(Section
6).

•
Language-agnostictextfeatureextraction.Ourapproach

op-
erateson

thecharacterleveland
can

im
putew

ith
high

precision
and

recallindependentofthe
language

presentin
a

data
source

(Section
5,Section

6).

Product
Type

D
escription

Size
C

olor

Shoe
Ideal for running …

12UK
Black

SDCards
Best SDCard ever …

8G
B

Blue

Dress
This yellow

 dress …
M

?

Feature C
olum

ns
Label C

olum
n

Character 
Sequence

O
ne Hot 

Encoder

Em
bedding

LSTM
 or 

n-gram
 hashing

Feature Concatenation

Im
putation

T
he

firststep
in

the
m

odelis
to

transform
for

each
row

the
string

data
of

each
colum

n
c

into
a

112

num
ericalrepresentation

x
c.W

e
use

differentencoders
fordifferentnon-num

ericaldata
types

and
113

distinguish
betw

een
categoricaland

sequentialdata.Forcategoricaldata
the

num
ericalrepresentation

114

x
c�

{
1
,2
,...,M

c }
of

the
string

data
in

colum
n
c

w
as

sim
ply

the
index

of
the

value
histogram

115

ofsize
M

c ;fornotationalsim
plicity

also
these

scalarvariables
w

illbe
denoted

as
vector

x
c

in
the

116

follow
ing.Forsequentialdata,the

num
ericalrepresentation

x
c�

{
0
,1
,2
,...,A

c }
S

c
is

a
vectorof

117

length
S

c ,w
here

S
c

denotes
the

length
ofthe

sequence
orstring

in
colum

n
c

and
A

c
denotes

the
118

size
ofthe

setofallcharacters
observed

in
colum

n
c.T

he
data

types
w

ere
determ

ined
using

heuristics.
119

In
the

data
sets

used
in

the
experim

ents
the

data
types

of
the

colum
ns

w
ere

easy
to

separate
into

120

free
textfields(product

description,
bullet

points,
item

name)and
categoricalvariables

121

(e.g.color,
brand,

size,
...).Ifthe

data
types

are
notknow

n
upfront,heuristics

based
on

the
122

distribution
ofvalues

in
a

colum
n

can
be

used
[?

].
123

O
nce

the
the

non-num
ericaldata

is
encoded

into
theirrespective

num
ericalrepresentation,a

colum
n

124

specific
feature

extraction
m

apping
�

c (x
k )�

R
Dc

is
com

puted,w
here

D
k

denotes
the

dim
ensionality

125

for
a

latentvariable
associated

w
ith

colum
n
c.

W
e

considered
three

differenttypes
of

featurizers
126

�
c (.).Forcategoricaldata

w
e

use
a

one-hotencoded
em

bedding
(as

know
n

from
w

ord
em

beddings).
127

For
colum

ns
c

w
ith

sequentialstring
data

w
e

consider
tw

o
differentpossibilities

for
�

c (x
c ):

an
128

n-gram
representation

ora
character-based

em
bedding

using
a

L
ong-Short-Term

-M
em

ory
(L

ST
M

)
129

recurrentneuralnetw
ork

[?
]

TO
D

O
:C

ITA
T

IO
N

.Forthe
charactern-gram

representation,
�

c (x
c)

is
130

a
hashing

function
thatm

aps
each

n-gram
,w

here
n
�

{
1
,...,5},in

the
character

sequence
x

c
to

131

a
D

c
dim

ensionalvector;here
D

c
denotes

here
the

num
berofhash

buckets.N
ote

thatthe
hashing

132

featurizeris
a

stateless
com

ponentthatdoes
notrequire

any
training,w

hereas
the

othertw
o

types
of

133

feature
m

aps
contain

param
eters

thatare
learned

using
backpropagation.

134

For
the

case
of

categorical
em

beddings,
w

e
use

a
standard

linear
em

bedding
fed

into
one

fully
135

connected
layer.

T
he

hyperparam
eter

for
this

featurizer
w

as
a

single
one

and
used

to
setboth

the
136

em
bedding

dim
ensionality

as
w

ellas
the

num
berofhidden

units
ofthe

outputlayer.In
the

L
ST

M
137

case,w
e

featurize
x

c
by

iterating
an

L
ST

M
through

the
sequence

ofcharacters
of

x
ci

thatare
each

138

represented
as

continuous
vectorvia

a
characterem

bedding.T
he

sequence
ofcharacters

x
c

is
then

139

m
apped

to
a

sequence
ofstates

h
(c,1

),...,h
(c

,S
c
)and

w
e

take
the

laststate
h

(c
,S

c
),m

apped
through

140

a
fully

connected
layeras

the
featurization

of
x

c.T
he

hyperparam
eters

ofeach
L

ST
M

featurizerare
141

then
the

num
ber

of
layers,the

num
ber

of
hidden

units
of

the
L

ST
M

celland
the

dim
ension

of
the

142

characters
em

bedding
c
i and

the
num

berofhidden
units

ofthe
finalfully

connected
outputlayerof

143

the
L

ST
M

featurizer.
144

Finally
allfeature

vectors
�

c (x
c)

are
concatenated

into
one

feature
vector

x̃
�
R

D
w

here
D

=
�

D
c

145

is
the

sum
overalllatentdim

ensions
D

c .W
e

w
illreferto

the
num

ericalrepresentation
ofthe

values
146

in
the

to-be-im
puted

colum
n

as
y
�

{
1
,2
,...,D

y },as
in

standard
supervised

learning
settings.T

he
147

sym
bols

ofthe
targetcolum

ns
use

the
sam

e
encoding

as
the

aforem
entioned

categoricalvariables.
148

A
fter

the
featurization

x̃
of

input
or

feature
colum

ns
and

the
encoding

y
of

the
to-be-im

puted
149

colum
n

w
e

can
castthe

im
putation

problem
as

a
supervised

problem
by

learning
to

predictthe
label

150

distribution
of

y
from

x̃
.

151

Im
putation

is
then

perform
ed

by
m

odeling
p
(y|x̃

,�
),the

probability
over

all
observed

values
or

152

classes
of

y
given

an
inputor

feature
vector

x̃
w

ith
som

e
learned

param
eters

�.
T

he
probability

153

p
(y|x̃

,�
)

is
m

odeled,as
154

p
(y|x̃

,�
)
=

softmax
[W

x̃
+
b]

(1)

w
here

�
=

(W
,z
,b)

are
param

eters
to

learn
w

ith
W

�
R

D
y �

D
,b�

R
Dy

and
z

is
a

vectorcontaining
155

allparam
eters

ofalllearned
colum

n
featurizers

�
c .Finally,softmax

(q
)

denotes
the

elem
entw

ise
156

softm
ax

function
e
x
p
q

�
j
e
x
p
q

j
w

here
q

j
is

the
j

elem
entofa

vector
q

.
157

T
he

param
eters

�
are

learned
by

m
inim

izing
the

cross-entropy
loss

betw
een

the
predicted

distribution
158

and
the

observed
labels

y,e.g.by
taking

159

�
=

a
rg

m
in

�

N
�

1

D
y

�

1

�
log

(p
(y|x̃

,�
)) �

onehot
(y
)

(2)

w
here

p
(y|x̃

,�
))�

R
D

y
denotes

the
outputof

the
m

odeland
N

is
the

num
ber

of
row

s
for

w
hich

160

a
value

w
as

observed
in

the
targetcolum

n
corresponding

to
y.

W
e

use
one-hot

(y
)�

{
0
,1}

D
y

to
161

4

T
he

firststep
in

the
m

odelis
to

transform
for

each
row

the
string

data
of

each
colum

n
c

into
a

112

num
ericalrepresentation

x
c.W

e
use

differentencoders
fordifferentnon-num

ericaldata
types

and
113

distinguish
betw

een
categoricaland

sequentialdata.Forcategoricaldata
the

num
ericalrepresentation

114

x
c�

{
1
,2
,...,M

c }
of

the
string

data
in

colum
n
c

w
as

sim
ply

the
index

of
the

value
histogram

115

ofsize
M

c ;fornotationalsim
plicity

also
these

scalarvariables
w

illbe
denoted

as
vector

x
c

in
the

116

follow
ing.Forsequentialdata,the

num
ericalrepresentation

x
c�

{
0
,1
,2
,...,A

c }
S

c
is

a
vectorof

117

length
S

c ,w
here

S
c

denotes
the

length
ofthe

sequence
orstring

in
colum

n
c

and
A

c
denotes

the
118

size
ofthe

setofallcharacters
observed

in
colum

n
c.The

data
types

w
ere

determ
ined

using
heuristics.

119

In
the

data
sets

used
in

the
experim

ents
the

data
types

of
the

colum
ns

w
ere

easy
to

separate
into

120

free
textfields(product

description,
bullet

points,
item

name)and
categoricalvariables

121

(e.g.color,
brand,

size,
...).Ifthe

data
types

are
notknow

n
upfront,heuristics

based
on

the
122

distribution
ofvalues

in
a

colum
n

can
be

used
[?

].
123

O
nce

the
the

non-num
ericaldata

is
encoded

into
theirrespective

num
ericalrepresentation,a

colum
n

124

specific
feature

extraction
m

apping
�

c (x
k )�

R
Dc

is
com

puted,w
here

D
k

denotes
the

dim
ensionality

125

for
a

latentvariable
associated

w
ith

colum
n
c.

W
e

considered
three

differenttypes
of

featurizers
126

�
c (.).Forcategoricaldata

w
e

use
a

one-hotencoded
em

bedding
(as

know
n

from
w

ord
em

beddings).
127

For
colum

ns
c

w
ith

sequentialstring
data

w
e

consider
tw

o
differentpossibilities

for
�

c (x
c ):

an
128

n-gram
representation

ora
character-based

em
bedding

using
a

L
ong-Short-Term

-M
em

ory
(L

ST
M

)
129

recurrentneuralnetw
ork

[?
]

TO
D

O
:C

ITAT
IO

N
.Forthe

charactern-gram
representation,�

c (x
c)

is
130

a
hashing

function
thatm

aps
each

n-gram
,w

here
n
�

{
1
,...,5},in

the
character

sequence
x

c
to

131

a
D

c
dim

ensionalvector;here
D

c
denotes

here
the

num
berofhash

buckets.N
ote

thatthe
hashing

132

featurizeris
a

stateless
com

ponentthatdoes
notrequire

any
training,w

hereas
the

othertw
o

types
of

133

feature
m

aps
contain

param
eters

thatare
learned

using
backpropagation.

134

For
the

case
of

categorical
em

beddings,
w

e
use

a
standard

linear
em

bedding
fed

into
one

fully
135

connected
layer.

T
he

hyperparam
eter

for
this

featurizer
w

as
a

single
one

and
used

to
setboth

the
136

em
bedding

dim
ensionality

as
w

ellas
the

num
berofhidden

units
ofthe

outputlayer.In
the

L
ST

M
137

case,w
e

featurize
x

c
by

iterating
an

L
ST

M
through

the
sequence

ofcharacters
of

x
ci

thatare
each

138

represented
as

continuous
vectorvia

a
characterem

bedding.T
he

sequence
ofcharacters

x
c

is
then

139

m
apped

to
a

sequence
ofstates

h
(c,1

),...,h
(c

,S
c
)and

w
e

take
the

laststate
h

(c
,S

c
),m

apped
through

140

a
fully

connected
layeras

the
featurization

of
x

c.T
he

hyperparam
eters

ofeach
L

ST
M

featurizerare
141

then
the

num
ber

of
layers,the

num
ber

of
hidden

units
of

the
L

ST
M

celland
the

dim
ension

of
the

142

characters
em

bedding
c
i and

the
num

berofhidden
units

ofthe
finalfully

connected
outputlayerof

143

the
L

ST
M

featurizer.
144

Finally
allfeature

vectors
�

c (x
c)

are
concatenated

into
one

feature
vector

x̃
�
R

D
w

here
D

=
�

D
c

145

is
the

sum
overalllatentdim

ensions
D

c .W
e

w
illreferto

the
num

ericalrepresentation
ofthe

values
146

in
the

to-be-im
puted

colum
n

as
y
�

{
1
,2
,...,D

y },as
in

standard
supervised

learning
settings.T

he
147

sym
bols

ofthe
targetcolum

ns
use

the
sam

e
encoding

as
the

aforem
entioned

categoricalvariables.
148

A
fter

the
featurization

x̃
of

input
or

feature
colum

ns
and

the
encoding

y
of

the
to-be-im

puted
149

colum
n

w
e

can
castthe

im
putation

problem
as

a
supervised

problem
by

learning
to

predictthe
label

150

distribution
of

y
from

x̃
.

151

Im
putation

is
then

perform
ed

by
m

odeling
p
(y|x̃

,�),the
probability

over
all

observed
values

or
152

classes
of

y
given

an
inputor

feature
vector

x̃
w

ith
som

e
learned

param
eters

�.
T

he
probability

153

p
(y|x̃

,�)
is

m
odeled,as

154

p
(y|x̃

,�)
=

softmax
[W

x̃
+
b]

(1)

w
here

�
=

(W
,z
,b)

are
param

eters
to

learn
w

ith
W

�
R

D
y �

D
,b�

R
Dy

and
z

is
a

vectorcontaining
155

allparam
eters

ofalllearned
colum

n
featurizers

�
c .Finally,softmax

(q
)

denotes
the

elem
entw

ise
156

softm
ax

function
e
x
p
q

�
j
e
x
p
q

j
w

here
q

j
is

the
j

elem
entofa

vector
q

.
157

The
param

eters
�

are
learned

by
m

inim
izing

the
cross-entropy

loss
betw

een
the

predicted
distribution

158

and
the

observed
labels

y,e.g.by
taking

159

�
=

a
rg

m
in

�

N
�

1

D
y

�

1

�
log

(p
(y|x̃

,�)) �
onehot

(y
)

(2)

w
here

p
(y|x̃

,�))�
R

D
y

denotes
the

outputof
the

m
odeland

N
is

the
num

ber
of

row
s

for
w

hich
160

a
value

w
as

observed
in

the
targetcolum

n
corresponding

to
y.

W
e

use
one-hot

(y
)�

{
0
,1}

D
y

to
161

4

T
he

firststep
in

the
m

odelis
to

transform
for

each
row

the
string

data
of

each
colum

n
c

into
a

112

num
ericalrepresentation

x
c.W

e
use

differentencoders
fordifferentnon-num

ericaldata
types

and
113

distinguish
betw

een
categoricaland

sequentialdata.Forcategoricaldata
the

num
ericalrepresentation

114

x
c�

{
1
,2
,...,M

c }
of

the
string

data
in

colum
n
c

w
as

sim
ply

the
index

of
the

value
histogram

115

ofsize
M

c ;fornotationalsim
plicity

also
these

scalarvariables
w

illbe
denoted

as
vector

x
c

in
the

116

follow
ing.Forsequentialdata,the

num
ericalrepresentation

x
c�

{
0
,1
,2
,...,A

c }
S

c
is

a
vectorof

117

length
S

c ,w
here

S
c

denotes
the

length
ofthe

sequence
orstring

in
colum

n
c

and
A

c
denotes

the
118

size
ofthe

setofallcharacters
observed

in
colum

n
c.The

data
types

w
ere

determ
ined

using
heuristics.

119

In
the

data
sets

used
in

the
experim

ents
the

data
types

of
the

colum
ns

w
ere

easy
to

separate
into

120

free
textfields(product

description,
bullet

points,
item

name)and
categoricalvariables

121

(e.g.color,
brand,

size,
...).Ifthe

data
types

are
notknow

n
upfront,heuristics

based
on

the
122

distribution
ofvalues

in
a

colum
n

can
be

used
[?

].
123

O
nce

the
the

non-num
ericaldata

is
encoded

into
theirrespective

num
ericalrepresentation,a

colum
n

124

specific
feature

extraction
m

apping
�

c (x
k )�

R
Dc

is
com

puted,w
here

D
k

denotes
the

dim
ensionality

125

for
a

latentvariable
associated

w
ith

colum
n
c.

W
e

considered
three

differenttypes
of

featurizers
126

�
c (.).Forcategoricaldata

w
e

use
a

one-hotencoded
em

bedding
(as

know
n

from
w

ord
em

beddings).
127

For
colum

ns
c

w
ith

sequentialstring
data

w
e

consider
tw

o
differentpossibilities

for
�

c (x
c ):

an
128

n-gram
representation

ora
character-based

em
bedding

using
a

L
ong-Short-Term

-M
em

ory
(L

ST
M

)
129

recurrentneuralnetw
ork

[?
]

TO
D

O
:C

ITA
T

IO
N

.Forthe
charactern-gram

representation,
�

c (x
c)

is
130

a
hashing

function
thatm

aps
each

n-gram
,w

here
n
�

{
1
,...,5},in

the
character

sequence
x

c
to

131

a
D

c
dim

ensionalvector;here
D

c
denotes

here
the

num
berofhash

buckets.N
ote

thatthe
hashing

132

featurizeris
a

stateless
com

ponentthatdoes
notrequire

any
training,w

hereas
the

othertw
o

types
of

133

feature
m

aps
contain

param
eters

thatare
learned

using
backpropagation.

134

For
the

case
of

categorical
em

beddings,
w

e
use

a
standard

linear
em

bedding
fed

into
one

fully
135

connected
layer.

T
he

hyperparam
eter

for
this

featurizer
w

as
a

single
one

and
used

to
setboth

the
136

em
bedding

dim
ensionality

as
w

ellas
the

num
berofhidden

units
ofthe

outputlayer.In
the

L
ST

M
137

case,w
e

featurize
x

c
by

iterating
an

L
ST

M
through

the
sequence

ofcharacters
of

x
ci

thatare
each

138

represented
as

continuous
vectorvia

a
characterem

bedding.T
he

sequence
ofcharacters

x
c

is
then

139

m
apped

to
a

sequence
ofstates

h
(c,1

),...,h
(c

,S
c
)and

w
e

take
the

laststate
h

(c
,S

c
),m

apped
through

140

a
fully

connected
layeras

the
featurization

of
x

c.T
he

hyperparam
eters

ofeach
L

ST
M

featurizerare
141

then
the

num
ber

of
layers,the

num
ber

of
hidden

units
of

the
L

ST
M

celland
the

dim
ension

of
the

142

characters
em

bedding
c
i and

the
num

berofhidden
units

ofthe
finalfully

connected
outputlayerof

143

the
L

ST
M

featurizer.
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Finally
allfeature

vectors
�

c (x
c)

are
concatenated

into
one

feature
vector

x̃
�
R

D
w

here
D

=
�

D
c

145

is
the

sum
overalllatentdim

ensions
D

c .W
e

w
illreferto

the
num

ericalrepresentation
ofthe

values
146

in
the

to-be-im
puted

colum
n

as
y
�

{
1
,2
,...,D

y },as
in

standard
supervised

learning
settings.T

he
147

sym
bols

ofthe
targetcolum

ns
use

the
sam

e
encoding

as
the

aforem
entioned

categoricalvariables.
148

A
fter

the
featurization

x̃
of

input
or

feature
colum

ns
and

the
encoding

y
of

the
to-be-im

puted
149

colum
n

w
e

can
castthe

im
putation

problem
as

a
supervised

problem
by

learning
to

predictthe
label

150

distribution
of

y
from

x̃
.

151

Im
putation

is
then

perform
ed

by
m

odeling
p
(y|x̃

,�),the
probability

over
all

observed
values

or
152

classes
of

y
given

an
inputor

feature
vector

x̃
w

ith
som

e
learned

param
eters

�.
T

he
probability

153

p
(y|x̃

,�)
is

m
odeled,as

154

p
(y|x̃

,�)
=

softmax
[W

x̃
+
b]

(1)

w
here

�
=

(W
,z
,b)

are
param

eters
to

learn
w

ith
W

�
R

D
y �

D
,b�

R
Dy

and
z

is
a

vectorcontaining
155

allparam
eters

ofalllearned
colum

n
featurizers

�
c .Finally,softmax

(q
)

denotes
the

elem
entw

ise
156

softm
ax

function
e
x
p
q

�
j
e
x
p
q

j
w

here
q

j
is

the
j

elem
entofa

vector
q

.
157

The
param

eters
�

are
learned

by
m

inim
izing

the
cross-entropy

loss
betw

een
the

predicted
distribution

158

and
the

observed
labels

y,e.g.by
taking

159

�
=

a
rg

m
in

�

N
�

1

D
y

�

1

�
log

(p
(y|x̃

,�)) �
onehot

(y
)

(2)

w
here

p
(y|x̃

,�))�
R

D
y

denotes
the

outputof
the

m
odeland

N
is

the
num

ber
of

row
s

for
w

hich
160

a
value

w
as

observed
in

the
targetcolum

n
corresponding

to
y.

W
e

use
one-hot

(y
)�

{
0
,1}

D
y

to
161

4

T
he

firststep
in

the
m

odelis
to

transform
for

each
row

the
string

data
of

each
colum

n
c

into
a

112

num
ericalrepresentation

x
c.W

e
use

differentencoders
fordifferentnon-num

ericaldata
types

and
113

distinguish
betw

een
categoricaland

sequentialdata.Forcategoricaldata
the

num
ericalrepresentation

114

x
c�

{1,2,...,M
c }

ofthe
string

data
in

colum
n
c

w
as

sim
ply

the
index

ofthe
value

histogram
115

ofsize
M

c ;fornotationalsim
plicity

also
these

scalarvariables
w

illbe
denoted

as
vector

x
c

in
the

116

follow
ing.Forsequentialdata,the

num
ericalrepresentation

x
c�

{0,1,2,...,A
c }

S
c

is
a

vectorof
117

length
S

c ,w
here

S
c

denotes
the

length
ofthe

sequence
orstring

in
colum

n
c

and
A

c
denotes

the
118

size
ofthe

setofallcharacters
observed

in
colum

n
c.The

data
types

w
ere

determ
ined

using
heuristics.

119

In
the

data
sets

used
in

the
experim

ents
the

data
types

of
the

colum
ns

w
ere

easy
to

separate
into

120

free
textfields(product

description,
bullet

points,
item

name)and
categoricalvariables

121

(e.g.color,
brand,

size,
...).Ifthe

data
types

are
notknow

n
upfront,heuristics

based
on

the
122

distribution
ofvalues

in
a

colum
n

can
be

used
[?

].
123

O
nce

the
the

non-num
ericaldata

is
encoded

into
theirrespective

num
ericalrepresentation,a

colum
n

124

specific
feature

extraction
m

apping
�

c (x
k )�

R
Dc

is
com

puted,w
here

D
k

denotes
the

dim
ensionality

125

for
a

latentvariable
associated

w
ith

colum
n
c.

W
e

considered
three

differenttypes
of

featurizers
126

�
c (.).Forcategoricaldata

w
e

use
a

one-hotencoded
em

bedding
(as

know
n

from
w

ord
em

beddings).
127

For
colum

ns
c

w
ith

sequentialstring
data

w
e

consider
tw

o
differentpossibilities

for
�

c (x
c ):

an
128

n-gram
representation

ora
character-based

em
bedding

using
a

L
ong-Short-Term

-M
em

ory
(L

ST
M

)
129

recurrentneuralnetw
ork

[?
]

TO
D

O
:C

ITATIO
N

.Forthe
charactern-gram

representation,�
c (x

c)
is

130

a
hashing

function
thatm

aps
each

n-gram
,w

here
n
�

{1,...,5},in
the

character
sequence

x
c

to
131

a
D

c
dim

ensionalvector;here
D

c
denotes

here
the

num
berofhash

buckets.N
ote

thatthe
hashing

132

featurizeris
a

stateless
com

ponentthatdoes
notrequire

any
training,w

hereas
the

othertw
o

types
of

133

feature
m

aps
contain

param
eters

thatare
learned

using
backpropagation.

134

For
the

case
of

categorical
em

beddings,
w

e
use

a
standard

linear
em

bedding
fed

into
one

fully
135

connected
layer.

T
he

hyperparam
eter

for
this

featurizer
w

as
a

single
one

and
used

to
setboth

the
136

em
bedding

dim
ensionality

as
w

ellas
the

num
berofhidden

units
ofthe

outputlayer.In
the

L
ST

M
137

case,w
e

featurize
x

c
by

iterating
an

L
ST

M
through

the
sequence

ofcharacters
of

x
ci

thatare
each

138

represented
as

continuous
vectorvia

a
characterem

bedding.T
he

sequence
ofcharacters

x
c

is
then

139

m
apped

to
a

sequence
ofstates

h
(c,1),...,h

(c
,S

c
)and

w
e

take
the

laststate
h

(c
,S

c
),m

apped
through

140

a
fully

connected
layeras

the
featurization

of
x

c.The
hyperparam

eters
ofeach

LSTM
featurizerare

141

then
the

num
beroflayers,the

num
berofhidden

units
ofthe

L
ST

M
celland

the
dim

ension
ofthe

142

characters
em

bedding
c
i and

the
num

berofhidden
units

ofthe
finalfully

connected
outputlayerof

143

the
L

ST
M

featurizer.
144

Finally
allfeature

vectors
�

c (x
c)

are
concatenated

into
one

feature
vector

x̃
�
R

D
w

here
D

=
�

D
c

145

is
the

sum
overalllatentdim

ensions
D

c .W
e

w
illreferto

the
num

ericalrepresentation
ofthe

values
146

in
the

to-be-im
puted

colum
n

as
y
�

{1,2,...,D
y },as

in
standard

supervised
learning

settings.The
147

sym
bols

ofthe
targetcolum

ns
use

the
sam

e
encoding

as
the

aforem
entioned

categoricalvariables.
148

A
fter

the
featurization

x̃
of

input
or

feature
colum

ns
and

the
encoding

y
of

the
to-be-im

puted
149

colum
n

w
e

can
castthe

im
putation

problem
as

a
supervised

problem
by

learning
to

predictthe
label

150

distribution
of

y
from

x̃.
151

Im
putation

is
then

perform
ed

by
m

odeling
p(y|x̃

,�),the
probability

over
allobserved

values
or

152

classes
of

y
given

an
inputor

feature
vector

x̃
w

ith
som

e
learned

param
eters

�.
T

he
probability

153

p(y|x̃
,�)

is
m

odeled,as
154

p(y|x̃
,�)

=
softmax

[W
x̃
+

b]
(1)

w
here

�
=

(W
,z
,b)

are
param

eters
to

learn
w

ith
W

�
R

D
y �

D
,b�

R
Dy

and
z

is
a

vectorcontaining
155

allparam
eters

ofalllearned
colum

n
featurizers

�
c .Finally,softmax

(q
)

denotes
the

elem
entw

ise
156

softm
ax

function
e
x
p
q

�
j
e
x
p
q

j
w

here
q

j
is

the
j

elem
entofa

vector
q.

157

The
param

eters
�

are
learned

by
m

inim
izing

the
cross-entropy

loss
betw

een
the

predicted
distribution

158

and
the

observed
labels

y,e.g.by
taking

159

�
=

arg
m
in

�

N
�

1

D
y

�

1

�
log(p(y|x̃

,�)) �
onehot

(y
)

(2)

w
here

p(y|x̃
,�))�

R
D

y
denotes

the
outputof

the
m

odeland
N

is
the

num
ber

of
row

s
for

w
hich

160

a
value

w
as

observed
in

the
targetcolum

n
corresponding

to
y.

W
e

use
one-hot

(y
)�

{0,1}
D

y
to

161
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O
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O
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Figure
1:Im

putation
exam

ple
on

non-num
ericaldata

w
ith

deep
learning;sym

bols
explained

in
Section

3.

•
End-to-end

optim
ization

ofim
putation

m
odel.Oursystem

learns
num

ericalfeature
representations

autom
atically

and
is

readily
applicable

asa
plugin

in
data

pipelinesthatrequire
com

-
pletenessfordata

sources(Section
3).

2
R

ELA
TED

W
O

R
K

M
issing

data
is

a
com

m
on

problem
in

statistics
and

has
becom

e
m

ore
im

portantw
ith

the
increasing

availability
ofdata

and
the

popularity
ofdata

science.M
ethodsfordealing

w
ith

m
issing

data
can

be
divided

into
the

follow
ing

categories[21]:
(1)

Rem
ove

casesw
ith

incom
plete

data
(2)

Add
dedicated

m
issing

value
sym

bol
(3)

Im
pute

m
issing

values
A

pproach
(1)isalso

know
n

ascom
plete-case

analysisand
isthe

sim
plestapproach

to
im

plem
ent–

yetithasthe
decisive

disadvan-
tage

ofexcluding
a

large
partofthedata.Row

sofa
tableare

often
notcom

plete,especially
w

hen
dealing

w
ith

heterogeneous
data

sources.D
iscarding

an
entire

row
ofa

table
ifjustone

colum
n

has
a

m
issing

value
w

ould
often

discard
a

substantialpartofthe
data.

A
pproach

(2)isalso
sim

ple
to

im
plem

entasitessentially
only

introducesaplaceholdersym
bolform

issingdata.Theresultingdata
isconsum

ed
by

dow
nstream

M
L

m
odelsasiftherew

ereno
m

issing
values.Thisapproach

can
be

considered
the

de-facto
standard

in
m

any
m

achine
learning

pipelinesand
often

achievescom
petitive

results,asthe
m

issingnessofdata
can

also
convey

inform
ation.If

theapplication
isreally

only
focused

on
the�naloutputofam

odel
and

the
goalisto

m
ake

a
pipeline

survive
m

issing
data

cases,then
thisapproach

issensible.
Finally,approach

(3)replaces
m

issing
values

w
ith

substitute
values(also

know
n

asim
putation).In

m
any

application
scenarios

including
the

one
considered

in
thisw

ork,usersare
interested

in
im

puting
these

m
issing

values.Forinstance,w
hen

brow
sing

fora
product,a

custom
erm

ightre�ne
a

search
by

speci�cqueries(say

F
igure

2:
Im

putation
exam

ple
on

non-num
ericaldata

w
ith

deep
learning.

D
epending

on
its

data
type,each

input
colum

n
gets

a
dedicated

featurizer
denoted

below
as

φ.
Sim

ilarly,depending
on

the
data

type
for

the
output

colum
n,

DataWig
uses

a
different

loss
function.

T
he

types
of

featurizers
and

loss
functions

currently
available

in
DataWig

are
listed

in
F
igure

1
(left).

T
he

code
design

enables
users

to
extend

these
types

easily
to

im
ages

or
sequences.

M
ore

form
ally,

DataWig
im

putes
values

ŷ
o

=
f

(x̃
I
)
in

an
output

colum
n

o,
w
here

f
refers

to
the

im
putation

m
odel

learned
on

the
observed

values
in

colum
n
o

and
x̃
I
refers

to
the

concatenation
of

the
features

extracted
from

allinput
colum

ns
x̃
I

=
[φ

1 (x
1),φ

2 (x
2),...,φ

C
I (x

C
I)],see

also
F
igure

2.
D
epending

on
the

data
type

in
the

output
colum

n,
f
is
fitted

using
eithera

regression
ora

cross-entropy
loss.

T
he

A
P
Iallow

s
im

putation
ofm

issing
values

in
a
table

by
sim

ply
passing

in
a
pandas

datafram
e
and

specifying
the

input
and

output
colum

ns,see
F
igure

1
(right).

A
lternatively,allm

issing
values

in
a
datafram

e
can

be
im

puted
by

calling
SimpleImputer.complete(df).

A
dditionally

DataWig
has

a
num

ber
of

features
that

help
to

autom
ate

end-to-end
im

putation
for

practitioners:
T
he

data
types

are
detected

using
heuristics

and
the

corresponding
features

are
learned

autom
atically

during
the

training
of

the
im

putation
m
odel.

A
ll
hyperparam

eters
and

neural
architectures

are
optim

ized
using

random
search

(B
ergstra

and
B
engio,2012),w

hich
can

be
constrained

to
a
specified

tim
e
lim

it.
P
robabilistic

m
odel

outputs
are

autom
atically

calibrated
on

the
validation

set
(G

uo
et

al.,2017),and
if
requested

explanations
for

the
im

putations
can

be
com

puted
for

string
input

colum
ns

to
better

understand
the

im
putations.

M
oreover,

the
m
odelis

equipped
w
ith

functionality
to

com
pensate

for
labelshift

betw
een

the
training

and
unlabelled

production
data

using
in

the
approach

proposed
by

Lipton
et

al.(2018).

3.
E
valu

ation

In
F
igure

3
w
e
com

pare
DataWig

on
num

ericalm
issing

value
im

putation
againstthree

m
ethods

from
the

fancyimpute
package

(m
ean,

K
N
N

and
m
atrix

factorization)
and

tw
o
m
ethods

from
the

IterativeIm
puter

of
sklearn

w
ith

the
estim

ators
R
andom

ForestR
egressor

and
LinearR

egression,w
hich

are
sim

ilar
to

the
M
issForest

approach
(Stekhoven

and
B
ühlm

ann,
2012;van

B
uuren,2018),and

M
IC

E
w
ith

a
linear

m
odel(Little

and
R
ubin,2002);iterative

3
JM

L
R

 20(175):1-6, 2019

B
iessm

a
n
n
,
R

u
k
at,

S
ch

m
id

t,
N

a
id

u
,
S
ch

elter
,
T
a
ptu

n
o
v
,
L
a
n
g
e

5
10

30
50

P
ercent M

issing

0.0

0.5

1.0

Relative MSE

M
issing com

pletely at random

5
10

30
50

P
ercent M

issing

0.0

0.5

1.0
M

issing at random

5
10

30
50

P
ercent M

issing

0.0

0.5

1.0
M

issing not at random
m

ean
knn
m

f
sklearn_rf
sklearn_linreg
dataw

ig

F
igure

3:
C
om

parison
of

im
putation

perform
ance

across
several

synthetic
and

real
w
orld

data
sets

w
ith

varying
am

ounts
of

m
issing

data
and

m
issingness

structure.
R
elative

m
ean

squared
errors

w
ere

norm
alized

to
the

highest
error

in
a
condition.

im
putation

here
m
eans

that
10

consecutive
im

putation
rounds

w
ere

perform
ed

for
replacing

the
m
issing

values
in

the
input

colum
ns.

A
llm

ethods
w
ere

evaluated
on

one
synthetic

linear
and

one
synthetic

non-linear
problem

and
five

realdata
sets

available
in

sklearn.
V
alues

w
ere

discarded
either

com
pletely

at
random

,at
random

(conditioned
on

values
in

another
random

ly
chosen

colum
n
being

in
a
random

interval)
or

not
at

random
(conditioned

on
values

to
be

discarded).
In

F
igure

3
the

relative
m
ean-squared

error
is

show
n,norm

alized
to

the
highest

M
SE

in
a
given

condition.
For

DataWig
the

SimpleImputer.complete
function

w
ith

random
search

for
hyperparam

eter
tuning

w
as

used.
For

each
baseline

m
ethod,grid

search
w
as

perform
ed

for
hyperparam

eter
optim

ization
on

a
validation

set,test
errors

w
ere

obtained
on

a
separate

test
set,for

details
and

unnorm
alized

results
see

benchm
arks

github
repository.

W
e
observe

that
DataWig

com
pares

favourably
w
ith

other
im

plem
entations

for
num

eric
im

putation,even
in

the
diffi

cultm
issing-not-at-random

condition.
T
hese

experim
ents

allow
for

a
com

parison
of

DataWig
w
ith

existing
packages

designed
for

num
eric

data.
For

im
putation

w
ith

text
data,standard

num
ericalim

putation
m
ethods

cannot
be

used.
W

hen
com

paring
DataWig

w
ith

m
ode

im
putation

and
string

m
atching

(D
allachiesa

et
al.,2013)

DataWig
achieves

a
m
edian

F
1-score

of
60%

across
three

tasks,im
putation

of
the

W
ikipedia

attributes
birth-place,

genre
and

location,w
ith

a
sim

ple
n-gram

m
odel.

M
ode

im
putation

reached
a
m
edian

F
1-score

of
0.7%

and
string

m
atching

7.5%
(B

iessm
ann

et
al.,2018).

4.
C

on
clu

sion

W
e
present

DataWig,a
softw

are
package

that
enables

practitioners
such

as
data

engineers
to

achieve
state-of-the-art

im
putation

results
w
ith

m
inim

alset
up

and
m
aintenance.

O
ur

package
com

plem
ents

the
open

source
ecosystem

by
offering

deep
learning

m
odules

com
bined

w
ith

neural
architecture

search
and

end-to-end
optim

ization
of

the
im

putation
pipeline,

also
for

data
types

like
free

text
fields.

DataWig
com

pares
favorably

to
existing

im
putation

approaches
on

num
eric

im
putation

problem
s,

but
also

w
hen

im
puting

values
in

tables
containing

unstructured
text.

T
he

softw
are,

unit
tests,

and
all

experim
ents

are
available

under
github.com/awslabs/datawig.

W
hile

the
present

version
of

our
softw

are
does

not
im

pute
free

form
text

or
im

ages,an
interesting

topic
for

future
research

is
using

generative
m
odels

for
these

types
of

data
building

on
recent

advancem
ents

in
neural

m
issing

value
im

putation
(Zhang

et
al.,2018;C

am
ino

et
al.,2019).
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at
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th
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fu
nc
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n
is

st
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ng
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co
nv
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.
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tt
ou

et
al
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20
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a
ne

w
an

al
ys
is
of

co
nv

er
ge
nc

e
of

SG
D

is
pe

rfo
rm

ed
un

de
rt

he
as
su
m
pt
io
n
th
at

st
oc
ha

st
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gr
ad

ie
nt
s
ar
e
bo

un
de
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ith
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gr
ad
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nt
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rm
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fo
r
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oc
ha
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at
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ra
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ra
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th
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gi
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in

th
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ca
se

of
di
m
in
ish

ed
le
ar
ni
ng

ra
te
.
It

is
we

ll-
kn

ow
n
th
at

SG
D

co
nv

er
ge
si
fa

se
qu

en
ce

of
lea

rn
in
g
ra
te
s{
η t
}
sa
tis

fie
s∑

∞ t=
0
η t
→
∞

an
d
∑

∞ t=
0
η

2 t
<
∞

.
W
e
sh
ow

th
e
co
nv

er
ge
nc

e
of

SG
D

fo
r
st
ro
ng

ly
co
nv

ex
ob

je
ct
iv
e
fu
nc

tio
n
w
ith

ou
t
us
in
g

bo
un

de
d
gr
ad

ie
nt

as
su
m
pt
io
n
w
he

n
{η

t
}
is

a
di
m
in
ish

in
g
se
qu

en
ce

an
d
∑

∞ t=
0
η t
→
∞
.
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ot
he

r
w
or
ds
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e
ex
te
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th
e
cu

rr
en
t
st
at
e-
of
-t
he

-a
rt

cl
as
s
of

le
ar
ni
ng

ra
te
s
sa
tis

fy
in
g
th
e

co
nv

er
ge
nc

e
of

SG
D
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ra
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oc
ha

st
ic

O
pt
im

iz
at
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w
ild
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un
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.
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

1.
In

tr
od

uc
ti

on
W
e
ar
e
in
te
re
st
ed

in
so
lv
in
g
th
e
fo
llo

w
in
g
st
oc
ha

st
ic

op
tim

iz
at
io
n
pr
ob

le
m

m
in

w
∈R

d
{F

(w
)=

E[
f

(w
;ξ

)]}
,

(1
)

w
he

re
ξ
is

a
ra
nd

om
va
ria

bl
e
ob

ey
in
g
so
m
e
di
st
rib

ut
io
n.

In
th
e
ca
se

of
em

pi
ric

al
ris

k
m
in
im

iza
tio

n
wi
th

a
tr
ai
ni
ng

se
t{

(x
i,
y i

)}
n i=

1,
ξ i

is
a
ra
nd

om
va
ria

bl
e
th
at

is
de

fin
ed

by
a
sin

gl
e
ra
nd

om
sa
m
pl
e

(x
,y

)
pu

lle
d
un

ifo
rm

ly
fro

m
th
e
tr
ai
ni
ng

se
t.

T
he

n,
by

de
fin

in
g
f i

(w
):

=
f

(w
;ξ
i),

em
pi
ric

al
ris

k
m
in
im

iz
at
io
n
re
du

ce
s
to

m
in

w
∈R

d

{
F

(w
)=

1 n

n ∑ i=
1
f i

(w
)}
.

(2
)

Pr
ob

le
m

(2
)
ar
ise

s
fr
eq
ue

nt
ly

in
su
pe

rv
ise

d
le
ar
ni
ng

ap
pl
ic
at
io
ns

(H
as
tie

et
al
.,
20
09
).

Fo
r
a
w
id
e
ra
ng

e
of

ap
pl
ic
at
io
ns
,
su
ch

as
lin

ea
r
re
gr
es
sio

n
an

d
lo
gi
st
ic

re
gr
es
sio

n,
th
e

ob
je
ct
iv
e
fu
nc

tio
n
F

is
st
ro
ng

ly
co
nv

ex
an

d
ea
ch

f i
,i
∈

[n
],
is

co
nv

ex
an

d
ha

s
Li
ps
ch
itz

co
nt
in
uo

us
gr
ad

ie
nt
s
(w

ith
Li
ps
ch
itz

co
ns
ta
nt
L
).

G
iv
en

a
tr
ai
ni
ng

se
t
{(
x
i,
y i

)}
n i=

1
w
ith

x
i
∈
R
d
,y
i
∈
R
,t

he
` 2
-r
eg
ul
ar
iz
ed

le
as
t
sq
ua

re
s
re
gr
es
sio

n
m
od

el
,f
or

ex
am

pl
e,

is
w
rit

te
n
as

(2
)
w
ith

f i
(w

)de
f =
(〈
x
i,
w
〉−

y i
)2

+
λ 2
‖w
‖2
.
T
he

` 2
-r
eg
ul
ar
iz
ed

lo
gi
st
ic

re
gr
es
sio

n
fo
r
bi
na

ry
cl
as
sifi

ca
tio

n
is

w
rit

te
n
w
ith

f i
(w

)de
f =
lo

g(
1

+
ex

p(
−
y i
〈x
i,
w
〉)

)+
λ 2
‖w
‖2
,y

i
∈
{−

1,
1}
.
It

is
we

ll
es
ta
bl
ish

ed
by

no
w
th
at

so
lv
in
g
th
is
ty
pe

of
pr
ob

lem
by

gr
ad

ien
td

es
ce
nt

(G
D
)(

N
es
te
ro
v,

20
04
;N

oc
ed

al
an

d
W
rig

ht
,2

00
6)

m
ay

be
pr
oh

ib
iti
ve
ly

ex
pe

ns
iv
e
an

d
st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t
(S
G
D
)
is

th
us

pr
ef
er
ab

le
.
R
ec
en
tly

,a
cl
as
s
of

va
ria

nc
e
re
du

ct
io
n
m
et
ho

ds
(L

e
R
ou

x
et

al
.,
20
12
;D

ef
az
io

et
al
.,
20
14
;J

oh
ns
on

an
d
Zh

an
g,

20
13
;N

gu
ye
n
et

al
.,
20
17
)
ha

s
be

en
pr
op

os
ed

in
or
de

rt
o
re
du

ce
th
e
co
m
pu

ta
tio

na
lc

os
t.

A
ll
th
es
e
m
et
ho

ds
ex
pl
ici

tly
ex
pl
oi
tt

he
fin

ite
su
m

fo
rm

of
(2
)
an

d
th
us

th
ey

ha
ve

so
m
e
di
sa
dv

an
ta
ge
s
fo
r
ve
ry

la
rg
e
sc
al
e
m
ac
hi
ne

le
ar
ni
ng

pr
ob

le
m
s
an

d
ar
e
no

t
ap

pl
ic
ab

le
to

(1
).

To
ap

pl
y
SG

D
to

th
e
ge
ne

ra
lf
or
m

(1
)o

ne
ne

ed
st

o
as
su
m
e
ex
ist

en
ce

of
un

bi
as
ed

gr
ad

ien
t

es
tim

at
or
s.

T
hi
s
is

us
ua

lly
de

fin
ed

as
fo
llo

w
s:

E ξ
[∇
f

(w
;ξ

)]
=
∇
F

(w
),

fo
r
an

y
fix

ed
w
.
H
er
e
w
e
m
ak

e
an

im
po

rt
an

t
ob

se
rv
at
io
n:

if
w
e
vi
ew

(1
)
no

t
as

a
ge
ne

ra
l

st
oc
ha

st
ic

pr
ob

lem
bu

ta
st

he
ex
pe

ct
ed

ris
k
m
in
im

iza
tio

n
pr
ob

lem
,w

he
re
ξ
co
rr
es
po

nd
st

o
a

ra
nd

om
da

ta
sa
m
pl
e
pu

lle
d
fr
om

a
di
st
rib

ut
io
n,

th
en

(1
)
ha

s
an

ad
di
tio

na
lk

ey
pr
op

er
ty
:

fo
r
ea
ch

re
al
iz
at
io
n
of

th
e
ra
nd

om
va
ria

bl
e
ξ,
f

(w
;ξ

)
is

a
co
nv

ex
fu
nc

tio
n
w
ith

Li
ps
ch
itz

co
nt
in
uo

us
gr
ad

ien
ts
.
N
ot
ice

th
at

tr
ad

iti
on

al
an

al
ys
is

of
SG

D
fo
rg

en
er
al

st
oc
ha

st
ic

pr
ob

lem
of

th
e
fo
rm

(1
)
do

es
no

t
m
ak

e
an

y
as
su
m
pt
io
ns

on
in
di
vi
du

al
fu
nc

tio
n
re
al
iz
at
io
ns
.
In

th
is
pa

pe
r
w
e
de

riv
e
co
nv

er
ge
nc

e
pr
op

er
tie

s
fo
r
SG

D
ap

pl
ie
d
to

(1
)
w
ith

th
es
e
ad

di
tio

na
l

as
su
m
pt
io
ns

on
f

(w
;ξ

)
an

d
al
so

ex
te
nd

to
th
e
ca
se

w
he

n
f

(w
;ξ

)
ar
e
no

t
ne

ce
ss
ar
ily

co
nv

ex
.

R
eg
ar
dl
es
s
of

th
e
pr
op

er
tie

s
of
f

(w
;ξ

)
we

as
su
m
e
th
at
F

in
(1
)
is

st
ro
ng

ly
co
nv

ex
.
W
e

de
fin

e
th
e
(u
ni
qu

e)
op

tim
al

so
lu
tio

n
of
F

as
w
∗.

A
ss
um

pt
io
n
1
(µ
-s
tr
on

gl
y
co
nv

ex
)
T
he

ob
je
ct
iv
e
fu
nc
tio

n
F

:R
d
→

R
is

a
µ
-s
tr
on

gl
y

co
nv

ex
,i
.e
.,
th
er
e
ex
is
ts

a
co
ns
ta
nt
µ
>

0
su
ch

th
at
∀w
,w
′ ∈

R
d
,

F
(w

)−
F

(w
′ )
≥
〈∇
F

(w
′ ),

(w
−
w
′ )〉

+
µ 2‖
w
−
w
′ ‖2
.

(3
)
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

Itiswell-known
in

literature
(N

esterov,2004;Bottou
etal.,2018)thatA

ssum
ption

1
im

plies

2µ[F
(w

)−
F

(w
∗ )]≤

‖∇
F

(w
)‖ 2

,
∀
w
∈
R
d.

(4)

T
he

classicaltheoreticalanalysis
of

SG
D

assum
es

that
the

stochastic
gradients

are
uniform

ly
bounded,i.e.

there
exists

a
finite

(fixed)
constant

σ
<
∞

,such
that

E[‖∇
f(w

;ξ)‖ 2]≤
σ

2
,
∀
w
∈
R
d

(5)

(see
e.g.

Shalev-Shwartz
et

al.(2011);N
em

irovskiet
al.(2009);R

echt
et

al.(2011);H
azan

and
K
ale

(2014);R
akhlin

et
al.(2012),etc.).

H
ow

ever,this
assum

ption
is

clearly
false

if
F

is
strongly

convex.
Specifically,under

this
assum

ption
together

w
ith

strong
convexity,

∀
w
∈
R
d,we

have

2
µ[F

(w
)−

F
(w
∗ )]

(4)
≤
‖∇

F
(w

)‖ 2
=
‖E[∇

f(w
;ξ)]‖ 2

≤
E[‖∇

f(w
;ξ)‖ 2]

(5)
≤
σ

2.

H
ence,

F
(w

)≤
σ

2

2
µ

+
F

(w
∗ )
,
∀
w
∈
R
d.

O
n
the

other
hand

strong
convexity

and
∇
F

(w
∗ )=

0
im

ply

F
(w

)≥
µ‖
w
−
w
∗ ‖ 2+

F
(w
∗ )
,
∀
w
∈
R
d.

T
he

last
two

inequalities
are

clearly
in

contradiction
w
ith

each
other

for
suffi

ciently
large

‖
w
−
w
∗ ‖ 2.

Let
us

consider
the

follow
ing

exam
ple:

f1 (w
)

=
12 w

2
and

f2 (w
)

=
w

w
ith

F
(w

)
=

12 (f1 (w
)+

f2 (w
)).

N
ote

that
F

is
strongly

convex,w
hile

individualrealizations
are

not
necessarily

so.
Let

w
0

=
0,for

any
num

ber
t≥

0,w
ith

probability
12
t
the

steps
ofSG

D
algorithm

for
all

i
<
t
are

w
i+

1
=
w
i −

η
i .

T
his

im
plies

that
w
t

=
−
∑
ti=

1
η
i
and

since
∑
∞i=

1
η
i =
∞

then
|w
t |can

be
arbitrarily

large
forlarge

enough
twith

probability
12
t .N

oting
that

for
this

exam
ple,E[‖∇

f(w
t ;ξ)‖ 2]=

12 w
2t +

12 ,we
see

that
E[‖∇

f(w
t ;ξ)‖ 2]can

also
be

arbitrarily
large.

R
ecently,in

the
review

paper
(B

ottou
et

al.,2018),convergence
of

SG
D

for
general

stochastic
optim

ization
problem

was
analyzed

under
the

follow
ing

assum
ption:

there
exist

constants
M

and
N

such
that

E[‖∇
f(w

t ;ξ
t )‖ 2]≤

M
‖∇

F
(w

t )‖ 2+
N
,w

here
w
t ,
t≥

0,are
generated

by
the

SG
D

algorithm
.
T
his

assum
ption

does
not

contradict
strong

convexity,
how

ever,in
general,constants

M
and

N
are

unknow
n,w

hile
M

is
used

to
determ

ine
the

learning
rate

η
t (see

Bottou
et

al.(2018)).
In

addition,the
rate

ofconvergence
ofthe

SG
D

algorithm
dependson

M
and

N
.In

thispaperweshow
thatunderthesm

oothnessassum
ption

on
individual

realizations
f(w

,ξ)
it

is
possible

to
derive

the
bound

E[‖∇
f(w

;ξ)‖ 2]
≤

M
0 [F

(w
)−

F
(w
∗ )]+

N
with

specific
valuesof

M
0 ,and

N
for∀

w
∈
R
d,which

in
turn

im
plies

the
bound

E[‖∇
f(w

;ξ)‖ 2]≤
M
‖∇

F
(w

)‖ 2+
N

w
ith

specific
M

,by
strong

convexity
of
F
.

W
e
also

note
that,in

M
oulines

and
Bach

(2011),the
convergence

ofSG
D

w
ithout

bounded

3
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

gradientassum
ption

isstudied.W
e
then

use
the

new
fram

ework
forthe

convergence
analysis

ofSG
D

to
analyze

an
asynchronous

stochastic
gradient

m
ethod.

In
R
echt

et
al.(2011),an

asynchronous
stochastic

optim
ization

m
ethod

called
H
ogw

ild!
wasproposed.

H
ogwild!

algorithm
isa

parallelversion
ofSG

D
,where

each
processorapplies

SG
D

steps
independently

ofthe
other

processors
to

the
solution

w
w
hich

is
shared

by
all

processors.
T
hus,each

processor
com

putes
a
stochastic

gradient
and

updates
w

w
ithout

"locking"the
m
em

ory
containing

w
,m

eaning
that

m
ultiple

processors
are

able
to

update
w

at
the

sam
e
tim

e.
T
his

approach
leads

to
m
uch

better
scaling

ofparallelSG
D

algorithm
than

a
synchoronous

version,but
the

analysis
ofthis

m
ethod

is
m
ore

com
plex.

In
R
echt

et
al.(2011);M

ania
et

al.(2017);D
e
Sa

et
al.(2015)

various
variants

ofH
ogw

ild!
w
ith

a
fixed

step
size

are
analyzed

under
the

assum
ption

that
the

gradients
are

bounded
as

in
(5).

In
this

paper,we
extend

our
analysis

ofSG
D

to
provide

analysis
ofH

ogw
ild!

w
ith

dim
inishing

step
sizes

and
w
ithout

the
assum

ption
on

bounded
gradients.

In
Leblond

et
al.(2018)

H
ogw

ild!
w
ith

fixed
step

size
is

analyzed
w
ithout

the
bounded

gradientassum
ption.W

enotethatSG
D

with
fixed

step
sizeonly

convergesto
a
neighborhood

ofthe
optim

alsolution,w
hile

by
analyzing

the
dim

inishing
step

size
variant

we
are

able
to

show
convergence

to
the

optim
alsolution

w
ith

probability
one

(w
.p.1).

B
oth

in
Leblond

et
al.(2018)

and
in

this
paper,the

version
ofH

ogwild!
with

inconsistent
reads

and
writes

is
considered.

It
is

well-know
n
that

SG
D

w
illconverge

ifa
sequence

oflearning
rates{

η
t }

satisfies
the

follow
ing

conditions
(1)

∑
∞t=

0
η
t →
∞

and
(2)

∑
∞t=

0
η

2t
<
∞

.
A
s
an

im
portant

contribution
of

this
paper,

w
e
show

the
convergence

of
SG

D
for

strongly
convex

objective
function

w
ithout

using
bounded

gradient
assum

ption
w
hen

{η
t }

is
a
dim

inishing
sequence

and
∑
∞t=

0
η
t →
∞
.
In

M
oulines

and
B
ach

(2011),the
authors

also
proved

the
convergence

of
SG

D
for{

η
t =
O

(1
/t q)},0

<
q
≤

1
,w

ithout
using

bounded
gradient

assum
ption

and
the

second
condition.

C
om

pared
to

M
oulines

and
B
ach

(2011),we
prove

the
convergence

of
SG

D
for{

η
t =
O

(1
/t q)}

w
hich

is
1
/µ

tim
es

larger
and

our
proposed

class
oflearning

rates
satisfying

the
convergence

ofSG
D

is
larger.

O
ur

proposed
class

oflearning
rates

satisfying
the

convergence
ofSG

D
is

larger
than

the
current

state-of-the
art

one.
W
e
w
ould

like
to

highlight
that

this
paper

is
originally

from
N
guyen

et
al.

(2018)
(Proceedings

of
the

35th
International

C
onference

on
M
achine

Learning,
2018)

but
it

presents
a
substantialextension

by
providing

m
any

new
results

for
SG

D
and

H
ogw

ild!.

1.1.
C
ontribution

W
e
provide

a
new

fram
ew

ork
for

the
analysis

of
stochastic

gradient
algorithm

s
in

the
strongly

convex
case

under
the

condition
ofLipschitz

continuity
ofthe

individualfunction
realizations,butw

ithout
requiring

any
bounds

on
the

stochastic
gradients.W

ithin
this

fram
ework

we
have

the
follow

ing
contributions:

•
W
e
prove

the
alm

ost
sure

(w.p.1)
convergence

ofSG
D

with
dim

inishing
step

size.
O
ur

analysis
provides

a
larger

bound
on

the
possible

initialstep
size

w
hen

com
pared

to
any

previous
analysis

ofconvergence
in

expectation
for

SG
D
.

•
W
e
introduce

a
generalrecurrence

for
vector

updates
which

has
as

its
specialcases

(a)
the

H
ogw

ild!
algorithm

w
ith

dim
inishing

step
sizes,w

here
each

update
involves

all
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ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
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st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

no
n-
ze
ro

en
tr
ies

of
th
e
co
m
pu

te
d
gr
ad

ien
t,
an

d
(b
)a

po
sit

io
n-
ba

se
d
up

da
tin

g
al
go
rit

hm
w
he

re
ea
ch

up
da

te
co
rr
es
po

nd
s
to

on
ly

on
e
un

ifo
rm

ly
se
le
ct
ed

no
n-
ze
ro

en
tr
y
of

th
e

co
m
pu

te
d
gr
ad

ie
nt
.

•
W
e
an

al
yz
e
th
is
ge
ne

ra
lr
ec
ur
re
nc

e
un

de
r
in
co
ns
ist

en
t
ve
ct
or

re
ad

s
fr
om

an
d
ve
ct
or

w
rit

es
to

sh
ar
ed

m
em

or
y
(w

he
re

in
di
vi
du

al
ve
ct
or

en
tr
y
re
ad

s
an

d
w
rit

es
ar
e
at
om

ic
in

th
at

th
ey

ca
nn

ot
be

in
te
rr
up

te
d
by

w
rit

es
to

th
e
sa
m
e
en
tr
y)

as
su
m
in
g
th
at

th
er
e

ex
ist

s
a
de

la
y
τ
su
ch

th
at

du
rin

g
th
e

(t
+

1)
-t
h
ite

ra
tio

n
a
gr
ad

ie
nt

of
a
re
ad

ve
ct
or
w

is
co
m
pu

te
d
wh

ich
in
clu

de
s
th
e
ag
gr
eg
at
e
of

al
lt

he
up

da
te
s
up

to
an

d
in
clu

di
ng

th
os
e

m
ad

e
du

rin
g
th
e

(t
−
τ
)-
th

ite
ra
tio

n.
In

ot
he

r
wo

rd
s,
τ
co
nt
ro
ls

to
w
ha

t
ex
te
nt

pa
st

up
da

te
s
in
flu

en
ce

th
e
sh
ar
ed

m
em

or
y.

–
O
ur

up
pe

r
bo

un
d
fo
r
th
e
ex
pe

ct
ed

co
nv

er
ge
nc

e
ra
te

is
O

(1
/
t)
,a

nd
its

pr
ec
ise

ex
pr
es
sio

n
al
lo
w
s
co
m
pa

ris
on

of
al
go

rit
hm

s
(a
)
an

d
(b
)
de

sc
rib

ed
ab

ov
e.

–
Fo

r
SG

D
we

ca
n
im

pr
ov
e
th
is

up
pe

r
bo

un
d
by

a
fa
ct
or

of
2
an

d
al
so

sh
ow

th
at

its
in
iti
al

st
ep

siz
e
ca
n
be

la
rg
er
.

–
W
e
sh
ow

th
at
τ
ca
n
be

a
fu
nc

tio
n
of
t
as

la
rg
e
as
√

(t
/l
n
t)

(1
−

1/
ln
t)

w
ith

ou
t

aff
ec
tin

g
th
ea

sy
m
pt
ot
ic
be

ha
vi
or

of
th
eu

pp
er

bo
un

d;
we

al
so

de
te
rm

in
ea

co
ns
ta
nt

T
0
w
ith

th
e
pr
op

er
ty

th
at
,f
or
t
≥
T

0,
hi
gh

er
or
de

r
te
rm

s
co
nt
ai
ni
ng

pa
ra
m
et
er
τ

ar
e
sm

al
le
r
th
an

th
e
le
ad

in
g
O

(1
/t

)
te
rm

.
W
e
gi
ve

in
tu
iti
on

ex
pl
ai
ni
ng

w
hy

th
e

ex
pe

ct
ed

co
nv

er
ge
nc

e
ra
te

is
no

t
m
or
e
aff

ec
te
d
by

τ
.
O
ur

ex
pe

rim
en
ts

co
nfi

rm
ou

r
an

al
ys
is.

–
W
e
de

te
rm

in
e
a
co
ns
ta
nt
T

1
w
ith

th
e
pr
op

er
ty

th
at
,f
or
t
≥
T

1,
th
e
hi
gh

er
or
de

r
te
rm

co
nt
ai
ni
ng

pa
ra
m
et
er
‖w

0
−
w
∗‖

2
is

sm
al
le
r
th
an

th
e
le
ad

in
g
O

(1
/
t)

te
rm

.

•
A
ll
th
e
ab

ov
e
co
nt
rib

ut
io
ns

ge
ne

ra
liz

e
to

th
e
se
tt
in
g
w
he

re
we

do
no

t
ne

ed
to

as
su
m
e

th
at

th
e
co
m
po

ne
nt

fu
nc

tio
ns
f

(w
;ξ

)
ar
e
co
nv

ex
in
w
.

C
om

pa
re
d
to

N
gu

ye
n
et

al
.(
20

18
),
we

ha
ve

fo
llo

w
in
g
ne

w
re
su
lts

:

•
W
e
pr
ov
e
th
e
al
m
os
ts

ur
e
(w

.p
.1
)c

on
ve
rg
en

ce
of

H
og
wi
ld
!w

ith
a
di
m
in
ish

in
g
se
qu

en
ce

of
le
ar
ni
ng

ra
te
s
{η
t}
.

•
W
e
pr
ov
e
th
e
co
nv

er
ge
nc

e
of

SG
D

fo
r
di
m
in
ish

in
g
se
qu

en
ce
s
of

le
ar
ni
ng

ra
te
s
{η
t}

w
ith

co
nd

iti
on
∑
∞ t=

0
η t
→
∞
.
In

ot
he

r
wo

rd
s,

we
ex
te
nd

th
e
cu

rr
en
t
st
at
e-
of
-t
he

-a
rt

cl
as
s
of

le
ar
ni
ng

ra
te
s
sa
tis

fy
in
g
th
e
co
nv

er
ge
nc

e
of

SG
D
.

•
W
e
pr
ov
e
th
e
co
nv

er
ge
nc

e
of

SG
D

fo
r
ou

r
ex
te
nd

ed
cl
as
s
of

le
ar
ni
ng

ra
te
s
in

ba
tc
h

m
od

el
.

1.
2.

O
rg
an

iz
at
io
n

W
e
an

al
ys
e
th
e
co
nv

er
ge
nc

e
ra
te

of
SG

D
in

Se
ct
io
n
2
an

d
in
tr
od

uc
e
th
e
ge
ne

ra
lr
ec
ur
sio

n
an

d
its

an
al
ys
is

in
Se

ct
io
n
3.

Se
ct
io
n
4
st
ud

ie
s
th
e
co
nv

er
ge
nc

e
of

SG
D

fo
r
ou

r
ex
te
nd

ed
cl
as
s
of

le
ar
ni
ng

ra
te
s.

Ex
pe

rim
en
ts

ar
e
re
po

rt
ed

in
Se

ct
io
n
5.

5
JM

L
R

 2
0(

17
6)

:1
-4

9,
 2
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

A
lg
or
it
hm

1
St
oc
ha

st
ic

G
ra
di
en
t
D
es
ce
nt

(S
G
D
)
M
et
ho

d
In
it
ia
liz
e:
w

0
It
er
at
e:

fo
r
t

=
0,

1,
2,
..
.
do

C
ho

os
e
a
st
ep

siz
e
(i.
e.
,l
ea
rn
in
g
ra
te
)
η t
>

0.
G
en

er
at
e
a
ra
nd

om
va
ria

bl
e
ξ t
.

C
om

pu
te

a
st
oc
ha

st
ic

gr
ad

ie
nt
∇
f

(w
t;
ξ t

).
U
pd

at
e
th
e
ne

w
ite

ra
te
w
t+

1
=
w
t
−
η t
∇
f

(w
t;
ξ t

).
en

d
fo
r

2.
N

ew
Fr

am
ew

or
k

fo
r

C
on

ve
rg

en
ce

A
na

ly
si

s
of

SG
D

W
e
in
tr
od

uc
e
SG

D
al
go

rit
hm

in
A
lg
or
ith

m
1.

T
he

se
qu

en
ce

of
ra
nd

om
va
ria

bl
es
{ξ
t}
t≥

0
is

as
su
m
ed

to
be

i.i
.d
.1

Le
t
us

in
tr
od

uc
e
ou

r
ke
y
as
su
m
pt
io
n
th
at

ea
ch

re
al
iz
at
io
n
∇
f

(w
;ξ

)
is

an
L
-s
m
oo

th
fu
nc

tio
n.

A
ss
um

pt
io
n
2
(L
-s
m
oo

th
)
f

(w
;ξ

)i
sL

-s
m
oo
th

fo
re

ve
ry

re
al
iza

tio
n
of
ξ,

i.e
.,
th
er
e
ex
ist

s
a
co
ns
ta
nt
L
>

0
su
ch

th
at
,∀
w
,w
′ ∈

R
d
,

‖∇
f

(w
;ξ

)−
∇
f

(w
′ ;ξ

)‖
≤
L
‖w
−
w
′ ‖.

(6
)

A
ss
um

pt
io
n

2
im

pl
ie
s
th
at

F
is

al
so

L
-s
m
oo

th
.

T
he

n,
by

a
pr
op

er
ty

of
L
-s
m
oo

th
fu
nc

tio
ns

in
N
es
te
ro
v
(2
00

4)
,w

e
ha

ve
,∀
w
,w
′ ∈

R
d
,

F
(w

)≤
F

(w
′ )

+
〈∇
F

(w
′ ),

(w
−
w
′ )〉

+
L 2‖
w
−
w
′ ‖2
.

(7
)

Th
ef
ol
lo
wi
ng

ad
di
tio

na
lc
on

ve
xi
ty

as
su
m
pt
io
n
ca
n
be

m
ad

e,
as

it
ho

ld
sf
or

m
an

y
pr
ob

lem
s

ar
isi
ng

in
m
ac
hi
ne

le
ar
ni
ng

.

A
ss
um

pt
io
n
3
f

(w
;ξ

)
is

co
nv

ex
fo
r
ev
er
y
re
al
iz
at
io
n
of
ξ,

i.e
.,
∀w
,w
′ ∈

R
d
,

f
(w

;ξ
)−

f
(w
′ ;ξ

)≥
〈∇
f

(w
′ ;ξ

),
(w
−
w
′ )〉
.

W
e
fir
st

de
riv

e
ou

r
an

al
ys
is

un
de

r
A
ss
um

pt
io
ns

2,
an

d
3
an

d
th
en

w
e
de

riv
e
w
ea
ke
r

re
su
lts

un
de

r
on

ly
A
ss
um

pt
io
n
2.

2.
1.

C
on

ve
rg
en

ce
W

it
h
P
ro
ba

bi
lit
y
O
ne

A
s
di
sc
us
se
d
in

th
e
in
tr
od

uc
tio

n,
un

de
r
A
ss
um

pt
io
ns

2
an

d
3
we

ca
n
no

w
de

riv
e
a
bo

un
d
on

E‖
∇
f

(w
;ξ

)‖
2 .

Le
m
m
a
1

Le
tA

ss
um

pt
io
ns

2
an

d
3
ho

ld
.
T
he
n,

fo
r
∀w
∈
R
d
,

E[
‖∇

f
(w

;ξ
)‖

2 ]≤
4L

[F
(w

)−
F

(w
∗)

]+
N
,

(8
)

wh
er
e
N

=
2E

[‖
∇
f

(w
∗;
ξ)
‖2

];
ξ
is

a
ra
nd

om
va
ri
ab
le
,a

nd
w
∗

=
ar

gm
in
w
F

(w
).

1.
i.i

.d
.

st
an

ds
fo

r
in

de
pe

nd
en

t
an

d
id

en
tic

al
ly

di
st

rib
ut

ed
.
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

U
sing

Lem
m
a
1
and

Super
M
artingale

C
onvergence

T
heorem

from
B
ertsekas

(2011)
(Lem

m
a
5
in

A
ppendix

A
),wecan

providethesuffi
cientcondition

foralm
ostsureconvergence

ofA
lgorithm

1
in

the
strongly

convex
case

w
ithout

assum
ing

any
bounded

gradients.

T
heorem

1
(Suffi

cient
conditions

for
alm

ost
sure

convergence)
LetAssum

ptions1,
2
and

3
hold.

C
onsider

Algorithm
1
with

a
stepsize

sequence
such

that

0
<
η
t ≤

12
L
,
∞∑t=

0
η
t =
∞

and
∞∑t=

0
η

2t
<
∞
.

T
hen,the

following
holds

w.p.1
(alm

ostsurely)

‖
w
t −

w
∗ ‖ 2→

0.

N
ote

that
the

classicalSG
D

proposed
in

R
obbins

and
M
onro

(1951)
has

learning
rate

satisfying
conditions

∞∑t=
0
η
t =
∞

and
∞∑t=

0
η

2t
<
∞

H
owever,the

originalanalysis
is

perform
ed

under
the

bounded
gradient

assum
ption,as

in
(5).

In
T
heorem

1,on
the

other
hand,we

do
not

use
this

assum
ption,but

instead
assum

e
Lipschitz

sm
oothness

and
convexity

ofthe
function

realizations,w
hich

does
not

contradict
the

strong
convexity

of
F

(w
).

T
he

follow
ing

result
establishes

a
sublinear

convergence
rate

ofSG
D
.

T
heorem

2
LetAssum

ptions1,2
and

3
hold.

Let
E

=
2
α
L
µ

with
α

=
2.

ConsiderAlgorithm
1
with

a
stepsize

sequence
such

that
η
t =

α
µ(t+

E
) ≤

η0
=

12
L .

T
hen,

E[‖w
t −

w
∗ ‖ 2]≤

4
α

2N

µ
2

1
(t−

T
+
E

)

for
t≥

T
=

4
Lµ

m
ax{

L
µN
‖
w

0 −
w
∗ ‖ 2,1}−

4Lµ
,

where
N

=
2E[‖∇

f(w
∗ ;ξ)‖ 2]and

w
∗

=
argm

in
w
F

(w
).

2.2.
C
onvergence

A
nalysis

w
ithout

C
onvexity

In
this

section,we
provide

the
analysis

ofA
lgorithm

1
w
ithout

using
A
ssum

ption
3,that

is,
f(w

;ξ)
is

not
necessarily

convex.
W
e
stilldo

not
need

to
im

pose
the

bounded
stochastic

gradientassum
ption,since

we
can

derive
an

analogue
ofLem

m
a
1,albeitwith

worse
constant

in
the

bound.

Lem
m
a
2

LetAssum
ptions

1
and

2
hold.

T
hen,for

∀
w
∈
R
d,

E[‖∇
f(w

;ξ)‖ 2]≤
4
L
κ[F

(w
)−

F
(w
∗ )]+

N
,

(9)

where
κ

=
Lµ
and

N
=

2E[‖∇
f(w

∗ ;ξ)‖ 2];
ξ
is

a
random

variable,and
w
∗

=
argm

in
w
F

(w
).
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

B
ased

on
the

proofs
ofT

heorem
s
1
and

2,we
can

easily
have

the
follow

ing
two

results
(T

heorem
s
3
and

4).

T
heorem

3
(Suffi

cient
conditions

for
alm

ost
sure

convergence)
LetAssum

ptions
1

and
2
hold.

T
hen,we

can
conclude

the
statem

entofT
heorem

1
with

the
definition

ofthe
step

size
replaced

by
0
<
η
t ≤

12
L
κ
with

κ
=

Lµ .

T
heorem

4
Let

Assum
ptions

1
and

2
hold.

T
hen,

we
can

conclude
the

statem
ent

of
Theorem

2
with

the
definition

ofthe
step

size
replaced

by
η
t =

α
µ(t+

E
) ≤

η0
=

12
L
κ
with

κ
=

Lµ
and

α
=

2,and
allother

occurrences
of
L

in
E

and
T

replaced
by

L
κ.

R
em

ark
1

By
strong

convexity
of
F
,Lem

m
a
2
im

plies
E[‖∇

f(w
;ξ)‖ 2]≤

2κ
2‖∇

F
(w

)‖ 2+
N
,

for
∀
w
∈

R
d,

where
κ

=
Lµ
and

N
=

2E[‖∇
f(w

∗ ;ξ)‖ 2].
W
e
can

now
substitute

the
value

M
=

2
κ

2
into

T
heorem

4.7
in

B
ottou

et
al.(2018).

W
e
observe

that
the

resulting
initial

learning
rate

in
B
ottou

et
al.

(2018)
has

to
satisfy

η0
≤

1
2
L
F
κ

2
while

our
results

allows
η0

=
12
L
κ .

W
e
notice

thatBottou
etal.(2018)

only
assum

es
that

F
has

Lipschitz
continuous

gradients
with

Lipschitz
constant

L
F
while

we
need

the
sm

oothness
assum

ption
on

individual
realizations.

T
herefore,

L
F

and
L

m
ay

be
different.

B
oth

L
F

and
L

values
are

hard
to

com
pare

and
L
F
in

Bottou
etal.(2018)

can
potentially

be
m
uch

sm
aller,however,no

general
com

parative
statem

ents
can

be
m
ade.

By
introducing

Assum
ption

2,which
holds

for
m
any

M
L
problem

s,we
are

able
to

provide
the

values
of
M

and
N
.
Recallthatunder

Assum
ption

3,our
initiallearning

rate
is
η0

=
12
L

(in
T
heorem

2).
T
hus

Assum
ption

3
provides

an
im

provem
ent

of
the

conditions
on

the
learning

rate.

3.
A

synchronous
Stochastic

O
ptim

ization
aka

H
ogw

ild!
H
ogwild!(R

echtetal.,2011)isan
asynchronousstochasticoptim

ization
m
ethod

wherewrites
to

and
reads

from
vector

positions
in

shared
m
em

ory
can

be
inconsistent

(this
corresponds

to
(13)

as
we

shallsee).
H
owever,as

m
entioned

in
M
ania

et
al.(2017),for

the
purpose

of
analysis

the
m
ethod

in
R
echt

et
al.(2011)

perform
s
single

vector
entry

updates
that

are
random

ly
selected

from
the

non-zero
entries

ofthe
com

puted
gradient

as
in

(12)
(explained

later)
and

requires
the

assum
ption

ofconsistent
vector

reads
together

w
ith

the
bounded

gradient
assum

ption
to

prove
convergence.

Both
M
ania

et
al.(2017)

and
D
e
Sa

et
al.(2015)

prove
the

sam
e
result

for
fixed

step
size

based
on

the
assum

ption
ofbounded

stochastic
gradients

in
the

strongly
convex

case
but

now
without

assum
ing

consistent
vector

reads
and

w
rites.

In
these

works
the

fixed
step

size
η
m
ust

depend
on

σ
from

the
bounded

gradient
assum

ption,however,one
does

not
usually

know
σ
and

thus,we
cannot

com
pute

a
suitable

η
a-priori.
A
s
claim

ed
by

the
authors

in
M
ania

et
al.

(2017),
they

can
elim

inate
the

bounded
gradient

assum
ption

in
their

analysis
ofH

ogw
ild!,w

hich
however

was
only

m
entioned

as
a

rem
ark

withoutproof.O
n
the

otherhand,the
authorsofLeblond

etal.(2018)form
ulate

and
prove,w

ithout
the

bounded
gradient

assum
ption,a

precise
theorem

about
the

convergence
rate

ofH
ogw

ild!
ofthe

form

E[‖w
t −

w
∗ ‖ 2]≤

(1−
ρ)
t(2‖w

0 −
w
∗ ‖ 2)+

b,
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ce

A
sp
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of
St

oc
ha
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ic

G
ra
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en

t
A

lg
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it
hm

s

w
he

re
ρ
is

a
fu
nc

tio
n
of

se
ve
ra
lp

ar
am

et
er
s
bu

t
in
de

pe
nd

en
t
of

th
e
fix

ed
ch
os
en

st
ep

siz
e
η

an
d
wh

er
e
b
is

a
fu
nc

tio
n
of

se
ve
ra
lp

ar
am

et
er
s
an

d
ha

s
a
lin

ea
r
de

pe
nd

en
cy

wi
th

re
sp
ec
t
to

th
e
fix

ed
st
ep

siz
e,

i.e
.,
b

=
O

(η
).

In
th
is
se
ct
io
n,

we
di
sc
us
st

he
co
nv

er
ge
nc

e
of

H
og
wi
ld
!w

ith
di
m
in
is
hi
ng

st
ep

siz
e
wh

er
e

w
rit

es
to

an
d
re
ad

s
fro

m
ve
ct
or

po
sit

io
ns

in
sh
ar
ed

m
em

or
y
ca
n
be

in
co
ns
is
te
nt

.
T
hi
s
is

a
sli
gh

t
m
od

ifi
ca
tio

n
of

th
e
or
ig
in
al

H
og
w
ild

!
w
he

re
th
e
st
ep

siz
e
is

fix
ed

.
In

ou
r
an

al
ys
is

w
e
al
so

do
no

t
us
e
th
e
bo

un
de

d
gr
ad

ie
nt

as
su
m
pt
io
n

as
in

Le
bl
on

d
et

al
.(

20
18
).

M
or
eo
ve
r,

(a
)
we

fo
cu

s
on

so
lv
in
g
th
e
m
or
e
ge
ne

ra
lp

ro
bl
em

in
(1
),

w
hi
le

Le
bl
on

d
et

al
.

(2
01
8)

co
ns
id
er
s
th
e
sp
ec
ifi
c
ca
se

of
th
e
“fi

ni
te
-s
um

”
pr
ob

le
m

in
(2
),
an

d
(b
)
we

sh
ow

th
at

ou
r
an

al
ys
is

ge
ne

ra
liz

es
to

th
e
no

n-
co
nv

ex
ca
se

of
th
e
co
m
po

ne
nt

fu
nc

tio
ns
,i
.e
.,
w
e
do

no
t
ne

ed
to

as
su
m
e
fu
nc

tio
ns
f

(w
;ξ

)
ar
e
co
nv

ex
(w

e
on

ly
re
qu

ire
F

(w
)=

E[
f

(w
;ξ

)]
to

be
st
ro
ng

ly
co
nv

ex
)
as

op
po

se
d
to

th
e
as
su
m
pt
io
n
in

Le
bl
on

d
et

al
.(
20

18
).

3.
1.

R
ec
ur
si
on

W
e
fir
st

fo
rm

ul
at
e
a
ge
ne

ra
lr

ec
ur
sio

n
fo
r
w
t
to

w
hi
ch

ou
r
an

al
ys
is

ap
pl
ie
s,

ne
xt

we
w
ill

ex
pl
ai
n
ho

w
th
e
di
ffe

re
nt

va
ria

bl
es

in
th
e
re
cu

rs
io
n
in
te
ra
ct

an
d
de

sc
rib

e
tw

o
sp
ec
ia
lc

as
es
,

an
d
fin

al
ly

we
pr
es
en
t
ps
eu

do
co
de

of
th
e
al
go

rit
hm

us
in
g
th
e
re
cu

rs
io
n.

T
he

re
cu

rs
io
n
ex
pl
ai
ns

w
hi
ch

po
sit

io
ns

in
w
t
sh
ou

ld
be

up
da

te
d
in

or
de

r
to

co
m
pu

te
w
t+

1.
Si
nc

e
w
t
is
st
or
ed

in
sh
ar
ed

m
em

or
y
an

d
is
be

in
g
up

da
te
d
in

a
po

ss
ib
ly

no
n-
co
ns
ist

en
t

wa
y
by

m
ul
tip

le
co
re
sw

ho
ea
ch

pe
rfo

rm
re
cu

rs
io
ns
,t
he

sh
ar
ed

m
em

or
y
wi
ll
co
nt
ai
n
a
ve
ct
or

w
w
ho

se
en
tr
ie
s
re
pr
es
en
t
a
m
ix

of
up

da
te
s.

T
ha

t
is,

be
fo
re

pe
rfo

rm
in
g
th
e
co
m
pu

ta
tio

n
of

a
re
cu

rs
io
n,

a
co
re

w
ill

fir
st

re
ad

w
fr
om

sh
ar
ed

m
em

or
y,

ho
we

ve
r,

w
hi
le

re
ad

in
g
w

fr
om

sh
ar
ed

m
em

or
y,

th
e
en
tr
ies

in
w

ar
e
be

in
g
up

da
te
d
ou

to
fo

rd
er
.
Th

e
fin

al
ve
ct
or
ŵ
t
re
ad

by
th
e
co
re

re
pr
es
en
ts

an
ag

gr
eg
at
e
of

a
m
ix

of
up

da
te
s
in

pr
ev
io
us

ite
ra
tio

ns
.

T
he

ge
ne

ra
lr

ec
ur
sio

n
is

de
fin

ed
as

fo
llo

w
s:

Fo
r
t
≥

0,

w
t+

1
=
w
t
−
η t
d
ξ t
S
ξ t u
t
∇
f

(ŵ
t;
ξ t

),
(1
0)

w
he

re •
ŵ
t
re
pr
es
en
ts

th
e
ve
ct
or

us
ed

in
co
m
pu

tin
g
th
e
gr
ad

ie
nt
∇
f

(ŵ
t;
ξ t

)
an

d
w
ho

se
en
tr
ie
s

ha
ve

be
en

re
ad

(o
ne

by
on

e)
fro

m
an

ag
gr
eg
at
e
of

a
m
ix

of
pr
ev
io
us

up
da

te
s
th
at

le
d

to
w
j
,j
≤
t,
an

d

•
th
e
S
ξ t u
t
ar
e
di
ag

on
al

0/
1-
m
at
ric

es
w
ith

th
e
pr
op

er
ty

th
at

th
er
e
ex
ist

re
al

nu
m
be

rs
d
ξ

sa
tis

fy
in
g

d
ξ
E[
S
ξ u
|ξ]

=
D
ξ
,

(1
1)

wh
er
et

he
ex
pe

ct
at
io
n
is
ta
ke
n
ov
er
u
an

d
D
ξ
is
th
ed

ia
go
na

l0
/1

m
at
rix

wh
os
e1

-e
nt
rie

s
co
rr
es
po

nd
to

th
e
no

n-
ze
ro

po
sit

io
ns

in
∇
f

(w
;ξ

)i
n
th
e
fo
llo

wi
ng

se
ns
e:

Th
e
i-t

h
en
tr
y

of
D
ξ
’s

di
ag
on

al
is

eq
ua

lt
o
1
if
an

d
on

ly
if
th
er
e
ex
ist

s
a
w

su
ch

th
at

th
e
i-t

h
po

sit
io
n

of
∇
f

(w
;ξ

)
is

no
n-
ze
ro
.

Th
e
ro
le

of
m
at
rix

S
ξ t u
t
is

th
at

it
fil
te
rs

wh
ich

po
sit

io
ns

of
gr
ad

ien
t
∇
f

(ŵ
t;
ξ t

)
pl
ay

a
ro
le

in
(1
0)

an
d
ne

ed
to

be
co
m
pu

te
d.

N
ot
ic
e
th
at
D
ξ
re
pr
es
en
ts

th
e
su
pp

or
t
of
∇
f

(w
;ξ

);
by

|D
ξ
|w

e
de

no
te

th
e
nu

m
be

r
of

1s
in
D
ξ
,i
.e
.,
|D

ξ
|e

qu
al
s
th
e
siz

e
of

th
e
su
pp

or
t
of
∇
f

(w
;ξ

).
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R
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T
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,

an
d

va
n

D
ij

k

W
e
w
ill

re
st
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t
ou
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el
ve
s
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ch
oo

sin
g
(i.
e.
,fi

xi
ng

a-
pr
io
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no
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em

pt
y
m
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ric

es
S
ξ u
th
at

“p
ar
tit

io
n”

D
ξ
in
D

ap
pr
ox
im

at
el
y
“e
qu
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ly

siz
ed

”
S
ξ u
:

∑ u

S
ξ u

=
D
ξ
,

w
he

re
ea
ch

m
at
rix

S
ξ u
ha

s
ei
th
er
b|D

ξ
|/
D
c
or
d|D

ξ
|/
D
e
on

es
on

its
di
ag
on

al
.
W
e
un

ifo
rm

ly
ch
oo

se
on

e
of

th
e
m
at
ric

es
S
ξ t u
t
in

(1
0)
,h

en
ce
,d

ξ
eq
ua

ls
th
e
nu

m
be

r
of

m
at
ric

es
S
ξ u
,s

ee
(1
1)
.

In
ot
he

r
to

ex
pl
ai
n
re
cu

rs
io
n
(1
0)

we
fir
st

co
ns
id
er

tw
o
sp
ec
ia
lc

as
es
.
Fo

r
D

=
∆̄
,w

he
re

∆̄
=

m
ax ξ
{|
D
ξ
|}

re
pr
es
en
ts

th
e
m
ax

im
um

nu
m
be

r
of

no
n-
ze
ro

po
sit

io
ns

in
an

y
gr
ad

ie
nt

co
m
pu

ta
tio

n
f

(w
;ξ

),
we

ha
ve

th
at

fo
ra

ll
ξ,

th
er
e
ar
e
ex
ac
tly
|D

ξ
|d

ia
go

na
lm

at
ric

es
S
ξ u
wi
th

a
sin

gl
e
1
re
pr
es
en
tin

g
ea
ch

of
th
e
el
em

en
ts

in
D
ξ
.
Si
nc

e
p
ξ
(u

)
=

1/
|D

ξ
|i
s
th
e
un

ifo
rm

di
st
rib

ut
io
n,

we
ha

ve
E[
S
ξ u
|ξ]

=
D
ξ
/
|D

ξ
|,
he

nc
e,
d
ξ

=
|D

ξ
|.
T
hi
s
gi
ve
s
th
e
re
cu

rs
io
n

w
t+

1
=
w
t
−
η t
|D

ξ
|[∇

f
(ŵ

t;
ξ t

)] u
t
,

(1
2)

w
he

re
[∇
f

(ŵ
t;
ξ t

)] u
t
de

no
te
s
th
e
u
t-t

h
po

sit
io
n
of
∇
f

(ŵ
t;
ξ t

)
an

d
w
he

re
u
t
is

a
un

ifo
rm

ly
se
le
ct
ed

po
sit

io
n
th
at

co
rr
es
po

nd
s
to

a
no

n-
ze
ro

en
tr
y
in
∇
f

(ŵ
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ξ t

).
A
t
th
e
ot
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r
ex
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em
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fo
r
D

=
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w
e
ha

ve
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e
m
at
rix

S
ξ 1

=
D
ξ
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r
ea
ch
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d
we

ha
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d
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gi
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cu
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w
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1
=
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−
η t
∇
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(ŵ
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ξ t

).
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pr
es
en
ts

H
og
w
ild

!.
In

a
sin

gl
e-
co
re

se
tt
in
g
w
he

re
up

da
te
s
ar
e
do

ne
in

a
co
ns
ist

en
t
wa

y
an

d
ŵ
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ra
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N
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C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

3.2.
A
nalysis

B
esides

A
ssum

ptions
1,2,and

for
now

3,we
assum

e
the

follow
ing

assum
ption

regarding
a
param

eter
τ,called

the
delay,w

hich
indicates

w
hich

updates
in

previous
iterations

have
certainly

m
ade

their
way

into
shared

m
em

ory
w
.

A
ssum

ption
4
(C

onsistent
w
ith

delay
τ)

W
e
say

that
shared

m
em

ory
is

consistent
with

delay
τ
with

respectto
recursion

(10)
if,for

all
t,vector

ŵ
t includes

the
aggregate

ofthe
updates

up
to

and
including

those
m
ade

during
the

(t−
τ)-th

iteration
(where

(10)
defines

the
(t+

1)-stiteration).
Each

position
read

from
shared

m
em

ory
is

atom
ic

and
each

position
update

to
shared

m
em

ory
is

atom
ic

(in
thatthese

cannotbe
interrupted

by
another

update
to

the
sam

e
position).

In
other

words
in

the
(t+

1)-th
iteration,

ŵ
t equals

w
t−
τ
plus

som
e
subset

ofposition
updates

m
ade

during
iterations

t−
τ,t−

τ
+

1
,...,t−

1.
W
e
assum

e
that

there
exists

a
constant

delay
τ
satisfying

A
ssum

ption
4.

3.3.
C
onvergence

W
ith

P
robability

O
ne

A
ppendix

D
.5

proves
the

follow
ing

theorem

T
heorem

5
(Suffi

cient
conditions

for
alm

ost
sure

convergence
for

H
ogw

ild!)
Let

Assum
ptions

1,2,3
and

4
hold.

C
onsider

H
ogwild!

m
ethod

described
in

Algorithm
2
with

a
stepsize

sequence
such

that

0
<
η
t =

1
L
D

(2
+
β)(k

+
t)
<

1
4
L
D
,β

>
0
,k
≥

3
τ.

T
hen,the

following
holds

w.p.1
(alm

ostsurely)

‖
w
t −

w
∗ ‖
→

0.

3.4.
C
onvergence

in
E
xpectation

A
ppendix

D
.2

proves
the

follow
ing

theorem
w
here

∆̄
D

def
=
D
·E[d|D

ξ |/D
e].

T
heorem

6
Suppose

Assum
ptions

1,2,3
and

4
and

consider
Algorithm

2
for

sets
S
ξu
with

param
eter

D
.
Let

η
t =

α
t

µ(t+
E

)
with

4≤
α
t ≤

α
and

E
=

m
ax{2τ,

4
L
α
D

µ
}.

Then,the
expected

num
ber

ofsingle
vector

entry
updates

after
t
iterations

is
equalto

t ′=
t∆̄

D
/D

,

and

E[‖
ŵ
t −

w
∗ ‖ 2]

≤
4
α

2
D
N

µ
2

t
(t+

E
−

1) 2
+
O
(

ln
t

(t+
E
−

1) 2 )
,

E[‖
w
t −

w
∗ ‖ 2]

≤
4
α

2
D
N

µ
2

t
(t+

E
−

1) 2
+
O
(

ln
t

(t+
E
−

1) 2 )
,

where
N

=
2E[‖∇

f(w
∗ ;ξ)‖ 2]and

w
∗

=
argm

in
w
F

(w
).
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

In
term

s
of

t ′,
the

expected
num

ber
single

vector
entry

updates
after

t
iterations,

E[‖ŵ
t −

w
∗ ‖ 2]and

E[‖w
t −

w
∗ ‖ 2]are

at
m
ost

4
α

2∆̄
D
N

µ
2

1t ′ +
O

(
ln
t ′

t ′2

)
.

R
em

ark
2

In
(12)

D
=

∆̄
,
hence,d|D

ξ |/D
e

=
1
and

∆̄
D

=
∆̄

=
m

ax
ξ {|D

ξ |}.
In

(13)
D

=
1,hence,∆̄

D
=

E[|D
ξ |].

T
his

shows
thatthe

upper
bound

in
T
heorem

6
is

better
for

(13)
with

D
=

1.
Ifwe

assum
e
no

delay,i.e.
τ

=
0,in

addition
to
D

=
1,then

we
obtain

SG
D
.T

heorem
2
shows

that,m
easured

in
t ′,we

obtain
the

upper
bound

4
α

2S
G
D ∆̄

D
N

µ
2

1t ′

with
α
S
G
D

=
2
as

opposed
to
α
≥

4.
W
ith

respect
to

parallelism
,
SG

D
assum

es
a
single

core,
while

(13)
and

(12)
allow

m
ultiple

cores.
N
otice

thatrecursion
(12)

allows
us

to
partition

the
position

ofthe
shared

m
em

ory
am

ong
the

different
processor

cores
in

such
a
way

that
each

partition
can

only
be

updated
by

its
assigned

core
and

where
partitions

can
be

read
by

allcores.
T
his

allows
optim

alresource
sharing

and
could

m
ake

up
for

the
difference

between
∆̄
D

for
(12)

and
(13).

W
e
hypothesize

that,for
a
parallelim

plem
entation,

D
equalto

a
fraction

of∆̄
willlead

to
bestperform

ance.

R
em

ark
3

Surprisingly,
the

leading
term

of
the

upper
bound

on
the

convergence
rate

is
independent

of
delay

τ.
O
n
one

hand,
one

would
expect

that
a
m
ore

recent
read

which
contains

m
ore

ofthe
updates

done
during

the
last

τ
iterations

willlead
to

better
convergence.

W
hen

inspecting
the

second
order

term
in

the
proofin

Appendix
D
.2,we

do
see

thata
sm

aller
τ
(and/or

sm
aller

sparsity)
m
akes

the
convergence

rate
sm

aller.
T
hatis,asym

ptotically
t

should
be

large
enough

as
a
function

of
τ
(and

other
param

eters)
in

order
for

the
leading

term
to

dom
inate.

N
evertheless,in

asym
ptotic

term
s
(for

larger
t)

the
dependence

on
τ
is

notnoticeable.
In

fact,Appendix
D
.4

shows
thatwe

m
ay

allow
τ
to

be
a
m
onotonic

increasing
function

of
t

with
2
L
α
D

µ
≤
τ(t)≤

√
t·L(t),

where
L(t)=

1ln
t −

1
(ln

t) 2
(this

willm
ake

E
=

m
ax{2

τ(t),
4
L
α
D

µ
}
also

a
function

of
t).

T
he

leading
term

ofthe
convergence

rate
does

notchange
while

the
second

order
term

s
increase

to
O

(
1

tln
t ).

W
e
show

that,fort≥
T

0
=

exp[2 √
∆

(1
+

(L
+
µ)α
µ

)],

where
∆

=
m

ax
i P

(i∈
D
ξ )

m
easures

sparsity,the
higher

order
term

s
thatcontain

τ(t)
(as

defined
above)

are
atm

ostthe
leading

term
.

O
ur

intuition
behind

this
phenom

enon
is

thatfor
large

τ,allthe
last

τ
iterations

before
the

t-th
iteration

use
vectors

ŵ
j
with

entries
thatare

dom
inated

by
the

aggregate
ofupdates
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∑
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th
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(ŵ
j
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∑
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−
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hi
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co
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T
hi
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ow
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τ
co
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co
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H
ow

ev
er
,

es
tim

at
e
(1
4)

ha
s
es
tim

at
io
n
no

is
e
wi
th

re
sp
ec
tt
o
(1
5)

wh
ic
h
ex
pl
ai
ns

wh
y
in

th
is

th
ou

gh
t

ex
pe
ri
m
en

tw
e
ca
nn

ot
at
ta
in
c−

t
bu
tc

an
on

ly
re
ac
h
a
m
uc
h
sm

al
le
r
co
nv

er
ge
nc
e
ra
te

of
e.
g.

O
(1
/t

)
as

in
T
he
or
em
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Ex
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Se
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co
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r
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R
em

ar
k
4

Th
e
hi
gh
er

or
de
r
te
rm

s
in

th
e
pr
oo
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n
Ap

pe
nd

ix
D
.2

sh
ow

th
at
,a

s
in

Th
eo
re
m

2,
th
e
ex
pe
ct
ed

co
nv

er
ge
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e
ra
te

in
Th

eo
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m

6
de
pe
nd

s
on
‖w

0
−
w
∗‖

2 .
Th

e
pr
oo
fs

ho
ws

th
at
,

fo
r

t
≥
T

1
=

µ
2

α
2 N

D
‖w

0
−
w
∗‖

2 ,

th
e
hi
gh
er

or
de
rt

er
m

th
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co
nt
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∗‖

2
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co
m
pa
ra
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fo
r
SG

D
.

R
em

ar
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5

St
ep

si
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α
t

µ
(t

+
E

)
wi
th

4
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α
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be
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ra
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∈
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,2
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fo
r
α

=
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=
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µ
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+
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=
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∈
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at
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g
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ra
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re
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d
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+
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T
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.
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C
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N
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d
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.
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.
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→
∞
.
T
he
n,

E[
‖w

t+
1
−
w
∗‖

2 ]≤
N

ex
p(
n

(0
))

2n
(M
−

1 (ln
[n

(t
+

1)
n

(0
)

]+
M

(t
+

1)
))

+
ex

p(
−
M

(t
+

1)
)[e

xp
(M

(1
))
n

2 (0
)N

+
E[
‖w

0
−
w
∗‖

2 ]],

wh
er
e
n

(t
)=

µ
η t

an
d
M

(t
)=

∫ t x
=

0
n

(x
)d
x
.
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The
upperbound

in
Theorem

10
can

be
interpreted

asbeing
approxim

ately
equivalentto

E[‖w
t −
w
∗ ‖ 2]≤

U
n(t−

∆
)+
V

exp(−
M

(t))where
U

=
N

exp(n(0)),
V

=
exp(M

(1))n
2(0)N

+
E[‖

w
0 −

w
∗ ‖ 2]and

∆
is

a
delay

com
puted

from
ln[

n(t+
1)

n(0)
].

Since
n(t)

decreases
and

M
(t)

increases
when

tapproaches
to

infinity,E[‖w
t −

w
∗ ‖ 2]]decreases

in
the

sam
e
way

as
n(t)

to
0,except

for
som

e
delay

∆
.

A
s
show

n
in

(53)
(see

also
A
ppendix

D
.6),we

have

E[‖w
t −

w
∗ ‖ 2]≤

A
C

(t)+
B

exp(−
M

(t)),

where
A

and
B

are
constantsand

C
(t)isdefined

in
(16)below.W

e
show

thatan
alternative

prooffor
the

convergence
ofSG

D
w
ith

the
setup

above
based

on
the

study
of
C

(t)
can

be
developed.

Lem
m
a
3

Let
C

(t)=
exp(−

M
(t)) ∫

t

x=
0 exp(M

(x))n(x) 2d
x
,

(16)

where
ddx
M

(x)=
n(x)

with
function

n(x)
satisfying

the
following

conditions:

1.
ddx
n(x)

<
0,

2.
ddx
n(x)

is
continuous.

T
hen,there

is
a
m
om

ent
T

such
thatfor

all
t
>
T
,
C

(t)
>
n(t).

P
roof

W
e
take

the
derivative

of
C

(t),i.e.,

dd
t C

(t)=
−

exp(−
M

(t))n(t) ∫
t

x=
0 exp(M

(x))n(x) 2d
x

+
exp(−

M
(t))exp(M

(t))n(t) 2

=
n(t)[n(t)−

C
(t)]

T
his

show
s
that

C
(t)

is
decreasing

ifand
only

if
C

(t)
>
n(t).

Initially
C

(0)
=

0
and

n(0)
>

0,hence,
C

(t)
starts

increasing
from

t≥
0.

Since
n(t)

decreases
for

all
t≥

0,we
know

that
there

m
ust

exist
a
first

cross
over

point
x:

•
T
here

exists
a
value

x
such

that
C

(t)
increases

for
0
≤
t
<
x,and

•
C

(x)=
n(x)

w
ith

derivative
d
C

(t)/d
t|t=

x
=

0.

Since
n(x)hasa

derivative
<

0,we
know

that
C

(t)
>
n(t)im

m
ediately

after
x.

Suppose
that

C
(y)

=
n(y)

for
som

e
y
>
x
w
ith

C
(t)

>
n(t)

for
x
<
t
<
y.

T
his

im
plies

that
d
C

(t)/
d
t|t=

y
=

0
and

since
d
C

(t)/d
tis

continuous

C
(y−

ε)=
C

(y)+
O

(ε 2).

A
lso,

n(y−
ε)=

n(y)−
εd
n(t)/d

t|t=
y +

O
(ε 2).
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Since
d
n(t)/d

t|t=
y
<

0,we
know

that
there

exists
an

ε
sm

allenough
(close

to
0)

such
that

C
(y−

ε)
<
n(y−

ε).

T
his

contradicts
C

(t)
>
n(t)

for
x
<
t
<
y.

W
e
conclude

that
there

does
not

exist
a
y
>
x

such
that

C
(y)=

n(y):

•
For

t
>
x,
C

(t)
>
n(t)

and
C

(t)
is

strictly
decreasing.

W
e
conclude

that
for

any
given

n(t),there
exists

a
tim

e
T

such
that

C
(t)

<
n(t)

for
all

t∈
[0
,T

),
C

(T
)=

n(T
)
after

w
hich

C
(t)

>
n(t)

w
hen

t∈
(T
,∞

].
N
ote

that
C

(t)
is

always
bigger

then
zero.

A
sproved

above,
C

(t)decreasesfor
t
>
T
.In

addition
to

thiswenotethat
C

(t)converges
to

zero
w
hen

tgoes
to

infinity
(see

the
proofofT

heorem
9
in

A
ppendix

D
.6).

In
addition

to
C

(t)→
0
w
hen

t→
∞
,also

exp(−
M

(t))→
0
w
hen

t→
∞

because
∑
∞t=

0
n(t)→

∞
.

B
ased

on
these

tw
o
results

w
e
conclude

that
E[‖

w
t −

w
∗ ‖ 2]→

0
w
hen

t→
∞
.
T
his

is
an

alternative
prooffor

the
convergence

ofSG
D

as
show

n
in

T
heorem

9.

T
heorem

11
Am

ong
allstepsizes

η
q
,t =

1/(K
+
t)
q
where

q
>

0,
K

is
a
constantsuch

that
η
q
,t ≤

12
L ,SG

D
algorithm

enjoys
the

fastestconvergence
with

stepsize
η1
,t =

1/(2L
+
t).

4.2.
C
onvergence

of
Large

Stepsizes
in

B
atch

M
ode

W
e
define

F
t =

σ(w
0 ,ξ ′0 ,u

0 ,...,ξ ′t−
1 ,u

t−
1 ),

w
here

ξ ′i =
(ξ
i,1 ,...,ξ

i,k
i ).

W
e
consider

the
follow

ing
generalalgorithm

w
ith

the
follow

ing
gradient

updating
rule:

w
t+

1
=
w
t −

η
t d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t ),
(17)

w
here

f(w
t ;ξ ′t )=

1k
t ∑

k
t
i=

1
f(w

t ;ξ
t,i ).

T
heorem

12
LetAssum

ptions
1,2

and
3
hold,{η

t }
is

a
dim

inishing
sequence

with
condi-

tions
∑
∞t=

0
η
t →
∞

and
0
<
η
t ≤

1
2
L
D

for
all

t≥
0.

T
hen,the

sequence
{w

t }
converges

to
w
∗
where

w
t+

1
=
w
t −

η
t d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t ).

T
he

proofofT
heorem

12
is

provided
in

A
ppendix

D
.7.
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W
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w
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Fo
r
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fra
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n
v
∈
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2,
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we
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w
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m
at
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ra
nd

om
su
bs
et

of
siz

e
v
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n
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Fi
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=
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st
ar
tin

g
po

in
t
ra
th
er

th
an

w
0
gi
ve
s,

fo
r
t
≥

m
ax
{T
,0
},

E[
‖w

t
−
w
∗‖

2 ]≤
N µ

2
G

1
(t
−
T

+
E

),

w
he

re
G

is
no

w
eq
ua

lt
o

4m
ax
{L
µ N
E[
‖w

T
−
w
∗‖

2 ],
1}
,

w
hi
ch

eq
ua

ls
4,

se
e
(2
6)
.
Fo

r
an

y
gi
ve
n
w

0,
we

pr
ov
e
th
e
th
eo
re
m
.

A
pp

en
di

x
D

.
A

na
ly

si
s

fo
r

A
lg

or
it

hm
2

T
he

an
al
ys
is

fo
r
A
lg
or
ith

m
2
ca
n
be

do
ne

in
be

lo
w
.

D
.1
.
R
ec
ur
re
nc

e
an

d
N
ot
at
io
n

W
e
in
tr
od

uc
e
th
e
fo
llo

w
in
g
no

ta
tio

n:
Fo

r
ea
ch

ξ,
we

de
fin

e
D
ξ
⊆
{1
,.
..
,d
}
as

th
e
se
t
of

po
ss
ib
le

no
n-
ze
ro

po
sit

io
ns

in
a
ve
ct
or

of
th
e
fo
rm
∇
f

(w
;ξ

)f
or

so
m
e
w
.
W
e
co
ns
id
er

a
fix

ed
m
ap

pi
ng

fro
m
u
∈
U

to
su
bs
et
s
S
ξ u
⊆
D
ξ
fo
r
ea
ch

po
ss
ib
le
ξ.

In
ou

r
no

ta
tio

n
we

al
so

le
t
D
ξ

re
pr
es
en
t
th
e
di
ag

on
al
d
×
d
m
at
rix

w
ith

on
es

ex
ac
tly

at
th
e
po

sit
io
ns

co
rr
es
po

nd
in
g
to
D
ξ

an
d
w
ith

ze
ro
es

el
se
w
he

re
.
Si
m
ila

rly
,S

ξ u
al
so

de
no

te
s
a
di
ag
on

al
m
at
rix

w
ith

on
es

at
th
e

po
sit

io
ns

co
rr
es
po

nd
in
g
to
D
ξ
.

W
e
w
ill

us
e
a
pr
ob

ab
ili
ty

di
st
rib

ut
io
n
p
ξ
(u

)
to

in
di
ca
te

ho
w

to
ra
nd

om
ly

se
le
ct

a
m
at
rix

S
ξ u
.
W
e
ch
oo

se
th
e
m
at
ric

es
S
ξ u
an

d
di
st
rib

ut
io
n
p
ξ
(u

)
so

th
at

th
er
e
ex
ist

d
ξ
su
ch

th
at

d
ξ
E[
S
ξ u
|ξ]

=
D
ξ
,

(2
7)

w
he

re
th
e
ex
pe

ct
at
io
n
is

ov
er
p
ξ
(u

).
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

W
e
wi
ll
re
st
ric

t
ou

rs
elv

es
to

ch
oo

sin
g
no

n-
em

pt
y
se
ts
S
ξ u
th
at

pa
rt
iti
on

D
ξ
in
D

ap
pr
ox
i-

m
at
el
y
eq
ua

lly
siz

ed
se
ts

to
ge
th
er

w
ith

un
ifo

rm
di
st
rib

ut
io
ns
p
ξ
(u

)
fo
r
so
m
e
fix

ed
D
.
So

,i
f

D
≤
|D

ξ
|,
th
en

se
ts

ha
ve

siz
es
b|D

ξ
|/
D
c
an

d
d|D

ξ
|/
D
e.

Fo
r
th
e
sp
ec
ia
lc

as
e
D
>
|D

ξ
|w

e
ha

ve
ex
ac
tly
|D

ξ
|s

in
gl
et
on

se
ts

of
siz

e
1
(in

ou
r
de

fin
iti
on

we
on

ly
us
e
no

n-
em

pt
y
se
ts
).

Fo
r
ex
am

pl
e,

fo
r
D

=
∆̄
,w

he
re

∆̄
=

m
ax ξ
{|
D
ξ
|}

re
pr
es
en
ts

th
e
m
ax

im
um

nu
m
be

r
of

no
n-
ze
ro

po
sit

io
ns

in
an

y
gr
ad

ie
nt

co
m
pu

ta
tio

n
f

(w
;ξ

),
w
e
ha

ve
th
at

fo
r
al
lξ

,
th
er
e
ar
e
ex
ac
tly
|D

ξ
|s

in
gl
et
on

se
ts
S
ξ u
re
pr
es
en
tin

g
ea
ch

of
th
e

ele
m
en
ts

in
D
ξ
.S

in
ce
p
ξ
(u

)=
1/
|D

ξ
|i
st

he
un

ifo
rm

di
st
rib

ut
io
n,

we
ha

ve
E[
S
ξ u
|ξ]

=
D
ξ
/
|D

ξ
|,

he
nc

e,
d
ξ

=
|D

ξ
|.

A
s
an

ot
he

r
ex
am

pl
e
at

th
e
ot
he

r
ex
tr
em

e,
fo
r
D

=
1,

we
ha

ve
ex
ac
tly

on
e

se
t
S
ξ 1

=
D
ξ
fo
r
ea
ch

ξ.
N
ow

p
ξ
(1

)=
1
an

d
we

ha
ve
d
ξ

=
1.

W
e
de

fin
e
th
e
pa

ra
m
et
er

∆̄
D

de
f =
D
·E

[d|
D
ξ
|/
D
e],

w
he

re
th
e
ex
pe

ct
at
io
n

is
ov
er

ξ.
W
e
us
e

∆̄
D

in
th
e
le
ad

in
g
as
ym

pt
ot
ic

te
rm

fo
r
th
e

co
nv

er
ge
nc

e
ra
te

in
ou

r
m
ai
n
th
eo
re
m
.
W
e
ob

se
rv
e
th
at

∆̄
D
≤

E[
|D

ξ
|]

+
D
−

1

an
d

∆̄
D
≤

∆̄
w
ith

eq
ua

lit
y
fo
r
D

=
∆̄
.

Fo
r
co
m
pl
et
en

es
s
we

de
fin

e

∆
de

f =
m

ax i
P

(i
∈
D
ξ
).

Le
t
us

re
m
ar
k,

th
at

∆
∈

(0
,1

]m
ea
su
re
s
th
e
pr
ob

ab
ili
ty

of
co
lli
sio

n.
Sm

al
l∆

m
ea
ns

th
at

th
er
e
is
a
sm

al
lc

ha
nc

e
th
at

th
e
su
pp

or
t
of

tw
o
ra
nd

om
re
al
iz
at
io
ns

of
∇
f

(w
;ξ

)
w
ill

ha
ve

an
in
te
rs
ec
tio

n.
O
n
th
e
ot
he

r
ha

nd
,∆

=
1
m
ea
ns

th
at

al
m
os
t
su
re
ly
,t

he
su
pp

or
t
of

tw
o

st
oc
ha

st
ic

gr
ad

ie
nt
s
w
ill

ha
ve

no
n-
em

pt
y
in
te
rs
ec
tio

n.
W

ith
th
is
de

fin
iti
on

of
∆

it
is
an

ea
sy

ex
er
cis

et
o
sh
ow

th
at

fo
ri
id
ξ 1

an
d
ξ 2

in
a
fin

ite
-s
um

se
tt
in
g
(i.
e.
,ξ

i
an

d
ξ 2

ca
n
on

ly
ta
ke

on
a
fin

ite
se
t
of

po
ss
ib
le

va
lu
es
)
we

ha
ve

E[
|〈∇

f
(w

1;
ξ 1

),
∇
f

(w
2;
ξ 2

)〉
|]

≤
√

∆ 2
( E[
‖∇

f
(w

1;
ξ 1

)‖
2 ]+

E[
‖∇

f
(w

2;
ξ 2

)‖
2 ])

(2
8)

(s
ee

Pr
op

os
iti
on

10
in

Le
bl
on

d
et

al
.(
20
18
))
.
W
e
no

tic
e
th
at

in
th
e
no

n-
fin

ite
su
m

se
tt
in
g

we
ca
n
us
e
th
e
pr
op

er
ty

th
at

fo
r
an

y
tw

o
ve
ct
or
s
a
an

d
b,
〈a
,b
〉≤

(‖
a
‖2

+
‖b
‖2

)/
2
an

d
th
is

pr
ov
es

(2
8)

wi
th

∆
se
tt

o
∆

=
1.

In
ou

ra
sy
m
pt
ot
ic

an
al
ys
is
of

th
e
co
nv

er
ge
nc

e
ra
te
,w

e
wi
ll

sh
ow

ho
w

∆
pl
ay
s
a
ro
le

in
no

n-
le
ad

in
g
te
rm

s
—

th
is,

w
ith

re
sp
ec
t
to

th
e
le
ad

in
g
te
rm

,i
t

w
ill

no
t
m
at
te
r
w
he

th
er

we
us
e

∆
=

1
or

∆
eq
ua

lt
he

pr
ob

ab
ili
ty

of
co
lli
sio

n
(in

th
e
fin

ite
su
m

ca
se
).

W
e
ha

ve
w
t+

1
=
w
t
−
η t
d
ξ t
S
ξ t u
t
∇
f

(ŵ
t;
ξ t

),
(2
9)

wh
er
e
ŵ
t
re
pr
es
en
ts

th
e
ve
ct
or

us
ed

in
co
m
pu

tin
g
th
e
gr
ad

ien
t
∇
f

(ŵ
t;
ξ t

)
an

d
wh

os
e
en
tr
ies

ha
ve

be
en

re
ad

(o
ne

by
on

e)
fro

m
an

ag
gr
eg
at
e
of

a
m
ix

of
pr
ev
io
us

up
da

te
s
th
at

le
d
to
w
j
,

j
≤
t.

H
er
e,

we
as
su
m
e
th
at
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

•
updating/writing

to
vector

positions
is

atom
ic,reading

vector
positions

is
atom

ic,and

•
there

exists
a
“delay”

τ
such

that,for
all

t,vector
ŵ
t
includes

allthe
updates

up
to

and
including

those
m
ade

during
the

(t−
τ)-th

iteration
(w

here
(29)

defines
the

(t+
1)-st

iteration).

N
otice

that
we

do
not

assum
e
consistent

reads
and

w
rites

of
vector

positions.
W
e

only
assum

e
thatup

to
a
“delay”

τ
allwrites/updatesare

included
in

the
valuesofpositions

that
are

being
read.

A
ccording

to
our

definition
of
τ,in

(29)
vector

ŵ
t represents

an
inconsistent

read
w
ith

entriesthatcontain
alloftheupdatesm

adeduring
the1stto

(t−
τ)-th

iteration.Furtherm
ore

each
entry

in
ŵ
t includessom

e
ofthe

updatesm
ade

during
the

(t−
τ

+
1)-th

iteration
up

to
t-th

iteration.
Each

entry
includes

its
own

subset
ofupdates

because
writes

are
inconsistent.

W
e
m
odelthis

by
“m

asks”
Σ
t,j

for
t−

τ
≤
j≤

t−
1.

A
m
ask

Σ
t,j

is
a
diagonal0/1-m

atrix
w
ith

the
1s

expressing
w
hich

of
the

entry
updates

m
ade

in
the

(j
+

1)-th
iteration

are
included

in
ŵ
t .

T
hat

is,

ŵ
t =

w
t−
τ −

t−
1

∑j=
t−
τ

η
j d
ξ
j Σ

t,j S
ξ
j
u
j ∇
f(ŵ

j ;ξ
j ).

(30)

N
otice

that
the

recursion
(29)

im
plies

w
t =

w
t−
τ −

t−
1

∑j=
t−
τ

η
j d
ξ
j S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j ).

(31)

By
com

bining
(31)

and
(30)

we
obtain

w
t −

ŵ
t =
−

t−
1

∑j=
t−
τ

η
j d
ξ
j (I−

Σ
t,j )S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j ),

(32)

w
here

I
represents

the
identity

m
atrix.

D
.2.

M
ain

A
nalysis

W
e
first

derive
a
couple

lem
m
as

w
hich

w
illhelp

us
deriving

our
m
ain

bounds.
In

w
hat

follow
s
let

A
ssum

ptions
1,2,3

and
4
hold

for
alllem

m
as.

W
e
define

F
t =

σ(w
0 ,ξ0 ,u

0 ,σ
0 ,...,ξ

t−
1 ,u

t−
1 ,σ

t−
1 ),

w
here

σ
t−

1
=

(Σ
t,t−

τ ,...,Σ
t,t−

1 ).
W

hen
we

subtract
τ
from

,forexam
ple,

tand
write

t−
τ,we

willactually
m
ean

m
ax{

t−
τ,0}.

Lem
m
a
6

W
e
have

E[‖
d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )‖ 2|F

t ,ξ
t ]≤

D
‖∇

f(ŵ
t ;ξ

t )‖ 2

and
E[d

ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )|F

t ]=
∇
F

(ŵ
t ).
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

P
roof

For
the

first
bound,ifwe

take
the

expectation
of‖

d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )‖ 2

w
ith

respect
to
u
t ,then

we
have

(for
vectors

x
we

denote
the

value
ifits

i-th
position

by
[x]i )

E[‖d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )‖ 2|F

t ,ξ
t ]=

d
2ξ
t ∑

u

p
ξ
t (u)‖S

ξ
t
u ∇

f(ŵ
t ;ξ

t )‖ 2
=

=
d

2ξ
t ∑

u

p
ξ
t (u)

∑i∈
S
ξ
t
u [∇

f(ŵ
t ;ξ

t )] 2i d
ξ
t

∑i∈
D
ξ
t [∇

f(ŵ
t ;ξ

t )] 2i
=
d
ξ
t ‖
f(ŵ

t ;ξ
t )‖ 2≤

D
‖∇

f(ŵ
t ;ξ

t )‖ 2,

w
here

the
transition

to
the

second
line

follow
s
from

(27).
For

the
second

bound,ifw
e
take

the
expectation

of
d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )

w
rt
u
t ,then

we
have:E[d

ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )|F

t ,ξ
t ]=

d
ξ
t ∑

u

p
ξ
t (u)S

ξ
t
u ∇

f(ŵ
t ;ξ

t )=
D
ξ
t ∇
f(ŵ

t ;ξ
t )=

∇
f(ŵ

t ;ξ
t ),

and
this

can
be

used
to

derive

E[d
ξ
t S

ξ
t
u
t f(ŵ

t ;ξ
t )|F

t ]=
E[E[d

ξ
t S

ξ
t
u
t f(ŵ

t ;ξ
t )|F

t ,ξ
t ]|F

t ]=
∇
F

(ŵ
t ).

A
s
a
consequence

ofthis
lem

m
a
we

derive
a
bound

on
the

expectation
of‖

w
t −

ŵ
t ‖ 2.

Lem
m
a
7

T
he

expectation
of‖

w
t −

ŵ
t ‖ 2

is
atm

ost

E[‖
w
t −

ŵ
t ‖ 2]≤

(1
+
√

∆
τ)D

t−
1

∑j=
t−
τ

η
2j (2L

2E[‖
ŵ
j −

w
∗ ‖ 2]+

N
).

P
roof

A
s
show

n
in

(32),

w
t −

ŵ
t =
−

t−
1

∑j=
t−
τ

η
j d
ξ
j (I−

Σ
t,j )S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j ).

T
his

can
be

used
to

derive
an

expression
for

the
square

ofits
norm

:‖w
t −

ŵ
t ‖ 2

=
‖

t−
1

∑j=
t−
τ

η
j d
ξ
j (I−

Σ
t,j )S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j )‖ 2

=
t−

1
∑j=
t−
τ ‖
η
j d
ξ
j (I−

Σ
t,j )S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j )‖ 2

+
∑

i6=
j∈{

t−
τ
,...,t−

1} 〈η
j d
ξ
j (I−

Σ
t,j )S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j ),η

i d
ξ
i (I−

Σ
t,j )S

ξ
i
u
i ∇
f(ŵ

i ;ξ
i )〉.
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N
ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
ha

st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

A
pp

ly
in
g
(2
8)

to
th
e
in
ne

r
pr
od

uc
ts

im
pl
ie
s

‖w
t
−
ŵ
t‖

2
≤

t−
1

∑

j=
t−
τ

‖η
j
d
ξ j

(I
−

Σ
t,
j
)S

ξ j u
j
∇
f

(ŵ
j
;ξ
j
)‖

2

+
∑

i6=
j∈
{t
−
τ
,.
..
,t
−

1}
[‖
η j
d
ξ j

(I
−

Σ
t,
j
)S

ξ j u
j
∇
f

(ŵ
j
;ξ
j
)‖

2

+
‖η
id
ξ i

(I
−

Σ
t,
j
)S

ξ i u
i
∇
f

(ŵ
i;
ξ i

)‖
2 ]√

∆
/2

=
(1

+
√

∆
τ
)

t−
1

∑

j=
t−
τ

‖η
j
d
ξ j

(I
−

Σ
t,
j
)S

ξ j u
j
∇
f

(ŵ
j
;ξ
j
)‖

2

≤
(1

+
√

∆
τ
)

t−
1

∑

j=
t−
τ

η
2 j‖
d
ξ j
S
ξ j u
j
∇
f

(ŵ
j
;ξ
j
)‖

2 .

Ta
ki
ng

ex
pe

ct
at
io
ns

sh
ow

s

E[
‖w

t
−
ŵ
t‖

2 ]≤
(1

+
√

∆
τ
)

t−
1

∑

j=
t−
τ

η
2 jE

[‖
d
ξ j
S
ξ j u
j
∇
f

(ŵ
j
;ξ
j
)‖

2 ].

N
ow

,w
e
ca
n
ap

pl
y
Le

m
m
a
15

:
W
e
fir
st

ta
ke

th
e
ex
pe

ct
at
io
n
ov
er
u
j
an

d
th
is

sh
ow

s

E[
‖w

t
−
ŵ
t‖

2 ]≤
(1

+
√

∆
τ
)

t−
1

∑

j=
t−
τ

η
2 jD

E[
‖∇

f
(ŵ

j
;ξ
j
)‖

2 ].

Fr
om

Le
m
m
a
1
we

in
fe
r E[
‖∇

f
(ŵ

j
;ξ
j
)‖

2 ]≤
4L

E[
F

(ŵ
j
)−

F
(w
∗)

]+
N

(3
3)

an
d
by

L
-s
m
oo

th
ne

ss
,s

ee
Eq

ua
tio

n
7
w
ith
∇
F

(w
∗)

=
0,

F
(ŵ

j
)−

F
(w
∗)
≤
L 2‖
ŵ
j
−
w
∗‖

2 .

C
om

bi
ni
ng

th
e
ab

ov
e
in
eq
ua

lit
ie
s
pr
ov
es

th
e
le
m
m
a.

To
ge
th
er

w
ith

th
e
ne

xt
le
m
m
a
w
e
w
ill

be
ab

le
to

st
ar
t
de

riv
in
g
a
re
cu

rs
iv
e
in
eq
ua

lit
y

fro
m

w
hi
ch

we
w
ill

be
ab

le
to

de
riv

e
a
bo

un
d
on

th
e
co
nv

er
ge
nc

e
ra
te
.

Le
m
m
a
8

Le
t0

<
η t
≤

1
4L
D

fo
r
al
lt
≥

0.
T
he
n,

E[
‖w

t+
1
−
w
∗‖

2 |F
t]
≤
( 1
−
µ
η t 2

)
‖w

t
−
w
∗‖

2
+

[(L
+
µ

)η
t
+

2L
2 η

2 tD
]‖
ŵ
t
−
w
t‖

2
+

2η
2 tD
N
.

P
ro
of

Si
nc

e
w
t+

1
=
w
t
−
η t
d
ξ t
S
ξ t u
t
∇
f

(ŵ
t;
ξ t

),
we

ha
ve

‖w
t+

1
−
w
∗‖

2
=
‖w

t
−
w
∗‖

2
−

2η
t〈d

ξ t
S
ξ t u
t
∇
f

(ŵ
t;
ξ t

),
(w

t
−
w
∗)
〉+

η
2 t‖
d
ξ t
S
ξ t u
t
∇
f

(ŵ
t;
ξ t

)‖
2 .
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

W
e
no

w
ta
ke

ex
pe

ct
at
io
ns

ov
er
u
t
an

d
ξ t

an
d
us
e
Le

m
m
a
15

:

E[
‖w

t+
1
−
w
∗‖

2 |F
t]

≤
‖w

t
−
w
∗‖

2
−

2η
t〈∇

F
(ŵ

t)
,(
w
t
−
w
∗)
〉+

η
2 tD

E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t]
=
‖w

t
−
w
∗‖

2
−

2η
t〈∇

F
(ŵ

t)
,(
w
t
−
ŵ
t)
〉−

2η
t〈∇

F
(ŵ

t)
,(
ŵ
t
−
w
∗)
〉

+
η

2 tD
E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t].

By
(3
)
an

d
(7
),
we

ha
ve

−
〈∇
F

(ŵ
t)
,(
ŵ
t
−
w
∗)
〉≤
−

[F
(ŵ

t)
−
F

(w
∗)

]−
µ 2‖
ŵ
t
−
w
∗‖

2 ,
an

d
(3
4)

−
〈∇
F

(ŵ
t)
,(
w
t
−
ŵ
t)
〉≤

F
(ŵ

t)
−
F

(w
t)

+
L 2‖
ŵ
t
−
w
t‖

2
(3
5)

T
hu

s,
E[
‖w

t+
1
−
w
∗‖

2 |F
t]
is

at
m
os
t

(3
4)

(3
5)

≤
‖w

t
−
w
∗‖

2
+

2η
t[F

(ŵ
t)
−
F

(w
t)

]+
L
η t
‖ŵ

t
−
w
t‖

2
−

2η
t[F

(ŵ
t)
−
F

(w
∗)

]
−
µ
η t
‖ŵ

t
−
w
∗‖

2
+
η

2 tD
E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t]
=
‖w

t
−
w
∗‖

2
−

2η
t[F

(w
t)
−
F

(w
∗)

]+
L
η t
‖ŵ

t
−
w
t‖

2
−
µ
η t
‖ŵ

t
−
w
∗‖

2

+
η

2 tD
E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t].

Si
nc

e −
‖ŵ

t
−
w
∗‖

2
=
−
‖(
w
t
−
w
∗)
−

(w
t
−
ŵ
t)
‖2

(2
0) ≤
−

1 2‖
w
t
−
w
∗‖

2
+
‖w

t
−
ŵ
t‖

2 ,

E[
‖w

t+
1
−
w
∗‖

2 |F
t,
σ
t]
is

at
m
os
t

(1
−
µ
η t 2

)‖
w
t
−
w
∗‖

2
−

2η
t[F

(w
t)
−
F

(w
∗)

]+
(L

+
µ

)η
t‖
ŵ
t
−
w
t‖

2
+
η

2 tD
E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t].

W
e
no

w
us
e
‖a
‖2

=
‖a
−
b

+
b‖

2
≤

2‖
a
−
b‖

2
+

2‖
b‖

2
fo
r
E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t]
to

ob
ta
in

E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t]
≤

2E
[‖
∇
f

(ŵ
t;
ξ t

)−
∇
f

(w
t;
ξ t

)‖
2 |F

t]
+

2E
[‖
∇
f

(w
t;
ξ t

)‖
2 |F

t].
(3
6)

By
Le

m
m
a
1,

we
ha

ve

E[
‖∇

f
(w

t;
ξ t

)‖
2 |F

t]
≤

4L
[F

(w
t)
−
F

(w
∗)

]+
N
.

(3
7)

A
pp

ly
in
g
(6
)
tw

ic
e
gi
ve
s

E[
‖∇

f
(ŵ

t;
ξ t

)−
∇
f

(w
t;
ξ t

)‖
2 |F

t,
σ
t]
≤
L

2 ‖
ŵ
t
−
w
t‖

2

an
d
to
ge
th
er

w
ith

(3
6)

an
d
(3
7)

we
ob

ta
in

E[
‖∇

f
(ŵ

t;
ξ t

)‖
2 |F

t]
≤

2L
2 ‖
ŵ
t
−
w
t‖

2
+

4L
[F

(w
t)
−
F

(w
∗)

]+
N
.
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

Plugging
this

into
the

previous
derivation

yields

E[‖
w
t+

1 −
w
∗ ‖ 2|F

t ]≤
(1−

µ
η
t

2
)‖w

t −
w
∗ ‖ 2−

2
η
t [F

(w
t )−

F
(w
∗ )]+

(L
+
µ)η

t ‖
ŵ
t −

w
t ‖ 2

+
2
L

2η
2t D
‖
ŵ
t −

w
t ‖ 2+

8
L
η

2t D
[F

(w
t )−

F
(w
∗ )]+

2
η

2t D
N

=
(1−

µ
η
t

2
)‖w

t −
w
∗ ‖ 2+

[(L
+
µ)η

t +
2
L

2η
2t D

]‖
ŵ
t −

w
t ‖ 2

−
2η
t (1−

4
L
η
t D

)[F
(w

t )−
F

(w
∗ )]+

2
η

2t D
N
.

Since
η
t ≤

1
4
L
D
,−

2η
t (1−

4L
η
t D

)[F
(w

t )−
F

(w
∗ )]≤

0
(we

can
get

a
negative

upper
bound

by
applying

strong
convexity

but
this

w
ill

not
im

prove
the

asym
ptotic

behavior
of

the
convergence

rate
in

our
m
ain

result
although

it
would

im
prove

the
constant

ofthe
leading

term
m
aking

the
finalbound

applied
to

SG
D

closer
to

the
bound

ofT
heorem

2
for

SG
D
),

E[‖w
t+

1 −
w
∗ ‖ 2|F

t ]≤
(1−

µ
η
t

2

)
‖w

t −
w
∗ ‖ 2+

[(L
+
µ)η

t +
2
L

2η
2t D

]‖
ŵ
t −

w
t ‖ 2+

2
η

2t D
N

and
this

concludes
the

proof.

A
ssum

e
0
<
η
t ≤

1
4
L
D

for
all

t
≥

0.
T
hen,

after
taking

the
fullexpectation

of
the

inequality
in

Lem
m
a
8,we

can
plug

Lem
m
a
7
into

it
w
hich

yields
the

recurrence

E[‖w
t+

1 −
w
∗ ‖ 2]

≤
(1−

µ
η
t

2

)
E[‖w

t −
w
∗ ‖ 2]+

[(L
+
µ)η

t +
2
L

2η
2t D

](1
+
√

∆
τ)D

t−
1

∑j=
t−
τ

η
2j (2L

2E[‖ŵ
j −

w
∗ ‖ 2]+

N
)

+
2η

2t D
N
.

(38)

T
his

can
be

solved
by

using
the

next
lem

m
a.

For
com

pleteness,w
e
follow

the
convention

that
an

em
pty

product
is

equalto
1
and

an
em

pty
sum

is
equalto

0,i.e.,

k
∏i=
h

g
i =

1
and

k
∑i=
h

g
i =

0
if
k
<
h
.

(39)

Lem
m
a
9

Let
Y
t ,β

t and
γ
t be

sequences
such

that
Y
t+

1 ≤
β
t Y
t +

γ
t ,for

all
t≥

0.
T
hen,

Y
t+

1 ≤
(
t
∑i=

0 [
t
∏j=
i+

1
β
j ]γ

i )+
(
t
∏j=

0
β
j )Y

0 .
(40)

P
roof

W
e
prove

the
lem

m
a
by

using
induction.

It
is

obvious
that

(40)
is

true
for

t=
0

because
Y

1 ≤
β

1 Y
0 +

γ
1 .

A
ssum

e
as

induction
hypothesis

that
(40)

is
true

for
t−

1.
Since
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

Y
t+

1 ≤
β
t Y
t +

γ
t ,

Y
t+

1 ≤
β
t Y
t +

γ
t

≤
β
t [(

t−
1

∑i=
0 [

t−
1

∏j=
i+

1
β
j ]γ

i )+
(
t−

1
∏j=

0
β
j )Y

0 ]+
γ
t

(39)
=

(
t−

1
∑i=

0
β
t [

t−
1

∏j=
i+

1
β
j ]γ

i )+
β
t (
t−

1
∏j=

0
β
j )Y

0 +
(

t
∏j=
t+

1
β
j )γ

t

=
[(
t−

1
∑i=

0 [
t
∏j=
i+

1
β
j ]γ

i )+
(

t
∏j=
t+

1
β
j )γ

t ]+
(
t
∏j=

0
β
j )Y

0

=
(
t
∑i=

0 [
t
∏j=
i+

1
β
j ]γ

i )+
(
t
∏j=

0
β
j )Y

0 .

A
pplying

the
above

lem
m
a
to

(38)
w
illyield

the
follow

ing
bound.

Lem
m
a
10

Let
η
t =

α
t

µ(t+
E

)
with

4
≤
α
t ≤

α
and

E
=

m
ax{2τ,

4
L
α
D

µ
}.

T
hen,

E[‖w
t+

1 −
w
∗ ‖ 2]≤

α
2D

µ
2

1
(t+

E
−

1) 2 ·

· 
t
∑i=

1 4a
i (1

+
√

∆
τ)[N

τ
+

2
L

2
i−

1
∑j=
i−
τ E[‖

ŵ
j −

w
∗ ‖ 2]+

2
N

 

+
(E

+
1) 2

(t+
E
−

1) 2 E[‖
w

0 −
w
∗ ‖ 2],

where
a
i =

(L
+
µ)η

i +
2
L

2η
2i D

.

P
roof

N
otice

that
w
e
m
ay

use
(38)

because
η
t ≤

1
4
L
D

follow
s
from

η
t =

α
t

µ(t+
E

) ≤
α

µ(t+
E

)
com

bined
with

E
≥

4
L
α
D

µ
.
From

(38)with
a
t =

(L
+
µ)η

t +
2L

2η
2t D

and
η
t being

decreasing
in
twe

infer
E[‖w

t+
1 −

w
∗ ‖ 2]

≤
(1−

µ
η
t

2
)E[‖w

t −
w
∗ ‖ 2]+

a
t (1

+
√

∆
τ)D

η
2t−
τ ∑

t−
1

j=
t−
τ (2L

2E[‖ŵ
j −

w
∗ ‖ 2]+

N
)

+
2
η

2t D
N

=
(1−

µ
η
t

2
)E[‖w

t −
w
∗ ‖ 2]+

a
t (1

+
√

∆
τ)D

η
2t−
τ [N

τ
+

2
L

2 ∑
t−

1
j=
t−
τ E[‖

ŵ
j −

w
∗ ‖ 2]

+
2η

2t D
N
.

Since
E
≥

2τ,
1

t−
τ+

E
≤

2
t+
E
.H

ence,togetherwith
η
t−
τ

=
α
t−
τ

µ(t−
τ+

E
) ≤

α
µ(t−

τ+
E

) we
have

η
2t−
τ ≤

4α
2

µ
2

1
(t+

E
) 2
.

(41)
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N
ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
ha

st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

T
hi
s
tr
an

sla
te
s
th
e
ab

ov
e
bo

un
d
in
to

E[
‖w

t+
1
−
w
∗‖

2 ]≤
β
tE

[‖
w
t
−
w
∗‖

2 ]+
γ
t,

fo
r

β
t

=
1
−
µ
η t 2
,

γ
t

=
4a

t(
1

+
√

∆
τ
)D

α
2

µ
2

1
(t

+
E

)2
[N
τ

+
2L

2
t−

1
∑

j=
t−
τ

E[
‖ŵ

j
−
w
∗‖

2 ]+
2η

2 tD
N
,w
h
er
e

a
t

=
(L

+
µ

)η
t
+

2L
2 η

2 tD
.

A
pp

lic
at
io
n
of

Le
m
m
a
9
fo
r
Y
t+

1
=

E[
‖w

t+
1
−
w
∗‖

2 ]
an

d
Y
t

=
E[
‖w

t
−
w
∗‖

2 ]
gi
ve
s

E[
‖w

t+
1
−
w
∗‖

2 ]≤
 

t ∑ i=
0

 
t ∏

j=
i+

1

( 1
−
µ
η j 2

) 
γ
i 

+

 
t ∏ j=

0

( 1
−
µ
η j 2

) 
E[
‖w

0
−
w
∗‖

2 ].

In
or
de

r
to

an
al
yz
e
th
is

fo
rm

ul
a,

sin
ce
η j

=
α
j

µ
(j

+
E

)
w
ith

α
j
≥

4,
we

ha
ve

1
−
µ
η j 2

=
1
−

α
j

2(
j

+
E

)
≤

1
−

2
j

+
E
,

H
en

ce
(w

e
ca
n
al
so

us
e

1
−
x
≤
e−

x
w
hi
ch

le
ad

s
to

sim
ila

r
re
su
lts

an
d
ca
n
be

us
ed

to
sh
ow

th
at

ou
r
ch
oi
ce

fo
r
η t

le
ad

s
to

th
e
tig

ht
es
t
co
nv

er
ge
nc

e
ra
te
s
in

ou
r
fra

m
ew

or
k)
,

t ∏ j=
i

( 1
−
µ
η j 2

)
≤

t ∏ j=
i

( 1
−

2
j

+
E

)
=

t ∏ j=
i

j
+
E
−

2
j

+
E

=
i

+
E
−

2
i

+
E

i
+
E
−

1
i

+
E

+
1

i
+
E

i
+
E

+
2
i

+
E

+
1

i
+
E

+
3
..
.
t

+
E
−

3
t

+
E
−

1
t

+
E
−

2
t

+
E

=
(i

+
E
−

2)
(i

+
E
−

1)
(t

+
E
−

1)
(t

+
E

)
≤

(i
+
E
−

1)
2

(t
+
E
−

1)
(t

+
E

)
≤

(i
+
E

)2

(t
+
E
−

1)
2
.

Fr
om

th
is

ca
lc
ul
at
io
n
we

in
fe
r
th
at

E[
‖w

t+
1
−
w
∗‖

2 ]≤
(

t ∑ i=
0

[
(i

+
E

)2

(t
+
E
−

1)
2

] γ
i)

+
(E

+
1)

2

(t
+
E
−

1)
2
E[
‖w

0
−
w
∗‖

2 ].
(4
2)

N
ow

,w
e
su
bs
tit

ut
e
η i
≤

α
µ

(i
+
E

)
in
γ
i
an

d
co
m
pu

te

(i
+
E

)2

(t
+
E
−

1)
2
γ
i

=
(i

+
E

)2

(t
+
E
−

1)
2
4a

i(1
+
√

∆
τ
)D

α
2

µ
2

1
(i

+
E

)2
[N
τ

+
2L

2
i−

1
∑

j=
i−
τ

E[
‖ŵ

j
−
w
∗‖

2 ]

+
(i

+
E

)2

(t
+
E
−

1)
2
2N

D
α

2

µ
2 (
i

+
E

)2

=
α

2 D µ
2

1
(t

+
E
−

1)
2

  4
a
i(1

+
√

∆
τ
)[N

τ
+

2L
2

i−
1

∑

j=
i−
τ

E[
‖ŵ

j
−
w
∗‖

2 ]+
2N

 
.
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

Su
bs
tit

ut
in
g
th
is

in
(4
2)

pr
ov
es

th
e
le
m
m
a.

A
s
an

im
m
ed

ia
te

co
ro
lla

ry
w
e
ca
n
ap

pl
y
th
e
in
eq
ua

lit
y
‖a

+
b‖

2
≤

2‖
a
‖2

+
2‖
b‖

2
to

E[
‖ŵ

t+
1
−
w
∗‖

2 ]
to

ob
ta
in

E[
‖ŵ

t+
1
−
w
∗‖

2 ]≤
2E

[‖
ŵ
t+

1
−
w
t+

1‖
2 ]+

2E
[‖
w
t+

1
−
w
∗‖

2 ],
(4
3)

wh
ich

in
tu
rn

ca
n
be

bo
un

de
d
by

th
ep

re
vi
ou

sl
em

m
a
to
ge
th
er

wi
th

Le
m
m
a
7:

E[
‖ŵ

t+
1−
w
∗‖

2 ]

≤
2(

1
+
√

∆
τ
)D

t ∑

j=
t+

1−
τ

η
2 j(

2L
2 E

[‖
ŵ
j
−
w
∗‖

2 ]+
N

)+

2α
2 D µ
2

1
(t

+
E
−

1)
2

 
t ∑ i=
1

  4
a
i(1

+
√

∆
τ
)[N

τ
+

2L
2

i−
1

∑

j=
i−
τ

E[
‖ŵ

j
−
w
∗‖

2 ]+
2N

  
+

(E
+

1)
2

(t
+
E
−

1)
2
E[
‖w

0
−
w
∗‖

2 ].

N
ow

as
su
m
ea

de
cr
ea
sin

g
se
qu

en
ce
Z
t
fo
rw

hi
ch

we
wa

nt
to

pr
ov
et

ha
tE

[‖
ŵ
t
−
w
∗‖

2 ]
≤
Z
t

by
in
du

ct
io
n
in
t.

T
he

n,
th
e
ab

ov
e
bo

un
d
ca
n
be

us
ed

to
ge
th
er

w
ith

th
e
pr
op

er
ty

th
at
Z
t

an
d
η t

ar
e
de

cr
ea
sin

g
in
t
to

sh
ow

t ∑

j=
t+

1−
τ

η
2 j(

2L
2 E

[‖
ŵ
j
−
w
∗‖

2 ]+
N

)
≤

τ
η

2 t−
τ
(2
L

2 Z
t+

1−
τ

+
N

)

≤
4τ
α

2

µ
2

1
(t

+
E
−

1)
2
(2
L

2 Z
t+

1−
τ

+
N

)

w
he

re
th
e
la
st

in
eq
ua

lit
y
fo
llo

w
s
fro

m
(4
1)
,a

nd

i−
1

∑

j=
i−
τ

E[
‖ŵ

j
−
w
∗‖

2 ]≤
τ
Z
i−
τ
.

Fr
om

th
es
e
in
eq
ua

lit
ie
s
we

in
fe
r

E[
‖ŵ

t+
1
−
w
∗‖

2 ]
≤

8(
1

+
√

∆
τ
)τ
D
α

2

µ
2

1
(t

+
E
−

1)
2
(2
L

2 Z
t+

1−
τ

+
N

)+

2α
2 D µ
2

1
(t

+
E
−

1)
2

(
t ∑ i=
1

[ 4a
i(1

+
√

∆
τ
)[N

τ
+

2L
2 τ
Z
i−
τ
]+

2N
])

+

(E
+

1)
2

(t
+
E
−

1)
2
E[
‖w

0
−
w
∗‖

2 ].
(4
4)
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

Even
ifwe

assum
e
a
constant

Z
≥
Z

0 ≥
Z

1 ≥
Z

2 ≥
...,we

can
get

a
first

bound
on

the
convergence

rate
ofvectors

ŵ
t:

Substituting
Z

gives

E[‖ŵ
t+

1 −
w
∗ ‖ 2]

≤
8(1

+
√

∆
τ)τ

D
α

2

µ
2

1
(t+

E
−

1) 2 (2L
2Z

+
N

)+

2
α

2D

µ
2

1
(t+

E
−

1) 2

(
t
∑i=

1 [4a
i (1

+
√

∆
τ)[N

τ
+

2
L

2τ
Z

]+
2
N
] )

+

(E
+

1) 2

(t+
E
−

1) 2 E[‖
w

0 −
w
∗ ‖ 2].

(45)

Since
a
i =

(L
+
µ)η

i +
2
L

2η
2i D

and
η
i ≤

α
µ(i+

E
) ,we

have

t
∑i=

1
a
i =

(L
+
µ)

t
∑i=

1
η
i +

2
L

2D
t
∑i=

1
η

2i

≤
(L

+
µ)

t
∑i=

1

α

µ(i+
E

)
+

2
L

2D
t
∑i=

1

α
2

µ
2(i+

E
) 2

≤
(L

+
µ)α
µ

t
∑i=

1 1i
+

2
L

2α
2D

µ
2

t
∑i=

1

1i 2

≤
(L

+
µ)α
µ

(1
+

ln
t)+

L
2α

2D
π

2

3µ
2

,
(46)

w
here

the
last

inequality
is

a
property

of
the

harm
onic

sequence
∑
ti=

1
1i
≤

1
+

ln
t
and

∑
ti=

1
1i 2 ≤

∑
∞i=

1
1i 2

=
π

26
.

Substituting
(46)

in
(45)

and
collecting

term
s
yields

E[‖ŵ
t+

1 −
w
∗ ‖ 2]≤

2
α

2D

µ
2

1
(t+

E
−

1) 2

(
2
N
t+

4(1
+
√

∆
τ)τ[N

+
2
L

2Z
] {

(L
+
µ)α
µ

(1
+

ln
t)+

L
2α

2D
π

2

3
µ

2+
1

}
)

+
(E

+
1) 2

(t+
E
−

1) 2 E[‖w
0 −

w
∗ ‖ 2].

(47)

N
otice

that
the

asym
ptotic

behavior
in
tis

dom
inated

by
the

term

4α
2D
N

µ
2

t

(t+
E
−

1) 2
.

Ifwe
define

Z
t+

1
to

be
the

right
hand

side
of(47)

and
observe

that
this

Z
t+

1
is

decreasing
and

a
constant

Z
exists

(since
the

term
s
w
ith

Z
decrease

m
uch

faster
in
t
com

pared
to

the
dom

inating
term

),then
this

Z
t+

1
satisfies

the
derivations

done
above

and
a
proofby

induction
can

be
com

pleted.
O
ur

derivations
prove

our
m
ain

result:
T
he

expected
convergence

rate
ofread

vectors
is

E[‖
ŵ
t+

1 −
w
∗ ‖ 2]

≤
4
α

2D
N

µ
2

t

(t+
E
−

1) 2
+
O

(
ln
t

(t+
E
−

1) 2 )
.
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

W
e
can

use
this

result
in

Lem
m
a
10

in
order

to
show

that
the

expected
convergence

rate
E[‖w

t+
1 −

w
∗ ‖ 2]satisfies

the
sam

e
bound.

W
e
rem

ind
the

reader,
that

in
the

(t+
1)-th

iteration
at

m
ost
≤
d|D

ξ
t |/D
e
vector

positions
are

updated.
T
herefore

the
expected

num
ber

ofsingle
vector

entry
updates

is
at

m
ost

∆̄
D
/D

.

T
heorem

6 .
Suppose

Assum
ptions

1,2,3
and

4
and

consider
Algorithm

2.
Let

η
t =

α
t

µ(t+
E

)
with

4
≤
α
t ≤

α
and

E
=

m
ax{2

τ,
4
L
α
D

µ
}.

T
hen,

t ′=
t∆̄

D
/D

is
the

expected
num

ber
of

single
vector

entry
updates

after
t
iterations

and

E[‖
ŵ
t −

w
∗ ‖ 2]

≤
4
α

2
D
N

µ
2

t
(t+

E
−

1) 2
+
O
(

ln
t

(t+
E
−

1) 2 )
,

E[‖
w
t −

w
∗ ‖ 2]

≤
4
α

2
D
N

µ
2

t
(t+

E
−

1) 2
+
O
(

ln
t

(t+
E
−

1) 2 )
,

where
N

=
2E[‖∇

f(w
∗ ;ξ)‖ 2]and

w
∗

=
argm

in
w
F

(w
).

D
.3.

C
onvergence

w
ithout

C
onvexity

of
C
om

ponent
Functions

For
the

non-convex
case

ofthe
com

ponent
functions,

L
in

(33)
m
ust

be
replaced

by
L
κ
and

as
a
result

L
2
in

Lem
m
a
7
m
ust

be
replaced

by
L

2κ.
A
lso

L
in

(37)
m
ust

be
replaced

by
L
κ.

W
e
now

require
that

η
t ≤

1
4
L
κ
D

so
that−

2
η
t (1−

4
L
κ
η
t D

)[F
(w

t )−
F

(w
∗ )]≤

0.
T
his

leads
to

Lem
m
a
8
where

no
changes

are
needed

except
requiring

η
t ≤

1
4
L
κ
D
.
The

changes
in

Lem
m
as

7
and

8
lead

to
a
Lem

m
a
10

w
here

we
require

E
≥

4
L
κ
α
D

µ
and

w
here

in
the

bound
ofthe

expectation
L

2
m
ust

be
replaced

by
L

2κ.
T
his

perculates
through

to
inequality

(47)
w
ith

a
sim

ilar
change

finally
leading

to
T
heorem

7,i.e.,T
heorem

6
w
here

we
only

need
to

strengthen
the

condition
on

E
to
E
≥

4
L
κ
α
D

µ
in

order
to

rem
ove

A
ssum

ption
3.

D
.4.

Sensitivity
to

τ

W
hat

about
the

upper
bound’s

sensitivity
w
ith

respect
to
τ?

Suppose
τ
is

not
a
constant

but
an

increasing
function

of
t,w

hich
also

m
akes

E
a
function

of
t:

2L
α
D

µ
≤
τ(t)≤

tand
E

(t)=
2τ(t).

In
order

to
obtain

a
sim

ilar
theorem

we
increase

the
lower

bound
on

α
t to

12
≤
α
t ≤

α
.

T
his

allow
s
us

to
m
odify

the
proofofLem

m
a
10

w
here

we
analyse

the
product

t
∏j=
i (1−

µ
η
j

2

)
.

Since
α
j ≥

12
and

E
(j)=

2τ(j)≤
2
j,

1−
µ
η
j

2
=

1−
α
j

2(j+
E

(j))
≤

1−
12

2(j+
2
j)

=
1−

2j
≤

1−
2

j+
1
.
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N
ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
ha

st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

T
he

re
m
ai
ni
ng

pa
rt

of
th
e
pr
oo

fo
fL

em
m
a
10

co
nt
in
ue

s
as

be
fo
re

w
he

re
co
ns
ta
nt
E

in
th
e

pr
oo

fi
s
re
pl
ac
ed

by
1.

T
hi
s
yi
el
ds

in
st
ea
d
of

(4
2)

E[
‖w

t+
1
−
w
∗‖

2 ]≤
(

t ∑ i=
1

[ (i
+

1)
2

t2

] γ
i)

+
4 t2
E[
‖w

0
−
w
∗‖

2 ].

W
e
ag

ai
n
su
bs
tit

ut
e
η i
≤

α
µ

(i
+
E

(i
))

in
γ
i,
re
al
iz
e
th
at

(i
+

1)
(i

+
E

(i
))
≤

1,
an

d
co
m
pu

te

(i
+

1)
2

t2
γ
i

=
(i

+
1)

2

t2
4a

i(1
+
√

∆
τ
(i

))
D
α

2

µ
2

1
(i

+
E

(i
))

2
[N
τ
(i

)+
2L

2
i−

1
∑

j=
i−
τ

(i
)E[
‖ŵ

j
−
w
∗‖

2 ]

+
(i

+
1)

2

t2
2N

D
α

2

µ
2 (
i

+
E

(i
))

2

≤
α

2 D µ
2

1 t2

  4
a
i(1

+
√

∆
τ
(i

))
[N
τ
(i

)+
2L

2
i−

1
∑

j=
i−
τ

(i
)E[
‖ŵ

j
−
w
∗‖

2 ]+
2N

 
.

T
hi
s
gi
ve
s
a
ne

w
Le

m
m
a
10

:

Le
m
m
a
11

As
su
m
e

2L
α
D

µ
≤
τ
(t

)
≤
t
wi
th
τ
(t

)
m
on

ot
on

ic
in
cr
ea
si
ng

.
Le

t
η t

=
α
t

µ
(t

+
E

(t
))

wi
th

12
≤
α
t
≤
α
an

d
E

(t
)=

2τ
(t

).
T
he
n,

E[
‖w

t+
1
−
w
∗‖

2 ]≤
α

2 D µ
2

1 t2
·

· 
t ∑ i=
1

  4
a
i(1

+
√

∆
τ
(i

))
[N
τ
(i

)+
2L

2
i−

1
∑

j=
i−
τ

(i
)E[
‖ŵ

j
−
w
∗‖

2 ]+
2N

  

+
4 t2
E[
‖w

0
−
w
∗‖

2 ],

wh
er
e
a
i

=
(L

+
µ

)η
i
+

2L
2 η

2 iD
.

N
ow

we
ca
n
co
nt
in
ue

th
e
sa
m
e
an

al
ys
is

th
at

le
d
to

T
he

or
em

6
an

d
co
nc

lu
de

th
at

th
er
e

ex
ist

s
a
co
ns
ta
nt
Z

su
ch

th
at
,s

ee
(4
5)
,

E[
‖ŵ

t+
1
−
w
∗‖

2 ]
≤

8(
1

+
√

∆
τ
(t

))
τ
(t

)D
α

2

µ
2

1 t2
(2
L

2 Z
+
N

)+

2α
2 D µ
2

1 t2

(
t ∑ i=
1

[ 4a
i(1

+
√

∆
τ
(i

))
[N
τ
(i

)+
2L

2 τ
(i

)Z
]+

2N
])

+

4 t2
E[
‖w

0
−
w
∗‖

2 ].
(4
8)

Le
t
us

as
su
m
e

τ
(t

)≤
√
t
·L

(t
),

(4
9)
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

w
he

re
L

(t
)=

1 ln
t
−

1
(ln

t)
2

w
hi
ch

ha
s
th
e
pr
op

er
ty

th
at

th
e
de

riv
at
iv
e
of
t/

(ln
t)

is
eq
ua

lt
o
L

(t
).

N
ow

we
ob

se
rv
e

t ∑ i=
1
a
iτ

(i
)2

=
t ∑ i=
1[(L

+
µ

)η
i
+

2L
2 η

2 iD
]τ

(i
)2
≤

t ∑ i=
1[(L

+
µ

)α µ
i

+
2L

2
α

2

µ
2 i

2
D

]·
iL

(i
)

=
(L

+
µ

)α
µ

t ∑ i=
1
L

(i
)+

O
(ln

t)
=

(L
+
µ

)α
µ

t ln
t

+
O

(ln
t)

an
d

t ∑ i=
1
a
iτ

(i
)

=
t ∑ i=
1[(L

+
µ

)η
i
+

2L
2 η

2 iD
]τ

(i
)≤

t ∑ i=
1[(L

+
µ

)α µ
i

+
2L

2
α

2

µ
2 i

2
D

]·
√
i

=
O

(
t ∑ i=
1

1 √
i)=

O
(√
t)
.

Su
bs
tit

ut
in
g
bo

th
in
eq
ua

lit
ie
s
in

(4
8)

gi
ve
s
E[
‖ŵ

t+
1
−
w
∗‖

2 ]

≤
8(

1
+
√

∆
τ
(t

))
τ
(t

)D
α

2

µ
2

1 t2
(2
L

2 Z
+
N

)+

2α
2 D µ
2

1 t2

( 2N
t

+
4√

∆
[(L

+
µ

)α
µ

t ln
t

+
O

(ln
t)

][N
+

2L
2 Z

]+
O

(√
t)
)

+

4 t2
E[
‖w

0
−
w
∗‖

2 ]

≤
2α

2 D µ
2

1 t2

( 2N
t

+
4√

∆
[(1

+
(L

+
µ

)α
µ

)
t ln
t

+
O

(ln
t)

][N
+

2L
2 Z

]+
O

(√
t)
)

+
4 t2
E[
‖w

0
−
w
∗‖

2 ]
(5
0)

A
ga
in

w
e
de

fin
e
Z
t+

1
as

th
e
rig

ht
ha

nd
sid

e
of

th
is

in
eq
ua

lit
y.

N
ot
ic
e
th
at
Z
t

=
O

(1
/
t)
,

sin
ce

th
e
ab

ov
e
de

riv
at
io
n
pr
ov
es

E[
‖ŵ

t+
1
−
w
∗‖

2 ]≤
4α

2 D
N

µ
2

1 t
+
O

(
1

t
ln
t).

Su
m
m
ar
iz
in
g
we

ha
ve

th
e
fo
llo

w
in
g
m
ai
n
le
m
m
a:

Le
m
m
a
12

Le
tA

ss
um

pt
io
ns

1,
2,

3
an

d
4
ho

ld
an

d
co
ns
id
er

Al
go
ri
th
m

2.
As

su
m
e

2L
α
D

µ
≤

τ
(t

)≤
√
t
·L

(t
)
wi
th
τ

(t
)
m
on

ot
on

ic
in
cr
ea
sin

g.
Le

tη
t

=
α
t

µ
(t

+
2τ

(t
))

wi
th

12
≤
α
t
≤
α
.
Th

en
,

th
e
ex
pe
ct
ed

co
nv

er
ge
nc
e
ra
te

of
re
ad

ve
ct
or
s
is

E[
‖ŵ

t+
1
−
w
∗‖

2 ]
≤

4α
2 D
N

µ
2

1 t
+
O

(
1

t
ln
t),

wh
er
e
L

(t
)=

1 ln
t
−

1
(ln

t)
2
.
Th

e
ex
pe
ct
ed

co
nv

er
ge
nc
e
ra
te

E[
‖w

t+
1
−
w
∗‖

2 ]
sa
tis

fie
s
th
e
sa
m
e

bo
un

d.
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

N
otice

thatwe
can

plug
Z
t =

O
(1/t)back

into
an

equivalentof(44)where
we

m
ay

bound
Z
i−
τ(i) =

O
(1/(i−

τ(i))which
replaces

Z
in

the
second

line
of(45).

O
n
carefulexam

ination
this

leads
to

a
new

upper
bound

(50)where
the

2L
2Z

term
s
gets

absorped
in

a
higher

order
term

.
T
his

can
be

used
to

show
that,for

t≥
T

0
=

exp[2 √
∆

(1
+

(L
+
µ)α
µ

)],

the
higher

order
term

s
that

contain
τ(t)

(as
defined

above)
are

at
m
ost

the
leading

term
as

given
in

Lem
m
a
12.

U
pper

bound
(50)

also
show

s
that,for

t≥
T

1
=

µ
2

α
2N

D
‖w

0 −
w
∗ ‖ 2,

the
higher

order
term

that
contains‖

w
0 −

w
∗ ‖ 2

is
at

m
ost

the
leading

term
.

D
.5.

C
onvergence

of
H
ogw

ild!
w
ith

probability
1

Lem
m
a
13

Letus
consider

the
sequence

w
0 ,w

1 ,w
2 ,...,w

t ,...,w
n
generated

by
(29):

w
t+

1
=
w
t −

η
t d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t ),

and
define

m
t =

m
ax

0≤
i≤
n
,0≤

t ′≤
t ‖∇

f(w
t ′;ξ

i )‖
.

T
hen,

m
t ≤

m
0 exp(L

D
t−

1
∑i=

0
η
i ),

(51)

where
d
ξ
t ≤

D
for

all
ξ
t .

P
roof

From
the

L-sm
oothnessassum

ption
(i.e.,‖∇

f(w
;ξ)−

∇
f(w

′;ξ)‖
≤
L‖
w−

w
′‖,∀

w
,w
′∈

R
d),for

any
given

ξ
i :

‖∇
f(w

t+
1 ;ξ

i )−
∇
f(w

t ;ξ
i )‖
≤
L‖
w
t+

1 −
w
t ‖

=
L‖
η
t d
ξ
t S

ξ
t
u
t ∇
f(ŵ

t ;ξ
t )‖

≤
L
D
η
t ‖∇

f(ŵ
t ;ξ

t )‖
.

Since
m
t =

m
ax

0≤
i≤
n
,0≤

t ′≤
t ‖∇

f(w
t ′;ξ

i )‖
,

we
have

‖∇
f(w

t+
1 ;ξ

i )−
∇
f(w

t ;ξ
i )‖
≤
L
D
η
t m

t

for
any

i∈
[n]and

t.
U
sing

the
triangular

inequality,we
obtain

‖∇
f(w

t+
1 ;ξ

i )‖
≤
‖∇

f(w
t ;ξ

i )‖
+
‖∇

f(w
t+

1 ;ξ
i )−
∇
f(w

t ;ξ
i )‖

∀
i,‖∇

f(w
t ;ξ
i )‖≤

m
t

≤
m
t +

L
D
η
t ‖∇

f(ŵ
t ;ξ

t )‖
∀
i,‖∇

f
i (ŵ

t ;ξ
i )‖≤

m
t

≤
(1

+
L
D
η
t )m

t .
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M
oreover,the

result
above

im
plies

m
t+

1 ≤
(1

+
L
D
η
t )m

t and
unrolling

m
t yields

m
t+

1 ≤
m

0

t
∏i=

0 (1
+
L
D
η
i ).

For
all

x
≥

0,it
is

always
true

that
1

+
x
≤

exp(x).
H
ence,we

have

m
t+

1 ≤
m

0

t
∏i=

0 (1
+
L
D
η
i )≤

m
0

t
∏i=

0 exp(L
D
η
i )≤

m
0 exp(L

D
[
t
∑i=

0
η
i ]).

T
heorem

5
(Suffi

cient
conditions

for
alm

ost
sure

convergence
for

H
ogw

ild!)
Let

Assum
ptions

1,2,3
and

4
hold.

C
onsider

H
ogwild!

m
ethod

described
in

Algorithm
2
with

a
stepsize

sequence
such

that

0
<
η
t =

1
L
D

(2
+
β)(k

+
t)
<

1
4
L
D
,β

>
0
,k
≥

3
τ.

T
hen,the

following
holds

w.p.1
(alm

ostsurely)

‖
w
t −

w
∗ ‖
→

0.

P
roof

A
s
show

n
in

Lem
m
a
8,for

0
<
η
t ≤

1
4
L
D
,we

have

E[‖w
t+

1 −
w
∗ ‖ 2|F

t ]≤
(1−

µ
η
t

2

)
‖w

t −
w
∗ ‖ 2+

[(L
+
µ)η

t +
2
L

2η
2t D

]‖
ŵ
t −

w
t ‖ 2+

2
η

2t D
N

=
‖w

t −
w
∗ ‖ 2−

µ
η
t

2
‖
w
t −

w
∗ ‖ 2+

[(L
+
µ)η

t +
2
L

2η
2t D

]‖
ŵ
t −

w
t ‖ 2

+
2
η

2t D
N
.

Ifwe
can

show
that

∑
∞t=

0 [(L
+
µ)η

t +
2
L

2η
2t D

]‖ŵ
t −

w
t ‖ 2

is
finite,then

it
is

straight
forward

to
apply

the
prooftechnique

from
T
heorem

1
to

show
that‖

w
t −

w
∗ ‖ 2→

0
w
.p.1.

From
the

proofofLem
m
a
7,we

know
‖w

t −
ŵ
t ‖ 2

is
at

m
ost

(1
+
√

∆
τ)

t−
1

∑j=
t−
τ

η
2j ‖
d
ξ
j S

ξ
j
u
j ∇
f(ŵ

j ;ξ
j )‖ 2≤

(1
+
√

∆
τ)D

2
t−

1
∑j=
t−
τ

η
2j ‖∇

f(ŵ
j ;ξ

j )‖ 2

≤
(1

+
√

∆
τ)D

2τ
m

2t η
2t−
τ .

Since
η
t−
τ

=
(1
−

τ
k+

t−
τ )η

t
<

12 η
t
w
hen

k
≥

3
τ
for

all
t≥

0,it
yields

‖
w
t −

ŵ
t ‖ 2

<

(1
+
√

∆
τ)D

2τ
14 η

2t m
2t .

H
ence

∑
∞t=

0 [(L
+
µ)η

t +
2
L

2η
2t D

]‖ŵ
t −

w
t ‖ 2

is
at

m
ost

[(L
+
µ)η0 +

2
L

2η
20 D

](1
+
√

∆
τ)D

2τ
∞∑t=

0
η

2t m
2t .
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N
ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
ha

st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

C
om

bi
ni
ng

m
t
≤
m

0
ex

p(
L
D
∑
t i=

0
η i

)
(s
ee

(5
1)
)
an

d
η i

=
1

L
D

(2
+
β

)(
k

+
i)

yi
el
ds

m
t
≤
m

0
ex

p(
1

2
+
β

t ∑ i=
1

1 i
)≤

m
0

ex
p(

1
2

+
β

(1
+

ln
t)

)≤
m

0
ex

p(
1

2
+
β

)t
1

2+
β
.

T
he

se
co
nd

in
eq
ua

lit
y
is

a
pr
op

er
ty

of
ha

rm
on

ic
nu

m
be

r
H
t

=
∑
t i=

1
1 i
≤

1
+

ln
t.

H
en

ce
,

η t
m
t
≤

1
L

(2
+
β

)t
m

0
ex

p(
1

2
+
β

)t
1

2+
β
≤
m

0
ex

p(
1

2+
β

)
L

(2
+
β

)
t−

(1
+
β

)
2+
β
.

H
en

ce
,w

e
ob

ta
in (η

tm
t)

2
≤

[m
0

ex
p(

1
2+
β

)
L

(2
+
β

)
]2 t
−

(2
+

2β
)

2+
β
≤

[m
0

ex
p(

1
2+
β

)
L

(2
+
β

)
]2 t
−

(1
+
ρ
) ,

w
he

re
ρ

=
β 2+
β
.
D
ue

to
th
e
pr
op

er
ty

of
ov
er
-h
ar
m
on

ic
se
rie

s,
∑
∞ t=

1
1

t1
+
ρ
co
nv

er
ge
s
fo
r
an

y
ρ
>

0.
In

ot
he

rw
or
ds
,∑
∞ t=

0(
η t
m
t)2

is
fin

ite
or
∑
∞ t=

0[
(L

+
µ

)η
t+

2L
2 η

2 tD
]‖ŵ

t−
w
t‖

2
is
fin

ite
.

D
.6
.
C
on

ve
rg
en

ce
of

La
rg
e
St
ep

si
ze
s

T
he

or
em

9
Le

tA
ss
um

pt
io
ns

1,
2,

an
d
3
ho

ld
.
Co

ns
id
er

Al
go
ri
th
m

1
wi
th

a
st
ep
siz

e
se
qu
en

ce
su
ch

th
at
η t
≤

1 2L
,η

t
→

0,
d d
t
η t
≤

0
an

d
∑
∞ t=

0
η t
→
∞
.

T
he
n,

E[
‖w

t+
1
−
w
∗‖

2 ]→
0.

P
ro
of

A
s
sh
ow

n
in

(2
4)

E[
‖w

t+
1
−
w
∗‖

2 ]≤
(1
−
µ
η t

)E
[‖
w
t
−
w
∗‖

2 ]+
η

2 tN
,

w
he

n
η t
≤

1 2L
.

Le
tY

t+
1

=
E[
‖w

t+
1
−
w
∗‖

2 ],
Y
t

=
E[
‖w

t
−
w
∗‖

2 ],
β
t

=
1−

µ
η t

an
d
γ
t

=
η

2 tN
.
A
s
pr
ov
ed

in
Le

m
m
a
9,

if
Y
t+

1
≤
β
tY
t
+
γ
t,
th
en

Y
t+

1
≤

t ∑ i=
0[

t ∏

j=
i+

1
β
j
]γ
i
+

(
t ∏ i=
0
β
i)Y

1

=
t ∑ i=
0[

t ∏

j=
i+

1(1
−
µ
η j

)]γ
i
+

[
t ∏ i=
0(1
−
µ
η i

)]E
[‖
w

1
−
w
∗‖

2 ]

Le
t
us

de
fin

e
n

(j
)=

µ
η j
.

(5
2)

Si
nc

e
1
−
x
≤

ex
p(
−
x

)
fo
r
al
lx
≥

0,
t ∏

j=
i+

1(1
−
µ
η j

)≤
ex

p(
−

t ∑

j=
i+

1(µ
η j

))
=

ex
p(
−

t ∑

j=
i+

1
n

(j
))
.

41
JM

L
R

 2
0(

17
6)

:1
-4

9,
 2

01
9

N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

Fu
rt
he

rm
or
e,

sin
ce
n

(j
)
is

de
cr
ea
sin

g
in
j,

we
ha

ve

t ∑

j=
i+

1
n

(j
)≥

∫
t+

1

x
=
i+

1
n

(x
)d
x
.

T
he

se
tw

o
in
eq
ua

lit
ie
s
ca
n
be

us
ed

to
de

riv
e

Y
t+

1
≤

t ∑ i=
0

ex
p(
−

t ∑

j=
i+

1
n

(j
))
n

(i
)2 N

+
ex

p(
−

t ∑ j=
0
n

(j
))
Y

0

≤
t ∑ i=
0

ex
p(
−
∫
t+

1

x
=
i+

1
n

(x
)d
x

)n
(i

)2 N
+

ex
p(
−
∫
t+

1

x
=

0
n

(x
)d
x

)Y
0

=
t ∑ i=
0

ex
p(
−

[M
(t

+
1)
−
M

(i
+

1)
])n

(i
)2 N

+
ex

p(
−
M

(t
+

1)
)Y

0,

w
he

re
M

(y
)=

∫
y

x
=

0
n

(x
)d
x
an

d
d d
y
M

(y
)=

n
(y

).

W
e
fo
cu

s
on

F
=

t ∑ i=
0

ex
p(
−

[M
(t

+
1)
−
M

(i
+

1)
])n

(i
)2 .

W
e
no

tic
e
th
at

F
=

ex
p(
−
M

(t
+

1)
)

t ∑ i=
0

ex
p(
M

(i
+

1)
)n

(i
)2 .

W
e
kn

ow
th
at

ex
p(
M

(x
+

1)
)
in
cr
ea
se
s
an

d
n

(x
)2

de
cr
ea
se
s,

he
nc

e,
in

th
e
m
os
t
ge
ne

ra
l

ca
se

ei
th
er

th
ei
r
pr
od

uc
t
fir
st

de
cr
ea
se
s
an

d
th
en

st
ar
ts

to
in
cr
ea
se

or
th
ei
r
pr
od

uc
t
ke
ep

s
on

in
cr
ea
sin

g.
W
e
fir
st

di
sc
us
s
th
e
de

cr
ea
sin

g
an

d
in
cr
ea
sin

g
ca
se
.
Le

t
a
(x

)=
ex

p(
M

(x
+

1)
)n

(x
)2

de
no

te
th
is
pr
od

uc
ta

nd
let

in
te
ge
rj
≥

0
be

su
ch

th
at
a
(0

)≥
a
(1

)≥
..
.
≥
a
(j

)a
nd

a
(j

)≤
a
(j

+
1)
≤
a
(j

+
2)
≤
..
.
(n
ot
ic
e
th
at
j

=
0
ex
pr
es
se
s
th
e
sit

ua
tio

n
w
he

re
a
(i

)
on

ly
in
cr
ea
se
s)
.
Fu

nc
tio

n
a
(x

)f
or
x
≥

0
is
m
in
im

ize
d
fo
rs

om
e
va
lu
e
h
in

[j,
j

+
1)
.
Fo

r1
≤
i
≤
j,

a
(i

)≤
∫ i x

=
i−

1
a
(x

)d
x
,a

nd
fo
r
j

+
1
≤
i,
a
(i

)≤
∫ i

+
1

x
=
i
a
(x

)d
x
.
T
hi
s
yi
el
ds

th
e
up

pe
r
bo

un
d

t ∑ i=
0
a
(i

)=
a
(0

)+
j ∑ i=

1
a
(i

)+
t ∑

i=
j+

1
a
(i

)

≤
a
(0

)+
∫
j

x
=

0
a
(x

)d
x

+
∫
t+

1

x
=
j+

1
a
(x

)d
x
,

≤
a
(0

)+
∫
t+

1

x
=

0
a
(x

)d
x
.

T
he

sa
m
e
up

pe
r
bo

un
d
ho

ld
s
fo
r
th
e
ot
he

r
ca
se

as
we

ll,
i.e

.,
if
a
(i

)
is

on
ly

de
cr
ea
sin

g.
W
e

co
nc

lu
de

F
≤

ex
p(
−
M

(t
+

1)
)[e

xp
(M

(2
))
n

(0
)2

+
∫
j+

1

x
=

0
ex

p(
M

(x
+

1)
)n

(x
)2 d

x
].
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

C
om

bined
w
ithM

(x
+

1)=
∫
x+

1

y=
0
n(y)d

y
≤
∫
x

y=
0
n(y)d

y
+
n(x)=

M
(x)+

n(x)

we
obtainF

≤
exp(−

M
(t+

1))[exp(M
(2))n(0) 2+

∫
t+

1

x=
0

exp(M
(x))n(x) 2exp(n(x))d

x]

≤
exp(−

M
(t+

1))[exp(M
(2))n(0) 2+

exp(n(0)) ∫
t+

1

x=
0

exp(M
(x))n(x) 2d

x].

T
his

gives

Y
t+

1 ≤
exp(−

M
(t+

1))[exp(M
(1))n(0) 2+

exp(n(0)) ∫
t+

1

x=
0

exp(M
(x))n(x) 2d

x]N

+
exp(−

M
(t+

1))Y
0

=
N

exp(n(0))C
(t+

1)+
exp(−

M
(t+

1))[exp(M
(1))n(0) 2N

+
Y

0 ],
(53)

w
here

C
(t)=

exp(−
M

(t)) ∫
t

x=
0 exp(M

(x))n(x) 2d
x
.

For
y
≤
t,we

derive
(notice

that
n(x)

is
decreasing)

C
(t)=

exp(−
M

(t)) ∫
t

x=
0 exp(M

(x))n(x) 2d
x

=
exp(−

M
(t)) ∫

y

x=
0 exp(M

(x))n(x) 2d
x

+
exp(−

M
(t)) ∫

t

x=
y exp(M

(x))n(x) 2d
x

≤
exp(−

M
(t)) ∫

y

x=
0 exp(M

(x))n(x) 2d
x

+
exp(−

M
(t)) ∫

t

x=
y exp(M

(x))n(x)n(y)d
x

=
exp(−

M
(t)) ∫

y

x=
0 exp(M

(x))n(x) 2d
x

+
exp(−

M
(t))n(y) ∫

t

x=
y exp(M

(x))n(x)d
x

=
exp(−

M
(t)) ∫

y

x=
0 exp(M

(x))n(x) 2d
x

+
n(y)[1−

exp(−
M

(t))exp(M
(y))]

≤
exp(−

M
(t)) ∫

y

x=
0 exp(M

(x))n(x) 2d
x

+
n(y).

Let
ε
>

0.
Since

n(y)
→

0
as

y
→
∞
,there

exists
a
y
such

that
n(y)

≤
ε/2.

Since
M

(t)→
∞

as
t→

∞
,exp(−

M
(t))→

0
as
t→

∞
.
H
ence,there

exists
a
T

such
that

for
t≥

T
,exp(−

M
(t)) ∫

yx=
0 exp(M

(x))n(x) 2d
x
≤
ε/2.

T
his

im
plies

C
(t)≤

ε
for

t≥
T
.
T
his

proves
C

(t)→
0
as
t→
∞
,and

we
conclude

Y
t →

0
as
t→
∞
.

T
heorem

10
Let

Assum
ptions

1,
2,

and
3
hold.

C
onsider

A
lgorithm

1
with

a
stepsize

sequence
such

that
η
t ≤

12
L ,
η
t →

0,
ddt η

t ≤
0,and

∑
∞t=

0
η
t →
∞
.
T
hen,

E[‖
w
t+

1 −
w
∗ ‖ 2]≤

N
exp(n(0))2n(M

−
1(ln[ n(t+

1)
n(0)

]+
M

(t+
1)))

+
exp(−

M
(t+

1))[exp(M
(1))n(0) 2N

+
E[‖

w
0 −

w
∗ ‖ 2]],
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where
n(t)=

µ
η
t and

M
(t)=

∫
tx=

0
n(x)d

x.

P
roof

W
e
are

ready
to

com
pute

the
convergence

rate
of
Y
t =

E[‖
w
t −

w
∗ ‖ 2]for

a
given

M
(t).

W
e
have

show
n
that

C
(t)
≤

exp(−
M

(t)) ∫
yx=

0 exp (M
(x))n(x) 2d

x
+
n(y).

W
e
are

interested
in

the
follow

ing
problem

:
finding

the
largest

y
≤
tsuch

as

exp(−
M

(t))[ ∫
y

x=
0 exp(M

(x))n(x) 2d
x]≤

n(y).

T
he

solution
is

equalto

y
=

sup{y
≤
t:exp(−

M
(t))[ ∫

y

x=
0 exp(M

(x))n(x) 2d
x]≤

n(y)}
.

Since
M

(x)
always

decreases,

y
≥

sup{
y
≤
t:exp(−

M
(t))[ ∫

y

x=
0 exp(M

(x))n(x)n(0)d
x]≤

n(y)}

=
sup{

y
≤
t:exp(−

M
(t))n(0)[exp(M

(y))−
exp(M

(0))]≤
n(y)}

=
sup{

y
≤
t:exp(M

(y))≤
exp(M

(0))+
n(y)
n(0) exp(M

(t))}

≥
sup{

y
≤
t:exp(M

(y))≤
exp(M

(0))+
n(t)
n(0) exp(M

(t))}

≥
sup{

y
≤
t:exp(M

(y))≤
n(t)
n(0) exp(M

(t))}

=
sup{

y
≤
t:
M

(y)≤
ln[ n(t)
n(0) ]+

M
(t)}

=
M
−

1(ln[ n(t)
n(0) ]+

M
(t)),

w
here

M
−

1(t)
exists

for
t∈

(0
,n(0)](since

M
(y)

strictly
increases

and
m
aps

into
(0
,n(0)]

for
y
≥

0).
T
herefore,

C
(t)≤

2
n(M

−
1(ln[ n(t)

n(0) ]+
M

(t)))

and

Y
t+

1 ≤
N

exp(n(0))2
n(M

−
1(ln[ n(t+

1)
n(0)

]+
M

(t+
1)))+

exp(−
M

(t+
1))[exp(M

(1))n(0) 2N
+
Y

0 ].

T
heorem

11
Am

ong
allstepsizes

η
q
,t =

1/(K
+
t)
q
where

q
>

0,
K

is
a
constantsuch

that
η
q
,t ≤

12
L ,SG

D
algorithm

enjoys
the

fastestconvergence
with

stepsize
η1
,t =

1/(2L
+
t).

P
roof

In
(53)

we
have

E[‖w
t −

w
∗ ‖ 2]≤

A
C

(t)+
B

exp(−
M

(t)),
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N
ew

C
on

ve
rg

en
ce

A
sp

ec
ts

of
St

oc
ha

st
ic

G
ra

di
en

t
A

lg
or

it
hm

s

w
he

re
A

=
N

ex
p(
n

(0
))

an
d
B

=
ex

p(
M

(1
))
n

(0
)2 N

+
E[
‖w

0
−
w
∗‖

2 ]
.

Le
t
us

de
no

te
C
q
(t

)=
C

(t
),
n
q
(t

)=
µ
/(
K

+
t)
q
w
he

re
η q
,t

=
1/

(K
+
t)
q
.
It

is
ob

vi
ou

s
th
at
n
q
(t

)>
n

1(
t)

fo
r
al
lt

an
d
q
<

1.
It

im
pl
ie
s
fo
r
an

y
n
q
(t

)
w
ith

q
<

1,

ex
p(
−
M

(t
))
<

ex
p(
−
∫
t

x
=

0
µ

1/
(K

+
x

)d
x

)<
ex

p(
−
∫
t

x
=

0
µ

1/
x
d
x

)<
1/
t.

T
he

re
fo
re
,w

e
al
w
ay
s
ha

ve
ex

p(
−
M

(t
))
<

1/
t

=
n

1(
t)
<
n
q
(t

)
<
C
q
(t

).
N
ow

,w
e
co
ns
id
er

th
e
fo
llo

w
in
g
ca
se
.
W
e
fin

d
n

(t
)
su
ch

th
at
n

(t
)=

C
(t

)/
2.

W
e
re
w
rit

e
th
is

as

C
(t

)=
ex

p(
−
M

(t
))
∫
t

x
=

0
ex

p(
M

(x
))
n

(x
)2 d

x
=

2n
(t

).

Ta
ki
ng

de
riv

at
iv
es

of
bo

th
sid

es
,w

e
ha

ve
:

−
n

2
=
n

(n
−

2n
)=

n
(n
−
C

)=
d d
tC

=
2
d d
tn
.

T
hi
s
is

so
lv
ed

fo
r

1/
(a
t)

:−
1/

(a
2 t

2 )
=
−

2/
(a
t2

)
H
en

ce
,a

=
1/

2
an

d
n

(t
)=

2/
t.

It
m
ea
ns
,

C
q
(t

)>
C

1(
t)

an
d
th
us
,t
he

st
ep

siz
e
η 1
,t

=
1/

(K
+
t)

en
jo
ys

th
e
fa
st
es
t
co
nv

er
ge
nc

e.

D
.7
.
C
on

ve
rg
en

ce
of

La
rg
e
St
ep

si
ze
s
in

B
at
ch

M
od

e
W
e
fir
st

de
riv

e
a
co
up

le
le
m
m
as

w
hi
ch

w
ill

he
lp

us
de

riv
in
g
ou

r
m
ai
n
bo

un
ds
.
In

w
ha

t
fo
llo

w
s
le
t
A
ss
um

pt
io
ns

1,
2
an

d
3
ho

ld
fo
r
al
ll
em

m
as
.

Le
m
m
a
14

Le
tu

s
de
fin

e
f

(w
;(
ξ 1
,.
..
,ξ
k
))

=
1 k

∑
k i=

1
f

(w
;ξ
i),

th
en

we
ha

ve
th
e
fo
llo

wi
ng

pr
op
er
tie

s:
E[
f

(w
;(
ξ 1
,.
..
,ξ
k
))

]=
F

(w
),

E[
‖∇

f
(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

]=
E[
‖∇

f
(w
∗;
ξ)
‖2

]
k

,

an
d

E[
‖∇

f
(w

;(
ξ 1
,.
..
,ξ
k
))
‖2

]≤
4L

[F
(w

)−
F

(w
∗)

]+
N k

P
ro
of

T
he

ex
pe

ct
at
io
n
of
f

(w
;(
ξ 1
,.
..
,ξ
k
))

is
eq
ua

lt
o

E[
f

(w
;(
ξ 1
,.
..
,ξ
k
))

]=
1 k

k ∑ i=
1
E[
f

(w
;ξ
i)]

=
F

(w
).

(5
4)

N
ow

we
wr

ite
E[
‖∇

f
(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

]a
sE

[∑
d j=

1(
1 k

∑
k i=

1[
∇
f

(w
∗;
ξ i

)] j
)2 ].

Th
is
is
eq
ua

l
to

E[
d ∑ j=

1{
1 k
2

k ∑ i=
1[∇

f
(w
∗;
ξ i

)]2 j
+

1 k

∑ i 0
6=
i 1

[∇
f

(w
∗;
ξ i

0
)] j

[∇
f

(w
∗;
ξ i

1
)] j
}]

=
E[

d ∑ j=
1

1 k
2

k ∑ i=
1[∇

f
(w
∗;
ξ i

)]2 j]
+

E[
d ∑ j=

1

1 k

∑ i 0
6=
i 1

[∇
f

(w
∗;
ξ i

0
)] j

[∇
f

(w
∗;
ξ i

1
)] j

].
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N
gu

ye
n,

N
gu

ye
n,

R
ic

ht
ár

ik
,

Sc
he

in
be

rg
,

T
ak

áč
,

an
d

va
n

D
ij

k

T
he

fir
st

te
rm

E[
∑
d j=

1
1 k
2
∑
k i=

1[
∇
f

(w
∗;
ξ i

)]2 j]
is

eq
ua

lt
o

d ∑ j=
1

1 k
2

k ∑ i=
1
E[

[∇
f

(w
∗;
ξ i

)]2 j]
=

1 k
2

k ∑ i=
1
E[

d ∑ j=
1[∇

f
(w
∗;
ξ i

)]2 j]
=

1 k
2

k ∑ i=
1
E[
‖∇

f
(w
∗;
ξ i

)‖
2 ]

=
1 k
E

[‖
∇
f

(w
∗;
ξ)
‖2

].

T
he

se
co
nd

te
rm

E[
∑
d j=

1
1 k

∑
i 0
6=
i 1

[∇
f

(w
∗;
ξ i

0
)] j

[∇
f

(w
∗;
ξ i

1
)] j

]i
s
eq
ua

lt
o

d ∑ j=
1

1 k

∑ i 0
6=
i 1

E[
[∇
f

(w
∗;
ξ i

0
)] j

]·
E[

[∇
f

(w
∗;
ξ i

1
)] j

]

=
d ∑ j=

1

1 k

∑ i 0
6=
i 1

[E
[∇
f

(w
∗;
ξ i

0
)]]
j
·[
E[
∇
f

(w
∗;
ξ i

1
)]]
j
.

N
ot
e
th
at

E[
∇
f

(w
∗;
ξ i

0
)]

=
∇
E[
f

(w
∗;
ξ i

)]
=
∇
F

(w
∗)

=
0.

T
hi
s
m
ea
ns

th
at

th
e
se
co
nd

te
rm

is
eq
ua

lt
o

0
an

d
we

co
nc

lu
de

E[
‖∇

f
(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

]=
E[
‖∇

f
(w
∗;
ξ)
‖2

]
k

.
(5
5)

W
e
ha

ve
th
e
fo
llo

w
in
g
fa
ct
:

‖∇
f

(w
;(
ξ 1
,.
..
,ξ
k
))
−
∇
f

(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

=
1 k
2
[‖

k ∑ i=
1(∇

f
(w

;ξ
i)
−
∇
f

(w
∗;
ξ i

))
‖2

]

≤
1 k

k ∑ i=
1
‖∇

f
(w

;ξ
i)
−
∇
f

(w
∗;
ξ i

)‖
2

=
‖∇

f
(w

;ξ
i)
−
∇
f

(w
∗;
ξ i

)‖
2 .

Si
nc

e
E[
‖∇

f
(w

;ξ
)−
∇
f

(w
∗;
ξ)
‖2

]≤
2L

[F
(w

)−
F

(w
∗)

](
se
e
(1
8)
),

we
ob

ta
in

E[
‖∇

f
(w

;(
ξ 1
,.
..
,ξ
k
))
−
∇
f

(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

]≤
2L

[F
(w

)−
F

(w
∗)

].

By
us
in
g
a
sim

ila
r
ar
gu

m
en
t
as

in
Le

m
m
a
1
we

ca
n
de

riv
e

E[
‖∇

f
(w

;(
ξ 1
,.
..
,ξ
k
))
‖2

]≤
4L

[F
(w

)−
F

(w
∗)

]+
2E

[‖
∇
f

(w
∗;

(ξ
1,
..
.,
ξ k

))
‖2

]
(5

5) ≤
4L

[F
(w

)−
F

(w
∗)

]+
2E

[‖
∇
f

(w
∗;
ξ)
‖2

]
k

=
4L

[F
(w

)−
F

(w
∗)

]+
N k
,

(5
6)

w
he

re
N

=
2E

[‖
∇
f

(w
∗;
ξ)
‖2

].

W
e
de

fin
e

F t
=
σ

(w
0,
ξ′ 0,

u
0,
..
.,
ξ′ t
−

1,
u
t−

1)
,
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N
ew

C
onvergence

A
spects

of
Stochastic

G
radient

A
lgorithm

s

w
here

ξ ′i =
(ξ
i,1 ,...,ξ

i,k
i ).

W
e
consider

the
follow

ing
generalalgorithm

w
ith

the
follow

ing
gradient

updating
rule:

w
t+

1
=
w
t −

η
t d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t ),

w
here

f(w
t ;ξ ′t )=

1k
t ∑

k
t
i=

1
f(w

t ;ξ
t,i ).

Lem
m
a
15

W
e
have

E[‖
d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t )‖ 2|F
t ,ξ ′t ]≤

D
‖∇

f(w
t ;ξ ′t )‖ 2

and
E[d

ξ ′t S
ξ ′tut ∇

f(w
t ;ξ ′t )|F

t ]=
∇
F

(w
t ).

P
roof

For
the

first
bound,ifwe

take
the

expectation
of‖

d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t )‖ 2
w
ith

respect
to
u
t ,then

we
have

(for
vectors

x
we

denote
the

value
ofits

i-th
position

by
[x]i )

E[‖d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t )‖ 2|F
t ,ξ ′t ]=

d
2ξ ′t ∑

u

p
ξ ′t (u)‖

S
ξ ′tu ∇

f(w
t ;ξ ′t )‖ 2

=
d

2ξ ′t ∑

u

p
ξ ′t (u)

∑i∈
S
ξ ′tu [∇

f(w
t ;ξ ′t )] 2i

=
d
ξ ′t

∑i∈
D
ξ ′t [∇

f(w
t ;ξ ′t )] 2i

=
d
ξ ′t ‖
f(w

t ;ξ ′t )‖ 2≤
D
‖∇

f(w
t ;ξ ′t )‖ 2,

w
here

the
transition

to
the

second
line

follow
s
from

(27).
For

the
second

bound,ifw
e
take

the
expectation

of
d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t )
w
rt
u
t ,then

we
have:

E[d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t )|F
t ,ξ ′t ]=

d
ξ ′t ∑

u

p
ξ ′t (u)S

ξ ′tu ∇
f(w

t ;ξ ′t )=
∇
f(w

t ;ξ ′t ),

and
this

can
be

used
to

derive

E[d
ξ ′t S

ξ ′tut f(w
t ;ξ ′t )|F

t ]=
E[E[d

ξ ′t S
ξ ′tut f(w

t ;ξ ′t )|F
t ,ξ ′t ]|F

t ]=
E[∇

f(w
t ;ξ ′t )]=

∇
F

(w
t ).

T
he

last
equality

com
es

from
(54).

Lem
m
a
16

LetAssum
ptions

1,2
and

3
hold,0

<
η
t ≤

1
2
L
D

for
all

t≥
0.

T
hen,

E[‖w
t+

1 −
w
∗ ‖ 2]≤

(1−
µ
η
t )‖
w
t −

w
∗ ‖ 2+

η
2t
N
Dk
t
.
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N
guyen,

N
guyen,

R
ichtárik,

Scheinberg,
T

akáč,
and

van
D

ijk

P
roof

Since
w
t+

1
=
w
t −

η
t d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t ),we
have

‖
w
t+

1 −
w
∗ ‖ 2

=
‖
w
t −

w
∗ ‖ 2−

2η
t 〈d

ξ ′t S
ξ ′tut ∇

f(w
t ;ξ ′t ),(w

t −
w
∗ )〉+

η
2t ‖d

ξ ′t S
ξ ′tut ∇

f(w
t ;ξ ′t )‖ 2.

W
e
now

take
expectations

over
u
t and

ξ
t and

use
Lem

m
as

15
and

14:

E[‖w
t+

1 −
w
∗ ‖ 2|F

t ]
≤
‖w

t −
w
∗ ‖ 2−

2η
t 〈∇

F
(w

),w
t −

w
∗ 〉+

η
2t D

E[‖∇
f(w

t ;ξ ′t )‖ 2|F
t ]

By
(1),we

have

−
〈∇
F

(w
),w

t −
w
∗ 〉≤

−
[F

(w
)−

F
(w
∗ )]−

µ
/2‖

w
t −

w
∗ ‖ 2

(57)

T
hus,E[‖

w
t+

1 −
w
∗ ‖ 2|F

t ]is
at

m
ost

(57)
≤
‖w

t −
w
∗ ‖ 2−

µ
η
t ‖w

t −
w
∗ ‖ 2−

2
η
t [F

(w
)−

F
(w
∗ )]+

η
2t D

E[‖∇
f(w

t ;ξ ′t )‖ 2|F
t ].

Since
E[‖∇

f(w
t ;ξ ′t )‖ 2|F

t ]≤
4L[F

(w
)−

F
(w
∗ )]+

Nk
t
(see

(56)),E[‖w
t+

1 −
w
∗ ‖ 2|F

t ]is
at

m
ost

(56)
≤

(1−
µ
η
t )‖w

t −
w
∗ ‖ 2−

2
η
t (1−

2η
t L
D

)[F
(w

)−
F

(w
∗ )]+

η
2t
N
Dk
t
.

U
sing

the
condition

η
t ≤

1
2
L
D

yields
the

lem
m
a.

A
s
show

n
above,E[‖w

t+
1 −

w
∗ ‖ 2]≤

(1−
µ
η
t )E[‖w

t −
w
∗ ‖ 2]+

η
2t N

D

k
t

,

w
hen

η
t ≤

1
2
L
D
.

Let
Y
t+

1
=

E[‖w
t+

1 −
w
∗ ‖ 2],

Y
t =

E[‖w
t −

w
∗ ‖ 2],

β
t =

1−
µ
η
t and

γ
t =

η
2t
N
D

k
t

.A
sproved

in
Lem

m
a
9,if

Y
t+

1 ≤
β
t Y
t +

γ
t ,then

Y
t+

1 ≤
t
∑i=

0 [
t
∏j=
i+

1
β
j ]γ

i +
(
t
∏i=

0
β
i )Y

0

=
t
∑i=

0 [
t
∏j=
i+

1 (1−
µ
η
j )]γ

i +
[
t
∏i=

0 (1−
µ
η
i )]E[‖w

0 −
w
∗ ‖ 2]

Let
us

define
n(j)=

µ
n
j
and

M
(y)=

∫
yx=

0
n(x)d

x
as

in
Section

4.

T
heorem

12
LetAssum

ptions1,2
and

3
hold,{η

t }
isa

dim
inishing

sequence
with

conditions
∑
∞t=

0
η
t →

∞
and

0
<
η
t ≤

1
2
L
D

for
all

t≥
0.

T
hen,

the
sequence

{w
t }

converges
to
w
∗

where
w
t+

1
=
w
t −

η
t d
ξ ′t S

ξ ′tut ∇
f(w

t ;ξ ′t ).
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G
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t
A

lg
or

it
hm

s

P
ro
of

To
pr
ov
e
th
e
co
nv

er
ge
nc

e
of
w
t,
we

on
ly

ne
ed

to
pr
ov
e
th
e
co
nv

er
ge
nc

e
of

C
(t

)=
ex

p(
−
M

(t
))
∫
t

x
=

0
ex

p(
M

(x
))
n

(x
)2

k
(x

)
d
x
.

Le
tT

de
no

te
th
et

ot
al

nu
m
be

ro
fg

ra
di
en
tc

om
pu

ta
tio

ns
an

d
de

fin
eK

(t
)=

∫ t x
=

1
k

(x
)d
x

=
T
;
w
e
ha

ve
t

=
K
−

1 (
T

)
an

d
d
K

(x
)

d
x

=
k
(x

).
W
e
de

fin
e
y

=
K

(x
)
or

x
=
K
−

1 (
y
)
w
ith

d
y

=
k
(x

)d
x
.
W
e
w
rit

e

C
(t

)=
ex

p(
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of
in

te
re

st
as

th
e

u
n
d
er

ly
in

g
d
a
ta

ge
n
er

at
in

g
p
ro

ce
ss

d
o
es

.
If

so
,

th
en

st
u
d
y
in

g
se

ts
of

w
el

l-
p

er
fo

rm
in

g
m

o
d
el

s
w

il
l
al

lo
w

u
s

to
d
ed

u
ce

in
fo

rm
at

io
n

a
b

ou
t

th
e

d
a
ta

g
en

er
a
ti

n
g

p
ro

ce
ss

.

A
p
p
ly

in
g

th
is

ap
p
ro

ac
h

to
st

u
d
y

va
ri

ab
le

im
p

or
ta

n
ce

,
w

e
d
efi

n
e

m
od

el
cl

a
ss

re
li

a
n

ce
(M

C
R

)
as

th
e

h
ig

h
es

t
an

d
lo

w
es

t
d
eg

re
e

to
w

h
ic

h
an

y
w

el
l-

p
er

fo
rm

in
g

m
o
d
el

w
it

h
in

a
g
iv

en
cl

as
s

m
ay

re
ly

on
a

va
ri

ab
le

of
in

te
re

st
fo

r
p
re

d
ic

ti
on

ac
cu

ra
cy

.
R

ou
gh

ly
sp

ea
k
in

g
,

M
C

R
ca

p
tu

re
s

th
e

ra
n
ge

of
ex

p
la

n
at

io
n
s,

o
r

m
ec

h
an

is
m

s,
as

so
ci

a
te

d
w

it
h

w
el

l-
p

er
fo

rm
in

g
m

o
d
el

s.
B

ec
au

se
th

e
re

su
lt

in
g

ra
n
ge

su
m

m
ar

iz
es

m
an

y
p
re

d
ic

ti
on

m
o
d
el

s
si

m
u
lt

an
eo

u
sl

y,
ra

th
er

a
si

n
gl

e
m

o
d
el

,
w

e
ex

p
ec

t
th

is
ra

n
ge

to
b

e
le

ss
aff

ec
te

d
b
y

th
e

ch
oi

ce
s

th
at

a
n

in
d
iv

id
u
a
l

an
al

y
st

m
ak

es
d
u
ri

n
g

th
e

m
o
d
el

-fi
tt

in
g

p
ro

ce
ss

.
In

st
ea

d
of

re
fl
ec

ti
n
g

th
es

e
ch

o
ic

es
,

M
C

R
ai

m
s

to
re

fl
ec

t
th

e
n
at

u
re

of
th

e
p
re

d
ic

ti
on

p
ro

b
le

m
it

se
lf

.

W
e

m
ak

e
se

ve
ra

l,
sp

ec
ifi

c
te

ch
n
ic

al
co

n
tr

ib
u
ti

on
s

in
d
er

iv
in

g
M

C
R

.
F

ir
st

,
w

e
re

v
ie

w
a

co
re

m
ea

su
re

of
h
ow

m
u
ch

an
in

d
iv

id
u
al

p
re

d
ic

ti
on

m
o
d
el

re
li
es

on
co

va
ri

a
te

s
o
f

in
te

re
st

fo
r

it
s

ac
cu

ra
cy

,
w

h
ic

h
w

e
ca

ll
m

od
el

re
li

a
n

ce
(M

R
).

T
h
is

m
ea

su
re

is
b
as

ed
o
n

p
er

m
u
ta

ti
on

im
p

or
ta

n
ce

m
ea

su
re

s
fo

r
R

an
d
om

F
or

es
ts

(B
re

im
an

et
al

.,
20

01
;

B
re

im
an

,
2
0
0
1
),

a
n
d

ca
n

b
e

ex
p
an

d
ed

to
d
es

cr
ib

e
co

n
d
it

io
n
al

im
p

or
ta

n
ce

(s
ee

S
ec

ti
on

8,
as

w
el

l
a
s

S
tr

o
b
l

et
a
l.

20
08

).
W

e
d
ra

w
a

co
n
n
ec

ti
on

b
et

w
ee

n
p

er
m

u
ta

ti
on

-b
as

ed
im

p
or

ta
n
ce

es
ti

m
a
te

s
(M

R
)

a
n
d

U
-s

ta
ti

st
ic

s,
w

h
ic

h
fa

ci
li
ta

te
s

la
te

r
th

eo
re

ti
ca

l
re

su
lt

s.
A

d
d
it

io
n
al

ly
,

w
e

d
er

iv
e

co
n
n
ec

ti
o
n
s

2
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L
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0(
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

b
etw

een
M

R
,

con
d
ition

al
cau

sal
eff

ects,
an

d
co

effi
cien

ts
for

ad
d
itive

m
o
d
els.

E
x
p
an

d
in

g
o
n

M
R

,
w

e
p
ro

p
ose

M
C

R
,

w
h
ich

gen
eralizes

th
e

d
efi

n
ition

of
M

R
for

a
cla

ss
o
f

m
od

els.
W

e
d
eriv

e
fi
n
ite-sam

p
le

b
ou

n
d
s

for
M

C
R

,
w

h
ich

m
otivate

an
in

tu
itive

estim
ator

of
M

C
R

.
F

in
a
lly,

w
e

p
ro

p
ose

com
p
u
tation

al
p
ro

ced
u
res

for
th

is
estim

ator.

T
h
e

to
o
ls

w
e

d
evelop

to
stu

d
y

R
ash

om
on

sets
are

q
u
ite

gen
eral,

an
d

ca
n

b
e

u
sed

to
m

a
ke

fi
n
ite-sam

p
le

in
feren

ces
for

a
rb

itrary
ch

aracteristics
of

w
ell-p

erform
in

g
m

o
d
els.

F
or

ex
a
m

p
le,

b
eyo

n
d

d
escrib

in
g

variab
le

im
p

ortan
ce,

th
ese

to
ols

can
d
escrib

e
th

e
ra

n
ge

of
risk

p
red

ictio
n
s

th
a
t

w
ell-fi

ttin
g

m
o
d
els

assign
to

a
p
articu

lar
covariate

p
rofi

le,
or

th
e

varian
ce

of
p
red

ictio
n
s

m
a
d
e

b
y

w
ell-fi

ttin
g

m
o
d
els.

In
som

e
cases,

th
ese

n
ovel

tech
n
iq

u
es

m
ay

p
rov

id
e

fi
n
ite-sam

p
le

co
n
fi
d
en

ce
in

tervals
(C

Is)
w

h
ere

n
on

e
h
ave

p
rev

iou
sly

ex
isted

(see
S
ection

5
).

M
C

R
a
n
d

th
e

R
ash

om
on

eff
ect

b
ecom

e
esp

ecia
lly

relevan
t

in
th

e
con

tex
t

of
crim

in
al

recid
iv

ism
p
red

iction
.

P
rop

rietary
recid

iv
ism

risk
m

o
d
els

train
ed

from
crim

in
al

record
s

d
ata

a
re

in
crea

sin
g
ly

b
ein

g
u
sed

in
U

.S
.

cou
rtro

om
s.

O
n
e

con
cern

is
th

a
t

th
ese

m
o
d
els

m
ay

b
e

rely
in

g
o
n

in
fo

rm
ation

th
at

w
ou

ld
oth

erw
ise

b
e

con
sid

ered
u
n
accep

tab
le

(fo
r

ex
am

p
le,

race,
sex

,
o
r

p
rox

ies
for

th
ese

variab
les),

in
ord

er
to

estim
ate

recid
iv

ism
risk

.
T

h
e

relevan
t

m
o
d
els

a
re

o
ften

p
ro

p
rietary,

an
d

can
n
ot

b
e

stu
d
ied

d
irectly.

S
till,

in
cases

w
h
ere

th
e

p
red

iction
s

m
a
d
e

b
y

th
ese

m
o
d
els

are
p
u
b
licly

availab
le,

it
m

ay
b

e
p

ossib
le

to
id

en
tify

altern
ative

p
red

ictio
n

m
o
d
els

th
at

are
su

ffi
cien

tly
sim

ilar
to

th
e

p
rop

rietary
m

o
d
el

of
in

terest.

In
th

is
p
a
p

er,
w

e
sp

ecifi
cally

con
sid

er
th

e
p
rop

rietary
m

o
d
el

C
O

M
P

A
S

(C
o
rrection

al
O

f-
fen

d
er

M
a
n
a
g
em

en
t

P
rofi

lin
g

for
A

ltern
ative

S
an

ction
s),

d
evelop

ed
b
y

th
e

com
p
an

y
N

orth
-

p
o
in

te
In

c.
(su

b
seq

u
en

tly,
in

2017,
N

orth
p

oin
te

In
c.,C

ou
rtv

iew
J
u
stice

S
olu

tion
s

In
c.,

an
d

C
o
n
stella

tio
n

J
u
stice

S
y
stem

s
In

c.
join

ed
togeth

er
u
n
d
er

th
e

n
am

e
E

q
u
ivan

t).
O

u
r

goal
is

to
estim

a
te

h
ow

m
u
ch

C
O

M
P

A
S

relies
on

eith
er

race,
sex

,
or

p
rox

ies
for

th
ese

va
riab

les
n
o
t

m
ea

su
red

in
ou

r
d
ata

set.
T

o
th

is
en

d
,

w
e

ap
p
ly

a
b
road

class
of

fl
ex

ib
le,

kern
el-b

ased
p
red

ictio
n

m
o
d
els

to
p
red

ict
C

O
M

P
A

S
score.

In
th

is
settin

g,
th

e
M

C
R

in
terval

refl
ects

th
e

h
ig

h
est

an
d

low
est

d
egree

to
w

h
ich

an
y

p
red

iction
m

o
d
el

in
ou

r
class

can
rely

on
race

an
d

sex
w

h
ile

still
p
red

ictin
g

C
O

M
P

A
S

score
relatively

a
ccu

ra
tely.

E
q
u
ip

p
ed

w
ith

M
C

R
,

w
e

ca
n

rela
x

th
e

co
m

m
on

assu
m

p
tion

of
b

ein
g

ab
le

to
correctly

sp
ecify

th
e

u
n
k
n
ow

n
m

o
d
el

of
in

terest
(h

ere,
C

O
M

P
A

S
)

u
p

to
a

p
aram

etric
form

.
In

stead
,

ra
th

er
th

an
a
ssu

m
in

g
th

at
th

e
C

O
M

P
A

S
m

o
d
el

itself
is

con
tain

ed
in

ou
r

class,
w

e
assu

m
e

th
at

o
u
r

class
con

ta
in

s
at

least
o
n
e

w
ell-p

erfo
rm

in
g

altern
ative

m
o
d
el

th
at

relies
on

sen
sitive

covariates
to

th
e

sam
e

d
egree

th
a
t

C
O

M
P

A
S

d
o
es.

U
n
d
er

th
is

assu
m

p
tion

,
th

e
M

C
R

in
terval

w
ill

con
tain

th
e

V
I

valu
e

fo
r

C
O

M
P

A
S
.

A
p
p
ly

in
g

ou
r

ap
p
roach

,
w

e
fi
n
d

th
at

race,
sex

,
an

d
th

eir
p

oten
tial

p
rox

y
va

ria
b
les,

a
re

likely
n
ot

th
e

d
om

in
an

t
p
red

ictive
factors

in
th

e
C

O
M

P
A

S
score

(see
an

aly
sis

a
n
d

d
iscu

ssion
in

S
ection

10).

T
h
e

rem
a
in

d
er

of
th

is
p
ap

er
is

orga
n
ized

as
follow

s.
In

S
ection

2
w

e
in

tro
d
u
ce

n
otation

,
a
n
d

g
ive

a
h
ig

h
level

su
m

m
ary

of
ou

r
ap

p
roach

,
illu

strated
w

ith
v
isu

alization
s.

In
S
ection

s
3

a
n
d

4
w

e
fo

rm
ally

p
resen

t
M

R
an

d
M

C
R

resp
ectively,

an
d

d
erive

th
eoretical

p
rop

erties
o
f

ea
ch

.
W

e
also

rev
iew

related
variab

le
im

p
ortan

ce
p
ractices

in
th

e
literatu

re,
su

ch
as

retra
in

in
g

a
m

o
d
el

after
rem

ov
in

g
on

e
of

th
e

covariates.
In

S
ection

5,
w

e
d
iscu

ss
gen

eral
a
p
p
lica

b
ility

of
ou

r
ap

p
roach

for
d
eterm

in
in

g
fi
n
ite-sam

p
le

C
Is

for
oth

er
p
rob

lem
s.

In
S
ectio

n
6
,

w
e

p
resen

t
a

gen
eral

p
ro

ced
u
re

for
com

p
u
tin

g
M

C
R

.
In

S
ection

7,
w

e
give

sp
ecifi

c
im

p
lem

en
tatio

n
s

of
th

is
p
ro

ced
u
re

for
(regu

larized
)

lin
ear

m
o
d
els,

an
d

lin
ear

m
o
d
els

in
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace.

W
e

also
sh

ow
th

at,
for

a
d
d
itive

m
o
d
els,

M
R

can
b

e
ex

p
ressed

in
term

s
of

th
e

m
o
d
el’s

co
effi

cien
ts.

In
S
ection

8
w

e
ou

tlin
e

con
n
ection

s
b

etw
een

3
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F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

M
R

,
cau

sal
in

feren
ce,

an
d

con
d
ition

al
variab

le
im

p
ortan

ce.
In

S
ection

9,
w

e
illu

strate
M

R
an

d
M

C
R

w
ith

a
sim

u
lated

toy
ex

am
p
le,

to
aid

in
tu

ition
.

W
e

also
p
resen

t
sim

u
lation

stu
d
ies

for
th

e
task

of
estim

atin
g

M
R

for
an

u
n
k
n
ow

n
,

u
n
d
erly

in
g

con
d
ition

al
ex

p
ecta

tion
fu

n
ction

,
u
n
d
er

m
issp

ecifi
cation

.
W

e
an

aly
ze

a
w

ell-k
n
ow

n
p
u
b
lic

d
ata

set
on

recid
iv

ism
in

S
ection

10,
d
escrib

ed
ab

ov
e.

A
ll

p
ro

ofs
are

p
resen

ted
in

th
e

ap
p

en
d
ices.

2
.
N
o
ta
tio

n
&

T
e
ch

n
ica

l
S
u
m
m
a
ry

T
h
e

lab
el

of
“variab

le
im

p
ortan

ce”
m

easu
re

h
as

b
een

b
road

ly
u
sed

to
d
escrib

e
ap

p
roach

es
for

eith
er

in
feren

ce
(van

d
er

L
aan

,
2006;

D
ı́az

et
al.,

2015;
W

illiam
son

et
al.,

2017)
or

p
red

iction
.

W
h
ile

th
ese

tw
o

goals
are

h
igh

ly
related

,
w

e
p
rim

arily
fo

cu
s

on
h
ow

m
u
ch

p
red

iction
m

o
d
els

rely
on

covariates
to

ach
ieve

a
ccu

racy.
W

e
u
se

term
s

su
ch

as
“m

o
d
el

relian
ce”

rath
er

th
an

“im
p

ortan
ce”

to
clarify

th
is

con
tex

t.

In
ord

er
to

evalu
ate

h
ow

m
u
ch

p
red

iction
m

o
d
els

rely
on

variab
les,

w
e

n
ow

in
tro

d
u
ce

n
otation

for
ran

d
om

variab
les,

d
ata,

classes
of

p
red

ictio
n

m
o
d
els,

an
d

loss
fu

n
ction

s
for

evalu
atin

g
p
red

iction
s.

L
et
Z

=
(Y
,X

1 ,X
2 )∈

Z
b

e
a

ran
d
om

variab
le

w
ith

ou
tcom

e
Y
∈
Y

an
d

covariates
X

=
(X

1 ,X
2 )
∈
X

,
w

h
ere

th
e

covariate
su

b
sets

X
1
∈
X

1
an

d
X

2
∈
X

2

m
ay

each
b

e
m

u
ltivariate.

W
e

assu
m

e
th

at
ob

servation
s

of
Z

are
iid

,
th

at
n
≥

2,
an

d
th

at
solu

tion
s

to
arg

m
in

an
d

arg
m

ax
op

eration
s

ex
ist

w
h
en

ev
er

op
tim

izin
g

ov
er

sets
m

en
tion

ed
in

th
is

p
ap

er
(for

ex
am

p
le,

in
T

h
eorem

4,
b

elow
).

O
u
r

goal
is

to
stu

d
y

h
ow

m
u
ch

d
iff

eren
t

p
red

iction
m

o
d
els

rely
on

X
1

to
p
red

ict
Y

.

W
e

refer
to

ou
r

d
ata

set
as

Z
=
[

y
X
],

a
m

atrix
com

p
osed

of
a
n

-len
gth

o
u
tcom

e
vector

y
in

th
e

fi
rst

colu
m

n
,

an
d

a
n×

p
cova

riate
m

atrix
X

=
[

X
1

X
2

]
in

th
e

rem
ain

in
g

colu
m

n
s.

In
gen

eral,
for

a
given

v
ector

v
,

let
v

[j]
d
en

ote
its

j
th

elem
en

t(s).
F

or
a

given

m
atrix

A
,

let
A
′,

A
[i,·] ,

A
[·,j] ,

an
d

A
[i,j]

resp
ectively

d
en

ote
th

e
tran

sp
ose

of
A

,
th

e
i th

row
(s)

of
A

,
th

e
j
th

colu
m

n
(s)

of
A

,
an

d
th

e
elem

en
t(s)

in
th

e
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(s
ee

F
ig

u
re

2
fo

r
a
n

il
lu

st
ra

-
ti

on
).

S
ti

ll
,

fo
r

co
m

p
le

x
m

o
d
el

cl
as

se
s

w
h
er

e
st

an
d
ar

d
em

p
ir

ic
a
l

lo
ss

m
in

im
iz

a
ti

o
n

is
an

op
en

p
ro

b
le

m
(f

or
ex

am
p
le

,
n
eu

ra
l

n
et

w
or

k
s)

,
co

m
p
u
ti

n
g

em
p
ir

ic
al

M
C

R
re

m
a
in

s
an

op
en

p
ro

b
le

m
as

w
el

l.

•
In

te
rp

re
ta

ti
o
n

o
f

M
R

in
te

rm
s

o
f

m
o
d

e
l

c
o
e
ffi

c
ie

n
ts

,
a
n

d
c
a
u

sa
l

e
ff

e
c
ts

:
W

e
sh

ow
th

at
M

R
fo

r
an

ad
d
it

iv
e

m
o
d
el

ca
n

b
e

w
ri

tt
en

as
a

fu
n
ct

io
n

o
f

th
e

m
o
d
el

’s
co

effi
ci

en
ts

(P
ro

p
os

it
io

n
15

),
an

d
th

at
M

R
fo

r
a

b
in

ar
y

co
va

ri
at

e
X

1
ca

n
b

e
w

ri
tt

en
as

a
fu

n
ct

io
n

of
th

e
co

n
d
it

io
n
al

ca
u
sa

l
eff

ec
ts

of
X

1
on

Y
(P

ro
p

os
it

io
n

1
9
).
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

•
E

x
te

n
sio

n
s

to
c
o
n

d
itio

n
a
l

im
p

o
rta

n
c
e
:

W
e

p
rov

id
e

an
ex

ten
sion

of
M

R
th

at
is

a
n
a
lo

go
u
s

to
th

e
n
otion

of
con

d
ition

al
im

p
ortan

ce
(S

trob
l
et

al.,
2008).

T
h
is

ex
ten

sion
d
escrib

es
h
ow

m
u
ch

a
m

o
d
el

relies
on

th
e

sp
ecifi

c
in

form
ation

in
X

1
th

at
can

n
ot

o
th

erw
ise

b
e

glean
ed

from
X

2
(S

ection
8.2).

•
G

e
n

e
ra

liz
a
tio

n
s

fo
r

R
a
sh

o
m

o
n

se
ts:

B
eyon

d
n
otion

s
of

variab
le

im
p

ortan
ce,

w
e

a
lso

g
en

eralize
ou

r
fi
n
ite

sam
p
le

resu
lts

for
M

C
R

to
d
escrib

e
arb

itrary
ch

aracteriza-
tio

n
s

o
f

m
o
d
els

in
a

p
op

u
lation

ε-R
ash

om
on

set.
A

s
w

e
d
iscu

ss
in

con
cu

rren
t

w
ork

(C
oker

et
al.,

2018),
th

is
gen

eralization
is

an
alogou

s
to

th
e

p
ro

fi
le

likelih
o
o
d

in
ter-

va
l,

a
n
d

can
,

for
ex

am
p
le,

b
e

u
sed

to
b

ou
n
d

th
e

ran
ge

of
risk

p
red

iction
s

th
at

w
ell-

p
erfo

rm
in

g
p
red

iction
m

o
d
els

m
ay

assign
to

a
p
articu

lar
set

of
covariates

(S
ection

5
).

W
e

b
egin

in
th

e
n
ex

t
section

b
y

form
ally

rev
iew

in
g

m
o
d
el

relian
ce.

R
ely

less
on

X
1

R
ely

m
ore

on
X

1

Ê
L
(f
,Z

)

dM
R
(f
)

M
o
re

accu
rate

L
ess

accu
rate

M
o
d
el

classF

\M
C
R

�
(✏)

\M
C
R

+
(✏)

C
o
n
se
rv

a
tiv

e
C
o
m
p
u
ta

tio
n

o
f
E
m
p
iric

a
l

M
o
d
e
l
C
la
ss

R
e
lia

n
c
e

E
n
velop

e
con

ta
in
in
g
F

F
ig

u
re

2
:

Illu
stration

of
ou

tp
u
t

from
ou

r
em

p
irical

M
C

R
com

p
u
tation

al
p
ro

ced
u
re

–
O

u
r

co
m

p
u
tation

p
ro

ced
u
re

p
ro

d
u
ces

a
closed

-form
,

con
vex

en
velop

e
th

at
con

tain
s

F
(sh

ow
n

ab
ov

e
as

th
e

solid
,

p
u
rp

le
lin

e),
w

h
ich

b
ou

n
d
s

em
p
irical

M
C

R
for

an
y

valu
e

of
ε

(see
E

q
2.4).

T
h
e

p
ro

ced
u
re

w
ork

s
seq

u
en

tially,
tigh

ten
in

g
th

ese
b

ou
n
d
s

a
s

m
u
ch

as
p

ossib
le

n
ear

th
e
ε

valu
e

of
in

terest
(S

ection
6).

T
h
e

resu
lts

from
ou

r
d
a
ta

an
aly

sis
(F

igu
re

8)
a
re

p
resen

ted
in

th
e

sam
e

form
at

a
s

th
e

ab
ove

p
u
rp

le
en

velop
e.

3
.
M

o
d
e
l
R
e
lia

n
ce

T
o

fo
rm

ally
d
escrib

e
h
ow

m
u
ch

th
e

ex
p

ected
accu

ra
cy

of
a

fi
x
ed

p
red

iction
m

o
d
el
f

relies
o
n

th
e

ra
n
d
om

variab
le
X

1 ,
w

e
u
se

th
e

n
otio

n
of

a
“sw

itch
ed

”
loss

w
h
ere

X
1

is
ren

d
ered

u
n
in

fo
rm

a
tive.

T
h
rou

gh
ou

t
th

is
section

,
w

e
w

ill
treat

f
as

a
p
re-sp

ecifi
ed

p
red

iction
m

o
d
el

o
f

in
terest

(a
s

in
H

o
ok

er,
2007).

L
et
Z

(a
)

=
(Y

(a
),X

(a
)

1
,X

(a
)

2
)

an
d
Z

(b)
=

(Y
(b),X

(b)
1
,X

(b)
2

)
b

e
in

d
ep

en
d
en

t
ran

d
om

variab
les,

each
follow

in
g

th
e

sam
e

d
istrib

u
tion

as
Z

=
(Y
,X

1 ,X
2 ).

W
e

d
efi

n
e

e
sw

itch (f
)

:=
E
L{
f
,(Y

(b),X
(a

)
1
,X

(b)
2

)}
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F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

as
rep

resen
tin

g
th

e
ex

p
ected

loss
of

m
o
d
el
f

across
p
airs

of
ob

servation
s

(Z
(a

),Z
(b))

in

w
h
ich

th
e

valu
es

of
X

(a
)

1
an

d
X

(b)
1

h
ave

b
een

sw
itch

ed
.

T
o

see
th

is
in

terp
retation

of
th

e

ab
ove

eq
u
ation

,
n
ote

th
at

w
e

h
ave

u
sed

th
e

variab
les

(Y
(b),X

(b)
2

)
from

Z
(b),

b
u
t

w
e

h
ave

u
sed

th
e

variab
le
X

(b)
1

from
an

in
d
ep

en
d
en

t
co

p
y
Z

(b).
T

h
is

is
w

h
y

w
e

say
th

at
X

(a
)

1
an

d

X
(b)
1

h
ave

b
een

sw
itch

ed
;

th
e

valu
es

of
(Y

(b),X
(a

)
1
,X

(b)
2

)
d
o

n
ot

relate
to

each
oth

er
as

th
ey

w
ou

ld
if

th
ey

h
ad

b
een

ch
osen

togeth
er.

A
n

a
ltern

ativ
e

in
terp

retation
of
e

sw
itch (f

)
is

as
th

e
ex

p
ected

loss
of
f

w
h
en

n
oise

is
ad

d
ed

to
X

1
in

su
ch

a
w

ay
th

at
X

1
b

ecom
es

com
p
letely

u
n
in

form
ative

of
Y

,
b
u
t

th
at

th
e

m
argin

al
d
istrib

u
tion

of
X

1
is

u
n
ch

an
ged

.
A

s
a

referen
ce

p
oin

t,
w

e
com

p
are

e
sw

itch (f
)

again
st

th
e

stan
d
ard

ex
p

ected
loss

w
h
en

n
on

e
of

th
e

variab
les

are
sw

itch
ed

,
e

o
rig (f

)
:=

E
L

(f
,(Y

,X
1 ,X

2 )).
F

rom
th

ese
tw

o
q
u
an

tities,
w

e
form

ally
d
efi

n
e

m
od

el
relia

n
ce

(M
R

)
as

th
e

ratio,

M
R

(f
)

:=
e

sw
itch (f

)

e
o
rig (f

)
,

(3.1)

as
w

e
allu

d
ed

to
in

E
q

2.1.
H

igh
er

valu
es

of
M
R

(f
)

sign
ify

greater
relian

ce
of
f

on
X

1 .
F

or
ex

am
p
le,

an
M
R

(f
)

valu
e

of
2

m
ean

s
th

at
th

e
m

o
d
el

relies
h
eav

ily
on

X
1 ,

in
th

e
sen

se
th

at
its

loss
d
ou

b
les

w
h
en

X
1

is
scram

b
led

.
A

n
M
R

(f
)

valu
e

of
1

sign
ifi

es
n
o

relian
ce

on
X

1 ,
in

th
e

sen
se

th
at

th
e

m
o
d
el’s

loss
d
o
es

n
ot

ch
an

ge
w

h
en
X

1
is

scram
b
led

.
M

o
d
els

w
ith

relian
ce

valu
es

strictly
less

th
an

1
are

m
ore

d
iffi

cu
lt

to
in

terp
ret,

as
th

ey
rely

less
on

th
e

variab
le

of
in

terest
th

an
a

ran
d
om

gu
ess.

In
terestin

gly,
it

is
p

o
ssib

le
to

h
ave

m
o
d
els

w
ith

relian
ce

less
th

an
on

e.
F

or
in

stan
ce,

a
m

o
d
el
f
′

m
ay

satisfy
M
R

(f
′)
<

1
if

it
treats

X
1

an
d
Y

as
p

ositively
correlated

w
h
en

th
ey

are
in

fact
n
egatively

correlated
.

H
ow

ever,
in

m
an

y
cases,

th
e

ex
isten

ce
of

a
m

o
d
el
f
′∈
F

satisfy
in

g
M
R

(f
′)
<

1
im

p
lies

th
e

ex
isten

ce
of

an
oth

er,
b

etter
p

erform
in

g
m

o
d
el
f
′′∈
F

satisfy
in

g
M
R

(f
′′)

=
1

an
d
e

o
rig (f

′′)≤
e

o
rig (f

′).
T

h
at

is,
alth

ou
gh

m
o
d
els

m
ay

ex
ist

w
ith

M
R

valu
es

less
th

an
1
,

th
ey

w
ill

ty
p
ically

b
e

su
b

op
tim

al
(see

A
p
p

en
d
ix

A
.2).

M
o
d
el

relian
ce

cou
ld

altern
atively

b
e

d
efi

n
ed

as
a

d
iff

eren
ce

rath
er

th
an

a
ratio

,
th

at
is,

as
M
R

d
iff

eren
ce (f

)
:=

e
sw

itch (f
)−

e
o
rig (f

).
In

A
p
p

en
d
ix

A
.5,

w
e

d
iscu

ss
h
ow

m
an

y
of

ou
r

resu
lts

rem
ain

sim
ilar

u
n
d
er

eith
er

d
efi

n
ition

.

3
.1

.
E

stim
a
tin

g
M

o
d

e
l

R
e
lia

n
c
e

w
ith

U
-sta

tistic
s,

a
n

d
C

o
n

n
e
c
tio

n
s

to
P

e
rm

u
ta

tio
n

-b
a
se

d
V

a
ria

b
le

Im
p

o
rta

n
c
e

G
iven

a
m

o
d
el
f

an
d

d
ata

set
Z

=
[

y
X
],

w
e

estim
ate

M
R

(f
)

b
y

sep
arately

estim
atin

g
th

e
n
u
m

erator
an

d
d
en

om
in

ator
of

E
q

3.1.
W

e
estim

ate
e

o
rig (f

)
w

ith
th

e
stan

d
ard

em
p
irical

loss,

ê
o
rig (f

)
:=

1n

n
∑i=

1

L{
f
,(y

[i] ,X
1
[i,·] ,X

2
[i,·] )}

.
(3

.2)

W
e

estim
ate

e
sw

itch (f
)

b
y

p
erform

in
g

a
“sw

itch
”

op
eration

across
all

ob
serv

ed
p
airs,

as
in

ê
sw

itch (f
)

:=
1

n
(n
−

1)

n
∑i=

1 ∑j6=
i

L{
f
,(y

[j] ,X
1
[i,·] ,X

2
[j,·] )}

.
(3

.3)

A
b

ove,
w

e
h
ave

aggregated
ov

er
all

p
ossib

le
com

b
in

ation
s

of
th

e
ob

served
valu

es
for

(Y
,X

2 )
an

d
for

X
1 ,

ex
clu

d
in

g
p
airin

gs
th

at
are

actu
ally

ob
served

in
th

e
origin

al
sam

p
le.

If
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

th
e

su
m

m
at

io
n

ov
er

al
l

p
os

si
b
le

p
ai

rs
(E

q
3.

3)
is

co
m

p
u
ta

ti
on

al
ly

p
ro

h
ib

it
iv

e
d
u
e

to
sa

m
p
le

si
ze

,
an

ot
h
er

es
ti

m
at

or
of
e s

w
it

ch
(f

)
is

ê d
iv

id
e
(f

)
:

=
1

2
bn
/
2c

bn
/
2
c

∑ i=
1

[ L
{f
,(

y
[i

],
X

1
[i

+
bn
/
2
c,·

],
X

2
[i
,·]

)}
(3

.4
)

+
L
{f
,(

y
[i

+
bn
/
2
c]
,X

1
[i
,·]
,X

2
[i

+
bn
/
2
c,·

])
}]
.

(3
.5

)

H
er

e,
ra

th
er

th
an

su
m

m
in

g
ov

er
al

l
p
ai

rs
,

w
e

d
iv

id
e

th
e

sa
m

p
le

in
h
al

f.
W

e
th

en
m

at
ch

th
e

fi
rs

t
h
al

f’
s

va
lu

es
fo

r
(Y
,X

2
)

w
it

h
th

e
se

co
n
d

h
al

f’
s

va
lu

es
fo

r
X

1
(L

in
e

3.
4)

,
an

d
v
ic

e
ve

rs
a

(L
in

e
3.

5)
.

A
ll

th
re

e
of

th
e

ab
ov

e
es

ti
m

at
o
rs

(E
q
s

3.
2,

3.
3

&
3.

5)
ar

e
u
n
b
ia

se
d

fo
r

th
ei

r
re

sp
ec

ti
ve

es
ti

m
an

d
s,

as
w

e
d
is

cu
ss

in
m

or
e

d
et

ai
l

sh
or

tl
y.

F
in

al
ly

,
w

e
ca

n
es

ti
m

at
e
M
R

(f
)

w
it

h
th

e
p
lu

g-
in

es
ti

m
at

or

M̂
R

(f
)

:=
ê s

w
it

ch
(f

)

ê o
ri

g
(f

)
,

(3
.6

)

w
h
ic

h
w

e
d
efi

n
e

as
th

e
em

p
ir

ic
a
l

m
od

el
re

li
a
n

ce
of
f

on
X

1
.

In
th

is
w

ay
,

w
e

fo
rm

al
iz

e
th

e
em

p
ir

ic
al

M
R

d
efi

n
it

io
n

in
E

q
2.

3.
A

ga
in

,
ou

r
d
efi

n
it

io
n

of
em

p
ir

ic
al

M
R

is
ve

ry
si

m
il
ar

to
th

e
p

er
m

u
ta

ti
on

-b
as

ed
va

ri
-

ab
le

im
p

or
ta

n
ce

ap
p
ro

ac
h

of
B

re
im

an
(2

00
1)

,
w

h
er

e
B

re
im

a
n

u
se

s
a

si
n
gl

e
ra

n
d
o
m

p
er

-
m

u
ta

ti
on

an
d

w
e

co
n
si

d
er

al
l

p
os

si
b
le

p
ai

rs
.

T
o

co
m

p
ar

e
th

es
e

tw
o

ap
p
ro

ac
h
es

m
or

e
p
re

-
ci

se
ly

,
le

t
{π

1
,.
..
,π

n
!}

b
e

a
se

t
of
n

-l
en

gt
h

ve
ct

or
s,

ea
ch

co
n
ta

in
in

g
a

d
iff

er
en

t
p

er
m

u
-

ta
ti

on
of

th
e

se
t
{1
,.
..
,n
}.

T
h
e

ap
p
ro

ac
h

of
B

re
im

an
(2

00
1)

is
an

al
og

ou
s

to
co

m
p
u
t-

in
g

th
e

lo
ss
∑

n i=
1
L
{f
,(

y
[i

],
X

1
[π
l[
i]
,·]
,X

2
[i
,·]

)}
fo

r
a

ra
n
d
om

ly
ch

os
en

p
er

m
u
ta

ti
on

ve
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ê d

iv
id

e
(f

)
al

l
b

el
on

g
to

th
e

w
el

l-
st

u
d
ie

d
cl

as
s

of
U

-s
ta

ti
st

ic
s.

T
h
u
s,

u
n
d
er

fa
ir

ly
m

in
or

co
n
d
it

io
n
s,

th
es

e
es

ti
m

at
or

s
ar

e
u
n
b
ia

se
d
,

as
y
m

p
to

t-
ic

al
ly

n
or

m
al

,
an

d
h
av

e
fi
n
it

e-
sa

m
p
le

p
ro

b
ab

il
is

ti
c

b
ou

n
d
s

(H
o
eff

d
in

g,
19

48
,

19
63

;
S
er

fl
in

g,
19

80
;

se
e

al
so

D
eL

on
g

et
al

.,
19

88
fo

r
an

ea
rl

y
u
se

of
U

-s
ta

ti
st

ic
s

in
m

ac
h
in

e
le

ar
n
in

g
,
as

w
el

l
as

ca
v
ea

ts
in

D
em

le
r

et
al

.,
20

12
).

T
o

ou
r

k
n
ow

le
d
ge

,
co

n
n
ec

ti
on

s
b

et
w

ee
n

p
er

m
u
ta

ti
on

-
b
as

ed
im

p
or

ta
n
ce

an
d

U
-s

ta
ti

st
ic

s
h
av

e
n
o
t

b
ee

n
p
re

v
io

u
sl

y
es

ta
b
li
sh

ed
.

W
h
il
e

th
e

ab
ov

e
re

su
lt

s
fr

om
U

-s
ta

ti
st

ic
s

d
ep

en
d

on
th

e
m

o
d
el
f

b
ei

n
g

fi
x
ed

a
p
ri

or
i,

w
e

ca
n

al
so

le
ve

ra
ge

th
es

e
re

su
lt

s
to

cr
ea

te
u

n
if

o
rm

b
ou

n
d
s

on
th

e
M

R
es

ti
m

at
io

n
er

ro
r

fo
r

al
l

m
o
d
el

s
in

a
su

ffi
ci

en
tl

y
re

gu
la

ri
ze

d
cl

as
s
F

.
W

e
fo

rm
al

ly
p
re

se
n
t

th
is

b
ou

n
d

in
S
ec

ti
on

4
(T

h
eo

re
m

5)
,

af
te

r
in

tr
o
d
u
ci

n
g

re
q
u
ir

ed
co

n
d
it

io
n
s

o
n

m
o
d
el

cl
as

s
co

m
p
le

x
it

y.
T

h
e

ex
is

te
n
ce

of
th

is
u
n
if

or
m

b
ou

n
d

im
p
li
es

th
at

it
is

fe
as

ib
le

to
tr

ai
n

a
m

o
d
el

an
d

to
ev

al
u
at

e
it

s
im

p
or

ta
n
ce

u
si

n
g

th
e

sa
m

e
d
a
ta

.
T

h
is

d
iff

er
s

fr
om

th
e

cl
as

si
ca

l
V

I
ap

p
ro

ac
h

of
R

an
d
om

F
or

es
ts

(B
re

im
an

,
20

01
),

w
h
ic

h
av

oi
d
s

in
-s

am
p
le

im
p

or
ta

n
ce

es
ti

m
at

io
n
.

T
h
er

e,
ea

ch
tr

ee
in

th
e

en
se

m
b
le

is
fi
t

on
a

ra
n
d
om

su
b
se

t
of

d
at

a,
an

d
V

I
fo

r
th

e
tr

ee
is

es
ti

m
at

ed
u
si

n
g

th
e

h
el

d
-o

u
t

d
at

a.
T

h
e

tr
ee

-s
p

ec
ifi

c
V

I
es

ti
m

at
es

ar
e

th
en

ag
gr

eg
at

ed
to

ob
ta

in
a

V
I

es
ti

m
at

e
fo

r
th

e
ov

er
al

l
en

se
m

b
le

.
A

lt
h
ou

gh
sa

m
p
le

-s
p
li
tt

in
g

ap
p
ro

a
ch

es
su

ch
as

th
is

ar
e

h
el

p
fu

l
in

m
an

y
ca

se
s,

th
e

u
n
if

or
m

b
ou

n
d

fo
r

M
R

su
gg

es
ts

th
at

th
ey

ar
e

n
ot

st
ri

ct
ly

n
ec

es
sa

ry
,

d
ep

en
d
in

g
on

th
e

sa
m

p
le

si
ze

an
d

th
e

co
m

p
le

x
it

y
of
F

.

9
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9

F
is
h
e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

3
.2

.
L

im
it

a
ti

o
n

s
o
f

E
x
is

ti
n

g
V

a
ri

a
b

le
Im

p
o
rt

a
n

c
e

M
e
th

o
d

s

S
ev

er
al

co
m

m
on

a
p
p
ro

ac
h
es

fo
r

va
ri

ab
le

se
le

ct
io

n
,

or
fo

r
d
es

cr
ib

in
g

re
la

ti
on

sh
ip

s
b

et
w

ee
n

va
ri

ab
le

s,
d
o

n
ot

n
ec

es
sa

ri
ly

ca
p
tu

re
a

va
ri

a
b
le

’s
im

p
or

ta
n
ce

.
N

u
ll

h
y
p

ot
h
es

is
te

st
in

g
m

et
h
-

o
d
s

m
ay

id
en

ti
fy

a
re

la
ti

on
sh

ip
,

b
u
t

d
o

n
ot

d
es

cr
ib

e
th

e
re

la
ti

on
sh

ip
’s

st
re

n
g
th

.
S
im

il
a
rl

y,
ch

ec
k
in

g
w

h
et

h
er

a
va

ri
ab

le
is

in
cl

u
d
ed

b
y

a
sp

ar
se

m
o
d
el

-fi
tt

in
g

al
go

ri
th

m
,

su
ch

a
s

th
e

L
as

so
(H

as
ti

e
et

al
.,

20
09

),
d
o
es

n
ot

d
es

cr
ib

e
th

e
ex

te
n
t

to
w

h
ic

h
th

e
va

ri
ab

le
is

re
li
ed

o
n
.

P
ar

ti
al

d
ep

en
d
en

ce
p
lo

ts
(B

re
im

an
et

al
.,

20
01

;
H

as
ti

e
et

al
.,

20
09

)
ca

n
b

e
d
iffi

cu
lt

to
in

-
te

rp
re

t
if

m
u
lt

ip
le

va
ri

ab
le

s
ar

e
of

in
te

re
st

,
or

if
th

e
p
re

d
ic

ti
on

m
o
d
el

co
n
ta

in
s

in
te

ra
ct

io
n

eff
ec

ts
.

A
n
ot

h
er

co
m

m
on

V
I

p
ro

ce
d
u
re

is
to

ru
n

a
m

o
d
el

-fi
tt

in
g

a
lg

or
it

h
m

tw
ic

e,
fi
rs

t
o
n

al
l

of
th

e
d
at

a,
an

d
th

en
ag

ai
n

af
te

r
re

m
ov

in
g
X

1
fr

om
th

e
d
at

a
se

t.
T

h
e

lo
ss

es
fo

r
th

e
tw

o
re

su
lt

in
g

m
o
d
el

s
ar

e
th

en
co

m
p
ar

ed
to

d
et

er
m

in
e

th
e

im
p

o
rt

an
ce

,
or

“n
ec

es
si

ty
,”

o
f
X

1

(G
ev

re
y

et
al

.,
20

03
).

B
ec

au
se

th
is

m
ea

su
re

is
a

fu
n
ct

io
n

of
tw

o
p
re

d
ic

ti
on

m
o
d
el

s
ra

th
er

th
an

on
e,

it
d
o
es

n
ot

m
ea

su
re

h
ow

m
u
ch

ei
th

er
in

d
iv

id
u
al

m
o
d
el

re
li
es

on
X

1
.

W
e

re
fe

r
to

th
is

ap
p
ro

ac
h

as
m

ea
su

ri
n
g

em
p
ir

ic
al

A
lg

o
ri

th
m

R
el

ia
n

ce
(A

R
)

on
X

1
,

a
s

th
e

m
o
d
el

-
fi
tt

in
g

al
go

ri
th

m
is

th
e

co
m

m
on

at
tr

ib
u
te

b
et

w
ee

n
th

e
tw

o
m

o
d
el

s.
R

el
at

ed
p
ro

ce
d
u
re

s
w

er
e

p
ro

p
os

ed
b
y

B
re

im
an

et
al

.
(2

00
1)

;
B

re
im

an
(2

00
1)

,
w

h
ic

h
m

ea
su

re
th

e
su

ffi
ci

en
cy

o
f

X
1
. A

s
w

e
d
is

cu
ss

in
S
ec

ti
on

3.
1,

th
e

p
er

m
u
ta

ti
on

-b
as

ed
V

I
m

ea
su

re
fr

o
m

R
F

s
(B

re
im

an
,

20
01

;
B

re
im

an
et

al
.,

20
01

)
fo

rm
s

th
e

in
sp

ir
at

io
n

fo
r

o
u
r

d
efi

n
it

io
n

of
M

R
.

T
h
is

R
F

V
I

m
ea

su
re

h
as

b
ee

n
th

e
to

p
ic

of
em

p
ir

ic
al

st
u
d
ie

s
(A

rc
h
er

an
d

K
im

es
,

20
08

;
C

a
ll
e

a
n
d

U
rr

ea
,

20
10

;
W

an
g

et
al

.,
20

16
),

an
d

se
ve

ra
l

va
ri

at
io

n
s

of
th

e
m

ea
su

re
h
av

e
b

ee
n

p
ro

p
o
se

d
(S

tr
o
b
l

et
al

.,
20

07
,

20
08

;
A

lt
m

an
n

et
al

.,
20

10
;

H
ap

fe
lm

ei
er

et
al

.,
2
01

4)
.

M
en

tc
h

a
n
d

H
o
o
ke

r
(2

01
6)

u
se

U
-s

ta
ti

st
ic

s
to

st
u
d
y

p
re

d
ic

ti
on

s
of

en
se

m
b
le

m
o
d
el

s
fi
t

to
su

b
sa

m
p
le

s,
si

m
il
a
r

to
th

e
b

o
ot

st
ra

p
ag

gr
eg

at
io

n
u
se

d
in

R
F

s.
P

ro
ce

d
u
re

s
re

la
te

d
to

“M
ea

n
D

iff
er

en
ce

Im
p
u
ri

ty
,”

an
ot

h
er

V
I

m
ea

su
re

d
er

iv
ed

fo
r

R
F

s,
h
av

e
b

ee
n

st
u
d
ie

d
th

eo
re

ti
ca

ll
y

b
y

L
o
u
p
p

e
et

a
l.

(2
01

3)
;

K
az

em
it

ab
ar

et
al

.
(2

01
7)

.
A

ll
of

th
is

li
te

ra
tu

re
fo

cu
se

s
on

V
I

m
ea

su
re

s
fo

r
R

F
s,

fo
r

en
se

m
b
le

s,
or

fo
r

in
d
iv

id
u
al

tr
ee

s.
O

u
r

es
ti

m
at

or
fo

r
m

o
d
el

re
li
an

ce
d
iff

er
s

fr
o
m

th
e

tr
ad

it
io

n
al

R
F

V
I

m
ea

su
re

(B
re

im
an

,
20

01
)

in
th

at
w

e
p

er
m

u
te

in
p
u
ts

to
th

e
ov

er
a
ll

m
o
d
el

,
ra

th
er

th
an

p
er

m
u
ti

n
g

th
e

in
p
u
ts

to
ea

ch
in

d
iv

id
u
al

en
se

m
b
le

m
em

b
er

.
T

h
u
s,

o
u
r

a
p
p
ro

a
ch

ca
n

b
e

u
se

d
ge

n
er

al
ly

,
an

d
is

n
ot

li
m

it
ed

to
tr

ee
s

or
en

se
m

b
le

m
o
d
el

s.

O
u
ts

id
e

of
th

e
co

n
te

x
t

of
R

F
V

I,
Z

h
u

et
al

.
(2

01
5)

p
ro

p
os

e
an

es
ti

m
a
n
d

si
m

il
a
r

to
ou

r
d
efi

n
it

io
n

of
m

o
d
el

re
li
an

ce
,

an
d

G
re

go
ru

tt
i

et
al

.
(2

01
5,

20
17

)
p
ro

p
os

e
a
n

es
ti

m
a
n
d

an
al

og
ou

s
to

e s
w

it
ch

(f
)
−
e o

ri
g
(f

).
T

h
es

e
re

ce
n
t

w
o
rk

s
fo

cu
s

on
th

e
m

o
d
el

re
li
a
n
ce

o
f
f

on
X

1
sp

ec
ifi

ca
ll
y

w
h
en

f
is

eq
u
al

to
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

fu
n
ct

io
n

o
f
Y

(t
h
a
t

is
,

f
(x

1
,x

2
)

=
E[
Y
|X

1
=
x

1
,X

2
=
x

2
])

.
In

co
n
tr

a
st

,
w

e
co

n
si

d
er

m
o
d
el

re
li
an

ce
fo

r
a
rb

it
ra

ry
p
re

d
ic

ti
on

m
o
d
el

s
f

.
D

at
ta

et
al

.
(2

01
6)

st
u
d
y

th
e

ex
te

n
t

to
w

h
ic

h
a

m
o
d
el

’s
p
re

d
ic

ti
o
n
s

ar
e

ex
p

ec
te

d
to

ch
an

ge
w

h
en

a
su

b
se

t
of

va
ri

ab
le

s
is

p
er

m
u
te

d
,

re
ga

rd
le

ss
o
f

w
h
et

h
er

th
e

p
er

m
u
ta

ti
on

aff
ec

ts
a

lo
ss

fu
n
ct

io
n
L

.
T

h
es

e
V

I
ap

p
ro

ac
h
es

ar
e

sp
ec

ifi
c

to
a

si
n
g
le

p
re

d
ic

ti
o
n

m
o
d
el

,
as

is
M

R
.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

co
n
si

d
er

a
m

or
e

ge
n
er

al
co

n
ce

p
ti

on
o
f

im
p

o
rt

a
n
ce

:
h
ow

m
u
ch

a
n

y
m

o
d
el

in
a

p
ar

ti
cu

la
r

se
t

m
ay

re
ly

on
th

e
va

ri
ab

le
of

in
te

re
st

.

10
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

4
.
M

o
d
e
l
C
la
ss

R
e
lia

n
ce

L
ike

m
a
n
y

statistical
p
ro

ced
u
res,

ou
r

M
R

m
easu

re
(S

ection
3)

p
ro

d
u
ces

a
d
escrip

tion
of

a
sin

gle
p
red

ictive
m

o
d
el.

G
iv

en
a

m
o
d
el

w
ith

h
igh

p
red

ictive
accu

racy,
M

R
d
escrib

es
h
ow

m
u
ch

th
e

m
o
d
el’s

p
erform

an
ce

h
in

ges
on

covariates
of

in
terest

(X
1 ).

H
ow

ever,
th

ere
w

ill
o
ften

b
e

m
a
n
y

oth
er

m
o
d
els

th
at

p
erform

sim
ilarly

w
ell,

an
d

th
at

rely
on

X
1

to
d
iff

eren
t

d
eg

rees.
W

ith
th

is
n
otion

in
m

in
d
,

w
e

n
ow

stu
d
y

h
ow

m
u
ch

a
n

y
w

ell-p
erform

in
g

m
o
d
el

from
a

p
resp

ecifi
ed

classF
m

ay
rely

on
covariates

of
in

terest.
R

eca
ll

fro
m

S
ection

2.1
th

at,
in

ord
er

to
d
efi

n
e

a
p

op
u
latio

n
ε-R

ash
om

on
set

of
n
ear-

o
p
tim

a
l

m
o
d
els,

w
e

m
u
st

ch
o
ose

a
“referen

ce”
m

o
d
el
f

ref
to

serv
e

as
a

p
erform

an
ce

b
en

ch
-

m
a
rk

.
In

o
rd

er
to

d
iscu

ss
th

is
ch

oice,
w

e
n
ow

in
tro

d
u
ce

m
ore

ex
p
licit

n
otation

for
th

e
p

o
p
u
la

tio
n
ε-R

ash
om

on
set,

w
ritten

as

R
(ε,f

ref ,F
)

:=
{f
∈
F

:
e

o
rig (f

)≤
e

o
rig (f

ref )
+
ε}
.

(4.1)

N
o
te

th
a
t

w
e

w
rite
R

(ε,f
ref ,F

)
an

d
R

(ε)
in

terch
an

geab
ly

w
h
en

f
ref

an
d
F

are
clear

from
co

n
tex

t.
S
im

ila
rly,

w
e

o
ccasion

ally
w

rite
em

p
irical

ε-R
ash

om
on

sets
u
sin

g
th

e
m

ore
ex

p
licit

n
o
ta

tio
n
R̂

(ε,f
ref ,F

)
:=
{
f
∈
F

:
ê

o
rig (f

)≤
ê

o
rig (f

ref )
+
ε}

,
b
u
t

ty
p
ically

ab
b
rev

iate
th

ese
sets

a
sR̂

(ε).
W

h
ile

f
ref

cou
ld

b
e

selected
b
y

m
in

im
izin

g
th

e
in

-sam
p
le

loss,
th

e
th

eoretical
stu

d
y

of
R

(ε,f
ref ,F

)
is

sim
p
lifi

ed
u
n
d
er

th
e

assu
m

p
tion

th
at
f

ref
is

p
resp

ecifi
ed

.
F

or
ex

am
p
le,

f
ref

m
ay

co
m

e
fro

m
a

fl
ow

ch
art

u
sed

to
p
red

ict
in

ju
ry

severity
in

a
h
o
sp

ital’s
em

ergen
cy

ro
om

,
o
r

fro
m

a
n
o
th

er
q
u
an

titative
d
ecision

ru
le

th
at

is
cu

rren
tly

im
p
lem

en
ted

in
p
ractice.

T
h
e

m
o
d
el
f

ref
ca

n
also

b
e

selected
u
sin

g
sam

p
le

sp
littin

g.
In

som
e

cases
it

m
ay

b
e

d
esirab

le
to

fi
x
f

ref
eq

u
a
l

to
th

e
b

est-in
-class

m
o
d
el
f
?

:=
arg

m
in
f∈F

e
o
rig (f

),
b
u
t

th
is

is
gen

era
lly

in
fea

sib
le

b
eca

u
se
f
?

is
u
n
k
n
ow

n
.

S
till,

for
an

y
f

ref ∈
F

,
th

e
R

ash
o
m

on
set
R

(ε,f
ref ,F

)
d
efi

n
ed

u
sin

g
f

ref
w

ill
alw

ay
s

b
e

con
servative

in
th

e
sen

se
th

at
it

con
tain

s
th

e
R

ash
om

on
setR

(ε,f
?,F

)
d
efi

n
ed

u
sin

g
f
?.

W
e

ca
n

n
ow

form
alize

ou
r

d
efi

n
ition

s
of

p
op

u
lation

-level
M

C
R

an
d

em
p
irical

M
C

R
b
y

sim
p
ly

p
lu

g
gin

g
in

ou
r

d
efi

n
ition

s
for

M
R

(f
)

an
d
M̂
R

(f
)

(S
ection

3)
in

to
E

q
s

2.2
&

2.4
resp

ectively.
S
tu

d
y
in

g
p

op
u
lation

-lev
el

M
C

R
(E

q
2.2)

is
th

e
m

ain
fo

cu
s

of
th

is
p
a
p

er,
as

it
p
rov

id
es

a
m

o
re

com
p
reh

en
siv

e
v
iew

of
im

p
ortan

ce
th

an
m

easu
res

from
a

sin
gle

m
o
d
el.

If
M
C
R

+
(ε)

is
low

,
th

en
n

o
w

ell-p
erfo

rm
in

g
m

o
d
el

in
F

p
laces

h
igh

im
p

ortan
ce

on
X

1 ,
an

d
X

1
ca

n
b

e
d
iscard

ed
at

low
cost

rega
rd

less
of

fu
tu

re
m

o
d
elin

g
d
ecision

s.
If
M
C
R
−

(ε)
is

la
rg

e,
th

en
every

w
ell-p

erform
in

g
m

o
d
el

in
F

m
u
st

rely
su

b
stan

tially
on

X
1 ,

an
d
X

1
sh

ou
ld

b
e

g
iven

ca
refu

l
atten

tion
d
u
rin

g
th

e
m

o
d
elin

g
p
ro

cess.
H

ere,F
m

ay
itself

con
sist

of
several

p
a
ra

m
etric

m
o
d
el

form
s

(for
ex

am
p
le,

all
lin

ear
m

o
d
els

an
d

all
d
ecision

tree
m

o
d
els

w
ith

less
th

a
n

6
sin

g
le-sp

lit
n
o
d
es).

W
e

stress
th

at
th

e
ran

ge
[M

C
R
−

(ε),M
C
R

+
(ε)]

d
o
es

n
ot

d
ep

en
d

o
n

th
e

fi
ttin

g
algorith

m
u
sed

to
select

a
m

o
d
el
f
∈
F

.
T

h
e

ran
ge

is
valid

for
an

y
a
lg

o
rith

m
p
ro

d
u
cin

g
m

o
d
els

in
F

,
an

d
ap

p
lies

for
an

y
f
∈
F

.
In

th
e

rem
ain

d
er

of
th

is
section

,
w

e
d
erive

fi
n
ite

sam
p
le

b
ou

n
d
s

for
p

op
u
lation

-level
M

C
R

,fro
m

w
h
ich

w
e

argu
e

th
at

em
p
iricalM

C
R

p
rov

id
es

reason
ab

le
estim

ates
of

p
op

u
latio

n
-

levelM
C

R
(S

ection
4.1).

In
A

p
p

en
d
ix

B
.7

w
e

con
sid

er
an

altern
ate

form
u
latio

n
of

R
ash

om
on

sets
a
n
d

M
C

R
w

h
ere

w
e

rep
lace

th
e

relative
loss

th
resh

old
in

th
e

d
efi

n
ition

ofR
(ε)

w
ith

a
n

a
b
so

lu
te

lo
ss

th
resh

old
.

T
h
is

altern
ate

form
u
lation

can
b

e
sim

ilar
in

p
ractice,

b
u
t

still
req

u
ires

th
e

sp
ecifi

cation
of

a
referen

ce
fu

n
ction

f
ref

to
en

su
re

th
at
R

(ε)
an

d
R̂

(ε)
are

n
o
n
em

p
ty.
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F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

4
.1

.
M

o
tiv

a
tin

g
E

m
p

iric
a
l

E
stim

a
to

rs
o
f

M
C

R
b
y

D
e
riv

in
g

F
in

ite
-sa

m
p

le
B

o
u

n
d

s

In
th

is
section

w
e

d
erive

fi
n
ite-sam

p
le,

p
rob

ab
ilistic

b
ou

n
d
s

for
M
C
R

+
(ε)

an
d
M
C
R
−

(ε).

O
u
r

resu
lts

im
p
ly

th
at,

u
n
d
er

m
in

im
al

assu
m

p
tion

s,
M̂
C
R

+
(ε)

an
d
M̂
C
R
−

(ε)
are

resp
ec-

tively
w

ith
in

a
n
eigh

b
orh

o
o
d

of
M
C
R

+
(ε)

an
d
M
C
R
−

(ε)
w

ith
h
ig

h
p
rob

ab
ility.

H
ow

ev
er,

th
e

w
eak

n
ess

of
ou

r
assu

m
p
tion

s
(w

h
ich

are
ty

p
ical

for
statistical-learn

in
g-th

eoretic
a
n
al-

y
sis)

ren
d
ers

th
e

w
id

th
of

ou
r

resu
ltin

g
C

Is
to

b
e

im
p
ractically

large,
an

d
so

w
e

u
se

th
ese

resu
lts

on
ly

to
sh

ow
con

d
ition

s
u
n
d
er

w
h
ich

M̂
C
R

+
(ε)

an
d
M̂
C
R
−

(ε)
form

sen
sib

le
p

oin
t

estim
ates.

In
S
ection

s
9.1

&
10,

b
elow

,
w

e
ap

p
ly

a
b

o
otstrap

p
ro

ced
u
re

to
acco

u
n
t

for
sam

p
lin

g
variab

ility.

T
o

d
erive

th
ese

resu
lts

w
e

in
tro

d
u
ce

th
ree

b
ou

n
d
ed

loss
assu

m
p
tion

s,
each

of
w

h
ich

can
b

e
assessed

em
p
irically.

L
et
b
o
rig ,B

in
d ,B

ref ,B
sw

itch ∈
R

b
e

k
n
ow

n
con

stan
ts.

A
ssu

m
p

tio
n

1
(B

o
u

n
d
ed

in
d
ivid

u
a
l

lo
ss)

F
o
r

a
given

m
od

el
f
∈
F

,
a
ssu

m
e

th
a
t

0
≤

L
(f
,(y

,x
1 ,x

2 ))≤
B

in
d

fo
r

a
n

y
(y
,x

1 ,x
2 )∈

(Y
×
X

1 ×
X

2 ).

A
ssu

m
p

tio
n

2
(B

o
u

n
d
ed

rela
tive

lo
ss)

F
o
r

a
given

m
od

el
f
∈
F

,
a
ssu

m
e

th
a
t|L

(f
,(y

,x
1 ,x

2 ))−
L

(f
ref ,(y

,x
1 ,x

2 ))|≤
B

ref
fo

r
a
n

y
(y
,x

1 ,x
2 )∈

Z
.

A
ssu

m
p

tio
n

3
(B

o
u

n
d
ed

a
ggrega

te
lo

ss)
F

o
r

a
given

m
od

el
f
∈
F

,
a
ssu

m
e

th
a
t
P{

0
<

b
o
rig ≤

ê
o
rig (f

)}
=

P{ê
sw

itch (f
)≤

B
sw

itch }
=

1.

E
ach

assu
m

p
tion

is
a

p
rop

erty
of

a
sp

ecifi
c

m
o
d
el
f
∈
F

.
T

h
e

n
otation

B
in

d
an

d
B

ref

refer
to

b
ou

n
d
s

for
an

y
in

d
iv

id
u
al

ob
servatio

n
,

an
d

th
e

n
otation

b
o
rig

an
d
B

sw
itch

refer
to

b
ou

n
d
s

on
th

e
aggregated

loss
L

in
a

sam
p
le.

T
h
ese

b
ou

n
d
ed

n
ess

assu
m

p
tion

s
are

cen
tral

to
ou

r
fi
n
ite

sam
p
le

gu
aran

tees,
sh

ow
n

b
elow

.

C
ru

cially,
loss

fu
n
ction

s
L

th
at

are
u
n
b

ou
n
d
ed

in
gen

eral
m

ay
b

e
u
sed

so
lon

g
as

L
(f
,(y

,x
1 ,x

2 ))
is

b
ou

n
d
ed

on
a

p
articu

lar
d
om

ain
.

F
or

ex
am

p
le,

th
e

sq
u
ared

-error
loss

can
b

e
u
sed

ifY
is

con
tain

ed
w

ith
in

a
k
n
ow

n
ran

ge,
a
n
d

p
red

iction
s
f

(x
1 ,x

2 )
are

con
tain

ed
w

ith
in

th
e

sam
e

ran
ge

for
(x

1 ,x
2 )
∈
X
×
X

2 .
W

e
give

ex
a
m

p
le

m
eth

o
d
s

o
f

d
eterm

in
in

g
B

in
d

in
S
ection

s
7.3.2

&
7.4.2.

F
or

A
ssu

m
p
tion

3,
w

e
can

ap
p
rox

im
ate

b
o
rig

b
y

train
in

g
a

h
igh

ly
fl
ex

ib
le

m
o
d
el

to
th

e
d
ata,

an
d

settin
g
b
o
rig

eq
u
al

to
h
alf

(or
an

y
p

ositiv
e

fraction
)

of
th

e
resu

ltin
g

cross-valid
ated

loss.
T

o
d
eterm

in
e
B

sw
itch

w
e

can
sim

p
ly

set
B

sw
itch

=
B

in
d ,

alth
ou

gh
th

is
m

ay
b

e
con

servative.
F

or
ex

am
p
le,

in
th

e
case

o
f

b
in

ary
classifi

cation
m

o
d
els

for
n
on

-sep
arab

le
grou

p
s

(see
S
ection

9.1),
n
o

lin
ear

classifi
er

can
m

isclassify
all

ob
serva-

tion
s,

p
articu

larly
after

a
covariate

is
p

erm
u
ted

.
T

h
u
s,

it
m

u
st

h
old

th
a
t
B

in
d
>
B

sw
itch .

S
im

ilarly,
if
f

ref
satisfi

es
A

ssu
m

p
tion

1,
th

en
B

ref
m

ay
b

e
con

servatively
set

eq
u
al

to
B

in
d .

If
m

o
d
el

relian
ce

is
red

efi
n
ed

as
a

d
iff

eren
ce

rath
er

th
an

a
ratio,

th
en

a
sim

ilar
form

of
th

e
resu

lts
in

th
is

section
w

ill
ap

p
ly

w
ith

ou
t

A
ssu

m
p
tion

3
(see

A
p
p

en
d
ix

A
.5

).

B
ased

on
th

ese
assu

m
p
tion

s,
w

e
can

create
a

fi
n
ite-sam

p
le

u
p
p

er
b

ou
n
d

for
M
C
R

+
(ε)

an
d

low
er

b
ou

n
d

for
M
C
R
−

(ε).
In

oth
er

w
ord

s,
w

e
create

an
“ou

ter”
b

ou
n
d

th
at

con
tain

s
th

e
in

terval
[M

C
R
−

(ε),M
C
R

+
(ε)]

w
ith

h
igh

p
rob

ab
ility.

T
h

e
o
re

m
4

(“
O

u
ter”

M
C

R
B

o
u

n
d
s)

G
iven

a
co

n
sta

n
t
ε≥

0
,

let
f

+
,ε ∈

arg
m

a
xR

(ε)
M
R

(f
)

a
n

d
f−

,ε ∈
arg

m
inR

(ε)
M
R

(f
)

be
p
red

ictio
n

m
od

els
th

a
t

a
tta

in
th

e
h
igh

est
a
n

d
lo

w
est

m
od

el
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

re
li

a
n

ce
a
m

o
n

g
m

od
el

s
in
R

(ε
).

If
f +

,ε
a
n

d
f −

,ε
sa

ti
sf

y
A

ss
u

m
p
ti

o
n

s
1
,

2
&

3
,

th
en

P
( M

C
R

+
(ε

)
>
M̂
C
R

+
(ε

o
u

t)
+
Q

o
u

t)
≤
δ,

a
n

d
(4

.2
)

P
( M

C
R
−

(ε
)
<
M̂
C
R
−

(ε
o
u

t)
−
Q

o
u

t)
≤
δ,

(4
.3

)

w
h
er

e
ε o

u
t

:=
ε

+
2
B

re
f√

lo
g
(3
δ
−
1
)

2
n

,
a
n

d
Q

o
u

t
:=

B
sw

it
c
h

b o
r
ig
−

B
sw

it
c
h
−
B

in
d

√
lo
g
(6
δ
−
1
)

n

b o
r
ig

+
B

in
d

√
lo
g
(6
δ
−
1
)

2
n

.

E
q

4.
2

st
at

es
th

at
,

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
M
C
R

+
(ε

)
is

n
o

h
ig

h
er

th
an

M̂
C
R

+
(ε

o
u

t)
ad

d
ed

to
an

er
ro

r
te

rm
Q

o
u

t.
A

s
n

in
cr

ea
se

s,
ε o

u
t

ap
p
ro

ac
h
es
ε

an
d
Q

o
u

t
ap

p
ro

ac
h
es

ze
ro

.
O

n
e

p
ra

ct
ic

al
im

p
li
ca

ti
on

is
th

at
,

ro
u
gh

ly
sp

ea
k
in

g,
if
M̂
C
R

+
(ε

)
≈
M̂
C
R

+
(ε

o
u

t)
,

th
en

th
e

em
p
ir

ic
al

es
ti

m
at

or
M̂
C
R

+
(ε

)
is

u
n
li
ke

ly
to

su
b
st

an
ti

al
ly

u
n
d
er

es
ti

m
at

e
M
C
R

+
(ε

).
B

y

si
m

il
ar

re
as

on
in

g,
w

e
ca

n
co

n
cl

u
d
e

fr
om

E
q

4.
3

th
at

if
M̂
C
R
−

(ε
)
≈
M̂
C
R
−

(ε
o
u

t)
,

th
en

M̂
C
R
−

(ε
)

is
u
n
li
ke

ly
to

su
b
st

an
ti

al
ly

ov
er

es
ti

m
at

e
M
C
R
−

(ε
).

B
y

se
tt

in
g
ε

=
0,

T
h
eo

re
m

4
ca

n
al

so
b

e
u
se

d
to

cr
ea

te
a

fi
n
it

e-
sa

m
p
le

b
ou

n
d

fo
r

th
e

re
li
an

ce
of

th
e

u
n
iq

u
e

(u
n
k
n
ow

n
)

b
es

t-
in

-c
la

ss
m

o
d
el

on
X

1
(s

ee
C

or
ol

la
ry

22
in

A
p
p

en
d
ix

A
.4

),
al

th
ou

gh
d
es

cr
ib

in
g

in
d
iv

id
u
al

m
o
d
el

s
is

n
ot

th
e

m
ai

n
fo

cu
s

of
th

is
p
ap

er
.

W
e

p
ro

v
id

e
a

v
is

u
al

il
lu

st
ra

ti
on

of
T
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ê o

ri
g
(f

re
f)

+
ε}

fo
r
ε
∈
R

,
w

h
er

e
th

e
ex

p
li
ci

t
in

cl
u
si

on
of
f r

ef
n
ow

en
su

re
s

th
at
R̂

(ε
,f

re
f,
F

)
is

n
on

em
p
ty

,
ev

en
fo

r
ε
<

0.
A

s
b

ef
or

e,
w

e
ty

p
ic

al
ly

o
m

it
th

e
n
o
ta

ti
o
n
f r

ef

an
d
F

,
w

ri
ti

n
g
R̂

(ε
)

in
st

ea
d
.

W
e

ar
e

n
ow

p
re

p
ar

ed
to

an
sw

er
th

e
q
u
es

ti
on

s
of

w
h
et

h
er

th
e

b
ou

n
d
s

fr
o
m

T
h
eo

re
m

4
ar

e
ac

tu
al

ly
at

ta
in

ed
,

an
d

of
w

h
et

h
er

th
e

es
ti

m
at

ed
ra

n
ge

[M̂
C
R
−

(ε
),
M̂
C
R

+
(ε

)]
is

u
n
n
ec

-
es

sa
ri

ly
w

id
e.

O
u
r

an
sw

er
co

m
es

in
th

e
fo

rm
of

an
u
p
p

er
b

ou
n
d

on
M
C
R
−

(ε
),

a
n
d

a
lo

w
er

b
ou

n
d

on
M
C
R

+
(ε

).

14
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

T
h

e
o
re

m
6

(“
In

n
er”

M
C

R
B

o
u

n
d
s)

G
iven

co
n

sta
n

ts
ε≥

0
a
n

d
r
>

0
,

if
A

ssu
m

p
tio

n
s

1
,

2
a
n

d
3

h
o
ld

fo
r

a
ll
f
∈
F

,
a
n

d
th

en

P
(
M
C
R

+
(ε)

<
M̂
C
R

+
(ε

in )−
Q

in )
≤
δ,

a
n

d
(4.6)

P
(
M
C
R
−

(ε)
>
M̂
C
R
−

(ε
in )

+
Q

in )
≤
δ,

(4.7)

w
h
ere

ε
in

:=
ε−

2B
ref √

lo
g
(4
δ −

1N
(F
,r

))
2
n

−
2r,

a
n

d
Q

in
=
q (

δ2 ,r,n ),
a
s

d
efi

n
ed

in
E

q
4
.5

.

T
h
eorem

6
can

allow
u
s

to
in

fer
an

“in
n
er”

b
ou

n
d

th
at

is
con

tain
ed

w
ith

in
th

e
in

-
terva

l
[M

C
R
−

(ε),M
C
R

+
(ε)]

w
ith

h
igh

p
rob

ab
ility.

In
F

igu
re

3,
w

e
illu

strate
th

e
resu

lt
o
f

T
h
eo

rem
6
,

an
d

give
a

sketch
of

th
e

p
ro

of.
T

h
is

p
ro

of
follow

s
a

sim
ilar

stru
ctu

re
to

th
a
t

o
f

T
h
eo

rem
4,

b
u
t

in
corp

orates
T

h
eorem

5’s
u
n
iform

b
ou

n
d

on
M

R
estim

ation
error

(Q
in

term
),

a
s

w
ell

as
an

ad
d
ition

al
u
n
iform

b
ou

n
d

on
th

e
p
rob

ab
ility

th
at

an
y

m
o
d
el

h
as

in
-sa

m
p
le

lo
ss

to
o

far
from

its
ex

p
ected

loss
(ε

in
term

).

A
p
ra

ctica
lim

p
lication

of
T

h
eorem

6
is

th
at,

ro
u
gh

ly
sp

eak
in

g,
if
M̂
C
R

+
(ε

in )≈
M̂
C
R

+
(ε),

th
en

it
is

u
n
likely

for
th

e
em

p
irical

estim
ator

M̂
C
R

+
(ε)

to
su

b
stan

tially
u
n
d
erestim

ate

M
C
R

+
(ε).

T
a
ken

togeth
er

w
ith

T
h
eorem

4,
w

e
can

co
n
clu

d
e

th
at,

if
M̂
C
R

+
(ε

in )
≈

M̂
C
R

+
(ε

o
u

t ),
th

en
th

e
estim

ator
M̂
C
R

+
(ε)

is
u
n
lik

ely
eith

er
to

overestim
ate

or
to

u
n
-

d
erestim

ate
M
C
R

+
(ε)

b
y

very
m

u
ch

.
In

larg
e

sam
p
les,

it
m

ay
b

e
p
lau

sib
le

to
ex

p
ect

th
e

co
n
d
itio

n
M̂
C
R

+
(ε

in )≈
M̂
C
R

+
(ε

o
u

t )
to

h
old

,
sin

ce
ε
in

an
d
ε
o
u

t
b

oth
a
p
p
roach

ε
as
n

in
-

crea
ses.

In
th

e
sam

e
w

ay,
if
M̂
C
R
−

(ε
in )≈

M̂
C
R
−

(ε
o
u

t ),
w

e
can

con
clu

d
e

from
E

q
s

4.3
&

4
.7

th
a
t

th
e

em
p
irical

estim
ator

M̂
C
R
−

(ε)
is

u
n
lik

ely
to

eith
er

ov
erestim

ate
or

u
n
d
eresti-

m
a
te
M
C
R
−

(ε)
b
y

very
m

u
ch

.
F

or
th

is
reason

,
w

e
argu

e
th

at
M̂
C
R
−

(ε)
an

d
M̂
C
R

+
(ε)

fo
rm

sen
sib

le
estim

ates
of

p
op

u
lation

-lev
el

M
C

R
–

each
is

co
n
tain

ed
w

ith
in

a
n
eigh

b
orh

o
o
d

o
f

its
resp

ective
estim

an
d
,

w
ith

h
igh

p
rob

ab
ility.

T
h
e

secon
d
ary

x
-ax

is
of

F
igu

re
3

giv
es

an
illu

stra
tio

n
o
f

th
is

argu
m

en
t.

5
.
E
x
te
n
sio

n
s
o
f
R
a
sh

o
m
o
n
S
e
ts

B
e
y
o
n
d
V
a
ria

b
le

Im
p
o
rta

n
ce

In
th

is
sectio

n
w

e
gen

eralize
th

e
R

ash
om

on
set

ap
p
roach

b
eyo

n
d

th
e

stu
d
y

of
M

R
.
In

S
ection

5
.1

,
w

e
crea

te
fi
n
ite-sam

p
le

C
Is

for
oth

er
su

m
m

ary
ch

aracterization
s

of
n
ear-op

tim
al,

or
b

est-in
-cla

ss
m

o
d
els.

T
h
e

gen
eralization

also
h
elp

s
to

illu
strate

a
core

asp
ect

of
th

e
argu

m
en

t
u
n
d
erly

in
g

T
h
eorem

4:
m

o
d
els

w
ith

n
ear-op

tim
al

p
erform

an
ce

in
th

e
p

op
u
lation

ten
d

to
h
ave

relatively
go

o
d

p
erform

an
ce

in
ran

d
om

sam
p
les.

In
S
ectio

n
5
.2,

w
e

rev
iew

ex
istin

g
litera

tu
re

on
n
ear-o

p
tim

al
m

o
d
els.

5
.1

.
F

in
ite

-sa
m

p
le

C
o
n

fi
d

e
n

c
e

In
te

rv
a
ls

fro
m

R
a
sh

o
m

o
n

S
e
ts

R
a
th

er
th

a
n

d
escrib

in
g

h
ow

m
u
ch

a
m

o
d
el

relies
on

X
1 ,

h
ere

w
e

assu
m

e
th

e
an

a
ly

st
is

in
terested

in
a
n

arb
itrary

ch
aracteristic

o
f

a
m

o
d
el.

W
e

d
en

ote
th

is
ch

aracteristic
of

in
terest

a
s
φ

:F
→

R
.

F
or

ex
am

p
le,

if
f
β

is
th

e
lin

ear
m

o
d
el
f
β

(x
)

=
x
′β

,
th

en
φ

m
ay

b
e

d
efi

n
ed

a
s

th
e

n
o
rm

o
f

th
e

asso
ciated

co
effi

cien
t

vector
(th

at
is,
φ

(f
β

)
=
‖
β‖

22 )
o
r

th
e

p
red

ictio
n
f
β

w
o
u
ld

a
ssign

g
iven

a
sp

ecifi
c

covariate
p
rofi

le
x

n
ew

(th
at

is,
φ

(f
β

)
=
f
β

(x
n

ew
)).

1
5

JM
L

R
 20(177):1-81, 2019

F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

!" #(%)

'()* −
'

!,"-. '()*

'

!,"-/ '

!,"-. '

'−
'01!,"-. '01

!,"-/ '01

2̂(405(%)

!,"-/ '()*

!" #(%)
!,"
-

/
'

!,"
-

.
'

%467
Q

in
<latexit sha1_base64="OjtRUuPCOwhZUAEo7uox51HF/uw=">AAACAHicdVDJSgNBFOxxjXEb9eDBS2MQchpmspjMLeDFYwJmgSSEnk4nadKz0P1GDMNc/BUvHhTx6md482/sLIKKFjQUVe/Rr8qLBFdg2x/G2vrG5tZ2Zie7u7d/cGgeHbdUGEvKmjQUoex4RDHBA9YEDoJ1IsmI7wnW9qZXc799y6TiYXADs4j1fTIO+IhTAloamKc9n8CEEpE00kHSA3YHCQ/SdGDmbKtYrlSdS2xbtuuWqkVNymXXdW3sWPYCObRCfWC+94YhjX0WABVEqa5jR9BPiAROBUuzvVixiNApGbOupgHxmeoniwApvtDKEI9CqV8AeKF+30iIr9TM9/Tk/Fz125uLf3ndGEbVvg4UxcACuvxoFAsMIZ63gYdcMgpipgmhkutbMZ0QSSjozrK6hK+k+H/SKlhO0So0SrlaflVHBp2hc5RHDqqgGrpGddREFKXoAT2hZ+PeeDRejNfl6Jqx2jlBP2C8fQKZspel</latexit>

Q
in

<latexit sha1_base64="OjtRUuPCOwhZUAEo7uox51HF/uw=">AAACAHicdVDJSgNBFOxxjXEb9eDBS2MQchpmspjMLeDFYwJmgSSEnk4nadKz0P1GDMNc/BUvHhTx6md482/sLIKKFjQUVe/Rr8qLBFdg2x/G2vrG5tZ2Zie7u7d/cGgeHbdUGEvKmjQUoex4RDHBA9YEDoJ1IsmI7wnW9qZXc799y6TiYXADs4j1fTIO+IhTAloamKc9n8CEEpE00kHSA3YHCQ/SdGDmbKtYrlSdS2xbtuuWqkVNymXXdW3sWPYCObRCfWC+94YhjX0WABVEqa5jR9BPiAROBUuzvVixiNApGbOupgHxmeoniwApvtDKEI9CqV8AeKF+30iIr9TM9/Tk/Fz125uLf3ndGEbVvg4UxcACuvxoFAsMIZ63gYdcMgpipgmhkutbMZ0QSSjozrK6hK+k+H/SKlhO0So0SrlaflVHBp2hc5RHDqqgGrpGddREFKXoAT2hZ+PeeDRejNfl6Jqx2jlBP2C8fQKZspel</latexit>

Q
o
u
t

<latexit sha1_base64="I6/HDX4jYugG0z4q2yu26oC1pLw=">AAACAXicdVDJSgNBEO1xjXGLehG8NAYhp2EmMzHxFvDiMQGzQBJCT6eTNOlZ6K4RwzBe/BUvHhTx6l9482/sLIKKPih4vFdFVT0vElyBZX0YK6tr6xubma3s9s7u3n7u4LCpwlhS1qChCGXbI4oJHrAGcBCsHUlGfE+wlje5nPmtGyYVD4NrmEas55NRwIecEtBSP3fc9QmMKRFJPe0nXWC3kIQxpGk/l7fMolMqWRVsma7ruO6FJuXSecl2sG1ac+TRErV+7r07CGnsswCoIEp1bCuCXkIkcCpYmu3GikWETsiIdTQNiM9UL5l/kOIzrQzwMJS6AsBz9ftEQnylpr6nO2f3qt/eTPzL68QwrPQSHkQxsIAuFg1jgSHEszjwgEtGQUw1IVRyfSumYyIJBR1aVofw9Sn+nzSLpu2YxbqbrxaWcWTQCTpFBWSjMqqiK1RDDUTRHXpAT+jZuDcejRfjddG6YixnjtAPGG+fbJGYGg==</latexit>

Q
o
u
t

<latexit sha1_base64="I6/HDX4jYugG0z4q2yu26oC1pLw=">AAACAXicdVDJSgNBEO1xjXGLehG8NAYhp2EmMzHxFvDiMQGzQBJCT6eTNOlZ6K4RwzBe/BUvHhTx6l9482/sLIKKPih4vFdFVT0vElyBZX0YK6tr6xubma3s9s7u3n7u4LCpwlhS1qChCGXbI4oJHrAGcBCsHUlGfE+wlje5nPmtGyYVD4NrmEas55NRwIecEtBSP3fc9QmMKRFJPe0nXWC3kIQxpGk/l7fMolMqWRVsma7ruO6FJuXSecl2sG1ac+TRErV+7r07CGnsswCoIEp1bCuCXkIkcCpYmu3GikWETsiIdTQNiM9UL5l/kOIzrQzwMJS6AsBz9ftEQnylpr6nO2f3qt/eTPzL68QwrPQSHkQxsIAuFg1jgSHEszjwgEtGQUw1IVRyfSumYyIJBR1aVofw9Sn+nzSLpu2YxbqbrxaWcWTQCTpFBWSjMqqiK1RDDUTRHXpAT+jZuDcejRfjddG6YixnjtAPGG+fbJGYGg==</latexit>

F
igu

re
3:

Illu
stration

of
term

s
in

T
h
eorem

s
4

an
d

6
–

A
b

ove
w

e
sh

ow
th

e
relation

b
etw

een
em

p
irical

M
R

(x
-ax

is)
an

d
em

p
irica

l
loss

(y
-ax

is)
for

m
o
d
els

f
in

a
h
y
p

o
th

etical
m

o
d
el

classF
.

W
e

m
ark

f
ref

b
y

th
e

b
lack

p
oin

t.
F

or
each

p
ossib

le
m

o
d
el

relian
ce

valu
e
r
≥

0,
th

e
cu

rved
,

d
ash

ed
lin

e
sh

ow
s

th
e

low
est

p
o
ssib

le
em

p
irical

loss
for

a
fu

n
ction

in
f
∈
F

satisfy
in

g
M̂
R

(f
)

=
r.

T
h
e

set
R̂

(ε)
co

n
tain

s
all

m
o
d
els

in
F

w
ith

in
th

e
d
otted

gray
lin

es.
T

o
create

th
e

b
ou

n
d
s

from
T

h
eorem

4,
w

e
ex

p
an

d
th

e
em

p
irical

ε-R
ash

om
on

set
b
y

in
creasin

g
ε

to
ε
o
u

t ,
su

ch
th

at
f

+
,ε

(or
f−

,ε )
is

con
tain

ed
in
R̂

(ε
o
u

t )
w

ith
h
igh

p
rob

ab
ility.

W
e

th
en

ad
d

(or
su

b
tract)

Q
o
u

t
to

accou
n
t

for
estim

ation
erro

r
of
M̂
R

(f
+
,ε )

(or
M̂
R

(f−
,ε )).

T
h
ese

step
s

are
illu

strated
ab

ove
in

b
lu

e,
w

ith
th

e
fi
n
al

b
ou

n
d
s

sh
ow

n
b
y

th
e

b
lu

e
b
racket

sy
m

b
ols

alon
g

th
e

x
-ax

is.
T

o
create

th
e

b
ou

n
d
s

for
M
C
R

+
(ε)

(an
d
M
C
R
−

(ε))
in

T
h
eorem

6,
w

e
con

strict
th

e
em

p
irical

ε-R
ash

om
on

set
b
y

d
ecreasin

g
ε

to
ε
in ,

su
ch

th
at

all
m

o
d
els

w
ith

h
igh

ex
p

ected
loss

are
sim

u
lta

n
eou

sly
ex

clu
d
ed

from
R̂

(ε
in )

w
ith

h
igh

p
rob

ab
ility.

W
e

th
en

su
b
tract

(or
ad

d
)Q

in
to

sim
u
ltan

eou
sly

accou
n
t

for
M

R
estim

ation
error

for
m

o
d
els

in
R̂

(ε
in ).

T
h
ese

step
s

are
illu

strated
ab

ove
in

p
u
rp

le,
w

ith
th

e
fi
n
al

b
ou

n
d
s

sh
ow

n
b
y

th
e

p
u
rp

le
b
racket

sy
m

b
ols

alon
g

th
e

x
-ax

is.
F

or
em

p
h
asis,

b
elow

th
is

fi
gu

re
w

e
sh

ow
a

cop
y

of
th

e
x
-ax

is
w

ith
selected

an
n
otation

s,
from

w
h
ich

it
is

clear
th

at
M̂
C
R
−

(ε)
an

d
M̂
C
R

+
(ε)

are
alw

ay
s

w
ith

in
th

e
b

ou
n
d
s

p
ro

d
u
ced

b
y

T
h
eorem

s
4

an
d

6.
W

ith
h
igh

p
rob

ab
ility,

M̂
C
R
−

(ε)
an

d
M̂
C
R

+
(ε)

are
w

ith
in

a
n
eigh

b
orh

o
o
d

o
f
M
C
R
−

(ε)
an

d
M
C
R

+
(ε)

resp
ectively.

16
JM

L
R

 20(177):1-81, 2019



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

G
iv

en
a

d
es

cr
ip

to
r
φ

,
w

e
n
ow

sh
ow

a
ge

n
er

al
re

su
lt

th
at

al
lo

w
s

cr
ea

ti
on

of
fi
n
it

e-
sa

m
p
le

C
Is

fo
r

th
e

b
es

t
p

er
fo

rm
in

g
m

o
d
el

s
R

(ε
).

T
h
e

re
su

lt
in

g
C

Is
a
re

th
em

se
lv

es
b
as

ed
on

em
-

p
ir

ic
al

R
as

h
om

on
se

ts
.

P
ro

p
o
si

ti
o
n

7
(F

in
it

e
sa

m
p
le

C
Is

fr
o
m

R
a
sh

o
m

o
n

se
ts

)
L

et
ε′

:=
ε

+
2
B

re
f√

lo
g
(2
δ
−
1
)

2
n

,
le

t

φ̂
−

(ε
′ )

:=
m

in
f
∈R̂

(ε
′ )
φ

(f
)

a
n

d
le

t
φ̂

+
(ε
′ )

:=
m

ax
f
∈R̂

(ε
′ )
φ

(f
).

If
A

ss
u

m
p
ti

o
n

2
h
o
ld

s
fo

r
a
ll
f
∈
R

(ε
),

th
en

P
[ {
φ

(f
)

:
f
∈
R

(ε
)}
⊆
[ φ̂
−

(ε
′ )
,φ̂

+
(ε
′ )
]]
≥

1
−
δ.

P
ro

p
os

it
io

n
7

ge
n
er

at
es

a
fi
n
it

e-
sa

m
p
le

C
I

fo
r

th
e

ra
n
ge

of
va

lu
es
φ

(f
)

co
rr

es
p

on
d
in

g
to

w
el

l-
p

er
fo

rm
in

g
m

o
d
el

s,
{φ

(f
)

:
f
∈
R

(ε
)}

.
T

h
is

C
I,

d
en

ot
ed

b
y
[ φ̂
−

(ε
′ )
,φ̂

+
(ε
′ )
] ,

ca
n

it
se

lf

b
e

in
te

rp
re

te
d

as
th

e
ra

n
ge

of
va

lu
es
φ

(f
)

co
rr

es
p

on
d
in

g
to

m
o
d
el

s
f

w
it

h
em

p
ir

ic
al

lo
ss

n
ot

su
b
st

an
ti

al
ly

ab
ov

e
th

at
of
f r

ef
.

T
h
u
s,

th
e

in
te

rv
al

h
as

b
ot

h
a

ri
go

ro
u
s

co
ve

ra
ge

ra
te

an
d

a
co

h
er

en
t

in
-s

am
p
le

in
te

rp
re

ta
ti

on
.

T
h
e

p
ro

of
of

P
ro

p
os

it
io

n
7

u
se

s
H

o
eff

d
in

g’
s

in
eq

u
a
li
ty

to
sh

ow
th

at
m

o
d
el

s
in
F

ar
e

co
n
ta

in
ed

in
R̂

(ε
′ )

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
th

at
is

,
th

a
t

m
o
d
el

s
w

it
h

go
o
d

ex
p

ec
te

d
p

er
fo

rm
an

ce
te

n
d

to
p

er
fo

rm
w

el
l

in
ra

n
d
om

sa
m

p
le

s.
A

n
im

m
ed

ia
te

co
ro

ll
ar

y
of

P
ro

p
os

it
io

n
7

is
th

at
w

e
ca

n
ge

n
er

at
e

fi
n
it

e-
sa

m
p
le

C
Is

fo
r

al
l

b
es

t-
in

-c
la

ss
m

o
d
el

s
f
?
∈

ar
g

m
in
f
∈F

EL
(f
,Z

)
b
y

se
tt

in
g
ε

=
0.

T
h
is

co
ro

ll
ar

y
ca

n
b

e
fu

rt
h
er

st
re

n
gt

h
en

ed
if

a
si

n
gl

e
m

o
d
el
f
?

is
as

su
m

ed
to

u
n
iq

u
el

y
m

in
im

iz
e
EL

(f
,Z

)
ov

er
f
∈
F

(s
ee

A
p
p

en
d
ix

B
.6

).
N

ot
e

th
at

P
ro

p
os

it
io

n
7

im
p
li
ci

tl
y

as
su

m
es

th
at
φ

(f
)

ca
n

b
e

d
et

er
m

in
ed

ex
ac

tl
y

fo
r

an
y

m
o
d
el
f
∈
F

,
in

or
d
er

fo
r

th
e

in
te

rv
al
[ φ̂
−

(ε
′ )
,φ̂

+
(ε
′ )
]

to
b

e
p
re

ci
se

ly
d
et

er
m

in
ed

.
T

h
is

as
su

m
p
ti

on
d
o
es

n
ot

h
ol

d
,

fo
r

ex
am

p
le

,
if
φ

(f
)

=
M
R

(f
),

or
if
φ

(f
)

=
V

ar
{f

(X
1
,X

2
)}

,
as

th
es

e
q
u
an

ti
ti

es
d
ep

en
d

on
b

ot
h
f

an
d

th
e

(u
n
k
n
ow

n
)

p
op

u
la

ti
on

d
is

tr
ib

u
ti

on
.

In
su

ch
ca

se
s,

an
ad

d
it

io
n
al

co
rr

ec
ti

on
fa

ct
or

m
u
st

b
e

in
co

rp
or

at
ed

to
ac

co
u
n
t

fo
r

es
ti

m
at

io
n

er
ro

r
of
φ

(f
),

su
ch

as
th

e
Q

o
u

t
te

rm
in

T
h
eo

re
m

4.
In

co
n
cu

rr
en

t
w

or
k
,

C
ok

er
et

al
.

(2
01

8)
sh

ow
th

at
p
ro

fi
le

li
k
el

ih
o
o
d

in
te

rv
al

s
ta

ke
th

e
sa

m
e

fo
rm

as
th

e
in

te
rv

al
[φ̂
−

(ε
′ )
,φ̂

+
(ε
′ )

]
in

P
ro

p
os

it
io

n
7.

T
h
is

m
ea

n
s

th
at

a
p
ro

fi
le

li
ke

-
li
h
o
o
d

in
te

rv
al

ca
n

al
so

b
e

ex
p
re

ss
ed

b
y

m
in

im
iz

in
g

an
d

m
ax

im
iz

in
g

ov
er

an
em

p
ir

ic
al

R
as

h
om

on
se

t.
M

or
e

sp
ec

ifi
ca

ll
y,

co
n
si

d
er

th
e

ca
se

w
h
er

e
th

e
lo

ss
fu

n
ct

io
n
L

is
th

e
n
eg

at
iv

e
of

th
e

kn
o
w

n
lo

g
li
ke

li
h
o
o
d

fu
n
ct

io
n
,

an
d

w
h
er

e
f r

ef
is

th
e

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
of

th
e

“t
ru

e
m

o
d
el

,”
w

h
ic

h
in

th
is

ca
se

is
f
?
.

If
ad

d
it

io
n
al

m
in

or
as

su
m

p
ti

on
s

ar
e

m
et

(s
ee

A
p
p

en
d
ix

A
.6

fo
r

d
et

ai
ls

),
th

en
th

e
(1
−
δ)

-l
ev

el
p
ro

fi
le

li
ke

li
h
o
o
d

in
te

rv
al

fo
r
φ

(f
?
)

is
eq

u
al

to
[φ̂
−

(χ
1
,1
−
δ

2
n

),
φ̂

+
(χ

1
,1
−
δ

2
n

)]
,

w
h
er

e
φ̂
−

an
d
φ̂

+
ar

e
d
efi

n
ed

as
in

P
ro

p
os

it
io

n
7,

an
d
χ

1
,1
−
δ

is
th

e
1
−
δ

p
er

ce
n
ti

le
of

a
ch

i-
sq

u
ar

e
d
is

tr
ib

u
ti

on
w

it
h

1
d
eg

re
e

of
fr

ee
d
om

.
R

el
at

iv
e

to
a

p
ro

fi
le

li
ke

li
h
o
o
d

ap
p
ro

ac
h
,

th
e

ad
va

n
ta

ge
of

P
ro

p
os

it
io

n
7

is
th

at
it

d
o
es

n
ot

re
q
u
ir

e
as

y
m

p
to

ti
cs

,
it

d
o
es

n
ot

re
q
u
ir

e
th

at
th

e
li
ke

li
h
o
o
d

b
e

k
n
ow

n
u
p

to
a

p
ar

am
et

ri
c

fo
rm

,
an

d
it

ca
n

b
e

ex
te

n
d
ed

to
st

u
d
y

th
e

se
t

of
n
ea

r-
op

ti
m

al
p
re

d
ic

ti
on

m
o
d
el

s
R

(ε
),

ra
th

er
th

an
a

si
n
gl

e,
p

ot
en

ti
al

ly
m

is
sp

ec
ifi

ed
p
re

d
ic

ti
on

m
o
d
el
f
?
.

T
h
is

is
es

p
ec

ia
ll
y

u
se

fu
l

w
h
en

d
iff

er
en

t
n
ea

r-
op

ti
m

al
m

o
d
el

s
ac

cu
ra

te
ly

d
es

cr
ib

e
d
iff

er
en

t
as

p
ec

ts
of

th
e

u
n
d
er

ly
in

g
d
at

a
ge

n
er

at
in

g
p
ro

ce
ss

,
b
u
t

n
on

e
ca

p
tu

re
it

co
m

p
le

te
ly

.
T

h
e

d
is

ad
va

n
ta

ge
of

P
ro

p
o
si

ti
on

7
is

th
at

th
e

re
q
u
ir

ed
p

er
fo

rm
an

ce
th

re
sh

ol
d

o
f
ε′

=
ε

+
2B

re
f√

lo
g
(2
δ
−
1
)

2
n

d
ec

re
as

es
m

or
e

sl
ow

ly

th
an

th
e

p
er

fo
rm

an
ce

th
re

sh
ol

d
of

χ
1
,1
−
δ

2
n

re
q
u
ir

ed
in

a
p
ro

fi
le

li
k
el

ih
o
o
d

in
te

rv
al

.
B

ec
au

se

1
7

JM
L

R
 2

0(
17

7)
:1

-8
1,

 2
01

9

F
is
h
e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

ou
r

re
su

lt
s

fr
om

S
ec

ti
on

4.
1

ca
rr

y
a

si
m

il
ar

d
is

ad
va

n
ta

ge
,

w
e

u
se

th
es

e
re

su
lt

s
p
ri

m
a
ri

ly
to

m
ot

iv
at

e
p

oi
n
t

es
ti

m
at

es
d
es

cr
ib

in
g

th
e

R
a
sh

om
on

se
t
R

(ε
).

S
ti

ll
,

it
is

w
or

th
em

p
h
as

iz
in

g
th

e
ge

n
er

al
it

y
of

P
ro

p
os

it
io

n
7.

T
h
ro

u
g
h

th
is

re
su

lt
,

R
as

h
om

on
se

ts
al

lo
w

u
s

to
re

fr
am

e
a

w
id

e
se

t
of

fi
n
it

e-
sa

m
p
le

in
fe

re
n
ce

p
ro

b
le

m
s

a
s

in
-

sa
m

p
le

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

T
h
e

im
p
li
ed

C
Is

ar
e

n
ot

n
ec

es
sa

ri
ly

in
cl

os
ed

fo
rm

,
b
u
t

th
e

ap
p
ro

ac
h

st
il
l

op
en

s
an

ex
ci

ti
n
g

p
at

h
w

ay
fo

r
d
er

iv
in

g
n
on

-a
sy

m
p
to

ti
c

re
su

lt
s.

F
o
r

ex
a
m

p
le

,
th

ey
im

p
ly

th
at

ex
is

ti
n
g

m
et

h
o
d
s

fo
r

p
ro

fi
le

li
ke

li
h
o
o
d

in
te

rv
al

s
m

ig
h
t

b
e

ab
le

to
b

e
re

a
p
p
li
ed

to
ac

h
ie

ve
fi
n
it

e-
sa

m
p
le

re
su

lt
s.

F
or

h
ig

h
ly

co
m

p
le

x
m

o
d
el

cl
as

se
s

w
h
er

e
p
ro

fi
le

li
ke

li
h
o
o
d
s

ar
e

d
iffi

cu
lt

to
co

m
p
u
te

,
su

ch
as

n
eu

ra
l

n
et

w
or

k
s

or
ra

n
d
om

fo
re

st
s,

ap
p
ro

x
im

a
te

in
fe

re
n
ce

is
so

m
et

im
es

ac
h
ie

v
ed

v
ia

ap
p
ro

x
im

at
e

op
ti

m
iz

at
io

n
p
ro

ce
d
u
re

s
(f

or
ex

am
p
le

,
M

a
rk

ov
ch

a
in

M
on

te
C

ar
lo

fo
r

B
ay

es
ia

n
ad

d
it

iv
e

re
gr

es
si

on
tr

ee
s,

in
C

h
ip

m
an

et
al

.,
20

10
).

P
ro

p
o
si

ti
o
n

7
sh

ow
s

th
at

si
m

il
ar

ap
p
ro

x
im

at
e

op
ti

m
iz

at
io

n
m

et
h
o
d
s

co
u

ld
be

re
p
u

rp
o
se

d
to

es
ta

bl
is

h
a
p
p
ro

xi
m

a
te

,
fi

n
it

e-
sa

m
p
le

in
fe

re
n

ce
s

fo
r

th
e

sa
m

e
m

od
el

cl
a
ss

es
.

5
.2

.
R

e
la

te
d

L
it

e
ra

tu
re

o
n

th
e

R
a
sh

o
m

o
n

E
ff

e
c
t

B
re

im
an

et
al

.
(2

0
01

)
in

tr
o
d
u
ce

d
th

e
“R

as
h
om

on
eff

ec
t”

of
st

at
is

ti
cs

as
a

p
ro

b
le

m
o
f

a
m

b
i-

gu
it

y
:

if
m

an
y

m
o
d
el

s
fi
t

th
e

d
at

a
w

el
l,

it
is

u
n
cl

ea
r

w
h
ic

h
m

o
d
el

w
e

sh
ou

ld
tr

y
to

in
te

rp
re

t.
B

re
im

an
su

gg
es

ts
th

at
th

e
en

se
m

b
li
n
g

m
an

y
w

el
l-

p
er

fo
rm

in
g

m
o
d
el

s
to

ge
th

er
ca

n
re

so
lv

e
th

is
am

b
ig

u
it

y,
as

th
e

n
ew

en
se

m
b
le

m
o
d
el

m
ay

p
er

fo
rm

b
et

te
r

th
an

an
y

o
f

it
s

in
d
iv

id
u
a
l

m
em

b
er

s.
H

ow
ev

er
,

th
is

ap
p
ro

ac
h

m
ay

on
ly

p
u
sh

th
e

p
ro

b
le

m
fr

om
th

e
m

em
b

er
le

ve
l

to
th

e
en

se
m

b
le

le
ve

l,
as

th
er

e
m

ay
al

so
b

e
m

an
y

d
iff

er
en

t
en

se
m

b
le

m
o
d
el

s
th

a
t

fi
t

th
e

d
a
ta

w
el

l. T
h
e

R
as

h
om

on
eff

ec
t

h
as

al
so

b
ee

n
co

n
si

d
er

ed
in

se
ve

ra
l

su
b

je
ct

ar
ea

s
ou

ts
id

e
o
f

V
I,

in
-

cl
u
d
in

g
th

os
e

in
n
on

-s
ta

ti
st

ic
al

ac
ad

em
ic

d
is

ci
p
li
n
es

(H
ei

d
er

,
19

8
8;

R
ot

h
an

d
M

eh
ta

,
2
0
0
2
).

T
u
la

b
an

d
h
u
la

an
d

R
u
d
in

(2
01

4)
op

ti
m

iz
e

a
d
ec

is
io

n
ru

le
to

p
er

fo
rm

w
el

l
u
n
d
er

th
e

p
re

-
d
ic

te
d

ra
n
ge

of
ou

tc
om

es
fr

om
an

y
w

el
l-

p
er

fo
rm

in
g

m
o
d
el

.
S
ta

tn
ik

ov
et

al
.

(2
0
1
3
)

p
ro

p
os

e
an

al
go

ri
th

m
to

d
is

co
ve

r
m

u
lt

ip
le

M
ar

ko
v

b
ou

n
d
ar

ie
s,

th
at

is
,

m
in

im
al

se
ts

o
f

co
va

ri
a
te

s
su

ch
th

at
co

n
d
it

io
n
in

g
on

an
y

on
e

se
t

in
d
u
ce

s
in

d
ep

en
d
en

ce
b

et
w

ee
n

th
e

ou
tc

o
m

e
a
n
d

th
e

re
m

ai
n
in

g
co

va
ri

at
es

.
N

ev
o

an
d

R
it

ov
(2

01
7)

re
p

or
t

in
te

rp
re

ta
ti

o
n
s

co
rr

es
p

o
n
d
in

g
to

a
se

t
of

w
el

l-
fi
tt

in
g,

sp
ar

se
li
n
ea

r
m

o
d
el

s.
M

ei
n
sh

au
se

n
an

d
B

ü
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ê

o
rig (f

)
an

d
ê
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ĝ−
,γ :

C
o
n

d
itio

n
8

(C
riteria

to
con

tin
u
e

search
for

M̂
R

low
er

b
ou

n
d
)

ĥ
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ĥ
−
,γ (f

).
T

h
e

resu
lt

o
f

L
em

m
a

9
is

n
ot

on
ly

a
sin

gle
b

ou
n
d
ary

for
a

p
articu

lar
valu

e
of
ε
a
b

s ,
b
u
t

a
b

ou
n
d
ary

fu
n

ctio
n

th
at

h
old

s
all

valu
es

of
ε
a
b

s
>

0,
w

ith
low

er
valu

es
of
ε
a
b

s
lead

in
g

to
m

ore
restrictive

low
er

b
ou

n
d
s

on
M̂
R

(f
).

2
0

JM
L

R
 20(177):1-81, 2019



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

f 1
f 2

ê s
w
itc
h(	
f	)

ê o
rig
(	f
	)

ϵ a
bs

(A
) G

eo
m

et
ric

 
in

te
rp

re
ta

tio
n 

of
 !
"# F

ê s
w
itc
h(	
f	)

ê o
rig
(	f
	)

(B
) M

in
im

iz
in

g 
lin

ea
r 

co
m

bi
na

tio
ns

F
f 1
f 2

ê s
w
itc
h(	
f	)

ê o
rig
(	f
	)

ϵ a
bs

(C
) C

om
bi

ni
ng

 
co

ns
tra

in
ts

F

F
ig

u
re

4:
A

b
ov

e,
w

e
il
lu

st
ra

te
th

e
ge

om
et

ri
c

in
tu

it
io

n
fo

r
L

em
m

a
9.

In
P

an
el

(A
),

w
e

sh
ow

an
ex

am
p
le

of
a

h
y
p

ot
h
et

ic
al

m
o
d
el

cl
as

s
F

,
m

ar
ke

d
b
y

th
e

en
cl

os
ed

re
gi

on
.

F
or

ea
ch

m
o
d
el
f
∈
F

,
th

e
x
-a

x
is

sh
ow

s
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o
n

o
to

n
ic

it
y

fo
r
M̂
R

lo
w

er
bo

u
n

d
bi

n
a
ry

se
a
rc

h
)

T
h
e

fo
ll

o
w

in
g

m
o
n

o
to

n
ic

it
y

re
su

lt
s

h
o
ld

:

1
.
ĥ
−
,γ

(ĝ
−
,γ

)
is

m
o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
in
γ

.

2
.
ê o

ri
g
(ĝ
−
,γ

)
is

m
o
n

o
to

n
ic

a
ll

y
d
ec

re
a
si

n
g

in
γ

.

3
.

G
iv

en
ε a

bs
,

th
e

lo
w

er
bo

u
n

d
fr

o
m

E
q

6
.1

,
{
ĥ
−
,γ

(ĝ
−
,γ

)
ε a

b
s
−
γ
} ,

is
m

o
n

o
to

n
ic

a
ll

y
d
ec

re
a
si

n
g

in
γ

in
th

e
ra

n
ge

w
h
er

e
ê o

ri
g
(ĝ
−
,γ

)
≤
ε a

bs
,

a
n

d
in

cr
ea

si
n

g
o
th

er
w

is
e.

G
iv

en
a

p
ar

ti
cu

la
r

p
er

fo
rm

an
ce

le
ve

l
of

in
te

re
st

,
ε a

b
s,

P
oi

n
t

3
of

L
em

m
a

1
0

te
ll
s

u
s

th
a
t

th
e

va
lu

e
of
γ

re
su

lt
in

g
in

th
e

ti
gh

te
st

lo
w

er
b

ou
n
d

fr
om

E
q

6.
1

o
cc

u
rs

w
h
en

γ
is

a
s

lo
w

a
s

p
os

si
b
le

w
h
il
e

st
il
l

sa
ti

sf
y
in

g
C

on
d
it

io
n

8.
P

oi
n
ts

1
an

d
2

sh
ow

th
at

if
γ

0
sa

ti
sfi

es
C

o
n
d
it

io
n

8,
an

d
on

e
of

th
e

eq
u
al

it
ie

s
in

C
on

d
it

io
n

8
h
ol

d
s

w
it

h
eq

u
al

it
y,

th
en

C
on

d
it

io
n

8
h
o
ld

s
fo

r
al

l
γ
≥
γ

0
.

T
og

et
h
er

,
th

es
e

re
su

lt
s

im
p
ly

th
at

w
e

ca
n

u
se

a
b
in

ar
y

se
ar

ch
to

d
et

er
m

in
e

th
e

va
lu

e
of
γ

to
b

e
u
se

d
in

L
em

m
a

9,
re

d
u
ci

n
g

th
is

va
lu

e
u
n
ti

l
C

on
d
it

io
n

8
is

n
o

lo
n
g
er

m
et

.
In

ad
d
it

io
n

to
th

e
fo

rm
al

p
ro

of
fo

r
L

em
m

a
10

,
w

e
p
ro

v
id

e
an

il
lu

st
ra

ti
on

o
f

th
e

re
su

lt
in

F
ig

u
re

5
to

ai
d

in
tu

it
io

n
.

N
ex

t
w

e
p
re

se
n
t

si
m

p
le

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
b
in

ar
y

se
ar

ch
fo

r
va

lu
es

o
f
γ

ca
n

b
e

re
st

ri
ct

ed
to

th
e

n
on

n
eg

at
iv

e
re

al
li
n
e.

T
h
is

re
su

lt
su

b
st

an
ti

al
ly

ex
te

n
d
s

th
e

co
m

p
u
ta

ti
o
n
a
l

tr
ac

ta
b
il
it

y
of

ou
r

ap
p
ro

ac
h
,

as
m

in
im

iz
in

g
ĥ
−
,γ

fo
r
γ
≥

0
is

eq
u
iv

al
en

t
to

m
in

im
iz

in
g

a
re

w
ei

gh
te

d
em

p
ir

ic
al

lo
ss

ov
er

an
ex

p
an

d
ed

sa
m

p
le

of
si

ze
n

2
:

ĥ
−
,γ

(f
)

=
γ
ê o

ri
g
(f

)
+
ê s

w
it

ch
(f

)
=

n ∑ i=
1

n ∑ j=
1

w
γ
(i
,j

)L
{f
,(

y
[i

],
X

1
[j
,·]
,X

2
[i
,·]

)}
,

(6
.2

)

w
h
er

e
w
γ
(i
,j

)
=

γ
1
(i

=
j)

n
+

1
(i
6=
j)

n
(n
−

1
)
≥

0.

P
ro

p
o
si

ti
o
n

1
1

(N
o
n

n
eg

a
ti

ve
w

ei
gh

ts
fo

r
M̂
R

lo
w

er
bo

u
n

d
bi

n
a
ry

se
a
rc

h
)

A
ss

u
m

e
th

a
t
L

a
n

d
F

sa
ti

sf
y

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s.

1
.

(P
re

d
ic

ti
o
n

s
a
re

su
ffi

ci
en

t
fo

r
co

m
p
u

ti
n

g
th

e
lo

ss
)

T
h
e

lo
ss
L
{f
,(
Y
,X

1
,X

2
)}

d
ep

en
d
s

o
n

th
e

co
va

ri
a
te

s
(X

1
,X

2
)

o
n

ly
vi

a
th

e
p
re

d
ic

ti
o
n

fu
n

ct
io

n
f

,
th

a
t

is
,
L
{f
,(
y
,x

(a
)

1
,x

(a
)

2
)}

=

L
{f
,(
y
,x

(b
)

1
,x

(b
)

2
)}

w
h
en

ev
er
f

(x
(a

)
1
,x

(a
)

2
)

=
f

(x
(b

)
1
,x

(b
)

2
).

2
.

(I
rr

el
ev

a
n

t
in

fo
rm

a
ti

o
n

d
oe

s
n

o
t

im
p
ro

ve
p
re

d
ic

ti
o
n

s)
F

o
r

a
n

y
d
is

tr
ib

u
ti

o
n
D

sa
ti

sf
y-

in
g
X

1
⊥
D

(X
2
,Y

),
th

er
e

ex
is

ts
a

fu
n

ct
io

n
f D

sa
ti

sf
yi

n
g

E D
L
{f
D
,(
Y
,X

1
,X

2
)}

=
m

in
f
∈F

E D
L
{f
,(
Y
,X

1
,X

2
)}
,

a
n

d
f D

(x
(a

)
1
,x

2
)

=
f D

(x
(b

)
1
,x

2
)

fo
r

a
n

y
x

(a
)

1
,x

(b
)

1
∈
X 1

a
n

d
x

2
∈
X 2
.
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
eF

ê
sw

itch (	f	)

ê
orig (	f	)

ϵabs

1
2

3

F
ig

u
re

5
:

M
o
n
o
ton

icity
for

b
in

ary
search

.
A

b
ove

w
e

sh
ow

a
version

of
F

igu
re

4-C
for

tw
o

a
ltern

ative
valu

es
of
γ

.
T

h
is

fi
g
u
re

is
m

ean
t

to
ad

d
in

tu
ition

for
th

e
m

on
o
ton

icity
resu

lts
in

L
em

m
a

10,
in

ad
d
ition

to
th

e
form

al
p
ro

o
f.

In
creasin

g
γ

is
eq

u
ivalen

t
to

d
ecrea

sin
g

th
e

slop
e

of
th

e
red

lin
e

in
F

igu
re

4-C
.

W
e

d
efi

n
e

tw
o

valu
es
γ

1
<

γ
2 ,

w
h
ere

γ
1

corresp
on

d
s

to
th

e
solid

red
lin

e,
ab

ove,
an

d
γ

2
corresp

on
d
s

to
th

e
sem

i-tran
sp

aren
t

red
lin

e.
T

h
e

y
-in

tercep
t

valu
es

of
th

ese
lin

es
are

eq
u
al

to
ĥ
−
,γ

1 (ĝ−
,γ

1 )
an

d
ĥ
−
,γ

2 (ĝ−
,γ

2 )
resp

ectiv
ely

(see
F

igu
re

4-C
cap

tion
).

T
h
e

solid
an

d
sem

i-tran
sp

aren
t

b
lack

d
ots

m
ark

ĝ−
,γ

1
an

d
ĝ−

,γ
2

resp
ectively.

P
lu

ggin
g
γ

1
a
n
d
γ

2

in
to

E
q

6.1
y
ield

s
tw

o
low

er
b

ou
n
d
s

for
M̂
R

,
m

ark
ed

b
y

th
e

slop
es

of
th

e
solid

an
d

sem
i-tran

sp
aren

t
b
lack

lin
es

resp
ectiv

ely
(see

F
igu

re
4-C

cap
tion

).
W

e
see

th
at

(1
)
ĥ
−
,γ

1 (ĝ−
,γ

1 )≤
ĥ
−
,γ

2 (ĝ−
,γ

2 ),
th

at
(2)

ê
o
rig (ĝ−

,γ
1 )≥

ê
o
rig (ĝ−

,γ
2 ),

an
d

th
at

(3)
th

e
left-h

an
d

sid
e

of
E

q
6.1

is
d
ecreasin

g
in
γ

w
h
en
ê

o
rig (ĝ−

,γ )≤
ε
a
b

s .
T

h
ese

th
ree

co
n
clu

sion
s

are
m

arked
b
y

arrow
s

in
th

e
ab

ove
fi
gu

re,
w

ith
n
u
m

b
erin

g
m

atch
in

g
th

e
en

u
m

erated
list

in
L

em
m

a
10.

L
et
γ

=
0.

U
n

d
er

th
e

a
bo

ve
a

ssu
m

p
tio

n
s,

it
fo

llo
w

s
th

a
t

eith
er

(i)
th

ere
exists

a
fu

n
ctio

n
ĝ−

,0

m
in

im
izin

g
ĥ
−
,0

th
a
t

d
oes

n
o
t

sa
tisfy

C
o
n

d
itio

n
8
,

o
r

(ii)
ê

o
rig (ĝ−

,0 )≤
ε

a
bs

a
n

d
M̂
R

(g−
,0 )≤

1
fo

r
a
n

y
fu

n
ctio

n
ĝ−

,0
m

in
im

izin
g
ĥ
−
,0 .

T
h
e

im
p
lica

tion
of

P
rop

osition
11

is
th

at,
w

h
en

th
e

con
d
ition

s
of

P
rop

osition
11

are
m

et,
th

e
sea

rch
reg

io
n

for
γ

can
b

e
lim

ited
to

th
e

n
on

n
egative

real
lin

e,
an

d
m

in
im

izin
g
ĥ
−
,γ

w
ill

b
e

n
o

h
a
rd

er
th

an
m

in
im

izin
g

a
rew

eigh
ted

em
p
irical

loss
over

an
ex

p
an

d
ed

sam
p
le

(E
q

6.2).
T

o
see

th
is,

recall
th

at
for

a
fi
x
ed

valu
e

of
ε
a
b

s
w

e
can

tigh
ten

th
e

b
ou

n
d
ary

in
L

em
m

a
9

b
y

co
n
d
u
ctin

g
a

b
in

ary
search

for
th

e
sm

allest
valu

e
of
γ

th
at

satisfi
es

C
on

d
ition

8
.

If
settin

g
γ

eq
u
a
l

to
0

d
o
es

n
ot

satisfy
C

on
d
ition

8,
an

d
th

e
search

for
γ

can
b

e
restricted

to
th

e
n
o
n
n
ega

tive
rea

l
lin

e,
w

h
ere

m
in

im
izin

g
ĥ
−
,0

is
m

ore
tractab

le
(see

E
q

6.2).
A

ltern
atively,

if
ê

o
rig (g−

,0 )
≤
ε
a
b

s
an

d
M̂
R

(g−
,0 )
≤

1,
th

en
w

e
h
ave

id
en

tifi
ed

a
w

ell-p
erform

in
g

m
o
d
el

g−
,0

w
ith

em
p
irical

M
R

n
o

greater
th

an
1.

F
or

ε
a
b

s
=
ê

o
rig (f

ref )
+
ε,

th
is

im
p
lies

th
at

M̂
C
R
−

(ε)≤
1
,

w
h
ich

is
a

su
ffi

cien
tly

p
recise

co
n
clu

sion
for

m
ost

in
terp

retatio
n
al

p
u
rp

oses
(see

A
p
p

en
d
ix

A
.2

).
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F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

B
ecau

se
of

th
e

fi
x
ed

p
airin

g
stru

ctu
re

u
sed

in
ê

d
iv

id
e ,

P
rop

osition
11

w
ill

n
ot

n
ecessarily

h
old

if
w

e
rep

lace
ê

sw
itch

w
ith

ê
d

iv
id

e
th

rou
gh

ou
t

(see
A

p
p

en
d
ix

C
.3).

H
ow

ever,
sin

ce
ê

d
iv

id
e

ap
p
rox

im
ates

ê
sw

itch ,
w

e
can

ex
p

ect
P

rop
osition

11
to

h
o
ld

ap
p
rox

im
ately.

T
h
e

b
o
u
n
d

from
E

q
6.1

still
rem

ain
s

valid
if

w
e

rep
lace

ê
sw

itch
w

ith
ê

d
iv

id
e

an
d

lim
it
γ

to
th

e
n
on

n
egative

reals,
alth

ou
gh

in
som

e
cases

it
m

ay
n
ot

b
e

as
tigh

t.

6
.2

.
B

in
a
ry

S
e
a
rch

fo
r

E
m

p
iric

a
l

M
R

U
p

p
e
r

B
o
u

n
d

W
e

n
ow

b
riefl

y
p
resen

t
a

b
in

ary
search

p
ro

ced
u
re

to
u
p
p

er
b

ou
n
d
M̂
R

,
w

h
ich

m
irrors

th
e

p
ro

ced
u
re

from
S
ection

6.1.
G

iven
a

con
stan

t
γ
∈
R

an
d

p
red

ictio
n

m
o
d
el
f
∈
F

,
w

e
d
efi

n
e

th
e

lin
ear

com
b
in

ation
ĥ

+
,γ ,

an
d

its
m

in
im

izers
(for

ex
am

p
le,

ĝ
+
,γ
,F

),
a
s

ĥ
+
,γ (f

)
:=
ê

o
rig (f

)
+
γ
ê

sw
itch (f

),
a
n
d

ĝ
+
,γ
,F
∈

arg
m

in
f∈F

ĥ
+
,γ (f

).

A
s

in
S
ection

6.1,
ĥ

+
,γ

n
eed

n
ot

b
e

u
n
iq

u
ely

m
in

im
ized

,
an

d
w

e
gen

erally
ab

b
rev

iate
ĝ

+
,γ
,F

as
ĝ

+
,γ

w
h
en
F

is
clear

from
con

tex
t.

G
iven

an
ob

served
sam

p
le,

w
e

d
efi

n
e

th
e

follow
in

g
con

d
ition

for
a

p
air

of
valu

es{γ
,ε

a
b

s }
∈

R
≤

0 ×
R
>

0 ,
an

d
argm

in
fu

n
ction

ĝ
+
,γ :

C
o
n

d
itio

n
1
2

(C
riteria

to
con

tin
u
e

search
fo

r
M̂
R

u
p
p

er
b

ou
n
d
)
ĥ

+
,γ

(ĝ
+
,γ )
≥

0
a
n

d
ê

o
rig (ĝ

+
,γ )≤

ε
a
bs .

W
e

can
n
ow

d
evelop

a
p
ro

ced
u
re

to
u
p
p

er
b

o
u
n
d
M̂
R

,
as

sh
ow

n
in

th
e

n
ex

t
lem

m
a.

L
e
m

m
a

1
3

(U
p
per

bo
u

n
d

fo
r
M̂
R

)
If
γ
∈
R

sa
tisfi

es
γ
≤

0
a
n

d
ĥ

+
,γ (ĝ

+
,γ )≥

0
,

th
en

M̂
R

(f
)≤

{
ĥ

+
,γ (ĝ

+
,γ )

ε
a
bs

−
1 }

γ
−

1
(6.4)

fo
r

a
ll
f
∈
F

sa
tisfyin

g
ê

o
rig (f

)≤
ε

a
bs .

It
a
lso

fo
llo

w
s

th
a
t

M̂
R

(f
)≤
|γ
−

1|
fo

r
a
ll
f
∈
F
.

(6.5)

A
d
d
itio

n
a
lly,

if
f

=
ĝ

+
,γ

a
n

d
a
t

lea
st

o
n

e
o
f

th
e

in
equ

a
lities

in
C

o
n

d
itio

n
1
2

h
o
ld

s
w

ith
equ

a
lity,

th
en

E
q

6
.4

h
o
ld

s
w

ith
equ

a
lity.

A
s

in
S
ection

6.1,
it

rem
ain

s
to

d
eterm

in
e

th
e

valu
e

of
γ

to
u
se

in
L

em
m

a
13,

giv
en

a
valu

e
of

in
terest

for
ε
a
b

s ≥
m

in
f∈F

ê
o
rig (f

).
T

h
e

n
ex

t
lem

m
a

tells
u
s

th
at

th
e

b
ou

n
d
ary

from
L

em
m

a
13

is
tigh

test
w

h
en

γ
is

as
low

as
p

ossib
le

w
h
ile

still
satisfy

in
g

C
o
n
d
ition

12.

L
e
m

m
a

1
4

(M
o
n

o
to

n
icity

fo
r
M̂
R

u
p
per

bo
u

n
d

bin
a
ry

sea
rch

)
T

h
e

fo
llo

w
in

g
m

o
n

o
to

n
icity

resu
lts

h
o
ld

:

1
.
ĥ

+
,γ (ĝ

+
,γ )

is
m

o
n

o
to

n
ica

lly
in

crea
sin

g
in
γ

.

2
.
ê

o
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

eq
u
a
l

to
th

e
co

n
d
ition

al
ex

p
ectation

fu
n
ction

of
Y

(th
at

is,
f
β
(x

)
=

E
(Y
|X

=
x

)),
an

d
th

e
cova

ria
tes

X
1

an
d
X

2
are

cen
tered

.
E

q
7
.2

sh
ow

s
th

at,
alth

ou
gh

th
e

n
u
m

b
er

of
term

s
in

th
e

d
efi

n
ition

of
ê

sw
itch

grow
s

q
u
a
d
ra

tically
in
n

(see
E

q
3.3),

th
e

com
p
u
tation

al
co

m
p
lex

ity
of
ê

sw
itch (f

β
)

for
a

lin
ear

m
o
d
el
f
β

g
row

s
o
n

ly
lin

ea
rly

in
n

.
S
p

ecifi
cally,

th
e

term
s

X
′1 W

y
an

d
X
′1 W

X
2

in
E

q
7
.2

ca
n

b
e

co
m

p
u
ted

as
1

n−
1 {(X

′1 1
n
)(1
′n
y

)−
(X
′1 y

)}
an

d
1

n−
1 {(X

′1 1
n
)(1
′n
X

2 )−
(X
′1 X

2 )}
resp

ectively,
w

h
ere

th
e

com
p
u
tation

al
com

p
lex

ity
of

each
term

in
p
aren

th
eses

grow
s

lin
ea

rly
in
n

.A
s

in
G

reg
o
ru

tti
et

al.
(2017),

b
oth

resu
lts

in
P

rop
osition

15
read

ily
gen

eralize
to

ad
d
i-

tive
m

o
d
els

o
f

th
e

form
f
g
1
,g

2 (X
1 ,X

2 )
:=

g
1 (X

1 )
+
g

2 (X
2 ),

sin
ce

p
erm

u
tin

g
X

1
is

eq
u
ivalen

t
to

p
erm

u
tin

g
g

1 (X
1 ).

7
.2

.
C

o
m

p
u

tin
g

E
m

p
iric

a
l

M
C

R
fo

r
L

in
e
a
r

M
o
d

e
ls

B
u
ild

in
g

o
n

th
e

com
p
u
tation

al
resu

lt
from

th
e

p
rev

iou
s

section
,

w
e

n
ow

con
sid

er
em

p
irical

M
C

R
co

m
p
u
tation

for
lin

ear
m

o
d
el

classes
of

th
e

form

F
lm

:=
{
f
β

:
f
β
(x

)
=
x
′β
,

β
∈
R
p }
.

In
o
rd

er
to

im
p
lem

en
t

th
e

com
p
u
tation

al
p
ro

ced
u
re

from
S
ection

s
6.1

an
d

6.2,
w

e
m

u
st

b
e

a
b
le

to
m

in
im

ize
arb

itrary
lin

ear
com

b
in

ation
s

of
ê

o
rig (f

β
)

an
d
ê

sw
itch (f

β
).

F
ortu

n
ately,

for
lin

ea
r

m
o
d
els,

th
is

m
in

im
ization

red
u
ces

to
a

q
u
ad

ratic
p
rogram

,
as

w
e

sh
ow

in
th

e
n
ex

t
rem

a
rk

.

R
e
m

a
rk

1
6

(T
ra

cta
bility

o
f

em
p
irica

l
M

C
R

fo
r

lin
ea

r
m

od
el

cla
sses)

F
o
r

a
n

y
f
β
∈
F

lm

a
n

d
a
n

y
fi

xed
coeffi

cien
ts
ξ

o
rig ,ξ

sw
itch ∈

R
,

th
e

lin
ea

r
co

m
bin

a
tio

n

ξ
o
rig ê

o
rig (f

β
)

+
ξ

sw
itch ê

sw
itch (f

β
)

(7.3)

is
p
ro

po
rtio

n
a
l

in
β

to
th

e
qu

a
d
ra

tic
fu

n
ctio

n
−

2q
′β

+
β
′Q
β
,

w
h
ere

Q
:=

ξ
o
rig X

′X
+
ξ

sw
itch [

X
′1 X

1
X
′1 W

X
2

X
′2 W

X
1

X
′2 X

2

]
,

q
:=

(
ξ

o
rig y

′X
+
ξ

sw
itch [

X
′1 W

y
X
′2 y

]
′ )
′,

a
n

d
W

:=
1

n−
1 (1

n
1
′n −

I
n
).

T
h
u

s,
m

in
im

izin
g
ξ

o
rig ê

o
rig (f

β
)

+
ξ

sw
itch ê

sw
itch (f

β
)

is
equ

iva
len

t
to

a
n

u
n

co
n

stra
in

ed
(po

ssibly
n

o
n

-co
n

vex)
qu

a
d
ra

tic
p
rogra

m
.

B
eca

u
se

o
u
r

em
p
irical

M
C

R
com

p
u
tation

p
ro

ced
u
re

from
S
ection

s
6.1

an
d

6.2
co

n
sists

o
f

m
in

im
izin

g
a

seq
u
en

ce
of

ob
jective

fu
n
ction

s
in

th
e

form
of

E
q

7.3,
R

em
ark

16
sh

ow
s

u
s

th
a
t

th
is

p
ro

ced
u
re

is
tractab

le
for

th
e

class
of

u
n
con

strain
ed

lin
ear

m
o
d
els.

7
.3

.
R

e
g
u

la
riz

e
d

L
in

e
a
r

M
o
d

e
ls

N
ex

t,
w

e
co

n
tin

u
e

to
b
u
ild

on
th

e
resu

lts
from

S
ection

7.2
to

calcu
late

b
ou

n
d
aries

on
M̂
R

for
regu

la
rized

lin
ear

m
o
d
els.

W
e

con
sid

er
m

o
d
el

cla
sses

form
ed

b
y

q
u
ad

ratically
con

strain
ed

su
b
sets

o
fF

lm
,

d
efi

n
ed

as

F
lm
,r

lm
:=
{
f
β

:
f
β
(x

)
=
x
′β
,

β
∈
R
p,

β
′M

lm
β
≤
r

lm }
,

(7.4)

w
h
ere

M
lm

a
n
d
r

lm
are

p
re-sp

ecifi
ed

.
A

gain
,

th
is

class
d
escrib

es
lin

ear
m

o
d
els

w
ith

a
q
u
a
d
ra

tic
co

n
strain

t
on

th
e

co
effi

cien
t

vector.27
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F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

7
.3
.1
.
C
a
l
c
u
l
a
t
in
g

M
C
R

A
s

in
S
ection

7.2,
calcu

latin
g

b
ou

n
d
s

on
M̂
R

v
ia

L
em

m
as

9
&

13
req

u
ires

th
at

are
ab

le
to

m
in

im
izin

g
lin

ear
com

b
in

ation
s
ξ

o
rig ê

o
rig (f

β
)

+
ξ

sw
itch ê

sw
itch (f

β
)

across
f
β
∈
F

lm
,r

lm
for

arb
itrary

ξ
o
rig ,ξ

sw
itch
∈

R
.

A
p
p
ly

in
g

R
em

a
rk

16,
w

e
can

a
gain

eq
u
ivalen

tly
m

in
im

ize
−

2q
′β

+
β
′Q
β

su
b

ject
to

th
e

con
strain

t
in

E
q

7.4:

m
in

im
ize

−
2
q
′β

+
β
′Q
β

su
b

ject
to

β
′M

lm
β
≤
r

lm
.

(7.5)

T
h
e

resu
ltin

g
op

tim
ization

p
rob

lem
is

a
(p

ossib
ly

n
on

-con
v
ex

)
q
u
ad

ratic
p
rogram

w
ith

on
e

q
u
ad

ratic
con

strain
t

(Q
P

1Q
C

).
T

h
is

p
rob

lem
is

w
ell-stu

d
ied

,
an

d
is

related
to

th
e

tru
st

region
p
rob

lem
(B

oy
d

an
d

V
an

d
en

b
ergh

e,
2004;

P
ólik

an
d

T
erlak

y
,

2007;
P

ark
an

d
B

oy
d
,

2017).
T

h
u
s,

th
e

b
ou

n
d
s

on
M

C
R

p
resen

ted
in

S
ection

s
6
.1

a
n
d

6.2
again

b
ecom

e
com

p
u
tation

ally
tractab

le
for

th
e

class
of

q
u
ad

ratically
con

strain
ed

lin
ear

m
o
d
els.

7
.3
.2
.
U
p
p
e
r
B
o
u
n
d
in
g

t
h
e
L
o
ss

O
n
e

b
en

efi
t

of
con

strain
in

g
th

e
co

effi
cien

t
vector

(β
′M

lm
β
≤

r
lm

)
is

th
at

it
facilitates

d
eterm

in
in

g
an

u
p
p

er
b

ou
n
d
B

in
d

on
th

e
loss

fu
n
ction

L
(f
β
,(y

,x
))

=
(y
−
x
′β

)
2,

w
h
ich

au
tom

atically
satisfi

es
A

ssu
m

p
tion

1
for

all
f
∈
F

lm
,r

lm
.

T
h
e

follow
in

g
lem

m
a

gives
su

ffi
cien

t
con

d
ition

s
to

d
eterm

in
e
B

in
d .

L
e
m

m
a

1
7

(L
o
ss

u
p
per

bo
u

n
d

fo
r

lin
ea

r
m

od
els)

If
M

lm
is

po
sitive

d
efi

n
ite,

Y
is

bo
u

n
d
ed

w
ith

in
a

kn
o
w

n
ra

n
ge,

a
n

d
th

ere
exists

a
kn

o
w

n
co

n
sta

n
t
rX

su
ch

th
a
t
x
′M
−

1
lm
x
≤
rX

fo
r

a
ll

x
∈

(X
1 ×
X

2 ),
th

en
A

ssu
m

p
tio

n
1

h
o
ld

s
fo

r
th

e
m

od
el

cla
ss
F

lm
,r

lm
,

th
e

squ
a
red

erro
r

lo
ss

fu
n

ctio
n

,
a
n

d
th

e
co

n
sta

n
t

B
in

d
=

m
ax [{

m
in

y∈Y
(y

)−
√
rX
r

lm }
2

, {
m

ax
y∈Y

(y
)

+
√
rX
r

lm }
2 ]
.

In
p
ractice,

th
e

con
stan

t
rX

can
b

e
ap

p
rox

im
ated

b
y

th
e

em
p
irica

l
d
istrib

u
tion

of
X

an
d
Y

.
T

h
e

m
otivation

b
eh

in
d

th
e

restrictio
n
x
′M
−

1
lm
x
≤
rX

in
L

em
m

a
17

is
to

create
com

p
lem

en
tary

con
strain

ts
on

X
an

d
β

.
F

or
ex

am
p
le,

if
M

lm
is

d
iagon

al,
th

en
th

e
sm

allest
elem

en
ts

of
M

lm
corresp

on
d

to
d
irection

s
alon

g
w

h
ich

β
is

least
restricted

b
y
β
′M

lm
β
≤
r

lm

(E
q

7.5),
as

w
ell

as
th

e
d
irection

s
alon

g
w

h
ich

x
is

m
o
st

restricted
b
y
x
′M
−

1
lm
x
≤
rX

(L
em

m
a

17).

7
.4

.
R

e
g
re

ssio
n

M
o
d

e
ls

in
a

R
e
p

ro
d

u
c
in

g
K

e
rn

e
l

H
ilb

e
rt

S
p

a
c
e

(R
K

H
S

)

W
e

n
ow

ex
p
an

d
ou

r
scop

e
of

m
o
d
el

classes
b
y

con
sid

erin
g

regression
m

o
d
els

in
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

(R
K

H
S
),

w
h
ich

allow
for

n
on

lin
ear

an
d

n
on

ad
d
itive

featu
res

of
th

e
covariates.

W
e

sh
ow

th
at,

as
in

S
ection

7.3,
m

in
im

izin
g

a
lin

ear
com

b
in

ation
of
ê

o
rig (f

)
an

d
ê

sw
itch (f

)
across

m
o
d
els

f
in

th
is

class
can

b
e

ex
p
ressed

as
a

Q
P

1Q
C

,
w

h
ich

allow
s

u
s

to
im

p
lem

en
t

th
e

b
in

ary
search

p
ro

ced
u
re

of
S
ection

s
6.1

&
6.2.

F
irst

w
e

in
tro

d
u
ce

n
otation

req
u
ired

to
d
escrib

e
regression

in
a

R
K

H
S
.
L

et
D

b
e

a
(R
×
p
)

m
atrix

rep
resen

tin
g

a
p
re-sp

ecifi
ed

d
iction

ary
of
R

referen
ce

p
oin

ts,
su

ch
th

at
each

row
of

D
is

con
tain

ed
in
X

=
R
p.

L
et
k

b
e

a
p
re-sp

ecifi
ed

p
ositiv

e
d
efi

n
ite

kern
el

fu
n
ction

,
an

d
let

µ

2
8
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

b
e

a
p
re

sp
ec

ifi
ed

es
ti

m
at

e
of

EY
.

L
et

K
D

b
e

th
e
R
×
R

m
at

ri
x

w
it

h
K

D
[i
,j

]
=
k
(D

[i
,·]
,D

[j
,·]

).
W

e
co

n
si

d
er

p
re

d
ic

ti
on

m
o
d
el

s
of

th
e

fo
ll
ow

in
g

fo
rm

,
w

h
er

e
th

e
d
is

ta
n
ce

to
ea

ch
re

fe
re

n
ce

p
oi

n
t

is
u
se

d
as

a
re

gr
es

si
on

fe
at

u
re

:

F D
,r
k

=

{
f α

:
f α

(x
)

=
µ

+
R ∑ i=

1

k
( x
,D

[i
,·]
) α

[i
],
‖f
α
‖ k
≤
r k
,

α
∈
R
R

}
.

(7
.6

)

A
b

ov
e,

th
e

n
or

m
‖f
α
‖ k

is
d
efi

n
ed

as

‖f
α
‖ k

:=
R ∑ i=

1

R ∑ j=
1

α
[i

]α
[j

]k
(D

[i
,·]
,D

[j
,·]

)
=
α
′ K

D
α
.

(7
.7

)

In
th

e
n
ex

t
tw

o
se

ct
io

n
s,

w
e

sh
ow

th
at

b
ou

n
d
s

on
em

p
ir

ic
al

M
C

R
ca

n
ag

ai
n

b
e

tr
ac

ta
b
ly

co
m

p
u
te

d
fo

r
th

is
cl

as
s,

an
d

th
at

th
e

lo
ss

fo
r

m
o
d
el

s
in

th
is

cl
as

s
ca

n
b

e
fe

a
si

b
ly

u
p
p

er
b

ou
n
d
ed

.

7
.4
.1
.
C
a
l
c
u
l
a
t
in
g

M
C
R

A
ga

in
,

ca
lc

u
la

ti
n
g

b
ou

n
d
s

on
M̂
R

fr
om

L
em

m
as

9
&

13
re

q
u
ir

es
u
s

to
b

e
ab

le
to

m
in

im
iz

e
ar

b
it

ra
ry

li
n
ea

r
co

m
b
in

at
io

n
s

of
ê o

ri
g
(f
α
)

a
n
d
ê s

w
it

ch
(f
α
).

G
iv

en
a

si
ze

-n
sa

m
p
le

of
te

st
ob

se
rv

at
io

n
s

Z
=
[

y
X
] ,

le
t

K
o
ri

g
b

e
th

e
n
×
R

m
a-

tr
ix

w
it

h
el

em
en

ts
K

o
ri

g
[i
,j

]
=
k
( X

[i
,·]
,D

[j
,·]
) .

L
et

Z
sw

it
ch

=
[

y
sw

it
ch

X
sw

it
ch

]
b

e
th

e
(n

(n
−

1)
)
×

(1
+
p
)

m
at

ri
x

w
it

h
ro

w
s

th
at

co
n
ta

in
th

e
se

t
{(

y
[i

],
X

1
[j
,·]
,X

2
[i
,·]

)
:
i,
j
∈

{1
,.
..
,n
}

an
d
i
6=
j}

.
F

in
al

ly
,

le
t

K
sw

it
ch

b
e

th
e
n

(n
−

1)
×
R

m
at

ri
x

w
it

h
K

sw
it

ch
[i
,j

]
=

k
( X

sw
it

ch
[i
,·]
,D

[j
,·]
) .

F
or

an
y

tw
o

co
n
st

an
ts
ξ o

ri
g
,ξ

sw
it

ch
∈
R

,
w

e
ca

n
sh

ow
th

at
m

in
im

iz
in

g
th

e
li
n
ea

r
co

m
b
i-

n
at

io
n
ξ o

ri
g
ê o

ri
g
(f
α
)+

ξ s
w

it
ch
ê s

w
it

ch
(f
α
)

ov
er
F D

,r
k

is
eq

u
iv

al
en

t
to

th
e

m
in

im
iz

at
io

n
p
ro

b
le

m

m
in

im
iz

e
ξ o

ri
g

n
‖y
−
µ
−

K
o
ri

g
α
‖2 2

+
ξ s

w
it

ch

n
(n
−

1)
‖y

sw
it

ch
−
µ
−

K
sw

it
ch
α
‖2 2

(7
.8

)

su
b

je
ct

to
α
′ K

D
α
<
r k
.

(7
.9

)

L
ik

e
P

ro
b
le

m
7.

5,
P

ro
b
le

m
7.

8-
7.

9
is

a
Q

P
1Q

C
.

T
o

sh
ow

E
q
s

7.
8-

7
.9

,
w

e
fi
rs

t
w

ri
te

ê o
ri

g
(f
α
)

as

ê o
ri

g
(f
α
)

=
1 n

n ∑ i=
1

{ y
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ê

d
iv

id
e

in
ou

r
calcu

lation
of
M̂
R

(see
E

q
3.5).

U
n
su

rp
risin

gly,

th
e

cla
ssifi

er
fi
t

w
ith

ou
t

u
sin

g
X

1
(b

lu
e

d
ash

ed
lin

e)
h
as

a
m

o
d
el

relian
ce

of
M̂
R

(f̂
2 )

=
1.

T
h
e

referen
ce

m
o
d
el
f

ref
(d

otted
b
lack

lin
e)

h
as

a
m

o
d
el

relian
ce

of
M̂
R

(f
ref )

=
3.47.

E
ach

M̂
R

va
lu

e
h
a
s

an
in

terp
retation

con
tain

ed
to

a
sin

gle
m

o
d
el.

T
h
at

is,
M̂
R

com
p
ares

a
sin

gle
m

od
el’s

b
eh

av
ior

u
n
d
er

d
iff

eren
t

d
ata

d
istrib

u
tion

s,
rath

er
th

an
th

e
A

R
ap

p
roach

of
co

m
p
a
rin

g
d
iff

eren
t

m
od

els’
b

eh
av

ior
on

m
argin

al
d
istrib

u
tion

s
from

a
sin

gle
join

t
d
istri-

b
u
tio

n
.

W
e

illu
strate

M
C

R
in

F
igu

re
6-B

.
In

con
trast

to
A

R
,

M
C

R
is

o
n
ly

ev
er

a
fu

n
ction

o
f

w
ell-p

erfo
rm

in
g

p
red

iction
m

o
d
els.

H
ere,

w
e

con
sid

er
th

e
em

p
irical

ε-R
ash

om
on

set
R̂

(ε,f
ref ,F

d
3 ),

th
e

su
b
set

of
m

o
d
els

in
F
d
3

w
ith

test
loss

n
o

m
ore

th
an

ε
ab

ove
th

at
of
f

ref .
W

e
sh

ow
th

e
classifi

cation
b

ou
n
d
ary

asso
ciated

w
ith

15
w

ell-p
erform

in
g

m
o
d
els

con
tain

ed
in
R̂

(ε,f
ref ,F

d
3 )

b
y

th
e

gray
solid

lin
es.

W
e

also
sh

ow
tw

o
of

th
e

m
o
d
els

in
R̂

(ε,f
ref ,F

d
3 )

th
a
t

a
p
p
rox

im
a
tely

m
ax

im
ize

an
d

m
in

im
ize

em
p
irical

relian
ce

on
X

1
am

on
g

m
o
d
els

in
R̂

(ε,f
ref ,F

d
3 ).

W
e

d
en

ote
th

ese
m

o
d
els

as
f̂

+
,ε

an
d
f̂−

,ε ,
an

d
m

ark
th

em
b
y

th
e

solid
green

a
n
d

d
a
sh

ed
g
reen

lin
es

resp
ectiv

ely.
F

or
every

m
o
d
el

sh
ow

n
in

F
igu

re
6-B

,
w

e
also

m
ark

its
m

o
d
el

relia
n
ce

in
F

igu
re

6-C
.

W
e

can
th

en
see

from
F

igu
re

6-C
th

at
M̂
R

for
each

m
o
d
el

in
R̂

(ε,f
ref ,F

d
3 )

is
con

tain
ed

b
etw

een
M̂
R

(f̂−
,ε )

an
d
M̂
R

(f̂
+
,ε ),

u
p

to
a

sm
all

ap
p
rox

im
ation

erro
r.
In

su
m

m
a
ry,

u
n
like

A
R

,
M

C
R

is
on

ly
a

fu
n
ction

of
m

o
d
els

th
at

fi
t

th
e

d
ata

w
ell.

35
JM

L
R

 20(177):1-81, 2019

F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

●

●

●

●

●

●

●

●

● ●

●
●

●

● ●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●

● ●

●
●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●
●

● ●●
●

●

●

●
●

●

●

●
●

●●●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

−
1.5

−
1.0

−
0.5

0.0
0.5

1.0
1.5

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

X
1

X2

(A
) A

lgorithm
 reliance (A

R
)

fref

f̂1f̂2

E
xam

ple: A
R

, M
C

R
 &

 M
R

 for polynom
ial classifiers

●

●

●

●

●

●

●

●

● ●

●
●

●

● ●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●

● ●

●
●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●
●

● ●●
●

●

●

●
●

●

●

●
●

●●●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

−
1.5

−
1.0

−
0.5

0.0
0.5

1.0
1.5

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

X
1

X2

(B
) M

odel class reliance (M
C

R
)

good

f̂+
,ε

f̂−
,ε

(C
) M

odel
reliance (M

R
)

MR
1.0 1.5 2.0 2.5 3.0 3.5 4.0

● ●●●● ●● ● ●●●● ●●● ●

●●

fref
good

f̂+
,ε

f̂−
,ε

f̂1f̂2

F
igu

re
6:

E
x
am

p
le

of
A

R
,

M
C

R
&

M
R

for
p

oly
n
om

ial
classifi

ers.
P

an
els

(A
)

&
(B

)
sh

ow
th

e
sam

e
300

d
raw

s
from

a
sim

u
lated

d
ata

set,
w

ith
th

e
classifi

cation
of

each
d
ata

p
oin

t
m

arked
b
y

“x
”

for
Y

=
1,

an
d

“o”
for

Y
=
−

1.
In

P
an

el
(A

),
for

A
R

,
w

e
sh

ow
sin

gle-featu
re

m
o
d
els

form
ed

b
y

d
rop

p
in

g
a

covariate.
B

ecau
se

th
ese

m
o
d
els

take
on

ly
a

sin
gle

in
p
u
t,

w
e

rep
resen

t
th

eir
classifi

cation
b

ou
n
d
aries

as
straigh

t
lin

es.
In

P
an

el
(B

),
for

M
C

R
,

w
e

sh
ow

th
e

cla
ssifi

cation
b

o
u
n
d
aries

for
several

(tw
o-featu

re)
m

o
d
els

w
ith

low
in

-sam
p
le

loss.
O

f
th

ese
m

o
d
els,

th
e

m
o
d
el

w
ith

m
in

im
al

d
ep

en
d
en

ce
on

X
1

is
sh

ow
n

b
y

th
e

d
ash

ed
green

oval,
an

d
th

e
m

o
d
el

w
ith

m
ax

im
al

d
ep

en
d
en

ce
on

X
1

is
sh

ow
n

b
y

th
e

solid
green

oval.
P

an
el

(C
)

sh
ow

s
th

e
em

p
irical

m
o
d
el

relian
ce

on
X

1
for

each
of

th
e

m
o
d
els

in
P

an
els

(A
)

&
(B

).
W

e
see

in
P

an
el

(C
)

th
a
t,

as
ex

p
ected

,
n
o

w
ell-p

erform
in

g
m

o
d
el

relies
(em

p
irically

)
on

X
1

m
ore

th
an

f̂
+
,ε

d
o
es,

or
relies

(em
p
irically

)
on

X
1

less
th

an

f̂−
,ε

d
o
es.

T
h
at

is,
n
o

w
ell-p

erform
in

g
m

o
d
el

h
as

an
em

p
irical

M
R

valu
e

greater

th
an

M̂
C
R

+
(ε),

or
less

th
an

M̂
C
R
−

(ε).

9
.2

.
S

im
u

la
tio

n
s

o
f

B
o
o
tstra

p
C

o
n
fi

d
e
n

c
e

In
te

rv
a
ls

In
th

is
section

w
e

stu
d
y

th
e

p
erform

an
ce

of
M

C
R

u
n
d
er

m
o
d
el

class
m

issp
ecifi

cation
.

O
u
r

goal
w

ill
b

e
to

estim
ate

h
ow

m
u
ch

th
e

con
d
ition

al
ex

p
ectation

fu
n
ction

f
0 (x

)
=

E
(Y
|X

=
x

)
relies

on
su

b
sets

of
covariates.

G
iven

a
referen

ce
m

o
d
el
f

ref
an

d
m

o
d
el

classF
,

ou
r

ab
ility

to
d
escrib

e
M
R

(f
0 )

w
ill

h
in

ge
on

tw
o

con
d
ition

s:

C
o
n

d
itio

n
2
0

(N
early

correct
m

o
d
el

class)
T

h
e

cla
ssF

co
n

ta
in

s
a

w
ell-perfo

rm
in

g
m

od
el

f̃
∈
R

(ε,f
ref ,F

)
sa

tisfyin
g
M
R

(f̃
)

=
M
R

(f
0 )

(see
E

q
4
.1

).

C
o
n

d
itio

n
2
1

(B
o
otstrap

coverage)
B

oo
tstra

p
C

Is
fo

r
em

p
irica

l
M

C
R

give
a
p
p
ro

p
ria

te
co

vera
ge

o
f

po
p
u

la
tio

n
-level

M
C

R
.

3
6

JM
L

R
 20(177):1-81, 2019



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

C
on

d
it

io
n

20
en

su
re

s
th

at
th

e
in

te
rv

a
l

[M
C
R
−

(ε
),
M
C
R

+
(ε

)]
co

n
ta

in
s
M
R

(f
0
),

an
d

C
on

d
it

io
n

21
en

su
re

s
th

at
th

is
in

te
rv

al
ca

n
b

e
es

ti
m

at
ed

in
fi
n
it

e
sa

m
p
le

s.
C

on
d
it

io
n

20
ca

n
al

so
b

e
in

te
rp

re
te

d
as

sa
y
in

g
th

at
th

e
m

o
d
el

re
li
an

ce
va

lu
e

of
M
R

(f
c
)

is
“w

el
l
su

p
p

o
rt

ed
”

b
y

th
e

cl
as

s
F

,
ev

en
if
F

d
o
es

n
ot

co
n
ta

in
f 0

.
O

u
r

p
ri

m
ar

y
go

al
is

to
a
ss

es
s

w
h
et

h
er

C
Is

d
er

iv
ed

fr
om

M
C

R
ca

n
gi

ve
ap

p
ro

p
ri

at
e

co
ve

ra
ge

of
M
R

(f
0
),

w
h
ic

h
d
ep

en
d
s

on
b

ot
h

co
n
d
it

io
n
s.

A
s

a
se

co
n
d
ar

y
go

al
,

w
e

al
so

w
ou

ld
li
k
e

to
b

e
ab

le
to

as
se

ss
C

on
d
it

io
n
s

20
&

21
in

d
iv

id
u
a
ll
y.

V
er

if
y
in

g
th

e
ab

ov
e

co
n
d
it

io
n
s

re
q
u
ir

es
th

at
w

e
ar

e
ab

le
to

ca
lc

u
la

te
p

op
u
la

ti
on

-l
ev

el
M

C
R

.
T

o
th

is
en

d
,

w
e

d
ra

w
sa

m
p
le

s
w

it
h

re
p
la

ce
m

en
t

fr
om

a
fi
n
it

e
p

op
u
la

ti
on

of
20

,0
00

ob
se

rv
at

io
n
s,

in
w

h
ic

h
M

C
R

ca
n

al
so

b
e

ca
lc

u
la

te
d

d
ir

ec
tl

y.
T

o
d
er

iv
e

a
C

I
b
as

ed
on

M
C

R
,

w
e

d
iv

id
e

ea
ch

si
m

u
la

te
d

sa
m

p
le
Z s

in
to

a
tr

ai
n
in

g
su

b
se

t
an

d
an

al
y
si

s
su

b
se

t.
W

e
u
se

th
e

tr
ai

n
in

g
su

b
se

t
to

fi
t

a
re

fe
re

n
ce

m
o
d
el
f r

ef
,s

,
w

h
ic

h
is

re
q
u
ir

ed
fo

r
ou

r
d
efi

n
it

io
n

of
p

op
u
la

ti
on

-l
ev

el
M

C
R

.
W

e
ca

lc
u
la

te
a

b
o
ot

st
ra

p
C

I
b
y

d
ra

w
in

g
50

0
b

o
ot

st
ra

p
sa

m
p
le

s
fr

om
th

e
an

al
y
si

s
su

b
se

t,
an

d
co

m
p
u
ti

n
g
M̂
C
R
−

(ε
)

an
d
M̂
C
R

+
(ε

)
in

ea
ch

b
o
ot

st
ra

p
sa

m
p
le

b
y

op
ti

m
iz

in
g

ov
er
R̂

(ε
,f

re
f,
s
,F

).
W

e
th

en
ta

ke
th

e
2.

5%
p

er
ce

n
ti

le
of
M̂
C
R
−

(ε
)

va
lu

es
ac

ro
ss

b
o
ot

st
ra

p
sa

m
p
le

s,
an

d
th

e
97

.5
%

p
er

ce
n
ti

le
of
M̂
C
R

+
(ε

)
va

lu
es

ac
ro

ss
b

o
ot

st
ra

p
sa

m
p
le

s,
as

th
e

lo
w

er
an

d
u
p
p

er
en

d
p

oi
n
ts

of
ou

r
C

I,
re

sp
ec

ti
ve

ly
.

W
e

re
p

ea
t

th
is

p
ro

ce
d
u
re

fo
r

b
ot

h
X

1
an

d
X

2
.

W
e

ge
n
er

at
e

d
at

a
ac

co
rd

in
g

to
a

m
o
d
el

w
it

h
in

cr
ea

si
n
g

am
ou

n
ts

of
n
on

li
n
ea

ri
ty

.
F

or
γ
∈
{0
,0
.1
,0
.2
,0
.3
,0
.4
,0
.5
},

w
e

si
m

u
la

te
co

n
ti

n
u
ou

s
o
u
tc

om
es

as
Y

=
f 0

(X
)

+
E

,
w

h
er

e
f 0

is
th

e
fu

n
ct

io
n
f 0

(x
)

=
∑

p j=
1
jx

[j
]
−
γ
x

2 [j
];

th
e

co
va

ri
at

e
d
im

en
si

on
p

is
eq

u
al

to
2,

w
it

h
X

1

an
d
X

2
d
efi

n
ed

as
th

e
fi
rs

t
an

d
se

co
n
d

el
em

en
ts

of
X

;
th

e
co

va
ri

at
es
X

a
re

d
ra

w
n

fr
om

a
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
w

it
h
E(
X

1
)

=
E(
X

2
)

=
0,

V
ar

(X
1
)

=
V

ar
(X

2
)

=
0,

an
d

C
ov

(X
1
,X

2
)

=
1/

4;
an

d
E

is
a

n
or

m
a
ll
y

d
is

tr
ib

u
te

d
n
oi

se
va

ri
ab

le
w

it
h

m
ea

n
ze

ro
an

d
va

ri
an

ce
eq

u
al

to
σ

2 E
:=

V
ar

(f
0
(X

))
.

W
e

co
n
si

d
er

sa
m

p
le

si
ze

s
of
n

=
40

0
an

d
80

0,
of

w
h
ic

h
n
tr

=
20

0
or

30
0

ob
se

rv
at

io
n
s

ar
e

as
si

gn
ed

to
th

e
tr

ai
n
in

g
su

b
se

t
re

sp
ec

ti
ve

ly
.

T
o

im
p
le

m
en

t
ou

r
ap

p
ro

ac
h
,

w
e

u
se

th
e

m
o
d
el

cl
as

s
F l

m
=
{f

β
:
f β

(x
)

=
β

[1
]

+
∑

2 j=
1
x

[j
]β

[j
+

1
],
β
∈

R
3
}.

W
e

se
t

th
e

p
er

fo
rm

an
ce

th
re

sh
ol

d
ε

eq
u
al

to
0
.1
×
σ

2 E
.

W
e

re
fe

r
to

th
is

M
C

R
im

p
le

m
en

ta
ti

on
w

it
h
F l

m
as

“M
C

R
-L

in
ea

r.
”

A
s

a
co

m
p
ar

at
or

m
et

h
o
d
,

w
e

co
n
si

d
er

a
si

m
p
le

r
b

o
ot

st
ra

p
ap

p
ro

ac
h
,

w
h
ic

h
w

e
re

fe
r

to
as

“S
ta

n
d
ar

d
-L

in
ea

r.
”

H
er

e,
w

e
ta

ke
50

0
b

o
ot

st
ra

p
sa

m
p
le

s
fr

om
th

e
si

m
u
la

te
d

d
at

a
Z s

.
In

ea
ch

b
o
ot

st
ra

p
sa

m
p
le

,
in

d
ex

ed
b
y
b,

w
e

se
t

as
id

e
n
tr

tr
ai

n
in

g
p

oi
n
ts

to
tr

ai
n

a
m

o
d
el

f b
∈
F l

m
,

an
d

ca
lc

u
la

te
M̂
R

(f
b
)

fr
o
m

th
e

re
m

ai
n
in

g
d
at

a
p

oi
n
ts

.
W

e
th

en
cr

ea
te

a
95

%

b
o
ot

st
ra

p
p

er
ce

n
ti

le
C

I
fo

r
M
R

(f
0
)

b
y

ta
k
in

g
th

e
2
.5

%
an

d
97
.5

%
p

er
ce

n
ti

le
s

of
M̂
R

(f
b
)

ac
ro

ss
b

=
1,
..
.,

50
0.

9
.2
.1
.
R
e
su

lt
s

O
ve

ra
ll
,
w

e
fi
n
d

th
at

M
C

R
p
ro

v
id

es
m

or
e

ro
b
u
st

an
d

co
n
se

rv
a
ti

v
e

in
te

rv
a
ls

fo
r

th
e

re
li
an

ce
of

f 0
on
X

1
an

d
X

2
,
re

la
ti

ve
to

st
an

d
ar

d
b

o
ot

st
ra

p
ap

p
ro

ac
h
es

.
W

e
al

so
fi
n
d

th
at

h
ig

h
er

sa
m

p
le

si
ze

ge
n
er

al
ly

ex
ac

er
b
at

es
co

ve
ra

ge
er

ro
rs

d
u
e

to
m

is
sp

ec
ifi

ca
ti

on
,

as
m

et
h
o
d
s

b
ec

om
e

m
or

e
ce

rt
ai

n
of

b
ia

se
d

re
su

lt
s.

M
C

R
-L

in
ea

r
ga

ve
p
ro

p
er

co
ve

ra
ge

fo
r

u
p

to
m

o
d
er

at
e

le
ve

ls
of

m
is

sp
ec

ifi
ca

ti
on

(γ
=

0.
3
),

w
h
er

e
S
ta

n
d
ar

d
-L

in
ea

r
b

eg
an

to
b
re

ak
d
ow

n
(F

ig
u
re

7)
.

F
or

la
rg

er
le

ve
ls

of
m

is
sp

ec
ifi

ca
ti

on
(γ
≥

0.
4)

,
b

ot
h

M
C

R
-L

in
ea

r
an

d
S
ta

n
d
ar

d
-L

in
ea

r
fa

il
ed

to
gi

ve
ap

p
ro

p
ri

at
e

co
v
er

ag
e.

37
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9

F
is
h
e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

●
●

●

●

●
●

●

●
●

●

●

●
●

●

●

X
1

X
2

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
7

0.
8

0.
9

1.
0

D
eg

re
e 

of
 n

on
lin

ea
rit

y 
(γ

  v
al

ue
)

Coverage for reliance of  f0 on X1 and X2

S
am

pl
e 

S
iz

e
40

0
80

0
M

et
ho

d
●

S
ta

nd
ar

d
M

C
R

R
ob

us
tn

es
s 

of
 M

C
R

 to
 m

is
sp

ec
ifi

ca
tio

n 
du

e 
to

 n
on

lin
ea

rit
y

F
ig

u
re

7:
M

R
C

ov
er

ag
e

-
T

h
e

y
-a

x
is

sh
ow

s
co

ve
ra

ge
ra

te
fo

r
th

e
re

li
an

ce
of
f 0

o
n

ei
th

er
X

1

(l
ef

t
co

lu
m

n
)

or
X

2
(r

ig
h
t

co
lu

m
n
),

w
h
er

e
X

2
is

si
m

u
la

te
d

to
b

e
m

o
re

in
fl
u
en

ti
a
l

th
at
X

1
.

T
h
e

x
-a

x
is

sh
ow

s
in

cr
ea

si
n
g

le
ve

ls
of

m
is

sp
ec

ifi
ca

ti
on

(γ
).

A
ll

m
et

h
o
d
s

ai
m

to
h
av

e
at

le
as

t
95

%
co

ve
ra

ge
fo

r
ea

ch
sc

en
ar

io
(d

as
h
ed

h
or

iz
o
n
ta

l
li
n
e)

.

T
h
e

in
cr

ea
se

d
ro

b
u
st

n
es

s
of

M
C

R
co

m
es

at
th

e
co

st
of

w
id

er
C

Is
.

In
te

rv
a
ls

fo
r

M
C

R
-

L
in

ea
r

w
er

e
ty

p
ic

a
ll
y

la
rg

er
th

an
in

te
rv

al
s

fo
r

S
ta

n
d
ar

d
-L

in
ea

r
b
y

a
fa

ct
or

of
a
p
p
ro

x
im

a
te

ly
2-

4.
T

h
is

is
p
ar

tl
y

d
u
e

to
th

e
fa

ct
th

at
C

Is
fo

r
M

C
R

ar
e

m
ea

n
t

to
co

ve
r

th
e

ra
n
g
e

o
f

va
lu

es
[M

C
R
−

(ε
),
M
C
R

+
(ε

)]
(d

efi
n
ed

u
si

n
g
f r

ef
,s

),
ra

th
er

th
an

to
co

v
er

a
si

n
gl

e
p

o
in

t.

W
h
en

in
ve

st
ig

at
in

g
C

on
d
it

io
n
s

20
&

21
in

d
iv

id
u
al

ly
,

w
e

fi
n
d

th
at

th
e

co
v
er

a
g
e

er
ro

rs
fo

r
M

C
R

-L
in

ea
r

w
er

e
la

rg
el

y
at

tr
ib

u
ta

b
le

to
v
io

la
ti

on
s

of
C

on
d
it

io
n

20
.

C
o
n
d
it

io
n

21
ap

p
ea

rs
to

h
ol

d
co

n
se

rv
at

iv
el

y
fo

r
al

l
sc

en
ar

io
s

st
u
d
ie

d
–w

it
h
in

ea
ch

sc
en

ar
io

,
a
t

le
a
st

9
5.

9
%

of
b

o
ot

st
ra

p
C

Is
co

n
ta

in
ed

p
op

u
la

ti
on

-l
ev

el
M

C
R

.

T
h
es

e
si

m
u
la

ti
on

re
su

lt
s

h
ig

h
li
gh

t
an

as
p

ec
t

of
M

C
R

th
at

is
b

ot
h

a
st

re
n
g
th

a
n
d

a
w

ea
k
-

n
es

s:
M

C
R

is
ge

n
er

ic
.

M
C

R
d
o
es

n
ot

as
su

m
e

a
p
ar

ti
cu

la
r

m
ea

n
s

b
y

w
h
ic

h
m

is
sp

ec
ifi

ca
ti

o
n

m
ay

o
cc

u
r,

an
d

is
le

ss
p

ow
er

fu
l

th
an

se
n
si

ti
v
it

y
an

a
ly

se
s

w
h
ic

h
m

ak
e

th
at

a
ss

u
m

p
ti

o
n

co
r-

re
ct

ly
.

N
on

et
h
el

es
s,

M
C

R
st

il
l

ap
p

ea
rs

to
ad

d
ro

b
u
st

n
es

s.
F

or
su

ffi
ci

en
tl

y
st

ro
n
g

si
g
n
a
ls

,
an

in
fo

rm
at

iv
e

in
te

rv
al

m
ay

st
il
l

b
e

re
tu

rn
ed

.
In

ou
r

ap
p
li
ed

d
at

a
an

al
y
si

s,
b

el
ow

,
w

e
se

e
th

at
th

is
is

in
d
ee

d
th

e
ca

se
.

1
0
.
D
a
ta

A
n
a
ly
si
s:

R
e
li
a
n
ce

o
f
C
ri
m
in
a
l
R
e
ci
d
iv
is
m

P
re
d
ic
ti
o
n
M

o
d
e
ls

o
n
R
a
ce

a
n
d
S
e
x

E
v
id

en
ce

su
gg

es
ts

th
at

b
ia

s
ex

is
ts

a
m

on
g

ju
d
ge

s
an

d
p
ro

se
cu

to
rs

in
th

e
cr

im
in

a
l

ju
st

ic
e

sy
st

em
(S

p
oh

n
,

20
00

;
B

la
ir

et
al

.,
20

04
;

P
at

er
n
os

te
r

an
d

B
ra

m
e,

20
08

).
In

a
n

a
im

to
co

u
n
te

r
th

is
b
ia

s,
m

ac
h
in

e
le

ar
n
in

g
m

o
d
el

s
tr

ai
n
ed

to
p
re

d
ic

t
re

ci
d
iv

is
m

a
re

in
cr

ea
si

n
g
ly

3
8

JM
L

R
 2

0(
17

7)
:1

-8
1,

 2
01
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M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

b
ein

g
u
sed

to
in

form
ju

d
ges’

d
ecision

s
on

p
retrial

release,
sen

ten
cin

g,
an

d
p
arole

(M
on

ah
an

a
n
d

S
k
eem

,
2
0
1
6;

P
icard

-F
ritsch

e
et

al.,
2017).

Id
eally,

p
red

iction
m

o
d
els

can
avoid

h
u
m

an
b
ia

s
a
n
d

p
rov

id
e

ju
d
ges

w
ith

em
p
irically

tested
to

ols.
B

u
t

p
red

iction
m

o
d
els

can
also

m
irro

r
th

e
b
ia

ses
of

th
e

so
ciety

th
at

gen
erates

th
eir

train
in

g
d
ata

,
an

d
p

erp
etu

ate
th

e
sa

m
e

b
ia

s
a
t

scale.
In

th
e

case
of

recid
iv

ism
,

if
arrest

rates
across

d
em

ograp
h
ic

grou
p
s

a
re

n
o
t

rep
resen

ta
tive

of
u
n
d
erly

in
g

crim
e

rate
(B

eckett
et

al.,
2006;

R
am

ch
an

d
et

al.,
2006;

U
.S

.
D

ep
a
rtm

en
t

of
J
u
stice

-
C

iv
il

R
igh

ts
D

ev
ision

,
2016),

th
en

b
ias

can
b

e
created

in
b

o
th

(1
)

th
e

o
u
tcom

e
variab

le,
fu

tu
re

crim
e,

w
h
ich

is
m

easu
red

im
p

erfectly
v
ia

arrests
or

co
n
v
ictio

n
s,

a
n
d

(2)
th

e
covariates,

w
h
ich

in
clu

d
e

th
e

n
u
m

b
er

of
p
rior

con
v
iction

s
on

a
d
efen

d
a
n
t’s

record
(C

orb
ett-D

av
ies

et
al.,

2016;
L

u
m

an
d

Isaac,
2016).

F
u
rth

er,
w

h
en

a
p
red

iction
m

o
d
el’s

b
eh

av
ior

an
d

m
ech

an
ism

s
are

an
op

aq
u
e

b
lack

b
ox

,
th

e
m

o
d
el

can
evad

e
scru

tin
y,

a
n
d

fa
il

to
off

er
recou

rse
or

ex
p
lan

a
tion

s
to

in
d
iv

id
u
als

rated
as

“h
igh

risk
.”

W
e

fo
cu

s
h
ere

on
th

e
issu

e
of

tran
sp

aren
cy,

w
h
ich

tak
es

an
im

p
ortan

t
role

in
th

e
recen

t
d
eb

a
te

a
b

o
u
t

th
e

p
rop

rietary
recid

iv
ism

p
red

iction
to

ol
C

O
M

P
A

S
(L

arson
et

a
l.,

20
16;

C
o
rb

ett-D
av

ies
et

al.,
2016).

W
h
ile

C
O

M
P

A
S

is
k
n
ow

n
to

n
ot

rely
ex

p
licitly

on
race,

th
ere

is
co

n
cern

th
a
t

it
m

ay
rely

im
p
licitly

on
race

v
ia

p
rox

ies–variab
les

statistically
d
ep

en
d
en

t
w

ith
ra

ce
(see

fu
rth

er
d
iscu

ssion
in

S
ection

11).

O
u
r

g
o
a
l

is
to

id
en

tify
b

ou
n
d
s

for
h
ow

m
u
ch

C
O

M
P

A
S

relies
on

d
iff

eren
t

covariate
su

b
-

sets,
eith

er
im

p
licitly

or
ex

p
licitly,

u
n
d
er

certain
assu

m
p
tion

s
(d

efi
n
ed

b
elow

).
W

e
an

aly
ze

a
p
u
b
lic

d
ata

set
of

d
efen

d
an

ts
from

B
row

ard
C

ou
n
ty,

F
lorid

a,
in

w
h
ich

C
O

M
P

A
S

scores
h
ave

b
een

reco
rd

ed
(L

arson
et

al.,
2016).

W
ith

in
th

is
d
ata

set,
w

e
o
n
ly

in
clu

d
ed

d
efen

d
an

ts
m

easu
red

a
s

A
frican

-A
m

erican
or

C
au

casian
(3,373

in
total)

d
u
e

to
sp

arsen
ess

in
th

e
re-

m
ain

in
g

ca
teg

o
ries.

T
h
e

ou
tcom

e
of

in
terest

(Y
)

is
th

e
C

O
M

P
A

S
v
iolen

t
recid

iv
ism

score.
O

f
th

e
ava

ila
b
le

covariates,
w

e
con

sid
er

th
ree

variab
les

w
h
ich

w
e

refer
to

a
s

“ad
m

issib
le”:

an
in

d
iv

id
u
a
l’s

a
g
e,

th
eir

n
u
m

b
er

of
p
riors,

an
d

an
in

d
icator

of
w

h
eth

er
th

e
cu

rren
t

ch
arge

is
a

felo
n
y.

W
e

a
lso

con
sid

er
tw

o
variab

les
w

h
ich

w
e

refer
to

as
“in

ad
m

issib
le”

:
an

in
d
iv

id
u
al’s

ra
ce

a
n
d

sex
.

O
u
r

lab
els

of
“ad

m
issib

le”
an

d
“in

ad
m

issib
le”

are
n
ot

in
ten

d
ed

to
b

e
legally

p
recise–

in
d
eed

,
th

e
b

ou
n
d
ary

b
etw

een
th

ese
ty

p
es

of
lab

els
is

n
ot

alw
ay

s
clear

(see
S
ection

1
0
.2

).
W

e
co

m
p
u
te

em
p
irical

M
C

R
an

d
A

R
for

each
variab

le
grou

p
,

as
w

ell
as

b
o
otstrap

C
Is

fo
r

M
C

R
(see

S
ection

9.2).

T
o

co
m

p
u
te

em
p
irical

M
C

R
an

d
A

R
,

w
e

con
sid

er
a

fl
ex

ib
le

class
of

lin
ear

m
o
d
els

in
a

R
K

H
S

to
p
red

ict
th

e
C

O
M

P
A

S
score

(d
escrib

ed
in

m
ore

d
etail

b
elow

).
G

iven
th

is
class,

th
e

M
C

R
ra

n
g
e

(S
ee

E
q

2.2)
cap

tu
res

th
e

h
igh

est
an

d
low

est
d
eg

ree
to

w
h
ich

a
n
y

m
o
d
el

in
th

e
cla

ss
m

ay
rely

on
each

covariate
su

b
set.

W
e

assu
m

e
th

at
ou

r
cla

ss
con

tain
s

at
lea

st
o
n
e

m
o
d
el

th
at

relies
on

“in
ad

m
issib

le
va

riab
les”

to
th

e
sam

e
ex

ten
t

th
at

C
O

M
P

A
S

relies
eith

er
o
n

“in
ad

m
issib

le
variab

les”
or

on
p
rox

ies
th

at
are

u
n
m

easu
red

in
ou

r
sam

p
le

(a
n
a
lo

g
o
u
s

to
C

on
d
ition

20).
W

e
m

ake
th

e
sam

e
assu

m
p
tion

for
“ad

m
issib

le
va

riab
les.”

T
h
ese

a
ssu

m
p
tion

s
can

b
e

in
terp

reted
as

say
in

g
th

at
th

e
relian

ce
valu

es
of

C
O

M
P

A
S

are
rela

tively
“
w

ell
su

p
p

orted
”

b
y

ou
r

ch
osen

m
o
d
el

class,
an

d
allow

s
u
s

to
id

en
tify

b
ou

n
d
s

o
n

th
e

M
R

va
lu

es
for

C
O

M
P

A
S
.

W
e

also
con

sid
er

th
e

m
ore

con
v
en

tion
al,

b
u
t

less
rob

u
st

a
p
p
ro

a
ch

o
f

A
R

(S
ection

3.2),
th

at
is,

h
ow

m
u
ch

w
o
u
ld

th
e

accu
racy

su
ff

er
fo

r
a

m
o
d
el-

fi
ttin

g
a
lg

o
rith

m
train

ed
on

C
O

M
P

A
S

score
if

a
variab

le
su

b
set

w
as

rem
oved

?

T
h
ese

co
m

p
u
tation

s
req

u
ire

th
at

w
e

p
red

efi
n
e

ou
r

loss
fu

n
ction

,
m

o
d
el

class,
an

d
p

er-
fo

rm
a
n
ce

th
resh

old
.

W
e

d
efi

n
e

M
R

,
M

C
R

,
an

d
A

R
in

term
s

of
th

e
sq

u
ared

error
loss

L
(f
,(y

,x
1 ,x

2 ))
=
{
y−

f
(x

1 ,x
2 )}

2.
W

e
d
efi

n
e

ou
r

m
o
d
el

classF
D
,r
k

in
th

e
form

of
E

q
7.6,

3
9

JM
L

R
 20(177):1-81, 2019

F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

w
h
ere

w
e

d
eterm

in
e

D
,
µ

,
k
,

an
d
r
k

b
ased

on
a

su
b
setS

of
500

tra
in

in
g

ob
servation

s.
W

e
set

D
eq

u
al

to
th

e
m

atrix
of

covariates
from

S
;

w
e

set
µ

eq
u
al

to
th

e
m

ean
of
Y

in
S

;
w

e
set

k
eq

u
al

to
th

e
rad

ial
b
asis

fu
n
ction

k
σ
s (x

,x̃
)

=
ex

p (−
‖
x−

x̃‖
2

2
σ
s

)
,

w
h
ere

w
e

ch
o
ose

σ
s

to
m

in
-

im
ize

th
e

cross-valid
ated

loss
of

a
N

ad
araya-W

atson
kern

el
regression

(H
astie

et
al.,

2009)
fi
t

to
S

;
an

d
w

e
select

th
e

p
aram

eters
r
k

b
y

cross-valid
ation

on
S

.
W

e
set

ε
eq

u
al

to
0.1

tim
es

th
e

cross-valid
ated

loss
on
S

.
A

lso
u
sin

g
S

,
w

e
train

a
referen

ce
m

o
d
el
f

ref ∈
F
D
,r
k .

U
sin

g
th

e
h
eld

-ou
t

2,873
ob

servation
s,

w
e

th
en

estim
ate

M
R

(f
ref )

an
d

M
C

R
forF

D
,r
k .

T
o

calcu
late

A
R

,
w

e
train

m
o
d
els

from
F
D
,r
k

u
sin

g
S

,
an

d
evalu

a
te

th
eir

p
erform

an
ce

in
th

e
h
eld

-ou
t

ob
servation

s.

1
0
.1

.
R

e
su

lts

O
u
r

resu
lts

im
p
ly

th
at

race
an

d
sex

p
lay

som
ew

h
ere

b
etw

een
a

n
u
ll

role
an

d
a

m
o
d
est

role
in

d
eterm

in
in

g
C

O
M

P
A

S
score,

b
u
t

th
at

th
ey

are
less

im
p

ortan
t

th
an

“ad
m

issib
le”

factors
(F

igu
re

8).
A

s
a

b
en

ch
m

ark
for

com
p
arison

,
th

e
em

p
irical

M
R

of
f

ref
is

eq
u
al

to
1.09

for
“in

ad
m

issib
le

variab
les,”

an
d

2.78
for

“
ad

m
issib

le
variab

les.”
T

h
e

A
R

is
eq

u
al

to
0.94

an
d

1.87
for

“in
ad

m
issib

le”
an

d
“ad

m
issib

le”
variab

les
resp

ectively,
rou

gh
ly

in
agreem

en
t

w
ith

M
R

.
T

h
e

M
C

R
ran

ge
for

“in
ad

m
issib

le
va

riab
les”

is
eq

u
al

to
[1.00,1.56],

in
d
icatin

g
th

at
fo

r
a
n

y
m

od
el

in
F
D
,r
k

w
ith

em
p
irical

loss
n
o

m
ore

th
a
n
ε

ab
ove

th
at

of
f

ref ,
th

e
m

o
d
el’s

loss
can

in
crease

b
y

n
o

m
ore

th
an

56%
if

race
an

d
sex

are
p

erm
u
ted

.
S
u
ch

a
statem

en
t

can
n
ot

b
e

m
ad

e
solely

b
ased

on
A

R
or

M
R

m
eth

o
d
s,

as
th

ese
m

eth
o
d
s

d
o

n
ot

u
p
p

er
b

ou
n
d

th
e

relian
ce

valu
es

of
w

ell-p
erform

in
g

m
o
d
els.

T
h
e

b
o
otstrap

95%
C

I
for

M
C

R
on

“in
ad

m
issib

le
variab

les”
is

[1.00,
1.73].

T
h
u
s,

u
n

d
er

o
u

r
a
ssu

m
p
tio

n
s,

if
C

O
M

P
A

S
relied

o
n

sex,
ra

ce,
o
r

th
eir

u
n

m
ea

su
red

p
ro

xies
by

a
fa

cto
r

grea
ter

th
a
n

1
.7

3
,

th
en

in
terva

ls
a
s

lo
w

a
s

w
h
a
t

w
e

o
bserve

w
o
u

ld
occu

r
w

ith
p
ro

ba
bility

<
0
.05.

F
or

“ad
m

issib
le

variab
les”

th
e

M
C

R
ran

ge
is

eq
u
al

to
[1.77,3.61],

w
ith

a
95%

b
o
otstrap

C
I

of
[1.62,

3.96].
U

n
d
er

o
u

r
a
ssu

m
p
tio

n
s,

th
is

im
p
lies

if
C

O
M

P
A

S
relied

o
n

a
ge,

n
u

m
ber

o
f

p
rio

rs,
felo

n
y

in
d
ica

tio
n

,
o
r

th
eir

u
n

m
ea

su
red

p
ro

xies
by

a
fa

cto
r

lo
w

er
th

a
n

1
.7

7
,

th
en

in
terva

ls
a
s

h
igh

a
s

w
h
a
t

w
e

o
bserve

w
o
u

ld
occu

r
w

ith
p
ro

ba
bility

<
0
.05.
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h
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.
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w
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d
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b
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b
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re
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p
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b
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b
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b
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h
en

es
ti

m
a
ti

n
g

42
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9



M
o
d
e
l
C
l
a
ss

R
e
l
ia
n
c
e

M
C

R
in

th
e

secon
d

su
b
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p
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d
b
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p
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p
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d
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d
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d
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d
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b
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b
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b
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d
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d
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d
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alizin
g

R
ash

om
on

sets
(D

o
n
g

a
n
d

R
u
d
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b
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R
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R
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b
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d
b
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p
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p
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b
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n
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b
ers

(for
ex

am
p
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d
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d
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r
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p
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S
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d
a
n
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p
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u
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c
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p
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c
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p
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d
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d
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d
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b
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d
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∈
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b
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u
d
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d
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p
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u
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con
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e
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p
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ollow
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con
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at
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[i,·] )}

,
(A

.2)

w
h
ich

om
its

th
e

in
d
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con
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∈
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b
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at
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con
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p
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u
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m
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b
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b
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b
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p
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b
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−
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=
n
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b
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p
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p
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−

(ε
be

st
)
−
Q

be
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d
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p
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ê o

ri
g
(f

)
ca

n
b

e
ea

si
ly

d
et

er
m

in
ed

u
si

n
g

re
su

lt
s

fo
r

U
-s

ta
ti

st
ic

s,
w

it
h
ou

t
th

e
u
se

of
th

e
d
el

ta
m

et
h
o
d

(D
or

fm
an

,
19

38
;

L
eh

m
an

n
an

d
C

as
el

la
,

20
06

;
se

e
al

so
V

er
H

o
ef

,
20

12
).

45
JM

L
R

 2
0(

17
7)

:1
-8

1,
 2

01
9

F
is
h
e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

E
st

im
at

es
in

th
e

fo
rm

of
M̂
R

d
iff

er
en

ce
(f

)
w

il
l

al
so

b
e

m
or

e
st

ab
le

w
h
en

m
in
f
∈F

e o
ri

g
(f

)
is

sm
al

l,
re

la
ti

ve
to

es
ti

m
at

es
fo

r
th

e
ra

ti
o-

b
a
se

d
d
efi

n
it

io
n

of
M

R
.
T

o
im

p
ro

ve
in

te
rp

re
ta

b
il
it

y,
w

e
m

ay
al

so
n
or

m
al

iz
e
M
R

d
iff

er
en

ce
(f

)
b
y

d
iv

id
in

g
b
y

th
e

va
ri

an
ce

of
Y

,
w

h
ic

h
ca

n
b

e
ea

si
ly

es
ti

m
at

ed
w

it
h
ou

t
th

e
u
se

of
m

o
d
el

s,
as

in
W

il
li
am

so
n

et
al

.
(2

01
7)

.

U
n
d
er

th
e

d
iff

er
en

ce
-b

as
ed

d
efi

n
it

io
n

fo
r

M
R

(E
q

A
.4

),
th

e
re

su
lt

s
fr

o
m

T
h
eo

re
m

4
,

T
h
eo

re
m

6,
an

d
C

or
ol

la
ry

22
w

il
l

st
il
l

h
ol

d
u
n
d
er

th
e

fo
ll
ow

in
g

m
o
d
ifi

ed
d
efi

n
it

io
n
s

o
f
Q

o
u

t,
Q

in
,

an
d
Q

b
es

t:

Q
o
u

t,
d

iff
er

en
ce

:=

( 1
+

1 √
2

)
B

in
d

√
lo

g
(6
δ−

1
)

n
,

Q
in
,d

iff
er

en
ce

:=
B

in
d

  

√
lo

g
(8
δ−

1
N
( F
,r
√

2)
)

n
+

√
lo

g
(8
δ−

1
N

(F
,r

))

2n

  
+

2
r(
√

2
+

1
),

a
n
d

Q
b

es
t,

d
iff

er
en

ce
:=

( 1
+

1 √
2

)
B

in
d

√
lo

g
(1

2δ
−

1
)

n
.

R
es

p
ec

ti
ve

ly
re

p
la

ci
n
g
Q

o
u

t,
Q

in
,
Q

b
es

t,
M
R

,
an

d
M̂
R

w
it

h
Q

o
u

t,
d

iff
er

en
ce

,
Q

in
,d

iff
er

en
ce

,

Q
b

es
t,

d
iff

er
en

ce
,
M
R

d
iff

er
en

ce
an

d
M̂
R

d
iff

er
en

ce
en

ta
il
s

on
ly

m
in

or
ch

an
ge

s
to

th
e

co
rr

es
p

o
n
d
in

g
p
ro

of
s

(s
ee

A
p
p

en
d
ic

es
B

.3
,

B
.5

,
an

d
B

.4
).

T
h
e

re
su

lt
s

w
il
l
a
ls

o
h
ol

d
w

it
h
ou

t
A

ss
u
m

p
ti

o
n

3,
as

is
su

gg
es

te
d

b
y

th
e

fa
ct

th
at
b o

ri
g

an
d
B

sw
it

ch
d
o

n
ot

ap
p

ea
r

in
Q

o
u

t,
d

iff
er

en
ce

,
Q

in
,d

iff
er

en
ce

,
or
Q

b
es

t,
d

iff
er

en
ce

.

W
e

al
so

p
ro

v
e

an
an

al
og

ou
s

v
er

si
on

of
T

h
eo

re
m

5,
o
n

u
n
if

or
m

b
ou

n
d
s

fo
r
M̂
R

d
iff

er
en

ce
,

in
A

p
p

en
d
ix

B
.5

.1
.

A
.6

.
R

a
sh

o
m

o
n

S
e
ts

a
n

d
P

ro
fi

le
L

ik
e
li
h

o
o
d

In
te

rv
a
ls

W
e

n
ot

e
in

S
ec

ti
on

5.
1

th
at

,
u
n
d
er

ce
rt

ai
n

co
n
d
it

io
n
s,

th
e

C
Is

re
tu

rn
ed

fr
o
m

P
ro

p
o
si

ti
on

7
ta

ke
th

e
sa

m
e

fo
rm

as
p
ro

fi
le

li
ke

li
h
o
o
d

C
Is

(C
ok

er
et

al
.,

20
18

).
F

or
co

m
p
le

te
n
es

s,
w

e
b
ri

efl
y

re
v
ie

w
th

is
co

n
n
ec

ti
on

.
W

e
as

su
m

e
h
er

e
th

at
m

o
d
el

s
f θ
∈
F

ar
e

in
d
ex

ed
b
y

a
fi
n
it

e
d
im

en
si

on
al

p
ar

am
et

er
v
ec

to
r
θ
∈

Θ
,

w
h
er

e
θ

=
(γ
,ψ

)
co

n
ta

in
s

a
1-

d
im

en
si

o
n
a
l

p
a
ra

m
et

er
of

in
te

re
st
γ
∈
R

1
,

an
d

a
n
u
is

an
ce

p
ar

a
m

et
er
ψ
∈

Ψ
.

W
e

fu
rt

h
er

as
su

m
e

an
d

th
a
t
e o

ri
g
(f
θ
)

is
m

in
im

iz
ed

b
y

a
u
n
iq

u
e

p
ar

am
et

er
va

lu
e
θ?

=
(γ
?
,ψ

?
)
∈

Θ
,

an
d

th
at

ou
r

g
o
a
l

is
to

le
a
rn

ab
ou

t
γ
?
.

If
s θ

:=
∫ Z

ex
p
{−
L

(f
θ
,z

)}
d
z

is
fi
n
it

e
fo

r
al

l
θ
∈

Θ
,

w
e

ca
n

co
n
ve

rt
L

in
to

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n
L

:
(Z
×

Θ
)
→

R
1

sa
ti

sf
y
in

g
L(
z
;θ

)
=

ex
p
{−
L

(f
θ
,z

)}
/s
θ
.

A
s

an
ab

b
re

v
ia

ti
o
n
,

le
t

L(
Z

;θ
)

d
en

ot
e
∏
n i=

1
L(

Z
[i
,·]

;θ
).

A
d
d
it

io
n
al

ly
,

le
t
θ̂

:=
a
rg

m
in
θ
∈Θ
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ê

m
a
tch (f

)
is

u
n
b
iased

,
w

e
fi
rst

n
ote

th
at

each
su

m
m

a
tion

term
in
ê
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ê s
w

it
ch

(f
)
−
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ê
sw

itch (f
) −

e
o
rig (f

)

e
sw

itch (f
) ∣∣∣∣
>
Q

4 ]
≤
δ,

(B
.25)

P
D

[
su

p
f∈F
|{ê
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L

(f
,Z

)−
E
L

(f
,Z

)
+
{Ê
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Ê
L

(g
,Z

) ∣∣∣

≤
∣∣∣ Ê
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|ê s
w

it
ch

(f
)
−
e s

w
it

ch
(f

)|
=
|ê s
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ê s
w

it
ch

(f
)
−

e o
ri

g
(f

)

e s
w

it
ch

(f
)∣ ∣ ∣ ∣>

Q
4

]
(B

.3
5
)

=
P
( ∃
f
∈
F

:

∣ ∣ ∣ ∣
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|ê s

w
it

ch
(f

)
−
e s

w
it

ch
(f

)|
>
B

in
d

√
lo

g
(4
δ−

1
N
( F
,r
√

2
) )

n
+

2
r√

2

  

 

=
P

(
su

p
f
∈F
|ê o
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ĥ
−
,γ (ĝ−
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ê
o
rig (f

)
.

(C
.5)

N
ow

,
for

an
y
f
∈
F

satisfy
in

g
ê
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ĥ
−
,γ

(ĝ−
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(ĝ−
,γ )

ε
a
b

s
from

E
q

C
.5

M̂
R

(f
)≥

ĥ
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ĝ −

,γ
,
a
n
d
a
t
L
e
a
st

O
n
e
o
f
t
h
e
In

e
q
u
a
l
it
ie
s

in
C
o
n
d
it
io
n
8
H
o
l
d
s
w
it
h
E
q
u
a
l
it
y
,
t
h
e
n
E
q

6
.1

H
o
l
d
s
w
it
h
E
q
u
a
l
it
y
.

W
e

co
n
si

d
er

ea
ch

of
th

e
tw

o
in

eq
u
al

it
ie

s
in

C
on

d
it

io
n

8
se

p
ar

at
el

y.
If
ĥ
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ê o
ri

g
(ĝ
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ê o
ri

g
(ĝ
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(ĝ
−
,γ

1
)

+
(γ

2
−
γ

1
)ê
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ĥ
−
,γ

1
(ĝ
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(ĝ
−
,γ

1
)
≤
ε a

b
s

ĥ
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ê
d

iv
id

e
in

ou
r

d
ef-

in
itio

n
s

o
f
ĥ
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(ĝ
+
,γ )

1
+
γ
ê

sw
itch (f

)

ê
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+
,γ )

−
γ
ê
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+
,γ )

=
1γ
.

A
s

a
resu

lt,

{
ĥ
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ê s

w
it

ch
(ĝ
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ê o
ri

g
(f

)
≤
ε a

b
s,

w
e

fi
rs

t
n
o
te

th
at

h
0
,+

(g
0
,+

)
=
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(ĝ
+
,γ

)
ε a

b
s
−

1}
γ
−

1
is

M
o
n
o
t
o
n
ic
a
l
ly

In
c
r
e
a
si
n
g

in
γ
in

t
h
e

R
a
n
g
e
W

h
e
r
e
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(ĝ

+
,γ

2
)
≤
ε a

b
s.

T
h
is

im
p
li
es

1 γ
2
<

1 γ
1
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ê o

ri
g
(ĝ
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(ĝ

+
,γ

2
)
≤
γ

2
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ĥ
+
,γ

(ĝ
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ĥ
+
,γ

1
(ĝ
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(ĝ
+
,γ

)
ε a

b
s
−

1}
γ
−

1
]

is

m
on

ot
on

ic
al

ly
d
ec

re
as

in
g

in
γ

in
th

e
ra

n
ge

w
h
er

e
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ó
lik

a
n
d

T
am

ás
T

erlak
y.

A
su

rvey
of

th
e

s-lem
m

a.
S

IA
M

review
,

4
9(3):371–418,

2
0
0
7
.

R
a

jeev
R

a
m

ch
an

d
,

R
osalie

L
iccard

o
P

acu
la,

an
d

M
artin

Y
Igu

ch
i.

R
acial

d
iff

eren
ces

in
m

a
riju

a
n
a
-u

sers’
risk

of
arrest

in
th

e
u
n
ited

states.
D

ru
g

a
n

d
a
lco

h
o
l

d
epen

d
en

ce,
8
4(3):

2
6
4
–
2
7
2
,

2
0
0
6.

7
9

JM
L

R
 20(177):1-81, 2019

F
ish

e
r
,
R
u
d
in
,
a
n
d

D
o
m
in
ic
i

F
ried

rich
R

eck
n
ag

el,
M

ark
F

ren
ch

,
P

ia
H

arkon
en

,
an

d
K

en
-Ich

i
Y

ab
u
n
aka.

A
rtifi

cial
n
eu

ral
n
etw

ork
ap

p
roach

for
m

o
d
ellin

g
an

d
p
red

iction
of

algal
b
lo

om
s.

E
co

logica
l

M
od

ellin
g,

96
(1-3):11–28,

1997.

W
en

d
y

D
R

oth
an

d
J
al

D
M

eh
ta.

T
h
e

R
ash

om
on

eff
ect:

com
b
in

in
g

p
ositiv

ist
an

d
in

terp
re-

tiv
ist

ap
p
roach

es
in

th
e

an
aly

sis
of

con
tested

ev
en

ts.
S

ocio
logica

l
M

eth
od

s
&

R
esea

rch
,

31(2):131–173,
2002.

C
y
n
th

ia
R

u
d
in

.
S
top

ex
p
lain

in
g

b
lack

b
ox

m
ach

in
e

learn
in

g
m

o
d
els

for
h
igh

stak
es

d
ecision

s
an

d
u
se

in
terp

retab
le

m
o
d
els

in
stead

.
N

a
tu

re
M

a
ch

in
e

In
telligen

ce,
1:206–215,

M
ay

2019.

C
y
n
th

ia
R

u
d
in

,
C

arolin
e

W
an

g,
an

d
B

eau
C

ok
er.

T
h
e

age
of

secrecy
an

d
u
n
fairn

ess
in

recid
iv

ism
p
red

iction
.

H
a
rva

rd
D

a
ta

S
cien

ce
R

eview
,

2019.
accep

ted
.

M
ich

ele
S
card

i
an

d
L

aw
ren

ce
W

H
ard

in
g
.

D
evelop

in
g

a
n

em
p
irical

m
o
d
el

of
p
h
y
top

lan
k
ton

p
rim

ary
p
ro

d
u
ction

:
a

n
eu

ral
n
etw

ork
case

stu
d
y.

E
co

logica
l

m
od

ellin
g,

120(2):213–223,
1999.

L
esia

S
em

en
ova

an
d

C
y
n
th

ia
R

u
d
in

.
A

stu
d
y

in
rash

om
on

cu
rves

an
d

volu
m

es:
a

n
ew

p
ersp

ective
on

gen
eralization

an
d

m
o
d
el

sim
p
licity

in
m

ach
in

e
learn

in
g.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
9
0
8
.0

1
7
5
5
,

2019.

R
ob

ert
J

S
erfl

in
g.

A
p
p
ro

xim
a
tio

n
th

eo
rem

s
o
f

m
a
th

em
a
tica

l
sta

tistics.
J
oh

n
W

iley
&

S
on

s,
1980.

C
assia

S
p

oh
n
.

T
h
irty

years
of

sen
ten

cin
g

reform
:

th
e

q
u
est

for
a

racially
n
eu

tral
sen

ten
cin

g
p
ro

cess.
C

rim
in

a
l

ju
stice,

3:427–501,
2000.

A
lex

an
d
er

S
tatn

ik
ov

,
N

ik
ita

I
L

y
tk

in
,

J
an

L
em

eire,
an

d
C

on
stan

tin
F

A
liferis.

A
lgorith

m
s

for
d
iscovery

of
m

u
ltip

le
m

arkov
b

ou
n
d
aries.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
14

(F
eb

):499–566,
2013.

C
arolin

S
trob

l,
A

n
n
e-L

au
re

B
ou

lesteix
,

A
ch

im
Z

eileis,
an

d
T

orsten
H

oth
orn

.
B

ias
in

ran
-

d
om

forest
variab

le
im

p
ortan

ce
m

ea
su

res:
illu

stration
s,

sou
rces

an
d

a
solu

tion
.

B
M

C
bio

in
fo

rm
a
tics,

8(1):25,
2007.

C
arolin

S
trob

l,
A

n
n
e-L

au
re

B
ou

lesteix
,

T
h
o
m

as
K

n
eib

,
T

h
om

as
A

u
gu

stin
,

an
d

A
ch

im
Z

eileis.
C

on
d
ition

al
variab

le
im

p
ortan

ce
for

ran
d
om

forests.
B

M
C

bio
in

fo
rm

a
tics,

9
(1):307,

2008.

E
lizab

eth
A

S
tu

art.
M

atch
in

g
m

eth
o
d
s

for
cau

sal
in

feren
ce:

a
rev

iew
an

d
a

lo
ok

forw
ard

.
S

ta
tistica

l
scien

ce:
a

review
jo

u
rn

a
l

o
f

th
e

In
stitu

te
o
f

M
a
th

em
a
tica

l
S

ta
tistics,

25(1):1,
2010.

L
au

ra
T

oloşi
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re
pr
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en
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M
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m
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at
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e
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gn
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g
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nd
w
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en
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gi
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(L
eC
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19
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it
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s
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d
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re
pr
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en
ta
ti
on
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ar
ni
ng
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or
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am

pl
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to
de
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ra
te

th
at
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e
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ar
ne
d
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r
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ra
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ap
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In

th
is

ty
pe
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e
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de
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ap
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m
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ha
ve

re
la
ti
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w
el
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va
ri
at
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in
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ra
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er

im
ag
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as
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rd
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co
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at
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n
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ra
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at
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pr
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M
o
r
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N
IS

T

M
orphom

etrics
Thinning

Thickening
Swelling

Fractures

F
igure

1:
Left:

M
N
IST

m
orphom

etrics—
stroke

thickness
and

length
(not

show
n),

w
idth,

height
and

slant
of

digits.
R
ight:

M
N
IST

perturbations
(m

any
m
ore

exam
ples

of
each

type
in

A
ppendix

B
).

1.1.
C

ontrib
u
tion

s

O
ur

aim
is
to

provide
a
usefulresource

to
the

m
achine

learning
com

m
unity,opening

a
variety

of
new

avenues
for

experim
entation

and
analysis.

A
s
w
e
preserve

the
general

properties
of

M
N
IST

—
such

as
im

age
size,

file
form

at,
num

bers
of

training
and

test
im

ages,
and

the
originalten-class

classification
problem

—
w
e
hope

this
new

quantitative
fram

ew
ork

for
assessing

representation
learning

w
illexperience

w
idespread

adoption
and

m
ay

inspire
further

extensions
facilitated

by
a
publicly

available
M
orpho-M

N
IST

code
base.

1.1.1.
M

o
r
ph

o
m

et
r
ic

s

W
e
propose

to
describe

real
and

generated
digit

im
ages

in
term

s
of

m
easurable

shape
attributes.

T
hese

include
stroke

thickness
and

length,
and

the
w
idth,

height,
and

slant
of

digits
(see

F
ig.

1,
left).

W
hereas

som
e
of

these
M
N
IST

properties
have

been
analysed

only
visually

in
previous

w
ork,w

e
dem

onstrate
that

quantifying
each

of
them

allow
s
us

to
objectively

characterise
the

roles
of

inferred
representations.

M
ore

generally,the
exclusive

reliance
on

synthetic
annotated

datasets
(Section

1.2.4)
has

been
a
cruciallim

itation
for

research
into

evaluation
of

learned
representations

(E
astw

ood
and

W
illiam

s,
2018),

as
this

restricts
us

to
the

analysis
of

inferential
behaviour

(data
→

representation),
even

w
hen

studying
generative

m
odels.

T
he

tools
w
e
introduce

here
can

be
used

to
m
easure

m
odel

sam
ples,

effectively
enabling

direct
assessm

ent
of

generative
perform

ance
(representation

→
data).

T
hese

m
easurem

ents
can

be
directly

em
ployed

to
re-evaluate

existing
m
odels

and
m
ay

be
added

retrospectively
to

previous
experim

ents
involving

the
original

M
N
IST

dataset.
A
doption

of
our

m
orphom

etric
analysis

m
ay

provide
new

insights
into

the
effectiveness

of
representation

learning
m
ethods

in
term

s
of

revealing
m
eaningfullatent

structures.
Further-

m
ore,for

other
datasets

it
suffi

ces
to

design
the

relevant
scalar

m
etrics

and
include

them
in

the
very

sam
e
evaluation

fram
ew

ork.
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C
a
stro

,
T
a
n
,
K

a
in

z,
K

o
n
u
k
o
g
lu

,
a
n
d

G
lo

ck
er

1.1.2.
P
ert

u
r
bat

io
n
s

W
e
introduce

a
set

of
param

etrisable
global

and
local

perturbations,
inspired

by
natural

and
pathologicalvariability

in
m
edicalim

ages.
G
lobalchanges

involve
overallthinning

and
thickening

ofdigits,w
hile

localchanges
include

both
sw

elling
and

fractures
(see

exam
ples

on
the

right
in

F
ig.1

and
m
any

m
ore

in
A
ppendix

B
).T

he
perturbation

fram
ew

ork
w
e
present

in
Section

3—
illustrating

various
w
ays

to
exploit

the
outputs

of
the

proposed
processing

pipeline
(e.g.skeleton,distance

m
ap,and

even
m
orphom

etrics
them

selves;see
Section

2.1)—
is

suffi
ciently

general
that

additional
transform

ations
can

easily
be

designed
as

necessary.
Injecting

these
perturbations

into
the

dataset
adds

a
new

type
of

com
plexity

to
the

data
m
anifold

and
opens

up
a
variety

of
interesting

applications.

T
he

proposed
perturbations

are
designed

to
enable

a
w
ide

range
of

new
studies

and
applications

for
both

supervised
and

unsupervised
tasks.

D
etection

of
‘abnorm

alities’(i.e.
localperturbations)

is
an

evident
application,although

m
ore

challenging
tasks

can
also

be
defined,such

as
classification

from
noisy/corrupted

data,dom
ain

adaptation,localisation
of

perturbations,characterising
sem

antics
of

learned
latent

representations,and
m
ore.

W
e

explore
a
few

supplem
entary

exam
ples

of
supervised

tasks
in

Section
4.3.

1.2.
R

elated
W

ork:
D

atasets

In
this

section,
w
e
provide

an
overview

of
som

e
datasets

that
are

related
to

M
N
IST

,
by

either
sharing

its
originalsource

content,containing
transform

ations
of

the
originalM

N
IST

im
ages

or
being

distributed
in

the
sam

e
form

at
for

easy
replacem

ent.
W
e
also

m
ention

a
few

prevalent
datasets

of
synthetic

im
ages

w
ith

generative
factor

annotations,analogous
to

the
m
orphom

etrics
proposed

in
this

paper.

1.2.1.
N

IS
T

D
ata

set
s

T
he

M
N
IST

(m
odified

N
IST

)
dataset

(LeC
un

et
al.,1998)

w
as

constructed
from

handw
ritten

digits
in

N
IST

SpecialD
atabases

1
and

3,now
released

as
SpecialD

atabase
19

(G
rother

and
H
anaoka,2016).

C
ohen

et
al.(2017)

generated
a
m
uch

larger
dataset

based
on

the
sam

e
N
IST

database,
containing

additional
upper-

and
low

er-case
letters,

called
E
M
N
IST

(extended
M
N
IST

).L
eC

un
et

al.’s
originalprocessing

pipeline
w
as

recently
replicated,

enabling
the

rediscovery
of

50,000
test

im
ages

that
had

been
excluded

from
M
N
IST

—
a
dataset

now
released

as
Q
M
N
IST

(Y
adav

and
B
ottou,2019).

1.2.2.
M

N
IS

T
P
ert

u
r
bat

io
n
s

T
he

sem
inalpaper

by
LeC

un
et

al.(1998)
em

ployed
data

augm
entation

using
planar

affi
ne

transform
ations

including
translation,scaling,squeezing,and

shearing.
Loosliet

al.(2007)
em

ployed
random

elastic
deform

ations
to

construct
the

Infinite
M
N
IST

dataset.
O
ther

M
N
IST

variations
include

rotations
and

insertion
of

random
and

structured
background

(L
arochelle

et
al.,

2007),
and

T
ielem

an
(2013)

applied
spatial

affi
ne

transform
ations

and
provided

ground-truth
transform

ation
param

eters.
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M
o
r
ph

o
-M

N
IS

T

1.
2.

3.
M

N
IS

T
F
o
r
m

at

D
ue

to
th
e
ub

iq
ui
ty

of
th
e
M
N
IS
T

da
ta
se
t
in

m
ac
hi
ne

le
ar
ni
ng

re
se
ar
ch

an
d
th
e
re
su
lt
in
g

m
ul
ti
tu
de

of
co
m
pa

ti
bl
e
m
od

el
ar
ch
it
ec
tu
re
s
av
ai
la
bl
e,

it
is
ap

pe
al
in
g
to

re
le
as
e
ne
w

da
ta
se
ts

in
th
e
sa
m
e
fo
rm

at
(2
8×

28
,8

-b
it
gr
ay
sc
al
e
im

ag
es
).

O
ne

su
ch

eff
or
t
is
Fa

sh
io
n-
M
N
IS
T

(X
ia
o

et
al
.,
20
17
),
co
nt
ai
ni
ng

im
ag
es

of
cl
ot
hi
ng

ar
ti
cl
es

fr
om

te
n
di
st
in
ct

cl
as
se
s,

ad
ap

te
d
fr
om

an
on

lin
e
sh
op

pi
ng

ca
ta
lo
gu

e.
A
no

th
er

ex
am

pl
e
is

no
tM

N
IS
T

(B
ul
at
ov
,2

01
1)
,a

da
ta
se
t
of

ch
ar
ac
te
r
gl
yp

hs
fo
r
le
tt
er
s
‘A

’–
‘J
’(

al
so

te
n
cl
as
se
s)
,i
n
a
ch
al
le
ng

in
gl
y
di
ve
rs
e
co
lle

ct
io
n
of

ty
pe

fa
ce
s.

1.
2.

4.
A

n
n
o
ta

t
ed

D
at

a
se

t
s

Sy
nt
he
ti
c
co
m
pu

te
r
vi
si
on

da
ta
se
ts

th
at

ar
e
po

pu
la
r
fo
r
ev
al
ua

ti
ng

di
se
nt
an

gl
em

en
t
of

le
ar
ne
d

la
te
nt

fa
ct
or
s
of

va
ri
at
io
n
in
cl
ud

e
th
os
e
fr
om

P
ay
sa
n
et

al
.(
20
09
)
an

d
A
ub

ry
et

al
.(
20
14
).

T
he
y
co
nt
ai
n
2D

re
nd

er
in
gs

of
3D

fa
ce
s
an

d
ch
ai
rs
,
re
sp
ec
ti
ve
ly
,
w
it
h
gr
ou

nd
-t
ru
th

po
se

pa
ra
m
et
er
s
(a
zi
m
ut
h,

el
ev
at
io
n)

an
d
lig

ht
in
g
co
nd

it
io
ns

(f
ac
es

on
ly
).

A
fu
rt
he

r
in
it
ia
ti
ve

in
th
at

di
re
ct
io
n
is

th
e
dS

pr
it
es

da
ta
se
t
(M

at
th
ey

et
al
.,
20

17
),

w
hi
ch

co
ns
is
ts

of
bi
na

ry
im

ag
es

co
nt
ai
ni
ng

th
re
e
ty
pe

s
of

sh
ap

es
w
it
h
va
ry
in
g
lo
ca
ti
on

,o
ri
en
ta
ti
on

an
d
si
ze
.
T
he

av
ai
la
bi
lit
y

of
th
e
gr
ou

nd
-t
ru
th

va
lu
es

of
su
ch

at
tr
ib
ut
es

ha
s
m
ot
iv
at
ed

th
e
ac
ce
le
ra
te
d
ad

op
ti
on

of
th
es
e

da
ta
se
ts

in
th
e
ev
al
ua

ti
on

of
re
pr
es
en
ta
ti
on

le
ar
ni
ng

al
go

ri
th
m
s.

1.
3.

R
el

at
ed

W
or

k:
Q

u
an

ti
ta

ti
ve

E
va

lu
at

io
n

E
va
lu
at
io
n

of
re
pr
es
en
ta
ti
on

le
ar
ni
ng

is
a
no

to
ri
ou

sl
y
ch
al
le
ng

in
g
ta
sk

an
d

re
m
ai
ns

an
op

en
re
se
ar
ch

pr
ob

le
m
.
N
um

er
ou

s
so
lu
ti
on

s
ha

ve
be

en
pr
op

os
ed

,w
it
h
m
an

y
of

th
e
ea
rl
ie
r

on
es

fo
cu
si
ng

on
th
e
te
st

lo
g-
lik

el
ih
oo

d
un

de
r
th
e
m
od

el
(K

in
gm

a
an

d
W
el
lin

g,
20
14
)
or
,

fo
r
lik

el
ih
oo

d-
fr
ee

m
od

el
s,

un
de
r
a
ke
rn
el

de
ns
it
y
es
ti
m
at
e
(K

D
E
)
of

ge
ne
ra
te
d
sa
m
pl
es

(G
oo

df
el
lo
w

et
al
.,
20
14
;M

ak
hz
an

ie
t
al
.,
20
16
)—

sh
ow

n
no

t
to

be
re
lia

bl
e
pr
ox

ie
s
fo
r
th
e

tr
ue

m
od

el
lik

el
ih
oo

d
(T

he
is

et
al
.,
20

16
).

A
no

th
er

pe
rs
pe

ct
iv
e
fo
r
ev
al
ua

ti
on

of
ge
ne

ra
ti
ve

m
od

el
s
of

im
ag

es
is

th
e
vi
su
al

fid
el
ity

of
it
s
sa
m
pl
es

to
th
e
tr
ai
ni
ng

da
ta
,w

hi
ch

w
ou

ld
no

rm
al
ly

re
qu

ir
e
m
an

ua
li
ns
pe

ct
io
n.

To
ad

dr
es
s

th
is
is
su
e,
a
su
cc
es
sf
ul

fa
m
ily

of
m
et
ri
cs

ha
ve

be
en

pr
op

os
ed
,b

as
ed

on
vi
su
al

fe
at
ur
es

ex
tr
ac
te
d

by
th
e
In
ce
pt
io
n
ne
tw

or
k
(S
ze
ge
dy

et
al
.,
20
16
).

T
he

or
ig
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al

In
ce
pt
io
n
sc
or
e
(S
al
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an
s
et

al
.,

20
16
)
re
lie

s
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e
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’o

f
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s
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w
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re
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e
Fr
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n
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(F
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t
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17
)
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d
th
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ke
rn
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In
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(K
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,B

iń
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20
18
)

st
at
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m
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re
hi
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-le
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ep
re
se
nt
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io
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in
st
ea
d
of

th
e
fin

al
ne

tw
or
k
ou

tp
ut
s.

A
lt
ho

ug
h
th
e
ap

pr
oa
ch
es

ab
ov
e
ca
n
re
ve
al

va
gu

e
si
gn

s
of

m
od

e
co
lla

ps
e,

it
m
ay

be
us
ef
ul

to
di
ag

no
se

th
is

ph
en

om
en

on
on

it
s
ow

n.
W

it
h
th
is

ob
je
ct
iv
e,

A
ro
ra

et
al
.(
20

18
)
pr
op

os
ed

to
es
ti
m
at
e
th
e
su
pp

or
t
of

th
e
le
ar
ne
d
di
st
ri
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ti
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ss
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)
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g
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e
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ra
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x
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,b

y
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ng
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ir
s
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al
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at
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on

g
m
od

el
sa
m
pl
es
.
U
nf
or
tu
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te
ly
,

th
e
ad

op
ti
on

of
th
is

te
ch
ni
qu

e
is

hi
nd

er
ed

by
it
s
re
lia
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e
on

m
an

ua
lv
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ua

li
ns
pe

ct
io
n
to

fla
g

id
en
ti
ca
li
m
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.

T
he

re
ha

ve
be

en
se
ve
ra
la

tt
em

pt
s
at

qu
an

ti
fy
in
g
re
pr
es
en
ta
ti
on

di
se
nt
an

gl
em

en
t
pe

rf
or
-

m
an

ce
.
Fo

r
ex
am

pl
e,

H
ig
gi
ns

et
al
.(

20
17

)
pr
op

os
ed

to
us
e
th
e
ac
cu

ra
cy

in
pr
ed

ic
ti
ng

w
hi
ch

fa
ct
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of
va
ri
at
io
n
w
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he
ld

fix
ed

in
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m
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at
ed

da
ta
se
t.

T
he
re

ex
is
t
fu
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he
r
in
fo
rm

at
io
n-

th
eo
re
ti
c
ap

pr
oa
ch
es
,i
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ol
vi
ng

th
e
K
L
di
ve
rg
en
ce

co
nt
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bu

ti
on

fr
om

ea
ch

la
te
nt

di
m
en
si
on

(D
up

on
t,

20
18
)
or

th
ei
r
m
ut
ua

li
nf
or
m
at
io
n
w
it
h
ea
ch

kn
ow

n
ge
ne
ra
ti
ve

fa
ct
or

(C
he
n
et

al
.,
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C
a
st
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,
T
a
n
,
K

a
in

z,
K

o
n
u
k
o
g
lu

,
a
n
d

G
lo

ck
er

F
ig
ur
e
2:

St
ag
es

of
th
e
im

ag
e
pr
oc
es
si
ng

pi
pe

lin
e.

Le
ft
to

ri
gh
t:

or
ig
in
al

im
ag
e,

up
sc
al
ed

im
ag

e,
bi
na

ri
se
d
im

ag
e,

di
st
an

ce
tr
an

sf
or
m
,s

ke
le
to
n,

do
w
ns
ca
le
d
im

ag
e.

20
18
).

Y
et

an
ot
he
r
m
et
ho

d,
ex
pl
or
ed

in
K
um

ar
et

al
.
(2
01
8)
,
is

ba
se
d
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e
pr
ed
ic
ti
ve

ac
cu
ra
cy

of
in
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vi
du

al
la
te
nt

va
ri
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le
s
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ea
ch

ge
ne
ra
ti
ve

fa
ct
or
.
T
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co
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ur
re
nt

w
or
k
of

E
as
tw
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d
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d
W

ill
ia
m
s
(2
01

8)
in
tr
od

uc
ed

a
co
m
pr
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en
si
ve

m
et
ho

do
lo
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fo
r
ch
ar
ac
te
ri
si
ng

di
ffe

re
nt
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pe

ct
s
of

re
pr
es
en
ta
ti
on

di
se
nt
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gl
em

en
t.

2.
M

or
p
h
om

et
ry

M
ea
ni
ng

fu
l
m
or
ph

om
et
ri
cs

ar
e
in
st
ru
m
en
ta
l
in

ch
ar
ac
te
ri
si
ng

di
st
ri
bu

ti
on

s
of

ra
st
er
is
ed

sh
ap

es
,s

uc
h
as

M
N
IS
T

di
gi
ts
,a
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ca
n
be

us
ef
ul

as
ad

di
ti
on
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fo
r
do

w
ns
tr
ea
m

le
ar
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ng
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sk
s.

W
e
re
ga
rd

th
e
cu
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t
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m
or
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cs

as
a
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e
la
rg
el
y
in
de
pe

nd
en
t
an

d
ca
n
be

es
ti
m
at
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e
im

ag
e
pr
oc
es
si
ng

pi
pe

lin
e
em

pl
oy
ed

fo
r
ex
tr
ac
ti
ng

th
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ra
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M
o
r
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o
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T
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Digit

Length

2.5
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7.5
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Thickness

-50°
0°

50°

Slant
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W
idth
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Height

F
igure

3:
D
istribution

of
m
orphologicalattributes

in
the

plain
M
N
IST

training
dataset

1.
U
pscale

(e.g.×
4,to

112×
112); 1

2.
B
inarise:

the
blurry

upscaled
im

age
is

thresholded
at

half
its

intensity
range

(e.g.128
for

m
ost

im
ages),w

hich
ensures

thin
or

faint
digits

are
not

erased;

3.
C
om

pute
E
uclidean

distance
transform

(E
D
T
):each

pixelw
ithin

the
digit

boundaries
contains

the
distance

to
its

nearest
boundary

point;

4.
Skeletonise:

detect
the

ridges
ofthe

E
D
T
,i.e.the

locus
ofpoints

equidistant
to

tw
o
or

m
ore

boundary
points

(also
know

n
as

the
m
edialaxis)

(B
lum

,1967);

5.
O
ptionally

apply
perturbation

to
binarised

im
age

(cf.Section
3);

6.
D
ow

nscale
binarised

or
perturbed

im
age

to
originalresolution.

W
e
illustrate

the
pipeline

in
F
ig.

2.
T
he

binary
high-resolution

digits
have

sm
ooth

boundaries
and

faithfully
capture

subtle
variations

in
contour

shape
and

stroke
thickness

that
are

only
vaguely

discernible
in

the
low

-resolution
im

ages.
A
dditionally,note

how
the

finaldow
nscaled

im
age

is
alm

ost
indistinguishable

from
the

original.
A
llm

orphom
etric

attributes
described

below
are

calculated
for

each
digit

after
applying

steps
1–4

of
this

pipeline.
T
he

distributions
for

plain
M
N
IST

are
plotted

in
F
ig.3,and

the
distributions

after
applying

each
type

of
perturbation

can
be

found
in

A
ppendix

A
.

2.2.
S
troke

L
en

gth

H
ere

w
e
approxim

ate
the

trace
ofthe

pen
tip,as

a
digit

w
as

being
w
ritten,by

the
com

puted
m
orphologicalskeleton.

In
this

light,the
totallength

of
the

skeleton
is
an

estim
ate

of
the

length
of

the
pen

stroke,w
hich

in
turn

is
a
m
easure

of
shape

com
plexity.

Itcan
be

com
puted

in
a
single

passby
accum

ulating
the

E
uclidean

distance
ofeach

skeleton
pixelto

its
im

m
ediate

neighbours,taking
care

to
only

count
the

individualcontributions
once.

T
his

approach
is

m
ore

accurate
and

m
ore

robust
against

rotations
than

a
naïve

estim
ate

by
sim

ply
counting

the
pixels.

1.
U
p-

and
dow

nscaling
by

a
factor

of
f
are

done
w
ith

bicubic
interpolation

and
G
aussian

sm
oothing

(bandw
idth

σ
=

2
f
/
6),follow

ing
scikit-image

defaults
(van

der
W
alt

et
al.,2014).
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C
a
stro

,
T
a
n
,
K

a
in

z,
K

o
n
u
k
o
g
lu

,
a
n
d

G
lo

ck
er

F
igure

4:
M
easuring

shape
attributes.

Left
to

right:
stroke

length
(length

of
binarised

im
age’s

skeleton);stroke
thickness

(average
distance

transform
over

skeleton
pixels

×
2);slant

(horizontalshearing
angle);w

idth
and

height
(bounding

parallelogram
).

2.3.
S
troke

T
h
ickn

ess

A
prom

inent
factor

of
style

variation
in

the
M
N
IST

digits
is

the
overall

thickness
of

the
strokes,due

to
both

legitim
ate

differences
in

pen
thickness

and
force

applied,and
also

to
the

rescaling
of

the
originalN

IST
im

ages
by

different
factors.

W
e
estim

ate
it

by
exploiting

both
the

com
puted

distance
transform

and
the

skeleton.
Since

skeleton
pixels

are
equidistant

to
the

nearest
boundaries

and
the

value
of

the
E
D
T

at
those

locations
corresponds

to
the

localhalf-w
idth

(B
lum

,1967),w
e
take

tw
ice

the
m
ean

of
the

E
D
T

over
allskeleton

pixels
as

our
globalestim

ate
for

stroke
thickness.

2.4.
S
lant

T
he

extent
by

w
hich

handw
ritten

sym
bols

lean
right

or
left

(forw
ard

and
backw

ard
slant,

respectively)
is

a
further

notorious
and

quantifiable
dim

ension
of

handw
riting

style.
It

introduces
so

m
uch

variation
in

the
appearance

of
characters

in
im

ages
that

it
is
com

m
on

practice
in

opticalcharacter
recognition

(O
C
R
)
system

s
to

‘deslant’them
,in

an
attem

pt
to

reduce
w
ithin-class

variance
(LeC

un
et

al.,1998;T
eow

and
Loe,2002).

W
e
adapt

the
referred

deslanting
m
ethodology

to
describe

the
slant

angle
of

the
hand-

w
ritten

digits.
A
fter

estim
ating

the
second-order

im
age

m
om

ents,

S
=

(
∑

i,j
x
ij (i−

ı̄)
2

∑
i,j
x
ij (i−

ı̄)(j−
̄)

∑
i,j
x
ij (i−

ı̄)(j−
̄)

∑
i,j
x
ij (j−

̄)
2

)
,

(1)

w
e
define

the
slant

based
on

the
horizontalshear:

α
=

arctan (−
S
1
2

S
2
2 )

,
(2)

w
here

x
ij

is
the

intensity
of

the
pixel

at
row

j
and

colum
n
i,

and
(̄ı,̄)

are
the

centroid
coordinates.

T
he

m
inus

sign
ensures

that
positive

and
negative

values
of
α
correspond

to
forw

ard
and

backw
ard

slant,respectively.
N
ote

that−
α
is

the
angle

by
w
hich

the
im

age
w
ould

need
to

be
horizontally

sheared
tow

ard
the

verticalcentre
line

such
that

the
digit

is
upright

(i.e.principalaxes
aligned

w
ith

the
coordinate

axes).
N
ote

how
this

differs
from

a
rotation

angle,w
hich

w
ould

instead
be

defined
in

term
s
of

12
arctan

(2S
1
2 /

(S
2
2 −

S
1
1 )).8
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5.

W
id

th
an

d
H

ei
gh

t

It
is

us
ef
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to
m
ea
su
re

ot
he
r
ge
ne
ra
l
sh
ap

e
at
tr
ib
ut
es
,
su
ch

as
w
id
th
,
he
ig
ht
,
an

d
as
pe

ct
ra
ti
o,

w
hi
ch

al
so

pr
es
en
t
su
bs
ta
nt
ia
lv

ar
ia
ti
on

re
la
te
d
to

pe
rs
on

al
ha

nd
w
ri
ti
ng

st
yl
e.

2
To

th
is

en
d,

w
e
pr
op

os
e
to

fit
a
bo
un

di
ng

pa
ra
lle
lo
gr
am

to
ea
ch

di
gi
t,
w
it
h
ho

ri
zo
nt
al

an
d
sl
an

te
d

si
de
s
(s
ee

F
ig
.1

).
W
e
hi
gh

lig
ht

th
at

it
do

es
no

t
su
ffi
ce

to
si
m
pl
y
fit

a
bo

un
di
ng

bo
x
w
it
h

pe
rp
en
di
cu
la
r
si
de
s,

si
nc
e
th
e
w
id
th

w
ou

ld
cl
ea
rl
y
be

co
nf
ou

nd
ed

w
it
h
sl
an

t.
T
he
se

m
et
ri
cs

w
ou

ld
th
er
ef
or
e
co
nt
ai
n
re
du

nd
an

t
in
fo
rm

at
io
n
th
at

ob
fu
sc
at
es

th
e
tr
ue

di
gi
t
w
id
th
.

T
he

im
ag
e
is

sw
ep
t
to
p-
to
-b
ot
to
m

w
it
h
a
ho

ri
zo
nt
al

bo
un

da
ry

to
co
m
pu

te
a
ve
rt
ic
al

m
ar
gi
na

lc
um

ul
at
iv
e
di
st
ri
bu

ti
on

fu
nc

ti
on

(C
D
F
),
an

d
lik

ew
is
e
le
ft
-t
o-
ri
gh

t
w
it
h
a
sl
an

te
d

bo
un

da
ry

fo
r
a
ho

ri
zo
nt
al

m
ar
gi
na

l
C
D
F
,
w
it
h
an

gl
e
α
as

co
m
pu

te
d
ab

ov
e.

T
he

bo
un

ds
ar
e
th
en

ch
os
en

ba
se
d
on

eq
ua

l-t
ai
le
d
in
te
rv
al
s
co
nt
ai
ni
ng

a
gi
ve
n
pr
op

or
ti
on

of
th
e
im

ag
e

m
as
s—

98
%

in
bo

th
di
re
ct
io
ns

(1
%

fr
om

ea
ch

si
de
)
pr
ov
ed

ac
cu
ra
te

an
d

ro
bu

st
in

ou
r

ex
pe

ri
m
en
ts
.

3.
P
er

tu
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at
io

n
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A
s
di
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d
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ct
io
n
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w
e
br
in
g
fo
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ar
d
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m
be

r
of

m
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ol
og
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al

pe
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ur
ba

ti
on

s
fo
r

M
N
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di
gi
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,t

o
en
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le
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at
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In

th
is

se
ct
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w
e
de
ta
il

th
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e
pa

ra
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et
ri
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bl
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tr
an

sf
or
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at
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ns
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at
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or
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G
lo

b
al
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T

h
in

n
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g
an
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T
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ic

ke
n
in

g

T
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fir
st

pa
ir

of
tr
an

sf
or
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at
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w
e
pr
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en
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ba
se
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op
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at
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ag
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of

a
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or

er
od
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w
it
h
a
ci
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ar

st
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in
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en
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It
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ra
di
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is
se
t
pr
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or
ti
on

al
ly

to
th
e
es
ti
m
at
ed

st
ro
ke

th
ic
kn

es
s
(S
ec
ti
on

2.
3)
,s
o
th
at

th
e
ov
er
al
l

th
ic
kn

es
s
of

ea
ch

di
gi
t
w
ill

de
cr
ea
se

or
in
cr
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se

by
an

ap
pr
ox
im

at
el
y
fix

ed
fa
ct
or

(h
er
e,

-7
0%

an
d
+
10

0%
;s

ee
F
ig
s.

B
.1

an
d
B
.2
).

Si
nc
e
th
er
e
is
su
bs
ta
nt
ia
lt
hi
ck
ne
ss

va
ri
ab

ili
ty

in
th
e
or
ig
in
al

M
N
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T

da
ta

(c
f.
F
ig
.3

)
an

d
m
os
t
th
in
ne
d
an

d
th
ic
ke
ne
d
di
gi
ts

lo
ok

ve
ry

pl
au

si
bl
e,

w
e
be

lie
ve

th
at

th
es
e
pe

rt
ur
ba

ti
on

s
ca
n

co
ns
ti
tu
te

a
po

w
er
fu
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of
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au

gm
en
ta
ti
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fo
r
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Fo

r
th
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m
e
re
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,w
e
ha

ve
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t
in
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ed
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es
e
pe

rt
ur
ba

ti
on

s
in

th
e
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al
it
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de
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io
n
ex
pe
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(S
ec
ti
on

4.
3.
3)
.

3.
2.

L
oc
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:

S
w

el
li
n
g

In
ad

di
ti
on

to
th
e
gl
ob

al
tr
an

sf
or
m
at
io
ns

ab
ov
e,

w
e
in
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e
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l
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it
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on

an
d
ex
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nt
,w
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e
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de
te
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au
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m
at
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G
iv
en

a
ra
di
us
R
,a

ce
nt
re

lo
ca
ti
on

r 0
an

d
a
st
re
ng

th
pa

ra
m
et
er
γ
>

1,
th
e
co
or
di
na

te
s

r
of

pi
xe
ls
w
it
hi
n
di
st
an

ce
R

of
r 0

ar
e
no

nl
in
ea
rl
y
w
ar
pe

d
ac
co
rd
in
g
to

a
ra
di
al

po
w
er

tr
an

sf
or
m
:

r
7→

r 0
+

(r
−

r 0
)( ‖

r
−

r 0
‖

R

) γ
−
1
,

(3
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le
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g
th
e
re
m
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ng

po
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e
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e
un
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he
d
an

d
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m
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w
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ig
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.
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T
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3.
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ac

tu
re

s

F
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,w

e
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e
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r
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ac
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M
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w
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e
a
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B
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m
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ue

ga
ps

be
tw

ee
n
st
ro
ke
s,

w
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e
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W
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w
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at
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os
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in
ts
.
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e
co
lla

ps
e.

W
e
ex
em

pl
ify

th
is

sc
en
ar
io

w
it
h
a
ge
ne
ra
ti
ve

ad
ve
rs
ar
ia
l
ne
tw

or
k
(G

A
N
,
G
oo

df
el
lo
w

et
al
.,
20
14
)
an

d
a
β
-v
ar
ia
ti
on

al
au

to
en
co
de
r
(β
-V
A
E
,
H
ig
gi
ns

et
al
.,
20
17
),

bo
th

w
it
h

ge
ne

ra
to
r
(r
es
p.

de
co
de

r)
an

d
di
sc
ri
m
in
at
or

ar
ch
it
ec
tu
re

as
us
ed

in
th
e
M
N
IS
T

ex
pe

ri
m
en
ts

in
C
he
n
et

al
.(

20
16
),

an
d
en
co
de
r
m
ir
ro
ri
ng

th
e
de
co
de
r.

W
e
tr
ai
n
a
β
-V
A
E

w
it
h
β

=
4
,

as
in

H
ig
gi
ns

et
al
.(
20
17
)’
s
ex
pe

ri
m
en
ts

on
sm

al
lb

in
ar
y
im

ag
es
,a

nd
a
va
ni
lla

G
A
N

w
it
h

no
n-
sa
tu
ra
ti
ng

lo
ss
,b

ot
h
w
it
h
64

-d
im

en
si
on

al
la
te
nt

sp
ac
e.

T
o
ex
pl
or
e
th
e
be

ha
vi
ou

r
of

a
m
uc
h
le
ss

ex
pr
es
si
ve

m
od

el
,w

e
ad

di
ti
on

al
ly

tr
ai
n
a
G
A
N

w
it
h
on

ly
tw

o
la
te
nt

di
m
en

si
on

s.
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(d)
Sam

ples
from

a
low

-dim
ensionalG

A
N

F
igure

5:
D
istribution

of
m
orphom

etric
attributes

for
M
N
IST

test
dataset

and
sam

ples
from

som
e
generative

m
odels.

D
iagonals

show
m
arginal

histogram
s
and

K
D
E
s,

upper-triangular
plots

show
pairw

ise
log-histogram

s
and

low
er-triangular

plots
show

pairw
ise

K
D
E
s.
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C
a
stro

,
T
a
n
,
K

a
in

z,
K

o
n
u
k
o
g
lu

,
a
n
d

G
lo

ck
er

T
est

data
vs.

D
im

s.
M

M
D

2l ±
std.error

(×
10 −

3)
p

β-V
A
E

64
0.792±

1.569
.3068

G
A
N

64
1.458±

1.650
.1885

G
A
N

2
8.876±

1.807
.0000

T
able

1:
K
ernel

tw
o-sam

ple
tests

betw
een

m
odel

sam
ples

and
true

test
data.

T
he

bold
row

indicates
a
significant

divergence,
thus

a
failure

of
the

m
odel

in
faithfully

reproducing
the

data
distribution.

4.1.1.
V

isu
a
lisat

io
n

F
igure

5
illustrates

the
m
orphom

etric
distributions

of
the

plain
M
N
IST

test
im

ages
and

of
10,000

sam
ples

from
each

of
these

three
m
odels.

A
s
can

be
seen,

m
orphom

etrics
provide

interpretable
low

-dim
ensional

statistics
w
hich

allow
com

paring
distributions

learned
by

generative
m
odels

betw
een

each
other

and
w
ith

true
datasets.

W
hile

F
igs.5b

and
5c

show
m
odelsam

ples
roughly

as
diverse

as
the

true
im

ages,the
sam

ples
from

the
low

-dim
ensional

G
A
N

in
F
ig.

5d
seem

concentrated
on

certain
regions,

covering
a
distribution

that
is

less
faithfulto

the
true

one
in

F
ig.5a.

4.1.2.
S
tat

ist
ic

a
l

C
o
m

pa
r
iso

n

W
e
argue

that
in

this
low

er-dim
ensionalspace

ofm
orphom

etrics
it

is
possible

to
statistically

com
pare

the
distributions,since

this
w
as

show
n
not

to
be

effective
directly

in
im

age
space

(e.g.
T
heis

et
al.,

2016).
T
o
this

end,
w
e
propose

to
use

kernel
tw

o-sam
ple

tests
based

on
m
axim

um
m
ean

discrepancy
(M

M
D
)
betw

een
m
orphom

etrics
of

the
test

data
and

of
each

of
the

sam
ple

distributions
(G

retton
et

al.,2012).
T
he

M
M
D

statistic
is

a
m
easure

of
dissim

ilarity
betw

een
distributions,such

that
a
value

significantly
greater

than
zero

(sm
all

p-value)
suggests

a
detectable

difference.
H
ere,w

e
perform

ed
the

linear-tim
e
asym

ptotic
test

described
in

G
retton

et
al.(2012,§6)

(details
and

further
considerations

in
A
ppendix

C
).

T
he

results
of

these
tests

are
displayed

in
T
able

1,w
here

w
e
observe

that
sam

ples
from

the
high-dim

ensional
β-VA

E
and

G
A
N

did
not

exhibit
a
significantly

large
M
M
D
,thus

there
is

no
evidence

of
distributionalm

ism
atch.

O
n
the

other
hand,the

low
-dim

ensionalG
A
N
’s

sam
ples

show
a
significant

departure
from

the
data

distribution,confirm
ing

the
qualitative

judgem
ent

based
on

com
paring

F
igs.5a

and
5d.

4.2.
D

isentan
glem

ent

In
this

experim
ent,

w
e
dem

onstrate
that:

(a)
standard

M
N
IST

can
be

augm
ented

w
ith

m
orphom

etric
attributes

to
quantitatively

study
representations

com
puted

by
an

inference
m
odel(as

already
possible

w
ith

annotated
datasets,e.g.dSprites

and
3D

faces);(b)
w
e
can

m
easure

shape
attributes

of
sam

ples
to

assess
disentanglem

ent
of

a
generative

m
odel,w

hich
is

unprecedented
to

the
best

of
our

know
ledge;and

(c)
this

analysis
can

also
diagnose

w
hen

a
m
odelunexpectedly

fails
to

disentangle
a
know

n
aspect

of
the

data.
A
s
for

the
sam

ple
diversity

experim
ents

in
Section

4.1,the
purpose

ofthis
disentanglem

ent
analysis

is
to

study
the

behaviour
of

specific
trained

m
odelinstances,and

results
m
ay

not
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1.
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U
si
ng

an
ap

pr
oa
ch
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e
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Sp
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eff
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t
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ea
ch

la
te
nt
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de

,a
ll
el
se

be
in
g
eq
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T
hi
s
pa

rt
ia
lc

or
re
la
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on

is
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lc
ul
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ed
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fo
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w
s,

ra
ng
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g
ov
er
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de

s
i
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d
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r c
i
y
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1
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∈
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at
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os
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re
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re
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re
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ag

ni
tu
de

,b
lu
e
is

po
si
ti
ve

an
d
re
d
is

ne
ga
ti
ve
.
O
n
th
e
ri
gh

t,
w
e
in
di
ca
te

th
e
m
ut
ua

li
nf
or
m
at
io
n
ga
p

sc
or
e
(M

IG
)
fo
r
ea
ch

at
tr
ib
ut
e.

4.
2.

2.
In

fe
r
en

t
ia

l
D

is
en

ta
n
g
le

m
en

t

To
ill
us
tr
at
e
ho

w
th
is

m
et
ho

do
lo
gy

ca
n
be

ap
pl
ie
d
in

pr
ac
ti
ce

to
as
se
ss

di
se
nt
an

gl
em

en
t,

w
e

co
ns
id
er

tw
o
se
tt
in
gs
.
T
he

fir
st

is
th
e
sa
m
e
as

in
th
e
M
N
IS
T

ex
pe

ri
m
en
t
fr
om

C
he
n
et

al
.

(2
01
6)
,w

it
h
a
10
-w

ay
ca
te
go
ri
ca
la

nd
tw

o
co
nt
in
uo

us
la
te
nt

co
de
s,

tr
ai
ne
d
an

d
ev
al
ua

te
d
on

th
e
pl
ai
n
M
N
IS
T

di
gi
ts
,t

o
w
hi
ch

w
e
w
ill

re
fe
r
as

In
fo

G
A

N
-A

.
T
he

se
co
nd

se
tt
in
g
w
as

de
si
gn

ed
to

in
ve
st
ig
at
e
w
he
th
er

th
e
m
od

el
co
ul
d
di
se
nt
an

gl
e
th
e

co
nc
ep
t
of

th
ic
kn
es
s,

by
in
cl
ud

in
g
an

ad
di
ti
on

al
co
nt
in
uo

us
la
te
nt

co
de

an
d
tr
ai
ni
ng

on
a

da
ta
se
t
w
it
h
ex
ag
ge
ra
te
d
th
ic
kn

es
s
va
ri
at
io
ns
.
W
e
co
ns
tr
uc
te
d
th
is

da
ta
se
t
by

ra
nd

om
ly

in
te
rl
ea
vi
ng

pl
ai
n,

th
in
ne
d

an
d

th
ic
ke
ne
d

di
gi
t
im

ag
es

in
eq
ua

l
pr
op

or
ti
on

s.
Si
nc
e
th
e

pe
rt
ur
ba

ti
on

s
w
er
e
ap

pl
ie
d
co
m
pl
et
el
y
at

ra
nd

om
,w

e
ex
pe

ct
a
tr
ai
ne

d
ge
ne

ra
ti
ve

m
od

el
to

id
en
ti
fy

th
at

th
ic
kn

es
s
sh
ou

ld
be

la
rg
el
y
in
de

pe
nd

en
t
of

th
e
ot
he

r
m
or
ph

ol
og

ic
al

at
tr
ib
ut
es
.

W
e
re
fe
r
to

th
is

se
t-
up

as
In

fo
G

A
N

-B
.
T
ab

le
2
su
m
m
ar
is
es

th
e
di
ffe

re
nt

ex
pe

ri
m
en
ta
l

se
tt
in
gs
,f
or

re
fe
re
nc

e.
In

F
ig
.
6a
,
w
e
se
e
th
at

In
fo

G
A

N
-A

le
ar
ne
d
to

en
co
de

sl
an

t
m
os
tl
y
in
c 3
,
w
hi
le
c(

8
)

1

cl
ea
rl
y
re
la
te
s
to

th
e
‘1
’c

la
ss

(m
uc
h
na

rr
ow

er
di
gi
t
sh
ap

e
an

d
sh
or
te
r
pe

n
st
ro
ke
;c

f.
F
ig
.3

).
F
ig
ur
e
6b

qu
an

ti
ta
ti
ve
ly

co
nfi

rm
s
th
e
hy

po
th
es
is
th
at

In
fo

G
A

N
-B

’s
re
co
gn

it
io
n
ne
tw

or
k

w
ou

ld
le
ar
n
to

se
pa

ra
te

sl
an

t
an

d
th
ic
kn

es
s
(i
n
c 4

an
d
c 3
,r

es
p.
),

th
e
m
os
t
pr
om

in
en
t
fa
ct
or
s

of
st
yl
e
va
ri
at
io
n
in

th
is

da
ta
se
t.

In
te
re
st
in
gl
y,

it
sh
ow

s
th
at
c 3

al
so

as
so
ci
at
es

w
it
h
he

ig
ht
,

as
th
ic
ke
r
di
gi
ts

al
so

te
nd

to
be

ta
lle

r.
M
or
eo
ve
r,

w
e
ob

se
rv
e
th
at

th
e
M
IG

fo
r
ea
ch

at
tr
ib
ut
e
co
rr
el
at
es

w
it
h
th
e
qu

al
it
at
iv
e

in
te
rp
re
ta
ti
on

of
th
es
e
pa

rt
ia
l
co
rr
el
at
io
n
ta
bl
es
.

Fo
r
ex
am

pl
e,

th
ic
kn

es
s
is

re
pr
es
en
te
d

co
ns
id
er
ab

ly
m
or
e
co
m
pa

ct
ly

in
In

fo
G

A
N

-B
(m

ai
nl
y
by

c 3
)
th
an

in
In

fo
G

A
N

-A
(h
ig
hl
y

en
ta
ng

le
d)
,
ex
hi
bi
ti
ng

a
co
rr
es
po

nd
in
gl
y
m
uc
h

hi
gh

er
M
IG

sc
or
e.

Fo
r

In
fo

G
A

N
-B

,
a

14
JM

L
R

 2
0(

17
8)

:1
-2

9,
 2

01
9



M
o
r
ph

o
-M

N
IS

T

c
(1)
1

c
(2)
1

c
(3)
1

c
(4)
1

c
(5)
1

c
(6)
1

c
(7)
1

c
(8)
1

c
(9)
1

c
(10)
1

c2
c3

length
thickness

slant
width

height
categorical

continuous M
IG

0.132

0.002

0.082

0.062

0.043

(a)
In

fo
G

A
N

-A
(overallM

IG
=

0.0641)

c
(1)
1

c
(2)
1

c
(3)
1

c
(4)
1

c
(5)
1

c
(6)
1

c
(7)
1

c
(8)
1

c
(9)
1

c
(10)
1

c2
c3

c4

length
thickness

slant
width

height
categorical

continuous

M
IG

0.079

0.427

0.164

0.051

0.160

(b)
In

fo
G

A
N

-B
(overallM

IG
=

0.1762)

F
igure

7:
P
artialcorrelations

betw
een

1000
sam

pled
latent

codes
and

m
orphom

etrics
of

the
corresponding

generated
im

ages

noticeable
portion

ofthe
slant

variation
w
as

additionally
captured

by
c
1 ,w

hich
is
reflected

in
its

low
er

M
IG

than
that

for
thickness.

Lastly,the
difference

in
overallM

IG
betw

een
m
odels

validates
our

qualitative
judgem

ent
about

globaldisentanglem
ent.

4.2.3.
G

en
er

at
iv

e
D

isen
ta

n
g
lem

en
t

T
he

evaluation
m
ethodology

described
above

is
usefulfor

investigating
the

behaviour
of

the
inference

direction
of

a
m
odel,and

can
readily

be
used

w
ith

datasets
w
hich

include
ground-

truth
generative

factor
annotations.

O
n
the

other
hand,unless

w
e
trust

that
the

inference
approxim

ation
is

highly
accurate,this

tells
us

little
about

the
generative

expressiveness
of

the
m
odel.

T
his

is
w
here

com
puted

m
etrics

truly
show

their
potential:

one
can

m
easure

generated
sam

ples,and
investigate

how
their

attributes
relate

to
the

latent
variables

used
to

create
them

.
F
igure

7
show

s
results

for
a
sim

ilar
analysis

to
F
ig.6,but

now
evaluated

on
sam

ples
from

that
m
odel.

A
s
the

tables
are

m
ostly

indistinguishable,w
e
m
ay

argue
that

in
this

case
the

inference
and

generator
netw

orks
have

learned
to

consistently
encode

and
decode

the
digit

shape
attributes.

Further,the
per-attribute

and
overallM

IG
scores

agree
once

m
ore

w
ith

the
observed

disentanglem
ent

patterns.
A
s
further

illustration,F
ig.8

displays
traversals

of
the

latent
space,obtained

by
varying

a
subset

of
the

latent
variables

w
hile

holding
the

rem
aining

ones
(including

noise)
constant.

W
ith

these
exam

ples,w
e
can

qualitatively
verify

the
quantitative

results
in

F
ig.7.

N
ote

that,
untilnow

,visualinspection
w
as

typically
the

only
m
eans

of
evaluating

disentanglem
ent

and
expressiveness

of
the

generative
direction

of
im

age
m
odels

(K
im

and
M
nih,2018).

4.2.4.
D

iag
n
o
sin

g
Fa

ilu
r
e

W
e
also

attem
pted

to
detect

w
hether

an
InfoG

A
N

had
learned

to
discover

that
localpertur-

bations
(sw

elling
and

fractures)
correspond

to
independent

generative
factors.

T
o
this

end,
w
e
extended

the
m
odelform

ulation
w
ith

additionalB
ernoullilatent

codes,w
hich

m
ay

learn
to

encode
presence/absence

of
each

type
of

localperturbation.
T
he

m
odelinvestigated

here,
dubbed

In
fo

G
A

N
-C

(cf.Table
2),had

a
10-w

ay
categorical,tw

o
continuous

and
tw

o
binary

codes,and
w
as

trained
w
ith

a
dataset

ofplain,sw
ollen

and
fractured

digits
(random

ly
m
ixed

as
above).

15
JM

L
R

 20(178):1-29, 2019

C
a
stro

,
T
a
n
,
K

a
in

z,
K

o
n
u
k
o
g
lu

,
a
n
d

G
lo

ck
er

(1)
(10)

c1

2
+2

c3

(a)
In

fo
G

A
N

-A
:
one-dim

ensional
traversals

of
c
1

(top,‘digit
type’)

and
c
3
(bottom

,‘slant’).
Sam

ples
in

each
row

share
the

values
of

rem
aining

latent
variables

and
noise.

1.5

1.5

+1.5

+1.5

c4

c3

(b)
In

fo
G

A
N

-B
:tw

o-dim
ensionaltraversal

of
c
4 ×

c
3
(‘thickness’×

‘slant’)

F
igure

8:
InfoG

A
N

latent
space

traversals

c
(1)
1

c
(2)
1

c
(3)
1

c
(4)
1

c
(5)
1

c
(6)
1

c
(7)
1

c
(8)
1

c
(9)
1

c
(10)
1

c2
c3

c4
c5

length
thickness

slant
width

height
swel
frac

categorical
continuous

binary

M
IG

0.068

0.011

0.181

0.046

0.011

0.019

0.020

F
igure

9:
P
artialcorrelations

betw
een

inferred
latent

codes
and

m
orphom

etrics
oftest

im
ages

for
In

fo
G

A
N

-C
(overall

M
IG

=
0.0507).

‘sw
el’

and
‘frac’

refer
to

the
binary

perturbation
labels.

A
gain

via
inferentialpartialcorrelation

analysis—
now

including
ground-truth

perturbation
labels—

w
e
can

quantitatively
verify

that
this

particular
m
odel

instance
w
as

unable
to

m
eaningfully

disentangle
the

perturbations(F
ig.9,bottom

-rightblock).
T
hisisalso

confirm
ed

by
the

low
M
IG

for
the

corresponding
row

s.
In

fact,
it

appears
that

the
addition

of
the

binary
variables

did
not

lead
to

m
ore

expressive
representations

in
this

case,even
im

pairing
the

disentanglem
ent

ofthe
categoricalvariables,ifcom

pared
to

F
igs.6a

and
6b,for

exam
ple.

4.3.
P

red
ictive

M
od

el
E
valu

ation

A
lthough

the
driving

m
otivation

for
introducing

M
orpho-M

N
IST

has
been

the
lack

ofm
eans

for
quantitative

evaluation
of

generative
m
odels,

the
proposed

fram
ew

ork
m
ay

also
be

a
valuable

resource
in

the
context

of
predictive

m
odels.

In
this

section
w
e
present

several
case

studies
to

dem
onstrate

how
the

proposed
perturbations

can
be

usefulfor
system

atically
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M
o
r
ph

o
-M

N
IS

T

T
es
t
da

ta
k
N
N

SV
M

M
LP

C
N
N

pl
a
in

96
.2
5

95
.7
1

97
.9
7

98
.9
5

lo
c
a
l

95
.2
2

92
.4
7

93
.1
5

95
.3
3

T
ab

le
3:

E
xa

m
pl
e
re
su
lt
s
on

di
gi
t
re
co
gn

it
io
n
(a
cc
ur
ac
y,

%
)
un

de
r
sy
nt
he
ti
c
do

m
ai
n
sh
ift

us
in
g
th
e
pr
op

os
ed

da
ta

pe
rt
ur
ba

ti
on

s

ev
al
ua

ti
ng

pr
ed
ic
ti
ve

ro
bu

st
ne
ss

un
de
r
co
nt
ro
lle

d
do

m
ai
n
sh
ift

an
d
ho

w
m
or
ph

om
et
ry

en
ab

le
s

an
en
ti
re
ly

ne
w

va
ri
et
y
of

ex
pe

ri
m
en
ta
l
se
tt
in
gs

an
d

nu
an

ce
d

an
al
ys
es

ba
se
d

on
sh
ap

e
st
ra
ti
fic

at
io
n.

Fu
rt
he

r
w
e
de

m
on

st
ra
te

ho
w

th
e
pe

rt
ur
ba

ti
on

la
be

ls
an

d
m
or
ph

om
et
ri
cs

ca
n

se
rv
e
as

pr
ed
ic
ti
on

ta
rg
et
s
in

th
ei
r
ow

n
ri
gh

t
fo
r
ne
w

su
pe

rv
is
ed

ta
sk
s.

Fo
r
si
m
pl
ic
it
y
an

d
re
pr
od

uc
ib
ili
ty
,w

e
us
e
th
e
sa
m
e
da

ta
se
ts

as
in

th
e
di
se
nt
an

gl
em

en
t
ex
pe

ri
m
en
ts

(S
ec
ti
on

4.
2)
:

pl
ai
n
di
gi
ts

(p
la

in
),

pl
ai
n
m
ix
ed

w
it
h
th
in
ne
d
an

d
th
ic
ke
ne
d
di
gi
ts

(g
lo

b
a
l)
,
an

d
pl
ai
n

m
ix
ed

w
it
h
sw

ol
le
n
an

d
fr
ac
tu
re
d
di
gi
ts

(l
o
c
a
l)
.

4.
3.

1.
R

o
bu

st
n
es

s

Sy
nt
he
ti
c
pe

rt
ur
ba

ti
on

s
en
ab

le
fa
br
ic
at
io
n
of

do
m
ai
n
sh
ift

sc
en
ar
io
s,
ai
m
in
g
to

sy
st
em

at
ic
al
ly

ev
al
ua

te
th
e
ro
bu

st
ne
ss

of
pr
ed
ic
ti
ve

m
od

el
s
to

sp
ec
ifi
c
ty
pe

s
of

va
ri
at
io
n.

Fo
r
ex
am

pl
e,

di
gi
ts

w
it
h
lo
ca
lp

er
tu
rb
at
io
ns

(s
w
el
lin

g
an

d
fr
ac
tu
re
s)

ar
e
st
ill

cl
ea
rl
y
id
en
ti
fia

bl
e
by

hu
m
an

s
(s
ee

F
ig
s.

B
.3

an
d
B
.4
).

H
ow

ev
er
,
a
pr
ac
ti
ti
on

er
m
ig
ht

be
in
te
re
st
ed

in
in
ve
st
ig
at
in
g
ho

w
di
ffe

re
nt

ty
pe

s
of

cl
as
si
fie

rs
re
ac
t
to

th
es
e
ch
an

ge
s.

H
er
e
w
e
co
m
pa

re
si
m
pl
e
re
pr
es
en
ta
ti
ve

m
et
ho

ds
fr
om

fo
ur

cl
as
si
fic

at
io
n

pa
ra
di
gm

s:
ne
ig
hb

ou
rh
oo

d-
ba

se
d,

ke
rn
el
-b
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ed
,
fu
lly

co
nn

ec
te
d,

an
d
co
nv
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ut
io
na

l.
Sp

ec
ifi
ca
lly

,
w
e

ev
al
ua

te
d
k
-n
ea
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st
-n
ei
gh

bo
ur
s
(k
N
N
)
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in
g
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=
5
ne
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d
` 1

di
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an
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w
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ti
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or
t
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m
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w
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h
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m
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ra
m
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ra
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ra
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at
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ra
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C
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d
M
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C
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Su

ch
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in
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to

th
e
be
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r,
st
re
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an
d
w
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s
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M
o
r
ph

o
-M

N
IS

T

P
rediction

task
kN

N
SV

M
M
LP

C
N
N

A
bnorm

ality
detection

(%
)

65.10
77.59

88.25
97.53

T
hickness

regression
(R

M
SE

)
0.467

0.365
0.348

0.279

T
able

4:
E
xam

ple
results

on
som

e
of

the
new

M
N
IST

prediction
tasks

for
the

previous
m
odel’s

uncertainty
(F

ig.10a),and
in

fact
this

auto-encoder’s
reconstruction

error
is

far
m
ore

discrim
inative

(A
U
C

=
0.85).

In
addition,

it
is

also
possible

to
collect

m
orphom

etricsofthe
reconstructionsand

visualise
to

w
hatextentthe

originalshape
attributes

are
preserved.

F
igure

10b
suggests

the
interesting

finding
that

the
reconstructions

of
thick

digits
are

consistently
thinner

than
the

originals,
as

if
the

auto-encoder
‘projected’

these
digits

tow
ards

the
training

subspace
to

som
e
extent.

4.3.3.
N

ew
P
r
ed

ic
t
io

n
T
a
sk

s

In
the

previous
tw

o
sections,

w
e
dem

onstrated
how

perturbations
m
ay

be
leveraged

to
system

atically
evaluate

robustness
to

dom
ain

shift
and

how
m
orphom

etry
can

prove
valuable

for
selecting

training
data

and
for

perform
ing

stratified
test-tim

e
analysis.

H
ere

w
e
illustrate

how
perturbation

labels
and

m
orphom

etric
attributes

can
be

used
for

interesting
new

prediction
tasks

on
M
N
IST

,evaluating
the

sam
e
m
odels

from
Section

4.3.1.
A
s
our

first
exam

ple,w
e
define

a
supervised

abnorm
ality

detection
task,using

the
lo

ca
l

dataset,to
predict

w
hether

a
digit

is
norm

alor
perturbed

(sw
ollen

or
fractured)—

com
pare

w
ith

lesion
detection

in
m
edicalscans.

T
he

top
row

of
T
able

4
indicates

that
the

C
N
N

w
as

able
to

detect
abnorm

alities
w
ith

high
accuracy,

likely
thanks

to
local

invariances
of

its
architecture,w

hereas
the

shallow
classifiers,

kN
N

and
SV

M
,perform

ed
rem

arkably
w
orse.

N
ote

how
the

perform
ance

is
generally

m
uch

low
er

than
for

digit
classification,revealing

the
higher

diffi
culty

of
this

binary
problem

com
pared

to
the

ten-class
recognition

task.
F
inally,w

e
also

constructed
a
regression

task
for

digit
thickness

using
the

g
lo

ba
l
dataset,

m
im

icking
m
edical

im
aging

tasks
such

as
estim

ating
brain

age
from

cortical
grey

m
atter

m
aps.

Since
this

is
a
non-trivial

task
requiring

som
e
aw

areness
of

local
geom

etry,
it

is
unsurprising

that
the

convolutionalm
odeloutperform

ed
the

others,w
hich

rely
on

holistic
features

(T
able

4,bottom
row

).

5.
D

iscu
ssion

an
d

P
ersp

ectives

T
hrough

concrete
exam

ples,w
e
dem

onstrated
in

Section
4
how

m
orphom

etry
and

perturba-
tions

can
be

exploited
1)

for
qualitative

and,m
ore

im
portantly,quantitative

evaluation
of

generative
m
odels

in
term

s
of

sam
ple

diversity
and

disentanglem
ent,and

2)
in

developing
novelexperim

entalprotocols
for

analysing
predictive

m
odels.

T
he

presented
m
ethodologies

are
broadly

applicable
to

datasets
of

rasterised
shapes

beyond
M
N
IST

.
For

exam
ple,w

e
apply

our
exact

sam
e
m
orphom

etry
pipeline

to
handw

ritten
digits

from
the

U
SP

S
dataset

(L
eC

un
et

al.,1990),also
com

posed
of

sm
allgrayscale

im
ages

(16×
16).

E
xam

ple
im

agesfrom
thisdatasetand

distributionsoflength,thickness,w
idth,and

heightcan
be

seen
in

F
ig.11.

Slant
w
as

excluded
because

the
U
SP

S
digits

w
ere

already
deslanted,w

ith
residualvariation

in
the

order
of±

1 ◦.
A
nother

popular
dataset

to
w
hich

our
m
orphom

etrics
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C
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stro
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T
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a
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G
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(a)
U
SP

S
digits
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All 0 1 2 3 4 5 6 7 8 9

Digit

Length

2
4

Thickness

5
10
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W
idth
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Height

(b)
D
istribution

of
m
orphologicalattributes

for
U
SP

S
test

im
ages

F
igure

11:
A
pplication

of
the

proposed
m
orphom

etrics
to

the
U
SP

S
dataset

can
be

directly
applied

is
O
m
niglot

(Lake
et

al.,2015),consisting
of

handw
ritten

sym
bols

from
50

different
alphabets.

B
esides,the

generalperspective
ofm

easuring
attributes

directly
from

im
ages

is
evidently

not
lim

ited
to

datasets
ofhandw

ritten
characters.

C
onsider

for
exam

ple
the

dSprites
dataset

(M
atthey

etal.,2017),often
used

in
disentanglem

entresearch,w
hich

contains
64×

64
synthetic

binary
im

ages
of

sm
allshapes

w
ith

ground-truth
annotations.

A
ttributes

such
as

location
and

scale
can

easily
be

m
easured

based
on

im
age

m
om

ents
(see

Section
2.4).

T
hey

are
expected

to
be

robust
even

for
blurry

generated
sam

ples.
A
s
discussed

previously,
w
hile

the
annotations

provided
w
ith

such
data

facilitate
evaluation

of
inferentialdisentanglem

ent,
these

m
easurem

ents
enable

the
unprecedented

analysis
of

generative
behaviour.

A
n
obvious

lim
itation

of
m
orphom

etry
is
the

tacit
assum

ption
that

generated
sam

ples
resem

ble
true

data
closely

enough
that

the
shape

m
easurem

ents
are

indeed
m
eaningful.

W
hat

happens
ifthe

generative
m
odelunder

study
is
underfitted

and
produces

nonsensicalim
ages?

In
such

case,
one

expects
the

joint
distribution

of
sam

ple
m
orphom

etrics
to

be
strikingly

different
from

that
of

true
data,even

if
som

e
individualm

etrics
m
ay

have
been

extracted
successfully

(e.g.
w
idth

and
height

of
a
reasonably

sized
blur).

L
ike

m
ode

collapse,
this

issue
can

be
diagnosed

straightforw
ardly—

for
exam

ple
w
ith

an
analysis

sim
ilar

to
that

from
Section

4.1—
and

m
ay

constitute
an

interesting
finding

by
itself.

6.
C

on
clu

sion

W
ith

M
orpho-M

N
IST

w
e
provide

a
num

ber
of

m
echanism

s
to

quantitatively
assess

repre-
sentation

learning
w
ith

respect
to

m
easurable

factors
of

variation
in

the
data.

W
e
believe

that
this

m
ay

prove
an

im
portant

asset
for

future
research

on
generative

m
odels,and

w
ill

hopefully
also

be
usefulin

evaluating
predictive

m
odels.

W
e
em

phasise
that

the
proposed

m
orphom

etrics
can

be
used

post
hoc

to
evaluate

already
trained

m
odels,potentially

revealing
novelinsights

about
their

behaviour.
In

addition,w
e
have

show
n
that

our
m
orphom

etry
and

perturbation
fram

ew
ork

easily
extends

to
datasets

other
than

M
N
IST

.
W
e
hope

that
the

case
studies

presented
here

m
ay

also
invite

research
into

developing
m
etrics

for
other

kinds
ofim

ages
beyond

rasterised
2D

shapes
or

even
to

non-im
aging

data,paving
the

w
ay

to
m
ore

w
idespread

analysis
of

true
generative

perform
ance.
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lä

g
er

et
al

.
(2

00
2)

;
M

aa
ss

et
al

.
(2

0
04

,
20

07
)

an
d

is
re

p
re

se
n
te

d
b
y

va
ri

o
u
s

c ©
2
0
1
9
L
y
u
d
m
il
a
G
ri
g
o
ry

e
v
a
a
n
d

J
u
a
n
-P

a
b
lo

O
rt
e
g
a
.

L
ic
e
n
se
:
C
C
-B

Y
4
.0
,
se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.
A
tt
ri
b
u
ti
o
n

re
q
u
ir
e
m
e
n
ts

a
re

p
ro
v
id
e
d

a
t

h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
9
-
1
5
0
.
h
t
m
l
.

JM
L

R
 2

0(
17

9)
:1

-6
2,

 2
01

9

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

le
ar

n
in

g
p
ar

ad
ig

m
s,

b
ei

n
g

th
e

E
c
h
o

S
ta

te
N

e
tw

o
rk

s
in

tr
o
d
u
ce

d
in

J
ae

g
er

(2
01

0)
;

J
a
eg

er
an

d
H

aa
s

(2
0
04

)
a

p
ar

ti
cu

la
rl

y
im

p
or

ta
n
t

ex
am

p
le

.
R

C
h
as

sh
ow

n
su

p
er

io
r

p
er

fo
rm

an
ce

in
m

an
y

fo
re

ca
st

in
g

a
n
d

cl
as

si
fi
ca

ti
on

en
gi

n
ee

ri
n
g

ta
sk

s
(s

ee
L

u
ko

še
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b
y

th
e

elem
en

ts
of

th
e

in
fi
n
ite

seq
u
en

ce
z

=
(...,z−

1 ,z
0 ,z

1 ,...)∈
(R

n
) Z

an
d

th
e

o
u

tp
u

t
b
y

th
e

com
p

o
n
en

ts
of

y
∈

(R
d) Z

.
G

iv
en

th
a
t

th
e

sta
te-sp

ace
m

ay
n
eed

to
b

e
h
igh

-d
im

en
sion

al
in

o
rd

er
to

ex
h
ib

it
a
d
eq

u
a
te

ap
p
rox

im
a
tio

n
p
ro

p
erties,

it
is

d
esira

b
le

th
at

th
e

read
ou

t
is

as
sim

p
le

as
p

ossib
le

(lin
ear

or
p

o
ly

n
om

ia
l,

for
in

stan
ce).

In
th

is
d
irection

,
variou

s
fam

ilies
of

reservoir
sy

stem
s

w
ith

lin
ea

r
rea

d
o
u
ts

like
E

ch
o

S
tate

N
etw

ork
s

J
a
eger

an
d

H
aa

s
(200

4
)

or
S
tate

A
ffi

n
e

S
y
stem

s
(see

later
o
n

in
th

e
tex

t)
h
ave

b
een

sh
ow

n
to

h
ave

u
n
iversal

a
p
p
rox

im
a
tion

p
ro

p
erties

G
rigoryeva

an
d

O
rteg

a
(2

018
a
,b

);
G

o
n
o
n

an
d

O
rtega

(201
8).

T
ra

in
in

g
for

th
ese

sy
stem

s
red

u
ces

to
th

e
solu

tion
of

a
lin

ea
r

reg
ression

p
ro

b
lem

(even
tu

ally
reg

u
larized

)
w

h
en

th
e

m
ean

sq
u
are

error
is

u
sed

a
s

loss
fu

n
ction

.
W

e
say

th
at

th
e

reserv
o
ir

sy
stem

(1.1)-(1.2)
satisfi

es
th

e
ec

h
o

sta
te

p
ro

p
e
rty

(E
S

P
)

w
h
en

for
an

y
z
∈

(R
n
) Z

th
ere

ex
ists

a
u
n
iq

u
e

y
∈

(R
d) Z

th
a
t

satisfi
es

(1.1
).

W
h
en

th
is

ex
isten

ce
an

d
u
n
iq

u
en

ess
featu

re
is

availab
le

o
n
e

ca
n

asso
ciate

w
ell-d

efi
n
ed

fi
lters

U
F

:
(R

n
) Z
−→

(R
N

) Z
an

d
U
Fh

:
(R

n
) Z
−→

(R
d) Z
−

to
th

e
reservoir

m
a
p
F

an
d

th
e

reservoir
sy

stem
(1.1)-(1.2),

resp
ectively.

V
ery

gen
era

l
situ

ation
s

h
ave

b
een

ch
ara

cterized
in

w
h
ich

th
e

E
S
P

h
o
ld

s.
F

o
r

ex
am

p
le,

su
p
p

ose
th

at
w

e
restrict

ou
rselves

to
in

p
u
ts

th
a
t

are
u
n
iform

ly
b

ou
n
d
ed

b
y

a
con

stan
t
M

>
0,

th
at

is,
con

sid
er

th
e

sp
a
ce
K
M

o
f

sem
i-in

fi
n
ite

seq
u
en

ces
g
iven

b
y

K
M

:=
{

z
∈

(R
n
) Z
−
|‖z

t ‖
≤
M

for
a
ll

t∈
Z
− }

,
M

>
0,

(1
.3

)

a
n
d

assu
m

e
th

at
th

e
reservoir

m
a
p
F

is
con

tin
u
ou

s
a
n
d

a
co

n
traction

on
th

e
fi
rst

en
try

th
at

m
ap

s
F

:
B
‖·‖ (0

,L
)×

B
‖·‖ (0

,M
)−→

B
‖·‖ (0

,L
),

w
ith

L
>

0
(th

e
sy

m
b

ol
B
‖·‖ (v

,r)
d
en

otes
th

e
closu

re
of

th
e

op
en

b
all

B
‖·‖ (v

,r)
w

ith
resp

ect
to

a
g
iven

n
orm

‖·‖,
cen

ter
v

,
an

d
rad

iu
s
r
>

0).
In

th
at

case,
it

ca
n

b
e

sh
ow

n
(see,

for
in

stan
ce,

(G
rigoryeva

an
d

O
rteg

a,
20

18b
,

T
h
eo

rem
3
.1))

th
a
t

for
an

y
z
∈
K
M

th
ere

ex
ists

a
u
n
iq

u
e

x
∈
K
L

:=
{
x
∈
(R

N )Z
−
|‖x

t ‖
≤
L

fo
r

all
t∈

Z
− }

th
at

sa
tisfi

es
(1.1),

th
at

is,
th

e
E

S
P

h
o
ld

s.
T

h
is

fa
ct

a
llow

s
u
s

to
a
sso

cia
te

a
u
n
iq

u
e

fi
lter

U
F

:
K
M
−→

K
L

to
th

e
reservoir

m
a
p
F

a
n
d
U
Fh

:
K
M
−→

(R
d) Z
−

to
th

e
reservo

ir
sy

stem
(1.1)-(1

.2),
resp

ectively,
w

ith
U
Fh

:=
h
◦
U
F

.
M

oreover,
in

th
is

situ
a
tion

(see
a
ga

in
(G

rig
ory

eva
a
n
d

O
rteg

a,
2018

b
,

T
h
eorem

3.1))
th

e
con

tin
u
ity

o
f
F

a
n
d
h

im
p
lies

th
at

b
o
th

U
F

a
n
d
U
Fh

a
re

co
n
tin

u
ou

s
w

h
en

w
e

con
sid

er
eith

er
th

e
u
n
iform

o
r

th
e

p
ro

d
u
ct

top
ologies

in
th

e
d
om

ain
an

d
ta

rget
sp

a
ces.

T
h
e

co
n
tin

u
ity

w
ith

resp
ect

to
th

e
p
ro

d
u
ct

top
olo

gy
is

ca
lled

in
th

is
setu

p
th

e
fa

d
in

g
m

e
m

o
ry

p
ro

p
e
rty

(F
M

P
)

an
d
,

as
w

e
sh

all
see

b
elow

,
ca

n
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

b
e

ch
aracterized

u
sin

g
w

eig
h
ted

n
orm

s
in

th
e

sp
a
ces

o
f

in
p
u
t

a
n
d

ou
tp

u
t

seq
u
en

ces,
w

h
ich

sh
ow

s
th

a
t

recen
t

in
p
u
ts

are
m

ore
rep

resen
ted

in
th

e
ou

tp
u
ts

o
f

F
M

P
fi
lters

th
a
n

old
er

on
es.

E
q
u
iva

len
tly,

th
e

ou
tp

u
ts

p
ro

d
u
ced

b
y

F
M

P
fi
lters

a
sso

cia
ted

to
in

p
u
ts

th
a
t

are
clo

se
in

th
e

recen
t

p
ast

are
close,

even
w

h
en

th
ose

in
p
u
ts

m
ay

b
e

very
d
iff

eren
t

in
th

e
d
istan

t
p
ast.

T
h
e

restriction
to

u
n
ifo

rm
ly

b
o
u
n
d
ed

in
p
u
ts

o
f

th
e

ty
p

e
(1.3)

w
h
en

u
sin

g
con

tractin
g

reservoir
m

ap
s

d
o
es

n
ot

on
ly

m
ake

th
e

E
S
P

a
n
d

th
e

F
M

P
to

sim
u
ltan

eou
sly

h
o
ld

b
u
t

it
a
lso

sim
p
lifi

es
en

o
rm

ou
sly

th
e

ch
aracterization

of
th

e
F

M
P

.
In

d
eed

,
it

h
as

b
een

sh
ow

n
in

S
an

d
b

erg
(200

3
);

G
rigoryeva

a
n
d

O
rteg

a
(2018b

)
th

at
in

th
at

case
th

e
fad

in
g

m
em

o
ry

p
rop

erty
is

n
ot

a
m

etric
b
u
t

an
ex

clu
sively

to
p

o
lo

gica
l

p
rop

erty
th

at
d
o
es

n
ot

d
ep

en
d

on
th

e
w

eig
h
ted

n
orm

u
sed

to
d
efi

n
e

it.
T

h
erefo

re,
th

e
F

M
P

d
o
es

n
ot

con
tain

in
th

at
situ

atio
n

an
y

in
form

a
tion

ab
ou

t
th

e
rate

a
t

w
h
ich

th
e

d
ep

en
d
en

ce
on

th
e

p
ast

in
p
u
ts

in
th

e
sy

stem
ou

tp
u
t

d
eclin

es.
T

h
is

is
n
ot

th
e

case
an

y
m

ore
w

h
en

w
e

con
sid

er
u
n
b

ou
n
d
ed

in
p
u
t

sets
sin

ce,
a
s

w
e

sh
ow

later
o
n

in
T

h
eorem

7,
reservo

ir
system

s
h
a
ve

th
e

F
M

P
o
n

ly
w

ith
respect

to
w

eigh
tin

g
sequ

en
ces

th
a
t

co
n

verge
to

zero
su

ffi
cien

tly
fa

st
a
n

d
a
t

a
ra

te
th

a
t

is
rela

ted
to

th
e

co
n

tra
ctin

g
p
ro

perties
o
f

th
e

reservo
ir

m
a
p
.

T
h
ere

are
im

p
ortan

t
con

n
ection

s
b

etw
een

th
e

n
otio

n
s

an
d

th
e

resu
lts

th
a
t

w
e

ju
st

rev
iew

ed
a
n
d

fu
n
d
am

en
tal

con
cep

ts
in

th
e

th
eo

ries
o
f

n
o
n
-au

ton
om

ou
s

an
d

o
f

ran
d
om

d
y
n
am

ical
sy

stem
s.

E
ven

th
ou

gh
w

e
sh

all
n
ot

p
u
rsu

it
th

a
t

lin
e

o
f

th
o
u
g
h
t,

th
e

read
er

is
en

cou
rag

ed
to

ch
eck

w
ith

A
rn

old
(1

99
8
);

K
lo

ed
en

(2003);
K

lo
ed

en
an

d
R

asm
u
ssen

(201
0);

M
an

ju
n
ath

an
d

J
aeg

er
(201

4
);

N
ew

m
an

(201
8
)

a
n
d

referen
ces

th
erein

for
in

-d
ep

th
p
resen

tation
s.

M
a
in

c
o
n
trib

u
tio

n
s

o
f

th
e

p
a
p

e
r.

T
h
e

co
re

co
n

tribu
tio

n
s

o
f

th
is

pa
per

a
re,

fi
rst,

th
e

a
n

a
lysis

o
f

th
e

E
S

P
a
n

d
th

e
F

M
P

in
th

e
a
bsen

ce
o
f

bo
u

n
d
ed

n
ess

h
ypo

th
eses

a
n

d
,

seco
n

d
,

th
e

exten
sio

n
o
f

th
e

F
M

P
-rela

ted
co

n
tin

u
ity

sta
tem

en
ts

in
th

e
litera

tu
re

to
th

e
stu

d
y

o
f

th
e

d
iff

eren
tia

bility
p
ro

perties
o
f

reservo
ir

co
m

p
u

ters.
In

p
articu

lar,
w

e
aim

at
ch

aracterizin
g

th
e

situ
atio

n
s

in
w

h
ich

o
n
e

can
ob

tain
th

e
d
iff

eren
tiab

ility
of

reservo
ir

fi
lters

o
u
t

o
f

th
e

d
iff

eren
tia

b
ility

p
ro

p
erties

of
th

e
m

ap
s

th
at

d
efi

n
e

th
e

corresp
on

d
in

g
reservoir

sy
stem

.
R

egard
in

g
th

e
fi
rst

ob
jective,

th
ere

are
several

reason
s

to
stu

d
y

reservoir
co

m
p
u
tin

g
sy

stem
s

w
ith

u
n
b

ou
n
d
ed

in
p
u
ts.

F
irst,

ev
en

th
o
u
g
h

w
e

on
ly

d
eal

in
th

is
p
ap

er
w

ith
th

e
d
eterm

in
istic

setu
p
,

an
y

ran
d
om

com
p

on
en

t
in

th
e

d
ata

g
en

eratin
g

p
ro

cess
of

th
e

in
p
u
ts,

like
a

G
a
u
ssia

n
p

ertu
rb

ation
,

w
o
u
ld

im
p
ly

u
n
b

o
u
n
d
ed

n
ess.

S
eco

n
d
,

w
h
en

d
ea

lin
g

w
ith

reservoir
sy

stem
s

asso
ciated

to
p
h
y
sica

l
sy

stem
s,

it
is

certain
ly

reason
ab

le
to

assu
m

e
b

ou
n
d
ed

n
ess

in
th

e
in

p
u
t

d
u
e

to
th

e
sa

tu
ratio

n
eff

ects
th

a
t

m
ost

o
f

th
ose

sy
stem

s
p
resen

t.
N

everth
eless,

th
e

va
lu

e
o
f

th
e

b
o
u
n
d
in

g
con

stan
t

is
in

g
en

eral
u
n
k
n
ow

n
b

efo
reh

an
d
,

w
h
ich

m
a
k
es

u
n
iform

b
o
u
n
d
ed

n
ess

h
y
p

o
th

eses
u
n
rea

listic.
F

in
a
lly,

in
th

e
stu

d
y

o
f

th
e

d
iff

eren
tiab

ility
p
rop

erties
of

reservoir
co

m
p
u
ters,

th
e

d
iff

eren
tiab

ility
of

F
réch

et
ty

p
e

is
o
n
ly

d
efi

n
ed

on
op

en
su

b
sets

of
n
orm

ed
sp

aces.
W

e
sh

a
ll

see
th

a
t

a
n
y

op
en

set
in

th
e

B
a
n
ach

sp
ace

of
in

p
u
ts

w
ith

a
w

eigh
ted

n
orm

con
ta

in
s

u
n
b

ou
n
d
ed

seq
u
en

ces,
w

h
ich

forces
u
s

to
d
eal

w
ith

th
at

situ
a
tion

.
A

s
to

th
e

an
aly

sis
of

th
e

d
iff

eren
tiab

ility
p
ro

p
erties

o
f

reservoir
sy

stem
s,

th
is

is
an

im
p

ortan
t

q
u
estion

for
sev

eral
reason

s:

•
It

h
as

b
een

sh
ow

n
(see,

fo
r

in
sta

n
ce,

G
irosi

an
d

A
n
zellotti

(1
992);

G
irosi

(199
5
))

th
at

d
iff

eren
tia

-
b
ility

is
a

key
elem

en
t

in
d
ecrea

sin
g

th
e

co
m

p
lex

ity
th

at
is

n
eed

ed
a
t

th
e

tim
e

of
ap

p
rox

im
a
tin

g
a

fu
n
ction

w
ith

a
p
rescrib

ed
accu

ra
cy

level.
T

h
e

in
fl
u
en

ce
of

th
is

featu
re

is
co

m
p
ara

b
le

to
th

a
t

o
f

th
e

d
im

en
sion

ality
of

th
e

in
p
u
t.

E
ven

th
ou

gh
th

e
d
ev

elop
m

en
t

of
b

o
u
n
d
s

for
th

e
ap

p
rox

im
atio

n
error

in
th

e
R

C
con

tex
t

is
th

e
su

b
ject

o
f

a
fo

rth
com

in
g

p
a
p

er,
it

is
rea

son
a
b
le

to
p
resu

m
e

th
a
t

d
iff

eren
tiab

ility
is

a
cru

cial
elem

en
t

in
th

e
u
n
d
erstan

d
in

g
of

th
e

learn
in

g
th

eoretica
l

p
ro

p
erties

o
f

th
is

ty
p

e
of

m
ach

in
e

lea
rn

in
g

p
ara

d
igm

s.

•
R

C
ap

p
lication

s
to

th
e

learn
in

g
o
f

th
e

a
ttracto

rs
o
f

ch
ao

tic
d
eterm

in
istic

d
y
n
am

ica
l

sy
stem

s
h
ave

b
een

sh
ow

n
(see

L
u

et
a
l.

(20
18

))
to

b
e

m
u
ch

related
w

ith
th

e
n
otion

of
G

en
era

lized
S

yn
ch

ro
n

iza
tio

n
K

o
carev

an
d

P
arlitz

(199
5,

199
6)

for
w

h
ich

d
iff

eren
tiab

ility
is

a
relevan

t
featu

re
H

u
n
t

et
a
l.

(1
997

).
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

In
d
ee

d
,

in
th

e
ab

se
n
ce

of
d
iff

er
en

ti
ab

il
it

y,
th

e
sy

n
ch

ro
n
iz

a
ti

on
m

ap
p
in

g
m

ay
b

e
“w

il
d
”

en
ou

gh
(i

n
th

e
te

rm
in

o
lo

gy
of

H
u
n
t

et
al

.
(1

9
97

))
to

cr
ea

te
a

ga
p

b
et

w
ee

n
th

e
in

fo
rm

at
io

n
d
im

en
si

on
s

o
f

th
e

at
tr

a
ct

o
rs

of
th

e
in

p
u
t

sy
st

em
an

d
th

e
sy

st
em

u
se

d
to

le
ar

n
it

.
A

d
d
it

io
n
al

ly
,

on
e

of
th

e
st

a
n
d
ar

d
te

ch
n
iq

u
es

to
as

se
ss

th
e

q
u
al

it
y

o
f

th
e

re
su

lt
of

th
is

le
a
rn

in
g

ta
sk

is
th

e
co

m
p
ar

is
o
n

of
th
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lu
ti

on
.

T
h
eo

re
m

19
is

a
gl

ob
al

ex
te

n
si

on
of

th
e

p
re

v
io

u
s

re
su

lt
th

a
t,

u
n
li
k
e

T
h
eo

re
m

s
7

an
d

14
,

fu
ll
y

ch
a
ra

ct
er

iz
es

th
e

E
S
P

a
n
d

th
e

d
iff

er
en

ti
ab

il
it

y
(a

n
d

h
en

ce
th

e
F

M
P

)
of

th
e

re
se

rv
oi

r
fi
lt

er
as

so
ci

at
ed

to
a

d
iff

er
en

ti
ab

le
re

se
rv

oi
r

m
a
p
.

In
S
ec

ti
o
n

4.
2

w
e

sh
ow

th
a
t

th
e

gl
ob

al
co

n
d
it

io
n
s

in
T

h
eo

re
m

19
ar

e
m

u
ch

st
ro

n
ge

r
th

an
th

e
lo

ca
l

o
n
es

in
T

h
eo

re
m

1
4

b
y

in
tr

o
d
u
ci

n
g

an
ex

a
m

p
le

th
a
t

sh
ow

s
h
ow

th
e

E
S

P
a
n

d
th

e
F

M
P

a
re

st
ru

ct
u

ra
l

fe
a
tu

re
s

o
f

a
re

se
rv

o
ir

sy
st

em
w

h
en

co
n

si
d
er

ed
gl

o
ba

ll
y

bu
t

a
re

m
o
st

ly
in

p
u

t
d
ep

en
d
en

t
w

h
en

co
n

si
d
er

ed
o
n

ly
lo

ca
ll

y.
T

h
is

im
p

or
ta

n
t

ob
se

rv
at

io
n

h
as

a
lr

ea
d
y

b
ee

n
n
o
ti

ce
d

in
M

an
ju

n
at

h
an

d
J
ae

ge
r

(2
01

3
)

w
h
er

e,
u
si

n
g

to
ol

s
co

m
in

g
fr

om
th

e
th

eo
ry

o
f

n
on

-a
u
to

n
o
m

ou
s

d
y
n
am

ic
al

sy
st

em
s,

su
ffi

ci
en

t
co

n
d
it

io
n
s

h
av

e
b

ee
n

fo
rm

u
la

te
d

(s
ee

,
fo

r
in

st
an

ce
,

(M
an

ju
n
at

h
a
n
d

J
a
eg

er
,

20
13

,
T

h
eo

re
m

2)
)

th
at

en
su

re
th

e
E

S
P

in
co

n
n
ec

ti
on

to
a

gi
ve

n
sp

ec
ifi

c
in

p
u
t.

T
h
e

d
iff

er
en

ti
a
b
il
it

y
co

n
d
it

io
n
s

th
at

w
e

im
p

o
se

to
ou

r
re

se
rv

oi
r

sy
st

em
s

a
ll
ow

u
s

to
d
ra

w
si

m
il
a
r

co
n
cl

u
si

on
s

an
d
,

ad
d
it

io
n
a
ll
y,

to
au

to
m

at
ic

a
ll
y

es
ta

b
li
sh

th
e

F
M

P
of

th
e

re
su

lt
in

g
lo

ca
ll
y

d
efi

n
ed

re
se

rv
oi

r
fi
lt

er
s.

In
S
ec

ti
on

4.
3

w
e

sh
ow

h
ow

fo
r

gl
ob

al
ly

d
iff

er
en

ti
a
b
le

re
se

rv
oi

r
fi
lt

er
s

w
e

ca
n

fo
rm

u
la

te
a

n
on

-u
n
if

o
rm

ve
rs

io
n

of
th

e
w

el
l-

k
n
ow

n
in

p
u
t

fo
rg

et
ti

n
g

p
ro

p
er

ty
fo

r
F

M
P

fi
lt

er
s

th
at

w
e

re
co

ve
re

d
in

S
ec

ti
o
n

2
.3

fo
r

in
p
u
ts

th
a
t

ar
e

n
ot

n
ec

es
sa

ri
ly

b
ou

n
d
ed

.
M

or
eo

ve
r,

a
n
ov

el
u
n
if

or
m

d
iff

er
en

ti
al

ve
rs

io
n

o
f

th
at

re
su

lt
is

p
ro

v
id

ed
in

T
h
eo

re
m

26
.

•
S
ec

ti
on

5
co

n
ta

in
s

tw
o

m
ai

n
re

su
lt

s.
F

ir
st

,
T

h
eo

re
m

29
sh

ow
s

th
e

av
a
il
a
b
il
it

y
of

d
is

cr
et

e-
ti

m
e

V
ol

te
rr

a
se

ri
es

re
p
re

se
n
ta

ti
o
n
s

fo
r

a
n
a
ly

ti
c,

ca
u
sa

l,
ti

m
e-

in
va

ri
an

t,
an

d
F

M
P

fi
lt

er
s.

T
h
is

re
su

lt
ex

te
n
d
s

a
si

m
il
ar

st
at

em
en

t
fo

rm
u
la

te
d

in
S
an

d
b

er
g

(1
99

8a
,

19
9
9
)

to
in

p
u
ts

w
it

h
a

se
m

i-
in

fi
n
it

e
p
as

t
th

at
ar

e
n
ot

n
ec

es
sa

ri
ly

b
ou

n
d
ed

.
S
ec

o
n
d
,

in
T

h
eo

re
m

3
1
,

w
e

co
m

b
in

e
th

e
p
re

v
io

u
s

re
su

lt
w

it
h

a
u
n
iv

er
sa

li
ty

st
at

em
en

t
in

G
ri

g
or

ye
va

a
n
d

O
rt

eg
a

(2
01

8a
)

to
p
ro

v
id

e
an

al
te

rn
at

iv
e

p
ro

o
f

of
th

e
V

ol
te

rr
a

se
ri

es
u
n
iv

er
sa

li
ty

th
eo

re
m

st
at

ed
fo

r
th

e
fi
rs

t
ti

m
e

in
(B

oy
d

an
d

C
h
u
a
,

19
8
5,

T
h
eo

re
m

s
3

an
d

4
).
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

T
h
e

p
ro

ofs
of

m
ost

resu
lts

are
p
rov

id
ed

in
th

e
ap

p
en

d
ices

at
th

e
en

d
of

th
e

p
a
p

er.

2
.

C
a
u
sa

l
a
n
d

tim
e
-in

v
a
ria

n
t

in
p
u
t/

o
u
tp

u
t

sy
ste

m
s

2
.1

.
T

h
e

in
p

u
t

a
n

d
o
u

tp
u

t
sp

a
c
e
s

T
h
is

p
ap

er
stu

d
ies

in
p
u
t/o

u
tp

u
t

sy
stem

s
th

at
are

ca
u
sa

l,
th

a
t

is,
th

e
ou

tp
u
t

d
ep

en
d
s

on
ly

on
th

e
p
ast

h
isto

ry
o
f

th
e

in
p
u
t

an
d

th
a
t,

in
gen

eral,
h
ave

in
fi
n
ite

m
em

o
ry.

T
h
is

m
akes

u
s

con
sid

er
th

e
sp

aces
o
f

left-in
fi
n
ite

seq
u
en

ces
w

ith
valu

es
in

R
n
,

th
a
t

is,
(R

n
) Z
−

=
{z

=
(...,z−

2 ,z−
1 ,z

0 )|
z
i ∈

R
n
,i∈

Z
− }.

A
n
a
logo

u
sly,

(D
n
) Z
−

stan
d
s

for
th

e
sp

ace
of

sem
i-in

fi
n
ite

seq
u
en

ces
w

ith
elem

en
ts

in
th

e
su

b
set

D
n
⊂

R
n
.

T
h
e

sp
a
ce

R
n

w
ill

b
e

con
sid

ered
as

a
n
orm

ed
sp

a
ce

w
ith

a
n
o
rm

d
en

oted
b
y
‖·‖

w
h
ich

is
n
ot

n
ecessarily

th
e

E
u
clid

ea
n

o
n
e

(even
th

ou
gh

th
ey

a
re

a
ll

eq
u
iva

len
t),

u
n
less

it
is

ex
p
licitly

m
en

tion
ed

.
W

e
en

d
ow

th
ese

in
fi
n
ite

p
ro

d
u
ct

sp
a
ces

w
ith

th
e

B
an

a
ch

sp
ace

stru
ctu

res
a
sso

ciated
to

on
e

of
th

e
follow

in
g

tw
o

n
orm

s.
F

irst,
th

e
su

p
re

m
u

m
n

o
rm
‖z‖∞

:=
su

p
t∈

Z
−
{‖

z
t ‖}.

T
h
e

sy
m

b
ol
` ∞−

(R
n
)

is
u
sed

to
d
en

o
te

th
e

B
an

a
ch

sp
ace

fo
rm

ed
b
y

th
e

elem
en

ts
th

at
h
ave

a
fi
n
ite

su
p
rem

u
m

n
orm

.
S
eco

n
d
,

given
a

strictly
d
ecreasin

g
seq

u
en

ce
w

ith
zero

lim
it
w

:
N
−→

(0
,1

]
a
n
d

th
a
t
w

0
=

1,
w

e
d
efi

n
e

th
e

w
e
ig

h
ted

n
o
rm
‖
·‖

w
on

(R
n
) Z
−

asso
ciated

to
w

b
y
‖z‖

w
:=

su
p
t∈

Z
− {‖

z
t w
−
t ‖}

.
It

can
b

e
sh

ow
n

(see
G

rigo
ryeva

a
n
d

O
rtega

(2
018

b
))

th
a
t

th
e

set
`
w−

(R
n
)

fo
rm

ed
b
y

th
e

elem
en

ts
th

at
h
ave

a
fi
n
ite

w
-w

eigh
ted

n
o
rm

is
a

B
an

ach
sp

ace.
M

o
reov

er,
it

is
ea

sy
to

sh
ow

th
at‖z‖

w
≤
‖z‖∞

,
for

all
z
∈

(R
n
) Z
−

.
T

h
is

im
p
lies

th
a
t
` ∞−

(R
n
)
⊂
`
w−

(R
n
)

an
d

th
a
t

th
e

in
clu

sio
n

m
ap

(` ∞−
(R

n
),‖·‖∞

)
↪→

(`
w−

(R
n
),‖·‖

w
)

is
con

tin
u
ou

s.
T

h
e

B
an

ach
sp

aces
(` ∞−

(R
n
),‖·‖∞

)
an

d
(`
w−

(R
n
),‖·‖

w
)

a
re

p
articu

lar
cases

o
f

w
eigh

ted
B

an
ach

se-
q
u
en

ce
sp

a
ces

(`
p
,w
−

(R
n
),‖·‖

p
,w

)
w

h
ere

‖z‖
p
,w

:=


∑t∈
Z
− ‖z

t ‖
p
w
−
t 

1p

,
w

ith
1
≤
p
<

+
∞

,
z
∈

(R
n
) Z
−

,
an

d
w

a
seq

u
en

ce.
(2.1

)

W
h
en

p
=

+
∞

w
e

set‖·‖
p
,w

:=
‖·‖

w
.

W
e

th
en

d
efi

n
e

`
p
,w
−

(R
n
)

:=
{

z
∈
R
n
|‖z‖

p
,w
<

+
∞
}
.

(2
.2)

T
h
ese

sp
aces

are
d
efi

n
ed

in
th

e
literatu

re
(see,

for
in

stan
ce,

R
ek

ic-V
u
k
ov

ic
et

al.
(2015);

G
u
n
aw

an
et

a
l.

(20
15))

w
ith

ou
t

th
e

req
u
irem

en
t

th
at

w
is

a
w

eigh
tin

g
seq

u
en

ce
in

th
e

sen
se

of
th

e
d
efi

n
ition

ab
ove.

In
d
eed

,
th

e
sta

n
d
ard

B
a
n
a
ch

sp
aces

(`
p−

(R
n
),‖·‖

p ),
w

ith
1
≤
p
≤

+
∞

,
are

p
articu

lar
cases

of

(`
p
,w
−

(R
n
),‖·‖

p
,w

)
th

at
are

ob
tain

ed
b
y

ta
k
in

g
a
s

seq
u
en

ce
w

th
e

con
stan

t
seq

u
en

ce
w
ι

given
b
y
w
ιt

:=
1
,

for
a
ll
t∈

N
.

T
h
is

ob
servatio

n
is

u
sed

in
th

e
p
ap

er
to

ob
tain

m
an

y
resu

lts
fo

r
th

e
sp

aces
` ∞−

(R
n
)

as
a

p
a
rticu

la
r

case
o
f

th
ose

p
roved

for
`
w−

(R
n
).

W
e

em
p
h
asize

th
a
t
w
ι

is
n
ot

a
w

eigh
tin

g
seq

u
en

ce
an

d
th

a
t

th
e

sp
a
ces

(`
w−

(R
n
),‖·‖

w
)

con
sid

ered
in

th
is

p
ap

er
a
re

a
ll

b
ased

o
n

seq
u
en

ces
w

of
w

eigh
tin

g
ty

p
e.

It
can

b
e

p
roved

(see
(R

ek
ic-V

u
kov

ic
et

al.,
2
01

5,
T

h
eo

rem
s

3
.3

an
d

4
.1

an
d

C
orollary

4
.1

))
th

at,
in

th
a
t

case:

`
p
,w
−

(R
n
)⊂

`
w−

(R
n
),

for
an

y
1
≤
p
<

+
∞
,

(2.3
)

an
d

th
a
t,

`
p−

(R
n
)$

`
p
,w
−

(R
n
),

for
an

y
1
≤
p
≤

+
∞

.
(2.4)

A
ll

th
e

resu
lts

in
th

is
p
ap

er
are

fo
rm

u
la

ted
for

th
e

w
eig

h
ted

sp
a
ces

(`
w−

(R
n
),‖·‖

w
)

even
th

ou
gh

m
an

y
o
f

th
e

statem
en

ts
th

at
w

e
p
rov

id
e

a
re

also
valid

for
(` ∞−

(R
n
),‖·‖∞

)
an

d
(`
p
,w
−

(R
n
),‖·‖

p
,w

).
T

h
at

w
ill

b
e

ex
p
licitly

p
oin

ted
ou

t
in

th
e

statem
en

ts
o
r

in
rem

ark
s

w
h
en

it
is

th
e

case.
T

h
e

A
p
p

en
d
ix

6.1
con

ta
in

s
a

co
llection

of
resu

lts
rega

rd
in

g
th

e
to

p
o
lo

gies
in

d
u
ced

b
y

w
eig

h
ted

an
d

su
p
rem

u
m

n
orm

s.
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

2
.2

.
F

M
P

,
c
o
n
tin

u
ity

,
a
n

d
d

iff
e
re

n
tia

b
ility

o
f

m
a
p

s
o
n

in
fi

n
ite

se
q
u

e
n

c
e

sp
a
c
e
s

M
u
ch

of
th

is
p
ap

er
is

related
to

th
e

con
tin

u
ity

a
n
d

th
e

d
iff

eren
tiab

ility
o
f

m
a
p
s

of
th

e
ty

p
e
f

:
W
⊂

`
w

1

−
(R

n
)
−→

V
⊂
`
w

2

−
(R

N
),

w
ith

w
1,w

2
w

eigh
tin

g
seq

u
en

ces
a
n
d
W

an
d
V

su
b
sets

o
f
`
w

1

−
(R

n
)

an
d

`
w

2

−
(R

N
),

resp
ectively,

th
a
t

in
th

e
ca

se
o
f

d
iff

eren
tiab

le
m

ap
s

are
n
ecessa

rily
o
p

en
.

M
ap

s
th

at
a
re

con
tin

u
o
u
s

w
ith

resp
ect

to
top

ologies
g
en

erated
b
y

w
eig

h
ted

n
orm

s
w

ill
b

e
gen

erically
referred

to
a
s

fa
d
in

g
m

e
m

o
ry

m
a
p
s

(or
w

e
say

th
at

th
ey

h
ave

th
e

fa
d
in

g
m

e
m

o
ry

p
ro

p
e
rty

(F
M

P
))

w
h
ile

w
h
en

th
e

top
ology

con
sid

ered
is

g
en

erated
b
y

th
e

su
p
rem

u
m

n
o
rm

,
w

e
ju

st
say

th
a
t

th
e

m
ap

is
co

n
tin

u
o
u

s.
M

ost
of

th
e

d
efi

n
ition

s
th

a
t

w
e

p
rov

id
e

in
w

h
at

fo
llow

s
for

th
e

w
eigh

ted
n
o
rm

s
ca

se
ca

n
b

e
ad

ap
ted

to
th

e
su

p
rem

u
m

n
orm

case
b
y

rep
lacin

g
th

e
w

eig
h
tin

g
seq

u
en

ces
b
y

th
e

con
stan

t
seq

u
en

ce
w
ι

g
iven

b
y

w
ιt

:=
1,

for
all

t∈
N

.

S
u
p
p

ose
n
ow

th
at
W

an
d
V

are
o
p

en
su

b
sets.

T
h
e

m
ap

f
:
W
⊂
`
w

1

−
(R

n
)
−→

V
⊂
`
w

2

−
(R

N
)

is

(F
ré

c
h
e
t)

d
iff

e
re

n
tia

b
le

a
t

u
0
∈
W

w
h
en

th
ere

ex
ists

a
b

o
u
n
d
ed

lin
ear

m
a
p
D
f

(u
0 )

:
`
w

1

−
(R

n
)−→

`
w

2

−
(R

N
)

th
at

satisfi
es

lim
u→

u
0

f
(u

)−
f

(u
0 )−

D
f

(u
0 )·

(u
−

u
0 )

‖
u
−

u
0 ‖
w

1

=
0
.

(2.5
)

W
e

say
th

at
f

:
W
⊂
`
w

1

−
(R

n
)−→

V
⊂
`
w

2

−
(R

N
)

is
o
f

class
C

1(W
)

w
h
en

it
is

d
iff

eren
tiab

le
at

a
n
y

p
o
in

t

in
W

an
d

th
e

in
d
u
ced

m
a
p
D
f

:
W
−→

L
(
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )

is
co

n
tin

u
o
u
s,

w
h
ere

th
e

sp
ace

o
f

lin
ea

r

m
ap

s
L
(
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )

is
en

d
ow

ed
w

ith
th

e
op

era
tor

n
orm

|||·|||w
1
,w

2
d
efi

n
ed

b
y

|||A|||w
1
,w

2
:=

su
p

u∈
`
w

1
−

(R
n
) {
‖A

(u
)‖
w

2

‖
u‖

w
1

∣∣∣∣
u
6=

0 }
,

A
∈
L
(
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )
.

(2.6
)

W
h
en

in
th

e
d
om

ain
an

d
th

e
ra

n
g
e

w
e

u
se

th
e

sa
m

e
w

eigh
tin

g
seq

u
en

ce
w

,
w

e
w

ill
w

rite|||A|||w
in

stea
d

of|||A|||w
1
,w

2 .
T

h
e

h
igh

er
ord

er
d
erivatives

D
rf

(u
0 )

:
`
w

1

−
(R

n
)×
···×

`
w

1

−
(R

n
)

︸
︷︷

︸
r

tim
es

−→
`
w

2

−
(R

N
),

r∈
N

+
,

are
in

d
u
ctively

d
efi

n
ed

an
d

th
e

m
ap

f
is

said
to

b
e

o
f

class
C
r(W

)
w

h
en

it
is
r-tim

es
d
iff

eren
tiab

le
at

an
y

p
oin

t
in
W

an
d

th
e

in
d
u
ced

m
ap

D
rf

:
W
−→

L
r (
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )

in
to

th
e

n
o
rm

ed
sp

ace
of

r-m
u
ltilin

ear
m

ap
s

is
co

n
tin

u
ou

s.
W

e
recall

th
at

th
e

op
era

tor
n
o
rm
|||·|||w

1
,w

2
in
L
r (
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )

is
giv

en
b
y

|||A|||w
1
,w

2
:=

su
p

u
1
,...,u

r ∈
`
w

1
−

(R
n
) {
‖
A

(u
1 ,...,u

r )‖
w

2

‖
u
1 ‖
w

1 ···‖u
r ‖
w

1 ∣∣∣∣ u
1 ,...,u

r 6=
0 }

,
A
∈
L
r (
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )
.

(2
.7

)
W

e
recall

th
at

d
iff

eren
tiab

le
fu

n
ctio

n
s

are
au

tom
a
tically

con
tin

u
ou

s
an

d
w

e
d
en

ote
th

e
cla

ss
o
f

con
tin

u
ou

s
fu

n
ction

s
b
y
C

0(W
).

W
h
en

f
is

of
class

C
r(W

)
in
W

for
an

y
r
∈

N
+

,
w

e
say

th
a
t
f

is
sm

o
o
th

in
W

an
d

w
e

d
en

o
te

th
is

cla
ss

b
y
C
∞

(W
).

W
h
en

f
is

sm
o
oth

in
W

w
e

ca
n

con
stru

ct
for

it
a

T
ay

lor
p

ow
er

series
ex

p
an

sion
.

W
e

say
th

at
f

is
a
n

a
ly

tic
in
W

w
h
en

th
e

co
n
vergen

ce
d
om

a
in

o
f

th
a
t

p
ow

er
series

in
clu

d
es
W

.
T

h
e

an
aly

tic
cla

ss
is

d
en

o
ted

b
y
C
ω

(W
).

It
can

b
e

sh
ow

n
(see

L
em

m
a

32
in

th
e

ap
p

en
d
ices)

th
at

for
an

y
w

eig
h
tin

g
seq

u
en

ce
w

,
an

y
op

en
set

in
(`
w−

(R
n
),‖·‖

w )
con

tain
s

u
n
b

ou
n
d
ed

seq
u
en

ces.
F

or
in

sta
n
ce,

let
B
‖·‖

w
(0
,ε)

b
e

th
e

b
a
ll

of
ra

d
iu

s
ε
>

0
arou

n
d

th
e

zero
seq

u
en

ce
a
n
d

let
v
∈
R
n

b
e

a
vecto

r
su

ch
th

a
t‖

v‖
=

1
.

T
h
e

d
iv

erg
en

t
seq

u
en

ce
z

d
efi

n
ed

b
y

z
t

:=
εv
/2w

−
t

is
su

ch
th

a
t‖z‖

w
=
ε/

2
an

d
h
en

ce
z
∈
B
‖·‖

w
(0
,ε)⊂

`
w−

(R
n
).
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

2
.3

.
C

a
u

sa
l

a
n

d
ti

m
e
-i

n
v
a
ri

a
n
t

fi
lt

e
rs

a
n

d
fu

n
c
ti

o
n

a
ls

L
et
D
n
⊂

R
n

a
n
d
D
N
⊂

R
N

.
W

e
re

fe
r

to
th

e
m

ap
s

o
f

th
e

ty
p

e
U

:
(D

n
)Z
−→

(D
N

)Z
as

fi
lt

e
rs

o
r

o
p
e
ra

to
rs

a
n
d

to
th

o
se

li
ke

H
:

(D
n
)Z
−→

D
N

(o
r
H

:
(D

n
)Z
±
−→

D
N

)
a
s
R
N

-v
al

u
ed

fu
n

c
ti

o
n

a
ls

.
T

h
es

e
d
efi

n
it

io
n
s

ca
n

b
e

ea
si

ly
ex

te
n
d
ed

to
a
cc

o
m

m
o
d
a
te

si
tu

at
io

n
s

w
h
er

e
th

e
d
o
m

ai
n
s

an
d

th
e

ta
rg

et
s

of
th

e
fi
lt

er
s

ar
e

n
ot

n
ec

es
sa

ri
ly

p
ro

d
u
ct

sp
ac

es
b
u
t

ju
st

ar
b
it

ra
ry

su
b
se

ts
V
n

a
n
d
V
N

of
(R

n
)Z

a
n
d

( R
N
) Z

li
ke

,
fo

r
in

st
an

ce
,
`∞

(R
n
)

an
d
`∞

(R
N

),
o
r
`w −

(R
n
)

an
d
`w −

(R
N

),
fo

r
so

m
e

w
ei

gh
ti

n
g

se
q
u
en

ce
w

.
A

fi
lt

er
U

:
(D

n
)Z
−→

(D
N

)Z
is

ca
ll
ed

ca
u

sa
l

w
h
en

fo
r

an
y

tw
o

el
em

en
ts

z
,w
∈

(D
n
)Z

th
at

sa
ti

sf
y

th
a
t

z
τ

=
w
τ

fo
r

an
y
τ
≤
t,

fo
r

a
g
iv

en
t
∈
Z,

w
e

h
av

e
th

at
U

(z
) t

=
U

(w
) t

.
L

et
T

Z τ
:

(R
n
)Z
−→

(R
n
)Z

b
e

th
e

ti
m

e
d
e
la

y
op

er
a
to

r
d
efi

n
ed

b
y
T

Z τ
(z

) t
:=

z
t−
τ
,
τ
∈

Z.
A

su
b
se

t
V
n
⊂

(R
n
)Z

is
ca

ll
ed

ti
m

e-
in

va
ri

an
t

w
h
en

T
Z τ
(V
n
)

=
V
n
,

fo
r

al
l
τ
∈

Z.
T

h
e

fi
lt

er
U

is
ca

ll
ed

ti
m

e
-i

n
v
a
ri

a
n

t
w

h
en

it
is

d
efi

n
ed

on
a

ti
m

e-
in

va
ri

an
t

se
t

an
d

co
m

m
u
te

s
w

it
h

th
e

ti
m

e
d
el

ay
op

er
at

o
r,

th
at

is
,
T

Z τ
◦U

=
U
◦T

Z τ
,

fo
r

an
y
τ
∈
Z

(i
n

th
is

ex
p
re

ss
io

n
,

th
e

tw
o

op
er

at
o
rs
T

Z τ
h
av

e
to

b
e

u
n
d
er

st
o
o
d

as
d
efi

n
ed

in
th

e
ap

p
ro

p
ri

at
e

se
q
u
en

ce
sp

a
ce

s)
.

W
e

re
ca

ll
th

at
th

er
e

is
a

b
ij

ec
ti

on
b

et
w

ee
n

ca
u
sa

l
ti

m
e-

in
va

ri
a
n
t

fi
lt

er
s

an
d

fu
n
ct

io
n
al

s
on

(D
n
)Z
−

.
In

d
ee

d
,

g
iv

en
a

ca
u
sa

l
a
n
d

ti
m

e-
in

va
ri

an
t

fi
lt

er
U

:
(D

n
)Z
−→

(R
N

)Z
,

w
e

ca
n

a
ss

o
ci

at
e

to
it

a
fu

n
ct

io
n
a
l

H
U

:
(D

n
)Z
−
−→

R
N

v
ia

th
e

as
si

g
n
m

en
t
H
U

(z
)

:=
U

(z
e
) 0

,
w

h
er

e
z
e
∈

(R
n
)Z

is
an

ar
b
it

ra
ry

ex
te

n
si

o
n

o
f

z
∈

(D
n
)Z
−

to
(D

n
)Z

.
C

on
ve

rs
el

y,
fo

r
a
n
y

fu
n
ct

io
n
al
H

:
(D

n
)Z
−
−→

R
N

,
w

e
ca

n
d
efi

n
e

a
ti

m
e-

in
va

ri
an

t
ca

u
sa

l
fi
lt

er
U
H

:
(D

n
)Z
−→

(R
N

)Z
b
y
U
H

(z
) t

:=
H

((
P Z
−
◦
T

Z −
t
)(

z
))

,
w

h
er

e
T

Z −
t

is
th

e
(−
t)

-t
im

e
d
el

ay
o
p

er
a
to

r
an

d
P Z
−

:
(R

n
)Z
−→

(R
n
)Z
−

is
th

e
n
at

u
ra

l
p
ro

je
ct

io
n
.

M
or

eo
ve

r,
w

h
en

co
n
si

d
er

in
g

ca
u
sa

l
an

d
ti

m
e-

in
va

ri
an

t
fi
lt

er
s
U

:
(D

n
)Z
−→

(D
N

)Z
it

su
ffi

ce
s

to
w

or
k

ju
st

w
it

h
th

e
re

st
ri

ct
io

n
U

:
(D

n
)Z
−
−→

(D
N

)Z
−

,
th

at
w

e
d
en

o
te

w
it

h
th

e
sa

m
e

sy
m

b
ol

,
si

n
ce

th
e

la
tt

er
u
n
iq

u
el

y
d
et

er
m

in
es

th
e

fo
rm

er
.

In
d
ee

d
,

b
y

d
efi

n
it

io
n
,

fo
r

a
n
y

z
∈

(D
n
)Z

an
d
t
∈
N

+
:

U
(z

) t
=
( T

Z −
t
(U

(z
))
) 0

=
U
( T

Z −
t
(z

))
0
,

(2
.8

)

w
h
er

e
th

e
se

co
n
d

eq
u
al

it
y

h
ol

d
s

b
y

th
e

ti
m

e-
in

va
ri

an
ce

o
f
U

a
n
d

th
e

va
lu

e
in

th
e

ri
gh

t-
h
an

d
si

d
e

d
ep

en
d
s

on
ly

on
P Z
−

( T
Z −
t
(z

))
∈

(D
n
)Z
−

,
b
y

ca
u
sa

li
ty

.
In

v
ie

w
of

th
is

ob
se

rv
at

io
n
,

w
e

re
st

ri
ct

ou
r

st
u
d
y

to
fi
lt

er
s

w
it

h
d
o
m

a
in

a
n
d

ta
rg

et
in

th
e

sp
ac

es
o
f

le
ft

se
m

i-
in

fi
n
it

e
se

q
u
en

ce
s.

In
p
a
rt

ic
u
la

r,
w

e
sa

y
th

at
a

ca
u
sa

l
an

d
ti

m
e-

in
va

ri
an

t
fi
lt

er
U

h
as

th
e

fa
d
in

g
m

em
o
ry

p
ro

p
er

ty
o
r

th
a
t

it
is

co
n
ti

n
u
ou

s
w

h
en

th
e

co
rr

es
p

o
n
d
in

g
re

st
ri

ct
ed

fi
lt

er
d
efi

n
ed

on
le

ft
se

m
i-

in
fi
n
it

e
in

p
u
ts

h
as

th
os

e
p
ro

p
er

ti
es

,
as

w
e

d
efi

n
ed

th
em

in
S
ec

ti
on

2.
2.

A
d
d
it

io
n
al

ly
,

fr
om

n
ow

o
n

w
e

co
n
si

d
er

m
os

t
of

th
e

ti
m

e
d
el

ay
o
p

er
at

o
rs

w
it

h
d
om

ai
n

an
d

ta
rg

et
in

(R
n
)Z
−

a
n
d

th
at

w
e

si
m

p
ly

d
en

ot
e

as
T
−
τ

:
(R

n
)Z
−
−→

(R
n
)Z
−

.
T

h
e

d
efi

n
it

io
n

o
f

th
es

e
re

st
ri

ct
ed

ti
m

e
d
el

ay
op

er
at

o
rs
T
−
τ

re
q
u
ir

es
co

n
si

d
er

in
g

tw
o

ca
se

s:

•
T
−
τ

:
(R

n
)Z
−
−→

(R
n
)Z
−

w
it

h
τ

n
eg

at
iv

e:
as

b
ef

or
e,
T
−
τ
(z

) t
:=

z
t+
τ
,

fo
r

an
y

z
∈

(R
n
)Z
−

an
d

t
∈
Z −

.
T

h
is

im
p
li
es

th
a
t,

in
th

is
ca

se
,

T
−
τ
(z

)
=

P Z
−
◦T

Z −
τ
(z
e
),

z
∈

(R
n
)Z
−
,

τ
<

0
,

w
h
er

e
z
e
∈

(R
n
)Z

is
an

a
rb

it
ra

ry
ex

te
n
si

on
of

z
∈

(R
n
)Z
−

to
(R

n
)Z

.
T

h
e

m
ap

T
−
τ
,
τ
∈

Z −
,

is
su

rj
ec

ti
ve

,
th

a
t

is
,
T
τ
((
R
n
)Z
−

)
=

(R
n
)Z
−

,
b
u
t

it
is

n
o
t

in
je

ct
iv

e.
T

h
e

sa
m

e
a
p
p
li
es

to
th

e
re

st
ri

ct
io

n
o
f
T
−
τ

to
an

y
ti

m
e-

in
va

ri
a
n
t

se
t
V
n
⊂

(R
n
)Z
−

w
h
ic

h
sa

ti
sfi

es
T
−
τ
(V
n
)

=
V
n
.

•
T
−
τ

:
(R

n
)Z
−
−→

(R
n
)Z
−

w
it

h
τ

p
os

it
iv

e:
th

er
e

is
in

p
ri

n
ci

p
le

n
o
t

a
u
n
iq

u
e

w
ay

to
d
efi

n
e

th
e

re
st

ri
ct

ed
op

er
a
to

rs
T
−
τ

si
n
ce

th
at

in
vo

lv
es

th
e

ch
o
ic

e
o
f

ve
ct

o
rs

v
τ
∈

(R
n
)τ

su
ch

th
at
T
−
τ
(z

)
:=

(z
,v
τ
),

fo
r

a
n
y

z
∈

(R
n
)Z
−

.
T

h
e

ch
o
ic

e
v
τ

=
0

fo
r

a
ll
τ
>

0
is

ca
n
on

ic
a
l

si
n
ce

it
is

th
e

on
ly

o
n
e

th
a
t

m
a
k
es

th
e

re
su

lt
in

g
m

ap
s

li
n
ea

r
an

d
ad

d
it

io
n
al

ly
sa

ti
sf

y

T
−
τ

=
T
−
1
◦·
··
◦T
−
1

︸
︷︷

︸
τ

ti
m

es

.
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

W
e

h
en

ce
ad

op
t

th
e

d
efi

n
it

io
n

T
−
τ
(z

)
:=

(z
,0
,.
..
,0

︸
︷︷

︸
τ

ti
m

es

),
z
∈

(R
n
)Z
−
,

τ
>

0,

fo
r

th
e

re
st

of
th

e
p
ap

er
.

In
th

is
ca

se
T
−
τ

it
is

in
je

ct
iv

e
b
u
t

n
ot

su
rj

ec
ti

ve
.

T
h
e

fo
ll
ow

in
g

le
m

m
a

g
at

h
er

s
so

m
e

d
iff

er
en

ti
a
b
il
it

y
p
ro

p
er

ti
es

o
f

p
ro

je
ct

io
n
s

a
n
d

ti
m

e
d
el

ay
op

er
a
to

rs
w

h
en

re
st

ri
ct

ed
to

n
or

m
ed

se
q
u
en

ce
sp

a
ce

s
an

d
th

at
w

il
l

b
e

u
se

d
la

te
r

on
.

A
ke

y
el

em
en

t
in

th
is

re
su

lt
is

w
h
at

w
e

ca
ll
,

fo
r

ea
ch

w
ei

gh
ti

n
g

se
q
u
en

ce
w

,
th

ei
r

d
ec

a
y

ra
ti

o
D
w

an
d

in
v
e
rs

e
d
ec

a
y

ra
ti

o
L
w

,
th

a
t

ar
e

d
efi

n
ed

as
:

D
w

:=
su

p
t∈

N

{
w
t+

1

w
t

}
a
n
d

L
w

:=
su

p
t∈

N

{
w
t

w
t+

1

}
.

(2
.9

)

A
s
w

is
b
y

d
efi

n
it

io
n

st
ri

ct
ly

d
ec

re
a
si

n
g

w
e

n
ec

es
sa

ri
ly

h
av

e
th

at
0
<
w
t+

1
/w

t
<

1
,

fo
r

al
l
t
∈

N
,

an
d

1
<
w

0
/w

1
≤

su
p
t∈

N
{w

t
/w

t+
1
}

=
L
w

.
C

on
se

q
u
en

tl
y
:

0
<
D
w
≤

1
a
n
d

1
<
L
w
≤

+
∞
.

T
h
e

d
ec

ay
ra

ti
os

p
ro

v
id

e
a

ge
om

et
ri

c
b

o
u
n
d

fo
r

th
e

co
n
ve

rg
en

ce
sp

ee
d

of
w

a
n
d

th
e

d
iv

er
ge

n
ce

ra
te

o
f

w
−
1
.

In
d
ee

d
,

it
is

ea
sy

to
se

e
th

at

w
t
≤
D
t w

an
d

1/
w
t
≤
L
t w
,

fo
r

an
y
t
∈
N

.
(2

.1
0
)

A
d
d
it

io
n
al

ly
,

th
e

fa
ct

th
at

fo
r

a
ll
t
∈

N
w

e
h
av

e
th

at
1
<
w
t
/w

t+
1

an
d

th
a
t

0
<
w
t+

1
/
w
t
<

1
im

p
li
es

th
at 1
/

su
p

t∈
N

{
w
t

w
t+

1

}
=

in
f

t∈
N

{
w
t+

1

w
t

}
≤

su
p

t∈
N

{
w
t+

1

w
t

}
an

d
1/

su
p

t∈
N

{
w
t+

1

w
t

}
=

in
f

t∈
N

{
w
t

w
t+

1

}
≤

su
p

t∈
N

{
w
t

w
t+

1

}
,

w
h
ic

h
,

in
b

ot
h

ca
se

s,
im

p
li
es

th
a
t

L
w
D
w
≥

1
.

(2
.1

1
)

M
or

e
ge

n
er

al
ly

,
in

re
la

ti
on

w
it

h
th

e
p

ow
er

w
ei

gh
ti

n
g

se
q
u
en

ce
s

th
at

w
e

d
is

cu
ss

ed
in

L
em

m
a

35
,

w
e

h
av

e
th

a
t: 0
<
D
w

n
≤
D
w
≤
D
w

1
/
m
≤

1
a
n
d

1
<
L
w

1
/
m
≤
L
w
≤
L
w

n
≤

+
∞
,

fo
r

an
y
m
,n
∈
N

+
.

(2
.1

2
)

L
e
m

m
a

1
L

et
w

be
a

w
ei

gh
ti

n
g

se
qu

en
ce

a
n

d
n
∈
N

+
.

T
h
en

:

(i
)

T
h
e

p
ro

je
ct

io
n

s
p
t

:
(`
w −

(R
n
),
‖·
‖ w

)
−→

(R
n
,‖
·‖

),
t
∈

Z −
,

gi
ve

n
by

p
t
(z

)
:=

z
t
,

z
∈
`w −

(R
n
),

a
re

li
n

ea
r,

sm
oo

th
,

a
n

d
h
en

ce
co

n
ti

n
u

o
u

s.
M

o
re

o
ve

r,
|||p

t
||| w

=
1/
w
−
t
.

(i
i)

C
o
n

si
d
er

th
e

re
st

ri
ct

io
n

o
f

th
e

ti
m

e
d
el

a
y

o
pe

ra
to

r
T
−
t

to
`w −

(R
n
)

fo
r

a
n

y
t
∈
Z.

W
e

co
n

si
d
er

tw
o

ca
se

s.
F

ir
st

,
if
t
<

0
a
n

d
th

e
in

ve
rs

e
d
ec

a
y

ra
ti

o
L
w

o
f
w

is
fi

n
it

e,
th

en
T
−
t

m
a
p
s

in
to
`w −

(R
n
),

th
a
t

is
,
`w −

(R
n
)

is
T
−
t
-i

n
va

ri
a
n

t
a
n

d
T
−
t

:
(`
w −

(R
n
),
‖·
‖ w

)
−→

(`
w −

(R
n
),
‖·
‖ w

)
is

su
rj

ec
ti

ve
,

o
pe

n
,

a
n

d
a

su
bm

er
si

o
n

,
th

a
t

is
,

ke
r
T
−
t

is
a

sp
li

t
su

bs
pa

ce
o
f
`w −

(R
n
).

If
t
>

0,
th

en
`w −

(R
n
)

is
a
lw

a
ys

T
−
t
-i

n
va

ri
a
n

t.
T
−
t

:
(`
w −

(R
n
),
‖·
‖ w

)
−→

(`
w −

(R
n
),
‖·
‖ w

)
is

in
th

a
t

ca
se

a
n

im
m

er
si

o
n

,
th

a
t

is
,

it
is

in
je

ct
iv

e
a
n

d
it

s
im

a
ge

Im
T
−
t

is
sp

li
t.

M
o
re

o
ve

r,
fo

r
a
n

y
t
>

0
,
T
t
◦T
−
t

=
I `

w −
(R

n
)
,

a
n

d
in

bo
th

ca
se

s
th

e
m

a
p
s
T
−
t

a
re

li
n

ea
r,

sm
oo

th
,

a
n

d
h
en

ce
co

n
ti

n
u

o
u

s.
A

d
d
it

io
n

a
ll

y,

|||T
1
||| w

=
L
w
,
|||T
−
1
||| w

=
D
w
,
|||T
−
t
||| w
≤
L
−
t

w
,

a
n

d
|||T

t
||| w
≤
D
−
t

w
,

fo
r

a
ll
t
∈
Z −

.
(2

.1
3)

1
0

JM
L

R
 2

0(
17

9)
:1

-6
2,

 2
01

9



D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

(iii)
F

o
r

a
n

y
t
1 ,t

2 ∈
Z
−

w
e

h
a
ve

p
t
1
+
t
2

=
p
t
1 ◦

T
−
t
2

=
p
t
2 ◦

T
−
t
1 .

(2.14
)

T
h
ese

sta
tem

en
ts

a
lso

h
o
ld

tru
e

w
h
en

(`
w−

(R
n
),‖·‖

w
)

is
rep

la
ced

by
(` ∞−

(R
n
),‖·‖∞

).
In

th
a
t

ca
se

o
n

e
h
a
s

to
ta

ke
a
s

sequ
en

ce
w

th
e

co
n

sta
n

t
sequ

en
ce
w
ι

given
by
w
ιt

:=
1,

fo
r

a
ll
t∈

N
,

a
n

d
L
w

a
n

d
D
w

a
re

rep
la

ced
by

th
e

co
n

sta
n

t
1.

R
e
m

a
rk

2
T

h
e

d
ecay

ratios
a
re

easy
to

co
m

p
u
te

for
m

an
y

fa
m

ilies
o
f

w
eig

h
tin

g
seq

u
en

ces.
T

w
o

cases
th

at
w

e
freq

u
en

tly
en

co
u
n
ter

are:

(i)
G

eom
etric

seq
u
en

ce:
w
t

:=
λ
t,
t∈

N
,

w
ith

0
<
λ
<

1.
In

th
is

case:

L
w

:=
su

p
t∈

N {
λ
t

λ
t+

1 }
=

1λ
>

1
an

d
D
w

:=
su

p
t∈

N {
λ
t+

1

λ
t

}
=
λ
<

1.

(ii)
H

a
rm

o
n
ic

seq
u
en

ce:
w
t

:=
1/(1

+
td

),
t∈

N
,

w
ith

d
>

0
.

In
th

is
case

D
w

=
1

an
d
L
w

=
1

+
d
.

W
e

em
p
h
a
size

th
a
t

th
e

fi
n
iten

ess
o
f

th
e

in
verse

d
ecay

ratio
is

n
ot

gu
aran

teed
for

all
w

eigh
tin

g
seq

u
en

ces.
A

n
ex

am
p
le

th
at

illu
strates

th
is

fact
is

th
e

seq
u
en

ce
w
t

:=
ex

p
(−
t
2).

It
is

easy
to

v
erify

th
at

in
th

at
ca

se
L
w

=
+
∞

a
n
d
D
w

=
1/e.

R
e
m

a
rk

3
T

h
e

in
eq

u
a
lities

(2.13)
can

b
e

com
b
in

ed
w

ith
G

elfa
n
d
’s

fo
rm

u
la

(L
a
x
,

2
002,

p
age

195
)

to
p
rov

id
e

b
ou

n
d
s

fo
r

th
e

sp
ectral

rad
ii
ρ
(T
−
t )

an
d
ρ
(T
t )

for
a
ll
t∈

Z
−

.
In

d
eed

,

ρ
(T
−
t )

=
lim
n→
∞

∣∣ ∣∣ ∣∣T
n−
t ∣∣ ∣∣ ∣∣ 1

/
n

w
≤

lim
n→
∞

(L
−
tn

w
)
1
/
n

=
L
−
t

w
,

w
ith

t∈
Z
−

.

A
n
alog

ou
sly,

on
e

sh
ow

s
th

at
ρ
(T
t )≤

D
−
t

w
.

R
e
m

a
rk

4
L

em
m

a
1

rem
ain

s
va

lid
w

h
en

in
stead

of
th

e
sp

aces
`
w−

(R
n
)

w
e

u
se

th
e

sp
aces

`
p
,w
−

(R
n
)

th
a
t

w
e

in
tro

d
u
ced

in
S
ection

2.1,
for

a
n
y

1
≤
p
<

+
∞

.
In

th
a
t

ca
se,

a
n
d

fo
r

an
y
t∈

Z
−

,

|||p
t |||p

,w
=

1

w
1
/
p

−
t

,
(2

.15
)

|||T
1 |||p

,w
=
L
1
/
p

w
,
|||T
−
1 |||p

,w
=
D

1
/
p

w
,
|||T
−
t |||p

,w
≤
L
−
t/
p

w
,

an
d
|||T

t |||p
,w
≤
D
−
t/
p

w
,

for
all

t∈
Z
−
.

(2.1
6)

R
e
m

a
rk

5
S
om

e
of

th
e

p
ro

p
erties

of
tim

e
d
elay

s
op

erato
rs

th
a
t

w
e

ju
st

stu
d
ied

h
ave

in
terestin

g
in

ter-
p
reta

tion
s

in
a

H
ilb

ert
sp

a
ce

co
n
tex

t.
S
ee

L
in

d
q
u
ist

an
d

P
icci

(2015
)

fo
r

a
d
eta

iled
stu

d
y.

2
.4

.
T

h
e

fa
d

in
g

m
e
m

o
ry

p
ro

p
e
rty

a
n

d
re

m
o
te

p
a
st

in
p

u
t

in
d

e
p

e
n

d
e
n

c
e

T
h
e

p
ro

p
erties

of
tim

e
d
elay

o
p

erato
rs

th
a
t

w
e

en
u
n
ciated

in
L

em
m

a
1

allow
u
s

to
sh

ow
h
ow

th
e

fa
d
in

g
m

em
o
ry

p
ro

p
erty,

d
efi

n
ed

a
s

th
e

con
tin

u
ity

o
f

a
fi
lter

lin
k
in

g
in

p
u
t

an
d

o
u
tp

u
t

sp
aces

en
d
ow

ed
w

ith
w

eig
h
ted

n
orm

s,
(see

S
ectio

n
2
.1)

can
b

e
in

terp
reted

a
s

its
asy

m
p
totic

in
d
ep

en
d
en

ce
on

th
e

rem
ote

p
ast

in
p
u
t

(W
ien

er,
19

58,
p
a
ge

8
9).

A
n
alo

go
u
sly,

w
e

can
see

th
a
t

th
e

F
M

P
am

o
u
n
ts

to
th

e
attrib

u
te

th
at,

in
th

e
w

ord
s

of
V

olterra
(V

olterra,
19

30,
p
a
ge

18
8),

th
e

in
fl
u
en

ce
of

th
e

in
p
u
t

a
lo

n
g

tim
e

b
efore

th
e

g
iv

en
m

om
en

t
fad

es
o
u
t.

T
h
is

p
rop

erty
h
a
s

also
b

een
ch

a
racterized

as
a

u
n

iq
u

e
stea

d
y
-sta

te
p
ro

p
e
rty

in
B

oy
d

an
d

C
h
u
a

(198
5)

an
d

referred
to

a
s

th
e

in
p
u

t
fo

rg
e
ttin

g
p
ro

p
e
rty

in
J
a
eger

(2010).
A

ll
th

ese
ch

ara
cterization

s
w

ere
p
roved

u
n
d
er

vario
u
s

com
p
actn

ess
a
n
d
/
or

u
n
ifo

rm
ly

b
ou

n
d
ed

n
ess

h
y
p

oth
eses

on
th

e
in

p
u
ts.

T
h
e

n
ex

t
resu

lt
sh

ow
s

th
a
t

p
rop

erty
as

a
stra

igh
tfo

rw
ard

corollary
of

L
em

m
a

1
th

at,
later

o
n

in
S
ection

4
.3

,
w

ill
b

e
g
en

eralized
to

situ
a
tion

s
w

h
ere

th
e

in
p
u
ts

are
even

tu
ally

u
n
b

o
u
n
d
ed

.
In

th
e

follow
in

g
statem

en
t

w
e

w
ill

b
e

u
sin

g
th

e
fo

llow
in

g
n
o
tatio

n
:

given
th

e
seq

u
en

ces
u
∈

(R
n
) Z
−

an
d

v
∈

(R
n
)
t,
t∈

N
,

th
e

sy
m

b
ol

u
v
∈

(R
n
) Z
−
×

(R
n
)
t

d
en

o
tes

th
e

co
n

ca
te

n
a
tio

n
of

u
an

d
v

.

1
1

JM
L

R
 20(179):1-62, 2019

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

T
h

e
o
re

m
6

(F
M

P
a
n

d
th

e
u

n
ifo

rm
in

p
u

t
fo

rg
e
ttin

g
p

ro
p

e
rty

)
L

et
M
,L

>
0
,
n
,N
∈

N
+

a
n

d

let
K
M
⊂

(R
n
) Z
−

,
K
L
⊂

(R
N

) Z
−

(respectively,
K

+M
⊂

(R
n
) N

+

,
K

+L
⊂

(R
N

) N
+

)
be

th
e

sets
o
f

u
n

ifo
rm

ly
bo

u
n

d
ed

left
(respectively,

righ
t)

sem
i-in

fi
n

ite
sequ

en
ces

d
efi

n
ed

in
(1

.3).
L

et
U

:
K
M
−→

K
L

be
a

ca
u

sa
l

a
n

d
tim

e-in
va

ria
n

t
fa

d
in

g
m

em
o
ry

fi
lter.

T
h
en

,
fo

r
a
n

y
u
,v
∈
K
M

a
n

d
z
∈
K

+M
w

e
h
a
ve

th
a
t

lim
t→

+
∞
‖U

( u
z
)
t −

U
(v

z
)
t ‖

=
0,

(2
.17

)

w
h
ere

in
th

is
exp

ressio
n

th
e

fi
lter

U
is

d
efi

n
ed

by
tim

e-in
va

ria
n

ce
o
n

po
sitive

tim
es

u
sin

g
(2

.8
).

T
h
e

co
n

vergen
ce

in
(2.17)

is
u

n
ifo

rm
o
n

u
,v

,
a
n

d
z

in
th

e
sen

se
th

a
t

th
ere

exists
a

m
o
n

o
to

n
o
u

sly
d
ecrea

sin
g

sequ
en

ce
w
U

w
ith

zero
lim

it
su

ch
th

a
t

fo
r

a
ll

u
,v
∈
K
M

,
z
∈
K

+M
,

a
n

d
t∈

N
,

‖U
(u

z
)
t −

U
(v

z
)
t ‖
≤
w
Ut
.

(2
.18

)

F
ilters

th
a
t

sa
tisfy

co
n

d
itio

n
(2

.1
7)

fo
r

a
n

y
u
,v
∈
K
M

a
n

d
z
∈
K

+M
a
re

sa
id

to
h
a
ve

th
e

in
p
u

t
fo

rg
e
ttin

g
p
ro

p
e
rty

a
n

d
w

e
refer

to
(2

.1
8)

a
s

th
e

u
n

ifo
rm

in
p
u

t
fo

rg
e
ttin

g
p
ro

p
e
rty

.

P
ro

o
f.

W
e

start
b
y

recallin
g

th
at

in
th

e
p
resen

ce
of

u
n
ifo
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t

se
q
u
en

ce
s

x
0 t

=
x
0
,

z
0 t

=
z
0
,

fo
r

al
l
t
∈
Z −

.

R
e
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rk

9
If

th
e

ta
rg

et
D
N

o
f

th
e

re
se

rv
oi

r
m

a
p

is
a

cl
os

ed
su

b
se

t
o
f
R
N

,
th

at
is
D
N

=
D
N

,
th

en
b
y

p
ar

t
(i

ii
)

of
th

e
C

or
ol

la
ry

33
,

th
e

se
t

(D
N

)Z
−
∩
`w −

(R
N

)
is

a
cl

os
ed

su
b
se

t
o
f
( `
w −

(R
N

),
‖·
‖ w
)

a
n
d

it
is

h
en

ce
n
ec

es
sa

ri
ly

co
m

p
le

te
,

as
re

q
u
ir

ed
in

ca
se

(i
i)

of
th

e
th

eo
re

m
.

M
or

eo
ve

r,
if
D
N

is
cl

o
se

d
an

d
V
n

co
n
ta

in
s

a
co

n
st

an
t

se
q
u
en

ce
z
0

th
en

th
e

co
n
d
it

io
n

on
th

e
ex

is
te

n
ce

o
f

a
so

lu
ti

on
(x

0
,z

0
)
∈

(D
N

)Z
−
∩`

w −
(R

N
)×
V
n

is
a
u
to

m
a
ti

ca
ll
y

sa
ti

sfi
ed

.
In

d
ee

d
,
le

t
z
∈
R
n

b
e

su
ch

th
a
t

(z
0
) t

:=
z

fo
r

a
ll
t
∈
Z −

an
d

le
t

x
∈
D
N

ar
b
it

ra
ry

.
C

o
n
si

d
er

th
e

se
q
u
en

ce
{x
,F

(x
,z

),
F

(F
(x
,z

),
z
),
F

(F
(F

(x
,z

),
z
),

z
),
..
.}

.
T

h
e

B
an

ac
h

C
on

tr
ac

ti
on

-M
ap

p
in

g
P

ri
n
ci

p
le

(s
ee

(S
h
a
p
ir

o,
20

1
6,

T
h
eo

re
m

3.
2)

)
g
u
a
ra

n
te

es
th

at
th

is
se

q
u
en

ce
co

n
ve

rg
es

to
th

e
u
n
iq

u
e

fi
x
ed

p
o
in

t,
w

e
ca

ll
it

x
∈
D
N

,
of

th
e

m
ap

F
(·,

z
).

T
h
e

p
ai

r
(x

0
,z

0
)
∈

(D
N

)Z
−
∩
`w −

(R
N

)
×
V
n
,

w
it

h
(x

0
) t

:=
x

fo
r

al
l
t
∈
Z −

,
is

th
e

so
lu

ti
o
n

n
ee

d
ed

in
ca

se
(i

i)
o
f

th
e

th
eo

re
m

.

A
s

a
co

ro
ll
ar

y
of

T
h
eo

re
m

7
it

ca
n

b
e

sh
ow

n
th

at
re

se
rv

oi
r

sy
st

em
s

th
a
t

h
av

e
b
y

co
n
st

ru
ct

io
n

u
n
if

or
m

ly
b

ou
n
d
ed

in
p
u
ts

an
d

ou
tp

u
ts

al
w

ay
s

h
av

e
th

e
E

S
P

an
d

F
M

P
p
ro

p
er

ti
es

an
d

th
at

,
fo

r
an

y
w

ei
gh

ti
n
g

se
q
u
en

ce
w

.
T

h
is

re
su

lt
w

as
al

re
ad

y
sh

ow
n

in
(G

ri
g
or

y
ev

a
an

d
O

rt
eg

a
,

2
01

8b
,

T
h
eo

re
m

3.
1)

.

C
o
ro

ll
a
ry

1
0

L
et
M
,L

>
0,

le
t
K
M
⊂

(R
n
)Z
−

a
n

d
K
L
⊂
( R

N
) Z
−

be
su

bs
et

s
o
f

u
n

if
o
rm

ly
bo

u
n

d
ed

se
qu

en
ce

s
d
efi

n
ed

a
s

in
(1

.3
),

a
n

d
le

t
F

:
B
‖·
‖(

0
,L

)×
B
‖·
‖(

0
,M

)
−→

B
‖·
‖(

0
,L

)
be

a
co

n
ti

n
u

o
u

s
re

se
rv

o
ir

m
a
p
.

A
ss

u
m

e,
a
d
d
it

io
n

a
ll

y,
th

a
t
F

is
a

co
n

tr
a
ct

io
n

o
n

th
e

fi
rs

t
en

tr
y

w
it

h
co

n
st

a
n

t
0
<
c
<

1.
T

h
en

,
th

e
re

se
rv

o
ir

sy
st

em
a
ss

oc
ia

te
d

to
F

h
a
s

th
e

ec
h
o

st
a
te

p
ro

pe
rt

y.
M

o
re

o
ve

r,
th

is
sy

st
em

h
a
s

a
u

n
iq

u
e

a
ss

oc
ia

te
d

ca
u

sa
l

a
n

d
ti

m
e-

in
va

ri
a
n

t
fi

lt
er
U
F

:
K
M
−→

K
L

th
a
t

h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

pe
rt

y
w

it
h

re
sp

ec
t

to
a
n

y
w

ei
gh

ti
n

g
se

qu
en

ce
w

.

P
ro

o
f.

G
iv

en
th

at
B
‖·
‖(

0
,L

)
is

a
co

m
p
a
ct

su
b
se

t
o
f
R
N

,
th

e
h
y
p

ot
h
es

is
in

p
a
rt

(i
)

of
T

h
eo

re
m

7
a
n
d

co
n
d
it

io
n

(3
.3

)
gu

ar
an

te
e

th
at

th
er

e
ex

is
ts

a
re

se
rv

o
ir

fi
lt

er
U
F

:
K
M
−→

K
L

as
so

ci
at

ed
to
F

th
at

h
as

th
e

fa
d
in

g
m

em
or

y
p
ro

p
er

ty
w

it
h

re
sp

ec
t

to
an

y
w

ei
gh

ti
n
g

se
q
u
en

ce
th

at
sa

ti
sfi

es
(3

.3
).

S
u
ch

a
se

q
u
en

ce
al

w
ay

s
ex

is
ts

as
it

su
ffi

ce
s

to
ta

ke
a
n
y

g
eo

m
et

ri
c

se
q
u
en

ce
w
t

:=
λ
t
,
t
∈
N

,
w

it
h
c
<
λ
<

1.
H

ow
ev

er
,

a
s

it
h
as

b
ee

n
sh

ow
n

in
(G

ri
go

ry
ev

a
an

d
O

rt
eg

a
,

20
18

b
,

C
or

o
ll
a
ry

2
.7

),
a
ll

th
e

w
ei

gh
te

d
n
o
rm

s
in

d
u
ce

in
th

e
se

ts
K
M

an
d
K
L

th
e

sa
m

e
to

p
ol

og
y,

n
a
m

el
y,

th
e

p
ro

d
u
ct

to
p

o
lo

g
y

an
d

h
en

ce
if
U
F

is
co

n
ti

n
u
o
u
s

w
it

h
re

sp
ec

t
to

th
e

to
p

ol
og

y
in

d
u
ce

d
b
y

th
e

w
ei

gh
te

d
n
o
rm
‖·
‖ w

th
en

so
it

is
w

it
h

re
sp

ec
t

to
th

e
n
or

m
as

so
ci

at
ed

to
an

y
ot

h
er

w
ei

gh
ti

n
g

se
q
u
en

ce
.
�

R
e
m

a
rk

1
1

T
h
is

co
ro

ll
a
ry

sh
ow

s
th

at
,

in
g
en

er
a
l,

th
e

co
n
d
it

io
n

(3
.3

)
is

su
ffi

ci
en

t
b
u
t

n
o
t

n
ec

es
sa

ry
.

In
d
ee

d
,

if
th

e
h
y
p

ot
h
es

es
in

th
e

co
ro

ll
a
ry

ar
e

sa
ti

sfi
ed

,
th

e
re

su
lt

in
g

fi
lt

er
U
F

h
a
s

th
e

fa
d
in

g
m

em
o
ry

1
4
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

p
ro

p
erty

w
ith

resp
ect

to
a
n
y

geo
m

etric
seq

u
en

ce
w
t

:=
λ
t,

w
ith

0
<
λ
<

1
,
t∈

N
for

w
h
ich

(see
R

em
a
rk

2)
L
w

=
1/
λ

.
In

p
a
rticu

la
r,

th
is

h
o
ld

s
tru

e
w

h
en

λ
is

ch
osen

so
th

at
0
<
λ
<
c

an
d

h
en

ce
w

h
en

(3
.3)

is
n
o
t

sa
tisfi

ed
sin

ce
in

th
a
t

case
cL

w
>

1.
A

d
d
itio

n
a
l

con
crete

ex
am

p
les

th
a
t

sh
ow

th
at

th
e

con
d
itio

n
(3

.3
)

is
su

ffi
cien

t
b
u
t

n
ot

n
ecessa

ry
are

p
rov

id
ed

in
S
ection

3
.1

.
W

e
em

p
h
asize

th
at

th
e

F
M

P
con

d
itio

n
(3

.3
)

is
su

ffi
cien

t
b
u
t

n
ot

n
ecessa

ry
ev

en
in

th
e

a
b
sen

ce
of

b
o
u
n
d
ed

n
ess

con
d
itio

n
s

like
in

C
orollary

10

A
n
oth

er
im

p
orta

n
t

statem
en

t
th

at
ca

n
b

e
p
roved

w
h
en

th
e

ta
rg

et
of

th
e

reservoir
m

ap
is

a
com

p
a
ct

su
b
set

ofR
N

is
th

a
t

th
e

ech
o

sta
te

p
ro

p
erty

is
in

th
at

situ
atio

n
gu

aran
teed

fo
r

n
o

m
a
tter

w
h
a
t

in
p
u

t 1

in
(R

n
) Z
−

even
th

ou
g
h

th
e

F
M

P
m

ay
o
b
v
iou

sly
n
ot

h
o
ld

in
th

a
t

case.

T
h

e
o
re

m
1
2

(E
S

P
fo

r
re

se
rv

o
ir

m
a
p

s
w

ith
c
o
m

p
a
c
t

ta
rg

e
t)

L
et
F

:
D
N
×
D
n
−→

D
N

be
a

co
n

tin
u

o
u

s
reservo

ir
m

a
p
,
D
n
⊂

R
n

,
D
N
⊂

R
N

,
n
,N
∈
N

+
,

su
ch

th
a
t
D
N

is
a

co
m

pa
ct

su
bset

o
f
R
N

a
n

d
F

is
a

co
n

tra
ctio

n
o
n

th
e

fi
rst

en
try

w
ith

co
n

sta
n

t
0
<
c
<

1
.

T
h
en

,
th

e
reservo

ir
system

a
ssocia

ted
to

F
h
a
s

th
e

ech
o

sta
te

p
ro

perty
fo

r
a
n

y
in

p
u

t
in

(D
n
) Z
−

.
L

et
U
F

:
(D

n
) Z
−
−→

(D
N

) Z
−

be
th

e
a
ssocia

ted
reservo

ir
fi

lter.
F

o
r

a
n

y
w

eigh
tin

g
sequ

en
ce
w

su
ch

th
a
t
cL

w
<

1
th

e
m

a
p
U
F

:
(D

n
) Z
−
−→

((D
N

) Z
−
,‖·‖

w
)

is
co

n
tin

u
o
u

s
w

h
en

in
(D

n
) Z
−

w
e

co
n

sid
er

th
e

rela
tive

to
po

logy
in

d
u

ced
by

th
e

p
rod

u
ct

to
po

logy
in

(R
N

) Z
−

.
M

o
reo

ver,
if

(D
n
) Z
−
⊂
`
w−

(R
n
)

th
en

U
F

h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

perty.

T
h
e

follow
in

g
resu

lt
sh

ow
s

h
ow

th
e

F
M

P
of

th
e

fi
lter

asso
ciated

to
a

reservoir
m

ap
estab

lish
ed

in
T

h
eorem

7
p
ro

p
a
gates

to
th

e
F

M
P

o
f

th
e

fi
lter

o
f

th
e

fu
ll

reservoir
sy

stem
if

th
e

read
ou

t
m

ap
is

con
tin

u
o
u
s.

C
o
ro

lla
ry

1
3

In
th

e
co

n
d
itio

n
s

o
f

T
h
eo

rem
7
,

let
h

:
D
N
−→

R
d

be
a

co
n

tin
u

o
u

s
rea

d
o
u

t
m

a
p
.

C
o
n

-
sid

er
th

e
fo

llo
w

in
g

tw
o

ca
ses

th
a
t

co
rrespo

n
d

to
th

e
tw

o
sets

o
f

h
ypo

th
eses

stu
d
ied

in
T

h
eo

rem
7
:

(i)
If
D
N

is
a

co
m

pa
ct

su
bset

o
f
R
N

th
en

th
ere

is
a

co
n

sta
n

t
R
>

0
su

ch
th

a
t

th
e

fi
lter

U
Fh

d
efi

n
ed

by
U
Fh

(z
)
t

:=
h (U

F
(z

)
t ),

t∈
Z
−

,
z
∈
V
n

m
a
p
s
U
Fh

:
(V
n
,‖·‖

w
)−→

(K
R
,‖·‖

w
)

a
n

d
h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

perty.

(ii)
If

(D
N

) Z
−
∩
`
w−

(R
N

)
is

a
co

m
p
lete

su
bset

o
f (`

w−
(R

N
,‖·‖

w )
a
n

d
h

is
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n
D
N

su
ch

th
a
t
U
Fh

(z
0)∈

`
w−

(R
d),

th
en

th
e

reservo
ir

fi
lter

U
Fh

:
(V
n
,‖·‖

w
)−→

(`
w−

(R
d),‖·‖

w
)

h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

perty.

T
h
is

sta
tem

en
t

a
lso

h
o
ld

s
tru

e
u

n
d
er

th
e

h
ypo

th
eses

in
pa

rt
(ii)

w
h
en

(`
w−

(R
n
),‖·‖

w
)

is
rep

la
ced

by
(` ∞−

(R
n
),‖·‖∞

).
T

h
e

resu
ltin

g
reservo

ir
fi

lter
U
Fh

:
(V
n
,‖·‖∞

)−→
(` ∞−

(R
d),‖·‖∞

)
is

co
n

tin
u

o
u

s.

3
.1

.
E

x
a
m

p
le

s

In
th

e
follow

in
g

p
a
ragrap

h
s

w
e

sh
ow

h
ow

th
e

su
ffi

cien
t

con
d
ition

(3.3
)

ex
p
licitly

lo
ok

s
lik

e
for

reservoir
sy

stem
s

th
a
t

are
w

id
ely

u
sed

an
d

th
a
t

h
ave

b
een

sh
ow

n
to

h
ave

u
n
iv

ersa
lity

p
rop

erties
in

th
e

fad
in

g
m

em
ory

catego
ry

b
o
th

w
ith

d
eterm

in
istic

a
n
d

sto
ch

a
stic

in
p
u
ts

G
rigoryeva

an
d

O
rtega

(2018a,b
);

G
on

o
n

a
n
d

O
rteg

a
(20

18
).

L
in

e
a
r

re
se

rv
o
ir

m
a
p

s.
C

o
n
sid

er
th

e
reservoir

m
ap

F
:R

N
×

R
n
−→

R
N

given
b
y

F
(x
,z

)
=
A

x
+

c
z
,

w
ith

A
∈
M
N
,c
∈
M
N
,n
.

(3
.5

)

It
is

easy
to

see
th

at
F

is
a

con
tra

ction
o
n

th
e

fi
rst

en
try

w
h
en

ev
er

th
e

m
atrix

A
satisfi

es
th

at|||A|||
<

1.
In

th
a
t

ca
se,

u
sin

g
th

e
n
o
tation

in
T

h
eorem

7
,
c

=
|||A|||.

In
d
eed

,
for

an
y

x
1 ,x

2 ∈
R
N

,
z
∈
R
n
:

‖F
(x

1 ,z
)−

F
(x

2 ,z
)‖

=
‖
A

(x
1 −

x
2 )‖
≤
|||A|||‖

x
1 −

x
2 ‖
.

1
.

W
e

th
a
n

k
L

u
k
a
s

G
o
n

o
n

fo
r

p
o
in

tin
g

th
is

o
u

t.

1
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

W
e

n
ow

assu
m

e
th

at|||A|||
<

1
.

T
h
e

fo
llow

in
g

tw
o

statem
en

ts
are

p
rov

ed
in

th
e

A
p
p

en
d
ix

6
.8:

(i)
T

h
e

reservoir
sy

stem
asso

ciated
to

(3
.5)

h
a
s

th
e

ech
o

state
p
rop

erty
an

d
d
efi

n
es

a
u
n
iq

u
e

reservoir
fi
lter

U
F

:
`
w−

(R
n
)
−→

`
w−

(R
N
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h
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s
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e
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in
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m

em
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ry
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rop
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w
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to
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y
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tin
g
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w

th
at
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e

con
d
ition
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<
+
∞
.

(3
.6

)

T
h
e

F
M

P
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d
ition

(3
.3

)
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b
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If
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p
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e
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are
u
n
ifo
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b
o
u
n
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en
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fad
in

g
m
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ory
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w

ith
resp

ect
to

a
n
y

w
eigh

tin
g

seq
u
en

ce.
T

h
is

resu
lt

w
as

alrea
d
y

k
n
ow

n
as

it
can

b
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b
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b
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8
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1
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an
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C
o
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2
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W

e
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in
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h
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d
irectly
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C
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10

b
y

n
o
tin

g
th

a
t
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a
n
y

M
>

0
,

F
(B
‖·‖ (0
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),B
‖·‖ (0

,M
)⊂

B
‖·‖ (0

,L
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w
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L
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|||c|||M

1−
|||A||| .
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E
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o
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o
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S
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).
L
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σ

:
R
−→
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1,1]

b
e

a
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u
a
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in
g

fu
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,
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at
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σ
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n
o
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d
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g,
lim

x→
−
∞
σ
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1
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∞
σ
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M
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m

e
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t
L
σ
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+
∞
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L
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b
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en
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p
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of

th
e
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sq
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n
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ork
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a
reservo
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sy
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w
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d
o
u
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d
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m
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y

F
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)
=
σ

(A
x

+
c
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+
ζ
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w
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A
∈
M
N
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∈
M
N
,n
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∈
R
N
.

(3
.9)
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F
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con
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σ
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e
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p
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O
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con
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F
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p
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⊂
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n
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u
en
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w
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|||A|||L
σ
L
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1
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0
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th
ere
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ists
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iq
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e
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fi
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F
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(R
N
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cia
ted

to
F
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a
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e

fa
d
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m
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ory
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rop
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y
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is

statem
en

t
h
o
ld

s
tru

e
fo
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con
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p
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g
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o
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s
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e
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m
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(S

A
S

).
T

h
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s
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eterm
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b
y

reservoir
m

a
p
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F
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N
×

R
n
−→

R
N

o
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e

form
F
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)
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p
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+
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1
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w
h
ere

p
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d
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w
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m
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r
co
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d
ep

en
d
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g
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n
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e
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e

fo
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e
g
u
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d
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p
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∑

i
1
,...,i
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∈
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0
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1
+
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i
n
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z
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1
1
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n
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A
i
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A
i
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∈
M
N
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⊂
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∑
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∈
{
0
,...,s}

i
1
+
···+

i
n
≤

s

z
i
1
1
···z

i
n
n
B
i
1
,...,i

n
,

B
i
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N
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⊂
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D
if
f
e
r
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n
t
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l
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r
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c
o
m
p
u
t
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g
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i)
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S

.
W

e
u
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tr
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c
p
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y
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ia
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in
st

ea
d
:
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)
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∈
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u
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⊂
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∈
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⊂
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∈D

n

{||
|q(

z
)|||
}.

N
ot

e
th

a
t

fo
r

re
gu

la
r

S
A

S
d
efi

n
ed

b
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d
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a

co
n
tr
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w
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M
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w
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h
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n
d
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w
e

w
il
l
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e
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.
A

d
d
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w
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∞
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p
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en
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b
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ve
d

(s
ee

A
p
p

en
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re
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n
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lo
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e
o
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p
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:
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)
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re
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te
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e
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st
at

e
p
ro

p
er
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a
n
d

d
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n
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u
n
iq

u
e
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∩
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)
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t
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e
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d
in

g
m

em
or

y
p
ro

p
er
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w
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h
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t

to
a
n
y

w
ei

gh
ti

n
g

se
q
u
en
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w

th
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th
e
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n
d
it

io
n

∞ ∑ j
=
0

M
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w
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<

+
∞
.

(3
.1

2)

T
h
e

F
M

P
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n
d
it

io
n

(3
.3

)
th

at
in

th
is

ca
se

re
a
d
s

as
M
p
L
w
<

1
im

p
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es

(3
.1

2
)

b
u
t

n
ot

v
ic

e
ve

rs
a.

(i
i)

If
th

e
in

p
u
ts

p
re

se
n
te

d
to

th
e

re
se

rv
oi

r
sy

st
em

as
so

ci
at

ed
to

(3
.1

1
)

a
re

u
n
if

or
m

ly
b
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n
d
ed

th
en

it
h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
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p
er
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w

it
h

re
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t
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y
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ei

g
h
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n
g

se
q
u
en
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W
e

ob
ta

in
th

is
re

su
lt

ou
t

o
f

C
or

o
ll
a
ry

10
b
y

n
ot

in
g

th
a
t

fo
r

an
y
M

>
0,

F
(B
‖·
‖(

0
,L
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B
‖·
‖(

0
,M

)
⊂
B
‖·
‖(

0
,L

),
w

it
h

L
:=

M
q

1
−
M
p
.

W
e

em
p
h
a
si

ze
th

at
in

th
e

ca
se

of
re

gu
la

r
S
A

S
,

th
is

is
th

e
on

ly
si

tu
at

io
n

fo
r

w
h
ic

h
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e
ca

n
h
av

e
M
p
<

1
a
n
d
M
q
<

+
∞

.

4
.

D
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e
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n
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a
b
il
it

y
in

re
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rv
o
ir

fi
lt

e
rs

w
it

h
u
n
b

o
u
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e
d

in
p
u
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W
e

n
ow

ex
te

n
d

th
e
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su
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s

in
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e
p
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u
s
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n

fr
om
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n
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u
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d
iff

er
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a
b
il
it
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M

or
e

sp
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w
e
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a
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er
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e
th

e
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tu
at

io
n
s

in
w

h
ic

h
on

e
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n
p
ro

ve
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e
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o
b
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th

e
d
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o
u
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d
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y
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p
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f
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e
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a
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th
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r
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h
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a
p
p
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p
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n
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n
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u
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b
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e
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p
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a
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u
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d
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b
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n
g

a
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l

p
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p
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,

w
e

sh
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h
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em
s

th
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d
o
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o
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b
a
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y

h
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e
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y
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e
p
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p
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l

h
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e
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a
n
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b
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h
o
o
d
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n
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p
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o
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p
u
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A

p
h
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o
f
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p

e
h
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b
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n
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p
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d
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M
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n
a
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d

J
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r
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.
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th
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p
h
a
si
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n
g
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e
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u
d
y
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f
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e

d
iff

er
en

ti
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il
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y
p
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p
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d
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g
m
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e
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n
d
li
n
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o
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n
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n
d
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p
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n
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e
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n
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n
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e
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ré

ch
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d
er
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e

re
q
u
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b
e

d
efi

n
ed

o
n
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en
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b
se
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o
f
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e

B
an

ac
h

sp
a
ce
`w −
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)

th
at

a
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n
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u
n
b

ou
n
d
ed
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q
u
en
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ee
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e

fi
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t
p
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t
of

L
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m
a

32
in
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e

a
p
p
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d
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es
).
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e
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.
D

iff
e
re

n
ti

a
b

le
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se
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o
ir

fi
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e
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a
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o
c
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te
d
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d
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e
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n
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a
b

le
re
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ir

m
a
p

s

T
h
e

fi
rs

t
re

su
lt

in
th

is
se

ct
io

n
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s

th
at

u
n
d
er

ce
rt

a
in
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n
d
it

io
n
s,
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e

ec
h
o

st
at

e
a
n
d

th
e

fa
d
in

g
m

em
or

y
p
ro

p
er

ti
es

as
so

ci
at

ed
to

d
iff

er
en

ti
ab

le
re

se
rv

o
ir

sy
st

em
s

lo
ca

ll
y

p
er

si
st

,
th

a
t

is
,

if
a

re
se

rv
oi

r
sy

st
em

h
a
s

a
u
n
iq

u
e

fi
lt

er
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so
ci

at
ed

to
a

sp
ec

ifi
c

in
p
u
t

an
d

it
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co
n
ti

n
u
ou
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an

d
d
iff

er
en

ti
ab

le
a
t

it
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th
en

th
e
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m

e
p
ro

p
er

ty
h
ol

d
s
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r

n
ei

gh
b
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in
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p
u
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4
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o
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a
l

p
e
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is
te

n
c
e

o
f
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e

E
S

P
a
n

d
F

M
P

p
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p
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L
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N
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R
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−→

R
N
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o
ir

m
a
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a
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d
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w
ei
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n
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ra
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u
p
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se
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t
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o
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a
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C

1
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N
×

R
n
)

a
n

d
th

a
t
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e
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n
d
in

g
re

se
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o
ir
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st

em
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)
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a
s

a
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∈
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)
×
`w −
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n
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a
t
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,

x
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=
F
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1
,z

0 t
),
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r

a
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t
∈
Z −
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S

u
p
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a
d
d
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a
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a
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L
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:=
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)∈
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|D
F

(x
,z

)|||
}
<

+
∞
.

(4
.1

)

D
efi

n
e

L
F

x
(x

0
,z

0
)

:=
su

p
t∈

Z −

{∣ ∣
∣ ∣∣ ∣ D

x
F

(x
0 t−

1
,z

0 t
)∣ ∣∣ ∣
∣ ∣}

a
n

d
su

p
po

se
th

a
t

L
F

x
(x

0
,z

0
)L

w
<

1.
(4

.2
)

T
h
en

th
er

e
ex

is
t

o
pe

n
ti

m
e-

in
va

ri
a
n

t
n

ei
gh

bo
rh

oo
d
s
V
x
0

a
n

d
V
z
0

o
f

x
0

a
n

d
z
0

in
`w −

(R
N

)
a
n

d
`w −

(R
n
),

re
sp

ec
ti

ve
ly

,
su

ch
th

a
t

th
e

re
se

rv
o
ir

sy
st

em
a
ss

oc
ia

te
d

to
F

w
it

h
in

p
u

ts
in
V
z
0

h
a
s

th
e

ec
h

o
st

a
te

p
ro

p
-

er
ty

a
n

d
h
en

ce
d
et

er
m

in
es

a
u

n
iq

u
e

ca
u

sa
l

a
n

d
ti

m
e-

in
va

ri
a
n

t
re

se
rv

o
ir

fi
lt

er
U
F

:
(V

z
0
,‖
·‖
w

)
−→

(V
x
0
,‖
·‖
w

).
M

o
re

o
ve

r,
U
F

is
d
iff

er
en

ti
a
bl

e
a
t

a
ll

th
e

po
in

ts
o
f

th
e

fo
rm

T
−
t
(z

0
),
t
∈

Z −
,

it
is

lo
ca

ll
y

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
o
n
V
z
0
,

a
n

d
it

h
en

ce
h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

pe
rt

y.

R
e
m

a
rk

1
5

W
e

re
fe

r
to

(4
.2

)
a
s

th
e

p
e
rs

is
te

n
ce

co
n

d
it

io
n

.
W

e
em

p
h
a
si

ze
th

at
th

is
in

eq
u
a
li
ty

p
u
ts

in
to

re
la

ti
on

th
e

so
lu

ti
on

(x
0
,z

0
)

w
h
o
se

p
er

si
st

en
ce

w
e

ar
e

st
u
d
y
in

g
w

it
h

th
e

w
ei

g
h
ti

n
g

se
q
u
en

ce
w

.
In

p
ar

ti
cu

la
r,

th
at

re
la

ti
o
n

te
ll
s

u
s

th
a
t

so
lu

ti
on

s
ar

e
m

or
e

li
ke

ly
to

p
er

si
st

w
it

h
re

sp
ec

t
to

w
ei

gh
ti

n
g

se
q
u
en

ce
s

th
at

d
ec

ay
m

or
e

sl
ow

ly
(t

h
at

is
,
L
w

is
sm

a
ll
er

).

R
e
m

a
rk

1
6

T
h
er

e
is

a
si

tu
a
ti

o
n

w
h
er

e
th

e
p

er
si

st
en

ce
co

n
d
it

io
n

is
p
ar

ti
cu

la
rl

y
ea

sy
to

ve
ri

fy
,

n
a
m

el
y,

w
h
en

th
e

so
lu

ti
on

of
th

e
re

se
rv

oi
r

sy
st

em
is

co
n
st

ru
ct

ed
as

a
co

n
st

a
n
t

se
q
u
en

ce
co

m
in

g
fr

om
a

fi
x
ed

p
o
in

t
of

th
e

re
se

rv
oi

r
m

ap
,

th
at

is
,

(x
0
,z

0
)
∈
R
N
×
R
n

su
ch

th
at
F

(x
0
,z

0
)

=
x
0
.

In
th

a
t

ca
se
L
F

x
(x

0
,z

0
)

:=
∣ ∣∣ ∣∣ ∣
D
x
F

(x
0
,z

0
)∣ ∣∣ ∣
∣ ∣ .

R
e
m

a
rk

1
7

T
h
e

p
er

si
st

en
ce

co
n
d
it

io
n

(4
.2

)
ca

n
b

e
in

te
rp

re
te

d
a
s

a
st

a
b
il
it

y
co

n
d
it

io
n

fo
r

th
e

re
se

rv
o
ir

sy
st

em
d
et

er
m

in
ed

b
y
F

at
th

e
so

lu
ti

on
(x

0
,z

0
)

w
it

h
re

sp
ec

t
to

p
er

tu
rb

a
ti

on
s

in
`w −

(R
n
).

T
h
e

p
er

si
st

en
ce

of
so

lu
ti

on
s

u
n
d
er

st
ab

il
it

y
co

n
d
it

io
n
s

o
f

th
a
t

ty
p

e
h
as

b
ee

n
th

or
ou

gh
ly

st
u
d
ie

d
fo

r
m

a
n
y

ty
p

es
of

d
y
n
am

ic
al

sy
st

em
s

(s
ee

,
fo

r
in

st
an

ce
,

M
on

ta
ld

i
(1

99
7
b
,a

);
O

rt
eg

a
a
n
d

R
a
ti

u
(1

99
7)

;
C

h
o
ss

at
et

al
.

(2
00

3)
).

R
e
m

a
rk

1
8

T
h
e

d
er

iv
a
ti

ve
D
U
F

(z
0
)

at
z
0

o
f
th

e
lo

ca
ll
y

d
efi

n
ed

re
se

rv
oi

r
fi
lt

er
U
F

is
d
et

er
m

in
ed

b
y

th
e

d
iff

er
en

ti
at

io
n

of
th

e
re

la
ti

on
(3

.1
).

In
d
ee

d
,

fo
r

a
n
y

u
∈
`w −

(R
n
),

a
n
d
t
∈
Z −

,
th

e
d
ir

ec
ti

on
al

d
er

iv
at

iv
e

D
U
F

(z
0
)
·u

is
d
et

er
m

in
ed

b
y

th
e

re
cu

rs
io

n
s

(D
U
F

(z
0
)
·u

) t
=

D
F
( U

F
(z

0
) t
−
1
,z

0 t

) ·
( (
D
U
F

(z
0
)
·u
) t−

1
,u

t

)
(4

.3
)

=
D
x
F
( U

F
(z

0
) t
−
1
,z

0 t

) ·
( D

U
F

(z
0
)
·u
) t−

1
+
D
z
F

(U
(z

0
) t
−
1
,z

0 t
)
·u

t
.

(4
.4

)

T
h
is

re
la

ti
on

im
p
li
es

,
in

p
ar

ti
cu

la
r,

th
at
D
U
F

(z
0
)

:
`w −

(R
n
)
−→

`w −
(R

N
)

is
a

b
o
u
n
d
ed

li
n
ea

r
op

er
at

o
r

an
d

th
at

∣ ∣∣ ∣∣ ∣
D
U
F

(z
0
)∣ ∣∣ ∣
∣ ∣ w
≤

L
F

z
(x

0
,z

0
)

1
−
L
F

x
(x

0
,z

0
)L

w
,

(4
.5

)

1
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

w
h
ere

L
F

z (x
0,z

0)
:=

su
p

t∈
Z
− { ∣∣ ∣∣ ∣∣D

z F
(x

0t−
1 ,z

0t ) ∣∣ ∣∣ ∣∣ }
.

In
d
eed

,
n
otice

fi
rst

th
at

for
an

y
t∈

Z
−

,
∣∣ ∣∣ ∣∣D

x
F

(x
0t−

1 ,z
0t ) ∣∣ ∣∣ ∣∣≤

∣∣ ∣∣ ∣∣D
F

(x
0t−

1 ,z
0t ) ∣∣ ∣∣ ∣∣

an
d
∣∣ ∣∣ ∣∣D

z F
(x

0t−
1 ,z

0t ) ∣∣ ∣∣ ∣∣≤
∣∣ ∣∣ ∣∣D

F
(x

0t−
1 ,z

0t ) ∣∣ ∣∣ ∣∣,
(4.6)

w
h
ich

,
u
sin

g
h
y
p

o
th

esis
(4.1)

im
p
lies

th
at

L
F

x (x
0,z

0)≤
L
F
<

+
∞

an
d

L
F

z (x
0,z

0)≤
L
F
<

+
∞
.

(4
.7

)

N
ow

,
for

an
y

u
∈
`
w−

(R
n
),

a
n
d
t∈

Z
−

,
th

e
rela

tio
n

(4
.3

)
a
n
d

th
e

in
eq

u
alities

(4.7)
im

p
ly

th
at

∥∥
D
U
F

(z
0)·

u ∥∥
w

=
su

p
t∈

Z
− { ∥∥ (D

U
F

(z
0)·u )

t ∥∥
w
−
t }

=
su

p
t∈

Z
− { ∥∥∥

D
F
(U

F
(z

0)
t−

1 ,z
0t )· ((D

U
F

(z
0)·u )

t−
1
,u

t ) ∥∥∥
w
−
t }

=
su

p
t∈

Z
− { ∥∥∥

D
x
F
(U

F
(z

0)
t−

1 ,z
0t )· (D

U
F

(z
0)·u )

t−
1

+
D
z F

(U
(z

0)
t−

1 ,z
0t )·u

t ∥∥∥
w
−
t }

≤
L
F

x (x
0,z

0)
su

p
t∈

Z
− { ∥∥∥ (D

U
F

(z
0)·u )

t−
1 ∥∥∥
w
−
t }

+
L
F

z (x
0,z

0)
su

p
t∈

Z
− {‖

u
t ‖
w
−
t }

≤
L
F

x (x
0,z

0)
su

p
t∈

Z
− {∥∥∥ (D

U
F

(z
0)·u )

t−
1 ∥∥∥
w
−
(t−

1
)

w
−
t

w
−
(t−

1
) }

+
L
F

z (x
0,z

0)
su

p
t∈

Z
− {‖

u
t ‖
w
−
t }

≤
L
F

x (x
0,z

0)L
w

∥∥
D
U
F

(z
0)·u ∥∥

w
+
L
F

z (x
0,z

0)‖u‖
w
,

w
h
ich

im
p
lies

(4.5).

T
h
e

p
rev

io
u
s

th
eorem

p
roves

th
a
t

w
h
en

th
e

p
ersisten

ce
con

d
itio

n
(4.2)

is
sa

tisfi
ed

at
a

p
reex

istin
g

solu
tion

of
a

reservoir
sy

stem
th

en
th

is
sy

stem
h
a
s

a
u
n
iq

u
e

fa
d
in

g
m

em
o
ry

(a
n
d

d
iff

eren
tiab

le)
fi
lter

asso
ciated

for
n
eig

h
b

o
rin

g
in

p
u
ts.

In
th

e
n
ex

t
resu

lts
w

e
sh

ow
th

a
t

a
glob

al
version

of
th

at
con

d
ition

en
su

res
fi
rst,

th
a
t

glob
a
lly

d
efi

n
ed

reservoir
fi
lters

ex
ist,

an
d

seco
n
d
,

th
a
t

th
o
se

fi
lters

are
d
iff

eren
tiab

le
an

d
h
en

ce
h
ave

th
e

fa
d
in

g
m

em
ory

p
rop

erty.

T
h

e
o
re

m
1
9

(C
h

a
ra

c
te

riz
a
tio

n
o
f

g
lo

b
a
l

re
se

rv
o
ir

fi
lte

r
d

iff
e
re

n
tia

b
ility

)
L

et
F

:R
N×

R
n
−→

R
N

be
a

reservo
ir

m
a
p

o
f

cla
ss
C

1(R
N
×
R
n
)

a
n

d
let

w
be

a
w

eigh
tin

g
sequ

en
ce

w
ith

fi
n

ite
in

verse
d
eca

y
ra

tio
L
w

.

(i)
S

u
p
po

se
th

a
t
F

sa
tisfi

es
(4.1)

a
n

d
d
efi

n
e

L
F

x
:=

su
p

(x
,z
)∈

R
N
×
R

n {|||D
x
F

(x
,z

)|||}
a
n

d
L
F

z
:=

su
p

(x
,z
)∈

R
N
×
R

n {|||D
z F

(x
,z

)|||}
.

If
th

e
reservo

ir
system

(1
.1

)
a
ssocia

ted
to
F

h
a
s

a
so

lu
tio

n
(x

0,z
0)∈

`
w−

(R
N

)×
`
w−

(R
n
),

th
a
t

is,
x
0t

=
F

(x
0t−

1 ,z
0t ),

fo
r

a
ll
t∈

Z
−

,
a
n

d
L
F

x L
w
<

1
(4.8

)

th
en

it
h
a
s

th
e

ech
o

sta
te

p
ro

perty
a
n

d
h
en

ce
d
eterm

in
es

a
u

n
iqu

e
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
reser-

vo
ir

fi
lter

U
F

:
(`
w−

(R
n
),‖·‖

w
)−→

(`
w−

(R
N

),‖·‖
w

).
M

o
reo

ver,
U
F

is
d
iff

eren
tia

ble
a
n

d
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n
`
w−

(R
n
)

w
ith

L
ip

sch
itz

co
n

sta
n

t
L
U

F
given

by

L
U

F
:=

L
F

z

1−
L
F

x L
w

a
n

d
∣∣ ∣∣ ∣∣D

U
F

(z
) ∣∣ ∣∣ ∣∣w

≤
L
F

z

1−
L
F

x L
w
,

fo
r

a
n

y
z
∈
`
w−

(R
n
).

(4.9
)

T
h
e

fi
lter

U
F

h
a
s

h
en

ce
th

e
fa

d
in

g
m

em
o
ry

p
ro

perty.
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(ii)
C

o
n

versely,
let

V
n
⊂
`
w−

(R
n
)

be
a
n

o
pen

a
n

d
tim

e-in
va

ria
n

t
su

bset
o
f
`
w−

(R
n
)

a
n

d
a
ssu

m
e

th
a
t

th
e

reservo
ir

system
(1

.1)
a
ssocia

ted
to
F

h
a
s

a
u

n
iqu

e
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
reservo

ir
fi

lter
U
F

:
V
n
−→

`
w−

(R
N

)
th

a
t

is
d
iff

eren
tia

ble
a
t

z
0∈

`
w−

(R
n
).

T
h
en

,

ρ 
( ∏t∈

Z
−

D
x
F
(U

F
(z

0)
t−

1 ,z
0t ))◦

T
1 

<
1,

(4.1
0
)

w
h
ere

ρ
sta

n
d
s

fo
r

th
e

spectra
l

ra
d
iu

s.
T

h
is

in
tu

rn
im

p
lies

th
a
t

lim
k→

+
∞

(∣∣ ∣∣ ∣∣D
x
F
(U

F
(z

0)−
1 ,z

00 )◦···◦
D
x
F
(U

F
(z

0)−
k ,z

0−
k
+
1 ) ∣∣ ∣∣ ∣∣

1w
k )

=
0.

(4
.11

)

E
x
a
m

p
le

s
2
0

W
e

b
riefl

y
ex

a
m

in
e

th
e

form
th

a
t

th
e

h
y
p

o
th

eses
of

T
h
eorem

19
take

for
th

e
th

ree
fam

ilies
of

reservoir
sy

stem
s

th
a
t

w
e

an
aly

zed
in

S
ectio

n
3.1

:

(i)
L

in
e
a
r

re
se

rv
o
ir

m
a
p

s.
In

th
is

case,
fo

r
an

y
x
∈
R
N

an
d

z
∈
R
n
,

D
F

(x
,z

)
=

(A
|c

)
,

D
x
F

(x
,z

)
=
A
,

a
n
d

D
z F

(x
,z

)
=

c
.

C
on

seq
u
en

tly
L
F

=
|||(A

|c
)|||,

L
F

x
=
|||A|||,

L
F

z
=
|||c|||.

T
h
e

con
d
itio

n
(4.1)

is
alw

ay
s

sa
tisfi

ed
an

d
in

th
is

case
th

e
su

ffi
cien

t
d
iff

eren
tiab

ility
con

d
ition

(4.8
)

a
m

o
u
n
ts

to
|||A|||L

w
<

1
th

at,
as

w
e

saw
in

(3.7
),

is
th

e
sam

e
as

th
e

su
ffi

cien
t

con
d
itio

n
for

th
e

F
M

P
to

h
o
ld

.

(ii)
E

ch
o

sta
te

n
e
tw

o
rk

s
(E

S
N

).
C

on
sid

er
an

E
S
N

co
n
stru

cted
u
sin

g
a

sq
u
a
sh

in
g

fu
n
ctio

n
σ

th
at

satisfi
es

th
at
L
σ

:=
su

p
x∈

R {|σ
′(x

)|}
<

+
∞

.
In

th
is

case,
for

a
n
y

x
∈
R
N

an
d

z
∈
R
n
,

D
F

(x
,z

)
=

D
σ

(A
x

+
c
z

+
ζ

)◦
(A
|c

)
,

D
x
F

(x
,z

)
=

D
σ

(A
x

+
c
z

+
ζ

)◦
A
,

D
z F

(x
,z

)
=

D
σ

(A
x

+
c
z

+
ζ

)◦
c
.

N
otice

th
at|||D

σ
(x

)|||
<
L
σ
<

+
∞

,
for

an
y

x
∈
R
N

,
an

d
h
en

ce

|||D
F

(x
,z

)|||
≤

L
σ |||(A
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u
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+
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=
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=
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+
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=
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>
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d
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Z −
∈
`w −

(R
d
).

T
h
en

,
th

e
re

se
rv

o
ir

fi
lt

er
U
F h

:

(`
w −

(R
n
),
‖·
‖ w

)
−→

(`
w −

(R
d
),
‖·
‖ w

)
is

d
iff

er
en

ti
a
bl

e
a
t

ea
ch

po
in

t
in

it
s

d
o
m

a
in

a
n

d
it

h
en

ce
h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

pe
rt

y.

P
ro

o
f.

D
efi

n
e

fi
rs

t
th

e
m

a
p

H
:=

∏ t∈
Z −
h
◦p

t
:
`w −

(R
N

)
−→

(R
d
)Z
−
.

(4
.1

6)

G
iv

en
th

a
t
U
F h

=
H
◦U

F
an

d
b
y

T
h
eo

re
m

1
9

th
e

fi
lt

er
U
F

is
d
iff

er
en

ti
ab

le
th

en
it

su
ffi

ce
s

to
p
ro

ve
th

at
H

is
d
iff

er
en

ti
ab

le
.

T
h
is

is
a

co
n
se

q
u
en

ce
of

p
ar

t
(i

ii
)

in
L

em
m

a
36

an
d

th
e

h
y
p

ot
h
es

is
(4

.1
5)

.
In

d
ee

d
,

le
t
H
t

:=
h
◦p

t
,
t
∈
Z −

,
a
n
d

n
ot

ic
e

th
at

b
y

th
e

fi
rs

t
p
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−
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,z

0
)
∈
R
N
×

R
n

,
th

a
t

is
,

x
0

=
F

(x
0
,z

0
).

S
u

p
po

se
,

a
d
d
it

io
n

a
ll

y,
th

a
t

fo
r

a
ll

r
≥

1,
L
F
,r

:=
su

p
(x
,z
)∈

RN
×
Rn
{||
|D

r
F

(x
,z

)|||
}
<

+
∞
.

(4
.2

9
)

S
u

p
po

se
th

a
t

L
F

x
(x

0
,z

0
)

:=
∣ ∣∣ ∣∣ ∣
D
x
F

(x
0
,z

0
)∣ ∣∣ ∣
∣ ∣ <

1
.

(4
.3

0
)

T
h
en

,
th

er
e

ex
is

t
o
pe

n
ti

m
e-

in
va

ri
a
n

t
n

ei
gh

bo
rh

oo
d
s
V
x
0

a
n

d
V
z
0

o
f

x
0

a
n

d
z
0

in
`∞ −

(R
N

)
a
n

d
`∞ −

(R
n
),

re
sp

ec
ti

ve
ly

,
su

ch
th

a
t

th
e

re
se

rv
o
ir

sy
st

em
a
ss

oc
ia

te
d

to
F

w
it

h
in

p
u

ts
in
V
z
0

h
a
s

th
e

ec
h
o

st
a
te

p
ro

pe
rt

y
a
n

d
h
en

ce
d
et

er
m

in
es

a
u

n
iq

u
e

ca
u

sa
l,

ti
m

e-
in

va
ri

a
n

t,
a
n

d
a
n

a
ly

ti
c

(a
n

d
h
en

ce
co

n
ti

n
u

o
u

s)
re

se
rv

o
ir

fi
lt

er
U
F

:
(V

z
0
,‖
·‖
∞

)
−→

(V
x
0
,‖
·‖
∞

).

5
.

T
h
e

V
o
lt

e
rr

a
se

ri
e
s

re
p
re

se
n
ta

ti
o
n

o
f

a
n
a
ly

ti
c

fi
lt

e
rs

a
n
d

a
u
n
iv

e
rs

a
li
ty

th
e
o
re

m

In
th

is
se

ct
io

n
w

e
st

u
d
y

th
e

T
ay

lo
r

se
ri

es
ex

p
a
n
si

on
s

of
a
n
al

y
ti

c
ca

u
sa

l
a
n
d

ti
m

e-
in

va
ri

an
t

fi
lt

er
s

th
at

,
a
s

w
e

p
ro

ve
in

th
e

n
ex

t
re

su
lt

,
co

in
ci

d
e

w
it

h
th

e
so

-c
a
ll
ed

d
is

cr
et

e-
ti

m
e

V
ol

te
rr

a
se

ri
es

re
p
re

se
n
ta

ti
on

s.
A

ve
ry

si
m

il
ar

re
su

lt
h
as

b
ee

n
fo

rm
u
la

te
d

in
S
an

d
b

er
g

(1
9
98

a,
19

99
)

fo
r

an
al

y
ti

c
fi
lt

er
s

w
it

h
re

sp
ec

t
to

th
e

su
p
re

m
u
m

n
or

m
an

d
w

it
h

in
p
u
ts

w
it

h
a

fi
n
it

e
p
as

t.
T

h
e

n
ex

t
re

su
lt

ex
te

n
d
s

th
a
t

st
at

em
en

t
a
n
d

ch
ar

ac
-

te
ri

ze
s

th
e

in
p
u
ts

fo
r

w
h
ic

h
an

an
al

y
ti

c
ti

m
e-

in
va

ri
a
n
t

fa
d
in

g
m

em
or

y
fi
lt

er
w

it
h

re
sp

ec
t

to
a

w
ei

gh
te

d
n
or

m
ad

m
it

s
a

V
ol

te
rr

a
se

ri
es

re
p
re

se
n
ta

ti
on

w
it

h
se

m
i-

in
fi
n
it

e
p
a
st

in
p
u
ts

.
T

h
is

g
en

er
a
li
ze

d
re

su
lt

al
lo

w
s

th
is

se
ri

es
re

p
re

se
n
ta

ti
on

fo
r

in
p
u
ts

th
at

ar
e

n
o
t

n
ec

es
sa

ri
ly

b
ou

n
d
ed

.
A

d
d
it

io
n
a
ll
y,

w
e

u
se

th
e

ca
u
sa

li
ty

an
d

ti
m

e-
in

va
ri

an
ce

h
y
p

ot
h
es

es
to

sh
ow

th
at

th
e

co
rr

es
p

on
d
in

g
V

o
lt

er
ra

se
ri

es
re

p
re

se
n
ta

ti
o
n
s

h
av

e
ti

m
e-

in
d
ep

en
d
en

t
co

effi
ci

en
ts

.
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

T
h

e
o
re

m
2
9

L
et
w

be
a

w
eigh

tin
g

sequ
en

ce
a
n

d
let

U
:
B
‖·‖

w
(z

0,M
)⊂

`
w−

(R
)−→

B
‖·‖

w
(U

(z
0),L

)⊂
`
w−

(R
N

)
be

a
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
a
n

a
lytic

fi
lter,

fo
r

so
m

e
tim

e-in
va

ria
n

t
z
0
∈
`
1
,w
−

(R
)

(th
a
t

is,
T
−
t (z

0)
=

z
0,

fo
r

a
ll
t∈

Z
−

)
a
n

d
M
,L

>
0
.

T
h
en

,
fo

r
a
n

y
elem

en
t

in
th

e
d
o
m

a
in

th
a
t

sa
tisfi

es

z
∈
B
‖·‖

w
(z

0,M
)∩

`
1
,w
−

(R
),

th
a
t

is
∑t∈
Z
− |z

t |w
−
t
<

+
∞
,

(5.1
)

th
ere

exists
a

u
n

iqu
e

expa
n

sio
n

U
(z

)
t

=
U

(z
0)
t

+

∞∑j
=
1

0
∑

m
1
=
−
∞
···

0
∑

m
j
=
−
∞
g
j (m

1 ,...,m
j )(z

m
1
+
t −

z
0m

1
+
t )···(z

m
j
+
t −

z
0m

j
+
t ),

t∈
Z
−
,

(5
.2)

w
h
ere

th
e

m
a
p
s
g
j

:
Z
j−
−→

R
N

,
j
≥

1,
a
re

u
n

iqu
ely

d
eterm

in
ed

by
th

e
d
eriva

tives
o
f

th
e

fu
n

ctio
n

a
l

H
U

:
B
‖·‖

w
(z

0,M
)⊂

`
w−

(R
)−→

R
N

a
ssocia

ted
to
U

(th
a
t

by
P

ro
po

sitio
n

3
9

in
th

e
A

p
pen

d
ix

is
a
n

a
lytic)

via
th

e
rela

tio
n

g
j (m

1 ,...,m
j )

:=
1j! D

jH
(z

0) (e
m

1 ,...,e
m

j )
w

ith
(e
n
)
t

:=

{
1

if
t

=
n
,

0
o
th

erw
ise.

(5
.3)

M
o
reo

ver,
fo

r
a
n

y
p
∈
N

+
,

w
e

h
a
ve

th
a
t

∥∥∥∥∥∥
U

(z
)
t −

U
(z

0)
t −

p
∑j
=
1

0
∑

m
1
=
−
∞
···

0
∑

m
j
=
−
∞
g
j (m

1 ,...,m
j )(z

m
1
+
t −

z
0m

1
+
t )···(z

m
j
+
t −

z
0m

j
+
t ) ∥∥∥∥∥∥

≤
L

w
−
t (

1−
‖
z‖
w

M

)
−
1 (
‖z‖

w

M

)
p
+
1

.
(5

.4)

T
h
ese

sta
tem

en
ts

a
lso

h
o
ld

tru
e

w
h
en

`
w−

(R
)

a
n

d
`
w−

(R
N

)
a
re

rep
la

ced
by

` ∞−
(R

)
a
n

d
` ∞−

(R
N

),
respec-

tively.
In

th
a
t

ca
se,

th
e

rela
tio

n
(5

.2)
h
o
ld

s
w

h
en

ever
z
∈
B
‖·‖
∞

(z
0,M

)∩
`
1−

(R
n
)

a
n

d
th

e
in

equ
a
lity

(5.4)
is

o
bta

in
ed

by
ta

kin
g

a
s

th
e

sequ
en

ce
w

th
e

co
n

sta
n

t
sequ

en
ce
w
ι

given
by

w
ιt

:=
1,

fo
r

a
ll
t∈

N
.

R
e
m

a
rk

3
0

T
h
e

error
estim

ate
(5.4)

can
b

e
reform

u
la

ted
in

term
s

of
th

e
w

eigh
ted

n
orm

of
th

e
seq

u
en

ce

R
p (z

)
:=


U

(z
)
t −

U
(z

0)
t −

p
∑j
=
1

0
∑

m
1
=
−
∞
···

0
∑

m
j
=
−
∞
g
j (m

1 ,...,m
j )(z

m
1
+
t −

z
0m

1
+
t ) 

t∈
Z
−

,

as

‖R
p (z

)‖
w
≤
L

(
1−
‖
z‖
w

M

)
−
1 (
‖z‖

w

M

)
p
+
1

.
(5

.5)

5
.1

.
F

in
ite

d
isc

re
te

-tim
e

V
o
lte

rra
se

rie
s

a
re

u
n

iv
e
rsa

l
in

th
e

fa
d

in
g

m
e
m

o
ry

c
a
te

g
o
ry

In
th

is
section

w
e

co
m

b
in

e
th

e
V

olterra
series

rep
resen

ta
tio

n
T

h
eorem

29
w

ith
p
rev

iou
s

u
n
iversality

resu
lts

in
G

rigo
ryeva

an
d

O
rteg

a
(20

18a)
to

sh
ow

th
at

an
y

fa
d
in

g
m

em
ory

fi
lter

w
ith

u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts

can
b

e
a
rb

itrarily
w

ell
ap

p
rox

im
a
ted

w
ith

a
V

olterra
series

w
ith

fi
n
ite

term
s

of
th

e
ty

p
e

in
(5

.2).
T

h
is

resu
lt

p
rov

id
es

a
n

a
ltern

ative
p
ro

o
f

of
a

V
olterra

series
u
n
iversality

th
eorem

th
at

w
as

stated
for

th
e

fi
rst

tim
e

in
(B

oy
d

a
n
d

C
h
u
a
,

198
5
,

T
h
eorem

s
3

an
d

4).
In

p
articu

lar,
th

is
resu

lt
sh

ow
s

th
at

a
n
y

tim
e-in

varian
t

an
d

cau
sal

fad
in

g
m

em
ory

fi
lter

ca
n

b
e

u
n
iform

ly
ap

p
rox

im
ated

b
y

a
fi
n
ite

m
em

ory
fi
lter.
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

T
h

e
o
re

m
3
1

(U
n

iv
e
rsa

lity
o
f

fi
n

ite
d

isc
re

te
-tim

e
V

o
lte

rra
se

rie
s)

L
et
M
,L

>
0

a
n

d
let

K
M
⊂

(R
) Z
−
,K

L
⊂
(R

d )Z
−

be
a
s

in
(1.3).

L
et
U

:
K
M
−→

K
L

be
a

ca
u

sa
l

a
n

d
tim

e-in
va

ria
n

t
fa

d
in

g
m

em
o
ry

fi
lter.

T
h
en

,
fo

r
a
n

y
ε
>

0
th

ere
exist

x
0
∈
K
L

a
n

d
J
∈

N
+

su
ch

th
a
t

fo
r

a
n

y
j
∈
{1,...,J}

th
ere

exist
j

n
u

m
bers

M
j1
,...,M

jj ∈
N

+
a
n

d
m

a
p
s
g
j

:Z
j−
−→

R
su

ch
th

a
t

th
e

fi
lter

d
eterm

in
ed

by
th

e
fi

n
ite

V
o
lterra

series
given

by

V
(z

)
t

=
x
0t

+
J
∑j
=
1

0
∑

m
1
=
−
M

j1 ···
0
∑

m
j
=
−
M

jj

g
j (m

1 ,...,m
j )z

m
1
+
t ···z

m
j
+
t

(5.6
)

is
su

ch
th

a
t

|||U
−
V
|||∞

=
su

p
z∈
K

M

{‖
U

(z
)−

V
(z

)‖}
<
ε.

P
ro

o
f.

T
h
e

C
orollary

1
1

in
G

rigoryeva
an

d
O

rteg
a

(201
8a

)
gu

a
ran

tees
th

a
t

for
a
n
y
ε
>

0
th

ere
ex

ists
a

lin
ear

reserv
oir

sy
stem

w
ith

p
o
ly

n
om

ia
l

read
ou

t
h
∈
R

[x
]

an
d

n
ilp

o
ten

t
con

n
ectiv

ity
m

a
trix

A
∈
M
N

,
d
eterm

in
ed

b
y

th
e

ex
p
ression

s{
x
t

=
A

x
t−

1
+

c
z
t ,

A
∈
M
N
,c
∈
M
N
,n
,

y
t

=
h

(x
t ),

h
∈
R

[x
],

(5
.7)

(5
.8)

su
ch

th
at

it
h
as

an
asso

cia
ted

reservo
ir

fi
lter

U
A
,c

h
:
K
M
−→

K
L

th
at

satisfi
es

∣∣∣ ∣∣∣ ∣∣∣ U
−
U
A
,c

h

∣∣∣ ∣∣∣ ∣∣∣∞
<
ε.

(5
.9

)

L
et
J

=
d
eg

(h
)

+
1

an
d

assu
m

e
th

at
A

is
n
ilp

o
ten

t
of

in
d
ex
p
.

In
ord

er
to

p
rove

th
e

th
eorem

it
su

ffi
ces

to
sh

ow
th

at
th

e
V

olterra
series

ex
p
an

sion
in

(5.2)
corresp

on
d
in

g
to
U
A
,c

h
h
as

a
n

ex
p
ression

of
th

e
ty

p
e

(5.6).
If

th
at

is
th

e
case,

th
e

sta
tem

en
t

in
(5

.9)
p
roves

th
e

th
eorem

.
In

d
eed

,
recall

(see,
fo

r
in

stan
ce,

(G
rig

oryeva
an

d
O

rtega
,

2
018a,

C
orollary

11))
th

at
th

e
fu

n
ctio

n
a
l

H
A
,c

h
asso

ciated
to

th
e

fi
lter

U
A
,c

h
is

giv
en

b
y

H
A
,c

h
(z

)
=
h 

p−
1

∑j
=
0

A
j(c

z−
j ) 

,

w
h
ich

is
a

com
p

osition
o
f

th
e

p
o
ly

n
om

ia
l
h

w
ith

th
e

fu
n
ctio

n
a
l
H
A
,c

a
sso

cia
ted

to
th

e
reservoir

eq
u
ation

(5.7)
g
iv

en
b
y

th
e

lin
ea

r
o
p

era
tor

H
A
,c(z

)
:=

p−
1

∑j
=
0

A
j(c

z−
j ).

(5.1
0
)

It
is

easy
to

see
th

at
H
A
,c

:
(` ∞−

(R
),‖·‖∞

)
−→

R
N

h
a
s

a
fi
n
ite

op
erato

r
n
o
rm

∣∣ ∣∣ ∣∣H
A
,c ∣∣ ∣∣ ∣∣∞

a
n
d

th
at

∣∣ ∣∣ ∣∣H
A
,c ∣∣ ∣∣ ∣∣∞

≤
|||c|||/

(1
−
|||A|||),

w
ith
|||c|||

an
d
|||A|||

th
e

top
sin

g
u
lar

valu
es

of
c

a
n
d
A

,
resp

ectively.
M

oreover,
it

is
easy

to
see

th
a
t

for
a
n
y
j∈

N
+

,
z
∈
K
M

,
an

d
v
1 ,...,v

j ∈
` ∞−

(R
),

w
e

h
ave

D
jH

A
,c

h
(z

)(v
1 ,...,v

j )
=
D
jh

(H
A
,c(z

)) (H
A
,c(v

1 ),...,H
A
,c(v

j )) )
,

w
h
ich

sh
ow

s
th

at
H
A
,c

h
:

(` ∞−
(R

),‖·‖∞
)−→

R
d

is
ev

ery
w

h
ere

an
aly

tic.
U

sin
g

th
is

ex
p
ressio

n
a
n
d

(5.3
)

w
e

d
efi

n
e

g
j (m

1 ,...,m
j )

:=
1j! D

jh
(0

) (H
A
,c(e

m
1 ),...,H

A
,c(e

m
j ) )

.
(5

.11
)
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

A
s
h

h
as

fi
n
it

e
d
eg

re
e

th
en

D
j
h

(0
)

=
0

fo
r

an
y
j
>

d
eg

(h
)

+
1

=
J

.
M

o
re

ov
er

,
si

n
ce

th
e

su
m

in
(5

.1
0)

is
fi
n
it

e
b
y

th
e

n
il
p

ot
en

cy
o
f
A

it
is

cl
ea

r
th

a
t
g j

(m
1
,.
..
,m

j
)

in
(5

.1
1
)

is
n
on

ze
ro

as
lo

n
g

as

1
≤
j
≤

d
eg

(h
)

+
1

=
J

an
d
−

(p
−

1
)
≤
m

1
,.
..
,m

j
≤

0
.

If
w

e
d
efi

n
e
M

j 1
,.
..
,M

j j
:=

p
−

1
th

en
th

e

T
ay

lo
r

se
ri

es
ex

p
an

si
o
n

of
U
A
,c

(z
)

co
in

ci
d
es

w
it

h
(5

.6
).

W
e

em
p
h
a
si

ze
th

at
in

th
is

ca
se

th
is

ex
p
an

si
on

is
va

li
d

fo
r

a
n
y

z
∈
K
M

b
y

th
e

fi
n
it

en
es

s
of

th
e

n
u
m

b
er

of
te

rm
s

in
th

e
su

m
an

d
th

at
th

e
co

n
d
it

io
n

(5
.1

)
is

h
en

ce
n
ot

n
ec

es
sa

ry
.
�

6
.

A
p
p

e
n
d
ic

e
s

6
.1

.
T

h
e

to
p

o
lo

g
ie

s
in

d
u

c
e
d

b
y

w
e
ig

h
te

d
a
n

d
su

p
re

m
u

m
n

o
rm

s

A
n

im
p

o
rt

an
t

fe
at

u
re

of
th

e
to

p
ol

og
y

g
en

er
at

ed
b
y

w
ei

gh
te

d
n
or

m
s

is
th

a
t

th
ey

co
in

ci
d
e

w
it

h
th

e
p
ro

d
u
ct

to
p

ol
o
gy

o
n

su
b
se

ts
m

a
d
e

of
u
n
if

o
rm

ly
b

ou
n
d
ed

se
q
u
en

ce
s

li
ke

th
e

sp
ac

e
K
M

in
(1

.3
).

T
h
is

fa
ct

h
ol

d
s

tr
u
e

fo
r

a
n
y

w
ei

gh
ti

n
g

se
q
u
en

ce
w

a
n
d

h
a
s

im
p

or
ta

n
t

co
n
se

q
u
en

ce
s

(s
ee

G
ri

go
ry

ev
a

an
d

O
rt

eg
a

(2
01

8
b
)

fo
r

th
e

d
et

ai
ls

).
F

ir
st

,
th

e
fa

d
in

g
m

em
o
ry

p
ro

p
er

ty
is

in
d
ep

en
d
en

t
of

th
e

w
ei

g
h
ti

n
g

se
q
u
en

ce
u
se

d
to

d
efi

n
e

it
.

S
ec

on
d
,
th

e
su

b
se

ts
K
M
⊂
`w −

(R
n
)

ar
e

co
m

p
ac

t
in

th
e

to
p

ol
og

y
in

d
u
ce

d
b
y

th
e

w
ei

gh
te

d
n
or

m
s

‖·
‖ w

.
W

e
em

p
h
as

iz
e

th
a
t

th
es

e
st

at
em

en
ts

a
re

va
li
d

ex
cl

u
si

ve
ly

in
th

e
co

n
te

x
t

of
u
n
if

or
m

ly
b

ou
n
d
ed

su
b
se

ts
w

h
ic

h
,

as
w

e
se

e
in

th
e

n
ex

t
re

su
lt

,
a
re

n
ev

er
op

en
in

th
e

w
ei

g
h
te

d
to

p
o
lo

gy
.

W
e

a
d
o
p
t

in
th

e
se

q
u
el

th
e

fo
ll
ow

in
g

n
ot

a
ti

o
n

fo
r

p
ro

d
u
ct

se
ts

a
n
d

fu
n
ct

io
n
s:

fo
r

an
y

fa
m

il
y
{A

t
} t
∈Z
−

,
of

su
b
se

ts
A
t
⊂

R
n

th
e

sy
m

b
ol

∏ t∈
Z −
A
t

:=
{ z
∈

(R
n
)Z
−
|z

t
∈
A
t
,

fo
r

a
ll
t
∈
Z −
} ,

(6
.1

)

d
en

o
te

s
th

e
C

a
rt

es
ia

n
p
ro

d
u
ct

o
f

th
e

se
ts

in
th

e
fa

m
il
y.

W
h
en

al
l
th

e
el

em
en

ts
in

th
e

fa
m

il
y

ar
e

id
en

ti
ca

l
to

a
g
iv

en
su

b
se

t
A

,
w

e
w

il
l

ex
ch

an
ge

a
b
ly

u
se

th
e

sy
m

b
ol

s
∏
t∈

Z −
A

an
d

(A
)Z
−

.
A

si
m

il
ar

n
ot

at
io

n
is

ad
op

te
d

fo
r

th
e

C
ar

te
si

an
p
ro

d
u
ct

of
m

ap
s:

le
t
V

b
e

a
se

t
a
n
d

le
t
f t

:
V
−→

A
t

b
e

a
m

ap
,
t
∈
Z −

.
T

h
e

sy
m

b
o
l
∏
t∈

Z −
f t

d
en

ot
es

th
e

m
ap

∏
t∈

Z −
f t

:
V
−→

∏
t∈

Z −
A
t

v
7−→

(.
..
,f
−
2
(v

),
f −

1
(v

),
f 0

(v
))
.

(6
.2

)

L
e
m

m
a

3
2

L
et
w

be
a

w
ei

gh
ti

n
g

se
qu

en
ce

a
n

d
n
∈
N

+
.

T
h
en

:

(i
)

F
o
r

a
n

y
z
∈
`w −

(R
n
)

a
n

d
r
>

0, B
‖·
‖ w

(z
,r

)
=
⋃ δ
<
r

 
∏ t∈
Z −
B
‖·
‖

( z
t
,
δ

w
−
t

) 
.

(6
.3

)

In
pa

rt
ic

u
la

r,
th

is
im

p
li

es
th

a
t

B
‖·
‖ w

(z
,r

)
⊂
∏ t∈
Z −
B
‖·
‖

( z
t
,
r

w
−
t

)
⊂
B
‖·
‖ w

(z
,r

).
(6

.4
)

T
h
e

id
en

ti
ty

(6
.3

)
im

p
li

es
th

a
t

a
n

y
o
pe

n
ba

ll
B
‖·
‖ w

(z
,r

)
in
`w −

(R
n
)

co
n

ta
in

s
u

n
bo

u
n

d
ed

se
qu

en
ce

s.

(i
i)

L
et
{A

t
} t
∈Z
−

be
a

fa
m

il
y

o
f

su
bs

et
s
A
t
⊂

R
n

su
ch

th
a
t

th
er

e
ex

is
ts

a
se

qu
en

ce
{c
t
} t
∈Z
−

th
a
t

sa
ti

sfi
es

su
p

z
t
∈A

t

{‖
z
t
‖w
−
t
}
<
c t
,

fo
r

ea
ch

t
∈
Z −

a
n

d
su

p
t∈

Z −
{c
t
}
<

+
∞

,
(6

.5
)

th
en

th
e

p
ro

d
u

ct
se

t
∏ t∈
Z −
A
t
⊂
`w −

(R
n
).
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(i
ii
)

F
o
r

ev
er

y
fa

m
il

y
{A

t
} t
∈Z
−

o
f

su
bs

et
s
A
t
⊂

R
n

su
ch

th
a
t

th
e

p
ro

d
u

ct
se

t
sa

ti
sfi

es
∏
t∈

Z −
A
t
⊂

`w −
(R

n
),

w
e

h
a
ve

∏ t∈
Z −
A
t

=
∏ t∈
Z −
A
t
.

(6
.6

)

T
h
es

e
st

a
te

m
en

ts
,

ex
ce

p
t

fo
r

th
e

la
st

se
n

te
n

ce
in

pa
rt

(i
),

a
re

a
ls

o
va

li
d

fo
r

th
e

sp
a
ce
`∞ −

(R
n
)

a
n

d
a
re

o
bt

a
in

ed
by

ta
ki

n
g

a
s

se
qu

en
ce
w

th
e

co
n

st
a
n

t
se

qu
en

ce
w
ι

gi
ve

n
by

w
ι t

:=
1,

fo
r

a
ll
t
∈
N

.

P
ro

o
f.

(i
)

W
e

p
ro

ve
(6

.3
)

b
y

d
ou

b
le

in
cl

u
si

o
n
.

F
ir

st
,

le
t

x
∈
B
‖·
‖ w

(z
,r

).
B

y
d
efi

n
it

io
n
‖x
−

z
‖ w

=
su

p
t∈

Z −
{‖

x
t
−

z
t
‖w
−
t
}
<
r

an
d

h
en

ce
fo

r
an

y
δ x

>
0

su
ch

th
at
‖x
−

z
‖ w

<
δ x

<
r

w
e

h
av

e
th

a
t

‖x
t
−

z
t
‖
<
δ x
/w
−
t
,

fo
r

al
l
t
∈
Z −

.
T

h
is

im
p
li
es

th
at

x
∈
∏ t∈
Z −
B
‖·
‖

( z
t
,
δ x w
−
t

)
⊂
⋃ δ
<
r

 
∏ t∈
Z −
B
‖·
‖

( z
t
,
δ

w
−
t

) 
.

C
on

ve
rs

el
y,

gi
ve

n
a
n

el
em

en
t

x
∈
`w −

(R
n
)

in
th

e
ri

g
h
t

h
a
n
d

si
d
e

of
(6

.3
),

th
er

e
ex

is
ts
δ x

<
r

su
ch

th
a
t

x
∈
∏
t∈

Z −
B
‖·
‖

(z
t
,δ
x
/w
−
t
).

T
h
is

im
p
li
es

th
a
t
‖x

t
−

z
t
‖w
−
t
<
δ x

,
fo

r
a
ll
t
∈

Z −
,

a
n
d

h
en

ce

su
p
t∈

Z −
{‖

x
t
−

z
t
‖w
−
t
}

=
‖x
−

z
‖ w
≤
δ x
<
r,

w
h
ic

h
p
ro

ve
s

th
e

in
cl

u
si

on
.

A
s

to
(6

.4
),

th
e

fi
rs

t
in

cl
u
si

on
is

a
st

ra
ig

h
tf

or
w

ar
d

co
n
se

q
u
en

ce
of

(6
.3

).
L

et
n
ow

x
∈
∏
t∈

Z −
B
‖·
‖
( z

t
,

r
w
−

t

) .

B
y

d
efi

n
it

io
n

th
is

im
p
li
es

th
a
t
‖x

t
−

z
t
‖w
−
t
<
r,

fo
r

al
lt
∈
Z −

,
a
n
d

co
n
se

q
u
en

tl
y

su
p
t∈

Z −
{‖

x
t
−

z
t
‖w
−
t
}
≤

r
or

,
eq

u
iv

al
en

tl
y,
‖x
−

z
‖ w
≤
r.

T
h
is

im
p
li
es

th
at

x
∈
B
‖·
‖ w

(z
,r

)
an

d
p
ro

ve
s

th
e

se
co

n
d

in
cl

u
si

on
.

(i
i)

L
et

x
∈
∏
t∈

Z −
A
t
.

T
h
en

, ‖x
‖ w

=
su

p
t∈

Z −
{‖

x
t
‖w
−
t
}
≤

su
p

t∈
Z −
{c
t
}
<

+
∞
,

as
re

q
u
ir

ed
.

(i
ii
)

W
e

fi
rs

t
p
ro

v
e

th
at
∏
t∈

Z −
A
t
⊂
∏
t∈

Z −
A
t
.

If
z
∈
∏
t∈

Z −
A
t
,

th
en

fo
r

an
y
ε
>

0
a
n
d

ea
ch

t
∈
Z −

th
er

e
ex

is
ts

an
el

em
en

t
x
t
∈
A
t
∩
B
‖·
‖
( z

t
,

ε
2
w
−

t

) .
L

et
x

:=
(x
t
) t
∈Z
−

.
B

y
co

n
st

ru
ct

io
n
:

‖x
−

z
‖ w

=
su

p
t∈

Z −
{‖

x
t
−

z
t
‖w
−
t
}
≤
ε 2
<
ε,

w
h
ic

h
im

p
li
es

th
at

x
∈
B
‖·
‖ w

(z
,ε

)
∩
∏
t∈

Z −
A
t

an
d
,

as
z
∈
∏
t∈

Z −
A
t

is
a
rb

it
ra

ry
,

it
gu

ar
an

te
es

th
a
t

z
∈
∏
t∈

Z −
A
t
.

In
or

d
er

to
sh

ow
th

e
re

ve
rs

e
in

cl
u
si

on
fi
rs

t
n
ot

e
th

at
,

as
it

is
p
ro

ve
d

la
te

r
o
n

in
L

em
m

a
1,

th
e

p
ro

je
ct

io
n
s
p
t

:
`w −

(R
n
)
−→

R
n
,
t
∈

Z −
,

d
efi

n
ed

b
y
p
t
(z

)
:=

z
t
,

ar
e

co
n
ti

n
u
o
u
s.

L
et

z
∈
∏
t∈

Z −
A
t

ar
b
it

ra
ry

,
le

t
t
∈

Z −
b

e
ar

b
it

ra
ry

b
u
t

fi
x
ed

,
an

d
le

t
V
t

b
e

an
o
p

en
se

t
in

R
n

th
a
t

co
n
ta

in
s

z
t
.

T
h
e

co
n
ti

n
u
it

y
of
p
t

im
p
li
es

th
a
t
p
−
1

t
(V
t
)

is
a
n

op
en

se
t

in
`w −

(R
n
)

th
at

co
n
ta

in
s

z
an

d
th

er
ef

o
re

th
er

e
ex

is
ts

x
∈
( ∏

t∈
Z −
A
t

)
∩
p
−
1

t
(V
t
).

W
e

co
n
se

q
u
en

tl
y

h
av

e
th

at
x
t
∈
A
t
,

w
h
ic

h
g
u
ar

a
n
te

es
th

at
z
t
∈
A
t
,

as

re
q
u
ir

ed
.
�

C
o
ro

ll
a
ry

3
3

L
et
D
n

be
a

su
bs

et
o
f
R
n

a
n

d
le

t
w

be
a

w
ei

gh
ti

n
g

se
qu

en
ce

.
T

h
en

:

(i
)

If
(D

n
)Z
−
∩
`w −

(R
n
)

is
a
n

o
pe

n
su

bs
et

o
f
`w −

(R
n
)

th
en

D
n

=
R
n

,
n

ec
es

sa
ri

ly
.

(i
i)

If
(D

n
)Z
−
⊂
`w −

(R
n
)

is
a

cl
o
se

d
su

bs
et

o
f
`w −

(R
n
)

th
en

D
n

is
n

ec
es

sa
ri

ly
cl

o
se

d
in

R
n

,
th

a
t

is
,

D
n

=
D
n

.
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

(iii)
T

h
e

fo
llo

w
in

g
in

clu
sio

n
a
lw

a
ys

h
o
ld

s

(D
n
) Z
−
∩
`
w−

(R
n
)⊂

(D
n )Z

−
∩
`
w−

(R
n
).

(6.7
)

In
pa

rticu
la

r,
if
D
n

is
clo

sed
in

R
n

th
en

so
is

(D
n
) Z
−
∩
`
w−

(R
n
)

in
`
w−

(R
n
).

T
h
ese

sta
tem

en
ts

in
pa

rts
(ii)

a
n

d
(iii)

a
re

a
lso

va
lid

w
h
en

th
e

spa
ce
`
w−

(R
n
)

is
rep

la
ced

by
` ∞−

(R
n
).

P
ro

o
f.

(i)
W

e
p
ro

ceed
b
y

con
tra

d
iction

.
S
u
p
p

o
se

th
a
t
D
n
6=

R
n
.

L
et

x
0 ∈

R
n\

D
n

an
d

let
z
0 ∈

D
n
.

D
efi

n
e

th
e

con
stan

t
seq

u
en

ces
x

:=
(x

0 )
t∈

Z
−
∈
`
w−

(R
n
)\
((D

n
) Z
−
∩
`
w−

(R
n
) )

an
d

z
:=

(z
0 )
t∈

Z
−
∈

(D
n
) Z
−
∩
`
w−

(R
n
).

S
in

ce
b
y

h
y
p

oth
esis

(D
n
) Z
−
∩
`
w−

(R
n
)

is
a
n

op
en

su
b
set

of
`
w−

(R
n
)

th
ere

ex
ists

ε
>

0
su

ch
th

at
B
‖·‖

w
(z
,2ε)⊂

(D
n
) Z
−
∩
`
w−

(R
n
).

B
y

th
e

relation
(6.4)

in
L

em
m

a
3
2

w
e

also
h
ave

B
‖·‖

w
(z
,ε)⊂

∏t∈
Z
−

B
‖·‖ (

z
0 ,

ε

w
−
t )
⊂
B
‖·‖

w
(z
,ε)⊂

B
‖·‖

w
(z
,2
ε)⊂

(D
n
) Z
−
∩
`
w−

(R
n
),

an
d
,

in
p
a
rticu

la
r,

∏t∈
Z
−

B
‖·‖ (

z
0 ,

ε

w
−
t )
⊂

(D
n
) Z
−
∩
`
w−

(R
n
),

w
h
ich

im
p
lies

B
‖·‖ (

z
0 ,

ε
w
−

t )
⊂
D
n
,

for
all

t∈
Z
−

.
(6

.8)

L
et
r
0

:=
‖
x
0 −

z
0 ‖

an
d

let
t
0 ∈

Z
−

b
e

su
ch

th
at

fo
r

all
t
<
t
0

w
e

h
ave

th
at
ε/
w
−
t
0
>
r
0 .

B
y

(6.8)
w

e

h
ave

th
at

x
0 ∈

B
‖·‖ (

z
0 ,

ε
w
−

t )
⊂
D
n
,

w
h
ich

con
tra

d
icts

th
e

a
ssu

m
p
tion

on
th

e
ch

o
ice

of
x
0 .

(ii)
B

y
L

em
m

a
32

(iii)
w

e
h
ave

th
a
t

(D
n
) Z
−

=
(D

n )Z
−
.

(6
.9)

S
in

ce
b
y

h
y
p

o
th

esis
(D

n
) Z
−

is
clo

sed
a
n
d

h
en

ce
it

h
o
ld

s
tru

e
th

a
t

(D
n
) Z
−

=
(D

n
) Z
−
.

(6
.10

)

C
on

seq
u
en

tly,
b
y

(6.9)
an

d
(6.10

)
w

e
h
av

e
th

at
(D

n )Z
−

=
(D

n
) Z
−

w
h
ich

im
p
lies

th
at

D
n

=
D
n

as
req

u
ired

.

(iii)
L

et
x
∈

(D
n
) Z
−
∩
`
w−

(R
n
)⊂

`
w−

(R
n
)

an
d

co
n
sid

er
a

seq
u
en

ce
{x

m}
m
∈
N

+
⊂

(D
n
) Z
−
∩
`
w−

(R
n
)

w
ith

lim
m
→
∞

x
m

=
x

,
th

a
t

is
fo

r
each

ε
>

0
th

ere
ex

ists
su

ch
N

(ε)∈
N

+
su

ch
th

a
t

for
all

m
>
N

(ε)
it

h
o
ld

s
th

a
t‖x

m
−

x‖
w
<
ε.

H
en

ce
for

all
s∈

Z
−

on
e

h
as

th
at

w
−
s ‖x

ms
−

x
s ‖
≤

su
p

t∈
Z
− {‖x

mt
−

x
t ‖
w
−
t }

=
‖x

m
−

x‖
w
≤
ε,

w
h
ich

im
m

ed
iately

im
p
lies

th
a
t

‖x
ms
−

x
s ‖
<

ε

w
−
s

an
d

h
en

ce
on

e
g
ets

th
a
t

x
s ∈

D
n

an
d

th
erefore

(6
.7

)
h
o
ld

s
as

req
u
ired

.
T

h
e

la
st

claim
in

p
a
rt

(iii)
follow

s
from

(6.7).
In

d
eed

,
if
D
n

=
D
n

th
en

b
y

(6
.7

)
w

e
h
ave

th
at

(D
n
) Z
−
∩
`
w−

(R
n
)⊂

(D
n )Z

−
∩
`
w−

(R
n
)

=
(D

n
) Z
−
∩
`
w−

(R
n
).

S
in

ce
th

e
reverse

in
clu

sio
n

ob
v
io

u
sly

a
lw

ay
s

h
o
ld

s,
w

e
fi
n
ally

h
ave

th
at

(D
n
) Z
−
∩
`
w−

(R
n
)

=
(D

n
) Z
−
∩
`
w−

(R
n
).
�
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

W
e

also
recall

(see
(G

rigoryeva
a
n
d

O
rteg

a,
20

18b
,

P
rop

o
sitio

n
2.9))

th
at

th
e

n
orm

to
p

o
lo

g
y

in

`
w−

(R
n
)

is
strictly

fi
n
er

th
an

th
e

su
b
sp

ace
top

o
lo

gy
in

d
u
ced

b
y

th
e

p
ro

d
u
ct

to
p

o
lo

gy
in

(R
n
) Z
−

on

`
w−

(R
n
)⊂

(R
n
) Z
−

.
W

e
com

p
lem

en
t

th
is

fa
ct

b
y

co
m

p
a
rin

g
th

e
n
o
rm

top
olo

gy
on

(` ∞−
(R

n
),‖·‖∞

)
w

ith
th

e
relativ

e
top

ology
in

d
u
ced

b
y

(`
w−

(R
n
),‖·‖

w
)

o
n

it.

C
o
ro

lla
ry

3
4

T
h
e

rela
tive

to
po

logy
τ
w
,∞

in
d
u

ced
by

th
e

n
o
rm

to
po

logy
τ
w

o
f

(`
w−

(R
n
),‖·‖

w
)

o
n
` ∞−

(R
n
)

is
strictly

coa
rser

th
a
n

th
e

n
o
rm

to
po

logy
τ∞

o
n

(` ∞−
(R

n
),‖·‖∞

),
th

a
t

is,
τ
w
,∞

(
τ∞

.

P
ro

o
f.

S
in

ce,
as

w
e

alrea
d
y

saw
,‖

z‖
w
≤
‖z‖∞

,
for

all
z
∈

(R
n
) Z
−

,
w

e
h
ave

th
at
` ∞−

(R
n
)⊂

`
w−

(R
n
)

(see
(2.4))

an
d

th
e

in
clu

sion
ι

:
` ∞−

(R
n
)
↪→

`
w−

(R
n
)

is
co

n
tin

u
o
u
s.

C
on

seq
u
en

tly,
fo

r
a
n
y

op
en

W
∈
τ
w

th
e

set
ι −

1(W
)

=
W
∩
` ∞−

(R
n
)∈

τ
w
,∞

is
also

o
p

en
in
τ∞

.
T

h
is

im
m

ed
ia

tely
im

p
lies

th
a
t

τ
w
,∞
⊂
τ∞
.

In
o
rd

er
to

estab
lish

th
at

th
is

in
clu

sio
n

is
strict,

on
e

n
eed

s
to

n
otice

th
a
t,

g
iven

an
arb

itra
ry

o
p

en
b
a
ll

B
‖·‖
∞

(z
,r),

r
>

0,
aro

u
n
d

z
∈
` ∞−

(R
n
),

a
ll

th
e

o
p

en
b
a
lls
B
‖·‖

w
(z
,ε)

for
all

ε
>

0
co

n
ta

in
elem

en
ts

th
at

a
re

n
ot

in
clu

d
ed

in
B
‖·‖
∞

(z
,r)

b
y

L
em

m
a

3
2

(i).�

L
e
m

m
a

3
5

L
et
w

be
a

w
eigh

tin
g

sequ
en

ce
a
n

d
n
∈

N
+

.
W

e
d
en

o
te

by
w
a,
a
∈

R
,

th
e

sequ
en

ce
w

ith
term

s
w
at ,
t∈

N
.

T
h
en

,
th

e
fo

llo
w

in
g

in
clu

sio
n

s
a
re

co
n

tin
u

o
u

s:

(` ∞−
(R

n
),‖·‖∞

)
↪→
···

↪→
(
`
w

1
k
+

1

−
(R

n
),‖·‖

w
1

k
+

1 )
↪→
(
`
w

1k

−
(R

n
),‖·‖

w
1k )

↪→
···

↪→
(`
w−

(R
n
),‖·‖

w )
,

(6.1
1
)

(`
w−

(R
n
),‖·‖

w )
↪→
···

↪→
(
`
w

k

−
(R

n
),‖·‖

w
k )

↪→
(
`
w

k
+

1

−
(R

n
),‖·‖

w
k
+

1 )
↪→
···

↪→
(R

n
) Z
−
,

(6.1
2
)

w
h
ere

k
∈
N

+
a
n

d
in

(R
n
) Z
−

w
e

co
n

sid
er

th
e

trivia
l

to
po

logy.
D

efi
n

e

S
w

:=
⋂k∈
N

+

`
w

1k

−
(R

n
)

a
n

d
S
w

:=
⋃k∈
N

+

`
w

k

−
(R

n
).

(6.1
3
)

T
h
en

,
in

gen
era

l,
` ∞−

(R
n
)(

S
w

a
n

d
S
w
(

(R
n
) Z
−
.

(6
.14

)

P
ro

o
f.

T
h
e

con
tin

u
ity

of
th

e
in

clu
sio

n
s

(6.11
)

a
n
d

(6.12)
is

a
co

n
seq

u
en

ce
o
f

th
e

fact
th

at:

‖z‖
w

1k
≤
‖
z‖
w

1
k
+

1
,

fo
r

all
k
∈
N

+
an

d
z
∈
`
w

1k

−
(R

n
),

(6.1
5
)

‖z‖
w

k
+

1
≤
‖
z‖
w

k
,

for
all

k
∈
N

+
an

d
z
∈
`
w

k

−
(R

n
).

(6.16
)

R
ega

rd
in

g
(6.14),

th
e

fi
rst

in
clu

sion
fo

llow
s

fro
m

th
e

fact
th

at
` ∞−

(R
n
)
⊂
`
w−

(R
n
)

for
an

y
w

eig
h
tin

g
seq

u
en

ce.
In

ord
er

to
sh

ow
th

at
th

is
in

clu
sion

is
in

g
en

era
l

n
ot

an
eq

u
ality

it
su

ffi
ces

to
con

sid
er

th
e

follow
in

g
ex

am
p
le:

let
z
∈

(R
) Z
−

g
iven

b
y
z
t

:=
−
t,
t∈

Z
−

,
an

d
let

w
b

e
th

e
w

eig
h
tin

g
seq

u
en

ce
d
efi

n
ed

b
y
w
t

:=
λ
t,

w
ith

t∈
N

an
d

0
<
λ
<

1
.

A
sim

p
le

a
p
p
lication

o
f

th
e

L
’H

ôp
ita

l
ru

le
sh

ow
s

th
at,

for
a
n
y

k
∈
N

+
,

lim
t→
−
∞
z
t w

1
/
k

−
t

=
0,

w
h
ich

p
roves,

in
p
articu

lar,
th

at
‖z‖

w
1
/
k
<
∞

an
d

h
en

ce
th

at
z
∈
`
w

1
/
k

−
(R

),
for

an
y
k
∈

N
+

.
T

h
is

im
p
lies

th
at

z
∈
S
w

.
H

ow
ever,

z
is

an
u
n
b

o
u
n
d
ed

seq
u
en

ce
a
n
d

h
en

ce
it

d
o
es

n
ot

b
elon

g
to
` ∞−

(R
).

In
o
rd

er
to

sh
ow

th
at

th
e

seco
n
d

in
clu

sion
in

(6.14)
is

also
strict,

ta
k
e

z
∈

(R
) Z
−

given
b
y
z
t

:=
λ
−
t

w
ith

3
2
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

λ
>

1
a
n
d
t
∈
Z −

an
d

le
t
w

b
e

th
e

w
ei

g
h
ti

n
g

se
q
u
en

ce
d
efi

n
ed

b
y
w

0
:=

1
a
n
d
w
t

:=
1 t
,

fo
r

an
y
t
∈
N

+
.

T
h
e

L
’H

ôp
it

al
ru

le
sh

ow
s

th
a
t,

fo
r

an
y
k
∈
N

+
,

li
m

t→
−
∞
|z t
w
k −
t
|=

+
∞
,

an
d

co
n
se

q
u
en

tl
y

z
d
o
es

n
ot

b
el

on
g

to
an

y
of

th
e

sp
ac

es
`w

k

−
(R

)
an

d
h
en

ce
z
6∈
S
w

.
�

6
.2

.
P

ro
d

u
c
ts

o
f

c
o
n
ti

n
u

o
u

s
a
n

d
d

iff
e
re

n
ti

a
b

le
fu

n
c
ti

o
n

s
u

si
n

g
w

e
ig

h
te

d
n

o
rm

s

T
h
e

fo
ll
ow

in
g

le
m

m
a

sp
el

ls
o
u
t

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
in

fi
n
it

e
C

a
rt

es
ia

n
p
ro

d
u
ct

s
of

co
n
ti

n
u
ou

s
an

d
d
iff

er
en

ti
ab

le
fu

n
ct

io
n
s

ar
e

co
n
ti

n
u
o
u
s

a
n
d

d
iff

er
en

ti
ab

le
w

h
en

w
e

u
se

w
ei

gh
te

d
an

d
su

p
re

m
u
m

n
or

m
s.

L
e
m

m
a

3
6

L
et
W
⊂
V

w
it

h
(V
,‖
·‖

)
a

n
o
rm

ed
sp

a
ce

a
n

d
le

t
D
N
⊂

R
N

be
a

su
bs

et
o
f
R
N

.
L

et
H
t

:

W
−→

D
N

,
t
∈
Z −

,
be

a
fa

m
il

y
o
f

m
a
p
s.

C
o
n

si
d
er

th
e

co
rr

es
po

n
d
in

g
p
ro

d
u

ct
m

a
p
H

:
W
−→

(D
N

)Z
−

,
d
efi

n
ed

a
s

in
(6

.2
):

H
:=

∏ t∈
Z −
H
t

:=
(.
..
,H
−
2
,H
−
1
,H

0
)
,

o
r

eq
u

iv
a
le

n
tl

y,
(H

(z
))
t

:=
H
t
(z

),
z
∈
W

,
t
∈
Z −

.
(6

.1
7
)

(i
)

E
n

d
o
w
W
⊂
V

w
it

h
th

e
su

bs
pa

ce
to

po
lo

gy
.

If
D
N

is
a

co
m

pa
ct

su
bs

et
o
f
R
N

th
en

(D
N

)Z
−
⊂
`w −

(R
N

)
fo

r
a
n

y
w

ei
gh

ti
n

g
se

qu
en

ce
w

.
If

ea
ch

o
f

th
e

fu
n

ct
io

n
s
H
t

is
co

n
ti

n
u

o
u

s
th

en
H

:
W
−→

(D
N

)Z
−
⊂

`w −
(R

N
)

is
a
ls

o
co

n
ti

n
u

o
u

s.

(i
i)

L
et
w

be
a

w
ei

gh
ti

n
g

se
qu

en
ce

a
n

d
su

p
po

se
th

a
t
W

co
n

ta
in

s
a

po
in

t
z
0

su
ch

th
a
t
H

(z
0
)
∈
`w −

(R
N

).
If

ea
ch

o
f

th
e

fu
n

ct
io

n
s
H
t

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
c0 t

a
n

d
th

e
se

qu
en

ce
c0

:=
(c

0 t
) t
∈Z
−

fo
rm

ed
by

th
es

e
L

ip
sc

h
it

z
co

n
st

a
n

ts
sa

ti
sfi

es
th

a
t
c0
∈
`w −

(R
),

th
en
H

:
W
−→

(D
N

)Z
−
∩
`w −

(R
N

)
is

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
c0 H
≤
∥ ∥ c

0
∥ ∥ w

.

(i
ii
)

S
u

p
po

se
th

a
t
W

is
a
n

o
pe

n
co

n
ve

x
su

bs
et

o
f

(V
,‖
·‖

)
a
n

d
th

a
t

it
co

n
ta

in
s

a
po

in
t

z
0

su
ch

th
a
t

H
(z

0
)
∈
`w −

(R
N

).
S

u
p
po

se
a
ls

o
th

a
t

th
e

m
a
p
s
H
t

a
re

o
f

cl
a
ss
C
r
(W

),
r
≥

1,
a
n

d
le

t
cr t

be
fi

n
it

e
co

n
st

a
n

ts
su

ch
th

a
t

su
p
z
∈W
{||
|D

r
H
t
(z

)|||
}
≤
cr t

<
+
∞

.
If
cr

:=
(c
r t
) t
∈Z
−
∈
`w −

(R
)

th
en
H

is

d
iff

er
en

ti
a
bl

e
o
f

o
rd

er
r

w
h
en

co
n

si
d
er

ed
a
s

a
m

a
p
H

:
W
⊂

(V
,‖
·‖

)
−→

( `
w −

(R
N

),
‖·
‖ w
)

a
n

d

|||D
r
H

(z
)|||
≤
‖c
r
‖ w
,

fo
r

a
n

y
z
∈
W

.
(6

.1
8
)

A
d
d
it

io
n

a
ll

y,
if
cj
∈
`w −

(R
)

fo
r

a
ll
j
∈
{1
,.
..
,r
},

th
en
H

is
o
f

cl
a
ss

C
r
−
1
(W

)
a
n

d
th

e
m

a
p

D
r
−
1
H

:
(W

,‖
·‖

)
−→

( L
r
−
1
(V
,`
w −

(R
N

))
,||
|·||
|)

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
cr H
≤
‖c
r
‖ w

.

(i
v
)

S
u

p
po

se
th

a
t
W

is
a
n

o
pe

n
co

n
ve

x
su

bs
et

o
f

(V
,‖
·‖

)
a
n

d
th

a
t

it
co

n
ta

in
s

a
po

in
t

z
0

su
ch

th
a
t

H
(z

0
)
∈
`w −

(R
N

).
If

th
e

m
a
p
s
H
t

a
re

sm
oo

th
a
n

d
‖c
r
‖ w

<
+
∞

,
fo

r
ea

ch
r
∈

N
+

,
th

en
so

is
H

:
W
⊂

(V
,‖
·‖

)
−→

(`
w −

(R
N

),
‖·
‖ w

).
S

u
p
po

se
,

a
d
d
it

io
n

a
ll

y,
th

a
t

th
e

m
a
p
s
H
t

a
re

a
n

a
ly

ti
c

a
n

d
th

a
t
ρ
t
>

0
is

th
e

ra
d
iu

s
o
f

co
n

ve
rg

en
ce

o
f

th
e

se
ri

es
ex

pa
n

si
o
n

o
f
H
t
.

If
ρ

:=
in

f t
∈Z
−
{ρ
t
}
>

0
th

en
H

is
a
n

a
ly

ti
c

w
h
en

co
n

si
d
er

ed
a
s

a
m

a
p
H

:
W
⊂

(V
,‖
·‖

)
−→

(`
w −

(R
N

),
‖·
‖ w

)
a
n

d
th

e
ra

d
iu

s
o
f

co
n

ve
rg

en
ce
ρ
H

o
f

it
s

se
ri

es
ex

pa
n

si
o
n

sa
ti

sfi
es

th
a
t
ρ
H
≥
ρ
>

0
.

P
a
rt

s
(i

i)
,
(i

ii
),

a
n

d
(i

v
)

a
ls

o
h
o
ld

tr
u

e
w

h
en

th
e

B
a
n

a
ch

sp
a
ce

(`
w −

(R
N

),
‖·
‖ w

)
is

re
p
la

ce
d

by
(`
∞ −

(R
N

),
‖·
‖ ∞

).
P

a
rt

(i
)

is
in

ge
n

er
a
l

fa
ls

e
in

th
a
t

si
tu

a
ti

o
n

.

P
ro

o
f.

(i
)

T
h
e

co
m

p
a
ct

n
es

s
of
D
N

gu
a
ra

n
te

es
(M

u
n
k
re

s,
2
0
14

,
T

h
eo

re
m

27
.3

)
th

at
th

er
e

ex
is

ts
L
>

0
su

ch
th

at
D
N
⊂
B
‖·
‖(

0
,L

)
an

d
h
en

ce
(D

N
)Z
−
⊂
`w −

(R
N

)
n
ec

es
sa

ri
ly

.
It

ca
n

al
so

b
e

sh
ow

n
(s

ee

3
3

JM
L

R
 2

0(
17

9)
:1

-6
2,

 2
01

9

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(G
ri

go
ry

ev
a

an
d

O
rt

eg
a,

20
18

b
,

C
o
ro

ll
ar

y
2.

7)
)

th
at

w
h
en
D
N

is
co

m
p
ac

t,
th

e
re

la
ti

ve
to

p
ol

og
y

(D
N

)Z
−

in
d
u
ce

d
b
y

th
e

w
ei

gh
te

d
n
or

m
‖·
‖ w

in
`w −

(R
N

)
co

in
ci

d
es

w
it

h
th

e
p
ro

d
u
ct

to
p

o
lo

gy
.

T
h
is

im
p
li
es

(s
ee

(M
u
n
k
re

s,
20

14
,

T
h
eo

re
m

19
.6

))
th

at
if

th
e

fu
n
ct

io
n
s
H
t

a
re

co
n
ti

n
u
o
u
s

th
en

so
is
H

.

(i
i)

L
et

z
1
,z

2
∈
W

.
T

h
en

,
∥ ∥ H

(z
1
)
−
H

(z
2
)∥ ∥
w

=
su

p
t∈

Z −

{∥ ∥
H
t
(z

1
)
−
H
t
(z

2
)∥ ∥
w
−
t

}
≤

su
p

t∈
Z −

{ c
0 t

∥ ∥ z
1
−

z
2
∥ ∥ w
−
t

}
≤
‖c

0
‖ w
∥ ∥ z

1
−

z
2
∥ ∥ ,

(6
.1

9
)

w
h
ic

h
p
ro

ve
s

si
m

u
lt

an
eo

u
sl

y
th

a
t
H

is
L

ip
sc

h
it

z
co

n
ti

n
u
o
u
s

a
n
d

th
at

it
m

a
p
s

in
to
`w −

(R
N

).
R

eg
a
rd

in
g

th
e

la
st

p
oi

n
t,

re
ca

ll
th

at
b
y

h
y
p

ot
h
es

is
th

er
e

ex
is

ts
a

p
oi

n
t

z
0

su
ch

th
at
H

(z
0
)
∈
`w −

(R
N

)
an

d
h
en

ce
b
y

(6
.1

9)
w

e
h
av

e,
fo

r
an

y
z
∈
W

,

‖H
(z

)‖
w
≤
‖c

0
‖ w
∥ ∥ z
−

z
0
∥ ∥

+
∥ ∥ H

(z
0
)∥ ∥
w
<

+
∞
.

(6
.2

0)

(i
ii
)

F
ir

st
,

it
is

ea
sy

to
p
ro

ve
re

cu
rs

iv
el

y
th

at
fo

r
an

y
z
∈
W

,
th

e
m

ap
D
r
H

(z
)

:=
∏
t∈

Z −
D
r
H
t
(z

)

sa
ti

sfi
es

th
e

co
n
d
it

io
n

(2
.5

).
In

or
d
er

to
p
ro

ve
th

e
fi
rs

t
st

a
te

m
en

t
of

th
e

le
m

m
a
,

it
su

ffi
ce

s
to

sh
ow

th
a
t

th
e

m
u
lt

il
in

ea
r

m
ap

D
r
H

(z
)

:
(V
,‖
·‖

)
×
··
·×

(V
,‖
·‖

)
︸

︷︷
︸

r
ti

m
es

−→
(`
w −

(R
n
),
‖·
‖ w

),

is
b

ou
n
d
ed

fo
r

an
y

z
∈
W

.
L

et
( v

1
,.
..
,v

r
) ∈

V
r
.

U
si

n
g

th
e
r-

o
rd

er
d
iff

er
en

ti
ab

il
it

y
o
f
H
t

w
e

ca
n

w
ri

te

∥ ∥ D
r
H

(z
)
·(

v
1
,.
..
,v

r
)∥ ∥
w

=

∥ ∥ ∥ ∥ ∥ ∥
∏ t∈
Z −
D
r
H
t
(z

)
·(

v
1
,.
..
,v

r
)∥ ∥ ∥ ∥ ∥ ∥ w

=
su

p
t∈

Z −

{∥ ∥
D
r
H
t
(z

)
·(

v
1
,.
..
,v

r
)∥ ∥
w
−
t

}

≤
su

p
t∈

Z −

{ ||
|D

r
H
t
(z

)|||
∥ ∥ v

1
∥ ∥ ·
··
‖v

r
‖w
−
t

}

≤
∥ ∥ v

1
∥ ∥ ·
··
‖v

r
‖

su
p

t∈
Z −
{c
r t
w
−
t
}
≤
‖c
r
‖ w
‖v

1
‖·
··
‖v

r
‖,

(6
.2

1
)

w
h
ic

h
p
ro

ve
s

th
e

b
ou

n
d
ed

n
es

s
of
D
r
H

(z
)

a
n
d

th
e

in
eq

u
al

it
y

in
(6

.1
8)

.
W

e
n
ow

as
su

m
e

th
a
t
cj
∈
`w −

(R
)

fo
r

al
l
j
∈
{1
,.
..
,r
}

an
d

sh
ow

th
at
H

m
ap

s
in

to
`w −

(R
N

)
an

d
th

a
t

it
is

of
cl

as
s
C
r
−
1
(W

).
N

ot
ic

e,
fi
rs

t
of

a
ll
,

th
at

fo
r

an
y
t
∈

Z −
a
n
d

an
y

z
1
,z

2
∈
V
n
,

w
e

h
av

e
b
y

th
e

co
n
ve

x
it

y
of
W

,
th

e
m

ea
n

va
lu

e
th

eo
re

m
A

b
ra

h
am

et
al

.
(1

9
88

),
a
n
d

th
e

h
y
p

o
th

es
is
H
t
∈
C
r
(W

),
th

at
fo

r
al

l
j
∈
{1
,.
..
,r
},

∣ ∣∣ ∣∣ ∣
D
j
−
1
H
t
(z

1
)
−
D
j
−
1
H
t
(z

2
)∣ ∣∣ ∣
∣ ∣ w
≤

su
p

z
∈W

{∣ ∣
∣ ∣∣ ∣ D

j
H
t
(z

)∣ ∣∣ ∣
∣ ∣}
∥ ∥ z

1
−

z
2
∥ ∥

=
cj t
∥ ∥ z

1
−

z
2
∥ ∥ .

(6
.2

2
)

T
ak

in
g
j

=
1

in
th

e
p
re

v
io

u
s

in
eq

u
al

it
y,

w
e

se
e

th
a
t

th
e

fu
n
ct

io
n
s
H
t

ar
e

L
ip

sc
h
it

z
co

n
ti

n
u
o
u
s

w
it

h
co

n
st

an
ts
c1 t

th
at

fo
rm

a
se

q
u
en

ce
th

a
t

b
y

h
y
p

ot
h
es

is
b

el
on

gs
to
`w −

(R
).

T
h
is

g
u
ar

a
n
te

es
b
y

p
ar

t
(i

i)
th

at
H

m
ap

s
in

to
`w −

(R
N

)
n
ec

es
sa

ri
ly

.
N

ow
,
u
si

n
g

th
e

in
eq

u
al

it
y

(6
.2

2
),

w
e

h
av

e
th

at
fo

r
an

y
z
1
,z

2
∈
W

,
∣ ∣∣ ∣∣ ∣
D
r
−
1
H

(z
1
)
−
D
r
−
1
H

(z
2
)∣ ∣∣ ∣
∣ ∣ w

=
su

p
v
1
,.
..
,v

r
−

1
∈
V

v
1
,.
..
,v

r
−

1
6=

0

{
∥ ∥(
D
r
−
1
H

(z
1
)
−
D
r
−
1
H

(z
2
))
·(

v
1
,.
..
,v

r
−
1
)∥ ∥
w

‖v
1
‖·
··
‖v

r
−
1
‖

}

=
su

p
v
1
,.
..
,v

r
−

1
∈
V

v
1
,.
..
,v

r
−

1
6=

0

{
su

p
t∈

Z −
{∥ ∥
( D

r
−
1
H
t
(z

1
)
−
D
r
−
1
H
t
(z

2
))
·(

v
1
,.
..
,v

r
−
1
)∥ ∥
w
−
t

}

‖v
1
‖·
··
‖v

r
−
1
‖

}

≤
su

p
v
1
,.
..
,v

r
−

1
∈
V

v
1
,.
..
,v

r
−

1
6=

0

{
su

p
t∈

Z −
{ c
r t
w
−
t

∥ ∥ z
1
−

z
2
∥ ∥
·‖

v
1
‖·
··
‖v

r
−
1
‖}

‖v
1
‖·
··
‖v

r
−
1
‖

}
=
‖c
r
‖ w
∥ ∥ z

1
−

z
2
∥ ∥ ,

(6
.2

3)
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

w
h
ich

sh
ow

s
th

a
t

th
e

m
a
p
D
r−

1H
:

(W
,‖·‖

w
)−→

(L
r−

1(`
w−

(R
n
),`

w−
(R

N
)),|||·|||w )

is
L

ip
sch

itz
con

tin
u
o
u
s

w
ith

L
ip

sch
itz

con
stan

t
c
rH
≤
‖c
r‖
w

.

(iv
)

T
h
e

p
rev

iou
s

p
art

o
f

th
e

lem
m

a
to

geth
er

w
ith

th
e

h
y
p

oth
esis

c
:=

su
p
r∈

N
+
{‖
c
r‖
w }

<
+
∞

gu
a
ra

n
-

tees
th

a
t

th
e

d
iff

eren
tiab

ility
of

a
n
y

ord
er

in
th

e
fu

n
ctio

n
s
H
t

gets
tran

sla
ted

in
to

th
e

d
iff

eren
tiab

ility
of

an
y

o
rd

er
of

th
e

m
a
p
H

:
W
⊂

(V
,‖·‖)

−→
(`
w−

(R
N

),‖·‖
w

).
M

oreover,
let

u
∈
`
w−

(R
n
)

an
d

let

u
r

:=
(u
,...,u

)∈
(`
w−

(R
n
) )
r,
r∈

N
+

.
T

h
e

T
ay

lor
series

ex
p
an

sion
ofH

arou
n
d

0
∈

is

H
(0

)
+

∞∑r
=
1

1r! D
rH

(0
)·u

r
=
∏t∈
Z
− (

H
t (0

)
+

∞∑r
=
1

1r! D
rH

t (0
)·u

r )
.

(6
.24

)

T
h
e

ex
p
a
n
sion

in
th

e
left

h
a
n
d

sid
e

of
th

is
eq

u
ality

is
co

n
v
erg

en
t

if
an

d
on

ly
if

each
of

th
e

series
in

th
e

p
ro

d
u
ct

in
th

e
righ

t
h
an

d
sid

e
is

con
vergen

t.
T

h
is

is
th

e
case

w
h
en
‖u‖

w
<
ρ
t ,

for
all

t∈
Z
−

,
w

h
ich

g
u
a
ra

n
tees

th
e

con
vergen

ce
of

th
e

T
ay

lor
series

ex
p
an

sion
in

(6.24
)

for
all

th
e

elem
en

ts
u
∈
`
w−

(R
n
)

th
a
t

sa
tisfy

‖
u‖

w
<

in
f
t∈

Z
−
{ρ
t }

=
ρ
.

S
in

ce
b
y

h
y
p

o
th

esis
ρ
>

0
,

w
e

h
ave

p
rov

ed
th

at
H

is
an

aly
tic

w
ith

rad
iu

s
o
f

co
n
vergen

ce
ρH
≥
ρ
.

T
h
e

p
ro

o
f

of
th

e
statem

en
ts

in
(ii),

(iii),
an

d
(iv

)
fo

r
th

e
sp

ace
` ∞−

(R
N

)
is

ob
tain

ed
b
y

m
im

ick
in

g
th

e
p
ro

o
fs

th
a
t

w
e

ju
st

p
rov

id
ed

,
rep

lacin
g

th
e

w
eigh

tin
g

seq
u
en

ce
w

b
y

th
e

con
stan

t
seq

u
en

ce
w
ι

th
at

is
eq

u
al

to
1

fo
r

ea
ch

t∈
Z
−

.
In

o
rd

er
to

sh
ow

th
at

p
art

(i)
is

in
gen

eral
false

in
th

at
situ

ation
ta

k
e

W
=

(−
1,1),

D
N

=
[−

1,1],
an

d
d
efi

n
e
H
t (z

)
:=

tan
h

(−
tz

),
w

ith
t∈

Z
an

d
z
∈

(−
1,1).

G
iven

th
at

H
−
1

t

(−
12
,
12 )

=
(−

1t
tan

h
−
1(−

12
),−

1t
tan

h
−
1(

12
) )

it
is

clear
th

a
t

H
−
1 (

B
‖·‖
∞

(
0
,

12 ))
=
⋂t∈
Z
− (−

1t
tan

h
−
1 (−

12 )
,−

1t
tan

h
−
1 (

12 ))
=
{0}

.

T
h
is

eq
u
ality

sh
ow

s
th

a
t

th
e

p
reim

a
ge

b
y

th
e

p
ro

d
u
ct

m
ap
H

of
a
n

o
p

en
set

is
n
ot

op
en

an
d

h
en

ce
H

is
n
ot

con
tin

u
ou

s.
�

6
.3

.
P

ro
o
f

o
f

L
e
m

m
a

1

(i)
T

h
e

lin
earity

of
p
t

is
o
b
v
iou

s.
L

et
u
∈
`
w−

(R
n
)

a
rb

itrary.
S
in

ce
‖p
t (u

)‖
=
‖u

t ‖
=
‖
u
t ‖
w
−
t /w
−
t ≤

su
p
j∈

Z
−
{‖u

j ‖
w
−
j }
/
w
−
t

=
‖
u‖

w
/
w
−
t ,

w
e

can
con

clu
d
e

th
a
t|||p

t |||w
≤

1/w
−
t .

L
et

n
ow

v
∈

R
n

su
ch

th
a
t‖v‖

=
1

an
d

d
efi

n
e

th
e

elem
en

t
z
∈
`
w−

(R
n
)

b
y

z
t

:=
v
/w
−
t ,

fo
r

all
t∈

Z
−

.
It

is
clear

th
at‖z‖

w
=

1
a
n
d

th
at‖p

t (z
)‖
/‖z‖

w
=

1/
w
−
t ,

w
h
ich

sh
ow

s
th

a
t|||p

t |||w
=

1/w
−
t ,

as
req

u
ired

.

(ii)
W

e
fi
rst

p
rov

e
th

e
statem

en
ts

in
th

is
p
art

in
th

e
ca

se
t
<

0.
S
u
p
p

o
se

th
at

th
e

in
verse

d
ecay

ratio
L
w

is
fi
n
ite

an
d

let
u
∈
`
w−

(R
n
)

arb
itra

ry.
T

h
en

‖
T
1 (u

)‖
w

=
su

p
t∈

Z
− {‖

u
t−

1 ‖
w
−
t }

=
su

p
t∈

Z
− {‖

u
t−

1 ‖
w
−
(t−

1
)

w
−
t

w
−
(t−

1
) }

≤
su

p
t∈

Z
− {‖

u
t−

1 ‖
w
−
(t−

1
) }

su
p

t∈
Z
− {

w
−
t

w
−
(t−

1
) }
≤
‖u‖

w
L
w
.

(6.2
5)

T
h
is

in
eq

u
a
lity

sh
ow

s
th

a
t
T
1

m
ap

s
`
w−

(R
n
)

in
to
`
w−

(R
n
)

a
n
d

th
a
t
|||T

1 |||w
≤
L
w

.
G

iven
th

at
for

an
y

t∈
Z
−

w
e

ca
n

w
rite

T
−
t

=
T
1 ◦···◦

T
1

︸
︷︷

︸
−
t

tim
es

,

th
e

p
rev

iou
s

co
n
clu

sion
also

p
rov

es
th

at
T
−
t

m
ap

s
`
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e
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.
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∈
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∈
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∈
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︷︷

︸
−
t

tim
es )

is
su

ch
th

at
T
−
t
(ũ
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ũ
∈
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ũ‖
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ũ
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‖u‖

w
L
−
t

w
<

+
∞
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b
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w
)

is
con

tin
u
o
u
s,

th
en

th
e

B
an

ach
-S

ch
a
u
d
er

O
p

en
M

a
p
p
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al.,

1988,
S
ection

3.5)
for

co
n
tex

t
an

d
d
efi

n
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∈
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b
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at
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b
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︸
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∈
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t ⊂
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d
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b
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b
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︷︷

︸
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d
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ca
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h
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p
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es

is
on

H
,

w
e

h
av

e
th

a
t

∥ ∥ U
H

(z
1
)
−
U
H

(z
2
)∥ ∥
w

2
=

su
p

t∈
Z −

{∥ ∥
H

(T
−
t
(z

1
))
−
H

(T
−
t
(z

2
))
∥ ∥ w

2 −
t

}

≤
c H

su
p

t∈
Z −

{∥ ∥
T
−
t
(z

1
)
−
T
−
t
(z

2
)∥ ∥
w

1
w

2 −
t

} .
(6

.3
2
)

If
th

e
fi
rs

t
co

n
d
it

io
n

in
(6

.3
0)

is
sa

ti
sfi

ed
,

th
is

ex
p
re

ss
io

n
is

b
o
u
n
d
ed

ab
ov

e
b
y

c H
su

p
t,
s
∈Z
−

{∥ ∥
T
−
t
(z

1
) s
−
T
−
t
(z

2
) s
∥ ∥ w

2 −
t
w

1 −
s

}
=
c H

su
p

t,
s
∈Z
−

{
∥ ∥ z

1 t+
s
−

z
2 t+
s

∥ ∥ w
1 −
(t
+
s
)

w
2 −
t
w

1 −
s

w
1 −
(t
+
s
)

}

≤
R
w

1
,w

2
c H
∥ ∥ z

1
−

z
2
∥ ∥ w

1

w
h
ic

h
p
ro

ve
s

th
at

in
th

at
ca

se
U
H

h
as

th
e

fa
d
in

g
m

em
or

y
p
ro

p
er

ty
,

it
is

L
ip

sc
h
it

z,
a
n
d
R
w

1
,w

2
c H

is
a

L
ip

sc
h
it

z
co

n
st

an
t.

If
th

e
se

co
n
d

co
n
d
it

io
n

in
(6

.3
0)

is
sa

ti
sfi

ed
th

en
th

e
in

ve
rs

e
d
ec

ay
ra

ti
o
L
w

1
is

n
ec

es
sa

ri
ly

fi
n
it

e
an

d
h
en

ce
(6

.3
2)

ca
n

b
e

b
o
u
n
d
ed

u
si

n
g

th
e

se
co

n
d

p
a
rt

of
L

em
m

a
1

as

c H
su

p
t∈

Z −

{∥ ∥
T
−
t
(z

1
)
−
T
−
t
(z

2
)∥ ∥
w

1
w

2 −
t

}
≤
c H
∥ ∥ z

1
−

z
2
∥ ∥ w

1
su

p
t∈

Z −

{ L
−
t

w
1
w

2 −
t

}
=
‖L

w
1
‖ w

2
c H
∥ ∥ z

1
−

z
2
∥ ∥ w

1
,

w
h
ic

h
p
ro

ve
s

th
at

in
th

at
ca

se
‖L

w
1
‖ w

2
c H

is
a

L
ip

sc
h
it

z
co

n
st

an
t

of
U
H

.
T

h
e

L
ip

sc
h
it

z
co

n
ti

n
u
it

y
of

U
H

to
ge

th
er

w
it

h
th

e
h
y
p

ot
h
es

is
on

th
e

ex
is

te
n
ce

o
f

a
p

oi
n
t

z
0

su
ch

th
a
t
U
H

(z
0
)
∈
`w

2

−
(R

)
gu

a
ra

n
te

e

th
a
t
U
H

m
ap

s
in

to
`w

2

−
(R

N
)

u
si

n
g

a
st

ra
te

gy
si

m
il
a
r

to
th

e
o
n
e

fo
ll
ow

ed
in

(6
.2

0)
.

T
h
e

p
ro

of
fo

r
th

e
sp

ac
es
`∞ −

(R
n
)

a
n
d
`∞ −

(R
N

)
is

ob
ta

in
ed

b
y

ta
k
in

g
as

w
ei

gh
ti

n
g

se
q
u
en

ce
s

th
e

co
n
st

an
t

se
q
u
en

ce
w
ι

gi
ve

n
b
y
w
ι t

:=
1
,

fo
r

a
ll
t
∈

N
,

th
at

au
to

m
at

ic
al

ly
sa

ti
sfi

es
an

y
of

th
e

tw
o

co
n
d
it

io
n
s

in
(6

.3
0)

.
�

R
e
m

a
rk

3
8

W
h
en

in
p
ar

t
(i

ii
)

w
e

co
n
si

d
er

th
e

sa
m

e
w

ei
g
h
ti

n
g

se
q
u
en

ce
w

fo
r

th
e

d
o
m

a
in

an
d

th
e

ta
rg

et
,

it
is

ea
sy

to
se

e
th

a
t

R
w

:=
su

p
s
,t
∈N

{
w
t
w
s

w
t+
s

}

sa
ti

sfi
es

th
at
R
w
≤
‖L

w
‖ w

a
n
d

th
er

ef
or

e
th

e
se

co
n
d

co
n
d
it

io
n

in
(6

.3
0)

im
p
li
es

th
e

fi
rs

t
on

e.
In

d
ee

d
,

R
w

=
su

p
s
,t
∈N

{
w
t
w
s

w
t+
s

}
=

su
p

s
,t
∈N

{
w
t

w
t+

1

w
t+

1

w
t+

2
··
·w

t+
s
−
1

w
t+
s
w
s

}
≤

su
p

s
∈N
{L

s w
w
s
}

=
‖L

w
‖ w

,
a
s

re
q
u
ir

ed
.

In
th

is
se

tu
p
,

th
e

co
n
d
it

io
n

(6
.3

0)
is

sa
ti

sfi
ed

b
y

m
an

y
fa

m
il
ie

s
of

co
m

m
on

ly
u
se

d
w

ei
gh

ti
n
g

se
q
u
en

ce
s.

In
th

e
tw

o
ex

am
p
le

s
co

n
si

d
er

ed
in

R
em

a
rk

2
w

e
h
av

e
th

a
t
R
w

=
‖L

w
‖ w

=
1

fo
r

th
e

g
eo

m
et

ri
c

se
q
u
en

ce
;

fo
r

th
e

h
ar

m
on

ic
se

q
u
en

ce
‖L

w
‖ w

=
+
∞

b
u
t
R
w

=
1

an
d

h
en

ce
(6

.3
0)

is
st

il
l

sa
ti

sfi
ed

.
W

e
em

p
h
as

iz
e

th
at

co
n
d
it

io
n

(6
.3

0)
is

n
o
t

au
to

m
a
ti

ca
ll
y

sa
ti

sfi
ed

b
y

a
ll

w
ei

gh
ti

n
g

se
q
u
en

ce
s.

F
o
r

ex
am

p
le

,
as

w
e

sa
w

in
R

em
a
rk

2
,

th
e

se
q
u
en

ce
w
t

:=
ex

p
(−
t2

)
is

su
ch

th
a
t
L
w

=
+
∞

a
n
d
,

ad
d
it

io
n
a
ll
y,

it
is

ea
sy

to
se

e
th

at
R
w

:=
su

p
s
,t
∈N
{e

x
p
(2
st

)}
=

+
∞

.
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

P
ro

p
o
sitio

n
3
9

L
et
w

1
a
n

d
w

2
be

tw
o

w
eigh

tin
g

sequ
en

ces
w

ith
in

verse
d
eca

y
ra

tio
s
L
w

1
a
n

d
L
w

1,
respectively.

L
et
V
n
⊂
`
w

1

−
(R

n
)

a
n

d
V
N
⊂
`
w

2

−
(R

N
)

be
tim

e-in
va

ria
n

t
o
pen

su
bsets,

a
n

d
let

D
N

be
a
n

o
pen

su
bset

o
fR

N
.

(i)
L

et
U

:
V
n
⊂
`
w

1

−
(R

n
)
−→

V
N
⊂
`
w

2

−
(R

N
)

be
a

ca
u

sa
l

a
n

d
tim

e-in
va

ria
n

t
fi

lter.
If
U

is
o
f

cla
ss

C
r(V

n
)

(respectively,
sm

oo
th

o
r

a
n

a
lytic)

w
h
en

co
n

sid
ered

a
s

a
m

a
p
U

:
V
n
⊂
(
`
w

1

−
(R

n
),‖·‖

w )
−→

V
N
⊂
(
`
w

2

−
(R

N
),‖·‖

w )
,

th
en

so
is

th
e

a
ssocia

ted
fu

n
ctio

n
a
l
H
U

:
V
n
⊂
(
`
w

1

−
(R

n
),‖·‖

w )
−→

p
0 (V

N
)⊂

R
N

.
M

o
reo

ver,

|||D
rH

U
(z

)|||w
1 ≤
|||D

rU
(z

)|||w
1
,w

2 ,
fo

r
a
n

y
z
∈
V
n

.
(6

.33
)

T
h
e

sa
m

e
co

n
clu

sio
n

h
o
ld

s
w

h
en

th
e

w
eigh

ted
sequ

en
ce

spa
ces

a
re

rep
la

ced
by
(` ∞−

(R
n
),‖·‖∞

)
a
n

d
(` ∞−

(R
N

),‖·‖∞
).

(ii)
L

et
H

:
V
n
⊂
`
w

1

−
(R

n
)
−→

D
N

be
a

fu
n

ctio
n

a
l

a
n

d
su

p
po

se
th

a
t
V
n

is
co

n
vex

a
n

d
co

n
ta

in
s

a

po
in

t
z
0

su
ch

th
a
t
U
H

(z
0)∈

`
w

2

−
(R

),
w

h
ere

U
H

is
th

e
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
fi

lter
a
ssocia

ted
to

H
.

If
th

e
fu

n
ctio

n
a
l
H

is
o
f

cla
ss
C
r(V

n
)

a
n

d
fo

r
a
n

y
j
∈
{
1,...,r}

w
e

h
a
ve

th
a
t
c
j

:=
su

p
z∈
V
n { ∣∣ ∣∣ ∣∣D

jH
(z

) ∣∣ ∣∣ ∣∣w
1 }
<

+
∞

a
n

d
th

e
w

eigh
tin

g
sequ

en
ces

sa
tisfy

th
a
t

L
w

1
,j

:=
(L
−
j
t

w
1

)
t∈

Z
−
∈
`
w

2

−
(R

),
(6.3

4)

th
en

th
e

a
ssocia

ted
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
fi

lter
U
H

is
d
iff

eren
tia

ble
o
f

o
rd

er
r

w
h
en

co
n

sid
ered

a
s

a
m

a
p
U
H

:
V
n
⊂
(
`
w

1

−
(R

n
),‖·‖

w
1 )
−→

(D
N

) Z
−∩ (

`
w

2

−
(R

N
),‖·‖

w
2 )

.
M

o
reo

ver,
fo

r
a
n

y
z
∈
V
n

,

|||D
rU

H
(z

)|||w
1
,w

2 ≤
c
r‖L

w
1
,r ‖

w
2.

(6.35
)

A
d
d
itio

n
a
lly,

U
H

is
o
f

cla
ss
C
r−

1(V
n
)

a
n

d
th

e
m

a
p

D
r−

1U
H

:
(V
n
,‖·‖

w
1 )−→

(
L
r−

1 (
`
w

1

−
(R

n
),`

w
2

−
(R

N
) )
,|||·|||w

1
,w

2 )

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith
L

ip
sch

itz
co

n
sta

n
t
c
r‖L

w
1
,r ‖

w
2.

T
h
e

sa
m

e
co

n
clu

sio
n

h
o
ld

s
w

h
en

th
e

w
eigh

ted
sequ

en
ce

spa
ces

a
re

rep
la

ced
by
(` ∞−

(R
n
),‖·‖∞

)
a
n

d
(` ∞−

(R
N

),‖·‖∞
).

In
th

a
t

ca
se

th
e

in
equ

a
lity

(6.3
5)

h
o
ld

s
w

ith
‖L

w
1
,r ‖

w
2

=
1.

(iii)
L

et
H

:
V
n
⊂
`
w

1

−
(R

n
)−→

D
N

be
a

fu
n

ctio
n

a
l

a
n

d
su

p
po

se
th

a
t
V
n

is
co

n
vex

a
n

d
co

n
ta

in
s

a
po

in
t

z
0

su
ch

th
a
t
U
H

(z
0)∈

`
w

2

−
(R

),
w

h
ere

U
H

is
th

e
ca

u
sa

l
a
n

d
tim

e-in
va

ria
n

t
fi

lter
a
ssocia

ted
to
H

.
If

th
e

fu
n

ctio
n

a
l
H

is
sm

oo
th

a
n

d
c
r
<

+
∞

fo
r

a
ll
r
∈
N

+
,

th
en

so
is

th
e

a
ssocia

ted
ca

u
sa

l
a
n

d

tim
e-in

va
ria

n
t

fi
lter

U
H

:
V
n
⊂
(
`
w

1

−
(R

n
),‖·‖

w
1 )
−→

(D
N

) Z
−
∩
(
`
w

2

−
(R

N
),‖·‖

w
2 )

.
T

h
e

sa
m

e

co
n

clu
sio

n
h
o
ld

s
w

h
en

th
e

w
eigh

ted
spa

ces
a
re

rep
la

ced
by
(` ∞−

(R
n
),‖·‖∞

)
a
n

d
(` ∞−

(R
N

),‖·‖∞
).

In
th

a
t

ca
se,

if
H

is
a
n

a
lytic

th
en

so
is
U
H

a
n

d
th

e
ra

d
iu

s
o
f

co
n

vergen
ce

o
f

th
e

series
expa

n
sio

n
o
f
U
H

is
bigger

o
r

equ
a
l

th
a
n

th
a
t

o
f
H

.

P
ro

o
f.

(i)
R

eca
ll

fi
rst

th
at
H
U

can
b

e
w

ritten
as
H
U

=
p
0 ◦
U

.
T

h
e

ch
a
in

ru
le

an
d

th
e

lin
earity

of
th

e
p
ro

jectio
n
p
0

im
p
ly

th
at
D
rH

U
(z

)
=
p
0 ◦
D
rU

(z
)

for
an

y
z
∈
V
n
.

T
h
e

fi
rst

p
art

of
L

em
m

a
1

gu
aran

tees
th

en
th

at
H
U

is
of

class
C
r(V

n
)

an
d

th
at

|||D
rH

U
(z

)|||w
1

=
|||p

0 ◦
D
rU

(z
)|||w

1 ≤
|||p

0 |||w
2 ·|||D

rU
(z

)|||w
1
,w

2
=
|||D

rU
(z

)|||w
1
,w

2 ,
for

an
y

z
∈
V
n
,

as
req

u
ired

.
T

h
e

p
ro

o
f

for
th

e
sp

aces
` ∞−

(R
n
)

a
n
d
` ∞−

(R
N

)
is

ob
tain

ed
b
y

ta
k
in

g
as

seq
u
en

ce
w

th
e

con
stan

t
seq

u
en

ce
w
ι

g
iven

b
y
w
ιt

:=
1
,

for
a
ll
t∈

N
.
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(ii)
F

irst
of

all,
n
otice

th
at

th
e

h
y
p

o
th

esis
on

c
1

a
n
d

th
e

con
vex

ity
of
V
n

im
p
ly

v
ia

th
e

m
ean

va
lu

e
th

eorem
A

b
rah

am
et

a
l.

(198
8)

th
at
H

is
L

ip
sch

itz.
M

o
reov

er,
th

e
h
y
p

oth
esis

on
L
w
,1

in
th

e
statem

en
t

im
p
lies

th
at

con
d
ition

(6
.30

)
is

satisfi
ed

an
d

h
en

ce
th

e
th

ird
p
a
rt

in
P

rop
osition

37
g
u
a
ra

n
tees

th
at
U
H

m
ap

s
in

to
`
w

2

−
(R

N
).

N
ow

,
th

e
ex

p
ression

(6.31
)

im
p
lies

th
a
t

fo
r

a
n
y

z
∈
V
n
,

D
rU

H
(z

)
=
∏t∈
Z
−

D
rH

(T
−
t (z

))◦
(T
−
t ,...,T

−
t )

︸
︷︷

︸
r

tim
es

,
r≥

1.
(6.3

6
)

In
ord

er
to

p
rove

(6.33)
con

sid
er

u
1,...,u

r∈
`
w

1

−
(R

n
)

arb
itrary

a
n
d

n
otice

th
at

b
y

th
e

secon
d

p
art

of
L

em
m

a
1

w
e

h
ave

∥∥
D
rU

H
(z

) (u
1,...,u

r ) ∥∥
w

2
=

su
p

t∈
Z
− { ∥∥

D
rH

(T
−
t (z

))· (T
−
t (u

1),...,T
−
t (u

r) ) ∥∥
w

2−
t }

≤
c
r

su
p

t∈
Z
− { ∥∥

T
−
t (u

1) ∥∥
w

1 ···‖T
−
t (u

r)‖
w

1
w

2−
t }

≤
c
r

su
p

t∈
Z
− { ∥∥

u
1 ∥∥
w

1 ···‖u
r‖
w

1
L
−
r
t

w
1
w

2−
t }
≤
c
r ∥∥L

w
1
,r ∥∥

w
2 ∥∥

u
1 ∥∥
w

1 ···‖u
r‖
w

1
,

as
req

u
ired

.
W

e
n
ow

sh
ow

th
at

U
H

is
of

class
C
r−

1(V
n
).

L
et

z
1,z

2
∈
V
n

arb
itra

ry.
T

h
en

,
u
sin
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u
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R
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p
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ke

as
w

1
th

e
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∩
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b
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p
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a
n
ce

of
U
F

ar
e

a
co

n
se

q
u
en

ce
of

th
e

ti
m

e
in

va
ri

an
ce

o
f
V
n

an
d

o
f

P
ro

p
o
si

ti
on

2.
1

in
G

ri
go

ry
ev

a
a
n
d

O
rt

eg
a

(2
01

8a
).

W
e

n
ow

as
su

m
e

th
at
F

is
L

ip
sc

h
it

z
on

th
e

se
co

n
d

co
m

p
o
n
en

t
a
n
d

p
ro

ve
(3

.4
).

T
h
e

re
la

ti
on

(6
.4

3)
th

at
d
efi

n
es
U
F

is
eq

u
iv

a
le

n
t

to

U
F

(z
) t

=
F

(U
F

(z
) t
−
1
,z
t
),

fo
r

al
l

z
∈
V
n
,
t
∈
Z −

.

C
on

se
q
u
en

tl
y,

fo
r

an
y

z
1
,z

2
∈
V
n
,

w
e

h
av

e,

∥ ∥ U
F

(z
1
)
−
U
F

(z
2
)∥ ∥
w

=
su

p
t∈

Z −

{∥ ∥
U
F

(z
1
) t
−
U
F

(z
2
) t
∥ ∥ w
−
t

}

=
su

p
t∈

Z −

{∥ ∥
F

(U
F

(z
1
) t
−
1
,z

1 t
)
−
F

(U
F

(z
2
) t
−
1
,z

2 t
)∥ ∥
w
−
t

}

≤
su

p
t∈

Z −

{(
∥ ∥ F

(U
F

(z
1
) t
−
1
,z

1 t
)
−
F

(U
F

(z
1
) t
−
1
,z

2 t
)∥ ∥

+
∥ ∥ F

(U
F

(z
1
) t
−
1
,z

2 t
)
−
F

(U
F

(z
2
) t
−
1
,z

2 t
)∥ ∥
) w
−
t

}

≤
su

p
t∈

Z −

{ L
z

∥ ∥ z
1 t
−

z
2 t

∥ ∥ w
−
t

+
c
∥ ∥ U

F
(z

1
) t
−
1
−
U
F

(z
2
) t
−
1

∥ ∥ w
−
t

} .

If
w

e
re

p
ea

t
th

is
p
ro

ce
d
u
re
i

ti
m

es
,

it
is

ea
sy

to
se

e
th

a
t

∥ ∥ U
F

(z
1
)
−
U
F

(z
2
)∥ ∥
w

≤
L
z

su
p

t∈
Z −

  
i ∑ j
=
0

cj
∥ ∥ z

1 t−
j
−

z
2 t−
j

∥ ∥ w
−
t

  
+
ci

+
1

su
p

t∈
Z −

{∥ ∥
U
F

(z
1
) t
−
(i
+
1
)
−
U
F

(z
2
) t
−
(i
+
1
)

∥ ∥ w
−
t

} .
(6

.4
4)

4
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

W
e

n
ow

stu
d
y

sep
a
rately

th
e

tw
o

su
m

m
an

d
s

in
th

e
righ

t
h
an

d
sid

e
of

th
e

p
rev

io
u
s

in
eq

u
ality.

F
irst,

b
y

L
em

m
a

1,

L
z

su
p

t∈
Z
− 

i
∑j
=
0

c
j ∥∥

z
1t−
j −

z
2t−
j ∥∥
w
−
t 

=
L
z

su
p

t∈
Z
− 

i
∑j
=
0

c
j ∥∥ (T

j (z
1) )

t −
(T
j (z

2) )
t ∥∥
w
−
t 

=
L
z

su
p

t∈
Z
− 

i
∑j
=
0

c
j ∥∥
T
j (z

1−
z
2)
t ∥∥
w
−
t 
≤
L
z

i
∑j
=
0

c
j

su
p

t∈
Z
− { ∥∥

T
j (z

1−
z
2)
t ∥∥
w
−
t }

=
L
z

i
∑j
=
0

c
j ∥∥
T
j (z

1−
z
2) ∥∥

w
≤
L
z ∥∥

z
1−

z
2 ∥∥
w

i
∑j
=
0

c
j|||T

j |||w

≤
L
z ∥∥

z
1−

z
2 ∥∥
w

i
∑j
=
0 (cL

w
)
j

=
L
z ∥∥

z
1−

z
2 ∥∥
w

1−
(cL

w
)
i+

1

1−
cL

w
,

(6.4
5)

w
h
ile

th
e

secon
d

su
m

m
an

d
ca

n
b

e
b

ou
n
d
ed

as
follow

s

c
i+

1
su

p
t∈

Z
− { ∥∥

U
F

(z
1)
t−

(i+
1
) −

U
F

(z
2)
t−

(i+
1
) ∥∥
w
−
t }

=
c
i+

1
su

p
t∈

Z
− { ∥∥

T
i+

1 (U
F

(z
1) )

t −
T
i+

1 (U
F

(z
2) )

t ∥∥
w
−
t }

=
c
i+

1 ∥∥
T
i+

1 (U
F

(z
1)−

(U
F

(z
2)) ∥∥

w
≤
c
i+

1|||T
i+

1 |||w
∥∥
U
F

(z
1)−

U
F

(z
2) ∥∥

w

≤
(cL

w
)
i+

1 ∥∥
U
F

(z
1)−

U
F

(z
2) ∥∥

w
.

(6.4
6)

If
w

e
n
ow

ch
a
in

th
e

in
eq

u
alities

(6.45
)

a
n
d

(6.46
)

w
ith

(6.44
)

w
e

can
con

clu
d
e

th
at

(1−
(cL

w
)
i+

1) ∥∥
U
F

(z
1)−

U
F

(z
2) ∥∥

w
≤
L
z ∥∥

z
1−

z
2 ∥∥
w

1−
(cL

w
)
i+

1

1−
cL

w
,

(6.4
7)

w
h
ich

a
fter

sim
p
lifi

cation
u
sin

g
th

e
co

n
d
ition

(3.3)
resu

lts
in

(3.4).
�

R
e
m

a
rk

4
1

A
sligh

t
m

o
d
ifi

ca
tio

n
of

th
e

p
ro

o
f

of
T

h
eorem

7
(ii)

ca
n

b
e

u
sed

to
ex

ten
d

th
is

statem
en

t
to

reservoir
sy

stem
s

w
ith

in
p
u
ts

an
d

ou
tp

u
ts

in
`
p
,w
−

(R
n
)

a
n
d
`
p
,w
−

(R
N

),
resp

ectively.
In

d
eed

,
assu

m
e

th
a
t

w
e

a
re

u
n
d
er

th
e

h
y
p

o
th

eses
o
f

T
h
eorem

7
(ii)

w
ith

th
ose

sp
aces

in
stead

of
`
w−

(R
n
)

an
d
`
w−

(R
N

).
S
u
p
p

ose,
a
d
d
itio

n
a
lly,

th
at

cL
1
/
p

w
<

1.
(6

.48
)

T
h
en

,
th

ere
ex

ists
a

u
n
iq

u
e

cau
sa

l
a
n
d

tim
e-in

va
ria

n
t

con
tin

u
ou

s
reservoir

fi
lter

U
F

:
(V
n
,‖·‖

p
,w

)−→
((D

N
) Z
−
∩
`
p
,w
−

(R
N

),‖·‖
p
,w

).
A

d
d
ition

ally,
U
F

is
a
lso

L
ip

sch
itz

w
ith

con
stan

t

L
U

F
:=

L
z

1−
cL

1
/
p

w

.

T
h
e

p
ro

of
of

th
is

fact
is

carried
ou

t
b
y

sh
ow

in
g

th
a
t

th
e

m
ap
F

in
(6

.3
8
)

is
L

ip
sch

itz
con

tin
u
ou

s
w

h
en

`
p
,w
−

(R
n
)

an
d
`
p
,w
−

(R
N

)
sp

a
ces

are
con

sid
ered

in
its

d
om

ain
a
n
d

ta
rg

et,
resp

ectively,
w

ith
L

ip
sch

itz

con
stan

t
c
F
L
1
/
p

w
a
n
d

h
en

ce
(6.40

)
h
old

s
in

th
a
t

situ
a
tion

.
In

d
eed

,
for

an
y

(x
1,z

1),(x
2,z

2)∈
(D

N
) Z
−
∩

4
3
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R
 20(179):1-62, 2019

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

`
p
,w
−

(R
N

)×
V
n

w
e

can
sh

ow
u
sin

g
th

e
statem

en
ts

in
R

em
ark

4
th

at

∥∥F
(x

1,z
1)−

F
(x

2,z
2) ∥∥

pp
,w

=
∑t∈
Z
− ∥∥

F
t (x

1t−
1 ,z

1t )−
F
t (x

2t−
1 ,z

21 ) ∥∥
p
w
−
t

=
∑t∈
Z
− ∥∥

F
(x

1t−
1 ,z

1t )−
F
t (x

2t−
1 ,z

2t ) ∥∥
p
w
−
t ≤

c
pF

∑t∈
Z
− ∥∥

x
1t−

1 −
x
2t−

1 ∥∥
p
w
−
t

+
c
pF

∑t∈
Z
− ∥∥

z
1t −

z
2t ∥∥
p
w
−
t

≤
c
pF

∥∥
T
1 (x

1−
x
2) ∥∥

pp
,w

+
c
pF

∥∥
z
1−

z
2 ∥∥
pp
,w
≤
c
pF

(L
1
/
p

w
)
p ∥∥

x
1−

x
2 ∥∥
pp
,w

+
c
pF

∥∥
z
1−

z
2 ∥∥
pp
,w

≤
c
pF

(L
1
/
p

w
)
p ∥∥

(x
1,z

1)−
(x

2,z
2) ∥∥

pp
,w
⊕
w
,

w
h
ere

in
th

e
last

in
eq

u
ality

w
e

u
sed

th
a
t
L
1
/
p

w
>

1.
W

e
n
ow

sh
ow

th
atF

is
a

con
tra

ction
on

th
e

fi
rst

en
try

w
h
en

ever
con

d
ition

(6.48)
is

satisfi
ed

.
In

d
eed

,

∥∥F
(x

1,z
)−
F

(x
2,z

) ∥∥
pp
,w

=
∑t∈
Z
− ∥∥

F
(x

1t−
1 ,z

t )−
F
t (x

2t−
1 ,z

t ) ∥∥
p
w
−
t

≤
c
p
∑t∈
Z
− ∥∥

x
1t−

1 −
x
2t−

1 ∥∥
p
w
−
t

=
c
p ∥∥
T
1 (x

1−
x
2) ∥∥

pp
,w
≤

c
p(L

1
/
p

w
)
p ∥∥

x
1−

x
2 ∥∥
pp
,w
.

T
h
e

rest
of

th
e

p
ro

of
can

b
e

ob
tain

ed
b
y

m
im

ick
in

g
th

e
d
ev

elo
p
m

en
ts

after
(6

.42).

6
.6

.
P

ro
o
f

o
f

T
h

e
o
re

m
1
2

C
o
n
sid

er
th

e
m

ap
F

:
(D

N
) Z
−
×

(D
n
) Z
−
−→

(D
N

) Z
−

d
efi

n
ed

in
(6

.3
7
)

an
d

en
d
ow

(D
n
) Z
−

a
n
d

(D
N

) Z
−

w
ith

th
e

relative
top

olog
ies

in
d
u
ced

b
y

th
e

p
ro

d
u
ct

top
olo

gies
in

(R
n
) Z
−

a
n
d

(R
N

) Z
−

,
resp

ectiv
ely.

It
is

easy
to

see
th

at
th

e
m

ap
s
p
t

an
d
T
1

are
co

n
tin

u
o
u
s

w
ith

resp
ect

to
th

o
se

p
ro

d
u
ct

top
olog

ies
an

d
h
en

ce
F

can
b

e
w

ritten
u
sin

g
(6.38

)
a
s

a
C

artesian
p
ro

d
u
ct

o
f

con
tin

u
ou

s
fu

n
ctio

n
s,

w
h
ich

is
alw

ay
s

con
tin

u
ou

s
in

th
e

p
ro

d
u
ct

top
ology.

C
on

sid
er

n
ow

an
y

w
eigh

tin
g

seq
u
en

ce
w

su
ch

th
at

cL
w
<

1
.

U
sin

g
an

a
rg

u
m

en
t

sim
ila

r
to

th
e

p
ro

of
of

L
em

m
a

36
(i),

w
e

can
con

clu
d
e

th
a
t

(D
N

) Z
−
⊂
`
w−

(R
N

)
a
n
d

th
at

th
e

p
ro

d
u
ct

top
o
lo

gy
on

(D
N

) Z
−

coin
cid

es
w

ith
th

e
n
orm

top
o
logy

in
d
u
ced

b
y
‖·‖

w
.

N
ow

,
follow

in
g

th
e

ex
p
ression

s
(6.41

)
an

d
(6.42)

it
can

b
e

sh
ow

n
th

atF
is

a
con

tra
ction

o
n

th
e

fi
rst

en
try

an
d

w
ith

resp
ect

to
‖·‖

w
.

In
v
iew

o
f

th
ese

facts
an

d
given

th
at

th
e

p
ro

d
u
ct

to
p

olo
gy

in
(D

n
) Z
−
⊂

(R
n
) Z
−

is
m

etrizab
le

(see
(M

u
n
k
res,

2
01

4,
T

h
eorem

20.5))
an

d
th

a
t

(D
N

) Z
−
⊂

(R
N

) Z
−

is
com

p
a
ct

b
y

T
y
ch

on
off

’s
T

h
eo

rem
(see

(M
u
n
k
res,

20
1
4,

T
h
eorem

37.3))
in

th
e

p
ro

d
u
ct

to
p

olog
y

a
n
d

h
en

ce
co

m
p
lete,

T
h
eo

rem
6.4.1

in
S
tern

b
erg

(201
0)

im
p
lies

th
e

ex
isten

ce
of

a
u
n
iq

u
e

fi
x
ed

p
oin

t
ofF

fo
r

each
z
∈

(D
n
) Z
−

,
w

h
ich

estab
lish

es
th

e
E

S
P

.
M

oreover,
th

at
resu

lt
also

sh
ow

s
th

e
co

n
tin

u
ity

of
th

e
asso

ciated
fi
lter

U
F

:
(D

n
) Z
−
−→

((D
N

) Z
−
,‖·‖

w
).

F
in

a
lly,

if
(D

n
) Z
−
⊂
`
w−

(R
n
),

w
e

k
n
ow

from
(G

rigo
ry

eva
an

d
O

rteg
a,

201
8b

,
P

rop
osition

2.9)
th

a
t

th
e

in
clu

sion
`
w−

(R
n
)
↪→

(R
n
) Z
−

is
con

tin
u
o
u
s

an
d

h
en

ce
so

is
U
F

w
h
en

in
(D

n
) Z
−

w
e

co
n
sid

er
th

e
top

o
logy

gen
erated

b
y

th
e

n
o
rm
‖·‖

w
,

w
h
ich

esta
b
lish

es
th

e
F

M
P

in
th

at
situ

atio
n
.
�

6
.7

.
P

ro
o
f

o
f

C
o
ro

lla
ry

1
3

U
n
d
er

th
e

h
y
p

oth
esis

in
p
art

(i),
th

e
con

tin
u
ity

of
h

im
p
lies

th
at
h

(D
N

)
is

co
m

p
act

an
d

h
en

ce
th

ere
ex

ists
a

con
stan

t
R
>

0
su

ch
th

a
t
h

(D
N

)⊂
B
‖·‖ (0

,R
).

T
h
e

fi
rst

p
art

of
L

em
m

a
36

g
u
a
ran

tees
th

a
t

th
e

m
ap
H

:=
∏
t∈

Z
−
h

:
((D

N
) Z
−
,‖·‖

w
)−→

(K
R
,‖·‖

w
)

is
con

tin
u
ou

s
a
n
d

as
U
Fh

=
H
◦
U
F

a
n
d

w
e

p
roved

th
at

u
n
d
er

th
e

h
y
p

oth
eses

(i)
in

th
e

th
eorem

th
at
U
F

:
(V
n
,‖·‖

w
)
−→

(K
L
,‖·‖

w
)

is
con

tin
u
ou

s,
th

e
claim

follow
s.

W
e

n
ow

p
rov

e
th

e
statem

en
t

u
n
d
er

th
e

h
y
p

o
th

eses
in

p
art

(ii).
F

irst,
w

e
sh

ow
th

a
t

if
h

is
L

ip
sch

itz
con

tin
u
ou

s
in
D
N

w
ith

con
stan

t
c
h

th
en

so
is

th
e

m
ap
H

in
(D

N
) Z
−
∩
`
w−

(R
N

).
In

d
eed

,
let

x
1,x

2
∈

4
4
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

(D
N

)Z
−
∩
`w −

(R
N

),
th

en
∥ ∥ H

(x
1
)
−
H

(x
2
)∥ ∥
w

=
su

p
t∈

Z −

{∥ ∥
h

(x
1 t
)
−
h

(x
2 t
)∥ ∥
w
−
t

}
≤
c h
∥ ∥ x

1
−

x
2
∥ ∥ w

.

T
h
e

h
y
p

ot
h
es

is
U
F h

(z
0
)
∈
`w −

(R
d
)

a
m

ou
n
ts

to
th

e
fa

ct
th

at
th

e
p

oi
n
t
U
F

(z
0
)
∈

(D
N

)Z
−
∩
`w −

(R
N

)
is

su
ch

th
at
H

(U
F

(z
0
))
∈
`w −

(R
d
).

A
n

ar
g
u
m

en
t

m
im

ic
k
in

g
(6

.2
0)

in
th

e
p
ro

of
o
f

p
ar

t
(i

i)
in

L
em

m
a
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re
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p
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d
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b
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b
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b
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∈
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|||c
|||
‖z
−
j
‖

=
|||c
|||
∞ ∑ j
=
0

∣ ∣∣ ∣∣ ∣
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d
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p
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at
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b
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∈
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.
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+
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∞
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e
sa

m
e

ti
m

e,
th
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ra
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b
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b
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p
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re
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∈
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∈
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‖
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e
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re
st

ri
ct

s
to

a
m

ap
F
L
,M

:
B
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‖·
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at
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u
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p
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b
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b
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d
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b
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b
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1.

P
ro

o
f

o
f

th
e

le
m

m
a
.

(i)
N

o
tice

fi
rst

th
at,

as
w

e
p

oin
ted

ou
t

in
(6.38

),
an

d
u
sin

g
th

e
n
otation

in
L

em
m

a
36,

F
=
∏t∈
Z
−

F
t ,

w
h
ere

F
t

:=
F
◦
p
t ◦

(T
1 ×

id
V
n
)

:
`
w−

(R
N

)×
V
n
−→

R
N
.

(6.53
)

A
lso

,
th

e
h
y
p

oth
esis

(4.1),
th

e
m

ean
valu

e
th

eo
rem

,
a
n
d

th
e

con
vex

ity
o
f

th
e

set

p
t ◦

(T
1 ×

id
V
n
) (`

w−
(R

N
)×

V
n )

im
p
ly

th
a
t
F

is
a

L
ip

sch
itz

fu
n
ctio

n
w

ith
con

stan
t
L
F

.
A

d
ev

elo
p
m

en
t

id
en

tica
l

to
(6.39)

gu
aran

tees
th

at
th

e
m

ap
s
F
t

a
re

L
ip

sch
itz

an
d

th
at
L
F
L
w
/
w
−
t

is
a

L
ip

sch
itz

con
stan

t
of
F
t ,
t∈

Z
−

.
G

iven
th

a
t

th
e

seq
u
en

ce
cF

:=
(L

F
L
w
/w
−
t )
t∈

Z
−

is
su

ch
th

at‖cF ‖
w

=
L
F
L
w
<

+
∞

a
n
d
F

=
∏
t∈

Z
−
F
t ,

th
e

p
art

(ii)
of

L
em

m
a

3
6

gu
aran

tees
th

a
tF

is
L

ip
sch

itz
con

tin
u
o
u
s

an
d

th
a
t
L
F
L
w

is
a

L
ip

sch
itz

con
stan

t
o
f

F
.

S
in

ce
b
y

h
y
p

o
th

esis
th

e
reservoir

sy
stem

h
as

a
so

lu
tio

n
(x

0,z
0)
∈
`
w−

(R
N

)×
V
n
,

w
e

h
ave

th
a
t

F
(x

0,z
0)

=
x
0∈

`
w−

(R
N

).
T

h
is

im
p
lies

th
atF

m
a
p
s

in
to
`
w−

(R
N

)
sin

ce
th

e
L

ip
sch

itz
con

d
ition

th
a
t

w
e

ju
st

p
rov

ed
sh

ow
s

th
a
t

for
a
n
y

(x
,z

)∈
`
w−

(R
N

)×
V
n

‖F
(x
,z

)‖
w
≤
L
F
L
w

∥∥
(x
,z

)−
(x

0,z
0) ∥∥

w
⊕
w

+
‖F

(x
0,z

0)‖
w
,

w
h
ich

sh
ow

s
th

a
t‖F

(x
,z

)‖
w
<

+
∞

a
n
d

h
en

ce
th

atF
(x
,z

)∈
`
w−

(R
N

).

(ii)
T

h
e

ex
p
ression

(6
.5

3),
th

e
ch

a
in

ru
le,

th
e

fi
n
iten

ess
o
f
L
w

,
an

d
th

e
lin

earity
o
f
p
t

an
d
T
1

im
p
ly

th
a
t

fo
r

a
n
y

(x
,z

)∈
`
w−

(R
N

)×
V
n
:

D
rF

t (x
,z

)
=
D
rF

(x
t−

1 ,z
t )◦

(p
t ◦

(T
1 ×

id
V
n
),...,p

t ◦
(T

1 ×
id
V
n
))

: (`
w−

(R
N

)⊕
`
w−

(R
n
) )
r−→

R
N
.

(6
.54

)
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

W
e

n
ow

p
rove

(6.52).
N

otice
fi
rst

th
a
t

fo
r
u

=
(u

1,...,u
r )

=
((u

1x
,u

1z ),...,(u
rx
,u

rz ) )∈
(`
w−

(R
N

)⊕
`
w−

(R
n
) )
r

w
e

ca
n

w
rite

u
sin

g
(4.1

)
an

d
L

em
m

a
1
:

‖
D
rF

t (x
,z

)·u‖
=
∥∥
D
rF

(x
t−

1 ,z
t )◦ (p

t ◦
(T

1 ×
id
V
n
)(u

1),...,p
t ◦

(T
1 ×

id
V
n
)(u

r) ) ∥∥
≤
|||D

rF
(x
t−

1 ,z
t )||| ∥∥

p
t ◦

(T
1 ×

id
V
n
)(u

1) ∥∥···‖p
t ◦

(T
1 ×

id
V
n
)(u

r)‖

≤
L
F
,r

w
r−
t ∥∥ (T

1 (u
1x
),u

1z ) ∥∥
w
⊕
w
···‖(T

1 (u
rx
),u

rz )‖
w
⊕
w

≤
L
F
,r

w
r−
t ( ∥∥

T
1 (u

1x
) ∥∥
w

+
∥∥
u
1z ∥∥
w )···(‖

T
1 (u

rx
)‖
w

+
‖
u
rz ‖
w

)

≤
L
F
,r

w
r−
t (L

w

∥∥
u
1x ∥∥

w
+
∥∥
u
1z ∥∥
w )···(L

w
‖
u
rx ‖
w

+
‖u

rz ‖
w

)

≤
L
F
,r L

rw

w
r−
t

( ∥∥
u
1x ∥∥

w
+
∥∥
u
1z ∥∥
w )···(‖

u
rx ‖
w

+
‖u

rz ‖
w

)
=
L
F
,r L

rw

w
r−
t

∥∥
u
1 ∥∥
w
⊕
w
···‖u

r‖
w
⊕
w
,

w
h
ich

sh
ow

s
th

at

|||D
rF

t (x
,z

)|||w
≤
L
F
,r L

rw

w
r−
t

.
(6.5

5
)

S
in

ce,
as

w
e

saw
in

p
a
rt

(i)
F

m
ap

s
in

to
`
w−

(R
N

),
a
n
d

b
y

L
em

m
a

35
`
w−

(R
N

)⊂
`
w

r

−
(R

N
),

th
en
F

a
lso

m
ap

s
in

to
`
w

r

−
(R

N
).

A
d
d
itio

n
a
lly,

sin
ce

th
e

seq
u
en

ce
c
r

:=
(L

F
,r L

rw
/
w
r−
t )
t∈

Z
−

is
su

ch
th

a
t
‖c
r‖
w

r
=

L
F
,r L

rw
<

+
∞

,
th

e
p
art

(iii)
o
f

L
em

m
a

3
6

g
u
ara

n
tees

th
at

th
e

m
a
p

F
:
`
w−

(R
N

)×
V
n
−→

`
w

r

−
(R

N
)

is
d
iff

eren
tiab

le
of

ord
er
r

an
d

th
at|||D

rF
(x
,z

)|||w
,w

r ≤
L
F
,r L

rw
<

+
∞
.

(6
.56

)

T
h
is

argu
m

en
t

can
b

e
rep

ro
d
u
ced

w
ith

th
e

p
ow

er
seq

u
en

ce
w
r

rep
laced

b
y

an
y

oth
er

seq
u
en

ce
w
′

th
a
t

satisfi
es

(6.51),
in

w
h
ich

case,
it

is
ea

sy
to

see
th

a
t
`
w

r

−
(R

N
)
⊂
`
w
′
−

(R
N

),
a
n
d

w
e

can
co

n
clu

d
e

th
e

d
iff

eren
tiab

ility
of

th
e

m
ap
F

:
`
w−

(R
N

)×
V
n
−→

`
w
′
−

(R
N

)
for

w
h
ich

th
e

relation
(6.56)

is
rep

la
ced

b
y

|||D
rF

(x
,z

)|||w
,w
′ ≤

L
F
,r L

rw
c
w
′,w

r
<

+
∞
.

(6
.57

)

T
h
e

rest
o
f

th
e

statem
en

t
is

a
con

seq
u
en

ce
of

p
a
rt

(iii)
of

L
em

m
a

36
ap

p
lied

in
th

is
setu

p
.

(iii)
A

com
p
u
tation

sim
ilar

to
th

e
o
n
e

th
at

w
a
s

u
sed

to
esta

b
lish

(6.54)
lead

s
to

th
e

follow
in

g
ex

p
ression

for
th

e
p
artial

d
erivatives

D
x F

ofF
:

D
rx F

(x
,z

)
=
∏t∈
Z
−

D
rx F

t (x
,z

)
=
∏t∈
Z
−

D
rx F

(x
t−

1 ,z
t )◦

(p
t ◦
T
1 ,...,p

t ◦
T
1 )
.

(6.5
8
)

U
sin

g
th

is
ex

p
ression

for
r

=
1

an
d

L
em

m
a

1
w

e
ca

n
w

rite,
for

an
y

u
∈
`
w−

(R
N

),

∥∥
D
x F

(x
0,z

0)·u ∥∥
w

=
su

p
t∈

Z
− {‖D

x
F

(x
0t−

1 ,z
0t )◦

(p
t ◦
T
1 )

(u
)‖
w
−
t }

≤
L
F

x (x
0,z

0)
su

p
t∈

Z
− {|||p

t |||w ‖T
1 (u

)‖
w
w
−
t }

≤
L
F

x (x
0,z

0)
su

p
t∈

Z
− {

1

w
−
t ‖T

1 (u
)‖
w
w
−
t }
≤
L
F

x (x
0,z

0)L
w
‖
u‖

w
,
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

a
s

re
q
u
ir

ed
.
H

W
e

n
ow

p
ro

ce
ed

w
it

h
th

e
p
ro

of
o
f

th
e

th
eo

re
m

in
w

h
ic

h
w

e
ob

ta
in

th
e

p
er

si
st

en
ce

re
su

lt
a
s

a
co

n
se

q
u
en

ce
o
f

th
e

Im
p
li
ci

t
F

u
n
ct

io
n

T
h
eo

re
m

an
d

o
f

th
e

L
em

m
a

4
2

th
at

w
e

ju
st

p
ro

ve
d
.

U
si

n
g

th
e

sa
m

e
n
o
ta

ti
on

as
in

th
at

re
su

lt
w

e
d
efi

n
e

th
e

m
a
p

G
:
`w −

(R
N

)
×
`w −

(R
n
)
−→

`w −
(R

N
)

(x
,z

)
7−→

F
(x
,z

)
−

x
,

or
eq

u
iv

a
le

n
tl

y,
G

=
F
−
π
N

,
w

h
er

e
π
N

:
`w −

(R
N

)
×
`w −

(R
n
)
−→

`w −
(R

N
)

is
ju

st
th

e
p
ro

je
ct

io
n

on
to

th
e

fi
rs

t
fa

ct
o
r.

N
o
ti

ce
th

at
b
y

co
n
st

ru
ct

io
n

an
d

th
e

h
y
p

ot
h
es

is
on

th
e

p
oi

n
t

(x
0
,z

0
)

w
e

h
av

e
th

at

G(
x
0
,z

0
)

=
0
.

(6
.5

9)

S
in

ce
th

e
p
ro

je
ct

io
n
π
N

is
li
n
ea

r
an

d
b
y

L
em

m
a

4
2
F

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
a
n
d

d
iff

er
en

ti
ab

le
of

o
rd

er
1,

th
en

so
is
G

=
F
−
π
N

.
T

h
is

im
p
li
es

in
p
ar

ti
cu

la
r

th
at

th
e

p
ar

ti
al

d
er

iv
a
ti

v
e
D
x
G(

x
0
,z

0
)

:
`w −

(R
N

)
−→

`w −
(R

N
)

is
a

b
o
u
n
d
ed

op
er

at
o
r

th
a
t

w
e

n
ow

se
t

to
p
ro

v
e

th
a
t

it
is

a
n

is
om

or
p
h
is

m
.

W
e

p
ro

ce
ed

in
tw

o
st

a
ge

s
th

at
sh

ow
h
ow

th
e

h
y
p

o
th

es
es

in
th

e
st

at
em

en
t

of
th

e
th

eo
re

m
im

p
ly

th
a
t

th
is

li
n
ea

r
m

ap
is

b
ot

h
in

je
ct

iv
e

a
n
d

su
rj

ec
ti

ve
.

T
h

e
p

a
rt

ia
l

d
e
ri

v
a
ti

v
e
D
x
G(

x
0
,z

0
)

:
`w −

(R
N

)
−→

`w −
(R

N
)

is
in

je
c
ti

v
e
.

N
ot

ic
e

fi
rs

t
th

at
,

D
x
G(

x
0
,z

0
)
·u

=
D
x
F

(x
0
,z

0
)
·u
−

u
,

fo
r

an
y

u
∈
`w −

(R
N

).

C
o
n
se

q
u
en

tl
y,

th
e

p
oi

n
ts

u
∈
`w −

(R
N

)
su

ch
th

at
D
x
G(

x
0
,z

0
)
·u

=
0

co
in

ci
d
e

w
it

h
th

e
fi
x
ed

p
oi

n
ts

of
th

e
m

a
p
D
x
F

(x
0
,z

0
)

:
`w −

(R
N

)
−→

`w −
(R

N
).

S
in

ce
b
y

p
a
rt

(i
ii
)

o
f

L
em

m
a

4
2
D
x
F

(x
0
,z

0
)

is
a

co
n
tr

ac
ti

n
g

li
n
ea

r
m

a
p

in
`w −

(R
N

)
it

h
a
s

h
en

ce
on

ly
ze

ro
as

u
n
iq

u
e

fi
x
ed

p
o
in

t
an

d
th

e
cl

ai
m

fo
ll
ow

s.

T
h

e
p

a
rt

ia
l

d
e
ri

v
a
ti

v
e
D
x
G(

x
0
,z

0
)

:
`w −

(R
N

)
−→

`w −
(R

N
)

is
su

rj
e
c
ti

v
e
.

W
e

p
ro

v
e

th
at

fo
r

an
y

v
∈
`w −

(R
N

)
th

er
e

ex
is

ts
u
∈
`w −

(R
N

)
su

ch
th

a
t
D
x
G(

x
0
,z

0
)
·u

=
v

.
B

y
th

e
d
efi

n
it

io
n

of
F

in
(6

.4
9
)

an
d

th
e

ex
p
re

ss
io

n
o
f

it
s

p
ar

ti
al

d
er

iv
a
ti

ve
in

(6
.5

8)
,

th
is

eq
u
a
ti

o
n

is
eq

u
iv

al
en

t
to

th
e

re
cu

rs
io

n
s,

v
t

=
D
x
F

(x
0 t−

1
,z

0 t
)
·u

t−
1
−

u
t
,

fo
r

a
ll
t
∈
Z −

.
(6

.6
0
)

T
h
is

eq
u
a
ti

o
n

h
as

a
u
n
iq

u
e

so
lu

ti
on

gi
ve

n
b
y

th
e

se
ri

es

u
t

=
−

v
t

+
∞ ∑ j
=
1

D
x
F

(x
0 t−

1
,z

0 t
)
·D

x
F

(x
0 t−

2
,z

0 t−
1
)
··
·D

x
F

(x
0 t−
j
,z

0 t−
j
+
1
)(
−

v
t−
j
),

t
∈
Z −

.
(6

.6
1)

In
d
ee

d
,

it
is

st
ra

ig
h
tf

or
w

ar
d

to
sh

ow
th

at
(6

.6
1)

sa
ti

sfi
es

(6
.6

0)
.

It
re

m
ai

n
s

th
en

to
b

e
sh

ow
n

th
at

th
e

se
q
u
en

ce
u

d
et

er
m

in
ed

b
y

(6
.6

1)
b

el
on
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to
`w −

(R
N

).
In

o
rd

er
to

d
o

so
w

e
fi
rs

t
sh

ow
th

at
th

e
se

ri
es

in
(6

.6
1
)

is
co

n
ve

rg
en

t
b
y

p
ro

v
in

g
th

at
fo

r
an

y
t
∈
Z −

,
th

e
se

q
u
en

ce
{S

n
} n
∈N

+
d
efi

n
ed

b
y

S
n

:=
n ∑ j
=
1

D
x
F

(x
0 t−

1
,z

0 t
)
·D

x
F

(x
0 t−

2
,z

0 t−
1
)
··
·D

x
F

(x
0 t−
j
,z

0 t−
j
+
1
)(
−

v
t−
j
)w
−
t
,

(6
.6

2
)
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e
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T
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b
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y
m
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∈
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S
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∥ ∥ ∥ ∥ ∥ ∥

m ∑
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F
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·D
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F
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··
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∣ ∣∣ ∣∣ ∣
D
x
F

(x
0 t−

2
,z

0 t−
1
)∣ ∣∣ ∣
∣ ∣ ·
··
∣ ∣∣ ∣∣ ∣
D
x
F

(x
0 t−
j
,z

0 t−
j
+
1
)∣ ∣∣ ∣
∣ ∣ ‖
−

v
t−
j
‖w
−
(t
−
j
)
L
j w

≤
m ∑

j
=
n
+
1

L
F

x
(x

0
,z

0
)j
L
j w
‖v
‖ w

=

( L
F

x
(x

0
,z

0
)L

w

) n
+
1
−
( L

F
x
(x

0
,z

0
)L

w

) m
+
1

1
−
L
F

x
(x

0
,z

0
)L

w
‖v
‖ w

,
(6

.6
3
)

w
h
ic

h
ca

n
b

e
m

ad
e

as
sm

a
ll

as
w

e
w

an
t

b
ec

a
u
se

th
e

se
q
u
en

ce
{(
L
F

x
(x

0
,z

0
)L

w

) j
} j
∈N

+
is

co
n
ve

rg
en

t
an

d
h
en

ce
C

au
ch

y
d
u
e

to
th

e
h
y
p

ot
h
es

is
L
F

x
(x

0
,z

0
)L

w
<

1.
T

h
is

im
p
li
es

th
a
t
{S

n
} n
∈N

+
is

co
n
ve

rg
en

t
an

d
h
en

ce
so

is
th

e
se

ri
es

th
at

d
efi

n
es

u
t

in
(6

.6
1)

.
It

re
m

ai
n
s

to
b

e
sh

ow
n

th
a
t

th
e

se
q
u
en

ce
u

:=
(u
t
) t
∈Z
−

d
efi

n
ed

b
y

(6
.6

1)
is

a
n

el
em

en
t

of
`w −

(R
N

).
F

ol
lo

w
in

g
th

e
sa

m
e

st
ra

te
gy

th
a
t

w
e

u
se

d
to

co
n
st

ru
ct

th
e

in
eq

u
al

it
ie

s
(6

.6
3)

it
is

ea
sy

to
se

e
th

at

‖u
t
‖w
−
t
≤

1

1
−
L
F

x
(x

0
,z

0
)L

w
‖v
‖ w

,
fo

r
al

l
t
∈
Z −

.

C
on

se
q
u
en

tl
y,

‖u
‖ w

=
su

p
t∈

Z −
{‖

u
t
‖w
−
t
}
≤

1

1
−
L
F

x
(x

0
,z

0
)L

w
‖v
‖ w

<
+
∞
,

as
re

q
u
ir

ed
.

T
h

e
p

a
rt

ia
l

d
e
ri

v
a
ti

v
e
D
x
G(

x
0
,z

0
)

:
`w −

(R
N

)
−→

`w −
(R

N
)

is
a

li
n

e
a
r

h
o
m

e
o
m

o
rp

h
is

m
.

T
h
is

fa
ct

is
a

co
n
se

q
u
en

ce
of

th
e

B
an

ac
h

Is
o
m

or
p
h
is

m
T

h
eo

re
m

(s
ee

fo
r

in
st

an
ce

A
b
ra

h
am

et
al

.
(1

98
8
))

th
at

st
at

es
th

at
an

y
co

n
ti

n
u
ou

s
li
n
ea

r
is

om
or

p
h
is

m
of

B
an

ac
h

sp
a
ce

s
h
a
s

n
ec

es
sa

ri
ly

a
co

n
ti

n
u
ou

s
in

ve
rs

e.

U
si

n
g

al
l

th
e

fa
ct

s
th

at
w

e
ju

st
p
ro

ve
d
,

w
e

ca
n

in
vo

k
e

th
e

th
e

Im
p
li
ci

t
F

u
n
ct

io
n

T
h
eo

re
m

as
fo

r-
m

u
la

te
d

in
(S

ch
ec

h
te

r,
1
99

7
,

p
a
ge

6
71

)
(s

ee
al

so
V

er
E

ec
ke

(1
97

4)
)

to
sh

ow
th

e
ex

is
te

n
ce

of
tw

o
o
p

en

n
ei

gh
b

or
h
o
o
d
s
Ṽ
x
0

an
d
Ṽ
z
0

of
x
0

an
d

z
0

in
`w −

(R
N

)
an

d
`w −

(R
n
),

re
sp

ec
ti

v
el

y,
an

d
a

u
n
iq

u
e

L
ip

sc
h
it

z

co
n
ti

n
u
ou

s
m

ap
Ũ
F

:
(Ṽ

z
0
,‖
·‖
w

)
−→

(Ṽ
x
0
,‖
·‖
w

)
th

a
t

is
d
iff

er
en

ti
ab

le
a
t

z
0

an
d

sa
ti

sfi
es

G(
Ũ
F

(z
),

z
)

=
0
,

fo
r

al
l
z
∈
Ṽ
z
0
,

w
h
ic

h
is

eq
u
iv

al
en

t
to
F

(Ũ
F

(z
),

z
)

=
U
F

(z
).

In
v
ie

w
of

th
e

id
en

ti
ti

es
(3

.1
)

th
is

m
ea

n
s,

in
o
th

er
w

o
rd

s,

th
at
Ũ
F

is
th

e
u
n
iq

u
e

re
se

rv
oi

r
fi
lt

er
w

it
h

in
p
u
ts

in
Ṽ
z
0

a
ss

o
ci

a
te

d
to

th
e

re
se

rv
oi

r
sy

st
em

d
et

er
m

in
ed

b
y
F

.
T

h
is

fi
lt

er
is

cl
ea

rl
y

ca
u
sa

l
an

d
it

s
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
im

p
li
es

th
a
t

it
h
a
s

th
e

fa
d
in

g
m

em
o
ry

p
ro

p
er

ty
.

W
e

co
n
cl

u
d
e

th
e

p
ro

o
f

b
y

sh
ow

in
g

th
at

th
e

fi
lt

er
Ũ
F

ca
n

b
e

ex
te

n
d
ed

to
a

ti
m

e-
in

va
ri

an
t

fi
lt

er
U
F

d
efi

n
ed

on
th

e
ti

m
e-

in
va

ri
a
n
t

sa
tu

ra
ti

on
s
V
x
0

an
d
V
z
0

o
f

th
e

se
ts
Ṽ
x
0

an
d
Ṽ
z
0
,

re
sp

ec
ti

v
el

y,
an

d
th

at
h
a
s

th
e

p
ro

p
er

ti
es

li
st

ed
in

th
e

st
at

em
en

t.
In

d
ee

d
,

d
efi

n
e

V
x
0

:=
⋃

t∈
Z −
T
−
t

( Ṽ
x
0

)
a
n
d

V
z
0

:=
⋃

t∈
Z −
T
−
t

( Ṽ
z
0

) .
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D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

T
h
e

sets
V
x
0

an
d
V
z
0

a
re

b
y

con
stru

ctio
n

tim
e-in

varian
t

an
d

op
en

b
y

th
e

op
en

n
ess

of
th

e
m

ap
s
T
−
t

th
at

w
e

estab
lish

ed
in

p
a
rt

(ii)
of

L
em

m
a

1.
D

efi
n
e

n
ow

th
e

m
a
p
U
F

:
V
z
0−→

V
x
0

as

U
F

(T
−
t (z

))
:=

T
−
t (
Ũ
F

(z
) )
,

for
so

m
e

t∈
Z
−

an
d

z
∈
Ṽ
z
0.

(6.64
)

W
e

fi
rst

sh
ow

th
a
t
U
F

is
w

ell-d
efi

n
ed

an
d

tim
e-in

varian
t.

L
et
t
1 ,t

2 ∈
Z
−

a
n
d

z
1 ,z

2 ∈
Ṽ
z
0

b
e

su
ch

th
a
t

T
−
t
1 (z

1 )
=
T
−
t
2 (z

2 ).
L

et
u
s

n
ow

sh
ow

th
at

U
F

(T
−
t
1 (z

1 ))
=
U
F

(T
−
t
2 (z

2 ))
.

(6.6
5)

In
d
eed

,
fo

r
an

y
t∈

Z
−

,
th

e
d
efi

n
ition

(6
.64)

an
d

th
e

ca
u
sality

of
Ũ
F

im
p
ly

th
at

(U
F

(T
−
t
1 (z

1 )) )
t

=
(
T
−
t
1 (
Ũ
F

(z
1 ) ))

t

=
Ũ
F

(z
1 )
t+
t
1

=
Ũ
F

(z
2 )
t+
t
2

=
(
T
−
t
2 (
Ũ
F

(z
2 ) ))

t
=
(U

F
(T
−
t
2 (z

2 )) )
t
,

w
h
ich

p
roves

(6
.65).

T
h
e

tim
e-in

varian
ce

o
f
U
F

,
a
s

d
efi

n
ed

in
(6.64

),
is

straigh
tforw

ard
.

W
e

co
n
clu

d
e

b
y

sh
ow

in
g

th
at
U
F

is
d
iff

eren
tiab

le
at

a
ll

th
e

p
oin

ts
of

th
e

fo
rm

T
−
t (z

0),
t∈

Z
−

a
n
d

th
at

it
is

lo
cally

L
ip

sch
itz

con
tin

u
ou

s
on

V
z
0.

S
in

ce
d
iff

eren
tiab

ility
is

a
lo

ca
l

p
rop

erty,
it

su
ffi

ces
to

p
rove

th
is

p
rop

erty
fo

r
th

e
restriction

of
U
F

to
op

en
sets.

B
efore

w
e

d
o

th
a
t,

w
e

n
ote

th
at

sin
ce

b
y

p
art

(ii)
o
f

L
em

m
a

1
th

e
m

a
p
T
−
t

:
Ṽ
z
0−→

T
−
t (
Ṽ
z
0 )

is
a

su
b
m

ersion
,

th
e

L
o
cal

O
n
to

T
h
eorem

(see

(A
b
rah

am
et

al.,
198

8,
T

h
eorem

3.5.2
))

gu
aran

tees
th

at
for

z ′
:=

T
−
t (z

0)∈
T
−
t (
Ṽ
z
0 )

th
ere

ex
ists

a
n

o
p

en
n
eig

h
b

orh
o
o
d
V
z
′⊂

T
−
t (
Ṽ
z
0 )

an
d

a
sm

o
o
th

section
σ
z
′

:
V
z
′−→

Ṽ
z
0

of
T
−
t

th
at

satisfi
es

th
at

σ
z
′(z ′)

=
z
0

a
n
d

T
−
t ◦
σ
z
′

=
id
V
z ′ .

(6.6
6)

T
h
e

sectio
n
σ
z
′

allow
s

u
s

to
w

rite
d
ow

n
th

e
restriction

U
F|V

z ′
of
U
F

to
th

e
op

en
su

b
set

V
z
′

as

U
F|V

z ′ (z
)

=
T
−
t ◦
Ũ
F

(σ
z
′(z

))
,

for
all

z
∈
V
z
′.

(6.6
7)

T
h
is

is
so

b
eca

u
se

b
y

(6.66
)

w
e

h
ave

th
a
t

z
=
T
−
t
(σ

z
′(z

)),
w

ith
σ
z
′(z

)
∈
Ṽ
z
0,

as
w

ell
as

b
y

(6.6
4).

C
on

seq
u
en

tly,
sin

ce
b
y

(6.67
)

th
e

restriction
U
F|V

z ′
is

a
com

p
o
sitio

n
of

L
ip

sch
itz

con
tin

u
ou

s
fu

n
ction

s
th

en
so

is
U
F|V

z ′ .
T

h
e

d
iff

eren
tia

b
ility

o
f
U
F

a
t

th
e

p
oin

t
z ′

=
T
−
t (z

0)
can

also
b

e
con

clu
d
ed

u
sin

g

(6
.6

7)
b
y

in
vok

in
g

th
e

d
iff

eren
tia

b
ility

o
f
T
−
t

an
d
σ
z
′

on
th

eir
d
o
m

a
in

s
an

d
th

e
d
iff

eren
tiab

ility
of
Ũ
F

at
σ
z
′(z ′)

=
z
0.

�

6
.1

0
.

P
ro

o
f

o
f

T
h

e
o
re

m
1
9

(i)
W

e
sta

rt
w

ith
a

lem
m

a
th

at
sh

ow
s

h
ow

con
d
ition

(4
.8

)
gu

a
ra

n
tees

th
e

ex
isten

ce
of

a
glob

ally
d
efi

n
ed

fi
lter

U
F

:
(`
w−

(R
n
),‖·‖

w
)−→

(`
w−

(R
N

),‖·‖
w

).

L
e
m

m
a

4
3

L
et
F

:R
N
×
R
n
−→

R
N

be
a

reservo
ir

m
a
p

o
f

cla
ss
C

1(R
N
×
R
n
)

a
n

d
let

w
be

a
w

eigh
tin

g
sequ

en
ce

w
ith

fi
n

ite
in

verse
d
eca

y
ra

tio
L
w

.
T

h
e

reservo
ir

m
a
p
F

is
a

co
n

tra
ctio

n
o
n

th
e

fi
rst

en
try

if
a
n

d
o
n

ly
if

L
F

x
<

1.
(6

.68
)

M
o
reo

ver,
w

h
en

ever
co

n
d
itio

n
s

(4.1)
a
n

d
(4.8)

a
re

sa
tisfi

ed
a
n

d
(x

0,z
0)∈

(R
N

) Z
−×

(R
n
) Z
−

is
a

so
lu

tio
n

o
f

th
e

reservo
ir

system
d
eterm

in
ed

by
F

,
th

en
th

ere
exists

a
u

n
iqu

e
ca

u
sa

l,
tim

e-in
va

ria
n

t,
a
n

d
fa

d
in

g
m

em
o
ry

fi
lter

U
F

:
(`
w−

(R
n
),‖·‖

w
)−→

(`
w−

(R
N

),‖·‖
w

).
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

P
ro

o
f

o
f

th
e

le
m

m
a
.

W
e

fi
rst

sh
ow

th
at
F

is
a

co
n
traction

on
th

e
fi
rst

en
try

if
an

d
on

ly
if
L
F

x
<

1.
S
u
p
p

ose
fi
rst

th
at
F

is
a

co
n
tractio

n
w

ith
co

n
traction

rate
0
<
c
<

1
.

T
h
en

fo
r

an
y

(x
,z

)∈
R
N
×

R
n

an
d

an
y

u
∈
R
N

,
th

e
p
artial

d
eriva

tive
D
x
F

(x
,z

)
:R

N
−→

R
N

satisfi
es

th
at

‖D
x
F

(x
,z

)·u‖
=

lim
t→

0 ‖F
(x

+
tu
,z

)−
F

(x
,z

)‖
t

≤
lim
t→

0

ct‖
u‖
t

=
c‖u‖

,

w
h
ich

im
p
lies

th
at|||D

x
F

(x
,z

)|||≤
c

an
d

h
en

ce

L
F

x
:=

su
p

(x
,z
)∈
D

N
×
D

n {|||D
x
F

(x
,z

)|||}
≤
c
<

1
.

C
on

versely,
su

p
p

ose
th

a
t
L
F

x
<

1.
S
in

ce
F

is
o
f

class
C

1(R
N
×
R
n
),

th
e

m
ea

n
valu

e
th

eo
rem

g
u
a
ran

tees
th

at
for

an
y

(x
1,z

),(x
2,z

)∈
R
N
×

R
n
:

∥∥
F

(x
1,z

)−
F

(x
2,z

) ∥∥
≤

su
p

(x
,z
)∈

R
N
×
R

n {|||D
x
F

(x
,z

)|||} ∥∥
x
1−

x
2 ∥∥

=
L
F

x ∥∥
x
1−

x
2 ∥∥
,

an
d
F

is
h
en

ce
is

a
con

tra
ction

on
th

e
fi
rst

en
try.

S
u
p
p

ose
n
ow

th
at

con
d
ition

s
(4.1)

a
n
d

(4
.8

)
a
re

sa
tisfi

ed
an

d
th

at
(x

0,z
0)∈

(R
N

) Z
−
×

(R
n
) Z
−

is
a

solu
tion

of
th

e
reservo

ir
sy

stem
d
eterm

in
ed

b
y
F

.
N

otice
fi
rst

th
a
t

sin
ce
L
w
>

1
th

en
th

e
con

d
ition

(4.8)
im

p
lies

th
at
L
F

x
<

1,
n
ecessa

rily,
an

d
h
en

ce,
as

w
e

ju
st

p
roved

,
F

is
a

co
n
traction

on
th

e
fi
rst

en
try

w
ith

con
stan

t
L
F

x .
A

d
d
ition

ally,
as

(4.1)
is

satisfi
ed

,
th

e
m

ean
valu

e
th

eo
rem

im
p
lies

th
a
t
F

is
L

ip
sch

itz
con

tin
u
ou

s
w

ith
co

n
sta

n
t
L
F

.
A

ll
th

ese
fa

cts
allow

u
s

to
in

vo
ke

p
a
rt

(ii)
of

T
h
eo

rem
7

to
con

clu
d
e

th
e

ex
isten

ce
o
f

th
e

fi
lter

U
F

in
th

e
sta

tem
en

t,
sin

ce
in

th
is

situ
ation

,
th

e
con

d
ition

(3
.3)

coin
cid

es
w

ith
(4.8).H

T
h
e

p
ro

of
of

th
e

fi
rst

p
art

o
f

th
e

th
eo

rem
can

n
ow

b
e

ob
tain

ed
b
y

ap
p
ly

in
g

T
h
eorem

1
4

to
ea

ch
p

oin
t

of
th

e
form

(U
F

(z
),z

)∈
`
w−

(R
N

)×
`
w−

(R
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tä
t

S
an

k
t

G
al

le
n

an
d

th
e

S
w

is
s

N
at

io
n
al

S
ci

en
ce

F
ou

n
d
at

io
n

(g
ra

n
t

n
u
m

b
er

20
00

2
1

17
5
80

1/
1)

.

G
lo

ss
a
ry

o
f

S
y
m

b
o
ls

`∞ −
(R
n

)
B

a
n

a
ch

sp
a
ce

fo
rm

ed
b
y

th
e

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s
th

a
t

h
a
v
e

a
fi

n
it

e
su

p
re

m
u

m
n

o
rm

`p
,w −

(R
n

)
B

a
n

a
ch

sp
a
ce

fo
rm

ed
b
y

th
e

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s
th

a
t

h
a
v
e

a
fi

n
it

e
(p
,w

)-
n

o
rm

`p −
(R
n

)
B

a
n

a
ch

sp
a
ce

fo
rm

ed
b
y

th
e

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s
th

a
t

h
a
v
e

a
fi

n
it

e
p
-n

o
rm

`w −
(R
n

)
B

a
n

a
ch

sp
a
ce

fo
rm

ed
b
y

th
e

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s
th

a
t

h
a
v
e

a
fi

n
it

e
w

ei
g
h
te

d
su

p
re

-
m

u
m

n
o
rm

M
N

S
p

a
ce

o
f

re
a
l

sq
u

a
re

m
a
tr

ic
es

o
f

si
ze
N

F
F

R
es

er
v
o
ir

fl
o
w

a
ss

o
ci

a
te

d
to

th
e

re
se

rv
o
ir

m
a
p
F

∏
t∈

Z −
A
t

C
a
rt

es
ia

n
p

ro
d

u
ct

o
f

th
e

se
ts
A
t

∏
t∈

Z −
f
t

C
a
rt

es
ia

n
p

ro
d

u
ct

o
f

th
e

fu
n

ct
io

n
s
f
t

ρ
(A

)
S

p
ec

tr
a
l

ra
d

iu
s

o
f

th
e

m
a
tr

ix
A

σ
A

ct
iv

a
ti

o
n

fu
n

ct
io

n
(i

n
E

S
N

,
fo

r
ex

a
m

p
le

)

c
C

o
n
tr

a
ct

io
n

co
n
st

a
n
t

o
n

th
e

fi
rs

t
en

tr
y

o
f

th
e

re
se

rv
o
ir

m
a
p

d
D

im
en

si
o
n

o
f

th
e

el
em

en
ts

o
f

th
e

o
u

tp
u

t
si

g
n

a
l

D
r
f

(z
)

r
-o

rd
er

F
ré
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ré

ch
et

d
iff

er
en

ti
a
l

o
f

th
e

m
a
p
f

a
t

th
e

p
o
in

t
z

F
:
R
N
×

R
n
−→

R
N

R
es

er
v
o
ir

m
a
p

H
U

:
(R
n

)Z
−
−→

R
d

F
u

n
ct

io
n

a
l

a
ss

o
ci

a
te

d
to

th
e

ca
u

sa
l

a
n

d
ti

m
e-

in
v
a
ri

a
n
t

fi
lt

er
U

:
(R
n

)Z
−→

(R
d
)Z

h
:
R
N
→

R
d

G
en

er
ic

re
a
d

o
u

t
m

a
p

K
M

S
p

a
ce

o
f

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s
th

a
t

a
re

u
n

if
o
rm

ly
b

o
u

n
d

ed
b
y
M

L
σ

L
ip

sc
h

it
z

co
n

st
a
n
t

o
f

th
e

a
ct

iv
a
ti

o
n

fu
n

ct
io

n
σ

L
F

L
ip

sc
h

it
z

co
n

st
a
n
t

o
f

th
e

re
se

rv
o
ir

m
a
p
F

5
7

JM
L

R
 2

0(
17

9)
:1

-6
2,

 2
01

9

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

L
w

In
v
er

se
d

ec
a
y

ra
ti

o
o
f

th
e

w
ei

g
h
ti

n
g

se
q
u

en
ce
w

L
F
x

L
ip

sc
h

it
z

co
n

st
a
n
t

o
n

th
e

fi
rs

t
en

tr
y

o
f

th
e

re
se

rv
o
ir

m
a
p
F

L
U

F
L

ip
sc

h
it

z
co

n
st

a
n
t

o
f

th
e

re
se

rv
o
ir

fi
lt

er
U
F

N
N

u
m

b
er

o
f

v
ir

tu
a
l

n
eu

ro
n

s.
D

im
en

si
o
n

o
f

th
e

re
se

rv
o
ir

st
a
te

v
ec

to
rs

n
D

im
en

si
o
n

o
f

th
e

el
em

en
ts

o
f

th
e

in
p

u
t

si
g
n

a
l

p
t

:
(R
n

)Z
−
−→

R
n

P
ro

je
ct

io
n

o
n
to

th
e
tt

h
-e

n
tr

y

T
τ

:
(R
n

)Z
−
−→

(R
n

)Z
−

T
im

e
d

el
a
y

o
p

er
a
to

r
d

efi
n

ed
o
n

se
m

i-
in

fi
n

it
e

se
q
u

en
ce

s

T
Z τ

:
(R
n

)Z
−→

(R
n

)Z
T

im
e

d
el

a
y

o
p

er
a
to

r
d

efi
n

ed
o
n

tw
o
-s

id
ed

in
fi

n
it

e
se

q
u

en
ce

s

U
F h

:
(R
n

)Z
−→

(R
d
)Z

R
es

er
v
o
ir

fi
lt

er
d

et
er

m
in

ed
b
y

th
e

re
se

rv
o
ir

m
a
p
F

a
n

d
th

e
re

a
d

o
u

t
h

U
F

:
(R
n

)Z
−→

(R
N

)Z
F

il
te

r
d

et
er

m
in

ed
b
y

th
e

re
se

rv
o
ir

m
a
p
F

U
:
(R
n

)Z
−→

(R
d
)Z

F
il

te
r

w
it

h
in

p
u

ts
in

R
n

a
n

d
o
u

tp
u

ts
in

R
d

U
A
,c

h
:
K
M
−→

R
Z

L
in

ea
r

re
se

rv
o
ir

fi
lt

er
d

et
er

m
in

ed
b
y
A
,c

,
a
n

d
th

e
p

o
ly

n
o
m

ia
l
h

U
H

:
(R
n

)Z
−→

(R
d
)Z

C
a
u

sa
l

a
n

d
ti

m
e-

in
v
a
ri

a
n
t

fi
lt

er
a
ss

o
ci

a
te

d
to

th
e

fu
n

ct
io

n
a
l
H

:
(R
n

)Z
−
−→

R
d

w
:
N
−→

(0
,1

]
W

ei
g
h
ti

n
g

se
q
u

en
ce

x
(S

em
i)

-i
n

fi
n

it
e

se
q
u

en
ce

co
n
ta

in
in

g
th

e
re

se
rv

o
ir

st
a
te

s.
T

h
e

el
em

en
ts

o
f

th
is

se
q
u

en
ce

a
re

d
en

o
te

d
b
y
x
t
∈

R
N

y
(S

em
i)

-i
n

fi
n

it
e

o
u

tp
u

t
si

g
n

a
l.

T
h

e
el

em
en

ts
o
f

th
is

se
q
u

en
ce

a
re

d
en

o
te

d
b
y
y
t
∈

R
d

z
(S

em
i)

-i
n

fi
n

it
e

in
p

u
t

si
g
n

a
l.

T
h

e
el

em
en

ts
o
f

th
is

se
q
u

en
ce

a
re

d
en

o
te

d
b
y
z
t
∈

R
n

R
e
fe

re
n
ce

s

R
.

A
b
ra

h
am

,
J
.

E
.

M
ar

sd
en

,
a
n
d

T
.

S
.

R
a
ti

u
.

M
a
n

if
o
ld

s,
T

en
so

r
A

n
a
ly

si
s,

a
n

d
A

p
p
li

ca
ti

o
n

s,
vo

lu
m

e
7
5.

A
p
p
li
ed

M
at

h
em

at
ic

a
l

S
ci

en
ce

s.
S
p
ri

n
ge

r-
V

er
la

g
,

1
98

8.

T
.

A
p

os
to

l.
M

a
th

em
a
ti

ca
l

A
n

a
ly

si
s.

A
d
d
is

on
W

es
le

y,
se

co
n
d

ed
it

io
n
,

19
74

.

L
.

A
p
p

el
ta

n
t,

M
.

C
.

S
or

ia
n
o
,

G
.

V
a
n

d
er

S
an

d
e,

J
.

D
an

ck
a
er

t,
S
.

M
as

sa
r,

J
.

D
a
m

b
re

,
B

.
S
ch

ra
u
w

en
,

C
.

R
.

M
ir

as
so

,
an

d
I.

F
is

ch
er

.
In

fo
rm

a
ti

on
p
ro

ce
ss

in
g

u
si

n
g

a
si

n
gl

e
d
y
n
am

ic
a
l

n
o
d
e

as
co

m
p
le

x
sy

st
em

.
N

a
tu

re
C

o
m

m
u

n
ic

a
ti

o
n

s,
2:

46
8,

ja
n

2
01

1.

L
.

A
rn

ol
d
.

R
a
n

d
o
m

D
yn

a
m

ic
a
l

S
ys

te
m

s.
S
p
ri

n
g
er

,
19

98
.

S
.

B
oy

d
an

d
L

.
C

h
u
a
.

F
ad

in
g

m
em

or
y

a
n
d

th
e

p
ro

b
le

m
of

ap
p
ro

x
im

at
in

g
n
o
n
li
n
ea

r
o
p

er
at

or
s

w
it

h
V

ol
te

rr
a

se
ri

es
.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

C
ir

cu
it

s
a
n

d
S

ys
te

m
s,

32
(1

1)
:1

1
50

–1
16

1
,

n
ov

1
98

5.

D
.

B
ru

n
n
er

,
M

.
C

.
S
or

ia
n
o,

C
.

R
.

M
ir

a
ss

o,
a
n
d

I.
F

is
ch

er
.

P
ar

a
ll
el

p
h
ot

o
n
ic

in
fo

rm
a
ti

o
n

p
ro

ce
ss

in
g

a
t

g
ig

ab
y
te

p
er

se
co

n
d

d
at

a
ra

te
s

u
si

n
g

tr
a
n
si

en
t

st
at

es
.

N
a
tu

re
C

o
m

m
u

n
ic

a
ti

o
n

s,
4
(1

36
4
),

20
13

.

J
.

C
ab

es
sa

an
d

A
.

E
.

V
il
la

.
C

o
m

p
u
ta

ti
on

a
l

ca
p
ab

il
it

ie
s

o
f

re
cu

rr
en

t
n
eu

ra
l

n
et

w
o
rk

s
b
as

ed
o
n

th
ei

r
a
tt

ra
ct

or
d
y
n
am

ic
s.

In
2
0
1
5

In
te

rn
a
ti

o
n

a
l

J
o
in

t
C

o
n

fe
re

n
ce

o
n

N
eu

ra
l

N
et

w
o
rk

s
(I

J
C

N
N

),
p
ag

es
1–

8.
IE

E
E

,
ju

l
20

15
.

J
.

C
ab

es
sa

an
d

A
.

E
.

V
il
la

.
E

x
p
re

ss
iv

e
p

ow
er

of
fi
rs

t-
or

d
er

re
cu

rr
en

t
n
eu

ra
l

n
et

w
o
rk

s
d
et

er
m

in
ed

b
y

th
ei

r
at

tr
ac

to
r

d
y
n
a
m

ic
s.

J
o
u

rn
a
l

o
f

C
o
m

p
u

te
r

a
n

d
S

ys
te

m
S

ci
en

ce
s,

82
(8

):
12

3
2–

12
50

,
20

16
.

P
.

C
h
os

sa
t,

D
.

L
ew

is
,

J
.-

P
.

O
rt

eg
a,

a
n
d

T
.

S
.

R
a
ti

u
.

B
if

u
rc

a
ti

o
n

o
f

re
la

ti
ve

eq
u
il
ib

ri
a

in
m

ec
h
a
n
ic

al
sy

st
em

s
w

it
h

sy
m

m
et

ry
.

A
d
va

n
ce

s
in

A
p
p
li

ed
M

a
th

em
a
ti

cs
,

31
:1

0–
45

,
20

03
.

5
8

JM
L

R
 2

0(
17

9)
:1

-6
2,

 2
01

9



D
if
f
e
r
e
n
t
ia
b
l
e
r
e
se

r
v
o
ir

c
o
m
p
u
t
in
g

B
.
D

.
C

olem
an

an
d

V
.
J
.
M

izel.
O

n
th

e
g
en

era
l
th

eory
o
f
fad

in
g

m
em

ory
.

A
rch

ive
fo

r
R

a
tio

n
a
l

M
ech

a
n

ics
a
n

d
A

n
a
lysis,

29(1):18–
31

,
jan

19
68.

R
.

C
o
u
illet,

G
.

W
a
in

rib
,

H
.

S
ev

i,
an

d
H

.
T

.
A

li.
T

h
e

a
sy

m
p
totic

p
erform

a
n
ce

o
f

lin
ear

ech
o

state
n
eu

ral
n
etw

ork
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
17

(178):1–
3
5,

2016
.

J
.

D
a
m

b
re,

D
.

V
erstraeten

,
B

.
S
ch

rau
w

en
,

an
d

S
.

M
a
ssa

r.
In

fo
rm

ation
p
ro

cessin
g

cap
acity

of
d
y
n
am

ica
l

sy
stem

s.
S

cien
tifi

c
repo

rts,
2
(514),

2
01

2.

M
.

F
ab

rizio,
C

.
G

iorg
i,

a
n
d

V
.

P
ata.

A
n

ew
a
p
p
roa

ch
to

equ
a
tio

n
s

w
ith

m
em

o
ry,

volu
m

e
198.

2010.

S
.

G
a
n
g
u
li,

D
.

H
u
h
,

an
d

H
.

S
om

p
olin

sk
y.

M
em

ory
traces

in
d
y
n
a
m

ical
sy

stem
s.

P
roceed

in
gs

o
f

th
e

N
a
tio

n
a
l

A
ca

d
em

y
o
f

S
cien

ces
o
f

th
e

U
n

ited
S

ta
tes

o
f

A
m

erica
,

1
0
5(48):18

9
70–5

,
d
ec

2008.

F
.

G
irosi.

A
p
p
rox

im
ation

error
b

ou
n
d
s

th
at

u
se

V
C

-b
ou

n
d
s.

In
F

.
F

og
elm

an
-S

ou
lie

an
d

P
.

G
allin

ari,
ed

ito
rs,

P
roc.

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

N
eu

ra
l

N
etw

o
rks,

volu
m

e
1
,

p
ages

295–302,
1
99

5.

F
.
G

irosi
an

d
G

.
A

n
zello

tti.
C

o
n
verg

en
ce

rates
o
f

ap
p
rox

im
a
tion

b
y

tran
sla

tes.
T

ech
n
ical

rep
ort,

D
efen

se
T

ech
n
ical

In
form

ation
C

en
ter,

1
992

.

L
.
G

on
o
n

a
n
d

J
.-P

.
O

rtega
.

R
eserv

o
ir

com
p
u
tin

g
u
n
iversa

lity
w

ith
sto

ch
astic

in
p
u
ts.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

N
eu

ra
l

N
etw

o
rks

a
n

d
L

ea
rn

in
g

S
ystem

s,
2
01

8.

L
.

G
rig

ory
eva

an
d

J
.-P

.
O

rteg
a.

U
n
iversa

l
d
iscrete-tim

e
reservo

ir
com

p
u
ters

w
ith

sto
ch

astic
in

p
u
ts

a
n
d

lin
ea

r
read

ou
ts

u
sin

g
n
o
n
-h

om
ogen

eo
u
s

state-a
ffi

n
e

sy
stem

s.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
19

(24
):1–4

0,
2
018

a.

L
.

G
rigo

ry
eva

an
d

J
.-P

.
O

rteg
a.

E
ch

o
sta

te
n
etw

ork
s

a
re

u
n
iv

ersal.
N

eu
ra

l
N

etw
o
rks,

108:495–50
8,

20
18

b
.

L
.

G
rigo

ryeva,
J
.

H
en

riq
u
es,

L
.

L
a
rger,

an
d

J
.-P

.
O

rtega.
O

p
tim

al
n
o
n
lin

ea
r

in
form

ation
p
ro

cessin
g

ca
p
a
city

in
d
elay

-b
ased

reserv
oir

com
p
u
ters.

S
cien

tifi
c

R
epo

rts,
5(1

28
58):1–

11
,

2015.

L
.

G
rig

oryeva
,

J
.

H
en

riq
u
es,

L
.

L
arger,

an
d

J
.-P

.
O

rtega
.

N
on

lin
ear

m
em

ory
cap

acity
of

p
arallel

tim
e-

d
elay

reservo
ir

com
p
u
ters

in
th

e
p
ro

cessin
g

of
m

u
ltid

im
en

sio
n
a
l

sig
n
als.

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,

28:
1
41

1–
145

1,
2
016

.

H
.

G
u
n
aw

an
,

S
.

K
o
n
ca,

an
d

M
.

Id
ris.

p
-su

m
m

a
b
le

seq
u
en

ce
sp

aces
w

ith
in

n
er

p
ro

d
u
cts.

B
itlis

E
ren

U
n

iversity
J

o
u

rn
a
l

o
f

S
cien

ce
a
n

d
T

ech
n

o
logy,

5(1):1
–9

,
2
015.

A
.

G
.

H
art,

J
.

L
.

H
o
ok

,
an

d
J
.

H
.

P
.

D
aw

es.
E

m
b

ed
d
in

g
a
n
d

ap
p
rox

im
a
tion

th
eorem

s
for

ech
o

sta
te

n
etw

o
rk

s.
P

rep
rin

t,
20

19
.

M
.

H
erm

a
n
s

an
d

B
.

S
ch

ra
u
w

en
.

M
em

o
ry

in
lin

ea
r

recu
rren

t
n
eu

ral
n
etw

ork
s

in
con

tin
u
ou

s
tim

e.
N

eu
ra

l
n

etw
o
rks

:
th

e
o
ffi

cia
l

jo
u

rn
a
l

o
f

th
e

In
tern

a
tio

n
a
l

N
eu

ra
l

N
etw

o
rk

S
ociety,

2
3
(3):341–55,

ap
r

2010
.

E
.

H
ille

a
n
d

R
.

S
.

P
h
illip

s.
F

u
n

ctio
n

a
l

A
n

a
lysis

a
n

d
S

em
i-G

ro
u

p
s.

A
m

erican
M

ath
em

atical
S
o
ciety,

1
95

7.

B
.
R

.
H

u
n
t,

E
.
O

tt,
a
n
d

J
.
A

.
Y

ork
e.

D
iff

eren
tiab

le
gen

era
lized

sy
n
ch

ro
n
ization

of
ch

aos.
P

h
ysica

l
R

eview
E

-
S

ta
tistica

l
P

h
ysics,

P
la

sm
a
s,

F
lu

id
s,

a
n

d
R

ela
ted

In
terd

iscip
lin

a
ry

T
o
p
ics,

5
5(4):4029–4034,

19
97

.

H
.

J
a
eg

er.
S
h
ort

term
m

em
ory

in
ech

o
state

n
etw

ork
s.

F
ra

u
n

h
o
fer

In
stitu

te
fo

r
A

u
to

n
o
m

o
u

s
In

telligen
t

S
ystem

s.
T

ech
n

ica
l

R
epo

rt.,
15

2,
20

02
.

5
9

JM
L

R
 20(179):1-62, 2019

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

H
.

J
aeger.

T
h
e

’ech
o

state’
a
p
p
roach

to
an

aly
sin

g
a
n
d

train
in

g
recu

rren
t

n
eu

ral
n
etw

ork
s

w
ith

a
n

erratu
m

n
ote.

T
ech

n
ical

rep
ort,

G
erm

an
N

a
tio

n
a
l

R
esea

rch
C

en
ter

for
In

form
a
tion

T
ech

n
ology,

20
10

.

H
.

J
aeger

an
d

H
.

H
aas.

H
arn

essin
g

N
on

lin
earity

:
P

red
ictin

g
C

h
ao

tic
S
y
stem

s
an

d
S
av

in
g

E
n
ergy

in
W

ireless
C

om
m

u
n
icatio

n
.

S
cien

ce,
304

(56
67):78

–8
0,

200
4.

J
.

K
ilian

an
d

H
.

T
.

S
iegelm

an
n
.

T
h
e

d
y
n
am

ic
u
n
iversality

o
f

sigm
oid

a
l

n
eu

ral
n
etw

o
rk

s.
In

fo
rm

a
tio

n
a
n

d
C

o
m

p
u

ta
tio

n
,

1
28

(1):48–
56

,
1
996

.

P
.
E

.
K

lo
ed

en
.

S
y
n
ch

ron
iza

tio
n

of
n
o
n
a
u
to

n
om

ou
s

d
y
n
am

ica
l
sy

stem
s.

E
lectro

n
ic

J
o
u

rn
a
l

o
f

D
iff

eren
tia

l
E

qu
a
tio

n
s,

2003(39):1–
10

,
2
003

.

P
.
E

.
K

lo
ed

en
an

d
M

.
R

asm
u
ssen

.
N

o
n

a
u

to
n

o
m

o
u

s
D

yn
a
m

ica
l

S
ystem

s.
A

m
erican

M
a
th

em
atica

l
S
o
ciety,

2010.

L
.

K
o
carev

an
d

U
.

P
arlitz.

G
en

eral
a
p
p
roa

ch
for

ch
aotic

sy
n
ch

ron
iza

tio
n

w
ith

a
p
p
licatio

n
s

to
com

m
u
-

n
ication

.
P

h
ysica

l
R

eview
L

etters,
74(2

5):50
28–

50
31,

19
95.

L
.

K
o
carev

an
d

U
.

P
arlitz.

G
en

eralized
sy

n
ch

ro
n
ization

,
p
red

icta
b
ility,

an
d

eq
u
ivalen

ce
of

u
n
id

irectio
n
-

ally
cou

p
led

d
y
n
am

ical
sy

stem
s.

P
h
ysica

l
R

eview
L

etters,
76

(11
):1816

–1
819,

19
9
6.

F
.

L
ap

orte,
A

.
K

atu
m

b
a
,

J
.

D
am

b
re,

a
n
d

P
.

B
ien

stm
an

.
N

u
m

erical
d
em

on
stration

o
f

n
eu

rom
orp

h
ic

com
p
u
tin

g
w

ith
p
h
oton

ic
cry

stal
cav

ities.
O

p
tics

E
xp

ress,
26(7

):79
55,

ap
r

2
018.

L
.

L
arger,

M
.

C
.

S
o
rian

o,
D

.
B

ru
n
n
er,

L
.

A
p
p

eltan
t,

J
.

M
.

G
u
tierrez,

L
.

P
esq

u
era

,
C

.
R

.
M

ira
sso,

an
d

I.
F

isch
er.

P
h
o
ton

ic
in

form
ation

p
ro

cessin
g

b
eyon

d
T

u
rin

g:
an

op
to

electron
ic

im
p
lem

en
tatio

n
of

reservoir
com

p
u
tin

g
.

O
p
tics

E
xp

ress,
20(3):3

24
1,

jan
20

12.

P
.

L
ax

.
F

u
n

ctio
n

a
l

A
n

a
lysis.

W
iley

-In
terscien

ce,
200

2.

R
.
L

eg
en

stein
an

d
W

.
M

aa
ss.

W
h
at

m
ak

es
a

d
y
n
a
m

ical
sy

stem
com

p
u
ta

tio
n
a
lly

p
ow

erfu
l?

In
S
.
H

ay
k
in

,
ed

itor,
N

ew
d
irectio

n
s

in
sta

tistica
l

sign
a
l

p
rocessin

g:
fro

m
system

s
to

bra
in

.
M

IT
P

ress,
C

a
m

b
rid

g
e,

M
A

,
2007.

A
.

L
in

d
q
u
ist

an
d

G
.

P
icci.

L
in

ea
r

S
toch

a
stic

S
ystem

s.
S
p
rin

ger-V
erlag

,
20

15
.

Z
.

L
u
,

B
.

R
.

H
u
n
t,

an
d

E
.

O
tt.

A
ttra

ctor
recon

stru
ctio

n
b
y

m
ach

in
e

learn
in

g.
C

h
a
o
s,

2
8(6),

201
8
.

M
.

L
u
k
ošev
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lä

ger,
an

d
H

.
M

a
rk

ra
m

.
R

eal-tim
e

com
p
u
tin

g
w

ith
o
u
t

stab
le

states:
a

n
ew

fram
e-

w
ork

for
n
eu

ral
com

p
u
tation

b
ased

on
p

ertu
rb

a
tio

n
s.

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,

1
4:2531

–2
560,

2
00

2.

W
.

M
aass.

L
iq

u
id

sta
te

m
ach

in
es:

m
o
tivation

,
th

eory,
an

d
ap

p
lica

tio
n
s.

In
S
.

S
.

B
arry

C
o
op

er
a
n
d

A
.

S
orb

i,
ed

itors,
C

o
m

p
u

ta
bility

In
C

o
n

text:
C

o
m

p
u

ta
tio

n
a
n

d
L

ogic
in

th
e

R
ea

l
W

o
rld

,
ch

a
p
ter

8
,

p
ages

275–296.
2011.

W
.
M

aa
ss

an
d

E
.
D

.
S
o
n
tag

.
N

eu
ral

S
y
stem

s
as

N
on

lin
ear

F
ilters.

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,
12(8

):1
7
43–1

7
72

,
au

g
2000.

W
.

M
aass,

T
.

N
atsch

lä
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l
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d
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A
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t

p
ro
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ss
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a
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n
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om
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b
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o
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oi

n
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X

=
{X
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,X

N
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⊂

X
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w
h
er

e
th

e
n
u
m

b
er

o
f
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oi

n
ts
N

is
it

se
lf

ra
n
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.
W
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er
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d
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th

e
d
efi

n
it
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n
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N
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th

at
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n
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a
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m

p
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e

d
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G
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a
re
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ce
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X
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a

p
o
in

t
p
ro

ce
ss
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u
su

al
ly
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ar
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te

ri
ze

d
b
y
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v
in

g
it

s
k
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or
re

la
ti
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fu

n
ct

io
n
s
ρ
k
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r
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ll
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,
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h
er

e
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∃
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e
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oi

n
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e
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ce
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b
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l
B
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d
x
i)
,∀
i

=
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.,
k

]
=
ρ
k
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1
,.
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,x

k
)
k ∏ i=

1

µ
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x
i)
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se
e

M
øl

le
r

&
W
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ge

p
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er
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n
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00
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S
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.

T
h
e

fu
n
ct

io
n
s
ρ
k

d
es
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e
th

e
in
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ra

ct
io

n
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on
g

p
oi

n
ts
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X

b
y

q
u
an
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g
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u
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en
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p
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n
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a
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n
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A
p

oi
n
t

p
ro

ce
ss
X
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)
p
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et
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d
b
y

a
k
er

n
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K

:
X
×

X
→

C
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b

e
d
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m
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a
n
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l,

d
en

ot
ed
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X
∼

D
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P
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s
k
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ρ
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d
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t
D

P
P

s
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e
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e
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n
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w

h
er

e
X

=
{1
,.
..
,M
}

an
d
µ

=
∑
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b
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a
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re
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d
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X
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P
(K

)
if

P[
S
⊂
X
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⊂

X
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)
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e
K
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e
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b
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x
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b
y

th
e

ro
w

s
an

d
co

lu
m

n
s

in
d
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b
y
S

.
T

h
e

ke
rn

el
m

at
ri

x
K

is
co

m
m

on
ly

as
su

m
ed

to
b
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h
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d
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h
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d
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h
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p
ra
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d
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d
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=
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L
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av
oi

d
s

d
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a
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p
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1
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b
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P
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h
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p
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p
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h
k
-D

P
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h
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b
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d
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P
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d
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b
le

.
C

om
p
ar

ed
to

in
d
ep

en
d
en

t
sa

m
p
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m
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⊂
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⊂
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b
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p
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p
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m
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p
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p
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=
δ
ij .
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d
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p
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u
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a
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t
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e
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2
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p
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e
p
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P
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m
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p
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e
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p
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D

P
P
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b
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F
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e
p
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D

P
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ex
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N
=
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k
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p
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µ
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T
h
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,
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e
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u
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a
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o
f
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e
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p
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N
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w
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p
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ab
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d
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u
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d
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N
!
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1

µ
(d
x
n
)

=
‖Φ

(x
1 )‖

2

N
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Φ
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1
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n

b
e

d
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P

P
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∈

X
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=
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b
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b
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p
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h
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p
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b
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en
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oin
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se
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vectors
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N

)
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a
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m
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w
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er
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n
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d
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T

h
e

p
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u
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sam
p
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g
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em
e
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act
an

d
gen

eric
b
u
t,

ex
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t
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p
ro

jection
k
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els,
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u
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th
e

eig
en

d
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p
osition

of
th

e
u
n
d
erly

in
g
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ern

el.
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e

fi
n
ite
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d
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eigen
d
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osition
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b
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n
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p
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T
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-
b
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2
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p
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b
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D
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b
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d
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D
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b
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p
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p
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d
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4
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b
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d
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p
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p
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p
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(f
or

an
y
σ

)
w

ou
ld

“d
is

in
te

gr
at

e”
M

su
ch

th
at

d
im

(N
)
�

d
im

(M
).

W
e

st
u
d
y

an
ex

am
p
le

of
a

“g
au

ss
ia

n
m

an
if

ol
d
”,

d
efi

n
ed

b
y
X
∼
N

(0
,Σ

])
w

h
er

e

Σ
]

=

[ I
d
]

0

0
ε2
I d
−
d
]

] ,

w
it

h
ε
�

1
a
n
d
d
]
�

d
.

W
e

re
v
is

it
te

x
tb

o
o
k

ca
lc

u
la

ti
o
n
s

o
n

co
n
ce

n
tr

a
ti

o
n

o
f

m
ea

su
re

an
d

sh
ow

th
at

in
h

ig
h

d
im

en
si

on
s,

th
e

sm
o
ot

h
ed

m
an

if
ol

d
N

is
ap

p
ro

x
im

at
el

y
a

sp
h

er
e

of
d
im

en
si

on
d
−

1:

N
≈
√

(ε
2

+
σ
2
)(
d
−
d
])
S
d
−
1
.

T
h
is

a
n
a
ly

si
s

p
a
in

ts
a

p
ic

tu
re

o
f

“
m

a
n
if

o
ld

d
is

in
te

g
ra

ti
o
n
-e

x
p
a
n
si

o
n
”

a
s

a
g
en

er
a
l

p
h
e-

n
om

en
on

.

(C
1)

T
h
e

fi
rs

t
co

n
ce

p
tu

a
l

co
n
tr

ib
u
ti

o
n

o
f

th
is

p
a
p

er
is

to
ex

p
o
se

a
n
o
ti

o
n

o
f

m
a
n
if

o
ld

d
is

in
te

g
ra

ti
o
n
-e

x
p
a
n
si

o
n
,

w
it

h
a

g
en

er
a
l

ta
k
ea

w
ay

th
a
t

in
(v

er
y
)

h
ig

h
d
im

en
si

o
n
s,

ga
u
ss

ia
n

sm
o
ot

h
in

g
p
u
sh

es
aw

ay
(a

ll
)

th
e

p
ro

b
ab

il
it

y
m

as
se

s
n
ea

r
M

.
T

h
is

is
d
u
e

to
th

e
fa

ct
th

at
in

h
ig

h
d
im

en
si

on
s,

th
e

G
au

ss
ia

n
ra

n
d
om

va
ri

ab
le

N
(0
,σ

2
I d

)
≈

U
n
if

(σ
√
d
S
d
−
1
)

is
n
ot

n
ec

es
sa

ri
ly

co
n

ce
n
tr

at
ed

on
M

,
an

d
th

er
e

ar
e

m
an

y
d

ir
ec

ti
on

s
(a

sy
m

p
to

ti
ca

ll
y

in
fi
n
it

e)
w

h
er

e
sa

m
p
le

s
fr

om
Y

“e
sc

ap
e”

th
e

m
an

if
ol

d
.

T
h
e

th
es

is
is

th
at

,
in

co
n
vo

lv
in

g
f X

an
d
f N

,
M

w
ou

ld
b

e
m

ap
p

ed
to

a
(m

u
ch

)
h
ig

h
er

d
im

en
si

on
al

m
an

if
o
ld

.

A
se

em
in

gl
y

u
n
re

la
te

d
th

eo
ry

is
em

p
ir

ic
a
l

B
a
ye

s,
as

fo
rm

u
la

te
d

b
y

R
ob

b
in

s
(1

95
6)

,
w

h
ic

h
w

e
u
se

fo
r

p
u
ll
in

g
th

e
p
ro

b
ab

il
it

y
m

as
s

b
ac

k
to

w
ar

d
s

M
.

In
19

56
,

R
ob

b
in

s
co

n
si

d
er

ed
a

sc
en

ar
io

of
a

ra
n
d
om

va
ri

ab
le
Y

th
at

d
ep

en
d
s

“i
n

a
k
n
ow

n
w

ay
”

on
an

“u
n
k
n
ow

n
”

ra
n
d
om

va
ri

ab
le

1
.

U
n
fo

rt
u
n
a
te

ly
,

th
e

co
n
ce

p
t

o
f

“
m

a
n
if

o
ld

”
fo

r
a

p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
,

le
t

a
lo

n
e

it
s

d
im

en
si

o
n
,

is
q
u
it

e
a

fu
zz

y
co

n
ce

p
t.

B
u
t

it
sh

o
u
ld

a
ls

o
b

e
st

a
te

d
th

a
t

th
is

is
a

v
er

y
im

p
o
rt

a
n
t

p
ro

b
le

m
;

th
e

a
ss

u
m

p
ti

o
n

o
n

th
e

ex
is

te
n

ce
o
f
M

is
a

p
il

la
r

o
f

m
a
ch

in
e

le
a
rn

in
g

(S
a
u

l
a
n

d
R

ow
ei

s,
2
0
0
3
;

B
en

g
io

et
a
l.

,
2
0
1
3
a
).

2
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N
e
u
r
a
l
E
m
p
ir
ic
a
l
B
a
y
e
s

X
. 2

H
e

fo
u
n
d

th
a
t,

g
iv

en
a
n

o
b
serva

tio
n
Y

=
y
,

th
e

lea
st

squ
a
res

estim
a
to

r
o
f
X

is
th

e
B

a
yes

estim
a
to

r,
an

d
q
u
ite

rem
arkab

ly,
can

b
e

ex
p
ressed

p
u

rely
in

term
s

of
th

e
d
istrib

u
tion

of
Y

(h
e

sh
ow

ed
th

is
for

P
oisson

,
geom

etric,
an

d
L

ap
lacian

kern
els).

R
ob

b
in

s’
resu

lts
w

ere
la

ter
ex

ten
d
ed

to
ga

u
ssia

n
kern

els
b
y

(M
iy

asaw
a,

196
1)

w
h
o

d
erived

th
e

estim
ator

x̂
(y

)
=
y

+
σ
2∇

log
f

(y
).

T
h
e

lea
st-sq

u
a
res

estim
a
to

r
o
f
X

a
b

ov
e

is
d
eriv

ed
fo

r
a
n

y
σ

,
n
o
t

n
ecessa

rily
in

fi
n
itesim

a
l.

T
o

sig
n
ify

th
is

im
p

o
rta

n
t

fa
ct,

w
e

a
lso

refer
to

th
is

estim
a
tio

n
a
s

“
R

o
b
b
in

s
ju

m
p
”

o
r

ju
m

p
fo

r
sh

o
rt.

T
h
e

em
p
irical

B
ayes

m
ach

in
ery

is
d
en

oted
sy

m
b

o
lically

as

X
↽
Y
.

T
h
e

sm
o
o
th

in
g

o
f

k
ern

el
d
en

sity
estim

a
tio

n
,
X

⇀
Y

,
a
n
d

th
e

d
en

o
isin

g
m

ech
a
n
ism

o
f

em
p
irica

l
B

ayes,
X
↽
Y

,
com

e
togeth

er
to

d
efi

n
e

th
e

learn
in

g
ob

jective

L
=

E
‖
X
−
x̂

(Y
)‖

2.

(T
h
e

sq
u
a
red

`
2

n
o
rm
‖·‖

2
in

th
e

d
efi

n
itio

n
o
fL

is
d
u
e

to
th

e
fa

ct
th

a
t

th
e

estim
a
to

r
o
f

X
is

a
lea

st-squ
a
res

estim
a
to

r.)
In

th
is

setu
p
,

w
e

ta
k
e

th
e

tw
o

n
o
n

pa
ra

m
etric

estim
a
to

rs
th

at
d

efi
n

ed
L

an
d

p
aram

etrize
th

e
en

ergy
fu

n
ctio

n
of

th
e

ran
d

om
variab

le
Y

w
ith

a
n

eu
ral

n
etw

o
rk
φ

:R
d→

R
w

ith
p
a
ra

m
eters

θ.
It

sh
o
u
ld

b
e

sta
ted

th
a
t
φ

is
d
efi

n
ed

m
o
d
u
lo

a
n

a
d
d
itive

co
n
sta

n
t.

T
h
e

learn
in

g
ob

jective,
ex

p
ressed

in
term

s
of
θ,

is
th

erefore
given

b
y

L
(θ)

=
E
‖
X
−
Y

+
σ
2∇
φ

(Y
,θ)‖

2.
(1)

(T
h
ro

u
gh

o
u

t
th

e
pa

per,∇
is

th
e

gra
d
ien

t
ta

ken
w

ith
respect

to
th

e
in

p
u

ts
y

,
n

o
t

pa
ra

m
eters.)

(C
2
)

T
h
e

seco
n
d

co
n
cep

tu
a
l

co
n
trib

u
tio

n
o
f

th
is

p
a
p

er
is

th
is

u
n
ifi

ca
tio

n
o
f

k
ern

el
d
en

sity
estim

a
tio

n
a
n

d
em

p
irica

l
B

ay
es.

T
h

e
u

n
ifi

ca
tio

n
,

d
en

o
ted

sy
m

b
o
lica

lly
a
s
X



Y

,
is

en
cap

su
lated

in
th

e
ex

p
ression

for
th

e
learn

in
g

ob
jective

ab
ove,L

=
E
‖X
−
x̂

(Y
)‖

2.
W

e
th

u
s

com
b
in

e
tw

o
p
rin

cip
les

of
n
on

p
aram

etric
estim

ation
in

to
a

sin
gle

learn
in

g
ob

jective.
In

o
p
tim

izin
g

th
e

o
b

jectiv
e,

w
e

ch
o
o
se

to
p
a
ra

m
etrize

th
e

en
erg

y
fu

n
ctio

n
w

ith
a

(overp
aram

etrized
)

n
eu

ral
n
etw

ork
.

T
h
e

grow
in

g
u
n
d
erstan

d
in

g
on

th
e

rep
resen

tation
al

p
ow

er
of

d
eep

(an
d

w
id

e)
n
eu

ral
n
etw

ork
s

an
d

th
e

eff
ectiven

ess
of

S
G

D
for

th
e

“p
rob

lem
o
f

lea
rn

in
g”

(V
ap

n
ik

,
1995)

is
b

eh
in

d
th

is
ch

oice.

R
e
m

a
rk

2
(D

E
E

N
)

F
o
r

ga
u

ssia
n

n
o
ise,

th
e

o
bjective

L
=

E
‖
X
−
x̂

(Y
)‖

2
is

th
e

sa
m

e
a
s

th
e

lea
rn

in
g

o
bjective

in
“

d
eep

en
ergy

estim
a
to

r
n

etw
o
rks”

(D
E

E
N

)
(S

a
rem

i
et

a
l.,

2
0
1
8
)

w
h
ich

itself
w

a
s

ba
sed

o
n

d
en

o
isin

g
sco

re
m

a
tch

in
g

(H
yvä

rin
en

,
2
0
0
5
;

V
in

cen
t,

2
0
1
1
).

H
o
w

ever,
th

is
equ

iva
len

ce
brea

ks
d
o
w

n
beyo

n
d

ga
u

ssia
n

kern
els—

see
(R

a
p
h
a
n

a
n

d
S

im
o
n

celli,
2
0
1
1
)

fo
r

a
co

m
p
reh

en
sive

su
rvey

o
f

em
p
irica

l
B

a
yes

lea
st

squ
a
res

estim
a
to

rs.
F

ro
m

th
is

a
n

gle,
em

p
irica

l
B

a
yes

a
p
pea

rs
a
s

a
m

o
re

fu
n

d
a
m

en
ta

l
fra

m
ew

o
rk

to
fo

rm
u

la
te

th
e

p
ro

blem
o
f

u
n

n
o
rm

a
lized

d
en

sity
estim

a
tio

n
fo

r
n

o
isy

ra
n

d
o
m

va
ria

bles.

2
.

T
h

e
sta

rtin
g

p
o
in

t
in

(R
o
b

b
in

s,
1
9
5
6
)

w
a
s

th
e

ex
isten

ce
o
f

a
n

o
isy

ra
n

d
o
m

va
ria

b
le

th
a
t

w
a
s

d
en

o
ted

b
y

X
.

In
th

a
t

setu
p
,

o
n
e

ca
n

o
n

ly
o
b
serv

e
va

lu
es

o
f
X

.
H

ere,
w

e
sta

rted
w

ith
th

e
“

clea
n”

i.i.d
.

seq
u
en

ce
X

1 ,...,X
n

a
n
d

a
rtifi

ca
lly

crea
ted

Y
=
X

+
N

(0
,σ

2I
d ).

T
h
is

d
ep

a
rtu

re
in

sta
rtin

g
p

o
in

ts
is

rela
ted

to
o
u

r
n

ew
ta

k
e

o
n

em
p

irica
l

B
ay

es
w

h
ich

w
ill

b
eco

m
e

clea
r

in
S

ectio
n

3
.

3
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S
a
r
e
m
i
a
n
d

H
y
v
ä
r
in
e
n

W
h
en

an
aly

zin
g

a
fi
n
ite

i.i.d
.

seq
u
en

ce,
X

1 ,...,X
n
,

i.i.d
.

sam
p
les

from
Y

=
X

+
N

(0,σ
2I
d )

are
gen

erated
as

Y
ij

=
X
i
+
ε
j ,
ε
j ∼

N
(0,σ

2I
d ),

an
d

th
e

learn
in

g
ob

jectiv
e
L

(θ)
is

th
en

ap
p
rox

im
ated

as

L
(θ)≈

∑
∥∥
X
i −

Y
ij

+
σ
2∇
φ

(Y
ij ,θ) ∥∥

2
,

w
h
ere

∑
is

a
sh

o
rth

a
n
d

fo
r

1
n
m

∑
ni=

1 ∑
mj=

1 .
In

h
ig

h
d
im

en
sio

n
s,

th
e

sa
m

p
les

Y
ij

a
re

(ap
p
rox

im
ately

)
u
n
iform

ly
d
istrib

u
ted

on
a

“th
in

sp
h
erical

sh
ell”

arou
n
d

th
e

sp
h
ere

σ √
d
S
d−

1
i

w
ith

its
cen

ter
at
X
i

w
h
ich

lead
s

to
th

e
follow

in
g

d
efi

n
ition

.

D
e
fi

n
itio

n
3

(i-sp
h

e
re

)
T

h
e

sp
h
ere

σ √
d
S
d−

1
i

cen
tered

a
t
X
i

is
a

u
sefu

l
a
bstra

ctio
n

a
n

d
it

is
referred

to
a
s

“
i-sp

h
ere”

.
T

h
e
i

in
i-sp

h
ere

refers
to

th
e

in
d
ex
i

in
X
i ,

a
n

d
th

e
in

d
ex
j

is
reserved

fo
r

th
e

ga
u

ssia
n

n
o
ise

ε
j .

T
h
erefo

re,
Y
ij

is
th

e
jth

sa
m

p
le

o
n

th
e
i-sp

h
ere.

F
ixin

g
th

e
in

d
ex
i,

th
e

sa
m

p
les

Y
ij

a
re

a
p
p
ro

xim
a
tely

u
n

ifo
rm

ly
d
istribu

ted
o
n

a
th

in
sp

h
erica

l
sh

ell
a
ro

u
n

d
th

e
i-sp

h
ere

(see
F

igu
re

1
).

In
fa

ct,
th

e
lea

rn
in

g
b
a
sed

o
n
L

ca
n

b
e

in
terp

reted
a
s

sh
a
p
in

g
th

e
g
lo

b
a
l

en
erg

y
fu

n
ctio

n
su

ch
th

a
t

lo
ca

lly,
fo

r
sa

m
p
les

Y
ij

fro
m

a
sin

g
le
i-sp

h
ere,

th
e

d
en

o
ised

v
ersio

n
s
x̂

(Y
ij )

co
m

e
as

close
as

p
ossib

le
(in

sq
u

ared
`
2

n
orm

)
to
X
i

at
th

e
cen

ter
(see

F
igu

re
1c).

T
h

is
“sh

ap
in

g
of

th
e

en
ergy

fu
n
ction

”
is

p
rogram

m
ed

in
a

sim
p
le

a
lgorith

m
,

D
E

E
N

:
m

in
im

ize
L

(θ)
w

ith
stoch

a
stic

gra
d
ien

t
d
escen

t
a
n

d
retu

rn
θ ∗.

R
e
m

a
rk

4
In

m
o
st

o
f

th
e

pa
per,

w
e

a
re

in
terested

in
stu

d
yin

g
φ

w
h
ich

is
a
lrea

d
y

a
t

o
p
tim

a
lity

w
ith

pa
ra

m
eteres

θ ∗
=

argm
inL

(θ).
In

th
ese

co
n

texts,
θ ∗

is
d
ro

p
ped

,
a
n

d
its

p
resen

ce
is

u
n

d
erstood

,
e.g.

a
t

o
p
tim

a
lity,

φ
≈
−

log
f

(m
od

u
lo

a
co

n
sta

n
t).

N
ex

t,
w

e
d

efi
n

e
a

n
o
tio

n
o
f

in
tera

ctio
n

s
b

etw
een

i-sp
h

eres
th

a
t

w
e

fi
n

d
u

sefu
l

in
th

in
k
in

g
ab

ou
t

th
e

goal
of

ap
p

rox
im

atin
g

th
e

sco
re

fu
n

ctio
n

th
rou

gh
op

tim
izin

g
L

(θ).
H

ow
ever,

th
is

can
b

e
sk

ip
p

ed
u
n
til

ou
r

d
iscu

ssion
s

of
th

e
asso

ciative
m

em
ory

in
S
ection

s
6

an
d

7.

D
e
fi

n
itio

n
5

(i-sp
h

e
re

in
te

ra
c
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h
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d
u
e

to
th

e
ex

p
o
n
en

tia
l

g
row

th
o
f

sp
a
ce

in
h
ig

h
d
im

en
sio

n
s

(th
is

a
b
u
n
d
a
n
ce

o
f

sp
a
ce

a
lso

u
n

d
erlies

th
e

cu
rse

o
f

d
im

en
sio

n
a
lity,

w
ell

k
n
ow

n
in

sta
tistics

a
n

d
m

a
ch

in
e

lea
rn

in
g
).

O
u

r
fo

cu
s

in
th

is
sectio

n
is

to
d

ev
elo

p
so

m
e

in
tu

itio
n
s

o
n

th
e

eff
ect

o
f

g
a
u

ssia
n

sm
o
o
th

in
g
,

X
⇀
Y

,
o
n

th
e

d
a
ta

m
a
n
ifo

ld
M

.
W

e
sta

rt
b
y

a
su

m
m

a
ry

o
f

resu
lts

o
n

co
n

cen
tra

tio
n

o
f

m
ea

su
re.

T
h

e
tex

tb
o
ok

s
(L

ed
ou

x
,

2001;
T

ao,
2012;

V
ersh

y
n

in
,

2018)
sh

ou
ld

b
e

con
su

lted
to

fi
ll

in
d
etails.

W
e

th
en

ex
ten

d
th

e
tex

tb
o
ok

calcu
lation

s
for

a
“gau

ssian
m

an
ifold

”
an

d
m

ake
a

ca
se

fo
r

m
a
n

ifo
ld

d
isin

tegra
tio

n
-expa

n
sio

n
.

S
tart

w
ith

th
e

isotrop
ic

gau
ssian

.
In

2D
,

sam
p
les

from
th

e
gau

ssian
form

a
“clou

d
of

p
oin

ts”,
cen

tered
a
ro

u
n
d

its
m

o
d
e

a
s

illu
stra

ted
in

F
ig

u
re

1
a
.

N
ex

t,
ta

k
e

th
e

iso
tro

p
ic

G
a
u
ssia

n
in

d
d
im

en
sio

n
s,

(X
1 ,...,X

d )
=
N

(0
,I
d ),

a
n
d

a
sk

w
h
ere

th
e

ra
n
d
o
m

va
ria

b
le

is
lik

ely
to

b
e

lo
ca

ted
.

B
efo

re
sta

tin
g

a
w

ell-k
n

ow
n

resu
lt

o
n

th
e

co
n

cen
tra

tio
n

o
f

m
ea

su
re,

w
e

ca
n

b
u

ild
in

tu
itio

n
b
y

o
b
serv

in
g

th
e

fo
llow

in
g

id
en

tities
fo

r
th

e
ex

p
ecta

tio
n

a
n
d

th
e

va
ria

n
ce

o
f

th
e

sq
u
a
red

n
o
rm

:

E
‖X
‖
2

=
d
∑i=

1 E
X

2i
=
d
,

V‖X
‖
2

=
d
∑i=

1 E
(X

2i −
1)

2
=

2d
.

S
in

ce
th

e
co

m
p

o
n
en

ts
o
f
X

=
(X

1 ,...,X
d )

a
re

jo
in

tly
in

d
ep

en
d
en

t,
a
n
d

sin
ce
d
�

1
,

th
e

fo
llow

in
g

h
o
ld

s
w

ith
h
igh

p
rob

ab
ility,

‖
X
‖
2

=
d±

O
( √
d
),

‖
X
‖

=
√
d±

O
(1).

T
h
e

con
cen

tration
of

n
orm

is
v
isu

alized
in

F
igu

re
1b

;
also

see
F

igu
re

3.2
in

(V
ersh

y
n
in

,
2018).

In
con

trad
iction

to
ou

r
low

-d
im

en
sion

al
in

tu
ition

,
in

h
igh

d
im

en
sion

s,
th

e
G

au
ssian

ran
d
om

va
ria

b
le
N

(0
,I
d )

is
n
o
t

co
n
cen

tra
ted

clo
se

to
th

e
m

o
d
e

o
f

its
d
en

sity
f
N

(a
t

th
e

o
rig

in
h
ere),

b
u
t

in
a

“
th

in
sp

h
erica

l
sh

ell”
o
f

w
id

th
O

(1
)

a
ro

u
n
d

th
e

sp
h
ere

o
f

ra
d
iu

s √
d
.

T
h
e

con
cen

tration
of

n
orm

su
ggests

an
even

d
eep

er
p

h
en

om
en

on
,

th
e

con
cen

tration
of

m
easu

re,
cap

tu
red

b
y

a
n
on

-asy
m

p
totic

resu
lt

for
th

e
d

ev
iation

of
th

e
n
orm

‖X
‖

from
√
d
,

w
h
ere

th
e

d
ev

ia
tio

n
h
a
s

a
su

b-ga
u

ssia
n

tail
(T

ao,
2012;

V
ersh

y
n
in

,
2018):

P
( ∣∣∣ ‖

X
‖−
√
d ∣∣∣ ≥

t )
≤

2
ex

p
(−
ct 2),

for
all

t≥
0
.

A
rela

ted
resu

lt
states

th
atP

(‖
X
‖
≤
ε √
d
)≤

(C
ε)
d,

for
all

ε≥
0
.

In
a
b

ov
e

ex
p
ressio

n
s,
C

a
n
d
c

a
re

a
b
so

lu
te

co
n
sta

n
ts.

In
h
ig

h
d
im

en
sio

n
s,

th
e

G
a
u
ssia

n
ran

d
om

variab
le

is
th

u
s

ap
p
rox

im
ated

w
ith

th
e

u
n
iform

d
istrib

u
tion

on
th

e
sp

h
ere

σ √
d
S
d−

1,

N
(0,σ

2I
d )≈

U
n
if(σ √

d
S
d−

1).

T
h
e

a
p
p
rox

im
a
tion

b
ecom

es
eq

u
ality

in
d
istrib

u
tion

,
as
d
→
∞

.
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S
a
r
e
m
i
a
n
d

H
y
v
ä
r
in
e
n

R
e
m

a
rk

6
In

h
igh

d
im

en
sio

n
s,

o
u

r
in

tu
itio

n
s

fo
r

th
e

u
n

ifo
rm

d
istribu

tio
n

itself
brea

ks
d
o
w

n
,

w
h
ere

th
e

p
ro

ba
bility

m
a
ss

n
o

lo
n

ger
h
a
s

a
“

u
n

ifo
rm

geo
m

etry”
.

F
o
r

exa
m

p
le,

U
n
if([0

,1
] d)

is
co

n
cen

tra
ted

n
ea

r
th

e
h
yperp

la
n

e
X

1
+
···+

X
d

=
d
/2,

w
h
ich

is
ea

sy
to

see,
sta

rtin
g

fro
m

E
X

=
1/2

fo
r

th
e

u
n

iva
ria

te
X

(L
ed

o
u

x,
2
0
0
1
).

T
h
e

sa
m

e
goes

fo
r

U
n
if( √

d
S
d−

1),
w

h
ich

is
a

p
rim

e
exa

m
p
le

o
f

“
co

n
cen

tra
tio

n
w

ith
o
u

t
in

d
epen

d
en

ce”
,

w
ith

co
u

n
terin

tu
itive

resu
lts

like
th

e
“

blo
w

-u
p
”

p
h
en

o
m

en
o
n

(V
ersh

yn
in

,
2
0
1
8
).

W
e

fi
n
ish

th
is

sectio
n

w
ith

a
n
ew

a
n
a
ly

sis.
C

o
n
sid

er
X
∼
N

(0
,Σ

] )
in

R
d.

A
sim

p
le

low
-d

im
en

sion
al

“m
an

ifold
stru

ctu
re”

w
ith

th
e

d
im

en
sion

d
] �

d
is

im
p

osed
b
y

con
sid

erin
g

Σ
]

=

[
I
d
]

0

0
ε
2I
d−
d
] ]
,

w
h
ere

ε�
1
.

T
h
e

m
a
n
ifo

ld
M

is
v
iew

ed
a
s

a
“
g
a
u
ssia

n
m

a
n
ifo

ld
”

w
h
ere,

in
a
n

a
b
u
se

o
f

n
otation

,
d
im

(M
)≈

d
] .

N
ow

con
sid

er
Y

=
X

+
N

(0,σ
2I
d )

w
h
ich

m
ean

s

Y
=
N

(0,Σ
]

+
σ
2I
d ).

W
e

rep
eat

th
e

con
cen

tration
of

n
orm

calcu
lation

s:

E
‖Y
‖
2

=
d
] (1

+
σ
2)

+
(d−

d
] )(ε

2
+
σ
2),

V‖Y
‖
2

=
2
d
] (1

+
σ
2)

2
+

2(d−
d
] )(ε

2
+
σ
2)

2.

In
h
igh

d
im

en
sion

s,
assu

m
in

g

(d
/d

] −
1)�

m
ax

(∆
,∆

2),
∆

=
(1

+
σ
2)/

(ε
2

+
σ
2),

th
e

“m
an

ifold
term

s”,
d
] (1

+
σ
2)

an
d
d
] (1

+
σ
2)

2,
b

ecom
e

n
egligib

le,
an

d
th

e
follow

in
g

h
old

s
w

ith
h
igh

p
rob

ab
ility

:

‖
Y
‖
2

=
(ε

2
+
σ
2)(d−

d
] ±

O
( √

d−
d
] )),

‖
Y
‖

=
√
ε
2

+
σ
2( √

d−
d
] ±

O
(1)).

T
h
e

calcu
lation

s
in

th
e

p
rev

iou
s

p
age

are
rep

ro
d
u
ced

b
y

settin
g
σ

=
1,
ε

=
0,
d
]

=
0.

In
su

m
m

a
ry,

u
n
d
er

th
e

co
n
v
o
lu

tio
n
f
Y

=
f
X
∗
f
N

,
th

e
“
g
a
u
ssia

n
m

a
n
ifo

ld
”

M
is

tra
n
s-

form
ed

/m
ap

p
ed

to

N
≈
√

(ε
2

+
σ
2)(d−

d
] )S

d−
1,

th
erefore

d
im

(N
)≈

d−
1.

In
ou

r
term

in
ology,

M
h
as

b
een

d
isin

tegra
ted

-expa
n

d
ed

to
N

.
W

e
ex

p
ect

th
is

p
h

en
om

en
on

to
h

old
for

an
y

M
asy

m
p

totically,
i.e.

as
d
→
∞

,
N

=
σ √

d
S
d−

1,
b
u
t

(u
n
fo

rtu
n
a
tely

)
th

e
lim

it
d
→
∞

is
n
o
t

p
ra

ctica
l.

H
ow

ev
er,

th
e

p
ictu

re
sh

o
u
ld

stay
:

in
h
ig

h
d
im

en
sio

n
s,

th
e

co
n
v
o
lu

tio
n

o
f
f
X

a
n
d
f
N

h
a
s

sev
ere

sid
e

eff
ects

o
n

th
e

m
a
n
ifo

ld
M

itself.
S
m

o
o
th

in
g

is
in

d
eed

d
esired

,
b
u
t

a
lso

a
m

ech
a
n
ism

to
resto

re
M

.
In

th
e

n
ex

t
sectio

n
,

w
e

d
iscu

ss
su

ch
a

m
ech

a
n

ism
u

sin
g

em
p
irica

l
B

a
yes,

w
h

ere
th

e
“
resto

ra
tio

n
”

is
in

lea
st

squ
a
res.
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N
e
u
r
a
l
E
m
p
ir
ic
a
l
B
a
y
e
s

3
.
N
e
u
ra

l
e
m
p
ir
ic
a
l
B
a
y
e
s

In
a

se
m

in
a
l

w
o
rk

fr
o
m

1
9
5
6
,

ti
tl

ed
a
n

em
p
ir

ic
a
l

B
a
ye

s
a

p
p
ro

a
ch

to
st

a
ti

st
ic

s,
R

o
b
b
in

s
co

n
si

d
er

ed
a
n

in
tr

ig
u

in
g

sc
en

a
ri

o
o
f

a
ra

n
d

o
m

va
ri

a
b

le
Y

h
av

in
g

a
p

ro
b

a
b

il
it

y
d

is
tr

ib
u

ti
o
n

th
a
t

d
ep

en
d
s

“
in

a
k
n
ow

n
w

ay
”

o
n

a
n

“
u
n
k
n
ow

n
”

ra
n
d
o
m

va
ri

a
b
le
X

(R
o
b
b
in

s,
1
9
5
6
).

O
b
se

rv
in

g
Y

=
y
,

th
e

le
a
st

-s
qu

a
re

s
es

ti
m

a
to

r
of
X

is
th

e
B

a
ye

s
es

ti
m

a
to

r
(s

ee
R

em
ar

k
1)

:

x̂
(y

)
=

∫
x
f

(y
|x

)f
(x

)d
x

∫
f

(y
|x

)f
(x

)d
x

=

∫
x
f

(x
|y

)d
x

=
E(
X
|Y

=
y
).

If
f X

is
k
n
ow

n
to

“
th

e
ex

p
er

im
en

te
r”

,
x̂

is
a

co
m

p
u
ta

b
le

fu
n
ct

io
n
,

b
u
t

w
h
a
t

if
th

e
p
ri

o
r

f X
is

u
n
k
n
ow

n
?

It
is

q
u
it

e
re

m
a
rk

a
b
le

th
a
t

fo
r

a
la

rg
e

cl
a
ss

o
f

k
er

n
el

s,
th

e
le

a
st

-s
q
u
a
re

s
es

ti
m

at
or

ca
n

b
e

d
er

iv
ed

in
cl

os
ed

fo
rm

p
u

re
ly

in
te

rm
s

of
th

e
d

is
tr

ib
u

ti
on

of
Y

.
In

fo
rm

al
ly

sp
ea

k
in

g,
th

er
e

is
an

“a
b
st

ra
ct

io
n

b
ar

ri
er

”
(A

b
el

so
n

an
d

S
u
ss

m
an

,
19

85
)

b
et

w
ee

n
X

an
d
Y

w
h

er
e

th
e

k
n

ow
le

d
g
e

o
f
f X

is
n

o
t

n
ee

d
ed

to
es

ti
m

a
te
X

.
T

h
is

fu
n

ct
io

n
a
l

d
ep

en
d

en
ce

o
f
x̂

o
n
f Y

w
a
s

a
ch

ie
v
ed

fo
r

th
e

P
o
is

so
n
,

g
eo

m
et

ri
c,

a
n
d

L
a
p
la

ci
a
n

k
er

n
el

s
in

(R
o
b
b
in

s,
1
9
5
6
),

an
d

it
w

as
la

te
r

ex
te

n
d
ed

to
th

e
ga

u
ss

ia
n

ke
rn

el
b
y

(M
iy

as
aw

a,
19

61
).

T
h

is
w

or
k

b
u

il
d

s
on

M
iy

as
aw

a’
s

re
su

lt
,

an
d

w
e

re
p

ea
t

th
e

ca
lc

u
la

ti
on

h
er

e
in

ou
r

n
ot

at
io

n
s.

T
ak

e
X

to
b

e
a

ra
n
d
om

va
ri

ab
le

in
R
d

an
d
Y

a
n
oi

sy
ob

se
rv

at
io

n
of
X

w
it

h
a

k
n
ow

n
ga

u
ss

ia
n

ke
rn

el
w

it
h

sy
m

m
et

ri
c

p
os

it
iv

e-
d
efi

n
it

e
Σ
�

0:

f
(y
|x

)
=

1

(2
π

)d
/
2
|d

et
(Σ

)|1
/
2

ex
p
( −

(y
−
x

)>
Σ
−
1
(y
−
x

)/
2
) .

It
fo

ll
ow

s,
Σ
∇
y
f

(y
|x

)
=
f

(y
|x

)(
x
−
y
).

M
u
lt

ip
ly

th
e

ex
p
re

ss
io

n
ab

ov
e

b
y
f

(x
)

an
d

in
te

gr
at

e,

Σ
∇
f

(y
)

=

∫
(x
−
y
)f

(y
|x

)f
(x

)d
x

=
f

(y
)(
x̂

(y
)
−
y
),

w
h
ic

h
th

en
le

ad
s

to
th

e
ex

p
re

ss
io

n x̂
(y

)
=
y

+
Σ
∇

lo
g
f

(y
).

F
or

th
e

is
ot

ro
p
ic

ca
se

Σ
=
σ
2
I d

,
th

e
es

ti
m

at
or

ta
ke

s
th

e
fo

rm

x̂
(y

)
=
y

+
σ
2
∇

lo
g
f

(y
).

(3
)

T
o

su
m

u
p
,

th
e

es
ti

m
a
to

r
a
b

ov
e

is
o
b
ta

in
ed

in
a

se
tu

p
w

h
er

e
o
n
ly

th
e

co
rr

u
p
te

d
d
a
ta

(t
h
e

ra
n
d
om

va
ri

ab
le
Y

)
ar

e
ob

se
rv

ed
,

w
it

h
th

e
k
n
ow

le
d
ge

of
th

e
m

ea
su

re
m

en
t

(g
au

ss
ia

n
)

ke
rn

el
a
lo

n
e

a
n
d

w
it

h
o
u
t

a
n

y
kn

o
w

le
d
ge

o
f

th
e

p
ri

o
r
f X

.
T

h
e

re
m

a
rk

a
b
le

re
su

lt
is

th
e

fa
ct

th
e

le
as

t-
sq

u
ar

es
es

ti
m

at
or

of
X

is
w

ri
tt

en
in

cl
os

ed
fo

rm
p
u
re

ly
as

a
fu

n
ct

io
n
al

of
∇

lo
g
f

,
al

so
k
n
ow

n
as

th
e

sc
o
re

fu
n

ct
io

n
(H

y
v
är

in
en

,
20

05
).

T
h
e

ex
p
re

ss
io

n
ab

ov
e

fo
r

th
e

le
a
st

sq
u

a
re

s
es

ti
m

at
or

of
X

is
th

e
b

as
is

fo
r

an
al

go
ri

th
m

to
ap

p
ro

x
im

at
e
∇

lo
g
f

w
h

ic
h

is
d

is
cu

ss
ed

n
ex

t.

In
em

p
ir

ic
a
l

B
a
ye

s,
th

e
ra

n
d
o
m

va
ri

a
b
le
X

is
es

ti
m

a
te

d
in

le
a
st

sq
u
a
re

s
fr

o
m

th
e

n
o
is

y
o
b
se

rv
a
ti

o
n
s
Y

,
w

it
h
o
u
t

a
n

y
k
n
ow

le
d
g
e

o
f

th
e

p
ri

o
r
f X

.
B

u
t

h
ow

d
id

w
e

g
et

h
er

e?
W

e
st

ar
te

d
th

e
p
ap

er
w

it
h

th
e

i.
i.
d
.

se
q
u
en

ce
X

1
,.
..
,X

n
,

w
h
er

e
Y

d
id

n
ot

ev
en

ex
is

t!
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S
a
r
e
m
i
a
n
d

H
y
v
ä
r
in
e
n

T
h
e

id
ea

is
a

G
ed

a
n

ke
n

ex
pe

ri
m

en
t

o
f

so
rt

,
w

h
er

e
w

e
fi

rs
t

co
n

st
ru

ct
Y

=
X

+
N

(0
,σ

2
I d

)
by

ta
ki

n
g

sa
m

p
le

s
Y
ij
∼
f X
∗f

N
;

in
tu

rn
,

th
e

ex
pe

ri
m

en
te

r
(i

n
th

e
sc

h
oo

l
o
f

em
p
ir

ic
a
l

B
a
ye

s)
“

o
bs

er
ve

s”
Y
ij

a
n

d
es

ti
m

a
te

s
X

.
B

u
t

in
th

is
a
rt

ifi
ci

a
ll

y
su

pe
rv

is
ed

se
tu

p
(t

h
e

“
ta

rg
et

”
is
X
i)

,
th

e
er

ro
r

si
gn

a
l
‖X

i
−
x̂

(Y
ij

)‖
2

ca
n

a
ls

o
be

m
ea

su
re

d
—

th
is

is
n

o
t

th
e

ca
se

in
(R

o
bb

in
s,

1
9
5
6
)—

a
n

d
it

d
ri

ve
s

th
e

le
a
rn

in
g.

T
h
e

le
a
rn

in
g

is
a
ch

ie
ve

d
w

it
h

st
oc

h
a
st

ic
gr

a
d
ie

n
t

d
es

ce
n

t
a
s

th
e

ex
pe

ri
m

en
te

r
h
a
s

pa
ra

m
et

er
iz

ed
th

e
en

er
gy

fu
n

ct
io

n
w

it
h

a
n

eu
ra

l
n

et
w

o
rk

a
n

d
ca

n
co

m
p
u

te
th

e
st

oc
h
a
st

ic
gr

a
d
ie

n
ts

(R
o
bb

in
s

a
n

d
M

o
n

ro
,

1
9
5
1
),

∇
θ
‖X

i
−
Y
ij

+
∇
y
φ

(Y
ij
,θ

)‖
2
.

A
p
p
ro

xi
m

a
ti

n
g
∇

lo
g
f

in
th

is
m

a
n

n
er

is
th

e
es

se
n

ce
o
f

n
eu

ra
l

em
p
ir

ic
a
l

B
a
ye

s.

F
or

fi
n

it
e

sa
m

p
le

s,
th

e
b

es
t

w
e

ca
n

d
o

is
to

a
p
p
ro

xi
m

a
te
∇

lo
g
f

.
G

iv
en
X

1
,.
..
,X

n
,

th
e

i.
i.
d
.

sa
m

p
le

s
Y
ij
∼
f X
∗f

N
a
re

g
iv

en
b
y
Y
ij

=
X
i
+
ε j
,
ε j
∼
N

(0
,σ

2
I d

).
T

h
es

e
a
re

in
d
ee

d
i.
i.
d
.

sa
m

p
le

s
fr

om
d
en

si
ty

es
ti

m
at

ed
b
y

th
e

k
er

n
el

d
en

si
ty

es
ti

m
at

or

f̂ Y
(y

)
=

1 n

n ∑ i=
1

f N
(y
−
X
i)
,

w
h
er

e
th

e
su

b
sc

ri
p
t

in
f N

is
a

sh
o
rt

fo
r
N

(0
,σ

2
I d

).
H

er
e,
σ

is
a

h
yp

er
pa

ra
m

et
er

a
n
d

th
e

ke
rn

el
es

ti
m

at
or

ab
ov

e
is

co
n
si

d
er

ed
an

es
ti

m
at

or
of
f Y

.
N

ot
e

th
at

th
e

o
p
ti

m
a
l

ba
n

d
w

id
th

in
es

ti
m

at
in

g
f X

d
ep

en
d
s

on
n

(v
an

d
er

V
aa

rt
,

20
00

).

T
h
e

p
ro

b
le

m
is

th
a
t,

in
h
ig

h
d
im

en
si

o
n
s,

th
e

k
er

n
el

d
en

si
ty

es
ti

m
a
to

r
f̂ Y

(o
r

a
n
y

o
th

er
n

o
n

pa
ra

m
et

ri
c

es
ti

m
a
to

r)
su

ff
er

s
fr

om
a

se
ve

re
cu

rs
e

o
f

d
im

en
si

o
n

a
li

ty
(W

ai
n
w

ri
gh

t,
20

19
).

T
h
is

le
ad

s
n
at

u
ra

ll
y

to
d
ee

p
n

eu
ra

l
a
rc

h
it

ec
tu

re
s

w
h
ic

h
h
as

b
ee

n
v
ie

w
ed

as
an

al
te

rn
at

iv
e

fo
r

“
b
re

a
k
in

g
th

e
cu

rs
e

o
f

d
im

en
si

o
n
a
li
ty

”
(B

en
g
io

,
2
0
0
9
).

In
th

is
w

o
rk

,
th

e
en

er
gy

fu
n

ct
io

n
is

p
ar

am
et

ri
ze

d
w

it
h

a
d
ee

p
n
eu

ra
l

n
et

w
or

k
φ

:
R
d
→

R
w

it
h

p
ar

am
et

er
s
θ.

T
h
e

ob
je

ct
iv

e
L(
θ)

is
th

en
ap

p
ro

x
im

at
ed

,

L(
θ)
≈
∑

∥ ∥ X
i
−
Y
ij

+
σ
2
∇
φ

(Y
ij
,θ

)∥ ∥
2
,

A
t

op
ti

m
al

it
y

(a
ch

ie
ve

d
w

it
h

st
oc

h
a
st

ic
gr

a
d
ie

n
t

d
es

ce
n

t)
,
θ∗

=
ar

gm
in
L(
θ)

,

−
∇
φ

(·,
θ∗

)
≈
∇

lo
g
f

(·)
.

R
e
m

a
rk

7
(i

m
p

li
c
it

v
s.

e
x
p

li
c
it

p
a
ra

m
e
te

ri
z
a
ti

o
n

)
A

s
it

is
m

a
d
e

cl
ea

r,
o
u

r
go

a
l

is
to

a
p
p
ro

xi
m

a
te
∇

lo
g
f

:
R
d
→

R
d
.

In
d
o
in

g
so

,
a
n

o
th

er
ch

o
ic

e
co

u
ld

h
a
ve

be
en

th
e

ex
p
li

ci
t

pa
ra

m
et

ri
za

ti
o
n

o
f

th
e

sc
o
re

fu
n

ct
io

n
a
s
ψ

:
R
d
→

R
d
,

w
h
er

e
o
n

e
a
vo

id
s

th
e

co
m

p
u

ta
ti

o
n
∇
φ

in
th

e
o
p
ti

m
iz

a
ti

o
n

,
bu

t
th

er
e,
∂
j
ψ
i

=
∂
iψ
j

m
u

st
h
o
ld

po
in

tw
is

e.
T

h
e

pa
ra

m
et

ri
za

ti
o
n

o
f

th
e

en
er

gy
fu

n
ct

io
n

a
s
φ

:
R
d
→

R
is

es
se

n
ti

a
ll

y
a
n

im
p
li

ci
t

pa
ra

m
et

ri
za

ti
o
n

o
f
∇

lo
g
f

,
si

n
ce

th
e

co
m

p
u

ta
ti

o
n
∇
φ

is
n

o
t

a
sy

m
bo

li
c

o
n

e,
bu

t
a
ch

ie
ve

d
w

it
h

a
u

to
m

a
ti

c
d
iff

er
en

ti
a
ti

o
n

(B
a
yd

in
et

a
l.

,
2
0
1
8
).

A
ls

o
,

th
e

eq
u

iv
a
le

n
ce

be
tw

ee
n

th
e

tw
o

st
ra

te
gi

es
fo

r
o
n

e-
h
id

d
en

-l
a
ye

r
n

et
-

w
o
rk

s
(V

in
ce

n
t,

2
0
1
1
)

br
ea

ks
d
o
w

n
fo

r
tw

o
h
id

d
en

la
ye

rs
a
n

d
be

yo
n

d
.

S
ee

(S
a
re

m
i,

2
0
1
9
)

fo
r

a
p

ro
o
f

a
n

d
fu

rt
h
er

d
is

cu
ss

io
n

s.
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N
e
u
r
a
l
E
m
p
ir
ic
a
l
B
a
y
e
s

m
in

m
ed

ian
m

ean
m

ax
≈
σ
c

χ
0.0186

0
.1822

0.1812
0
.2884

T
a
b
le

1
:

S
o
m

e
sta

tistics
o
f

th
e

m
a
trix

χ
(see

E
q
u
a
tio

n
2
)

estim
a
ted

fro
m

1
0
7

p
a
irs

fro
m

th
e

h
a
n

d
w

ritten
d
igit

d
a
ta

ba
se

(L
eC

u
n

et
a
l.,

1
9
9
8
).

T
h
e
σ

in
ea

ch
ex

p
erim

en
t

m
u
st

b
e

v
iew

ed
in

rela
tio

n
to

th
ese

n
u
m

b
ers

a
n
d

o
u
r

rev
iew

o
f

th
e

co
n

cen
tra

tio
n

o
f

m
ea

su
re

in
S
ection

2
(see

F
igu

re
2).

F
ig

u
re

3
:

(σ
≈
σ
c )

D
en

o
isin

g
p

erfo
rm

a
n
ce

o
f

D
E

E
N

w
ith

a
sin

g
le

ju
m

p
fo

r
σ

=
0
.3

.
T

h
e

n
o
isy

p
ix

el
va

lu
es

a
re

in
th

e
ra

n
g
e

[−
1
.2
0
0
,1
.9
9
5
],

a
n

d
th

e
d

en
o
ised

o
n

es
a
re

in
[−

0
.0
7
4
9
,1
.0
5
3
9
].

F
ig

u
re

4
:

(σ
>

2
σ
c )

H
ere,

σ
=

0
.7

.
T

h
e

n
o
isy

p
ix

el
va

lu
es

a
re

in
th

e
ra

n
g
e

[−
3
.3
1
4
,3
.6
8
3
],

an
d

th
e

d
en

oised
on

es
are

in
[−

0
.2
4
0
5
,1
.2
6
8
6
].

In
th

is
regim

e,
th

e
w

h
ole

d
atab

ase
is

in
sid

e
each

i-sp
h
ere

(see
F

igu
re

2c).
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S
a
r
e
m
i
a
n
d

H
y
v
ä
r
in
e
n

4
.
E
x
tre

m
e
n
o
ise

/
d
e
n
o
isin

g

In
em

p
irical

B
ayes,

th
e

least-sq
u
ares

estim
ator

of
X

,

x̂
(y

)
=
y

+
σ
2∇

log
f

(y
),

is
d
eriv

ed
fo

r
a
n
y
σ

,
w

h
ich

in
sp

ires
u
s

to
ca

ll
th

is
a

“
ju

m
p
”

to
ca

p
tu

re
th

e
fa

ct
σ

m
ay

in
fa

ct
b

e
“
la

rg
e”

.
D

en
o
isin

g
is

n
o
t

o
u
r

a
ctu

a
l

g
o
a
l,

b
u

t
th

e
ex

p
ressio

n
a
b

ov
e

ca
n

b
e

v
iew

ed
as

“d
en

oisin
g
y

to
x̂

(y
)”.

T
h
e

d
en

oisin
g

p
erform

an
ce

is
im

p
ortan

t
sin

ce
in

th
e

m
ach

in
ery

of
n
eu

ra
l

em
p
irica

l
B

ay
es,

th
e

g
o
a
l

o
f

a
p
p
rox

im
a
tin

g
th

e
sco

re
fu

n
ctio

n
is

fo
rm

u
la

ted
b
y

th
e

“d
en

oisin
g

ob
jective”

L
(θ)

=
E
‖
X
−
Y

+
σ
2∇
φ

(Y
,θ)‖

2.

A
s

th
e

least-sq
u
ares

estim
ator

of
X

is
d
erived

for
an

y
σ

,
th

e
d
en

oisin
g

p
erform

an
ce

of
D

E
E

N
m

ay
also

b
e

tested
to

its
lim

its.
H

ere,
w

e
rep

ort
su

ch
ex

p
erim

en
ts

for
M

N
IS

T
,

w
h
ere

d
=

784
a
n
d
X

is
in

th
e

h
y
p

ercu
b

e
[0
,1

] d
(see

R
em

a
rk

8
).

N
ex

t,
w

e
ela

b
o
ra

te
o
n

th
e

g
eo

m
etric

m
ean

in
g

of
th

e
n
oise

levels,
w

h
ere

in
ad

d
ition

w
e

d
efi

n
e

a
n
otion

of
“ex

trem
e

n
oise”.

•
(σ
>
σ
c ).

T
h
e

va
lu

e
σ
c

=
m

ax
ii ′χ

ii ′
is

d
efi

n
ed

a
s

th
e

o
n
set

o
f

extrem
e

n
o
ise.

C
a
lled

“ex
trem

e”,
b

ecau
se

for
σ
>
σ
c ,

all
i-sp

h
eres

in
th

e
d
ataset

overlap
(see

F
igu

re
2b

).
F

or
M

N
IS

T
,
σ
c ≈

0
.2

8
8
4

w
a
s

estim
a
ted

fro
m

1
0
7

h
a
n
d
w

ritten
d
ig

it
p
a
irs

(see
T

a
b
le

1
).

T
h
e

resu
lts

fo
r
σ

=
0
.3

o
n

th
e

test
set

is
p
resen

ted
in

F
ig

u
re

3
.

It
sh

o
u
ld

b
e

sta
ted

th
at,

th
is

valu
e

of
“ex

trem
e

n
oise”,

ju
st

ab
ove

σ
c ,

is
n
ot

v
isu

ally
perceived

as
ex

trem
e.

•
(σ

>
2
σ
c ).

In
th

is
reg

im
e,

d
u
e

to
g
eo

m
etry,

th
e

w
h
o
le

d
a
ta

set
is

in
in

sid
e

o
f

ea
ch

i-sp
h
ere

(see
F

ig
u
re

2
c).

T
h
is

is
v
ery

ex
trem

e!
F

o
r

M
N

IS
T

,
w

e
ex

p
erim

en
ted

w
ith

σ
=

0.7
w

h
ich

is
in

th
is

regim
e.

T
h
e

resu
lts

on
th

e
test

set
a
re

p
resen

ted
in

F
igu

re
4.

R
e
m

a
rk

8
N

o
te

th
a
t

th
e

lea
st-squ

a
res

estim
a
to

r
o
f
X

ca
n

ta
ke

va
lu

es
a
n

yw
h
ere

in
R
d,

n
o
t

restricted
to

be
in

[0,1] d.
T

h
is

is
th

e
rea

so
n

fo
r

th
e

“
gra

y
ba

ckgro
u

n
d
”

in
th

e
experim

en
ts,

in
rela

tio
n

to
w

h
ich

,
in

th
e

fi
gu

re
ca

p
tio

n
s,

w
e

repo
rt

th
e

m
in

/
m

a
x

o
f

a
ll

th
e

p
ixel

va
lu

es.
T

h
is

a
lso

h
o
ld

s
fo

r
th

e
ju

m
p

sa
m

p
les

p
resen

ted
in

th
e

n
ext

sectio
n

.

4
.1

.
T

h
e

n
e
tw

o
rk

a
rch

ite
c
tu

re

T
h
e

fo
llow

in
g

co
m

m
en

ts
a
re

in
o
rd

er
reg

a
rd

in
g

th
e

n
etw

o
rk

a
rch

itectu
re

w
e

u
sed

in
o
u
r

ex
p

erim
en

ts.

•
(a

ctiva
tio

n
fu

n
ctio

n
)

T
h
e

d
en

oisin
g

resu
lts

are
a

sign
ifi

can
t

im
p
rovem

en
t

over
(S

arem
i

et
al.,

2018).
T

h
is

w
as

d
u
e

to
th

e
u
se

of
C

on
v
N

ets,
in

stead
of

a
fu

lly
con

n
ected

n
etw

ork
(m

ore
on

th
at

b
elow

)
an

d
th

e
u
se

of
a

“
sm

oo
th

R
eL

U
”

activatio
n

fu
n
ction

σ
(z
,β

)
=
z
/(1

+
ex

p
(−
β
z
)),

w
h
ere

th
e

d
efa

u
lt

w
a
s
β

=
1
.

T
h
e

a
ctiva

tio
n

fu
n
ctio

n
a
b

ov
e

co
n
v
erg

es
u
n
ifo

rm
ly
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al
to

ge
th

er
h
er

e.

•
In

th
is

w
or

k
,

th
er

e
is

a
cl

ea
r

ge
o
m

et
ri

ca
l

n
ot

io
n

fo
r

la
rg

e
an

d
sm

al
l
σ

,
w

h
ic

h
is

b
as

ed
on

th
e

co
n
ce

n
tr

at
io

n
of

m
ea

su
re

p
h
en

om
en

on
.

T
h
is

p
ic

tu
re

is
la

ck
in

g
in

th
e

re
fe

re
n
ce

s
ci

te
d
,

an
d

it
is

n
ot

cl
ea

r
w

h
ic

h
ra

n
ge

s
of

n
oi

se
va

lu
es

sh
o
u
ld

b
e

co
n
si

d
er

ed
th

er
e.

•
M

o
st

im
p

o
rt

a
n
tl

y,
d
en

o
is

in
g

a
u
to

en
co

d
er

s
su

ff
er

fr
o
m

“
li

m
it

ed
pa

ra
m

et
er

iz
a
ti

o
n”

a
s

ex
p
re

ss
ed

b
y

A
la

in
a
n
d

B
en

g
io

(2
0
1
4
),

a
n
d

in
d
ep

en
d
en

tl
y

o
b
se

rv
ed

in
(S

a
re

m
i

et
a
l.
,

2
0
1
8
).

T
o

su
m

m
a
ri

ze
,

in
d
en

o
is

in
g

a
u
to

en
co

d
er

s,
o
n
e

m
u
st

le
a
rn

a
cu

rl
-f

re
e

en
co

d
er

-
d

ec
o
d

er
to

b
e

ab
le

to
p

ro
p

er
ly

ap
p

ro
x
im

at
e

th
e

sc
o
re

fu
n

ct
io

n
an

d
th

is
is

p
ro

b
le

m
at

ic
b

ey
o
n

d
o
n

e-
h
id

d
en

-l
a
ye

r
a
rc

h
it

ec
tu

re
s.

In
o
u

r
w

o
rk

,
th

is
p
ro

b
le

m
is

av
o
id

ed
d

u
e

to
th

e
en

er
gy

pa
ra

m
et

er
iz

a
ti

o
n

(s
ee

R
em
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k
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.
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p
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u
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5
:
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σ
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T
o
p

row
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x
0
∼
f
X

,
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m
p
led

fro
m

th
e

h
a
n
d
w

ritten
d
ig

it
d
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ta

b
a
se

w
h
ich

D
E

E
N

w
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ed
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.

T
h
e

L
a
n

gevin
M

C
M

C
w
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in

tialized
at
y
0

=
x
0

+
ε,

ε∼
N

(0
,σ

2I
d ),

w
h
ere

σ
w

a
s

th
e

sa
m

e
va

lu
e

o
f
σ

w
h
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D
E

E
N

h
a
d

b
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in
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o
n
.
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p
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.
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h
e
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p
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o
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an
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e
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w
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=
σ
/100.
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ere,

σ
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T

h
e
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ix
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e
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-
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.
0
7
,
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.
1
0
]
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m
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H

ere,
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w
h
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m
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n
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-overlap
p
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h
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T
h
e

L
an
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M
C
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T
h
e

p
ix

el
valu

es
are

in
th

e
ran

ge
[
-
0
.
0
5
,

1
.
0
4
]
.

15
JM

L
R

 20(181):1-23, 2019

S
a
r
e
m
i
a
n
d

H
y
v
ä
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6
.
N
e
u
ra

l
e
m
p
irica

l
B
a
y
e
s
a
sso

cia
tiv

e
m
e
m
o
ry

(N
E
B
U
L
A
)

In
th

is
sectio

n
,

th
e

n
eu

ra
l

em
p
irica

l
B

ay
es

m
a
ch

in
ery

is
u
sed

to
d
efi

n
e

a
n
ew

n
o
tio

n
o
f

a
sso

cia
tiv

e
m

em
o
ry.

A
ssocia

tive
m

em
o
ry

(a
lso

k
n
ow

n
a
s

co
n

ten
t-a

d
d
ressa

ble
m

em
o
ry

)
is

a
d
eep

su
b

ject
in

n
eu

ra
l

n
etw

o
rk

s
w

ith
a

rich
h
isto

ry
a
n
d

w
ith

ro
o
ts

in
p
sy

ch
o
lo

g
y

a
n
d

n
eu

roscien
ce

(lon
g-term

p
oten

tiation
an

d
H

eb
b
’s

ru
le).

T
h
e

d
ep

iction
of

th
is

com
p
u
tation

is
even

p
resen

t
in

th
e

arts
an

d
literatu

re,
ch

am
p
ion

ed
b
y

M
arcel

P
rou

st,
in

th
e

form
of

“stream
of

con
sciou

sn
ess”,

an
d

th
e

con
stan

t
b
ack

an
d

forth
b

etw
een

percep
tio

n
an

d
m

em
o
ry.

In
1
9
8
2
,

H
o
p

fi
eld

b
ro

u
g
h
t

to
g
eth

er
ea

rlier
a
ttem

p
ts

to
fo

rm
u

la
te

a
ssocia

tive
m

em
o
ry,

a
n

d
sh

ow
ed

th
a
t

th
e

co
llectiv

e
co

m
p
u
ta

tio
n

o
f

a
sy

stem
o
f

n
eu

ro
n
s

w
ith

sy
m

m
etric

w
eig

h
ts,

in
th

e
form

of
asy

n
ch

ron
ou

s
u
p

d
ates

of
M

cC
u

lloch
-P

itts
n

eu
ro

n
s

(M
cC

u
llo

ch
an

d
P

itts,
1943),

m
in

im
ize

a
n

en
erg

y
fu

n
ctio

n
(H

o
p
fi
eld

,
1
9
8
2
).

T
h
e

en
erg

y
fu

n
ctio

n
w

a
s

co
n
stru

cted
in

a
H

eb
b
ia

n
fa

sh
io

n
.

T
h
e

a
sso

cia
tiv

e
m

em
o
ry

w
a
s

th
en

fo
rm

u
la

ted
a
s

th
e

“
fl
ow

”
(th

e
n
eu

ro
n
s

w
ere

b
in

ary
)

to
th

e
lo

cal
m

in
im

a
of

th
e

en
ergy

fu
n
ction

.

H
ow

ev
er,

H
o
p
fi
eld

’s
en

erg
y

fu
n
ctio

n
is

n
o
t

th
e

en
erg

y
fu

n
ctio

n
3:

it
d
o
es

n
o
t

a
p
p
rox

im
a
te

(learn
)

th
e

n
egative

log
p
rob

ab
ility

d
en

sity
fu

n
ction

of
its

stored
m

em
ories.

T
h
e

B
o
ltzm

a
n

n
m

a
ch

in
e

(H
in

ton
an

d
S
ejn

ow
sk

i,
1986)

w
as

d
evelop

ed
in

fact
in

sp
ired

b
y

th
at

ob
servation

,
in

w
h
ich

learn
in

g
th

e
en

ergy
fu

n
ction

w
as

ach
ieved

b
y

in
tro

d
u
cin

g
h
id

d
en

u
n

its.
R

egard
in

g
th

e
a
sso

cia
tiv

e
m

em
o
ry

a
n
d

th
e

p
h
a
se

spa
ce

fl
o
w

,
th

e
p
ro

b
lem

is
th

a
t

in
B

o
ltzm

a
n
n

m
a
ch

in
es,

h
id

d
en

u
n
its

n
eed

to
b

e
in

ferred
fi
rst

b
efo

re
h
av

in
g

a
n
y

n
o
tio

n
o
f

fl
ow

fo
r

th
e

visible
u

n
its.

A
n
d

in
feren

ce
is

in
d
eed

co
m

p
u
ta

tio
n
a
lly

v
ery

ex
p

en
siv

e—
“

th
e

cu
rse

o
f

in
feren

ce”
(b

u
t

n
o
t

n
ea

rly
a
s

fu
n
d

a
m

en
ta

l
a
s

th
e

cu
rse

o
f

d
im

en
sio

n
a
lity

)—
in

p
ro

ba
bilistic

gra
p
h
ica

l
m

od
els

(W
ain

w
righ

t
an

d
J
ord

an
,

2008
;

K
oller

an
d

F
ried

m
a
n
,

2009).

W
h
at

w
e

h
ave

ach
ieved

so
far

is
to

learn
a

fu
n
ction

φ
w

h
ich

ap
p
rox

im
ates

th
e

en
ergy

fu
n

ctio
n

of
Y

,
φ
≈
−

log
f

(m
o
d
u
lo

a
con

stan
t).

T
h
e

key
h
ere

is
th

at
φ

is
a

fu
n

ctio
n

(a
“com

p
u
ter”)

th
a
t

co
m

p
u

tes
f

(y
)

fo
r

a
n
y
y
;

th
e

“
h
id

d
en

u
n
its”

in
φ

a
re

n
o
t

in
ferred

.
In

o
th

er
w

o
rd

s,
th

e
h
id

d
en

u
n
its

(a
n
d

th
e

p
a
ra

m
eters)

in
φ

a
re

th
ere

so
lely

fo
r

u
n

iversa
l

a
p
p
ro

xim
a
tio

n
,

−
∇
φ
≈
∇

log
f
.

In
B

o
ltzm

a
n

n
m

a
ch

in
es,

th
e

h
id

d
en

u
n
its

a
re

th
ere

to
th

in
k
!

A
n
d

th
is

is
th

e
b
ig

d
iff

eren
ce.

T
h
e

d
efi

n
ition

b
elow

sh
ou

ld
b

e
v
iew

ed
again

st
th

is
b
ack

d
ro

p
.

D
e
fi

n
itio

n
9

W
e

d
efi

n
e

th
e

n
eu

ra
l

em
p
irica

l
B

a
yes

a
ssocia

tive
m

em
o
ry

(N
E

B
U

L
A

),
à

la
H

o
p
fi

eld
(1

9
8
2
),

a
s

th
e

fl
o
w

to
strict

loca
l

m
in

im
a

o
f

th
e

en
ergy

fu
n

ctio
n
φ

.
In

co
n

tin
u

o
u

s
tim

e,
th

e
m

em
o
ry

d
yn

a
m

ics
is

go
vern

ed
by

th
e

gra
d
ien

t
fl

o
w

:

y ′(t)
=
−
∇
φ

(y
(t)).

(4)

N
E

B
U

L
A

is
id

en
tifi

ed
by

its
a
ttra

cto
rs,

th
e

set
o
f

a
ll

th
e

strict
loca

l
m

in
im

a
o
f
φ

:

X
∗

=
{X
∗1
,...,X

∗A }.

T
h
e

m
a
p
p
in

g
A

:R
d→

X
∗

d
en

o
tes

th
e

co
n

vergen
ce

to
a
n

a
ttra

cto
r

u
n

d
er

th
e

gra
d
ien

t
fl

o
w

.
T

h
e

ba
sin

o
f

a
ttra

ctio
n

fo
r

th
e

a
ttra

cto
r
X
∗a

is
d
en

o
ted

by
A

(X
∗a )

a
n

d
d
efi

n
ed

(in
tu

itively)
a
s

th
e

la
rgest

su
bset

o
fR

d
su

ch
th

a
t

(in
a

sligh
t

a
bu

se
o
f

n
o
ta

tio
n

)
A

(A
(X
∗a ))

=
{
X
∗a }

.

3
.

In
a
d
d
itio

n
,

H
o
p
fi
eld

n
etw

o
rk

s
h
av

e
sev

ere
lim

ita
tio

n
s

in
m

em
o

ry
ca

pa
city

,
a
d
d
ressed

m
o
st

recen
tly

in
(H

illa
r

a
n

d
T

ra
n

,
2
0
1
4
;

K
ro

tov
a
n

d
H

o
p

fi
eld

,
2
0
1
6
;

C
h

a
u

d
h
u

ri
a
n

d
F

iete,
2
0
1
7
).
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S
ta
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e
sa

m
p
le
X

1
,

φ
(y

)
=
‖y
−
X

1
‖2
/
(2
σ
2
),
X
∗

=
{X
∗ 1
},

X
∗ 1

=
X

1
,

A
(·)

=
X

1
,
A

(X
1
)

=
R
d
.

F
or

m
a
n

y
sa

m
p
le

s,
th

e
le

ar
n
in

g
ob

je
ct

iv
e

is
o
p
ti
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iz
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ch
th
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∇
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ev
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ee

F
ig
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re
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b
u
t

th
er

e
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n
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o
f

in
te

re
st
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th

es
e
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e

th
e
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se
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o
f
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sp
h
er

e
in

te
ra

ct
io

n
s,

st
a
te

d
in

D
efi

n
it

io
n

3
;

in
it

s
p
ra

ct
ic

a
l

su
m

m
a
ry

,
la

rg
er
σ

m
ea

n
s

m
o
re
i-

sp
h
er

e
ov

er
la

p
s,

a
n
d

th
er

ef
o
re

la
rg

er
“
in

te
ra

ct
io

n
co

u
p
li
n
g
s”

.
F

o
r

N
E

B
U

L
A

,
th

e
p
re

se
n

ce
o
f
i-

sp
h
er

e
in

te
ra

ct
io

n
s

im
p
li

es
th

a
t
X
∗ a

a
re

n
o
t

st
a
ti

st
ic

a
l

sa
m

p
le

s
fr

o
m
f X

.
In

ot
h
er

w
or

d
s,

gi
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n
X
i
∼
f X

,
A

(X
i)
6∼
f X

.
B

u
t

w
h
at

is
th

e
“r

ig
h
t

m
et

ri
c”
d
(X

i,
A

(X
i)

),
to

m
ea

su
re

th
e

d
is

ta
n
ce

b
et

w
ee

n
X
i
∼
f X

a
n
d

A
(X

i)
?

T
h
e

p
ro

b
le

m
is

th
a
t

th
e

fl
ow

is
th

e
g
ra

d
ie

n
t

fl
ow

o
f
φ
≈
−

lo
g
f

b
u
t

th
e

a
tt

ra
ct

o
rs

a
re

ro
u
g
h
ly

sp
ea

k
in

g
“
cl

o
se

to
M

”
.

T
h
e

to
ta

l
le

n
gt

h
of

th
e

p
at

h
ta

ke
n

b
y

th
e

gr
ad

ie
n
t

fl
ow

is
a

n
at

u
ra

l
ch

oi
ce

b
u
t

w
e

le
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e
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r
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u
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st
u
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u
r

ex
p
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(b
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h
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in
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ra
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n
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i,
A

(X
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)
w
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l

b
e
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r
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er
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F
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h
p
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at
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b
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p
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=
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ra
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a
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∈
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at
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at
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∈
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∈
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d
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at
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d
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ra
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b
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at
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p
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p
ro

x
im

a
ti

on
s

fo
r

st
an

d
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at
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rr
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ei
gh
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b
u
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ot

b
et

w
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w

ei
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p
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a
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or
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ri
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it
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ro

n
g
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rr

el
at

io
n
s

b
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ei
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an
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th

ei
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h
en
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u
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n
g

p
os

te
ri
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u
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n
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b
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ee
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l
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τ k
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ow

ev
er
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th

e
va

ri
at

io
n
al

fa
m

il
ie

s
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n
si
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er

ed
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th
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n
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u
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t
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r

th
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v
e
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n
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ge
to
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it
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p
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e
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at
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b
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b
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=

[
β
l

ν
T l

] ,
ν l
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.,
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d
ν k
l

=
ln
τ

2 k
l.
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n
g
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e

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
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l
|φ

B
l
)
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N
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l
|M

l,
U
l,
V
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,
al

lo
w

s
u
s
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in

th
e
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u
p
li
n
g

b
et

w
ee

n
w

ei
gh
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in
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d
en
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on
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a

u
n
it

an
d

th
e
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rr

es
p

on
d
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g
u
n
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ifi
c

sc
al

es
,

w
it

h
ap

p
ro

p
ri

at
e

p
ar

am
et

er
iz

at
io

n
s

of
U
l.

In
p
ar

ti
cu

la
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w
e

n
ot

e
th
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a

d
ia

go
n
a
l
U
l

fa
il
s

to
ca

p
tu

re
th

e
n
ec

es
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ry
co

rr
el

at
io

n
s,

an
d

d
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ea
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th
e

p
u
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os
e
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u
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n
g

a
m

at
ri

x
G

au
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ia
n

va
ri

at
io

n
al

fa
m

il
y

to
m

o
d
el

th
e

p
os

-
te

ri
or

of
B
l.

T
o

re
ta

in
co

m
p
u
ta

ti
on

al
effi

ci
en

cy
w

h
il
e

ca
p
tu

ri
n
g

d
ep

en
d
en

ci
es

am
on

g
th

e
ro

w
s

of
B
l

w
e

en
fo

rc
e

a
lo

w
-r

an
k

st
ru

ct
u
re

,
U
l

=
Ψ
l
+
h
lh
T l

,
w

h
er

e
Ψ
l
∈
R
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l−

1
+

2
)×

(K
l−

1
+

2
)

is
a

d
ia

go
n
al

m
at

ri
x

an
d
h
l
∈
R

(K
l−

1
+

2
)×

1
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a
co

lu
m

n
ve

ct
or

.
W

e
re

ta
in

a
d
ia

go
n
al

st
ru

c-
tu

re
fo

r
V
l
∈

R
K
l×
K
l
.

W
e
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r
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u
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d
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x
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at
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n
.

In
S
ec

ti
on

6,
w

e
fi
n
d

th
at

th
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at
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d
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d
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n
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r
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n
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i-
V
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l
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z
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ab

le
1:

V
ar

ia
ti
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A
p
p
ro

x
im

at
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n
F

am
il
ie

s.

A
p
p
r
o
x
im

a
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n

D
e
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F
a
c
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o
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|φ

ν
l
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|φ

β
l
)

=
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l

N
(µ
ij
,l
,σ

2 ij
,l
)
∏ k
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q(
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l
|φ

ν
k
l
)

F
a
c
t
o
r
iz
e
d

(t
ie
d
)

q(
ν l
|φ

ν
l
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(β
l
|φ

β
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ij
,l
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)
∏ k
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q(
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l
|φ

ν
k
l
)
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e
m
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st

r
u
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u
r
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l
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(β
l
|φ

β
l
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=
M
N

(β
l
|M

l,
U
l,
V
l)
∏ k
,l

q(
ν k
l
|φ

ν
k
l
)

S
t
r
u
c
t
u
r
e
d

q(
β
l,
ν l
|φ

B
l
)

=
M
N

(B
l
|M

l,
U
l,
V
l)

th
e

re
co

ve
re

d
so

lu
ti

on
s.

W
h
en
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m

b
in

ed
w

it
h

an
ap

p
ro

p
ri

at
e

p
ru

n
in

g
ru

le
,

it
si

g
n
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ca
n
tl

y
co

m
p
re

ss
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n
et

w
or

k
s

w
it

h
ex

ce
ss

ca
p
ac

it
y.

T
ab

le
1

su
m

m
ar

iz
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th
e

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
s

in
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o
d
u
ce

d
in
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n
.

A
ll

o
u
r

va
ri

at
io

n
al

ap
p
ro

x
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at
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n
s
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p
lo

y
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p
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b
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co
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el
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ed
,

G
au

ss
ia

n
d
is

tr
ib

u
ti

o
n

fo
r

th
e

w
ei

gh
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an
d

lo
g-

N
or

m
al

d
is
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u
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s

fo
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e
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e
p
ar
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et
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T
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b
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e
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d
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p
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at
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w

va
ri
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m
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d
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n
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eo

v
er

,
it

al
lo

w
s

u
s

to
ea

si
ly

m
o
d
el

co
rr

el
at

io
n
s

b
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d
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at
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at
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c
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at
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,c
b
)]

+
H

[q
(θ
|φ

)]
,

(5
)

is
ch

al
le

n
gi

n
g

to
ev

al
u
at

e.
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ra
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p
ri

or
s

re
n
d
er

th
e

fi
rs

t
ex

p
ec

ta
ti

on
in

E
q
u
at

io
n

5
in

tr
ac

ta
b
le

.
C

on
se

q
u
en

tl
y,

th
e

tr
a
d
it

io
n
a
l

p
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b
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T
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b
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b
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h
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p
a
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M
o
d
e
l
S
e
l
e
c
t
io
n
in

B
a
y
e
sia

n
N
e
u
r
a
l
N
e
t
w
o
r
k
s

en
ts

in
h
a
n
d
,

sto
ch

astic
grad

ien
t

ascen
t

can
b

e
u
sed

to
op

tim
ize

th
e

E
L

B
O

.
In

p
ractice,

rep
a
ra

m
eteriza

tion
grad

ien
ts

ex
h
ib

it
sign

ifi
can

tly
low

er
varian

ces
th

an
th

eir
sco

re
fu

n
c-

tio
n

co
u
n
terp

a
rts

an
d

are
ty

p
ically

favored
for

d
iff

eren
tiab

le
m

o
d
els.

T
h
e

rep
aram

eteri-
za

tio
n

g
ra

d
ien

ts
rely

on
th

e
ex

isten
ce

of
a

p
aram

eterization
th

at
sep

arates
th

e
sou

rce
of

ra
n
d
o
m

n
ess

fro
m

th
e

p
aram

eters
w

ith
resp

ect
to

w
h
ich

th
e

grad
ien

ts
are

sou
gh

t.
F

or
o
u
r

G
a
u
ssian

variation
al

ap
p
rox

im
ation

s,
th

e
w

ell
k
n
ow

n
n
on

-cen
tered

p
a
ram

eterization
,

ζ
∼
N

(µ
,σ

2)⇔
ε∼
N

(0,1),ζ
=
µ

+
σ
ε,

allow
s

u
s

to
com

p
u
te

M
on

te-C
arlo

grad
ien

ts,

∇
µ
,σ E

q
w

[g
(w

)]⇔
∇
µ
,σ E
N

(ε|0
,1

) [g
(µ

+
σ
ε)]≈

1S

∑

s

∇
µ
,σ
g
(µ

+
σ
ε
(s)),

(6)

fo
r

a
n
y

d
iff

eren
tiab

le
fu

n
ction

g
an

d
ε
(s)∼

N
(0,1

).
F

u
rth

erm
ore,

p
ractical

im
p
lem

en
ta

tion
s

o
f

va
ria

tio
n
a
l

B
ay

esian
n
eu

ral
n
etw

o
rk

s
ty

p
ically

u
se

a
fu

rth
er

re-p
aram

eterization
to

low
er

va
ria

n
ce

o
f

th
e

grad
ien

t
estim

ator.
T

h
ey

sam
p
le

from
th

e
im

p
lied

variation
a
l

d
istrib

u
tion

over
a

layer’s
p
re-activation

s
in

stead
of

d
irectly

sam
p
lin

g
th

e
m

u
ch

h
igh

er
d
im

en
sio

n
al

w
eig

h
ts

(K
in

g
m

a
et

al.,
2015).

4
.2
.1
.
V
a
r
ia
t
io
n
a
l
d
ist

r
ib
u
t
io
n
o
n
p
r
e
-a
c
t
iv
a
t
io
n
s
f
o
r
st

r
u
c
t
u
r
e
d

a
p
p
r
o
x
im

a
t
in
g

fa
m
il
ie
s

W
h
ile

th
e

“lo
ca

l”
re-p

aram
etrization

is
straigh

tforw
ard

fo
r

th
e

factorized
an

d
sem

i-stru
ctu

red
a
p
p
rox

im
a
tio

n
s,

it
is

m
ore

in
volved

for
th

e
stru

ctu
red

case.
W

e
ob

serve
th

at
b
y

factorizin
g

q(B
l |

φ
B
l )

a
s
q(β

l |
ν
l ,φ

β
l )q(ν

l |
φ
ν
l )

an
d

th
at

con
d
ition

ed
on

ν
l ∼

q(ν
l |

φ
ν
l ),

β
l

follow
s

a
n
o
th

er
m

a
trix

G
au

ssian
d
istrib

u
tion

.
T

h
is

con
d
ition

al
variation

al
d
istrib

u
tion

is
given

b
y,

q(β
l |

ν
l ,φ

β
l )

=
M
N

(M
β
l |ν
l ,U

β
l |ν
l ,V

).
T

h
e

con
d
ition

al
m

ean
M
β
l |ν
l

a
n
d

row
varian

ces

U
β
l |ν
l

ex
p
ressio

n
s

are
d
erived

in
th

e
su

p
p
lem

en
t.

It
th

en
follow

s
th

at
b

=
β
Tl
a

fo
r

an
in

p
u
t

a
∈
R

(K
l−

1
+

1
)×

1
in

to
layer

l,
is

d
istrib

u
ted

a
s,

b|
a
,ν
l ,φ

β
l ∼
N

(b|
µ
b ,Σ

b ),
(7)

w
ith

µ
b

=
M

Tβ
l |ν
l a

,
an

d
Σ
b

=
(a
T
U
β
l |ν
l a

)V
.

S
in

ce,
a
T
U
β
l |ν
l a

is
scalar

an
d
V

is
d
iago

n
al,

Σ
is

d
ia

g
on

a
l

a
s

w
ell.

F
or

regu
larized

H
S
-B

N
N

,
recall

th
at

th
e

p
re-activation

of
n
o
d
e
k

in
layer

l,
is
u
k
l

=
τ̃
k
l υ
l b,

an
d

th
e

corresp
on

d
in

g
variation

al
p

osterior
is,

q(u
k
l |
µ
u
k
l ,σ

2u
k
l )

=
N

(u
k
l |
µ
u
k
l ,σ

2u
k
l );

µ
u
k
l

=
τ̃

(s)
k
l
υ

(s)
l
µ
bk ;

σ
2u
k
l

=
τ̃

(s)
2

k
l
υ

(s)
l

2Σ
bk
,k ,

(8)

w
h
ere

τ
(s)
k
l

,
υ

(s)
l
,c

(s)
are

sam
p
les

from
th

e
corresp

on
d
in

g
log

-N
orm

al
p

osteriors
an

d
τ̃

(s)
k
l

is

co
n
stru

cted
a
s
c

(s) 2τ
(s)
k
l

2/
(c

(s) 2
+
τ

(s)
k
l

2υ
(s)
l

2).
T

h
u
s,

to
com

p
u
te

th
e

p
re-activatio

n
d
istrib

u
-

tio
n
s

u
n
d
er

th
e

stru
ctu

red
variation

al
ap

p
rox

im
ation

,
w

e
fi
rst

sam
p
le

th
e

vector
ν
l

an
d

th
en

sa
m

p
lin

g
th

e
p
re-activation

s
con

d
ition

ed
o
n
ν
l

an
d

in
p
u
ts

in
to

th
e

layer.
C

ru
cially,

w
e

can
p

erfo
rm

a
ll

o
p

eration
s

w
ith

ou
t

h
av

in
g

to
sa

m
p
le

th
e

h
igh

d
im

en
sion

al
w

eigh
ts
β
l .

4
.2
.2
.
A
l
g
o
r
it
h
m

W
e

n
ow

h
ave

a
sim

p
le

p
rescrip

tion
for

op
tim

izin
g

E
q
u
ation

5
.

R
ecu

rsively
sa

m
p
lin

g
th

e
va

ria
tio

n
a
l

p
o
sterior

of
E

q
u
ation

8
for

each
layer

of
th

e
n
etw

ork
,

allow
s

u
s

to
forw

ard
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G
h
o
sh

,
Y
a
o
,
a
n
d

D
o
sh

i-V
e
l
e
z

p
rop

agate
in

form
a
tion

th
rou

gh
th

e
n
etw

ork
.

U
sin

g
th

e
rep

aram
eterization

s
(E

q
u
ation

6),
allow

s
u
s

to
d
iff

eren
tiate

th
rou

gh
th

e
sam

p
lin

g
p
ro

cess.
W

e
com

p
u
te

th
e

n
ecessary

grad
i-

en
ts

th
rou

gh
reverse

m
o
d
e

au
tom

atic
d
iff

eren
tiation

to
ols

(M
aclau

rin
et

al.,
20

15).
W

ith
th

e
grad

ien
ts

in
h
an

d
,

w
e

op
tim

izeL
(φ

)
w

ith
resp

ect
to

th
e

variation
al

w
eigh

ts
φ
B

,
p

er-u
n
it

scales
φ
τ
k
l ,

p
er-layer

scales
φ
υ
l ,

an
d

th
e

variation
al

scale
for

th
e

ou
tp

u
t

layer
w

eigh
ts,

φ
κ

u
sin

g
A

d
am

(K
in

gm
a

an
d

B
a,

2015).
F

or
th

e
stru

ctu
red

ap
p
rox

im
ation

,
w

e
fou

n
d

a
fu

rth
er

h
eu

ristic
—

w
h
erein

w
e

restrict
th

e
variation

a
l
d
istrib

u
tion

s
su

ch
th

at
th

e
p
aram

eters
Ψ

,
V

,
an

d
h

lie
in

th
e
`
2

u
n
it-b

all
p
ro

d
u
ced

b
etter

p
red

ictive
p

erform
an

ce.
A

m
ore

rigorou
s

treat-
m

en
t

of
th

is
h
eu

ristic
is

left
as

fu
tu

re
w

ork
.

C
on

d
ition

ed
on

th
ese,

th
e

op
tim

al
variation

al
p

osteriors
of

th
e

au
x
iliary

variab
les

ϑ
l ,
λ
k
l ,

an
d
ρ
κ

follow
in

v
erse

gam
m

a
d
istrib

u
tion

s.
F

ix
ed

p
oin

t
u
p

d
a
tes

th
at

m
ax

im
ize
L

(φ
)

w
ith

resp
ect

to
φ
ϑ
l ,φ

λ
k
l ,φ

ρ
κ ,

h
old

in
g

th
e

oth
er

variation
al

p
aram

eters
fi
x
ed

are
availab

le.
It

can
b

e
sh

ow
n

th
at,

q(λ
k
l |
φ
λ
k
l )

=
In

v
-G

am
m

a(λ
k
l |

1,E
[

1τ
2kl ]+

1b
20

).
(9)

T
h
e

d
istrib

u
tion

s
of

th
e

oth
er

au
x
iliary

variab
les

are
an

alo
gou

s.
B

y
altern

atin
g

b
etw

een
grad

ien
t

an
d

fi
x
ed

p
oin

t
u
p

d
ates

to
m

ax
im

ize
th

e
E

L
B

O
in

a
co

ord
in

ate
ascen

t
fash

ion
w

e
learn

all
variation

al
p
aram

eters
join

tly
(see

A
lgorith

m
1).

4
.2
.3
.
C
o
m
p
u
t
a
t
io
n
a
l
C
o
n
sid

e
r
a
t
io
n
s

T
h
e

p
rim

ary
com

p
u
tation

al
b

ottlen
eck

for
th

e
stru

ctu
red

ap
p
rox

im
ation

arises
in

com
p
u
t-

in
g

th
e

p
re-activation

s
in

E
q
u
ation

7.
W

h
ile

com
p
u
tin

g
Σ
b

in
th

e
factorized

ap
p
rox

im
ation

in
volv

es
a

sin
gle

in
n
er

p
ro

d
u
ct,

in
th

e
stru

ctu
red

case
it

req
u
ires

th
e

com
p
u
tation

of
th

e
q
u
ad

ratic
form

a
T
U
M
β
l |ν
l a

an
d

a
p

oin
t

w
ise

m
u
ltip

lication
w

ith
th

e
elem

en
ts

of
V
l .

O
w

-
in

g
to

th
e

d
iagon

al
p
lu

s
ran

k
-on

e
stru

ctu
re

of
U
M
β
l |ν
l ,

w
e

on
ly

n
eed

tw
o

in
n
er

p
ro

d
u
cts,

follow
ed

b
y

a
scalar

sq
u
arin

g
an

d
ad

d
ition

to
com

p
u
te

th
e

q
u
ad

ratic
form

an
d
K
l

scalar
m

u
ltip

lication
s

for
th

e
p

oin
t-w

ise
m

u
ltip

lication
w

ith
V
l .

T
h
u
s

th
e

stru
ctu

red
ap

p
rox

im
a-

tion
is

on
ly

m
argin

ally
m

ore
ex

p
en

sive.
F

u
rth

er,
it

u
ses

on
ly

(K
l
+

2)×
(K

l−
1

+
1)

w
eigh

t
varian

ce
p
aram

eters
p

er
layer,

in
stead

of
K
l ×

(K
l−

1
+

1
)

p
aram

eters
u
sed

b
y

th
e

factorized
ap

p
rox

im
ation

.
N

ot
h
av

in
g

to
com

p
u
te

grad
ien

ts
an

d
u
p

d
ate

th
ese

ad
d
ition

al
p
ara

m
eters

fu
rth

er
m

itigates
th

e
p

erform
an

ce
d
iff

eren
ce.

A
lg

o
rith

m
1

T
rain

in
g

w
ith

S
tan

d
ard

an
d

R
egu

larized
H

S
-B

N
N

s

1
:

In
p

u
t

M
o
d
el
p
(D
,θ),

variation
al

ap
p
rox

im
ation

q(θ|
φ

),
n
u
m

b
er

of
iteration

s
T

.
2
:

O
u

tp
u

t:
V

ariation
al

p
aram

eters
φ

3
:

In
itialize

variation
al

p
aram

eters
φ

.
4
:

fo
r
T

i
t
e
r
a
t
i
o
n
s

d
o

5
:

U
p

d
ate

φ
c ,
φ
κ ,
φ
γ ,{φ

B
l }
l ,{φ

υ
l }
l ←

A
D

A
M

(L
(φ

)).
6
:

fo
r
a
l
l

h
i
d
d
e
n

l
a
y
e
r
s
l

d
o

7
:

C
on

d
ition

ed
on

φ
B
l ,
φ
υ
l

u
p

d
a
te
φ
ϑ
l ,
φ
λ
k
l

u
sin

g
fi
x
ed

p
oin

t
u
p

d
ates

(E
q
u
ation

9).
8
:

e
n

d
fo

r
9
:

C
on

d
ition

ed
on

φ
κ

u
p

d
ate

φ
ρ
κ

v
ia

th
e

corresp
on

d
in

g
fi
x
ed

p
oin

t
u
p

d
ate.

1
0
:

e
n

d
fo

r
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M
o
d
e
l
S
e
l
e
c
t
io
n
in

B
a
y
e
si
a
n
N
e
u
r
a
l
N
e
t
w
o
r
k
s

4
.3

.
P

ru
n

in
g

R
u

le

T
h
e

gr
ou

p
h
or

se
sh

o
e

an
d

it
s

re
gu

la
ri

ze
d

va
ri

an
t

p
ro

v
id

e
st

ro
n
g

sh
ri

n
ka

ge
to

w
ar

d
s

ze
ro

fo
r

sm
al

l
w
k
l.

H
ow

ev
er

,
si

n
ce

w
e

in
fe

r
a

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
th

e
sh

ru
n
k

w
ei

gh
ts

,
al

th
ou

gh
ti

n
y,

ar
e

n
ev

er
ac

tu
al

ly
ze

ro
.

A
u
se

r-
d
efi

n
ed

th
re

sh
ol

d
in

g
ru

le
is

re
q
u
ir

ed
to

p
ru

n
e

aw
ay

th
e

sh
ru

n
k

w
ei

gh
ts

.
In

p
re

v
io

u
s

w
or

k
,

L
ou

iz
os

et
al

.
(2

01
7
)

fi
rs

t
su

m
m

ar
iz

ed
th

e
in

fe
rr

ed
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s

u
si

n
g

a
p

oi
n
t

es
ti

m
at

e
an

d
th

en
u
se

d
th

e
p

oi
n
t

su
m

m
ar

y
to

d
efi

n
e

a
th

re
sh

ol
d
in

g
ru

le
.

H
er

e,
w

e
p
ro

p
os

e
an

a
lt

er
n
at

e
th

re
sh

ol
d
in

g
ru

le
th

a
t

d
o
es

n
ot

re
ly

on
a

p
oi

n
t

su
m

m
ar

y
of

th
e

p
os

te
ri

or
.

W
e

p
ru

n
e

aw
ay

a
u
n
it

if
p
(τ
k
lυ
l
<
δ)

>
p

0
,

th
at

is
,

w
h
en

th
e

p
ro

b
ab

il
it

y
of

th
e

sc
al

e
b

ei
n
g

sm
al

l
is

su
ffi

ci
en

tl
y

la
rg

e.
T

h
e

sc
al

e
δ

an
d

th
e

p
ro

b
ab

il
it

y
p

0
ar

e
u
se

r
d
efi

n
ed

p
ar

am
et

er
s,

w
it

h
τ k
l
∼
q(
τ k
l
|φ

τ k
l
)

an
d
υ
l
∼
q(
υ
l
|φ

υ
l
).

T
o

se
e

w
h
y

th
is

ru
le

is
se

n
si

b
le

,
re

ca
ll

th
at

fo
r

u
n
it

s
w

h
ic

h
ex

p
er

ie
n
ce

st
ro

n
g

sh
ri

n
ka

ge
th

e
re

gu
la

ri
ze

d
h
or

se
sh

o
e

te
n
d
s

to
th

e
h
or

se
sh

o
e.

U
n
d
er

th
e

h
or

se
sh

o
e

p
ri

or
,
τ k
lυ
l

go
ve

rn
s

th
e

(n
on

-n
eg

at
iv

e)
sc

al
e

of
th

e
w

ei
gh

t
n
o
d
e

ve
ct

or
w
k
l.

T
h
er

ef
or

e,
u
n
d
er

ou
r

th
re

sh
ol

d
in

g
ru

le
,

w
e

p
ru

n
e

aw
ay

n
o
d
es

w
h
os

e
p

os
te

ri
or

sc
al

es
,

p
la

ce
p
ro

b
ab

il
it

y
gr

ea
te

r
th

an
p

0
b

el
ow

a
su

ffi
ci

en
tl

y
sm

al
l

th
re

sh
ol

d
δ.

In
ou

r
ex

p
er

im
en

ts
,

w
e

se
t
p

0
=

0.
9

an
d
δ

to
ei

th
er

1e
−

3
or

1e
−

5
(f

or
th

e
ye

ar
d
at

a
se

t)
.

F
u
rt

h
er

,
u
n
d
er

ou
r

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
s,
τ k
lυ
l

fo
ll
ow

s
a

lo
g-

N
or

m
al

d
is

tr
ib

u
ti

on
.

E
va

lu
at

in
g

th
e

th
re

sh
ol

d
in

g
ru

le
is

as
si

m
p
le

as
ev

al
u
at

in
g

th
e

lo
g-

N
or

m
al

cu
m

u
la

ti
v
e

d
is

tr
ib

u
ti

on
.

5
.
R
e
la
te
d
W

o
rk

E
ar

ly
w

or
k

on
B

ay
es

ia
n

n
eu

ra
l
n
et

w
or

k
s

ca
n

b
e

tr
ac

ed
b
ac

k
to

(B
u
n
ti

n
e

an
d

W
ei

ge
n
d
,
19

91
;

M
ac

K
ay

,
19

92
;

N
ea

l,
19

93
).

N
ea

l
(1

9
93

)
in

tr
o
d
u
ce

d
H

am
il
to

n
ia

n
M

on
te

C
ar

lo
(H

M
C

)
fo

r
ex

p
lo

ri
n
g

th
e

p
os

te
ri

or
ov

er
n
et

w
or

k
w

ei
gh

ts
,

w
h
il
e

M
ac

K
ay

(1
99

2)
;

B
u
n
ti

n
e

an
d

W
ei

ge
n
d

(1
99

1)
re

li
ed

on
L

ap
la

ce
ap

p
ro

x
im

at
io

n
to

ch
ar

ac
te

ri
ze

th
e

n
et

w
or

k
p

os
te

ri
or

.
H

M
C

re
-

m
ai

n
s

th
e

go
ld

st
an

d
ar

d
fo

r
p

os
te

ri
or

in
fe

re
n
ce

in
B

N
N

s.
H

ow
ev

er
,

it
d
o
es

n
ot

sc
al

e
w

el
l

to
m

o
d
er

n
ar

ch
it

ec
tu

re
s

or
th

e
la

rg
e

d
at

a
se

ts
re

q
u
ir

ed
to

le
ar

n
th

em
.

S
im

il
ar

ly
,

va
n
il
la

ap
-

p
li
ca

ti
on

of
th

e
L

ap
la

ce
ap

p
ro

x
im

at
io

n
h
as

d
iffi

cu
lt

y
sc

al
in

g
to

m
o
d
er

n
ar

ch
it

ec
tu

re
s

w
it

h
m

il
li
on

s
of

p
ar

am
et

er
s.

R
ec

en
t

ad
va

n
ce

s
in

st
o
ch

as
ti

c
M

C
M

C
m

et
h
o
d
s

(W
el

li
n
g

an
d

T
eh

,
20

11
;

C
h
en

et
al

.,
20

14
)

an
d

st
o
ch

as
ti

c
va

ri
at

io
n
al

m
et

h
o
d
s

(B
lu

n
d
el

l
et

a
l.
,

20
1
5;

R
ez

en
d
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asserstein
d
ista

n
ce,

tru
n
cated

so
a
s

to
b

e
u
p
p

er
b

ou
n
d
ed

b
y

a
con

sta
n
t,

for
a

su
b
set

of
stron

gly
con

cave
m

easu
res

w
h
ich

a
re

fo
u
r-tim

es
con

tin
u
ou

sly
d
iff

eren
tiab

le
an

d
satisfy

certa
in

b
ou

n
d
s

on
th

e
d
erivatives

u
p

to
o
rd

er
fo

u
r.

W
ith

th
is

con
tex

t,
on

e
of

th
e

m
ain

con
trib

u
tion

s
of

ou
r

p
ap

er
is

to
p
rov

id
e

an
ex

p
licit

u
p
p

er
b

ou
n
d

on
th

e
m

ix
in

g
tim

e
b

ou
n
d
s

in
total

variation
d
istan

ce
of

th
e

M
A

L
A

a
lg

o
rith

m
fo

r
g
en

eral
log-con

cave
d
istrib

u
tion

s.

O
u

r
c
o
n
trib

u
tio

n
s:

T
h
is

p
ap

er
con

tain
s

tw
o

m
ain

resu
lts,

b
oth

h
av

in
g

to
d
o

w
ith

th
e

u
p
p

er
b

o
u
n
d
s

on
m

ix
in

g
tim

es
of

M
C

M
C

m
eth

o
d
s

for
sam

p
lin

g.
A

s
d
escrib

ed
ab

ove,
o
u
r

fi
rst

an
d

p
rim

ary
con

trib
u
tion

is
an

ex
p
licit

an
aly

sis
of

th
e

m
ix

in
g

tim
e

of
M

etro
p

o
lis

a
d
ju

sted
L

a
n
g
ev

in
A

lgorith
m

(M
A

L
A

).
A

secon
d

con
trib

u
tion

is
to

u
se

sim
ilar

tech
n
iq

u
es

to
a
n
a
ly

ze
a

zeroth
-ord

er
m

eth
o
d

called
M

etrop
olized

ran
d
om

w
alk

(M
R

W
)

a
n
d

d
eriv

e
an

ex
p
licit

n
o
n
-a

sy
m

p
totic

m
ix

in
g

tim
e

b
ou

n
d

for
it.

U
n
like

th
e

U
L

A
,

th
ese

m
eth

o
d
s

m
ake

u
se

o
f

th
e

M
etrop

olis-H
astin

gs
accep

t-reject
step

an
d

con
seq

u
en

tly
con

verge
to

th
e

target
d
istrib

u
tio

n
s

in
th

e
lim

it
of

in
fi
n
ite

step
s.

H
ere

w
e

p
rov

id
e

ex
p
licit

n
on

-asy
m

p
totic

m
ix

in
g

tim
e

b
ou

n
d
s

fo
r

M
A

L
A

an
d

M
R

W
,

th
ereb

y
sh

ow
in

g
th

at
M

A
L

A
con

v
erges

sign
ifi

can
tly
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D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

faster
th

an
U

L
A

,
at

least
in

term
s

of
th

e
b

est
k
n
ow

n
u
p
p

er
b

ou
n
d
s

on
th

eir
resp

ective
m

ix
in

g
tim

es. 1
In

p
articu

lar,
w

e
sh

ow
th

at
if

th
e

d
en

sity
is

stron
gly

log-con
cav

e
an

d
sm

o
oth

,
th

e
δ-m

ix
in

g
tim

e
for

M
A

L
A

scales
as
κ
d

log
(1/δ)

w
h
ich

is
sign

ifi
can

tly
faster

th
an

U
L

A
’s

con
vergen

ce
rate

of
ord

er
κ

2d
/δ

2.
O

n
th

e
oth

er
h
an

d
,

M
oreover,

w
e

also
sh

ow
th

at
M

R
W

m
ix

es
O

(κ
)

slow
er

w
h
en

com
p
ared

to
M

A
L

A
.

F
u
rth

erm
ore,

if
th

e
d
en

sity
is

w
eak

ly
log-

con
cave,

w
e

sh
ow

th
at

(a
m

o
d
ifi

ed
version

of)
M

A
L

A
con

verges
in
O
(d

2/δ
1
.5 )

tim
e

in
com

p
arison

to
th

e
O
(d

3/δ
4 )

m
ix

in
g

tim
e

for
U

L
A

.
A

s
allu

d
ed

to
earlier,

su
ch

a
sp

eed
-u

p
for

M
A

L
A

is
p

ossib
le

sin
ce

w
e

can
ch

o
ose

a
large

step
size

for
it

w
h
ich

in
tu

rn
is

p
ossib

le
d
u
e

to
its

u
n
b
iased

n
ess

in
th

e
lim

it
of

in
fi
n
ite

step
s.

In
con

trast,
for

U
L

A
th

e
step

-size
h
as

to
b

e
sm

all
en

ou
gh

to
con

trol
th

e
b
ias

of
th

e
d
istrib

u
tion

of
th

e
U

L
A

iterates
in

th
e

lim
it

of
in

fi
n
ite

step
s,

lead
in

g
to

a
relative

slow
d
ow

n
w

h
en

com
p
a
red

to
M

A
L

A
.

T
h
e

rem
ain

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
p
rov

id
e

b
ack

grou
n
d

on
a

su
ite

of
M

C
M

C
sam

p
lin

g
algorith

m
s

b
ased

on
th

e
L

an
gev

in
d
iff

u
sion

.
S
ection

3
is

d
evoted

to
th

e
statem

en
t

of
ou

r
m

ix
in

g
tim

e
b

ou
n
d
s

for
M

A
L

A
an

d
M

R
W

,
alon

g
w

ith
a

d
iscu

ssion
of

som
e

con
seq

u
en

ces
of

th
ese

resu
lts.

S
ection

4
is

d
ev

oted
to

som
e

n
u
m

erical
ex

p
erim

en
ts

to
illu

strate
ou

r
gu

aran
tees.

W
e

p
rov

id
e

th
e

p
ro

ofs
of

ou
r

m
ain

resu
lts

in
S
ection

5,
w

ith
certain

m
ore

tech
n
ical

argu
m

en
ts

d
eferred

to
th

e
ap

p
en

d
ices.

W
e

con
clu

d
e

w
ith

a
d
iscu

ssion
in

S
ection

6.

N
o
ta

tio
n

:
F

or
tw

o
seq

u
en

ces
a
ε

an
d
b
ε

in
d
ex

ed
b
y

a
scalar

ε
∈
I
⊆

R
,

w
e

say
th

at
a
ε

=
O

(b
ε )

if
th

ere
ex

ists
a

u
n
iversal

con
stan

t
c
>

0
su

ch
th

at
a
ε ≤

cb
ε

for
all

ε∈
I
.

T
h
e

E
u
clid

ean
n
orm

of
a

vector
x
∈

R
d

is
d
en

oted
b
y
‖x‖

2 .
T

h
e

E
u
clid

ean
b
all

w
ith

cen
ter

x
an

d
rad

iu
s
r

is
d
en

oted
b
y
B

(x
,r).

F
or

tw
o

d
istrib

u
tion

sP
1

a
n
d
P

2
d
efi

n
ed

on
th

e
sp

ace
(R

d,B
(R

d))
w

h
ere
B

(R
d)

d
en

otes
th

e
B

orel-sigm
a

algeb
ra

on
R
d,

w
e

u
se
‖P

1 −
P

2 ‖
T
V

to
d
en

ote
th

eir
total

variation
d
istan

ce
given

b
y

‖P
1 −
P

2 ‖
T
V

=
su

p
A
∈B

(R
d
) |P

1 (A
)−
P

2 (A
)|.

F
u
rth

erm
ore,

K
L

(P
1 ‖P

2 )
d
en

otes
th

eir
K

u
llb

ack
-L

eib
ler

(K
L

)
d
iv

ergen
ce.

W
e

u
se

Π
to

d
en

ote
th

e
target

d
istrib

u
tion

w
ith

d
en

sity
π

.

2
.
B
a
ck

g
ro

u
n
d
a
n
d
p
ro

b
le
m

se
t-u

p

In
th

is
section

,
w

e
b
riefl

y
d
escrib

e
th

e
gen

eral
fram

ew
ork

for
M

C
M

C
a
lgorith

m
s

an
d

rev
iew

th
e

rates
of

con
vergen

ce
of

ex
istin

g
ran

d
om

w
alk

s
for

log-con
cave

d
istrib

u
tion

s.

2
.1

.
M

a
rk

o
v

ch
a
in

s
a
n

d
m

ix
in

g

H
ere

w
e

con
sid

er
th

e
task

of
d
raw

in
g

sam
p
les

fro
m

a
ta

rget
d
istribu

tio
n

Π
w

ith
d
en

sity
π

.
A

p
op

u
lar

class
of

m
eth

o
d
s

are
b
ased

on
settin

g
u
p

of
a
n

irred
u
cib

le
an

d
a
p

erio
d
ic

d
iscrete-tim

e
M

arkov
ch

ain
w

h
ose

station
ary

d
istrib

u
tion

is
eq

u
al

to
or

close
to

th
e

target
d
istrib

u
tion

Π
in

certain
m

etric,
e.g.,

total
variation

(T
V

)
n
orm

.
In

ord
er

to
ob

tain
a

δ-accu
rate

sam
p
le,

on
e

sim
u
lates

th
e

M
arkov

ch
ain

for
a

certa
in

n
u
m

b
er

of
step

s
k
,

as
d
eterm

in
ed

b
y

a
m

ix
in

g
tim

e
an

aly
sis.

1
.

T
h

ro
u

g
h

o
u

t
th

e
p

a
p

er,
w

e
m

a
k
e

co
m

p
a
riso

n
s

b
etw

een
sa

m
p

lin
g

a
lg

o
rith

m
s

b
a
sed

o
n

k
n

ow
n

u
p

p
er

b
o
u

n
d

s
o
n

resp
ectiv

e
m

ix
in

g
tim

es;
o
b

ta
in

in
g

m
a
tch

in
g

low
er

b
o
u

n
d

s
is

a
lso

o
f

in
terest.
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M
e
t
r
o
p
o
l
is
-H

a
st

in
g
s
a
l
g
o
r
it
h
m
s
a
r
e
fa

st

G
oi

n
g

fo
rw

ar
d
,

w
e

as
su

m
e

fa
m

il
ia

ri
ty

of
th

e
re

ad
er

w
it

h
a

b
as

ic
b
ac

k
g
ro

u
n
d

in
M

ar
ko

v
ch

ai
n
s.

S
ee

,
e.

g.
,

C
h
ap

te
rs

9-
12

in
th

e
st

an
d
ar

d
re

fe
re

n
ce

te
x
tb

o
ok

(M
ey

n
an

d
T

w
ee

d
ie

,
20

12
)

fo
r

a
ri

go
ro

u
s

an
d

d
et

ai
le

d
in

tr
o
d
u
ct

io
n
.

F
or

a
m

or
e

ra
p
id

in
tr

o
d
u
ct

io
n

to
th

e
b
as

ic
s

of
co

n
ti

n
u
ou

s
st

at
e-

sp
ac

e
M

ar
ko

v
ch

ai
n
s,

w
e

re
fe

r
th

e
re

ad
er

to
th

e
ex

p
os

it
or

y
p
ap

er
(D

ia
co

n
is

an
d

F
re

ed
m

an
,

19
97

)
or

S
ec

ti
on

1
an

d
2

o
f

th
e

p
ap

er
s

(L
ov

ás
z

a
n
d

S
im

on
ov

it
s,

19
93

;
V

em
p
al

a,
20

05
).

W
e

n
ow

b
ri

efl
y

d
es

cr
ib

e
a

ce
rt

ai
n

cl
as

s
of

M
ar

ko
v

ch
ai

n
s

th
at

ar
e

of
M

et
ro

po
li

s-
H

a
st

in
gs

ty
pe

(M
et

ro
p

ol
is

et
al

.,
19

53
;

H
as

ti
n
gs

,
19

70
).

S
ee

th
e

b
o
ok

s
(R

ob
er

t,
20

04
;

B
ro

ok
s

et
al

.,
20

11
)

an
d

re
fe

re
n
ce

s
th

er
ei

n
fo

r
fu

rt
h
er

b
ac

k
gr

ou
n
d

o
n

th
es

e
ch

ai
n
s.

S
ta

rt
in

g
at

a
gi

v
en

in
it

ia
l

d
en

si
ty
π

0
ov

er
R
d
,

an
y

su
ch

M
ar

ko
v

ch
ai

n
is

si
m

u
la

te
d

in
tw

o
st

ep
s:

(1
)

a
p
ro

p
os

al
st

ep
,

an
d

(2
)

an
ac

ce
p
t-

re
je

ct
st

ep
.

F
or

th
e

p
ro

p
os

al
st

ep
,

w
e

m
ak

e
u
se

of
a

p
ro

po
sa

l
fu

n
ct

io
n
p

:
R
d
×

R
d
∈
R

+
,

w
h
er

e
p
(x
,·)

is
a

d
en

si
ty

fu
n
ct

io
n

fo
r

ea
ch

x
∈

R
d
.

A
t

ea
ch

it
er

at
io

n
,

gi
ve

n
a

cu
rr

en
t

st
at

e
x
∈

R
d

of
th

e
ch

a
in

,
th

e
al

go
ri

th
m

p
ro

p
os

es
a

n
ew

ve
ct

or
z
∈
R
d

b
y

sa
m

p
li
n
g

fr
om

th
e

p
ro

p
os

al
d
en

si
ty
p
(x
,·)

.
In

th
e

se
co

n
d

st
ep

,
th

e
al

go
ri

th
m

ac
ce

p
ts
z
∈
R
d

a
s

th
e

n
ew

st
at

e
of

th
e

M
ar

ko
v

ch
ai

n
w

it
h

p
ro

b
ab

il
it

y

α
(x
,z

)
:=

m
in

{ 1,
π

(z
)p

(z
,x

)

π
(x

)p
(x
,z

)}
.

(2
)

O
th

er
w

is
e,

w
it

h
p
ro

b
ab

il
it

y
eq

u
al

to
1
−
α

(x
,z

),
th

e
ch

ai
n

st
ay

s
at
x

.
C

on
se

q
u
en

tl
y,

th
e

ov
er

al
l

tr
an

si
ti

on
ke

rn
el
q

fo
r

th
e

M
ar

ko
v

ch
ai

n
is

d
efi

n
ed

b
y

th
e

fu
n
ct

io
n

q(
x
,z

)
:=

p
(x
,z

)α
(x
,z

)
fo

r
z
6=
x

,

an
d

a
p
ro

b
ab

il
it

y
m

as
s

at
x

w
it

h
w

ei
g
h
t

1
−
∫ X

q(
x
,z

)d
z
.

T
h
e

p
u
rp

os
e

o
f

th
e

M
et

ro
p

ol
is

-
H

as
ti

n
gs

co
rr

ec
ti

on
(2

)
is

to
en

su
re

th
at

th
e

ta
rg

et
d
en

si
ty
π

is
st

at
io

n
ar

y
fo

r
th

e
M

a
rk

ov
ch

ai
n
.

O
ve

ra
ll
,

th
is

se
t-

u
p

d
efi

n
es

an
op

er
at

or
T p

on
th

e
sp

ac
e

of
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

on
s:

gi
ve

n
th

e
d
is

tr
ib

u
ti

on
µ
k

of
th

e
ch

ai
n

at
ti

m
e
k
,

th
e

d
is

tr
ib

u
ti

on
at

ti
m

e
k

+
1

is
gi

ve
n

b
y

T p
(µ
k
).

In
fa

ct
,

w
it

h
th

e
st

ar
ti

n
g

d
is

tr
ib

u
ti

on
µ

0
,

th
e

d
is

tr
ib

u
ti

on
of

th
e

ch
ai

n
at
k
th

st
ep

is
gi

ve
n

b
y
T
k p
(µ

0
).

N
ot

e
th

at
in

th
is

n
o
ta

ti
on

,
th

e
tr

an
si

ti
on

d
is

tr
ib

u
ti

on
a
t

an
y

st
a
te
x

is
gi

ve
n

b
y
T p

(δ
x
)

w
h
er

e
δ x

d
en

ot
es

th
e

d
ir

ac
-d

el
ta

d
is

tr
ib

u
ti

on
at
x

.
O

u
r

as
su

m
p
ti

o
n
s

an
d

se
t-

u
p

en
su

re
th

at
th

e
ch

ai
n

co
n
v
er

ge
s

to
ta

rg
et

d
is

tr
ib

u
ti

on
in

th
e

li
m

it
of

in
fi
n
it

e
st

ep
s,

i.
e.

,
li
m
k
→
∞
T
k p
(µ

0
)

=
Π

.
H

ow
ev

er
,

a
m

or
e

p
ra

ct
ic

al
n
ot

io
n

of
co

n
ve

rg
en

ce
is

h
ow

m
an

y
st

ep
s

of
th

e
ch

ai
n

su
ffi

ce
to

en
su

re
th

at
th

e
d
is

tr
ib

u
ti

on
of

th
e

ch
ai

n
is

“c
lo

se
”

to
th

e
ta

rg
et

Π
.

In
or

d
er

to
q
u
an

ti
fy

th
e

cl
os

en
es

s,
fo

r
a

gi
v
en

to
le

ra
n
ce

p
ar

am
et

er
δ
∈

(0
,1

)
an

d
in

it
ia

l
d
is

tr
ib

u
ti

on
µ

0
,

w
e

d
efi

n
e

th
e
δ-

m
ix

in
g

ti
m

e
as

t m
ix

(δ
;µ

0
)

:=
m

in
{ k
|‖
T
k p
(µ

0
)
−

Π
‖ T

V
≤
δ}
,

(3
)

co
rr

es
p

on
d
in

g
to

th
e

m
in

im
u
m

n
u
m

b
er

of
st

ep
s

th
at

th
e

ch
ai

n
ta

ke
s

to
re

ac
h

w
it

h
in
δ

in
T

V
-n

or
m

of
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
,

gi
v
en

th
at

it
st

ar
ts

w
it

h
d
is

tr
ib

u
ti

on
µ

0
.

2
.2

.
S

a
m

p
li

n
g

fr
o
m

lo
g
-c

o
n

c
a
v
e

d
is

tr
ib

u
ti

o
n

s

G
iv

en
th

e
se

t-
u
p

in
th

e
p
re

v
io

u
s

su
b
se

ct
io

n
,
w

e
n
ow

d
es

cr
ib

e
se

v
er

al
al

go
ri

th
m

s
fo

r
sa

m
p
li
n
g

fr
om

lo
g-

co
n
ca

ve
d
is

tr
ib

u
ti

on
s.

L
et
P x

d
en

ot
e

th
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
at
x

co
rr

es
p

on
d
in

g
to

th
e

p
ro

p
os

al
d
en

si
ty
p
(x
,·)

.
P

os
si

b
le

ch
oi

ce
s

of
th

is
p
ro

p
os

al
fu

n
ct

io
n

in
cl

u
d
e:
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D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

•
In

d
ep

en
d
en

ce
sa

m
p
le

r:
th

e
p
ro

p
os

al
d
is

tr
ib

u
ti

on
d
o
es

n
ot

d
ep

en
d

o
n

th
e

cu
rr

en
t

st
at

e
of

th
e

ch
ai

n
,

e.
g.

,
re

je
ct

io
n

sa
m

p
li
n
g

or
w

h
en
P x

=
N

(0
,Σ

),
w

h
er

e
Σ

is
a

h
y
p

er
-

p
ar

am
et

er
.

•
R

an
d
om

w
a
lk

:
th

e
p
ro

p
os

al
fu

n
ct

io
n

sa
ti

sfi
es
p
(x
,y

)
=
q(
y
−
x

)
fo

r
so

m
e

p
ro

b
a
b
il
it

y
d
en

si
ty
q,

e.
g.

,
w

h
en
P x

=
N

(x
,2
h
I d

)
w

h
er

e
h

is
a

h
y
p

er
-p

ar
am

et
er

.

•
L

an
ge

v
in

al
go

ri
th

m
:

th
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
is

sh
ap

ed
ac

co
rd

in
g

to
th

e
ta

rg
et

d
is

-
tr

ib
u
ti

on
an

d
is

gi
ve

n
b
y
P x

=
N

(x
−
h
∇
f

(x
),

2h
I d

),
w

h
er

e
h

is
ch

os
en

su
it

a
b
ly

.

•
S
y
m

m
et

ri
c

M
et

ro
p

ol
is

al
go

ri
th

m
s:

th
e

p
ro

p
os

al
fu

n
ct

io
n
p

sa
ti

sfi
es
p
(x
,y

)
=
p
(y
,x

).
S
om

e
ex

am
p
le

s
ar

e
B

al
l

W
al

k
(F

ri
ez

e
et

al
.,

19
94

),
an

d
H

it
-a

n
d
-r

u
n

(L
ov

á
sz

,
1
9
9
9
).

N
at

u
ra

ll
y,

th
e

co
n
ve

rg
en

ce
ra

te
of

th
es

e
al

go
ri

th
m

s
d
ep

en
d
s

on
th

e
p
ro

p
er

ti
es

o
f

th
e

ta
rg

et
d
en

si
ty
π

,
an

d
th

e
d
eg

re
e

to
w

h
ic

h
th

e
p
ro

p
os

al
fu

n
ct

io
n
p

is
su

it
ed

fo
r

th
e

ta
sk

a
t

h
a
n
d
.

A
ke

y
d
iff

er
en

ce
b

et
w

ee
n

L
an

ge
v
in

al
g
or

it
h
m

an
d

ot
h
er

al
go

ri
th

m
s

is
th

at
th

e
fo

rm
er

m
a
ke

s
u
se

of
fi
rs

t-
or

d
er

(g
ra

d
ie

n
t)

in
fo

rm
at

io
n

ab
ou

t
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
Π

.
W

e
n
ow

b
ri

efl
y

d
is

cu
ss

th
e

ex
is

ti
n
g

th
eo

re
ti

ca
l

re
su

lt
s

ab
ou

t
th

e
co

n
ve

rg
en

ce
ra

te
of

d
iff

er
en

t
M

C
M

C
a
lg

o
-

ri
th

m
s.

S
ev

er
al

re
su

lt
s

on
M

C
M

C
al

go
ri

th
m

s
h
av

e
fo

cu
se

d
on

on
es

ta
b
li
sh

in
g

b
eh

av
io

r
a
n
d

co
n
ve

rg
en

ce
of

th
es

e
sa

m
p
li
n
g

al
go

ri
th

m
s

in
an

as
y
m

p
to

ti
c

or
a

n
on

-e
x
p
li
ci

t
se

n
se

,
e.

g
.,

g
e-

om
et

ri
c

an
d

u
n
if

or
m

er
go

d
ic

it
y,

as
y
m

p
to

ti
c

va
ri

an
ce

,
an

d
ce

n
tr

al
li
m

it
th

eo
re

m
s.

F
o
r

m
o
re

d
et

ai
ls

,
w

e
re

fe
r

th
e

re
ad

er
s

to
th

e
p
ap

er
s

b
y

T
al

ay
an

d
T

u
b
ar

o
(1

99
0)

;
M

ey
n

a
n
d

T
w

ee
d
ie

(1
99

4)
;

R
ob

er
ts

an
d

T
w

ee
d
ie

(1
99

6b
,a

);
J
ar

n
er

an
d

H
an

se
n

(2
00

0)
;

R
ob

er
ts

a
n
d

R
o
se

n
th

al
(2

00
1)

;
R

ob
er

ts
an

d
S
tr

am
er

(2
00

2)
;

P
il
la

i
et

al
.

(2
01

2)
;

R
ob

er
ts

an
d

R
os

en
th

a
l

(2
0
1
4
),

th
e

su
rv

ey
b
y

R
ob

er
ts

et
al

.
(2

00
4)

an
d

th
e

re
fe

re
n
ce

s
th

er
ei

n
.

S
u
ch

re
su

lt
s,

a
lb

ei
t

h
el

p
fu

l
fo

r
ga

in
in

g
in

si
gh

t,
d
o

n
ot

p
ro

v
id

e
u
se

r-
fr

ie
n
d
ly

ra
te

s
of

co
n
v
er

ge
n
ce

.
In

ot
h
er

w
o
rd

s,
fr

o
m

th
es

e
re

su
lt

s,
it

is
n
ot

ea
sy

to
d
et

er
m

in
e

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

va
ri

o
u
s

M
C

M
C

al
go

ri
th

m
s

as
a

fu
n
ct

io
n

of
th

e
p
ro

b
le

m
d
im

en
si

on
d

an
d

d
es

ir
ed

ac
cu

ra
cy
δ.

E
x
p
li
ci

t
n
o
n
-

as
y
m

p
to

ti
c

co
n
v
er

ge
n
ce

b
ou

n
d
s,

w
h
ic

h
p
ro

v
id

e
u
se

fu
l
in

fo
rm

at
io

n
fo

r
p
ra

ct
ic

e,
a
re

th
e

fo
cu

s
of

th
is

w
or

k
.

W
e

d
is

cu
ss

th
e

re
su

lt
s

of
su

ch
ty

p
e

an
d

th
e

L
an

ge
v
in

al
go

ri
th

m
in

m
o
re

d
et

a
il

in
S
ec

ti
on

2.
2.

2.
W

e
b

eg
in

w
it

h
th

e
M

et
ro

p
ol

iz
ed

ra
n
d
om

w
al

k
.

2
.2
.1
.
M
e
t
r
o
p
o
l
iz
e
d

r
a
n
d
o
m

w
a
l
k

R
ob

er
ts

an
d

T
w

ee
d
ie

(1
99

6b
)

es
ta

b
li
sh

ed
su

ffi
ci

en
t

co
n
d
it

io
n
s

on
th

e
p
ro

p
os

al
fu

n
ct

io
n
p

a
n
d

th
e

ta
rg

et
d
is

tr
ib

u
ti

on
Π

fo
r

th
e

ge
om

et
ri

c
co

n
ve

rg
en

ce
of

se
ve

ra
l

ra
n
d
om

w
a
lk

M
et

ro
p

o
li
s-

H
as

ti
n
gs

al
go

ri
th

m
s.

In
S
ec

ti
on

3,
w

e
es

ta
b
li
sh

n
on

-a
sy

m
p
to

ti
c

co
n
ve

rg
en

ce
ra

te
fo

r
th

e
M

et
ro

p
ol

iz
ed

ra
n
d
om

w
al

k
,

w
h
ic

h
is

b
as

ed
on

G
au

ss
ia

n
p
ro

p
os

al
s.

T
h
at

is
w

h
en

th
e

ch
a
in

is
at

st
at

e
x
k
,

a
p
ro

p
os

al
is

d
ra

w
n

as
fo

ll
ow

s

z k
+

1
=
x
k

+
√

2
h
ξ k

+
1
,

(4
)

w
h
er

e
th

e
n
oi

se
te

rm
ξ k

+
1
∼
N

(0
,I
d
)

is
in

d
ep

en
d
en

t
of

al
l

p
as

t
it

er
at

es
.

T
h
e

ch
a
in

th
en

m
ak

es
th

e
tr

an
si

ti
on

ac
co

rd
in

g
to

an
ac

ce
p
t-

re
je

ct
st

ep
w

it
h

re
sp

ec
t

to
Π

.
S
in

ce
th

e
p
ro

p
o
sa

l
d
is

tr
ib

u
ti

on
is

sy
m

m
et

ri
c,

th
is

st
ep

ca
n

b
e

d
es

cr
ib

ed
as

x
k
+

1
=

  
z k

+
1

w
it

h
p
ro

b
ab

il
it

y
m

in

{ 1,
π

(z
k
+

1
)

π
(x
k
)

}

x
k

ot
h
er

w
is
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M
e
t
r
o
p
o
l
is-H

a
st

in
g
s
a
l
g
o
r
it
h
m
s
a
r
e
fa

st

T
h
is

sa
m

p
lin

g
algorith

m
is

an
in

stan
ce

of
a

zeroth
-ord

er
m

eth
o
d

sin
ce

it
m

ak
es

u
se

of
on

ly
th

e
fu

n
ctio

n
valu

es
of

th
e

d
en

sity
π

.
W

e
refer

to
th

is
algorith

m
as

M
R

W
in

th
e

seq
u
el.

It
is

ea
sy

to
see

th
at

th
e

ch
ain

h
as

a
p

ositive
d
en

sity
of

ju
m

p
in

g
fro

m
an

y
state

x
to
y

in
R
d

a
n
d

h
en

ce
is

stron
gly

Π
-irred

u
cib

le
an

d
ap

erio
d
ic.

C
on

seq
u
en

tly,
T

h
eorem

1
b
y

D
iacon

is
a
n
d

F
reed

m
a
n

(1997)
im

p
lies

th
at

th
e

ch
ain

h
as

a
u
n
iq

u
e

station
ary

d
istrib

u
tion

Π
an

d
co

n
verg

es
to

a
s

th
e

n
u
m

b
er

of
step

s
in

creases
to

in
fi
n
ity.

N
ote

th
at

th
is

algorith
m

h
as

a
lso

b
een

referred
to

as
R

an
d
om

w
alk

M
etrop

o
lized

(R
W

M
)

an
d

R
an

d
om

w
alk

M
etrop

o
lis-

H
a
stin

g
s

(R
W

M
H

)
in

th
e

literatu
re.

2
.2
.2
.
L
a
n
g
e
v
in

d
if
f
u
sio

n
a
n
d

r
e
l
a
t
e
d

sa
m
p
l
in
g

a
l
g
o
r
it
h
m
s

L
a
n
g
ev

in
-ty

p
e

algorith
m

s
are

b
ased

on
L

an
gev

in
d
iff

u
sion

,
a

sto
ch

astic
p
ro

cess
w

h
ose

ev
o-

lu
tio

n
is

ch
ara

cterized
b
y

th
e

sto
ch

astic
d
iff

eren
tial

eq
u
ation

(S
D

E
):

d
X
t

=
−
∇
f

(X
t )d
t

+
√

2
d
W
t ,

(5)

w
h
ere{

W
t |
t≥

0}
is

th
e

stan
d
ard

B
row

n
ian

m
otion

on
R
d.

U
n
d
er

fairly
m

ild
co

n
d
ition

s
on

f
,
it

is
k
n
ow

n
th

at
th

e
d
iff

u
sion

(5)
h
as

a
u
n
iq

u
e

stron
g

solu
tion
{X

t ,t≥
0}

th
at

is
a

M
arkov

p
ro

cess
(R

o
b

erts
an

d
T

w
eed

ie,
1996a;

M
ey

n
an

d
T

w
eed

ie,
2012).

F
u
rth

erm
ore,

it
can

b
e

sh
ow

n
th

a
t

th
e

d
istrib

u
tion

of
X
t

con
verges

as
t
→

+
∞

to
th

e
in

va
rian

t
d
istrib

u
tion

Π
ch

a
ra

cterized
b
y

th
e

d
en

sity
π

(x
)∝

ex
p
(−
f

(x
)).

U
n

a
d

ju
ste

d
L

a
n

g
e
v
in

a
lg

o
rith

m
A

n
a
tu

ral
w

ay
to

sim
u
late

th
e

L
an

gev
in

d
iff

u
sion

(5)
is

to
con

sid
er

its
forw

ard
E

u
ler

d
iscretization

,
g
iven

b
y

x
k
+

1
=
x
k −

h∇
f

(x
k )

+
√

2
h
ξ
k
+

1 ,
(6)

w
h
ere

th
e

d
riv

in
g

n
oise

ξ
k
+

1 ∼
N

(0,I
d )

is
d
raw

n
in

d
ep

en
d
en

tly
at

each
tim

e
step

.
T

h
e

u
se

o
f

itera
tes

d
efi

n
ed

b
y

eq
u
ation

(6)
can

b
e

traced
b
ack

at
least

to
P

arisi
(1981)

for
com

p
u
tin

g
co

rrela
tio

n
s;

th
is

u
se

w
as

n
oted

b
y

B
esag

in
h
is

com
m

en
tary

on
th

e
p
ap

er
b
y

G
ren

an
d
er

a
n
d

M
iller

(1
9
9
4).

H
ow

ever,
even

w
h
en

th
e

S
D

E
is

w
ell

b
eh

aved
,

th
e

iterates
d
efi

n
ed

b
y

th
is

d
iscretization

h
ave

m
ix

ed
b

eh
av

ior.
F

or
su

ffi
cien

tly
large

step
sizes

h
,

th
e

d
istrib

u
tio

n
of

th
e

iterates
d
efi

n
ed

b
y

eq
u
ation

(6)
con

verges
to

a
station

ary
d
istrib

u
tio

n
th

at
is

n
o

lo
n
ger

eq
u
al

to
Π

.
In

fact,
R

o
b

erts
an

d
T

w
eed

ie
(1996

a)
sh

ow
ed

th
at

if
th

e
step

size
h

is
n
ot

ch
osen

ca
refu

lly,
th

en
th

e
M

ark
ov

ch
ain

d
efi

n
ed

b
y

eq
u
ation

(6)
can

b
ecom

e
tran

sien
t

an
d

h
ave

n
o

statio
n
a
ry

d
istrib

u
tion

.
H

ow
ever,

in
a

series
of

recen
t

w
ork

s
(D

alalyan
,

20
16;

D
u
rm

u
s

et
a
l.,

2
01

9
;

C
h
en

g
an

d
B

artlett,
2018),

it
h
as

b
een

estab
lish

ed
th

at
w

ith
a

carefu
l

ch
oice

o
f

step
-size

h
a
n
d

iteration
cou

n
t
K

,
ru

n
n
in

g
th

e
ch

ain
(6)

fo
r

ex
actly

K
step

s
y
ield

s
an

itera
te
x
K

w
h
o
se

d
istrib

u
tion

is
close

to
Π

.
T

h
is

m
ore

recen
t

b
o
d
y

of
w

ork
p
rov

id
es

n
on

-
a
sy

m
p
to

tic
b

o
u
n
d
s

th
at

ex
p
licitly

q
u
an

tify
th

e
rate

of
con

vergen
ce

for
th

is
ch

ain
.

N
ote

th
at

th
e

a
lg

orith
m

(6)
d
o
es

n
ot

b
elon

g
to

th
e

class
of

M
etrop

olis-H
a
stin

gs
algorith

m
s

sin
ce

it
d
o
es

n
o
t

in
vo

lve
an

accep
t-reject

step
an

d
d
o
es

n
ot

h
av

e
th

e
target

d
istrib

u
tion

Π
a
s

its
sta

tio
n
a
ry

d
istrib

u
tion

.
C

on
seq

u
en

tly,
in

th
e

literatu
re,

th
is

a
lgorith

m
is

referred
to

as
th

e
u

n
a
d
ju

sted
L

a
n

gevin
A

lgo
rith

m
,

or
U

L
A

for
sh

ort.

M
e
tro

p
o
lis

a
d

ju
ste

d
L

a
n

g
e
v
in

a
lg

o
rith

m
A

n
altern

ative
ap

p
roach

to
h
an

d
lin

g
th

e
d
iscretiza

tio
n

error
is

to
ad

op
tN

(x
k −

h∇
f

(x
k ),2hI

d )
as

th
e

p
rop

osal
d
istrib

u
tion

,
an

d
p

er-
fo

rm
th

e
M

etro
p

olis-H
astin

gs
accep

t-reject
step

.
D

oin
g

so
lead

s
to

th
e

M
etro

po
lis-a

d
ju

sted
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D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

L
a
n

gevin
A

lgo
rith

m
,

or
M

A
L

A
for

sh
ort.

W
e

d
escrib

e
th

e
d
iff

eren
t

step
s

o
f

M
A

L
A

in
A

lgorith
m

1.
A

s
m

en
tion

ed
earlier,

th
e

M
etrop

olis-H
astin

gs
correction

en
su

res
th

at
th

e
d
istrib

u
tion

of
th

e
M

A
L

A
iterates{x

k }
co

n
verges

to
th

e
correct

d
istrib

u
tion

Π
as
k
→
∞

.
In

d
eed

,
sin

ce
at

each
step

th
e

ch
ain

can
reach

an
y

state
x
∈
R
d,

it
is

stron
g
ly

Π
-irred

u
cib

le
an

d
th

ereb
y

ergo
d
ic

(M
ey

n
an

d
T

w
eed

ie,
2012;

D
ia

co
n
is

an
d

F
reed

m
an

,
1997

).
B

oth
M

A
L

A
an

d
U

L
A

are
in

stan
ces

of
fi
rst-ord

er
sam

p
lin

g
m

eth
o
d
s

sin
ce

th
ey

m
ake

u
se

of
b

oth
th

e
fu

n
ction

an
d

th
e

grad
ien

t
valu

es
of
f

at
d
iff

eren
t

p
oin

ts.
A

n
a
tu

ra
l

q
u
estion

is
if

em
p
loy

in
g

th
e

accep
t-reject

step
for

th
e

d
iscretization

(6)
p
rov

id
es

a
n
y

gain
in

th
e

con
vergen

ce
rate.

O
u
r

an
aly

sis
to

follow
an

sw
ers

th
is

q
u
estion

in
th

e
affi

rm
ativ

e.

A
lg

o
rith

m
1
:

M
etrop

olis
ad

ju
sted

L
an

gev
in

algorith
m

(M
A

L
A

)

In
p

u
t:

S
tep

size
h
an
d
a
sam

p
le
x
0
from

a
startin

g
d
istrib

u
tion

µ
0

O
u

tp
u

t:
S
eq
u
en
ce
x
1 ,x

2 ,...
1

fo
r
i

=
0,1,...

d
o

2
z
i+

1 ∼
N

(x
i −

h∇
f

(x
i ),2hI

d )
%

pro
p
o
se

a
n
ew

state

3
α
i+

1
=

m
in 

1,
ex

p (−
f

(z
i+

1 )−
‖
x
i −

z
i+

1
+
h∇

f
(z

i+
1 )‖

22
/
4h )

ex
p (−

f
(x

i )−
‖
z
i+

1 −
x
i
+
h∇

f
(x

i )‖
22
/4h )



4
U
i+

1 ∼
U

[0
,1]

5
if
U
i+

1 ≤
α
i+

1
th

e
n
x
i+

1 ←
z
i+

1
%

accep
t
th
e
pro

p
o
sal

6
e
lse

x
i+

1 ←
x
i
%

reject
th
e
pro

p
o
sal

7
e
n

d

2
.3

.
P

ro
b

le
m

se
t-u

p

W
e

stu
d
y

M
A

L
A

an
d

M
R

W
an

d
con

trast
th

eir
p

erform
an

ce
w

ith
ex

istin
g

algorith
m

s
for

th
e

case
w

h
en

th
e

n
egativ

e
log

d
en

sity
f

(x
)

:=
−

log
π

(x
)

is
sm

o
oth

an
d

stron
gly

con
vex

.
A

fu
n
ction

f
is

said
to

b
e
L

-sm
o
oth

if

f
(y

)−
f

(x
)−
∇
f

(x
) >

(y−
x

)≤
L2
‖x
−
y‖

22
for

a
ll
x
,y
∈
R
d.

(7a)

In
th

e
oth

er
d
irection

,
a

con
vex

fu
n
ction

f
is

said
to

b
e
m

-stron
gly

con
v
ex

if
2

f
(y

)−
f

(x
)−
∇
f

(x
) >

(y−
x

)≥
m2
‖
x
−
y‖

22
for

all
x
,y
∈
R
d.

(7b
)

T
h
e

rates
d
erived

in
th

is
p
ap

er
ap

p
ly

to
log-con

cave
3

d
istrib

u
tion

s
(1)

su
ch

th
at
f

is
con

-
tin

u
ou

sly
d
iff

eren
tiab

le
on

R
d,

an
d

is
b

oth
L

-sm
o
oth

an
d
m

-stron
gly

con
v
ex

.
F

or
su

ch
a

fu
n
ction

f
,

its
con

d
ition

n
u
m

b
er
κ

is
d
efi

n
ed

as
κ

:=
L
/m

.
W

e
also

refer
to

κ
as

th
e

con
d
ition

n
u
m

b
er

of
th

e
target

d
istrib

u
tion

Π
.

W
e

su
m

m
arize

th
e

m
ix

in
g

tim
e

b
ou

n
d
s

of
several

sam
p
lin

g
algorith

m
s

in
T

ab
les

1
an

d
2,

as
a

fu
n
ction

of
th

e
d
im

en
sion

d
,

th
e

error-
toleran

ce
δ,

an
d

th
e

con
d
ition

n
u
m

b
er
κ

.
In

T
ab

le
1,

w
e

state
th

e
resu

lts
w

h
en

th
e

ch
ain

2
.

S
ee

A
p

p
en

d
ix

A
fo

r
a

sta
tem

en
t

o
f

so
m

e
w

ell-k
n

ow
n

p
ro

p
erties

o
f

sm
o
o
th

a
n

d
stro

n
g
ly

co
n
v
ex

fu
n

ctio
n

s.
3
.

W
h

ile
o
u

r
tech

n
iq

u
es

ca
n

y
ield

sh
a
rp

er
g
u

a
ra

n
tees

u
n

d
er

m
o
re

id
ea

lized
a
ssu

m
p
tio

n
s,

e.g
.,

lik
e

w
h

en
f

is
L

ip
sch

itz
(b

o
u

n
d

ed
g
ra

d
ien

ts)
a
n

d
th

e
ta

rg
et

d
istrib

u
tio

n
sa

tisfi
es

a
n

iso
p

erim
etry

in
eq

u
a
lity,

h
ere

w
e

fo
cu

s
o
n

d
eriv

in
g

ex
p

licit
g
u

a
ra

n
tees

w
ith

lo
g
-co

n
cav

e
d

istrib
u

tio
n

s.
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M
e
t
r
o
p
o
l
is
-H

a
st

in
g
s
a
l
g
o
r
it
h
m
s
a
r
e
fa

st

R
a
n

d
o
m

w
a
lk

S
tr

o
n

g
ly

lo
g
-c

o
n

c
a
v
e

W
e
a
k
ly

lo
g
-c

o
n

c
a
v
e

U
L

A
(C

h
en

g
an

d
B

ar
tl

et
t,

2
01

8)
O
(
d
κ

2
lo

g
((

lo
g
β

)/
δ)

δ2

)
Õ
(
d
L

2

δ6

)

U
L

A
(D

a
la

ly
an

,
20

16
)

O
(
d
κ

2
lo

g
2
(β
/
δ)

δ2

)
Õ
(
d

3
L

2

δ4

)

M
R

W
(t

h
is

w
or

k
)

O
( d
κ

2
lo

g

(
β δ

))
Õ
(
d

3
L

2

δ2

)

M
A

L
A

(t
h

is
w

o
rk

)
O
( m

a
x
{ d
κ
,d

0
.5
κ

1
.5
} lo

g

(
β δ

))
Õ
(
d

2
L

1
.5

δ1
.5

)

T
a
b

le
1
.

S
ca

li
n
gs

o
f

u
p
p

er
b

o
u
n
d
s

on
δ-

m
ix

in
g

ti
m

e
fo

r
d
iff

er
en

t
ra

n
d
om

w
al

k
s

in
R

d
w

it
h

ta
rg

et
π
∝
e−

f
.

In
th

e
se

co
n
d

co
lu

m
n
,
w

e
co

n
si

d
er

sm
o
ot

h
a
n
d

st
ro

n
gl

y
lo

g
-c

on
ca

ve
d
en

si
ti

es
,

an
d

re
p

o
rt

th
e

b
ou

n
d
s

fr
o
m

a
β

-w
ar

m
st

ar
t

fo
r

d
en

si
ti

es
su

ch
th

at
m
I d
�
∇

2
f

(x
)
�
L
I d

fo
r

an
y
x
∈

R
d

an
d

u
se
κ

:=
L
/m

to
d
en

ot
e

th
e

co
n
d
it

io
n

n
u
m

b
er

o
f

th
e

d
en

si
ty

.
T

h
e

b
ig

-O
n
o
ta

ti
on

h
id

es
u
n
iv

er
sa

l
co

n
st

an
ts

.
W

e
re

m
ar

k
th

at
th

e
p
re

se
n
te

d
b

o
u
n
d
s

fo
r

U
L

A
in

th
is

co
lu

m
n

ar
e

n
ot

st
at

ed
in

th
e

co
rr

es
p

on
d
in

g
p
a
p

er
s,

an
d

ar
e

d
er

iv
ed

b
y

u
s,

u
si

n
g

th
ei

r
fr

a
m

ew
or

k
.

In
th

e
la

st
co

lu
m

n
,

w
e

su
m

m
ar

iz
e

th
e

sc
al

in
g

fo
r

w
ea

k
ly

lo
g-

co
n
ca

ve
sm

o
ot

h
d
en

si
ti

es
:

0
�
∇

2
f

(x
)
�
L
I d

fo
r

a
ll
x
∈

R
d
.

F
or

th
is

ca
se

,
th

e
Õ

n
o
ta

ti
on

is
u
se

d
to

tr
ac

k
sc

al
in

g
o
n
ly

w
it

h
re

sp
ec

t
to
d
,δ

an
d
L

a
n
d

ig
n
or

e
d
ep

en
d
en

ce
on

th
e

st
ar

ti
n
g

d
is

tr
ib

u
ti

on
a
n
d

a
fe

w
ot

h
er

p
ar

a
m

et
er

s.

R
a
n

d
o
m

w
a
lk

D
is

tr
ib

u
ti

o
n
µ
?

t m
ix

(δ
;µ

?
)

U
L

A
(C

h
en

g
an

d
B

ar
tl

et
t,

20
18

)
N

(x
?
,m
−

1
I d

)
O
(
d
κ

2
lo

g
(d
κ
/
δ)

δ2

)

U
L

A
(D

al
a
ly

an
,

20
16

)
N

(x
?
,L
−

1
I d

)
O
(

(d
3

+
d

lo
g

2
(1
/δ

))
κ

2

δ2

)

M
R

W
(t

h
is

w
or

k
)

N
(x
?
,L
−

1
I d

)
O
( d

2
κ

2
lo

g
1
.5
( κ δ

))

M
A

L
A

(t
h

is
w

or
k
)

N
(x
?
,L
−

1
I d

)
O
( d

2
κ

lo
g
( κ δ

))

T
a
b

le
2
.

S
ca

li
n
gs

of
u
p
p

er
b

ou
n
d
s

o
n
δ-

m
ix

in
g

ti
m

e,
fr

om
th

e
st

ar
ti

n
g

d
is

tr
ib

u
ti

on
µ
?

gi
ve

n
in

co
lu

m
n

tw
o
,

fo
r

d
iff

er
en

t
ra

n
d
o
m

w
a
lk

s
in

R
d

w
it

h
ta

rg
et

π
∝

e−
f

su
ch

th
at

m
I d
�
∇

2
f

(x
)
�
L
I d

fo
r

an
y
x
∈

R
d

an
d
κ

:=
L
/m

.
H

er
e
x
?

d
en

o
te

s
th

e
u
n
iq

u
e

m
o
d
e

of
th

e
ta

rg
et

d
en

si
ty
π

.

h
as

a
w

ar
m

-s
ta

rt
d
efi

n
ed

b
el

ow
(r

ef
er

to
th

e
d
efi

n
it

io
n

(8
))

.
T

ab
le

2
su

m
m

a
ri

ze
s

m
ix

in
g

ti
m

e
b

ou
n
d
s

fr
om

a
p
ar

ti
cu

la
r

d
is

tr
ib

u
ti

on
µ
?
.

F
u
rt

h
er

m
or

e,
in

S
ec

ti
on

3.
3

w
e

d
is

cu
ss

th
e

ca
se

w
h
en

th
e
f

is
sm

o
ot

h
b
u
t

n
ot

st
ro

n
gl

y
co

n
ve

x
an

d
sh

ow
th

at
a

su
it

ab
le

ad
ap

ta
ti

on
of

M
A

L
A

h
as

a
fa

st
er

m
ix

in
g

ra
te

co
m

p
ar

ed
to

U
L

A
fo

r
th

is
ca

se
.
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 2
0(

18
3)

:1
-4

2,
 2

01
9

D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

3
.
M

a
in

re
su

lt
s

W
e

n
ow

st
at

e
ou

r
m

ai
n

re
su

lt
s

fo
r

m
ix

in
g

ti
m

e
b

ou
n
d
s

fo
r

M
A

L
A

an
d

M
R

W
.
In

o
u
r

re
su

lt
s,

w
e

u
se
c,
c′

to
d
en

ot
e

u
n
iv

er
sa

l
p

os
it

iv
e

co
n
st

an
ts

.
T

h
ei

r
va

lu
es

ca
n

ch
an

ge
d
ep

en
d
in

g
o
n

th
e

co
n
te

x
t,

b
u
t

d
o

n
ot

d
ep

en
d

on
th

e
p
ro

b
le

m
p
ar

am
et

er
s

in
a
ll

ca
se

s.
In

th
is

se
ct

io
n
,

w
e

b
eg

in
b
y

d
is

cu
ss

in
g

th
e

ca
se

of
st

ro
n
gl

y
lo

g-
co

n
ca

v
e

d
en

si
ti

es
.

W
e

st
at

e
re

su
lt

s
fo

r
M

A
L

A
an

d
M

R
W

fr
om

a
w

ar
m

st
ar

t
in

S
ec

ti
on

3.
1
,

a
n
d

fr
om

ce
rt

ai
n

fe
as

ib
le

st
ar

ti
n
g

d
is

tr
ib

u
ti

o
n
s

in
S
ec

ti
on

3.
2.

S
ec

ti
on

3.
3

is
d
ev

ot
ed

to
th

e
ca

se
of

w
ea

k
ly

lo
g-

co
n
ca

ve
d
en

si
ti

es
.

3
.1

.
M

ix
in

g
ti

m
e

b
o
u

n
d

s
fo

r
w

a
rm

st
a
rt

In
th

e
an

al
y
si

s
of

M
ar

ko
v

ch
ai

n
s,

it
is

co
n
ve

n
ie

n
t

to
h
av

e
a

ro
u
gh

m
ea

su
re

o
f

th
e

d
is

ta
n
ce

b
et

w
ee

n
th

e
in

it
ia

l
d
is

tr
ib

u
ti

on
µ

0
an

d
th

e
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
.

A
s

in
p
a
st

w
o
rk

o
n

th
e

p
ro

b
le

m
,

w
e

ad
op

t
th

e
fo

ll
ow

in
g

n
ot

io
n

of
w

a
rm

n
es

s:
F

or
a

fi
n
it

e
sc

al
ar
β
>

0
,

th
e

in
it

ia
l

d
is

tr
ib

u
ti

on
µ

0
is

sa
id

to
b

e
β

-w
ar

m
w

it
h

re
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ec
t

to
th

e
st

at
io

n
ar

y
d
is

tr
ib

u
ti

o
n

Π
if

su
p
A

(
µ

0
(A

)

Π
(A

)

)
≤
β
,

(8
)

w
h
er

e
th

e
su

p
re

m
u
m

is
ta

k
en

ov
er

al
l

m
ea

su
ra

b
le

se
ts
A

.
In

p
ar

ts
of

ou
r

w
o
rk

,
w

e
p
ro

v
id

e
b

ou
n
d
s

on
th

e
q
u
an

ti
ty

t m
ix

(δ
;β

)
=

su
p

µ
0
∈P

β
(Π

)
t m

ix
(δ

;µ
0
)

w
h
er

e
P β

(Π
)

d
en

ot
es

th
e

se
t

of
al

l
d
is

tr
ib

u
ti

on
s

th
at

ar
e
β

-w
ar

m
w

it
h

re
sp

ec
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p
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≥
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w
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b
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\A
′ 1

T u
(A

2
)π

(u
)d
u

(i
i) ≥
ρ 2

Π
(A

1
∩
K
\A
′ 1
)

(i
ii

)

≥
ρ 4

Π
(A

1
∩
K

),

w
h
ic

h
im

p
li
es

th
e

cl
ai

m
(2

4)
.

In
th

e
ab

ov
e

se
q
u
en

ce
of

in
eq

u
al

it
ie

s,
st

ep
(i

)
is

tr
iv

ia
ll
y

tr
u
e;

st
ep

(i
i)

fr
om

th
e

d
efi

n
it

io
n

(3
7)

of
th

e
se

t
A
′ 1
,

an
d

st
ep

(i
ii
)

fr
om

th
e

as
su

m
p
ti

on
fo

r
th

is
ca

se
. A

si
m

il
ar

ar
gu

m
en

t
w

it
h

th
e

ro
le

s
of
A

1
an

d
A

2
sw

it
ch

ed
,

es
ta

b
li
sh

es
th

e
cl

ai
m

w
h
en

Π
(A
′ 2
)
≤

Π
(A

2
∩
K

)/
2.
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D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

K

A
1

A
0 1

A
0 2

A
2

F
ig

u
re

1
1
.

T
h
e

se
ts
A

1
a
n
d
A

2
fo

rm
a

p
ar

ti
ti

on
of

R
d
,

an
d

w
e

u
se
K

to
d
en

ot
e

a
co

m
p
ac

t
co

n
ve

x
su

b
se

t.
T

h
e

se
ts
A
′ 1

an
d
A
′ 2

ar
e

d
efi

n
ed

in
eq

u
at

io
n

(3
7)

.

C
a
se

2
W

e
h
av

e
Π

(A
′ i)
≥

Π
(A

i
∩
K

)/
2

fo
r

b
ot

h
i

=
1

an
d

2.
F

or
an

y
u
∈
A
′ 1

a
n
d
v
∈
A
′ 2
,

w
e

h
av

e
th

at

‖T
u
−
T v
‖ T

V
≥
T u

(A
1
)
−
T v

(A
1
)

(i
)

=
1
−
T u

(A
2
)
−
T v

(A
1
)
>

1
−
ρ
,

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
A

1
=

R
d
\A

2
an

d
th

er
eb

y
T u

(A
1
)

=
1
−
T u

(A
2
).

S
in

ce
u
,v
∈
K

,
th

e
as

su
m

p
ti

on
of

th
e

le
m

m
a

im
p
li
es

th
at
‖u
−
v
‖ 2
≥

∆
an

d
co

n
se

q
u
en

tl
y

d
(A
′ 1
,A
′ 2
)
≥

∆
.

(3
8
)

W
e

cl
ai

m
th

at
∫ A

1

T u
(A

2
)π

(u
)d
u

=

∫ A
2

T v
(A

1
)π

(v
)d
v

(3
9
)

W
e

p
ro

v
id

e
th

e
p
ro

of
of

th
is

cl
ai

m
at

th
e

en
d
.

A
ss

u
m

in
g

th
is

cl
ai

m
as

g
iv

en
,

w
e

n
ow

co
m

p
le

te
th

e
p
ro

of
.

U
si

n
g

eq
u
at

io
n

(3
9)

,
w

e
h
av

e

∫ A
1

T u
(A

2
)π

(u
)d
u

=
1 2

( ∫

A
1

T u
(A

2
)π

(u
)d
u

+

∫ A
2

T v
(A

1
)π

(v
)d
v

)

≥
1 4

(
∫ A

1
∩K
\A
′ 1

T u
(A

2
)π

(u
)d
u

+

∫ A
2
∩K
\A
′ 2

T v
(A

1
)π

(v
)d
v

)

(i
) ≥
ρ 8

Π
(K
\(
A
′ 1
∪
A
′ 2
))
,

(4
0
)
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M
e
t
r
o
p
o
l
is-H

a
st

in
g
s
a
l
g
o
r
it
h
m
s
a
r
e
fa

st

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

(37)
of

th
e

set
A
′3

=
K
\
(A
′1 ∪

A
′2 ).

F
u
rth

er,
w

e
h
ave

Π
(K
\
(A
′1 ∪

A
′2 ))

(i)
=

Π
(K

)·Π
K

(K
\
A
′1 \A

′2 )

(ii)

≥
Π

(K
)·

log
2·d

(A
′1 ,A

′2 )

1/ √
m

·Π
K

(A
′1 )·Π

K
(A
′2 )

(iii)

≥
Π

(K
)·log

2·
d
(A
′1 ,A

′2 )· √
m
·Π

(A
′1 )·

Π
(A
′2 )

(iv
)

≥
Π

(K
)·

log
2·

∆
· √

m
·

14
·
Π

(A
1 ∩
K

)·Π
(A

2 ∩
K

).
(41)

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

(36)
of

th
e

tru
n
cated

d
istrib

u
tion

Π
K

,
step

(ii)
fo

llow
s

fro
m

a
p
p
ly

in
g

th
e

isop
erim

etry
(35)

for
th

e
d
istrib

u
tio

n
Π
K

w
ith

σ
=

1
/ √

m
,

step
(iii)

fro
m

th
e

d
efi

n
ition

of
Π
K

an
d

step
(iv

)
from

in
eq

u
ality

(38)
an

d
th

e
assu

m
p
tion

for
th

is
ca

se.
L

et
α

:=
Π

(A
1 ∩
K

)/Π
(K

).
N

ote
th

at
α
∈

[0,1]
an

d
Π

(A
2 ∩
K

)/Π
(K

)
=

1−
α

.
W

e
h
ave

Π
(A

1 ∩
K

)·
Π

(A
2 ∩
K

)
=

Π
2(K

)·α
(1−

α
)

≥
Π

2(K
)·

12
m

in{
α
,1−

α}

=
Π

(K
)·

12
m

in{Π
(A

1 ∩
K

),Π
(A

2 ∩
K

)}
(42)

P
u
ttin

g
th

e
in

eq
u
alities

(40),
(41)

an
d

(42)
togeth

er,
estab

lish
es

th
e

claim
(24)

of
th

e
lem

m
a

fo
r

th
is

ca
se.

W
e

n
ow

p
rove

ou
r

earlier
claim

(39).
N

ote
th

at
it

su
ffi

ces
to

p
rove

th
at

∫

A
1 T

u (A
2 )π

(u
)d
u

=

∫

A
2 T

v (A
1 )π

(v
)d
v
.

W
e

h
ave

∫

A
2 T

u (A
1 )π

(u
)d
u

(i)
=

∫

R
d T

u (A
1 )π

(u
)d
u
−
∫

A
1 T

u (A
1 )π

(u
)d
u

(ii)
=

Π
(A

1 )−
∫

A
1 T

u (A
1 )π

(u
)d
u

=

∫

A
1

π
(u

)d
u
−
∫

A
1 T

u (A
1 )π

(u
)d
u

(iii)
=

∫

A
1 T

u (A
2 )π

(u
)d
u
,

w
h
ere

step
s

(i)
an

d
(iii)

(resp
ectively

)
fo

llow
from

th
e

fact
th

at
A

1
=

R
d\A

2
an

d
th

e
co

n
seq

u
en

t
fact

th
at

1−
T
u (A

1 )
=
T
u (A

2 ),
an

d
step

(ii)
fo

llow
s

from
th

e
fact

th
at
π

is
th

e
sta

tio
n
a
ry

d
en

sity
for

th
e

tran
sition

d
istrib

u
tion
T
x

an
d

th
ereb

y
∫R

d T
u (A

1 )π
(u

)d
u

=
Π

(A
1 ).

5
.5

.
P

ro
o
f

o
f

L
e
m

m
a

7

W
e

p
rove

each
claim

of
th

e
lem

m
a

sep
arately.

T
o

sim
p
lify

n
otation

,
w

e
d
rop

th
e

su
p

erscrip
t

fro
m

o
u
r

n
ota

tion
s

of
d
istrib

u
tion

sT
M

A
L
A

(h
)

x
an

d
P

M
A
L
A

(h
)

x
.

3
1

JM
L

R
 20(183):1-42, 2019

D
w
iv
e
d
i,
C
h
e
n
,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

5
.5
.1
.
P
r
o
o
f
o
f
c
l
a
im

(27a)

In
ord

er
to

b
ou

n
d

th
e

total
variation

d
istan

ce
‖P

x −
P
y ‖

T
V
,

w
e

ap
p
ly

P
in

sker’s
in

eq
u
al-

ity
(C

over
an

d
T

h
om

as,
1991),

w
h
ich

gu
aran

tees
th

at‖P
x −
P
y ‖

T
V
≤
√

2
K

L
(P

x ‖P
y ).

G
iven

m
u
ltivariate

n
orm

al
d
istrib

u
tion

sG
1

=
N

(µ
1 ,Σ

)
an

d
G

2
=
N

(µ
2 ,Σ

),
th

e
K

u
llb

ack
-L

eib
ler

d
ivergen

ce
b

etw
een

th
e

tw
o

is
given

b
y

K
L

(G
1 ‖G

2 )
=

12
(µ

1 −
µ

2 ) >
Σ
−

1
(µ

1 −
µ

2 )
.

(43)

S
u
b
stitu

tin
g
G

1
=
P
x

an
d
G

2
=
P
y

in
to

th
e

ab
ove

ex
p
ression

an
d

ap
p
ly

in
g

P
in

sker’s
in

-
eq

u
ality,

w
e

fi
n
d

th
at

‖P
x −
P
y ‖

T
V
≤
√

2
K

L
(P

x ‖P
y )

=
‖
µ
x −

µ
y ‖

2
√

2
h

(i)
=
‖
(x
−
h∇

f
(x

))−
(y−

h∇
f

(y
))‖

2
√

2
h

,

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

(2
6)

of
th

e
m

ean
µ
x .

C
on

seq
u
en

tly,
in

ord
er

to
estab

lish
th

e
claim

(27a),
it

su
ffi

ces
to

sh
ow

th
at

‖(x
−
h∇

f
(x

))−
(y−

h∇
f

(y
))‖

2 ≤
‖x
−
y‖

2
.

R
ecallin

g
th

at|||B
|||
o
p

d
en

otes
th

e
`
2 -op

erator
n
orm

of
a

m
atrix

B
(eq

u
al

to
th

e
m

ax
im

u
m

sin
gu

lar
valu

e),
w

e
h
ave

‖
(x
−
h∇

f
(x

))−
(y−

h∇
f

(y
))‖

2
=

∥∥∥∥ ∫
1

0

[I−
h∇

2f
(x

+
t(x
−
y
)) ]

(x
−
y
)d
t ∥∥∥∥

2

≤
∫

1

0

∥∥ [I−
h∇

2f
(x

+
t(x
−
y
)) ]

(x
−
y
) ∥∥

2
d
t

(i)

≤
su

p
z∈

R
d |||I

d −
h∇

2f
(z

)|||
o
p
‖
x
−
y‖

2
,

w
h
ere

step
(i)

follow
s

from
th

e
d
efi

n
ition

of
th

e
op

erator
n
orm

.
L

em
m

a
8(f)

an
d

L
em

m
a

9(f)
gu

aran
tee

th
at

th
e

H
essian

is
san

d
w

ich
ed

as
m
I
d �
∇

2f
(z

)�
L
I
d

for
all

z
∈
R
d,

w
h
ere

I
d

d
en

otes
th

e
d
-d

im
en

sion
al

id
en

tity
m

atrix
.

F
rom

th
is

H
essian

san
d
w

ich
,

it
follow

s
th

at

|||I
d −

h∇
2f

(x
)|||

o
p

=
m

ax{|1−
h
L|,|1−

h
m
|}

<
1
.

P
u
ttin

g
togeth

er
th

e
p
ieces

y
ield

s
th

e
claim

.

5
.5
.2
.
P
r
o
o
f
o
f
c
l
a
im

(27b
)

L
etP

1
b

e
a

d
istrib

u
tion

ad
m

ittin
g

a
d
en

sity
p

1
on

R
d,

an
d

letP
2

b
e

a
d
istrib

u
tion

w
h
ich

h
as

an
atom

at
x

an
d

ad
m

ittin
g

a
d
en

sity
p

2
on

R
d\{x}.

T
h
e

total
variation

d
istan

ce
b

etw
een

th
e

d
istrib

u
tion

sP
1

an
d
P

2
is

giv
en

b
y

‖P
1 −
P

2 ‖
T
V

=
12

(P
2 ({

x})
+

∫

R
d |p

1 (z
)−

p
2 (z

)|d
z )

.
(44)
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M
e
t
r
o
p
o
l
is
-H

a
st

in
g
s
a
l
g
o
r
it
h
m
s
a
r
e
fa

st

T
h
e

ac
ce

p
t-

re
je

ct
st

ep
fo

r
M

A
L

A
im

p
li
es

th
at

T x
({
x
})

=
1
−
∫ R

d

m
in

{ 1,
π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)}
p
x
(z

)d
z
,

(4
5)

w
h
er

e
p
x

d
en

ot
es

th
e

d
en

si
ty

co
rr

es
p

on
d
in

g
to

th
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
P x

=
N

(x
−

h
∇
f

(x
),

2h
I d

).
F

ro
m

th
is

fa
ct

an
d

th
e

fo
rm

u
la

(4
4)

,
w

e
fi
n
d

th
at

‖P
x
−
T x
‖ T

V
=

1 2

( T
x
({
x
})

+

∫ R
d

p
x
(z

)d
z
−
∫ R

d

m
in

{ 1
,
π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)}
p
x
(z

)d
z

)

=
1 2

( 2
−

2

∫ R
d

m
in

{ 1,
π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)}
p
x
(z

)d
z

)

=
1
−

E z
∼
P x

[ m
in

{ 1
,
π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)}]
.

(4
6)

B
y

ap
p
ly

in
g

M
ar

k
ov

’s
in

eq
u
al

it
y,

w
e

o
b
ta

in

E z
∼
P x

[ m
in

{ 1,
π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)}]
≥
α
P
[ π

(z
)
·p
z
(x

)

π
(x

)
·p
x
(z

)
≥
α

]
fo

r
al

l
α
∈

(0
,1

].
(4

7)

W
e

n
ow

d
er

iv
e

a
h
ig

h
p
ro

b
ab

il
it

y
lo

w
er

b
ou

n
d

fo
r

th
e

ra
ti

o
[π

(z
)p
z
(x

)]
/

[π
(x

)p
x
(z

)]
.

N
ot

in
g

th
at
π

(x
)
∝

ex
p
(−
f

(x
))

an
d
p
x
(z

)
∝

ex
p
( −
‖x
−
h
∇
f

(x
)
−
z
‖2 2
/
(4
h

)) ,
w

e
h
av

e

π
(z

)
·p
z
(x

)

π
(x

)
·p
x
(z

)
=

ex
p

(
−
f

(z
)
−
‖x
−
z
+
h
∇
f

(z
)‖

2 2
4
h

)

ex
p

(
−
f

(x
)
−
‖z
−
x

+
h
∇
f

(x
)‖

2 2
4
h

)

=
ex

p

(
4
h

(f
(x

)
−
f

(z
))

+
‖z
−
x

+
h
∇
f

(x
)‖

2 2
−
‖x
−
z

+
h
∇
f

(z
)‖

2 2

4
h

) .
(4

8)

K
ee

p
in

g
tr

ac
k

of
th

e
n
u
m

er
at

or
of

th
is

ex
p

on
en

t,
w

e
fi
n
d

th
at

4
h

(f
(x

)
−
f

(z
))

+
‖z
−
x

+
h
∇
f

(x
)‖

2 2
−
‖x
−
z

+
h
∇
f

(z
)‖

2 2

=
4h

(f
(x

)
−
f

(z
))

+
‖z
−
x
‖2 2

+
‖h
∇
f

(x
)‖

2 2
+

2
h

(z
−
x

)>
∇
f

(x
)

−
‖x
−
z
‖2 2
−
‖h
∇
f

(z
)‖

2 2
−

2
h

(x
−
z
)>
∇
f

(z
)

=
2h

(f
(x

)
−
f

(z
)
−

(x
−
z
)>
∇
f

(x
))

︸
︷︷

︸
M

1

+
2h

(f
(x

)
−
f

(z
)
−

(x
−
z
)>
∇
f

(z
))

︸
︷︷

︸
M

2

+
h

2
( ‖
∇
f

(x
)‖

2 2
−
‖∇

f
(z

)‖
2 2

)

︸
︷︷

︸
M

3

.
(4

9)

N
ow

w
e

p
ro

v
id

e
lo

w
er

b
ou

n
d
s

fo
r

th
e

te
rm

s
M
i,
i

=
1
,2
,3

d
efi

n
ed

in
th

e
ab

ov
e

d
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p
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p
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b
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∇
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∇
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∇
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ia

n
g
le

in
eq

u
al

it
y

an
d
L

-s
m

o
ot

h
n
es

s
of

th
e

fu
n
ct

io
n
f

(c
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b
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b
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a
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≥
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︸
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b
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a
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∇
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=
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∇
f

(x
)

+
√

2h
ξ∥ ∥ ∥

2
≤
h
‖∇
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√
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‖∇

f
(x

)‖
2 2
−
L

2
h

2
‖ξ
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∇
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√
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b
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b
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ab
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b
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ab
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≥
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≥
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ab
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b
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S
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an
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e
fact

th
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ε/

16
fo

r
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y
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>
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w

e
fi
n
d
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P
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p
z (x
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)·
p
x (z
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≥
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ε∈
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tin
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b
ou

n
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in
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p
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p
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W

e
b
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b
y

claim
in
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‖P
M
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W
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)

x
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P

M
R
W
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)

y
‖
T
V

=
ε√2
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x
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‖x
−
y‖

2 ≤
ε √
h

(55a)

‖P
M

R
W

(h
)

x
−
T

M
R
W

(h
)

x
‖
T
V

=
ε8

for
all

x
∈
R
s ,
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5b

)
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r
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n
y
h
≤
cε
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/
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ε d
L

2r(s))
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e

u
n
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t
c.

P
lu

ggin
g
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=
δ/(2β
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ε

=
1/2

a
n
d

a
rg

u
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g
a
s
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S
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5.2,
w
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n
d
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Φ
M
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W
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δ
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2
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h
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U
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n
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w
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tain
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‖T
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R
W
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0 )−
Π‖

T
V
≤
β
δ2
β

+
β
e −

k
m
h
/
c ′≤

δ
for
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k
≥

c ′

m
h
·
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)
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fo
r
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stan
t
c ′.
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u
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L
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b
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in

eq
u
ality

lead
s

to
th

e
u
p
p

er
b

ou
n
d

‖P
x −
P
y ‖

T
V ≤
√
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‖
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√

2h
,

w
h
ich

im
p
lies
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ettin
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to
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s
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P
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≥
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=
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P
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(x
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e
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∇
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∇
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∇
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∇
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f

(x
)‖

2 ≤
D
s

for
an

y
x
∈
R
s .

C
on

seq
u
en

tly,
w

e
h
ave

χ
≥
−
D
s ·2 √
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ab
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at
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d
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2 √
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+
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L √
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≤
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√
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b
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ab
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b
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p
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p
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es
th

at
w

er
e

tr
ai

n
ed

a
s

p
a
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b
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e
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et
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ai
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ed
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y
T
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a
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ro
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T
h
e

n
u
m

b
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in

p
ar
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e

th
e
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g
o
u
s

n
u
m

b
er
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ac
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.
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b
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u
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n
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d
ar
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ec
tu
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at
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ed
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p
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b
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p
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p
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b
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b
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b
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p
re

tr
a
in

ed
n

et
w

o
rk

s
w

h
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.
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b
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n
va

ri
an

t”
re
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ll
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tr
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sl
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n
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an
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gn
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n
sy
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em

w
il
l
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ve

th
e
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m

e
o
u
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u
t
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a
n
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p
at

te
rn

an
d

a
tr

an
sl
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ed

ve
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of
th
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p
at

te
rn

.
A

n
ex

am
p
le
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su
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a
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a
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er

is
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w

h
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b
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es
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u
t
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e
p

ow
er

sp
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u
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th

e
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u
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a
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p
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at
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g
n
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il
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th
e
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m

e
o
u
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u
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a

p
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d

a
tr
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sl

at
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p
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rn
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p
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d
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a
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n

a
p
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d
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a
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g

se
t

(o
r
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r
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a
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cl
a
ss
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at
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w
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h
d
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b
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n
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in
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a
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at
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n
s

of
th

e
tr

ai
n
in

g
p
at

te
rn

s,
b
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at
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d
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d
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at
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d
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d
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b
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p
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at
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p
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.
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p
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p
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e

fi
n
al

fe
at

u
re

s
fo

r
cl

a
ss

ifi
ca

ti
o
n

ar
e

ob
ta

in
ed

b
y

a
gl

ob
al

av
er

ag
e

p
o
o
li
n
g

op
er

at
io

n
on

th
e

re
p
re

se
n
ta

ti
on

(a
s

is
d
o
n
e

fo
r

6
JM

L
R

 2
0(

18
4)

:1
-2

5,
 2

01
9



W
h
y
d
o
d
e
e
p
c
o
n
v
o
l
u
t
io
n
a
l
n
e
t
w
o
r
k
s
g
e
n
e
r
a
l
iz
e
so

p
o
o
r
ly

t
o
sm

a
l
l
im

a
g
e
t
r
a
n
sf
o
r
m
a
t
io
n
s?

AB

Layer 8Layer 37 Layer 1Layer 100 Layer 1 Layer 1

Layer 13 Layer 5Layer 49 Layer 17Layer 200 Layer 48

VGG16ResNet50DenseNet201

F
ig

u
re

3
:

T
h
e

d
eep

er
th

e
layer,

th
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p
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A
z
u
l
a
y
,
W

e
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ex
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p
le
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R

esN
et50
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d

In
cep

tion
R

esN
etV
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th
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featu
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ld

b
e

in
varian

t
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tran
slation

.
W

h
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o
es
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fail?

T
h
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in
tu
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ign
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th

e
su

b
sa

m
p
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g
o
p

eration
w

h
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p
revalen

t
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m
o
d
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C
N

N
s,
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e”.
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h
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tran
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w
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b
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p
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g
w
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p
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tran
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b
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tran
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p
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d
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y
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p
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b
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p
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h
old

s
for
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2,
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p
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e
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b
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p
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g
facto

r
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p
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tran

slation
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h
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1
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2
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p
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tran
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g
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p
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d
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h
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p
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d
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b
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C
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en
an

d
W
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n
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b
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b
al

average
p

o
olin

g
w

ill
in

d
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in
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e

d
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n
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)
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e

resp
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se
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a
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re
d
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a
t

lo
cation

x
in
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e

im
age

p
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e.
W
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at
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“con
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tran
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g
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e
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e
b
y
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y

tran
slation

δ
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a

tran
slation
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th

e
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se

b
y
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e
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T
h
is

d
efi

n
ition

in
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d
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w
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e
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se
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tain

ed
b
y
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v
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g
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e
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p
u
t

im
age

w
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a
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x
ed

fi
lter,

b
u
t

also
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d
es

com
b
in

ation
s

of
lin

ear
op

eration
s

an
d

n
on

lin
ear

op
era

tion
s

th
at

d
o

n
ot

in
clu

d
e

an
y

su
b
sam

p
lin

g.

W
e

start
b
y

a
triv

ial
ob

servatio
n
:

O
b

se
rv

a
tio

n
:

If
r(x

)
is

con
volu

tion
al

th
en

glob
al

p
o
olin

g
r

=
∑

x
r(x

)
is

tran
slation

in
varian

t.

P
ro

o
f:

T
h
is

follow
s

d
irectly

from
th

e
d
efi

n
itio

n
of

a
con

volu
tion

al
resp

on
se.

If
r(x

)
is

th
e

featu
re

resp
on

se
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on
e

im
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an
d
r
2 (x

)
is

th
e

featu
re

resp
on

se
to

th
e

sam
e
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age

tran
slated

,
th

en
∑

x
r(x
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=
∑

x
r
2 (x

)
sin
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th

e
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o
resp

on
ses

are
sh

ifts
of

each
oth

er.

W
e

em
p
h
asize

th
at

th
e

claim
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ove
g
u
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th
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a

C
N

N
w

h
ere

th
e

strid
e
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alw

ay
s

on
e,

w
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b
e

fu
lly

tran
slation

in
varian

t:
it

w
ill

giv
e

th
e

sam
e

ou
tp

u
t

to
an

y
p
attern

an
d

a
tran

slated
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of
th

at
p
attern

,
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less
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w
h
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er
su

ch
a

p
attern

is
sim
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on
e

th
at

it
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d
u
rin

g
train

in
g.

W
e

n
ow

sh
ow

th
at

th
is
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b
e
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w
ith

su
b
sam

p
lin

g,
p
rov
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ed

th
e
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resen

tation
s
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“sh

iftab
le”.

D
e
fi

n
itio

n
:

A
featu

re
d
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r(x
)

w
ith

su
b
sam

p
lin

g
factor

s
is

called
“sh

iftab
le”

if
for

an
y
x

th
e

d
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u
t
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lo
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x

can
b

e
lin

early
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from
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e
resp

on
ses
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th

e
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p
lin

g
grid

:

r(x
)

=
∑

i

B
(x
−
x
i )r(x

i )

w
h
ere

x
i

are
lo

cated
on

th
e

sam
p
lin

g
grid

for
su

b
sam

p
lin

g
factor

s
an

d
B

(x
)

is
th

e
b
asis

fu
n
ction

for
recon

stru
ctin

g
r(x

)
from

th
e

sam
p
les.
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T
h
e
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si
c

S
h
an

n
on

-N
y
q
u
is

t
th

eo
re

m
te

ll
s

u
s

th
a
t
r(
x

)
w

il
l

b
e

sh
if

ta
b
le

if
an

d
on

ly
if

th
e

sa
m

p
li
n
g

fr
eq

u
en

cy
is

at
le

as
t

tw
ic

e
th

e
h
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h
es

t
fr

eq
u
en

cy
in
r(
x

).
C

la
im

:
If
r(
x

)
is

sh
if

ta
b
le

th
en

gl
ob

al
p

o
ol

in
g

on
th

e
sa

m
p
li
n
g

gr
id
r

=
∑

i
r(
x
i)

is
tr

an
sl

at
io

n
in

va
ri

an
t.

P
ro

o
f:

T
h
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fo
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ow

s
fr

om
th

e
fa
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at
gl

ob
al

p
o
ol

in
g

on
th

e
sa

m
p
li
n
g
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id
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(u

p
to

a
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n
st

an
t)

th
e
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m

e
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gl
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al
p

o
ol

in
g
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r

al
l
x

.
∑ x

r(
x

)
=

∑ x

∑ i

r(
x
i)
B

(x
−
x
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(1
)

=
∑ i

r(
x
i)
∑ x

B
(x
−
x
i)

(2
)

=
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of
ty

p
ic

a
li
ty

fo
r

1
0
0
0

ra
n
d
om

ly
ch

os
en

,
ce

n
te

r
cr

op
p

ed
im

ag
es

.
B

ot
h

m
ea

su
re

s
o
f

se
n
si

ti
v
it

y
d
ep

en
d

st
ro

n
gl

y
on

th
e

ty
p
ic

al
it

y
of

th
e

im
ag

es
:

w
h
en

im
ag

es
ob

ey
th

e
b
ia

s
o
f

p
h
o
to

g
ra

-
p
h
er

s,
se

n
si

ti
v
it

y
is

lo
w

.
E

rr
or

b
ar

s
re

p
re

se
n
t

th
e

st
an

d
ar

d
er

ro
r

o
f

th
e

m
ea

n
.
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W
h
y
d
o
d
e
e
p
c
o
n
v
o
l
u
t
io
n
a
l
n
e
t
w
o
r
k
s
g
e
n
e
r
a
l
iz
e
so

p
o
o
r
ly

t
o
sm

a
l
l
im

a
g
e
t
r
a
n
sf
o
r
m
a
t
io
n
s?

to
tra

n
slatio

n
s

w
ith

in
th

at
n
arrow

ran
ge

of
p

ossib
le

sizes.
If

th
is

is
th

e
case,

th
en

w
e

w
ou

ld
ex

p
ect

th
e

lea
rn

ed
in

varian
ce

to
fail

on
ce

w
e

p
resen

t
th

e
n
etw

ork
w

ith
ex

am
p
les

of
terriers

o
f

d
iff

eren
t

sizes.
In

d
eed

,
th

e
d
iff

eren
ce

in
resu

lts
in

fi
gu

re
2

is
con

sisten
t

w
ith

th
is

v
iew

.
W

h
en

w
e

u
se

th
e

crop
p
roto

col,
th

en
th

e
ob

ject
sizes

are
sim

ilar
to

w
h
at

w
a
s

ob
served

d
u
rin

g
tra

in
in

g
,

b
u
t

w
h
en

th
e

em
b

ed
d
in

g
p
roto

col
is

u
sed

,
th

e
sizes

m
ay

b
e

very
d
iff

eren
t.

Is
th

e
h
ig

h
er

sen
sitiv

ity
in

th
e

em
b

ed
d
in

g
p
roto

co
l

d
u
e

to
th

e
fact

th
at

th
is

cau
ses

im
ages

to
b

e
less

sim
ilar

to
th

e
train

in
g

im
ages,

or
is

th
ere

som
eth

in
g

in
trin

sic
to

th
e

em
b

ed
d
in

g
p
ro

to
co

l
th

a
t

m
ak

es
n
etw

ork
s

m
ore

sen
sitive

to
p

ertu
rb

ation
s?

F
ig

u
re

6
su

m
m

arizes
ex

p
erim

en
ts

th
at

su
ggest

th
at

th
e

im
p

ortan
t

eff
ect

is
th

e
sim

ilarity
to

th
e

tra
in

in
g

im
ages.

W
e

u
sed

th
e

sam
e

p
roto

col
as

w
as

u
sed

in
fi
gu

re
2:

w
e

ran
d
om

ly
ch

o
se

im
a
g
es

from
th

e
Im

ageN
et

valid
ation

set,
resized

th
em

,
an

d
em

b
ed

d
ed

th
em

in
a

la
rg

er
im

a
g
e.

W
e

sy
stem

atically
varied

th
e

size
of

th
e

em
b

ed
d
ed

im
ages:

w
h
en

th
e

em
-

b
ed

d
ed

size
is

close
to

th
e

in
p
u
t

th
e

n
etw

ork
ex

p
ects

(224
for

V
G

G
16

an
d

R
esN

et50,299
fo

r
In

cep
tio

n
R

esN
etV

2)
th

en
th

e
resizin

g
op

eration
y
ield

s
im

ages
th

at
are

sim
ilar

to
th

ose
th

a
t

th
e

n
etw

o
rk

saw
d
u
rin

g
train

in
g.

H
ow

ever,
w

h
en

th
e

em
b

ed
d
ed

size
is

very
d
iff

eren
t

fro
m

th
e

size
th

at
th

e
n
etw

ork
ex

p
ects,

th
en

th
e

resizin
g

op
eration

y
ield

s
im

ages
th

at
are

less
sim

ila
r

to
th

e
on

es
th

at
th

e
n
etw

ork
saw

d
u
rin

g
train

in
g.

If
m

ost
of

th
e

tran
slation

in
va

ria
n
ce

w
e

see
in

m
o
d
ern

C
N

N
s

is
d
u
e

to
th

e
n
etw

ork
learn

in
g

p
artial

in
varian

ce
d
u
rin

g
its

tra
in

in
g
,

th
en

w
e

sh
ou

ld
ex

p
ect

th
e

n
etw

ork
to

b
e

m
ore

in
varian

t
fo

r
large

em
b

ed
d
ed

im
a
g
es

a
n
d

less
in

varian
t

for
sm

all
em

b
ed

d
ed

im
ages.

F
ig

u
re

6
sh

ow
s

th
is

in
tu

ition
to

b
e

correct.
F

or
em

b
ed

d
ed

sizes
close

to
22

0,
a

on
e

p
ix

el
sh

ift
o
r

sca
lin

g
of

an
im

age
cau

ses
a

ch
an

ge
in

th
e

n
etw

ork
p
red

iction
ap

p
rox

im
ately

10%
of

th
e

tim
e,

w
h
ile

for
em

b
ed

d
ed

sizes
close

to
100,

th
is

p
rob

ab
ility

in
creases

to
ap

p
rox

im
a
tely

3
0
%

fo
r

th
e

m
o
d
ern

n
etw

ork
s.

F
o
r

a
m

o
re

d
irect

test
of

th
e

h
y
p

oth
esis

th
at

th
e

n
etw

ork
s

on
ly

learn
in

varian
ce

to
im

ages
th

a
t

a
re

sim
ila

r
to

w
h
at

it
saw

d
u
rin

g
train

in
g,

w
e

q
u
an

tifi
ed

th
e

sen
sitiv

ity
as

a
fu

n
ction

of
th

e
ty

p
icality

o
f

an
in

p
u
t

im
age.

T
y
p
icality

is
d
efi

n
ed

v
ia

th
e

“p
ercep

tu
al

sim
ilarity

”
of

an
im

a
g
e

to
th

e
1
0

n
earest

n
eigh

b
ors

in
th

e
tra

in
in

g
set,

w
h
ere“p

ercep
tu

al
sim

ilarity
”

b
etw

een
th

e
tw

o
im

a
g
es

is
th

e
n
orm

alized
correlation

b
etw

een
th

e
featu

res
in

th
e

p
en

u
ltim

ate
layer

o
f

R
esN

et5
0
.

V
ariou

s
au

th
ors

h
av

e
sh

ow
n

th
at

th
is

d
efi

n
ition

of
p

ercep
tu

al
sim

ilarity
is

in
va

ria
n
t

to
th

e
p
articu

lar
n
etw

ork
th

at
is

u
sed

to
d
efi

n
e

th
e

featu
res

(Z
h
a
n
g

et
al.,

201
8).

F
ig

u
re

7
sh

ow
s

ex
am

p
les

of
ty

p
ical

an
d

aty
p
ical

im
ages

for
variou

s
categ

ories.
W

h
en

an
im

a
g
e

is
ta

ken
in

a
w

ay
th

at
satisfi

es
th

e
b
ias

of
p
h
o
tograp

h
ers

(e.g.
w

h
en

a
d
og

is
cap

tu
red

w
ith

a
closeu

p
th

at
sh

ow
s

th
e

face
in

th
e

cen
ter

of
th

e
fram

e)
th

en
th

e
n
earest

n
eig

h
b

ors
h
ave

a
h
ig

h
d
egree

of
p

ercep
tu

al
sim

ilarity.
B

u
t

w
h
en

w
h
en

th
e

sam
e

d
og

is
p
h
otograp

h
ed

a
t

a
d
ista

n
ce,

togeth
er

w
ith

several
oth

er
ob

jects,
th

e
im

ag
e

d
o
es

n
ot

satisfy
th

e
b
ias

of
p
h
o
to

g
ra

p
h
ers

an
d

th
e

n
earest

n
eigh

b
ors

h
ave

a
m

u
ch

low
er

d
egree

of
sim

ilarity.

F
ig

u
re

8
sh

ow
s

th
at

th
is

m
easu

re
very

clearly
p
red

icts
th

e
sen

sitiv
ity

of
th

e
n
etw

ork
to

o
n
e

p
ix

el
p

ertu
rb

ation
s.

W
h
en

a
test

im
age

h
as

h
igh

p
ercep

tu
al

sim
ilarity

to
th

e
train

in
g

im
a
g
es,

th
en

b
oth

m
easu

res
of

sen
sitiv

ity
ap

p
roach

zero.
B

u
t

w
h
en

an
im

age
h
as

low
p

ercep
tu

a
l

sim
ilarity,

th
e

average
sen

sitiv
ity

is
q
u
ite

h
igh

(P
(top

-1
ch

a
n
g
e)

ap
p
roach

es
0
.3

),
even

th
o
u
gh

all
im

ages
h
ere

u
se

th
e

crop
p
roto

col
th

at
w

as
also

u
sed

d
u
rin

g
d
ata

a
u
g
m

en
tatio

n
.

N
ote

also
th

e
sim

ilarity
b

etw
een

th
e

p
rob

ab
ilities

of
fa

ilu
re

of
th

e
th

ree
d
iff

eren
t

n
etw

o
rk

s:
sin

ce
th

ey
w

ere
train

ed
u
sin

g
th

e
sam

e
b
iased

d
ataset,

all
th

ree
n
etw

ork
s

lea
rn

to
b

e
in

va
rian

t
on

ly
to

im
ages

th
a
t

satisfy
th

e
p
h
otograp

h
er’s

b
ias.
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A
z
u
l
a
y
,
W

e
iss

T
h
e

sim
ilarity

of
an

im
age

to
its

m
ost

sim
ilar

train
in

g
ex

am
p
les

is
ex

p
ected

to
also

ch
an

ge
th

e
con

fi
d
en

ce
of

th
e

C
N

N
in

its
p
red

ictio
n

o
f

th
e

im
age:

im
ages

th
at

h
ave

m
an

y
sim

ilar
n
eigh

b
ors

sh
ou

ld
y
ield

m
ore

con
fi
d
en

t
p
red

iction
s

from
th

e
C

N
N

.
In

th
e

ap
p

en
d
ix

w
e

sh
ow

th
at

u
sin

g
on

e
C

N
N

’s
con

fi
d
en

ce
also

p
red

icts
th

e
am

ou
n
t

of
in

varian
ce

oth
er

C
N

N
s

w
ill

ex
h
ib

it,
alth

ou
gh

th
e

eff
ect

seem
s

w
eaker

th
an

w
h
en

w
e

d
irectly

u
se

th
e

sim
ilarity

to
train

in
g

ex
am

p
les

(fi
gu

re
12).

5
.
P
o
ssib

le
S
o
lu
tio

n
s

T
o

su
m

m
arize,

ou
r

resu
lts

sh
ow

th
at

m
o
d
ern

C
N

N
s

are
n
o
t

sh
ift

in
varia

n
t

an
d

a
on

e
p
ix

el
sh

ift
of

an
in

p
u
t

im
age

can
d
rastically

ch
an

g
e

th
e

n
etw

ork
’s

ou
tp

u
t.

T
h
is

is
d
esp

ite
th

e
con

volu
tion

al
arch

itectu
re

an
d

th
e

u
se

of
d
ata

au
gm

en
tation

d
u
rin

g
train

in
g.

W
e

n
ow

d
iscu

ss
th

ree
p

ossib
le

solu
tion

s
an

d
ex

am
in

e
th

e
ex

ten
t

to
w

h
ich

th
ey

solve
th

e
p
rob

lem
.

5
.1

.
A

n
tia

lia
sin

g

A
s

w
e

d
iscu

ssed
in

section
3,

an
im

p
ortan

t
p
rin

cip
le

of
sign

al
p
ro

cessin
g

is
th

at
on

e
sh

ou
ld

alw
ay

s
b
lu

r
b

efore
su

b
sam

p
lin

g,
an

d
m

o
d
ern

C
N

N
arch

itectu
res

d
o

n
ot

ob
ey

th
is

p
rin

cip
le.

In
th

e
recen

t
w

ork
of

(Z
h
an

g,
2019),

an
elegan

t
p
rop

osal
w

as
m

ad
e

rega
rd

in
g

h
ow

to
em

b
o
d
y

th
is

p
rin

cip
le

in
m

o
d
ern

C
N

N
s.

S
p

ecifi
cally,

th
ey

p
rop

osed
p

erform
in

g
th

e
p

o
olin

g
op

era
tion

in
tw

o
step

s:
a

m
a
x
-p

o
ol

layer
w

ith
strid

e
1,

follow
ed

b
y

a
con

volu
tion

al
layer

w
ith

strid
e=

2.
T

h
u
s

th
e

tw
o

layers
in

com
b
in

ation
p

erform
b
lu

rin
g

b
efore

su
b
sam

p
lin

g.
T

h
ey

sh
ow

ed
th

at
b
y

ch
an

gin
g

m
o
d
ern

C
N

N
s

to
in

corp
orate

th
ese

tw
o

layers
in

stead
of

th
e

stan
d
ard

m
ax

-
p

o
ol

layers
an

d
th

en
retrain

in
g,

th
ey

can
sign

ifi
can

tly
im

p
rov

e
th

e
in

varian
ce

of
n
etw

ork
s

train
ed

on
C

IF
A

R
10.

H
ow

ever,
for

n
etw

o
rk

s
tra

in
ed

on
Im

agen
et,

th
e

im
p
rovem

en
t

w
as

m
u
ch

sm
aller.

F
igu

re
9

sh
ow

s
th

at
w

h
en

th
e

an
tialiased

n
etw

ork
s

are
tested

u
sin

g
th

e
p
roto

cols
th

at
w

e
in

v
estigated

,
th

en
th

e
eff

ect
of

an
tialiasin

g
is

relativ
ely

sm
all.

In
p
articu

lar,
w

h
en

th
e

em
b

ed
d
in

g
p
roto

col
is

u
sed

an
d

th
e

size
of

th
e

em
b

ed
d
ed

im
ag

e
is

d
iff

eren
t

fro
m

w
h
a
t

th
e

n
etw

ork
saw

d
u
rin

g
train

in
g,

a
on

e-p
ix

el
sh

ift
can

still
cau

se
th

e
n
etw

ork
to

ch
an

ge
its

p
red

iction
in

ab
ou

t
15%

of
th

e
tim

e.
S
im

ilarly,
th

e
b

ottom
of

fi
gu

re
9

sh
ow

s
th

e
sam

e
d
ep

en
d
en

ce
on

ty
p
icality

in
th

e
an

tialiased
n
etw

ork
s

as
w

e
saw

in
th

e
origin

al
n
etw

ork
s.

W
h
en

im
ages

are
sim

ilar
to

th
ose

seen
d
u
rin

g
train

in
g,

th
en

th
e

an
tialiased

n
etw

ork
s

are
in

varian
t,

b
u
t

for
aty

p
ical

im
ages

th
ere

is
still

stron
g

sen
sitiv

ity
to

on
e

p
ix

el
sh

ifts
(u

p
to

20%
ch

an
ce

th
at

a
on

e-p
ix

el
sh

ift
w

ill
ch

an
ge

th
e

top
-1

p
red

iction
).

C
learly,

th
e

an
tialiased

n
etw

ork
s

d
o

n
ot

satisfy
ou

r
d
efi

n
ition

of
a

fu
lly

tran
slation

-in
varian

t
sy

stem
,

w
h
ich

sh
ou

ld
b

e
in

varian
t

to
th

e
tran

slation
of

an
y

p
attern

.
W

e
b

elieve
th

e
reason

for
th

e
lack

of
sig

n
ifi

can
t

im
p
rovem

en
t

is
w

h
at

w
e

d
iscu

ssed
in

section
3:

even
th

ou
gh

b
lu

rrin
g

b
efore

su
b
sam

p
lin

g
is

su
ffi

cien
t

for
avoid

in
g

aliasin
g

in
lin

ear
sy

stem
s,

th
e

p
resen

ce
of

n
on

lin
earities

m
ay

in
tro

d
u
ce

alia
sin

g
even

in
th

e
p
resen

ce
of

b
lu

r
b

efore
su

b
sam

p
lin

g.
T

ab
le

2
sh

ow
s

an
ex

am
p
le:

w
h
en

w
e

u
se

th
e

b
in

5
fi
lter

an
d

a
su

b
sam

p
lin

g
ratio

of
2,

a
lin

ear
sy

stem
is

still
sh

iftab
le

follow
in

g
th

e
su

b
sam

p
lin

g.
B

u
t

th
is

is
n

o
t

th
e

case
w

h
en

w
e

u
se

a
R

eL
U

n
on

lin
earity

:
d
esp

ite
u
sin

g
th

e
sam

e
fi
lter

an
d

th
e

sam
e

su
b
am

p
lin

g
ratio,

th
e

sy
stem

is
n
o

lon
ger

sh
iftab

le.
In

th
e

ap
p

en
d
ix

,
w

e
sh

ow
a

sim
ilar

ex
am

p
le

w
h
en

th
e

b
in

5
fi
lter

is
rep

laced
w

ith
th

e
id

eal
low

p
ass

fi
lter.

T
h
is

m
ean

s
th

at
th

e
q
u
estion

of
w

h
eth

er
th

e
sy

stem
w

ill
b

e
sh

iftab
le

or
n
ot

d
ep

en
d
s

on
th

e
learn

t

1
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W
h
y
d
o
d
e
e
p
c
o
n
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